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_2b2`+?- la L2HHQ *`BbiBMBMB- lMBp2`bBiv Q7 "`BbiQH- lE S2i2` .vM- lMBp2`bBiv
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17(2):1–51

Multiscale Dictionary Learning: Non-Asymptotic Bounds and
Robustness
Mauro Maggioni, Stanislav Minsker, Nate Strawn

17(3):1–32

Consistent Algorithms for Clustering Time Series
Azadeh Khaleghi, Daniil Ryabko, Jérémie Mary, Philippe Preux

17(4):1–26

Random Rotation Ensembles
Rico Blaser, Piotr Fryzlewicz

17(5):1–10

Should We Really Use Post-Hoc Tests Based on Mean-Ranks?
Alessio Benavoli, Giorgio Corani, Francesca Mangili

17(6):1–31

Minimax Rates in Permutation Estimation for Feature Matching
Olivier Collier, Arnak S. Dalalyan

17(7):1–33

Consistency and Fluctuations For Stochastic Gradient Langevin
Dynamics
Yee Whye Teh, Alexandre H. Thiery, Sebastian J. Vollmer

17(8):1–32

Knowledge Matters: Importance of Prior Information for Optimization
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Shie Mannor

17(140):1–38

Multiscale Adaptive Representation of Signals: I. The Basic Framework
Cheng Tai, Weinan E

17(141):1–41

Sparse PCA via Covariance Thresholding
Yash Deshpande, Andrea Montanari

17(142):1–31

Large Scale Visual Recognition through Adaptation using Joint
Representation and Multiple Instance Learning
Judy Hoffman, Deepak Pathak, Eric Tzeng, Jonathan Long, Sergio
Guadarrama, Trevor Darrell, Kate Saenko

17(143):1–21

Covariance-based Clustering in Multivariate and Functional Data
Analysis
Francesca Ieva, Anna Maria Paganoni, Nicholas Tarabelloni

17(144):1–51

MOCCA: Mirrored Convex/Concave Optimization for Nonconvex Composite Functions
Rina Foygel Barber, Emil Y. Sidky

17(145):1–40

True Online Temporal-Difference Learning
Harm van Seijen, A. Rupam Mahmood, Patrick M. Pilarski, Marlos
C. Machado, Richard S. Sutton

17(146):1–51

Penalized Maximum Likelihood Estimation of Multi-layered Gaussian Graphical Models
Jiahe Lin, Sumanta Basu, Moulinath Banerjee, George Michailidis

17(147):1–28

Local Network Community Detection with Continuous Optimization of Conductance and Weighted Kernel K-Means
Twan van Laarhoven, Elena Marchiori

17(148):1–5

Megaman: Scalable Manifold Learning in Python
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17(177):1–18

A Note on the Sample Complexity of the Er-SpUD Algorithm
by Spielman, Wang and Wright for Exact Recovery of Sparsely
Used Dictionaries
Radoslaw Adamczak

17(178):1–35

The Asymptotic Performance of Linear Echo State Neural Networks
Romain Couillet, Gilles Wainrib, Harry Sevi, Hafiz Tiomoko Ali

17(179):1–34

On the Consistency of the Likelihood Maximization Vertex Nomination Scheme: Bridging the Gap Between Maximum Likelihood Estimation and Graph Matching
Vince Lyzinski, Keith Levin, Donniell E. Fishkind, Carey E. Priebe

17(180):1–28

Characteristic Kernels and Infinitely Divisible Distributions
Yu Nishiyama, Kenji Fukumizu

17(181):1–46

Consistency of Cheeger and Ratio Graph Cuts
Nicolás Garcı́a Trillos, Dejan Slepčev, James von Brecht, Thomas
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1. Introduction

We investigate in this paper the complexity of finding the m best arms in a stochastic
multi-armed bandit model. A bandit model ν is a collection of K arms, where each arm
νa (1 ≤ a ≤ K) is a probability distribution on R with expectation µa . At each time
t = 1, 2, . . . , an agent chooses an option At ∈ {1, . . . , K} and receives an independent draw
Zt from the corresponding arm νAt . We denote by Pν (resp. Eν ) the probability law (resp.

In the bandit literature, two different settings have been considered. In the fixedconfidence setting, a risk parameter δ is fixed, and a strategy A(δ) is called δ-PAC if,
∗ ) ≥ 1 − δ. The goal is to obtain δ-PAC strategies
for every choice of ν ∈ Mm , Pν (Ŝm = Sm
that require a number of draws τδ that is as small as possible. More precisely, we focus on
strategies minimizing the expected number of draws Eν [τδ ], which is also called the sample
complexity. The subscript δ in τδ will be omitted when there is no ambiguity. We call a
family of strategies A = (A(δ))δ∈(0,1) P AC if for every δ, A(δ) is δ-PAC.
Alternatively, in the fixed-budget setting, the number of draws τ is fixed in advance to
some value t ∈ N and for this budget t, the goal is to choose the sampling and recommenda∗ ).
tion rules of a strategy A(t) so as to minimize the failure probability pt (ν) := Pν (Ŝm 6= Sm
In the fixed-budget setting, a family of strategies A=(A(t))t∈N∗ is called consistent if, for
every choice of ν ∈ Mm , pt (ν) tends to zero when t increases to infinity.
In order to unify and compare these approaches, we define the complexity κC (ν) (resp.
κB (ν)) of best-arm identification in the fixed-confidence (resp. fixed-budget) setting as
follows:

−1
Eν [τδ ]
1
κC (ν) = inf lim sup
,
κB (ν) =
inf
lim sup − log pt (ν)
.
(1)
1
A PAC δ→0
A consistent
t
log δ
t→∞

• the recommendation rule provides the arm selection and is a Fτ -measurable random
subset Ŝm of {1, . . . , K} of size m.

• the stopping rule τ controls the end of the data acquisition phase and is a stopping
time with respect to (Ft )t∈N satisfying P(τ < +∞) = 1;

• the sampling rule determines, based on past observations, which arm At is chosen at
time t; in other words, At is Ft−1 -measurable, with Ft = σ(A1 , Z1 , . . . , At , Zt );

expectation) of the process (Zt ). The agent’s goal is to identify the m best arms, that is,
∗ of indices of the m arms with highest expectation. Letting (µ , . . . , µ
the set Sm
[1]
[K] ) be the
K-tuple of expectations (µ1 , . . . , µK ) sorted in decreasing order, we assume that the bandit
∗ is
model ν belongs to a class Mm such that for every ν ∈ Mm , µ[m] > µ[m+1] , so that Sm
unambiguously defined.
∗ , the agent must use a strategy defining which arms to sample
In order to identify Sm
from, when to stop sampling, and which set Ŝm to choose. More precisely, its strategy
consists in a triple A = ((At ), τ, Ŝm ) in which :

Kaufmann, Cappé and Garivier

Heuristically, on the one hand for a given bandit model ν, and a small value of δ, a
fixed-confidence optimal strategy needs an average number of samples of order κC (ν) log 1δ
to identify the m best arms with probability at least 1 − δ. On the other hand, for large values of t the probability of error of a fixed-budget optimal strategy is of order exp(−κB (ν)t),
which means that a budget of approximately t = κB (ν) log 1δ draws is required to ensure a
probability of error of order δ. Most of the existing performance bounds for the fixed confidence and fixed budget settings can indeed be expressed using these complexity measures.
In this paper, we aim at evaluating and comparing these two complexities. To achieve
this, two ingredients are needed: a lower bound on the sample complexity of any δ-PAC
algorithm (resp. on the failure probability of any consistent algorithm) and a δ-PAC (resp.

The stochastic multi-armed bandit model is a simple abstraction that has proven useful
in many different contexts in statistics and machine learning. Whereas the achievable
limit in terms of regret minimization is now well known, our aim is to contribute to a
better understanding of the performance in terms of identifying the m best arms. We
introduce generic notions of complexity for the two dominant frameworks considered in the
literature: fixed-budget and fixed-confidence settings. In the fixed-confidence setting, we
provide the first known distribution-dependent lower bound on the complexity that involves
information-theoretic quantities and holds when m ≥ 1 under general assumptions. In
the specific case of two armed-bandits, we derive refined lower bounds in both the fixedconfidence and fixed-budget settings, along with matching algorithms for Gaussian and
Bernoulli bandit models. These results show in particular that the complexity of the
fixed-budget setting may be smaller than the complexity of the fixed-confidence setting,
contradicting the familiar behavior observed when testing fully specified alternatives. In
addition, we also provide improved sequential stopping rules that have guaranteed error
probabilities and shorter average running times. The proofs rely on two technical results
that are of independent interest : a deviation lemma for self-normalized sums (Lemma 7)
and a novel change of measure inequality for bandit models (Lemma 1).
Keywords: multi-armed bandit, best-arm identification, pure exploration, informationtheoretic divergences, sequential testing
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The upper bound on the sample complexity of the LUCB algorithm of Kalyanakrishnan
et al. (2012) implies in particular that κC (ν) ≤ 292H(ν). Some of the existing works on
the fixed-confidence setting do not bound τ in expectation but rather show that Pν (Ŝm =
∗ , τ = O (H(ν))) ≥ 1 − δ. These results are not directly comparable with the complexity
Sm
κC (ν), although no significant gap is to be observed yet.
Recent works have focused on obtaining upper bounds on the number of samples whose
dependency in terms of the squared-gaps ∆a (for subgaussian arms) is optimal when the
∆a ’s go to zero, and δ remains fixed. Karnin et al. (2013) and Jamieson et al. (2014) exhibit

with ∆a =

Kaufmann, Cappé and Garivier

(µ[1] − µa )
,
KL(νa , ν[1] )

1
∆a2

Complexity of Best-Arm Identification in Multi-Armed Bandits

[1]

a∈{1,2,...K}

consistent) strategy whose sample complexity (resp. failure probability) attains the lower
bound (often referred to as a ’matching’ strategy). We present below new lower bounds
on κC (ν) and κB (ν) that feature information-theoretic quantities as well as strategies that
match these lower bounds in two-armed bandit models.
A particular class of algorithms will be considered in the following: those using a uniform
sampling strategy, that sample the arms in a round-robin fashion. Whereas it is well known
that when K > 2 uniform sampling is not desirable, it will prove efficient in some examples
of two-armed bandits. This specific setting, relevant in practical applications discussed in
Section 3, is studied in greater details along the paper. In this case, an algorithm using
uniform sampling can be regarded as a statistical test of the hypothesis H0 : (µ1 ≤ µ2 )
against H1 : (µ1 > µ2 ) based on paired samples (Xs , Ys ) of ν1 , ν2 ; namely a test based on
a fixed number of samples in the fixed-budget setting, and, a sequential test in the fixedconfidence setting, in which a (random) stopping rule determines when the experiment is
to be terminated.
Classical sequential testing theory provides a first element of comparison between the
fixed-budget and fixed-confidence settings, in the simpler case of fully specified alternatives.
Consider for instance the case where ν1 and ν2 are Gaussian laws with the same known
variance σ 2 , the means µ and µ being known up to a permutation. Denoting by P the joint
1
2
distribution ofthe paired samples
(Xs , Ys ), one must choose between
the hypotheses H0 :


P = N µ1 , σ 2 ⊗ N µ2 , σ 2 and H1 : P = N µ2 , σ 2 ⊗ N µ1 , σ 2 . It is known since Wald
(1945) that among the sequential tests such that type I and type II error probabilities are
both smaller than δ, the Sequential Probability Ratio Test (SPRT) minimizes the expected
number of required samples, and is such that Eν [τ ] ' 2σ 2 /(µ1 − µ2 )2 log(1/δ). However,
the batch test that minimizes both probabilities of error is the Likelihood Ratio test; it can
be shown to require a sample size of order 8σ 2 /(µ1 − µ2 )2 log(1/δ) in order to ensure that
both type I and type II error probabilities are smaller than δ. Thus, when the sampling
strategy is uniform and the parameters are known, there is a clear gain in using randomized
stopping strategies. We will show below that this conclusion is not valid anymore when the
values of µ1 and µ2 are not assumed to be known. Indeed, for two-armed Gaussian bandit
models we show that κB (ν) = κC (ν) and for two-armed Bernoulli bandit models we show
that κC (ν) > κB (ν).
1.1 Related Works

a

X
Rt (ν)
≥
log t
a:µ <µ

H(ν) =

where KL(νi , νj ) denotes the Kullback-Leibler divergence between distributions νi and νj .
This bound was later generalized by Burnetas and Katehakis (1996) to distributions that
depend on several parameters. Since then, non-asymptotic analyses of efficient algorithms
matching this bound have been proposed. Optimal algorithms include the KL-UCB algorithm of Cappé et al. (2013)—a variant of UCB1 (Auer et al., 2002) using informational
upper bounds, Thompson Sampling (Kaufmann et al., 2012b; Agrawal and Goyal, 2013),
the DMED algorithm (Honda and Takemura, 2011) and Bayes-UCB (Kaufmann et al.,
2012a). This paper is a contribution towards similarly characterizing the complexity of
pure exploration, where the goal is to determine the best arms without trying to maximize
the cumulative observations.
Bubeck et al. (2011) show that in the fixed-budget setting, when m = 1, any sampling
strategy designed to minimize regret performs poorly with respect to the simple regret
rt := µ∗ − µŜ1 , which is closely related to the probability pt (ν) of recommending the wrong
arm. Therefore, good strategies for best-arm identification need to be quite different from
regret-minimizing strategies. We will show below that the complexities κB (ν) and κC (ν)
of best-arm identification also involve information terms, but these are different from the
Kullback-Leibler divergence featured in Lai and Robbins’ lower bound on the regret.
The problem of best-arm identification has been studied since the 1950s under the name
‘ranking and identification problems’. The first advances on this topic are summarized in
the monograph by Bechhofer et al. (1968) who consider the fixed-confidence setting and
strategies based on uniform sampling. In the fixed confidence setting, Paulson (1964) first
introduces a sampling strategy based on eliminations for single best arm identification:
the arms are successively discarded, the remaining arms being sampled uniformly. This
idea was later used for example by Jennison et al. (1982); Maron and Moore (1997) and
by Even-Dar et al. (2006) in the context of bounded bandit models, in which each arm
νa is a probability distribution on [0, 1]. m best arms identification with m > 1 was
considered for example by Heidrich-Meisner and Igel (2009), in the context of reinforcement
learning. Kalyanakrishnan et al. (2012) later proposed an algorithm that is no longer
based on eliminations, called LUCB (for Lower and Upper Confidence Bounds) and still
designed for bounded bandit models. Bounded distributions are in fact particular examples
of distributions with subgaussian tails, to which the proposed algorithms can be easily
generalized. A relevant quantity introduced in the analysis of algorithms for bounded (or
subgaussian) bandit models is the ‘complexity term’
(
∗,
X
µa − µ[m+1] for a ∈ Sm
(2)
∗ )c .
µ[m] − µa
for a ∈ (Sm

lim inf
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Bandit models have received a considerable interest since their introduction by Thompson
(1933) in the context of medical trials. An important focus was set on a different perspective, in which each observation is considered as a reward: the agent aims at maximizing its
cumulative rewards. Equivalently, hisP
goal is tominimize the expected regret up to horizon
t
t ≥ 1 defined as Rt (ν) = tµ[1] − Eν
s=1 Zs . Regret minimization, which is paradigmatic of the so-called exploration versus exploitation dilemma, was introduced by Robbins
(1952) and its complexity is well understood for simple families of parametric bandits. In
generic one-parameter models, Lai and Robbins (1985) prove that, with a proper notion of
consistency adapted to regret minimization,
inf

A consistent t→∞

3

a∈Hα (ν)

max

i:µ[i] <µ[1]

µ[1] − µ[i]

i
2 and Cα =

α(1 − α)
.
5 + o(1)

6
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H2 (ν) =
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pt (ν 0 ) ≥ exp(−t/Cα H2 (ν 0 ))), with

Gabillon et al. (2012) propose the UGapE algorithm for m best-arm identification for
m > 1. By changing only one parameter in some confidence regions, this algorithm can
be adapted either to the fixed-budget or to the fixed-confidence setting. However, a careful inspection shows that UGapE cannot be used in the fixed-budget setting without the

Section 6 contains numerical experiments that illustrate the performance of matching
algorithms for Gaussian and Bernoulli two-armed bandits, comparing the fixed-confidence
and fixed-budget settings.

Section 5 gathers our contributions to the fixed-budget setting. For two-armed bandits, Theorem 12 provides a lower bound on κB (ν) that is in general different from the
lower bound obtained for κC (ν) in the fixed-confidence setting. Then we propose matching
algorithms for the fixed-budget setting that allow for a comparison between the two settings. For Gaussian bandits, we show that κC (ν) = κB (ν), whereas for Bernoulli bandits
κC (ν) > κB (ν), proving that the two complexities are not necessarily equal. As a first step
towards a lower bound on κB (ν) when m > 1, we also give in Section 5 new lower bounds
on the probability of error pt (ν) of any consistent algorithm, for Gaussian bandit models.

Theorem 6 in Section 3 proposes a tighter lower bound on κC (ν) for general classes
of two-armed bandit models, as well as a lower bound on the sample complexity of δPAC algorithms using uniform sampling. In Section 4 we propose, for Gaussian bandits
with known—but possibly different—variances, an algorithm exactly matching this bound.
We also consider the case of Bernoulli distributed arms, for which we show that uniform
sampling is nearly optimal in most cases. We propose a new algorithm using uniform
sampling and a non-trivial stopping strategy that is close to matching the lower bound.

The improvements of this paper mainly concern the fixed-confidence setting, which will
be considered in the next three Sections. We first propose in Section 2 a distributiondependent lower bound on κC (ν) that holds for m > 1 and for general classes of bandit
models (Theorem 4). This information-theoretic lower bound permits to interpret the quantity H(ν) defined in (2) as a subgaussian approximation.

The gap between lower and upper bounds known so far does not permit to identify exactly
the complexity terms κB (ν) and κC (ν) defined in (1). Not only do they involve imprecise
multiplicative constants but by analogy with the Lai and Robbins’ bound for the expected
regret, the quantities H(ν), H2 (ν) presented above are only expected to be relevant in the
Gaussian case.

Our contributions follow from two main mathematical results of more general interest.
Lemma 1 provides a general relation between the expected number of draws and KullbackLeibler divergences of the arms’ distributions, which is the key element to derive the lower
bounds (it also permits, for example, to derive Lai and Robbin’s lower bound on the regret
in a few lines). Lemma 7 is a tight deviation inequality for martingales with sub-Gaussian
increments, in the spirit of the Law of Iterated Logarithm, that permits here to derive
efficient matching algorithms for two-armed bandits.

This bound is non asymptotic (as emphasized by the authors), although not completely
explicit. In particular, the subset Gα and Hα do not always form a partition of the arms (it
can happen that Gα ∪ Hα 6= {1, . . . , K}), hence the complexity term does not involve a sum
over all the arms. For m > 1, the only lower bound available in the literature is the worstcase result of Kalyanakrishnan et al. (2012). It states that for every δ-PAC algorithm there
exists a bandit model ν such that Eν [τ ] ≥ K/(183752 ) log (m/8δ). This result, however,
does not provide a lower bound on the complexity κC (ν).
The fixed-budget setting has been studied by Audibert et al. (2010); Bubeck et al. (2011)
for single best-arm identification in bounded bandit models. For multiple arm identification
(m > 1), still in bounded bandit models, Bubeck et al. (2013b) introduce the SAR (for
Successive Accepts and Rejects) algorithm. An upper bound on the failure probability of
the SAR algorithm yields κB (ν) ≤ 8 log(K)H (ν).
For m = 1, Audibert et al. (2010) prove an asymptotic lower bound on the probability
of error for Bernoulli bandit models. They state that for every algorithm and every bandit
problem ν such that ∀a, µ1 ∈ [α, 1 − α], there exists a permutation of the arms ν 0 such that

a∈Gα (ν)

−1
and Jamieson et al. (2014) show that the dependency in ∆−2
a log(log(∆a )) is optimal when
∆a goes to zero. However, the constant C0 is large and does not lead to improved upper
bounds on the complexity term κC (ν).
For m = 1, the work of Mannor and Tsitsiklis (2004) provides a lower bound on κC (ν) in
the case of Bernoulli bandit models, under the following -relaxation sometimes considered
in the literature. For some tolerance parameter  ≥ 0 the agent has to ensure that Ŝm is
∗ = {a : µ ≥ µ
included in the set of (, m) optimal arms Sm,
a
[m] −} with probability at least
1 − δ. This relaxation has to be considered, for example, when µ[m] = µ[m+1] , but has never
been considered in the literature for the fixed-budget setting. In this paper, we focus on
the case  = 0 that allows for a comparison between the fixed-confidence and fixed-budget
settings. Mannor and Tsitsiklis (2004) show that if an algorithm is δ-PAC, then in the
bandit model ν = (B(µ1 ), . . . , B(µK )) such that ∀a, µa ∈ [0, α] for some α ∈ (0, 1), there
exists two sets Gα (ν) ⊂ S1∗ and Hα (ν) ⊂ {1, . . . , K}\S1∗ and a positive constant Cα such
that


 
X 1
X
1

 log 1 .
Eν [τ ] ≥ Cα
+
2
2

(µ[1] − µa )
8δ

1.2 Content of the Paper

knowledge of the complexity term H(ν). This drawback is shared by other algorithms designed for the fixed-budget setting, like the UCB-E algorithm of Audibert et al. (2010) or
the KL-LUCB-E algorithm of Kaufmann and Kalyanakrishnan (2013).

δ-PAC algorithms for which there exists a constant C such that, with high probability, the
number of samples used satisfies


X 1
1
1
log
log
,
τ ≤ C0
∆2a
δ
∆a
∗

a6=a
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2.1 Lower Bound on the Sample Complexity of a δ-PAC Algorithm

dp(x) if q  p,

2. Generic Lower Bound in the Fixed-Confidence Setting
dp
dq (x)

d(Pν (E), Pν 0 (E)),

such that the set of probability measures P satisfies Assumption 3 below.

Assumption 3 For all p, q ∈ P 2 such that p 6= q, for all α > 0,
there exists q1 ∈ P: KL(p, q) < KL(p, q1 ) < KL(p, q) + α and EX∼q1 [X] > EX∼q [X],
there exists q2 ∈ P: KL(p, q) < KL(p, q2 ) < KL(p, q) + α and EX∼q2 [X] < EX∼q [X].

Eν [Na ] ≥

log(1/2.4δ)
KL(νa , νm+1 ) + α

a∈S
/ m

and

Eν [Nb ] ≥

log(1/2.4δ)
.
KL(νb , νm ) + α

a=1 Eν [Na ].
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Letting α tend to zero and summing over the arms yields the bound on Eν [τ ] =

8

PK

where the last inequality follows from (3). From the definition of the alternative model, one
obtains for a ∈ {1, . . . , m} or b ∈ {m + 1, . . . , K} respectively, for every α > 0,

KL(νa , νa0 )Eν [Na ] ≥ d(1 − δ, δ) ≥ log(1/2.4δ),

In particular, on the bandit model ν 0 the set of optimal arms is no longer {1, . . . , m}.
Thus, introducing the event E = (Ŝm = {1, . . . , m}) ∈ Fτ , any δ-PAC algorithm satisfies
Pν (E) ≥ 1 − δ and Pν 0 (E) ≤ δ. Lemma 1 applied to the stopping time τ (such that
Na (τ ) = Na is the total number of draws of arm a) and the monotonicity properties of
d(x, y) (x 7→ d(x, y) is increasing when x > y and decreasing when x < y) yield

• KL(νa , νm ) < KL(νa , νa0 ) < KL(νa , νm ) + α and µa0 > µm if a ∈ {m + 1, . . . , K}.

• KL(νa , νm+1 ) < KL(νa , νa0 ) < KL(νa , νm+1 ) + α and µa0 < µm+1 if a ∈ {1, . . . , m},

in which the only arm modified is arm a, and νa0 is such that:

ν 0 = (ν1 , . . . , νa−1 , νa0 , νa+1 , . . . , νK )

Proof. Without loss of generality, one may assume that the arms are ordered such that
∗ = {1, ..., m}. Let A = ((A ), τ, Ŝ ) be a δ-PAC algorithm and fix
µ1 ≥ · · · ≥ µK . Thus Sm
t
m
α > 0. For all a ∈ {1, . . . , K}, from Assumption 3 there exists an alternative model

∗
a∈Sm

Eν [τ ] ≥ 

Theorem 4 Let ν ∈ Mm , where Mm is defined by (4), and assume that P satisfies Assumption 3; any algorithm that is δ-PAC on Mm satisfies, for δ ≤ 0.15,




X
X
1
1
1
 log
+
.
KL(νa , ν[m+1] )
KL(νa , ν[m] )
2.4δ
∗

These continuity conditions are reminiscent of the assumptions of Lai and Robbins
(1985); they include families of parametric bandits continuously parameterized by their
means (e.g., Bernoulli, Poisson, exponential distributions).

(4)

Introducing the Kullback-Leibler divergence of any two probability distributions p and q:
i
h
( R
log

+∞ otherwise,

≥ sup

E∈Fσ

.

(3)
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Mm = {ν = (ν1 , . . . , νK ) : νi ∈ P, µ[m] > µ[m+1] }

We now propose a non-asymptotic lower bound on the expected number of samples needed
to identify the m best arms in the fixed confidence setting, which straightforwardly yields
a lower bound on κC (ν).
Theorem 4 holds for an identifiable class of bandit models of the form:

KL(p, q) =

∀p, q ∈ P, p 6= q ⇒ 0 < KL(p, q) < +∞.

we make the assumption that there exists a set P of probability measures such that for all
ν = (ν1 , . . . , νK ) ∈ Mm , for a ∈ {1, . . . , K}, νa ∈ P and that P satisfies
A class Mm of bandit models satisfying this property is called identifiable.
All the distribution-dependent lower bounds derived in the bandit literature (e.g., Lai
and Robbins, 1985; Mannor and Tsitsiklis, 2004; Audibert et al., 2010) rely on changes of
distribution, and so do ours. A change of distribution relates the probabilities of the same
event under two different bandit models ν and ν 0 . The following lemma provides a new,
synthetic, inequality from which lower bounds are directly derived. This result, proved in
Appendix A, encapsulates the technical aspects of the change of distribution. The main
ingredient in its proof is a lower bound on the expected log-likelihood ratio of the observations
under two different bandit models which is of interest on its own and is stated as Lemma 19
in Appendix A. To illustrate the interest of Lemma 1 even beyond the pure exploration
framework, we give in Appendix B a new, simple proof of Burnetas and Katehakis (1996)’s
generalization of Lai and Robbins’ lower bound in the regret minimization framework based
on Lemma 1. P
t
1{As =a} be the number of draws of arm a between the instants 1 and t
Let Na (t) = s=1
and Na = Na (τ ) be the total number of draws of arm a by some algorithm A = ((At ), τ, Ŝm ).

Eν [Na (σ)]KL(νa , νa0 )

Lemma 1 Let ν and ν 0 be two bandit models with K arms such that for all a, the distributions νa and νa0 are mutually absolutely continuous. For any almost-surely finite stopping
time σ with respect to (Ft ),

K
X

a=1

where d(x, y) := x log(x/y) + (1 − x) log((1 − x)/(1 − y)) is the binary relative entropy, with
the convention that d(0, 0) = d(1, 1) = 0.

2

PK
0
a=1 Eν [Na (σ)]KL(νa , νa )

Remark 2 This result can be considered as a generalization of Pinsker’s inequality to bandit
models: in combination with the inequality d(p, q) ≥ 2(p − q)2 , it yields:
s
sup |Pν (E) − Pν 0 (E)| ≤

E∈Fσ

1
,
d(x, 1 − x) ≥ log
2.4x

However, it is important in this paper not to use this weaker form of the statement, as
we will consider events E of probability very close to 0 or 1. In this regime, we will make
use of the following inequality:
∀ x ∈ [0, 1],
which can be checked easily.
7

a∈S
/ m

(5)

a∈S
/ m

a=1

K
X
X
1
1
1
+
≤ κC (ν) ≤ 24
min
,
∗ (θ , θ)
K(θa , θ[m+1] )
K(θ
,
θ
)
K
a
a
θ∈
θ
,θ
[m]
[
]
[m+1] [m]
∗

(6)

9
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where K∗ (θ, θ0 ) is the Chernoff information between the distributions νθ and νθ0 (see Cover
and Thomas (2006) and Kaufmann and Kalyanakrishnan (2013) for earlier notice of the

∗
a∈Sm

X

Distributions from a canonical one-parameter exponential family can be parameterized
either by their natural parameter θ or by their mean. Indeed ḃ(θ) = µ(θ), the mean of the
distribution νθ and b̈(θ) = Var[νθ ] > 0. The mapping θ 7→ µ(θ) is strictly increasing, and the
means are ordered in the same way as the natural parameters. Exponential families include
in particular Bernoulli distributions, or Gaussian distributions with common variances (see
Cappé et al. (2013) for more details about exponential families).
We introduce the following shorthand to denote the Kullback-Leibler divergence in exponential families: K(θ, θ0 ) = KL(νθ , νθ0 ) for (θ, θ0 ) ∈ Θ2 . Combining the upper bound on
the sample complexity of the KL-LUCB algorithm obtained by Kaufmann and Kalyanakrishnan (2013) and the lower bound of Theorem 4, the complexity κC (ν) can be bounded
as

fθ (x) = exp(θx − b(θ)), for θ ∈ Θ ⊂ R.

where νθ belongs to a canonical one-parameter exponential family. This means that there
exists a twice differentiable strictly convex function b such that νθ has a density with respect
to some reference measure given by

Thus, one may want to obtain strategies whose sample complexity can be proved to be of
the same magnitude. The only algorithm that has been analyzed so far with an informationtheoretic perspective is the KL-LUCB algorithm of Kaufmann and Kalyanakrishnan (2013),
designed for exponential bandit models: that is

Mm = ν = (νθ1 , . . . , νθK ) : (θ1 , . . . , θK ) ∈ ΘK , θ[m] > θ[m+1] ,

a∈Sm

Theorem 4 yields the following lower bound on the complexity term:
X
X
1
1
+
.
κC (ν) ≥
KL(ν
,
ν
)
KL(νa , ν[m] )
a [m+1]
∗
∗

2.2 Bounds on the Complexity for Exponential Bandit Models

where |X | denotes the cardinal of the set X and B(µ) the Bernoulli distribution of mean µ.

a:µa ≤µ[1] −

relevance of this quantity in the best-arm selection problem). Chernoff information is defined
as follows and illustrated in Figure 1:

Remark 5 This inequality can be made tighter for values of δ that are sufficiently close to
zero, for which the right-hand-side can then be made arbitrarily close to log(1/δ).
Lemma 1 can also be used to improve the result of Mannor and Tsitsiklis (2004) that
holds for m = 1 under the -relaxation described before. Combining the changes of distribution of this paper with Lemma 1 yields, for every  > 0 and δ ≤ 0.15,


X
|{a : µa ≥ µ[1] − }| − 1
1
1
+
  log
Eν [τ ] ≥ 
,
2.4δ
KL B(µ[1] ), B(µ[1] − )
KL B(µa ), B(µ[1] + )

0

0.1

µ(θ1)
0.2

µ(θ*)
0.3

0.4

µ(θ2)
0.5

K*(θ1,θ2)

0.6
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Two armed-bandits are of particular interest as they offer a theoretical framework for sequential A/B Testing. A/B Testing is a popular procedure used, for instance, for website
optimization: two versions of a web page, say A and B, are empirically compared by being
presented to users. Each user is shown only one version At ∈ {1, 2} and provides a realvalued index of the quality of the page, Zt , which is modeled as a sample of a probability
distribution ν1 or ν2 . For example, a standard objective is to determine which web page
has the highest conversion rate (probability that a user actually becomes a customer) by
receiving binary feedback from the users. In standard A/B Testing algorithms, the two
versions are presented equally often. It is thus of particular interest to investigate whether
uniform sampling is optimal or not.
Even for two-armed bandits, the upper and lower bounds on the complexity κC (ν)
given in (6) do not match. We propose in this section a refined lower bound on κC (ν) based
on a different change of distribution. This lower bound features a quantity reminiscent of
Chernoff information, and we will exhibit algorithms matching (or approximately matching)
this new bound in Section 4. Theorem 6 provides a non-asymptotic lower bound on the
sample complexity Eν [τ ] of any δ-PAC algorithm. It also provides a lower bound on the
performance of algorithms using a uniform sampling strategy, which will turn out to be
efficient in some cases.

3. Improved Lower Bounds for Two-Armed Bandits

Figure 1: For Bernoulli distributions, the blue and black curves represent respectively
KL(B(µ), B(µ1 )) and KL(B(µ), B(µ2 )) as a function of µ. Their intersection gives
the value of the Chernoff information between B(µ1 ) and B(µ2 ), two distributions
alternatively parameterized by their natural parameter θ1 and θ2 .
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K∗ (θ, θ0 ) = K(θ∗ , θ), where θ∗ is such that K(θ∗ , θ) = K(θ∗ , θ0 ).
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1
log
c∗ (ν)

1
2.4δ

1
2.4δ

, where

c∗ (ν) :=

, where I∗ (ν) :=

(ν10 ,ν20 )∈M:µ10 <µ20

inf

(ν10 ,ν20 )∈M:µ10 <µ20

KL (ν1 , ν10 ) + KL (ν2 , ν20 )
.
2
(7)

Theorem 6 Let M be an identifiable class of two-armed bandit models and let ν = (ν1 , ν2 ) ∈
M be such that µ1 > µ2 . Any algorithm that is δ-PAC on M satisfies, for all δ ∈)0, 1],



inf
max KL(ν1 , ν10 ), KL(ν2 , ν20 ) .
Eν [τ ] ≥

1
log
I∗ (ν)

Moreover, any δ-PAC algorithm using a uniform sampling strategy satisfies,



Eν [τ ] ≥



M = {ν = N µ1 , σ12 , N µ2 , σ22 : (µ1 , µ2 ) ∈ R2 , µ1 6= µ2 }.

(9)

(8)

Obviously, one has I∗ (ν) ≤ c∗ (ν). Theorem 6 implies in particular that κC (ν) ≥ 1/c∗ (ν).
It is possible to give explicit expressions for the quantities c∗ (ν) and I∗ (ν) for important
classes of parametric bandit models that will be considered in the next section.
The class of Gaussian bandits with known variances σ12 and σ22 , further considered in
Section 4.1, is

For this class,

(µ1 − µ2 )2
.
4(σ12 + σ22 )



(µ1 − µ2 )2 1 σ12
σ2
+
− 1 − log 12
2 σ22
2σ22
σ2

and I∗ (ν) =

KL(N (µ1 , σ1 ) , N (µ2 , σ2 )) =
(µ1 − µ2 )2
2(σ1 + σ2 )2

and direct computations yield
c∗ (ν) =

(θ1 , θ2 )

, θ1

θ2 }

(10)

The observation that, when the variances are different c∗ (ν) > I∗ (ν), will be shown to imply
that strategies based on uniform sampling are sub-optimal (by a factor 1 ≤ 2(σ12 +σ22 )/(σ1 +
σ2 )2 ≤ 2).
The more general class of two-armed exponential bandit models, further considered in
Section 4.2, is
M = {ν =
:
∈ Θ2
6=
(νθ1 , νθ2 )

where νθa has density fθa given by (5). There

θ∈Θ

c∗ (ν) = inf max (K(θ1 , θ), K(θ2 , θ)) = K∗ (θ1 , θ2 ),

1
K∗ (θ1 , θ2 )

,
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where K∗ (θ1 , θ2 ) = K(θ1 , θ∗ ), with θ∗ is defined by K(θ1 , θ∗ ) = K(θ2 , θ∗ ). This quantity is
analogous to the Chernoff information K∗ (θ1 , θ2 ) introduced in Section 2 but with ‘reversed’
roles for the arguments. I∗ (ν) may also be expressed more explicitly as


K θ1 , θ + K θ2 , θ
µ1 + µ2
I∗ (ν) =
, where µ(θ) =
.
2
2
Appendix C provides further useful properties of these quantities and in particular
Figure 7 illustrates the property that for two-armed exponential bandit models, the lower
bound on κC (ν) provided by Theorem 6,


κC (ν) ≥

11
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κC (ν) ≥

1
1
+
K(θ1 , θ2 ) K(θ2 , θ1 )

is indeed always tighter than the lower bound of Theorem 4,


θ1

θ1+α

θ2



.

θ* θ*+α

θ1

(11)

Interestingly, the changes of distribution used to derive the two results are not the same.
On the one hand, for inequality (11), the changes of distribution involved modify a single
arm at a time: one of the arms is moved just below (or just above) the other (see Figure 2,
left). This is the idea also used, for example, to obtain the lower bound of Lai and Robbins
(1985) on the cumulative regret. On the other hand, for inequality (10), both arms are
modified at the same time: they are moved close to the common intermediate value θ∗ but
with a reversed ordering (see Figure 2, right).

θ2

Figure 2: Alternative bandit models considered to obtain the lower bounds of Theorem 4
(left) and Theorem 6 (right).

We now give the proof of Theorem 6, in order to show how easily it follows from Lemma 1.

(13)

(12)

Proof of Theorem 6. Without loss of generality, one may assume that the bandit model
ν = (ν1 , ν2 ) is such that the best arm is a∗ = 1. Consider any alternative bandit model
ν 0 = (ν10 , ν20 ) in which a∗ = 2. Let E be the event E = (Ŝ1 = 1), which belongs to Fτ .
Let A = ((At ), τ, Ŝ1 ) be a δ-PAC algorithm: by assumptions, Pν (E) ≥ 1 − δ and
Pν 0 (E) ≤ δ. Applying Lemma 1 (with the stopping time τ ) and using again the monotonicity properties of d(x, y) and inequality (3)

Eν [N1 ]KL(ν1 , ν10 ) + Eν [N2 ]KL(ν2 , ν20 ) ≥ log(1/(2.4δ)).

Using moreover that τ = N1 + N2 , one has

1
log 2.4δ
.
maxa=1,2 KL(νa , νa0 )
Eν [τ ] ≥

max KL(νa , νa0 ) < c∗ (ν) + α.

The result follows by optimizing over the possible model ν 0 satisfying µ10 < µ20 to make the
right hand side of the inequality as large as possible. More precisely, for every α > 0, from
the definition of
there exists να0 = (ν10 , ν20 ) for which
c∗ (ν),

a=1,2
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Inequality (13) for the particular choice ν 0 = να0 yields Eν [τ ] ≥ (c∗ (ν) + α)−1 log(1/(2.4δ)),
and the first statement of Theorem 6 follows by letting α go to zero. In the particular
case of exponential bandit models, the alternative model consists in choosing ν10 = νθ∗ and
ν20 = νθ∗ + for some , as illustrated on Figure 2, so that maxa=1,2 KL(νa , νa0 ) is of order
K∗ (θ1 , θ2 ).
When A uses uniform sampling, using the fact that Eν [N1 ] = E[N2 ] = E[τ ]/2 in Equation
(12) similarly gives the second statement of Theorem 6.

12

2(σ1 + σ2 )2
(µ1 − µ2 )2

14
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13
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(16)

We refer to Section 6 for numerical simulations that illustrate the significant savings (in
the average number of samples needed to reach a decision) resulting from the use of the less
conservative exploration rate allowed by Theorem 8.

the elimination strategy is δ-PAC.

β(t, δ) = log(1/δ) + 3 log log(1/δ) + (3/2) log(log(et/2)),

Theorem 8 For δ ≤ 0.1, with

Lemma 7 allows to prove Theorem 8 below, as detailed in Appendix E, where we also
provide a proof of Lemma 7.

  √
η

 √  
p
1
x
√ + 1 exp(−x).
P ∃t ∈ N∗ : St > 2σ 2 t(x + η log log(et)) ≤ e ζ η 1 −
2x
2 2

P
Lemma 7 Let ζ(u) = k≥1 k −u . Let X1 , X2 , . . . be independent random variables such
that, for all λ ∈ R, φ(λ) := log E[exp(λX1 )] ≤ λ2 σ 2 /2. For every positive integer t let
8
St = X1 + · · · + Xt . Then, for all η > 1 and x ≥ (e−1)
2,

This value coincide with the lower bound on κC (ν) of Theorem 6 in the case of two-armed
Gaussian distributions with similar known variance σ 2 . This proves that in this case,
Robbins’ rule (14) is not only optimal among the class of elimination strategies, but also
among the class of δ-PAC algorithm.
Any δ-PAC elimination strategy that uses a threshold function (or exploration rate)
β(t, δ) smaller than Robbins’ also matches our asymptotic lower bound, while stopping
earlier than the latter. From a practical point of view, it is therefore interesting to exhibit
smaller exploration rates that preserve the δ-PAC property. The failure probability of such
an algorithm is upper bounded, for example when µ1 < µ2 , by
!
k


X
p
Xs − Ys − (µ1 − µ2 ) p
√
Pν ∃k ∈ N :
> 2kβ(2k, δ) = P ∃k ∈ N : Sk > 2kβ(2k, δ)
2
2σ
s=1
(15)
where Sk is a sum of k i.i.d. variables of distribution N (0, 1). Robbins (1970) obtains
a non-explicit confidence region of risk at most δ by choosing β(2k, δ) = log (log(k)/δ) +
o(log log(k)). The dependency in k is in some
p sense optimal, because the Law of Iterated
Logarithm (LIL) states that lim supk→∞ Sk / 2k log log(k) = 1 almost surely. In this paper,
we propose a new deviation inequality for a martingale with sub-Gaussian increments, stated
as Lemma 7, that permits to build an explicit confidence region reminiscent of the LIL. A
related result was recently derived independently by Jamieson et al. (2014).

lim

Eν [τ ]
8σ 2
=
.
δ→0 log(1/δ)
(µ1 − µ2 )2

(whereas our lower bound applies to any δ-PAC algorithm) which is matched by Robbins’
algorithm: the above stopping rule τ satisfies
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The recommendation rule chooses the empirically best arm at time τ . This procedure can
be seen as an elimination strategy, in the sense of Jennison et al. (1982). The authors of this
paper derive a lower bound on the sample complexity of any δ-PAC elimination strategy

s=1

We start with the simpler case σ1 = σ2 = σ. Thus, the quantity I∗ (ν) introduced in
Theorem 6 coincides with c∗ (ν), which suggests that uniform sampling could be optimal.
A uniform sampling strategy equivalently collects paired samples (Xs , Ys ) from both arms.
The difference Xs −Ys is normally distributed with mean µ = µ1 −µ2 and a δ-PAC algorithm
is equivalent to a sequential test of H0 : (µ < 0) versus H1 : (µ > 0) such that both type
I and type II error probabilities are bounded by δ. Robbins (1970) proposes the stopping
rule
(
)


t/2
X
p
t+1
t+1
τ = inf t ∈ 2N∗ :
(Xs −Ys ) > 2σ 2 tβ(t, δ) , with β(t, δ) =
log
. (14)
t
2δ

4.1.1 Equal Variances

This covers in particular the cases of bounded distributions with support in [0, 1] (that are
1/4-subgaussian). In these more general cases, the algorithm enjoys the same theoretical
properties: it is δ-PAC and its sample complexity is bounded as in Theorem 9 below.

h
i λ2 σ 2
a
∀λ ∈ R, EX∼νa eλX ≤
.
2

by exhibiting a strategy that reaches the performance bound of Theorem 6. This strategy
uses non-uniform sampling in case where σ1 and σ2 differ. When σ1 = σ2 , we provide in
Theorem 8 an improved stopping rule that is δ-PAC and results in a significant reduction
of the expected number of samples used.
The α-Elimination algorithm introduced in this Section can also be used in more general
two-armed bandit models, where the distribution νa is σa2 -subgaussian. This means that
the probability distribution νa satisfies

κC (ν) =

We focus here on the class of two-armed Gaussian bandit models with known variances
presented in (8), where σ1 and σ2 are fixed. We prove that

4.1 Gaussian Bandit Models

For specific instances of two-armed bandit models, we now present algorithms with performance guarantees that closely match the lower bounds of Theorem 6. For Gaussian bandits
with known (and possibly different) variances, we describe in Section 4.1 an algorithm
termed α-Elimination that is optimal and thus makes it possible to determine the complexity κC (ν). For Bernoulli bandit models, we present in Section 4.2 the SGLRT algorithm
that uses uniform sampling and is close to optimal.

4. Matching Algorithms for Two-Armed Bandits
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4.1.2 Mismatched Variances
In the case where σ1 6= σ2 , we rely on the α-Elimination strategy, described in Algorithm 1
below. For a = 1, 2, µ̂a (t) denotes the empirical mean of the samples gathered from arm a
up to time t. The algorithm is based on a non-uniform sampling strategy governed by the
parameter α ∈ (0, 1), that maintains the proportion of draws of arm 1 close to α. At the
end of every round t, N1 (t) = dαte, N2 (t) = t − dαte and µ̂1 (t) − µ̂2 (t) ∼ N µ1 − µ2 , σt2 (α)
(where σt2 (α) is defined at line 6 of Algorithm 1). The sampling schedule used here is thus
deterministic.

a=1,2

Algorithm 1 α-Elimination
Require: Exploration function β(t, δ), parameter α.
2
1: Initialization: µ̂1 (0) = µ̂p
2 (0) = 0, σ0 (α) = 1, t = 0
2: while |µ̂1 (t) − µ̂2 (t)| ≤
2σt2 (α)β(t, δ) do
3:
t ← t + 1.
4:
If dαte = dα(t − 1)e, At ← 2, else At ← 1
5:
Observe Zt ∼ νAt and compute the empirical means µ̂1 (t) and µ̂2 (t)
6:
Compute σt2 (α) = σ12 /dαte + σ22 /(t − dαte)
7: end while
return argmax µ̂a (t)
8:

Theorem 9 shows that an optimal allocation of samples between the two arms consists
in maintaining the proportion of draws of arm 1 close to σ1 /(σ1 + σ2 ) (which is also the case
in the fixed-budget setting, see Section 5.1). Indeed, for α = σ1 /(σ1 +σ2 ), the α-elimination
algorithm is δ-PAC with a suitable exploration rate and (almost) matches the lower bound
on Eν [τ ], at least asymptotically when δ → 0. Its proof can be found in Appendix D.

2(σ1 + σ2 )2
log
(µ1 − µ2 )2

1
δ

δ→0

+ o

  
1
.
log
δ

Theorem 9 If α = σ1 /(σ1 + σ2 ), the α-elimination strategy using the exploration rate
β(t, δ) = log δt + 2 log log(6t) is δ-PAC on M and satisfies, for every ν ∈ M, for every
 > 0,
 
Eν [τ ] ≤ (1 + )

Remark 10 When σ1 = σ2 , 1/2-elimination reduces, up to rounding effects, to the elimination procedure described in Section 4.1.1, for which Theorem 8 suggests an exploration rate
of order log(log(t)/δ). As the feasibility of this exploration rate when σ1 6= σ2 is yet to be
established, we focus on Gaussian bandits with equal variances in the numerical experiments
of Section 6.
4.2 Bernoulli Bandit Models
We consider in this section the class of Bernoulli bandit models
M = {ν = (B(µ1 ), B(µ2 )) : (µ1 , µ2 ) ∈ (0; 1)2 , µ1 6= µ2 },
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where each arm can be alternatively parameterized by the natural parameter of the exponential family, θa = log(µa /(1 − µa )). Observing that in this particular case little can
15
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be gained by departing from uniform sampling, we consider the SGLRT algorithm (to be
defined below) that uses uniform sampling together with a stopping rule that is not based
on the mere difference of the empirical means.
For Bernoulli bandit models, the quantities I∗ (ν) and c∗ (ν) introduced in Theorem 6
happen to be practically very close (see Figure 3 in Section 5 below). There is thus a strong
incentive to use uniform sampling and in the rest of this section we consider algorithms that
aim at matching the bound (7) of Theorem 6—that is, Eν [τ ] ≤ log(1/δ)/I∗ (ν), at least for
small values of δ—, which provides an upper bound on κC (ν) that is very close to 1/c∗ (ν).
For simplicity, as I∗ (ν) is here a function of the means of the arms only, we will denote
I∗ (ν) by I∗ (µ1 , µ2 ).
When the arms are sampled uniformly, finding an algorithm that matches the bound
of (7) boils down to determining a proper stopping rule. In all the algorithms studied so
far, the stopping rule was based on the difference of the empirical means of the arms. For
Bernoulli arms the 1/2-Elimination procedure described in Algorithm 1 can be used, as
each distribution νa is bounded and therefore 1/4-subgaussian. More precisely, with β(t, δ)
as in Theorem 8, the algorithm stopping at the first time t such that
p
2β(t, δ)/t

µ̂1 (t) − µ̂2 (t) >

has its sample complexity bounded by 2/(µ1 − µ2 )2 log(1/δ) + o (log(1/δ)). Yet, Pinsker’s
inequality implies that I∗ (µ1 , µ2 ) > (µ1 −µ2 )2 /2 and this algorithm is thus not optimal with
respect to the bound(7) of Theorem 6. The approximation I∗ (µ1 , µ2 ) = (µ1 −µ2 )2 /(8µ1 (1−
µ1 )) + o (µ1 − µ2 )2 suggests that the loss with respect to the optimal error exponent is
particularly significant when both means are close to 0 or 1.
To circumvent this drawback, we propose the SGLRT (for Sequential Generalized Likelihood Ratio Test) stopping rule, described in Algorithm 2. The appearance of I∗ in the
stopping criterion of Algorithm 2 is a consequence of the observation that it is related to the
generalized likelihood ratio statistic for testing the equality of two Bernoulli proportions.
To test H0 : (µ1 = µ2 ) against H1 : (µ1 6= µ2 ) based on t/2 paired samples of the arms
Ws = (Xs , Ys ), the Generalized Likelihood Ratio Test (GLRT) rejects H0 when

maxµ1 ,µ2 :µ1 =µ2 L(W1 , . . . , Wt/2 ; µ1 , µ2 )
< zδ ,
maxµ1 ,µ2 L(W1 , . . . , Wt/2 ; µ1 , µ2 )
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where L(W1 , . . . , Wt/2 ; µ1 , µ2 ) denotes the likelihood of the observations given parameters
µ1 and µ2 . It can be checked that the ratio that appears in the last display is equal to

a=1,2

Algorithm 2 Sequential Generalized Likelihood Ratio Test (SGLRT)
Require: Exploration function β(t, δ).
1: Initialization: µ̂1 (0) = µ̂2 (0) = 0. t = 0.
S
2: while (tI∗ (µ̂1 (t), µ̂2 (t)) ≤ β(t, δ)) (t = 1 (mod. 2)) do
3:
t = t + 1. At = t (mod. 2).
4:
Observe Zt ∼ νAt and compute the empirical means µ̂1 (t) and µ̂2 (t).
5: end while
return a = argmax µ̂a (t).
6:

16



t(log(3t))2
δ



τ
2(1 + )
≤
a.s.
log(1/δ)
I∗ (µ1 , µ2 )

τ
(1 + )
≤
a.s..
log(1/δ)
I∗ (µ1 , µ2 )
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In this section, we focus on the fixed-budget setting and we provide new upper and lower
bounds on the complexity term κB (ν).
For two-armed bandits, we obtain in Theorem 12 lower bounds analogous to those of
Theorem 6 in the fixed-confidence setting. We present matching algorithms for Gaussian
and Bernoulli bandits. This allows for a comparison between the fixed-budget and fixedconfidence setting in these specific cases. More specifically, we show that κB (ν) = κC (ν)
for Gaussian bandit models, whereas κC (ν) > κB (ν) for Bernoulli bandit models.
When K > 2 and m ≥ 1, we present a first step towards obtaining more general results,
by providing lower bounds on the probability of error pt (ν) for Gaussian bandits with equal
variances.

5. The Fixed-Budget Setting

δ→0

∀ > 0, lim sup

(see Lemma 26 in Appendix F for the proof of this result). By analogy with the result of
Theorem 8 we conjecture that the analysis of Kaufmann and Kalyanakrishnan (2013)—on
which the result of Lemma 11 is based—is too conservative and that the use of an exploration rate of order log(log(t)/δ) should also lead to a δ-PAC algorithm. This conjecture
is supported by the numerical experiments reported in Section 6 below. Besides, for this
choice of exploration rate, Lemma 26 also shows that

δ→0

∀ > 0, lim sup

For this exploration rate, we were able to obtain the following asymptotic guarantee on
the stopping time τ of Algorithm 2:

the SGLRT algorithm is δ-PAC.

β(t, δ) = 2 log

Lemma 11 With the exploration rate

Elements of analysis of the SGLRT. The SGLRT algorithm is also related to the KLLUCB algorithm of Kaufmann and Kalyanakrishnan (2013). A closer examination of the
KL-LUCB stopping criterion reveals that, in the specific case of two-armed bandits, it
is equivalent to stopping when tKL∗ (B(µ̂1 (t)), B(µ̂2 (t))) gets larger than some threshold.
We also mentioned the fact that KL∗ (B(x), B(y)) and I∗ (x, y) are very close (see Figure
3). Using results from Kaufmann and Kalyanakrishnan (2013), one can thus prove (see
Appendix F) the following lemma.

where H(x) = −x log(x)−(1−x) log(1−x) denotes the binary entropy function. Hence, Algorithm (2) can be interpreted as a sequential version of the GLRT with (varying) threshold
zt,δ = exp(−β(t, δ)).

exp(−tI∗ (µ̂1,t/2 , µ̂2,t/2 )). This equality is a consequence of the rewriting


1
x+y
− [H (x) + H (y)] ,
I∗ (x, y) = H
2
2
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where I ∗ (ν) :=

inf

(ν10 ,ν20 )∈M:µ01 <µ02

KL (ν10 , ν1 ) + KL (ν20 , ν2 )
.
2
(17)

2(σ1 + σ2 )2
.
(µ1 − µ2 )2

θ∈Θ
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c∗ (ν) = inf max (K(θ, θ1 ), K(θ, θ2 )) = K∗ (θ1 , θ2 ),
JMLR 17(1):1-42

Exponential families. For exponential family bandit models, it can be observed that

κB (ν) = κC (ν) =

This shows in particular that for Gaussian distributions the two complexities are equal:

1
(µ1 − µ2 )2
lim inf − log pt (ν) ≥
= c∗ (ν) .
t→∞
t
2(σ1 + σ2 )2

The right hand side is minimized when n1 /(n1 + n2 ) = σ1 /(σ1 + σ2 ), and the static strategy
drawing n1 = dσ1 t/(σ1 + σ2 )e times arm 1 is such that

Gaussian distributions. As the Kullback-Leibler divergence between two Gaussian
distributions—(9)—is symmetric with respect to the means when the variances are held
fixed, it holds that c∗ (ν) = c∗ (ν). To find a matching algorithm, we introduce the simple
family of static strategies that draw n1 samples from arm 1 followed by n2 = t − n1 samples
of arm 2, and then choose arm 1 if µ̂1,n1 > µ̂2,n2 , where µ̂i,ni denotes the empirical mean of
the ni samples from arm
 i. Assume for instance that µ1 > µ2 . Since µ̂1,n1 − µ̂2,n2 −µ1 +µ2 ∼
N 0, σ12 /n1 + σ22 /n2 , the probability of error of such a strategy is upper bounded by
!
−1
 2
σ22
(µ1 − µ2 )2
σ1
+
.
P (µ̂1,n1 < µ̂2,n2 ) ≤ exp −
n1 n2
2

1
lim sup − log pt (ν) ≤ I ∗ (ν),
t
t→∞

Moreover, any consistent algorithm using a uniform sampling strategy satisfies


1
lim sup − log pt (ν) ≤ c∗ (ν), where c∗ (ν) := 0 0 inf 0 0 max KL(ν10 , ν1 ), KL(ν20 , ν2 ) .
t
(ν1 ,ν2 )∈M:µ1 <µ2
t→∞

Theorem 12 Let ν = (ν1 , ν2 ) be a two-armed bandit model such that µ1 > µ2 . In the
fixed-budget setting, any consistent algorithm satisfies

We present here an asymptotic lower bound on pt (ν) that directly yields a lower bound
on κB (ν). Moreover, we provide a lower bound on the failure probability of consistent
algorithms using uniform sampling. The proof of Theorem 12 bears similarities with that
of Theorem 6, and we provide it in Appendix G.1. However, it is important to note that
the informational quantities c∗ (ν) and I ∗ (ν) defined in Theorem 12 are in general different
from the quantities c∗ (ν) and I∗ (ν) previously defined for the fixed-confidence setting (see
Theorem 6). Appendix C contains a few additional elements of comparison between these
quantities in the case of one-parameter exponential families of distributions.

5.1 Comparison of the Complexities for Two-Armed Bandits

Kaufmann, Cappé and Garivier
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where K∗ (θ1 , θ2 ) is the Chernoff information between the distributions νθ1 and νθ2 . We
recall that K∗ (θ1 , θ2 ) = K(θ∗ , θ1 ), where θ∗ is defined by K(θ∗ , θ1 ) = K(θ∗ , θ2 ). Moreover,
one has




θ1 +θ2
2
K θ1 +θ
2 , θ1 + K
2 , θ2
I ∗ (ν) =
.
2
In particular, the quantity c∗ (ν) = K∗ (θ1 , θ2 ) does not always coincide with the quantity
c∗ (ν) = K∗ (θ1 , θ2 ) defined in Theorem 6. More precisely, c∗ (ν) and c∗ (ν) are equal when
the log-partition function b(θ) is (Fenchel) self-conjugate, which is the case for Gaussian
and exponential variables (see Appendix C). However, for Bernoulli distributions, it can be
checked that c∗ (ν) > c∗ (ν). By exhibiting a matching strategy in the fixed-budget setting
(Theorem 13), we show that this implies that κC (ν) > κB (ν) in the Bernoulli case (Theorem
14). We also show that in this case, only little can be gained by departing from uniform
sampling.

θ ∗ − θ1
θ2 − θ1
where K(θ∗ , θ1 ) = K(θ∗ , θ2 ).

Theorem 13 Consider a two-armed exponential bandit model and α(θ1 , θ2 ) be defined by
α(θ1 , θ2 ) =

For all t, the static strategy that allocates dα(θ1 , θ2 )te samples to arm 1, and recommends
the empirical best arm, satisfies pt (ν) ≤ exp(−tK ∗ (θ1 , θ2 )).

and hence that κB (ν) =

1
.
K∗ (θ1 , θ2 )

Theorem 13, whose proof can be found in Appendix G.2, shows in particular that for
every exponential family bandit model there exists a consistent static strategy such that
1
lim inf − log pt ≥ K∗ (θ1 , θ2 ),
t→∞
t

By combining this observation with Theorem 6 and the fact that, K∗ (θ1 , θ2 ) < K∗ (θ1 , θ2 )
for Bernoulli distributions, one obtains the following inequality.
Theorem 14 For two-armed Bernoulli bandit models, κC (ν) > κB (ν).
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Note that we have determined the complexity of the fixed-budget setting by exhibiting
an algorithm (leading to an upper bound on κB ) that is of limited practical interest for
Bernoulli bandit models. Indeed, the optimal static strategy defined in Theorem 13 requires
the knowledge of the quantity α(θ1 , θ2 ), that depends on the unknown means of the arms.
So far, it is not known whether there exists a universal strategy, that would satisfy pt (ν) ≤
exp(−K∗ (θ1 , θ2 )t) on every Bernoulli bandit model.
However, Lemma 27 shows that the strategy that uses uniform sampling and recommends the empirical best-arm satisfies pt (ν) ≤ exp(−I ∗ (ν)t), and matches the bound (17) of
Theorem 12 (see Remark 28 in Appendix G.2). The fact that, just as in the fixed-confidence
setting I ∗ (ν) is very close to c∗ (ν) shows that the problem-dependent optimal strategy described above can be approximated by a very simple, universal algorithm that samples the
arms uniformly. Figure 3 represents the different informational functions c∗ , I∗ , c∗ and I ∗
when the mean µ1 varies, for two fixed values of µ2 . It can be observed that c∗ (ν) and
c∗ (ν) are almost indistinguishable from I ∗ (ν) and I∗ (ν), respectively, while there is a gap
between c∗ (ν) and c∗ (ν).
19
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Figure 3: Comparison of different informational quantities for Bernoulli bandit models.

5.2 Lower Bound on pt (ν) in More General Cases

Theorem 12 provides a direct counterpart to Theorem 6, allowing for a complete comparison
between the fixed confidence and fixed budget settings in the case of two-armed bandits.
However, we were not able to obtain a general lower bound for K-armed bandit that would
be directly comparable to that of Theorem 4 in the fixed budget setting. Using Lemma
15 stated below (a variant of Lemma 1 proved in Appendix A.2), we were nonetheless able
to derive tighter, non-asymptotic, lower bounds on pt (ν) in the particular case of Gaussian

bandit models with equal known variance, Mm = {ν = (ν1 , . . . , νK ) : νa = N µa , σ 2 , µa ∈
R, µ[m] 6= µ[m+1] }.

a=1

∗ (ν) 6= S ∗ (ν 0 ). Then
Lemma 15 Let ν and ν 0 be two bandit models such that Sm
m
!
K
X
 1
∗
∗
max Pν (S =
6 Sm
(ν)), Pν 0 (S =
6 Sm
(ν 0 )) ≥ exp −
Eν [Na ]KL(νa , νa0 ) .
4

a=2

X
2σ 2
.
(µ1 − µa )2

K

Theorem 16 Let ν be a Gaussian bandit model such that µ1 > µ2 ≥ · · · ≥ µK and let
H 0 (ν) =

There exists a bandit model ν [a] , a ∈ {2, . . . , K}, (see Figure 4) which satisfies H 0 (ν [a] ) ≤
H 0 (ν) and is such that





4t
.
max pt (ν), pt (ν [a] ) ≥ exp − 0
H (ν)

JMLR 17(1):1-42

This result is to be compared to the lower bound of Audibert et al. (2010). While
Theorem 16 does not really provide a lower bound on κB (ν), the complexity term H(ν)
is close to the quantity that appears in Theorem 4 for the fixed-confidence setting (in the
Gaussian case), which improves over the term H2 (ν) = maxi:µ[i] <µ[1] i(µ[1] − µ[i] )−2 featured
in Theorem 4 of Audibert et al. (2010).
For m > 1, building on the same ideas, Theorem 17 provides a first lower bound, which
we believe leaves room for improvement.

20

a=1

m
X

2σ 2
,
(µa − µm+1 )2

H − (ν) =

a=m+1

K
X

2σ 2
,
(µm − µa )2
and H(ν) = H + (ν)+H − (ν).
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Figure 4: Left: bandit models ν, in red, and ν [2] , in blue (Theorem 16). Right: bandit
models ν, in red, and ν [i,j] , in blue (Theorem 17).

In this section, we focus on two-armed models and provide experimental experiments designed to compare the fixed-budget and fixed-confidence settings (in the Gaussian and
Bernoulli cases) and to illustrate the improvement resulting from the adoption of the reduced exploration rate of Theorem 8.
In Figure 5, we consider two Gaussian bandit models with known common variance: the
‘easy’ one is {N (0.5, 0.25) , N (0, 0.25)}, corresponding to κC = κB = κ = 8, on the left;
and the ‘difficult’ one is {N (0.01, 0.25) , N (0, 0.25)}, that is κ = 2×104 , on the right. In the
fixed-budget setting, stars (’*’) report the probability of error pn (ν) as a function of n. In
the fixed-confidence setting, we plot both the empirical probability of error by circles (’O’)
and the specified maximal error probability δ by crosses (’X’) as a function of the empirical
average of the running times. Note the logarithmic scale used for the probabilities on the
y-axis. All results are averaged over N = 106 independent Monte Carlo replications. For
comparison purposes, a plain line represents the theoretical rate t 7→ exp(−t(1/κ)) which
is a straight line on the log scale.

6. Numerical Experiments

The proofs of Theorem 16 and Theorem 17 are very similar. For this reason, we provide
in Appendix G.3 only the latter. Introducing the gaps ∆a defined in (2), the precise
definition of the modified problems ν [a] and ν [a,b] in the statement of the two results is:
 0
 0
/ {a, b}
 µk = µk for all k ∈
µk = µk for all k 6= a
[a,b]
[a]
µ0 = µa − 2∆b
.
and ν
:
ν :
µ0a = µa + 2∆a
 a0
µb = µb + 2∆a

There exists a ∈ {1, . . . , m} and b ∈ {m+1, . . . K} such that the bandit model ν [a,b] described
on Figure 4 satisfies H(ν [a,b] ) < H(ν) and is such that



 1
H(ν) min(H + (ν), H − (ν))
4t
max pt (ν), pt (ν [a,b] ) ≥ exp −
, where H̃(ν) =
.
4
H(ν) + min(H + (ν), H − (ν))
H̃(ν)

H + (ν) =

Theorem 17 Let ν be such that µ1 > . . . µm > µm+1 > · · · > µK and let
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Figure 5: Experimental results for Gaussian bandit models
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2.5

Fixed−Budget setting
SPRT
log(1/delta)
log(log(t)/delta)
log(t/delta)

In the fixed-confidence setting, we report results for elimination algorithms of the form
(14) for three different exploration rates β(t, δ). The exploration rate we consider are: the
provably-PAC rate of Robbins’ algorithm log(t/δ) (large blue symbols), the conjectured
optimal exploration rate log((log(t) + 1)/δ), almost provably δ-PAC according to Theorem
8 (bold green symbols), and the rate log(1/δ), which would be appropriate if we were to
perform the stopping test only at a single pre-specified time (orange symbols). For each
algorithm, the log probability of error is approximately a linear function of the number of
samples, with a slope close to −1/κ, where κ is the complexity. A first observation is that
the ’traditional’ rate of log(t/δ) is much too conservative, with running times for the difficult
problem (right plot) which are about three times longer than those of other methods for
comparable error rates. As expected, the rate log((log(t) + 1)/δ) significantly reduces the
running times while maintaining proper control of the probability of failure, with empirical
error rates (’O’ symbols) below the corresponding confidence parameters δ (represented by
’X’ symbols). Conversely, the use of the non-sequential testing threshold log(1/δ) seems
too risky, as one can observe that the empirical probability of error may be larger than δ on
difficult problems. To illustrate the gain in sample complexity resulting from the knowledge
of the means, we also represented in red the performance of the SPRT algorithm mentioned
in the introduction of Section 5 along with the theoretical relation between the probability
of error and the expected number of samples, materialized as a dashed line. The SPRT
stops for t such that |(µ1 − µ2 )(S1,t/2 − S2,t/2 )| > log(1/δ).
Robbins’ algorithm is δ-PAC and matches the complexity (which is illustrated by the
slope of the measures), though in practice the use of the exploration rate log((log(t) + 1)/δ)
leads to huge gain in terms of number of samples used. It is important to keep in mind
that running times play the same role as error exponents and hence the threefold increase
of average running times observed on the rightmost plot of Figure 5 when using β(t, δ) =
log(t/δ) is really prohibitive.
On Figure 6, we compare on two Bernoulli bandit models the performance of the SGLRT
algorithm described in Section 4.2 (Algorithm 2) using two different exploration rates,
log(1/δ) and log((log(t) + 1)/δ), to the 1/2-elimination stopping rulep(Algorithm 1) that
stops when the difference of empirical means exceeds the threshold 2β(t, δ)/t (for the
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Figure 6: Results for Bernoulli bandit models: 0.2 − 0.1 (left) and 0.51 − 0.5 (right).
same exploration rates). Plain lines also materialize the theoretical optimal rate t 7→
exp(−t/κC (ν)) and the rate attained by the 1/2-Elimination algorithm t 7→ exp(−t/κ0 ),
where κ0 = 2/(µ1 − µ2 )2 . On the bandit model 0.51 − 0.5 (right) these two rates are very
close and SGLRT mostly coincides with Elimination, but on the bandit model 0.2−0.1 (left)
the practical gain of the use of a more sophisticated stopping strategy is well illustrated.
Besides, our experiments show that SGLRT using log((log(t) + 1)/δ) is δ-PAC on both the
(relatively) easy and difficult problems we consider, unlike the other algorithms considered.
If one compares the results for the fixed-budget setting (in purple) to those for the best
δ-PAC algorithm (or conjectured δ-PAC for SGLRT in the Bernoulli case), in green, one can
observe that to obtain the same probability of error, the fixed-confidence algorithm usually
needs an average number of samples that is about twice larger than the deterministic number
of samples required by the fixed-budget setting algorithm. This remark should be related
to the fact that a δ-PAC algorithm is designed to be uniformly good across all problems,
whereas consistency is a weak requirement in the fixed-budget setting: any strategy that
draws both arm infinitely often and recommends the empirical best is consistent. Figure 5
also shows that when the values of µ1 and µ2 are unknown, the sequential version of the
test is no more preferable to its batch counterpart and can even become much worse if the
exploration rate β(t, δ) is chosen too conservatively. This observation should be mitigated
by the fact that the sequential (or fixed-confidence) approach is adaptive with respect to
the difficulty of the problem whereas it is impossible to predict the efficiency of a batch
(or fixed-budget) experiment without some prior knowledge regarding the difficulty of the
problem under consideration.

7. Conclusion
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Our aim with this paper has been to provide a framework for evaluating, in a principled
way, the performance of fixed-confidence and fixed-budget algorithms designed to identify
the best arm(s) in stochastic environments.
For two-armed bandits, we obtained rather complete results, identifying the complexity
of both settings in important parametric families of distributions. In doing so, we observed
that standard testing strategies based on uniform sampling are optimal or close to optimal
for Gaussian distributions with matched variance or Bernoulli distributions but can be
23
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improved (by non-uniform sampling) for Gaussian distributions with distinct variances.
This latter observation can certainly be generalized to other models, starting with the case
of Gaussian distributions whose variances are a priori unknown. In the case of Bernoulli
distributions, we have also shown that fixed-confidence algorithms that use the difference of
the empirical means as a stopping criterion are bound to be sub-optimal. Finally, we have
shown, through the comparison of the complexities κC (ν) and κB (ν), that the behavior
observed when testing fully specified alternatives where fixed confidence (or sequential)
algorithms may be ‘faster on average’ than the fixed budget (or batch) ones is not true
anymore when the parameters of the models are unknown.
For models with more than two arms, we obtained the first generic (i.e. not based on
the sub-Gaussian tail assumption) distribution-dependent lower bound on the complexity
of m best-arms identification in the fixed-confidence setting (Theorem 4). Currently available performance bounds for algorithms performing m best-arms identification—those of
Kaufmann and Kalyanakrishnan (2013) notably—show a small gap with this result and it
is certainly of interest to investigate whether those analyses and/or the bound of Theorem 4
may be improved to bridge the gap. For the fixed-budget setting we made only a small step
towards the understanding of the complexity of m best-arms identification and our results
can certainly be greatly improved.
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Appendix A. Changes of Distributions

K X
t
X

a=1 s=1

1(As =a) log

fa (Zs )
fa0 (Zs )

Let ν and ν 0 be two bandit models such that for all a ∈ {1, K} the distributions νa and
νa0 are mutually absolutely continuous. For each a, there exists a measure λa such that νa
and νa0 have a density fa and fa0 respectively with respect to λa . One can introduce the
log-likelihood ratio of the observations up to time t under an algorithm A:


.

Lt = Lt (A1 , . . . , At , Z1 , . . . , Zt ) :=

The key element in a change of distribution is the following classical lemma that relates
the probabilities of an event under Pν and Pν 0 through the log-likelihood ratio of the observations. Such a result has often been used in the bandit literature for ν and ν 0 that differ
just from one arm, for which the expression of the log-likelihood ratio is simpler. In this
paper, we consider more general changes of distributions, and we therefore provide a full
proof of Lemma 18 in Appendix A.3.
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Lemma 18 Let σ be any stopping time with respect to Ft . For every event E ∈ Fσ (i.e., E
such that E ∩ (σ = t) ∈ Ft ),

Pν 0 (E) = Eν [1E exp(−Lσ )]

24

Pν (E)
Pν 0 (E)

and Eν [Lσ |E] ≥ log

Pν (E)
.
Pν 0 (E)

which concludes the proof.

25

(19)
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Eν [Lσ ] = Eν [Lσ |E]Pν (E) + Eν [Lσ |E]Pν (E)
Pν (E)
Pν (E)
≥ Pν (E) log
+ Pν (E) log
= d(Pν (E), Pν 0 (E)),
Pν 0 (E)
Pν 0 (E)

Therefore one can write

Eν [Lσ |E] ≥ log


Writing the same for the event E yields Pν 0 (E) ≥ exp −Eν [Lσ |E] Pν (E), hence

= exp (−Eν [Lσ |E]) Pν (E).

= Eν [exp (−Eν [Lσ |E]1E ) 1E ] = Eν [exp (−Eν [Lσ |E]) 1E ]

≥ Eν [exp (−Eν [Lσ |1E ]) 1E ] = Eν [exp (−Eν [Lσ |1E ]1E ) 1E ]

Pν 0 (E) = Eν [exp(−Lσ )1E ] = Eν [Eν [exp(−Lσ )|1E ]1E ]

Proof of Lemma 19. Let σ be a stopping time with respect to (Ft ).
We start by showing that for all E ∈ Fσ , Pν (E) = 0 ⇔ Pν 0 (E) = 0. This proves Lemma 19
for events E such that Pν (E) = 0 or 1, for which the quantity d(Pν (E), Pν 0 (E)) = d(0, 0)
or d(1, 1) is equal to zero by convention, and the inequality thus holds since the left-hand
side is non-negative (which is clear from the rewriting (18)). Let E ∈ Fσ . Lemma 18
yields Pν 0 (E) = Eν [1E exp(−Lσ )]. Thus Pν 0 (E) = 0 implies 1E exp(−Lσ ) = 0 Pν − a.s. As
Pν (σ < +∞) = 1, Pν (exp(Lσ ) > 0) = 1 and Pν 0 (E) = 0 ⇒ Pν (E) = 0. A similar reasoning
yields Pν (E) = 0 ⇒ Pν 0 (E) = 0.
Let E ∈ Fσ be such that 0 < Pν (E) < 1 (then 0 < Pν 0 (E) < 1). Lemma 18 and the
conditional Jensen inequality lead to

Combining this equality with the inequality in Lemma 19 completes the proof.

a=1

Lemma 1 easily follows: introducing (Ya,s ), the sequence of i.i.d. samples successively
observed from arm a, the log-likelihood ratio Lt can be rewritten
 



a (t)
K N
X
X
fa (Ya,s )
fa (Ya,s )
log
Lt =
log
;
and
E
= KL(νa , νa0 ).
ν
fa0 (Ya,s )
fa0 (Ya,s )
a=1 s=1


PK PNa (σ)
fa (Ya,s )
Wald’s Lemma (see e.g., Siegmund (1985)) applied to Lσ =
s=1 log fa0 (Ya,s )
a=1
yields
K
X
Eν [Lσ ] =
Eν [Na (σ)]KL(νa , νa0 ).
(18)


1
Pν (Ŝm =
6 S1 ) + Pν 0 (Ŝm =
6 S2 )
2

1
Pν (Ŝm =
6 S1 ) + Pν 0 (Ŝm = S1 ) .
2

X

Pν 0 (Ŝm = Sk )

!

.

k∈I

X

k∈I

log

Pν 0 (Ŝm = Sk )

Pν (Ŝm = Sk )
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Pν (Ŝm = Sk ) = KL(L(Ŝm ), L0 (Ŝm )),

26

!

Eν [Lt |Ŝm = Sk ]P(Ŝm = Sk )

which concludes the proof.

≥

Eν [Lt ] =

Thus one can write, letting I = {k ∈ {1, . . . , M } : Pν (Ŝm = Sk ) 6= 0},

Eν [Lt |Ŝm = Sk ] ≥ log

Pν (Ŝm = Sk )

To
remains to show that KL(L(Ŝm ), L0 (Ŝm )) is upper bounded by
PKconclude the proof, it
0
a=1 Eν [Na (t)]KL(νa , νa ), which is equal to Eν [Lt ], as shown above (equation (18)).
The rest of the proof boils down to prove a lower bound on Eν [Lt ] slightly different
from the one used to obtain Lemma 1. For k ∈ {1, . . . , M }, applying inequality (19) to
(Ŝm = Sk ) ∈ Fτ yields


 1


max Pν (Ŝm 6= S1 ), Pν 0 (Ŝm 6= S2 ) ≥ exp −KL(L(Ŝm ), L0 (Ŝm )) .
4

Let ρ0 = L(Ŝm ) and ρ1 = L0 (Ŝm ) be the distribution of Ŝm for algorithm A under problems
ν and ν 0 respectively. ρ1 is absolutely continuous with respect to ρ0 , since as mentioned
above, for any event in Ft , Pν (A) = 0 ⇔ Pν 0 (A) = 0. Therefore one can apply Lemma 20
with ρ0 ,ρ1 and φ(x) = 1(x6=S1 ) and write

≥



max Pν (Ŝm 6= S1 ), Pν 0 (Ŝm 6= S2 )
≥

Let ν and ν 0 be two bandit models
 that do not have the same set of optimal arms. We
denote by S1 , . . . , SM the M = K
m subsets of m, ordered so that S1 (resp. S2 ) is the set of
m best arms in problem ν (resp. ν 0 ). One has

Lemma 20 Let ρ0 ,ρ1 be two probability distributions supported on some set X , with ρ1
absolutely continuous with respect to ρ0 . Then for any measurable function φ : X → {0, 1},
one has
1
PX∼ρ0 (φ(X) = 1) + PX∼ρ1 (φ(X) = 0) ≥ exp(−KL(ρ0 , ρ1 )).
2

The proof bears strong similarities with that of Lemma 1, but an extra ingredient is needed:
Lemma 4 of Bubeck et al. (2013a), that provides a lower bound on the sum of type I and
type II probabilities of error in a statistical test.

To prove Lemma 1, we state a first inequality on the expected log-likelihood ratio in
Lemma 19, which is of independent interest.

Lemma 19 Let σ be any almost surely finite stopping time with respect to Ft . For every
event E ∈ Fσ ,
Eν [Lσ ] ≥ d(Pν (E), Pν 0 (E)).

A.2 Proof of Lemma 15
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A.1 Proof of Lemma 1
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A.3 Proof of Lemma 18
Recall that for all a ∈ {1, . . . , K} there exists a measure λa such that νa (resp. νa0 ) has
density fa (resp. fa0 ) with respect to λa . For all a ∈ {1, . . . , K}, let (Ya,t )t∈N be an i.i.d.
sequence such that if At = a, Zt = Ya,t .
We start by showing by induction that for all n ∈ N the following statement is true: for
every function g : Rn → R measurable,
Eν 0 [g(Z1 , . . . , Zn )] = Eν [g(Z1 , . . . , Zn ) exp(−Ln (Z1 , . . . , Zn ))] .

"K
X
a=1

#

1(A1 =a) g(Ya,1 ) =

K
X



Eν 0 1(A1 =a) Eν 0 [g(Ya,1 )|F0 ]

a=1

a=1

Pν 0 (A1 = a)Eν 0 [g(Ya,1 )] =



K
X
f 0 (Ya,1 )
Pν (A1 = a)Eν g(Ya,1 ) a
fa (Ya,1 )

The result for n = 1 follows from the following calculation:

K
X

a=1

Eν 0 [g(Z1 )] = Eν 0
=

a=1

K
X

1(A1 =a) log

fa0 (Z1 )
fa (Z1 )

!#

"K
#
X
f 0 (Ya,1 )
= E
1
g(Y ) a
ν
a,1
(A
1 =a)
fa (Ya,1 )
a=1
"

#
K
X
f 0 (Z1 )
1(A1 =a) exp − log a
fa (Z1 )
= Eν g(Z1 )
"

= Eν g(Z1 ) exp −
a=1

= Eν [g(Z1 ) exp(−L1 (Z1 ))] .
We use that the initial choice of action satisfies Pν (A1 = a) = Pν 0 (A1 = a).
We now assume that the statement holds for some integer n, and show it holds for n + 1.
Let g : Rn+1 → R be a measurable function.

(∗)

Eν 0 [g(Z1 , . . . , Zn , Zn+1 )] = Eν 0 [Eν 0 [g(Z1 , . . . , Zn , Zn+1 )|Fn ]]

a=1

"K
X

a=1

1An+1 =a

Z

g(Z1 , . . . , Zn , z)
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#
fa0 (z)
fa (z)dλa (z) exp (−Ln (Z1 , . . . , Zn )) .
fa (z)

= Eν [Eν 0 [g(Z1 , . . . , Zn , Zn+1 )|Fn ] exp (−Ln (Z1 , . . . , Zn ))]
"
#
K
X
1An+1 =a Eν 0 [g(Z1 , . . . , Zn , Ya,n+1 )|Fn ] exp (−Ln (Z1 , . . . , Zn ))
= Eν

= Eν
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Z

#

#

1An+1 =a Eν [g(Z1 , . . . , Zn , Ya,n+1 ) exp(−Ln+1 (Z1 , . . . , Zn , Ya,n+1 ))|Fn ]

g(Z1 , . . . , Zn , z) exp(−Ln+1 (Z1 , . . . , Zn , z))fa (z)dλa (z)

(z)
Observing that on the event (An+1 = a), Ln+1 (Z1 , . . . , Zn , z) = Ln (Z1 , . . . , Zn ) + log ffa0 (z)
a
leads to:

"K
X

a=1

"K
X

a=1

1An+1 =a

Eν 0 [g(Z1 , . . . , Zn , Zn+1 )]
= Eν
= Eν

= Eν [Eν [g(Z1 , . . . , Zn , Zn+1 ) exp(−Ln+1 (Z1 , . . . , Zn , Zn+1 ))|Fn ]]

= Eν [g(Z1 , . . . , Zn , Zn+1 ) exp(−Ln+1 (Z1 , . . . , Zn , Zn+1 )] .

Hence, the statement is true for all n, and we have shown that for every E ∈ Fn ,

Pν 0 (E) = Eν [1E exp(−Ln )].

Let σ be a stopping time w.r.t. (Fn ) and E ∈ Fσ .

∈Fn

∞
∞
X
X
Eν [1E 1(σ=n) exp(−Ln )] = Eν [1E exp(−Lσ )].
Pν 0 (E) = Eν 0 [1E ] =
Eν 0 [1E 1(σ=n) ] =
| {z }
n=0

n=0

Appendix B. A Short Proof of Burnetas and Katehakis’ Lower Bound on
the Regret

T
X

t=1

Zt =

a:µa <µ∗

X



(µ∗ − µa ) Eν Na (T )

(20)

In the regret minimization framework, briefly described in the Introduction, a bandit algorithm only consists in a sampling rule (there is no stopping rule nor recommendation rule).
The arms must be chosen sequentially so as to minimize the regret, that is strongly related
to the number of draws of the sub-optimal arms (using the notation µ∗ = µ[1] ):
"
#
RT (ν) = µ∗ T − Eν

The lower bound given by Lai and Robbins (1985) on the regret holds for families of distributions parameterized by a (single) real parameter. Their result has been generalized by
Burnetas and Katehakis (1996) to larger classes of parametric distributions. The version
we give here deals with identifiable classes of the form M = (P)K , where P is a set of
probability measures satisfying

∀νa , νb ∈ P, νa 6= νb ⇒ 0 < KL(νa , νb ) < +∞.

Eν [Na (T )]
1
≥
,
log(T )
Kinf (νa ; µ∗ )

JMLR 17(1):1-42

(21)

Theorem 21 Let M be an identifiable class of bandit models. Consider a bandit algorithm
such that for all ν ∈ M having a unique optimal arm, for all α ∈ (0, 1], RT (ν) = o(T α ).
Then, for all ν ∈ M,
T →∞

µa < µ∗ ⇒ lim inf

where Kinf (p; µ) = inf {KL(p, q) : q ∈ P and EX∼q [X] > µ} .

28

(22)

√

T) ≤

a6=1 Eν [Na (T )]

∼

T →∞

√1
T

log(T )

log 1 −

log

1
log
log(T )

log(T )

≥

n→∞


a6=2 Eν 0 [Na (T )]



P

1
Pν 0 (ETc )

−


T−

T

T →∞

→ 1

a6=2 Eν 0 [Na (T )]

P

√

and Pν 0 (ET ) → 1. Therefore, we get

a6=2

!
.

θ2

29

30
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T →∞

JMLR 17(1):1-42

• K∗ (θ1 , θ2 ) admits the following variational representation


b(θ2 ) − b(θ1 )
K∗ (θ1 , θ2 ) = max
b(θ1 ) +
(θ − θ1 ) − b(θ), ,
θ2 − θ 1
θ∈(θ1 ,θ2 )

• θ∗ corresponds to the dual parameter µ∗ := ḃ(θ∗ ) = (b(θ2 ) − b(θ1 ))/(θ2 − θ1 ),

• K(θ1 , θ2 ) is a twice differentiable strictly convex function of its second argument,

From this representation, its is straightforward to show that

K(θ1 , θ2 ) = b(θ2 ) − b(θ1 ) − ḃ(θ1 )(θ2 − θ1 ) = Bregmanb (θ2 , θ1 ).

It is well known that in exponential families, the Kullback-Leibler divergence between
distributions parameterized by their natural parameter, θ, may be related to the Bregman
divergence associated with the log-partition function b:

For all  ∈ (0, 1), ν20 can then be chosen such that KL(ν2 , ν20 ) ≤ Kinf (ν2 , µ1 )/(1 − ), and the
conclusion follows when  goes to zero.

E[N2 (T )]
1
≥
.
log(T )
KL(ν2 , ν20 )

θ1

K(θ1, ·)

Figure 7: Comparison of the complexity terms featured in Theorems 4 and 6.

K∗(θ1, θ2)

1
K −1 (θ1,θ2)+K −1 (θ2,θ1)

K(θ2, ·)

1
1
1
≥
+
.
K∗ (θ1 , θ2 )
K(θ1 , θ2 ) K(θ2 , θ1 )

In this section, we review properties of K∗ defined in Section 3 as well as those of K∗
defined in Section 5 in the case of one-parameter exponential family distributions. We
recall that K∗ (θ1 , θ2 ) = K(θ1 , θ∗ ) where θ∗ is defined by K(θ1 , θ∗ ) = K(θ2 , θ∗ ) and that
K∗ (θ1 , θ2 ) = K(θ∗ , θ1 ) where θ∗ is defined by K(θ∗ , θ1 ) = K(θ∗ , θ2 ).
Figure 7 displays the geometric constructions corresponding to the complexity terms
of Theorems 4 and 6, respectively. As seen on the picture, the convexity of the function
θ 7→ K(θi , θ), for any value of θi , implies that

Appendix C. Properties of K∗ and K∗ in Exponential Families
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corresponding to the maximal gap shown on Figure 8 (achieved in θ∗ for which ḃ(θ∗ ) =
µ∗ ). The quantity I ∗ (θ1 , θ2 ) related to the use of uniform sampling, is equal to the
value of the gap in θ = (θ1 + θ2 )/2, which confirms that it is indeed smaller than
K∗ (θ1 , θ2 ).

lim inf

P
using the fact that a6=2 Eν 0 [Na (T )] = o(T α ) for all α ∈ (0, 1]. Finally, for every ν20 ∈ P
such that EX∼ν20 [X] > µ1 on obtains, using inequality (22)

1+





1
log
log(T )

The right hand side rewrites

d(Pν (ET ), Pν 0 (ET ))
log(T )

n→∞

for all α ∈ (0, 1]. Hence Pν (ET ) → 0

a6=1

From the formulation (20), every algorithm that is uniformly efficient in the above sense
satisfies
X
X
Eν [Na (T )] = o(T α ) and
Eν 0 [Na (T )] = o(T α )

√
T
P
√
Eν 0 [N1 (T )]
a6=2 Eν 0 [Na (T )]
c
√
√
≤
Pν 0 (ET ) = Pν 0 (N1 (T ) ≥ T − T ) ≤
T− T
T− T

Pν (ET ) = Pν (T − N1 (T ) ≥

P

The event ET is not very likely to hold under the model ν, in which the optimal arm should
be drawn of order T − C log(T ) times, whereas it is very likely to happen under ν 0 , in which
arm 1 is sub-optimal and thus only drawn little. More precisely, Markov inequality yields

Eν [N2 (T )]KL(ν2 , ν20 ) ≥ d(Pν (ET ), Pν 0 (ET )).

Clearly, ET ∈ FT . From Lemma 1, applied to the stopping time σ = T a.s.,

Proof. Let ν = (ν1 , . . . , νK ) be a bandit model such that arm 1 is the unique optimal
arm. Without loss of generality, we show that inequality (21) holds for the sub-optimal arm
a = 2. Consider the alternative bandit model ν 0 such that νa0 = νa for all a 6= 2 and ν20 ∈ P
is such that EX∼ν20 [X] > µ1 . Arm 1 is thus the unique optimal arm under the model ν,
whereas arm 2 is the unique optimal arm under the model ν 0 . For every integer T , let ET
be the event defined by

√ 
ET = N1 (T ) ≤ T − T .
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K∗(θ1, θ2)

θ2

b(θ)

Complexity of Best-Arm Identification in Multi-Armed Bandits

θ1

Figure 8: Interpretation of K∗ (θ1 , θ2 ).
Indexing the distributions in the exponential family by their mean µ = ḃ(θ) rather than
their natural parameter θ and using the dual representation
K(µ1 , µ2 ) = b? (µ1 ) − b? (µ2 ) − ḃ? (µ2 )(µ1 − µ2 ) = Bregmanb? (µ1 , µ2 ),
where b? (µ) := supθ (θµ − b(θ)) is the Fenchel conjugate of b, similarly yields





.

• K(µ1 , µ2 ) is a twice differentiable strictly convex function of its first argument,

max

b? (µ2 ) − b? (µ1 )
b? (µ1 ) +
(µ − µ1 ) − b? (µ),
µ2 − µ1

• θ∗ = ḃ? (µ∗ ) = (b? (µ2 ) − b? (µ1 ))/(µ2 − µ1 );
• K∗ (θ1 , θ2 ) is defined by
K∗ (θ1 , θ2 ) =
µ∈(µ1 ,µ2 )

From what precedes, equality between K∗ and K∗ for all values of the parameters is only
achievable when the log-partition function b is self-conjugate.

Appendix D. Proof of Theorem 9

∞
X

t=1

exp (−β(t, δ)) ,

Let α = σ1 /(σ1 + σ2 ). We first prove that with the exploration rate β(t, δ) = log(t/δ) +
2 log log(6t) the algorithm is δ-PAC. Assume that µ1 > µ2 and recall τ = inf{t ∈ N : |dt | >
p
2σt2 (α)β(t, δ)}, where dt := µ̂1 (t) − µ̂2 (t). The probability of error of the α-elimination
strategy is upper bounded by




p
p
Pν dτ ≤ − 2στ2 (α)β(τ, δ)
≤ Pν dτ − (µ1 − µ2 ) ≤ − 2στ2 (α)β(τ, δ)


q
≤ Pν ∃t ∈ N∗ : dt − (µ1 − µ2 ) < − 2σt2 (α)β(t, δ)
≤
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by an union bound and Chernoff bound applied to dt −(µ1 −µ2 ) ∼ N 0, σt2 (α) . The choice
of β(t, δ) mentioned above ensures that the series in the right hand side is upper bounded
31

∞

X
1
≤δ
t(log(6t))2
t=1



1
1
+
(log 6)2 log(6)





≤ δ.

1
+
(log 6)2

1

Z
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e−β(t,δ) ≤ δ

by δ, which shows the algorithm is δ-PAC:
∞
X
t=1

= δ

∞

dt
t(log(6t))2


2 !
q
1
(µ1 − µ2 ) − 2σT2 (α)β(T, δ)
.
2σT2 (α)



To upper bound the expected sample complexity, we start by upper bounding the probability that τ exceeds some deterministic time T :




q
q
Pν (τ ≥ T ) ≤ Pν ∀t = 1 . . . T, dt ≤ 2σt2 (α)β(t, δ) ≤ Pν dT ≤ 2σT2 (α)β(T, δ)



q
= Pν dT − (µ1 − µ2 ) ≤ − (µ1 − µ2 ) − 2σT2 (α)β(T, δ)
≤ exp −

The last inequality follows from Chernoff bound and holds for T such that (µ1 − µ2 ) >
q
2σT2 (α)β(T, δ). Now, for γ ∈ (0, 1) we introduce



q
Tγ∗ := inf t0 ∈ N : ∀t ≥ t0 , (µ1 − µ2 ) − 2σt2 (α)β(t, δ) > γ(µ1 − µ2 ) .

X

T =Tγ∗ +1

T =Tγ∗ +1

exp −

∞
X
exp −
T =Tγ∗ +1

2 !

q
1
(µ1 − µ2 ) − 2σT2 (α)β(T, δ)
2σT2 (α)


1
γ 2 (µ1 − µ2 )2 .
2σT2 (α)

γ 2 (µ1 − µ2 )2
2(σ1 + σ2 )2

(23)

This quantity is well defined as σt2 (α)β(t, δ) goes to zero when t goes to infinity. Then,
X
P (τ ≥ T )
Eν [τ ] ≤ Tγ∗ +

≤ Tγ∗ +
≤ Tγ∗ +

t − σσ21
(σ1 + σ2 )2
×
.
t
t − σσ21 − 1

For all t ∈ N∗ , it is easy to show that the following upper bound on σt2 (α) holds:
∀t ∈ N, σt2 (α) ≤
Using the bound (23), one has

2(σ1 + σ2 )2
exp
γ 2 (µ1 − µ2 )2

JMLR 17(1):1-42

!
Z ∞
t − σσ21 − 1 2
t
Eν [τ ] ≤ Tγ∗ +
exp −
γ (µ1 − µ2 )2 dt
2(σ1 + σ2 )2 t − σσ21
0


.
≤ Tγ∗ +

32

)

.

)2 /(2(σ

)2 )
leads




1 + r 2(σ1 + σ2 )2
2(σ1 + σ2 )2
1 + (1 + r) log
.
3
2
3
2
(1 − γ) (µ1 − µ2 )
(1 − γ) (µ1 − µ2 )

33
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Indeed, it suffices to apply this statement to x = xβ and η = ηβ s . The mapping x 7→
ex − xs /η is increasing when x ≥ s. As x0 ≥ s, it suffices to prove that x0 defined above

Proof of Lemma 22. Lemma 22 easily follows from the fact that for η > 0 and s ∈ [1, e/2],
 

e log η1
s
 ⇒ ∀x ≥ x0 , ex ≥ x
x0 = s log 
η
η

which concludes the proof.

where C is a constant independent of δ. It can be noted that C(µ1 , µ2 , σ1 , σ2 , ) goes to
infinity when  goes to zero, but for a fixed  > 0,


1
2(σ1 + σ2 )2
1
(1 + )
log log + C(µ1 , µ2 , σ1 , σ2 , ) = o log
,
2
(µ1 − µ2 )
δ
δ
δ→0

Now for  > 0 fixed, choosing r and γ small enough leads to


2(σ1 + σ2 )2
1
1
Eν [τ ] ≤ (1 + )
log
+
log
log
+ C(µ1 , µ2 , σ1 , σ2 , ),
(µ1 − µ2 )2
δ
δ

R(µ1 , µ2 , σ1 , σ2 , γ, r) =

with

Applying Lemma 22 with η = δ, s = 1 + r and β = (1 −
− µ2
1 + σ2
to


2
(1 + r)
2(σ1 + σ2 )
1
1
Tγ0 ≤
×
log + log log
+ R(µ1 , µ2 , σ1 , σ2 , γ, r),
(1 − γ)3
(µ1 − µ2 )2
δ
δ

γ)3 (µ1

Lemma 22 For every β, η > 0 and s ∈ [1, e/2], the following implication is true:


s
e log (1/(β s η))
xs
x0 = log
⇒ ∀x ≥ x0 , eβx ≥ .
β
βsη
η

The following Lemma, whose proof can be found below, helps us bound this last quantity.

If t > (1+γ σσ12 )/γ one has (t− σσ12 −1)/(t− σσ12 ) ≤ (1 − γ)−1 . Thus T̃γ = max((1+γ σσ12 )/γ, Tγ0 ),
with




(µ1 − µ2 )2
t1+r
3
Tγ0 = inf t0 ∈ N : ∀t ≥ t0 , exp
.
(1
−
γ)
t
≥
2(σ1 + σ2 )2
δ

T̃γ = inf

t − σσ12 − 1
(µ1 − µ2 )2
t1+r
t0 ∈ N : ∀t ≥ t0 ,
(1 − γ)2 t >
log
2
2(σ1 + σ2 )
t − σσ12
δ

(

We now give an upper bound on Tγ∗ . Let r ∈ [0, e/2 − 1]. There exists N0 (r) such that for
t ≥ N0 (r), β(t, δ) ≤ log(t1+r /δ). Using also (23), one gets Tγ∗ = max(N0 (t), T̃γ ), where
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xs0
η





!!

1
+ log
η
η




1
1
1
= s log(s) + log log + log e log
+ log
η
η
η



1
1
+ log
≤ s log(s) + log 2 log
η
η
= s log s log

e log η1

xs0
η





1
1
≤ s log(s) + log(2) + log log + log
.
η
η

xs0
η



and concludes the proof.

s=1 Xs

Pt

P(∃t ∈ N∗ : St >

p
2tβ(t, δ)) ≤ δ.

is a sum of i.i.d N (0, 1) random variables, one has
(24)

34

Thus for δ ≤ exp(−2.03) ≤ 0.1, inequality (24) holds.

√

 (√z + 3 log z + √8)3/2
e 3
3
ζ
−
≤ 1.
8
2 4(z + 3 log z)
z3

It can be shown numerically that for z ≥ 2.03,
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 √e  3
 (√z + 3 log z + √8)3/2
p
3
P ∃t ∈ N : St > 2tβ(t, δ) ≤
ζ
−
δ.
8
2 4(z + 3 log z)
z3

Let z = log(1/δ). Using Lemma 7, one can write, choosing x = z + 3 log z and β = 3/2,

if St =

β(t, δ) = log(1/δ) + 3 log log(1/δ) + (3/2) log log(et),

According to (15), to prove Theorem 8 it is enough to show that for

E.1 Proof of Theorem 8

Appendix E. A Refined Exploration Rate for α-Elimination

xs0
η

 



e log η1
1
1
 = x0 ,
≤ s 1 + log log + log
= s log 
η
η
η

which is equivalent to ex0 ≥

log



For s ≤ 2e , log(s) + log(2) ≤ 1, hence

log

where we use that for all y, log(y) ≤ 1e y. Then, using that s ≥ 1,

log



satisfies ex0 ≥ xs0 /η.
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E.2 Proof of Lemma 7.
We start by stating three technical lemmas, whose proofs are partly omitted.

s

η2
.
16

t
(1 + η)k−1/2

!

√
≤ σ 2z



Lemma 23 For every η > 0, every positive integer k, and every integer t such that (1 +
η)k−1 ≤ t ≤ (1 + η)k ,
s
r

2 ≥ 1 −

t
≤ (1 + η)1/4 + (1 + η)−1/4 .
(1 + η)k−1/2

4
(1 + η)1/4 + (1 + η)−1/4

(1 + η)k−1/2
+
t

Lemma 24 For every η > 0,
A(η) :=

r
(1 + η)k−1/2
+
t

Lemma 25 Let t be such that (1 + η)k−1 ≤ t ≤ (1 + η)k . Then,
√
q
√
A(η)z λσ 2 t
σ 2z ≥ √ +
, with λ = σ −1 2zA(η)/(1 + η)k−1/2 .
2
λ t
Proof of Lemma 25.
p
√
σ 2zA(η)
A(η)z λσ 2 t
√ +
=
2
2
λ t
according to Lemma 23.

λSt − t

An important fact is that for every λ ∈ R, because the Xi are σ-subgaussian, Wt =
2 2
exp(λSt − t λ 2σ )) is a super-martingale, and thus, for every positive u,



λ2 σ 2
> u  ≤ exp(−u).
(25)
2
[
t≥1

P

∞
X

P

t∈Tk



Let η ∈ (0, e − 1] to be defined later, and let Tk = N ∩ (1 + η)k−1 , (1 + η)k .






∞
[ S
X
[  S
p
p
√t > x + β log log(et)  ≤
√t > x + β log log(et) 
P
P
σ 2t
σ 2t
t≥1
t∈Tk
k=1



[  St
p
√ > x + β log (k log(1 + η))  .
σ 2t

≤

k=1
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We use that η ≤ e − 1 to obtain the last inequality since this condition implies

log(log(e(1 + η)k−1 ) ≥ log(k log(1 + η)).
35
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⊂

p
For k ≥ 1, let zk = x + β log (k log(1 + η)) and λk = σ −1 2zk A(η)/(1 + η)k−1/2 .
Lemma 25 shows that for every t ∈ Tk ,
√ 

 
S
A(η)zk
σ 2 λk t
√t >
√ +
.
2
t
λk t
√
S
√t > zk
σ 2t

t∈Tk

exp(−A(η)x)
.
(k log(1 + η))βA(η)

Thus, by inequality (25),




√ 

[  St
[  St
√
A(η)zk
σ 2 λk t 
√ > z  ≤ P
√ >
√ +
P
k
2
t
λk t
σ 2t
t∈Tk
t∈Tk



[ 
σ 2 λk2 t
λk St −
> A(η)zk 
2

= P

≤ exp (−A(η)zk ) =

βA(η)
√ √
e
x
√ +1
exp(−x)
k βA(η) 2 2
β
√ √
e
x
√ + 1 exp(−x).
k βA(η) 2 2

8
One chooses η 2 = 8/x for x such that x ≥ (e−1)
2 (which ensures η ≤ e − 1). Using
√
Lemma 24, one obtains that exp(−A(η)x) ≤ e exp(−x). Moreover,
√
1
1+η
x
≤
= √ +1.
log(1 + η)
η
2 2

Thus,




[  St
√
√ > zk  ≤
σ 2t
t∈Tk

P

≤

√

Hence,



√
βA(η)
[  St
p
√
x
√ > x + β log log(et)  ≤ eζ (βA(η))
√ +1
P
exp (−x)
σ 2t
2 2
t≥1
 
  √
β
1
x
√ + 1 exp (−x) ,
eζ β 1 −
2x
2 2

≤

using the lower bound on A(η) given in Lemma 24 and the fact that A(η) is upper bounded
by 1.

Appendix F. Bernoulli Bandit Models
F.1 Proof of Lemma 11
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Assume that µ1 < µ2 . Recall the KL-LUCB algorithm of Kaufmann and Kalyanakrishnan
(2013). For two-armed bandit models, this algorithm samples the arms uniformly and builds

36
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By the law of large numbers, P(σ < +∞) = 1. Hence, limn→∞ P(σ ≤ n) = 1 and for every
α ∈ (0, 1) there exists N (, α, µ1 , µ2 ) such that P(σ ≤ N (, α, µ1 , µ2 )) ≥ 1 − α. Therefore,
introducing the event


f (µ1 , µ2 )
Eα =
∀t ≥ N (, α, µ1 , µ2 ), f (µ̂1,t/2 , µ̂2,t/2 ) >
, one has P(Eα ) ≥ 1 − α.
1 + /2

Proof. We fix  > 0 and introduce


f (µ1 , µ2 )
σ = max t ∈ 2N∗ : f (µ̂1,t/2 , µ̂2,t/2 ) ≤
.
1 + /2

where f is a continuous function such that f (µ1 , µ2 ) 6= 0 and g(t) = o(tr ) for all r > 0.
Then for all  > 0,


τ
1+
Pν lim sup
≤
= 1.
f (µ1 , µ2 )
δ→0 log(1/δ)

Lemma 26 Consider a strategy that uses uniform sampling and a stopping rule of the form



g(t)
τ = inf t ∈ 2N∗ : tf (µ̂1,t/2 , µ̂2,t/2 ) ≥ log
δ

F.2 An Asymptotic Bound for the Stopping Time

where the last inequality follows from an union bound and for example Lemma 4 of Kaufmann and Kalyanakrishnan (2013). Note that the indices l1,s and u2,s involved here use
the exploration rate β̃(s, δ) = β(2s, δ)/2. The choice β(t, δ) in the statement of the Lemma
shows the last series is upper bounded by δ, which concludes the proofs.

s=1

= Pν (∃s ∈ N∗ : l1,s > u2,s ) ≤ Pν (∃s ∈ N∗ : (µ1 < l1,s ) ∪ (µ2 > u2,s ))
∞
X
≤2
exp(−β(2s, δ)/2)

= Pν (∃s ∈ N∗ : µ̂1,s > µ̂2,s , sd∗ (µ̂1,s , µ̂2,s ) > (β(2s, δ)/2))

Additionally, as mentioned before, I∗ (x, y) is very close to the quantity d∗ (x, y) and one has
more precisely I∗ (x, y) < d∗ (x, y). Using all this, we can upper bound the probability of
error of Algorithm 2 in the following way.

Pν ∃t ∈ 2N∗ : µ̂1,t/2 > µ̂2,t/2 , tI∗ (µ̂1,t/2 , µ̂2,t/2 ) > β(t, δ)

≤ Pν ∃t ∈ 2N∗ : µ̂1,t/2 > µ̂2,t/2 , (t/2)d∗ (µ̂1,t/2 , µ̂2,t/2 ) > (β(t, δ)/2)

(l1,s > u2,s ) ⇔ (µ̂1,s > µ̂2,s ) ∩ (sd∗ (µ̂1,s , µ̂2,s ) > β(s, δ))

for some exploration rate that we denote by β̃(t, δ). The algorithm stops when the confidence
intervals are separated; that is either l1,t/2 > u2,t/2 or l2,t/2 > u1,t/2 , and recommends the
empirical best arm. A picture helps to convince oneself that

la,s = inf {q < µ̂a,s : sd(µ̂a,s , q) ≤ β̃(s, δ)},

ua,s = sup{q > µ̂a,s : sd(µ̂a,s , q) ≤ β̃(s, δ)}, where d(x, y) = KL(B(x), B(y))

for both arms a confidence interval based on KL-divergence Ia (t) = [la,t/2 , ua,t/2 ], with
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f (µ1 , µ2 )
g(t)
≤ max N (, α, µ1 , µ2 ); inf t ∈ N : t
≥ log
1 + /2
δ



f (µ1 , µ2 )
g(t)
≤ N (, α, µ1 , µ2 ) + inf t ∈ N : t
≥ log
1 + /2
δ

τ
1+
≤
log(1/δ)
f (µ1 , µ2 )



≥ 1 − α.



1+
1
1
log + log log
+ C(, µ1 , µ2 )
f (µ1 , µ2 )
δ
δ

1−
+  log .
pt (ν)

a=1
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Optimizing over the possible model satisfying µ01 < µ02 to make the right hand side of the
inequality as small as possible gives the result.
For algorithms using uniform sampling, lim sup − 1t log pt (ν) is upper bounded by the
quantity (KL(ν10 , ν1 ) + KL(ν20 , ν2 ))/2, which yields the second statement of the Theorem.

ν0

X Eν 0 [Na (t)]
1
lim sup − log pt (ν) ≤ lim sup
KL(νa0 , νa ) ≤ max KL(νa0 , νa ).
a=1,2
t
t
t→∞
t→∞

2

Taking the limsup and letting  go to zero, one can show that

Eν 0 [N1 (t)]KL(ν10 , ν1 ) + Eν 0 [N2 (t)]KL(ν20 , ν2 ) ≥ d(, 1 − pt (ν)) ≥ (1 − ) log

Note that pt (ν) = 1 − Pν (A) and pt (ν 0 ) = Pν 0 (A). As algorithm A is correct on both ν and
ν 0 , for every  > 0 there exists t0 () such that for all t ≥ t0 (), Pν 0 (A) ≤  ≤ Pν (A). For
t ≥ t0 (),

Eν 0 [N1 (t)]KL(ν10 , ν1 ) + Eν 0 [N2 (t)]KL(ν20 , ν2 ) ≥ d(Pν 0 (A), Pν (A)).

Without loss of generality, assume that the bandit model ν = (ν1 , ν2 ) is such that a∗ = 1.
Consider any alternative bandit model ν 0 = (ν10 , ν20 ) in which a∗ = 2. Let A be a consistent
algorithm such that τ = t and consider the event A = (Ŝ1 = 1). Clearly A ∈ Ft = Fτ .
Lemma 1 applied to the stopping time σ = t a.s. and the event A gives

G.1 Proof of Theorem 12

Appendix G. Upper and Lower Bounds in the Fixed-Budget Setting

This concludes the proof.

δ→0

Thus we proved that for all α > 0,

P lim sup

τ ≤ N (, α, µ1 , µ2 ) +

We can use Lemma 22 to bound the right term in the right hand side, which shows that
there exists a constant C(, µ1 , µ2 ) independent of δ such that

τ

τ

On the event Eα ,

Kaufmann, Cappé and Garivier
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G.2 An Optimal Static Strategy for Exponential Families

t=1

t=1

≤ exp(−(n1 + n2 )gα (θ1 , θ2 )),

(27)

and gα (θ1 , θ2 ) := αK(αθ1 + (1 − α)θ2 , θ1 ) + (1 − α)K(αθ1 + (1 − α)θ2 , θ2 ).

n1
n2
1 X
1 X
X1,t <
X2,t
n1
n2

Bounding the probability of error of a static strategy using n1 samples from arm 1 and n2
samples from arm 2 relies on the following lemma.

P

n1
n1 +n2

Lemma 27 Let (X1,t )t∈N and (X2,t )t∈N be two independent i.i.d sequences, such that X1,1 ∼
νθ1 and X2,1 ∼ νθ2 belong to an exponential family. Assume that µ(θ1 ) > µ(θ2 ). Then
!
where α =
The function α 7→ gα (θ1 , θ2 ), can be maximized analytically, and the value α∗ that realizes
the maximum is given by
K(α∗ θ1 + (1 − α∗ )θ2 , θ1 ) = K(α∗ θ1 + (1 − α∗ )θ2 , θ2 )
α∗ θ1 + (1 − α∗ )θ1

= θ∗
θ ∗ − θ2
θ1 − θ2

α∗ =

where θ∗ is defined by K(θ∗ , θ1 ) = K(θ∗ , θ2 ) = K∗ (θ1 , θ2 ). More interestingly, the associated
rate is such that
gα∗ (θ1 , θ2 ) = α∗ K(θ∗ , θ1 ) + (1 − α∗ )K(θ∗ , θ2 ) = K∗ (θ1 , θ2 ),
which leads to Theorem 13.
Remark 28 When µ1 > µ2 , applying Lemma 27 with n1 = n2 = t/2 yields



 

2
2
+
K θ2 , θ1 +θ
K θ1 , θ1 +θ


2
2
t = exp − I∗ (ν)t ,
P µ̂1,t/2 < µ2,t/2 ≤ exp −
2

which shows that the strategy using uniform sampling and recommending the empirical best
arm matches the lower bound (17) in Theorem 12.

n1
1 X

X1,t −

n2
1 X

n2
t=1

X2,t < 0

t=1

t=1

Proof of Lemma 27. The i.i.d. sequences (X1,t )t∈N and (X2,t )t∈N have respective densities fθ1 and fθ2 where fθ (x) = exp(θx − b(θ)) and µ(θ1 ) = µ1 , µ(θ2 ) = µ2 . α is such that
n1 = αn and n2 = (1 − α)n. One can write
!
!
n2
n1
X
X
=P α
X2,t − (1 − α)
X1,t ≥ 0 .

P

n1
t=1

t=1


(1−α)n 
αn
≤ Eν [eλαX2,1 ]
Eν [eλ(1−α)X1,1 ]

For every λ > 0, multiplying by λ, taking the exponential of the two sides and using
Markov’s inequality (this technique is often referred to as Chernoff’s method), one gets
!
P

t=1

n1
n2
1 X
1 X
X1,t −
X2,t < 0
n1
n2

Gα (λ)
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= exp n (1 − α)φX2,1 (λα) + αφX1,1 (−(1 − α)λ)
|
{z
}

39

Kaufmann, Cappé and Garivier

with φX (λ) = log Eν [eλX ] for any random variable X. If X ∼ fθ a direct computation gives
φX (λ) = b(λ + θ) − b(θ). Therefore the function Gα (λ) introduced above rewrites

Gα (λ) = (1 − α)(b(λα + θ2 ) − b(θ2 )) + α(b(θ1 − (1 − α)λ) − b(θ1 )).

Using that b0 (x) = µ(x), we can compute the derivative of G and see that this function as
a unique minimum in λ∗ given by

µ(θ1 − (1 − α)λ∗ ) = µ(θ2 + αλ∗ ) ⇔ θ1 − (1 − α)λ∗ = θ2 + αλ∗ ⇔ λ∗ = θ1 − θ2 ,

using that θ 7→ µ(θ) is one-to-one. One can also show that

G(λ∗ ) = (1 − α)[b(αθ1 + (1 − α)θ2 ) − b(θ2 )] + α[b(αθ1 + (1 − α)θ2 ) − b(θ1 )].

Using the expression of the KL-divergence between νθ1 and νθ2 as a function of the natural
parameters: K(θ1 , θ2 ) = µ(θ1 )(θ1 − θ2 ) − b(θ1 ) + b(θ2 ), one can also show that

= −α(1 − α)µ(αθ1 + (1 − α)θ2 )(θ1 − θ2 ) + α[−b(αθ1 + (1 − α)θ2 ) + b(θ1 )]

αK(αθ1 + (1 − α)θ2 , θ1 )

= α(1 − α)µ(αθ1 + (1 − α)θ2 )(θ1 − θ2 ) + (1 − α)[−b(αθ1 + (1 − α)θ2 ) + b(θ2 )]

(1 − α)K(αθ1 + (1 − α)θ2 , θ2 )

Summing these two equalities leads to

1
n1

G(λ∗ ) = − [αK(αθ + (1 − α)θ , θ ) + (1 − α)K(αθ + (1 − α)θ , θ2 )] = −gα (θ1 , θ2 ).
1
2
1
1
2


P
n1
1 Pn2
∗
t=1 X1,t < n2
t=1 X2,t ≤ exp(nG(λ )) concludes the proof.
Hence the inequality P

G.3 Proof of Theorem 17

2

2σ 2 t
.
H − (ν)∆b2

First, with ∆a as defined in the introduction, there exists one arm a ∈ {1, . . . , K} such that
Eν [Na (t)] ≤ 2σ 2 t/(H(ν)∆a2 ). Otherwise, a contradiction is easily obtained.

Case 1 If a ∈ {1, . . . m} there exists b ∈ {m + 1, . . . K} such that Eν [Nb (t)] ≤

t
Case 2 If a ∈ {m + 1, . . . K} there exists b ∈ {1, . . . , m} such that Eν [Nb (t)] ≤ H +2σ(ν)∆
2.
b
These two cases are very similar, and the idea is to propose an easier alternative model
in which we change only arm a and b, the arms that are less drawn among the set of good
and the set of bad arms. Assume that we are in Case 1. We introduce ν [a,b] a Gaussian
bandit model such that:

/ {a, b}
 µk0 = µk for all k ∈
µa0 = µa − 2∆b
µb0 = µb + 2∆a
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1
exp − Eν [Na (t)]KL(νa , νa0 )) + Eν [Nb (t)]KL(νb , νb0 )
4



1
(2∆a )2
(2∆b )2
exp − Eν [Na (t)]
+ Eν [Nb (t)]
,
4
2σ 2
2σ 2

In ν [a,b] good arm a becomes a bad arm and bad arm b becomes a good arm. One can easily
check (or convince oneself with Figure 4) that H(ν [a,b] ) ≤ H(ν) and as already explained,
ν and ν [a,b] do not share their optimal arms. Thus Lemma 15 yields


max pt (ν), pt (ν [a,b] )
≥
=
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=


  2
2σ t 4∆2a
2σ 2 t 4∆2
1
exp −
+ − 2 2b
2
2
4
H∆a 2σ
H ∆b 2σ


1
HH −
4t
with H̃ =
exp −
.
4
H
+ H−
H̃
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High-dimensional datasets are well-approximated by low-dimensional structures. Over the
past decade, this empirical observation motivated the investigation of detection, measurement, and modeling techniques to exploit these low-dimensional intrinsic structures, yielding numerous implications for high-dimensional statistics, machine learning, and signal
processing. Manifold learning (where the low-dimensional structure is a manifold) and
dictionary learning (where the low-dimensional structure is the set of sparse linear combinations of vectors from a finite dictionary) are two prominent theoretical and computational
frameworks in this area. Despite their ostensible distinction, the recently-introduced Geometric Multi-Resolution Analysis (GMRA) provides a robust, computationally efficient,
multiscale procedure for simultaneously learning manifolds and dictionaries.
In this work, we prove non-asymptotic probabilistic bounds on the approximation error of
GMRA for a rich class of data-generating statistical models that includes “noisy” manifolds,
thereby establishing the theoretical robustness of the procedure and confirming empirical
observations. In particular, if a dataset aggregates near a low-dimensional manifold, our
results show that the approximation error of the GMRA is completely independent of the
ambient dimension. Our work therefore establishes GMRA as a provably fast algorithm
for dictionary learning with approximation and sparsity guarantees. We include several
numerical experiments confirming these theoretical results, and our theoretical framework
provides new tools for assessing the behavior of manifold learning and dictionary learning
procedures on a large class of interesting models.
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The k-sparse data model motivates a large amount of research in dictionary learning,
where Φ is learned from data rather than being fixed in advance: given n samples X1 , . . . , Xn
from a probability distribution µ in RD representing the training data, an algorithm “learns”
b which provides sparse representations for the observations sampled from µ.
a dictionary Φ
This problem and its optimal algorithmic solutions are far from being well-understood, at
least compared to the understanding that we have for classical dictionaries such as Fourier,
wavelets, curvelets, and shearlets. These dictionaries arise in computational harmonic analysis approaches to image processing, and Donoho (1999) (for example) provides rigorous,

One classical geometric assumption asserts that the data, modeled as a set of points in
RD , in fact lies on (or perhaps very close to) a single d-dimensional affine subspace V ∈ RD
where d  D. Tools such as PCA (see Hotelling, 1933, 1936; Pearson, 1901) estimate V in a
stable fashion under suitable assumptions. Generalizing this model, one may assert that the
data lies on a union of several low-dimensional affine subspaces instead of just one, and in
this case the estimation of the multiple affine subspaces from data samples already inspired
intensive research due to its subtle complexity (e.g., see Chen and Lerman, 2009; Chen
and Maggioni, 2011; Elhamifar and Vidal, 2009; Fischler and Bolles, 1981; Ho et al., 2003;
Liu et al., 2010; Ma et al., 2007, 2008; Sugaya and Kanatani, 2004; Tipping and Bishop,
1999; Vidal et al., 2005; Yan and Pollefeys, 2006; Zhang et al., 2010). A widely used form
of this model is that of k-sparse data, where there exists a dictionary (i.e., a collection of
D
d
vectors) Φ = {ϕi }m
i=1 ⊂ R such that each observed data point x ∈ R may be expressed
as a linear combination of at most k  D elements of Φ. These sparse representations
offer great convenience and expressivity for signal processing tasks (such as in Peyré, 2009;
Protter and Elad, 2007), compressive sensing, statistical estimation, and learning (e.g., see
Aharon et al., 2006; Candes and Tao, 2007; Chen et al., 1998; Donoho, 2006; Kreutz-Delgado
et al., 2003; Lewicki et al., 1998; Maurer and Pontil, 2010, among others), and even exhibits
connections with representations in the visual cortex (see Olshausen and Field, 1997). In
geometric terminology, such sparse representations are generally attainable when the local
intrinsic dimension of the observations is small. For these applications, the dictionary is
usually assumed to be known a priori, instead of being learned from the data, but it has been
recognized in the past decade that data-dependent dictionaries may perform significantly
better than generic dictionaries even in classical signal processing tasks.

In many high-dimensional data analysis problems, existence of efficient data representations can dramatically boost the statistical performance and the computational efficiency
of learning algorithms. Inversely, in the absence of efficient representations, the curse of
dimensionality implies that required sample sizes must grow exponentially with the ambient
dimension, which ostensibly renders many statistical learning tasks completely untenable.
Parametric statistical modeling seeks to resolve this difficulty by restricting the family of
candidate distributions for the data to a collection of probability measures indexed by a
finite-dimensional parameter. By contrast, nonparametric statistical models are more flexible and oftentimes more precise, but usually require data samples of large sizes unless
the data exhibits some simple latent structure (e.g., some form of sparsity). Such structural considerations are essential for establishing convergence rates, and oftentimes these
structural considerations are geometric in nature.

1. Introduction
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optimal approximation results for simple classes of images. The work of Gribonval et al.
(2013) present general bounds for the complexity of learning the dictionaries (see also Maurer and Pontil, 2010; Vainsencher et al., 2011, and references therein). The algorithms used
in dictionary learning are often computationally demanding, and many of them are based on
high-dimensional non-convex optimization (Mairal et al., 2010). The emphasis of existing
work is often made on the generality of the approach, where minimal assumptions are made
on geometry of the distribution from which the sample is generated. These “pessimistic”
techniques incur bounds dependent upon the ambient dimension D in general (even in the
standard case of data lying on one hyperplane).
A different type of geometric assumption on the data gives rise to manifold learning,
where the observations aggregate on a suitably regular manifold M of dimension d isometrically embedded in RD (notable works include Belkin and Niyogi, 2003; Coifman et al.,
2005a,b; Coifman and Maggioni, 2006; Donoho and Grimes, 2002, 2003; Fefferman et al.;
Genovese et al., 2012b; Jones et al., 2008, 2010; Little et al., 2012, 2009; Roweis and Saul,
2000; Tenenbaum et al., 2000; Zhang and Zha, 2002, among others). This setting has been
recognized as useful in a variety of applications (e.g. Causevic et al., 2006; Coifman et al.,
2006; Rahman et al., 2005), influencing work in the applied mathematics and machine learning communities during the past several years. It has also been recognized that in many
cases the data does not naturally aggregate on a smooth manifold (as in Little et al., 2012,
2009; Wakin et al., 2005), with examples arising in imaging that contradict the smoothness
conditions. While this phenomenon is not as widely recognized as it probably could be, we
believe that it is crucial to develop methods (both for dictionary and manifold learning) that
are robust not only to noise, but also to modeling error. Such concerns motivated the work
on intrinsic dimension estimation of noisy data sets (see Little et al., 2012, 2009), where
smoothness of the underlying distribution of the data is not assumed, but only certain natural conditions (possibly varying with the scale of the data) are imposed. The central idea of
the aforementioned works is to perform the multiscale singular value decomposition (SVD)
of the data, an approach inspired by the works of David and Semmes (1993) and Jones
(1990) in classical geometric measure theory. These techniques were further extended in
several directions in the papers by Chen and Maggioni (2011); Chen et al. (2011a,b), while
Allard et al. (2012); Chen and Maggioni (2010) built upon this work to construct multiscale dictionaries for the data based on the idea of Geometric Multi-Resolution Analysis
(GMRA).
Until these recent works introduced the GMRA construction, connections between dictionary learning and manifold learning had not garnered much attention in the literature.
These papers showed that, for intrinsically low-dimensional data, one may perform dictionary learning very efficiently by exploiting the underlying geometry, thereby illuminating
the relationship between manifold learning and dictionary learning. In these papers, it was
demonstrated that, in the infinite sample limit and under a manifold model assumption for
the distribution of the data (with mild regularity conditions for the manifold), the GMRA
algorithm efficiently learns a dictionary in which the data admits sparse representations.
More interestingly, the examples in that paper show that the GMRA construction succeeds
on real-world data sets which do not admit a structure consistent with the smooth manifold modeling assumption, suggesting that the GMRA construction exhibits robustness to
modeling error. This desirable behavior follows naturally from design decisions; GMRA
3
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combines two elements that add stability: a multiscale decomposition and localized SVD.
Similar ideas appeared in work applying dictionary learning to computer vision problems,
for example in the paper by Yu et al. (2009), where local linear approximations are used to
create dictionaries. These techniques appeared at roughly the same time as GMRA (Chen
and Maggioni (2010)), but were not multiscale in nature, and the selection of the local
scale is crucial in applications. These techniques also lacked any finite or infinite sample
guarantees, nor considered the effect of noise. They were however successfully applied in
computer vision problems, most notably in the Pascal 2007 challenge.

In this paper, we analyze the finite sample behavior of (a slightly modified version of)
that construction, and prove strong finite-sample guarantees for its behavior under general
conditions on the geometry of a probability distribution generating the data. In particular,
we show that these conditions are satisfied when the probability distribution is concentrated
“near” a manifold, which robustly accounts for noise and modeling errors. In contrast to
the pessimistic bounds mentioned above, the bounds that we prove only depend on the
“intrinsic dimension” of the data. It should be noted that our method of proof produces
non-asymptotic bounds, and requires several explicit geometric arguments not previously
available in the literature (at least to the best of our knowledge). Some of our geometric
bounds could be of independent interest to the manifold learning community.

The GMRA construction is therefore proven to simultaneously “learn” manifolds (in
sense that it outputs a suitably close approximation to points on a manifold) and dictionaries in which data are represented sparsely. Moreover, the construction is guaranteed to
be robust with respect to noise and to the “perturbations” of the manifold model. The
GMRA construction is fast, linear in the size of the data matrix, inherently online, does not
require nonlinear optimization, and is not iterative. Finally, our results may be combined
with recent GMRA compressed sensing techniques and algorithms presented in Iwen and
Maggioni (2013), yielding both a method to learn a dictionary in a stable way on a finite
set of training data, and a way of performing compressive sensing and reconstruction (with
guarantees) from a small number of (suitable) linear projections (again without the need
for expensive convex optimization).

This paper is organized as follows: Section 2 introduces the main definitions and notation
employed throughout the paper. Section 3 explains the main contributions, formally states
the results and provides comparison with existing literature. Finally, Sections 4 and 5 are
devoted to the proofs of our main results, Theorem 2 and Theorem 7.

2. Geometric Multi-Resolution Analysis (GMRA)

This section describes the main results of the paper, starting in a somewhat informal form.
The statements will be made precise in the course of the exposition. In the statements
below, “&” and “.” denote inequalities up to multiplicative constants and logarithmic
factors.
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Statement of results. Let σ ≥ 0 be a fixed small constant, and let ε & σ be given.
Suppose that n & ε−(1+d/2) , and let Xn = {X1 , . . . , Xn } be an i.i.d. sample from Π, a
probability distribution with density supported in a tube of radius σ around a smooth closed

4

b −1 : RJε → RD which maps a sequence of coefficients to an
a “decoding” operator D
ε
element of RD .

bε : RD → RJε which takes x ∈ RD and returns the
a nonlinear “encoding” operator D
b ε;
coefficients of its approximation by the elements of Φ

b ε = {ϕ
a dictionary Φ
bi }i∈Jε ⊂

ε

bε−1 D
bε (x)k . ε;
kx − D

5
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b ε of cardinality O(ε−d/2 )
In other words, we can construct a data-dependent dictionary Φ
−1− d2
b
) data points drawn from Π, such that Φε provides both (d + 1)by looking at O(ε
sparse approximations to data and has expected “reconstruction error” of order ε (with high
probability). Note that the cost of encoding the (d + 1) non-zero coefficients requires O((d +
1) log(Card(Jε ))) = O(d2 log(1/)). Moreover, the algorithm producing this dictionary is
fast and can be quickly updated if new points become available. We want to emphasize
that the complexity of our construction only depends on the desired accuracy ε, and is
independent of the total number of samples (for example, it is enough to use only the
first ' ε−(1+d/2) data points). Many existing techniques in dictionary learning cannot
guarantee a requested accuracy, or a given sparsity, and a certain computational cost as
a function of the two. Our results above completely characterize the tradeoffs between
desired precision, dictionary size, sparsity, and computational complexity for our dictionary
learning procedure.
We also remark that a suitable version of compressed sensing applies to the dictionary
representations used in the theorem: we refer the reader to the work by Iwen and Maggioni
(2013), and its applications to hyperspectral imaging by Chen et al. (2012).

b ε may be updated in time
If a new observation Xn+1 from Π becomes available, Φ
O(C d (D + d2 ) log(1/ε)).

b ε is O(C d (D + d2 )ε−(1+ d2 ) log(1/ε)), where C is a universal constant;
• Φ
bε (x) is O(d(D + d log(1/ε))), and for D
b −1 (x) is O(d(D + log(1/ε))).
• D

iv. the time complexity for computing

x∈support(Π)

sup

iii. the reconstruction error satisfies

bε is contained in the set Sd+1 ⊂ RJε of all (d + 1) - sparse vectors (i.e.,
ii. the image of D
vectors with at most d + 1 nonzero coordinates);

i. Card(Jε ) . ε−d/2 ;

Moreover, the following properties hold with high probability:

•

•

•

RD ;

d-dimensional manifold M ,→ RD , with d > 1. There exists an algorithm that, given Xn ,
outputs the following objects:
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2

(2)

(1)

6

Σj,k = Ej,k [(x − cj,k )(x − cj,k )T ] .
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(3)

where the minimum is taken over all linear spaces V of dimension d. In other words, cj,k is
the conditional mean and Vj,k is the subspace spanned by eigenvectors corresponding to d
largest eigenvalues of the conditional covariance matrix

dim(V )=d

Vj,k = argmin Ej,k kx − cj,k − Proj V (x − cj,k )k ,

cj,k = Ej,k x,

where cj,k ∈ RD and Vj,k are defined as follows. Let Ej,k stand for the expectation with
respect to the conditional distribution dΠj,k (x) = dΠ(x|x ∈ Cj,k ). Then

Pj,k (x) := cj,k + Proj Vj,k (x − cj,k ),

We assume that the data are identically, independently distributed samples from a Borel
probability measure Π on RD . Let 1 ≤ d ≤ D be an integer. A GMRA with respect to the
probability measure Π consists of a collection of (nonlinear) operators {Pj : RD → RD }j≥0 .
For each “resolution level” j ≥ 0, Pj is uniquely defined by a collection of pairs of subsets
N (j)
N (j)
and affine projections, {(Cj,k , Pj,k )}k=1 , where the subsets {Cj,k }k=1 form a measurable
N
(j)
partition of RD (that is, members of {Cj,k }k=1 are pairwise disjoint and the union of all
members is RD ). Pj is constructed by piecing together local affine projections. Namely, let

2.2 Definition of the Geometric Multi-Resolution Analysis (GMRA)

For v ∈ RD , kvk denotes the standard Euclidean norm in RD . Bd (0, r) is the Euclidean
ball in Rd of radius r centered at the origin, and we let B(0, r) := BD (0, r). ProjV stands
for the orthogonal projection onto a linear subspace V ⊆ RD , dim(V ) for its dimension and
V ⊥ for its orthogonal complement. For x ∈ RD , let Projx+V be the affine projection onto
the affine subspace x + V defined by Projx+V (y) = x + ProjV (y − x), for y ∈ RD .
Given a matrix A ∈ Rk×l , we write A = [a1 | · · · |al ], where ai stands for the ith column
of A. The operator norm is denoted by kAk, the Frobenius norm by kAkF and the matrix
transpose by AT . If k = l, tr (A) denotes the trace. For v ∈ Rk , let diag(v) be the k × k
diagonal matrix with (diag(v))ii = vi , i = 1, . . . , k. Finally, we use span{ai }li=1 to denote
the linear span of the columns of A.
Given a C 2 function f : Rl → Rk , let fi denote the ith coordinate of the function f
for i = 1, . . . k, Df (v) the Jacobian of f at v ∈ Rl , and D2 fi (v) the Hessian of the ith
coordinate at v.
We shall use dVol to denote Lebesgue measure on RD , and if U ⊂ RD is Lebesgue
measurable, Vol(U ) stands for the Lebesgue measure of U . We will use Vol M to denote the
volume measure on a d-dimensional manifold M in RD (note that this coincides with the
d-dimensional Hausdorff measure for the subset M of RD ), UM - the uniform distribution
over M, and dM (x, y) to denote the geodesic distance between two points x, y ∈ M. For a
probability measure Π on RD , supp(Π) := ∩C closed,Π(C)=1 C stands for its support. Finally,
for x, y ∈ R, x ∨ y := max(x, y).

2.1 Notation
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k=1

X

N (j)

I{x ∈ Cj,k }Pj,k (x)

Note that we have implicitly assumed that such a subspace Vj,k is unique, which will always
N (j)
be the case throughout this paper. Given such a {(Cj,k , Pj,k )}k=1 , we define
Pj (x) :=

Pbj (x) :=

X

N (j)

k=1

I{x ∈ Cj,k }Pbj,k (x)

(4)

where I{x ∈ Cj,k } is the indicator function of the set Cj,k .
It was shown in the paper by Allard et al. (2012) that if Π is supported on a smooth,
N (j)
closed d-dimensional submanifold M ,→ RD , and if the partitions {Cj,k }j=1 satisfy some
regularity conditions for each j, then, for any x ∈ M, kx − Pj (x)k ≤ C(M)2−2j for all
j ≥ j0 (M). This means that the operators Pj provide an efficient “compression scheme”
x 7→ Pj (x) for x ∈ M, in the sense that every x can be well-approximated by a linear
N (j)
combination of at most d + 1 vectors from the dictionary Φ2−2j formed by {cj,k }k=1 and the
union of the bases of Vj,k , k = 1 . . . N (j). Furthermore, operators efficiently encoding the
“difference” between Pj and Pj+1 were constructed, leading to a multiscale compressible
representation of M.
In practice, Π is unknown and we only have access to the training data Xn = {X1 , . . . , Xn },
which are assumed to be i.i.d. with distribution Π. In this case, operators Pj are replaced
by their estimators

N (j)

where {Cj,k }k=1 is a suitable partition of RD obtained from the data,

x∈Xj,k

Pbj,k (x) := b
cj,k + Proj Vbj,k (x − b
cj,k ),
X
1
x,
|Xj,k |

b
cj,k :=
Vbj,k

x∈Xj,k

X
1
:= argmin
kx − b
cj,k − Proj V (x − b
cj,k )k2 ,
|Xj,k |
dim(V )=d
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Xj,k = Cj,k ∩ Xn , and |Xj,k | denotes the number of elements in Xj,k . We shall call these Pbj
the empirical GMRA.
N (j)
b
Moreover, the dictionary Φ
2−2j is formed by {ĉj,k }k=1 and the union of bases of V̂j,k , k =
b2−2j and D
b −1
1 . . . N (j). The “encoding” and “decoding” operators D
mentioned above are
2−2j
b −1
b −2j (x) = Pbj,k (x) for any x ∈ Cj,k .
now defined in the obvious way, so that D
D
2−2j 2
We remark that the “intrinsic dimension” d is assumed to be known throughout this
paper. In practice, it can be estimated within the GMRA construction using the “multiscale
SVD” ideas of Little et al. (2012, 2009). The estimation technique is based on inspecting
(for a given point x ∈ Cj,k ) the behavior of the singular values of the covariance matrix
Σj,k as j varies. For alternative methods, see Camastra and Vinciarelli (2001); Levina and
Bickel (2004) and references therein and in the review section of Little et al. (2012).
7
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Z

2

dΠ(x)

x − Pbj (x) ,

x − Pbj (x)

x∈supp(Π)

sup

supp(Π)

:=

:=

(6)

(5)

Our main goal is to obtain probabilistic, non-asymptotic bounds on the performance of
the empirical GMRA under certain structural assumptions on the underlying distribution
of the data. In practice, the data rarely belongs precisely to a smooth low-dimensional
submanifold. One way to relax this condition is to assume that it is “sufficiently close”
to a reasonably regular set. Here we assume that the underlying distribution is supported
in a thin tube around a manifold. We may interpret the displacement from the manifold
as noise, in which case we are making no assumption on distribution of the noise besides
boundedness. Another way to model this situation is to allow additive noise, whence the
observations are assumed to be of the form X = Y + ξ, where Y belongs to a submanifold
of RD , ξ is independent of Y , and the distribution of ξ is known. This leads to a singular
deconvolution problem (see Genovese et al., 2012b; Koltchinskii, 2000). Our assumptions
however may also be interpreted as relaxing the “manifold assumption”: even in the absence
of noise we do allow data to be not exactly supported on a manifold. Our results will
elucidate how the error of sparse approximation via GMRA depends on the “thickness” of
the tube, which quantifies stability and robustness properties of our algorithm.
As we mentioned before, our GMRA construction is entirely data-dependent: it takes the
N (j)
point cloud of cardinality n as an input and for every j ∈ Z+ returns the partition {Cj,k }k=1
and associated affine projectors Pbj,k . We will measure performance of the empirical GMRA
by the L2 (Π)-error
2

∞,Π

E X − Pbj (X)
or by the k · k∞,Π -error defined as
Id −Pbj

where Pbj is defined by (4). Note, in particular, that these errors are “out-of-sample”, i.e.
measure the accuracy of the GMRA representations on all possible samples, not just those
used to train the GMRA, which would not correspond to a learning problem.
The presentation is structured as follows: we start from the natural decomposition
x − Pbj (x) ≤

random error

kx − Pj (x)k + Pj (x) − Pbj (x)
|
{z
}
|
{z
}

approximation error

and state the general conditions on the underlying distribution and partition scheme that
suffice to guarantee that

2

1. the distribution-dependent operators Pj yield good approximation, as measured by
E kx − Pj (x)k2 : this is the bias (squared) term, which is non-random;

JMLR 17(2):1-51

2. the empirical version Pbj is with high probability close to Pj , so that E Pbj (x) − Pj (x)
is small (with high probability): this is the variance term, which is random.

8

2

of the empirical

9
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Another body of literature connected to this work studies the complexity of dictionary
learning. For example, Gribonval et al. (2013) present general bounds for the convergence
of global minimums of empirical risks in dictionary learning optimization problems (those
results build on and generalize the works of Maurer and Pontil (2010); Vainsencher et al.
(2011), among several others). While the rates obtained in those works seem to be competitive with our rates in certain regimes, the fact that their bounds must hold over entire
families of√dictionaries implies that those error rates generally involve a scaling constant of
the order Dk, where D is the ambient dimension and k is the number of “atoms” in the
dictionary. Our bounds are independent of the ambient dimension D but implicitly include
terms which depend upon the number of our “atoms.” It should be noted that the number

The recent paper by Canas et al. (2012) is close in scope to our work; its authors
present probabilistic guarantees for approximating a manifold with a global solution of
the so-called k-flats (Bradley and Mangasarian, 2000) problem in the case of distributions
supported on manifolds. It is important to note, however, that our estimator is explicitly
and efficiently computable, while exact global solution of k-flats is usually unavailable and
certain approximations have to be used in practice, with convergence to a global minimum
is conditioned on suitable unknown initializations. In practice it is often reported that
there exist many local minima with very different values, and good initializations are not
trivial to find. In this work we obtain better convergence rates, with fast algorithms, and
we also seamlessly tackle the case of noise and model error, which is beyond what was
studied previously. We consider this development extremely relevant in applications, both
because real data is corrupted by noise and the assumption that data lies exactly on a
smooth manifold is often unrealistic. A more detailed comparison of theoretical guarantees
for k-flats and for our approach is given after we state the main results in Subsection 3.2
below.

Among the existing literature, the papers Allard et al. (2012); Chen et al. (2012) introduced the idea of using multiscale geometric decomposition of data to estimate the
distribution of points sampled in high-dimensions. However in the first paper no finite sample analysis was performed, and in the second the connection with geometric properties of
the distribution of the data is not made explicit, with the conditions are expressed in terms
of certain approximation spaces within the space of probability distributions in RD , with
Wasserstein metrics used to measure distances and approximation errors.

We will state this first result in a rather general setting (assumptions A1-A4) below), and
after developing this general result, we consider the special but important case where the
distribution Π generating the data is supported in thin tube around a smooth submanifold,
and for a (concrete, efficiently computable, online) partition scheme we show that the
conditions of Theorem 2 are satisfied. This is summarized in the statement of Theorem 7,
that may be interpreted as proving finite-sample bounds for our GMRA-based dictionary
learning scheme for high-dimensional data that suitably concentrates around a manifold.
It is important to note that most of the constants in our results are explicit. The only
geometric parameters involved in the bounds are the dimension d of the manifold (but not
the ambient dimension D), its reach (see τ in (9)) and the “tube thickness” σ.

This leads to our first result, Theorem 2, where the error E x − Pbj (x)
GMRA is bounded with high probability.

Multiscale Dictionary Learning

2−2j
d

and

l=d+1

D
X
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JMLR 17(2):1-51

1
2
−2(1+α)j
λj,k
) ≤ λj,k
.
l ≤ θ4 (σ + 2
2 d



kId −Pj k∞,Π ≤ θ5 σ + 2−(1+α)j ,

(A4) There exists θ5 = θ5 (Π) such that

If in addition

λj,k
d ≥ θ3

j,k
(A3) Let λj,k
1 ≥ . . . ≥ λD ≥ 0 denote the eigenvalues of the covariance matrix Σj,k (defined
in (3)). Then there exist σ = σ(Π) ≥ 0, θ3 = θ3 (Π), θ4 = θ4 (Π) > 0, and some α > 0
such that for all k = 1 . . . N (j),

kX − cj,k k ≤ θ2 2−j .

(A2) There is a positive constant θ2 = θ2 (Π) such that for all k = 1, . . . , N (j), if X is
drawn from Πj,k then, Π - almost surely,

(A1) There exists an integer 1 ≤ d ≤ D and a positive constant θ1 = θ1 (Π) such that for
all k = 1, . . . , N (j),
Π(Cj,k ) ≥ θ1 2−jd .

In this section, we shall present the finite sample bounds for the empirical GMRA described
above. For a fixed resolution level j, we first state sufficient conditions on the distribution
N (j)
Π and the partition {Cj,k }k=1 for which these L2 (Π)-error bounds hold (see Theorem 2
below).
Suppose that for all integers jmin ≤ j ≤ jmax the following is true:

3.1 Finite Sample Bounds for Empirical GMRA

of atoms in the dictionary learned by GMRA increase so as to approximate the fine structure
of a dataset with more precision. As such, our attainment of the minimax lower bounds for
manifold estimation in the Hausdorff metric (obtained in (Genovese et al., 2012a)) should
be expected. While dictionaries produced from dictionary learning should reveal the fine
structure of a dataset through careful examination of the representations they induce, these
representations are often ambiguous unless additional structure is imposed on both the dictionaries and the datasets. On the other hand, the GMRA construction induces completely
unambiguous sparse representations that can be used in regression and classification tasks
with confidence.
In the course of the proof, we obtain several results that should be of independent
interest. In particular, Lemma 18 gives upper and lower bounds for the volume of the tube
around a manifold in terms of the reach (7) and tube thickness. While the exact tubular
volumes are given by Weyl’s tube formula (see Gray, 2004), our bound are exceedingly easy
to state in terms of simple global geometric parameters.
For the details on numerical implementation of GMRA and its modifications, see the
works by Allard et al. (2012); Chen and Maggioni (2010).
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3.2 Distributions Concentrated near Smooth Manifolds

−jd



3

1

1

Mσ ) are absolutely
dΠ
dUMσ satisfies

x∈M

Mr = {y ∈ RD : inf kx − yk < r}.

z∈M

reach(M) := sup{r ≥ 0 : Mr ⊆ D(M)},

dΠ
≤ φ2 < ∞
dUMσ

12

UMσ - almost surely .

(8)

(9)

(10)
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Our partitioning scheme is based on the data structure known as the cover tree introduced by Beygelzimer et al. (2006) (see also Ciaccia et al., 1997; Karger and Ruhl, 2002;
Yianilos, 1993). We briefly recall its definition and basic properties. Given a set of n distinct points Sn = {x1 , . . . , xn } in some metric space (S, ρ), the cover tree T on Sn satisfies
the following: let Tj ⊂ Sn , j = 0, 1, 2, . . . be the set of nodes of T at level j. Then

Remark 4 We will implicitly assume that constants φ1 and φ2 do not depend on the ambient dimension D (or depend on a slowly growing function of D, such as log D) - the bound
of Theorem 7 shows that this is the “interesting case”. On the other hand, we often do not
need the full power of (τ, σ) - model assumption, see the Remark 9 after Theorem 7.

Example 1 Consider the unit sphere of radius R in RD , SR . Then τ = R for this manifold, and for any σ < R, the uniform distribution on the set B(0, R + σ) \ B(0, R − σ)
satisfies the (σ, τ )-model assumption. On the other hand, taking the uniform distribution
on a σ-thickening of the union of two line segments emanating from the origin produces a
distribution which does not satisfy the (σ, τ ) model assumption. In particular, τ = 0 for the
underlying manifold.

0 < φ1 ≤

Definition 3 Assume that 0 ≤ σ < τ . We shall say that the distribution Π satisfies the
(τ , σ)-model assumption if there exists a smooth (or at least C 2 ), compact submanifold
M ,→ RD with reach τ such that supp(Π) = Mσ , Π and UMσ (the uniform distribution on
continuous with respect to each other, and so Radon-Nikodym derivative

and we shall always use τ to denote the reach of the manifold M.

(7)

then the bounds are also guaranteed to hold for the k · k∞,Π -error (6).

θ1

e−t + e− 16 n2

D(M) = {y ∈ RD : ∃!x ∈ M s.t. kx − yk = inf kz − yk},

Remark 1
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Then

Of course, the statement of Theorem 2 has little value unless assumptions (A1)-(A4) can
be verified for a rich class of underlying distributions. We now introduce an important class
of models and an algorithm to construct suitable partitions {Cj,k } which together satisfy
these assumptions. Let M be a smooth (or at least C 2 , so changes of coordinate charts
admit continuous second-order derivatives), closed d-dimensional submanifold of RD . We
recall the definition of the reach (see Federer, 1959), an important global characteristic of
M. Let

i. Assumption (A1) entails that the distribution assigns a reasonable amount of probability to each partition element, assumption (A2) ensures that samples from partition
elements are always within a ball around the centroid, and assumption (A3) controls
the effective dimensionality of the samples within each partition element. Assumption
(A4) just assumes a bound on the error for the theoretical GMRA reconstruction.

λlj,k ≤ θ4 (σ 2 + 2−2(1+α)j ).

ii. Note that the constants θi , i = 1 . . . 4, are independent of the resolution level j.

D
X

l=d+1

iii. It is easy to see that Assumption (A3) implies a bound on the “local approximation
error”: since Pj acts on Cj,k as an affine projection on the first d “principal components”, we have
h
T i
Ej,k kx − Pj (x)k2 = tr Ej,k x − cj,k − Proj Vj,k (x))(x − cj,k − Proj Vj,k (x)
=

iv. The parameter σ is introduced to cover “noisy” models, including the situations when
Π is supported in a thin tube of width σ around a low-dimensional manifold M.
Whenever Π is supported on a smooth d-dimensional manifold, σ can be taken to be
0.
v. The stipulation
1
θ4 (σ 2 + 2−2(1+α)j ) ≤ λdj,k
2
j,k
is sufficiently large.
guarantees that the spectral gap λdj,k − λd+1

We are in position to state our main result.
Theorem 2 Suppose that (A1)-(A3) are satisfied, let X, X1 , . . . , Xn be an i.i.d. sample
from Π, and set d¯ := 4d2 θ24 /θ32 . Then for any jmin ≤ j ≤ jmax and any t ≥ 1 such that
t + log(d¯ ∨ 8) ≤ 12 θ1 n2−jd ,


(t + log(d¯ ∨ 8))d2
EkX − Pbj (X)k2 ≤ 2θ4 σ 2 + 2−2j(1+α) + c1 2−2j
,
n2−jd

2jd+1
θ1

and if in addition (A4) is satisfied,
r


c1 −2j (t + log(d¯ ∨ 8))d2
≤ θ5 σ + 2−(1+α)j +
Id −Pbj
2
2
n2−jd
∞,Π
 √
√ θ 2
θ3
2
, where c1 = 2 12 2 θ √2θ + 4 2 d√
.
θ
with probability ≥ 1 −

11


1 d
ε


log 1ε + t
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Theorem 7 Suppose that Π satisfies the (τ, σ)-model assumption. Let X1 , . . . , Xn be an
i.i.d. sample from Π, construct a cover tree T from {Xi }ni=1 , and define Cj,k as in (11).
Assume that ε(n, t) < σ. Then, for all j ∈ Z+ such that 2−j > 8σ and 3 · 2−j + σ < τ /8, the
N (j)
partition {Cj,k }k=1 and Π satisfy (A1), (A2), (A3), and (A4) with probability ≥ 1 − e−t

We are ready to state the main result of this section.

(12)

(11)

δ1 = arcsin(ε/8τ ), and δ2 =

β1 (log β2 + t) ,

Vol M (M)
,
cosd (δ2 )Vol(Bd (0,ε/8))

τ +σ
τ −σ

β2 =

1
φ1

d

Remark 6 For large enough n, this requirement translates into n ≥ C(M, d, φ1 )
for some constant C(M, d, φ1 ).

where β1 =
arcsin(ε/16τ ).

Vol M (M)
,
cosd (δ1 )Vol(Bd (0,ε/4))

n≥



Let ε(n, t) be the smallest ε > 0 which satisfies

Cj,k = {x ∈ RD : kj (x) = k}.

(ties are broken by choosing the smallest value of k), and partition RD into the Voronoi
regions

1≤k≤N (j)

k(x) := argmin kx − aj,k k

Theorem 3 in (Beygelzimer et al., 2006) shows that the cover tree always exists; for more
details, see the aforementioned paper.
We will construct a cover tree for the collection X1 , . . . , Xn of i.i.d. samples from the
distribution Π with respect to the Euclidean distance ρ(x, y) := kx − yk. Assume that
N (j)
Tj := Tj (X1 , . . . , Xn ) = {aj,k }k=1 . Define the indexing map

Remark 5 Note that these properties imply the following: for any y ∈ Sn , there exists
z ∈ Tj such that ρ(y, z) < 2−j+1 .

3. for all y, z ∈ Tj , ρ(y, z) > 2−j .

2. for all y ∈ Tj+1 , there exists z ∈ Tj such that ρ(y, z) < 2−j ;

1. Tj ⊂ Tj+1 ;
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N (j)

23 34
,
τ2


τ −σ
τ +σ

d
,

α = 1.




√ 
22 32 
σ d/2
θ5 = 2 ∨
1 + 3 · 25 2d 1 +
τ
τ

θ4 = 2 ∨

φ1 Vol(Bd (0, 1))
24d Vol M (M)
θ2 = 12,
φ1 /φ2
θ3 =
d ,
4d+8
2
1 + στ
θ1 =

1+
1−


25 2
71
1
9·212

!d/4 
,

j∈Z:2−j <τ /24

inf

Ekx − Pbj (x)k2 ≤ C1
Ekx − Pbj (x)k2 ≤ C2

j∈Z:2−j <τ /24

inf



;

4
d+2

d

2


log n
n

log n
n



(13)

14
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Finally, we note that the claims ii. and iii. stated in the beginning of Section 2 easily follow

with probability ≥ 1 − c3 n−A , where C1 and C2 depend only on A, τ, d, φ1 /φ2 , Vol M (M)
and c3 , c4 depend only on τ, d, φ1 /φ2 , Vol M (M).
 1/d
, and apply
Proof In case (a), it is enough to set t := (A + 1) log n, 2−j := θ16t
1n

 1
d+2
n
Theorem 2. For case (b), set t := (A + 1) log n and 2−j := A log
.
n

(b) if d ≥ 3,

(a) if d ∈ {1, 2},

Corollary 8 Assume that conditions of Theorem 7 hold, and that n is sufficiently large.
Then for all A ≥ 1 such that A log n ≤ c4 n, the following holds:

{Cj,k }k=1 , while the remaining {Xd n2 e+1 , . . . , Xn } are used to construct the operator P̂j
(see (4)). This makes our GMRA construction entirely (cover tree, partitions, affine linear
projections) data-dependent. We observe that since our approximations are piecewise linear,
they are insensitive to regularity of the manifold beyond first order, so the estimates saturate
at α = 1.
When σ is very small or equal to 0, the bounds resulting from Theorem 2 can be
“optimized” over j to get the following statement (we present only the bounds for the
L2 (Π) error, but the results k · k∞,Π are similar).

One may combine the results of Theorem 7 and Theorem 2 as follows: given an i.i.d.
sample X1 , . . . , Xn from Π, use the first d n2 e points {X1 , . . . , Xd n2 e } to obtain the partition

for
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2
√
from our general results (it is enough to choose n such that ε ' n− d+2 and 2−j = ε).
Claim i. follows from assumption (A1) and Theorem 7. Computational complexity bounds
iv. follow from the associated computational cost estimates for the cover trees algorithm
and the randomized singular value decomposition, and are discussed in detail in Sections 3
and 8 of (Allard et al., 2012).

Remark 9 It follows from our proof that it is sufficient to assume a weaker (but somewhat
more technical) form of (τ, σ)-model condition for the conclusion of Theorem 7 to hold.
Namely, let Π̃ be the pushforward of Π under the projection Proj M : Mσ → M, and
assume that there exists φ̃1 > 0 such that for any measurable A ⊆ M

−1
Π̃(A) := Π Proj M
(A) ≥ φ̃1 UM (A).
Moreover, suppose that there exists φ̃2 > 0 such that for any y ∈ M, any set A ⊂ Mσ and
any τ > r ≥ 2σ such that B(y, r) ∩ Mσ ⊆ A ⊆ B(y, 12r), we have

Π(A) ≤ φ̃2 UMσ (A).
In some circumstances, checking these two conditions is not hard (e.g., when M is a sphere,
Y is uniformly distributed on M, η is spherically symmetric “noise” independent of Y and
such that kηk ≤ σ, and Π is the distribution of Y + η), but (τ, σ) - assumption does not
need to hold with constants φ1 and φ2 independent of D.
3.3 Connections to Previous Work and Further Remarks

L2 (Π)-error

2

It is useful to compare our rates with results of Theorem 4 in (Canas et al., 2012). In
particular, this theorem implies that, given a sample of size n from the Borel probability
measure Π on the smooth d-dimensional manifold M, the L2 (Π)-error of approximation of
M by kn = C1 (M, Π)nd/(2(d+4)) affine subspaces is bounded by C2 (M, Π)n−2/(d+4) . Here,
the dependence of kn on n is “optimal” in a sense that it minimizes the upper bound
for the risk obtained in (Canas et al., 2012). If we set σ = 0 in our results, then it easily
follows from Theorems 7 and 2 that the
achieved by our GMRA construction for
1
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2j ' n 2(d+4) (so that N (j) ' kn to make the results comparable) is of the same order n− d+4 .
1
However, this choice of j is not optimal in this case - in particular, setting 2jn ' n d+2 , we
2
obtain as in (13) a L2 (Π)-error of order n− d+2 , which is a faster rate. Moreover, we also
obtain results in the sup norm, and not only for mean square error. We should note that
technically our results require the stronger condition (10) on the underlying measure Π,
while theoretical guarantees in (Canas et al., 2012) are obtained assuming only the upper
d Vol M
dΠ
≤ φ2 < ∞, where UM := Vol
is the uniform distribution over M.
bound dU
M
M (M)
The rate (13) is the same (up to log-factors) as the minimax rate obtained for the
problem considered in (Genovese et al., 2012a) of estimating a manifold from the samples
corrupted with the additive noise that is “normal to the manifold”. Our theorems are stated
under more general conditions, however, we only prove robustness-type results and do not
address the problem of denoising. At the same time, the estimator proposed in (Genovese
et al., 2012a) is (unlike our method) not suitable for applications. The paper (Genovese
et al., 2012b) considers (among other problems) the noiseless case of manifold estimation
15
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2

under Hausdorff loss, and obtains the minimax rate of order n− d . Performed numerical
simulation (see Section 6) suggest that our construction also appears to achieve this rate in
the noiseless case. However, our main focus is on the case σ > 0.
The work of Fefferman et al. establishes the sampling complexity of testing the hypothesis if an unknown distribution is close to being on a manifold (with known reach,
volume, dimension) in the Mean Squared sense, is also related to the work discussed in this
section, and to the present one. While our results do imply that if we have enough points,
as prescribed by our main theorems, and the MSE does not decay as prescribed, then the
data with high probability does not satisfy the geometric assumptions in the corresponding
theorem, this is still different from the hypothesis testing problem. There may distributions not satisfying our assumptions, such that GMRA still yields good approximations:
in fact we welcome and do not rule out these situations. Fefferman et al. also present an
algorithm for constructing an approximation to the manifold; however such an algorithm
does not seem easy to implement in practice. The emphasis in this work is on moving to a
more general setting than the manifold setting, focusing on multiscale approaches that are
robust (locally, because of SVD, as well as across scales), and fast, easily implementable
algorithms.
We remark that we analyze the case of one manifold M, and its “perturbation” in the
sense of having a measure supported in a tube around M. Our construction however is
multiscale and in particular local. Many extensions are immediate, for example to the case
of multiple manifolds (possibly of different dimensions) with non-intersecting tubes around
them. The case of unbounded noise is also of interest: if the noise has sub-Gaussian tails
then very few points are outside a tube of radius dependent on the sub-Gaussian moment,
and these “outliers” are easily disregarded as there are few and far away, so they do not
affect the construction and the analysis at fine scales. Another situation is when there are
many gross outliers, for example points uniformly distributed in high-dimension in, say, a
cube containing M. But then the volume of such cube is so large that unless the number
of points is huge (at least exponential in the ambient dimension D), almost all of these
points are in fact far from each other and from M with very high probability, so that again
they do affect the analysis and the algorithms. These are some of the advantages of the
multiscale approach, which would otherwise have the potential of corrupting the results (or
complicating the analysis of) other global algorithms, such as k-flats.

4. Preliminaries

This section contains the remaining definitions and preliminary technical facts that will be
used in the proofs of our main results.
Given a point y on the manifold M, let Ty M be the associated tangent space, and let
Ty⊥ M be the orthogonal complement of Ty M in RD . We define the projection from the
tube Mσ (see (8)) onto the manifold Proj M : Mσ → M by

y∈M

Proj M (x) = argmin kx − yk

JMLR 17(2):1-51

and note that σ < τ , together with (7), implies that Proj M is well-defined on Mσ , and

Proj M (y + ξ) = y

16

q
then cos(φ) ≥ 1 − 2 kx−yk
τ .

min

max

u∈Tx M,kuk=1 v∈Ty M,kvk=1

|hu, vi| .

kγ 00 (t)k
≤

1
τ

for

where θ = arcsin

r
2τ



.

17

Bd (y, r cos(θ)) ⊆ Proj y+Ty M (A),

v. Let y ∈ M, r < τ and A = M ∩ B(y, r). Then

JMLR 17(2):1-51

iv. If x is such that kx − yk < τ /2, then x is a regular point of Proj y+Ty M : B(y, τ /2) ∩
M → y + Ty M (in other words, the Jacobian of Proj y+Ty M at x is nonsingular).

If kx − yk ≤

τ
2,

cos(φ) :=

iii. Let φ be the angle between Tx M and Ty M, in other words,

ii. Let γ(t) : [0, 1] 7→ M be the arclength-parameterized geodesic. Then
all t.

i. For all x, y ∈ M such that kx − yk ≤ τ /2, we have
r
kx − yk
dM (x, y) ≤ τ − τ 1 − 2
≤ 2kx − yk.
τ

Proposition 11 The following holds:

This proof (as well as the proofs of our other supporting technical contributions) is given
in the Appendix. Finally, let us recall several important geometric consequences involving
the reach:

Proposition 10 Suppose Y = [y1 | · · · |yd ] is symmetric d by d matrix such that kY k ≤ q <
1. Then


 
I +Y
I
≤ (1 + q)d Vol
Vol
X
X




I XT
I + Y XT
.
≥ (1 − q)d Vol
Vol
X −I
X
−I

where ([A | B]) denotes the concatenation of A and B into a k × (l1 + l2 ) matrix. Moreover,
if the columns of A and B are all mutually orthogonal, we clearly have that Vol([A| B])
=
A
Vol(A)Vol(B). Assuming that I is the l1 ×l1 identity matrix, we have the bound Vol
≥
I
1. The following proposition gives volume bounds for specific types of perturbations that
we shall encounter.

k=1

X

N (j)

Π(Cj,k )Ej,k kX − Pj (X)k2

(15)

18
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Finally, the term kx − cj,k k is controlled by Assumption (A2).
The proof of Theorem 7 is primarily supported by a volume comparison theorem that
allows for the cancellation of the “noisy” terms that would imply dependency on D. That is,
supposing that ProjM : Mσ → M is the projection from the σ-tubular neighborhood onto
the underlying manifold with reach τ , if U ⊂ M is Vol M -measurable with Vol M (U ) > 0,
we have that


Vol(Proj−1
σ d
σ d
M (U ))
1−
≤
≤ 1+
.
τ
Vol M (U )Vol(BD−d (0, σ))
τ

b j,k − Σj,k .
k Proj Vj,k − Proj Vbj,k k ≤ C Σ

with high probability. The latter bound and Assumption (A3) allows us to invoke Theorem
14 to obtain a bound of the form

for x ∈ Cj,k . We then use concentration of measure results (matrix Bernstein-type inequality) to bound the terms
b j,k − Σj,k
kcj,k − b
cj,k k and Σ

≤ 2kcj,k − b
cj,k k + k Proj Vj,k − Proj Vbj,k k · kx − cj,k k.

kPj (x) − Pbj (x)k = kcj,k − b
cj,k + Proj Vj,k (x − cj,k ) − Proj Vbj,k (x − cj,k + cj,k − b
cj,k )k (14)

gives us the first term in the bound of Theorem 2. Note that this contribution is deterministic.
The next step in the proof is to bound the stochastic error EkPj (x) − Pbj (x)k2 with high
probability. We start with the bound

EkX − Pj (X)k2 =

Remark 1, part iii. and the decomposition

kx − Pbj (x)k2 ≤ 2kx − Pj (x)k2 + 2kPj (x) − Pbj (x)k2 .

We begin by providing an overview of the main steps of the proofs to aid comprehension.
The proof of Theorem 2 begins by invoking the bias-variance decomposition:

5.1 Overview of the Proofs

The rest of the paper is devoted to the proofs of our main results.

5. Proofs of the Main Results

Proof Part i. is the statement of Proposition 6.3 and part ii. - of Proposition 6.1 in
(Niyogi et al., 2008). Part iii. is demonstrated in Lemma 5.4 of the same paper, and this
lemma coincides with iv. Part v. is proven in Lemma 5.3 of (Niyogi et al., 2008).

whenever y ∈ M and ξ ∈ Ty⊥ M ∩ B(0, σ).
Next, we recall some facts about the volumes of parallelotopes that will prove useful in
Section 5. For a matrix A ∈ Rk×l with l ≤ k, we shall abuse our previous notation and let
Vol(A) also denote the volume of the parallelotope formed by the columns of A. Let A and
B be k × l1 and k × l2 matrices respectively with l1 + l2 ≤ k, and note that

Vol([A | B]) ≤ Vol(A)Vol(B)
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This is encapsulated in Lemma 18. This allows us to relate probabilities on the tubular
neighborhood with probabilities on the manifold itself, which only involve d-dimensional
volumes.
The first thing that this allows us to do is to ensure that a sufficiently large sample
N , has that {Proj (X )}N is an ε-net for M. Running the cover tree
from UMσ , {Xi }i=1
i i=1
M
algorithm at the appropriate scale and invoking the cover tree properties at this scale
yields the constant for Assumption (A2). Cover tree properties also ensure that each
partition element contains a large enough portion of the tubular neighborhood, which we
then relate to a portions of the manifold whose volume is comparable to d-dimensional
Euclidean volumes. This approach provides the constant for Assumption (A1). Finally,
the constants from Assumption (A3) and (A4) are obtained from local moment estimates
based upon these volume bounds.
Now, the volume comparison bounds themselves are proven by considering coordinate
systems that locally invert orthogonal projections onto tangent spaces. The fact that the
manifold has reach τ imposes bounds on the Jacobians and second-order terms for these
local inversions. These bounds are ultimately used to bound volume distortions, and lead
to the volume comparison result above.
5.2 Proof of Theorem 2

i=1

n
X

Assumption (A3) above controls the L2 (Π) approximation error of x ∈ M by Pj (x) (see
Remark 1, part iii.), hence we will concentrate on the stochastic error kPbj (x) − Pj (x)k. To
this end, we will need to estimate kcj,k − b
cj,k k and k Proj Vj,k − Proj Vbj,k k, k = 1 . . . N (j).
One of the main tools required to obtain this bound is the noncommutative Bernstein’s
inequality.

σ 2 :=



n
P

EZi2 .

EZi2
i=1
σ2



.

(16)

Theorem 12 (Minsker, 2013, Theorem 2.1) Let Z1 , . . . , Zn ∈ RD×D be a sequence of independent symmetric random matrices such that EZi = 0 and kZi k ≤ U a.s., 1 ≤ i ≤ n.
Let

Then for any t ≥ 1

tr

 q

n
X
Zi ≤ 2 max σ t + log(D̄), U (t + log(D̄))
i=1

with probability ≥ 1 − e−t , where D̄ := 4

i=1

I{Xi ∈ Cj,k } to be the number of samples in Cj,k , k =

b j,k − Σj,k k: let
Note that we always have D̄ ≤ 4D. We use this inequality to estimate kΣ
Π(dx|A) be the conditional distribution of X given that X ∈ A, and set Πj,k (dx) :=
n
P

Π(dx|Cj,k ). Let mj,k :=
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1 . . . N (j). Let I ⊂ {1, . . . , n} be such that |I| = m. Conditionally on the event AI :=
19
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X

I⊂{1,...,n},|I|=m

Pr



b j,k − Σj,k ≥ s | AI
Σ


b j,k − Σj,k ≥ s | A{1,...,m} .
Σ

θ
d¯ = 4d2 22 ,
θ3

4

 1

 (17)

n
m


b j,k − Σj,k ≥ s | A{1,...,m} , we use the following inequality. Recall that
Σ

= Pr



b j,k − Σj,k ≥ s | mj,k = m =
Σ




{Xi ∈ Cj,k for i ∈ I , and Xi ∈
/ Cj,k for i ∈
/ I}, the random variables {Xi , i ∈ I} are
independent with distribution Πj,k . Then
Pr

To estimate Pr

and

i=1

m
X
b j,k := 1
Σ
(Xi − b
cj,k )(Xi − b
cj,k )T .
m

be an i.i.d. sample from Πj,k . Set

where θ2 , θ3 are the constants in Assumptions (A2) and (A3).
Lemma 13 Let

m

i=1

1 X
Xi
m

X, X1 , . . . , Xm
b
cj,k =

b j,k − Σj,k ≤ 6r2
Σ

t + log(d¯ ∨ 8)
.
m

Assume that m ≥ t + log(d¯ ∨ 8). Then with probability ≥ 1 − 2e−t ,
r
m

Proof We want to estimate
b j,k − Σj,k
Σ

i=1

1 X
cj,k )(cj,k − b
cj,k )T . (18)
(Xi − cj,k )(Xi − cj,k )T − Σj,k + (cj,k − b
m

i=1
m

1 X
=
(Xi − cj,k )(Xi − cj,k )T − Σj,k + (cj,k − b
cj,k )(cj,k − b
cj,k )T
m
≤

Set r := θ2 · 2−j . Recall that kx − cj,k k ≤ r for all x, y ∈ Ci,j by assumption (A2). It
implies that

1. for all 1 ≤ i ≤ m, k(Xi − cj,k )(Xi − cj,k )T k ≤ r2 almost surely,
h
i2
= EkXi − cj,k k2 (Xi − cj,k )(Xi − cj,k )T ≤ r2 kΣj,k k.
E (Xi − cj,k )(Xi − cj,k )T
2.

¯
(t + log(d))
m

Σj,k
r2
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¯
t + log(d)
∨
m

1
T
Therefore, by Theorem 12 applied to Zi := m
(X
i − cj,k )(Xi − cj,k ) , i = 1 . . . m,
 s

m
¯
¯
(t + log(d))kΣ
1 X
t + log(d)
j,k k

(Xi − cj,k )(Xi − cj,k )T − Σj,k ≤ 2 r
∨ r2
m
m
m
i=1
s
!
r
r

= 2r2

20

m

kb
cj,k − cj,k k ≤ 2 r

" r

t + log 8
,
m

r
t + log 8
,
m
(19)

θ3 r 2
2θ22 d

Proj Vj,k − Proj Vbj,k

21

θ2
≤ 12d 2
θ3

r

t + log(d¯ ∨ 8)
.
m
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by assumption (A3), the previous result implies that, conditionally on

b j,k − Σj,k k
kΣ
,
δd

the event {mj,k = m}, with probability ≥ 1 − 2e−t ,

Since δd ≥

Proj Vj,k − Proj Vbj,k ≤

Theorem 14 (Davis and Kahan, 1970), or (Zwald and Blanchard, 2006, Theorem 3).
j,k
b
Let δd = δd (Σj,k ) := 12 (λj,k
d − λd+1 ). If kΣj,k − Σj,k k < δd /2, then

b j,k and
Given the previous result, we can estimate the angle between the eigenspaces of Σ
Σj,k :

and the claim follows.

(cj,k − b
cj,k )(cj,k − b
cj,k )T ≤ 4r2

(t + log 8)
t + log 8
∨r
≤ 2r
m
m

#

= 2, we get that for all t such that t + log 8 ≤ m, with probability ≥ 1 − e−t

hence with the same probability

and

tr (EG2i )
kEG2i k

kEG2i k = EkXi − cj,k k2 = tr (Σj,k ) ≤ r2 ,

Noting that kGi k = kXi − cj,k k ≤ r almost surely,

cj,k )(cj,k − b
cj,k )T = kcj,k − b
cj,k k2 . We apply
For the second term in (18), note that (cj,k − b
Theorem 12 to the symmetric matrices


0
(Xi − cj,k )T
Gi :=
.
Xi − cj,k
0

i=1

1 X
(Xi − cj,k )(Xi − cj,k ) − Σj,k
m

≤ 1 by assumption,
r
¯
t + log(d)
≤ 2r2
.
m

¯
t+log(d)
m

4
r4
tr (EZ12 )
E(tr Z1 )2
2
2 θ2
≤4 
2 ≤ 4d 2 −4j = 4d 2 = d¯
kEZ12 k
θ3 2
θ3
j,k
λd

by assumption (A3) and the definition of r. Since

D̄ = 4

with probability ≥ 1 − e−t . Note that kΣj,k k ≤ tr (Σj,k ) ≤ r2 . Moreover,
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k=1

n
P

i=1

I{Xi ∈ Cj,k }, hence Emj,k = nj,k and Var(mj,k ) ≤ nj,k . Bernstein’s

k=1...N (j)

max

k=1...N (j)

max

kcj,k − b
cj,k k ≥ 2r

!

≤

!

(21)

(20)


θ1
2jd  −t
−jd
e + e− 16 n2
θ1


θ1
2jd  −t
−jd
e + e− 16 n2
.
θ1

(t + log(d¯ ∨ 8))d2
nj,k /2

t + log(d¯ ∨ 8)
nj,k /2

s

22

JMLR 17(2):1-51

Recall that M ,→ RD is a smooth (or at least C 2 ) compact manifold without boundary,
with reach τ , and equipped with the volume measure dVolM . Our proof is divided into
several steps, and each of them is presented in a separate subsection to improve readability.

5.3 Proof of Theorem 7

Combined with assumption (A3) (see Remark 1, part iii.), this yields the result.

We are in position to conclude the proof of Theorem 2. With assumption (A2), (20), and
(21), the initial bound (14) implies that, with high probability,
r
r
√ θ23
√ θ2
t + log(d¯ ∨ 8)
(t + log(d¯ ∨ 8))d2
−j
√
2
+
12
2
.
kPj (x) − Pbj (x)k ≤ 4 2 √ 2−j
n2−jd
n2−jd
θ1
θ 3 θ1

Pr

s

θ2
≥ 12 2
θ3

1 jd − θ1 n2−jd
2 e 16
θ1

≤

we deduce that Pr (mj,k < nj,k /2) ≤
by assumption (A1),

nj,k
16 ,

Pr (mj,k < nj,k /2) ≤

Proj Vj,k − Proj Vbj,k

k=1

X

N (j)

, and, since N (j) ≤

1 jd
θ1 2

A similar argument implies that

Pr

and

e

θ

− 161 n2−jd

with probability ≥ 1 − e−s . Choosing s =

inequality (see Lemma 2.2.9 in van der Vaart and Wellner, 1996) implies that


4
√
|mj,k − nj,k | ≤ 2 snj,k ∨ s
3

Recall that mj,k =

k=1

It remains to obtain the unconditional bound. Set nj,k := nΠ(Cj,k ) and note that nj,k ≥
θ1 n2−jd by assumption (A1). To this end, we have
s
!
θ2 (t + log(d¯ ∨ 8))d2
Pr
max
Proj Vj,k − Proj Vbj,k ≥ 12 2
θ3
nj,k /2
k=1...N (j)
s
!
2
θ
(t + log(d¯ ∨ 8))d2
mj,k ≥ nj,k /2, k = 1 . . . N (j)
≤ Pr
max
Proj Vj,k − Proj Vbj,k ≥ 12 2
θ3
nj,k /2
k=1...N (j)


N (j)
N (j)
[
X
+ Pr 
{mj,k < nj,k /2} ≤ N (j)e−t +
Pr (mj,k < nj,k /2) .
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5.3.2 Volume Bounds
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5.3.1 Local Inversions of the Projection

The main result of this section is Lemma 18, which allows us to compare volumes in Mσ
with volumes in M. It also establishes an upper bound on volumes, which is an essential
ingredient when we control the conditional distribution of Π subject to being in a particular
Cj,k . The form of the bounds also allows us to cancel out noisy terms that would make the
estimates depend upon the ambient dimension D.



1−

UMσ

1+



2(r + σ)
τ − 2(r + σ)

2 !d/2

Vol(Bd (0, r + σ))Vol(BD−d (0, σ)).


σ d
σ d
Vol M (U )Vol(BD−d (0, σ)) ≤ Vol(P −1 (U )) ≤ 1 +
Vol M (U )Vol(BD−d (0, σ))
τ
τ

UM



d

D
X

i=d+1

≤



eMσ
dU
τ +σ d
≤
.
dUM
τ −σ

λi (Σ) ≤ 2σ 2 +

8r4
,
τ2

where λi (Σ) are the eigenvalues of Σ arranged in the decreasing order.
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Lemma 20 Suppose Π is a distribution supported on Mσ , and let r < τ /2. Further assume
that Z is the random variable drawn from Π conditioned on the event Z ∈ Q where Mσ ∩Q ⊂
B(y, r) for some y ∈ M. If Σ is the covariance matrix of Z, then

The next lemma quantitatively establishes the the decay of the local eigenvalues required
in the second part of Assumption (A3).

Proof This is a straightforward consequence of part i. of Lemma 18.

τ −σ
τ +σ

eMσ denote the pushforward of UMσ under Proj M .
Lemma 19 Suppose σ < τ , and let U
Then e
and
are mutually absolutely continuous with respect to each other, and

d Vol M
Recall that UMσ is the uniform distribution over Mσ , and let UM := Vol
be the
M (M)
uniform distribution over M. In this section, we exploit the volume bounds of the previous
subsection to obtain control over probabilities and local moments of UMσ . Our first result
allows us to get the lower bounds for UMσ that are independent of the ambient dimension
D.

5.3.3 Absolute Continuity of the Pushforward of UMσ , and Local Moments


σ d
Vol(Mσ ∩ B(y, r)) ≤ 1 +
τ

ii. If r + σ ≤ τ /8, then

i.

Lemma 18 Suppose σ < τ , suppose U ⊆ M is measurable, and define P : Mσ → M so
that x 7→ Proj M (x) under P . Then

In this section, we introduce lemmas which ensure that (for r < τ /8) the projection map
Proj y+Ty M is injective on B(y, r) ∩ M, and hence invertible by part iv. of Proposition 11.
We also demonstrate that the derivatives of this inverse are bounded in a suitable sense.
These estimates shall allow us to develop bounds on volumes in Mσ .
We begin by proving a bound on the local deviation of the manifold from a tangent
plane.
Lemma 15 Suppose η ∈ Ty⊥ M with kηk = 1 and z ∈ B(y, r) ∩ M, where r ≤ τ /2. Then
2r2
|hη, z − yi| ≤
τ
Our next lemma quantitatively establishes the local injectivity of the affine projections
onto tangent spaces. 1
Lemma 16 Suppose y ∈ M and r < τ /8. Then Proj y+Ty M : B(y, r) ∩ M → y + Ty M is
injective.

(23)

(22)



v
is the
f (v)

There are two important conclusions that Lemma 16 provides. First of all, it indicates
that, under a certain radius bound, the manifold does not “curve back” into particular
regions. This is helpful when we begin to examine upper bounds on local volumes. More
importantly, if we let Jy,r = Proj y+Ty M (B(y, r) ∩ M), then there is a well-defined inverse
map f of Proj y+Ty M , f : Jy,r → B(y, r) ∩ M, when r < τ /8. Part iv of Proposition 11
implies that f is at least a C 2 function, and part v of Proposition 11 implies that there is
a d-dimensional ball inside of Jy,r of radius cos(θ)r, where θ = arcsin(r/2τ ).
Whenever we refer to such an f , we think of Jy,r as a subset in the span of the first d
canonical directions, and we identify f with the value f takes in the span of the remaining
D − d directions. Thus, we identify f with the function whose graph is a small part of the
manifold. Such an identification is obtained via an affine transformation, so we may do
this without any loss of generality. Using these assumptions, we may prove the following
bounds.

2ε
τ − 2ε

ui D2 fi (v) ≤

kDf (v)k ≤

D−d−1
X

i=1

τ2
.
(τ − 2ε)3

Proposition 17 Let ε < τ /8, and assume f is defined above so that v 7−→

sup

v∈Bd (0,ε)

sup

inverse of Proj y+Ty M in B(y, ε) for some y ∈ M. Then

and
sup

v∈Bd (0,ε) u∈S D−d−1
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1. In an independent work, Eftekhari and Wakin (2013) prove a slightly stronger result that holds for
r < τ /4.

23

the n-fold product measure of Π.

is ε/2-dense in M (that is, M ⊆

i=1

n
S
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B(Yi , ε/2)). Then, Πn (Eε,n ) ≥ 1 − e−t , where Πn is

Y = {Yj = Proj M (Xj )}nj=1

M (M)
M (M)
where β1 = cosd (δ1Vol
, β2 = cosd (δ2Vol
, δ1 = arcsin(ε/8τ ), and δ2 =
)Vol(Bd (0,1/4))
)Vol(Bd (0,1/8))
arcsin(ε/16τ ). Let Eε/2,n be the event that

Proposition 23 (Niyogi et al., 2008, Proposition 3.2) Suppose 0 < ε < τ2 , and also that n
and t satisfy



1 τ +σ d 
n ≥ ε−d
β1 log(ε−d β2 ) + t ,
(24)
φ1 τ − σ

In this final subsection, we prove Theorem 7. We begin by translating Proposition 3.2 in
(Niyogi et al., 2008) into our setting. As before, let Xn = {X1 , . . . , Xn } be an i.i.d. sample
from Π, and the φ1 be the constant defined by (10).

5.3.4 Putting all the Bounds Together

Notice that the term containing γ(σ, τ, d, r1 , r2 ) is often of smaller order, so that the apr2
proximation is essentially controlled by the maximum of σ and τ2 .

√
d/2  r +σ d/2
2
where γ(σ, τ, d, r1 , r2 ) = 4 2d 1 + στ
r1 −σ


2 !d/4
2(r2 +σ)
1+ τ −2(r
+σ)
 2 2
.
r −σ
1− 12τ

Lemma 22 Assume that conditions of Lemma 21 hold, and let Vd := Vd (Σ) be the subspace
corresponding to the first d principal components of Z. Then
r
4r2
r2
16r4
sup kx − EZ − Proj Vd (x − EZ)k ≤ 2σ + 2 +
4σ 2 + 2 2 γ(σ, τ, d, r1 , r2 ),
τ
r1 − σ
τ
x∈Q

The following statement is key to establishing the error bounds for GMRA measured in
sup-norm.

for some y ∈ M and σ < r1 < r2 < τ /8 − σ. Let Z be drawn from UMσ conditioned on the
event Z ∈ Q, and suppose Σ is the covariance matrix of Z. Then

d/2
2


1
r1 − σ d  1 − r12τ−σ
 (r1 − σ)2
λd (Σ) ≥
.





2
d
r2 + σ
d
2(r2 +σ)
4 1 + στ
1 + τ −2(r
2 +σ)

B(y, r1 ) ⊆ Q and Mσ ∩ Q ⊂ B(y, r2 )

(25)

Vol(Mσ ∩ B(zj,k , 2−j−2 ))
Vol(Mσ )

26

−j−2 − σ)))
Vol(Proj −1
M (M ∩ B(zj,k , 2
Vol(Mσ )


τ − σ d cos(δ)d Vol(Bd (0, 2−j−2 − σ))
≥ φ1
τ +σ
Vol M (M)


φ1 Vol(Bd (0, 1)) τ − σ d −jd
≥ 4d
2 .
2 Vol M (M) τ + σ

≥ φ1

= φ1

≥ φ1 UMσ (B(zj,k , 2−j−2 ))

Π(Cj,k ) ≥ Π(B(zj,k , 2−j−2 ))
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We now use Lemma 24 to obtain bounds on the constants θi for i = 1, . . . , 4 and α. We
prove a lemma for each of the assumptions (A1), (A2), and (A3) and then collect them
as the proof of Theorem 7.
Proof [Proof of Theorem 7] Since the hypotheses of Lemma 24 are satisfied with high
probability, we first obtain


B zj,k , 2−j−2 ⊆ Cj,k and Cj,k ∩ Mσ ⊆ B(aj,k , 3 · 2−j−2 + 2−j+1 ) ⊆ B(zj,k , 3 · 2−j ). (26)

Lemma 24 With probability ≥ 1 − e−t , for all j satisfying (25) and k = 1, . . . , N (j),

Let Cj,k be the partition of RD into Voronoi cells defined by (11). Recall that Tj =
N (j)
{aj,k }k=1 ⊂ Xn is the set of nodes of the cover tree at level j, and set zj,k = ProjM (aj,k ).

σ < 2−j−2 < τ.

d
If ε  τ , previous proposition implies that we roughly need n ≥ Const(M, d) 1ε log 1ε
points to get an ε-net for M. For the remainder of this section, we identify ε := ε(n, t) with
the smallest ε > 0 satisfying (24) in the statement of Proposition 23, and we also assume
that ε < σ. Take j ∈ Z+ such that

by Lemma 18.

≥ φ1 UMσ (Proj −1
M (M ∩ B(y, ε/8)))
eMσ (M ∩ B(y, ε/8))
= φ1 U


τ −σ d
UM (M ∩ B(y, ε/8)).
≥ φ1
τ +σ

e (M ∩ B(y, ε/8)) = Π(Proj −1 (M ∩ B(y, ε/8)))
Π
M

Proof The proof closely follows the one given in (Niyogi et al., 2008). The only additional
e is the pushforward measure of Π under Proj M : Mσ → M,
observation to make is that, if Π
then

Finally, we derive a lower bound on the upper eigenvalues of the local covariance for the
uniform distribution (needed to satisfy the first part of assumption (A3)). This is done in
the following lemma.

Lemma 21 Suppose that Q ⊆ RD is such that
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, θ4 ≤

23 34
τ2



2∨

τ −σ
τ +σ


25 2
71
1
9·212

!d/4

, and α = 1.

d
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σ d
τ

φ1 Vol(Bd (0, 1))
24d Vol M (M)

where δ = arcsin((2−j−2 − σ)/2τ )). Thus,
θ1 ≥

φ1 /φ2

24d+8 1 +

4 · 32
τ
1+
1−


.

Since the support is contained in a ball of radius 3 · 2−j , we easily obtain that θ2 ≤ 12.
Finally, it is not difficult to deduce from Lemmas 20 and 21 that


θ3 ≥

2∨

Lemma 22 together with Lemma 24 imply that



d/2
√ 
1 + 3 · 25 2d 1 + σ
τ
θ5 ≤

6. Numerical Experiments
In this section, we present some numerical experiments consistent with our results.
6.1 Spheres of Varying Dimension in RD
We consider n points X1 , . . . , Xn sampled i.i.d. from the uniform distribution on the unit
sphere in Rd+1
M = Sd := {x ∈ Rd+1 : kxk = 1} .

(27)

We then embed Sd into RD for D ∈ {10, 100} by applying a random orthogonal transformation Rd+1 → RD . Of course, the actual realization of this projection is irrelevant since our
construction is invariant under orthogonal transformations. After performing this embedding, we add two types of noise. In the first case, we add Gaussian noise ξ with distribution
2
1
N (0, σD ID ): the scaling factor D
is chosen so that Ekξk2 = σ 2 . Since the norm of a Gaussian vector is tightly concentrated around its mean, this model is well-approximated by the
“truncated Gaussian” model where the distribution of the additive noise is the same as the
conditional distribution of ξ given kξk ≤ Cσ, where C is such that Cσ < 1. In this case,
the constants in (1, Cσ)-model assumption would be prohibitively large, so instead we can
verify the conditions given in Remark 9 directly: due to symmetry, we have that for any
A ⊂ Sd ,


−1
−1
Π Proj M
(A) = UM (A) = UMσ Proj M
(A) .
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On the other hand, it is a simple geometric exercise to show that, for any B such that
B(y, r) ∩ Mσ ⊆ B ⊆ B(y, 12r) and τ /2 = 1/2 > r ≥ 2Cσ,
−1
−1
Proj M
(M ∩ B(y, r̃1 )) ⊇ B ⊇ Proj M
(M ∩ B(y, r̃2 )) ,

27

where r̃1 =

and

r

1−r 2
2

r
√
1+

q

3
4(1+Cσ) .

Vol(BD−d (0, Cσ))
,
Vol(MCσ )

Vol(BD−d (0, Cσ))
Vol(MCσ )

Lemma 18 and (27) imply that

Maggioni, Minsker, and Strawn

and r̃2 = r


−1
Π(B) ≤ UMσ Proj M
(M ∩ B(y, r̃1 ))

≤ (1 + Cσ)d Vol M (M ∩ B(y, r̃1 ))


−1
UMσ (B) ≥ UMσ Proj M
(M ∩ B(y, r̃2 ))

≥ (1 − Cσ)d Vol M (M ∩ B(y, r̃2 ))

hence Π(B) ≤ φ̃2 UMσ (B) for some φ̃2 independent of the ambient dimension D.
We present the behavior of the L2 (Π) error in this case in Figure 1, and the rate of
approximation at the optimal scale as the number of samples varies in Figure 3, where it
is compared to the rates obtained in Corollary 8. From Figure 1, we see that the approximations obtained satisfy our bound, and are typically better even for a modest number of
samples in dimensions non-trivially low (e.g. 8000 samples on S8 ). In fact, the robustness
with respect to sampling is such that the plots barely change from row to row.
The second type of noise is uniform in the radial direction, i.e. we let η ∼ Unif[1−σ, 1+σ]
Xi
and each noisy point is generated by X̃i = Xi + ηi ||X
. This is an example where the
i ||
noise is not independent of X. Once again, it is easy to check directly that conditions of
Remark 9 hold (the argument mimics the approach we used for the truncated Gaussian
noise). Simulation results for this scenario are summarized in Figure 2, with the rate of
approximation at the optimal scale again in Figure 3.
We considered various settings of the parameters, namely all combinations of: d ∈
{1, 2, 4, 6, 8}, n ∈ {8000, 16000, 32000, 64000, 128000}, D ∈ {100, 1000}, σ ∈ {0, 0.05, 0.1}.
We only display some of the results for reasons of space constraints. 2
6.2 Meyer’s Staircase

We consider the (d-dimensional generalization of) Y. Meyer’s staircase. Consider the cube
Q = [0, 1]d and the set of Gaussians N (x; µ, δ 2 Id ) where the mean µ is allowed to vary
over Q, and the function is truncated to only accept arguments x ∈ Q. Varying µ in Q
in this manner induces a smooth embedding of a d-dimensional manifold into the infinite
dimensional Hilbert space L2 (Q). That is, the Gaussian density centered at µ ∈ Q and
truncated to x ∈ Q is a point in L2 (Q). By discretizing Q, we may sample this manifold
and project it into a finite dimensional space. In particular, a grid ΓD ⊆ Q of D points
1
(obtained by subdividing in D− d equal parts along each dimension) may be generated and
considering the evaluations of the set of translated Gaussians on this grid produces an
embedding of this manifold into RD . Sampling n points from this manifold by randomly
drawing µ1 , . . . , µn uniformly from Q, we obtain a set {N (x; µi , δ 2 Id )|ΓD }i=1,...,n of n samples
from the “discretized” Meyer’s staircase in RD . This is what we call a sample from Meyer’s
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2. The code provided at www.math.duke.edu/~mauro/code.html can generate all the figures, re-create the
data sets, and is easily modified to do more experiments.
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columns correspond to different values of n ∈ {8000, 64000, 512000}. In the plots the
dots represent the L2 (Π) error squared (or MSE) of GMRA approximations (see (5)) as
a function of the radius r at scale j; more precisely the abscissa is in terms of log2 (1/rj ),
where rj is the mean radius of Cj,k for a fixed j, and the ordinate is log2 MSEj , where
MSEj is the mean squared error of the GMRA approximation at scale j. Different colors
correspond to different intrinsic dimensions d (see legend). The two cases D = 10, 100 use
the same colors for both the dots and the lines, all of which are essentially superimposed
since our results are independent of the ambient dimension D. For each dimension we
fit a line to measure the decay, which is O(r−4 ) independently of d, consistently with
our analysis. The horizontal dotted line, with corresponding tick mark on the Y axis,
represents the noise level σ 2 : the approximation error flattens out at roughly that level,
as expected.

Figure 1: Experiment with Sd , without (top row) and with Gaussian noise (bottom row). The
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3. Available at http://yann.lecun.com/exdb/mnist/.
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We consider the MNIST data set of images of handwritten digits3 , each of size 28 × 28,
grayscale. There are total of 60, 000, from ten classes consisting of digits 0, 1, . . . , 9. The
intrinsic dimension of this data set is variable across the data, perhaps because different
digits have a different number of “degrees of freedom” and across scales, as it is observed in
Little et al. (2012). We run GMRA by setting the cover tree scaling parameter θ equal to
0.9 (meaning that we replace 1/2 with 0.9 in definition of cover trees in section 3.2) in order
to slowly “zoom” into the data at multiple scales. As the intrinsic dimension is not welldefined, we set GMRA to pick the dimension of the planes Vj,k adaptively, as the smallest
dimension needed to capture half of the “energy” of the data in Cj,k . The distribution of
dimensions of the subspaces Vj,k has median 3 (consistently with the estimates in Little
et al. (2012)) and is represented in figure 6. We then compute the L2 relative approximation
error, and compute various quantiles: this is reported in the same figure. The running time
on a desktop was few minutes.

6.3 The MNIST Dataset of Handwritten Digits

1
We consider the noiseless case, as well as the case where Gaussian noise N (0, D
ID ) is
added to the data. Since this type of noise does not abide by the (σ, τ )-model assumption
and τ is very small for Meyer’s staircase, Figure 5 illustrates the behavior of the GMRA
approximation outside of the regime where our theory is applicable.

n = 8000, 16000, 32000, 640000, 128000, d = 1, 2, 4, D = 2000, and δ =

staircase, which is illustrated in Figure 4. This example is not artificial: for example,
translating a white shape on a black background produces a set of 2 − D images with a
similar structure to the d-dimensional Meyer’s staircase for d = 2.
The manifold associated with Meyer’s staircase is poorly approximated by subspaces of
dimension smaller than O(D ∧ 1/δ D ), and besides spanning many dimensions in RD , it has
a small reach, depending on d, D, δ. In our examples we considered

parameter σ. Note that the variance of the noise is σ 2 /3, which is indicated in the figure
by horizontal line and an extra tick mark on the Y -axis in the figures. The MSE converges
quickly to that level as a function of scale.

Figure 2: This figure is as the second row of Figure 1, but the noise is radially uniform with width
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Figure 3: For the example of Sd considered in this section we consider the MSE error, i.e. L2 (Π) squared error (as defined in (5)) at the optimal scale jn
(as in the proof of Corollary 8) as a function of the number of points n ∈
{8000, 16000, 32000, 64000, 128000, 256000, 512000}, and compare our empirical
rates (solid linear, with the rate reported in the legend under “emp. rate”) with
the rates predicted by Corollary 8 (dotted lines, with rate reported in the legend
under “pred. rate”), for various choices of the intrinsic dimension d ∈ {1, 2, 4, 6, 8}
and fixed ambient dimension D = 10 (the results are independent of D, so we do
note report the - very similar - results obtained for D = 100). Left: noiseless case,
middle: Gaussian noise, right: radial uniform noise (see text). The rates match
our results quite well, except in the case d = 2 where we seem to obtain the same
convergence rate as in the d = 1 case. Here we are choosing the optimal scale
to be the finest scale such that, in every cell, we have at least 10d2 points. For
the noisy cases, the approximation rates for d = 1, 2 are not meaningful simply
because we have enough points to go the finest scale above the noise level.
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Figure 4: An illustration of Meyer’s staircase for d = 2. We see that the square is mapped
into a subset of L2 ([−1, 1]2 ) consisting of truncated Gaussians. These are then
sampled at points on a uniform, 16 by 16 grid to obtain an embedding of [0, 1]2
into R16×16 . For small δ, this embedding has a point very close to each coordinate
axis in R16×16 . Thus, it comes as no surprise that this embedding of [−1, 1]2 into
R256 has a high degree of curvature.
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Figure 6: Left: histogram of the dimension of the scaling function subspaces for the MNIST
data set. We see that many of the subspaces are very low-dimensional, with dimensions mostly between 2 and 5. Right: L2 relative approximation error squared
as a function of scale. We do not plot the quantiles since many of them are many
orders of magnitude smaller (which is a good thing in terms of approximation
error), creating artifacts in the plots; they do indicate thought that the structure
of the data is highly complex and not heterogeneous. Note that the axis of this
plot are in log1/θ scale, where θ = 0.9 is the cover tree scaling factor used in this
example. Note how the approximation error decreases slowly at the beginning,
as there are many classes, rather far from each other, so that it takes a few scales
before GMRA starts focusing into each class, at which point the approximation
error decreases more rapidly. This phenomenon does not happen uniformly over
the data (figure not shown).
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Figure 5: Left and middle: MSE as a function of scale r for the d-dimensional Meyer’s staircase, for different values of n =, d and σ, standard deviation of Gaussian noise
2
N (0, σD ). The small reach of Meyer’s staircase makes it harder to approximate,
and makes the approximation much more susceptible to noise. Moreover, Gaussian noise is unbounded, so this distribution violates the (σ, τ )-model assumption
(albeit only at a small number of points, with high probability). Right: MSE at
the optimal scale, chosen so that every cell contains at least 10d2 points.
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Figure 7: Left: histogram of the dimension of the scaling function subspaces for the Kreutzer
sonata dataset. We see that the dimension of the scaling function subspaces is
mostly between 4 and 25. Right: mean L2 relative approximation error squared
as a function of scale. We do not plot the quantiles since many of them are many
orders of magnitude smaller (which is a good thing in terms of approximation
error), creating artifacts in the plots; they do indicate that the structure of the
data is highly complex and non-heterogeneous. Note that the axes of this plot
are in log1/θ scale, where θ = 0.9 is the scaling factor used in this example.
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We consider a recording of the first movement of the Sonata Kreutzer by L.V. Beethoven,
played by Y. Pearlman (violin) and V. Ashkenazy (piano) (EMI recordings). The recording
is stereo, sampled at 44.1kHz. We map it to mono by simply summing the two audio
channels, and then we generate a high-dimensional dataset as follows. We consider windows
of width w seconds, overlapping by δw seconds, and consider the samples in each such time
window [iδw, iδw + w) as a high-dimensional vector Xi0 , of dimension equal to the sampling
rate times w. In our experiment we choose w = 0.1 seconds, δw = 0.05 seconds, and
the resulting vectors Xi0 are D0 = 551-dimensional. Since Euclidean distances between the
Xi0 are far from being perceptually relevant, we transform each Xi0 to its cepstrum (see
Oppenheim and Schafer (1975)), remove the central low-pass frequency, and discard the
symmetric part of the spectrum (the signal is real), obtaining Xi , a vector with D = 275
dimensions, and i ranges from 0 to about 130, 000. The running time on a desktop was few
minutes.

6.4 Sonata Kreutzer
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Appendix: Proofs of Geometric Propositions and Lemmas
Proof [Proof of Proposition 10] For the first inequality, let
 
 
I
Y
A=
and B =
,
X
0

T ∈2[d]

and for every T ⊂ [d], we let VT denote the volume of {ai }i∈T c ∪ {bi }i∈T , where ai and bi
denote the ith columns of A and B respectively. By submultilinearity of the volume we
have
X
VT ,
Vol(A + B) ≤

and hence
√

F+
0

√

G

√

√ T 
√ !
−1 √
I XT
G
F− G
≥ (1 − q)d ,
X −I
0

√ 

 √
−1
√
√
I XT
F− G
≤ q · 1 · q = q.
X −I
0
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T

F+
0

Therefore, we conclude that

Vol I +

γ 00 (t) (dM (z, y) − t) dt.

and combining this with the expression from the matrix determinant lemma completes the
proof.

dM (z,y)

where 2[d] = {S : S ⊂ {1, . . . , d}}. We now show that VT ≤ q |T | Vol(A) for every T ∈ 2[d] .
The bound kY k ≤ q implies kyi k ≤ q for all i = 1, . . . , d, and so the fact that the volume is
a submultiplicative function implies that

kvk =

|hη, z − yi| =

p
ka − bk2 − kwk2 ≥

r

η,

0

+

γ 00 (t) (dM (z, y) − t) dt

|hη, γ 00 (t)i| (dM (z, y) − t) dt

dM (z,y)

dM (z,y)

* Z
0

ka − bk2 − 4
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r
r
ka − bk4
r2
r
≥ ka − bk 1 − 16 2 ≥ ka − bk 1 − 4 .
τ2
τ
τ

Proof [Proof of Lemma 16] Suppose a and b are distinct in B(y, r) ∩ M. Now, b − a = v + w
2
where v ∈ Ta M and w ∈ Ta⊥ M, and note that kwk ≤ 2kb−ak
≤ 4 τr by Lemma 15. This
τ
also implies that

≤

Z
1 dM (z,y)
(dM (z, y) − t) dt
≤
τ 0
dM (z, y)2
≤
2τ
2r2
.
τ

≤

Z

By Proposition 11, kγ 00 (t)k2 ≤ 1/τ for all t and dM (z, y) ≤ 2r, so we have that

0

Z

VT ≤ q |T | Vol(AT c ).

q |T | Vol(A) = (1 + q)d Vol(A).

z = y + dM (z, y)v +

Proof [Proof of Lemma 15] Let γ : [0, dM (z, y)] → M denote the arclength-parameterized
geodesic connecting y to z in M. Since γ is a geodesic, there is a v ∈ Ty M with kvk = 1
such that the Taylor expansion

d , we
On the other hand, letting a1⊥ be the orthogonal projection of a1 onto span⊥ {ai }i=2
note that ka1⊥ k ≥ 1, and thus

Vol(A{1}c ) ≤ ka1⊥ kVol(A{1}c ) = Vol(A).

X

By induction and invariance of the volume under permutations, we see that Vol(AT c ) ≤
Vol(A) for all T ∈ 2[d] . Thus,
Vol(A + B) ≤
T ∈2[d]

For the second inequality, since Y is symmetric, we can represent it as Y = F − G
where F and G are symmetric positive semidefinite, F G = GF = 0, and kF k, kGk ≤
kY k. Indeed, if Y = QΛQT is the eigenvalue decomposition of Y with Λ = diag(λ),
set λ+ := (max(0, λ1 ), . . . , max(0, λd ))T , λ− := λ+ − λ, and define F := Q diag(λ+ )QT ,
G = Q diag(λ− )QT .
Recall the matrix determinant lemma: let T ∈ Rk×k be invertible, and let U, V ∈ Rk×l .
Then
Vol(T + U V T ) = Vol(I + V T T −1 U )Vol(T ).
√ 
√ 
√


√
I XT
F− G
F+ G
,V =
, and T =
,
Applying it in our case with U =
X −I
0
0
we have that
√ T 
√ !


√
−1 √


I + Y XT
I XT
I XT
F+ G
F− G
= Vol I +
Vol
.
X
−I
X −I
X −I
0
0
Vol
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By orthogonality of the columns in
with the columns in
, we have that
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I XT
u
≥
,
X −I
v
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i=1

ui D2 fi (v) <



Df (v)T
β
−I

2

37

= kβk2 + kDf (v)T βk2 < τ 2 .
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P
for all ζ 6= 0 when (v, β) ∈ Ω. This reduces to (I + βi D2 fi (v) +P
Df (v)T Df (v))ζ 6= 0, and
2
so a necessary condition for embedding is then that the norm of D−d
i=1 βi D fi (v) does not
exceed 1 + kDf (v)k2 whenever

which is at least a
map. Thus, a necessary condition for the τ -radius normal bundle to
embed is that the Jacobian exhibited above is invertible, which in turn implies that



P
2
T
ζ
I + D−d
i=1 βi D fi (v) Df (v)
6= 0
Df (v)ζ
Df (v)
−I

C1

kvk

[uTv D2 fi (tuv )x]dt =

0

kvk

[uTv D2 fi (tuv )x]dt,

u∈S D−d−1

sup

u∈S D−d−1

sup

kuv k

i=1

ε
τ

1 + sup kDf (tuv )k

!3

ui D2 fi (tuv ) kxk

t∈[0,ε]

D−d
X

.

and hence

t∈[0,ε0 ]

38

1+

!3

v∈Bd (0,ε)

sup

1 + sup kDf (tuv )k

ε
sup kDf (v)k ≤
τ
v∈Bd (0,ε)

ε0
sup kDf (tuv )k ≤ sup
0
0
ε ∈[0,ε]
ε ∈[0,ε] τ

!3

.

ε0 ∈[0,ε]

,
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1 + sup kDf (tuv )k

kDf (v)k

ε
≤
τ

(29)

!3

ui (uTv D2 fi (tuv )x)

Since this inequality also holds for any v 0 with kvk ≤ ε0 , taking a supremum yields

kDf (v)k <

!

ui D2 fi (tuv ) ,

i=1
D−d
X

2

sup

[uTv D2 fi (tuv )x]

u∈S D−d−1 i=1

ui D fi (tuv ) x
i=1
D−d
X

D−d
X

which together with (29) and (28) yields the bound

u∈S D−d−1

sup

u∈S D−d−1

uTv

hu, [uTv D2 fi (tuv )x]i =

[uTv D2 fi (tuv )x] .

t∈[0,kvk]

[uTv D2 fi (tuv )x] dt ≤ kvk sup

sup

= kxk

=

[uTv D2 fi (tuv )x] =

It is clear that the inverse of the above map is given by

Now,

kvk

t∈[0,ε]

0

Z

≤ ε sup

kDf (v)xk ≤

≤

x 7−→ (Proj y+Ty M (Proj M (x)), Proj Ty⊥ M (x − Proj M (x))),

0

Z

(28)

where uv = v/kvk and [uTv D2 fi (tuv )x] indicates a vector with ith component uTv D2 fi (tuv )x.
Consequently, for any x ∈ Rd , we have that

Df (v)x = Df (0)x +

Z

(1 + kDf (v)k2 )3/2
1
< (1 + kDf (v)k)3 .
τ
τ

By the fundamental theorem of calculus, we have that

u∈S D−d−1

D−d
X

and the Jacobian of this map is


P
2
T
I + D−d
i=1 βi D fi (v) Df (v)
.
Df (v)
−I

Ω = {(v, β) ∈ Rd × RD−d : v ∈ Ty M ∩ B(0, ε), kβk2 + kDf (v)T βk2 < τ 2 }

where we have assumed (without loss of generality) that y = 0 and Ty M coincides with the
span of the first d canonical orthonormal basis members. The domain of this map is the set

Proof [Proof of Proposition 17] For ε < τ /8, we may define the embedding

 

 
Df (v)T
v
v
+
β
7−→
−I
f (v)
β

It then follows from r < τ /8 that Proj Ty M (b − a) 6= 0, and hence Proj y+Ty M (a) 6=
Proj y+Ty M (b) and injectivity holds.

≥ kvk cos(φ) − kwk
r
r
r
r
ka − bk2
≥ ka − bk 1 − 4
1−2 −2
τ
τ
τ
r
r

r
r
r
≥ kb − ak
1−4
1−4 −4
τ
τ
τ

r
≥ kb − ak 1 − 8
.
τ

sup

p
In particular, this must be true if kβk < τ / 1 + kDf (v)k2 . This reduces to the condition
that the operator norm

By part iii. of Proposition 11, there is a u ∈ Ty M such that hu, vi ≥ kvk cos(φ) where φ is
the angle between Ty M and Ta M. Then

|hu, b − ai| ≥ |hu, vi| − |hu, wi|
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3
ε0
1 + a(ε0 ) ,
τ

Setting a(ε0 ) = supv∈Bd (0,ε0 ) kDf (v)k, we have that a(0) = 0,
a(ε0 ) ≤

ε0
.
τ

for all ε0 ≥ 0, and a is continuous by continuity of kDf (v)k. Setting b(ε0 ) = a(ε0 )/(1+a(ε0 )),
we get
b(ε0 )(1 − b(ε0 ))2 ≤

2ω(1 − 2ω)2 > ω.

2(1 − 2ω)2 = 2 − 8ω + 8ω 2 > 2 − 1 = 1,

Examining the polynomial x(1 − x)2 , we see that the sublevel set x(1 − x)2 ≤ ω consists of
two components when ω < 4/27. Also note that if ω < 1/8, then

and hence

0

2 ετ
0

1−2 ετ

, and thus
kDf (v)k ≤

2ε
.
τ − 2ε

Consequently, if x is such that x(1 − x)2 ≤ ω and is in the interval containing zero in the
sublevel set x(1 − x)2 ≤ ω < 1/8, then x ≤ 2ω.
By these observations, continuity of b(ε0 ), and the fact that b(0) = 0, we have that
a(ε0 ) ≤
sup
v∈Bd (0,ε)

sup

D−d−1
X
τ2
.
ui D2 fi (v) ≤
(τ − 2ε)3
i=1

From the bound in (28) we now acquire the bound
sup
v∈Bd (0,ε) u∈S D−d−1

βi D

2

στ 2
≤
.
(τ − 2ε)3
P

fi (v)

Proof [Proof of Lemma 18] We first prove part i. Let ε > 0 satisfy ε < τ /8. Because of
(23) and the fact that kβk ≤ σ, we have that
D−d
X
i=1

βi D2 fi (v), Proposition 10 implies that
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I
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Vol
Df (v)
−I
Df (v)
−I
(τ − 2ε)3

Since this is also a bound for the columns of
Vol

in T ⊥ (M ∩ B(y, ε)) ∩ Mσ .
On the other hand, we have that
39



I+

Vol
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i=1

(D−d)/2

 D−d

Y
p
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≤
1 + k∇fi (v)k2 ≤ 1 +
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βi D2 fi (v) Df (v)T
Df (v)
−I

PD−d
i=1



≤


1+


1+

στ 2
(τ − 2ε)3

στ 2
(τ − 2ε)3

d

Vol

d 

4ε2
(τ − 2ε)2



I
Df (v)T
Df (v)
−I
(D−d)/2
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I
.
Df (v)

2ε
since (22) implies the bounds k ∂f∂v(v)
k ≤ τ −2ε
for each i = 1, . . . , d, and the above is the
i
largest this quantity may be subject to these bounds.
When these estimates are joined together, we have an inequality

Vol

≤

For an arbitrarily small ε > 0, let {Uγ }γ∈Γ denote a finite partition of U into measurable
sets such that there for each γ ∈ Γ, there is a yγ satisfying Uγ ⊂ M ∩ B(yγ , ε). Let fγ
denote the inverse of Pγ = Proj yγ +Tyγ M in Uγ , and set

Eγ,v = {β ∈ RD−d : kβk2 + kDfγ (v)βk2 ≤ σ 2 }
for all v ∈ Pγ (Uγ ). Thus,
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Vol M (U )Vol(BD−d (0, σ)).
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since Eγ,v ⊂ BD−d (0, σ). Consequently, we have that
Vol(P −1 (U )) =

≤
=

Since ε > 0 was arbitrary, we obtain


σ d
Vol M (U )Vol(BD−d (0, σ)).
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40
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41

= argmin EkZ − EZ − Proj V (Z − EZ)k2 .

dim(V )=D−d

= argmin
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λi (Σ) = argmin
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Proof [Proof of Lemma 20] By the variational characterization of eigenvalues, we have that

≤



P (M∩B(y,r+σ))

since k Proj M (x) − yk ≤ kx − yk + k Proj M (x) − xk ≤ r + σ. Part ii. now follows from
part i. and the fact that


Z
I
dv
Vol M (M ∩ B(y, r + σ)) ≤
Vol
Df (v)

Vol(Mσ ∩ B(y, r)) ≤ Vol(P −1 (M ∩ B(y, r + σ)))


In the inequalities above, we have used the fact that there is a ball of radius 1 − τε σ inside
of Eγ,v for each γ and each v. Aggregating all of the sums and letting ε → 0 yields the
lower bound in part i.
We now prove part ii. Note that


= 1−

This completes the proof of upper bound in part i. Using a similar partition strategy, we
have that
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i=d+1

D
P

λi (Σ) ≤ EkZ − EZ − Proj Ty M (Z − EZ)k2 . Observe that

42
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for x ∈ M ∩ B(y, r1 − σ), and hence the image of g is contained in Mσ ∩ B(y, r1 ). Since
the absolute value of the determinant of the Jacobian of g is always 1 (it is lower triangular

is well-defined and injective on Proj Ty M (M∩B(y, r1 −σ))×(Ty⊥ M∩B(0, σ)). Let g denote
this map, note that
kx + βk ≤ kxk + kβk ≤ (r − σ) + σ = r,

using the inclusion assumptions, and by adding and subtracting the constant vector y.
We now seek to reduce the domain of integration and perform a change of variables.
Since r1 ≤ τ /8, the inverse of the affine projection onto y + Ty M is injective. Without loss
of generality, we assume y = 0 and Ty M is the span of the first d standard orthonormal
vectors. Letting f denote the inverse of the affine projection onto y + Ty M, we see that the
map
 


v
v
7−→
β
f (v) + β

Ehu, Z − EZi2 =

(31)

2r2
,
τ
(30)

Z
1
hu, Z − EZi2 dVol(Z)
Vol(Q ∩ Mσ ) Q∩Mσ
Z
1
≥
hu, (Z − y) − E(Z − y)i2 dVol(Z)
Vol(B(y, r2 ) ∩ Mσ ) B(y,r1 )∩Mσ

8r4
.
τ2

Proof [Proof of Lemma 21] For any unit vector u ∈ Ty M we have

This establishes the required estimate.

EkZ − EZ − Proj Ty M (Z − EZ)k2 ≤ 2σ 2 +

by Lemma 15, and we obtain the bound

kz − y − Proj Ty M (z − y)k = kβ + η − Proj Ty M βk ≤ kβ − Proj Ty M (β)k + kηk ≤ σ +

Now for any z ∈ Mσ ∩ B(y, r), we have that z = β + x where x ∈ M, and β ∈ Tx⊥ M
satisfies kβk ≤ σ. Moreover, there is a unique decomposition x = η + v + y where η ∈ Ty⊥ M
and v ∈ Ty M. Thus,

≤ EkZ − y − Proj Ty M (Z − y)k2 .

− k(y − EZ) − Proj Ty M (y − EZ)k2

=EkZ − y − Proj Ty M (Z − y)k2

EkZ − EZ − Proj Ty M (Z − EZ)k2 =EkZ − y + (y − EZ) − Proj Ty M ((Z − y) + (y − EZ))k2

Thus, we have that
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A

B


2
Z Z   
u
v
,
− E(Z − y) dβdv,
0
f (v) + β

with ones on the diagonal), employing the change of coordinates in the reduced domain of
integration yields
1
Vol(B(y, r2 ) ∩ Mσ )

A = Proj Ty M (B(y, r1 − σ) ∩ M), B = Ty⊥ M ∩ B(0, σ).

Ehu, Z − EZi2 ≥
where

Vol(BD−d (0, σ))
Vol(B(y, r2 ) ∩ Mσ )

Bd (0,q)

Z

Bd (0,q)

Z

Bd (0,q)

r1 − σ
r2 + σ




r1 −σ 2
2τ

d/2


hu, vi2 + hu, EQ(Z − y)i2 dv

hu, vi2 dv

d




1−


1+

2(r2 +σ)

τ −2(r2 +σ)


2 

(r1 − σ)2
.
d

(32)

Note that B(y, cos(θ)(r1 − σ)) ∩ (y + Ty M) ⊂ A. Setting Q = Proj Ty M , this immediately
reduces to
Z Z
1
Ehu, Z − EZi2 ≥
hu, v − EQ(Z − y)i2 dβdv
Vol(B(y, r2 ) ∩ Mσ )
ZA B
Vol(BD−d (0, σ))
=
hu, v − EQ(Z − y)i2 dv
Vol(B(y, r ) ∩ M )
2
σ
ZA
Vol(BD−d (0, σ))
≥
hu, v − EQ(Z − y)i2 dv,
Vol(B(y, r2 ) ∩ Mσ ) Bd (0,q)
R
where q = cos(δ)(r1 − σ) and δ = arcsin((r1 − σ)/2τ ). Noting that Bd (0,q) hu, vidv = 0 by
symmetry, we now use linearity of the inner product to further reduce the integrand:
Z

hu, vi2 − 2hu, vihu, EQ(Z − y)i + hu, EQ(Z − y)i2 dv
Ehu, Z − EZi2 ≥

Vol(BD−d (0, σ))
=
Vol(B(y, r2 ) ∩ Mσ )



Vol(BD−d (0, σ))Vol(Bd (0, q)) q 2
.
Vol(B(y, r2 ) ∩ Mσ )
d

Vol(BD−d (0, σ))
≥
Vol(B(y, r2 ) ∩ Mσ )
=

1
4 1+


σ d
τ

By Lemma 18, we then obtain


s

2 −d


σ
2(r
Vol(Bd (0, q)) q 2
2 + σ)

Ehu, Z − EZi2 ≥  1 +
1+
τ
τ − 2(r2 + σ)
Vol(Bd (0, r2 + σ)) d
≥

D

u
kuk , Z

− EZ

E2

⊥ ) = D − d + 1 and
. Since dim(Vd−1

EkZ − EZ − Proj V (Z − EZ)k,

Let Vd−1 (Σ) be a subspace corresponding to the first d − 1 principal components of Z:
dim(V )=d−1

Vd−1 = argmin

d−1

and note that λd (Σ) = max06=u∈V ⊥ E
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⊥ ∩T M =
⊥ ∩ T M such that
dim(Ty M) = d, it is easy to see that Vd−1
6 ∅. For any u∗ ∈ Vd−1
y
y
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ku∗ k
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= 1 it follows from Courant-Fischer characterization of λd (Σ) that

λd (Σ) ≥ E hu∗ , Z − EZi2 ,

and (32) implies the desired bound.

Proof [Proof of Lemma 22] Let Q ⊂ RD be such that B(y, r1 ) ⊂ Q and Mσ ∩ Q ⊂ B(y, r2 )
for some y ∈ M and σ < r1 < r2 < τ /8 − σ. Assume that Z is drawn from UMσ ∩Q , let Σ
be the covariance matrix of Z and Vd := Vd (Σ) - the subspace corresponding to the first d
principal components of Z.
√
Let α ∈ [0, 1] be such that cos(φ) := minu∈Vd ,kuk=1 maxv∈Ty M,kvk=1 |hu, vi| = 1 − α2 is
the cosine of the angle between Ty M and Vd . Then there exists a unit vector u∗ ∈ (Vd )⊥
such that
max
| hu∗ , vi | ≥ α.

v∈Ty M,kvk=1

max

|hu, vi| =

min

max

v∈Ty M,kvk=1 u∈Vd ,kuk=1

|hu, vi| .

√
Indeed, let u0 ∈ Vd , v 0 ∈ Ty M be unit vectors such that cos(φ) = hu0 , v 0 i, Note that 1 − α2
is equal to the smallest absolute value among the nonzero singular values of the operator
Proj Ty M Proj Vd . Since the spectra of the operators Proj Ty M Proj Vd and Proj Vd Proj Ty M
coincide by well-known facts from linear algebra, we have that
min

u∈Vd ,kuk=1 v∈Ty M,kvk=1

ζ=

1
.
Vol(Q ∩ Mσ )

hu∗ , x − EZi2 dVol(x) ≥ ζ

Q∩Mσ

D

||

Q∩Mσ

Z

E2

||

hu∗ , x − EZi2 dVol(x)

In other words, Proj Ty M (u0 ) = hu0 , v 0 i v 0 and Proj Vd (v 0 ) = hu0 , v 0 i u0 . This implies that
there exists a unit vector u∗ ∈ (Vd )⊥ such that v 0 = hv 0 , u0 i u0 + hv 0 , u∗ i u∗ , hence hu∗ , v 0 i2 =
1 − hv 0 , u0 i2 = α2 , so u∗ satisfies the requirement.
To simplify the expressions, let

Q∩Mσ

Z

hu∗ , x − EZ − Proj Vd (x − EZ)i2 dVol(x) = ζ

We shall now construct upper and lower bounds for
Z
ζ

Q∩Mσ

ζ









2 

d/2

dVol(x).


r1 −σ 2
2τ

2(r2 +σ)
τ −2(r2 +σ)

1−


1+

u∗⊥ , x − EZ

E2
1 D ||
u∗ , x − EZ dVol(x)
2

d

Q∩Mσ

r1 − σ
r2 + σ

−ζ

E2
1 D ||
α2
u∗ , x − EZ dVol(x) ≥
d
2
8 1 + στ
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(r1 − σ)2
.
d

which together yield an estimate for α. Write u∗ = u∗ + u∗⊥ , where u∗ ∈ Ty M and
||
u∗⊥ ∈ Ty⊥ M. By our choice of u∗ , we clearly have that ku∗ k = maxv∈Ty M,kvk=1 hu∗ , vi ≥ α.
2
Using the elementary inequality (a + b)2 ≥ a2 − b2 , we further deduce that
Z
Z
(33)

Z

Q∩Mσ

It follows from the proof of Lemma 21 that
ζ
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Q∩Mσ

Z

hu∗ , x − EZi2 dVol(x) ≥

τ



r1 − σ
r2 + σ

8r24
.
τ2


σ d

− 2σ 2 −

8 1+

α2

2

8r4
≤ 2σ + 22 ,
τ

Q∩Mσ

d






σ d
τ



r1 − σ
r2 + σ

d






d/2

y M)⊥

Proj (T

(y−EZ)

(r1 − σ)2
16r4
≤ 4σ 2 + 2 2 ,
d
τ

(36)

(35)

(34)

(r1 − σ)2
d

Next,

≤σ+

2r22
.
τ
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Z
1
k Proj (Ty M)⊥ (y − EZ)k =
Proj Ty⊥ M (y − z)dVol(z)
Vol(Q ∩ Mσ ) Q∩Mσ
Z
1
≤
Proj Ty⊥ M (z − y) dVol(z)
Vol(Q ∩ Mσ ) Q∩Mσ

2r2
kx − y − Proj Ty M (x − y)k = Proj Ty⊥ M (x − y) ≤ σ + 2 .
τ

It follows from (30) that

+ (Proj Ty M − Proj Vd )(x − EZ).

x − EZ − Proj Vd (x − EZ) = x − y − Proj Ty M (x − y) + y − EZ − Proj Ty M (y − EZ)
|
{z
}


r1 −σ 2
2τ

1−


2 
2(r2 +σ)
1 + τ −2(r
2 +σ)

and the upper bound for α follows.
Notice that for any x ∈ Q ∩ Mσ ,

8 1+

α2

Combined with (34), this gives

d/2

1 − 2τ


2 
2(r2 +σ)
1 + τ −2(r2 +σ)


r1 −σ 2

On the other hand, invoking (31) once again, we have
Z
8r4
ζ
hu∗ , x − EZi2 dVol(x) ≤ 2σ 2 + 22 .
τ
Q∩Mσ

ζ

hence (33) yields

Q∩Mσ

For the last term in (33), Lemma 20 (see equation (31)) gives
Z
Z
D
E2
kx − EZ − Proj Ty M (x − EZ)k2 dVol(x)
dVol(x) ≤ ζ
ζ
u⊥
∗ , x − EZ
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+ k Proj Ty⊥ M (x − y)k + k Proj Ty⊥ M (EZ − y)k.

u∈Ty M,kuk=1 v∈Vd ,kvk=1
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Clustering is a widely studied problem in machine learning, and is key to many applications
across different fields of science. The goal is to partition a given data set into a set of nonoverlapping clusters in some natural way, thus hopefully revealing an underlying structure
in the data. In particular, this problem for time series data is motivated by many research
problems from a variety of disciplines, such as marketing and finance, biological and medical
research, video/audio analysis, etc., with the common feature that the data are abundant
while little is known about the nature of the processes that generate them.

1. Introduction

The problem of clustering is considered for the case where every point is a time series.
The time series are either given in one batch (offline setting), or they are allowed to grow
with time and new time series can be added along the way (online setting). We propose
a natural notion of consistency for this problem, and show that there are simple, computationally efficient algorithms that are asymptotically consistent under extremely weak
assumptions on the distributions that generate the data. The notion of consistency is as
follows. A clustering algorithm is called consistent if it places two time series into the same
cluster if and only if the distribution that generates them is the same. In the considered
framework the time series are allowed to be highly dependent, and the dependence can
have arbitrary form. If the number of clusters is known, the only assumption we make
is that the (marginal) distribution of each time series is stationary ergodic. No parametric, memory or mixing assumptions are made. When the number of clusters is unknown,
stronger assumptions are provably necessary, but it is still possible to devise nonparametric
algorithms that are consistent under very general conditions. The theoretical findings of
this work are illustrated with experiments on both synthetic and real data.
Keywords: clustering, time series, ergodicity, unsupervised learning
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The intuitively appealing problem of clustering is notoriously difficult to formalise. An
intrinsic part of the problem is a similarity measure: the points in each cluster are supposed
to be close to each other in some sense. While it is clear that the problem of finding the
appropriate similarity measure is inseparable from the problem of achieving the clustering
objectives, in the available formulations of the problem it is usually assumed that the
similarity measure is given: it is either some fixed metric, or just a matrix of similarities
between the points. Even with this simplification, it is still unclear how to define good
clustering. Thus, Kleinberg (2002) presents a set of fairly natural properties that a good
clustering function should have, and further demonstrate that there is no clustering function
that satisfies these properties. A common approach is therefore to fix not only the similarity
measure, but also some specific objective function — typically, along with the number of
clusters — and to construct algorithms that maximise this objective. However, even this
approach has some fundamental difficulties, albeit of a different, this time computational,
nature: already in the case where the number of clusters is known, and the distance between
the points is set to be the Euclidean distance, optimising some fairly natural objectives (such
as k-means) turns out to be NP hard (Mahajan et al., 2009).
In this paper we consider a subset of the clustering problem, namely, clustering time
series. That is, we consider the case where each data point is a sample drawn from some
(unknown) time-series distribution. At first glance this does not appear to be a simplification (indeed, any data point can be considered as a time series of length 1). However, note
that time series present a different dimension of asymptotic: with respect to their length,
rather than with respect to the total number of points to be clustered. “Learning” along
this dimension turns out to be easy to define, and allows for the construction of consistent
algorithms under most general assumptions. Specifically, the assumption that each time
series is generated by a stationary ergodic distribution is already sufficient to estimate any
finite-dimensional characteristic of the distribution with arbitrary precision, provided the
series is long enough. Thus, in contrast to the general clustering setup, in the time-series
case it is possible to “learn” the distribution that generates each given data point. No
assumptions on the dependence between time series are necessary for this. The assumption
that a given time series is stationary ergodic is one of the most general assumptions used
in statistics; in particular, it allows for arbitrary long-range serial dependence, and subsumes most of the nonparametric as well as modelling assumptions used in the literature
on clustering time series, such as i.i.d., (hidden) Markov, or mixing time series.
This allows us to define the following clustering objective: group a pair of time series
into the same cluster if and only if the distribution that generates them is the same.
Note that this intuitive objective is impossible to achieve outside the time-series framework. Even in the simplest case where the underlying distributions are Gaussian and the
number of clusters is known, there is always a nontrivial likelihood for each point to be generated by any of the distributions. Thus, the best one can do is to estimate the parameters
of the distributions, rather than to actually cluster the data points. The situation becomes
hopeless in the nonparametric setting. In contrast, the fully nonparametric case is tractable
for time-series data, both in offline and online scenarios, as explained in the next section.
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1.1 Problem Setup
We consider two variants of the clustering problem in this setting: offline (batch) and online,
defined as follows.
In the offline (batch) setting a finite number N of sequences x1 = (X11 , . . . , Xn11 ),
. . . , xN = (X1N , . . . , XnNN ) is given. Each sequence is generated by one of κ different unknown time-series distributions. The target clustering is the partitioning of x1 , . . . , xN into
κ clusters, putting together those and only those sequences that were generated by the same
time-series distribution. We call a batch clustering algorithm asymptotically consistent if,
with probability 1, it stabilises on the target clustering in the limit as the lengths n1 , . . . , nN
of each of the N samples tend to infinity. The number κ of clusters may be either known
or unknown. Note that the asymptotic is not with respect to the number of sequences, but
with respect to the individual sequence lengths.
In the online setting we have a growing body of sequences of data. The number of sequences as well as the sequences themselves grow with time. The manner of this evolution
can be arbitrary; we only require that the length of each individual sequence tend to infinity. Similarly to the batch setting, the joint distribution generating the data is unknown.
At time step 1 initial segments of some of the first sequences are available to the learner.
At each subsequent time step, new data are revealed, either as an extension of a previously observed sequence, or as a new sequence. Thus, at each time step t a total of N (t)
sequences x1 , . . . , xN (t) are to be clustered, where each sequence xi is of length ni (t) ∈ N
for i = 1..N (t). The total number of observed sequences N (t) as well as the individual
sequence lengths ni (t) grow with time. In the online setting, a clustering algorithm is called
asymptotically consistent, if almost surely for each fixed batch of sequences x1 , . . . , xN ,
the clustering restricted to this sequences coincides with the target clustering from some
time on.
At first glance it may seem that one can use the offline algorithm in the online setting
by simply applying it to the entire data observed at every time step. However, this naive
approach does not result in a consistent algorithm. The main challenge in the online setting
can be identified with what we regard as “bad” sequences: sequences for which sufficient
information has not yet been collected, and thus cannot be distinguished based on the process distributions that generate them. In this setting, using a batch algorithm at every time
step results in not only mis-clustering such “bad” sequences, but also in clustering incorrectly those for which sufficient data are already available. That is, such “bad” sequences
can render the entire batch clustering useless, leading the algorithm to incorrectly cluster
even the “good” sequences. Since new sequences may arrive in an uncontrollable (even
data-dependent, adversarial) fashion, any batch algorithm will fail in this scenario.
1.2 Results
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The first result of this work is a formal definition of the problem of time-series clustering
which is rather intuitive, and at the same time allows for the construction of efficient
algorithms that are provably consistent under the most general assumptions. The second
result is the construction of such algorithms.
More specifically, we propose clustering algorithms that, as we further show, are strongly
asymptotically consistent, provided that the number κ of clusters is known, and the process
3
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distribution generating each sequence is stationary ergodic. No restrictions are placed on
the dependence between the sequences: this dependence may be arbitrary (and can be
thought of as adversarial). This consistency result is established in each of the two settings
(offline and online) introduced above.

As follows from the theoretical impossibility results of Ryabko (2010c) that are discussed
further in Section 1.4, under the only assumption that the distributions generating the
sequences are stationary ergodic, it is impossible to find the correct number of clusters
κ, that is, the total number of different time-series distributions that generate the data.
Moreover, non-asymptotic results (finite-time bounds on the probability of error) are also
provably impossible to obtain in this setting, since this is already the case for the problem
of estimating the probability of any finite-time event (Shields, 1996).

Finding the number κ of clusters, as well as obtaining non-asymptotic performance
guarantees, is possible under additional conditions on the distributions. In particular, we
show that if κ is unknown, it is possible to construct consistent algorithms provided that
the distributions are mixing and bounds on the mixing rates are available.

However, the main focus of this paper remains on the general framework where no
additional assumptions on the unknown process distributions are made (other than that
they are stationary ergodic). As such, the main theoretical and experimental results concern
the case of known κ.

Finally, we show that our methods can be implemented efficiently: they are at most
quadratic in each of their arguments, and are linear (up to log terms) in some formulations.
To test the empirical performance of our algorithms we evaluated them on both synthetic
and real data. To reflect the generality of the suggested framework in the experimental
setup, we had our synthetic data generated by stationary ergodic process distributions
that do not belong to any “simpler” class of distributions, and in particular cannot be
modelled as hidden Markov processes with countable sets of states. In the batch setting,
the error rates of both methods go to zero with sequence length. In the online setting
with new samples arriving at every time step, the error rate of the offline algorithm remains
consistently high, whereas that of the online algorithm converges to zero. This demonstrates
that, unlike the offline algorithm, the online algorithm is robust to “bad” sequences. To
demonstrate the applicability of our work to real-world scenarios, we chose the problem of
clustering motion-capture sequences of human locomotion. This application area has also
been studied in the works (Li and Prakash, 2011) and (Jebara et al., 2007) that (to the
best of our knowledge) constitute the state-of-the-art performance1 on the data sets they
consider, and against which we compare the performance of our methods. We obtained
consistently better performance on the data sets involving motion that can be considered
ergodic (walking, running), and competitive performance on those involving non-ergodic
motions (single jumps).

JMLR 17(3):1-32

1. After this paper had been accepted for publication and entered the production stage, the work (Tschannen and Bolcskei, 2015) appeared, which uses the data set of Li and Prakash (2011) and reports a better
performance on it as compared to both our algorithm and that of Li and Prakash (2011).
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Some probabilistic formulations of the time-series clustering problem can be considered
related to ours. Perhaps the closest is in terms of mixture models (Bach and Jordan,
2004; Biernacki et al., 2000; Kumar et al., 2002; Smyth, 1997; Zhong and Ghosh, 2003):

1.4 Related Work

A crucial point of any clustering method is the similarity measure. Since the objective in
our formulation is to cluster time series based on the distributions that generate them, the
similarity measure must reflect the difference between the underlying distributions. As we
aim to make as few assumptions as possible on the distributions that generate the data, and
since we make no assumptions on the nature of differences between the distributions, the
distance should take into account all possible differences between time-series distributions.
Moreover, it should be possible to construct estimates of this distance that are consistent
for arbitrary stationary ergodic distributions.
It turns out that a suitable distance for this purpose is the so-called distributional distance. The distributional P
distance d(ρ1 , ρ2 ) between a pair of process distributions ρ1 , ρ2
is defined (Gray, 1988) as j∈N wj |ρ1 (Bj ) − ρ2 (Bj )| where, wj are positive summable real
weights, e.g. wj = 1/j(j + 1), and Bj range over a countable field that generates the σalgebra of the underlying probability space. For example, consider finite-alphabet processes
with the binary alphabet X = {0, 1}. In this case Bj , j ∈ N would range over the set
X ∗ = ∪m∈N X m ; that is, over all tuples 0, 1, 00, 01, 10, 11, 000, 001, . . . ; therefore, the distributional distance in this case is the weighted sum of the differences of the probability
values (calculated with respect to ρ1 and ρ2 ) of all possible tuples. In this case, the distributional distance metrises the topology of weak convergence. In this work we consider
real-valued processes so that the sets Bj range over a suitable sequence of intervals, all pairs
of such intervals, triples, and so on (see the formal definitions in Section 2). Although this
distance involves infinite summations, we show that its empirical approximations can be
easily calculated. Asymptotically consistent estimates of this distance can be obtained by
replacing unknown probabilities with the corresponding frequencies (Ryabko and Ryabko,
2010); these estimators have proved useful in various statistical problems concerning ergodic
processes (Ryabko and Ryabko, 2010; Ryabko, 2012; Khaleghi and Ryabko, 2012).
Armed with an estimator of the distributional distance, it is relatively easy to construct
a consistent clustering algorithm for the batch setting. In particular, we show that the
following algorithm is asymptotically consistent. First, a set of κ cluster centres are chosen
by κ farthest point initialisation (using an empirical estimate of the distributional distance).
This means that the first sequence is assigned as the first cluster centre. Iterating over 2..κ,
at every iteration a sequence is sought which has the largest minimum distance from the
already chosen cluster centres. Next, the remaining sequences are assigned to the closest
clusters.
The online algorithm is based on a weighted combination of several clusterings, each
obtained by running the offline procedure on different portions of data. The partitions are
combined with weights that depend on the batch size and on an appropriate performance
measure for each individual partition. The performance measure of each clustering is the
minimum inter-cluster distance.

1.3 Methodology and Algorithms

Consistent Algorithms for Clustering Time Series
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The remainder of the paper is organised as follows. We start by introducing notation and
definitions in Section 2. In Section 3 we define the considered clustering protocol. Our main
theoretical results are given in Section 4, where we present our methods, prove their consistency, and discuss some extensions (Section 4.4). Section 5 is devoted to computational
considerations. In Section 6 we provide some experimental evaluations on both synthetic
and real data. Finally, in Section 7 we provide some concluding remarks and open questions.

1.5 Organization

More generally, the area of nonparametric statistical analysis of stationary ergodic time
series to which the main results of this paper belong, is full of both positive and negative results, some of which are related to the problem of clustering in our formulation.
Among these we can mention change point problems (Carlstein and Lele, 1994; Khaleghi
and Ryabko, 2012, 2014) hypothesis testing (Ryabko, 2012, 2014; Morvai and Weiss, 2005)
and prediction (Ryabko, 1988; Morvai and Weiss, 2012).

Taking a different perspective, the problem of clustering in our formulations generalises
two classical problems in mathematical statistics, namely, homogeneity testing (or the twosample problem) and process classification (or the three-sample problem). In the two-sample
problem, given two sequences x1 = (X11 , . . . , Xn11 ) and x2 = (X12 , . . . , Xn22 ) it is required to
test whether they are generated by the same or by different process distributions. This
corresponds to the special case of clustering only N = 2 data points where the number κ of
clusters is unknown: it can be either 1 or 2. In the three-sample problem, three sequences
x1 , x2 , x3 are given, and it is known that x1 and x2 are generated by different distributions,
while x3 is generated either by the same distribution as x1 or by the same distribution as
x2 . It is required to find which one is the case. This can be seen as clustering N = 3 data
points, with the number of clusters known: κ = 2. The classical approach is, of course, to
consider Gaussian i.i.d. samples, but general nonparametric solutions exist not only for i.i.d.
data (Lehmann, 1986), but also for Markov chains (Gutman, 1989), as well as under certain
conditions on the mixing rates of the processes. Observe that the two-sample problem is
more difficult to solve than the three-sample problem, since the number κ of clusters is
unknown in the former while it is given in the latter. Indeed, as shown by Ryabko (2010c),
in general for stationary ergodic (binary-valued) processes there is no solution for the twosample problem, even in the weakest asymptotic sense. A solution to the three-sample
problem for (real-valued) stationary ergodic processes was given by (Ryabko and Ryabko,
2010); it is based on estimating the distributional distance.

it is assumed that the data are generated by a mixture of κ different distributions that
have a particular known form (such as Gaussian, Hidden Markov models, or graphical
models). Thus, each of the N samples is independently generated according to one of
these κ distributions (with some fixed probability). Since the model of the data is specified
quite well, one can use likelihood-based distances (and then, for example, the k-means
algorithm), or Bayesian inference, to cluster the data. Another typical objective is to
estimate the parameters of the distributions in the mixture (e.g., Gaussians), rather than
actually clustering the data points. Clearly, the main difference between this setting and
ours is in that we do not assume any known model for the data; we do not even require
independence between the samples.
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2. Preliminaries

(1)

Let X be a measurable space (the domain); in this work we let X = R but extensions to
more general spaces are straightforward. For a sequence X1 , . . . , Xn we use the abbreviation
X1..n . Consider the Borel σ-algebra B on X ∞ generated by the cylinders {B × X ∞ : B ∈
B m,l , m, l ∈ N} where, the sets B m,l , m, l ∈ N are obtained via the partitioning of X m into
cubes of dimension m and volume 2−ml (starting at the origin). Let also B m := ∪l∈N B m,l .
We may choose any other means to generate the Borel σ-algebra B on X , but we need
to fix a specific choice for computational reasons. Process distributions are probability
measures on the space (X ∞ , B). Similarly, one can define distributions over the space
((X ∞ )∞ , B2 ) of infinite matrices with the Borel σ-algebra B2 generated by the cylinders
{(X ∞ )k × (B × X ∞ ) × (X ∞ )∞ : B ∈ B m,l , k, m, l ∈ {0} ∪ N}. For x = X1..n ∈ X n and
B ∈ B m let ν(x, B) denote the frequency with which x falls in B, i.e.

i=1

n−m+1
I{n ≥ m} X
ν(x, B) :=
I{Xi..i+m−1 ∈ B}
n−m+1

A process ρ is stationary if for any i, j ∈ 1..n and B ∈ B, we have
ρ(X1..j ∈ B) = ρ(Xi..i+j−1 ∈ B).
A stationary process ρ is called ergodic if for all B ∈ B with probability 1 we have
lim ν(X1..n , B) = ρ(B).

n→∞

By virtue of the ergodic theorem (e.g., Billingsley, 1961), this definition can be shown to be
equivalent to the standard definition of stationary ergodic processes (every shift-invariant
set has measure 0 or 1; see, e.g., Gray, 1988).

∞
X

wm wl

X

|ρ1 (B) − ρ2 (B)|,

Definition 1 (Distributional Distance) The distributional distance between a pair of
process distributions ρ1 , ρ2 is defined as follows (Gray, 1988):
d(ρ1 , ρ2 ) =

m,l=1

B∈B m,l

where we set wj := 1/j(j + 1), but any summable sequence of positive weights may be used.
In words, this involves partitioning the sets X m , m ∈ N into cubes of decreasing volume
(indexed by l) and then taking a sum over the absolute differences in probabilities of all of
the cubes in these partitions. The differences in probabilities are weighted: smaller weights
are given to larger m and finer partitions.

i∈N

Remark 2 The distributional distance is more generally defined as
X
wi |ρ1 (Ai ) − ρ2 (Ai )|
d0 (ρ1 , ρ2 ) :=

JMLR 17(3):1-32

where Ai ranges over a countable field that generates the σ-algebra of the underlying probability space (Gray, 1988). Definition 1 above is more suitable for implementing and testing
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algorithms, while the consistency results of this paper hold for either. Note also that the
choice of sets Bi may result in a different topology on the space of time-series distributions.
The particular choice we made results in the usual topology of weak convergence (Billingsley, 1999).

We use the following empirical estimates of the distributional distance.

ln
mn X
X
m=1 l=1

wm wl

B∈B m,l

X

|ν(x, B) − ρ(B)|,

X

B∈B m,l

|ν(x1 , B) − ν(x2 , B)|,

(3)

(2)

Definition 3 (Empirical estimates of d) Define the empirical estimate of the distributional distance between a sequence x = X1..n ∈ X n , n ∈ N and a process distribution ρ as
ˆ ρ) :=
d(x,

mn X
ln
X
m=1 l=1

wm wl

and that between a pair of sequences xi ∈ X ni ni ∈ N, i = 1, 2 as
ˆ 1 , x2 ) :=
d(x

where mn and ln are any sequences that go to infinity with n, and (wj )j∈N are as in Definition 1.

Remark 4 (constants mn , ln ) The sequences of constants mn , ln (n ∈ N) in the definition
of dˆ are intended to introduce some computational flexibility in the estimate: while already
the choice mn , ln ≡ ∞ is computationally feasible, other choices give better computational
complexity without sacrificing the quality of the estimate; see Section 5. For the asymptotic
consistency results this choice is irrelevant. Thus, in the proofs we tacitly assume mn , ln ≡
∞; extension to the general case is straightforward.

ˆ 1 , x2 ) = d(ρ1 , ρ2 ), ρ − a.s., and
d(x

(5)

(4)

Lemma 5 (dˆ is asymptotically consistent: Ryabko and Ryabko, 2010) For every
pair of sequences x1 ∈ X n1 and x2 ∈ X n2 with joint distribution ρ whose marginals
ρi , i = 1, 2 are stationary ergodic we have
lim

ˆ i , ρj ) = d(ρi , ρj ), i, j ∈ 1, 2, ρ − a.s.
lim d(x

n1 ,n2 →∞

ni →∞

wm wl ≤ ε/3.
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The proof of this lemma can be found in the work (Ryabko and Ryabko, 2010); since it is
important for further development but rather short and simple, we reproduce it here.
Proof The idea of the proof is simple: for each set B ∈ B, the frequency with which the
sample xi , i = 1, 2 falls into B converges to the probability ρi (B), i = 1, 2. When the
sample sizes grow, there will be more and more sets B ∈ B whose frequencies have already
converged to the corresponding probabilities, so that the cumulative weight of those sets
whose frequencies have not converged yet will tend to 0.
Fix ε > 0. We can find an index J such that
∞
X

m,l=J

8

ε
.
6Jwm wl

m,l=1

B∈S m,l

X

J
X

wm wl

B∈S m,l

m,l=1

X

J
X

wm wl

B∈B m,l

m,l=1

wm wl

X

wm wl

B∈B m,l

X


|ν(x1 , B) − ν(x2 , B)| − |ρ1 (B) − ρ2 (B)|

ρ2 (B)ε
ρ1 (B)ε
+
+ 2ε/3 ≤ ε,
6Jwm wl 6Jwm wl


|ν(x1 , B) − ρ1 (B)| + |ν(x2 , B) − ρ2 (B)| + 2ε/3

|ν(x1 , B) − ρ1 (B)| + |ν(x2 , B) − ρ2 (B)|

m,l=1

∞
X

ερi (B)
, i = 1, 2.
6Jwm wl
(6)

9


X11 X21 X31 . . .
2
2


X :=  X1 X2 . . . . . .  ∈ (X ∞ )∞
..
..
..
..
.
.
.
.
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Note that the notion of consistency above is asymptotic with respect to the minimum sample
length n, and not with respect to the number N of samples.

Definition 8 (Consistency: offline setting) A clustering function f is consistent for a
set of sequences S if f (S, κ) = G. Moreover, denoting n := min{n1 , . . . , nN }, f is called
strongly asymptotically consistent in the offline sense if with probability 1 from some n on
it is consistent on the set S: P (∃n0 ∀n > n0 f (S, κ) = G) = 1. It is weakly asymptotically
consistent if limn→∞ P (f (S, κ) = G) = 1.

The problem is formulated as follows. We are given a finite set S := {x1 , . . . , xN } of N
samples, for some fixed N ∈ N. Each sample is generated by one of κ unknown stationary
ergodic process distributions ρ1 , . . . , ρκ . More specifically, the set S is obtained from X as
follows. Some (arbitrary) lengths ni ∈ N, i ∈ 1..N are fixed, and xi for each i = 1..N is
i
defined as xi := X1..n
.
i
A clustering function f takes a finite set S := {x1 , . . . , xN } of samples and an optional
parameter κ (the number of target clusters) to produce a partition f (S, κ) := {C1 , . . . , Cκ }
of the index set {1..N }. The goal is to partition {1..N } so as to recover the ground-truth
clustering G|N . For consistency of notation, in the offline setting we identify G with G|N .
We call a clustering algorithm asymptotically consistent if it achieves this goal for long
enough sequences xi , i = 1..N in S:

3.1 Offline Setting

be a partitioning of N into κ disjoint subsets Gk , k = 1..κ, such that the marginal distribution of xi , i ∈ N is ρk for some k ∈ 1..κ if and only if i ∈ Gk . We call G the ground-truth
clustering. We also introduce the notation G|N for the restriction of G to the first N sequences:
G|N := {Gk ∩ {1..N } : k = 1..κ}.

G = {G1 , . . . , Gκ }

Definition 7 (Ground-truth G) Let

generated by some probability distribution P on ((X ∞ )∞ , B2 ). Assume that the marginal
distribution of P on each row of X is one of κ unknown stationary ergodic process distributions ρ1 , ρ2 , . . . , ρκ . Thus, the matrix X corresponds to infinitely many one-way infinite
sequences, each of which is generated by a stationary ergodic distribution. Aside from this
assumption, we do not make any further assumptions on the distribution P that generates X. This means that the rows of X (corresponding to different time-series samples) are
allowed to be dependent, and the dependence can be arbitrary; one can even think of the
dependence between samples as adversarial. For notational convenience we assume that the
distributions ρk , k = 1..κ are ordered based on the order of appearance of their first rows
(samples) in X.
Among the various ways the rows of X may be partitioned into κ disjoint subsets, the
most natural partitioning in this formulation is to group together those and only those rows
for which the marginal distribution is the same. More precisely, we define the ground-truth
partitioning of X as follows.

Khaleghi, Ryabko, Mary and Preux

(7)

We start with a common general probabilistic setup for both settings (offline and online),
which we use to formulate each of the two settings separately.
Consider the matrix X ∈ (X ∞ )∞ of random variables

3. Clustering Settings: Offline and Online

d(ρ1 , ρ2 ) ≤ d(ρ1 , ρ3 ) + d(ρ2 , ρ3 ),
ˆ 1 , x2 ) ≤ d(x
ˆ 1 , x3 ) + d(x
ˆ 2 , x3 ),
d(x
ˆ 1 , ρ1 ) ≤ d(x
ˆ 1 , ρ2 ) + d(ρ1 , ρ2 ).
d(x

Remark 6 The triangle inequality holds for the distributional distance d(·, ·) and its emˆ ·) so that for all distributions ρi , i = 1..3 and all sequences xi ∈
pirical estimates d(·,
X ni ni ∈ N, i = 1..3 we have

which proves (4). The statement (5) can be proven analogously.

≤

≤

≤

∞
X

ˆ 1 , x2 ) − d(ρ1 , ρ2 )| =
|d(x

For all ni ≥ N, i = 1, 2 we have

B∈S m,l

sup |ν(xi , B) − ρi (B)| ≤

There exists some N (which depends on the realization X1i , . . . , Xni i , i = 1, 2) such that for
all ni ≥ N, i = 1, 2 we have,

ρi (S m,l ) ≥ 1 −

Moreover, for each m, l ∈ 1..J we can find a finite subset S m,l of B m,l such that
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Remark 10 Note that even if the eventual number κ of different time-series distributions
producing the sequences (that is, the number of clusters in the ground-truth clustering G)
is known, the number of observed distributions at each individual time step is unknown.
That is, it is possible that at a given time t we have G|N (t) < κ.
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x1(t+1)

n1(t)

S(t+1)

n1(t+1)
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Given that we have asymptotically consistent estimates dˆ of the distributional distance
d, it is relatively simple to construct asymptotically consistent clustering algorithms for
ˆ ·) converges to d(·, ·), for
the offline setting. This follows from the fact that, since d(·,
large enough sequence lengths n the points x1 , . . . , xN have the so-called strict separation
property: the points within each target cluster are closer to each other than to points in any
other cluster (on strict separation in clustering see, for example, Balcan et al., 2008). This
makes many simple algorithms, such as single or average linkage, or the k-means algorithm
with certain initialisations, provably consistent.
We present below one specific algorithm that we show to be asymptotically consistent
in the general framework introduced. What makes this simple algorithm interesting is that
it requires only κN distance calculations (that is, much less than is needed to calculate the
distance between each two sequences). In short, Algorithm 1 initialises the clusters using
farthest-point initialisation, and then assigns each remaining point to the nearest cluster.
More precisely, the sample x1 is assigned as the first cluster centre. Then a sample is found
that is farthest away from x1 in the empirical distributional distance dˆ and is assigned as

4.1 Offline Setting

In this section we present our clustering methods for both the offline and the online settings.
The main results, presented in Sections 4.1 (offline) and 4.2 (online), concern the case where
the number of clusters κ is known. In Section 4.3 we show that, given the mixing rates of
the process distributions that generate the data, it is possible to find the correct number of
clusters κ and thus obtain consistent algorithms for the case of unknown κ as well. Finally,
Section 4.4 considers some extensions of the proposed settings.

4. Clustering Algorithms and their Consistency

Known and unknown κ. As mentioned in the introduction, in the general framework described above, consistent clustering (for both the offline and the online problems) with
unknown number of clusters is impossible. This follows from the impossibility result of
Ryabko (2010c) that states that when we have only two (binary-valued) samples generated
(independently) by two stationary ergodic distributions, it is impossible to decide whether
they have been generated by the same or by different distributions, even in the sense of
weak asymptotic consistency. (This holds even if the distributions come from a smaller
class: the set of all B-processes.) Therefore, if the number of clusters is unknown, we are
bound to make stronger assumptions. Since our main interest in this paper is to develop
consistent clustering algorithms under the general framework described above, for the most
part of this paper we assume that the correct number κ of clusters is known. However, in
Section 4.3 we also show that under certain mixing conditions on the process distributions
that generate the data, it is possible to have consistent algorithms in the case of unknown
κ as well.

When considering the offline setting with a known number of clusters κ we assume that
N is such that {1..N } ∩ Gk 6= ∅ for every k = 1..κ (that is, all κ clusters are represented);
otherwise we could just take a smaller κ.
3.2 Online Setting
The online problem is formulated as follows. Consider the infinite matrix X given by (7).
At every time step t ∈ N, a part S(t) of X is observed corresponding to the first N (t) ∈ N
rows of X, each of length ni (t), i ∈ 1..N (t), i.e.
t
i
t
S(t) = {x1t , · · · xN
(t) } where xi := X1..ni (t) .

S(t)

x1(t)

This setting is depicted in Figure 1. We assume that the number of samples, as well as
the individual sample-lengths grow with time. That is, the length ni (t) of each sequence xi
is nondecreasing and grows to infinity (as a function of time t). The number of sequences
N (t) also grows to infinity. Aside from these assumptions, the functions N (t) and ni (t) are
completely arbitrary.

1
2
1
1
3

f (S(t), κ)|N := {f (S(t), κ) ∩ {1..N }, k = 1..κ}.
11
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Definition 9 (Consistency: online setting) A clustering function is strongly (weakly)
asymptotically consistent in the online sense, if for every N ∈ N the clustering f (S(t), κ)|N
is strongly (weakly) asymptotically consistent in the offline sense, where f (S(t), κ)|N is the
clustering f (S(t), κ) restricted to the first N sequences:

An online clustering function is strongly asymptotically consistent if, with probability
1, for each N ∈ N from some time on the first N sequences are clustered correctly (with
respect to the ground-truth given by Definition 7).

Figure 1: Online Protocol: solid rectangles correspond to sequences available at time t,
dashed rectangles correspond to segments arrived at time t + 1.

Class labels (never visible to the learner)

i=1..N j=1..k−1

Ck ← {ck }
end for
Assign the remaining points to closest centres:
for i = 1..N do
ˆ i , xj )
k ← argminj∈Sκk=1 Ck d(x
Ck ← Ck ∪ {i}
end for
OUTPUT: clusters C1 , C2 , · · · , Cκ

min

k6=k0 ∈1..κ

ˆ k , ρk0 ).
d(ρ

k∈1..κ
i∈Gk ∩{1..N }

sup

13

ˆ i , ρk ) ≤ ε.
d(x
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(8)

Fix ε ∈ (0, δ/4). Since there are a finite number N of samples, by Lemma 5 for all large
enough nmin we have

δ :=

Denote by δ the minimum nonzero distance between the process distributions:

i∈1..N

nmin := min ni .

Proof To prove the consistency statement we use Lemma 5 to show that if the samples
in S are long enough, the samples that are generated by the same process distribution
are closer to each other than to the rest of the samples. Therefore, the samples chosen as
cluster centres are each generated by a different process distribution, and since the algorithm
assigns the rest of the samples to the closest clusters, the statement follows. More formally,
let n denote the shortest sample length in S:

Theorem 11 Algorithm 1 is strongly asymptotically consistent (in the offline sense of Definition 8), provided that the correct number κ of clusters is known, and the marginal distribution of each sequence xi , i = 1..N is stationary ergodic.

14:

13:

12:

11:

10:

9:

8:

7:

Algorithm 1 Offline clustering
1: INPUT: sequences S := {x1 , · · · , xN }, Number κ of clusters
2: Initialize κ-farthest points as cluster-centres:
3: c1 ← 1
4: C1 ← {c1 }
5: for k = 2..κ do
ˆ i , xc ), where ties are broken arbitrarily
6:
ck ← argmax min d(x
j
inf

i∈Gk ∩{1..N }
j∈Gk0 ∩{1..N }
k6=k0 ∈1..κ

≥ δ − 2ε

ˆ i , xj ) ≥
d(x

ˆ i , ρk ) − d(x
ˆ j , ρk0 )
d(ρk , ρk0 ) − d(x
(10)

(9)

14
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The online version of the problem turns out to be more complicated than the offline one. The
challenge is that, since new sequences arrive (potentially) at every time step, we can never
rely on the distance estimates corresponding to all of the observed samples to be correct.
Thus, as mentioned in the introduction, the main challenge can be identified with what we
regard as “bad” sequences: recently-observed sequences, for which sufficient information
has not yet been collected, and for which the estimates of the distance (with respect to any
other sequence) are bound to be misleading. Thus, in particular, farthest-point initialisation
would not work in this case. More generally, using any batch algorithm on all available data
at every time step results in not only mis-clustering “bad” sequences, but also in clustering
incorrectly those for which sufficient data are already available.
The solution, realised in Algorithm 2, is based on a weighted combination of several
clusterings, each obtained by running the offline algorithm (Algorithm 1) on different portions of data. The clusterings are combined with weights that depend on the batch size
and on the minimum inter-cluster distance. This last step of combining multiple clusterings
with weights may be reminiscent of prediction with expert advice (see Cesa-Bianchi and
Lugosi, 2006 for an overview), where experts are combined based on their past performance.

4.2 Online Setting

Hence, the indices c1 , . . . , cκ will be chosen to index sequences generated by different process distributions. To derive the consistency statement, it remains to note that, by (9) and
(10), each remaining sequence will be assigned to the cluster centre corresponding to the
sequence generated by the same distribution.

ˆ i , xc ), k = 2..κ.
where as specified by Algorithm 1, c1 := 1 and ck := argmax min d(x
j
i=1..N j=1..k−1

ˆ i , xc ) ≥ δ − 2ε > δ/2
min d(x
k

i=1..N k=1..κ−1

max

where the first inequality follows from the triangle inequality, and the second inequality
follows from (8) and the definition of δ. In words, (9) and (10) mean that the samples in
S that are generated by the same process distribution are closer to each other than to the
rest of the samples. Finally, for all nmin large enough to have (9) and (10) we obtain

i∈Gk ∩{1..N }
j∈Gk0 ∩{1..N }
k6=k0 ∈1..κ

inf

Thus, for all large enough nmin we have

k∈1..κ
i,j∈Gk ∩{1..N }

ˆ i , xj ) ≤ 2ε.
d(x

where Gk , k = 1..κ denote the ground-truth partitions given by Definition 7. By (8) and
applying the triangle inequality we obtain

the second cluster centre. For each k = 2..κ the k th cluster centre is sought as the sequence
with the largest minimum distance from the already assigned cluster centres for 1..k − 1.
(This initialisation was proposed for use with k-means clustering by Katsavounidis et al.,
1994.) By the last iteration we have κ cluster centres. Next, the remaining samples are
each assigned to the closest cluster.
sup
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ck 0

ck 0

wj ← 1/j(j + 1)
η ← η + wj γ j
end for
Assign points to clusters:
for i = 1..N (t) do
PN (t)
ˆ t , xt j )
k ← argmink0 ∈1..κ η1 j=1 wj γj d(x
i

ck

Algorithm 2 Online Clustering
1: INPUT: Number κ of target clusters
2: for t = 1..∞ do
t
3:
Obtain new sequences S(t) = {x1t , · · · , xN
(t) }
4:
Initialize the normalization factor: η ← 0
5:
Initialize the final clusters: Ck (t) ← ∅, k = 1..κ
6:
Generate N (t) − κ + 1 candidate cluster centres:
7:
for j = κ..N (t) do
8:
{C1j , . . . , Cκj } ← Alg1({x1t , · · · , xjt }, κ)
9:
µk ← min{i ∈ Ckj }, k = 1..κ
. Set the smallest index as cluster centre.
10:
(c1j , . . . , cκj ) ← sort(µ1 , . . . , µκ )
. Sort the cluster centres increasingly.
ˆ t j , xt j )
γj ← mink6=k0 ∈1..κ d(x
. Calculate performance score.
11:

12:
13:
14:
15:
16:
17:

k

δ :=

min

k6=k0 ∈1..κ

16

ˆ k , ρk0 ).
d(ρ

(11)

(12)
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Denote by δ the minimum nonzero distance between the process distributions:

j=1

N (t)
1X
ˆ t j , ρk ) → 0 a.s.
wj γjt d(x
ck
η

As time goes on, the batches in which not all clusters are represented will have their weight
γj converge to 0, while the number of batches that have all clusters represented and are
clustered correctly by the offline algorithm will go to infinity, and their total weight will
approach 1. Note that, since we are combining different clusterings, it is important to
use a consistent ordering of clusters, for otherwise we might sum up clusters generated by
different distributions. Therefore, we always order the clusters with respect to the index of
the first sequence in each cluster.
Proof [of Theorem 12] First, we show that for every k ∈ 1..κ we have

2. wj is used to give precedence to chronologically earlier clusterings, protecting the clustering decisions from the presence of the (potentially “bad”) newly formed sequences,
whose corresponding distance estimates may still be far from accurate.

1. γj is used to penalise for small inter-cluster distance, cancelling the clustering results
produced based on sets of sequences generated by less than κ distributions;

Before giving the proof of Theorem 12, we provide an intuitive explanation as to how
Algorithm 2 works. First, consider the following simple candidate solution. Take some fixed
(reference) portion of the samples, run the batch algorithm on it, and then simply assign
every remaining sequence to the nearest cluster. Since the offline algorithm is asymptotically
consistent, this procedure would be asymptotically consistent as well, but only if we knew
that the selected reference of the sequences contains at least one sequence sampled from
each and every one of the κ distributions. However, there is no way to find a fixed (not
growing with time) portion of data that would be guaranteed to contain a representative
of each cluster (that is, of each time-series distribution). Allowing such a reference set of
sequences to grow with time would guarantee that eventually it contains representatives of
all clusters, but it would break the consistency guarantee for the reference set; since the set
grows, this formulation effectively returns us back to the original online clustering problem.
A key observation we make to circumvent this problem is the following. If, for some
j ∈ {κ, . . . , N (t)}, each sample in the batch {x1t , . . . , xjt } is generated by at most κ − 1
process distributions, any partitioning of this batch into κ sets results in a minimum interˆ converges to 0.
cluster distance γj that, as follows from the asymptotic consistency of d,
On the other hand, if the set of samples {x1t , . . . , xjt } contains sequences generated by all
κ process distributions, γj converges to a nonzero constant, namely, the minimum distance
between the distinct process distributions ρ1 , . . . , ρκ . In the latter case from some time on
the batch {x1t , . . . , xjt } will be clustered correctly. Thus, instead of selecting one reference
batch of sequences and constructing a set of clusters based on those, we consider all batches
of sequences for j = κ..N (t), and combine them with weights. Two sets of weights are
involved in this step: γj and wj , where

18:
Ck (t) ← Ck (t) ∪ {i}
19:
end for
OUTPUT: {C1 (t), · · · , Ck (t)}
end for

20:
21:

N (t)
X
j=κ

ˆ t , xt j ).
wj γj d(x
i
c

However, the difference here is that the performance of each clustering cannot be measured
directly.
More precisely, Algorithm 2 works as follows. Given a set S(t) of N (t) samples, the
algorithm iterates over j := κ, . . . , N (t) where at each iteration Algorithm 1 is used to
cluster the first j sequences {x1t , . . . , xjt } into κ clusters. In each cluster the sequence with
the smallest index is assigned as the candidate cluster centre. A performance score γj is
calculated as the minimum distance dˆ between the κ candidate cluster centres obtained at
iteration j. Thus, γj is an estimate of the minimum inter-cluster distance. At this point
we have N (t) − κ + 1 sets of κ cluster centres c1j , . . . , cκj , j = 1..N (t) − κ + 1. Next, every
sample xit , i = 1..N (t) is assigned to a cluster, according to the weighted combination of
the distances between xit and the candidate cluster centres obtained at each iteration on j.
More precisely, for each i = 1..N (t) the sequence xit is assigned to the cluster κ, where κ is
defined as
k := argmink=1..κ
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Theorem 12 Algorithm 2 is strongly asymptotically consistent (in the online sense of Definition 9), provided the correct number of clusters κ is known, and the marginal distribution
of each sequence xi , i ∈ N is stationary ergodic.
15

(14)

sup

≤ ε.
(15)

k

k

inf

k6=k0 ∈1..κ

d(ρk , ρk0 ) −

≥ δ − 2ε ≥ δ/2,

ˆ t m , xt m ) ≥
d(x
c
c 0
k

k

ˆ t m , ρk ) + d(x
ˆ t m , ρk0 ))
sup (d(x
c
c 0

k6=k0 ∈1..κ

(16)

(17)

j=1

(18)

j=1

17

j=1
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On the other hand, by the definition (14) of m, the sequences in S(t)|j for j = 1..m − 1 are
generated by at most κ − 1 out of the κ process distributions. Therefore, at every iteration
on j ∈ 1..m − 1 there exists at least one pair of distinct cluster centres that are generated by
the same process distribution. Therefore, by (15) and (17), for all t ≥ T and every k ∈ 1..κ
we have,
m−1
m−1
X
1 X
2ε
ˆ t j , ρi ) ≤ 1
.
(19)
wj γjt d(x
wj γjt ≤
c
η
η
wm δ
k

j=1

N (t)
J
X
1X
ˆ t j , ρk ) ≤ 1
ˆ t j , ρk ) + 2ε .
wj γjt d(x
wj γjt d(x
c
ck
η
η
wm δ
k

ˆ ·) ≤ 1 for all t ≥ T , for every k ∈ 1..κ we obtain
By (17) and noting that by definition, d(·,

η ≥ wm δ/2.

where the first inequality follows from the triangle inequality and the second inequality
follows from the consistency of Alg1(S(t)|m , κ) for t ≥ T , the definition of δ given by (12)
and the assumption that ε ∈ (0, δ/4). Recall that (as specified in Algorithm 2) we have
PN (t)
η := j=1 wj γjt . Hence, by (16) for all t ≥ T we have

k6=k0 ∈1..κ

inf

Recall that, by definition (14) of m, S(t)|m contains samples from all κ distributions. Therefore, for all t ≥ T we have

i=1,2
j∈1..J

T := max Ti (j).

Moreover, by Theorem 11 for every j ∈ m..J there exists some T2 (j) such that Alg1(S(t)|j , κ)
is consistent for all t ≥ T2 (j). Let

k∈1..κ
i∈Gk ∩{1..j}

ˆ t , ρk )
d(x
i

Recall that the sequence lengths ni (t) grow with time. Therefore, by Lemma 5 (consistency
ˆ for every j ∈ 1..J there exists some T1 (j) such that for all t ≥ T1 (j) we have
of d)

k∈1..κ

m := max sk .

index the first sequence in S(t) that is generated by ρk where Gk , k = 1..κ are the groundtruth partitions given by Definition 7. Define

(13)

ck

j=m

(21)

(20)

j=1

ˆ t , ρk ) ≤ ε.
d(x
j

j=1

2
≥ δ − 2ε(1 +
),
wm δ

j=1

j=1

N (t)
X
1X
ˆ k , ρr ) − d(x
ˆ t , ρr )) − 1
ˆ t j , ρk )
≥
wj γjt (d(ρ
wj γjt d(x
i
ck
η
η

N (t)

(23)

(22)

j=1

N (t)
1X
ˆ t , xt j ) = r.
wj γjt d(x
i
ck
η

(24)
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So far we have shown that when κ is known in advance, consistent clustering is possible under the only assumption that the samples are generated by unknown stationary ergodic process distributions. However, as follows from the theoretical impossibility results

4.3 Unknown Number κ of Clusters

It remains to note that for any fixed N ∈ N from some t on (24) holds for all i = 1..N , and
the consistency statement follows.

k∈1..κ

argmin

where the first and second inequalities follow from the triangle inequality, and the last
inequality follows from (22), (21) and the definition of δ. Since the choice of ε is arbitrary,
from (22) and (23) we obtain

j=1

N (t)
N (t)
N (t)
X
X
1X
ˆ t , xt j ) ≥ 1
ˆ t , ρk ) − 1
ˆ t j , ρk )
wj γjt d(x
wj γjt d(x
wj γjt d(x
i
i
c
ck
η
η
η
k

For all t ≥ T and all k 6= r ∈ 1..κ we have,

k∈1..κ
j∈Gk ∩1..N

sup

for all k = 1..κ and all t ≥ T , establishing (11).
To finish the proof of the consistency, consider an index i ∈ Gr for some r ∈ 1..κ. By
Lemma 5, increasing T if necessary, for all t ≥ T we have

j=1

N (t)
1X
ˆ t j , ρk ) ≤ ε(1 + 4 ).
wj γjt d(x
ck
η
wm δ

Combining (18), (19), and (20) we obtain

j=m

J
J
X
1X
ˆ t j , ρk ) = 1 d(x
ˆ t , ρk )
wj γjt d(x
wj γjt ≤ ε.
sk
ck
η
η

by (15) for all t ≥ T and every k = 1..κ we have

Noting that the clusters are ordered in the order of appearance of the distributions, we have
xt j = xtsk for all j = m..J and k = 1..κ, where the index sk is defined by (13). Therefore,

P
t
t
Fix ε ∈ (0, δ/4). We can find an index J such that ∞
j=J wj ≤ ε. Let S(t)|j = {x1 , · · · , xj }
denote the subset of S(t) consisting of the first j sequences for j ∈ 1..N (t). For k = 1..κ let

sk := min{i ∈ Gk ∩ 1..N (t)}
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A∈σ(X−∞..k ),B∈σ(Xk+n..∞ ),µ(A)6=0

of Ryabko (2010c) discussed in Section 3, the correct number κ of clusters is not possible to
be estimated with no further assumptions or additional constraints. One way to overcome
this obstacle is to assume known rates of convergence of frequencies to the corresponding
probabilities. Such rates are provided by assumptions on the mixing rates of the process
distributions that generate the data.
Here we will show that under some assumptions on the mixing rates (and still without
making any modelling or independence assumptions), consistent clustering is possible when
the number of clusters is unknown.
The purpose of this section, however, is not to find the weakest assumptions under
which consistent clustering (with κ unknown) is possible, nor is it to provide sharp bounds
under the assumptions considered; our only purpose here is to demonstrate that asymptotic
consistency is achievable in principle when the number of clusters is unknown, under some
mild nonparametric assumptions on the time-series distributions. More refined analysis
could yield sharper bounds under weaker assumptions, such as those in, for example, (Bosq,
1996; Rio, 1999; Doukhan, 1994; Doukhan et al., 2010).
We introduce mixing coefficients, mainly following Rio (1999) in formulations. Informally, mixing coefficients of a stochastic process measure how fast the process forgets about
its past. Any one-way infinite stationary process X1 , X2 , . . . can be extended backwards
to make a two-way infinite process . . . , X−1 , X0 , X1 , . . . with the same distribution. In the
definition below we assume such an extension. Define the ϕ-mixing coefficients of a process
µ as
sup
|µ(B|A) − µ(B)|,
(25)
ϕn (µ) =

where σ(..) stands for the σ-algebra generated by random variables in brackets. These
coefficients are nonincreasing. Define also
θn (µ) := 2 + 8(ϕ1 (µ) + · · · + ϕn (µ)).
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A process µ is called uniformly ϕ-mixing if ϕn (µ) → 0. Many important classes of processes
satisfy mixing conditions. For example, a stationary irreducible aperiodic Hidden Markov
process with finitely many states is uniformly ϕ-mixing with coefficients decreasing exponentially fast. Other probabilistic assumptions can be used to obtain bounds on the mixing
coefficients, see, e.g., (Bradley, 2005) and references therein.
The method that we propose for clustering mixing time series in the offline setting,
namely Algorithm 3, is very simple. Its inputs are: a set S := {x1 , . . . , xN } of samples each
of length ni , i = 1..N , the threshold level δ ∈ (0, 1) and the parameters m, l ∈ N, B m,l,n .
The algorithm assigns to the same cluster all samples which are at most δ-far from each
other, as measured by dˆ with mn = m, ln = l and the summation over B m,l restricted to
B m,l,n . The sets B m,l,n have to be chosen so that in asymptotic they cover the whole space,
∪n∈N B m,l,n = B m,l . For example, B m,l,n may consist of the first bn cubes around the origin,
where bn → ∞ is a parameter sequence. We do not give a pseudocode implementation of
this algorithm, since it is rather clear.
The idea is that the threshold level δ = δn is selected according to the smallest samplelength n := mini=1..N ni and the (known bounds on) mixing rates of the process ρ generating
the samples (see Theorem 13). As we show in Theorem 13, if the distribution of the samples
satisfies ϕn (ρ) ≤ ϕn → 0, where ϕn are known, then one can select (based on ϕn only)
19
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the parameters of Algorithm 3 in such a way that it is weakly asymptotically consistent.
Moreover, a bound on the probability of error before asymptotic is provided.

γn (ε) :=

√
e exp(−nε2 /θn ),

P (T 6= G|N ) ≤ 2N (N + 1)(mn ln bn γn/2 (δn ) + γn/2 (ερ ))

(26)

Theorem 13 (Algorithm 3 is consistent for unknown κ) Fix sequences mn , ln , bn ∈
N, and let, for each m, l ∈ N, B m,l,n ⊂ B m,l be an increasing sequence of finite sets such
that ∪n∈N B m,l,n = B m,l . Set bn := maxl≤ln ,m≤mn |B m,l,n | and n := mini=1..N ni . Let also
δn ∈ (0, 1). Let N ∈ N, and suppose that the samples x1 , . . . , xN are generated in such
a way that the (unknown marginal) distributions ρk , k = 1..κ are stationary ergodic and
satisfy ϕn (ρk ) ≤ ϕn , for all k = 1..κ, n ∈ N. Then there exist constants ερ , δρ and nρ that
depend only on ρk , k = 1..κ, such that for all δn < δρ and n > nρ , Algorithm 3 satisfies

where

T is the partition output by the algorithm and G|N is the ground-truth clustering. In particular, if ϕn = o(1), then, selecting the parameters in such a way that δn = o(1), mn , ln , bn =
o(n), mn , ln → ∞, ∪k∈N B m,l,k = B m,l , bnm,l → ∞, for all m, l ∈ N, γn (const) = o(1), and,
finally, mn ln bn γn (δn ) = o(1), as is always possible, Algorithm 3 is weakly asymptotically
consistent (with the number of clusters κ unknown).

|

i=1

n
X

!

Yi | > nε

≤ γn (ε).

(27)

Proof We use the following bound from (Rio, 1999, Corollary 2.1): for any zero-mean
[−1, 1]-valued random process Y1 , Y2 , . . . with distribution P and every n ∈ N we have
P

For every j = 1..N , every m < n, l ∈ N, and B ∈ B m,l , define the [−1, 1]-valued processes
Yj := Y1j , Y2j , . . . as

j
j
Ytj := I{(Xtj , . . . , Xt+m−1
) ∈ B} − ρk (X1..m
∈ B),

where ρk is the marginal distribution of X j (that is, k is such that j ∈ Gk ). It is easy to
see that ϕ-mixing coefficients for this process satisfy ϕn (Yj ) ≤ ϕn−2m . Thus, from (27) we
have
(28)

j
j
P (|ν(X1..n
, B) − ρk (X1..m
∈ B)| > ε/2) ≤ γn−2mn (ε/2).
j
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(29)

Then for every i, j ∈ Gk ∩ 1..N for some k ∈ 1..κ (that is, xi and xj are in the same
ground-truth cluster) we have

j
i
P (|ν(X1..n
, B) − ν(X1..n
, B)| > ε) ≤ 2γn−2mn (ε/2).
i
j

Using the union bound, summing over m, l, and B, we obtain

ˆ i , xj ) > ε) ≤ 2mn ln bn γn−2m (ε/2).
P (d(x
n
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δρ :=

min

k6=k0 ∈1..κ
i∈Gk ∩1..N
j∈Gk0 ∩1..N

mi,j .

max

nρ := 2

k6=k0 ∈1..κ
i∈Gk ∩1..N
j∈Gk0 ∩1..N

ερ :=

wmi,j wli,j τi,j /2,

min

k6=k0 ∈1..κ
i∈Gk ∩1..N
j∈Gk0 ∩1..N

τi,j /2

(32)

(31)

(30)
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In this section we show that some simple, yet rather general extensions of the main results
of this paper are possible, namely allowing for non-stationarity and for slight differences in
distributions in the same cluster.

4.4 Extensions

Theorem 14 Algorithm 3’ is weakly asymptotically consistent in the online setting when
the number κ of clusters is unknown, provided that the assumptions of Theorem 13 apply to
the first N sequences x1 , . . . , xN for every N ∈ N.

For the online setting, consider the following simple extension of Algorithm 3, that we
call Algorithm 3’. It applies Algorithm 3 to the first Nt sequences, where the parameters
of Algorithm 3 and Nt are chosen in such a way that the bound (26) with N = Nt is o(1)
and Nt → ∞ as time t goes to infinity. It then assigns each of the remaining sequences
(xi , i > Nt ) to the nearest cluster. Note that in this case the bound (26) with N = Nt
bounds the error of Algorithm 3’ on the first Nt sequences, as long as all of the κ clusters
are already represented among the first Nt sequences. Since Nt → ∞, we can formulate the
following result.

ˆ i , xj ) < δn if and only
Algorithm 3 produces correct results if for every pair i, j we have d(x
if i, j ∈ Gk ∩ 1..N for some k ∈ 1..κ. Therefore, taking the bounds (29) and (32) together
for each of the N (N + 1)/2 pairs of samples, we obtain (26).

ˆ i , xj ) < δ) ≤ 2γn/2 (ερ ).
P (d(x

Clearly, from this and (30), for every δ < 2δρ and n > nρ we obtain

Define

ˆ i , xj ) < ε) ≤ 2γn−2m (τi,j ).
P (d(x
i,j

Moreover, for ε < wmi,j wli,j τi,j /2 we have

j
i
P (|ν(X1..n
, Bi,j ) − ν(X1..n
, Bi,j )| < ε) ≤ 2γn−2mi,j (τi,j ).
i
j

Then for every ε < τi,j /2 we have

j
i
∈ Bi,j ) − ρk0 (X1..|B
∈ Bi,j )| > 2τi,j .
|ρk (X1..|B
i,j |
i,j |

Next, let i ∈ Gk ∩ 1..N and j ∈ Gk0 ∩ 1..N for k 6= k 0 ∈ 1..κ (i.e., xi , xj are in two different
target clusters). Then, for some mi,j , li,j ∈ N there is Bi,j ∈ B mi,j ,li,j such that for some
τi,j > 0 we have
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So far we have defined a cluster as a set of sequences generated by the same distribution.
This seems to capture rather well the notion that in the same cluster the objects can be
very different (as is the case for stochastically generated sequences), yet are intrinsically of
the same nature (they have the same law).
However, one may wish to generalise this further, and allow each sequence to be generated by a different distribution, yet requiring that in the same clusters distributions must
be close. Unlike the original formulation, such an extension would require fixing some similarity measure between distributions. The results of the preceding sections suggest using
the distributional distance for this purpose.
Specifically, as discussed in Section 4.1, in our formulation, from some time on, the
sequences possess the so-called strict separation property in the dˆ distance: sequences in
the same target cluster are closer to each other than to those in other clusters. One possible
way to relax the considered setting is to impose the strict separation property on the
distributions that generate the data. Here the separation would be with respect to the
distributional distance d. That is, each sequence xi , i = 1..N , may be generated by its own
distribution ρi , but the distributions {ρi : i = 1..N } can be clustered in such a way that the
resulting clustering has the strict separation property with respect to d. The goal would
then be to recover this clustering based on the given samples. In fact, it can be shown that
the offline Algorithm 1 of Section 4.1 is consistent in this setting as well. How this transfers

4.4.2 Strictly Separated Clusters of Distributions

Here we argue that our results can be strengthened to a more general case where the
process distributions that generate the data are Asymptotically Mean Stationary (AMS)
ergodic. Throughout the paper we have been concerned with stationary ergodic process
distributions. Recall from Section 2 that a process ρ is stationary if for any i, j ∈ 1..n
and B ∈ B m , m ∈ N, we have ρ(X1..j ∈ B) = ρ(Xi..i+j−1 ∈ B). A stationary process
is called ergodic if the limiting frequencies converge to their corresponding probabilities,
so that for all B ∈ B with probability 1 we have limn→∞ ν(X1..n , B) = ρ(B). This latter
convergence of all frequencies is the only property of the process distributions that is used
in the proofs (via Lemma 5) which give rise to our consistency results. We observe that
this property also holds for a more general class of processes, namely those that are AMS
m
ergodic. Specifically,
Pn−j+1a 1process ρ is called AMS if for every j ∈ 1..n and B ∈ B , m N the
series limn→∞ i=1
ρ(X
∈
B)
converges
to
a
limit
ρ̄(B),
which
forms
a measure,
i..i+j−1
n
i.e. ρ̄(X1..j ∈ B) := ρ̄(B), B ∈ B m , m ∈ N, called asymptotic mean of ρ. Moreover, if ρ is
an AMS process, then for every B ∈ B m , m ∈ N, the frequency ν(X1..n , B) converges ρ-a.s.
to a random variable with mean ρ̄(B). Similarly to stationary processes, if the random
variable to which ν(X1..n , B) converges is a.s. constant, then ρ is called AMS ergodic. More
information on AMS processes can be found in the work (Gray, 1988). However, the main
characteristic pertaining to our work is that the class of all processes with AMS properties is
composed precisely of those processes for which the almost sure convergence of frequencies
to the corresponding probabilities holds. It is thus easy to check that all of the asymptotic
results of Sections 4.1, 4.2 carry over to the more general setting where the unknown process
distributions that generate the data are AMS ergodic.

4.4.1 AMS Processes and Gradual Changes
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to the online setting remains open. For the offline case, we can formulate the following
result, whose proof is analogous to that of Theorem 11.
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Theorem 15 Assume that each sequence xi , i = 1..N is generated by a stationary ergodic
distribution ρi . Assume further that the set of distributions {1, . . . , N } admits a partitioning G = {G1 , . . . , Gk } that has the strict separation property with respect to d: for all
i, j = 1..k, i 6= j, for all ρ1 , ρ2 ∈ Gi and all ρ3 ∈ Gj we have d(ρ1 , ρ2 ) < d(ρ1 , ρ3 ). Then
Algorithm 1 is strongly asymptotically consistent, in the sense that almost surely from some
n = min{n1 , . . . , nN } on it outputs the set G.

5. Computational Considerations

m,l

=

wm wlog s−1 T

m,log s−1

+

log
s−1
X
l=1

wm wl T

m,l

s(t) :=

min
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(i)

|Xu(i) − Xv(j) |, t ∈ N.
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Thus, the per symbol complexity of updating D is at most O(N (t) log3 n(t)). However, note
that if s(t) decreases from one time step to the next, updating D will have a complexity

i,j∈1..N (t)
(i)
(j)
u=1..ni (t),v=1..nj (t),Xu 6=Xv

have ni (t) = ni (t − 1). Recall the notation xit := X1 , . . . Xni (t) for i ∈ 1..N (t). In order to
update D we need to update the distance between xjt and xit for all i 6= j ∈ N (t). Thus,
we need to search for all mn new patterns induced by the received symbol X, resulting in
complexity at most O(N (t)mn2 ln ). Let n(t) := max{n1 (t), . . . nN (t) (t)}, t ∈ N. As discussed
previously, we let mn := log n(t); we also define ln := log s(t)−1 where

(i)

The computational complexity of the presented algorithms is dominated by the complexity
of calculations of dˆ between different pairs of sequences. Thus, it is sufficient to bound the
number of pairwise dˆ computations.
It is easy to see that the offline algorithm for the case of known κ (Algorithm 1) requires at most κN distance calculations, while for the case of unknown κ all N 2 distance
calculations are necessary.
The computational complexity of the updates in the online algorithm can be computed
as follows. Assume that the pairwise distance values are stored in a database D, and that
for every sequence xit−1 , i ∈ N we have already constructed a suffix tree, using for example,
the online algorithm of Ukkonen (1995). At time step t, a new symbol X is received. Let
us first calculate the required computations to update D. We have two cases, either X
forms a new sequence, so that N (t) = N (t − 1) + 1, or it is the subsequent element of a
previously received segment, say, xjt for some j ∈ 1..N (t), so that nj (t) = nj (t − 1) + 1.
In either case, let xjt denote the updated sequence. Note that for all i 6= j ∈ 1..N (t) we

5.1 Complexity of the Algorithms.

subsequences of length m results in O(m + z) = O(n) complexity. This brings the overall
computational complexity of (3) to O(nmn log s−1 ); this can potentially be improved using
specialized structures, e.g., (Grossi and Vitter, 2005).
The following consideration can be used to set mn . For a fixed l the frequencies
ν(xi , B), i = 1, 2 of cells in B ∈ B m,l corresponding to values of m much larger than logn
(in the asymptotic sense, that is, if logn = o(m)) are not, in general, consistent estimates
of their probabilities, and thus only add to the estimation error. More specifically, for a
subsequence Xj..j+m with j = 1..n−m of length m the probability ρi (Xj..j+m ∈ B), i = 1, 2
is of order 2−mhi , i = 1, 2 where hi denotes the entropy rate of ρi , i = 1, 2. Moreover, under
some (general) conditions (including hi > 0) one can show that, asymptotically, a string of
length of order log n/hi on average occurs at most once in a string of length n (Kontoyiannis
and Suhov, 1994). Therefore, subsequences of length m larger than log n are typically met
0 or 1 times, and thus are not consistent estimates of probabilities. By the above argument,
one can use mn of order log n. To choose ln < ∞ one can either fix some constant based on
the bound on the precision in real computations, or choose it in such a way that each cell
B m,ln contains no more than log n points for all m = 1.. log n largest values of ln .

B∈B m,l

In this section we show that all of the proposed methods are efficiently computable. This
claim is further illustrated by the experimental results in the next section. Note, however,
that since the results presented are asymptotic, the question of what is the best achievable
computational complexity of an algorithm that still has the same asymptotic performance
guarantees is meaningless: for example, an algorithm could throw away most of the data and
still be asymptotically consistent. This is why we do not attempt to find a resource-optimal
way of computing the methods presented.
First, we show that calculating dˆ is at most quadratic (up to log terms), and quasilinear
if we use mn = log n. Let us begin by showing that calculating dˆ is fully tractable with
mn , ln ≡ ∞. First, observe that for fixed m and l, the sum
X
1
2
|ν(X1..n
, B) − ν(X1..n
, B)|
(33)
1
2
T m,l :=

Xi1 6=Xj2
i=1..n1 ,j=1..n2

has not more than n1 + n2 − 2m + 2 nonzero terms (assuming m ≤ n1 , n2 ; the other case is
obvious). Indeed, there are ni − m + 1 tuples of size m in each sequence xi , i = 1, 2 namely,
i
i
X1..m
, X2..m+1
, . . . , Xni 1 −m+1..n1 . Therefore, T m,l can be obtained by a finite number of
calculations.
Furthermore, let
|Xi1 − Xj2 |,
(34)
s=
min

wm wl T

and observe that T m,l = 0 for all m > n and for each m, for all l > log s−1 the term T m,l
is constant. That is, for each fixed m we have
∞
X
l=1
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so that we simply double the weight of the last nonzero term. (Note also that s is bounded
above by the length of the binary precision in representing the random variables Xji .) Thus,
even with mn , ln ≡ ∞ one can calculate dˆ precisely. Moreover, for a fixed m ∈ 1.. log n and
l ∈ 1.. log s−1 for every sequence xi , i = 1, 2 the frequencies ν(xi , B), B ∈ B m,l may
be calculated using suffix trees or suffix arrays, with O(n) worst case construction and
search complexity (see, e.g., Ukkonen, 1995). Searching all z := n − m + 1 occurrences of
23
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In this experiment we demonstrate that in the batch setting, the clustering errors corresponding to both the online and the offline algorithms converge to 0 as the sequence-lengths
grow. To this end, at every time step t we take an N ×n(t) submatrix X|n(t) of X composed
of the rows of X terminated at length n(t), where n(t) = 5t. Then at each iteration we let

6.1.2 Batch Setting

To generate a sequence x = X1..n we proceed as follows: Fix some parameter α ∈ (0, 1).
Select r0 ∈ [0, 1]; then, for each i = 1..n obtain ri by shifting ri−1 by α to the right, and
removing the integer part, i.e. ri := ri−1 + α − bri−1 + αc. The sequence x = (X1 , X2 , · · · )
is then obtained from ri by thresholding at 0.5, that is Xi := I{ri > 0.5}. If α is irrational
then x forms a stationary ergodic time series. (We simulate α by a longdouble with a long
mantissa.)
For the purpose of our experiments, first we fix κ := 5 difference process distributions
specified by α1 = 0.31..., α2 = 0.33..., α3 = 0.35..., α4 = 0.37..., α5 = 0.39.... The parameters αi are intentionally selected to be close, in order to make the process distributions
harder to distinguish. Next we generate an N × M data matrix X, each row of which is
a sequence generated by one of the process distributions. Our task in both the online and
the batch setting is to cluster the rows of X into κ = 5 clusters.

6.1.1 Time Series Generation

We start with synthetic experiments. In order for the experiments to reflect the generality of
our approach we have selected time-series distributions that, while being stationary ergodic,
cannot be considered as part of any of the usual smaller classes of processes, and are difficult
to approximate by finite-state models. Namely, we consider rotation processes used, for
example, by Shields (1996) as an example of stationary ergodic processes that are not Bprocesses. Such time series cannot be modelled by a hidden Markov model with a finite
or countably infinite set of states. Moreover, while k-order Markov (or hidden Markov)
approximations of this process converge to it in the distributional distance d, they do not
converge to it in the d¯ distance, a stronger distance than d whose empirical approximations
are often used to study general (non-Markovian) processes (e.g., Ornstein and Weiss, 1990).

6.1 Synthetic Data

In this section we present empirical evaluations of Algorithms 1 and 2 on both synthetically
generated and real data.

6. Experimental Results

of order equivalent to its complete construction, resulting in a computational complexity
of order O(N (t)n(t) log2 n(t)). Therefore, we avoid calculating s(t) at every time step;
instead, we update s(t) at prespecified time steps so that for every n(t) symbols received,
D is reconstructed at most log n(t) times. (This can be done, for example, by recalculating
s(t) at time steps where n(t) is a power of 2.) It is easy to see that with the database D of
distance values at hand, the rest of the computations are of order at most O(N (t)2 ). Thus,
the computational complexity of updates in Algorithm 2 is at most O(N (t)2 +N (t) log3 n(t)).
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In this experiment we demonstrate that, unlike the online algorithm, the offline algorithm is
consistently confused by the new sequences arriving at each time step in an online setting.
To simulate an online setting, we proceed as follows: At every time step t, a triangular
window is used to reveal the first 1..ni (t), i = 1..t elements of the first t rows of the data
matrix X, with ni (t) := 5(t − i) + 1, i = 1..t. This gives a total of t sequences, each of
length ni (t), for i = 1..t, where the ith sequence for i = 1..t corresponds to the ith row of X
terminated at length ni (t). At every time step t the online and offline algorithms are each
used in turn to cluster the observed t sequences into five clusters. Note that the performance

6.1.3 Online Setting

Figure 2: Top: error rate vs. sequence length in batch setting. Bottom: error rate vs.
Number of observed samples in online setting. (error rates averaged over 100
runs.)

0

Online
Offline

each of the algorithms, (online and offline) cluster the rows of X|n(t) into five clusters, and
calculate the clustering error rate of each algorithm. As shown in Figure 2 (top) the error
rate of each algorithm decreases with sequence length.

Mean of the Error Rate

0.5
0.4
0.3
0.2
0.1
0.0
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i j

j

ij

of both algorithms is measured on all sequences available at a given time, not on a fixed
batch of sequences. As shown in Figure 2 (bottom), in this setting the clustering error
rate of the offline algorithm remains consistently high, whereas that of the online algorithm
converges to zero.
6.2 Real Data

i ,j

As an application we consider the problem of clustering motion capture sequences, where
groups of sequences with similar dynamics are to be identified. Data is taken from the
Motion Capture database (MOCAP) which consists of time-series data representing human
locomotion. The sequences are composed of marker positions on human body which are
tracked spatially through time for various activities.
We compare our results to those obtained with two other methods, namely those of Li
and Prakash (2011) and Jebara et al. (2007). Note that we have not implemented these
reference methods, rather we have taken the numerical results directly from the corresponding articles. In order to have common grounds for each comparison we use the same sets
of sequences2 and the same means of evaluation as those used by Li and Prakash (2011);
Jebara et al. (2007).
In the paper by Li and Prakash (2011) two MOCAP data sets3 are used, where the
sequences in each data set are labelled with either running or walking as annotated in the
database. Performance is evaluated via thePconditional entropy S of the true labelling
Mij
Mij
with respect to the prediction, i.e., S := − i,j P 0 0 M
log P 0 M
where M denotes
0 0
0
the clustering confusion matrix. The motion sequences used by Li and Prakash (2011) are
reportedly trimmed to equal duration. However, we use the original sequences as our method
is not limited by variation in sequence lengths. Table 1 lists performance of Algorithm 1
as well as that reported for the method of Li and Prakash (2011); Algorithm 1 performs
consistently better.
In the paper (Jebara et al., 2007) four MOCAP data sets4 are used, corresponding to
four motions: run, walk, jump and forward jump. Table 2 lists performance in terms of
accuracy. The data sets in Table 2 constitute two types of motions:

1. motions that can be considered ergodic: walk, run, run/jog (displayed above the
double line), and
2. non-ergodic motions: single jumps (displayed below the double line).
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As shown in Table 2, Algorithm 1 achieves consistently better performance on the first
group of data sets, while being competitive (better on one and worse on the other) on the
non-ergodic motions. The time taken to complete each task is in the order of few minutes
on a standard laptop computer.
2. The subject’s right foot was used as marker position.
3. The corresponding subject references are #16 and #35.
4. The corresponding subject references are #7, #9, #13, #16 and #35.
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1.
2.

(Li and Prakash, 2011)
0.1015
0.3786

Khaleghi, Ryabko, Mary and Preux

Data set
Walk vs. Run (#35)
Walk vs. Run (#16)

Data set
Run(#9) vs. Run/Jog(#35)
Walk(#7) vs. Run/Jog(#35)
Jump vs. Jump fwd.(#13)
Jump vs. Jump fwd.(#13, 16)

Algorithm 1
0
0.2109

(Jebara et al., 2007)
100%
95%
87%
66%

Algorithm 1
100%
100%
100%
60%

Table 1: Comparison with the work (Li and Prakash, 2011): Performance in terms of entropy; data sets concern ergodic motion captures.

1.
2.
3.
4.

Table 2: Comparison with the work (Jebara et al., 2007): Performance in terms of accuracy;
Rows 1 & 2 concern ergodic, Rows 3 & 4 concern non-ergodic motion captures.

7. Discussion

JMLR 17(3):1-32

We have proposed a natural notion of consistency for clustering time series in both the online
and the offline settings. While in this work we have taken some first steps in investigating
the theoretical and algorithmic questions arising in the proposed framework, there are many
open problems and exciting directions for future research remaining to be explored. Some
of these are discussed in this section.
Rates, optimality. The main focus of this work is on the most general case of highly
dependent time series. On the one hand, this captures best the spirit of the unsupervised
learning problem in question: the nature of the data is completely unknown, and one tries
to find some structure in it. On the other hand, as discussed above, in this generality rates
of convergence and finite-sample performance guarantees are provably impossible to obtain,
and thus one cannot argue about optimality. While we have provided some results on a
more restrictive setting (time series with mixing, Section 4.3), the question of what the
optimal performance guarantees are for different classes of time series remains open. In
fact, the first interesting question in this direction is not about time series with mixing, but
about i.i.d. series. What is the minimal achievable probability of clustering error in this
setting, for finite sample sizes, and what algorithms attain it?
Online setting: bad points. In the online setting of Section 4.2, we have assumed that the
length of each sequence grows to infinity with time. While this is a good first approximation,
this assumption may not be practical. It is interesting to consider the situation in which
some sequences stop growing at some point; moreover, it can be assumed that such sequences
are not representative of the corresponding distribution. While this clearly makes the
problem much more difficult, already in the setting considered in this work we have dealt
with “bad” sequences at each time step: these are those sequences which are as yet too
short to be informative. This hints at the possibility of obtaining consistent algorithms in
the extended setting outlined.
Other metrics and non-metric-based methods. All of the methods presented in this paper
are based on the distributional distance d. The main property of this distance that we
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Some of the ensemble methods described specifically require the base learners to be
decision trees. This is because decision trees are efficient to create (by recursive binary
splitting), the models are straightforward to aggregate, and the individual trees can easily
be turned into weak learners (which perform only slightly better than random) by restricting
their depth (Kuhn and Johnson, 2013). Furthermore, decision trees exhibit a high variance
and this inherent instability is beneficial to the diversity of the ensemble. In addition, decision trees contain a number of desirable features for general purpose data mining, including
robustness to outliers and an ability to handle input variables of mixed type and scale, such
as continuous and categorical variables, and even missing values (Hastie et al., 2009). However, a decision tree is merely an efficient representation for a set of hyper-rectangles that
partition the decision space. For ordinary decision trees, each hyper-rectangle is aligned
with at least one of the axes of the chosen coordinate system, resulting in axis parallel decision boundaries. This results in very characteristic piecewise constant stair shapes, even
when the number of trees in the ensemble is large, as can be observed visually in low dimensional graphical examples. As a consequence, a much greater number of trees is needed
to accurately approximate an oblique decision boundary than a decision boundary that is
axis aligned with standard tree ensembles. In order to overcome this limitation, nonlinear

some key examples. In bootstrap aggregation (Breiman, 1996), bootstrap replicates are
used to construct multiple versions of a base predictor, which are subsequently aggregated
via averaging or majority vote. This approach was found to be particularly effective for
predictor classes that are unstable, in the sense that small variations of the input data lead
to the construction of vastly different predictors (Hastie et al., 2009). Output smearing or
flipping (Breiman, 2000) adds a different noise component to the dependent variable of each
base predictor, which has a smoothing effect on the resulting decision boundary, leading to
improved generalization performance. Boosting (Freund and Schapire, 1996) is an iterative
procedure, where base learners are added sequentially in a forward stagewise fashion. By
reweighting the data set at each iteration, later base learners are specialized to focus on the
learning instances that proved the most challenging to the existing ensemble. In contrast to
bootstrap aggregation, where each bootstrap sample is generated independently, boosting
therefore does not lend itself naturally to parallel processing. Random decision forests (Ho,
1995, 1998) randomly select a feature subspace a priori and train a base learner in the chosen
subspace using all available data. Instead of randomizing the training data, the structure
of each predictor is altered by only including the chosen subset of predictors. Random
forests (Breiman, 1999, 2001) combine bootstrap aggregation with the random projection
method. At each tree node, a subset of the available predictors is randomly selected and
the most favorable split point is found among these candidate predictors. This approach
differs from random decision forests, where the selection of predictors is only performed
once per tree. More generally, the framework also offers the possibility of using random
linear combinations of two or more predictors. A summary of recent enhancements and
applications of random forests can be found in Fawagreh et al. (2014). Perfect random tree
ensembles (Cutler and Zhao, 2001), extremely random trees / extra trees (Geurts et al.,
2006), and completely random decision trees (Liu et al., 2005; Fan et al., 2006) take randomization even further by not only selecting random predictor(s), as in random forests,
but by also selecting a random split point, sometimes deterministically chosen from a small
set of random candidate split points.
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Modern statistical learning algorithms combine the predictions of multiple base learners
to form ensembles, which typically achieve better aggregate predictive performance than
the individual base learners (Rokach, 2010). This approach has proven to be effective
in practice and some ensemble methods rank among the most accurate general-purpose
supervised learning algorithms currently available. For example, a large-scale empirical
study (Caruana and Niculescu-Mizil, 2006) of supervised learning algorithms found that
decision tree ensembles consistently outperformed traditional single-predictor models on a
representative set of binary classification tasks. Data mining competitions also frequently
feature ensemble learning algorithms among the top ranked competitors (Abbott, 2012).
Achieving a good balance between the accuracy of the individual predictors and the
diversity of the full ensemble is of critical importance: if the individual predictors are accurate but highly correlated, the benefits of combining them are modest; injecting randomness
into the predictors reduces the correlation and promotes diversity but often does so at the
expense of reduced accuracy for the individual predictors (Elghazel et al., 2011). A number
of techniques have been devised to manage this trade-off and to promote diversity in learning ensembles in a constructive fashion; some methods merely perturb the training data,
while others modify the internal structure of the predictors themselves. We now mention

1. Introduction

In machine learning, ensemble methods combine the predictions of multiple base learners
to construct more accurate aggregate predictions. Established supervised learning algorithms inject randomness into the construction of the individual base learners in an effort
to promote diversity within the resulting ensembles. An undesirable side effect of this approach is that it generally also reduces the accuracy of the base learners. In this paper,
we introduce a method that is simple to implement yet general and effective in improving ensemble diversity with only modest impact on the accuracy of the individual base
learners. By randomly rotating the feature space prior to inducing the base learners, we
achieve favorable aggregate predictions on standard data sets compared to state of the art
ensemble methods, most notably for tree-based ensembles, which are particularly sensitive
to rotation.
Keywords: feature rotation, ensemble diversity, smooth decision boundary
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boosting projections (Garca-Pedrajas et al., 2007) provide a different, nonlinear view of
the data to each base learner and oblique random forests (Menze et al., 2011) use linear
discriminative models or ridge regression to select optimal oblique split directions at each
tree node. Another approach that is related to but different from the method proposed in
the present paper is embodied by rotation forests (Rodriguez et al., 2006; Kuncheva and
Rodriguez, 2007), which take a subset of features and a bootstrap sample of the data and
perform a principal component analysis (PCA), rotating the entire feature space before
building the next base predictor. In addition to PCA, Kuncheva and Rodriguez (2007)
experimented with nonparametric discriminate analysis (NDA) and sparse random projections and in De Bock and Poel (2011), independent component analysis (ICA) is found to
yield the best performance.
The premise of the present paper is that it makes sense to rotate the feature space in
ensemble learning, particularly for decision tree ensembles, but that it is neither necessary
nor desirable to do so in a structured way. This is because structured rotations reduce
diversity. Instead, we propose to rotate the feature space randomly before constructing the
individual base learners. The random rotation effectively generates a unique coordinate
system for each base learner, which we show increases diversity in the ensemble without
a significant loss in accuracy. In addition to rotation, affine transformations also include
translation, scaling, and shearing (non-uniform scaling combined with rotation). However,
only transformations involving rotation have an impact on base learners that are insensitive
to monotone transformations of the input variables, such as decision trees. Furthermore,
a key difference between random rotation and random projection is that rotations are reversible, implying that there is no loss of information.
The remainder of this paper is structured as follows. Section 2 provides a motivational
example for the use of random rotations using a well-known data set. In Section 3 we
formally introduce random rotations and provide guidance as to their construction. Section
4 evaluates different application contexts for the technique and performs experiments to
assesses its effectiveness. Conclusions and future research are discussed in Section 5. It is
our premise that random rotations provide an intuitive, optional enhancement to a number
of existing machine learning techniques. For this reason, we provide random rotation code
in C/C++ and R in Appendix A, which can be used as a basis for enhancing existing
software packages.

2. Motivation

JMLR 17(4):1-26

Figure 1 motivates the use of random rotations on the binary classification problem from
chapter 2 of Hastie et al. (2009). The goal is to learn the decision boundary, which separates
the two classes, from a set of training points. In this example, the training data for each
class came from a mixture of ten low-variance Gaussian distributions, with individual means
themselves distributed as Gaussian. Since the data is artificially generated, the optimal
decision boundary is known by construction.
In this motivational example, we compare two approaches: (1) a standard random forest
classifier and (2) a random forest classifier in which each tree is generated on a randomly
rotated feature space. It is evident that the random feature rotation has a significant
impact on the resulting data partition: despite using the same sequence of random numbers
3
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in the tree induction phase of the random forest algorithm – resulting in the same bootstrap
samples and related feature subset selections at each decision branch for the two trees – the
resulting tree is not merely a rotated version of the unrotated tree but is, in fact, a very
different tree altogether, with a different orientation and a vastly different data partition.
This demonstrates the power of the method; diversity is achieved with only a modest loss of
information. However, the real benefit is illustrated on the bottom row of Figure 1 and arises
from the aggregation of multiple randomly rotated trees. The rotated ensemble exhibits a
visibly smoother decision boundary and one that is very close to optimal for this problem.
The decision boundary is uncharacteristically smooth for a tree ensemble and is reminiscent
of a kernel method, such as a k-nearest neighbor method or a support vector machine. In
contrast, even with 10000 trees, the decision boundary for the standard random forest is
still notably rectangular shaped. Another striking feature of the random rotation ensemble
is the existence of a nearly straight diagonal piece of the decision boundary on the far left.
This would be difficult to achieve with an axis-parallel base learner without rotation and it
agrees well with the true decision boundary in this example.

3. Random Rotations

In this section, we formally introduce random rotations and describe two practical methods
for their construction.
A (proper) rotation matrix R is a real-valued n × n orthogonal square matrix with unit
determinant, that is
RT = R−1 and |R| = 1.
(1)
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Using the notation from Diaconis and Shahshahani (1987), the set of all such matrices
forms the special orthogonal group SO(n), a subgroup of the orthogonal group O(n) that
also includes so-called improper rotations involving reflections (with determinant −1). More
explicitly, matrices in SO(n) have determinant |R| = 1, whereas matrices in O(n) may have
determinant |R| = d, with d ∈ {−1, 1}. Unless otherwise stated, the notation O(n) always
refers to the orthogonal group in this paper and is not related to the Bachman-Landau
asymptotic notation found in complexity theory.
In order to perform a random rotation, we uniformly sample over all feasible rotations.
Randomly rotating each angle in spherical coordinates does not lead to a uniform distribution across all rotations for n > 2, meaning that some rotations are more likely to be
generated than others. It is easiest to see this is in 3 dimensions: suppose we take a unit
sphere, denoting the longitude and latitude by the two angles λ ∈ [-π, π] and φ ∈ [-π/2,
π/2]. If we divide the surface of this sphere into regions by dividing the two angles into
equal sized intervals, then the regions closer to the equator (φ = 0) are larger than the
regions close to the poles (φ = ±π/2). By selecting random angles, we are equally likely to
arrive in each region but due to the different sizes of these regions, points tend to cluster
together at the poles. This is illustrated for n = 3 in Figure 2, where the undesirable
concentration of rotation points near the two poles is clearly visible for the naive method.
In this illustration, the spheres are tilted to better visualize the areas near the poles.
The group O(n) does have a natural uniform distribution called the Haar measure,
which offers the distribution we need. Using the probabilistic notation from Diaconis and
Shahshahani (1987), the random matrix R is said to be uniformly distributed if P (R ∈ U ) =

4

(d) RR-RF (ntree=10000, mtry=1)

(c) RF (ntree=10000, mtry=1)
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Figure 1: Comparison of the decision boundary for the standard random forest algorithm
(RF, left column) and the modified version with randomly rotated feature space
for each tree (RR-RF, right column) on the binary classification task of chapter
2 of Hastie et al. (2009). The top row illustrates a typical decision boundary for
a single tree, while the bottom row depicts a fully grown ensemble comprised of
10000 trees in each case. Ntree is the total number of trees in the forest, mtry
the number of randomly selected features considered at each decision node.

(b) RR-RF (ntree=1, mtry=1)

(a) RF (ntree=1, mtry=1)
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(b) Naive random rotations
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2. (Direct Method ) A second method of obtaining random rotations involves selecting
random points on the unit n-sphere directly (Knuth, 1997). This can be accom-

1. (Indirect Method ) Starting with an n × n square matrix A, consisting of n2 independent univariate standard normal random variates, a Householder QR decomposition
(Householder, 1958) is applied to obtain a factorization of the form A = QR, with
orthogonal matrix Q and upper triangular matrix R with positive diagonal elements.
The resulting matrix Q is orthogonal by construction and can be shown to be uniformly distributed. In other words, it necessarily belongs to O(n). Unfortunately,
if Q does not feature a positive determinant then it is not a proper rotation matrix
according to definition (1) above and hence does not belong to SO(n). However, if
this is the case then we can flip the sign on one of the (random) column vectors of A to
obtain A+ and then repeat the Householder decomposition. The resulting matrix Q+
is identical to the one obtained earlier but with a change in sign in the corresponding
column and |Q+ | = 1, as required for a proper rotation matrix.

P (R ∈ ΓU ) for every U ⊂ O(n) and Γ ∈ O(n). Several algorithms exist to generate random
orthogonal matrices distributed according to the Haar measure over O(n), some of which are
documented in Anderson et al. (1987); Diaconis and Shahshahani (1987); Mezzadri (2007);
Ledermann and Alexander (2011). We will focus on two basic approaches to illustrate the
concept.

Figure 2: Comparison of correctly executed uniformly random rotation (left) in three dimensions versus naive method of selecting two random angles in spherical coordinates (right). 10000 random rotations of the same starting vector were generated
for each method and distances were computed between each pair of rotations to
produce a rank-based gradient, with green dots representing those vectors with
the lowest sums of distances.

(a) Uniformly random rotations
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plished by drawing n independent random normal N (0, 1) variates {v1 , v2 , ..., vn } and
normalizing
p each by the square root of the sum of squares of all n variates, that is,
xi = vi / v12 + v22 + . . . + vn2 for i ∈ {1, 2, . . . , n}. In other words, x is a unit vector
pointing to a random point on the n-sphere. This construction takes advantage of
spherical symmetry in the multivariate Normal distribution. The method is asymptotically faster than the QR approach and an implementation is available in the GNU
Scientific Library (Galassi, 2009) as function gsl ran dir nd. It should also be noted
that it is straightforward to obtain the individual rotation angles from the random
vector x, which makes it possible to move from the (more compact) random vector
notation to the random rotation matrix used in the indirect method.
Generating random rotations in software for problems involving fewer than 1000 dimensions is straightforward and fast, even using the simple algorithm described above. Listings
2 and 3 in Appendix A provide examples of the indirect method in C++ and R respectively, both presented without error checking or optimizations. The C++ code takes less
than 0.5 seconds on a single core of an Intel Xeon E5-2690 CPU to generate a 1000x1000
random rotation matrix. It uses the Eigen template library (Guennebaud et al., 2010) and
a Mersenne Twister (Matsumoto and Nishimura, 1998) pseudorandom number generator.
Larger rotation matrices can be computed with GPU assistance (Kerr et al., 2009) and may
be pre-computed for use in multiple applications. In addition, for problems exceeding 1000
dimensions it is practical to only rotate a random subset of axes in order to reduce the
computational overhead. We recommend that a different random subset is selected for each
rotation in this case.
For categorical variables, rotation is unnecessary and ill defined. Intuitively, if a category
is simply mapped to a new rotated category, there is no benefit in performing such a rotation.

4. Experiments

j=1

J
X

cj I(R(x) ∈ Gj ),

(2)

Random rotations complement standard learning techniques and are easily incorporated
into existing algorithms. In order to examine the benefit of random rotations to ensemble
performance, we modified three standard tree ensemble algorithms to incorporate random
rotations before the tree induction phase. The necessary modifications are illustrated in
pseudo code in Listing 1 below.
All methods tested use classification or regression trees that divide the predictor space
into disjoint regions Gj , where 1 ≤ j ≤ J, with J denoting the total number of terminal
nodes of the tree. Extending the notation in Hastie et al. (2009), we represent a tree as
T (x; θ, Ω) =

JMLR 17(4):1-26

with optimization parameters Ω = {Gj , cj }1J , random parameters θ = {R, ω}, where R is
the random rotation associated with the tree and ω represents the random sample of (x, y)
pairs used for tree induction; I(·) is an indicator function. Each randomly rotated input
R(x) is thus mapped to a constant cj , depending on which region Gj the input belongs to.
7
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cj =

1
|Gj |

R(xk )∈Gj

X

yk .

(3)

For regression, cj is typically just the average or median of all yj in region Gj . If we let
|Gj | denote the cardinality of Gj , this can be written as

J
X

X

j=1 R(xi )∈Gj

Ω

L(yi , f (R(xi ))) = arg min

X

j=1 R(xi )∈Gj

J
X

L(yi , ci ).

(4)

For classification trees, one of the modes is typically used instead.
Given a loss function L(yi , f (xi )), for example exponential loss for classification or
squared loss for regression, a tree-induction algorithm attempts to approximate the optimization parameters for which the overall loss is minimized, that is

Ω

Ω̂ = arg min

This optimization is performed across all parameters Ω but the rotation is explicitly excluded
from the search space (R ∈ θ, but R 6∈ Ω) because we are advocating a random rotation
in this paper. However, conceptually it would be possible to include the rotation in the
optimization in an attempt to focus on the most helpful rotations.

t r a i n i n g f e a t u r e matrix X
t e s t i n g f e a t u r e matrix S
t o t a l number o f c l a s s i f i e r s M
standard base l e a r n e r B
aggregation weights w

Listing 1: Testing Random Rotations (Pseudo Code)
Inputs : −
−
−
−
−

(A) S c a l e o r rank numeric p r e d i c t o r s x ( S e c t . 4 . 2 ) :
e . g . x0 := (x − Qk (x))/(Q1−k (x) − Qk (x))

(B) For m ∈ {1, 2, . . . , M } do
( 1 ) g e n e r a t e random p a r a m e t e r s : θm := {Rm , ωm }
( 2 ) t r a i n s t a n d a r d l e a r n e r B on Rm (x) :
PJ P
Ω̂m = arg minΩ j=1 R(xi )∈Gj L(yi , f (Rm (xi )))
( 3 ) compute t e s t o r out−of −bag p r e d i c t i o n s
T (x, θm , Ωm ), x ∈ Rm (S)

(C) Aggregate p r e d i c t i o n s ( v o t e o r a v e r a g e )
PM
fM (x) = m=1 wm T (x; θm , Ωm )

JMLR 17(4):1-26

In all algorithms considered in this paper, the tree-induction is performed using standard
greedy, top-down recursive binary partitioning. This approach will generally not arrive at
the globally optimal solution to (4) but constructs a reasonable approximation quickly
(Hastie et al., 2009).

8

j=1 R(xi )∈Gj

X

L(yi , T (xi ; θm , Ωm )).

(6)

X

j=1 R(xi )∈Gj

J
X

L(yi , fm−1 (xi ) + T (xi ; θm , Ωm )).

(7)

9
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For our comparative study of random rotation, we selected UCI data sets (Bache and
Lichman, 2013) that are commonly used in the machine learning literature in order to make
the results easier to interpret and compare. Table 5 in Appendix C summarizes the data
sets, including relevant dimensional information.

4.1 Data Sets & Preprocessing

We mainly focus on random forest and extra tree ensembles in this paper because both
of these algorithms rely on trees that are constructed independently of each other. This
provides the advantage that the original tree induction algorithm can be utilized unmodified
as a black box in the rotated ensemble, ensuring that any performance differences are purely
due to the proposed random rotation and are not the result of any subtle differences (or
dependencies) in the construction of the underlying trees.

There are other differences between the two approaches: for example, J, the number of leaf
nodes in each tree is often kept small for boosting methods in order to explicitly construct
weak learners, while non-additive methods tend to use large, unpruned trees in an effort to
reduce bias, since future trees are not able to assist in bias reduction in this case.

Ωm

Ω̂m = arg min

In contrast, boosted trees use wm = 1 and each new tree in the sequence is constructed to
reduce the residual error of the full existing ensemble fm−1 (x), that is

Ωm

Ω̂m = arg min

J
X

The difference between non-additive ensemble methods like random forests (Breiman,
2001) or extra trees (Geurts et al., 2006) and additive ensembles like boosted trees (Freund
and Schapire, 1996) arises in the formulation of the joint model for multiple trees. As we will
see, this difference makes testing random rotation with existing additive ensemble libraries
much more difficult than with non-additive ensemble libraries. Specifically, random forests
and extra trees place an equal weight of wm = 1/M on each tree, and trees are constructed
independently of each other, effectively producing an average of M independent predictions:

where M denotes the total number of trees in the ensemble. For classification ensembles,
a vote is typically taken instead. It should be noted that a separate rotation is associated
with each tree in this notation but the same rotation could theoretically be associated with
an entire group of trees. In particular, we can recover the standard setting without random
rotation by setting Rm to the identity rotation for all m.

10
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3. (Relative Ranking) In-sample numeric values vi were augmented with {−∞, +∞} and
ranked as R(vi ), such that R(−∞) maps to 0 and R(+∞) maps to 1. Out-of-sample
data was ranked relative to this in-sample map. To accomplish this, the largest vi
is found that is smaller or equal to the out-of-sample data vo (call it vimax ) and the
smallest vi is found that is greater or equal to the out-of-sample data vo (vimin ). The
out-of-sample rank is then 0.5×R(vimin )+0.5×R(vimax ). In this way, test elements that
match in-sample elements obtain the same rank, test elements that fall in between two
elements obtain a rank in between, and because the in-sample values are augmented
with infinity, it is never possible to encounter test elements that cannot be mapped.
This is the most robust approach to outliers that was tested.

2. (Quantile Scaling) Numeric values were linearly scaled in such a way that the 5th
and 95th percentile of the in-sample data map to 0 and 1 respectively, that is x0 =
(x−Q5 (xis ))/(Q95 (xis )−Q5 (xis )). In addition, any values that exceed these thresholds
were nonlinearly winsorized by adding/subtracting 0.01 × log(1 + log(1 + ∆)), where
∆ is the absolute difference to the in-sample bounds Q5 (xis ) or Q95 (xis ). This robust
scaling has a breakdown point of 5% and maintains the order of inputs that exceed
the thresholds.

1. (Basic Scaling) Numeric values were scaled to [0, 1] using the in-sample min and max
values, that is x0 = min(1, max(0, (x − min(xis ))/(max(xis ) − min(xis )))). This scaling
method deals with scale but only avoids out-of-sample outliers. Outliers are dealt with
in a relatively crude fashion by applying a fixed cutoff.

Rotation can be sensitive to scale in general and outliers in particular. In order to avoid
biasing the results, we tested three different scaling methods, all of which only use in-sample
information to calibrate the necessary parameters for out-of-sample scaling:

4.2 Variable Scaling

Note that after evaluating these three rules, all predictors were either numeric without
missing values or categorical dummy variables, with a separate category for missing values.

3. Categorical predictors with C categories were converted into (C − 1) 0/1 dummy
variables, with the final dummy variable implied from the others to avoid adding
multicollinearity.

2. Any column with fewer than 10 distinct values (numeric or otherwise) or with mostly
non-numeric values was treated as categorical, and a separate category was explicitly
created for missing values.

1. Any column (predictors or response) with at least 10 distinct numeric values was
treated as numeric and missing values were imputed using the column median.

Some algorithms tested were not able to handle categorical input variables or missing
values and we performed the following automatic preprocessing steps for each data column:

The (regression) tree ensemble fM (x) can then be written as a weighted sum of the
individual trees, that is
M
X
fM (x) =
wm T (x; θm , Ωm ),
(5)

m=1
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Table 1: Ranked performance comparison between random forest with and without random rotation (rf, rrrf), extra trees with
and without random rotation (et, rret), and rotation trees (rot). For all data sets (left-hand side), the comparison is
performed over the three scaling methods described in the text as basic scaling (b-scale), quantile scaling (q-scale), and
ranking (ranked). The values represent ranks of the classification errors for classification problems and the ranks of the
RMSE for regression problems. Values that are within one cross-sectional standard deviation of the minimum error are
in bold.
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4.3 Method & Evaluation
In order to collect quantitative evidence of the effect of random rotations, we built upon the
tree induction algorithms implemented in the widely used R packages randomForest (Liaw
and Wiener, 2002) and extraTrees (Simm and de Abril, 2013). For comparison, we also used
the following implementation of rotation forests: https://github.com/ajverster/RotationForest.
Prior to the tests, all data sets were preprocessed and scaled using each of the three
techniques described in the previous section (basic scaling, quantile scaling, and ranking).
Random forest and extra trees were tested with and without random rotation (for each
scaling), while rotation forests included their own deterministic PCA rotation (Rodriguez
et al., 2006) but were also run for each scaling method. Random rotations were tested with
and without flip rotations. The combination of tree induction algorithms, scalings, and
rotation options resulted in a total of 21 distinct experiments per data set.
For each experiment we performed a random 70-30 split of the data; 70% training data
and the remaining 30% served as testing data. The split was performed uniformly at random
but enforcing the constraint that at least one observation of each category level had to be
present in the training data for categorical variables. This constraint was necessary to avoid
situations, where the testing data contained category levels that were absent in the training
set. Experiments were repeated 100 times (with different random splits) and the average
performance was recorded.
In all cases we used default parameters for the tree induction algorithms, except that
we built 5000 trees for each ensemble in the hope of achieving full convergence.
To evaluate the performance of random rotations, we ranked each method for each
data set and computed the average rank across all data sets. This allowed us to compare
performance of each method across scaling methods and tree induction algorithms in a
consistent, nonparametric fashion. In addition, we determined the number of data sets
for which each method performed within one cross-sectional standard deviation of the best
predictor in order to obtain a measurement of significance. This approach is advocated in
(Kuhn and Johnson, 2013) and it can be more informative when there is a cluster of strong
predictors that is distinct from the weaker predictors and which would not get detected by
simple ranking.
4.4 Results
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Table 6 in Appendix C displays the raw results of the detailed testing. As indicated in the
previous section, we opted to compare ranks – with low ranks indicating better performance
– in order to avoid the problem of comparing problems of different difficulty or comparing
regression with classification problems. This is illustrated in Table 1.
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As in the detailed tests, both classifiers made use of the same tree induction algorithm,
implemented in the randomForest R package, but the feature space was randomly rotated
prior to the construction of each tree for the RR-RF algorithm. Since the iris data set
only includes 4 predictors, the number of randomly selected features at each decision node
(mtry) only has feasible values in 1-4, allowing for an exhaustive comparison. For each
parameter setting, we selected 50% of the data (75 cases) at random as the learning data
set, while the other half served as the test data set. The experiment was repeated 10000
times for each parameter setting and we kept track of the average error percentage of each
method, as well as the percentage of times each method outperformed the other. Once
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seconds. However, as indicated above, for larger problems it does make sense to restrict the
number of rotated predictors to maintain adequate performance.
Next, we consider the question of robustness.

In this table, we have omitted flip rotations because their performance was comparable
to the simple random rotation, with flip rotations outperforming in 36% of cases, simple
rotations outperforming in 45% of cases and ties in the remaining 19% of cases.
The best overall average rank of 6.10 (of 15) was achieved by the random rotation
random forest algorithm with simple scaling, followed by the same algorithm with complex
scaling (6.48) and ranking (6.55). This algorithm outperformed regardless of scaling. The
next lowest rank of 6.72 was achieved by random rotation extra trees using quantile scaling.
It is interesting to note that the average ranks for each scaling type were 7.50 for the
complex scaling, 7.65 for the simple scaling and 7.81 for ranking. This indicates that the
scaling method was less influential than the selection of the algorithm. In particular, the
new method often improved on the original method even when only the ranks of the data
were considered. We believe this to be an interesting result because it indicates that even
rotating ranks can improve performance. Obviously, ranked data is completely robust to
scaling effects and outliers.
The best average rank across scalings was achieved by random rotation random forests
with 6.38, followed by extra trees (7.06), random forests (7.20), random rotation extra trees
(7.26), and rotation forests (10.38).
In our tests, rotation forests underperformed overall but showed strong performance in
some particular cases. The problem here was that when rotation forests did not excel at a
problem, they often were the worst performer by a large margin, which had an impact on
the average rank. In contrast, random rotation random forests rarely displayed the very
best performance but often were among the top predictors. This insight led us to consider
predictors that were within one cross-sectional standard deviation of the best predictor for
each data set.
Random rotation random forests were within one standard deviation of the best result
(highlighted in bold in Table 1) in 67.8% of cases, random forests without rotation in 64.3%
of cases, extra trees (with and without rotation) in 49.4% of cases, and rotation forests in
27.6%. It appears to be clear that random rotation can improve performance for a variety of
problems and should be included as a user option for standard machine learning packages.
Random rotation appears to work best when numerical predictors outnumber categorical
predictors, which are not rotated, and when these numerical predictors exhibit a relatively
smooth distribution (rather than a few pronounced clusters). An example of a suitable
dataset is Cleveland, with more than half of the variables continuous and spread out evenly.
In contrast, Balance is an example of a dataset for which we cannot expect random rotation
to perform well. However, in general it is difficult to judge the utility of rotation in advance
and we recommend running a small test version of the problem with and without rotation
to decide which to use: when the approach is successful, this tends to be apparent early.
Constructing a random rotation matrix using the indirect method described above requires of the order of p3 operations, where p is the number of predictors to be rotated (time
complexity of QR factorization). Multiplying the resulting random rotation matrix with an
input vector requires of the order of p2 operations. During training, this step needs to be
performed k times, where k is the number of instances in the training data, for a total of
k × p2 operations. All but one of the UCI datasets contained fewer than 100 predictors,
and it takes less than a millisecond to compute a 100x100 random rotation matrix. Hence,
with 5000 trees in each ensemble, the additional computational overhead was at most a few
14

Table 2: Performance comparison of the standard random forest algorithm (RF) and a modified version with randomly rotated feature space for each tree (RR-RF) on the
iris data set. Ntree is the total number of trees in the forest, mtry the number of
randomly selected features considered at each decision node. Statistically significant differences in mean error percentage and win percentage at the 1% level are
denoted in bold.

Random Forest Comparison (iris)
parameters
% error
% wins per method
ntree mtry
RF
RR-RF
RF
RR-RF Ties
50
1
5.269 4.464 16.98 53.40 29.62
5.011 4.237 15.80 50.20 34.00
2
3
4.960 4.155 16.14 51.10 32.76
4
4.963 4.077 15.30 52.75 31.95
500
1
5.246 4.414 11.76 52.98 35.26
2
4.981 4.226 13.53 48.41 38.06
3
4.904 4.144 14.90 49.22 35.88
4
4.944 4.096 13.80 51.53 34.67
5000
1
5.227 4.385 10.29 52.52 37.19
2
4.975 4.196 13.48 49.57 36.95
3
4.860 4.133 15.23 47.76 37.01
4
4.964 4.132 14.22 51.14 34.64

In addition to the full tests described above, we also ran a few smaller examples to examine
the sensitivity of random rotation to the choice of parameters in the underlying base learners.
For this, we used the well known UCI iris data set (4 numeric predictors, 3 classes, 150
rows). Table 2 compares the performance of the standard random forest algorithm (RF)
and a modified version including random feature rotation (RR-RF) on this data set.

4.5 Parameter Sensitivity and Extensions
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completed, a Wilcoxon signed-rank test was performed to compare the classification error
percentage and win percentage of the original method with that of the modified classifier
and to ascertain statistical significance at the 1% level. The modified ensemble featuring
random rotation appears to universally outperform the original classifiers on this data set,
regardless of parameter settings and in a statistically significant manner. However, it should
be noted that the goal of this experiment was not to demonstrate the general usefulness of
random rotations – this is achieved by the detailed experiments in the previous section –
but rather to show the robustness to parameter changes for a specific data set.
Table 3 shows the analogous results for extra trees, which select both the split feature
and the split point at random. Here we used the tree induction algorithm implemented in
the extraTrees R package. In theory, there exist an infinite number of feasible split points
(ncut) that could be chosen but for simplicity, we have only attempted ncut values in the
range 1-4, meaning that at most 4 random split points were considered in the tests. The
improvement due to rotation is again universal and statistically significant. For reasonable
parameters (e.g. ntree ≥ 50), the new method matches or outperforms the original method
in over 94% of the randomly generated cases and the performance improvement is 21.7%
on average. This is again a very encouraging result, as it demonstrates that the results
above are robust, even if non-default parameters are used for the base learners. It is also
interesting to note that randomly rotated extra tree ensembles outperform randomly rotated
random forests here and they tend to do best with lower ncut values, indicating that more
randomness (via rotation, feature selection, and split selection) is helpful for this particular
problem.
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Table 4 shows comparable results with a gradient boosting machine from the gbm R package
(Ridgeway, 2013). Since boosting is an additive procedure, where later trees have an explicit
dependence on earlier trees in the ensemble, the comparison of the two methods is not as
straightforward. More specifically, step (B).(2) in Listing 1 cannot be performed without
knowing (and being able to reuse) fm−1 in the case of boosting. Unfortunately, the most
common software packages for boosting (and gbm in particular) do not provide an interface
for this. Of course, we could have implemented our own boosting library but then it would
not be obvious that the improvement in predictive performance was entirely due to the
rotation. For this reason, we opted to demonstrate boosting with a widely used package
but on groups of trees, with one rotation per group of 50 trees. The rationale for this choice
of group size was that the first few boosting iterations often lead to rapid improvements. In
this case, we compared the original method, consisting of 5000 trees in a single ensemble,
to a modified version with 100 sub-forests of 50 trees each, whereby each sub-forest was
created on a randomly rotated feature space. In other words, the 50 trees in each sub-forest
had a dependency, whereas the sub-forests themselves were independent of each other. The
final classification was achieved through voting. As is evident from Table 4, randomly
rotated gradient boosting machines even outperformed random forests and extra trees on
this data set in terms of percentage error. Even when we handicapped the new method by
only providing it with relative ranks of the data it outperformed the original (unrotated)
method, although not by the same margin.
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Extra
parameters
ntree ncut
50
1
2
3
4
500
1
2
3
4
5000
1
2
3
4
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Tree Ensemble Comparison (iris)
% error
% wins per method
ET
RR-ET ET RR-ET Ties
5.335 3.994 7.18 66.11 26.71
5.281 4.101 7.84 63.04 29.12
5.183 4.078 8.41 60.69 30.90
5.238 4.152 8.86 60.14 31.00
5.244 3.971 4.09 66.02 29.89
5.157 4.045 4.75 60.85 34.40
5.118 4.056 5.16 59.67 35.17
5.114 4.111 5.54 57.68 36.78
5.257 4.044 4.73 66.09 29.18
5.175 4.003 3.32 60.86 35.82
5.038 4.079 4.71 56.20 39.09
5.046 4.053 5.55 56.92 37.53

Gradient Boosting Comparison (iris)
parameters
performance
type
ntree
shrinkage %error %wins
GBM
1x5000 0.0005
5.063
9.62
RR-GBM 100x50 0.0500
3.831 57.26
GBM
1x5000 0.0005
5.063
22.97
RR-GBM 100x50 0.0500
4.385 46.17

Table 3: Performance comparison of the standard extra trees algorithm (ET) and a modified
version with randomly rotated feature space for each tree (RR-ET) on the iris
data set. Ntree is the total number of trees in the ensemble, ncut the number
of randomly selected split points considered at each decision node. Statistically
significant differences in mean error percentage and win percentage at the 1% level
are denoted in bold.

rank only
no
no
yes
yes
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Table 4: Performance comparison of the standard gradient boosting machine (GBM) and
a modified version with randomly rotated feature space for each sub-forest of 50
trees (RR-GBM) on the iris data set. A classifier was trained for each parameter
setting on a random half of the data and tested on the remaining half. Ntree is the
total number of trees in the ensemble, expressed as the product of the number of
generated sub-forests (each on a randomly rotated feature space) times the number
of trees in each sub-forest. The procedure was repeated 10000 times. Statistically
significant differences in mean error percentage and win percentage at the 1% level
are denoted in bold. For the robust rank only version, a ranking of each predictive
variable was performed using the train data, while the test vectors received an
interpolated ranking based solely on relative order information with respect to the
train data.
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Vx,y [Ψ(x, y)]
.
Eθ1 ,θ2 [σ(ψ(x, y, θ))]2
(8)
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Listing 3: Random Rotation in R

i f (M. d e t e r m i n a n t ( ) < 0 )
f o r ( i n t i =0; i <n ; ++i )
M( i , 0 ) = −M( i , 0 ) ;
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# g e n e r a t e random member o f s p e c i a l o r t h o g o n a l g r o u p SO( n )
random r o t a t i o n matrix <− function ( n )
{
M <− random r o t a t i o n matrix i n c l f l i p ( n )
i f ( d e t (M) <0) M[ , 1 ] <− −M[ , 1 ]
# d e t (M) = +1
return (M)
}

# g e n e r a t e random member o f o r t h o g o n a l g r o u p O( n )
random r o t a t i o n matrix i n c l f l i p <− function ( n )
{
QR <− qr ( matrix ( rnorm ( n ˆ 2 ) , ncol=n ) )
# A = QR
M <− qr .Q(QR) %∗% diag ( s i g n ( diag ( qr .R(QR) ) ) ) # d i a g (R) > 0
return (M)
}

}

f o r ( i n t i =0; i <n ; ++i )
f o r ( i n t j =0; j <n ; ++j )
A( i , j ) = mtrand . randNorm ( 0 , 1 ) ;

Random rotations provide a natural way to enhance the diversity of an ensemble with
minimal or no impact on the performance of the individual base learners. Rotations are
particularly effective for base learners that exhibit axis parallel decision boundaries, as
is the case for all of the most common tree-based learning algorithms. The application of
random rotation is most effective for continuous variables and is equally applicable to higher
dimensional problems.
A generalization of random rotations only uses a subset of rotations for out of sample
predictions. This subset is chosen by observing the out-of-bag performance of each rotation
in sample. Initial tests revealed that dropping the least effective decile of all random rotations generally improved out of sample performance but more research is needed because
the procedure potentially introduces model bias.
Random rotations may also prove to be useful for image analysis. For example, axisaligned methods for image processing, such as wavelet smoothing, may benefit from repeated
random rotations to ensure that the methods become axis-independent.
While random rotations are certainly not a panacea, they are helpful frequently enough
that we contend standard data mining packages should provide users the option to randomly
rotate the feature space prior to inducing each base learner.

const HouseholderQR<MatrixXd> q r (A ) ;
const MatrixXd Q = q r . h o u s e h o l d e r Q ( ) ;
M = Q ∗ ( q r . matrixQR ( ) . d i a g o n a l ( ) . a r r a y ( )
< 0 ) . s e l e c t (− o n e s , o n e s ) . a s D i a g o n a l ( ) ;

MatrixXd A( n , n ) ;
const VectorXd o n e s ( VectorXd : : Ones ( n ) ) ;

// C++: g e n e r a t e random n x n r o t a t i o n m a t r i x
void r a n d o m r o t a t i o n m a t r i x ( MatrixXd& M, i n t n )
{
MTRand mtrand ; // t w i s t e r w i t h random s e e d

using namespace E i g e n ;

#include ” M e r s e n n e T w i s t e r . h”
#include <E i g e n / Dense>
#include <E i g e n /QR>

Listing 2: Random Rotation in C++ using Eigen
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The following listings provide illustrations in two commonly used programming languages
for the generation of a random rotation matrix using the indirect method described in
section 3 above. The code is kept simple for illustrative purposes and does not contain
error checking or performance optimizations.

Appendix A
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5. Conclusion

That is, average correlation ρ̄ is the variance of the margin across instances Vx,y [Ψ(x, y)], divided by the expectation of the standard deviation σ of the raw margin across (randomized)
classifiers squared. Full definitions of these quantities can be found in Appendix B.
As an example of the usefulness of this correlation measure, we estimated ρ̄ with mtry =
{1, 4} on the iris example and achieved a correlation of 0.32 and 0.61, respectively. Clearly,
the random split selection decorrelates the base learners. We then performed the same
calculation including random rotation and achieved 0.22 and 0.39, respectively. In both
cases, the correlation decreased by approximately one third. In contrast, the expected
margin only decreased by 3.5%, meaning that the accuracy of the individual base learners
was only very modestly affected.

ρ̄(·) =

In Appendix B we closely follow Breiman (2001) to derive an ensemble diversity measure
that is applicable to the case of random rotation ensembles. In particular, we show that just
like for random forests we can express the average correlation of the raw margin functions
across all classifiers in the ensemble in terms of quantities we can easily estimate, specifically

4.6 A Note on Diversity

Random Rotation Ensembles

Appendix B

Random Rotation Ensembles

In this appendix, we closely follow Breiman (2001) to derive an ensemble diversity measure
that is applicable to random rotation ensembles.

(9)

For a given input vector x, we define the label of the class to which classifier fM (x)
M , that is
assigns the highest probability, save for the correct label y, to be jmax
j6=y

M
jmax
:= arg max P (fM (x) = j).

(10)

Using this definition, we denote the raw margin function ψ(x, y) for a classification tree
ensemble fM (x) as
M
ψ(x, y, θ) = I(fM (x) = y) − I(fM (x) = jmax
),

(11)

with indicator function I(·). This expression evaluates to +1 if the classification is correct,
-1 if the most probable incorrect class is selected, and 0 otherwise. The margin function
Ψ(x, y) is its expectation, that is
Ψ(x, y) = Eθ [ψ(x, y, θ)]
M
= P (fM (x) = y) − P (fM (x) = jmax
).

The margin function Ψ(x, y) represents the probability of classifying an input x correctly
minus the probability of selecting the most probable incorrect class.

PM
m=1 I(T (x; θm , Ωm ) =
PM
m=1 I((x, y)

k ∧ (x, y) ∈ Om )
∈ Om )

,

(12)

If we denote the out-of-bag instances for classification tree T (x; θm , Ωm ) as Om , then these
probabilities can be estimated as

P̂ (fM (x) = k) =

m=1

M
1 X
I(T (x; θm , Ωm ) = k),
M

(13)

where the denominator counts the number of base learners for which (x, y) is out-of-bag. If
we were to use a separate testing data set S, as we do in our examples, this can be further
simplified to
P̂ (fM (x) = k) =

(15)

(14)

where any instance (x, y) must be selected from S. From this, the expected margin can be
estimated as
M
Êx,y [Ψ(x, y)] = Êx,y [P̂ (fM (x) = y) − P̂ (fM (x) = jmax
)]

and its variance as
M
V̂x,y [Ψ(x, y)] = Êx,y [(P̂ (fM (x) = y) − P̂ (fM (x) = jmax
))2 ] − Êx,y [Ψ(x, y)]2 .
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The expectations are computed over the training set for the out-of-bag estimator or the
testing data set respectively, depending on which approach is used.
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(16)

Using Chebyshev’s inequality, we can derive a bound for the probability of achieving a
negative margin, a measure of the generalization error:

P (Ψ(x, y) < 0) ≤ P (|E [Ψ(x, y)] − Ψ(x, y)| ≥ Ex,y [Ψ(x, y)])
x,y
Vx,y [Ψ(x, y)]
,
Ex,y [Ψ(x, y)]2
≤

which can be estimated from equations (14) and (15). Clearly, this inequality is only useful
if the expected margin is positive because otherwise the classification is no better than
random.

(17)

We now follow Breiman’s argument for obtaining a measure of ensemble diversity in
terms of the random classifier parameters θ, which in our case include the random rotation
in addition to the bootstrap samples. First, we note that for independent and identically
distributed (i.i.d.) random parameters θ1 and θ2 , we have

Eθ1 ,θ2 [ψ(x, y, θ1 ) × ψ(x, y, θ2 )] = Eθ1 [ψ(x, y, θ1 )] × Eθ2 [ψ(x, y, θ2 )]

= Ψ(x, y) × Ψ(x, y)

= Ψ(x, y)2 .

Therefore, the variance of Ψ(x, y) can be reformulated as

(19)

(18)

= Ex,y [Eθ1 ,θ2 [ψ(x, y, θ1 ) × ψ(x, y, θ2 )]] − Ex,y [Eθ1 [ψ(x, y, θ1 )]] × Ex,y [Eθ2 [ψ(x, y, θ2 )]]

Vx,y [Ψ(x, y)] = Ex,y [Ψ(x, y)2 ] − Ex,y [Ψ(x, y)]2

= Eθ1 ,θ2 [Covx,y [ψ(x, y, θ1 ), ψ(x, y, θ2 )]]

= Eθ1 ,θ2 [Ex,y [ψ(x, y, θ1 ) × ψ(x, y, θ2 )] − Ex,y [ψ(x, y, θ1 )] × Ex,y [ψ(x, y, θ2 )]]

= Eθ1 ,θ2 [ρ(ψ(x, y, θ1 ), ψ(x, y, θ2 ))] × Eθ1 ,θ2 [σ(ψ(x, y, θ1 )) × σ(ψ(x, y, θ2 ))]

= Eθ1 ,θ2 [ρ(ψ(x, y, θ1 ), ψ(x, y, θ2 ))] × Eθ1 ,θ2 [σ(ψ(x, y, θ))]2 .

Vx,y [Ψ(x, y)]
,
Eθ1 ,θ2 [σ(ψ(x, y, θ))]2

This result allows us to express the average correlation of the raw margin functions across
all classifiers in the ensemble in terms of quantities we can easily estimate, specifically
ρ̄(·) =

where we can use (15) as an estimate of the numerator. In other words, correlation represents
the variance of the margin across instances, divided by the expectation of the standard
deviation of the raw margin across (randomized) classifiers squared.

M
1 Xp
m )−
P (fm (x) = y) + P (fm (x) = jmax
M

m ))2 ,
(P (fm (x) = y) − P (fm (x) = jmax
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(20)

To estimate the denominator across all random parameters θ – i.e. the individual base
learners and rotations – we can use
Eθ1 ,θ2 [σ(x, y, θ)] =

m=1

20

1
|S|

with |S| denoting the cardinality of S.

P̂ (fm (x) = k) =

21

(xi ,y)∈S

X

I(T (xi ; θm , Ωm ) = k),
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(21)

where the probabilities are calculated for each individual classifier across all instances (x, y)
in the out-of-bag or test set respectively, i.e. in the case of a test set S we would use
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name
anneal
audiology
balance
breast-w
breast-y
chess
cleveland
credit-a
flare
glass
hayes-roth
hepatitis
horse-colic
ionosphere
iris
led24
liver
lymph
nursery
pima
segmentation
solar
sonar
soybean
threeOf9
tic-tac-toe
votes
waveform
wine

cases
798
200
625
699
286
28056
303
690
1066
214
132
155
300
351
150
3200
345
148
12960
768
210
323
208
307
512
958
435
5000
178

preds
51
85
16
80
34
34
22
14
21
9
4
29
80
33
4
24
44
18
19
167
19
22
60
97
9
18
32
21
13

22
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Table 5: Description of UCI datasets used to perform the detailed tests of random rotations.
The the total number of available instances, as well as the number of available
predictor variables after preprocessing (including dummy variables for categories)
is shown for each data set. The tests use a random 70% of the available instances
as training set and the remaining 30% as a test set.

Appendix C

Blaser and Fryzlewicz

rot
207
2960
1966
408
2898
4911
4352
1331
336
3415
2500
1762
1507
736
427
2969
2965
5849
888
2469
1340
2767
2190
1432
369
681
440
1588
430
rret
100
1693
3719
389
2893
3540
4233
1446
423
2763
1840
1838
1698
604
409
2852
3008
6889
80
2800
762
3006
1606
908
78
93
363
1378
200
et
102
1693
3715
389
2851
3535
4316
1385
419
2283
1840
1847
1751
532
507
2858
3177
6984
79
2731
603
2998
1397
908
78
94
363
1411
126
RANKED
rf rrrf
167
173
2400 2060
2715 2683
385
381
2614 2586
4911 4906
4316 4268
1313 1383
336
336
2203 2714
2080 2100
1506 1464
1524 1547
555
547
516
400
2768 2765
2912 2846
7111 6921
490
485
2488 2539
743
794
2804 2779
1721 1397
938
942
104
114
106
104
366
366
1459 1353
185
259
rot
168
2947
1966
417
2893
4912
4378
1394
336
3286
2490
1694
1484
645
320
2967
2923
5867
889
2431
1130
2771
2076
1381
364
678
440
1594
570
rret
100
1687
3715
387
2865
3537
4229
1515
420
2671
1840
1838
1684
426
436
2849
3285
6762
80
2706
1035
3006
1511
903
75
90
373
1362
207
et
100
1700
3721
389
2888
3537
4312
1448
420
2314
1840
1838
1711
483
462
2845
3315
7016
80
2658
730
3006
1365
903
78
93
373
1386
141
Q-SCALE
rf rrrf
170
173
2053 2027
2700 2679
379
383
2586 2600
4906 4908
4273 4246
1313 1375
336
336
2215 2763
2090 2100
1447 1481
1516 1511
547
389
569
444
2759 2765
2900 2915
7143 6889
487
487
2497 2424
762 1098
2784 2779
1714 1740
946
933
112
122
108
100
363
369
1465 1347
200
244
rot
188
2927
1957
415
2902
4911
4356
1471
336
3218
2500
1660
1484
611
338
2970
2927
5831
896
2428
1168
2763
1981
1419
366
688
437
1563
556
rret
103
1720
3728
383
2888
3536
4251
1546
419
2929
1840
1881
1680
415
453
2847
3496
6921
79
2807
914
3006
1403
916
78
92
379
1335
207
et
100
1687
3728
389
2879
3539
4316
1479
418
2246
1840
1872
1711
475
462
2848
3408
6952
79
2810
705
2994
1283
920
75
90
363
1381
126
B-SCALE
rf rrrf
173
165
2060 2040
2694 2715
383
373
2586 2623
4907 4905
4255 4233
1323 1431
336
336
2191 2966
2100 2080
1489 1455
1520 1489
543
343
524
444
2763 2769
2931 3046
7270 6889
487
489
2506 2397
743
978
2775 2796
1721 1530
951
933
109
104
104
101
369
366
1462 1330
200
230
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NAME
anneal
audiology
balance
breast-w
breast-y
chess
cleveland
credit-a
flare
glass
hayes-ro
hepatitis
horse-c
ionosph
iris
led24
liver
lymph
nursery
pima
segment
solar
sonar
soybean
threeOf9
tic-tac-toe
votes
waveform
wine

Table 6: Raw performance comparison between random forest with and without random rotation (rf, rrrf), extra trees with
and without random rotation (et, rret), and rotation trees (rot). For all data sets (left-hand side), the comparison is
performed over the three scaling methods described in the text as basic scaling (b-scale), quantile scaling (q-scale), and
ranking (ranked). The values represent classification errors for classification problems and RMSE for regression problems
(×10000).

References

Blaser and Fryzlewicz

Dean Abbott. Why ensembles win data mining competitions. In Predictive Analytics Centre
of Excellence Tech Talks, University of California, San Diego, 2012.

Theodore W. Anderson, Ingram Olkin, and Les G. Underhill. Generation of random orthogonal matrices. SIAM Journal on Scientific and Statistical Computing, 8:625–629,
1987.

Kevin Bache and Moshe Lichman. UCI machine learning repository. University of
California, Irvine, School of Information and Computer Science, 2013. URL http:
//archive.ics.uci.edu/ml.

Leo Breiman. Bagging predictors. Machine Learning, 24:123–140, 1996.

Leo Breiman. Random forests – random features. Technical report, University of California
at Berkeley, Berkeley, California, 1999.

Leo Breiman. Randomizing outputs to increase prediction accuracy. Machine Learning, 40:
229–242, 2000.

Leo Breiman. Random forests. Machine Learning, 45:5–32, 2001.

Rich Caruana and Alexandru Niculescu-Mizil. An empirical comparison of supervised learning algorithms. In Proceedings of the 23rd International Conference on Machine Learning,
pages 161–168, 2006.

Adele Cutler and Guohua Zhao. PERT-perfect random tree ensembles. Computing Science
and Statistics, 33:490–497, 2001.

Koen W. De Bock and Dirk Van den Poel. An empirical evaluation of rotation-based
ensemble classifiers for customer churn prediction. Expert Systems with Applications, 38:
12293–12301, 2011.

Persi Diaconis and Mehrdad Shahshahani. The subgroup algorithm for generating uniform
random variables. Probability in the Engineering and Informational Sciences, 1:15–32,
1987.

Haytham Elghazel, Alex Aussem, and Florence Perraud. Trading-off diversity and accuracy
for optimal ensemble tree selection in random forests. In Ensembles in Machine Learning Applications, Studies in Computational Intelligence, pages 169–179. Springer Berlin
Heidelberg, 2011.

Wei Fan, Joe McCloskey, and Philip S. Yu. A general framework for accurate and fast regression by data summarization in random decision trees. In Proceedings of the 12th ACM
SIGKDD International Conference on Knowledge Discovery and Data Mining, KDD ’06,
pages 136–146, New York, NY, USA, 2006. ACM.

JMLR 17(4):1-26

Khaled Fawagreh, Mohamed Medhat Gaber, and Eyad Elyan. Random forests: from early
developments to recent advancements. Systems Science & Control Engineering, 2(1):
602–609, September 2014.

24

25

JMLR 17(4):1-26

Andy Liaw and Matthew Wiener. Classification and regression by randomforest. R News,
2(3):18–22, 2002. URL http://CRAN.R-project.org/doc/Rnews/.

Dan Ledermann and Carol Alexander. ROM simulation with random rotation matrices.
SSRN Scholarly Paper ID 1805662, Social Science Research Network, Rochester, NY,
2011.

Ludmila I. Kuncheva and Juan J. Rodriguez. An experimental study on rotation forest
ensembles. In Proceedings of the 7th International Conference on Multiple Classifier
Systems, MCS’07, pages 459–468, Berlin, Heidelberg, 2007. Springer-Verlag.

Max Kuhn and Kjell Johnson. Applied predictive modeling. Springer, New York, 2013
edition edition, September 2013. ISBN 9781461468486.

Donald E. Knuth. Art of computer programming, volume 2: seminumerical algorithms.
Addison-Wesley Professional, Reading, Mass, 3 edition edition, November 1997.

Andrew Kerr, Dan Campbell, and Mark Richards. QR decomposition on GPUs. In Proceedings of 2nd Workshop on General Purpose Processing on Graphics Processing Units,
GPGPU-2, pages 71–78, New York, NY, USA, 2009. ACM.

Alston S. Householder. Unitary triangularization of a nonsymmetric matrix. Journal of the
ACM, 5:339–342, 1958.

Tin K. Ho. The random subspace method for constructing decision forests. IEEE Transactions on Pattern Analysis and Machine Intelligence, 20:832–844, 1998.

Tin K. Ho. Random decision forests. In Proceedings of the Third International Conference
on Document Analysis and Recognition, volume 1, pages 278–282, 1995.

Trevor Hastie, Robert Tibshirani, and Jerome H. Friedman. The elements of statistical
learning: data mining, inference, and prediction. Springer, New York, 2009.

Gal Guennebaud, Benot Jacob, et al. Eigen: linear algebra template library. 2010. URL
http://eigen.tuxfamily.org.

Pierre Geurts, Damien Ernst, and Louis Wehenkel. Extremely randomized trees. Machine
Learning, 63:3–42, 2006.

Nicols Garca-Pedrajas, Csar Garca-Osorio, and Colin Fyfe. Nonlinear boosting projections
for ensemble construction. Journal of Machine Learning Research, 8:1–33, 2007.

26

JMLR 17(4):1-26

Jaak Simm and Ildefons Magrans de Abril. Extratrees: extratrees method, 2013. URL
http://CRAN.R-project.org/package=extraTrees. R package version 0.4-5.

Lior Rokach. Ensemble-based classifiers. Artificial Intelligence Review, 33:1–39, 2010.

Juan J. Rodriguez, Ludmila I. Kuncheva, and Carlos J. Alonso. Rotation forest: A new
classifier ensemble method. IEEE Transactions on Pattern Analysis and Machine Intelligence, 28:1619–1630, 2006.

Greg Ridgeway. gbm: generalized boosted regression models, 2013. URL http://CRAN.
R-project.org/package=gbm. R package version 2.1.

Francesco Mezzadri. How to generate random matrices from the classical compact groups.
Notices of the AMS, 54:592–604, 2007. NOTICES of the AMS, Vol. 54 (2007), 592-604.

Bjoern H. Menze, B. Michael Kelm, Daniel N. Splitthoff, Ullrich Koethe, and Fred A.
Hamprecht. On oblique random forests. In Proceedings of the European Conference
on Machine Learning and Knowledge Discovery in Databases - Volume Part II, ECML
PKDD’11, pages 453–469, Berlin, Heidelberg, 2011. Springer-Verlag.

Makoto Matsumoto and Takuji Nishimura. Mersenne twister: A 623-dimensionally equidistributed uniform pseudo-random number generator. ACM Transactions on Modeling and
Computer Simulation, 8:3–30, 1998.

Fei Tony Liu, Kai Ming Ting, and Wei Fan. Maximizing tree diversity by building completerandom decision trees. In Proceedings of the 9th Pacific-Asia conference on Advances in
Knowledge Discovery and Data Mining, PAKDD’05, pages 605–610, Berlin, Heidelberg,
2005. Springer-Verlag.

Yoav Freund and Robert Schapire. Experiments with a new boosting algorithm. In Proceedings of the Thirteenth International Conference on Machine Learning, pages 148–156,
Bari, Italy, 1996. Morgan Kaufmann Publishers Inc.

Mark Galassi. GNU scientific library reference manual - third edition. Network Theory
Ltd., January 2009.

Blaser and Fryzlewicz

Random Rotation Ensembles

Submitted 11/14; Revised 3/15; Published 3/16

Abstract

alessio@idsia.ch
giorgio@idsia.ch
francesca@idsia.ch

m(m + 1)
,
6n

JMLR 17(5):1-10
2

JMLR 17(5):1-10

c 2016 Alessio Benavoli, Giorgio Corani, and Francesca Mangili.

Even better would be the adoption of the Bayesian methods for hypothesis testing. They
overcome the many drawbacks (Demšar, 2008; Goodman, 1999; Kruschke, 2010) of the nullhypothesis significance tests. For instance, Bayesian counterparts of the Wilcoxon and of the
sign test have been presented in Benavoli et al. (2014); Benavoli et al. (2014); a Bayesian
approach for comparing cross-validated algorithms on multiple data sets is discussed by
Corani and Benavoli (2015).

To avoid theses issues, we instead recommend to perform the pairwise comparisons of
the post-hoc analysis using the Wilcoxon signed-rank test or the sign test. The decisions of
such tests do not depend on the pool of algorithms included in the initial experiment. It
is understood that, regardless the specific test adopted for the pairwise comparisons, it is
necessary to control the family-wise type I error. This can be obtained through Bonferroni
correction or through more powerful approaches (Demšar, 2006; Garcia and Herrera, 2008).

where R̄A , R̄B are the mean ranks (as computed by the Friedman test) of algorithms A and
B, m is the number of algorithms to be compared and n the number of datasets. The meanranks R̄A , R̄B are computed considering the performance of all the m algorithms. Thus the
outcome of the comparison between A and B depends also on the performance of the
other (m-2) algorithms included in the original experiment. This can lead to paradoxical
situations. For instance the difference between A and B could be declared significant if
the pool comprises algorithms C, D, E and not significant if the pool comprises algorithms
F, G, H. The performance of the remaining algorithms should instead be irrelevant when
comparing algorithms A and B. This problem has been pointed out several times in the past
by Miller (1966); Gabriel (1969); Fligner (1984) and also by Hollander et al. (2013, Sec. 7.3).
Yet it is ignored by most literature on nonparametric statistics. However this issue should
not be ignored, as it can increase the type I error when comparing two equivalent algorithms
and conversely decrease the power when comparing algorithms whose performance is truly
different. In this technical note, all these inconsistencies of the mean-ranks test will be
discussed in details and illustrated by means of highlighting examples with the goal of
discouraging its use in machine learning as well as in medicine, psychology, etc..

r

z = |R̄A − R̄B |/

The mean-ranks post-hoc test (McDonald and Thompson, 1967; Nemenyi, 1963), is recommended as pairwise test for multiple comparisons in most books of nonparametric statistics: see for instance Gibbons and Chakraborti (2011, Sec. 12.2.1), Kvam and Vidakovic
(2007, Sec. 8.2) and Sheskin (2003, Sec. 25.2). It is also commonly used in machine learning
(Demšar, 2006; Garcia and Herrera, 2008). The mean-ranks test is based on the statistic:

Benavoli, Corani, and Mangili

The statistical comparison of multiple algorithms over multiple data sets is fundamental in
machine learning; it is typically carried out by means of a statistical test. The recommended
approach is the Friedman test (Demšar, 2006). Being non-parametric, it does not require
commensurability of the measures across different data sets, it does not assume normality
of the sample means and it is robust to outliers.
When the Friedman test rejects the null hypothesis of no difference among the algorithms, post-hoc analysis is carried out to assess which differences are significant. A series
of pairwise comparison is performed adjusting the significance level via Bonferroni correction or other more powerful approaches (Demšar, 2006; Garcia and Herrera, 2008) to control
the family-wise Type I error.

1. Introduction

The statistical comparison of multiple algorithms over multiple data sets is fundamental in
machine learning. This is typically carried out by the Friedman test. When the Friedman
test rejects the null hypothesis, multiple comparisons are carried out to establish which
are the significant differences among algorithms. The multiple comparisons are usually
performed using the mean-ranks test. The aim of this technical note is to discuss the
inconsistencies of the mean-ranks post-hoc test with the goal of discouraging its use in
machine learning as well as in medicine, psychology, etc.. We show that the outcome of the
mean-ranks test depends on the pool of algorithms originally included in the experiment.
In other words, the outcome of the comparison between algorithms A and B depends also
on the performance of the other algorithms included in the original experiment. This can
lead to paradoxical situations. For instance the difference between A and B could be
declared significant if the pool comprises algorithms C, D, E and not significant if the pool
comprises algorithms F, G, H. To overcome these issues, we suggest instead to perform the
multiple comparison using a test whose outcome only depends on the two algorithms being
compared, such as the sign-test or the Wilcoxon signed-rank test.
Keywords: statistical comparison, Friedman test, post-hoc test
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2. Friedman Test

Datasets
X11 X12 . . .
X21 X22 . . .
.
.
.
..
..
..
Xm1 Xm2 . . .

X1n
X2n
.
..
Xmn



,


(1)

The performance of multiple algorithms tested on multiple datasets can be organized in a
matrix:



R=


j=1

R1n
R2n
.
..
Rmn


n 
X
12
n(m + 1) 2
,
Rj −
nm(m + 1)
2

3. Mean Ranks Post-Hoc Test

if:

|R̄i − R̄j | ≥ z ∗

3

(2)

(3)

(4)
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If the Friedman test rejects the null hypothesis one has to establish which are the significant
differences among the algorithms. If all classifiers are compared to each other, one has to
perform m(m − 1)/2 pairwise comparisons.
When performing multiple comparisons, one has to control the family-wise error rate,
namely the probability of at least one erroneous rejection of the null hypothesis among the
m(m−1)/2 pairwise comparisons. In the following example we control the family-wise error
(FWER) rate through the Bonferroni correction, even though more powerful techniques are
also available (Demšar, 2006; Garcia and Herrera, 2008). However our discussion of the
shortcomings of the mean-ranks test is valid regardless the specific approach adopted to
control the FWER.
The mean-rank test claims that the i-th and the j-th algorithm are significantly different
r
m(m + 1)
.
6n

which under the null hypothesis has a chi-squared distribution with m−1 degrees of freedom.
For m = 2, the Friedman test corresponds to the sign test.

S=

where P
Rij is the rank of the algorithm i in the j-th dataset. The sum of the i-th row
n
Ri = j=1
Rij , ∀ i = 1, . . . , m, depends on how the i-th algorithm performs w.r.t. the
other (m − 1) algorithms. Under the null hypothesis of the Friedman test (no difference
between the algorithms) the average value of Ri is n(m+1)/2. The statistic of the Friedman
test is

R11 R12 . . .
R
R
...
21
22
.
.
.
..
..
..
Rm1 Rm2 . . .

where Xij denotes the performance of the i-th algorithm on the j-th dataset (for i = 1, . . . , m
and j = 1, . . . , n). The observations (performances) in different columns are assumed to be
independent. The algorithms are ranked column-by-column and each entry Xij is replaced
by its rank relative to the other observations in the j-th column:



Algorithms
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where R̄i = n1 Ri is the mean rank of the i-th algorithm and z ∗ is the Bonferroni corrected
α/m(m − 1) upper standard normal quantile (Gibbons and Chakraborti, 2011, Sec. 12.2.1).
Equation (4) is based on the large sample (n > 10) approximation of the distribution of
the statistic. The actual distribution of the statistic |R̄i − R̄j | is derived assuming all the
(m!)n ranks in (2) to be equally probable. Under this assumption the variance of |R̄i − R̄j |
is m(m + 1)/6n, which originates the term under the square root in (4).
The sampling distribution of the statistic |R̄i − R̄j | assumes all ranks configurations in
(2) to be equally probable. Yet this assumption is not tenable: the post-hoc analysis is
performed because the null hypothesis of the Friedman test has been rejected.

4. Inconsistencies of the Mean-Ranks Test

We illustrate the inconsistencies the mean-ranks test by presenting three examples. All
examples refer to the analysis of the accuracy of different classifiers on multiple data sets.
We show that the outcome of the test depends both on the actual difference of accuracy
between algorithm A and B and on the accuracy of the remaining algorithms.

4.1 Example 1: Artificially Increasing Power
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Assume we have tested five algorithms A, B, C, D, E on 20 datasets obtaining the accuracies:
A
B
C
D
E

1
5
2
3
4

The corresponding ranks are:
A
B
C
D
E
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where better algorithms are given higher ranks. We aim at comparing A and B. Algorithm
B is better than A in the first ten datasets, while A is better than B in the remaining ten.
The two algorithms have the same mean performance and their differences are symmetrically
distributed. Each algorithms wins on half the data sets. Different types of two-sided tests
(t-test, Wilcoxon signed-rank test, sign-test) return the same p-value, p = 1. The meanranks test correspond in this case to the sign-test and thus also its p-value is 1. This is
most extreme result in favor of the null hypothesis.
Now assume that we compare A, B together with C, D, E. In the first ten datasets,
algorithm A is worse than C, D, E, which in turn are worse than B. In the remaining ten
datasets, C is worse than A, B, which in turn are worse than D, E. The p-value of the

4

5

1. We thank the anonymous reviewer for suggesting this example.
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A collection of 20 data sets is considered.
For the sake of simplicity, assume we want to compare only A and B. There is thus no
need of correction for multiple comparisons.
When comparing A and B, the power of the two-sided sign test with α = 0.05 is very
high: 0.94 (we have evaluated the power numerically by Monte Carlo simulation). The
power of the mean-ranks test is instead only 0.046. We can explain the large difference

The pool of algorithms comprises also C, D, E, whose performance is distributed as
follows:
C ∼ N (5, 1), D ∼ N (6, 1), E ∼ N (7, 1).

Assume the performance of algorithms A and B on different data sets to be normally
distributed as follows:
A ∼ N (0, 1), B ∼ N (1.5, 1).

4.2 Example 2: Low Power Due to the Remaining Algorithms

The presence of C, D, E artificially introduces a difference between A, B by changing the
mean ranks of A, B. For instance, D and E rank always better than A, while they never
outperform B when it works well (i.e., datasets from one to ten); in a real case study, a
similar result would probably indicate that while B is well suited for the first ten datasets,
D, E and A are better suited for the last ten. The difference (in rank) between A and B is
artificially amplified by the presence of D and E only when B is better than A. The point is
that a large differences in the global ranks of two classifiers does not necessarily correspond
to large differences in their accuracies (and vice versa, as we will see in the next example).
This issue can happen in practice.1 Assume that a researcher presents a new algorithm
A0 and some of its weaker variations A1 , A2 ,...,Ak and compares the new algorithms with
an existing algorithm B. When B is better, the rank is B  A0  . . .  Ak . When A0
is better, the rank is A0  A1  . . .  Ak  B. Therefore, the presence of A1 , A2 ,...,Ak
artificially increases the difference between A0 and B.

• if it compares A, B together with C, D, E, it rejects the null hypothesis concluding
that A, B have significantly different performance.

• if it compares A, B alone, it does not reject the null hypothesis;

2. http://www.cs.waikato.ac.nz/ml/weka/
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Again, Friedman test rejects the null hypothesis. The pairwise comparisons for the pair
C2 , C4 gives the statistic
p
z = |R̄2 − R̄4 |/ m(m + 1)/6n = 2.46,

C2 = 2.713, C4 = 2.102, C1 = 2.528, C5 = 2.657.

Since 3.06 is greater than z ∗ = 2.64 (the Bonferroni corrected α/m(m − 1) upper standard
normal quantile for α = 0.05 and m = 4), the mean-ranks procedure finds the algorithms
C2 , C4 to be significantly different.
If we compare C2 , C4 together with C1 , C5 , the mean ranks are:

The Friedman test rejects the null hypothesis. The pairwise comparisons for the pair C2 , C4
gives the statistic
p
z = |R̄2 − R̄4 |/ m(m + 1)/6n = 3.06.

C2 = 2.676, C4 = 1.917, C1 = 2.518, C3 = 2.888.

Finally, we compare the accuracies of seven classifiers on 54 datasets. The classifiers are: J48
decision tree (C1 ); hidden naive Bayes (C2 ); averaged one-dependence estimator (AODE)
(C3 ); naive-Bayes (C4 ); J48 graft (C5 ), locally weighted naive-Bayes (C6 ), random forest
(C7 ). The whole set of results is given in Appendix. Each classifier has been assessed via
10 runs of 10-folds cross-validation. We performed all the experiments using WEKA.2 All
these classifiers are described in Witten and Frank (2005).
The accuracies are reported in Table 2. Assume that our aim is to compare C1 , C2 , C3 , C4
alone. Therefore, we consider just the first 4 columns in Table 2. The mean ranks are:

4.3 Example 3: Real Classifiers on UCI Data Sets

with m = 5. Since the algorithms C, D, E have mean performances that are much larger
than those of A, B, the mean-ranks difference |R̄A − R̄B | is equal for the two test. However
the mean-ranks estimates the variance of the statistic |R̄A − R̄B | to be five times larger
√
compared to the sign test. The critical value of the mean-ranks test is inflated by 5,
largely decreasing the power of the test. In fact for the mean-ranks test the variance of
|R̄A − R̄B | increases with the number of algorithms included in the initial experiment.

while the mean-ranks test (4) claims significance when:
r
r
m(m + 1)
5
|R̄A − R̄B | ≥ z ∗
= z∗
,
6n
n

of power as follows. The sign test (under normal approximation of the distribution of the
statistic) claims significance when:
r
1
|R̄A − R̄B | ≥ z ∗
n

Friedman test is p ≈ 10−10 and, thus, it rejects the null hypothesis. We can thus perform
the post-hoc test (4) with z ∗ = 2.807 (the Bonferroni corrected α/m(m − 1) upper standard
normal quantile for α = 0.05 and m = 5). The significance level has been adjusted to
α/m(m − 1), since we are performing m(m − 1)/2 two-sided comparisons. The
q mean ranks

of A, B are respectively 2 and 3.5 and, thus, since |R̄A − R̄B | = 1.5 and z ∗ m(m+1)
≈ 1.4
6n
we can reject the null hypothesis. The result of the post-hoc test is that the algorithms
A, B have significantly different performance.
The decisions of the mean-ranks test are not consistent:
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vs.
vs.
vs.
vs.

C4
C7
C7
C6

7/10
1/10
2/10
9/10

Card=2
9/10
5/10

Card=3
3/5
-

Card=4

Should We Use the Post-Hoc Tests Based on Mean-Ranks?

C2
C2
C3
C4
Table 1: Pairwise comparisons that are affected (numbers of decisions that are significantly different/number of subsets) by the performance of the other algorithms. Here
Card=2 means that, for each pair Ca , Cb on the left column, we are considering the subsets
{Ca , Cb , Cx , Cy }, Card=3 {Ca , Cb , Cx , Cy , Cz } and Card=4 {Ca , Cb , Cx , Cy , Cz , Cw }. The
symbol “-” means that the comparison does not depend on the subset of algorithms.
which is smaller than z ∗ . Thus the difference between algorithms C2 and C4 is not significant.
The accuracies of C2 and C4 are the same in the two cases but again the decisions of
the mean-ranks are conditional to the group of classifiers we are considering.
Consider building a set of four classifiers {C2 , C4 , Cx , Cy }. By differently choosing Cx
and Cy we can build ten different such sets. For each subset we run the mean-ranks test to
check whether the difference between C2 and C4 is significantly different. The difference is
claimed to be significant in 7 cases and not significant in 3 cases.
Now consider a set of five classifiers {C2 , C4 , Cx , Cy , Cz }. By differently choosing Cx ,
Cy and Cz we can build ten different such sets. This yields 10 further cases in which we
compare again C2 and C4 . Their difference is claimed to be significant in 9/10 cases.
Table 1 reports the pairwise comparisons for which the statistical decision changes with
the pool of classifiers that are considered. The outcome of the mean-ranks test when
comparing the same pair of classifiers clearly depends on the pool of alternative classifiers
{Cx , Cy , . . .} which is assumed.
4.4 Maximum Type I Error
A further drawback of the mean-ranks test which has not been discussed in the previous examples is that it cannot control the maximum type I error, that is, the probability of falsely
declaring any pair of algorithms to be different regardless of the other m − 2 algorithms.
If the accuracies of all algorithms but one are equal, it does not guarantee the family-wise
Type I error to be smaller than α when comparing the m − 1 equivalent algorithms. We
point the reader to Fligner (1984) for a detailed discussion on this aspect.

5. A Suggested Procedure

JMLR 17(5):1-10

Given the above issues, we recommend to avoid the mean-ranks test for the post-hoc analysis. One should instead perform the multiple comparison using tests whose decision depend
only on the two algorithms being compared, such as the sign test or the Wilcoxon signedrank test. The sign test is more robust, as it only assumes the observations to be identically
distributed. Its drawback is low power. The Wilcoxon signed-rank test is more powerful
7
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and thus it is generally recommended (Demšar, 2006). Compared to the sign test, the
Wilcoxon signed-rank test makes the additional assumption of a symmetric distribution of
the differences between the two algorithms being compared. The decision between sign test
and signed-rank test thus depends on whether the symmetry assumption is tenable on to
the analyzed data.
Regardless the adopted test, the multiple comparisons should be performed adjusting
the significance level to control the family-wise Type-I error. This can be done using the
correction for multiple comparison discussed by Demšar (2006); Garcia and Herrera (2008).
If we adopt the Wilcoxon signed-rank test in Example 3 for comparing C2 , C4 , we obtain
the p-value 0.0002, independently from the performance of the other algorithms. Thus,
for any pool of algorithms C2 , C4 , Cx , Cy , we always report the same decision: C2 , C4 are
significantly different because the p-value is less than the Bonferroni corrected significance
level α/m(m − 1) (in the case m = 4, α/m(m − 1) = 0.0042).

6. Software

The MATLAB scripts of the above examples can be downloaded from ipg.idsia.ch/
software/meanRanks/matlab.zip

7. Conclusions

The mean-ranks post-hoc test is widely used test for multiple pairwise comparison. We
discuss a number of drawbacks of this test, which we recommend to avoid. We instead
recommend to adopt the sign-test or the Wilcoxon signed-rank, whose decision does not
depend on the pool of classifiers included in the original experiment.
We moreover bring to the attention of the reader the Bayesian counterparts of these
tests, which overcome the many drawbacks (Kruschke, 2010, Chap.11) of null-hypothesis
significance testing.
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Table 2: Accuracy of classifiers on different data sets.
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In this paper, we present a rigorous statistical analysis of the problem of permutation estimation and multiple feature matching from noisy observations. More precisely, let {X1 , . . . , Xn }
# } be two sets of vectors from Rd , hereafter referred to as noisy features,
and {X1# , . . . , Xm
containing many matching elements. That is, for many Xi ’s there is a Xj# such that Xi and
Xj# coincide up to an observation noise (or measurement error). Our goal is to estimate
an application π ∗ : {1, . . . , n} → {1, . . . , m} for which each Xi matches with Xπ#∗ (i) and to
provide tight conditions which make it possible to accurately recover π ∗ from data.

1. Introduction

Keywords: permutation estimation, minimax rate of separation, feature matching

The problem of matching two sets of features appears in various tasks of computer vision
and can be often formalized as a problem of permutation estimation. We address this
problem from a statistical point of view and provide a theoretical analysis of the accuracy
of several natural estimators. To this end, the minimax rate of separation is investigated and
its expression is obtained as a function of the sample size, noise level and dimension of the
features. We consider the cases of homoscedastic and heteroscedastic noise and establish,
in each case, tight upper bounds on the separation distance of several estimators. These
upper bounds are shown to be unimprovable both in the homoscedastic and heteroscedastic
settings. Interestingly, these bounds demonstrate that a phase transition occurs when the
dimension d of the features is of the order of the logarithm of the number of features n.
For d = O(log n), the rate is dimension free and equals σ(log n)1/2 , where σ is the noise
level. In contrast, when d is larger than c log n for some constant c > 0, the minimax rate
increases with d and is of the order of σ(d log n)1/4 . We also discuss the computational
aspects of the estimators and provide empirical evidence of their consistency on synthetic
data. Finally, we show that our results extend to more general matching criteria.
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1. These assumptions are imposed for the purpose of getting transparent theoretical results and are in no
way necessary for the validity of the considered estimation procedures, as discussed later in the paper.

We consider four procedures of permutation estimation that naturally arise in this context.
The first one is a greedy procedure that sequentially assigns to each feature Xi the closest feature Xj# among those features that have not been assigned at an earlier step. The
three other estimators are defined as minimizers of the (profiled-)log-likelihood under three
different modeling assumptions. These three modeling assumptions are that the noise level
is constant across all the features (homoscedastic noise), that the noise level is variable
(heteroscedastic noise) but known and that the noise level is variable and unknown. The
corresponding estimators are respectively called least sum of squares (LSS) estimator, least
sum of normalized squares (LSNS) estimator and least sum of logarithms (LSL) estimator.

1.2 Main Contributions

Many tasks of computer vision, such as object recognition, motion tracking or structure from
motion, are currently carried out using algorithms that contain a step of feature matching,
cf. Szeliski (2010); Hartley and Zisserman (2003). The features are usually local descriptors
that serve to summarize the images. The most famous examples of such features are perhaps
SIFT (Lowe, 2004) and SURF (Bay et al., 2008). Once the features have been computed for
each image, an algorithm is applied to match features of one image to those of another one.
The matching pairs are then used for estimating the deformation of the object, for detecting
the new position of the followed object, for creating a panorama, etc. In this paper, we
are interested in simultaneous matching of a large number of features. The main focus is
on the case when the two sets of features are extracted from the images that represent the
same scene with a large overlap, and therefore the sets of features are (nearly) of the same
size and every feature in the first image is also present in the second one. This problem is
made more difficult by the presence of noise in the images, and thus in the features as well.
Typically, due to the high resolution of most images, the number of features is large and
their dimension is relatively large as well (128 for SIFT and 64 for SURF). It is therefore
important to characterize the behavior of various matching procedures as a function of the
number of features, the dimension and the noise level.

1.1 A Motivating Example: Feature Matching in Computer Vision

In order to define a statistical framework allowing us to compare different estimators
of π ∗ , we confine1 our attention to the case n = m, that is when the two sets of noisy
features have equal sizes. Furthermore, we assume that there exists a unique permutation
of {1, . . . , n}, denoted π ∗ , leading to pairs of features (Xi , Xπ#∗ (i) ) that match up to a measurement error. In such a situation, it is clearly impossible to recover the true permutation
π ∗ if some features within the set {X1 , . . . , Xn } are too close. Based on this observation,
we propose to measure the quality of a procedure of permutation estimation by the minimal
distance between pairs of different features for which the given procedure is still consistent.
This quantity will be called separation distance and will be the main concept of interest in
the present study. In this respect, the approach we adopted is close in spirit to the minimax
theory of hypotheses testing (see, for instance, Spokoiny (1996); Ingster and Suslina (2003)).
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(1)

We first consider the homoscedastic setting and show that all the considered estimators
are consistent under similar conditions on the minimal distance between distinct features κ.
These conditions state that κ is larger than some function of the noise level σ, the sample
size n and the dimension d. This function is the same for the four aforementioned procedures
and is given, up to a multiplicative factor, by
κ∗ (σ, n, d) = σ max((log n)1/2 , (d log n)1/4 ).
Then, we prove that this expression provides the optimal rate of the separation distance in
the sense that for some absolute constant c if κ ≤ cκ∗ (σ, n, d) then there is no procedure
capable of consistently estimating π ∗ .
In the heteroscedastic case, we provide an upper bound on the identifiability threshold
ensuring the consistency of the LSNS and LSL estimators. Up to a proper normalization
by the noise level, this bound is of the same form as (1) and, therefore, the ignorance of
the noise level does not seriously affect the quality of estimation. Furthermore, the LSL
estimator is easy to adapt to the case n 6= m and is robust to the presence of outliers
in the features. We carried out a small experimental evaluation that confirms that in the
heteroscedastic setting the LSL estimator is as good as the LSNS (pseudo-) estimator and
that they outperform the two other estimators: the greedy estimator and the least sum of
squares. We also argue that the three estimators stemming from the maximum likelihood
methodology are efficiently computable either by linear programming or by the Hungarian
algorithm.
Note that different loss functions may be used for measuring the distance between an
estimated permutation and the true one. Most results of this paper are established for the
0 -1 loss, which equals one if the estimator and the true permutation differ at least at one
location and equals 0 otherwise. However, it is of interest to analyze the situation with the
Hamming distance as well, since it amounts to controlling the proportion of the mismatched
features and, hence, offers a more graduated evaluation of the quality of estimation. We
show that in the case of the Hamming distance, in the regime of moderately large dimension
(i.e., d ≥ c log n for some constant c > 0) the rate of separation is exactly the same as in the
case of the 0 -1 distance. The picture is more complex in the regime of small dimensionality
d = o(log(n)), in which we get the same upper bound as for the 0 -1 loss but the lower bound
is expressed in terms of the logarithm of the packing number of an `2 ball of the symmetric
group. We conjecture that this quantity is of the order of n log(n) and check this conjecture
for relatively small values of n. If this conjecture is correct, our lower bound coincides up
to a multiplicative factor with the upper bound.
Finally, let us mention that some of the results of the present work have been presented
in the AI-STATS 2013 conference and published in the proceedings (Collier and Dalalyan,
2013).
1.3 Plan of the Paper
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We introduce in Section 2 a model for the problem of matching two sets of features and of
estimation of a permutation. The estimating procedures analyzed in this work are presented
in Section 3, whereas their performances in terms of rates of separation distance are described
in Section 4. In Section 5, computational aspects of the estimating procedures are discussed
3
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while Section 6 is devoted to the statement of some extensions of our results. We report in
Section 7 the results of some numerical experiments. The proofs of the theorems and of the
lemmas are postponed to Sections 9 and 10, respectively.

2. Notation and Problem Formulation

We begin with formalizing the problem of matching two sets of features {X1 , . . . , Xn } and
# } with n, m ≥ 2. In what follows we assume that the observed features are
{X1# , . . . , Xm
randomly generated from the model
(
Xi = θi + σi ξi ,
i = 1, . . . , n and j = 1, . . . , m
(2)
Xj# = θj# + σj# ξj# ,
where

# } are two collections of vectors from Rd , corre• θ = {θ1 , . . . , θn } and θ # = {θ1# , . . . , θm
sponding to the original features, which are unavailable,
# are positive real numbers corresponding to the levels of noise
• σ1 , . . . , σn , σ1# , . . . , σm
contaminating each feature,
# are two independent sets of i.i.d. random vectors drawn from
• ξ1 , . . . , ξn and ξ1# , . . . , ξm
the Gaussian distribution with zero mean and identity covariance matrix.

θi# ≡ θπ∗ (i) ,

(3)

The task of feature matching consists in finding a bijection π ∗ between the largest possible
subsets S1 and S2 of {1, . . . , n} and {1, . . . , m} respectively, such that

∀ i ∈ S2 ,

and

S1 = S2 = {1, . . . , n}.

(4)

where ≡ is an equivalence relation that we call matching criterion. The features that do
not belong to S1 or S2 are called outliers. To ease presentation, we mainly focus on the
case where the matching criterion is the equality of two vectors. However, as discussed in
Section 6.2, most results carry over the equivalence corresponding to equality of two vectors
transformed by a given linear transformation. Furthermore, it turns out that statistical
inference for the matching problem is already quite involved when no outlier is present in
the data. Therefore, we make the following assumption
m=n
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Note however that the procedures we consider below admit natural counterparts in the setting with outliers. We will also restrict ourselves to noise levels satisfying some constraints.
The two types of constraints we consider, referred to as homoscedastic and heteroscedastic setting, correspond to the relations σi = σi# = σ, ∀i = 1, . . . , n, and σπ∗ (i) = σi# ,
∀i = 1, . . . , n.
In this formulation, the data generating distribution is defined by the (unknown) parameters θ, σ = (σi , . . . , σn ) and π ∗ . In the problem of matching, we focus our attention
on the problem of estimating the parameter π ∗ only, considering θ and σ as nuisance parameters. In what follows, we denote by Pθ,σ,π∗ the probability distribution of the vector
(X1 , . . . , Xn , X1# , . . . , Xn# ) defined by (2) under the conditions (3) and (4). We write Eθ,σ,π∗

4

δ0 -1 (π̂, π ) , 1{π̂6=π∗ } ,
k=1

(5)

i6=j

κ̄(θ, σ) , min

kθi − θj k
.
(σi2 + σj2 )1/2
(6)

sup

o
Pθ,σ,π (π̂ 6= π) ≤ α ,

5
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where the infimum is taken over all possible estimators of π ∗ . In the following sections, we
establish nonasymptotic upper and lower bounds on the minimax separation distance which
coincide up to a multiplicative constant independent of n, d and σ. We also show that a
suitable version of the maximum profiled likelihood estimator is minimax-separation-rateoptimal both in the homoscedastic and heteroscedastic settings.

π̂

where we skip the dependence on n, d and σ. Here, the perceivable separation distance
is defined with respect to the 0 -1 distance, the corresponding definition for the Hamming
distance is obtained by replacing Pθ,σ,π (π̂ 6= π) by Eθ,σ,π [δH (π̂, π)]. Finally, we call minimax
separation distance the smallest possible perceivable separation distance achieved by an
estimator π̂, i.e.,
κ̄α , inf κ̄α (π̂),
(7)

π∈Sn κ̄(θ,σ)>κ

n
κ̄α (π̂) , inf κ > 0 max

We will see that in the heteroscedastic case the last quantity is more suitable for characterizing the behavior of the estimators than the first one.
Clearly, if κ̄(θ, σ) = 0 and σi ’s are all equal, then the parameter π ∗ is nonidentifiable, in
the sense that there exist two different permutations π1∗ and π2∗ such that the distributions
Pθ,σ,π1∗ and Pθ,σ,π2∗ coincide. Therefore, the condition κ̄(θ, σ) > 0 is necessary for the
existence of consistent estimators of π ∗ . Furthermore, good estimators are those consistently
estimating π ∗ even if κ̄(θ, σ) is small. To give a precise sense to these considerations, let
α ∈ (0, 1) be a prescribed tolerance level and let us call perceivable separation distance of a
given estimation procedure π̂ the quantity

i6=j

κ(θ) , min kθi − θj k,

Our ultimate goal is to design estimators that have an expected error smaller than a prescribed level α under the weakest possible conditions on the nuisance parameter θ. The
estimation of the permutation or, equivalently, the problem of matching is more difficult
when the features are hardly distinguishable. To quantify this phenomenon, we introduce
the separation distance κ(θ) and the relative separation distance κ̄(θ, σ), which measure
the minimal distance between distinct features and the minimal distance-to-noise ratio, respectively. The precise definitions are

∗

1X
δH (π̂, π ∗ ) ,
1{π̂(k)6=π∗ (k)} .
n

n

for the expectation with respect to Pθ,σ,π∗ . The symmetric group, i.e., the set of all permutations of {1, . . . , n}, will be denoted by Sn .
We will use two measures of quality for quantifying the error of an estimator π̂ of the
permutation π ∗ . These errors are defined as the 0 -1 distance and the normalized Hamming
distance between π̂ and π ∗ , given by

Minimax Permutation Estimation

min

j6∈{π gr (1),...,π gr (i−1)}

kXj − Xi# k.

(8)

i=1

n
X

kXπ(i) − Xi# k2 .

(9)

π∈Sn

6

i=1
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The maximum likelihood estimator under this constraint is the Least Sum of Logarithms
(LSL) defined as
n
X
π LSL , arg min
log kXπ(i) − Xi# k2 .
(12)

We will often call the LSNS a pseudo-estimator, to underline the fact that it requires the
knowledge of the noise levels σi which are generally unavailable.
In the general setting, when no information on the noise levels is available, the likelihood
is maximized over all nuisance parameters (features and noise levels). But this problem is
underconstrained, and the result of this maximization is +∞. This can be circumvented
by assuming a proper relation between the noise levels. As mentioned earlier, we chose the
assumption
∀ i ∈ {1, . . . , n}, σi# = σπ∗ (i) .
(11)

which will be referred to as the Least Sum of Squares (LSS) estimator.
The LSS estimator takes into account the distance between the observations irrespectively of the noise levels. The fact of neglecting the noise levels, while harmless in the
homoscedastic setting, turns out to cause serious loss of efficiency in terms of the perceivable distance of separation in the setting of heteroscedastic noise. Yet, in the latter
setting, the distance between the observations is not as relevant as the signal-to-noise ratio
kθi − θj k2 /(σi2 + σj2 ). Indeed, when the noise levels are small, two noisy but distinct vectors
are easier to distinguish than when the noise levels are large.
The computation of the maximum likelihood estimator in the heteroscedastic case with
known noise levels also suggests that the signal-to-noise ratio should be taken into account.
In this setting, the likelihood maximization leads to the Least Sum of Normalized Squares
(LSNS) estimator
n
X
kXπ(i) − Xi# k2
π LSNS , arg min
(10)
2 .
2
π∈Sn
σπ(i)
+ σi#
i=1

π∈Sn

π LSS , arg min

A drawback of this estimator is that it is not symmetric: the resulting permutation depends
on the initial numbering of the features. However, we will show that this estimator is
minimax-separation-rate-optimal in the homoscedastic setting.
A common approach for avoiding incremental estimation and taking into consideration
all the observations at the same time consists in defining the estimator π̂ as a maximizer of
the profiled likelihood. In the homoscedastic case, which is the first setting we studied, the
computations lead to the estimator

π gr (i) , arg

As already mentioned, we will consider four estimators. The simplest one, called greedy
algorithm and denoted by π gr is defined as follows: π gr (1) = arg minj∈{1,...,n} kXj − X1# k
and, for every i ∈ {2, . . . , n}, recursively define

3. Estimation Procedures
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We will prove that this estimator is minimax-rate-optimal both in the homoscedastic and
the heteroscedastic cases.

Minimax Permutation Estimation
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1
max (log n)1/2 , (cd log n)1/4 .
8

κ̄α (π̂) ≤ 4 max

n
4n2 1/4 o
8n2 1/2 
.
, d log
2 log
α
α

8

(14)
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Theorem 3 Let α ∈ (0, 1) and condition (11) be fulfilled. If π̂ is either π LSNS (if the noise
levels σi are known) or π LSL (when the noise levels are unknown), then

We switch now to the heteroscedastic setting, which allows us to discriminate between the
four procedures. Note that the greedy algorithm, the LSS and the LSL have a serious
advantage over the LSNS since they can be computed without knowing the noise levels σ.

4.2 Heteroscedastic Setup

for the four estimators π̂ defined in the previous section by equations (8)-(12). We do not
know whether the right-hand side of this inequality
 is the correct rate for the minimax
risk Rmmx = inf π̂ sup(θ,π∗ )∈Θκ ×Sn Pθ,σ,π∗ π̂ 6= π ∗ . In fact, one can adapt the proof of
Theorem 2 to get a lower bound on Rmmx which is of the same form as the right-hand side
in (14), but with constants 26 and 210 replaced by smaller ones. The ratio of such a lower
bound and the upper bound in (14) tends to 0 and, therefore, does not provide the minimax
rate of estimation, in the most common sense of the term. However, one may note that
the minimax rate of separation established in this work is the analogue of the minimax rate
of estimation of the Bahadur risk, see Bahadur (1960); Korostelev (1996); Korostelev and
Spokoiny (1996).

π ∗ ∈Sn θ∈Θκ

n



κ2 
κ4 o
max sup Pθ,σ,π∗ π̂ 6= π ∗ ≤ max 8n2 exp − 6 2 , 4n2 exp − 10 4
2 σ
2 dσ

Combined with Theorem 1, this implies that the minimax rate of separation is given by the
expression max (log n)1/2 , (d log n)1/4 .
In order to avoid any possible confusion, we emphasize that the rate obtained in this
and subsequent sections concerns the speed of decay of the separation distance and not the
estimation risk measured by Pθ,σ,π∗ π̂ 6= π ∗ . For the latter, considering κ as fixed, one
readily derives from Theorem 1 that

κ̄α ≥

An equivalent way of stating this result is to say that, for any α ≤ C, the minimax
distance of separation satisfies the inequality

where the infimum is taken over all permutation estimators.

π̂ π ∈Sn θ∈Θκ

the following lower bound holds

sup Pθ,σ,π∗ π̂ 6= π ∗ > C,
inf max
∗

Theorem 2 Assume that n ≥ 6, Θκ is the set of all θ ∈ Rn×d such that κ(θ) ≥ κ. Then
there exist two absolute constants c, C > 0 such that for
n
o
κ = 2−5/2 σ max (log n)1/2 , (cd log n)1/4 ,

4. Performance of the Estimators
The purpose of this section is to assess the quality of the aforementioned procedures. To
this end, we present conditions for the consistency of these estimators in the form of upper
bounds on their perceivable separation distance. Furthermore, to compare this bounds with
the minimax separation distance, we establish lower bounds on the latter and prove that
it coincides up to a constant factor with the perceivable separation distance of the LSL
estimator.
4.1 Homoscedastic Setup
We start by considering the homoscedastic case, in which upper and lower bounds matching
up to a constant are obtained for all the estimators introduced in the previous section.

n
8n2 1/2 
4n2 1/4 o
2 log
, d log
.
α
α

Theorem 1 Let α ∈ (0, 1) be a tolerance level and σj = σj# = σ for all j ∈ {1, . . . , n}. If π̂
denotes any one of the estimators (8)-(12), then
κ̄α (π̂) ≤ 4 max

n
2 1/2 
2 1/4 o
8n
4n
4 log
, 4d log
α
α

An equivalent way of stating this result is that if
κ = 4σ max

and Θκ is the set of all θ ∈ Rn×d such that κ(θ) ≥ κ, then
max sup Pθ,σ,π∗ (π̂ 6= π ∗ ) ≤ α

π ∗ ∈Sn θ∈Θκ

(13)

for all the estimators defined in Section 3. Note that this result is nonasymptotic. Furthermore, it tells us that the perceivable separation distance of the procedures under consideration is at most of the order of
n
o
max (log n)1/2 , (d log n)1/4 .
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It is interesting to observe that there are two regimes in this rate, the boundary of which
corresponds to the case where d is of the order of log n. For dimensions that are significantly
smaller than log n, the perceivable distance of separation is dimension free. On the other
hand, when d is larger than c log n for some absolute constant c > 0, the perceivable distance
of separation deteriorates with increasing d at the polynomial rate d1/4 . However, this result
does not allow us to deduce any hierarchy between the four estimators, since it provides the
same upper bound for all of them. Moreover, as stated in the next theorem, this bound is
optimal up to a multiplicative constant.
7

min

i6∈{π̂(1),...,π̂(j−1)}

1
kXi − Xj# k2 − σi2 .
2d

(15)

9
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Theorem 4 Assume that n ≥ 6, Θ̄κ is the set of all θ ∈ Rn×d such that κ̄(θ, σ) ≥ κ and
nr log n log n o
maxi σi2
−
1
≤
max
,
.
16d 16d
mini σi2

strict our attention to the noise levels for which the values | σj2 − 1| are not larger than
i
p
C max
(log n)/d, (log n)/d for j 6= i.

σ2

even if the separation distance is equal to zero. In order to discard such kind of estimators from the competition in the procedure of determining the minimax rates, we re-

for all (i, j) ∈ {1, . . . , n}2 such that j 6= π ∗ (i). Using standard bounds on the tails of
the χ2 distribution recalled in Lemma 10 of Section 9, in the case when all the vectors
θj are equal, one can check that the left-hand side in (15) is of the order of (σπ2 ∗ (i) +
p
σj2 ) max
(log n)/d, (log n)/d . This implies that we can consistently identify the permutation when
nr log n log n o
σj2
∀(i, j) ∈ {1, . . . , n}2 , i 6= j,
−
1

max
,
,
d
d
σi2

2
2
|σj2 − σπ2 ∗ (i) |
kXj − Xi# k2 σj + σπ∗ (i)
1
kXπ∗ (i) − Xi# k2 − σπ2 ∗ (i) +
−
<
2d
2d
2
2

which includes the event:

∀i ∈ {1, . . . , n},

kXj − Xi# k2
1
kX ∗ − Xi# k2 − σπ2 ∗ (i) < min
− σj2 ,
2d π (i)
2d
j6=π ∗ (i)

This provides an accurate estimator of π ∗ —for vectors {θj } that are very close—as soon as
the noise levels are different enough from each other. In particular, the estimated permutation π̂ coincides with the true permutation π ∗ on the event

π̂(j) = arg

i=1

n
X

kXπ(i) − Xi# k2 .

10
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2. It should be noted that the conditions of Theorem 5 are not compatible with those of Theorem 4.
Hence, strictly speaking, the former does not imply that the greedy estimator is not minimax under the
conditions of the latter.
3. The idea of reducing the problem of permutation estimation to a linear program has been already used
in the literature, however, without sufficient theoretical justification: see, for instance, Jebara (2003).

π∈Sn

π LSS = arg min

At first sight, the computation of the estimators (9)-(12) requires to perform an exhaustive
search over the set of all possible permutations, the number of which, n!, is prohibitively
large. This is in practice impossible to do on a standard PC as soon as n ≥ 20. In this
section, we show how to compute these (maximum likelihood) estimators in polynomial time
using, for instance, algorithms of linear programming3 .
To explain the argument, let us consider the LSS estimator

5. Computational Aspects

This theorem shows that if d is large, the necessary condition for π gr to be consistent is
much stronger than the one obtained for π LSL in Theorem 3. Indeed, for the consistency of
π gr , κ needs to be at least of the order of d1/2 , whereas d1/4 is sufficient for the consistency
of π LSL . Hence, the maximum likelihood estimators LSNS and LSL that take into account
noise heteroscedasticity are, as expected, more interesting than the simple greedy estimator2 .

θ∈Θ̄κ

sup Pθ,σ,id (π gr 6= id) ≥ 1/2.

Theorem 5 Assume that d ≥ 225 log 6, n = 2, σ12 = 3 and σ22 = 1. Then the condition
κ < 0.1(2d)1/2 implies that

It is clear that the constants c and C of the previous theorem are closely related. The
inspection of the proof shows that, for instance, if c ≤ 1/20 then C is larger than 17%.
Let us discuss now the second question raised earlier in this section and concerning the
theoretical properties of the greedy algorithm and the LSS under heteroscedasticity. In fact,
the perceivable distances of separation of these two procedures are significantly worse than
those of the LSNS and the LSL especially for large dimensions d. We state the corresponding
result for the greedy algorithm, a similar conclusion being true for the LSS as well. The
superiority of the LSNS and LSL is also confirmed by the numerical simulations presented
in Section 7 below. In the next theorem and in the sequel of the paper, we denote by id the
identity permutation defined by id(i) = i for all i ∈ {1, . . . , n}.

where the infimum is taken over all permutation estimators.

κ

Then there exist two constants c, C > 0 such that κ < (1/8) max{(log n)1/2 , (cd log n)1/4 },
implies that
sup Pθ,σ,π∗ (π̂ 6= π ∗ ) > C,
inf max
∗

This result tells us that the performance of the LSNS and LSL estimators, measured
in terms of the order of magnitude of the separation distance, is not affected by the heteroscedasticity of the noise levels. Two natural questions arise: 1) is this performance the
best possible over all the estimators of π ∗ and 2) is the performance of the LSS and the
greedy estimator as good as that of the LSNS and LSL?
To answer the first question, we start by discarding the degenerate situations where
faster rates can be achieved by estimators that are heavily based on the knowledge of the
noise levels σ. In fact, although considering σ as known limits considerably the scope
of applications of the methods, the definition (7) involves a minimum over all possible
estimators π̂ which are allowed to depend on σ. For some specific noise levels σ, from a
purely theoretical point of view, knowing σ may lead to a substantially better minimax rate
and even to a separation equal to zero, which corresponds to an estimator that has no real
practical interest. Indeed, under condition (11), it is possible to estimate the permutation
π ∗ by fitting the noise levels. For instance, we can define an estimator π̂ as follows: π̂(1) =
1
arg mini=1,...,n 2d
kXi − X1# k2 − σi2 and, recursively, for every j ∈ {2, . . . , n},
π̂ π ∈Sn θ∈Θ̄
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(16)

For every permutation π, we denote by P π the n × n permutation matrix with coefficients
Pijπ = 1{j=π(i)} . Then we can give the equivalent formulation
π∈Sn


π LSS = arg min tr M P π ,

where M is the matrix with coefficient kXi − Xj# k2 at the ith row and j th column. The
cornerstone of our next argument is the Birkhoff-von Neumann theorem stated below, which
can be found for example in (Budish et al., 2013).
Theorem 6 (Birkhoff-von Neumann Theorem) Assume that P is the set of all doubly
stochastic matrices of size n, i.e., the matrices whose entries are nonnegative and sum up
to 1 in every row and every column. Then every matrix in P is a convex combination of
matrices {P π : π ∈ Sn }. Furthermore, permutation matrices are the vertices of the simplex
P.

P ∈P

In view of this result, the combinatorial optimization problem (16) is equivalent to the
following problem of continuous optimization:

P LSS = arg min tr M P ,
(17)

in the sense that π is a solution to (16) if and only if P π is a solution to (17). To prove this

claim, let P
us remark that P
for every P ∈ P, there exist coefficientsα1 ,P
. . . , αn! ∈ [0, 1] such

n!
n!
n!
πi
αi tr M P πi ≥
α
and
1.
Therefore,
we
have tr M P = i=1
that P = i=1
iP
i=1 αi =


LSS 
minπ∈Sn tr M P π and tr M P LSS ≥ tr M P π
.
The great advantage of (17) is that it concerns the minimization of a linear function
under linear constraints and, therefore, is a problem of linear programming that can be
efficiently solved even for large values of n. The same arguments apply to the estimators
π LSNS and π LSL , only the matrix M needs to be changed.
There is a second way to compute the estimators LSS, LSNS and LSL efficiently. Indeed,
the computation of the aforementioned maximum likelihood estimators is a particular case of
the assignment problem, which consists in finding a minimum weight matching in a weighted
bipartite graph, where the matrix of the costs is the matrix M from above. This means that
the cost of assigning the ith feature of the first image to the j th feature of the second image
is either
• the squared distance kXi − Xj# k2 ,

• or the normalized squared distance kXi − Xj# k2 /(σi2 + (σj# )2 ),

• or the logarithm of the squared distance log kXi − Xj# k2 .

The so-called Hungarian algorithm presented in Kuhn (1955) solves the assignment problem
in time O(n3 ).

6. Extensions
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In this section, we briefly discuss possible extensions of the foregoing results to other distances, more general matching criteria and to the estimation of an arrangement.
11

n=
≥
≥
≤
Mn
log Mn
n log n
log Mn
n log n

4
19
0.53
0.53

5
57
0.50
0.50

7
594
0.47
0.47

8
1939
0.455
0.455

9
3441
0.412
0.445
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6
179
0.48
0.48

10
11680
0.407
0.436

11
39520
0.401
0.427

12
86575
0.381
0.420

Table 1: The values of Mn = M(1/4, B2,n (2), δH ) for n ∈ {4, . . . , 12}. The lower bound is
just the cardinality of one -packing, not necessarily the largest one. The upper
bound is merely the cardinality of the `2 -ball.

6.1 Minimax Rates for the Hamming Distance

i=1

n

h1 X
i
1{π̂(i)6=π∗ (i)}
n

In the previous sections, the minimax rates were obtained for the error of estimation measured by the risk Pθ,σ,π∗ (π̂ 6= π ∗ ) = Eθ,σ,π∗ [δ0 -1 (π̂, π ∗ )], which may be considered as too
restrictive. Indeed, one could find acceptable an estimate having a small number of mismatches, if it makes it possible to significantly reduce the perceivable distance of separation.
These considerations lead to investigating the behavior of the estimators in terms of the
Hamming loss, i.e., to studying the risk

Eθ,σ,π∗ [δH (π̂, π ∗ )] = Eθ,σ,π∗

corresponding to the expected average number of mismatched features. Another advantage
of studying the Hamming loss instead of the 0 -1 loss is that the former sharpens the difference
between the performances of various estimators. Note, however, that thanks to the inequality
δH (π̂, π ∗ ) ≤ δ0 -1 (π̂, π ∗ ), all the upper bounds established for the minimax rate of separation
under the 0-1 loss directly carry over to the case of the Hamming loss. This translates into
the following theorem.

n
4n2 1/4 o
8n2 1/2 
, d log
2 log
α
α

Theorem 7 Let α ∈ (0, 1) and condition (11) be fulfilled. If π̂ is either π LSNS or π LSL ,

2 1/2
2 1/4
then κ̄α (π̂) ≤ 4 max 2 log 8nα
, d log 4nα
. That is, if
κ = 4 max

and Θ̄κ is the set of all θ ∈ Rn×d such that κ̄(θ, σ) ≥ κ, then

max sup Eθ,σ,π∗ [δH (π̂, π ∗ )] ≤ α.
κ

π ∗ ∈Sn θ∈Θ̄
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While this upper bound is an immediate consequence of Theorem 3, getting lower bounds
for the Hamming loss appears to be more difficult. To state the corresponding result, let is
consider the case of homoscedastic noise and introduce some notation. We denote
Pn by δ2 (·, ·)
π(k) −
the normalized `2 -distance on the space of permutations Sn : δ2 (π, π 0 )2 = n1 k=1
2
π 0 (k) . Let B2,n (R) be the ball of (Sn , δ2 ) with radius R centered at id. As usual, we denote
by M(, B2,n (R), δH ) the -packing number of the `2 -ball B2,n (R) in the metric δH . This

12

(18)
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14
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6.3 Estimation of an Arrangement
An interesting extension concerns the case of the estimation of a general arrangement, i.e.,
the case when m and n are not necessarily identical. In such a situation, without loss of

Remark 9 An interesting avenue for future research concerns the determination of the
minimax rates in the case when the equivalence of two features is understood under some
transformation A which is not completely determined. For instance, one may consider that
the features θ and θ0 match if there is a matrix A in a given parametric family {Aτ : τ ∈
R} ⊂ Rd×d for which θ = Aθ0 . In other terms, θ ≡ θ0 is understood as inf τ kθ − Aτ θ0 k = 0.
Such a criterion of matching may be useful for handling various types of invariance (see
Collier and Dalalyan (2015); Collier (2012) for invariance by translation).

This matrix B being orthogonal, the resulting minimax rate of separation is exactly the
same as when B = Id .

where θ̄ ∈ Rd1 for d1 = rank(A), θ̄# ∈ Rd2 for d2 = rank(A# ) and B is a d1 ×d2 known matrix.
Indeed, let A = U > ΛV (resp. A# = Ũ > Λ̃Ṽ ) be the singular value decomposition of A (resp.
A# ), with orthogonal matrices U ∈ Rd1 ×p , V ∈ Rd1 ×d and a diagonal matrix Λ ∈ Rd1 ×d1 with
positive entries. Then, one can deduce (19) from (18) by setting θ̄ = V (θ−b), θ̄# = Ṽ (θ# −b# )
and B = Λ−1 U Ũ > Λ̃. Of course, the same transformation should be applied to the observed
noisy features, which leads to X̄i = V (Xi − b) and X̄i# = Ṽ (X # − b# ). Since V and Ṽ
are orthogonal matrices, i.e., satisfy the relations V V > = Id1 and Ṽ Ṽ > = Id2 , the noise
component in the transformed noisy features is still white Gaussian.

Note that the case of equality studied in previous sections is obtained for A = A# = Id and
b = b# = 0, where Id is the identity matrix of size d. Let us first note that without loss of
generality, by a simple transformation of the features, one can replace (18) by the simpler
relation
θ̄ = B θ̄# ,
(19)

A(θ − b) = A# (θ# − b# ).

In the previous sections, we were considering two vectors θi and θj# as matching if θi ≡ θj# ,
and ≡ was the usual equality. In this part, we show that our results can be extended to
more general matching criteria, defined as follows. Let A, A# be two known p × d matrices
with some p ∈ N and b, b# be two known vectors from Rd . We write θ ≡A,b θ# , if

6.2 More General Matching Criteria

This result implies that in the regime of moderately large dimension, d ≥ 24 log n, the
minimax rate of the separation is the same as the one under the 0-1 loss and it is achieved by
the LSL estimator. The picture is less clear in the regime of small dimensions, d = o(log n).
If one proves that for some c > 0, the inequality log Mn ≥ cn log n holds for every n ≥ 3,
then the lower bound of the last theorem matches the upper bound of Theorem 7 up to
constant factors and leads to the minimax rate of separation max{(log n)1/2 , (d log n)1/4 }.
Unfortunately, we were unable to find any result on the order of magnitude of log Mn ,
therefore, we cannot claim that there is no gap between our lower bound and the upper one.
However, we did a small experiment for evaluating Mn for small values of n. The result is
reported in Table 1.

Then inf π̂ maxπ∗ ∈Sn supθ∈Θ̄κ Eθ,σ,π∗ [δH (π̂, π ∗ )] > 2.15%.

• n ≥ 26, d ≥ 24 log n and κ ≤ (1/8)(d log n)1/4 .

i=1

All the results presented before can be readily extended to this case. In particular, if we
assume that all the nonzero singular values of B are bounded and bounded
away from 0 and

rank(B) = q, then the minimax rate of separation is given by max (log n)1/2 , (q log n)1/4 .
This rate is achieved, for instance, by the LSL estimator.
Let us briefly mention two situations in which this kind of general affine criterion may
be useful. First, if each feature θ (resp. θ# ) corresponds to a patch in an image I (resp.
I # ), then for detecting pairs of patches that match each other it is often useful to neglect
the changes in illumination. This may be achieved by means of the criterion Aθ = Aθ#
with A = Id − d1 1d 1>
d . Indeed, the multiplication of the vector θ by A corresponds to
removing from pixel intensities the mean pixel intensity of the patch. This makes the
feature invariant by change of illumination.
The method described above applies to this

case and the corresponding rate is max (log n)1/2 , ((d − 1) log n)1/4 since the matrix A is
of rank d − 1. Second, consider the case when each feature combines the local descriptor of
an image and the location in the image at which this descriptor is computed. If we have
at our disposal an estimator of the transformation that links the two images and if this
transformation is linear, then we are in the aforementioned framework. For instance, let
each θ be composed of a local descriptor d ∈ Rd−2 and its location x ∈ R2 . Assume that the
first image I from which the features θi = [di , xi ] are extracted is obtained from the image
I # by a rotation of the plane. Let R be an estimator of this rotation and θi# = [d#i , x#i ] be
the features extracted from the image I # . Then, the aim is to find the permutation π such
that d#i = dπ(i) and x#i = Rxπ(i) for every i = 1, . . . , n. This corresponds to taking in (19)
the matrix B given by


I
0
.
B = d−2
0
R

π∈Sn

All the four estimators introduced in Section 3 can be adapted to deal with such type
of criterion. For example, denoting by M the matrix B(B > B)+ B > + BB > where M + is
the Moore-Penrose pseudoinverse of the matrix M , the LSL estimator should be modified
as follows
n
X
π LSL , arg min
log kM + (X̄π(i) − B X̄i# )k2 .
(20)

means that M(, B2,n (R), δH ) is the largest integer M such that there exist permutations
π1 , . . . , πM ∈ B2,n (R) satisfying δH (πi , πj ) ≥  for every i 6= j. One can easily check that
replacing B2,n (R) by any other ball of radius R leaves the packing number M(, B2,n (R), δH )
unchanged. We set Mn = M(1/4, B2,n (2), δH ).

Theorem 8 Let σk = σ for all k ∈ {1, . . . , n} and Θ̄κ is the set of all θ ∈ Rn×d such that
κ̄(θ, σ) ≥ κ. Furthermore, assume that one of the following two conditions is fulfilled:
1/2
• n ≥ 3 and κ = (1/4) lognMn
,
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generality, one can assume that n ≤ m and look for an injective function
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Figure 1: Average error rate of the four estimating procedures in the experiment with homoscedastic
noise as a function of the minimal distance κ between distinct features. One can observe
that the LSS, LSNS and LSL procedures are indistinguishable and perform much better
than the greedy algorithm.

Estimation accuracy
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Note that among the noise-level-adaptive estimators, LSL outperforms the two others
and is as accurate as, and even slightly better than the LSNS pseudo-estimator. This
confirms the theoretical findings presented in foregoing sections.

4 and 10. Then, we randomly chose a permutation π ∗ (uniformly from Sn ) and generated
the sets {Xi } and {Xi# } according to (2) with σπ∗ (i) = σi# = 1 for 10 randomly chosen
values of i and σπ∗ (i) = σi# = 0.5 for the others. Using these sets as data, we computed the
Pn
1{π̂(i)6=π∗ (i)} . The result,
four estimators of π ∗ and evaluated the average error rate n1 i=1
averaged over 500 independent trials, is plotted in Fig. 2.

Figure 2: Left: Average error rate of the four estimating procedures in the experiment with heteroscedastic noise as a function of the minimal distance κ between distinct features.
Right: zoom on the same plots. One can observe that the LSNS and LSL are almost
indistinguishable and, as predicted by the theory, perform better than the LSS and the
greedy algorithm.
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π ∗ : {1, . . . , n} → {1, . . . , m}.
All the estimators presented in Section 3 admit natural counterparts in this rectangular
setting. Furthermore, the computational method using the Birkhoff-von Neumann theorem
is still valid in this setting, and is justified by the extension of the Birkhoff-von Neumann
theorem recently proved by Budish et al. (2013). In this case, the minimization should be
carried out over the set of all matrices P of size (n, m) such that Pi,j ≥ 0, and
(P
n
i=1 Pi,j ≤ 1
, (i, j) ∈ {1, . . . , n} × {1, . . . , m}.
Pm
j=1 Pi,j = 1
From a practical point of view, it is also important to consider the issue of robustness with
respect to the presence of outliers, i.e., when for some i there is no Xj# matching with Xi .
The detailed exploration of this problem being out of scope of the present paper, let us just
underline that the LSL-estimator seems to be well suited for such a situation because of the
robustness of the logarithmic function. Indeed, the correct matches are strongly rewarded
because log(0) = −∞ and the outliers do not interfere too much with the estimation of the
arrangement thanks to the slow growth of log in +∞.

7. Experimental Results
We have implemented all the procedures in Matlab and carried out numerical experiments on
synthetic data. To simplify, we have used the general-purpose solver SeDuMi (Sturm, 1999)
for solving linear programs. We believe that it is possible to speed-up the computations by
using more adapted first-order optimization algorithms, such as coordinate gradient descent.
However, even with this simple implementation, the running times are reasonable: for a
problem with n = 500 features, it takes about six seconds to compute a solution to (17) on
a standard PC.
7.1 Homoscedastic noise
We chose n = d = 200 and randomly generated a n × d matrix θ with i.i.d. entries uniformly
distributed on [0, τ ], with several values of τ varying between 1.4 and 3.5. Then, we randomly chose a permutation π ∗ (uniformly from Sn ) and generated the sets {Xi } and {Xi# }
according to (2) with σi = σi# = 1. Using these setsPas data, we computed the four estiman
tors of π ∗ and evaluated the average error rate n1 i=1
1{π̂(i)6=π∗ (i)} . The result, averaged
over 500 independent trials, is plotted in Fig. 1.
Note that the three estimators originating from the maximum likelihood methodology
lead to the same estimators, while the greedy algorithm provides an estimator which is much
worse than the others when the parameter κ is small.
7.2 Heteroscedastic noise
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This experiment is similar to the previous one, but the noise level is not constant. We still
chose n = d = 200 and defined θ = τ Id , where Id is the identity matrix and τ varies between
15
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where

Ωπ =

i=1

n
nX

log

17

i:π(i)6=i
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o n X
o
kXi − Xi# k2
kXi − Xi# k2
log
# 2 ≥0 =
# 2 ≥0 .
kXπ(i) − Xi k
kXπ(i) − Xi k

π6=id

Let us first denote by π̂ the maximum likelihood estimator π LSL defined by (12). We
have
[
Ω⊂
Ωπ ,

Proof of Theorem 3 To ease notation and without loss of generality, we assume that π ∗
is the identity permutation denoted by id. Furthermore, since there is no risk of confusion,
we write P instead of Pθ,σ,π∗ . We wish to bound the probability of the event Ω = {π̂ 6= id}.

In this section we collect the proofs of the theorems. We start with the proof of Theorem 3,
since it concerns the more general setting and the proof of Theorem 1 can be deduced from
that of Theorem 3 by simple arguments. We then prove the other theorems in the usual
order and postpone the proofs of some technical lemmas to the next section.

9. Proofs of the Theorems

Another interesting question is to extend the statistical inference developed here for
the problem of feature matching to the more general assignment problem. The latter aims
at assigning m tasks to n agents such that the cost of assignment is as small as possible.
Various settings of this problem have been considered in the literature (Pentico, 2007) and
many algorithms for solving the problem have been proposed (Romeijn and Morales, 2000).
However, to the best of our knowledge, the statistical aspects of the problem in the case
where the cost matrix is corrupted by noise have not been studied so far.

Several avenues of future work have been already mentioned in previous sections. In
particular, investigating the statistical properties of the arrangement estimation problem
described in Section 6.3 and considering the case of unspecified transformation relating the
features may have a significant impact on the practice of feature matching.

Motivated by the problem of feature matching, we proposed a rigorous framework for studying the problem of permutation estimation from a minimax point of view. The key notion
in our framework is the minimax rate of separation, which plays the same role as in the
statistical hypotheses testing theory (Ingster and Suslina, 2003). We established theoretical
guarantees for several natural estimators and proved the optimality of some of them. The
results appeared to be quite different in the homoscedastic and in the heteroscedastic cases.
However, we have shown that the least sum of logarithms estimator outperforms the other
procedures both theoretically and empirically.

8. Conclusion and Future Work

Minimax Permutation Estimation

log


2σi2
2
σi2 +σπ(i)


=

=
i=1

i=1

2



2
)
− log(σi2 + σπ(i)

2
)
log(2σi2 ) − log(σi2 + σπ(i)

n log(2σ 2 ) + log(2σ 2 )
X
i
π(i)

n
X

i=1 j6=i

i

i

i=1 j6=i

n [n
[
kXi − X # k2

2σi2

kXi − Xi# k2
2σi2

π(i)

≥

≥

π(i)

kXj − Xi# k2 o
.
σj2 + σi2

kXj − Xi# k2 o
.
σj2 + σi2

i

(21)

kθi − θj kσi,j

(θi − θj )> (σi ξi − σj ξj# )

,

dζ2 ).

2
kXj − Xi# k2 ≥ kθj − θi k2 + σi,j
(d −

√

2

−d .

18

Combining these bounds, we get that
n
√
√ o
Ω ∩ Ω1 ⊂ d + dζ2 ≥ κ̄(θ, σ)2 − 2κ̄(θ, σ)ζ1 + d − dζ2 ,

√
kXj − Xi# k2
≥ κ̄(θ, σ)2 − 2κ̄(θ, σ)ζ1 + d − dζ2 .
2
σi,j
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dζ2 ) − 2kθj − θi kσi,j ζ1 .
This implies that on the event Ω1 = {κ̄(θ, σ) ≥ ζ1 } it holds that

Therefore,

√

σi,j

σi ξi − σj ξj#

kXj − Xi# k2 = kθj − θi k2 + kσj ξj − σi ξi# k2 + 2(θj − θi )> (σj ξj − σi ξi# ).

Similarly, for every j 6= i,

kXi − Xi# k2 = σi2 kξi − ξi# k2 ≤ 2σi2 (d +

i,j

ζ2 = d−1/2 max

Since π ∗ = id, it holds that for every i ∈ {1, . . . , n},

i6=j

ζ1 = max

Furthermore, the same inclusion is true for the LSNS estimator as well. Therefore, the rest
of the proof is common for the estimators LSNS and LSL.
We set σi,j = (σi2 + σj2 )1/2 and

Ω̄ =

This readily yields Ω ⊂ Ω̄, where

⊂

i:π(i)6=i
n [n
[

so, using the concavity of the logarithm, this quantity is nonpositive. Therefore,
n X
o
kXi −Xi# k2 /(2σi2 )
log kX −X
Ωπ ⊂
≥0
# k2 /(σ 2 +σ 2
)

π(i)6=i

X

On the one hand, for every permutation π,
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+ P ζ2 ≥

κ̄(θ,σ)2 
√
.
4 d
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κ̄(θ,σ) 
4

which implies that

P(Ω) ≤ P(Ω1{ ) + P Ω ∩ Ω1
√

≤ P ζ1 ≥ κ̄(θ, σ) + P(2 dζ2 + 2κ̄(θ, σ)ζ1 ≥ κ̄(θ, σ)2 )
≤ 2P ζ1 ≥

i6=j


1
2
P |ζi,j | ≥ 14 κ̄(θ, σ) ≤ 2n2 e− 32 κ̄(θ,σ) .

(22)

(23)

Finally, one easily checks that for suitably chosen random variables ζi,j drawn from the
standard Gaussian distribution, it holds that ζ1 = maxi6=j |ζi,j |. Therefore, using the wellknown tail bound for the standard Gaussian distribution in conjunction with the union
bound, we get
 X
P ζ1 ≥ 41 κ̄(θ, σ) ≤

To bound the large deviations of the random variable ζ2 , we rely on the following result.



≤ 2n2 exp

n
−

o
(κ̄(θ, σ)/16)2 2
(κ̄ (θ, σ) ∧ 8d) .
d

(24)

Lemma 10 (Laurent and Massart (2000), Eq. (4.3) and (4.4)) If Y is drawn from
the chi-squared distribution χ2 (D), where D ∈ N∗ , then, for every x > 0,

√

 P Y − D ≤ −2 Dx ≤ e−x ,
√

 P Y − D ≥ 2 Dx + 2x ≤ e−x .

√


As a consequence, ∀y > 0, P D−1/2 |Y − D| ≥ y ≤ 2 exp − 18 y(y ∧ D) .
κ̄(θ,σ)2
√
4 d

This inequality, combined with the union bound, yields


P ζ2 ≥

Combining inequalities (22)-(24), we obtain that as soon as
p
1/4 
,
2 log(8n2 /α) ∨ d log(4n2 /α)
κ̄(θ, σ) ≥ 4

we have P(π̂ 6= π ∗ ) = P(Ω) ≤ α.

n \n
o
\
kXi − Xi# k < kXj − Xi# k ,

Proof of Theorem 1 Without loss of generality, we assume π ∗ = id. It holds that, on the
event
A=

i=1 j6=i

n [n
[

kXi

−

Xi# k

≥

kXj

−

Xi# k

o
.

all the four estimators coincide with the true permutation id. Therefore, we have
{π̂ 6= id} ⊆

i=1 j6=i
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The latter event is included in Ω̄ at the right-hand side of (21), the probability of which has
been already shown to be small in the previous proof.
19
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Proof of Theorem 2 We refer the reader to the proof of Theorem 4 below, which concerns
the more general situation. Indeed, when all the variances σj are equal, Theorem 4 boils
down to Theorem 2.

Proof of Theorem 4 To establish lower bounds for various types of risks we will use the
following lemma:

Lemma 11 (Tsybakov (2009), Theorem 2.5) Assume that for some integer M ≥ 2
there exist distinct permutations π0 , . . . , πM ∈ Sn and mutually absolutely continuous probability measures Q0 , . . . , QM defined on a common probability space (Z, Z ) such that

j=1

M
1 X
1
K(Qj , Q0 ) ≤ log M.
M
8

max Qj (π̃ 6= πj ) ≥ √

Then, for every measurable mapping π̃ : Z → Sn ,
√

M 3
1
.
− √
M + 1 4 2 log M
j=0,...,M

(log n)1/2 ≤ 8κ ≤ (cd log n)1/4 .

8κ ≤ (log n)1/2 ,

To prove Theorem 4, we split the inequality 8κ ≤ max{(log n)1/2 , (cd log n)1/4 } into two
cases
Case 1:
Case 2:

Case 1: We assume that 8κ ≤ (log n)1/2 .
Denote by m the largest integer such that 2m ≤ n. We assume without loss of generality
that the noise levels are ranked in increasing order: σ1 ≤ . . . ≤ σn . Then, we construct a
least favorable set of vectors for the estimation of the permutation. To ease notation, we set
σi,j = (σi2 + σj2 )1/2 .

Lemma 12 Assume that m is the largest integer such that 2m ≤ n. Then there is a set of
vectors θ such that

kθ1 − θ2 k
kθ2m−1 − θ2m k
= ... =
= κ,
σ1,2
σ2m−1,2m

and for every pair {i, j} different from the pairs {1, 2}, . . . , {2m − 1, 2m} we have


kθi − θj k
max1≤`≤n σ`
>κ 1+
.
σi,j
min1≤`≤n σ`

π̂ k=0,...,m

Pθ,π (π̂ 6= π) ≥ inf max Pθ0 ,πk (π̂ 6= πk ).
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Let θ 0 be the set constructed in Lemma 12. The latter implies that θ 0 belongs to Θ̄κ ,
so that, denoting for every k ∈ {1, . . . , m}, πk = (2k − 1 2k) the transposition of Sn that
only permutes 2k − 1 and 2k, and π0 = id, we get the following lower bound for the risk:
sup

π̂ (π,θ)∈S ×Θ̄
n
κ

inf

20

2

 1
σ2
1  d  σ2k−1
+ 2
+
+ 2 2k − 2 .
2
2
2 σ2k
2σ2k
2σ2k−1
σ2k−1

+

2
σ2k
2
σ2k−1

−2≤

−2=

log n
16d

2k−1
2
σ2k

2
≤

2

3

+

 log n
2
σ2k
+
.
2
32
2σ2k−1

 σ2
2
2k
−1 .
2
σ2k−1

k=1 ak

Qm
≤ A.

ak ≤

k=1

m
X
k=1

m
Y
k=1,...,m

ak ≤ m + max ak log A.

21
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2 /σ 2
We apply this lemma to ak = σ2k
2k−1 . Since the variances are sorted in increasing order,
Q
Qn−1 2
log n 1/2 log n 
2 = σ 2 /σ 2 ≤ 1 + γ
we have m
/σ
a
≤
σ
k
n,d with γn,d = max
n
1
i
k=1
i=1 i+1
Pm( 16d2 ) 2, 16d .
In conjunction with the inequality log(1 + x) ≤ x, this entails that
k=1 σ2k /σ2k−1 ≤
m + γn,d (1 + γn,d ). Then, since log n ≤ 1.8 log m for n ≥ 6 and γn,d ≤ 0.2 log n ≤ 0.36 log m,
we get

m
m
2 
1 X
3
1 X σ2k
9 log m
K(Pθk ,πk , Pθ0 ,π0 ) ≤ κ2
+
+
2
m
2 2m
160
σ2k−1
k=1
k=1


γn,d 
9 log m
≤ κ2 2 +
1 + γn,d +
2m
160

 9 log m
0.18 log m 
≤ κ2 2 +
1 + 0.36 log m +
.
m
160

k=1,...,m

1 + ak log ak ≤ m + max ak log

This completes the proof of the lemma.

k=1

m
X

Proof We use the simple inequality ex ≤ 1 + xex for all x ≥ 0. Replacing x by log ak and
summing over k = 1, . . . , m we get

Lemma
P 13 Let a1 , a2 , . . . , am be real numbers larger than one such that
Then, m
k=1 ak ≤ m + log A maxk ak .

Next, we apply the following result.

−1

and, therefore,

2k
2
σ2k−1

2
σ2k
−1
2
σ2k−1
 σ2
σ2

K(Pθk ,πk , Pθ0 ,π0 ) ≤ κ2

2
σ2k−1
2
σ2k

+

−2≤

implies the following two relations:

2

 d  σ2k−1
σ2
κ2
−2
2
2 −2
2 + σ2k−1
σ2k
+ σ2k
σ2k−1 +
+ 2 2k − 2 .
2
2
2 σ2k
σ2k−1

2
σ2k
2
σ2k−1
2
σ2k
2
σ2k−1

2
σ2k

+

≤

2
σ2k−1
2
σ2k
2
σ2k−1
2
σ2k

This readily yields

The inequality

2
σ2k−1

K(Pθk ,πk , Pθ0 ,π0 ) =

0
0 k2 = κ2 (σ 2
2
Using the fact that kθ2k−1
− θ2k
2k−1 + σ2k ), we get

0
0 2
K(Pθ0 ,πk , Pθ0 ,π0 ) =kθ2k−1
− θ2k
k

In order to use Lemma 11 with Qj = Pθ0 ,πj , we compute for every k ∈ {1, . . . , m}
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1
m
k=1 K(Pθ k ,πk , Pθ 0 ,π0 )

Pm

that

sup

π̂ (π,θ)∈S ×Θ̄
n
κ

inf

Pθ,π (π̂ 6= π) ≥ √


3 3
1
≥ 0.17.
− √
3 + 1 4 2 log 3

√

−

Then

σk20
σk2

and let π = (k k 0 ) be the

r

√
 n(n − 1)
15  3
1
− √
−
e−d/8 .
2
15 + 1 4 2 log 15

22
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In view of the inequalities d ≥ (1/c) log n, c ≤ 1/20 and n ≥ 6, we get the inequality
maxπ∗ ∈Sn supθ∈Θ̄κ Pθ,π∗ π̂ 6= π ∗ ≥ 22.4%.

≥√

π ∗ ∈{id}∪{πk,k0 }

for the Kullback-Leibler divergence between
transposition from Sn permuting only k and

2  33d log n
332
log n 8κ4 
+
2 + 2 1 + 0.25
+
×
d
d
32
64
16d
log n
log n(n − 1)/2
≤
≤
,
8
8
where we have used once again the facts that c ≤ 1 and n ≥ 3. Applying Lemma 11 with
M = n(n − 1)/2, Q0 = Pµ,id and {Qj }j=1,...,M = {Pµ,πk,k0 }k6=k0 , we obtain
Z

 µ(dθ)
max
sup Pθ,π∗ π̂ 6= π ∗ ≥
max
Pθ,π∗ π̂ 6= π ∗
∗
∗
π ∈Sn θ∈Θ̄
µ(Θ̄κ )
π ∈{id}∪{πk,k0 } Θ̄κ
κ

≥
max
Pµ,π∗ π̂ 6= π ∗ − µ(E\Θ̄κ )
K(Pµ,πk,k0 , Pµ,id ) ≤ κ2

σk20
≤ 1 + 14 ( logd n )1/2 , and consequently, (γ −
σk2
2
κ
c
1
d ≤ 64 ≤ 64 provided that c ≤ 1. Finally,
Pµ,πk,k0 and Pµ,id , where πk,k0 = (k k 0 ) is the
k 0 , it holds

The assumption on the noise levels entails that, for any integer k ∈ {1, . . . , k 0 }, 1 ≤
2

σ2
1)2 = σk20 − 1 ≤ 4−2 logd n . Furthermore,

k

2  1

8κ4
+
2 + 1 + (2/d)κ2 γ 2 + d + 2κ2 (γ − 1)2
d
2

and µ(E\Θ̄κ ) ≤ (n(n − 1)/2) e−d/8 .

K(Pµ,π , Pµ,id ) ≤ 4κ2 1 − γ


−1

transposition that only permutes k and

k0 .

. . . ≤ σn . For two positive integers k < k 0 ≤ n, set γ =

d
and let µ be the uniform distribution on E = {±1 }d ×
R . . . × {±n } . We denote by Pµ,π
d×n
the probability measure on R
defined by Pµ,π (A) = E Pθ,π (A) µ(dθ). Assume that σ1 ≤

Lemma 14 Let 1 , . . . , n be real numbers defined by
p
k = 2/d κσk ,
∀k ∈ {1, . . . , n},

Case 2: We assume that (log n)1/2 ≤ 8κ ≤ (cd log n)1/4 with c ≤ 1/20.
In this case, we have d ≥ 1c log n. To get the desired result, we use Lemma 11 for a properly
chosen family of probability measures described below.

√1
)
2 log m

log m
8
√
m
√
(3
1+ m 4

m
≤ 2.1κ2 + 9 log
160 ≤

We conclude by Lemma 11 and by the monotonicity of the function m 7→

Finally, using the fact that m ≥ 3, we get
9
1
log n ≤ 320
log m.
since κ2 ≤ 64
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> kX2 −

X1# k2 },

√

Proof of Theorem 5 Since the event {π gr 6= id} includes the event
Ω2 = {kX1 −

X1# k2

√
η2 ≤ d + 2 dx + 2x2 ,

η3 ≤
2x.

it is sufficient to bound from below the probability of Ω2 . To this end, we choose any
θ ∈ Rn×d satisfying kθ1 −θ2 k = 2κ. This readily implies that θ belongs to Θ̄κ . Furthermore,
for suitably chosen random variables η1 ∼ χd2 , η2 ∼ χd2 and η3 ∼ N (0, 1), it holds that
kX − X # k2 − kX − X # k2 = 6η − 4κ2 − 8κη − 4η . The random terms in the last sum can
1
3
2
2
1
1
1
be controlled using Lemma 10. More precisely, for every x > 0, each one of the following
2
three inequalities holds true with probability at least 1 − e−x :
√
η1 ≥ d − 2 dx,

2

This implies that with probability at least 1 − 3e−x , we have
√
√
kX1 − X1# k2 − kX2 − X1# k2 ≥ 2d − 20 dx − 4(κ + 2x)2 .

√
If x = log 6, then the conditions imposed on κ and d ensure that the right-hand side of
2
the last inequality is positive. Therefore, P(Ω2 ) ≥ 1 − 3e−x = 1/2.
Proof of Theorem 8 The proof is split into two parts. In the first part, we consider the
q
1/4
case κ ≤ 41 lognMn , while in the second part the case κ ≤ 81 logd n
with d ≥ 24 log n and
is analyzed. In both cases, the main tool we use is the following result.
Lemma 15 (Tsybakov (2009), Theorem 2.5) Assume that for some integer M ≥ 2
there exist distinct permutations π0 , . . . , πM ∈ Sn and mutually absolutely continuous probability measures Q0 , . . . , QM defined on a common probability space (Z, Z ) such that
(

∃ s > 0, ∀ i 6= j, δ(πi , πj ) ≥ 2s,
PM
1
j=1 K(Qj , Q0 ) ≤ 8 log M.
1
M

Then, for every measurable mapping π̃ : Z → Sn ,

√


1
M 3
− √
max Qj δ(π̂, πj ) ≥ s ≥ √
.
M + 1 4 2 log M

j=0,...,M

We now have to choose M and π0 , . . . , πM in a suitable manner, which will be done

1
δH (πi , πj ) ≥ ;
4
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∀i, j ∈ {1, . . . , Mn }, i 6= j.

differently according to the relationship
q between n and d.
Case 1: We assume that κ ≤ 41 lognMn .
Let M = Mn with Mn = M(1/4, B2,n (2), δH ) and let θ = (θ1 , . . . , θn ) be the set of vectors
θk = kκσ(1, 0, . . . , 0) ∈ Rd . Clearly, θ belongs to Θ̄κ . By definition of the packing number,
there exist π1 , . . . , πMn , permutations from Sn , such that
δ2 (πj , id) ≤ 2,
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k=1

k=1

n
n
κ2 X
1 X
kθπj (k) − θk k2 =
(πj (k) − k)2
2σ 2
2

Defining Qj = Pθ,πj for j = 1, . . . , Mn and Q0 = Pθ,id we get
K(Qj , Q0 ) =

max

j=0,...,Mn

Pθ,πj (δH (π̂, πj ) ≥ 1/8) ≥ √

nκ2
=
δ2 (πj , id)2 ≤ 2nκ2 .
2
1/2
Therefore, using Lemma 15 with s = 1/8 we infer from κ ≤ 14 lognMn
that
√ 

1
3
3
− √
≈ 17.31%.
3 + 1 4 2 log 3
π̂

min

max

(π,θ)∈Sn ×Θ̄κ

π̂

j=0,...,M

Eθ,π [δH (π̂, π)] ≥ min max Eθ,π [δH (π̂, π)1{δH (π̂,π)≥1/8} ]

As a consequence, we obtain that

π̂

min

1
≥ min max Eθ,π [1{δH (π̂,π)≥1/8} ]
8 π̂ j=0,...,M
≥ 2.15%.

This completes the proof of the first case.
Case 2: We assume that d ≥ 24 log n and κ ≤ 18 (d log n)1/4 . Let µ be the uniform
p
distribution on {±}m×d with  = 2/d σκ, as in Lemma 14. For any set of permutations
{π0 , . . . , πM } ⊂ Sn , in view of Markov’s inequality,




3
3
Eθ,π δH (π̂, π) ≥
max Pµ,πi δH (π̂, πi ) ≥
− µ(Θ̄κ{ ) .
16 i=0,...,M
16
sup

(π,θ)∈Sn ×Θ̄κ

We choose M and π0 , . . . , πM as in the following lemma.

M ≥ (n/24)n/6 ,

Lemma 16 For any integer n ≥ 4 there exist permutations π0 , . . . , πM ∈ Sn such that
π0 = id,

each πi is a composition of at most n/2 transpositions with disjoint supports, and for every
distinct pair of indices i, j ∈ {0, . . . , M } we have

δH (πi , πj ) ≥ 3/8.

As πi is a product of transpositions, the Kullback-Leibler divergence between Pµ,πi and
Pµ,π0 can be computed by independence thanks to Lemma 14:

i=1

M
h
1 X
n 8κ4 
2κ2 i2  16nκ4
K(Pµ,πi , Pµ,π0 ) ≤ ×
2+ 1+
=
,
M
2
d
d
d

n(log n − log 24)
log n
≥
.
6
512
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where the last inequality follows from the bound κ ≤ 0.45d1/2 . For n ≥ 26, it holds that
M ≥ 2 and
log M ≥

24

16nκ4
d

≤

1
8

25




1
2
#
#
=
cosh 2 (X1,k + X2,k
) cosh 2 (X2,k + X1,k
)
σ1
σ2
k=1
n 1
o
× exp − (kX1# k2 − kX2# k2 )(σ2−2 − σ1−2 ) .
2

d
Y
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"
#
dPθ1 ,σ1
dPθ2 ,σ2
dPθ2 ,σ2 # dPθ1 ,σ1 #
dPµ,π
(X, X # ) = Eµ
(X1 )
(X2 )
(X1 )
(X2 )
dPµ̃,id
dP0,σ1
dP0,σ2
dP0,σ1
dP0,σ2
#
"
#
"
dPθ1 ,σ1
dPθ1 ,σ1 #
dPθ2 ,σ2
dPθ2 ,σ2 #
= Eµ
(X1 )
(X2 ) × Eµ
(X2 )
(X1 )
dP0,σ1
dP0,σ2
dP0,σ2
dP0,σ1

With this notation, we have

For every θi ∈ Rd we denote by Pθi ,σi the probability distribution of Xi from (2), given by
n kθ k2
o
dPθi ,σi
1
kxk2 −2
i
(x) = exp −
+ 2 (x, θi ) −
(σi − σj−2 ) , ∀x ∈ Rd .
2
dP0,σj
2
2σi
σi

Proof of Lemma 14 Without loss of generality, we assume hereafter that π ∈ Sn is the
transposition permuting 1 and 2. Recall thatN
the uniform distribution on {±1 }d × . . . ×
{±n }d can also be written as the product µ = n`=1 µ` , where µ` is the uniform distribution
on {±` }d . Let us introduce an auxiliary probability distribution µ̃ on Rn×d defined as
µ̃ = δ0 ⊗ δR0 ⊗ µ2 ⊗ . . . ⊗ µm with δ0 being the Dirac delta measure at 0 ∈ Rd . We set
Pµ̃,id (·) = Θ Pθ,id (·)µ̃(dθ).
We first compute the density of Pµ,π w.r.t. Pµ,id , which can be written as


dPµ,id
dPµ,π
dPµ,π
(X, X # ) =
(X, X # )
(X, X # ) , X, X # ∈ Rn×d .
dPµ,id
dPµ̃,id
dPµ̃,id

Proof of Lemma 12 Let us denote rσ = max1≤`≤n σ` / min1≤`≤n σ` . It suffices to set
θ1 = 0 ∈ Rd ,



θ2k+1 = κ σ1,2 + . . . + σ2k−1,2k + k 1 + rσ , 0, . . . , 0 ∈ Rd ,



θ2k = κ σ1,2 + . . . + σ2k−1,2k + (k − 1) 1 + rσ , 0, . . . , 0 ∈ Rd

for all k = 1, . . . , m − 1. If n is impair, one can set θn = θn−1 + κ 1 + rσ (1, 0, . . . , 0). One
readily checks that these vectors satisfy the desired conditions.

10. Proofs of the Lemmas

log M which allows us to apply Lemma 15. This yields
√ 
 n2
i
3h
2
3
1
√
Eθ,π [δH (π̂, π)] ≥
− √
− e−d/8
inf
sup
π̂ (π,θ)∈S ×Θ̄
16
2
2 + 1 4 2 log 2
n
κ
3h
n2 −24 log(n)/8 i
≥
0.077 − e
16
2
3h
1 i
≥
0.077 −
≥ 5.81%.
16
2n

Consequently,
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k=1

d
Y

cosh

1
(X1,k
σ12






2
#
#
+ X1,k
) cosh 2 (X2,k + X2,k
) .
σ2

log

 dP

Eµ

R

Z

26


((θ1,1 + σ1 x)2 − (θ2,1 + σ2 x)2 )ϕ(x) dx = 21 + σ12 − 22 − σ22

(25)
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= (σ12 − σ22 )(1 + (2/d)κ2 ).

u2 u4
u2
−
≤ log cosh(u) ≤
,
2
12
2
while for the third term the exact computation yields:

∀u ∈ R,

where ϕ is the density function of the standard Gaussian distribution. We evaluate the first
two terms of the last display using the following inequalities:

K(Pµ,π , Pµ,id ) =


µ,π
(X, X # ) dPµ,π (X, X # )
dPµ,id

Z
d X
2 
h
X
√ i
j
=
Eµ
log cosh 2 (2θj,k + σj 2x) ϕ(x)dx
σj
k=1 j=1
Z

h
i
j
− Eµ
log cosh 2 (θ1,k + θ2,k + σ12 x) ϕ(x)dx
σj
Z

d
+ Eµ
((θ1,1 + σ1 x)2 − (θ2,1 + σ2 x)2 )ϕ(x) dx (σ2−2 − σ1−2 ),
2
R

Z

Then, we compute the Kullback-Leibler divergence,



#
#
d cosh 2 (X
d cosh 1 (X
Y
Y
1,k + X2,k )
2,k + X1,k )
dPµ,π
σ12
σ22
#
×

(X, X ) =
#
#
dPµ,id
cosh σ12 (X1,k + X1,k
)
cosh σ22 (X2,k + X2,k
)
k=1
k=1
1
2
o
n 1
× exp − (kX1# k2 − kX2# k2 )(σ2−2 − σ1−2 ) .
2

Thus, we get that

=

"
#
dPθ1 ,σ1
dPθ2 ,σ2
dPθ1 ,σ1 # dPθ2 ,σ2 #
dPµ,id
#
(X, X ) = Eµ
(X1 )
(X2 )
(X1 )
(X2 )
dPµ̃,id
dP0,σ1
dP0,σ2
dP0,σ1
dP0,σ2
"
"
#
#
dPθ1 ,σ1
dPθ2 ,σ2
dPθ1 ,σ1 #
dPθ2 ,σ2 #
= Eµ
(X1 )
(X1 ) × Eµ
(X2 )
(X2 )
dP0,σ1
dP0,σ1
dP0,σ2
dP0,σ2

Similarly,
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Z

Z
log cosh

Minimax Permutation Estimation

h
i
j
(θ1,k + θ2,k + σ1,2 x) ϕ(x)dx
σj2



14 + 24 + 3(σ12 + σ22 )2 + 612 22 + 6(σ12 + σ22 )(12 + 22 )

12 + 22 + σ12 + σ22
j4

12σj8

j2 

2σj4
−
+ σ12 ) 14 (22 + σ22 )2
−
.
σ24
σ18

22 (12



2
4
h
2
√ i




4
j
j
j
log cosh 2 (2θj,k + σj 2x) ϕ(x)dx ≤ 2 + 2 4 = 22 + 2 24 ,
σj
σj
σj
σ2
σ2


In conjunction with the facts that 1 /σ1 = 2 /σ2 , σ1 ≤ σ2 and 1 ≤ 2 , this leads to
Eµ
Eµ
≥

≥
Thus, we get that
22 44 22 (2 + σ 2 ) 24 (2 + σ 2 )2
(1/d)K(P , P ) ≤ 2 + 42 − 2 1 4 1 + 1 2 8 2
µ,π
µ,id
σ22
σ2
σ2
σ1
1
+ 1 + (2/d)κ2 )(σ12 − σ22 )(σ2−2 − σ1−2 )
2
 σ24
4κ2 
σ 2  16κ4 8κ4
2
≤
1− 1 +
+
1 + (2/d)κ2
d
d2
d2
σ2
σ14
2
2
 σ22
1
1 + (2/d)κ2
−1 .
2
σ12

+

To complete the proof, we need to evaluate µ(E \ Θ̄κ ). We note that in view of the union
bound,

k=1 k0 6=k

n [
[

µ(E \ Θ̄κ ) = µ
{θ : kθk − θk0 k < κσk,k0 }

+

−

2
κ2 σk,k
0

2dk k0

dk2 0

=

1
2 n(n
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− 1)P ζ̄ > 1/2 ≤

2σk2 + 2σk20 − (σk2 + σk20 )
1
≥ .
4σk σk0
2


n(n − 1)
max0 µ {θ : kθk − θk0 k2 < κ2 σk,k0 }
≤
k6=k
2

n(n − 1)
2
=
max0 P dk2 + dk2 0 − 2dk k0 ζ̄ < κ2 σk,k
0 ,
k6=k
2
Pd
where ζ̄ = d1 j=1
ζj with ζ1 , . . . , ζd being i.i.d. Rademacher random variables (i.e., random
variables taking the values +1 and −1 with probability 1/2). One easily checks that
dk2

Therefore, using the Hoeffding inequality, we get µ(E \ Θ̄κ ) ≤
− 1)e−d/8 .
1
2 n(n

Proof of Lemma 16 We first prove an auxiliary result.
27
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M ≥ (n/8)n/2

Lemma 17 For any integer n ≥ 2 there exist permutations π0 , π1 , . . . , πM in Sn such that
π0 = id,

and for any pair i, j ∈ {0, . . . , M } of distinct indices we have δH (πi , πj ) ≥ 21 .

Proof When n ≤ 8, the claim of this lemma is trivial since one can always find at least one
permutation that differs from the identity at all the positions and thus M ≥ 1 ≥ (n/8)n/2 .
Let us consider the case n > 8. For every π ∈ Sn , denote

i=1

n
n
o
1X
Eπ , π 0 ∈ Sn
1{π(i)6=π0 (i)} ≥ 1/2 .
n

,

We first notice that for every π ∈ Sn , there is a one-to-one correspondence between Eid and
Eπ through the bijection

π 0 7−→ π ◦ π 0

φ : Eid −→ Eπ

so that #Eπ = #Eid . The following lemma, proved later on in this section, gives a bound
for this number.

4n!
.
m!

Lemma 18 Let n ≥ 2 be an integer and m be the smallest integer such that 2m ≥ n. Then

{
#Eid
≤

⇐⇒

i<

m!
.
4

≥ #S − #E { − #Eπ{1
n
π
0

8 
> 0.
≥ n! × 1 −
m!

Now we denote π0 = id and choose π1 in Eid . Then, it is sufficient to choose π2 as any
element from Eid ∩ Eπ1 , the latter set being nonempty since

# Eπ0 ∩ Eπ1

4i
>0
m!

We can continue the construction until πi if
1−
To conclude, we observe that

m!
1  n n/2  n n/2
>
≥
.
4
4 2e
8

with

M ≥ (m/8)m/2

Let us denote by m the largest integer such that 2m ≤ n, and choose

π̃0 , π̃1 , . . . , π̃M ∈ Sm
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as in Lemma 17, so that for every i 6= j ∈ {0, . . . , M }, δH (π̃i , π̃j ) ≥ 21 . We use each
permutation π̃i ∈ Sm to construct a permutation πi ∈ Sn . The idea of the construction

28

k=1

1{πi (k)6=πj (k)} =

2m
1
×
n
m

k=1

m
X

1{π̃i (k)6=π̃j (k)} ≥

m
3
≥ ,
n
8
∀n ≥ 4.

!` = `! ×





j!

,

1 
.
(` + 1)!




!` ≥ `! × e−1 −

j=0

X̀ (−1)j

{
#Eid
≤ n! ×
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Applying standard Markov chain Monte Carlo (MCMC) algorithms to large data sets
is computationally expensive. Both the calculation of the acceptance probability and the
creation of informed proposals usually require an iteration through the whole data set. The
recently proposed stochastic gradient Langevin dynamics (SGLD) method circumvents this
problem by generating proposals which are only based on a subset of the data, by skipping
the accept-reject step and by using decreasing step-sizes sequence (δm )m≥0 .
We provide in this article a rigorous mathematical framework for analysing this algorithm. We prove that, under verifiable assumptions, the algorithm is consistent, satisfies a
central limit theorem (CLT) and its asymptotic bias-variance decomposition can be characterized by an explicit functional of the step-sizes sequence (δm )m≥0 . We leverage this
analysis to give practical recommendations for the notoriously difficult tuning of this algorithm: it is asymptotically optimal to use a step-size sequence of the type δm  m−1/3 ,
leading to an algorithm whose mean squared error (MSE) decreases at rate O(m−1/3 ).
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We are entering the age of Big Data, where significant advances across a range of scientific, engineering and societal pursuits hinge upon the gain in understanding derived from
the analyses of large scale data sets. Examples include recent advances in genome-wide
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association studies (Hirschhorn and Daly, 2005; McCarthy et al., 2008; Wang et al., 2005),
speech recognition (Hinton et al., 2012), object recognition (Krizhevsky et al., 2012), and
self-driving cars (Thrun, 2010). As the quantity of data available has been outpacing the
computational resources available in recent years, there is an increasing demand for new
scalable learning methods, for example methods based on stochastic optimization (Robbins
and Monro, 1951a; Srebro and Tewari, 2010; Sato, 2001; Hoffman et al., 2010), distributed
computational architectures (Ahmed et al., 2012; Neiswanger et al., 2013; Minsker et al.,
2014), greedy optimization (Harchaoui and Jaggi, 2014), as well as the development of specialized computing systems supporting large scale machine learning applications (Gonzalez,
2014).
Recently, there has also been increasing interest in methods for Bayesian inference scalable to Big Data settings. Rather than attempting a single point estimate of parameters
typical in optimization-based or maximum likelihood settings, Bayesian methods attempt to
obtain characterizations of the full posterior distribution over the unknown parameters and
latent variables in the model, hence providing better characterizations of the uncertainties
inherent in the learning process, as well as providing protection against overfitting. Scalable
Bayesian methods proposed in the recent literature include stochastic variational inference
(Sato, 2001; Hoffman et al., 2010), which applies stochastic approximation techniques to optimizing a variational approximation to the posterior, parallelized Monte Carlo (Neiswanger
et al., 2013; Minsker et al., 2014), which distributes the computations needed for Monte
Carlo sampling across a large compute cluster, as well as subsampling-based Monte Carlo
(Welling and Teh, 2011; Ahn et al., 2012; Korattikara et al., 2014), which attempt to reduce
the computational complexity of Markov chain Monte Carlo (MCMC) methods by applying
updates to small subsets of data.
In this paper we study the asymptotic properties of the stochastic gradient Langevin dynamics (SGLD) algorithm first proposed by Welling and Teh (2011). SGLD is a subsamplingbased MCMC algorithm based on combining ideas from stochastic optimization, specifically
using small subsets of data to estimate gradients, with Langevin dynamics, a MCMC method
making use of gradient information to produce better parameter updates. Welling and Teh
(2011) demonstrated that SGLD works well on a variety of models and this has since been
extended by Ahn et al. (2012, 2014) and Patterson and Teh (2013b).
The stochastic gradients in SGLD introduce approximations into the Markov chain,
whose effect has to be controlled by using a slowly decreasing sequence of step sizes. Welling
and Teh (2011) provided an intuitive argument that as the step-size decreases the variations introduced by the stochastic gradients gets dominated by the natural stochasticity
of Langevin dynamics, the result being that the stochastic gradient approximation should
wash out asymptotically and that the Markov chain should converge to the true posterior
distribution.
In this paper, we make this intuitive argument more precise by providing conditions
under which SGLD converges to the targeted posterior distribution; we describe a number
of characterizations of this convergence. Specifically, we show that estimators derived from
SGLD are consistent (Theorem 7) and satisfy a central limit theorem (CLT) (Theorem 8);
the bias-variance trade-off of the algorithm is discussed in details in Section 5. In Section
6 we prove that, when observed on the right (inhomogeneous) time scale, the sample path
of the algorithm converges to a Langevin diffusion (Theorem 9).
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Our analysis reveals that for a sequence of step-sizes with algebraic decay δm  m−α the
optimal choice, when measured in terms of rate of decay of the mean squared error (MSE),
is given for α? = 1/3; the choice δm  m−α? leads to an algorithm that converges at rate
O(m−1/3 ). This rate of convergence is worse than the standard Monte-Carlo m−1/2 -rate of
convergence. This is not due to the stochastic gradients used in SGLD, but rather to the
decreasing step-sizes.
These results are asymptotic in the sense that they characterise the behaviour of the
algorithm as the number of steps approaches infinity. Therefore they do not necessarily
translate into any insight into the behaviour for finite computational budgets which is the
regime in which the SGLD might provide computational gains over alternatives. The mathematical framework described in this article show that the SGLD is a sound algorithm, an
important result that has been missing in the literature.
In the remainder of this article, the notation N(µ, σ 2 ) denotes a Gaussian distribution
with mean µ and variance σ 2 . For two positive functions f, g : R → [0, ∞), one writes f . g
to indicate that there exists a positive constant C > 0 such that f (θ) ≤ C g(θ); we write
f  g if f . g . f . For a probability measure π on a measured space
R X , a measurable
function ϕ : X → R and a measurable set A ⊂ X , we define π(ϕ; A) = θ∈A ϕ(θ) π(dθ) and
π(ϕ) = π(ϕ; X ). Finally, densities of probability distributions on Rd are implicitly assumed
to be defined with respect to the usual d-dimensional Lebesgue measure.

2. Stochastic Gradient Langevin Dynamics

1
∇ log π(θt ) dt + dWt ,
2

(1)

Many MCMC algorithms evolving in a continuous state space, say Rd , can be realised
as discretizations of a continuous time Markov process (θt )t≥0 . An example of such a
continuous time process, which is central to SGLD as well as many other algorithms, is the
Langevin diffusion, which is given by the stochastic differential equation
dθt =

(2)

where π : Rd → (0, ∞) is a probability density and (Wt )t≥0 is a standard Brownian motion
in Rd . The linear operator A denotes the generator of the Langevin diffusion (1): for a
twice continuously differentiable test function ϕ : Rd → R,
1
1
Aϕ(θ) = h∇ log π(θ), ∇ϕ(θ)i + ∆ϕ(θ),
2
2
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def Pd
where ∆ϕ = i=1
∇i2 ϕ denotes the standard Laplacian operator. The motivation behind
the choice of Langevin diffusions is that, under certain conditions, they are ergodic with respect to the distribution π; for example, (Roberts and Tweedie, 1996; Stramer and Tweedie,
1999a,b; Mattingly et al., 2002) describe drift conditions of the type described in Section
3.2 that ensure that the total variation distance from stationarity of the law at time t of
the Langevin diffusion (1) decreases to zero exponentially quickly as t → ∞.
Given a time-step δ > 0 and a current position θt , it is often straightforward to simulate
a random variable θ? that is approximately distributed as the law of θt+δ given θt . For

3
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(3)

stochastic differential equations, the Euler-Maruyama scheme (Maruyama, 1955) might be
the simplest approach for approximating the law of θt+δ . For a Langevin diffusion this reads

1
θ? = θt + δ ∇ log π(θt ) + δ 1/2 η
2

i=1

N
Y

p ( yi | θ) .

(4)

for a standard d-dimensional centred Gaussian random variable η. To fully correct the
discretization error, one can adopt a Metropolis-Hastings accept-reject mechanism. The
resulting algorithm is usually referred to as the Metropolis-Adjusted-Langevin algorithm
(MALA) (Roberts and Tweedie, 1996). Other discretizations can be used as proposals.
For example, the random walk Metropolis-Hastings algorithm uses the discretization of a
standard Brownian motion as the proposal, while the Hamiltonian Monte Carlo (HMC)
algorithm (Duane et al., 1987) is based on discretizations of an Hamiltonian system of
differential equations. See the excellent review of Neal (2010) for further information.
In this paper, we shall consider the situation where the target π is the density of the
posterior distribution under a Bayesian model where there are N  1 i.i.d. observations,
the so called Big Data regime,

π(θ) ∝ p0 (θ)

i=1

n
N X
∇ log p(xτi | θ)
n

(5)

Here, both computing the gradient term ∇ log π(θt ) and evaluating the Metropolis-Hastings
acceptance ratio require a computational budget that scales unfeasibly as O(N ). One
approach is to use a standard random walk proposal instead of Langevin dynamics, and
to efficiently approximating the Metropolis-Hastings accept-reject mechanism using only a
subset of the data (Korattikara et al., 2014; Bardenet et al., 2014).
This paper is concerned with stochastic gradient Langevin dynamics (SGLD), an alternative approach proposed by Welling and Teh (2011). This follows the opposite route and
chooses to completely avoid the computation of the Metropolis-Hastings ratio. By choosing a discretization of the Langevin diffusion (1) with a sufficiently small step-size δ  1,
because the Langevin diffusion is ergodic with respect to π, the hope is that even if the
Metropolis-Hastings accept-reject mechanism is completely avoided, the resulting Markov
chain still has an invariant distribution that is close to π. Choosing a decreasing sequence
of step-sizes δm → 0 should even allow us to converge to the exact posterior distribution.
To further make this approach viable in large N settings, the gradient term ∇ log π(θ) can
be further approximated using a subsampling strategy. For an integer 1 ≤ n ≤ N and a
def
random subset τ = (τ1 , . . . , τn ) of [N ] ≡ {1, . . . , N } generated by sampling with or without
replacement from [N ], the quantity
∇ log p0 (θ) +
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is an unbiased estimator of ∇ log π(θ). Most importantly, this stochastic estimate can be
computed with a computational budget that scales as O(n) with n potentially much smaller
than N . Indeed, the larger the quotient n/N , the smaller the variance of this estimate.
Stochastic gradient methods have a long history in optimisation and machine learning
and are especially relevant in the large dataset regime considered in this article (Robbins

4

def
H(θ, U) = ∇\
log π(θ, U) − ∇ log π(θ).

(6)

(7)

δ1 ϕ(θ0 ) + . . . + δm ϕ(θm−1 )
Tm
(8)

def

ω1 ϕ(θ0 ) + . . . + ωm ϕ(θm−1 )
Ωm

(9)

5
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ω (ϕ) = π (ϕ) in the particular case (ω )
with Ωm = ω1 + . . . + ωm . Indeed, πm
m
m m≥1 =
2 }
(δm )m≥1 ; we will consider the weight sequence ω = {δm
m≥1 in the proof of Theorem 8.
Let us mention several directions that can be explored to improve upon the basic SGLD
algorithm explored in this paper. Langevin diffusions of the type dθt = drift(θt ) dt +
M (θt ) dWt , reversible with respect to the posterior distribution π, can be constructed for
various choices of positive definite volatility matrix function M : Rd → Rd,d . Note nonetheless that, for a non-constant volatility matrix function θ 7→ M (θ), the drift term typically

ω
πm
(ϕ) =

def

with Tm = δ1 + . . . + δm . The quantity πm (ϕ) thus approximates the ergodic average
R
−1 Tm ϕ(θ ) dt between time zero and t = T . During the course of the proof of our
Tm
t
m
0
fluctuation Theorem 8, we will need to consider more general averaging schemes than the
one above. Instead, for a general positive sequence of weights ω = (ωm )m≥1 , we define the
ω-weighted sum

πm (ϕ) =

def

for an i.i.d. sequence ηm ∼ N(0, Id ), and an independent and i.i.d. sequence Um of auxiliary
random variables. This is the equivalent of the Euler-Maruyama discretization (3) of the
Langevin diffusion (1) with a decreasing sequence of step-sizes and a stochastic estimate
to the gradient term. The analysis presented in this article assumes for simplicity that the
initial position θ0 of the algorithm is deterministic; in the simulation study of Section 7,
the algorithms are started at the MAP estimator. Indeed, more general situations could
be analysed with similar arguments at the cost of slightly less transparent proofs. Note
that the process (θm )m≥0 is a non-homogeneous Markov chain, and many standard analysis
techniques for homogeneous Markov chains do not apply.
For a test function ϕ : Rd → R, the expectation of ϕ with respect to the posterior
distribution π can be approximated by the weighted sum

1
1/2
θm = θm−1 + δm ∇\
log π(θm−1 , Um ) + δm
ηm
2

In summary, the SGLD algorithm can be described as follows. For a sequence of asymptotically vanishing time-steps (δm )m≥0 and an initial parameter θ0 ∈ Rd , if the current position
is θm−1 , the next position θm is defined though the recursion

with

and

lim Tm = ∞.
m→∞

def

m≥1

X

∆(ωm /δm ) / Ωm < ∞
where ∆(ωm /δm ) = ωm+1 /δm+1 − ωm /δm .

m→∞

lim

6

and

m≥1

X
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2
ωm
/[δm Ω2m ] < ∞.

Assumption 2 The step-sizes sequence (ωm )m≥1 is such that ωm → 0 and Ωm → ∞ and

Indeed, this assumption is easily seen to also be necessary for the Law of Large Numbers of
Section 4 to hold. Furthermore, we will need at several occasions to assume the following
assumption on the oscillations of a sequence of step-sizes (ωm )m≥1 .

m→∞

lim δm = 0

Assumption 1 The step-sizes δ = (δm )m≥1 form a decreasing sequence with

Throughout this text, we assume that the sequence of step-sizes δ = (δm )m≥1 satisfies the
following usual assumption.

3.1 Basic Assumptions

This section starts with the basics assumptions we will need for the asymptotic results to
follow, and illustrates some of the potential stability issues that may occur, would the SGLD
algorithm be applied without care.

3. Assumptions and Stability Analysis

involves derivatives of M . Concepts of information geometry (Amari and Nagaoka, 2007)
give principled ways (Livingstone and Girolami, 2014) of choosing the volatility matrix
function M ; when the Fisher information matrix is used, this leads to the Riemannian
manifold MALA algorithm (Girolami and Calderhead, 2011). This approach has recently
been applied to the Latent Dirichlet Allocation model for topic modelling (Patterson and
Teh, 2013a). For high-dimensional state spaces d  1, one can use a constant volatility
function M , also known in this case as the preconditioning matrix, for taking into account
the information contained in the prior distribution p0 in the hope of obtaining better mixing
properties (Beskos et al., 2008; Cotter et al., 2013); infinite dimensional limits are obtained
in (Pillai et al., 2012; Hairer et al., 2014). Under an uniform-ellipticity condition and a
growth assumption on the volatility matrix function M : Rd → Rd,d , we believe that our
framework could, at the cost of increasing complexity in the proofs, be extended to this setting. To avoid the slow random walk behaviour of Markov chains based on discretization of
reversible diffusion processes, one can use instead discretizations of an Hamiltonian system
of ordinary differential equations (Duane et al., 1987; Neal, 2010); when coupled with the
stochastic estimates to the gradient above described, this leads to the stochastic gradient
Hamiltonian Monte Carlo algorithm of (Chen et al., 2014).
In the rest of this paper, we will build a rigorous framework for understanding the properties of this SGLD algorithm, demonstrating that the heuristics and numerical evidences
presented in Welling and Teh (2011) were indeed correct.

and Monro, 1951b; Bottou, 2010; Hoffman et al., 2013). In this paper we will adopt a
slightly more general framework and assume that one can compute an unbiased estimate
∇\
log π(θ, U) to the gradient ∇ log π(θ), where U is an auxiliary random variable which
contains all the randomness involved in constructing the estimate. Without loss of generality
we may assume (although this is unnecessary) that U is uniform on (0, 1). The unbiasedness
of the estimator ∇\
log π(θ, U) means that

E [H(θ, U)] = 0
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2
δm Ωm

. 1+

−

1/Ωm )

(1/Ωm−1 − 1/Ωm ) = 1 + 1/Ω1 .

(ωm /δm )2 (1/Ωm−1
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2
ωm
/

X

m≥2

m≥2

Remark 3 Assumption 2 holds if δ = (δm )m≥1 satisfies Assumption (1) and the weights
p
are defined as ωm = δm
, for some P
some exponent p ≥ 1 small enough for Ωm → ∞. This is
because the first sum is less than m≥1 ∆(ωm /δm ) /Ω1 = δ1p−1 /Ω1 , while the finiteness of
the second sum can be seen as follows:
X
X

m≥1

. 1+

For any exponents 0 < α < 1 and 0 < p < 1/α the sequences δm = (m0 + m)−α and
p
ωm = δm
satisfy both Assumption 1 and Assumption 2.
3.2 Stability
Under assumptions on the tails of the posterior density π, the Langevin diffusion (1) is non-
explosive and for any starting position θ0 ∈ Rd the total-variation distance dTV P(θt ∈ ·), π
converges to zero as t → ∞. For instance, Theorem 2.1 of (Roberts and Tweedie, 1996)
shows that it is sufficient to assume that the drift term satisfies the condition (1/2) h∇ log π(θ), θi ≤
αkθk2 + β for some constants α, β > 0. We refer the interested reader to (Roberts and
Tweedie, 1996; Stramer and Tweedie, 1999a,b; Roberts and Stramer, 2002; Mattingly et al.,
2002) for a detailed study of the convergence properties of the Langevin diffusion (1).
Unfortunately, stability of the continuous time Langevin diffusion does not always translate into good behaviour for its Euler-Maruyama discretization. For example, even if the
drift term points towards the right direction in the sense that h∇ log π(θ), θi < 0 for every
parameter θ, it might happen that the magnitude of the drift term is too large so that
the Euler-Maruyama discretization overshoots and becomes unstable. In a one dimensional
setting, this would lead to a Markov chain that diverges in the sense that the sequence
(θm )m≥0 alternates between taking arbitrarily large positive and negative values. Lemma
6.3 of (Mattingly et al., 2002) gives such an example with a target density π(θ) ∝ exp{−θ4 }.
See also Theorem 3.2 of (Roberts and Tweedie, 1996) for examples of the same flavours.
Guaranteeing stability of the Euler-Maruyama discretization requires stronger Lyapunov
type conditions. At a heuristic level, one must ensure that the drift term ∇ log π(θ) points
towards the centre of the state space. In addition, the previous discussion indicates that
one must also ensure that the magnitude of this drift term is not too large. The following
assumptions satisfy both heuristics, and we will show are enough to guarantee that the
SGLD algorithm is consistent, with asymptotically Gaussian fluctuations.

(10)

Assumption 4 The drift term θ 7→ 21 ∇ log π(θ) is continuous. There exists a Lyapunov
function V : Rd → [1, ∞) that tends to infinity as kθk → ∞, is twice differentiable with
bounded second derivatives, and satisfies the following conditions.
1. There exists an exponent pH ≥ 2 such that
h
i
E kH(θ, U)k2pH . V pH (θ).
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This implies that E kH(θ, U)k2p . V p (θ) for any exponent 0 ≤ p ≤ pH .
7

2. For every θ ∈ Rd we have
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k∇V (θ)k2 + k∇ log π(θ)k2 . V (θ).

3. There are constants α, β > 0 such that for every θ ∈ Rd we have

1
h∇V (θ), ∇ log π(θ)i ≤ −α V (θ) + β.
2

(11)

(12)

Equation (12) ensures that on average the drift term ∇\
log π(θ) points towards the centre of the state space, while equations (10) and (11) provide control on the magnitude of
the (stochastic) drift term. The drift condition (12) implies in particular that the Langevin
diffusion (1) converges exponentially quickly towards the equilibrium distribution π (Mattingly et al., 2002; Roberts and Tweedie, 1996). The proof of the Law of Large Numbers
(LLN) and the Central Limit Theorem (CLT) both exploit the following Lemma.

and

m≥1

sup E [V p (θm )] < ∞.

(13)

Lemma 5 (Stability) Let the step-sizes (δm )m≥1 satisfy Assumption 1 and suppose that
the stability Assumptions 4 hold. For any exponent 0 ≤ p ≤ pH the following bounds hold
almost surely,
sup πm (V p/2 ) < ∞
m≥1

(14)

Moreover, for any exponent 0 ≤ p ≤ pH we have π(V p ) < ∞. If the sequence of weights
(ωm )m≥1 satisfies Assumption 2 the following holds almost surely,

ω
sup πm
(V p/2 ) < ∞
m≥1

The technical proof can be found in Section B. The idea is to leverage condition (12) in order
to establish that the function V p satisfies both discrete and continuous drift conditions.
3.3 Scope of the Analysis

For a posterior density π of the form (4) and the usual unbiased estimate to ∇ log π described
in Equation (5), to establish that Equations (10) and (11) hold it suffices to verify that the
prior density p0 is such that k∇ log p0 (θ)k2 . V (θ) and that for any index 1 ≤ i ≤ N the
likelihood term p ( yi | θ) is such that

JMLR 17(7):1-33

k∇ log p ( yi | θ)k2 pH . V pH (θ).
PN
Indeed, in these circumstances, we have kH(θ, U)k2pH . i=1
k∇ log p(yi | θ)k2pH . Several
such examples are described in Section 7.
It is important to note that the drift Condition (12) typically does not hold for distributions with heavy tails such that ∇ log π(x) → 0 as kxk → ∞ (Roberts and Tweedie, 1996).
For example, the standard MALA algorithm is not geometrically ergodic when ∇ log π(x)
converges to zero as kxk → ∞ (Theorem 4.3 of (Roberts and Tweedie, 1996)); indeed, the
analysis of standard local-move MCMC algorithms when applied to target densities with
heavy tails is delicate and typically necessitate other tools Stramer and Tweedie (1999b);

8

lim

k→∞

lim

k≥0

9

Tk

Tk2

X E [|Rk |]

k≥0

2. The sequence (Rk )k≥0 is such that

k→∞

< ∞.

< ∞.

X E [|∆Mk |]2

(19)

10
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(21)

(20)
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To prove Equation (20) we use the following decomposition of πm (Aϕ),
 Pm

 Pm

k=1 Ek−1 [ϕ(θk ) − ϕ(θk−1 )]
k=1 Ek−1 [ϕ(θk ) − ϕ(θk−1 )]
−
− πm (Aϕ) .
Tm
Tm

π∞ (Aϕ) = 0.

Weak convergence of (πm )m≥1 . To prove that almost surely the sequence (πm )m≥1 converges
weakly towards π it suffices to prove that the sequence is almost surely weakly pre-compact
and that any weakly convergent subsequence of (πm )m≥0 necessarily (weakly) converges
towards π. By Prokhorov’s Theorem (Billingsley, 1995) and Equation (13), because the
Lyapunov function V goes to infinity as kθk → ∞, the sequence (πm )m≥1 is almost surely
weakly pre-compact. It thus remains to show that if a subsequence converges weakly to a
probability measure π∞ then π∞ = π.
Since the Langevin diffusion (1) has a unique strong solution and its generator A is
uniformly elliptic, Theorem 9.17 of Chapter 4 of (Ethier and Kurtz, 1986) yields that it
suffices to verify that for any smooth and compactly supported test function ϕ : R → R
and any limiting distribution π∞ of the sequence (πm )m≥1 the following holds,

Proof In the following, we write Ek [ · ] and Pk ( · ) to denote the conditional expectation E [ · | θk ] and conditional probability P ( · | θk ) respectively. We use the notation
def
∆θk = (θk+1 − θk ). Finally, for notational convenience, we only present the proof in the
scalar case d = 1, the multidimensional case being entirely similar. We will give a detailed
proof of Equation (18) and then briefly describe how the more general Equation (19) can be
proven using similar arguments. To prove Equation (18), we first show that the sequence
(πm )m≥1 almost surely converges weakly to π. Equation (18) is then proved in a second
stage.

m→∞

ω
lim πm
(ϕ) = π(ϕ).

If in addition the sequence of weights {ωm }m≥1 satisfies Assumption (2), a similar result
holds almost surely for the ω-weighted ergodic average:

(18)

• Let us prove that the first
P term of (21) converges almost surely to zero. The numerator
is equal to the sum of m
k=1 Ek−1 [ϕ(θk )] − ϕ(θk ) and ϕ(θm ) − ϕ(θ0 ). By boundedness
of ϕ, the term {ϕ(θm ) − ϕ(θ0 )}/Tm converges almost surely to zero. By Lemma 6, to

(16)

lim πm (ϕ) = π(ϕ).

m→∞

(17)

holds almost surely if the following two conditions are satisfied.
P
1. The process Mm = k≤m ∆Mk is a martingale, i.e. E [ ∆Mk | Fk ] = 0 and

Lemma 6 Let (∆Mk )k≥0 and (Rk )k≥0 be two sequences of random variables adapted to a
filtration (Fk )k≥0 and let (Γk )k≥0 be an increasing sequence of positive real numbers. The
limit
Pm
k=0 ∆Mk + Rk
= 0
(15)
lim
m→∞
Tm

with a similar result for ω-weighted empirical averages, under assumptions on the weight
sequence ω. The proofs of several results of this paper make use of the following elementary
lemma.

The problem of estimating the invariant distribution of a stochastic differential equation by
using a diminishing step-size Euler discretization has been well explored in the literature
(Lamberton and Pages, 2002, 2003; Lemaire, 2007; Panloup, 2008; Pages and Panloup,
2012), while (Mattingly et al., 2002) studied the bias and variance of similar algorithms
when fixed step-sizes are used instead. We leverage some of these techniques and adapt it
to our setting where the drift term can only be unbiasedly estimated, and establish in this
section that the SGLD algorithm is consistent under Assumptions 1 and 4. More precisely,
we prove that almost surely the sequence (πm )m≥1 defined in Equation (8) converges weakly
towards π. Specifically, under growth assumptions on a test function ϕ : Rd → R, the
following strong law of large numbers holds almost surely,
Z
δ1 ϕ(θ0 ) + . . . + δm ϕ(θm )
lim
=
ϕ(θ) π(dθ),
m→∞
Tm
Rd

4. Consistency

The above lemma, whose proof can be found in the appendix A, is standard; Lamberton
and Pages (2002) also follows this route to prove several of their results.

Jarner and Roberts (2007); Kamatani (2014) than the approach based on drift conditions of
the type (12). The analysis of the properties of the SGLD algorithm when applied to such
heavy tail densities is out of the scope of this article. It is important to note that many
more complex scenarios involving high-dimensionality, multi-modality, non-parametric settings where the complexity of the target distribution increases with the size of the data, or
combination thereof, are examples of interesting and relevant situations where our analysis
typically does not apply; analysing the SGLD algorithm when applied to these challenging
target distributions is well out of the scope of this article.

Theorem 7 (Consistency) Let the step-sizes satisfy Assumption (1) and suppose that the
stability Assumptions 4 hold for a Lyapunov function V : Rd → [1, ∞). Let 0 ≤ p < pH /2
and ϕ : Rd → R be a test function such that |ϕ(θ)|/V p (θ) is globally bounded. Then the
following limit holds almost surely:
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kθk+1 − θk k2 /Tk2 is finite.
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k≥1 E

P

conclude is suffices to show that the martingale difference terms Ek−1 [ϕ(θk )] − ϕ(θk )
are such that
h
i
2
X E |Ek−1 [ϕ(θk )] − ϕ(θk )|
< ∞.
Tk2
k≥1

Because ϕ is Lipschitz, it suffices to prove that

(22)

The stability Assumption
4 andiLemma 5 imply that the supremum sup
h
 m E [V (θm )]

2
2
is finite. Since Ek kθk+1 − θk k2 . δk+1
V
(θ)+δ
k+1 , it follows that E kθk+1 − θk k
is lessPthan a constant multiple of δk+1 . Under Assumption
1, because the telescoping
P
sum k≥1 T −1 (k) − T −1 (k + 1) is finite, the sum k≥1 δk /Tk2 is finite. This concludes
the proof that the first term in (21) converges almost surely to zero.

• The second term of (21) equals R0 + . . . + Rm−1 /Tm with
def

Rk = Ek [ϕ(θk+1 ) − ϕ(θk )] − Aϕ(θk ) δk+1 .

3/2

We now show that there exists a constant C such that the bound |Rk | ≤ C δk+1 holds
for any k ≥ 0. To do so, let K > 0 be such that the support of the test function ϕ is
included in the compact set Ω = [−K, K]. We examine two cases separately.
– If |θk | > K + 1 then
| ≤ kϕk∞ × Pk (θk+1 ∈ Ω).
 ϕ(θk ) = Aϕ(θk ) = 0 so that |Rkp
Since θk+1 − θk = 21 ∇ log π(θk ) + H(θk , U) δk+1 + δk+1 η we have


1
dist(θk , Ω)
Pk (θk+1 ∈ Ω) ≤ I
∇ log π(θk ) ≥
2
3 δk+1
!


dist(θk , Ω)
dist(θk , Ω)
p
+ Pk |H(θk , U)| ≥
+ Pk |η| ≥
.
3 δk+1
3 δk+1
We have used the notation I(A) for denoting the indicator function of the event
A. Under Assumption 4 we have |∇ log π(θ)| . V (θ)1/2 . 1 + kθk so that the
quotient |∇ log π(θ)|/dist(θ, Ω) is bounded on the set {θ : |θ| > K}; this shows
that the first term equals zero for δk small enough. To prove that the second term
2 , it suffices to use Markov’s inequality
is bounded by a constant multiple of δk+1
and the fact that E[H(θk , U)2 ]/dist2 (θ, Ω) is bounded on {θ : |θ| > K}; this is
because E[H(θk , U)2 ] is less than a constant multiple of V (θ) and V (θ) . 1+kθk2
2
by Assumption 4. The third term is less than a constant multiple of δk+1
by
Markov’s inequality and the fact that η has a finite moment of order four.

– If |θk | ≤ K + 1, we decompose Rk into two terms. A second order Taylor formula
yields

0
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1
00
R = δ 2 ϕ (θ ) [∇ log π(θ )]2 + Ek H 2 (θk , U)
k
k
k
2 k+1


Z 1
000
+ (1/2) Ek (∆θk )3
ϕ (θk + u ∆θk ) (1 − u)2 du
= Rk,1 + Rk,2 .
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3/2

3/2

3/2

Under Assumption 4, the quantities [∇ log π(θk )]2 and E[H 2 (θk , U)] are upper
00
bounded by a constant multiple of V (θk ). Since the function θ 7→ ϕ (θ) V (θ)
is globally bounded (because continuous with compact support) this shows that
2 . Since |θ | ≤ K + 1, the bounds
Rk,1 is less than a constant multiple of δk+1
k
E[H 3 (θ, U)] . V 3/2 (θ) and supk≥0 E[V 3/2 (θk )] < ∞ (see Lemma 5) yield that

θ:|θ|<K+1

sup

3
Ek |∆θk |3 ≤ 9 C (δk+1
+ δk+1 ) . δk+1 with
h
i
|∇ log π(θ)|3 + E |H(θ, U)|3 .

C =1+

Note that C is finite by Assumption 4 and Lemma 5.

We have thus proved that there is a constant C such |Rk | ≤ C δk+1 for k ≥ 0;
it follows that the

 sum (R0 + . . . + Rm−1 )/Tm is less than a constant multiple of
3/2
3/2
δ1 + . . . + δm /Tm . Under Assumption 1, this upper bound converges to zero as
m → ∞, hence the conclusion.

This ends the proof of the almost sure weak convergence of πm towards π.

supm πm (V pH /2 )
,
tpH /2−p

Proof of Equation (18). By assumption we have |ϕ(θ)| ≤ Cp V p (θ) for some constant
Cp > 0 and exponent p < pH /2. To show that πm (ϕ) → π(ϕ) almost surely, we will use
Lemma 5 and the almost sure weak convergence, which guarantees that πm (ϕ)
e → π(ϕ)
e for
a continuous and bounded test function ϕ.
e
def
For any t > 0, the set Ωt = {θ : V (θ) ≤ t} is compact and Tietze’s extension theorem
(Rudin, 1986, Theorem 20.4) yields that there exists a continuous function ϕ
et with compact
support that agrees with ϕ on Ωt and such that kϕ
et k∞ = sup{|ϕ(θ)| : θ ∈ Ωt }. We can
indeed also assume that |ϕ
et (θ)| ≤ Cp V p (θ). Since Lemma 5 states that supm πm (V pH /2 ) is
almost surely finite, it follows that

|πm (ϕ) − πm (ϕ
et )| ≤ 2 Cp πm (V p 1V ≥t ) ≤ 2 Cp

where the last inequality follows from the fact that for any probability measure µ, exponents
0 < p < q and scalar t > 0 we have µ(V p 1V ≥t ) ≤ µ(V q 1V ≥t )/tq−p . Similarly

|π(ϕ) − π(ϕ
et )| ≤ 2 Cp π(V pH /2 )/tpH /2−p .

supm πm (V pH /2 )
π(V pH /2 )
+ πm (ϕ
et ) − π(ϕ
et ) + 2 Cp p /2−p .
tpH /2−p
tH

By the triangle inequality, we thus have,

|πm (ϕ) − π(ϕ)| ≤ 2 Cp

On the right-hand-side, the term in the middle can be made arbitrarily small as m → ∞
since πm converges weakly towards π, while the other two terms converges to zero as t → ∞.
This concludes the proof of Equation (18).
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Proof of Equation (19). The approach is very similar to the proof of Equation (18) and
for this reason we only highlight the main differences. The same argument shows that the

12

k=0

m−1
X

2
δk+1
.

(23)

13
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−1/2
Indeed, the proof of Theorem 8 reveals that the fluctuations of πm (ϕ) are of order O Tm


Pm−1 2
−1
and its bias is of order O Tm
k=0 δk+1 ; the quantity Bm is thus the ratio of the typical
scales of the bias and fluctuations. In the case where Bm → 0, the fluctuations dominate

def

−1/2
Bm = Tm

The previous section shows that, under suitable conditions, for a test function ϕ : Rd → R
the quantity πm (ϕ) converges almost surely to π(ϕ) as m → ∞. In this section, we investigate the fluctuations of πm (ϕ) around its asymptotic value π(ϕ). We establish that the
asymptotic bias-variance decomposition of the SGLD algorithm is dictated by the behaviour
of the sequence

5. Fluctuations, Bias-Variance Analysis, and Central Limit Theorem

Because Ωm →
∞, (ωm+1 /δm+1 )/Ωm → 0 and ϕ is bounded, one can concentrate on provPm
ing that Ω−1
m P
k=1 ϕ(θk ) ∆(ωk /δk ) converges almost surely to zero. By Lemma 6, it suffices
to verify that k≥1 E [|ϕ(θk ) ∆(ωk /δk )|]/Ωk is finite; this directly follows from the boundPm
edness of ϕ and Assumption 2. Finally, algebra shows that S3 (m) = Ω−1
m
1 (ωk /δk ) Rk−1
with the quantity Rk defined in Equation (22). It has been proved that there is a constant
3/2
C such that, almost surely, |Rk | ≤ C δk+1 for all k ≥ 0. Since δm → 0, the rescaled sum
P
1/2
−1
Ωm
converges to zero as m → ∞. It follows that S3 (m) converges almost
k≤m ωk δk
surely to zero.

and prove that each term converges
to zero almost surely.
h
i For S1 (m), by Lemma 6 it suffices
P
to show that k≥1 (ωk /δk )2 E {Ek−1 [ϕ(θk )] − ϕ(θk )}2 /Ω2k is finite. This follows from the
h
2 i
P
2 /(Ω2 δ ) is finite. For
bound E Ek−1 [ϕ(θk )] − ϕ(θk )
. δk and the fact that m≥0 ωm
m m
S2 (m), we can write it as
P
m+1
ϕ(θm ) − m
− ωδ11 ϕ(θ0 ) + ωδm+1
k=1 ϕ(θk ) ∆(ωk /δk )
.
S2 (m) =
Ωm

ω is tight and it suffices to show that π ω (Aϕ) = 0 for any weak limit π ω of the
sequence πm
∞
∞
ω)
ω
sequence (πm
m≥0 for obtaining the almost sure weak convergences of (πm )m≥0 towards π.
One can then upgrade this almost sure weak convergence to a Law of Large Numbers. To
ω (Aϕ) = 0. For a smooth and compactly
prove (19), we thus concentrate on proving that π∞
ω (Aϕ) = S (m) + S (m) + S (m)
supported test function ϕ we use the decomposition πm
1
2
3
with


1 Pm ωk

k)
 S1 (m) = Ωm Pk=1 δk Ek−1 [ϕ(θk )] − ϕ(θ

m
ω
S2 (m) = Ω1m k=1 δkk ϕ(θk ) − ϕ(θk−1 )

 S3 (m) = π ω (Aϕ) − 1 Pm ωk E [ϕ(θ ) − ϕ(θ )]
k−1
k
k−1
m
k=1 δk
Ωm
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(24)

πm (ϕ) − π(ϕ)
= µ(ϕ).
−1 Pm
2
Tm
k=1 δk

(27)

14
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Proof The proof follows the strategy described in Lamberton and Pages (2002), with the
additional difficulty that only unbiased estimates of the drift term of the Langevin diffusion
are available. We use the decomposition
(P
) 

m−1
h(θm ) − h(θ0 )
k=0 δk+1 Ah(θk ) − (h(θk+1 ) − h(θk ))
πm (ϕ) − π(ϕ) =
+
. (28)
Tm
Tm

m→∞

lim

• In case the bias dominates, i.e. Bm → ∞, the following limit holds in probability,

where the random variables Θ ∼ π and U are independent.

D

with the asymptotic bias


1
1
1
µ(ϕ) = −B∞ E ∇2 h(Θ)∇\
log π(Θ, U)2 + ∇3 h(Θ)∇ log π(Θ) + ∇4 h(Θ)
8
4
24

m→∞

• In case the fluctuations and the bias are on the same scale, i.e. Bm → B∞ ∈ (0, ∞),
the following convergence in distribution holds,


1/2
lim Tm
πm (ϕ) − π(ϕ) = N µ(ϕ), σ 2 (ϕ) ,
(26)

m→∞

• In case the fluctuations dominate, i.e. Bm → 0, the following convergence in distribution holds,


1/2
lim Tm
πm (ϕ) − π(ϕ) = N 0, σ 2 (ϕ) .
(25)

Theorem 8 (Fluctuations) Let the step-sizes (δm )m≥1 satisfy Assumption 1 and assume
that Assumption 4 holds for an exponent pH ≥ 5. Let ϕ : Rd → R be a test function and asn
sume that the unique solution h : Rd → R to the Poisson Equation (24) satisfies
k∇

 h(θ)k .
2
p
2
H
V (θ) for n ≤ 4 and has a bounded fifth derivative. Define σ (ϕ) = π k∇hk .

is introduced so that the additive functional πm (ϕ) of the trajectory of the Markov process
{θk }k≥0 can be expressed as the sum of a martingale and a remainder term. A central limit
for martingales can then be invoked to describe the asymptotic behaviour of the fluctuations

ϕ − π(ϕ) = Ah

the bias and the rescaled difference Tm × (πm (ϕ) − π(ϕ)) converges weakly to a centred
Gaussian distribution. In the case where Bm → B∞ ∈ (0, ∞), there is an exact balance
1/2
between the scale of the bias and the scale of the fluctuations; the rescaled quantity Tm ×
(πm (ϕ) − π(ϕ)) converges to a non-centred Gaussian distribution. Finally, in the case where
Pm 2 −1
−1
Bm → ∞, the bias dominates and the rescaled quantity Tm
× (πm (ϕ) − π(ϕ))
k=1 δk
converges in probability to a quantity µ(ϕ) ∈ R whose exact value is described in the sequel.
The strategy of the proof is standard; the solution h of the Poisson equation

1/2
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i=0

Cn,i δk+1

+ ∇5 h(ξk ) (θk+1 − θk )5 /5!.
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n=1

A fifth order Taylor expansion and Equation (7) yields that
( n
)
4
X
X (k) (n+i)/2

h(θk+1 ) − h(θk ) =

k=0

m−1
1 X (k) 1/2
≡−
C1,0 δk+1
Tm

and
Bm
k=0

m−1
o
1 X n (k)
(k)
(k)
2
≡−
C2,2 + C3,1 + C4,0 δk+1
Tm

(29)

−1 n
(k)
n−i
In the above, we have defined Cn,i ≡ 2i i! (n − i)!
∇ h(θk )∇\
log π(θk , Uk+1 )i ηk+1
; the
quantity ξk lies between θk and θk+1 . It follows from the expression (2) of the generator
of the A of the Langevin diffusion (1) and decomposition (28) that πm (ϕ) − π(ϕ) = Fm +
Bm + Rm where the fluctuation and bias terms are given by
Fm

con-

while the remainder term reads

m−1 

1 X 1
1 2
Rm ≡ −
− 1 ∇2 h(θk ) δk+1
H(θk , Uk+1 ) ∇h(θk ) +
η
Tm
2
2 k+1
k=0


m−1
m−1

1 X X
1 X 5
(k) (n+i)/2
(30)
−
Cn,i δk+1
−
∇ h(ξk ) (θk+1 − θk )5 /5!

 Tm
Tm
k=0
k=0
(n,i)∈IR


h(θm ) − h(θ0 )
+
Tm
S
for IR = p∈{3,5,6,7,8} IR,p and IR,p ≡ {(n, i) ∈ [1 : 4] × [0 : 4] : i ≤ n, i + n = p}. We will
show that the remainder term is negligible in the sense that each term on the R.H.S of
Pm−1 2 −1
1/2
δk+1 ) , converges in probabilEquation (30), when multiplied by either Tm or Tm ( k=0
ity to zero; in other words, each one of these terms is dominated asymptotically by either
the fluctuations or the bias and is thus negligible. We then show that when multiplied
1/2
by Tm , the fluctuation term converges in distribution to N(0, σ 2 (ϕ)). Finally,
show
Pm−1 we
2 )−1 .
δk+1
that the bias term converge to µ(ϕ) when rescaled by its typical scale, Tm ( k=0
Putting these results together under the three cases of Bm → 0, Bm → B∞ ∈ (0, ∞) and
Bm → ∞ leads to the results of the Theorem.

Remainder Term
1/2

we start by proving that the term Rm is negligible. The term {h(θm ) − h(θ0 )}/Tm
verges to zero in probability because |h(θ)| . V pH (θ) and Lemma 5 shows that
sup E[V pH (θm )] < ∞a.s..
m≥0
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Similarly, Assumptions 1 and 4 and Lemma 5 yield that


h
i
h
i
5
5/2
5/2
5
E ∇5 h(ξk ) (θk+1 − θk )5 . E |ηk+1 |5 δk+1 + E ∇\
log π(θk , Uk+1 ) δk+1
. δk+1
15

from which it follows that

o nP
o
m−1 2
∇5 h(ξk ) (θk+1 − θk )5 /
k=0 δk+1 converges to zero

Teh, Thiéry and Vollmer

k=0

nP
m−1

= 0

in probability; we have exploited the fact that ∇5 h is assumed to be globally bounded.
Essentially the same argument yield that the high-order terms are asymptotically negligible:
for (n, i) ∈ IR,p and p ∈ {5, 6, 7, 8} the limit

(k)

Pm−1 (k) (n+i)/2
k=0 Cn,i δk+1
lim
Pm−1 2
m→∞
k=0 δk+1

P
(k) (n+i)/2
m−1
k=0 Xn,i δk+1
1/2

Tm

Pm−1
k=0 E

=0

(k)

holds in probability because the coefficients Cn,i are uniformly bounded in expectation and
P
 P

m−1 (n+i)/2
m−1 2
the quantity
/
k=0 δk+1
k=0 δk+1 converges to zero since (n + i)/2 ≥ 5/2 and
δk → 0. To conclude, one needs to verify that the low order terms are also negligible in the
sense that the limit
lim

=

m→∞
(k)

Pm−1 (k) (n+i)/2
k=0 Xn,i δk+1
1/2
Tm

2
holds in probability with X1,1 = ∇h(θk ) H(θk , Uk+1 ) and X2,0 = ∇2 h(θk )(ηk+1
− 1) and
i
h
(k)
(k)
(k)
(k)
(k)
X2,1 = −C2,1 and X3,0 = −C3,0 . Since E Xn,i Fk = 0 where Fk = σ(θ0 , . . . , θk ) is the
natural filtration associated to the process (θk )k≥0 it follows that
h
i

!2 
(k)
Pm−1 n+i
n+i
(Xn,i )2 δk+1
δ
. k=0 k+1 → 0.
Tm
Tm

E

h
i
(k)
We made use of the fact that the expectations E (Xn,i )2 are uniformly bounded for all
k ≥ 0 by the same arguments as above, and that the final expression converges to 0 since
n + i ≥ 2, δm → 0 and Tm → ∞. This concludes the proof that the remainder term Rm is
asymptotically negligible.

Fluctuation Term

1/2
Tm
Fm ≡ −

Pm−1
1/2
k=0 ∇h(θk ) δk+1 ηk+1
1/2
Tm


→ N 0, σ 2 (ϕ) .

we now prove that the fluctuations term converges in distribution at Monte-Carlo rate
towards a Gaussian distribution,

m−1
X
k=0

Ek



Zk2 I

Zk2 > Tm ε
Tm



=0

and

lim

m→∞

Tm

Pm−1
k=0 Ek



Zk2
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= σ 2 (ϕ)

Using the standard martingale central limit theorem (e.g. Theorem 3.2, Chapter 3 of (Hall
and Heyde, 1980)), it suffices to verify that for any ε > 0 the following limits hold in
probability,
lim

m→∞

16

k=0

2
δk+1
→ 0, the conclusion follows.

k=0



Ek Zk2 I Zk2 > Tm ε /Tm .

2
k=0 δk+1
.
2 ε
Tm

Pm−1

2
k=0 ∆Mk δk+1
Pm−1 2
k=0 δk+1

1 4
4
∇ h(θk )ηk+1
.
24

can also be expressed as
(31)

+

m
2
X
∆Mk δk+1
Pk+1 2
j=1 δj+1
k=0

17
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For the standard choice of step-sizes δm = (m0 + m)−α the statistical fluctuations
dominate in the range 1/3 < α ≤ 1, there is an exact balance between bias and fluctuations
for α = 1/3, and the bias dominates for 0 < α < 1/3. The optimal rate of convergence is
obtained for α = 1/3 and leads to an algorithm that converges at rate m−1/3 .

is bounded in L2 . Under the Assumption of Theorem 8, Lemma 5 yields that the martingale
difference term ∆Mk is uniformly bounded in L2 from which the conclusion readily follows.

m 7→

Under the assumptions of Theorem 8, the function Ψ satisfies the hypothesis of Theorem
7 applied to the weight sequence {δk2 }k≥0 ; it follows that the first term in Equation (31)
converge almost surely to µ(ϕ). It remains to prove that the second term in Equation (31)
also converges almost surely to zero. By Lemma 6, it suffices to prove that the martingale

1 2
1
2
∇ h(θk )∇\
log π(θk , Uk+1 )2 + ∇3 h(θk )∇\
log π(θk , Uk+1 )ηk+1
8
4



(k)
(k)
(k)
for a martingale difference term ∆Mk ≡ C2,2 + C3,1 + C4,0 − Ψ(θk ) where Ψ(θk ) ≡
h
i


(k)
(k)
(k)
(k)
(k)
(k)
E C2,2 + C3,1 + C4,0 Fk and C2,2 + C3,1 + C4,0 equals

+

Pm−1

−1
2
k=1 δk /Tm

Pm

2
k=0 Ψ(θk ) δk+1
Pm−1 2
k=0 δk+1

Pm−1

holds in probability. The quantity Bm /

m→∞

lim Pm

Bm
= µ(ϕ)
2
k=1 δk /Tm

Bias term: we conclude by proving that the bias term is such that the limit

−2
Since Tm

Pm−1

m−1
X

 
def
1/2
with Zk = ∇h(θk ) δk+1 ηk+1 . Since Ek Zk2 = ∇h(θk )2 δk+1 and the function θ 7→ ∇h(θ)2
satisfies the assumptions of Theorem 7, the second limit directly follows from Theorem 7.
For proving the first limit, note that the Cauchy-Schwarz’s inequality and the boundedi1/2
h


2
> Tm ε
; the
ness of ∇h imply that Ek Zk2 I Zk2 > Tm ε . δk+1 × P δk+1 k∇hk2∞ ηk+1
Markov’s inequality thus yields that
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(r)

(r)

(r)

(r)
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Theorem 9 Let Assumption 4 holds and suppose that the drift function θ 7→ (1/2)∇ log π(θ)
is globally Lipschitz on Rd . If mesh(δ (r) ) → 0 as r → ∞, then the sequence of continuous
time processes (S (r) )r≥1 defined in Equation (33) converges weakly on C([0, T ], Rd ), k · k∞
to the Langevin diffusion (1) started at S0 = θ0 .

for x ∈ [0, 1]. The approach then amounts to showing that each S (r) can be expressed as
f (r) ) + e(r) , where W
f (r) is a sequence of stochastic processes converging to W and e(r)
I(W
is asymptotically negligible, and making use of the continuity properties of the Itô map I.

(r)

for an i.i.d. collection of auxiliary random variables (Uk )r≥1,k≥1 . Note that (ηk )k≥1 form
an i.i.d. sequence of N(0, 1) variables for each r. We can construct piecewise affine continuous
time sample paths (S (r) )r≥1 by linearly interpolating the Markov chains,


(r)
(r)
(r)
(r)
S (r) xTk−1 + (1 − x)Tk
= x θk−1 + (1 − x) θk ,
(33)

Define T0 = 0 and Tk = δ1 + · · · + δk for each k ≥ 1. The Markov chains are coupled
to W as follows:



 η (r) = (δ (r) )−1/2 W (T (r) ) − W (T (r) )
k
k
k−1
n k
o
(32)
 θ(r) = θ(r) + 1 δ (r) ∇ log π(θ(r) ) + H(θ(r) , U (r) ) + (δ (r) )1/2 η (r) ,
k
k−1
k−1
k−1
k
k
k
2 k

(r)

and with increasingly fine mesh sizes mesh(δ (r) ) → 0 with
n
o
def
(r)
mesh(δ (r) ) = max δk : 1 ≤ k ≤ m(r) .

k=1

If the drift function θ 7→ 21 ∇ log π(θ) is globally Lipschitz, then the Itô’s map I is well defined
and continuous. Further, the image I(W ) under the Itô map of a standard Brownian motion
W on [0, T ] can be seen to be described by Langevin diffusion (1).
The approach, inspired by ideas in Mattingly et al. (2012); Pillai et al. (2012), is to
construct a sequence of coupled Markov chains (θ(r) )r≥1 , each started at the same initial
def
(r) m(r)
state θ0 ∈ Rd and evolved according to the SGLD algorithm with step-sizes δ (r) = (δk )k=1
such that
m(r)
X (r)
δk = T

In this section we show that, when observed on the right (inhomogeneous) time scale, the
sample path of the SGLD algorithm converges to the continuous time Langevin diffusion of
Equation (1), confirming the heuristic discussion in Welling and Teh (2011).
The result is based on the continuity properties of the Itô’s map I : C([0, T ], Rd ) →
C([0, T ], Rd ), which sends a continuous path w ∈ C([0, T ], Rd ) to the unique solution v =
I(w) of the integral equation,
Z
1 t
vt = θ 0 +
∇ log π(vs ) ds + wt
for all t ∈ [0, T ].
2 s=0

6. Diffusion Limit
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Proof Since the drift term s 7→ (1/2) ∇ log π(s) is globally Lipschitz on Rd , Lemma 3.7
of (Mattingly et al., 2012) shows that the Itô’s map I : C([0, T ], Rd ) → C([0, T ], Rd ) is
well-defined and continuous, under the topology over the space C([0, T ], Rd ) induced by the
supremum norm kwk∞ ≡ sup{|wt | : 0 ≤ t ≤ T }. By the Continuous Mapping Theorem,
because the Langevin diffusion (1) can be seen as the image under the Itô’s map I of a
standard Brownian motion on [0, T ] evolving in Rd , it suffices to verify that the process S (r)
f (r) ) + e(r) where W
f (k) is a sequence of stochastic processes that
can be expressed as I(W
converge weakly in C([0, T ], Rd ) to a standard Brownian motion W and e(r) is an error term
that is asymptotically negligible in the sense that ke(r) k∞ converges to zero in probability.

t

0

f )(t)
I(W



1
(r)
f
∇ log π S (r) (u) du + W
(t)
2
{z
}
(r)



1
∇ log π Sb(r) (u) − ∇ log π S (r) (u) du
2
{z
}
e1 (t)

t
(r) 
H Sb(r) (u), Uk du,
{z
}

(r)

e2 (t)

(r)

(r)

f (r) as the continuous piecewise affine processes that satisfies
For convenience, we define W
f (r) (T (r) ) = W (T (r) ) for all 0 ≤ k ≤ m(r) and that is affine in between. It follows that for
W
k
k
(r)
(r)
any time Tk−1 ≤ t ≤ Tk we have

Z
Z

|0

|0

1
+
2

+

= θ0 +
|

(r)

!
Z
t
1
(r)
(r) 
f (r) (t) − W
f (T (r) )
S (r) (t) = S (r) (Tk−1 ) +
∇ log π S (r) (Tk−1 ) du + W
k−1
(r)
Tk−1 2
Z
1 t
(r)
(r) 
+
H S (r) (Tk−1 ), Uk du
(r)
2 Tk−1
Z t

(r)

(r)
(r)
where Sb(r) is a piecewise constant (non-continuous) process, Sb(r) (t) = S (r) (Tk−1 ) = θk−1
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for t ∈ [T , T ). The process S (r) can thus be expressed as the sum I(W (r) ) + e + e2 .
1
k−1
k
Since the mesh-size of the partition δ (r) converges to zero as r → ∞, standard properties

f (r) converges weakly in C([0, t], Rd ), k · k∞,[0,T ] to W ,
of Brownian motions yield that W
a standard Brownian motion in Rd . To conclude the proof, we need to check
that
h
i the
(r)
(r)
(r) 2
quantities ke1 k∞ and ke2 k∞ converge to zero in probability. To prove E ke2 k∞
→0
19

in probability, we have,

X

k=1

m(r)

δk
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k=1

m(r)
h
i
i
X (r) h
(r) 2
(r)
(r)
E V (θk−1 ) ≤ mesh(δ (r) )
δk E V (θk−1 )

k=1

m(r)
h
i
h
i
 
X (r) 2   (r)
(r) 2
(r)
(r) 2
E ke2 k∞
≤ 4 E ke2 (T )k2 = 4
δk
E H θk−1 , Uk

.

n h
i
o
(r)
≤ mesh(δ (r) ) × T × sup E V (θk−1 ) : r ≥ 1, 1 ≤ k ≤ m(r) . mesh(δ (r) ).

(r)
We have used Doob’s martingale inequality, Assumption
h 4 andiLemma 5. Since mesh(δ )
(r)
converges to zero, the conclusion follows. To prove E ke1 k∞ → 0 in probability, we use

(r)

(r)

(r)

(r)

(r) 

(r)

k δk +

q
(r)
(r)
δk kηk k.

Equation (32) and note that since the drift function θ 7→ 21 ∇ log π(θ) is globally Lipschitz,
for each Tk−1

(r)

. k∇ log π(θk−1 )k δk + kH θk−1 , Uk

≤ u ≤ Tk we have,

(r)
(r)
∇ log Sb(r) (u) − ∇ log S (r) (u) . θk − θk−1

It follows that

k=1


q
h
i m(r)
X (r) 
 (r)
(r)
(r)
(r)
(r)
(r)
(r)
E ke1 k∞ .
δk
k∇ log π(θk )k δk + kH θk , Uk k δk + δk kηk k .

(r)

Since mesh(δ (r) ) converges to zero and by Assumption 4 and Lemma 5 the suprema

n
o

(r) 
 sup
E k∇ log π(θk )k : r ≥ 1, 1 ≤ k ≤ m(r) ,
n 
o
 
(r)
E kH θk , Uk k : r ≥ 1, 1 ≤ k ≤ m(r)

 sup

are finite, it readily follows that ke1 k∞ converges to zero in expectation.

7. Numerical Illustrations
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In this section we illustrate the use of the SGLD method to a simple Gaussian toy model
and to a Bayesian logistic regression problem. We verify that both models satisfy Assumption 4, the main assumption needed for our asymptotic results to hold. Simulations
are then performed to empirically confirm our theory; for step-sizes sequences of the type
δm = (m0 + m)−α , both the rate of decay of the MSE and the impact of the sub-sampling
scheme are investigated. The main purpose of this article is to establish the missing theoretical foundation of stochastic gradient methods for the approximation of expectations.
For more exhaustive simulation studies we refer to Welling and Teh (2011); S. Ahn and
Welling (2012); Patterson and Teh (2013a); Chen et al. (2014). By considering a logistic
regression model, we demonstrate that the SGLD can be advantageous over the MetropolisAdjusted-Langevin (MALA) algorithm if the available computational budget only allows a
few iterations through the whole data set, see Section 7.2.2.

20

and

σp2 =

σx2 
σ 2 −1
1 + x2
N
N σθ

1≤i≤N

∇V (θ),

1
∇ log π(θ)
2



=−

(θ − µp )2
1 − V (θ)
=
.
2 σp4
σp2
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We chose σθ = 1, σx = 5 and created a data set consisting of N = 100 data points
simulated from the model. We used n = 10 as the size of subsets used to estimate the
gradients. We evaluated the convergence behaviour of SGLD using the test function Aϕ
where ϕ = sin (x − µp − 0.5σp ).
We are interested in confirming the asymptotic convergence regimes of Theorem 8 by
running SGLD with a range of step sizes, and plotting the mean squared error (MSE)
achieved by the estimate πm (Aϕ) against the number of steps m of the algorithm to
determine the rates of convergence. We used step sizes δm = (m + m0 (α))−α , for α ∈
{0.1, 0.2, 0.3, 0.33, 0.4, 0.5} where m0 (α) is chosen such that δ1 is less than the posterior

7.1.2 Simulations

In other words, Assumption (4).3 holds with α = β = 1/σp2 .



Since the error term H(θ, U) is globally bounded, the drift (1/2)∇ log π and the Lyapunov
function V are linear, Assumptions (4).1 and (4).2 are satisfied. Finally, to verify Assumption (4).3, it suffices to note that since ∇ log π(θ) = −(θ − µp )/σp2 we have

We verify in this section that Assumption (4) is satisfied for the following choice of Lyapunov
function,
(θ − µp )2
.
V (θ) = 1 +
2 σp2

7.1.1 Verification of Assumption 4

for a random subset In (U) ⊂ [N ] of cardinal n.

j∈In (U )

where x̄ = (x1 + . . . + xN )/N is the sample average of the observations. In this case, we
have
n
o
X
X
θ − µp
∇ log π(θ) = −
and H(θ, U) = (N/n)
xj −
xi /σx2
2
σp


σ 2 −1
µp = x̄ 1 + x 2
N σθ

We use a Gaussian prior θ ∼ N(0, σθ2 ) and assume that the variance hyper-parameters σθ2
and σx2 are both known. The posterior density π(θ) is normally distributed with mean µp
and variance σp2 given by

xi | θ ∼ N(θ, σx2 ).

Consider N independent and identically distributed observations (xi )N
i=1 from the two parameters location model given by

7.1 Linear Gaussian model

Consistency and Fluctuations for Stochastic Gradient Langevin Dynamics

22

JMLR 17(7):1-33

Figure 2: Rates of decay of the MSE obtained from estimating the asymptotic slopes of
the plots in Figure 1, compared to theoretical findings of Theorem 8. The fastest
convergence rate is achieved at α = 1/3.

Figure 1: Decay of the MSE for step sizes δm  m−α , α ∈ {0.1, 0.2, 0.3, 0.33, 0.4, 0.5}. The
MSE decays algebraically for all step sizes, with fastest decay at approximately
α = 0.33.
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Figure 3: Plots of the MSE multiplied by Tm against the number of steps m. The plots are
−1 in this regime, while
flat for α ≥ 0.33, demonstrating that the MSE scales as Tm
the plots diverge for α < 0.33, demonstrating that it decays at a slower rate here.
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Figure 4: Behaviour of the mean squared error for different subsample sizes n.
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−1 for α > 1/3,
standard
According to the Theorem, the MSE should scale as Tm
Pm deviation.
δk2 /Tm for α ≤ 1/3.
and k=1
The observed MSE is plotted against m on a log-log plot in Figure 1. As predicted by
the theory, the optimal rate of decay is around α? = 1/3. To be more precise, we estimate
the rates of decay by estimating the slopes on the log-log plots. This is plotted in Figure 2,
which also shows a good match to the theoretical rates given in Theorem 8, where the best
rate of decay is 2/3 achieved at α = 1/3. Finally, to demonstrate that there are indeed two
distinct regimes of convergence, in Figure 3 we have plotted the MSE multiplied by Tm .
−1 . For
For α > 1/3, the plots remain flat, showing that the MSE does indeed decay as Tm
−1 .
α < 1/3, the plots diverge, showing that the MSE decays at a slower rate than Tm
For α = 0.33, Figure 4 depicts how the MSE decreases as a function of the number of
likelihood evaluations for subsample sizes n = 1, 5, 10, 50, 100.

7.2 Logistic Regression

We verify in this section that Assumption (4) is satisfied for the following logistic regression
N distributed as
model. Consider N independent and identically observations (yi )i=1

P(yi = 1 | xi , θ) = 1 − P(yi = −1 | xi , θ) = logit hθ, xi i
(34)


logit − yi hθ, xi i yi xi

for covariate xi ∈ Rd , unknown parameter θ ∈ Rd and function logit(z) = ez /(1 + ez ). We
assume a centred Gaussian prior on θ ∈ Rd with positive definite symmetric covariance
matrix C ∈ Rd×d . It follows that

N
X

i=1

j∈In (U )

1≤i≤N

X
X


logit − yj hθ, xj i yj xj −
logit − yi hθ, xi i yi xi

∇ log π(θ) = −C −1 θ +
H(θ, U) = (N/n)

for a random subset In (U) ⊂ [N ] of cardinal n.
7.2.1 Verification of Assumption 4

We verify in this section that Assumption (4) is satisfied for the Lyapunov function V (θ) =
1 + kθk2 . Since H(θ, U) is globally bounded and k∇V (θ)k2 = kθk2 and

k∇ log π(θ)k2 . 1 + kC −1 θk2 . 1 + kθk2 = V (θ),

λmin
kθk2 +
2

2

i=1

PN

2

i=1
PN
i=1 kxi k

kxi k

kθk.

kθk ≤ −

λmin
V (θ) + β
4
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> 0 the smallest eigenvalue of C −1 and β ∈ (0, ∞) the global maximum over

≤−



N

1
1
1 X
∇V (θ), ∇ log π(θ) = − θ, C −1 θ +
logit − yi hθ, xi i yi hθ, xi i
2
2
2

it is straightforward to see that Assumption (4).1 and (4).2 are satisfied. Finally,

with

λmin

2
θ ∈ Rd of the function θ 7→ − λmin
4 kθk +
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The findings of this article show that SGLD-based expectation estimates converge at
1
1
a slower rate of at most n− 3 compared to the standard rate of n− 2 for standard MCMC
algorithms such as the MALA algorithm. In the following we demonstrate that in the
non-asymptotic regime (allowing only a few passes through the data set) the SGLD can be
advantageous. We start both algorithms at the MAP estimator and we ensure that this
study is not biased due to different speeds in finding the mode of the posterior. For a fair
comparison we tune the MALA to an acceptance rate of approximately 0.564 following the
findings of Roberts and Rosenthal (1998). For the SGLD-based variance estimate of the
first component for n = 30 we choose δm = (a · m + b)−0.38 as step sizes and optimise over
the choices of a and b. This is achieved by estimating the MSE for choices of a and b on a
log-scale grid based on 512 independent runs. The estimates based on 20 and 1000 effective
iterations through the data set the averages are visualised in the heat maps in Figure 5.
That means we limit the algorithm to 200 and 1000000 likelihood evaluations, respectively.
The figures indicate that the range of the good parameter choices seems to be the same in
both cases. Using the heat map for the estimated MSE after 20 iterations through the data
set, we pick a = 5.89 · 107 and b = 7.90 · 108 and compare the time behaviour of the SGLD
and the MALA algorithm in Figure 6. The figure is a simulation evidence that the SGLD
algorithm can be advantageous in the initial phase for the first few iterations through the
data set. This recommends further investigation as the initial phase can be quite different
from the asymptotic phase.

8. Conclusion

Figure 6: Behaviour of the MSE of estimating the posterior variance of the first component
for 3-dimensional logistic regression of MALA and SGLD with tuned parameters
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So far, the research on the SGLD algorithm has mainly been focused on extending the
methodology. In particular, a parallel version has been introduced in Ahn et al. (2014) and
it has been adapted to natural gradients in Patterson and Teh (2013b). This research has
been accompanied by promising simulations. In contrast, we have focused in this article on
providing rigorous mathematical foundations for the SGLD algorithm by showing that the
step-size weighted estimator πm (f ) is consistent, satisfies a central limit theorem and its
asymptotic bias-variance decomposition can be characterised by an explicit functional Bm
of the step-sizes sequence (δm )m≥0 . The consistency of the algorithm is mainly due to the
decreasing step-sizes procedure that asymptotically removes the bias from the discretization
and ultimately mitigates the use of an unbiased estimate of the gradient instead of the exact
value. Additionally, we have proved a diffusion limit result that establishes that, when
observed on the right (inhomogeneous) time scale, the sample paths of the SGLD can be
approximated by a Langevin diffusion.
The CLT and bias-variance decomposition can be leveraged to show that it is optimal
to choose a step-sizes sequences (δm )m≥0 that scales as δm  m−1/3 ; the resulting algorithm
converges at rate m−1/3 . Note that this recommendation is different from the previously
suggested Welling and Teh (2011) choice of δm  m−1/2 .
Our theory suggests that an optimally tuned SGLD method converges at rate O(m−1/3 ),
and is thus asymptotically less efficient than a standard MCMC procedure. We believe that
this result does not necessarily preclude SGLD to be more efficient in the initial transient
phase, a result hinted at in Figure 4; the detailed study of this (non-asymptotic) phenomenon is an interesting venue of research. The asymptotic convergence rate of SGLD
depends crucially on the decreasing step sizes, which is required to reduce the effect of the
discretization bias due to the lack of a Metropolis-Hastings correction. Another avenue of
exploration is to determine more precisely the bias resulting from the discretization of the

We consider a simulated dataset where d = 3 and N = 1000. We set the input covariates
i.i.d.
xi = (xi,1 , xi,2 , 1) with xi,1 , xi,2 ∼ N(0, 1) for i = 1 . . . N , and use a Gaussian prior
θ ∼ N(0, I). We draw a θ0 ∼ N(0, I) and based on it we generate yi according to the
model probabilities (34). In the following we compare MALA in SGLD by comparing their
estimate for the variance of the first component.

7.2.2 Comparison of the SGLD and the MALA for Logistic Regression

Figure 5: Expected MSE of the SGLD-based estimate variance estimate of the first component for n = 30 and step sizes δm = (a · m + b)−0.38 after 20 and 1000 iterations
through the data set
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Langevin diffusion, and to study the effect of the choice of step sizes in terms of the trade-off
between bias, variance, and computation.
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Appendix A. Proof of Lemma 6
Recall Kronecker’s Lemma (Shiryaev, 1996, Lemma IV.3.2) that states that for a nondecreasing and P
positive sequence bm → ∞ and another real valued sequence (am )m≥0 such
that the series m≥0 am /bm converges the following limit holds,
P
m
k=0 ak
lim
= 0.
m→∞
bm
P
For proving Equation (15) it thus suffices to show that the sums
k≥0 |∆Mk | /Tk and
P
2
k≥0 |Xk | /Tk are almost surely finite. This follows from Condition (16) (L martingale
convergence theorem) and Condition (17).

Appendix B. Proof of Lemma 5
For clarity, the proof is only presented in the scalar case d = 1; the multidimensional setting
is entirely similar. Before embarking on the proof, let us first mention some consequences
00
of Assumptions 4 that will be repeatedly used in the sequel. Since the second derivative V
is globally bounded and (V 0 )2 is upper bounded by a multiple of V , we have that
(V p ) (θ) . V p−1 (θ)

(36)

(35)

00

V p (θ + ε) . V p (θ) + |ε|2p .

and that the function V 1/2 is globally Lipschitz. By expressing the quantity V p (θ + ε) as
2p
V 1/2 (θ) + [V 1/2 (θ + ε) − V 1/2 (θ)] , it then follows that

(37)

Similarly, Definition (7), the bound k∇ log p(θ)k2 . V (θ) and Equation (10) yield that for
any exponent 0 ≤ p ≤ pH the following holds,
2p
p
Em [ |θm+1 − θm |2p ] . δm+1
V p (θ) + δm+1
.

For clarity, the proof of Lemma (5) is separated into several steps. First, we establish that
the process m 7→ V p (θm ) satisfies a Lyapunov type condition; see Equation (38) below. We
then describe how Equation (13) follows from this Lyapunov condition. The fact that π(V p )
is finite can be seen as a consequence of Theorem 2.2 of (Roberts and Tweedie, 1996).
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• Discrete Lyapunov condition.
Let us prove that there exists an index m0 ≥ 0 and constants αp , βp > 0 such that for
any m ≥ m0 we have


Em V p (θm+1 ) − V p (θm ) /δm+1 ≤ −αp V p (θm ) + βp .
(38)
27
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Since for any ε there exists Cε such that V p−1 (θ) ≤ Cε + εV p (θ), for proving (38) it
actually suffices to verify that we have


Em V p (θm+1 ) − V p (θm ) /δm+1 ≤ −e
αp V p (θm ) + βep V p−1 (θm )
(39)

(40)

fp > 0 and index m ≥ 1 large enough. A second order Taylor
for some constants α
fp , β
expansion yields that the left hand side of (39) is less than





1
00
Em (V p )0 (θm ) (θm+1 − θm ) /δm+1 + Em (V p ) (ξ) (θm+1 − θm )2 /δm+1
2

(41)

for a random quantity ξ lying between θm and θm+1 . Since Em [θm+1 − θm ] =
∇ log p(θm ), the drift condition (12) yields that the first term of (40) is less than
1
2

p V p−1 (θm ) (−α V (θm ) + β)

(42)

for α, β > 0 given by Equation (12). Consequently, for proving Equation (38), it
00
remains to bound the second term of (40). Equation (35) shows that |(V p ) (ξ)| is
upper bounded by a multiple of |V p−1 (ξ)|; the bound (36) then yields that |V p−1 (ξ)|
is less than a constant multiple of |V p−1 (θm )| + |θm+1 − θm |2(p−1) . It follows from
the bound (37) on the difference (θm+1 − θm ) and the assumption E[ kH(θ, U)k2pH ] .
V pH (θ) that for any ε > 0 one can find an index m0 ≥ 1 large enough such that for
any index m ≥ m0 the second term of (39) is less than a constant multiple of

ε V p (θm ) + βp,ε V p−1 (θ)

for a constant βp,ε > 0. Equations (41) and (42) directly yield to Equation (39), which
in turn implies to Equation (38).

• Proof that supm≥1 E[V p (θm )] < ∞ for any p ≤ pH .
Equations (36) and (37) show that if E[V p (θm )] is finite then so is E[V p (θm+1 )]. Under
the conditions of Lemma 5, this shows that E[V p (θm )] is finite for any m ≥ 0. An
inductive argument based on the discrete Lyapunov Equation (38) then yields that
for any index m ≥ m0 the expectation E[V p (θm )] is less than



max βp /αp , max E[V p (θm )] : 0 ≤ m ≤ m0 .
(43)

It follows that supm≥1 E[V p (θm )] is finite.

k=m0

m
o
V p (θm0 )
1 X n p
+
V (θk+1 ) − Ek [V p (θk+1 )] .
Tm
Tm
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• Proof that supm≥1 πm (V p ) < ∞ for any p ≤ pHP
/2.
m
p
One needs to prove that the sequence (1/Tm ) k=m
δ
V
(θ
k ) is almost surely
0 k+1
p
bounded. The discrete Lyapunov Equation (38) yields that δk+1
than
PVm (θk ) is less
δk+1 βp /αp − Ek [V p (θk+1 ) − V p (θk )]/αp ; this yields that (1/Tm ) k=m
δ V p (θk ) is
0 k+1
less than a constant multiple of
1+

28

(45)

(ωm0 /δm0 ) V p (θm0 )
Tm

+Ω−1 (m)

+Ω−1 (m)
k=m0

Pm−1

k=m0 +1 (ωk /δk )

Pm
∆(ωk /δk ) V p (θk ).

n
o
V p (θk+1 ) − Ek [V p (θk+1 )]

29

(47)

(46)
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To conclude the proof, we establish that the following limits hold almost surely,
n
o
P
p
p
limm→∞ Ω−1 (m) m
k=m0 +1 (ωk /δk ) V (θk+1 ) − Ek [V (θk+1 )] = 0
P
p
limm→∞ Ω−1 (m) m−1
k=m0 ∆(ωk /δk ) V (θk ) = 0.

1+

ω (V p ) < ∞ for any p ≤ p /2.
Proof that supm≥1 πm
PH
p
One needs to prove that the sequence [1/Ωm ]× m
k=m0 ωk+1 V (θk ) is almost surely bounded.
p
p
p
ω (V p ) is less
The bound δk+1 V (θk ) . δk+1 βp /αp − Ek [V (θk+1 ) − V (θk )]/αp yields that πm
than a constant multiple of

where A is the generator of the Langevin diffusion (1). Theorem 2.2 of (Roberts and
Tweedie, 1996) gives the conclusion.

AV p (θ) ≤ −αp,∗ V p (θ) + βp,∗

• Proof of π(V
< ∞ for any p ≥ 0.
Since V (θ) . 1 + kθk2 , the drift condition (12) yields that Theorem 2.1 of (Roberts
and Tweedie, 1996) holds. Moreover, the bound V p−1 (θ) ≤ Cε + ε V p (θ) implies that
there are constants αp,∗ .βp,∗ > 0 such that

p)



P
Since E V 2p (θk ) is uniformly bounded for any p ≤ pH /2 and m≥m0 δm /T 2 (m) < ∞
P
(because the sum m T −1 (m + 1) − T −1 (m) is finite), the conclusion follows.

k≥m0

for some ξ lying between θk and θk+1 . The bound |V 0 (θ)| . V 1/2 (θ) and Equation
2p
(36) then yield that |V p (θk+1 )−V p (θk )| . V p−1/2 (θk ) θk+1 −θk + θk+1 −θk . From
2p
p
H
H
the bound (37) and the assumption that E[H(θ, U) ] . V (θ) it follows that the
quantity in Equation (44) is less than a constant multiple of


X E V 2p (θk ) × δk
.
T 2 (k)

|V p (θk+1 ) − V p (θk )| . V p−1 (ξ) V 0 (ξ) (θk+1 − θk )



is almost surely finite. We have E |V p (θk+1 ) − Ek [V p (θk+1 )]|2 ≤ 2 × E[| V p (θk+1 ) −
p
2
V (θk ) | ] and the mean value theorem yields that

k≥m0

To conclude the proof, we prove that the last term in the above displayed Equation
almost surely converges to zero; by Lemma 6, it suffices to prove that the quantity
"
#
X
V p (θk+1 ) − Ek [V p (θk+1 )] 2
E
(44)
Tk
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m≥0

m≥0

P

∆(ωm /δm ) /Ωm < ∞ and the fact
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There is a recent emerging interest in different fields of science for cultural learning (Henrich
and McElreath, 2003) and how groups of individuals that communicates within each other
can learn in ways superior to solely individual learning. This is further witnessed by the
emergence of new research fields such as ”Social Neuroscience”. Learning from other agents
in an environment by the means of cultural transmission of knowledge with a peer-to-peer
communication is an efficient and natural way of acquiring or propagating common knowledge.
A popular belief on how the information is transmitted between individuals is that bits of

1. Introduction

Keywords: deep learning, neural networks, optimization, evolution of culture, curriculum
learning, training with hints

We explored the effect of introducing prior knowledge into the intermediate level of deep
supervised neural networks on two tasks. On a task we designed, all black-box state-of-theart machine learning algorithms which we tested, failed to generalize well. We motivate our
work from the hypothesis that, there is a training barrier involved in the nature of such tasks,
and that humans learn useful intermediate concepts from other individuals by using a form of
supervision or guidance using a curriculum. Our results provide a positive evidence in favor
of this hypothesis. In our experiments, we trained a two-tiered MLP architecture on a dataset
for which each input image contains three sprites, and the binary target class is 1 if all of three
shapes belong to the same category and otherwise the class is 0. In terms of generalization,
black-box machine learning algorithms could not perform better than chance on this task.
Standard deep supervised neural networks also failed to generalize. However, using a particular
structure and guiding the learner by providing intermediate targets in the form of intermediate
concepts (the presence of each object) allowed us to solve the task efficiently. We obtained much
better than chance, but imperfect results by exploring different architectures and optimization
variants. This observation might be an indication of optimization difficulty when the neural
network trained without hints on this task. We hypothesize that the learning difficulty is due
to the composition of two highly non-linear tasks. Our findings are also consistent with the
hypotheses on cultural learning inspired by the observations of training of neural networks
sometimes getting stuck, even though good solutions exist, both in terms of training and
generalization error.
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What Bengio (2013a) calls an effective local minimum, is a point where iterative training
stalls, either because of an actual local minimum or due to optimization algorithm is unable
(in reasonable time) to find a descent path to a substantially better solution that exists. It
is not yet clear why neural network training sometimes stalls in this way, although recent

1.1 Curriculum Learning and Cultural Evolution for Effective Local Minima

information are transmitted by small units, called memes, which share some characteristics of
genes, such as self-replication, mutation and response to selective pressures (Dawkins, 1976).
This paper investigates an aspect of the hypothesis (which is further elaborated in Bengio
(2013a)) that human culture and the evolution of ideas have been crucial to counter an optimization issue: this difficulty would otherwise make it harder for human brains to capture high
level knowledge of the world without the help of other educated humans. In this paper, machine
learning experiments are used to explore some elements of this hypothesis by seeking answers
for the following questions: are there machine learning tasks which are intrinsically hard for a
lone learning agent, but those tasks may become easier when intermediate concepts are provided by another agent as an additional intermediate learning cues, in the spirit of curriculum
learning (Bengio et al., 2009)? What makes learning such tasks more difficult? Can specific
initial values of the neural-network parameters yield success when random initialization yield
complete failure? Is it possible to verify that the problem being faced is an optimization problem or a regularization problem or does it influence both training and test behavior? These are
the questions discussed (if not completely addressed) here, which relate to the following broader
question: how can humans (and potentially one day, machines) learn complex concepts?
In the focus of this paper, results of different machine learning algorithms on an artificial
learning task involving binary 64 × 64 images are presented. In that task, each image in the
dataset contains 3 Pentomino tetris sprites (simple shapes). The task is to figure out if all the
sprites in the image are the same or not. Several black-box state-of-the-art machine learning
algorithms have been tested and none of them was able to perform better than a random
predictor on the test set. Nevertheless, by providing hints about the intermediate concepts
(the presence and location of particular sprite classes), can help a neural network to solve the
task easily and fast. But the same model without the hints either fails to learn the task or
learns it much more slowly and with substantially worse generalization accuracy. Surprisingly,
our attempts at solving this problem with unsupervised pre-training algorithms also failed. For
showing the impact of intermediate level guidance, we experimented with a two-tiered neural
network, with supervised pre-training of the first part to recognize the category of sprites
independently of their orientation and scale, at different locations, while the second part learns
from the output of the first part and predicts the binary task of interest.
The objective of this paper is not to propose a novel learning algorithm or architecture, but
rather to refine our understanding of the learning difficulties involved with composed tasks. Our
results also bring empirical evidence in favor of some of the hypotheses from Bengio (2013a),
as well as to introduce particular form of curriculum learning (Bengio et al., 2009) based on
hints.
Building difficult AI problems has a long history in computer science. Hard AI problems
are being studied to create CAPTCHAs that are easy to solve for humans, but hard to solve
for machines (Von Ahn et al., 2003). In this paper we are investigating a difficult problem for
the off-the-shelf black-box machine learning algorithms. The source code of some experiments
presented in that paper is available at https://github.com/caglar/kmatters.
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work suggests that it would generally not be because of local minima (Dauphin et al., 2014;
Choromanska et al., 2015). In this paper, we hypothesize that some more abstract learning
tasks such as those obtained by composing simpler tasks are more likely to yield such effective
local minima for neural networks, and are generally hard for general-purpose machine learning
algorithms.
The idea that learning can be enhanced by guiding the learner through intermediate easier
tasks is old, starting with animal training by shaping (Skinner, 1958; Peterson, 2004; Krueger
and Dayan, 2009). Bengio et al. (2009) introduce a computational hypothesis related to a presumed issue with effective local minima when directly learning the target task: good solutions
correspond to hard-to-find-by-chance effective local minima, and intermediate tasks prepare the
learner’s internal configuration (parameters) in a way that is similar to continuation methods in
global optimization. A continuation method would go through a sequence of intermediate optimization problems, starting with a convex one where local minima are no issue, and gradually
morphing into the target task of interest.
In a related vein, Bengio (2013a) makes the following inferences based on experimental
observations about training of deep neural networks:
Point 1: Training deep architectures is easier when some hints are given about the function
that the intermediate levels should compute (Hinton et al., 2006; Weston et al., 2008;
Salakhutdinov and Hinton, 2009; Bengio, 2009). The experiments performed here expand
in particular on this point.
Point 2: It is much easier to train a neural network with supervision (where examples are
provided to it when a concept is present and not present in a variety of examples) than
to expect unsupervised learning to discover the concept (which may also happen but
usually leads to poorer renditions of the concept). The poor results obtained here with
unsupervised pre-training reinforce that hypothesis.
Point 3: Directly training all layers of a deep network together does not only makes it more
difficult to exploit all the extra modeling power of a deeper architecture but in some cases
it can yield worse results as the number of required layers is increased (Larochelle et al.,
2009; Erhan et al., 2010). The experiments performed here also reinforce that hypothesis.
Point 4: Erhan et al. (2010) observed that no two training trajectories ended up in the
same effective local minimum, out of hundreds of runs, even when comparing solutions as
functions from input to output, rather than in parameter space (thus eliminating from the
picture the presence of symmetries and multiple local minima due to relabeling and other
reparametrizations). This suggests that the number of different effective local minima
(even when considering them only in function space) must be huge.
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Point 5: Unsupervised pre-training changes the initial conditions of the descent procedure and
it can allow to reach substantially better effective local minima (in terms of generalization
error). But as empirically observed by (Erhan et al., 2010), better local minima do not
appear to be reachable by chance alone on the same architectures. The experiments
performed here provide another piece of evidence in favor of the hypothesis that random
initialization can yield rather poor results while specifically targeted initialization can have
a drastic impact, that is, the effective local minima are not just numerous but that some
small subset of them are much better and hard to reach by chance. Nevertheless, recent
3
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work showed that rather deep feed-forward networks can be very successfully trained
when large quantities of labeled data is available (Ciresan et al., 2010; Glorot et al.,
2011; Krizhevsky et al., 2012). Nonetheless, the experiments reported here suggest that
it all depends on the task and architecture being considered, since even with very large
quantities of labeled examples, most the deep networks trained here were unsuccessful.

Based on the above points, Bengio (2013a) then proposed the following hypotheses regarding
learning of high-level abstractions.

• Deeper Networks are Harder Hypothesis: Although solutions may exist, effective
local minima are generally more likely to hamper learning as the required depth of the
architecture increases.

• Abstractions are Harder Hypothesis: High-level abstractions are unlikely to be
discovered by a single human learner by chance, because these abstractions are represented
by a deep subnetwork of the brain, which learns by local descent, thus being sensitive to
the issue associated with the above hypothesis.

• Guided Learning Hypothesis: A human brain can learn high level abstractions if
guided by the signals produced by other agents that act as hints or indirect supervision
for these high-level abstractions.

• Memes Divide-and-Conquer Hypothesis: Linguistic exchange, individual learning
and the recombination of memes constitute an efficient evolutionary recombination operator in the meme-space. This helps human learners to collectively build better internal
representations of their environment, including fairly high-level abstractions.

This paper particularly focuses on “Point 1 ” above and testing the “Guided Learning Hypothesis”, using machine learning algorithms to provide experimental evidence. The experiments performed also provide evidence in favor of the “Deeper Harder Hypothesis” and are
related to the “Abstractions Harder Hypothesis”. Performance of machine learning algorithms
are far from the current capabilities of humans on several tasks, and it is important to tackle
the remaining obstacles to approach AI. For this purpose, the question to be answered is why
on some tasks humans learn effortlessly from very few labeled examples, while machine learning
algorithms fail miserably?

2. Optimization Difficulty of Learning High-level Concepts

JMLR 17(8):1-32

As hypothesized in the “Local Descent Hypothesis”, human brains would rely on a local approximate descent, just like a Multi-Layer Perceptron trained by a gradient-based iterative optimization. The main argument in favor of this hypothesis relies on the biologically-grounded
assumption that although firing patterns in the brain change rapidly, synaptic strengths underlying these neural activities change only gradually, making sure that behaviors are generally
consistent across time. If a learning algorithm is based on a form of local (for example gradientbased) descent, it can be sensitive to effective local minima (Bengio, 2013a).
When one trains a neural network, at some point in the training phase the evaluation of
error seems to saturate, even if new examples are introduced. In particular Erhan et al. (2010)
find that early examples have a much larger weight in the final solution. It looks like the learner

4

5

JMLR 17(8):1-32

is stuck in or near a local minimum. But since it is difficult to verify if this is near a true local
minimum or simply an effect of strong ill-conditioning or a saddle-point, we call such a “stuck”
configuration an effective local minimum, whose definition depends not just on the optimization
objective but also on the limitations of the optimization algorithm.
Erhan et al. (2010) highlighted both the issue of effective local minima and a regularization
effect when initializing a deep network with unsupervised pre-training. Interestingly, as the network gets deeper the difficulty due to effective local minima seemed to be get more pronounced
in these experiments. That might be because the number of effective local minima increases
(more like an actual local minima issue), or maybe because the good ones are harder to reach
(more like an ill-conditioning issue) and more work will be needed to clarify this question.
As a result of Point 4 we hypothesize that it is very difficult for an individual’s brain to
discover some higher level abstractions by chance only. As mentioned in the “Guided Learning Hypothesis” humans get hints from other humans and learn high-level concepts with the
guidance of other humans. But some high-level concepts may also be hardwired in the brain,
as assumed in the universal grammar hypothesis (Montague, 1970), or in nature vs nurture
discussions in cognitive science. Curriculum learning (Bengio et al., 2009) and incremental
learning (Solomonoff, 1989), are specific examples of this phenomena. Curriculum learning is
done by properly choosing the sequence of examples seen by the learner, where simpler examples are introduced first and more complex examples shown when the learner is ready for
them. One of the hypotheses on why a curriculum works states that curriculum learning acts
as a continuation method that allows one to discover a good minimum: continuation methods
first find a good minimum of a smoother objective function and then gradually change the
objective function towards the desired one, while tracking local minima along the way. Recent
experiments on human subjects also suggest that humans teach by using a curriculum strategy
(Khan et al., 2011).
Some parts of the human brain are known to have a hierarchical organization (for example,
the visual cortex) consistent with the deep architecture studied in the machine learning literature. As a stimulus is transmitted from the sensory level to higher levels of the visual cortex,
higher level areas tend to respond to stimuli in a way corresponding to the detection of more
concepts. This is consistent with the Deep Abstractions Hypothesis.
Training neural networks and machine learning algorithms by decomposing the learning
task into sub-tasks and exploiting prior information about the task is well-established and
in fact constitutes the main approach to solving industrial problems with machine learning.
The contribution of this paper is rather on rendering explicitly, the effective local minima
issue and providing evidence on the type of problems for which this difficulty arises. This
prior information and hints given to the learner can be viewed as an inductive bias for a
particular task, an important ingredient to obtain a good generalization error (Mitchell, 1980).
An interesting earlier finding in that line of research was done with Explanation Based Neural
Networks (EBNN) in which a neural network transfers knowledge across multiple learning tasks.
An EBNN uses previously learned domain knowledge as an initialization or search bias (that is
to constrain the learner in the parameter space) (O’Sullivan, 1996; Mitchell and Thrun, 1993).
Another related work in machine learning is mainly focused on reinforcement learning algorithms, based on incorporating prior knowledge in terms of logical rules to the learning algorithm as a prior knowledge to speed up and bias learning (Kunapuli et al., 2010; Towell and
Shavlik, 1994). Also defining sub-tasks and sub-goals to guide the agent is a well-established
principle in hierarchical reinforcement learning (Barto and Mahadevan, 2003).
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1. A human learner does not seem to need to be taught the shape categories of each Pentomino sprite in order
to solve the task. On the other hand, humans have lots of previously learned knowledge about the notion of
shape and how central it is in defining categories.

As shown in Figures 2(a) and 2(b), the synthesized images are fairly simple and do not have
any texture. Foreground pixels are “1” and background pixels are “0”. Images of the training
and test sets are generated iid. For notational convenience, we assume that the domain of
raw input images is X, the set of sprites is S, the set of intermediate object categories for each
possible location in the image is denoted as Y and the set of possible final binary task outcomes
is Z = {0, 1}. Two different types of rigid body transformation is performed: sprite rotation,
rot(X, γ) ,where the set of all rotations is Γ = {γ : (γ = 90 × φ) ∧ [(φ ∈ N), (0 ≤ φ ≤ 3)]}
and sprite scaling, scale(X, α), where α ∈ {1, 2} is the scaling factor. The data generating
procedure is summarized below.

Figure 1: Different classes of Pentomino shapes used in our dataset.

In order to test our hypothesis, we designed an artificial dataset for object recognition using
64×64 binary images. The source code for the script that generates the artificial Pentomino
datasets (Arcade-Universe) is available at: https://github.com/caglar/Arcade-Universe.
This implementation is based on Olivier Breuleux’s bugland dataset generator. If the task is
two tiered (i.e., with guidance provided), the task in the first part is to recognize and locate
each Pentomino object class1 in the image. The second part/final binary classification task
is to figure out if all the Pentominoes in the image are of the same shape class or not. If a
neural network learned to detect the categories of each object at each location in an image,
the remaining task becomes an XOR-like operation over the detected object categories. The
types of Pentomino objects that is used for generating the dataset are illustrated in Figure 1
and correspond to Pentomino sprites N, P, F, Y, J, and Q, along with the Pentomino N2 sprite
(mirror of “Pentomino N” sprite), the Pentomino F2 sprite (mirror of “Pentomino F” sprite),
and the Pentomino Y2 sprite (mirror of “Pentomino Y” sprite).

3.1 Pentomino Dataset

Some tasks, which seem reasonably easy for humans to learn (keeping in mind that humans can
exploit prior knowledge, either from previous learning or innate knowledge), are nonetheless appearing almost impossible to learn for current generic state-of-art machine learning algorithms.
Here we study more closely such a task, which becomes learnable if one provides hints to
the learner about appropriate intermediate concepts. Interestingly, the task we used in our
experiments is not only hard for deep neural networks but also for non-parametric machine
learning algorithms such as SVMs, boosting and decision trees.
The result of the experiments for varying size of dataset with several off-the-shelf black box
machine learning algorithms and some popular deep learning algorithms are provided in Table
4. The detailed explanations about the algorithms and the hyperparameters used for those
algorithms are given in the Appendix Section B. We also provide some explanations about the
methodologies conducted for the experiments at Section 3.3.

3. Experimental Setup
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Sprite transformations: Before placing the sprites in an empty image, for each image
x ∈ X, a value for z ∈ Z is randomly sampled whether to have (or not) the same three
Pentomino sprite shapes in the image. Conditioned on the constraint given by z, three
sprites sij at location (i, j) are randomly selected from the set S without replacement.
Using a uniform probability distribution over all possible scales, a scale is chosen and
accordingly each sprite in the image is scaled. Then each sprite is randomly rotated by a
multiple of 90 degrees.
Sprite placement: Upon completion of sprite transformations, a 64 × 64 uniform grid is
generated which is divided into 8 × 8 blocks, each block being of size 8 × 8 pixels, three
different blocks are randomly selected from the 64 = 8×8 on the grid and the transformed
objects are each placed into one of the three selected blocks. Consequently, the objects
cannot overlap, by construction.

(b) sprites, all same type

Each sprite is centered in the block in which it is located. Thus there is no object translation
inside the blocks. The translation invariance can be achieved by being invariant to the location
of the block inside the image.
A Pentomino sprite is guaranteed to not overflow the block in which it is located, and there
are no collisions or overlaps between sprites, making the task simpler. The largest possible
Pentomino sprite can actually be fit into an 8 × 4 mask.

(a) sprites, not all same type

Figure 2: Left (a): An example image from the dataset which has a different sprite type in it.
Right (b): An example image from the dataset that has only one type of Pentomino object in
it, but with different orientations and scales.

3.2 Control Experiments

JMLR 17(8):1-32

To explore the effect of changing the complexity of the input representation on the difficulty of
the task, a set of experiments have been designed with symbolic representations of the information in each patch. In all cases an empty patch is represented with a vector of all elements
0. In this section we are considering alternative representations to raw image representation
for an abstract task similar to Pentomino. Basically we are seeking for an ideal representation
that can be fed as an input to a regular feedforward MLP or another black-box classifier to
perform well.
7
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The following four experiments have been conducted, each one of them using a different
input representation for each patch.

Experiment 1: One-hot representation without transformations: In this experiment
several trials is done with a 10-input one-hot vector per patch. Each input corresponds
to an object category given explicitly (corresponding to one input bit).

Experiment 2: Disentangled representations: In this experiment, we did trials with 16
binary inputs per patch, 10 one-hot bits for representing each object category, 4 for
rotations and 2 for scaling, that is, the whole information about the input is given, but it
is perfectly disentangled. This would ideally be reproduced by an unsupervised learning
algorithm over each patch, if it was able to perfectly disentangle the image representation.

Experiment 3: One-hot representation with transformations: For each of the ten object types there are 8 = 4 × 2 possible transformations. Two objects in two different
patches are the considered “the same” (for the final task) if their category is the same
regardless of the transformations. The one-hot representation of a patch corresponds to
the cross-product between the 10 object shape classes and the 4 × 2 transformations, that
is, one out of 80 = 10 × 4 × 2 possibilities represented in an 80-bit one-hot vector. This
also contains all the information about the input image patch, but spread out in a kind of
non-parametric and non-informative (not disentangled) way, like a perfect memory-based
unsupervised learner (like clustering) could produce. Nevertheless, the shape class would
be easier to read out from this representation than the image representation (it could be
obtained by forming an OR over 8 of the bits).

Experiment 4: One-hot representation with 80 choices: This representation has the same
1 of 80 one-hot representation per patch but the target task is defined differently. Two
objects in two different patches are considered the same iff they have exactly the same
80-bit one-hot representation (that are of the same object category with the same transformation applied).
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The first experiment is a sanity check. It was conducted with single hidden-layered MLPs
using rectifier and tanh nonlinearity, and the task was learned perfectly (0 error on both training
and test dataset) with very few training epochs.
The results of Experiment 2 are given in Table 1. To improve our results, we experimented
with the Maxout non-linearity in a feedforward MLP (Goodfellow et al., 2013) with two hidden
layers. Unlike the typical Maxout network mentioned in the original paper, regularizers have
been deliberately avoided in order to focus on the optimization issue, i.e: no weight decay, norm
constraint on the weights, or dropout. Although learning from a disentangled representation is
more difficult than learning from perfect object detectors, it is feasible with some architectures
such as the Maxout network. Note that this representation is the kind of representation that
one could hope an unsupervised learning algorithm could discover, at best, as argued in Bengio
et al. (2012).
The only results obtained on the validation set for Experiment 3 and Experiment 4 are
shown respectively in Table 2 and Table 3. In these experiments a tanh MLP with two hidden
layers have been tested with the same hyperparameters. In experiment 3 the complexity of the
problem comes from the transformations (8 = 4 × 2) and the number of object types.
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Table 1: Performance of different learning algorithms on disentangled representation in Experiment 2.

Learning Algorithm
SVM
Random Forests
Tanh MLP
Maxout MLP

But in experiment 4, the only source of complexity of the task comes from the number of
different object types. These results are in between the complete failure and complete success
observed with other experiments, suggesting that the task could become solvable with better
training or more training examples. Figure 3 illustrates the progress of training a tanh MLP,
on both the training and test error, for Experiments 3 and 4. Clearly, MLPs were able to make
significant progress on the task, but the task is far from being solved completely. On experiment
3 for both maxout and tanh, there was a long plateau where the training error and objective
stays almost same. Maxout did just chance on the experiment for about 120 iterations on the
training and the test set. But after 120th iteration, the training and test error started to decline
and eventually it was able to solve the task. Moreover as seen from the curves in Figure 3(a)
and 3(b), the training and test error curves are almost the same for both tasks. This implies
that for one-hot inputs, whether you increase the number of possible transformations for each
object or the number of object categories, as soon as the number of possible configurations is
same, the complexity of the problem is almost the same for the MLP.

Figure 3: tanh MLP training curves. Left (a): The training and test errors of Experiment 3
over 800 training epochs with 100k training examples using tanh MLP. Right (b):The training
and test errors of Experiment 4 over 700 training epochs with 100k training examples using
tanh MLP.
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The neural network architecture that is used to solve this task is called the SMLP (Structured
Multi-Layer Perceptron), a deep neural network with two parts as illustrated in Figure 4 and
6.
The bottom part, P1NN (Part 1 Neural Network, as it is called in the rest of the paper),
has shared weights and local connectivity, with one identical MLP instance of the P1NN for
each patch of the image, and typically an 11-element output vector per patch (unless otherwise
noted). The idea is that these 11 outputs per patch could represent the detection of the sprite
shape category (or the absence of sprite in the patch). The upper part, P2NN (Part 2 Neural
Network) is a fully connected one hidden layer MLP that takes as input the concatenation of
the outputs of the patch-wise P1NNs over all the patches. Note that the first layer of P1NN is
similar to a convolutional layer but where the stride equals the kernel size, such that windows
do not overlap, that is, P1NN can be decomposed into separate networks sharing the same
parameters but applied on different patches of the input image, so that each network can

3.3.1 Structured Multi-Layer Perceptron (SMLP)

Initially the models are cross-validated by using 5-fold cross-validation. With 40, 000 examples,
this gives 32, 000 examples for training and 8, 000 examples for testing. For training neural networks, we used stochastic gradient descent (SGD). The following standard learning algorithms
were first evaluated: decision trees, SVMs with Gaussian kernel, ordinary fully-connected MultiLayer Perceptrons, Random Forests, k-Nearest Neighbors, Convolutional Neural Networks, and
Stacked Denoising Auto-Encoders with supervised fine-tuning. More details of the configurations and hyper-parameters for each of them are given in Appendix Section B. We obtained
significantly better than chance results with only variations of the Structured Multi-Layer Perceptron that is described in this paper.

3.3 Learning Algorithms Evaluated

Table 3: Performance of different algorithms using a dataset with one-hot vector and 80 binary
inputs as discussed in Experiment 4.

Learning Algorithm
SVM
Random Forests
Tanh MLP

Table 2: Performance of different learning algorithms using a dataset with one-hot vector and
80 inputs as discussed for Experiment 3.

Learning Algorithm
SVM
Random Forests
Tanh MLP
Maxout MLP
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By default, the SMLP uses rectifier hidden units as activation function: we found a significant boost by using rectifier compared to hyperbolic tangent and sigmoid activation functions.
The P1NN has a highly overcomplete architecture with 1024 hidden units per patch, and L1
and L2 weight decay regularization coefficients on the weights (not the biases) are respectively
1e − 6 and 1e − 5. The learning rate for the P1NN is 0.75. 1 training epoch was enough for the
P1NN to learn the features of Pentomino shapes perfectly on the 40000 training examples. The

Figure 4: Structured MLP architecture, used with hints (trained in two phases, first P1NN,
bottom two layers, then P2NN, top two layers). In SMLP-hints, P1NN is trained on each
8x8 patch extracted from the image and the softmax output probabilities of all 64 patches are
concatenated into a 64 × 11 vector that forms the input of P2NN. Only U and V parameters
are learned in the P1NN and its output on each patch is fed into P2NN. The first level and the
second level neural networks are trained separately, not jointly.

Intermediate level
targets.

Final Binary task
labels

Structured MLP
Architecture with
Hints

actually be trained patch-wise in the case where a target is provided for the P1NN outputs.
The P1NN output for patch pi which is extracted from the image x is computed as follows:
fθ (pi ) = g2 (Vg1 (Upi + b) + c)

if patch p is empty
if the patch p contains a Pentomino sprite .

Second
Level
Neural
Network

The SMLP-hints architecture takes advantage of dividing the task into two subtasks during
training with prior information about intermediate-level relevant factors. Because the sum of
the training losses decomposes into the loss on each patch, the P1NN can be pre-trained patchwise. Each patch-specific component of the P1NN is a fully connected MLP with 8 × 8 inputs
and 11 outputs with a softmax output layer. SMLP-hints uses the standardization given in
Equation 8 but with  = 0.
In general, standardization layer for SMLP seems to make the training much easier and the
distribution of activations of P1NN becomes much more peaky.

where pi ∈ Rd is the input patch/receptive field extracted from location i of a single image.
U ∈ Rdh ×d is the weight matrix for the first layer of P1NN and b ∈ Rhd is the vector of biases
for the first layer of P1NN. g1 (·) is the activation function of the first layer and g2 (·) is the
activation function of the second layer. In many of the experiments, best results were obtained
with g1 (·) a rectified linear unit as non-linearity (a.k.a. as ReLU), which is max(0, X) (Jarrett
et al., 2009; Nair and Hinton, 2010; Glorot et al., 2011). V ∈ Rdh ×do is the second layer’s
weights matrix and c ∈ Rdo are the biases of the second layer of the P1NN, with do expected
to be smaller than dh .
In this way, g1 (Upi + b) is an overcomplete representation of the input patch that can
potentially represent all the possible Pentomino shapes for all factors of variations in the patch
(rotation, scaling and Pentomino shape type). On the other hand, when trained with hints,
fθ (pi ) is expected to be the lower dimensional representation of a Pentomino shape category
invariant to scaling and rotation in the given patch.
In the experiments with SMLP trained with hints the P1NN is applied to each 8 × 8 patch
and expected to predict it shape category (or the absence of a Pentomino object in the patch).
The input representation of P2NN is obtained from the concatenated output of P1NN across
all the 64 patch locations:
ho = [fθ (p0 ), · · · , fθ (pi ), · · · , fθ (pN ))] where N is the number of patches and the ho ∈
Rdi , di = do × N . ho is the concatenated output of the P1NN at each patch.
ho is standardized for each training and test sample separately, so that the per-feature mean
and variance across examples are respectively 0 and 1. That standardization layer seems to
be crucial for successfully training the SMLP. Details of the standardization layer are given in
Section A.
The concatenated output of P1NN is fed as an input to the P2NN. P2NN is a feedforward
MLP with a sigmoid output layer using a single rectifier hidden layer. The task of P2NN is to
perform a nonlinear logical operation on the representation provided at the output of P1NN.
3.3.2 Structured Multi Layer Perceptron Trained with Hints (SMLP-hints)

(
0
s∈S

The SMLP-hints architecture exploits a hint about the presence and category of Pentomino
objects, specifying a semantics for the P1NN outputs. P1NN is trained with the intermediate
target Y , specifying the type of Pentomino sprite shape present (if any) at each of the 64 patches
(8 × 8 non-overlapping blocks) of the image. Because a possible answer at a given location can
be “none of the object types” that is, an empty patch, yp (for patch p) can take one of the
11 possible values, 1 for rejection and the rest for the Pentomino shape classes, illustrated in
Figure 1:
yp =
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A similar task has been studied by Fleuret et al. (2011) (at SI appendix Problem 17), who
compared the performance of humans vs computers.
11
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Adaptive Learning Rates We have experimented with several different adaptive learning
rate algorithms. We tried RMSprop (Tieleman and Hinton, 2012), Adadelta (Zeiler, 2012),
Adagrad (Duchi et al., 2011) and a linearly ( 1t ) decaying learning rate (Bengio, 2013b). For
the SMLP-nohints with sigmoid activation function we have found Adadelta(Zeiler, 2012) converging faster to an effective local minimum and usually yielding better generalization error
compared to the others.

The output of the P1NN is considered as an intermediate layer of the SMLP. For the
SMLP-hints, only softmax output activations have been tried at the intermediate layer, and
that sufficed to learn the task. Since things did not work nearly as well with the SMLP-nohints,
several different activation functions have been tried: softmax(·), tanh(·), sigmoid(·) and linear
activation functions.

Intermediate Layer

Rectifier Non-Linearity A rectifier nonlinearity is used for the activations of MLP hidden
layers. We observed that using piecewise linear nonlinearity activation function such as the
rectifier can make the optimization more tractable.

We decided to experiment with various SMLP-nohint architectures and optimization procedures, trying unsuccessfully to achieve as good results with SMLP-nohint as with SMLP-hints.

SMLP-nohints uses the same connectivity pattern (and deep architecture) that is also used
in the SMLP-hints architecture, but without using the intermediate targets (Y ). It directly
predicts the final outcome of the task (Z), using the same number of hidden units, the same
connectivity and the same activation function for the hidden units as SMLP-hints. 120 hyperparameter values have been evaluated by randomly selecting the number of hidden units
from [64, 128, 256, 512, 1024, 1200, 2048] and randomly sampling 20 learning rates uniformly in
the log-domain within the interval of [0.008, 0.8]. Two fully connected hidden layers with 1024
hidden units (same as P1NN) per patch is used and 2048 (same as P2NN) for the last hidden
layer, with twenty training epochs. For this network the best results are obtained with a learning rate of 0.05. The source code of the structured MLP is available at the GitHub repository:
https://github.com/caglar/structured_mlp.

3.3.3 Deep and Structured Supervised MLP without Hints (SMLP-nohints)

Figure 5: Filters of Structured MLP architecture, trained with hints on 40k examples.

Filters of the first layer of SMLP are shown in Figure 5. These are the examples of the
filters obtained with the SLMP-hints trained with 40k examples, whose results are given in
Table 4. Those filters look very noisy but they work perfectly on the Pentomino task.

P2NN has 2048 hidden units. L1 and L2 penalty coefficients for the P2NN are 1e-6, and the
learning rate is 0.1. These were selected by trial and error based on validation set error. Both
P1NN (for each patch) and P2NN are fully-connected neural networks, even though P1NN
globally is a special kind of convolutional neural network.

Knowledge Matters: Importance of Prior Information for Optimization

First
Level
Neural
Network

Second
Level
Neural
Network
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Figure 7: First layer filters learned by the Structured MLP architecture, trained without using
hints on 447600 examples with online SGD and a sigmoid intermediate layer activation.

Figure 6: Structured MLP architecture, used without hints (SMLP-nohints). It is the same
architecture as SMLP-hints (Figure 4) but with both parts (P1NN and P2NN) trained jointly
with respect to the final binary classification task.

Final Binary task
labels

Structured MLP
Architecture without
Hints
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3.3.4 Deep and Structured MLP with Unsupervised Pre-Training

20k dataset
Training
Test
Error
Error
26.2
50.2
24.7
50.0
5.8
48.6
3.2
49.8
26.5
49.3
50.6
49.8
14.5
49.5
49.4
50.3
0.0
48.6
50.5
49.7
49.1
49.7
49.5
50.3
0.0
50.5

0

3.1

40k dataset
Training
Test
Error
Error
28.2
50.2
25.3
49.5
6.3
49.4
3.4
50.5
33.2
49.9
49.4
49.8
0.0
50.1
50.2
50.3
0.0
36.0
49.8
49.7
49.4
49.7
49.7
49.8
0.0
45.0

0

0.01

80k dataset
Training
Test
Error
Error
30.2
49.6
25.6
49.0
6.9
49.9
3.5
49.1
27.2
50.1
50.2
49.8
0.0
44.6
49.7
50.3
0.0
12.4
5.3
6.7
50.3
49.7
50.1
49.7
50.3
49.7
0.4
31.85

Several experiments have been conducted using an architecture similar to the SMLP-nohints,
but by using unsupervised pre-training of P1NN, with Denoising Auto-Encoders (DAE) and/or
Contractive Auto-Encoders (CAE). Supervised fine-tuning proceeds as in the deep and structured MLP without hints. Because an unsupervised learner may not focus the representation
just on the shapes, a larger number of intermediate-level units at the output of P1NN has been
explored: previous work on unsupervised pre-training generally found that larger hidden layers
were optimal when using unsupervised pre-training, because not all unsupervised features will
be relevant to the task at hand. Instead of limiting to 11 units per patch, we experimented
with networks with up to 20 hidden (i.e., code) units per patch in the second-layer patch-wise
auto-encoder.
In Appendix B we also provided the result of some experiments with binary-binary RBMs
trained on 8 × 8 patches from the 40k training dataset.
For the second P1NN layer, a DAE with rectifier hidden units was trained with L1 sparsity
and weight decay on the weights of the auto-encoder. The greedy layerwise unsupervised pretraining procedure is used to train the deep auto-encoder architecture (Bengio et al., 2007). In
unsupervised pretraining experiments, tied weights have been used. Different combinations of
CAE and DAE for unsupervised pretraining have been tested, but none of the configurations
tested managed to learn the Pentomino task, as shown in Table 4. In terms of generalization, without hints for the permutation-invariant Pentomino dataset, an MLP using Lp units
introduced in (Gulcehre et al., 2013) is the best performing model in Table 4.

0.21

Algorithm

SVM RBF
K Nearest Neighbors
Decision Tree
Randomized Trees
MLP
Convnet/Lenet5
Maxout Convnet
2 layer sDA
Supervised SMLP-nohints
Large SMLP-nohints
SMLP-nohints+CAE Supervised Finetuning
SMLP-nohints+CAE+DAE, Supervised Finetuning
SMLP-nohints+DAE+DAE, Supervised Finetuning
Lp Units

30.7

SMLP with Hints

Table 4: The error percentages with different learning algorithms on Pentomino dataset with
different number of training examples.

3.4 Does the Effect Persist with Larger Training Set Sizes?

JMLR 17(8):1-32

(2)

The results shown in this section indicate that the problem in the Pentomino task clearly is not
just a regularization problem, but also involves an optimization difficulty. This is suggested
by the experiments in which the training set size is increased (eventually to the point of doing
online learning and never repeating the same example twice), without solving the problem. In
the online mini-batch setting, parameter updates are performed as follows:
θt

θt+1 = θt − ∆ ,
15
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∆ θt = 

x

(3)

where L(xi , θt ) is the loss incurred on the i-th example xi of the minibatch, with parameters
θt , t ∈ Z + , N is the number of examples in the mini-batch, and  is the learning rate.
Ordinary batch learning algorithms converge linearly to the optimum θ∗ , however the noisy
gradient estimates in the online SGD will cause parameter θ to fluctuate near the local optima.
On the other hand, online SGD directly optimizes the expected risk, because the examples are
drawn iid from the ground-truth distribution (Bottou, 2010). Thus:
Z
L(x, θ)p(x)dx,
(4)

L∞ = E[L(x, θ)] =

PN
t

∇θt L(xt , θt )
= ∇θt L(X, θt ) + ξt .
N

(5)

where L∞ is the generalization error. Therefore online SGD is trying to minimize the
expected risk with noisy updates. Those noisy updates can have regularization effect:
∆θt = 

where ∇θt L(X, θt ) is the true gradient and ξt is the zero-mean stochastic gradient “noise”
due to computing the gradient over a finite-size mini-batch sample.
An SMLP-nohints model was trained by online SGD with a randomly generated online Pentomino data stream. We used Adadelta (Zeiler, 2012) on mini-batches of 100 examples. In the
online SGD experiments, two SMLP-nohints that are trained with and without standardization
at the intermediate layer have the same hyperparameters. The SMLP-nohints P1NN patchwise submodel has 2048 hidden units and the SMLP intermediate layer has 1152 = 64 × 18
units. The intermediate layer nonlinearity is sigmoid. P2NN has 2048 hidden units.
We trained SMLP-nohints both with and without standardization at the intermediate layer.
The experiments illustrated in Figures 8(a) and 8(b) are using the same architecture as in the
SMLP experiments reported in Table 4. The figures show the training and test results when
training on the stream of 545400 randomly generated Pentomino samples.
Training of SMLP-nohints is done with mini-batch Adadelta and standardization in the
intermediate layer, on 1046000 training examples from a randomly generated Pentomino data
stream. At the end of the training, test error went down to 27.5%.
In SMLP-nohints experiment without standardization, the model is trained with the 1580000
Pentomino examples using online mini-batch SGD. P1NN has 2048 hidden units and 16 sigmoid
output units per patch. P2NN has 1024 hidden units for the hidden layer. We used Adadelta
to automatically adapt the learning rate. At the end of training this SMLP, the test error
remained stuck, at 50.1%.

3.4.1 Experiments with Larger Training Sets

JMLR 17(8):1-32

We consider the effect of training different learners with different numbers of training examples.
For the experimental results shown in Table 4, we used 3 training set sizes of 20k, 40k and 80k
examples. We generated each dataset with different random seeds (so they do not overlap).
Figure 9 also shows the error bars for an ordinary MLP with three hidden layers, for a larger
range of training set sizes, between 40k and 320k examples. The number of training epochs is
8 (more did not help), and there are 3 hidden layers with 2048 feature detectors. Learning rate
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Initialization of the parameters in a neural network can have a big impact on the learning
and generalization (Glorot and Bengio, 2010). Previously Erhan et al. (2010) showed that
initializing the parameters of a neural network with unsupervised pretraining guides the learning
towards basins of attraction of effective local minima that provide better generalization. In this
section we analyze the effect of hints to initialize the SMLP, continuing training without hints.
The SMLP is pretrained for 1 epoch using the hints and then for 60 epochs without hints
on the 40k examples of training set. We also compared the same architecture with the same
hyperparameters, against the SMLP-nohints trained for 61 iterations on the same dataset.
After one iteration of hint-based training SMLP obtained 9% training error and 39% test error.

3.5 Experiments on Effect of Initializing with Hints

is 0.01 with tanh activation function. We used both L1, L2 penalty on weights and they are
both 1e − 6.
Decision trees and SVMs can overfit the training set but they could not generalize on the
test set. Note that the results reported in Table 4 are with hyper-parameters selected based
on validation set error, and with early-stopping. Lower training errors are possible by avoiding
regularizations and using large enough models. On the training set, an MLP with two large
hidden layers (several thousands) could reach to almost 0% training error, but still it did not
manage to achieve a good test error.
In the experimental results shown in Figure 9, we evaluated the impact of adding more
training data for the fully-connected MLP. In those experiments, we used an MLP with three
hidden layers where each layer has 2048 hidden units. The tanh(·) activation function is used
with 0.05 learning rate and mini-batches of size 200.
As seen on Figure 9, adding more training examples did not help for both training and test
error. This is reinforcing the hypothesis that the difficulty encountered is one of optimization,
not of regularization.

Figure 8: Online training and test errors of SMLP-nohints with and without standardization in
the intermediate layer. Sigmoid nonlinearity has been used as an intermediate layer activation
function. The x-axis is in units of blocks of 400 examples in the training set.

Test Error
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With extensive hyperparameter optimization and using standardization in the intermediate
level of the SMLP with softmax nonlinearity, SMLP-nohints was able to get 5.3% training and
6.7% test error on the 80k Pentomino training dataset. The key ingredient was the use of a
larger hidden layer. We used 2050 hidden units in the P1NN, 11 softmax outputs per patch,
and 1024 hidden units in the P2NN. The network was trained with a learning rate 0.1 without
using any adaptive learning rate. The SMLP uses a rectifier nonlinearity for hidden layers of
both P1NN and P2NN. We also applied a small amount of L1 and L2 regularization on the
weights of the network.

3.6 Experiments on Optimization for Pentomino Dataset

Figure 10: Plots showing the test error of SMLP with random initialization vs initializing with
hint based training.

Following the hint based training, SMLP is trained without hints for 60 epochs, but at epoch
18, it already got 0% training and 0% test error. The hyperparameters for this experiment and
the experiment that the results shown for the SMLP-hints in Table 4 are the same. Figure 10
suggests that initializing with hints can give the same generalization performance but training
takes longer.

Figure 9: Training and test error bar charts for a regular MLP with 3 hidden layers. There is no
significant improvement on the generalization error of the MLP as the new training examples
are introduced.
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2.4E+07

No hints Train cost(nll)
Hints Train cost(nll)

2.0E+07

(6)

An MLP with 2 hidden layers, each 1024 rectifier units, was trained using LBFGS (the
implementation from the scipy.optimize library) on 40k training examples, with gradients computed on batches of 10000 examples at each iteration. However, after convergence of training,
the MLP was still doing chance on the test dataset.
In order to observe the effect of introducing the intermediate level hints into the SMLP
for optimization, we compared the learning curves of the same SMLP model trained with
and without hints. To train the SMLP with hints, we jointly optimize the loss for hints
Lhints (X; {θ 1 , θ 2 }), and for the Pentomino task Lpentomino (X; {θ 1 , θ 2 , θ 3 }) together as a joint
loss Ljoint (X; {θ 1 , θ 2 , θ 3 }) as in Eqn 6:

8.0E+06 1.2E+07 1.6E+07
# Examples seen

Ljoint (X; {θ 1 , θ 2 , θ 3 }) = λLhints (X; {θ 1 , θ 2 }) + (1 − λ)Lpentomino (X; {θ 1 , θ 3 }).
0.7
0.6
0.5
0.4

0.2

0.3

0.1
4.0E+06
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As seen on Figure 11 and 12, hint based training converges faster and the training of SMLP
without hints overfits. This aligns with the hypothesis that hints make the optimization easier. But in the mean time, hints cost, puts the model into a basin of attraction to where a
solution on the test set can easily be found. For the experiments in these plots, we crossvalidated momentum, learning rate, standard deviation of the initialization and minibatch size.
We trained the models with rectifier activation function using 512 hidden units at each layer.
We trained the first level MLP on patches. It outputs 11 features for each such patch, with a
softmax(·) activation function over the 11 units. We ran 64 different trials for the hyperparameters of the SMLP-hints. The learning rate is randomly sampled in log-space from the range
[5e − 5, 1e − 2], momentum is sampled from uniform distribution in the range [0.25, 0.99], batch
sizes and standard deviations of the weights are sampled from the grids {100, 200, 300, 400}
and {0.01, 0.025, 0.05}. We ran 150 different trials to explore hyperparameters for the SMLPnohints. The learning rate is randomly sampled in log-space from the range [6e − 5, 8e − 2],
momentum is chosen randomly from the range [0.25, 0.99], batch sizes and standard deviations
of the weights are sampled from the grids {100, 200, 300, 400} and {0.01, 0.025, 0.038, 0.05} respectively for the without hints training. At the end of the hyper-parameter search, we chose the

Figure 11: Plot showing the training learning curve of SMLP from random initialization when
training with hints and without hints. SMLP training with hints converges faster than the
training without hints. This means that the optimizing the training objective with hints is
easier than optimizing without hints.
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Considering the fact that even SMLP-nohints with standardization after being trained using
online SGD over 1046000 generated examples and still gets 27.5% test error. This suggests that
in addition to the optimization effect of hints, there is also a regularization effect, since a much
larger training set allowed to reduce test error, albeit not as much as using hints and a much
smaller training set.

We know that a structured deep network can learn the task, if it is initialized in the right
place, and it can do that from a relatively small number of examples. Furthermore we have
shown that if one pre-trains the SMLP with hints for only one epoch, eventually it is able to
solve the task. But the same architecture trained from random initialization failed to generalize
as well as the pretrained network.

What is interesting is that for neural networks, we can compare two networks with exactly
the same architecture but a different pre-training, one of which uses the known intermediate
concepts to teach an intermediate representation to the network. With enough capacity and
training time they can overfit. But they failed solve the task, as seen by test set performances.

In this paper we have shown an example of a toy task which seems to be quiet difficult to solve
by standard black-box machine learning algorithms, but it can be solved almost perfectly when
one encourages a particular semantics on the intermediate-level representation which is guided
by the prior knowledge about the task. Both tasks have the particularity that they are defined
by the composition of two non-linear sub-tasks (for example, object detection on one hand, and
a non-linear logical operation similar to XOR on the other hand).

4. Conclusion and Discussion

We used a soft-curriculum strategy, for training our models. We started the training by
only optimizing the easy hint objective function, namely setting λ to 1 in the beginning of the
training and linearly annealing it towards to 0.1 in 10000 updates.

best hyper-parameters based on the training cost after 20000 updates. The codes to reproduce
these experiments are available at https://github.com/caglar/PentominoExps.

Figure 12: Plot showing validation learning curve of SMLP from random initialization when
training with and without hints. Training of SMLP without hints overfits.
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Many interesting questions remain open. Would a network without any guiding hint eventually find the 0% error solution provided enough training time and/or with alternate parameterizations? To what extent is ill-conditioning a core issue? The results with LBFGS were
disappointing but changes in the architectures (such as standardization of the intermediate
level) seem to make training much easier. Clearly, one can reach good solutions from an appropriate initialization, pointing in the direction of an issue with local minima, but it may
be that good solutions are also reachable from other initializations, albeit going through a
ill-conditioned path in parameter space. Why did our attempts at learning the intermediate
concepts in an unsupervised way fail? Are these results specific to the task we are testing or a
limitation of the unsupervised feature learning algorithm tested? Trying with many more unsupervised variants and exploring explanatory hypotheses for the observed failures could help
us answer that. Finally, and most ambitious, can we solve these kinds of problems if we allow
a community of learners to collaborate and collectively discover and combine partial solutions
in order to obtain solutions to more abstract tasks like the one presented here? Indeed, we
would like to discover learning algorithms that can solve such tasks without the use of prior
knowledge as specific and strong as the one used in the SMLP here. These experiments could be

These findings bring supporting evidence to the “Guided Learning Hypothesis” and “Deeper
Harder Hypothesis” from Bengio (2013a): higher level abstractions, which are expressed by
composing simpler concepts are more difficult to learn (with the learner often getting in an
effective local minimum ), but that difficulty can be overcome if another agent provides hints
about intermediate-level abstractions which are relevant to the task.

It could be that the combination of the network architecture and training procedure produces a training dynamics that tends to yield into these minima that are poor from the point of
view of generalization error, even when they manage to slowly nail training error by providing
enough capacity. Of course, as the number of examples increases, we would expect this discrepancy to decrease, but then the optimization problem could still make the task unfeasible in
practice. Note however that our preliminary experiments with increasing the training set size
(8-fold) for MLPs did not reveal signs of potential improvements in test error yet, as shown
in Figure 9. Even using online training on 545400 Pentomino examples, the SMLP-nohints
architecture was still doing far from perfect in terms of generalization error (Figure 8(a)).
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Normalization has been used occasionally in convolutional neural network to encourage the
competition between the hidden units. (Jarrett et al., 2009) used a local contrast normalization layer in their architecture which performs subtractive and divisive normalization. A local
contrast normalization layer enforces a local competition between adjacent features in the feature map and between features at the same spatial location in different feature maps. Similarly,
(Krizhevsky et al., 2012) observed that using a local response layer that enjoys the benefit of
using local normalization scheme aids generalization.
Standardization has been observed to be crucial for SMLP trained either with or without hints. In both SMLP-hints and SMLP-nohints experiments, the neural network was not
able to generalize or even learn the training set without using standardization in the SMLP
intermediate layer, doing just chance performance. More specifically, in the SMLP-nohints architecture, standardization is part of the computational graph, hence the gradients are being
backpropagated through it. The mean and the standard deviation is computed for each hidden
unit separately at the intermediate layer as in Equation 9. But in order to prevent numerical
underflows during the backpropagation, we used  = 1e − 8 (Equation 8).
The benefit of having sparse activations may be specifically important for the ill-conditioned
problems, for the following reasons. When a hidden unit is “off”, its gradient (the derivative
of the loss with respect to its activation before the non-linearity is applied) is usually close to
0 as well. That means that all off-diagonal second derivatives involving that hidden unit (for
example, its input weights) are also near 0. This is basically like removing some columns and
rows from the Hessian matrix associated with a particular example. It has been observed that
the condition number of the Hessian matrix (specifically, its largest eigenvalue) increases as the
size of the network increases (Dauphin and Bengio, 2013), making training considerably slower
and inefficient. Hence one would expect that as sparsity of the gradients (obtained because
of sparsity of the activations) increases, training would become more efficient, as if we were
training a smaller sub-network for each example, with shared weights across examples, as in
dropouts (Hinton et al., 2012).
Standardization layer is on top of the output of P1NN which centers the activations and
performs divisive normalization by dividing by the standard deviation over a mini-batch of the
activations of that layer. We denote the standardization function z(·). Standardization makes
use of the mean and standard deviation computed for each hidden unit such that each hidden
unit of ho will have 0 activation and unit standard deviation on average over the mini-batch.
X is the set of pentomino images in the mini-batch, where X ∈ Rdin ×N is a matrix with N
(i)
images. ho (xj ) is the vector of activations of the i-th hidden unit of hidden layer ho (xj ) for
the j-th example, with xj ∈ X.

Appendix A. Standardization Layer
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inspired by and inform us about potential mechanisms for collective learning through cultural
evolutions in human societies.

We also investigated the effect of introducing hints on the convergence of the optimization
of SMLP in Figure 11. After hyperparameter optimization, we observed that SMLP trained
with hints converges on training set faster and achieves lower validation error as well. This
supports our claims that the optimizing with hints cost is easier.

What we hypothesize is that for most initializations and architectures (in particular the
fully-connected ones), although it is possible to find a good effective local minimum of training
error when enough capacity is provided, it is difficult (without the proper initialization) to find a
good local minimum of generalization error. On the other hand, when the network architecture
is constrained enough, even though a good solution exists (e.g. with the SMLP architecture),
it seems that the optimization problem can still be difficult and even training error remains
stuck high without the standardization layer. Standardization makes the training objective
of the SMLP easier to optimize and helps it to find at least a better effective local minimum
of training error. This finding suggests that by using specific architectural constraints and
sometimes domain specific knowledge about the problem, one can alleviate the optimization
difficulty that generic neural network architectures face.
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z(ho(i) (xj )) =

(b) After standardization.

where  is a very small constant, that is used to prevent numerical underflows in the standard
deviation. P1NN is trained on each 8 × 8 patches extracted from the image.
In Figure 13, the activation of each hidden unit in a bar chart is shown: the effect of
standardization is significant, making the activations sparser.

(a) Before standardization.

Figure 13: Activations of the intermediate-level hidden units of an SLMP-nohints for a particular examples (x-axis: hidden unit number, y-axis: activation value). Left (a): before
standardization. Right (b): after standardization.
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In Figure 15, one can see the activation histogram of the SMLP-nohints intermediate layer,
showing the distribution of activation values, before and after standardization. Again the
sparsifying effect of standardization is very apparent.
In Figures 15 and 13, the intermediate level activations of SMLP-nohints are shown before
and after standardization. These are for the same SMLP-nohints architecture whose results
are presented on Table 4. For that same SMLP, the Adadelta (Zeiler, 2012) adaptive learning
rate scheme has been used, with 512 hidden units for the hidden layer of P1NN and rectifier
activation function. For the output of the P1NN, 11 sigmoid units have been used while P2NN
had 1200 hidden units with a rectifier activation function. The output nonlinearity of the P2NN
is a sigmoid and the training objective is the binary cross-entropy.
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Appendix B. Binary-Binary RBMs on Pentomino Dataset
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We trained binary-binary RBMs (both visible and hidden are binary) on 8×8 patches extracted
from the Pentomino Dataset using PCD (stochastic maximum likelihood), a weight decay of
.0001 and a sparsity penalty2 . We used 256 hidden units and trained by SGD with a batch
size of 32 and an annealing learning rate (Bengio, 2013b) starting from 1e-3 with annealing
rate 1.000015. The RBM is trained with momentum starting from 0.5 to 0.9. The biases are
initialized to -2 in order to get a sparse representation. The RBM is trained for 120 epochs
(approximately 50 million updates).
After pretraining the RBM, its parameters are used to initialize the first layer of an SMLPnohints network. As in the usual architecture of the SMLP-nohints on top of P1NN, there is
an intermediate layer. Both P1NN and the intermediate layer have a sigmoid nonlinearity, and
the intermediate layer has 11 units per location. This SMLP-nohints is trained with Adadelta
and standardization at the intermediate layer 3 .
0.5
0.4
0.3
0.2
0.1
0.00
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2. implemented as TorontoSparsity in pylearn2, see the yaml file in the repository for more details
3. In our auto-encoder experiments we directly fed features to P2NN without standardization and Adadelta.

We used the decision tree implementation in the scikit-learn (Fabian Pedregosa, 2011) python
package which is an implementation of the CART (Regression Trees) algorithm. The CART
algorithm constructs the decision tree recursively and partitions the input space such that the
samples belonging to the same category are grouped together (Breiman et al., 1984). We used
The Gini index as the impurity criteria. We evaluated the hyper-parameter configurations with
a grid-search. We cross-validated the maximum depth (max depth) of the tree (for preventing
the algorithm to severely overfit the training set) and minimum number of samples required to
create a split (min split). 20 different configurations of hyper-parameter values were evaluated.
We obtained the best validation error with max depth = 300 and min split = 8.

B.1 Decision Trees

Experimental Setup and Hyper-parameters

Figure 14: Training and test errors of an SMLP-nohints network whose first layer is pre-trained
as an RBM. Training error reduces to 0% at epoch 42, but test error is still chance.

Error percentage

(b) Filters learned by RBM
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We have our own implementation of Multi Layer Perceptron based on the Theano (Bergstra
et al., 2010) machine learning libraries. We have selected 2 hidden layers, the rectifier activation
function, and 2048 hidden units per layer. We cross-validated three hyper-parameters of the
model using random-search, sampling the learning rates  in log-domain, and selecting L1
and L2 regularization penalty coefficients in sets of fixed values, evaluating 64 hyperparameter
values. The range of the hyperparameter values are  ∈ [0.0001, 1], L1 ∈ {0., 1e−6, 1e−5, 1e−4}
and L2 ∈ {0, 1e − 6, 1e − 5}. As a result, the following were selected: L1 = 1e − 6, L2 = 1e − 5
and  = 0.05.

B.3 Multi Layer Perceptron

We used the “Support Vector Classifier (SVC)” implementation from the scikit-learn package
which in turn uses the libsvm’s Support Vector Machine (SVM) implementation. Kernelbased SVMs are non-parametric models that map the data into a high dimensional space and
separate different classes with hyperplane(s) such that the support vectors for each category
will be separated by a large margin. We cross-validated three hyper-parameters of the model
using grid-search: C, γ and the type of kernel(kernel type). C is the penalty term (weight
decay) for the SVM and γ is a hyper-parameter that controls the width of the Gaussian for
the RBF kernel. For the polynomial kernel, γ controls the flexibility of the classifier (degree
of the polynomial) as the number of parameters increases (Hsu et al., 2003; Ben-Hur and
Weston, 2010). We evaluated forty-two hyper-parameter configurations. That includes, two
kernel types: {RBF, P olynomial}; three gammas: {1e − 2, 1e − 3, 1e − 4} for the RBF kernel,
{1, 2, 5} for the polynomial kernel, and seven C values among: {0.1, 1, 2, 4, 8, 10, 16}. As a
result of the grid search and cross-validation, we have obtained the best test error by using the
RBF kernel, with C = 2 and γ = 1.

B.2 Support Vector Machines

Figure 15: Inspecting the representation learned by RBM. Left (a): 100 samples generated
from trained RBM. All the generated samples are valid Pentomino shapes. Right (b): 100
Binary-Binary RBM Pentomino negative samples.

(a) Samples of RBM
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• The learning rate for CNN is 0.01 and it was trained for 8 epochs.
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• Convolved images are downsampled by a factor of 2×2 at each pooling operation.

• For the second convolutional layer, 7×7 receptive fields. The stride for both convolutional
layers is 1.

• The number of features used for the first layer is 30 and the second layer is 60.

We used a Theano (Bergstra et al., 2010) implementation of Convolutional Neural Networks
(CNN) from the deep learning tutorial at deeplearning.net, which is based on a vanilla
version of a CNN LeCun et al. (1998). Our CNN has two convolutional layers. Following
each convolutional layer, we have a max-pooling layer. On top of the convolution-poolingconvolution-pooling layers there is an MLP with one hidden layer. In the cross-validation we
have sampled 36 learning rates in log-domain in the range [0.0001, 1] and the number of filters
from the range [10, 20, 30, 40, 50, 60] uniformly. For the first convolutional layer we used 9×9
receptive fields in order to guarantee that each object fits inside the receptive field. As a result
of random hyperparameter search and doing manual hyperparameter search on the validation
dataset, the following values were selected:

B.6 Convolutional Neural Nets

We used scikit-learn’s implementation of k-Nearest Neighbors (k-NN). k-NN is an instancebased, lazy learning algorithm that selects the training examples closest in Euclidean distance
to the input query. It assigns a class label to the test example based on the categories of the
k closest neighbors. The hyper-parameters we have evaluated in the cross-validation are the
number of neighbors (k) and weights. The weights hyper-parameter can be either “uniform” or
“distance”. With “uniform”, the value assigned to the query point is computed by the majority
vote of the nearest neighbors. With “distance”, each value assigned to the query point is
computed by weighted majority votes where the weights are computed with the inverse distance
between the query point and the neighbors. We have used n neighbours ∈ {1, 2, 4, 6, 8, 12} and
weights ∈ {”unif orm”, ”distance”} for hyper-parameter search. As a result of cross-validation
and grid search, we obtained the best validation error with k = 2 and weights=“uniform”.

B.5 k-Nearest Neighbors

We used scikit-learn’s implementation of “Random Forests” decision tree learning. The Random Forests algorithm creates an ensemble of decision trees by randomly selecting for each tree
a subset of features and applying bagging to combine the individual decision trees (Breiman,
2001). We have used grid-search and cross-validated the max depth, min split, and number
of trees (n estimators). We have done the grid-search on the following hyperparameter values, n estimators ∈ {5, 10, 15, 25, 50}, max depth ∈ {100, 300, 600, 900}, and min splits ∈
{1, 4, 16}. We obtained the best validation error with max depth = 300, min split = 4 and
n estimators = 10.

B.4 Random Forests
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Knowledge Matters: Importance of Prior Information for Optimization

B.7 Maxout Convolutional Neural Nets
We used the pylearn2 (https://github.com/lisa-lab/pylearn2) implementation of maxout
convolutional networks (Goodfellow et al., 2013). There are two convolutional layers in the
selected architecture, without any pooling. In the last convolutional layer, there is a maxout
non-linearity. The following were selected by cross-validation: learning rate, number of channels
for the both convolution layers, number of kernels for the second layer and number of units and
pieces per maxout unit in the last layer, a linearly decaying learning rate, momentum starting
from 0.5 and saturating to 0.8 at the 200’th epoch. Random search for the hyperparameters
was used to evaluate 48 different hyperparameter configurations on the validation dataset. For
the first convolutional layer, 8×8 kernels were selected to make sure that each Pentomino shape
fits into the kernel. Early stopping was used and test error on the model that has the best
validation error is reported. Using norm constraint on the fan-in of the final softmax units
yields slightly better result on the validation dataset.
As a result of cross-validation and manually tuning the hyperparameters we used the following hyperparameters:
• 16 channels per convolutional layer. 600 hidden units for the maxout layer.
• 6x6 kernels for the second convolutional layer.
• 5 pieces for the convolution layers and 4 pieces for the maxout layer per maxout units.
• We decayed the learning rate by the factor of 0.001 and the initial learning rate is 0.026367.
But we scaled the learning rate of the second convolutional layer by a constant factor of
0.6.
• The norm constraint (on the incoming weights of each unit) is 1.9365.
Figure 16 shows the first layer filters of the maxout convolutional net, after being trained
on the 80k training set for 85 epochs.

Figure 16: Maxout convolutional net first layer filters. Most of the filters were able to learn
the basic edge structure of the Pentomino shapes.
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algorithm. The stochastic corruption process is binomial (0 or 1 replacing each input value,
with probability 0.2). The selected learning rate is 0 = 0.01 for the DAe and 1 = 0.1 for
supervised fine-tuning. Both L1 and L2 penalty for the DAEs and for the logistic regression
layer are set to 1e-6.

B.8.1 CAE+MLP with Supervised Finetuning:

A regularized auto-encoder which sometimes outperforms the DAE is the Contractive AutoEncoder (CAE), (Rifai et al., 2012), which penalizes the Frobenius norm of the Jacobian matrix
of derivatives of the hidden units with respect to the CAE inputs. The CAE serves as pretraining for an MLP, and in the supervised fine-tuning state, the Adagrad method was used to
automatically tune the learning rate (Duchi et al., 2011).
After training a CAE with 100 sigmoidal units patch-wise, the features extracted on each
patch are concatenated and fed as input to an MLP. The selected Jacobian penalty coefficient
is 2, the learning rate for pre-training is 0.082 with batch size of 200 and 200 epochs of unsupervised learning are performed on the training set. For supervised finetuning, the learning
rate is 0.12 over 100 epochs, L1 and L2 regularization penalty terms respectively are 1e-4 and
1e-6, and the top-level MLP has 6400 hidden units.

B.8.2 Greedy Layerwise CAE+DAE Supervised Finetuning:

For this experiment we stack a CAE with sigmoid non-linearities and then a DAE with rectifier
non-linearities during the pre-training phase. As recommended by Glorot et al. (2011) we have
used a softplus nonlinearity for reconstruction, sof tplus(x) = log(1 + ex ). We used an L1
penalty on the rectifier outputs to obtain a sparser representation with rectifier non-linearity
and L2 regularization to keep the non-zero weights small.
The main difference between the DAE and CAE is that the DAE yields more robust reconstruction whereas the CAE obtains more robust features (Rifai et al., 2011).
As seen on Figure 6 the weights U and V are shared on each patch and we concatenate the
outputs of the last auto-encoder on each patch to feed it as an input to an MLP with a large
hidden layer.
We used 400 hidden units for the CAE and 100 hidden units for DAE. The learning rate
used for the CAE is 0.82 and for DAE it is 9*1e-3. The corruption level for the DAE (binomial
noise) is 0.25 and the contraction level for the CAE is 2.0. The L1 regularization penalty for
the DAE is 2.25*1e-4 and the L2 penalty is 9.5*1e-5. For the supervised finetuning phase the
learning rate used is 4*1e-4 with L1 and L2 penalties respectively 1e-5 and 1e-6. The top-level
MLP has 6400 hidden units. The auto-encoders are each trained for 150 epochs while the whole
MLP is fine-tuned for 50 epochs.

B.8.3 Greedy Layerwise DAE+DAE Supervised Finetuning:

JMLR 17(8):1-32

B.8 Stacked Denoising Auto-Encoders

28

For this architecture, we have trained two layers of denoising auto-encoders greedily and performed supervised finetuning after unsupervised pre-training. The motivation for using two
denoising auto-encoders is the fact that rectifier nonlinearities work well with the deep networks but it is difficult to train CAEs with the rectifier non-linearity. We have used the same
type of denoising auto-encoder that is used for the greedy layerwise CAE+DAE supervised
finetuning experiment.
JMLR 17(8):1-32

Denoising Auto-Encoders (DAE) are a form of regularized auto-encoder (Bengio et al., 2013).
The DAE forces the hidden layer to discover more robust features and prevents it from simply
learning the identity by reconstructing the input from a corrupted version of it (Vincent et al.,
2010). Two DAEs were stacked, resulting in an unsupervised transformation with two hidden
layers of 1024 units each. Parameters of all layers are then fine-tuned with supervised finetuning using logistic regression as the classifier and SGD as the gradient-based optimization
27
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1. For ease of presentation, we use the term similarity synonymously with dissimilarity in this article.

The comparison of strings is a basic operation in many applications of machine learning. Several
problems of information retrieval and natural language processing center on comparing strings (see
Salton and McGill, 1986). Similarly, several tasks in bioinformatics revolve around assessing the
similarity of sequences (see Borgwardt, 2011). The problem underlying these tasks—measuring the
similarity or dissimilarity of two strings—has been a vivid topic of research for over five decades,
ranging from early telecommunication to modern machine learning and data analysis. As a result,
the practitioner can choose from a large variety of available methods for assessing the similarity of
strings1 , each emphasizing different aspects and characteristics of the data.
In this article we present Harry, a small tool specifically designed for measuring the similarity
of strings and making various comparison methods available for analysis of string data. Harry
implements over 20 common similarity measures, including classic string distances, such as the
Damerau (1964) and Levenshtein (1966) distance, as well as modern string kernels, such as the
Spectrum and Subsequence kernel (Lodhi et al., 2002). As the pairwise comparison of strings
usually induces a quadratic run-time, Harry has been designed with efficiency in mind and allows
for multi-threaded as well as distributed computing, which enables calculating large distance and
kernel matrices. Harry supports common data formats and thus can interface with analysis tools and
environments, such as Matlab, Pylab, Weka and LibSVM.

1. Introduction

Comparing strings and assessing their similarity is a basic operation in many application domains of
machine learning, such as in information retrieval, natural language processing and bioinformatics.
The practitioner can choose from a large variety of available similarity measures for this task, each
emphasizing different aspects of the string data. In this article, we present Harry, a small tool
specifically designed for measuring the similarity of strings. Harry implements over 20 similarity
measures, including common string distances and string kernels, such as the Levenshtein distance
and the Subsequence kernel. The tool has been designed with efficiency in mind and allows for
multi-threaded as well as distributed computing, enabling the analysis of large data sets of strings.
Harry supports common data formats and thus can interface with analysis environments, such as
Matlab, Pylab and Weka.
Keywords: string kernels, string distances, similarity measures for strings
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Subsequence kernel
Kulczynski coefficient Simpson coefficient
Otsuka coefficient
Soerensen-Dice coefficient

Spectrum kernel

Sokal-Sneath coefficient

Weighted-degree kernel
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For the efficient processing of large sets of strings, Harry makes use of multi-threading and distributes
the workload over multiple CPU cores (see option -n). The run-time performance of Harry thus
scales linearly with the number of cores and enables computing large distance and kernel matrices.
Furthermore, Harry can split the calculation of large matrices into smaller chunks, where these
chunks are either defined manually as sub-matrices (see options -x and -y) or automatically from the
number of requested splits (option -s). Using this splitting the computation of similarity measures
can be easily distributed over multiple hosts and carried out with systems for high performance
computing, such as the LSF or SGE platform.

2.2 Scalable Computation

Table 1: Similarity measures for strings supported by Harry (version 0.4.1).

Braun-Blanquet coefficient
Jaccard coefficient

Similarity Coefficients (7)

Distance-substitution kernel

String Kernels (4)

Bag distance
Hamming distance
Kernel-substitution distance String alignment distance
Compression distance
Jaro distance
Lee distance
Damerau-Levenshtein distance Jaro-Winkler distance Levenshtein distance

String Distances (10)

The current version of Harry supports the similarity measures listed in Table 1. Included are classic
string distances by Damerau (1964) and Levenshtein (1966) as well as more recent methods, such as
distances by Jaro (1989) and Bennett et al. (1998). Furthermore, the tool implements string kernels
as described by Shawe-Taylor and Cristianini (2004) and allows for mapping kernels to distances
and vice versa. In addition to distances and kernels, Harry also implements so-called similarity
coefficients, such as the Jaccard index, which assess similarity in terms of matching sets of characters
or words (Sokal and Sneath, 1963).

2.1 Supported Similarity Measures

Harry implements a generic framework for the comparison of strings and assessing their similarity.
In the following, we briefly discuss the main features of this framework.

2. A Brief Overview of Harry

While there also exist other tools implementing similarity measures for strings, such as the popular
module python-Levenshtein, the generic toolbox Shogun (Sonnenburg et al., 2010) and the R package
KeBABS for biological sequences (Palme et al., 2015), none of these tools provides a similarly broad
range of similarity measures in comparison with Harry. Moreover, Harry complements the tool Sally
(Rieck et al., 2012) which maps strings to vectors and allows for applying vectorial comparison
functions to strings, such as the Euclidean and Manhattan distance. In combination, Harry & Sally
provide a versatile basis for analyzing string data.
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Figure 2: Comparative evaluation of Harry and related software tools.
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3.1 Scalability of Harry

3

Harry provides access to a wide range of similarity measures and enables their efficient computation
on string data. In combination with Sally (Rieck et al., 2012), the tool is a perfect fit for analyzing
and learning with strings. The source code of Harry along with documentation and a tutorial is
available at http:// www.mlsec.org/ harry.

The averaged results for the comparative evaluation are shown in Figure 2. In all settings, Harry
is on par with the other tools and provides a similar and often even better performance. Given that
each of the related tools focuses only on a subset of similarity measures, this experiment demonstrates
the versatile yet efficient implementation of Harry.

ARTS

In the second experiment, we compare Harry with other tools for measuring string similarity. We
consider the Python modules python-Levenshtein (0.11.2) and python-jellyfish (0.5.0) that implement
the Levenshtein distance and its variants, the library CompLearn (1.1.7) that focuses on compression
distances, and the machine learning toolbox Shogun (4.0.0) that provides several string kernels. For
each of the four data sets, we randomly draw 100 strings, compute a full similarity matrix with each
tool and measure the run-time over 10 runs.

3.2 Comparative Evaluation

Figure 1: Run-time performance of Harry with varying number of CPU cores.

32
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WEBFP

105
104
103
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100 1

H ARRY

TWEETS

Network traces
1,312 packets
6 packet sizes

32

Figure 1 shows the results of this experiment. The Levenshtein distance and the Subsequence
kernel scale perfectly linear with the number of CPU cores, reaching peak performances of 105 and
104 comparisons per second, respectively. The compression distance scales almost linearly, as the
caching used for normalization induces a slight overhead when more than 8 cores are used.

SPROT

Twitter messages
126 characters
69 characters

105
104
103
102
101
100 1

The run-time performance of Harry is further improved by caching recurrent computations
(option -a), such as during the normalization of string kernels and distances. The underlying
cache builds on a lightweight synchronization that ensures little overhead, even if several threads
concurrently access the data. The caching can also be applied directly to the computed similarity
values (option -G) and speed up the comparison of data sets with duplicate strings.
2.3 Interfaces and Preprocessing
To interface with other analysis tools and environments, Harry implements support for common input
and output formats. The tool can read string data from text files, directories and compressed archives
(option -i). Moreover, it is able to store computed similarity matrices in output formats suitable for
Matlab, Pylab, Weka and LibSVM (option -o). Additionally, Harry is bundled with a Python module
that enables efficiently comparing strings in Python without storing data on disk.
Harry supports several preprocessing functions that improve string comparison in particular fields
of application. For example, the tool enables the user to change the granularity of the comparison
to either bytes, bits or tokens (option -g). In the latter setting the input strings are partitioned into
tokens using a set of delimiter characters, thereby enabling the analysis of structured data, such as
text and log entries. Moreover, Harry supports removing stop tokens from strings, transforming
tokens to Soundex codes and encoding non-printable characters in texts.
The data format, preprocessing functions and the selected similarity measure can be specified on
the command line as well as in a configuration file (option -c). As a result, experiments with Harry
can be easily reproduced using stored configurations.

ARTS

Protein sequences
457 proteins
22 proteins

Comparisons per second

Run-time in seconds

3. Experiments with Harry

DNA snippets
2,400 bases
4 bases

We demonstrate the efficiency of Harry in an empirical evaluation, where we first study its scalability
(Section 3.1) and then compare its performance to related tools (Section 3.2). In all experiments we
consider the data sets listed in Table 2 which contain strings of DNA snippets, protein sequences,
Twitter messages and network traces, respectively.
Data set
Type of strings
Average length of strings
Size of alphabet

Run-time in seconds

In our first experiment, we compute the Levenshtein (1966) distance, the normalized compression
distance (Bennett et al., 1998) and the Subsequence kernel (Lodhi et al., 2002) on all four data sets
using Harry. We repeat the computation with a different number of available CPU cores and measure
the run-time in terms of comparisons per second.

Table 2: Data sets for evaluation. Each data set consists of 1,000 strings randomly drawn from
the original source: ARTS (Sonnenburg et al., 2006); SPROT (O’Donovan et al., 2002);
TWEETS (Twitter.com); WEBFP (Cai et al., 2012).

Comparisons per second
Run-time in seconds
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S. Sonnenburg, A. Zien, and G. Rätsch. ARTS: Accurate recognition of transcription starts in human.
Bioinformatics, 22(14):e472–e480, 2006.

R. Sokal and P. Sneath. Principles of Numerical Taxonomy. W.H. Freeman and Company, San
Francisco, CA, USA, 1963.

J. Shawe-Taylor and N. Cristianini. Kernel Methods for Pattern Analysis. Cambridge University
Press, 2004.

G. Salton and M. J. McGill. Introduction to Modern Information Retrieval. McGraw-Hill, 1986.

K. Rieck, C. Wressnegger, and A. Bikadorov. Sally: A tool for embedding strings in vector spaces.
Journal of Machine Learning Research (JMLR), 13(Nov):3247–3251, Nov. 2012.

J. Palme, S. Hochreiter, and U. Bodenhofer. KeBABS: an R package for kernel-based analysis of
biological sequences. Bioinformatics, 2015. (doi: 10.1093/bioinformatics/btv176).

C. O’Donovan, M. Martin, A. Gattiker, E. Gasteiger, A. Bairoch, and R. Apweiler. High-quality
protein knowledge resource: SWISS-PROT and TrEMBL. Briefings in Bioinformatics, 3(3):
275–284, 2002.

H. Lodhi, C. Saunders, J. Shawe-Taylor, N. Cristianini, and C. Watkins. Text classification using
string kernels. Journal of Machine Learning Research, 2:419–444, 2002.

V. I. Levenshtein. Binary codes capable of correcting deletions, insertions, and reversals. Doklady
Akademii Nauk SSSR, 163(4):845–848, 1966.

M. A. Jaro. Advances in record linkage methodology as applied to the 1985 census of tampa florida.
Journal of the American Statistical Association, 84(406):414–420, 1989.

F. Damerau. A technique for computer detection and correction of spelling errors. Communications
of the ACM, 7(3):171–176, 1964.

X. Cai, X. C. Zhang, B. Joshi, and R. Johnson. Touching from a distance: Website fingerprinting
attacks and defenses. In Proc. of ACM Conference on Computer and Communications Security
(CCS), pages 605–616, 2012.

K. M. Borgwardt. Kernel Methods in Bioinformatics, chapter Handbook of Statistical Bioinformatics,
pages 317–334. Springer, 2011.

C. Bennett, P. Gacs, M. Li, P. Vitanyi, and W. Zurek. Information distance. IEEE Transactions on
Information Theory, 44(4):1407–1423, July 1998.

References

The authors gratefully acknowledge funding from BMBF (16KIS0154K) and DFG (RI 2469/1-1).

Acknowledgments

H ARRY

yutian.chen@uci.edu

nando@cs.ox.ac.uk

jingf@cs.ubc.ca

JMLR
c 2016 Yutian Chen, Luke Bornn, Nando de Freitas, Mareija Eskelin, Jing Fang, and Max Welling.

17(10):1-29

Over the last 60 years, we have witnessed great progress in the design of randomized sampling algorithms; see for example Liu (2001); Doucet et al. (2001); Andrieu et al. (2003);
Robert and Casella (2004) and the references therein. In contrast, the design of deterministic algorithms for “sampling” from distributions is still in its inception (Chen et al., 2010;
Holroyd and Propp, 2010; Chen et al., 2011; Murray and Elliott, 2012). There are, however,
many important reasons for pursuing this line of attack on the problem. From a theoretical perspective, this is a well defined mathematical challenge whose solution might have
important consequences. It also brings us closer to reconciling the fact that we typically
use pseudo-random number generators to run Monte Carlo algorithms on classical, Von
Neumann architecture, computers. Moreover, the theory for some of the recently proposed
deterministic sampling algorithms has taught us that they can achieve O(1/T ) convergence

1. Introduction
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The Gibbs sampler is one of the most popular algorithms for inference in statistical models.
In this paper, we introduce a herding variant of this algorithm, called herded Gibbs, that
is entirely deterministic. We prove that herded Gibbs has an O(1/T ) convergence rate for
models with independent variables and for fully connected probabilistic graphical models.
Herded Gibbs is shown to outperform Gibbs in the tasks of image denoising with MRFs
and named entity recognition with CRFs. However, the convergence for herded Gibbs for
sparsely connected probabilistic graphical models is still an open problem.
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p
where T may have no prior known value and k · k = h·, ·i is the naturally defined norm
based upon the inner product of the space H (Chen et al., 2010; Bach et al., 2012).
Herding can be used to produce samples from normalized probability distributions.
This is done as P
follows. Let µ denote a discrete, normalized probability distribution, with
µi ∈ [0, 1] and ni=1 µi = 1. A natural feature in this case is the vector φ(x) that has
all entries equal to zero, except for the entry at the position indicated by x.
PFor instance,
b = T −1 Tt=1 φ(x(t) ) is
if x = 2 and n = 5, we have φ(x) = (0, 1, 0, 0, 0)T . Hence, µ
an empirical estimate of the distribution. In this case, one step of the herding algorithm

J(x1 , . . . , xT ) = µ −

where φ : X → H is a feature map (statistic) from X to a Hilbert space H with inner product
h·, ·i, w ∈ H is the vector of parameters, and µ ∈ H is the moment vector (expected value
of φ over the data) that we want to match. If we choose normalized features by making
kφ(x)k constant for all x, then the update to generate samples x(t) for t = 1, 2, . . . , T in
Equation 1 is equivalent to minimizing the objective

w(t) = w(t−1) + µ − φ(x(t) ),

x∈X

x(t) = arg maxhw(t−1) , φ(x)i,

rates (Chen et al., 2010; Holroyd
and Propp, 2010), which are much faster than the standard
√
Monte Carlo rates of O(1/ T ) for computing ergodic averages. From a practical perspective, the design of deterministic sampling algorithms creates an opportunity for researchers
to apply a great body of knowledge on optimization to the problem of sampling; see for
example Bach et al. (2012) for an early example of this.
The domain of application of currently existing deterministic sampling algorithms is
still very narrow. Importantly, the only available deterministic tool for sampling from
unnormalized multivariate probability distributions is the Markov Chain Quasi-Monte Carlo
method (Chen et al., 2011), but there is no theoretical result to show a better convergence
rate than a standard MCMC method yet. This is very limiting because the problem of
sampling from unnormalized distributions is at the heart of the field of Bayesian inference
and the probabilistic programming approach to artificial intelligence (Lunn et al., 2000;
Carbonetto et al., 2005; Milch and Russell, 2006; Goodman et al., 2008). At the same time,
despite great progress in Monte Carlo simulation, the celebrated Gibbs sampler continues to
be one of the most widely-used algorithms. For example, it is the inference engine behind
popular statistics packages (Lunn et al., 2000), several tools for text analysis (Porteous
et al., 2008), and Boltzmann machines (Ackley et al., 1985; Hinton and Salakhutdinov,
2006). The popularity of Gibbs stems from its generality and simplicity of implementation.
Without any doubt, it would be remarkable if we could design generic deterministic
Gibbs samplers with fast (theoretical and empirical) rates of convergence. In this paper,
we take steps toward achieving this goal by capitalizing on a recent idea for deterministic
simulation known as herding. Herding (Welling, 2009a,b; Gelfand et al., 2010) is a deterministic procedure for generating samples x ∈ X ⊆ Rn , such that the empirical moments µ
of the data are matched. The herding procedure, at iteration t, is as follows:

Chen et al.
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(t−1)

involves finding the largest component of the weight vector (i? = arg maxi∈{1,2,...,n} wi
),
setting x(t) = i? , fixing the i? -entry of φ(x(t) ) to one and all other entries to zero, and
updating the weight vector: w(t) = w(t−1) + (µ − φ(x(t) )). The output is a set of samples
b converges on the target distribution µ
{x(1) , . . . , x(T ) } for which the empirical estimate µ
as O(1/T ).
The herding method, as described thus far, only applies to normalized distributions
or to problems where the objective is not to guarantee that the samples come from the
right target, but to ensure that some moments are matched. An interpretation of herding
in terms of Bayesian quadrature has been put forward recently by Huszar and Duvenaud
(2012).
In this paper, we will show that it is possible to use herding to generate samples from
more complex unnormalized probability distributions. In particular, we introduce a deterministic variant of the popular Gibbs sampling algorithm, which we refer to as herded
Gibbs. While Gibbs relies on drawing samples from the full-conditionals at random, herded
Gibbs generates the samples by matching the full-conditionals. That is, one simply applies
herding to all the full-conditional distributions.
The experiments will demonstrate that the new algorithm outperforms Gibbs sampling
and mean field methods in the domain of sampling from sparsely connected probabilistic
graphical models, such as grid-lattice Markov random fields (MRFs) for image denoising
and conditional random fields (CRFs) for natural language processing.
We advance the theory by proving that the deterministic Gibbs algorithm converges for
distributions of independent variables and fully-connected probabilistic graphical models.
However, a proof establishing suitable conditions that ensure convergence of herded Gibbs
sampling for sparsely connected probabilistic graphical models is still unavailable.

2. Herded Gibbs Sampling

JMLR 17(10):1-29

For a graph of discrete nodes G = (V, E), where the set of nodes are the random variables
N , X ∈ X , let π denote the target distribution defined on G.
V = {Xi }i=1
i
Gibbs sampling is one of the most popular methods to draw samples from π. Gibbs
alternates (either systematically or randomly) the sampling of each variable Xi given
XN (i) = xN (i) , where i is the index of the node, and N (i) denotes the neighbors of node i.
That is, Gibbs generates each sample from its full-conditional distribution p(Xi |xN (i) ).
Herded Gibbs replaces the sampling from full-conditionals with herding at the level
of the full-conditionals. That is, it alternates a process of matching the full-conditional
distributions p(Xi = xi |XN (i) ). To do this, herded Gibbs defines a set of auxiliary weights
{wi,xN (i) } for any value of Xi = xi and XN (i) = xN (i) . For ease of presentation, we assume
the domain of Xi is binary, X = {0, 1}, and we use one weight for every i and assignment
to the neighbors xN (i) . Herded Gibbs can be trivially generalized to the discrete setting by
employing weight vectors in R|X | instead of scalars.
If the binary variable Xi has four binary neighbors XN (i) , we must maintain 24 = 16
weight vectors. Only the weight vector corresponding to the current instantiation of the
neighbors is updated, as illustrated in Algorithm 11 . The memory complexity of herded
1. Code is available at http://www.mareija.ca/research/code/

3
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i,xN (i)

(t)

(t)

(t−1)
(t−1)

(t−1)

i,xN (i)

(t)

− xi .

, ∀j 6= i and all the other

(t−1)
1|xN (i) )

Algorithm 1 Herded Gibbs Sampling
Input: T .
(0)
Step 1: Set t = 0. Initialize X(0) in the support of π and wi,xN (i) in (π(Xi = 1|xN (i) ) −
1, π(Xi = 1|xN (i) )).
for t = 1 → T do
(t−1)
Step 2: Pick a node i according to some policy. Denote w = w (t−1) .
(t)

i,xN (i)

Step 3: If w > 0, set xi = 1, otherwise set xi = 0.
(t)
(t−1)
Step 4: Update weight w (t) = w (t−1) + π(Xi =
(t)

Step 5: Keep the values of all the other nodes xj = xj

weights wj,xN (j) = wj,xN (j) , ∀j 6= i or xN (j) 6= xN (i) .
end for
Output: x(1) , . . . , x(T )

Gibbs is exponential in the maximum node degree. Note the algorithm is a deterministic
Markov process with state (X, W).
The initialization in the first step of Algorithm 1 guarantees that X(t) always remains
in the support of π with the reason to be explained in Section 3.1. For a deterministic scan
policy in step 2, we take the value of variables x(tN ) , t ∈ N as a sample sequence. Throughout
the paper all experiments employ a fixed variable traversal for sample generation. We call
one such traversal of the variables a sweep.

3. Analysis

As herded Gibbs sampling is a deterministic algorithm, the probability distribution of the
sample at any step t is a single point mass and there is no stationary distribution of states.
Instead, we examine the average of the sample states over time and hypothesize that it
converges to the joint distribution, our target distribution, π. To make the treatment
precise, we need the following definition:

k=τ

τ +T −1
1 X
I(X(kN ) = x).
T

(3)

N ,
Definition 1 For a graph of discrete nodes G = (V, E), where the set of nodes V = {Xi }i=1
(τ )
Xi ∈ X , PT is the empirical estimate of the joint distribution obtained by averaging over
(τ )
T samples acquired from G. PT is derived from T samples, collected at the end of every
sweep over N variables, starting from the τ th sweep:
(τ )

PT (X = x) =

(τ )
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(4)

The definition of PT is illustrated in Figure 1. Our goal is to prove that the limiting
average sample distribution over time converges to the target distribution π. Specifically,
we want to show the following:
(τ )

lim PT (x) = π(x), ∀τ ≥ 0.
T →∞

4

I[X (t) = 0] ∈ [T (1 − π) − 1, T (1 − π) + 1].

I[X (t) = 1] ∈ [T π − 1, T π + 1],
(7)

(6)

(9)

5

6
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3.2 Empty Graphs

1 if w(t−1) < π
.
0 otherwise

Figure 3: Herding dynamics for two independent variables in the equivalent representation.
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(8)

Figure 2: Herding dynamics for a single
variable. Black arrows show the
trajectory of w(t) for 2 iterations.

(b) Equivalent representation.

X (t) =

The analysis of herded Gibbs for empty graphs is a natural extension of that for single
variables. In an empty graph, all the variables are independent of each other and herded
Gibbs reduces to running N one-variable chains in parallel. Denote the marginal distribution
πi := π(Xi = 1).
Examples of failing convergence in the presence of rational ratios between the πi s were
observed in Bach et al. (2012). There the need for further theoretical research on this matter

1
.
T

mod 1,

(a) Representation in Equation 5.

w(t) = (w(t−1) + π)

argument applies when X tries to move from x(t−1) = (xi = 1, x−i ) to x(t) = (xi = 0, x−i ).
Therefore, once initialized inside the support, the samples of Algorithm 1 will remain in the
support for any t > 0.
It will be useful for the next section to introduce an equivalent representation of the
weight dynamics by taking a one-to-one mapping w ← w mod 1 (we define 1 mod 1 = 1)
with a little abuse of the symbol w. We think of the new variable w as updated by a
constant translation vector in a circular unit interval (0, 1] as shown in Figure 2b. That is,

Following Lemma 1 the weight wi,xN (i) ∈ (−1, 0], leading to a contradiction. The same

(t−1)

the conditional probability π(Xi = 1|xN (i) ) = 0 because π(x(t−1) ) > 0 and π(x(t) ) = 0.

the set of iterations that involves a particular weight wi,xN (i) , the dynamics of that weight
is equivalent to that of a single variable model with a probability π(Xi = 1|xN (i) ). If a
joint state X is going to move outside the support at some iteration t, from e. g. x(t−1) =
(xi = 0, x−i ) to x(t) = (xi = 1, x−i ) where x−i denotes all the other variables but xi , then
(t−1)
the corresponding weight wi,xN (i) must be positive according to the algorithm. However,

Chen et al.

This is known as the fast moment matching property in Welling (2009a,b); Gelfand et al.
(2010). When w is outside the invariant interval, it is easy to observe that w will move
into it monotonically at a linear speed in a transient period. So we will always consider an
initialization of w ∈ (π − 1, π] from now on.
Another immediate consequence of Lemma 1 is that the initialization in Algorithm 1
ensures that X(t) always remain in the support of π. That is because when we consider

|PT (X = 1) − π| ≤

(τ )

See the proof in Appendix A. It follows immediately that the state X = 1 is visited at a
frequency close to π with an error:

t=s+1

s+T
X

t=s+1

s+T
X

Lemma 1 If w is the weight of the herding dynamics of a single binary variable X with
probability P (X = 1) = π, and w(s) ∈ (π − 1, π] at some step s ≥ 0, then w(t) ∈ (π −
1, π], ∀t ≥ s. Moreover, for T ∈ N, we have:

The following lemma shows that (π − 1, π] is the invariant interval of the dynamics.

We begin the theoretical analysis with a graph of one binary variable. For this graph, there
is only one weight w and herded Gibbs is equivalent to the standard herding algorithm.
Denote π(X = 1) as π for notational simplicity. The sequence of X is determined by the
dynamics of w (shown in Figure 2a):

1 if w(t−1) > 0
.
(5)
w(t) = w(t−1) + π − I(w(t−1) > 0), X (t) =
0 otherwise

3.1 Single Variable Models

If this holds, we also want to know what the convergence rate is.

Figure 1: Sample distribution over T sweeps. Each node refers to the joint state at the end
of one sweep.

Herded Gibbs Sampling
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was pointed out. The following theorem provides a sufficient condition for convergence in
the restricted domain of empty graphs.
Theorem 2 For an empty graph, when herded Gibbs has a fixed scanning order, and
(τ )
{1, π1 , . . . , πN } are rationally independent, the empirical distribution PT converges to the
target distribution π as T → ∞ for any τ ≥ 0.

mod 1
(t)

xi =

(
(t−1)

1 if wi
< πi
, ∀1 ≤ i ≤ N.
0 otherwise

(11)

(10)

A set of n real numbers, x1 , x2 , . . . , xn , is P
said to be rationally independent if for any set of
n
ai xi = 0 ⇔ ai = 0, ∀1 ≤ i ≤ n.
rational numbers, a1 , a2 , . . . , an , we have i=1
Proof For an empty graph of N independent vertices, the dynamics of the weight vector
w after one sweep over all variables are equivalent to a constant translation mapping in an
N -dimensional circular unit space (0, 1]N , as shown in Figure 3:
w(t) = (w(t−1) + π)
= (w(0) + tπ) mod 1,

(0, πi ] if x = 1
(πi , 1] if x = 0

t=1

π(Xi = xi ) = π(X = x).

i=1

"
#
T
N
Y
1X
I w(t−1) ∈
Ai (xi )
T

i=1

(12)

The Kronecker-Weyl theorem (Weyl, 1916) states that the sequence w̃(t) = tπ mod 1, t ∈
Z+ is equidistributed (or uniformly distributed) on (0, 1]N if and only if (1, π1 , . . . , πN )
is rationally independent. Intuitively, when (1, π1 , . . . , πN ) is rationally independent, the
trajectory of w̃(t) can not form a closed loop in the circular unit space and will thereby
cover the entire space uniformly.
Since we can define a one-to-one volume preserving transformation between w̃(t) and w(t)
as (w̃(t) + w(0) ) mod 1 = w(t) , the sequence of weights {w(t) } is also uniformly distributed
in (0, 1]N .
Now define the mapping from a state value xi to an interval of wi as

Ai (x) =

lim

|Ai (xi )| =

T →∞
N
Y
i=1

N
Y

and let |Ai | be its measure. We obtain the limiting distribution of the joint state as
(τ )

lim PT (X = x) =

T →∞

=
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The rational independence condition in the application of the Kronecker-Weyl theorem
ensures that the probabilistic independence between different variables will be respected by
the herding dynamics. When the condition fails, the convergence of joint distribution is not
guaranteed but the marginal distribution of each variables will still converge to their target
distribution because the N one-variable chains run independently from each other.
7

3.3 Fully-Connected Graphs

Chen et al.

When herded Gibbs is applied to fully-connected (complete) graphs, convergence is guaranteed even with rationally dependent conditional probabilities. In fact, herded Gibbs
converges to the target joint distribution at a rate of O(1/T ) with a O(log(T )) burn-in
period. This statement is formalized in Theorem 3 and a corollary when we ignore the
burn-in period, with proofs provided respectively in Appendix B.4 and B.5.

2N (1+η)
l(1−η) ,

T∗ =

2
1+η



(1−η)lT
4N



, and dv (δπ) := 21 ||δπ||1 .

λ
, ∀T ≥ T ∗ , τ > τ ∗ (T ),
T

τ ∗ (T ) = log

(τ )

2B
l ,

dv (PT − π) ≤

(13)

Theorem 3 For a fully-connected graph, when herded Gibbs has a fixed scanning order
and a Dobrushin coefficient of the corresponding Gibbs sampler η < 1, there exist constants
l > 0, and B > 0 such that

where λ =

− π) ≤

λ + τ ∗ (T )
log(T )
= O(
),
T
T

∀T ≥ T ∗ + τ ∗ (T ∗ ).

(14)

Corollary 4 When the conditions of Theorem 3 hold, and we start collecting samples at
the end of every sweep from the beginning, that is setting τ = 0, the error of the sample
distribution is bounded by:
(τ =0)

dv (PT

N
B = πmin
+

1 − (2πmin )N
.
1 − 2πmin

(15)

The Dobrushin ergodic coefficient (Brémaud, 1999) measures the geometric convergence
rate of a Markov chain. The constant l in the convergence rate can be interpreted as a lower
bound of the transition probability between any pair of states in the support of the target
distribution. For a strictly positive distribution, the constants l and B are
N
l = πmin
,
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where πmin is the minimal conditional probability πmin = min1≤i≤N,x−i π(xi |x−i ). We refer
the readers to Equation 34 in Proposition 5 in the appendix for a general distribution. Notice
that l has an exponential term, with N in the exponent, leading to an exponentially large
constant. This is unavoidable for any sampling algorithm when considering the convergence
to a joint distribution with 2N states. As for the marginal distributions, it is obvious that
the convergence rate of herded Gibbs is also O(1/T ) because marginal probabilities are
linear functions of the joint distribution. In fact, we observe very rapid convergence results
for the marginals in practice, so stronger theoretical results about the convergence of the
marginal distributions seem plausible.
The proof proceeds by first bounding the discrepancy between the chain of empirical
(s)
estimates of the joint obtained by averaging over T herded Gibbs samples, {PT }, s ≥ τ ,
(τ )
and a Gibbs chain initialized at PT . After one sweep over N variables, this discrepancy is
bounded above by 2N/lT .
The Gibbs chain has geometric convergence to π and the distance between the Gibbs
(τ )
and herded Gibbs chains decreases as O(1/T ). When the distance between PT and π is

8

9
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We also illustrate a simple counterexample where the sample distribution of herded Gibbs
does not converge to the target distribution when the graph is incomplete. Figure 7 shows
a four-variable graphical model with two missing edges, X1 − X4 , X2 − X3 . The unary

4.2 Simple Incomplete Graph

We begin with an illustration of how herded Gibbs substantially outperforms Gibbs and
a deterministic Gibbs sampler based on MCQMC on a simple complete graph. The MCQMC algorithm replaces the random number generator of the regular Gibbs sampler with
a completely uniformly distributed (CUD) sequence (Chen et al., 2011). We consider a
fully-connected model of two variables, X1 and X2 , as shown in Figure 4; the joint distribution of these variables is shown in Table 1. We run each sampler for 2.6 × 105 iterations.
We use a small linear feedback shift registers (LFSR) described in (Chen et al., 2012) to
generate the CUD sequence and choose the size of the LFSR so that the entire period of
the sequence will be used for one run of the Markov chain. Both Gibbs and MCQMC-based
Gibbs are run 100 times with different random seeds to assess their average performance.
Herded Gibbs is run only once because different initialization does not show noticeable difference in its performance. Figure 5 shows the marginal distribution P (X1 = 1) and the
joint distribution approximated by all the algorithms for different . As  decreases, all
the approaches require more iterations to converge, but herded Gibbs clearly outperforms
the other two algorithms. Figure 5c also shows that herding does indeed exhibit a linear
convergence rate. MCQMC-based Gibbs does not show any improvement on the error of
the sample distribution compared to the standard Gibbs.

4.1 Simple Complete Graph

We illustrate the performance of herded Gibbs with two synthetic examples and two real
experiments for image denoising and natural language processing respectively.

4. Experiments

sufficiently large, the geometric convergence rate to π dominates the discrepancy of herded
(τ )
Gibbs and thus we infer that PT converges to a neighborhood of π geometrically in time
τ for a fixed T . To round-off the proof, we must find a limiting value for τ . The proof
concludes with an O(log(T )) burn-in for τ .
When there exist conditional independencies in a distribution, we can still apply herded
Gibbs with a fully connected graph and treat all the other variables as the Markov blanket
of the variable to be sampled. Theorem 3 and its corollary still apply. Alternatively, we
can apply herded Gibbs on a more compact representation with an incomplete graph. It
requires less memory to run herded Gibbs because the number of weights depends exponentially on the neighborhood size. However, for a generic graph we have no mathematical
guarantees for the convergence rate of herded Gibbs. In fact, one can easily construct synthetic examples for which herded Gibbs does not seem to converge to the true marginals
and joint distribution. For the examples covered by our theorems and for examples with
real data, herded Gibbs demonstrates good behaviour. The exact conditions under which
herded Gibbs converges for sparsely connected graphs are still unknown.

Herded Gibbs Sampling

X2

X1 = 0
1/4 − 

1/4

X1 = 1

3/4 − 
3/4

P(X2 )
1/4
3/4
1

Table 1: Joint distribution of the two-variable model.

X2 = 0
X2 = 1
P(X1 )

i∼j

i∼j

(17)

i

i

10
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P
, xj ) =
PWhen the coupling parameters Jij are identical, say Jij = J, we have ij Jij f (xiP
J ij f (xi , xj ). Hence, different neighbor configurations result in the same value of J ij f (xi , xj ).

i∼j

The potentials ψij encourage label smoothness. The likelihood terms p(yi |xi ) are conditionally independent (e.g. Gaussians with known variance σ 2 and mean µ centered at each
value of xi , denoted µxi ). In more precise terms,


1
1X
1 X
2

p(x, y|J, µ, σ) =
exp
Jij xi xj − 2
(yi − µxi ) .
(19)
Z(J, µ, σ)
2
2σ

i∼j

where i ∼ j is used to indicate that nodes i and j are connected. The known parameters Jij
establish the coupling strength between nodes i and j. Note that the matrix J is symmetric.
If all the Jij > 0, then neighboring pixels are likely to be in the same state.
The MRF model combines the Ising prior with a likelihood model as follows:
 "

#
Y
Y
1
ψij (xi , xj ) .
p(yi |xi ) .
(18)
p(x, y) = p(x)p(y|x) = 
Z



1
1X
1 Y

exp
p(x|J) =
ψij (xi , xj ) =
Jij xi xj  ,
Z(J)
Z(J)
2

and joint distribution:

Next, we consider the standard setting of a grid-lattice MRF for image denoising. Let us
assume that we have a binary image corrupted by noise, and that we want to infer the
original clean image. Let Xi ∈ {−1, +1} denote the unknown true value of pixel i, and
yi the observed, noise-corrupted value of this pixel. We take advantage of the fact that
neighboring pixels are likely to have the same label by defining an MRF with an Ising prior.
That is, we specify a rectangular 2D lattice with the following pair-wise clique potentials:
 J

e ij e−Jij
(16)
ψij (xi , xj ) = −Jij
J
ij
e
e

4.3 MRF for Image Denoising

and pairwise energies of existing edges are random sampled from a standard Gaussian
distribution N (0, 1). We apply herded Gibbs for 108 iterations and compare the joint sample
distribution with the true distribution. While the discrepancy is marginal as depicted in
Figure 6b, the L1 error plot in 6b does not show a tendency to converging to zero.

Figure 4: Two-variable model.

X1

Chen et al.

Herded Gibbs Sampling

(a) Approximate marginals.

(b) Log-log plot of the L1 error of the joint distribution.

(c) Inverse of the L1 error of the joint distribution.
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Figure 5: Approximating a marginal (a) and joint (b, c) distribution with Gibbs (blue),
MCQMC-based Gibbs (green) and herded Gibbs (red) for an MRF of two variables, constructed so as to make the move from state (0, 0) to (1, 1) progressively
more difficult as  decreases. The four columns, from left to right, are for  = 0.1,
 = 0.01,  = 0.001 and  = 0.0001. Table 1 provides the joint distribution
for these variables. The shaded areas for Gibbs and MCQMC-based Gibbs correspond to 25%-75% quantile of 100 runs. Rows (b) and (c) illustrate that the
empirical convergence rate of herded Gibbs matches the expected theoretical rate.
As the error of herded Gibbs in (b) and (c) frequently drops to extremely small
values for some iterations and jumps back, we plot the upper-bound (envelope)
of the error for herded Gibbs defined as ẽt = maxτ ≥t eτ to remove the oscillating
behavior for a better visualization.
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Named entity recognition (NER) involves the identification of entities, such as people and
locations, within a text sample. A conditional random field (CRF) for NER models the
relationship between entity labels and sentences with a conditional probability distribution:
P (X|Y, θ), where X is a labeling, Y is a sentence, and θ is a vector of coupling parameters.
The parameters, θ, are feature weights and model relationships between variables Xi and
Yj or Xi and Xj . A chain CRF only employs relationships between adjacent variables,
whereas a skip-chain CRF can employ relationships between variables where subscripts i
and j differ dramatically. Skip-chain CRFs are important in language tasks, such as NER

4.4 CRF for Named Entity Recognition

A comparison for different values σ is presented in Table 2. As expected mean field does
well in the low-noise scenario, but the performance of the shared version of herded Gibbs
as the noise increases is significantly better.

In this exemplary image denoising experiment, noisy versions of the binary image, depicted in Figure 8 (left), were created through the addition of Gaussian noise, with varying
σ. Figure 8 (right) shows a corrupted image with σ = 4. The L2 reconstruction errors
as a function of the number of iterations, for this example, are shown in Figure 9. The
plot compares the herded Gibbs method against Gibbs and two versions of mean field with
different damping factors (Murphy, 2012). The results demonstrate that the herded Gibbs
techniques are among the best methods for solving this task.

If we store the conditionals for configurations with the same sum together, we only need to
store as many conditionals as different possible values that the sum could take. This enables
us to develop a shared version of herded Gibbs that is more memory efficient where we only
maintain and update weights for distinct states of the Markov blanket of each variable. The
shared version of herded Gibbs also exhibits a different dynamics as the standard version
as shown in the following result, and the convergence property of this algorithm remains an
open problem.

Figure 7: Four-variable model represented as an incomplete graph. (a): Graphical Model.
(b): Joint distribution of samples from herded Gibbs vs. the ground truth. (c):
Log-log plot of the L1 error of the joint sample distribution.

Probability

13

JMLR 17(10):1-29

and semantic role labeling, because they allow us to model long dependencies in a stream
of words, see Figure 10.
Once the parameters have been learned, the CRF can be used for inference; a labeling for
some sentence Y is found by maximizing the above probability. Inference for CRF models
in the NER domain is typically carried out with the Viterbi algorithm. However, if we want
to accommodate long term dependencies, thus resulting in the so called skip-chain CRFs,

Figure 9: Reconstruction errors for the image denoising task. The results are averaged
across 10 corrupted images with Gaussian noise N (0, 16). The error bars correspond to one standard deviation. Mean field requires the specification of the
damping factor D.

Figure 8: Original image (left) and its corrupted version (right), with noise parameter σ = 4.
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21.58(0.26)
22.24(0.29)
21.63(0.28)
15.52(0.30)
17.67(0.40)

2
32.07(0.98)
31.40(0.59)
37.20(1.23)
41.76(0.71)
32.04(0.76)

4
47.52(1.64)
42.62(1.98)
63.78(2.41)
76.24(1.65)
51.19(1.44)

6

67.93(2.78)
58.49(2.86)
90.27(3.48)
104.08(1.93)
74.74(2.21)
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Viterbi becomes prohibitively expensive. To surmount this problem, the Stanford named
entity recognizer (J. R. Finkel and Manning, 2005) makes use of annealed Gibbs sampling.
To demonstrate herded Gibbs on a practical application of great interest in text mining,
we modify the standard inference procedure of the Stanford named entity recognizer by
replacing the annealed Gibbs sampler with the herded Gibbs sampler. The herded Gibbs
sampler is not annealed. Notice that the label of a word Xi is a discrete variable with
possibly multiple values. As discussed in Section 2 we generalize herded Gibbs for binary
variables to discrete variables by assigning a different weight wi,xN (i) for each value of Xi .
To find the maximum a posteriori sequence X, we compute the joint discrete probability of
every sample and choose the one with the highest probability as the prediction. The faster a
sampler mixes in the state space, the more likely that a sample with high probability will be
generated given a the same amount of time. In order to be able to compare against Viterbi,
we have purposely chosen to use single-chain CRFs. We remind the reader, however, that
the herded Gibbs algorithm could be used in cases where Viterbi inference is not possible.
We used the pre-trained 3-class CRF model in the Stanford NER package (J. R. Finkel
and Manning, 2005). This model is a linear chain CRF with pre-defined features and pretrained feature weights, θ. For the test set, we used the
 corpus for the NIST 1999 IE-ER
precision·recall
Evaluation. Performance is measured in per-entity F1 F1 = 2 · precision+recall
. For all the

Figure 10: Typical skip-chain CRF model for named entity recognition.

Other

Person

Table 2: Errors of image denoising example after 30 iterations (all measurements have been
scaled by ×10−3 ). We use an Ising prior with Jij = 1 and four Gaussian noise
models with different σ’s. For each σ, we generated 10 corrupted images by adding
Gaussian noise. The final results shown here are averages and standard deviations
(in parentheses) across the 10 corrupted images. D denotes the damping factor in
mean field.

Herded Gibbs
Herded Gibbs - shared
Gibbs
Mean field (D=0.5)
Mean field (D=1)

PP
σ
PP
MethodPPP
P
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“Pumpkin” (Tim Roth) and “Honey Bunny” (Amanda Plummer) are having breakfast in a
diner. They decide to rob it after realizing they could make money off the customers as well as
the business, as they did during their previous heist. Moments after they initiate the hold-up,
Vincent Vega (John Travolta) talks about his experiences in Europe, from where he has just

the scene breaks off and the title credits roll. As Jules Winnfield (Samuel L. Jackson) drives,
returned: the hash bars in Amsterdam, the French McDonald’s and its “Royale with Cheese”.

Figure 11: Results for the application of the NER CRF to a random Wikipedia sample (Wik, 2013). Entities are automatically classified as person (red italic),
location (green boldfaced) and organization (orange underlined).

84.51(0.10) [83.49s]
84.75 [90.48s]

400

84.61(0.05) [115.92s]
84.81 [132.00s]
84.81[46.74s]

800

methods, except Viterbi, we show F1 scores after 100, 400 and 800 iterations in Table 3.
For Gibbs, the results shown are the averages and standard deviations over 5 random runs.
We used a linear annealing schedule for Gibbs. As the results illustrate, herded Gibbs
attains the same accuracy as Viterbi and it is faster than annealed Gibbs. Unlike Viterbi,
herded Gibbs can be easily applied to skip-chain CRFs. After only 400 iterations (90.5
seconds), herded Gibbs already achieves an F1 score of 84.75, while Gibbs, even after 800
iterations (115.9 seconds) only achieves an F1 score of 84.61. The experiment thus clearly
demonstrates that (i) herded Gibbs does no worse than the optimal solution, Viterbi, and
(ii) herded Gibbs yields more accurate results for the same amount of computation than
Gibbs sampling. Figure 11 provides a representative NER example of the performance of
Gibbs, herded Gibbs and Viterbi (all methods produced the same annotation for this short
example).

84.36(0.16) [55.73s]
84.70 [59.08s]

`
`
`
``` Iterations
```
100
```
Method
Annealed Gibbs
Herded Gibbs
Viterbi
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Table 3: F1 scores for Gibbs, herded Gibbs and Viterbi on the NER task. The average
computational time each approach took to do inference for the entire test set is
listed (in square brackets). After only 400 iterations (90.48 seconds), herded Gibbs
already achieves an F1 score of 84.75, while Gibbs, even after 800 iterations (115.92
seconds) only achieves an F1 score of 84.61. For the same computation, herded
Gibbs is more accurate than Gibbs.
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5. Conclusions and Future Work

In this paper, we introduced herded Gibbs, a deterministic variant of the popular Gibbs
sampling algorithm. While Gibbs relies on drawing samples from the full-conditionals at
random, herded Gibbs generates the samples by matching the full-conditionals. Importantly, the herded Gibbs algorithm is very close to the Gibbs algorithm and hence retains
its simplicity of implementation.

The synthetic, denoising and named entity recognition experiments provided evidence
that herded Gibbs outperforms Gibbs sampling. However, as discussed, herded Gibbs requires storage of the conditional distributions for all instantiations of the neighbors in the
worst case. This storage requirement indicates that it is more suitable for sparse probabilistic graphical models, such as the CRFs used in information extraction. At the other extreme,
the paper advanced the theory of deterministic sampling by showing that herded Gibbs converges with rate O(1/T ) for models with independent variables and fully-connected models.
Thus, there is gap between theory and practice that needs to be narrowed. We do not
anticipate that this will be an easy task, but it is certainly a key direction for future work.

We should mention that it is also possible to design parallel versions of herded Gibbs in
an asynchronous Jacobi fashion. Preliminary study shows that these are less efficient than
the synchronous Gauss-Seidel version of herded Gibbs discussed in this paper. However,
if many cores are available, we strongly recommend the parallel implementation as it will
likely outperform the current sequential implementation.

The design of efficient herding algorithms for densely connected probabilistic graphical
models remains an important area for future research. Such algorithms, in conjunction with
Rao Blackwellization, would enable us to attack many statistical inference tasks, including
Bayesian variable selection and Dirichlet processes.

JMLR 17(10):1-29

There are also interesting connections with other algorithms to explore. First, herding
has ties to multicanonical sampling algorithms (Bornn et al., 2013), which while not deterministic, employ similar biasing/reweighting schemes. Second, if for a fully connected
graphical model we build a new graph where every state is a node and directed connections
exist between nodes that can be reached with a single herded Gibbs update, then herded
Gibbs is very similar to the Rotor-Router model of Holroyd and Propp (2010)2 . This deterministic analogue of a random walk has provably superior concentration rates for quantities
such as normalized hitting frequencies, hitting times and occupation frequencies. In line
with our own convergence results, it is√shown that discrepancies in these quantities decrease
as O(1/T ) instead of the usual O(1/ T ). We expect that many of the results from this
literature apply to herded Gibbs as well. The connection with the work of Art Owen and
colleagues, see for example Chen et al. (2011), also needs to be explored further. Their
work uses completely uniformly distributed (CUD) sequences to drive Markov chain Monte
Carlo schemes. It is not clear, following discussions with Art Owen, that CUD sequences
can be constructed in a greedy way as in herding.

2. We thank Art Owen for pointing out this connection.
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Assume without loss of generality that in the systematic scanning policy, the variables are
sampled in the order 1, 2, · · · , N .

B.1 Notation

In this appendix, we give an upper bound for the convergence rate of the sampling distribution in fully connected graphs. As herded Gibbs sampling is deterministic, the distribution
of a variable’s state at every iteration degenerates to a single state. As such, we study here
the empirical distribution of a collection of samples.
The structure of the proof is as follows (with notation defined in the next subsection):
We study the distribution distance between the invariant distribution π and the empirical
(τ )
distribution of T samples collected starting from sweep τ , PT . We show that the distance
decreases as τ ⇒ τ + 1 with the help of an auxiliary regular Gibbs sampling Markov
(τ )
chain initialized at π (0) = PT , as shown in Figure 12. On the one hand, the distance
between the regular Gibbs chain after one iteration, π (1) , and π decreases according to
the geometric convergence property of MCMC algorithms on compact state spaces. On
(τ +1)
the other hand, we show that in one step the distance between PT
and π (1) increases
by at most O(1/T ). Since the O(1/T ) distance term dominates the exponentially small
(τ +1)
distance term, the distance between PT
and π is bounded by O(1/T ). Moreover, after
(τ +L)
a short burn-in period, L = O(log(T )), the empirical distribution PT
will have an
approximation error in the order of O(1/T ).

Appendix B. Proof of Theorem 3

In addition, Equation 7 follows by observing that I[X (t) = 0] = 1 − I[X (t) = 1].

t=s+1

Summing up both sides of Equation 5 over t immediately gives us the result of Equation 6
since:
s+T
X
Tπ −
I[X (t) = 1] = w(s+T ) − w(s) ∈ [−1, 1].
(21)

Proof We first show that w ∈ (π − 1, π], ∀t ≥ s. This is easy to observe by induction as
w(s) ∈ (π − 1, π] and if w(t) ∈ (π − 1, π] for some t ≥ s, then, following Equation 5, we have:
 (t)
w + π − 1 ∈ (π − 1, 2π − 1] ⊆ (π − 1, π], if w(t) > 0,
w(t+1) =
(20)
w(t) + π ∈ (2π − 1, π] ⊆ (π − 1, π],
otherwise.

Appendix A. Proof of Lemma 1
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(τ )

k=τ

τ +T −1
1 X
I(X(kN +i) = x).
T
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Figure 13: Distribution over time within a sweep.
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This is the distribution of T samples collected at the ith step of every sweep, starting
(τ )
(τ )
(τ −1)
from the τ th sweep. Clearly, PT = PT,0 = PT,N .

PT,i (X = x) =

(τ )

• Denote the sample/empirical distribution at the ith step within a sweep as PT,i , τ ≥
0, T > 0, 0 ≤ i ≤ N , as shown in Figure 13:

(τ )

• Recall the sample/empirical distribution, PT , presented in Definition 1.

• We use τ to denote the time in terms of sweeps over all of the N variables, and t
to denote the time in terms of steps where one step constitutes the updating of one
variable. For example, at the end of τ sweeps, we have t = τ N .

• Denote by X+ the support of the distribution π, that is, the set of states with positive
probability.

B.1.1 State Distribution

Figure 12: Transition kernels and relevant distances for the proof of Theorem 3.
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• Denote the distribution of a regular Gibbs sampling Markov chain after L sweeps of
updates over the N variables with π (L) , L ≥ 0.
For a given time τ , we construct a Gibbs Markov chain with initial distribution π 0 =
(τ )
PT and the same scanning order of herded Gibbs, as shown in Figure 12.

B.1.2 Transition Kernel
• Denote the transition kernel of regular Gibbs for the step of updating a variable Xi
with
and for a whole sweep with T .
Ti ,

By definition, π 0 T = π 1 . The transition kernel for a single step can be represented as
a 2N × 2N matrix:

(22)

Ti (x, y) =

0, if x−i 6= y−i
, 1 ≤ i ≤ N, x, y ∈ {0, 1}N ,
π(Xi = yi |x−i ), otherwise

where x is the current state vector of N variables, y is the state of the next step,
and x−i denotes all the components of x excluding the ith component. If π(x−i ) = 0,
the conditional probability is undefined and we set it with an arbitrary distribution.
Consequently, T can also be represented as:
T = T1 T2 · · · TN .

(23)

• Denote the Dobrushin ergodic coefficient (Brémaud, 1999) of the regular Gibbs kernel
with η ∈ [0, 1]. When η < 1, the regular Gibbs sampler has a geometric rate of
convergence of
dv (π (1) − π) = dv (T π (0) − π) ≤ ηdv (π (0) − π), ∀π (0) .
A common sufficient condition for η < 1 is that π(X) is strictly positive.
(τ )

• Consider the sequence of sample distributions P , τ = 0, 1, · · · in Figures 1 and 13.
T
We define the transition kernel of herded Gibbs for the step of updating variable Xi
(τ )
(τ )
(τ )
(τ )
(τ +1)
(τ )
from PT,i−1 to PT,i with T̃T,i , and for a whole sweep from PT to PT
with T̃T .

τ +T
X−1
k=τ

(kN +i)

(kN +i)

= x−i , Xi
= x−i ),

I(X−i

(kN +i−1)

I(X−i

= yi ),
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(25)

0, if x−i 6= y−i
, 1 ≤ i ≤ N, x, y ∈ {0, 1}N , (24)
(τ )
PT,i (Xi = yi |x−i ), if x−i = y−i

Unlike regular Gibbs, the transition kernel is not homogeneous. It depends on both
the time τ and the sample size T . Nevertheless, we can still represent the single step
transition kernel as a matrix:
(

(τ )

T̃T,i (x, y) =

(τ )

Nnum
,
Nden

where PT,i (Xi = yi |x−i ) is defined as:
(τ )

PT,i (Xi = yi |x−i ) =
(τ )

τ +T
X−1
k=τ

Nnum = T PT,i (X−i = x−i , Xi = yi ) =
(τ )

Nden = T PT,i−1 (X−i = x−i ) =
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(τ )

(τ )

(τ )

(τ )

(τ )

(τ )

= PT T̃T ,

(τ )

PT,i = PT,i−1 T̃T,i ,

(τ +1)

(τ )

= T̃T,1 T̃T,2 · · · T̃T,N .

PT
(τ )

T̃T

where Nnum is the number of occurrences of a joint state, and Nden is the number
of occurrences of a conditioning state in the previous step. When π(x−i ) = 0, we
know that Nden = 0 with a proper initialization of herded Gibbs, and we simply set
(τ )
T̃T,i = Ti for these entries. It is not hard to verify the following identity by expanding
every term with its definition

and consequently,
with

B.2 Linear Visiting Rate

We prove in this section that every joint state in the support of the target distribution is
visited, at least, at a linear rate. This result will be used to measure the distance between
the Gibbs and herded Gibbs transition kernels.

π(xi |x−i ).

(26)

Proposition 5 If a graph is fully connected, herded Gibbs sampling scans variables in a
fixed order, and the corresponding Gibbs sampling Markov chain is irreducible, then for
any state x ∈ X+ and any index i ∈ [1, N ], the state is visited at least at a linear rate.
Specifically,

∃l > 0, B > 0, s.t., ∀i ∈ [1, N ], x ∈ X+ , T ∈ N, s ∈ N,
h
i
I X(t=N k+i) = x ≥ lT − B.
s+T
X−1

k=s

min

1≤i≤N,π(xi |x−i )>0

Denote the minimum nonzero conditional probability as
πmin =

The following lemma, which is needed to prove Proposition 5, gives an inequality between
the number of visits of two sets of states in consecutive steps. Please refer to Figure 14 for
an illustration of the two sets of states and the mapping defined in the lemma.

(27)

Lemma 6 Given any integer i ∈ [1, N ], a set of states X ⊆ X+ , and a mapping F : X → X+
that corresponds to any possible state transition for a Gibbs step at variable Xi , that is, F
is any mapping satisfying

F(x)−i = x−i and π(F(x)i |x) > 0, ∀x ∈ X,

JMLR 17(10):1-29

let Y = ∪x∈X F (x). We have that, if the graph is fully connected, for any s ≥ 0 and
T > 0, the number of times any state in Y is visited in the set of all i’th step in sweeps
s, s + 1, . . . , s + T − 1, denoted as Ci = {t = kN + i : s ≤ k ≤ s + T − 1}, is lower

20

Figure 15: Example of the set of all paths from
x ∈ X+ to y = (1, 1, 0). Variables are
updated in the order of i = 1, 2, 3. In
this example, all the conditional distributions are positive and y can be
reached from any state in N = 3 steps.
Therefore, t∗ = 3.

t∈Ci−1

(28)

(29)

(t)

(t)

t∈Ci

i
X h
I X(t) = y =

t∈Ci (y−i )

X

(t)

I Xi

h
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(30)

= yi ≥ π(yi |y−i )|Ci (y−i )| − 1 ≥ πmin |Ci (y−i )| − 1.

i

t ∈ Ci (xN (i) ) is uniquely determined. Since the value
is determined by wi,x−i for any
t ∈ Ci (x−i ), we can apply Lemma 1 and get that for any y ∈ Y,

(t)
Xi

Because the graph is fully connected, N (i) = −i, the full conditional state X−i with

Ci (xN (i) ) = {t : t ∈ Ci , XN (i) = xN (i) } = {t : t ∈ Ci , XN (i) = xN (i) } ⊆ Ci .

(t−1)

At every step of the herded Gibbs algorithm, only one weight is updated. Consider
the sequence of steps when a weight wi,xN (i) is updated, we denote the segment of that
sequence in sweeps [s, s + T − 1] as Ci (xN (i) ). By definition of the herded Gibbs algorithm,

h
i
h
i
(t)
I X−i = y−i ≥ I X(t) ∈ F −1 (y) , ∀t, y ∈ Y.

Proof As a complement to Condition 27, we can define F −1 as the inverse mapping
from Y to subsets of X so that for any y ∈ Y, x ∈ F −1 (y), we have x−i = y−i , and
∪y∈Y F −1 (y) = X. It’s easy to observe that

t∈Ci

i
i
X h
X h
I X(t) ∈ Y ≥ πmin
I X(t) ∈ X − |Y|.

bounded by a function of the number of times any state in X is visited in the previous steps
Ci−1 = {t = kN + i − 1 : s ≤ k ≤ s + T − 1} as:

Figure 14: Example of the mapping
defined in Lemma 6 with
i = 3.

Herded Gibbs Sampling

t∈Ci

t∈Ci−1

t∈Ci−1

i
i
i
X h (t)
X h (t)
X h
I X−i = y−i =
I X−i = y−i ≥
I X(t) ∈ F −1 (y) .

(31)

y∈Y

t∈Ci−1

t∈Ci−1

(32)
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By definition of these paths, we know S0 = X+ and St∗ = {y}, and there exits an integer
i(j) and a mapping Fj : Sj−1 → Sj , ∀j that satisfy the condition in Lemma 6 (i(j) is the
index of the variable to be updated, and the mapping is defined by the transition paths).
Also notice that any state in Sj can be different from y by at most min{N, t∗ − j} variables,
∗
and therefore |Sj | ≤ 2min{N,t −j} .

Sj = ∪x∈X+ P ath(x, j).

Now let us prove Proposition 5 by iteratively applying Lemma 6.
Proof [Proof of Proposition 5] Because the corresponding Gibbs sampler is irreducible and
any Gibbs sampler is aperiodic, there exists a constant t∗ > 0 such that for any state y ∈ X+ ,
and any step i in a sweep, we can find a path of length t∗ from any state x ∈ X+ with a
positive transition probability, P ath(x) = (x = x(0), x(1), . . . , x(t∗ ) = y), where each step
of the path follows the Gibbs updating scheme. For a strictly positive distribution, the
minimum value of t∗ is N . We show an example of the paths in a graph with 3 variables
and a strictly positive distribution in Figure 15.
Denote τ ∗ = dt∗ /N e and the j th element of the path P ath(x) as P ath(x, j). We can
define t∗ + 1 subsets Sj ⊆ X+ , 0 ≤ j ≤ t∗ as the union of all the j th states in the path from
any state in X+ :

Remark 7 A fully connected graph is a necessary condition for the application of Lemma 1
in Equation 30. If a graph is not fully connected (N (i) 6= −i), a weight wi,xN (i) is associated
with a partial conditional state and may be shared by multiple full conditional states. In that
(t)
case Ci (xN (i) ) = {t : t ∈ Ci , XN (i) = xN (i) }, and we can no longer use Lemma 1 to get
a lower bound for the number of visits to a particular joint state, not to mention a linear
visiting rate in Proposition 5.

t∈Ci



i X
i
i
X h
X h
X h
(t)
(t)
−1
πmin
I X ∈Y ≥
I X ∈ F (y) − 1 ≥ πmin
I X(t) ∈ X −|Y|.

Combining the fact that ∪y∈Y F −1 (y) = X and summing up both sides of Equation 30 over
Y proves the lemma:

|Ci (y−i )| =

Since the variables X−i are not changed at steps in Ci , combining with Equation 29 we can
show

Chen et al.

h
i
I X(N k+i) ∈ St∗

k=s+τ ∗

Herded Gibbs Sampling

h
i s+T
i
X−1 h
I X(N k+i) = y ≥
I X(N k+i) = y

Let us apply Lemma 6 recursively from j = t∗ to 1 as
s+T
X−1
s+T
X−1

k=s

=

k=s+τ ∗
s+T
X−1

k=s+τ ∗

k=s+τ ∗
∗ −1
tX

j
2min{N,j} .
πmin

j=0

∗ −1
tX

j=0

+

N
−1
X
(2πmin )j
j=0

=

N
πmin

(b.c. St∗ = {y})
(Lemma 6, X = St∗ −1 , Y = St∗ )
(Lemma 6, X = St∗ −2 , Y = St∗ −1 )

(34)

h
i
(b.c. I X(t) ∈ X+ = 1)

1 − (2πmin )N
+
.
1 − 2πmin
is an Approximation to T

(33)

(Lemma 6, X = S0 , Y = S1 )

j
2min{N,j} .
πmin

∗
s+T
−1
i tX
X−1 h
∗
j
I X(N k+i−t ) ∈ S0 = X+ −
πmin
|St∗ −j |

h
i
I X(N k+i−2) ∈ St∗ −2 − πmin |St∗ −1 | − |St∗ |

s+T
i
X−1 h
I X(N k+i−1) ∈ St∗ −1 − |St∗ |

k=s+τ ∗

≥ πmin
2
≥ πmin

≥ ···
∗

t
≥ πmin
∗

t
≥ πmin
(T − τ ∗ ) −
j=0

∗

t
B = τ ∗ πmin
+

The proof is concluded by choosing the constants
∗

t
l = πmin
,

B=

N
πmin

Remark 8 For a strictly positive distribution, the constants reduce to
l=

N
πmin
,

(τ )

B.3 Herded Gibbs’s Transition Kernel T̃T
(τ )

The following proposition shows that T̃T is an approximation to the regular Gibbs sampler’s transition kernel T with an error of O(1/T ).

− T k∞ ≤

4N
.
lT
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Proposition 9 For a fully connected graph, if the herded Gibbs has a fixed scanning order
and the corresponding Gibbs sampling Markov chain is irreducible, then for any τ ≥ 0,
T ≥ T ∗ := 2B
l where l and B are the constants in Proposition 5, the following inequality
holds:
(35)
(τ )

kT̃T
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(τ )

Proof
(τ )
When x 6∈ X+ , we have the equality T̃T,i (x, y) = Ti (x, y) by definition. When x ∈ X+

(τ )

but y 6∈ X+ , then Nden = 0 (see the notation of T̃T for definition of Nden ) as y will never
(τ )
be visited and thus T̃T,i (x, y) = 0 = Ti (x, y) also holds. Let us consider the entries in

k=τ

τ +T
X−1

I(X−i

(kN +i)

= x−i ).

T̃T,i (x, y) with x, y ∈ X+ in the following.
Because X−i is not updated at ith step of every sweep, we can replace i − 1 in the
definition of Nden by i and get

Nden =

∈ [Nden π(Xi = yi |x−i ) − 1, Nden π(Xi = yi |x−i ) + 1] ⇔
1
Nnum
− π(Xi = yi |x−i )| ≤
.
Nden
Nden

(36)

t = x )}, whose size is
Notice that the set of times {t = kN + i : τ ≤ k ≤ τ + T − 1, X−i
−i
Nden , is a consecutive set of times when wi,x−i is updated. By Lemma 1, we obtain a bound
for the numerator

Nnum
(τ )

|PT,i (Xi = yi |x−i ) − π(Xi = yi |x−i )| = |

k=τ

2
,
lT

τ +T
X−1
l
I(X(kN +i) = x) ≥ lT − B ≥ T,
2

∀T ≥

2B
.
l

2B
.
l

∀T ≥

(38)

(37)

Also by Proposition 5, we know every state in X+ is visited at a linear rate, there hence
exist constants l > 0 and B > 0, such that the number of occurrence of any conditioning
state x−i , Nden , is bounded by
Nden ≥

Combining equations (36) and (37), we obtain
(τ )

|PT,i (Xi = yi |x−i ) − π(Xi = yi |x−i )| ≤
(τ )

x

4
,
lT

y

X

yi

(τ )

2B
.
l

y

|PT,i (Xi = yi |x−i ) − π(Xi = yi |x−i )|

∀T ≥

x

(39)

Since the matrix T̃T,i and Ti differ only at those elements where x−i = y−i , we can bound
the L1 induced norm of the transposed matrix of their difference by
X (τ )
|T̃T,i (x, y) − Ti (x, y)|
(τ )

≤

= max

x

k(T̃T,i − Ti )T k1 = max

(τ )

x

X

y

X

y

(τ )

y

X

|T̃T,i (x, y)| = max

x

|Ti (x, y)| = max

P (Xi = yi |x−i ) = 1,
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(41)

Observing that both T̃T and T are multiplications of N component transition matrices,
(τ )
and the transition matrices, T̃
and Ti , have a unit L1 induced norm as:
T
X (τ )
PT,i (Xi = yi |x−i ) = 1,
(40)
(τ )

k(T̃T,i )T k1 = max

x

k(Ti )T k1 = max

24

(τ )

(τ )

(τ )

(τ )

(τ )

(τ )

(τ )

(τ )
kP T1 . . . TN −1 (T̃T,N

...

(τ )

− TN )k1 ,

kP T1 (T̃T,2 − T2 )T̃T,3 . . . T̃T,N k1 +

(τ )

≤kP (T̃T,1 − T1 )T̃T,2 . . . T̃T,N k1 +

(τ )

(τ )

− T )k1 =kP T̃T,1 . . . T̃T,N − P T . . . TN k1

(42)

(τ )

− T )T as

kP (T̃T − T )k1
4N
− T ) k = max
≤
,
P
kP k1
lT

T

2B
∀T ≥
.
l
(44)

≤

25

(τ )

(τ +1)

(τ +1)

and π as a function as τ .

4N
,
(1 − η)lT

(47)

1 + η 2N
,
1 − η lT

(τ 0 )

∀τ > τ 0 .

(50)

(τ −1)

JMLR 17(10):1-29

JMLR 17(10):1-29

26

Remark 11 Irrationality is not required to prove the convergence on a fully-connected
graph.

Remark 10 Similarly to the regular Gibbs sampler, the herded Gibbs sampler also has a
burn-in period with geometric convergence rate. After that, the distribution discrepancy is
in the order of O(1/T ), which is faster than the regular Gibbs sampler. Notice that the
length of the burn-in period depends on T , specifically as a function of log(T ).

Consequently, Theorem 3 is proved when combining (50) with the inequality τ 0 ≤ dτ ∗ (T )e
in Equation( 49).

2. For any τ ≥ τ 0 + 2, assume PT
∈ B2 (π). Since 2 < 1 , PT
is also in the
ball B1 (π). We can apply the same computation as when τ = τ 0 + 1 to prove
(τ )
dv (PT − π) ≤ 2 . So inequality (50) is always satisfied by induction.

(τ −1)

1. Equation (50) holds at τ = τ 0 + 1. This is because PT ∈ B1 (π) and following
Eqn. 46 we get
2N
(τ 0 +1)
+ η1 = 2 .
(51)
dv (PT
− π) ≤
lT

This is proved by induction:

dv (PT − π) ≤

(τ )

After that burn-in period, the herded Gibbs sampler will stay within a smaller neighborhood,
1+η 2N
B2 (π), with 2 = 1−η
lT , i.e.

we get a geometric convergence rate toward the invariant distribution by combining the two
equations above:
1−η
1+η
(τ +1)
(τ )
(τ )
(τ )
dv (PT
− π) ≤
dv (PT − π) + ηdv (PT − π) =
dv (PT − π).
(48)
2
2
So starting from τ = 0, we have a burn-in period for herded Gibbs to enter B1 (π) in a
finite number of rounds. Denote the first time it enters the neighborhood by τ 0 . According
(0)
to the geometric convergence rate in Equations 48 and dv (PT − π) ≤ 1
&
'
l
m
1
) ≤ log 1+η (1 ) = dτ ∗ (T )e.
τ 0 ≤ log 1+η (
(49)
(0)
2
2
dv (PT − π)

(τ )

dv (PT − π) ≥

dv (PT
− π) = dv (PT
− π (1) + π (1) − π) ≤ dv (PT
− π (1) ) + dv (π (1) − π)
2N
(τ )
≤
+ ηdv (PT − π), ∀T ≥ T ∗ , τ ≥ 0.
(46)
lT
The last inequality follows Equations (23) and (45). When the sample distribution is outside
4N
a neighborhood of π, B1 (π), with 1 = (1−η)lT
, i.e.

(τ +1)

Now we study the change of discrepancy between PT
Applying the triangle inequality of dv :

Chen et al.

(45)

1
(τ )
− T )) = kπ (0) (T̃T − T )k1
2

∀T ≥ T ∗ , τ ≥ 0.

(τ )

− π (1) ) = dv (π (0) (T̃T

2N (0)
2N
kπ k1 =
,
lT
lT

dv (PT

(τ +1)

When we initialize the herded Gibbs and regular Gibbs with the same distribution (see
Figure 12), since the transition kernel of herded Gibbs is an approximation to regular Gibbs
and the distribution of regular Gibbs converges to the invariant distribution, we expect that
herded Gibbs also approaches the invariant distribution.
Proof [Proof of Theorem 3] Construct an auxiliary regular Gibbs sampling Markov chain
(τ )
initialized with π (0) (X) = PT (X) and the same scanning order as herded Gibbs. As η < 1,
the Gibbs Markov chain has uniform geometric convergence rate as shown in Equation (23).
Also, the Gibbs Markov chain must be irreducible due to η < 1 and therefore Proposition
9 applies here. We can bound the distance between the distributions of herded Gibbs after
(τ +1)
one sweep of all variables, PT
, and the distribution after one sweep of regular Gibbs
sampling, π (1) by

B.4 Proof of Theorem 3

(τ )
k(T̃T

Consequently, we get the L1 induced norm of (T̃T

(τ )

kP T1 . . . Ti−1 (T̃T,i − Ti )T̃T,i+1 . . . T̃T,N k1 ≤ kP T1 . . . Ti−1 (T̃T,i − Ti )k1 (Unit L1 norm, Eqn. 40)
4
≤ kP T1 . . . Ti−1 k1
(Eqn. 39)
lT
4
≤ kP k1 .
(Unit L1 norm, Eqn. 41)
lT
(43)

(τ )

where the i’th term is

kP (T̃T

(τ )

we can further bound the L1 norm of the difference, (T̃T − T )T . Let P ∈ RN be any vector
with nonzero norm. Using the triangular inequality, the difference of the resulting vectors
(τ )
after applying T̃T and T is bounded by

(τ )

Herded Gibbs Sampling

B.5 Proof of Corollary 4

Herded Gibbs Sampling

T = t + τ ∗ (t), t ≥ T ∗ .

Proof Since τ ∗ (T ) is a monotonically increasing function of T , for any T ≥ T ∗ + τ ∗ (T ∗ ),
we can find a number t so that

≤


 ∗
t
τ (t)
dv (P̃ (S0,T ) − π) = dv
P̃ (S0,τ ∗ (t) ) + P̃ (Sτ ∗ (t),T ) − π
T
T




τ ∗ (t)
t
≤d
(P̃ (S ∗ ) − π + dv
(P̃ (Sτ ∗ (t),T ) − π
v
0,τ
(t)
T
T
τ ∗ (t)
t
≤
dv (P̃ (S0,τ ∗ (t) ) − π) + dv (P̃ (Sτ ∗ (t),T ) − π)
T
T
τ ∗ (t)
t λ
τ ∗ (T ) + λ
·1+
≤
.
T
T t
T

(52)

Partition the sample sequence S0,T = {X(kN ) : 0 ≤ k < T } into two parts: the burn-in
period S0,τ ∗ (t) and the stable period Sτ ∗ (t),T . The discrepancy in the burn-in period is
bounded by 1 and according to Theorem 3, the discrepancy in the stable period is bounded
by
λ
dv (P̃ (St,T ) − π) ≤ .
t
Hence, the discrepancy of the whole set S0,T is bounded by
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This paper performs a complexity analysis of a class of serial and parallel compositional
models of multiple objects and shows that they enable efficient representation and rapid
inference. Compositional models are generative and represent objects in a hierarchically
distributed manner in terms of parts and subparts, which are constructed recursively by
part-subpart compositions. Parts are represented more coarsely at higher level of the hierarchy, so that the upper levels give coarse summary descriptions (e.g., there is a horse
in the image) while the lower levels represents the details (e.g., the positions of the legs
of the horse). This hierarchically distributed representation obeys the executive summary
principle, meaning that a high level executive only requires a coarse summary description
and can, if necessary, get more details by consulting lower level executives. The parts
and subparts are organized in terms of hierarchical dictionaries which enables part sharing
between different objects allowing efficient representation of many objects. The first main
contribution of this paper is to show that compositional models can be mapped onto a
parallel visual architecture similar to that used by bio-inspired visual models such as deep
convolutional networks but more explicit in terms of representation, hence enabling part
detection as well as object detection, and suitable for complexity analysis. Inference algorithms can be run on this architecture to exploit the gains caused by part sharing and
executive summary. Effectively, this compositional architecture enables us to perform exact
inference simultaneously over a large class of generative models of objects. The second contribution is an analysis of the complexity of compositional models in terms of computation
time (for serial computers) and numbers of nodes (e.g., “neurons”) for parallel computers.
In particular, we compute the complexity gains by part sharing and executive summary
and their dependence on how the dictionary scales with the level of the hierarchy. We explore three regimes of scaling behavior where the dictionary size (i) increases exponentially
with the level of the hierarchy, (ii) is determined by an unsupervised compositional learning algorithm applied to real data, (iii) decreases exponentially with scale. This analysis
shows that in some regimes the use of shared parts enables algorithms which can perform
inference in time linear in the number of levels for an exponential number of objects. In
other regimes part sharing has little advantage for serial computers but can enable linear
processing on parallel computers.
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A fundamental problem of vision is how to deal with the enormous complexity of images and
visual scenes. The total number of possible images is astronomically large Kersten (1987).
The number of objects is also huge and has been estimated at around 30,000 Biederman
(1987). We observe also that humans do not simply detect objects but also parse them into
their parts and subparts, which adds another level of complexity. How can a biological, or
artificial, vision system deal with this complexity? For example, considering the enormous
input space of images and output space of objects, how can humans interpret images in less
than 150 msec Thorpe et al. (1996)?
There are three main issues involved. Firstly, how can a visual system be designed so
that it can efficiently represent large numbers of objects, including their parts and subparts?
Secondly, how can a visual system rapidly infer which object, or objects, are present in an
input image and perform related tasks such as estimating the positions of their parts and
subparts? And, thirdly, how can this representation be learnt in an unsupervised, or weakly
supervised fashion? In summary, what visual architectures enable us to overcome these three
issues?
Studies of mammalian visual systems offer some suggestions for how these complexity
issues can be addressed. These visual systems are organized hierarchically with the lower
levels (e.g., in areas V1 and V2) tuned to small image features while the higher levels (i.e.
in area IT) are tuned to objects. This leads to a class of bio-inspired visual architectures, of
varying degrees of biological plausibility, which represent the visual world in terms of hierarchies of features which are shared between multiple objects Fukushima (1988); Riesenhuber
and Poggio (1999); Hinton et al. (2006); Serre et al. (2007); Adams and Williams (2003);
Poon and Domingos (2010); Zeiler et al. (2010); LeCun and Bengio (1995); Borenstein and
Ullman (2002); Kokkinos and Yuille (2011); Krizhevsky et al. (2012). This sharing of hierarchical features suggest ways to deal with the complexity issues but, to the best of our
knowledge, there have been no complexity studies of these classes of architectures. We note
that the purpose of this paper is not to attempt to model the known structure of mammalian visual systems. Instead, own goal of this work is to see whether it is possible to
derive properties of mammalian visual systems from first principles by developing a visual
architecture that addresses the complexity problems of vision.
In this paper, we address the complexity issues from the perspective of compositional
models Geman et al. (2002) by extending and analyzing a specific class of models Zhu et al.
(2008, 2010). Compositional models are cousins of the bio-inspired hierarchical models
and we briefly discuss their similarities and differences in section (6). The key idea of
compositionality is to represent objects by recursive composition from parts and subparts
which enables: (i) part sharing between different objects, and (ii) hierarchically distributed
representations of objects where the positions of parts are represented more coarsely than
the position of subparts, which we call the executive-summary principle. This gives rise to
natural learning and inference algorithms which proceed from sub-parts to parts to objects
(e.g., inference is efficient because a leg detector can be used for detecting the legs of cows,
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horses, and yaks). The explicitness of the object representations helps quantify the efficiency
of part-sharing, and executive summary, and make mathematical analysis possible. They
also enable us to parse the objects into their parts and subparts, instead of only detecting
objects. The compositional models we study are based on prior work Zhu et al. (2008, 2010)
but we make several technical modifications. These include re-formulating the models so
that the positions of the parts are restricted to lie on a set of discrete lattices (coarser lattices
for high-level parts). This enables a parallel implementation of compositional models which
helps clarify the similarities, and differences, to bio-inspired models. For completeness, we
briefly summarize how compositional models can be learnt in an unsupervised manner Zhu
et al. (2008, 2010) and discuss how this relates to the memorization algorithms of Valiant
(2000). But we emphasize that this paper does not directly address learning but instead
explores the consequence of the representations which were learnt. We note that previous
work has addressed the complexity of visual search and attention Blanchard and Geman
(2005), Tsotsos (2011).
Our analysis assumes that objects are represented by hierarchical graphical probability
models which are composed from more elementary models by part-subpart compositions.
An object – a graphical model with H levels – is defined as a composition of r parts
which are graphical models with H − 1 levels. These parts are defined recursively in terms
of subparts which are represented by graphical models of increasingly lower levels. It is
convenient to specify these compositional models in terms of a set of dictionaries {Mh :
h = 0, ..., H} where the level-h parts in dictionary Mh are composed in terms of r level(h − 1) parts in dictionary Mh−1 . The highest level dictionaries MH represent the set of
all objects. The lowest level dictionaries M0 represent the elementary features that can
be measured from the input image. Part-subpart composition enables us to construct a
very large number of objects by different compositions of elements from the lowest-level
dictionary (like building an object from a lego kit). It enables us to perform part-sharing
during learning and inference, which can lead to enormous reductions in complexity, as our
mathematical analysis will show. We stress that the parts and subparts are deformable (i.e.
non-rigid).
There are three factors which enable computational efficiency. The first is part-sharing,
as described above, which means that we only need to perform inference on the dictionary
elements. The second is the executive-summary principle. This principle allows us to
represent the state of a part coarsely because we are also representing the state of its
subparts (e.g., a top level executive of a business company will only want to know that
“there is a horse in the field” and will not care about the exact positions of its legs, which
will be known by the lower level executives). For example, consider a letter T which is
composed of a horizontal and vertical bar. If the positions of these two bars are specified
precisely, then we only need to represent the position of the letter T more crudely (it is
sufficient for it to be “bound” to the two bars, and for their positions to be represented
separately). The third factor is parallelism which arises because the part dictionaries can
be implemented in parallel. This is roughly similar to having a set of non-linear receptive
fields for each dictionary element. This enables extremely rapid inference at the cost of
a larger, but parallel, graphical model. The inference proceeds in a single bottom-up and
top-down pass, where the bottom-up pass rapidly estimates an executive summary which
enables the the top-down pass to estimate the lower-level details.
3
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The compositional section (2) introduces the key ideas of compositional models and
section (3) describes how they are used to generate images. Section (4) describes the compositional architecture and the inference algorithms for serial and parallel implementations.
Section (5) performs a complexity analysis and shows potential exponential gains by using
compositional models. Section (6) discusses the relations between compositional models
and bio-inspired hierarchical models, briefly discusses how compositional models can be
learnt in an unsupervised manner, discusses robust variants of compositional models and
summaries an analysis of robustness (which is presented in the appendix).

2. Compositional Models

Compositional models are based on the idea that objects are built by compositions of parts
which, in turn, are compositions of more elementary parts. Section (2.1) describes partsubparts compositions which are the basic building block of our approach. In section (2.2)
we discuss how to build objects by recursively making part-subpart compositions. Section (2.3) describes the state variables and how they take values on a hierarchy of lattices.
In section (2.4) we discuss hierarchical dictionaries and part sharing. In section (2.5) we
specify the probability distributions for objects.
2.1 Compositional Part-Subparts

We formulate part-subpart compositions by probabilistic graphical models which specify
how a part is composed of its subparts. This consists of a parent node ν with a type
τν and a state variable xν . The parent node represents the part and has r child nodes
Ch(ν) = (ν1 , ..., νr ), representing the subparts, which have types τCh(ν) = (τν1 , ..., τνr )
and state variables xCh(ν) = (xν1 , ..., xνr ) (r is fixed for all part-subpart compositions in
this paper). For concreteness the state variables represent the position of the parts, or
subparts in the image (unless otherwise specified, our analysis is directly extended to other
cases where they represent other image properties, such as mini-epitomes or active patches
Papandreou et al. (2014); Mao et al. (2014)). Similarly, the types represent geometric
entities (e.g., the letters T, L or vertical/horizontal bars indicted by V, H). The type τν of
the parent node is specified by the types τνi of the child nodes and by the spatial relations λν
between the child nodes. Hence we express τν = (τν1 , ..., τνr , λν ). For example, in Figure (1)
we represent the letters T and L by part-subparts where the parent has type “T” or “L”. In
both cases, there are two child nodes (i.e. r = 2) with types “vertical bar” and “horizontal
bar” and the spatial relations are represented by λT and λL respectively. This is illustrated
in Figure (1).
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The spatial configuration of the part-subpart is represented by the state of the parent
xν and the states of the children xCh(ν) . The state of the parent xν provides an executive
summary description of the part (e.g., there is a cow in the right side of the image) while
the states of the children xCh(ν) gives the details (e.g., the positions of the head, torso, and
legs of the cow). In this paper, we restrict the spatial position xν to take a discrete set
of values, see section (2.3), which differs from earlier work where they were allowed to be
continuous Zhu et al. (2008, 2010).

4
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We model an object recursively from parts and subparts using part-subpart compositions.
This is illustrated in Figure (2) where we combine T ’s and L’s with other parts to form
more complex objects. The basic idea is to build increasingly complex shapes by treating
the parts as subparts of higher order parts.
More formally, an object is represented by a graph with nodes V. State variables xν
and types τν are defined at the nodes
ν ∈ V. The graph has a hierarchical structure with
S
levels h ∈ {0, ..., H}, where V = H
h=0 Vh . The edges in the graph specify the part-subpart
compositions by connecting each node at level-h to r nodes at level-h − 1. Each object has
a single, root node, at level-H. Any node ν ∈ Vh (for h > 0) has r children nodes Ch(ν)

2.2 Representing an Object Using a Hierarchical Graph

Here f (.) is a deterministic function, so the state of the parent node is determined uniquely
by the state of the child nodes (δ(.) is a Dirac delta function if xν takes continuous values,
and a Kronecker delta if xν takes discrete values). The function h(.), which is parameterized
by λ, specifies a distribution on the relative states of the child nodes. The distribution
P (xCh(ν) |xν ; τν ) is local in the sense that P (xCh(ν) |xν ; τν ) = 0, unless |xνi − xν | is smaller
than a threshold for all i = 1, .., r. This requirement captures the intuition that subparts
of a part are typically close together.
For example, in the simple example shown in Figure (1), the function f (xν1 , xν2 ) specifies
the average positions xν1 and xν2 of the horizontal and vertical bars, rounded off to the
nearest position on the lattice. We set h(.; λ) to be a discretized variant of the Gaussian
distribution on the relative positions of the two bars, so λ = (µ, σ) where µ is the mean
relative positions and σ is the covariance. Observe that the parts T and L have the same
subparts – horizontal and vertical bars – but they have different spatial relations λT and λL
(because the mean relative positions of the bars are different for T ’s and L’s). Hence the
two compositional models for the T and L have types T = (H, V, λT ) and L = (H, V, λL ).

P (xCh(ν) |xν ; τν ) = δ(xν − f (xCh(ν) ))h(xCh(ν) ; λν ).

The probability distribution for the part-subpart model relates the states of the part
and the subparts by:

Figure 1: Compositional part-subpart models T = (H, V, λT ) and L = (H, V, λL ) for letters
T and L are constructed from the same elementary components τH , τV , horizontal
and vertical bar using different spatial relations λT = (µT , σT ) and λL = (µL , σL ),
where µ denotes average displacement between the bars and σ 2 is the variance.
The state xν of the parent node gives the summary position of the object, the
executive summary, while the positions xν1 and xν2 of the components give the
detailed positions of its components.

Compositional Models with Part Sharing
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We require the state variables {xν : ν ∈ V} to satisfy the executive summary principle. To
enforce this, we require that the positions of the subparts are specified at greater resolution
than the positions of the parts. This is done by requiring that the state variables take values
on a hierarchical lattice which we describe in this section. More precisely, the positions of
the parts and subparts are specified by state variables xν which take values in a set of
lattices {Dh : h = 0, ..., H}, so that a level-h node, ν ∈ Vh , takes position xν ∈ Dh . The
state variable of the root node gives the top-level executive summary of the object and lies
on the lattice DH . The state variables of the leaf nodes V0 of the graph take values on the
image lattice D0 .
The lattices are regularly spaced and the number of lattice points decreases by a factor
of q < 1 for each level, so |Dh | = q h |D0 |, see Figure (3)(left panel). This decrease in number
of lattice points imposes the executive summary principle. The lattice spacing is designed
so that parts do not overlap. At higher levels of the hierarchy the parts cover larger regions
of the image and so the lattice spacing must be larger, and hence the number of lattice
points smaller, to prevent overlapping. Note that previous work Zhu et al. (2008, 2010) was
not formulated on lattices and used non-maximal suppression to achieve a similar effect.
We use the notation ~xν to denote the state of node ν and all its descendants. This can
be defined recursively by ~xν = (xν , xCh(ν) , ...). Figure (3)(right panel) shows the object

2.3 State Variables and Hierarchical Lattices

in Vh−1 indexed by (ν1 , ..., νr ) (corresponding to the subparts of the part). Hence there are
rH−h nodes at level-h (i.e. |Vh | = rH−h ).
The type of object is specified by the type τH of the root node. Hence we use V τH to
refer to the nodes of the graph for object τH . The types of its descendant nodes are specified
recursively by τCh(ν) = (τν1 , ..., τνr ). The types of the lowest-level nodes, at h = 0 specify
elementary features (e.g., horizontal and vertical bars). Hence we can think of an object
as being constructed recursively by combining elementary structures with spatial relations
(e.g., like building an object from a lego kit).

Figure 2: Object models are built recursively by part-subpart relations, Each object is
represented by a hierarchical graph whose edges specify the part-subpart relationships. Each node ν has a type τν and a state variable xν . Left Panel: Two
part-subpart models, where the subparts are bars at four different angles (horizontal, vertical, forty-five degrees up, and forty-five degrees down). Center Panel:
Combining two part-subpart models by composition to make a higher level model.
Right Panel: Some examples of the higher-level models that can be obtained by
different compositions.
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Figure 3: The hierarchical lattices. Left Panel: the size of the lattices decrease with scale
by a factor q = 1/9 which helps enforce executive summary and prevent having
multiple hypotheses which overlap too much. Right Panel: How an object is
represented by a hierarchically distributed representation with coarse summary
of position at the top level and more details at the lower levels.

represented hierarchically where the upper level encodes the summary and the lower-levels
encode the details. By a slight abuse of notation, we specify the state vector of an object
τH by ~xτH . In summary, an object τH is represented by a graph with nodes V τH and state
variables ~xτH .
2.4 Multiple Types of Objects, Shared Parts, and Hierarchical Dictionaries
Now suppose we have a large set of objects (each with H levels). We can represent each
object separately by a hierarchical graph, as discussed in the last two subsections, but this is
wasteful and cumbersome because it does not exploit the sharing of parts between different
objects.
Instead, we represent objects and their parts by hierarchical dictionaries {Mh : h =
0, ..., H}. The top-level dictionary specifies the object types τH ∈ MH . The level-h dictionary specifies the types Mh of the parts at level h. The dictionary elements in Mh are
built by compositions of r elements from the dictionary Mh−1 at the previous level using
part-subpart composition as described in section (2.1). An object is specified by the type
of its root node τH ∈ MH . It is composed of a set Ch(τH ) of r parts from level-H − 1 with
types plus spatial relations λτH between them. Hence we express τH = (τH,1 , ..., τH,r ; λτH ).
In turn, these parts can be expressed in terms of lower-level subparts so that we can recursively specify the types of all parts of the object and the spatial relationships between them.
More formally, any level-h part τh ∈ Mh can be expressed as a composition of r level-h − 1
parts Ch(τh ) = {τh,i : i = 1, ..., r}, where τh,i ∈ Mh−1 , and by spatial relations λτh . For
example, in Figure (1) we have M1 = {T, L} and M0 = {H, V }, where the compositions
are given by T = (H, V, λT ) and L = (H, V, λL ) (here r = 2).

JMLR 17(11):1-28

The hierarchical dictionaries enable us to make part-sharing explicit, which will enable
us to analyze its effectiveness in section (5). Part-sharing is illustrated in Figure (4) by two
models A and B which share level-1 part b. Hierarchical dictionaries are shown in Figure (5)
where the dictionaries are M2 = {A, B}, M1 = {a, b, c} and M0 = {γ, , δ, }. For example,
the level-2 part A is composed from level-1 parts a and b (plus spatial relations, which are
7
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without sharing

A
b

B

c

a

A

b
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Dictionary Elements
(Visual Concepts)

Figure 4: Part sharing. Two Level-2 parts A and B are composed from Lavel-1 parts a, b
and c which, in turn, are composed from Level-0 parts (α, β), (γ, δ) and (γ, ζ)
respectively. Left Panel: the Level-2 parts are modeled separately and the fact
that they share a Level-1 part is not exploited. Right Panel: In this paper we
represent the part sharing explicitly and exploit it for efficient representation and
inference.
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Figure 5: Representing objects in terms of hierarchical dictionaries with shared parts. There
are two object models A, B at the top level, three parts a, b and c at the middle
level, and three subparts γ, δ and  at the bottom level. The Level-2 models A
and B are composed from Level-1 parts a, b and c, which are composed from
Level-0 parts. Here a is composed from δ and , b is composed from δ and γ, and
c is composed from  and γ. This illustrates part sharing, for example  is shared
between parts a and c, part b is shared between A and B.

8
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The models in the previous section specify distributions for the positions ~xτH of an object
τH , its parts and, in particular, for the positions {xν : ν ∈ V0τH } of the leaf nodes. In this
section we describe how we can use these models to generate an image I = {I(x) : x ∈ D0 }.
This is done by introducing distributions for local image properties depending on the
types and positions of the leaf nodes of the objects (e.g., the horizontal and vertical bars).
We also specify a default, or background, distribution for the image properties at places
where no low-level parts are present (i.e. no leaf nodes take these states).
More formally, we specify distributions P (I(x)|τ ) for image property I(x) at position
x ∈ D0 if there is a leaf-level part τ ∈ M0 at x. In addition, we specify a default background
distribution P (I(x)|τ0 ) for the image property at x if no part is present, which we denote
by τ0 . For example, we could use the distributions for the properties of features on, or off,
edges as described in Konishi et al. (2003). Note, we only allow the leaf-level parts M0 to
directly generate image properties.
This gives a generative model for images. We first select an object at random from MH
and sample from equation (2) to get a configuration of the object and its parts including,
in particular, the leaf nodes. Then for each leaf node we sample from the appropriate
P (I(x)|τ ) depending on the type of the leaf node. At places where no leaf node is present
we sample from P (I(x)|τ0 ).
Observe that we can extend this generative model in two ways. Firstly, we can sample
a background image if no object is present at all, by sampling from P (I(x)|τ0 ), at every

3. Generative Models of Images

Here V τH /V0τH denotes all the nodes of the graph V τH except the leaf nodes V0τH . U (xτH )
is the uniform distribution, which means that the object is equally likely to be anywhere in
the image.
This model can be used to generate the positions of parts and subparts by sampling. This
is performed by sampling the position xτH of the root node from U (xτH ), then sampling
recursively from P (xCh(ν) |xν ; τν ) to get the positions of the parts and subparts until we
obtain samples {xν : ν ∈ V0τH } for the leaf nodes.

ν∈V τH /V0 H

We specify the probability model for an object of type τH ∈ MH in terms of the probabilities
of its part-subpart relations:
Y
P (~xτH |τH ) = U (xτH )
P (xCh(ν) |xν ; τν ).
(2)

2.5 Probability Distributions for Objects

background + L...L

background + T...T + L...L

background + T...T
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This assumes that each image position x is background and so is sampled independently
from P (I(x)|τ0 ).
If there is a single object τH present, then the prior P (~xτH |τH ), see equation (2), gives
a distribution over a set of points L(~xτH ) = {xν : ν ∈ V0τH } (the leaf nodes of the graph),
which are a subset of the image lattice (i.e., xν ∈ D0 if ν ∈ V0τH ) and specifies their types
{τν : ν ∈ V0τH }. We denote these leaf nodes by {(x, τ (x)) : x ∈ L(~xτH )} where τ (x)
is specified in the natural manner (i.e. if x = xν for ν ∈ V0τH then τ (x) = τν ). Then we

x∈D0

We now specify the distributions more precisely. If there is no object in the image, then we
generate it by sampling from the background distribution:
Y
P (I(x)|τ0 ).
(3)
PB (I) =

3.1 The Generative Model for Objects and Backgrounds

position x. Secondly, we can sample for many objects being in the image provided they
do not overlap, again by sampling from the models to find the positions of their leaf nodes
and then sampling from P (I(x)|τ ) or P (I(x)|τ0 ) as appropriate. This can also be extended
to sampling from objects and parts of objects. In this paper we mainly concentrate on the
case where there is either a single object or no object in the image, although our analysis
can be extended to these other more complex situations. We illustrate images sampled from
different generative models in Figure (6).

Figure 6: The generative model allows there to be several different objects in the image
together with background clutter. This figure illustrates images generated by
different models: (i) purely background, (ii) background with one T , (iii) background with several T ’s, (iv) background with an L, (v) background with several
L’s, and (vi) background with T ’s and L’s.

background + L

background + T

not shown here for simplicity), while the level-1 part a is composed from level-0 parts δ and
 (also ignoring their spatial relations).
S
τH
In summary, we represent an object τH ∈ MH by a graph V τH = H
h=0 Vh . There is a
H−h
single node at level H, r nodes at level H − 1, and r
nodes at level h. The state ~xτH is
specified by the state xτH of the root node and its descendants.
We note that the unsupervised learning algorithm in Zhu et al. (2010) automatically
generates this hierarchical dictionary, as reviewed in section (6.2).

background
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P (I(x)|τ (x)) ×

x∈D0 /L(~
xτH )
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x∈L(~
xτH )

sample from the distributions P (I(x)|τ (x)) for the probability of the image I(x) at positions
x ∈ L(~xτH ) conditioned on the type of the leaf node. We sample from the default P (I(x)|τ0 )
at positions x ∈ D0 /L(~xτH ) where there is no leaf node of the object.
This specifies a likelihood function for the states ~xτH of the object model τH . This
likelihood function depends only on the leaf nodes ν ∈ V0τH :
Y
Y
P (I(x)|τ0 ).
(4)
P (I|~xτH ) =

(5)

Combining this likelihood with the prior, specified in equation (2), gives the generative
model for the image of an object:
P (I|~xτH )P (~xτH |τH )

PB (I)

P (I(x)|τ (x))
+
P (I(x)|τ0 )

X

τ

ν∈V τH /V0 H

log P (xCh(ν) |xν ; τν ) + log U (xτH ), (6)

, where the prior P (~xτH |τH ) is given by equation (2).
An important quality in our analysis is the log-likelihood ratio of the probability of an
image I conditioned on whether there is an object in the image of type τH and configuration
or if no object is present,
from equation (3). This gives a log-likelihood ratio:

~xτH

log

P (I|~xτH )P (~xτH |τH )
log
=
PB (I)
X

x∈L(~
xτH )

P
where the ν is performed over all part-subpart relations for object type τH .
All the visual tasks we study in this paper can be reduced to computing the log-likelihood
ratios for different objects and different configurations of their state variables. For example,
if the log-likelihood ratios are small for all object configurations then we can decide that no
object is present. Alternatively, the configuration which maximizes the log-likelihood ratio
determines the most probable object in the image and the most likely positions of its parts,
The next section shows how we can perform all these visual tasks exactly and efficiently
using a visual architecture which exploits compositionality.

4. The Compositional Architecture and Exact Inference

JMLR 17(11):1-28

We now discuss the inference algorithms required to perform the visual tasks of determining
which objects, if any, are present in the image, and estimate their positions including
the positions of their subparts. These visual tasks can be decomposed into two subtasks:
(i) state estimation, to determine the optimal states for each model and hence the most
probable positions of the objects and their parts, and (ii) model selection, to determine
whether objects are present or not and which objects are most likely. As we will show,
both tasks can be reduced to calculating and comparing log-likelihood ratios which can be
performed efficiently using dynamic programming methods.
Firstly we describe, in section (4.1), how to do state estimation for each object separately
and then discuss how we can perform model selection to decide which objects, if any, are
11
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present in the image. Secondly, in section (4.2) we discuss how these inference tasks can
be made more efficient for multiple object categories by exploiting part sharing using the
hierarchical dictionaries. Thirdly, in section (4.3) we describe a parallel formulation for
inference exploiting part sharing. We stress that we are performing exact inference and no
approximations are made.

4.1 Inference for Single Objects: State Estimation and Model Selection

X

x∈L(~
xτH )

log

P (I(x)|τ (x))
+
P (I(x)|τ0 )

τ

ν∈V τH /V0 H

X

log P (xCh(ν) |xν ; τν ) + log U (xτH )}. (7)

We first describe a standard dynamic programming algorithm for finding the optimal state
of a single object model. Then we describe how the same computations can be used to
perform model selection and hence applied to the detection and state estimation if the
object appears multiple times in the image (provided it is non-overlapping).
Consider performing inference for a single object model τH defined by equations (2)
and (4). Calculating the MAP estimate of the state variables ~xνH requires computing its
most probable state ~xτ∗H = arg max~xτH {log P (I|~xτH ) + log P (~xτH |τH) }. This is equivalent
to finding the state variables which maximize the log-likelihood ratio of P (I|~xτH )P (~xτH |τH )
and the background distribution PB (I), which we specified in equation (6) (because PB (I)
depends only on the image and is independent of the state variables). This requires estimating:

~
xτH

~xτ∗H = arg max{

i=1

r
X

φ(xνi , τνi ) + log P (xCh(ν) |xν , τν )}.

(8)

Here L denotes the positions of the leaf nodes of the graph, which must be determined
during inference.
The optimal state ~xτ∗H can be estimated efficiently by dynamic programming. This
involves a bottom-up pass which recursively computes the local evidence φ(xν , τν ) for the
hypothesis that there is a part τν with state variable xν (i.e. with executive level summary
xν )
xν ). This is specified by φ(xν , τν ) = max~xν /xν {log PP(I|~
+ log P (~xν |τν )}, where max~xν /xν
B (I)
specifies that we fix the state of the position xν of the part τν while maximizing over
the states of its descendants (recall that ~xν = (xν , xCh(ν) , ...)). The local evidence can
be interpreted as the log-ratio of the hypothesis test that there is a part τν present at xν
compared to the probability that it is not (i.e. the image properties are generated instead by
the background model). The local evidences for the part hypotheses are computed bottomup and we call it “local” because it ignores the context evidence for the part which will be
provided during top-down processing (i.e. that evidence for other parts of the object, in
consistent positions, will strengthen the evidence for this part). The local evidences for the
part hypotheses are computed recursively by the formula:

xCh(ν)

φ(xν , τν ) = max {
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At level-H the bottom-up pass outputs the global evidence φ(xτH , τH ) for the hypothesis
that object τH occurs at position xτH . This enables us to determine the best executive
summary position for the object together with the log-likelihood ratio of the best state

12

x∈DH

x∗τH = arg max φ(x, τH ),

with evidence φ(x∗τH , τH ).
(9)

i=1

(c)

(d)
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So far we have described how to use dynamic programming, with a bottom-up and
top-down pass, to compute the MAP estimate of the configuration ~xτH of an object τH
in the image. But this approach allows us to do more. For example, instead of detecting
objects we can use the algorithm to detect parts again by using the evidence φ(xν , τν ) as a
log-likelihood ratio test to determine if the part is present or not. The log-likelihood test
will tend to have a large error rate for low level parts (because of their ambiguity) but will
increasingly have fewer errors for larger parts since these are less ambiguous. Intuitively, it
is possible for a human to confuse the leg of a cow with the leg of a horse but it is extremely
unlikely that an entire horse and cow cannot be distinguished. Using this strategy it may
be possible to decide that an object part is present or not without waiting for the context
provided by the top-down processing. Making premature decisions like this may cause
problems, however, which we analyze in section (6.3).

extremely ambiguous at the lower levels of the hierarchy due to the local ambiguity of
images. But as we ascend the hierarchy the hypotheses become increasingly unambiguous
because the parts become larger and more structured. This could be analyzed by using
the techniques developed in Yuille et al. (2001). From another perspective, the top-down
process “binds” the parts to the subparts and hence relates to the standard binding problem
of neural networks Valiant (2000).

In addition, we can compute the probability that the object occurs several times in the
image, by computing the set {xτH : φ(x∗τH , τH ) > TH }, to compute the “executive summary”
descriptions for each object (e.g., the coarse positions of each object). We then perform
the top-down pass initialized at each coarse position (i.e. at each point of the set described
above) to determine the optimal configuration for the states of the objects. Hence, we
can reuse the computations required to detect a single object in order to detect multiple
instances of the object (provided there are no overlaps). The number of objects in the
image is determined by the log-likelihood ratio test with respect to the background model.
It can be shown that this is equivalent to performing optimal inference simultaneously over
a set of different generative models of the image, where one model assumes that there is one
instance of the object in the image, another model assumes there are two (non-overlapping),
and so on.

(11)

(10)

(b)

Figure 8: An alternative perspective on inference. Input image (far left panel), hypotheses
for T ’s and L’s (left and right panels), detections of the composite object (far
right panel).

(a)
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It should be emphasized that the algorithm first computes the best “executive summary”
description xτH of the object as the output of the feedforward pass, together with the
log-likelihood ratio for the optimal configuration, and only later determines the optimal
estimates of the lower-level states of the object in the top-down pass. Hence, the algorithm
is faster at detecting that there is a cow in the right side image (estimated in the bottom-up
pass) and is slower at determining the position of the feet of the cow (estimated in the
top-down pass). The algorithm is also quicker at determining whether there is a cow or
a horse in the image, at the end of the bottom-up pass, than it is at estimating the most
likely positions of the parts of the cow or the horse. This is illustrated in Figure (7).
The algorithm also has an intuitive interpretation. The bottom up pass propagates
local hypotheses for parts up the hierarchy, see Figures (7,8). These hypotheses may be

~x∗τH = x∗τH , ...

This outputs the most probable configuration of this object τH in the image:

xCh(ν)

r
X
x∗Ch(ν) = arg max {
φ(xνi , τνi ) + log P (xCh(ν) |x∗ν , τν )}.

We can compare the log-likelihood ratio of the best state configuration to perform model
selection either by determining whether it is above a fixed threshold TH , to determine
whether the object is present or not, or to compare its value for different objects to determine
which object is most likely to be in the image.
Then we can perform a top-down pass of dynamic programming to estimate the most
probable states ~x∗τH of the entire model by recursively performing:

configuration:

Figure 7: The feedforward (bottom-up) pass propagates hypotheses from the lowest level
to the middle level (far left panel) and then from the middle level to the top
level (left panel). The best top-level state is selected. The feedback (top-down)
pass propagates information from the top node disambiguating the middle level
nodes (right panel) and then from the middle level nodes to the lowest levels (far
right panel). The bottom-up pass enables the algorithm to rapidly estimate the
top-level executive summary description. The top-down pass enables high-level
context to eliminate false hypotheses at the lower levels– informally, “high-level
tells low-level to stop gossiping”.
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4.2 Compositional Architecture: Inference on Multiple Objects by Part
Sharing using the Hierarchical Dictionaries
The previous section performed MAP estimation, and computed log-likelihood ratios, for
each object separately. But this is wasteful since if the objects share parts because it
computes the same quantities multiple times. This section describes how we can exploit
part sharing to perform these computations more efficiently for many objects simultaneously.
The main idea is that we only need to compute the local evidence φ(xν , τν ) for each
part τν ∈ Mh once independently of how many objects the part occurs in (or how many
times it occurs within each object). This means that we can compute the evidence for all
objects at all positions {φ(~xτH , τH ) : ~xτH ∈ DH , τH ∈ MH } by recursively computing the
evidences {φ(xν , τν ) : xν ∈ Dh , τν ∈ Mh } using equation (8) for all xν ∈ Dh , τν ∈ Mh .
We then perform model selection at the top-level by thresholding the evidence for each
object at each position. More precisely, for each object τH ∈ MH we determine the set of
positions SτH = {xτH ∈ DH : s.t. φ(xτH , τH ) > TH } where the evidence for that object is
above threshold. Then we perform the top-down pass, equation (10), starting at all positions
SτH for all τH ∈ MH . In short, we perform bottom-up inference to detect which objects are
present and the positions of the executive summaries. Then we perform top-down processing
to estimate the positions of the parts, the full configurations, of the detected objects. Note,
if this process detects two or more objects in the same position then we will need to compare
their evidences to select which one is most likely, but our framework assumes that this is
unlikely to occur because there is little ambiguity for complete objects.
Note that we are performing exact inference over multiple object models at the same
time. This may be un-intuitive to some readers because this corresponds to doing exact
inference over a probability model which can be expressed as a graph with a large number
of closed loops, see Figure (4). We note that this applies only to a subclass of compositional
models including Zhu et al. (2008, 2010). The main point is that part-sharing enables us
perform inference efficiently for many models at the same time.
4.3 Parallel Formulation of the Compositional Architecture
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Finally, we observe that all the computations required for performing inference on multiple
objects can be parallelized.
Parallelization is possible for both the bottom-up and the top-down passes. Firstly,
the bottom-up pass requires calculating the φ(xν , τν )’s at each layer-h using equation (8).
These calculations are done separately for each type τν ∈ Mh and at each spatial position
xν ∈ Dh , see equation (8). They depend only on input from local subregions of layer-(h−1).
Hence they can be computed in parallel. This enables us to compute the global evidence
for objects at the top level: φ(xτH , τH ) for all xτH ∈ DH and τH ∈ MH . We threshold at
each node xτH ∈ DH to determine if the object is detected, which is also a local operation.
Secondly, the top-down pass is also parallelizable because its operation, see equation (10),
is also local. Note that top-down processing is only done starting from nodes at level-H
where objects have been detected.
This leads to a graphical
architecture which contains |Mh | × |Dh |P
nodes at level h,
PH
H
and hence a total of h=0
|Mh | × |Dh | nodes. There are a total of r h=1
|Mh | × |Dh |
connections. These connections are local and “convolutional” in the sense that they are
15

Yuille and Mottaghi

Figure 9: Parallel Hierarchical Implementation. Bottom Row: Four Level-0 parts are placed
at each point in the image lattice D0 . Middle Row: Level-1 parts are placed at
each point on the coarser lattice D1 (we show three Level-1 models). Top Row:
object models are placed at the nodes of the top level lattice (H = 2 in this
figure). This can be thought of as non-linear receptive fields analogous to bioinspired hierarchical models.
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Figure 10: This figure illustrates the parallel hierarchical architecture. At each level there
are nodes tuned to different types of parts (similar to the different features
occurring in bio-inspired models).
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The computations required by this parallel implementation are illustrated in Figure (11).
Each step of the bottom-up pass is performed by a two-layer network, see Figure (11), where
the first layer performs an AND operation (to compute the local evidence for a specific configuration of the child nodes) and the second layer performs an OR, or max operation,
to determine the local evidence (by max-ing over the possible child configurations). The
top-down pass only has to perform an arg max computation to determine which child configuration gave the best local evidence.

We can think of the nodes at different levels of the hierarchy as being non-linear “receptive fields”. At level-0, these receptive fields are tuned to specific image properties (e.g.,
horizontal or vertical bars). Note that the receptive fields are highly non-linear (i.e. they
do not obey the superposition principle). Nevertheless they are broadly speaking, tuned
to image stimuli which have the mean shape of the corresponding part τν . In agreement,
with findings about mammalian cortex, the receptive fields become more sensitive to image
structure (e.g., from bars, to more complex shapes) at increasing levels. Moreover, their
sensitivity to spatial position decreases because at higher levels the models only encode the
executive summary descriptions, on coarser lattices, while the finer details of the object
are represented more precisely at the lower levels. Moreover, they are influenced both by
bottom-up processing (during the bottom-up pass) and by top-down processing (during the
top-down pass). The bottom-up processing computes the local evidence while the top-down
pass modifies it by the high-level context.

the same at different places in the image. Nodes at level-h can be represented by (τν , xν )
and so they represent a part of type τν ∈ Mh at position xν ∈ Dh . This is illustrated in
Figures (9) and (10).

Figure 11: Parallel implementation of Dynamic Programming. The left part of the figure
shows the bottom-up pass of dynamic programming. The local evidence for the
parent node is obtained by taking the maximum of the scores of the Cr possible
states of the child nodes. This can be computed by a two-layer network where
the first level computes the scores for all Cr child node states, which can be
done in parallel, and the second level compute the maximum score. This is like
an AND operation followed by an OR. The top-down pass requires the parent
node to select which of the Cr child configurations gave the maximum score, and
suppressing the other configurations.

Bottom Up
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h=1

H
X

|D0 |Cr rH (q/r)h = |D0 |Cr rH

h=1

H
X

(q/r)h = |D0 |Cr

qrH−1
{1 − (q/r)H }.
1 − q/r

(12)
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Nso = |D0 |Cr

qrH−1
.
1 − q/r
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(14)

Clearly the complexity is dominated by the complexity Nbu of the bottom-up pass. For
simplicity, we will bound/approximate this by:

H
For large H we can approximate Nbu by |D0 |Cr qr
1−q/r (because (q/r) will be small).
H
We calculate Nms = q |D0 | for the complexity of model selection (which only requires
thresholding at every point on the top-level lattice).
The complexity Ntd of the top-down pass is computed from equation (10). At each
level there arePrH−h nodes and we must compute Cr computations for each. This yields
H−h for each possible root node. There are at most q H |D | possible
complexity of H
0
h=1 Cr r
root nodes (depending on the results of the model selection stage). This yields an upper
bound:
1
rH−1
{1 − H−1 }.
Ntd ≤ |D0 |Cr q H
(13)
1 − 1/r
r

H−1

Observe that the main contributions to Nbu come from the first few levels of the hierarchy beP
x(1−xH )
h
cause the factors (q/r)h decrease rapidly with h. This calculation uses H
h=1 x =
1−x .

Nbu =

This section estimates the complexity of inference Nso for a single object and the complexity
Nmo for multiple objects when part sharing is not used. These results are for comparison
to the complexities derived in the following section which use part sharing.
The inference complexity for a single object requires computing: (i) the number Nbu
of computations required by the bottom-up pass, (ii) the number Nms of computations
required by model selection at the top-level of the hierarchy, and (iii) the number Ntd of
computations required by the top-down pass.
The complexity Nbu of the bottom-up pass can be computed from equation (8). This
requires a total of Cr computations for each position xν for each level-h node. There are
rH−h nodes at level-h and each can take |D0 |q h positions. This gives a total of |D0 |Cr q h rH−h
computations at level h. This can be summed over all levels to yield:

5.1 Complexity for Single Objects and Ignoring Part Sharing

We now analyze the complexity of the inference algorithms for performing the tasks of object
detection and object parsing. Firstly, we analyze complexity for a single object (without
part-sharing). Secondly, we study the complexity for multiple objects with shared parts.
Thirdly, we consider the complexity of the parallel implementation.
The complexity is expressed in terms of the following quantities: (I) The size |D0 | of the
image. (II) The scale decrease factor q (enabling executive summary). (III) The number
H of levels of the hierarchy. (IV) The sizes {|Mh | : h = 0, ..., H} of the hierarchical
dictionaries. (V) The number r of subparts of each part. (VI) The number Cr of possible
part-subpart configurations.

5. Complexity Analysis
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(15)
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qrH−1
.
1 − q/r

|Mh |q h .

|Mh |q h |D0 |.

(16)

(17)
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Now suppose we perform inference for multiple objects simultaneously without exploiting shared parts. In this case the complexity will scale linearly with the number |MH | of
objects. This gives us complexity:
Nmo = |MH ||D0 |Cr
5.2 Computation with Shared Parts in Series and in Parallel

h=1

H
X

This section computes the complexity using part sharing. We first study complexity for the
standard serial implementation of part sharing and then for the parallel implementation.
Now suppose we perform inference on many objects with part sharing using a serial computer. This requires performing computations over the part-subpart compositions between
elements of the dictionaries. At level h there are |Mh | dictionary elements. Each can take
|Dh | = q h |D0 | possible states. The bottom-up
pass requires performing
for
PH
PHCr computations
each of them. This gives a total of h=1
|Mh |Cr |D0 |q h = |D0 |Cr h=1
|Mh |q h computations for the bottom-up process. The complexity of model selection is |D0 |q H × (|MH | + 1)
(this is between all the objects, and the background model, at all points on the top lattice). As in the previous section, the complexity of the top-down process is less than the
complexity of the bottom-up process. Hence the complexity for multiple objects using part
sharing is given by:
Nps = |D0 |Cr

h=1

H
X

Next consider the parallel implementation. In this case almost all of the computations
are performed in parallel and so the complexity is now expressed in terms of the number of
“neurons” required to encode the dictionaries, see Figure (9). This is specified by the total
number of dictionary elements multiplied by the number of spatial copies of them:
Nn =

The computation, both the forward and backward passes of dynamic programming, are
linear in the number H of levels. We only need to perform the computations illustrated in
Figure (11) between all adjacent levels.
Hence the parallel implementation gives speed which is linear in H at the cost of a
possibly large number Nn of “neurons” and connections between them.
5.3 Advantages of Part Sharing in Different Regimes

20

regimes we compare the advantages of the serial and parallel implementations using part
sharing by comparison to the complexity results obtained without sharing.
Exponential growth of dictionaries is a natural regime to consider. It occurs when subparts are allowed to combine with all other subparts (or a large fraction of them) which
means that the number of part-subpart compositions is polynomial in the number of subparts. This gives exponential growth in the size of the dictionaries if it occurs at different
levels (e.g., consider the enormous number of objects that can be built using lego).
An interesting special case of the exponential growth regime is when |Mh | scales like
1/q h (recall q < 1), see Figure (12) (left panel). In this case the complexity of computation for serial part-sharing, and the number of neurons required for parallel implementation,
scales only with the number of levels H. This follows from equations (16) and (17). But nevertheless the number of objects that can be detected scales exponentially with H, as (1/q)H .
By contrast, the complexity of inference without part-sharing also scales exponentially as
(1/q)H , see equation (15), because we have to perform a fixed number of computations,
given by equation (14), for each of an exponential number of objects. This is summarized
by the following result.
Result 1 : If the number of shared parts scales exponentially by |Mh | ∝ q1h then we can
perform inference for order (1/q)H objects using part sharing in time linear in H, or with a
number of neurons linear in H for parallel implementation. By contrast, inference without
part-sharing requires exponential complexity.
To what extent is exponential growth a reasonable assumption for real world objects?
This motivates us to study the empirical growth regime using the dictionaries obtained by
the compositional learning experiments reported in Zhu et al. (2010). In these experiments,
the size of the dictionaries increased rapidly at the lower levels (i.e. small h) and then
decreased at higher levels (roughly consistent with the findings of psychophysical studies
– Biederman, personal communication). For these “empirical dictionaries” we plot the
growth, and the number of computations at each level of the hierarchy, in Figure (12)(center
panel). This shows complexity which roughly agrees with the exponential growth model.
This can be summarized by the following result:
Result 2 : If |Mh | grows slower than 1/q h and if |Mh | < rH−h then there are gains due
to part sharing using serial and parallel computers. This is illustrated in Figure (12)(center
panel) based on the dictionaries found by unsupervised computational learning Zhu et al.
(2010). In parallel implementations, computation is linear in H while requiring a limited
number of nodes (“neurons”).
Finally we consider the exponential decrease regime. To motivate this regime, suppose
that the dictionaries are used to model image appearance, by contrast to the dictionaries
based on geometrical features such as bars and oriented edges (as used in Zhu et al. (2010)).
It is reasonable to assume that there are a large number of low-level dictionaries used
to model the enormous variety of local intensity patterns. The number of higher-level
dictionaries can decrease because they can be used to capture a cruder summary description
of a larger image region, which is another instance of the executive summary principle. For
example, the low-level dictionaries could be used to provide detailed modeling of the local
appearance of a cat, or some other animal, while the higher-level dictionaries could give
simpler descriptions like “cat-fur” or “dog-fur” or simply “fur”. In this case, it is plausible
JMLR 17(11):1-28

The advantages of part-sharing depend on how the number of parts |Mh | scales with the
level h of the hierarchy. In this section we consider three different regimes: (I) The exponential growth regime where the size of the dictionaries increases exponentially with the
level h. (II) The empirical growth regime where we use the size of the dictionaries found
experimentally by compositional learning Zhu et al. (2010). (III) The exponential decrease
regime where the size of the dictionaries decreases exponentially with level h. For all these
19
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This section discusses three important topics. Section (6.1) discusses the relation of compositional models to the more traditional bio-inspired hierarchical models, such as deep
convolutional networks. In section (6.2) we briefly describe how compositional models can
be learnt in an unsupervised manner. Section (6.3) describes how to extend compositional
models to make them more robust, and describes an analysis of robustness which is presented in detail in Appendix A.

6. Discussion

that the size of the dictionaries decreases exponentially with the level h. The results for
this case emphasize the advantages of parallel computing.
Result 3 : If |Mh | = rH−h then there is no gain for part sharing if serial computers are
used, see Figure (12)(right panel). Parallel implementations can do inference in time which
is linear in H but require an exponential number of nodes (“neurons”).
Result 3 may appear negative at first glance even for the parallel version since it requires
an exponentially large number of neurons to encode the lower level dictionaries. But it may
relate to one of the more surprising facts about the visual cortex in monkeys and humans,
if we identify the nodes of the compositional models with neurons in the visual cortex,
namely that the first two visual areas, V1 and V2, where low-level dictionaries would be
implemented are enormous compared to the higher levels such as IT where object detection
takes places. Current models of V1 and V2 mostly relegate them to being a large filter
bank which seems paradoxical considering their size. For example, Lennie (1998) has stated
when reviewing the functions of V1 and V2 “perhaps the most troublesome objection to the
picture I have delivered is that an enormous amount of cortex is used to achieve remarkably
little”. Perhaps the size of these visual areas is because they are encoding dictionaries of
visual appearance.

Figure 12: The curves are plotted as a function of h. Left panel: The first plot is the case
where Mh = a/(q h ). So we have a constant cost for the computations, when
we have shared parts. Center panel: This plot is based on the experiment of
Zhu et al. (2010). Right panel: The third plot is the case where Mh decreases
exponentially. The amount of computation is the same for the shared and nonshared cases.
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The parallel compositional architecture described in the last two sections has several similarities to bio-inspired models and in particular to deep convolutional networks Krizhevsky
et al. (2012). The graphical structures of the models are similar and the nodes at each level
of the hierarchy are indexed by position in the image lattice and by the type of the part,
or correspondingly, the index of the feature detector (i.e. the class of feature detectors in a
convolutional network corresponds to the set of part types for compositional models).
But there are also several differences which we now discuss. Compositional models
were developed from the literature on deformable template models of objects where the
representation of objects parts and spatial relations is fundamental. These deformable
template models are designed to detect the parts of objects and not simply to detect which
objects are present in an image. Compositional models, and the closely related grammar
models, enable parts to be shared between multiple objects while, by contrast, bio-inspired
models share features.
In particular, compositional models have explicit part-subpart relationships which enable them to represent spatial relations explicitly and to perform tasks like parsing in
addition to detection. These part-subpart relations are learnt by hierarchical clustering
algorithms Zhu et al. (2008, 2010) so that a part is composed from r subparts and the spatial relations between the subparts are explicitly modeled. This differs from the way that
features are related in convolutional networks. The difference is most apparent at the final
layers where convolutional networks are fully connected (i.e. all features at the top-level can
be used for all objects) while compositional models still restrict the objects to be composed
of r subparts. In other words, the final level of a compositional model is exactly the same
as all the previous levels (i.e. it does not extract hierarchical features using one learning
algorithm and then learn a classifier on top).
In addition, the compositional models are generative. This has several advantages including the possibility of dealing robustly with occlusion and missing parts, as we discuss
in the next section, and the ability (in principle) to synthesize images of the object by
activating top-level object nodes. These abilities suggest models for visual attention and
other top-down processing.
Using this compositional architecture, the inference is performed by a bottom-up process
which propagates hypotheses (for the states of nodes at the low-levels of the hierarchy) up
the hierarchy. As they ascend the hierarchy they have access to more information about the
image (i.e. the higher level nodes represent larger parts of the image) and hence become
less ambiguous. A top-down process is used to disambiguate the lower level hypotheses
using the context provided by the higher level nodes – “high-level tells low-level to stop
gossiping”. We stress that this is exact inference – similar (and sometimes identical) to
dynamic programming on probabilistic context free grammars. Hence, as implemented in
the compositional architecture, we see that we can have generative models of many objects
but we can nevertheless perform inference rapidly by bottom-up processing followed by
top-down stage which determines the positions of the object parts/subparts by eliminating
false hypotheses.
More technically, we now specify a rough translation between compositional models
and deep convolutional neural networks (DCNNs). The types τ in compositional models

6.1 Compositional Models and Bio-inspired Hierarchical Architectures
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i,xνi

X
ωi,xνi max{0, φ(xνi , τνi )},

translate into the feature channels of DCNNs. The local evidence φ(xν , τν ) for type τ at
position xν corresponds to the activation zi,k of the k th channel at position i in a DCNN.
If we ignore max-pooling, for simplicity, the DCNN will have update rule:
φ(xν , τν ) =

with weights ωi,xνi and where the summation is over the child nodes νi and over their positions xνi . The max-pooling replaces φ(xνi , τνi ) by maxy∈N bh(xνi ) φ(y, τνi ), where N bh(xνi )
is a spatial neighbourhood centered on xνi . Hence both update rules involve maximization
steps but for DCNNs they are independent for each feature channel and for compositional
models they depend on the states of all the children. DCNN includes weights ωi,xνi , which
are trained discriminatively by backpropagation, while compositional models use probabilities P (xCh(ν) |xν , τν ). The learning for compositional models is unsupervised and is discussed
in section (6.2).
6.2 Unsupervised Learning
This section briefly sketches the unsupervised learning algorithm. We refer to Zhu et al.
(2008, 2010); Yuille (2011) for more details. The strategy is hierarchical clustering which
proceeds by recursively learning the dictionaries.
We start with a level-0 dictionary of parts τ ∈ M0 with associated models P (I(x)|τ )
and a default distribution P (I(x)|τ0 ). These are assumed as inputs to the learning process.
But they could be learnt by unsupervised learning as in Papandreou et al. (2014); Mao
et al. (2014).
Then we select a threshold T0 and for each level-0 type τ ∈ M0 we detect a set of
image positions {xiτ : i = 1, ..., N } where the log-likelihood test for τ is above threshold, i.e.
P (I(xiτ )|τ )
log P (I(x)|τ
> T0 . This corresponds to the set of places where the part has been detected.
0)
This process depends on the threshold T0 which will be discussed later.
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Next we seek compositions of parts that occur frequently together with regular spatial
arrangements. This is performed by clustering the detected parts using a set of probabilistic
models of form h(xτ1 , ..., xτr ; λ), see equation (1), to estimate the λ’s (the clustering is done
separately for different combinations of level-0 types). This yields the level-1 dictionary
M1 , where each level-1 part is described by a probability distribution specified by the types
of its children τ1 , ..., τr and the spatial relations given by h(., ., ...; λ). We then repeat the
process. More specifically, we detect level-1 parts using the log-likelihood ratio test with
a threshold T1 and perform clustering to create the level-2 dictionary M2 . We continue
recursively using detected parts as inputs to another spatial clustering stage. The process
terminates automatically when we fail to detect any new clusters. This will depend on our
choice of clusters, the detection thresholds, and a threshold on the number of instances
needed to constitute a cluster. For more details see Zhu et al. (2008, 2010). The whole
process can be interpreted as a breadth first search through the space of possible generative
models of the image, see Yuille (2011).
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6.3 Robust Compositional Models

It is also important to study the robustness of compositional models when some parts are
undetected. This is an important issue because objects can often be partially occluded
in which case some parts are not observed directly. Also some forms of inference require
thresholding the log-likelihood ratios of objects to determine if they have been detected (i.e.
without waiting to detect the complete object) and we need to understand what happens for
the false negatives when we threshold the log-likelihoods. As described above, thresholding
is also used during learning, which gives more motivation for understanding the errors it
causes and how to minimize them. Finally, we note that any realistic neural implementation
of compositional models must be robust to failures of neural elements.
These issues were addressed in previous work Zhu et al. (2008, 2010) which showed
empirically that compositional models could be made robust to some errors of this type.
This section briefly describes some of these extensions. In addition to the motivations given
above, we also want ways to extend compositional models to allow for parts to have variable
numbers of subparts or to be partially invariant to image transformations. Firstly, the partsubpart distributions P (~xCh(ν) |xν , τν ) were made insensitive to rotations and expansions in
the image plane. Secondly, the 2-out-of-3 rule (described below) made the model robust to
failure to detect parts or to malfunctioning neurons. Thirdly, the imaging terms could be
extended so that the model generates image features (instead of the image values directly)
and could include direct image input to higher levels. All these extensions were successfully
tested on natural images Zhu et al. (2008, 2010).
The 2-out-of-3 rule is described as follows. In our implementations Zhu et al. (2008, 2010)
a part-subpart composition has three subparts. The 2-out-of-3 rule allowed the parent node
to be activated if only two subparts were detected, even if the image response at the third
part is inconsistent with the object (e.g., if the object is partially occluded). The intuition
is that if two parts are detected then the spatial relations between the parts, embedded
in the term h(~x; λν ) of P (~xCh(ν) |xν , τν ), is sufficient to predict the position of the third
part. This can be used during inference while paying a penalty for not detecting the part.
From another perspective, this is equivalent to having a mixture of different part-subparts
compositions where the part could correspond to three subparts or two subparts. This can
be extended to allow a larger range of possible subpart combinations thereby increasing the
flexibility. Note that this would not affect the computational time for a parallel model.
We analyzed the robustness of the 2-out-of-3 rule when parts are missing. This analysis
is presented in appendix A. It shows that provided the probability of detecting each part
is above a threshold value (assuming the part is present) then the probability of detecting
the entire object correctly tends to 1 as the number of levels of the hierarchy increases.

7. Summary
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This paper provides a complexity analysis of what is arguably one of the most fundamental
problem of visions – how, a biological or artificial vision system could rapidly detect and
recognize an enormous number of different objects. We focus on a class of hierarchical
compositional models Zhu et al. (2008, 2010) whose formulation makes it possible to perform this analysis. We conjecture that similar results, exploiting the sharing of parts and
hierarchical distributed representations, will apply to the more sophisticated models needed
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We performed simulations to verify this result and to estimate how many levels are
needed to obtain almost perfect detection as a function of ρ. These are shown in Figure (13)(right panel). Observe that if ρ > 0.6 then only a small number of levels are needed
to get almost perfect performance.

Figure 13: Left Panel: we plot f (ρ) as a function of ρ, showing fixed points at ρ = 0, 0.5, 1,
and that f (ρ) > ρ for 0.5 < ρ < 1, but f (ρ) < ρ for 0 < ρ < 0.5. Right Panel:
we show the true positive rate (the detection rate) as a function of the number
of levels and in terms of the ρ parameter.
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We can analyze the robustness of the rule by studying the behavior of the iterative map
ρt+1 = f (ρt ). It can be calculated that there are fixed points at ρ = 0, 0.5, 1. Observe that
f (ρ) > ρ for 0.5 < ρ < 1 and f (ρ) < ρ for 0 < ρ < 0.5, see Figure (13). Hence if the initial
value of ρ < 0.5 (i.e. the detectors at the leaf nodes miss the object more than half the
time) then the iterative map converges to zero and we cannot detect the object. Conversely,
if ρ > 0.5 (the initial detectors miss parts less than half the time) then the iterative map
converges to 1 and we always detect the object if there are a sufficient number of levels.

ρh+1 = f (ρh ), with f (ρ) = ρ3 + 3ρ2 (1 − ρ).

part. Using the 2-out-of-3 rule, we obtain the update rule:
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We analyze the 2-out-of-3 rule to show its robustness to missing parts. Consider two layers
of part-subpart compositions with a parent part, three subparts, and nine sub-subparts.
The 2-out-of-3 rule enables us to detect the part even in cases where only four of the nine
sub-subparts are detected (provided that one subpart has no sub-subparts detected and the
remaining two subparts have two sub-subparts detected each). To study this in more detail,
let ρ be the probability of detecting a subpart and f (ρ) be the probability of detecting the
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concerning processing in the visual cortex DiCarlo et al. (2012). The algorithms have rapid
parallel inference, in time which is linear in the number of layers, and which rapidly estimates
a coarse “executive summary” interpretation of the image. The full interpretation of the
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resolve ambiguities which occur at the lower levels. Of course, for some simple images
the local evidence for the low level parts is sufficient to detect the parts in the bottom-up
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s.t. xi = X−i ci ,

for each data column xi , and the hope is that ci will be supported only on indices of the
data points from the same subspace as xi . While this formulation is for linear subspaces,
affine subspaces can also be dealt with by augmenting data points with an offset variable 1.
Effort has been made to explain the practical success of SSC by analyzing the noiseless
version. Elhamifar and Vidal (2010) show that under certain conditions, disjoint subspaces
(i.e., they are not overlapping) can be exactly recovered. A recent geometric analysis of
SSC (Soltanolkotabi et al., 2012) broadens the scope of the results significantly to the
case when subspaces can be overlapping. However, while these analyses advanced our
understanding of SSC, one common drawback is that data points are assumed to be lying
exactly on the subspaces. This assumption can hardly be satisfied in practice. For example,
motion trajectories data are only approximately of rank-4 due to perspective distortion of
camera, tracking errors and pixel quantization (Costeira and Kanade, 1998); similarly, face
images are not precisely of rank-9 since human faces are at best approximated by a convex
body (Basri and Jacobs, 2003).
In this paper, we address this problem and provide a theoretical analysis of SSC with
noisy or corrupted data. Our main result shows that a modified version of SSC (see Eq.
(3.2)) succeeds when the magnitude of noise does not exceed a threshold determined by
a geometric gap between the inradius and the subspace incoherence (see below for precise
definitions). This complements the result of Soltanolkotabi et al. (2012) that shows the

ci

min kci k1

et al., 2010, 2013) and Sparse Subspace Clustering (SSC) (Elhamifar and Vidal, 2009, 2013).
For a comprehensive survey and comparisons, we refer the readers to the tutorial (Vidal,
2010). Among these algorithms, SSC is known to enjoy superb empirical performance, even
for noisy data. For example, it is the state-of-the-art algorithm for motion segmentation
on Hopkins155 benchmark (Tron and Vidal, 2007; Elhamifar and Vidal, 2009), and has
been shown to be more robust than LRR as the number of clusters increase (Elhamifar and
Vidal, 2013).
The key idea of SSC is to represent each data point by a sparse linear combination of the
remaining data points using `1 minimization. Without introducing the notations (which is
deferred in Section 3), the noiseless and noisy versions of SSC solve respectively

Figure 1: Exact (a) and noisy (b) data in union-of-subspace
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Subspace clustering is a problem motivated by many real applications. It is now widely
known that many high dimensional data including motion trajectories (Costeira and Kanade,
1998), face images (Basri and Jacobs, 2003), network hop counts (Eriksson et al., 2012),
movie ratings (Zhang et al., 2012) and social graphs (Chen et al., 2014) can be modeled
as samples drawn from the union of multiple low-dimensional linear subspaces (illustrated
in Figure 1). Subspace clustering, arguably the most crucial step to understand such data,
refers to the task of clustering the data into their original subspaces and uncovering the
underlying structure of the data. The partitions correspond to different rigid objects for
motion trajectories, different people for face data, subnets for network data, like-minded
users in movie database and latent communities for social graph.
Subspace clustering has drawn significant attention in the last decade and a great number of algorithms have been proposed, including Expectation-Maximization-like local optimization algorithms, e.g., K-plane (Bradley and Mangasarian, 2000) and Q-flat (Tseng,
2000), algebraic methods, e.g., Generalized Principal Component Analysis (GPCA) (Vidal
et al., 2005), matrix factorization methods (Costeira and Kanade, 1998, 1995), spectral
clustering-based methods (Lauer and Schnorr, 2009; Chen and Lerman, 2009), bottom-up
local sampling and affinity-based methods (e.g., Yan and Pollefeys, 2006; Rao et al., 2008),
and the convex optimization-based methods: namely, Low Rank Representation (LRR) (Liu

1. Introduction

Keywords: Subspace clustering, robustness, stability, compressive sensing, sparse

This paper considers the problem of subspace clustering under noise. Specifically, we
study the behavior of Sparse Subspace Clustering (SSC) when either adversarial or random
noise is added to the unlabeled input data points, which are assumed to be in a union of
low-dimensional subspaces. We show that a modified version of SSC is provably effective
in correctly identifying the underlying subspaces, even with noisy data. This extends
theoretical guarantee of this algorithm to more practical settings and provides justification
to the success of SSC in a class of real applications.
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same geometric gap determines whether SSC succeeds for the noiseless case. Indeed, when
the noise vanishes, our results reduce to the noiseless case results of Soltanolkotabi et al..
While our analysis is based upon the geometric analysis of Soltanolkotabi et al. (2012),
the analysis is more involved: In SSC, sample points are used as the dictionary for sparse
recovery, and therefore noisy SSC requires analyzing a noisy dictionary. We also remark
that our results on noisy SSC are exact, i.e., as long as the noise magnitude is smaller than
a threshold, the recovered subspace clusters are correct. This is in sharp contrast to the
majority of previous work on structure recovery for noisy data where stability/perturbation
bounds are given—i.e., the obtained solution is approximately correct, and the approximation gap goes to zero only when the noise diminishes.
Lastly, we remark that an independently developed work (Soltanolkotabi et al., 2014)
analyzed the same algorithm under a statistical model that generates the data. In contrast,
our main results focus on the cases when the data are deterministic. Moreover, when we
specialize our general result to the same statistical model, we show that we can handle a
significantly larger amount of noise under certain regimes.
The paper is organized as follows. In Section 2, we review previous and ongoing works
related to this paper. In Section 3, we formally define the notations, explain our method
and the models of our analysis. Then we present our main theoretical results in Section 4
with examples and remarks to explain the practical implications of each theorem. In Section 5 and 6, proofs of the deterministic and randomized results are provided. We then
evaluate our method experimentally in Section 7 with both synthetic data and real-life
data, which confirms the prediction of the theoretical results. Lastly, Section 8 summarizes the paper and discuss some open problems for future research in the task of subspace
clustering.

2. Related works
In this section, we review previous and ongoing theoretical studies on the problem of subspace clustering.
2.1 Nominal performance guarantee for noiseless data

JMLR 17(12):1-41

Most previous analyses concern about the nominal performance of a particular subspace
clustering algorithm with noiseless data. The focus is to relax the assumptions on the
underlying subspaces and data generation.
A number of methods have been shown working under the independent subspace assumption including the early factorization-based methods (Costeira and Kanade, 1998; Kanatani,
2001), LRR (Liu et al., 2010) and the initial guarantee of SSC (Elhamifar and Vidal, 2009).
Recall that the data points are drawn from a union of subspaces, the independent subspace
assumption requires each subspace to be linearly independent to the span of all other subspaces. Equivalently, this assumption requires the sum of each subspace’s dimension to be
equal to the dimension of the span of all subspaces. For example, in a two dimensional
plane, one can only have 2 independent lines. If there are three lines intersecting at the
origin, even if each pair of the lines are independent, they are not considered independent
as a whole.
3

PL
dim [S` ].
dim [S1 ⊗ ... ⊗ SL ] = `=1
S` ∩ Sk = 0 for all {(`, k)|` 6= k}.
S` 6= Sk for all {(`, k)|` 6= k} 1 .
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Independent Subspaces
Disjoint Subspaces
Overlapping Subspaces

Table 1: Comparison of conditions on the underlying subspaces.

Disjoint subspace assumption only requires pairwise linear independence, and hence is
more meaningful in practice. To the best of our knowledge, only GPCA (Vidal et al., 2005)
and SSC (Elhamifar and Vidal, 2010, 2013) have been shown to provably handle the data
under disjoint subspace assumption. GPCA however is not a polynomial time algorithm. Its
computational complexity increases exponentially with respect to the number and dimension
of the subspaces.
Soltanolkotabi et al. (2012) developed a geometric analysis that further extends the
performance guarantee of SSC, and in particular it covers some cases when the underlying
subspaces are overlapping, meaning that two subspaces can even share a basis. The analysis
reveals that the success of SSC relies on the difference of two geometric quantities (inradius
r and incoherence µ) to be greater than 0, which leads to by far the most general and
strongest theoretical guarantee for noiseless SSC. A summary of these assumptions on the
subspaces and their formal definition are given in Table 1.
We remark that our robust analysis extends from Soltanolkotabi et al. (2012) and therefore is inherently capable of handling the same range of problems, namely disjoint and
overlapping subspaces. This is formalized later in Section 4.
2.2 Robust performance guarantee

Previous studies of the subspace clustering under noise have been mostly empirical. For
instance, factorization, spectral clustering and local affinity based approaches, which we
mentioned above, are able to produce a (sometimes good) solution even for noisy real data.
Convex optimization based approaches like LRR and SSC can be naturally reformulated as
a robust method by relaxing the hard equality constraints to a penalty term in the objective
function. In fact, the superior results of SSC and LRR on motion segmentation and face
clustering data are produced using the robust extension in Elhamifar and Vidal (2009) and
Liu et al. (2010) instead of the well-studied noiseless version.
As of writing, there have been very few subspace clustering methods that is guaranteed
to work when data are noisy. Besides the conference version of the current paper (Wang
and Xu, 2013), an independent work (Soltanolkotabi et al., 2014) also analyzed SSC under
noise. Subsequently, there has been noisy guarantees for other algorithms, e.g., thresholding
based approach (Heckel and Bölcskei, 2013) and orthogonal matching pursuit (Dyer et al.,
2013). The main difference between our work and Soltanolkotabi et al. (2014) is that our
guarantee works for a more general set of problems when the data and noise may not be
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1. “Overlapping subspace model” does not need any additional assumptions on subspaces, as long as the
subspace membership for every data point is properly defined to resolve the identifiability issues. For
instance, if data point x ∈ S` ∩ Sk , it is reasonable to assume x is from either S` or Sk ; and SSC might be
successful in clustering x to either S` or Sk , when their corresponding separation conditions hold. In fact,
the separation conditions in Soltanolkotabi et al. (2012) could hold even if one subspace is completely
contained in another.

4
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2. Admittedly, Soltanolkotabi et al. (2014) obtained better noise-tolerance than the comparable result in
our conference version (Wang and Xu, 2013).

In this section, we specify the notations that will be use throughout the paper and explain
the formal problem setup.

3. Problem setup

Lastly, we note that the notion of robustness in this paper is confined to the noise/arbitrary
corruptions added to the legitimate data. It is not the robustness against outliers in the data,
unless otherwise specified. Handling outliers is a completely different problem. Solutions
have been proposed for LRR in Liu et al. (2012) by decomposing a `2,1 norm column-wise
sparse components and for SSC in Soltanolkotabi et al. (2012) by objective value thresholding. However these results require non-outlier data points to be free of noise, therefore
are not comparable to the study in this paper.

Moreover, with a minor modification in our analysis that sharpens the bound of the
tuning parameter that ensures the solution is non-trivial, we are able to get a result that
is stronger than Soltanolkotabi et al. (2014) in cases when the dimension of each subspace
√
d ≤ O( n) 2 . This result extends the provably guarantee of SSC to a setting where the
signal to noise ratio (SnR) is allowed to go to 0 as the ambient dimension gets large. In
summary, we compare our results in terms of the level of noise that can be provably tolerated
in Table 2. These comparisons are in the same setting modulo some slight differences in the
√
noise model and successful criteria. It is worth noting that when d > O( n), Soltanolkotabi
et al. (2014)’s bound is sharper. We will provide more details in the Appendix.

random, whereas the key arguments in the proof in Soltanolkotabi et al. (2014) rely on
the assumption that data points are uniformly distributed on the unit sphere within each
subspace, which corresponds to the “semi-random model” in our paper. As illustrated in
Elhamifar and Vidal (2013, Figure 9 and 10), the semi-random model is not a good fit for
either the motion segmentation and the face clustering data sets, as in these data sets there
is a fast decay in the singular values of each subspace. The uniform distribution assumption
becomes even harder to justify as the dimension d of each subspace gets larger—a regime
where the analysis in Soltanolkotabi et al. (2014) focuses on.

.

Table 2: Comparison of the level of noise tolerable for noisy subspace clustering methods.
Note that “aff” is the unnormalized affinity defined in Soltanolkotabi et al. (2012)

O

O(r(r − µ))
1
4 (r − µ))
O((n/d)



Semi-random data + random noise

Fully deterministic
Deterministic + random noise

This paper
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s.t.

xi = X−i ci ,

(3.1)

6
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3. We assume the normalization condition for ease of presentation. Our results can be extended to the
case when each column of the noisy data points X = Y + Z is normalized, as well as the case where no
normalizing is performed at all, under simple modifications to the conditions.
4. As a simple illustrative example, suppose X obeys RIP and x be the first column of X, matrix [X, x]
violates RIP for 2-sparse signal (1, 0, ..., 0, −1). On the contrary, the inradius of X and [X, x] will be
exactly the same.

for each data point xi . Solutions are arranged into matrix C = [c1 , ..., cN ], then spectral
clustering techniques such as Ng et al. (2002) are applied on the affinity matrix W =
|C| + |C|T (| · | represents entrywise absolute value). Note that when Z 6= 0, this method
breaks down: indeed (3.1) may even be infeasible.
To handle noisy X, a natural extension is to relax the equality constraint in (3.1)
and solve the following unconstrained minimization problem instead (Elhamifar and Vidal,
2013):
λ
(3.2)
min kci k1 + kxi − X−i ci k2 .
ci
2
We will focus on Formulation (3.2) in this paper. Notice that (3.2) coincides with standard LASSO. Yet, since our task is subspace clustering, the analysis of LASSO (mainly
for the task of support recovery) does not extend to SSC. In particular, existing literature
for LASSO to succeed requires the dictionary X−i to satisfy the Restricted Isometry Property (RIP for short; Candès, 2008) or the Null-space property (Donoho et al., 2006), but
neither of them is satisfied in the subspace clustering setup.4

ci

min kci k1

Original SSC solves the linear program

3.2 Method and the criterion of success

Each subspace S` is of dimension d` and contains N` data samples with N1 + N2 + ... +
NL = N . We observe the noisy data matrix X = Y + Z, where Z is some arbitrary noise
matrix. Let Y (`) ∈ Rn×N` denote the selection of columns in Y that belongs to S` , and
denote the corresponding columns in X and Z by X (`) and Z (`) respectively. Without loss
of generality, let X = [X (1) , X (2) , ..., X (L) ] be ordered. In addition, we use subscript “−i”
(`)
(`)
(`)
(`)
(`)
to represent a matrix that excludes column i, e.g., X−i = [x1 , ..., xi−1 , xi+1 , ..., xN` ]. Calligraphic letters such as X , Y` represent the set containing all columns of the corresponding
matrix (e.g., X and Y (`) ).
For any matrix X, P(X) represents the symmetrized convex hull of its columns, i.e.,
(`)
(`)
(`)
(`)
P(X) = conv(±X ). Also let P−i := P(X−i ) and Q−i := P(Y−i ) for short. PS and
ProjS denote respectively the projection matrix and projection operator (acting on a set)
to subspace S. Throughout the paper, k · k represents 2-norm for vectors and operator norm
for matrices; other norms will be explicitly specified (e.g., k · k1 , k · k∞ ).

S1 ∪ S2 ∪ ... ∪ SL .

We denote the uncorrupted data matrix by Y ∈ Rn×N , where each column of Y (normalized
to unit vector 3 ) belongs to a union of L subspaces

3.1 Notations

Wang and Xu
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Figure 2: Illustration of LASSO-Subspace Detection Property/Self-Expressiveness Property. Left: SEP holds. Right: SEP is violated even though spectral clustering
is likely to cluster this affinity graph perfectly into 5 blocks.

In the subspace clustering task, there is no single “ground-truth” C to compare the
solution against. Instead, the algorithm succeeds if each sample is expressed as a linear
combination of samples belonging to the same subspace, as the following definition states.
k
Definition 1 (LASSO Subspace Detection Property) We say the subspaces {S` }`=1
and noisy sample points X from these subspaces obey LASSO subspace detection property
with parameter λ, if and only if it holds that for all i, the optimal solution ci to (3.2) with
parameter λ satisfies:
(1) ci is not a zero vector, i.e., the solution is non-trivial,
(2) Nonzero entries of ci
correspond to only columns of X sampled from the same subspace as xi .

This property ensures that the output matrix C and (naturally) the affinity matrix W are
exactly block diagonal with each subspace cluster represented by a disjoint block. The
property is illustrated in Figure 2. For convenience, we will refer to the second requirement
alone as “Self-Expressiveness Property” (SEP), as defined in Elhamifar and Vidal (2013).
Note that the LASSO Subspace Detection Property is a strong condition. In practice,
spectral clustering does not require the exact block diagonal structure for perfect segmentation (check Figure 8b in our simulation section for details). A caveat is that it is also not
sufficient for perfect segmentation, since it does not guarantee each diagonal block forms a
connected component. This is a known problem for SSC (Nasihatkon and Hartley, 2011),
although we observe that in practice graph connectivity is usually not a big issue. Proving
the high-confidence connectivity (even under probabilistic models) remains an open problem, except for the almost trivial cases when the subspaces are independent (Liu et al.,
2013; Wang et al., 2013).
3.3 Models of analysis:
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Our objective here is to provide sufficient conditions upon which the LASSO subspace detection properties hold in the four models given in Table 2, ranging from fully deterministic
to fully random. Precise definitions of these models will be given in Section 4.
7

4. Main results

Wang and Xu

In this section, we present our theoretical guarantee for LASSO-SSC under the four aforementioned models. We will start by describing subspace clustering for a fixed dataset where
each data point can be perturbed by an arbitrary noise of bounded size. Then we will incrementally add stochastic assumptions and state the corresponding results with conditions
that reveal explicit dependence on parameters of the model.
4.1 Deterministic model

We start by defining two concepts adapted from the original proposal of Soltanolkotabi
et al. (2012).

1 T
ν ν,
2λ

subject to:

kX T νk∞ ≤ 1;

Definition 2 (Projected Dual Direction) Let ν be the optimal solution to the dual optimization program5
ν

max hx, νi −

PS ν
.
kPS νk

and S is a low-dimensional subspace. The projected dual direction v is defined as

v(x, X, S, λ) ,

T

Definition 3 (Projected Subspace Incoherence Property) Compactly denote projected
(`)
(`)
(`)
(`)
(`)
dual direction vi = v(xi , X−i , S` , λ) and V (`) = [v1 , ..., vN` ]. We say that vector set X`
is µ-incoherent to other points if

y∈Y\Y`

µ ≥ µ(X` ) := max kV (`) yk∞ .

Here, µ measures the incoherence between corrupted subspace samples X` and clean
data points in other subspaces (illustrated in Figure 4). As kyk = 1 by the normalization
assumption, the range of µ is [0, 1]. In case of random subspaces in high dimension, µ is
close to zero. Moreover, as we will see later, for deterministic subspaces and random data
points, µ is proportional to their expected angular distance (measured by cosine of canonical
angles).
Definition 2 and 3 differ from the dual direction and subspace incoherence property of
Soltanolkotabi et al. (2012) in that we require a projection to a particular subspace to cater
to the analysis of the noise case. Also, since they reduce to the original definitions when
data are noiseless and λ → ∞, these definitions can be considered as a generalization of
their original version.

(`)

Definition 4 (inradius) The inradius of a convex body P, denoted by r(P), is defined as
the radius of the largest Euclidean ball inscribed in P.

The inradius of a Q−i describes the dispersion of the data points. Well-dispersed data lead
to larger inradius and skewed/concentrated distribution of data have small inradius. An
illustration is given in Figure 3.

JMLR 17(12):1-41

5. This definition is related to (5.3), the dual problem of (3.2), which we will define in the proof.

8

9
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Figure 4: Illustrations of the projected dual direction and subspace incoherence property.
The projected dual direction in Definition 2 is essentially an Euclidean projection to the polytope, followed by a projection to the subspace and normalization.
There
is a dual direction
n
o associated with each data point in the subspace. Jointly,
(`)
x maxi hvi , xi ≤ µ defines a polygon in the subspace S` , and subspace incoherence µ is given by the smallest such polytope that contains the projections
of all external point y into the this subspace.

Figure 3: Illustration of inradius and data distribution. The inradius measures how well
data points represent a subspace.

Noisy Sparse Subspace Clustering

i,`

δ1 := max kPS` zi k,

r` :=

min

`=1,...,L

r := min r` .

10
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Agnostic subspace clustering. The robustness to deterministic error is important,
since in practice the union-of-subspace structures are usually only good approximations.

Tuning parameter λ. The range of the parameter λ in the theorem depends on unknown
parameters µ, r and δ, and therefore cannot be used in practice to choose the parameter
in practice. It does however justify that when δ is small, the range of λ that LASSO-SSC
works is large, therefore not hard to tune. In practice, we do not need to know λ in prior.
One approach is to trace the Lasso path (Tibshirani et al., 2013) until we have about k
non-zero entries in the coefficient vector. If we would like to use a single λ for all columns,
a good point to start is to take λ to be in the order of O min max1 |xT x | , this ensures the
j
i6=j
i j
solution to be at least non-trivial.

Signal-to-Noise Ratio. Condition δ ≤ r(r−µ)
2+7r can be interpreted as the breaking point
under increasing magnitude of attack. This suggests that SSC by (3.2) is provably
robust

1
to arbitrary noise having signal-to-noise ratio (SnR) greater than Θ r(r−µ)
. (Notice that
0 < r < 1, and hence 7r + 2 = Θ(1).)

Noiseless case. When δ = 0, i.e., there is no noise, the condition reduces to µ` < r` , which
coincides with the result in Soltanolkotabi et al. (2012). The exact LP formulation (3.1)
is equivalent to λ → ∞. Our result implies that unconstrained LASSO formulation (3.2)
works for any λ > 1r .

We now offer some discussions of the theorem and the proof will be given in Section 5.

which is guaranteed to be non-empty.

then LASSO subspace detection property holds for all weighting parameter λ in the range


1
r` − µ` − 2δ1
< λ < min
2
`=1,..,L δ(1 + δ)(2 + r` − δ1 )
r − 2δ − δ

`=1,...,L

δ ≤ min

(`)

r(Q−i ),

r(r` − µ` )
2 + 7r`

{i:xi ∈X` }

If µ` < r` for each ` = 1, ..., L, furthermore

µ` := µ(X` ),

Theorem 6 Under the deterministic noise model, compactly denote

As we assume the uncorrupted data point y has unit norm, δ essentially describes the
amount of allowable relative error.

i

δ := max kzi k,

Definition 5 (Deterministic noise model) Consider arbitrary additive noise Z to Y ,
each column zi is bounded by the two quantities below:

Wang and Xu
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If each subspace has decaying singular values (e.g., motion segmentation, face clustering
(Elhamifar and Vidal, 2013) and hybrid system identification(Vidal et al., 2003)), the deterministic guarantee allows for the flexibility in choosing the cut-off points, e.g., take 90%
of the energy as signal and treat the remaining spectrum as noise. If one keeps a smaller
number of singular values ( a smaller subspace dimension), the inradius will likely to be
larger 6 , although the noise level also increases. It is possible that the conditions in Theorem 6 are satisfied for some decomposition (e.g., those with a large spectral gap) but not
others. The nice thing is that this is not a tuning parameter, but rather a theoretical property that remains agnostic to the users. In fact, the algorithm will be provably effective
as long as the conditions are satisfied for any signal noise decomposition (not restricted to
rank-projection). None of these is possible if distributional assumptions are made to either
the data or the noise.
4.2 Randomized models
We further analyze three randomized models with increasing level of randomness.
• Deterministic+Random Noise. Subspaces and samples in subspace are arbitrary; the
noise obeys the Random Noise model (Definition 7).
• Semi-random+Random Noise. Subspace is deterministic, but samples in each subspace are drawn iid uniformly from the intersection of the unit sphere and the subspace; the noise obeys the Random Noise model.
• Fully random. Both subspace and samples are drawn uniformly at random from their
respective domains; the noise is iid Gaussian.
In each of these models, we improve the performance guarantee over our conference version
(Wang and Xu, 2013). In the most well-studied semi-random model, we are able to handle
cases where the noise level is much larger than the signal, and hence improves upon the
best known result for SSC Soltanolkotabi et al. (2014). A detailed comparison of the noise
tolerance of these methods is given in Table 2.
Definition 7 (Random noise model) Our random noise model is defined to be any additive Z that is (1) column wise iid; (2) spherical symmetric; and (3) kzi k ≤ δ for all
i = 1, ..., N with probability at least 1 − 1/N .

1+

6 log N
σ
n

≤ C/N 2 .

A good example of our random noise model is iid Gaussian noise. Let each entry Zij ∼
N (0, σ 2 /n). It is known that (see Lemma 18) for some constant C
!
r
i

P δ := max kzi k >

6 log N
≤
n − max` d`

C log(N )
.
n

Theorem 8 (Deterministic+Random Noise) Under random noise model, compactly
denote r` , r and µ` as in Theorem 6, furthermore let
s
r
 :=
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6. A formal relationship between inradius and smallest singular value is described in Wang et al. (2013).

11

r` − µ`
√
,
2 d` + 2

If µ` < r` for all ` = 1, ..., k,
`=1,...,L

δ < min

`=1,...,L

δ(1 + δ) < min

Wang and Xu

and

r(r` − µ` )
,
4r` + 6

√


r` − µ` − δ − δ d` 
√
δ(1 + δ)(3 + r` − δ d` )

(4.1)

then with probability at least 1 − 9/N , LASSO subspace detection property holds for all
weighting parameter λ in the range

1
< λ < min
`=1,...,L
r − 2δ − δ 2
which is guaranteed to be non-empty.

Low SnR paradigm. Compared to Theorem 6, Theorem 8 considers a more benign
noise which leads to a stronger result. In particular, without assuming any statistical
model on how data are generated, we show that LASSO-SSC



 is able to tolerate noise of
n
1/2 (r − µ ) (whichever is smaller). This
level O ( lognN )1/4 (r(r` − µ` ))1/2 or O ( d log
`
`
N)
extends SSC’s guarantee with deterministic data to cases where the noise can be significantly
larger than the signal. In fact, the SnR can go to 0 as the ambient dimension gets large.
On the other hand, Theorem 8 shows that LASSO-SSC is able
p to tolerate a constant
level of noise when the geometric gap r` − µ` is as small as O( d/n). This is arguably
near-optimal (when d is small) as the projection of a constant-level random noise into a
d-dimensional subspace has an expected magnitude of the same order, which could easily
close up the small geometric gap for some non-trivial probability if the noise is much larger.

Margin of error. Since the bound depends critically on (r` − µ` )—the difference of
inradius and incoherence—which is the geometric gap that appears in the noiseless guarantee
of Soltanolkotabi et al. (2012). We will henceforth call this gap the margin of error.
We now analyze this margin of error under different generative models. We start from
the semi-random model, where the distance between two subspaces is measured as follows.

aff(Sk , S` ) =

Definition 9 The affinity between two subspaces is defined by:
q
(1)
(min(dk ,d` ))
cos2 θk` + ... + cos2 θk`
,
(i)

where θk` is the ith canonical angle between the two subspaces. Let Uk and U` be a set of
orthonormal bases of each subspace, then aff(Sk , S` ) = kUkT U` kF .

When data points are randomly sampled from each subspace, the geometric entity µ(X` )
can be expressed using this (more intuitive) subspace affinity, which leads to the following
theorem.

`
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Theorem 10 (Semi-random model+random noise) Under the semi-random model with
random noise, there exists a non-empty
that P
LASSO subspace detection√propP range of1 λ such
t
L
e− 4 −6 `=1
(eγ1 (n−d` ) +eγ2 d` +e− N` d` )
erty holds with probability 1− N9 − L12 `6=`0 (N` +1)N
0

12

√

log κ`
d` ,
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The results under this simple model are very interpretable. It provides intuitive guideline in
how robustness of LASSO-SSC change with respect to the various parameters of the data.
1/4
One one hand, it is sensitive to the dimension of each subspace d, since the σ ≤ Θ̃( n√d ).
This dependence on subspace dimension d is not a critical limitation as most interesting
applications indeed have very low subspace-dimension, as summarized in Table 3. On the
other hand, the dependence on the number of subspaces L (in both log κ and log N since
N = L(κd + 1)) is only logarithmic. This suggests that SSC is robust even when there are
many clusters, and Ld  n.

which is guaranteed to be non-empty. Here, C1 , C2 are absolute constants.

− κd , the LASSO subspace detection property holds
then with probability at least 1 − 10
N −Ne
for any λ in the range
√
√
C1 d
C2 c(κ) n log κ
√
√
<λ<
,
(4.2)
c(κ) log κ
σ d log N

√

Theorem 11 (Fully random model) Suppose there are L subspaces each with dimension d, chosen independently and uniformly at random. For each subspace, κd + 1 points
are chosen independently and uniformly from the unit sphere inside each subspace. Each
measurement is corrupted by iid Gaussian noise ∼ N (0, σ 2 /n). Furthermore, if
√
c(κ)2 log κ
c(κ)2 log κ n
d<
n,
and
σ(1 + σ) <
,
24 log N
20
d

Comparison to Soltanolkotabi et al. (2014). In the high dimensional setting when
n  d, our result is able to handle the low SnR regime when δ = Θ(n1/4 /d1/2 ), while
Soltanolkotabi et al. (2014) needs δ to be bounded by a small constant.
√ In the case when d is a constant fraction of n, however, our bound is worse by a factor of
d. Soltanolkotabi et al. (2014) is still able to handle a small constant noise while we needs
δ < O( √1d ). The suboptimal bound might be due to the fact that we are simply developing
the theorem for the semi-random model as a corollary of Theorem 8 and haven not fully
exploit the structure of the semi-random model in the proof.
We now turn to the fully random case.

Overlapping subspaces. Similar to the results in Soltanolkotabi et al. (2012), Theorem 10 demonstrates that LASSO-SSC can handle overlapping subspaces with noisy samples. By Definition 9, aff(Sk , S` ) can be small even if Sk and S` share a basis.

The proof is essentially substituting the incoherence and inradius parameters in Theorem 8
with meaningful bounds, so Theorem 10 can be regarded as a corollary of Theorem 8.



n−d
log κ
K1 K2 aff(S` , S`0 )
√
√
δ(1 + δ) ≤ max
,
1
−
`,`0
6 log N 40K2 dd`
d`0
q
where K1 := (t log[(N` + 1)N`0 ] + log L), K2 := 4 log1κ` , κ` := N` /d` , logd κ := min`
and γ1 , γ2 are absolute constants.

as long as the noise level obeys
s

Noisy Sparse Subspace Clustering

Cluster rank
rank = 4
rank = 9
rank = 3
rank = 2
rank = 12
rank = 1

(b) Noisy LASSO-SSC
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A geometric illustration of the condition in Theorem 6 is given in Figure 5 in comparison
to the geometric separation condition in the noiseless case.
The left pane depicts the separation condition µ` ≤ r` in Theorem 2.5 of Soltanolkotabi
et al. (2012). The blue polygon represents the the intersection of halfspaces defined with
dual directions that are also the tangent to the red inscribing sphere. More precisely, this is

x ∈ S` hvi` , xi ≤ r` . From our illustration of µ in Figure 4, we can easily tell that µ` ≤ r`
if and only if the projection of external data points fall inside this solid blue polygon. We
call this solid blue polygon the successful region.
The right pane illustrates our guarantee of Theorem 6 under bounded deterministic
noise. The successful condition requires that the whole red ball (analogous to uncertainty
set in Robust Optimization (Ben-Tal and Nemirovski, 1998; Bertsimas and Sim, 2004))
around each external data point to fall inside the dashed red polygon, which is smaller than
the blue polygon by a factor related to the noise level and the inradius.
The successful region is affected by the noise because the design matrix is also arbitrarily
perturbed and the dual solution is no longer within each subspace S` . Specifically, as will

4.3 Geometric interpretations

Figure 5: Geometric interpretation and comparison of the (a) noiseless SSC and (b) noisy
LASSO-SSC.

(a) Noiseless SSC

Table 3: Rank of real subspace clustering problems

Application
3D motion segmentation (Costeira and Kanade, 1998)
Face clustering (with shadow) (Basri and Jacobs, 2003)
Diffuse photometric face (Zhou et al., 2007)
Network topology discovery (Eriksson et al., 2012)
Hand writing digits (Hastie and Simard, 1998)
Social graph clustering (Chen et al., 2014)

Wang and Xu
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(`)

(`)

become clear in the proof, the key of showing SEP boils down to proving hνi , xj i < 1 for
(`)
all pairs of (νi , xj ) where
(`)

νi

1
(`)
(`)
= arg maxhν, xi i −
kνk2 s.t. kν T X−i k∞ ≤ 1,
2λ
ν

(`)

and xj is any point from another subspace. In the noiseless case we can always take νi ∈ S`
(`)
and hνi , xj i ≤ µr`` . For noisy data and LASSO-SSC, we can no longer do that. In fact, for

(`)

any fixed λ, the dual solution will be uniquely determined by a projection of λxi on to
(`)
the feasible region kν T X−i k∞ ≤ 1 (see the first pane of Figure 4). The absolute value of

the inner product hνi , xj i will depend on the magnitude of the dual solution, especially its
component perpendicular to the current subspace. Indeed by carefully choosing the error,
we can make PS ⊥ ν very correlated with some external data point xj .
`
To illustrate this further, we plot the shape of this feasible region in 3D (see Figure 6(b)).
From the feasible region alone, it seems that the magnitude of dual variable can potentially
be quite large. Luckily, the quadratic penalty in the objective function allows us to exploit
the optimality of the solution ν and bound the “out-of-subspace” component of ν, which
results in a much smaller region where the solution can potentially be (given in Figure 6(c)).
The region for the “in-subspace” component is also smaller as is shown in Figure 7. A more
detailed argument of this is given in Section 5.3 of the proof.
Admittedly, the geometric interpretation under noise is slightly messier than the noiseless case, but it is clear that the largest deterministic noise LASSO-SSC can tolerate must
be smaller than geometric gap r` − µ` . Theorem 6 show that a sufficient condition is
δ ≤ O(r(r` − µ` )). It remains unclear whether this gap can be closed without additional
assumptions.
Finally, we note that for the random noise model in Theorem 8, the geometric interpretation is similar, except that the impact of the noise is weakened. Thanks to the
randomness and the corresponding concentration of measure, we may bound the reduction
of the successful region with a much smaller value comparing to the adversarial noise case.

5. Proof of the Deterministic Result

ci ,ei

min kci k1 +

xi = X−i ci + ei .

(`)

(5.1)
s.t.

λ
kei k2
2

s.t. k(X−i )T νk∞ ≤ 1.
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(5.3)

(5.2)

1 T
ν ν
2λ

= (Y−i + Z−i )ci + ei .

In this section, we provide the proof for Theorem 6.
Instead of analyzing (3.2) directly, we consider an equivalent constrained version by
introducing slack variable ei :
P0 :

(`)

yi + zi

(`)

The constraint can be rewritten as

ν

max hxi , νi −

The dual program of (5.1) is:
D0 :

15

Wang and Xu

Figure 6: Illustration of (a) the convex hull of noisy data points, (b) its polar set and
(c) the intersection of polar set and kν2 k bound. The polar set (b) defines the
feasible region of (5.7). It is clear that ν2 can take very large value in (b) if we
only consider feasibility. By considering optimality, we know the optimal ν must
be inside the region in (c).
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Figure 7: The projection of the polar set (the green area) in comparison to the projection
of the polar set with kν2 k bound (the blue polygon). It is clear that the latter is
much smaller.
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λ
kek2
2
s.t.

x = Ac + e.

(5.4)

λ ∗ 2
ke k
2

λ ∗ 2
ke k
2
λ
kek2 + hλe, e∗ − ei
2

To see
which takes a

λ ∗ 2
2 ke k

(5.5)
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≥ λ2 kek2 +hλe, e∗ −ei, note that the right hand side equals to λ − 21 eT e + (e∗ )T e
maximal value of λ2 ke∗ k2 when e = e∗ . The last equation holds because both

λ
=kcS k1 + hν, AS (c∗S − cS )i + kc∗T ∩S c k1 + kc∗T c k1 + kek2 + hν, e∗ − ei
2
λ
2
∗
∗
c
=kcS k1 + kek + kcT ∩S c k1 − hν, AT ∩S (cT ∩S c )i + kc∗T c k1 − hν, AT c (c∗T c )i.
2

≥kcS k1 + hsgn(cS ), c∗S − cS i + kc∗T ∩S c k1 + kc∗T c k1 +

=kc∗S k1 + kc∗T ∩S c k1 + kc∗T c k1 +

kc∗ k1 +

Proof For optimal solution (c∗ , e∗ ), we have:

then any optimal solution (c∗ , e∗ ) to (5.4) obeys c∗T c = 0.

ATs ν = sgn(cS ), ν = λe, kATT ∩S c νk∞ ≤ 1, kATT c νk∞ < 1,

Lemma 12 Consider a vector y ∈ Rd and a matrix A ∈ Rd×N . If there exists a triplet
(c, e, ν) obeying y = Ac + e and c has support S ⊆ T , furthermore the dual certificate vector
ν satisfies

We state Lemma 12, which extends Lemma 7.1 in Soltanolkotabi et al. (2012).

c,e

min kck1 +

Consider a general convex optimization problem:

5.1 Optimality Condition

(3) Showing the existence of a proper λ. As it will be made clear later, conditions for (1)
include λ < A and (2) requires λ > B for some expression A and B. Then it is natural
to request B < A, so that a valid λ exists. It turns out that this condition boils down
to δ < C for some expression C. This argument is carried over in Section 5.5.

(2) Proving non-trivialness by showing that the optimal value is smaller than the value
(`)
of the trivial solution (i.e., c∗ = 0 and e∗ = xi ). This step is given in Section 5.4.

(1) Proving SEP by duality. First we establish a set of conditions on the optimal dual variable of D0 corresponding to all primal solutions satisfying SEP. Then we construct such
a dual variable ν as a certificate of proof. This is presented in Section 5.1, 5.2 and 5.3.



,

(c, e) and (c∗ , e∗ ) are feasible solution, such that hν, A(c∗ − c)i + hν, e∗ − ei = hν, Ac∗ + e∗ −
(Ac + e)i = 0. Also, note that kcS k1 + λ2 kek2 = kck1 + λ2 kek2 .
With the inequality constraints of ν given in the lemma statement, we have

Recall that we want to establish the conditions on noise magnitude δ, structure of the data
(µ and r in the deterministic model and affinity in the semi-random model), and ranges
of valid λ such that by Definition 1, the solution ci is non-trivial and has support indices
(`)
inside the column set X−i (i.e., satisfies SEP).
The proof is hence organized into three main steps:
λ ∗ 2
λ
ke k ≥ kck1 + kek2 + (1 − kATT c νk∞ )kc∗T c k1 ,
2
2

1 T
ν ν
2λ
max hxi , νi −

(`)

(`)

(`) (`)
Y−i ci

(`)
(`) (`)
Z−i ci

(`)

(`)

(`)

(`)

(5.7)

(5.6)

∈ span(Y−i ) = S` so any ci obeying

(`)

(`)

yi + zi = (Y−i + Z−i )ci + ei ;
s.t. k(X−i )T νk∞ ≤ 1.

s.t.

This optimization problem is feasible because yi

ν

(`)

λ
kei k2
2
(`)

min kci k1 +
ci ,ei

(`)

∞

18

(`)
[0, ..., 0, (ci )T , 0, ..., 0]T

[X1 , ..., X`−1 , X`+1 , ..., XL ]T ν
7. To be precise, it is the corresponding ci =

except

(5.8)
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that satisfies SEP.

< 1,

This construction of ν satisfies all conditions in Lemma 12 with respect to
(
(`)
(`)
ci = [0, ..., 0, ci , 0, ..., 0] with ci = c,
ei = e,

((Y−i )TS + (Z−i )TS )ν = sgn(cS ).

(`)

=
and corresponding ei = zi −
is a pair of feasible solution. Then
by strong duality, the dual program is also feasible, which implies that for every optimal
solution (c, e) of (5.6) with c supported on S, there exist ν satisfying:
(
)
(`)
(`)
k((Y−i )TS c + (Z−i )TS c )νk∞ ≤ 1, ν = λe,

(`)
yi

D1 :

P1 :

To construct the dual certificate, we consider the following fictitious optimization problem
(and its dual) that explicitly requires that all feasible solutions satisfy SEP7 (note that one
can not solve such problem in practice without knowing the subspace clusters, and hence
the name “fictitious”).

5.2 Construction of Dual Certificate

The next step is to apply Lemma 12 with x = xi and A = X−i and then construct
a triplet (c, e, ν) such that dual certificate ν satisfying all conditions and c satisfies SEP.
Then we can conclude that all optimal solutions of (5.1) satisfy SEP.

(`)

where (1 − kATT c νk∞ ) is strictly greater than 0.
Using the fact that (c∗ , e∗ ) is an optimal solution, kc∗ k1 + λ2 ke∗ k2 ≤ kck1 + λ2 kek2 . Therefore, kc∗T c k1 = 0 and (c, e) is also an optimal solution. This concludes the proof.

kc∗ k1 +

Substitute into (5.5), we get:

hν, AT ∩S c (c∗T ∩S c )i =hATT ∩S c ν, (c∗T ∩S c )i ≤ kATT ∩S c νk∞ kc∗T ∩S c k1 ≤ kc∗T ∩S c k1 .

Wang and Xu
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i.e., we must check for all data point x ∈ X \ X ` ,
|hx, νi| < 1.
(5.9)

Thus, if we show that the solution of (5.7) ν also satisfies (5.9), we can conclude that ν
is a dual certificate required in Lemma 12, which implies that the candidate solution (5.8)
associated with optimal (c, e) of (5.6) is indeed the optimal solution of (5.1) and therefore
SEP holds.
5.3 Dual separation condition

(5.10)

Our strategy to show (5.9) is to provide an upper bound of |hx, νi| then impose the inequality
on the upper bound.
First, we find it appropriate to project ν to the subspace S` and its orthogonal complement subspace then analyze separately. For convenience, denote ν1 := PS` (ν), ν2 := PS ⊥ (ν).
`
Then
≤µ(X` )kν1 k + kykkν2 k| cos(∠(y, ν2 ))| + kzkkνk| cos(∠(z, ν))|.

|hx, νi| =|hy + z, νi| ≤ |hy, ν1 i| + |hy, ν2 i| + |hz, νi|

To see the last inequality, check that by Definition 3, |hy, kνν11 k i| ≤ µ(X` ).
Since we are considering general (possibly adversarial) noise, we will use the relaxation
| cos(θ)| ≤ 1 for all cosine terms (a better bound underp
random noise will be given later).
Thus, what left is to bound kν1 k and kν2 k (note kνk = kν1 k2 + kν2 k2 ≤ kν1 k + kν2 k).
5.3.1 Bounding kν1 k

+ (P zj )T ν1 +
S`

zjT ν2

≤ 1.

(`)

for every column xj of X−i

o

.

We first bound kν1 k by exploiting the feasible region of ν1 in (5.7):
n
o
(`)
ν k(X−i )T νk∞ ≤ 1 ,
which is equivalent to

yjT ν1

n
ν xjT ν ≤ 1

Decompose the condition into

and relax the expression into

(`)

By the polytope geometry, we have
(`)

Wang and Xu

"

k(Y−i + PS` (Z−i ))T ν1 k∞ ≤ 1 + δkν2 k ⇔ ν1 ∈ P

Now we introduce the concept of circumradius.

(`)

(`)

Y−i + PS` (Z−i )
1 + δkν2 k

!#o

:= T o . (5.12)

Definition 14 (circumradius) The circumradius of a convex body P, denoted by R(P),
is defined as the radius of the smallest Euclidean ball containing P.

The magnitude kν1 k is bounded by R(T o ). Moreover, by the the following lemma we may
find the circumradius by analyzing the polar set of T o instead. By the property of polar
operator, polar of a polar set gives
envelope of the original set, i.e.,
 the(`)tightest(`)convex

Y +PS (Z )
(Ko )o = conv(K). Since T = conv ± −i1+δkν` 2 k−i
is convex in the first place, the polar
set of T o is T .

Lemma 15 (Page 448 in Brandenberg et al. (2004)) For a symmetric convex body
P, i.e. P = −P, inradius of P and circumradius of polar set of P satisfy:

r(P)R(P o ) = 1.

Lemma 16 Given X = Y + Z, denote ρ := maxi kPS zi k, furthermore Y ∈ S where S is a
linear subspace, then we have:

r(ProjS (P(X))) ≥ r(P(Y )) − ρ

j

X

(`)

kPS zj k|cj | ≥ r(P(Y )) − ρkck1 .

≤

1 + δkν2 k

.
`
r Q−i
− δ1
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(5.13)

Proof First note that projection to a subspace is a linear operator. Hence ProjS (P(X)) =
P(PS X). Then by definition, the boundary set of P(PS X) is B := {y | y = PS Xc; kck1 = 1}.
Inradius by definition is the largest ball containing in the convex body, hence r(P(PS X)) =
miny∈B kyk. Now we provide a lower bound of it:

kyk ≥kY ck − kPS Zck ≥ r(P(Y )) −
This concludes the proof.

(`)

r(ProjS` (P(X−i )))

(`)

A bound of kν1 k follows directly from Lemma 15 and Lemma 16:
(5.11)

(`)

=

yjT ν1 + (PS` zj )T ν1 ≤ 1 − zjT ν2 ≤ 1 + δkν2 k.

(`)

r(P(Y−i + PS` (Z−i ))

20

This bound depends on kν2 k, which we analyze below.

=

kν1 k ≤(1 + δkν2 k)R(P(Y−i + PS` (Z−i )))
1 + δkν2 k
1 + δkν2 k

JMLR 17(12):1-41

The relaxed condition contains the feasible region of ν1 in (5.7). It turns out that the
geometric properties of this relaxed feasible region provides an upper bound of kν1 k.
Definition 13 (polar set) The polar set Ko of set K ∈ Rd is defined as
n
o
Ko = y ∈ Rd : hx, yi ≤ 1 for all x ∈ K .
19

j

`

≤ λ(kck1 + 1)δ2 ≤ λ(kck1 + 1)δ.

`

(`)

(5.14)

we get ν2 = λPS ⊥ (xi − X−i c) = λPS ⊥ (zi − Z−i c). It follows that
`
`


(`)
kν2 k ≤ λ kPS ⊥ zi k + kPS ⊥ Z−i ck
`
`


X
≤ λ kPS ⊥ zi k +
|cj |kPS ⊥ zj k

(`)

ν = λei = λ(xi −

ν

(`)

yi

(`)

It follows that

(5.15)

(`)

which gives the desired bound for kν2 k.

21
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Since function f (α) = α + 2δ α2 monotonically increases when α > 0, the above inequality
implies
!
1
kν2 k ≤ λδ
+
1
,
(5.16)
r(Q`−i )

1
1
Note that we used the property λ2 kek2 = 2λ
kνk2 ≥ 2λ
kν2 k2 . Substitute the bound of kc1 k1
into (5.14) we get


"
#2
λ
1
δ
1
+ δ2 1 +
+ 1 δ − kν2 k2
kν2 k ≤ λ 
2
r(Q`−i ) 2
r(Q`−i )
!
"
!#2
δ
1
δ
1
+
1
+
λδ
+
1
.
⇔
kν2 k + kν2 k2 ≤ λδ
2
2
r(Q`−i )
r(Q`−i )

kc̃k1 = hν̃, yi i = kν̃kkyi k ≤

(`)

1
.
r(Q`−i )
P
(`)
On the other hand, ẽ = zi − Z−i c̃, so kẽk2 ≤ (kzi k + j kzj k|c̃j |)2 ≤ (δ + kc̃k1 δ)2 , thus
"
#2
λ
1
λ 2
1
1
λ
−
kck1 ≤ kc̃k1 + kẽk2 − kek2 ≤
+
δ
1
+
kν2 k2 .
2
2
2λ
r(Q`−i ) 2
r(Q`−i )

1
.
r(Q`−i )

= Y−i c,

n
o
(`)
(`)
kc̃k1 = max hν, yi i | k[Y−i ]T νk∞ ≤ 1 .

s.t.

By Lemma 15, the optimal dual solution ν̃ satisfies kν̃k ≤

then by strong duality,

c

min kck1

Now we bound kck1 . Since (c, e) is the optimal solution, kck1 + λ2 kek2 ≤ kc̃k1 + λ2 kẽk2
for any feasible solution (c̃, ẽ). Let c̃ be the solution of

By projecting ν to

S`⊥ ,

!
1
+1 .
r(Q`−i )

(5.17)



{i:xi

∈X (`) }

min


(`)
r(Q−i ) − δ1 .

(5.18)

−i i ∞

−i i ∞

22
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solution will not be trivial.
Note that under the dual separation condition, we only need to consider points in the
(`) T
(`)
T x k
same subspace. So kX−i
. Let xj ∈ X−i be the column that attains
i ∞ = [X−i ] xi

Besides SEP, we also need to show the solution is non-trivial. The idea is that when λ is
(`)
large enough, the trivial solution c∗ = 0, e∗ = xi can never be optimal.
As we trace along the regularization path by increasing λ from 0, one column of the
design matrix X−i will enter the support set. This column will be the one that attains
1
T x k , and λ =
kX−i
when it happens. Therefore, as long as λ > kX T 1x k , the
i ∞
kX T x k

5.4 Avoid trivial solutions

This gives a first condition on δ and λ (within ρ), which we call it “dual separation
condition” under noise. Note that this reduces to exactly the geometric condition in
Soltanolkotabi et al. (2012)’s Theorem 2.5 when δ = 0.

µ(X` ) + 2ρ + δ1 < (1 − ρ)

To generalize (5.17) to all data of all subspaces, the following must hold for each ` = 1, ..., k:

µ(X` ) + 2ρ + δ1 < (1 − ρ) (r(Q`−i ) − δ1 ).

we get a sufficient condition

λδ 2 (µ(X` ) + δ1 )
λδ 2 (µ(X` ) + δ1 )
ρ




+
<
,
`
r Q−i − δ1
r Q`−i (r Q`−i − δ1 )
r Q`−i − δ1


Denote ρ := λδ(1 + δ), assume δ < r Q`−i , (µ(X` ) + δ1 ) < 1 and simplify the form with

λδ 2 (µ(X` ) + δ1 )
µ(X` ) + δ1 + λδ(1 + δ) + λδ 2 (µ(X` ) + δ1 )



+ λδ(1 + δ) +
< 1.
r Q`−i − δ1
r Q`−i (r Q`−i − δ1 )

For convenience, we further relax the second r(Q`−i ) into r(Q`−i ) − δ1 . The dual separation
condition is thus guaranteed with

|hx, νi| ≤ (µ(X` ) + kPS` zk)kν1 k + (kyk + kPS ⊥ zk)kν2 k
`
!
µ(X` ) + δ1
(µ(X` ) + δ1 )δ


≤
+
+ 1 + δ kν2 k
r Q`−i − δ1
r Q`−i − δ1
!
µ(X` ) + δ1
1
λδ 2 (µ(X` ) + δ1 )


≤
+ λδ(1 + δ)
+1 +
r Q`−i − δ1
r(Q`−i )
r Q`−i − δ1

Putting together (5.10), (5.13) and (5.16), we have the upper bound of |hx, νi|:

Since ν is the optimal solution to D1 , it obeys the second optimality condition in Lemma 12:
(`)
X−i c).

5.3.3 Conditions for |hx, νi| < 1

Wang and Xu

5.3.2 Bounding kν2 k
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(`)

(`)

+

hzk , zi i|

−

+

− |hyk , zi i + hzk , yi i + hzk , zi i|

|hyk , zi i

∞

(5.19)

and yk ∈ Y−i be the column that attains the maximum in

(`)

Noisy Sparse Subspace Clustering

∞

= |hxj , xi i| ≥ |hxk , xi i|
|hyk , yi i|

= |hyk , yi i + hyk , zi i + hzk , yi i + hzk , zi i|
hzk , yi i

(if there are more than one maximizers, pick any one), we can write

the maximum in [X−i ]T xi
(`)

[Y−i ]T yi
∞

[X−i ]T xi
∞

≥
=
(`)

(`)
[Y−i ]T yi

≥ r(Q−i ) − 2δ − δ 2 .

(`)

r(Q−i ) − 2δ − δ 2

The last inequality follows from the upper bound of noise magnitude and the observation
(`)
(`)
that the inradius of Q−i defines a uniform lower bound of [Y−i ]T w
for any unit vector
∞
w ∈ S` . Therefore, as long as
1
,
(5.20)
λ≥

(5.21)

the solution ci for ith column is not trivial. This bound is strictly better than what we
obtain in the conference version (Wang and Xu, 2013) and is the key for improving the rate
for noise tolerance over the previous version. Also, check that
r(r` − µ` )
δ<
2 + 7r`
(`)

under bound of δ in the theorem statement, r(Q−i ) − 2δ − δ 2 > 0 for any i, `.
A side remark is that the Lasso regularization path is formally described in Tibshirani
et al. (2013) and it is unique whenever the data points are in general position. As a result,
we can potentially calculate the entry point of kth non-zero coefficient for any 0 < k < d,
any xi and X−i . This would however complicate the results unnecessarily, as Lasso path
is not monotone (some coefficient may leave the support set as λ increases). We therefore
stick to the simpler requirement of ci being non-trivial.
5.5 Existence of a proper λ

r` − µ` − 2δ1
1
< λ < min
.
` δ(1 + δ)(2 + r` − δ1 )
r` − 2δ − δ 2
1
1
=
,
r` − 2δ − δ 2
min r` − 2δ − δ 2
JMLR 17(12):1-41

Basically, (5.18) and (5.20) must be satisfied simultaneously for all ` = 1, ..., L. Essentially
(5.20) gives a condition of λ from below, and (5.18) gives a condition from above. Recall
(`)
that the denotations r` := min{i:xi ∈X (`) } r(Q−i ), µ` := µ(X` ) and r = min` r` , the condition
on λ is:
`

max

With the observation that
`

max

23
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it suffices to require λ to obey for each `:

r` − µ` − 2δ1
1
<λ<
.
r − 2δ − δ 2
δ(1 + δ)(2 + r` − δ1 )

(5.22)

(5.23)

We will now show that under condition (5.21), the range (5.22) is not an empty set.
Again, we relax δ1 to δ in (5.22) and get

1
r` − µ` − 2δ
<
.
r − 2δ − δ 2
δ(1 + δ)(2 + r` − δ)

Aδ 3 + Bδ 2 + Cδ + D < 0

Since all denominators are positive, we obtain the standard form of the inequality

with



A = −3 ≤ 0



B = −3 + 2(r` − µ` ) + r` ≤ 0

C = 2 + 4(r` − µ` ) + r` + 2r ≤ 2 + 7r`


D = −r(r − µ )
`
`

Check that (5.21) is sufficient for the above 3rd order inequality to hold. Therefore,

(5.21) ⇒ Aδ 3 + Bδ 2 + Cδ + D < 0 ⇔ (5.23) ⇒ (5.22) is not an empty set.
This completes the proof of Theorem 6.

6. Proof of Results for Randomized Cases

In this section, we provide proofs to the theorems of the three randomized models:

• Deterministic data+random noise;
• Semi-random data+random noise;
• Fully random.

To do this, we need to bound δ1 , cos(∠(z, ν)) and cos(∠(y, ν2 )) when Z follows the
Random Noise Model, such that a better dual separation condition can be obtained. More(`)
over, for the Semi-random and the Random data model, we need to bound r(Q−i ) when
data samples from each subspace are drawn uniformly and bound µ(X` ) when subspaces
are randomly generated. These require the following lemmas.

JMLR 17(12):1-41

Lemma 17 (Upper bound on the area of spherical cap) Let a ∈ Rn be a random
vector sampled from a unit sphere and z is a fixed vector. Then we have:


−n2
P r |aT z| > kzk ≤ 2e 2

24

−n2
2

σ2 2
χ (n).
n

(6.1)

25

JMLR 17(12):1-41

then dual separation condition (5.9) holds for all data points with probability at least 1−8/N .

i

for some constant C. Under random noise model, if for each ` = 1, ..., L
p
(`)
µ(X` ) + δ + 3ρ ≤ (1 − ρ)(max r(Q−i ) − δ d` ),

Lemma 19 (Dual separation condition under random noise) Let ρ := λδ(1+δ) and
s
r
6 log N
C log(N )
 :=
≤
n − max` d`
n

By Lemma 18, δ = maxi kzi k is bounded with high probability. δ1 can be bounded even
more tightly because each S` is low-rank. Likewise, cos(∠(z, ν)) is bounded by a small value
with high probability. Moreover, since ν = λe = λ(xi − X−i c), ν2 = λPS ⊥ (zi − Z−i c). Thus
`
ν2 is indeed a weighted sum of random noise in a (n − d` )-dimensional subspace. Consider
y a fixed vector, cos(∠(y, ν2 )) is also bounded with high probability.
Replace these observations into (5.9) and the corresponding bound of kν1 k and kν2 k, we
obtain the equivalent dual separation condition under the random noise model (equivalent
to (5.17) in the proof of the deterministic case). This is formalized in the following lemma.

Substitute α = 1 + t, we obtain the concentration statement in the lemma.

P r(kzi k2 > ασ 2 ) = 1 − CDFχ2n (α) ≤ (αe1−α ) 2 .

n

By Hoeffding’s inequality, we have an approximation of its CDF (Dasgupta and Gupta,
2003), which gives us

kzi k2 = |Z1i |2 + ... + |Zni |2 ∼

Proof The second property follows directly from Lemma 17 as Gaussian vector has a
uniformly random direction.
To show the first property, we observe that the sum of n independent square Gaussian
random variables follows χ2 distribution with degree of freedom n. In other words, we have

where z is any fixed vector, or a random vector that is independent to zi .

2. P r(|hzi , zi| > kzi kkzk) ≤ 2e

1. P r(kzi k2 > (1 + t)σ 2 ) ≤ e 2 (log(t+1)−t)

n

Lemma 18 (Properties of Gaussian noise) For Gaussian random matrix Z ∈ Rn×N ,
if each entry Zi,j ∼ N (0, √σn ), then each column zi satisfies:

This Lemma is extracted from an equation in page 29 of Soltanolkotabi et al. (2012), which
is in turn adapted from the upper bound on the area of spherical cap in Ball (1997). By
definition of the Random Noise Model, zi is spherical symmetric, which implies that the
direction of zi is distributed uniformly on the n-dimensional unit sphere. Hence Lemma 17
applies whenever an inner product involves z. As an example, we write the following lemma.

Noisy Sparse Subspace Clustering

(6.2)

kν1 k ≤

q

6 log N
n

r(Q`−i ) − δ1

1 + δkν2 k

.

(6.3)

26
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This new bound of kν1 k follows from (6.3), Lemma 15 and 16. For the bound of kν2 k we
simply use (5.16):
!
1
kν2 k ≤ λδ
+1 .
r(Q`−i )

and

Substituting the upper bound of the cosines to (6.2) and (6.3), we get respectively
s
r
6 log N
6 log N
|hx, νi| ≤ µkν1 k + kykkν2 k
+ kzkkνk
,
n − d`
n

yiT ν1 + (PS` zi )T ν1 ≤ 1 − ziT ν2 ≤ 1 + δ2 kν2 k| cos ∠(zi , ν2 )|.

Moreover, we can find a probabilistic bound for kν1 k too by a variation of (5.11) for the
random case, which now becomes

Since δ1 is the worse case bound for all L subspace and all N noise vector, then a union
bound gives:
!
r
P
2 ` d`
6d` log N
δ ≤
P r δ1 >
n
N2

Apply Lemma 17 for each i, then by union bound, we get:
!
r
6d` log N
2d`
δ ≤ 3.
P r kPS` zk >
n
N

i=1,...,d`

Using the same technique, we derive a bound for δ1 . Given an orthonormal basis U of S` ,
PS` z = U U T z, then
s X
T z|2 .
kU U T zk = kU T zk =
|U:,i

Here we will bound the two cosine terms and δ1 under the random noise model.
As discussed above, directions of z and ν2 are independently and uniformly distributed
on the n-dimension unit sphere. Then by Lemma 17,
 

q

6 log N

≤ N23 ;
P
r
cos(∠(z,
ν))
>

n


 
q

log N
P r cos(∠(y, ν2 )) > 6n−d
≤ N23 ;
` 


q



N

≤ N23 .
P r cos(∠(z, ν2 )) > 6 log
n

|hx, νi| ≤µkν1 k + kykkν2 k| cos(∠(y, ν2 ))| + kzkkνk| cos(∠(z, ν))|

Proof Recall that we want to find an upper bound of |hx, νi|.

Wang and Xu

6 log N
,
n − max` d`
µ := µ(X` ).
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 :=







1
1
1
+ 1 + λδ
+ 1 + λδ 2 
+1
r
r
r

To lighten notations in this proof, denote
s
`
r := r(Q−i
),

λδ 2 (µ + δ)
µ + δ
√
√
+
r −  d` δ
r −  d` δ

Substitute them in the bound, we get
|hx, νi| ≤

∗∗

µ + δ + 3ρ
µ + δ + λ(δ + 3δ 2 )
√
√
+ λ(δ + δ 2 ) ≤
+ ρ.
r −  d` δ
r −  d` δ
↑

λδ 2 ( µ+δ
λδ 2 (µ + δ) λδ(δ + 1)
µ + δ
r ) +√
√
+
+
+ λδ(δ + 1)
=
r
r −  d` δ
r −  d` δ
µ + δ
λδ 2
λδ 2
λ(δ + δ 2 )
√
√
√
√
+
+
+
+ λ(δ + δ 2 )
r −  d` δ r −  d` δ r −  d` δ
r −  d` δ

↑

∗

≤
=

(6.4)

In the inequality “∗”, we used (µ + δ)/r < 1 and µ + δ < 1; and in the inequality “∗∗”,
we used λδ 2 ≤ λ(δ + δ 2 ) and replaced all such expression with ρ that we defined earlier.
Now impose the dual detection constraint on the upper bound, we get:
µ + δ + 3ρ
√
ρ +
< 1.
r − δ d` 
Reorganized the inequality, we reach the desired condition:
p
d` ) − 3ρ.
µ + δ < (1 − ρ)(r − δ

q

6 log N
n

(6.5)

and as-

There are N 2 instances for each of the threePevents related to the cosine value, apply union
P
2
d
bound we get the failure probability N6 + N`2 ` ≤ N8 . Note ` d` ≤ N because one needs
at least d` data points to span an d` dimensional subspace. This concludes the proof.
Lemma 20 (Avoid trivial solution under random noises) Let  =
sume min` r` − 2δ − δ 2 > 0. If we take
λ > (r` − 2δ − δ 2 )−1

for every ` = 1, ..., n, then the solution ci 6= 0 for all i with probability at least 1 − 6/N 2 .
Proof We use the same argument as in Section 5.4, except that we now have a tighter
probabilistic bound for (5.19). For any i, k in the equation, zi and zk are independent to
each other and to yk , yi respectively. Therefore, we can invoke Lemma 17 and obtain
|hyk , zi i + hzk , yi i + hzk , zi i| ≤ 2δ + δ 2 ,
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with P
probability greater than 2/N 3 . The proof is complete by taking the union bound over
all 3
= 3N instances.
i N`
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6.1 Proof of Theorem 8 for Deterministic Data and Random Noise

(6.6)

We now prove Theorem 8. Lemma 19 has already provided the separation condition. The
things left are to find the range of λ and update the condition of δ.
The range of λ: √The range of valid λ for the random noise case can be obtained by
substituting δ1 < δ d`  in (6.5) and rewriting (6.1) with respect to λ. This gives us

√
1
r` − µ` − δ − δ d` 
√
<λ<
.
r − 2δ − δ 2
δ(1 + δ)(3 + r` − δ d` )

and

`

δ(1 + δ) < min

r(r` − µ` )
,
4r` + 6

(6.9)

(6.8)

(6.7)

We remark that a critical difference from the deterministic noise model is that now there
is a small  in the denominator of the upper endpoint of the interval. Assume small µ, the
valid range of λ expands to an order of Θ(1/r) ≤ λ ≤ Θ(r/( max{δ 2 , δ})).
The condition of δ: Now we will show that the two conditions
r` − µ`
δ < min √
,
` 2 d` + 2

stated in the Theorem 8 are sufficient for the three inequalities


r − µ` − δ > 0;

 `


r − 2δ − δ 2 > 0;
√

r` − µ` − δ − δ d` 
1


√
<
;


r − 2δ − δ 2
δ(1 + δ)(3 + r` − δ d` )

to hold for ` = 1, ..., L. Note that we used (6.7) in (6.4) when we derive the dual separation
condition and (6.8) is assumed in Lemma 20, lastly (6.9) ensures a valid λ to exist in (6.6).
Inequality (6.7) and (6.8) hold trivially given the two conditions, it remains to show (6.9):

r(r` − µ` )
r(r` − µ` )
δ(1 + δ) <
⇔ δ(1 + δ)(2r` + 3) <
(4r` + 6)
2
r(r` − µ` )
⇒ δ(1 + δ)(r` − µ` + r` + 3) <
2
r` − µ`
r(r` − µ` )
⇔ δ(1 + δ)(r + 3) + 2δ(1 + δ)
<
`
2
2
r` − µ`
1
<
⇔
r − 2δ − 2δ 2
2δ(1 + δ)(r + 3)
`
1
r` − µ`
(a)
√
<
⇒ (6.9),
r − 2δ − δ 2
2δ(1 + δ)(r` + 3 − δ d` )
⇒

where (a) holds by applying the first condition. This concludes the proof for Theorem 8.

6.2 Proof of Theorem 10 for the Semi-random Model with Random Noise
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To prove Theorem 10, we only need to bound the inradius r and the incoherence parameter
µ under the new assumptions, then plug them into Theorem 8.
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`=1

=

(`)
(`)
v(xi , X−i , S` , λ)

ν1
PS` ν
=
.
=
kPS` νk
kν1 k
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As y is distributed uniformly on the unit sphere of S, and z is a spherical symmetric
noise (hence z1 and z2 are also spherical symmetric in subspace), for any fixed kx1 k, the
distribution is uniform on the sphere, namely the conditional distribution P r (x1 |kx1 k = α)
is uniform on the sphere with radius α. It suffices to show that with fixed kx1 k, v (the unit
direction of projected dual variable ν1 ) also follows a uniform distribution on a unit sphere
of the subspace.

x2 :=PS ⊥ x = z2 .

x1 :=PS x = y + z1 ∼ U RU T y + U RU T z1 ,

Recall that ν is the unique optimal solution of D1 (5.7). Fix λ, D1 depends on two inputs,
so we denote ν(x, X) and consider ν a function. Moreover, ν1 = PS ν and ν2 = PS ⊥ ν. Let
U ∈ n × d be a set of orthonormal basis of d-dimensional subspace S and a rotation matrix
R ∈ Rd×d . Then rotation matrix within subspace is hence U RU T . Let

(`)
vi

Proof The proof is an extension of a similar proof in Soltanolkotabi et al. (2012). First
(`)
(`)
we will show that when noise zi is spherical symmetric, and clean data points yi has
(`)
iid uniform random direction, projected dual directions vi also follows a uniform random
distribution.
Now we prove the claim. First by definition,

`6=`

n
aff(S` , S`0 )
P r µ(X` ) ≤ t (log[(N` + 1)N`0 ] + log L) √ √
d` d`0
o
t
1 X
1
0
0
for all pairs(`, ` ) with ` 6= ` ≥ 1 − 2
e− 4 .
L
(N` + 1)N`0
0

Lemma 22 (Incoherence bound) In deterministic subspaces/random sampling setting,
the subspace incoherence is bounded from above:

This is extracted from Section-7.2.1 of Soltanolkotabi et al. (2012). κ` = (N` − 1)/d` is the
relative number of iid samples. c(κ) is some positive value for all κ > 1 and for a numerical
value κ0 , if κ > κ0 , we can take c(κ) = √18 . Take β = 0.5, we get the required bound of r
in Theorem 10.
Now, we provide a probabilistic upper bound of the projected subspace incoherence
condition under the semi-random model by adapting Lemma 7.5 of Soltanolkotabi et al.
(2012) into our new setup.

Lemma 21 (Inradius bound of random samples) In random sampling setting, when
each subspace is sampled N` = κ` d` data points randomly, we have:


s
L


X
β 1−β
β log (κ` )
(`)
P r c(κ` )
≤ r(Q−i ) for all pairs (`, i) ≥ 1 −
N` e−d` N`


d`
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ν

max hx, νi −

1 T
ν ν,
2λ
subject to: kX T νk∞ ≤ 1,

1 T
ν ν,
2λ
T
subject to: k(U RU X1 + X2 )T νk∞ ≤ 1,

(6.11)

(`)

(`)

(6.12)
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In other words, the distribution of vi is uniform on the unit sphere of S` .
After this key step, the rest is identical to the proof of Lemma 7.5 of Soltanolkotabi
et al. (2012). The idea is to use Lemma 17 (upper bound of area of spherical caps) to
provide a probabilistic bound of the pairwise inner product and Borell’s inequality to show
√
T
the concentration around the expected cosine canonical angles, namely, kU (k) U (`) kF / d` .
The proof is standard so we omit it in this paper.

vi (R) ∼ U RU T vi .

(`)

Combining (6.11) and (6.12), we conclude that for any rotation R

v(R) = v(U RU T x1 + x2 , U RU T X1 + X2 , S) ∼ v(x, X, S).

where A ∼ B means that the random variables A and B follows the same distribution. This
is because when kx1 k is fixed and each columns in X1 has fixed magnitudes, U RU T x1 ∼ x1
and U RU T X1 ∼ X1 . Also, adding additional random variables x2 and X2 changes the
distribution the same way on both sides. Therefore,

U RU T x1 + x2 ∼ x1 + x2 ,

U RU T X1 + X2 ∼ X1 + X2 ,

PS` ν(R)
U RU T ν1
=
= U RU T v.
kPS` ν(R)k
kU RU T ν1 k

On the other hand, we know that

v(R) =

for all inner products in both objective function and constraints, preserving the optimality.
By projecting (6.10) to subspace, we show that operator v(x, X, S) is linear vis a vis
subspace rotation U RU T , i.e.,

hU RU T x1 + x2 , ν(R)i = hU RU T x1 , U RU T ν1 i + hx1 , ν2 i = hx, νi

To verify the argument, check that ν T ν = ν(R)T ν(R) and

= U RU T ν1 (x, X) + ν2 (x, X) = U RU T ν1 + ν2 .

ν(R) = ν(U RU T x1 + x2 , U RU T X1 + X2 )

is indeed the transformed ν under the same R, i.e.,

ν

max hU RU T x1 + x2 , νi −

(6.10)

Since inner product hx, νi = hx1 , ν1 i + hx2 , ν2 i, we argue that if ν is the optimal solution

then the optimal solution of the following optimization

of

Wang and Xu
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6.3 Proof of Theorem 11 for the Fully Random Model with Gaussian Noises
The proof of Theorem 11 essentially applies Theorem 8 with specific inradius bound and
incoherence bound. The bound for inradius is given in Lemma 21 and we use the following
Lemma extracted from Step 2 of Section 7.3 in Soltanolkotabi et al. (2012) to bound the
subspace incoherence.

)
r
6 log N
2
for all ` ≥ 1 − .
n
N

Lemma 23 (Incoherence bound of random subspaces) In random subspaces setting,
the projected subspace incoherence is bounded from above:
(

P r µ(X` ) ≤

Now that we have shown that the projected dual directions are randomly distributed in their
respective subspace, together with the fact that the subspaces themselves are randomly
generated, we conclude that all clean data points y and projected dual direction v from
different subspaces can be considered iid generated from the ambient space. The proof of
Lemma 23 follows by simply applying Lemma 17 and a union bound across all N 2 events.

7. Experiments

λ
kX − XCkF2
2

s.t.

diag(C) = 0,

To demonstrate the practical implications of our robustness guarantees for LASSO-SSC, we
conduct four numerical experiments including three with synthetic generated data and one
with real data. For fast computation, we use ADMM implementation of LASSO solver8
with default numerical parameters. Its complexity is proportional to the problem size and
the convergence guarantee (Boyd et al., 2011). We also implement a simple ADMM solver
for the matrix version SSC

C

min kCk1 +

which is consistently faster than the column-by-column LASSO version. This algorithm
is first described in Elhamifar and Vidal (2013). To be self-contained, we provide the
pseudocode and some numerical simulation in the appendix.
7.1 Numerical simulation
Our three numerical simulations test the effects of noise magnitude δ, subspace rank d and
number of subspace L respectively.
7.1.1 Methods

JMLR 17(12):1-41

To test our methods for all parameters, we scan through an exponential grid of λ ranging
√
√
from n × 10−2 to n × 103 . In all experiments, ambient dimension n = 100, relative
sampling κ = 5, subspace and data are drawn uniformly at random from unit sphere
8. Freely available at:
http://www.stanford.edu/˜boyd/papers/admm/
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√
and then corrupted by Gaussian noise Zij ∼ N (0, σ/ n). We measure the success of the
algorithm by the relative violation of Self-Expressiveness Property defined below.
P
|C|i,j
(i,j)∈M
/

(i,j)∈M |C|i,j

RelViolation (C, M) = P

where M is the ground truth mask containing all (i, j) such that xi , xj ∈ X (`) for some `.
Note that RelViolation (C, M) = 0 implies that SEP is satisfied. We also check that there
is no all-zero columns in C, and the solution is considered trivial otherwise.
7.1.2 Results

The simulation results confirm our theoretical findings. In particular, Figure 8a shows that
LASSO subspace detection property is possible for a very large range of λ and the dependence on noise magnitude is roughly 1/σ as predicted in (4.1). Comparing the Figure 8a
and 8b, it is clear that exact subspace detection property is not necessary for perfect classification. In addition, the sharp contrast of Figure 9a and 9b demonstrates our observations
on the sensitivity of d and L. Observe that in Figure 9a beyond a point, subspace detection
property is not possible for any λ. Whereas in Figure 9b even at the point when dL = 200
(subspaces are highly dependent), subspace detection property still holds for a large range
of λ.
7.2 Face Clustering Experiments

In this section, we evaluate the noise robustness of with LASSO-SSC on Extended YaleB
(Lee et al., 2005), a real life face data set of 38 subjects. For each subject, 64 face images
are taken under different illuminations.

7.2.1 Subspace Modeling of Face Images

According to Basri and Jacobs (2003), face images under different illuminations can be wellapproximated by a 9-dimensional linear subspace. In addition, Zhou et al. (2007) reveals
the underlying 3-dimensional subspace structure by assuming Lambert’s reflectance and
ignoring the shadow pixels. For the physics of this subspace model, we refer the readers to
Basri and Jacobs (2003) and Zhou et al. (2007) for detailed explanations.
Method: We conduct face clustering experiments on Extended YaleB data set with
both 9D and 3D representations of face images and compare them under varying number of subspaces L and different level of injected noise. Specifically, the 9D subspaces
are generated by projecting the data matrix corresponding to each subject to a 9D subspace via PCA and the 3D subspaces are generated by a factorization-based robust matrix
completion method (Wang et al., 2015). Then we scan through a random selection of
[2, 4, 6, 10, 12, 18, 38] subjects and for each experiment we inject additive Gaussian noise
√
N (0, σ/ n) with σ = [0, 0.01, ..., 0.99, 1]9 . Each photo is resized to 48 × 42 so we have ambient dimension n = 2016 and there are 64 sample points for each subspace, hence N = 64L.

JMLR 17(12):1-41

9. In order to compare the effect of varying level of noise, we choose to inject artificial noise in this experiment. The performance of LASSO-SSC on real noise/data corruptions is well-documented in the motion
segmentation experiments of Elhamifar and Vidal (2009, 2013)
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(b) Effect of noise level on clustering accuracy.

(b) Effect of number of subspaces L.
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Figure 9: Effects of other model parameters on LASSO-SSC performance. Simulated under
the fully random model with default parameter n = 100, d = 2, L = 3, κ = 5, σ =
0.2. In (a) varies subspace dimension d (b) varies the number of subspaces L.
For each setting, results are plotted in grayscale across an exponential grid of
tuning parameters λ along the vertical axis.

Black: trivial solution (C = 0); Gray: RelViolation > 0.1; White: RelViolation = 0.

(a) Effect of cluster rank d.

Figure 8: Effects of noise level on LASSO-SSC performance. Simulated under the fully
random model with n = 100, d = 4, L = 3, κ = 5 against increasing Gaussian
√
noise N (0, σ/ n). For each setting, results are plotted in grayscale across an
exponential grid of tuning parameters λ along the vertical axis. (a) shows the
effect of noise on subspace detection property (Definition 1). In particular, Black
means trivial solution (C = 0); Gray means RelViolation > 0.1, and White
denotes RelViolation = 0. (b) shows the corresponding clustering accuracy on the
same experiment. The rate of accurate classification is represented in grayscale,
where white region means perfect classification.

(a) Effect of noise level on SEP.
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(b) Rank 9 faces (after projection).

√

n, which is order-wise

34

JMLR 17(12):1-41

We presented a theoretical analysis for noisy subspace segmentation problem that is of great
practical interests. We showed that the popular SSC algorithm exactly (not approximately)
detects the subspaces in the noisy case, which justified its empirical success on real problems.
Our results are the first in showing LASSO-SSC to work under deterministic data and noise.
For stochastic noise, we show that LASSO-SSC works even when noise is much larger than
the signal. In addition, we discovered the orderwise relationship between LASSO-SSC’s
robustness to the level of noise and the subspace dimension, and we found that robustness is
insensitive to the number of subspaces. These results lead to new theoretical understanding
of SSC, and provide guidelines for practitioners and application-level researchers to judge
whether SSC could possibly work well for their respective applications.
Open problems for subspace clustering include the graph connectivity problem (Nasihatkon and Hartley, 2011), missing data problem (a first attempt in Eriksson et al. (2012),
which unfortunately requires an unrealistic number of data), sparse corruptions on data and

8. Conclusion and Future Directions

As we can see in Figure 10a and 10b, the range where LASSO-Subspace Detection Property
holds is much larger for the rank-3 experiments than the rank-9 experiments. Also, the
recovery is not sensitive to the number of faces we want to cluster. Indeed, LASSO-SSC is
able to succeed for both rank-9 and rank-3 data with a considerable range of noise even for
the full 38 subjects clustering task.
These observations confirm our theoretical and simulation results—on deterministic subspace data from a real-life problem—that noise robustness of LASSO-SSC is sensitive to
the subspace dimension d but not the number of subspaces L.

7.2.2 Results

The parameter λ is not carefully tuned, but simply chosen to be
correct for small σ according to (4.1).

Figure 10: RelViolation of the two face clustering experiments.

(a) Rank 3 photometric face.
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others. One direction closely related to this paper is to introduce a more practical metric
of success. As we illustrated in the paper, subspace detection property is not necessary for
perfect clustering. In fact from a pragmatic point of view, even perfect clustering is not
necessary. Typical applications allow for a small number of misclassifications. It would be
interesting to see whether stronger robustness results can be obtained for a more practical
metric of success.

Noisy Sparse Subspace Clustering

Appendix B. Numerical algorithm to solve Matrix-LASSO-SSC

In conclusion, we find that our results are complementary to that in Soltanolkotabi et al.
(2014) and provide a novel point of view to the theoretical analysis for subspace clustering
problems.

Wang and Xu

C

C

λ
kX − XCkF2
2

λ
kX − XJkF2
2

s.t.

s.t.

diag(C) = 0.

J = C − diag(C).

λ
µ
kX − XJkF2 + kJ − C + diag(C)kF2 + tr(ΛT (J − C + diag(C))),
2
2

36

(B.1)

(B.2)

JMLR 17(12):1-41

where Λ is the dual variable and µ is a parameter. Optimization is done by alternatingly
optimizing over J, C and Λ until convergence. The update steps are derived by solving
∂L/∂J = 0 and ∂L/∂C = 0. Notice that the objective function is non-differentiable for
C at origin so we use the now standard soft-thresholding operator (Donoho, 1995). For
both variables, the solution is given in closed-forms. For the update of Λ, we simply use
the gradient descent method. For details of the ADMM algorithm and its guarantee, please
refer to Boyd et al. (2011). To accelerate the convergence, it is possible to introduce a
parameter ρ and increase µ by µ = ρµ at every iteration. The full algorithm is summarized
in Algorithm 1.
Note that for the special case when ρ = 1, the inverse of (λY T Y + µI) can be precomputed, and hence each iteration can be computed in linear time. Empirically, we found
it good to set µ = λ and it takes roughly 50-100 iterations to converge to a sufficiently
good points. We remark that the matrix version of the algorithm is much faster than the
column-by-column ADMM-Lasso and achieves almost the same numerical accuracy; see our
experiments in Figure 11a,11b,12a and 12b.

L =kCk1 +

We add to the Lagrangian with an additional quadratic penalty term for the equality constraint and get the augmented Lagrangian

min kCk1 +

While this convex optimization problem can be solved by some off-the-shelf general purpose
solvers such as SeDuMi (Sturm, 1999) or SDPT3 (Toh et al., 1999), such approaches are
usually slow and non-scalable. An ADMM (Boyd et al., 2011) version of the problem is
described here for fast computation. It solves an equivalent optimization program

min kCk1 +

In this section we outline the steps of solving the matrix version of LASSO-SSC below. Note
that Elhamifar and Vidal (2013) derived a more general version of Matrix-LASSO-SSC to
account for not only noisy but also sparse corruptions. We include this appendix merely
for the convenience of the readers. Consider

in the semi-random model. This is probably what led to our worse dependence on the
subspace dimension d in the bound we described in the discussion of Theorem 10.
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Appendix A. Differences to Soltanolkotabi et al. (2014)
As we reviewed above, Soltanolkotabi et al. (2014) analyzed almost the same algorithm
under the semi-random model. Besides the comparisons we made in Section 2 regarding
the model of analysis and allowable noise level, there are a few other minor differences which
we list here.
“Non-trivial” v.s. “Many true discoveries”. In LASSO-Subspace Detection Property,
we only require the resulting regression coefficient to be non-zero, while Soltanolkotabi
et al. (2014, Theorem 3.2) has a result showing the conditions under which the number
of non-zero coefficient is a constant fraction of subspace dimension d. Our results are
weaker but more general (works without the semi-random assumption).
In fact, the conditions are more similar than different. We both pick regression coefficient of the same order in the semi-random model. In addition, when d becomes
smaller than log ρ(i)/c0 , these two conditions are essentially the same.
Choosing parameter λ. Soltanolkotabi et al. (2014) provides a two-pass mechanism to
adaptively tune the parameter λ for each LASSO-SSC and the results are proven for
this particular λ. On the other hand, our results are stated for any λ in a specified
range. The choice of λ can also be independently tuned for each LASSO-SSC.
In practice, it is advisable to choose λ slightly larger than what is required for it to
be non-trivial. We described two strategies in the discussion underneath Theorem 6.

JMLR 17(12):1-41

Proof techniques. The proofs are admittedly similar in many ways (since we solve the
same problem!), but the key technical components in controlling the magnitude of dual
variables ν1 and ν2 are different. Soltanolkotabi et al. (2014, Lemma 8.5) relies on
the semi-random model, and the resulting restricted isometry property (of the block
of data points corresponding to each subspace). In contrast, our bound for kν2 k does
not require any probabilistic assumptions, therefore more general.
√ It is however looser
than Soltanolkotabi et al. (2014, Lemma 8.5) by a factor of d when we specialized
35

(b) Objective value comparison.

(b) Objective value comparison.
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Figure 12: Comparisons of the two optimization procedures with an increasing ambient
dimension. Simulated with κ = 5, d = 4, L = 3, σ = 0.2, ambient dimension
n increases from 50 to 1000. Note that the dependence on dimension is weak
for both algorithm at this small scale due to the fast vectorized computation.
Nevertheless, it is clear from Figure 12a that the matrix version of SSC runs
faster. Figure (b) shows that the objective value obtained at stop points of two
algorithms are nearly the same.

(a) Running time comparison.

Figure 11: Comparisons of the two optimization procedures with an increasing number of
data. Simulated under fully random model with n = 100, d = 4, L = 3, σ = 0.2, κ
increases from 2 to 40 such that the number of data goes from 24 to 480. From
Figure (a), it appears that the matrix version scales better with increasing
number of data compared to columnwise LASSO. Figure (b) shows that the
objective value obtained at stop points of two algorithms are nearly the same.

(a) Running time comparison.
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0

0

(J + Λ/µk ) ,

Λ = Λ + µk (J − C)
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René Brandenberg, Abhi Dattasharma, Peter Gritzmann, and David Larman. Isoradial
bodies. Discrete & Computational Geometry, 32(4):447–457, 2004.

Paul S Bradley and Olvi L Mangasarian. k-plane clustering. Journal of Global Optimization,
16(1):23–32, 2000.

Stephen Boyd, Neal Parikh, Eric Chu, Borja Peleato, and Jonathan Eckstein. Distributed
optimization and statistical learning via the alternating direction method of multipliers.
Foundations and Trends R in Machine Learning, 3(1):1–122, 2011.

D. Bertsimas and M. Sim. The price of robustness. Operations research, 52(1):35–53, 2004.

A. Ben-Tal and A. Nemirovski. Robust convex optimization. Mathematics of Operations
Research, 23(4):769–805, 1998.

Ronen Basri and David W Jacobs. Lambertian reflectance and linear subspaces. Pattern
Analysis and Machine Intelligence, IEEE Transactions on, 25(2):218–233, 2003.

Keith Ball. An elementary introduction to modern convex geometry. Flavors of geometry,
31:1–58, 1997.

References

1
µk

C = C − diag(C ).

0

C = SoftThresh

4. Update parameter µk+1 = ρµk .
5. Iterate k = k + 1;
end while
Output: Affinity matrix W = |C| + |C|T

3. Update Λ by

2. Update C by

Input: Data points as columns in X ∈ Rn×N , tradeoff parameter λ, numerical parameters µ0 and ρ.
Initialize C = 0, J = 0, Λ = 0, k = 0.
while not converged do
1. Update J by
J = (λX T X + µk I)−1 (λX T X + µk C − Λ).

Algorithm 1 Matrix-LASSO-SSC

Wang and Xu

Joao Paulo Costeira and Takeo Kanade. A multi-body factorization method for motion
analysis. In International Conference on Computer Vision (ICCV-95), pages 1071–1076.
IEEE, 1995.

Yudong Chen, Ali Jalali, Sujay Sanghavi, and Huan Xu. Clustering partially observed
graphs via convex optimization. The Journal of Machine Learning Research, 15(1):2213–
2238, 2014.

Noisy Sparse Subspace Clustering

G. Liu, Z. Lin, S. Yan, J. Sun, Y. Yu, and Y. Ma. Robust recovery of subspace structures by low-rank representation. IEEE Transactions on Pattern Analysis and Machine
Intelligence, 35(1):171–184, 2013.

Kuang-Chih Lee, Jeffrey Ho, and David J Kriegman. Acquiring linear subspaces for face
recognition under variable lighting. Pattern Analysis and Machine Intelligence, IEEE
Transactions on, 27(5):684–698, 2005.

Fabien Lauer and Christoph Schnorr. Spectral clustering of linear subspaces for motion
segmentation. In International Conference on Computer Vision (ICCV-09), pages 678–
685. IEEE, 2009.

Wang and Xu
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In sequential decision making within the Markov Decision Process (MDP) framework,
whether in a planning setting (Puterman, 1994; Powell, 2011) or a reinforcement learning
setting (RL; Bertsekas and Tsitsiklis, 1996, Sutton and Barto, 1998), the decision maker
ultimately obtains a policy π, often with some guarantees on its expected long-term performance. This typical conclusion of the policy optimization process is the starting point of
our work.
We consider the policy π to be fixed2 , and we are interested in understanding how π
performs in practice, with the natural quantity of interest being the reward-to-go from each
state of the system. The expected reward-to-go J, also known as the value function, is often

1. Introduction

In Markov decision processes (MDPs), the variance of the reward-to-go is a natural measure
of uncertainty about the long term performance of a policy, and is important in domains
such as finance, resource allocation, and process control. Currently however, there is no
tractable procedure for calculating it in large scale MDPs. This is in contrast to the case of
the expected reward-to-go, also known as the value function, for which effective simulationbased algorithms are known, and have been used successfully in various domains. In this
paper1 we extend temporal difference (TD) learning algorithms to estimating the variance
of the reward-to-go for a fixed policy. We propose variants of both TD(0) and LSTD(λ)
with linear function approximation, prove their convergence, and demonstrate their utility
in an option pricing problem. Our results show a dramatic improvement in terms of sample
efficiency over standard Monte-Carlo methods, which are currently the state-of-the-art.
Keywords:
Reinforcement learning, Markov decision processes, variance estimation,
simulation, temporal differences
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a part of an optimization process, and efficient methods for learning it are well known.
In many applications, however, looking at expectations is not enough, and it seems only
reasonable to estimate other statistics of the reward-to-go, such as its variance, denoted by
V . Quite surprisingly, this topic has received very little attention; at the current state-ofthe-art, the only solution for large-scale MDPs is a naive Monte-Carlo approach, demanding
extensive simulations of the long-term outcomes from each system state. In this paper we
explore much more efficient alternatives.
We further motivate policy evaluation with respect to the variance of the reward-to-go.
The variance is an intuitive measure of uncertainty, and common practice in many domains
such as finance, process control, and clinical decision making (Sharpe, 1966; Shortreed et al.,
2011). As we show in the paper, in an option pricing domain, the uncertainty captured by
the variance of the reward-to-go highlights important properties of the policy, that are not
visible by looking at the value function alone.
The variance may also be used for policy selection. In some practical situations, a
full policy-optimization procedure is not an option, and the agent can only select between
several predefined policies. For example, it may be that each policy is designed by an
expert (e.g., a private equity or investment fund), and the agent can simply select between
several policies, given the current features of the system (e.g., current economic indicators).
A related financial experiment in a non-sequential setting was reported by Moody and
Saffell (2001), which selected between several investment types, and which emphasized the
importance of incorporating variance-based objectives in the policy selection.
Finally, the value function has proved to be a fundamental ingredient in many policy
optimization algorithms. The variance of the reward-to-go may thus prove valuable for
risk aware optimization algorithms, a topic that has gained significant interest recently
(Filar et al., 1995; Mihatsch and Neuneier, 2002; Geibel and Wysotzki, 2005; Mannor and
Tsitsiklis, 2013). Therefore, the policy evaluation methods in this work may be used as a
sub-procedure in policy optimization. Since the conference publication of this work, this idea
has already been explored by Tamar and Mannor (2013) and Prashanth and Ghavamzadeh
(2013). Both Tamar and Mannor (2013) and Prashanth and Ghavamzadeh (2013) suggested
actor-critic algorithms, in which the critic uses the policy evaluation ideas introduced in
this paper. We are certain that risk-aware policy evaluation would play a major role in
future risk-aware optimization algorithms as well.
The principal challenge in policy evaluation arises when the state space is large, or
continuous. Then, solving Bellman’s equation for the value or its extension (Sobel, 1982)
for the variance becomes intractable. This difficulty is even more pronounced in the learning
setting, when a model of the process is not available, and the evaluation has to be estimated
from a limited amount of samples. Fortunately, for the case of the value function, effective
learning approaches are known.
Temporal Difference methods (TD; Sutton, 1988) typically employ function approximation to represent the value function in a lower dimensional subspace, and learn the
approximation parameters efficiently, by fitting the spatiotemporal relations in Bellman’s
equation to the observed (or simulated) data. TD methods have been studied extensively,
both theoretically (Bertsekas, 2012, Lazaric et al., 2010) and empirically (e.g., Tesauro,
1995, Powell, 2011, Section 14.5), and are considered to be the state-of-the-art in policy
evaluation.
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However, when it comes to evaluating additional statistics of the reward-to-go, such as
its variance, little is known. This may be due to the fact that the linearity of the expectation
in Bellman’s equation plays a key role in TD algorithms.
In this paper we present a TD framework for learning the variance of the reward-to-go,
using function approximation, in problems where a model is not available, or too large
to solve. To our knowledge, this is the first work that addresses the challenge of large
state spaces, by considering an approximation scheme for the variance. Our approach is
based on the following observation: the second moment of the reward-to-go, denoted by M ,
together with the value function J, satisfies a linear ‘Bellman-like’ equation. By extending
TD methods to jointly estimate J and M with linear function approximation, we obtain a
solution for estimating the variance, using the relation V = M − J 2 .
We propose both a variant of Least Squares Temporal Difference (LSTD; Boyan 2002)
and of TD(0) (Sutton and Barto, 1998) for jointly estimating J and M with linear function
approximation. For these algorithms, we provide convergence guarantees and error bounds.
In addition, we introduce novel methods for enforcing the approximate variance to be positive, through a constrained TD equation or through an appropriate choice of features. An
empirical evaluation of our approach on an American-style option pricing problem demonstrates a dramatic improvement in terms of sample efficiency compared to Monte Carlo
techniques—the current state of the art.
A previous study by Sato et al. (2001) suggested TD equations for J and V , without
function approximation. Their approach relied on a non-linear equation for V , and it is
not clear how it may be extended to handle large state spaces. More recently, Morimura
et al. (2010) proposed TD learning rules for a parametric distribution of the return, albeit
without function approximation nor formal guarantees. In the Bayesian Gaussian process
temporal difference framework of Engel et al. (2005), the reward-to-go is assumed to have
a Gaussian posterior distribution, and its mean and variance are estimated. However, the
resulting variance is a product of both stochastic transitions and model uncertainty, and is
thus different than the variance considered here. For average reward MDPs, several studies
(e.g., Filar et al., 1989) considered the variation of the reward from its average. This measure of variability is not suitable for the discounted and episodic settings considered here.
A different line of work considers MDPs with a dynamic-risk measure (Ruszczyński, 2010).
In dynamic risk, instead of considering the reward-to-go as the random variable of interest,
the risk is defined iteratively over the possible future trajectories. In an optimization setting, dynamic-risk has some favorable properties such as time-consistency, and a dynamic
programming formulation (Ruszczyński, 2010). However, the variance of the reward-to-go
considered here is considerably more intuitive, and leads to a much simpler approach.
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This paper is organized as follows. In Section 2 we present our formal MDP setup.
In Section 3 we derive the fundamental equations for jointly approximating J and M , and
discuss their properties. A solution to these equations may be obtained by sampling, through
the use of TD algorithms, as presented in Section 4. As it turns out, our approximation
scheme may result in cases where the approximate variance is negative. We discuss this in
Section 5, and propose methods for avoiding it. Section 6 presents an empirical evaluation
on an option pricing problem, and Section 7 concludes, and discusses future directions.
3
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2. Framework and Background

We consider an episodic MDP3 (also known as a stochastic shortest path problem; Bertsekas
2012) in discrete time with a finite state space X , {1, . . . , n} and a terminal state x∗ . A
fixed policy π determines, for each x ∈ X, a stochastic transition to a subsequent state
x0 ∈ {X ∪ x∗ } with probability P (x0 |x). We consider a deterministic and bounded reward
function r : X → R, and assume zero reward at the terminal state. We denote by xk the
state at time k, where k = 0, 1, 2, . . ..
A policy is said to be proper (Bertsekas, 2012) if there is a positive probability that
the terminal state x∗ will be reached after at most n transitions, from any initial state.
Throughout this paper we make the following assumption:
Assumption 1 The policy π is proper.

k=0

τ −1
X

γ k r(xk ).

Let γ ∈ (0, 1] denote a discount factor. We emphasize that the case γ = 1, corresponding
to a non-discounted setting, is allowed, and much of our effort in the sequel is to handle
this special and important case. Let τ , min{k > 0|xk = x∗ } denote the first visit time
to the terminal state, and let the random variable B denote the accumulated (and possibly
discounted) reward along the trajectory until that time
B,

x ∈ X.

In this work, we are interested in the mean-variance tradeoff in B, represented by the value
function
J(x) , E [B|x0 = x] , x ∈ X,
and the variance of the reward-to-go

V (x) , Var [B|x0 = x] ,

We will find it convenient to define also the second moment of the reward-to-go


M (x) , E B 2 |x0 = x , x ∈ X.

Our goal is to estimate the functions J(x) and V (x) from trajectories obtained by
simulating the MDP with policy π.

3. Approximation of the Variance of the Reward-To-Go

In this section we derive a projected equation method for approximating J(x) and M (x)
using linear function approximation. The approximation of V (x) will then follow from the
relation V (x) = M (x) − J(x)2 .
Our starting point is a system of equations for J(x) and M (x), first derived by Sobel
(1982) for a discounted infinite horizon case, and extended here to the episodic case. The
equation for J is the well known Bellman equation for a fixed policy, and independent of
the equation for M .
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3. In particular, any finite horizon MDP is an episodic MDP, for which our results apply. Extending these
results to the infinite horizon discounted setting is straightforward.

4

x0 ∈X

X

P (x0 |x)J(x0 ) + γ 2
x0 ∈X

X
P (x0 |x)M (x0 ).

(1)

(2)

˜
J(x)
= φJ (x) wJ ,

M̃ (x) = φM (x) wM ,

qt (x),

x ∈ X,

t = 0, 1, . . . ,

6
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and we denote by ΠJ and ΠM the projections from Rn onto the subspaces SJ and SM ,
respectively, with respect to this norm. Note that the projection operators ΠJ and ΠM are
−1 >
linear, and may be written explicitly as ΠJ = ΦJ (Φ>
J QΦJ ) ΦJ Q, and similarly for ΠM .
For some z ∈ R2n we denote by Π the projection of zJ onto SJ and zM onto SM , namely


ΠJ
0
Π=
.
(3)
0 ΠM

i=1

Note that if ζ0 may be controlled (for example, if we have access to a simulator), Assumption
4 may be trivially satisfied by choosing a positive ζ0 for all states. Alternatively, if some state
has a zero probability of being visited under π, then it is irrelevant for policy evaluation,
and we can remove it from the state space. In this case, so long as Assumption 3 still holds
(i.e., the linear features remain identifiable) all our subsequent derivations remain valid.
For vectors in Rn , we recall the weighted Euclidean norm
v
u n
uX
kykq = t
q(i) (y(i))2 , y ∈ Rn ,

Assumption 4 Each state has a positive probability of being visited, namely, q(x) > 0 for
all x ∈ X.

We are now ready to fully describe our approximation scheme. We consider the projected
fixed point equation
z = ΠT z,
(4)

SM = {ΦM w|w ∈ Rm },

t=0

∞
X

Q,diag(q).

q(x) =

x ∈ X,

We make the following assumption on the policy π and initial distribution ζ0

and let

qt (x) = P (xt = x),

We now discuss how the approximation parameters wJ and wM are chosen. The idea
behind TD methods is to fit the approximate J˜ and M̃ to obey Eq. (1) in some sense.
Specifically, this is done by considering a projection of T onto the approximation subspaces
SJ and SM , and choosing J˜ and M̃ as the unique fixed point of this projected operator.
As outlined earlier, our ultimate goal is to learn wJ and wM from simulated trajectories
of the MDP. Thus, it is constructive to consider projections onto SJ and SM with respect
to a norm that is weighted according to the state occupancy in these trajectories. We now
define this projection.
For a trajectory x0 , . . . , xτ −1 , where x0 is drawn from a fixed distribution ζ0 (x), and the
states evolve according to the MDP with policy π, define the state occupancy probabilities

Assumption 3 The matrix ΦJ has rank l and the matrix ΦM has rank m.
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where ΦJ and ΦM are matrices whose rows are φJ (x)> and φM (x)> , respectively. We make
the following standard independence assumption on the features.

SJ = {ΦJ w|w ∈ Rl },

where wJ ∈ Rl and wM ∈ Rm are the approximation parameter vectors, φJ (x) ∈ Rl and
φM (x) ∈ Rm are state dependent features, and (·)> denotes the transpose of a vector. The
low dimensional subspaces are therefore

>

>

It may easily be verified that a fixed point of T is a solution to (1), and by Proposition 2
such a fixed point exists and is unique.
When the state space X is large, however, a direct solution of (1) is not feasible. A
popular approach in this case is to approximate J(x) by restricting it to a lower dimensional
subspace, and use simulation based TD algorithms to learn the approximation parameters
(Bertsekas, 2012). In this paper we extend this approach to the approximation of M (x) as
well.
We consider a linear approximation architecture of the form

[T z]M = Rr + 2γRP zJ + γ 2 P zM .

[T z]J = r + γP zJ ,

For the sequel, we introduce the following vector notations. We denote by P ∈ Rn×n and
r ∈ Rn the episodic MDP transition matrix and reward vector, i.e., Px,x0 = P (x0 |x) and
rx = r(x), where x, x0 ∈ X. Also, we define the diagonal matrix R , diag(r).
For a vector z ∈ R2n we let zJ ∈ Rn and zM ∈ Rn denote its leading and ending n
components, respectively. Thus, such a vector belongs to the joint space of J and M .
We define the mapping T : R2n → R2n by

3.1 A Projected Fixed Point Equation in the Joint Space of J and M

A straightforward proof is given in Appendix A.
At this point the reader may wonder why an equation for V is not presented. While such
an equation may be derived (see, e.g., Sobel 1982, Tamar et al. 2012), it is not linear. The
linearity of (1) in J and M is the key to our approach. As we show in the next subsection,
the solution to (1) may be expressed as the fixed point of a linear mapping in the joint space
of J and M . We will then show that a projection of this mapping onto a linear feature
space is contracting, thus allowing us to use the TD methodology to estimate J and M .

Furthermore, under Assumption 1 a unique solution to Eq. (1) exists.

M (x) = r(x)2 + 2γr(x)

x0 ∈X

Proposition 2 The following equations hold for x ∈ X
X
J(x) = r(x) + γ
P (x0 |x)J(x0 ),

Learning the Variance of the Reward-To-Go



.

Tamar, Di Castro, and Mannor

0
γ 2 ΠM P

Learning the Variance of the Reward-To-Go



γΠJ P
2γΠM RP

Proof From the definition of ΠT in (2) and (3), we have that for any z1 , z2 ∈ R2n we have
kΠT z1 − ΠT z2 kα = kΠP(z1 − z2 )kα , where

kΠPzkα

=αkγΠJ P zJ kJ

+ (1 − α)k2γΠM RP zJ + γ 2 ΠM P zM kM

+ (1 − α)k2γΠM RP zJ kM

≤αkγΠJ P zJ kJ + (1 − α)kγ 2 ΠM P zM kM

+ (1 − α)k2γΠM RP zJ kM ,

≤αβJ kzJ kJ + (1 − α)γβM kzM kM

8

∀y ∈ Rn .

∀y ∈ Rn .

∀y ∈ Rn .

(7)
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Setting C = C2 λC3 we get the desired bound. Let β̃ = max{βJ , γβM } < 1, and choose
 > 0 such that
β̃ +  < 1.

kyk2 ≤ C3 kykJ ,

Using again the fact that all vector norms are equivalent, there exists a finite C3 such that

k2γΠM RP yk2 ≤ λkyk2 ,

where k · k2 denotes the Euclidean norm. Let λ denote the spectral norm of the matrix
2γΠM RP , which is finite since all the matrix elements are finite. We have that

C1 k2γΠM RP yk2 ≤ k2γΠM RP ykM ≤ C2 k2γΠM RP yk2 ,

To see this, note that since Rn is a finite dimensional real vector space, all vector norms are
equivalent (Horn and Johnson, 2012, Corollary 5.4.5) therefore there exist finite C1 and C2
such that for all y ∈ Rn

k2γΠM RP ykM ≤ CkykJ ,

where the equality is by definition of the α weighted norm (5), the first inequality is from
the triangle inequality, and the second inequality is by Lemma 6. Now, we claim that there
exists some finite C such that

(6)

We will now show that kΠPzkα may be separated into two terms which may be bounded
by Lemma 6, and an additional cross term. By balancing α and β, this term may be
contained to yield the required contraction.
We have

kΠPzkα ≤ βkzkα .

Thus, it suffices to show that for all z ∈ R2n

ΠP =

and, letting z ∗ denote its solution (which we will show to be unique), propose the approxi∗ ∈S .
mate value function J˜ = zJ∗ ∈ SJ and second moment function M̃ = zM
M
We shall now derive an important property of the projected operator ΠT , namely, that
it is a contraction. This leads to the uniqueness of z ∗ , and to a simple bound on the
approximation error. As in regular TD algorithms, this contraction property also underlies
the convergence of several sampling-based algorithms, to be presented in the next section.
We begin by stating a well known result (Proposition 7.1.1 of Bertsekas, 2012) regarding
the contraction properties of the projected Bellman operator ΠJ TJ , where TJ y = r + γP y.

∀y ∈ Rn .

Lemma 5 (Proposition 7.1.1 of Bertsekas, 2012) Let Assumptions 1, 3, and 4 hold. The
linear operator P and the projected linear operator ΠJ P are non-expansions in the k · kq
norm, and satisfy
kΠJ P ykq ≤ kP ykq ≤ kykq
∀y ∈ Rn .

In addition, ΠJ P is a contraction in some norm, i.e., there exists some norm k · kJ and
some βJ < 1 such that
kΠJ P ykJ ≤ βJ kykJ ,
Lemma 5 immediately leads to the following result:
Lemma 6 Let Assumptions 1, 3, and 4 hold. Then, there exists some norm k · kJ and
some βJ < 1 such that
kγΠJ P ykJ ≤ βJ kykJ , ∀y ∈ Rn .
∀y ∈ Rn .

Similarly, there exists some norm k · kM and some βM < 1 such that
kγΠM P ykM ≤ βM kykM ,

kzkα = αkzJ kJ + (1 − α)kzM kM ,
are defined in Lemma 6.

(5)

Note that for γ < 1, Lemma 6 holds with the norm k · kq and contraction modulus γ,
by the non-expansiveness property of ΠJ P in Lemma 5. The more difficult case γ = 1,
however, requires the expressions in Lemma 6.
Next, we define a weighted-norm on R2n , in which a parameter α balances between the
weight of the J components’ norm, and the weight of the M components’ norm, as defined
in Lemma 6. The intuition behind this weighted-norm, is that by carefully selecting the
balance α, we shall show that the contraction properties in Lemma 6 guarantee a contraction
property for the projected operator ΠT , in this norm.

and k ·

kM

Definition 7 For a vector z ∈ R2n and a scalar 0 < α < 1, the α-weighted norm is

where k ·

kJ

Our main result of this section is given in the following proposition, where we show that
the projected operator ΠT is a contraction with respect to a suitable α-weighted norm.

∀z1 , z2 ∈ R2n .
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Proposition 8 Let Assumptions 1, 3, and 4 hold. Then, there exists some 0 < α < 1 and
some β < 1 such that ΠT is a β-contraction with respect to the α-weighted norm, i.e.,
kΠT z1 − ΠT z2 kα ≤ βkz1 − z2 kα ,
7

C
+C .

(1 − α)C = α,

We have that

(8)

=

=

ΦJ wJ∗ ,
∗
ΦM wM
.
(9)

∗

Rearranging gives the stated result.

9

≤kztrue − Πztrue kα + βkztrue − z ∗ kα .

= kztrue − Πztrue kα + kΠT ztrue − ΠT z kα

kztrue − z ∗ kα ≤kztrue − Πztrue kα + kΠztrue − z ∗ kα

JMLR 17(13):1-36

Proof This result is similar to Lemma 6.9 in Bertsekas and Tsitsiklis (1996). We have

with α and β defined in Proposition 8.

1
kztrue − z ∗ kα ≤
kztrue − Πztrue kα ,
1−β

Proposition 9 Let Assumptions 1, 3, and 4 hold. Denote by ztrue ∈ R2n the true value
and second moment functions, i.e., [ztrue ]J = J, and [ztrue ]M = M . Then,

In the next proposition, using a standard result of Bertsekas and Tsitsiklis (1996), we
provide a bound on the approximation error.

zJ∗
∗
zM

ΠT z ∗ = z ∗ ,

Proposition 8 guarantees that the projected operator ΠT has a unique fixed point. Let
∗ denote the corresponding weights, which
us denote this fixed point by z ∗ , and let wJ∗ , wM
are unique due to Assumption 3

Finally, choose β = β̃ + .

where the first inequality is by (8), and the second is by the definition of β̃. We have thus
shown that
kΠPzkα ≤ (β̃ + )kzkα .

≤(β̃ + ) (αkzJ kJ + (1 − α)kzM kM ) ,

≤αβJ kzJ kJ + (1 − α)γβM kzM kM + αkzJ kJ

αβJ kzJ kJ + (1 − α)γβM kzM kM + (1 − α)k2γΠM RP zJ kM

We now return to (6), where we have

(1 − α)k2γΠM RP ykM ≤ αkykJ .

and plugging this into (7) yields

Now, choose α such that α =

Learning the Variance of the Reward-To-Go

(10)

AwJ∗ = b,

∗
CwM
= d,

∗
∗
Φ>
J Q (ΦJ wJ − (r + γP ΦJ wJ )) = 0,

∗
2
∗
− Rr + 2γRP ΦJ wJ + γ P ΦM wM = 0,

A = Φ>
b = Φ>
J Q (I − γP ) ΦJ ,
J Qr,


>
2
−1
C = ΦM Q I − γ P ΦM , d = Φ>
M QR r + 2γP ΦJ A b ,

∗
Φ M wM

(12)

(11)

10
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and the matrices A and C are invertible since Proposition 8 guarantees a unique solution
to (9) and Assumption 3 guarantees the unique weights of its projection.
Let us now outline our proposed algorithms. The first algorithm is a variant of the Least
Squares Temporal Difference algorithm (LSTD; Boyan 2002), and aims to solve Eq. (11)
directly, by forming sample based estimates of the terms A, b, C, and d. This is a batch
algorithm that is known to make efficient use of data in its nominal version, and as we show
empirically, demonstrates efficient performance in our case as well. The second algorithm

with

which can be written as

Φ>
MQ

We therefore have

Recalling the definition of Q, projecting a vector y onto Φw satisfies the following
orthogonality condition
Φ> Q(y − Φw) = 0.

ΠM

ΠJ (r + γP ΦJ wJ∗ ) = ΦJ wJ∗ ,

∗
∗
Rr + 2γRP ΦJ wJ∗ + γ 2 P ΦM wM
= ΦM wM
.

In this section we propose algorithms that estimate J˜ and M̃ from sampled trajectories of
the MDP, based on the approximation architecture of the previous section.
We begin by writing the projected equation (9) in matrix form. First, let us write the
equation explicitly as

4. Simulation Based Estimation Algorithms

Note that by definition, Πztrue is the best approximation we can hope for (in terms of
the α-weighted squared error) in our approximation subspace. Thus, the approximation
error kztrue − z ∗ kα is ultimately bounded by the choice of features, which in practice should
be chosen wisely.
At this point, the reader may question the usefulness of the projected fixed-point approximation over simpler approximation schemes, such as the direct projection Πztrue . As
we show in the next section, the projected fixed-point architecture supports a family of
sampling-based TD estimation algorithms, with efficient batch and online implementations.
Furthermore, as we show empirically in Section 6, these TD algorithms perform well in
practice, especially in the regime of a small sample size. For conventional TD algorithms,
these benefits are well-established (Bertsekas, 2012), and gave rise to their popularity. Here
we extend this to the variance of the reward-to-go.
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π and initial state distribution ζ0 , and we iteratively update our estimates at every visit to
the terminal state. An extension to an algorithm that updates at every state transition is
also possible, but we do not pursue such here.
For some 0 ≤ t < τ k and weights wJ , wM , we introduce the TD terms


k
δJk (t, wJ , wM ) =r(xtk ) + γφJ (xt+1
)> − φJ (xtk )> wJ ,

Tamar, Di Castro, and Mannor

φJ (xt )(φJ (xt ) − γφJ (xt+1 ))> ,

#

φJ (xt )r(xt ) ,
#

φM (xt )(φM (xt ) − γ 2 φM (xt+1 ))> ,
#


−1
φM (xt )r(xt ) r(xt ) + 2γφJ (xt+1 )> AN
bN ,

(13)

k k
k=1 f (x , τ ).

∞
X

k −1
τX

t=0

k
φM (xt )δM
(t, ŵJ;k , ŵM ;k ),

φJ (xt )δJk (t, ŵJ;k , ŵM ;k ),

k −1
τX

t=0

ξk = ∞,

∞
X

k=0

ξk2 < ∞.

φJ (xt )δJk (t, wJ , wM ) = ΦJ> Qr − ΦJ> Q (I − γP ) ΦJ wJ ,



k
>
>
φM (xt )δM
(t, wJ , wM ) = ΦM
QR (r + 2γP ΦJ wJ ) − ΦM
Q I − γ 2 P ΦM wM .

t=0

t=0

12

ŵk+1 = ŵk + ξk (z + M ŵk + δMk+1 ) ,
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(14)

Letting ŵk = (ŵJ;k , ŵM ;k ) denote a concatenated weight vector in the joint space Rl × Rm
we can write the TD algorithm in a stochastic approximation form as

E

k −1
τX



E

k −1
τX

Proof The proof is based on representing the algorithm as a stochastic approximation,
and uses a result of Borkar (2008) to show that the iterates asymptotically track a certain ordinary differential equation (ODE). This ODE will then be shown to have a unique
∗ .
asymptotically stable equilibrium exactly at wJ∗ , wM
A straightforward expectation calculation (see (22) and (23) in Appendix B for the
derivation) shows that for all k we have



∗ as k → ∞ with probability 1.
Then ŵJ;k → wJ∗ and ŵM ;k → wM

k=0

Theorem 11 Let Assumptions 1, 3, and 4 hold, and let the step sizes satisfy

where {ξk } are positive step sizes.
The next theorem shows that TD(0) converges.

ŵM ;k+1 = ŵM ;k + ξk

ŵJ;k+1 = ŵJ;k + ξk

Note that δJk is the standard TD error (Sutton and Barto, 1998). For the intuition behind
k , observe that M in (1) is equivalent to the value function of an MDP with stochastic
δM
k is the equivalent TD
reward r(x)2 + 2γr(x)J(x0 ), where x0 ∼ P (x0 |x). The TD term δM
error, with φJ (x0 )> wJ substituting J(x0 ). The TD(0) algorithm is given by

k
k
δM
(t, wJ , wM ) =r2 (xtk ) + 2γr(xtk )φJ (xt+1
)> wJ


k
+ γ 2 φM (xt+1
)> − φM (xtk )> wM .

is a variant of online TD(0) (Sutton and Barto, 1998). In its nominal form, TD(0) has
been successfully used as the critic in actor-critic algorithms (Konda and Tsitsiklis, 2003).
Our extended TD(0) variant may be used similarly in a risk-adjusted actor-critic algorithm
(Tamar and Mannor, 2013; Prashanth and Ghavamzadeh, 2013). The third algorithm is
a variant of LSTD(λ), in which, similarly to standard LSTD(λ), Eq. (11) is extended to
its multi-step counterpart. The fourth algorithm is not based on the TD equation (11),
but uses least squares regression to estimate the direct projection Πztrue . We compare this
algorithm with the LSTD variants in Section 6.
4.1 A Least Squares TD Algorithm

t=0

t=0

τ −1
X

t=0

"τ −1
X

"
"
τ −1
X

1
N

PN

Our first simulation-based algorithm is an extension of the LSTD algorithm (Boyan, 2002).
We simulate N trajectories of the MDP with the policy π and initial state distribution
ζ0 . Let x0k , x1k , . . . , xτkk −1 and τ k , where k = 0, 1, . . . , N , denote the state sequence and
visit times to the terminal state within these trajectories, respectively. We now use these
trajectories to form the following estimates of the terms in (12)
"τ −1
#
X
AN = EN

bN = EN
CN = EN
dN = EN
t=0

−1
∗
dN .
ŵM
= CN

where EN denotes an empirical average over trajectories, i.e., EN [f (x, τ )] =
The LSTD approximation is given by
−1
bN ,
ŵJ∗ = AN

The next theorem shows that LSTD converges.
∗ → w ∗ as N → ∞
Theorem 10 Let Assumptions 1, 3, and 4 hold. Then ŵJ∗ → wJ∗ and ŵM
M
with probability 1.

The proof involves a straightforward application of the law of large numbers and is described
√
in Appendix B. For regular LSTD, O(1/ n) convergence rates were derived under certain
mixing conditions of the MDP by Konda (2002, based on a central limit theorem argument)
and Lazaric et al. (2010, based on a finite time analysis), and may be extended to the
algorithm presented here.
4.2 An Online TD(0) Algorithm
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Our second estimation algorithm is an extension of the well known TD(0) algorithm (Sutton
and Barto, 1998). Again, we simulate trajectories of the MDP corresponding to the policy
11

M=



,

ξk = ∞,

k=0

∞
X

ξk2 < ∞.

= (1 − λ)

l=0

P∞

(λ)

ΠJ TJ



∗(λ)

Φ J wJ



∗(λ)

= ΦJ wJ

.

The projected equation (10) then becomes

λl TJl+1 (y) = (I − λγP )−1 r + γP (λ,γ) y,
λl γ l P l+1 .

l=0

∞
X

13

14

TM ∗ (y) , Rr + 2γRP ΦJ wJ

+ γ 2 P y.
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∗(λ)

l+1
λl TM
∗ ,
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l=0

∞
X

(16)

Note the difference between TM ∗ and [T ]M defined earlier: we are no longer working on the
joint space of J and M but instead we have an independent equation for approximating J,

and

TM , (1 − λ)

(λ)

Similarly, we may write a multistep equation for M


(λ)
∗(λ)
∗(λ)
ΠM TM ΦM wM
= ΦM wM ,
where

where

P (λ,γ)

(λ)

TJ (y) , (1 − λ)

A common method in value function approximation (Bertsekas, 2012) is to replace the singlestep mapping TJ with a multistep version, that takes into account multi-step transitions.
(λ)
For some 0 < λ < 1, the multistep Bellman operator TJ is given by

4.3 Multistep LSTD(λ) Algorithms

It is interesting to note that despite the fact that the update of wM depends on wJ ,
the algorithm converges using a single time scale, i.e., the same step-size schedule, for
both wJ and wM . This is in contrast with, for example, actor critic algorithms, that
also have dependent updates but require multiple time-scales for convergence (Konda and
Tsitsiklis, 2003). An intuitive reason for this is that the update for wJ is independent of wM ,
therefore wJ will converge regardless, and wM will ‘track’ it until convergence. Asymptotic
convergence rates for TD(0) may also be derived along the lines of Konda (2002).

Since the eigenvalues of M have a negative real part, (15) has a unique globally asymptotically stable equilibrium point (Khalil and Grizzle, 1996), which by (11) is exactly
∗ ). Formally, by Theorem 2 in Chapter 2 of Borkar (2008) we have that
ŵ∗ = (ŵJ∗ , ŵM
if Conditions 1, 2, 3 and 5 hold, then ŵk → ŵ∗ as k → ∞ with probability 1.

Finally, we use a standard stochastic approximation result that, given that the above
conditions hold, relates the convergence of the iterates of (14) with the asymptotic behavior
of the ODE
ẇ(t) = h(w(t)).
(15)

Condition 5 The iterates of (14) remain bounded almost surely, i.e., supk kŵk k < ∞, a.s.
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This is easily verified by noting that h(cw)/c = M w + c−1 z, and since z is finite, hc (w)
converges uniformly as c → ∞ to h∞ (w) = M w. The stability of the origin is guaranteed
since the eigenvalues of M have a negative real part (Khalil and Grizzle, 1996).
Theorem 7 in Chapter 3 of Borkar (2008) states that if Conditions 1-4 hold, the following
condition holds

has the origin as its unique globally asymptotically stable equilibrium.

ẇ(t) = h∞ (w(t))

Condition 4 The functions hc (w) , h(cw)/c, c ≥ 1 satisfy hc (w) → h∞ (w) as c → ∞,
uniformly on compacts, and h∞ (w) is continuous. Furthermore, the ODE

The next condition also holds

Condition 3 {δMn } is a martingale difference sequence, i.e., E [δMn+1 |Fn ] = 0.

k=0

∞
X

Condition 2 The step sizes satisfy

Condition 1 The map h is Lipschitz.

where Fn is the filtration Fn = σ(ŵm , δMm , m ≤ n), since different trajectories are independent.
We first claim that the eigenvalues of M have a negative real part. To see this, observe that M is block triangular, and its eigenvalues
are just the eigenvalues of M1 ,

>
2
Φ>
J Q (γP − I) ΦJ and M2 , ΦM Q γ P − I ΦM . Lemma 6.10 of Bertsekas and Tsitsiklis
(1996), shows that under Assumptions 1 and 4, the matrix Q(γP − I) is negative definite
in the sense that x> (γP − I)x < 0 ∀x 6= 0 (Lemma 6.10 of Bertsekas and Tsitsiklis, 1996
is stated for the case γ = 1, but an extension to the simpler discounted case is trivial). By
Assumption 3, this implies that the matrices M1 and M2 are negative definite in the sense
that x> M1 x < 0 ∀x 6= 0, and x> M2 x < 0 ∀x 6= 0. Example 6.6 of Bertsekas, 2012 shows
that the eigenvalues of a negative definite matrix have a negative real part. It therefore
follows that the eigenvalues of M1 and M2 have a negative real part. Thus, the eigenvalues
of M have a negative real part.
Next, let h(w) = M w + z, and observe that the following conditions hold.

E [δMk+1 |Fn ] = 0,

Φ>
0
J Q (γP − I) ΦJ

2
2γΦ>
Φ>
M QRP ΦJ
M Q γ P − I ΦM


Φ>
J Qr
z=
,
>
ΦM QRr

and the noise terms δMk+1 satisfy

where
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(λ)

is part of Equation (16) for approximating M . We can also write TM
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∗(λ)

and its solution wJ
explicitly as:


2
(λ)
∗(λ)
TM (y) = (I − λγ 2 P )−1 Rr + 2γRP ΦJ wJ
+ γ 2 P (λ,γ ) y,

∗(λ)

A(λ) wJ

= b(λ) ,

C (λ) wM

∗(λ)

= d(λ) ,

(λ)

(17)

P∞ l 2l l+1
2
λγ P .
where P (λ,γ ) = (1 − λ) l=0
Proposition 7.1.1 of Bertsekas (2012) shows that for any 0 < λ < 1 and 0 < γ ≤ 1 the
(λ)
projected operator ΠJ P (λ,γ) is a contraction in the k · kq norm. Therefore, both ΠJ TJ
(λ)
and ΠM TM are contractions with respect to the k · kq norm, and both multistep projected
equations have a unique solution. In a similar manner to the single step version, the
projected equations may be written in matrix form

where
A(λ)
C (λ)

(λ)



= ΦJ> Q I − γP (λ,γ) ΦJ , b(λ) = ΦJ> Q(I − λγP )−1 r,


2
= Φ> Q I − γ 2 P (λ,γ ) ΦM ,
M


∗(λ)
− λγ 2 P )−1 R r + 2γP ΦJ wJ
.

d(λ) =

>
ΦM
Q(I

Simulation based estimates AN and bN of the expressions above may be obtained by
using eligibility traces, as described in Section 6.3.6 of Bertsekas (2012), and the LSTD(λ)
∗(λ)
(λ)
(λ)
∗(λ)
∗(λ)
approximation is then given by ŵJ
= (AN )−1 bN . By substituting wJ
with ŵJ
(λ)
in the expression for d(λ) , a similar procedure may be used to derive estimates CN and
(λ)
∗(λ)
(λ)
(λ)
dN , and to obtain the LSTD(λ) approximation ŵM = (CN )−1 dN . A convergence result
similar to Theorem 10 may also be obtained. Due to the similarity to the LSTD procedure
in (13), the details are omitted. Finally, we note that a straightforward modification of the
TD(0) algorithm to a multistep TD(λ) variant is also possible, using eligibility traces and
following the procedure described in Section 6.3.6 of Bertsekas (2012).
4.4 A Direct Least Squares Regression Algorithm

=

k −1
τX

i=t

γ i−t r(xtk ).

We conclude this section with a simple regression style algorithm, which is not based on the
TD approximation architecture of Section 3, but to our knowledge has not been proposed
before.
As before, we let x0k , x1k , . . . , xτkk −1 denote the state sequence of the k 0 th simulated trajectory, and define the regression targets as
B̂tk

k

N τX
−1 
X
k=1 t=0

φJ (xtk )> wJ − B̂tk

2

,
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Our approximation weights are now given by the solutions to the least squares problems

wJ

ŵJ∗ = arg min

15

and

k=1 t=0

k −1 
N τX
 2 2
X
φM (xtk )> wM − B̂tk
.
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wM

∗
ŵM
= arg min

It may easily be verified that the approximate value J˜ and second moment M̃ of such a
procedure converge, as N → ∞, to the direct approximations ΠJ J and ΠM M , respectively.
We further explore this algorithm and its relation to TD based algorithms in the empirical
evaluation of Section 6.

5. Non Negative Approximate Variance

The TD algorithms of the preceding section approximate J and M by the solution to the
fixed point equation (9). While Proposition 9 shows that the approximation errors of J˜
and M̃ are bounded, it does not guarantee that the approximated variance Ṽ , given by
M̃ − J˜2 , is non-negative for all states. A trivial remedy is to set all negative values of Ṽ to
zero; however, by such we lose information in these states. In this section we propose two
alternative approaches to this problem. The first is through the choice of features, where
we show that for the direct approximation ΠJ J and ΠM M , we can choose features that
guarantee non-negative variance.
The second approach is based on the observation that non-negativeness of the variance
may be written as a linear constraint in the weights for M . By adding such constraints to the
projection in the fixed point equation (9), we obtain a different approximation architecture,
in which non-negative variance is inherent. We show that this approximation scheme may
be computed efficiently.
5.1 A Suitable Features Approach

For this section consider the direct approximation of J and M , as in Section 4.4, where we
˜ 2≥0
have J˜ = ΠJ J and M̃ = ΠM M . We investigate conditions under which M̃ (x) − J(x)
for all x ∈ X.
Consider the following assumptions on the features:

Assumption 12 The same features are used for J and M , i.e., ΦJ = ΦM .

Assumption 13 The features are able to exactly represent a constant function, i.e., there
exists w such that φJ (x)> w = 1 for all x ∈ X.

We claim that Assumptions 12 and 13 suffice for guaranteeing non-negative approximate
variance.
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(18)

˜ 2 ≥ 0 for all x ∈ X.
Proposition 14 Let Assumptions 12 and 13 hold. Then M̃ (x) − J(x)
Proof First, by definition we have

V (x) = M (x) − J(x)2 ≥ 0.

Next, observe that Assumption 12 implies ΠJ = ΠM .

16

i∈X

i∈X

X

J(i)

ωx (i)
ω̄x

!2

≤ ω̄x2

i∈X

X

J(i)2

ωx (i). We have

i∈X

X
ωx (i)
≤ ω̄x
M (i)ωx (i) = ω̄x M̃ (x),
ω̄x

i∈X

P

(19)

(21)
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17

∗
φM (x)> wM
− (φJ (x)> wJ∗ )2 ≥ 0.

We propose to add such inequality constraints to the projection operator. Let {x1 , . . . , xs }
denote a set of states in which we demand that the variance be non-negative. Let H ∈ Rs×m

where Tlin (y) = Alin y + blin is a contracting linear operator, and Ω is a polyhedral set, may
be solved iteratively by

Proof Bertsekas (2011) shows that projected fixed-point equations of the form
(
arg minw kΦw − Tlin (Φw∗ )kq
w∗ =
,
s.t.
w∈Ω

Lemma 16 Assume γ < 1, and let Assumptions 1, 3, 4, and 15 hold. Then (20) admits a
+
unique solution wM
, and there exists η̄ > 0 such that ∀η ∈ (0, η̄) and ∀w0 ∈ Rm the iteration
+
+
(i.e., kwk − wM
k converges to 0 at least as fast as a
(21) converges at a linear rate to wM
geometric progression).

where C and d are defined in (12), Ξ is an arbitrary positive definite symmetric matrix,
η ∈ R is a positive step size, and ΠΞ,ŴM denotes a projection onto the convex set ŴM =
{w|Hw ≤ g} with respect to the Ξ weighted Euclidean norm.
The following lemma, which is based on a convergence result of Bertsekas (2011), guarantees that for γ < 1, the iteration (21) converges. For the non-discounted setting a similar
result may be obtained by using the multi-step approach with λ > 0, as detailed in Tamar
et al. (2013).

wk+1 = ΠΞ,ŴM [wk − ηΞ−1 (Cwk − d)],

Note that a trivial way to satisfy Assumption 15 is to have some feature vector that
is positive for all states. To see this, let i+ denote the index of the positive feature
vector, and choose w to be all zeros, except
for the i+ element, which should satisfy

wi+ < − (max1≤i≤s |gi |) / max1≤i≤s Hi,i+ .
Equation (20) is a form of projected equation studied by Bertsekas (2011), the solution
of which exists, and may be obtained by the following iterative procedure

Assumption 15 There exists w such that Hw < g.

+
Here, wM
denotes the weights of M̃ in the modified approximation architecture. We now
discuss whether a solution to (20) exists, and how it may be obtained.
Let us assume that the constraints in (20) admit a feasible solution:

s
denote a matrix with the features −φ>
M (xi ) as its rows, and let g ∈ R denote a vector with
elements −(φJ (xi )> wJ∗ )2 . We write the non-negative-variance projected equation for the
second moment as
(

+
arg minw kΦM w − Rr + 2γRP ΦJ wJ∗ + γ 2 P ΦM wM
kq
+
wM =
.
(20)
s.t.
Hw ≤ g
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wk+1 = ΠΞ,Ω [wk − ηΞ−1 (Clin wk − dlin )],
p
where ΠΞ,Ω projects onto Ω w.r.t. the norm kykΞ = y > Ξy for an arbitrary symmetric
>
and positive-definite matrix Ξ, Clin = Φ Q(I − Alin )Φ and dlin = Φ0 Qblin . Specifically, the
convergence result of Bertsekas (2011) shows that when Tlin is a contraction in the k · kq

Observe that a non-negative approximate variance in some state x may be written as a
∗ (but non-linear in w ∗ )
linear inequality in wM
J

w

In this section we show that by adding linear constraints to the projected fixed point equation, we can guarantee a non-negative approximate variance. This modified approximation
architecture admits a computationally efficient solution by a modification of the LSTD
algorithm of Section 4.
First, let us write the equation for the second moment weights (10) with the projection
operator as an explicit minimization

∗
∗
wM
= arg min kΦM w − Rr + 2γRP ΦJ wJ∗ + γ 2 P ΦM wM
kq .

5.2 A Linearly Constrained Projection Approach

Proposition 14 concerns the approximation architecture itself, and not the estimation procedure. Therefore, it applies to the algorithms discussed above only asymptotically.
Many popular linear function approximation features such as grid tiles and CMAC’s
(Sutton and Barto, 1998) are able to represent a constant function. For these schemes,
Ṽ (x) ≥ 0 is guaranteed. For other schemes, we can guarantee Ṽ (x) ≥ 0 by simply adding a
constant feature to the feature set. Thus, at least for the direct approximation, it appears
that a non-negative approximate variance is easily obtained. Whether a similar procedure may be applied to the fixed-point approximation is currently not known. However,
Proposition 9 suggests that at least when the contraction modulus is small, the fixed-point
approximation should behave similarly to the direct approximation. In the next section we
propose a different approach, which modifies the fixed-point approximation to guarantee
non-negative variance, regardless of the choice of features.

where the first inequality is by Jensen’s inequality, the second inequality is by (18), and the
equalities are by (19). Thus, ω̄x ≤ 1 guarantees Ṽ (x) ≥ 0. We now claim that Assumption
13 guarantees ω̄x = 1 for all x. To see this, consider a constant value function J = 1 for
all states; clearly we have J˜ P
= 1, as the weighted Euclidean error for this approximation is
zero. Plugging in (19) gives i∈X ωx (i) = 1 for all x.

˜ 2 = ω̄x2
J(x)

where ωx (i) are the projection weights for state x. Let ω̄x =

i∈X

Let x ∈ X, and recall that the projection operator is linear, thus we can write
X
X
˜
J(x)
=
J(i)ωx (i), M̃ (x) =
M (i)ωx (i),
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The option pricing problem may be formulated as an MDP as follows. To account for
the finite horizon, we include time explicitly in the state, thus, the state at time t is {xt ; t}.
The action set is binary, where 1 stands for executing the option and 0 for continuing to hold
it. Once an option is executed, or when t = t∗ , a transition to a terminal state takes place.
Otherwise, the state transitions to {xt+1 ; t + 1} where xt+1 is determined by a stochastic
kernel P (xt+1 |xt , t). In our experiments we used a Bernoulli price fluctuation model (Cox

An American-style put option (Hull, 2006) is a contract which gives the owner the right, but
not the obligation, to sell an asset at a specified strike price K on or before some maturity
time t∗ . Letting xt denote the price (state) of the asset at time t ≤ t∗ , the immediate payoff
of executing the option at that time is therefore max (0, K − xt ). Assuming Markov state
transitions, an optimal execution policy may be found by solving a finite horizon MDP,
and the expected profit under that policy is termed the ‘fair’ price of the option. Since the
state space is typically continuous, an exact solution is infeasible, calling for approximate,
sampling based techniques (Longstaff and Schwartz, 2001; Tsitsiklis and Van Roy, 2001; Li
et al., 2009).

6.1 Option Pricing

results only concern policy evaluation, and not policy optimization. The following MDP
description is given for the purpose of presentation completeness.

-80
0

15

norm, Ω is polyhedral, and Φ is full rank, there exists η̄ > 0 such that for all η ∈ (0, η̄), and
for all w0 ∈ Rm , the preceding iteration converges at a linear rate to the unique solution of
the projected fixed point equation described above.
Substituting Tlin (y) with TM (y) = Rr + 2γRP ΦJ wJ∗ + γ 2 P y, and Ω with the set defined
by Hw ≤ g, we obtain the projected fixed point equation (20), and the corresponding iteration (21). To apply the convergence result, the full-rank of ΦM is guaranteed by Assumption
3, and the contraction of TM in the k · kq norm is guaranteed by Lemma 5, since P is a
non-expansion and γ < 1.
Generally, C, d, and wJ∗ are not known in advance, and should be replaced in (21) with
their simulation based estimates, CN , dN , and ŵJ∗ , proposed in the previous section. The
convergence of these estimates, together with the result of Lemma 16, lead to the following
result; the proof is detailed in Appendix C.
Theorem 17 Consider the algorithm in (21) with C, d, and wJ∗ replaced by CN , dN , and
ŵJ∗ , respectively, and with k(N ) replacing k for a specific N . Also, let the assumptions in
+
as
Lemma 16 hold, and let η ∈ (0, η̄), with η̄ defined in Lemma 16. Then wk(N ) → wM
N → ∞ and k(N ) → ∞ almost surely. Namely, for any ¯ > 0 w.p. 1 there is a N (¯
)
such that for any N > N (¯
) there is a k(N, ¯), such that for all k > k(N, ¯) we have
+
kwk;N − wM
k ≤ ¯.
We remark that we do not know how to quantify how the linear constraints affect
the approximation error. While intuitively our constraints add prior information that is
‘correct’ in some sense (since we know that the true variance is positive), it is not hard to
construct examples where the constraints actually increase the error. In the following, we
provide an illustration of the linearly constrained projection approach on a toy problem. We
qualitatively show that the method effectively produces a non-negative solution, without
significantly affecting the approximation error.
Consider the Markov chain depicted in Figure 1, which consists of n states with reward
−1 and a terminal state x∗ with zero reward. Assume no discounting, i.e., γ = 1. The
transitions from each state is either to a subsequent state (with probability p) or to a
preceding state (with probability 1−p), with the exception of the first state which transitions
to itself instead. We chose to approximate J and M with polynomials of degree 1 and 2,
respectively, i.e., ΦJ (x) = [1, x]> and ΦM (x) = [1, x, x2 ]> . For such a small problem, the
fixed point equation (17) may be solved exactly, yielding the approximation depicted in
Figure 2 (dotted line), for p = 0.7, N = 30, and λ = 0.95. Note that the variance, in
Figure 2C, is negative for the last two states. Using algorithm (21) we obtained a positive
variance constrained approximation, which is depicted in Figure 2 (dashed line). Note how
the approximate variance has been adjusted to be positive for all states.

6. Experiments
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In this section we present numerical simulations of policy evaluation for an option pricing
domain. We show that in terms of sample efficiency, our LSTD(λ) algorithm significantly
outperforms the current state-of-the-art. We begin by describing the domain and its modeling as an MDP, and then present our policy evaluation results. We emphasize that our
19

xt+1

(
fu xt , w.p. p
=
,
fd xt , w.p. 1 − p

21

JMLR 17(13):1-36

We now present our policy evaluation results for the put option domain. MATLAB R
code for reproducing these results is available on the web-site https://sites.google.
com/site/variancetdcode/.
√ We first calculate the ‘true’ value function J and standard deviation of reward-to-go
V , as shown in Figure 3. These plots were obtained using Monte Carlo (MC), by taking
the empirical average and standard deviation of the reward of 10, 000 trajectories starting
from 323 equally spaced points in the state space for which the policy π decides to hold,
a total of N = 3, 230, 000 trajectories. To our knowledge, an MC approach is the current
state-of-the-art for obtaining an estimate of V .
Note the exercise boundary x̄t , emphasized with a dashed line in the value function
plot. For x smaller than x̄t , the policy decides to exercise, therefore the value
√ is linear in x
and the variance is zero. Also note the discontinuous ridges on the J and V plots. These
ridges are due to the discrete transition model, and occur when a transition to the next state
(or the state following the next state) crosses the exercise boundary. To the risk-sensitive
decision maker, these ridges are important, as they separate states with roughly the same
expected return but with very different variance.
p
√ In Figure 4 we show the RMS error of the approximation Ṽ (compared to the ‘true’
V ) computed using the LSTD(0) algorithm of Section 4, for different budgets of sample
trajectories N . We tested two popular feature sets: RBF features with 77 equally spaced
centers, and tile features with 600 uniform non-overlapping tiles. In both cases the same
features were used for both J and M . The sample trajectories were simulated independently,
starting from uniformly distributed initial states. We compare our results to MC estimates
obtained with the same trajectories.

6.2 Results

where the up and down factors, fu and fd , are constant. The reward for executing u = 1
at state x is r(x) , max (0, K − x) and zero otherwise. Note that by definition, for any
state x in which the policy decides to execute, the reward-to-go is deterministic and equal
to r(x). Thus, we only need to estimate J and V for states in which the policy decides to
hold. We focus on ‘in-the-money’ options, in which K is equal to the initial price x0 , and
set T = 20.
A policy π was obtained using the LSPI algorithm (Lagoudakis and Parr, 2003; Li et al.,
2009) with 2-dimensional (for x and t) radial basis function (RBF) features, as detailed in
Tamar et al. (2014). It is well-known (Duffie, 2010), and intuitive, that the optimal policy
(in terms of expected return) for the put option has a threshold structure—the policy
executes if the price is below some boundary x̄t , and holds otherwise. It is also known,
that x̄t is monotonically increasing in t. Our policy π has such a structure as well. We
emphasize, however, that the specific method of generating the policy π is not the focus of
this work, as we are only interested in evaluating π. Thus, any policy generation method
could have been used, and LSPI was chosen for convenience. In the following, we evaluate
the value functions J and V for π.

et al., 1979),
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As can be seen, by exploiting relations between states and using the generalization
capabilities of the function approximation, LSTD is able to fully exploit the data, and
performs significantly better than MC for relatively small sample sizes. On the other hand,
LSTD is limited by the expressiveness of its function approximation, and its error is therefore
bounded.
Note that for N ≤ 323 the MC estimate is meaningless, as the empirical standard
deviation cannot be calculated from only one sample. LSTD however, is able to provide a
reasonable result. Also note that the LSTD estimate is defined over the whole state-space,
whereas the MC estimate is only defined for the discrete set of evaluation points.
To further appreciate the advantage of function approximation, p
we provide a visual
comparison
of
the
approximated
standard
deviation
of
reward-to-go
Ṽ . In Figure 5 we
p
plot Ṽ obtained using a budget of N = 2000 sample trajectories starting from uniformly
distributed states. In the left plot, we show the results of LSTD(λ) with RBF features
(with 77 equally spaced centers in x and t). The variance in states where the policy decides
to execute was set to zero manually, as there is no need to estimate it. In comparison, on
the right plot we present the results of a Monte Carlo algorithm, with the same amount of
data trajectories N = 2000. Clearly, LSTD(λ) makes better use of the limited data, with
a plot that is much more similar to the
√ true standard deviation (Figure 3; right). More
importantly, the relevant structure in V outlined above is clear in the LSTD(λ) result (up
to a smoothness limitation of the RBFs), yielding important information for the decision
maker.
In Figure 6 we consider the LSTD(λ) algorithm
p with the tile features discussed above,
and explore the effect of λ on the RMS error in Ṽ . As in regular LSTD, λ can be seen to
trade off estimation bias and variance (Bertsekas, 2012). In addition, we compare LSTD(λ)
to the direct least squares algorithm of Section 4.4. For the case of the value function J, it is
well-known (Bertsekas, 2012) that the direct approximation is equivalent to the limit λ → 1.
Our results suggest that a similar relation holds for the variance V as well. Furthermore,
these results highlight the superior performance of the TD approach in the small sample
size regime.

√

B. Stand. Deviation of Reward-To-Go

Figure 3: True value function J and standard deviation of the reward-to-go
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Figure 4: LSTD(0) vs. Monte Carlo. The RMS error of Ṽ on a set of evaluation points
(see text) is shown vs. the budget of sample trajectories N , for LSTD(0) with
two types of features and for Monte Carlo. Standard deviation error-bars from
20 runs are shown.

RMS Error

23

JMLR 17(13):1-36

p
Figure 5: Approximate standard deviation of the reward-to-go Ṽ . Left plot was obtained
by LSTD(λ) with RBF features, using 2000 trajectories and λ = 0.3. Right plot
was obtained using Monte Carlo, also with 2000 trajectories.
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We presented an extension of the TD framework for policy evaluation in MDPs with respect
to the variance of the reward-to-go. Our framework deals with the curse of dimensionality by
using function approximation, and uses a bootstrapping technique, based on an extension
of the Bellman equation to the second moment, to achieve good performance even for a
small sample size. We presented both formal guarantees and empirical evidence that this
approach is useful in problems with a large state space, and limited sample budget.
A natural extension of this work is to consider higher moments, and statistical properties
such as skewness and kurtosis of the reward-to-go. An extension of Bellman’s equation to
higher moments was proposed by Sobel (1982), and it may be used to derive TD equations
similarly to the work presented here. This may also be useful for optimizing the expectation
of a general function f of the accumulated reward E [f (B)], by looking at the first few terms
in the Taylor expansion of f . It would be interesting to see whether a TD approach may
be developed for other risk measures such as the value at risk or semi-deviation.
Another interesting direction is to use the variance of the reward-to-go to guide feature
selection, or feature modification. For example, consider tile features. A large variance-togo for states that belong to a particular tile may indicate that the value function in that
tile varies greatly, and therefore it may be beneficial to split the tile into smaller segments.
Of course, another explanation for the variance may be the inherent stochasticity of the
system. Thus, a thoughtful feature-selection method should take that also into account. In
a related topic, the variance of the reward-to-go may also be used to guide exploration, since
intuitively, states with higher variance should be allocated more exploration resources, to
potentially decrease the variance, if possible.

7. Conclusion

p
Figure 6: LSTD(λ) Results. The RMS error of Ṽ on a set of evaluation points (see text)
is shown vs. the budget of sample trajectories N for different λ, and also for
the least squares regression algorithm. For clarity, a log scale is used, and the
error-bars (standard deviation from 20 runs) are shown only for marginal points.
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E

where Φ1 and Φ2 are matrices with rows φ1 (x) and φ2 (x), respectively. To see this, let 1(·)
denote the indicator function and write

E

Proof Let φ1 (x), φ2 (x) be some vector functions of the state. We claim that

Appendix B. Proof of Theorem 10

The uniqueness of the value function J for a proper policy is well known, cf. Proposition
3.2.1 in Bertsekas (2012). The uniqueness of M follows by observing that in the equation
for M , M may be seen as P
the value function of an MDP with the same transitions but
with reward r(x)2 + 2γr(x) x0 ∈X P (x0 |x)J(x0 ). Since only the rewards change, the policy
remains proper and Proposition 3.2.1 in Bertsekas (2012) applies.

= r(x)2 + 2γr(x)

k=1

#

x0 = x



γ r(xk ) x0 = x + E 

k

γ r(xk )

k

" τ −1
X

k=1

= r(x) + 2r(x)E

2

= E  r(x0 ) +
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P (x0 |x)J(x0 ),

k=0

Now, note that the last term on the right hand side is an expectation (over all possible
trajectories) of the number of visits to a state x until reaching the terminal state, which is

x0 ∈X

X





M (x) = E B 2 |x0 = x


!2
τ −1
X
k

=E
γ r(xk )
x0 = x

Similarly,
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where we excluded the terminal state from the last sum since reaching it ends the trajectory.

= r(x) + γ

##
" "τ −1
X
k−1
0
= r(x) + γE E
γ
r(xk ) x0 = x, x1 = x

= r(x) + E

k=0

J(x) = E [B|x0 = x]
" τ −1
#
X
k
=E
γ r(xk ) x0 = x

Proof The equation for J(x) is well-known, and its proof is given here only for completeness. Choose x ∈ X. Then,

Appendix A. Proof of Proposition 2
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We conclude with a discussion on policy optimization with respect to a mean-variance
tradeoff. While a naive variance-penalized policy iteration algorithm may be easily conceived, its usefulness should be questioned, as it was shown to be problematic for the standard deviation adjusted reward (Sobel, 1982) and the variance constrained reward (Mannor
and Tsitsiklis, 2013). An alternative approach is to pursue locally optimal policies by using a
gradient based method. Tamar et al. (2012) proposed policy gradient algorithms for a class
of variance related criteria, and showed their convergence to local optima. These algorithms
may be extended to use the variance function in an actor-critic type scheme (Sato et al.,
2001), and recent work has extended these ideas to large-scale MDPs by employing function
approximation, and using the TD policy evaluation algorithms presented here (Tamar and
Mannor, 2013; Prashanth and Ghavamzadeh, 2013).
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where the third equality is by the dominated convergence theorem (Grimmett and Stirzaker,
2001, Sec. 5.6), and last equality follows from the absorbing property of the terminal state.
Similarly, we have
"
#
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=
=

=E
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CN →C,

AN →A,

dN →D,

bN →b,

Since trajectories between visits to the recurrent state are statistically independent, the law
of large numbers together with the expressions in (22) and (23) suggest that the approximate
expressions in (13) converge to their expected values with probability 1, therefore we have

and

−1
∗
ŵJ;N
= AN
bN →A−1 b = wJ∗ ,

−1
∗
−1
∗
ŵM
d = wM
.
;N = CN dN →C

Appendix C. Proof of Theorem 17

To show the convergence of the simulation-based version of (21) to a solution of (20), we
need to bound the effect of simulation noise on the fixed point of (21). The difficulty, is that
simulation noise affects both the terms in the update, C and d, and terms in the projection
step—the set ŴM onto which we project. In addition, the noise in C and d effectively adds
noise to the weights q of the norm in (20), which should also be bounded.
We begin by proving several intermediate results. The first concerns the continuity of
fixed points of contraction operators.

kT1 x − T2 xkq1 ≤ δ + δ 0 kxkq1 ,

∀x.

Lemma 18 Let T1 be a γ-contraction in the q1 norm, and T2 be a γ-contraction in the q2
norm. Assume that there exists some δ 0 such that

kx2∗

−

x1∗ kq1

δ + δ 0 kx2∗ kq1
.
1−γ

δ + δ 0 kx2∗ kq1
.
1−γ

≤ γkx2∗ − x1∗ kq1 + δ + δ 0 kx2∗ kq1 .

≤ kT1 x2∗ − T1 x1∗ kq1 + δ + δ 0 kx2∗ kq1

≤ kT1 x2∗ − x1∗ kq1 + kT2 x2∗ − T1 x2∗ kq1

= kT2 x2∗ + T1 x2∗ − T1 x2∗ − x1∗ kq1

= kT2 x2∗ − x1∗ kq1

kx2∗ − x1∗ kq1 ≤

Let x1∗ and x2∗ denote the fixed points of T1 and T2 , respectively. Then the following holds:

Proof We have

Rearranging, gives:

kx2∗ − x1∗ kq1 ≤
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The following results concerns the sensitivity of weighted Euclidean-norm projections.

28

|qi − qi0 |(xi − yi )2

(25)

(24)

z∈R .

(26)

29
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where the last equality is by the Pythagorean theorem, which holds due to the orthogonality
of H to the error Πx − x, and the inequality is since α ≥ 1, and (24). Plugging in (25), we
obtain:

kΠ0 x − xk2q0 − kΠx − xk2q0 ≥ α2 kp∗ − Πxk2q − kq − q 0 k∞ kΠx − xk22 + kΠ0 x − xk22 . (27)

≥ α2 kp∗ − Πxk2q + kΠx − xk2q0 − kq − q 0 k∞ kΠx − xk22 ,

= α2 kp∗ − Πxk2q + α2 kΠx − xk2q

= α2 kp∗ − xk2q

kΠ0 x − xk2q = kα(p∗ − x)k2q

with α ≥ 1. Now, we have

Π0 x − x = α(p∗ − x),

By properties of the projection Πx (Hiriart-Urruty and Lemaréchal, 2013) we have (y −
Πx)> Q(x − Πx) ≤ 0 ∀y ∈ S. Since (x − Πx)> Q(x − Πx) > 0, it follows that H separates
x from S. Since Π0 x ∈ S, H also separates x from Π0 x. Let p∗ denote the intersection of L
and H. By the previous arguments, p∗ exists, and

and let L denote a line that passes through x and
. 
L = y ∈ Rn : y = x + z(Π0 x − x),

Π0 x:

Now, let H denote the hyper-plane that is orthogonal to the projection error Πx − x, and
passes through Πx:
n
o
.
H = y ∈ Rn : (y − Πx)> Q(x − Πx) = 0 ,

kΠ0 x − xk2q0 ≥ kΠ0 x − xk2q − kq − q 0 k∞ kΠ0 x − xk22 .

Therefore, we have that

i=1

≤ kq − q 0 k∞ kx − yk22 .

≤

n
X

= (x − y)> (Q − Q0 )(x − y)

kx − yk2q − kx − yk2q0 = (x − y)> Q(x − y) − (x − y)> Q0 (x − y)
L0 ;

p∗∗

z ∈ R} .

to

L0 )

Πxk2q

= kΠx −

p∗∗ k2q

+ kΠ x −

0

we have:

p∗∗ k2q ,

(31)

(30)

(29)

30


kp∗∗ − Πxk2q ≤ kq − q 0 k∞ kΠx − xk22 + kΠ0 x − xk22 .
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(33)

and similarly to (28), by definition of the projection Π0 x, we must have kΠ0 x − xk2q0 − kΠx −
xk2q0 ≤ 0, therefore rearranging (32) leads to:

where the second inequality is since x, Πx, and p∗∗ are on L0 , therefore kp∗∗ − xkq =
kp∗∗ − Πxkq + kΠx − xkq , and the last inequality is by (24). Proceeding similarly as in (27),
we plug in (25) to obtain:

kΠ0 x − xk2q0 − kΠx − xk2q0 ≥ kp∗∗ − Πxk2q − kq − q 0 k∞ kΠx − xk22 + kΠ0 x − xk22 , (32)

≥ kp∗∗ − Πxk2q + kΠx − xk2q0 − kq − q 0 k∞ kΠx − xk22 ,

≥ kp∗∗ − Πxk2q + kΠx − xk2q

kΠ0 x − xk2q ≥ kp∗∗ − xk2q

Now, from the last inequality:

kΠ0 x − xk2q ≥ kp∗∗ − xk2q .

and from the last equation we also have

kΠ0 x − xk2q = kΠ0 x − p∗∗ k2q + kp∗∗ − xk2q ,

kΠ x −

0

From the Pythagorean theorem (by the orthogonality of

and

H0


kΠ0 x − p∗∗ k2q = α2 kp∗ − Πxk2q ≤ kq − q 0 k∞ kΠx − xk22 + kΠ0 x − xk22 .

therefore, using (28)

kΠ0 x − p∗∗ k2q
kΠ0 x − xk2q
=
= α2 ,
kΠx − p∗ k2q
kp∗ − xk2q

By definition,
is orthogonal to
denote by
their intersection. By triangle similarity
(the triangles {x, Πx, p∗ } and {x, p∗∗ , Π0 x}), and (26) we have

H0

.
L0 = {y ∈ Rn : y = x + z(Πx − x),

Also, let L0 denote the line between x and Πx:

Now, let H 0 denote a parallel hyper-plane to H that passes through Π0 x:
n
o
.
H 0 = y ∈ Rn : (y − Π0 x)> Q(x − Πx) = 0 .

However, by definition of the projection Π0 x, we must have kΠ0 x − xk2q0 − kΠx − xk2q0 ≤ 0,
therefore rearranging (27) leads to:

α2 kp∗ − Πxk2q ≤ kq − q 0 k∞ kΠx − xk22 + kΠ0 x − xk22 .
(28)

Lemma 19 Let k · kq and k · kq0 denote weighted Euclidean-norms on Rn with weights q > 0
and q 0 > 0, respectively. Let Π and Π0 denote projections onto a closed and convex set
S ⊂ Rn , w.r.t. the norms k · kq and k · kq0 , respectively. For any x ∈ Rn we have:

kΠx − Π0 xk2q ≤ 2kq − q 0 k∞ kΠx − xk22 + kΠ0 x − xk22 .

Proof If x ∈ S the result is trivial. We assume in the following x ∈
/ S. Let Q = diag(q)
and Q0 = diag(q 0 ). For any x, y ∈ Rn we have
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Finally, plugging in (30), and (33) in (31) we obtain

kΠ0 x − Πxkq2 ≤ 2kq − q 0 k∞ kΠx − xk22 + kΠ0 x − xk22 .

We now proceed with the proof of Theorem 17. To simplify the presentation, we break
the proof into several parts.
In part 1, we show show that the sampled version of algorithm (21) with N samples corresponds to solving (20) with PN , a sampled version of the transition matrix, replacing P .
In part 2, we show that for each N , algorithm (21) would converge (in k) by Lemma 16 to
a fixed point of the sampled projected equation.
In part 3, we show that the solution of the sampled projected equation converges (in N )
to the the solution of the original projected equation. We do this by showing a continuity
of the solution w.r.t. P and its derived quantities, q and wJ∗ , from which convergence then
follows by the law of large numbers.
In part 4, we collect our convergence results in k and N and complete the proof.
C.1 A Sampled Version of Eq. (21)
Let S + = {ΦM w|w ∈ Rm , Hw ≤ g} denote the set onto which we project in the modified
projection (20), and let Πq+ denote a projection onto S + w.r.t. the q-weighted Euclidean
norm. Note that S + is a convex set, therefore Πq+ is a non-expansion in the k · kq norm
(Hiriart-Urruty and Lemaréchal, 2013). Furthermore, we can write Eq. (20) as follows:
+
+
= Πq+ T + wM
,
wM

1

!

k=1 t=0

N τX
k −1
X

k
1(xtk = x, xt+1
= x0 ),

where T + (w) = Rr + 2γRP ΦJ wJ∗ + γ 2 P ΦM w.
After we have observed N trajectories, let PN denote the corresponding empirical transition matrix, given by:
PN (x0 |x) =

PN
k=1 τk



1
N

X
N
k=1

1(x0k = x).

and let ζ0;N denote the empirical initial state distribution, i.e.,
ζ0;N (x) =
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Also, let qN denote the state occupancy probabilities in an MDP with P and ζ0 replaced
by PN and ζ0;N (cf. the definition of q in Section 3). For large enough N , qN satisfies
Assumption 4.
−1
Let ŵJ∗ = AN
bN , with AN and bN defined in (13); for large enough N , ŵJ∗ is well defined
(Boyan, 2002).
Furthermore, let gN denote a vector with elements −(φJ (xi )> ŵJ∗ )2 .
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(35)

(34)

+
We define the set SN
= {ΦM w|w ∈ Rm , Hw ≤ gN }, and denote by Πq+N a projection
+
onto SN
w.r.t.
the
q
N -weighted Euclidean norm. We also define the operator
.
TN+ (w) = Rr + 2γRPN ΦJ ŵJ∗ + γ 2 PN ΦM w,

+
+ +
+
wM
;N = ΠqN TN wM ;N ,

which is the sampled version of T + . Note that TN+ is a γ 2 -contraction.
Consider now the following projected fixed point equation:

and the iterative procedure

wk+1;N = ΠΞ,ŴM ;N [wk;N − ηΞ−1 (CN wk;N − dN )],

where CN and dN are defined in (13), Ξ is an arbitrary positive definite matrix, η ∈ R is a
positive step size, and ΠΞ,ŴM ;N denotes a projection onto the convex set ŴM ;N = {w|Hw ≤
gN } with respect to the Ξ weighted Euclidean norm.
C.2 Convergence in k

+
kwk;N − wM
;N k ≤ δ.

By definition, the sampled CN , dN , qN and ŵJ∗ correspond to their non-sampled counterparts
C, d, q and wJ∗ , respectively, on an MDP with the empirical probabilities PN and ζ0;N
replacing P and ζ0 . As a result, applying Lemma 16 to Eq. 35, we have that wk;N converges
+
to wM
;N . Therefore, for each N and δ > 0 there exists some k(N, δ) such that for all
k > k(N, δ)
(36)
C.3 Convergence in N

B

(39)

(38)

+
+
We will now show that as N → ∞, wM
;N → wM .
Let , ˜ > 0. We claim that w.p. 1, there exists N (, ˜), such that for all N > N (, ˜) we
have
∀w.
(37)

kΠq+ T + w − Πq+N TN+ wkq ≤  + ˜kwkq ,

We now prove (37). First, we have:

A

≤ kΠq+ T + w − Πq+ TN+ wkq + kΠq+ TN+ w − Πq+N TN+ wkq .
{z
} |
{z
}
|

kΠq+ T + w − Πq+N TN+ wkq = kΠq+ T + w + Πq+ TN+ w − Πq+ TN+ w − Πq+N TN+ wkq

C.3.1 A Bound on (A):
We have:

kΠq+ T + w − Πq+ TN+ wkq ≤ kT + w − TN+ wkq

= k2γRP ΦJ wJ∗ − 2γRPN ΦJ ŵJ∗ + γ 2 (P − PN )ΦM wkq

JMLR 17(13):1-36

≤ k2γRP ΦJ wJ∗ − 2γRPN ΦJ ŵJ∗ kq + kγ 2 (P − PN )ΦM wkq

, η1 (N ) + kγ 2 (P − PN )ΦM wkq

≤ η1 (N ) + η2 (N )kwkq ,
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B2

−

+
Π̂+
q TN wkq

≤ Kkg − gN k2 , η3 (N ).
(40)

≤ 2kq − qN k∞ λ

2

kŝ −

TN+ wk2q

and

Π+
qN :


+ kŝ − TN+ wk2qN .

Π̂+
q

+
 + ˜kwM
kq
.
1−γ

(42)

34
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(41)
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+
+
+
kΠ̂+
q TN w − ΠqN TN wkq ≤ η4 (N ) + η5 (N )kwkq .
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+
k ≤ ¯.
kwk;N − wM

Finally, using (42) and (36) we have that for any ¯ > 0, w.p. 1 there is a N (¯
) such that for
any N > N (¯
) there is a k(N, ¯), such that for all k > k(N, ¯)

C.4 Convergence in k and N

+
+
kwM
;N − wM kq ≤

The uniform convergence of empirical distributions (Van der Vaart, 2000, Theorem 19.1)
guarantees that PN and ζ0;N uniformly converge to P and ζ0 w.p. 1, respectively, and
therefore qN → q and ŵJ∗ → wJ∗ w.p. 1. Therefore, for every , ˜ > 0, w.p. 1 there is some
N (, ˜) such that for N > N (, ˜) we have η1 (N )+η3 (N )+η4 (N ) ≤ , and η2 (N )+η5 (N ) ≤ ˜,
therefore Eq. (37) holds.
Using Lemma 18 and Eq. (37) we have that for N > N (, ˜)

+
+
+
kΠ+
q T w − ΠqN TN wkq ≤ η1 (N ) + η2 (N )kwkq + η3 (N ) + η4 (N ) + η5 (N )kwkq .

We now return to (38), where, using (39), (40), and (41) we have

C.3.5 Proof of (37):
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where
the constant C exists since TN+ is linear
p
p and a contraction. Therefore, setting η4 (N ) =
2kq − qN k∞ λ̄ (kŝkq + C) and η5 (N ) = 2kq − qN k∞ λ̄ we have

+
+
+
+
2
2
2
2
kΠ̂+
q TN w − ΠqN TN wkq ≤ 2kq − qN k∞ λ (1 + λ̃ )kŝ − TN wkq ,
q
and setting λ̄ = λ2 (1 + λ̃2 ) we have
p
+
+
+
kΠ̂+
2kq − qN k∞ λ̄kŝ − TN+ wkq
q TN w − ΠqN TN wkq ≤
p

≤ 2kq − qN k∞ λ̄ kŝkq + kTN+ wkq
p
≤ 2kq − qN k∞ λ̄ (kŝkq + C + kwkq ) ,

As before, by norm equivalence on finite-dimensional spaces, there exists λ̃ such that
kxkqN ≤ λkxkq for all x, therefore

−

+
2
Π+
qN TN wkq

we now have, by definition of the projections

+
kΠ̂+
q TN w

For any ŝ ∈

+
SN

By norm equivalence on finite-dimensional spaces, there exists λ such that kxk2 ≤ λkxkq
and kxk2 ≤ λkxkqN for all x. Therefore


+
+
+
+
+
+
2
2
+
2
2
+
kΠ̂+
kΠ̂+
q TN w − TN wkq + kΠqN TN w − TN wkqN .
q TN w − ΠqN TN wkq ≤ 2kq − qN k∞ λ

We bound B2 using Lemma 19, which yields:


+
+
+
+
+
2
2
+
+
2
+ +
kΠ̂+
q TN w − ΠqN TN wkq ≤ 2kq − qN k∞ kΠ̂q TN w − TN wk2 + kΠqN TN w − TN wk2 .

C.3.4 A Bound on (B2 ):

+
kΠ+
q TN w

We bound B1 using a result of Yen (1995), which gives a general Lipschitz bound for per+
turbations of projections onto convex polyhedra (SN
by definition is a convex polyhedron).
By theorem 2.1 of Yen (1995), for all w, there exists a constant K such that

C.3.3 A Bound on (B1 ):

B1

+
+
+ +
+
+ +
≤ kΠ+
q TN w − Π̂q TN wkq + kΠ̂q TN w − ΠqN TN wkq .
{z
} |
{z
}
|

+
+
+
+
+ +
+ +
+ +
+
kΠ+
q TN w − ΠqN TN wkq = kΠq TN w + Π̂q TN w − Π̂q TN w − ΠqN TN wkq

+
Denote by Π̂+
q a projection onto SN w.r.t. the q-weighted Euclidean norm. We have

C.3.2 A Bound on (B):

where the first inequality is by the non-expansion property of the projection, and the third
inequality is by defining η2 (N ) as the k · kq induced matrix norm of γ 2 (P − PN )ΦM (Horn
and Johnson, 2012, Definition 5.6.1).
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2

There has been much work in recent years on consistency and calibration of surrogate losses
for various learning problems. We give a brief overview of this body of work here.
Initial work on consistency of surrogate risk minimization algorithms focused largely
on binary classification. For example, Steinwart (2005) showed the consistency of support
vector machines with universal kernels for the problem of binary classification; Jiang (2004)
1. Assuming the surrogate risk minimization procedure is itself consistent (with respect to the surrogate
loss); in most cases, this can be achieved by minimizing the surrogate risk over a function class that
approaches a universal function class as the training sample size increases, e.g. see Bartlett et al. (2006).

1.1 Related Work

tain forms of loss matrices, a framework for analyzing consistency properties for a general
multiclass problem, defined by a general loss matrix, has remained elusive.
In this paper, we develop a unified framework for studying consistency properties of
surrogate losses for such general multiclass learning problems, defined by a general multiclass
loss matrix. For algorithms minimizing a surrogate loss, the question of consistency with
respect to the target loss matrix reduces to the question of calibration of the surrogate
loss with respect to the target loss.1 We start by giving both necessary and sufficient
conditions for a surrogate loss function to be calibrated with respect to any given target
loss matrix. These conditions generalize previous conditions for the multiclass 0-1 loss
studied for example by Tewari and Bartlett (2007). We then introduce the notion of convex
calibration dimension of a loss matrix, a fundamental quantity that measures the smallest
‘size’ of a prediction space in which it is possible to design a convex surrogate that is
calibrated with respect to the given loss matrix. This quantity can be viewed as representing
one measure of the intrinsic ‘difficulty’ of the loss, and has a non-trivial behavior in the sense
that one can give examples of loss matrices defined on the same number of class labels that
have very different values of the convex calibration dimension, ranging from one (in which
case one can achieve consistency by learning a single real-valued function) to practically
the number of classes (in which case one must learn as many real-valued functions as the
number of classes). We give upper and lower bounds on this quantity in terms of various
algebraic and geometric properties of the loss matrix, and apply these results to analyze
various loss matrices.
As concrete applications of our framework, we use the convex calibration dimension as
a tool to study various loss matrices that arise in subset ranking problems, including the
normalized discounted cumulative gain (NDCG), pairwise disagreement (PD), and mean
average precision (MAP) losses. A popular practice in subset ranking, where one needs
to rank a set of r documents by relevance to a query, has been to learn r real-valued
scoring functions by minimizing a convex surrogate loss in r dimensions, and to then sort
the r documents based on these scores. As discussed recently by Duchi et al. (2010) and
Calauzènes et al. (2012), such an approach cannot be consistent for the PD and MAP losses,
since these losses do not admit convex calibrated surrogates in r dimensions that can be
used together with the sorting operation. We obtain a stronger result; in particular, we
show that the convex calibration dimension of these losses is lower bounded by a quadratic
function of r, which means that if minimizing a convex surrogate loss, one necessarily needs
to learn Ω(r2 ) real-valued functions to achieve consistency for these losses.
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There has been significant interest and progress in recent years in understanding consistency
properties of surrogate risk minimization algorithms for various learning problems, such as
binary classification, multiclass 0-1 classification, and various forms of ranking and multilabel prediction problems (Lugosi and Vayatis, 2004; Jiang, 2004; Zhang, 2004a; Steinwart,
2005; Bartlett et al., 2006; Zhang, 2004b; Tewari and Bartlett, 2007; Steinwart, 2007; Cossock and Zhang, 2008; Xia et al., 2008; Duchi et al., 2010; Ravikumar et al., 2011; Buffoni
et al., 2011; Gao and Zhou, 2011; Kotlowski et al., 2011). Any such problem that involves
a finite number of class labels and predictions can be viewed as an instance of a general
multiclass learning problem, whose structure is defined by a suitable loss matrix. While the
above studies have enabled an understanding of learning problems corresponding to cer-

1. Introduction

Keywords: Statistical consistency, multiclass loss, loss matrix, surrogate loss, convex
surrogates, calibrated surrogates, classification calibration, subset ranking.

We study consistency properties of surrogate loss functions for general multiclass learning
problems, defined by a general multiclass loss matrix. We extend the notion of classification
calibration, which has been studied for binary and multiclass 0-1 classification problems
(and for certain other specific learning problems), to the general multiclass setting, and
derive necessary and sufficient conditions for a surrogate loss to be calibrated with respect to
a loss matrix in this setting. We then introduce the notion of convex calibration dimension
of a multiclass loss matrix, which measures the smallest ‘size’ of a prediction space in
which it is possible to design a convex surrogate that is calibrated with respect to the loss
matrix. We derive both upper and lower bounds on this quantity, and use these results
to analyze various loss matrices. In particular, we apply our framework to study various
subset ranking losses, and use the convex calibration dimension as a tool to show both the
existence and non-existence of various types of convex calibrated surrogates for these losses.
Our results strengthen recent results of Duchi et al. (2010) and Calauzènes et al. (2012) on
the non-existence of certain types of convex calibrated surrogates in subset ranking. We
anticipate the convex calibration dimension may prove to be a useful tool in the study and
design of surrogate losses for general multiclass learning problems.
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and Lugosi and Vayatis (2004) showed similar results for boosting methods. Bartlett et al.
(2006) and Zhang (2004a) studied the calibration of margin-based surrogates for binary
classification. In particular, in their seminal work, Bartlett et al. (2006) established that the
property of ‘classification calibration’ of a surrogate loss is equivalent to its minimization
yielding 0-1 consistency, and gave a simple necessary and sufficient condition for convex
margin-based surrogates to be calibrated w.r.t. the binary 0-1 loss. More recently, Reid and
Williamson (2010) analyzed the calibration of a general family of surrogates termed proper
composite surrogates for binary classification. Variants of standard 0-1 binary classification
have also been studied; for example, Yuan and Wegkamp (2010) studied consistency for the
problem of binary classification with a reject option, and Scott (2012) studied calibrated
surrogates for cost-sensitive binary classification.
Over the years, there has been significant interest in extending the understanding of
consistency and calibrated surrogates to various multiclass learning problems. Early work
in this direction, pioneered by Zhang (2004b) and Tewari and Bartlett (2007), considered
mainly the multiclass 0-1 classification problem. This work generalized the framework of
Bartlett et al. (2006) to the multiclass 0-1 setting and used these results to study calibration
of various surrogates proposed for multiclass 0-1 classification, such as the surrogates of Weston and Watkins (1999), Crammer and Singer (2001), and Lee et al. (2004). In particular,
while the multiclass surrogate of Lee et al. (2004) was shown to calibrated for multiclass
0-1 classification, it was shown that several other widely used multiclass surrogates are in
fact not calibrated for multiclass 0-1 classification.
More recently, there has been much work on studying consistency and calibration for
various other learning problems that also involve finite label and prediction spaces. For example, Gao and Zhou (2011) studied consistency and calibration for multi-label prediction
with the Hamming loss. Another prominent class of learning problems for which consistency and calibration have been studied recently is that of subset ranking, where instances
contain queries together with sets of documents, and the goal is to learn a prediction model
that given such an instance ranks the documents by relevance to the query. Various subset
ranking losses have been investigated in recent years. Cossock and Zhang (2008) studied
subset ranking with the discounted cumulative gain (DCG) ranking loss, and gave a simple
surrogate calibrated w.r.t. this loss; Ravikumar et al. (2011) further studied subset ranking
with the normalized DCG (NDCG) loss. Xia et al. (2008) considered the 0-1 loss applied
to permutations. Duchi et al. (2010) focused on subset ranking with the pairwise disagreement (PD) loss, and showed that several popular convex score-based surrogates used for this
problem are in fact not calibrated w.r.t. this loss; they also conjectured that such surrogates
may not exist. Calauzènes et al. (2012) showed conclusively that there do not exist any convex score-based surrogates that are calibrated w.r.t. the PD loss, or w.r.t. the mean average
precision (MAP) or expected reciprocal rank (ERR) losses. Finally, in a more general study
of subset ranking losses, Buffoni et al. (2011) introduced the notion of ‘standardization’ for
subset ranking losses, and gave a way to construct convex calibrated score-based surrogates
for subset ranking losses that can be ‘standardized’; they showed that while the DCG and
NDCG losses can be standardized, the MAP and ERR losses cannot be standardized.
We also point out that in a related but different context, consistency of ranking has
also been studied in the instance ranking setting (Clémençon and Vayatis, 2007; Clémençon
et al., 2008; Kotlowski et al., 2011; Agarwal, 2014).
3
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Finally, Steinwart (2007) considered consistency and calibration in a very general setting.
More recently, Pires et al. (2013) used Steinwart’s techniques to obtain surrogate regret
bounds for certain surrogates w.r.t. general multiclass losses, and Ramaswamy et al. (2013)
showed how to design explicit convex calibrated surrogates for any low-rank loss matrix.
1.2 Contributions of this Paper

As noted above, we develop a unified framework for studying consistency and calibration for
general multiclass (finite-output) learning problems, described by a general loss matrix. We
give both necessary conditions and sufficient conditions for a surrogate loss to be calibrated
w.r.t. a given multiclass loss matrix, and introduce the notion of convex calibration dimension of a loss matrix, which measures the smallest ‘size’ of a prediction space in which it is
possible to design a convex surrogate that is calibrated with respect to the loss matrix. We
derive both upper and lower bounds on this quantity in terms of certain algebraic and geometric properties of the loss matrix, and apply these results to study various subset ranking
losses. In particular, we obtain stronger results on the non-existence of convex calibrated
surrogates for certain types of subset ranking losses than previous results in the literature
(and also positive results on the existence of convex calibrated surrogates for these losses in
higher dimensions). The following is a summary of the main differences from the conference
version of this paper (Ramaswamy and Agarwal, 2012):

• Enhanced definition of positive normal sets of a surrogate loss at a sequence of points
(Definition 5; this is required for proofs of stronger versions of our earlier results).

• Stronger necessary condition for calibration (Theorem 7).

• Stronger versions of upper and lower bounds on the convex calibration dimension,
with full proofs (Theorems 12, 16).

• Conditions under which the upper and lower bounds are tight (Section 4.3).

• Application to a more general setting of the PD loss (Section 5.2).

• Additional applications to the NDCG and MAP losses (Sections 5.1, 5.3).

• Additional examples and illustrations throughout (Examples 5, 6, 7, 9; Figures 3, 4).

• Minor improvements and changes in emphasis in notation and terminology.
1.3 Organization
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We start in Section 2 with some preliminaries and examples that will be used as running
examples to illustrate concepts throughout the paper, and formalize the notion of calibration
with respect to a general multiclass loss matrix. In Section 3, we derive both necessary
conditions and sufficient conditions for calibration with respect to general loss matrices;
these are both of independent interest and useful in our later results. Section 4 introduces
the notion of convex calibration dimension of a loss matrix and derives both upper and
lower bounds on this quantity. In Section 5, we apply our results to study the convex
calibration dimension of various subset ranking losses. We conclude with a brief discussion
in Section 6. Shorter proofs are included in the main text; all longer proofs are collected
in Section 7 so as to maintain easy readability of the main text. The only exception to

4

5
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The general multiclass learning problem we consider can be described as follows: There is a
b which we take without
finite set of class labels Y and a finite set of possible predictions Y,
loss of generality to be Y = [n] and Yb = [k] for some n, k ∈ Z+ . We are given training
examples (X1 , Y1 ), . . . , (Xm , Ym ) drawn i.i.d. from a distribution D on X × Y, where X is an
instance space, and the goal is to learn from these examples a prediction model h : X →Yb
b In many common
which given a new instance x ∈ X , makes a prediction yb = h(x) ∈ Y.
learning problems, the label and prediction spaces are the same, i.e. Yb = Y, but in general,
these could be different (e.g. when there is an ‘abstain’ option available to a classifier, in
which case k = n + 1).
b
The performance of a prediction model is measured via a loss function ` : Y × Y→R
+,
or equivalently, by a loss matrix L ∈ Rn×k
+ , with (y, t)-th element given by `yt = `(y, t); here
`yt = `(y, t) defines the penalty incurred on predicting t ∈ [k] when the true label is y ∈ [n].
We will use the notions of loss matrix and loss function interchangeably. Some examples of
common multiclass loss functions and corresponding loss matrices are given below:

2.2 Multiclass Losses and Risks

Throughout the paper, we denote R = (−∞, ∞), R+ = [0, ∞), R = [−∞, ∞], R+ = [0, ∞].
Similarly, Z and Z+ denote the sets of all integers and non-negative integers, respectively.
For n ∈ Z+ , we denote [n] = {1, . . . , n}. For a predicate φ, we denote by 1(φ) the indicator of
φ, which takes the value 1 if φ is true and 0P
otherwise. For z ∈ R, we denote
P z+ = max(0, z).
For a vector v ∈ Rn , we denote kvk0 = ni=1 1(vi 6= 0) and kvk1 = ni=1 |vi |. For a set
A ⊆ Rn , we denote by relint(A) the relative interior of A, by cl(A) the closure of A, by
span(A) the linear span (or linear hull) of A, by aff(A) the affine hull of A, and by conv(A)
the convex hull of A. For a vector space V, we denote by dim(V) the dimension of V.
For a matrix M ∈ Rm×n , we denote by rank(M) the rank of M, by affdim(M) the affine
dimension of the set of columns of M (i.e. the dimension of the subspace parallel to the
affine hull of the columns of M), by null(M) the null space of M, and by nullity(M) the
nullity of M (i.e. the dimension of P
the null space of M). We denote by ∆n the probability
simplex in Rn : ∆n = {p ∈ Rn+ : ni=1 pi = 1}. Finally, we denote by Πn the set of all
permutations of [n], i.e. the set of all bijective mappings σ : [n]→[n]; for a permutation
σ ∈ Πn and element i ∈ [n], σ(i) therefore represents the position of element i under σ.

2.1 Notation

In this section we set up basic notation (Section 2.1), give background on multiclass loss
matrices and risks (Section 2.2) and on multiclass surrogates and calibration (Section 2.3),
and then define certain properties associated with multiclass losses and surrogates that will
be useful in our study (Section 2.4).

2. Preliminaries, Examples, and Background

this is proofs of Lemma 2 and Theorem 3, which closely follow earlier proofs of Tewari and
Bartlett (2007) and are included for completeness in Appendix A. Some calculations are
given in Appendices B and C.

Convex Calibration Dimension for Multiclass Loss Matrices

∀y, t ∈ [n] .

i=1

r
X

1 (t − 1)i 6= (y − 1)i



∀y, t ∈ [2r ] ,

∀y ∈ [n], t ∈ [n + 1] .

6
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As noted above, given examples (X1 , Y1 ), . . . , (Xm , Ym ) drawn i.i.d. from a distribution
D on X × [n], the goal is to learn a prediction model h : X →[k]. More specifically, given a
target loss matrix L ∈ Rn×k
with (y, t)-th element `yt , the goal is to learn a model h : X →[k]
+
with small expected loss on a new example drawn randomly from D, which we will refer to
as the L-risk or L-error of h:


4
erL
(1)
D [h] = E(X,Y )∼D `Y,h(X) .

The loss matrix L(?) for n = 3 is shown in Figure 1(d). This type of loss is suitable in
applications where making an erroneous prediction is more costly than simply abstaining.
For example, in medical diagnosis applications, when uncertain about the correct prediction,
it may be better to abstain and request human intervention rather than make a misdiagnosis.


 1

`(?) (y, t) = 1 t ∈ [n] · 1 t 6= y + · 1 t = n + 1
2

Example 4 (‘Abstain’ loss) Here Y = [n] and Yb = [n + 1], where t = n + 1 denotes a
prediction of ‘abstain’ (or ‘reject’). One possible loss function in this setting assigns a loss
of 1 to incorrect predictions in [n], 0 to correct predictions, and 21 for abstaining:

where for each z ∈ {0, . . . , 2r − 1}, zi ∈ {0, 1} denotes the i-th bit in the r-bit binary
representation of z. The loss matrix LHam for r = 2 is shown in Figure 1(c). This loss is
frequently used in sequence learning applications, where each element in Y = Yb is a binary
sequence of length r, and the loss in predicting a sequence t ∈ {0, 1}r when the true label
sequence is y ∈ {0, 1}r is simply the Hamming distance between the two sequences.

`Ham (y, t) =

Example 3 (Hamming loss) Here Y = Yb = [2r ] for some r ∈ Z+ , and the loss incurred
on predicting t when the actual class label is y is the number of bit-positions in which the
r-bit binary representations of t − 1 and y − 1 differ:

The loss matrix Lord for n = 3 is shown in Figure 1(b). This loss is often used when
the class labels satisfy a natural ordinal property, for example in evaluating recommender
systems that predict the number of stars (say out of 5) assigned to a product by user.

`ord (y, t) = |t − y|

Example 2 (Ordinal regression loss) Here Y = Yb = [n], and predictions t farther away
from the actual class label y are penalized more heavily, e.g. using absolute distance:

The loss matrix L0-1 for n = 3 is shown in Figure 1(a). This is one of the most commonly
used multiclass losses, and is suitable when all prediction errors are considered equal.

Example 1 (0-1 loss) Here Y = Yb = [n], and the loss incurred is 1 if the predicted label
t is different from the actual class label y, and 0 otherwise:

`0-1 (y, t) = 1 t 6= y
∀y, t ∈ [n] .
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0 1 1
 1 0 1 
1 1 0
(a)

y=1

py (X) `y,h(X)

=

EX

h
p(X)>

`h(X)

.

(2)

Figure 1: Loss matrices corresponding to Examples 1-4: (a) L0-1 for n = 3; (b) Lord for
n = 3; (c) LHam for r = 2 (n = 4); (d) L(?) for n = 3.

=

EX

n , and the class probability
Clearly, denoting the t-th column of L as `t = (`1t , . . . , `nt )> ∈ R+
vector at an instance x ∈ X under D as p(x) = (p1 (x), . . . , pn (x))> ∈ ∆n , where py (x) =
P(Y = y | X = x) under D, the L-risk of h can be written as
X

n
i
L
erD
[h]

inf

h:X →[k]

L
erD
[h] =

inf

h:X →[k]

t∈[k]

The optimal L-risk or optimal L-error for a distribution D is then simply the smallest
L-risk or L-error that can be achieved by any model h:


h
i
EX p(X)> `h(X) = EX min p(X)> `t .
(3)

4

L,∗
erD
=

Ideally, one would like to minimize (approximately) the L-risk, e.g. by selecting a model
that minimizes the average L-loss on the training examples among some suitable class
of models. However, minimizing the discrete L-risk directly is typically computationally
difficult. Consequently, one usually minimizes a (convex) surrogate risk instead.
2.3 Multiclass Surrogates and Calibration
Let d ∈ Z+ , and let C ⊆ Rd be a convex set. A surrogate loss function ψ : Y × C→R+
acting on the surrogate prediction space C assigns a penalty ψ(y, u) on making a surrogate
prediction u ∈ C when the true label is y ∈ [n]. The ψ-risk or ψ-error of a surrogate
prediction model f : X →C w.r.t. a distribution D on X × [n] is then defined as
h
i
4
ψ
(4)
[f ] = E(X,Y )∼D ψ Y, f (X) .
erD

y=1

X
n


h
i
py (X) ψy (f (X)) = EX p(X)> ψ(f (X)) .

(5)

The surrogate ψ can be represented via n real-valued functions ψy : C→R+ for y ∈ [n],
defined as ψy (u) = ψ(y, u) ; equivalently, we can also represent the surrogate ψ as a vector
n , defined as ψ(u) = ψ (u), . . . , ψ (u) > . Clearly, the ψ-risk of
valued function ψ : C→R+
1
n
f can then be written as
ψ
erD
[f ] = EX

f :X →C

ψ
inf erD
[f ] =

f :X →C

u∈C
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The optimal ψ-risk or optimal ψ-error for a distribution D is then simply the smallest
ψ-risk or ψ-error that can be achieved by any model f :


h
i
inf EX p(X)> ψ(f (X)) = EX inf p(X)> ψ(u) .
(6)
4

ψ,∗
erD
=

7

Ramaswamy and Agarwal

(7)

We will find it convenient to define the sets
4

(8)

z∈Sψ

(9)

4

n
Rψ = ψ(C) ⊆ R+

n
Sψ = conv(Rψ ) ⊆ R+
.

z∈Rψ

Clearly, the optimal ψ-risk can then also be written as




inf p(X)> z = EX inf p(X)> z .
ψ,∗
erD
= EX

max

y 0 ∈[n],y 0 6=y

1 − (uy − uy0 )



+

∀y ∈ [n], u ∈ Rn .

Example 5 (Crammer-Singer surrogate) The Crammer-Singer surrogate was proposed
as a hinge-like surrogate loss for 0-1 multiclass classification (Crammer and Singer, 2001).
For Y = [n], the Crammer-Singer surrogate ψ CS acts on the surrogate prediction space
C = Rn and is defined as follows:
ψyCS (u) =

JMLR 17(14):1-45

A surrogate ψ is convex if ψy is convex ∀y ∈ [n]. As an example, the Crammer-Singer
surrogate defined above is clearly convex. Given training examples (X1 , Y1 ), . . . , (Xm , Ym )
drawn i.i.d. from a distribution D on X × [n], a (convex) surrogate risk minimization aln learns a surrogate prediction model by
gorithm using a (convex) surrogate loss ψ : C→R+
minimizing (approximately, based on the training sample) the ψ-risk; the learned model
f : X →C is then used to make predictions in the original space [k] via some transformation
pred : C→[k]. This yields a prediction model h : X →[k] for the original multiclass problem
given by h = (pred ◦ f ): the prediction on a new instance x ∈ X is given by pred(f (x)),
L [pred ◦ f ]. As an example, several surrogate risk minimizing
and the L-risk incurred is erD
algorithms for multiclass classification with respect to 0-1 loss (including that based on the
Crammer-Singer surrogate) use a surrogate space C = Rn , learn a function of the form
f : X →Rn , and predict according to pred(f (x)) = argmaxt∈[n] ft (x).
Under suitable conditions, surrogate risk minimization algorithms that approximately
minimize the ψ-risk based on a training sample are known to be consistent with respect to
the ψ-risk, i.e. to converge (in probability) to the optimal ψ-risk as the number of training
examples m increases. This raises the natural question of whether, for a given loss matrix L,
there are surrogate losses ψ for which consistency with respect to the ψ-risk also guarantees
consistency with respect to the L-risk, i.e. guarantees convergence (in probability) to the
optimal L-risk (defined in Eq. (3)). As we shall see below, this amounts to the question of
calibration of surrogate losses ψ w.r.t. a given target loss matrix L, and has been studied
in detail for the 0-1 loss and for square losses of the form `(y, t) = ay 1(t 6= y), which can
be analyzed similarly to the 0-1 loss (Zhang, 2004b; Tewari and Bartlett, 2007). In this
n×k
paper, we consider this question for general multiclass loss matrices L ∈ R+
, including
rectangular loss matrices with k 6= n. The only assumption we make on L is that for each
t ∈ [k], ∃p ∈ ∆n such that argmint0 ∈[k] p> `t0 = {t} (otherwise the element t ∈ [k] never
needs to be predicted and can simply be ignored).
We will need the following definitions and basic results, generalizing those of Zhang
(2004b), Bartlett et al. (2006), and Tewari and Bartlett (2007). The notion of calibration
will be central to our study; as Theorem 3 below shows, calibration of a surrogate loss ψ

8

inf

>
u∈C:pred(u)∈argmin
/
t p `t

1
:
2

inf

u∈R:sign(u)6=sign(p− 12 )

u∈R

p ψ1 (u)+(1−p)ψ2 (u) > inf p ψ1 (u)+(1−p)ψ2 (u) .

inf

u∈R:sign(u)6=sign(p−c)

u∈R

p ψ1 (u)+(1−p)ψ2 (u) > inf p ψ1 (u)+(1−p)ψ2 (u) .

inf

>
z∈Sψ :pred0 (z)∈argmin
/
t p `t

p> z >

inf p> z .

z∈Sψ

(?)

Q4

}
= {p ∈ ∆3 : max(p1 , p2 , p3 ) ≤ 1
2

= {p ∈ ∆3 : p3 ≥ 1
}
2
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z ∈Sψ

Definition 5 (Positive normal sets) Let ψ : C→Rn+ . For each point z ∈ Sψ , the positive normal set of ψ at z is defined as2
n
o
n
o
4
N ψ (z) = p ∈ ∆n : p> (z − z0 ) ≤ 0 ∀z0 ∈ Sψ = p ∈ ∆n : p> z = 0inf p> z0 .

In words, the trigger probability set QL
t is the set of class probability vectors for which
predicting t is optimal in terms of minimizing L-risk. Such sets have also been studied by
Lambert and Shoham (2009) and O’Brien et al. (2008) in a different context. Lambert and
Shoham (2009) show that these sets form what is called a power diagram, which is a generalization of the Voronoi diagram. Trigger probability sets for the 0-1, ordinal regression,
and ‘abstain’ loss matrices (described in Examples 1, 2 and 4) are illustrated in Figure 2;
the corresponding calculations can be found in Appendix B.
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9

(?)

Q3

1}
= {p ∈ ∆3 : p1 ≥ 2

= {p ∈ ∆3 : p2 ≥ 1
}
2

Definition 4 (Trigger probability sets) Let L ∈ Rn×k
+ . For each t ∈ [k], the trigger
probability set of L at t is defined as
n
o
n
o
4
QL
p ∈ ∆n : p> (`t − `t0 ) ≤ 0 ∀t0 ∈ [k] = p ∈ ∆n : t ∈ argmint0 ∈[k] p> `t0 .
t =

JMLR 17(14):1-45

L,∗
erL
D [pred ◦ fm ] −→ erD .

(?)
(?)

Q1

Q2

Our goal is to study conditions under which a surrogate loss ψ : C→Rn+ is L-calibrated
for a target loss matrix L ∈ Rn×k
+ . To this end, we will now define certain properties of
both multiclass loss matrices L and multiclass surrogates ψ that will be useful in relating
the two. Specifically, we will define trigger probability sets associated with a multiclass loss
matrix L, and positive normal sets associated with a multiclass surrogate ψ; in Section 3
we will use these to obtain both necessary and sufficient conditions for calibration.

2.4 Trigger Probabilities and Positive Normals

2. For points z in the interior of Sψ , N ψ (z) is empty.

implies

Qord
= {p ∈ ∆3 : p3 ≥ 1
}
3
2

= {p ∈ ∆3 : p1 ≥ 1
Qord
}
1
2
= {p ∈ ∆3 : p1 ≤ 1
, p3 ≤ 1
}
Qord
2
2
2

(c)
(b)
Figure 2: Trigger probability sets for (a) 0-1 loss L0-1 ; (b) ordinal regression loss Lord ; and
(c) ‘abstain’ loss L(?) ; all for n = 3, for which the probability simplex can be visualized
easily. Calculations of these sets can be found in Appendix B.

(a)

Q0-1
= {p ∈ ∆3 : p2 ≥ max(p1 , p3 )}
2
= {p ∈ ∆3 : p3 ≥ max(p1 , p2 )}
Q0-1
3

= {p ∈ ∆3 : p1 ≥ max(p2 , p3 )}
Q0-1
1
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In particular, Theorem 3 implies that a surrogate ψ is L-calibrated if and only if ∃ a
mapping pred : C→[k] such that any ψ-consistent algorithm learning models of the form
fm : X →C (from i.i.d. examples (X1 , Y1 ), . . . , (Xm , Ym )) yields an L-consistent algorithm
learning models of the form (pred ◦ fm ) : X →[k].

ψ,∗
erψ
D [fm ] −→ erD

n
Theorem 3 Let L ∈ Rn×k
+ . A surrogate loss ψ : C→R+ is L-calibrated iff there exists a
function pred : C→[k] such that for all distributions D on X × [n] and all sequences of
(vector) functions fm : X →C,

In this paper, we will mostly be concerned with (L, ∆n )-calibration, which as noted
above, we refer to as simply L-calibration. The following result, whose proof is a straightforward generalization of that of a similar result for the 0-1 loss given by Tewari and Bartlett
(2007), explains why L-calibration is useful:

∀p ∈ P :

Lemma 2 Let L ∈ Rn×k
and P ⊆ ∆n . Then a surrogate loss ψ : C→Rn+ is (L, P)-calibrated
+
iff there exists a function pred0 : Sψ →[k] such that

The following lemma gives a characterization of calibration similar to that used by
Tewari and Bartlett (2007):

∀p ∈ [0, 1], p 6= c :



Similarly, in the case of binary cost-sensitive classification, with n = k = 2 and Lc = 0c 1−c
0
where c ∈ (0, 1) is the cost of a false positive and (1−c) that of a false negative, one recovers
the corresponding definition of Scott (2012), namely that a surrogate ψ : R→R2+ is (Lc , ∆2 )calibrated if

∀p ∈ [0, 1], p 6=

The above definition of calibration clearly generalizes that used in the binarycase.
 For
example, in the case of binary 0-1 classification, with n = k = 2 and L0-1 = 01 10 , the
probability simplex ∆2 is equivalent to the interval [0, 1], and it can be shown that one only
need consider surrogates on the real line, C = R, and the predictor ‘sign’; in this case one
recovers the familiar definition of binary classification calibration of Bartlett et al. (2006),
namely that a surrogate ψ : R→R2+ is (L0-1 , ∆2 )-calibrated if

u∈C

p> ψ(u) > inf p> ψ(u) .

If ψ is (L, ∆n )-calibrated, we simply say ψ is L-calibrated.

∀p ∈ P :

n×k
Definition 1 ((L, P)-calibration) Let L ∈ R+
and P ⊆ ∆n . A surrogate loss function
ψ : C→Rn+ is said to be (L, P)-calibrated if there exists a function pred : C→[k] such that

w.r.t. L corresponds to the property that consistency w.r.t. ψ-risk implies consistency w.r.t.
L-risk. Proofs of Lemma 2 and Theorem 3 can be found in Appendix A.
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N CS (z1 ) = {p ∈ ∆3 : p1 ≥
N CS (z2 ) = {p ∈ ∆3 : p2 ≥
N CS (z3 ) = {p ∈ ∆3 : p3 ≥
N CS (z4 ) = {p ∈ ∆3 : max(p1 , p2 , p3 ) ≤

1
}
2
1
}
2
1
}
2
1
}
2
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in

z ∈Sψ

the positive normal set of ψ at
m→∞

{zm }

o
n
p ∈ ∆n : lim p> zm = 0inf p> z0 .

Sψ ,

is defined as3

Figure 3: Positive normal sets for the Crammer-Singer surrogate ψ CS for n = 3, at 4
3 (i ∈ [4]) for u = (1, 0, 0)> , u = (0, 1, 0)> , u = (0, 0, 1)> ,
points zi = ψ CS (ui ) ∈ R+
1
2
3
and u4 = (0, 0, 0)> . Calculations of these sets are based on Lemma 9 and can be found in
Appendix C.

For any sequence of points
4

{zm }

N ψ ({zm }) =

In words, the positive normal set N ψ (z) at a point z = ψ(u) ∈ Rψ is the set of class
probability vectors for which predicting u is optimal in terms of minimizing ψ-risk. Such
sets were also studied by Tewari and Bartlett (2007). The extension to sequences of points
in Sψ is needed for technical reasons in some of our proofs. Note that for N ψ ({zm }) to
be well-defined, the sequence {zm } need not converge itself; however if the sequence {zm }
does converge to some point z ∈ Sψ , then N ψ ({zm }) = N ψ (z). Positive normal sets for the
Crammer-Singer surrogate (described in Example 5) at 4 points are illustrated in Figure 3;
the corresponding calculations can be found in Appendix C.

3. Conditions for Calibration
In this section we give both necessary conditions (Section 3.1) and sufficient conditions
(Section 3.2) for a surrogate ψ to be calibrated w.r.t. an arbitrary target loss matrix L.
Both sets of conditions involve the trigger probability sets of L and the positive normal sets
of ψ; in Section 3.3 we give a result that facilitates computation of positive normal sets for
certain classes of surrogates ψ.
3.1 Necessary Conditions for Calibration
We start by deriving necessary conditions for L-calibration of a surrogate loss ψ. Consider
what happens if for some point z ∈ Sψ , the positive normal set of ψ at z, N ψ (z), has a nonempty intersection with the interiors of two trigger probability sets of L, say Q1L and Q2L (see
Figure 4 for an illustration), which means ∃q1 , q2 ∈ N ψ (z) with argmint∈[k] q1> `t = {1} and
argmint∈[k] q2> `t = {2}. If ψ is L-calibrated, then by Lemma 2, we have ∃pred0 : Sψ →[k]
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3. For sequences {zm } for which limm→∞ p> zm does not exist for any p, N ψ (z) is empty.
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q1> z0 =
q2> z0 =
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inf

>
z0 ∈Sψ :pred0 (z0 )∈argmin
/
t q 2 `t

inf

>
z0 ∈Sψ :pred0 (z0 )∈argmin
/
t q1 ` t

q2> z0 >

q1> z0 >

z0 ∈Sψ

inf q2> z0 = q2> z .

z0 ∈Sψ

inf q1> z0 = q1> z

Figure 4: Visual proof of Theorem 6. If a surrogate ψ is such that its positive normal
set N ψ (z) at some point z has non-empty intersection with the interiors of two trigger
probability sets (say Q1L and Q2L ) of L, then ψ cannot be L-calibrated.

such that
inf

z0 ∈Sψ :pred0 (z0 )6=1

inf

z0 ∈Sψ :pred0 (z0 )6=2

The first inequality above implies pred0 (z) = 1; the second inequality implies pred0 (z) = 2,
leading to a contradiction. This gives us the following necessary condition for L-calibration
of ψ, which requires the positive normal sets of ψ at all points z ∈ Sψ to be ‘well-behaved’
w.r.t. L in the sense of being contained within individual trigger probability sets of L and
generalizes the ‘admissibility’ condition used for 0-1 loss by Tewari and Bartlett (2007):

n×k
n be L-calibrated. Then for all points z ∈ S ,
Theorem 6 Let L ∈ R+
, and let ψ : C→R+
ψ
there exists some t ∈ [k] such that N ψ (z) ⊆ QtL .

Proof See above discussion.

In fact, we have the following stronger necessary condition, which requires the positive
normal sets of ψ not only at all points z ∈ Sψ but also at all sequences {zm } in Sψ to be
contained within individual trigger probability sets of L:

n×k
n be L-calibrated. Then for all sequences
Theorem 7 Let L ∈ R+
, and let ψ : C→R+
{zm } in Sψ , there exists some t ∈ [k] such that N ψ ({zm }) ⊆ QtL .
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Proof Assume for the sake of contradiction that there is some sequence {zm } in Sψ for
which N ψ ({zm }) is not contained in QtL for any t ∈ [k]. Then ∀t ∈ [k], ∃qt ∈ N ψ ({zm })
such that qt ∈
/ QtL , i.e. such that t ∈
/ argmint0 qt> `t0 . Now, since ψ is L-calibrated, by
Lemma 25, there exists a function pred0 : Sψ →[k] such that for all p ∈ N ψ ({zm }), we
have pred0 (zm ) ∈ arg mint0 p> `t0 for all large enough m. In particular, for p = qt , we
get pred0 (zm ) ∈ argmint0 qt> `t0 ultimately. Since this is true for each t ∈ [k], we get
pred0 (zm ) ∈ ∩t∈[k] argmint0 qt> `t0 ultimately. However by choice of qt , this intersection

12

Lord

py

13

14

⇐⇒ p = Bq for some q ∈ null(A) ∩ ∆s .

⇐⇒ p ∈ ∆n , Aq = 0 for some q = (p1 v1 , . . . , pn vn )> ∈ ∆s ,

v y ∈ ∆ sy
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v y ∈ ∆ sy

0)
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y=1 j=1

vjy wjy for some vy ∈ ∆sy
qjy wjy for some qy = py vy ,

j=1

sy
X

sy
n X
X

y=1

n
X

y=1 py ψy (u

Pn

4. Recall that a vector function is convex if all its component functions are convex.
5. 
Recall that the subdifferential of a convex function φ : Rd →R at a point u0 ∈ Rd is defined as ∂φ(u0 ) =
w ∈ Rd : φ(u) − φ(u0 ) ≥ w> (u − u0 ) ∀u ∈ Rd and is a convex set in Rd (e.g. see Bertsekas et al.
(2003)).

⇐⇒ p ∈ ∆n , 0 =

⇐⇒ p ∈ ∆n , 0 =

y=1

achieves its minimum at u0 = u
n
X
⇐⇒ p ∈ ∆n , 0 ∈
py ∂ψy (u)

⇐⇒ p ∈ ∆n , and the convex function φ(u0 ) = p> ψ(u0 ) =

⇐⇒ p ∈ ∆n , p> ψ(u) ≤ p> z0 ∀z0 ∈ Rψ

p ∈ N ψ (ψ(u)) ⇐⇒ p ∈ ∆n , p> ψ(u) ≤ p> z0 ∀z0 ∈ Sψ

We have for all p ∈ Rn ,

Proof (Proof of Lemma 9)

The proof makes use of the fact that a convex function φ : Rd →R attains its minimum
at u0 ∈ Rd iff the subdifferential ∂φ(u0 ) contains 0 ∈ Rd (e.g. see Bertsekas et al. (2003)).
We will also make use of the fact that if φ1 , φ2 : Rd →R are convex functions, then the subdifferential of their sum φ1 + φ2 at u0 is is equal to the Minkowski sum of the subdifferentials
of φ1 and φ2 at u0 :

∂(φ1 + φ2 )(u0 ) = w1 + w2 : w1 ∈ ∂φ1 (u0 ), w2 ∈ ∂φ2 (u0 ) .

where null(A) ⊆ Rs denotes the null space of the matrix A.

where byj is 1 if the j-th column of A came from {w1y , . . . , wsyy } and 0 otherwise. Then
n
o
N ψ (z) = p ∈ ∆n : p = Bq for some q ∈ null(A) ∩ ∆s ,

Lemma 9 Let C ⊆ Rd be a convex set and let ψ : C→Rn+ be convex. Let z = ψ(u) for
some u ∈ C such that ∀y ∈ [n], the subdifferential of ψy at u can be written as

∂ψy (u) = conv {w1y , . . . , wsyy }
P
for some sy ∈ Z+ and w1y , . . . , wsyy ∈ Rd . Let s = ny=1 sy , and let


A = w11 . . . ws11 w12 . . . ws22 . . . . . . w1n . . . wsnn ∈ Rd×s ;
B = [byj ] ∈ Rn×s ,

can be described as the convex hull of a finite number of points in Rd ; this is particularly
applicable for piecewise linear surrogates.4,5
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Both the necessary and sufficient conditions for calibration above involve the positive normal
sets N ψ (z) at various points z ∈ Sψ . Thus in order to use the above results to show that
a surrogate ψ is (or is not) L-calibrated, one needs to be able to compute or characterize
the sets N ψ (z). Here we give a method for computing these sets for certain surrogates
ψ at certain points z ∈ Sψ . Specifically, the following result gives an explicit method
for computing N ψ (z) for convex surrogate losses ψ operating on a convex surrogate space
C ⊆ Rd , at points z = ψ(u) ∈ Rψ for which the subdifferential ∂ψy (u) for each y ∈ [n]

3.3 Computation of Positive Normal Sets

Some additional examples of applications of Theorems 6 and 8 are provided in Section 3.3
below. Both the necessary and sufficient conditions above will also be used when we study
the convex calibration dimension of a loss matrix L in Section 4.

Example 7 (Crammer-Singer surrogate is calibrated for
and
for n = 3)
Inspecting the positive normal sets of the Crammer-Singer surrogate ψ CS (for n = 3) in Figure 3 and the trigger probability sets of the ‘abstain’ loss matrix L(?) in Figure 2(c), we see
(?)
that N CS (zi ) = Qi ∀i ∈ [4], and therefore by Theorem 8, the Crammer-Singer surrogate
ψ CS is L(?) -calibrated. Similarly, looking at the trigger probability sets of the ordinal regression loss matrix Lord in Figure 2(b) and again applying Theorem 8, we see that the
Crammer-Singer surrogate ψ CS is also Lord -calibrated!

L(?)

TheoremS8 Let L ∈ Rn×k
and ψ : C→Rn+ . Suppose there exist r ∈ Z+ and z1 , . . . , zr ∈ Sψ
+
such that rj=1 N ψ (zj ) = ∆n and for each j ∈ [r], ∃t ∈ [k] such that N ψ (zj ) ⊆ QL
t . Then
ψ is L-calibrated.

We now give a sufficient condition for L-calibration of a surrogate loss ψ that will be helpful
in showing calibration of various surrogates. In particular, we show that for a surrogate
loss ψ to be L-calibrated, it is sufficient for the above property of positive normal sets of
ψ being contained in trigger probability sets of L to hold for only a finite number of points
in Sψ , as long as the corresponding positive normal sets jointly cover ∆n :

3.2 Sufficient Condition for Calibration

Example 6 (Crammer-Singer surrogate is not calibrated for 0-1 loss) Looking at
the positive normal sets of the Crammer-Singer surrogate ψ CS (for n = 3) shown in Figure 3 and the trigger probability sets of the 0-1 loss L0-1 shown in Figure 2(a), we see that
N CS (z4 ) is not contained in any single trigger probability set of L0-1 , and therefore applying
Theorem 6, it is immediately clear that ψ CS is not L0-1 -calibrated (this was also established
by Tewari and Bartlett (2007) and Zhang (2004b)).

Note that Theorem 7 includes Theorem 6 as a special case, since N ψ (z) = N ψ ({zm })
for the constant sequence zm = z ∀m. We stated Theorem 6 separately above since it had
a simple, direct proof that helps build intuition.

is empty, thus yielding a contradiction. This completes the proof.
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We now give examples of computation of positive normal sets using Lemma 9 for two
convex surrogates, both of which operate on the one-dimensional surrogate space C = R,
and as we shall see, turn out to be calibrated w.r.t. the ordinal regression loss Lord but not
w.r.t. the 0-1 loss L0-1 or the ‘abstain’ loss L(?) . As another example of an application of
Lemma 9, calculations showing computation of positive normal sets of the Crammer-Singer
surrogate (as shown in Figure 3) are given in the appendix.
3
R→R+

ψyabs (u) = |u − y|
∀y ∈ [3], u ∈ R .

(10)

Example 8 (Positive normal sets of ‘absolute’ surrogate) Let n = 3, and let C = R.
Consider the ‘absolute’ surrogate ψ abs :
defined as follows:

Clearly, ψ abs
is a convex function (see Figure 5). Moreover, we have

3
(|u − 1|, |u − 2|, |u − 3|)> : u ∈ R ⊂ R+
.

Rabs = ψ abs (R) =
Now let u1 = 1, u2 = 2, and u3 = 3, and let
z1 = ψ abs (u1 ) = ψ abs (1) = (0, 1, 2)> ∈ Rabs
z2 = ψ abs (u2 ) = ψ abs (2) = (1, 0, 1)> ∈ Rabs

z3 = ψ abs (u3 ) = ψ abs (3) = (2, 1, 0)> ∈ Rabs .
Let us consider computing the positive normal sets of ψ abs at the 3 points z1 , z2 , z3 above.
To see that z1 satisfies the conditions of Lemma 9, note that
∂ψ2abs (u1 ) = ∂ψ2abs (1) = {−1} = conv({−1}) ;

∂ψ1abs (u1 ) = ∂ψ1abs (1) = [−1, 1] = conv({+1, −1}) ;
∂ψ3abs (u1 ) = ∂ψ3abs (1) = {−1} = conv({−1}) .

Therefore, we can use Lemma 9 to compute N abs (z1 ). Here s = 4, and


1 1 0 0


A = +1 −1 −1 −1 ; B =  0 0 1 0  .
0 0 0 1

This gives

N abs (z1 ) = p ∈ ∆3 : p = (q1 + q2 , q3 , q4 ) for some q ∈ ∆4 , q1 − q2 − q3 − q4 = 0

= p ∈ ∆3 : p = (q1 + q2 , q3 , q4 ) for some q ∈ ∆4 , q1 = 12

p ∈ ∆3 : p1 ≥ 21 .
=

=




p∈

∆3

:

p1

≤
p ∈ ∆3 : p 3 ≥

1
2 , p3
1
2 .

≤

1
2
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It is easy to see that z2 and z3 also satisfy the conditions of Lemma 9; similar computations
then yield
N abs

(z2 )

N abs (z3 ) =

15
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3

3.5
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ψ1
ψ2
ψ3

2.5

(b)

3
Figure 5: (a) The ‘absolute’ surrogate ψ abs : R→R+
(for
n
=
3),
and
(b) its positive normal
3 (i ∈ [3]) for u = 1, u = 2, u = 3. See Example 8 for
sets at 3 points zi = ψ abs (ui ) ∈ R+
1
2
3
details.

The positive normal sets above are shown in Figure 5. Comparing these with the trigger
probability sets in Figure 2, we have by Theorem 8 that ψ abs is Lord -calibrated, and by
Theorem 6 that ψ abs is not calibrated w.r.t. L0-1 or L(?) .

Example 9 (Positive normal sets of ‘-insensitive’ surrogate) Let n = 3, and let
3 defined
C = R. Let  ∈ [0, 0.5), and consider the ‘-insensitive’ surrogate ψ  : R→R+
as follows:

ψy (u) = |u − y| −  +
∀y ∈ [3], u ∈ R .
(11)



(|u − 1| − )+ , (|u − 2| − )+ , (|u − 3| − )+

>

3
: u ∈ R ⊂ R+
.

For  = 0, we have ψ  = ψ abs . Clearly, ψ  is a convex function (see Figure 6). Moreover,
we have
R = ψ  (R) =

For concreteness, we will take  = 0.25 below, but similar computations hold ∀ ∈ (0, 0.5).
Let u1 = 1 +  = 1.25, u2 = 2 −  = 1.75, u3 = 2 +  = 2.25, and u4 = 3 −  = 2.75, and let

z1 = ψ 0.25 (u1 ) = ψ 0.25 (1.25) = (0, 0.5, 1.5)> ∈ R0.25

z2 = ψ 0.25 (u2 ) = ψ 0.25 (1.75) = (0.5, 0, 1)> ∈ R0.25

z3 = ψ 0.25 (u3 ) = ψ 0.25 (2.25) = (1, 0, 0.5)> ∈ R0.25

z4 = ψ 0.25 (u4 ) = ψ 0.25 (2.75) = (1.5, 0.5, 0)> ∈ R0.25 .
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Let us consider computing the positive normal sets of ψ 0.25 at the 4 points zi (i ∈ [4]) above.
To see that z1 satisfies the conditions of Lemma 9, note that

∂ψ10.25 (u1 ) = ∂ψ10.25 (1.25) = [0, 1] = conv({0, 1}) ;

∂ψ20.25 (u1 ) = ∂ψ20.25 (1.25) = {−1} = conv({−1}) ;

∂ψ30.25 (u1 ) = ∂ψ30.25 (1.25) = {−1} = conv({−1}) .

16


p ∈ ∆3 : p = (q1 + q2 , q3 , q4 ) for some q ∈ ∆4 , q2 − q3 − q4 = 0

= p ∈ ∆3 : p = (q1 + q2 , q3 , q4 ) for some q ∈ ∆4 , q1 + q2 ≥ q3 + q4

= p ∈ ∆3 : p1 ≥ 12 .





p ∈ ∆3 : p 1 ≥ p 3 , p 1 ≤

1
2

.

p ∈ ∆3 : p = (q1 , q2 + q3 , q4 ) for some q ∈ ∆4 , q1 − q2 − q4 = 0

17
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We now turn to the study of a fundamental quantity associated with the property of Lcalibration. Specifically, in Examples 6 and 7 above, we saw that to develop a surrogate
calibrated w.r.t. to the ordinal regression loss Lord for n = 3, it was sufficient to consider
a surrogate prediction space C = R, with dimension d = 1; in addition, the surrogates we
considered were convex, and can therefore be used in developing computationally efficient

4. Convex Calibration Dimension

The positive normal sets above are shown in Figure 6. Comparing these with the trigger
probability sets in Figure 2, we have by Theorem 8 that ψ 0.25 is Lord -calibrated, and by
Theorem 6 that ψ 0.25 is not calibrated w.r.t. L0-1 or L(?) .

It is easy to see that z3 and z4 also satisfy the conditions of Lemma 9; similar computations
then yield

N 0.25 (z3 ) = p ∈ ∆3 : p1 ≤ p3 , p3 ≤ 12

N 0.25 (z4 ) = p ∈ ∆3 : p3 ≥ 12 .

=

N 0.25 (z2 ) =

This gives

Again, we can use Lemma 9 to compute N 0.25 (z2 ); here s = 4, and


1 0 0 0


A = 1 −1 0 −1 ; B =  0 1 1 0  .
0 0 0 1

∂ψ30.25 (u2 ) = ∂ψ30.25 (1.75) = {−1} = conv({−1}) .

∂ψ20.25 (u2 ) = ∂ψ20.25 (1.75) = [−1, 0] = conv({−1, 0}) ;

∂ψ10.25 (u2 ) = ∂ψ10.25 (1.75) = {1} = conv({1}) ;

Similarly, to see that z2 satisfies the conditions of Lemma 9, note that

N 0.25 (z1 ) =

This gives

Therefore, we can use Lemma 9 to compute N 0.25 (z1 ). Here s = 4, and


1 1 0 0


A = 0 1 −1 −1 ; B =  0 0 1 0  .
0 0 0 1

Convex Calibration Dimension for Multiclass Loss Matrices
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(b)
: R→R3+ for  = 0.25 (and n = 3), and (b) its
∈ R3+ (i ∈ [4]) for u1 = 1.25, u2 = 1.75, u3 =
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We start with a simple result that establishes that the CC dimension of any multiclass loss
matrix L is finite, and in fact is strictly smaller than the number of class labels n.

4.1 Upper Bounds on the Convex Calibration Dimension

The CC-dimension of a loss matrix L provides an important measure of the ‘complexity’
of designing convex calibrated surrogates for L. Indeed, while the computational complexity
of minimizing a surrogate loss, as well as that of converting surrogate predictions into target
predictions, can depend on factors other than the dimension d of the surrogate space C ⊆ Rd ,
in the absence of other guiding factors, one would in general prefer to use a surrogate in a
lower dimension d since this involves learning a smaller number of real-valued functions.
From the above discussion, CCdim(Lord ) = 1 for all n. In the following, we will be
interested in developing an understanding of the CC dimension for general loss matrices L,
and in particular in deriving upper and lower bounds on this quantity.

if the above set is non-empty, and CCdim(L) = ∞ otherwise.

that is L-calibrated ,


4
CCdim(L) = min d ∈ Z+ : ∃ a convex set C ⊆ Rd and a convex surrogate ψ : C→Rn+

n×k
Definition 10 (Convex calibration dimension) Let L ∈ R+
. Define the convex calibration dimension (CC dimension) of L as

algorithms. In fact the same surrogate prediction space with d = 1 can be used to develop
similar convex surrogate losses calibrated w.r.t. the Lord for any n ∈ Z+ . However not all
multiclass loss matrices L have such ‘low-dimensional’ convex surrogates. This raises the
natural question of what is the smallest dimension d that supports a convex L-calibrated
surrogate for a given multiclass loss L, and leads us to the following definition:

Figure 6: (a) The ‘-insensitive’ surrogate ψ
positive normal sets at 4 points zi = ψ  (ui )
2.25, u4 = 2.75. See Example 9 for details.
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(
+1
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if (y − 1)i = 1
otherwise.



∀y, t ∈ [n] .

1 (y − 1)i 6= (t − 1)i

i=1

r
r X σyi σti
−
2
2

i=1


r 
X
1 − σyi σti

i=1

r
X

σyi = 2 (y − 1)i − 1 =

Ham
`yt
=

=
=

20

JMLR 17(14):1-45

6. For a set Q ⊆ Rn and point p ∈ Q, the cone of feasible directions of Q at p is defined as
FQ (p) = {v ∈ Rn : ∃0 > 0 such that p + v ∈ Q ∀ ∈ (0, 0 )}.

In essence, the feasible subspace dimension of a convex set Q at a point p ∈ Q is simply
the dimension of the smallest face of Q containing p; see Figure 7 for an illustration.

Definition 14 (Feasible subspace dimension) The feasible subspace dimension of a
convex set Q ⊆ Rn at a point p ∈ Q, denoted by µQ (p), is defined as the dimension of
the subspace FQ (p) ∩ (−FQ (p)), where FQ (p) is the cone of feasible directions of Q at p.6

In this section we give a lower bound on the CC dimension of a loss matrix L and illustrate
it by using it to calculate the CC dimension of the 0-1 loss. In Section 5 we will explore
applications of the lower bound to obtaining impossibility results on the existence of convex
calibrated surrogates in low-dimensional surrogate spaces for certain types of subset ranking
losses. We will need the following definition:

4.2 Lower Bound on the Convex Calibration Dimension

Thus affdim(LHam ) ≤ r, and therefore by Theorem 12, we have CCdim(LHam ) ≤ r. This is
a significantly tighter upper bound than the bound of 2r − 1 given by Lemma 11.

Then we have

Example 10 (CC dimension of Hamming loss) Let n = 2r for some r ∈ Z+ , and
n×n
consider the Hamming loss LHam ∈ R+
defined in Example 3. As in Example 3, for each
z ∈ {0, . . . , 2r − 1}, let zi ∈ {0, 1} denote the i-th bit in the r-bit binary representation of z.
For each y ∈ [n], define σ y ∈ {±1}r as

Since affdim(L) is equal to either rank(L) or rank(L) − 1, this immediately gives us the
following corollary:


n×k
n−1 Pn−1
Lemma 11 Let L ∈ R+
. Let C = u ∈ R+
: j=1 uj ≤ 1 , and for each y ∈ [n], let
ψy : C→R+ be given by
X
uj 2 .

Corollary 13 Let L ∈ Rn×k
+ . Then CCdim(L) ≤ rank(L).

j∈[n−1],j6=y

Proof Follows immediately from Theorem 12 and the fact that affdim(L) ≤ rank(L).

ψy (u) = 1(y 6= n) (uy − 1)2 +

Then ψ is L-calibrated. In particular, since ψ is convex, CCdim(L) ≤ n − 1.
It may appear surprising that the convex surrogate ψ in the above lemma, operating on a
surrogate space C ⊂ Rn−1 , is L-calibrated for all multiclass losses L on n classes. However
this makes intuitive sense, since in principle, for any multiclass problem, if one can estimate
the conditional probabilities of the n classes accurately (which requires estimating n − 1
real-valued functions on X ), then one can predict a target label that minimizes the expected
loss according to these probabilities. Minimizing the above surrogate effectively corresponds
to such class probability estimation. Indeed, the above lemma can be shown to hold for any
surrogate that is a strictly proper composite multiclass loss (Vernet et al., 2011).
In practice, when the number of class labels n is large (such as in a sequence labeling
task, where n is exponential in the length of the input sequence), the above result is not
very helpful; in such cases, it is of interest to develop algorithms operating on a surrogate
prediction space in a lower-dimensional space. Next we give a different upper bound on the
CC dimension that depends on the loss L, and for certain losses, can be significantly tighter
than the general bound above.
Theorem 12 Let L ∈ Rn×k
+ . Then CCdim(L) ≤ affdim(L).

∀j ∈ [d] .

Proof Let affdim(L) = d. We will construct a convex L-calibrated surrogate loss ψ with
surrogate prediction space C ⊆ Rd .
Let V ⊆ Rn denote the (d-dimensional) subspace parallel to the affine hull of the
column vectors of L, and let r ∈ Rn be the corresponding translation vector, so that
V = aff({`1 , . . . , `k }) + r. Let v1 , . . . , vd ∈ V be d linearly independent vectors in V. Let
e : Rd →Rn by
{e1 , . . . , ed } denote the standard basis in Rd , and define a linear function ψ
e j ) = vj
ψ(e

e
Then for each v ∈ V, there exists a unique vector u ∈ Rd such that ψ(u)
= v. In particular,
since `t +r ∈ V ∀t ∈ [k], there exist unique vectors u1 , . . . , uk ∈ Rd such that for each t ∈ [k],
e t ) = `t + r. Let C = conv({u1 , . . . , uk }) ⊆ Rd , and define ψ : C→Rn as
ψ(u
+
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e
ψ(u) = ψ(u)
− r ∀u ∈ C .
P
To see that ψ(u) ∈ Rn ∀u ∈ C, note that for any u ∈ C, ∃α ∈ ∆ such that u = k αt ut ,
+


Pk
Pk k
Pt=1
k
e
e
which gives ψ(u) = ψ(u)
−r=
t=1 αt ψ(ut ) − r =
t=1 αt (`t + r) − r =
t=1 αt `t
n ∀t ∈ [k]). The function ψ is clearly convex. To show ψ is L-calibrated, we
(and `t ∈ R+
will use Theorem 8. Specifically, consider the k points zt = ψ(ut ) = `t ∈ Rψ for t ∈ [k].
By definition of ψ, we have Sψ = conv(ψ(C)) = conv({`1 , . . . , `k }); from the definitions of
positive normals and trigger probabilities, it then follows that N ψ (zt ) = N ψ (`t ) = QtL for
all t ∈ [k]. Thus by Theorem 8, ψ is L-calibrated.
19

1

−FQ (p )

2

(c) dim(FQ (p2 ) ∩ (−FQ (p2 ))) = 1

FQ (p )

2

p3

−FQ (p3 )

(d) dim(FQ (p3 ) ∩ (−FQ (p3 ))) = 0

FQ (p3 )

for small enough , since A2 p < b2

21

A3 (p + v) = A3 p + A3 v = A3 p + 0 = b3 .

A2 (p + v) < b2

A1 (p + v) = A1 p + A1 v = A1 p + 0 = b1
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hA1 i
Proof We will show that FQ (p) ∩ (−FQ (p)) = null
, from which the lemma follows.
A3
hA1 i
First, let v ∈ null
. Then for  > 0, we have
A3


Lemma 15 Let Q = q ∈ Rn : A1 q ≤ b1 , A2 q ≤ b2 , A3 q = b3 . Let p ∈ Q be such that
hA1 i
A1 p = b1 , A2 p < b2 . Then µQ (p) = nullity
.
A3

Both the proof of the lower bound we will provide below and its applications make use
of the following lemma, which gives a method to calculate the feasible subspace dimension
for certain convex sets Q and points p ∈ Q:

Figure 7: Illustration of feasible subspace dimension µQ (p) of a 2-dimensional convex set
Q at three points p = p1 , p2 , p3 . Here µQ (p1 ) = 2, µQ (p2 ) = 1, and µQ (p3 ) = 0.

(b) dim(FQ (p1 ) ∩ (−FQ (p1 ))) = 2

FQ (p ) −FQ (p )

1

p2

(a) Convex set Q

Q

p1
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The upper and lower bounds above are not necessarily tight in general. For example, for
the n-class ordinal regression loss of Example 2, we know that CCdim(Lord ) = 1; however
the upper bound of Theorem 12 only gives CCdim(Lord ) ≤ n − 1. Similarly, for the n-class
abstain loss of Example 4, it can be shown that CCdim(L(?) ) = O(ln n) (in fact we conjecture
it to be Θ(ln n)) (Ramaswamy et al., 2015), whereas the upper bound of Theorem 12 gives
CCdim(L(?) ) ≤ n, and the lower bound of Theorem 16 yields only CCdim(L(?) ) ≥ 1.
However, as we show below, for certain losses L, the bounds of Theorems 12 and 16 are in
fact tight (upto an additive constant of 1).

4.3 Tightness of Bounds

Moreover, kpk0 = n. Thus by Theorem 16, we have CCdim(L0-1 ) ≥ n − 1. Combined with
the upper bound of Lemma 11, this gives CCdim(L0-1 ) = n − 1.

where en−1 , en denote the (n − 1) × 1 and n × 1 all ones vectors, respectively,
and

 In−1
denotes the (n − 1) × (n − 1) identity matrix. Moreover, we have −en−1 In−1 p = 0,
−p < 0. Therefore, by Lemma 15, we have


−1 1 0 . . . 0
 −1 0 1 . . . 0 
"
#!


−en−1 In−1


..
=
nullity
µQ0-1
(p)
=
nullity

 = 0 .
.
>
1


en
 −1 0 0 . . . 1 
1 1 1 ... 1

Example 11 (CC dimension of 0-1 loss) Let n ∈ Z+ , and consider the 0-1 loss L0-1 ∈
Rn×n
defined in Example 1. Take p = ( n1 , . . . , n1 )> ∈ ∆n . Then p ∈ Q0-1
t for all t ∈ [k] = [n]
+
0-1
(see Figure 2); in particular, we have p ∈ Q0-1
1 . Now Q1 can be written as

Q0-1
= q ∈ ∆n : q1 ≥ qy ∀y ∈ {2, . . . , n}
1



= q ∈ Rn : −en−1 In−1 q ≤ 0, −q ≤ 0, e>
n q = 1} ,

The above lower bound allows us to calculate precisely the CC dimension of the 0-1 loss:

t

>
L
Theorem 16 Let L ∈ Rn×k
+ . Let p ∈ ∆n and t ∈ arg mint0 p `t0 (equivalently, let p ∈ Qt ).
Then
CCdim(L) ≥ kpk0 − µQL (p) − 1 .

The following gives a lower bound on the CC dimension of a loss matrix L in terms of
L
the feasible subspace dimension of the trigger probability sets QL
t at points p ∈ Qt :

Thus v ∈ FQ (p). Similarly, we can show −v ∈ FQ (p). Thus v ∈ FQ (p) ∩ (−FQ (p)), giving
hA1 i
null
⊆ FQ (p) ∩ (−FQ (p)). Now let v ∈ FQ (p) ∩ (−FQ (p)). Then for small enough
A3
 > 0, we have both A1 (p + v) ≤ b1 and A1 (p − v) ≤ b1 . Since A1 p = b1 , this gives
A1 v = 0. Similarly, for small enough  > 0, we have A3 (p + v) = b3 ; since A3 p = b3 ,
hA1 i
hA1 i
this gives A3 v = 0. Thus
v = 0, giving FQ (p) ∩ (−FQ (p)) ⊆ null
.
A3
A3
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t

n×k
Lemma 17 Let L ∈ R+
. Let p ∈ relint(∆n ) and c ∈ R+ be such that p> `t = c ∀t ∈ [k].
Then ∀t ∈ [k],
µQL (p) ≤ n − affdim(L) .

Proof Since p> `t = c ∀t ∈ [k], we have p ∈ QtL ∀t ∈ [k]. In particular, we have p ∈ Q1L .
Now
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A similar proof holds for µQL (p) for all other t ∈ [k].

Combining the above result with Theorem 16 immediately gives the following:

CCdim(L) ≥ affdim(L) − 1 .

n×k
Theorem 18 Let L ∈ R+
. If ∃p ∈ relint(∆n ), c ∈ R+ such that p> `t = c ∀t ∈ [k], then

Proof Follows immediately from Theorem 16 and Lemma 17.
Intuitively, the condition that ∃p ∈ relint(∆n ), c ∈ R+ such that p> `t = c ∀t ∈ [k] in
Lemma 17 and Theorem 18 above captures the essence of a hard problem: in this case, if
the underlying label probability distribution p0 is very close to p, then it becomes hard to
decide which element t ∈ [k] is an optimal prediction. This is essentially what leads the
lower bound on the CC-dimension to become tight in this case.
A particularly useful application of Theorem 18 is to losses L whose columns `t can be
obtained from one another by permuting entries:
n×k
Corollary 19 Let L ∈ R+
be such that all columns of L can be obtained from one another
by permuting entries, i.e. ∀t1 , t2 ∈ [k], ∃σ ∈ Πn such that `y,t2 = `σ(y),t1 ∀y ∈ [n]. Then

CCdim(L) ≥ affdim(L) − 1 .
>
Proof Let p = n1 , . . . , n1
∈ relint(∆n ). Let c = k`n1 k1 . Then under the given condition,
p> `t = c ∀t ∈ [k]. The result then follows from Theorem 18.
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We will use the above corollary in establishing lower bounds on the CC dimension of
certain subset ranking losses below.
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5. Applications to Subset Ranking

We now consider applications of the above framework to analyzing various subset ranking
problems, where each instance x ∈ X consists of a query together with a set of r documents
(for simplicity, r ∈ Z+ here is fixed), and the goal is to learn a prediction model which given
such an instance predicts a ranking (permutation) of the r documents (Cossock and Zhang,
2008).7 We consider three popular losses used for subset ranking: the normalized discounted
cumulative gain (NDCG) loss, the pairwise disagreement (PD) loss, and the mean average
precision (MAP) loss.8 Each of these subset ranking losses can be viewed as a specific type
b In particular,
of multiclass loss acting on a certain label space Y and prediction space Y.
for the NDCG loss, the label space Y contains r-dimensional multi-valued relevance vectors;
for PD loss, Y contains directed acyclic graphs on r nodes; and for MAP loss, Y contains
r-dimensional binary relevance vectors. In each case, the prediction space Yb is the set of
permutations of r objects: Yb = Πr . We study the convex calibration dimension of these
losses below. Specifically, we show that the CC dimension of the NDCG loss is upper
bounded by r (Section 5.1), and that of both the PD and MAP losses is lower bounded
by a quadratic function of r (Sections 5.2 and 5.3). Our result on the CC dimension of
the NDCG loss is consistent with previous results in the literature showing the existence
of r-dimensional convex calibrated surrogates for NDCG (Ravikumar et al., 2011; Buffoni
et al., 2011); our results on the CC dimension of the PD and MAP losses strengthen
previous results of Calauzènes et al. (2012), who showed non-existence of r-dimensional
convex calibrated surrogates (with a fixed argsort predictor) for PD and MAP.

5.1 Normalized Discounted Cumulative Gain (NDCG)

i=1

1 X
2yi − 1
,
z(y)
log2 (σ(i) + 1)

r

The NDCG loss is widely used in information retrieval applications (Järvelin and Kekäläinen,
2000). Here Y is the set of r-dimensional relevance vectors with say s relevance levels,
Y = {0, 1, . . . , s − 1}r , and Yb is the set of permutations of r objects, Yb = Πr (thus here
b = r!). The loss on predicting a permutation σ ∈ Πr when the
n = |Y| = sr and k = |Y|
true label is y ∈ {0, 1, . . . , s − 1}r is given by

`NDCG (y, σ) = 1 −

where z(y) is a normalizer that ensures the loss is non-negative and depends only on y. The
sr ×r!
NDCG loss can therefore be viewed as a multiclass loss matrix LNDCG ∈ R+
. Clearly,
affdim(LNDCG ) ≤ r, and therefore by Theorem 12, we have

CCdim(LNDCG ) ≤ r .

Indeed, previous results in the literature have shown the existence of r-dimensional convex
calibrated surrogates for NDCG (Ravikumar et al., 2011; Buffoni et al., 2011).
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7. The term ‘subset ranking’ here refers to the fact that in a query-based setting, each instance involves a
different ‘subset’ of documents to be ranked; see (Cossock and Zhang, 2008).
8. Note that NDCG and MAP are generally expressed as gains, where a higher value corresponds to better
performance; we can express them as non-negative losses by subtracting them from a suitable constant.
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CCdim(LMAP ) ≥

Again, it is easy to see that the columns of LMAP can all be obtained from one another
by permuting entries, and therefore by Corollary 19, we have

Proposition 21 rank(LMAP ) ≥

One can also show the following lower bound on the rank of LMAP :

CCdim(LMAP ) ≤

Thus the MAP loss can be viewed as a multiclass loss matrix LMAP ∈ R+
affdim(LMAP ) ≤ r(r+1)
2 , and therefore by Theorem 12, we have

= 1−

i=1 j=1

r X
i
X

This again strengthens a previous result of Calauzènes et al. (2012), who showed that there
do not exist any r-dimensional convex surrogates that use argsort as the predictor and are
calibrated for the MAP loss. As with the PD loss, the above result allows us to go further
and conclude that in fact, one cannot design convex calibrated surrogates for the MAP loss
in any prediction space of less than r(r−1)
− 4 dimensions (regardless of the predictor used).
2

e PD ) ≥ r(r − 1) − 2 .
) = CCdim(L
2

1
kyk1

r
X

i:yi =1

σ(i)
1 X 1 X
yσ−1 (j)
kyk1
σ(i)

r
i
1 X X yσ−1 (i) yσ−1 (j)
= 1−
kyk1
i

= 1−

`MAP (y, σ) = 1 −

Here the label space Y is the set of all (non-zero) r-dimensional binary relevance vectors,
Y = {0, 1}r \ {0}, and the prediction space Yb is again the set of permutations of r objects,
Yb = Πr . The loss on predicting a permutation σ ∈ Πr when the true label is y ∈ {0, 1}r \{0}
is given by

5.3 Mean Average Precision (MAP)

calibrated for the PD loss, and conjectured that such convex calibrated surrogates (in r
dimensions) do not exist; Calauzènes et al. (2012) showed that indeed there do not exist
any r-dimensional convex surrogates that use argsort as the predictor and are calibrated
for the PD loss. The above result allows us to go further and conclude that in fact, one
cannot design convex calibrated surrogates for the PD loss in any prediction space of less
than r(r−1)
− 2 dimensions (regardless of the predictor used).
2
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Informally, this implies that a convex surrogate that achieves calibration w.r.t. LPD over the
full probability simplex must effectively ‘estimate’ all edge weights. Formally, this strengthens previous results of Duchi et al. (2010) and Calauzènes et al. (2012). In particular,
Duchi et al. (2010) showed that certain popular r-dimensional convex surrogates are not

CCdim(L

PD

e PD can all be obtained from one another
Moreover, it is easy to see that the columns of L
by permuting entries. Therefore, by Corollary 19, we also have

e PD ) =
Proposition 20 rank(L

2

e PD clearly has rank at most r(r−1) . Therefore, by Corollary 13,
The resulting loss matrix L
2
we have
e PD ) ≤ r(r − 1) .
CCdim(LPD ) = CCdim(L
2
e PD is exactly r(r−1) :
In fact one can show that the rank of L

èPD (G, σ) =

r X
i−1 
X

The PD loss can be viewed as a multiclass loss matrix LPD ∈ R+ r
. Note that the second
term in the sum above depends only the label G; removing this term amounts to simply
subtracting a fixed vector from each column of the loss matrix, which does not change the
properties of the minimizer of the loss or its CC dimension. We can therefore consider the
following loss instead:

=

=

=

(i,j)∈G
r X
r
X

Here the label space Y is the set of all directed acyclic graphs (DAGs) on r vertices, which
we shall denote as Gr ; for each directed edge (i, j) in a graph G ∈ Gr associated with an
instance x ∈ X , the i-th document in the document set in x is preferred over the j-th
document. The prediction space Yb is again the set of permutations of r objects, Yb = Πr .
The loss on predicting a permutation σ ∈ Πr when the true label is G ∈ Gr is given by
X

1 σ(i) > σ(j)
`PD (G, σ) =

5.2 Pairwise Disagreement (PD)
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6. Conclusion
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We have developed a unified framework for studying consistency properties of surrogate
risk minimization algorithms for general multiclass learning problems, defined by a general
multiclass loss matrix. In particular, we have introduced the notion of convex calibration
dimension (CC dimension) of a multiclass loss matrix, a fundamental quantity that measures the smallest ‘size’ of a prediction space in which it is possible to design a convex
surrogate that is calibrated with respect to the given loss matrix, and have used this to
analyze consistency properties of surrogate losses for various multiclass learning problems.
Our study both generalizes previous results and sheds new light on various multiclass
losses. For example, our analysis shows that for the n-class 0-1 loss, any convex calibrated
surrogate must necessarily entail learning at least n − 1 real-valued functions, thus showing
that the calibrated multiclass surrogate of Lee et al. (2004), whose minimization entails
learning n real-valued functions, is essentially not improvable (in the sense of the number of
real-valued functions that need to be learned). Another implication of our study is to the
pairwise disagreement (PD) and mean average precision (MAP) losses for subset ranking:
while previous results have shown that for subset ranking problems with r documents per
query, there do not exist r-dimensional convex calibrated surrogates for the PD and MAP
losses, our analysis shows that (a) these losses do admit convex calibrated surrogates in
higher dimensions, and (b) to obtain such convex calibrated surrogates for these losses, one
needs to operate in an Ω(r2 )-dimensional surrogate prediction space (i.e. one needs to learn
Ω(r2 ) real-valued functions, rather than just r real-valued ‘scoring’ functions).
As discussed in Section 4.3, while the upper and lower bounds we have obtained on
the CC dimension are tight (up to an additive constant of 1) for certain classes of loss
matrices, they can be quite loose in general. An important open direction is to obtain
a characterization of the CC dimension in more general settings. It would also be useful
to develop methods for deriving explicit surrogate regret bounds for general calibrated
surrogates, through which one can relate the excess target risk to the excess surrogate risk
for any multiclass loss and corresponding calibrated surrogate. Finally, another interesting
direction would be to develop a generic procedure for designing convex calibrated surrogates
operating on a ‘minimal’ space according to the CC dimension of a given loss matrix. There
has been some recent progress in this direction in (Ramaswamy et al., 2013), where a general
method is described for designing convex calibrated surrogates in a surrogate space with
dimension at most the rank of the given loss matrix. However, while the rank forms an
upper bound on the CC dimension of the loss matrix, as discussed above, this bound is not
always tight, giving rise to the possibility of designing convex calibrated surrogates in lowerdimensional spaces for certain losses. Resolving these issues will contribute significantly
to our understanding of the conditions under which convex calibrated surrogates can be
designed for a given multiclass learning problem.

7. Proofs
7.1 Proof of Theorem 8
The proof uses the following technical lemma:
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n×k
n
Lemma 22
z1 , . . . , zr ∈ Rψ
Sr Let Lψ ∈ R+ and ψ : C→R+ . Suppose there exist r ∈ N and
N (zj ) = ∆n and for each j ∈ [r], ∃t ∈ [k] such that N ψ (zj ) ⊆ QtL . Then
such that j=1
any element z ∈ Sψ can be written as z = z0 + z00 for some z0 ∈ conv({z1 , . . . , zr }) and
n.
z00 ∈ R+

Proof (Proof of Lemma 22)

n
Let S 0 = {z0 + z00 : z0 ∈ conv({z1 , . . . , zr }), z00 ∈ R+
},
and
suppose
there exists a point
z ∈ Sψ which cannot be decomposed as claimed, i.e. such that z ∈
/ S 0 . Then by the
Hahn-Banach theorem (e.g. see Gallier (2009), corollary 3.10), there exists a hyperplane
that strictly separates z from S 0 , i.e. ∃w ∈ Rn such that w> z < w> a ∀a ∈ S 0 . It is easy to
n (since a negative component in w would allow us to choose an element a
see that w ∈ R+
from S 0 with arbitrarily small w> a).P
Sr
n
Now consider the vector q = w/ i=1
wi ∈ ∆n . Since j=1
N ψ (zj ) = ∆n , ∃j ∈ [r] such
that q ∈ N ψ (zj ). By definition of positive normals, this gives q> zj ≤ q> z, and therefore
w> zj ≤ w> z. But this contradicts our construction of w (since zj ∈ S 0 ). Thus it must be
the case that every z ∈ Sψ is also an element of S 0 .

Proof (Proof of Theorem 8)

We will show L-calibration of ψ via Lemma 2. For each j ∈ [r], let
n
o
Tj = t ∈ [k] : N ψ (zj ) ⊆ QtL ;

ψ (z ),
j

r
X

j=1

αjz zj + uz .

we have Jp 6= ∅. Clearly,

1
r

and t ∈ Tj .

n
by assumption,
Pr Tj 6= ∅ ∀j ∈ [r]. By Lemma 22, for every z ∈ Sψ , ∃αz ∈ ∆r , u ∈ Rz+ such
n
αj zj + u . For each z ∈ Sψ , arbitrarily fix a unique α ∈ ∆r and u ∈ R+
that z = j=1
satisfying the above, i.e. such that

z=

Now define pred0 : Sψ →[k] as

pred0 (z) = min t ∈ [k] : ∃j ∈ [r] such that αjz ≥

j=1 N

Sr

We will show pred0 satisfies the condition for `-calibration.
Fix any p ∈ ∆n . Let
n
o
Jp = j ∈ [r] : p ∈ N ψ (zj ) ;

since ∆n =

(13)

z∈Sψ

∀j ∈ Jp : p> zj = inf p> z

(14)

z∈Sψ
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∀j ∈
/ Jp : p> zj > inf p> z

t ∈ Tj =⇒ p ∈ QtL =⇒ t ∈ argmint0 p> `t0 .

Moreover, from definition of Tj , we have
∀j ∈ Jp :
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∀j ∈ Jp :

Tj ⊆ argmint0 p> `t0 .

(15)

inf

>

inf

z∈Sψ

inf p> z ,

r

j ∈J
/ p αj ∈[ 1 ,1]

≥ min

j=1
z∈Sψ

αj p> zj

αjz p> zj + p> uz

αj p> zj + (1 − αj ) inf p> z

α∈∆r :αj ≥ r1 for some j ∈J
/ p

≥

j=1

r
X

r
X

>
z∈Sψ :pred0 (z)∈argmin
/
t 0 p `t 0

inf

p> z =

(19)

(18)

(17)

(16)



1−

j=1

u
Pn−1

uj



j=1

4

∗

t0 ∈[k]

pj (1 − pj ) .

>
>
regretL
p (t) = p `t − min p `t0 .

j=1

n−1
X

= (p1 , . . . , pn−1

)>
∈ C, which
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t∈[k]:p∈Q
/ L
t
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L
u = p, and therefore regretL (pred(u∗ )) =
Clearly, regretL
p (t) = 0 ⇐⇒ p ∈ Qt . Note also that p
p
0. Let
L
 =
min regretp (t) > 0 .

Now, for each t ∈ [k], define

u∈C

inf p> ψ(u) = p> ψ(u∗ ) =

u∗

pj (uj − 1)2 + (1 − pj ) uj 2 .

Minimizing the above over u yields the unique minimizer
after some calculation gives

p> ψ(u) =

n−1
X

We will show that pred satisfies the condition of Definition 1.
Fix p ∈ ∆n . It can be seen that


∈ ∆n . Define pred : C→[k] as


pred(u) = min t ∈ [k] : pu ∈ QL
t .

Proof For each u ∈ C, define pu =

7.2 Proof of Lemma 11

where the last inequality follows from Eq. (14). Since the above holds for all p ∈ ∆n , by
Lemma 2, we have that ψ is L-calibrated.

>
z∈Sψ :pred0 (z)∈argmin
/
t 0 p `t 0

inf

Now, for any z ∈ Sψ for which pred0 (z) ∈
/ arg mint0 p> `t0 , we must have αjz ≥ 1r for
at least one j ∈
/ Jp (otherwise, we would have pred0 (z) ∈ Tj for some j ∈ Jp , giving
pred0 (z) ∈ arg mint0 p> `t0 , a contradiction). Thus we have

Thus we get
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inf
=

p> ψ(u) =
inf

p> ψ(u)

L
∗
u∈C:regretL
p (pred(u))≥regretp (pred(u ))+

inf

u∈C:regretL
p (pred(u))≥

p> ψ(u) . (21)

(20)

inf

L
∗
u∈C:regretL
p (pred(u))≥regretp (pred(u ))+

>

p> ψ(u) ≥

u∈C

inf p> ψ(u) ,

inf

u∈C:ku−u∗ k≥δ

p> ψ(u)

(23)

(22)

p> ψ(u) >

inf p> ψ(u) .
u∈C

(24)

t2
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n
>
>
QL
t1 = q ∈ R : −q ≤ 0, en q = 1, (`t1 − `t ) q ≤ 0 ∀t ∈ [k] ,

L
Let t1 , t2 ∈ arg mint0 p> `t0 (i.e. p ∈ QL
t1 ∩ Qt2 ). Now

Proof (Proof of Lemma 23)

t1

Lemma 23 Let ` : [n] × [k]→Rn+ . Let p ∈ relint(∆n ). Then for any t1 , t2 ∈ arg mint0 p> `t0
L
(i.e. such that p ∈ QL
t1 ∩ Qt2 ),
µQL (p) = µQL (p) .

The proof will require the lemma below, which relates the feasible subspace dimensions of
different trigger probability sets at points in their intersection; we will also make critical
use of the notion of -subdifferentials of convex functions (Bertsekas et al., 2003), the main
properties of which are also recalled below.

7.3 Proof of Theorem 16

Since this holds for all p ∈ ∆n , we have that ψ is L-calibrated.

>
u∈C:pred(u)∈argmin
/
t p `t

inf

where the last inequality holds since p> ψ(u) is a strictly convex function of u and u∗ is its
unique minimizer. The above sequence of inequalities give us that

This gives

L
∗
ku − u∗ k < δ =⇒ regretL
p (pred(u)) − regretp (pred(u )) <  .

∗
Now, we claim that the mapping u 7→ regretL
p (pred(u)) is continuous at u = u . To see
this, suppose the sequence um converges to u∗ . Then it is easy to see that pum converges
∗
to pu = p, and therefore for each t ∈ [k], (pum )> `t converges to p> `t . Since by definition
of pred we have that for all m, pred(um ) ∈ argmint (pum )> `t , this implies that for all large
enough m, pred(um ) ∈ argmint p> `t . Thus for all large enough m, regretL
p (pred(um )) = 0;
L
∗
i.e. the sequence regretL
p (pred(um )) converges to regretp (pred(u )), yielding continuity at
u∗ . In particular, this implies ∃δ > 0 such that

>
u∈C:pred(u)∈argmin
/
t p `t

Then we have
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t1

µQL = nullity(A1 ) ,

where en denotes the n × 1 all ones vector.
Moreover, we have −p < 0, and (`t1 − `t )> p = 0

iff p ∈ QtL . Let t ∈ [k] : p ∈ QtL = e
t1 , . . . , e
tr for some r ∈ [k]. Then by Lemma 15, we
have

t2

t2

µQL = nullity(A2 ) ,

where A1 ∈ R(r+1)×n is a matrix containing r rows of the form (`t1 − `etj )> , j ∈ [r] and the
all ones row. Similarly, we get

t1

where A2 ∈ R(r+1)×n is a matrix containing r rows of the form (`t2 − `etj )> , j ∈ [r] and
the all ones row. It can be seen that the subspaces spanned by the first r rows of A1 and
A2 are both equal to the subspace parallel to the affine space containing `et1 , . . . , `etr . Thus
both A1 and A2 have the same row space and hence the same null space and nullity, and
therefore µQL (p) = µQL (p).
-Subdifferentials of a Convex Function. For any  > 0, the -subdifferential of a
convex function φ : Rd →R at a point u0 ∈ Rd is defined as follows (Bertsekas et al., 2003):

∂ φ(u0 ) = w ∈ Rd : φ(u) − φ(u0 ) ≥ w> (u − u0 ) −  ∀u ∈ Rd .
We recall some important properties of -subdifferentials below:
• 0 ∈ ∂ φ(u0 ) ⇐⇒ φ(u0 ) ≤ inf φ(u) +  .
u∈Rd

• For any λ > 0, ∂ (λφ(u0 )) = λ ∂(/λ) φ(u0 ) .
• If φ = φ1 + . . . + φn for some convex functions φi : Rd →R, then
∂ φ(u0 ) ⊆ ∂ φ1 (u0 ) + . . . + ∂ φn (u0 ) ⊆ ∂n φ(u0 ) .
• 1 ≤ 2 =⇒ ∂1 φ(u0 ) ⊆ ∂2 φ(u0 ) .
We are now ready to give the proof of the lower bound on the CC dimension.
Proof (Proof of Theorem 16)
n
Let d ∈ Z+ be such that there exists a convex set C ⊆ Rd and surrogate loss ψ : C→R+
such that ψ is L-calibrated. We will show that d ≥ kpk0 − µQL (p) − 1. We consider two
t
cases:

Case 1: p ∈ relint(∆n ).
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In this case kpk0 = n. We will show that there exist H ⊆ ∆n and t0 ∈ [k] satisfying
the following three conditions:

= n − d − 1 ; and

(a) p ∈ H ;
(b)

µH (p)

(c) H ⊆ QtL0 .
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Clearly, conditions (a) and (c) above imply p ∈ QtL0 . Conditions (b) and (c) will then
give
t0

µQL (p) ≥ µH (p) = n − d − 1 .

t

t0

µQL (p) = µQL (p) ≥ n − d − 1 ,

Further, by Lemma 23, we will then have that

thus proving the claim.

z∈Sψ

u∈C

p> ψ(um ) −→ inf p> z = inf p> ψ(u) .

We now show how to construct H and t0 satisfying the above conditions. Let {um }
be a sequence in C such that

Let

u∈C

m = p> ψ(um ) − inf p> ψ(u) .

Then clearly m → 0. Now, for each m, we have

0 ∈ ∂m (p> ψ(um ))

= p1 ∂(m /p1 ) (ψ1 (um )) + . . . + pn ∂(m /pn ) (ψn (um )) .

⊆ ∂m (p1 ψ1 (um )) + . . . + ∂m (pn ψn (um ))

py wym = 0 .



Am = w1m . . . wnm ∈ Rd×n ,

y=1

n
X

Therefore ∃wym ∈ ∂(m /py ) (ψy (um )) ∀y ∈ [n] such that

Let
and define
Hm


= q ∈ ∆n : Am q = 0

q ∈ Rn : Am q = 0 , en> q = 1 , −q ≤ 0 ,

=



Am
en>



≥ n − (d + 1) .

where en denotes the n × 1 all ones vector. Clearly, p ∈ Hm and −p < 0; therefore
by Lemma 15, we have

µHm (p) = nullity
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m
This means that there exist (n − d − 1) orthonormal vectors v1m , . . . , vn−d−1
∈ Rn
m
whose span V m = span({v1m , . . . , vn−d−1
}) is contained in FHm (p) ∩ (−FHm (p)). It
can be verified that this in turn implies

{p + v : v ∈ V m } ∩ ∆n ⊆ Hm .

32

y=1

n
X

qm,y wyrm

y=1

y=1
n
X

y=1
n
X

n
X

>

∂(rm /pmin ) (qm,y ψy (urm ))

∂(rm qm,y /py ) (qym ψy (urm ))

qm,y ∂(rm /py ) (ψy (urm ))

⊆ ∂(nrm /pmin ) (qm ψ(urm )) ,

⊆

=

∈

nrm
=
pmin

m→∞

m→∞

inf qm > z +

z∈Sψ

nrm
.
pmin

m→∞

(26)

(25)

z∈Sψ

Thus q ∈
The claim follows.

N ψ ({zm }).

z∈Sψ

33

N ψ ({z

m }).

(28)
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Since q was an arbitrary point in H, this gives H ⊆

m→∞

lim q> zm = inf q> z .

Putting together Equations (25), (26) and (27), we therefore get

m→∞ z∈Sψ

Moreover, since the mapping p 7→ inf z∈Sψ p> z is continuous over its domain ∆n (see
Lemma 24), we have
lim inf qm > z = inf q> z .
(27)

m→∞

lim qm > zm = lim (qm − q)> zm + lim q> zm = lim q> zm .

Now, since {zm } is bounded, we have

m→∞

lim qm > zm ≤ lim inf qm > z .

m→∞ z∈Sψ

inf qm > ψ(u) +

u∈Rd

Taking limits as m → ∞, we thus get

qm > zm = qm > ψ(urm ) ≤

where pmin = miny∈[n] py > 0 (since p ∈ relint(∆n )). This gives for each m:

0 =

For condition (c), we will show that H ⊆ N ψ ({zm }), where zm = ψ(urm ); the claim
will then follow from Theorem 7. Consider any point q ∈ H. By construction of
H, we must have that q is the limit point of some convergent sequence {qm } in ∆n
satisfying qm ∈ Hrm ∀m, i.e. Arm qm = 0 ∀m. Therefore for each m, we have

Clearly p ∈ H, and moreover, since p ∈ relint(∆n ), we have µH (p) = n − d − 1, thus
satisfying conditions (a) and (b) above.

H = {p + v : v ∈ V} ∩ ∆n .

m
Now, {(v1m , . . . , vn−d−1
)} is a bounded sequence in (Rn )n−d−1 and must therefore have
a convergent subsequence, say with indices r1 , r2 , . . ., converging to some limit point
(v1 , . . . , vn−d−1 ) ∈ (Rn )n−d−1 . It can be verified that v1 , . . . , vn−d−1 must also form
an orthonormal set of vectors. Let V = span({v1 , . . . , vn−d−1 }), and define
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t

t

≤ µQL (p).

t

34

σ(i) = σ 0 (i) ∀i 6= a, b .

σ(b) = σ 0 (a)

σ(a) = σ 0 (b)
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for some coefficients cij ∈ R. Now consider two permutations σ, σ 0 ∈ Πr such that

1≤i<j≤r , (i,j)6=(a,b)

e PD corresponding to graphs consisting of single directed edges
Consider the r(r−1)
rows of L
2
(i, j) with i < j. We claim these rows are linearly independent. To see this, suppose for
the sake of contradiction that this is not the case. Then one of these rows, say the row
corresponding to the graph with directed edge (a, b) for some a, b ∈ [r], a < b, can be written
as a linear combination of the other rows:
X
èPD ((a, b), σ) =
cij èPD ((i, j), σ)
∀σ ∈ Πr ,
(29)

e PD ) ≥ r(r−1) by showing the existence of r(r−1) linearly
Proof We will establish rank(L
2
2
PD
e
independent rows in L ; the claim will then follow by combining this with the previously
r(r−1)
e PD ) ≤
stated upper bound rank(L
2 .

7.4 Proof of Proposition 20

The claim follows since µQLb

(pb )

d ≥ kbk0 − µQLb (pb ) − 1 .

Therefore we have p ∈ P b for some b ∈ {0, 1}n \ {0, en }, with kpk0 = kbk0 . Now,
kbk
kbk ×k
define ψ b : C→R+ 0 , Lb ∈ R+ 0 , and pb ∈ ∆kbk0 as projections of ψ, L and p
onto the kbk0 coordinates y : by = 1, so that ψ b (u) contains the elements of ψ(u)
corresponding to coordinates y : by = 1, the columns `bt of Lb contain the elements of
the columns `t of L corresponding to the same coordinates y : by = 1, and similarly,
pb contains the strictly positive elements of p. Since ψ is L-calibrated, and therefore
in particular is calibrated w.r.t. L over {q ∈ ∆n : qy = 0 ∀y : by = 0}, we have that ψ b
is Lb -calibrated (over ∆kbk0 ). Moreover, by construction, we have pb ∈ relint(∆kbk0 ).
Therefore by Case 1 above, we have

Clearly, the set {P b : b ∈ {0, 1}n \{0}} forms a partition of ∆n . Moreover, for b = en
(the n × 1 all ones vector), we have

P en = q ∈ ∆n : qy > 0 ∀y ∈ [n] = relint(∆n ) .

For each b ∈ {0, 1}n \ {0}, define

P b = q ∈ ∆n : qy > 0 ⇐⇒ by = 1 .

Case 2: p ∈
/ relint(∆n ).
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Then applying Eq. (29) to these two permutations gives
èPD ((a, b), σ) = èPD ((a, b), σ 0 ) .

∀i < j, (i, j) 6= (a, b) ;
r(r−1)
2

can be written as

>
− AB ,
LMAP = e(2r −1) er!

rows above are

e PD it is easy to verify that the columns corresponding to
However from the definition of L
these two permutations have identical entries in all rows except for the row corresponding
to the graph (a, b), giving
èPD ((i, j), σ) = èPD ((i, j), σ 0 )
èPD ((a, b), σ) 6= èPD ((a, b), σ 0 ) .

r −1)×r!

e PD ) ≥ r(r − 1) .
rank(L
2

This yields a contradiction, and therefore we must have that the
linearly independent, giving

The claim follows.

7.5 Proof of Proposition 21

r −1)× r(r+1)
2

Proof From Eq. (12), we have that LMAP ∈ R(2

where A ∈ R(2

and B ∈ R

r(r+1)
×r!
2

are given by

1
yi yj
∀y ∈ {0, 1}r \ {0}, i, j ∈ [r] : i ≤ j ,
kyk1
1
∀i, j ∈ [r] : i ≤ j, σ ∈ Πr .
max(σ(i), σ(j))
r(r + 1)
rank(A) ≥
−1
2
r(r − 1)
.
2

(31)

(30)

where e(2r −1) and er! denote the (2r − 1) × 1 and r! × 1 all ones vectors, respectively, and

Ay,(i,j) =
B(i,j),σ =
We will show that

and
rank(B) ≥

The result will then follow, since we will then have

JMLR 17(14):1-45

since A is away from full (column) rank by at most 1


>
rank(LMAP ) = rank e(2r −1) er!
− AB
≥ rank(AB) − 1

≥ rank(B) − 2 ,
r(r − 1)
− 2.
2

≥
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Y

yi

r

r

∀α ⊆ [r] , y ∈ {0, 1}r .

To see why Eq. (30) is true, consider the 2r vectors vα ∈ R2 defined as
vyα =

i∈α

It is easy to see that these vectors form a basis in R2 . The columns of A can be obtained
from the r(r+1)
vectors vα corresponding to subsets α ⊆ [r] of sizes 1 and 2, by removing the
2
element corresponding to y = 0 and dividing all other rows corresponding to y ∈ {0, 1}r \{0}
by kyk1 . This establishes the lower bound on rank(A) in Eq. (30).

Υ = {σ ∈ Πr : σ(r) = r}

E

D

Ω = {σ ∈ Πr : σ(r) 6= r}

rows (i, j) in

C

Br−1

r(r−1)
2

To see why Eq. (31) is true, let us make the dependence of B on r explicit by denoting
Br = B, and observe that Br can be decomposed as


Br−1 D
,
C
E
Br =

r(r−1)

Γ = {(i, j) ∈ [r] × [r] : i ≤ j < r}

where the sub-matrix Br−1 ∈ R 2 ×(r−1)! is obtained by taking the
Br with i ≤ j < r and the (r − 1)! columns σ in Br with σ(r) = r:

Λ = {(i, j) ∈ [r] × [r] : i ≤ j = r}

1
Consider the matrix C ∈ Rr×(r−1)! . Each entry in this matrix has the form max(σ(i),σ(j))
with i ≤ j = r and σ(r) = r. Thus all entries in C are equal to 1r and rank(C) = 1.

σ 1 (1) = r
σ 1 (r) = r − 1
.
..

1
r
1
r−1

1
r−1
1
r−1

σ 2 (2) = r
σ 2 (r) = r − 1

.
..

1
r−1
1
r

1
r−1
1
r−1

...
...
...
...
..
.
...
...

1
r
1
r−1

.
..

1
r−1
1
r−1

σ r−1 (r − 1) = r
σ r−1 (r) = r − 1

Next, consider the matrix E ∈ Rr×(r!−(r−1)!) . We will show that there are r − 1 linearly
independent columns in E. In particular, consider any permutations σ 1 , σ 2 , . . . , σ r−1 in
the set Ω such that σ j (j) = r and σ j (r) = r − 1 (such permutations clearly exist). The
sub-matrix of E corresponding to these columns is given by

(1, r)
(2, r)
.
..
(r − 1, r)
(r, r)

JMLR 17(14):1-45

Thus excluding the last row of E, one gets a square (r − 1) × (r − 1) matrix with diagonal
1
entries equal to 1r and off-diagonal entries equal to r−1
. The last row of E has all entries
1
. Clearly, this gives rank(E) = r − 1. Moreover, the span of the r − 1 column
equal to r−1
vectors of E does not intersect with column space of C non-trivially, since it does not
contain the all ones vector. This implies that the r − 1 columns of Br corresponding to
the permutations σ 1 , σ 2 , . . . , σ r−1 ∈ Ω (which yield the linearly independent columns of E),

36

r(r − 1)
.
2

inf p> z .

z∈Sψ

inf

≥

inf p> ψ(u) .

=

j=1

n+1
X

αjz p> ψ(uzj )

inf p> z .
z∈Sψ

=

α1
inf p> ψ(u)
u∈C

1
α1 ∈[ n+1
,1]

inf

inf

j=1

inf

inf

αj p> ψ(uj )

j=1

j=2

n+1
X

inf p> ψ(u)
u∈C

αj p> ψ(uj )

p> ψ(u) + (1 − α1 )

>
uj ∈C:pred(u1 )∈argmin
/
t p `t

>
u∈C:pred(u)∈argmin
/
t p `t

1
α∈∆n+1 :α1 ≥ n+1

n+1
X

p> `t

n+1
X

37

>
u∈C:pred(u)∈argmin
/
t p `t

38
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Lemma 24 The map p 7→ inf z∈Sψ p> z is continuous over ∆n .

The proof is similar to that for the multiclass 0-1 loss given by Tewari and Bartlett (2007).
We will make use of the following two lemmas; the first is a straightforward generalization
of a similar lemma in (Tewari and Bartlett, 2007), and the second follows directly from
Lemma 2.

A.2 Proof of Theorem 3

t

inf

p> `

1
,pred(u1 )∈argmin
/
α∈∆n+1 ,u1 ,...,un+1 ∈C:α1 ≥ n+1
t

>

≥

≥

≥

inf

z∈Sψ :pred(uz1 )∈argmin
/
t

JMLR 17(14):1-45

p z

>

p> z

t

p> z =

Thus pred0 satisfies the stated condition.

p> `

n
Lemma 25 Let L ∈ Rn×k
+ . A surrogate ψ : C→R is L-calibrated if and only if there exists
a function pred0 : Sψ →[k] such that the following holds: for all p ∈ ∆n and all sequences
{zm } in Sψ such that limm→∞ p> zm = inf z∈Sψ p> z, we have p> `pred0 (zm ) = mint∈[k] p> `t
for all large enough m.

u∈C

u∈C

inf p> z

z∈Sψ

>

>
z∈Sψ :pred0 (z)∈argmin
/
t p `t

inf

p> ψ(u) =
>
z∈Rψ :pred0 (z)∈argmin
/
t p `t

∀u ∈ C .

p> z >

inf

z∈Sψ :pred (z)∈argmin
/
t

0

Then for any p ∈ P, we have

∀z ∈ Sψ .

αjz ψ(uzj ) .

pred0 (z) = pred(uz1 )

Now, define pred0 : Sψ →[k] as follows:

j=1

n+1
X

(‘only if ’ direction) Conversely, suppose ψ is (L, P)-calibrated, so that ∃ pred : C→[k] such
that
∀p ∈ P :
inf
p> ψ(u) > inf p> ψ(u) .

Thus ψ is (L, P)-calibrated.

>
u∈C:pred(u)∈argmin
/
t p `t

inf

Then for all p ∈ P, we have

inf

>
z∈Sψ :pred0 (z)∈argmin
/
t p `t

pred(u) = pred0 (ψ(u))

Define pred : C→[k] as follows:

∀p ∈ P :

(‘if ’ direction) First, suppose ∃ pred0 : Sψ →[k] such that

Proof Let ψ : C→Rn+ . We will show that ∃ pred : C→[k] satisfying the condition in
Definition 1 if and only if ∃ pred0 : Sψ →[k] satisfying the stated condition.

A.1 Proof of Lemma 2

Appendix A. Proofs of Lemma 2 and Theorem 3
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This establishes the lower bound on rank(B) in Eq. (31).

rank(Br ) ≥

Trivially, rank(B1 ) ≥ 0. Expanding the above recursion therefore gives
z=

By Caratheodory’s Theorem (e.g. see Bertsekas et al. (2003)), we have that every z ∈ Sψ
can be expressed as a convex combination of at most
P n + 1 points in Rψ , i.e. for every
z ∈ Sψ , ∃α ∈ ∆n+1 , u1 , . . . , un+1 ∈ C such that z = n+1
j=1 αj ψ(uj ); w.l.o.g., we can assume
1
α1 ≥ n+1
. For each z ∈ Sψ , arbitrarily fix a unique such convex combination, i.e. fix
1
αz ∈ ∆n+1 , uz1 , . . . , uzn+1 ∈ C with α1z ≥ n+1
such that

together with the columns of Br corresponding to permutations σ ∈ Υ that yield linearly
independent columns of Br−1 , are all linearly independent. Therefore, we have

rank(Br ) ≥ rank(Br−1 ) + r − 1 .
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p> z >

z∈Sψ
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Proof (Proof of Theorem 3)
n.
Let ψ : C→R+

inf

>
z∈Sψ :pred0 (z)∈argmin
/
t p `t

inf

o
n
p> z − inf p> z .
z∈Sψ

(‘only if ’ direction) First, suppose ψ is L-calibrated. Then by Lemma 2, ∃ pred0 : Sψ →[k]
such that
inf p> z .
∀p ∈ P :

Now, for each  > 0, define
H() =
p∈∆n ,z∈Sψ :p> `pred0 (z) −mint∈[k] p> `t ≥

pm > `pred0
(zm )
t∈[k]

− min pm > `t ≥  ∀m

(33)

(32)

We claim that H() > 0 ∀ > 0. Assume for the sake of contradiction that ∃ > 0 for which
H() = 0. Then there must exist a sequence (pm , zm ) in ∆n × Sψ such that

and
z∈Sψ

pm > zm − inf pm > z → 0 .

z∈Sψ

inf p> z .

Since pm come from a compact set, we can choose a convergent subsequence (which we still
call {pm }), say with limit p. Then by Lemma 24, we have inf z∈Sψ pm > z −→ inf z∈Sψ p> z,
and therefore by Eq. (33), we get
pm > zm −→

m

a
X
y=1

m→∞

z∈Sψ

pm,y zm,y ≤ lim pm > zm = inf p> z .

Now we show that zm is a sequence such that p> zm −→ inf z∈Sψ p> z. Without loss of
generality, we assume that the first a coordinates of p are non-zero and the rest are zero.
Hence the first a coordinates of zm are bounded for sufficiently large m, and we have

m

lim sup p> zm = lim sup

By Lemma 25, we therefore have p> `pred0 (zm ) = mint∈[k] p> `t for all large enough m, which
contradicts Eq. (32) as pm converges to p. Thus we must have H() > 0 ∀ > 0; the rest of
the proof then follows from (Zhang, 2004a).
(‘if ’ direction)

u∈C

p> ψ(u) = inf p> ψ(u) .

Conversely, suppose ψ is not L-calibrated. Consider any pred : C→[k]. Then ∃p ∈ ∆n such
that
inf

>
u∈C:pred(u)∈argmin
/
t p `t

∀m
JMLR 17(14):1-45

In particular, this means there exists a sequence of points {um } in C such that
pred(um ) ∈
/ argmint p> `t
39

and

Ramaswamy and Agarwal

u∈C

p> ψ(um ) −→ inf p> ψ(u) .

u∈C

ψ,∗
erD
= inf p> ψ(u)

t

L,∗
erD
= min p> `t .

L,∗
L
.
erD
[pred ◦ fm ] 6−→ erD

ψ
ψ,∗
[fm ] −→ erD
erD

L
erD
[pred ◦ fm ] = p> `pred(um ) ;

ψ
erD
[fm ] = p> ψ(um ) ;

Now consider a data distribution D = DX × DY |X on X × [n], with DX being a point mass
at some x ∈ X and DY |X=x = p. Let fm : X →C be any sequence of functions satisfying
fm (x) = um ∀m. Then we have

and

This gives
but
This completes the proof.

(a) 0-1 loss `0-1 (n = 3).

Appendix B. Calculation of Trigger Probability Sets for Figure 2

 
 
 
1
0
1
`1 =  1  ; `2 =  0  ; `3 =  1  .
0
1
1

= {p ∈ ∆3 : p2 ≤ p1 , p3 ≤ p1 }

= {p ∈ ∆3 : p1 ≥ max(p2 , p3 )}

JMLR 17(14):1-45

= {p ∈ ∆3 : p2 + p3 ≤ p1 + p3 , p2 + p3 ≤ p1 + p2 }

Q10-1 = {p ∈ ∆3 : p> `1 ≤ p> `2 , p> `1 ≤ p> `3 }

By symmetry,

Q30-1 = {p ∈ ∆3 : p3 ≥ max(p1 , p2 )}

Q20-1 = {p ∈ ∆3 : p2 ≥ max(p1 , p3 )}

(b) Ordinal regression loss `ord (n = 3).

 
 
 
0
1
2
`1 =  1  ; `2 =  0  ; `3 =  1  .
2
1
0

40

= {p ∈ ∆3 : p1 ≤ 12 , p3 ≤ 12 }

= {p ∈ ∆3 : p1 ≤ 1 − p1 , p3 ≤ 1 − p3 }

= {p ∈ ∆3 : p1 ≤ p2 + p3 , p3 ≤ p1 + p2 }

(?)

.



Finally,

(?)

Q4

1
2

≤ 1 − max(p1 , p2 , p3 )}

41

= {p ∈ ∆3 : max(p1 , p2 , p3 ) ≤ 21 }

= {p ∈ ∆3 :

JMLR 17(14):1-45

= {p ∈ ∆3 : 12 (p1 + p2 + p3 ) ≤ min(p2 + p3 , p1 + p3 , p1 + p2 )}

= {p ∈ ∆3 : p3 ≥

1
2}
1
2}

= {p ∈ ∆3 : p> `4 ≤ p> `1 , p> `4 ≤ p> `2 , p> `4 ≤ p> `2 }

(?)
Q2
(?)
Q3

= {p ∈ ∆3 : p2 ≥

= {p ∈ ∆3 : p1 ≥ 12 }

= {p ∈ ∆3 : p2 ≤ p1 , p3 ≤ p1 , p2 + p3 ≤ 12 }

= {p ∈ ∆3 : p2 + p3 ≤ p1 + p3 , p2 + p3 ≤ p1 + p2 , p2 + p3 ≤ 12 (p1 + p2 + p3 )}

= {p ∈ ∆3 : p> `1 ≤ p> `2 , p> `1 ≤ p> `3 , p> `1 ≤ p> `4 }

By symmetry,

Q1


 
 

0
1
1






1
0
1
`1 =
; `2 =
; `3 =
; `4 = 
1
1
0


1
2
1
2
1
2

= {p ∈ ∆3 : p1 + p3 ≤ p2 + 2p3 , p1 + p3 ≤ 2p1 + p2 }

Qord
= {p ∈ ∆3 : p> `2 ≤ p> `1 , p> `2 ≤ p> `3 }
2

(c) ‘Abstain’ loss `(?) (n = 3).

Finally,

Qord
= {p ∈ ∆3 : p3 ≥ 12 }
3

By symmetry,

= {p ∈ ∆3 : p1 ≥ 12 }

= {p ∈ ∆3 : 1 − p1 ≤ p1 }

= {p ∈ ∆3 : p2 + p3 ≤ p1 , p3 ≤ p1 }

= {p ∈ ∆3 : p2 + 2p3 ≤ p1 + p3 , p2 + 2p3 ≤ 2p1 + p2 }

Qord
= {p ∈ ∆3 : p> `1 ≤ p> `2 , p> `1 ≤ p> `3 }
1
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1
2

.
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q1 + q2 = q3 + q5 , q3 + q4 = q1 + q6 , q5 + q6 = q2 + q4
p ∈ ∆3 : p1 ≤ 21 , p2 ≤ 12 , p3 ≤

42

It is easy to see that z1 , z2 , z3 also satisfy the conditions of Lemma 9; similar computations
then yield

N CS (z1 ) = p ∈ ∆3 : p1 ≥ 12

N CS (z2 ) = p ∈ ∆3 : p2 ≥ 12

N CS (z3 ) = p ∈ ∆3 : p3 ≥ 12 .

=

By Lemma 9 (and some algebra), this gives

N CS (z4 ) = p ∈ ∆3 : p = (q1 + q2 , q3 + q4 , q5 + q6 ) for some q ∈ ∆6 ,

We can therefore use Lemma 9 to compute N CS (z4 ). Here s = 6, and




−1 −1 1
0
1
0
1 1 0 0 0 0
0 −1 −1 0
1  ; B = 0 0 1 1 0 0 .
A= 1
0
1
0
1 −1 −1
0 0 0 0 1 1

We apply Lemma 9 to compute the positive normal sets of ψ CS at the 4 points z1 , z2 , z3 , z4
above. In particular, to see that z4 satisfies the conditions of Lemma 9, note that by
Danskin’s Theorem (Bertsekas et al., 2003), we have that
   
−1
−1
CS
∂ψ1 (u4 ) = conv +1 ,  0  ;
+1
0
   
+1
0
∂ψ2CS (u4 ) = conv −1 , −1 ;
0
+1
   
+1
0
∂ψ3CS (u4 ) = conv  0  , +1 .
−1
−1

z4 = ψ CS (u4 ) = (1, 1, 1)> .

z3 = ψ CS (u3 ) = (2, 2, 0)>

z2 = ψ CS (u2 ) = (2, 0, 2)>

z1 = ψ CS (u1 ) = (0, 2, 2)>

Clearly, ψ CS is a convex function. Let u1 = (1, 0, 0)> , u2 = (0, 1, 0)> , u3 = (0, 0, 1)> ,
u4 = (0, 0, 0)> , and let

ψ3CS (u) = max(1 + u1 − u3 , 1 + u2 − u3 , 0) ∀u ∈ R3 .

ψ2CS (u) = max(1 + u1 − u2 , 1 + u3 − u2 , 0)

ψ1CS (u) = max(1 + u2 − u1 , 1 + u3 − u1 , 0)

For n = 3, the Crammer-Singer surrogate ψ CS : R3 →R3+ is given by

Appendix C. Calculation of Positive Normal Sets for Figure 3
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Gábor Lugosi and Nicolas Vayatis. On the Bayes-risk consistency of regularized boosting
methods. Annals of Statistics, 32(1):30–55, 2004.

Deirdre O’Brien, Maya Gupta, and Robert Gray. Cost-sensitive multi-class classification
from probability estimates. In International Conference on Machine Learning, 2008.
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We describe in this section two standard approaches for low-rank matrix approximation
(LRMA). We start by establishing the notation used throughout the paper. We denote
matrices using upper case letters. The original (partially observed) matrix is denoted by
M ∈ Rn1 ×n2 . A low-rank approximation of M is denoted by M̂ = U V > , where U ∈ Rn1 ×r ,
V ∈ Rn2 ×r , and r  min(n1 , n2 ). The set of integers {1, . . . , n} is abbreviated as [n]. The

2. Background: Low-rank matrix approximation

many real datasets, the low-rank assumption is realistic. Further, low-rank approximations
often yield matrices that generalize well to the unobserved entries.
In this paper, we extend low-rank matrix approximation in a way that significantly
relaxes the low-rank assumption. Instead of assuming that M can be globally approximated
by a low-rank matrix, we assume that M behaves as a low-rank matrix in the vicinity of
certain row-column combinations. We therefore construct several low-rank approximations
of M , each being accurate in a particular region of the matrix. We express our estimator
as a smoothed convex combination of low-rank matrices each of which approximates M in
a local region.
The local low-rank assumption can also be motivated as follows. In numerous settings
there are a few key latent factors which determine whether a user would like an item or
not. In the movie domain such factors may include the main actress, director, released
year, genre, and more. However, the number of latent variable is typically limited to no
more than twenty. These factors are tacitly learned and automatically constructed as we
do not assume that information such as genre or actors are available. For example, if the
rank is 5 the ratings given to an item by a user is the inner product of a vector of length
5 which describes the user preferences with a vector of length 5 that describes the item
characteristics (these two vectors are the rows of U, V ). The same assumption holds in the
local low-rank case with the exception that the linear basis underlying the latent factors
may change across different groups of users and different types of items.
We use techniques from non-parametric kernel smoothing to achieve two goals. The first
goal is to formally develop a notion of local low-rank approximation, and the second is the
aggregation of several local models into unified matrix approximation. Standard low-rank
matrix approximation techniques achieve consistency in the limit of large data (convergence
to the data generating process) assuming that M is low-rank. Our local method achieves
consistency without the low-rank assumption. Instead, we require that sufficient number of
samples is available in increasingly small neighborhoods. Our analysis mirrors the theory
of non-parametric kernel smoothing that was primarily developed for continuous spaces.
We also adapt and generalize well-known compressed sensing results to our setting. Our
experiments show that local low-rank modeling is significantly more accurate than global
low-rank modeling in the context of recommendation systems.
The rest of the paper is organized as follows. We introduce notations and briefly review low-rank matrix approximation in Section 2. In Section 3 we describe our proposed
methods. Section 4 provides formal analysis of the proposed approach. Sections 5 and 6
describe in details the two low-rank approximation algorithms. These sections are followed
by experimental evaluations described in Sections 7. We then discuss our contribution in
the context of related work in Section 8 and conclude with a summary in Section 9.
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In general, the problem of completing a matrix M based on a few observed entries is
ill-posed. There are uncountably infinite number of matrices that perfectly agree with the
observed entries of M . Therefore, without additional assumptions, selecting or constructing
the completion matrix M̂ is under-specified and thus ill-defined. A popular assumption is
that M is a low-rank matrix, which suggests that it is reasonable to assume that the
completed matrix M̂ has low-rank. More formally, we approximate a matrix M ∈ Rn1 ×n2
by a rank r matrix M̂ = U V > , where U ∈ Rn1 ×r , V ∈ Rn2 ×r , and r  min(n1 , n2 ). In

Matrix approximation and completion are prevalent tasks in machine learning. Given few
observed matrix entries {Ma1 ,b1 , . . . , Mam ,bm }, matrix completion constructs a matrix M̂
that approximates M at its unobserved entries. Matrix approximation is used heavily in
recommendation systems, text processing, computer vision, and bioinformatics. In recommendation systems, for example, the matrix M corresponds to ratings of items (columns)
by users (rows). Matrix approximation in this case corresponds to predicting the ratings of
all users on all items based on a few observed ratings. In many cases, matrix approximation
leads to state-of-the-art models that are used in industrial settings.

1. Introduction

Keywords: Matrix approximation, non-parametric methods, kernel smoothing, collaborative Filtering, recommender systems.

Matrix approximation is a common tool in recommendation systems, text mining, and
computer vision. A prevalent assumption in constructing matrix approximations is that
the partially observed matrix is low-rank. In this paper, we propose, analyze, and experiment with two procedures, one parallel and the other global, for constructing local matrix
approximations. The two approaches approximate the observed matrix as a weighted sum
of low-rank matrices. These matrices are limited to a local region of the observed matrix.
We analyze the accuracy of the proposed local low-rank modeling. Our experiments show
improvements in prediction accuracy over classical approaches for recommendation tasks.
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Explanation
Number of users.
Number of items.
Number of available ratings.
Rank of approximation matrix.
Rating matrix, M ∈ Rn1 ×n2
“Users” profile matrix, U ∈ Rn1 ×r
“Items” profile matrix, V ∈ Rn2 ×r
Observed entries of M .
Projection operator onto observed entries of Ω.
Local approximation of M centered at (a, b).
Global approximation of M centered at (a, b).
Hadamard product of matrices A and B.
Frobenius norm of matrix X.
Nuclear (trace) norm of matrix X.
Sup-norm of matrix X.
Set of natural numbers {1, . . . , n}.

LLORMA: Local Low-Rank Matrix Approximation

Notation
n1
n2
m
r
M
U
V
Ω
PΩ (M )
T̂ (a, b)
T̂ˆ (a, b)
A B
kXkF
kXk∗
kXk∞
[n]

def

Table 1: Summary of Notations and Matrix Operators.

(
Ma,b
0

(a, b) ∈ Ω
otherwise.

set of indices of the observed entries of M is denoted by Ω = {(a1 , b1 ), . . . , (am , bm )} ⊆
[n1 ] × [n2 ]. The training set is therefore {Ma,b : (a, b) ∈ Ω}. Mappings from matrix indices
to a matrix space are denoted in calligraphic letters, e.g. T , and are operators of the form
T : [n1 ] × [n2 ] → Rn1 ×n2 . We denote the entry (i, j) of the matrix T(a, b) as Ti,j (a, b). A
projection PA with respect to a set of matrix indices A is the function PA : Rn1 ×n2 → Rn1 ×n2
defined by
def

[PΩ (M )]a,b =

i

2
Xi,j

i=1 σi (X)

Pr

j

qP P

We denote by the entry-wise product (also known as the Hadamard or Schur products)
of two matrices [A B]i,j = Ai,j Bi,j . We use in this paper three matrix norms:
def

Frobenius norm kXkF =
def

Sup-norm kXk∞ = supi,j |Xi,j |

def

Nuclear (trace) norm kXk∗ =
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For the nuclear norm σi (X) is the i’th singular value of X where for symmetric matrices
kXk∗ = trace(X). Table 1 summarizes notations and matrix operators used throughout
the paper.
We describe below two popular approaches for constructing a low-rank approximation
M̂ of M . The first one, incomplete SVD, is based on minimizing the Frobenius norm of
PA (M − M̂ ), while the second one is based on minimizing the nuclear norm of a matrix
satisfying constraints constructed from the training set.
3
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U,V

(U, V ) = arg min

([U V > ]a,b − Ma,b )2 ,

(a,b)∈Ω

X

(2)

(1)

A1: Incomplete SVD. The incomplete SVD method constructs a low-rank approximation
M̂ = U V > by solving the problem

or equivalently
X

M̂ = arg min kPΩ (X − M )kF s.t. rank(X) = r.

s.t. kPΩ (X − M )kF < δ .

(3)

A2: Nuclear norm minimization. An alternative to (2) that originated from the compressed
sensing community (Candès and Tao, 2010) is to minimize the nuclear norm of a matrix
subject to constraints constructed from the observed entries:
X

M̂ = arg min kXk∗

Minimizing the nuclear norm kXk∗ is an effective surrogate for minimizing the rank of X,
and solving (3) results in a low-rank matrix M̂ = U V > that approximates the matrix M .
One advantage of A2 over A1 is that we do not need to constrain the rank of M̂ in advance.
Note also that the problem defined by (3), while being convex, may not necessarily scale
up easily to large matrices.

3. Local low-rank matrix approximation

where

Ta,b (a, b) = Ma,b .

In order to facilitate a local low-rank matrix approximation, we need to assume that there
exists a metric structure over [n1 ] × [n2 ]. The distance d((a, b), (a0 , b0 )) reflects the similarity
between the rows a and a0 and columns b and b0 . In the case of recommendation systems,
for example, d((a, b), (a0 , b0 )) expresses the relationship between users a, a0 and items b, b0 .
The distance function may be constructed using the observed ratings PΩ (M ) or additional
information such as item-item similarity or side information on the users when available. We
note that distance between two rows (users) or between two columns (items) is independent
of the indices of those rows or columns. As we exchange the order of two rows or columns,
the similarity still remains the same. See Section 5 for further details.
In the global matrix factorization setting in Section 2, we assume that the matrix M ∈
Rn1 ×n2 has a low-rank structure. In the local setting, however, we assume that the model
is characterized by multiple low-rank n1 × n2 matrices. Specifically, we assume a mapping
T : [n1 ] × [n2 ] → Rn1 ×n2 that associates with each row-column combination [n1 ] × [n2 ] a low
rank matrix that describes the entries of M in its neighborhood (in particular this applies
to the observed entries Ω):

T : [n1 ] × [n2 ] → Rn1 ×n2

JMLR 17(15):1-24

Without additional assumptions, it is impossible to estimate the mapping T from a set
of m < n1 n2 observations. We assume, as is often done in non-parametric statistics, that
the mapping T is slowly varying. Since the domain of T is discrete, the classical definitions
of continuity or differentiability are not applicable in our setting. We assume instead that
T is Hölder continuous (see Definition 1 in Section 4).

4

s

r

r)

M

T(

s)

5
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Figures 1 shows a graphic illustration of the locally low-rank linear assumption: the
operator T maps matrix entries to matrices whose image is (a) low-rank, (b) slowly changing,
and (c) agrees locally with the original matrix. Assumption (b) implies that if d(s, r) is
small T (s) is similar to T (r), as shown by their spatial closeness in the embedding Rn1 ×n2 .
Assumption (c) implies that for all s ∈ [n1 ]×[n2 ], the neighborhood {s0 : d(s, s0 ) < h} in the
original matrix M is approximately described by the corresponding entries of the low-rank
matrix T (s) (shaded regions of M are matched by lines to the corresponding regions in
T (s) that approximate them).
We would like to emphasize that for illustrative purposes, we assume in Figure 1 that
there exists a distance function d whose neighborhood structure coincides with the natural
order on indices. That is, s = (a, b) is similar to r = (c, d) if |a − c| and |b − d| are small.
Figure 2 shows the relationship between the neighboring entries of the original matrix
and the operator image in more detail. The original matrix M (bottom) is described locally
by two low-rank matrices T (t) (near t) and T (r) (near r). The lines connecting the three
matrices identify identical entries: Mt = Tt (t) and Mr = Tr (r). The equation at the top
right shows a relation tying the three patterned entries. Assuming the distance d(t, r) is
small, δ = Tr (t) − Tr (r) = Tr (t) − Mr (r) is small as well.
Following common approaches in non-parametric statistics, we define a smoothing kernel
Kh (s1 , s2 ), s1 , s2 ∈ [n1 ] × [n2 ], as a non-negative symmetric unimodal function that is

Figure 1: The locally low-rank linear assumption assumes an operator that maps matrix
entries to matrices whose image is (a) low-rank, (b) slowly changing, and (c)
agrees locally with the original matrix. We emphasize that we draw the figure as
if adjacent rows (or columns) are semantically similar just for illustration purpose.
In real data, similar users (or items) are usually scattered over the entire space.
See text for more details.

Rn1 ⇥n2

LLORMA: Local Low-Rank Matrix Approximation

T(

Mt Mr

Tt (t) Tr (t)

M

T (r)

Tt (r) Tr (r)

Tr (t) = Tr (r) + ✏ = Mr + ✏

(a,b)

(6)

(5)

(4)

X

T̂ (a, b) = arg min kXk∗

Local-A2: Nuclear norm minimization

X

T̂ (a, b) = arg min kKh

(a,b)

6

(a,b)

s.t. kKh

PΩ (X − M )kF

rank(X) = r .

(8)

(7)
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PΩ (X − M )kF < δ .

s.t.

We denote by Kh
the matrix whose (i, j)-entry is Kh ((a, b), (i, j)).
We describe below the local modifications of incomplete SVD (A1 ) and nuclear norm
minimization (A2 ) matrix approximations. Both extensions estimate T (a, b) in the vicinity
of (a, b) ∈ [n1 ] × [n2 ] given the samples PΩ (M ).
Local-A1: Incomplete SVD

Kh (s1 , s2 ) ∝ (1 − d(s1 , s2 )2 ) 1[d(s1 , s2 ) < h] .

Kh (s1 , s2 ) ∝ (1 − h−1 d(s1 , s2 )) 1[d(s1 , s2 ) < h]

Kh (s1 , s2 ) ∝ 1[d(s1 , s2 ) < h]

parameterized by a bandwidth parameter h > 0. A large value of h implies that Kh (s, ·) has
a wide spread, while a small h corresponds to narrow spread of Kh (s, ·). ROften, it is further
assumed that Kh (x) = K1 (x/h)/h and that the kernel integrates to 1: Kh (x) dx = 1. In
our case, however, we have a discrete domain rather than a continuous domain. See for
instance (Wand and Jones, 1995) for more information on smoothing kernels. Three popular
smoothing kernels are the uniform kernel, the triangular kernel, and the Epanechnikov
kernel, defined respectively as

Figure 2: The relationship between the neighboring entries of the original matrix and the
operator image. See text for more details.

T (t)
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(a, b) ∈ [n1 ] × [n2 ] .

The two optimization problems above describe how to estimate T̂ (a, b) for a particular
choice of (a, b) ∈ [n1 ] × [n2 ]. Conceptually, this technique can be applied at each test entry
(a, b), resulting in the matrix approximation M̂ ≈ M where
M̂a,b = T̂a,b (a, b),

(9)

(T (s) − T (s0

v
u
u
E(T̂ )(s, h) = t

1
|Bh (s)|

E(T̂ )(s, h) ≤ p

αhβ

))kF

X

s0 ∈Bh (s)

|Bh (s)|

p
3
1/δ and p = |Ω ∩ Bh (s)|/|Bh (s)|.

4

≤ αdβ (s, s0 ).

2

T̂s0 (s) − Ts0 (s)



,

(T (s) − T (s0 ))k∞ < αhβ .

8

def

.

(10)

(11)
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We can thus assume that if d(s, s0 ) < h, an observation Ms0 = Ts0 (s0 ) is equal to Ts0 (s) + Z
where Z is a random variable whose absolute value is bounded by αhβ . This means that we
can use observations Ms0 = Ts0 (s0 ) for estimating the local model T (s) as long as we admit
a noisy measurement process.

kKhs

Proof Assumptions (i) and (iii) above imply that if Kh (s, s0 ) > 0 then

where γ =

Proposition 1. If |Ω ∩ Bh (s)| ≥ Cµ2 γr log6 γ, then with probability of at least 1 − δ,
s
!

γ(2 + p)
+2
p

We denote by Bh (s) the neighborhood of indices near s, Bh (s) = {s0 ∈ [n1 ] × [n2 ] :
d(s, s0 ) < h} and we use n1 (h, s) and n2 (h, s) to denote the number of unique row and
column indices, respectively, in Bh (s). Finally, we denote γ = min(n1 (h, s), n2 (h, s)).
The proposition below provides a bound on the average squared-error within a neighborhood of s

kKhs

In our analysis we make the following assumptions: (i) T is Hölder continuous, (ii) T (s)
is a rank r matrix that satisfies the strong incoherence property, and (iii) the kernel Kh is
a uniform kernel based on a product distance function. The Hölder continuity assumption
on T can be replaced by the following weaker condition without affecting the results

∀x, x0 ∈ X : kf (x) − f (x0 )kF ≤ α dβ (x, x0 ) .

Definition 1. Let X be a metric space. A function f : X → Rn1 ×n2 is Hölder continuous
with parameters α, β > 0 if

constant, and µ is the strong incoherence property parameter described in Candès and Tao
(2010). This bound is tight in the sense that it is close to the information theoretic limit of
Ω(r n log n). As in Candès and Tao (2010), we assume that the observed entries are sampled
at random without replacement, avoiding trivial situations in which a row or a column is
unsampled.
The aforementioned result is not applicable in our case since the matrix M is not necessarily of low-rank. Concretely, when r = O(n) the bound above degenerates into a sample
complexity of O(n2 log n) which is clearly larger than the number of entries in the matrix
M . We develop below a variation on the results in Candès and Tao (2010) and Candès and
Plan (2010) that applies to the local-A2 compressed-sensing estimator T̂ .

However, such a construction would require solving an optimization problem for each matrix entry (a, b) and is thus computationally prohibitive. Instead, we describe in the next
subsection how to use a set of q local models T̂ (s1 ), . . . , T̂ (sq ), s1 , . . . , sq ∈ [n1 ] × [n2 ] to
obtain a computationally efficient estimate T̂ˆ (s) for all s ∈ [n1 ] × [n2 ].
3.1 Global Approximation

i=1

X
K (s , s)
Pq h i
T̂ (si ) .
j=1 Kh (sj , s)

q

The problem of recovering a mapping T from q values without imposing a strong parametric
form is known as non-parametric regression. We propose using a variation of locally constant
kernel regression (Wand and Jones, 1995), also known as Nadaraya-Watson regression
T̂ˆ (s) =

Equation (9) is simply a weighted average of T̂ (s1 ), . . . , T̂ (sq ), where the weights ensure that
values of T̂ at indices close to s contribute more than those further away from s. Note that
both the left-hand side and the right-hand side of (9) denote matrices. The denominator
in (9) ensures that the weights sum to one.
In contrast to T̂ , the estimate T̂ˆ can be computed for all s ∈ [n1 ] × [n2 ] efficiently since
computing T̂ˆ (s) simply requires evaluating and averaging T̂ (si ), i = 1, . . . , q. The resulting
ˆ = T̂ˆ (a, b) and (a, b) ∈ [n ] × [n ].
matrix approximation is M̂
1
2
a,b
a,b
The accuracy of T̂ˆ as an estimator of T̂ improves with the number of local models q
and the degree of continuity of T̂ . The accuracy of T̂ˆ as an estimator of T is limited by the
quality of the local estimators T̂ (s1 ), . . . , T̂ (sq ). However, assuming that T̂ (s1 ), . . . , T̂ (sq )
are accurate in the neighborhoods of s1 , . . . , sq , and q is sufficiently large, the estimation
error T̂ˆ a,b (a, b) − Ta,b (a, b) is likely to be small as we analyze in the next section. We term
the resulting approach LLORMA standing for Local LOw Rank Matrix Approximation.

4. Estimation accuracy
In this section we analyze the estimation accuracy of LLORMA. Our analysis consists of two
parts. In the first we analyze the large deviation of T̂ from T . Then, based on this analysis,
we derive a deviation bound on the global approximation T̂ˆ . Our analysis technique is based
on the seminal paper of Candès and Tao (2010). The goal of this section is to underscore
the characteristics of estimation error in terms of parameters such as the train set size,
matrix dimensions, and kernel bandwidth.
4.1 Analysis of T̂ − T

JMLR 17(15):1-24

Candès and Tao (2010) established that it is possible to estimate an n1 × n2 matrix M
of rank r if the number of observations m ≥ Cµrn log6 n, where n = min(n1 , n2 ), C is a
7

p
is the density of observed samples. Dividing by |Bh (s)| concludes the

lim

k→∞

n[k]

hβ+1
[k]

k→∞

= lim

9

n[k]

h2β+1
[k]
k→∞

= lim
m[k]

h2β+1
[k] n[k]

= 0.
JMLR 17(15):1-24

In the case of a square matrix with uniformly spread samples, it is instructive to
view n, m, h as monotonically increasing sequences, indexed by k ∈ N and assume that
limk→∞ n[k] = limk→∞ m[k] = ∞. In other words, we consider the limit of matrices of
increasing sizes with an increasing number of samples. In the case of uniformly distributed
distances, the bound (12) will converge to zero if

If in addition the matrix M is squared (n1 = n2 = n) and the distribution of distances
d is uniform, then n1 (h, s) = n2 (h, s) = n/h, |Bh (s)| = (n/h)2 , and γ = n/h. In this case,
the bound on E(T̂ )(s, h) becomes
r
2n 1 2αhβ+1
4αhβ+1/2
+ +
.
(12)
m
n
n

Corollary 1. Assume that the conditions of Proposition 1 hold and in addition the observed
samples are spread uniformly with respect to d. Then, the following inequality holds
r
4αhβ
2αhβ
γ(2n1 n2 + m)
E(T̂ )(s, h) ≤ p
+p
.
m
|Bh (s)|
|Bh (s)|

When the observed samples are uniformly spread over the matrix, we get p = m/(n1 n2 ), so
s
r
2+p
2 + m/(n1 n2 )
4 γ
+2=4 γ
+2
p
m/(n1 n2 )
r
γ(2n1 n2 + m)
=4
+ 2.
m
p
Multiplying αhβ / |Bh (s)| yields Corollary 1.

where p =
proof.

|Ω∩Bh (s)|
|Bh (s)|

Since K is a uniform kernel based on a product distance by assumption (iii), the set
Bh (s) is a Cartesian product set. We view this product set as a matrix of dimensions
n1 (h, s) × n2 (h, s) that we approximate. (Note that n1 (h, s) and n2 (h, s) are monotonically
increasing with h, and as h → ∞, n1 (h, s) = n1 , n2 (h, s) = n2 .) The number of observed
entries in this matrix approximation problem is |Ω ∩ Bh (s)|.
Applying Theorem 7 in Candès and Plan (2010) to the matrix completion problem
described above, we get that if |Ω ∩ Bh (s)| ≥ Cµ2 γr log6 γ, then with probability greater
than 1 − γ −3 ,
s
!
γ(2 + p)
s
β
kKh (T (s) − T̂ (s))kF ≤ αh 4
+2 ,
p
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(T̂ (s) − T̂ (s0 ))kF
+

kKhs

+ kKhs

≤ kKhs

(T (s) − T (s0 ))kF .

(T̂ (s0 ) − T (s0 ))kF

(T̂ (s) − T (s))kF

kKhs

(T̂ (s) − T (s))kF +

(T̂ˆ (s) − T (s))kF ≤

kKhs

(T̂ˆ (s) − T̂ (s))kF .

(13)

i

≤

i

(T̂ (si ) − T̂ (s))

10

F

F

!

F

(T̂ (si ) − T̂ (s))kF .

w
P i T̂ (si ) − T̂ (s)
j wj
i
X wi
P
(T̂ (si ) − T̂ (s))
j wj

X

w
P i Khs
j wj
i
X wi
P
≤
kKhs
j wj

X

= Khs

= Khs

kKhs (T̂ˆ (s) − T̂ (s))kF
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We bound the first term using Proposition 1. Since T̂ˆ (s) is a weighted average of T̂ (si ),
i = 1, . . . , q with si ∈ Bh (s), the second term is bounded by

kKhs

Proof Using the triangle inequality we get

Proposition 3. Assume that Proposition 1 holds. Then, with probability of at least 1 − δ,
s
!
γ(2 + p)
αhβ
12
+7 .
E(T̂ˆ )(s, h) ≤ p
p
|Bh (s)|
p
3
where γ = (2|Ω ∩ Bh (s)| + 1)/δ.

We apply the bound from Proposition 1 to the first two terms and use the assumption that
T is Hölder continuous to bound the third term. The adjustment to the confidence level
2γ −3 is obtained using the union bound.

kKhs

Proof Using the triangle inequality for k · kF ,

Proposition 2. If d(s, s0 ) < h and Proposition 1 holds at s, s0 , then with probability at least
1 − δ,
s
!
γ(2 + p)
s
0
β
kKh (T̂ (s) − T̂ (s ))kF ≤ αh 8
+5 .
p
p
where γ = 3 2/δ.

We start by showing that T̂ is Hölder continuous with high probability, and then proceed
to analyze the estimation error of T̂ˆ .

4.2 Analysis of T̂ˆ − T
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There are |Ω ∩ Bh (s)| summands in the above term. We bound each of them using Proposition 2. Together with the bound (13) this gives the desired result (after dividing by
p
|Bh (s)|). The adjustment to the confidence level (2|Ω ∩ Bh (s)| + 1)γ −3 is obtained using
the union bound.

5. The Parallel LLORMA Algorithm


hUa , Uc i
kUa k · kUc k



d(b, d) = arccos



hVa , Vd i
kVb k · kVd k



(14)

In the previous sections, we assumed a general kernel function Kh (s1 , s2 ), where s1 , s2 ∈
[n1 ] × [n2 ]. This kernel function may be defined in several ways. For simplicity, we assume
a product form Kh ((a, b), (c, d)) = Kh1 (a, c)Kh0 2 (b, d) where K and K 0 are kernels on the
spaces [n1 ] and [n2 ], respectively. We used the Epanechnikov kernel (6) for both K, K 0 as
it achieves the lowest integrated squared error (Wand and Jones, 1995), but other choices
are possible as well.
The distance d in (6) can be defined using additional information from an outside source
describing row (user) similarity or column (item) similarity. If there is no such information
available (as is the case in our experiments), d can be computed solely based on the partially
observed matrix M . In that case, we may use any distance measure between two row vectors
(for K) or two column vectors (for K 0 ). Empirically, we found that standard distance
measures such as the 2-norm or cosine similarity do not perform well when M is sparse.
We therefore instead factorize M using standard incomplete SVD (1) M ≈ U V > . Then,
we proceed to compute d based on the distances between the rows of factor matrices U (and
V ). Concretely, we used arc-cosine between users a and c (and items b and d):
d(a, c) = arccos

where Ui , Vi are the ith row of the matrix U and V . We tried numerous other distances
and similarity scores such as the Euclidean distance and cosine similarity. The arc-cosine
score empirically performed better than the other scores we experimented with.

JMLR 17(15):1-24

Besides of the distance metric, the anchor points (s1 , . . . , sq ) that define T̂ˆ also play a
significant role. There are several ways of choosing the anchor points. We randomly choose
among training data points unless stated otherwise. Detailed discussion is on Section 7.3.
Algorithm 1 describes the learning algorithm for estimating the local models at the
anchor points T̂ (si ), with i = 1, . . . , q. In line 14, we solve a weighted (by Kh1 and Kh2 )
SVD problem with L2 regularization. This minimization problem can be computed with
gradient-based methods. After these models are estimated, they are combined using (9) to
create the estimate T̂ˆ (s) for all s ∈ [n1 ] × [n2 ].
Algorithm 1 can actually run faster than vanilla SVD since (a) the q loops may be
computed in parallel, and (b) the rank of the our local models can be significantly lower than
the rank of global SVD for similar performance (see Section 7). Also, as the kernel Kh has
limited support, (c) Kh (s, s0 ) will have few non-zero entries. The weighted SVD problem at
line 14 should be sparser than the global SVD, which should result in an additional speedup.
11

(i,j)∈Ω
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t=1

end for n
oq
output:
at , bt , U (t) , V (t)

i,k

j,k

Algorithm 1 The Parallel LLORMA Algorithm
1: input: M ∈ Rn1 ×n2 whose entries are defined over Ω
2: parameters: kernel function K(·) of widths h1 and h2
3:
rank r and number of local models q
4:
regularization values λU , λV
5: for all t = 1, . . . , q parallel do
6:
select (at , bt ) at random from Ω
7:
for all i = 1, . . . , n1 do
8:
construct entry i: [K at ]i := Kh1 (at , i)
9:
end for
10:
for all j = 1, = . . . , n2 do
11:
construct entry j: [K bt ]j := Kh2 (bt , j)
12:
end for
13:
set (U (t) , V (t) ) to be the minimizer of:

2
X
X
X
2
2
Vj,k
[K (at ) ]i [K (bt ) ]j [U V > ]i,j − Mi,j + λU
Ui,k
+ λV
14:

15:

16:

6. Global LLORMA

q

X K(ut , u)K(it , i)
>
P
[U (t) V (t) ]u,i .
s K(us , u)K(is , i)

t=1

!2

(15)

Recall that the parallel LLORMA algorithm from Section 5 constructs q local models based
on q different anchor points. It then combines the models via kernel regression to produce
M̂ using (9) which yields the following approximation,
M̂u,i =

q

t=1

X K(ut , u)K(it , i)
>
P
[(U (t) V (t) ]u,i − Mu,i
s K(us , u)K(is , i)

.

(16)

That is, the algorithm learns each local model independently based on different subsets of
the matrix (with some potential overlap). Alternatively, we can directly optimize a joint
loss using all local models while bearing in mind the form of the final model as given by (15).
In this section we describe an algorithmic alternative that minimizes the following loss with
q
respect to {U (t) , V (t) }t=1
,
X
(M̂u,i − Mu,i )2 =
(u,i)∈Ω

X

(u,i)∈Ω
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This optimization problem can be solved using gradient-based methods, as we use for
the global incomplete SVD. Hence, we solve jointly multiple SVD problems with different weights (K(ut , u)K(it , i)) multiplying the original matrix. Since we can decompose M
into weighted sums,

P
K(ut , u)K(it , i)
Mu,i ,
Mu,i = P t
s K(us , u)K(is , i)

12

t=1

q
X

(u,i)∈Ω

t=1

!2
q
X
K(ut , u)K(it , i)
K(ut , u)K(it , i)
>
P
P
[(U (t) V (t) ]u,i −
Mu,i
s K(us , u)K(is , i)
s K(us , u)K(is , i)
t=1
!
q
 2
X
X
K(ut , u)K(it , i)  (t) (t) >
P
=
[(U V
]u,i − Mu,i
.
s K(us , u)K(is , i)

(17)


2
>
K(ut , u)K(it , i) [(U (t) V (t) ]u,i − Mu,i .
(18)
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1. http://www.grouplens.org/
2. http://recsys.acm.org/recsys13/recsys-2013-challenge-workshop/
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We conducted several experiments with recommendation data. In Section 7.1, we compare
LLORMA to SVD and other state-of-the-art techniques. We also examine in the section
dependency of LLORMA on the rank r, the number of anchor points q, and the training set
size. In Section 7.2, we compare the parallel and global versions of LLORMA. Section 7.3
introduces several anchor point selection schemes and compare them experimentally.
We used four popular recommendation systems datasets. The MovieLens1 dataset is one
of the most popular datasets in the literature. We used all versions of MovieLens dataset,
namely: 100K (1K × 2K with 105 observations), 1M (6K × 4K with 106 observations), and
10M (70K × 10K with 107 observations). We also tested LLORMA on the Netflix dataset
which is of size 480K × 18K with 108 observations and the Bookcrossing dataset (100K ×
300K with 106 observations). These two datasets are much larger than the MovieLens
dataset. We also report results on the Yelp dataset (40K × 10K with 105 observations),
which is a recent dataset that is part of the ACM RecSys 2013 challenge2 . The Bookcrossing

7. Experiments

By construction, both objectives are minimized with respect to {U (t) , V (t) }qt=1 using the
squared deviation from M . The difference between the two models is that (17) has a
square that encompasses a sum over anchor points. When expanded the term includes
the individual squared terms that appear in (18) as well as additional interaction terms.
Namely, parallel LLORMA minimizes the sum of square deviations while global LLORMA
minimizes the square deviation of sums. In Algorithm 2 we provide the pseudocode of global
LLORMA.
A priori we should expect the global version of LLORMA to result in more accurate
estimates of M than parallel LLORMA described in Section 5. However, since the objective
can no longer be decoupled, the run time global LLORMA is likely to be longer than its
parallel counterpart. We provide experimental results which compare the two versions in
terms of performance and running time in Section 7.2.

(u,i)∈Ω t=1

q
X X

Let us now examine the difference between the above objective with the one tacitly employed
by parallel LLORMA algorithm, which amounts to,

(u,i)∈Ω

X

the objective function given by (16) can be rewritten as follows,

LLORMA: Local Low-Rank Matrix Approximation
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Table 2 lists the performance of LLORMA with 50 anchor points, SVD, and two recent
state-of-the-art methods based on results published in (Mackey et al., 2011). For a fixed
rank r, LLORMA always outperforms SVD. Both LLORMA and SVD perform better as
r increases. Both SVD and LLORMA exhibit diminishing returns as the rank increases.
LLORMA with a modest rank r = 5 outperforms SVD of any rank. We can see that
LLORMA also outperforms the Accelerated Proximal Gradient (APG) and Divide-andConquer Matrix Factorization (DFC) algorithms. For a reference, the Root Mean Square

7.1 Performance of Parallel LLORMA

and Yelp datasets reflect a recent trend of very high sparsity, often exhibited in real-world
recommendation systems.
Unless stated otherwise, we randomly divided the available data into training and test
sets such that the ratio of training set size to test set size was 9:1. We created five random
partitions and report the average performance over the five partitions. We used a default
rating of (max + min)/2 for test users or items which lack any rating, where max and min
indicate respectively the maximum and minimum possible rating in the dataset.
In our experiments, we used the Epanechnikov kernel with h1 = h2 = 0.8, a fixed stepsize for gradient descent of µ = 0.01, and a 2-norm regularization value of λU = λV = 0.001.
These values were selected using cross-validation. We set and did not attempt to optimize
the parameters T = 100 (maximum number of iterations),  = 0.0001 (gradient descent
convergence threshold), and q = 50 (number of anchor points). We selected anchor points
by sampling uniformly users and items from the training points without replacement. We
examine more complex anchor point selection scheme in Section 7.3.

t=1

Algorithm 2 The Global LLORMA Algorithm
1: input: M ∈ Rn1 ×n2 whose entries are defined over Ω
2: parameters: kernel function K(·) of widths h1 and h2
3:
rank r and number of local models q
4:
regularization values λU , λV
5: for all t = 1, . . . , q do
6:
select (at , bt ) at random from Ω
7:
for all i = 1, . . . , n1 do
8:
construct entry i: [K at ]i := Kh1 (at , i)
9:
end for
10:
for all j = 1, = . . . , n2 do
11:
construct entry j: [K bt ]j := Kh2 (bt , j)
12:
end for
13: end for
q
14: minimize with respect to {(U (t) , V (t) )}t=1 :
!2
>
q
(a
)
(b
)
(t)
(t)
X X [K t ]i [K t ]j [U V
X h (t) i2
X h (t) i2
]i,j
P
15:
− Mi,j
+ λU
Ui,k
+ λV
Vj,k
(a
)
(b
)
s ] [K s ]
i
j
s [K
i,k
j,k
(i,j)∈Ω t=1
oq
n
16: Output:
at , bt , U (t) , V (t)
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Netflix
0.8433
0.8486
0.8411
SVD LLORMA
0.9388
0.9295
0.8928
0.8792
0.8836
0.8604
0.8788
0.8541
0.8765
0.8444
0.8758
0.8365
0.8742
0.8337

Yelp
–
–
–
SVD LLORMA
1.4988
1.4490
1.4824
1.3133
1.4775
1.2358
1.4736
1.1905
1.4708
1.1526
1.4685
1.1317
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MovieLens 10M
0.8005
0.8085
0.7944
SVD LLORMA
0.8723
0.8650
0.8348
0.8189
0.8255
0.8049
0.8234
0.7950
0.8219
0.7889
0.8225
0.7830
0.8220
0.7815

7

10

15

SVD
LLORMA

20

Bookcrossing
–
–
–
SVD LLORMA
3.3747
3.1683
3.3679
3.0315
3.3583
2.9482
3.3488
2.8828
3.3283
2.8130
3.3098
2.7573
0.84

0.83

0.82

0.81

0.80

0.79

0.78

1.60
1.55
1.50
1.45
1.40
1.35
1.30
1.25
1.20
1.15

1.10

0

10
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50

50

0.90

0.89

0.88

0.87
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0.84
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3.60

3.50

3.40

3.30

3.20

3.10

3.00

2.90

2.80

2.70

0

0

10
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MovieLens 10M

40

SVD(rank=5)
SVD(rank=7)
SVD(rank=10)
SVD(rank=15)
LLORMA(rank=5)
LLORMA(rank=7)
LLORMA(rank=10)
LLORMA(rank=15)
DFC

20
30
Number of Anchor Points

Yelp

40

SVD(rank=5)
SVD(rank=7)
SVD(rank=10)
SVD(rank=15)
LLORMA(rank=5)
LLORMA(rank=7)
LLORMA(rank=10)
LLORMA(rank=15)

20
30
Number of Anchor Points
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Netflix

40

SVD(rank=5)
SVD(rank=7)
SVD(rank=10)
SVD(rank=15)
LLORMA(rank=5)
LLORMA(rank=7)
LLORMA(rank=10)
LLORMA(rank=15)
DFC

20
30
Number of Anchor Points

Bookcrossing

40

SVD(rank=5)
SVD(rank=7)
SVD(rank=10)
SVD(rank=15)
LLORMA(rank=5)
LLORMA(rank=7)
LLORMA(rank=10)
LLORMA(rank=15)

20
30
Number of Anchor Points
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Figure 4: RMSE of LLORMA, SVD, and two baselines on MovieLens 10M (top-left), Netflix
(top-right), Yelp (bottom-left), and Bookcrossing (bottom-right) datasets. The
results for LLORMA are depicted by thick solid lines, while for SVD with dotted
lines. Models of the same rank are have identical colors.

0

RMSE

RMSE

MovieLens 1M
–
–
–
SVD LLORMA
0.9201
0.9135
0.8838
0.8670
0.8737
0.8537
0.8678
0.8463
0.8650
0.8396
0.8652
0.8370
0.8647
0.8333

5
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RMSE
RMSE

Method
APG
DFC-NYS
DFC-PROJ
Rank
Rank-1
Rank-3
Rank-5
Rank-7
Rank-10
Rank-15
Rank-20

3

Table 2: RMSE achieved by different algorithms on five datasets: MovieLens 1M, MovieLens 10M, Netflix, Bookcrossing, and Yelp. Results for APG (Toh and Yun, 2010)
and DFC were taken from (Mackey et al., 2011).
0.95

0.90

0.85

0.80
1

Rank

15

3. We provide this number merely as reference since we measured our performance on a test set different
from original Netflix test set, which is no longer available. Our result are based on a random sub-sampling
of the Netflix training data as described above. See also the discussion in (Mackey et al., 2011).

Error (RMSE) we achieved (0.8337) is a better score than the goal of Netflix competition
(0.8567).3
As we can see from Figure 3, the improvement in the performance of SVD is rather minor
beyond a rank of 7 while LLORMA’s improvement is still evident until a rank of about
20. Both approaches cease to make substantial improvements beyond the aforementioned
ranks and exhibit diminishing returns for high ranks. As discussed in earlier sections,
the diminishing returns of SVD for high ranks can be interpreted in two ways: (i) The

Figure 3: RMSE of LLORMA and SVD as a function of the rank on the Netflix dataset.

RMSE

50

50

0.8
10%

0.85

0.9

0.95

1

1.05

30%

50%

Train Set Size (Ratio)

70%

90%

NMF(r=50)
BPMF(r=5)
SVD(r=50)
LLORMA(r=5)
LLORMA(r=10)
LLORMA(r=15)
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To recap, the experimental results presented thus far indicate that LLORMA outperforms SVD and other state-of-the-art methods even when using relatively lower-rank ap-

Figure 4 compares the RMSE of LLORMA, SVD, and the DFC method of Mackey
et al. (2011). We plot the RMSE of LLORMA as a function of the number of anchor
points. As in the case of Table 2, both LLORMA and SVD improve as r increases. Here
again LLORMA with local rank of at least 5 outperforms SVD of any rank. Moreover,
LLORMA outperforms SVD even with only a few anchor points. Figure 5 shows the RMSE
of LLORMA as a function of the training set size, and compares it with global SVD of 50. We
also plot results for a few other methods that have shown to achieve very good approximation
accuracy: non-negative matrix factorization (NMF) with rank 50 (Lee and Seung, 2001)
and Bayesian probabilistic matrix factorization (BPMF) with rank 5 (Salakhutdinov and
Mnih, 2008b). The test set size was fixed to 10% of the MovieLens 1M and the RMSE was
averaged over five random train-test splits. The graph shows that all methods improve as
the training set size increases while LLORMA consistently outperforms SVD and the other
baselines.

global low-rank assumption is correct and the SVD approximates the rating matrix almost
optimally. (ii) The global low-rank assumption is incorrect and the diminishing returns are
due to various deficiencies such as overfitting or reaching an inferior local minimum. Since
LLORMA improves beyond SVD’s best performance, it deems that the second hypothesis
is more plausible. The fact that LLORMA’s performance asymptotes at higher ranks than
SVD may indicate the first hypothesis is to a large extent correct at a local region yet not
globally.

Figure 5: RMSE of SVD, LLORMA, NMF, and BPMF methods as a function of training
set size for the MovieLens 1M dataset.

RMSE

Global LLORMA
Test RMSE Time
0.9072
6:04
0.9020
10:27
0.8990
14:40
0.8986
19:43
0.8975
28:59

Parallel LLORMA
Test RMSE Time
0.9426
1:09
0.9117
3:20
0.9041
5:26
0.9010
7:50
0.8985
11:49
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Trainset: Sample anchor points uniformly from the observed entries, Ω.
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Complete: Sample anchor points uniformly from the entire set of indices [n1 ] × [n2 ].

The method for selecting anchor points in LLORMA is important as it may affect the
prediction time as well as generalization performance. If the row and column indices of
the test data are provided in advance, we may choose anchor points from the test set
distribution. However, in most applications the test set is not known apriori, and in fact
is likely to increase and change in time. We therefore confined ourselves to three sampling
methods and one clustering methods based on low-rank representation of the data. In the
rest of the section we use q to denote the number of anchor points. The following are anchor
point selection methods we tried.

7.3 Anchor Points Selection

Table 3: RMSE and training time for Global and Parallel LLORMA on MovieLens 100K.

Method
Rank
1
3
5
7
10

We proposed two implementations of LLORMA in this paper: a decoupled parallel approach (Section 5) and a global approximation version (Section 6). In earlier sections, we
conjectured that the global version is likely to be more accurate in terms of RMSE as it
directly optimizes the objective function. In terms of computational efficiency, however, we
naturally expected the parallel version to be faster as it can take advantage of multicore
and distributed computing architectures. In this subsection, we experimentally verify the
two conjectures.
We compared the two versions of LLORMA on MovieLens 100K dataset. We tested
local rank values in {1, 3, 5, 7, 10}. The experiment was conducted on a quad-core machine
with 4 threads while suspending any other process. For both versions, we constructed
50 local models and repeated the experiment 5 times with different anchor points. Table 3
reports the average test RMSE and average elapsed time for training. As conjectured, global
LLORMA results in more accurate estimations on unseen data than parallel LLORMA.
However, the performance gap between the two approaches reduces as the rank increases.
The parallel version LLORMA runs about 3 times faster than global LLORMA indicating
that a fairly high utilization of the multicore architecture.

7.2 Comparison of Global and Parallel LLORMA

proximation. Moreover, LLORMA is capable of achieving good accuracy with rather small
number of anchor points and seems to perform well across a variety of training set sizes.
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Coverage: Select anchor points such that no entry in [n1 ] × [n2 ] is too distant from the
rest of the anchor points.
k-means: Run k-means clustering on the entries in Ω each represented using the induced
d-dimensional space obtained by SVD with k = q.

Complete
0.9276
0.9245
0.9240
0.9231
0.9242

10 Local models
Trainset Coverage
0.9296
0.9360
0.9237
0.9327
0.9221
0.9277
0.9251
0.9279
0.9271
0.9301

k-means
0.9230
0.9208
0.9190
0.9202
0.9236

Complete
0.9195
0.9164
0.9125
0.9140
0.9129

20 Local Models
Trainset Coverage
0.9206
0.9235
0.9152
0.9189
0.9128
0.9154
0.9129
0.9163
0.9125
0.9141

k-means
0.9166
0.9134
0.9111
0.9103
0.9112

The first two sampling methods are straightforward. The third method, termed “Coverage”
was implemented by sampling aq with a > 1 user-item pairs and then adding an anchor
point whose minimum distance to existing anchor points is the largest. The fourth selection
methods that we tested is based on clustering the observed entries. It is based on the
observation that an anchor point need not be an entry in the observation matrix but may
rather consist of a combination of matrix entries. Recall that we weigh each local model
based on user and item similarity. As explained in Section 5, each a user (item) is represented
as a row of a low-rank matrices U (respectively, V ) attained by the global SVD, namely,
M ≈ U V > . Denoting the intrinsic dimension of U and V by d, each user and item can be
represented as a d-dimensional vector. Instead of each row of U and V , we can generalize
the space of anchor points to any point in this d-dimensional vector space. A good set
of anchor points may be the q cluster centers of the d-dimensional representations of the
entries of M which is computed using the k-means algorithm.
Table 4 provides performance results of Global LLORMA using different anchor point
selection methods. In the experiments we used the MovieLens 100K datasets with 5 random
train-test partitions. The results we report are based on averages over the 5 random splits.
As one may anticipate, the different selection schemes perform similarly when q is large. For
small values of q (10 or 20), we would like to underscore the following observations. The first
two methods (Complete and Trainset) perform similarly. The clustering-based anchor point
construction generally performs slightly better than the three other methods. Somewhat
surprisingly, the Coverage method performs the worst for small values of q. Nonetheless,
when q is sufficiently large all methods achieve about the same results.
Rank
1
3
5
7
10

Table 4: RMSE for various anchor point selection schemes on MovieLens 100K datset.

7.4 Comparison to Ensemble of Independent Models
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The algebraic form of the parallel estimator T̂ˆ as given by (9) is a linear combination of
local models, each of which focuses on a subset of user-item pairs. This algebraic form is
reminiscent of ensemble methods (Jacobs et al., 1991) such as Bagging (Breiman, 1996),
where the final model is a linear combination of simple models, each weighed by a predefined
coefficient. Ensemble methods such as boosting and Bagging have been shown to be effective
tools for combining models primarily for classification tasks. In this section we examine the
19
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connection between LLORMA and an ensemble method based on Bagging for low rank
matrix approximation.
There are two main differences between Bagging and LLORMA. In Bagging, the dataset
constructed for training each sub-model is uniformly sampled with replacements. In contrast, LLORMA’s sampling is based on a non-uniform distribution respecting locality as
defined by the distance metric over user-item pairs. The second difference is that Bagging
assigns equal weights to each base-model. In LLORMA, each local model is associated with
a weight that is proportional to the proximity of the anchor point to the test point. That
is, the weights of the local models vary and are determined at inference time.
We conducted two set of experiments comparing LLORMA with Bagging. In the first
experiment, we varied the kernel widths gradually increasing the widths to the matrix
dimensions, thus ending with a uniform kernel over Ω. We normalized the kernel width so
that a value of 1 corresponds to the full dimension. As the width increases, the overlap
between local models becomes more and more substantial. In addition, the bias of each
local model increases due to the decrease in locality. Analogously, the variance of each
model decreases due to the increase in the actual training set size.
Figure 6 shows performance of LLORMA on MovieLens 100K dataset for various kernel
widths. The best performance is obtained for kernel width between 0.7 and 0.8. The
performance rapidly deteriorates as the width decreases and slowly degrades as the width
increases with an optimal width close to the middle of the range.
In our second experiment, we compared LLORMA with Bagging by taking |Ω| samples
with replacements, which in expectation covers two thirds of the observed entries. Table 5
compares the performance of global SVD of rank 10 and 15, LLORMA with 100 local

Figure 6: Performance of LLORMA as a function of the kernel width. The vertical axis
indicates the approximations’ root mean squared error (RMSE) and the horizontal
axis the kernel width (h1 = h2 ) in log scale. The dotted blue line shows the
average RMSE of Bagging for reference.

RMSE

MovieLens 1M
MAE RMSE
0.6922 0.8683
0.6913 0.8676
0.6620 0.8481
0.6577 0.8423
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that the matrix is locally low-rank. Our proposed algorithm, called LLORMA, is highly
parallelizable and thus scales well with the number of observations and the dimension of
the problem. Our experiments indicate that LLORMA outperforms several state-of-the-art
methods without a significant computational overhead. We also presented a formal analysis
of LLORMA by deriving bounds that generalize standard compressed sensing results and
express the dependency of the modeling accuracy on the matrix size, training set size, and
locality (kernel bandwidth parameter). Our method is applicable beyond recommendation
systems so long as the locality assumption holds and a reasonable metric space can be
identified.

9. Summary

Matrix factorization for recommender systems have been the focus of voluminous amount
of research especially since the Netflix Prize competition. It is clearly impossible to review
all of the existing approaches. We review here a few of the notable approaches. Billsus
and Pazzani (1998) initially proposed applying SVD for collaborative filtering problems.
Salakhutdinov and Mnih (2008a) presented probabilistic matrix factorization (PMF) and
later Salakhutdinov and Mnih (2008b) extended matrix factorization to fully Bayesian approach. Lawrence and Urtasun (2009) proposed a non-linear version of PMF. Rennie and
Srebro (2005) proposed a maximum-margin approach. Lee et al. (2012b) conducted a
comprehensive experimental study comparing a number of state-of-the-art and traditional
recommendation system methods using the PREA toolkit (Lee et al., 2012c). Further algorithmic improvements in matrix completion were demonstrated in Toh and Yun (2010);
Keshavan et al. (2010). The work that is perhaps the most similar in to LLORMA is
Divide-and-Conquer Matrix Factorization (DFC) (Mackey et al., 2011). DFC also divides
the completion problems into a set of smaller matrix factorization problems. Our approach
differs DFC in that we use a metric structure on [n1 ] × [n2 ] and use overlapping partitions.
Another matrix approximation by sub-division based on clustering was reported in Mirbakhsh and Ling (2013) for the task of seeking user and item communities. In addition to
monolithic matrix factorization scheme, several ensemble methods have also been proposed.
DeCoste (2006) suggested ensembles of maximum margin matrix factorization (MMMF).
The Netflix Prize winner (Bell et al., 2007; Koren, 2008) used combination of memory-based
and matrix factorization methods. The Netflix Prize runner-up (Sill et al., 2009) devised
Feature-Weighted Least Square (FWLS) solver, using a linear ensemble of learners with
dynamic weights. Lee et al. (2012a) extended FWLS by introducing automatic stage-wise
feature induction. Kumar et al. (2009) and Mackey et al. (2011) applied ensembles to Nys-
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Table 5: Comparison of the median average error (MAE) and root mean squared error
(RMSE) for SVD, Bagging, and LLORMA on MovieLens dataset.

MovieLens 100K
MAE
RMSE
0.7189 0.9108
0.7170 0.9094
0.6985 0.8930
0.6936 0.8881

trom method and DFC, respectively. Other local learning paradigms were suggested in the
context dimensionality such as local principal component analysis (Kambhatla and Leen,
1997) and local linear embedding (LLE) (Roweis and Saul, 2000). A relatively recent paper
on matrix completion (Wang et al., 2013) applies low-rank factorization to clusters of points.
Last, we would like to point to the formal work on low-rank matrix Completion that is closest to the analysis presented in this paper. Candès and Tao (2010) derived a bound on the
performance of low-rank matrix completion. As mentioned in previous section our analysis
is based on (Candès and Plan, 2010) who adapted the analysis of Candès and Tao (2010) to
noisy settings. Some more remote related results were presented in (Shalev-Shwartz et al.,
2011; Foygel and Srebro, 2011; Foygel et al., 2012).

models, and Bagging with 100 models. Each result is the average of 5 random splits of
the dataset. It is apparent from the table that both LLORMA and Bagging outperform
global SVD. Further, LLORMA achieves lower RMSE than Bagging. The improvement of
LLORMA over Bagging is statistically significant based on a paired t-test with p-values of
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Information criteria have been popularly used in model selection and proved to possess nice
theoretical properties. For classification, Claeskens et al. (2008) proposed support vector
machine information criterion for feature selection and provided encouraging numerical
evidence. Yet no theoretical justification was given there. This work aims to fill the gap and
to provide some theoretical justifications for support vector machine information criterion
in both fixed and diverging model spaces. We first derive a uniform convergence rate for the
support vector machine solution and then show that a modification of the support vector
machine information criterion achieves model selection consistency even when the number
of features diverges at an exponential rate of the sample size. This consistency result can
be further applied to selecting the optimal tuning parameter for various penalized support
vector machine methods. Finite-sample performance of the proposed information criterion
is investigated using Monte Carlo studies and one real-world gene selection problem.
Keywords: Bayesian Information Criterion, Diverging Model Spaces, Feature Selection,
Support Vector Machines
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We consider binary classification using linear support vector machines (SVMs). It is well
known that the standard SVM uses all features while constructing the classification rule. In
the extreme case of regression that the number of features is much larger than the sample
size, if the true model is non-sparse, no method can identify the truth correctly due to the
limited information from the data. This is the so-called curse of dimensionality. In many
important applications, however, it is reasonable to simplify the problem by assuming the
true model to be sparse. For example, in cancer classification using genomic data where the
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number of probes (or genes) can be tens of thousands and the number of patient samples is
typically only a few dozens, biologists find it plausible to assume that only a small subset of
genes are relevant. In this case, it is more desirable to build a classifier based only on those
relevant genes. Yet in practice, it is largely unknown which genes are relevant and this calls
for feature selection methods. The potential benefits of feature selection include reduced
computational burden, improved prediction performance and simple model interpretation.
See Guyon and Elisseeff (2003) for more discussions. Our goal in this paper is consistent
feature selection for the SVM.
There has been a rich literature on feature selection for the SVM. Weston et al. (2000)
proposed a scaling method to select important features. Guyon et al. (2002) suggested
the SVM recursive feature elimination (SVM RFE) procedure. It has been shown that the
SVM can be fitted in the regularization framework using the hinge loss and the L2 penalty
(Wahba et al., 1999). Thereafter various forms of penalized SVMs have been developed for
simultaneous parameter estimation and feature selection. Bradley and Mangasarian (1998),
Zhu et al. (2004) and Wegkamp and Yuan (2011) studied properties of the L1 penalized
SVM. Wang et al. (2006) proposed SVM with a combination of L1 and L2 penalties. Zou
and Yuan (2008) considered the L∞ penalized SVM when there is prior knowledge about the
grouping information of features. Zhang et al. (2006) and Becker et al. (2011) suggested
SVM with a non-convex penalty in the application of gene selection. Though all these
methods target selecting the best subset of features, theoretical justification about how well
the selected subset is estimating the true model is still largely underdeveloped. Recently
Zhang et al. (2014) showed that the SVM penalized with a class of non-convex penalties
enjoys the oracle property (Fan and Li, 2001), that is, the estimated classifier behaves as if
the subset of all relevant features is known a priori. Yet this model selection consistency
result relies heavily on the proper choice of the involved tuning parameter which is often
selected by cross-validation in practice. However, Wang et al. (2007) showed that the
generalized cross-validation criterion can lead to overfitting even with a very large sample
size.
Information criteria such as AIC (Akaike, 1973) and BIC (Schwarz, 1978) have been
used for model selection and their theoretical properties have been well studied, see Shao
(1997), Shi and Tsai (2002) and references therein. It is well understood that the BIC can
identify the true model consistently when the dimensionality is fixed. The idea of combining
information criterion with support vector machine to select relevant features was first proposed in Claeskens et al. (2008). They proposed the SVM information criterion (SVMICL )
and provided some encouraging numerical evidence. Yet its theoretical properties, such as
model selection consistency, have not been investigated.
In this paper, we propose a consistent SVM information criterion for model selection
in the diverging model spaces. We first fill the gap by providing theoretical justification
for the criterion SVMICL proposed in Claeskens et al. (2008). Our results show that this
information criterion is model selection consistent in the fixed dimensional model space, but
it can be too liberal when the candidate model space is diverging. To remedy this problem,
a modified information criterion for high dimensional case (SVMICH ) is introduced. The
extension of model selection consistency from SVMICL to SVMICH is a challenging problem. The point-wise consistency of SVM solution is enough to justify the model selection
consistency if the number of candidate models is fixed. Nevertheless, in the diverging model
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spaces the probabilities for favoring an underfitted or overfitted model by the information
criterion can accumulate at a very fast speed and alternative techniques are required. We
develop the uniform consistency of SVM solution which has not been carefully studied in
the literatures. Based on the uniform convergence rate, we prove that the new information
criterion possesses model selection consistency even when the number of features diverges
at an exponential rate of the sample size. That is, with probability arbitrarily close to
one, we can identify the true model from all the underfitted or overfitted models in the
diverging model spaces. To the best of our knowledge, this is the first result of model selection consistency for the SVM. We further apply this information criterion to the problem
of tuning parameter selection in penalized SVMs. The proposed support vector machine
information criterion can be computed easily after fitting the SVM with computation cost
much lower than resampling methods like cross-validation. Simulation studies and real
data examples confirm the superior performance of the proposed method in terms of model
selection consistency and computational scalability.
In Section 2 we define the support vector machine information criterion. Its theoretical
properties are studied in Section 3. Sections 4 and 5 present numerical results on simulation examples and real-world gene selection datasets, respectively. We conclude with some
discussions in Section 6.

2. Support vector machine information criterion

(1)

In this paper we use normal font for scalars and bold font for vectors or matrices. Consider
a random pair (X, Y ) with XT = (1, X1 , . . . , Xp ) = (1, (X+ )T ) ∈ R(p+1) and Y ∈ {1, −1}.
n
Let {(Xi , Yi )}i=1
be a set of training data independently drawn from the distribution of
(X, Y ). Denote β to be a (p+ 1)-dimensional vector of interest with β T = (β0 , β1 , . . . , βp ) =
(β0 , (β + )T ) ∈ R(p+1) . Let || · || be the Euclidean norm operator of a vector. The goal of
linear SVM is to estimate a hyperplane defined by XT β = 0 via solving the optimization
problem

i=1

n
 X
1
min C
ξi + ||β + ||2
β
2

i=1

1 X
λn + 2
H(Yi XiT β) +
||β || ,
n
2

n

(2)

subject to the constraints that ξi ≥ 0 and Yi XiT β ≥ 1 − ξi for all i = 1, . . . , n, where C > 0
is a tuning parameter. This can be written equivalently into an unconstrained regularized
empirical loss minimization problem:

β

min
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where H(t) = (1 − t)+ is the hinge loss function, (z)+ = max(z, 0) and λn > 0 is a tuning
parameter with C = (nλn )−1 .
Following the definition in Koo et al. (2008), we denote (β ∗ )T = (β0∗ , β1∗ , . . . , βp∗ ) =
(β0∗ , (β ∗+ )T ) ∈ R(p+1) to be the true parameter value that minimizes the population hinge
loss. That is,
β

β ∗ = arg min E(1 − Y XT β)+ .
3

Xiang Zhang, Yichao Wu, Lan Wang and Runze Li

i=1

n
X

ξi + |S| log(n),

Note that β ∗ is not necessarily always the same as the Bayes rule. However, it gives the optimal upper bound of the risk of the 0-1 loss through convex relaxation and its sparsity structure is exactly the same as the one of Bayes rule in special cases such as linear discriminant
analysis. For more discussions see Zhang et al. (2014). Denote S = {j1 , . . . , jd } ⊂ {1, . . . , p}
T
T = (1, X
to be a candidate model, Xi,S
i,j1 , . . . , Xi,jd ), β S = (β0 , βj1 , . . . , βjd ) and |S| the cardinality of S. The subset of all relevant features is defined by S ∗ = {j : 1 ≤ j ≤ p, βj∗ 6= 0}.
We assume that the truth β ∗ is sparse (i.e., most of its components are exactly zero). Denote q = |S ∗ | which characterizes the sparsity level. We assume that q is fixed and does
not depend on n. In this paper, we consider the diverging model spaces in which the dimensionality p = pn is allowed to increase with n and can be potentially much larger than
n. We also assume that λn → 0 as n → ∞ and only consider the non-separable case in the
limit to ensure the uniqueness of the truth β ∗ . Here by non-separable, we mean that the
two classes cannot be linearly separated from each other.
To identify the true model S ∗ , Claeskens et al. (2008) proposed an information criterion
n . That is,
for SVM (denoted by SVMICL ) based on the slack variables {ξi }i=1

SVMICL (S) =

n
X

i=1

T b
(1 − Yi Xi,S
β S )+ + |S| log(n),

(3)

n are obtained from (1) only using the variables in S. This information criterion
where {ξi }i=1
is equivalent to

SVMICL (S) =

i=1

n
X
T b
(1 − Yi Xi,S
β S )+ + Ln |S| log(n),
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(4)

b = arg min{1/n Pn (1 − Yi XT β )+ + λn /2||β + ||2 }. It is evident that the
where β
S
i=1
i,S S
S
SVMICL directly follows the spirit of BIC. Claeskens et al. (2008) fixed C = 1 in (1)
and found minor difference for different choices of C, which is equivalent to λn = 1/n
in (2). To be consistent with the work in Claeskens et al. (2008), we also consider this
choice of λn in this paper. There are two potential drawbacks of this information criterion.
First, though supported with numerical findings, theoretical properties of SVMICL , such
as model selection consistency, are largely unknown even under the assumption of a fixed
p. Second, in many real world datasets where the dimension can be much larger than the
sample size, it would be more appropriate to consider the model selection problem in the
framework of diverging model spaces. This extension from low dimensions to high dimensions can greatly change the theoretical properties of the information criterion. Chen and
Chen (2008) showed that the ordinary BIC for linear regression cannot identify the true
model consistently in the diverging p case. Wang et al. (2009) showed that the ordinary
BIC fails to select a consistent shrinkage level in penalized least squares regression with
a diverging p. Such results in the literature suggest that SVMICL may also suffer from
inconsistency in high dimensions and alternative criterion is needed.
To overcome these issues, we propose a modified support vector machine information
criterion for model selection in a high dimensional model space (denote by SVMICH ). This
criterion is adpated from SVMICL and defined as
SVMICH (S) =

4

(5)
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5

In this section we assume that the dimension p is fixed and study the theoretical properties
of SVMICL . Let Ω = {S : |S| ≤ M } be the candidate model space where M is a positive
number. Furthermore, when p is fixed, the total number of candidate models is also fixed.

3.2 Consistency of SVMICL for a fixed p

Note that by Lemma 1 of Zhang et al. (2014), if the number of relevant features diverges
√
faster than n, the true parameter β ∗ cannot be estimated consistently even with the oracle
information of the true model S ∗ . Therefore, there is no need to consider those models with
√
sizes increasing faster than n as in general no method would work for them even when the
true underlying model is known. Notice also that it is possible to prove the model selection
√
consistency without the restricted model space. However, this would requires pn = o( n),
which cannot diverge very fast with the sample size.
We now present the technical conditions that are needed for studying the theoretical
properties of SVMICH .
(A1) f+ and f− are continuous and have some common support in Rp .
(A2) |Xj | ≤ M < ∞ for some positive constant M and 1 ≤ j ≤ p.
(A3) For all S ∈ {S : |S| ≤ Mn , S ⊇ S ∗ }, λmax (E(Xi,S XTi,S )) ≤ c1 , where λmax (·) is the
largest eigenvalue of a matrix and c1 > 0 is a constant.
(A4) The densities of XTi,S ∗ β ∗S ∗ conditioning on Y = 1 and Y = −1 are uniformly
bounded away from zero and infinity at the neighborhood of XTi,S ∗ β ∗S ∗ = 1 and XTi,S ∗ β ∗S ∗ =
−1, respectively.
(A5) Mn = O(nκ ) for some constant 0 < κ < 1/2.
(A6) pn = O(exp(nγ )) for some constant 0 < γ < (1 − 2κ)/5.
(A7) For all S ∈ {S : |S| ≤ Mn , S ⊇ S ∗ }, there exist some positive constants c2 and c3
such that λmin (H(β S )) ≥ c2 and λmax (H(β S )) = O(|S|) over the set {β : ||β − β ∗ || ≤ c3 },
where λmin (·) is the smallest eigenvalue of a matrix.
(A8) For all S ∈ {S : |S| ≤ Mn , S ⊇ S ∗ }, λmax (H(β ∗S )) log(pn ) = o(Ln log(n)),
Ln log(n) = o(n).
Conditions (A1) is required so that S(β) and H(β) are well-defined, see Koo et al.
(2008) for more details. Condition (A2) is assumed in the literature of high dimensional
model selection consistency as in Wang et al. (2012) and Lee et al. (2014). Condition (A3)
on the largest eigenvalue is similar to the sparse Riesz condition (Zhang and Huang, 2008)
and is often assumed for model selection consistency in the diverging p scenario (Chen and
Chen, 2008; Yuan, 2010; Zhang, 2010). Note that the lower bound on the eigenvalue of
the covariance matrix of XS is not specified. Condition (A4) assumes that as the sample
size increases, there is enough information around the non-differentiable point of the hinge
loss function. This condition is also required for model selection consistency of non-convex
penalized SVM in high dimensions (Zhang et al., 2014). Condition (A6) specifies that p is
allowed to diverge at an exponential rate of n. Conditions (A7) requires that the Hessian
matrix is well-behaved. More specifically, (A7) requires a lower bound on the smallest
eigenvalue of the Hessian matrix in the neighborhood of the true value. Koo et al. (2008)
gave sufficient conditions for the positive-definiteness of the Hessian matrix at the true value
and showed these conditions hold under the setting of Fisher’s linear discriminant analysis
with a fixed model size. Condition (A8) specifies the rate requirement of Ln in (4).
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where Mn is a sequence of positive integers that bounds the size of the restricted model
space from above. In this paper, we consider Mn = O(nκ ) for some constant 0 < κ < 1/2,
√
that is, we only consider the candidate model with the size diverges slower than n. One
motivation for this choice of Mn is the “bet on sparsity” principle (Hastie et al., 2001).

Sb = arg minS:|S|≤Mn SVMICH (S),

To facilitate technical proofs, we introduce some additional notation. Denote L(β) = E(1 −
Y XT β)+ . Recall that β ∗ = arg minβ L(β). Let S(β) = −E[1(1 − Y XT β ≥ 0)Y X], where
1(·) is the indicator function. Also define H(β) = E[δ(1 − Y XT β)XXT ], where δ(·) is the
Dirac delta function. Koo et al. (2008) showed that under some regularity conditions, S(β)
and H(β) behave like the gradient and Hessian matrix of L(β), respectively. Furthermore
we denote f+ and f− to be the densities of X+ ∈ Rp conditioning on Y = 1 and Y = −1,
respectively.
Given the dimension p, the number of candidate models is 2p − 1. When p is very large,
we cannot afford to calculate SVMICH (S) for all possible subsets. Instead, we only search
for the best model in a restricted model space. To be more specific, we denote Sb the model
chosen by SVMICH such that

3.1 Notations and conditions

3. Theoretical results

which is scalar invariant. It can be shown the model selection consistency still holds for this
definition. However, we follow the advice from Guyon et al. (2002) to standardize variables
before training SVM and as a consequence we automatically have scalar invariance of the
sum of slack variables. To be consistent with SVMICL defined in Claeskens et al. (2008),
we take definition (4) in our paper.

i=1

n
X
b )+ ) + Ln |S| log(n)/n
log( (1 − Yi XTi,S β
S

b = arg min{1/n Pn (1−Yi XT β )+ +λn /2||β + ||2 } and Ln is a constant sequence
where β
S
i=1
i,S S
S
that diverges to infinity. Note that if Ln is a non-diverging constant then this reduces to
SVMICL in the limit. We will show that SVMICH possesses the nice property of model selection consistency even when p increases at an exponential rate of n. Compared to SVMICL
in Claeskens et al. (2008), our information criterion SVMICH adds larger penalty to the
size of the selected subset and behaves more conservatively. As we will see, this additional
preference for simpler models plays an important role in consistent model selection when
we are searching over diverging model spaces.
We make two remarks about SVMICH . First, the choice of Ln in (4) is flexible. It is not
a tuning parameter and does not need to be chosen by computationally intensive methods
such as cross-validation. We will show that a wide spectrum of Ln can lead to a consistent
information criterion. This is further confirmed in our simulations and real data analysis
where we examine different choices of Ln . Therefore the computation cost of SVMICH is
the same as SVMICL and much lower than cross-validation. Second, it is possible to define
the information criterion as the log-transformed version, that is
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SVMICL (S) > SVMICL (S ∗ )) → 1

Note that, to prove the model selection consistency of SVMICL , we need to show that
inf

S∈Ω,S6=S ∗

Pr(

(6)

as n → ∞. By the fact that Ω is a fixed model space, it is sufficient to show the result
point-wisely in the model space, that is,
Pr(SVMICL (S) > SVMICL (S ∗ )) → 1
for every S ∈ {S : S ∈ Ω, S 6=
S ∗ }. This point-wise version greatly simplifies the proof.
b = arg min{1/n Pn (1 − Yi XT β )+ + λn /2||β + ||2 }. As we will show in the
Recall that β
S
i=1
i,S S
S
b is a consistent estimator
appendix, it suffices to conclude (6) with the condition that β
S
of β S∗ whenever the candidate subset S includes the true subset S ∗ . By Theorem 1 of Koo
b − β ∗ || = Op (n−1/2 ) for every fixed S ⊃ S ∗ under the assumption
et al. (2008), we have ||β
S
S
of fixed p. Therefore the point-wise consistency holds. The result is summarized in Lemma
1.

Lemma 1 Assuming p is a fixed number and λn = 1/n. Under conditions (A1)-(A4) and
(A6)-(A7), we have
Pr(Sb = S ∗ ) → 1

as n → ∞, where Sb = arg minS:|S|≤M SVMICL (S).
3.3 Consistency of SVMICH for a diverging p

The proof becomes much more involved when p is diverging, especially when p diverges
√
much faster than O( n). Let Ω = {S : |S| ≤ Mn }, Ω+ = {S : |S| ≤ Mn , S ⊃ S ∗ , S 6= S ∗ }
and Ω− = {S : |S| ≤ Mn , S 6⊃ S ∗ }, where Ω+ and Ω− are spaces of overfitted and underfitted models, respectively. Though the information criterion for the fixed model space
can differentiate the true model from an arbitrary candidate model, this point-wise result
is not sufficient for the overall consistency if the problem requires searching uniformly over
a diverging model space. That is, even if (6) holds for every S ∈ Ω, we still cannot conclude
model selection consistency, as the probability of favoring an overfitted or underfitted candidate model rather than the true model can accumulate at very fast speed if the number
of candidate models is diverging and hence lead to inconsistent model selection. To control
b over
the overall failing probability, we need a uniform convergence rate of SVM solution β
S
the diverging model space Ω. Note that Ω = Ω+ ∪ {S ∗ } ∪ Ω− . It turns out that the uniform
b over S ∈ Ω+ is sufficient for the technical proof. We summarize the
convergence rate of β
S
uniform rate in Lemma 2 below.
b − β ∗ || = Op (
||β
S
S

Lemma 2 Under conditions (A1)-(A7) and λn = 1/n, we have
p
|S| log(p)/n).
sup

S:|S|<Mn ,S⊃S ∗
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This uniform convergence rate of SVM solution p
is far from being a trivial result. Recently
b − β ∗ || = Op ( |S|/n) for a specific diverging model S
Zhang et al. (2014) showed that ||β
S
√ S
which satisfies S ⊃ S ∗ and |S| = o( n). Although it is an extension of Theorem 1 in Koo
7
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i=1

(7)

et al. (2008) to the diverging p case, it is still only a point-wise result and cannot be applied
directly to bound the overall failing probability.
Not surprisingly, the uniform convergence
p
rate in Lemma 2 is slower by a factor log(p), which is the price we pay to search over
the candidate model space uniformly. In fact, this additional term is the main reason for
adding the extra penalty Ln in SVMICH .
We now give an intuitive explanation why SVMICL can fail in the diverging model
space. Consider all the overfitted models in Ω+ . We have the following decomposition

i=1

n
n
X
X
T b
T
∗
∗
(1 − Yi Xi,S
β S )+ −
(1 − Yi Xi,S
∗ β S )+ + (|S| − |S |) log(n) .

inf SVMICL (S) − SVMICL (S ∗ )
S∈Ω+

S∈Ω+

= inf

n
X
i=1

T
∗
∗
(1 − Yi Xi,S
∗ β S )+ + Ln (|S| − |S |) log(n) .

(8)

Note that the difference of the sum of hinge loss can be negative and the difference of model
size is always positive. We will show in the appendix that the difference of the sum of
b − β ∗ ||2 ) under some regularity conditions. For fixed p, it
hinge loss is of order Op (n||β
S
S
implies that the difference of model size dominates for large n and the sign of (7) is always
positive in the limit. For diverging p, however, this is not always the case. By Lemma 2,
the difference of hinge loss in (7) is of order O(|S| log(p)) and the difference of model size is
of order O(|S| log(n)), thus the sign of (7) can be negative in the limit. Therefore even if we
have a very large sample size, SVMICL may still favoring the models that are overfitted due
to the slower uniform convergence rate of SVM solution. Because SVMICL can be viewed
as directly following the spirit of ordinary BIC, this result agrees with the findings reported
in Chen and Chen (2008) that BIC can be too liberal in high dimensional model selection.
Here by liberal, we mean that there is a positive probability that an overfitted model is
more favored than the true model by the information criterion even with an infinite sample
size.
For SVMICH , we can do a similar decomposition as in (7) for all the overfitted models

n
X
i=1

T b
(1 − Yi Xi,S
β S )+ −

inf SVMICH (S) − SVMICH (S ∗ )
S∈Ω+

S∈Ω+

= inf

Note that the extra term Ln diverges to infinity and the sign of (8) in the limit is determined
by the difference of model size, which is always positive. That is, SVMICH can identify the
true model from all the overfitted models for sufficiently large n. This result is summarized
in Lemma 3.

S:S∈Ω+

Pr( inf

SVMICH (S) > SVMICH (S ∗ )) → 1.

Lemma 3 Under conditions (A1)-(A8) and λn = 1/n, we have

as n → ∞.
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To conclude the model selection consistency, we also need to consider all the underfitted
models. This requires a different analysis because for every underfitted model S ∈ Ω− , the

8

∗

S:S∈Ω−

inf {[SVMICH (S) − SVMICH (S̃)] + [SVMICH (S̃) − SVMICH (S )]}.

SVMICH (S) − SVMICH (S ∗ )

i,S

S

i=1

i,S̃

S̃

SVMICH (S) > SVMICH (S ∗ )) → 1.

9
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Theorem 1 states that SVMICH can identify the true model from Ω. However, in practice it
can be very time-consuming and even infeasible to calculate SVMICH (S) for every S ∈ Ω.
One possible approach is to form a solution path via penalized SVM and only consider
the candidate models on the path. The idea of using solution path has been shown to
greatly reduce the computation burden, see Mazumder et al. (2011). For the solution path
of penalized SVM, Hastie et al. (2004) studied the L1 penalized SVM and showed that the
solution path is piece-wise linear in C which is the regularization parameter in (1).
Model selection on the solution path is essentially a tuning parameter selection problem.
Recently, several methods have been proposed for choosing the tuning parameter based

3.4 Application to tuning parameter selection in penalized SVMs

as n, p → ∞, where Sb = arg minS:|S|≤Mn SVMICH (S).

Pr(Ŝ = S ∗ ) → 1.

Theorem 5 Under conditions (A1)-(A8) and λn = 1/n, we have

By combing Lemma 3 and Lemma 4, we can conclude the model selection consistency
of SVMICH in the diverging model space.

as n → ∞.

S:S∈Ω−

Pr( inf

Lemma 4 Under conditions (A1)-(A8) and λn = 1/n, we have

for every S ∈ Ω− and some constant C does not depend on S. Then we arrive at the
following result for the underfitted model space.

i=1

By Lemma 3, in the limit the difference SVMICH (S̃) − SVMICH (S ∗ ) is non-negative for
every S ∈ Ω− (could be exactly 0). Note also that the difference between S and S̃ is at least
one missing relevant feature. According to the assumption that the signals do not diminish
to 0 as sample size increases, one can show the model with more signals always produces
a strictly smaller sum of hinge loss in the limit. That is, for sufficiently large n, we always
have
n
n
X
X
b )+ −
b )+ ≥ C > 0
(1 − Yi XT β
(1 − Yi XT β

=

S:S∈Ω−

inf

difference of the model size |S| − |S ∗ | can be negative and thus the decomposition in (7) is
not helpful. However, one can always add relevant features to the underfitted model and
study the enlarged model instead. To be more specific, for every S ∈ Ω− , one can always
create the enlarged model S̃ such that S̃ = S ∪ S ∗ . Note that S̃ is either an overfitted model
or the true model. The model S̃ which includes all the signals bridges the underfitted and
overfitted model space through the simple fact

A Consistent Information Criterion for Support Vector Machines in Diverging Model Spaces

j=1

(9)

i=1

n
X

b )+ + Ln |Sbλ | log(n),
(1 − Yi XTi β
λn
n

10
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In this section we study the finite-sample performance of SVMICH . We are interested
in the model selection ability of SVMICH (S) and the tuning parameter selection ability
of SVMICH (λn ). We also examine the effect of different choices of p
Ln in the definition
of SVMICH . For all simulations, we consider the rates log(log(n)), log(n), log(n) and
n−1/3 for Ln . We compare with SVMICL in Claeskens et al. (2008) and the extended
Bayesian information criterion (EBIC) proposed in Chen and Chen (2008). Note that EBIC
is originally proposed for model selection in the diverging model space in the framework
of regression and it has not been applied into classification
problem. However, the main
p
strategy therein is to add an additional term log( |S|
) log(n) in the BIC penalty, where
p
|S| is the number of |S| combinations chosen from p items. We modify EBIC for model

4. Simulations

This information criterion for selecting tuning parameter can be applied to various
penalized approaches for sparse SVMs. Note that the feature selection consistency of the
SCAD penalized SVM is shown to rely on the proper choice of the tuning parameter (Zhang
et al., 2014), where resampling procedure such as five-fold cross-validation is commonly
used in practice. As we will also show in our numerical findings in Section 4.2, the proposed
information criterion SVMICH (λn ) usually select the shrinkage level that leads to the correct
model size. The tuning parameter selected by cross-validation, however, is more likely to
be under-penalized and lead to an overfitted model. Furthermore, the cross-validation is
more computationally intensive than information criterion and hence less desirable when
the number of features is large.

bλ |≤Mn
λ:|S

where Ln is defined in SVMICH (S). The selected tuning parameter is the one that minimizes
the information criterion and results in the model size within the restricted model space,
that is,
bn = arg min SVMICH (λ).
λ

SVMICH (λn ) =

where pλn (·) is some penalty function with a tuning parameter λn . Denote Sbλn = {j : 1 ≤
j ≤ p, β̂λn ,j 6= 0}. We define the information criterion for choosing tuning parameter λn as

i=1

p
n
X
 X
b = arg min 1
(1 − Yi XTi β)+ +
pλn (βj ) ,
β
λn
β
n

on the BIC-type information criterion, including Wang et al. (2009) for penalized linear
regression, Kawano (2012) for bridge regression, Lee et al. (2014) for penalized quantile
regression and Fan and Tang (2013) for penalized generalized linear model. Following the
ideas therein, we propose to choose the shrinkage level of penalized SVMs based on the
b T = (β̂λ ,0 , β̂λ ,1 , . . . , β̂λ ,p )
modified support vector machine information criterion. Let β
λn
n
n
n
be the solution to some penalized SVM with a tuning parameter λn . That is,
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T b
(1 − Yi Xi,S
β S )+ + |S| log(n) + log

 p  
log(n).
|S|

selection of SVM by selecting the model S that minimizes the criterion
n
X
i=1

n
X

i=1

(1 − Yi XiT β)+ +

j=1

p
X

pλ0 n (|β̂j

(t−1)

|)|βj |},

This modification essentially follows the idea in Chen and Chen (2008) and we are interested
in its finite-sample performance compared with SVMICH .
To investigate these issues, we conduct the SCAD penalized SVM, which has been
shown to enjoy the model selection consistency for a properly chosen tuning parameter
(Zhang et al., 2014). That is, given a specific λn , we solve (9) with pλn (·) being the SCAD
penalty defined in Fan and Li (2001). The corresponding optimization problem is a nonconvex one, for which the local linear approximation (LLA) algorithm (Zou and Li, 2008)
is implemented in all our numerical studies. To be more specific, for step t ≥ 1, given the
b (t−1) = (β̂ (t−1) , . . . , β̂p(t−1) )T at the previous step, we update by solving
solution β
0
b (t) = arg min{ 1
β
β
n

(t)

b || is small enough.
−β

(0)

: β̂j

(0)

= 0, 0 ≤ j ≤ p} and claim convergence if the

where pλ0 n (·) denotes the derivative of pλn (·). Note that each update step can be easily recast
as a linear programming (LP) problem and efficiently solved by many popular solvers. In
(t−1)

b
this paper we take the initial value {β
b
value ||β
4.1 Model selection of SVMICH (S)

In this subsection we study the model selection ability of SVMICH (S). The data are
generated from two models. The first model is adapted from Fisher’s linear discriminant
analysis (LDA) and the second model is related to probit regression.
• Model 1: Pr(Y = 1) = Pr(Y = −1) = 0.5, X|(Y = 1) ∼ M N (µ, Σ), X|(Y =
−1) ∼ M N (−µ, Σ), q = 4, µ = (0.25, 0.25, 0.25, 0.25, 0, . . . , 0)T ∈ Rp , Σ = (σij ) with
nonzero elements σii = 1 for i = 1, 2, · · · , p and σij = ρ = −0.2 for 1 ≤ i 6= j ≤ q.
The Bayes rule is given by sign(X1 +X2 +X3 +X4 ) with Bayes error 21.4%.
• Model 2: X ∼ M N (0p , Σ), Σ = (σij ) with nonzero elements σii = 1 for i = 1, 2, · · · , p
and σij = ρ = 0.4|i−j| for 1 ≤ i 6= j ≤ q, Pr(Y = 1) = Φ(XT β) where Φ(·) is the
CDF of the standard normal distribution, q = 4, β = (0.8, 0.8, 0.8, 0.8, 0, . . . , 0)T . The
Bayes rule is sign(0.57X1 +0.34X2 +0.34X3 +0.57X4 ) with Bayes error 11.5%.
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For both models, we construct the solution path using SCAD penalized SVM for candidate models with |S| ≤ Mn = 50. Our goal is to check how different information criteria
evaluate and select the optimal model from all the candidate models on the solution path.
We consider three different (n, p) combinations with p ranging from 2000 to 4000 and n is
only one tenth of p. Note that Model 1 is a very noisy model with high Bayes error and
Model 2 is less noisy but with moderate correlation between the relevant features. We use
200 replications to see the variations of the results. The columns “Correct”, “Underfit” and
11
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 p 
< log(n)|S| log(n)
|S|

“Overfit” summarize the percentages over 200 replications for correct model selection, overfitting and underfitting, respectively. The numbers under columns “Signal” and “Noise”
are the average numbers of selected relevant and irrelevant features, respectively. We also
generate an independent dataset with sample size 10000 to evaluate the test error. Numbers
in parentheses are the corresponding standard errors.
Table 1 summarizes the model selection results of SVMICL , SVMICH and the criterion
proposed in Chen and Chen (2008) for Model 1. For all (n, p) combinations, SVMICH
shows uniformly higher percentages to identify the correct model than SVMICL regardless
of the choices of Ln . It can be seen that in the cases p is much larger than n, SVMICL
behaves too liberal and tends to select an overfitted model. Note that SVMICH also has a
significantly lower testing error than SVMICL in all settings even when SVMICL includes
slightly more signals in the model. This agrees with the findings in Fan and Fan (2008) that
the accumulation of the noises can greatly blur the prediction power. Though the SVMICH
with different Ln all performs better than SVMICL , their performances are not exactly the
same. For the criteria with a more aggressive penalty on the model size such as log(n)
and n−1/3 , there are considerable underfitting when the sample size is small (n = 200).
As the sample size increases, the difference of Ln decreases. This suggests that although
asymptotically the choice of Ln can lie in a wide range of spectrums, for small sample sizes
some choices of Ln can be too conservative and
p may not be much better than SVMICL
which is too liberal. In general, we find Ln = log(n) seems to be a reasonable choice for
many scenarios.
Another interesting finding is the comparison to the criterion following the spirit in Chen
and Chen (2008). Though its theoretical property has not been investigated,
the empirical
p
results suggest that it performs similar to SVMIC
log(n) in finite samples.
H with Ln =
p
In fact, by using the approximation that |S|
≈ p|S| when p is much larger than |S|, one
can easily show that

log(n)|S| log(log(n)) < log(n)|S| + log(n) log

for n < p < 103 n and a very wide range of n. This provides some evidence that the criterion
directly adapted from Chen and Chen (2008) behaves more libearal than SVMICH with
L = log(n) but is more aggressive than SVMICH with Ln = log(log(n)).
n
Table 2 summarizes
the model selection results for Model 2. The SVMICH with
p
log(log(n)) and log(n) as Ln perform uniformly better than SVMICL and the criterion
in Chen and Chen (2008) for all scenarios. Due to the correlations among the signals, the
more aggressive choices of p
Ln suffer from considerable underfitting. Again our empirical
results suggest that Ln = log(n) seems to be an appropriate choice for a wide range of
problems.

4.2 Tuning parameter selection of SVMICH (λ)

In this subsection we examine the tuning parameter selection ability of SVMICH (λ). The
data is generated from the following model.
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• Pr(Y = 1) = Pr(Y = −1) = 0.5, X|(Y = +1) ∼ M N (µ, Σ), X|(Y = −1) ∼
M N (−µ, Σ), q = 5, µ = (0.1, 0.2, 0.3, 0.4, 0.5, 0 . . . , 0) ∈ Rp , Σ = (σij ) = 1p nonzero

12

26.9(0.3)
22.2(0.1)
21.9(0.1)
22.4(0.1)
25.0(0.4)
22.0(0.1)

28.7(0.3)
22.5(0.1)
22.1(0.1)
25.1(0.4)
26.6(0.4)
22.1(0.1)

30.7(0.3)
25.4(0.3)
26.1(0.4)
29.6(0.5)
29.7(0.5)
27.5(0.5)

Error(%)

17.2(0.2)
14.5(0.1)
14.5(0.1)
20.1(0.1)
20.8(0.1)
15.2(0.1)

18.0(0.2)
15.0(0.1)
15.3(0.1)
21.0(0.1)
21.5(0.2)
17.3(0.2)

19.2(0.2)
17.2(0.2)
18.0(0.2)
22.1(0.2)
22.1(0.2)
20.4(0.2)

Error(%)
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5.1 MAQC-II breast cancer data

5. Real data examples

In this section we consider a real-world example from the breast cancer dataset which is
part of the MicroArray Quality Control (MAQC)-II project. The preprocessed data can be
downloaded from GEO databases with accession number GSE20194. There are 278 patient
samples in the data and each is described by 22283 genes. Among the 278 samples, 164
patients have positive estrogen receptor (ER) status and 114 have negative ER status. Our
goal is to predict the biological endpoint labeled by ER status and pick up the relevant
genes.
We randomly choose 50 samples from positive ER status and 50 samples from negative
ER status as the training data. The remaining 114 positive and 64 negatives are used
for evaluating the prediction error, resulting in a test data of 178 patients. The data are

performances of five-fold cross-validation and its adjusted
version are slightly worse than
p
those of SVMICH with Ln fixed at log(log(n)) and log(n). Notice that the computation
burden of selecting tuning parameter via information criterion is much lower than crossvalidation. This makes our proposed information criteria desirable especially in the case
with very large p.

Table 2: Simulation results for Model 2 over 200 replications
C(%) O(%) U(%) Signal Noise Test
n = 200, p = 2000
SVMICL
3.0
96.0
1.0
3.8
5.2
SVMICH (Ln = p
log(log(n)))
31.0
31.5
37.5
3.3
0.5
25.0
2.5
72.5
3.0
0.1
SVMICH (Ln = log(n))
SVMICH (Ln = log(n))
0.0
0.0 100.0
1.9
0.0
SVMICH (Ln = n−1/3 )
0.0
0.0 100.0
1.9
0.0
Chen&Chen
1.0
0.0
99.0
2.2
0.0
n = 300, p = 3000
SVMICL
6.5
93.5
0.0
4.0
7.4
SVMICH (Ln = p
log(log(n)))
65.0
23.0
12.0
3.8
0.3
SVMICH (Ln = log(n))
70.5
4.0
25.5
3.7 <0.1
SVMICH (Ln = log(n))
0.0
0.0 100.0
2.0
0.0
SVMICH (Ln = n−1/3 )
0.0
0.0 100.0
2.0
0.0
Chen&Chen
33.5
0.5
66.0
3.1 <0.1
n = 400, p = 4000
SVMICL
9.0
91.0
0.0
4.0
6.9
SVMICH (Ln = p
log(log n))
82.0
16.5
1.5
4.0
0.2
SVMICH (Ln = log(n))
89.0
2.5
8.5
3.9 <0.1
SVMICH (Ln = log(n))
0.0
0.0 100.0
2.2
0.0
SVMICH (Ln = n−1/3 )
0.0
0.0 100.0
2.1
0.0
Chen&Chen
74.0
0.5
25.5
3.7 <0.1
Method
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We consider p = 2000 and 3000 and n = 10−1 p. Once the data is generated, we construct
the solution path of SCAD penalized SVM on a fine grid of λ for candidate models with
|S| ≤ Mn = 50. We then choose the best λ based on the definition of SVMICH (λ). Similarly
as the simulations for model selection, we compare with SVMICL (λ) and the criterion in
Chen and Chen (2008). We also implement five-fold cross-validation (denoted by 5-CV)
and an adjusted version of five-fold cross-validation version (denoted by 5-CV Adj.). The
adjusted 5-CV selects the most parsimonious model with MSE less than one standard error
above the regular 5-CV. It is known that the adjusted 5-CV performs better than regular
5-CV in terms of selection consistency. An independent dataset with sample size 10000
is generated to evaluate the test error. This procedure is repeated for 100 replications to
study the variations of the results.
Table 3 summarizes the tuning parameter selection results. It can be seen that the tuning
parameter selected by SVMICL often leads to seriously overfitted models. As the sample size
increases, SVMICH with all choices of Ln have a much higher chance to identify thepcorrect
model than SVMICL . The tuning parameter selected by SVMICH with Ln = log(n)
seems to give the most appropriate level of regularization to the model. It is not surprising
that this SVMICH leads to great prediction power in these high dimensional cases. The

elements σii = 1 for i = 1, 2, · · · , p and σij = ρ = −0.2 for 1 ≤ i 6= j ≤ q. The Bayes
rule is sign(2.67X1 +2.83X2 +3X3 +3.17X4 +3.33X5 ) with Bayes error: 6.3%.

Method

Table 1: Simulation results for Model 1 over 200 replications
C(%) O(%) U(%) Signal Noise Test
n = 200, p = 2000
SVMICL
0.0 100.0
0.0
4.0
11.1
SVMICH (Ln = p
log(log(n)))
34.0
64.0
2.0
3.8
1.6
48.0
38.0
14.0
3.6
1.0
SVMICH (Ln = log(n))
SVMICH (Ln = log(n))
31.5
23.5
45.0
3.0
0.8
SVMICH (Ln = n−1/3 )
29.5
23.5
47.0
2.9
0.8
Chen&Chen
47.0
26.5
26.5
3.3
0.8
n = 300, p = 3000
SVMICL
2.0
98.0
0.0
4.0
14.1
SVMICH (Ln = p
log(log(n)))
69.0
31.0
0.0
4.0
0.4
SVMICH (Ln = log(n))
93.0
6.5
0.5
4.0
0.1
SVMICH (Ln = log(n))
69.5
3.5
27.0
3.5
0.1
SVMICH (Ln = n−1/3 )
53.5
3.5
43.0
3.3
0.1
Chen&Chen
95.0
4.5
0.5
4.0
0.1
n = 400, p = 4000
SVMICL
4.0
96.0
0.0
4.0
12.6
SVMICH (Ln = p
log(log(n)))
77.5
22.5
0.0
4.0
0.3
SVMICH (Ln = log(n))
95.5
4.5
0.0
4.0
0.1
SVMICH (Ln = log(n))
95.0
1.0
4.0
3.9 <0.1
SVMICH (Ln = n−1/3 )
71.0
1.0
28.0
3.5 <0.1
Chen&Chen
98.5
1.0
0.5
4.0 <0.1
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Table 3: Results for tuning parameter selection over 100 replications
Method
C(%) O(%) U(%) Signal Noise Test Error(%)
n = 200, p = 2000
SVMICL
12
88
0
5.0
2.7
9.6(0.2)
SVMICH (Ln = p
log(log(n)))
78
22
0
5.0
0.3
7.4(0.1)
97
3
0
5.0 <0.1
7.0(0.1)
SVMICH (Ln = log(n))
SVMICH (Ln = log(n))
64
0
36
4.3
0.0
11.5(0.7)
SVMICH (Ln = n−1/3 )
58
0
42
4.1
0.0
12.5(0.8)
Chen&Chen
98
0
2
4.9
0.0
7.2(0.2)
5-CV
44
56
0
5.0
1.5
7.6(0.1)
5-CV Adj.
67
33
0
5.0
0.9
7.5(0.1)
n = 300, p = 3000
29
71
0
5.0
3.1
8.8(0.2)
=p
log(log n))
94
6
0
5.0
0.1
6.9(0.1)
= log(n))
100
0
0
5.0
0.0
6.8(0.1)
= log(n))
96
0
4
4.9
0.0
7.1(0.1)
= n−1/3 )
90
0
10
4.8
0.0
7.7(0.3)
100
0
0
5.0
0.0
6.8(0.1)
58
42
0
5.0
1.0
7.2(0.1)
76
24
0
5.0
0.7
7.1(0.1)
SVMICL
SVMICH (Ln
SVMICH (Ln
SVMICH (Ln
SVMICH (Ln
Chen&Chen
5-CV
5-CV Adj.
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standardized before fitting the classifier. To reduce the computation burden, only 3000 genes
with largest absolute values of the two sample t-statistics are used. Such simplification has
been considered in Cai and Liu (2011). Though only 3000 genes are used, the classification
result is satisfactory. We implement the SCAD penalized SVM to construct the solution
path and set the range of λ as {2−15 , 2−14 , . . . , 23 }. The models on the solution
p path are
selected by SVMICL (equivalent to Ln = 1), SVMICH with Ln at log(log(n)), log(n) and
log(n), the criterion adapted from Chen and Chen (2008), five-fold cross-validations and
its adjusted version. This procedure is repeated for 200 replications. The corresponding
standard errors are summarized in parentheses. Notice that the 3000 genes with the largest
absolute values of t-statistics are pre-selected only using the training data to avoid overfitting
so they may be different across the 200 random partitions of the data.
Table 4 summarizes the averages and standard errors for MAQC-II breast cancer data.
The criterion SVMICH (λ) performs uniformly better than SVMICL (λ) regardless of the
choice of Ln . It can be easily seen that SVMICL (λ) leads to overfitted models in this
dataset and has a significant higher misclassification rate. This is in accordance with the
theoretical findings in Section 3 that SVMIC can be too liberal when the sample size is
L
not comparable to the number of features, while SVMIC
p H is a consistent model selection
criterion. For this dataset, SVMICH with Ln at log(n) and log(n) and the criterion
from Chen and Chen (2008) perform the best and are slightly better than cross-validation
methods. As in previous arguments, the criterion adapted from the EBIC in Chen and Chen
(2008) performs similarly as SVMICH with Ln between log(log(n)) and log(n) for a wide
range of combinations of n and p. Figure 1 summarizes the distributions of test errors over
the 200 random partitions of the data for different methods. Note that SVMICH is a more
15
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Ln = log(log(n))

Ln = log(n)

Ln = log(n)

Chen&Chen

5−CV

5−CV Adj.

Figure 1: Test error for MAQC-II breast cancer datasets over 200 random partitions

0.3

0.2

0.1

Ln = 1
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In this paper we consider model selection information criterion for support vector machines
in the diverging model space. We show that the information criterion proposed in Claeskens
et al. (2008) is consistent when the number of features is fixed but can be too liberal if the
dimensionality is diverging. A new support vector machine information criterion is proposed
for model selection in high dimensions. Based on the uniform convergence rate, we prove
that the new information criterion enjoys the model selection consistency even when the
number of variables diverges exponentially fast with the sample size. We also link this
information criterion to tuning parameter selection for penalized support vector machines.
The proposed information criterion is more scalable and easier to compute than resampling
techniques such as cross-validation. Simulations and real data examples confirm the model

6. Discussion

Table 4: Results for MAQC-II breast cancer datasets over 200 random partitions
Method
Size Test Error(%)
SVMICL
4.0
18.5(0.4)
SVMICH (Ln = p
log(log n))
1.7
11.5(0.4)
SVMICH (Ln = log(n))
1.2
9.9(0.2)
SVMICH (Ln = log(n))
1.1
9.6(0.2)
Chen&Chen
1.1
9.6(0.2)
5-CV
7.7
10.8(0.3)
5-CV Adj.
5.1
10.1(0.2)

stable method than cross-validations across the partitions of the data. Furthermore, crossvalidation based on data resampling is more computationally intensive and this discrepancy
is expected to increase dramatically if we take all the genes into consideration, which makes
the cross-validation less feasible than information criterion method.

Test Error
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selection consistency and the ability of selecting tuning parameter when the number of
features is much larger than the sample size.
There are several issues yet to be investigated. In this paper we assume that the size
of the true model is fixed and the smallest signal does not diminish to zero as the sample
size increases. Minimum signal condition has been used in many papers including Fan and
Peng (2004) and Fan and Lv (2011). It seems that our condition is stronger than theirs. It
is possible to relax this condition. We could possibly assume that q = qn diverges with n
such that qn = O(na1 ) for some 0 ≤ a1 < 1/2. Then we can allow the minimum magnitude
of the nonzero-signal to diminish to zero at an appropriate rate such as min1≤j≤qn |βj∗ | >
an−(1−a2 )/2 for some constant a > 0 and 2a1 < a2 ≤ 1. In general, the condition we impose
on min1≤j≤qn |βj∗ | is intertwined with the conditions on q and the matrix X, which would
be the same for any other high-dimensional regression problem. For a detailed discussion
on the beta-min condition in the setting of Lasso regression, we refer to Section 7.4 of
Bühlmann et al. (2011). Another direction of interest is to extend the information criterion
to nonlinear support vector machine. It is well known that the linear support vector machine
can be easily extended to nonlinear feature space using the “kernel trick”. Note that
it is possible to extend the results in this paper to reproducing kernel Hilbert space with
polynomial kernels. For Gaussian radial basis kernels, however, the direct generalization can
be problematic as the corresponding reproducing kernel Hilbert space is infinite dimensional.
A refined definition of the size of model will be needed in that case and will lead to a more
comprehensive study of support vector machine information criterion.
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1/n

i=1

n
X

{(1 − Yi XTi,S (β ∗S +
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p
|S| log(p)/nu))+ − (1 − Yi XTi,S β ∗S )+ } = 1/n(An + Bn ),

It can easily checked that E[gi,S (u)] = 0 for {S : |S| ≤ Mn , S ⊃ S ∗ } by the definition of β ∗S
and S(β ∗ ) = 0 . Next we consider the difference of hinge loss in (10), which can be further
composed as

i=1

i=1 (1

p
2
+ λn /2||β ∗+
|S| log(p)/nu+ ||2 − λn /2||β ∗+
(10)
S || .
S +
p
p
∗+
∗+ 2
+
2
By the fact ||β S + |S| log(p)/nu || − ||β S || ≤ 4|S| log(p)|S|/n and λn = 1/n, the
difference of penalty terms in (10) is n−1 |S|o(1). Denote
p
gi,S (u) =(1 − Yi XTi,S (β ∗S + |S| log(p)/nu))+ − (1 − Yi XTi,S β ∗S )+
p
+ |S| log(p)/nYi XTi,S u1(1 − Yi XTi,S β ∗S ≥ 0)
p
+E[(1 − Yi XTi,S (β ∗S + |S| log(p)/nu))+ ] − E[(1 − Yi XTi,S β ∗S )+ ].

where lS (β S ) = 1/n

2
− Yi XTi,S β S )+ + λn /2||β +
S || . By the convexity of the hinge
b − β ∗ || ≤
loss, this implies that with probability 1 − η, we have supS:|S|≤Mn ,S⊃S ∗ ||β
S
S
p
4 |S| log(p)/n and thus Lemma 2 holds. p
Notice that we can decompose lS (β ∗S + |S| log(p)/nu) − lS (β ∗S ) as
p
lS (β ∗S + |S| log(p)/nu) − lS (β ∗S )
n
X
p
=1/n
{(1 − Yi XTi,S (β ∗S + |S| log(p)/nu))+ − (1 − Yi XTi,S β ∗S )+ }

Pn

|S|≤Mn ,S⊃S ∗ ||u||=4

b = arg minβ {1/n Pn (1 − Yi XT β )+ + λn /2||β + ||2 }. We will
Proof. Recall that β
S
i=1
i,S S
S
S
show that for any 0 < η < 1, there exists a large constant 4 such that for sufficient large n,
p
Pr(
inf
inf lS (β ∗S + |S| log(p)/nu) > lS (β ∗S )) > 1 − η

S:|S|<Mn ,S⊃S ∗

Lemma 2 Under conditions (A1)-(A7) and λn = 1/n, we have
p
b − β ∗ || = Op ( |S| log(p)/n).
sup
||β
S
S

as n → ∞, where Sb = arg minS:|S|≤M SVMICL (S).
b is root-n consistent in
Proof. Under regularity conditions, Koo et al. (2008) showed β
S
fixed p case for every S ∈ {S : |S| ≤ Mn }. This pointwise result is enough for Lemma 1
since the model space is fixed. The proof is p
then similar to Lemma 3 and Lemma 4 for
√ −1
diverging p with the uniform convergence rate |S| log(p)/n substituted by n and thus
is omitted here.

In this appendix we prove the following results from Section 3.2:
Lemma 1 Assuming p is a fixed number and λn = 1/n. Under conditions (A1)-(A4) and
(A6)-(A7), we have
Pr(Sb = S ∗ ) → 1

Appendix A.

Xiang Zhang, Yichao Wu, Lan Wang and Runze Li

n
X


−

An =

n
X

gi,S (u)

p
T
T
|S| log(p)/nYi Xi,S
u1(1 − Yi Xi,S
β S∗ ≥ 0)
p
T
|S| log(p)/nu))+ ] − E[(1 − Yi Xi,S
β S∗ )+ ] .

i=1
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where

and
Bn =
i=1

T
+E[(1 − Yi Xi,S
(β S∗ +

sup |An | = |S|op (1).

The rest of the proof consists of three steps. Step 1 will show
sup
|S|≤Mn ,S⊃S ∗ ||u||=4

sup

sup |S|−1 |

n
X
i=1

gi,S (u|) > ) → 0

Step 2 will show inf |S|≤Mn ,S⊃S ∗ inf ||u||=4 Bn dominates the terms of order |S|op (1) . Step
3 will complete the proof by showing inf |S|≤Mn ,S⊃S ∗ inf ||u||=4 Bn > 0 for sufficient large n
and 4.
Step 1: The main tool to prove this uniform rate is the covering number introduced in
Van Der Vaart and Wellner (1996). It suffices to show that
Pr(
|S|≤Mn ,S⊃S ∗ ||u||=4

i

for any  > 0. Notice
p that the hinge loss satisfies Lipschitz condition and by condition (A3)
maxi ||Xi,S || = Op ( |S| log(n)). It can be easily shown that
p
|S| log(p)/n max ||Xi,S ||
|S|−1 gi,S (u) ≤ 34|S|−1

min

sup

sup

N
X

n
X

i=1

gi,S (u) −

n
X

i

k

n
X

i=1

gi,S (uk )|

)| > /2)

gi,S (u)| > )
gi,S (u

i=1

n
X

sup |S|−1 |
Pr(|S|−1 |

i=1

(11)
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p
|S| log(p)/n max ||Xi,S ||δ ≤ /3

sup |S|−1 |
34n|S|−1

1≤k≤N |S|≤Mn ,S⊃S ∗ ||u||=4

and thus sup|S|≤Mn ,S⊃S ∗ sup||u||=4 |S|−1 gi,S (u) = op (1). By Lemma 2.5 of van de Geer
(2000), the ball {u : ||u|| ≤ 4} in R|S|+1 can be covered by N balls with radius δ where
|S|+1 . Denote u1 , . . . , uN the centers of the N balls. By the fact that
N ≤ ((44 + δ)/δ)
p
sup|S|≤Mn ,S⊃S ∗ |S| log(p)/n maxi ||Xi,S || = Op (1), we can take δ = (nC)−1 |S| for some
large constant C such that

≤

|S|≤Mn ,S⊃S ∗

sup
X

|S|≤Mn ,S⊃S ∗ ||u||=4

Pr(

with probability tending to one. Based on (11), it can be easily shown

≤

|S|≤Mn ,S⊃S ∗ k=1
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n
X

Var(gi,S (uk ))

E[gi,S (uk )]2 ≤ C|S|2 log n(log(p))3/2 n−1/2 .

N
X

n
X

i=1

gi,S (uk )| > /2)

n
X

i=1

i

T
Yi Xij,S 1(1 − Yi Xi,S
β S∗ ≥ 0)|.

(12)

p
p
T
T
E[(2 |S| log(p)/nYi Xi,S
uk )2 1(|1 − Yi Xi,S
β S∗ | ≤ |S| log(p)/n max ||Xi,S ||4)].

i=1

p
|S| log(p)/n maxi ||Xi,S ||4. Thus we have

Pn
gi,S (uk ) is sum of independent zero-mean random variables. Notice that
and i=1
p
T
(1 − Yi XT (β ∗ + |S| log(p)/nu))+ − (1 − Yi Xi,S
β S∗ )+
i,S
S
p
T
T
+ |S| log(p)/nYi Xi,S
u1(1 − Yi Xi,S
β S∗ ≥ 0) = 0
n
X
i=1

n
X

E[gi,S (uk )]2 =

T β∗ | >
when we have |1 − Yi Xi,S
S

≤

i=1

p
T
uk )]2 ≤ C|S| log(p).
E{[2 |S| log(p)/nYi Xi,S

By the bounded largest eigenvalue condition in (A3), we have
n
X
i=1

i

By the bounded conditional density condition (A4), we have
p
p
|S| log(p)/n max ||Xi,S ||4) ≤ C|S| log n log(p)/n.
T
Pr(|1 − Yi Xi,S
β S∗ | ≤

i=1

n
X

Then based on (12) and Cauchy inequality, we have

X

Pr(|S|−1 |

T
T
Yi Xi,S
u1(1 − Yi Xi,S
β S∗ ≥ 0)| ≤ (|S| + 1)1/2 4 max |

0≤j≤p

≤ exp{Mn log(p)} exp(N ) exp{−C(log(n))−1 (log(p))−3/2 n1/2 } → 0

|S|≤Mn ,S⊃S ∗ k=1

Then applying Bernstein inequality and condition (A6), we arrive

n
X

i=1

as n → ∞. This completes the proof of Step 1.
Step 2: First notice that
|

i=1

n
X

p
T
Yi Xij,S 1(1 − Yi Xi,S
β S∗ ≥ 0)| = Op ( n log(p)).
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(14)

(13)
T β ∗ ≥ 0)] = 0 for 0 ≤ j ≤ p by the definition of S(β ∗ ). By
Note that E[Yi Xij,S 1(1 − Yi Xi,S
S
Lemma 14.24 of Bühlmann et al. (2011), we also have
max |
0≤j≤p
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p
|S| log(p)/nu)u

(15)

i=1

n
X

(1 −

b )+
Yi XTi,S β
S

−

i=1

n
X

(1 −

+ (|S| − |S |) log(n)Ln .

∗

S

i=1

b )+ −
(1 − Yi XTi,S β
S

i=1

> 0, which completes the proof.

SVMICH (S) > SVMICH (S ∗ )) → 1.
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SVMICH (S) − SVMICH (S ∗ ) = SVMICH (S) − SVMICH (S̃) + SVMICH (S̃) − SVMICH (S ∗ )

as n → ∞.
Proof. For S ∈ Ω− , consider the set S̃ with additional signals such that S̃ = S ∪ S ∗ . Notice

S:S∈Ω−

Pr( inf

Lemma 4 Under Conditions (A1)-(A8) and λn = 1/n, we have

|S ∗ |

S

b ∗ )+ | < (|S| − |S ∗ |) log(n)Ln
(1 − Yi XTi,S ∗ β
S

n
X

for sufficient large n. Notice that inf S∈Ω+ |S| −

|

n
X

conditions (A6)-(A8), we have

i,S

P
b )+ − Pn (1 −
Similar to the proof of Lemma 2, it can be shown that | ni=1 (1 − Yi XTi,S β
S
i=1
b ∗ )+ | is dominated by |S| log(p)uT H(β ∗ )u with probability tending to one. By
Yi XT ∗ β

S∈Ω+

= inf

S∈Ω+

b ∗ )+
Yi XTi,S ∗ β
S

SVMICH (S) > SVMICH (S )) → 1.

inf SVMICH (S) − SVMICH (S ∗ )

as n → ∞.
Proof. By definition we have

S:S∈Ω+

Pr( inf

∗

Lemma 3 Under conditions (A1)-(A8) and λn = 1/n, we have

It can be easily shown by (13), (14), (15) and condition (A7), 0.5|S| log(p)uT H(β ∗S )u dominates other terms in Bn for sufficient large 4. This completes the proof of Step 2.
Step 3: Notice that 0.5|S| log(p)uT H(β ∗S )u > 0 by condition (A7). Recall that the difference of penalty terms in (10) is n−1 |S|o(1). Therefore 0.5|S| log puT H(β ∗S )u dominates
all the other terms in (10) for sufficient large n and 4, which completes the proof.

for some 0 < t < 1. As shown by Koo et al. (2008), under condition (A1) and (A2), H(β)
is element-wise continuous at β ∗S , thus
p
H(β ∗S + t |S| log p/nu) = H(β ∗S ) + op (1).

=0.5|S| log(p)uT H(β ∗S + t

i=1

n
X
p
{E[(1 − Yi XTi,S (β ∗S + |S| log(p)/nu))+ ] − E[(1 − Yi XTi,S β ∗S )+ ]}

By Taylor expansion of hinge loss function at β ∗S , we have
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+
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+
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λn /2||β̄ S̃ ||2 − λn /2||β
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By λn = n−1 we have

=1/n
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n
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n
X

b )+ + λn /2||β
b + ||2 }
(1 − Yi XTi,S̃ β
S̃
S̃
+ (1 − a){1/n

<a{1/n
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(17)

(16)

where ∆ is a positive constant such that ∆ < c3 where c3 is defined in condition (A7). By
b and the convexity of hinge loss function we have
the definition of β
S̃

S̃

for some constant C > 0 that does not depend on S.
|S̃|+1 such that
b
b = (β0,S , β1,S , . . . , β|S|,S )T ∈ R|S|+1 . Denote β
Recall that β
S
S,S̃ ∈ R
the intercept equals to β0,S , the j-th element equals to βj,S if j ∈ S and 0 if j ∈
/ S for all
j ∈ S̃. Denote also δ = minj∈S ∗ |βj∗ | the smallest signal. Then it can be easily seen that
∗
∗
b
b
||β
S,S̃ − β S̃ || > δ. By Lemma 2 we also have ||β S̃ − β S̃ || <  for arbitrary  and sufficient
b
b
large n. Therefore there exists β̄ = aβ + (1 − a)β
for some 0 < a < 1 such that

S∈Ω−

inf {1/n

and by condition (A8) 1/n(|S| − |S̃|) log(n)Ln → 0, it suffices to show

i=1

1/n{SVMICH (S) − SVMICH (S̃)}
n
n
X
X
b )+ − 1/n
b )+ + 1/n(|S| − |S̃|) log(n)Ln
=1/n
(1 − Yi XTi,S β
(1 − Yi XTi,S̃ β
S
S̃

as n → ∞. Notice that

S∈Ω−

Pr( inf {SVMICH (S) − SVMICH (S̃)} > 0) → 1

for S ∈ Ω− . Since |S ∗ | does not diverge with n, we have |S̃| < 2Mn for sufficiently large
n and it can easily seen that Lemma 3 still holds for S̃ with any S ∈ Ω− . Therefore with
high probability we have SVMICH (S̃) − SVMICH (S ∗ ) ≥ 0. Thus it suffices to show
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n
X

b )+ −1/n
(1−Yi Xi,TS̃ β
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n
X
i=1

(1−Yi Xi,TS̃ β S̃∗ )+
≤

1/nC|S̃| log(p)λmax (H(β S̃∗ ))
→ 0 (18)

as n → ∞. Similar to the proof of Lemma 2, under condition (A6) and (A8), it can be
shown
1/n
i=1

as n → ∞. Notice that
i=1

n
n
X
X
(1 − Yi Xi,TS̃ β̄ S̃ )+ − 1/n
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n
n
o
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inf nE[(1 − Yi Xi,TS̃ β̄ S̃ )+ − (1 − Yi Xi,TS̃ β S̃∗ )+ ]
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inf {1/n

n

S∈Ω−

≥1/n
S∈Ω−

− sup {|

(20)

(19)

n
n
X
X
(1 − Yi Xi,TS̃ β̄ S̃ )+ −
(1 − Yi Xi,TS̃ β S̃∗ )+ − nE[(1 − Yi Xi,TS̃ β̄ S̃ )+ − (1 − Yi Xi,TS̃ β S̃∗ )+ ]|}

Similar to the proof of Lemma 2, it can be shown
sup {|
i=1

q
T
β S̃∗ ≥ 0)|) = Op ( n|S̃| log(p)).
Yi Xi,TS̃ (β̄ S̃ − β S̃∗ )1(1 − Yi Xi,S

i=1

i=1

n
X

S∈Ω−

=Op (|

∗

E[(1 − Yi Xi,TS̃ β̄ S̃ )+ − (1 − Yi Xi,TS̃ β S̃∗ )+ ] ≥ 0.5λmin (H(β̃ S̃ ))∆2 > 0,

By Taylor expansion of hinge loss function, we have

∗

i=1

i=1

n
n
X
X
T b
b )+ } ≥ 0.5λmin (H(β ∗ ))∆2 > 0
(1 − Yi Xi,S
β S )+ − 1/n
(1 − Yi Xi,TS̃ β
S̃
S̃

where β̃ S̃ lies in the set defined in condition (A7). By (16)-(20), we have
inf {1/n

S∈Ω−

for sufficient large n, which completes the proof.

Theorem 5 Under conditions (A1)-(A8) and λn = 1/n, we have
Pr(Ŝ = S ∗ ) → 1.
as n, p → ∞, where Sb = arg minS:|S|≤Mn SVMICH (S).
Proof. The proof can be easily checked by combing the results from Lemma 3 and Lemma
4 and thus is omitted here.
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In statistical analyses involving data from individuals, there is an increasing tension between
the need to share data and the need to protect sensitive information about the individuals.
For example, users of social networking sites are increasingly cautious about their privacy,
but still find it inevitable to agree to share their personal information in order to benefit

1. Introduction

Keywords: local differential privacy, privacy-preserving machine learning algorithms,
information theoretic utilities, f -divergences, mutual information, statistical inference, hypothesis testing, estimation

Local differential privacy has recently surfaced as a strong measure of privacy in contexts
where personal information remains private even from data analysts. Working in a setting
where both the data providers and data analysts want to maximize the utility of statistical
analyses performed on the released data, we study the fundamental trade-off between local
differential privacy and utility. This trade-off is formulated as a constrained optimization
problem: maximize utility subject to local differential privacy constraints. We introduce a
combinatorial family of extremal privatization mechanisms, which we call staircase mechanisms, and show that it contains the optimal privatization mechanisms for a broad class of
information theoretic utilities such as mutual information and f -divergences. We further
prove that for any utility function and any privacy level, solving the privacy-utility maximization problem is equivalent to solving a finite-dimensional linear program, the outcome
of which is the optimal staircase mechanism. However, solving this linear program can be
computationally expensive since it has a number of variables that is exponential in the size
of the alphabet the data lives in. To account for this, we show that two simple privatization
mechanisms, the binary and randomized response mechanisms, are universally optimal in
the low and high privacy regimes, and well approximate the intermediate regime.
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Q(S|x)
≤ eε ,
Q(S|x0 )

(1)

2
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where Q(S|x) = P(Yi ∈ S|Xi = x) represents the privatization mechanism. This ensures
that for small values of ε, given a privatized data Yi , it is (almost) equally likely to have
come from any data, i.e. x or x0 . A small value of ε means that we require a high level of
privacy and a large value corresponds to a low level of privacy. At one extreme, for ε = 0,
the privatized output must be independent of the private data, and on the other extreme,
for ε = ∞, the privatized output can be made equal to the private data.

S⊂Y,x,x0 ∈X

sup

The need for data privacy appears in two different contexts: the local privacy context, as
in when individuals disclose their personal information (e.g., voluntarily on social network
sites), and the global privacy context, as in when institutions release databases of information
of several people or answer queries on such databases (e.g., US Government releases census
data, companies like Netflix release proprietary data for others to test state of the art
machine learning algorithms). In both contexts, privacy is achieved by randomizing the
data before releasing it. We study the setting of local privacy, in which data providers do
not trust the data collector (analyst). Local privacy dates back to Warner (1965), who
proposed the randomized response method to provide plausible deniability for individuals
responding to sensitive surveys.
A natural notion of privacy protection is making inference of information beyond what
is released hard. Differential privacy has been proposed in the global privacy context to
formally capture this notion of privacy (Dwork, 2006; Dwork et al., 2006b; Dwork and Lei,
2009). In a nutshell, differential privacy ensures that an adversary should not be able to
reliably infer an individual’s record in a database, even with unbounded computational
power and access to every other record in the database. Recently, Duchi et al. (2013)
extended the notion of differential privacy to the local privacy context. Formally, consider
a setting where there are n data providers each owning a data Xi defined on an input
alphabet X . The Xi ’s are independently sampled from some distribution Pν parameterized
by ν. A statistical privatization mechanism Q is a conditional distribution that maps Xi ∈ X
stochastically to Yi ∈ Y, where Y is an output alphabet possibly larger than X . The Yi ’s
are referred to as the privatized (sanitized) views of Xi ’s. In a non-interactive setting, the
same privatization mechanism Q is used locally by all individuals. This setting is shown in
Figure 1 for the special case of n = 2. For some non-negative ε, we follow the definition of
Duchi et al. (2013) and say that a mechanism Q is ε-locally differentially private if

1.1 Local differential privacy

from customized services such as recommendations and personalized search (Acquisti, 2004;
Acquisti and Grossklags, 2007). There is a certain utility in sharing data for both data
providers and data analysts, but at the same time, individuals want plausible deniability
when it comes to sensitive information.
For such applications, there is a natural core optimization problem to be solved. Assuming both the data providers and analysts want to maximize the utility of the released
data, how can they do so while preserving the privacy of participating individuals? The
formulation and study of a framework that addresses the fundamental tradeoff between
utility and privacy is the focus of this paper.
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X1 ∼ Pν
Privatization
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Clients

X2 ∼ Pν

Privatization
Q

Figure 1: Client i owns Xi sampled from Pν . Each Xi is privatized by the same ε-locally
differentially private mechanism Q. The data analyst only observes the privatized
data (Yi ’s) and makes an inference on the statistics of the original distribution of
the data.

1.2 Information theoretic utilities for statistical analysis

X

Q(S|x)Pν (x) ,

(2)

In analyses of statistical databases, the analyst is interested in the statistics of the data as
opposed to individual records. Naturally, the utility should also be measured in terms of the
distribution rather than sample quantities. Concretely, consider a client-server setting where
each client with data Xi releases Yi , a privatized version of the data, via a non-interactive εlocally differentially private privatization mechanism Q. Assume all the clients use the same
privatization mechanism Q, and each client’s data is an i.i.d. sample from a distribution Pν
n , the data analyst would like to
for some parameter ν. Given the privatized views {Yi }i=1
make inferences based on the induced marginal distribution
Mν (S) ≡

x∈X

x∈X

f

X  M0 (x) 
M1 (x) ,
M1 (x)
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(3)

for S ⊆ Y. We consider a broad class of convex utility functions, and identify the class
of optimal mechanisms, which we call staircase mechanisms, in Section 2. We apply this
framework to two specific applications: (a) hypothesis testing where the utility is measured
in Kullback-Leibler divergence (Section 3) and (b) information preservation where the utility
is measured in mutual information (Section 4).
In the binary hypothesis testing setting, ν ∈ {0, 1}; therefore, X can be generated by
one of two possible distributions P0 and P1 . The power to discriminate data generated
from P0 to data generated from P1 depends on the ‘distance’ between the marginals M0
and M1 . To measure the ability of such statistical discrimination, our choice of utility of a
particular privatization mechanism Q is an information theoretic quantity called Csiszár’s
f -divergence defined as
Df (M0 ||M1 ) =

3
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Q

maximize

Dkl (M0 ||M1 )

subject to Q ∈ Dε

,

Q (y|x)
P (l) Q (y|l)

(4)

for some convex function f such that f (1) = 0. The Kullback-Leibler (KL) divergence
Dkl (M0 ||M1 ) is a special case with f (x) = x log x, and so is the total variation distance
kM0 −M1 kTV with f (x) = (1/2)|x−1|. Such f -divergences capture the quality of statistical
inference, such as minimax rates of statistical estimation or error exponents in hypothesis
testing (Tsybakov and Zaiats, 2009; Cover and Thomas, 2012). As a motivating example,
suppose a data analyst wants to test whether the data is generated from P0 or P1 based
on privatized views Y1 , . . . , Yn . According to Chernoff-Stein’s lemma, for a bounded type
I error probability, the best type II error probability scales as e−n Dkl (M0 ||M1 ) . Naturally,
we are interested in finding a privatization mechanism Q that minimizes the probability of
error by solving the following constraint maximization problem

X

Y

P (x) Q (y|x) log

l∈X

P

where Dε is the set of all ε-locally differentially private mechanisms satisfying (1).
In the information preservation setting, X is generated from an underlying distribution
P . We are interested in quantifying how much information can be preserved when releasing
a private view of the data. In other words, the data provider would like to release an εlocally differentially private view Y of X that preserves the amount of information in X as
much as possible. The utility in this case is measured by the mutual information between
X and Y


XX
.
(5)
I (X; Y ) =

I(X; Y )

,

(6)

Mutual information, as the name suggests, measures the mutual dependence between two
random variables. It has been used as a criterion for feature selection and as a measure of
similarity between two different clusterings of a data set, in addition to many other applications in signal processing and machine learning. To characterize the fundamental tradeoff
between privacy and mutual information, we solve the following constrained maximization
problem
Q

maximize

subject to Q ∈ Dε

where Dε is the set of all ε-locally differentially private mechanisms satisfying (1).
Motivated by such applications in statistical analysis, our goal is to provide a general
framework for finding optimal privatization mechanisms that maximize information theoretic utilities under local differential privacy. We demonstrate the power of our techniques
in a very general setting that includes both hypothesis testing and information preservation.
1.3 Our contributions

JMLR 17(17):1-51

We study the fundamental tradeoff between local differential privacy and a rich class of
convex utility functions. This class of utilities includes several information theoretic quantities such as mutual information and f -divergences. The privacy-utility tradeoff is posed as
a constrained maximization problem: maximize utility subject to local differential privacy
constraints. This maximization problem is (a) nonlinear: the utility functions we consider

4

1.5 Organization

1.4 Related work

5
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Our work also provides a formal connection to an information theoretic notion of privacy called information leakage (Chatzikokolakis et al., 2010; Sankar et al., 2013). Given
a privatization mechanism Q, the information leakage is measured by the mutual information between the private data X and the released output Y , i.e. I(X; Y ). Information
leakage has been widely studied as a practical notion of privacy. However, connections to
differential privacy have been studied only indirectly through comparisons to how much
distortion is incurred under the two notions of privacy (Sarwate and Sankar, 2014; Wang
et al., 2014a). We show that under ε-local differential privacy, I(X; Y ) is upper bounded by

In a similar spirit, we are also interested in maximizing information theoretic quantities
under local differential privacy. We generalize the results of Duchi et al. (2013), and provide
stronger results in the sense that we (a) consider a broader class of information theoretic
utilities; (b) provide explicit constructions for the optimal mechanisms; and (c) recover the
existing result of (Duchi et al., 2013, Theorem 1) (with a stronger condition on ε).

Our work is closely related to the recent work of Duchi et al. (2013) where an upper bound
on Dkl (M0 ||M1 ) was derived under the same local differential privacy setting. Precisely,
Duchi et. al. proved that the KL-divergence maximization problem in (4) is at most 4(eε −
1)2 kP1 − P2 k2T V . This bound was further used to provide a minimax bound on statistical
estimation using information theoretic converse techniques such as Fano’s and Le Cam’s
inequalities. Such tradeoffs also provide tools for comparing various notions of privacy
(Barber and Duchi, 2014).

6

JMLR 17(17):1-51

In this section, we first present a formal definition for staircase mechanisms and prove that
they are the optimal solutions to optimization problems of the form (8). We then provide
a combinatorial representation for staircase mechanisms that allows us to reduce the infinite dimensional nonlinear program of (8) to a finite dimensional linear program with 2|X |
variables. For any given privacy level ε and utility function U (·), one can solve this linear
program to obtain the optimal privatization mechanism, albeit with significant computational challenges since the number of variables scales exponentially in the alphabet size. To
address this issue, we prove, in Sections 3 and 4, that two simple staircase mechanisms,
which we call the binary mechanism and the randomized response mechanism, are optimal

2. Main Results

The remainder of the paper is organized as follows. In Section 2, we introduce the family of
staircase mechanisms, prove its optimality for a broad class of convex utility functions, and
study its combinatorial structure. In Section 3, we study the problem of private hypothesis
testing and prove that two staircase mechanisms, the binary and randomized response
mechanisms, are optimal for KL-divergence in the high and low privacy regimes, respectively,
and (nearly) optimal the intermediate regime. We show, in Section 4, similar results for
mutual information. In Section 5, we study approximate local differential privacy, a more
general notion of local privacy. Finally, we conclude this paper in Section 6 with a few
interesting and nontrivial extensions.

0.5ε2 maxA⊆X P (A)P (Ac )+O(ε3 ) for small ε. Moreover, we provide an explicit privatization
mechanism that achieves this bound.
While there is a vast literature on differential privacy, exact optimality results are only
known for a few cases. The typical recipe is to propose a differentially private mechanism
inspired by the work of Dwork (2006); Dwork et al. (2006b); McSherry and Talwar (2007)
and Hardt and Rothblum (2010), and then establish its near-optimality by comparing the
achievable utility to a converse, for example in linear dynamical systems (Wang et al.,
2014b), principal component analysis (Chaudhuri et al., 2012; Blocki et al., 2012; Hardt
and Roth, 2012; Kapralov and Talwar, 2013), linear queries (Hardt and Talwar, 2010; Hardt
et al., 2012), logistic regression (Chaudhuri and Monteleoni, 2008) and histogram release
(Lei, 2011). In this paper, we take a different route and solve the utility maximization
problem exactly.
Optimal differentially private mechanisms are known only in a few cases. Ghosh et al.
(2012) showed that the geometric noise adding mechanism is optimal (under a Bayesian
setting) for monotone utility functions under count queries (sensitivity one). This was generalized by Geng et. al. (for a worst-case input setting) who proposed a family of mechanisms
and proved its optimality for monotone utility functions under queries with arbitrary sensitivity (Geng and Viswanath, 2012, 2013a,b). The family of optimal mechanisms was called
staircase mechanisms because for any y and any neighboring x and x0 , the ratio of Q(y|x)
to Q(y|x0 ) takes one of three possible values eε , e−ε , or 1. Since the optimal mechanisms
we develop also have an identical property, we retain the same nomenclature.

are convex in Q; (b) non-standard: we are maximizing instead of minimizing a convex
function; and (c) infinite dimensional: the space of all differentially private mechanisms is
infinite dimensional. We show, in Theorem 2, that for all utility functions considered and
any privacy level ε, a finite family of extremal mechanisms (a finite subset of the corner
points of the space of differentially private mechanisms), which we call staircase mechanisms, contains the optimal privatization mechanism. We further prove, in Theorem 4, that
solving the original privacy-utility problem is equivalent to solving a finite dimensional linear program, the outcome of which is the optimal mechanism. However, solving this linear
program can be computationally expensive because it has 2|X | variables. To account for
this, we show that two simple staircase mechanisms (the binary and randomized response
mechanisms) are optimal in the high and low privacy regimes, respectively, and well approximate the intermediate regime. This contributes an important progress in the differential
privacy area, where the privatization mechanisms have been few and almost no exact optimality results are known. As an application, we show that the effective sample size reduces
from n to ε2 n under local differential privacy in the context of hypothesis testing.

We also study the fundamental tradeoff between utility and approximate differential
privacy, a generalized notion of privacy that was first introduced in Dwork et al. (2006a).
The techniques we develop for differential privacy do not generalize to approximate differential privacy. To account for this, we use an operational interpretation of approximate
differential privacy (developed in Kairouz et al. (2014a)) to prove that a simple mechanism
maximizes utility for all levels of privacy when the data is binary.
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in the high and low privacy regimes, respectively, and well approximate the intermediate
regime.
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X
y∈Y

µ(Qy )
.

(8)

Q∗ (y|x)
∈ {0, ε} .
Q∗ (y|x0 )

(a) the output alphabet size is at most the input alphabet size, i.e. |Y| ≤ |X |; and
(b) for all y ∈ Y, and x, x0 ∈ X
ln
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Now that we know that staircase mechanisms are optimal, we can try to combinatorially
search for the best staircase mechanism for an instance of the function µ and a fixed ε. To
this end, we give a simple representation for all staircase mechanisms, exploiting the fact
that they are scaled copies of a finite number of patterns.
Let Q ∈ R|X |×|Y| be a staircase mechanism, and k = |X | denote the size of the input
alphabet. Then, from the definition of staircase mechanisms, Q(y|x)/Q(y|x0 ) ∈ {e−ε , 1, eε }
and each column Q(y|·) must be proportional to one of the canonical staircase patterns we
define next.

2.2 Combinatorial representation of the staircase mechanisms

Sε ≡ {Q | satisfying (9)} .
P
For all choices of U (Q) = Y µ(Qy ) and any ε ≥ 0, Theorem 2 implies that the family
of staircase mechanisms includes the optimal solutions to maximization problems of the
form (8). Notice that staircase mechanisms are ε-locally differentially private, since any Q
satisfying (9) implies that Q(y|x)/Q(y|x0 ) ≤ eε .
For global differential privacy, we can generalize the definition of staircase mechanisms to
hold for all neighboring database queries x, x0 (or equivalently within some sensitivity), and
recover all known existing optimal mechanisms. Precisely, the geometric mechanism shown
to be optimal in Ghosh et al. (2012), and the mechanisms shown to be optimal in Geng
and Viswanath (2012, 2013a) (also called staircase mechanisms) are special cases of the
staircase mechanisms defined above. We believe that the characterization of these extremal
mechanisms and the analysis techniques developed in this paper can be of independent
interest to researchers interested in optimal mechanisms for global privacy and more general
utilities.

The first claim of bounded alphabet size is more generally true for any general utility U (Q)
that is convex in Q (not necessarily decomposing into a sum of sublinear functions as in (8)).
The second claim establishes that there is an optimal mechanism with an extremal structure;
the absolute value of the log-likelihood ratios can only take one of the two extremal values:
0 or eε (see Figure 2 for example). We refer to such a mechanism as a staircase mechanism,
and define the family of staircase mechanisms formally as

(9)

Theorem 2 For any sublinear function µ and any ε ≥ 0, there exists an optimal mechanism
Q∗ maximizing the utility in (8) over all ε-locally differentially private mechanisms, such
that

privatization mechanism Q∗ might produce an infinite output alphabet Y. The following
theorem proves that one never needs an output alphabet larger than the input alphabet in
order to achieve the maximum utility, and provides a combinatorial representation for the
optimal solution.

2.1 Optimality of staircase mechanisms
For an input alphabet X with |X | = k, we represent the set of ε-locally differentially private
mechanisms that lead to output alphabets Y with |Y| = ` by


Q (S|x)
Dε,` = Qk×` ∩ Q : ∀ x, x0 ∈ X , S ⊆ Y, ln
≤ε ,
Q (S|x0 )

(7)

where Qk×` denotes the set of all k × ` dimensional conditional distributions. The set of all
ε-locally differentially private mechanisms is given by
Dε = ∪`∈N Dε,` .

The set of all conditional distributions acting on X is given by Q = ∪`∈N Qk,` .
We consider two types of utility functions, one for the hypothesis testing setup and
another for the information preservation setup. In the hypothesis testing setup, the utility
is a function of the privatization mechanism and two priors defined on the input alphabet.
Namely, U (P0 , P1 , Q) : Sk × Sk × Q → R+ , where P0 and P1 are positive priors defined
on X , and Sk is the (k − 1)-dimensional probability simplex. Pν is said to be positive if
Pν (x) > 0 for all x ∈ X . In the information preservation setup, the utility is a function of
the privatization mechanism and a prior defined on the input alphabet. Namely, U (P, Q) :
Sk × Q → R+ , where P is a positive prior defined on X . For notational convenience, we
will use U (Q) to refer to both U (P, Q) and U (P0 , P1 , Q).
Definition 1 (Sublinear Functions) A function µ (z) : Rk → R is said to be sublinear
if the following two conditions are met
1. µ (γz) = γµ (z) for all γ ∈ R+ .
2. µ (z1 + z2 ) ≤ µ (z1 ) + µ (z2 ) for all z1 , z2 ∈ Rk .

U (Q) =

Let Qy be the column of Q corresponding to Q(y|·) and µ be any sublinear function.
We are interested in utilities that can be decomposed into a sum of sublinear functions.
We study the fundamental tradeoff between privacy and utility by solving the following
constrained maximization problem
Q

maximize

subject to Q ∈ Dε

JMLR 17(17):1-51

This includes maximization over information theoretic quantities of interest in statistical estimation and hypothesis testing such as mutual information, total variation, KL-divergence,
and χ2 -divergence (Tsybakov and Zaiats, 2009). Since sub-linearity implies convexity, (8)
is in general a complicated nonlinear program: we are maximizing (instead of minimizing)
a convex function in Q; further, the dimension of Q might be unbounded: the optimal
7
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where Θ = diag(θ) is a 2k ×2k diagonal matrix and θ is a 2k -dimensional vector representing
the scaling of the columns of S (k) . We can now formulate the problem of maximizing the
utility as a linear program and prove their equivalence.

Q = S (k) Θ ,

For all values of k, there are exactly 2k such patterns, and any column Q(y|·) of Q, a
staircase mechanism, is a scaled version of one of the columns of S (k) . Using this pattern
matrix, we can show that any staircase mechanism Q can be represented as

S

(3)

When k = 3, there are 2k = 8 staircase patterns and the staircase pattern matrix is given
by

Definition 3 (Staircase Pattern Matrix) Let bj be the k-dimensional binary vector cork
responding to the binary representation of j for j ≤ 2k − 1. A matrix S (k) ∈ {1, eε }k×2 is
(k)
(k)
ε
called a staircase pattern matrix if the j-th column of S
is Sj = (e − 1) bj−1 + 1, for
j ∈ {1, . . . , 2k }. Each column of S (k) is a staircase pattern.

Figure 2: Examples of staircase mechanisms: the binary (left) and the randomized response
(right) mechanisms.

QT
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k

(k)

µ(Sj )θj = µT θ

θ≥0,

S (k) θ = 1

j=1

2
X

(11)

10

JMLR 17(17):1-51

To represent an equivalence class, we use a mechanism in [Q] that is ordered and merged to
match the patterns of the pattern matrix S (k) . For any staircase mechanism Q, there exists
a possibly different staircase mechanism Q0 ∈ [Q] such that Q0 = S (k) Θ for some diagonal
matrix Θ with nonnegative entries. Therefore, to solve optimization problems of the form
(8), we can restrict our attention to such representatives of equivalent classes. Further, for
privatization mechanisms of the form Q = S (k) Θ, the objective function takes the form
P
(k)
j µ(Sj )θj , a simple linear function of Θ.

[Q] = {Q0 ∈ Sε | ∃ a sequence of permutations and merge/split of columns from Q0 to Q} .

by the homogeneity property of µ. Therefore, we can naturally define equivalence classes
for staircase mechanisms that are equivalent up to a permutation of columns and merging/splitting of columns with the same pattern:

µ(Qy ) + µ(Qy0 ) = µ((1 + C)Qy ) = µ(Q0y00 ) ,

Thus, the infinite dimensional nonlinear program of (8) is now reduced to a finite dimensional linear program. The constraints in (11) ensure that we get a valid probability matrix
Q = S (k) Θ with rows that sum to one. One could potentially solve this LP with 2k variables
but its computational complexity scales exponentially in the alphabet size k = |X |. For
practical values of k this might not always be possible. However, in the following sections,
we prove that in the high privacy regime (ε ≤ ε∗ for some positive ε∗ ), there is a single
optimal mechanism, which we call the binary mechanism, which dominates over all other
mechanisms in a very strong sense for all utility functions of practical interest.
In order to understand the above theorem, observe that both the objective function
and differential privacy constraints are invariant under permutations (or relabelling) of the
columns of a privatization mechanism Q. In other words, shuffling the columns of an εlocally differentially private mechanism Q results in a new ε-locally differentially private
mechanism Q0 that achieves the same utility. Similarly, both the objective function and
differential privacy constraints are invariant under merging/splitting of outputs with the
same pattern. To be specific, consider a privatization mechanism Q and suppose that
there exist two outputs y and y 0 that have the same pattern, i.e. Q(y|·) = C Q(y 0 |·) for
some positive constant C. Then, we can consider a new mechanism Q0 by merging the
two columns corresponding to y and y 0 . Let y 00 denote this new output. It follows that
Q0 satisfies the differential privacy constraints and the resulting utility is also preserved.
Precisely, using the fact that Q(y|·) = C Q(y 0 |·), it follows that

and the optimal solutions are related by (10).

subject to

θ∈R2k

maximize

Theorem 4 For any sublinear function µ and any ε ≥ 0, the nonlinear program of (8) and
the following linear program have the same optimal value

Kairouz, Oh and Viswanath
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(12)

(13)

lim

Kairouz, Oh and Viswanath

1
∗
log β α ≥ −Dkl (P0 ||P1 ) + (1 − δ)G(P0 , P1 )e−ε .
n

1
(1 + δ)(eε − 1)2
(1 + δ)(eε − 1)2
∗
2
log β α ≥ −
kP0 − P1 kTV
≥−
Dkl (P0 ||P1 ) ,
n
(eε + 1)
2(eε + 1)

lim

n→∞

X

Df (M0 ||M1 ) =

P

Y

Y

Pν (x) Q (y|x) and µ (Qy ) = (P1T Qy )f (P0T Qy /P1T Qy ). For any γ > 0,


= P1T (γQy ) f P0T (γQy ) /P1T (γQy )


= γ P1T Qy f P0T Qy /P1T Qy

µ (γQy )

For a given P0 and P1 ,
two outputs y ∈ {0, 1}

ε
 e

1 + eε
1
1 + eε



Q(1|x) =





ε
 e

1 + eε
1
1 + eε

if P0 (x) ≥ P1 (x) .

if P0 (x) < P1 (x) ,

(14)

the binary mechanism is defined as a staircase mechanism with only
satisfying (see Figure 2)
if P0 (x) ≥ P1 (x) ,
if P0 (x) < P1 (x) .
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Theorem 5 For any pair of distributions P0 and P1 , there exists a positive ε∗ that depends
on P0 and P1 such that for any f -divergences and any positive ε ≤ ε∗ , the binary mechanism
maximizes the f -divergence between the induced marginals over all ε-locally differentially
private mechanisms.

Although this mechanism is extremely simple, perhaps surprisingly, we will establish that
it is the optimal mechanism when a high level of privacy is required. Intuitively, the output
should be very noisy in the high privacy regime, and we are better off sending just one bit
of information that tells you whether your data is more likely to have come from P0 or P1 .

Q(0|x) =

3.2 Optimality of the binary mechanism

= γµ (Qy ) .

Moreover, since the function φ(z, t) = tf zt is convex in (z, t) for 0 ≤ z, t ≤ 1, then
µ is convex in Qy . Convexity and homogeniety together imply sublinearlity. Therefore,
Theorems 2 and 4 apply to Df (M0 ||M1 ) and we have that staircases are optimal.

where PνT Qy =

From the definition of Df (M0 ||M1 ), we have that
X
X
(P1T Qy )f (P0T Qy /P1T Qy ) =
µ (Qy ) ,

3.1 Optimality of staircase mechanisms

n→∞

type II error smaller than

 M (y) 
0
= U (P0 , P1 , Q) = U (Q) ,
M1 (y)

3. Hypothesis Testing

M1 (y)f

whenever ε ≤ ε∗ , where ε∗ is dictated by Theorem 5 and δ > 0 is some arbitrarily small
but positive constant. In the equation above, the second inequality follows from Pinsker’s
inequality. Since (eε − 1)2 = O(ε2 ) for small ε, the effective sample size is now reduced
from n to ε2 n. This is the price of privacy. In the low privacy regime where ε ≥ ε∗ , for ε∗
dictated by Theorem 8, one cannot achieve an asymptotic type II error smaller than

X
Y

In this section, we study the fundamental tradeoff between local differential privacy and
hypothesis testing. In this setting, there are n individuals each with data Xi sampled from
a distribution Pν for a fixed ν ∈ {0, 1}. Let Q be a non-interactive privatization mechanism
guaranteeing ε-local differential privacy. The output of the privatization mechanism Yi is
distributed according to the induced marginal Mν defined in (2). With a slight abuse of
notation, we will use Mν and Pν to represent both probability distributions and probability
mass functions. The power to discriminate data sampled from P0 to data sampled from P1
depends on the ‘distance’ between the marginals M0 and M1 . To measure the ability of
such statistical discrimination, our choice of utility of a privatization mechanism Q is an
information theoretic quantity called Csiszár’s f -divergence defined as
Df (M0 ||M1 ) =

Df (M0 ||M1 )
,

for some convex function f such that f (1) = 0. The Kullback-Leibler (KL) divergence
Dkl (M0 ||M1 ) is a special case of f -divergence with f (x) = x log x. The total variation
distance kM0 − M1 kTV is also special case with f (x) = (1/2)|x − 1|. Note that in general,
the f -divergence is not necessarily a distance metric since it need not be symmetric or
satisfy triangular inequality. We are interested in characterizing the optimal solution to
Q

maximize
subject to Q ∈ Dε

1
∗
log β α = −Dkl (M0 ||M1 ) .
n

where Dε is the set of all ε-locally differentially private mechanisms defined in (7).
A motivating example for this choice of utility is the Neyman-Pearson hypothesis testing
n , the data analyst
framework (Cover and Thomas, 2012). Given the privatized views {Yi }i=1
wants to test whether they are generated from M0 or M1 . Let the null hypothesis be H0 :
Yi ’s are generated from M0 , and the alternative hypothesis H1 : Yi ’s are generated from M1 .
For a choice of rejection region R ⊆ Y n , the probability of false alarm (type I error) is
α = M0n (R) and the probability of miss detection (type II error) is β = M1n (Y n \ R). Let
∗
β α = minR⊆Y n ,α<α∗ β denote the minimum type II error achievable while keeping the type
I error rate at most α∗ . According to Chernoff-Stein lemma (Cover and Thomas, 2012), we
know that
lim

n→∞
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Suppose the analyst knows P0 , P1 , and Q. Then in order to achieve optimal asymptotic
error rate, one would want to maximize the KL divergence of the induced marginals, over
all ε-locally differentially private mechanisms Q. The results we present in this section
(Theorems 5 and 8 to be precise) provide an explicit construction of optimal mechanisms
in high and low privacy regimes. Using these optimality results, we prove a fundamental
limit on the achievable error rates under differential privacy. Precisely, with data collected
from an ε-locally differentially privatization mechanism, one cannot achieve an asymptotic
11

1
OPT .
2(eε + 1)2

if y 6= x .

if y = x ,
(15)
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In other words, the randomized response is a simple randomization over the same alphabet
where the true data is released with probability eε / (|X | − 1 + eε ). We view it as a multiple

eε
|X
|
−
1 + eε
Q(y|x) =
1


|X | − 1 + eε





The randomized response mechanism (see Figure 2) is a staircase mechanism with Y = X
satisfying

3.3 Optimality of the randomized response mechanism

Observe that 2(eε + 1)2 ≤ 32 for ε ≤ 1. Therefore, for any ε ≤ 1, the simple binary
mechanism is at most a constant factor away from the optimal mechanism.

Theorem 7 For any ε and any pair of distributions P0 and P1 , the binary mechanism is an
1/(2(eε + 1)2 ) approximation of the maximum KL divergence between the induced marginals
M0 and M1 among all ε-locally differentially private mechanisms.

BIN ≥

When maximizing the KL divergence between the induced marginals, we show that the
binary mechanism still achieves good performance for ε ≤ C where C is a constant that
does not depend on P0 and P1 . For the special case of KL divergence, let OPT denote the
maximum value of (13) and BIN denote the KL divergence when the binary mechanism is
used. The next theorem shows that

Theorem 6 For any pair of distributions P0 and P1 , and any ε ≥ 0, the binary mechanism
maximizes the total variation distance between the induced marginals M0 and M1 among all
ε-locally differentially private mechanisms.

choice generalization to the randomized response method proposed by Warner (1965). We
now establish that for the special case of optimizing the KL divergence between the induced
marginals, the randomized response mechanism is the optimal solution of (13) in the low
privacy regime (i.e., ε ≥ ε∗ for some threshold ε∗ that depends on P0 and P1 ).

This implies that in the high privacy regime, which is a typical setting studied in much
of the differential privacy literature, the binary mechanism is universally optimal for all
f -divergences. In particular this threshold ε∗ is universal, in that it does not depend on the
particular choice of which f -divergence we are maximizing. It is only a function of P0 and
P1 . This is established by proving a very strong statistical dominance using Blackwell’s celebrated result on comparisons of statistical experiments Blackwell (1953). In a nutshell, we
prove that any ε-locally differentially private mechanism can be simulated from the output
of the binary mechanism for sufficiently small ε. Hence, the binary mechanism dominates
over all other mechanisms and at the same time achieves the maximum divergence. A similar idea has been used previously in (Kairouz et al., 2013) to exactly characterize how much
privacy degrades under composition attacks.
The optimality of binary mechanisms is not just for high privacy regimes. The next
theorem shows that it is the optimal solution of (13) for all ε, when the objective function
is the total variation distance: Df (M0 ||M1 ) = kM0 − M1 kTV .

14
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A typical approach for achieving ε-local differential privacy is to add geometric noise with
appropriately chosen variance. For an input with alphabet size |X | = k, this amounts
to relabelling the inputs as integers {1, . . . , k} and adding geometric noise, i.e., Q(y|x) =
((1 − ε1/(k−1) )/(1 + ε1/(k−1) ))ε|y−x|/(k−1) for y ∈ Z. The output is then truncated at 1 and
k to preserve the support.
For 100 instances of randomly chosen P0 and P1 defined over an input alphabet of
size |X | = 6, we compare the average performance of the binary, randomized response,
and geometric mechanisms to the average performance of the optimal staircase mechanism
for various values of ε. The optimal staircase mechanism is computed by solving the linear
program in Equation (11) for each fixed pair (P0 , P1 ) and ε. The left panel of Figure 3 shows
the average performance measured by the normalized divergence Dkl (M0 ||M1 )/Dkl (P0 ||P1 )
for all 4 mechanisms. The average is taken over the 100 instances of P0 and P1 . In the
low privacy (large ε) regime, the randomized response achieves optimal performance (which
converges exponentially in ε to 1) as predicted. In the high privacy regime (small ε), the
binary mechanism achieves optimal performance (which converges quadratically in ε to 0)
as predicted. In all regimes, both the binary and randomized response mechanisms provide
significant gains over the geometric mechanism.
To illustrate how much worse the binary and the randomized response mechanisms
can be relative to the optimal staircase mechanism, we plot in the right panel of Figure
3 the divergence under each mechanism normalized by the divergence under the optimal
mechanism. This is done for all 100 instances of P0 and P1 . In all instances, the binary
mechanism is optimal for small ε and the randomized response mechanism is optimal for
large ε. However, Dkl (M0 ||M1 ) under the randomized response mechanism can be as bad as
10% of the optimal one (for small ε). Similarly, Dkl (M0 ||M1 )) under the binary mechanism
can be as bad as 25% of the optimal one (for large ε). To overcome this issue, we propose the
following simple strategy: use the better among these two mechanisms. The performance
of this strategy is illustrated in Figure 4. For various input alphabet size |X | ∈ {3, 4, 6, 12},
we plot the performance of this mixed strategy for each value of ε and each of the 100
randomly generated instances of P0 and P1 . This mixed strategy achieves at least 70% for
|X | = 6 (and 55% for |X | = 12) of the optimal divergence for all instances. Figure 4 shows

3.4 Numerical Experiments

The randomized response mechanism is particularly important because it does not depend
on P0 or P1 . Thus, even if the data providers and analysts do not have access to the
priors, they can still use the randomized response mechanism to achieve the optimal (or
near-optimal) utility in the moderate to low privacy regimes.

Theorem 8 There exists a positive ε∗ that depends on P0 and P1 such that for all P0
and P1 , and all ε ≥ ε∗ , the randomized response mechanism maximizes the KL divergence
between the induced marginals among all ε-locally differentially private mechanisms.
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Figure 3: The binary and randomized response mechanisms are optimal in the high-privacy
(small ε) and low-privacy (large ε) regimes, respectively, and improve over the
geometric mechanism significantly (left). When the regimes are mismatched,
Dkl (M0 ||M1 ) under these mechanisms can be as bad as 10% of the optimal one
(right).

that this mixed strategy is not too sensitive to the size of the alphabet k. Therefore, this
strategy provides a good mechanism that can be readily used in practice for any value of ε.
3.5 Lower bounds
In this section, we provide converse results on the fundamental limit of differentially private
mechanisms; these results follow from our main theorems and are of independent interest
in other applications where lower bounds in statistical analysis are studied (Beimel et al.,
2008; Hardt and Talwar, 2010; Chaudhuri and Hsu, 2012; De, 2012). For example, a bound
similar to (16) was used to provide converse results on the sample complexity for statistical
estimation with differentially private data in Duchi et al. (2013).

2(1 + δ)(eε − 1)2
P0 − P1
(eε + 1)

.

(16)
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2
TV

Corollary 9 For any ε ≥ 0, let Q be any conditional distribution that guarantees ε-local
differential privacy. Then, for any pair of distributions P0 , P1 and any positive δ > 0,
there exists a positive ε∗ that depends on P0 , P1 and δ such that for any ε ≤ ε∗ the induced
marginals M0 and M1 satisfy the bound



Dkl M0 ||M1 + Dkl M1 ||M0 ≤
15

1

Dkl (M0 ||M1 )
OP T

10

1

1

Dkl (M0 ||M1 )
OP T

0

1

2

2

Kairouz, Oh and Viswanath

|X | = 3

9

0.9

8

0.9

7

0.8

6

0.8

5

ε

0.7

4

0.7

3

0.6

2

0.6

1

OP T

1

0

Dkl (M0 ||M1 )

0.5
0

|X | = 6

10

0.5

OP T

1

Dkl (M0 ||M1 )

9

0.9

8

0.9

7

0.8

6

0.8

5

ε

0.7

4

0.7

3

0.6

2

0.6

1

0.5
0

0.5

3

3

4

4

6

|X | = 4

5

ε

6

|X | = 12

5

ε

7

7

8

8

9

9

10

10

Figure 4: For varying input alphabet size |X | ∈ {3, 4, 6, 12}, at least 55% of the optimal
divergence can be achieved by taking the better one between the binary and the
randomized response mechanisms.

This follows from Theorem 5 and observing that the binary mechanism achieves

Dkl M0 ||M1
 1 + (eε − 1)P (T ) 
(eε − 1)P0 (T ) + 1
0
=
log
eε + 1
1 + (eε − 1)P1 (T )
 1 + (eε − 1)P (T c ) 
(eε − 1)P0 (T c ) + 1
0
+
log
eε + 1
1 + (eε − 1)P1 (T c )
(eε − 1)2
(P0 (T ) − P1 (T )) + O(ε3 )
=
eε + 1
(eε − 1)2
2
P0 − P1 TV + O(ε3 ) ,
eε + 1
=
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where T ⊆ X is the set of x such that P0 (x) ≥ P1 (x). Compared to (Duchi et al., 2013,
2
with a smaller constant.
Theorem 1), we recover their bound of 4(eε − 1)2 kP0 − P1 kTV

16

X (1

−ε

≤ Dkl (P0 ||P1 ) − (1 − δ)G(P0 , P1 )e

− P0 (x)) log(P1 (x)/P0 (x)).


.

(17)
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Figure 5: For small ε = 0.1 (left) the binary mechanism achieves the optimal KL divergence, which scales as Equation (16). For large ε = 10 (right) the randomized
response achieves the optimal KL divergence, which scales as Equation (17). Both
mechanisms improve significantly over the geometric mechanism.
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This follows directly from Theorem 8 and observing that the randomized response mechanism achieves Dkl (M0 ||M1 ) = Dkl (P0 ||P1 ) − G(P0 , P1 )e−ε + O(e−2ε ) .
Figure 5 illustrates the gap between the divergence achieved by the geometric mechanism
described in the previous section and the optimal mechanisms (the binary mechanism for the
high privacy regime and the randomized response mechanism for the low privacy regime).
For each instance of the 100 randomly generated P0 and P1 defined over input alphabets
of size k = 6, we plot the resulting divergence Dkl (M0 ||M1 ) as a function of kP0 − P1 kTV
for ε = 0.1, and as a function of Dkl (P0 ||P1 ) for ε = 10. The binary and the randomized
response mechanisms exhibit the scaling predicted by Equation (16) and (17), respectively.
Similarly, for total variation, we can get the following converse result.

where G(P0 , P1 ) =

P

Dkl M0 ||M1 + Dkl M1 ||M0



Corollary 10 For any ε ≥ 0, let Q be any conditional distribution that guarantees ε-local
differential privacy. Then, for any pair of distributions P0 and P1 and any positive δ > 0,
there exists a positive ε∗ that depends on P0 and P1 and δ such that for any ε ≥ ε∗ the
induced marginals M0 and M1 satisfy the bound

Corollary 11 For any ε ≥ 0, let Q be any conditional distribution that guarantees ε-local
differential privacy. Then, for any pair of distributions P0 and P1 , the induced marginals
M0 and M1 satisfy the bound M0 −M1 TV ≤ ((eε − 1)/(eε + 1)) P0 −P1 TV , and equality
is achieved by the binary mechanism.

We want to note that Duchi et al.’s bound holds for all values of ε and uses a different
technique of bounding the KL divergence directly, however no achievable mechanism has
been provided. We instead provide an explicit mechanism, that is optimal in high privacy
regime.
Similarly, in the low privacy regime, we can show the following converse result.

X

Y

I (X; Y )
,

(18)

18

JMLR 17(17):1-51

where Dε is the set of all ε-locally differentially private mechanisms defined in (7). The
above mutual information maximization problem can be thought of as a conditional entropy
minimization problem since I (X; Y ) = H (X) − H (X|Y ).

subject to Q ∈ Dε

Q

maximize

Notice that I (X; Y ) ≤ H (X) and I (X; Y ) is convex in Q (Cover and Thomas, 2012). To
preserve the information context in X, we wish to choose a privatization mechanism Q such
that the mutual information between X and Y is maximized subject to differential privacy
constraints. In other words, we are interested in characterizing the optimal solution to

X

for S ⊆ Y. With a slight abuse of notation, we will use M and P to represent both
probability distributions and probability mass functions. The information content in Y
about X is captured by the well celebrated information theoretic quantity called mutual
information. The mutual information between X and Y is given by


XX
Q (y|x)
I (X; Y ) =
P (x) Q (y|x) log P
= U (P, Q) = U (Q) .
l∈X P (l) Q (y|l)

x∈X

We are interested in releasing a differentially private version of X represented by Y . The
random variable Y should preserve the information content of X as much as possible while
meeting the local differential privacy constraints. Similar to the hypothesis testing setting,
we will show that a variant of the binary mechanism is optimal in the high privacy regime
and the randomized response mechanism is optimal in the low privacy regime.
Let Q be a non-interactive privatization mechanism guaranteeing ε-local differential
privacy. The output of the privatization mechanism Y is distributed according to the
induced marginal M given by
X
M (S) =
Q(S|x)P (x) ,

In this section, we study the fundamental tradeoff between local privacy and mutual information. Consider a random variable X distributed according to P . The information
content in X is captured by entropy
X
H (X) = −
P (x) log P (x) .

4. Information Preservation

This follows from Theorem 6 and explicitly computing the total variation achieved by the
binary mechanism.
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X

P (x) Q (y|x) log



∈ arg min P (A) −
A⊆X

1
.
2

Q (y|x)
P T Qy



=

X

Y

µ (Qy ) ,
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4.1 Optimal staircase mechanisms

Y

From the definition of I (X; Y ), we have that
XX
I (X; Y ) =

T

(19)


P
P
where P T Qy = X P (x)Q (y|x) and µ (Qy ) = X P (x) Q (y|x) log Q (y|x) /P T Qy . Notice that µ (γQy ) = γµ (Qy ), and by the log-sum inequality, µ is convex. Convexity and
homogeneity together imply sublinearity. Therefore, Theorems 2 and 4 apply to I (X; Y )
and we have that staircase mechanisms are optimal.
For a given P , the binary mechanism for mutual information is defined as a staircase
mechanism with only two outputs y ∈ {0, 1} (see Figure 2). Let T ⊆ X be the set that
partitions X into two partitions, T and T c , such that |P (T )−P (T c )| is minimized. Precisely,




Observe that there are always multiple choices for T . Indeed, for any minimizing set T , T c
is also a minimizing set since |P (T ) − 1/2| = |P (T c ) − 1/2|. When there is only one such
pair, the binary mechanism is uniquely defined as


ε
eε
 e



if x ∈ T ,
if x ∈
/T ,
1 + eε
1 + eε
Q(1|x)
=
(20)
1
1


if x ∈
/T .
if x ∈ T .
1 + eε
1 + eε
Q(0|x) =

A⊆X

A⊆X

When there are multiple pairs, any pair (T, T c ) can be chosen to define the binary mechanism. All resulting binary mechanisms are equivalent from a utility maximization perspective.
In what follows, we will establish that this simple mechanism is the optimal mechanism in
the high privacy regime. Intuitively, in the high privacy regime, we cannot release more than
one bit of information, and hence, the input alphabet is reduced to a binary output alphabet.
In this case we have to maximize the information contained in the
 released bit by maximizing
its entropy: T ∈ arg max − P (A) log P (A) − P (Ac ) log P (Ac ) = arg max|P (A) − 1/2| (see

Section 9.1 for a proof).

Theorem 12 For any distribution P , there exists a positive ε∗ that depends on P such that
for any positive ε ≤ ε∗ , the binary mechanism maximizes the mutual information between
the input and the output of a privatization mechanism over all ε-locally differentially private
mechanisms.

1
OPT .
1 + eε
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This implies that in the high privacy regime, the binary mechanism is the optimal solution
for (18).
Next, we show that the binary mechanism achieves near-optimal performance for all
(X , P ) and ε ≤ 1 even when ε∗ < 1. Let OPT denote the maximum value of (18) and BIN
denote the mutual information achieved by the binary mechanism given in (20). The next
theorem shows that
BIN ≥

19
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Theorem 13 For any ε ≤ 1 and any distribution P , the binary mechanism is an (1 + eε )approximation of the maximum mutual information between the input and the output of a
privatization mechanism among all ε-locally differentially private mechanisms.

Note that 1 + eε ≤ 4 for ε ≤ 1 which is a commonly studied regime in differential privacy
applications. Therefore, we can always use the simple binary mechanism and the resulting
mutual information is at most a constant factor away from the optimal.
In the low privacy regime (ε ≥ ε∗ ), the randomized response mechanism defined in(15)
is optimal.

Theorem 14 There exists a positive ε∗ that depends on P such that for any distribution P
and all ε ≥ ε∗ , the randomized response mechanism maximizes the mutual information between the input and the output of as privatization mechanism over all ε-locally differentially
private mechanisms.
4.2 Numerical Experiments

For 100 instances of randomly chosen P defined over input alphabet of size |X | = 6, we
compare the average performance of the binary, randomized response, and the geometric
mechanisms to the optimal mechanism. We plot (in Figure 6, left) the average performance
measured by the normalized mutual information I (X; Y )/H (X) for all 4 mechanisms. The
average is taken over the 100 instances of P . In the low privacy (large ε) regime, the
randomized response achieves optimal performance as predicted, which converges to one.
In the high privacy regime (small ε), the binary mechanism achieves optimal performance
as predicted. In all regimes, both mechanisms significantly improve over the geometric
mechanism. To illustrate how much worse the binary and randomized response mechanisms
can be (relative to the optimal staircase mechanism), we plot (in Figure 6, right) the mutual
information under each mechanism normalized by the mutual information under the optimal
staircase mechanism. This is done for all 100 instances of P . In all instances, the binary
mechanism is optimal for small ε and the randomized response mechanism is optimal for
large ε. However, I (X; Y ) under the randomized response mechanism can be as bad as
35% of the optimal one (for small ε). Similarly, I (X; Y ) under the binary mechanism can
be as bad as 40% of the optimal one (for large ε).
For |X | ∈ {3, 4, 6, 12}, we plot (in Figure 7) the performance of better between the
binary and randomized response mechanisms normalized by the optimal mechanism for all
100 randomly generated instances of P . This mixed strategy achieves at least 75% for
|X | = 6 (and 65% for |X | = 12) of the optimal mutual infirmation for all instances of P .
Moreover, it is not sensitive to the size of the alphabet |X |.
4.3 Lower bounds

In this section, we provide converse results on the fundamental limit of locally differentially
private mechanisms when utility is measured via mutual information.

JMLR 17(17):1-51

Corollary 15 For any ε ≥ 0, let Q be any conditional distribution that guarantees ε-local
differential privacy. Then, for any distribution P and any positive δ > 0, there exists a
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I (X; Y ) = H (X) − (k − 1) εe−ε + O(e−2ε ).
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(22)

This follows directly from Theorem 14 (optimality of the randomized response mechanism)
and observing that the randomized response mechanism achieves

I (X; Y ) ≤ H (X) − (1 − δ) (k − 1) εe−ε .

Corollary 16 For any ε ≥ 0, let Q be any conditional distribution that guarantees ε-local
differential privacy. Then, for any distributions P and any positive δ > 0, there exists a
positive ε∗ that depends on P and δ such that for any ε ≥ ε∗ the following bound holds

This follows from Theorem 12 (optimality of the binary mechanism) and observing that the
binary mechanism achieves


1
eε
1
I (X; Y ) = ε
P (T ) eε log
+ P (T c ) log
c
ε
c
ε
e +1
P (T ) + e P (T )
P (T ) + e P (T )


1
eε
1
c ε
+ ε
P (T ) e log
+
P
(T
)
log
e +1
P (T ) + eε P (T c )
P (T ) + eε P (T c )

1
P (T ) P (T c ) ε2 + O ε3 .
=
2
Similarly, in the low privacy regime, we can show the following converse result.

where T is defined in (19).

1
I (X; Y ) ≤ (1 + δ) P (T ) P (T c ) ε2 ,
2

positive ε∗ that depends on P and δ such that for any ε ≤ ε∗ the following bound holds

Figure 6: The binary and randomized response mechanisms are optimal in the high-privacy
(small ε) and low-privacy (large ε) regimes, respectively, and improve over the
geometric mechanism significantly (left). When the regimes are mismatched,
I (X; Y ) under these mechanisms can each be as bad as 35% of the optimal one
(right).
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1. We consider the class of utility functions that obey the data processing inequality.
Consider the composition of two privatization mechanisms QW = Q ◦ W where the

In this section, we generalize the results of the previous sections in the following ways.

5. Generalizations to approximate differential privacy

Figure 8 illustrates the gap between the mutual information achieved by the geometric
mechanism and the optimal mechanisms (the binary mechanism for the high privacy regime
and the randomized response mechanism for the low privacy regime). For each instance
of the 100 randomly generated P over input of size k = 6, we plot the resulting mutual
information I (X; Y ) as a function of P (T ) P (T c ) for ε = 0.1, and as a function of H (X) for
ε = 10. The binary and the randomized response mechanisms exhibit the scaling predicted
by Equations (21) and (22), respectively.

Figure 7: For varying input alphabet size |X | ∈ {3, 4, 6, 12}, at least 65% of the maximum
I (X; Y ) can be achieved by taking the better one between the binary and the
randomized response mechanisms.
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Figure 8: For ε = 0.1 (left) the binary mechanism achieves the maximum I (X; Y ), which
scales as Equation (21). For ε = 10 (right) the randomized response mechanism
achieves the optimal mutual information, which scales as Equation (22).

output of the first mechanism Q is applied to another mechanism W . We say that a
utility function U (·) obeys the data processing inequality if the following inequality
holds for all Q and W
U (QW ) ≤ U (Q) .
The following proposition, proved in Section 10, shows that the class of utilities obeying the data processing inequality includes all the utility functions we studied in
Section 2.
Proposition 17 Any utility function that can be written in the form of U (Q) =
P
Y µ(Qy ), where µ is any sublinear function, obeys the data processing inequality.

2. We consider (ε, δ)-differential privacy which generalizes the notion of ε-differential
privacy. (ε, δ)-differential privacy is commonly referred to as approximate differential
privacy and it was first introduced in Dwork et al. (2006a). For the release of a random
variable X ∈ X , we say that a mechanism Q is (ε, δ)-locally differentially private if

Q (S|x) ≤ eε Q S|x0 + δ,
(23)
for all S ⊆ Y and all x, x0 ∈ X . Note that ε-local differential privacy is a special case
of (ε, δ)-local differential privacy where δ = 0.
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3. We prove that the quaternary mechanism, defined in Equation (24), is optimal for any
ε and any δ. This is different from the treatment conducted in the previous sections
where we proved the optimality of the binary (randomized response) mechanism for
sufficiently small (large) ε and δ = 0.
23



δ
0

1
(1 − δ) 1+e
ε
eε
(1 − δ) 1+e
ε
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if x = 0 ,
if x = 1 .

if x = 0 ,
if x = 1 .

QQT (1|x) =

QQT (3|x) =



0
δ

if x = 0 ,
if x = 1 .

ε

e
(1 − δ) 1+e
ε
1
(1 − δ) 1+e
ε

if x = 0 ,
if x = 1 .

The treatment in this section, even though more general than the one in previous sections in
the ways described above, holds only for binary alphabets (i.e., |X | = 2). Finding optimal
privatization mechanisms under (ε, δ)-local differential privacy for larger input alphabets
(i.e., |X | > 2) is an interesting open question. Unlike ε-local differential privacy, the privacy constraints under (ε, δ)-local differential privacy no longer decompose into separate
constraints on each output y. This makes it difficult to generalize the techniques developed
in previous sections of this paper. However, for the special case of binary input alphabets,
we can prove the optimality of one mechanism for all values of (ε, δ) and all utility functions
that obey the data processing inequality.
For a binary random variable X ∈ X = {0, 1}, the quaternary mechanism maps X to a
quaternary random variable Y ∈ Y = {0, 1, 2, 3} and is defined as


(24)
QQT (0|x) =

QQT (2|x) =

In other words, the quaternary mechanism passes X unchanged with probability δ and
applies the binary mechanism (defined in previous sections) with probability 1 − δ. The
main result of this section can be stated formally as follows.

Theorem 18 If |X | = 2, then for any ε, any δ, and any U (Q) that obeys the data processing inequality, the quaternary mechanism maximizes U (Q) subject to Q ∈ D(ε,δ) , the set of
all (ε, δ)-locally differentially private mechanism.

and

eε PFA + PMD ≥ 1 − δ ,

The proof of Theorem 18 depends on an operational definition of differential privacy
which we describe next. Consider a privatization mechanism Q that maps X ∈ {0, 1}
stochastically to Y ∈ Y. Given Y , construct a binary hypothesis test on whether X = 0
or X = 1. Any binary hypothesis test is completely described by a, possibly randomized,
decision rule X̂ : Y → {0, 1}. The two types of error associated with X̂ are false alarm:
X̂ = 1 when X = 0, and miss detection: X̂ = 0 when X = 1. The probability of false
alarm is given by PFA = P(X̂ = 1|X = 0) while the probability of miss detection is given
by PMD = P(X̂ = 0|X = 1). For a fixed Q, the convex hull of all pairs (PMD , PFA ) for all
decision rules X̂ defines a two-dimensional error region where PMD is plotted against PFA .
For example, the quaternary mechanism given in Figure 9a has an error region RQQT shown
in Figure 9b.
It turns out that (ε, δ)-local differential privacy imposes the following conditions on the
error region of all (ε, δ)-locally differentially private mechanisms
PFA + eε PMD ≥ 1 − δ ,

for any decision rule X̂. These two conditions define an error region Rε,δ shown in Figure
9b. Interestingly, the next theorem shows that the converse result is also true.

JMLR 17(17):1-51

Theorem 19 A mechanism Q is (ε, δ)-locally differentially private if and only if RQ ⊆
Rε,δ .
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In this paper, we have considered a broad class of convex utility functions and assumed a
setting where individuals cannot collaborate (communicate with each other) before releasing

6. Discussion

The proof of the above theorem can be found in Blackwell (1953). Observe that by Theorems
20 and 19, and the fact that RQQT = Rε,δ , the quaternary mechanism dominates any other
differentially private mechanism. In other words, for any differentially private mechanism
Q, there exists a stochastic mapping W such that Q = W ◦ QQT . Therefore, for any
(ε, δ) and any utility function U (.) obeying the data processing inequality, we have that
U (Q) ≤ U (QQT ). This finishes the proof of Theorem 18.

Theorem 20 A mechanism Q(1) dominates a mechanism Q(2) if and only if RQ(2) ⊆ RQ(1) .

The proof of the above theorem can be found in Kairouz et al. (2013). Notice that it is no
coincidence that RQQT = Rε,δ . This property will be essential in proving the optimality of
the quaternary mechanism.
Theorem 19 allows us to benefit from the data processing inequality (DPI) and its
converse, which follows from a celebrated result by Blackwell (1953). These inequalities,
while simple by themselves, lead to surprisingly strong technical results. Indeed, there is a
long line of such a tradition in the information theory literature (see Chapter 17 of Cover
and Thomas (2012)). Consider two privatization mechanisms, Q(1) and Q(2) . Let Y and
Z denote the output of the mechanisms Q(1) and Q(2) , respectively. We say that Q(1)
dominates Q(2) if there exists a coupling of Y and Z such that X–Y –Z forms a Markov
chain. In other words, we say Q(1) dominates Q(2) if there exists a stochastic mapping Q
such that Q(2) = Q(1) ◦ Q.

Figure 9: The quaternary mechanism

(a) Privatization mechanism
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where d(x, y) is some distortion metric. Wang et al. (2014a) studied this problem, and
showed that the mechanism Q(y|x) ∝ eε(1−d(x,y)) /(k − 1 + eε ) achieves near optimal performance when ε is large enough, which is the low privacy regime. Notice that when Hamming
distance is used, d(x, y) = I(x 6= y), this recovers the randomized response mechanism
exactly. This provides a starting point for generalizing the search for optimal mechanisms
under non-exchangeable utility functions.

minimizeQ∈Dε

Non-exchangeable utility functions. The utility studied in this paper was measured by
functions that are exchangeable, i.e. the utility did not depend on the naming (labelling) of
the private and privatized data (X and Y ). This made sense for statistical learning applications that depend on information theoretic quantities such as f -divergences and mutual
information. However, in some other applications, the utility might be defined over X ∪ Y
in a metric space, where there exists a natural measure of distance (or distortion) between
the data points. In this case, we can formulate the problem as a distortion minimization
one

Robust and m-ary hypothesis testing. In some cases the data analyst need not have
access to P0 and P1 , but rather two classes of prior distribution Pθ0 and Pθ1 for θ0 ∈ Λ0 and
θ1 ∈ Λ1 . Such problems are studied under the rubric of universal hypothesis testing and
robust hypothesis testing. One possible direction is to select the privatization mechanism
that maximizes the worst case utility: Q∗ = arg maxQ∈Dε minθ0 ∈Λ0 ,θ1 ∈Λ1 Df (Mθ0 ||Mθ1 ),
where Mθν is the induced marginal under Pθν .
The more general problem of private m-ary hypothesis testing is also an interesting
but challenging one. In this setting, the Xi ’s can follow one of m distributions P0 , P1 , ...,
Pm−1 . Consequently, the Yi ’s can follow one of m distributions M0 , M1 , ..., Mm−1 . The
utility
P can be defined as the average f -divergence between any two distributions: 1/(m(m −
1)) i6=j Df (Mi ||Mj ), or the worst case one: mini6=j Df (Mi ||Mj ).

Correlation among data. In some scenarios the Xi ’s could be correlated (e.g., when
different individuals observe different functions of the same random variable). In this case,
the data analyst is interested in inferring whether the data was generated from P0n or P1n ,
where Pνn is one of two possible joint priors on X1 , ..., Xn . This is a challenging problem because knowing Xi reveals information about Xj , j 6= i. Therefore, the utility maximization
problems for different individuals are coupled in this setting.

their data. It turns out that the techniques developed in this work can be generalized to find
optimal privatization mechanisms in a setting where different individuals can collaborate
interactively and each individual can be an analyst (Kairouz et al., 2014b).
Binary hypothesis testing and information preservation are two canonical problems with
a wide range of applications. However, there are a number of non-trivial and interesting
extensions to our work.
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7. Proof of Theorems 2 and 4
We start the proof with a few definitions, a lemma, and a general result that applies to any
convex utility function that obeys a mild assumption.
Recall that for an input alphabet X with |X | = k, we represent the set of ε-locally
differentially private mechanisms that lead to output alphabets Y with |Y| = ` by Dε,` . The
set of all ε-locally differentially private mechanisms is given by Dε = ∪`∈N Dε,` . A utility

function U (Q) is convex in Q if U λQ(1) + (1 − λ) Q(2) ≤ λU Q(1) + (1 − λ) U Q(2) for
any λ ∈ (0, 1). Convex utility functions are ubiquitous in information theory and statistics.
Assumption 1 If a k×` privatization mechanism Q(1) ∈ Dε,` is obtained by deleting
an all

zero column of a k × ` + 1 privatization mechanism Q(2) ∈ Dε,`+1 , then U Q(1) = U Q(2) .

Naturally, one would expect that if we delete the zero columns of a privatization mechanism
Q(2) to obtain a new privatization mechanism Q(1) , we would still get the same utility. This
is because a “reasonable” utility function should not depend on output alphabets with zero
probability.

k D
Q∈∪`=1
ε,`

Theorem 21 If U (Q) is a convex utility function that satisfies Assumption 1, then the
following holds
max U (Q) .
max U (Q) =

Q∈Dε

This theorem implies that among all ε-locally differentially private mechanisms, we only
need to consider those that lead to output alphabets of size ` ≤ k. In other words, enlarging
the input alphabet cannot further maximize the utility. The proof of Theorem 21 is given
in Section 7.1.
Lemma 22 A k × ` conditional distribution Q is ε-locally differentially private if and only
if it can be written as Q = SΘ, where S is a k × ` matrix with Sij ∈ [1, eε ] and Θ =
diag (θ1 , . . . , θ` ) with its diagonal entries in R+ .

j∈[`]

X





(1) (1)
(2) (2)
λµ θj Sj
+ (1 − λ) µ θj Sj

(25)

The proof of Lemma 22 is provided in Section 7.2. With the above results, we are now
ready to prove Theorems
2 and 4. By Lemma 22, for any Q ∈ Dε,` we have that Qj = θj Sj .
P
Suppose U (Q) = j∈[`] µ(Qj ), where µ is a sublinear function. Since µ is sublinear, it is
convex and µ (θj Sj ) = θj µ (Sj ). U (Q) is convex in Q because



X  (1) (1)
(2) (2)
U λQ(1) + (1 − λ) Q(2)
=
µ λθj Sj + (1 − λ) θj Sj
≤

j∈[`]





= λU Q(1) + (1 − λ) U Q(2) ,

`=1
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for any λ ∈ (0, 1). Furthermore, U (Q) satisfies Assumption 1 because µ (Qj ) = 0 whenever
θj = 0. Let Q∗ = S ∗ Θ∗ ∈ arg maxQ∈∪k Dε,` U (Q) and note that by Theorem 21, U (Q∗ ) =
27
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i=1

j=1




2k
X̀
X
X̀

(k)
µ Sj∗ θj∗ −
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λij θj∗  Sj 

j=1
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i=1 j=1

i=1

 


2k
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X
X
(k)
(k)
µ
λij Si  −
λij µ Sj



i=1



2k
2k X̀


X̀
X
X
(k)
(k)
µ
λij Si  θj∗ −
λij θj∗ µ Sj
j=1

X̀

i=1

(26)

maxQ∈Dε U (Q). Suppose that Q∗ is of dimensions k ×`, where ` ≤ k. Each of the ` columns
of Q∗ can be expressed as a convex combination of the columns of S (k) , the staircase pattern
matrix. This is because the 2k columns of S (k) are the corner points of the cube [1, eε ]k
Pk
(k)
and each S ∗ ∈ [1, eε ]k . Therefore, S ∗ = 2 λij S , where λij ≥ 0 for all i and j, and
j
j
i=1
i
P2k
P`
∗
k
j=1 λij θj and
i=1 λij = 1 for all j. Create the 2 -dimensional vector θ̃ such that θ̃i =
let Q̃ = S (k) Θ̃.
U (Q∗ ) − U (Q̃) =
=

=

j=1

≤ 0,

j=1

Q∈Dε

2k


X
(k)
µ Sj
θj ≥ U (Q̃) ≥ U (Q∗ ) = max U (Q)

by the convexity of µ (z) and the non-negativity of θj∗ ’s. Moreover, observe that since
S (k) θ̃ = 1, θ̃ is a valid choice for the linear program of (11). This implies that
max

S (k) θ=1,θ≥0

On the other hand, for any Q̃ = S (k) Θ̃, where θ̃ is valid for the linear program of (11), we


P2k
(k)
µ Sj
θj ≤ maxQ∈D U (Q).
have that Q̃ ∈ D k ⊂ D and therefore, maxS (k) θ=1,θ≥0 j=1
ε
ε,2


P2k
(k)
θj = maxQ∈D U (Q). This proves Theorem 4.
j=1 µ Sj

Thus, maxS (k) θ=1,θ≥0

The polytope given by S (k) θ = 1 and θ ≥ 0 is a closed and bounded one. Thus, the
linear program of (11) is bounded and has a solution, say θ∗ , at one of the corner points of
the polytope. Since there are k equality constraints given by S (k) θ = 1 and 2k inequality
constraints given by θ ≥ 0, any corner point, including θ∗ , cannot have more than k nonzero entries. Form S̃ by deleting the columns of S (k) corresponding to zero entries of θ∗ .
Similarly, form θ̃ by deleting the zero entries of θ∗ and let Q̃ = S̃ Θ̃, where Θ̃ = diagθ̃.
It is easy to verify that U (Q̃) = U (Q∗ ) = µT θ∗ ; hence, Q̃ solves linear program of (11).
Moreover, Q̃ has at most k columns and S̃ij = {1, eε }. Therefore, Q̃ is a staircase mechanism
of dimension k × `, where ` ≤ k.
7.1 Proof of Theorem 21

We start the proof of Theorem 21 with an important lemma the proof of which is presented
in Section 7.3.
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Lemma 23 The set of all k × `, ε-locally differentially private mechanisms Dε,` forms a
k` . Moreover, let Q be a corner point of the polytope formed
closed and bounded polytope in R+
by Dε,` , then Q has at most k non-zero columns.

28

=

max

U (Q)

U (Q) ,

Q∈∪ki=1 Dε,i

max

Q∈Dε,`

(

Q∈∪ki=1 Dε,i

`∈N

= sup

`∈N

)

(27)

Ã
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(29)

Therefore, the set of all k ×`, ε-locally differentially private mechanisms Dε,` forms a convex
polytope in Rk`
+.

Bq = 1.

Aq ≤ 0

Finally, observe that Q (y|x) ≥ 0 for all x ∈ X and y ∈ Y. These constraints can be
h
iT
incorporated as follows. Let A = ÃT , −I`k , where I`k is the `k × `k identity matrix,
then Aq ≤ 0. To summarize, Q ∈ Dε,` if and only if

where B is a k × k` binary matrix. For the case when k = ` = 2, we have that



 Q (y1 |x1 )
 

1 0 1 0  Q (y1 |x2 ) 
= 1 .
0 1 0 1  Q (y2 |x1 ) 
1
|
{z
} Q (y |x )
2
2
B

Moreover, since Q is a row stochastic matrix (a conditional distribution) it satisfies Q1 = 1,
where 1 represents the all ones vector of appropriate dimensions. This condition can be
rewritten as
Bq = 1,

where q = [Q (y1 |x1 ) , ..., Q (y1 |xk ) , ...., Q (y` |x1 ) , ..., Q (y` |xk )]T and Ã is a `k(k − 1) × k`
matrix that contains all the local differential privacy linear constraints. Observe that there
is a one-to-one mapping between Q and q. Here is an example for the case when k = ` = 2



1 −eε
0
0
Q (y1 |x1 )
ε
 −e


1
0
0 
  Q (y1 |x2 )  ≤ 0.

 0
0
1 −eε   Q (y2 |x1 ) 
Q (y2 |x2 )
0
0 −eε
1
|
{z
}

Ãq ≤ 0,

Let Q ∈ Dε,` , then by Claim 2, it is easy to see that Q must satisfy `k(k − 1) inequalities
of the form Q (y|x) ≤ Q (y|x0 ) eε . These inequalities can be compactly represented by

y∈B

Claim 2 A privatization mechanism Q ∈ Dε,` if and only if for all x, x0 ∈ X and all y ∈ Y
we have that Q (y|x) ≤ Q (y|x0 ) eε .

We start by showing that Dε,` forms a closed and bounded polytope in Rk`
+ . We are interested
in studying the corner points of the polytope formed by Dε,` because convex utility functions
are maximized at one of these corner points whenever the space of privatization mechanisms
is restricted to Dε,` .

7.3 Proof of Lemma 23

It is easy to check that any k × ` stochastic matrix Q = SΘ, where Θ is a diagonal
matrix with non-negative entries and S is a k × ` matrix with Sij ∈ [1, eε ], satisfies the local
differential privacy constraints. Thus, Q ∈ Dε,` . On the other hand, assume that Q ∈ Dε,` .
If Qij = 0 for some j then by Claim 1 we have that Qij = 0 for all i and therefore, we
can set θj = 0 and Sij = 1 for all i. If Qij > 0 then by Claim 1 we have that Qij > 0
for all i. In this case, let θj = mini Qij and observe that θj > 0 since Qij > 0 for all i.
Let Sij = Qij /θi , then it is clear (from the definition of θi ) that Sij ≥ 1. On the other
hand, from the differential privacy constraints, we have that Qij ≤ Qkj eε for all k and thus,
Qij ≤ mink Qkj eε which proves that Sij = Qij / mink Qkj ≤ eε . This establishes that any
Q ∈ Dε,` can be written as Q = SΘ, where Θ is a diagonal matrix with non-negative entries
and S is a k × ` matrix with Sij ∈ [1, eε ].

Proof Assume that Qi1 j = 0 and Qi2 j 6= 0 for some i1 , i2 ∈ {1, ..., k}. It is obvious that
q (yj |xi2 ) ≤ q (yj |xi1 ) eε is not satisfied. Therefore, Q is not a locally differentially private
mechanism.

Claim 1 Let Q ∈ Dε,` . If Qij = 0 for some j ∈ {1, ..., `} then Qij = 0 for all i ∈ {1, ..., k}.

7.2 Proof of Lemma 22

which finishes the proof.

Q∈Dε

y∈B

Proof By definition, Q is differentially private if for all x, x0 ∈ X and all B ⊆ Y we have
that Q (B|x) ≤ Q (B|x0 ) eε . By choosing B = {y} for some y ∈ Y the first direction of the
above lemma is proven. In order to prove the other direction, assume that for all x, x0 ∈ X
and all y ∈ Y we have that Q (y|x) ≤ Q (y|x0 ) eε . Then for any B ⊆ Y, the following holds
X
X

Q (y|x) ≤
Q y|x0 eε
(28)

Fix an ` > k. Since U (Q) is convex in Q, it suffices to consider the corner points of
Dε,` when maximizing U (Q) subject to Q ∈ Dε,` . By Lemma 23, any Q(1) , a k × ` corner
point of Dε,` , has at most k non-zero columns. Therefore, the privatization mechanism
Q(2) , obtained by deleting the all-zero columns of Q(1) , has at most k columns.
Notice that

Q(2) ∈ ∪ki=1 Dε,i . Since U (Q) satisfies Assumption 1, we have that U Q(1) = U Q(2) and
therefore, it suffices to consider Q ∈ ∪ki=1 Dε,i when maximizing U (Q) subject to Q ∈ Dε,` .
Thus,


sup U (Q) = sup max U (Q)

⇔ Q (B|x) ≤ Q B|x0 eε .
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We now proceed to proving that if Q is a corner point of the polytope formed by Dε,` ,
then Q has at most k non-zero columns. This claim is obvious for all k × ` privatization
mechanisms with ` ≤ k. Therefore, we restrict our attention to the case where ` > k. Let
Aj be the matrix including all the inequality constraints imposed on the j th column of Q.
Observe that the rows of Aj form a subset of the rows of A, defined in (29), and recall that
there are k(k − 1) differential privacy and k non-negativity inequality constraints imposed
on the j th column of Q. Therefore, Aj is a k 2 × k matrix and we have that Aj Qj ≤ 0, where
Qj represents the j th column of Q. By Claim 1, we know that Qj is either equal to zero or
contains non-zero entries.
Claim 3 In what follows, the term linearly independent inequality constraints refers to
linear independent rows of Aj .
• If Qj = 0, then k linearly independent inequality constraints are achieved with equality.
• If Qj 6= 0, then at most k−1 linearly independent inequality constraints can be achieved
with equality.
Proof In fact, the number of linearly independent inequality constraints (achieved or not)
cannot exceed k because Aj has a rank less than or equal to k. If Qj = 0, then the k
non-negativity inequality constraints are achieved with equality and it is easy to see that
they are all linearly independent (in fact, they form an orthonormal basis to Rk ). This
proves the first part of the claim. We now establish the second part of the claim by showing that if Qj 6= 0, we cannot have k linearly independent inequality constraints achieved
with equality. Assume that Qj 6= 0 and let Ãj be the matrix including the largest collection of linearly independent rows of Aj corresponding to the inequality constraints that are
achieved with equality. In other words, Ãj Qj = 0. If Ãj contains k rows, then its rank is
equal to k. However, this implies that Qj = 0, a contradiction. Therefore, at most k − 1
linearly independent inequality constraints can be achieved with equality when Qj 6= 0.
Suppose that Q is a corner point of Dε,` and out of its ` columns, `>0 are non-zero and
`=0 (`=0 = ` − `>0 ) are zero. Moreover, assume that the number of non-zero columns of Q is
larger than k (i.e., `>0 > k). In this case, from Claim 3, we can see that Q achieves at most
`>0 (k−1)+(`−`>0 )k linearly independent inequality constraints with equality. Furthermore,
at most k additional linearly independent equality constraints (linearly independent rows
of the matrix B defined in (29)) can be met by Q. Therefore, the total number of linearly
independent constraints that Q achieves with equality is at most `>0 (k−1)+(`−`>0 )k+k =
−`>0 + (` + 1)k < `k, where the last strict inequality follows from the fact that `>0 > k.
This implies that Q cannot be a corner point of Dε,` . Therefore, any corner point of Dε,`
must have at most k non-zero columns.

8. Proofs for Hypothesis Testing
8.1 Proof of Theorem 5

JMLR 17(17):1-51

Let T = {x : P0 (x) ≥ P1 (x)}. In other words, P0 (T ) − P1 (T ) = maxA⊆X P0 (A) − P1 (A).
Recall that for a given P0 and P1 , the binary mechanism is defined as a staircase mechanism
31



eε
1+eε
1
1+eε

Q(1|x) =



eε
1+eε
1
1+eε
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if P0 (x) ≥ P1 (x) ,
if P0 (x) < P1 (x) .

with only two outputs y ∈ {0, 1} satisfying
Q(0|x) =

if P0 (x) < P1 (x) ,
if P0 (x) ≥ P1 (x) .

(30)

Lemma 24 For any pair of distributions P0 and P1 , there exists a positive ε∗ that depends
on P0 and P1 such that for all y ∈ Y, all ` ∈ N, and all Q ∈ Dε,` with ε ≤ ε∗ , we have that

(eε − 1) P0 (T c ) + 1
M0 (y)
(eε − 1) P0 (T ) + 1
≤
≤ ε
.
(eε − 1) P1 (T c ) + 1
M1 (y)
(e − 1) P1 (T ) + 1

Moreover, the above upper and lower bounds are achieved by the binary mechanism given
in (30).



(M̃1 (S), M̃0 (S c )) : ∀S ⊆ Y



,

Observe that because P0 (T ) ≥ P1 (T ) and P0 (T c ) ≤ P1 (T c ), the direction of the above
inequalities makes sense.
Let M̃ν be the induced marginal for the binary mechanism when Pν is the original
distribution. Following the analysis techniques developed in Kairouz et al. (2013), we define
hypothesis testing region R(M̃0 , M̃1 ) as the convex hull of all achievable probabilities of
missed detection and false alarm, when testing whether ν = 0 or ν = 1 based on Ybin
distributed as M̃ν :
R(M̃0 , M̃1 ) ≡ conv

where S ∈ Y is the accept region for hypothesis ν = 0. For the binary mechanism, this
ends up being a very simple triangular region. The slopes defining the two sides of the
triangular region are: − maxS M̃0 (S)/M̃1 (S) = −((eε − 1)P0 (T ) + 1)/((eε − 1)P1 (T ) + 1)
and − minS M̃0 (S c )/M̃1 (S c ) = −((eε − 1)P0 (T c ) + 1)/((eε − 1)P1 (T c ) + 1).
For any other mechanism satisfying the ε-local differential privacy for ε ≤ ε∗ , the
above lemma implies that for any choice of the rejection region S, the slopes satisfy
−M0 (S)/M1 (S) ≥ −((eε − 1)P0 (T ) + 1)/((eε − 1)P1 (T ) + 1) and −M0 (S c )/M1 (S c ) ≤
−((eε − 1)P0 (T c ) + 1)/((eε − 1)P1 (T c ) + 1). In the hypothesis testing region, this implies
that

R(M0 , M1 ) ⊆ R(M̃0 , M̃1 ) ,

as in the following Figure 10.
From Theorem 2.5 of Kairouz et al. (2013), we know that this implies a certain Markov
property. Precisely, let Ybin denote the output of the binary mechanism, and Ydp denote the
output of any ε-local differentially private mechanism. Then, it follows that there exists a
coupling of Ybin and Ydp such that they form a Markov chain: ν–Ybin –Ydp , where ν is the
hypothesis on Pν whether the data was generated from ν = 0 or ν = 1. Then, it follows
from the data processing inequality of f -divergences that

Df (M̃0 , M̃1 ) ≥ Df (M0 , M1 ) .

JMLR 17(17):1-51

It follows that there is no algorithm with larger f -divergence than the binary mechanism.

32

R(M̃0 , M̃1 )

R(M0 , M1 )

M̃1 (S)

x∈X

X

x∈X

X

P0 (x) Q(1|x) =

P0 (x) Q(0|x) =

1
((eε − 1) Pν (T c ) + 1) .
eε + 1

1
((eε − 1) Pν (T ) + 1)
eε + 1
(31)

33

P
M0 (y)
(eε − 1) P0 (T ) + 1
i∈[k] P0 (xi ) Sij
=P
≤ ε
,
M1 (y)
P
(x
)
S
(e − 1) P1 (T ) + 1
i
ij
i∈[k] 1
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Computing M0B (0) /M1B (0) and M0B (1) /M1B (1) we see that the binary mechanism achieves
the upper and lower bounds for all values of ε.
As in Lemma 22, for any ` ∈ N, Q ∈ Dε,` can be represented as Q = SΘ, where
S ∈ [1, eε ]k×` and Θ = diag (θ1 , ..., θ` ) with its diagonal entries in R+ . We now show that
for any ` ∈ N and any Q ∈ Dε,` , the following upper bound holds

MνB (1) =

MνB (0) =

We start by showing that the binary mechanism achieves the upper and lower bounds
presented in the statement of the lemma. Let M0B and M1B denote the induced marginals
under the binary mechanism given in (30). For ν ∈ {0, 1}, we have that

8.2 Proof of Lemma 24

Figure 10: Hypothesis testing regions for two mechanisms.

M̃0 (S c )
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−
i∈[k]

X

(Sij − 1) (P0 (xi ) − P1 (xi )) ≥ 0,

(32)

+eε

i∈[k]

X

(Sij − 1) (P0 (xi ) − P1 (xi )) ≥ 0,

(35)

34
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+ (eε − 1)2 {P0 (T ) P1 (Tj ) − P1 (T ) P0 (Tj )} ≥ 0.(36)

(eε − 1) {(P0 (T ) − P1 (T )) + eε (P0 (Tj ) − P1 (Tj ))}

where Sj ∈ [1, eε ]k . Equation (35) is linear in Sj and is therefore minimized at the corner
points of [1, eε ]k , a cube in Rk+ . The corner points of this cube are given by staircase
patterns: Sj ∈ {1, eε }k . To begin with, let Sj be a staircase pattern with Tj = {xi : Sij =
eε } =
6 T c , then Equation (35) is equivalent to

i∈[k]

for all y ∈ Y and sufficiently small ε. The above expression can be alternatively written as
X
(eε − 1) (P0 (T ) − P1 (T )) + (eε − 1)
(Sij − 1) (P0 (T ) P1 (xi ) − P1 (T ) P0 (xi ))

for all ε. In this case, set ε(j) = 0 and ε1 = minj∈[2k ] ε(j). Therefore, for any ` ∈ N and
any Q ∈ Dε,` , the upper bound in the statement of the lemma holds for all ε ≤ ε1 .
We now show that for for any ` ∈ N and any Q ∈ Dε,` , the following lower bound holds
P
(eε − 1) P0 (T c ) + 1
M0 (y)
i∈[k] P0 (xi ) Sij
≤
=P
,
(eε − 1) P1 (T c ) + 1
M1 (y)
i∈[k] P1 (xi ) Sij

+ (eε − 1) (P0 (T ) P1 (Tj ) − P1 (T ) P0 (Tj ))} = 0, (34)

(eε − 1) {(P0 (T ) − P1 (T )) − (P0 (Tj ) − P1 (Tj ))

On the other hand, it is easy to verify that when Tj = T , we have that

Using the fact that P0 (T ) − P1 (T ) > P0 (Tj ) − P1 (Tj ) for all Tj 6= T , the inequality
in (32) holds true for all ε whenever P0 (T ) P1 (Tj ) ≥ P1 (T ) P0 (Tj ). If P0 (T ) P1 (Tj ) <
P1 (T ) P0 (Tj ), then the inequality in (32) holds true for all ε ≤ ε(j), where


(P0 (T ) − P1 (T )) − (P0 (Tj ) − P1 (Tj ))
ε(j) = log
+ 1 > 0.
P1 (T ) P0 (Tj ) − P0 (T ) P1 (Tj )

+ (eε − 1)2 {P0 (T ) P1 (Tj ) − P1 (T ) P0 (Tj )} ≥ 0. (33)

(eε − 1) {(P0 (T ) − P1 (T )) − (P0 (Tj ) − P1 (Tj ))}

where Sj ∈ [1, eε ]k . Equation (32) is linear in Sj and is therefore minimized (and maximized)
at the corner points of [1, eε ]k×` , a cube in Rk×`
+ . The corner points of this cube are given
by the staircase patterns: Sj ∈ {1, eε }k . To begin with, let Sj be a staircase pattern with
Tj = {xi : Sij = eε } =
6 T . Then Equation (32) is equivalent to

i∈[k]

for all y ∈ Y and sufficiently small ε. The above expression can be alternatively written as
X
(Sij − 1) (P0 (T ) P1 (xi ) − P1 (T ) P0 (xi ))
(eε − 1) (P0 (T ) − P1 (T )) + (eε − 1)
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=
θ

maximize

µT θ

subject to S (k) θ = 1
θ ≥ 0,

(38)

for j ∈ {1, . . . , 2k } and S (k) is the

(k)

=

−

X

(k)

(P0 (xi ) − P1 (xi )) Sij −

xi ∈T

X

xi ∈T

(k)

(P0 (xi ) − P1 (xi )) Sij ≤

(k)

(P1 (xi ) − P0 (xi )) Sij

xi ∈T

X

xi ∈T c

xi ∈T c

(k)

(k)

(k)

(P1 (xi ) − P0 (xi )) Sij .

xi ∈T c

P

X

xi ∈T c

(P0 (xi ) − P1 (xi )) =

(P0 (xi ) − P1 (xi )) Sij ≥

xi ∈T

P

xi ∈T

From the equality

e−ε

Sij ∈ {1, eε } for all i and j, it follows that

=

≥ 0,

Q(0|x) =



eε
1+eε
1
1+eε

xi ∈T

if P0 (x) ≥ P1 (x) ,
if P0 (x) < P1 (x) .

36

Q(1|x) =



xi ∈T

eε
1+eε
1
1+eε

.

(42)

(43)
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if P0 (x) < P1 (x) ,
if P0 (x) ≥ P1 (x) .

where the last inequality follows from (42).
This establishes the satisfiability of α∗ for all ε which, in turn, shows that (40) is indeed
an upper bound to the primal problem. It remains to show that this upper bound can be
achieved via the binary mechanism. To this extent, recall that for a given P0 and P1 , the
binary mechanism is defined as a staircase mechanism with only two outputs y ∈ {0, 1}
satisfying

gj

equal to 1 and the left-hand side is maximized when the Sij ’s for xi ∈ T are all equal to
eε . Now, (41) can be written as



X
X
1 
(k)
(k)
−2
(P0 (xi ) − P1 (xi )) Sij + 2eε
(P1 (xi ) − P0 (xi )) Sij

eε + 1 
c

This is true because the right-hand side is minimized when the Sij ’s for xi ∈ T c are all

xi ∈T

(P1 (xi ) − P0 (xi )) and the fact that

Notice that we have arranged the equation such that all the summands are non-negative.
Without loss of generality, we will assume that
X
X
(k)
(k)
(P1 (xi ) − P0 (xi )) Sij .

gj
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− P1 (Tj ))

TV

−

(k)
P1 (xi )) Sij

=
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+ eε
+ (eε − 1) (P0 (T ) P1 (Tj ) − P1 (T ) P0 (Tj ))} = 0, (37)

(P0 (Tj )

max M0 − M1

Q∈Dε

P

i∈[k] (P0 (xi )

(39)

X
eε − 1 X
(k)
(k)
|P0 (xi ) − P1 (xi )| S −
(P0 (xi ) − P1 (xi )) S
ij
ij
eε + 1
i∈[k]
i∈[k]



X
eε − 1  X
(k)
(k)
(P0 (xi ) − P1 (xi )) Sij +
(P1 (xi ) − P0 (xi )) Sij

eε + 1 
c

Using the fact that P0 (T ) − P1 (T ) > P1 (Tj ) − P0 (Tj ) for all Tj 6= T c , then for sufficiently
small ε, Equation (35) can be written as

ε {(P0 (T ) − P1 (T )) − (P1 (Tj ) − P0 (Tj ))} + O ε2 > 0.



=

1
2

1 eε − 1
P0 (xi ) − P1 (xi ) ,
2 eε + 1

(41)

We claim that α∗ is a feasible dual variable for all values of ε. In order to prove that α∗ is
T
a feasible dual variable, we show that S (k) j α∗ − µj ≥ 0 for all j ∈ [2k ] and all ε. For all
j ∈ [2k ], we have that


T
= 2 S (k) j α∗ − µj

−
P1 (T ))

This proves that there exists a positive ε(j) such that the left hand side of Equation (36)
is positive for all ε ≤ ε(j). On the other hand, it is easy to verify that when Tj = T c , we
have that

(eε −
1) {(P0 (T )

for all ε. In this case, let ε(j) = 0 and let ε2 = minj∈[2k ] ε(j). Therefore, for any ` ∈ N
and any Q ∈ Dε,` , the lower bound in the statement of the lemma holds for all ε ≤ ε2 . To
conclude, let ε∗ = min(ε1 , ε2 ). Then both, the upper and lower bounds, hold for all ε ≤ ε∗ .
8.3 Proof of Theorem 6



The total variation (TV) distance kM0 −M1 kTV is a special case of f -divergence Df (M0 ||M1 )
with f (x) = 21 |x − 1|. Therefore, by Theorem 4, we have that

where µj = µ

(k)
Sj

T

1T α

k × 2k staircase pattern matrix given in Definition 3.
The polytope given by S (k) θ = 1 and θ ≥ 0 is a closed and bounded one. Thus, there is
no duality gap and solving the above linear program is equivalent to solving its dual
α

minimize

subject to S (k) α ≥ µ.

αi∗ =

1 eε − 1 X
P0 (xi ) − P1 (xi )
2 eε + 1
i∈[k]

1 eε − 1
P0 − P1 1
2 eε + 1
eε − 1
P0 − P1 TV .
eε + 1
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(40)

Note that any satisfiable solution α∗ to (39) provides an upper bound to (38) since max µT θ =
(k)
min 1T α ≤ 1T α∗ . Let T = {x : P0 (x) ≥ P1 (x)} and Tj = {xi : Sij = eε } for j ∈ [2k ]. Consider the following choice of dual variable

for i ∈ [k]. Observe that
1T α ∗ =
=
=

35

TV

TV

.

max Dkl (M0 ||M1 ) =
µ θ

θ ≥ 0,

subject to S (k) θ = 1

θ

maximize
(44)

P1 (xi )Sij

T

1T α
(45)

µj

=

=

X



37

P
(k)
i∈[k] P0 (xi )Sij 
(k)
P0 (xi )Sij log  P
(k)
i∈[k] P1 (xi )Sij
i∈[k]
ε
(P0 (Tj ) (e − 1)
(P0 (Tj ) (eε − 1) + 1) log
(P1 (Tj ) (eε − 1)


+ 1)
+ 1)

(46)
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for i ∈ [k]. Observe that since Tji = xi we have that Pν (Tji ) = Pν (xi ) and since

l∈[k],l6=i








X
1
(k)
(k)
∗
ε
αi = ε
(e + k − 2) µ Sji −
µ Sjl
,

(e − 1) (eε + k − 1) 

Note that any satisfiable solution α∗ to (45) provides an upper bound to (44) since max µT θ =
(k)
min 1T α ≤ 1T α∗ . Let T = {x : P0 (x) ≥ P1 (x)} and Tj = {xi : Sij = eε } for j ∈ [2k ]. Set
ji = {j : Tj = xi } for i ∈ [k], and consider the following choice of dual variable

subject to S (k) α ≥ µ.

α

minimize

is the k × 2k staircase pattern matrix given in Definition 3.
The polytope given by S (k) θ = 1 and θ ≥ 0 is a closed and bounded one. Thus, there is
no duality gap and solving the above linear program is equivalent to solving its dual

i∈[k]

P


 P
(k)
P0 (xi )Sij
(k)
(k)
for j ∈ {1, . . . , 2k } and S (k)
where µj = µ Sj
= i∈[k] P0 (xi )Sij log Pi∈[k]
(k)

Q∈Dε

T

The Kullback-Leibler (KL) divergence Dkl (M0 ||M1 ) is a special f -divergence Df (M0 ||M1 )
with f (x) = x log x. Therefore, by Theorem 4, we have that

8.4 Proof of Theorem 8

Hence, the binary mechanism in (43) achieves the upper bound in (40). This proves the
optimality of the binary mechanism for all ε.

M0 − M1

eε − 1
= ε
P0 − P1
e +1

Computing the TV distance between M0 and M1 under (43), we get that
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i∈[k]

i∈[k]

X
1
(P0 (xi ) (eε − 1) + 1)
(P0 (xi ) (eε − 1) + 1) log
.
ε
(e + k − 1)
(P1 (xi ) (eε − 1) + 1)

(47)







X
X
1
(k)
(k)
µ Sjl
(eε + k − 2) µ Sji −


(eε − 1) (eε + k − 1)
l∈[k],l6=i
i∈[k]





X  (k)  X X
1
(k)
(eε + k − 2)
µ Sji −
µ Sjl

(eε − 1) (eε + k − 1) 
i∈[k]
i∈[k] l∈[k],l6=i



X  (k) 
X  (k) 
1
ε
µ S ji
µ Sji − (k − 1)
(e + k − 2)

(eε − 1) (eε + k − 1) 
i∈[k]
i∈[k]


X
1
(k)
µ Sji
(eε + k − 1)

(P0 (Tj ) (eε − 1) + 1)
= (P0 (Tj ) (eε − 1) + 1) log
(P1 (Tj ) (eε − 1) + 1)



P0 (Tj )
P0 (Tj ) ε
=
P0 (Tj ) log
e + (1 − P0 (Tj )) log
+ O e−ε .
P1 (Tj )
P1 (Tj )

T
S (k) j α∗

(49)

xi ∈Tj

38
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X
1
P0 (xi ) ε
(k) ε
=
Sij (e + k − 2) P0 (xi ) log
e + O (1)

(eε − 1) (eε + k − 1) 
P1 (xi )
i∈[k]




X X
1
P0 (xl ) ε
(k)
− ε
Sij P0 (xl ) log
e + O (1)
ε

(e − 1) (e + k − 1) 
P1 (xl )
i∈[k] l∈[k],l6=i



X

P0 (xi )  3ε
1

=
P0 (xi ) log
e + O e2ε 
(eε − 1) (eε + k − 1)
P1 (xi )
xi ∈Tj


X
P0 (xi )  ε
= 
P0 (xi ) log
e + O (1) .
(50)
P1 (xi )

On the other hand,

µj

for large ε, we get that

We claim that α∗ is a feasible dual variable for sufficiently large ε. In order to prove that
T
α∗ is a feasible dual variable, we show that S (k) j α∗ − µj ≥ 0 for all j ∈ [2k ] for all ε ≥ ε∗ ,
∗
where ε is a positive quantity that depends on the priors P0 and P1 . Using the facts that

log (a + eε b) = ε + log b + O e−ε

1
(48)
= e−ε + O e−2ε ,
eε + k − 1

=

=

=

=

1T α∗ =

we have that
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xi ∈Tj

by the log-

all ε ≥ ε(j).

Assume, to begin with, that j =
6 {j1 , j2 , ..., jk }. Then


X
P0 (Tj )
P
0 (xi )  ε
−
P0 (xi ) log
e + O (1) .
P1 (Tj )
P1 (xi )
T

S (k) j α∗ − µj = P0 (Tj ) log

Notice that for
sum inequality.
T

P
P (T )
(xi )
j 6= {j1 , j2 , ..., jk }, P0 (Tj ) log P10 (Tjj ) > xi ∈Tj P0 (xi ) log PP10 (x
i)
T
Therefore, there exists a ε(j) > 0 such that S (k) j α∗ −µj ≥ 0 for

eε
|X |−1+eε
1
|X |−1+eε

if y = x ,
if y 6= x .

(51)

If j ∈ {j1 , j2 , ..., jk }, it is not hard to check that S (k) j α∗ − µj = 0 for all ε. In this case,
set ε(j) = 0. This establishes the satisfiability of α∗ for all ε ≥ ε∗ = maxj∈[2k ] ε(j). The
satisfiability of α∗ , in turn, shows that (47) is indeed an upper bound to the primal problem.
It remains to show that this upper bound can be achieved via the randomized response. To
this extent, recall that the randomized response is given by
(
Q(y|x) =

i∈[k]

Computing the KL divergence between M0 and M1 under (51), we get that
X
1
(P0 (xi ) (eε − 1) + 1)
.
(P0 (xi ) (eε − 1) + 1) log
(eε + k − 1)
(P1 (xi ) (eε − 1) + 1)
Dkl (M0 ||M1 ) =

Hence, the randomized response in (51) achieves the upper bound in (47). This proves the
optimality of the randomized response for all ε ≥ ε∗ .
8.5 Proof of Theorem 7
We start the proof with a fundamental bound on the symmetrized KL divergence between
the M0 and M1 .
Lemma 25 For any ε ≥ 0, let Q be any conditional distribution that guarantees ε differential privacy. Then for any pair of distributions P0 and P1 , the induced marginals M0 and
must satisfy the bound


Dkl M0 ||M1 + Dkl M1 ||M0 ≤ 4 (eε − 1)2 P0 −
M1

2
P1 TV .

The above lemma appears as Theorem 1 in Duchi et al. (2013). By Lemma 25, we have
that

2
OPT = max Dkl M0 ||M1 ≤ 4 (eε − 1)2 P0 − P1 TV .
(52)

Q∈Dε

2
TV

P0 − P1

(53)
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which was to be shown.

2
.
TV

Let M0B and M1B be the marginals obtained by using the binary mechanism given in (14).
ε −1
kP0 − P1 TV . Consequently, by
By Corollary 11, we have that kM0B − M1B kTV = eeε +1
applying Pinsker’s inequality to the KL divergence between M0B and M1B we get that


BIN = Dkl M0B ||M1B

eε − 1
eε + 1

1
OPT
2(eε +1)2

≥ 2 M0B − M1B

2

= 2

Combining (52) and (53) we get that BIN ≥
39
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θ

maximize

9. Proofs for Information Preservation
9.1 Proof of Theorem 12
By Theorem 4, we have that

max I (X; Y ) =
Q∈Dε

i∈[k]

(k)

µT θ



(54)

for j ∈ {1, . . . , 2k } and S (k)

θ ≥ 0,

(k)

P (xi )Sij

Sij

subject to S (k) θ = 1



 P
(k)
(k)
where µj = µ Sj
= i∈[k] P (xi ) Sij log P

T

1T α

(55)

is the k × 2k staircase pattern matrix given in Definition 3. The polytope given by S (k) θ = 1
and θ ≥ 0 is a closed and bounded one. Thus, there is no duality gap and solving the above
linear program is equivalent to solving its dual
α

minimize

subject to S (k) α ≥ µ.

1
eε
+ P (Tj c ) log
,
P (Tj c ) + eε P (Tj )
P (Tj c ) + eε P (Tj )

(




X 1 
(k)
(k)
eε µ Sj1 − µ Sj2
|T |
)

i∈T





X 1 
(k)
(k)
eε µ Sj2 − µ Sj1
|T c |

i∈T c

(56)

Note that any satisfiable solution α∗ to (55) provides an upper bound to (54) since max µT θ =
(k)
min 1T α ≤ 1T α∗ . Let Tj = {xi : Sij = eε } and set j1 = {j : Tj = T } and j2 = {j : Tj =
T c }. Consider the following choice of dual variable
  (k)   (k) 
 eε µ Sj1 −µ Sj2

∀i ∈ T
1
|T

| 

.
(k)
(k)
ε
(eε + 1) (eε − 1) 
 e µ Sj2 −µ Sj1
∀i ∈ T c
|T c |
αi∗ =

+

1
(eε + 1) (eε − 1)

= P (Tj ) eε log

Observe that since Tj1 = T , Tj2 = T c , and

µj
we have that
1T α∗ =
=
=
=
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1
(k)
(k)
µ Sj1 + µ Sj1
(eε + 1)


1
eε
1
P (T ) eε log
+ P (T c ) log
+
eε + 1
P (T c ) + eε P (T )
P (T c ) + eε P (T )


1
eε
1
P (T c ) eε log
+ P (T ) log
. (57)
eε + 1
P (T ) + eε P (T c )
P (T ) + eε P (T c )

40

= P (Tj ) eε log

c

41
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Let f (z) = |z − 12 |, g(z) = −z log z − (1 − z) log(1 − z), and h(z) = z(1 − z) for 0 ≤ z ≤ 1.
On the one hand, g and h are monotonically increasing over 0 ≤ z ≤ 21 and monotonically

µj

eε
1
+ P (Tj c ) log
P (Tj ) + eε P (Tj )
P (Tj c ) + eε P (Tj )
= P (Tj ) eε ε − (P (Tj ) (eε − 1) + 1) log (P (Tj ) (eε − 1) + 1)


1
=
P (Tj ) P Tjc ε2 + O ε3 .
(59)
2
On the other hand,


T
(k) T
S (k) α∗
= Sj α ∗
j
(
(k) 




X Sij
1
(k)
(k)
=
eε µ Sj1 − µ Sj2
ε
ε
(e + 1) (e − 1)
|T |
i∈T
)
(k) 




X Sij
(k)
(k)
ε
+
e µ Sj2 − µ Sj1
|T c |
i∈T c





  |T ∩ T |
|Tjc ∩ T |
1
j
(k)
(k)
ε
ε
e
µ
S
−
µ
S
e
+
=
j1
j2
(eε + 1) (eε − 1)
|T |
|T |





  |T ∩ T c |
|Tjc ∩ T c |
1
j
(k)
(k)
ε
ε
+ ε
e
µ
S
−
µ
S
e
+
j
j
2
1
(e + 1) (eε − 1)
|T c |
|T c |


c ∩ T c|
c|
|T

|T
∩
T
1
1
j
j
=
P (T ) P (T c ) ε2 + O ε3
+
(eε + 1) 2
|T c |
|T c |

c
|Tj ∩ T | |Tj ∩ T |
+
+ O (ε)
+
|T |
|T |

1
=
P (T ) P (T c ) ε2 + O ε3 ,
(60)
2
c
where we have used the facts that Tj1 = T , Tj2 = T , and



1
(k)
P (T ) P (T c ) ε2 + O ε3
µ Sj1
=
2



1
(k)
µ Sj2
=
P (T ) P (T c ) ε2 + O ε3 .
(61)
2

for small ε, we get that

all ε ≤ ε∗ , where ε∗ is a positive quantity that depends on P . Using the following facts

1
eε = 1 + ε + ε + O ε3
2

b(1 − b) 2
log (a + eε b) = bε +
ε + O ε3
2

1 1
1
=
− ε + O ε2 ,
(58)
1 + eε
2 4
1
2
A⊆X

A⊆X

⇔ T ∈ arg max P (A)P (Ac ).

⇔ T ∈ arg max − P (A) log P (A) − P (Ac ) log P (Ac )
(62)

− µj =

j



eε
1+eε
1
1+eε

if x ∈ T ,
if x ∈
/T .

Q(1|x) =



eε
1+eε
1
1+eε

if x ∈
/T ,
if x ∈ T .

(63)

OPT =

Q∈Dε

42

max I (X; Y ) =

k

j=1

2
X

µj θj

θ ≥ 0,

subject to S (k) θ = 1

θ

maximize
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We start by proving an upper bound on maxQ∈Dε I (X; Y ) which is tight for ε ≤ 1. Recall
that by Theorem 4, we have that

9.2 Proof of Theorem 13

Hence, the binary mechanism in (63) achieves the upper bound in (57). This proves the
optimality of the binary mechanism for all ε ≤ ε∗ .

Computing the I (X; Y ) under (63), we get that


1
eε
1
I (X; Y ) = ε
P (T ) eε log
+ P (T c ) log
+
c
ε
c
ε
e +1
P (T ) + e P (T )
P (T ) + e P (T )


ε
1
e
1
P (T c ) eε log
+ P (T ) log
.(64)
eε + 1
P (T ) + eε P (T c )
P (T ) + eε P (T c )

Q(0|x) =

the satisfiability of α∗ for all ε ≤ ε∗ which proves an upper bound on the primal problem
(given in (57)). It remains to show that the upper bound can be indeed achieved via the
binary mechanism. To this extent, recall that the binary mechanism is given by

j



1
P (T ) P (T c ) − P (Tj ) P Tjc ε2 + O ε3 ,
2


T
and thus, there exists an ε∗ that depends on P such that S (k) α∗ − µj ≥ 0 for all ε ≤ ε∗ .
j


T
If j = {j1 , j2 }, it is not hard to check that S (k) α∗ − µj = 0 for all ε. This establishes
S T α∗



Since thesetT was chosen so that it maximizes P (T ) P (T c ), we have that P (T ) P (T c ) ≥
P (Tj ) P Tjc for all j ∈ {1, . . . , 2k }. Assume, to begin with, that j 6= {j1 , j2 }. Then by the
c
uniqueness
 ofthe maximizer assumption stated in the theorem, we have that P (T ) P (T ) >
c
P (Tj ) P Tj .

A⊆X

T ∈ arg min P (A) −

decreasing over 12 ≤ z ≤ 1 but on the other hand, f is monotonically decreasing over
0 ≤ z ≤ 12 and monotonically increasing over 12 ≤ z ≤ 1. Therefore,

We claim that α∗ is a feasible dual variablefor sufficiently
small ε. In order to prove that

T
α∗ is a feasible dual variable, we show that S (k) α∗ − µj ≥ 0 for all j ∈ {1, . . . , 2k } and
j
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= {i :

where

Tj

(k)



P (xi ) Sij log  P



(k)
Sij

(k)
(xi ) Sij

i∈[k] P
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X



(k)
= µ Sj
=
i∈[k]

= P (Tj ) eε ε − (P (Tj ) (eε − 1) + 1) log (P (Tj ) (eε − 1) + 1) ,
(65)

= eε }, and S (k) is the k × 2k staircase pattern matrix given in Definition 3.

µj

(k)
Sij

j

k
.
eε + k − 1

Lemma 26 For all distributions P and all ε, the following bound holds


max µj
OPT = max I (X; Y ) ≤

Q∈Dε

The proof of this lemma is given in Section 9.3. In what follows, we will make the dependency
of µj on P (Tj ) and ε explicit by writing µj (P (Tj ) , ε) for µj . From the proof of Theorem
12, we have that the partition set T defined in (19) is given by T ∈ arg maxA⊆X P (A)P (Ac ).
It is easy to check that the binary mechanism given in (20) achieves the following utility
µ (P (T ) , ε) + µ (P (T c ) , ε)
BIN =
.
eε + 1
Lemma 27 For all distributions P and all ε ≤ 1, the following bound holds
maxj µj
≤ 1.
µ (P (T ) , ε) + µ (P (T c ) , ε)

(66)

The proof of the above lemma is given in Section 9.4. Combining the results of lemmas 26
and 27 we get that
OPT
BIN

maxj µj
k
≤
(eε + 1)
µ (P (T ) , ε) + µ (P (T c ) , ε) eε + k − 1
k
≤ ε
(eε + 1)
e +k−1
≤ eε + 1,

(k)

for all ε ≤ 1. This concludes the proof.
(k)

9.3 Proof of Lemma 26

k

2
X

j=1

µj θj
=

θ

maximize

k −1
2X

j=1

µ̃j θj

θ ≥ 0,

subject to S̃ (k) θ = 1
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To begin with, since S1 = 1 = e1ε S2k and µ is homogenous, we have that θ1 µ1 + θ2k µ2k =

+ θ2k µ2k . Therefore, the following two maximization problems are equivalent
1
eε θ1

θ

maximize

θ≥0

subject to S (k) θ = 1

43



j

µ̃T θ

Kairouz, Oh and Viswanath

(k)T

= S̃j

α∗ =

≤

≤

θ



max µ̃j maximize

j∈[2k −1]

1T θ

T

1T α

θ≥0

subject to S̃ (k) θ = 1

α



max µj minimize

j∈[2k ]

subject to S̃ (k) α ≥ 1.

We claim that α∗ is satisfiable.

|Tj |eε + (k − |Tj |)
|Tj |(eε − 1) + k
=
≥1
eε + k − 1
eε + k − 1

1
eε +k−1 .

(67)

where µ̃j = µj+1 and S̃ (k) is obtained by deleting the first column of S (k) . Moreover, using
the fact that maxj∈[2k −1] µ̃j ≤ maxj∈[2k ] µj and weak duality, we get that
θ

maximize

θ≥0

subject to S̃ (k) θ = 1

T

S̃ (k) α∗

Consider the following choice of dual variable αi∗ =
This can be easily verified by noting that


where the last inequality holds since |Tj | ≥ 1 (this is true because we have deleted the first
k
column of S (k) ). Therefore, OPT ≤ (maxj µj ) 1T α∗ = (maxj µj ) eε +k−1
which was to be
shown.
9.4 Proof of Lemma 27

Let µ (z, ε) be the function obtained by replacing P (Tj ) by the continuous variable z ∈ [0, 1]
in µj (P (Tj ) , ε). Taking the derivative of µ (z, ε) with respect to z we get

1
eε − 1

 n ε

o
e ε
−1
e eε −1
−1 ,

µ0 (z, ε) = eε ε − (eε − 1) − (eε − 1) log (z(eε − 1) + 1) .
Observe that µ0 (z, ε) > 0 for all
z < z ∗ (ε) =

µ0 (z, ε) < 0 for all z > z ∗ (ε), and µ0 (z, ε) = 0 for z = z ∗ (ε). Combining this with the fact
that µ (0, ε) = µ (1, ε) = 0 we get that µ (z, ε) ≥ 0 for all z ∈ [0, 1] and for any fixed ε,
µ (z, ε) is maximized at z ∗ (ε).
Set x∗ ∈ arg maxx∈X P (x) and fix an ε ≤ 1. We will treat the following three cases
separately.
Case 1: P (x∗ ) ∈ [1 − z ∗ (ε), 1].

Claim 4 Let T = {x∗ }. Then {T, T c } = arg maxA⊆X P (A)P (Ac ) and maxA⊆X µ(P (A), ε) =
max (µ(P (T ), ε), µ(P (T c ), ε)).
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Proof Observe that z ∗ (ε) ≤ 21 for all ε and T c = X \ {x∗ }. The function f (z) = z(1 − z)
decreases over the range [ 21 , 1] ⊇ [1 − z ∗ (ε), 1]. Thus, for all A ⊃ T , P (T )P (T c ) >

44

maxA⊆X µ(P (A), ε)
µ (P (T ) , ε) + µ (P (T c ) , ε)
maxA⊆X µ(P (A), ε)
≤
max (µ(P (T ), ε), µ(P (T c ), ε))
= 1.

=

(68)

− P (x∗ ) ≤ P (A) ≤ 21 .

(69)

Therefore, if A = {x1 , . . . , xl∗ −1 }, then

45

P (T ) ≥ max(P (x∗ ), P (A))
1
≥ max(P (x∗ ), − P (x∗ ))
2
1
≥
.
4
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(70)

Let P (T ) = min{P (B) : B ∈ arg maxA⊆X P (A)P (Ac )}. We claim that 41 ≤ P (T ) ≤ 12 .
The upper bound on P (T ) follows immediately from its definition. To prove the lower
bound on P (T ), consider the set A given in Claim 5 and observe that

P (x∗ ).

P ({x1 , . . . , xl∗ −1 }) = P ({x1 , . . . , xl∗ }) − P (xl∗ )

and since
∈ arg maxx∈X P (x), P (xl∗ ) ≤
1
1
∗
2 − P (x ) ≤ P (A) ≤ 2 .

x∗

Proof Without loss of generality, assume
P (xi ), i ∈ [k], is sorted
Pl that the sequence
1
∗
in increasing order. Let l∗ = min{l :
i=1 P (xi ) ≥ 2 }. From the definition of l ,
P ({x1 , . . . , xl∗ −1 }) < 12 and P ({x1 , . . . , xl∗ }) ≥ 12 . Further,

1
2

maxA⊆X µ(P (A), ε)
=
µ (P (T ) , ε) + µ (P (T c ) , ε)
µ(z ∗ (ε), ε)
≤
µ (P (x∗ ) , ε) + µ (1 − P (x∗ ) , ε)
≤ 1.

Claim 5 There exists a set A ⊂ X such that

Case 3: P (x∗ ) ∈ [0, 12 ].

maxj µj
µ (P (T ) , ε) + µ (P (T c ) , ε)

Case 2: P (x∗ ) ∈ [ 12 , 1 − z ∗ (ε)]. Using the first part of the proof of Claim 4, we can show
that if T = {x∗ }, then {T, T c } = arg maxA⊆X P (A)P (Ac ). Therefore, the partition set T
defined in (19) is equal to {x∗ } and

maxj µj
µ (P (T ) , ε) + µ (P (T c ) , ε)

Using the above claim, we can conclude that the partition set T defined in (19) is equal to
{x∗ } and

µT θ



(72)

(71)

for j ∈ {1, . . . , 2k } and S (k)


3
4, ε

T

1T α
(73)

l∈[k],l6=i








X
1
(k)
(k)
ε
= ε
(e + k − 2) µ Sji −
µ Sjl
,

(e − 1) (eε + k − 1) 

µj

= P (Tj ) eε log

c

46

(74)
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eε
1
+ P (Tj c ) log
,
P (Tj ) + eε P (Tj )
P (Tj c ) + eε P (Tj )

for i ∈ {1, . . . , k}. Observe that since Tji = i we have that P (Tji ) = P (xi ) and since

αi∗

Note that any satisfiable solution α∗ to (73) provides an upper bound to (72) since max µT θ =
(k)
min 1T α ≤ 1T α∗ . Let Tj = {xi : Sij = eε } and set ji = {j : Tj = i} for i ∈ {1, . . . , k}.
Consider the following choice of dual variable

subject to S (k) α ≥ µ.

α

minimize

is the k × 2k staircase pattern matrix given in Definition 3. The polytope given by S (k) θ = 1
and θ ≥ 0 is a closed and bounded one. Thus, there is no duality gap and solving the above
linear program is equivalent to solving its dual

(k)
i∈[k] P (xi )Sij

(k)

Sij

θ ≥ 0,

subject to S (k) θ = 1

θ

maximize



 P
(k)
(k)
where µj = µ Sj
= i∈[k] P (xi ) Sij log P

max I (X; Y ) =

Q∈Dε

By Theorem 4, we have that

9.5 Proof of Theorem 14

maxA⊆X µ(P (A), ε)
µ (P (T ) , ε) + µ (P (T c ) , ε)
µ(z ∗ (ε), ε)


≤
1
min µ 2 , ε , µ 41 , ε + µ
≤ 1.

=

All the inequalities follow from Claim 5 and the fact that P (x∗ ) ∈ [0, 21 ].
Since 14 ≤ P (T ) ≤ 12 , we have that 12 ≤ P (T c ) ≤ 34 . Moreover, the function µ (z, ε)
1 3
1 ∗
∗
decreases over the range
 [z (ε), 1] ⊃ [ 2 , 4 ] and increases over therange [ 4 , z (ε)]. Therefore,
µ (P (T c ), ε) ≥ µ 34 , ε and µ (P (T ), ε) ≥ min µ 21 , ε , µ 14 , ε . Putting it all together,
we have that

P (A)P (Ac ) because P (T ) ≥ 1 − z ∗ (ε). This proves that T ∈ arg maxA⊆X P (A)P (Ac ) and
for all A ⊃ T , A ∈
/ arg maxA⊆X P (A)P (Ac ). Using a similar approach, we can show that
T c ∈ arg maxA⊆X P (A)P (Ac ) and for all A ⊂ T c , A ∈
/ arg maxA⊆X P (A)P (Ac ). Therec
c
fore, {T, T } = arg maxA⊆X P (A)P (A ). This proves the first part of the claim. The
function µ (z, ε) increases over the range [0, z ∗ (ε)]. Thus, for all A ⊆ T c , µ(P (A), ε) ≤
µ(P (T c ), ε) because P (T c ) ≤ z ∗ (ε). On the other hand, note that µ (z, ε) decreases
over the range [z ∗ (ε), 1] which includes the range [1 − z ∗ (ε), 1]. Thus, for all A such
that A ⊇ T , µ(P (A), ε) ≤ µ(P (T ), ε) because P (T ) ≥ 1 − z ∗ (ε). This proves that
max (µ(P (T ), ε), µ(P (T c ), ε)) = maxA⊆X µ(P (A), ε).
maxj µj
µ (P (T ) , ε) + µ (P (T c ) , ε)

Kairouz, Oh and Viswanath

Extremal Mechanisms for Local Differential Privacy

we have that

1T α∗ =

=

=
=
=

i∈[k]
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i∈[k]

1
P (xi ) (eε − 1) + 1



. (75)







X
X
1
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j

all ε ≥ ε∗ , where ε∗ is a positive quantity that depends on P . Using the fact that


log (a + eε b) = ε + log b + O e−ε ,

We claim that α∗ is a feasible dual variablefor sufficiently
large ε. In order to prove that

T
α∗ is a feasible dual variable, we show that S (k) α∗ − µj ≥ 0 for all j ∈ {1, . . . , 2k } and

for large ε, we get that

µj

1
eε
+ P (Tj c ) log
= P (Tj ) eε log
P (Tj c ) + eε P (Tj )
P (Tj c ) + eε P (Tj )
= P (Tj ) eε ε − (P (Tj ) (eε − 1) + 1) log (P (Tj ) (eε − 1) + 1)


(76)
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= P (Tj ) eε ε − (P (Tj ) (eε − 1) + 1) ε + log P (Tj ) + O e−ε

= − (P (Tj ) log P (Tj )) eε + O (ε) .
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On the other hand,
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Assume, to begin with, that j 6= {j1 , j2 , ..., jk }. Then



S (k) α∗

j

P
Notice that for j 6= {j1 , j2 , ..., jk }, P (Tj ) log P (Tj ) > i∈Tj P (xi ) log P (xi ). Therefore,


T
there exists an ε∗ > 0 such that S (k) α∗ − µj ≥ 0 for all ε ≥ ε∗ . If j ∈ {j1 , j2 , ..., jk }, it
j


T
is not hard to check that S (k) α∗ − µj = 0 for all ε. This establishes the satisfiability
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if y = x ,

if y 6= x .

.

(79)

(78)

of α∗ for all ε ≥ ε∗ . It remains to show that the upper bound can be indeed achieved via
the randomized response mechanism. To this extent, recall that the randomized response
is given by

Q(y|x) =

i∈[k]

Computing the I (X; Y ) under (78), we get that
X
1
eε + k − 1
I (X; Y ) =

1
P (xi ) (eε − 1) + 1
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eε
P (xi ) eε log
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+ (1 − P (xi )) log

48

X

Z

X

!

Y

X

Y,Z

X

Z
Y

Qy Wy,z

µ(Qy )

Wy,z µ (Qy )

µ

C. Dwork and J. Lei. Differential privacy and robust statistics. In Proceedings of the 41st
annual ACM symposium on Theory of computing, pages 371–380. ACM, 2009.

This research is supported in part by NSF CISE award CCF-1422278, NSF SaTC award
CNS-1527754, NSF CMMI award MES-1450848 and NSF ENG award ECCS-1232257.

JMLR 17(17):1-51

JMLR 17(17):1-51

50

A. Ghosh, T. Roughgarden, and M. Sundararajan. Universally utility-maximizing privacy
mechanisms. SIAM Journal on Computing, 41(6):1673–1693, 2012.

D. Blackwell. Equivalent comparisons of experiments. The Annals of Mathematical Statistics, 24(2):265–272, 1953.

49

Q. Geng and P. Viswanath. The optimal mechanism in differential privacy: Multidimensional setting. arXiv preprint arXiv:1312.0655, 2013b.

Q. Geng and P. Viswanath. The optimal mechanism in (,δ)-differential privacy. arXiv
preprint arXiv:1305.1330, 2013a.

Q. Geng and P. Viswanath. The optimal mechanism in differential privacy. arXiv preprint
arXiv:1212.1186, 2012.

C. Dwork, F. McSherry, K. Nissim, and A. Smith. Calibrating noise to sensitivity in private
data analysis. In Theory of Cryptography, pages 265–284. Springer, 2006b.

A. Beimel, K. Nissim, and E. Omri. Distributed private data analysis: Simultaneously solving how and what. In Advances in Cryptology–CRYPTO 2008, pages 451–468. Springer,
2008.

R. F. Barber and J. C. Duchi. Privacy and statistical risk: Formalisms and minimax bounds.
arXiv preprint arXiv:1412.4451, 2014.

A. Acquisti and J. Grossklags. What can behavioral economics teach us about privacy.
Digital Privacy, page 329, 2007.

A. Acquisti. Privacy in electronic commerce and the economics of immediate gratification.
In Proceedings of the 5th ACM conference on Electronic commerce, pages 21–29. ACM,
2004.

C. Dwork, K. Kenthapadi, F. McSherry, I. Mironov, and M. Naor. Our data, ourselves:
Privacy via distributed noise generation. In Advances in Cryptology-EUROCRYPT 2006,
pages 486–503. Springer, 2006a.

C. Dwork. Differential privacy. In Automata, languages and programming, pages 1–12.
Springer, 2006.

Acknowledgments

References

J. C Duchi, M. I. Jordan, and M. J. Wainwright. Local privacy and statistical minimax
rates. In Foundations of Computer Science, 2013 IEEE 54th Annual Symposium on,
pages 429–438. IEEE, 2013.

(80)

A. De. Lower bounds in differential privacy. In Theory of Cryptography, pages 321–338.
Springer, 2012.

T. M. Cover and J. A. Thomas. Elements of information theory. John Wiley & Sons, 2012.

K. Chaudhuri, A. D. Sarwate, and K. Sinha. Near-optimal differentially private principal
components. In NIPS, pages 998–1006, 2012.

K. Chaudhuri and C. Monteleoni. Privacy-preserving logistic regression. In NIPS, volume 8,
pages 289–296, 2008.

K. Chaudhuri and D. Hsu. Convergence rates for differentially private statistical estimation.
arXiv preprint arXiv:1206.6395, 2012.

where the inequality follows from sublinearity and the second to last equality follows from
the row stochastic property of W . Therefore, U (Q) obeys the data processing inequality.

= U (Q) ,

=

≤

=

P
Let U (Q) be a utility mechanism of the form U (Q) = Y µ(Qy ), where µ is a sublinear
function. Consider a stochastic mapping W of dimensions ` × m and let QW be the
stochastic mapping obtained by first applying Q to X ∈ X to obtain Y ∈ Y and then
applying W to Y to obtain Z ∈ Z.
X
U (QW ) =
µ ((QW )z )

K. Chatzikokolakis, T. Chothia, and A. Guha. Statistical measurement of information
leakage. In Tools and Algorithms for the Construction and Analysis of Systems, pages
390–404. Springer, 2010.

J. Blocki, A. Blum, A. Datta, and O. Sheffet. The Johnson-Lindenstrauss transform itself
preserves differential privacy. In Foundations of Computer Science, 2012 IEEE 53rd
Annual Symposium on, pages 410–419. IEEE, 2012.

Hence, the randomized response mechanism achieves the upper bound (75). This proves
the optimality of the randomized response for all ε ≥ ε∗ .

10. Proof of Proposition 17

Kairouz, Oh and Viswanath

Extremal Mechanisms for Local Differential Privacy

Extremal Mechanisms for Local Differential Privacy

M. Hardt and A. Roth. Beating randomized response on incoherent matrices. In Proceedings
of the 44th symposium on Theory of Computing, pages 1255–1268. ACM, 2012.
M. Hardt and G. N. Rothblum. A multiplicative weights mechanism for privacy-preserving
data analysis. In Foundations of Computer Science, 2010 51st Annual IEEE Symposium
on, pages 61–70. IEEE, 2010.
M. Hardt and K. Talwar. On the geometry of differential privacy. In Proceedings of the
42nd ACM symposium on Theory of computing, pages 705–714. ACM, 2010.
M. Hardt, K. Ligett, and F. McSherry. A simple and practical algorithm for differentially
private data release. In NIPS, pages 2348–2356, 2012.
P. Kairouz, S. Oh, and P. Viswanath. The composition theorem for differential privacy.
arXiv preprint arXiv:1311.0776, 2013.
P. Kairouz, S. Oh, and P. Viswanath. Extremal mechanisms for local differential privacy.
arXiv preprint arXiv:1407.1338, 2014a.
P. Kairouz, S. Oh, and P. Viswanath. Differentially private multi-party computation: Optimality of non-interactive randomized response. arXiv preprint arXiv:1407.1546, 2014b.
M. Kapralov and K. Talwar. On differentially private low rank approximation. In SODA,
volume 5, page 1. SIAM, 2013.
J. Lei. Differentially private m-estimators. In NIPS, pages 361–369, 2011.
F. McSherry and K. Talwar. Mechanism design via differential privacy. In Foundations of
Computer Science, 2007. 48th Annual IEEE Symposium on, pages 94–103. IEEE, 2007.
L. Sankar, S. R. Rajagopalan, and H. V. Poor. Utility-privacy tradeoffs in databases: An
information-theoretic approach. Information Forensics and Security, IEEE Transactions
on, 8(6):838–852, 2013.
A. D. Sarwate and L. Sankar. A rate-disortion perspective on local differential privacy. In
Communication, Control, and Computing (Allerton), 2014 52nd Annual Allerton Conference on, pages 903–908. IEEE, 2014.
A. B. Tsybakov and V. Zaiats. Introduction to nonparametric estimation, volume 11.
Springer, 2009.
W. Wang, L. Ying, and J. Zhang. On the relation between identifiability, differential privacy
and mutual-information privacy. arXiv preprint arXiv:1402.3757, 2014a.
Y. Wang, Z. Huang, S. Mitra, and G.E. Dullerud. Entropy-minimizing mechanism for
differential privacy of discrete-time linear feedback systems. In Decision and Control
(CDC), 2014 IEEE 53rd Annual Conference on, pages 2130–2135, Dec 2014b. doi: 10.
1109/CDC.2014.7039713.

JMLR 17(17):1-51

S. L. Warner. Randomized response: A survey technique for eliminating evasive answer
bias. Journal of the American Statistical Association, 60(309):63–69, 1965.
51

c 2016 Daniel Hsu and Sivan Sabato.

1. Introduction

Keywords: Heavy-tailed distributions, unbounded losses, linear regression, least squares

2

JMLR 17(18):1-40

Abstract

sabatos@cs.bgu.ac.il

djhsu@cs.columbia.edu

This work studies applications and generalizations of a simple estimation technique that
provides exponential concentration under heavy-tailed distributions, assuming only bounded
low-order moments. We show that the technique can be used for approximate minimization
of smooth and strongly convex losses, and specifically for least squares linear regression.
For instance, our d-dimensional estimator requires just Õ(d log(1/δ)) random samples to
obtain a constant factor approximation to the optimal least squares loss with probability
1 − δ, without requiring the covariates or noise to be bounded or subgaussian. We provide
further applications to sparse linear regression and low-rank covariance matrix estimation
with similar allowances on the noise and covariate distributions. The core technique is a
generalization of the median-of-means estimator to arbitrary metric spaces.
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The minimax principle in statistical estimation prescribes procedures (i.e., estimators) that
minimize the worst-case risk over a large class of distributions generating the data. For
a given loss function, the risk is the expectation of the loss of the estimator, where the
expectation is taken over the data examined by the estimator. For example, for a large
class of loss functions including squared loss, the empirical mean estimator minimizes the
worst-case risk over the class of Gaussian distributions with known variance (Wolfowitz,
1950). In fact, Gaussian distributions with the specified variance are essentially the worstcase family of distributions for squared loss, at least up to constants (see, e.g., Catoni, 2012,
Proposition 6.1).
In this work, we are interested in estimators whose deviations from expected behavior
are controlled with very high probability over the random draw of the data examined by
the estimator. Deviations of the behavior of the estimator from its expected behavior
are worrisome especially when data come from unbounded and/or heavy-tail distributions,
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where only very low order moments may be finite. For example, the Pareto distributions
with shape parameter α > 0 are unbounded and have finite moments only up to orders
< α; these distributions are commonly associated with the modeling of extreme events that
manifest in data. Bounds on the expected behavior of an estimator are insufficient in these
cases, since the high-probability guarantees that may be derived from such bounds (say,
using Markov’s inequality) are rather weak. For example, if the risk (i.e., expected loss)
of an estimator is bounded by , then all that we may derive from Markov’s inequality
is that the loss is no more than /δ with probability at least 1 − δ. For small values of
δ ∈ (0, 1), the guarantee is not very reassuring, but it may be all one can hope for in
these extreme scenarios—see Remark 7 in Section 3.1 for an example where this is tight.
Much of the work in statistical learning theory is also primarily concerned with such high
probability guarantees, but the bulk of the work makes either boundedness or subgaussian
tail assumptions that severely limit the applicability of the results even in settings as simple
as linear regression (see, e.g., Srebro et al., 2010; Shamir, 2014).
Recently, it has been shown that it is possible to improve on methods which are optimal
for expected behavior but suboptimal when high-probability deviations are concerned (Audibert and Catoni, 2011; Catoni, 2012; Brownlees et al., 2014). These improvements, which
are important when dealing with heavy-tailed distributions, suggest that new techniques
(e.g., beyond empirical risk minimization) may be able to remove the reliance on boundedness or control of high-order moments. Bubeck et al. (2013) show how a more robust
mean estimator can be used for solving the stochastic multi-armed bandit problem under
heavy-tailed distributions.
This work applies and generalizes a technique for controlling large deviations from the
expected behavior with high probability, assuming only bounded low-order moments such
as variances. We show that the technique is applicable to minimization of smooth and
strongly convex losses, and derive specific loss bounds for least squares linear regression,
which match existing rates, but without requiring the noise or covariates to be bounded
or subgaussian. This contrasts with several recent works (Srebro et al., 2010; Hsu et al.,
2014; Shamir, 2014) concerned with (possibly regularized) empirical risk minimizers that
require such assumptions. It is notable that in finite dimensions, our result implies that
a constant factor approximation to the optimal loss can be achieved with a sample size
that is independent of the size of the optimal loss. This improves over the recent work
of Mahdavi and Jin (2013), which has a logarithmic dependence on the optimal loss, as well
as a suboptimal dependence on specific problem parameters (namely condition numbers).
We also provide a new generalization of the basic technique for general metric spaces, which
we apply to least squares linear regression with heavy tail covariate and noise distributions,
yielding an improvement over the computationally expensive procedure of Audibert and
Catoni (2011).
The basic technique, found in the textbook of Nemirovsky and Yudin (1983, p. 243), is
very simple, and can be viewed as a generalization of the median-of-means estimator used
by Alon et al. (1999) and many others. The idea is to repeat an estimate several times,
by splitting the sample into several groups, and then selecting a single estimator out of
the resulting list of candidates. If an estimator from one group is good with noticeably
better-than-fair chance, then the selected estimator will be good with probability exponentially close to one. This is remininscant of techniques from robust statistics (Huber, 1981),
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although our aim is expressly different in that our aim is good performance on the same
probability distribution generating the data, rather than an uncontaminated or otherwise
better behaved distribution. Our new technique can be cast as a simple selection problem
in general metric spaces that generalizes the scalar median.
We demonstrate the versatility of our technique by giving further examples in sparse
linear regression (Tibshirani, 1996) under heavy-tailed noise and low-rank covariance covariance matrix approximation (Koltchinskii et al., 2011) under heavy-tailed covariate distributions. We also show that for prediction problems where there may not be a reasonable
metric on the predictors, one can achieve similar high-probability guarantees by using median aggregation in the output space.
The initial version of this article (Hsu and Sabato, 2013, 2014) appeared concurrently
with the simultaneous and independent work of Minsker (2013), which develops a different
generalization of the median-of-means estimator for Banach and Hilbert spaces. We provide a new analysis and comparison of this technique to ours in Section 7. We have also
since become aware of the earlier work by Lerasle and Oliveira (2011), which applies the
median-of-means technique to empirical risks in various settings much like the way we do
in Algorithm 3, although our metric formulation is more general. Finally, the recent work
of Brownlees et al. (2014) vastly generalizes the techniques of Catoni (2012) to apply to
much more general settings, although they retain some of the same deficiencies (such as the
need to know the noise variance for the optimal bound for least squares regression), and
hence their results are not directly comparable to ours.

2. Overview of Main Results
This section gives an overview of the main results.
2.1 Preliminaries

JMLR 17(18):1-40

Let [n] := {1, 2, . . . , n} for any natural number n ∈ N. Let 1{P } take value 1 if the
predicate P is true, and 0 otherwise. Assume an example space Z, and a distribution D
over the space. Further assume a space of predictors or estimators X. We consider learning
or estimation algorithms that accept as input an i.i.d. sample of size n drawn from D and
a confidence parameter δ ∈ (0, 1), and return an estimator (or predictor) ŵ ∈ X. For a
(pseudo) metric ρ on X, let Bρ (w0 , r) := {w ∈ X : ρ(w0 , w) ≤ r} denote the ball of radius
r around w0 .
We assume a loss function ` : Z × X → R+ that assigns a non-negative number to a pair
of an example from Z and a predictor from X, and consider the task of finding a predictor
that has a small loss in expectation over the distribution of data points, based on an input
sample of n examples drawn independently from D. The expected loss of a predictor w on
the distribution is denoted L(w) = EZ∼D (`(Z, w)). Let L? := inf w L(w). Our goal is to
find ŵ such that L(ŵ) is close to L? .
In this work, we are interested in performance guarantees that hold with high probability
over the random draw of the input sample and any internal randomization used by the
estimation algorithm. Thus, for a given allowed probability of failure δ ∈ (0, 1), we study
excess loss L(ŵ) − L? achieved by the predictor ŵ ≡ ŵ(δ) returned by the algorithm on
a 1 − δ probability subset of the sample space. Ideally, the excess loss only depends sub3
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logarithmically on 1/δ, which is the dependence achieved when the distribution of the excess
loss has exponentially decreasing tails. Note that we assume that the value of δ is provided
as input to the estimation algorithm, and only demand the probabilistic guarantee for this
given value of δ. Therefore, strictly speaking, the excess loss need not exhibit exponential
concentration. Nevertheless, in this article, we shall say that an estimation algorithm
achieves exponential concentration whenever it guarantees, on input δ, an excess loss that
grows only as log(1/δ).

2.2 Robust Distance Approximation

Consider an estimation problem, where the goal is to estimate an unknown parameter of
the distribution, using a random i.i.d. sample from that distribution. We show throughout
this work that for many estimation problems, if the sample is split into non-overlapping
subsamples, and estimators are obtained independently from each subsample, then with high
probability, this generates a set of estimators such that some fraction of them are close, under
a meaningful metric, to the true, unknown value of the estimated parameter. Importantly,
this can be guaranteed in many cases even under under heavy-tailed distributions.
Having obtained a set of estimators, a fraction of which are close to the estimated
parameter, the goal is now to find a single good estimator based on this set. This goal is
captured by the following general problem, which we term Robust Distance Approximation.
A Robust Distance Approximation procedure is given a set of points in a metric space
and returns a single point from the space. This single point should satisfy the following
condition: If there is an element in the metric space that a certain fraction of the points
in the set are close to, then the output point should also be close to the same element.
Formally, let (X, ρ) be a metric space. Let W ⊆ X be a (multi)set of size k and let w? be
a distinguished element in X. For α ∈ (0, 21 ) and w ∈ X, denote by ∆W (w, α) the minimal
number r such that |{v ∈ W | ρ(w, v) ≤ r}| > k( 21 + α). We often omit the subscript W
and write simply ∆ when W is known.
We define the following problem:

Definition 1 (Robust Distance Approximation) Fix α ∈ (0, 21 ). Given W and (X, ρ)
as input, return y ∈ X such that ρ(y, w? ) ≤ Cα · ∆W (w? , α), for some constant Cα ≥ 0. Cα
is the approximation factor of the procedure.

In some cases, learning with heavy-tailed distributions requires using a metric that depends on the distribution. Then, the Robust Distance Estimation procedure has access only
to noisy measurements of distances in the metric space, and is required to succeed with high
probability. In Section 3 we formalize these notions, and provide simple implementations of
Robust Distance Approximation for general metric spaces, with and without direct access
to the metric. For the case of direct access to the metric our formulation is similar to that
of Nemirovsky and Yudin (1983).
2.3 Convex Loss Minimization
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The general approach to estimation described above has many applications. We give here
the general form of our main results for applications, and defer the technical definitions and

4

5

1. Formal definitions of terms used in the conditions are given in Section 4.
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Lsq and Lsq
? are defined similarly to L and L? .
Unlike standard high-probability bounds for regression, we give bounds that make no
assumption on the range or the tails of the distribution of the response variables, other
than a trivial requirement that the optimal squared loss be finite. The assumptions on the
distribution of the covariates are also minimal.

1
`sq ((x, y), w) := (x> w − y)2 .
2

A concrete application of our analysis of smooth convex losses is linear regression. In linear
regression, X is a Hilbert space with an inner product h·, ·iX , and it is both the data space
and the parameter space. The loss ` ≡ `sq is the squared loss

2.4 Least Squares Linear Regression

This gives a constant approximation of the optimal loss with a number of samples that does
not depend on the value of the optimal loss. The full results for smooth convex losses are
provided in Section 4. Theorem 2 is stated in full as Corollary 16, and we further provide
a result with more relaxed smoothness requirements. As apparent in the result, the only
requirements on the distribution are those that are implied by the strong convexity and
smoothness parameters. This allows support for fairly general heavy-tailed distributions,
as we show below.

then with probability at least 1 − δ, for another universal constant C 0 > 0,


C 0 β β̄γdlog(1/δ)e
L(ŵ) ≤ 1 +
L? .
nα2

• w 7→ L(w) is β̄-smooth with respect to k · k;

• w 7→ `(z, w) is β-smooth with respect to k · k for all z ∈ Z;

• n ≥ C log(1/δ) · nα for some universal constant C > 0;

• there exists α > 0 and sample size nα such that, with probability at least 1/2, the
empirical loss w 7→ L̂(w) is α-strongly convex with respect to k · k whenever the sample
is of size at least nα ;

• the dual norm k · k∗ is γ-smooth;


 2

R log(1/δ)
1+O
Lsq
? .
n

E(X > Σ −1 X) = E tr(X > Σ −1 X) = tr(Id) = d,

6
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so R = Ω( d). R2 is closely related to a condition number for the distribution of X.
(Σ)
For instance, if P[kXk = 1] = 1, then R2 ≤ d λλmax
. This result is minimax optimal
min (Σ)
up to logarithmic factors (see, e.g., Nussbaum, 1999). We also remark that the boundedness assumption can be replaced by a subgaussian assumption on X, in which case the
sample size requirement becomes O(d log(1/δ)). We give analogous guarantees for the case
of regularized least squares in a possibly finite-dimensional Hilbert space in Theorem 21,
Section 5.

√

This theorem is stated in full as Theorem 20 in Section 5. Note that

Lsq (ŵ) ≤

Theorem 4 Assume Σ is not singular. There exists an algorithm that accepts as input a
sample of size n and a confidence parameter δ ∈ (0, 1), and returns ŵ ∈ X, such that with
probability at least 1 − δ, for n ≥ O(R2 log(R) log(e/δ)),

with probability ≥ 1 − δ. These results improve over recent results by Audibert and Catoni
(2011), Catoni (2012), and Mahdavi and Jin (2013). We provide a full comparison to related
work in Section 5.
Theorem 3 can be specialized for specific cases of interest. For instance, suppose
X is bounded and well-conditioned in the sense that there exists R < ∞ such that
Pr[X > Σ −1 X ≤ R2 ] = 1, but Y may still be heavy-tailed. Under this assumption we
have the following result.

This theorem is stated in full as Theorem 19 in Section 5. Under standard finite fourthmoment conditions, this result translates to the bound



d log(1/δ)
Lsq
Lsq (ŵ) ≤ 1 + O
? ,
n

Theorem 3 Assume the marginal of X has bounded 4 +  moments. There is a constant
C > 0 and an algorithm that accepts as input a sample of size n and a confidence parameter
δ ∈ (0, 1), and returns ŵ ∈ X, such that if n ≥ Cd log(1/δ), with probability at least 1 − δ,
!
E(kΣ −1/2 X(X > w? − Y )k22 ) log(1/δ)
sq
sq
L (ŵ) ≤ L? + O
.
n

Let Σ be the second-moment operator a 7→ E(XhX, aiX ), where X is a random data
point from the marginal distribution of D on X. For a finite-dimensional X, Σ is simply the
(uncentered) covariance matrix E[XX > ]. First, consider the finite-dimensional case, where
X = Rd , and assume Σ is not singular. Let k · k2 denote the Euclidean norm in Rd . Under
only bounded 4 +  moments of the marginal on X (a condition that we specify in full detail
in Section 5), we show the following guarantee.

results to the relevant sections. Detailed discussion of related work for each application is
also provided in the appropriate sections.
First, we consider smooth and convex losses. We assume that the parameter space X is
a Banach space with a norm k · k and a dual norm k · k∗ . We prove the following result:1

Theorem 2 There exists an algorithm that accepts as input an i.i.d. sample of size n drawn
from D and a confidence parameter δ ∈ (0, 1), and returns ŵ ∈ X, such that if the following
conditions hold:
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2.5 Other Applications, Comparisons, and Extensions
The general method studied here allows handling heavy tails in other applications as well.
We give two examples in Section 6. First, we consider parameter estimation using L1 regularized linear least squares regression (Lasso) under random subgaussian design. We
show that using the above approach, parameter estimation bounds can be guaranteed for
general bounded variance noise, including heavy-tailed noise. This contrasts with standard
results that assume sub-Gaussian noise. Second, we show that low-rank covariance matrix
approximation can be obtained for heavy-tailed distributions, under a bounded 4 +  moment assumption. These two applications have been analyzed also in the independent and
simultaneous work of Minsker (2013).
All the results above are provided using a specific solution to the Robust Distance
Approximation problem, which is easy to implement for any metric space. For the case of
a fully known metric, in a Banach or a Hilbert space, Minsker (2013) proposed a different
solution, which is based on the geometric median. In Section 7, we provide a detailed
comparison of the approximation factor achieved by each approach, as well as some general
lower bounds. Several interesting open questions remain regarding this general problem.
Lastly, in Section 8, we give a short proof to the intuitive fact that in some prediction
problem, one can replace Robust Distance Approximation with taking the median of the
predictions of the input estimators. This gives a possible improper-learning algorithm for
relevant learning settings.
All of the techniques we have developed in this work are simple enough to implement
and empirically evaluate, and indeed in some simulated experiments, we have verified the
improvements over standard methods such as the empirical mean when the data follow
heavy-tailed distributions. However, at present, the relatively large constant factors in our
bounds are real enough to restrict the empirical improvements only to settings where very
high confidence (i.e., small values of δ) is required. By contrast, with an appropriately
determined noise variance, the techniques of Catoni (2012) and Brownlees et al. (2014) may
yield improvements more readily. Nevertheless, since our techniques are more general in
some respects, it is worth investigating whether they can be made more practical (e.g., with
greater sample reuse or overlapping groups), and we plan to do this in future work.

3. The Core Techniques
In this section we present the core technique used for achieving exponential concentration.
We first demonstrate the underlying principle via the median-of-means estimator, and then
explain the generalization to arbitrary metric spaces. Finally, we show a new generalization
that supports noisy feature measurements.
3.1 Warm-up: Median-of-Means Estimator
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We first motivate the estimation procedure by considering the special case of estimating
a scalar population mean using a median-of-means estimator, given in Algorithm 1. This
estimator, heavily used in the streaming algorithm literature (Alon et al., 1999) (though a
similar technique also appears in Nemirovsky and Yudin (1983) as noted in Levin (2005)),
partitions a sample into k equal-size groups, and returns the median of the sample means
7

Hsu and Sabato

Algorithm 1 Median-of-means estimator
input Sample S ⊂ R of size n, number of groups k ∈ N such that k ≤ n/4.
output Population mean estimate µ̂ ∈ R.
1: Randomly partition S into k subsets S1 , S2 , . . . , Sk , each of size at least bn/kc.
For each i ∈ [k], let µi ∈ R be the sample mean of Si .
Return µ̂ := median{µ1 , µ2 , . . . , µk }.
2:

3:

of each group. Note that the possible non-uniqueness of the median does not affect the
result; the arguments below apply to any one of them. The input parameter k should be
thought of as a constant determined by the desired confidence level (i.e., k = Θ(log(1/δ))
for confidence δ ∈ (0, 1)). It is well known that the median-of-means achieves estimation
with exponential concentration. The following proposition gives a simple statement and
proof. The constant 6 in the statement (see Eq. (1) below) is√lower the constant in the
analysis of Lerasle and Oliveira (2011, Proposition 1), which is 2 6e ≈ 8.08, but we require
a larger value
√ of n. By requiring an even larger n, the constant in the statement below can
approach 3 3.

dlog(1/δ)e
.
n

(1)

Proposition 5 Let x be a random variable with mean µ and variance σ 2 < ∞, and let S be
−k/4.5 , the
a set of n independent copies of x. Assume k ≤ n/2. With probability at least
p 1−e
estimate µ̂ returned by Algorithm 1 on input (S, k) satisfies |µ̂ − µ| ≤ σ 8k/n. Therefore,
if k = 4.5dlog(1/δ)e and n ≥ 18dlog(1/δ)e, then with probability at least 1 − δ,
r

|µ̂ − µ| ≤ 6σ

Proof First, assume k divides n. Pick any i ∈ [k], and observepthat Si is an i.i.d. sample
of size n/k. Therefore, by Chebyshev’s
inequality, Pr[|µi − µ| ≤ 6σ 2 k/n] ≥ 5/6. For each
p
i ∈ [k], let bi := 1{|µi − µ| ≤ 6σ 2 k/n}. Note that the bi are independent indicator random
Pk
−k/4.5 .
bp
variables, each with E(bi ) ≥ 5/6. By Hoeffding’s inequality, Pr[ i=1
i > k/2] ≥ 1−e
Pk
bi > k/2, at least half of the µi are within 6σ 2 k/n of µ, which
In the event that i=1
means that the same holds for the median of the µi . If k does not divide n then the analysis
can be carried out by substituting n with bn/kck ≥ n − k ≥ 43 n, which scales the guarantee
p
by a factor of 4/3.

Using the terminology of Robust Distance Approximation with the metric ρ(x,
py) = |x−
y|, the proof shows that with high probability over the choice of W , ∆W (µ, 0) ≤ 12σ 2 k/n.
The result then immediately follows because on the space (R, ρ), the median is a Robust
Distance Approximation procedure with C0 = 1.
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Remark 6 (Catoni’spM-estimator) Catoni (2012) proposes a mean estimator µ̂ that
satisfies |µ̂ − µ| = O(σ log(1/δ)/n) with probability at least 1 − δ.
√ Remarkably, the leading
constant in the bound is asymptotically optimal: it approaches 2 as n → ∞. However,
the estimator takes both δ and σ as inputs. Catoni also presents an estimator that takes
√
only σ as an input; this estimator guarantees a O(σ log(1/δ)/ n) bound for all values of
δ > exp(1 − n/2) simultaneously.

8

9
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Proof Assume that ∆(w? , 0) ≤ ε. Then |Bρ (w? , ε)∩W | > k/2. For any v ∈ Bρ (w? , ε)∩W ,
by the triangle inequality, |Bρ (v, 2ε) ∩ W | > k/2. This implies that ri? ≤ 2ε, and so
|Bρ (wi? , 2ε) ∩ W | > k/2. By the pigeonhole principle, Bρ (w? , ε) ∩ Bρ (wi? , 2ε) 6= ∅. Therefore, by the triangle inequality again, ρ(w? , wi? ) ≤ 3ε.

Proposition 8 Let ri := min{r ≥ 0 : |Bρ (wi , r) ∩ W | > k/2}. Selecting wi? such that
i? = argmini ri is a Robust Distance Approximation procedure with C0 = 3.

The proposed procedure, given in Algorithm 2, generates k candidate solutions by querying APPROXρ,ε k times, and then selecting a single candidate using a generalization of the
median. Specifically, for each i ∈ [k], the smallest ball centered at wi that contains more
than half of {w1 , w2 , . . . , wk } is determined; the wi with the smallest such ball is returned.
If there are multiple such wi with the smallest radius ball, any one of them may be selected. This selection method is a Robust Distance Approximation procedure. The proof is
given below and illustrated in Figure 1. Nemirovsky and Yudin (1983) proposed a similar
technique, however their formulation relies on knowledge of ε.

Assumption 2 w1 , . . . , wk are statistically independent.

Note that the 2/3 could be replaced by another constant larger than half; we have not
optimized the constants. The second assumption regards statistical independence. For an
integer k, let w1 , . . . , wk be responses to k separate queries to APPROXρ,ε .

Assumption 1 A query to APPROXρ,ε returns a random w ∈ X such that
h
i
Pr ρ(w? , w) ≤ ε ≥ 2/3.

We now consider a simple generalization of the median-of-means estimator for arbitrary
metric spaces, first mentioned in Nemirovsky and Yudin (1983). Let X be the parameter
(solution) space, w? ∈ X be a distinguished point in X (the target solution), and ρ a metric
on X (in fact, a pseudometric suffices).
The first abstraction captures the generation of candidate solutions obtained from independent subsamples. We assume there is an oracle APPROXρ,ε which satisfies the following
assumptions.

3.2 Generalization to Arbitrary Metric Spaces

Remark 7 (Empirical mean) Catoni (2012) shows that the empirical mean cannot provide a qualitatively similar guarantee. Specifically, for any σ > 0 and δ ∈ (0, 1/(2e)), there
is a distribution with mean zero and variance σ 2 such that the empirical average µ̂emp of n
i.i.d. draws satisfies


σ 
2eδ  n−1
2
Pr |µ̂emp | ≥ √
1−
≥ 2δ.
(2)
n
2nδ
√
Therefore the deviation of the empirical mean necessarily scales with 1/ δ rather than
p
log(1/δ) (with probability Ω(δ)).

Loss minimization and parameter estimation with heavy tails

w?
ŵ

ri?

10

JMLR 17(18):1-40

In some problems, the most appropriate metric on X in which to measure accuracy is
not directly computable. For instance, the metric may depend on population quantities
which can only be estimated; moreover, the estimates may only be relatively accurate with
some constant probability. For instance, this is the case when the metric depends on the
population covariance matrix, a situation we consider in Section 5.2.3.
To capture such cases, we assume access to a metric estimation oracle as follows. Let
w1 , . . . , wk be responses to k queries to APPROXρ, . The metric estimation oracle, denoted
DISTjρ , provides (possibly via a random process) a function fj : X → R+ . fj (v) will be used

3.3 Random Distance Measurements

Proof For each i ∈ [k], let bi := 1{ρ(w? , wi ) ≤ ε}. Note that the bi are independent
P
indicator random variables, each with E(bi ) ≥ 2/3. By Hoeffding’s inequality, Pr[ ki=1 bi >
Pk
−k/18
k/2] ≥ 1 − e
. In the event that i=1 bi > k/2, more than half of the wi are contained
in the ball of radius ε around w? , that is ∆W (w? , 0) ≤ ε. The result follows from Proposition 8.

Proposition 9 Suppose that Assumption 1 and Assumption 2 hold. Then, with probability
at least 1 − e−k/18 , Algorithm 2 returns ŵ ∈ X satisfying ρ(w? , ŵ) ≤ 3ε.

Again, the number of candidates k determines the resulting confidence level. The following theorem provides a guarantee for Algorithm 2. We note that the resulting constants here
might not be optimal in specific applications, since they depend on the arbitrary constant
in Assumption 1.

Algorithm 2 Robust approximation
input Number of candidates k, query access to APPROXρ,ε .
output Approximate solution ŵ ∈ X.
1: Query APPROXρ,ε k times. Let w 1 , . . . , w k be the responses to the queries; set W :=
{w1 , w2 , . . . , wk }.
2: For each i ∈ [k], let ri := min{r ≥ 0 : |Bρ (w i , r) ∩ W | > k/2}; set i? := arg mini∈[k] ri .
3: Return ŵ := w i? .

Figure 1: The argument in the proof of Proposition 8, illustrated on the Euclidean plane. If
more than half of the wi (depicted by full circles) are within ε of w? (the empty
circle), then the selected wi? is within ε + ri? ≤ 3ε of w? .

ε
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(1/2)ρ(v, wj ) ≤ fj (v) ≤ 2ρ(v, wj )}.

2. ri > 4ε for all wi ∈ W \ Bρ (w? , 9ε).

f (x) ≥ f (x0 ) + h∇f (x0 ), x − x0 i +

α
kx − x0 k2
2

β
kx − x0 k2 .
2

for all x, x0 ∈ X; it is β-smooth with respect to k · k if for all x, x0 ∈ X

f (x) ≤ f (x0 ) + h∇f (x0 ), x − x0 i +

12
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Suppose (X, k · k) is a Banach space, with the metric ρ induced by the norm k · k. We
sometimes denote the metric by k · k as well. Denote by k · k∗ the dual norm, so kyk∗ =
sup{hy, xi : x ∈ X, kxk ≤ 1} for y ∈ X∗ .
The derivative of a differentiable function f : X → R at x ∈ X in direction u ∈ X is
denoted by h∇f (x), ui. We say f is α-strongly convex with respect to k · k if

4.1 Preliminaries

In this section we apply the core techniques to the problem of approximately minimizing
strongly convex losses, which includes least squares linear regression as a special case.

4. Minimizing Strongly Convex Losses

In the following sections we show several applications of these general techniques.

Proof For each i ∈ [k], let bi := 1{ρ(w? , wi ) ≤ ε}. By Assumptions 1 and 2, the bi are
independent
indicator random variables, each with E(bi ) ≥ 2/3. By Hoeffding’s inequality,
Pk
23
Pr[ i=1
bi > 36
k] ≥ 1 − e−k/648 . The result follows from Lemma 10 and a union bound.

Theorem 11 Suppose that Assumptions 1,2,3,4 all hold. With probability at least 1 − 2e−k/648 ,
Algorithm 3 returns ŵ ∈ X satisfying ρ(w? , ŵ) ≤ 9ε.

The properties of the approximation procedure and of APPROXρ, are combined to give
a guarantee for Algorithm 3.

In this event the wi ∈ W with the smallest ri satisfies wi ∈ Bρ (w? , 9ε).

3:

as an estimate of ρ(v, wj ). This estimate is required to be weakly accurate, as captured by
the following definition of the random variables Zj . Let f1 , . . . , fk be responses to queries
to
respectively. For j ∈ [k], define
Zj := 1{∀v ∈ X,

DISTρ1 , . . . , DISTρk ,

5
),
36

1. ri ≤ 4ε for all wi ∈ W ∩ Bρ (w? , ε), and

Algorithm 3 Robust approximation with random distances
input Number of candidates k, query access to APPROXρ,ε , query access to DISTρ .
output Approximate solution ŵ ∈ X.
1: Query APPROXρ,ε k times. Let w 1 , . . . , w k be the responses to the queries; set W :=
{w1 , w2 , . . . , wk }.
2: For i ∈ [k], let fi be the response of DISTρj , and set ri := median{fj (w i ) : j ∈ [k]}; set
i? := arg mini∈[k] ri .
Return ŵ := wi? .

Zj = 1 indicates that fj provides a sufficiently accurate estimate of the distances from wj .
Note that fj need not correspond to a metric. We assume the following.
Assumption 3 For any j ∈ [k], Pr[Zj = 1] ≥ 8/9.
We further require the following independence assumption.
Assumption 4 The random variables Z1 , . . . , Zk are statistically independent.
Note that there is no assumption on the statistical relationship between Z1 , . . . , Zk and
w1 , . . . , wk .
Algorithm 3 is a variant of Algorithm 2 that simply replaces computation of ρ-distances
with computations using the functions returned by querying the DISTρj ’s. The resulting
selection procedure is, with high probability, a Robust Distance Approximation.

ρ(ŵ, w? ) ≤ 9 · ∆W (w? ,

(3)

Lemma 10 Consider a run of Algorithm 3, with output ŵ. Let Z1 , . . . , Zk as defined
above, and suppose that Assumption 3 and Assumption 4 hold. Then, with probability at
least 1 − e−k/648 ,
where W = {w1 , . . . , wk }.

j=1

Proof By Assumptions 3 and 4, and by Hoeffding’s inequality,


k
X
31
Pr 
Zj > k  ≥ 1 − e−k/648
36

23
5
). We have |B(w? , ε) ∩ W | ≥ 36
k.
Assume this event holds, and denote ε = ∆W (w? , 36
Let i ∈ [k] such that wi ∈ Bρ (w? , ε). Then, for any j ∈ [k] such that wj ∈ Bρ (w? , ε),
23
by the triangle inequality ρ(wi , wj ) ≤ 2ε. There are at least 36
k such indices j, therefore
for more than k/2 of the indices j, we have

ρ(wi , wj ) ≤ 2ε and Zj = 1.
For j such that this holds, by the definition of Zj , fj (wi ) ≤ 4ε. It follows that ri :=
median{fj (wi ) | j ∈ [k]} ≤ 4.
Now, let i ∈ [k] such that wi ∈
/ B(w? , 9). Then, for any j ∈ [k] such that wj ∈
Bρ (w? , ε), by the triangle inequality ρ(wi , wj ) ≥ ρ(w? , wi ) − ρ(w? , wj ) > 8ε. As above,
for more than k/2 of the indices j,
ρ(wi , wj ) > 8ε and Zj = 1.
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For j such that this holds, by the definition of Zj , fj (wi ) > 4ε. It follows that ri :=
median{fj (wi ) | j ∈ [k]} > 4.
By Eq. (3), We conclude that with probability at least 1 − exp(−k/648),
11

(4)
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2. Technically, we only need the sample size to guarantee Eq. (4) for all w ∈ Bk·k (w? , r) for some r > 0.
3. This holds, for instance, if L is strongly convex.
4. An approach akin to the bootstrap technique (Efron, 1979) could also seem natural here: In this approach,
S1 , . . . , Sk would be generated by randomly sub-sampling from S, with possible overlap between the subsamples. However, this approach does not satisfy Assumption 2, since loss minimizers of overlapping
samples are not statistically independent.

Lemma 14 Let ε be as defined in Eq. (5). Assume k ≤ n/4, and that S is an i.i.d. sample
from D of size n such that bn/kc ≥ nα . Then subsampled empirical loss minimization using
the sample S is a correct implementation of APPROXk·k,ε for up to k queries.

To use Algorithm 2, we implement APPROXk·k,ε based on loss minimization over subsamples, as follows: Given a sample S ⊆ Z, randomly partition S into k groups S1 , S2 , . . . , Sk ,
each of size at least b|S|/kc, and let the response to the i-th query to APPROXk·k,ε be the
loss minimizer on Si , i.e., wi = arg minw∈X LSi (w). We call this implementation subsampled empirical loss minimization. Clearly, if S is an i.i.d. sample from D, then w1 , . . . , wk
are statistically independent, and so Assumption 2 holds. Thus, to apply Proposition 9, it
is left to show that Assumption 1 holds as well.4
The following lemma proves that Assumption 1 holds under these assumptions with
r
32γkEk∇`(Z, w? )k2∗
ε :=
.
(5)
nα2

4.2 Subsampled Empirical Loss Minimization

Recall that Z is a data space, and D is a distribution over Z. Let Z be a Z-valued
random variable with distribution D. Let ` : Z × X → R+ be a non-negative loss function,
and for w ∈ X, let L(w) := E(`(Z, w)) be the expected
P loss. Also define the empirical loss
with respect to a sample T from Z, LT (w) := |T |−1 z∈T `(z, w). To simplify the discussion
throughout, we assume ` is differentiable, which is anyway our primary case of interest. We
assume that L has a unique minimizer w? := arg minw∈X L(w).3 Let L? := minw L(w).
Set w? such that L? = L(w? ).

Proposition 13 (Juditsky and Nemirovski, 2008) Let X 1 , X 2 , . . . , X n be
P independent
copies of a zero-mean random vector X, and let k · k be γ-smooth. Then Ekn−1 ni=1 X i k2 ≤
(γ/n)EkXk2 .

Proposition 12 (Srebro et al., 2010) If a non-negative function f : X → R+ is β-smooth
with respect to k · k, then k∇f (x)k2∗ ≤ 4βf (x) for all x ∈ X.

In other words, the sample T induces a loss LT which is α-strongly convex around w? .2 We
assume that nα < ∞ for some α > 0.
We use the following facts in our analysis.

α
kw − w? k2 .
2

4γk
Ek∇`(Z, w? )k2∗ .
3n

as required.

14

Then with probability at least 1 − δ,


10368β β̄γdlog(1/δ)e
L(ŵ) ≤ 1 +
L(w? ).
2
nα

• w 7→ L(w) is β̄-smooth with respect to k · k.

• w 7→ `(z, w) is β-smooth with respect to k · k for all z ∈ Z;
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Corollary 16 Assume the same conditions as Theorem 15, and also that:

We give an easy corollary of Theorem 15 for the case where ` is smooth. This is the full
version of Theorem 2.

Theorem 15 Let nα be as defined in Section 4.1, and assume that k · k∗ is γ-smooth. Also,
assume k := 18dlog(1/δ)e, n ≥ 72dlog(1/δ)e, and that S is an i.i.d. sample from D of size
n such that bn/kc ≥ nα . Finally, assume Algorithm 3 uses the subsampled empirical loss
minimization to implement APPROXk·k,ε , where ε is as in Eq. (5). Then with probability
at least 1 − δ, the parameter ŵ returned by Algorithm 2 satisfies
r
γdlog(1/δ)eEk∇`(Z, w? )k2∗
.
kŵ − w? k ≤ 72
nα2

Combining Lemma 14 and Proposition 9 gives the following theorem.

where the last inequality follows from the definition of the dual norm, and the optimality
of wi on LSi . Rearranging and combining with the above probability inequality implies
h
i 2
Pr kwi − w? k ≤ ε ≥
3

≤ k∇LSi (w? )k∗ kwi − w? k,

(α/2)kwi − w? k2 ≤ −h∇LSi (w? ), wi − w? i + LSi (wi ) − LSi (w? )

Moreover, the assumption that bn/kc ≥ nα implies that with probability at least
5/6, Eq. (4) holds for T = Si . By a union bound, both of these events hold simultaneously with probability at least 2/3. In the intersection of these events, letting wi :=
arg minw∈X LSi (w),



5
8γk
E(k∇`(Z, w? )k2∗ ) ≥ .
Pr k∇LSi (w? )k2∗ ≤
n
6

By Markov’s inequality,

Ek∇LSi (w? )k2∗ ≤ (γ/T )Ek∇`(Z, w? )k2∗ ≤

4k
Proof Let T = bn/kc. Since n ≥ 4k, we have bn/kck ≥ n − k ≥ 34 n, therefore 1/T ≤ 3n
. It
is clear that w1 , w2 , . . . , wk are independent by the assumption. Fix some i ∈ [k]. Observe
that ∇L(w? ) = E(∇`(Z, w? )) = 0, and therefore by Proposition 13:

We say k · k is γ-smooth if x 7→ 12 kxk2 is γ-smooth with respect to k · k. We define nα to
be the smallest sample size such that the following holds: With probability ≥ 5/6 over the
choice of an i.i.d. sample T of size |T | ≥ nα from D, for all w ∈ X,

LT (w) ≥ LT (w? ) + h∇LT (w? ), w − w? i +
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Proof This follows from Theorem 15 by first concluding that E[k∇`(Z, w? )k∗2 ] ≤ 4βL(w? ),
using the β-strong smoothness assumption on ` and Proposition 12, and then noting that
L(ŵ) − L(w? ) ≤ β̄2 kŵ − w? k2 , due to the strong smoothness of L and the optimality of
L(w? ).
Corollary 16 implies that for smooth losses, Algorithm 2 provides a constant factor approximation to the optimal loss with a sample size max{nα , γβ β̄/α2 } · O(log(1/δ)) (with
probability at least 1 − δ). In subsequent sections, we exemplify cases where the two arguments of the max are roughly of the same order, and thus imply a sample size requirement
of O(γ β̄β/α2 log(1/δ)). Note that there is no dependence on the optimal loss L(w? ) in the
sample size, and the algorithm has no parameters besides k = O(log(1/δ)).
We can also obtain a variant of Theorem 15 based on Algorithm 3 and Theorem 11,
in which we assume that there exists some sample size nk,DISTk·k that allows DISTk·k to
be correctly implemented using an i.i.d. sample of size at least nk,DISTk·k . Under such an
assumption, essentially the same guarantee as in Theorem 15 can be afforded to Algorithm 3
using the subsampled empirical loss minimization to implement APPROXk·k,ε (for ε as in
Eq. (5)) and the assumed implementation of DISTk·k . Note that since Theorem 11 does not
require APPROXk·k,ε and DISTk·k to be statistically independent, both can be implemented
using the same sample.

γdlog(2/δ)eEk∇`(Z, w? )k∗2
.
nα2

Theorem 17 Let nα be as defined in Section 4.1, nk,DISTk·k be as defined above, and assume
that k · k∗ is γ-smooth. Also, assume k := 648dlog(2/δ)e, S is an i.i.d. sample from D of
size n such that n ≥ max{4k, nk,DISTk·k }, and bn/kc ≥ nα . Further, assume Algorithm 3
implements APPROXk·k,ε using S with subsampled empirical loss minimization, where ε is
as in Eq. (5), and implements DISTk·k using S as well. Then with probability at least 1 − δ,
the parameter ŵ returned by Algorithm 3 satisfies
r
kŵ − w? k ≤ 1296




log(1/δ)
1+O
L(w? ).
n

Remark 18 (Mean estimation and empirical risk minimization) The problem of estimating a scalar population mean is a special case of the loss minimization problem, where
Z = X = R, and the loss function of interest is the square loss `(z, w) = (z − w)2 . The
minimum population loss in this setting is the variance σ 2 of Z, i.e., L(w? ) = σ 2 . Moreover,
in this setting, we have α = β = β̄ = 2, so the estimate ŵ returned by Algorithm 2 satisfies,
with probability at least 1 − δ,
L(ŵ) =

In Remark 7 a result from Catoni (2012) is quoted whichP
implies that if n = o(1/δ),
then the empirical mean ŵemp := arg minw∈R LS (w) = |S|−1 z∈S z ( i.e., empirical risk
(loss) minimization for this problem) incurs loss
L(ŵemp ) = σ 2 + (ŵemp − w? )2 = (1 + ω(1))L(w? )
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with probability at least 2δ. Therefore empirical risk minimization cannot provide a qualitatively similar guarantee as Corollary 16. It is easy to check that minimizing a regularized
15
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objective also does not work, since any non-trivial regularized objective necessarily provides
an estimator with a positive error for some distribution with zero variance.

In the next section we use the analysis for general smooth and convex losses to derive
new algorithms and bounds for linear regression.

5. Least Squares Linear Regression

In linear regression, the parameter space X is a Hilbert space with inner product h·, ·iX , and
Z := X × R, where in the finite-dimensional case, X = Rd for some finite integer d. The
loss here is the squared loss, denoted by ` = `sq , and defined as

1
`sq ((x, y), w) := (x> w − y)2 .
2

The regularized squared loss, for λ ≥ 0, is denoted

1
1
`λ ((x, y), w) := (hx, wiX − y)2 + λhw, wiX .
2
2

Note that `0 = `sq . We analogously define Lsq , LTsq , L?sq , Lλ , etc. as the squared-loss
equivalents of L, LT , L? . Finally, denote by Id the identity operator on X.
The proposed algorithm for regression (Algorithm 4) is as follows. Set k = C log(1/δ),
where C is a universal constant. First, draw k independent random samples i.i.d. from D,
and perform linear regression with λ-regularization on each sample separately to obtain k
linear regressors. Then, use the same k samples to generate k estimates of the covariance
matrix of the marginal of D on the data space. Finally, use the estimated covariances to
select a single regressor from among the k at hand. The slightly simpler variants of steps 4
and 5 can be used in some cases, as detailed below.
In Section 5.1, the full results for regression, mentioned in Section 2, are listed in full
detail, and compared to previous work. The proofs are provided in Section 5.2.
5.1 Results

Let X ∈ X be a random vector drawn according to the marginal of D on X, and let Σ :
X → X be the second-moment operator a 7→ E(XhX, aiX ). For a finite-dimensional X, Σ is
simply the (uncentered) covariance matrix E[XX > ]. For a sample T := {X 1 , X 2 , . . . , X m }
of m independent
copies of X, denote by ΣT : X → X the empirical second-moment operator
Pm
X i hX i , aiX .
a 7→ m−1 i=1
Consider first the finite-dimensional case, where X = Rd , and assume Σ is not singular.
Let k · k2 denote the Euclidean norm in Rd . In this case we obtain a guarantee for ordinary
least squares with λ = 0. The guarantee holds whenever the empirical estimate of Σ is
close to the true Σ in expectation, a mild condition that requires only bounded low-order
moments. For concreteness, we assume the following condition.5
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5. As shown by Srivastava and Vershynin (2013), Condition 1 holds for various heavy-tailed distributions
(e.g., when X has a product distribution with bounded 4 +  moments for some  > 0). Condition 1 may
be easily substituted with other moment conditions, yielding similar results, at least up to logarithmic
factors.
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(6)
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which we assume is finite. This assumption only requires bounded low-order moments of
X and Y and is essentially the same as the conditions from Audibert and Catoni (2011)
(see the discussion following their Theorem 3.1). Define the following finite fourth-moment
conditions:
q
q
EkΣ −1/2 Xk42
EkΣ −1/2 Xk42
=
< ∞ and
κ1 :=
2
−1/2
d
EkΣ
Xk2
p
p
>
>
E(X w? − Y )4
E(X w? − Y )4
κ2 :=
=
< ∞.
E(X > w? − Y )2
Lsq
?

EkΣ −1/2 X(X > w? − Y )k22

Our loss bound is given in terms of the following population quantity

Theorem 19 Assume Σ is not singular. If X satisfies Condition 1 with some fixed parameters c > 0 and η > 0, then if Algorithm 4 is run with n ≥ O(d log(1/δ)) and δ ∈ (0, 1),
with probability at least 1 − δ,
!
EkΣ −1/2 X(X > w? − Y )k22 log(1/δ)
Lsq (ŵ) ≤ Lsq
+
O
.
?
n

Under this condition, we show the following guarantee for least squares regression.

for every orthogonal projection Π in Rd .

Condition 1 (Srivastava and Vershynin 2013) There exists c, η > 0 such that
h
i
Pr kΠΣ −1/2 Xk22 > t ≤ ct−1−η , for t > c · rank(Π)

6:

[Variant: Use ΣS instead of ΣSj ].
Set i? := arg mini∈[k] ri .
7: Return ŵ := w i? .

{hwi − wj , (ΣSj + λ Id)(wi − wj )i | j ∈ [k] \ {i}}.

Algorithm 4 Regression for heavy-tails
input λ ≥ 0, sample size n, confidence δ ∈ (0, 1).
output Approximate predictor ŵ ∈ X.
1: Set k := dC ln(1/δ)e.
2: Draw k random i.i.d. samples S1 , . . . , Sk from D, each of size bn/kc.
3: For each i ∈ [k], let w i ∈ argminw∈X Lλ
Si (w).
P
>
4: For each i ∈ [k], ΣSi ← |S1 |
(x,·)∈Si xx .
i
1 P
>
[Variant: S ← ∪i∈[k] Si ; ΣS ← |S|
(x,·)∈S xx ].
5: For each i ∈ [k], let ri be the median of the values in
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√
>
>
−1
−1
Note that
√ E(X Σ X) = E tr(X Σ X) = tr(Id) = d, therefore R = Ω( d). If indeed
R = Θ( d), then a total sample size of O(d log(d) log(1/δ)) suffices to guarantee a constant
factor approximation to the optimal loss. This is minimax optimal up to logarithmic factors (Nussbaum, 1999). We also remark that the boundedness assumption can be replaced
by a subgaussian assumption on X, in which case the sample size requirement becomes
O(d log(1/δ)).
In recent work of Mahdavi and Jin (2013), an algorithm based on stochastic gradient
descent obtains multiplicative approximations to L? , for general smooth and strongly convex

Theorem 20 Assume Σ is not singular. Let ŵ be the output of the variant of Algorithm 4
with λ = 0. With probability at least 1 − δ, for n ≥ O(R2 log(R) log(1/δ)),

 2

R log(2/δ)
Lsq (ŵ) ≤ 1 + O
Lsq
? .
n

with probability ≥ 1 − δ. In comparison, the recent work of Audibert and Catoni (2011)
proposes an estimator for linear regression based on optimization of a robust loss function
which achieves essentially the same guarantee as Theorem 19 (with only mild differences
in the moment conditions, see the discussion following their Theorem 3.1). However, that
estimator depends on prior knowledge about the response distribution, and removing this
dependency using Lepski’s adaptation method (Lepski, 1991) may result in a suboptimal
convergence rate. It is also unclear whether that estimator can be computed efficiently.
Other analyses for linear least squares regression and ridge regression by Srebro et al.
(2010) and Hsu et al. (2014) consider specifically the empirical minimizer of the squared
loss, and give sharp rates of convergence to Lsq
? . However, both of these require either
boundedness of the loss or boundedness of the approximation error. In Srebro et al.
(2010),
p the specialization of the main result to square loss includes additive terms of order
O( L(w? )b log(1/δ)/n + b log(1/δ)/n), where b > 0 is assumed to bound the square loss of
any predictions almost surely. In Hsu et al. (2014), the convergence rate includes an additive term involving almost-sure bounds on the approximation error/non-subgaussian noise
(The remaining terms are comparable to Eq. (9) for λ = 0, and Eq. (7) for λ > 0, up to
logarithmic factors). The additional terms preclude multiplicative approximations to L(w? )
in cases where the loss or approximation error is unbounded. In recent work, Mendelson
(2014) proposes a more subtle ‘small-ball’ criterion for analyzing the performance of the
risk minimizer. However, as evident from the lower bound in Remark 18, the empirical risk
minimizer cannot obtain the same type of guarantees as our estimator.
The next result is for the case where there exists R < ∞ such that Pr[X > Σ −1 X ≤
R2 ] = 1 (and, here, we do not assume Condition 1). In contrast, Y may still be heavytailed. Then, the following result can be derived using Algorithm 4. Moreover, the simpler
variant of Algorithm 4 suffices here.

Under these conditions, EkΣ −1/2 X(X > w? − Y )k22 ≤ κ1 κ2 dLsq
? (via Cauchy-Schwartz); if
κ1 and κ2 are constant, then we obtain the bound



d log(1/δ)
Lsq (ŵ) ≤ 1 + O
Lsq
?
n
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losses `, with a sample complexity scaling with log(1/L̃). Here, L̃ is an upper bound on
L? , which must be known by the algorithm. The specialization of Mahdavi and Jin’s main
result to square loss implies a sample complexity of Õ(dR8 log(1/(δL?sq )) if L?sq is known.
In comparison, Theorem 20 shows that Õ(R2 log(1/δ)) suffice when using our estimator. It
would be interesting to understand whether the bound for the stochastic gradient method
of Mahdavi and Jin (2013) can be improved, and whether knowledge of L? is actually
necessary in the stochastic oracle model. We note that the main result of Mahdavi and Jin
(2013) can be more generally applicable than Theorem 15, because Mahdavi and Jin (2013)
only assumes that the population loss L(w) is strongly convex, whereas Theorem 15 requires
the empirical loss LT (w) to be strongly convex for large enough samples T . While our
technique is especially simple for the squared loss, it may be more challenging to implement
well for other losses, because the local norm around w? may be difficult to approximate
with an observable norm. We thus leave the extension to more general losses as future work.
Finally, we also consider the case where X is a general, infinite-dimensional Hilbert
space, λ > 0, the norm of X is bounded, and Y again may be heavy-tailed.




(1 + V 2 /λ) log(2/δ)
1+O
L?λ .
n

Theorem 21 Let V > 0 such that Pr[hX, XiX ≤ V 2 ] = 1. Let ŵ be the output of
the variant of Algorithm
4 with λ > 0. With probability at least 1 − δ, as soon as n ≥
√
O((V 2 /λ) log(V / λ) log(2/δ)),
Lλ (ŵ) ≤

If the optimal p
unregularized squared loss L?sq is achieved by w̄ ∈ X with hw̄, w̄iX ≤ B 2 ,
the choice λ = Θ( L?sq V 2 log(2/δ)/(B 2 n)) yields that if n ≥ Õ(B 2 V 2 log(2/δ)/L?sq ) then
r

L?sq B 2 V 2 log(1/δ) (L?sq + B 2 V 2 ) log(1/δ)
+
.
(7)
n
n
Lsq (ŵ) ≤ L?sq + O

By this analysis, a constant factor approximation for L?sq is achieved with a sample of
size Õ(B 2 V 2 log(1/δ)/L?sq ). As in the finite-dimensional setting, this rate is known to be
optimal up to logarithmic factors (Nussbaum, 1999). It is interesting to observe that in the
non-parametric case, our analysis, like previous analyses, does require knowledge of L? if λ
is to be set correctly, as in Mahdavi and Jin (2013).

5.2 Analysis

(8)

We now show how the analysis of Section 4 can be applied to analyze Algorithm 4. For a
sample T ⊆ Z, if LT is twice-differentiable (which is the case for squared loss), by Taylor’s
theorem, for any w ∈ X, there exist t ∈ [0, 1] and w̃ = tw? + (1 − t)w such that
1
LT (w) = LT (w? ) + h∇LT (w? ), w − w? iX + hw − w? , ∇2 LT (w̃)(w − w? )iX ,
2
Therefore, to establish a bound on nα , it suffices to control


hδ, ∇2 LT (w̃)δiX
Pr
inf
≥α
kδk2
δ∈X\{0},w̃∈Rd
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for an i.i.d. sample T from D. The following lemma allows doing just that.
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Lemma 22 (Specialization of Lemma 1 from Oliveira 2010) Fix any λ ≥ 0, and
assume hX, (Σ +λ Id)−1 XiX ≤ rλ2 almost surely. For any δ ∈ (0, 1), if m ≥ 80rλ2 ln(4m2 /δ),
then with probability at least 1 − δ, for all a ∈ X,

1
ha, (Σ + λ Id)aiX ≤ ha, (ΣT + λ Id)aiX ≤ 2ha, (Σ + λ Id)aiX .
2

We use the boundedness assumption for sake of simplicity; it is possible to remove the
boundedness assumption, and the logarithmic dependence on the cardinality of T , under
different conditions on X (e.g., assuming Σ −1/2 X has subgaussian projections, see Litvak
et al. 2005). We now prove Theorem 20, Theorem 21 and Theorem 19.

5.2.1 Ordinary Least Squares in Finite Dimensions

Consider first ordinary least squares in the finite-dimensional case. In this case X = Rd , the
inner product ha, biX = a> b is the usual coordinate dot product, and the second-moment
operator is Σ = E(XX > ). We assume that Σ is non-singular, so L has a unique minimizer.
Here Algorithm 4 can be used with λ = 0. It is easy to see that Algorithm 4 with the variant
steps is a specialization of Algorithm 2 with
√ subsampled empirical loss minimization when
` = `sq , with the norm defined by kak = a> ΣS a. We now prove the guarantee for finite
dimensional regression.
Proof [of Theorem 20] The proof is derived
√ from Corollary 16 as follows. First, suppose for
simplicity that Σs = Σ, so that kak = a> Σa. It is easy to check that k · k∗ is 1-smooth,
` is R2 -smooth with respect to k · k, and Lsq is 1-smooth with respect to k · k. Moreover,
consider a random sample T . By definition

δ > ∇2 LT (w̃)δ
δ > ΣT δ
= >
.
kδk2
δ Σδ

By Lemma 22 with λ = 0, Pr[inf{δ > ΣT δ/(δ > Σδ) : δ ∈ Rd \ {0}} ≥ 1/2] ≥ 5/6, provided
that |T | ≥ 80R2 log(24|S|2 ). Therefore n0.5 = O(R2 log R). We can thus apply Corollary 16
with α = 0.5, β = R2 , β̄ = 1, γ = 1, and n0.5 = O(R2 log R), so with probability at least
1 − δ, the parameter ŵ returned by Algorithm 4 satisfies



R2 log(1/δ)
1+O
L(w? ),
(9)
n
L(ŵ) ≤

as soon as n ≥ O(R2 log(R) log(1/δ)).
Now, by Lemma 22, if n ≥ O(R2 log(R/δ)), with probability at least 1 − δ, the norm
induced by ΣS satisfies (1/2)a> Σa ≤ a> ΣS a ≤ 2a> Σa for all a ∈ Rd . Therefore, by a
union bound, the norm used by the algorithm is equivalent to the norm induced by the true
Σ up to constant factors, and thus leads to the same guarantee as given above (where the
constant factors are absorbed into the big-O notation).

JMLR 17(18):1-40

The rate achieved in Eq. (9) is well-known to be optimal up to logarithmic factors (Nussbaum, 1999). A standard argument for this, which we reference in the sequel, is as follows.
Consider a distribution over Rd × R where X ∈ Rd is distributed uniformly over some

20

d

i=1

dσ 2
dL(w? )
1 X σ2
≥
=
.
d
ni
n
n

(10)

as soon as n ≥ Õ(B 2 V 2 log(2/δ)/Lsq
? ).
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In a general, possibly infinite-dimensional, Hilbert space X, Algorithm 4 can be used with
λ > 0. In this case, Algorithm 4 with the variant steps is again a specialization of Algoλ
rithm 2 with
p subsampled empirical loss minimization when ` = ` , with the norm defined
by kak = a> (ΣS + λ Id)a.
Proof [of Theorem 21] As in the finite-dimensional
case, assume first that ΣS = Σ, and
p
consider the norm k · k defined by kak := ha, (Σ + λ Id)aiX . It is easy to check that
k · k∗ is 1-smooth. Moreover, since we assume that Pr[hX, XiX ≤ V 2 ] = 1, we have
hx, (Σ + λI)−1 xiX ≤ hx, xiX /λ for all x ∈ X, so Pr[hX, (Σ + λI)−1 XiX ≤ V 2 /λ] = 1.
Therefore `λ is (1 + V 2 /λ)-smooth with respect to k · k. In addition, Lλ is 1-smooth with
respect to k · k. Using Lemma 22 with
rλ = V /λ, we have, similarly to the proof of
√
Theorem 20, n0.5 = O((V 2 /λ) log(V / λ)). Setting α = 0.5, β = 1 + V 2 /λ, β̄ = 1, γ = 1,
and n0.5 as above, we conclude that with probability 1 − δ,



(1 + V 2 /λ) log(1/δ)
Lλ (ŵ) ≤ 1 + O
Lλ (w? ),
n
√
as soon as n ≥ O((V 2 /λ) log(V / λ) log(1/δ)). Again as in the proof of Theorem 20,
1/2
by Lemma 22 Algorithm 4 may use the observable norm a 7→ ha, (ΣS + λI)aiX in1/2
stead of the unobservable
√ norm a 7→ ha, (Σ + λI)aiX by applying a union bound, if
n ≥ O((V 2 /λ) log(2V /(δ λ))), losing only constant factors, .
sq
We are generally interested in comparing to the minimum square loss Lsq
? := inf w∈X L (w),
rather than the minimum regularized square loss inf w∈X Lλ (w). p
Assuming the minimizer
2
2
is achieved by some w̄ ∈ X with hw̄, w̄iX ≤ B 2 , the choice λ = Θ( Lsq
? V log(2/δ)/(B n))
yields
r sq 2 2

2 2
L? B V log(2/δ) (Lsq
? + B V ) log(2/δ)
sq
sq
L (ŵ) + λhŵ, ŵiX ≤ L? + O
+
n
n

5.2.2 Ridge Regression

Note that this also implies a lower bound for any estimator with exponential concentration.
That is, for any estimator ŵ, if there is some A > 0 such that for any δ ∈ (0, 1), P[L(ŵ) >
L(w? ) + A log(1/δ)] < δ, then A ≥ E(L(ŵ) − L(w? )) ≥ dL(w? )/n.

=

orthonormal basis vectors e1 , e2 , . . . , ed , and Y := X > w?√+ Z for Z ∼ N (0, σ 2 ) independent of X. Here, w? is an arbitrary vector in Rd , R = d, and the optimal square loss
is L(w? ) = σ 2 . P
Among n independent copies of (X, Y ), let ni be the number of copies
with X = ei , so di=1 ni = n. Estimating w? is equivalent to d Gaussian mean estimation
problems, with a minimax loss of



1
inf sup E L(ŵ) − L(w? ) = inf sup E kŵ − w? k22
ŵ w?
ŵ w?
d

Loss minimization and parameter estimation with heavy tails



22

JMLR 17(18):1-40

(1/2)kΣ 1/2 (v − wj )k2 ≤ kΣT (v − wj )k2 ≤ 2kΣ 1/2 (v − wj )k2 .

1/2

Step 5 in Algorithm 4 implements DISTjk·k as returning fj such that fj (v) := kΣSj (v −
wj )k2 . First, we show that Assumption 3 holds. By Lemma 23, an i.i.d. sample T of size
O(c0η d) suffices so that with probability at least 8/9, for every v ∈ Rd ,

1/2

Lemma 23 implies that n0.5 = O(c0η d) where c0η = cη · 2O(1+1/η) . Therefore, for k =
O(log(1/δ)), subsampled empirical loss minimization requires n ≥ k · n0.5 = O(c0η d log(1/δ))
samples to correctly implement APPROXk·k,ε , for ε as in Eq. (5).

b −1/2 − Id k2 ≤ .
EkΣ −1/2 ΣΣ

Lemma 23 (Implication of Corollary 1.2 from Srivastava and Vershynin, 2013)
Let X P
satisfy Condition 1, and let X 1 , X 2 , . . . , X n be independent copies of X. Let
−2−2/η d, then
b := 1 n X i X >
Σ
i . For any  ∈ (0, 1), if n ≥ cη 
i=1
n

When the covariates are not bounded or subgaussian, the empirical second-moment matrix
may deviate significantly from its population counterpart with
p non-negligible probability.
In this case it is not possible to approximate the norm kak = a> (Σ + λ Id)a in Step 2 of
Algorithm 2 using a single small sample (as discussed in Section 5.2.1 and Section 5.2.2).
However, we may use Algorithm 3 instead of Algorithm 2, which only requires the stochastic
distance measurements to be relatively accurate with some constant probability. The full
version of Algorithm 4 is exactly such an implementation.
We now prove Theorem 19. Define cη := 512(48c)2+2/η (6 + 6/η)1+4/η (which is Cmain
from Srivastava and Vershynin, 2013). The following lemma shows that O(d) samples suffice
so that the expected spectral norm distance between the empirical second-moment matrix
and Σ is bounded.

5.2.3 Heavy-tail Covariates

As before, this minimax bound also implies a lower bound on any estimator with exponential
concentration.

inf sup E L(ŵ) − L(w? )) ≥ Ω

P



L? B 2 V 2 di=1 n−1
1
1
L? B 2 V 2 d2 /n
i
≥
Ω
·
·
P
ŵ w?
d B 2 V 2 + L? di=1 n−1
d B 2 V 2 + L? d2 /n
i
(11)
(here, X ∈ {V ei : i ∈ [d]} has Euclidean
length V almost surely, and B is a bound on the
p
Euclidean length of w? ). For d = B 2 V 2 n/σ 2 , the bound becomes
r

L? B 2 V 2
.
inf sup E L(ŵ) − L(w? )) ≥ Ω
ŵ w?
n

By this analysis, a constant factor approximation for Lsq
? is achieved with a sample of
size Õ(B 2 V 2 log(1/δ)/Lsq
? ). As in the finite-dimensional setting, this rate is known to be
optimal up to logarithmic factors (Nussbaum, 1999). Indeed, a similar construction to that
from Section 5.2.1 implies
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s log(2d) log(1/δ)
.
n
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1

Cση
γ2

kΣ 2 uk2

kΨuk2
kΨuk2 kΣ 2 uk2 √
= min
≥ n γ/2.
ku[s] k2 u∈Es kΣ 21 uk2 ku[s] k2

then with probability 5/6, minu∈Es

of γ, we have that under E,

u∈Es

j∈[n]

l

≤ E[log

j∈[n]

exp(εj2 /2) = exp(η 2 kεk22 /2).

E[exp(Ψj,l εj ) | ε] =

j∈[n]

| ε]

!
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E[exp(ξ[Ψ> ε]l ) | ε] + E[exp(−ξ[Ψ> ε]l ) | ε]

l

X

X

l

24

≤ log(2d) + ξ 2 η 2 kεk22 /2.

≤ log

exp(ξ[Ψ> ε]l ) + exp(−ξ[Ψ> ε]i )

ξE[kΨ> εk∞ | ε] = E[max(ξ|[Ψ> ε]l |) | ε] = E[log max exp(ξ|[Ψ> ε]l |) | ε]
l
!

Therefore, for ξ > 0

E[exp([Ψ> ε]l ) | ε] ≤

Since kεj Σ 2 el k2 ≤ εj η, we conclude that
Y

1

E[exp([Ψ> ε]l ) | ε] =

If E holds and kΨ> εk∞ ≤ nλ/2, then we can apply Theorem 25 (with nλ instead of λ).
We now show that this inequality holds with a constant probability. Fix the noise vector
ε = y − Ψw? . For l ∈ [d], since the coordinates of ε are independent and each row of Ψ is
1
an independent copy of the vector X = Σ 2 Z, we have
Y
Y
1
E[exp(Z(εj Σ 2 el )) | ε].

γ(Ψ, s) = min

1

Proof [of Theorem 24] Fix i ∈ [k], and let n = n/k. Let Ψ ∈ Rni ×d be the design matrix
i
1
for Si and let wi be the vector returned by the algorithm in round i, wi ∈ argmin 2n
kΨw −
2
yk22 +λkwk1 . It is shown in Zhou (2009) that if ni ≥ C γη 2 s log(d) for a universal constant C,
√
kΨuk2
≥ ni /2. Call this event E. By the definition
1

kŵ − w? k2 ≤

Theorem 25 (Bickel et al. (2009); Zhang (2009)) Let Ψ = [Ψ1 |Ψ2 | . . . |Ψd ] ∈ Rn×d
and ε ∈ Rn . Let y = Ψw? + ε and ŵ ∈ argminw 21 kΨw − yk22 + λkwk1 . Assume that
| supp(w? )| = s and that γ(Ψ, s) > 0. If kΨ> εk∞ ≤ λ/2, then
√
12λ s
.
γ 2 (Ψ, s)

For the proof of Theorem 24, we use the following theorem, adapted from Bickel et al.
(2009) and Zhang (2009). The proof is provided in Appendix A for completeness.

kŵ − w? k2 ≤
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(12)

defined above, with X = Σ 2 Z, where Z is a subgaussian random vector. Suppose Algorithmp
2 uses subsampled empirical loss minimization with the empirical Lasso loss, with
2
λ = 2 σ 2 η 2 log(2d) log(1/δ)/n. If n ≥ cs γη 2 log(d) log(1/δ), then with probability 1 − δ, The
vector ŵ returned by Algorithm 2 satisfies
r

!
EkΣ −1/2 X(X > w? − Y )k22 log(1/δ)
.
n

In particular, this holds for T = Sj , as long as |Sj | ≥ O(cη0 d). Thus, for k = O(log(1/δ)),
Assumption 3 holds if n ≥ O(cη0 d log(1/δ)). Assumption 4 (independence) also holds, since
fj depends only on Sj , and S1 , . . . , Sk are statistically independent.
Putting everything together, we have (as in Section 5.2.1) α = 0.5 and γ = 1. We obtain
the final bound from Theorem 17 as follows: if n ≥ O(cη0 d log(1/δ)), then with probability
at least 1 − δ,
L(ŵ) − L(w? ) = kΣ 1/2 (ŵ − w? )k22 ≤ O

6. Other Applications
In this section we show how the core techniques we discuss can be used for other applications,
namely Lasso and low-rank matrix approximation.
6.1 Sparse Parameter Estimation with Lasso

RE condition for Ψ with sparsity s requires that γ(Ψ, s) > 0.

In this section we consider L1 -regularized linear least squared regression (Lasso) (Tibshirani,
1996) with a random subgaussian design, and show that Algorithm 2 achieves the same fast
convergence rates for sparse parameter estimation as Lasso, even when the noise is heavytailed.
Let Z = Rd × R and w? ∈ Rd . Let D be a distribution over Z, such that for (X, Y ) ∼
D, we have Y = X > w? + ε where ε is an independent random variable with E[ε] = 0
and E[ε2 ] ≤ σ 2 . We assume that w? is sparse: Denote the support of a vector w by
supp(w) := {j ∈ [d] : wj 6= 0}. Then s := | supp(w? )| is assumed to be small compared to
d. The design matrix for a sample S = {(x1 , y1 ), . . . , (xn , yn )} is an l × d matrix with the
rows xi> .
For λ > 0, consider the Lasso loss `((x, y), w) = 12 (x> w − y)2 + λkwk1 . Let k · k be the
Euclidean norm in Rd . A random vector X in Rd is subgaussian (with moment 1) if for
every vector u ∈ Rd , E[exp(X > u)] ≤ exp(kuk22 /2).
The following theorem shows that when Algorithm 2 is used with subsampled empirical
loss minimization over the Lasso loss, and D generates a subgaussian random design, then
w can be estimated for any type of noise ε, including heavy-tailed noise.
In order to obtain guarantees for Lasso the design matrix must satisfy some regularity
conditions. We use the Restricted Eigenvalue condition (RE) proposed in Bickel et al.
(2009), which we presently define. For w ∈ Rd and J ⊆ [d], let [w]J be the |J|-dimensional
vector which is equal to w on the coordinates in J. Denote by w[s] the s-dimensional vector
with coordinates equal to the s largest coordinates (in absolute value) of w. Let w[s]C be
the (d − s)-dimensional vector which includes the coordinates not in w[s] . Define the set
Es = {u ∈ Rd \
≤ 3ku[s] k1 }. For an l × d matrix Ψ (for some integer l), let
{0} | ku[s]C k1
kΨuk2
ku[s] k2 . The

γ(Ψ, s) = minu∈Es

We further denote η(Ψ, s) =

2
maxu∈Rd \{0}:| supp(u)|≤s kΨuk
kuk2 .
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Theorem 24 Let C, c > 0 be universal constants. Let Σ ∈ Rd×d be a positive semi defi1
1
nite matrix. Denote η := η(Σ 2 , s) and γ := γ(Σ 2 , s). Assume the random design setting
23

log(2d)
+ ξni η 2 σ 2 /2.
ξ

25

JMLR 17(18):1-40

The proposed technique can be easily applied also to low-rank covariance matrix approximation for heavy tailed distributions. Let D be a distribution over Z = Rd and suppose
our goal is to estimate Σ = E[XX > ] to high accuracy, assuming that Σ is (approximately)
low rank. Here X is the space of Rd×d matrices, and k · k is the spectral norm. Denote
d
the Frobenius norm by k · kF and the trace norm
P by k · ktr . For S = {X 1 , . . . , X n } ⊆ R ,
define the empirical covariance matrix ΣS = n1 i∈[n] X i X >
i . We have the following result
for low-rank estimation:

6.2 Low-rank Matrix Approximation

It is worth mentioning that we can apply our technique to the fixed design setting,
where design matrix X ∈ Rn×d is fixed and not assumed to come from any distribution. If
X satisfies the RE condition, as well as a certain low-leverage condition—specifically, that
the statistical leverage scores (Chatterjee and Hadi, 1986) of any n × O(s) submatrix of X
be roughly O(1/(ks log d))—then Algorithm 2 can be used with the subsampled empirical
loss minimization implementation of APPROXk·k,ε to obtain similar guarantees as in the
random subgaussian design setting.
We note that while standard analyses of sparse estimation with mean-zero noise assume
light-tailed noise (Zhang, 2009; Bickel et al., 2009), there are several works that analyze
sparse estimation with heavy-tailed noise under various assumptions. For example, several
works assume that the median of the noise is zero (e.g., Wang 2013; Belloni and Chernozhukov 2011; Zou and Yuan 2008; Wu and Liu 2009; Wang et al. 2007; Fan et al. 2012).
van de Geer and Müller (2012) analyze a class of optimization functions that includes the
Lasso and show polynomial convergence under fourth-moment bounds on the noise. Chatterjee and Lahiri (2013) study a two-phase sparse estimator for mean-zero noise termed the
Adaptive Lasso, proposed in Zou (2006), and show asymptotic convergence results under
mild moment assumptions on the noise.

Therefore APPROXk·k, satisfies Assumption 1 with  as in the right hand side above. The
statement of the theorem now follows by applying Proposition 9 with k = O(log(1/δ), and
noting that ni = O(n/ log(1/δ)).

s
√
12λ s
24 sσ 2 η 2 log(2d)
kwi − w? k2 ≤ 2
.
≤ 2
γ (Ψ, s)
γ
ni

p
Minimizing over ξ > 0 we get E[kΨ> εk∞ ] ≤ 2 σ 2 η 2 log(2d)n
p i /2. therefore by Markov’s
1
inequality, with probability at least 5/6, ni kΨ> εk∞ ≤ 2 σ 2 η 2 log(2d)/ni = λ. With
probability at least 2/3 this holds together with E.
In this case, by Theorem 25,

E[kΨ> εk∞ ] ≤

Since E[ε2j ] ≤ σ 2 for all j, we have E[kεk2 ] ≤ ni σ 2 /2. Therefore

Loss minimization and parameter estimation with heavy tails

(13)
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6. The space-based median distance approach might not always be computationally feasible; see discussion
in Section 7.4.

The approach described in Section 3 for selecting a single wi out of the set w1 , . . . , wk ,
gives one Robust Distance Approximation procedure (see Def. 1), in which the wi with
the lowest median distance from all others is selected. In this section we consider other
Robust Distance Approximation procedures and their properties. We distinguish between
procedures that return y ∈ W , which we term set-based, and procedures that might return
any y ∈ X, which we term space-based.
Recall that we consider a metric space (X, ρ), with W ⊆ X a (multi)set of size k and w?
a distinguished element. Let W+ := W ∪ {w? }. In this formalization, the procedure used in
Algorithm 2 is to simply select y ∈ argminw∈W ∆W (w, 0), a set-based procedure. A natural
6
variation of this is the space-based procedure: select y ∈ argminw∈X
P∆W (w, 0). A different
approach, proposed by Minsker (2013), is to select y ∈ argminw∈X w̄∈W ρ(w, w̄), that is to
minimize the geometric median over the space. Minsker analyzes this approach for Banach
and Hilbert spaces. We show that minimizing the geometric median also achieves similar
guarantees in general metric spaces.
In the following, we provide detailed guarantees for the approximation factor Cα of
the two types of procedures, for general metric spaces as well as for Banach and Hilbert
spaces, and for set-based and sample-based procedures. We further provide lower bounds
for specific procedures, as well as lower bounds that hold for any procedure. In Section 7.4

7. A Comparison of Robust Distance Approximation Methods

Now, assume condition 1 holds for X ∼ D, and suppose for simplicity that kΣk ≤ 1.
In this case, by Lemma 23, A random sample S of size n0 = c0η −2−2/η d, where c0η =
cη (3/2)2+2/η suffices to get an empirical covariance matrix ΣS such that kΣS − Σk ≤  with
probability at least 2/3.
Given a sample of size n from D, We can thus implement APPROXk·k,ε that simply
returns the empirical covariance matrix of a sub-sample of size n0 = n/k, so that Assumption 1 holds for an appropriate ε. By Proposition 9, Algorithm 2 returns Σ̂ such that
with probability at least 1 − exp(−k/18), kΣ̂ − Ak ≤ 3. The resulting
Σ̂ can be used to

minimize Eq. (13) with λ = 3 := O (c0η d log(1/δ)/n)1/2(1+1/η) . The output matrix Σλ
satisfies, with probability at least 1 − δ,




1
1
kΣλ − Σk2F ≤ inf
kA − Σk2F + O (c0η d log(1/δ)/n)1/(1+1/η) · rank(A) .
2
A∈Rd×d 2



1
1
1 √
kΣ̂λ − Σk2F ≤ inf
kA − Σk2F + ( 2 + 1)2 λ2 rank(A) .
2
2
A∈Rd×d 2

If λ ≥ kΣ̂ − Σk, then

1
Σλ ∈ argmin kΣ̂ − Ak2F + λkAktr ,
A∈Rd×d 2

Lemma 26 (Koltchinskii et al. 2011) Let Σ̂ ∈ Rd×d . Assume λ ≥ kΣ̂ − Σk, and let

Hsu and Sabato
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The non-uniqueness of the median distance minimizer is exploited in the lower bounds in
Theorem 27. This suggests that some kind of aggregation of the median distance minimizers
may provide a smaller bound at least in certain scenarios.

Hsu and Sabato

1
+α
2
√
,
2α

and for a Banach space Cα ≤ 1 +



1
∆W (w? , α).
2+
2α



1
1+
∆W (w? , α).
2α

28

1
2α .

Here we
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Proof Let w ∈ argminw∈B(w? ,)∩W ρ(w, y). Let Z ⊂ B(w? , ) ∩ W such that |Z| = k( 21 + α)
(we assume for simplicity that k( 12 + α) is an integer; the proof can be easily modified to

1
4. For any constant C < (1 + 2α
), there exists a problem in a metric space such that
ρ(w? , ȳ) > C · ∆W (w? , α). Thus the upper bound above is tight for general metric
spaces.

ρ(w? , ȳ) ≤

3. For any metric space (X, ρ) and W, W+ ,

1
), there exists a problem in a Banach space such that
2. For any constant C < (2 + 2α
ρ(w? , y) > C · ∆W (w? , α). Thus the upper bound above is tight.

ρ(w? , y) ≤

1. For any metric space (X, ρ) and W, W+ ,

Theorem 28 Let k ≥ 2. Let y ∈ argminw∈W sumd(w), and let ȳ ∈ argminw∈W+ sumd(w).
Then

1
show that in fact Cα ≤ 1 + 2α
for general metric spaces. The proof holds, in particular,
for Banach spaces, and thus this provide a more direct argument that does not require the
special properties of Banach spaces. We further show that for general metric spaces, this
upper bound on the approximation factor is tight.
Minimizing over the entire space is a computationally intensive procedure, involving
convex approximation. Moreover, if the only access to the metric is via estimated distances
based on samples, as in Algorithm 3, then there are additional statistical challenges. It is
thus of interest to also consider the simpler set-based procedure, and we provide approximation guarantees for this procedure as well. We show that an approximation factor of
1
2 + 2α
can be guaranteed for set-based procedures in general metric spaces, and this is also
tight, even for Banach spaces.
The following theorem provides a bound that holds in several of these settings.

is applied in a Hilbert space, Cα ≤

For w ∈ X, denote the sum of distances from points in the input set by sumd(w) :=
P
v∈W ρ(w, v). Minsker (2013) suggests to minimize the sum of distances over the entire
space, that is, to select the geometric median. Minsker shows that when this procedure

7.2 The Geometric Median

we summarize the results and compare the guarantees of the two procedures and the lower
bounds. For a more useful comparison, we take into account the fact that the value of α
usually affects not only the approximation factor, but also the upper bound obtained for
∆W (w? , α).
7.1 Minimizing the Median Distance
Minimizing the median distance over the set of input points was shown in Proposition 8 to
achieve an approximation factor of 3. In this section we show that this upper bound on the
approximation factor is tight for this procedure, even in a Hilbert space. Here and below,
we say that an approximation factor upper bound is tight if for any constant smaller than
this upper bound, there are a suitable space and a set of points in that space, such that the
procedure achieves for this input a larger approximation factor than said constant.
The approximation factor can be improved to 2 for a sample-based procedure. This
factor is tight as well, even assuming a Hilbert space. The following theorem summarizes
these facts.
Theorem 27 Let k ≥ 2, and suppose that ∆W (w? , γ) ≤  for some γ > 0. Let y ∈
argminw∈W ∆W (w, 0). Further, suppose that W+ ⊆ X, and let ȳ ∈ argminw∈X ∆W (w, 0).
Then
• For any metric space, ρ(w? , y) ≤ 3;
• For any metric space, ρ(w? , ȳ) ≤ 2;
• There exists a set on the real line such that ρ(w? , y) = 3, where ρ is the distance
induced by the inner product;
• There exists a set on the real line such that ρ(w? , ȳ) = 2, where ρ is the distance
induced by the inner product.

JMLR 17(18):1-40

Proof First, we prove the two upper bounds. Since ∆W (w? , γ) ≤ , we have |B(w? , ) ∩
W | > k/2. Let w ∈ |B(w? , ) ∩ W |. Then by the triangle inequality, B(w, 2) ⊇ B(w? , ).
Therefore ∆W (w, 0) ≤ 2. It follows that ∆W (y, 0) ≤ 2, hence |B(y, 2) ∩ W | ≥ k/2. By
the pigeon hole principle, |B(w? , ) ∩ B(y, 2)| > 0, therefore ρ(w? , y) ≤ 3.
As for ȳ, since this is a minimizer over the entire space X which includes w? , we have
∆W (y, γ) ≤ ∆W (w? , γ) ≤ . Therefore, similarly to the argument for y, we have ρ(w? , y) ≤
2.
To see that these bounds are tight, we construct simple examples on the real line. For
y, suppose w? = , and consider W with k points as follows: k/2 − 1 points at 0, 2 points at
2, and k/2 − 1 points at 4. The points at 4 are clearly in argminw∈W ∆W (w, 0), therefore
ρ(w? , y) = 3.
For ȳ, suppose w? = , and consider W with k points as follows: 2 points at 0, k/2 − 1
points at 2, and k/2−1 points at 3. The points at 3 are clearly in argminw∈W+ ∆W (w, 0),
therefore ρ(w? , ȳ) = 2.

27

v∈W \Z

v∈W \Z

v∈Z

In addition,

v∈Z

ρ(w? , y) ≤



1
.
2+
2α

v∈W \Z

v∈Z

v∈W \Z

Therefore ρ(w̄, ȳ) ≤

hence

29

ρ(w? , ȳ) ≤ ρ(w? , w̄) + ρ(w̄, ȳ) ≤

1
2α ,



1
1+
.
2α

(|Z| − |W \ Z|)ρ(w̄, ȳ) ≤ k.

Since ρ(w? , v) ≤  for v ∈ Z, and ρ(w? , w̄) ≤ , it follows

v∈Z
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Therefore,
X
X
X
X
ρ(ȳ, w̄) +
ρ(ȳ, v) ≤
ρ(w? , v) +
(ρ(w? , w) + ρ(w, ȳ) + ρ(ȳ, v)).

v∈W \Z

This shows that for any metric space, the set-based geometric median gives an approxima1
tion factor of 2 + 2α
, proving item 1.
For the space-based geometric median, consider w̄ ∈ argminw∈B(w? ,)∩W ρ(w, ȳ). We
have sumd(ȳ) ≤ sumd(w? ). In addition,
X
X
sumd(w? ) ≤
ρ(w? , v) +
(ρ(w? , w̄) + ρ(w̄, ȳ) + ρ(ȳ, v)).

therefore

1
2α ).

v∈W \Z

ρ(w? , y) ≤ ρ(w, w? ) + ρ(w, y) ≤  + ρ(w, y),

Since |Z| = k( 21 + α) it follows that ρ(w, y) ≤ (1 +

(|Z| − |W \ Z|)ρ(w, y) ≤ 2|Z|.

Hence, since ρ(v, w? ) ≤  for v ∈ Z,

v∈Z

Since sumd(y) ≤ sumd(w), we get
X
X
X
X
ρ(y, w) +
ρ(y, v) ≤
(ρ(w, w? ) + ρ(w? , v)) +
(ρ(w, y) + ρ(y, v)).

v∈Z

By the definition of w as a minimizer, for v ∈ Z, ρ(y, v) ≥ ρ(y, w). Thus
X
X
ρ(y, v).
sumd(y) ≥
ρ(y, w) +

v∈W \Z

2

30
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the metric ρ(·, ·) defined as follows: For all i 6= j, ρ(ai , aj ) = 2, ρ(ai , bj ) = 1, ρ(bi , bj ) = 2.
For all i, ρ(ai , bi ) = 3. See Figure 2 for illustration.
Consider the multi-set W with k/n elements at every bi . It is easy to check that for
every ai , ∆W (ai , α) ≤ ∆W (ai , 1/2 − 1/n) = 1. On the other hand, since the problem is

1
e. Define the metric space X = {a1 , . . . , an , b1 , . . . , bn } with
Proof Fix α, and let n = d 1 −α

Theorem 29 Consider set-based robust distance approximation procedures. For any α ∈
(0, 12 ), and for any such procedure, there exists a problem in a Banach space for which the
approximation factor of the procedure is at least 3.

In this section we give lower bounds that hold for any robust distance approximation procedure. A lower bound of C > 0 for a category of metric spaces and a type of procedure
indicates that if a procedure of this type guarantees a distance approximation Cα for all
metric spaces of the given category, then necessarily Cα ≥ C. As shown below, in many
cases the lower bounds provided here match the upper bounds obtained by either the median
distance or the geometric median.
The following theorem gives a lower bound of 3 for the achievable approximation factor
of set-based procedures in Banach spaces (and so, also in general metric spaces). This factor
is achieved by the median distance minimizer, as shown in Theorem 27.

7.3 Optimal Approximation Factor

Since α ∈ (0, 12 ), the guarantee for the geometric median in these settings is always
worse than the guarantee for minimizing the median distance. Factoring in the dependence
on α, the difference is even more pronounced. The full comparison is given in Section 7.4
below.

1
1
One can verify that for any β ≤ (2 + 2α
− kα
), sumd(yl ) ≤ sumd(vi ) for all l, i. Therefore,
the approximation factor for set-based geometric median in a general metric space is lower1
bounded by 2+ 2α
for general k. This holds also for Banach spaces as well, Since any metric
space can be embedded into a Banach space (Kuratowski, 1935). This proves item 2.
1
For space-based geometric median, note that if β ≤ (1 + 2α
), then sumd(w? ) ≥
sumd(yl ). Therefore the space-based upper bound is tight for a general metric space. This
proves item 4.

ρ(yt , yl ) = 0.

ρ(vi , yt ) = β − 

ρ(vi , vj ) = 2

ρ(w? , yl ) = β

ρ(w? , vi ) = 

1
This gives an approximation factor of 1 + 2α
for space-based geometric median, proving
item 3.
To see that both of these bounds are tight, let n = k( 12 + α), and let X = W+ =
{v1 , . . . , vn , y1 , . . . , yk−n , w? }. Define ρ(·, ·) as follows (for all pairs i 6= j, l 6= t):

accommodate the general case). For v ∈ Z, ρ(w, v) ≤ ρ(w, w? ) + ρ(w? , v). For v ∈ W \ Z,
ρ(w, v) ≤ ρ(w, y) + ρ(y, v). Therefore
X
X
(ρ(w, y) + ρ(y, v)).
sumd(w) ≤
(ρ(w, w? ) + ρ(w? , v)) +

v∈Z
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b2

a3

b3

b1
a2

Loss minimization and parameter estimation with heavy tails

a1
Figure 2: The metric defined in Theorem 29 for n = 3. The distances are shortest paths on
the underlying undirected graph, where all edges are the same length.

symmetric for permutations of the indices 1, . . . , n, no procedure can distinguish the cases
w? = ai for different i ∈ [n]. For any choice y = bi ∈ W , if w? = ai then ρ(w? , y) = 3.
Therefore the approximation factor of any procedure is at least 3. Since any metric space
can be embedded into a Banach space (Kuratowski, 1935) this result holds also for Banach
spaces.
Next, we give a lower bound of 2 for space-based procedures over general metric spaces.
Theorem 27 shows that this factor is also achieved by minimizing the median distance.
Theorem 30 Consider robust space-based distance approximation procedures. For any α ∈
(0, 21 ), and for any such procedure, there exists a problem for which the approximation factor
of the procedure is at least 2.
2

1
e. Define the metric space X = {a1 , . . . , an , b1 , . . . , bn } with
Proof Fix α, and let n = d 1 −α

a1

b2

a3

b3

b1
a2

the metric ρ(·, ·) defined as follows: For all i 6= j, ρ(ai , aj ) = 2, ρ(ai , bj ) = 1, ρ(bi , bj ) = 1.
For all i, ρ(ai , bi ) = 2. See Figure 3 for illustration.

bi

Figure 3: The metric defined in Theorem 29 for n = 3. The distances are shortest paths on
the underlying undirected graph. The full lines are edges of length 1, the double
lines from
to are edges of length 2.
ai

JMLR 17(18):1-40

Consider the multi-set W with k/n points at every bi . It is easy to check that for every
ai , ∆W (ai , α) ≤ ∆W (ai , 1/2 − 1/n) = 1. On the other hand, since the problem is symmetric
31
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for permutations of the indices 1, . . . , n, no procedure can distinguish the cases w? = ai for
different i ∈ [n]. Moreover, any point y in the space has ρ(ai , y) = 2 for at least one i ∈ [n].
Therefore the approximation factor of any procedure is at least 2.

For lower bounds on Hilbert spaces and Banach spaces, we require the following lemma,
which gives the radius of the ball inscribing the regular simplex in a p-normed space.

Lemma 31 Consider Rn with the p-norm for p > 1. Let e1 , . . . , en be the standard basis
vectors, and let rn,p be the minimal number for which there exists an x ∈ Rn such that
B(x, r) ⊇ {e1 , . . . , en }. Then rn,p = ((1+(n−1)−1/(p−1) )−p +(n−1)(1+(n−1)1/(p−1) )−p )1/p .
This radius is obtained with the center x such that for all i, xi = (1 + (n − 1)1/(p−1) )−1 .

Proof It is easy to see that due to symmetry, x = (a, a, . . . , a) for some real number a.
Thus rn,p = inf a∈R ke1 − (a, . . . , a)kp . We have ke1 − (a, . . . , a)kpp = |1 − a|p + (n − 1)|a|p .
Minimizing over a gives a = (1 + (n − 1)1/(p−1) )−1 , and

p
rn,p
= |1 − a|p + (n − 1)|a|p = (1 + (n − 1)−1/(p−1) )−p + (n − 1)(1 + (n − 1)1/(p−1) )−p .

We now prove a lower bound for robust distance approximation in Hilbert spaces. Unlike
the previous lower bounds, this lower bound depends on the value of α.

Theorem 32 Consider robust distance approximation procedures for (X, ρ) a Hilbert space.
For any α ∈ (0, 12 ), the following holds:

2
m

1
−α
2

1

−2

.

• For any set-based procedure, there exists a problem such that the procedure achieves
an approximation factor at least

v
u
u
t1 + l

2

2

• For any space-based procedure, there exists a problem such that the procedure achieves
an approximation factor at least
v
u
1
u
m
l
m.
t1 + l
2
1
1
− 2 1 −α
1
−α

The space-based bound given in Theorem 32 is tight for α → 1/2. This can√be seen by
noting that the limit of the space-based lower bound for α → 1/2 is ( 21 + α)/ 2α, which
is exactly the guarantee provided in Minsker (2013) for the space-based geometric median
procedure. For smaller α, there is a gap between the guarantee of Minsker for the geometric
median and our lower bound.
2

1
e. Consider the Euclidean space Rn with ρ(x, y) = kx − yk.
Proof Fix α, and let n = d 1 −α
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Let e1 , . . . , en be the standard basis vectors. These are the vertices of a regular simplex

32

√

n−2
n−1 kei −bi k.

a3
a2

33

at least rn,p /rn−1,p . For p = 3/2, we have rn,p /rn−1,p =

2
51/3

>

√2
3

=

2α

1
+α
2
√

.
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Proof Consider the space Rn with the distance defined by a p-norm. Let n = 1/( 21 −α) = 3.
Construct W as in the proof of Theorem 32, with k/n points in each of b1 , . . . , bn , where bi
is the center (in the p-norm) of the hyperface opposing the basis vector ei . As in the proof
of Theorem 32, the approximation factor for any space-based procedure for this problem is

Theorem 33
√ Let α = 1/6. There exists a Banach space for which an approximation factor
of ( 12 + α)/ 2α cannot be achieved.

For space-based procedures, we have seen that while there exists a lower bound of 2 for
general metric spaces, in a Hilbert space better approximation factors can be achieved. Is
it possible that in Banach spaces the same approximation factor can also be achieved? The
following theorem shows that the answer is no.

Figure 4: The regular simplex in R3 , n = 4. ai is a vertex, bi is the center of the face
opposite ai .

a1

b2

a4

For a set-based procedure, whatever y it returns, there exists at least q
one i such
q that
n−2
ky −ai k ≥ rn,2 . Therefore the approximation factor is at least rn,2 /rn−1,2 = n−1
/
n
n−1 =
q
1
1 + n2 −2n .

the resulting approximation factor is kei −bi k/rn−1,2 =

For kbi −ei k, consider
q
n
1
1
for instance b1 and e1 . We have b1 = (0, n−1
, . . . , n−1
), therefore kb1 − e1 k = n−1
. The
q
n
approximation factor of the procedure is thus at least n−2 .

2. Let b1 , . . . , bn such that bi is the center of theqhyperface
of the simplex opposing ei . Then kbi − ej k = rn−1,2 for all j 6= i, where rn,2 = n−1
n is as
defined in Lemma 31. (see Figure 4).
Consider W with k/n points at each of b1 , . . . , bn . Then ∆W (ei , α) ≤ ∆W (ei , 1 − n1 ) =
kei −bj k = rn−1,2 for any j 6= i. Any set-based procedureqmust select bi for some i. if w? = ei ,

with side length kei − ej k =
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=2
= 1 + 1/(2α)

v
u
≥u
t1 + l
Strictly larger
than for Hilbert
spaces

1
1
−α
2

m2

−2

1

−2

=2
√
≤ ( 12 + α)/ 2α (?)

1
+α
α→1/2
−−−−→ 2√
2α

=3
Open

=2
≤ 1 + 1/(2α) (?)

2
m
1
1
−α
2

√
α→1/2
−−−−→ 1/ 2α

v
u
≥u
t1 + l

Hilbert

=3
= 2 + 1/(2α)

=3

Banach

l

1

1
−α
2

m

=4
=4
= 11.65

=6
=6
= 14.92

2

General Metric

Open
=4
≤ 11.65

=6
=6
= 14.92

Banach

≥ 2.31
=4
≤ 3.33

≥ 3.46
=6
Open

Hilbert
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non-integers are rounded to 2 decimal places.

2

JMLR 17(18):1-40

Table 2: Optimal normalized approximation factors based on the values of Cα given in
α
Table 1. The value in each case is inf α∈(0, 1 ) ( 1C−α)
for the corresponding Cα . All

Set-based
Optimal
Median distance
Geometric median
Space-based
Optimal
Median distance
Geometric median

Table 1: Approximation factors for α ∈ (0, 1/2), based on type of procedure and type of
space. Results marked with (?) are due to Minsker (2013). Equality indicates
matching upper and lower bounds.

Median distance
Geometric median

=2

=3
= 2 + 1/(2α)

Median distance
Geometric median
Space-based

Optimal

=3

General Metric

Optimal

Set-based
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7.4 Comparison of Selection Procedures

1
−α
2

1
2

The results provided above are summarized in Table 1. When comparing different procedures for different values of α, it is useful to compare not only the respective approximation
factors but also the upper bound that can be obtained for ∆W (w? , α). Typically, as in the
proof of Proposition 9, this upper bound will stem from first bounding E[ρ(w? , w)] ≤ ,
where the expectation is taken over random i.i.d. draws of w, and then applying Markov’s
inequality to obtain
≤  ] ≥ + α. In the final step Hoeffding’s inequality
P[ρ(w? , w)

the normalized approximation factor of the procedure. This is the approximation

2

guarantees that if k is large enough, |B(w? , /( 21 − α)) ∩ W | approaches k( 12 + α). Therefore, for a large k and a procedure for α with an approximation factor Cα , the guarantee
α
approaches ρ(y, w? ) ≤ ( 1C−α)
· . For a procedure with an approximation factor Cα , we call
Cα
( 21 −α)

2

factor with respect to E[ρ(w? , α)]. When the procedure supports a range of α, the optiα
over α ∈ (0, 21 ). If Cα = C is a
mal normalized factor can be found by minimizing ( 1C−α)

constant, the optimal normalized approximation factor is 2C, achieved when α = 0. The
optimal normalized approximation factors, based on the known approximation factors as a
function of α, are given in Table 2.
We observe that for set-based procedures, the median distance is superior to the geometric median for general metric spaces as well as for general Banach spaces. It is an
open question whether better results can be achieved for Hilbert spaces using set-based
procedures.
For space-based procedures, the median distance is again superior, except in the case
of a Hilbert space, where the geometric median is superior. The case of a Hilbert space is
arguably the most useful in common applications such as linear regression. Nevertheless,
gaps still remain and it would be interesting to develop optimal methods.
Implementing the geometric median procedure in a space-based formulation is computationally efficient for Hilbert spaces when accurate distances are available Minsker (2013).
However, it is unknown whether and how the procedure can be implemented when only
unreliable distance estimations are available, as in Section 3.3. A useful implementation
should be both computationally feasible and statistically efficient, while degrading the approximation factors as little as possible.

8. Predicting Without a Metric on Predictors
The core technique presented above allows selecting a good candidate out of a set that
includes mostly good candidates, in the presence of a metric between candidates. If the
final goal is prediction of a scalar label, good prediction can still be achieved without access
to a metric between candidates, using the following simple procedure: For every input data
point, calculate the prediction of every candidate, and output the median of the predictions.
This is a straight-forward generalization of voting techniques for classification such as when
using bagging (Breiman, 1996).7 The following lemma shows that this approach leads to
guarantees similar to those achieved by Proposition 9.
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7. Note, however, that the usual implementation of bagging for regression involves averaging over the
outputs of the classifiers, and not taking the median.
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Lemma 34 Let D, ` : Z ×X → R+ and L : X → R+ be defined as in Section 4. Assume that
Z = X × Y, and there are functions f : X × X → R (the prediction function) and g : R × R
(the link function) such that `((x, y), w) = g(f (x, w), y). Assume that g is convex its first
argument. Suppose that we have k predictors w1 , . . . , wk such that for at least ( 21 + γ)k of
¯ For x ∈ X , y ∈ Y, let ŷ(x) be the median of f (x, w1 ), . . . , f (x, wk ), and
them, L(w) ≤ `.
ˆ y) = g(ŷ(x), y). Let L̂ := E[`(ŷ(x))].
ˆ
let `(x,
Then


1
¯
+ 1 `.
2γ
L̂ ≤

i∈I∩[t]

X
1
g(f (x, wi ), y)
|I ∩ [t]|

¯ Assume without loss of generality that for i ∈ [k − 1],
Proof Let I = {i : L(wi ) ≤ `}.
f (x, wi ) ≤ f (x, wi+1 ). Let t ∈ [k] such that ŷ(x) = f (x, wt ). By the convexity of g, at
least one of g(f (x, wt ), y) ≤ g(f (x, wt−1 , y)) and g(f (x, wt ), y) ≤ g(f (x, wt+1 , y)) holds.
assume without loss of generality that the first inequality holds. It follows that for all i ∈ [t],
g(f (x, wi ), y) ≥ g(f (x, wt , y)). Therefore,

i∈I

1
2

+γ¯
`,
γ

i∈I

X
X
1
1
g(f (x, wi ), y) =
`((x, y), wi ).
|I ∩ [t]|
|I ∩ [t]|

ˆ y) = g(f (x, wt ), y)) ≤
`(x,
≤

i∈I

X
1
|I| ¯
L(wi ) ≤
`≤
|I ∩ [t]|
|I ∩ [t]|

Taking expectation over (x, y),
L̂ ≤

where the last inequality follows from the assumption that |I| ≥ ( 21 + γ)k.

A downside of this approach is that each prediction requires many applications of a predictor. If there is also access to unlimited unlabeled data, a possible approach to circumvent
this issue is to generate predictions for a large set of random unlabeled data points based
on the aggregate predictor, and then use the resulting labeled pairs as a training set to find
a single predictor with a loss that approaches the loss of the aggregate predictor. A similar
approach for derandomizing randomized classifiers was suggested by Kääriäinen (2005).

9. Conclusion
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In this paper we show several applications of a generalized median-of-means approach to
estimation. In particular, for linear regression we establish convergence rates for heavytailed distributions that match the min-max rates up to logarithmic factors. We further
show conditions that allow parameter estimation using the Lasso under heavy-tailed noise,
and cases under which low-rank covariance matrix approximation is possible for heavy-tailed
distributions.
The core technique is based on performing independent estimates on separate random
samples, and then combining these estimates. Other works have considered approaches
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>

(14)

|ŵ[j] − w? [j]|


|ŵ[j] − w? [j]| + |w? [j]| − |ŵ[j]|



k[ŵ − w? ]supp(w? )C k1 ≤ 3k[ŵ − w? ]supp(w? ) k,
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Denote for brevity γ = γ(Ψ, s). From the definition of γ,
√
3λ skδ [s] k2
1
kδ [s] k22 ≤ 2 kΨδk22 ≤
,
γ
γ2
JMLR 17(18):1-40

therefore ŵ − w? ∈ Es . Denote δ = ŵ − w. The above derivation also implies
√
kΨδk22 ≤ 3λk[δ]supp(w? ) k1 ≤ 3λkδ [s] k1 ≤ 3λ skδ [s] k2 .

It follows that

j∈supp(w)

X

j∈supp(w)



|ŵ[j] − w? [j]| + |w? [j]| − |ŵ[j]|

X

j=1

= 4λk[ŵ − w? ]supp(w) k1 .

≤ 4λ

= 2λ

= 2λ

d 
X

Adding λk(ŵ − w)k1 to both sides we get


kΨ(w? − ŵ)k22 + λkŵ − w? k1 ≤ 2λ kŵ − w? k1 + kw? k1 − kŵk1

kΨ(w? − ŵ)k22 ≤ 2λkw? k1 − 2λkŵk1 + λkŵ − w? k1 .

By Hölder’s inequality the assumptions of the theorem, 2ε Ψ(ŵ − w? ) ≤ 2kε Ψk∞ kŵ −
w? k1 ≤ λkŵ − w? k1 . Combining this with Eq. (14) gives

>

kΨ(w? − ŵ)k22 + 2λkŵk1 ≤ 2λkw? k1 + 2ε> Ψ(ŵ − w? ).

From the definition of ŵ as a minimizer we have
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√
3λ s
.
γ2

Now,
q
kδ [s]C k1 kδ [s]C k∞ + kδ [s] k2 .
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1. The first drawback is shared by all reinforcement learning algorithms and the second one is common to
all practical applications of machine learning methods.
2. It is worth stressing that Qπ is estimated just on states in D and not over the entire state-action space.
3. While in (Kakade and Langford, 2002) the algorithm is presented as a rollout value function based
approach, in the more detailed description and analysis of CPI found in (Kakade, 2003), the algorithm
is presented as a classification-based API method.

and its high-quality samples are often very expensive to obtain, if this option is possible at
all, 2) it is often difficult to find a function space rich enough to represent the action-value
function accurately, and thus, careful hand-tuning is needed to achieve satisfactory results,
3) for the success of policy iteration, it is not necessary to estimate Qπk accurately at every
state-action pair, what is important is to have an approximation of the action-value function whose greedy policy improves over the previous policy, and 4) this method may not
be the right choice in domains where good policies are easier to represent and learn than
the corresponding value functions.
To address the above issues, mainly 3 and 4,1 variants of API have been proposed that
replace the usual value function learning step (approximating the action-value function
over the entire state-action space) with a learning step in a policy space (Lagoudakis and
Parr, 2003b; Fern et al., 2004). The main idea is to cast the policy improvement step as a
classification problem. The training set is generated using rollout estimates of Qπ over a
2
finite number of states D = {xi }N
i=1 , called the rollout set, and for any action a ∈ A. For
b π (x, a+ ) for action a+ is greater than the estimated
each x ∈ D, if the estimated value Q
value of all other actions with high confidence, the state-action pair (x, a+ ) is added to the
training set with a positive label. In this case, (x, a) for the rest of the actions are labeled
negative and added to the training set. The policy improvement step thus reduces to solving
a classification problem to find a policy in a given hypothesis space that best predicts the
greedy action at every state. Although whether selecting a suitable policy space is any easier
than a value function space is highly debatable, we can argue that the classification-based
API methods can be advantageous in problems where good policies are easier to represent
and learn than their value functions.
The classification-based API algorithms can be viewed as a type of reduction from
reinforcement learning (RL) to classification, that is, solving a MDP by generating and
solving a series of classification problems. There have been other proposals for reducing
RL to classification. Langford and Zadrozny (2005) provided a formal reduction from RL to
classification, showing that -accurate classification implies near optimal RL. This approach
uses an optimistic variant of sparse sampling to generate h classification problems, one for
each horizon time step. The main limitation of this work is that it does not provide a
practical method for generating training examples for these classification problems. Bagnell
et al. (2003) introduced an algorithm, called policy search by dynamic programming (PSDP)
for learning non-stationary policies in RL. For a specified horizon h, their approach learns
a sequence of h policies. At each iteration, all policies are fixed except for one, which
is optimized by forming a classification problem via policy rollout. Perhaps the closest
approach to the classification-based API methods proposed and analyzed in this paper
is the group of algorithms that are introduced and analyzed in (Kakade and Langford,
2002) and (Kakade, 2003) under the name conservative policy iteration (CPI).3 The main
algorithmic difference between CPI and the classification-based API methods studied in

Lazaric, Ghavamzadeh, and Munos

Policy iteration (Howard, 1960) is a method of computing an optimal policy for any given
Markov decision process (MDP). It is an iterative procedure that discovers a deterministic optimal policy by generating a sequence of monotonically improving policies. Each
iteration k of this algorithm consists of two phases: policy evaluation in which the actionvalue function Qπk of the current policy πk is computed (i.e., the expected sum of discounted rewards collected by acting according to policy πk ), and policy improvement in
which the new (improved) policy πk+1 is generated as the greedy policy w.r.t. Qπk , that
si, πk+1 (x) = arg maxa∈A Qπk (x, a). Unfortunately, in MDPs with large (or continuous)
state and action spaces, the policy evaluation problem cannot be solved exactly and approximation techniques are required. In approximate policy iteration (API), a function
approximation scheme is usually employed in the policy evaluation phase. The most common approach is to find a good approximation of the value function of πk in a real-valued
function space (see e.g., Bradtke and Barto 1996; Lagoudakis and Parr 2003a). The main
drawbacks of this approach are: 1) the action-value function, Qπk , is not known in advance

1. Introduction

Keywords:
reinforcement learning, policy iteration, classification-based approach to
policy iteration, finite-sample analysis.

We introduce a variant of the classification-based approach to policy iteration which uses
a cost-sensitive loss function weighting each classification mistake by its actual regret, that
is, the difference between the action-value of the greedy action and of the action chosen by
the classifier. For this algorithm, we provide a full finite-sample analysis. Our results state
a performance bound in terms of the number of policy improvement steps, the number of
rollouts used in each iteration, the capacity of the considered policy space (classifier), and
a capacity measure which indicates how well the policy space can approximate policies that
are greedy with respect to any of its members. The analysis reveals a tradeoff between the
estimation and approximation errors in this classification-based policy iteration setting.
Furthermore it confirms the intuition that classification-based policy iteration algorithms
could be favorably compared to value-based approaches when the policies can be approximated more easily than their corresponding value functions. We also study the consistency
of the algorithm when there exists a sequence of policy spaces with increasing capacity.
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this paper is that while the output of the classifier is directly assigned to the next policy
in our algorithms, CPI algorithms perform a more conservative policy update in which the
new policy πk+1 is a mixture distribution of the current policy πk and the output of the
classifier (policies might be stochastic). This conservative update gives CPI two desirable
properties: 1) it guarantees to improve the policy at each iteration, that is, the value
function of πk+1 is larger than the value function of πk , and 2) it has a stopping condition
based on the quality of the generated policy (it stops whenever it cannot guarantee that
the new policy has a better performance than the previous one). These properties can
potentially make CPI a very appealing API algorithm, mainly because other API methods
have no guarantee to generate monotonically improving policies and they only converge
to a region (i.e., they may repeatedly oscillate among different policies). This includes
both value function based API algorithms such as LSPI (Lagoudakis and Parr, 2003a)
and classification-based API methods. However, Ghavamzadeh and Lazaric (2012) showed
that CPI’s desirable properties do not come for free. The analysis of Ghavamzadeh and
Lazaric (2012) reveals that in order to achieve the same level of accuracy, CPI requires more
iterations, and thus, more samples than the classification-based API algorithms proposed
in this paper. This indicates that although CPI’s conservative update allows it to have a
monotonically improving behavior, it slows down the algorithm and increases its sample
complexity. On the other hand, CPI retains the advantage of a concentrability coefficient
(or density ratios), which can be much smaller for CPI whenever prior knowledge about
the stationary distribution of the optimal policy is used to properly tune the sampling
distribution.4 Nonetheless, Ghavamzadeh and Lazaric (2012) further show that CPI may
converge to suboptimal policies whose performance is not better than those returned by the
algorithms studied in this paper. Given the advantages and disadvantages, the classificationbased API algorithm proposed in this paper and CPI remain two valid alternatives to
implement the general approximate policy iteration scheme.

Analysis of Classification-based Policy Iteration Algorithms

In this paper, we derive a full finite-sample analysis of a classification-based API algorithm, called direct policy iteration (DPI). It is based on a cost-sensitive loss function
weighting each classification error by its actual regret, that is, the difference between the
action-value of the greedy action and of the action chosen by DPI. A partial analysis of
DPI is developed in (Lazaric et al., 2010) where it is shown that using this loss, we are able
to derive a performance bound with no dependency on the minimum Q-value gap and no
assumption on the probability of states with small Q-value gap. In this paper we provide
a more thorough analysis which further extends those in (Fern et al., 2006) and (Dimitrakakis and Lagoudakis, 2008a) by considering arbitrary policy spaces, and by showing
how the error at each step is propagated through the iterations of the API algorithm. We
also analyze the consistency of DPI when there exists a sequence of policy spaces with
increasing capacity. We first use a counterexample and show that DPI is not consistent
in general, and then prove its consistency for the class of Lipschitz MDPs. We conclude
the paper with a discussion on different theoretical and practical aspects of DPI. Since
its introduction by Lagoudakis and Parr (2003b) and Fern et al. (2004) and its extension
by Lazaric et al. (2010), the idea of classification-based API has been integrated in a variety
of different dynamic programming algorithms (see e.g., Gabillon et al. 2011; Scherrer et al.
2012; Farahmand et al. 2013) and it has been shown to be empirically competitive in a
series of testbeds and challenging applications (see e.g., Farahmand et al. 2013; Gabillon
et al. 2013).
The rest of the paper is organized as follows. In Section 2, we define the basic concepts
and set up the notation used in the paper. Section 3 introduces the general classificationbased approach to policy iteration and details the DPI algorithm. In Section 4, we provide a
finite-sample analysis for the DPI algorithm. The approximation error and the consistency
of the algorithm are discussed in Section 5. While all the main results are derived in case of
two actions, that is, |A| = 2, in Section 6 we show how they can be extended to the general
case of multiple actions. In Section 7, we conclude the paper and discuss the obtained
results.
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2. Preliminaries

Z

X

X

p(dy|x, a)V π (y).
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In this section, we set the notation used throughout the paper. A discounted Markov
decision process (MDP) M is a tuple hX , A, r, p, γi, where the state space X is a bounded
closed subset of a Euclidean space Rd , the set of actions A is finite (|A| < ∞), the reward
function r : X × A → R is uniformly bounded by Rmax , the transition model p(·|x, a) is
a distribution over X , and γ ∈ (0, 1) is a discount factor. Let B V (X ; Vmax ) and B Q (X ×
A; Qmax ) be the space of Borel-measurable value and action-value functions bounded by
max
Vmax and Qmax (Vmax = Qmax = R1−γ
), respectively. We also use B π (X ) to denote the
space of deterministic policies π : X → A. The value function of a policy π, V π , is the
unique fixed-point of the Bellman operator T π : B V (X ; Vmax ) → B V (X ; Vmax ) defined by
Z


(T π V )(x) = r x, π(x) + γ
p dy|x, π(x) V (y).

Qπ (x, a) = r(x, a) + γ

The action-value function Qπ is defined as
4. In Section 4.2 we show that the same concentrability coefficient describes the performance loss of DPI
whenever it converges to a fixed point.

4

Although the classification-based API algorithms have been successfully applied to
benchmark problems (Lagoudakis and Parr, 2003b; Fern et al., 2004) and have been modified to become more computationally efficient (Dimitrakakis and Lagoudakis, 2008b), a full
theoretical understanding of them is still lacking. Fern et al. (2006) and Dimitrakakis and
Lagoudakis (2008a) provide a preliminary theoretical analysis of their algorithm. In particular, they both bound the difference in performance at each iteration between the learned
policy and the true greedy policy. Their analysis is limited to one step policy update (they
do not show how the error in the policy update is propagated through the iterations of the
API algorithm) and either to finite class of policies (in Fern et al., 2006) or to a specific
architecture (a uniform grid in Dimitrakakis and Lagoudakis, 2008a). Moreover, the bound
reported in (Fern et al., 2006) depends inversely on the minimum Q-value gap between a
greedy and a sub-greedy action over the state space. In some classes of MDPs this gap
can be arbitrarily small so that the learned policy can be arbitrarily worse than the greedy
policy. In order to deal with this problem Dimitrakakis and Lagoudakis (2008a) assume the
action-value functions to be smooth and the probability of states with a small Q-value gap
to be small.
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X

X

Z
p(dy|x, a)V ∗ (y).

(1)

X

Z

`πk (x; π)ρ(dx) =

X

Z h

a∈A

i
max Qπk (x, a) − Qπk x, π(x) ρ(dx).

(2)

5
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5. In (1), ties among the actions maximizing Qπ (x, a) are broken in an arbitrary but consistent manner.
6. The expected error Lπk (ρ; π) can be seen as the L1,ρ -norm of the loss function `πk (·; π).

Lπk (ρ; π) =

Given a distribution ρ over X , we define the expected error as the expectation of the loss
function `πk (·; π) according to ρ,6

a∈A

Definition 1 The loss function at iteration k for a policy π is denoted by `πk (·; π) and is
defined as

`πk (x; π) = max Qπk (x, a) − Qπk x, π(x) , ∀x ∈ X .

In this section, we outline the direct policy iteration (DPI) algorithm. DPI shares the
same structure as the algorithms in (Lagoudakis and Parr, 2003b) and (Fern et al., 2004).
Although it can benefit from improvements in 1) selecting states for the rollout set D,
2) the criteria used to add a sample to the training set, and 3) the rollout strategy, as
discussed in (Lagoudakis and Parr, 2003b) and (Dimitrakakis and Lagoudakis, 2008b), here
we consider its basic form in order to ease the analysis.
DPI receives as input a policy space Π and starting from an arbitrary policy π0 ∈ Π,
at each iteration k, it computes a new policy πk+1 from πk , as the best approximation of
Gπk , by solving a cost-sensitive classification problem. More formally, DPI is based on the
following loss function:

3. The DPI Algorithm

In the analysis of this paper, G plays a role similar to the one played by the optimal Bellman
operator, T , in the analysis of the fitted value iteration algorithm (Munos and Szepesvári
2008, Section 5).

a∈A

(Gπ)(x) = arg max Qπ (x, a).

We say that a deterministic policy π ∈ B π (X ) is greedy w.r.t. an action-value function
Q, if π(x) ∈ arg maxa∈A Q(x, a), ∀x ∈ X . Greedy policies are important because any greedy
policy w.r.t. Q∗ is optimal. We define the greedy policy operator G : B π (X ) → B π (X ) as5

Q∗ (x, a) = r(x, a) + γ

and the optimal action-value function Q∗ is defined by

a∈A



Z
p(dy|x, a)V (y) ,
(T V )(x) = max r(x, a) + γ

Similarly, the optimal value function, V ∗ , is the unique fixed-point of the optimal Bellman operator T : B V (X ; Vmax ) → B V (X ; Vmax ) defined as
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(classifier)

t=1

H−1
X


γ t r xt , πk (xt ) ,

(3)

(4)

6
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7. We refer the readers to (Li et al., 2007) for a simple example in which a good approximation (in terms of
the number of mismatch in selecting actions) of the greedy policy has a very poor performance w.r.t. it.

Given the outcome of the rollouts, the empirical loss is defined as follows:

j=1

M
X
b πk (xi , a) = 1
Q
Rjπk (xi , a).
M


where xt ∼ p · |xt−1 , πk (xt−1 ) and x1 ∼ p(·|xi , a). The action-value function estimation is
then obtained by averaging M independent rollouts {Rjπk (xi , a)}1≤j≤M as

Rπk (xi , a) = r(xi , a) +

While in (Lagoudakis and Parr, 2003b) the goal is to minimize the number of misclassifications using a 0/1 loss function, DPI learns a policy trying to minimize the error Lπk .
Similar to other classification-based RL algorithms (Bagnell et al., 2003; Kakade, 2003; Fern
et al., 2004; Langford and Zadrozny, 2005; Li et al., 2007), DPI does not focus on finding a
uniformly accurate approximation of the actions taken by the greedy policy, but rather on
finding actions leading to a similar performance. This is consistent with the final objective
of policy iteration, which is to obtain a policy with similar performance to an optimal policy,
and not necessarily one that takes actions similar to an optimal policy.7
As illustrated in Figure 1, for each state xi ∈ Dk and for each action a ∈ A, an estimate
of the action-value function of the current policy is computed through M independent
rollouts. A H-horizon rollout of a policy πk for a state-action pair (xi , a) is

Figure 1: The Direct Policy Iteration (DPI) algorithm.

t=1


with xt ∼ p · |xt−1 , πk (xt−1 ) and x1 ∼ p(·|xi , a)
end for
b πk (xi , a) = 1 PM Rπk (xi , a)
Q
j=1 j
M
end for
b
ρ; π)
πk+1 = arg minπ∈Π Lπk (b
end for

Input: policy space Π ⊆ B π (X ), state distribution ρ, number of rollout states
N , number of rollouts per state-action pair M , rollout horizon H
Initialize: Let π0 ∈ Π be an arbitrary policy
for k = 0, 1, 2, . . . do
iid
Construct the rollout set Dk = {xi }N
i=1 , xi ∼ ρ
for all states xi ∈ Dk and actions a ∈ A do
for j = 1 to M do
Perform a rollout according to policy πk and return
H−1
X

Rjπk (xi , a) = r(xi , a) +
γ t r xt , πk (xt ) ,
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Definition 2 For any x ∈ Dk , the empirical loss function at iteration k for a policy π is
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a∈A


b̀π (x; π) = max Q
b πk (x, a) − Q
b πk x, π(x) ,
k

π∈Π

i=1

2
MN

∞
X

t=1

H−1
X

t=H

γ t r xt , πk (xt )


γ t r xt , πk (xt )


h log eMhN + log 8δ .

j=1

i=1



.

≤ γ H Qmax .


N
M
N
1 X 1 X πk
1 X πk
Rj (xi , π(xi )) −
QH (xi , π(xi )) >  ≤ δ ,
N
M
N

q

8

(5)
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9. More precisely, the conditioning is w.r.t. all the rollout sets D0 , D1 , . . . , Dk−1 , which define all the policies
returned at iterations 0 to k − 1, including πk .

with  = 8(1 − γ H )Qmax

PDk  sup

Lemma 4 Let Π be a policy space with finite VC-dimension h = V C(Π) < ∞ and x1 , . . . , xN
be an arbitrary sequence of states. In each state we simulate M independent truncated rollouts, then


In the proof of the main theorem we also need to bound the difference between the action
values (of the N states in the rollout set Dk and all the actions in the action space A)
estimated with M rollouts and their true values. We thus report the following lemma to
bound this source of error.

πk
(x, a)| = E
|Qπk (x, a) − QH

πk
It is easy to see that the H-horizon rollout estimates are stochastic estimations of QH
(x, a)
which in turn satisfy
#
"

πk
(x, a) = E r(x, a) +
QH

The second source of error in the algorithm of Figure 1 is due to the use of finite horizon
rollout estimates of the action-value function on the states in the rollout set. We define the
true action-value for a state-action pair (x, a) with a finite horizon H as
"
#

Proof See Appendix A.

iterations9 and  = 16Qmax

where PDk [·] is the probability w.r.t. the random rollout set Dk conditioned on all the previous
q

2
eN
8
N h log h + log δ .

π∈Π



ρ; π) − Lπk (ρ; π) >  ≤ δ ,
PDk sup Lπk (b

Lemma 3 Let Π be a policy space with finite VC-dimension h = V C(Π) < ∞ and N > 0
be the number of states in the rollout set Dk , drawn i.i.d. from the state distribution ρ at
iteration k, then

The proofs of the lemmas rely on tools from concentration inequalities of empirical processes
and statistical learning theory (notably VC-bounds), and they are reported in Appendix A.
Lemma 3 shows that the difference between the approximation obtained by averaging over
the samples in the rollout set and the true expectation can be controlled and reduces to
zero as the number of states in the rollout set N grows.

b πk (x, a) is a H-horizon rollout estimation of the action-value of πk in (x, a) as
where Q
defined by Equations 3 and 4. Similar to Definition 1, the empirical error is defined as the
average over states in Dk of the empirical loss,8

i=1

N
i
1 Xh
b πk (xi , a) − Q
b πk xi , π(xi ) ,
ρ; π) =
Lbπk (b
max Q
a∈A
N

where ρb is the empirical distribution induced by the samples in

Dk .

Finally, DPI makes use of a classifier which returns a policy that minimizes the empirical error Lbπk (b
ρ; π) over the policy space Π (see Section 6.2 for further details on the
implementation of such a classifier). Note that this gap-weighted loss function has been
previously used in other algorithms such as PSDP (Bagnell et al., 2003) and CPI (Kakade,
2003). Furthermore, while here we use a loss perspective, the minimization of the empirical
loss Lbπk (b
ρ; π) is equivalent to the maximization of the average Q-value and the theoretical
development in the next sections would apply mostly unchanged.

4. Finite-sample Analysis of DPI
In this section, we first provide a finite-sample analysis of the error incurred at each iteration
of DPI in Theorem 5, and then show how this error is propagated through the iterations
of the algorithm in Theorem 7. In the analysis, we explicitly assume that the action space
contains only two actions, that is, A = {a1 , a2 } and |A| = 2. We will discuss this assumption
and other theoretical and practical aspects of DPI in Section 6.
4.1 Error Bound at Each Iteration
Here we study the error incurred at each iteration k of the DPI algorithm. In particular, we
compare the quality of the policy πk+1 obtained by minimizing the empirical loss Lbπk (b
ρ; ·) to
the policy that better approximate the greedy policy Gπk among the policies in Π (i.e., the
policy minimizing the expected loss Lπk (ρ; ·)). Comparing the definition of the expected and
empirical errors, we notice that there are three sources of error in the algorithm of Figure 1.
The first one depends on the use of a finite number of samples, i.e., N states in the rollout
set, to approximate the expectation w.r.t. the distribution ρ. The second one is due to
using rollouts with finite horizon H to approximate the action-value function Qπk of the
current policy πk . Finally, the third one depends on the use of M rollouts to approximate
the action-value function of the current policy for any of the N states in the rollout set
Dk and any action in the action space A. Before stating our main result, i.e., Theorem 5,
we prove bounds for the first and third sources of errors in Lemmas 3 and 4, and have a
discussion on the effect of finite horizon rollouts to approximate the action-value function.
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8. Alternatively, the empirical error Lbπk (b
ρ; π) can be seen as the L1,bρ -norm of the empirical loss b̀πk (·; π).

7

(6)

i=1

1
N

1
N

(d)

i=1

i=1
N h
X

i

+ 1 + 2 + γ H Qmax
i
b πk xi , π + (xi ) + 1 + 2 + γ H Qmax
Qπk (xi , a+ ) − Q

b πk xi , πk+1 (xi )
Qπk (xi , a+ ) − Q

1
N

i=1

Qπk (xi , a+ ) − Qπk xi , π + (xi )

i=1
N h
X

9
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w.p. 1 − 4δ 0

w.p. 1 − 3δ 0
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+ 1 + 2(2 + γ H Qmax )

w.p. 1 − 3δ 0

w.p. 1 − 2δ 0

w.p. 1 − δ 0

w.p. 1 − δ 0

10. To simplify the notation, we remove the dependency of a+ on states and use a+ instead of a+ (x) in the
following.

i

10

The statement of the theorem is obtained by setting δ 0 = δ/4.

π ∈Π

= inf
Lπk (ρ; π 0 ) + 2(1 + 2 + γ H Qmax ).
0

≤ Lπk (ρ; π + ) + 2(1 + 2 + γ H Qmax )

(g)

= Lπk (b
ρ; π + ) + 1 + 2(2 + γ H Qmax )

≤

(f)

(e)

N
i
1 X h πk
≤
Q (xi , a+ ) − QπHk xi , π + (xi ) + 1 + 22 + γ H Qmax
N

≤

≤

(c)

i=1
N h
X

N
i
1 X h πk
Q (xi , a+ ) − QπHk xi , πk+1 (xi ) + 1 + γ H Qmax
≤
N

(b)

Lπk (ρ; πk+1 ) ≤ Lπk (b
ρ; πk+1 ) + 1
N
h
i
1 X πk
=
Q (xi , a+ ) − Qπk xi , πk+1 (xi ) + 1
N

(a)

Proof [Theorem 5] Let a+ (x) = arg maxa∈A Qπk (x, a) be the greedy action in state x.10
We prove the following series of inequalities:

Remark (comparison with other classification-based methods). The performance
of classification-based methods have been analyzed before by Fern et al. (2006) and Dimitrakakis and Lagoudakis (2008a). As discussed in the Introduction, the bound reported in
Theorem 5 for DPI improves existing results over multiple dimensions. Using a regret-based
loss function allows DPI to remove the inverse dependency on the smallest gap appearing
in the analysis by Fern et al. (2006). Furthermore, this also allows us to drop the Lipschitz
and the separability assumptions employed by Dimitrakakis and Lagoudakis (2008a) and
extend the result to any sampling strategy ρ. In this sense, Theorem 5 provides a stronger
and more general guarantee on the performance of DPI, where the only constraint is relative
to using a policy space with finite VC-dimension, conditioned enjoyed by many standard
classifiers (e.g., linear separators, neural networks).

a large number of states, while the rollouts may have a fairly short horizon. Nonetheless,
it is clear from the value of H that the discount factor is critical, and when it approaches
1 the horizon increases correspondingly.
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Remark (choice of the parameters). In Remark 1, we considered the tradeoff between
the number of states, N , and the number of rollouts at each state-action pair, M , when a
finite budget (number of rollouts per iteration) is given. It is also interesting to analyze the
tradeoff with the rollout horizon, H, when the number of interactions with the generative
model is fixed to a maximum value S = N × M × H. The term γ H decreases exponentially
with a rate depending on γ, thus, it easy to see that by setting M = 1, a rough optimization
log S
of the bound in Theorem 5 leads to H = O( log
1/γ ) and N = O(S/H). Similar to the tradeoff
between M and N , this suggests that most of the resources should be allocated so as to have

Remark (dependency on M and N ). The bound in Equation 6 can be decomposed
into an approximation error (inf π∈Π Lπk (ρ; π)) and an estimation error consisting of three
terms 1 , 2 , and γ H Qmax . This is similar to generalization bounds in classification, where
the approximation error is the distance between the target function (here the greedy policy
w.r.t. πk ) and the function space Π. The first estimation term, 1 , grows with the capacity
of Π, measured by its VC-dimension h, and decreases with the number of sampled states
N . Thus in order to avoid overfitting, we should have N  h. The second estimation term,
2 , comes from the error in the estimation of the action-values
due to the√finite number of
√
rollouts M . It is important to note the nice rate of 1/ M N instead of 1/ M . This is due
to the fact that we do not need a uniformly good estimation of the action-value function at
all sampled states, but only an averaged estimation of those values at the sampled points.
An important consequence of this is that the algorithm works perfectly well if we consider
only M = 1 rollout per state-action. Therefore, given a fixed budget (number of rollouts
per iteration) and a fixed rollout horizon H, the best allocation of M and N would be to
choose M = 1 and sample as many states as possible, thus, reducing the risk of overfitting.
The third estimation term, γ H Qmax , is due to the fact that we consider a finite horizon H
for the rollouts. This term decreases exponentially fast as the rollout horizon H grows.

with probability 1 − δ, where
s 
s



2
eN
2
eM N
32
32
H
1 = 16Qmax
h log
, 2 = 8(1−γ )Qmax
h log
.
+ log
+ log
N
h
δ
MN
h
δ

π∈Π

Lπk (ρ; πk+1 ) ≤ inf Lπk (ρ; π) + 2(1 + 2 + γ H Qmax ),

Theorem 5 Let Π be a policy space with finite VC-dimension h = V C(Π) < ∞ and ρ
be a distribution over the state space X . Let N be the number of states in Dk drawn
i.i.d. from ρ at each iteration, H be the horizon of the rollouts, and M be the number
of rollouts per state-action pair used in the estimation of the action-value functions. Let
ρ; π) be the policy computed at the k-th iteration of DPI. Then, for
πk+1 = arg minπ∈Π Lbπk (b
any δ > 0, we have

We are now ready to prove the main result of this section. We show a high probability
bound on Lπk (ρ; πk+1 ), the expected error at any iteration k of the DPI algorithm.

Proof See Appendix A.
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(7)
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i=1

≤ γP ∗ (V ∗ − V πk ) + `πk (πk+1 ) + γP πk+1 (V πk − V πk+1 ) ,

12

(γP ∗ )K−k−1 Ek `πk (πk+1 ) .

K−1
X

k=0

(8)

JMLR 17(19):1-30

12. Given two distributions P and Q on X and a real constant c > 0, P ≤ cQ is equivalent to the condition
∀B ⊆ X , P (B) ≤ cQ(B).

Assumption 2 For any x ∈ X and any a ∈ A, there exist a constant Cρ < ∞ such that
p(·|x, a) ≤ Cρ ρ(·).

Assumption 1 For any policy π ∈ B π (X ) and any non-negative integers s and t, there
∗ )s (P π )t ≤ C
12 We assume that the
exists a constant Cµ,ρ (s, t) < ∞ such that
µ,ρ (s, t)ρ.
P∞µ(P
P∞
s+t C
cumulative coefficient Cµ,ρ = (1 − γ)2 s=0
µ,ρ (s, t) is bounded, i.e., Cµ,ρ < ∞.
t=0 γ

Equation 8 shows how the error at each iteration k of DPI, `πk (πk+1 ), is propagated through
the iterations and appears in the final error of the algorithm: V ∗ − V πK . In particular,
the previous equation reveals the final performance loss in a state x is influenced by all
the iterations where the losses in different states are combined and weighted according
to the distribution obtained as the combination of the P ∗ and Ek operators. Since we
are interested in bounding the final error in µ-norm, which might be different from the
sampling distribution ρ, we need to state some assumptions. WeR first introduce the leftlinear operator of the kernel P π as ·P π such that (µP π )(dy) = P π (dy|x)µ(dx) for any
distribution µ over X . In words, µP π correspond to the distribution over states obtained
by starting from a random state drawn from µ and then taking the action suggested by π.

V ∗ − V πK ≤ (γP ∗ )K (V ∗ − V π0 ) +

Finally, by defining the operator Ek = (I − γP πk+1 )−1 , which is well defined since P πk+1
is a stochastic kernel and γ < 1, and by induction, we obtain

= γP ∗ (V ∗ − V πk ) + (I − γP πk+1 )−1 `πk (πk+1 ) .

where P ∗ = P π . Using Equation 7 this yields to


V ∗ − V πk+1 ≤ γP ∗ (V ∗ − V πk ) + γP πk+1 (I − γP πk+1 )−1 + I `πk (πk+1 )

∗

V ∗ − V πk+1 = T π V ∗ − T V πk + T V πk − T πk+1 V πk + T πk+1 V πk − T πk+1 V πk+1

∗

which gives us V πk − V πk+1 ≤ (I − γP πk+1 )−1 `πk (πk+1 ). Since T V πk ≥ T π V πk , we also
have

≤ `πk (πk+1 ) + γP πk+1 (V πk − V πk+1 ) ,

V πk − V πk+1 = T πk V πk − T πk+1 V πk + T πk+1 V πk − T πk+1 V πk+1

In order to simplify the notation, we introduce P π as the transition kernel for policy π,

π
i.e., P π (dy|x) = p dy|x, π(x) . We
R define the right-linear operator, P ·, which maps any
V ∈ B V (X ; Vmax ) to (P π V )(x) = V (y)P π (dy|x), i.e., the expected value of V w.r.t. the
next states achieved by following policy π in state x.
From the definitions of `πk , T π , and T , we have `πk (πk+1 ) = T V πk − T πk+1 V πk . We
deduce the following pointwise inequalities:

i=1

a∈A


max Qπk (x, a) − Qπk x, π 0 (x) ρ(dx).

∗

(a) It is an immediate application of Lemma 3, bounding the difference between Lπk (ρ; π)
ρ; π) for any policy π ∈ Π.
and Lπk (b
(b) We use the inequality in Equation 5.
b πk
(c) Here we introduce the estimated action-value function Q
by
bounding
"
#
N
N


1 X b πk
1 X πk
Q xi , π(xi ) −
QH xi , π(xi ) ,
N
N
sup

π∈Π

i=1

i.e., the maximum over all the policies in the policy space11 of the difference between the
true action-value function with horizon H and its rollout estimates averaged over the states
N . We bound this term using the result of Lemma 4.
in the rollout set Dk = {xi }i=1
(d) From the definition of πk+1 in the DPI algorithm (see Figure 1), we have

πk+1
π∈Π

N

1 X b πk
= arg min Lbπk (b
ρ; π) = arg max
Q xi , π(xi ) ,
N

π∈Π

X

Z 


PN b π
Q k xi , πk+1 (xi ) can be maximized by replacing πk+1 with any other policy,
thus, − N1 i=1
particularly with
π + = arg inf
π 0 ∈Π

(e)-(f )-(g) The final result follows by the same arguments in steps (a), (b), and (c) but in
reversed order.

4.2 Error Propagation
In this section, we first show how the expected error is propagated through the iterations
of DPI. We then analyze the error between the value function of the policy obtained by
DPI after K iterations and the optimal value function. Unlike the per-iteration analysis,
in the propagation we consider the general case where the error is evaluated according to a
testing distribution µ which may differ from the sampling distribution ρ used to construct
the rollout sets Dk over iterations.
Before stating the main result, we define the inherent greedy error of a policy space Π.
Definition 6 We define the inherent greedy error of a policy space Π ⊆ B π (X ) as
π∈Π π ∈Π

d(Π, GΠ) = sup inf
Lπ (ρ; π 0 ).
0
The inherent greedy error is the worst expected error that a error-minimizing policy
π 0 ∈ Π can incur in approximating the greedy policy Gπ, for any policy π ∈ Π. This
measures how well Π is able to approximate policies that are greedy w.r.t. any policy in Π.

JMLR 17(19):1-30

11. The supremum over all the policies in the policy space Π is due to the fact that πk+1 is a random object,
whose randomness comes from all the randomly generated samples at the k-th iteration (i.e., the states
in the rollout set and all the generated rollouts).

11

2
N



eN
32K
+ log
h log
h
δ

and 2 = 8(1−γ )Qmax

H

s
2
MN



eM N
32K
+ log
h log
.
h
δ

13

13. Note that the range of the Q-values Qmax contains an additional factor 1/(1 − γ).
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Remark (comparison with other value-function-based API). Although a direct
and detailed comparison between classification-based and value-function-based approaches
to API is not straightforward, it is interesting to discuss their similarities and differences.
For value-function-based API, we refer to, e.g., LSPI (Lagoudakis and Parr, 2003a) and
in particular the theoretical analysis developed by Lazaric et al. (2012) (see Theorem 8
therein). Although here we analyzed DPI for a generic policy space Π and the performance is
evaluated in L1 -norm, while LSPI explicitly relies on linear spaces and the norm is L2 , highlevel similarities and differences can be remarked in the performance of the two methods.
The structure of the bounds is similar for both methods and notably the dependency on

which amounts to a total of N ()K() samples across iterations. In this case, the final
bound is ||V ∗ − V πK ||1,µ ≤ Cµ,ρ (d(Π, GΠ) + ). As discussed in the Introduction and
analyzed in details by Ghavamzadeh and Lazaric (2012), this result is competitive with other
approximate policy iteration (API) schemes such as conservative policy iteration (CPI).

Remark (sample complexity). From the previous bound on the performance loss
of DPI after K iterations, we can deduce the full sample complexity of the algorithm.
Let  be the desired performance loss when stopping the algorithm, from the remarks
of Theorem 5 and the previous bound, we see that a logarithmic number of iterations
K() = O(log(1/)/(1 − γ)) is enough to reduce the last term to O(). On the other hand,
for the leading term, if we ignore the inherent greedy error, which is a constant bias term
and set M = 1, the number of samples required per iteration is13


hQ2
N () = O 2 max 4 ,
 (1 − γ)

1 = 16Qmax

s

with probability 1 − δ, where

||V ∗ − V πK ||∞



i 2γ K R
Cµ,ρ h
max
d(Π, GΠ) + 2(1 + 2 + γ H Qmax ) +
, (under Asm. 1)
2
(1 − γ)
1−γ
h
i
K
Cρ
2γ Rmax
d(Π, GΠ) + 2(1 + 2 + γ H Qmax ) +
≤
, (under Asm. 2)
(1 − γ)2
1−γ

||V ∗ − V πK ||1,µ ≤

∗

V ∗ − T π V π̄ + T V π̄ − V π̄

∗

14
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14. Consider a simple pole balancing problem. In this case, given the desired target distribution µ, it is
relatively easy to guess that the optimal policy will mostly visit states close to the equilibrium and
define the sampling distribution ρ accordingly.

||V ∗ − V π̄ ||1,µ ≤

∗ h
i
Cµ,ρ
0
H
inf
L
(ρ;
π
)
+
2(
+

+
γ
Q
)
,
π̄
1
2
max
1 − γ π0 ∈Π
P∞
∗ is such that µ
∗ t
∗
where the concentrability coefficient Cµ,ρ
t=0 (γP ) ≤ Cµ,ρ ρ. Unlike the
∗
coefficients introduced in Assumption 1, Cµ,ρ only involves the optimal policy and notably
the discounted stationary distribution of π ∗ . This term coincides with the coefficient appearing in the performance of CPI and it can be made small by appropriately choosing
the sampling distribution ρ when prior knowledge about the states visited by the optimal
policy is available.14 Furthermore, in case of convergence, the dependency on the discount

Finally, integrating on both sides w.r.t. the measure µ we have

V ∗ − V π̄ ≤ (I − γP ∗ )−1 `π̄ (π̄).

Using the definition of `π̄ (π̄) we obtain the following component-wise performance loss

= γP ∗ (V ∗ − T π V π̄ ) + T V π̄ − T π̄ V π̄ .

≤T

π∗

V ∗ − V π̄ = T π V ∗ − T V π̄ + T V π̄ − V π̄

∗

Remark (convergence). Similar to other API algorithms, Theorem 7 states that DPI
may oscillate over different policies whose performance loss in bounded. Nonetheless, depending on the policy space Π and the MDP at hand, in practice DPI sometimes converges
to a fixed policy π̄. Let D : B π (X ) → B π (X ) be the policy operator corresponding to
the approximation performed by DPI at each iteration (i.e., constructing rollouts from a
given policy and solving the classification problem), then DPI can be written compactly as
πk+1 = DGπk . If DPI converges to π̄, then the joint operator DG admits π̄ as a fixed point,
i.e., π̄ = DG π̄ and the per-iteration error `πk (πk+1 ), which is propagated in the analysis
of Theorem 7, converges to `π̄ (π̄). In this case, the performance loss of π̄ can be directly
studied as a function of the error Lπ̄ (ρ, π̄) as (see Munos, 2007, Section 5.2 for a similar
argument for approximate value iteration)

the number of samples N , number of iterations K, and discount factor γ is the same. The
major difference lays in the concentrability coefficients and in the shape of the approximation
error. While assumption on the coefficients Cµ,ρ (s, t) for DPI is less tight since it requires
to bound the distribution µ(P ∗ )s (P π )t instead of the distribution µP π1 . . . P πm obtained for
any possible sequence of policies, the final coefficients Cµ,ρ are more involved and difficult to
compare. On the other hand, it is interesting to notice that the approximation errors share
the same structure. In fact, they both consider the worst approximation error w.r.t. all the
possible approximation problems that could be faced across iterations. While this reveals
the importance of the choice of an appropriate approximation space in both cases, it also
supports the claim that a classification-based method may be preferable whenever it is
easier to design a set of “good” policies rather than a set of “good” value functions.

Note that concentrability coefficients similar to Cµ,ρ and Cρ were previously used in
the Lp -analysis of fitted value iteration (Munos, 2007; Munos and Szepesvári, 2008) and
approximate policy iteration (Antos et al., 2008). See also Farahmand et al. (2010) for a
more refined analysis. We now state our main result.

Theorem 7 Let Π be a policy space with finite VC-dimension h and πK be the policy
generated by DPI after K iterations. Let M be the number of rollouts per state-action and
N be the number of samples drawn i.i.d. from a distribution ρ over X at each iteration of
DPI. Then, for any δ > 0, we have
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factor reduces by a factor of 1/(1 − γ) and the approximation error appearing in the final
bound no longer depends on the inherent greedy error. It only depends on the loss of the
policy that better approximates G π̄ in Π.


µ(P ∗ )K−k−1 (P π

k+1


)t (dx)|`πk (dx; πk+1 )| .

integrating both sides w.r.t. µ, and

(γP ∗ )K−k−1 (I − γP πk+1 )−1 |`πk (πk+1 )| .

K−1
X
k=0

Proof [Theorem 7] We have Cµ,ρ ≤ Cρ for any µ. Thus, if the L1 -bound holds for any µ,
choosing µ to be a Dirac at each state implies that the L∞ -bound holds as well. Hence, we
only need to prove the L1 -bound. By taking the absolute value point-wise in Equation 8
we obtain

t=0 (γP

X

Z

2
1−γ Rmax 1, and by
πk+1 )t we have

|V ∗ − V πK | ≤ (γP ∗ )K |V ∗ − V π0 | +

)−1 =

From the fact that |V ∗ − V π0 | ≤
P∞
k+1

K−1 ∞

k=0 t=0

XX
2γ K
Rmax +
γ K−k−1 γ t
1−γ

expanding (I − γP π
||V ∗ −V πK ||1,µ ≤

k=0 t=0

K−1
∞
XX
2γ K
Rmax +
γ K−k−1 γ t Cµ,ρ (K − k − 1, t)Lπk (ρ; πk+1 ) .
1−γ

The integral in the second term corresponds to the expected loss w.r.t. to the distribution
over states obtained by starting from µ and then applying K − k − 1 steps of the optimal
policy and t steps of policy π k+1 . This term does not correspond to what is actually
minimized by DPI at each iteration, and thus, we need to apply Assumption 1 and obtain
||V ∗ − V πK ||1,µ ≤

Cµ,ρ
2γ K
Rmax +
max Lπ (ρ; πk+1 ) .
1−γ
(1 − γ)2 0≤k≤K k

From the definition of Cµ,ρ we obtain
||V ∗ − V πK ||1,µ ≤

The claim follows from bounding Lπk (ρ; πk+1 ) using Theorem 5 with a union bound argument over the K iterations and from the definition of the inherent greedy error.

5. Approximation Error
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In Section 4.2, we analyzed how the expected error at each iteration k of DPI, Lπk (ρ; πk+1 ),
propagates through iterations. The final approximation error term in Theorem 7 is the
inherent greedy error of Definition 6, d(Π, GΠ), which depends on the MDP and the richness
of the policy space Π. The main question in this section is whether this approximation
error can be made small by increasing the capacity of the policy space Π. The answer is not
obvious because when the policy space Π grows, on the one hand we can expect it to better
approximate any greedy policy w.r.t. a policy in Π, but on the other hand the number of
such greedy policies itself grows as well. We start our analysis of this approximation error
by introducing the notion of universal family of policy spaces.
15
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n→∞

Definition 8 A sequence of policy spaces {Πn } is a universal family of policy spaces, if
there exists a sequence of real numbers {βn } with lim βn = 0, such that for any n > 0,

Sn
Πn is induced by a partition Pn = {Xi }i=1
over the state space X (i.e., for each Sn -tuple
(b1 , . . . , bSn ) with bi ∈ {0, 1}, there exists a policy π ∈ Πn such that π(x) = bi for all x ∈ Xi
and for all i ∈ {1, . . . , Sn }) in such a way that

max max ||x − y|| ≤ βn .

1≤i≤Sn x,y∈Xi

This definition requires that for any n > 0, Πn is the space of policies induced by a
partition Pn and the diameters of the elements Xi of this partition shrink to zero as n goes
to infinity. The main property of such a sequence of spaces is that any fixed policy π can
be approximated arbitrary well by policies of Πn when n → ∞. Although other definitions
of universality could be used, Definition 8 seems natural and it is satisfied by widely-used
classifiers such as k-nearest neighbor, uniform grid, and histogram.
In the next section, we first show that the universality of a policy space (Definition 8)
does not guarantee that d(Πn , GΠn ) converges to zero in a general MDP. In particular,
we present an MDP in which d(Πn , GΠn ) is constant (does not depend on n) even when
{Πn } is a universal family of classifiers. We then prove that in Lipschitz MDPs, d(Πn , GΠn )
converges to zero for a universal family of policy spaces.
5.1 Counterexample

(
min(xt + 0.5, 1) if a = 1,
=
xt
otherwise,


0

r(x, a) = R1


R0

if x = 1,
else if a = 1,
otherwise,

(9)

In this section, we illustrate a simple example in which d(Πn , GΠn ) does not go to zero,
even when {Πn } is a universal family of classifiers. We consider an MDP with state space
X = [0, 1], action space A = {0, 1}, and the following transitions and rewards

xt+1

where (1 − γ 2 )R1 < R0 < R1 .

n
X

π∈Πn π ∈Πn i=1

d(Πn , GΠn ) = sup 0inf

Lπ(i) (ρ; π 0 ) ,

We consider the policy space Πn of piecewise constant policies obtained by uniformly
partitioning the state space X into n intervals. This family of policy spaces is universal. The
inherent greedy error of Πn , d(Πn , GΠn ), can be decomposed into the sum of the expected
errors at each interval

(i)
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where Lπ (ρ; π 0 ) is the same as Lπ (ρ; π 0 ), but with the integral limited to the i-th interval
instead of the entire state space X . In the following we show that for the MDP and the
universal class of policies considered here, d(Πn , GΠn ) does not converge to zero as n grows.
Let n be odd and π ∈ Πn be one in odd and zero in even intervals (see Figure 2). For
any x > 0.5, the agent either stays in the same state forever by taking action 0, or goes

16

1
n

2
n

3
n

0.5

1−

1
n

1

Z

X

≤ (Lr + γLp Qmax )||x − x0 ||.

= r(x, a) + γ

17
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Z
p(dy|x, a)Qπ (y, π(y)) − r(x0 , a) − γ
p(dy|x0 , a)Qπ (y, π(y))
X Z
X
≤ Lr ||x − x0 || + γ
p(dy|x, a) − p(dy|x0 , a) Q(y, π(y))

(T π Q)(x, a)−(T π Q)(x0 , a)

An important property of Lipschitz MDPs is that for any function Q ∈ B Q (X ×A; Qmax ),
the function obtained by applying the Bellman operator T π to Q(·, a), (T π Q)(·, a), is Lipschitz with constant L = (Lr + γQmax Lp ), for any action a ∈ A. In fact, for any policy π,
any action a ∈ A and any pair x, x0 ∈ X we have

with Lr and Lp being the Lipschitz constants of the transitions and reward, respectively.

|p(B|x, a) − p(B|x0 , a)| ≤ Lp kx − x0 k,

|r(x, a) − r(x0 , a)| ≤ Lr kx − x0 k,

Definition 9 A MDP is Lipschitz if both its transition probability and reward functions are
Lipschitz, i.e., ∀(B, x, x0 , a) ∈ B(X ) × X × X × A

In this section, we prove that for Lipschitz MDPs, d(Πn , GΠn ) goes to zero when {Πn } is a
universal family of classifiers. We start by defining a Lipschitz MDP.

5.2 Lipschitz MDPs


where C = min (1 − γ)(R1 − R0 ), R0 − (1 − γ 2 )R1 . This means that for any odd n, it is
always possible to find a policy π ∈ Πn such that inf π0 ∈Πn Lπ (ρ; π 0 ) is lower bounded by a
constant independent of n, and thus, limn→∞ d(Πn , GΠn ) 6= 0.

i=1

out of bound in one step by taking action 1. Thus, given the assumption of Equation 9,
it can be shown that for any x belonging to the intervals i ≥ n+1
2 (the interval containing
0.5 and above), (Gπ)(x) = 0. This means that there exists a policy π 0 ∈ Πn such that
(i)
Lπ (ρ; π 0 ) = 0 for all the intervals i ≥ n+1
2 . However, Gπ does not remain constant in the
intervals i ≤ n−1
,
and
changes
its
value
in
the middle of the interval. Using Equation 9, we
2
can show that
n

X
1 n − 1
C
1 
0
inf
L(i)
≥
1+
,
π (ρ; π ) = C 1 +
0
π ∈Πn
1 − γ 8n
16
1−γ

Figure 2: The policy used in the counterexample. It is one in odd and zero in even intervals.
Note that the number of intervals, n, is assumed to be odd.

0

n−1 n+1
2n
2n
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min

≤ 2Lβn

(f)

min

i=1

Xi

ρ(dx) = 2Lβn .

Xi

inf

y:∆π (y)=0

I {(Gπ)(x) 6= a} βn ρ(dx)

I {(Gπ)(x) 6= a} 2L

kx − yk ρ(dx)


I (Gπ)(x) 6= π 0 (x) ∆π (x)ρ(dx)
I {(Gπ)(x) 6= a} ∆π (x)ρ(dx)

Z

Xi

Z

Xi

π∈Πn i=1 a∈A
Sn Z
X

≤ 2L sup

min

π∈Πn i=1 a∈A
Sn
X
(e)

≤ sup

π∈Πn i=1 a∈A
Sn
X
(d)

= sup

(c)

X

Sn Z
X


I (Gπ)(x) 6= π 0 (x) ∆π (x)ρ(dx)

`π (x; π 0 )ρ(dx)

π∈Πn π ∈Πn i=1 Xi
Z
Sn
X

= sup 0inf

(b)

X

Z

Z

π∈Πn π ∈Πn

= sup 0inf

(a)

π∈Πn π ∈Πn

d(Πn , GΠn ) = sup 0inf

18
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(a) We rewrite Definition 6, where ∆π (x) = maxa∈A Qπ (x, a) − mina0 ∈A (x, a0 ) is the regret
of choosing the wrong action in state x.
(b) Since Πn contains piecewise constants policies induced by the partition Pn = {Xi }, we
split the integral as the sum over the regions.
(c) Since the policies in Πn can take any action in each possible region, the policy π 0
minimizing the loss is the one which takes the best action in each region.
(d) Since M is Lipschitz, both maxa∈A Qπ (·, a) and mina0 ∈A Qπ (·, a0 ) are Lipschitz, and
thus, ∆π (·) is 2L-Lipschitz. Furthermore, ∆π is zero in all the states in which the policy
Gπ changes (see Figure 3). Thus, for any state x the value ∆π (x) can be bounded using
the Lipschitz property by taking y as the closest state to x in which ∆π (y) = 0.
(e) If Gπ is constant in a region Xi , the integral can be made zero by setting a to the greedy
action (thus making I {(Gπ)(x) 6= a} = 0 for any x ∈ Xi ). Otherwise, if Gπ changes in a
state y ∈ Xi , then ∆π (y) = 0 and we can replace ||x−y|| by the diameter of the region which
is bounded by βn according to the definition of the universal family of spaces (Definition 8).
(f ) We simply take I {(Gπ)(x) 6= a} = 1 in each region.
The claim follows using the definition of the universal family of policy spaces.

Proof

Theorem 10 Let M be a Lipschitz MDP with |A| = 2 and {Πn } be a universal family of
policy spaces (Definition 8). Then limn→∞ d(Πn , GΠn ) = 0.

As a result, the function Qπ (·, a), which is the unique fixed point of the Bellman operator
T π , is Lipschitz with constant L, for any policy π ∈ B π (X ) and any action a ∈ A.
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0

Figure 3: This figure is used as an illustrative example in the proof of Theorem 10. It
shows the action-value function of a Lipschitz MDP for a policy π, Qπ (·, a1 ) and
Qπ (·, a2 ) (top), the corresponding greedy policy Gπ (middle), and the regret of
selecting the wrong action, ∆π , (bottom).

Theorem 10 together with the counter-example in Section 5.1 show that the assumption
on the policy space is not enough to guarantee a small approximation error and additional
assumptions on the smoothness of the MDP (e.g., Lipschitz condition) must be satisfied.
5.3 Consistency of DPI
A highly desirable property of any learning algorithm is consistency, i.e., as the number of
samples grows to infinity, the error of the algorithm converges to zero. It can be seen that as
the number of samples N and the rollout horizon H grow in Theorem 5, 1 and 2 become
arbitrarily small, and thus, the expected error at each iteration, Lπk (ρ; πk+1 ), is bounded
by the inherent greedy error d(Πn , GΠn ). We can conclude from the results of this section
that DPI is not consistent in general, but it is consistent for the class of Lipschitz MDPs,
when a universal family of policy spaces is used and n tends to infinite and d(Πn , GΠn ) can
be reduced to zero. However, it is important to note that as we increase the index n to
reduce the inherent greedy error, the capacity of the policy space Π (its VC-dimension h is
indeed a function of n) grows as well, and thus, the error terms 1 and 2 may no longer
decrease to zero. As a result, to guarantee consistency, we need to link the growth of the
policy space Π to the number of samples N , so that as N goes to infinity, the capacity of Π
grows at a lower rate and the estimation errors still vanish. More formally, for any number
of samples N , we choose an index n so that the corresponding space Π has a VC-dimension
h(N ) such that
= 0. We deduce the following result.
limN →∞ h(N )/N
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Corollary 11 Let M be a Lipschitz MDP with |A| = 2, {Πn } be a universal family of
policy spaces (Definition 8). We define a mapping from the number of samples N to the
)
index n, so that the VC-dimension h(N ) is such that limN →∞ h(N
N = 0. Then under either
19
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V πK = V ∗ ,

Assumption 1 or 2, DPI is consistent:
lim

N, H, K → ∞
δ→0

Notice that the result in the previous corollary is possible because the Assumption 1
already covers any policy π in B π (X ) and is not limited to the policies in Πn .

6. Extension to Multiple Actions

The analysis of Sections 4 and 5 are for the case that the action space contains only two
actions. In Section 6.1 we extend the previous theoretical analysis to the general case of
an action space with |A| > 2. While the theoretical analysis is completely independent
from the specific algorithm used to solve the empirical error minimization problem (see
DPI algorithm of Figure 1), in Section 6.2 we discuss which algorithms could be employed
to solve this problem in the case of multiple actions.
6.1 Theoretical Analysis

From the theoretical point of view, the extension of the previous results to multiple actions
is straightforward. The definitions of loss and error functions do not change and we just
need to use an alternative complexity measure for multi-class classification. We rely on the
following definitions from (Ben-David et al., 1995).

if a = k,
if a = l,
otherwise,


ψk,l : A →


Definition 12 Let Π ⊆ B π (X ) be a set of deterministic policies and Ψ = ψ : A →
{0, 1, ∗} be a set of mappings from the action space to the set {0, 1, ∗}. A finite set of
N
N states XN = {xi }i=1
⊆ X is Ψ-shattered by Π if there exists a vector of mappings
>
ψ N = ψ (1) , . . . , ψ (N )
∈ ΨN such that for any vector v ∈ {0, 1}N , there exist a policy
π ∈ Π such that ψ (i) ◦ π(xi ) = vi , 1 ≤ i ≤ N . The Ψ-dimension of Π is the maximal
cardinality of a subset of X , Ψ-shattered by Π.


1

0


∗

Definition 13 Let Π ⊆ B π (X ) be a set of deterministic policies and Ψ =
{0, 1, ∗}, 1 ≤ k 6= l ≤ L be a set of possible mappings such that

ψk,l (a) =

then the Natarajan dimension of Π, N-dim(Π), is the Ψ-dimension of Π.

By using a policy space with finite Natarajan dimension, we derive the following corollary
to Theorem 5.
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Corollary 14 Let Π ⊆ B π (X ) be a policy space with finite Natarajan dimension h =
N-dim(Π) < ∞. Let ρ be a distribution over the state space X , N be the number of states
in Dk drawn i.i.d. from ρ, and M be the number of rollouts per state-action pair used by

20

2
N



h log


|A|e(N + 1)2
32
+ log
, 2 = (1 − γ H )Qmax
h
δ

r
2
4|A|
log
.
MN
δ

(10)

2
N




+1)2
h log |A|e(N
+ log 8δ . The rest of the proof is exactly the same
h

π∈Π

a∈A

a ∈A

21

∆π,π (x) = ∆π,a (x) = max
Qπ (x, a0 ) − Qπ (x, a).
0

0
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Note that ∆ (·) is no longer a Lipschitz function because it is a function of x through the
0
policy π 0 . However, ∆π,π (x) is Lipschitz in each region Xi , i = 1 . . . , Sn , because in each
region Xi , by the definition of the policy space, π 0 is forced to be constant. Therefore, in a
0
region Xi in which π 0 (x) = a, ∀x ∈ Xi , ∆π,π (x) may be written as

π,π 0

Proof The critical part in the proof is the definition of the gap function, which now
compares the performance of the greedy action to the performance of the action chosen by
the policy π 0 :

0
∆π,π (x) = max Qπ (x, a) − Qπ x, π 0 (x) .

Corollary 15 Let {Πn } be a universal family of policy spaces (Definition 8), and M be a
Lipschitz MDP (Definition 9). Then limn→∞ d(Πn , GΠn ) = 0.

Similarly, the consistency analysis in case of Lipschitz MDPs remains mostly unaffected
by the introduction of multiple actions.

as in Theorem 5.

with  = 16Qmax

r

Proof In order to prove this corollary we just need a minor change in Lemma 3, which
now becomes a concentration of measures inequality for a space of multi-class classifiers Π
with finite Natarajan dimension. By using similar steps as in the proof of Lemma 3 and by
recalling the Sauer’s lemma for finite Natarajan dimension spaces (Ben-David et al., 1995),
we obtain


P sup Lπk (b
ρ; π) − Lπk (ρ; π) >  ≤ δ ,

1 = 16Qmax

s

with probability 1 − δ, where

π∈Π

Lπk (ρ; πk+1 ) ≤ inf Lπk (ρ; π) + 2(1 + 2 + γ H Qmax ),

bπ (b
DPI in the estimation of the action-value functions. Let πk+1 = arg minπ∈Π L
ρ; π) be the
k
policy computed at the k-th iteration of DPI. Then, for any δ > 0, we have
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Xi

min

min

π∈Πn i=1 a∈A

≤ sup

π∈Πn i=1 a∈A
Sn
X

= sup

Xi

Z

Xi

Xi

∆π,a (x)ρ(dx).

I {(Gπ)(x) 6= a} ∆π,a (x)ρ(dx)


0
I (Gπ)(x) 6= π 0 (x) ∆π,π (x)ρ(dx)

(11)

Xi

Sn Z
X
π∈Πn i=1

2L||x − y||ρ(dx) ≤ sup

2Lβn ρ(dx) = 2Lβn .

i=1

a∈A

a∈A
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Unlike the two-action case, this is a multi-class cost-sensitive (MCCS) classification problem
in which any classification mistake is weighted by a cost function that depends on the action

π∈Π

N
i
1 Xh
b πk (xi , a) − Q
b πk xi , π(xi )
min Lbπk (b
max Q
ρ; π) = min
π∈Π
a∈A
π∈Π N
i=1

h
N
X
i
b πk (xi , a) 6= π(xi )
b πk (xi , a) − Q
b πk xi , π(xi ) .
I arg max Q
= min
max Q

From an algorithmic point of view, the most critical part of the DPI algorithm (Figure 1)
is minimizing the empirical error, which in the case of |A| > 2 is in the following form:

6.2 Algorithmic Approaches

The claim follows using the definition of the universal family of policy spaces.

Xi

Sn Z
X
π∈Πn i=1

d(Πn , GΠn ) ≤ sup

since the function x 7→ ∆π,bi (x) is 2L-Lipschitz. Now since ∆π,bi (y) = 0, we deduce from
Equation 11 that

Xi

If the greedy action does not change in a region Xi , i.e., ∀x ∈ Xi , (Gπ)(x) = a0 , for an
action a0 ∈ A, then the minimizing policy π 0 must select action a0 in Xi , and thus, the loss
will be zero in Xi . Now let assume that the greedy action changes at a state y ∈ Xi and the
action bi ∈ arg maxa∈A Qπ (y, a). In this case, we have
Z
Z
Z

∆π,bi (y) + 2Lkx − yk ρ(dx),
min
∆π,a (x)ρ(dx) ≤
∆π,bi (x)ρ(dx) ≤
a∈A

X

Sn Z
X

π∈Πn π ∈Πn i=1 Xi
Z
Sn
X

= sup 0inf

π∈Πn π ∈Πn

The proof here is exactly the same as in Theorem 10 up to step (c), and then we have
Z
`π (x; π 0 )ρ(dx)
d(Πn , GΠn ) = sup 0inf
π∈Πn π ∈Πn X
Z

0
I (Gπ)(x) 6= π 0 (x) ∆π,π (x)ρ(dx)
= sup 0inf
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which mainly depends on the number of samples and rollouts. The difference between the
approximation error of the two approaches depends on how well the hypothesis space fits the
MDP at hand. This confirms the intuition that whenever the policies generated by policy
iteration are easier to represent and learn than their value functions, a classification-based
approach can be preferable to regression-based methods.
Possible directions for future work are:
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• Rollout allocation: In DPI, the rollout set is build with states drawn i.i.d. from an
arbitrary distribution and the rollouts are performed the same number of times for
each action in A. A significant advantage could be obtained by allocating resources
(i.e., the rollouts) to regions of the state space and to actions whose action-values
are more difficult to estimate. This would result in a more accurate training set
for the classification problem and a better approximation of the greedy policy at each
iteration. Although some preliminary results in (Dimitrakakis and Lagoudakis, 2008b)
and (Gabillon et al., 2010) show encouraging results, a full analysis of what is the best
allocation strategy of rollouts over the state-action space is still missing.

• The classification problem: As discussed in Section 6.2 the main issue in the implementation of DPI is the solution of the multi-class cost-sensitive classification problem at
each iteration. Although some existing algorithms might be applied to this problem,
further investigation is needed to identify which one is better suited for DPI. In particular, the main challenge is to solve the classification problem without first solving a
regression problem on the cost function which would eliminated the main advantage
of classification-based approaches (i.e., no approximation of the action-value function
over the whole state-action space).

taken by policy π. It is important to note that here the main difference with regression
is that the goal is not to have a good approximation of the action-value function over the
entire state and action space. The main objective is to have a good enough estimate of the
action-value function to find the greedy action in each state. A thorough discussion on the
possible approaches to MCCS classification is out of the scope of this paper, and thus, we
only mention a few recent methods that could be suitable for our problem. The reduction
methods proposed by Beygelzimer et al. (2005, 2009) reduce the MCCS classification problem to a series of weighted binary classification problems (which in turn can be reduced
to binary classification as in Zadrozny et al. 2003), whose solutions can be combined to
obtain a multi-class classifier. The resulting multi-class classifier is guaranteed to have a
performance which is upper-bounded by the performance of each binary classifier used in
solving the weighted binary problems. Another common approach to MCCS classification
is to use boosting-based methods (e.g., Lozano and Abe 2008; Busa-Fekete and Kégl 2010).
A recent regression-based approach has been proposed by Tu and Lin (2010), which reduces
the MCCS classification to a one-sided regression problem that can be effectively solved by
a variant of SVM. Finally, a theoretical analysis of the risk bound for MCCS classification
is derived by Ávila Pires et al. (2013), while Mineiro (2010) studies error bounds in the case
of a reduction from MCCS to regression.

7. Conclusions
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In this paper, we presented a variant of the classification-based approach to approximate
policy iteration (API) called direct policy iteration (DPI) and provided its finite-sample
performance bounds. To the best of our knowledge, this is the first complete finite-sample
analysis for this class of API algorithms. The main difference of DPI with the existing
classification-based API algorithms (Lagoudakis and Parr, 2003b; Fern et al., 2004) is in
weighting each classification error by its actual regret, i.e., the difference between the actionvalues of the greedy action and the action selected by DPI. Our results extend the only
theoretical analysis of a classification-based API algorithm (Fern et al., 2006) by 1) having
a performance bound for the full API algorithm instead of being limited to one step policy
update, 2) considering any policy space instead of finite class of policies, and 3) deriving a
bound which does not depend on the Q-advantage, i.e., the minimum Q-value gap between
a greedy and a sub-greedy action over the state space, which can be arbitrarily small in a
large class of MDPs. Note that the final bound in (Fern et al., 2006) depends inversely on
the Q-advantage. We also analyzed the consistency of DPI and showed that although it is
not consistent in general, it is consistent for the class of Lipschitz MDPs. This is similar to
the consistency results for fitted value iteration in (Munos and Szepesvári, 2008).
One of the main motivations of this work is to have a better understanding of how
the classification-based API methods can be compared with their widely-used regressionbased counterparts. It is interesting to note that the bound of Equation 6 shares the
same structure as the error bounds for the API algorithm in (Antos et al., 2008) and the
fitted value iteration in (Munos and Szepesvári, 2008). The error at each iteration can be
decomposed into an approximation error, which depends on the MDP and the richness of
the hypothesis space – the inherent greedy error in Equation 6 and the inherent Bellman
error in (Antos et al., 2008) and (Munos and Szepesvári, 2008), and an estimation error
23
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is the gap between the two available actions (i.e., the regret of choosing the wrong action).
Let Π̄ be an 2Qmax -cover of Π over the states {xi }N
i=1 such that for any policy π ∈ Π there
exists a policy π̄ ∈ Π̄ for which we have

a∈A

∆πk (x) = max Qπk (x, a) − min
Qπk (x, a0 )
0

Note that at each iteration k, the policy πk is a random variable because it is the minimizer of the empirical error Lbπk−1 (b
ρ; π). However, πk depends only on the previous policies and rollout sets up to Dk−1 , and is completely independent of the samples in Dk ,
thus Pollard’s inequality applies conditioned on all the previous iterations. We now show
how the covering number of the space Fk can be directly related to the VC-dimension
of Π. Since A only contains two actions, we can rewrite the loss function as `πk (x; π) =
I {(Gπk )(x) 6= π(x)} ∆πk (x), where

PDk

"

The number of functions in F̄, denoted by N (F, , X1N ), is the cover number of F. Note
that all the functions `πk (·; π) ∈ Fk are uniformly bounded by 2Qmax . As a result, we can
apply the Pollard’s inequality (Pollard, 1984, Thm. 24) to the bounded space Fk and obtain

i=1

N
N
1 X
1 X¯
f (Xi ) −
f (Xi ) ≤ .
N
N

Proof [Lemma 3] Although Π is a space of binary policies, standard VC bounds (see
e.g.,Vapnik, 1998) cannot be directly employed since the loss function ` is not a 0-1 loss
function. Let Fk be the space of the loss functions at iteration k induced by the policies
in Π, i.e., Fk = {`πk (·; π)| π ∈ Π}. We first introduce the notion of the L1 -cover number
(Györfi et al., 2002, Section 9.2) of a space F = {f : X → [0; B]} of bounded functions on a
set of N points X1 , . . . , XN . Given a desired level of accuracy  > 0, F̄ ⊆ F is an -covered
of F if for any function f ∈ F there exists a f¯ ∈ F̄ such that
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15. Note that since here the samples are independent but not identically distributed, we use a slight variation
of the standard Pollard’s inequality. We refer the reader to the proof of Pollard’s inequality (e.g., Pollard
1984 or Devroye et al. 1996) to see that the standard proof can be easily extended to this case.

Let Hk be the space of the rollout functions induced by the policies in Π at iteration k,
i.e., Hk = {Rπk (·; π)| π ∈ Π}. Note that all the functions Rπk (·; π) ∈ Hk are uniformly
bounded by (1 − γ H )Qmax . By Pollard’s inequality (Pollard, 1984), for the bounded space
Hk , we have15
"
#
1 X πk
1 X
P sup
R (ωij ; π) −
Eνi [Rπk (ωij ; π)] > 
MN
π∈Π M N i,j
i,j
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Proof [Lemma 4] Similar to the proof of Lemma 3, we rely on the Pollard’s inequality to
prove the statement. We first introduce a sequence of random events ωij such that for any
i = 1, . . . , N the event ωij is independently drawn from a suitable distribution νi . As a
result, we may rewrite the rollout random variables as Rjπk xi , π(xi ) = Rπk (ωij ; π) and the
statement of the theorem as


X
X

 π
1
1
π
P  sup
R k (ωij ; π) −
Eνi R k (ωij ; π) >  ≤ δ.
MN
π∈Π M N

where the first inequality follows from the relationship between the cover numbers of
F and Π, the second inequality bounds the cover number of Π by its growth function
SΠ (N ) (Haussler,
R follows from the Sauer’s lemma. Since
P 1995), and the last inequality
Lπk (b
ρ; π) = N1 N
`πk (x; π)ρ(dx), the final statement is obi=1 `πk (xi ; π) and Lπk (ρ; π) =
tained by inverting the Pollard’s bound.

where the last inequality follows from the fact that F̄ is an -cover of Π. We can now relate
the covering number of Fk to the VC-dimension of Π as






eN h

N1
, Fk , X1N ≤ N1
, Π, X1N ≤ SΠ (N ) ≤
,
8
16Qmax
h

i=1

N
1 X
`πk (xi ) − `¯πk (xi )
N

Then F̄k = {`¯πk (·) = `πk (·; π̄)|π̄ ∈ Π̄} is an -cover of Fk . In fact for any `πk ∈ Fk , there
exist a `¯πk ∈ F̄k such that
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We now show how the covering number of the space Hk is related to the VC-dimension
of Π. Let Π̄ be an 2(1−γ H )Qmax -cover of Π using the empirical distance defined at the
N , then H̄ = {R̄πk (·) = Rπk (·; π̄)|π̄ ∈ Π̄} is an -cover of H . In fact for any
states {xi }i=1
k
k
Rπk ∈ Hk , there exist a R̄πk ∈ H̄k such that
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1. This is a combined and expanded version of previous conference papers (Kadri et al., 2010, 2011c).

In this paper, we consider the supervised learning problem in a functional setting: each
attribute of a data is a function, and the label of each data is also a function. For the sake

1. Introduction

In this paper1 we consider the problems of supervised classification and regression in the
case where attributes and labels are functions: a data is represented by a set of functions,
and the label is also a function. We focus on the use of reproducing kernel Hilbert space
theory to learn from such functional data. Basic concepts and properties of kernel-based
learning are extended to include the estimation of function-valued functions. In this setting,
the representer theorem is restated, a set of rigorously defined infinite-dimensional operatorvalued kernels that can be valuably applied when the data are functions is described, and a
learning algorithm for nonlinear functional data analysis is introduced. The methodology
is illustrated through speech and audio signal processing experiments.
Keywords: nonlinear functional data analysis, operator-valued kernels, function-valued
reproducing kernel Hilbert spaces, audio signal processing
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Université de Rouen, LITIS (EA 4108)
76801, St Etienne du Rouvray, France

Alain Rakotomamonjy

INSA de Rouen, LITIS (EA 4108)
76801, St Etienne du Rouvray, France
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of simplicity, one may imagine real functions, though the work presented here is much more
general; one may also think about those functions as being defined over time, or space,
though again, our work is not tied to such assumptions and is much more general. To this
end, we extend the traditional scalar-valued attribute setting to a function-valued attribute
setting.
This shift from scalars to functions is required by the simple fact that in many applications, attributes are functions: functions may be one dimensional such as economic
curves (variation of the price of “actions”), load curve of a server, a sound, etc., or two or
higher dimensional (hyperspectral images, etc.). Due to the nature of signal acquisition,
one may consider that in the end, a signal is always acquired in a discrete fashion, thus
providing a real vector. However, with the resolution getting finer and finer in many sensors, the amount of discrete data is getting huge, and one may reasonably wonder whether
a functional point of view may not be better than a vector point of view. Now, if we keep
aside the application point of view, the study of functional attributes may simply come as
an intellectual question which is interesting for its own sake.
From a mathematical point of view, the shift from scalar attributes to function attributes
will come as a generalization from scalar-valued functions to function-valued functions,
a.k.a.“operators”. Reproducing Kernel Hilbert Spaces (RKHS) has become a widespread
tool to deal with the problem of learning a function mapping the set Rp to the set of real
numbers R. Here, we have to deal with RKHS of operators, that are functions that map a
function, belonging to a certain space of functions, to a function belonging to an other space
of functions. This shift in terminology is accompanied with a dramatic shift in concepts,
and technical difficulties that have to be properly handled.
This functional regression problem, or functional supervised learning, is a challenging research problem, from statistics to machine learning. Most previous work has focused on the
discrete case: the multiple-response (finite and discrete) function estimation problem. In the
machine learning literature, this problem is better known under the name of vector-valued
function learning (Micchelli and Pontil, 2005a), while in the field of statistics, researchers
prefer to use the term multiple output regression (Breiman and Friedman, 1997). One possible solution is to approach the problem from a univariate point of view, that is, assuming
only a single response variable output from the same set of explanatory variables. However
it would be more efficient to take advantage of correlation between the response variables
by considering all responses simultaneously. For further discussion of this point, we refer
the reader to Hastie et al. (2001) and references therein. More recently, relevant works in
this context concern regularized regression with a sequence of ordered response variables.
Many variable selection and shrinkage methods for single response regression are extended
to the multiple response data case and several algorithms following the corresponding solution paths are proposed (Turlach et al., 2005; Simila and Tikka, 2007; Hesterberg et al.,
2008).
Learning from multiple responses is closely related to the problem of multi-task learning
where the goal is to improve generalization performance by learning multiple tasks simultaneously. There is a large literature on this subject, in particular Evgeniou and Pontil (2004);
Jebara (2004); Ando and Zhang (2005); Maurer (2006); Ben-david and Schuller-Borbely
(2008); Argyriou et al. (2008) and references therein. One paper that has come to our
attention is that of Evgeniou et al. (2005) who showed how Hilbert spaces of vector-valued
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To put our work in context, we begin by discussing the interaction between functional data
analysis (FDA) and machine learning (ML). Then, we give an overview of our contributions.

2. The Interplay of FDA and ML Research

attributes with functional attributes in this paper. This point has been discussed in (Kadri
et al., 2011b). To deal with non-linearity, we adopt a kernel-based approach and we design
operator-valued kernels that perform the mapping between the two spaces of functions. Our
main results demonstrate how basic concepts and properties of kernel-based learning known
in the case of multivariate data can be restated for functional data.
Extending learning methods from multivariate to functional response data may lead to
further progress in several practical problems of machine learning and applied statistics. To
compare the proposed nonlinear functional approach with other multivariate or functional
methods and to apply it in a real world setting, we are interested in the problems of speech
inversion and sound recognition, which have attracted increasing attention in the speech
processing community in the recent years (Mitra et al., 2010; Rabaoui et al., 2008). These
problems can be cast as a supervised learning problem which include some components (predictors or responses) that may be viewed as random curves. In this context, though some
concepts on the use of RKHS for functional data similar to those presented in this work can
be found in Lian (2007), the present paper provides a much more complete view of learning
from functional data using kernel methods, with extended theoretical analysis and several
additional experimental results.
This paper is a combined and expanded version of our previous conference papers (Kadri
et al., 2010, 2011c). It gives the full justification, additional insights as well as new and
comprehensive experiments that strengthen the results of these preliminary conference papers. The outline of the paper is as follows. In Section 2, we discuss the connection between
the two fields Functional Data Analysis and Machine Learning, and outline our main contributions. Section 3 defines the notation used throughout the paper. Section 4, describes
the theory of reproducing kernel Hilbert spaces of function-valued functions and shows how
vector-valued RKHS concepts can be extended to infinite-dimensional output spaces. In
Section 5, we exhibit a class of operator-valued kernels that perform the mapping between
two spaces of functions and discuss some ideas for understanding their associated feature
maps. In Section 6, we provide a function-valued function estimation procedure based on
inverting block operator kernel matrices, propose a learning algorithm that can handle functional data, and analyze theoretically its generalization properties. Finally in Section 7, we
illustrate the performance of our approach through speech and audio processing experiments.

Starting from the fact that “new types of data require new tools for analysis”, FDA
emerges as a well-defined and suitable concept to further improve classical multivariate
statistical methods when data are functions (Levitin et al., 2007). This research field is
currently very active, and considerable progress has been made in recent years in designing statistical tools for infinite-dimensional data that can be represented by real-valued
functions rather than by discrete, finite dimensional vectors (Ramsay and Silverman, 2005;
Ferraty and Vieu, 2006; Shi and Choi, 2011; Horváth and Kokoszka, 2012). While the
FDA viewpoint is conventionally adopted in the mathematical statistics community to deal
JMLR 17(20):1-54

functions (Micchelli and Pontil, 2005a) and matrix-valued reproducing kernels (Micchelli
and Pontil, 2005b; Reisert and Burkhardt, 2007) can be used as a theoretical framework to
develop nonlinear multi-task learning methods.
A primary motivation for this paper is to build on these previous studies and provide
a similar framework for addressing the general case where the output space is infinite dimensional. In this setting, the output space is a space of functions and elements of this
space are called functional response data. Functional responses are frequently encountered
in the analysis of time-varying data when repeated measurements of a continuous response
variable are taken over a small period of time (Faraway, 1997; Yao et al., 2005). The relationships among the response data are difficult to explore when the number of responses is
large, and hence one might be inclined to think that it could be helpful and more natural
to consider the response as a smooth real function. Moreover, with the rapid development
of accurate and sensitive instruments and thanks to the currently available large storage
resources, data are now often collected in the form of curves or images. The statistical
framework underlying the analysis of these data as a single function observation rather
than a collection of individual observations is called functional data analysis (FDA) and
was first introduced by Ramsay and Dalzell (1991).
It should be pointed out that in earlier studies a similar but less explicit statement of
the functional approach was addressed in Dauxois et al. (1982), while the first discussion
of what is meant by “functional data” appears to be by Ramsay (1982). Functional data
analysis deals with the statistical description and modeling of random functions. For a
wide range of statistical tools, ranging from exploratory and descriptive data analysis to
linear models and multivariate techniques, a functional version has been recently developed.
Reviews of theoretical concepts and prospective applications of functional data can be found
in the two monographs by Ramsay and Silverman (2005, 2002). One of the most crucial
questions related to this field is “What is the correct way to handle large data? Multivariate
or Functional?” Answering this question requires better understanding of complex data
structures and relationship among variables. Until now, arguments for and against the
use of a functional data approach have been based on methodological considerations or
experimental investigations (Ferraty and Vieu, 2003; Rice, 2004). However, we believe that
without further improvements in theoretical issues and in algorithm design of functional
approaches, exhaustive comparative studies will remain hard to conduct.
This motivates the general framework we develop in this paper. To the best of our
knowledge, nonlinear methods for functional data is a topic that has not been sufficiently
addressed in the FDA literature. Unlike previous studies on nonlinear supervised classification or real response regression of functional data (Rossi and Villa, 2006; Ferraty and Vieu,
2004; Preda, 2007), this paper addresses the problem of learning tasks where the output
variables are functions. From a machine learning point of view, the problem can be viewed
as that of learning a function-valued function f : X −→ Y where X is the input space and
Y the (possibly infinite-dimensional) Hilbert space of the functional output data. Various
situations can be distinguished according to the nature of input data attributes (scalars
or/and functions). We focus in this work on the case where input attributes are functions,
too, but it should be noted that the framework developed here can also be applied when
the input data are either discrete, or continuous. Lots of practical applications involve a
blend of both functional and non functional attributes, but we do not mix non functional
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2. The data set is available at http://www.stats.ox.ac.uk/~silverma/fdacasebook/lipemg.html. More
information about the data collection process can be found in Ramsay and Silverman (2002, Chapter 10).

with data in infinite-dimensional spaces, it does not appear to be commonplace for machine
learners. One possible reason for this lack of success is that the formal use of infinite dimensional spaces for practical ML applications may seem unjustified; because in practice
traditional measurement devices are limited in providing discrete and not functional data,
and a machine learning algorithm can process only finitely represented objects. We believe
that for applied machine learners it should be vital to know the full range of applicability of functional data analysis and infinite-dimensional data representations. But due to
limitation of space we shall say only few words about the occurrence of functional data in
real applications and about the real learning task lying behind this kind of approach. The
reader is referred to Ramsay and Silverman (2002) for more details and references. Areas
of application discussed and cited there include medical diagnosis, economics, meteorology,
biomechanics, and education. For almost all these applications, the high-sampling rate of
today’s acquisition devices makes it natural to directly handle functions/curves instead of
discretized data. Classical multivariate statistical methods may be applied to such data, but
they cannot take advantage of the additional information implied by the smoothness of the
underlying functions. FDA methods can have beneficial effects in this direction by extracting additional information contained in the functions and their derivatives, not normally
available through traditional methods (Levitin et al., 2007).
To get a better idea about the natural occurrence of functional data in ML tasks, Figure 1
depicts a functional data set introduced by Ramsay and Silverman (2002). The data set
consists of 32 records of the movement of the center of the lower lip when a subject was
repeatedly required to say the syllable “bob”, embedded in the sentence, “Say bob again”
and the corresponding EMG activities of the primary muscle depressing the lower lip, the
depressor labii inferior (DLI)2 . The goal here is to study the dependence of the acceleration

Figure 1: Electromyography (EMG) and lip acceleration curves. The left panel displays
EMG recordings from a facial muscle that depresses the lower lip, the depressor
labii inferior. The right panel shows the accelerations of the center of the lower
lip of a speaker pronouncing the syllable “bob”, embedded in the phrase “Say
bob again”, for 32 replications (Ramsay and Silverman, 2002, Chapter 10).

Millivolts
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Meters/s2

3. This figure is from Birkholz et al. (2010).
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of the lower lip in speech on neural activity. EMG and lip accelerations curves can be well
modeled by continuous functions of time that allow to capture functional dependencies and
interactions between samples (feature values). Thus, we face a regression problem where
both input and output data are functions. In much the same way, Figure 2 also shows
a “natural” representation of data in terms of functions 3 . It represents a speech signal
used for acoustic-articulatory speech inversion and produced by a subject pronouncing a
sequence of [CVCV"CVCV] (C=consonant, V=vowel) by combining the vowel {/O/} with
the consonant {/n/}. The articulatory trajectories are represented by the upper and lower
solid curves that show the displacement of fleshpoints on the tongue tip and the jaw along the
main movement direction of these points during the repeated opening and closing gestures.
This example is from a recent study on the articulatory modeling of speech signals (Birkholz
et al., 2010). The concept of articulatory gestures in the context of speech-to-articulatory
inversion will be explained in more details in Section 7. As shown in the figure, the observed
articulatory trajectories are typically modeled by smooth functions of time with periodicity
properties and exponential or sigmoidal shape, and the goal of speech inversion is to predict
and recover geometric data of the vocal tract from the speech information.
In both examples given above, response data clearly present a functional behavior that
should be taken into account during the learning process. We think that handling these data
as what they really are, that is functions, is a promising way to tackle prediction problems
and design efficient ML systems for continuous data variables. Moreover, ML methods which

Figure 2: “Audio signal (top), tongue tip trajectory (middle), and jaw trajectory (bottom)
for the utterance [nOnO"nOnO]. The trajectories were measured by electromagnetic
articulography (EMA) for coils on the tongue tip and the lower incisors. Each
trajectory shows the displacement along the first principal component of the
original two-dimensional trajectory in the midsagittal plane. The dashed curves
show hypothetical continuations of the tongue tip trajectory towards and away
from virtual targets during the closure intervals.” (Birkholz et al., 2010).
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can handle functional features can open up plenty of new areas of application, where the
flexibility of functional and infinite-dimensional spaces would allow to enable us to achieve
significantly better performance while managing huge amounts of training data.
In the light of these observations, there is an interest in overcoming methodological and
practical problems that hinder the wide adoption and use of functional methods built for
infinite-dimensional data. Regarding the practical issue related to the application and implementation of infinite-dimensional spaces, a standard means of addressing it is to choose
a functional space a priori with a known predefined set of basis functions in which the
data will be mapped. This may include a preprocessing step, which consists in converting the discretized data into functional objects using interpolation or approximation
techniques. Following this scheme, parametric FDA methods have emerged as a common
approach to extend multivariate statistical analysis in functional and infinite-dimensional
situations (Ramsay and Silverman, 2005). More recently, nonparametric FDA methods have
received increasing attention because of their ability to avoid fixing a set of basis functions
for the functional data beforehand (Ferraty and Vieu, 2006). These methods are based on
the concept of semi-metrics for modeling functional data. The reason for using a semimetric rather than a metric is that the coincidence axiom, namely d(xi , xj ) = 0 ⇔ xi = xj ,
may result in curves with very similar shapes being categorized as distant (not similar to
each other). To define closeness between functions in terms of shape rather than location
semi-metrics can be used. In this spirit, Ferraty and Vieu (2006) provided a semi-metric
based methodology for nonparametric functional data analysis and argued that this can
be a sufficiently general theoretical framework to tackle infinite-dimensional data without
being “too heavy” in terms of computational time and implementation complexity.
Thus, although both parametric and nonparametric functional data analyses deal with
infinite-dimensional data, they are computationally feasible and quite practical since the
observed functional data are approximated in a basis of the function space with possibly
finite number of elements. What we really need is the inner or semi-inner product of the
basis elements and the representation of the functions with respect to that basis. We think
that Machine Learning research can profit from exploring other representation formalisms
that support the expressive power of functional data. Machine learning methods which can
accommodate functional data should open up new possibilities for handling practical applications for which the flexibility of infinite-dimensional spaces could be exploited to achieve
performance benefits and accuracy gains. On the other hand, in the FDA field, there is
clearly a need for further development of computationally efficient and understandable algorithms that can deliver near-optimal solutions for infinite-dimensional problems and that
can handle a large number of features. The transition from infinite-dimensional statistics to
efficient algorithmic design and implementation is of central importance to FDA methods
in order to make them more practical and popular. In this sense, Machine Learning can
have a profound impact on FDA research.
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In reality, ML and FDA have more in common than it might seem. There are already
existing machine learning algorithms that can also be viewed as FDA methods. For example, these include kernel methods which use a certain type of similarity measure (called a
kernel) to map observed data in a high dimensional feature space, in which linear methods
are used for learning problems (Shawe-Taylor and Cristanini, 2004; Schölkopf and Smola,
7
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2002). Depending on the choice of the kernel function, the feature space can be infinitedimensional. The kernel trick is used, allowing to work with finite Gram matrix of inner
products between the possibly infinite-dimensional features which can be seen as functional
data. This connection between kernel and FDA methods is clearer with the concept of kernel embedding of probability distributions, where, instead of (observed) single points, kernel
means are used to represent probability distributions (Smola et al., 2007; Sriperumbudur
et al., 2010). The kernel mean corresponds to a mapping of a probability distribution in
a feature space which is rich enough so that its expectation uniquely identifies the distribution. Thus, rather than relying on large collections of vector data, kernel-based learning
can be adapted to probability distributions that are constructed to meaningfully represent
the discrete data by the use of kernel means (Muandet et al., 2012). In some sense, this
represents a similar design to FDA methods, where data are assumed to lie in a functional
space even though they are acquired in a discrete manner. There are also other papers
that deal with machine learning problems where covariates are probability distributions
and discuss their relation with FDA (Poczos et al., 2012, 2013; Oliva et al., 2013). At that
point, however, the connection between ML and FDA is admittedly weak and needs to be
bolstered by the delivery of more powerful and flexible learning machines that are able to
deal with functional data and infinite-dimensional spaces.

In the FDA field, linear models have been explored extensively. Nonlinear modeling of
functional data is, however, a topic that has not been sufficiently investigated, especially
when response data are functions. Reproducing kernels provide a powerful tool for solving
learning problems with nonlinear models, but to date they have been used more to learn
scalar-valued or vector-valued functions than function-valued functions. Consequently, kernels for functional response data and their associated function-valued reproducing kernel
Hilbert spaces have remained mostly unknown and poorly studied. In this work, we aim
to rectify this situation, and highlight areas of overlap between the two fields FDA and
ML, particularly with regards to the applicability and relevance of the FDA paradigm coupled with machine learning techniques. Specifically, we provide a learning methodology for
nonlinear FDA based on the theory of reproducing kernels. The main contributions are as
follows:

• we introduce a set of rigorously defined operator-valued kernels suitable for functional
response data, that can be valuably applied to model dependencies between samples
and take into account the functional nature of the data, like the smoothness of the
curves underlying the discrete observations,

• we propose an efficient algorithm for learning function-valued functions (operators)
based on the spectral decomposition of block operator matrices,

• we study the generalization performance of our learned nonlinear FDA model using
the notion of algorithmic stability,
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• we show the applicability and suitability of our framework to two problems in audio
signal processing, namely speech inversion and sound recognition, where features are
functions that are dependent on each other.
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4. We also use the standard notations such as Rn and L2 .
5. We denote by small Latin characters scalar-valued functions. Operator-valued functions (or kernels) are
denoted by capital Latin characters A(·, ·), B(·, ·), K(·, ·), . . .

Hilbert spaces of scalar-valued functions with reproducing kernels were introduced and
studied in Aronszajn (1950). Due to their crucial role in designing kernel-based learning
methods, these spaces have received considerable attention over the last two decades (ShaweTaylor and Cristanini, 2004; Schölkopf and Smola, 2002). More recently, interest has grown
in exploring reproducing Hilbert spaces of vector functions for learning vector-valued functions (Micchelli and Pontil, 2005a; Carmeli et al., 2006; Caponnetto et al., 2008; Carmeli
et al., 2010; Zhang et al., 2012), even though the idea of extending the theory of Reproducing Kernel Hilbert Spaces from the scalar-valued case to the vector-valued one is not
new and dates back to at least Schwartz (1964). For more details, see the review paper
by Álvarez et al. (2012).
In the field of machine learning, Evgeniou et al. (2005) have shown how Hilbert spaces of
vector-valued functions and matrix-valued reproducing kernels can be used in the context
of multi-task learning, with the goal of learning many related regression or classification
tasks simultaneously. Since this seminal work, it has been demonstrated that these kernels
and their associated spaces are capable of solving various other learning problems such
as multiple output learning (Baldassarre et al., 2012), manifold regularization (Minh and
Sindhwani, 2011), structured output prediction (Brouard et al., 2011; Kadri et al., 2013a),
multi-view learning (Minh et al., 2013; Kadri et al., 2013b) and network inference (Lim
et al., 2013, 2015).

4. Reproducing Kernel Hilbert Spaces of Function-valued Functions

To help the reader, notations frequently used in the paper are summarized in Table 1.

i,j

Note that item (ii) in Definition 2 is obtained from the definition of adjoint
operator.
P
It is easy to see that ∀y ∈ Y n and ∀z ∈ Y n ; we have: hAy, ziY n =
hAij yj , zi iY =
i,j
P
P
hyj , A∗ij zi iY = hyj , (A∗ )ji zi iY = hy, A∗ ziY n , where (A∗ )ji = (Aij )∗ .
i,j

α, β, γ, . . .
i, j, m, n
X , Y, H, . . .
Ω, Λ, Γ, . . .
x, y, f , . . .
u, v, w, . . .
A, B, K, . . .
A, B, K, . . .
∗
≡
,

Table 1: Notations used in this paper.

real numbers
integers
vector spaces4
subsets of the real plain
functions5 (or vectors)
vector of functions
operators (or matrices)
block operator matrices
adjoint operator
identical equality
definition
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(iii) self-adjoint and order relations of block operator matrices are defined in the same way
as for bounded operators (see Definition 1).

(ii) the adjoint (or transpose) of A is the block operator matrix A∗ ∈ L(Y n ) such that
(A∗ )ij = (Aji )∗ ,

where each Aij ∈ L(Y), i, j = 1, . . . , n, is called a block operator matrix,

(i) A ∈

L(Y n ),

Let n ∈ N, let Y n = Y
. . × Y}.
| × .{z

Definition 2 (block operator matrix)

(iv) A is larger or equal than B ∈ L(Y), if A − B is positive, i.e., ∀y ∈ Y, hAy, yiY ≥
hBy, yiY (we write A ≥ B).

(iii) A is positive if it is self-adjoint and ∀y ∈ Y, hAy, yiY ≥ 0 (we write A ≥ 0),

(ii) A is self-adjoint if A = A∗ ,

hAy, ziY = hy, A∗ ziY , ∀y ∈ Y, ∀z ∈ Y,

(i) A∗ , the adjoint operator of A, is the unique operator in L(Y) that satisfies

Let A ∈ L(Y). Then:

Definition 1 (adjoint, self-adjoint, and positive operators)

by X = {x : Ωx −→ R} and Y = {y : Ωy −→ R} the separable Hilbert spaces of input
and output real-valued functions whose domains are Ωx and Ωy , respectively. In functional
data analysis domain, the space of functions is generally assumed to be the Hilbert space of
equivalence classes of square integrable functions, denoted by L2 . Thus, in the rest of the
paper, we consider Y to be the space L2 (Ωy ), where Ωy is a compact set. The vector space of
functions from X into Y is denoted by Y X endowed with the topology of uniform convergence
on compact subsets of X . We denote by C(X , Y) the vector space of continuous functions
from X to Y, by F ⊂ Y X the Hilbert space of function-valued functions F : X −→ Y, and
by L(Y) the set of bounded linear operators from Y to Y.
We now fix the following conventions for bounded linear operators and block operator
matrices.

n times

We start by some standard notations and definitions used all along the paper. Given
a Hilbert space H, h·, ·iH and k · kH refer to its inner product and norm, respectively.
Hn = H
. . × H}, n ∈ N+ , denotes the topological product of n spaces H. We denote
| × .{z

3. Notations and Conventions
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In contrast to most of these previous works, here we are interested in the general case
where the output space is a space of vectors with infinite dimension. This may be valuable
from a variety of perspectives. Our main motivation is the supervised learning problem when
output data are functions that could represent, for example, one-dimensional curves (this
was mentioned as future work in Szedmak et al. 2006). One of the simplest ways to handle
these data is to treat them as multivariate vectors. However this method does not consider
any dependency of different values over subsequent time-points within the same functional
datum and suffers when data dimension is very large. Therefore, we adopt a functional
data analysis viewpoint (Zhao et al., 2004; Ramsay and Silverman, 2005; Ferraty and Vieu,
2006) in which multiple curves are viewed as functional realizations of a single function. It
is important to note that matrix-valued kernels for infinite-dimensional output spaces, commonly known as operator-valued kernels, have been considered in previous studies (Micchelli
and Pontil, 2005a; Caponnetto et al., 2008; Carmeli et al., 2006, 2010); however, they have
been only studied in a theoretical perspective. Clearly, further investigations are needed
to illustrate the practical benefits of the use of operator-valued kernels, which is the main
focus of this work.
We now describe how RKHS theory can be extended from real or vector to functional
response data. In particular, we focus on reproducing kernel Hilbert spaces whose elements are function-valued functions (or operators) and we demonstrate how basic properties of real-valued RKHS can be restated in the functional case, if appropriate conditions
are satisfied. Extension to the functional case is not so obvious and requires tools from
functional analysis (Rudin, 1991). Spaces of operators whose range is infinite-dimensional
can exhibit unusual behavior, and standard topological properties may not be preserved
in the infinite-dimensional case because of functional analysis subtleties. So, additional
restrictions imposed on these spaces are needed for extending the theory of RKHS towards infinite-dimensional output spaces. Following Carmeli et al. (2010), we mainly focus
on separable Hilbert spaces with reproducing operator-valued kernels whose elements are
continuous functions. This is a sufficient condition to avoid topological and measurability
problems encountered with this extension. For more details about vector or function-valued
RKHS of measurable and continuous functions, see Carmeli et al. (2006, Sections 3 and 5).
Note that the framework developed in this section should be valid for any type of input
data (vectors, functions, or structures). In this paper, however, we consider the case where
both input and output data are functions.
Definition 3 (Operator-valued kernel)
An L(Y)-valued kernel K on X 2 is a function K(·, ·) : X × X −→ L(Y);
(i) K is Hermitian if ∀x, z ∈ X , K(w, z) = K(z, w)∗ , (where the superscript * denotes
the adjoint operator),
(ii) K is nonnegative on X if it is Hermitian and for every natural number r and all
{(wi , ui )i=1,...,r } ∈ X × Y, the matrix with ij-th entry hK(wi , wj )ui , uj iY is nonnegative (positive-definite).
Definition 4 (Block operator kernel matrix)
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Given a set {wi } ∈ X , i = 1, . . . , n with n ∈ N+ , and an operator-valued kernel K, the
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corresponding block operator kernel matrix is the matrix K ∈ L(Y n ) with entries

Kij = K(wi , wj ).

The block operator kernel matrix is simply the kernel matrix associated to an operatorvalued kernel. Since the kernel outputs an operator, the kernel matrix is in this case a block
matrix where each block is an operator in L(Y). It is easy to see that an operator-valued
kernel K is nonnegative if and only if the associated block operator kernel matrix K is
positive.
Definition 5 (Function-valued RKHS)

A Hilbert space F of functions from X to Y is called a reproducing kernel Hilbert space if
there is a nonnegative L(Y)-valued kernel K on X 2 such that:

(i) the function z 7−→ K(w, z)g belongs to F, ∀z, w ∈ X and g ∈ Y,

(ii) for every F ∈ F, w ∈ X and g ∈ Y, hF, K(w, ·)giF = hF (w), giY .

On account of (ii), the kernel is called the reproducing kernel of F. In Carmeli et al.
(2006, Section 5), the authors provided a characterization of RKHS with operator-valued
kernels whose functions are continuous and proved that F is a subspace of C(X , Y), the
vector space of continuous functions from X to Y, if and only if the reproducing kernel K
is locally bounded and separately continuous. Such a kernel is qualified as Mercer (Carmeli
et al., 2010). In the following, we will only consider separable RKHS F ⊂ C(X , Y).

Theorem 1 (Uniqueness of the reproducing operator-valued kernel)

If a Hilbert space F of functions from X to Y admits a reproducing kernel, then the
reproducing kernel K is uniquely determined by the Hilbert space F.

= hK(w, ·)g, K 0 (w0 , ·)hiF
=
hg, K(w, w0 )∗ hiY

= hK(w, w0 )g, hiY
= hg, K(w0 , w)hiY .

hK 0 (w0 , ·)h, K(w, ·)giF = hK 0 (w0 , w)h, giY ,



(2)

(1)

Proof : Let K be a reproducing kernel of F. Suppose that there exists another reproducing
kernel K 0 of F. Then, for all {w, w0 } ∈ X and {h, g} ∈ Y, applying the reproducing property
for K and K 0 we get

we have also
hK 0 (w0 , ·)h, K(w, ·)giF

(1) and (2) ⇒ K(w, w0 ) ≡ K 0 (w, w0 ), ∀w, w0 ∈ X .
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A key point for learning with kernels is the ability to express functions in terms of a
kernel providing the way to evaluate a function at a given point. This is possible because
there exists a bijection relationship between a large class of kernels and associated reproducing kernel spaces which satisfy a regularity property. Bijection between scalar-valued
kernels and RKHS was first established by Aronszajn (1950, Part I, Sections 3 and 4).
Then Schwartz (1964, Chapter 5) shows that this is a particular case of a more general situation. This bijection in the case where input and output data are continuous and belong
to the infinite-dimensional functional spaces X and Y, respectively, is still valid and is given
by the following theorem (see also Theorem 4 of Senkene and Tempel’man, 1973).

12

i=1

K(wi , ·)ui ,

i=1

K(wi , ·)ui iF = k
i=1

n
X

K(wi , ·)ui k2F ≥ 0.

hK(wi , ·)ui , K(wj , ·)uj iF

i,j=1

n
X

n
P

i=1

K(wi , ·)ui ,

j=1

m
X

m
P

i=1 j=1

n X
m
X
=
hK(wi , zj )ui , vj iY .

K(zj , ·)vj from F0 as follows

K(zj , ·)vj iF0

j=1

13

6. The proof should be applicable to arbitrarily separable output Hilbert spaces Y.

i=1
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is a quasi-norm in F0 . The reproducing property in F0 is verified with the kernel K. In
fact, if F ∈ F0 then
n
X
F (·) =
K(wi , ·)ui ,

hF (·), G(·)iF0 is a symmetric bilinear form on F0 and due to the positivity of the kernel K,
kF (·)k defined by
p
kF (·)k = hF (·), F (·)iF0

i=1

n
X

K(wi , ·)ui and G(·) =

hF (·), G(·)iF0 = h

functions F (·) =

i=1

Sufficiency. Let F0 ⊂ Y X be the space of all Y-valued functions F of the form F (·) =
n
P
K(wi , ·)ui , where wi ∈ X and ui ∈ Y, i = 1, . . . , n. We define the inner product of the

=h

n
X

n
X

hK(wi , wj )ui , uj iY =

i,j=1

n
X

Proof : Necessity. Let K be the reproducing kernel of a Hilbert space F. Using the
reproducing property of the kernel K we obtain for any {wi , wj } ∈ X and {ui , uj } ∈ Y

We give a proof of this theorem by extending the scalar-valued case Y = R in Aronszajn
(1950) to the domain of functional data analysis domain where Y is L2 (Ωy ).6 The proof is
performed in two steps. The necessity is an immediate result from the reproducing property.
For the sufficiency, the outline of the proof is P
as follows: we assume F0 to be the space of
all Y-valued functions F of the form F (·) = ni=1
i , ·)ui , where wi ∈ X and ui ∈ Y,
PK(w
n Pm
with the following
inner
product
hF
(·),
G(·)i
=
j=1 hK(wi , zj )ui , vj iY defined for
i=1
F
0
P
any G(·) = m
j=1 K(zj , ·)vj with zj ∈ X and vj ∈ Y. We show that (F0 , h·, ·iF0 ) is a preHilbert space. Then we complete this pre-Hilbert space via Cauchy sequences {Fn (·)} ⊂ F0
to construct the Hilbert space F of Y-valued functions. Finally, we conclude that F is a
reproducing kernel Hilbert space, since F is a real inner product space that is complete
under the norm k · kF defined by kF (·)kF = lim kFn (·)kF0 , and has K(·, ·) as reproducing
n→∞
kernel.

A L(Y)-valued Mercer kernel K on X 2 is the reproducing kernel of some Hilbert space F,
if and only if it is nonnegative.

Theorem 2 (Bijection between function-valued RKHS and operator-valued kernel)

Operator-valued Kernels for Learning from Functional Response Data

i=1

i=1

X

(3)

is finite.
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i=1

where, ∀a ∈ R, diag(a) is the n × n diagonal matrix with diagonal entries equal to a. Let M
n Z
X
be the space of vector-valued functions from X onto Rn whose norm kgk2M =
[g(x)]2i dx

Let X = [0, 1] and Y = Rn . Consider the matrix-valued kernel K defined by:

diag(x) if x ≤ z,
K(x, z) =
diag(z) otherwise,

Example 2 (Vector-valued RKHS and its matrix-valued kernel)

F is the Sobolev space of degree 1, also called the Cameron-Martin space, and is a scalarvalued RKHS of functions f : [0, 1] −→ R with the scalar-valued reproducing kernel k(x, z) =
min(x, z), ∀x, z ∈ X = [0, 1].

Let F be the space defined as follows:
Z x

 F = f : [0, 1] −→ R absolutely continuous, ∃f 0 ∈ L2 ([0, 1]), f (x) =
f 0 (z)dz ,
0

hf1 , f2 iH = hf10 , f20 iL2 ([0,1]) .

Example 1 (Scalar-valued RKHS and its scalar-valued kernel; see Canu et al. (2003))

We now give an example of a function-valued RKHS and its operator-valued kernel.
This example serves to illustrate how these spaces and their associated kernels generalize the
standard scalar-valued case or the vector-valued one to functional and infinite-dimensional
output data. Thus, we first report an example of a scalar-valued RKHS and the corresponding scalar-valued kernel. We then extend this example to the case of vector-valued
Hilbert spaces with matrix-valued kernels, and finally to function-valued RKHS where the
output space is infinite dimensional. For the sake of simplicity, the input space X in these
examples is assumed to be a subset of R.

Thus, if kF kF0 = 0, then hF (w), uiY = 0 for any w and u, and hence F ≡ 0. Thus (F0 , h., .iF0 )
is a pre-Hilbert space. This pre-Hilbert space is in general not complete, but it can be completed via Cauchy sequences to build the Y-valued Hilbert space F which has K as reproducing kernel, which concludes the proof. The completion of F0 is given in Appendix A (we
refer the reader to the monograph by Rudin, 1991, for more details about completeness and
the general theory of topological vector spaces).


hF (w), uiY = hF (·), K(w, ·)uiF0 ≤ kF (·)kF0 kK(w, ·)ukF0 .

Moreover using the Cauchy-Schwartz inequality, we have: ∀ (w, u) ∈ X × Y,

n
n
X
X
hF, K(w, ·)uiF0 = h
K(wi , ·)ui , K(w, ·)uiF0 = h
K(wi , w)ui , uiY = hF (w), uiY .

and ∀ (w, u) ∈ X × Y,
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hf1 , f2 iF = hf10 , f20 iM .

The matrix-valued mapping K is the reproducing kernel of the vector-valued RKHS F defined
as follows:
Z x

 F = f : [0, 1] −→ Rn , ∃f 0 = df (x) ∈ M, [f (x)] =
[f 0 (z)]i dz, ∀i = 1, . . . , n ,
i
dx
0


Indeed, K is nonnegative and we have, ∀x ∈ X , y ∈ Rn and f ∈ F,

i=1

0

x



(dK(x, z)/dz = diag(1) if z ≤ x, and = diag(0) otherwise)

[f (x)]i yi dz = hf (x), yiRn .

0

n Z
X

i=1

n
X
i=1

[f 0 (z)]i yi dz

hf, K(x, ·)yiF = hf 0 , [K(x, ·)y]0 iM
n Z 1
X
[f 0 (z)]i [K(x, z)y]i0 dz

=
=
=
Example 3 (Function-valued RKHS and its operator-valued kernel)

Let (F; h·, ·iF ) be the space of functions from X to L2 (Ω) such that:

X

Here we extend Example 2 to the case where the output space is infinite dimensional.
Let X = [0, 1] and Y = L2 (Ω) the space of square integrable functions on a compact set
2 =
Ω ⊂ R. We denote by M the space of L2 (Ω)-valued functions on X whose norm kgkM
Z
Z
[g(x)(t)]2 dxdt is finite.
Ω

Z x

 F = f, ∃f 0 = df (x) ∈ M, f (x) =
f 0 (z)dz ,
dx
0
hf1 , f2 iF = hf10 , f20 iM .



XZ

= hK(x, z)y, wiY ,

hK(xi , xj )yi , yj iY =

0

i,j

i,j 0
1X

Z

1

Z

0

1

ϕ(z, x)w(t)y(t)dt =

Z

0

1

ϕ(x, z)y(t)z(t)dt
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yi (t)ϕ(xi , xj )yj (t)dt ≥ 0 (since ϕ ≥ 0).

ϕ(xi , xj )yi (t)yj (t)dt

hK(z, x)∗ y, wiY = hy, K(z, x)wiY =

F is a function-valued RKHS with the operator-valued kernel K(x, z) = Mϕ(x,z) . Mϕ is the
multiplication operator associated with the function ϕ where ϕ(x, z) is equal to x if x ≤ z
and z otherwise. Since ϕ is a positive-definite function, K is Hermitian and nonnegative.
Indeed,

and
X
i,j

=

15
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Now we show that the reproducing property holds for any f ∈ F, y ∈ L2 (Ω) and x ∈ X :

0

Ω



[f 0 (z)](t)[K(x, z)y]0 (t)dzdt
Z
Z x
[f 0 (z)](t)y(t)dzdt = [f (x)](t)y(t)dt

hf, K(x, ·)yiF = hf 0 , [K(x, ·)y]0 iM
Z Z 1
=

=

Ω 0Z
kern. def

Ω

= hf (x), yiL2 (Ω) .

Theorem 2 states that it is possible to construct a pre-Hilbert space of operators from
a nonnegative operator-valued kernel and with some additional assumptions it can be completed to obtain a function-valued reproducing kernel Hilbert space. Therefore, it is important to consider the problem of constructing nonnegative operator-valued kernels. This is
the focus of the next section.

5. Operator-valued Kernels for Functional Data
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Reproducing kernels play an important role in statistical learning theory and functional
estimation. Scalar-valued kernels are widely used to design nonlinear learning methods
which have been successfully applied in several machine learning applications (Schölkopf
and Smola, 2002; Shawe-Taylor and Cristanini, 2004). Moreover, their extension to matrixvalued kernels has helped to bring additional improvements in learning vector-valued functions (Micchelli and Pontil, 2005a; Reisert and Burkhardt, 2007; Caponnetto and De Vito,
2006). The most common and most successful applications of matrix-valued kernel methods
are in multi-task learning (Evgeniou et al., 2005; Micchelli and Pontil, 2005b), even though
some successful applications also exist in other areas, such as image colorization (Minh et al.,
2010), link prediction (Brouard et al., 2011) and network inference (Lim et al., 2015). A basic, albeit not obvious, question which is always present with reproducing kernels concerns
how to build these kernels and what is the optimal kernel choice. This question has been
studied extensively for scalar-valued kernels, however it has not been investigated enough
in the matrix-valued case. In the context of multi-task learning, matrix-valued kernels are
constructed from scalar-valued kernels which are carried over to the vector-valued setting
by a positive definite matrix (Micchelli and Pontil, 2005b; Caponnetto et al., 2008).
In this section we consider the problem from a more general point of view. We are
interested in the construction of operator-valued kernels, generalization of matrix-valued
kernels in infinite dimensional spaces, that perform the mapping between two spaces of
functions and which are suitable for functional response data. Our motivation is to build
operator-valued kernels that are capable of giving rise to nonlinear FDA methods. It is
worth recalling that previous studies have provided examples of operator-valued kernels
with infinite-dimensional output spaces (Micchelli and Pontil, 2005a; Caponnetto et al.,
2008; Carmeli et al., 2010); however, they did not focus either on building methodological
connections with the area of FDA, or on the practical impact of such kernels on real-world
applications.
Motivated by building kernels that capture dependencies between samples of functional (infinite-dimensional) response variables, we adopt a FDA modeling formalism. The

16

(4)
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where, in contrast to the concurrent model, the functional parameter β is now a function of
both s and t, and y(t) depends on x(s) for an interval of values of s (Ramsay and Silverman,

where α and β are the functional parameters of the model (Ramsay and Silverman, 2005,
Chapter 14). This model is known as the “concurrent model” where “concurrent” means
that y(t) only depends on x at t. The concurrent model is similar to the varying coefficient
model proposed by Hastie and Tibshirani (1993) to deal with the case where the parameter
β of a multivariate regression model can vary over time. A main limitation of this model is
that the response y and the covariate x are both functions of the same argument t, and the
influence of a covariate on the response is concurrent or point-wise in the sense that x only
influences y(t) through its value x(t) at time t. To overcome this restriction, an extended
linear model in which the influence of a covariate x can involve a range of argument values
x(s) was proposed; it takes the following form:
Z
y(t) = α(t) + x(s)β(s, t)ds + (t),
(5)

y(t) = α(t) + β(t)x(t) + (t),

FDA is an extension of multivariate data analysis suitable when data are functions. In this
framework, a data is a single function observation rather than a collection of observations.
It is true that the data measurement process often provides a vector rather than a function,
but the vector is a discretization of a real attribute which is a function. Hence, a functional
datum i is acquired as a set of discrete measured values, yi1 , . . . , yip ; the first task in
parametric (linear) FDA methods is to convert these values to a function yi with values
yi (t) computable for any desired argument value t. If the discrete values are assumed to be
noiseless, then the process is interpolation; but if they have some observational error, then
the conversion from discrete data to functions is a regression task (e.g., smoothing) (Ramsay
and Silverman, 2005).
A functional data model takes the form yi = f (xi ) + i where one or more of the components yi , xi and i are functions. Three subcategories of such models can be distinguished:
predictors xi are functions and responses yi are scalars; predictors are scalars and responses
are functions; both predictors and responses are functions. In the latter case, which is
the context we face, the function f is a compact operator between two infinite-dimensional
Hilbert spaces. Most previous works on this model suppose that the relation between functional responses and predictors is linear; for more details, see Ramsay and Silverman (2005)
and references therein.
For functional input and output data, the functional linear model commonly found in
the literature is an extension of the multivariate linear one and has the following form:

5.1 Linear Functional Response Models

design of such kernels will doubtless prove difficult, but it is necessary to develop reliable
nonlinear FDA methods. Most FDA methods in the literature are based on linear parametric models. Extending these methods to nonlinear contexts should render them more
powerful and efficient. Our line of attack is to construct operator-valued kernels from operators already used to build linear FDA models, particularly those involved in functional
response models. Thus, it is important to begin by looking at these models.
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z(x1 ,x2 )

/Z
T (z)

/ L(Y)

X

X
T (x1 )

O

T (x2 )

/ L(X , Y)

L(X , Y) × L(X , Y)∗



/ L(X , Y)

T (x1 )T (x2 )∗

Operator combination

/ L(Y)

18

JMLR 17(20):1-54

In our context, constructing an operator-valued kernel turns out to build an operator that
maps a couple of functions to a function: in X × X → L(Y) from two functions x1 and
x2 in X . This can be performed in one of two ways: either combining the two functions
x1 and x2 into a variable z ∈ Z and then adding an operator function T : Z −→ L(Y)
that performs the mapping from space Z to L(Y), or building an L(X , Y)-valued function
T , where L(X , Y) is the set of bounded operators from X to Y, and then combining the
resulting operators T (x1 ) and T (x2 ) to obtain the operator in L(Y). In the latter case, a
natural way to combine T (x1 ) and T (x2 ) is to use the composition operation and the kernel
K(x1 , x2 ) will be equal to T (x1 )T (x2 )∗ . Figure 3 describes the construction of an operatorvalued kernel function using the two schemes which are based on combining functions (x1
and x2 ) or operators (T (x1 ) and T (x2 )), respectively. Note that separable operator-valued
kernels (Álvarez et al., 2012), which are kernels that can be formulated as a product of

5.2 Operator-valued Kernel Building Schemes

2005, Chapter 16). Estimation of the parameter function β(·, ·) is an inverse problem and
requires regularization. Regularization can be implemented in a variety of ways, for example
by penalized splines (James, 2002) or by truncation of series expansions (Müller, 2005). A
review of functional response models can be found in Chiou et al. (2004).
The operators involved in the functional data models described above are the multiplication operator (Equation 4) and the integral operator (Equation 5). We think that
operator-valued kernels constructed using these operators could be a valid alternative to
extend linear FDA methods to nonlinear settings. In Subsection 5.4 we provide examples
of multiplication and integral operator-valued kernels. Before that, we identify building
schemes that can be common to many operator-valued kernels and applied to functional
data.

Figure 3: Illustration of building an operator-valued kernel from X ×X to L(Y) using a combination of functions or a combination of operators. (left) The operator-valued
kernel is constructed by combining two functions (x1 and x2 ) and by applying a
positive L(Y)-valued mapping T to the combination. (right) the operator-valued
kernel is generated by combining two operators (T (x1 ) and T (x2 )∗ ) built from an
L(X , Y)-valued mapping T .

X ×X

Function combination
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a scalar-valued kernel function for the input space alone and an operator that encodes
the interactions between the outputs, are a particular case of the function combination
building scheme, when we take Z as the set of real numbers R and the scalar-valued kernel
as combination function. In contrast, the operator combination scheme is particularly
amenable to the design of nonseparable operator-valued kernels. This scheme was already
used in various problems of operator theory, system theory and interpolation (Alpay et al.,
1997; Dym, 1989).
To build an operator-valued kernel and then construct a function-valued reproducing
kernel Hilbert space, the operator T is of crucial importance. Choosing T presents two
major difficulties. Computing the adjoint operator is not always easy to do, and then, not
all operators verify the Hermitian condition of the kernel. On the other hand, since the
kernel must be nonnegative, we suggest to construct operator-valued kernels from positive
definite scalar-valued kernels which can be the reproducing kernels of real-valued Hilbert
spaces. In this case, the reproducing property of the operator-valued kernel allows us to
compute an inner product in a space of operators by an inner product in a space of functions
which can be, in turn, computed using the scalar-valued kernel. The operator-valued kernel
allows the mapping between a space of functions and a space of operators, while the scalar
one establishes the link between the space of functions and the space of measured values.
It is also useful to define combinations of nonnegative operator-valued kernels that allow to
build a new nonnegative one.
5.3 Combinations of Operator-valued Kernels
We have shown in Section 4 that there is a bijection between nonnegative operator-valued
kernels and function-valued reproducing kernel Hilbert spaces. So, as in the scalar case, it
will be helpful to characterize algebraic transformations, like sum and product, that preserve
the nonnegativity of operator-valued kernels. Theorem 3 stated below gives some building
rules to obtain a positive operator-valued kernel from combinations of positive existing ones.
Similar results for the case of matrix-valued kernels can be found in Reisert and Burkhardt
(2007), and for a more general context we refer the reader to Caponnetto et al. (2008)
and Carmeli et al. (2010). In our setting, assuming H and G be two nonnegative kernels
constructed as described in the previous subsection, we are interested in constructing a
nonnegative kernel K from H and G.
Theorem 3 Let H : X × X −→ L(Y) and G : X × X −→ L(Y) two nonnegative operatorvalued kernels
(i) K ≡ H + G is a nonnegative kernel,
(ii) if H(w, z)G(w, z) = G(w, z)H(w, z), ∀w, z ∈ X , then K ≡ HG is a nonnegative
kernel,
(iii) K ≡ T HT ∗ is a nonnegative kernel for any L(Y)-valued function T (·).
Proof : Obviously (i) follows from the linearity of the inner product. (ii) can be proved by
showing that the “element-wise” multiplication of two positive block operator matrices can
be positive (see below). For the proof of (iii), we observe that
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K(w, z)∗ = [T (z)H(w, z)T (w)∗ ]∗ = T (w)H(z, w)T (z)∗ = K(z, w),
19

and

X
i,j

i,j

hT (wj )H(wi , wj )T (wi )∗ ui , uj i

X
hH(wi , wj )T (wi )∗ ui , T (wj )∗ uj i,

i,j

X

Kadri et al.

hK(wi , wj )ui , uj i =
=

which implies the nonnegativity of the kernel K since H is nonnegative.

= G(wi , wj )H(wi , wj ) = H(wi , wj )G(wi , wj )

= (Kji )∗ = K(wj , wi )∗ = H(wj , wi )G(wj , wi )

∗

= G(wj , wi )∗ H(wj , wi )∗

To prove (ii), i.e., the kernel K ≡ HG is nonnegative in the case where H and G are
nonnegative kernels such that H(w, z)G(w, z) = G(w, z)H(w, z), ∀w, z ∈ X , we show below
that the block operator matrix K associated to the operator-valued kernel K for a given set
{wi }, i = 1, . . . , n with n ∈ N, is positive. By construction, we have K = H ◦ G where H
and G are the block operator kernel matrices corresponding to the kernels H and G, and
‘◦’ denotes the “element-wise” multiplication defined by (H ◦ G)ij = H(wi , wj )G(wi , wj ).
K, H and G are all in ∈ L(Y n ).
Since the kernels H and G are Hermitian and HG = GH, it is easy to see that
(K∗

)ij

= Kij .

Thus, K is self-adjoint. It remains, then, to prove that hKu, ui ≥ 0, ∀u ∈ Y n , in order to
show the positivity of K.
The “element-wise” multiplication can be rewritten as a tensor product. Indeed, we
have

K = H ◦ G = L∗ (H ⊗ G)L,

where L : Y n −→ Y n ⊗ Y n is the mapping defined by Lei = ei ⊗ ei for an orthonormal
basis {ei } of the separable Hilbert space Y n , and H ⊗ G is the tensor product defined by
(H ⊗ G)(u ⊗ v) = Hu ⊗ Gv, ∀u, v ∈ Y n . To see this, note that

1

1

1

1

1

1

= hHei ⊗ Gei , ej ⊗ ej i = hHei , ej ihGei , ej i

1

1

= Hij Gij = h(H ◦ G)ei , ej i.

1

1

hL∗ (H ⊗ G)Lei , ej i = h(H ⊗ G)Lei , Lej i = h(H ⊗ G)(ei ⊗ ei ), ej ⊗ ej i

1

Now since H and G are positive, we have

1

hKu, ui = hL∗ (H ⊗ G)Lu, ui = hL∗ (H 2 H 2 ⊗ G 2 G 2 )Lu, ui

1

1

1

1

1

1

= h(H 2 ⊗ G 2 )Lu, (H 2 ⊗ G 2 )Lui = k(H 2 ⊗ G 2 )Luk2 ≥ 0.
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= hL∗ (H 2 ⊗ G 2 )(H 2 ⊗ G 2 )Lu, ui = h(H 2 ⊗ G 2 )Lu, (H 2 ⊗ G 2 )∗ Lui

This concludes the proof.

20

−→ L(Y)
7−→ kx (x1 , x2 )T ky ,

=

i,j

X

kx (xi , xj )

Z

ky (t)yi (t)yj (t)dt =

i,j

i,j

Z X

yi (t)[kx (xi , xj )ky (t)]yj (t)dt ≥ 0,

21
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A Hilbert-Schmidt integral operator on Y associated with a kernel h(·, ·) is defined as
follows:
T h : Y −→ Y
R
y 7−→ Tyh ; Tyh (t) , h(s, t)y(s)ds.

2. Hilbert-Schmidt integral operator:

since the product of two positive-definite scalar-valued kernels is also positive-definite.
Therefore K is a nonnegative operator-valued kernel.

i,j

Moreover, we have
X
X
hK(xi , xj )yi , yj iY =
kx (xi , xj )hky (·)yi (·), yj (·)iY

where kx (·, ·) is a positive definite scalar-valued kernel and ky a positive real function.
It is easy to see that hT h x, yi = hx, T h yi, then T h is a self-adjoint operator. Thus
K(x2 , x1 )∗ = K(x2 , x1 ) and K is Hermitian since K(x1 , x2 ) = K(x2 , x1 ).

K : X ×X
x1 , x2

The operator-valued kernel K(·, ·) is the following:

T h : Y −→ Y
y 7−→ Tyh ; Tyh (t) , h(t)y(t).

A multiplication operator on Y is defined as follows:

In Kadri et al. (2010), the authors attempted to extend the widely used Gaussian
kernel to functional data domain using a multiplication operator and assuming that
input and output data belong to the same space of functions. Here we consider a
slightly different setting, where the input space X can be different from the output
space Y.

1. Multiplication operator:

We provide here examples of operator-valued kernels for functional response data. All these
examples deal with operator-valued kernels constructed following the schemes described
above and assuming that Y is an infinite-dimensional function space. Motivated by building kernels suitable for functional data, the first two examples deal with operator-valued
kernels constructed from the multiplication and the integral self-adjoint operators in the
2
case where Y is the Hilbert space
R L (Ωy ) of square integrable functions on Ωy endowed
with the inner product hφ, ψi = Ωy φ(t)ψ(t)dt. We think that these kernels represent an
interesting alternative to extend linear functional models to nonlinear settings. The third
example based on the composition operator shows how to build such kernels from non selfadjoint operators (this may be relevant when the functional linear model is based on a non
self-adjoint operator). It also illustrates the kernel combination defined in Theorem 3(iii).

5.4 Examples of Nonnegative Operator-valued Kernels

Operator-valued Kernels for Learning from Functional Response Data

Z

ky (s, t)f (s)ds.

i,j

−→ L(Y)
∗
7−→ Cψ(x1 ) Cψ(x
2)

22
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where ψ(x1 ) and ψ(x2 ) are maps of Ωy into itself. It is easy to see that the kernel K is
Hermitian. Using Theorem 3(iii) we obtain the nonnegativity property of the kernel.

K : X ×X
x1 , x2

Once we have expressed the adjoint of a composition operator in a reproducing kernel
Hilbert space, we consider the following operator-valued kernel:

(Cϕ∗ f )(t) = hCϕ∗ f, kt i = hf, Cϕ kt i = hf, kt ◦ ϕi

This is true for any f ∈ Y and then Cϕ∗ kt = kϕ(t) . In a similar way, Cϕ∗ f can be
computed at each point of the function f :

hf, Cϕ∗ kt (·)i = hCϕ f, kt i = hf ◦ ϕ, kt i
= f (ϕ(t)) = hf, kϕ(t) i.

First, we look for an expression of the adjoint of the composition operator Cϕ acting
on Y in the case where Y is a scalar-valued RKHS of functions on Ωy and ϕ an analytic
map of Ωy into itself. For any f in the space Y associated with the real kernel k,

Cϕ : f 7−→ f ◦ ϕ

Let ϕ be an analytic map. The composition operator associated with ϕ is the linear
map:

3. Composition operator:

which is positive because of the positive-definiteness of the scalar-valued kernels kx
and ky .

i,j

The Hilbert-Schmidt integral operator is self-adjoint if ky is Hermitian. This condition
is verified and then it is easy to check that K is also Hermitian. K is nonnegative
since
ZZ X
X
hK(xi , xj )yi , yj iY =
yi (s)[kx (xi , xj )ky (s, t)]yj (t)dsdt,

where g(t) = kx (x1 , x2 )

K(x1 , x2 )[·] : Y −→ Y
f 7−→ g

In this case, an operator-valued kernel K is a Hilbert-Schmidt integral operator associated with positive definite scalar-valued kernels kx and ky , and it takes the following
form:

Kadri et al.
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5.5 Multiple Functional Data and Kernel Feature Map
Until now, we discussed operator-valued kernels and their corresponding RKHS from the
perspective of extending Aronszajn (1950) pioneering work from scalar-valued or vectorvalued cases to the function-valued case. However, it is also interesting to explore these
kernels from a feature space point of view (Schölkopf et al., 1999; Caponnetto et al., 2008).
In this subsection, we provide some ideas targeted at advancing the understanding of feature
spaces associated with operator-valued kernels and we show how these kernels can design
more suitable feature maps than those associated with scalar-valued kernels, especially
when input data are infinite dimensional objects like curves. To explore the potential
of adopting an operator-valued kernel feature space approach, we consider a supervised
learning problem with multiple functional data where each observation is composed of more
than one functional variable (Kadri et al., 2011b,c). Working with multiple functions allows
to deal in a natural way with a lot of applications. There are many practical situations where
a number of potential functional covariates are available to explain a response variable. For
example, in audio and speech processing where signals are converted into different functional
features providing information about their temporal, spectral and cepstral characteristics,
or in meteorology where the interaction effects between various continuous variables (such
as temperature, precipitation, and winds) is of particular interest.
Similar to the scalar case, operator-valued kernels provide an elegant way of dealing with
nonlinear algorithms by reducing them to linear ones in some feature space F nonlinearly
related to input space. A feature map associated with an operator-valued kernel K is a
continuous function
Φ : X × Y −→ L(X , Y),
such that for every x1 , x2 ∈ X and y1 , y2 ∈ Y
hK(x1 , x2 )y1 , y2 iY = hΦ(x1 , y1 ), Φ(x2 , y2 )iL(X ,Y) ,
where L(X , Y) is the set of linear mappings from X into Y. By virtue of this property, Φ
is called a feature map associated with K. Furthermore, from the reproducing property, it
follows that in particular
hK(x1 , ·)y1 , K(x2 , ·)y2 iF = hK(x1 , x2 )y1 , y2 iY ,
which means that any operator-valued kernel admits a feature map representation Φ with a
feature space F ⊂ L(X , Y) defined by Φ(x1 , y1 ) = K(x1 , ·)y1 , and corresponds to an inner
product in another space.
From this feature map perspective, we study the geometry of a feature space associated
with an operator-valued kernel and we compare it with the geometry obtained by a scalarvalued kernel. More precisely, we consider two reproducing kernel Hilbert spaces F and
H. F is a RKHS of function-valued functions on X with values in Y. X ⊂ (L2 (Ωx ))p 7 ,
Y ⊂ L2 (Ωy ) and let K be the reproducing operator-valued kernel of F. H is also a RKHS,
but of scalar-valued functions on X with values in R, and k its reproducing scalar-valued
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7. p is the number of functions that represent input data. In the field of FDA, such data are called
multivariate functional data.
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ΦK : (L2 )p → L((L2 )p , L2 ),

x 7→ k(x, ·).

x 7→ K(x, ·)y,

kernel. The mappings ΦK and Φk associated, respectively, with the kernels K and k are
defined as follows

and

Φk : (L2 )p → L((L2 )p , R),

These feature maps can be seen as a mapping of the input data xi , which are vectors of
functions in (L2 )p , into a feature space in which the inner product can be computed using
the kernel functions. This idea leads to design nonlinear methods based on linear ones in the
feature space. In a supervised classification problem for example, since kernels map input
data into a higher dimensional space, kernel methods deal with this problem by finding a
linear separation in the feature space. We now compare the dimension of feature spaces
obtained by the maps ΦK and Φk . To do this, we adopt a functional data analysis point
of view where observations are composed of sets of functions. Direct understanding of this
FDA viewpoint comes from the consideration of the “atom” of a statistical analysis. In
a basic course in statistics, atoms are “numbers”, while in multivariate data analysis the
atoms are vectors and methods for understanding populations of vectors are the focus. FDA
can be viewed as the generalization of this, where the atoms are more complicated objects,
such as curves, images or shapes represented by functions (Zhao et al., 2004). Based on
this, the dimension of the input space is p since xi ∈ (L2 )p is a vector of p functions. The
feature space obtained by the map Φk is a space of functions, so its dimension from a FDA
viewpoint is equal to one. The map ΦK projects the input data into a space of operators
L(X , Y). This means that using the operator-valued kernel K corresponds to mapping the
functional data xi into a higher, possibly infinite, dimensional space (L2 )d with d → ∞.
In a binary functional classification problem, we have higher probability to achieve linear
separation between the classes by projecting the functional data into a higher dimensional
feature space rather than into a lower one (Cover’s theorem), that is why we think that it
is more suitable to use operator-valued than scalar-valued kernels in this context.

6. Function-valued Function Learning

i=1

n
X

2
kyi − F (xi )kY
.

In this section, we consider the problem of estimating an unknown function F such that
n
∈ X × Y are assumed to be elements of the
F (xi ) = yi when observed data (xi (s), yi (t))i=1
space of square integrable functions L2 . X = {x1 , . . . , xn } denotes the training set with
corresponding targets Y = {y1 , . . . , yn }. Since X and Y are spaces of functions, the problem
can be thought of as an operator estimation problem, where the desired operator maps a
Hilbert space of factors to a Hilbert space of targets. Among all functions in a linear space
of operators F, an estimate Fe ∈ F of F may be obtained by minimizing:

F ∈F

Fe = arg min
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Depending on F, this problem can be ill-posed and a classical way to turn it into a wellposed problem is to use a regularization term. Therefore, we may consider the solution of

24

i=1

n
X

kyi − F (xi )k2Y + λkF k2F ,
(6)

i=1

n
X

kyi − F (xi )k2Y + λkF k2F ,

i=1

n
X

kyi −
j=1

n
X

K(xi , xj )uj k2Y + λ
i,j

n
X
hK(xi , xj )ui , uj iY .

(8)

(9)

(10)
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∀xi , xj ∈ X ,
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K(xi , xj ) = g(xi , xj )T,

where g is a scalar-valued kernel and T is an operator in L(Y). This separable kernel
construction is adapted from Micchelli and Pontil (2005a,b). The choice of T depends

where K = [K(xi , xj )]ni,j=1 is a n × n block operator kernel matrix (Kij ∈ L(Y)) and
y ∈ Y n the vector of functions (yi )ni=1 . In this work, we are interested in this third
approach which extends to functional data analysis domain results and properties
known from multivariate statistical analysis. One main obstacle for this extension is
the inversion of the block operator kernel matrix K. Block operator matrices generalize block matrices to the case where the block entries are linear operators between
infinite dimensional Hilbert spaces. These matrices and their inverses arise in some
areas of mathematics (Tretter, 2008) and signal processing (Asif and Moura, 2005).
In contrast to the multivariate case, inverting such matrices is not always feasible in
infinite dimensional spaces. To overcome this problem, we study the eigenvalue decomposition of a class of block operator kernel matrices obtained from operator-valued
kernels having the following form:

(K + λI)u = y,

3. Another possible way to solve the minimization problem (8) is to compute its derivative using the directional derivative and setting the result to zero to find an analytic
solution of the problem. It follows that the vector of functions u ∈ Y n satisfies the
system of linear operator equations:

2. The second way consists in considering the output space Y to be a scalar-valued reproducing Hilbert space. In this case, the functions
P ui can be approximated by a linear
combination of a scalar-valued kernel ûi = m
l=1 αil k(sl , ·) and then the problem (8)
becomes a minimization problem over the real values αil rather than the discrete
values ui (t1 ), . . . , ui (tm ). In the FDA literature, a similar idea has been adopted
by Ramsay and Silverman (2005) and by Prchal and Sarda (2007) who expressed not
only the functional parameters ui but also the observed input and output data in a
basis functions specified a priori (e.g., Fourier basis or B-spline basis).

1. Assuming that the observations are made on a regular grid {t1 , . . . , tm }, one can first
discretize the functions xi and yi and then solve the problem using multivariate data
analysis techniques (Kadri et al., 2010). However, as this is well-known in the FDA
domain, this has the drawback of not taking into consideration the relationships that
exist between samples.

Problem (8) can be solved in three ways:

u∈(Y)n

e λ = arg min
u

Substituting (7) in (6) and using the reproducing property of F, we come up with the
following minimization problem over the scalar-valued functions ui ∈ Y (u is the vector of
functions (ui )i=1,...,n ∈ (Y)n ) rather than the function-valued function (or operator) F :

Kadri et al.

where ui (·) are in Y and the reproducing kernel K is a nonnegative operator-valued function.
With regards to the classical representer theorem, here the kernel K outputs an operator and
the “weights” ui are functions. A proof of the representer theorem in the case of functionvalued reproducing kernel Hilbert spaces is given in Appendix B (see also Micchelli and
Pontil, 2005a).

i=1

where αi ∈ R and k is the reproducing kernel of a real-valued Hilbert space (Wahba, 1990).
An extension of this solution to the domain of functional data analysis takes the following
form:
n
X
Fe(·) =
K(xi , ·)ui ,
(7)

i=1

We are now interested in solving the minimization problem (6) in a reproducing kernel
Hilbert space F of function-valued functions. In the scalar case, it is well-known that under
general conditions on real-valued RKHS, the solution of this minimization problem can be
written as:
n
X
Fe(x) =
αi k(xi , x),

6.1 Learning Algorithm

F ∈F

where F belongs to the Hilbert space F. It is easy to note that Jλ is continuous and convex.
Besides, Jλ is coercive for λ > 0 since kF k2F is coercive and the sum involves only positive
terms. Hence Feλ = arg min Jλ (F ) exists.

Jλ (F ) =

This corollary can be straightforwardly applied to problem (6) by defining:

Corollary 5 Let H be a Hilbert space and J : H → R is a strongly lower semi-continuous,
convex and coercive function. Then J is bounded from below and attains a minimizer.

Theorem 4 Let Z be a reflexive Banach space and C ⊆ Z a weakly closed and bounded set.
Suppose J : C → R is a proper lower semi-continuous function. Then J is bounded from
below and has a minimizer on C.

where λ ∈ R+ is a regularization parameter. Existence of Feλ in the optimization problem (6)
is guaranteed for λ > 0 by the generalized Weierstrass theorem and one of its corollary that
we recall from Kurdila and Zabarankin (2005).

F ∈F

Feλ = arg min

the problem as the function Fe ∈ F that minimizes:
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Ωy

on the context. For multi-task kernels, T is a finite dimensional matrix which models relations between tasks. In FDA, Lian (2007) suggested the use of the identity
operator, while in Kadri et al. (2010) the authors showed that it is better to choose
other operators than identity to take into account functional properties of the input
and output spaces. They introduced a functional kernel based on the multiplication
operator. In this work, we are more interested in kernels constructed from the integral operator. This seems to be a reasonable choice since functional linear model (see
Equation 5) are based on this operator (Ramsay and Silverman, 2005, Chapter 16).
So we can consider for example the following positive definite operator-valued kernel:
Z
e−|t−s| y(s)ds,
(11)
(K(xi , xj )y)(t) = g(xi , xj )

where y ∈ Y = L2 (Ωy ) and {s, t} ∈ Ωy = [0, 1]. Note that a similar kernel was
proposed as an example in Caponnetto et al. (2008) for linear spaces of functions
from R to Gy .



g(x1 , x1 )T
.
..
g(xn , x1 )T


. . . g(x1 , xn )T

.
..
 = G ⊗ T.
.
..
. . . g(xn , xn )T

The n × n block operator kernel matrix K of operator-valued kernels having the
form (10) can be expressed as a Kronecker product between the Gram matrix G =
in Rn×n and the operator T ∈ L(Y), and is defined as follows:
n
g(xi , xj ) i,j=1


K=

It is easy to show that basic properties of the Kronecker product between two finite
matrices can be restated for this case. So, K−1 = G−1 ⊗ T −1 and the eigendecomposition of the matrix K can be obtained from the eigendecompositions of G and T (see
Algorithm 1).

i=1



Theorem 6 If T ∈ L(Y) is a compact, normal operator (T T ∗ = T ∗ T ) on the Hilbert
space Y, then there exists an orthonormal basis of eigenfunctions {φi , i ≥ 1} corresponding to eigenvalues {λi , i ≥ 1} such that
X
λi hy, φi iφi , ∀y ∈ Y.
Ty =

Proof : See Naylor and Sell (1971)[theorem 6.11.2]

Let θi and zi be, respectively, the eigenvalues and the eigenfunctions of K. From
Theorem 6 it follows that the inverse operator K−1 is given by
X
θi−1 hc, zi izi , ∀c ∈ Y n .
K−1 c =

i
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Now we are able to solve the system of linear operator equations (9) and the functions
ui can be computed from eigenvalues and eigenfunctions of the matrix K, as described
in Algorithm 1.
27
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Algorithm 1 L2 -Regularized Function-valued Function Learning Algorithm
Input
Examples:
(function) data xi ∈ (L2 ([0, 1]))p , size n
(function) labels yi ∈ L2 ([0, 1]), size n
Parameters: g, T , κ, λ
Eigendecomposition of G, the Gram matrix of the scalar-valued kernel g
n
Comment: G = g(xi , xj )i,j=1
∈ Rn×n
Let αi ∈ R the n eigenvalues
Let vi ∈ Rn the n eigenvectors
Eigendecomposition of the operator T ∈ L(Y )
Choose κ, the number of computed eigenfunctions
Compute κ (δi ∈ R, wi ∈ L2 ([0, 1])) pairs of (eigenvalue, eigenfunction)
Eigendecomposition of K = G ⊗ T
n
Comment: K = K(xi , xj )i,j=1
∈ (L(Y ))n×n
The eigenvalues θi ∈ R, size n × κ, are obtained as: θ = α ⊗ δ
The eigenfunctions zi ∈ (L2 ([0, 1]))n , size n × κ, are obtained as: z = v ⊗ w
Solution of problem (8) u = (K + λI)−1 y
Initialize
Pn parameter
Pn×κλ: regularization
[(θi + λ)−1 j=1
hzij , yj izi ]
u = i=1

To put our algorithm into context, we remind that a crucial question about the applicability of functional data is how one can find an appropriate space and a basis in which the
functions can be decomposed in a computationally feasible way while taking into account
the functional nature of the data. This is exactly what Algorithm 1 does. In contrast to
parametric FDA methods, the basis function here is not fixed in advance but implicitly
defined by choosing a reproducing operator-valued kernel acting on both input and output
data. The spectral decomposition of the block operator kernel matrix naturally allows the
assignment of an appropriate basis function to the learning process for representing input
and output functions. Moreover, the formulation is flexible enough to be used with different
operators and then to be adapted for various applications involving functional data. Also, in
the context of nonparametric FDA where the notion of semi-metric plays an important role
in modeling functional data, we note that Algorithm 1 is based on computing and choosing a
finite number of eigenfunctions. This is strongly related to the semi-metric building scheme
in Ferraty and Vieu (2006) which is based on, for example, functional principal components
or successive derivatives. Operator-valued kernels constructed from the covariance operator (Kadri et al., 2013b) or the derivative operator will allow to design semi-metrics similar
to those just mentioned. In this sense, the eigendecomposition of the block operator kernel
matrix offers a new way of producing semi-metrics.
6.2 Generalization Analysis
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Here, we provide an analysis of the generalization error of the function-valued function
learning model (6) using the notion of algorithmic stability. For more details and results

28

Remp (F, Z) =

n

i=1

1X
`(yi , F, xi ).
n

where Rreg (F, Z) = Remp (F, Z) + λkF k2F .

29

F ∈F

FZ = arg min Rreg (F, Z),
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(12)

A learning algorithm can be viewed as a function which maps a training set Z onto a
function FZ from X to Y (Bousquet and Elisseeff, 2002). In our case, FZ is the solution of
the optimization problem (6) which is an instance of the following scheme

and the empirical error as:

with the least squares loss and other loss function (including -sensitive loss and logistic
loss), see Audiffren and Kadri (2013). In the case of vector-valued functions, the effort in
this area has already produced several successful results, including Baxter (2000), Ando
and Zhang (2005), Maurer (2006), and Maurer and Pontil (2013). Yet, these studies have
considered only the case of finite-dimensional output spaces, and have focused rather on
linear machines than on nonlinear ones. To our knowledge, the first work investigating
the generalization performance of nonlinear vector-valued function learning methods when
output spaces can be infinite-dimensional is that of Caponnetto and De Vito (2006). In
their study, from a theoretical analysis based on the concept of effective dimension, the
authors have derived generalization bounds for the learning model (6) when the hypothesis
space is an RKHS with operator-valued kernels.
The convergence rates in Caponnetto and De Vito (2006), although optimal in the
case of finite-dimensional output spaces, require assumptions on the kernel that can be
restrictive in the infinite-dimensional case. Indeed, their proof depends upon the fact that
the trace of the operator K(x, x) is finite (K is the operator-valued kernel function), and
this restricts the applicability of their results when the output space is infinite-dimensional.
To illustrate this, let us consider the identity operator-valued kernel K(·, ·) = k(·, ·)I, where
k is a scalar-valued kernel and I is the identity operator. This simple kernel does not
satisfy the finite trace condition and therefore the results of Caponnetto and De Vito (2006)
cannot be applied in this case. Regarding the examples of operator-valued kernels given in
Subsection 5.4, the kernel built from the integral operator satisfies the finite trace condition,
while that based on the multiplication operator does not. To address this issue, we first show
that our learning algorithm is uniformly stable, and then we derive under mild assumption
on the kernel, using a result from Bousquet and Elisseeff (2002), a generalization bound
which holds even when the finite trace condition is not satisfied.
We now state and discuss the main assumptions we need to prove a stability-based
bound on the generalization error of our method. In the following, we consider a training set
Z = {(x1 , y1 ), ...., (xn , yn )} of size n in X × Y drawn i.i.d. from an unknown distribution P ,
and we denote by Z i = Z \ (xi , yi ) the set Z from which the couple (xi , yi ) is removed. We
will use a cost function c : Y × Y → R+ . The loss of an hypothesis F with respect to an
example (x, y) is then defined as `(y, F, x) = c(F (x), y). The generalization error is defined
as:
Z
R(F ) = `(y, F (x), x)dP (x, y),
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kK(x, x)ykY
is the operator norm of K(x, x) on L(Y).
kykY

kF (x)kY

kyk=1

kyk=1

1

kyk=1

p

1

hK(x, x)y, yiY
2
≤ κkF kF
≤ kF (·)kF sup kK(x, x)ykY2 ≤ kF (·)kF kK(x, x)kop

kyk=1

kyk=1

≤ kF (·)kF sup kK(x, ·)ykF ≤ kF (·)kF sup

= sup |hF (x), yiY | = sup |hF (·), K(x, ·)yiF |
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Now we are ready to state the stability theorem for our function-valued function learning
algorithm. This result is a straightforward extension of Theorem 22 in Bousquet and Elisseeff (2002) to the case of infinite-dimensional output spaces. It is worth pointing out that the
proof does not differ much from the scalar-valued case and requires only minor modifications
to fit the operator-valued kernel approach. For the convenience of the reader, we present in
Appendix C the proof taking into account these modifications. Before stating the theorem
we would like to recall the definition of uniform algorithmic stability from Bousquet and
Elisseeff (2002).

Proof :

Lemma 1 Let K be a nonnegative operator-valued kernel satisfying Assumption 1. Then
∀F ∈ F, kF (x)kY ≤ κkF kF .

Note that Assumption 1 is a direct extension from the scalar-valued to the operator-valued
case of the boundedness condition of the kernel function. It replaces and weakens the finite
trace assumption of the operator K(x, x) used in Caponnetto and De Vito (2006); see
Remark 1 for more details. Assumption 2 was also used by Caponnetto and De Vito (2006)
to avoid problems with measurability. This assumption with the fact that F is separable
ensures that all functions in F are measurable from X to Y. Assumptions 3 and 4 are the
same as those used by Bousquet and Elisseeff (2002) for learning scalar-valued functions.
As a consequence of Assumption 1, we immediately obtain the following elementary lemma
which allows to control kF (x)kY with kF kF .

`(y, FZ , x) ≤ ξ.

Assumption 4 ∃ξ > 0 such that ∀(x, y) ∈ X × Y and ∀Z a training set,

Assumption 3 The application (y, f, x) 7→ `(y, F, x) is σ-admissible, i.e. convex with
respect to F and Lipschitz continuous with respect to F (x), with σ its Lipschitz constant.

(x1 , x2 ) 7→ hK(x1 , x2 )y1 , y2 iY is measurable ∀y1 , y2 ∈ Y.

Assumption 2 The real function from X × X → R

y∈Y

where kK(x, x)kop = sup

kK(x, x)kop ≤ κ2 ,

Assumption 1 ∃κ > 0 such that ∀x ∈ X ,

Kadri et al.

Definition 6 A learning algorithm Z 7→ FZ has uniform stability β with respect to the loss
function ` if the following holds

Operator-valued Kernels for Learning from Functional Response Data
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∀n ≥ 1, ∀1 ≤ i ≤ n, ∀Z a training set, k`(·, FZ , ·) − `(·, FZ i , ·)k∞ ≤ β

σ 2 κ2
.
2λn


Theorem 7 Under Assumptions 1, 2 and 3, a learning algorithm that maps a training set
Z to the function FZ defined in (12) is β stable with
β=

<

σy ,

∀y ∈ Y.

If Assumptions 1 and 5 hold, then

and

hK(x, x)yj , yj i ≥ k(x, x)

kK(x, x)kop ≤ µ2 k(x, x),
X
j∈N

32

i∈N

µX
kyj k22 = ∞,
2
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8. The operator Kx from Y to F, defined by y 7→ K(x, ·)y, ∀y
P ∈ Y, is a Hilbert-Schmidt operator if,
for some any basis (yj )j∈N of Y, it holds that T r(Kx∗ Kx ) = j hK(x, ·)yj , K(x, ·)yj iF < +∞. This is
equivalent to saying that the operator K(x, x) ∈ L(Y) is of trace class, since by the reproducing property
we have hK(x, ·)yj , K(x, ·)yj i = hK(x, x)yj , yj iY .

In this experimental section, we essentially aim at illustrating the potential of adopting a
functional data analysis perspective for learning multi-output functions when the data are
curves. First, we are interested in the problem of acoustic-to-articulatory speech inversion
where the goal is to learn vocal tract (VT) time functions from the acoustic speech signal (Mitra et al., 2010). Then we show, through experiments on sound recognition (Rabaoui
et al., 2008), that the proposed framework can be applied beyond functional response regression, for problems like multiple functional classification where each sound to be classified is
represented by more than one functional parameters.

7. Experiments

where (yj )j∈N is an orthonormal basis of Y (which exists since Y is separable).

T r(K(x, x)) =

K is a nonnegative operator-valued kernel. While K always satisfies Assumption 1, the
Hilbert-Schmidt property of Kx depends on the choice of f and does not hold in general.
µ
For instance, let f (t) = (exp(−t2 ) + 1), then
2

Remark 2 Note that the operator-valued kernel based on the multiplication operator and
described in Subsection 5.4 satisfies Assumption 1 but not the finite trace condition as
assumed in Caponnetto and De Vito (2006). Let k be a positive-definite scalar-valued kernel
such that supx∈X k(x, x) < +∞, I an interval of R, µ > 0, and Y = L2 (I, R). Let
f ∈ L∞ (I, R) be such that kf k∞ < µ. Consider the following multiplication operator-valued
kernel K:
K(x, z)y(·) = k(x, z)f 2 (·)y(·) ∈ Y.

Remark 1 It is important to stress that even though the stability analysis of functionvalued function learning algorithms follows in a quite straightforward fashion from the earlier
results presented in Bousquet and Elisseeff (2002) and provides convergence rates which are
not optimal, it allows to derive generalization error bounds with operator-valued kernels for
which the trace of the operator K(x, x) is not necessarily finite. Assumption 1 is weaker
than the one used in Caponnetto and De Vito (2006) which requires that the operator Kx is
Hilbert-Schmidt8 and supx∈X T r(K(x, x)) < κ. While the two assumptions are equivalent
when the output space Y is finite dimensional, this is no longer the case when, as in this
paper, dim Y = +∞. Moreover, we observe that if the assumption of Caponnetto and De
Vito (2006) is satisfied, then our Assumption 1 holds (see proof in Appendix E). The
converse is not true (see Remark 2 for a counterexample).

Proof : See Appendix C.
β scales as 1/n. This allows to get a bound on the generalization error using a result
from Bousquet and Elisseeff (2002).



Theorem 8 Let Z 7→ FZ be a learning algorithm with uniform stability β with respect to
a loss ` that satisfies Assumption 4. Then, ∀n ≥ 1, ∀ 0 ≤ δ ≤ 1, the following bound holds
with probability at least 1 − δ over the random draw of training samples
r
R ≤ Remp + 2β + (4nβ + ξ)

ln(1/δ)
.
2n

Proof : See Theorem 12 in Bousquet and Elisseeff (2002).

> 0 such that

kykY



For our learning model (6), we should note that Assumption 3 is in general not satisfied
2 . To address this issue, one can
with the least squares loss function `(y, F, x) = ky − F (x)kY
add a boundedness assumption on Y, which is a sufficient condition to prove the uniform
stability when Assumption 1 is satisfied.
Assumption 5

∃σy

Lemma 2 Let `(y, F, x) = ky −

2.
F (x)kY

|`(y, FZ , x) − `(y, FZ i , x)| ≤ σkFZ (x) − FZ i (x)kY ,
κ
with σ = 2σy (1 + √ ).
λ
Proof : See Appendix D.

κ
r
+ √ )2
2
λ + σ 2 (1 + √κ )2 ( 8κ + 1) ln(1/δ) .
y
λ
2n
λ

λn

4κ2 σy2 (1
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This Lemma can replace the Lipschitz property of ` in the proof of Theorem 7. Moreover, Assumptions 1 and 5 are sufficient to satisfy Assumption 4 with ξ = (σ/2)2 (see
Appendix D). We can then use Theorem 7 to prove the uniform stability of our functionvalued function learning algorithm with
κ
2κ2 σy2 (1 + √ )2
λ .
β=
λn
Theorem 8 thus gives us a bound on the generalization error of our method equal, with
probability at least 1 − δ, to
R ≤ Remp +
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i=1 j=1

Ni
n X
X
(−i)

{yij − ŷi

(tij )}2 ,
(13)

Time(s)

Speech signal

Speech Inversion

Speech production

7: glottis

6: velum

5: tongue body

4: tongue tip

3: jaw

2: lower lip

1: upper lip
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Moreover, articulators move relatively slowly and smoothly, and their movements are
continuous. Indeed, the mouth cannot “jump” from one configuration to a completely
different one (Richmond, 2002). For this reason, functional data analysis approaches are well
suited for the speech inversion task. In other words, even if the measurement process itself is
discrete, vocal tract variables are really smooth functions (see Figure 5) rather than vectors
and taking into account such prior knowledge on the nature of the data can significantly
improve performance. In our proposed method, smoothness is guaranteed by the use of
smooth eigenfunctions obtained from the spectral decomposition of the integral operator
associated with a Mercer kernel used to construct the operator-valued kernel defined in
Equation 11. By this way, our approach does not need the filtering post-processing step,
which is necessary in vectorial vocal-tract learning methods to transform the predicted
functions on smooth curves and which has the drawback of changing the behavior of the
predicted vocal tract time functions.
Various nonlinear acoustic-to-articulatory inversion techniques (Richmond, 2002; Mitra
et al., 2010), and particularly kernel-based methods (Toutios and Margaritis, 2005; Mitra

finding the mapping between acoustic parameters and vocal tract variables. In this context, we use Mel-Frequency Cepstral Coefficients (MFCCs) as input and consider as output
eight different vocal tract constriction variables, lip aperture (LA), lip protrusion (LP),
tongue tip constriction degree (TTCD), tongue tip constriction location (TTCL), tongue
body constriction degree (TBCD), tongue body constriction location (TBCL), Velum (VEL)
and Glottis (GLO). Table 2 shows the eight vocal tract variables we used in this study and
the corresponding constriction organs and articulators (Mitra et al., 2009).

Figure 4: Principle of speech inversion (a.k.a. acoustic-articulatory inversion). Human beings produce an audible speech signal by moving their articulators (e.g. tongue,
lips, velum, etc.) to modify a source of sound energy in the vocal tract. In performing the inversion mapping, we aim to invert this forward direction of speech
production. In other words, we aim to take a speech signal and estimate the underlying articulatory movements which are likely to have created it (Richmond,
2002).

SS
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The problem of speech inversion has received increasing attention in the speech processing
community in the recent years (see Schroeter and Sondhi (1994); Mitra et al. (2010); Kadri
et al. (2011a) and references therein). This problem, aka acoustic-articulatory inversion, involves inverting the forward process of speech production (see Figure 4). In other words, for
a given acoustic speech signal we aim at estimating the underlying sequence of articulatory
configurations which produced it (Richmond, 2002). Speech inversion is motivated by several applications in which it is required to estimate articulatory parameters from the acoustic
speech signal. For example, in speech recognition, the use of articulatory information has
been of interest since speech recognition efficiency can be significantly improved (Kirchoff,
1999). This is due to the fact that automatic speech recognition (ASR) systems suffer
from performance degradation in the presence of noise and spontaneous speech. Moreover,
acoustic-to-articulatory speech inversion is also useful in many other interesting applications
such as speech analysis and synthesis (Toda et al., 2004) or helping individuals with speech
and hearing disorders by providing visual feedback (Toutios and Margaritis, 2005).
Most of current research on acoustic-to-articulatory inversion focuses on learning Electromagnetic Articulography (EMA) trajectories from acoustic parameters and frequently
uses the MOCHA fsew0 data set as training and test data (Richmond, 2002). In a recent work, Mitra et al. (2010) suggest the use of the TAsk Dynamics Application (TADA)
model (Nam et al., 2004) to generate acoustic-articulatory database which contains synthetic speech and the corresponding vocal tract time functions. Their results show that
tract variables can be better candidates than EMA trajectories for articulatory feature
based ASR systems. In our experiments, we follow this work by addressing the issue of

7.1 Speech Inversion

where n is the number of functions yi , yij is the observed value at time tij , Ni the number
(−i)
of measurements made on yi and ŷi
the predicted curve for the ith function, computed
after removing the data for this function.

CV (λ) =

respectively, where µi are solutions of the equation cot µ =
Eigendecomposition of
an infinite dimensional operator T is computed in general by solving a differential equation
obtained from the equality T wi = δi wi .
In order to choose the regularization parameter λ and the number of eigenfunctions
κ that guarantee optimal solutions, one may use the cross-validation score based on the
one-curve-leave-out prediction error (Rice and Silverman, 1991). Then we choose λ and κ
so as to minimize the cross-validation score based on the squared prediction error

1
1
2 (µ− µ ).

i

The operator-valued kernel used in these experiments is the kernel K defined by Equation (11). We use the inner product in X p for the scalar-valued kernel g, where p is the
number of functional parameters of a speech or a sound signal. Also, extending real-valued
functional kernel, as in Rossi and Villa (2006), to multiple functional inputs could be possible. Eigenvalues δi and eigenfunctions wi of the Hilbert-Schmidt integral operator T
2
associated with the operator-valued kernel K are equal to 1+µ
2 and µi cos(µi x) + sin(µi x)
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Figure 5: Acoustic waveforms and derived vocal tract time functions for the utterances
“beautiful”, “conversation” and “smooth”. The vocal tract variables are: lip aperture (LA), lip protrusion (LP), tongue tip constriction degree (TTCD), tongue tip
constriction location (TTCL), tongue body constriction degree (TBCD), tongue
body constriction location (TBCL), Velum (VEL) and Glottis (GLO).

GLO

Constriction organ
lip

tongue tip

Kadri et al.

VT variables

lip aperture (LA)

lip protrusion (LP)

tongue tip constriction
degree (TTCD)

tongue tip constriction
location (TTCL)

tongue body constriction
degree (TBCD)

Articulators

upper lip, lower lip, jaw

tongue body, tip, jaw

velum (VEL)

glottis

velum

tongue body, jaw

glottis (GLO)

tongue body
velum

tongue body constriction
location (TBCL)
glottis

Table 2: Constriction organ, vocal-tract (VT) variables and involved articulators (Mitra
et al., 2009).

et al., 2009), have been proposed in the literature. In most cases, these works address
the articulatory estimation problem within a single-task learning perspective. However,
in Richmond (2007) and more recently in Kadri et al. (2011a), the authors put forward
the idea that we can benefit from viewing the acoustic-articulatory inversion problem from
a multi-task learning perspective. Motivated by comparing our functional operator-valued
kernel based approach with multivariate kernel methods, we report on experiments similar to
those performed by Mitra et al. (2009) and Kadri et al. (2011a). The tract variables learning
technique proposed by Mitra et al. (2009) is based on a hierarchical ε-SVR architecture
constructed by associating different SVRs, a SVR for each tract variable. To consider
the dependencies between VT time functions, the SVRs corresponding to independent VT
variables are first created and then used for constructing the others. Otherwise, the acousticto-articulatory method in Kadri et al. (2011a) is based on learning a vector-valued function
using a matrix-valued kernel proposed in Caponnetto et al. (2008).

Following Mitra et al. (2010), acoustic-articulatory database is generated by the TADA
model (Nam et al., 2004) which is a computational implementation of articulatory phonology. The generated data set consists of acoustic signals for 416 words chosen from the Wisconsin X-ray microbeam data (Westbury et al., 1994) and corresponding Vocal Tract (VT)
trajectories sampled at 5 ms. The speech signal was parameterized into 13 Mel-Frequency
Cepstral Coefficients. These cepstral coefficients were acquired each 5 ms (synchronized
with the TVs) with window duration of 10 ms.

i

Z X

{yi (t) − ybi (t)}2 dt,
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(14)

For evaluating the performance of the VT time functions estimation, we use the residual
sum of squares error (RSSE) defined as follows

RSSE =

36

ε-SVR
2.763
0.532
3.345
7.752
2.155
15.083
0.032
0.041
3.962

Multi-task
2.341
0.512
1.975
5.276
2.094
9.763
0.034
0.052
2.755

Functional
1.562
0.528
1.647
3.463
1.582
7.215
0.029
0.064
2.011

Number
C1
C2
C3
C4
C5
C6
C7
C8

Train
40
36
48
41
50
34
58
40
327

Test
25
19
25
21
25
17
29
20
181

Total
65
55
73
62
75
51
87
60
508

Duration (s)
167
97
123
180
96
107
140
184
18mn 14s

38
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7.2 Sound Recognition

A second application of the ideas that we present in this paper is sound recognition. Many
previous works in the context of sound recognition problem have concentrated on classifying
environmental sounds other than speech and music (Dufaux et al., 2000; Peltonen et al.,
2002). Such sounds are extremely versatile, including signals generated in domestic, business, and outdoor environments. A system that is able to recognize such sounds may be
of great importance for surveillance and security applications (Istrate et al., 2006; Rabaoui
et al., 2008). The classification of a sound is usually performed in two steps. First, a pre-

7.2.1 Database Description

processor applies signal processing techniques to generate a set of features characterizing
the signal to be classified. Then, in the feature space, a decision rule is implemented to
assign a class to a pattern.
Operator-valued kernels can be used in a classification setting by considering the labels
yi to be functions in some function space rather than real values. Similarly to the scalar
case, a natural choice for yi would seem to be the Heaviside step function in L2 ([0, 1])
scaled by a real number. In this context, our method can be viewed as an extension of
the Regularized Least Squares Classification (RLSC) algorithm (Rifkin et al., 2003) to the
FDA domain (we called it Functional RLSC (Kadri et al., 2011c)). The performance of the
proposed algorithm described in Section 6 is evaluated on a data set of sounds collected
from commercial databases which include sounds ranging from screams to explosions, such
as gun shots or glass breaking, and compared with the RLSC method.

Table 4: Classes of sounds and number of samples in the database used for performance
evaluation.

Classes
Human screams
Gunshots
Glass breaking
Explosions
Door slams
Phone rings
Children voices
Machines
Total

Kadri et al.

As in Rabaoui et al. (2008), the major part of the sound samples used in the recognition
experiments is taken from two sound libraries (Leonardo Software; Real World Computing
Paternship, 2000). All signals in the database have a 16 bits resolution and are sampled at
44100 Hz, enabling both good time resolution and a wide frequency band, which are both
necessary to cover harmonic as well as impulsive sounds. The selected sound classes are
given in Table 4, and they are typical of surveillance applications. The number of items in
each class is deliberately not equal.
Note that this database includes impulsive and harmonic sounds such as phone rings
(C6) and children voices (C7). These sounds are quite likely to be recorded by a surveillance
system. Some sounds are very similar to a human listener: in particular, explosions (C4)
are pretty similar to gunshots (C2). Glass breaking sounds include both bottle breaking
and window breaking situations. Phone rings are either electronic or mechanic alarms.
Temporal representations and spectrograms of some sounds are depicted in Figures 6
and 7. Power spectra are extracted through the Fast Fourier Transform (FFT) every 10
ms from 25 ms frames. They are represented vertically at the corresponding frame indexes.

where ybi (t) is the prediction of the VT curve yi (t). Table 3 reports average RSSE results
obtained using the hierarchical ε-SVR algorithm (Mitra et al., 2009), the multi-task kernel method (Kadri et al., 2011a) after smoothing the estimated VT trajectories using a
Kalman filter as described in Mitra et al. (2009), and the functional operator-valued kernel
based approach. The proposed functional approach consistently produced significant performance improvements over the supervised baseline ε-SVR. It also outperforms the discrete
multi-task method (Evgeniou et al., 2005; Kadri et al., 2011a) except for the LP and GLO
variables. The multi-task and also the ε-SVR methods perform well for these two vocal tract
variables and slightly improve our functional approach. This can be explained by the fact
that, contrary to other vocal tract variables, LP and GLO time functions are not completely
smooth for all times and positions, while our method with the integral operator-valued kernel, as defined in Equation 11, tends to favor the prediction of smooth functions. Building
operator-valued kernels suitable for heterogeneous functions, i.e., smooth in some parts and
non-smooth in others, could be a good alternative to improve the prediction of these two
vocal tract time functions. Note that the number of eigenfunctions κ affects performance.
κ has to be well chosen to provide a reasonable approximation of the infinite-dimensional
process. In the case of complex output functions, like heterogeneous functions, we need to
use many eigenfunctions to have a good approximation, but even for this case, κ remains
(very) small compared to the number of examples n.

Table 3: Average RSSE for the tract variables using hierarchical ε-SVR (Mitra et al., 2009),
the multi-task kernel method (Kadri et al., 2011a) and the proposed functional
operator-valued kernel based approach.

VT variables
LA
LP
TTCD
TTCL
TBCD
TBCL
VEL
GLO
Total
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The frequency range of interest is between 0 and 22 kHz. A lighter shade indicates a higher
power value. These figures show that in the considered database we can have both: (1)
many similarities between sounds belonging to different classes, (2) diversities within the
same class of sounds.
7.2.2 Sound Classification Results
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Following Rifkin and Klautau (2004), the 1-vs-all multi-class classifier is selected in these
experiments. So we train N (number of classes) different binary classifiers, each one trained
to distinguish the data in a single class from the examples in all remaining classes. We run
the N classifiers to classify a new example.
The adopted sound data processing scheme is the following. Let X be the set of training
sounds, shared in N classes denoted C1 , . . . , CN . Each class contains mi sounds, i = 1, . . . , N .
Sound number j in class Ci is denoted si,j , (i = 1, . . . , N, j = 1, . . . , mi ). The pre-processor
converts a recorded acoustic signal si,j into a time/frequency localized representation. In
multivariate methods, this representation is obtained by splitting the signal si,j into Ti,j
overlapping short frames and computing a vector of features zt,i,j , t = 1, . . . , Ti,j which
characterize each frame. Since the pre-processor is a series of continuous time-localized
features, it will be useful to take into account the relationships between feature samples
along the time axis and consider dependencies between features. That is why we use a
FDA-based approach in which features representing a sound are modeled by functions zi,j (t).
In this work, Mel Frequency Cepstral Coefficients (MFCCs) features are used to describe
the spectral shape of each signal. These coefficients are obtained using 23 channels Mel
filterbank and a Hamming analysis window of length 25 ms with 50% overlap. We also use
the energy parameter measured for each window along all the sound signal. So, each sound
is characterized by 14 functional parameters: 13 cepstral functions and 1 energy function.
Performance of the proposed functional approach in the context of classification is compared to the results obtained by the RLSC algorithm, see Tables 5 and 6. The performance
is measured as the percentage number of sounds correctly recognized and it is given by
(Wr /Tn ) × 100%, where Wr is the number of well recognized sounds and Tn is the total
number of sounds to be recognized. The use of the Functional RLSC is fully justified by the
results presented here, as it yields consistently a high classification accuracy for the major
part of the sound classes.
RLSC setup is similar to that of FLRSC. The major difference is in the modeling of sound
features. In RLSC, all the functional parameters which characterize a sound are combined
in the same vector which is considered to be in Rd . Functional RLSC considers each input
sound as a vector of functions in (L2 ([0, 1]))p where p is the number of functional parameters.
By using operator-valued kernels rather than scalar-valued ones, we project these functional
data into a higher dimensional feature space in which we define a distance measure from
the spectral decomposition of the operator-valued kernel, suitable for functions and which
allows the learning module to take into account the sequential nature of the data and
the dependencies along the time-axis. Moreover, compared to RLSC, κ the number of
eigenfunctions in FRLSC can be seen as one more degree of freedom which can be used to
improve performance when input data are complex and not represented by a vector in Rd as
usual. Note that the usual scalar case (output space is R and then κ = 1) can be recovered
39
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Figure 6: Structural similarities between two different classes. Gunshot and Explosion are
two sound signals belonging to two different classes, but they have similar temporal and spectral representations.

JMLR 17(20):1-54

Figure 7: Structural diversity inside the same sound class and between classes.
Glass breaks 1 and 2 (resp. Screams 1 and 2) are two sounds from the same
class, however they present different temporal (resp. spectral) properties.
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C1
92
0
0
0
4
4
0
0

C2
4
52
20
16
8
0
0
0
Total

C3
C4
4.76
0
0
14
76.2
0
0
66
0
4
0
0
0
8
19.04 8
Recognition

C5
5.27
0
0
0
84.21
10.52
0
0
Rate =

C6
C7
11.3 6.89
2.7
0
0
17.24
0
0
0
6.8
86
0
0
69.07
0
0
77.56%

C8
0
0
5
0
0
0
0
95

C1
100
0
0
0
0
0
0
0

C2
0
82
14
4
0
0
0
0
Total

C3
C4
C5
C6
C7
0
2
0
5.3
3.4
0
8
0
0
0
90.9 8
0
0
3.4
0
78
0
0
0
0
1 89.47
0
6.8
0
0
10.53 94.7
0
0
0
0
0
86.4
9.1
3
0
0
0
Recognition Rate = 90.18%

C8
0
0
0
0
0
0
0
100
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We have presented a learning methodology for nonlinear functional data analysis, which is an
extension of scalar-valued and matrix-valued kernel based methodologies to the functional
response setting. The problem of functional supervised learning is formalized as the problem
of learning an operator between two infinite dimensional scalar-valued Hilbert spaces in a
reproducing kernel Hilbert space of function-valued functions. We have introduced a set of
rigorously defined operator-valued kernels that can be valuably applied to nonparametric
operator learning when input and output data are continuous smooth functions, and we have

8. Conclusion

from the functional case; for example when the operator-valued kernel is constructed from
the identity operator or/and the output space is the space of constant functions.

Table 6: Confusion Matrix obtained when using the proposed Functional Regularized Least
Squares Classification (FRLSC) algorithm.

C1
C2
C3
C4
C5
C6
C7
C8

Table 5: Confusion Matrix obtained when using the Regularized Least Squares Classification (RLSC) algorithm.

C1
C2
C3
C4
C5
C6
C7
C8
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We show below how to construct the Hilbert space F of Y-valued functions, that is the
completion of the function-valued pre-Hilbert space F0 . F0 ⊂ Y X is the space of all Y-

Appendix A. Proof of Theorem 2 - Completion of F0
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showed their use for solving the problem of minimizing a regularized risk functional in the
case of functional outputs without the need to discretize covariate and target functions. Our
fully functional approach has been successfully applied to the problems of speech inversion
and sound recognition, showing that the proposed framework is particularly relevant for
audio signal processing applications where attributes are functions and dependent of each
other.
In future work, it would be interesting to explore further the potential of our proposed method in other machine learning problems such as collaborative filtering (Abernethy
et al., 2009) and structured output prediction (Brouard et al., 2011; Kadri et al., 2013b)
by building operator-valued kernels that can capture not only the functional information of
responses, but also other types of output structure. In this context, learning the operatorvalued kernel would be interesting to find the right model of dependencies between outputs.
Recent works in this direction includes the papers of Dinuzzo et al. (2011), Kadri et al.
(2012), Sindhwani et al. (2013) and Lim et al. (2015), but further investigations are needed
in this area. On the algorithmic side, possible extensions of this work include on-line implementations to deal with the case where the functional data set is made available step
by step (Audiffren and Kadri, 2015). Learning, sequentially and without re-training from
scratch at each iteration, a new function-valued function for each new observed pair of functional samples would be of practical interest. Finally, although not covered in this paper,
the analysis we present is likely to be applicable to learning problems that involve functional
data with different functional profiles (e.g., both smooth and spiky functions). Designing
nonseparable operator-valued kernels that can exhibit better ability to characterize different
smoothing levels is also an interesting future research direction.

Kadri et al.

K(zj , ·)vj iF0 =
i=1 j=1

n X
m
X
hK(wi , zj )ui , vj iY .

kuk=1

n→∞

lim kFn (·) − Gn (·)kF0 = 0.
n→∞

n→∞

n→∞

n→∞

n→∞

= h lim Fn (w), uiY = lim hFn (w), uiY = lim hFn (·), K(w, ·)uiF0
n→∞

n→∞

= h lim Fn (·), K(w, ·)uiF = hF (·), K(w, ·)uiF .

F ∈F

Feλ = arg min

n
X

K(xi , ·)ui ,

2
2
kyi − F (xi )kY
+ λkF kF

i=1

n
X

i=1

Feλ (·) =

44

i=1
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2
2
F (xi )kY
+ λkF kF
be the functional to be minimized. Fe is the operator in F such that

use the standard notation DF for the Frechet derivative operator. Let Jλ (F ) =

Proof : We use the Frechet derivative which is the strongest notion of derivative in a
normed linear space; see, for example, Chapter 4 of Kurdila and Zabarankin (2005). We
n
X
kyi −

where ui ∈ Y.

has the following form

Let K a nonnegative Mercer operator-valued kernel and F its corresponding function-valued
reproducing kernel Hilbert space. The solution Feλ ∈ F of the regularized optimization
problem

Theorem 9 (representer theorem)

We provide here a proof of the analog of the representer theorem in the case of functionvalued reproducing kernel Hilbert spaces.

Appendix B. Representer Theorem

Finally, we conclude that F is a reproducing kernel Hilbert space since F is a real inner
product space that is complete under the norm k.kF defined above, and has K(·, ·) as
reproducing kernel.


hF (w), uiY

to H(·) and then {Fn (·)} also converges strongly to H(·) which means that the space F is
complete. In addition, K(·, ·) has the reproducing property in F. To see this, let F (·) ∈ F,
then F (·) is defined by a Cauchy sequence {Fn (·)} ⊂ F0 and we have from the continuity
of the inner product in F ⊂ Y X (endowed with the uniform topology) that, for all w ∈ X
and u ∈ Y,

n→∞

function H(·) ∈ F which verifies lim kGn (·) − h(·)kF = 0. So {Gn (·)} converges strongly

n→∞

F0 is dense in F. To prove that F is a complete space, we consider {Fn (·)} any Cauchy
sequence in F. Since F0 is dense in F, there exists a sequence {Gn (·)} ⊂ F0 such that
lim kGn (·) − Fn (·)kF = 0. Besides {Gn (·)} is a Cauchy sequence in F0 and thus defines a

n→∞ m→∞

lim lim kFm (·)−Fn (·)kF0 = 0. It follows that F (·) is a strong limit of Fn (·) in F and then

n→∞
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m
X
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K(wi , ·)ui ,

properties of a norm and defines in F an inner product which on F0 coincides with h., .iF0
already defined. It remains to be shown that F0 is dense in F which is a complete space.
For any F (·) in F defined by the Cauchy sequence Fn (·), we have lim kF (·)−Fn (·)kF =

F0

n
X
i=1
j=1

P
n
K(wi , ·)ui , where
valued functions F of the form F (·) = i=1
i ∈ X and ui ∈ Y, i =
Pw
n
K(wi , ·)ui and G(·) =
1, . . . , n. Consider the inner product of the functions F (·) = i=1
from
defined as follows

Pm
j=1 K(zj , ·)vj
hF (·), G(·)iF0 = h

kuk=1

= sup |hF (w), uiY | = sup |hF (·), K(w, ·)uiF0 |
p
hK(w, w)u, uiY

We have shown that (F0 , h., .iF0 ) is a pre-Hilbert space. This pre-Hilbert space is in general not complete, but It can be completed via Cauchy sequences to build the Y-valued
reproducing kernel Hilbert space F.
Consider any Cauchy sequence {Fn (·)} ⊂ F0 , for every w ∈ X the functional F (w) is
bounded, since
kF (w)kY
kuk=1

p
hK(w, w)u, uiY .

≤ kF (·)kF0 sup kK(w, ·)ukF0 ≤ kF (·)kF0 sup
kuk=1

kuk=1

≤ Mw kF (·)kF0 with Mw = sup

Moreover, if the kernel K is Mercer, it is locally bounded (see Carmeli et al., 2010, Proposition 2). It is easy to see that in this case kF (w)kY ≤ M kF (·)kF0 , where M here does not
depend on w. Consequently,
kFn (w) − Fm (w)kY ≤ M kFn (·) − Fm (·)kF0 .
n→∞

It follows that {Fn (w)} is a Cauchy sequence in Y and by the completeness of the space
Y, there exists a Y-valued function F where, ∀w ∈ X , F (w) = lim Fn (w). So the Cauchy

n→∞

sequence {Fn (·)} defines a function F (·) to which it is convergent at every point of X .
Let us denote F the linear space containing all the functions F (·), the limits of Cauchy
sequences {Fn (·)} ⊂ F0 , and consider the norm in F defined by kF (·)kF = lim kFn (·)kF0 ,

n→∞

lim hFn (w) − Gn (w), uiY = 0 for any u ∈ Gy and using the reproducing property, it follows

where Fn (·) is a Cauchy sequence of F0 converging to F (·). This norm is well defined
since it does not depend on the choice of the Cauchy sequence. In fact, suppose that two
Cauchy sequences {Fn (·)} and {Gn (·)} in F0 define the same function F (·) ∈ F. Then
{Fn (·) − Gn (·)} is also a Cauchy sequence and ∀w ∈ X , lim Fn (w) − Gn (w) = 0. Hence,
n→∞

n→∞

n→∞

that lim hFn (·) − Gn (·), H(·)iF0 = 0 for any function H(·) ∈ F0 and thus

Consequently,
n→∞

| lim kFn k − lim kGn k | = lim | kFn k − kGn k | ≤ lim kFn − Gn k = 0.

n→∞
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So that for any function F (·) ∈ F defined by two different Cauchy sequences {Fn (·)} and
{Gn (·)} in F0 , we have lim kFn (·)kF0 = lim kGn (·)kF0 = kF (·)kF . k.kF has all the
43

i=1

n
X

Gi (F ) + λL(F ) and using the fact that DG Jλ (F, H) =

kF + τ Hk2F − kF k2F
= 2hF, Hi =⇒ DG L(F ) = 2F .
τ

(15)

45

(17)
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+ Remp (FZ i + t(FZ − FZ i ), Z i ) − Remp (FZ i , Z i ) ≤ 0.

Remp (FZ + t(FZ i − FZ ), Z i ) − Remp (FZ , Z i )

Thus, by summing (15) and (16), we obtain


Remp (FZ i + t(FZ − FZ i ), Z i ) − Remp (FZ i , Z i ) ≤ t Remp (FZ , Z i ) − Remp (FZ i , Z i ) . (16)

Symmetrically, we also have


Remp (FZ + t(FZ i − FZ ), Z i ) − Remp (FZ , Z i ) ≤ t Remp (FZ i , Z i ) − Remp (FZ , Z i ) .

Then, by summing over all couples (xk , yk ) in Z i ,

`(y, FZ + t(FZ i − FZ ), x) − `(y, FZ , x) ≤ t (`(y, FZ i , x) − `(y, FZ , x)) .

We show here that under Assumptions 1, 2 and 3, a learning algorithm that maps a training
σ 2 κ2
. First, since ` is convex
set Z to the function FZ defined in (12) is β stable with β =
2nλ
with respect to F , we have ∀0 ≤ t ≤ 1

Appendix C. Proof of Theorem 7

i=1

When the kernel K is Mercer, Corollary 4.1.1 in Kurdila and Zabarankin (2005) can be
applied to show that Jλ is Fréchet differentiable and that, ∀F ∈ F, DF Jλ (F ) = DG Jλ (F ).
n
1X
Using (i), (ii), and DF Jλ (Fe) = 0 =⇒ Fe(·) =
K(xi , ·)ui .

λ

=⇒ DG Gi (F ) = −2K(xi , ·)ui .

kyi − F (xi ) − τ H(xi )k2Y − kyi − F (xi )k2Y
lim
= −2hyi − F (xi ), H(xi )iY
τ −→0
τ
= −2hK(xi , ·)(yi − F (xi )), HiF = −2hK(xi , ·)ui , HiF with ui = yi − F (xi )

ii. Gi (F ) = kyi − F (xi )k2Y

τ −→0

lim

i. L(F ) = kF k2F

hDG Jλ (F ), Hi we obtain

Jλ can be written as Jλ (F ) =

Jλ (F + τ H) − Jλ (F )
.
DG Jλ (F, H) = lim
τ −→0
τ

DG of Jλ with respect to F in the direction H, which is defined by:

F ∈F

Fe = arg min Jλ (F ) ⇒ DF Jλ (Fe) = 0. To compute DF Jλ (F ), we use the Gateaux derivative
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(18)

(20)

kFZ − FZ i kF ≤

σκ
.
2nλ

σ
σκ
kF i (xi ) − FZ (xi )kY ≤
kF i − FZ kF ,
2nλ Z
2nλ Z

which concludes the proof.
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σ 2 κ2
,
2nλ
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|`(y, FZ , x) − `(y, FZ i , x)| ≤ σkFZ (x) − FZ i (x)kY ≤ σκkFZ − FZ i kF ≤

This implies that, ∀(x, y),

which gives that

kFZ − FZ i k2F ≤

In particular, when t tends to 0, we have


1
kFZ k2F − kFZ + t(FZ i − FZ )k2F + kFZ i k2F − kFZ i + t(FZ − FZ i )k2F
2t(1 − t)

1
≤
`(yi , FZ + t(FZ i − FZ ), xi ) − `(yi , FZ , xi )
2t(1 − t)nλ
σ
≤
kF i (xi ) − FZ (xi )kY .
2(1 − t)nλ Z
kFZ − FZ i k2F ≤

Hence, since ` is σ-Lipschitz continuous with respect to F (x), we obtain from (19) and (20),
∀t ∈ ]0, 1[,

= 2t(1 − t)kFZ i − FZ k2F .

= −2t2 kFZ i − FZ k2F + 2tkFZ i − FZ k2F

= −2t2 kFZ i − FZ k2F − 2thFZ , FZ i − Fz iF − 2thFZ i , FZ − FZ i iF

+ kFZ i k2F − kFZ i k2F − t2 kFZ − FZ i k2F − 2thFZ i , FZ − FZ i iF

= kFZ k2F − kFZ k2F − t2 kFZ i − FZ k2F − 2thFZ , FZ i − Fz iF

kFZ k2F − kFZ + t(FZ i − FZ )k2F + kFZ i k2F − kFZ i + t(FZ − FZ i )k2F

Moreover, we have


(19)
+ nλ kFZ k2F − kFZ + t(FZ i − FZ )k2F + kFZ i k2F − kFZ i + t(FZ − FZ i )k2F ≤ 0.

`(yi , FZ , xi ) − `(yi , FZ + t(FZ i − FZ ), xi )

Combining (17) and (18), we find

+ Rreg (FZ i , Z i ) − Rreg (FZ i + t(FZ − FZ i ), Z i ) ≤ 0.

Rreg (FZ , Z) − Rreg (FZ + t(FZ i − FZ ), Z)

Now, by definition of FZ and FZ i ,
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We show here that Assumption 4 is satisfied for the least squares loss function when Assumption 5 holds and use that to prove Lemma 2. First, note that ` is convex with respect
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where we used the definition of FZ (see Equation 12) and the bound on Y (Assumption 5).
This inequality is uniform over Z, and thus holds for FZ i . Moreover, ∀x ∈ X ,
2
2
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X
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We show here that if the finite trace assumption of the operator K(x, x) in Caponnetto
and De Vito (2006) is satisfied, then our Assumption 1 on the kernel holds. Let K be an
operator-valued kernel satisfying the hypotheses of Caponnetto and De Vito (2006), i.e Kx


an
is Hilbert-Schmidt and supx∈X T r(K(x, x)) < +∞. Then, ∃η > 0, ∀x ∈ X , ∃ ejx
j∈N
 
P
2 ≤ η such
orthonormal basis of Y, ∃ hjx
an orthogonal family of F with j∈N khjx kF

that ∀y ∈ Y,
Thus, ∀i ∈ N,

Hence

X
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`

X
X
2
2
(hhix , h`x iF )2 ≤ sup khix kF
kh`x kF
≤ η2.
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2
2
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= sup
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L. Horváth and P. Kokoszka. Inference for Functional Data with Applications. Springer,
2012.

C. Carmeli, E. De Vito, and A. Toigo. Vector-valued reproducing kernel Hilbert spaces of
integrable functions and Mercer theorem. Analysis and Applications, 4:377–408, 2006.

J. M. Chiou, H. G. Müller, and J. L. Wang. Functional response models. Statistica Sinica,
14:675–693, 2004.

T. C. Hesterberg, N. H. Choi, L. Meier, and C. Fraley. Least angle and `1 penalized
regression: a review. Statistics Surveys, 2:61–93, 2008.

T. Hastie, R. Tibshirani, and J. Friedman. The Elements of Statistical Learning. Springer,
2001.

A. Caponnetto, C. A. Micchelli, M. Pontil, and Y. Ying. Universal multi-task kernels.
Journal of Machine Learning Research, 68:1615–1646, 2008.

A. Caponnetto and E. De Vito. Optimal rates for the regularized least-squares algorithm.
Foundations of Computational Mathematics, 7(3):331–368, 2006.

F. Ferraty and P. Vieu. Nonparametric models for functional data, with applications in
regression, time series prediction and curves discrimination. Journal of Nonparametric
Statistics, 16:111–125, 2004.
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2. The Meka Framework

Meka was created to perform and evaluate multi-label classification using the popular and
effective family of problem transformation methods, which make use of existing off-the-shelf

2.1 Using Meka

Meka is easily used from either the command line interface (CLI) or graphical user interface (GUI). Thus no programming is required to parameterize, run, and evaluate classifiers,
making it suitable for practitioners unfamiliar with Java. However, it is straightforward
to extend Meka with new classifiers and integrate it in other frameworks. Those familiar
with Weka will have almost no learning curve (much of Weka’s documentation and modus
operandi is directly applicable). Any new Meka classifier can also be combined within any
of Meka’s existing ensemble schemes and any Weka base classifier without writing extra
code, and be compared easily with benchmark and state-of-the-art methods. Meka also
offers support for semi-supervised and incremental classification in the multi-label context
(Read et al., 2015), as well as the general multi-target context considered by Appice and
Džeroski (2007), making it a good platform for working in these areas.

Meka contains all the basic problem transformation methods as reviewed by Tsoumakas
et al. (2010), advanced methods including many of those surveyed by Madjarov et al. (2012)
and Zhang and Zhou (2013), many varieties of classifier chains (Read et al., 2011) which
have often been used as a benchmark in the recent multi-label literature, and also algorithm
adaptations such as multi-label neural networks and deep neural networks (Hinton and
Salakhutdinov, 2006). It includes two strategies for automatic threshold calibration, and a
variety of evaluation metrics from the literature.

single-label (binary or multi-class) methods as ‘base classifiers’. The Weka framework
(Hall et al., 2009) contains a plethora of well-documented single-label classifiers used by the
machine learning community for many years that can be used as such.

Figure 1: MEKA’s GUI interface; having loaded and setup the Music data set (left) and
selecting and configuring a classifier (right).

Read, Reutemann, Pfahringer, and Holmes

Meka can be run on any machine with Java installed (version 1.7 or above). Everything
needed to run Meka is included in the distribution package and detailed instructions and
examples on how to setup data sets and run experiments are included in the tutorial.
Figure 1 shows screen captures of Meka’s GUI.

In multi-label learning a data instance may be associated with multiple binary class labels.
This is as opposed to the traditional task of single-label (i.e., multi-class, or binary) classification where each instance is only associated with a single class label. The multi-label
context is receiving a lot of attention and is relevant to a wide variety of domains, including
text, music, images and video, and bioinformatics; as reviewed by Tsoumakas et al. (2010).
The multi-label learning problem is in fact a special case of multi-target learning (also
known as multi-dimensional or multi-objective), where each label can take multiple values,
as opposed to binary labels indicating relevance or not (Bielza et al., 2011; Appice and
Džeroski, 2007).
The context of multiple target variables has important implications for classification
(how to model dependencies between variables) and evaluation (how to score multiple target
classifications for each instance) that traditional single-label frameworks do not deal with.
Meka has been designed specifically for this context.

1. Introduction

Multi-label classification has rapidly attracted interest in the machine learning literature,
and there are now a large number and considerable variety of methods for this type of
learning. We present Meka: an open-source Java framework based on the well-known
Weka library. Meka provides interfaces to facilitate practical application, and a wealth
of multi-label classifiers, evaluation metrics, and tools for multi-label experiments and
development. It supports multi-label and multi-target data, including in incremental and
semi-supervised contexts.
Keywords: classification, learning, multi-label, multi-target, incremental
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Meka uses Weka’s thoroughly-documented ARFF file format,1 using multiple binary
attributes to specify the label relevances (or nominal attributes in the case of multi-target).
The target attributes can easily be configured using the GUI, or directly from within the
ARFF file (optionally using Weka’s filters).
Meka’s CLI follows the style of Weka. For example, to run five fold cross validation
of an ensemble of 50 chain classifiers (Read et al., 2011) on the Music data set with support
vector machines as the base classifier (as also shown on the right of Figure 1):
java meka.classifiers.multilabel.meta.BaggingML -x 5 -t data/Music.arff -I 50 \
-W meka.classifiers.multilabel.CC -- -W weka.classifiers.trees.SMO

A list of methods implemented in Meka along with examples, is given at http://meka.
sourceforge.net/methods.html. Further examples and documentation can be found in
the tutorial and API reference, where relevant publications are also mentioned. Meka
also includes a wrapper to Mulan (the MULAN class) to allow additional classifiers to be
run from Meka’s interfaces. Meka includes over a dozen evaluation metrics, including
Hamming loss, 0/1 loss, Jaccard index, rank loss, log loss, and F1-measure (macro and
micro averages). Several metrics can be output overall and per-label.
2.2 Extending Meka
Meka can be extended by writing classifiers that implement the MultiLabelClassifier
interface. A multi-label classifier uses the same methods as a Weka classifier, namely the
buildClassifier(Instances) and distributionForInstance(Instance) methods. The
difference in Meka is that classIndex() will indicate the number of target attributes. As
in Weka, the distributionForInstance method returns a vector which may be votes or
posterior probabilities. In the latter case, a threshold or thresholds can automatically be
calibrated, or defined ad-hoc according to user preference, to produce 0/1 label relevances.
The tutorial deals with the general multi-target case.
Incremental classifiers simply implement IncrementalMultiLabelClassifier and thus,
as with Weka’s UpdateableClassifier interface, have an updateClassifier(Instance)
method. Meka automatically carries out incremental learning and evaluation for any updateable classifiers. Semi-supervised classifiers implement SemisupervisedClassifier interface and must implement the method setUnlabelledData(Instances) which is called
by the evaluation routine.

3. Related frameworks
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Mulan (Tsoumakas et al., 2011) is a programmatic API also based on Weka providing a
number of multi-label algorithms implemented from the literature. There is some overlap in
terms of classifiers available, but the usage and performance is different. Mulan is an API,
whereas Meka provides both graphical and command-line interfaces and this allows novel
classifier and ensemble combinations and parameterizations thereof to be trialled rapidly
without writing any code; allowing much flexibility when tackling a multi-label problem.
A single command line is often sufficient to reproduce the results of publications. Both
frameworks have attracted considerable interest and both are mentioned in the literature.
1. See, for example, http://weka.wikispaces.com/ARFF.

3

Clus
config. file
3
3
3
3
2+
decision trees/rules

20+
Weka+others

regression
3

Mulan

Read, Reutemann, Pfahringer, and Holmes

interface
multi-target
hierarchical
incremental
semi-supervised
num. of classifiers
classification paradigms

Meka
8
10
449

Mulan
33
35
2104

Meka
CLI, GUI
classification
3
3
3
20+
Weka+others

Table 1: Comparing Meka with related frameworks.
Data set
Enron
Corel-5k
MediaMill

Table 2: Running time (s) of RAkEL under Meka and Mulan, with SMO, k = 3, m = 10.

Meka specializes in the problem transformation methods, in particular the classifier chains
paradigm, implementing at least 10 variations; and also meta methods for combining them
together in many combinations.
Clus is a decision tree and rule learning system (Appice and Džeroski, 2007) that can
also carry out multi-label and multi-target classification. Classifiers are configured in a
text file. Clus’s implementations of decision tree and rule algorithms are scalable and
competitive; but it does not include many of the popular problem transformation methods.
Table 1 roughly compares the frameworks in terms of features. Clus has fewer classification paradigms, but can be used in many different contexts. Mulan has a similar number
of classifiers but Meka has different methods. Meka is noticeably faster than Mulan in
some implementations under the same configurations, for example RAkEL, see Table 2.
Meka itself integrates well in other frameworks. For example, it is already part of
the Moa (data streams), DKPro (text classification), and ADAMS (workflow engine)
frameworks, and available via Maven Central.2

4. Summary and Further Notes

Meka provides a multi-label and multi-target framework with comfortable command line
and graphical interfaces. This includes traditional, benchmark, and state of the art algorithms; and a multitude of multi-label specific evaluation measures. It also includes
methods for incremental, multi-target, and semi-supervised learning, and is easy to use and
extend. Meka is released under the GNU GPL 3 licence; can run on any Java (1.7 or
above) machine. The software with source code, API reference, data sets, list of methods
with examples, and a tutorial can be found at at http://meka.sourceforge.net, along
with links to additional material about learning from multi-label and multi-target data.
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2. See http://moa.cms.waikato.ac.nz/, https://code.google.com/p/dkpro-tc/, https://adams.cms.
waikato.ac.nz/, and https://search.maven.org, respectively
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High-dimensional regression is the problem of inferring an unknown function f from data pairs
(Xi , Yi ), i = 1, 2, . . . n, where the input Xi belongs to a Euclidean subspace X ⊂ Rd and the
output Yi is a noisy version of f (Xi ). The problem is significantly harder for larger dimension d,
and various pre-processing approaches have been devised over time to alleviate this so-called curse
of dimension. A simple and common approach is that of reducing the dimension of the input X by
properly selecting a few coordinate-variables with the most influence on the problem. The general
motivating assumption for these methods is that of (approximate) sparsity: the unknown function

1. Introduction

In regression problems over Rd , the unknown function f often varies more in some coordinates
than in others. We show that weighting each coordinate i according to an estimate of the variation
of f along coordinate i – e.g. the L1 norm of the ith-directional derivative of f – is an efficient
way to significantly improve the performance of distance-based regressors such as kernel and kNN regressors. The approach, termed Gradient Weighting (GW), consists of a first pass regression
estimate fn which serves to evaluate the directional derivatives of f , and a second-pass regression
estimate on the re-weighted data. The GW approach can be instantiated for both regression and
classification, and is grounded in strong theoretical principles having to do with the way regression
bias and variance are affected by a generic feature-weighting scheme. These theoretical principles
provide further technical foundation for some existing feature-weighting heuristics that have proved
successful in practice.
We propose a simple estimator of these derivative norms and prove its consistency. The proposed estimator computes efficiently and easily extends to run online. We then derive a classification version of the GW approach which evaluates on real-worlds datasets with as much success as
its regression counterpart.
Keywords: Nonparametric learning, feature selection, feature weighting, nonparametric sparsity,
metric learning.
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A significant portion of this work is dedicated to efficiently estimating the gradient-norms
kfi0 k1,µ . The aim is to obtain a simple, practical and successful procedure grounded in the theoretical intuition developed. We show in Section 3 that these gradient-norms can be estimated
efficiently (a brief overview is introduced in the subsection below), and we prove in Section 4 that
the resulting method is statistically consistent. As previously mentioned, the resulting instantiations
of GW evaluate successfully in practice as shown in Section 5.

There are many possible ways of capturing the variation of f along coordinates, thus the particular instantiations of GW considered here are simply ones that work well in practice. Our aim is
therefore not of arguing in favor of a particular way of capturing the coordinate-wise variation of
f , but rather that the general approach of weighting coordinates according to this variation of f can
yield significant improvements in learning performance. The theoretical intuition developed in Section 2 uses, as a measure of the variation of f along i, the maximum variation |fi0 |sup , supx |fi0 (x)|
along coordinate i. The maximum variation is a natural measure of smoothness and as such is intuitive to argue about; however it is hard to estimate. Therefore, for practical instantiations of the GW
approach, we instead measure the average variation of f along coordinates, specifically we estimate
the norms kfi0 k1,µ = E X∼µ |fi0 (X)|, where µ denotes the marginal measure over X.

The GW approach is grounded in strong theoretical principles (developed in Section 2) having
to do with the way regression bias and variance are affected by the distribution of weights in a
generic feature-weighting method. We argue in Section 2 that a good situation for distance-based
regressors is one where the unknown function f varies in a few coordinates more than in others, and
the weights correlate with the variation of f along coordinates. The theoretical intuition developed
is kept general enough to also explain the practical success of some existing heuristics (see Section
6.2) which inherently learn weights that are correlated with the variation of the unknown f along
coordinates. We validate the theoretical intuition in extensive experiments on many real-world
datasets in Section 5.

In the case of nonparametric regression, where little is assumed about the form of f , the question of how to properly weight coordinates has not received much theoretical attention. We present
and analyze a simple approach termed Gradient Weighting (GW), consisting of weighting each coordinate i according to the (unknown) variation of f along i. To this end, f is estimated from data
in a first pass as fn , where fn serves to assess the coordinate-wise variation of f and accordingly
weight the data; the transformed data is then used to re-estimate f in a second pass. This procedure can be iterated into a multi-pass procedure, although we only consider the two-pass version
just described. We show that such weighting can be learned efficiently, is easily extended online,
and can significantly improve the performance of distance-based regressors (e.g. kernel and k-NN
regression) in real-world applications. Moreover the method easily extends to distance-based classification methods such as k-NN classification and -NN classification.

.
f only varies along
 a few relevant coordinates in some subset R of [d] = {1, 2, . . . , d}, that is
f (X) = f X(R) where X(R) picks out the set of relevant coordinates. However, as illustrated by
Fig. 3, there are many real-world examples in which f varies significantly along all coordinates, but
varies more in some coordinates than in others. The natural approach in this case, implicit in some
methods and heuristics (see Section 1.2), is to weight each coordinate according to some measure
of relevance learned from data. The learned coordinate-relevance would typically rely on various
assumptions on the form of f , for example f might be assumed linear.
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1.1 GW for distance-based nonparametric methods
For distance-based methods, the weights can be incorporated into a distance function of the form

1/2
,
(1)
ρ(x, x0 ) , (x − x0 )> W(x − x0 )

where each element Wi of the diagonal matrix W is an estimate of the variation of f along coordinate i, as captured for instance by kfi0 k1,µ . In our evaluations we set Wi to an estimate ∇n,i of
2 .
kfi0 k1,µ , or to the square estimate ∇n,i
To estimate kfi0 k1,µ , one does not need to estimate fi0 well everywhere, just well on average.
While many elaborate derivative estimators exist (see e.g. (Härdle and Gasser, 1985)), we have to
keep in mind our need for a fast but consistent estimator of kfi0 k1,µ . We propose a simple estimator
∇n,i which averages the differences along i of an estimator fn,h of f . More precisely (see Section 3)
∇n,i has the form En |fn,h (X + tei ) − fn,h (X − tei )| /2t where En denotes empirical expectation
over a sample {Xi }1n . ∇n,i can therefore be updated online at the cost of just two estimates of fn,h ,
given a proper online version of fn,h (see e.g. Gu and Lafferty (2012)).
In this paper fn,h is a kernel estimator, although any regression method might be used in estimating kfi0 k1,µ . We prove in Section 4 that, under mild conditions, Wi is a consistent estimator of
the unknown norm kfi0 k1,µ . Moreover we prove finite sample convergence bounds to help guide the
practical tuning of the two parameters t and h.
1.2 Related Work
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The GW approach is close in spirit to metric learning (Weinberger and Tesauro, 2007; Xiao et al.,
2009; Shalev-shwartz et al., 2004; Davis et al., 2007), where the best metric ρ is found by optimizing
over a sufficiently large space of possible metrics. Clearly metric learning can only yield better
performance, but the optimization over a larger space will result in heavier preprocessing time,
often O(n2 ) on datasets of size n. Yet, preprocessing time is especially important in many modern
applications where data sizes are large, or where training and prediction have real-time constraints
(e.g. robotics, finance, advertisement, recommendation systems). Here we do not optimize over
a space of metrics, but rather estimate a single metric ρ based on the coordinate-wise variation of
f . Our metric ρ is efficiently obtained, can be estimated online, and still significantly improves the
performance of distance-based regressors.
We also note that there are actually few metric learning approaches for regression and these are
typically designed around a particular regression approach or problem. The method by Weinberger
and Tesauro (2007) is designed for Gaussian-kernel regression, the one by Xiao et al. (2009) is tuned
to the particular problem of age estimation. For the problem of classification, the metric-learning
approaches of Shalev-shwartz et al. (2004); Davis et al. (2007) are meant for online applications –
they are therefore relatively efficient methods – but cannot be used in regression.
In the case of kernel regression and local polynomial regression, multiple bandwidths can be
used, one for each coordinate. However, tuning d bandwidth parameters requires searching a ddimensional grid, i.e. the number of possible settings is exponential in d, which is impractical even
in batch mode. The RODEO method of Lafferty and Wasserman (2005) alleviates this problem,
however only in the particular case of local linear regression. Our method applies to any distancebased regressor.
The ideas presented here are related to recent notions of nonparametric sparsity where it is
assumed that the target function is well approximated by a sparse function, i.e. one which varies in
3
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just a few coordinates (e.g. Hoffmann and Lepski (2002); Lafferty and Wasserman (2005); Rigollet
and Tsybakov (2011); Rosasco et al. (2012)). The method of Rosasco et al. (2012) is most related
to the present work in that they employ a penalized learning objective based on the coordinate-wise
variation of f , as captured by the L2 gradient norms kfi0 k2,µ . However, as in the other works on
sparsity just mentioned, Rosasco et al. (2012) relies on f being actually sparse or at least close to
sparse. In the present work we do not need sparsity, instead we only need the target function f to
vary in some coordinates more than in others which is most likely the case in practice. Our approach
therefore works in practice even in cases where the target function is far from sparse.
One line of work which also does away with the assumption of sparsity of f , is that of anisotropic
regression (Nusbaum (1983); Hoffmann and Lepski (2002)). Anisotropic regression assumes that
the target function f does not have the same degree of smoothness in all coordinate directions,
where smoothness is roughly captured by the number of bounded derivatives of f . The attainable
rates in anisotropic regression are better than the usual minimax rates for nonparametric regression
(e.g. Stone (1980)) which consider the worst-case degree of smoothness across all coordinates. In
the present work, we only consider the first derivatives of f across coordinates, in other words f is
allowed to have the same degree of smoothness across coordinates, but we are interested in the case
where these coordinate-wise derivatives have different magnitudes. We show in Section 2 that this
is enough to attain better rates than the usual minimax rates, in particular by using the GW approach
proposed here.
As previously mentioned, the theoretical intuition developed in this work helps explain the
practical success of some existing heuristics. In particular the popular Relief family of heuristics
(e.g. Kira and Rendell (1992); Kononenko (1994); Robnik-Šikonja and Kononenko (2003)) can
be viewed as inherently learning weights that are correlated with the coordinate-wise variation of
f . Our work therefore offers new insights about existing heuristics and opens possible avenues of
further development of these heuristics. This theme is further developed in Section 6.2.
Finally, part of this work appeared as a conference version Kpotufe and Boularias (2012) covering the case of regression. The present work covers both regression and classification and further
differs in the technical motivation offered for the GW approach. While Kpotufe and Boularias
(2012) argues for GW under strong uniform assumptions on the marginal distribution µ on X , the
theoretical intuition developed in the present work assumes a general distribution µ. The more general assumptions are made possible by introducing a new set of techniques dealing with the covering
numbers of the space X after data weighting.
1.3 Paper Outline

In summary, we develop theoretical intuition for GW in Section 2. In Section 3 we derive a concrete
method for estimating the coordinate-wise variablity of f ; the method is both simple and efficient.
We show in Section 4 that the method is a consistent estimator of the gradient norms kfi0 k1,µ .
In Section 5 we validate our theory on various real-world applications. We finish with a general
discussion of our results in Section 6, including possible future directions.

2. Theoretical Justification of GW
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In this section we develop theoretical intuition about why GW works. We focus on the problem of
nonparametric regression since the same intuition is easily implied for the case of nonparametric
classification (see Section 2.3). We will argue that it is possible to attain good regression rates

4

where the infimum is taken over all regressors fn mapping samples Xn , Yn to an L2 measureable
function (also denoted fn for simplicity of notation), and the expectation is taken over the draw of
an n-sample from a distribution where E [Y |X = x] = f (x).

even when the target function f depends on all coordinates, provided f does not vary equally in
all coordinates, and the gradient weights Wi are correlated with the coordinate-wise variation in
f . The coordinate-wise variation will be captured in this discussion by the quantities |fi0 |sup ,
supx∈X |fi0 (x)|, i ∈ [d], as previously mentioned.
We will consider the metric ρ generally: instead of assuming a particular form, we will let the
analysis uncover a form of ρ which yields improved regression rates. Improvement is measured
here in a minimax sense which will soon be made clear. The analysis of this section will thus yield
intuition not only about GW, but about coordinate-weighting generally.
We have the following assumption throughout the section.

E

kfn − f k2 ≥ 2c̃2/(2+d) (dλ)2d/(2+d) n−2/2+d ,

5

1. This is needed so that kfi0 k1,µ = 0 implies that f is a.e. constant along coordinate i.

fn f ∈Fλ Xn ,Y n

inf sup
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Theorem 2 (Minimax rate for Fλ : Stone (1982)) There exists c̃ < 1, independent of n, such that
for all sample sizes n ∈ N,

The worst-case rate for the class Fλ is given in the following minimax theorem of Stone.

Definition 1 (The class Fλ ) Given λ > 0, we let Fλ denote all distributions PX,Y on X × [0, 1]
such that, for all i ∈ [d], the directional derivatives of f (x) , E [Y |X = x] satisfy |fi0 |sup ,
supx∈X |fi0 (x)| ≤ λ.

We start with a simple case where the unknown function is actually R-sparse, i.e. depends on a
small set of coordinates R ( [d] (illustrated in Figure 2.1). The function f then varies only along
coordinates in R, i.e. fi0 6= 0 only for coordinates i ∈ R. Hence if the metric ρ is defined by setting
the gradient weights Wi to either |fi0 |sup and kfi0 k1,µ , the resulting space (X , ρ) is a (weighted) projection of the original Euclidean X down to just the relevant coordinates R ( [d]. Thus regression
or classification on (X , ρ) would have performance depending on the lower-dimension |R| of this
space, rather than the high-dimension d of the original space.
To make this intuition precise, we introduce the following definition and minimax theorem.

2.1 Rough Intuition: the sparse case

6
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But what if f is not actually sparse, but close to being sparse? i.e. f varies in all coordinates,
but varies little in most coordinates. Intuitively, given the above discussion, better rates should also
be achievable in this case. More interestingly, what if f varies considerably in all coordinates but
much more in some than in most? This is a more practical situation which is more realistic with
real-world data (see e.g. Figure 3). The above variance-bias intuition still applies if we reweight
coordinates according to how f varies; as illustrated in Figure 2 (right), this acts as an approximate
dimension reduction which also reduces the variance of regression estimates while keeping the bias
relatively unaffected. We formalize this intuition in the next section.

To better understand why better rates are possible after a dimension reduction to the span of R
as described above, let’s consider the case of a kernel estimate fn,h (x) using a bandwidth h. The
error of fn,h (x) depends on its variance and bias. The variance itself decreases with the number of
points contributing most to the estimate: this is roughly (depending on the kernel) the number of
points falling in the ball B(x, h) in the given metric space. Since balls of a fixed radius have larger
mass in smaller dimensional space (illustrated in Fig. 2), projection decreases the variance of the
kernel estimate fn,h (x). In addition, if the unknown f does not vary along those directions i ∈
/R
eliminated by the projection, the bias of the estimate fn,h (x) remains unaffected; in other words,
the projection loses no information about the unknown f . This combined effect on variance and
bias decreases the error of the estimate.

Thus, in a minimax
 sense, the best rate achievable for (non-sparse) Lipschitz functions is f the
form O n−2/(2+d) . However when the unknown function happens to be R-sparse, the better rate

of O n−2/(2+|R|) is achievable (see e.g. Lafferty and Wasserman (2005)). The better rates are
achieved for instance by performing regression on the data projected to the span of R. This is the
same as setting the weights Wi , i ∈
/ R, to 0. In other words, we would let Wi be correlated with
the variation of f along coordinate i as discussed earlier.

Figure 2: Balls B(x, h) before and after projection or reweighting. The dotted points are sample {Xi }. Left: after projection onto 1 dimension, the new ball B(x, h) contains all
the points shown in the dotted rectangle, much more than the original ball (dotted circle). Right: feature-reweighting has the approximate effect of a projection; the new ball
B(x, h) is an ellipsoid containing more points in the directions with small weight.

Figure 1: Illustration of a sparse function. Here x = (x1 , x2 ), and f (x) = f (x2 ). There is no
variation in f along coordinate 1, in other words |f10 |sup = 0 and kf10 k1,µ = 0.

Assumption 2.1 The input space X is full-dimensional in Rd , connected1 , and has bounded diameter kX k , supx,x0 ∈X kx − x0 k = 1. The output space is Y = [0, 1].
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(a) SARCOS robot, joint 7.
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(b) Parkinson’s.

(c) Telecom.

Figure 3: Typical gradient norms (estimates of kfi0 k1,µ , i ∈ [d]) for some real-world datasets.
2.2 Technical intuition: the non-sparse case
In this section we aim to understand how regression performance is affected by the distribution of
weights Wi with respect to the variation of f along coordinates. The main situation of interest is
one where f varies in all coordinates, but in some coordinates more than in others. This situation is
captured by assuming the quantities |fi0 |sup are all nonzero but some are considerably smaller than
others. We also assume that the weights Wi are nonzero for all i ∈ [d].
We will be bounding the error of a box-kernel regressor operating on the transformed space
(X , ρ), in terms of how the weights Wi scale relative to each other, and relative to the variation
|fi0 |sup . We will see that, even in non-sparse situations where all |fi0 |sup are far from 0, it is possible
to achieve finite-sample rates better than the minimax rate of Theorem 2, provided (i) the weights
Wi are sufficiently larger in scale for a small subset R of the coordinates (for low variance), and
(ii) each Wi is sufficiently correlated with |fi0 |sup (for low bias).
The results of this section uncover an interesting phenomenon, also observed in experiments,
that improvement might only be possible in a specific mid-range sample size regime depending
on problem parameters. This is unsurprising: when the sample size is too small, any algorithm
will likely only fit noise and good rates would not be possible; as the sample size gets quite large,
algorithms operating in the original space tend to also do well, and the advantage of operating in
(X , ρ) becomes negligible (see Remark below). We believe this behavior is not limited to the GW
approach, because the results here are not directly tied to GW since our analysis is in terms of a
general metric ρ of the form (1).
We will see that the attainable convergence rates are smaller than the minimax rate of Ω(n−2/(2+d) )
for n greater than some problem-specific n0 (Corollary 8). These rates tend towards the minimax
rate from below as n → ∞.
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Remark 2.1 There is theoretical intuition as to why improvement over the minimax rate is unlikely
in the asymptotic regime where n → ∞. Remember that the metric ρ is norm-induced and all
norms are equivalent on finite-dimensional spaces. In other words there exist C, C 0 such that for
all x, x0 ∈ Rd , C kx − x0 k ≤ ρ(x, x0 ) ≤ C 0 kx − x0 k. As a consequence there exists C 00 such
that, for  sufficiently small, any r-cover of a ρ-ball B(x, r) centered on x ∈ X has size at least
C 00 −d . Here C 00 depends on the metric (X , ρ). It is known (see e.g. the lower-bound of Kpotufe
(2011)) that such space covering properties influence the attainable regression rates, where larger
data sizes n correspond to finer coverings of the space, hence to small . We therefore
postulate

that, for large n, the worst-case asymptotic rate is no better than Ω n−2/(2+d) . Thus we can
7
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only expect improvements over the minimax rate in small sample regimes, where small is problemspecific. Note that this remark is of independent interest since other approaches such as metric
learning would typically use norm-induced metrics.

The analysis in this section, although focusing on kernel regression, yields general intuition
about the behavior of other related distance-based regressors such as k-NN, since such regressors
are similarly affected by characteristics of the regression problem (e.g. smoothness of f , intrinsic
dimension of (X , ρ)).
We start by defining quantities which serve to describe the distribution of weights Wi .
p
Definitionp
3 For any subset of coordinates R ⊂ [d], define κR , maxi∈R Wi / mini∈R Wi , and
0
let 6R , 2 maxi∈R
/ Wi . Finally we define the ρ-diameter of X as ρ(X ) , supx,x0 ∈X ρ(x, x ).

→0

As discussed earlier, regression variance is small if there exists a small subset R for which the
weights Wi are relatively larger than those for coordinates not in R. Formally, we want the quantities |R|, 6R and κR relatively small for some R ⊂ [d]. How small will become gradually clearer.
We start with two results (Lemmas 4 and 5 below) on properties of the metric space (X , ρ)
which affect the behavior of a distance-based regressor such as fn,,ρ . All omitted proofs are given
in the appendix.
The first Lemma 4 concerns the size of minimal covers (at different scales) of the metric (X , ρ).
Such cover sizes influence the variance of a distance-based regressor operating on (X , ρ). If (X , ρ)
has small cover-sizes, it can typically be covered by large balls, each ball likely to contain enough
data for small regression variance. Lemma
 4 roughly states that, while a minimal -cover of the
Euclidean space X ⊂ Rd has size O −d , an ρ(X )-cover of (X , ρ) has smaller size C−r where

|R| ≤ r −−→ d. Both C and the function r() depend on the relative distribution of weights Wi as
captured by the quantities |R|, 6R and κR .

d − (d − |R|) ·

log(ρ(X )/6R )
log(1/)

if  < 6R /ρ(X )

Lemma 4 (Covering numbers) Consider R ⊂ [d] such that maxi∈R
/ Wi < mini∈R Wi . There
exist C ≤ C 0 (4κR )|R| such that, for any  > 0, the smallest ρ(X )-cover of (X , ρ) has size at most
C−r() , where r() is a nondecreasing function of  satisfying
(
|R|
if  ≥ 6R /ρ(X )
r() ≤

The function r() captures the dimension of (X , ρ)2 . We thus want r to be small so that the transformation ρ acts like a low-dimensional projection and hence helps reduce variance. The function r is
smallest when most weights are concentrated in a small subset R, i.e. we want small |R| and small
6R /ρ(X ) (this term captures the difference in magnitude between weights not in R and weights in
R). It might therefore seem preferable to choose ρ in this way, but we have to be careful: not all
dimension reduction is good since such a transformation ρ might introduce additional regression
bias. We therefore need to understand how regression bias is affected by the distribution of weights
Wi in the transformation ρ.
Lemma 5 below captures the smoothness properties of the target function f in the transformed
metric (X , ρ). These smoothness properties affect the bias of distance-based regressors on (X , ρ).

JMLR 17(22):1-34

2. The logarithm of covering numbers is a common measure of metric dimension, see e.g. Clarkson (2005) for an
overview of the subject.
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E

9

|fn,,ρ − f |2 ≤ CκR

where r() is defined as in Lemma 4.

Xn ,Y n

n

−r()
+ C 2 d2 λ2ρ 2 ρ(X )2 ,
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Lemma 7 (Rate for fn,,ρ , arbitrary ) Consider any R ⊂ [d] such that maxi∈R
i < mini∈R Wi .
/ W√
There exist 1 ≤ CκR ≤ C 0 (4κR )|R| , a universal constant C, and λρ ≥ supi |fi0 |sup / Wi such that

The next lemma establishes the convergence rate for a box-kernel regressor using any given bandwidth ρ(X ). The lemma is a simple application of known results on the bias and variance of
a kernel regressor combined with the previous two lemmas on the dimension of (X , ρ) and the
smoothnness of f on (X , ρ).

fn,,ρ (x) , average Yi of points Xi ∈ B(x, ρ(X )), or 0 if B(x, ρ(X )) is empty.

Definition 6 Given  > 0 and x ∈ X , the box-kernel estimate at x is defined as follows. Recall that
ρ(X ) , supx,x0 ∈X ρ(x, x0 ) denotes the ρ-diameter of X :

We now go further in formalizing the intuition discussed so far by considering the case of kernel
regression in (X , ρ). We will derive exact conditions on the distribution of weights Wi that allow
improvements over the minimax rate of O n−2/(2+d) in the non-asymptotic regime.
The box-kernel regression estimate is defined as follows.

i
approximate kfi0 kq1,µ for some q > 0 (q = 1, 2 in this work), or to kfi0 kq1,µ
for some power qi
depending on i. These are interesting questions deserving further investigation.

i

Remark 2.2 As previously mentioned, there are many ways to incorporate the coordinate-wise
variability of f into the weights ρ, and GW (or 
Relief heuristics
 discussed in Section 6.2) is just
P
|fi0 |sup
√
, we could reasonably set Wi to
one of this. In light of the Lipschitz parameter
i∈R W

i, e.g. Wi is small for those coordinates where |fi0 |sup is large, then the function f might end up
lacking smoothness in the modified space (X , ρ). While it is hard to estimate |fi0 |sup , we can expect it to be correlated with kfi0 k1,µ which is easier to estimate (Section 3). Thus by keeping the
weights Wi correlated with the gradient norms kfi0 k1,µ , we expect the function f to remain relatively smooth in the space (X , ρ) and hence we expect to maintain control on regression bias. Since
it is unlikely in practice that f varies equally in all coordinates (Figure 3), in light of Lemma 20,
we will expect better regression performance in the space (X , ρ) as variance should decrease while
bias remains controlled.

i

f to be as smooth as possible, in other words we want the Lipschitz parameter
 We want

P
|fi0 |sup
√
as small as possible. Suppose Wi is uncorrelated with the variation of f along
i∈R W

N
+ C 2 d2 λ2ρ 2 ρ(X )2 ,
n

10

3. The theorem is stated for a Euclidean metric, but extends directly to any metric.

2φ (n,6ρ ) = 2c̃2/(2+d) (dλ)2d/(2+d) n−2/2+d .
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For any fixed n, let n,6ρ be a solution to ψn,6ρ () = φ(). Solving for n,6ρ , we see that the minimax
rate is bounded below by

2c̃2/(2+d) (dλ)2d/(2+d) n−2/2+d .

Proof For  > 0, and n ∈ N. Let r() as in Lemma 4. Define the functions ψn,ρ () = CκR −r() /n,
and ψn,6ρ () = C10 −d /n, where C10 = c̃ (λ/Cλρ ρ(X ))d . We also define φ() = C 2 d2 λ2ρ ρ(X )2 · 2 .
Now recall (Theorem 2) that the minimax rate can be bounded below by

fn F λ

E kfn,n ,ρ − f k2 ≤ 2Cκ2/2+r
(Cdλρ ρ(X ))2r/(2+r) n−2/2+r < inf sup E kfn − f k2 .
R

Then there exists n0 for which the following holds. For all n ≥ n0 , there exist a bandwidth n , and
r = r(n ), where |R| ≤ r < d, such that,

√
Corollary 8 (Rate for fn,,ρ , optimal ) Let λ , supi∈[d] |fi0 |sup and λρ , supi∈[d] |fi0 |sup / Wi .
Note that by definition f ∈ Fλ . Let CκR and C be defined as in Lemma 7, and c̃ as in Theorem 2.
Suppose the following holds for some R ⊂ [d]:






λρ ρ(X )
ρ(X )
CκR
(d − |R|) log
≥ d log C
+ log
.
(2)
6R
λ
c̃

We can now derive conditions on the distribution
 of weights (X , ρ) that permit good performance relative to the minimax rate of O n−2/(2+d) . These conditions are given in equation (2).
The main message of Corollary 8 below is that improvement in rate is possible in the non-asymptotic
regime under rather mild conditions on the distribution of weights Wi , even though improvement
might not be possible in the asymptotic regime. In light of (2) sparseness (as described in Section
2.1) is not required, we simply need the function f to vary more along a small subset of coordinates
(R ⊂ [d]) than along other coordinates, provided the weights Wi are properly correlated with the
variation in f along coordinates. The correlation between Wi and gradients of f is implicit in the
ratio λρ ρ(X )/λ of (2). The quantity λ captures the smoothness of f before the data transformation ρ, while λρ captures the smoothness of f after the transformation ρ. The ratio λρ ρ(X )/λ thus
captures the loss in smoothness (taking into account the change in diameter from 1 to ρ(X )) due
to the transformation ρ, and this loss is controlled if Wi is correlated with the magnitude of the
coordinate-wise derivatives of f .

for some universal constants C1 , C, where N denotes the size of a minimal ρ(X )-cover of (X , ρ).
Apply Lemma 4 to conclude.

Xn ,Y n X

E |fn,,ρ (X) − f (X)|2 ≤ C12

Proof By Lemma 5, f is (dλρ )-Lipschitz on (X , ρ). We can then apply Theorem 5.2 of Gyorfi
et al. (2002)3 to bound the L2 error as

Lemma 5 (Change in Lipschitz smoothness for f ) Suppose each derivative fi0 is bounded on X
by |fi0 |sup . Assume Wi > 0 whenever |fi0 |sup > 0. Denote by R the largest subset of [d] such that
|fi0 |sup > 0 for i ∈ R . We have for all x, x0 ∈ X,
!
X |fi0 |sup
0
√
ρ(x, x0 ).
f (x) − f (x ) ≤
Wi
i∈R
E
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kfn,,ρ − f k2 ≤ 2φ (n,ρ ) .

For any n ∈ N, there exists a solution n,ρ to the equation ψn,ρ () = φ() since r() is nondecreasing. Therefore, by Lemma 7, we have
E

Xn ,Y n

We therefore want to show for a certain range of n ∈ N that φ (n,ρ ) < φ (n,6ρ ), equivalently that
n,ρ < n,6ρ . First notice that, since φ is independent of n, and both ψn,ρ and ψn,6ρ are strictly
decreasing functions of n, we have that n,ρ and n,6ρ both tend to 0 as n → ∞. Therefore we can
define n0 such that, for all n ≥ n0 , both n,ρ and n,6ρ are less than 6R /ρ(X ).
Thus, ∀n ≥ n0 , we have n,ρ < n,6ρ if, for all 0 <  < 6R /ρ(X ), ψn,ρ () < ψn,6ρ (). This is
insured by the conditions of equation (2), which are derived by recalling the bound of Lemma 4 on
r() for the range 0 <  < 6R /ρ(X ).

2.3 The Case of Classification
We continue the intuition developed in the last section about the GW method with the case of
classification, more precisely plug-in classification, defined as follows. Let Y ∈ {0, 1}, and let ηn
denote an estimate of the error function η(x) , E [Y |x] = P (Y = 1|x). Then 1{ηn (x) > 1/2} is
a plug-in classification rule, emulating the Bayes optimal-classification rule 1{η(x) > 1/2}.
Two common examples of plug-in classification rules are the k-NN classifier and the -NN
classifier which estimate Y at x as the majority label amongst, respectively, the k nearest neighbors
of x, and the neighbors within distance  of x. For both methods, the implicit estimate ηn of η is the
average Y value of the neighbors of x.
The GW method for classification naturally corresponds to estimating the gradient norms kηi0 k1,µ
of the directional derivatives ηi0 .
Since ηn is actually a regression estimate of the function η(x), the 0-1 classification error of
plug-in methods is related to that of regression as shown in the following well-known result.
Lemma 9 (Devroye et al. (1996)) Let ηn (x) be an estimator of η(x), and let err(η), err(ηn ), denote respectively the classification error rates of the Bayes classifier and that of the plug-in classification rule 1{ηn (x) > 1/2}. We have
X

err(ηn ) − err(η) ≤ 2 E |ηn (X) − η(X)| .
A bound on the classification error of -NN (operating in (X , ρ)) easily follows from Lemma 9
above and the analysis of the previous section on the properties of the space (X , ρ).

|err(ηn,,ρ ) − err(η)| ≤ CκR

−r()

n

+ Cdλρ ρ(X ).

JMLR 17(22):1-34

Lemma 10 Define η
(x) as the average Y value of the points in Xn ∩ Bρ (x, ρ(X )) for some
n,,ρ
0
|R|/2 , a
 > 0. Let r() be defined as in Corollary 4. There exist
√ a constant 1 ≤ CκR ≤ C (4κR )
universal constant C, and a constant λρ ≥ supi |ηi0 |sup / Wi such that
r
E

Xn ,Y n

11
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|err(ηn,,ρ ) − err(η)| ≤

Xn ,Y n X

Proof Using Lemma 9 and applying Jensen’s inequality twice, we have
r
E E |ηn,,ρ (X) − η(X)|2 .

E

Xn ,Y n

Thus, we just need to bound the L2 error of ηn,,ρ , which is a kernel regressor with a box kernel of
bandwidth ρ(X ). Apply Lemma 7 and conclude.

It follows similarly as in the case of regression that it is possible to achieve faster rates than the
minimax rates even when the regression function η is not sparse, provided η does not vary equally
in all coordinates. The exact conditions are exactly those of equation (2) with the constants CκR and
C of Lemma 10 above (this is easily derived from the above lemma as it was done for regression).

3. Estimating the GW Wi

i=1

i=1

n
n
X
X
K(ρ̄(x, Xi )/h)
Pn
· Yi =
wi (x)Yi ,
j=1 K(ρ̄(x, Xj )/h)

(3)

n
In all that follows we are given n i.i.d samples (Xn , Yn ) = {(Xi , Yi )}i=1
from some unknown
distribution with marginal µ. The marginal µ has support X ⊂ Rd while the output Y ∈ R.
The kernel estimate at x is defined using any kernel K(u), positive on [0, 1/2], and 0 for u > 1.
If B(x, h) ∩ Xn = ∅, fn,h (x) = En Y , otherwise

fn,ρ̄,h (x) =

|fn,h (X + tei ) − fn,h (X − tei )|
· 1{An,i (X)} = En [∆t,i fn,h (X) · 1{An,i (X)}] ,
2t
(4)

for some metric ρ̄ and a bandwidth parameter h.
For the kernel regressor fn,h used to learn the metric ρ below, ρ̄ is the Euclidean metric. In
1/d
the analysis we assume the bandwidth for fn,h is set as h ≥ log2 (n/δ)/n
, given a confidence
parameter 0 < δ < 1. In practice we would learn h by cross-validation, but for the analysis we only
need to know the existence of a good setting of h.
We estimate the norm kfi0 k1,µ as follows:
∇n,i , En

2d ln 2n + ln(4/δ)
.
n

where An,i (X) is the event that enough samples contribute to the estimate ∆t,i fn,h (X). For the
consistency result, we assume the following setting:
s∈{−t,t}

An,i (X) ≡ min µn (B(X + sei , h/2)) ≥ αn where αn ,

The metric ρ is then obtained by setting the weights Wi to either ∇n,i or the squared estimate
2 in all our experiments.
∇n,i

4. Consistency of the estimator Wi of kfi0 k1,µ
4.1 Theoretical setup

4.1.1 M ARGINAL µ

JMLR 17(22):1-34

Without loss of generality we assume X has bounded diameter 1. The marginal is assumed to have
a continuous density on X and has mass everywhere on X : ∀x ∈ X , ∀h > 0, µ(B(x, h)) ≥ Cµ hd .

12

13
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The main difficulty in bounding ∇n,i − kfi0 k1,µ results from certain dependencies between random
quantities: both quantities fn,h (X) and An,i (X) depend not just on X ∈ Xn , but on other samples

4.3 Proof of Theorem 11

The bound suggests to set t in the order of h or larger. We need t to be small in order for
µ (∂t,i (X )) and t,i to be small, but t needs to be sufficiently large (relative to h) for the estimates
fn,h (X + tei ) and fn,h (X − tei ) to differ sufficiently so as to capture the variation in f along ei .
n→∞
n→∞
n→∞
The theorem immediately implies consistency for t −−−→ 0, h −−−→ √
0, h/t −−−→ 0, and
n→∞
d
2
(n/ log n)h t −−−→ ∞. This is satisfied for many settings, for example t ∝ h and h ∝ 1/ log n.

i∈[d]

Theorem 11 Let t + h ≤ τ , and let 0 < δ < 1. There exist C = C(µ, K(·)) and N = N (µ) such
that the following holds with probability at least 1 − 2δ. Define A(n) , Cd · log(n/δ) · CY2 (δ/2n) ·
σY2 / log2 (n/δ). Let n ≥ N , we have for all i ∈ [d]:
r

!
r
X
1  A(n)
ln 2d/δ
0
0
0

∇n,i − fi 1,µ ≤
+
h
·
f
+
2
f
+
µ
(∂
(X
))
+ t,i .
t,i
i sup
i sup
t
n
nhd

Our main theorem bounds the error in estimating each norm kfi0 k1,µ with ∇n,i . The main technical
hurdles are in handling the various sample inter-dependencies introduced by both the estimates
fn,h (X) and the events An,i (X), and in analyzing the estimates at the boundary of X .

4.2 Main theorem

Our consistency results are expressed in terms of the following distributional quantities. For i ∈ [d],
define the (t, i)-boundary of X as ∂t,i (X ) , {x : {x + tei , x − tei } 6⊂ X }. The smaller the mass
µ(∂t,i (X )) at the boundary, the better we approximate kfi0 k1,µ .
The second type of quantity is t,i , supx∈X , s∈[−t,t] |fi0 (x) − fi0 (x + sei )|.
Since µ has continuous density on X and ∇f is uniformly continuous on X + B(0, τ ), we
t→0
t→0
automatically have µ(∂t,i (X )) −−→ 0 and t,i −−→ 0.

4.1.3 D ISTRIBUTIONAL PARAMETERS

The output Y ∈ R is given as Y = f (X) + η(X), where Eη(X) = 0. We assume the following
general noise model: ∀δ > 0 there exists c > 0 such that supx∈X PY |X=x (|η(x)| > c) ≤ δ.
We denote by CY (δ) the infimum over all such c. For instance, suppose η(X) has exponentially
decreasing tail, then ∀δ > 0, CY (δ) ≤ O(ln 1/δ). A last assumption on the noise is that the variance
of (Y |X = x) is upper-bounded by a constant σY2 uniformly over all x ∈ X .
Define the τ -envelope of X as X + B(0, τ ) , {z ∈ B(x, τ ), x ∈ X }. We assume there exists τ
such that f is continuously differentiable on the τ -envelope X + B(0, τ ). Furthermore, each deriva0
tive fi0 (x) = e>
i ∇f (x) is upper bounded on X + B(0, τ ) by |fi |sup and is uniformly continuous on
X + B(0, τ ) (this is automatically the case if the support X is compact).
1,µ

≤ ∇n,i − En fi0 (X) + En fi0 (X) − fi0

1,µ

≤ fi0

·
sup

r

ln 2d/δ
.
n

1,µ

.

(6)

(5)

r

ln 2d/δ
+ µ (∂t,i (X )) .
n

14

e n,i − En fi0 (X) · 1{An,i (X)} ≤ t,i .
∇
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Lemma 14 Define t,i as in Section (4.1.3). With probability at least 1 − δ, we have for all i ∈ [d],

P
and for any x ∈ X , define f˜n,h (x) , EYn |Xn fn,h (x) = i wi (x)f (xi ).
0
e n,i is easily related to En |f (X)|·1{An,i (X)}. This is done in Lemma 14 below.
The quantity ∇
i
e n,i .
The quantity f˜n,h (x) is needed when relating ∇n,i to ∇



e n,i , En |f (X + tei ) − f (X − tei )| · 1{An,i (X)} = En [∆t,i f (X) · 1{An,i (X)}]
∇
2t

It remains to bound |∇n,i − En |fi0 (X)| · 1{An,i (X)}|. To this end we need to bring in f
through the following quantities:


En 1 Ān,i (X) ≤

Lemma 13 Let ∂t,i (X ) be defined as in Section (4.1.3). For n ≥ n(µ), with probability at least
1 − 2δ, we have for all i ∈ [d],

We will bound each term of (6) separately.
The next lemma bounds the second term of (6). It is proved in the appendix. The main technicality in this lemma is that, for any X in the sample Xn , the event Ān,i (X) depends on other
samples in Xn .


∇n,i − En fi0 (X) ≤ ∇n,i − En fi0 (X) · 1{An,i (X)} + En fi0 (X) · 1 Ān,i (X)

0
0
≤ ∇n,i − En fi (X) · 1{An,i (X)} + fi sup · En 1 Ān,i (X) .

Now the first term of equation (5) can be further bounded as

Proof Apply a Chernoff bound, and a union bound on i ∈ [d].

En fi0 (X) − fi0

Lemma 12 With probability at least 1 − δ, we have for all i ∈ [d],

The following simple lemma bounds the second term of (5).

∇n,i − fi0

in Xn , and thus introduce inter-dependencies between the estimates ∆t,i fn,h (X) for different points
X in the sample Xn .
To handle these dependencies, we carefully decompose ∇n,i − kfi0 k1,µ , i ∈ [d], starting with:

This is for instance the case if µ has a lower-bounded density on X . Under this assumption, for
samples X in dense regions, X ± tei is also likely to be in a dense region.

4.1.2 R EGRESSION FUNCTION AND NOISE
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1
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|f (x + tei ) − f (x − tei )| − |fi0 (x)| ≤ t,i , therefore

Rt
Proof We have f (x + tei ) − f (x − tei ) = −t fi0 (x + sei ) ds and therefore


2t fi0 (x) − t,i ≤ f (x + tei ) − f (x − tei ) ≤ 2t fi0 (x) + t,i .
It follows that

e n,i − En f 0 (X) · 1{An,i (X)} ≤ En 1 |f (x + tei ) − f (x − tei )| − f 0 (x) ≤ t,i .
∇
i
i
2t
e n,i . We have
It remains to relate Wi to ∇
e n,i =2t |En (∆t,i fn,h (X) − ∆t,i f (X)) · 1{An,i (X)}|
2t ∇n,i − ∇

(7)

s∈{−t,t}

≤2 max En |fn,h (X + sei ) − f (X + sei )| · 1{An,i (X)}

≤2 max En fn,h (X + sei ) − f˜n,h (X + sei ) · 1{An,i (X)}

(8)

s∈{−t,t}

s∈{−t,t}

+ 2 max En f˜n,h (X + sei ) − f (X + sei ) · 1{An,i (X)}.

sup

.

We first handle the bias term (8) in the next lemma which is given in the appendix.

i∈[d]

Lemma 15 (Bias) Let t + h ≤ τ . We have for all i ∈ [d], and all s ∈ {t, −t}:
X
fi0
En f˜n,h (X + sei ) − f (X + sei ) · 1{An,i (X)} ≤ h ·

The variance term in (7) is handled in the lemma below. The proof is given in the appendix.

Cd · log(n/δ)CY2 (δ/2n) · σY2
.
n(h/2)d

Lemma 16 (Variance terms) There exist C = C(µ, K(·)) such that, with probability at least 1 −
2δ, we have for all i ∈ [d], and all s ∈ {−t, t}:
s
En fn,h (X + sei ) − f˜n,h (X + sei ) · 1{An,i (X)} ≤

The next lemma summarizes the above results:

sup

 + t,i .



Lemma 17 Let t + h ≤ τ and let 0 < δ < 1. There exist C = C(µ, K(·)) such that the following
holds with probability at least 1 − 2δ. Define A(n) , Cd · log(n/δ) · CY2 (δ/2n) · σY2 / log2 (n/δ).
We have

r
X
A(n)
1
+h·
fi0
∇n,i − En fi0 (X) · 1{An,i (X)} ≤ 
t
nhd

i∈[d]

Proof Apply lemmas 14, 15 and 16, in combination with equations 7 and 8.
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To complete the proof of Theorem 11, apply lemmas 17 and 12 in combination with equations
5 and 6.
15
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5. Experimental Evaluation of the GW Approach

We have so far derived GW based on the theoretical principles of Section 2, namely that performance improvements are possible if data coordinates are weighted according to the coordinate-wise
variation of the unknown f , and if f varies unevenly across coordinates. In this section, we verify
these theoretical principles empirically on various real-world datasets. The code and all the data
sets used in these experiments are publicly available at http://goo.gl/bCfS78

We consider kernel, k-NN and SVM (support vector) approaches on a variety of controlled (artificial) and real-world datasets. We emphasize that our goal is to demonstrate the benefits of GW in
improving the performance of these successful and popular procedures on a wide range of datasets.
We do not aim to beat results that may have been obtained on these data using procedures other
than kernel, k-NN and SVM approaches, since this is not required for a practical validation of our
theoretical results. We also note that, throughout the experiments, we only retain the numerical attributes in each data set, and discard all the categorical attributes. Therefore, our reported prediction
errors on some datasets might differ from others reported in the literature at large.

Parameter settings and general comments: Recall that, for the GW approach, we might set
q
the components Wi of the metric ρ to ∇n,i
. The exponent q (cf. Remark 2.2) is a parameter left
open by our theoretical analysis. In our experiments, we explore the choices q = 1, as in Kpotufe
and Boularias (2012), and q = 2 which serves to further emphasize the difference in importance
between coordinates.

The resulting performance of the GW approach depends on the parameters used to learn ∇n,i ,
En [∆t,i fn,h (X) · 1{An,i (X)}]. These are the bandwidth h used in the estimate fn,h (X) and the
parameter t in ∆t,i fn,h (X) , |fn,h (X + tei ) − fn,h (X − tei )| /2t. In the majority of experiments
(reported in the main body of the paper) we tune h, but we don’t tune t and simply set t = h/2
as a rule of thumb. This results in faster training time, and although not optimal, still results in
significant performance gains for the various regression and classification procedures where GW is
used to preprocess the data. If in addition we properly tune t, the observed performance gains are
even more significant as reported in Tables 4 and 5 of the Appendix.

We emphasize that the GW approach is computationally cheap: it only adds to training time
since it only involves pre-processing the data. No significant difference is observed in estimation
time, i.e. in computing regression or classification estimates using the preprocessed data vs using
the original data. In fact estimation time can even be smaller after preprocessing since GW can act
as an approximate dimension-reduction given the sparsity in the data. The average prediction times
are reported in Table 6 of the appendix.

Our experiments are divided as follows. First we show the attainable performance gains by
using GW for regression, then we show that GW works well also for classification. At the end of
the section we explore the tradeoffs between feature selection and feature weigthing.
5.1 Regression experiments
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In this section, we present experiments on several real-world regression data sets. We compare the
performances of both kernel regression and k-NN regression in the Euclidean metric space and in
the learned gradient weights metric space.
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SARCOS 1
0.11 ± 0.01
0.08 ± 0.01
0.07 ± 0.01
0.06 ± 0.01
Telecom
0.15 ± 0.02
0.13 ± 0.02
0.17 ± 0.02
0.34 ± 0.05

SARCOS 5
0.19 ± 0.01
0.08 ± 0.01
0.07 ± 0.01
0.06 ± 0.01
Ailerons
0.42 ± 0.02
0.37 ± 0.01
0.34 ± 0.01
0.34 ± 0.01

SARCOS 5
0.32 ± 0.03
0.14 ± 0.02
0.12 ± 0.01
0.12 ± 0.01
Ailerons
0.43 ± 0.02
0.40 ± 0.02
0.39 ± 0.02
0.37 ± 0.02

Housing
0.53 ± 0.08
0.28 ± 0.09
0.22 ± 0.06
0.18 ± 0.03
Parkinson’s
0.63 ± 0.04
0.22 ± 0.01
0.20 ± 0.01
0.20 ± 0.01

Housing
0.73 ± 0.09
0.37 ± 0.08
0.25 ± 0.06
0.21 ± 0.04
Parkinson’s
0.75 ± 0.09
0.38 ± 0.03
0.34 ± 0.03
0.34 ± 0.02
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5.1.3 D ISCUSSION OF RESULTS
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Table 1: Normalized mean square prediction errors show that, in almost all cases, gradient weights
improve accuracy in practice. The top three tables are for KR vs KR-ρ and KR-ρ2 , the bottom three for k-NN vs k-NN-ρ and k-NN-ρ2 . k-NN-unnormalized and KR-unnormalized
refer to k-NN and KR used on unnormalized data. For all the other methods, data vectors
are normalized by dividing each data vector by the standard deviation of the training data
in each dimension.
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Barrett 5
0.80 ± 0.03
0.40 ± 0.02
0.30 ± 0.02
0.23 ± 0.01
Wine Quality
0.88 ± 0.01
0.73 ± 0.04
0.72 ± 0.03
0.70 ± 0.01

Barrett 1
0.96 ± 0.01
0.41 ± 0.02
0.29 ± 0.01
0.21 ± 0.02
Concrete Strength
0.40 ± 0.07
0.40 ± 0.04
0.38 ± 0.03
0.31 ± 0.06

SARCOS 1
0.16 ± 0.02
0.16 ± 0.02
0.14 ± 0.02
0.11 ± 0.02
Telecom
0.23 ± 0.02
0.30 ± 0.02
0.23 ± 0.02
0.37 ± 0.08
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Barrett 5
0.90 ± 0.03
0.50 ± 0.03
0.35 ± 0.02
0.28 ± 0.03
Wine Quality
0.92 ± 0.01
0.75 ± 0.03
0.75 ± 0.02
0.72 ± 0.02

Barrett 1
0.98 ± 0.03
0.50 ± 0.02
0.38 ± 0.03
0.30 ± 0.03
Concrete Strength
0.45 ± 0.03
0.42 ± 0.05
0.37 ± 0.03
0.31 ± 0.02

From the results in Table 1 we see that virtually on all data sets the metric helps improve the performance of the distance based-regressor even though we did not tune t to the particular problem
(remember t = h/2 for all experiments). The only exception is for Telecom with k-NN. We noticed

k-NN-unnormalized
k-NN-normalized
k-NN-normalized-ρ
k-NN-normalized-ρ2

k-NN-unnormalized
k-NN-normalized
k-NN-normalized-ρ
k-NN-normalized-ρ2

KR-unnormalized
KR-normalized
KR-normalized-ρ
KR-normalized-ρ2

KR-unnormalized
KR-normalized
KR-normalized-ρ
KR-normalized-ρ2

is done efficiently by starting with a log search to quickly reduce the search space, followed by a
grid search on the resulting smaller range.
Table 1 shows the normalized Mean Square Errors (nMSE) where the MSE on the test set is
normalized by variance of the test output. We use 1000 training points in the robotic, Telecom,
Parkinson’s, and Ailerons data sets, and 2000 training points in Wine Quality, 730 in Concrete
Strength, and 300 in Housing. We used 2000 test points in all of the problems, except for Concrete,
300 points, Housing, 200 points, and Robot Grasping, 10000 points. Averages over 10 random
experiments are reported. For the larger data sets (SARCOS, Ailerons, Telecom, Grasping) we
also report the behavior of the algorithms, with and without metric, as the training size n increases
(Figure 4).
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For all data sets, we normalize each coordinate with its standard deviation from the training data.
To learn the metric, we set h by cross-validation on half the training points, and we set t = h/2
for all data sets. Note that in practice we might want to also tune t in the range of h for even
better performance than reported here. The event An,i (X) is set to reject the gradient estimate
∆n,i fn,h (X) at X if no sample contributed to one of the estimates fn,h (X ± tei ).
In each experiment, we compare kernel regression in the Euclidean metric space (KR) and in
the learned metric space with gradient weights (KR-ρ) and with squared gradient weights (KR-ρ2 ),
where we use a box kernel for the three methods. Similar comparisons are made using k-NN, k-NNρ and k-NN-ρ2 . All methods are implemented using a fast neighborhood search procedure, namely
the cover-tree of (Beygelzimer et al., 2006), and we also report in the supplementary material the
average prediction times so as to confirm that, on average, time-performance is not affected by using
the metric.
The parameter k in k-NN, k-NN-ρ, k-NN-ρ2 , and the bandwidth in KR, KR-ρ, KR-ρ2 are
learned by cross-validation on half of the training points. We try the same range of k (from 1 to
5 log n) for the three k-NN methods (k-NN, k-NN-ρ). We try the same range of bandwidth/spacediameter h (a grid of size 0.02 from 1 to 0.02 ) for the three KR methods (KR, KR-ρ, KR-ρ2 ): this

5.1.2 E XPERIMENTAL SETUP

The first two data sets describe the dynamics of 7 degrees of freedom of robotic arms, Barrett WAM
and SARCOS (Nguyen-Tuong et al., 2009; Nguyen-Tuong and Peters, 2011). The input points are
21-dimensional and correspond to samples of the positions, velocities, and accelerations of the 7
joints. The output points correspond to the torque of each joint. The far joints (1, 5, 7) correspond
to different regression problems and are the only results reported. As expected, results for other
joints were found to be similarly good.
Another data set describes the probabilities of achieving successful grasping actions performed
by a robot on different piles of objects (Boularias et al., 2014a,b). Each data point describes one
grasping action performed at a particular location on the surface of a pile of objects. The objects are
mostly rocks and rubble with unknown and irregular shapes. An input point is a 150-dimensional
vector and corresponds to a patch of a depth image obtained by projecting the robotic hand on the
scene. The output is a value between 0 and 1.
The other data sets are taken from the UCI repository (Frank and Asuncion, 2012) and from (Torgo,
2012). The concrete strength data set (Concrete Strength) contains 8-dimensional input points, describing age and ingredients of concrete, the output points are the compressive strength. The wine
quality data set (Wine Quality) contains 11-dimensional input points corresponding to the physicochemistry of wine samples, the output points are the wine quality. The ailerons data set (Ailerons)
is taken from the problem of flying a F16 aircraft. The 5-dimensional input points describe the
status of the aeroplane, while the goal is to predict the control action on the ailerons of the aircraft.
The housing data set (Housing) concerns the task of predicting housing values in areas of Boston,
the input points are 13-dimensional. The Parkinson’s Telemonitoring data set (Parkison’s) is used
to predict the clinician’s Parkinson’s disease symptom score using biomedical voice measurements
represented by 21-dimensional input points. We also consider a telecommunication problem (Telecom), wherein the 47-dimensional input points and the output points describe the bandwidth usage
in a network.

5.1.1 DATA DESCRIPTION
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For the baseline methods (kernel and k-NN), we report both the errors when the data is unnormalized, and when the features are normalized by their standard deviation. For all other methods,
the data is normalized. This is to show that, while variance normalization is a first step in reducing the error of the baseline, such errors are further reduced, significantly, through our approach of
weighing by estimated derivatives.

that the Telecom data set has a lot of outliers and this probably explains the discrepancy, besides the
fact that we did not attempt to tune t (see Trivedi et al. (2014) for experiments where t is additionally
tuned, and where GW clearly outperforms the baselines for the Telecom dataset).

Figure 4: Plotting regression error as a function of the number of training points shows that gradient
weights lead to a clear improvement even for small sample sizes, indicating that our
estimator of kfi0 k1,µ produces useful results even from relatively few samples.

error

error

error
error
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Also notice that the error of k-NN is already low for small sample sizes, making it harder to
outperform. However, as shown in Figure 4, for larger training sizes k-NN-ρ gains on k-NN. We
also note that methods using squared gradient weights (k-NN-ρ2 and KR-ρ2 ) achieved a better
performance compared to other methods. The only exception here is also Telecom, where the nonsquared gradient weights yield a lower prediction error. The rest of the results in Figure 4 where we
vary n are self-descriptive: gradient weighting clearly improves the performance of the distancebased regressors.
Finally, we note that the average prediction times (reported in the supplementary material) is
nearly the same for all the methods. Last, remember that the metric can be learned online at the cost
of only 2d times the average kernel estimation time reported.

5.2.1 DATA DESCRIPTION

5.2 Classification experiments

We tested the gradient weights method on six different data sets taken from the UCI repository (Frank
and Asuncion, 2012) and from the LIBSVM website (Fan, 2012). The covertype data set contains
predictions of binary forest cover types from cartographic features given by 10 real variables among
54 other variables. This data set originally consists of seven different cover types, but only the two
largest categories are selected for binary classification. The MAGIC gamma data set consists of 10
features and predicts the registration of high energy gamma particles in a ground-based atmospheric
Cherenkov gamma telescope. The IJCNN data set contains predictions of one binary output from
four different time series, described by 10 categorical variables and 12 real variables. The shuttle
data set contains 9 numerical attributes. The original data set has seven different categories, but
for binary classification we merged all the classes into one class, except the first class which corresponds to approximately 80% of all the data. The page blocks data set predicts whether a block
in a given document is a text block using 10 real-valued features. We also consider the thyroid
data set where the problem is to determine whether a given patient is hypothyroid. There are three
different output classes in this data set, the condition of a patient is described by 6 real variables and
15 categorical variables.
5.2.2 E XPERIMENTAL SETUP
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The setup for the classification experiments is similar to the one used in the regression experiments.
For all data sets, we normalize each coordinate with its standard deviation from the training data.
We use the training data to compute the gradient weights. Parameter t is set proportionally to
the difference between the minimum and the maximum values of each feature to account for the
differences between features scales that remain after normalization. One can also consider using
the learned gradient weights to set t and to re-estimate the gradient weights again, in a repeated
iterative process. The probability P (Ci |x) of each class Ci , used for calculating the feature weights,
is estimated by weighted k-NN with Gaussian kernel.
In each experiment, we compare a k nearest neighbor classifier in the Euclidean metric space
(k-NN), the learned metric space with gradient weights (k-NN-ρ), and a metric space in which gradient weights have been squared (k-NN-ρ2 ). Analogous results have been obtained using an -NN
classifier (-NN, -NN-ρ, -NN-ρ2 ) which uses all training samples within an -ball around the test
point, rather than the k nearest neighbors. Parameters k and  have been set by cross-validation with
half the training points. As in the regression experiments, k and  are found by using a log search,
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5.2.3 D ISCUSSION OF RESULTS

From the results in Table 2, we see that the gradient weights metric improves the performance of the
two different distance-based classifiers, k-NN and -NN. We also notice that the squared gradient
weights perform better than the non-squared weights in almost all cases. The only exception is the
MAGIC Gamma data set where the performance of the different classifiers seems unaffected by the
choice of the metric. This is due to the fact that the gradient weights in this particular problem are
nearly the same for every feature, as shown in the appendix.
Figure 5 shows improvements for GW over the baseline even with relatively small sample sizes.
The improvement of GW over the baseline decreases with larger training sizes except in the Thyroid
data set where the advantage of GW is more pronounced with a larger training size. Recall that, from
the theoretical insights developed in Section 2, we only expect large improvements in a sample size

5.3 Feature selection vs feature weighting

regime depending on the problem, so the same behavior (as for the other data sets) is likely for the
Thyroid case if we had larger samples to work with.

Figure 6: Kernel regression with feature selection, versus GW. On these datasets, feature weighting
tends to outperform feature selection, especially when all features happen to be relevant.
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How does feature weighting compare with feature selection? Feature weighting, as done with GW,
has the obvious advantage of avoiding the combinatorial problem of having to select a subset of
features, and gets rid of the ill-defined problem of selecting a good importance threshold for feature
selection. Another less obvious advantage of feature weighting is that we do not lose much in performance if it so happens that all features are relevant, since weighting uses all features. However,
feature selection reduces dimension and therefore variance, and would be expected to be the better
option if some features are much more important than all others (i.e. f is nearly sparse); how much
do we lose by feature weighting in this sort of situation, i.e. does the computational advantage of
weighting justify its use? This of course depends on problem-specific costs, but we will attempt
here to better understand the differences between the two approaches.
We compare our proposed GW method with feature selection, where features are added in order
of importance, i.e. we first add the features most correlated with the output Y . The same training
sets are used to compute the gradient weigths and feature correlations with Y , under similar time
complexity. Keep in mind that feature selection here requires the additional complexity of comparing the performance gain from various combinations of features; here for simplicity we would just
compare n ordered subsets, although more subsets might be compared in practice. An alternative to

followed by a linear search in a smaller interval. All classification experiments are performed using
2000 points for testing and up to 3000 points for learning. Averages over 10 random experiments
are reported. The purpose of varying the size of training data is to report the performance as a function of the number of training points (Figure 5). Table 2 shows the classification error rates of the
different methods.

Table 2: Error rates with and without gradient weights show that they improve classification accuracy, especially when they are used in their squared form. This is true for two different
distance-based classifiers, k-NN (top), and -NN (bottom).

k-NN error
k-NN-ρ error
k-NN-ρ2 error
e-NN error
e-NN-ρ error
e-NN-ρ2 error

Covertype
0.29±0.01
0.27±0.01
0.25±0.01
0.28±0.01
0.26±0.01
0.25±0.01

Figure 5: As in the regression case, classification benefits from gradient weights even if they were
estimated from relatively few samples.
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Early approaches for feature selection have exhaustively enumerated all possible subsets of features,
or have employed heuristics to reduce the search space. In this section we relate our GW approach
to the Relief approach, which from its introduction in Kira and Rendell (1992), has gained much
popularity and evolved into a larger family of related heuristics (Kononenko, 1994; Robnik-Šikonja
and Kononenko, 2003).
The success of Relief is due to its ease of implementation, computational efficiency in avoiding
the combinatorial problems of earlier approaches, and more importantly its good performance on
real-world problems. While Relief has mostly been used for binary feature selection, some variants
were also used for feature weighting (Wettschereck et al., 1997; Sun, 2007), similar to our proposed
GW approach.

6.2 Relation to the Relief family of Heuristics

Even though the intuition for our method has been developed for distance-based regressors and
classifiers, we have found empirically that pre-processing features by multiplying them with their
corresponding gradient weight also improves the performance of other popular classifiers, such as
support vector machines (SVMs). This is demonstrated in Figure 8, which reports results on the
same classification tasks as in Figure 5, but uses an SVM instead of a k-NN classifier. We have used
a Gaussian kernel, and we have cross-validated its kernel bandwidth h separately for the Euclidean
and the learned metric space on half the training points. As before, h is found by a log search,
followed by a linear search.

6.1 Feature Weighting for Support Vector Machines

In this section we further discuss the ideas presented so far by addressing some interesting questions
that arise naturally. In particular we will consider the applicability of the GW approach outside the
context of distance-based learning methods in the next section. In the following section we take a
look at existing heuristics for feature weighting and show how, although not by design, their success
might be explained by the theoretical intuition developed in the present work. We finish the section
and the paper with open questions and a discussion of future directions.

6. Discussion

Figure 8: Classification error rates of a support vector machine suggest that pre-multiplying features
by their gradient weight also improves performance of that classifier.
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comparing combinations of features is to use some kind of thresholding, but as mentioned earlier, it
is often unclear how to properly threshold feature importance.
Figure 6 shows that overall GW with kernel regression is competitive with the more expensive
feature selection, and even often achieves better performance in those situations where all features
happen to be relevant (Sarcos, Housing, Concrete). Similar results are achieved for k-NN regression,
and are reported in the supplementary material.
Notice that, in those cases where feature selection performs best (Barret datasets), its gain over
2 of GW (denoted KR-ρ2 in the figure). This
GW is smallest when we used the squared version ∇n,i
is because squaring emphasizes the differences in variability of f between features and is thus closer
to feature selection.
Figure 7 repeats the same experiments in the case of classification with k-NN. Here the performance of feature selection depends more crucially on the number of selected features, and can be
bad in most cases if too few features are selected. GW outperforms feature selection in most cases
but the Thyroid dataset. However, even in the Thyroid case, the advantage is small, less than 2%.
While a more elaborate feature selection procedure might produce a bigger advantage over
feature weighting, the computational cost might be even higher. Feature weighting with GW offers
a cheap alternative which moreover often outperforms natural feature selection routines such as
the one just discussed. However, we do not claim that our method can replace sophisticated feature
selection schemes that are specialized for high-dimensional applications in parametric settings (e.g.,
(Zhou et al., 2014)); we emphasize however that there are few alternatives to the present approach
for nonparametric settings; one popular such alternative, Relieff, is discussed below.
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Figure 7: Experiments on k-NN classification with feature selection versus GW. Again, GW generally performs better, while little is lost when feature selection is preferable.
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0.0006±0.0011
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We can gain additional insight on the relationship to the Relief family by considering RReliefF, an extension to regression problems (Robnik-Šikonja and Kononenko, 2003). In RReliefF, the

Both methods, when used for feature-weighting, yield similar improvement in classification
error rates, as shown in Table 3. For GW we use Wi = ∇2n,i , i.e. coordinates are weighted by
∇n,i ; correspondingly, we pre-multiply features by their ReliefF weights as done in Wettschereck
et al. (1997). For a fair comparison, the number k of neighbors used in ReliefF was found by crossvalidation on the training data, just as in our method. None of the two methods dominates the other
on all examples. However, unlike the weights found by ReliefF, gradient weights never led to an
average increase in error.

First, upon computing weights for several real-world data sets, we can observe empirically that
the weights assigned by ReliefF (Kononenko, 1994) are often correlated with those computed by
GW which are by design correlated with the coordinate-wise variation of f (Figure 9).

Figure 9: Comparing GW feature weights (i.e. ∇n,i ) and those of ReliefF, averaged over 10 random
repeats of the experiment. There is a clear correlation in most cases but the right-most.

(a) Covertype

While Relief and our GW approach have similar practical benefits, GW is grounded in the theoretical insights developed earlier in this work. Corollary 8 allows us to theoretically understand
the conditions under which GW improves regression rates in a minimax sense, opening up potential
directions for further development of feature weighting methods. To the best of our knowledge, no
such theoretical results are available for Relief although various works have provided theoretical
interpretation (e.g. (Sun, 2007)) without actually analyzing the direct effect of Relief weights on
regression or classification convergence rates. We will argue here that the theoretical intuition developed in this work helps explain some of the success of Relief: the weights computed by Relief,
similar to those of GW, are generally correlated with the coordinate-wise variation of the unknown
regression function f .

Table 3: Comparing the improvement in classification error over the k-NN baseline when using
squared gradient weights or ReliefF shows that none of the two methods dominates the
other one. Negative numbers indicate cases where ReliefF led to increased errors.

Gradient Weights
ReliefF

G RADIENTS WEIGHTS

x

x

− fn (x0 )|dis(x, x0 ),

0
0
x0 ∈N (x) |fn (x) − fn (x )|dis(x, x ).

x0 ∈N (x) |fn (x)

P P

P P
B(fn ) = n −

A(fn ) =
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fn (hence of f ) in direction i. In particular, Ŵi,I has the essential ingredients of an estimator of
kfi0 k1,µ : it is a weighted average of differences in fn , where the weights (|xi − x0i |dis(x, x0 )) are
(1) larger for pairs of points aligned along coordinate i (via |xi − x0i |), and (2) larger for the closest
pairs of points (via the dissimilarity dis(x, x0 )).
In fact the differences between Ŵi,I and our estimator ∇n,i are simply in the way we accomplish (1) and (2) above: we directly look at pairs of points (x ± tei ), t-close and aligned with the
coordinate i. This is similar to setting the neighborhood N (x) in Relieff to x ± tei and using a
−1
dissimilarity of the form dis(x, x0 ) = 2nt2
.
The success of GW is best understood in terms of how they reduce the variance of distancebased regressors while controlling bias, as elucidated in Section 2.2. Even though no such analysis
is available for Relief, our results extend the same theoretical intuition to the RReliefF heuristic
which also estimates a quantity that is correlated with the coordinate-wise variation of f .

Notice that A(fn ) and B(fn ) are global parameters that do not depend on the feature i for which
the weight Ŵi is calculated.
The term B(f1 n ) Ŵi,II can be interpreted as a measure of the spread of the input points around
axis i, and has little dependence on the output Y . Moreover this term would generally be negligible:
suppose w.l.o.g. that|Y | is normalized
 to be at most 1, then B(fn ) = Ω(n) so the term goes to 0.
The other term A(f1 n ) + B(f1 n ) Ŵi,I is most important and is correlated with the variation of

where

1 X X
−
|xi − x0i |dis(x, x0 )
B(fn ) x 0
x ∈N (x)


1
1
1
=
+
Ŵi,I +
Ŵi,II ,
A(fn ) B(fn )
B(fn )

x ∈N (x)

rank(x, x0 ) is obtained by ranking the neighbors of x according to their increasing distance from x,
and h is some bandwidth. By rearranging the terms of the equation above, we have
X X

1
1
|fn (x) − fn (x0 )||xi − x0i |dis(x, x0 )
+
Ŵi =
A(fn ) B(fn )
0
x

where x is a training input point, xi is the ith attribute of x, n is the number of training points, fn
is a k-NN estimate of f , N (x) is the set of k nearest neighbors of x with
 respect to the Euclidean

2
metric, and dis is a dissimilarity function, defined as dis(x, x0 ) = exp − h1 rank(x, x0 )
where

weight Ŵi of a feature i is estimated as
P P
0
0
0
x
x0 ∈N (x) |fn (x) − fn (x )||xi − xi |dis(x, x )
P P
Ŵi =
0 )|dis(x, x0 )
|f
(x)
−
f
(x
n
x
x0 ∈N (x) n


P P
0 |dis(x, x0 ) − |f (x) − f (x0 )||x − x0 |dis(x, x0 )
|x
−
x
n
n
i
i
i
i
x
x0 ∈N (x)
P P
,
−
n − x x0 ∈N (x) |fn (x) − fn (x0 )|dis(x, x0 )
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6.3 Final Remarks and Future Directions
We have shown both theoretically and empirically that it is possible to gain significantly in regression and classification performance by weighting features according to the way the unknown
regression function f varies along coordinates, provided f does not vary equally across coordinates,
which is often the case. We derived a simple procedure to estimate the variation in f and showed
its consistency. The present brings up many new questions which we hope would be the subject of
future investigation. We list some of these questions below.
The approach results in a two-phase prediction procedure, which however might be iterated into
a multiple phase procedure for a potentially better estimation of f . A natural question is how to
detect convergence of a multiple phase approach. This is unclear for now, but is worth pursuing
since even the simple two-phase approach discussed here works well.
The approach presented in this paper weights coordinates with some power of the estimate
∇n,i of the gradient norm kfi0 k1,µ . Should all coordinates be weighted with the same power of
∇n,i , or is there a better way to weights coordinates according to the way f varies? This question
requires refined theoretical understanding of how coordinate-weighting affects particular regression
and classification procedures.
The current approach does not take into account the fact that the input X might not be fulldimensional. It is often the case that data lies near lower-dimensional subspaces of Rd . How does
one capture the directional variation of f in these cases?
Given the simplicity and success of the approach presented here, we believe even better featureweigthing approaches are lurking close, and some of the above questions are potential directions for
further improvement.
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Appendix A. Consistency lemmas
We need the following VC result.
Lemma 18 (Relative VC bounds (Vapnik and Chervonenkis, 1971)) Let 0 < δ < 1 and define
αn = (2d ln 2n + ln(4/δ)) /n.
Then with probability at least 1 − δ over the choice of Xn , all balls B ∈ Rd satisfy
p
µn (B)αn + αn .
µ(B) ≤ µn (B) +

JMLR 17(22):1-34

Proof [Lemma 13] Let Āi (X) denote the event that mins∈{−t,t} µ(B(X + sei , h/2))
 < 3αn . By
Lemma
 18, with probability at least 1−δ, ∀i ∈ [d], Ān,i (X) =⇒ Āi (X) so that En 1 Ān,i (X) ≤
En 1 Āi (X) .
Using a Chernoff
pbound on [d], we also have with probability at
 bound, followed
 by a union
least 1 − δ that En 1 Āi (X) ≤ E1 Āi (X) + ln(2d/δ)/n.

Finally, E1 Āi (X) ≤ E 1 Āi (X) |X ∈ X \ ∂t,i (X ) + µ (∂t,i (X )). The first term is 0 for
large n. This is true since, for x ∈ X \ ∂t,i (X ), for all i ∈ [d] and s ∈ {−t, t}, x + sei ∈ X , and
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therefore µ(B(x + sei , h/2)) ≥ Cµ (h/2)d ≥ 3αn for our setting of h (see Section 3).

X
i

i

X

wi (x) kXi − xk ·

X

i

Z

0

kXi −xk

i∈[d]

X

fi0

sup

.

vi> ∇f (x + svi ) ds

vi> ∇f (x0 ) ≤ h ·

wi (x)

x0 ∈X +B(0,τ )

max

wi (x) |f (Xi ) − f (x)| =

Proof [Lemma 15] Let x = X + sei . For any Xi ∈ Xn , let vi denote the unit vector in direction
(Xi − x). We have
f˜n,h (x) − f (x) ≤
≤

Multiply the l.h.s. by 1{An,i (X)}, take the empirical expectation and conclude.

2

≤ σY2 ·

i∈[n]

i∈[n]

wi (x) ≤ σY2 · max wi (x).

The variance (Lemma 16) is handled in a way similar to an analysis of (Kpotufe, 2011) on kNN regression. The additional technicality in the present result is due to the fact that, unlike in the
case of k-NN, the number of points contributing to the estimate (and hence the variance) is not a
constant.
Proof [Lemma 16] Assume that An,i (X) is true, and fix x = X + sei . The following variance
bound is quickly obtained:
X
EYn |Xn fn,h (x) − f˜n,h (x)

Let Yn x denote the Y values of samples Xi ∈ B(x, h), and write ψ(Yn x ) , fn,h (x) − f˜n,h (x) .
We next relate ψ(Yn x ) to the above variance.
Let Yδ denote the event that for all Yi ∈ Yn , |Yi − f (Xi )| ≤ CY (δ/2n) · σY . By definition of
CY (δ/2n), the event Yδ happens with probability at least 1 − δ/2 ≥ 1/2. We therefore have that


PYn |Xn ψ(Yn x ) > 2EYn |Xn ψ(Yn x ) +  ≤ PYn |Xn ψ(Yn x ) > EYn |Xn ,Yδ ψ(Yn x ) + 

≤ PYn |Xn ,Yδ ψ(Yn x ) > EYn |Xn ,Yδ ψ(Yn x ) +  + δ/2.

i∈[n]

Now, it can be verified that, by McDiarmid’s inequality, we have




X

PYn |Xn ,Yδ ψ(Yn x ) > EYn |Xn ,Yδ ψ(Yn x ) +  ≤ exp −22 /CY2 (δ/2n) · σY2
wi2 (x) .



i∈[n]

Notice that the number of possible sets Yn x (over x ∈ X ) is at most the n-shattering number of
balls in Rd . By Sauer’s lemma we know this number is bounded by (2n)d+2 . We therefore have by
a union bound that, with probability at least 1 − δ, for all x ∈ X satisfying B(x, h/2) ∩ Xn 6= ∅,
s
X
(d + 2) · log(n/δ)CY2 (δ/2n) · σY2
wi2 (x)
ψ(Yn x ) ≤ 2EYn |Xn ψ(Yn x ) +
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1/2 q
≤ 2 EYn |Xn ψ 2 (Yn x )
+ (d + 2) · log(n/δ)CY2 (δ/2n) · σY2 · max wi (x)
i
q
Cd · log(n/δ)CY2 (δ/2n) · σY2 /nµn ((B(x, h/2)),

≤
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ρR (x, x0 ) ≤ ρ(x, x0 ) ≤ κR ρR (x, x0 ) + 6R /2.

i∈R

X

i∈R

2
≤ κR ρR (x, x0 ) + 6R /2 .

X

i∈R
/
2
x0 R

Wi (xi − x0i )2 +

≤ κ2R · min Wi · x −

ρ2 (x, x0 ) =

i∈R
/

+ max Wi · kX k

Wi (xi − x0i )2
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space (X , kx − x0 kR ), every ball B of radius r can be covered by at most C−|R| balls of radius r
for any  > 0. This is also true for any scaling of kx − x0 kR , in particular for ρR . We next relate
the covering numbers of (X , ρ) to those of (X , ρR ).
Let Z denote an ρ(X )-packing of (X , ρ), i.e. ρ(z, z 0 ) > ρ(X ) for all z, z 0 ∈ Z. The size of Z
is an upper-bound on the mininum ρ(X )-cover size of (X , ρ). We have by Lemma 19, ρR (z, z 0 ) >
(ρ(X ) − 6R /2)/κR ≥ (ρ(X )/2κR ). Thus, the size of Z is at most that of a (ρ(X )/4κR )-cover
of (X , ρR ). Since the ρR -diameter of X is at most ρ(R), we have |Z| ≤ C(4κR )|R| −|R| .

Lemma 20 (Covering numbers at large scale) Consider any R ( [d] such that maxi∈R
/ Wi <
mini∈R Wi . Let ρ(X ) denote the ρ-diameter of X . For any ρ(X ) ≥ 6R , (X , ρ) can be covered by
CR −|R| ρ-balls of radius ρ(X ), where CR ≤ C(4κR )|R| .
qP
i
0i 2
Proof Let x, x0 ∈ X and define kx − x0 kR ,
i∈R (x − x ) . Notice that in the pseudo-metric

The next lemma bounds -covering numbers for large  (relative to 6R ).

Proof We have

We assume throughout this section that ∆X , supx,x0 ∈X kx − x0 k = 1. Recall Definition 3 of
Section 2.2.
We start with the following easily obtained lemma.
√
0
mini∈R Wi ·
Lemma 19 Consider R ⊂ [d] such that maxi∈R
/ < mini∈R Wi . Define ρR (x, x ) ,
2
P
i
0i
0
. For any x, x ∈ X ,
i∈R x − x

B.1 Covering numbers

i∈R

i∈R

0

v i · fi0

sup

sup

.
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A norm-induced metric ρ on a space X ⊂ Rd is one where there exists a norm ρ̄ : X → R such
that for every x, x0 ∈ X , ρ(x, x0 ) = ρ̄(x − x0 ). We show in this section that,
 for such metrics, a
regressor operating on the space (X , ρ) has worst-case rate of Ω n−2/(2+d) for large n.
Without loss of generality, let (X , ρ) have diameter 1. We assume further, throughout the section, that the space X is compact under ρ.
The main argument consists of showing that -cover sizes for (X , ρ) are of the form −d for
sufficiently small . This is then enough to call on the regression lower-bound result of Kpotufe
(2011) to conclude the argument.

Appendix C. Asymptotic rate for norm-induced metrics

≤

0

X ρ(x, x0 )
√
≤
fi0
Wi
i∈R

0

XZ

kx−x0 k

Next, Lemma 5 which bounds the change in Lipschitz constant is obtained as follows.
√
Proof [Lemma 5] Let x 6= x0 and v = (x−x0 )/ kx − x0 k. Clearly v i ≤ ρ(x, x0 )/(kx − x0 k· Wi ).
We have
Z kx−x0 k
Z kx−x0 k X
v i · fi0 (x + sv) ds
v > ∇f (x + sv) ds ≤
f (x) − f (x0 ) ≤

B.2 Change in Lipschitz constant

Using the above lemma, we can now prove Lemma 4 which bounds covering numbers of the
space (X , ρ) at all scales.
Proof [Lemma 4] The first part of Lemma 4 was obtained in Lemma 20 above. The second part is
obtained as follows.
We only consider dyadic values  = 2−m < 6R /ρ(X ), since, for nondyadic values of , the
bound on the smallest cover can only be within a constant factor depending on d.
To construct a small ρ(X )-cover, start with an 6R -cover Z of X . This has size at most
CR (6R /ρ(X ))−|R| by Lemma 20. Consider any z ∈ Z. The ball B(z, 6R ) has an ρ(X )-cover
of size at most C 0 (6R /ρ(X ))d by the doubling property of bounded subsets of Rd . The union
over z ∈ Z of the covers of the balls B(z, 6R ) is an ρ(X )-cover of X , and has size at most
CR · C 0 −r() ≤ CR (6R /ρ(X ))−|R| · C 0 (6R /ρ(X ))d , for some r() defined as in the lemma statement.

where the second inequality is obtained by applying Jensen’s, and the last inequality is due to the
fact that the kernel weights are upper and lower-bounded on B(x, h/2).
Now by Lemma 18, with probability at least 1 − δ, for all X such that An,i (X) is true, we have
for all s ∈ {−t, t}, 3µn ((B(x, h/2)) ≥ µ((B(x, h/2)) ≥ Cµ (h/2)d . Integrate this into the above
inequality, take the empirical expectation and conclude.

Appendix B. Properties of the metric space (X , ρ)
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Dataset
Ailerons
Concrete
Housing
Wine
Barrett1
Barrett5
Sarcos1
Sarcos5
Parkinson
TeleComm
k-NN-ρ
0.3161 ± 0.0058
0.2040 ± 0.0234
0.2389 ± 0.0604
0.6615 ± 0.0134
0.0843 ± 0.0229
0.0984 ± 0.0244
0.0769 ± 0.0037
0.0779 ± 0.0026
0.3181 ± 0.0477
0.0688 ± 0.0074

G RADIENTS WEIGHTS

k-NN
0.3364 ± 0.0087
0.2884 ± 0.0311
0.2897 ± 0.0632
0.6633 ± 0.0119
0.1051 ± 0.0150
0.1095 ± 0.0096
0.1222 ± 0.0074
0.0870 ± 0.0051
0.3638 ± 0.0443
0.0864 ± 0.0094

k-NN
0.2279 ± 0.0091
0.1775 ± 0.0070
0.0349 ± 0.0042
0.0037 ± 0.0025
0.2279 ± 0.0091
0.0540 ± 0.0061
0.1042 ± 0.0063

k-NN–ρ
0.2135 ± 0.0064
0.1680 ± 0.0075
0.0361 ± 0.0048
0.0024 ± 0.0016
0.2135 ± 0.0064
0.0459 ± 0.0058
0.0673 ± 0.0062

Table 4: Regression results, with ten random runs per data set. For each method, the values of k as
well as t (the bandwidth used to estimate finite differences for calculating the gradients)
were set by two fold cross-validation on the training set.

Dataset
Cover Type
Gamma
Page Blocks
Shuttle
Musk
IJCNN
RNA
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Table 5: Classification results, with ten random runs per data set. For each method, the values of k
as well as t (the bandwidth used to estimate finite differences for calculating the gradients)
were set by two fold cross-validation on the training set.

31

KR error
KR-ρ error
KR-ρ2 error
KR-ρ3 error
KR-ρ4 error
KR-ρ time

KR time

KR error
KR-ρ error
KR-ρ2 error
KR-ρ3 error
KR-ρ4 error
KR time
KR-ρ time

k-NN error
k-NN-ρ error
k-NN-ρ2 error
k-NN-ρ3 error
k-NN-ρ4 error
k-NN-ρ time

k-NN time

k-NN error
k-NN-ρ error
k-NN-ρ2 error
k-NN-ρ3 error
k-NN-ρ4 error
k-NN-ρ time

k-NN time

Barrett joint 5
0.50 ± 0.03
0.35 ± 0.02
0.28 ± 0.03
0.20 ± 0.01
0.20 ± 0.01

SARCOS joint 1
0.16 ± 0.02
0.14 ± 0.02
0.11 ± 0.02
0.18 ± 0.03
0.37 ± 0.02

SARCOS joint 5
0.14 ± 0.02
0.12 ± 0.01
0.12 ± 0.01
0.14 ± 0.02
0.20 ± 0.01
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Barrett joint 1
0.50 ± 0.02
0.38 ± 0.03
0.30 ± 0.03
0.18 ± 0.02
0.17 ± 0.01

0.23 ± 0.03

0.20±0.01
0.21±0.01

0.23 ± 0.02

0.28 ± 0.05

Ailerons
0.40 ± 0.02
0.39 ± 0.02
0.37 ± 0.02
0.38 ± 0.02
0.41 ± 0.01

0.15±0.01
0.16±0.01

SARCOS joint 5
0.08 ± 0.01
0.07 ± 0.01
0.06 ± 0.01
0.05 ± 0.01
0.16 ± 0.01

0.32 ± 0.05

0.37 ± 0.01

Telecom
0.30 ± 0.02
0.23 ± 0.02
0.37 ± 0.08
0.57 ± 0.02
0.54 ± 0.03

0.19 ± 0.02
0.19 ± 0.02

SARCOS joint 1
0.08 ± 0.01
0.07 ± 0.01
0.06 ± 0.01
0.08 ± 0.01
0.37 ± 0.01

0.38 ± 0.02

0.39 ± 0.02

Wine Quality
0.75 ± 0.03
0.75 ± 0.02
0.72 ± 0.02
0.73 ± 0.03
0.78 ± 0.02
0.14 ± 0.02
0.14 ± 0.01

Barrett joint 5
0.40 ± 0.02
0.30 ± 0.02
0.23 ± 0.01
0.19 ± 0.01
0.20 ± 0.01

0.41 ± 0.03

Concrete Strength
0.42 ± 0.05
0.37 ± 0.03
0.31 ± 0.02
0.28 ± 0.04
0.37 ± 0.04

Barrett joint 1
0.41 ± 0.02
0.29 ± 0.01
0.21 ± 0.02
0.11 ± 0.02
0.15 ± 0.01

0.13 ± 0.01

0.16±0.02

0.11±0.01

0.12±0.01

0.13 ± 0.01

0.13 ± 0.01

Ailerons
0.37 ± 0.01
0.34 ± 0.01
0.34 ± 0.01
0.36 ± 0.01
0.45 ± 0.01

0.15±0.01

0.14 ± 0.01

0.16 ± 0.03

Telecom
0.13 ± 0.02
0.17 ± 0.02
0.34 ± 0.05
0.55 ± 0.03
0.52 ± 0.02

0.15 ± 0.01

0.15 ± 0.01

0.16 ± 0.03

0.21 ± 0.04

Wine Quality
0.73 ± 0.04
0.72 ± 0.03
0.70 ± 0.01
0.71 ± 0.01
0.78 ± 0.01

0.13 ± 0.04

Concrete Strength
0.40 ± 0.04
0.38 ± 0.03
0.31 ± 0.06
0.26 ± 0.02
0.38 ± 0.05
0.10 ± 0.01

0.11 ± 0.01

0.10 ±0.01

Housing
0.37 ± 0.08
0.25 ± 0.06
0.21 ± 0.04
0.25 ± 0.03
0.39 ± 0.08

0.11 ±0.01

Parkinson’s
0.38 ± 0.03
0.34 ± 0.03
0.34 ± 0.02
0.31 ± 0.02
0.30 ± 0.01

0.30±0.03
0.30±0.03

0.08 ±0.01

Housing
0.28 ± 0.09
0.22 ± 0.06
0.18 ± 0.03
0.23 ± 0.03
0.31 ± 0.07

0.08 ±0.01

0.14±0.01

Parkinson’s
0.22 ± 0.01
0.20 ± 0.01
0.20 ± 0.01
0.22 ± 0.01
0.25 ± 0.01

0.15±0.01

Table 6: Normalized mean square prediction errors and average prediction time per point (in milliseconds). The top five tables are for KR vs KR-ρ, KR-ρ2 ,KR-ρ3 and KR-ρ4 , the bottom
five for k-NN vs k-NN-ρ, k-NN-ρ2 , k-NN-ρ3 and k-NN-ρ4 .
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This paper deals with the prediction with expert advice setting. Nature generates outcomes
step by step. At every step Learner tries to predict the outcome. Then the actual outcome
is revealed and the quality of Learner’s prediction is measured by a loss function.
No assumptions are made about the nature of the data. Instead, at every step Learner
is presented with the predictions of a pool of experts and he may base his predictions on
these. The goal of Learner in the classical setting is to guarantee small regret, that is, to
suffer cumulative loss that is not much larger than that of the best (in hindsight) expert

1. Introduction

For the prediction with expert advice setting, we consider methods to construct algorithms
that have low adaptive regret. The adaptive regret of an algorithm on a time interval
[t1 , t2 ] is the loss of the algorithm minus the loss of the best expert over that interval.
Adaptive regret measures how well the algorithm approximates the best expert locally, and
so is different from, although closely related to, both the classical regret, measured over an
initial time interval [1, t], and the tracking regret, where the algorithm is compared to a
good sequence of experts over [1, t].
We investigate two existing intuitive methods for deriving algorithms with low adaptive
regret, one based on specialist experts and the other based on restarts. Quite surprisingly,
we show that both methods lead to the same algorithm, namely Fixed Share, which is
known for its tracking regret. We provide a thorough analysis of the adaptive regret of
Fixed Share. We obtain the exact worst-case adaptive regret for Fixed Share, from which
the classical tracking bounds follow. We prove that Fixed Share is optimal for adaptive
regret: the worst-case adaptive regret of any algorithm is at least that of an instance of
Fixed Share.
Keywords: online learning, adaptive regret, Fixed Share, specialist experts
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(1)

where ln ln 1 is interpreted as 0.

ln N + 2 ln t1 + 1 ,
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(2c)

ln N + ln t1 + ln ln t2 + 2 ,

2

(2a)
(2b)

ln N + ln t2 ,

Here is a sneak preview of the adaptive bounds we obtain, presented in a slightly relaxed
form for simplicity. The refined statement can be found in Theorem 4 below. In the
logarithmic loss game for each of the following adaptive regret bounds there is an algorithm
satisfying it, simultaneously for all intervals [t1 , t2 ]:

3. We show that Fixed Share is the optimal algorithm for adaptive regret, in the sense
that the worst-case adaptive regret of any candidate algorithm is at least that of an
instance of Fixed Share.

2. We compute the exact worst-case adaptive regret of Fixed Share. We re-derive the
tracking regret bounds from these adaptive regret bounds, showing that the latter are
in fact more fundamental.

1. We study two constructions to get adaptive regret algorithms from existing classical
regret algorithms. The first one is a simple construction proposed by Freund et al.
(1997) and slightly generalised by Chernov and Vovk (2009) that involves so called
specialists (sleeping experts), and the second one uses restarts, as proposed by Hazan
and Seshadhri (2009). Although conceptually dissimilar, we show that both constructions yield the Fixed Share algorithm with a time-varying switching rate.

Our results. The contribution of our paper is threefold.

The goal is now to ensure small adaptive regret on all intervals simultaneously. Note that
adaptive regret was defined by Hazan and Seshadhri (2009) with a maximum over intervals,
but we need the fine-grained dependence on the endpoint times to be able to prove matching
upper and lower bounds.

n

R[t1 ,t2 ] := L[t1 ,t2 ] − min Ln[t1 ,t2 ] .

from the pool. Several classical algorithms exist for this task, including the Aggregating
Algorithm (Vovk, 1990) and the Exponentially Weighted Forecaster (Cesa-Bianchi and Lugosi, 2006). In the standard logarithmic loss game the regret incurred by those algorithms
when competing with N experts is at most ln N , independent of the number of steps.
A common extension of the framework takes into account the fact that the best expert
could change with time. In this case we may be interested in competing with the best
sequence of experts from the pool. Known algorithms for this task include Fixed Share
(Herbster and Warmuth, 1998) and Mixing Past Posteriors (Bousquet and Warmuth, 2002).
In this paper we focus on the related task of obtaining small adaptive regret, a notion first
considered by Littlestone and Warmuth (1994) and later studied by Hazan and Seshadhri
(2009). The adaptive regret of an algorithm on a time interval [t1 , t2 ] is the loss that the
algorithm accumulates there, minus the loss of the best expert for that interval:
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Protocol 1 Mix-loss prediction
for t = 1, 2, . . . do
Learner announces probability vector ut ∈ 4N
Reality announces vector `t ∈P
(−∞, ∞]N of expert losses
n
Learner suffers loss `t := − ln n utn e−`t
end for
Outline. The structure of the paper is as follows. In Section 2 we give the description
of the protocol and review standard algorithms. In Section 3 we study two intuitive ways
of obtaining adaptive regret algorithms from classical algorithms. We show that curiously
both resulting algorithms turn out to be Fixed Share. In Section 4 we study in detail the
adaptive regret of Fixed Share and establish its optimality.

2. Setup

P

n

(3b)

(3a)

We phrase our results in the setting defined in Protocol 1, which, for lack of a standard
name, we call mix loss. We choose this fundamental setting because it is universal, in the
sense that many other common settings reduce to it. For example probability forecasting,
sequential investment and data compression are straightforward instances (Cesa-Bianchi
and Lugosi, 2006).1 In addition, mix loss is the baseline for the wider class of mixable loss
functions, which includes e.g. square loss (Vovk, 2001). Classical (entire [1, t] interval) regret
upper bounds transfer from mix loss to mixable losses almost by definition, and the same
reasoning extends to adaptive regret bounds (see Appendix A). In addition, mix-loss methods and upper bounds carry over in a modular way (via the individual-sequence versions
of Hoeffding-type bounds, e.g. by Cesa-Bianchi et al. 2012) to non-mixable games, which
include the Hedge setting (Freund and Schapire, 1997) and Online Convex Optimisation
(Zinkevich, 2003). The number N of experts is fixed throughout the paper.
Let us review the specialisation for our setup of two standard algorithms.2 The Aggregating Algorithm, or AA, by Vovk (1998) predicts3 in trial t with
e− s<t `s
utn := P
,
P
− s<t `sj
je

un e−`t
= Pt j j.
−`t
j ut e

n

which we may also maintain incrementally using the update rule
n
ut+1
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1. Namely, if `tn contains the negative log returns of stock n over trading round t, the mix loss is the negative
log return of the portfolio ut . Similarly, if `tn contains the negative log likelihoods that probability model
n assign to the t-th outcome, then the mix loss is the negative log likelihood of the model average ut .
2. The algorithms we review maintain weights on experts, and originally come with a strategy for subsequently issuing predictions by aggregating the experts’ predictions. For mix loss the predictions are
abstracted away and an algorithm is evaluated just by its weights.
3. The AA can be parametrised by a prior distribution. As we only need the uniform prior in this section
we specialised to that case immediately. The same holds for Fixed Share below.

3
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T
X
t=1

`t −

t=1

T
X

`tn ≤ ln N

For this algorithm the classical regret bound states that for each expert n

n
:=
ut+1



n
αt+1
N
un e−`t
+ 1−
αt+1 P t j j .
−`t
N −1
N −1
j ut e

(4)

(5)

(here and below ∞ − ∞ is interpreted as 0; i.e., Learner never feels regret w.r.t. an expert
who suffers infinite loss). Note that the AA is minimax for classical mix-loss regret since
regret ≥ ln N can be inflicted on any algorithm already in the first round.
The second algorithm, Fixed Share by Herbster and Warmuth (1998), requires a sequence of switching rates α2 , α3 , . . . . Intuitively, αt is the probability of a switch to a
different expert in the sequence of “best-at-the-step” experts between trials t − 1 and t.
Like the AA, FS starts with uniform weights u1n = 1/N . The weights are now updated as

`t −

t=1

T
X

`tnt ≤ ln N + (m − 1) ln(N − 1) − (m − 1) ln α − (T − m) ln(1 − α).

(6)

The intuition behind this expression is that if an expert’s normalized weight is w and each
expert redistributes a fraction α of his weight uniformly to the other experts, his resulting
weight will become Nα−1 (1 − w) + (1 − α)w = Nα−1 + (1 − NN−1 α)w. We see that the AA is
the special case when all αt are 0 (on the other hand, Fixed Share is a special case of the
AA for a certain infinite set of experts as mentioned by Vovk 1999). The tracking regret
bound by Herbster and Warmuth (1998) for Fixed Share with constant αt = α switching
rate states that for any reference sequence n1 , . . . , nT of experts with m blocks (and hence
m − 1 switches)
T
X
t=1

N −1
;
N

(7)

We will see later (Lemma 11 below) that the interesting values of αt are in the range
[0, N −1 ]. Intuitively, a value αt > NN−1 corresponds to assigning larger weights to poor
N
experts, and this always hurts the worst-case adaptive regret (in the borderline case α =
N −1
1
n
N , (5) becomes ut+1 := N ). We will also set

α1 :=

since the algorithm only involves α2 , α3 , . . . this causes no harm (but simplifies some formulas). Having introduced the standard classical and tracking regret algorithms, we now
turn to adaptive regret.

3. Intuitive Algorithms with Low Adaptive Regret

JMLR 17(23):1-21

Two methods have been proposed in the literature that can be used to obtain adaptive
regret bounds: specialists (sleeping experts) (Freund et al., 1997) and restarts (Hazan and
Seshadhri, 2009). We discuss both and show that each of them yields Fixed Share with a
particular choice of time-dependent switching rate αt .

4

`t −

t≤T :n∈At

X
`jt ≤ ln N.
(8)

5
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One way of getting an adaptive algorithm is the following. We create a pool of virtual
experts. For each real expert n and time t, we include a virtual expert that sleeps during
the first t−1 trials, and subsequently predicts as expert n from trial t onward. The specialist
regret (in the sense of 8) w.r.t. this virtual expert on [1, T ] is the same as the adaptive regret
w.r.t. the real expert n on [t, T ]. The natural idea is to feed all those virtual experts into the
existing algorithm capable of obtaining good classical regret, the specialist AA. For fixed
t2 , the uniform prior on wake-up time t1 ≤ t2 and expert n this would lead to adaptive
regret ln(N t2 ). It turns out that the same holds even without knowledge of t2 .
At first glance, it is very inefficient, even in the case of a finite horizon T , to maintain
weights of T N specialists. However, we do not need to, since we may merge the weights of all
specialists who are awake and associated to the same real expert, resulting in Algorithm 1.
To verify that this algorithm is correct, denote this merged (unnormalised) weight in trial
n
t by vtn for each real expert n. The merged (unnormalised) weight vt+1
of this real expert
n in the next trial t + 1 consists of the prior weight, denoted p(t + 1), of the newly awaken
virtual specialist plus vtn , the sum of the weights of the previously awaken specialists, each
n
multiplied by the same factor e`t −`t (as they were all awake). Thus we can update the sum
directly, and this is reflected by our update rule.

3.1.1 Specialist Experts

The loss of expert n is defined only during the rounds when he is awake. This bound tells us
that the cumulative loss of the specialist AA incurred during those rounds does not exceed
the cumulative loss of expert n by much.
We now turn to obtaining adaptive regret bounds for the vanilla expert setting by
running the specialist AA on imaginary (virtual) sleeping experts of our own design.

t≤T :n∈At

X

To discuss the first method we need a simple extension of the mix-loss prediction protocol to the case of specialist experts, who are absent at some steps (“are asleep”). At the
beginning of each round t the subset At ⊆ {1, . . . , N } of experts who are awake is revealed, and the other experts are said to be asleep. The algorithm is required to assign
probabilities
experts who are awake, and its loss is now defined by the formula
P only to the
n
`t := − ln n∈At unt e−`t . The specialist AA is the extension of the AA to specialists. Like
the AA it maintains weights on all experts, starting from some prior u1 . Each round, it
predicts by conditioning the current weights
P ut on the set At of experts who are awake, thus
assigning to such an expert n weight unt / j∈At ujt . After observing the losses the weight of
n
each expert who is awake, n ∈ At , is updated multiplicatively as unt+1 := unt e`t −`t and the
n
n
weight of each sleeping expert n ∈
/ At stays put at ut+1 := ut .
The AA and specialist AA are related in a useful manner: Chernov and Vovk (2009)
obtain the specialist AA from the AA by imagining that all sleeping experts suffer the same
loss as the algorithm. This observation immediately leads to a relativised analogue of regret
bound (4). The specialist AA guarantees, for each specialist n,

3.1 Specialist Experts

A Closer Look at Adaptive Regret

vt

j=1

ut e

t

n

s≤t

n

n

X

X

n

n

vtn P

n

e−`t

=

N P (t + 1) .

k
k
Pvt n e−`t
n vt
Induction

k

k −`kt
k ut e
n
e−`t

vtn P
vtn

n

X

X
X

p(t + 1) +

p(t + 1) +

= N p(t + 1) +

=

n
vt+1
=

N −1
p(t)
.
Pt
N
s=1 p(s)
6

Then the two algorithms output identical predictions.

αt =

(where we use the convention 7) or, equivalently,

p(t) = Qt

N
N −1 αt
N
s=2 (1 − N −1 αs )
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Lemma 2 Suppose the probabilities αt ∈ [0, NN−1 ] of a Fixed Share switch before trial t and
the prior weights p(t) of a specialist waking up in trial t in Algorithm 1 satisfy

We now show that Algorithm 1 can be seen as Fixed Share (and vice versa).

n

X

Proof This follows immediately from expanding the one-step update rule:

n

Fact 1 The update step of Algorithm 1 preserves the following: for all t ≥ 1
X
XX
vtn =
p(s) = N P (t) .

(There is no need for the prior weights p(n,t) to normalise, as the predictions are normalised
explicitly.)
Now we will see that Algorithm 1 turns out to be Fixed
PShare with variable switching
rate. In the rest of this section we derive this. Let P (t) = ts=1 p(s).

Note that for simplicity, we have taken the (unnormalised) priors on experts and wake-up
times independent, i.e.
p(n,t) = p(t) .

end for

j=1

Read the experts losses `nt , n = 1, . . . , N
n
e−`t
n := p(t + 1) + v n
, n = 1, . . . , N
Set vt+1
t PN
j −`j

Algorithm 1 Adaptive Aggregating Algorithm
Input: Prior nonnegative weights p(t), t = 1, 2, . . . , with p(1) > 0
v1n := p(1), n = 1, . . . , N
for t = 1, 2, . . . do
vn
Play weights unt := PN t j
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j
vt+1

n

p(t + 1)
1
e−`t
=
+
vn P j j
−`t
N P (t + 1) N P (t + 1) t
j ut e

n

Proof Let us rewrite the update step of Algorithm 1 for the normalised weights.

j
j

utj e−`t

p(t + 1)
1
e−`t
+
N P (t)utn P
N P (t + 1) N P (t + 1)

vn
n
ut+1
= P t+1
=
j

n

P (t + 1) − p(t + 1)
e−`t
αt+1
+
utn P j j
=
−`t
N −1
P (t + 1)
j ut e


n
e−`t
αt+1
N
=
+ 1−
αt+1 utn P j j .
−`t
N −1
N −1
j ut e

We see that the weight update is the update of the Fixed Share algorithm with variable
switching rate αt .
The idea to use specialist experts for obtaining adaptive bounds was introduced by
Freund et al. (1997). There a virtual specialist is created for every interval [t1 , t2 ] which
leads to redundancy and suboptimal bounds. Their adaptive regret bounds include a term
which exceeds 2 ln t2 whereas our bounds (2) have at most a single ln t2 .
3.2 Restarts

n|s

A second intuitive method to obtain adaptive regret bounds, called Follow the Leading
History (FLH), was introduced by Hazan and Seshadhri (2007, 2009).4 One starts with a
base algorithm that ensures low classical regret. FLH then obtains low adaptive regret by
restarting a copy of this base algorithm at each trial, and aggregating the predictions of
these copies. To get low adaptive regret w.r.t. N experts5 , it is natural to take the AA
as the base algorithm. We now show that FLH with this choice equals Fixed Share with
switching rate αt = NN−1
t .

1
=
t+1

and

s
pt+1

=

1−

t+1
pt+1

n t

pts e

P n|r −`n 
Pt
r − − ln n pt e t
r=1 pt e


P n|s −`n 
p e t
− − ln

for all 1 ≤ s ≤ t.

For each n, s and t ≥ s, let pt denote the weight allocated to expert n by the copy
n|s
of the AA started at time s. By definition ps = 1/N , and these weights evolve according
to (3b). We denote by pts the weight allocated by FLH in trial t ≥ s to the copy of the
AA started at time s. Hazan and Seshadhri (2009) define these weights as follows. Initially
p11 = 1 and subsequently
t+1
pt+1

JMLR 17(23):1-21

4. Here we present the version of Follow the Leading History with the best performancee guarantee. This
version is called FLH1 by Hazan and Seshadhri (2007). It can be recovered from FLH by Hazan and
Seshadhri (2009) by omitting the pruning step, which considerably improves computational efficiency at
the cost of predictive performance. Alghough such tradeoffs are not the focus of our paper, they are of
great practical significance. We refer to György et al. (2012) for an in-depth analysis.
5. More broadly, for any exp-concave loss function FLH can upgrade classic regret bounds for any baseline
algorithm to their adaptive analogues, resulting in efficient adaptive regret algorithms for continuous
online optimisation.

7
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We now show that this construction is a reparametrisation of Fixed Share. In fact, this
is true for any choice of the restart probabilities ptt .

Lemma 3 For mix loss, FLH with the AA as the base algorithm issues the same predictions
as Fixed Share with learning rate αt = NN−1 ptt .

utn =

s=1

t
X

pt pts .

n|s

Proof We prove by induction on t that the FS and FLH weights coincide:

n|s

s
pt+1 pt+1
=

t
X
s=1

1−

n|s



P

t+1
s
pt+1 pt+1
+ pt+1
/N



 

P
n|s −`n
t
n pt e
1 t+1
  + pt+1
P
n|r −`n
N
t
n pt e

r
r=1 pt

pts
Pt

The base case t = 1 is obvious. For the induction step we expand
t+1
X
s=1

=

s=1

t+1
1 − pt+1

t
n|s −`n
t
X
t+1
 Ppt e
pt+1
n|s −`n
t
n pt e

=

n

1 t+1
+ pt+1
N

N −1 t
N pt .

 utn e−`t
1 t+1
t+1
n
P n −`n + pt+1
1 − pt+1
= ut+1
,
t
N
n ut e

t
s n|s −`tn
s=1 pt pt e
Pt P r n|r −`n
t
r=1
n pt pt e

=

Induction

and find the Fixed Share update equation (5) for switching rate αt =

Discussion. This unification points out that the Fixed Share algorithm can be viewed/implemented in three different ways. Depending on the situation, one of these may be more
attractive. For example, Hazan and Seshadhri (2009) show that the FLH viewpoint scales
up naturally to continuous optimization, and Luo and Schapire (2015) use our specialists
viewpoint to design parameterless adaptive regret algorithms for the Hedge setting.

4. The Adaptive Regret of Fixed Share
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We have seen in the previous section that both intuitive approaches to obtain algorithms
with low adaptive regret result in Fixed Share. We take this convergence to mean that Fixed
Share is the most fundamental adaptive algorithm. The tracking regret for Fixed Share is
already well-studied. In Section 4.1 we thoroughly analyse the adaptive regret of Fixed
Share. We obtain the worst-case adaptive regret for mix loss. This result implies the known
tracking regret bounds. Then in Section 4.2 we characterise the achievable (by means of any
algorithm) bounds on worst-case adaptive regret. We prove an information-theoretic lower
bound for mix loss that must hold for any algorithm, and which is tight for Fixed Share. We
show that the Pareto optimal bounds are exactly the Fixed Share bounds. This establishes
Fixed Share as the answer for adaptive regret. Finally, in Section 4.3, we investigate the
possibility of improving the adaptive regret for all “late” intervals by completely forgoing
the regret guarantees on “early” intervals. We conclude that this is basically impossible.

8

t1 ≤t≤t2

αt1
N −1

and

unt = 1 − αt
for t ∈ [t1 + 1, t2 ]

9

JMLR 17(23):1-21

A slightly weaker upper bound was obtained by Cesa-Bianchi et al. (2012). The clear
advantage of our analysis with equality is that we can obtain the standard Fixed Share

Corollary 5 Fixed Share with constant switching rate αt = α for t > 1 (recall that α1 =
N −1
N ) has worst-case adaptive regret equal to

ln(N − 1) − ln α − (t2 − t1 ) ln 1 − α
for t1 > 1, and

ln N − (t2 − 1) ln 1 − α
for t1 = 1.

This is the original Fixed Share by Herbster and Warmuth (1998).

4.1.1 Example 1: Constant Switching Rate

Next we discuss the bounds resulting from three settings of the switching rate αt .

(this is also true when t1 = 1); this implies the statement.

unt1 =

It is straightforward to derive unt from (5):

Proof The proof consists of two parts. First we claim that the worst-case data for the
interval [t1 , t2 ] in the setting of Protocol 1 is rather simple: on the interval there is one good
expert (all others get infinite losses) and on the single trial before the interval (if t1 > 1)
this expert suffers infinite loss while others do not. The proof of this fact can be found in
Appendix B.
Now we will compute the regret on this data. The regret of Fixed Share on the interval
[t1 , t2 ] is − ln of the product of the weights put on the good expert (say, n) on this interval:
Y
R[tFS1 ,t2 ] = − ln
unt .

with the convention (7).

t=t1 +1

Theorem 4 The worst-case adaptive regret of Fixed Share with αt ∈ [0, NN−1 ] and with N
experts on interval [t1 , t2 ] equals
!
t2
Y
αt1
− ln
(1 − αt )
(9)
N −1

Define the worst-case adaptive regret on [t1 , t2 ] to be the supremum of (1) over all data
sequences (cf. Definition 7 below). In this section we first compute the exact worst-case
adaptive regret of Fixed Share with arbitrary switching rate αt ∈ [0, NN−1 ]. Then we obtain
certain regret bounds of interest, including the tracking regret bound, for particular choices
of αt .

4.1 The Exact Worst-case Mix-loss Adaptive Regret for Fixed Share

A Closer Look at Adaptive Regret

− ln

t=2

t2
1 Y
t−1
N
t

t=t1 +1

t2
Y
1
t−1
(N − 1)t1
t

!

!

= ln N + ln t2

= ln(N − 1) + ln t2

for t1 = 1.

for t1 > 1, and

N −1
N )

(10b)

(10a)

has worst-

(11)



(12)

10

6. If m ≤ T c for some c ∈ (0, 1), then (1 − c)m ln T ≤ m ln
of (11) and (12) differ by at most a constant factor.

T
m
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≤ m ln T , so the block timing overheads

(see Vovk (1999), Theorem 2, setting η := 1, k := m − 1, and  := 1). Our bound (11)
is not as good
 as (12) in that the latter has the nonpositive (negative for m > 2) addend
− ln (m−1)! ∼ −m ln m. However, the difference does not appear great unless the number
m of blocks is very large.6 And whereas Fixed Share can be implemented
in time O(N )
√
per trial, this aggregate seems to require work per-trial scaling with t (Monteleoni and
Jaakkola, 2003; De Rooij and Van Erven, 2009).

S
LAFS
[1,T ] − L[1,T ] ≤ ln N + (m − 1) ln(N − 1) + m ln T − ln (m − 1)!

For comparison, the bound for Fixed Share aggregated over the αs with a suitable prior is

S
LFS
[1,T ] − L[1,T ] ≤ ln N + (m − 1) ln(N − 1) + m ln T.

Comparing Fixed Share with the best sequence S of experts on [1, T ] with m blocks we
obtain, by summing the bound in Corollary 6 over all blocks,

− ln

Corollary 6 Fixed Share with switching rate αt = 1/t (except for α1 =
case adaptive regret

The idea of slowly decreasing the switching rate was considered by Shamir and Merhav
(1999) in the context of source coding, and later analysed for expert switching by Koolen
and De Rooij (2008); we saw in Section 3.2 that it also underlies Follow the Leading History
of Hazan and Seshadhri (2009). It results in tracking regret bounds that are almost as good
as the bounds for constant α with optimally tuned α. These tracking bounds are again
implied by the following corresponding adaptive regret bound.

4.1.2 Example 2: Slowly Decreasing Switching Rate

which is exactly the standard Fixed Share tracking bound (6). So we see that the reason
why Fixed Share can effectively compete with switching sequences is that it can, in fact,
effectively compete with any expert on any interval, that is, has small adaptive regret.

S
LFS
[1,T ] − L[1,T ] ≤ ln N + (m − 1) ln(N − 1) − (m − 1) ln α − (T − m) ln(1 − α) ,

tracking regret bound by summing the above adaptive regret bounds on individual intervals.
Comparing Fixed Share with the best sequence S of experts on the interval [1, T ] with m
blocks, we obtain the bound
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4.1.3 Example 3: Quickly Decreasing Switching Rate

t2
X

t=t1 +1


ln 1 −
1
t ln t


ln 1 −
1
t ln t

1
t ln t




≤ ln(N − 1) + ln t1 + ln ln t2

≤ ln N + ln ln t2 + 1.65

≤ ln N + ln ln t2 + 0.37



(13c)

(13b)

(13a)

The bounds we have obtained so far depend on t2 either linearly or logarithmically. To get
bounds that depend on t2 sub-logarithmically, or even not at all, one may instead decrease
the switching rate faster than 1/t, as analysed by Shamir and Merhav (1999) and Koolen
and De Rooij (2013). To obtain a controlled trade-off, we consider setting the switching
1
N −1
rate to αt = t ln
and, in the case N ∈ {2, 3}, α2 = NN−1 (this is
t , except for α1 = N
1
N −1
needed since 2 ln
2 ≈ 0.72 > N ). This leads to adaptive regret at most
ln(N − 1) + ln t1 + ln ln t1 −

t2
X

when t1 > 2 or both t1 = 2 and N > 3, at most
ln N −
t=3

t=2


t2
X
ln 1 −

when t1 = 2 and N ∈ {2, 3}, and at most
ln N −

for t1 > 1, and

(14a)

when t1 = 1 and N > 3 (remember that ln ln 1 is understood to be 0). In the case where
1
t1 = 1 and N ∈ {2, 3}, the term 2 ln
2 in (13c) (when it is present, i.e., when t2 > 1) should
be replaced by the smaller term NN−1 ; this does not affect the validity of the bound. In all
the cases, the bounds, (13a)–(13c), are stronger than (2b).
The dependence on t2 in (13) is extremely mild. We can suppress it completely by
increasing the dependence P
on t1 just ever so slightly. If we set αt = t−1− , where  > 0,
is finite and the bound becomes
then the sum of the series
t αt

ln(N − 1) + (1 + ) ln t1 + c

ln N + c
for t1 = 1,
(14b)
P∞
ln(1 − t−1− ). It is clear that the bound (14a) is far from optimal when
where c = − t=2
t1 is large: c can be replaced by a quantity that tends to 0 as O(t1− ) as t1 → ∞. In
particular, for  = 1 we have the bound
ln N + 2 ln t1 + ln 2.
An interesting feature of this switching rate is that for the full interval [t1 , t2 ] = [1, T ] the
bound differs from the standard AA bound only by an additive term less than 1. In words,
the overhead for small adaptive regret is negligible.
4.2 Fixed Share is Pareto Optimal for Adaptive Regret
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We started by considering several intuitive constructions for adaptive algorithms, and saw
that they all result in Fixed Share. We then obtained the worst-case adaptive regret of
11
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Fixed Share. Intuitive as it may be, we have not answered the question whether Fixed
Share is a good algorithm in the sense that its worst-case adaptive regret bounds are small.
It is conceivable that there are smarter algorithms with better adaptive regret guarantees.
See for example the palette of tracking algorithms proposed by Koolen and De Rooij (2013).
And even if no better algorithms exist, there may still be algorithms that exhibit different
trade-offs, in the sense that their worst-case adaptive regret is incomparable to that of Fixed
Share.
So in this section we start from the other end and derive lower bounds that hold for any
algorithm. As expected, we conclude that the bounds of Fixed Share (with any switching
rate sequence αt ≤ NN−1 ) are Pareto optimal. But it came to us as a surprise that actually
all other bounds are strictly dominated. No matter how smart the algorithm, its worst-case
adaptive regret will be dominated by that of an instance of Fixed Share.
We call a mapping φ of intervals to regrets a candidate guarantee. Such a candidate
guarantee is realisable if there is an algorithm for mix-loss prediction (Protocol 1) with
adaptive regret at most φ. That is, we demand

R[t1 ,t2 ] ≤ φ(t1 , t2 )

for all sequences of expert losses `1 , `2 , . . . in (−∞, ∞]N and all choices of the interval
1 ≤ t1 ≤ t2 . We say that a realizable guarantee φ dominates a realizable guarantee ψ
if φ(t1 , t2 ) ≤ ψ(t1 , t2 ) for all intervals [t1 , t2 ]; and we say that φ strictly dominates ψ if,
furthermore, φ(t1 , t2 ) < ψ(t1 , t2 ) for some interval [t1 , t2 ]. A realisable guarantee φ is Pareto
optimal if it is not strictly dominated by any realizable guarantee.
We are interested in Pareto-optimal guarantees. Every such guarantee is, by definition,
the worst-case regret of an algorithm. Let us make that precise:

sup R[t1 ,t2 ]
`1 ,`2 ,...

for all 1 ≤ t1 ≤ t2 .

Definition 7 We say that φ is the worst-case adaptive regret of a given algorithm if
φ(t1 , t2 ) =

The main step in characterising the Pareto optimal guarantees is showing that worst-case
adaptive regrets cannot be too small.

t2
X

t=t1 +1



− ln 1 − (N − 1)e−φ(t,t)

for all 1 ≤ t1 < t2 .

for all 1 ≤ t and

(15b)

(15a)

Theorem 8 Let φ be the worst-case adaptive regret of some algorithm. Then
φ(t, t) ≥ ln N
φ(t1 , t2 ) ≥ φ(t1 , t1 ) +

JMLR 17(23):1-21

Proof We first show (15a). Since at any time t the N weights played must sum to one,
the smallest weight must be ≤ 1/N . By hitting all others with infinite loss we force regret
at least ln N over the interval [t, t]. Now suppose (15a) holds throughout, and consider any
interval [t1 , t2 ]. Fix  > 0. Let `1 , . . . , `t1 be data on which the regret over [t1 , t1 ] exceeds
φ(t1 , t1 ) − . Let n∗ be the (any) best expert in trial t1 . Now for all t ∈ (t1 , t2 ] choose
∗
`tn = 0 and `tn = ∞ for all n 6= n∗ . In any trial t, the algorithm must allocate at least

12

13
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Proof Suppose Fixed Share with parameters αt ∈ [0,
dominates Fixed Share with
parameters βt ∈ [0, NN−1 ]. Equation (9) with t1 = t2 then implies αt ≥ βt for all t. Combining this with (9) with t1 = 1 now implies αt = βt for all t. In combination with the last
statement of Corollary 10 this proves the first statement of the lemma.
For the second statement of the lemma, we should prove that in the case supt αt > NN−1
the worst-case regret of Fixed Share with parameters αt for a fixed interval [t1 , t2 ] containing
t with αt > NN−1 will be greater than the worst-case regret of Fixed Share with parameters
αt ∧ NN−1 ) (given by (9) with αt replaced by αt ∧ NN−1 ). To see this, modify the “worst-case
data” described in the proof of Theorem 4 (which are no longer worst-case for αt ) as follows:
if αt1 > NN−1 (and so t1 > 1), make the loss of the good expert at step t1 − 1 finite and

N −1
N ]

Lemma 11 Fixed Share with αt ∈ [0, NN−1 ] is Pareto optimal. If supt αt > NN−1 , Fixed
Share with such parameters αt is strictly dominated by Fixed Share with parameters αt ∧ NN−1 .

Before stating the second corollary we need to tackle the problem of big αt s.

• φ is dominated by the worst-case adaptive regret of a Fixed Share.

• there exists ψ ≤ φ such that ψ satisfies (15)

• φ is realisable

Corollary 10 Let φ be a candidate guarantee. The following are equivalent:

By combining the preceding two theorems, in the following two corollaries we characterize realizable guarantees and obtain canonical representatives of the Pareto guarantees
for adaptive regret.

Proof From (15a) we know that αt ≤ (N − 1)/N , so the worst case regret of Fixed Share
is given by Theorem 4. In particular (9) with our choice of αt equals the right-hand side
of (15b), and so FS guarantees φ. Note that the fact that α1 is always set to the specific
value (N − 1)/N only works in our favour here.

Theorem 9 Let φ satisfy (15). Then Fixed Share with switching rate sequence α2 , α3 , . . .
where αt = (N − 1)e−φ(t,t) guarantees φ.

A realisable guarantee is witnessed by some algorithm, and is therefore dominated by
the worst-case adaptive regret of that algorithm. We proved that this worst-case adaptive
regret must satisfy (15). We now show that any guarantee satisfying (15) is realised by an
instance of Fixed Share.

make the losses of all other experts at step t1 − 1 infinite; if αt > NN−1 for t ∈ (t1 , t2 ], make
the loss of the good expert at step t − 1 infinite and make the loss of another expert at step
t − 1 finite.

weight e−φ(t,t) to each expert to guarantee φ on the singleton interval {t}. Since the weights
sum to one, the weight allocated to expert n∗ during each trial t ∈ (t1 , t2 ] can be at most

1−(N −1)e−φ(t,t) . Hence the loss of the algorithm must be at least − ln 1−(N −1)e−φ(t,t) .
∗
Since the loss of the best expert n on (t1 , t2 ] is zero, the regret is at least the right-hand
side of (15b) minus . The worst-case regret φ(t1 , t2 ) must be at least as large. Since this
holds for all , we have proved (15b).

t=t1 +1

t2
X



− ln 1 − (N − 1)e−φ(t,t)

for all 1 ≤ t1 ≤ t2 .

(16)

14
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The following corollary shows that the stronger form (10) of (2a) is essentially tight: for
large t1 and t2 we cannot even improve the right-hand side of (10a) by a positive constant
(it is not sufficient to ignore all intervals with t1 < T0 for an arbitrarily large T0 ).

Proof Plug (15a) into (15b) and notice that increasing φ increases the left-hand side and
decreases the right-hand side of (16).

φ(t1 , t2 ) ≥ ln N +

Corollary 13 If φ(t1 , t2 ) is realisable, then

We have seen that the Pareto optimal guarantees are those witnessed by Fixed Share. We
saw several bounds (2), worked out in detail in Section 4.1, with different dependencies on
the interval endpoints t1 and t2 . In this section we investigate the possibility of forgoing
completely the guarantees on early intervals to substantially improve the guarantees on all
late intervals. We conclude that this is essentially impossible.
The main tool in this section is a slight relaxation of Theorem 8 that holds for all
guarantees, not only for worst-case regrets.

4.3 Sacrifice Early to Benefit Later? Impossible

Proof First, let φ be Pareto optimal. Since it is then the worst-case adaptive regret of
some algorithm, it satisfies (15). By Theorem 9 φ is guaranteed by a Fixed Share with
αt ∈ [0, NN−1 ], and so φ is the worst-case adaptive regret of such a Fixed Share. And, as
noted in the proof of Theorem 9, the worst case adaptive regret of such a Fixed Share
satisfies (15a) with equality for t = 1 and (15b) with equality throughout. Second, let φ
satisfy (15a) with equality for t = 1 and (15b) with equality throughout. By Theorem 9 φ
is guaranteed by Fixed Share with αt = (N − 1)eφ(t,t) ∈ [0, NN−1 ]. Now Theorem 4 implies
that φ is the worst-case adaptive regret of this Fixed Share. Third, let φ be the worst-case
adaptive regret of a Fixed Share with parameters αt ∈ [0, NN−1 ]. Then φ is Pareto optimal
by Lemma 11.

• φ is the worst-case adaptive regret of a Fixed Share with parameters αt ∈ [0, NN−1 ].

• φ satisfies (15a) with equality for t = 1 and satisfies (15b) with equality throughout

• φ is Pareto optimal

Corollary 12 Let φ be a candidate guarantee. The following are equivalent:

We conclude that Fixed Share is the answer for worst-case adaptive regret bounds.
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Corollary 14 Fix a constant C < ln(N − 1) and an arbitrarily large positive integer constant T0 . The following guarantee is not realisable:
(
C + ln t2 if t1 ≥ T0
(17)
∞
otherwise.
φ(t1 , t2 ) =

Proof For t1 ≥ T0 − 1, the right hand side of (16) is at least (using − ln(1 − x) ≥ x and
Euler’s summation formula)

t=t1 +1



t2
t2
X
X
N
−
1
N
−
1
1
N
−1
ln 1 − C
≥ ln N + C
≥ ln N + C (ln t2 − ln t1 − D) ,
e t
e
t
e

t=t1 +1

ln N −
for some constant D. (The inequality − ln(1 − x) ≥ x assumes only x < 1 and so is applicable if T0 is sufficiently large.) For a fixed t1 (say, t1 = T0 ), this will exceed C + ln t2 (the
guarantee 17) when t2 is sufficiently large. Contradiction.
Our next corollary is about the tightness of (2b) and its elaboration (13) (especially 13a).
Corollary 15 Fix a constant C < ln(N − 1) and positive integer T0 . The following candidate guarantee is not realisable:
(
C + ln t1 + ln ln t2 if t1 ≥ T0
φ(t1 , t2 ) =
∞
otherwise.

t=t1 +1

Proof As in the previous proof, we can see that for t1 ≥ T0 − 1 the right hand side of (16)
is at least


t2
t2
X
X

N
−
1
N
−
1
N
−1
ln 1 − C
≥ ln N +
≥ ln N + C ln ln t2 −ln ln t1 −D .
e t ln t
eC t ln t
e
t=t1 +1

ln N −

For a fixed t1 and a large enough t2 this will exceed C + ln t1 + ln ln t2 . Contradiction.

φ(t1 , t2 ) =
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Finally, we explore the tightness of (2c) and its elaboration given later in the paper:
see (14) and the discussion afterwards. Let us say that a sequence a(1), a(2), . . . is O(1)realisable if there is a C such that the candidate guarantee φ(t1 , t2 ) = a(t1 ) + C is realisable.
Let us say that a sequence a(1), a(2), . . . is O(1)-realisable in the long run if there are C
and T0 such that the candidate guarantee
(
a(t1 ) + C if t1 ≥ T0
(18)
∞
otherwise
is realisable.
Corollary 16 A sequence a(t) is O(1)-realisable
• if and only if it is O(1)-realisable in the long run, and
15

• if and only if

t=t1 +1

te

P

< ∞.
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−a(t)

t=t1 +1

t2
t2


X
X
(N − 1)e−C e−a(t) .
− ln 1 − (N − 1)e−C e−a(t) ≥ ln N +

P
Proof Suppose t e−a(t) < ∞. Then a(t) is O(1)-realisable by Theorem 4 (set αt = e−a(t)
from some t on).
P To prove that the series converges when a(t) is O(1)-realisable in the long
run, suppose t e−a(t) = ∞. If (18) is realisable, we can again see that for t1 ≥ T0 − 1 the
right hand side of (16) is at least
ln N +

For a fixed t1 and a large enough t2 this will exceed a(t1 ) + C. Contradiction.

ψ(t1 , t2 ) =

(
φ(t1 , t2 ) + C
∞

if t1 ≥ T0
otherwise

(19)

The first statement of Corollary 16 can be interpreted as a weak statement of impossibility to sacrifice early in order to benefit later: we can gain at most a constant when
we sacrifice early. (And we saw below (14) that we can indeed gain a constant.) This
statement, however, is very general, as the following simple argument shows.
Let us say that a candidate guarantee φ(t1 , t2 ) is O(1)-realisable if there is a C such that
the candidate guarantee ψ(t1 , t2 ) = φ(t1 , t2 ) + C is realisable. Let us say that the candidate
guarantee φ(t1 , t2 ) is O(1)-realisable in the long run if there are C and T0 such that the
candidate guarantee

is realisable.

Lemma 17 A candidate guarantee φ is O(1)-realisable if and only if it is O(1)-realisable
in the long run.

Proof Suppose φ is O(1)-realisable in the long run and let C and T0 be such that (19)
is realisable. Aggregate using the AA the following prediction strategies: a prediction algorithm that realises φ; a prediction algorithm suffering a bounded regret over all [1, t]; a
prediction algorithm suffering a bounded regret over all [2, t];. . . ; a prediction algorithm
suffering a bounded regret over all [T0 − 1, t].

5. Conclusion
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We examined the problem of guaranteeing small adaptive regret for the setting of prediction
with expert advice. In the first part we considered two techniques to obtain adaptive
algorithms: using virtual specialist experts and restarting classical algorithms. We showed
that both result in Fixed Share with a variable switching rate. In the second part we
computed the exact worst-case adaptive regret for Fixed Share, thus tightening the existing
upper bounds. So much, in fact, that by summing these worst-case regrets over a partition
of the interval [1, T ] we recover the standard Fixed Share tracking bound. In other words,
the tracking performance of Fixed Share is a consequence of its adaptivity.

16

17
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To establish mixability it is sufficient to verify (20) for N = 2. Examples of mixable
games are discussed by Vovk (2001). Note that 1/η-scaled mix loss is the baseline used in

A function Σ that maps every sequence of predictions γ 1 , . . . , γ N and every sequence of
normalised nonnegative weights u1 , . . . , uN of the same length to γ ∈ Γ satisfying (20) is
called an η-perfect substitution function.

n=1

Definition 18 A loss function λ is called η-mixable, where η > 0, if for every N , every
sequence of predictions γ 1 , . . . , γ N and every sequence of normalised nonnegative weights
u1 , . . . , uN there exists a prediction γ ∈ Γ such that for every outcome ω ∈ Ω
!
N
X
1
n
λ(γ, ω) ≤ − ln
un e−ηλ(γ ,ω)
.
(20)
η

The protocol of prediction with expert advice is given as Protocol 2. Predictions are made
sequentially, their quality is measured by the loss function λ and Learner has access to
a (finite) pool of N experts. An important class of loss functions that allow for effective
algorithms are mixable losses.

Appendix A. Adaptive Regret for Mix Loss Transfers to Mixable Losses
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Open problem. Whereas upper bounds readily transfer to mixable losses, obtaining adaptive
regret lower bounds for mixable losses is much more tricky. It is fair to call the lower bound
argument by Vovk (1998) for classical regret complicated, and this would be a special case
for adaptive regret lower bounds.

We then give an information-theoretic characterisation of the achievable worst-case
adaptive regrets, and conclude that the Pareto optimal regrets are exactly the Fixed Share
regrets. Fixed Share simply is the optimal adaptive algorithm.

Protocol 2 Prediction with Expert Advice
for t = 1, 2, . . . do
Expert n announces prediction γtn ∈ Γ for each n = 1, . . . , N
Learner announces prediction γt ∈ Γ
Reality announces outcome ωt ∈ Ω
Learner suffers loss λ(γt , ωt )
end for

A Closer Look at Adaptive Regret

λ(γt , ωt ) −
t=t1

t2
X

λ(γtn , ωt )

1

j

1

t2
t2
X j
X
j
1X
≤ −
ln
ut e−ηλ(γt ,ωt ) −
λ(γtn , ωt )
η t=t
t=t

t=t1

t2
X

j

1

=

k

X j −`j
∂(`t2 − `nt2 )
ukt2 e−`t2
∂
t2 − 1
=
−
ln
u
e
=
{n=k}
t
P j −`jt − 1{n=k} .
2
∂`kt2
∂`kt2
2
j
j ut2 e
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This is positive for all k 6= n and becomes zero for k = n when we plug in `kt2 = ∞ for those.

∂`kt2

∂R[tn1 ,t2 ]

Proof Let us differentiate the adaptive regret w.r.t. `kt2 :

Lemma 20 For any history prior to the step t2 the adaptive regret R[tn1 ,t2 ] w.r.t. expert n
on the interval [t1 , t2 ] is maximised with `kt2 = ∞ for k 6= n.

In this subsection we prove that the worst-case data for Fixed Share has the following form.
On the interval [t1 , t2 ] we are interested in all but one expert suffer infinite loss and on the
step preceding t1 (if t1 6= 1) this one expert suffers infinite loss himself. The construction is
iterative and we start constructing the data from the end of the interval.

Appendix B. Worst-case Adaptive Regret Data for Fixed Share

Fact 19 shows that all our performance guarantees for the mix-loss protocol carry over
to the protocol of prediction with expert advice with a mixable loss function.

where the first inequality follows from the definition of an η-perfect substitution function
and the last one from our assumption about X.

1

t2
t2

X j j 1X
1
1 X
1X
L[t1 ,t2 ] − Ln[t1 ,t2 ] ≤ φ(t1 , t2 ),
ln
ut e−`t −
`nt =
= −
η t=t
η t=t
η
η

LY[t1 ,t2 ] − Ln[t1 ,t2 ] =

Proof Let Σ be an η-perfect substitution function for λ. We choose Y to be the algorithm
that operates as follows. At each trial t = 1, 2, . . . it obtains prediction ut from X, predicts
with γt = Σ(ut , γt ), and feeds into X losses `nt = ηλ(γtn , ωt ) (from the point of view of
Y these are scaled losses rather than losses). Then for each interval [t1 , t2 ] and reference
expert n we have

Fact 19 Let X be a mix-loss algorithm with worst-case adaptive regret φ(t1 , t2 ). If λ is
η-mixable then there is an algorithm Y with adaptive regret at most φ(t1 , t2 )/η.

the definition of mixability: see (20). In this sense the mix loss is the hardest mixable loss.
It is hence no surprise that adaptive regret bounds for mix loss immediately transfer to any
mixable loss:
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Lemma 21 Consider switching rates αt ∈ [0, NN−1 ]. Fix a comparator expert n. Let t ∈
[t1 , t2 ]. Suppose that the losses for steps s = t + 1, . . . , t2 satisfy `sk = ∞ for k =
6 n. Then
for the adaptive regret R[tn1 ,t2 ] is maximised with `tk = ∞ for k 6= n.
Proof Let us start with showing that on the steps t + 1 and t + 2 the data is organised as
we want to, that is, the n-th expert is good and all others suffer infinite loss, then Learner’s
loss on step t + 2 is not dependent on what happens at time t and before. This follows
immediately from (5), as
`t+2 = − ln (1 − αt+2 ) .

=

∂`
∂`t+1
t
+
.
∂`tk
∂`tk

.



Now let us differentiate the adaptive regret R[tn1 ,t2 ] w.r.t. `tk assuming that the future losses
are set up as we want. Let us show that the derivatives w.r.t. `tk where k 6= n are all positive.
For those,
∂R[tn1 ,t2 ]
∂`tk

+ (1 −

!

αt+1
N
n
+ (1 −
αt+1 )utn e`t −`t
N −1
N −1

αt+1
N −1

(1 −

∂
∂`t+1
=
− ln
∂`tk
∂`tk

= −

+ (1 −

n
(1 − NN−1 αt+1 )utn e`t −`t
αt+1
N
n `t −`n
t
N −1 + (1 − N −1 αt+1 )ut e
!
αt+1
N −1
> 0.
N
n `t −`tn
N −1 αt+1 )ut e

1−

αt+1
N −1

∂`t
∂`tk

∂`t
∂`tk

=

N
n `t −`n ∂ `
t
N −1 αt+1 )ut e
∂`tk t
N
n `t −`tn
N −1 αt+1 )ut e

Expanding the second one gives (as before, k 6= n):


So we see that
∂R[tn1 ,t2 ]
∂`tk
=

So our worst-case pattern of losses extends one trial backwards.
Finally, we need to state the almost obvious fact that in order to maximise the adaptive
regret we need to insert an infinite loss for the comparator expert right before the start of
the interval, thus killing all the previous weight on him.
Lemma 22 Consider switching rates αt ∈ [0, NN−1 ]. Fix a comparator expert n. Suppose
that the losses for steps s = t1 , . . . , t2 satisfy `sk = ∞ for k 6= n. Then the adaptive regret
n
is maximised with `t−1
= ∞.
R[tn1 ,t2 ]

∂`t1
= −
∂`tn1 −1

1 ,t2 ]

n
∂R[t

1 −1

∂`tn

`t −1 −`n
N
n
t
1
1 −1
N −1 αt1 )ut1 −1 e
`t1 −1 −`tn −1
N
n
1
N −1 αt1 )ut1 −1 e

+ (1 −

(1 −
αt1
N −1

∂



> 0,
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` −1 − `tn1 −1
t
1
∂`tn1 −1

> 0. We can reuse the proofs of previous lemmas for

Proof As before, the adaptive regret on steps starting from t1 + 1 does not depend on

=

`tk1 −1 . So let us show that
that:

∂R[tn1 ,t2 ]
∂`tn1 −1
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since

1 −1
1 −1

∂`tn


∂ `t1 −1 −`tn
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Most types of machine learning involve fitting a model to data. These models may be
artificial neural networks, Bayesian networks, cluster centers, decision trees, etc. The
fitting process uses objective/fitness functions to determine how well the learned model
represents the training data. While many models (e.g., artificial neural networks) have
training algorithms (e.g., backpropagation), it is not always clear which algorithm is best
to use for a particular data set. This is the issue John Rice describes as the algorithm
selection problem (Rice, 1976).
Knowledge about a problem must be used to solve it efficiently (Wolpert and Macready,
1997). It is a poor choice to use an algorithm that ignores derivatives or convex properties
when the optimization problem exhibits these features. Similarly, it is a poor choice to use
such features when they are absent. It may even be that the features change as the problem's
parameters change. For instance, the number of local minima for a single neuron grows
exponentially in the dimensionality of the input (Auer et al., 1995). The standard learning
algorithm may not remain the most efficient as the dimensionality grows. Worse yet, some
learning depends upon black-box optimizers such as simulated annealing (Goodsell and
Olson, 1990), genetic algorithms (Wang et al., 2001), particle swarm (Zhang et al., 2004),
and random search (Bergstra and Bengio, 2012).

1. Introduction

Traditionally the machine-learning community has viewed the No Free Lunch (NFL)
theorems for search and optimization as a limitation. We review, analyze, and unify
the NFL theorem with the perspectives of ``blind"" search and meta-learning to arrive
at necessary conditions for improving black-box optimization. We survey meta-learning
literature to determine when and how meta-learning can benefit machine learning. Then, we
generalize meta-learning in the context of the NFL theorems, to arrive at a novel technique
called anti-training with sacrificial data (ATSD). Our technique applies at the meta level
to arrive at domain specific algorithms. We also show how to generate sacrificial data. An
extensive case study is presented along with simulated annealing results to demonstrate
the efficacy of the ATSD method.
Keywords: Machine Learning, Optimization, Meta Optimization, No Free Lunch, AntiTraining, Sacrificial Data
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\bullet  f \in  \scrF  be a function to be optimized,
2
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The original NFL theorems apply to arbitrarily large finite domains (e.g., combinatorial
optimization problems). Wolpert and Macready (1997) argue that this makes sense since
computers only have a finite number of bits; the search space \scrX  and output space \scrY  are
typically bit sequences. Continuing with their notation, let f be a function representing an
optimization problem (e.g., error function, distance, etc.) and \scrF  be the set of all functions
having an input x \in  \scrX  and an output y \in  \scrY . If | \scrX  |  is the size of the search space and | \scrY | 
is the size of the output space, then the size of the function space is | \scrF |  = | \scrY | | \scrX  |  (Wolpert
and Macready, 1997). (Just to realize the order of magnitude of | \scrF | , consider a function
19
with a 16-bit input and an 8-bit output; then | \scrF |  = 22 \approx  2.6 \cdot  10157826 . This is a large
number of possible functions, but it is still finite.)
Moreover, let

2. Preliminaries and Background

The same virtue that makes black-box optimizers so widely used is also their inherent
weakness---black-box optimizers use only a history of inputs into, and outputs from an
objective function. This allows black-box optimizers to function on symbolic representations, experimental data, or results from simulations. The black-box optimizer does not
use any knowledge about the symbolic function, data, or simulation. The No Free Lunch
(NFL) theorems for search and optimization state that any such black-box optimization is
expected to perform on average as well as a random guesser (Wolpert and Macready, 1997).
If the objective function comes from a slow simulation or a physical experiment, then every
function evaluation is precious. Thus, an algorithm tailored toward a particular problem
distribution can make better use of the function evaluations.
In this work, we introduce a completely novel concept: anti-training with sacrificial
data, for tailoring learning and optimization algorithms to problem distributions. At its
base, anti-training is a generalization of a type of meta-learning. We take advantage of the
fact that all optimization algorithms perform the same on average (according to the NFL
theorems). Essentially, anti-training worsens the performance over problems suspected to
be impossible or exceedingly unlikely to occur. Since the average performance remains
constant, the performance elsewhere must increase. Consider the following water balloon
analogy: the NFL theorems function as the conservation of volume. Squeezing the water
(performance) out of one area of the balloon will transfer it to other areas.
Unlike many forms of meta-learning, anti-training inherently adheres to the NFL theorems since it is derived through the manipulation of the NFL theorems. Anti-training is
expected to benefit learning performance whenever the objective functions are compressible.
Moreover, because the sacrificial data used by anti-training is inexpensive to generate, it is
possible to use anti-training where meta-learning cannot be applied. It can also be applied
in conjunction with meta-learning and can prevent overtraining.
Following preliminaries and nomenclature in Section 2, we rewrite an NFL theorem
to derive our technique and proceed to analyze it in Section 3. Section 4 discusses how
to generate the sacrificial data required for anti-training. We extensively discuss several
experiments in Section 5 and the results in Section 6. We then conclude with a discussion
and future work in Section 7.
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\bullet  P (f ) be a probability mass function, describing the probability of f occurring,
\bullet  P\^ (f ) be an estimate of P (f ),
\bullet  a be a black-box algorithm that samples f and uses the input-output data to generate
the next input into f ,
\bullet  m \in  \{ 1, . . . , | \scrX  | \}  be the number of unique inputs,
x be a set of the first m unique inputs,1
\bullet  dm
y
\bullet  dm
be a set of the corresponding outputs,
y
x combined,
\bullet  dm be shorthand for dm
and dm
\bigl(  y
\bigr) 
y
\bullet  P dm
| f, m, a be the conditional probability of finding dm
given an algorithm a
iterated m times on a fitness function f , and
\bigl(  y \bigr) 
be a function that converts the output to some performance metric.
\bullet  \Phi  dm

For brevity, we provide the following terms:

\bullet  anti-training with sacrificial data is shortened to ATSD,
\bullet  anti-training with sacrificial data combined with meta-learning is abbreviated as
ATSD+ML,
\bullet  meta-learning is abbreviated as ML, and
\bullet  No Free Lunch to be abbreviated as NFL.
2.1 NFL

\sum 

f \in \scrF 

\bigl(  y
\bigr)  \sum  \bigl(  y
\bigr) 
P dm
| f, m, a1 =
P dm | f, m, a2 .

(1)

Briefly, the NFL theorems state that for both static and time-varying optimization problems,
all algorithms perform the same when averaged across all problems (Wolpert and Macready,
1997). We will focus on static problems. The NFL theorems are cast in a probabilistic
framework:
Theorem 1

f \in \scrF 

In the words of the authors: ``this means in particular that if some algorithm's performance is superior to that of another algorithm over some set of optimization problems,
then the reverse must be true over the set of all other optimization problems."" The above
equation is true regardless of the problem distribution, P (f ). This is different from saying
all algorithms are equal. For all algorithms to be equal we require:
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1. Algorithms are considered to never reevaluate a previously investigated input (allow previous function
evaluations to be recalled without incrementing m).

3

Theorem 2
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f \in \scrF 

\sum 
\bigl(  y
\bigr)  \sum 
\bigl(  y
\bigr) 
P (f ) P dm
| f, m, a1 =
P (f ) P dm
| f, m, a2 .
f \in \scrF 

(2)

(3)

This explicitly depends on P (f ). Following the proof provided in Wolpert and Macready
(1997), (2) requires

f \in \scrF 

\Bigl( 
\sum 
\bigl( 
\bigr)  \sum 
\bigl(  \bigr) \Bigr) 
P (f ) P d1y | f, m = 1, a =
P (f ) \delta  d1y , f d1x
f \in \scrF 

to be independent of d1x and hence a. This sum is used in the base case for the inductive
proof in Wolpert and Macready (1997), where for information theoretic reasons,
they assume
\prod 
a P (f ) to be uniform. P (f ) could also be any distribution following x\in \scrX  P (y = f (x)),
or certain distributions with specific correlations between costs and inputs (Wolpert and
Macready, 1997).
The NFL theorems have been extended to include additional priors and results. Schumacher et al. (2001) extend this to include sets of functions closed under permutations of
the input-space. Thus, all algorithms sum to the same performance and generate the same
collection of dm when all functions are considered (Schumacher et al., 2001). Other analyses
and extensions can be found in Culberson (1998); Droste et al. (2002); Corne and Knowles
(2003a,b); Igel and Toussaint (2003, 2004); Giraud-Carrier and Provost (2005); Whitley
and Watson (2005); Wolpert and Macready (2005); Auger and Teytaud (2007, 2010)). The
results of these studies show that the No Free Lunch theorems are valid, but their relevance
varies depending on the situation. Yet, despite all the extensions and debate, ``there are
no specific methods or algorithms that directly follow from NFL"" (Whitley and Watson,
2005). In the paper, we provide a method that stems from the NFL theorems.
The NFL theorems treat the definition of ``algorithms"" differently than the typical
definition of algorithm implies. In the NFL theorems, the ``algorithms"" are more about
exploring the search space (points) in some order than about the actual instructions carried
out by the computer. Two ``algorithms"" are considered identical if they always visit points
in the same order, even if the underlying programming code is different. Likewise, the NFL
theorems call two ``algorithms"" different even if they share the same code, but run with
different hyper-parameters (e.g., step-size, branching preference, etc.) so long as points are
visited in a different order.
In the following subsections, we briefly summarize information theory and meta-learning
prerequisites needed to establish the foundations for ATSD.
2.2 Information Theory

x\in \scrX 
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Information theory is a useful tool for studying learning (Bialek et al., 2001; Rissanen, 1984,
1986, 1987, 1989) and analyzing the NFL theory (Schumacher et al., 2001). In information theory, there are two common measures of complexity: ``entropy"" and ``Kolmogorov
complexity."" Entropy is typically defined as:
\sum 
 - P (x) log P (x),
H(X) =

4

5
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Before we begin our formulation of ATSD, due to the strong ties between ML and ATSD,
it is important to address questions pertaining to the NFL theorems and ML. The first and
probably most important question is: ``can ML successfully improve performance in light
of the NFL theorems?"" If so, when does ML help? How can one judge the quality of an
algorithm's learning biases?
ML is generally concerned with learning to learn better. Nevertheless, it can be
applied to learning to optimize better. One perspective of ML is the algorithm selection
problem (Rice, 1976). That is, given a specific instance of a problem, which algorithm solves
the problem best? Giraud-Carrier and Provost (2005) address whether ML can escape the
limitations imposed by the NFL theorems. Their ultimate conclusion is that only techniques
that learn about the problem distribution P (f ) can overcome the NFL theorems. Hence,
ML can be useful in light of the NFL theorems.
Vilalta and Drissi (2002) introduce two important ML concepts. One is that of structured versus random problems. Structured problems have lower Kolmogorov complexity
than random problems. This structure can be exploited by algorithms to solve these
problems more efficiently. By this definition, random problems have no such structure that
ML can exploit. Consequently, ML is limited (with respect to its effectiveness) to structured
problems. In terms of entropy, structured problems may still require exponential space to
represent. To see this let there be | \scrF |  functions represented by 2n bits, then there are about
2\alpha  n compressible functions with a Kolmogorov complexity of 2\alpha  n , for \alpha  < 1. The more
structured the problem domain, the more quickly the percentage of structured problems
approaches zero. Therefore, the percentage of structured problems decays geometrically

f \in \scrF +

f \in \scrF 0

f \in \scrF  - 

\bigl( 
\bigr)  \sum  \bigl(  y
\bigr)  \sum  \bigl(  y
\bigr)  \sum  \bigl(  y
\bigr) 
P dym | f, m, a =
P dm | f, m, a +
P dm | f, m, a +
P dm | f, m, a . (4)

6
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Here \scrF + , is the partition of problems already encountered, considered likely, or relevant;
\scrF  -  represents the partition of problems that cannot occur (in the given context) or are
considered unlikely to occur; and \scrF 0 consists of problems that are borderline likely or
undefined. Equation 4 explicitly shows that we can trade-off performance between problem
sets. Performance gained over f \in  \scrF + must be lost over f \in  \scrF 0 \cup  \scrF  -  .
The inquisitive reader may wonder why we use three partitions and particularly why we
include the \scrF 0 partition. We include \scrF 0 for three reasons: first, an objective function does
not always cleanly lie in either \scrF + or \scrF  -  . This is because we avoid strict mathematical
definitions of \scrF + , \scrF 0 , and \scrF  -  . One may choose, for example, \scrF + = \{ f | P (f ) > 100/| \scrF  | \}  and
\scrF  -  = \{ f | P (f ) < 0.01/| \scrF | \} . This flexibility necessitates \scrF 0 . Second, \scrF 0 is useful for describing
an important difference between ML and ATSD: the difference between the forthcoming (6)
and (7). Third, when approximating \scrF + and \scrF  -  , \scrF 0 is a catch-all for the remaining cases.
Thus, three partitions are the minimum number needed to capture these degrees of freedom.
Equation 1 implies (4) is independent of a. However, each sum over a partition of
\scrF  is generally allowed to change provided one important condition: \scrF + , \scrF 0 , and \scrF  -  are

f \in \scrF 

\sum 

Section 2.3 gives us a research direction: derive ML from the NFL theorems, and subsequently, ATSD from that. To ensure our technique follows from (1), we begin by rewriting
one side. First, we split \scrF  into three partitions (non-overlapping sets that cover the whole
set):

3. Anti-training

with the size of | \scrF | . In other words, ML applies as long as most problems are considered
irrelevant.
One may like to know how to measure one's success in selecting an algorithm. To do
so, we first need a definition of success. Vilalta and Drissi (2002) introduce the concept of
algorithm biases expressed as restrictions and rankings of potential hypotheses (the true f ).
In our formal notation, this means each algorithm assumes some P (f ). Then successfully
selecting an algorithm means that the selected algorithm's assumed problem distribution
matches the actual problem distribution. Both a theoretical and realistic measure exist to
judge how well these match. Wolpert and Macready (1997) propose using the inner product
between P (f ) and P (dym | f, m, a) over f \in  \scrF  for a desired dym . However, this method is only
theoretical as computing the inner product is difficult due to the size of \scrF . A much more
realistic measure is the off-training-set error (Wolpert, 2001).
We can use the answers to these three questions to lead us down a path of investigation.
When ML samples from the problem distribution, the distributions are compressible (most
problems are irrelevant), and the current method is suboptimal, then ML may operate
within the NFL framework. Therefore, we will investigate how ML may manifest itself in
the NFL framework. Second, due to the similarities between ML and ATSD, we will derive
ATSD by applying an opposite goal to the opposite data. This in effect forms a ``dual
problem,"" which leads to our formulation of ATSD.

where X is a discrete random variable and \scrX  is the support of X. Entropy is sometimes
interpreted as random variable's uncertainty. Kolmogorov complexity, sometimes called algorithmic entropy or complexity under analysis, cannot be specified so concisely. Essentially
Kolmogorov complexity describes the size of the smallest program needed to reproduce a
specified sequence (e.g., bits, characters, numbers, etc.). Since there are multiple languages
and machine architectures, Kolmogorov complexity is an incomputable function (Cover and
Thomas, 2006; Li and Vit\'anyi, 2008). In this paper, when we say something is compressible
or incompressible, we mean this in the sense of Kolmogorov complexity. Information
theory shows most functions are incompressible (a proof can be found in the work of Cover
and Thomas (2006)). One should be careful to distinguish the ideas of a function being
compressible versus being represented in polynomial space. If the number of bits needed
to represent a sequence can be halved, there are still an exponential number of such bit
sequences.
Culberson (1998) indirectly uses entropy when discussing the NFL theorems from different degrees of ``blindness."" The degrees of ``blindness"" range from complete information
(the objective function is known) to no information. When these degrees of ``blindness""
are recast in a probabilistic framework, one can see that the random variable describing
the objective function has zero entropy in the case of complete information and maximal
entropy when nothing is known. Thus a main point of Culberson (1998) is that optimization
performance degrades as the problem distribution becomes more complex.

2.3 Meta-learning
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\sum 

y
dm

\sum 

f \in \scrF +

u+

\sum 

f \in \scrF 0

u+

\sum 

f \in \scrF  - 

u

,

(5)

a

a

a \star  = arg min

f \in \scrF +

\sum 

dym f \in \scrF 0 \cup \scrF +

\sum 

y f \in \scrF 
dm
 - 
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u=

\sum 

y
dm

8

(8)
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where \beta  \geq  0 determines the relative strength of anti-training. The above optimization
technique is just one straightforward approach to combining ML and ATSD. ATSD+ML
can be achieved by using a meta-optimization technique similar to the aforementioned
process for ML. According to Bergstra and Bengio (2012), a random search for a \star  is in
some sense optimal. Although, preliminary tests suggest that local searches find locally
optimal continuous hyper-parameters on continuous domains.
is important to note that ATSD+ML is not strictly limited to operating over
\sum  We feel it\sum 
f \in \scrF  -  . Other statistics can be used, too. For instance, the mean reduces
f \in \scrF + and

f \in \scrF  - 

\sum  \bigl(  \bigr)  \bigl( 
\sum  \bigl(  \bigr)  \bigl( 
\bigr) 
\bigr) 
y
y
y
y
\Phi  dm
P dm
| f, m, a  -  \beta 
\Phi  dm
P dm
| f, m, a

Again, without loss of generality, we treat \Phi  as an error function to be minimized. As
one can see, ATSD is an approximate dual of ML. ATSD achieves an improvement in the
sum of performance over \scrF + \cup  \scrF 0 by directly worsening the performance over \scrF  -  . If the
performance over \scrF  -  decreases, then by (4), the sum over \scrF 0 \cup  \scrF + must improve. Despite
ATSD being less efficient than ML, it has other benefits. For a more complete discussion,
please see Sections 3.2 and 3.3.
It is critical to note that the performance improvement is over \scrF 0 \cup  \scrF + . Without additional care, ATSD could drop the performance over \scrF + , but improve the performance over
\scrF 0 . To help avoid this, ATSD should be combined with ML (ATSD+ML). Combining (6)
and (7), we have
\left( 
\right) 
a

a \star  = arg min

a \star  = arg max
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\sum  \sum 

y f \in \scrF 
dm

(6)

This translates into

sets of functions not closed under permutation.2 Schumacher et al. (2001) show in their
Lemmas 1 and 2 that the NFL theorems apply if and only if the set of functions is closed
under permutation. Since the fraction of sets closed under permutation is exceedingly
rare (Igel and Toussaint, 2003), the NFL theorems fail to apply, with high probability, to
each partitioning of \scrF . In turn, this means that each sum is generally allowed to change,
implying that it is possible to improve the performance\bigl(  over
\scrF + .
y \bigr) 
Let us extend (4) in two ways. First, multiply by \Phi  dm
(a
performance
\bigl(  y \bigr)  metric
\bigl(  y such as\bigr) 
\sum 
final error) and bring it inside the sum. Second, sum several f \in \scrF  \Phi  dm
P dm
| f, m, a
y
together for different values of dm
.
Then
we
have
\right) 
\left( 
where

\bigl(  y \bigr) 
\bigl(  y
\bigr) 
\Phi  dm
P\^+ (f )P dm
| f, m, a .

\bigl(  y \bigr)  \bigl(  y
\bigr) 
\Phi  dm
P dm | f, m, a .

\bigl(  y \bigr)  \bigl(  y
\bigr) 
\Phi  dm
P dm | f, m, a .

We make several more notes about the above equation.\bigl(  First, when
\bigr)  using a deterministic
y
a (or a random algorithm with a fixed random seed) P dm
| f, m, a will be either 0 or 1;
y
only
makes it easier to optimize in practice. Second,
\bigl(  ya\bigr)  single dm will be produced. This
\Phi  dm
determines the behavior of a \star  ; a \star  could produce a low final error, low cumulative
error, etc. While it is also possible to modify (6) to optimize over the cross-validation error,
care must be taken as cross-validation alone is subject to the NFL theorem (Wolpert, 2001).
Typically \scrF + will be approximated using samples from a problem distribution P (f ) arising
from a limited domain. Additionally, (6) says nothing about the search for a \star  . Unless a
is being modified intelligently, the meta-optimization problem will be subject to the NFL
theorems itself. This means that finding better algorithms will be possible, but costly.
The NFL theorems say that any performance gained over a set of functions must be
lost over the set's complement. Equation 4 must remain constant. Thus, ML improves
the performance over \scrF + at the cost of performance over \scrF 0 \cup  \scrF  -  . This is potentially
detrimental for prediction, generalization, and avoiding overfitting. To help mitigate this
issue we now introduce anti-training with sacrificial data (ATSD). This means ATSD is
about the optimization of one of the terms from (5):
\sum  \sum  \bigl(  \bigr)  \bigl( 
\bigr) 
y
y
\Phi  dm
P dm
| f, m, a .
(7)

\bigl(  y \bigr)  \bigl(  y
\bigr) 
u = \Phi  dm
P dm | f, m, a .

3.1 Anti-training as Meta-learning

y f \in \scrF 
dm
+

\sum  \sum 

Recall that a type of ML taking into account the NFL theorems is the one that attempts
to learn P (f ) directly (Giraud-Carrier and Provost, 2005). However, this is often infeasible
due to the cardinality of \scrF . A simple alternative to approximate this method is to
learn an optimizer that performs well on the empirically common functions. This is a
meta-optimization problem to improve the performance over \scrF + . \bigl( More
accurately, the
y \bigr) 
. Without loss of
meta-optimization will improve the conditional expected value of \Phi  dm
generality, hence forth assume \Phi  is a performance metric to be minimized (e.g., an error
function). Then, improving (minimizing) the conditional expected value means:
a

a \star  = arg min

y f \in \scrF 
dm
+

\sum  \sum 

However, the above equation is neither governed by nor does it follow from the NFL
theorems! The introduction of a function dependent on f , in this case the approximation
P\^+ (f ), generally voids the NFL requirement that (3) is independent of a. Nevertheless,
if we consider the typical approximation of P\^+ (f ) used in practice, we realize that rarely
does an identical objective function occur twice. See Appendix A for further justification
of this assertion. This means P\^+ (f ) is practically going to be a two-valued function: 0 and
\bigm| 
\bigm| 
\bigm| 
\bigm|  - 1
\bigm| P\^+ (f )\bigm|  . Thus, in practice we drop the term P\^+ (f ). This recovers the first term on the
right-hand-side of (5), which follows from the NFL theorems:
a

a \star  = arg min
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2. A set of functions being closed under permutation means no new functions may be generated when the
input space is bijectively remapped into itself (i.e., a random permutation of the input space).
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Procedure Optimize(searchAlg, perf ormanceM etric, objF unc, m)
dm \leftarrow  empty
for itr = 1 to itr = m do
x \leftarrow  searchAlg(dm )
Append (x) \rightarrow  dxm
y \leftarrow  objF unc(dxm )
Append (y) \rightarrow  dym
Append (dxm , dym ) \rightarrow  dm
perf ormance \leftarrow  perf ormanceM etric(dm )
end for\{ Alternatively end when performance is good enough\} 
return perf ormance \{ If ending when performance is good enough return number of
iterations\} 

Procedure Anti-Meta-Search(
metaSearch, metaM etric, pM etric, \scrF \^+ , \scrF \^ -  , m)
metaOut \leftarrow  empty
repeat
searchAlg \leftarrow  metaSearch(metaOut)
listP osP erf s \leftarrow  empty
for all objF unc \in  \scrF \^+ do
optResults \leftarrow  Optimize(searchAlg, pM etric, objF unc, m)
Append optResults \rightarrow  listP osP erf s \{ Accumulate results from \scrF \^+ \} 
end for
listN egP erf s \leftarrow  empty
for all objF unc \in  \scrF \^ -  do
optResults \leftarrow  Optimize(searchAlg, pM etric, objF unc, m)
Append optResults \rightarrow  listN egP erf s \{ Accumulate results from \scrF \^ -  \} 
end for
algP erf ormance \leftarrow  metaMetric (listP osP erf s, listN egP erf s) \{ e.g., (8)\} 
Append (searchAlg, algP erf ormance) \rightarrow  metaOut
until algP erf ormance is good enough
Return Argmin(metaOut)

Algorithm 1 Anti-Training Combined with Meta-Learning
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\bigm|  \bigm| 
for a constant c. For example, if \bigm| \scrF  -  \bigm|  \approx  | \scrF 0 |  then c \approx  2.0. Nevertheless, we will continue to
use c symbolically to remain more flexible and general, allowing the reader to impose their
own assumptions.
We will assume that the learning tasks are compressible, as this is necessary for metalearning to work (Vilalta and Drissi, 2002). We will interpret compressibility as implying a
correlation between rankings of functions. Particularly, if through meta-optimization some

Rather than debate the percent f \in  \scrF  -  , allow
\bigm|  \bigm| 
| \scrF |  = c \bigm| \scrF  -  \bigm|  ,

We now present how effective the ATSD is from a theoretical perspective. An extensive,
empirical study follows in Section 5. It is difficult to analyze ATSD without making strong
assumptions. Thus, we make the following assumptions as general as possible and defend
them using logic similar to that used in the original NFL theorems (Wolpert and Macready,
1997).
Allow an algorithm to be represented by its learning biases as discussed by Vilalta and
Drissi (2002). We choose to interpret these biases as an a priori rank ordering of functions.
To help illustrate this point, imagine an algorithm represented by a deck of cards,
where each
\bigl\{ 
\bigr\} 
card represents an objective function f to be optimized. Denote Ra (f ) \in  1, 2, . . . , | \scrF |  as
algorithm a's ranking (i.e., position in the deck) of f . A lower ranking means the algorithm
is more biased toward finding the optimal solution in fewer iterations. The function with
rank one will have its optimum input guessed first. Then all f \in  \scrF  in violation of the first
input-output pair, d1 , are removed from the deck of hypotheses and the process is repeated.
Allow \scrF \^+ and \scrF \^ -  to be samples from \scrF + and \scrF  -  respectively. Furthermore, since we
are working with domain specific optimizers, we may assume the majority of problems are
not highly relevant:
\bigm|  \bigm| 
\bigm| \scrF + \bigm|  \ll  | \scrF 0 | 
\bigm|  \bigm| 
\bigm|  \bigm| 
\bigm| \scrF + \bigm|  \ll  \bigm| \scrF  -  \bigm|  .

3.2 Analysis

the metric
\bigl(  \bigr)  for preferring one black-box algorithm over another, such as (8); and pM etric
is \Phi  dym , which rates the quality of outputs. The subroutine Optimize is a black-box
search/optimization algorithm that runs the searchAlg to generate the input dxm into the
black-box objective function objF unc.
Algorithm 1 starts by selecting, generating, or modifying a search/optimization/learning
algorithm. For simplicity, let us assume the goal is optimization. The optimization
subroutine generates the next input x from the history of inputs and outputs. The objective
function (from \scrF \^ -  or \scrF \^+ ) is evaluated at x. This process is repeated, building up the
\bigl(  d\bigr) m
vector. After enough iterations, the subroutine returns the performance metric, \Phi  dym .
The performance over each f \in  \scrF \^+ \cup  \scrF \^ -  is computed and stored using this subroutine.
The meta-fitness function evaluates the optimization algorithm using ATSD+ML. This
whole process is repeated for enough iterations or until the algorithm's performance is good
enough.

to simply using (8) with an adjusted \beta . The median is another statistic that could be
used. Meta-optimizing using the medians would be the same as dynamically selecting one
or two f to improve or worsen their performance. For the same reason, percentiles are
valid statistics to improve or degrade. Since percentiles could be used, one may wonder if
the interquartile-range (IQR) is a valid statistic for ATSD+ML. ATSD+ML should avoid
using the IQR statistic over \scrF  -  , as this amounts to improving the performance over some
f \in  \scrF  -  .

Algorithm 1 demonstrates the basic approach. The parameter metaSearch is a search
algorithm for finding black-box search/optimization/learning algorithms; metaM etric is
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(1  - 

pc )

+

pc ,

and

f \in  \scrF \^+ lowers in rank, then on average allow all g \in  \scrF + to lower proportionally by a factor
of \rho + .3 This will provide the average behavior for describing why ML works. To capture the
corresponding effects of ATSD, when some f \prime  \in  \scrF \^ -  rises in rank due to meta-optimization,
allow all g \prime  \in  \scrF  -  to rise proportionally by a factor of \rho  -  . We use the symbols g and g \prime  to
denote objective functions that are ``dragged"" along due to correlations in rankings. The
two factors, \rho + and \rho  -  , are functions of the compressibility of \scrF \^+ and \scrF \^ -  respectively.
Assume that the meta-optimization task improves/degrades the rankings by pc (percent
change). That is, for f \in  \scrF \^+ and f \in  \scrF \^ -  the ranking changes from Ra (f ) to
Ra (f )
| \scrF |  pc + Ra (f ) (1  -  pc )
respectively. Thus the differences in rank after ML and subsequently ATSD are approximately
\bigl( 
\bigr) 
Ra (f )  -  1 pc , and
\bigr) 
| \scrF |   -  Ra (f ) pc .

\bigl( 

If we assume the starting algorithm is chosen at
then we can assume the
\bigl(  random,
\bigr) 
rankings are uniformly distributed: P (Ra (f )) \sim  U 1, | \scrF |  . This follows from the same
reasoning Wolpert and Macready (1997) use to argue that P (f ) ought to assume a uniform
distribution when lacking further information. Then
\bigl[ 
\bigr]  | \scrF |  + 1
E Ra (f ) =
2

Now, we will proceed to show that the expected rank improvements from ML and ATSD
are comparable. After accounting for rank correlations, improving a single f \in  \scrF \^+ produces
on average

g\in \scrF +

\left( 
\right) 
\bigl( 
\bigr)  \sum \bigl( 
\bigr) 
\mu + (f ) = pc Ra (f )  -  1  -  Ra (f )  -  1 \rho +
Ra (g)  -  1 \rho +

\Biggl( 

\Bigl( \bigm|  \bigm| 
\Bigr)  \biggr) 
1 + \bigm| \scrF + \bigm|   -  1 \rho + .

\bigr)  | \scrF |   -  1 \bigm|  \bigm| 
| \scrF |   -  1 \bigl( 
\bigm| \scrF + \bigm|  \rho +
1  -  \rho + +
2
2

| \scrF |   -  1
2

\Biggr)  \biggl( 

(9)

\bigl( 
\bigr) 
rank improvements. The term Ra (f )  -  1 \rho + is subtracted to avoid double counting f as
f \in  \scrF + , and the term Ra (g)| g \in  \scrF + is any function that may have its rank improved due
to correlations between problems. Substituting in the expected values of Ra (f ) and Ra (g)
produces
\Biggr) 
\Biggl( 
\bigl[ 
\bigr] 
E \mu + (f ) = pc

= pc

JMLR 17(24):1-42

3. Since the effects of correlation are modeled in a deterministic fashion, this model can only be used to
assess the expected values and not higher moments, such as variance.
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g \prime  \in \scrF  - 

(10)

Next we will compute the number of ranks degraded during ATSD. After accounting for
correlations, but being careful to avoid double counting f \prime  , the number of ranks degraded
on average for anti-training a single f \prime  \in  \scrF \^ -  is
\right) 
\left( 
\biggl( 
\Bigl(  \Bigr) \biggr) 
\Bigl(  \Bigr) \biggr)  \bigl( 
\sum  \biggl( 
\bigr) 
\rho  -  .
| \scrF |   -  Ra g \prime 
| \scrF |   -  Ra f \prime 
1  -  \rho  -  +
\Bigl(  \Bigr) 
\mu  -  f \prime  = pc

\Biggl( 
\Biggr)  \biggl( 
\biggr] 
\biggl[ 
\Bigl( 
\Bigr) 
\Bigr)  \biggr) 
\Bigl( \bigm|  \bigm| 
| \scrF |   -  1
E \mu  -  f \prime  = pc
1 + \bigm| \scrF  -  \bigm|   -  1 \rho  -  .
2

Substituting in the expected values of Ra (f \prime  ) and Ra (g \prime  ) produces

| \scrF + | 

c| \scrF  -  | 

\Biggr)  \right) 
\Biggr) \left( 
\Biggl(  \bigm|  \bigm| 
\Biggl( 
\Bigl[ 
\Bigr] 
\bigm|  + \bigm| 
\scrF 
| \scrF | 
 - 
1
\prime 
E \mu  - 
(f ) = pc
 -  \zeta  \rho  - 
\zeta  +
2
c

. Thus the relative power of ATSD versus ML is given by

(11)

We cannot directly compare (9) and (10) yet. Equation 10 is in terms of ranks degraded
for f \prime  \in  \scrF  -  , not ranks improved for f \in  \scrF + . We can calculate the expected number of
\bigm| f \in  \bigm| \scrF + promotions as a result
\bigm|  of\bigm|  anti-training demotions by multiplying (10) by the ratio
\bigm| \scrF + \bigm|  / | \scrF | . Recalling | \scrF |  = c \bigm| \scrF  -  \bigm| , we have

where \zeta  =

\Biggl( 
\biggl( 
\biggr)  \Biggr) 
| \scrF + | 
\Bigr] 
\Bigl[ 
\zeta  +
\prime 
c  -  \zeta  \rho  - 
(f
)
E \mu  - 
\bigl[ 
\bigr]  = \biggl( 
\Bigl( \bigm|  \bigm| 
\Bigr)  \biggr)  .
E \mu + (f )
1 + \bigm| \scrF + \bigm|   -  1 \rho +

\bigm|  \bigm| 
| \scrF + | 
Note \zeta  = | \scrF  |  \approx  0 by assumption. Provided a sufficiently large \bigm| \scrF + \bigm| , we are justified in
dropping additive terms on the order of 1 or less. Then (11) becomes
\Bigl[  \Bigr] 
\prime 
E \mu  - 
\rho 
\bigl[  \bigr]  \approx   -  .
(12)
c \rho +
E \mu +

If we allow \rho  -  and \rho + to be on the same order of magnitude and let c \approx  2.0, then ATSD
will be roughly half as powerful per training sample as ML.

3.3 Other Considerations

JMLR 17(24):1-42

Here, we consider several questions about ATSD+ML. Can performance over some elements
in \scrF  -  decrease, only to increase performance on other elements in \scrF  -  ? What happens if
\scrF  -  is specified incorrectly? What benefits does ATSD+ML have over traditional ML?
Even though performance over the sacrificial data \scrF  -  is minimized, there is no reason
to believe that all f \in  \scrF  -  always perform worse after optimization. Yes, performance on

12
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In this section, we present five methods for generating sacrificial data (i.e., f \in  \scrF  -  ).
We classify these methods into three categories: randomized, empirical, and theoretical.
First, we discuss the possibility and consequences of generating the sacrificial data purely
randomly. Yet randomly generated sacrificial data may still lie in \scrF + , so next we discuss
rejecting randomly generated sacrificial data that is too similar to \scrF \^+ (using confidence
intervals or other measures of similarity). A similar approach starts with functions in \scrF +
and ``destroys"" patterns that are initially present. A different approach is to use empirical
``pure"" noise. Last, we analyze the efficacy of using a model similar to the source for
f \in  \scrF + , but changing the model to violate logical/physical laws, use unlikely distributions,

4. Generation of Sacrificial Data

ATSD's use of \scrF  -  helps define where the learning algorithm will fail. Specifying some
of the failure cases removes some unknown failure cases. This follows from the fact, as
shown by Schumacher et al. (2001), that all algorithms produce the same collection of dym
when all functions are considered. Also, in theory when \scrF  -  includes a model of noise, then
the algorithm learns to fail at fitting the noise. This is entirely different from using a less
powerful model that cannot represent the noise. The algorithm could still represent the
noise, but ATSD would make it more difficult for the algorithm to find models that do so.
ATSD also helps when data is hard to come by. When real problems or data are scarce or
expensive, ML is limited. Just like normal data fitting, if few data points are provided then
overfitting is problematic. However, \scrF  -  can be easy and cheap to generate (for more on this
see Section 4). As long as there is a balance between preserving/maximizing performance
over a small \scrF + and minimizing the performance over a large \scrF  -  , then this should help
avoid overfitting \scrF + .

etc. Since \scrF  -  will usually be large, \scrF \^ -  may be generated with any combination of these
techniques.

some elements in \scrF  -  may increase. However, ATSD+ML only requires the net performance
over f \in  \scrF  -  to decrease. There are two things that can make the net performance over \scrF  - 
improve during the meta-optimization procedure (8). First, \scrF  -  may be too ``similar"" to \scrF + ,
meaning the algorithms being investigated treat both sets of problems similarly. This can
occur when the search for a \star  is incomplete, such as when searching only for an optimizer's
hyper-parameters instead of program code. The fixed program code may be biased toward
treating both sets similarly. Alternatively, the \beta  value in (8) needs to be greater.
ATSD's behavior is similar to ML's behavior when the data sets are specified incorrectly.
To the contrary, ATSD+ML is more robust than ML when \scrF \^ -  is specified correctly.
Consider the case when \scrF \^+ poorly approximates \scrF + . If the approximation is sufficiently
poor, performance over \scrF + will decrease and performance over \scrF  -  will change randomly.
ATSD+ML helps ensure a drop in performance over \scrF  -  , regardless. This is assuming \scrF \^ - 
is specified correctly, which is generally easy. Section 4 addresses this issue. Alternatively,
consider the scenario where \scrF \^+ = \scrF \^ -  . One of three things may happen according to (8). If
\beta  < 1, then the behavior defaults back to traditional ML. If \beta  = 1, all algorithms appear
equal and nothing happens. If \beta  > 1, then
\scrF \^+ worsens. In general, even
\bigm|  \bigm| the\bigm|  performance
\bigm| 
\bigm|  \bigm|  \bigm|  \bigm| 
when \scrF \^+ \not = \scrF \^ -  , a safe value for \beta  is \beta  < \bigm| \scrF \^+ \bigm|  / \bigm| \scrF \^ -  \bigm| , as this ensures the traditional ML term
dominates the meta-optimization
\bigm|  \bigm|  \bigm|  \bigm|  procedure. However, to strictly follow the NFL derivation
\bigm|  \bigm|  \bigm|  \bigm| 
one should set \beta  = \bigm| \scrF \^+ \bigm|  / \bigm| \scrF \^ -  \bigm|  so that each objective function is weighted equally.
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4. Hardware random generators make it easier to generate functions with high Kolmogorov complexity.

For objective functions that are data-based, another technique is to generate objective
functions f \in  \scrF  -  from signal-less empirical noise. Most would agree that a learner
failing to see patterns in empirical noise is a positive quality. If it is expensive to collect
large quantities of empirical noise, then pseudo-random noise could be generated from a
random process modeling the empirical noise. If the empirical noise cannot be measured

One technique is to randomly generate functions. Surprisingly, this method works with a
high probability of success given a sufficiently large | \scrF | . Vilalta and Drissi (2002) conjecture
that failing to learn unstructured tasks (i.e., tasks with a large relative Kolmogorov
complexity) carries no negative consequences. As discussed in Section 2.3, the percentage
of structured problems decays geometrically with the size of | \scrF | . Thus, for a sufficiently
large problem space, randomly generated objective functions will be, with high probability,
unstructured.4 Therefore, we can exploit structure present in learning tasks with high
probability, even without knowing the structure. Ergo, sacrificial data can be randomly
generated for problems with sufficiently large input and output spaces. While randomly
generated functions may work with high probability, they may be a poor choice for the
sacrificial data. Consider the result given by (12). Due to the nature of randomly generated
functions, they will probably have larger Kolmogorov complexity and hence a smaller \rho  - 
than other methods.
If randomly generated sacrificial data is too similar to a problem in \scrF \^+ , it may be
rejected. This can be accomplished with confidence intervals or other measures of similarity.
Suppose the objective function's output is suspected to follow an unknown ergodic process.
Since ergodic processes have estimable statistical properties (by definition), confidence
intervals can be constructed on these statistics. New random functions can be generated
to have their output lie outside these confidence intervals. One could analyze other metrics
besides the functions' outputs, such as correlations, covariance, and mutual information
between the input and output. By appropriately selecting the confidence intervals, the
randomly generated functions can be in \scrF  -  with arbitrary confidence. However, randomly
generating functions will (probabilistically) have a small \rho  -  .
To improve \rho  -  , one approach would be to take problems from \scrF \^+ and modify the
functions with a few simple steps. This will barely alter the Kolmogorov complexity, by its
very definition (i.e., minimally sized program to generate the data). Yet, this approach may
be ineffective unless these modifications are ``natural."" Since the Kolmogorov complexity is
dependent on the description language (Li and Vit\'anyi, 2008) and the description language
is dependent on the optimizer, the types of modifications should somehow match the possible
optimizers. This is what we mean when we say ``natural."" For instance, consider an attempt
to determine an optimal step-size for a local search over a set of smooth objective functions.
Generating \scrF \^ -  using simple pseudo-randoms would be ``unnatural,"" and possibly result in
a minuscule \rho  -  in (12). Whereas, scaling the smooth functions may be more useful for
generating \scrF \^ -  . Again, to ensure the modified functions belong to \scrF  -  , the modifications
should destroy any patterns originally present, modify correlations, and alter other metrics.
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Name

Valenzuela and Rozenblit

10,000
4 \times  200

5 \times  4

1

400

10,000

100

ATSD works

ATSD works

ATSD fails

ATSD works

Hypothesis

2,000
10 \times  1

Tests

3,500

\approx  900

Metaiterations

Learning Using Anti-Training with Sacrificial Data

Objective
type
Continuous
optimization
Discrete
optimization
Discrete
optimization
Learning
with a SVM

Trials
\times 
subtrials
4 \times  4

Table 1: Experiment summary

Satellite Trajectory
High-dimensional TSP
Low-dimensional TSP
\$50k Classification

5. One may liken this scenario to the processing inequality in information theory.
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For the first experiment we use a physics based domain where the pilot problems involve
monitoring space debris around a small artificial planet. Monitoring space debris presents a
trade-off between the quality of observations and the time until revisiting the same debris.
If the satellite were to have nearly the same orbit as a single piece of debris, then the
satellite would pass by the debris slower and closer, resulting in higher quality observations.
Similarly, a different orbit that is closer to or further from the planet would result in seeing
the debris more frequently, but from further away. The low-level optimization objective
is to find an orbit for a satellite that visits all debris within a specified distance and with
minimal mean-time between visits.
We simplify the domain for the experiment in the following ways. Gravity of the planet
is assumed to be uniform. Space debris are treated as points, meaning they have no physical
size. Collisions are ignored. We use only 10 pieces of space debris to minimize simulation
time. All orbits are in a two-dimensional space. Thus, an orbit's degrees of freedom are
its: eccentricity (shape), orientation (angle of the ellipse), semi-major axis (size), and true

5.1 Satellite Trajectory Problem

optimized algorithms found after the specified number of meta-iterations. Each resulting
algorithm produced by the meta-optimization process was then tested across the number
of tests listed in the ``tests"" column. Lastly, the column titled ``hypothesis,"" describes our
hypothesized outcomes according to theory.
Throughout the course of conducting the experiments, we discovered multiple possible
ways the meta-optimization process may fail, for both ML and ATSD. When the search for
optimizer algorithms or supervised learning algorithms is constrained (e.g., only adjusting
hyper-parameters), the algorithms may fail to exploit structure, which is embedded in the
problem. This was demonstrated with the high-dimensional TSP; it has structure that the
investigated optimizers have no capabilities to exploit. Another way for the process to fail is
when the number of unique function evaluations is not fixed. Unless the number of unique
function evaluations is fixed, some algorithms will use fewer unique function evaluations on
problems from \scrF  -  . The next problem is two fold: (1) the meta-optimization may fail to
return a near optimal algorithm for the approximate problem distribution (\scrF \^+ and \scrF \^ -  ),
and (2) this approximation of the problem distribution may be poor. Thus, the accuracy
of the approximation and the quality of the meta-optimization solution must be balanced;5
the optimal algorithm for a poor approximation is undesirable. These problems affect both
ML and ATSD alike.
Below we describe each experiment in more detail, including the domain where the
objective functions come from, the meta-optimization procedure, which common ML practices we follow, individual tests within the experiment, and the computer setup. Results
for each experiment are presented in Section 6. Just a quick note before delving into the
first experiment. Whenever we say something is ``low-level,"" we are referring to the base
optimization or learning problem. Similarly, if we mention something is ``meta-level"" we are
referring to the meta-optimization required for ML and ATSD that optimizes the ``low-level""
algorithm.

directly, time-series analysis offers standard procedures for isolating noise from data carrying
trends (Gershenfeld, 1999; Brockwell and Davis, 2002; Shumway and Stoffer, 2011).
The last procedure for generating \scrF \^ -  makes use of models, simulations, or subject
matter experts (SMEs). The models or simulations can be altered to contradict logical or
physical laws. Replacing typical distributions with unlikely or impossible distributions can
likewise lead to f \in  \scrF \^ -  . Those f \in  \scrF  -  that come from models and simulations will tend to
have lower Kolmogorov complexity than randomly generated functions. We conjecture that
this translates into a larger \rho  -  . Even without a simulation, SMEs can help provide high
quality \scrF  -  due to their knowledge of what is likely, unlikely, and impossible. Furthermore,
models, simulations, and SMEs provide an implicit distribution of P (f ). Yet, the downside
to this approach is that it takes a significant amount of knowledge about the domain from
which the problems come, so it might be impractical. This approach is most useful when
much is known about the problems, but little is known about which optimizer or learner to
use.

5. Experiments
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To help verify the theory and investigate the possible interactions between traditional
ML and ATSD, we conducted four, very extensive experiments mimicking how metaoptimization procedures are used in practice. The first experiment focuses on finding
an efficient algorithm for optimizing a satellite's trajectory to monitor space debris. The
second experiment involves the search for an algorithm that performs well on highly random
traveling salesperson problems (TSP). The third experiment is also a TSP, but this time
the cities occur on a ring and their distances are calculated from that. The last experiment
tries to maximize the predictive accuracy on a classification problem. We summarize these
experiments, their objectives, size, and purpose in Table 1.
In Table 1 ``objective type"" shows what the meta-optimization process was optimizing.
The column titled ``meta-iterations"" describes how many unique algorithms were tried in
the search for the best algorithm for the task. ``Trials \times  subtrials"" describes how many
ML and ATSD trials were conducted. Specifically, a trial refers to a specific configuration
with a fixed \scrF \^+ and \scrF \^ -  . Subtrials were conducted to capture the variability of the meta15

\sim  N (400km, 30km)

\sim  N (0.1, 0.1)
\sim  U (0, 2\pi )
\sim  U (0, 2\pi )

Semi-Major Axis

Eccentricity
True Anomaly
Orientation

\scrF  - 
half from \sim  N (520km, 30km)
half from \sim  N (280km, 30km)
\sim  Exp(1/3), but \leq  1.0
\sim  U (\pi /4, 7 \pi /4)
\sim  U (\pi /2, 2 \pi )
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6. We acknowledge the NFL-theorems apply to meta-search.
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The meta-optimization procedure is designed to find an optimizer that quickly minimizes
the mean-time between the satellite visiting debris and the satellite's closest approach
to each piece of debris. It does this by searching for good values for the above hyperparameters. We searched for hyper-parameters that produce a low cumulative\bigl(  objec\bigr) 
tive
finding a lower objective value sooner was preferred (i.e., \Phi  dym =
\sum m value, meaning
y
i=1 min\{ di \} ).
The meta-optimization consisted of three phases: differentiation, SA optimization,
and a local search. The starting hyper-parameters were differentiated using SA for 35
iterations. While we recorded only the best solution during these 35 iterations, all remaining
optimization iterations were recorded. Then, SA was used to further investigate the hyperparameters, due to its global search properties.6 Last, a gradient descent method (Matlab's

\bullet  lower bounds (four real numbers).

\bullet  upper bounds (four real numbers), and

\bullet  reannealing time (one integer),

\bullet  cooling function (three choices),

\bullet  initial temperatures (four real numbers),

\bullet  step length function (two choices),

The meta-level problem that we investigate is the meta-optimization of an optimizer. We
chose to use Matlab's simulated annealing (SA) procedure as our low-level optimizer. SA
was chosen for this experiment due to its large number of hyper-parameters and behavior
dependent upon these hyper-parameters (Ingber, 1993, 1996). The hyper-parameters we
investigate are:

5.1.1 Meta-Optimization Procedure

anomaly (phase of the orbit). In spite of these simplifications and the fact all the variables
are continuous, the multiple pieces of space debris introduce many local extrema.
Recall that our methods discussed in Section 3.1 require multiple objective functions. We
create multiple instantiations of problems from this domain. Each problem has space debris
in a different configuration, but drawn from one of two distributions. These distributions
correspond to \scrF + and \scrF  -  . More details can be found in Table 2. To ensure there were no
large gaps, we used Latin hypercube sampling (McKay et al., 1979).

\scrF +
ML9
9
0
4
No

ATSD+ML3
3
9
4
No

1
Yes

0

3

ML3

1
Yes

0

1

Control
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We ran the experiments using a cluster of three standard-grade (as of the year 2008)
computers. One computer is a Gateway E6610Q model, using the Intel QX6700 quadcore processor. Two other computers are custom built, one using the Intel Q6600 quad-core

5.1.4 Experiment Computer Setup

We conduct four types of trials, summarized in Table 3: ATSD+ML3, ML with three
samples (ML3), ML with nine samples (ML9), and a control where no ML nor ATSD are
applied. ML9's \scrF \^+ consisted of nine sample problems. ML3 and ATSD+ML3 share a
subset of ML9's \scrF \^+ . The control uses one problem from the set ATSD+ML3 and ML3
share. We chose these trials to demonstrate how performance can be improved. The ML3
performance could be improved by either increasing the number of samples from \scrF + (ML9)
or by introducing ATSD (ATSD+ML3). Both these alternatives are tested four times. Each
algorithm generated from the table is then tested against 100 samples of never seen before
data from the \scrF + distribution. We leave the analysis over \scrF 0 for another experiment.

5.1.3 Trials

One common practice involves searching for hyper-parameters (e.g., model selection) to
minimize the bootstrap- or cross-validation error (Kohavi, 1995; Arlot and Celisse, 2010).
Following these practices, we tested ATSD+ML according to (8), to search for good hyperparameters for an optimization procedure on a collection of pilot problems. However, our
experiment differs in three key aspects from common practice. First, we only test (i.e.,
judge the final performance) against data the optimizer has never seen, as stipulated by
Wolpert (2001); Giraud-Carrier and Provost (2005). Second, the meta-optimization occurs
across multiple objective functions from a limited domain, as advised by Giraud-Carrier and
Provost (2005). Another common practice we purposefully chose to ignore is the partitioning
of the data into training, probe/validation, and test partitions. We only use training and
test partitions. The reason for this is the need to test if ATSD+ML limits the effects of
overtraining. We test the algorithms from only the final iteration for the same reason.

5.1.2 Practices Followed

\ttf \ttm \tti \ttn \ttc \tto \ttn ) was used to finish the search process. We discovered that gradient descent worked
well to search for real-valued hyper-parameters on this particular problem. The metaoptimization problem was setup to minimize the median of \scrF \^+ and maximize the median
of \scrF \^ -  . We used \beta  = 1/3, because our ATSD+ML test uses three times as many sacrificial
functions as probable functions.

Methods
\bigm|  \bigm| 
\bigm|  \^ \bigm| 
\bigm| \scrF + \bigm| 
\bigm|  \bigm| 
\bigm|  \^ \bigm| 
\bigm| \scrF  -  \bigm| 
Subtrials
Control?

Table 3: Four Types of Trials

Table 2: Comparison of Pilot Problem Distributions

Data Set
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processor and the third using the Intel i7-3770K quad-core processor. All computers have
4GB of RAM (DDR2 800, DDR3 1033, DDR3 1600). All file I/O is carried out using a
virtual drive hosted over the Internet. Both results and computations that could be reused
are saved to the virtual drive. Two of the three computers run Matlab on Windows 7. The
third computer runs Matlab in Ubuntu.
We acknowledge that this hardware is now dated and that there are better suited
environments that should, and will, be used in the future. However, due to the lengthy
process to gain access to high performance computing clusters, we only use a small cluster
here. Anyone wishing to reproduce the results or to extend them will easily be able to use
the coarse-grain parallelism that we built into our code to exploit larger clusters.
The meta-optimization code is written to exploit coarse-grain parallelism, to take
advantage of each core available, while avoiding the need to use Matlab's parallel computing
toolbox. Each computer performs meta-optimization for one of the ATSD+ML3, ML9, and
ML3 trials. To keep one computer responsive for daily tasks, only one trial was performed
on ML3. The control case did not use any meta-optimization.
The meta-optimization process takes about 1.5 months to finish for the ML3 experiment,
about 4.5 months to finish the ML9 experiment, and approximately 6.0 months to complete
the ATSD+ML3 experiment. After six months, we collect about 1.7 GB of data.7 After the
meta-optimization, we run the algorithms over 100 different problems from the \scrF + to collect
statistical performance data. Each algorithm takes about 10 hours to run over this set of
100 problems. Due to how relatively quick it is to test an algorithm over 100 problems, we
did not need to partition the trials over the cluster. This generates another 1.4 GB of data
over the course of a week. All 3.1 GB of the data is available, but we also offer just the
Matlab scripts (only 100KB) that can generate statistically similar data.
Because the meta-optimization run times were deemed too slow to reproduce statistically
similar results, we found ways to improve the execution speed. Since the core kernel of the
simulation is already optimized and Matlab's ODE45 was still the bottleneck (taking over
98\% of the time), we copied the ODE45 code and removed all the code for options. Further
improvements were made by turning off Matlab's ODE45's interpolation, as we were already
interpolating ODE45 results at specific points.
These changes give us approximately a 2x speedup in total. Trimming the ODE45 code
improves the speed by about 50\%. We are surprised how much this helps; we attribute it
to avoiding the majority of the ODE45's if-branches, removing its switch statement, and
reduction in code size. Turning off Matlab's ODE45's interpolation provides another 30\%
speed up. With modern hardware and these revisions, it should take only approximately
two months to produce statistically similar results.
5.2 High Dimensional Traveling Salesperson Problems
In this experiment we try to demonstrate that theory correctly predicts when ATSD should
fail. Theory predicts that if ML fails, then so should ATSD. We believe this is an important
experiment as it tries to disprove the theory from the opposite direction; we would be
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7. Most of the data was saved computation to avoid resimulating space debris trajectories and checkpointing to prevent loss of data in advent of system crashes. Unfortunately some of the earlier data was
lost, as the check-pointing system was implemented after the first system crash.
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\scrF +
2.82
(1+| i - j| )2

\scrF 0
0.5
| i - j| 2

\scrF  - 
\delta (i, j)

Table 4: Correlation Matrix by Problem Distribution

\Sigma i,j =

surprised to find that ATSD works where ML fails. ML and ATSD require structure in the
input-output pairs. Structure, only in the problem itself but not the input-output pairs, is
of little use for an optimizer or learner unless one is attempting to discover the underlying
problem (e.g., the TSP cost matrix) and then solve it with a non-black-box solver. This is
actually one method discussed in (Culberson, 1998).
For all TSP problems in this experiment, we limit the input to only valid sequences of
cities. Thus, the entire input space is valid. Only total distance traveled is analyzed. No
information from partial solutions is used. The problem distributions are generated with
the following technique:

\bullet  For each row of the cost matrix, sample a 20 dimensional multivariate normal distribution.

\bullet  Compose a cost matrix from 20 such samples.

\bullet  Make the cost matrix symmetric by adding it to its own transpose.
\bullet  The minimum value is set to zero.

The covariance matrix is defined in Table 4. \scrF + has a nearly singular covariance matrix,
producing 20 random numbers, which approximately follow a random walk.8 Before making
the cost matrix symmetric, each row is an independent sample. This structure is not
readily exploitable by the low-level optimizer. The low-level optimizer avoids analyzing
trends in these random walks. \scrF  -  produces a random cost matrix where each element is
independently normally distributed. We will assume this is sufficient\prod to make the probability
of particular outputs independent of the inputs, implying P (f ) = x P (y = f (x)).

5.2.1 Meta-Optimization Procedure

The meta-optimization problem is to find the hyper-parameters for a custom genetic
algorithm. The hyper parameters include five initial paths, a mutation rate, a max swapsize schedule, and a swap-size parameter. The initial paths and mutation rate should be
self-explanatory. The swap-size parameter defines a random variable distributed according
to the exponential distribution, but this value is clamped to never exceed the max swapsize. The max swap-size schedule provides 10 maximum values, each one valid for 10\%
of the low-level optimization procedure. The clamped exponentially distributed swap-size
determines how many cities are swapped at once.
The custom genetic algorithm primarily differs from a traditional genetic algorithm
in that it only generates valid inputs for the TSP problems. Random mutations are
implemented as random swaps. The crossover operation uses the differences in the paths
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8. It is not technically a random walk, but when plotted the values resemble a random walk.
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ML10

10

0

4
0

ML5

5

0

4
0

4
0

0

15

ML15

4
1

250

5

ATSD250+ML5

4
0.2

250

5

ATSD250+ML5 Weak
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We test each resulting algorithm (a total of 20 algorithms) against 10,000 samples of
never seen before data from the \scrF + , \scrF 0 , and \scrF  -  distributions.

We conduct five types of trials, outlined in Table 5: ML5, ML10, ML15, ATSD250+ML5,
and ATSD250+ML5 Weak. ML5 can be viewed as the control.
\bigm|  \bigm| We chose the trials
\bigm|  \bigm| 
ML5, ML10, and ML15 to demonstrate the effects of increasing \bigm| \scrF \^+ \bigm|  on a domain where
little to no patterns should be exploitable. The ATSD+ML trials, ATSD250+ML5 and
ATSD250+ML5 Weak, demonstrate the effects of using random TSP problems for sacrificial
data at differing weights of ML compared to ATSD.
Four subtrials are conducted per trial, all using the same \scrF \^+ , \scrF \^ -  , or both. The subtrials
only differ in the random seed used in the meta-optimization process (i.e., the simulated
annealing random seed). This is designed to roughly estimate the variability of the quality
of the algorithms returned from the meta-optimization process. Since we hypothesize ATSD
and ML should fail, we want to give every chance for ML and ATSD to work. So we use
10,000 simulated annealing iterations to have a greater chance to exploit structure that only
works on \scrF \^+ .

5.2.3 Trials

We followed the same practices as discussed in Section 5.1.2.

5.2.2 Practices Followed

We chose to use Matlab's SA algorithm to perform the meta-optimization, primarily
due to its global search property. Any global search meta-optimization routine could be
used instead.
(8) verbatim, we replace the sums with averages. This allows
\bigm|  Instead
\bigm| 
\bigm|  of using
\bigm| 
\bigm|  \bigm| 
\bigm|  \bigm| 
us to vary \bigm| \scrF \^+ \bigm|  and \bigm| \scrF \^ -  \bigm|  while continuing to give the same relative importance \beta .

of the two top performing individuals to guide which cities to swap. We use a population
size of five. At the time the experiment was run, the implementation permitted duplicate
individuals. This means it is probable that the number of unique function evaluations differ
for all trials; this is significant since any subtrial may be put at a disadvantage by exploring
fewer possible solutions. However, considering the cost to rerun the experiment, we still
present the results. A future experiment should retest this experiment with the number of
unique function evaluations fixed. The number of unique function evaluations is made more
consistent for the ring-based TSP experiment.

Methods
\bigm|  \bigm| 
\bigm|  \^ \bigm| 
\bigm| \scrF + \bigm| 
\bigm|  \bigm| 
\bigm|  \^ \bigm| 
\bigm| \scrF  -  \bigm| 
Subtrials
\beta 

Table 5: Five Types of Trials

Learning Using Anti-Training with Sacrificial Data

y location

0
x location
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(b) The \scrF + city distribution

−0.5

F+ city distribution

Figure 1: City distributions by problem distribution

(a) The \scrF 0 city distribution
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The meta-optimization steps are similar to the high dimensional TSP's meta-optimization
case. We investigate the same hyper-parameters as before: initial paths, mutation rate, max

5.3.1 Meta-Optimization Procedure

In this experiment, we investigate ATSD and ML over a discrete optimization problem
where multiple properties from the domain should be exploitable. This experiment is in
contrast to the high dimensional TSP. As in the previous experiment, we limit the input to
only valid sequences of cities. Thus, all input is valid. Only the total distance traveled is
analyzed. No information from partial solutions is used. However, rather than generate a
correlated cost matrix from random values directly, the cities are randomly placed on a ring
and their cost values are computed as the Euclidean distance between cities (cf. Figure 1).
As the ring's inner and outer diameter become the same, the optimal path converges to
traveling in a circular loop. Furthermore, cities are labeled in a clockwise fashion.
The problem distribution comes from the following. \scrF + comes from a narrow ring (cf.
Figure 1b). \scrF 0 comes from a wide ring (cf. Figure 1a). \scrF  -  are TSP problems with randomly
generated cost matrices, similar to the \scrF  -  in the previous experiment (the high dimensional
TSP experiment).

5.3 Traveling Salesperson on a Ring

The computer setup is very similar to that described in Section 5.1.4. We only use the first
two computers as this experiment ran faster, taking only about three days to complete.
We use the same Internet based virtual drive for all I/O. The meta-optimization process
generates about 963 MB of data including checkpointing every 50 iterations. The code
is written to exploit coarse-grain parallelism, scaling up to about 20 instances of Matlab
(avoids using the Matlab parallel computing toolbox).

5.2.4 Computer setup
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y location

200
0

0

5

ML5

200
0

0

10

ML10

200
0.2

15

5

ATSD15+ML5

200
0.2

50

5

ATSD50+ML5

Table 6: Four Types of Trials
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\bigm| 
\bigm| Methods
\bigm|  \bigm| 
\bigm| \scrF \^ \bigm| 
\bigm|  + \bigm| 
\bigm|  \bigm| 
\bigm| \scrF \^ -  \bigm| 
Subtrials
\beta 

swap-size schedule, and swap-size parameter. We use the same custom genetic algorithm as
before, with two exceptions. First, we modify the low-level algorithm to force all individuals
in the population to represent unique paths. Duplicate paths are replaced with random
paths. Because this slows down the low-level algorithm to about half its original speed, we
further optimize the low-level algorithm to nearly restore its original performance. We still
use Matlab's SA algorithm to find the hyper-parameters. The sums are still replaced with
the averages in (8).
5.3.2 Practices Followed
We follow the same practices as discussed in Section 5.1.2.
5.3.3 Trials
We conduct four types of trials, summarized in Table 6: ML5, ML10, ATSD15+ML5, and
ATSD50+ML5. ML5 can be viewed as \bigm| the \bigm| control. We chose the trials ML5 and ML10
\bigm|  \bigm| 
to demonstrate the effects of increasing \bigm| \scrF \^+ \bigm| . The ATSD+ML trials, ATSD15+ML5 and
ATSD50+ML5, demonstrate the effects of increasing the number of random TSP problems.
200 subtrials are conducted per trial, all using the same \scrF \^+ , \scrF \^ -  , or both. The subtrials
only differ in the random seed used in the meta-optimization process (i.e., the simulated
annealing random seed). This is designed to accurately estimate the variability of the
quality of the algorithms returned from the meta-optimization process. Because we are
using a total of 800 subtrials, we limit the meta-optimization search to 2,000 simulated
annealing iterations for time considerations.
\scrF + ,

\scrF 0 ,

\scrF  - 

We test each resulting algorithm (a total of 800 algorithms) against 400 samples of never
seen before data from the
and
distributions.
5.3.4 Computer setup
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The computer setup is very similar to that described in Section 5.1.4. We only use the first
two computers as this experiment took only about one week to complete. We use the same
Internet based virtual drive for all I/O. The meta-optimization process generates about 1020
MB of data including checkpointing every 100 iterations. The code is written to exploit
coarse-grain parallelism, scaling up to about 800 instances of Matlab. Our parallelism
techniques avoid the need for Matlab's parallel computing toolbox.
23
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This experiment tests ATSD+ML against a supervised machine learning problem. Specifically, the task is to learn to classify whether an individual makes more than \$50K per
year based on 14 attributes such as the sector in which the person works (private, local
government, state government, etc.), job type, level of education, sex, age, hours per week,
native-country, etc. This data, referred to as the ``adult"" data, is made publicly available
and can be found in the UCI Machine Learning Repository (Bache and Lichman, 2013).
This experiment's goal is to demonstrate how ATSD can be used to boost machine
learning performance, not to beat previous classification performance. We compare the
classification accuracy of support vector machines (SVMs). The kernel and its parameters
are meta-optimized using differing numbers of cross-validation samples and sacrificial problems. Cross-validations are used for \scrF \^+ , which is arguably insufficient (Wolpert, 2001).
This is not so much a drawback for the experiment as it demonstrates how quality \scrF \^+ may
be difficult to obtain, further motivating the use of ATSD.
We use three types of sacrificial data. One third of \scrF \^ -  uses real tuples of the attributes,
but with random classification results. Another third of \scrF \^ -  uses both random tuples of
attributes and classification results. The last third of \scrF \^ -  uses real tuples of attributes,
but with a very simple classification problem where the result is wholly determined by a
logical conjunction based on the sex, age, and number of years of education. This third set
of sacrificial data exhibits several properties absent in the actual data: it is noise free, it
depends only on three parameters (ignoring important information such as the job type)
and has very low Kolmogorov complexity.

5.4.1 Meta-Optimization Procedure

The meta-optimization objective is to find a good set of SVM hyper-parameters. Specifically,
the SVM's kernel, box constraint (training error versus complexity), and kernel parameters
(e.g. Gaussian kernel width). We investigate seven SVM kernels including:
\bullet  Linear: u\intercal  v
\bullet  Gaussian: exp( -  | u  -  v| 2 /(2\sigma  2 ))
\bullet  Laplace: exp( -  | u  -  v|  /\sigma )
\bullet  Cauchy: (1 + | u  -  v| 2 /\sigma  2 ) - 1

\bullet  Tanh (Multilayer Perception): tanh(\alpha u\intercal  v + c)

\bullet  Inhomogeneous polynomial: (\alpha u\intercal  v + c)p

\bullet  Logarithmic kernel:  -  log(c + | x  -  y| p ).9

\sigma , \alpha , c, and p in this context are kernel parameters. u and v are data. Note that some of
these kernels are only conditionally positive definite. Meaning, if used, the SVM may fail
to converge to globally optimal results.
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9. Less common kernels were adopted from Cesar Souza's blog: \tth \ttt \ttt \ttp ://\ttc \ttr \tts \tto \ttu \ttz \tta .\ttb \ttl \tto \ttg \tts \ttp \tto \ttt .\ttc \tto \ttm /\tttwo \ttzero \ttone \ttzero /\ttzero \ttthree /
\ttk \tte \ttr \ttn \tte \ttl -\ttf \ttu \ttn \ttc \ttt \tti \tto \ttn \tts -\ttf \tto \ttr -\ttm \tta \ttc \tth \tti \ttn \tte -\ttl \tte \tta \ttr \ttn \tti \ttn \ttg .\tth \ttt \ttm \ttl 
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We analyze the median performance of our algorithms for two primary reasons. First,
we optimized over the median performance. Second, after we collected the data from
our experiments, it became evident that the performance distributions of the algorithms
are highly skewed (see Figure 2a). Thereupon, we follow the advice of Luke (2013) and
Wineberg (2004) and analyze our results using the median rather than the mean.

6.1 Satellite Trajectory Results

We present the results of the four experiments here. In summary: the satellite trajectory
experiment showed ATSD helped, but to lesser extent than ML, as predicted in (12).
ATSD also had two of four subtrials drop degrees of freedom in their search. The high
dimensional traveling salesperson experiment showed that neither ATSD nor ML have any
benefit when no problem knowledge is exploitable. The traveling salesperson on a ring
experiment is inconclusive due to an NFL artifact. While the classification problem lacks
statistical backing---due to there being a single test problem---some general trends suggest,
but are inconclusive, that
of a limited search
learner, it may be
\bigm|  \bigm| in the
\bigm|  case
\bigm| 
\bigm|  \bigm| for a\bigm|  better
\bigm| 
\bigm|  \bigm|  \bigm|  \bigm| 
\bigm|  \bigm| 
\bigm|  \bigm| 
best to limit the sum \bigm| \scrF \^+ \bigm|  + \bigm| \scrF \^ -  \bigm| . Increasing either \bigm| \scrF \^+ \bigm|  or \bigm| \scrF \^ -  \bigm|  after a certain degree
produced
worse
\bigm|  \bigm| 
\bigm|  \bigm|  results. A single cross-validation combined with nine sacrificial problems
\bigm|  \bigm| 
\bigm|  \bigm| 
(\bigm| \scrF \^+ \bigm|  = 1, \bigm| \scrF \^ -  \bigm|  = 9) outperformed any ML alone.

6. Results

The computer setup is very similar to that described in Section 5.1.4. We only use the
first two computers as this experiment takes only about two weeks to complete. We use
the same Internet based virtual drive for all I/O. The meta-optimization process generates
about 11.9 GB of data, saving all function evaluations (required for optimization after
sampling). The code is written to exploit coarse-grain parallelism, scaling up to about
3500 instances of Matlab. Our parallelism techniques avoid the need for Matlab's parallel
computing toolbox.

5.4.4 Computer setup

It is trivial to show that relaxing the KKT constraints translates to testing different
learning algorithms, other than SVMs. In the NFL framework for supervised learning,
each learner is trying to guess the function generating the data (Wolpert, 2001). SVMs
trained with relaxed constraints may produce different predictions (i.e., guesses at the
function generating the data). This translates as using different learning algorithms than the
canonical SVM algorithm. Using a different learning algorithm other than SVMs would have
the same consequence. Hence, relaxing the constraints does not invalidate the experiment.

We take the following additional steps to decrease SVM training time. We allow
the SVM decision boundary to violate up to 15\% of the Karush-Kuhn-Tucker (KKT)
conditions (Bazaraa et al., 2006). This means that the result of training the SVM may
not be a globally optimal solution, but should in no way invalidate the effects of ATSD.
Moreover, we increase the KKT tolerance from 0.001 to 0.05. This means that the KKT
conditions close to being satisfied will count as satisfied. This should not invalidate the
effects of ATSD, either.

We mostly follow the same practices as discussed in Section 5.1.2, with one exception.
Because we are working
real data in this experiment, we only have a single f \in  \scrF + .
\bigm|  with
\bigm| 
\bigm|  \bigm| 
So in order to make \bigm| \scrF \^+ \bigm|  larger than one, we partition the data into training, validation,
and test partitions. We partitioned the data as follows. For the test partition, we used the
official test data, \tta \ttd \ttu \ttl \ttt  \ttt \tte \tts \ttt .\ttc \tts \ttv , from the UCI Machine Learning Repository (Bache and
Lichman, 2013). After removing incomplete data and NaNs, the \tta \ttd \ttu \ttl \ttt  \ttt \tte \tts \ttt .\ttc \tts \ttv  contains
30162 records. We partition the \tta \ttd \ttu \ttl \ttt  \ttd \tta \ttt \tta .\ttc \tts \ttv  data into 1/4 for training and 3/4 for
validation for each f \in  \scrF + . By making the training data smaller than the validation data,
we decreas the time the meta-optimization process uses.

5.4.2 Practices Followed

When meta-optimizing to select the kernel and kernel parameters that work best for a
particular trial, we use a slightly modified (8). \bigm|  Instead
of
(8) verbatim, we replace
\bigm| 
\bigm|  using
\bigm| 
\bigm|  \bigm| 
\bigm|  \bigm| 
the sums with averages. This allows us to vary \bigm| \scrF \^+ \bigm|  and \bigm| \scrF \^ -  \bigm|  while continuing to give the
same relative importance \beta .

Because we are meta-optimizing differently, reusing
evaluations for each
\bigm| 
\bigm|  same\bigm|  function
\bigm|  the
\bigm|  \bigm| 
\bigm|  \bigm| 
trial, we can test more trials quickly. We vary \bigm| \scrF \^+ \bigm|  and \bigm| \scrF \^ -  \bigm|  with \beta  = 0.1774 to get
\bigm|  \bigm| 
\bigm|  \bigm| 
20 trials. We also vary \beta  over zero and 13 logarithmically spaced levels with \bigm| \scrF \^+ \bigm|  = 2
\bigm|  \bigm| 
\bigm|  \^ \bigm| 
and \bigm| \scrF  -  \bigm|  = 4. Similarly, we vary \beta  over zero and 13 logarithmically spaced levels with
\bigm|  \bigm| 
\bigm|  \bigm| 
\bigm|  \bigm| 
\bigm|  \^ \bigm| 
\bigm| \scrF + \bigm|  = 4 and \bigm| \scrF \^ -  \bigm|  = 4. Thus, in total there are 46 unique trials, each denoted using
\bigm|  \bigm| 
\bigm|  \bigm| 
\bigm|  \bigm| 
\bigm|  \bigm| 
the notation ATSD+X-Y @B. Here X = \bigm| \scrF \^+ \bigm| , Y = \bigm| \scrF \^ -  \bigm| , and B = \beta . Trial ATSD+212@0.1774 corresponds to the trial with two cross-validations, 12 sacrificial problems, and
using \beta  = 0.1774. When \beta  = 0, the sacrificial data is given no weight and ATSD+ML
degenerates to ML.

The meta-optimization procedure is conducted differently in this experiment than in
the other experiments. Unlike the other experiments' meta-optimization procedure, we
first sample the algorithm space blindly, then optimize after sampling. This ensures each
trial gets the same quality search since they all evaluate the same hyper-parameters. For
each kernel, we sample 500 hyper-parameter configurations using low discrepancy Halton
sequences (Kuipers and Niederreiter, 1974; Kalos and Whitlock, 2008). This samples the
hyper parameters in a roughly uniform manner. All \scrF \^+ and \scrF \^ -  are evaluated and their
results are stored. To evaluate each ML or ATSD trial, we calculate the meta-objective
function from the stored results. The hyper-parameters that optimize the meta-objective
function for each trial are selected for testing. This makes the search for the optimal
algorithm less dependent on a random search (the other experiments used SA). All trials
get the same quality search. This also removes the need to test hundreds of different seeds
in the meta-optimization process.

5.4.3 Trials
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While we do not analyze the performance over time, we still present the data in Figure 3a
and Figure 3b. Notice that while all the trials in Figure 3a start at the same value, the same
cannot be said about the trials in Figure 3b (this is due to an unexpected system crash).
Thus, the optimization number of function evaluations are incorrect on the ATSD+ML3
trials. This did not influence the final analysis, just the temporal performance seen in
Figure 3b. Meta-optimization stopped when Matlab determined insufficient progress was
being made.
Table 7 summarizes the median cumulative error of each technique, meaning lower
is better. Since there were four trials for each ATSD+ML3 and ML9, to make their
analysis easier, we introduced the terms ``ATSD+ML3-1,"" ``ATSD+ML3-2,"" etc. to indicate

Median Cumulative Error

Valenzuela and Rozenblit

Median Cumulative Error
7.461 \cdot  105
7.026 \cdot  105
6.637 \cdot  105
5.249 \cdot  105

Table 7: Summary of Median Performance between Methods
Initial
ML3
ATSD+ML3
ML9

particular trials. ``ATSD+ML3"" and ``ML9"" are 100 median samples, where the median
was taken over the corresponding four trials. Thus, the table reflects the median of medians
for ATSD+ML3 and ML9. This table shows that the control performed worst, ML3 was
third, ATSD+ML3 was second, and ML9 performed best. We discuss these results after
making sure they are statistically significant.
We must analyze the data further to determine if the differences in medians are
statistically significant. Due to the great asymmetry, possible dependencies in the data,
and multimodal nature of the ATSD+ML3 performance distributions, we avoid using the
standard T-tests to compare performance between algorithms. While the Wilcoxon signed
rank test is more robust, it is usually employed in the context of symmetric distributions,
especially for paired (one-sample) tests (Lehmann, 2004). For this reason, we use the paired
sign-test. It usually lacks the power of the other tests but makes fewer assumptions about
the data (Lehmann, 2004). Due to the lack of power of the paired sign test, we may permit
a lower significance (Lehmann and Romano, 2008).
Table 8 shows the results of the paired sign-tests comparing ATSD+ML3 with ML9.
We present the results from the algorithms at the final iteration to reflect the possible
effects of overtraining. This table confirms that ML9 outperforms ATSD+ML3: this is to
be expected according to theory derived in Section 3.2. According to (12), even with equal
compressibility of the meta data and sacrificial data (\rho  -  = \rho + ), the samples for \scrF \^ -  are
expected to be half as efficient.10 Since ATSD+ML3 uses three samples for \scrF \^+ and nine
samples for \scrF \^ -  , according to theory this should perform on par with ML using 7.5 (3 + 9/2)
samples for \scrF \^+ .
Table 9 shows the results of the paired sign-tests comparing ATSD+ML3 with ML3.
This shows that ATSD appears to improve performance, at least on the median. The pairedsign test shows p = 4.431 \cdot  10 - 2 , indicating that the null hypothesis (ATSD+ML3 = ML3)
is unlikely. Again, the paired-sign test lacks statistical power in general, so p = 4.431 \cdot  10 - 2
is statistically significant.
We also calculated a Bayes factor to directly compare the two hypotheses: median(ML3
 -  ATSD+ML3) > 0 and median(ML3  -  ATSD+ML3) < 0. The difference between
ML3 and ATSD+ML3 is distributed approximately as an extreme-value distribution (cf.
Figure 4).11 Matlab's extreme-value distribution has its median at \mu  + \sigma  log(log(2)). Thus,
for our first hypothesis, we integrated over the range of parameters where \mu  >  -  log(log(2))\sigma 
and for the second hypothesis we used \mu  <  -  log(log(2))\sigma . Since Bayes factors use a prior

JMLR 17(24):1-42

10. Our \scrF \^ -  comes from a more complicated distribution, so we expect a lower \rho  -  than \rho + . This is supported
by the fact that ATSD+ML3 performs more similarly to ML3 than ML9.
11. We have no reason to believe the data should be distributed as such, but extreme-value distributions
provided the best fit.
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ML9-2
0.972
6.55 \cdot  10 - 12
9.05 \cdot  10 - 8
2.04 \cdot  10 - 4
1.35 \cdot  10 - 10

ML9-3
6.02 \cdot  10 - 3
1.60 \cdot  10 - 19
6.26 \cdot  10 - 23
5.58 \cdot  10 - 10
1.32 \cdot  10 - 25

ML9-4
0.903
1.35 \cdot  10 - 10
9.05 \cdot  10 - 8
2.04 \cdot  10 - 4
2.41 \cdot  10 - 13
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6.2 Random TSP Results

13. The following experiment, the TSP problem on a ring, forces the GA optimizer to use unique function
evaluations within each iteration.

the difference in orbital-phases will be uniform (or nearly uniform). Thus, provided enough
time, the initial true anomaly may also be ignored. How can we reconcile this with the fact
that the second ATSD+ML3 trial performed the worst out of all the ATSD+ML trials?
We do not know the answer, but speculate it is because we only tested the performance
over \scrF \^+ . It is possible that this reduced degree of freedom would be beneficial in the more
general \scrF + \cup  \scrF 0 . Further testing is required.

Figure 4: ML3  -  ATSD+ML3 and its best fit distribution
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12. Meta-optimization was allowed to continue with the variable replaced by the average of the lower and
upper bounds.

ML9
0.382
1.53 \cdot  10 - 17
1.00 \cdot  10 - 21
2.76 \cdot  10 - 8
6.26 \cdot  10 - 23

ML3 − ATSD+ML Histogram

As expected, neither ML nor ATSD produce optimization algorithms that reduce error when
no problem structure may be exploited. Table 10 shows the mean and standard deviation
(taken across the four subtrials) of the mean cumulative error across 10000 tests. Notice
that the cumulative error for ML15 over \scrF + is worse than ML10's error, although by a
statistically insignificant amount. ML10's improvement over ML5's error is also statistically
insignificant (p = 0.4315). The evidence suggests that increasing the number of metalearning samples has an insignificant effect on algorithm performance. Similarly, the two
ATSD tests (ATSD250+ML5 and ATSD250+ML5 Weak) show no improvement over ML5
alone. They actually show higher mean error over \scrF + . This could be due to random chance
or by the fact that this version of the GA optimizer permits duplicate function evaluations,
putting those trials at a disadvantage.13
Another issue of concern is whether the meta-optimization procedure succeeded in
optimizing (8). Note that we replaced the sums with averages, so \beta  reflects the relative
weight of ATSD compared to ML. This is used in Table 11 for the meta-fitness column. It
shows how well the discovered algorithms perform according to their meta-optimization
criteria. The ATSD250+ML5 trial has the most negative meta-fitness when \beta  = 1.0,
meaning it provides the better solution to (8) than any other algorithms investigated.
However, ATSD250+ML5 Weak which was optimized with respect to \beta  = 0.2, fails to
have the lowest meta-fitness for that column. This means that the algorithms discovered

ATSD+ML3-1
ATSD+ML3-2
ATSD+ML3-3
ATSD+ML3-4
ATSD+ML3

ML3
9.050 \cdot  10 - 8
0.9334
1.759 \cdot  10 - 3
0.2421
4.431 \cdot  10 - 2

Table 9: Sign Test (Ha : ATSD+ML3 < ML3)

ML9-1
1.30 \cdot  10 - 12
7.97 \cdot  10 - 29
1.32 \cdot  10 - 25
1.27 \cdot  10 - 16
1.32 \cdot  10 - 25
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distribution, we chose \mu  to be distributed normally about \sigma  with a standard deviation
corresponding to the range of Matlab's \tte \ttv \ttf \tti \ttt 's 95\% confidence interval. \sigma  is distributed
half-normal with a standard deviation corresponding to the range of its 95\% confidence
interval. The resulting Bayes factor, k = 5.571, means that it is more than five times as
likely that ATSD+ML3 has a lower (better) median than ML3. According to Robert et al.
(2009), this is substantial evidence.
There were two surprising, unanticipated results that only occurred for the experiments
using anti-training with sacrificial data combined with meta-learning (ATSD+ML3). Two
out of the four ATSD+ML3 meta-optimization runs (trials 2 and 3) halted early with the
message ``distance between lower and upper bounds, in dimension 4 is too small to compute
finite-difference approximation of derivative."" This corresponds to the two runs limiting
their search by dropping a degree of freedom corresponding to the elliptical orientation of
the satellite's orbit.12 This is plausible: the debris in \scrF + have no large angular gaps, but the
debris in \scrF  -  did have angular gaps. Thus, on average no orientation is to be preferred on
\scrF + , but some orientations are significantly worse for \scrF  -  . Recall that in general ATSD+ML
maximizes the performance difference between \scrF + and \scrF  -  . As such, we suspect that
ATSD+ML3 extracted this information from this difference. It seems unlikely that this
result occurred due to random chance as two trials from ATSD+ML3 dropped this degree
of freedom, but none of the five ML did so.
Another surprise is that the second ATSD+ML3 subtrial also dropped a second degree
of freedom from its search: the initial true anomaly. Dropping this variable appears to be
a valid choice for speeding the search for good solutions, albeit less obvious. Provided that
the ratio of orbital periods are irrational (or requiring very large rational numbers) and
ignoring highly eccentric orbits, the equidistribution theorem can be applied to show that

ATSD+ML3-1
ATSD+ML3-2
ATSD+ML3-3
ATSD+ML3-4
ATSD+ML3

Table 8: Sign Test (Ha : ATSD+ML3 > ML9)
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Frequency

\scrF 0
\sigma 
0.3774
0.3629
0.5370
1.870
0.9683

\mu 
47.12
47.07
47.07
49.56
48.18

\sigma 
0.3710
0.3642
0.5196
1.811
0.9645

\scrF +
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\mu 
47.37
47.28
47.31
49.90
48.47

Table 10: Mean and Standard Deviation of Means
\scrF  - 
\sigma 
0.4175
0.3888
0.5617
1.981
1.043

mean meta-fitness
(\beta  = 0.2)
37.68
37.65
37.65
39.59
38.51
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Figure 5: Error differences as a distribution

\scrF 0
\mu 
\sigma 
15.57 1.309
15.39 1.309
15.65 1.304
15.62 1.323

-

ML5
ML10
ML5
ML10
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Significance
3.783 \cdot  10 - 63
1.150 \cdot  10 - 642
9.566 \cdot  10 - 30
7.845 \cdot  10 - 508
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\scrF +
\mu 
\sigma 
16.96 1.438
16.74 1.448
17.05 1.427
17.02 1.453

Table 12: Mean and Standard Deviation of Means

\scrF  - 
\mu 
\sigma 
17.29 1.210
17.19 1.216
17.37 1.212
17.35 1.221

Distribution
ATSD15+ML5
ATSD15+ML5
ATSD50+ML5
ATSD50+ML5

Table 13: Significance of Differential Performance

ML5
ML10
ATSD15+ML5
ATSD50+ML5

Trial

Number of occurances

Number of occurances

Trial
\mu 
47.20
47.12
47.13
49.83
48.35

mean meta-fitness
(\beta  = 1.0)
 - 7.972 \cdot  10 - 2
 - 4.700 \cdot  10 - 2
 - 5.931 \cdot  10 - 2
 - 0.2708
 - 0.1695

Table 11: Meta Objective Function Values

ML5
ML10
ML15
ATSD250+ML5
ATSD250+ML5 Weak

Trial
ML5
ML10
ML15
ATSD250+ML5
ATSD250+ML5 Weak

in ATSD250+ML5 Weak are, even according to theory, inferior to the algorithms from the
ML15 trials. This is a side-effect of the NFL theorems: it may be better to search for
something else rather than the desired objective function.
6.3 TSP Ring Results
Because this experiment uses a large number of subtrials, we can illustrate the differential
error distributions. Figure 5 shows how the ATSD15+ML5 and ATSD50+ML5 trials
compare to the ML5 and ML10 trials. Since these distributions are symmetric with few
outliers, it makes sense to use the standard T-test to compare means. Furthermore, since
the individual test problems are the same for each algorithm, we are permitted to use the
paired T-test. Negative values favor ATSD and positive values favor ML.
Contrary to what we anticipated, all the distributions in Figure 5 have a positive average,
meaning the algorithms found from the ML trials are to be preferred. The mean error and
its standard deviation for each trial over each problem distribution \scrF  -  , \scrF 0 , \scrF + are shown
in Table 12. Table 13 shows the results of the T-tests, where the alternative hypotheses are
that ATSD15+ML5 and ATSD50+ML5 have greater means than ML5 and ML10.14 Since
all the p values are sufficiently small, the null hypotheses should be rejected in favor of the
alternatives. The algorithms found in the ATSD15+ML5 and ATSD50+ML5 trials perform
worse than the algorithms found in the ML5 and ML10 trials.
Even though the algorithms found in the ATSD trials perform statistically significantly
worse than the algorithms found in the ML trials, these results do not contradict our
theory. To see why these results do not contradict our theory, we need to investigate the
meta-objective function values. These values are shown in Table 14. The meta-optimization
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14. The significances in Table 13 were so small, arbitrary precision arithmetic was required to compute them.
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Number of occurances
Number of occurances

mean meta-fitness
13.50
13.30
13.58
13.55
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15. Although, it should take less than twenty weeks to complete a ten-fold cross validation study.

The results from this experiment lack statistical backing since we use only a single test
problem. We considered using bootstrapping to estimate the variance of the error rates
presented in this experiment but ultimately avoided it due to time considerations---the
experiment already took two weeks to complete. A ten-fold cross-validation would take
much longer than an additional two weeks.15 Future work will include bootstrapping to
estimate the variance in this experiment.
Despite this, some general trends are still evident. We modified (8) by replacing the
sums with averages so \beta  reflects the relative weight of ATSD. Figures 6a and 6b show that
large values of \beta  cause more harm than good. Figure 6a shows 2 \cdot  10 - 2 < \beta  < 10 - 1 as
being ideal, whereas Figure 6b shows that ATSD should be avoided. Since this difference
in behavior could be noise, we further investigated the error rate's behavior.
Table 15 shows several patterns. First, in terms of error, ATSD+1-9@0.1778 and
ATSD+1-12@0.1778 perform best. These two trials even outperform the best performing
ML (ATSD+3-0@0). Another point is that the best performing trials have a negatively

6.4 Classification Results

for ML5 and ML10 found better solutions for the ATSD+ML meta-objective function than
the ATSD15+ML5 and ATSD50+ML5 trials! This is a side-effect of the NFL theorems.
Without knowing anything about the search for optimization algorithms, we na\"{\i}vely used a
SA search. Using SA to reduce the meta-objective function with \beta  = 0.2 actually performed
worse at reducing it than when trying to reduce meta-objective function with \beta  = 0.0 (ML
alone). To better understand what happened consider the following analogy. When a dog
(an algorithm) was told to find (optimize) the yellow ball (the ATSD objective function),
it found nothing. However, when told to find the violet ball (the ML objective function), it
found both the yellow and violet balls (good solutions to both meta-optimization functions).
So while this experiment does not confirm our theory, neither does the experiment
deny it. Instead, it provided meaningful feedback. Matlab's SA algorithm performs better
on ML than ATSD+ML for the small set of problems investigated in this experiment.
We can prevent this problem from occurring by ensuring all trials evaluate an identical
set of algorithms. This effectively amounts to sampling algorithms first, recording their
performance, then optimizing after all algorithms have been tested on all problems. Thus, it
is impossible for ML to find an algorithm that outperforms ATSD+ML on ATSD+ML's own
objective function. If ML were to find such an algorithm, because ATSD+ML would test
it too, ATSD+ML must at least match it (assuming the function values are deterministic).
The following experiment uses this adjustment.

Trial
ML5
ML10
ATSD15+ML5
ATSD50+ML5

Table 14: Meta Objective Function Values when \beta  = 0.2

Learning Using Anti-Training with Sacrificial Data

0
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Test Error

β

0.1579
0.1752

0.1752

0.1629

0.1624

0.1564

0.1624

0.1624

0.1839

0.1579

0.1624

0.1624

\bigm|  \bigm| 
\bigm|  \^ \bigm| 
\bigm| \scrF  -  \bigm|  = 6

0.1839

0.1564

0.1564

0.1558

\bigm|  \bigm| 
\bigm|  \^ \bigm| 
\bigm| \scrF  -  \bigm|  = 9

0.1839

0.1839

0.1652

0.1558

\bigm|  \bigm| 
\bigm|  \^ \bigm| 
\bigm| \scrF  -  \bigm|  = 12
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We used the statistical entropy of the objective function distributions to address when metalearning (ML) is possible. For ML to benefit learning, the typical problems should have low
Kolmogorov complexity. This implies that it is necessary for the problem distribution to
be at least compressible, but not necessarily fit in polynomial space.
We introduced a novel theoretical approach, anti-training with sacrificial data, to
improve machine-learning performance. ATSD directly follows from and relies on the
No Free Lunch (NFL) theorems. It can be seen as an approximate dual of ML. As

7. Discussion and Conclusion

\bigm|  \bigm| 
\bigm|  \bigm| 
\bigm|  \bigm| 
\bigm|  \bigm| 
correlated \bigm| \scrF \^ -  \bigm|  and \bigm| \scrF \^+ \bigm| . The bold diagonal highlights this. This pattern lacks statistical
significance, thus one should not read into it too much. Figure 7 also visualizes these results.
While we are not trying to beat historical classification performance on this data set, it
is worthwhile to note preexisting performance on this data set. Kohavi (1996) used na\"{\i}ve
Bayes classification trees to produce predictions with errors ranging from about 15.7\% to
16.7\%, and the C4.5 algorithm produced predictions with errors ranging from about 13.7\%
to 14.8\%.
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(b) Error rate when \bigm| \scrF \^+ \bigm|  = 4 and \bigm| \scrF \^ -  \bigm|  = 12
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such, the theory dictates that ATSD works where ML works, namely when the probable
problems are compressible. While ML directly improves performance over a set of common
problems, ATSD worsens performance over sacrificial (impossible and unlikely) problems.
Due to the NFL theorems, performance must increase over the remaining sum of all other
problem, although it is possible for performance to transfer from the typical problems to any
unspecified problems. To help counter-balance this possibility, ATSD ought to be combined
with ML (ATSD+ML).
We examined the theoretical efficiency of ATSD using a deck of cards analogy. We
arrived at a function relating the percent of implausible functions, the compressibility of
typical functions, and the compressibility of implausible functions with the efficiency of
ATSD. Assuming that about half of all functions are exceedingly unlikely and the ML
objective functions are as compressible as the sacrificial objective functions, then the relative
efficiency of ATSD is half as efficient as ML. Moreover, we addressed how to generate
sacrificial data and qualitatively assess their compressibility.
ATSD+ML has other helpful properties. Since sacrificial data is easy to generate, it can
be applied even when real data is scarce. The theory suggests this is when ATSD+ML is
expected to be most effective. The fourth experiment provides supportive, but inconclusive
evidence of this. According to the theory, it also helps prevent overtraining. By providing
an empirical definition of noise, theoretically the learning algorithm can fail to learn noise.
Also when combined with ML, ATSD+ML makes it less likely to overfit the original ML
objective function. ATSD+ML also allows for the specification of failure cases, reducing
the number of unexpected failures.

Test Error
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ATSD+ML is a technique still in its infancy. Much work remains to be done on
accurately estimating how much and what kind of sacrificial data ATSD+ML needs. We
only touched on the\bigm|  proper
between ATSD and ML. In general, a safe value for \beta 
\bigm| 
\bigm|  \bigm|  balance
\bigm|  \bigm|  \bigm|  \bigm| 
in (8) is 0 \leq  \beta  < \bigm| \scrF \^+ \bigm|  / \bigm| \scrF \^ -  \bigm| , or when the sums are replaced with averages 0 \leq  \beta  < 1.
Another future research direction includes studying the implications of the NFL theorems
approximately holding, when the equality in (1) is replaced with upper and lower bounds.
We conjecture that the benefits from anti-training would diminish as the equality becomes
less strict. However, this would need to be investigated more thoroughly. ATSD+ML could
be viewed as a form of regularization and studied as such. It might also be able to be
applied to model selection rather than algorithm selection. A probabilistic model would be
useful in answering these questions.
The basic concept of ATSD---improving performance by training to perform worse
on irrelevant data---may have benefits for selecting solutions (not algorithms) to improve
predictive accuracy. This baseline ATSD does not follow from the NFL theorems in the same
manner. It may still follow from the NFL theorems, but for a different reason. However,
baseline ATSD may be justifiable in terms of regularization. If a solution fits random noise
in addition to the actual data, then the solution may be unnecessarily complex.
We conducted four experiments showing how ATSD may function in practice. The
first experiment produced results showing ATSD improves performance for optimizers. The
second experiment confirmed that ATSD should fail when ML fails. The third experiment
was inconclusive as the algorithms discovered from ML outperformed the ATSD candidates
even at their own meta-objective function; a side effect of the NFL algorithms. The fourth
experiment provides supportive, but inconclusive evidence that ATSD benefits classification
algorithms. More experiments are left for future work. Such experiments include repeating
similar experiments that take significantly less time to complete, using 10-fold crossvalidation for machine learning experiments, and comparing direct meta-optimization (as
in the first three experiments) to sampling based approached (as in the fourth experiment).
Convex optimization is a desirable property needed for more sophisticated machine
learning procedures. This is the issue when extending ATSD to work with supportvector machines, support-vector regression, or any other optimization that depends on
convex optimization problems. The results from the third experiment motivate a convex
meta-optimization framework to ensure algorithms actually optimize their meta-objective
function. The issue is that it is possible for the global minimum to occur whenever the
sacrificial performance approaches positive infinity; this drives the objective function to
negative infinity. This in turn causes the traditional objective function to be largely ignored.
The most natural approach would be to apply some convex non-decreasing saturating
function (e.g., exp( - x)) to the sacrificial term. The effects of this saturating ATSD on
convex optimization techniques should be studied, as well as other techniques to extend
ATSD to a convex optimization framework.
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Using the binomial theorem, this expands to
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We will bound the lth term of (14) using the well known inequality nl \leq  nl! to get
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If there are n samples, then there exist n(n  -  1)/2 pairs of\bigm|  samples.
Assuming each
\bigm| 
comparison is independent (this is approximately true if n \ll  \bigm| \scrF + \bigm| ), then the probability
that all samples are unique is
\Biggl( 
\Biggr) n(n - 1)/2
1
\bigm| 
\bigm| 
1  -  \bigm|  \bigm| 
\scrF +

The estimate of P+ (f ) is denoted \bigm| P\^+ (f ). \bigm|  We argue that P\^+ (f ) is practically going to
\bigm| 
\bigm| 
be a two-valued function: 0 and 1/\bigm| \scrF \^+ (f )\bigm| . This is demonstrated by showing that when
independently sampling from \scrF + , the probability that any two functions are identical is
exceedingly small in practice. If one stops to ponder for a moment about similar problems,
one realizes this problem reduces to the well known birthday problem in probability theory.
The birthday problem asks ``what is the probability that out of n people (samples), some
pair of them will have the same birthday (function)."" The answer is 100\% if the number of
people exceed the number of days in a year, but otherwise it is:
\bigl(  \bigr) 
n! 365
n
1  - 
.
365n
When replacing days with functions and people with samples this becomes
\bigl( 
\bigr) 
n! | \scrF + | 
1  -  \bigm|  n\bigm| n .
(13)
\bigm| \scrF + \bigm| 
\bigm|  \bigm| 
While (13) is exact, it must be used iteratively to figure out how much larger \bigm| \scrF + \bigm|  must
be than n to ensure a small probability of failure (that two functions will be identical).
We provide an approximate n which limits the probability of failure to \epsilon . Consider the
probability of two samples having different functions,
\Biggl( 
\Biggr) 
1
1  -  \bigm| \bigm|  \bigm| \bigm|  .
\scrF +

Appendix A. Proof of the two-valued nature of P\^+ (f ) in practice
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\bigm|  \bigm| 
n2  -  n \leq  2 \bigm| \scrF + \bigm|  \epsilon 
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\blacksquare 

For example, problems as small as those\bigm|  with
\bigm|  a 16-bit input and an 8-bit output have
| \scrF |  \approx  2.6 \cdot  10157826 . Assuming n = 1012 and \bigm| \scrF + \bigm|  = 10100 (hundreds of thousands of orders
of magnitude smaller), (13) states the probability that any two samples will have the same
function is approximately 5.0\cdot 10 - 77 . Thus, in sampling the problem domain to build P\^+ (f ),
it is extremely likely that a particular function will be sampled once or not at all. This leads
to the two-valued nature of P\^+ (f ) in practice. Equation (16) shows how many samples are
permitted while maintaining the two-valued nature with approximately 1  -  \epsilon  confidence.
Continuing the above example, when setting the probability of failure \epsilon  \approx  e - 100 , we see n
may be as large as 2.7 \cdot  1028 .

\bigm|  \bigm| 
where \epsilon  is the probability that two functions will be the same. When \bigm| \scrF + \bigm|  \cdot  \epsilon  is much larger
than one, then this is well approximated by:
\sqrt{}  \bigm|  \bigm| 
n \leq  2 \bigm| \scrF + \bigm|  \epsilon .
(16)

n \leq 

1

2

\biggl(  n2  - n \biggr) 

1

2

\biggl(  n2  - n \biggr) 

\sqrt{}  \bigm|  \bigm| 
8 \bigm| \scrF + \bigm|  \epsilon  + 1 + 1

1  - 

The first two terms are kept and set equal to the desired level of probability

n2  -  n
\bigm|  \bigm|  \ll  1
2 \bigm| \scrF + \bigm| 

Thus, all higher order terms are negligible so long as
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We tested our algorithms on the problem of multi-class image classification, using three
challenging, publicly available data sets, namely Caltech-101 (Fei-Fei et al., 2006), CaltechUCSD-Birds-200-2011 (Wah et al., 2011), and Oxford Flower 17 (Nilsback and Zisserman,

Our numerical experiments were performed using a special case of our framework,
namely Vector-valued Multi-view Learning. For the case of least square loss function, we
give a closed form solution which can be implemented efficiently. For the multi-class SVM
case, we implemented our formulation, under the simplex coding scheme, using a Sequential Minimal Optimization (SMO) algorithm, which we obtained by generalizing the SMO
technique of (Platt, 1999) to our setting.

The formulation we present in this paper gives a unified learning framework for the
case the hypothesis spaces are vector-valued RKHS. Our formulation is general, encompassing many common algorithms as special cases, including both Vector-valued Manifold
Regularization and Co-regularized Multi-view Learning. The current work is a significant
extension of our conference paper (Minh et al., 2013). In the conference version, we stated
the general learning framework and presented the solution for multi-view least square regression and classification. In the present paper, we also provide the solution for multi-view
multi-class Support Vector Machine (SVM), which includes multi-view binary SVM as a
special case. Furthermore, we present a principled optimization framework for computing
the optimal weight vector for combining the different views, which correspond to different
kernels defined on the different features in the input data. An important and novel feature
of our formulation compared to traditional multiple kernel learning methods is that it does
not constrain the combining weights to be non-negative, leading a considerably simpler
optimization problem, with an almost closed form solution in the least square case.

The direction of Semi-supervised Learning we follow here is Manifold Regularization
(Belkin et al., 2006; Brouard et al., 2011; Minh and Sindhwani, 2011), which attempts to
learn the geometry of the input space by exploiting the given unlabeled data. The latter
two papers are recent generalizations of the original scalar version of manifold regularization
of (Belkin et al., 2006) to the vector-valued setting. In (Brouard et al., 2011), a vectorvalued version of the graph Laplacian L is used, and in (Minh and Sindhwani, 2011), L is
a general symmetric, positive operator, including the graph Laplacian. The vector-valued
setting allows one to capture possible dependencies between output variables by the use of,
for example, an output graph Laplacian.

The direction of Multi-view Learning we consider in this work is Co-Regularization, see
e.g. (Brefeld et al., 2006; Sindhwani and Rosenberg, 2008; Rosenberg et al., 2009; Sun, 2011).
In this approach, different hypothesis spaces are used to construct target functions based
on different views of the input data, such as different features or modalities, and a datadependent regularization term is used to enforce consistency of output values from different
views of the same input example. The resulting target functions, each corresponding to one
view, are then naturally combined together in a principled way to give the final solution.

2006; Reisert and Burkhardt, 2007; Caponnetto et al., 2008; Brouard et al., 2011; Dinuzzo
et al., 2011; Kadri et al., 2011; Minh and Sindhwani, 2011; Zhang et al., 2012; Sindhwani
et al., 2013). In this paper, we present a general learning framework in the setting of
vector-valued RKHS that encompasses learning across three different paradigms, namely
vector-valued, multi-view, and semi-supervised learning, simultaneously.

Minh, Bazzani, and Murino

Reproducing kernel Hilbert spaces (RKHS) and kernel methods have been by now established as among the most powerful paradigms in modern machine learning and statistics
(Schölkopf and Smola, 2002; Shawe-Taylor and Cristianini, 2004). While most of the literature on kernel methods has so far focused on scalar-valued functions, RKHS of vectorvalued functions have received increasing research attention in machine learning recently,
from both theoretical and practical perspectives (Micchelli and Pontil, 2005; Carmeli et al.,

1. Introduction

Keywords: kernel methods, vector-valued RKHS, multi-view learning, multi-modality
learning, multi-kernel learning, manifold regularization, multi-class classification

This paper presents a general vector-valued reproducing kernel Hilbert spaces (RKHS)
framework for the problem of learning an unknown functional dependency between a structured input space and a structured output space. Our formulation encompasses both
Vector-valued Manifold Regularization and Co-regularized Multi-view Learning, providing
in particular a unifying framework linking these two important learning approaches. In the
case of the least square loss function, we provide a closed form solution, which is obtained
by solving a system of linear equations. In the case of Support Vector Machine (SVM)
classification, our formulation generalizes in particular both the binary Laplacian SVM to
the multi-class, multi-view settings and the multi-class Simplex Cone SVM to the semisupervised, multi-view settings. The solution is obtained by solving a single quadratic optimization problem, as in standard SVM, via the Sequential Minimal Optimization (SMO)
approach. Empirical results obtained on the task of object recognition, using several challenging data sets, demonstrate the competitiveness of our algorithms compared with other
state-of-the-art methods.
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2006). The results obtained are promising and demonstrate the competitiveness of our
learning framework compared with other state-of-the-art methods.
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Our learning framework provides a unified formulation for Manifold Regularization and
Co-regularized Multi-view Learning in the vector-valued setting. In particular, it generalizes the Vector-valued Manifold Regularization framework of (Minh and Sindhwani, 2011),
which was formulated in the single-view setting, with the least square loss, to the multi-view
setting, with both least square and multi-class SVM loss functions. Consequently, it generalizes the Vector-valued Regularized Least Square formulation of (Micchelli and Pontil,
2005), which was formulated in the supervised, single-view settings, with the least square
loss, to the semi-supervised, multi-view settings, with both the least square and multi-class
SVM loss functions.
For the case of SVM classification, our framework is a generalization of the multiclass SC-SVM of (Mroueh et al., 2012), which is supervised and single-view, to the semisupervised and multi-view learning settings. The loss function that we employ here is also
a generalization of the SC-SVM loss functions proposed in (Mroueh et al., 2012). We also
show that our formulation is a generalization of the semi-supervised Laplacian SVM of
(Belkin et al., 2006), which is binary and single-view, to the multi-class and multi-view
learning settings.
The generality and advantage of our vector-valued RKHS approach is illustrated by the
fact that it can simultaneously (i) deal with any number of classes in multi-class classification, (ii) combine any number of views, (iii) combine the views using an arbitrary weight
vector, and (iv) compute all the different output functions associated with the individual
views, all by solving a single system linear of equations (in the case of least square loss)
or a single quadratic optimization problem (in the case of SVM loss). To the best of our
knowledge, this work is the first attempt to present a unified general learning framework
whose components have been only individually and partially covered in the literature.
Our optimization framework for computing the optimal weight vector for combining the
different views is also novel compared to typical multiple kernel learning methods in that

1.2 Our Contributions

it makes no mathematical constraints, such as non-negativity, on the combining weights.
This last aspect of our framework contrasts sharply with typical multiple kernel learning
methods, which need to constrain the combining weights to be non-negative in order to
guarantee the positive definiteness of the combined kernel. As a consequence, our optimization procedure for the combining weights is considerably simpler and has an almost
closed form solution in the least square case. We give a brief technical description on the
connections between our framework and multiple kernel and multi-task learning in the final
part of the paper. Empirically, experimental results reported in the current paper show
that our framework performs very favorably compared with state of the art multiple kernel
learning methods.
We compared the proposed framework from a methodological point of view with approaches that focus on combining different features in the input data. Our work is complementary to other approaches such as (Zeiler and Fergus, 2014; Razavian et al., 2014; He
et al., 2015), which are focused on engineering or learning the best features for the task at
hand. In fact, an interesting research direction would be the application of our framework
on top of those methods, which will be explored in a future work.
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Recent papers in the literature that are closely related to our work include (Rosenberg et al.,
2009; Sun, 2011; Luo et al., 2013a,b; Kadri et al., 2013). We analyze and compare each of
these methods to our proposed framework in the following.
In the scalar setting, two papers that seek to generalize the manifold regularization
framework of (Belkin et al., 2006) to the multi-view setting are (Rosenberg et al., 2009;
Sun, 2011). In (Sun, 2011), the author proposed a version of the Multi-view Laplacian
SVM, which, however, only deals with two views and is not generalizable to any number of
views. In (Rosenberg et al., 2009), the authors formulated a version of the semi-supervised
Multi-view learning problem for any number of views, but instead of solving it directly
like we do, they proposed to compute the Multi-view kernel and reduce the problem to
the supervised case. One problem with this approach is that the Multi-view kernel is
complicated analytically, which makes it difficult to implement efficiently in practice. It is
also unclear how this approach can be generalized to the multi-class setting.
In the vector-valued setting, papers dealing with multi-view learning include (Luo et al.,
2013a,b), where each view is used to define a kernel and a graph Laplacian, and the resulting
kernels and graph Laplacians are respectively linearly combined to give the final kernel
and final graph Laplacian. Thus this approach does not take into account between-view
consistency as in our approach. In (Luo et al., 2013a), which generalizes the vector-valued
regularization formulation of (Minh and Sindhwani, 2011), the loss function is the least
square loss. In (Luo et al., 2013b), the authors employed a multi-class SVM loss function,
which is the average of the binary SVM hinge loss across all components of the output
vector. To the best of our knowledge, we are not aware of any theoretical result on the
statistical consistency of this loss function.
In the direction of multi-class learning, many versions of multi-class SVM have appeared
in the literature, e.g. (Lee et al., 2004; Weston and Watkins, 1999; Crammer and Singer,
2001; Mroueh et al., 2012). In this paper, we employ a generalization of the multi-class
Simplex Cone SVM (SC-SVM) loss function proposed in (Mroueh et al., 2012), where it
was proved to be theoretically consistent.
Another work dealing with multi-view learning in the vector-valued approach is (Kadri
et al., 2013), which considers multi-view learning from the multi-task learning perspective,
see e.g. (Evgeniou et al., 2005), where different views of the same input example correspond
to different tasks which share the same output label. Their formulation does not have
an explicit view combination mechanism and is restricted to scalar-valued tasks and the
supervised setting. The resulting optimization problem is vector-valued regularized least
square regression in (Micchelli and Pontil, 2005), which is a special case of our general
learning framework.
Our multi-view learning approach can also be viewed as a form of multiple kernel learning, but it is different from typical multiple kernel learning approaches, see e.g. (Bach
et al., 2004; Bucak et al., 2014) in several aspects. First, it is formulated in both supervised
and semi-supervised settings. Second, it incorporates between-view interactions. Third,
3

i,j=1

functions1 ,

for all z ∈ X .

hwi , K(xi , zj )yj iW ,

i,j=1

i=1 Kxi wi ,

PN

for all f ∈ HK .

(2)
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1. Some authors, e.g. (Kadri et al., 2011) employ the terminology function-valued, which is equivalent to
vector-valued: a function is a vector in a vector space of functions (e.g. a Hilbert space of functions),
and an n-dimensional vector is a discrete function defined on n points.

hf (x), yiW = hf, Kx yiHK

which makes H0 a pre-Hilbert space. Completing H0 by adding the limits of all Cauchy
sequences gives the Hilbert space HK . The reproducing property is

h f, g iHK =

N
X

Consider the set H0 = span{Kx y | x ∈ X , y ∈ W} ⊂ W X . For f =
P
g= N
i=1 Kzi yi ∈ H0 , we define the inner product

(Kx y)(z) = K(z, x)y

N
for every finite set of points {xi }N
i=1 in X and {yi }i=1 in W. Given such a K, there exists
a unique W-valued RKHS HK with reproducing kernel K, which is constructed as follows.
For each x ∈ X and y ∈ W, form a function Kx y = K(., x)y ∈ W X defined by

In this section, we give a brief review of RKHS of vector-valued
for more detail
see e.g. (Carmeli et al., 2006; Micchelli and Pontil, 2005; Caponnetto et al., 2008; Minh and
Sindhwani, 2011). In the following, denote by X a nonempty set, W a real, separable Hilbert
space with inner product h·, ·iW , L(W) the Banach space of bounded linear operators on W.
Let W X denote the vector space of all functions f : X → W. A function K : X ×X → L(W)
is said to be an operator-valued positive definite kernel if for each pair (x, z) ∈ X × X ,
K(x, z)∗ = K(z, x), and
N
X
hyi , K(xi , xj )yj iW ≥ 0
(1)

2. Vector-Valued RKHS

We start by giving a review of vector-valued RKHS in Section 2. In Section 3, we state the
general optimization problem for our learning formulation, together with the Representer
Theorem, the explicit solution for the vector-valued least square case, and the quadratic
optimization problem for the vector-valued SVM case. We describe Vector-valued Multiview Learning in Section 4 and its implementations in Section 5, both for the least square
and SVM loss functions. Section 6 provides the optimization of the operator that combines
the different views for the least square case. Empirical experiments are described in detail
in Section 7. Connections between our framework and multi-kernel learning and multi-task
learning are briefly described in Section 8. Proofs for all mathematical results in the
paper are given in Appendix A.
||Kx : W → HK || ≤

p
||K(x, x)||,

i=1

l
X

i=1

l
X

i=1

i=1

l
X

Kxi f (xi ) =

i=1

l
X

Kxi Kx∗i f.

Kxi yi , y ∈ W l ,

Kxi yi iHK .

(5)

(4)

(M f )i =

j=1

u+l
X

6

Mij fj =

j=1

u+l
X

Mij f (xj ).
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(6)

Data-dependent Semi-norms. Let (x1 , . . . , xu+l ) ⊂ X , u, l ∈ N. Let M : W u+l →
W u+l ∈ L(W u+l ) be a symmetric, positive operator, that is hy, M yiW u+l ≥ 0 for all y ∈
W u+l . For f ∈ HK , let f = (f (x1 ), . . . , f (xu+l )) ∈ W u+l . The operator M : W u+l → W u+l
can be expressed as an operator-valued matrix M = (Mij )u+l
i,j=1 of size (u + l) × (u + l), with
each Mij : W → W being a linear operator, so that

Sx∗ Sx f =

i=1

l
X

and the operator Sx∗ Sx : HK → HK is given by

Sx∗ y = Sx∗ (y1 , . . . , yl ) =

i=1

l
X

l
X
hKx∗i f, yi iHK

hf, Kxi yi iHK = hf,

hf (xi ), yi iW =

Thus the adjoint operator Sx∗ : W l → HK is given by

=

hSx f, yiW l =

is bounded. Let x = (xi )li=1 ∈ X l , l ∈ N. For the sampling operator Sx : HK → W l defined
by Sx (f ) = (f (xi ))li=1 , for any y = (yi )li=1 ∈ W l ,

Sx f = Kx∗ f = f (x)

that is the sampling operator Sx : HK → W defined by

From this we deduce that for all x ∈ X and all f ∈ HK ,
p
||f (x)||W ≤ ||Kx∗ || ||f ||HK ≤ ||K(x, x)|| ||f ||HK ,

so that Kx is a bounded operator. Let Kx∗ : HK → W be the adjoint operator of Kx , then
from (2), we have
f (x) = Kx∗ f
for all x ∈ X , f ∈ HK .
(3)

which implies that

||Kx y||2HK = hK(x, x)y, yiW ≤ ||K(x, x)|| ||y||2W ,

Sampling Operators. For each x ∈ X , let Kx : W → HK be the operator with Kx y
defined as above, then

it does not constrain the combining weights to be non-negative, leading to a considerably
simpler optimization problem, with an almost closed form solution in the least square case.

1.3 Organization
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u+l
X

hf (xi ), Mij f (xj )iW .

We can then define the following semi-norm for f , which depends on the xi ’s:
hf , M f iW u+l =
i,j=1

(7)

3.1 Representer Theorem

Minh, Bazzani, and Murino

Kxi ai

The minimization problem (9) is guaranteed to always have a unique global solution, whose
form is given by the following Representer Theorem.

i=1

Pu+l

Theorem 2 The minimization problem (9) has a unique solution, given by fz,γ =
for some vectors ai ∈ W, 1 ≤ i ≤ u + l.

3.2 Least Square Case

i=1

j=1

Mik K(xk , xj )aj + γA ai = 0,

Pu+l

1X
2
2
||yi − Cf (xi )||Y
+ γA ||f ||H
+ γI hf , M f iWu+l ,
K
l

l

For the case V is the least square loss function, we solve the following problem:
fz,γ = argminf ∈HK

which has an explicit solution, given by the following.

Theorem 3 The minimization problem (10) has a unique solution fz,γ =
where the vectors ai ∈ W are given by

j,k=1

u+l
X

u+l
u+l
X
X
Mik K(xk , xj )aj + C ∗ C(
K(xi , xj )aj ) + lγA ai = C ∗ yi ,
j,k=1

γI

(12)

(11)

Kxi ai ,

(10)

This form of semi-norm was utilized in vector-valued manifold regularization (Minh and
Sindhwani, 2011).

(8)

lγI

for 1 ≤ i ≤ l, and

for l + 1 ≤ i ≤ u + l.

Theorem 4 The system of equations (11) and (12) in Theorem 3 is equivalent to

(C∗ CJlW,u+l K[x] + lγI M K[x] + lγA I)a = C∗ y,

8
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which has a unique solution a, where a = (a1 , . . . , au+l ), y = (y1 , . . . , yl ) are considered as
column vectors in W u+l and Y l , respectively.

(13)

The system of equations (11) and (12) can be reformulated in matrix form, which is more
readable and more convenient to implement efficiently. Let K[x] denote the (u + l) × (u + l)
operator-valued matrix whose (i, j) entry is K(xi , xj ). Let JlW,u+l : W u+l → W u+l denote
the diagonal matrix whose first l entries on the main diagonal are the identity operator
I : W → W, with the rest being 0. Let C∗ C : W u+l → W u+l be the (u + l) × (u + l)
diagonal matrix, with each diagonal entry being C ∗ C : W → W. Let C∗ : Y l → W u+l be
the (u + l) × l block matrix defined by C∗ = I(u+l)×l ⊗ C ∗ , where I(u+l)×l = [Il , 0l×u ]T and
C ∗ : Y → W.

3.2.1 Operator-valued Matrix Formulation

i=1

In the next two sections, we derive the forms of the solution fz,γ for the cases where V is
the least square loss and the SVM loss, both in the binary and multi-class settings.

∈ W u+l .

3. General Learning Framework

f=

(f (x1 ), . . . , f (xu+l ))

In this section, we state the general minimization problem that we wish to solve, which
includes Vector-valued Manifold Regularization and Multi-view Learning as special cases.
Let the input space be X , an arbitrary non-empty set. Let Y be a separable Hilbert
space, denoting the output space. Assume that there is an unknown probability measure ρ
u+l
l
on X × Y, and that we have access to a random training sample z = {(xi , yi )}i=1
∪ {xi }i=l+1
of l labeled and u unlabeled examples.
Let W be a separable Hilbert space. Let K : X × X → L(W) be an operator-valued
positive definite kernel and HK its induced Reproducing Kernel Hilbert Space of W-valued
functions.
Let M : W u+l → W u+l be a symmetric, positive operator. For each f ∈ HK , let

l

1X
2
V (yi , Cf (xi )) + γA ||f ||H
+ γI hf , M f iW u+l ,
K
l

(9)

Let V : Y × Y → R be a convex loss function. Let C : W → Y be a bounded linear
operator, with C ∗ : Y → W its adjoint operator.
The following is the general minimization problem that we wish to solve:
fz,γ = argminf ∈HK
i=1

with regularization parameters γA > 0, γI ≥ 0.
Let us give a general multi-view learning interpretation of the different terms in our
framework. If each input instance x has many views, then f (x) ∈ W represents the output
values from all the views, constructed by their corresponding hypothesis spaces. These
values are combined by the operator C to give the final output value in Y, which is not
necessarily the same as W. In (9), the first term measures the error between the final output
Cf (xi ) for xi with the given output yi , 1 ≤ i ≤ l.
The second summand is the standard RKHS regularization term.
The third summand, Multi-view Manifold Regularization, is a generalization of vectorvalued Manifold Regularization in (Minh and Sindhwani, 2011) and Multi-view Point Cloud
regularization in (Rosenberg et al., 2009): if there is only one view, then it is simply manifold
regularization; if there are many views, then it consists of manifold regularization along each
view, as well as consistency regularization across different views. We describe one concrete
realization of this term in Section 4.2.
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Remark 1 The framework is readily generalizable to the case the point evaluation functional f (x) is replaced by a general bounded linear operator. We describe this in Appendix
B.
7

l

P
X

i=1 k=1,k6=yi

1X
l

+ γA ||f ||2HK + γI hf , M f iW u+l ,

max (0, −hsk , syi iY + hsk , Cf (xi )iY )
(14)

(15)

9
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In the following, we assume that the map s is fixed for each P and also refer to the matrix
S = [s1 , . . . , sP ], with the ith column being si , as the simplex coding, whenever this coding
scheme is being used.
If the number of classes is P and S is the simplex coding, then Y = RP −1 and S is a
(P − 1) × P matrix. Let the number of views be m ∈ N. Let W = Y m = R(P −1)m . Then K

argmax1≤k≤P hb, sk i.

with regularization parameters γA > 0 and γI ≥ 0.
The components of (14) and their multi-class and multi-view learning interpretations
are as follows.
The vectors sk ’s in S represent the P different classes. One particular case for S, which
we employ in our numerical experiments, is the simplex coding for multi-class encoding, see
e.g. (Hill and Doucet, 2007; Wu and Lange, 2010; Saberian and Vasconcelos, 2011; Mroueh
et al., 2012). Recall that a simplex coding is a map sP
: {1, . . . , P } → RP −1 , such that:
1
(i) ||sk ||2 = 1; (ii) hsj , sk i = − P −1
, j 6= k; and (iii) Pk=1 sk = 0. The simplex codes
sk ’s form P maximally and equally separated vectors on the sphere SP −2 in RP −1 , each
2
representing one category. For
√ example, for P = 3,
√ one set of three R -valued code vectors
is: s1 = (1, 0), s2 = (−1/2, 3/2), s3 = (−1/2, − 3/2). In general, the simplex codes can
be computed by a recursive algorithm, see e.g. (Mroueh et al., 2012). The decoding process
is straightforward: given a vector b ∈ RP −1 , the category we assign to b is

fz,γ = argminf ∈HK

In this section, we give the solution of the optimization problem (9) when V is a generalization of the binary SVM hinge loss function to the multi-class setting. We first point
out one main difference between the least square and SVM cases. In the least square case,
there is a natural generalization from the scalar setting to the vector-valued setting, which
we treated in the previous section. In contrast, in the SVM case, many different versions
of the multi-class SVM loss function have been proposed. In the following, we consider
a generalization of the Simplex Cone SVM (SC-SVM) loss function proposed by (Mroueh
et al., 2012), where it was shown to be theoretically consistent.
Let the input space X be an arbitrary non-empty set and the output label space be the
discrete set cl(Y) = {1, . . . , P }, with P ∈ N, P ≥ 2, representing the number of classes. In
this setting, the random sample z = {(xi , yi )}li=1 ∪ {xi }u+l
i=l+1 is drawn from X × cl(Y).
Let W be a separable Hilbert space, K : X ×X → L(W) be a positive definite kernel with
value in the Banach space of bounded linear operators L(W) on W, and HK be the RKHS of
W-valued functions induced by K. Let Y be a separable Hilbert space. Let S = [s1 , . . . , sP ]
as a matrix, which is potentially infinite, with the ith column being si ∈ Y,
Pthen S can be
considered as a linear operator S : RP → Y, so that for b = (bi )Pi=1 , Sb = Pi=1 bi si .
Let C : W → Y be a bounded linear operator. Consider the following minimization
problem

3.3 Vector-valued Multi-view SVM
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max (0, −hsk , syi iY + hsk , Cf (xi )iY )

(17)

l

P
X

i=1 k=1,k6=yi

1X
l

ξki + γA ||f ||2HK + γI hf , M f iW u+l ,

(20)

(19)

(18)

i=1

u+l
X

K(x, xi )ai ,

ai ∈ W, 1 ≤ i ≤ u + l,

10

1
a = − (γI M K[x] + γA I)−1 (I(u+l)×l ⊗ C ∗ S)vec(αopt ),
2

with a = (a1 , . . . , au+l ) ∈ W u+l given by

fz,γ (x) =

(22)

(21)
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Theorem 6 The minimization problem (18) has a unique solution given by

Let αi = (α1i , . . . , αP i )T ∈ RP as a column vector, with αyi ,i = 0. Let α = (α1 , . . . , αl ) ∈
RP ×l as a matrix of size P × l.

ξki ≥ 0, 1 ≤ i ≤ l, k 6= yi .

ξki ≥ −hsk , syi iY + hsk , Cf (xi )iY , 1 ≤ i ≤ l, k 6= yi ,

subject to the constraints

fz,γ = argminf ∈HK ,ξki ∈R

Introducing slack variables ξki ’s into the optimization problem (14), we obtain the minimization problem

3.3.1 Solution of the Soft-Margin Multi-view SVM

Remark 5 We give the multi-class and multi-view learning interpretations and provide
numerical experiments for Y = RP −1 , W = Y m = R(P −1)m , with S being the simplex coding.
However, we wish to emphasize that optimization problems (14) and (18) and Theorems 6
and 7 are formulated for W and Y being arbitrary separable Hilbert spaces.

argmax1≤k≤P hsk , Cfz,γ (x)iY .

and the category assigned to x is

measures the error between the combined outputs from all the views for xi with every code
vector sk such that k 6= yi . It is a generalization of the SC-SVM loss function proposed in
(Mroueh et al., 2012).
For any x ∈ X ,
fz,γ (x) ∈ W, Cfz,γ (x) ∈ Y,
(16)

k=1,k6=yi

P
X

is a matrix-valued kernel: for each pair (x, t) ∈ X × X , K(x, t) is a (P − 1)m × (P − 1)m
matrix. The Hilbert space HK induced by K consists of functions f : X → W = R(P −1)m ,
that is for each x ∈ X , f (x) = (f 1 (x), . . . , f m (x)) ∈ R(P −1)m .
In the first component of (14), the loss function

Minh, Bazzani, and Murino

(29)

i=1

1 ≤ i ≤ l, 1 ≤ k ≤ P − 1.

If S is the simplex coding, then, under the same constraints,

1
1
β opt = argminβ∈R(P −1)×l vec(β)T Q[x, y, C]vec(β) −
1T
vec(β).
4
P − 1 (P −1)l

(30)

(31)

(32)

(35)

1
β opt = argminβ∈Rl β T Q[x, y, C]β − 1lT β,
4

(37)

(36)

12

(38)

(39)
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Special case: Laplacian SVM (Belkin et al., 2006). In (38) and (39), by setting
c = 1 (W = Y = R) (single-view) and M to be the graph Laplacian on the training data
u+l
{xi }i=1
, we obtain the Laplacian SVM of (Belkin et al., 2006).

1
a = (γI M K[x] + γA I)−1 (I(u+l)×l ⊗ c)diag(y)(β opt ),
2
T
Q[x, y, C] = diag(y)(I(u+l)×l
⊗ cT )K[x](γI M K[x] + γA I)−1 (I(u+l)×l ⊗ c)diag(y).

Corollary 8 (Binary case) Let S be the simplex coding and P = 2. Then in Theorem 7,

respectively, for a unique vector c ∈ W. It follows immediately that

subject to the constraints 0 ≤ βi ≤ 1l , 1 ≤ i ≤ l. The binary simplex code is S = [1, −1],
with S1̂ = −1 and S−1̂ = 1. Thus Sŷi = −yi . Furthermore, because Y = R, by the
Riesz representation theorem, the bounded linear operator C : W → R and its adjoint
C ∗ : R → W necessarily have the form

Cf (x) = hc, f (x)iW and C ∗ y = yc,

Binary case with simplex coding. For P = 2, we represent the discrete output
label set cl(Y) as cl(Y) = {±1}. In this case, β is simply a vector in Rl , and we solve the
optimization problem

T
αi = IP,ŷi βi and βi = IP,
yˆi αi .

It is straightforward to switch between α and β. Let IP,ŷi be the P × (P − 1) matrix
obtained by removing the yi column from the P × P identity matrix, then

(34)

T
⊗ C)K[x](γI M K[x] + γA I)−1 (I(u+l)×l ⊗ C ∗ )diag(Sŷ ). (33)
Q[x, y, C] = diag(Sŷ∗ )(I(u+l)×l

The symmetric, positive semidefinite, (P − 1)l × (P − 1)l matrix Q[x, y, C] is given by

1
0 ≤ βki ≤ ,
l

subject to the constraints

X
1
β opt = argminβ∈R(P −1)×l vec(β)T Q[x, y, C]vec(β) +
hsyi , Syˆi βi iY ,
4

l

where β opt = (β1opt , . . . , βlopt ) ∈ R(P −1)×l is a solution of the quadratic minimization problem

1
a = − (γI M K[x] + γA I)−1 (I(u+l)×l ⊗ C ∗ )diag(Sŷ )vec(β opt ),
2

Minh, Bazzani, and Murino

(26)

(25)

(24)

(23)
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P

Theorem 7 The minimization problem (18) has a unique solution given by fz,γ (x) =
Pu+l
u+l given by
i=1 K(x, xi )ai , with a = (a1 , . . . , au+l ) ∈ W

l

where ⊗ denotes the Kronecker tensor product, K[x] is the (u + l) × (u + l) operator-valued
matrix, with entry K[x]ij being the operator K(xi , xj ) : W → W, I(u+l)×l is the (u + l) × l
matrix of the form I(u+l)×l = [Il 0l×u ]T , and αopt = (α1opt , . . . , αlopt ) ∈ RP ×l is a solution
of the quadratic minimization problem
αopt
i=1 k=1

XX
1
= argminα∈RP ×l vec(α)T Q[x, C]vec(α) +
hsk , syi iY αki ,
4

subject to the constraints
1
0 ≤ αki ≤ (1 − δk,yi ), 1 ≤ i ≤ l, 1 ≤ k ≤ P.
l
The symmetric, positive semidefinite, P l × P l matrix Q[x, C] is given by
T
⊗ S ∗ C)K[x](γI M K[x] + γA I)−1 (I(u+l)×l ⊗ C ∗ S).
Q[x, C] = (I(u+l)×l

If S is the simplex coding, then
1
1
1T vec(α),
αopt = argminα∈RP ×l vec(α)T Q[x, C]vec(α) −
4
P − 1 Pl

with 1P l = (1, . . . , 1)T ∈ RP l , under the same constraints.

(28)

(27)

Special case: Simplex Cone Support Vector Machine (Mroueh et al., 2012).
For u = 0, γI = 0, W = Y = RP −1 , C = IP −1 (single-view), we obtain
1
a=−
(Il ⊗ S)vec(αopt ),
2γA
1
Q[x, C] =
(Il ⊗ S ∗ )K[x](Il ⊗ S),
γA

If S is the simplex coding, these together give us the quadratic optimization problem for
the Simplex Cone Support Vector Machine (SC-SVM) of (Mroueh et al., 2012).
3.3.2 An Equivalent Formulation

P
X

k=1,k6=yi

αki sk = Sŷi βi .

For P = 2, the simplex coding is S = [1, −1]. With this choice of S and W = Y = R,
C = 1, our formulation reduces to single-view binary SVM with manifold regularization,
which is precisely the Laplacian SVM of (Belkin et al., 2006). In this section, we give an
equivalent result to Theorem 6, namely Theorem 7 below, which includes the formulation
of the Laplacian SVM as a special case.
Let Sŷi be the matrix obtained from S by removing the yi th column and βi ∈ RP −1 be
the vector obtained from αi by deleting the yi th entry, which is equal to zero by assumption.
As a linear operator, S : RP −1 → Y and
ŷi

Sαi =

JMLR 17(25):1-72

Let diag(Sŷ ) be the l × l block diagonal matrix, with block (i, i) being Sŷi and β =
(β1 , . . . , βl ) be the (P − 1) × l matrix with column i being βi . As a linear operator,
diag(Sŷ ) : R(P −1)l → Y l .
11

∗

(41)

l

i=1

1X
V (yi , f (xi )) + γA ||f ||2HK + γI hf , M f iWu+l .
l

(42)

l

m

i=1

i=1

X
1X
V (yi , ϕ(xi )) +
γi ||f i ||2ki + γhf , M f iRm(u+l) ,
l
(43)

||f ||2HK =

13

i=1

m
X

then f = (f 1 , . . . , f m ) ∈ HK : X → Rm , with

γi ||f i ||2ki .

JMLR 17(25):1-72

(45)

for some convex loss function V , with γi > 0, i = 1, . . . , m, and γ ≥ 0. Problem (43) admits
a natural formulation in vector-valued RKHS. Let
1
1
K = diag( , . . . ,
) ∗ diag(k 1 , . . . , k m ) : X × X → Rm×m ,
(44)
γ1
γm

argminϕ:ϕ(x)=hc,f (x)i

and M ∈ Rm(u+l)×m(u+l) be positive semidefinite. The objective of Multi-view Point Cloud
Regularization (formula (4) in (Rosenberg et al., 2009)) is

f = (f 1 (x1 ), . . . , f 1 (xu+l ), . . . , f m (x1 ), . . . , f m (xu+l ))

Scalar Multi-view Learning. Let us show that the scalar multi-view learning formulation of (Sindhwani and Rosenberg, 2008; Rosenberg et al., 2009) can be cast as a special
case of our framework. Let Y = R and k 1 , . . . , k m be real-valued positive definite kernels on
X × X , with corresponding RKHS Hki of functions f i : X → R, with each Hki representing
one view. Let f = (f 1 , . . . , f m ), with f i ∈ Hki . Let c = (c1 , . . . , cm ) ∈ Rm be a fixed weight
vector. In the notation of (Rosenberg et al., 2009), let

fz,γ = argminf ∈HK

One particular case for this scenario is when W = Y and C : Y → Y is a unitary operator,
that is C ∗ C = CC ∗ = I. If Y = Rn and C : Rn → Rn is real, then C is an orthogonal
matrix. If C = I, then we recover the vector-valued Regularized Least Squares algorithm
(Micchelli and Pontil, 2005).
Vector-valued Manifold Regularization. Let W = Y and C = I. Then we obtain
the minimization problem for vector-valued Manifold Regularization (Minh and Sindhwani,
2011):

(K[x] + lγI)a = C y.

If u = 0, γI = 0, and γA = γ, then we have

We have shown above that in the SVM case, our framework includes the multi-class, supervised Simplex Cone SVM of (Mroueh et al., 2012) and the binary, semi-supervised Laplacian
SVM of (Belkin et al., 2006) as special cases. Before delving into concrete implementations,
in this section we give a list of other common kernel-based learning algorithms which are
special cases of our learning framework.
Vector-valued Regularized Least Squares. If C∗ C = I : W u+l → W u+l , then (13)
reduces to
(JlW,u+l K[x] + lγI M K[x] + lγA I)a = C∗ y.
(40)

3.4 Previous Work as Special Cases of the Current Framework

Unifying Vector-valued Manifold Regularization and Multi-view Learning

l

i=1

1X
V (yi , hc, f (xi )iRm ) + ||f ||2HK + γhf , M f iRm(u+l) .
l

(48)

(47)

(46)

(49)

14
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In the present context, the bounded linear operator C : W → Y is a (potentially infinite)
matrix of size dim(Y) × m dim(Y). This operator transforms the output vectors obtained
from the m views f i ’s in Y m into an output vector in Y. The simplest form of C is the
average operator:
1
Cf (x) = (f 1 (x) + · · · + f m (x)) ∈ Y.
(50)
m
Let ⊗ denote the Kronecker tensor product. For m ∈ N, let 1m = (1, . . . , 1)T ∈ Rm . The
matrix C is then
1
1
C = 1Tm ⊗ IY = [IY , . . . , IY ].
(51)
m
m

4.1 The Combination Operator

This gives rise to a vector-valued version of multi-view learning, where outputs from m
views, each one being a vector in the Hilbert space Y, are linearly combined. In the
following, we give concrete definitions of both the combination operator C and the multiview manifold regularization term M for our multi-view learning model.

Cf (x) = C1 f 1 (x) + · · · + Cm f m (x) ∈ Y.

In this and subsequent sections, we focus on a special case of our formulation, namely
vector-valued multi-view learning. For a general separable Hilbert space Y, let W = Y m
and C1 , . . . , Cm : Y → Y be bounded linear operators. For f (x) = (f 1 (x), . . . , f m (x)), with
each f i (x) ∈ Y, we define the combination operator C = [C1 , . . . , Cm ] : Y m → Y by

4. Vector-valued Multi-view Learning

The vector-valued formulation of scalar multi-view learning has the following advantages:
(i) The kernel K is diagonal matrix-valued and is obviously positive definite. In contrast,
it is nontrivial to prove that the multi-view kernel of (Rosenberg et al., 2009) is positive
definite.
(ii) The kernel K is independent of the ci ’s, unlike the multi-view kernel of (Rosenberg
et al., 2009), which needs to be recomputed for each different set ci ’s.
(iii) One can recover all the component functions f i ’s using K. In contrast, in (Sindhwani
and Rosenberg, 2008), it is shown how one can recover the f i ’s only when m = 2, but not
in the general case.

Cf (x) = hc, f (x)iRm = c1 f 1 (x) + · · · + cm f m (x).

This is a special case of (9), with W = Rm , Y = R, and C : Rm → R given by

fz,γ = argminf ∈HK

We can now recast (43) into

hc, f (x)iRm = hf, Kx ciHK .

By the reproducing property, we have
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i=1

m
X

ci f i (x) ∈ Y.

More generally, we consider a weight vector c = (c1 , . . . , cm )T ∈ Rm and define C as
C = cT ⊗ IY , with Cf (x) =
4.2 Multi-view Manifold Regularization

(52)

(53)

Generalizing the formulation in (Minh et al., 2013), we decompose the multi-view manifold
regularization term γI hf , M f iW u+l in (9) into two components
γI hf , M f iW u+l = γB hf , MB f iW u+l + γW hf , MW f iW u+l ,

(54)

where MB , MW : W u+l → W u+l are symmetric, positive operators, and γB , γW ≥ 0.
We call the first term between-view regularization, which measures the consistency of the
component functions across different views, and the second term within-view regularization,
which measures the smoothness of the component functions in their corresponding views.
We describe next two concrete choices for MB and MW .
Between-view Regularization. Let
T
Mm = mIm − 1m 1m
.

m
X

2
||aj − ak ||Y
.

(aj − ak )2 .

(57)

(56)

(55)

This is the m × m matrix with (m − 1) on the diagonal and −1 elsewhere. Then for
a = (a1 , . . . , am ) ∈ Rm ,
aT Mm a =
j,k=1,j<k

m
X

j,k=1,j<k

MB = Iu+l ⊗ (Mm ⊗ IY ).

aT (Mm ⊗ IY )a =

If each ai ∈ Y, then we have a ∈ Y m and

We define MB by

u+l
X

hf (xi ), (Mm ⊗ IY )f (xi )iY m =

m
X

i=1 j,k=1,j<k

u+l
X

2
||f j (xi ) − f k (xi )||Y
. (58)

Then MB is a diagonal block matrix of size m(u + l) dim(Y) × m(u + l) dim(Y), with each
block (i, i) being Mm ⊗ IY . For f = (f (x1 ), . . . , f (xu+l )) ∈ Y m(u+l) , with f (xi ) ∈ Y m ,
hf , MB f iY m(u+l) =

i=1

i=1

u+l
X
(f 1 (xi ) − f 2 (xi ))2 ,
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(59)

This term thus enforces the consistency between the different components f i ’s which represent the outputs on the different views. For Y = R, this is precisely the Point Cloud
regularization term for scalar multi-view learning
 (Rosenberg
 et al., 2009; Brefeld et al.,
1 −1
2006). In particular, for m = 2, we have M2 =
, and
−1 1
hf , MB f iR2(u+l) =

15
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j,k=1,j<k

u+l
X

i
Wjk
(aj − ak )2 .

which is the Point Cloud regularization term for co-regularization (Sindhwani and Rosenberg, 2008).
Within-view Regularization. One way to define MW is via the graph Laplacian.
For view i, 1 ≤ i ≤ m, let Gi be a corresponding undirected graph, with symmetric,
nonnegative weight matrix W i , which induces the scalar graph Laplacian Li , a matrix of
size (u + l) × (u + l). For a vector a ∈ Ru+l , we have
aT Li a =

i
Wjk
(aji − aki )2 .

2
i
.
Wjk
||aji − aki ||Y

(64)

(63)

(62)

(61)

Let L be the block matrix of size (u + l) × (u + l), with block (i, j) being the m × m diagonal
matrix given by
1
m
Li,j = diag(Lij
, . . . Lij
).
(60)

u+l
X

u+l
X

i=1 j,k=1,j<k

m
X

Then for a = (a1 , . . . , au+l ), with aj ∈ Rm , we have
aT La =

m
X

then

2
i
||f i (xj ) − f i (xk )||Y
.
Wjk

i=1 j,k=1,j<k

u+l
X

i=1 j,k=1,j<k

m
X

M W = L ⊗ IY ,

aT (L ⊗ IY )a =

If aj ∈ Y m , with aji ∈ Y, then

Define

hf , MW f iY m(u+l) =

Pm
is precisely a manifold regularization term within view
The ith summand in the sum i=1
i. This term thus enforces the consistency of the output along each view i, 1 ≤ i ≤ m.
Single View Case. When m = 1, we have Mm = 0 and therefore MB = 0. In this
case, we simply carry out manifold regularization within the given single view, using MW .

5. Numerical Implementation

JMLR 17(25):1-72

(65)

In this section, we give concrete forms of Theorems 4, for vector-valued multi-view least
squares regression, and Theorem 6, for vector-valued multi-view SVM, that can be efficiently
implemented. For our present purposes, let m ∈ N be the number of views and W = Y m .
Consider the case dim(Y) < ∞. Without loss of generality, we set Y = Rdim(Y) .
The Kernel. For the current implementations, we define the kernel K(x, t) by

K(x, t) = G(x, t) ⊗ R,

16

(66)



B = (Jlu+l ⊗ ccT ) + lγB (Iu+l ⊗ Mm ) + lγW L G[x],

(68)

j=1

K(vi , xj )aj .

17

fz,γ (v) = K[v, x]a = (G[v, x] ⊗ R)a = vec(RAT G[v, x]T ),
JMLR 17(25):1-72

Let K[v, x] denote the t × (u + l) block matrix, where block (i, j) is K(vi , xj ) and similarly,
let G[v, x] denote the t × (u + l) block matrix, where block (i, j) is the m × m matrix
G(vi , xj ). Then

fz,γ (vi ) =

u+l
X

Special cases. For m = 1, c = 1, equation (67) reduces to Equation 17 in (Minh and
Sindhwani, 2011). For R = IY , with Y = RP , equation (67) reduces to Equation 43 in
(Minh et al., 2013).
Evaluation on a testing sample. Having solved for the matrix A, and hence the
vector a in Theorem 10, we next show how the resulting functions can be efficiently evaluated
on a testing set. Let v = {v1 , . . . , vt } ∈ X be an arbitrary set of testing input examples,
with t ∈ N. Let fz,γ (v) = ({fz,γ (v1 ), . . . , fz,γ (vt )})T ∈ Y mt , with

which is of size (u + l)m × (u + l)m, A is the matrix of size (u + l)m × dim(Y) such that
a = vec(AT ), and YC is the matrix of size (u + l)m × dim(Y) such that C∗ y = vec(YCT ).
Jlu+l : Ru+l → Ru+l is a diagonal matrix of size (u + l) × (u + l), with the first l entries on
the main diagonal being 1 and the rest being 0.

where

Theorem 10 For C = cT ⊗ IY , c ∈ Rm , MW = L ⊗ IY , MB = Iu+l ⊗ (Mm ⊗ IY ), and the
kernel K as defined in (65), the system of linear equations (13) in Theorem 4 is equivalent
to the Sylvester equation
BAR + lγA A = YC ,
(67)

With the kernel K as defined in (65) and C and M as defined in Section 4, the system
of linear equations (13) in Theorem 4 becomes a Sylvester equation, which can be solved
efficiently, as follows.

5.1 Numerical Implementation for Vector-valued Multi-view Least Squares

Lemma 9 The matrix-valued kernel K is positive definite.

K[x] = G[x] ⊗ R.

Algorithm 1 Y-valued, m-view, semi-supervised least square regression and classification

where G : X × X → Rm×m is a matrix-valued positive definite kernel, with G(x, t) being an
m × m matrix for each pair (x, t) ∈ X × X . A concrete example of G, which we use in our
experiments, is given in Section 7. The bounded linear operator R : Y → Y is symmetric
and positive, and when dim(Y) < ∞, R is a symmetric, positive semi-definite matrix of
size dim(Y) × dim(Y). The Gram matrices of K and G are block matrices K[x] and G[x],
respectively, of size (u + l) × (u + l), with blocks (i, j) given by (K[x])ij = K(xi , xj ) and
(G[x])ij = G(xi , xj ). They are related by

i=1

X

dim(Y)

λi,R ri rTi .

(69)

i=1

18

dim(Y)
1 X
i
a=− [
Mreg
(I(u+l)×l ⊗ c) ⊗ ri rTi S]vec(αopt ),
2

JMLR 17(25):1-72

(70)

Theorem 11 Let γI M = γB MB + γW MW , C = cT ⊗ IY , and K(x, t) be defined as in (65).
Then in Theorem 6,

Under this representation of R and with the kernel K as defined in (65), Theorem 6 takes
the following concrete form.

R=

This section gives a concrete form of Theorem 6 for vector-valued multi-view SVM which
dim(Y)
can be efficiently implemented. Let {λi,R }i=1
be the eigenvalues of R, which are all
dim(Y)
nonnegative, with corresponding orthonormal eigenvectors {ri }i=1 . Then R admits the
orthogonal spectral decomposition

5.2 Numerical Implementation for Vector-valued Multi-view SVM

In particular, for v = x = (xi )u+l
i=1 , the original training sample, we have G[v, x] = G[x].
Algorithm. All the necessary steps for implementing Theorem 10 and evaluating its
solution are summarized in Algorithm 1. For P -class classification, Y = RP , and yi =
(−1, . . . , 1, . . . , −1), 1 ≤ i ≤ l, with 1 at the kth location if xi is in the kth class.

Input:
- Training data z = {(xi , yi )}li=1 ∪ {xi }u+l
i=l+1 , with l labeled and u unlabeled examples.
- Number of views: m.
- Output values: vectors in Y.
- Testing example: v.
Parameters:
- The regularization parameters γA , γB , γW .
- The weight vector c.
- A matrix-valued kernel G, with G(x, t) being an m × m matrix for each pair (x, t).
Procedure:
- Compute kernel matrix G[x] on input set x = (xi )u+l
i=1 .
- Compute matrix C according to (52).
- Compute graph Laplacian L according to (60).
- Compute matrices B, YC according to Theorem 10.
- Solve matrix equation BAR + lγA A = YC for A.
- Compute kernel matrix G[v, x] between v and x.
Output: fz,γ (v) = vec(RAT G[v, x]T ) ∈ Y m .
Y-valued regression: return Cfz,γ (v) ∈ Y.
Multi-class classification: return index of max(Cfz,γ (v)).

This algorithm implements and evaluates the solution of Theorem 10.
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X

dim(Y)
i=1

i
T
⊗ cT )G[x]Mreg
(I(u+l)×l ⊗ c) ⊗ λi,R S ∗ ri riT S,
(I(u+l)×l

i
Mreg
= [λi,R (γB Iu+l ⊗ Mm + γW L)G[x] + γA Im(u+l) ]−1 .

Q[x, C] =
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where

(71)

(72)

Evaluation phase. Having solved for αopt and hence a in Theorem 11, we next show
t
how the resulting functions can be efficiently evaluated on a testing set v = {vi }i=1
⊂ X.

(73)

Proposition 12 Let fz,γ be the solution obtained in Theorem 11. For any example v ∈ X ,

i=1

dim(Y)
X
1
i
T
⊗ cT )(Mreg
)T G[v, x]T ].
fz,γ (v) = − vec[
λi,R ri riT Sαopt (I(u+l)×l
2

i=1

dim(Y)
1 X
T
i
λi,R ri riT Sαopt (I(u+l)×l
⊗ cT )(Mreg
)T G[v, x]T c.
2

(76)

(75)

(74)

The combined function, using the combination operator C, is gz,γ (v) = Cfz,γ (v) and is
given by
gz,γ (v) = −

i=1

dim(Y)
1 X
T
i
λi,R S T ri riT Sαopt (I(u+l)×l
⊗ cT )(Mreg
)T G[v, x]T c.
=−
2

The final SVM decision function is hz,γ (v) = S T gz,γ (v) ∈ RP and is given by
hz,γ (v)

i=1

dim(Y)
1 X
T
i
λi,R S T ri riT Sαopt (I(u+l)×l
⊗ cT )(Mreg
)T G[v, x]T (It ⊗ c),
2

t
On a testing set v = {vi }i=1
⊂ X,

hz,γ (v) = −

as a matrix of size P × t, with the ith column being hz,γ (vi ).
Algorithm. All the necessary steps for implementing Theorem 11 and Proposition 12
are summarized in Algorithm 2.
5.2.1 Special case
Consider the case R = IY . Then Theorem 11 and Proposition 12 simplify to the following.

Mreg = [(γB Iu+l ⊗ Mm + γW L)G[x] + γA Im(u+l) ]−1 .

T
Q[x, C] = (I(u+l)×l
⊗ cT )G[x]Mreg (I(u+l)×l ⊗ c) ⊗ S ∗ S,

1
a = − [Mreg (I(u+l)×l ⊗ c) ⊗ S]vec(αopt ),
2
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Algorithm 2 Multi-class Multi-view SVM

This algorithm implements Theorem 11 and Proposition 12. In the case R = IY , it implei =M
ments Theorem 13 and Proposition 14, with Mreg
reg in (79), and equations (71), (73),
and (75) are replaced by (78), (80), and (82), respectively.

Input:
u+l
l
- Training data z = {(xi , yi )}i=1
∪ {xi }i=l+1
, with l labeled and u unlabeled examples.
- Number of classes: P . Number of views: m.
- Testing example: v.
Parameters:
- The regularization parameters γA , γB , γW .
- The weight vector c.
-A matrix-valued kernel G, with G(x, t) being an m × m matrix for each pair (x, t).
Procedure:
u+l
- Compute kernel matrices G[x] on x = (xi )i=1
and G[v, x] between v and x.
- Compute graph Laplacian L according to (60).
i according to (72).
- Compute matrices Mreg
- Compute matrix Q[x, C] according to (71)
- Solve quadratic optimization problem (23) for αopt .
Output: fz,γ (v), computed according to (73).
Classification: return argmax(hz,γ (v)), with hz,γ (v) ∈ RP computed according to (75).

(80)

Proposition 14 Let fz,γ be the solution obtained in Theorem 13. For any example v ∈ X ,

1
T
T
⊗ cT )Mreg
G[v, x]T ).
fz,γ (v) = − vec(Sαopt (I(u+l)×l
2

(82)

(81)

The combined function, using the combination operator C, is gz,γ (v) = Cfz,γ (v) ∈ RP −1
and is given by

1
T
T
gz,γ (v) = − Sαopt (I(u+l)×l
⊗ cT )Mreg
G[v, x]T c.
2

The final SVM decision function is hz,γ (v) = S T gz,γ (v) ∈ RP and is given by

1
T
T
hz,γ (v) = − S T Sαopt (I(u+l)×l
⊗ cT )Mreg
G[v, x]T c.
2

(83)

t , let h
P ×t be the matrix with the ith column being
On a testing set v = {vi }i=1
z,γ (v) ∈ R
hz,γ (vi ), then

1
T
T
hz,γ (v) = − S T Sαopt (I(u+l)×l
⊗ cT )Mreg
G[v, x]T (It ⊗ c).
2

5.2.2 Sequential Minimal Optimization (SMO)
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(78)

20

We provide an SMO algorithm, which is described in detail in Appendix A.4, to solve the
quadratic optimization problem (23) in Theorem 6, as part of Algorithm 2.
JMLR 17(25):1-72

(79)

(77)

Theorem 13 Let γI M = γB MB + γW MW , C = cT ⊗ IY , and K(x, t) be defined as in (65)
with R = IY . Then in Theorem 6,

and
where

19

l

i=1

1X
||yi − Cf (xi )||2Y
l
(84)

f (xi ) =

j=1

u+l
X

Kxj aj .

G[xi ] ∈ Rm×m(u+l) .

K(xi , xj )aj = K[xi ]a,

j=1

u+l
X

m−1
c∈Sα

min

21

1
||y − F [x]c||2Y l .
l
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(85)

Thus for f fixed, so that F [x] is fixed, the minimization problem (84) over c is equivalent
to the following optimization problem

i=1

1X
1
||yi − Cf (xi )||2Y = ||y − F [x]c||2Y l .
l
l

l

Let F [x] be an l×1 block matrix, with block F [x]i = RAT G[xi ]T , which is of size dim(Y)×m,
so that F [x] is of size dim(Y)l × m and F [x]c ∈ Y l . Then

Cf (xi ) = (cT ⊗ IY )(G[xi ] ⊗ R)a = (cT G[xi ] ⊗ R)a = vec(RAT G[xi ]T c) = RAT G[xi ]T c ∈ Y.

Since A is a matrix of size m(u + l) × dim(Y), with a = vec(AT ), we have

f (xi ) = (G[xi ] ⊗ R)a,

where K[xi ] = (K(xi , x1 ), . . . , K(xi , xu+l )). Since K[xi ] = G[xi ] ⊗ R, we have

Then

f=

We first point out a crucial difference between our framework and a typical multi-kernel
learning approach. Since our formulation does not place any constraint on c, we do not
require that ci ≥ 0, i = 1, . . . , m. Thus c is allowed to range over the whole sphere Sαm−1 ,
which considerably simplifies the optimization procedure.
The optimization problem (84) is not convex and one common approach to tackle it is
via Alternating Minimization. First we fix c ∈ Sαm−1 and solve for the optimal fz,γ ∈ HK ,
which is what we have done so far. Then we fix f and solve for c. Consider f of the form

+γA ||f ||2HK + γI hf , M f iWu+l .

fz,γ = argminf ∈HK ,c∈Sαm−1

In the learning formulation thus far, we have assumed that the combination operator C is
given and fixed. Our task then is to find the optimal function fz,γ ∈ HK that minimizes the
general learning objective (9) in Section 3, given the training data z and C. In this section,
we go one step further and show that both fz,γ and C can be simultaneously optimized
given the training data z alone.
For the time being, we consider the m-view least square learning setting, where C is
represented by a vector c ∈ Rm . Let Sαm−1 denote the sphere centered at the origin in
Rm with radius α > 0, that is Sαm−1 = {x ∈ Rm : ||x|| = α}. Consider the problem of
optimizing over both f ∈ HK and c ∈ Sαm−1 ,

6. Optimizing the Combination Operator
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(87)

= diag(µ1 , . . . , µm ) ∈

Rm×m ,

with µi , 1 ≤ i ≤

(88)

σi2 c2i
= α2 .
+ γ ∗ )2
x(γ ∗ ) = (AT A + γ ∗ Im )−1 AT b,

(σi2
i=1

r
X

(90)

(89)
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is the unique global solution of the minimization problem (86) in one of the following cases:

(I) The vector

s(γ ∗ ) =

Theorem 16 Assume that AT b 6= 0. Let c = U T b. Let γ ∗ be the unique real number in
the interval (−σr2 , ∞) such that

Theorem 15 Assume that AT b = 0. A global solution of the minimization problem (86)
is an eigenvector x∗ of AT A corresponding to the smallest eigenvalue µm , appropriately
normalized so that ||x∗ ||Rm = α. This solution is unique if and only if µm is single. Otherwise, there are infinitely many solutions, each one being a normalized eigenvector in the
eigenspace of µm .

where D =
m, being the

= diag(σ12 , . . . , σr2 , 0, . . . , 0)
eigenvalues of AT A ∈ Rm×m .
ΣT Σ

AT A = V ΣT ΣV T = V DV T ,

where U ∈ Rn×n , Σ ∈ Rn×m , V ∈ Rm×m , with U U T = U T U = In , V V T = V T V =
Im . Let r = rank(A), 1 ≤ r ≤ min{m, n}, then the main diagonal of Σ has the form
(σ1 , . . . , σr , 0, . . . , 0), with σ1 ≥ · · · σr > 0. Then

A = U ΣV T ,

The function ψ(x) = ||Ax−b||Rn : Rm → R is continuous. Thus over the sphere ||x||Rm = α,
which is a compact subset of Rm , ψ(x) has a global minimum and a global maximum.
The optimization problem (86) has been analyzed before in the literature under various
assumptions, see e.g. (Forsythe and Golub, 1965; Gander, 1981; Golub and von Matt,
1991). In this work, we employ the singular value decomposition approach described in
(Gander, 1981), but we 
do not
 impose any constraint on the matrix A (in (Gander, 1981),
A
it is assumed that rank
= m and n ≥ m). We next describe the form of the global
I
minimum of ψ(x).
Consider the singular value decomposition for A,

x∈R

Let A be an n × m matrix, b be an n × 1 vector, and α > 0. Consider the optimization
problem
(86)
minm ||Ax − b||Rn subject to ||x||Rm = α.

6.1 Quadratic Optimization on the Sphere

While the sphere Sαm−1 is not convex, it is a compact set and consequently, any continuous
function on Sαm−1 attains a global minimum and a global maximum. We show in the next
section how to obtain an almost closed form solution for the global minimum of (85) in the
case dim(Y) < ∞.
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c2i
i=1 σi2

Pr

> α2 .

x(0) = V y,

i=1

= α2 . If

Pr ci2
i=1 σi2

≤ α2 , then the
(91)

(92)
< α2 , then there are

1 ≤ i ≤ r, with yi , r + 1 ≤ i ≤ m, taking arbitrary values such that

Pr ci2
i=1 σi2
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1. rank(A) = m.
2. rank(A) = r < m and γ ∗ > 0.
3. rank(A) = r < m, γ ∗ < 0, and

ci
σi ,

(II) In the remaining case, namely rank(A) = r < m, γ ∗ ≤ 0, and
global solution of the minimization problem (86) is given by

where yi =

Pr ci2
i=1 σi2

m
r
X
X
ci2
.
yi2 = α2 −
σi2

i=r+1

This solution is unique if and only if
infinitely many solutions.

Remark 17 To solve equation (89), the so-called secular equation, we note that the funcPr
σi2 ci2
tion s(γ) = i=1
is monotonically decreasing on (−σr2 , ∞) and thus (89) can be
(σi2 +γ)2
solved via a bisection procedure.
Remark 18 We have presented here the solution to the problem of optimizing C in the
least square case. The optimization of C in the SVM case is substantially different and will
be treated in a future work.

7. Experiments
In this section, we present an extensive empirical analysis of the proposed methods on the
challenging tasks of multiclass image classification and species recognition with attributes.
We show that the proposed framework2 is able to combine different types of views and
modalities and that it is competitive with other state-of-the-art approaches that have been
developed in the literature to solve these problems.
The following methods, which are instances of the presented theoretical framework,
were implemented and tested: multi-view learning with least square loss function (MVLLS), MVL-LS with the optimization of the combination operator (MVL-LS-optC), multiview learning with binary SVM loss function in the one-vs-all setup (MVL-binSVM), and
multi-view learning with multi-class SVM loss function (MVL-SVM).
Our experiments demonstrate that: 1) multi-view learning achieves significantly better performance compared to single-view learning (Section 7.4); 2) unlabeled data can be
particularly helpful in improving performance when the number of labeled data is small

JMLR 17(25):1-72

2. The code for our multi-view learning methods is available at https://github.com/lorisbaz/
Multiview-learning.
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(Section 7.4 and Section 7.5); 3) the choice and therefore the optimization of the combination operator C is important (Section 7.6); and 4) the proposed framework outperforms
other state-of-the-art approaches even in the case when we use fewer views (Section 7.7).
In the following sections, we first describe the designs for the experiments: the construction of the kernels is described in Section 7.1, the used data sets and evaluation protocols
in Section 7.2 and the selection/validation of the regularization parameters in Section 7.3.
Afterward, Sections 7.4, 7.5, 7.6, and 7.7 report the analysis of the obtained results with
comparisons to the literature.
7.1 Kernels

i=1

m
X

k i (xi , ti )ei eiT ,

(93)

Assume that each input x has the form x = (x1 , . . . , xm ), where xi represents the ith view.
We set G(x, t) to be the diagonal matrix of size m × m, with

(G(x, t))i,i = k i (xi , ti ), that is G(x, t) =

i=1

m
X

k i [x] ⊗ ei eiT .

(94)

where k i is a scalar-valued kernel defined on view i and ei = (0, . . . , 1, . . . , 0) ∈ Rm is the
ith coordinate vector. The corresponding Gram matrices are related by
G[x] =

JMLR 17(25):1-72

Note that for each pair (x, t), G(x, t) is a diagonal matrix, but it is not separable, that is it
cannot be expressed in the form k(x, t)D for a scalar kernel k and a positive semi-definite
matrix D, because the kernels k i ’s are in general different.
To carry out multi-class classification with P classes, P ≥ 2, using vector-valued least
squares regression (Algorithm 1), we set Y = RP , and K(x, t) = G(x, t) ⊗ R, with R = IP .
For each yi , 1 ≤ i ≤ l, in the labeled training sample, we set yi = (−1, . . . , 1, . . . , −1), with
1 at the kth location if xi is in the kth class. When using vector-valued multi-view SVM
(Algorithm 2), we set S to be the simplex coding, Y = RP −1 , and K(x, t) = G(x, t) ⊗ R,
with R = IP −1 .
We remark that since the views are coupled by both the loss functions and the multiview manifold regularization term M , even in the simplest scenario, that is fully supervised
multi-view binary classification, Algorithm 1 with a diagonal G(x, t) is not equivalent to
solving m independent scalar-valued least square regression problems, and Algorithm 2 is
not equivalent to solving m independent binary SVMs.
We used R = IY for the current experiments. For multi-label learning applications, one
can set R to be the output graph Laplacian as done in (Minh and Sindhwani, 2011).
We empirically analyzed the optimization framework of the combination operator c in
the least square setting, as theoretically presented in Section 6. For the experiments with the
1
SVM loss, we set the weight vector c to be the uniform combination c = m
(1, . . . , 1)T ∈ Rm ,
leaving its optimization, which is substantially different from the least square case, to future
work.
In all experiments, the kernel matrices are used as the weight matrices for the graph
Laplacians, unless stated otherwise. This is not necessarily the best choice in practice but
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3. The complete data is available at http://www.robots.ox.ac.uk/~vgg/data/flowers/17/index.html.
4. The complete data is available at http://www.robots.ox.ac.uk/~vgg/software/MKL/.
5. The data set is available at http://www.vision.caltech.edu/visipedia/CUB-200-2011.html.

Three data sets were used in our experiments to test the proposed methods, namely, the
Oxford flower species (Nilsback and Zisserman, 2006), Caltech-101 (Fei-Fei et al., 2006),
and Caltech-UCSD Birds-200-2011 (Wah et al., 2011). For these data sets, the views are
the different features extracted from the input examples as detailed below.
The Flower species data set (Nilsback and Zisserman, 2006) consists of 1360 images of
17 flower species segmented out from the background. We used the following 7 extracted
features in order to fairly compare with (Gehler and Nowozin, 2009): HOG, HSV histogram,
boundary SIFT, foreground SIFT, and three features derived from color, shape and texture
vocabularies. The features, the respective χ2 kernel matrices and the training/testing splits3
are taken from (Nilsback and Zisserman, 2006) and (Nilsback and Zisserman, 2008). The
total training set provided by (Nilsback and Zisserman, 2006) consists of 680 labeled images
(40 images per class). In our experiments, we varied the number of labeled data lc =
{1, 5, 10, 20, 40} images per category and used 85 unlabeled images (uc = 5 per class) taken
from the validation set in (Nilsback and Zisserman, 2006) when explicitly stated. The
testing set consists of 20 images per class as in (Nilsback and Zisserman, 2006).
The Caltech-101 data set (Fei-Fei et al., 2006) is a well-known data set for object recognition that contains 102 classes of objects and about 40 to 800 images per category. We
used the features and χ2 kernel matrices4 provided in (Vedaldi et al., 2009), consisting of 4
descriptors extracted using a spatial pyramid of three levels, namely PHOW gray and color,
geometric blur, and self-similarity. In our experiments, we selected only the lower level of
the pyramid, resulting in 4 kernel matrices as in (Minh et al., 2013). We report results
using all 102 classes (background class included) averaged over three splits as provided in
(Vedaldi et al., 2009). In our tests, we varied the number of labeled data (lc = {5, 10, 15}
images per category) in the supervised setup. The test set contained 15 images per class
for all of the experiments.
The Caltech-UCSD Birds-200-2011 data set (Wah et al., 2011) is used for bird categorization and contains both images and manually-annotated attributes (two modalities)5 .
This data set is particularly challenging because it contains 200 very similar bird species
(classes) for a total of 11, 788 annotated images split between training and test sets. We
used the same evaluation protocol and kernel matrices of (Minh et al., 2013). Different
training sets were created by randomly selecting 5 times a set of lc = {1, 5, 10, 15} images
for each class. All testing samples were used to evaluate the method. We used 5 unlabeled
images per class in the semi-supervised setup. The descriptors consist of two views: PHOW
gray (Vedaldi et al., 2009) from images and the 312-dimensional binary vector representing
attributes provided in (Wah et al., 2011). The χ2 and Gaussian kernels were used for the
appearance and attribute features, respectively.

7.2 Data sets and Evaluation Protocols

we did not use additional information to compute more informative Laplacians at this stage
to have a fair comparison with other state of the art techniques.

Unifying Vector-valued Manifold Regularization and Multi-view Learning

(a) Flower species
γA
γB
γW
10−7 10−9 10−8
−7
−8
10
10
10−9
10−6 10−8 10−8

(b) Caltech-101
γA
γB
γW
−5
10
10−6 10−6
−5
−6
10
10
10−6
10−6 10−8 10−8

(c) Caltech Birds
γA
γB
γW
10−5 10−6 10−6
−5
−6
10
10
0
10−5 10−6
0
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The purpose of the experimental analysis in this section is to demonstrate that multi-view
learning significantly outperforms single-view learning.
First, we analyzed the contributions of each of the between-view and within-view regularization terms, given by (58) and (64), respectively, in the optimization problem (9). To
this end, we tested multi-view learning with the least squares loss function on Caltech-101.
A subset of 10 images for each class were randomly selected, with half used as labeled data
lc = 5 and the other half as unlabeled data uc = 5 (see Table 2, last column). We also
tested the proposed method in the one-shot learning setup, where the number of labeled
images is one per class lc = 1 (see Table 2, third column). The testing set consisted of 15
images per category. For this test, we selected the features at the bottom of each pyramid,
because they give the best performance in practice. We can see from Table 2 that both the
between-view and within-view regularization terms contribute to increase the recognition
rate, e.g. with lc = 1 the improvement is 2.35%. As one would expect, the improvement

7.4 Single-view Vs. Multi-view

Table 1: Parameters for Flower species, Caltech-101 and Caltech-UCSD Birds-200-2011
data sets.

Method
MVL-LS
MVL-binSVM
MVL-SVM

Let us specify the parameters we used in the experiments. Each method has three regularization parameters, namely, γA for the standard RKHS regularization, and γB and γW
for the multi-view manifold regularization. The only data set for which it was possible to
perform independent cross-validation is the Flower species data set which has a separate
validation set from the training set. For the other data sets, cross-validation was omitted in
order to have the same number of training examples and therefore to have a fair comparison
with the other state-of-the-art methods.
Cross-validation on the flower species data set was performed using the following set of
parameters: γA = {10−5 , 10−6 , 10−7 }, γB = {10−6 , 10−8 , 10−9 } and γW = {10−6 , 10−8 , 10−9 }.
Cross-validation was run on the experiment with lc = 10 labeled data per category. The
parameters found during validation were left the same for all the other experiments lc =
{1, 5, 20, 40} to have a fair comparison.
The parameters that performed the best on the validation set for the Flower species
data set are reported in Table 1, column a. We also report the parameters chosen for
Caltech-101 and the Caltech-UCSD Birds-200-2011 data set in Table 1 columns b and c,
respectively. Notice that the parameters vary across the different implementations of the
proposed framework and especially across the different data sets, as might be expected.

7.3 Regularization Parameters
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γW
0
10−6
0
10−6

Accuracy
lc = 1, uc = 5
30.59%
31.81%
32.44%
32.94%

Accuracy
lc = u c = 5
63.68%
63.97%
64.18%
64.2%

resulting from the use of unlabeled data is bigger when there are more unlabeled data than
labeled data, which can be seen by comparing the third and forth columns.
γB
0
0
10−6
10−6

Table 2: Results of MVL-LS on Caltech-101 using PHOW color and gray L2, SSIM L2 and
GB. The training set consists of 1 or 5 labeled data lc and 5 unlabeled data per
class uc , and 15 images per class are left for testing.

Accuracy
lc = 1, uc = 5
13.66%
17.1%
18.71%
20.31%
24.53%
25.64%
15.27%
20.83%
22.64%
25.01%
30.41%
30.20%
27.23%

Accuracy
lc = u c = 5
33.14%
42.03%
45.86%
45.38%
54.86%
56.75%
35.27%
45.12%
48.47%
44.49%
61.46%
62.37%
60.04%

To demonstrate that multi-view learning is able to combine features properly, we report
in Table 3 the performance in terms of average accuracy of each feature independently and
of the proposed methods with all 10 views combined (last three rows). The improvement
with respect to the view that gives the best results (PHOW gray L2) is 4.77% for the case
with lc = 1 (second column) and 5.62% for the case with lc = 5 (last column). It is also
worth noticing that all the proposed methods outperform the best single view (PHOW gray
L2). Moreover, it is important to point out that the best views for each feature correspond
to the L2 level. We show in Section 7.6 that the optimization of the combination operator
leads to very similar findings.
Feature
PHOW color L0
PHOW color L1
PHOW color L2
PHOW gray L0
PHOW gray L1
PHOW gray L2
SSIM L0
SSIM L1
SSIM L2
GB
MVL-LS
MVL-binSVM
MVL-SVM

Table 3: Results on Caltech-101 using each feature in the single-view learning framework
and all 10 features in the multi-view learning framework (last three rows).
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To further demonstrate the performance of multi-view learning, we run a similar experiment on the Caltech-UCSD Birds-200-2011 data set, with the results shown in Table 4. We
compare the results obtained by the single views (PHOW and attributes) with the proposed
27

lc = 1
2.75%
13.53%
14.31%
14.57%
14.15%

lc = 5
5.51%
30.99%
33.25%
33.50%
31.54%

lc = 10
8.08%
38.96%
41.98%
42.24%
39.30%
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PHOW
Attributes
MVL-LS
MVL-binSVM
MVL-SVM

lc = 5
42.1%
(1.2%)
46.5%
(0.9%)
54.2%
(0.6%)
64.0%
(1.0%)
64 .1 %
(0.7%)
63.6%
(0.4%)
64.4%
(0.4%)

lc = 10
55.1%
(0.7%)
59.7%
(0.7%)
65.0%
(0.9%)
71.0%
(0.3%)
71.4%
(0.3%)
70.6%
(0.2%)
71 .4 %
(0.2%)

lc = 15
9.92%
43.79%
46.74%
46.88%
43.86%

N/A

lc = 15
62.3%
(0.8%)
66.7%
(0.6%)
70.4%
(0.7%)
73.3%
(1.3%)
74.1%
(0.9%)
73 .5 %
(1.0%)

Table 4: Results on the Caltech-UCSD Birds-200-2011 data set in the semi-supervised
setup.

N/A

lc = 1

N/A

MKL
LP-B

N/A

31 .2 %
(1.1%)
31.0%
(1.3%)
30.6%
(1.0%)
32.4%
(1.2%)

LP-β
MVL-LS

MVL-SVM

MVL-binSVM

MVL-binSVM
(semi-sup. uc = 5)

Table 5: Results on Caltech-101 when increasing the number of labeled data and comparisons with other state of the art methods reported by (Gehler and Nowozin, 2009).
Best score in bold, second best score in italic.

multi-view learning methods (last three rows) when increasing the number of labeled data
per class lc = {1, 5, 10, 15}. In all the cases shown in the table, we obtain better results
using the proposed multi-view learning framework compared with single-view learning.
7.5 Increasing the Label Set Size
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In this section, we analyze the behavior of the proposed methods when increasing the size
of the set of labeled data, in both supervised and semi-supervised settings.
In Table 5, we reported the results in terms of accuracy and its standard deviation
(between brackets) on the Caltech-101 data set comparing with other state of the art methods. The first three rows report the results of the methods tested by (Gehler and Nowozin,
2009). The forth, fifth and sixth rows show the statistics of the proposed methods in the
supervised setup. We also reported the results of the best methods among the proposed
ones in the semi-supervised setup (with 5 unlabeled data for each class).
First, the results demonstrate that the proposed methods improve significantly when
increasing the size of the labeled set. This fact can be observed also for the Caltech-UCSD
Birds-200-2011 experiment in Table 4. More interestingly, when the number of labeled data
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lc = 1
39.41%
(1.06%)
39.71%
(1.06%)
39.31%
(1.62%)
41.86%
(2.50%)
40 .59 %
(2.35%)
34.80%
(1.11%)

lc = 5
65 .78 %
(3.68%)
64.80%
(4.42%)
65.29%
(4.04%)
66.08%
(3.45%)
65.49%
(4.58%)
65.49%
(4.17%)

lc = 10
74.41%
(1.28%)
74 .41 %
(0.29%)
74.41%
(1.28%)
75.00%
(1.06%)
74.22%
(0.68%)
74.41%
(0.49%)

lc = 20
81.76%
(3.28%)
81.08%
(3.09%)
81.67%
(2.78%)
82.35%
(2.70%)
81.57%
(2.67%)
81 .78 %
(2.61%)

lc = 40
86.37%
(1.80%)
86.08%
(2.21%)
86.08%
(1.80%)
85.78%
(2.78%)
85.49%
(0.74%)
86 .08 %
(1.51%)
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6. We did not run the optimization of c for lc = 15 because there is no validation set available for this case.
7. In our experiments, we used the following order: c1 = HOG, c2 = HSV, c3 = boundary SIFT, c4 =
foreground SIFT, c5 = color bag-of-features, c6 = texture bag-of-features, c7 = shape bag-of-features.

validation set is used to determine the best value of c found over all the iterations using
different initializations. We carried out the iterative optimization procedure 20 times, each
time with a different random unit vector as the initialization vector for c, and reported the
run with the best performance over the validation set.
The results of MVL-LS-optC for the Caltech-101 data set and the Flower data set are
reported in Tables 7, 8 and 9. We empirically set α = 2 and α = 1 in the optimization
problem (86) for the Caltech-101 data set and the Flower data set, respectively. MVLLS-optC is compared with MVL-LS which uses uniform weights. We analyze in the next
section how MVL-LS-optC compares with MVL-binSVM, MVL-SVM, and the state of the
art.
We first discuss the results on the Caltech-101 data set using all 10 kernels. Table 7
shows that there is a significant improvement from 0.4% to 2.5% with respect to the results
with uniform weights for the Caltech-101 data set. The best c found during training in the
case of lc = 10 was c∗ = (0.1898, 0.6475, −0.7975, 0.3044, 0.1125, −0.4617, −0.1531, 0.1210,
1.2634, 0.9778)T . Note that the ci ’s can assume negative values (as is the case here) and as
we show in Section 8.1, the contribution of the ith view is determined by the square weight
c2i . This experiment confirms our findings in Section 7.4: the best 4 views are PHOW color
L2, PHOW gray L2, SSIM L2 and GB, which are the c3 , c6 , c9 and c10 components of c,
respectively.
We now focus on the top 4 views and apply again the optimization method to see if
there is still a margin of improvement. We expect to obtain better results with respect
to 10 views because the 4-dimensional optimization should in practice be easier than the
10-dimensional one, given that the size of the search space is smaller. Table 8 shows the
results with the top 4 kernels. We observe that there is an improvement with respect to
MVL-LS that varies from 0.3% to 1.1%. We can also notice that there is not a significant
improvement of the results when using more iteration (25 vs. 50 iterations). We again
inspected the learned combination weights and discovered that in average they are very
close to the uniform distribution, i.e. c∗ = (−0.4965, −0.5019, −0.4935, −0.5073)T . This is
mainly because we pre-selected the best set of 4 kernels accordingly to the previous 10-kernel
experiment.
We finally used the best c learned in the case of lc = 10 to do an experiment6 with
lc = 15 on the Caltech-101. MVL-LS-optC obtains an accuracy of 73.85%, outperforming
MVL-LS (uniform), which has an accuracy of 73.33% (see Table 10).
For the Flower data set, Table 9 shows consistent results with the previous experiment. MVL-LS-optC outperforms MVL-LS (uniform weights) in terms of accuracy with
an improvement ranging from 0.98% to 4.22%. To have a deeper understanding about
which views are more important, we analyzed the combination weights of the best result in Table 9 (last row, last column). The result of the optimization procedure is
c∗ = (−0.3648, −0.2366, 0.3721, 0.5486, −0.4108, 0.3468, 0.2627)T which suggests that the
best accuracy is obtained by exploiting the complementarity between shape-based features
(c3 and c4 ) and color-based features (c5 ) relevant for flower recognition7 .
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In the previous experiments, the combination weight vector c was uniform, meaning that
each view (i.e. kernel) has the same importance during classification. However, in practice
it often happens that some views are more useful and informative than others. We observed this in our experiments, where different choices of the weights c gave rise to different
classification accuracies. In particular, we empirically found for the Flower data set using
MVL-LS that c = (0.1431, 0.1078, 0.1452, 0.1976, 0.0991, 0.1816, 0.1255)T yields an accuracy
of 87.75%, the state-of-the-art result for that data set. This suggests that there exists at
least one better choice for c.
In this section, we carry out an empirical analysis of the strategy presented in Section 6
which performs optimization to obtain the optimal weight vector c. We call this method
MVL-LS-optC. The analysis was performed on the Caltech-101 data set and the Flower
data set. For the experiment using the Caltech-101 data set, we created a validation set
by selecting 5 examples for each class from the training set. For the experiment using the
Flower data set, the validation set was already provided (see Section 7.2 for detail). The

7.6 Optimizing the Combination Operator

is 5 per class (third column), our methods strongly improve the best result of (Gehler and
Nowozin, 2009) by at least 9.4 percentage points. Similar observations can be made by
examining the results obtained by Bucak et al. (2014) for lc = 10 (Table 4 in their paper):
our best result in Table 5 (71.4%) outperforms their best result (60.3%) by 11.1 percentage
points. Moreover, one can see that the improvement when using unlabeled data (last row) is
bigger when there are many more of them compared with labeled data, as expected (see the
columns with 1 and 5 labeled images per class). When the number of labeled data increases,
the proposed methods in the supervised setup can give comparable or better results (see
the column with 10 labeled images per class). A similar behavior is shown in Table 6, when
dealing the problem of species recognition with the Flower data set. The best improvement
we obtained in the semi-supervised setup is with 1 labeled data per category. This finding
suggests that the unlabeled data provide additional information about the distribution in
the input space when there are few labeled examples. On the other hand, when there are
sufficient labeled data to represent well the distribution in the input space, the unlabeled
data will not provide an improvement of the results.

Table 6: Results on the Flower data set (17 classes) when increasing the number of training
images per class. Best score in bold, second best score in italic.

MVL-LS
(semi-sup.)
MVL-binSVM
(semi-sup.)
MVL-SVM
(semi-sup.)

MVL-SVM

MVL-binSVM

MVL-LS
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lc = 1
28.4%
(1.8%)
28.8%
(1.7%)

lc = 5
61.4%
(1.1%)
63.1%
(0.1%)

lc = 10
68.1%
(0.3%)
70.6%
(0.5%)
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MVL-LS (uniform)
MVL-LS-optC (25 it.)

lc = 1
31.2%
(1.1%)
32.1%
(1.5%)
32 .1 %
(2.3%)

lc = 5
64.0%
(1.0%)
64 .5 %
(0.9%)
64.7%
(1.1%)

lc = 10
71.0%
(0.3%)
71.3%
(0.4%)
71 .3 %
(0.5%)

Table 7: Results using the procedure to optimize the combination operator on Caltech-101
considering all 10 kernels. Best score in bold.

MVL-LS (uniform)
MVL-LS-optC (25 it.)
MVL-LS-optC (50 it.)

Table 8: Results using the procedure to optimize the combination operator on Caltech-101
using the top 4 kernels. Best score in bold, second best score in italic.

The proposed optimization procedure is powerful, with clear improvements in classification accuracies over the uniform weight approach. However, it comes with a price during
the training phase. Firstly, it is an iterative procedure, and therefore it is more computationally expensive with respect to the original MVL-LS formulation. In particular, it is NC
times more expensive than MVL-LS, where NC is the number of iterations. Secondly, since
the joint optimization of (c, fz,γ ) is non-convex, even though we are guaranteed to obtain
the global minimum for c during each single iteration, the final c is not guaranteed to be
the global minimum of the joint optimization problem itself.
7.7 Comparing with the State of the Art
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In this section, we show how the proposed methods compare with other state-of-the-art
approaches for each recognition problem.
In Table 10, we reported the best results we obtained for the task of object recognition
using Caltech-101 in the supervised setup. Observe that all the proposed methods outperform the other techniques, even though they use much less information: 4 kernels versus
e.g. 39 kernels in (Gehler and Nowozin, 2009).
In particular, we obtained the best result with the binary version of MVL in the one-vsall setup. This is not surprising since the one-vs-all approach has often been shown to be very
competitive in many computer vision tasks compared to proper multi-class formulations.
The second best result is obtained by MVL-LS-optC since it uses an additional optimization
step (of c) with respect to the other methods. The optimization of c for MVL-binSVM and
MVL-SVM is substantially different from the least square case and will be treated in a
future work.
In Table 11, we reported the best results obtained for the task of species recognition
using the Flower data set in the supervised setup. The proposed methods are compared
31

MVL-LS (uniform)
MVL-LS-optC (25 it.)
MVL-LS-optC (50 it.)

lc = 5
65.78%
(3.68%)
68 .53 %
(2.90%)
68.63%
(2.86%)

lc = 10
74.41%
(1.28%)
75 .00 %
(0.29%)
75.39%
(0.90%)
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lc = 1
39.41%
(1.06%)
43 .14 %
(3.38%)
43.63%
(3.25%)

# of Kernels
≥ 10
4
39
10
4
4
4
4

lc = 20
81 .76 %
(3.28%)
81.47%
(2.06%)
82.45%
(3.51%)

Accuracy
73.2%
73.00%
70.40%
71.10%
73.33%
73 .85 %
74.05%
73.55%

lc = 40
86.37%
(1.80%)
87 .25 %
(1.51%)
87.35%
(1.35%)

Table 9: Results using the procedure to optimize the combination operator on the Flower
data set. Best score in bold, second best score in italic.

Method
(Yang et al., 2009)
(Christoudias et al., 2009)
LP-β (Gehler and Nowozin, 2009)
MKL (Vedaldi et al., 2009)
MVL-LS
MVL-LS-optC
MVL-binSVM
MVL-SVM

Table 10: Comparison with state-of-the-art methods on the Caltech-101 data set using
PHOW color and gray L2, SSIM L2 and GB in the supervised setup (15 labeled
images per class). Best score in bold, second best score in italic.

Accuracy
85.2% (1.5%)
85.2% (1.5%)
85.4% (2.4%)
85.5% (3.0%)
86.0% (2.4%)
85.6% (0.0%)
87 .2 % (1.6%)
86.4% (1.8%)
87.35% (1.3%)
86.1% (2.2%)
86.1% (1.8%)

with MKL, LP-B and LP-β by (Gehler and Nowozin, 2009) as well as the more recent
results of MK-SVM Shogun, MK-SVM OBSCURE and MK-FDA from (Yan et al., 2012).
For this data set, our best result is obtained by the MVL-LS-optC method outperforming
also the recent method MK-FDA from (Yan et al., 2012). We note also, that even with
the uniform weight vector (MVL-LS), our methods outperform MK-FDA on Caltech-101,
which uses 10 kernels, see Figures 6 and 9 in (Yan et al., 2012).

Method
MKL (SILP)
MKL (Simple)
LP-B
LP-β
MK-SVM Shogun
MK-SVM OBSCURE
MK-FDA
MVL-LS
MVL-LS-optC
MVL-binSVM
MVL-SVM
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Table 11: Results on the Flower data set comparing the proposed method with other stateof-the-art techniques in the supervised setup. The first four rows are from (Gehler
and Nowozin, 2009) while rows 5-7 are methods presented by (Yan et al., 2012).
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X

i=1

c2i k i [v, x]

i=1

m
X

i=1

c2i k i [x]
+ lγA Il
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y.
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Q[x, y, C] =
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i=1

1
diag(Sŷ∗ )(Il ⊗ C)K[x](Il ⊗ C ∗ )diag(Sŷ ).
γA
P
i
T
For C = cT ⊗ IY , K(x, t) = G(x, t) ⊗ IY , G(x, t) = m
i=1 k (x, t)ei ei ,
!
m
X
1
Q[x, y, C] =
diag(Sŷ∗ )
c2i k i [x] ⊗ IY diag(Sŷ ),
γA
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Corollary 20 Consider the special case γI = 0, u = 0. Then in Theorem 7,

This is precisely P
the solution of scalar-valued regularized least square regression with the
2 i
combined kernel m
i=1 ci k (x, t).

Cfz,γ (v) =

In particular, if Y = R, then

Corollary 19 Consider the special case γI = 0, u = 0. The system of linear equations
(13) in Theorem 4 has solution

−1
a = (Il ⊗ C ∗ ) (Il ⊗ C)K[x](Il ⊗ C ∗ ) + lγA IY l
y.
(95)
Pm i
T
T
For C = c ⊗ IY , K(x, t) = G(x, t) ⊗ IY , and G(x, t) = i=1 k (x, t)ei ei , for any v ∈ X ,


!−1
m
m
X

X
2 i
2 i
Cfz,γ (v) =
ci k [v, x]
ci k [x] + lγA Il
⊗ IY y.
(96)



In this section, we briefly explore the connection between our multi-view learning framework
and multiple kernel learning, see e.g. (Bach et al., 2004). We show that in the purely
supervised setting, when γI = 0, u = 0, that is without unlabeled data andP
without betweeni
T
view regularization, for C = cT ⊗ IY , K(x, t) = G(x, t) ⊗ IY , G(x, t) = m
i=1 k (x, t)ei ei ,
we obtain supervised
learning
(vector-valued
least
square
regression
and
SVM)
with
the
P
2 i
i
combined kernel m
i=1 ci k (x, t)IY , where k is a scalar-valued kernel corresponding to view
i. In particular, for Y = R,Pwe obtain scalar-values least square regression and binary SVM
2 i
with the combined kernel m
i=1 ci k (x, t). Specifically, we have the following results.

8.1 Connection with Multiple Kernel Learning

There are two purposes in this brief section, which shows the close connection between
our framework and standard approaches in multi-kernel learning and multi-task learning.
Firstly, we show that in the supervised setting, our framework is a form of multi-kernel
learning, but with a crucial difference compared to typical multi-kernel learning methods,
namely the combination weight vector is not constrained to be non-negative. Secondly, we
also point out explicitly that several common scenarios in multi-task learning are special
cases of our general formulation.

8. Further Theoretical Analysis
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1
2γA
i=1

m
X

i=1

c2i k i [v, x] ⊗ IY

!

2 i
i=1 ci k (x, t).

||f ||2HK =

−1 k
Rkl
hf , f l iHG .
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k,l=1

n
X
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(99)

Lemma 22 Let K be defined by (98), where R is strictly positive definite. For f =
(f 1 , . . . , f n ) ∈ HK , with f k ∈ HG , we have

where R is a symmetric, positive semidefinite matrix of size n × n. The kernel K(x, t)
induces an RKHS of functions with values in the Hilbert space T n . Each function f ∈ HK
has the form f (x) = (f 1 (x), . . . , f n (x)), with f k ∈ HG , where f k (x) represents the output
corresponding to the kth task.
In the simplest scenario, W = Y = T n , C = I, and the minimization problem (9) thus
gives us a vector-valued semi-supervised multi-task learning formulation.
The tasks f k ’s are related by the following, which is a generalization of (Evgeniou et al.,
2005) (see their formulas (19), (20), (23)) to the nonlinear setting.

In this section, we briefly explore the connection between our learning formulation and
multi-task learning, see e.g. (Evgeniou et al., 2005) . Let n be the number of tasks, n ∈ N.
Consider the case where the tasks have the same input space. Let T be a separable
Hilbert space. Let G : X × X → L(T ) be an operator-valued positive definite kernel, which
induces an RKHS of functions with values in the Hilbert space T . Consider the kernel
K(x, t) of the form
K(x, t) = R ⊗ G(x, t),
(98)

8.2 Connection with Multi-task Learning

P
2 i
Remark 21 In the sum m
i=1 ci k (x, t), the coefficients ci ’s are automatically non-negative.
This is in accordance with the factPthat our formulation makes no mathematical constraint
i
on the coefficients ci ’s in the sum m
i=1 ci f (x). This is one difference between our approach
and the typical multiple
kernel
learning
setting
(Bach et al., 2004), where one considers a
P
i
sum of the form m
i=1 di k (x, t), where the di ’s must be non-negative to guarantee the positive
definiteness of the combined kernel.

This is precisely the solution of binary SVM with the combined kernel

Pm

diag(Sŷ )vec(β opt ).

!
m
X
1
2 i
Q[x, y, C] =
diag(y)
ci k [x] diag(y),
γA
i=1
!
m
X
1
2 i
Cfz,γ (v) = −
ci k [v, x] diag(y)β opt .
2γA

In the binary case, Y = R, so that

Cfz,γ (v) = −

and for any v ∈ X ,

Minh, Bazzani, and Murino

n
X
k=1

n

l=1

n

X
1X l 2
f ||HG .
+ (1 − λ)
||f k −
n

1−λ
1n 1nT , 0 < λ ≤ 1,
nλ

2
||f k ||H
G

R = In +

(101)

(100)
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In particular, for

we have
2
||f ||H
=λ
K
k=1

Consider the case when the tasks have different input spaces, such as in the approach
to multi-view learning (Kadri et al., 2013), in which each view corresponds to one task and
the tasks all share the same output label. Then we have m tasks for m views and we define
K(x, t) = G(x, t) ⊗ R,
as in Section 5, where G : X × X → Rm×m is a matrix-valued positive definite kernel,
R ∈ L(T ) is a symmetric, positive operator, so that each task has output in the Hilbert
space T . We obtain the formulation of (Kadri et al., 2013) if we set T = R, so that R = 1,
duplicate each label yi ∈ R into a vector (yi , . . . , yi ) ∈ Rm , and set G(x, t) to be their
covariance-based kernel, with γI = 0, u = 0.
We have thus shown how two different scenarios in multi-task learning fall within the
scope of our learning formulation. A more in-depth study of our framework in connection
with multi-task learning is left to future work.

9. Discussion, Conclusion, and Future Work
We have presented a general learning framework in vector-valued RKHS which encompasses
and generalizes many kernel-based learning algorithms in the literature. In particular, we
generalize
• the Vector-valued Manifold Regularization framework of (Minh and Sindhwani, 2011),
and thus also the vector-valued Regularized Least Square regression formulation of
(Micchelli and Pontil, 2005), which are single-view and formulated with the least
square loss, to the multi-view setting, formulated with both the least square and
multi-class SVM loss functions;
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• theoretical and empirical analysis for the SVM under different coding schemes other
than the simplex coding;

• theoretical analysis of our formulation, in particular when the numbers of labeled and
unlabeled data points go to infinity;

• further connections between our framework and Multi-task learning;

• exploration of our framework in combination with feature learning methods, particularly those coming from deep learning;

• further analysis to optimize the framework for large-scale classification problems.

Apart from the numerical experiments on object recognition reported in this paper, practical
applications for our learning framework so far include person re-identification in computer
vision (Figueira et al., 2013) and user recognition and verification in Skype chats (Roffo
et al., 2013). As we further develop and refine the current formulation, we expect to apply
it to other applications in computer vision, image processing, and bioinformatics.

Appendices.

The Appendices contain three sections. First, in Appendix A, we give the proofs for all
the main mathematical results in the paper. Second, in Appendix B, we provide a natural
generalization of our framework to the case the point evaluation operator f (x) is replaced
by a general bounded linear operator. Last, in Appendix C, we provide an exact description
of Algorithm 1 with the Gaussian or similar kernels in the degenerate case, when the kernel
width σ → ∞.

Appendix A. Proofs of Main Results

Notation: The definition of f as given by

f = (f (x1 ), . . . , f (xu+l )) ∈ W u+l ,

(102)

• the Simplex Cone SVM of (Mroueh et al., 2012) , which is supervised, to the multiview and semi-supervised settings, together with a more general loss function;

is adopted because it is also applicable when W is an infinite-dimensional Hilbert space.
For W = Rm ,
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This means that our matrix M is necessarily a permutation of the matrix M in (Rosenberg
et al., 2009) when they give rise to the same semi-norm.

f = (f 1 (x1 ), . . . , f 1 (xu+l ), . . . , f m (x1 ), . . . , f m (xu+l )).

This is different from (Rosenberg et al., 2009), where

f = (f 1 (x1 ), . . . , f m (x1 ), . . . , f 1 (xu+l ), . . . , f m (xu+l )).

• the Laplacian SVM of (Belkin et al., 2006), which is binary and single-view, to the
multi-class and multi-view settings.
The generality of the framework and the competitive numerical results we have obtained
so far demonstrate that this is a promising venue for further research exploration. Some
potential directions for our future work include
• a principled optimization framework for the weight vector c in the SVM setting, as
well as the study of more general forms of the combination operator C;
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• numerical experiments with different forms of the matrix-valued kernel K;
35

i=1

i=1

l
X

Kxi C ∗ CKx∗i f,

i=1

Kxi C ∗ bi .

hKxi C ∗ bi , f iHK .

(107)

(106)

(105)

(104)

(103)

i=1

l
X

Kxi C ∗ bi iHK = 0,

for all w ∈ W u+l . Thus

= hf,

i=1

Kxi wi iHK = 0,

37

f = Sx f = (f (x1 ), . . . , f (xu+l )) = 0.

hSx f, wiW u+l

u+l
X

Similarly, by the reproducing property, the sampling operator Sx satisfies

EC,x f = (CKx∗1 f, . . . , CKx∗l f ) = 0.

for all b ∈ Y l , since C ∗ bi ∈ W. Thus

hb, EC,x f iY l = hf,
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with C ∗ C : W → W.
Proof of Theorem 2. Denote the right handside of (9) by Il (f ). Then
PIl (f ) is coercive
and strictly convex in f , and thus has a unique minimizer. Let HK,x = { u+l
i=1 Kxi wi : w ∈
⊥ , the operator E
W u+l }. For f ∈ HK,x
C,x satisfies

∗
EC,x
EC,x f →

∗ E
The operator EC,x
C,x : HK → HK is then

∗
EC,x
: (b1 , . . . , bl ) →

i=1

l
X

l
X

hbi , CKx∗i f iY =

∗
The adjoint operator EC,x
: Y l → HK is thus

hb, EC,x f iY l =

l
X

with CKx∗i : HK → Y and Kxi C ∗ : Y → HK . For b = (b1 , . . . , bl ) ∈ Y l , we have

EC,x f = (CKx∗1 f, . . . , CKx∗l f ),

Consider the operator EC,x : HK → Y l , defined by

i=1

1X
V (yi , CKx∗i f ) + γA ||f ||2HK + γI hf , M f iWu+l .
l

l

the minimization problem (9) is

fz,γ = argminf ∈HK

Since f (x) =

Kx∗ f ,

A.1 Proof of the Representer Theorem
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i=1

l

1X
||yi − CKx∗i f ||2Y + γA ||f ||2HK + γI hf , M f iW u+l .
l

(109)

(108)

i=1

Kxi (M fz,γ )i =

k=1

u+l
X

Mik

j=1

u+l
X

i=1

u+l
X
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j,k=1

u+l
X

Kxi ai .

K(xk , xj )aj =

and

fz,γ =
j=1 K(xi , xj )aj ,

Pu+l

(M fz,γ )i =

We have fz,γ (xi ) =

i=1

l
X

Mik K(xk , xj )aj .
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Kxi C ∗ yi ,

u+l
l
X
C ∗ yi − C ∗ CKx∗i fz,γ
γI X
Kxi (M fz,γ )i +
Kxi
.
γA
lγA

i=1

u+l
X

This shows that there are vectors ai ’s in W such that

fz,γ = −

i=1

Kxi C ∗ CKx∗i fz,γ + lγA fz,γ + lγI
which we rewrite as

i=1

l
X

By definition of the operators EC,x and Sx , this is

∗
∗
∗
M Sx,u+l )fz,γ = EC,x
y.
(EC,x
EC,x + lγA I + lγI Sx,u+l

Proof of Theorem 3. By the Representer Theorem, (10) has a unique solution. Differentiating (109) and setting the derivative to zero gives

1
fz,γ = argminf ∈HK ||EC,x f − y||2Y l + γA ||f ||2HK + γI hf , M f iW u+l .
l

With the operator EC,x , (108) is transformed into the minimization problem

fz,γ = argminf ∈HK

We have for the least square case:

A.2 Proofs for the Least Square Case

with equality if and only if ||f1 ||HK = 0, that is f1 = 0. Thus the minimizer of (9) must lie
in HK,x .

For an arbitrary f ∈ HK , consider the orthogonal decomposition f = f0 + f1 , with f0 ∈
⊥ . Then, because ||f + f ||2
2
2
HK,x , f1 ∈ HK,x
0
1 HK = ||f0 ||HK + ||f1 ||HK , the result just obtained
shows that
Il (f ) = Il (f0 + f1 ) ≥ Il (f0 )

Minh, Bazzani, and Murino

=

=

j,k=1

Pu+l
j=1 K(xi , xj )aj .

Thus for 1 ≤ i ≤ l:

j=1

Pu+l
u+l
∗
∗
C
y
i − C C( j=1 K(xi , xj )aj )
γI X
=−
,
Mik K(xk , xj )aj +
γA
lγA

fz,γ (xi )
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Also

Kx∗i fz,γ
ai

u+l
X

j,k=1

u+l
γI X
j,k=1

Mik K(xk , xj )aj ,

Mik K(xk , xj )aj + γA ai = 0.

γA

u+l
u+l
X
X
Mik K(xk , xj )aj + C ∗ C(
K(xi , xj )aj ) + lγA ai = C ∗ yi .

j,k=1

which gives the formula
lγI

γI

ai = −

Similarly, for l + 1 ≤ i ≤ u + l,

which is equivalent to

This completes the proof.
Proof (first proof ) of Theorem 4. This is straightforward to obtain from Theorem 3
using the operator-valued matrix formulation described in the main paper.

+

∗
lγI Sx,u+l
M Sx,u+l

(111)

(110)

In the following, we give a second proof of Theorem 4, which is based entirely on
operator-theoretic notations. The proof technique should be of interest in its own right.
Proof (second proof ) of Theorem 4. By the Representer Theorem, (10) has a unique
solution. Differentiating (109) and setting the derivative to zero gives

+

lγA I

∗
∗
∗
M Sx,u+l )fz,γ = EC,x
y.
(EC,x
EC,x + lγA I + lγI Sx,u+l

For γA > 0, γI ≥ 0, the operator
∗
EC,x
EC,x

is clearly symmetric and strictly positive, so that the unique solution fz,γ is given by
∗
∗
∗
fz,γ = (EC,x
EC,x + lγA I + lγI Sx,u+l
M Sx,u+l )−1 EC,x
y.

∗
Sx,u+l
b=

u+l
X
i=1

Kxi bi
JMLR 17(25):1-72

∗
Recall the definitions of the operators Sx,u+l : HK → W u+l and Sx,u+l
: W u+l → HK :

Sx,u+l f = (Kx∗i f )u+l
i=1 ,
39



u+l



=

u+l
X

j=1

i=1

u+l

K(xi , xj )bj 
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u+l
X

i=1

Kxj bj 

∗
Sx,u+l Sx,u+l
= K[x].

j=1

: W u+l → W u+l given by


∗
Sx,u+l Sx,u+l

∗
Sx,u+l Sx,u+l
b = Kx∗i 

with the operator

so that

T
EC,x = (I(u+l)×l
⊗ C)Sx,u+l ,

l
T
⊗ C)Sx,u+l f,
EC,x f = (CKx∗i f )i=1
= (I(u+l)×l

The operator EC,x : HK → Y l is

so that
∗
and the operator EC,x
: Y l → HK is

∗
∗
(I(u+l)×l ⊗ C ∗ ).
EC,x
= Sx,u+l

= K[x]b,

(112)

(113)

(114)

T
As operators, I(u+l)×l ⊗ C ∗ : Y l → W u+l and I(u+l)×l
⊗ C : W u+l → Y l . The operator
∗ E
EC,x
C,x : HK → HK is then given by

∗
∗
(Jlu+l ⊗ C ∗ C)Sx,u+l : HK → HK ,
EC,x
EC,x = Sx,u+l

T
where Jlu+l = I(u+l)×l I(u+l)×l
is the (u + l) × (u + l) diagonal matrix, with the first l entries

on the main diagonal being 1, and the rest 0. As an operator, Jlu+l ⊗ C ∗ C : W u+l → W u+l .
∗
: W u+l → W u+l is given by
The operator EC,x EC,x

⊗ C ∗C +

lγA

lγI M )Sx,u+l fz,γ

#

(117)

(118)

(119)
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+ (I(u+l)×l ⊗ C ∗ )y

(116)

T
∗
T
∗
(I(u+l)×l ⊗ C ∗ ) = (I(u+l)×l
⊗ C)K[x](I(u+l)×l ⊗ C ∗ ).
EC,x EC,x
= (I(u+l)×l
⊗ C)Sx,u+l Sx,u+l
(115)

"

−(Jlu+l

Equation (110) becomes
h
i
∗
∗
Sx,u+l
(Jlu+l ⊗ C ∗ C + lγI M )Sx,u+l + lγA I fz,γ = Sx,u+l
(I(u+l)×l ⊗ C ∗ )y,
which gives

∗
fz,γ = Sx,u+l

∗
= Sx,u+l
a,

−(Jlu+l ⊗ C ∗ C + lγI M )Sx,u+l fz,γ + (I(u+l)×l ⊗ C ∗ )y
.
lγA

u+l
where a = (ai )i=1
∈ W u+l is

a=

40

+ lγI M )K[x]a + (I(u+l)×l ⊗
lγA

C ∗ )y
,

[(Jlu+l ⊗ C ∗ C + lγI M )K[x] + lγA IW u+l ]a = (I(u+l)×l ⊗ C ∗ )y.

⊗

C ∗C

(120)

41
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Remark 24 The coefficient matrix of the system of linear equations (13) in Theorem 4 has
the form (γI +AB), where A, B are two symmetric, positive operators on a Hilbert space H.
We show in Lemma 25 that the operator (γI + AB) is always invertible for γ > 0 and that
the inverse operator (γI + AB)−1 is bounded, so that the system (13) is always guaranteed a
unique solution, as we claim in Theorem 4. Furthermore, the eigenvalues of AB, when they
exist, are always non-negative, as we show in Lemma 26. This gives another proof of the
invertibility of (γI + AB) when H is finite-dimensional, in Corollary 27. This invertibility
is also necessary for the proofs of Theorems 6 and 7 in the SVM case.

Thus a is unique if and only if K[x] is invertible, or equivalently, K[x] is of full rank. For
us, our choice for a is always the unique solution of the system of linear equations (13) in
Theorem 4 (see also Remark 24 below).

fz,γ = 0 ⇐⇒ ||fz,γ ||HK = 0 ⇐⇒ a = 0 or a ∈ null(K[x]).

By the reproducing property,

∗
∗
∗
aiW u+l = ha, K[x]aiW u+l .
||fz,γ ||2HK = hSx,u+l
a, Sx,u+l
aiHK = ha, Sx,u+l Sx,u+l

P
Remark 23 (Uniqueness of a) . While the solution fz,γ = u+l
i=1 Kxi ai in Theorem 2 is
always unique, the expansion coefficient vectors ai ’s for fz,γ need not be unique. In fact, we
have

This completes the proof of the theorem.

a = [(Jlu+l ⊗ C ∗ C + lγI M )K[x] + lγA IW u+l ]−1 (I(u+l)×l ⊗ C ∗ )y.

is invertible by Lemma 25, with a bounded inverse. Thus the above system of linear
equations always has a unique solution

(Jlu+l ⊗ C ∗ C + lγI M )K[x] + lγA IW u+l : W u+l → W u+l ,

The operator-valued matrix on the left hand side,

or equivalently

a=

−(Jlu+l

Substituting this into equation (119), we obtain

∗
Sx,u+l fz,γ = Sx,u+l Sx,u+l
a = K[x]a.

∗
By definition of Sx,u+l and Sx,u+l
,
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which simplifies to
1
||xn || ≤
γ

42

||AB 1/2 || ||B 1/2 ||
1+
γ

γ||xn || ≤ ||yn || + ||AB 1/2 || ||B 1/2 xn || ≤ ||yn || +

This implies that

γxn = yn − ABxn .

!

||yn ||.
JMLR 17(25):1-72

||AB 1/2 || ||B 1/2 ||
||yn ||,
γ

γ||B 1/2 xn || ≤ ||B 1/2 yn || ≤ ||B 1/2 || ||yn ||.

γ||B 1/2 xn ||2 ≤ hxn , Byn i ≤ ||B 1/2 xn || ||B 1/2 yn ||,

From the assumption yn = T xn = γxn + ABxn , we have

so that

It follows that

hxn , Byn i = γ||B 1/2 xn ||2 + ||A1/2 Bxn ||2 .

By the symmetry and positivity of A and B, this is

Byn = γBxn + BABxn =⇒ hxn , Byn i = γhxn , Bxn i + hxn , BABxn i.

It thus remains for us to show that range(T ) is closed. Let {yn }n∈N be a Cauchy sequence
in range(T ), with yn = T xn for xn ∈ H. Then we have

This shows that T is 1-to-1. Similar arguments show that its adjoint T ∗ = γI + BA is
1-to-1, so that
range(T ) = (ker(T ∗ ))⊥ = {0}⊥ = H.

This is possible if and only if x = 0 or B 1/2 x = 0. If B 1/2 x = 0, x 6= 0, then T x = γx 6= 0.
Thus
T x = 0 ⇐⇒ x = 0.

γ||B 1/2 x||2 + ||A1/2 Bx||2 = 0.

By the symmetry and positivity of A and B, this is equivalent to

BT x = γBx + BABx = 0 =⇒ hx, BT xi = γhx, Bxi + hx, BABxi = 0.

This implies that

Proof Let T = γI + AB. We need to show that T is 1-to-1 and onto. First, to show that
T is 1-to-1, suppose that
T x = γx + ABx = 0.

Lemma 25 Let H be a Hilbert space and A, B : H → H be two bounded, symmetric,
positive operators. Then the operator (γI + AB) is invertible for any γ > 0 and the inverse
(γI + AB)−1 is bounded.

Minh, Bazzani, and Murino

1+

||AB 1/2 || ||B 1/2 ||
γ

!
||yn+1 − yn ||.

Unifying Vector-valued Manifold Regularization and Multi-view Learning

1
γ

Since T is linear, yn+1 − yn = T (xn+1 − xn ) and thus
||xn+1 − xn || ≤
Thus if {yn }n∈N is a Cauchy sequence in H, then {xn }n∈N is also a Cauchy sequence in H.
Let x0 = limn→∞ xn and y0 = T x0 , then clearly limn→∞ yn = y0 . This shows that range(T )
is closed, as we claimed, so that range(T ) = range(T ) = H, showing that T is onto. This
completes the proof.

Lemma 26 Let H be a Hilbert space. Let A and B be two symmetric, positive, bounded
operators in L(H). Then all eigenvalues of the product operator AB, if they exist, are real
and non-negative.
Proof Let λ be an eigenvalue of AB, corresponding to eigenvector x. Then
ABx = λx =⇒ BABx = λBx =⇒ hx, BABxi = λhx, Bxi.
Since both A and B are symmetric, positive, the operator BAB is symmetric, positive,
and therefore hx, BABxi ≥ 0. Since B is symmetric, positive, we have hx, Bxi ≥ 0, with
hx, Bxi = ||B 1/2 x||2 = 0 if and only if x ∈ null(B 1/2 ).
If x ∈ null(B 1/2 ), then ABx = 0, so that λ = 0.
If x ∈
/ null(B 1/2 ), then hx, Bxi > 0, and
hx, BABxi
≥ 0.
λ=
hx, Bxi
Consequently, we always have λ ≥ 0.

Corollary 27 Let A and B be two symmetric positive semi-definite matrices. Then the
matrix (γI + AB) is invertible for any γ > 0.
Proof The eigenvalues of (γI + AB) have the form γ + λ, where λ is an eigenvalue of AB
and satisfies λ ≥ 0 by Lemma 26. Thus all eigenvalues of (γI + AB) are strictly positive,
with magnitude at least γ. It follows that det(γI + AB) > 0 and therefore (γI + AB) is
invertible.

(121)

(122)
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Proof of Theorem 10. Recall some properties of the Kronecker tensor product:
(A ⊗ B)(C ⊗ D) = AC ⊗ BD,
(A ⊗ B)T = AT ⊗ B T ,
43

and
Thus the equation
is equivalent to

AXB = C

vec(ABC) = (C T ⊗ A)vec(B).

(125)

(124)

(123)

Minh, Bazzani, and Murino

(B T ⊗ A)vec(X) = vec(C).

In our context,γI M = γB MB + γW MW , which is

γI M = γB Iu+l ⊗ Mm ⊗ IY + γW L ⊗ IY .

JlW,u+l = Jlu+l ⊗ Im ⊗ IY .

C∗ C = (Iu+l ⊗ ccT ⊗ IY ).

C ∗ C = (c ⊗ IY )(cT ⊗ IY ) = (ccT ⊗ IY ).

(129)

(128)

(127)

(126)

K[x] = G[x] ⊗ R,

C∗ CJlW,u+l K[x] = (Jlu+l ⊗ ccT )G[x] ⊗ R.

JMLR 17(25):1-72

C∗ CJlW,u+l = (Jlu+l ⊗ ccT ⊗ IY ).

Using the properties stated in 121 and 122, we have for C = cT ⊗ IY ,
So then

It follows that
Then with
we have

γI M K[x] = (γB Iu+l ⊗ Mm + γW L)G[x] ⊗ R.

(B ⊗ R + lγA I(u+l)m ⊗ IY )vec(AT ),

(C∗ CJlW,u+l K[x] + lγI M K[x] + lγA I)a = C∗ y.

Consider again now the system

The left hand side is

where a = vec(AT ), A is of size (u + l)m × dim(Y), and


B = (Jlu+l ⊗ ccT ) + lγB (Iu+l ⊗ Mm ) + lγW L G[x].
Then we have the linear system

(B ⊗ R + lγA I(u+l)m ⊗ IY )vec(AT ) = vec(YCT ),

which, by properties (124) and (125), is equivalent to

RAT B T + lγA AT = YCT ⇐⇒ BAR + lγA A = YC .
This completes the proof.

44

with y = vec(Yl ),

∗
EC,x
y

=

∗
∗
EC,x
(EC,x EC,x

−1

+ lγA IY l )

−1

∗
y.
fz,γ = Sx,l
(Il ⊗ C ∗ ) (Il ⊗ C)K[x](Il ⊗ C ∗ ) + lγA IY l

+ lγA IHK )

−1

+ lγA I)fz,γ =

∗
EC,x
y,

y,

T

−1
⊗ IY }y.

45

i=1

i=1
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m
m
X
X
(Il ⊗ cT )G[x](Il ⊗ c) = (Il ⊗ cT )(
k i [x] ⊗ ei eTi )(Il ⊗ c) =
c2i k i [x],


−1
Cfz,γ (v) = {cT G[v, x](Il ⊗ c) (Il ⊗ cT )G[x](Il ⊗ c) + lγA Il
⊗ IY }y.
Pm i
T
With G[x] = i=1 k [x] ⊗ ei ei , we have


−1
⊗ IY }y.
fz,γ (v) = K[v, x]a = {G[v, x](Il ⊗ c) (Il ⊗ cT )G[x](Il ⊗ c) + lγA Il

For any v ∈ X ,



a = {(Il ⊗ c) (Il ⊗ c )G[x](Il ⊗ c) + lγA Il

With R = IY , this becomes

In this expression, the operator [(Il ⊗ C)K[x](Il ⊗ C ∗ ) + lγA ] : Y l → Y l is clearly symmetric
and strictly positive, hence is invertible. For C = cT ⊗ IY and K[x] = G[x] ⊗ R, we have

−1
a = (Il ⊗ c ⊗ IY ) (Il ⊗ cT )G[x](Il ⊗ c) ⊗ R + lγA IY l
y.


−1
a = (Il ⊗ C ∗ ) (Il ⊗ C)K[x](Il ⊗ C ∗ ) + lγA IY l
y.

∗ a, where a = (a )l
Thus in this case fz,γ = Sx,l
i i=1 is given by

that is

fz,γ =

∗
(EC,x
EC,x

which is equivalent to

∗
(EC,x
EC,x

Proof of Corollary 19 For γI = 0, u = 0, equation (110) becomes

Note that YCT and C ∗ Yu+l in general are not the same: YCT is of size dim(Y) × (u + l)m,
whereas C ∗ Yu+l is of size dim(Y)m × (u + l).

T
Yu+l = [y1 , . . . , yl , 0, . . . , 0] = [Yl , 0, . . . , 0] = Yl I(u+l)×l
.

and Yu+l is the dim(Y) × (u + l) matrix with the ith column being yi , 1 ≤ i ≤ l, with the
remaining u columns being zero, that is

Yl = [y1 , . . . , yl ],

where Yl is the dim(Y) × l matrix, whose ith column is yi , 1 ≤ i ≤ l, that is

T
) = vec(C ∗ Yu+l ),
vec(YCT ) = C∗ y = (I(u+l)×l ⊗ C ∗ )y = vec(C ∗ Yl I(u+l)×l

Remark 28 The vec operator is implemented by the flattening operation (:) in MATLAB.
To compute the matrix YCT , note that by definition
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With these, we obtain

i=1



i=1

c2i k i [v, x]
i=1

m
X

c2i k i [x]
+ lγA Il

!−1

⊗ IY






i=1

i=1

m
X

K(x, xi )ai =

i=1

m
X

[R ⊗ G(x, xi )]ai ∈ T n ,

y.

f k (x) =

i=1

m
X

f l (x) =

i=1

m
X

i,j=1

m
X

tr(ATi G(xi , xj )Aj R).

46
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T
R:,k
ATi G(xi , xj )Aj R:,k .

G(x, xi )Ai R:,l ,

hAi R:,k , G(xi , xj )Aj R:,k iT =
i,j=1

m
X

i,j=1

m
X

G(x, xi )Ai R:,k ∈ HG ,
where R:,k is the kth column of R, with norm

For

vec(G(x, xi )Ai R),

hvec(Ai ), vec(G(xi , xj )Aj R)iT n =
i,j=1

||f k ||2HG =

i=1

m
X

hai , (R ⊗ G(xi , xj ))aj iT n
i,j=1

m
X

[R ⊗ G(x, xi )]vec(Ai ) =

hai , K(xi , xj )aj iT n =
i,j=1
m
X

m
X

i=1

m
X

Each component f k , 1 ≤ k ≤ n, has the form

=

||f ||2HK =

with norm

f (x) =

where ai ∈ T n . Let Ai be the (potentially infinite) matrix of size dim(T ) × n such that
ai = vec(Ai ). Then

f (x) =

Proof of Lemma 22 Consider the function f ∈ HK of the form

i=1

In particular, for Y = R, we obtain

!−1 
m
m
X

X
Cfz,γ (v) =
c2i k i [v, x]
c2i k i [x] + lγA Il
y.


This completes the proof.

Cfz,γ (v) =


m
X

i=1

m
m
X
X
cT G[v, x](Il ⊗ c) = cT (
k i [v, x] ⊗ ei eTi )(Il ⊗ c) =
c2i k i [v, x].

Minh, Bazzani, and Murino

hf k , f l iHG =

k,l=1 i,j=1

n X
m
X

m
X

i,j=1

T
R:,k
AiT G(xi , xj )Aj R:,l .
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we have

Bkl hf k , f l iHG =
m X
n
X

T
Bkl R:,k
AiT G(xi , xj )Aj R:,l

T
Bkl R:,k
AiT G(xi , xj )Aj R:,l =

m
X

tr(BRT AiT G(xi , xj )Aj R)

tr(BRAiT G(xi , xj )Aj R), since R is symmetric.

i,j=1 k,l=1
m
X
i,j=1

i,j=1

Let B be a symmetric, positive definite matrix of size n × n. Consider the form
n
X

k,l=1

=
=

2
||f ||H
=
K

n
X

Bkl hf k , f l iHG .

1−λ
1n 1nT .
n

1−λ
1n 1nT ,
nλ

k,l=1

R = In +
B = R−1 = In −
n
X

n
1−λ X k l
hf , f iHG
n

l=1

1X l 2
f ||HG .
n

n

k,l=1

It follows that for R strictly positive definite and B = R−1 , we have

n
X

||f k −

2
||f k ||H
−
G

k=1

n
X

k=1

2
||f k ||H
+ (1 − λ)
G

Bkl hf k , f l iHG =

n
X

k,l=1

In particular, for 0 < λ ≤ 1 and

we have
Then
2
||f ||H
=
K

=λ
k=1

This result then extends to all f ∈ HK by a limiting argument. This completes the proof.

A.3 Proofs for the SVM case

l

P
X

i=1 k=1,k6=yi

1X
l
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2
ξki + γA ||f ||H
+ γI hf , M f iW u+l ,
K

Recall the optimization problem that we aim to solve
fz,γ = argminf ∈HK ,ξki ∈R
subject to the constraints
1 ≤ i ≤ l, k 6= yi .

ξki ≥ −hsk , syi iY + hsk , Cf (xi )iY , 1 ≤ i ≤ l, k 6= yi ,
ξki ≥ 0,

47

l X
X

i=1 k6=yi
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αki ≥ 0, βki ≥ 0, 1 ≤ i ≤ l, k 6= yi .

αki (ξki − [−hsk , syi iY + hsk , Cf (xi )iY ]) −

i=1 k6=yi

1XX
2
ξki + γA ||f ||H
+ γI hf , M f iW u+l
K
l

l

Proof of Theorem 6 The Lagrangian is

−

L(f, ξ, α, β) =

where
By the reproducing property

l X
X

i=1 k6=yi

(130)

(131)

(132)

(138)

(137)

(136)

(135)

(134)

βki ξki . (133)

βki ξki ,

i=1 k6=yi

l X
X

hsk , Cf (xi )iY = hC ∗ sk , f (xi )iW = hf, Kxi (C ∗ sk )iHK .
l

Thus the Lagrangian is

αki (ξki − [−hsk , syi iY + hf, Kxi (C ∗ sk )iHK ]) −

i=1 k6=yi

1XX
2
ξki + γA ||f ||H
+ γI hf , M f iW u+l
K
l
l X
X

i=1 k6=yi

∗
M Sx,u+l f iHK ,
hf , M f iW u+l = hSx,u+l f, M Sx,u+l f iW u+l = hf, Sx,u+l

−

L(f, ξ, α, β) =

Since
we have

i=1

u+l
X
hf , M f iW u+l
∗
= 2Sx,u+l
M Sx,u+l f = 2
Kxi (M f )i .
∂f

Differentiating the Lagrangian with respect to ξki and setting to zero, we obtain

∂L
1
1
= − αki − βki = 0 ⇐⇒ αki + βki = .
∂ξki
l
l

Differentiating the Lagrangian with respect to f , we obtain

i=1 k6=yi

i=1 k6=yi

Kxi ai .
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l X
X
∂L
∗
= 2γA f + 2γI Sx,u+l
M Sx,u+l f +
αki Kxi (C ∗ sk ).
∂f

i=1

u+l
l
1 XX
γI X
Kxi (M f )i −
αki Kxi (C ∗ sk ).
γA
2γA

Setting this derivative to zero, we obtain
f =−

i=1

u+l
X

This means there are vectors ai ∈ W, 1 ≤ i ≤ u + l, such that

f=

48

j,k=1

u+l
X

j,k=1

u+l
X

Mik K(xk , xj )aj .

j,k=1

u+l
γI X
Mik K(xk , xj )aj ,
γA

k6=yi

1
1 X
αki (C ∗ sk ) = − C ∗ Sαi ,
2
2

Mik K(xk , xj )aj + γA ai = 0.

ai = −

γI

j,k=1

u+l
X

k6=yi

K(xk , xj )aj =

(144)

(143)

(142)

(141)

(140)

(139)

i=1 k6=yi

l X
X

l

αki ([−hsk , syi iY + hsk , Cf (xi )iY ]) .

49

i=1 k6=yi

(147)

(146)

(145)
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1XX
∂L
∗
M Sx,u+l f = −
= 0 ⇐⇒ γA f + γI Sx,u+l
αki Kxi (C ∗ sk ).
∂f
2

From expression (137), we have

+

L(f, ξ, α, β) = γA ||f ||2K + γI hf , M f iW u+l

With condition (136), the Lagrangian (133) simplifies to

1
a = − (γI M K[x] + γA I)−1 (I(u+l)×l ⊗ C ∗ S)vec(α).
2

By Lemma 25, the operator (γI M K[x] + γA I) : W u+l → W u+l is invertible, with a bounded
inverse, so that

1
(γI M K[x] + γA I)a = − (I(u+l)×l ⊗ C ∗ S)vec(α).
2

In operator-valued matrix notation, (141) and (143) together can be expressed as

or equivalently,

j=1

u+l
X

K(xk , xj )aj ,

Mik K(xk , xj )aj + γA ai = −

j,k=1

Mik

j=1

u+l
X

1 X
Mik K(xk , xj )aj −
αki (C ∗ sk ),
2γA

k=1

u+l
X

u+l
X

Mik fk =

fk = f (xk ) =

since αyi ,i = 0. For l + 1 ≤ i ≤ u + l,

γI

or equivalently,

k=1

u+l
X

γI
ai = −
γA

(M f )i =

For 1 ≤ i ≤ l,

so that

This gives
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k6=yi

X

we have

j=1

k6=yi

hK(xi , xj )aj , C ∗ sk iW ,

u+l
X
X
αki C ∗ sk iW
hK(xi , xj )aj ,

j=1

u+l
X

i=1 k6=yi

l

1XX
αki hf, Kxi (C ∗ sk )iHK .
2

u+l

l

i=1 j=1

l

u+l

1X X
h
K(xi , xj )aj , C ∗ Sαi iW
2

j=1

i=1 k6=yi

l X
X

1
hsk , syi iY αki − vec(α)T Q[x, C]vec(α),
4

50

(155)

(154)

(153)

(152)

(151)

(150)

(149)

(148)
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T
Q[x, C] = (I(u+l)×l
⊗ S ∗ C)K[x](γI M K[x] + γA I)−1 (I(u+l)×l ⊗ C ∗ S).

where the matrix Q[x, C] is given by

L(α) = −

Combining (146), (148), and (153), we obtain the final form of the Lagrangian

1
T
γA ||f ||2HK + γI hf , M f iW u+l = vec(α)T (I(u+l)×l
⊗ S ∗ C)K[x]
4
× (γI M K[x] + γA I)−1 (I(u+l)×l ⊗ C ∗ S)vec(α).

Substituting the expression for a in (145) into (152), we obtain

1
T
⊗ S ∗ C)K[x]a.
γA ||f ||2HK + γI hf , M f iW u+l = − vec(α)T (I(u+l)×l
2

In operator-valued matrix notation, this is

i=1

1X ∗ X
=−
hS C
K(xi , xj )aj , αi iRP .
2

γA ||f ||2HK + γI hf , M f iW u+l = −

j=1

u+l
X
=
hK(xi , xj )aj , C ∗ Sαi iW .

αki hf, Kxi (C ∗ sk )iHK =

hf, Kxi (C ∗ sk )iHK =

j=1 Kxj aj ,

Pu+l

Combining this with (148), we obtain

so that

With f =

γA ||f ||2HK + γI hf , M f iW u+l = −

Taking inner product with f on both sides, we get

Minh, Bazzani, and Murino

(158)

(157)

(156)

Unifying Vector-valued Manifold Regularization and Multi-view Learning

We need to maximize the Lagrangian subject to the constraints
0 ≤ αki

1
≤ , 1 ≤ i ≤ l, k 6= yi .
l

Since αyi ,i = 0, these constraints can be written as
0 ≤ αki
P

1
≤ (1 − δk,yi ), 1 ≤ i ≤ l, 1 ≤ k ≤ P.
l

Equivalently, under the same constraints, we minimize
l

i=1 k=1

XX
1
D(α) = vec(α)T Q[x, C]vec(α) +
hsk , syi iY αki .
4

hsk , syi iY αki = −

P

i=1 k=1

1
1 XX
αki = −
1T vec(α).
P −1
P − 1 Pl

l

1
for k 6= yi , and αyi ,i = 0, so that
When S is the simplex coding, we have hsk , syi iY = − P −1
l X
P
X
i=1 k=1

This gives the last expression of the theorem.
Let us show that Q[x, C] is symmetric and positive semidefinite. To show that Q[x, C]
is symmetric, it suffices to show that K[x](γI M K[x] + γA I)−1 is symmetric. We have
(γI K[x]M + γA I)K[x] = K[x](γI M K[x] + γA I),
which is equivalent to
K[x](γI M K[x] + γA I)−1 = (γI K[x]M + γA I)−1 K[x] = (K[x](γI M K[x] + γA I)−1 )T
by the symmetry of K[x] and M , showing that K[x](γI M K[x] + γA I)−1 is symmetric. The
positive semidefiniteness of Q[x, C] simply follows from (153). This completes the proof of
the theorem.

u+l
X

u+l
X

Mik K(xk , xj )aj + γA ai = 0.

1
1
Mik K(xk , xj )aj + γA ai = − C ∗ Sαi = − C ∗ Sŷi βi .
2
2

(160)

(159)

Proof of Theorem 7 Let Sŷi be the matrix obtained from S by removing the yi th column
and βi ∈ RP −1 be the vector obtained from αi by deleting the yi th entry, which is equal to
zero by assumption. As in the proof of Theorem 6, for 1 ≤ i ≤ l,
γI

j,k=1

For l + 1 ≤ i ≤ u + l,
γI

j,k=1

JMLR 17(25):1-72

(161)

Let diag(Sŷ ) be the l × l block diagonal matrix, with block (i, i) being Sŷi . Let β =
(β1 , . . . , βl ) be the (P − 1) × l matrix with column i being βi . In operator-valued matrix
notation, (159) and (160) together can be expressed as
1
(γI M K[x] + γA I)a = − (I(u+l)×l ⊗ C ∗ )diag(Sŷ )vec(β).
2
51

Minh, Bazzani, and Murino

u+l

u+l

i=1

l
X

hsyi , Syˆi βi iY .

1
T
⊗ C)K[x]
= vec(β)T diag(Sŷ∗ )(I(u+l)×l
4
× (γI M K[x] + γA I)−1 (I(u+l)×l ⊗ C ∗ )diag(Sŷ )vec(β).

αki hsk , syi iY =

1
hsyi , Syˆi βi iY − vec(β)T Q[x, y, C]vec(β),
4

(167)

(166)

(165)

(164)

(163)

(162)

By Lemma 25, the operator (γI M K[x] + γA I) : W u+l → W u+l is invertible, with a bounded
inverse, so that

l

1
a = − (γI M K[x] + γA I)−1 (I(u+l)×l ⊗ C ∗ )diag(Sŷ )vec(β).
2
As in the proof of Theorem 6,
2
γA ||f ||H
+ γI hf , M f iW u+l
K

u+l

l

j=1

1X ∗ X
hSŷi C
K(xi , xj )aj , βi iRP −1 .
2

i=1

i=1 j=1

1X X
h
K(xi , xj )aj , C ∗ Sŷi βi iW
2

l

i=1 j=1

1X X
=−
h
K(xi , xj )aj , C ∗ Sαi iW
2

=−

=−

In operator-valued matrix notation, this is

1
2
T
γA ||f ||H
+ γI hf , M f iW u+l = − vec(β)T diag(Sŷ∗ )(I(u+l)×l
⊗ C)K[x]a.
K
2

+

γI hf , M f iW u+l

Substituting the expression for a in (162) into (164), we obtain
2
γA ||f ||H
K

We now note that

l X
X

i=1 k6=yi

i=1

l
X

Combining (146), (166), (148), and (165), we obtain the final form of the Lagrangian
L(β) = −

where the matrix Q[x, y, C] is given by

JMLR 17(25):1-72

(170)

(169)

T
Q[x, y, C] = diag(Sŷ∗ )(I(u+l)×l
⊗ C)K[x](γI M K[x] + γA I)−1 (I(u+l)×l ⊗ C ∗ )diag(Sŷ ).(168)

1 ≤ i ≤ l, 1 ≤ k ≤ P − 1.

We need to maximize the Lagrangian subject to the constraints
1
0 ≤ βki ≤ ,
l

Equivalently, under the same constraints, we minimize

l

i=1

X
1
D(β) = vec(β)T Q[x, y, C]vec(β) +
hsyi , Syˆi βi iY .
4

52

i=1

l
X

hsyi , Syˆi βi iY = −

1
vec(β),
1T
P − 1 (P −1)l

1
1T β i .
P − 1 P −1

hyi , K(xi , xj )yj iRmd = yT K[x]y ≥ 0,

i=1

Ai ⊗

ui uTi

+ γIN n =

i=1

n
X

Ai ⊗

ui uTi

+ γIN ⊗

i=1

n
X

ui uTi

=

i=1

n
X

(Ai + γIN ) ⊗

ui uTi .

53
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Noting that hui , uj i = δij , the expression for the inverse matrix then follows immediately
by direct verification.

i=1

n
X

Proof
By definition of orthogonal matrices, we have U U T = In , which is equivalent to
Pn
u
uTi = In , so that
i
i=1

i=1

Lemma 30 Let N, n ∈ N and γ > 0. Let U be an orthogonal matrix of size n × n, with
columns u1 , . . . , un . Let Ai be N × N matrices such that (Ai + γIN ) is invertible for all i,
1 ≤ i ≤ n. Then
!−1
n
n
X
X
Ai ⊗ ui uTi + γIN n
=
(Ai + γIN )−1 ⊗ ui uTi .
(171)

To prove Theorem 11, we need the following result.

is positive semi-definite for any set x. This completes the proof.

K[x] = G[x] ⊗ R

where y = (y1 , . . . , yN ) ∈
as a column vector. This is equivalent to showing that the
Gram matrix K[x] of size mdN × mdN is positive semi-definite for any set x.
By assumption, G is positive definite, so that the Gram matrix G[x] of size mN × mN
is positive semi-definite for any set x. Since the Kronecker tensor product of two positive
semi-definite matrices is positive semi-definite, the matrix

RmdN

i,j=1

N
X

Proof Let d = dim(Y). Consider an arbitrary set of points x = {xi }N
i=1 in X and an
md . We need to show that
arbitrary set of vectors {yi }N
i=1 in R

Lemma 29 The matrix-valued kernel K is positive definite.

giving the last expression of the theorem. This completes the proof.

It follows then that

hsyi , Syˆi βi iY = hSyTˆi syi , βi iY = −

If S is the simplex coding, then
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i=1

X

dim(Y)

[λi,R (γB Iu+l ⊗ Mm + γW L)G[x] + γA Im(u+l) ]−1 ⊗ ri rTi

λi,R (γB Iu+l ⊗ Mm + γW L)G[x] ⊗ ri rTi .

λi,R ri rTi ,

i
i
Mreg
⊗ ri rTi , where Mreg
= [λi,R (γB Iu+l ⊗ Mm + γW L)G[x] + γA Im(u+l) ]−1 .

i=1

X

dim(Y)

i=1

X

dim(Y)

i=1

X

dim(Y)

i=1

X

dim(Y)

G[x] ⊗ λi,R ri rTi )(

i=1

X

dim(Y)

i=1

X

54

i=1

X

dim(Y)
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i
G[x]Mreg
⊗ λi,R ri rTi .

i
Mreg
⊗ ri rTi )

i
Mreg
(I(u+l)×l ⊗ c) ⊗ ri rTi S,

i
Mreg
⊗ ri rTi )(I(u+l)×l ⊗ c ⊗ S)

i
Mreg
⊗ ri rTi ) =

K[x](γI M K[x] + γA I)−1 = (G[x] ⊗ R)(
=(

i=1

dim(Y)

from which we obtain the expression for a. Next,

=

X

dim(Y)

i=1

X

dim(Y)

I(u+l)×l ⊗ C ∗ S = I(u+l)×l ⊗ c ⊗ S.

T
T
I(u+l)×l
⊗ S ∗ C = I(u+l)×l
⊗ cT ⊗ S ∗ ,

(γI M K[x] + γA IW u+l )−1 (I(u+l)×l ⊗ C ∗ S) = (

It follows that

C ∗ S = (c ⊗ IY )S = c ⊗ S,

S C = S ∗ (cT ⊗ IY ) = cT ⊗ S ∗ ,

∗

For C = cT ⊗ IY ∈ Rdim(Y)×m dim(Y) , we have

=

(γI M K[x] + γA IW u+l )−1 =

It follows from Lemma 30 that

(γB Iu+l ⊗ Mm + γW L)G[x] ⊗ R =

we have

R=

With the spectral decomposition of R,

= (γB Iu+l ⊗ Mm + γW L)G[x] ⊗ R + γA Im(u+l) ⊗ IY .

= (γB Iu+l ⊗ Mm ⊗ IY + γW L ⊗ IY )(G[x] ⊗ R) + γA Iu+l ⊗ Im ⊗ IY

γI M K[x] + γA IW u+l = (γB MB + γW MW )K[x] + γA Iu+l ⊗ IW

Proof of Theorem 11 From the property K[x] = G[x] ⊗ R and the definitions MB =
Iu+l ⊗ Mm ⊗ IY , MW = L ⊗ IY , we have

Minh, Bazzani, and Murino
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Thus for Q[x, C], we have

i
G[x]Mreg
⊗ λi,R ri riT )(I(u+l)×l ⊗ c ⊗ S)

i
T
⊗ cT )G[x]Mreg
(I(u+l)×l ⊗ c) ⊗ λi,R S ∗ ri riT S.
(I(u+l)×l

i
T
⊗ cT )G[x]Mreg
⊗ λi,R S ∗ ri riT )(I(u+l)×l ⊗ c ⊗ S)
(I(u+l)×l

i=1

X

T
⊗ S ∗ C)K[x](γI M K[x] + γA I)−1 (I(u+l)×l ⊗ C ∗ S)
Q[x, C] = (I(u+l)×l
dim(Y)

T
⊗ cT ⊗ S ∗ )(
= (I(u+l)×l

X

dim(Y)
i=1

i=1

X

dim(Y)

=(

=

This completes the proof of the theorem.

Proof of Theorem 13 For R = IY we have λi,R = 1, 1 ≤ i ≤ dim(Y), so that in Theorem
11

i
Mreg
= Mreg = [(γB Iu+l ⊗ Mm + γW L)G[x] + γA Im(u+l) ]−1 .

Pdim(Y)
i = M
Since i=1 ri riT = IY , by substituting Mreg
reg into the formulas for a and Q[x, C]
in Theorem 11, we obtain the corresponding expressions (77) and (78).

u+l
X
j=1

K(v, xj )aj = K[v, x]a = (G[v, x] ⊗ R)a

Proof of Propositions 12 and 14 By Theorems 6 and 11, we have

fz,γ (v) =

i=1

i=1

JMLR 17(25):1-72

dim(Y)
dim(Y)
X
X
1
i
= − (G[v, x] ⊗
λi,R ri riT )[
Mreg
(I(u+l)×l ⊗ c) ⊗ ri riT S]vec(αopt )
2

i=1

dim(Y)
1 X
i
=− [
G[v, x]Mreg
(I(u+l)×l ⊗ c) ⊗ λi,R ri riT S]vec(αopt )
2

i=1

dim(Y)
X
1
T
i
= − vec(
λi,R ri riT Sαopt (I(u+l)×l
⊗ cT )(Mreg
)T G[v, x]T ).
2

55

Minh, Bazzani, and Murino

The combined function, using the combination operator C, is

gz,γ (v) = Cfz,γ (v) = (cT ⊗ IY )(G[v, x] ⊗ R)a = (cT G[v, x] ⊗ R)a

i=1

dim(Y)
1 X T
i
=− [
c G[v, x]Mreg
(I(u+l)×l ⊗ c) ⊗ λi,R ri riT S]vec(αopt )
2

i=1

dim(Y)
1 X
T
i
λi,R ri riT Sαopt (I(u+l)×l
⊗ cT )(Mreg
)T G[v, x]T c ∈ Rdim(Y) .
2

i=1

dim(Y)
X
1
i
T
= − vec(
⊗ cT )(Mreg
)T G[v, x]T c)
λi,R ri riT Sαopt (I(u+l)×l
2

=−

i=1

dim(Y)
1 X
T
i
λi,R ri riT Sαopt (I(u+l)×l
⊗ cT )(Mreg
)T G[v, x]T (It ⊗ c) ∈ Rdim(Y)×t .
2

t
It follows that on a set v = {vi }i=1
⊂ X,

gz,γ (v) = −

The final SVM decision function is then given by

i=1

dim(Y)
1 X
T
i
)T G[v, x]T (It ⊗ c) ∈ RP ×t .
λi,R S T ri riT Sαopt (I(u+l)×l
⊗ cT )(Mreg
2

hz,γ (v) = S T gz,γ (v)
=−

This completes the proof for Proposition 12. Proposition 14 then follows by noting that
i
in Theorem 13, with R = IY , we have Mreg
= Mreg , λi,R = 1, 1 ≤ i ≤ dim(Y), and
Pdim(Y) T
ri ri = IY .
i=1

1
diag(Sŷ∗ )(Il ⊗ C)K[x](Il ⊗ C ∗ )diag(Sŷ ).
γA

Proof of Corollary 20 Clearly, for γI = 0 and u = 0, we have
Q[x, y, C] =

i [x]

⊗ ei eiT ,

m
X

i=1

ci2 k i [x],
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1
diag(Sŷ∗ )[(Il ⊗ cT )G[x](Il ⊗ c) ⊗ IY ]diag(Sŷ ).
γA

1
diag(Sŷ∗ )[(Il ⊗ cT )G[x](Il ⊗ c) ⊗ R]diag(Sŷ ).
γA

For C = cT ⊗ IY and K[x] = G[x] ⊗ R, this is
Q[x, y, C] =

i=1 k

Pm

Q[x, y, C] =

For R = IY , we have

With G[x] =

(Il ⊗ cT )G[x](Il ⊗ c) =

56

1
diag(y)
γA

i=1

diag(Sŷ ),

c2i k i [x] diag(y).

!

!

i (x, t)

1
2γA

i=1

m
X

diag(Sŷ )vec(β

opt

).
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This section describes the Sequential Minimal Optimization (SMO) algorithm we use to
solve the quadratic optimization problem for MV-SVM in Theorem 6. It is a generalization
of the one-step SMO technique described in (Platt, 1999). For simplicity and clarity, we

!

!

c2i k i [v, x],

⊗ IY

i=1

m
X

c2i k i [v, x] diag(y)β opt .

c2i k i [v, x]

A.4 Sequential Minimal Optimization

This completes the proof.

Cfz,γ (v) = −

i=1

m
X

cT G[v, x](Il ⊗ c) =

⊗ ei eTi ,

1 T
[c G[v, x](Il ⊗ c) ⊗ IY ]diag(Sŷ )vec(β opt ),
2γA

1
Cfz,γ (v) = −
2γA

i=1 k

Pm

For Y = R, this simplifies to

so that

With G(x, t) =

Cfz,γ (v) = −

which for R = IY , simplifies to

1
Cfz,γ (v) = CK[v, x]a = −
(cT ⊗ IY )(G[v, x] ⊗ R)(Il ⊗ c ⊗ IY )diag(Sŷ )vec(β opt )
2γA
1 T
[c G[v, x](Il ⊗ c) ⊗ R]diag(Sŷ )vec(β opt ),
=−
2γA

For C = c ⊗ IY , K(x, t) = G(x, t) ⊗ R, we have for any v ∈ X ,

1
(Il ⊗ C ∗ )diag(Sŷ )vec(β opt ).
a=−
2γA

Similarly, when γI = 0, u = 0, we have

Q[x, y, C] =

m
X

i=1

m
X
1
diag(Sŷ∗ )
Q[x, y, C] =
c2i k i [x] ⊗ IY
γA

which, when Y = R, reduces to

so that
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(172)

1 ≤ i ≤ P l.

j=1

(178)

(177)

(176)

(175)

(174)

(173)

58

1
0 ≤ αki ≤ (1 − δk,yi ),
l

1 ≤ i ≤ l, 1 ≤ k ≤ P.

with 1P l = (1, . . . , 1)T ∈ RP l , subject to the constraints

JMLR 17(25):1-72

Let us now apply this SMO technique for the quadratic optimization (26) in Theorem
6. Recall that this problem is


1
1
1TP l vec(α) ,
αopt = argminα∈RP ×l D(α) = vec(α)T Q[x, C]vec(α) −
4
P −1

after which we perform a clipping operation, defined by

 0 if αi < 0,
αi if 0 ≤ αi ≤ 1l ,
clip(αi ) =
 1
if αi > 1l .
l

j=1

Thus the iterative sequence for αi at step t is


Pl
X
1  2
t+1
t
t
αi = αi +
−
Qij αj ,
Qii P − 1

j=1,j6=i

Under the condition that Qii > 0, setting this partial derivative to zero gives




Pl
Pl
X
X
1  2
2
1
∗

−
Qij αj  = αi +
−
αi =
Qij αj  .
Qii P − 1
Qii P − 1

j=1,j6=i

Pl
∂D
1
1
1 X
Qij αj −
= Qii αi +
.
∂αi
2
2
P −1

where Qconst is a quantity constant in αi . Differentiating with respect to αi gives

j=1,j6=i

Pl
1
1 X
1
Qij αi αj −
αi + Qconst ,
D(α) = Qii αi2 +
4
2
P −1

For i fixed, 1 ≤ i ≤ P l, as a function of αi ,

1
0 ≤ αi ≤ ,
l

where Q is a symmetric, positive semidefinite matrix of size P l × P l, such that Qii > 0,
1 ≤ i ≤ P l, under the constraints

1
1
argminα∈RP l D(α) = αT Qα −
1T α,
4
P − 1 Pl

consider the case of the simplex coding, that is the quadratic optimization problem (26).
The ideas presented here are readily extendible to the general setting.
Let us first consider the SMO technique for the quadratic optimization problem
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Thus from

(186)

(185)

(184)

(183)

(182)

(181)

The choice of which αki to update at each step is made via the Karush-Kuhn-Tucker (KKT)
conditions. In the present context, the KKT conditions are:



1
αki ξki −
= 0, 1 ≤ i ≤ l, k 6= yi ,
(179)
+ hsk , Cf (xi )iY
P −1


1
− αki ξki = 0, 1 ≤ i ≤ l, k 6= yi .
(180)
l

1
,
−1
1
,
−1
1
.
−1

At an optimal point αopt ,


1
= max 0,
+ hsk , Cf (xi )iY , 1 ≤ i ≤ l, k 6= yi .
P −1
opt
ξki

We have the following result.

opt
αki
= 0 =⇒ hsk , Cfz,γ (xi )iY ≤ −
P
1
opt
0 < αki
< =⇒ hsk , Cfz,γ (xi )iY = −
l
P
1
=⇒ hsk , Cfz,γ (xi )iY ≥ −
l
P
opt
=
αki

Lemma 31 For 1 ≤ i ≤ l, k 6= yi ,

Conversely,

1
opt
=⇒ αki
= 0,
P −1

1
1
opt
=⇒ αki
= .
P −1
l

hsk , Cfz,γ (xi )iY < −
hsk , Cfz,γ (xi )iY > −

Remark 32 Note that the inequalities in (182) and (184) are not strict.
opt
1
hsk , Cfz,γ (xi )iY = − P −1
we cannot draw any conclusion about αki
.

opt
opt
= 0. From
= 0, then from (180), we have ξki
Proof To prove (182), note that if αki
(181), we have

1
1
+ hsk , Cf (xi )iY ≤ 0 =⇒ hsk , Cf (xi )iY ≤ −
.
P −1
P −1

opt
ξki

1
+ hsk , Cf (xi )iY .
=
P −1
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opt
opt
To prove (183), note that if 0 < αki
< 1l , then from (180), we have ξki
= 0. On the other
hand, from (179), we have

It follows that
1
1
+ hsk , Cf (xi )iY = 0 ⇐⇒ hsk , Cf (xi )iY = −
.
P −1
P −1
59
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1
1
+ hsk , Cf (xi )iY ≥ 0 =⇒ hsk , Cf (xi )iY ≥ −
.
P −1
P −1

opt
For (184), note that if αki
= 1l , then from (179), we have
opt
ξki
=

opt
1
Conversely, if hsk , Cf (xi )iY < − P −1
, then from (181), we have ξki
= 0. It then folopt
1
lows from (179) that αki
=
0.
If
hs
k , Cf (xi )iY > − P −1 , then from (181) we have
opt
opt
1
ξki
= P −1
+ hsk , Cf (xi )iY . Then from (180) it follows that αki
= 1l .

opt
yi hc, fz,γ (xi )iW > 1 =⇒ αki
= 0,

opt
αki
=

opt
αki
=
0 =⇒ yi hc, fz,γ (xi )iW ≥ 1,
1
opt
0 < αki
< =⇒ yi hc, fz,γ (xi )iW = 1,
l
1
=⇒ yi hc, fz,γ (xi )iW ≤ 1.
l

(191)

(190)

(189)

(188)

(187)

Binary case (P = 2). The binary simplex code is S = [−1, 1]. Thus k 6= yi means that
sk = −yi . Therefore for 1 ≤ i ≤ l, k 6= yi , the KKT conditions are:

Conversely,

1
opt
yi hc, fz,γ (xi )iW < 1 =⇒ αki
= .
l
Algorithm 3 summarizes the SMO procedure described in this section.

A.4.1 Numerical implementation of SMO

(192)

Let us elaborate on the steps of Algorithm 3 under the hypotheses of Theorem 13, that is
the simplex coding with K[x] = G[x] ⊗ R for R = IP −1 , which we implement numerically.
Verifying the Karush-Kuhn-Tucker conditions on the labeled training data.
l
To verify Lemma 31 on the set of labeled training data x1:l = {xi }i=1
⊂ x, according to
Proposition 14, we compute

1
T
T
hz,γ (x1:l ) = − S T Sαopt (I(u+l)×l
⊗ cT )Mreg
G[x1:l , x]T (Il ⊗ c) ∈ RP ×l ,
2

T
Q = Q[x, C] = (I(u+l)×l
⊗ cT )G[x]Mreg (I(u+l)×l ⊗ c) ⊗ S ∗ S = QG ⊗ QS ,

T
QG = (I(u+l)×l
⊗ cT )G[x]Mreg (I(u+l)×l ⊗ c),
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(194)

P , which
as a matrix of size P × l, with the ith column being hz,γ (xi ) = (hsk , Cfz,γ (xi )iY )k=1
1
is then compared with the margin value − P −1
.
Efficient evaluation of the update step (193). The most important factor underlying the efficiency of Algorithm 3 is that we never compute the whole matrix Q of size
P l × P l, which can be prohibitively large. At each update step, i.e. (193), we only use the
ith row of Q, which we denote Q(i, :), which need not be computed explicitly. Recall that
we have

where

60

QS = S ∗ S.

Qii = QG (iG , iG )QS (iS , iS ).

(198)

(197)

(196)

(195)

x∈Rm

61

min ||Ax − b||Rn subject to ||x||Rm = α.
JMLR 17(25):1-72

In this section, we prove Theorems 15 and 16 stated in Section 6.1. Consider the optimization problem (86), namely

A.5 Proofs for the Optimization of the Combination Operator

Remark 33 In the more general setting of Theorem 11, with K[x] = G[x] ⊗ R, where R
is a positive semi-definite matrix, the evaluation of the matrix Q = Q[x, C] is done in the
same way, except that we need to sum over all non-zero eigenvalues of R, as in (71).

When proceeding in this way, each update step (193) only uses one row from the l ×l matrix
QG and one row from the P × P matrix QS . This is the key to the computational efficiency
of Algorithm 3.

since QG is symmetric. Also

= QS (iS , :)αQG (iG , :)T = QS (iS , :)αQG (:, iG )

Q(i, :)vec(α) = (QG (iG , :) ⊗ QS (iS , :))vec(α) = vec(QS (iS , :)αQG (iG , :)T )

for a unique pair of indices iG and iS . It then follows that

Q(i, :) = QG (iG , :) ⊗ QS (iS , :),

Thus for each i, the ith row of Q is

and

where Q = Q[x, C].
Until: There are no KKT violators or the stopping criterion is met.

j=1

Algorithm 3 Sequential Minimal Optimization for Multi-class Multi-view SVM
Note: We use α ∈ RP ×l as a matrix and αvec = vec(α) ∈ RP l as a column vector interchangeably.
Initialization: Set α0 = 0.t+1
t )|
Stopping criterion: |D(α|D(α)−D(α
< , for some  > 0.
t+1 )|
Repeat: - Verify KKT conditions according to Lemma 31.
t
- Randomly pick an i ∈ N such that αvec,i
is a KKT violator.
- Perform update:



Pl
X
1  2
t+1
t
t

αvec,i = clip αvec,i +
−
Qij αvec,j  ,
(193)
Qii P − 1
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∂L
∂x

= 0 and

∂L
∂γ

||x||2 = α2 .

(AT A + γIm )x = AT b,

= 0, we obtain the normal equations

(200)

(199)

(202)

(203)

62

JMLR 17(25):1-72

This solution is clearly unique if and only if µm is a single eigenvalue. Otherwise, there are
infinitely many solutions, each being a vector of length α in the eigenspace of µm . This
completes the proof of the theorem.

= µm α2 + ||b||2Rn .

= hx∗ , AT Ax∗ iRm − 2hx∗ , AT biRm + ||b||2Rn = −γ ∗ ||x∗ ||2Rm + ||b||2Rn

||Ax∗ − b||2Rn = hAx∗ , Ax∗ iRn − 2hAx∗ , biRn + ||b||2Rn

so that −γ is an eigenvalue of AT A and x is its corresponding eigenvector, which can be
appropriately normalized such that ||x||Rm = α. Since we need the largest value for γ, we
have γ ∗ = −µm . The minimum value is then

Consequently, among all possible solutions of the normal equations (199) and (200), we
choose the solution (x, γ) with the largest γ.
Proof of Theorem 15 Using the assumption AT b = 0, the first normal equation (199)
implies that
AT Ax = −γx,
(204)

γ1 > γ2 =⇒ ||Ax2 − b|| > ||Ax1 − b||.

According to Lemmas 34 and 35, if (x1 , γ1 ) and (x2 , γ2 ) are solutions of the normal
equations (199) and (200), then

where v(µ) is an eigenvector corresponding to µ.

x1 = x2 + v(µ),

Lemma 35 The right hand side of equation (201) is equal to zero only if γ1 = γ2 = −µ,
where µ ≥ 0 is an eigenvalue of AT A and

Lemma 34 If (x1 , γ1 ) and (x2 , γ2 ) are solutions of the normal equations (199) and (200),
then
γ1 − γ2
||x1 − x2 ||2 .
(201)
||Ax2 − b||2 − ||Ax1 − b||2 =
2

The solutions of the normal equations (199) and (200), if they exist, satisfy the following
properties (Gander, 1981).

Setting

L(x, γ) = ||Ax − b||2 + γ(||x||2 − α2 ).

The Lagrangian, with Lagrange multiplier γ, is given by

Minh, Bazzani, and Murino
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or equivalently,

Since V is orthogonal, we have

with

x = (V T )−1 y = V y,

||x||Rm = α,

||x||Rm = ||V y||Rm = ||y||Rm .
The second normal equation, namely

This condition is equivalent to

The minimum value is thus

X c2
i
≤ α2 .
σi2

i=1

= U Σr Dr−1 ΣrT (U T b) = U Jrn U T b.

Ax(0) = U ΣV T x = U ΣV T V y = U Σy = U Σr y1:r = U Σr Dr−1 z1:r

Assuming that this is satisfied, then

r

||y1:r ||Rr ≤ ||y||Rm = ||x||Rm = α.

then is satisfied if and only if

ci
, 1 ≤ i ≤ r.
σi

Unifying Vector-valued Manifold Regularization and Multi-view Learning

σi2 ci2
,
+ γ)2

(σi2

(205)

yi =

has infinitely many solutions, with yi , r + 1 ≤ i ≤ m, taking arbitrary values. Let y1:r =
r , z
r
(yi )i=1
1:r = (zi )i=1 , Dr = diag(µ1 , . . . , µr ), Σr = Σ(:, 1 : r) consisting of the first r
columns of Σ. Then
y1:r = Dr−1 z1:r ,
(210)

σi2 ci2
+ γ)2

(σi2

(206)

(207)

and s is monotonically decreasing on (−σr2 , ∞), we have

||Ax(0) − b||Rm = 0.

= ||U (Jrn − In )U T b||Rn = ||(Jrn − In )U T b||Rn .

||Ax(0) − b||Rn = ||(U Jrn U T − In )b||Rn = ||(U Jrn U T − U U T )b||Rn

ci2
i=1 σi2

Pr

If r = n, then Jrn = In , and
Since s(0) =

r

X c2
i
= α2 ⇐⇒ γ ∗ = 0.
σi2

i=1

64

X c2
i
< α2 ,
σi2

r

(212)

(213)
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(214)

Pr
In this case, because i=1
yi2 = α2 , we must have yr+1 = · · · = ym = 0 and consequently
x(0) is the unique global minimum. If

i=1

(211)

Proof of Theorem 16 We first show that under the assumption AT b 6= 0 and c = U T b,
we have ||c1:r ||Rr 6= 0, that is ci 6= 0 for at least one index i, 1 ≤ i ≤ r. To see this, assume
that ci = 0 for all i, 1 ≤ i ≤ r. Then
AT b = V ΣT U T b = V ΣT c = 0,
which is a contradiction. Thus ||c1:r ||Rr 6= 0.
There are two cases in this scenario.
(I) If γ 6= −µi , 1 ≤ i ≤ m, then the matrix (AT A + γIm ) is nonsingular, thus
x(γ) = (AT A + γIm )−1 AT b = (V DV T + γIm )−1 V ΣT U T b

r
X
i=1

= V (DV T V + γIm )−1 ΣT U T b = V (D + γIm )−1 ΣT U T b.
Since the matrix V is orthogonal, we have
2
−1 T T
2
||x(γ)||R
Σ U b||R
m = ||(D + γIm )
m =

r
X

where c = U T b. We now need to find γ such that ||x(γ)||Rm = α. Consider the function
s(γ) =
i=1

γ→−σr2

lim s(γ) = ∞.

on the interval (−σr2 , ∞). Under the condition that at least one of the ci ’s, 1 ≤ i ≤ r, is
nonzero, the function s is strictly positive and monotonically decreasing on (−σr2 , ∞), with
lim s(γ) = 0,

γ→∞

Thus there must exist a unique γ ∗ ∈ (−σr2 , ∞) such that
r

X
σi2 ci2
= α2 .
s(γ ∗ ) =
(σi2 + γ ∗ )2
i=1

2 = −µ ≥ −µ for all 1 ≤ i ≤ m. Thus
1) If rank(A) = m, then r = m and γ ∗ > −σm
m
i
x(γ ∗ ) is the unique global solution.
2) If rank(A) < m but γ ∗ > 0, then we still have γ ∗ > −µi for all i, 1 ≤ i ≤ m, and
thus x(γ ∗ ) is the unique global solution.

(208)

(II) Consider now the case rank(A) < m and γ ∗ ≤ 0.
Since µm = . . . = µr+1 = 0 and −µr = −σr2 < γ ∗ ≤ 0, we need to consider the possible
solution of the normal equations with γ = 0. For γ = 0, we have
AT Ax = AT b ⇐⇒ V DV T x = V ΣT U T b ⇐⇒ DV T x = ΣT U T b.

JMLR 17(25):1-72

(209)

Let y = V T x ∈ Rm . By assumption, the vector Dy ∈ Rm satisfies (Dy)i = 0, r+1 ≤ i ≤ m.
The vector z = ΣT U T b ∈ Rm also satisfies zi = 0, r + 1 ≤ i ≤ m. Thus the equation
Dy = z
63

γ1 − γ2
||x1 − x2 ||2 .
2

65

x1 = x2 + v(µ),

This means that γ = −µ, where µ ≥ 0 is an eigenvalue of AT A and

JMLR 17(25):1-72

(AT A + γIm )(x1 − x2 ) = 0 ⇐⇒ AT A(x1 − x2 ) = −γ(x1 − x2 ).

Proof of Lemma 35 There are two possible cases under which the right hand side of (201)
is equal to zero.
(I) γ1 = γ2 = γ and x1 6= x2 . By equation (199),

This completes the proof.

||Ax2 − b||2 − ||Ax1 − b||2 = (γ1 − γ2 )α2 + (γ2 − γ1 )hx1 , x2 i =

Thus

hx1 , AT bi − hx2 , AT bi = (γ2 − γ1 )hx1 , x2 i.

Subtracting the second expression from the first, we obtain

hx2 , (AT A + γ1 Im )x1 i = hx2 , AT bi,

hx1 , (AT A + γ2 Im )x2 i = hx1 , AT bi,

Also from equation (199), we have

= γ1 ||x1 ||2 + hx1 , AT bi − γ2 ||x2 ||2 − hx2 , AT bi = (γ1 − γ2 )α2 + hx1 , AT bi − hx2 , AT bi.

= (hx2 , AT b − γ2 x2 i − 2hx2 , AT bi) − (hx1 , AT b − γ1 x1 i − 2hx1 , AT bi)

||Ax2 − b||2 − ||Ax1 − b||2 = (hx2 , AT Ax2 i − 2hx2 , AT bi) − (hx1 , AT Ax1 i − 2hx1 , AT bi)

From equation (199),

γ1 − γ2
γ1 − γ2
||x1 − x2 ||2 =
(||x1 ||2 + ||x2 ||2 − 2hx1 , x2 i) = (γ1 − γ2 )α2 + (γ2 − γ1 )hx1 , x2 i
2
2

For completeness, we provide the proofs of Lemmas 34 and 35 here. Lemma 34 is a
special case of Theorem 1 in (Gander, 1981) and thus the proof given here is considerably
simpler. Our proof for Lemma 35 is different
  from that given in (Gander, 1981), since we
A
do not make the assumption that rank
= m.
I
Proof of Lemma 34 By equation (200), we have

where v(µ) is an eigenvector corresponding to µ.
(II) γ1 6= γ2 and x1 = x2 = x. This case is not possible, since by equation (199), we
have

2
then γ ∗ 6= 0. In this case, we can choose arbitrary values yr+1 , . . . , ym such that yr+1
+
Pr c2i
2 = α2 −
.
Consequently,
there
are
infinitely
many
solutions
x
=
V
y
which
· · · + ym
i=1 σi2
achieve the global minimum.
P
c2
If condition (212) is not met, that is ri=1 σi2 > α2 , then the second normal equation
i
||x||Rm = α cannot be satisfied and thus there is no solution for the case γ = 0. Thus the
global solution is still x(γ ∗ ). This completes the proof of the theorem.

Ex : H → W,

||Ex || < ∞,
l

i=1

1X
V (yi , CExi f ) + γA ||f ||2H
l

i=1

1X
||yi − CExi f ||2Y + γA ||f ||2H + γI hf , M f iW u+l .
l

(217)

(216)

(215)

j,k=1

u+l
X

for l + 1 ≤ i ≤ u + l.

for 1 ≤ i ≤ l, and

lγI

γI

j,k=1

u+l
X

66

Mik Exk Ex∗j aj + γA ai = 0,

j=1

u+l
X
Mik Exk Ex∗j aj + C ∗ C(
Exi Ex∗j aj ) + lγA ai = C ∗ yi ,
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(219)

(218)

Theorem 36 The minimization problem (216) has a unique solution, given by fz,γ =
Pu+l ∗
i=1 Exi ai for some vectors ai ∈ W, 1 ≤ i ≤ u + l.
P
∗
Proposition 37 The minimization problem (217) has a unique solution fz,γ = u+l
i=1 Exi ai ,
where the vectors ai ∈ W are given by

Following are the corresponding Representer Theorem and Proposition stating the explicit
solution for the least square case. When H = HK , Ex = Kx∗ , we recover Theorem 2 and
Theorem 3, respectively.

fz,γ = argminHK

l

+γI hf , M f iW u+l , where f = (Exi f )u+l
i=1 ,

fz,γ = argminHK

: W → H. Consider the minimization

and its least square version

with adjoint

Ex∗

Let H be a separable Hilbert space of functions on X . We are not assuming that the
functions in H are defined pointwise or with values in W, rather we assume that ∀x ∈ X ,
there is a bounded linear operator

f (x) = Kx∗ f.

The present framework generalizes naturally beyond the point evaluation operator

Appendix B. Learning with General Bounded Linear Operators

contradicting the assumption α > 0.

(AT A + γ1 Im )x = AT b = (AT A + γ2 Im )x =⇒ (γ1 − γ2 )x = 0 =⇒ x = 0,
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(220)
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The reproducing kernel structures come into play through the following.
Lemma 38 Let E : X × X → L(W) be defined by
E(x, t) =

Ex Et∗ .

Then E is a positive definite operator-valued kernel.
Proof of Lemma 38. For each pair (x, t) ∈ X × X , the operator E(x, t) satisfies

N
X
2
Ex∗i wi ||H
≥ 0.

hwi , Exi Ex∗j wj iW

i=1

N
X

i,j=1

E(t, x)∗ = (Et Ex∗ )∗ = Ex Et∗ = E(x, t).
N in X and {w }N in W,
For every set {xi }i=1
i i=1
N
X

hwi , E(xi , xj )wj iW =
hEx∗i wi , Ex∗j wj iH = ||

i,j=1

N
X

i,j=1

=
Thus E is an L(W)-valued positive definite kernel.

Ex∗i bi .

Ex∗i C ∗ bi ,

(225)

(224)

(223)

(222)

(221)

Proof of Theorem 36 and Proposition 37. These are entirely analogous to those of
Theorem 2 and Theorem 3, respectively. Instead of the sampling operator Sx , we consider
the operator Ex : H → W l , with

l
X

l
Ex f = (Exi f )i=1
,

with the adjoint Ex∗ : W l → H given by
Ex∗ b =

i=1

l
X
i=1

l
X

xi

E ∗ C ∗ CExi f.

EC,x f = (CEx1 f, . . . , CExl f ).

l
for all b = (bi )i=1
∈ W l . The operator EC,x : H → Y l is now defined by

∗
The adjoint EC,x
: Y l → H is
∗
EC,x
b=
∗ E
for all b ∈ Y l , and EC,x
C,x : H → H is
∗
EC,x
EC,x f =

i=1
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We then apply all the steps in the proofs of Theorem 2 and Theorem 3 to get the desired
results.
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Remark 39 We stress that in general, the function fz,γ is not defined pointwise, which is
the case in the following example. Thus one cannot make a statement about fz,γ (x) for all
x ∈ X without additional assumptions.

0

Z

1

0

Z

1

G(x, u)G(t, u)du.

G(x, t)f (t)dt.

(227)

(226)

Example 1 Wahba (1977) X = [0, 1], H = L2 (X ), W = R. Let G : X × X → R be
continuous and
Ex f =

for f ∈ H. One has the reproducing kernel

Ex Et∗ = E(x, t) =

Appendix C. The Degenerate Case

K(xi , x)ai =

K(x, t) = IY m ,

u+l
X

i=1

1 T
1 ⊗ IY .
m m

i=1

u+l
X

ai .



2
This section considers the Gaussian kernel k(x, t) = exp − ||x−t||
when σ → ∞ and
σ2
P
m
other kernels with similar behavior. We show that for G(x, t) = i=1
k i (x, t)ei eiT , R = IY ,
the matrix A in Theorem 10 has an analytic expression. This can be used to verify the
correctness of an implementation of Algorithm 1.
At σ = ∞, for R = IY , for each pair (x, t), we have

and
fz,γ (x) =

C=

T
⊗ Im .
G[x] = 1u+l 1u+l
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(228)

Thus fz,γ is a constant function. Let us examine the form of the coefficients ai ’s for the
case
We have

T
1(u+l)m 1(u+l)m
I(u+l)m Jml
−
,
lγA
l2 mγA (mγA + 1)

(u+l)m

For γ = 0, we have
I
1
T
T
B = 2 (Jlu+l ⊗ 1m 1m
)(1u+l 1u+l
⊗ Im ),
m
which is
1
T
T
⊗ 1m 1m
).
B = 2 (Jlu+l 1u+l 1u+l
m
Equivalently,
1
(u+l)m
T
1(u+l)m 1(u+l)m
B = 2 (Jml
).
m
The inverse of B + lγA I(u+l)m in this case has a closed form
(B + lγA I(u+l)m )−1 =

68

−1

D. Figueira, L. Bazzani, H.Q. Minh, M. Cristani, A. Bernardino, and V. Murino. Semisupervised multi-feature learning for person re-identification. In Proceedings of the IEEE
International Conference on Advanced Video and Signal-based Surveillance (AVSS), 2013.

JMLR 17(25):1-72

JMLR 17(25):1-72

70

Y. Luo, D. Tao, C. Xu, C. Xu, H. Liu, and Y. Wen. Multiview vector-valued manifold
regularization for multilabel image classification. IEEE Transactions on Neural Networks
and Learning Systems, 24(5):709–722, 2013b.

F. Dinuzzo, C.S. Ong, P. Gehler, and G. Pillonetto. Learning output kernels with block
coordinate descent. In Proceedings of the International Conference on Machine Learning
(ICML), 2011.

69

Y. Luo, D. Tao, C. Xu, D. Li, and C. Xu. Vector-valued multi-view semi-supervised learning
for multi-label image classification. In Proceedings of the AAAI Conference on Artificial
Intelligence (AAAI), 2013a.

Y. Lee, Y. Lin, and G. Wahba. Multicategory support vector machines: Theory and application to the classification of microarray data and satellite radiance data. Journal of the
American Statistical Association, 99:67–81, 2004.

H. Kadri, S. Ayache, C. Capponi, S. Koo, F.-X. Dup, and E. Morvant. The multi-task
learning view of multimodal data. In Proceedings of the Asian Conference on Machine
Learning (ACML), 2013.

H. Kadri, A. Rabaoui, P. Preux, E. Duflos, and A. Rakotomamonjy. Functional regularized
least squares classification with operator-valued kernels. In Proceedings of the International Conference on Machine Learning(ICML), 2011.

S. Hill and A. Doucet. A framework for kernel-based multi-category classification. Journal
of Artificial Intelligence Research, 30(1):525–564, 2007.

K. He, X. Zhang, S. Ren, and J. Sun. Spatial pyramid pooling in deep convolutional
networks for visual recognition. IEEE Transactions on Pattern Analysis and Machine
Intelligence, 37(9):1904–1916, 2015.

G. Golub and U. von Matt. Quadratically constrained least squares and quadratic problems.
Numerische Mathematik, 59:561–580, 1991.

P. Gehler and S. Nowozin. On feature combination for multiclass object classification. In
Proceedings of the International Conference on Computer Vision (ICCV), 2009.

K. Crammer and Y. Singer. On the algorithmic implementation of multiclass kernel-based
vector machines. Journal of Machine Learning Research, 2:265–292, 2001.

M. Christoudias, R. Urtasun, and T. Darrell. Bayesian localized multiple kernel learning.
Univ. California Berkeley, Berkeley, CA, 2009.

C. Carmeli, E. De Vito, and A. Toigo. Vector-valued reproducing kernel Hilbert spaces of
integrable functions and Mercer theorem. Analysis and Applications, 4:377–408, 2006.

A. Caponnetto, M. Pontil, C.Micchelli, and Y. Ying. Universal multi-task kernels. Journal
of Machine Learning Research, 9:1615–1646, 2008.

S. Bucak, R. Jin, and A.K. Jain. Multiple kernel learning for visual object recognition: A
review. IEEE Transactions on Pattern Analysis and Machine Intelligence, 36(7):1354–
1369, 2014.

C. Brouard, F. D’Alche-Buc, and M. Szafranski. Semi-supervised penalized output kernel
regression for link prediction. In Proceedings of the International Conference on Machine
Learning (ICML), 2011.
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H00 : F (x1 , . . . , xp ) = f0 .
Though often of less scientific importance, hypotheses of this form allow us to generate
confidence intervals for predictions. These intervals are defined to be those values of f0 for
which we do not have enough evidence to reject H00 . In practice, we choose f0 to be the
prediction F̂ (x1 , ..., xp ) generated by the ensemble method in order to provide a formalized
notion of plausible values of the prediction, which is, of course, of genuine interest. Our
results begin here because the statistical machinery we develop will provide a distribution
for the values of the prediction. This allows us to address H00 , after which we can combine
these tests to address hypotheses like H0 .
Although this form of statistical analysis is ubiquitous in scientific literature, it is worthwhile contrasting this form of analysis with an alternative based on probably approximately
correct (PAC) theory, as developed by Vapnik and Chervonenkis (1971) and Valiant (1984).

A formal statistical test begins by calculating a test statistic t0 = t((X1 , Y1 ), . . . , (Xn , Yn ))
and asks, “If our data was generated according to H0 and we generated a new training set
and recalculated t, what is the probability that this new statistic would be larger than
t0 ?” That is, we are interested in estimating P (t > t0 |H0 ). In most fields, a probability of
less than 0.05 is considered sufficient evidence to reject the assumption that the data was
generated according to H0 . Of course, a 0.05 chance can be obtained by many methods
(tossing a biassed coin, for example) so we also seek a statistic t such that when H0 is false,
we are likely to reject. This probability of correctly rejecting H0 is known as the power of
the test, with more powerful tests clearly being more useful.
Here we propose to conduct the above test by comparing predictions generated by F̂
and Fˆ1 . Before doing so however, we consider the simpler hypothesis involving the value of
a prediction:

H0 : ∃ F1 s.t. F (x1 , ..., xd ) = F1 (x2 , ..., xd )

paper, it is worth noting that this subbagging procedure—suggested by Andonova et al.
(2002) for use in model selection—was shown by Zaman and Hirose (2009) to outperform
traditional bagging in many situations.
We consider a general supervised learning framework in which an outcome Y ∈ R is
predicted as a function of d features X = (X1 , ..., Xd ) by the function E[Y |X] = F (X).
We also allow binary classification so long as the model predicts the probability of success,
as opposed to a majority vote, so that the prediction remains real valued. Additionally, we
assume a training set {(X1 , Y1 ), ..., (Xn , Yn )} consisting of n independent examples from
the process that is used to produce the prediction function F̂ . Throughout the remainder
of this paper, we implicitly assume that the dimension of the feature space d remains fixed,
though nothing in the theory provided prohibits a growing number of features so long as
our other explicit conditions on the statistical behavior of trees are met.
Statistical inference proceeds by asking the counterfactual question, “What would our
results look like if we regenerated these data.” That is, if a new training set was generated
and we reproduced F̂ , how different might we expect the predictions to be? To illustrate,
consider the hypothesis that the feature X1 does not contribute to the outcome at any point
in the feature space:
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This paper develops tools for performing formal statistical inference for predictions generated by a broad class of methods developed under the algorithmic framework of data
analysis. In particular, we focus on ensemble methods—combinations of many individual, frequently tree-based, prediction functions—which have played an important role. We
present a variant of bagging and random forests, both initially introduced by Breiman
(1996, 2001b), in which base learners are built on randomly chosen subsamples of the training data and the final prediction is taken as the average over the individual outputs. We
demonstrate that this fits into the statistical framework of U-statistics, which were shown
to have minimum variance by Halmos (1946) and later demonstrated to be asymptotically
normal by Hoeffding (1948). This allows us to demonstrate that under weak regularity
conditions, predictions generated by these subsample ensemble methods are asymptotically
normal. We also provide a method to consistently estimate the variance in the limiting
distribution without increasing the computational cost so that we may produce confidence
intervals and formally test feature significance in practice. Though not the focus of this

1. Introduction

This work develops formal statistical inference procedures for predictions generated by supervised learning ensembles. Ensemble methods based on bootstrapping, such as bagging
and random forests, have improved the predictive accuracy of individual trees, but fail to
provide a framework in which distributional results can be easily determined. Instead of
aggregating full bootstrap samples, we consider predicting by averaging over trees built
on subsamples of the training set and demonstrate that the resulting estimator takes the
form of a U-statistic. As such, predictions for individual feature vectors are asymptotically normal, allowing for confidence intervals to accompany predictions. In practice, a
subset of subsamples is used for computational speed; here our estimators take the form
of incomplete U-statistics and equivalent results are derived. We further demonstrate that
this setup provides a framework for testing the significance of features. Moreover, the internal estimation method we develop allows us to estimate the variance parameters and
perform these inference procedures at no additional computational cost. Simulations and
illustrations on a real data set are provided.
Keywords: trees, u-statistics, bagging, subbagging, random forests
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PAC theory provides a uniform bound on the difference between the true error and observed
training error of a particular estimator, also referred to as a hypothesis. In this framework,
err(F ) is some error of the function F which is estimated by err(F
c ) based on the data. A
bound is then found for P (supF ∈F |err(F
c ) − err(F )| > ) where F is some class of functions
that includes F̂ . Since this bound is uniform over F, it applies to F̂ and we might think of
comparing err(
c F̂ ) with err(
c F̂1 ) using such bounds. While appealing, these bounds provide
the accuracy of our estimate of err(F̂ ) but do not account for how the true err(F̂ ) might
change when F̂ is reproduced with new training data. The uniformity of these bounds could
be used to account for the uncertainty in F̂ if it is chosen to minimize err(F
c ) over F, but
this is not always the case, for example, when using tree-based methods. We also expect the
same uniformity to make PAC bounds conservative, thereby resulting in tests with lower
power than those we develop.
Our analysis relies on the structure of subsample-based ensemble methods, specifically
making use of classic U -statistic theory. These estimators have a long history (see, for
example, original work by Kendall (1938) or Wilcoxon (1945), or Lee (1990) which has a
modern overview), frequently focussed on rank-based non-parametric tests, and have been
shown to have an asymptotically normal sampling distribution by Hoeffding (1948). Our
application to subsample ensembles requires the extension of these results to some new cases
as well as methods to estimate the asymptotic variance, both of which we provide.
U-statistics have traditionally been employed in the context of statistical parameter estimation. From this classical statistical perspective, we treat ensemble-tree methods like
bagging and random forests as estimators and thus the limiting distributions and inference
procedures we develop are with respect to the expected prediction generated by the ensemble. That is, given a particular prediction point x∗ , our limiting normal distributions are
centered at the expected ensemble-based prediction at x∗ and not necessarily F (x∗ ). Such
forms of distributional analysis are common in other nonparametric regression settings—see
Eubank (1999) Section 4.8, for example. More details on appropriate interpretations of the
results are provided throughout the paper, in particular in Section 4.1.
In order to claim that the inference procedures proposed here are asymptotically valid
√
for F (x∗ ), the ensemble must consistently predict F (x∗ ) at a rate of n or faster. Though
this is the case for many classical estimators, establishing fast uniform rates of convergence
for tree-based ensembles has proven extremely difficult. Breiman et al. (1984) discuss consistency of general partition-type models in the final chapter of their seminal book in the
context of both classification and regression. Biau et al. (2008) restrict their attention to
classification, but prove consistency of certain idealized bagging and random forest estimators, provided the individual trees are consistent. This paper also discusses a more general
version of bagging, where the samples used to construct individual base learners may be
proper subsamples of the training set taken with replacement as opposed to full bootstrap
samples, so as to include the subbagging approach. Biau (2012) further examines the consistency of random forests and investigates their behavior in the presence of a sparse feature
space. Recently, Denil et al. (2013) proved consistency for a mathematically tractable variant of random forests and in some cases, achieved empirical performance on par with the
original random forest procedure suggested by Breiman. Zhu et al. (2015) prove consistency
for their Reinforcement Learning Trees, where embedded random forests are used to decide
splitting variables, and achieve significant improvements in empirical MSE for some data
3
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sets. However, no rates of convergence have been developed that could be applied to analyze
the ensemble methods we consider here.
Beyond these consistency efforts, mathematical analyses of ensemble learners has been
somewhat limited. Sexton and Laake (2009) propose estimating the standard error of bagged
trees and random forests using jackknife and bootstrap estimators. Recently, Wager et al.
(2014) proposed applying the jackknife and infinitesimal jackknife procedures introduced
by Efron (2014) for estimating standard errors in random forest predictions. Chipman et al.
(2010) have received significant attention for developing BART, a Bayesian “sum-of-trees”
statistical model for the underlying regression function that allows for pointwise posterior
inference throughout the feature space as well as estimates for individual feature effects.
Recently, Bleich et al. (2014) extended the BART approach by suggesting a permutationbased approach for determining feature relevance and by introducing a procedure to allow
variable importance information to be reflected in the prior.
The layout of this paper is as follows: we demonstrate in Section 2 that ensemble methods based on subsampling can be viewed as U-statistics. In Section 3 we provide consistent
estimators of the limiting variance parameters so that inference may be carried out in practice. Inference procedures, including a test of significance for features, are discussed in
Section 4. Simulations illustrating the limiting distributions and inference procedures are
provided in Section 5 and the inference procedures are applied to a real data set provided
by Cornell University’s Lab of Ornithology in Section 6.

2. Ensemble Methods as U-statistics

We begin by introducing the subbagging and subsampled random forest procedures that
result in estimators in the form of U-statistics. In both cases, we provide an algorithm to
make the procedure explicit.
2.1 Subbagging
iid

We begin with a brief introduction to U-statistics; see Lee (1990) for a more thorough

treatment. Let Z1 , ..., Zn ∼ FZ,θ where θ is the parameter of interest and suppose that
there exists an unbiased estimator h of θ that is a function of k ≤ n arguments. Then we
can write

θ = Eh(Z1 , ..., Zk )

k

(i)

1 X

h(Zi1 , ..., Zik )
n

(1)

and without loss of generality, we may further assume that h is permutation symmetric in
its arguments since any given h may be replaced by an equivalent permutation symmetric
version. The minimum variance unbiased estimator for θ is given by
Un =
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where the sum is taken over all n subsamples of size k and is referred to as a U-statistic
k
with kernel h of rank k. When both the kernel and rank remain fixed, Hoeffding (1948)
2
showed that these statistics are asymptotically normal with limiting variance kn ζ1,k where

4

0

iid

(2)

k

(i)

1 X

Tx∗ ((Xi1 , Yi1 ), ..., (Xik , Yik )).
n

(3)

mn (Un,kn ,mn −θkn ) d
√
→
ζkn ,kn

N (0, 1).

→ N (0, 1).

5

6
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≤ c Ykn +1 − Yk∗n +1

h((X1 , Y1 ), ..., (Xkn , Ykn ), (Xkn +1 , Ykn +1 )) − h((X1 , Y1 ), ..., (Xkn ,Ykn ), (Xkn +1 , Yk∗n +1 ))

Proposition 1: For a bounded regression function F , if there exists a constant c such
that for all kn ≥ 1,

JMLR 17(26):1-41

(4)

√

2
kn
ζ
+ζkn ,kn
α 1,kn

Condition 1, though necessary for the general U-statistic setting, is a bit obscure. However, in our regression context, when the regression function is bounded and the errors
have exponential tails, a more intuitive Lipschitz-type condition given in Proposition 1 is
sufficient. Though stronger than necessary, this alternative condition allows us to satisfy
the Lindeberg condition and is reasonable to expect of any supervised learning method.

(iii) if α = ∞, then

→ N (0, 1).
√
m (U
−θ ) d
qn n,kn ,mn kn

2ζ
kn
1,kn

√

n(Un,kn ,mn −θkn ) d

where Ykn +1 = F (Xkn +1 ) + kn +1 , Yk∗n +1 = F (Xkn +1 ) + ∗kn +1 , and where kn +1 and ∗kn +1
are i.i.d. with exponential tails, then Condition 1 is satisfied.

(i)

√

(ii) if 0 < α < ∞, then

(i) if α = 0, then

iid

Theorem 1 Let Z1 , Z2 , ... ∼ FZ and let Un,kn ,mn be an incomplete, infinite order Ustatistic with kernel hkn that satisfies Condition 1. Let θkn = Ehkn (Z1 , ..., Zkn ) such that
Eh2kn (Z1 , ..., Zkn ) ≤ C < ∞ for all n and some constant C, and let lim mnn = α. Then as
kn
long as lim √
= 0 and lim ζ1,kn 6= 0,
n

This condition serves to control the tail behavior of the predictions and allows us to satisfy
the Lindeberg condition needed to obtain part (i) of Theorem 1 below.

Condition 1: Let Z1 , Z2 , ... ∼ FZ with θkn = Ehkn (Z1 , ..., Zkn ) and define h1,kn (z) =
Ehkn (z, Z2 , ..., Zkn ) − θkn . Then for all δ > 0,
Z
1
lim
h21,kn (Z1 )dP = 0.
√
n→∞ ζ1,kn |h
nζ1,kn
1,kn (Z1 )|≥δ

iid

and goes on to develop sufficient conditions for consistency and asymptotic normality whenever mn grows faster than n. In contrast, the theorem below introduces a central limit theorem for estimators of the same form as in (4) but with respect to their individual means
Ebn,kn ,mn (x∗ ) and covers all possible growth rates of mn with respect to n. In this context,
only minimal regularity conditions are required for asymptotic normality. We begin with
an assumption on the distribution of estimates for the general U-statistic case.
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Statistics of this form were discussed by Frees (1989)
 and called Infinite Order Ustatistics (IOUS) in the complete case, when mn = knn , and resampled statistics in the
incomplete case. Specifically, Frees considers the situation where, given an i.i.d sample
Z1 , Z2 , ... and kernel hkn , limn→∞ hkn (Zi1 , ..., Zikn ) = h(Z1 , Z2 , ...) and θ = Eh(Z1 , Z2 , ...)

∗

1 X
bn,kn ,mn (x ) =
Tx∗ ,kn ((Xi1 , Yi1 ), ..., (Xikn , Yikn )).
mn


by averaging the nk tree-based predictions. Treating each ordered pair as one of k inputs
into the function Tx∗ , the estimator in (3) is in the form of a U-statistic since tree-based
estimators produce the same predictions independent of the order of the training data. Thus,
provided the distribution of predictions at x∗ has a finite second moment and ζ1,k > 0, the
distribution of subbagged predictions at x∗ is asymptotically normal. Note that in this
context, ζ1,k is the covariance between predictions at x∗ generated by trees trained on data
sets with 1 sample in common.

Of course, building nk trees is compuationally infeasible for even moderately sized
training sets and an obvious substantial improvement in computationally efficiency can be
achieved by building and averaging over only mn < nk trees. In this case, the estimator
in (3), appropriately scaled, is called an incomplete U-statistic. When the mn subsamples
are selected uniformly at random with replacement from the nk possibilities, the resulting
incomplete U-statistic remains asymptotically normal; see Janson (1984) or Lee (1990) page
200 for details.
Though more computationally efficient, there remains a major shortcomming with this
approach: the number of samples used to build each tree, k, remains fixed as n → ∞. We
would instead like k to grow with n so that trees can be grown to a greater depth, thereby
presumably producing more accurate predictions. Incorporating this, our estimator becomes

bn (x∗ ) =

and Z2 , ..., Zk ∼ FZ,θ . The 1 in the subscript comes from the fact that there is 1 example
in common between the two subsamples. In general, ζc,k denotes a covariance in the form
of (2) with c examples in common.
Given infinite computing power and a consistent estimate of ζ1,k , Hoeffding’s original
result is enough to produce a subbagging procedure with asymptotically normal predictions.
iid
Suppose that as our training set, we observe Z1 = (X1 , Y1 ), ..., Zn = (Xn , Yn ) ∼ FX,Y
where X = (X1 , ..., Xd ) is a vector of features and Y ∈ R is the response. Fix k ≤ n and let
(Xi1 , Yi1 ), ..., (Xik , Yik ) be a subsample of the training set. Given a feature vector x∗ ∈ X
where we are interested in making a prediction, we can write the prediction at x∗ generated
by a tree that was built using the subsample(Xi1 , Yi1 ), ..., (Xik , Yik ) as a function Tx∗ from
(X × R) × · · · × (X × R) to R. Taking all nk subsamples, building a tree and predicting at
x∗ with each, we can write our final subbagged prediction at x∗ as

0

0

ζ1,k = cov(h(Z1 , ..., Zk ), h(Z1 , Z2 , ..., Zk ))

0
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A number of important aspects of these results are worth pointing out. First, note from
Theorem 1 that the trees are built with subsamples that are approximately square root of
the size of the full training set. This condition is not necessary for the proof, but ensures
that the variance of the U-statistic in part (i) converges to 0 as is typically the case in central
limit theorems. By maintaining this relatively small subsample size, we can build many more
trees and maintain a procedure that is computationally equivalent to traditional bagging
based on full bootstrap samples. Also note that no particular assumptions are placed on
the dimension d of the feature space; the number of features may grow with n so long as
the stated conditions remain satisfied.
The final condition of Theorem 1, that lim ζ1,kn 6= 0, though not explicitly controllable,
should be easily satisfied in many cases. As an example, suppose that the terminal node size
is bounded by T so that trees built with larger training sets are grown to greater depths.
Then if the form of the response is Y = F (X) +  where  has variance σ 2 , ζ1,kn will be
bounded below by σ 2 /T . Finally, note that the assumption of exponential tails on the
distribution of regression errors in Proposition 1 is stronger
than necessary. Indeed, so long
√
√ 
as kn = o( n), we need only insist that nP  > n → 0.
The proofs of Theorem and Proposition 1 are provided in Appendix A. The subbagging
algorithm that produces asymptotically normal predictions at each point in the feature
space is provided in Algorithm 1.
Algorithm 1 Subbagging
Load training set
Select size of subsamples kn and number of subsamples mn
for i in 1 to mn do
Take subsample of size kn from training set
Build tree using subsample
Use tree to predict at x∗
end for
Average the mn predictions to get final estimate bn,kn ,mn (x∗ )

JMLR 17(26):1-41

Note that this procedure is precisely the original bagging algorithm suggested by Breiman,
but with proper subsamples used to build trees instead of full bootstrap samples. In Section
3, we provide consistent estimators for the limiting variance parameters in Theorem 1 so
that we may carry out inference in practice.
We would also like to acknowledge similar work currently in progress by Wager (2014).
Wager builds upon the potential nearest neighbor framework introduced by Lin and Jeon
(2006) and seeks to provide a limiting distribution for the case where many trees are used
in the ensemble, roughly corresponding to our result (i) in Theorems 1 and 2. The author
considers only an idealized class of trees based on the assumptions in Meinshausen (2006) as
well as additional honesty and regularity conditions that allow kn to grow at a faster rate,
and demonstrates that when many Monte Carlo samples are employed, the infinitesimal
jackknife estimator of variance is consistent and predictions are asymptotically normal.
This estimator has roughly the same computational complexity as those we propose in
Section 3 and should scale well subject to some additional bookkeeping. In contrast, the
theory we provide here takes into account all possible rates of Monte Carlo sampling via the
7
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three cases discussed in Theorems 1 and 2 and we provide a consistent means for estimating
each corresponding variance.
2.2 Random Forests

(i)

1 X (ωi )
hkn (Zi1 , ..., Zikn )
mn

(5)

The distributional results described above for subbagging do not insist on a particular tree
building method. So long as the trees generate predictions that satisfy minimal regularity
conditions, the experimenter is free to use whichever building method is preferred. The subbagging procedure does, however, require that each tree in the ensemble is built according
to the same method.
This insistence on a uniform, non-randomized building method is in contrast with random forests. The original random forests procedure suggested by Breiman (2001b) dictates
that at each node in each tree, the split may occur on only a randomly selected subset of
features. Thus, we may think of each tree in a random forest as having an additional randomization parameter ω that determines the eligible features that may potentially be split
at each node. In a general U-statistic context, we can write this random kernel U-statistic
as
Uω;n,kn ,mn =

(i)

1 X (ωi )
Tx∗ ,kn ((Xi1 , Yi1 ), ..., (Xikn , Yikn )).
mn

so that we can write a random forest estimator as
rn,kn ,mn (x∗ ) =

Due to this additional randomness, random forests and random kernel U-statistics in
general do not fit within the framework developed in the previous section so we develop
iid
new theory for this expanded class. Suppose ω1 , ..., ωmn ∼ Fω and that these randomization parameters are selected independently of the original sample Z1 , ..., Zn . Consider the
statistic

(i)



1 X (ωi )
hkn (Zi1 , ..., Zikn )
mn

∗
Uω;n,k
= Eω 
n ,mn

∗
n(Uω;n,k
− Uω;n,kn ,mn ) → 0.
n ,mn

P

∗
so that Uω;n,k
=
E
ω Uω;n,kn ,mn . Taking the expectation with respect to ω, the kernel
n ,mn
∗
becomes fixed and hence Uω;n,k
conforms to the non-random kernel U-statistic theory.
n ,mn
∗
Thus, Uω;n,k
is asymptotically normal in both the complete and incomplete cases, as well
n ,mn
as in the complete and incomplete infinite order cases, by Theorem 1. Given this asymp∗
totic normality of Uω;n,k
, in order to retain asymptotic normality of the corresponding
n ,mn
random kernel version, we need only show that

√
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We make use of this idea in the proof of the following theorem, which is provided in Appendix
A.

8

lim E

(ω)
hkn (Zβ1 , ..., Zβkn )

−

2
(ω)
Eω hkn (Zβ1 , ..., Zβkn )

6= ∞,

i=1

JMLR 17(26):1-41
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9

Another random-forest-type estimator based on a crossed design that results in an infinite order generalized U-statistic is provided in Appendix B. However, the above formulation
most resembles Breiman’s original procedure and is more computationally feasible than the
method mentioned in Appendix B, so we consider only this random kernel version of random
forests in the simulations and other work that follows.

where z̃ (j) denotes the j th set of initial fixed points and Sz̃(j) ,i denotes the ith subsample that
includes z̃ (j) (which is used here as shorthand for the argument to the tree function Tx∗ ,kn ).
Now,P
since we assume that the orginal data in the training set is i.i.d., the random variables
nM C
1
i=1 Tx∗ ,kn (Sz̃ (1) ,i ) are also i.i.d. and since the sample variance is a U-statistic, ζ̂c,kn
nM C

i=1

To estimate ζc,kn for our tree-based ensembles, we begin by selecting c observations z̃1 , ..., z̃c ,
which we refer to as initial fixed points, from the training set. We then select several
subsamples of size kn from the training set, each of which must include z̃1 , ..., z̃c , build a
tree with each subsample, and record the mean of the predictions at x∗ . Let nM C (MC for
“Monte Carlo”) denote the number of subsamples drawn so that this average is taken over
nM C predictions. We then repeat the process for nz̃ initial sets of fixed points and take our
final estimate of ζc,kn as the variance over the nz̃ final averages, yielding the estimator
!
nM C
nM C
1 X
1 X
ζ̂c,kn = var
Tx∗ ,kn (Sz̃(1) ,i ) , ...,
Tx∗ ,kn (Sz̃(nz̃ ) ,i )
nM C
nM C

The limiting distributions provided in Theorem 1 depend on the unknown mean parameter
θkn = EUn,kn ,mn as well as the unknown variance parameters ζ1,kn and ζkn ,kn . In order for
us to be able to use these distributions for statistical inference in practice, we must establish
consistent estimators of these parameters. It is obvious that we can use the sample mean—
i.e. the prediction from our ensemble—as a consistent estimate of θkn , but determining an
appropriate variance estimate is less straightforward.
In equation (2) of the previous section, we defined ζc,kn as the covariance between
two instances of the kernel with c shared arguments, so the sample covariance between
predictions may serve as a consistent estimator for both ζ1,kn and ζkn ,kn . However, in
practice we find that this often results in estimates close to 0, which may then lead to an
overall negative variance estimate.
It is not difficult to show - see Lee (1990) page 11 for details - that an equivalent
expression for ζc,kn is given by


ζc,kn = var E hkn (Z1 , ..., Zkn ) | Z1 = z1 , ..., Zc = zc .

3. Estimating the Variance

Mentch and Hooker

is a consistent estimator. The algorithm for calculating ζ̂1,kn is provided in Algorithm 3.
Note that when c = kn , each of the subsamples is identical so we need only use nM C = 1
which simplifies the estimation procedure for ζkn ,kn . The procedure for calculating ζ̂kn ,kn is
provided in Algorithm 4.
Choosing the values of nz̃ and nM C will depend on the situation. The number of
iterations required to accurately estimate the variance depends on a number of factors,
including the tree building method and true underlying regression function. Of course,
ideally these estimation parameters should be chosen as large as is computationally feasible.
In our simulations, we find that in most cases, only a relatively small number of initial fixed
point sets are needed, but many more Monte Carlo samples are often necessary for accurate
estimation. In most cases, we used an nM C of at least 500. Recall that because our trees
are built with small subsamples, we can build correspondingly more trees at the same
computational cost.

Algorithm 2 Subsampled Random Forest
Load training set
Select size of subsamples kn and number of subsamples mn
for i in 1 to mn do
Select subsample of size kn from training set
Build tree based on randomization parameter ωi
Use this tree to predict at x∗
end for
Average the mn predictions to obtain final estimate rn,kn ,mn (x∗ )

simply ensures that the randomization parameter ω does not continually pull predictions
from the same subsample further apart as n → ∞. This condition is satisfied, for example, if the response Y is bounded and should also be easily satisfied for any reasonable
implementation of random forests.
The subsampled random forest algorithm that produces asymptotically normal predictions is provided in Algorithm 2. As with subbagging, this subsampled random forest
algorithm is exactly a random forest with subsamples used to build trees instead of full
bootstrap samples.

n→∞



Note that the variance parameters ζ1,kn and ζkn ,kn in the context of random kernel
U-statistics are still defined as the covariance between estimates generated by the (now
random) kernels. Thus, in the specific context of random forests, these variance parameters
correspond to the covariance between predictions generated by trees, but each tree is built
according to its own randomization parameter ω and this covariance is taken over ω as well.
The final condition of Theorem 2 that

Uω;n,kn ,mn is asymptotically normal and the limiting distributions are the same as those
provided in Theorem 1.

n→∞


2
(ω)
(ω)
lim E hkn (Zβ1 , ..., Zβkn ) − Eω hkn (Zβ1 , ..., Zβkn ) 6= ∞,

Theorem 2 Let Uω;n,kn ,mn be a random kernel U-statistic of the form defined in equation
∗
(5) such that Uω;n,k
satisfies Condition 1 and suppose that Eh2kn (Z1 , ..., Zkn ) < ∞ for
n ,mn
kn
√
all n, lim n = 0, and lim mnn = α. Then, letting β index the subsamples, so long as
lim ζ1,kn 6= 0 and
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Algorithm 3 ζ1,kn Estimation Procedure
for i in 1 to nz̃ do
Select initial fixed point z̃ (i)
for j in 1 to nM C do
Select subsample Sz̃(i) ,j of size kn from training set that includes z̃ (i)
Build tree using subsample Sz̃(i) ,j
Use tree to predict at x∗
end for
Record average of the nM C predictions
end for
Compute the variance of the nz̃ averages

Algorithm 4 ζkn ,kn Estimation Procedure
for i in 1 to nz̃ do
Select subsample of size kn from training set
Build tree using subsample this subsample
Use tree to predict at x∗
end for
Compute the variance of the nz̃ predictions

3.1 Internal vs. External Estimation
The algorithms for producing the subbagged or subsampled random forest predictions as
well as the above algorithms for estimating the variance parameters are all that is needed
to perform statistical inference. We can begin with Algorithm 1 or 2 to generate the
predictions, followed by Algorithms 3 and 4 to estimate the variance parameters ζ1,kn and
ζkn ,kn . This procedure of running these 3 algorithms seperately is what we will refer to as
the external variance estimation method, since the the variance parameters are estimated
outside of the orginal ensemble. By contrast, we could instead generate the predictions and
estimate the variance parameters in one procedure by taking the mean and variance of the
predictions generated by the trees used to estimate ζ1,kn . Algorithm 5 outlines the steps in
this internal variance estimation method.

JMLR 17(26):1-41

This internal variance estimation method is more computationally efficient and has the
added benefit of producing variance estimates by simply changing the way in which the
subsamples are selected. This means that we are able to obtain all parameter estimates
we need to conduct inference at no greater computational cost than building the original
ensemble. Although Theorems 1 and 2 dictate that the subsamples used in the ensemble be
selected uniformly at random, we find that the additional correlation introduced by selecting
the subsamples in this way and using the same subsamples to estimate all parameters does
not affect the limiting distribution.
11
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Algorithm 5 Internal Variance Estimation Method
for i in 1 to nz̃ do
Select initial fixed point z̃ (i)
for j in 1 to nM C do
Select subsample Sz̃(i) ,j of size kn from training set that includes z̃ (i)
Build tree using subsample Sz̃(i) ,j
Use tree to predict at x∗ and record prediction
end for
Record average of the nM C predictions
end for
Compute the variance of the nz̃ averages to estimate ζ1,kn
Compute the variance of all predictions to estimate ζkn ,kn
Compute the mean of all predictions to estimate θkn

4. Inference Procedures

In this section, we describe the inference procedures that may be carried out after performing
the estimation procedures.
4.1 Confidence Intervals

In Section 2, we showed that predictions from subbagging and subsampled random forests
are asymptotically normal and in Section 3 we provided consistent estimators for the parameters in the limiting normal distributions. Thus, given a training set, we can estimate
the approximate distribution of predictions at any given feature vector of interest x∗ . To
produce a confidence interval for predictions at x∗ , we need only estimate the variance
parameters and take quantiles from the appropriate limiting distribution. Formally, our
confidence interval is [LB, U B] where the lower and upper bounds, LB and U B, are the
α/2 and 1 − α/2 quantiles respectively of the normal distribution with mean θ̂kn and vari2
ance kα̂n ζ̂1,kn + ζ̂kn ,kn where ζ̂1,kn and ζ̂kn ,kn are the variance estimates and α̂ = n/mn . This
limiting distribution is that given in result (ii) of Theorem 1 which is the distribution we
recommend using in practice.
As mentioned in the introduction, these confidence intervals can also be used to address
hypotheses of the form

H0 : θkn = c

sd(θ̂kn )

θ̂kn − c

H1 : θkn 6= c.
Formally, we can define the test statistic

t=

JMLR 17(26):1-41

and reject H0 if |t| is greater than the the 1 − α2 quantile of the standard normal. This
corresponds to a test with type 1 error rate α so that P [reject H0 | H0 true] = P [ |t| >

12
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The limiting distributions developed in Theorems 1 and 2 also allow us a way to test the
significance of features. In many situations, data are recorded for a large number of features
but a sparse true regression structure is suspected. Suppose that the training set consists
of d features, X1 , ..., Xd and consider a reduced set X (R) ⊂ {X1 , ..., Xd }. Let xTEST =
{x1 , ..., xN } be a set of feature vectors where we are interested in making predictions.
Also, let g denote the function that maps feature vectors to their corresponding true mean
prediction and let g (R) denote the same type of function that maps from the reduced feature
space. That is, for a particular prediction point of interest x∗ , g(x∗ ) is the true mean
prediction θkn generated by trees built using the full feature space, and g (R) (x∗ ) is the
(R)
true mean prediction θkn generated by trees that are only permitted to utilize features
in the reduced set. Then, for each test point xi ∈ xTEST , we would like to know whether

4.2 Tests of Significance

Compare this, for example, to the standard approach of withholding some (usually
small) portion of the training set and comparing predictions made at these hold-out points
to the corresponding known responses. Such an approach provides some information as
to the accuracy of the learner at specific locations throughout the feature space, but says
nothing about the stability of these predictions. Thus, instead of relying only on measures
of overall goodness-of-fit such as MSE or SSE, these intervals allow users to investigate
prediction variability at particular points or regions and in this sense, can be seen as a
measure of how much the accuracy of predictions at that point is due to chance.

Note that Theorems 1 and 2 apply not only to tree-based ensembles, but to any estimator
that can be written in the form of an infinite order U-statistic, as in equation (4). Some of
these ensembles may be straightforward to analyze, but for others, such as random forest
predictions near the edge of the feature space, it may be difficult to establish a universal rate
√
of consistency. However, even when n-consistency cannot be guaranteed, these intervals
still provide valuable information not currently available with existing tools. In these cases,
the confidence interval provides a reasonable range of values for where the prediction might
fall if the ensemble was recomputed using a new training set; areas of the feature space where
confidence intervals are relatively large indicate regions where the ensemble is particularly
unstable.

building method employed is consistent so that θkn → θ, then as the sample size increases,
the tree should be (on average) producing more accurate predictions, but in order to claim
that our confidence intervals are asymptotically valid for θ, we need for this convergence to
√
occur at rate of n or faster. However, in general, the rate of convergence will depend on
not only the tree-building method and true underlying regression function, but also on the
location of the prediction point within the feature space.

(6)



µ̂ = D̂T
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as well as a covariance matrix Σ. This covariance matrix has parameters Σ1,kn and Σkn ,kn ,
the multivariate analogues of ζ1,kn and ζkn ,kn . Consistent estimators for these multivariate

which we estimate with


T
µ = g(x1 ) − g (R) (x1 ), ..., g(xN ) − g (R) (xN )

so that, provided a joint distribution exists with respect to Lebesgue measure, D̂ has a
multivariate normal distribution with mean vector

D̂ = D̂(x1 ), ..., D̂(xN )

so that this difference function is a U-statistic. Thus, if we have only a single test point of
interest, D̂ is asymptotically normal, so D̂2 is asymptotically χ21 and we can use D̂2 as a
test statistic.
However, it is more often the case that we have several test points of interest. In this
case, define D̂ to be the vector of observed differences in the predictions

(j)

D̂(xi ) = ĝ(xi ) − ĝ (R) (xi )
1 X
1 X (R)
=
Txi ,kn (Sj ) −
Txi ,kn (Sj )
mn
mn
(j)
(j)

1 X
(R)
Txi ,kn (Sj ) − Txi ,kn (Sj )
=
mn

as the difference between the two ensemble predictions. Note that we can write

D̂(xi ) = ĝ(xi ) − ĝ (R) (xi )

Rejecting this null hypothesis means that a feature not in the reduced feature space X (R)
makes a significant contribution to the prediction at at least one of the test points.
To perform this test with a training set of size n, we take mn subsamples, each of size
kn , and build a tree with each subsample. Denote these subsamples S1 , ..., Smn and for a
given feature vector xi , let ĝ(xi ) denote the average over the predictions at xi generated
from the mn trees. Then, using the same subsamples S1 , ..., Smn , again build a tree with
each, but using only those features in X (R) , and let ĝ (R) (xi ) be the average prediction at
xi generated by these trees. Finally, define the difference function

H1 : g(xi ) 6= g (R) (xi ) for some xi ∈ xTEST .

H0 : g(xi ) = g (R) (xi ) ∀ xi ∈ xTEST

g(xi ) = g (R) (xi ) so that we can determine the predictive influence of features not in X (R) .
More formally, we would like to test the hypothesis

1 − α2 | θkn = c] = α. However, this testing procedure is equivalent to simply checking
whether c is within the calculated confidence interval: if c is in the confidence interval, then
we fail to reject this hypothesis that the true mean prediction is equal to c, otherwise we
reject.

Finally, recall that these confidence intervals are for the expected prediction θkn and not
necessarily for the true value of the underlying regression function θ = F (x∗ ). If the tree
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parameters can be obtained by simply replacing the variance calculation in Algorithms
3 and 4 with a covariance. For clarity, the procedure for obtaining Σ̂1,kn is provided in
Algorithm 6 in Appendix C.
Finally, combining these predictions to form a consistent estimator Σ̂ we have that
2
µ̂T Σ̂−1 µ̂ ∼ χN

under H0 . Thus, in order to test the hypothesis in (6), we compare the test statistic µ̂T Σ̂−1 µ̂
2 distribution to produce a test with type 1 error rate α. If
to the 1 − α quantile of the χN
our test statistic is larger than this critical value, we reject the null hypothesis.
4.3 Further Testing Procedures

6= g (RAN D)

(xi )

for some

xi

∈x

TEST

.

This setup, though straightforward, may not always definitively decide the significance of
features. In some cases, even randomly generated features that are unrelated to the response
can be reported significant. Depending on the building method, tree-based algorithms may
take advantage of additional randomness in features even when the particular values of those
features do not directly contribute to the response. For this reason, we also recommend
repeating the testing procedure by comparing predictions generated using the full data set
to predictions generated by a data set with randomly generated values—commonly obtained
by permuting the values in the training set—for the features not in the reduced feature set
to test hypostheses of the form

:

g(xi )

H0 : g(xi ) = g (RAN D) (xi ) ∀ xi ∈ xTEST
H1

JMLR 17(26):1-41

The testing procedure remains exactly the same except that to calculate the second
set of trees, we simply substitute the reduced training set for a training set with the same
number of features, but with randomized values taking the place of the original values for
the additional features. Rejecting this null hypothesis allows us to conclude that not only
do the additional features not in the reduced training set make a significant contribution
to the predictions, but that the contribution is significantly more than could be obtained
simply by adding additional randomness.
There are also two additional tests that may be performed. First, we can test whether
predictions generated by a training set with randomized values for the additional features
are significantly different from predictions generated by the reduced feature set. If a significant difference is found, then the trees in the ensemble are making use of the additional
randomness or possibly an accidental structure in the randomized features. As a final check,
we can compare predictions generated by two training sets, each with randomized values
for the features not in the reduced set. In the unlikely event that a significant difference
is found between these predictions, it is again likely due to an accidental structure in the
randomized values. Both of these tests can be performed in exactly the same fashion by
substituting the appropriate training sets.
15
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Figure 1: Histograms of subbagged predictions at x1 = 10 in the SLR case (top row) and
at x1 = · · · = x5 = 0.5 in the MARS case (bottom row). The total sample size,
number of subsamples, and size of each subsample are denoted by n,m, and k,
respectively in the plot titles.

5. Simulations

X = [0, 20]

X = [0, 1]5

We present here a small simulation study in order to illustrate the limiting distributions
derived in Section 2 and also to demonstrate the inference procedures proposed in the
previous section. We consider two different underlying regression functions:
1. g(x1 ) = 2x1 ;

2. g(x) = 10 sin(πx1 x2 ) + 20(x3 − 0.05)2 + 10x4 + 5x5 ;

iid

The first function corresponds to simple linear regression (SLR) and was chosen for simplicity and ease of visualization. The second was initially considered by Friedman (1991)
in development of the Multivariate Adaptive Regression Spline (MARS) procedure and was
recently investigated by Biau (2012). In each case, features were selected uniformly at ran-

dom from the feature spaces and responses were sampled from g(x)+, where  ∼ N (0, 10),
to form the training sets.
5.1 Limiting Distributions

JMLR 17(26):1-41

We begin by illustrating the distributions of subbagged predictions. In the SLR case,
predictions were made at x1 = 10 and in the MARS case, predictions were made at x1 =
· · · = x5 = 0.5. The histograms of subbagged predictions are shown in Figure 1. Each
histogram is comprised of 250 simulations.
For each histogram, the size of the training set n, number of subsamples m, and size of
each subsample k, is provided in the title. Each tree in the ensembles was built using the
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5.2 Confidence Intervals
We move now to building confidence intervals for predictions and examine their coverage
probabilities. We begin with the SLR case, with n = 200, m = 200, and k = 30 and as
above, predict at x1 = 10. To build the confidence intervals, we generate 250 data sets
and with each data set, we produce a subbagged ensemble, estimate the parameters in the
limiting distribution, and take the 0.025 and 0.975 quantiles from the estimated limiting
normal distribution to form an approximate 95% confidence interval. The mean of this
limiting normal θk was estimated as the mean of the predictions generated by the ensemble.
The variance parameter ζk,k was estimated by drawing 500 new subsamples, not necessarily
used in the ensemble, and calculating the variance between predictions generated by the
resulting 500 trees and ζ1,k was estimated externally using nz̃ = 50 and nM C = 250.
In order to assess the coverage probability of our confidence intervals, we first need to
estimate the true mean prediction θk at x1 = 10 that would be generated by this subbagging
ensemble. To estimate this true mean, we built 1000 subbagged ensembles and took the
mean prediction generated by these ensembles, which we found to be 20.02 - very close to
the true underlying value of 20. In this case, we found a coverage probability of 0.912,
which means that 228 of our 250 confidence intervals contained our estimate of the true
mean prediction. These confidence intervals are shown in Figure 3. The horizontal line in
the plot is at 20.02 and represents our estimate of the true expected prediction.
This same procedure was repeated for the SLR case with n = m = 1000 and k = 60, the
MARS case with n = m = 500 and k = 50, and the MARS case with n = m = 1000 and
k = 75. In each case, we produced 250 confidence intervals and the coverage probabilities

look increasingly further from normal as k increases. The histograms in Figure 2 show the
distribution of subbagged predictions in the MARS case with n = m = 1000 and k = 200
and also with n = m = k = 1000 so that we are using full bootstrap samples to build the
ensembles in the latter case. The parameters in the limiting distribution are estimated in
exactly the same manner as with the smaller k for the case where k = 200. In the bootstrap
case, we cannot follow our subbagging procedure exactly since the bootstrap samples used
to build each tree in the ensemble must be taken with replacement, so we do not attempt
to estimate the variance. These distributions look less normal and we begin to overestimate
the variance in the case where k = 200.

Figure 3: Confidence Intervals for subbagged predictions.
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rpart function in R, with the additional restriction that at least 3 observations per node
were needed in order for the algorithm to consider splitting on that node. Overlaying each
histogram is the density obtained by estimating the parameters in the limiting distribution.
In each case, we take the limiting distribution to be that given in result (ii) of Theorem 1;
namely that the predictions are normally distributed with mean Ebn,k,m (x∗ ) and variance
1 k2
1
α m ζ1,k + m ζk,k .
The mean Ebn,k,m (x∗ ) = θk was estimated as the empirical mean across the 250 subbagged predictions. To estimate ζk,k , 5000 new subsamples of size k were selected and with
each subsample, a tree was built and used to predict at x1 = 10 and ζ̂k,k was taken as
the empirical variance between these predictions. To estimate ζ1,k , we follow the procedure
in Algorithm 3 with nz̃ = 50 and nM C = 1000 in the SLR cases and with nz̃ = 250 and
nM C = 1000 in the MARS cases. Note that since we are only interested in verifying the
distributions of predictions, the variance parameters are estimated only once for each case
and not for each ensemble.
It is worth noting that the same variance estimation procedure with nz̃ = 250 and
nM C = 250 lead to an overestimate of the variance, so we reiterate that using a large nM C
n
seems to provide better results, even when nz̃ is relatively small. In each case, we use m
n
as a plug-in estimate for α = lim m
. We also repeated this procedure and generated the
distribution of predictions according to the internal variance estimation method described
in Algorithm 5. Details and histograms are provided in Appendix D. These distributions
appear to be the same as when the subsamples are selected uniformly at random, as in the
external variance estimation method.
Note that the distributional results in Theorem 1 require lim √kn = 0, so in practice,
the subsample size k should be small relative to n. In the above simulations, we choose k
√
slightly larger than n and the distributions appear normally distributed with the correct
limiting distribution. However, though this restriction on the growth rate of the subsample
size is sufficient for asymptotic normality, it is perhaps not necessary. In our simulations,
we found that ensembles built with larger k are still approximately normal, but begin to

Figure 2: Histograms of subbagged predictions with larger subsample size k and full bootstrap samples. Predictions are made at x1 = · · · = x5 = 0.5.
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200
1000
500
1000

n
30
60
50
75

k
19.94
19.99
17.43
17.56

θk

Coverage Probability
External Variance Est. Internal Variance Est.
0.912
0.912
0.956
0.936
0.980
0.984
0.996
0.996

are shown in Table 1. The parameters in the limiting distributions were estimated externally
in exactly the same fashion, using nz̃ = 50 and nM C = 250 to estimate ζ1,k . These slightly
higher coverage probabilities mean that we are overestimating the variance, which is likely
due to smaller values of the estimation parameters nz̃ and nM C being used to estimate ζ1,k .

Underlying
Function
SLR
SLR
MARS
MARS
Table 1: Coverage probabilities

We also repeated this procedure for generating confidence intervals using the internal
variance estimation method. The resulting coverage probabilities are remarkably similar to
the external variance estimation method and are shown in Table 1. These ensembles were
built using nz̃ = 50 and nM C = 250.
5.3 Hypothesis Testing
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We now explore the hypothesis testing procedure for assessing feature significance. We focus
on the MARS case, where our training set now consists of 6 features X1 , ..., X6 , but the
response Y depends only on the first 5. The values of the additional feature X6 are sampled
uniformly at random from the interval [0, 1] and independently of the first 5 features.
We begin by looking at the distribution of test statistics when the test set consists 41
equally spaced points between 0 and 1. That is, the first test point is x1 = · · · = x6 = 0,
the second is x1 = · · · = x6 = 0.025, and so on so that the last test point is x1 = · · · =
x6 = 1. For this test, we are interested in looking at the difference between trees built using
all features and those built using only the first 5 so that in the notation in Section 4.2,
X (R) = {X1 , ..., X5 }. We ran 250 simulations with n = 1000, m = 1000, and k = 75 using
a test set consisting of all 41 test points, the 20 central-most points, and the 5 central-most
points. The parameter Σ1,k was estimated externally using nz̃ = 100 and nM C = 5000 and
Σk,k was estimated by taking the covariance of the difference in predictions generated by
5000 trees. These covariance parameters are estimated only once instead of within each
ensemble since we are only interested in the distribution of test statistics. Histograms of
the resulting test statistics along with an overlay of the estimated χ2 densities are shown
in the top row of Figure 4.
We repeated this procedure, this time with a test set consisting of points in the center
of the hypercube so we are not predicting close to any edge of the feature space. The value
of each feature in the test set was selected uniformly at random from [0.25, 0.75]. A total
of 41 such test points were generated, and histograms of the 250 resulting test statistics
were produced in the cases where we use 5 of these test points, 20 test points, and all 41
test points. These histograms and estimated χ2 densities are shown in the bottom row of
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Thus far, our simulations have dealt only with subbagged ensembles, but recall that Theorem 2 established the asymptotic normality for predictions generated by random forests as

5.4 Random Forests

Figure 4. Note that the bottom row appears to be a better fit and thus there appears to be
some bias occuring when test points are selected near the edges of the feature space.
To check the alpha level of the test—the probability of incorrectly rejecting the null
hypothesis—we simulated 250 new training sets and used the test set consisting of 41
randomly selected central points. For each training set, we built full and reduced subbagged
estimates, allowed and not allowed to utilize X6 respectively, estimated the parameters,
and performed the hypothesis test. For each ensemble, the variance parameter Σ1,k was
estimated externally using nz̃ = 50 and nM C = 1000 and Σk,k was estimated externally on
an independently generated set of trees.
In this setup, none of the 250 simulations resulted in rejecting the null hypothesis,
so our empirical alpha level was 0. A histogram of the resulting test statistics is shown
2 , is 56.942. Thus,
on the left of Figure 5; the critical value, the 0.95 quantile of the χ41
as with the confidence intervals, we are being conservative. Recall that our confidence
interval simulations with n = 1000, m = 1000, and k = 75 predicting at x = (0.5, ..., 0.5)
captured our true value 99.6% of the time, so this estimate of 0, though conservative, is not
necessarily unexpected. We also repeated this procedure using an internal variance estimate
with nz̃ = 50 and nM C = 1000 and found an alpha level of 0.14. The histogram of test
statistics resulting from the internal variance estimation method is shown on the right in
Figure 5. Here we see that the correlation introduced by not taking an i.i.d. selection of
subsamples to build the ensemble may be slightly inflating the test statistics.

Figure 4: Histograms of simulated test statistics with estimated χ2 overlay. The top row of
histograms involve test points equally spaced between 0 and 1 and the bottom row
corresponds to points randomly selected from the interior of the feature space.
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We now apply our inference methods to a real data set provided by the Lab of Ornithology
at Cornell University. The data is part of the ongoing eBird citizen science project described
in Sullivan et al. (2009). This project is hosted by Cornell’s Lab of Ornithology and relies

6. Real Data

well. The histograms in Figure 6 show the distribution of predictions generated by subsampled random forests at x1 = · · · = x5 = 0.5 when the true underlying function is the MARS
function. These trees were grown using the randomForest function in R with the ntree
argument set to 1. At each node in each tree, 3 of the 5 features X1 , ..., X5 were selected at
random as candidates for splits and we insisted on at least 2 observations in each terminal
node. The histograms show the empirical distribution of 250 subsampled random forest
2
1
predictions and the overlaid density is the limiting normal N (Ern,k,m (x∗ ), α1 km ζ1,k + m
ζk,k )
with the variance parameters estimated externally. Our estimate of the mean of this distribution was taken as the empirical mean of the 250 predictions. Our estimate of ζk,k was
taken as the empirical variance of predictions across 5000 new trees and the estimate for
ζ1,k was calculated with nz̃ = 250 and nM C = 2000.

Figure 6: Histograms of random forest predictions at x1 = · · · = x5 = 0.5 with estimated
normal density overlaid.
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on citizens, referred to as birders, to submit reports of bird observations. Location, bird
species observed and not observed, effort level, and number of birds of each species observed
are just a few of the variables participants are asked to provide. In addition to the data
contained in these reports, landcover characteristics as reported in the 2006 United States
National Land Cover Database are also available so that information about the local terrain
may be used to help predict species abundance.
For our analysis, we restrict our attention to observations (and non-observations) of the
Indigo Bunting species. For the first part of our analysis, we further restrict our attention
to observations made during the year 2010. A little more than 400,000 reports of either
presence or absence of Indigo Buntings were recorded during 2010 and the data set consists
of 23 features. Like many species, the abundance of Indigo Buntings is known to fluctuate
throughout the year, so we have two primary goals: (1) to produce confidence intervals for
monthly abundance and (2) to show that the feature ‘month’ is significant for predicting
abundance.
A presence/absence plot of Indigo Buntings by month is shown in Figure 7. A few
features of this plot are worth pointing out. Most obviously, there are many more absence
observations each month than presence observations. This makes sense because each time a
birder submits a report, they note when Indigo Buntings are not present. Next, we see that
this species is only observed during the warmer months, so month seems highly significant
for predicting abundance. Finally, we see that all months have a large number of reports,
so we need not worry about underreporting issues throughout the year.
First we produce the confidence intervals. The goal is to get an idea of the monthly
abundance, which we can think of as ‘probability of observation’, so our test points will
be 12 vectors, one for each month. For the values of the other features, we will use the
average of the values recorded for that feature, or, in the case of categorical features, use the
most popular category. Some features, such as elevation, have missing values which are not
included in calculating the averages. We also removed the day feature from the training set,
since day of the year is able to capture any effect of month. Since the training set consists
of approximately 400,000 observations, we use a subsample size k = 650, slightly more than
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Figure 8: Monthly confidence intervals for Indigo Bunting abundance.
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the square root of the training set size. We build a total of m = 5000 trees and take the
variance of these predictions at each point to be our estimates of ζk,k . We use an external
estimate with nz̃ = 250 and nM C = 5000 to estimate ζ1,k . For each tree built, we require
a minimum of 20 observations to consider splitting an internal node. We also repeat this
procedure using an internal estimate of variance with nz̃ = 250 and nM C = 5000.
The confidence intervals are shown in Figure 8. Note that the pattern seen in Figure
7 is mirrored in the confidence interval plot: the confidence intervals are higher during
months where more positive observations are recorded. It is also interesting to note that
the width of the confidence intervals is larger during months of higher abundance. Observe
in Figure 7 that even for months with many positive observations reported, many more
negative observations are also reported. Thus, for these months there are likely a number
of trees in the ensemble with nearly all positive or negative observations so we expect a
higher variance in predictions. For months when very few positive observations are made,
nearly all observations in the terminal node will be abscence observations, thus resulting in
a very small variance and much narrower confidence intervals. Based on a visual inspection
of the confidence intervals, there appears to be a clear significant difference in abundance
between certain months, but we need to account for correlations in our predictions so we
also conduct hypothesis tests.
We conduct these formal tests for the significance of month, following the procedure
in Section 4.2. To perform this test, we randomly selected 20 points from the training
set as the test set and calculated the test statistic based on an internal variance estimate
with nz̃ = 250 and nM C = 5000. We calculated a test statistic of 4233.10 and a critical
2 , of only 31.41 which yields a p-value of approximately
value, the 0.95 quantile of the χ20
0, so it seems that month is highly significant for predicting abundance. However, when
we generated random values for month and repeated the testing procedure, we calculated a

0.02

Mentch and Hooker

test statistic of 58.02 which, though significantly smaller than the test statistic calculated
on the original training set, is still significant. To ensure that the randomized months we
selected did not add any accidental structure, we compared predictions generated using this
training set to those generated by another training set, also with randomized months. Here
we find a test statistic of only 2.36 and thus there is no significant difference between these
predictions, so the trees are simply taking advantage of additional randomness. Finally,
we test for a difference in predictions generated by the original training set and those
generated by the training set with random values of month. In this case, we calculated
a test statistic of 2336.14 which is highly significant so we can conclude that month is
significant for predicting abundance and the contribution to the prediction is significantly
more than would be expected by simply adding a random feature to the model.

This significant effect of month comes as no surprise as Indigo Buntings are known to
be a migratory species. However, many scientists also believe that migrations may change
from year to year and thus year may also be significant for predicting abundance. For this
test, we used the full training data set consisting of approximately 1 million observations
from 2004 to 2010 and as a test set, randomly selected 20 observations from the training set.
Given this larger training set, we increased our subsample size to k = 1000 and our Monte
Carlo sample size to nM C = 8000 and again performed the tests using the internel variance
estimation method. In the first setup where we test predictions from the full training set
against predictions generated from the training set without year, we find a test statistic
of 94.43 which means that year is significant for making predictions as it is larger than
the critical value of 31.41. However, as was the case in testing the significance of month,
we find that a randomly generated year feature is also significant with a test statistic of
52.51. Following in the same manner as above, we compare predictions from two training
sets, each with a randomized year feature, and we find no significant difference in these
predictions with a test statistic of only 4.70. Finally, we test for a difference in predictions
between the full training set and a data set with random year and find that there is a
significant difference in these predictions with a test statistic of 109.72. Thus, as was the
case with month, we can conclude that year is significant for predicting abundance and
the contribution to the prediction is significantly more than would be expected by simply
adding a random feature to the model.

7. Discussion
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This work demonstrates that formal statistical inference procedures are possible within the
context of supervised ensemble learning, even when individual base learners are difficult
to analyze mathematically. Demonstrating that ensembles built with subsamples can be
viewed as U-statistics allows us to calculate limiting distributions for predictions and consistent estimation procedures for the parameters allow us to compute confidence intervals for
predictions and formally test the significance of features. Moreover, using the internal variance estimation procedure, we are able to do so at no additional computational cost. In his
controversial paper, Breiman (2001a) contrasted traditional statistical data analysis models
that emphasize interpretation with the modern algorithmic approach of machine learning
where the primary goal is prediction and among the differences invoked was the statisti-
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cian’s concern for formalized inference. Our hope is that this work be seen as something of
a bridge between Breiman’s two cultures.
The distributions and procedures we discuss apply to a very general class of supervised
learning algorithms. We focus on bagging and random forests with tree-based base learners
due to their popularity, but any supervised ensemble method that satisfies the conditions
in Theorems 1 and 2 will generate predictions that have these limiting distributions and
the inference procedures can be carried out in the same way. By the same reasoning, our
procedures also make no restrictions on the tree-building method.
There are also some small modifications that can be made to our procedure which would
still allow for an asymptotically normal limiting distribution. First, we assumed that our
subsamples were selected with replacement so that in theory, the same subsample could be
selected multiple times. This choice was based primarily on the fact that ensuring the exact
subsample was not taken twice would typically require extra computational work. However,
even for relatively small data sets, the probability of selecting the same subsample more
than once is very small, and not surprisingly, the limiting distributions remain identical
when the subsamples are taken without replacement. Furthermore, we also did not allow
repeat observations within subsamples, which made the resulting estimator a U-statistic.
Had we selected the subsamples themselves with replacement, our estimator would be a Vstatistic—a closely related class of estimators introduced by von Mises (1947)—and similar
theory could be developed. It is also worth pointing out that in practice, we always selected
the same number of subsamples mn and subsample size kn for each prediction point x∗ but
in theory, these could be chosen differently for each point of interest and the same can be
said of the estimation parameters nz̃ and nM C . However, choosing different values of these
parameters for different prediction points involves significantly more bookkeeping and we
advise against it in practice.
Our approach also raises some issues. Perhaps most obviously, the parameter in our
inference procedures is the expected prediction generated by trees built in the prescribed
fashion, as opposed to the true value of the underlying regression function, F (x∗ ). Though
some tree-building methods have been shown to be consistent, the bias introduced may not
be negligible so we have to be careful about interpreting our results. It may be possible to
employ a residual bootstrap to try and correct for bias and we plan to explore this in future
work. Another open question that we hope to address in future work is how to select the
test points when testing feature significance. In the eBird application, we randomly selected
points from the training set, but it would be beneficial to investigate optimal strategies for
selecting both the number and location of test points. Finally, the distributional results we
provide could potentially allow us to test more complex hypotheses about the structure of
the underlying regression function, for example, the interaction between covariates.
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Theorem 1 Let Z1 , Z2 , ... ∼ FZ and let Un,kn ,mn be an incomplete, infinite order Ustatistic with kernel hkn that satisfies Condition 1. Let θkn = Ehkn (Z1 , ..., Zkn ) such that
Eh2kn (Z1 , ..., Zkn ) ≤ C < ∞ for all n and some constant C, and let lim mnn = α. Then as
kn
long as lim √
= 0 and lim ζ1,kn 6= 0,
n

iid

The proof of Lemma 3 is provided in Lee (1990) page 201. The proof of Lemma 4 follows in
exactly the same fashion as the proof of result (i) in Theorem 1 below. We take advantage
of these lemmas in the following proofs.

Lemma 4 Let Z1 , Z2 , ... ∼ FZ and let Un,kn be a complete, infinite order U-statistic with
kernel hkn satisfying Condition 1 and θkn = Ehkn (Z1 , ..., Zkn ) such that Eh2kn (Z1 , ..., Zkn ) ≤
kn
C < ∞ for all n and some constant C and lim √
= 0. Then
n

iid

Additionally, it will be useful to have the limiting distribution of complete infinite order
U-statistics, which we provide in the lemma below.

is N (0, σ 2 ).

m−1/2
n

Lemma 3P(Lee 1990, Lemma A, pageP
201) Let a1 , a2 , ... be a sequence of constants such that
limn→∞ n1 ni=1 ai = 0 and limn→∞ n1 ni=1 a2i = σ 2 and let the random variables M1 , ..., Mn
have a multinomial distribution, multinomial(mn ; m1n , ..., m1n ). Then as mn , n → ∞, the
limiting distribution of

We present here the proofs of the theorems provided in Section 2. We begin with a lemma
from Lee (1990).

Appendix A.
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Proof:
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n
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i=1

n
X
i=1

E(Un,kn ,mn − θkn | Zi ) − (n − 1)E(Un,kn ,mn − θkn )
E(Un,kn ,mn − θkn | Zi )

(7)

(i)
Suppose first that α = 0. In the interest of clarity, we follow the Hájek projection
method discussed in Van der Vaart (2000) chapters 11 and 12. Define the Hájek projection
of Un,kn ,mn − θkn as
Ûn,kn ,mn =
=
so that for each term in the sum, we have
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where, in keeping with the notation in Van der Vaart (2000), we let β index the subsamples.
Define h1,kn (x) = Ehkn (x, Z2 , ..., Zkn ) − θkn and let W be the number of subsamples that
contain i. Since we assume that the subsamples are selected uniformly at random with
replacement,

so we can rewrite (7) as

β

!
h1,kn (Zi )
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so that taking the sum yields
Ûn,kn ,mn =
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by Condition 1, and thus the Lindeberg condition is satisfied. Thus, by the Lindeberg-Feller
central limit theorem,

or, rewriting,

√
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p
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n(Un,kn ,mn − θkn − Ûn,kn ,mn + Ûn,kn ,mn )
p
kn2 ζ1,kn

and ζkn ,kn 9 ∞ since Eh2kn (Z1 , ..., Zkn ) is bounded. Finally, by Slutsky’s Theorem and
Theorem 11.2 in Van der Vaart (2000), we have
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The details of this calculation are described in Van der Vaart (2000) page 163. Thus, looking
at the limit of the variance ratio, we have
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where the variance of the complete U-statistic Un,kn is given by

where U is the complete U-statistic analogue. Extending this result to our situation where
k and m may both depend on n, we have
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Now, we need to compare the limiting variance ratio of Un,kn ,mn and its Hájek projection
Ûn,kn ,mn . For incomplete U-statistics of fixed rank, Blom (1976) showed that the variance
of the incomplete U-statistic Um consisting of m subsamples selected uniformly at random
with replacement is given by
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(h
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θ
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Si kn i
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Then we have

m−1/2
n

(ii) & (iii)
Now suppose α > 0. We follow the proof technique in Lee (1990)page 200
which is based on the work of Janson (1984). Let S(n,kn ) = {Si : i = 1, ..., knn } denote
the set of all possible subsamples of size kn . In the following work, we use the notation
(n, kn ) in place of knn in subscripts and summation notation. Consider the random vector
Mn,kn = (MS1 , ..., MS(n,kn ) ), where the ith element denotes the number of times the ith
subsample appears in Un,kn ,mn . Since the subsamples are selected uniformly at random with
replacement, Mn,kn ∼ multinomial(mn ; n1 , ..., n1 ). Let φn,kn ,mn be the characteristic
(kn )
(kn )
√
function of mn (Un,kn ,mn − θkn ) and let φ denote the limiting characteristic function of
√
n(Un,kn − θkn ) where Un,kn is the corresponding complete U-statistic. Additionally, let
(M )
φn,kn ,mn be the characteristic function of the random variable

as desired. 

so that
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and now, taking limits, we have
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so that by the preceeding lemmas,
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which
is the characteristic function of a Normal distribution with mean 0 and variance
2
kn
α ζ1,kn + ζkn ,kn . Note that when α = ∞, the first term in the variance is 0, so the limiting
variance reduces to ζkn ,kn , as desired.

kn +1

,Y

kn +1

≤ c Ykn +1 − Yk∗n +1

)) − h((X1 , Y1 ), ..., (Xkn ,Ykn ), (Xkn +1 , Yk∗n +1 ))

Proposition 1: For a bounded regression function F , if there exists a constant c such
that for all kn ≥ 1,
kn

h((X1 , Y1 ), ..., (X , Y ), (X
kn

where Ykn +1 = F (Xkn +1 ) + kn +1 , Yk∗n +1 = F (Xkn +1 ) + k∗n +1 , and where kn +1 and k∗n +1
are i.i.d. with exponential tails, then Condition 1 is satisfied.

Proof. First consider the particular Yj∗ = F (Xj ). Since F is bounded, we can define

sup F (Xj ) ≤ M < ∞
Xj ∈X

and since tree-based predictions
 cannot fall outside the range of responses in the training
set, h (X1 , Y1∗ ), ..., (Xkn , Yk∗n ) ≤ M for all possible X1 , ..., Xkn . Furthermore, by the
Lipschitz condition,

j=2

kn
X


j
h (X1 , Y1∗ ), ..., (Xkn , Yk∗n ) − h (X1 , Y1∗ ), (X2 , Y2 ), ..., (Xkn , Ykn ) ≤ c

and thus, applying Jensen’s Inequality, we have

Z

Z

X1 ∈X


+ sup h (X1 , Y1∗ ), ..., (Xkn , Yk∗n ) − θkn
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Now, define the set of interest in the Lindeberg condition as An so that we may write
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1

Z

2

1 >
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n → 0, which is the case with exponential tails, and
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Uω;n,kn ,mn is asymptotically normal and the limiting distributions are the same as those
provided in Theorem 1.

n→∞


2
(ω)
(ω)
lim E hkn (Zβ1 , ..., Zβkn ) − Eω hkn (Zβ1 , ..., Zβkn ) 6= ∞,

Theorem 2 Let Uω;n,kn ,mn be a random kernel U-statistic of the form defined in equation
∗
(5) such that Uω;n,k
satisfies Condition 1 and suppose that Eh2kn (Z1 , ..., Zkn ) < ∞ for
n ,mn
k
n
all n, lim √n = 0, and lim mnn = α. Then, letting β index the subsamples, so long as
lim ζ1,kn 6= 0 and

as desired, so long as nP
√
kn = o( n).

=0
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Finally, continuing from equation (8) of Theorem 1,
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(ω)
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We focus now on the second term, involving the cross terms with different subsamples and
randomization parameters. Splitting apart the expectation and moving the expectation
with respect to ω inside, we can write the second term as

βi 6=βj

∗
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E(Uω;n,kn ,mn − Uω;n,k
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Proof. We begin with the case where α = 0 and we make use of this result in the proof of
∗
the case where α > 0. As in Section 2.2, define Uω;n,k
= Eω Uω;n,kn ,mn . We have
n ,mn
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and thus we need only investigate the first term. We have
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Putting all of this together, we have
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mn kn2 ζ1,kn
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so long as kn2 ζ1,kn 9 0 and limn→∞ E hkn (Zβ1 , ..., Zβkn ) − Eω hkn (Zβ1 , ..., Zβkn ) 6= ∞,
as desired. 
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Now we handle the case where α > 0. First note that when kn = 1 for all n, this reduces
to simply averaging over an i.i.d. sample and thus asymptotic normality can be obtained
via the classic central limit theorem so assume that eventually kn > 1. The remaining
steps in this proof are nearly identical to the
 proof of results (ii) and (iii) of Theorem
1. Again, let S(n,kn ) = {Si : i = 1, ..., knn } denote the set of all possible subsamples
of size kn and let Mn,kn = (MS1 , ..., MS(n,kn ) ) denote the random vector that counts the
number of times each subsample appears so that Mn,kn ∼ multinomial(mn ; n1 , ..., n1 )
(kn )
(kn )
since we assume the subsamples are selected uniformly at random with replacement. Define
35
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and let φ denote the limiting characteristic function of n(Uω;n,k
− θk∗n ). Finally, let
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Distribution of Subbagged Predictions using an Internal Variance Estimate

Here we examine the distribution of predictions when the ensemble is built according to the
internal variance estimation method described in Algorithm 5. Since we are only interested
in the distribution of predictions, we omit the steps in Algorithm 5 for estimating the
variance parameters and use the same estimates as in the external case above. For both
the SLR case with n = 1000, k = 60 and the MARS case with n = 1000, k = 75, we use
nz̃ = 50 and nM C = 250 to produce a total of m = 12500 predictions in each ensemble.
A total of 250 ensembles were built and the resulting histograms with estimated normal
densities overlaid are shown in Figure 9 below. We see that these distributions appear to
be the same as when the subsamples are selected uniformly at random, as in the external
variance estimation method.

(9)

Appendix D.

Algorithm 6 Σ1,kn Estimation Procedure
for i in 1 to nz̃ do
Select initial fixed point z̃ (i)
for j in 1 to nM C do
Select subsample Sz̃(i) ,j of size kn from training set that includes z̃ (i)
Build full tree using subsample Sz̃(i) ,j
Build reduced tree using subsample Sz̃(i) ,j utilizing only reduced feature space
Use both full tree and reduced tree to predict at each test point
Record difference in predictions
end for
Record average of the nM C differences in predictions
end for
Compute the covariance of the nz̃ averages

The algorithm for estimating Σ1,kn as needed for the hypothesis testing procedure is given
below.

Appendix C.

Mentch and Hooker

where here, we explicitly treat ω as an input to the function. Statistics of the form in
(9) are referred to as two-sample or generalized U-statistics and similar results regarding
asymptotic normality have been established for fixed-rank kernels; see Lee (1990) or Van der
Vaart (2000) for details.
We mention this as a possible alternative only because the resulting estimator takes the
well established form of a generalized U-statistic. Readers familiar with U-statistics may
be more comfortable with this approach than with the random kernel approach that more
closely resembles the type of random forests used in practice. However, since this formulation strays from Breiman’s original procedure and is far more computationally intensive,
we consider only the random kernel version described in Section 2.2.

(i) (j)

1 1 XX
Tx∗ ,kn ((Xi1 , Yi1 ), ..., (Xikn , Yikn ); ωj )
Ωn mn

Typically, each tree in a random forest is built according to an independently selected
randomization parameter ω. Alternatively, for each ω, we could choose to build an entire
set of trees, one for each of the mn subsamples, so that if Ωn randomization parameters are
used, a total of Ωn × mn trees are built. We could then write the prediction at x∗ generated
by this alternative random forest estimator as

Crossed Design Random Forests

Appendix B.

which
is the characteristic function of a Normal distribution with mean 0 and variance
2
kn
∗
∗
∗
α ζ1,kn + ζkn ,kn . Further, when α = ∞, the variance reduces to ζkn ,kn , as desired.

so that by exactly the same arguments as in the proof of Theorem 1
"
#
 k2
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lim φn,kn ,mn (t) = exp − t2 n ζ1,k
/2
+
ζ
kn ,kn
n
n→∞
α

=E

lim φn,kn ,mn (t) = E

n→∞


√
lim exp it mn

Now, note that since we are in the case where α > 0, mn = O(n)  (n, kn ) and thus, by
the previous result in the case where α = 0, the first term converges to 0 and we have

+
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∗. Partial preliminary results are presented in the conference paper Chen and Xu (2014).
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Our results establish the minimax recovery limits, which are tight up to universal constants and
hold even with a growing number of clusters/submatrices, and provide order-wise stronger performance guarantees for polynomial-time algorithms than previously known. Our study demonstrates
the tradeoffs between statistical and computational considerations, and suggests that the minimax
limits may not be achievable by polynomial-time algorithms.

For both problems, we show that the space of the model parameters (cluster/submatrix size,
edge probabilities and the mean of the submatrices) can be partitioned into four disjoint regions
corresponding to decreasing statistical and computational complexities: (1) the impossible regime,
where all algorithms fail; (2) the hard regime, where the computationally expensive Maximum
Likelihood Estimator (MLE) succeeds; (3) the easy regime, where the polynomial-time convexified
MLE succeeds; (4) the simple regime, where a local counting/thresholding procedure succeeds.
Moreover, we show that each of these algorithms provably fails in the harder regimes.

We consider two closely related problems: planted clustering and submatrix localization. In the
planted clustering problem, a random graph is generated based on an underlying cluster structure
of the nodes; the task is to recover these clusters given the graph. The submatrix localization problem concerns locating hidden submatrices with elevated means inside a large real-valued random
matrix. Of particular interest is the setting where the number of clusters/submatrices is allowed to
grow unbounded with the problem size. These formulations cover several classical models such
as planted clique, planted densest subgraph, planted partition, planted coloring, and the stochastic block model, which are widely used for studying community detection, graph clustering and
bi-clustering.
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We are particularly interested in the setting where the number r of clusters or submatrices may grow
unbounded with the problem dimensions n, nL , and nR at an arbitrary rate. We call this the highrank setting because r equals the rank of a matrix representation of the clusters and submatrices
(cf. Definitions 1 and 14). The other parameters K, p, q, and µ are also allowed to scale with n or
(nL , nR ).
These two problems have been studied extensively, under various names such as community
detection, graph clustering/bi-clustering, and reconstruction in stochastic block models, and have
a broad range of applications. They are used as generative models for approximating real-world
networks and data arrays with natural cluster/community structures, such as social networks (Fortunato, 2010), gene expressions (Shabalin et al., 2009), and online ratings (Xu et al., 2014). They
serve as benchmarks in the evaluation of algorithms for clustering (Mathieu and Schudy, 2010),
bi-clustering (Balakrishnan et al., 2011a), community detection (Newman and Girvan, 2004), and
other network inference problems. They also provide a venue for studying the average-case behaviors of many graph theoretic problems including max-clique, max-cut, graph partitioning, and
coloring (Bollobás and Scott, 2004; Condon and Karp, 2001). The importance of these two problems are well-recognized in areas across computer science, statistics, and physics (Rohe et al., 2011;
Arias-Castro and Verzelen, 2014; Nadakuditi and Newman, 2012; Decelle et al., 2011; Mossel et al.,
2013; Lelarge et al., 2013; Anandkumar et al., 2014; Bickel and Chen, 2009; Amini et al., 2013).
The planted clustering and submatrix localization problems exhibit an interplay between statistical and computational considerations. From a statistical point of view, we are interested in
identifying the range of the model parameters for which the hidden structures—in this case the
clusters and submatrices—can be recovered from the noisy data A. The values of the parameters
n, r, K, p, q, µ govern the statistical hardness of the problems: the problems become more difficult
with smaller values of p − q, µ, K, and larger r, because the observations are noisier and the sought-

• Submatrix Localization: Suppose A ∈ RnL ×nR is a random matrix with independent Gaussian entries with unit variance, where there are r submatrices of size KL × KR with disjoint
row and column supports, such that the entries inside these submatrices have mean µ > 0,
and the entries outside have mean zero. The goal is to identify the locations of these hidden
submatrices given A. This formulation generalizes the submatrix detection and bi-clustering
models with a single bi-submatrix/cluster that are studied in previous work (cf. Definition 14
and discussion thereafter).

• Planted Clustering: Suppose that out of a total of n nodes, rK of them are partitioned into r
clusters of size K, and the remaining n − rK nodes do not belong to any clusters; each pair
of nodes is connected by an edge with probability p if they are in the same cluster, and with
probability q otherwise. Given the adjacency matrix A of the graph, the goal is to recover
the underlying clusters (up to a permutation of cluster indices). By varying the values of the
model parameters, this formulation covers several classical models including planted clique,
planted coloring, planted densest subgraph, planted partition, and stochastic block model (cf.
Definition 1 and discussion thereafter).

In this paper we consider two closely related problems: planted clustering and submatrix localization, both concerning the recovery of hidden structures from a noisy random graph or matrix.

1. Introduction
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after structures are more complicated. A statistically powerful algorithm is one that can recover the
hidden structures for a large region of the model parameter space.
From a computational point of view, we are concerned with the running time of different recovery algorithms. An exhaustive search over the solution space (i.e., all possible clusterings or
submatrix locations) may make for a statistically powerful algorithm, but is computationally intractable. A simpler algorithm with lower running time is computationally more desirable, but may
succeed only in a smaller region of the model parameter space and thus has weaker statistical power.
Therefore, it is important to take a joint statistical-computational view to the planted clustering
and submatrix localization problems, and to understand the tradeoffs between these two considerations. How do algorithms with different computational complexity achieve different statistical
performance? For these two problems, what are the information limit (under what conditions on the
model parameters does recovery become infeasible for any algorithm) and the computational limit
(when does it become infeasible for computationally tractable algorithms)?
We take a step in answering questions in this paper. For both problems, our results demonstrate,
in a precise quantitative way, the following phenomenon: the parameter space can be partitioned into
four disjoint regions, such that each region corresponds to statistically easier instances of the problem than the previous one, and recovery can be achieved by simpler algorithms with lower running
time. Significantly, there might exist a large gap between the statistical performance of computationally intractable algorithms and that of computationally efficient algorithms. We elaborate in the
next two subsections.
1.1 Planted Clustering: The Four Regimes

2

.

For concreteness, we first consider the planted clustering problem in the setting r ≥ 2, p > q and
p/q = Θ(1). This covers the standard planted bisection/partition/r-disjoint-clique models.
2
The statistical hardness of cluster recovery is captured by the quantity (p−q)
q(1−q) , which is essentially a measure of the Signal-to-Noise Ratio (SNR). Our main theorems identify the following four
regimes of the problem defined by the value of this quantity. (Here for simplicity, we use the no.
.
tation & and ., which ignore constant and log n factors; note that our main theorems do sharply
characterize the log n factors.)

.

2

.

1
• The Impossible Regime: (p−q)
q(1−q) . K . In this regime, there is no algorithm, regardless of its
computational complexity, that can recover the clusters with a vanishing probability of error.

.

2

. √

n
• The Hard Regime: K1 . (p−q)
q(1−q) . K 2 . There exists a computationally expensive algorithm—
specifically the Maximum Likelihood Estimator (MLE)—that recovers the clusters with high
probability in this regime (as well as in the next two easier regimes; we omit such implications
in the sequel). There is no known polynomial-time algorithm that succeeds in this regime.

2

. √

n
• The Easy Regime: Kn2 . (p−q)
q(1−q) . K . There exists a polynomial-time algorithm—specifically
a convex relaxation of the MLE—that recovers the clusters with high probability in this
regime. Moreover, this algorithm provably fails in the hard regime above.
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n
• The Simple Regime: (p−q)
q(1−q) & K . A simple algorithm based on counting node degrees and
common neighbors recovers the clusters with high probability in this regime, and provably
fails outside this regime (i.e., in the hard and easy regimes).

3

1

1/2

0

β

impossible

easy
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simple

hard

1/2

1

α

Figure 1: Illustration of the four regimes. The figure applies to the planted clustering problem with p =
2q = Θ(n−α ) and K = Θ(nβ ), as well as to the submatrix localization problem with nL =
nR = n, µ2 = Θ(n−α ) and KL = KR = Θ(nβ ).
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We illustrate these four regimes in Figure 1 assuming the scaling p = 2q = Θ(n−α ) and
K = Θ(nβ ) for two constants α, β ∈ (0, 1). Here cluster recovery becomes harder with larger α
and smaller β. In this setting, the four regimes correspond to four disjoint and non-empty regions of
the parameter space. Therefore, a computationally more expensive algorithm leads to a significant
(polynomial in n) enhancement in the statistical power. For example, when α = 1/4, the simple,
polynomial-time, and computationally intractable algorithms succeeds for β larger than 0.75, 0.625,
and 0.25, respectively. There is a similar hierarchy for the allowable sparsity of the graph, given by
α < 0.25, α < 0.5, and α < 0.75 assuming β = 0.75.
The results in the impossible and hard regimes together establish the minimax recovery boundary of the planted clustering problem, and show that the MLE is statistically order-wise optimal.
These two regimes are separated by an “information barrier”: in the impossible regime the graph
does not carry enough information to distinguish different cluster structures, so recovery is statistically impossible.
Our performance guarantees for the convexified MLE improve upon existing results for polynomial time algorithms in terms of scaling with n, particularly in the setting when the number of
clusters are allowed to grow with n.
We conjecture that no polynomial-time algorithm can perform significantly better and succeed
in the hard regime, i.e., the convexified MLE achieves the computational limit order-wise. While
we do not prove the conjecture, there are many supporting evidences; cf. Section 2.3. For instance,
there is a “spectral barrier”, determined by the spectrum of an appropriately defined noise matrix,
that prevents the convexified MLE and spectral clustering algorithms from succeeding in the hard
regime. In the special setting with a single cluster, the work by Ma and Wu (2015); Hajek et al. (June,
2014) proves that no polynomial-time algorithm can reliably recover the cluster if β < α/4 + 1/2
conditioned on the planted clique hardness hypothesis.
The simple counting algorithm is an example of an algorithm that uses only “local information”:
the cluster relation between a pair of nodes is inferred from only their two-hop connection. In

4

q.
log n
K

log n
(p − q)2 &
p(1−q) log n
K

q&
log n
K

log n
K

+

q(1−q)n
K2

2
p2 (1−q)
)
+ nq(1−q)(q∨p
K
K2

i

q&

log n
q2 &

(1−q)n
K2
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1 ≥ p > q ≥ 0, rK = n
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Planted Partition/

5

Stochastic Blockmodel

This paper presents a systematic study of planted clustering and submatrix localization with a growing number of clusters/submatrices. We provide sharp characterizations of the minimax recovery
boundary with the lower and upper bounds matching up to constants. We also give improved performance guarantees for convex optimization approaches and the simple counting/thresholding algorithms. In addition, complementary results are given for the failure conditions for these algorithms,
hence characterizing their performance limits. Our analysis addresses several technical challenges
that arise in the high-rank setting. The results in this paper highlight the similarity between planted
clustering and submatrix localization, and place several classical problems under a unified framework including planted clique, planted partition, planted coloring, and planted densest subgraph.
The central theme of our investigation is the interaction between the statistical and the computational aspects in the problems, i.e., how to handle more noise and more complicated structures
using more computation. Our study parallels a recent line of work that takes a joint statistical and

p(1−q) log n
K

+

1.3 Discussions

(p − q)2 .

p(1−q) log n
K

We illustrate these four regimes in Figure 1 assuming µ2 = Θ(n−α ) and K = Θ(nβ ). In fact, the
results above hold in the more general setting where the entries of A are sub-Gaussian.

h
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log n
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• The Simple Regime: Kn . µ2 . 1. A simple thresholding algorithm succeeds, and provably
fails outside this regime.
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The polynomial-time convexified MLE succeeds, and
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1 = p > q ≥ 0, r ≥ 1

• The Easy Regime: Kn2 . µ2 .
provably fails in the hard regime.

1
log(1/q)

.

Thm 10, Rem 11

∨

.

Counting
q
1−q

• The Hard Regime: K1 . µ2 . Kn2 . The computationally expensive MLE succeeds, and it is
conjectured that no polynomial-time algorithm succeeds here.

MLE Thm 6
1
log(1/q)

All algorithms fail in this regime.

Convexified


∨

1
K.

Thm 4, Cor 5

K&

q
1−q



.

MLE

K.


• The Impossible Regime: µ2 .

Thm 2, Cor 3

Similar results hold for the submatrix localization problem. Consider the setting with nL = nR =
n and KL = KR = K. The statistical hardness of submatrix localization is captured by the
quantity µ2 , which is again a measure of the SNR. In the high SNR setting with µ2 = Ω(log n), the
submatrices can be trivially identified by element-wise thresholding. In the more interesting low
SNR setting with µ2 = O(log n), our main theorems identify the following four regimes, which
have the same meanings as before:

C HEN AND X U

Impossible

1.2 Submatrix Localization: The Four Regimes

contrast, the convexified MLE crucially uses the global information in the graph spectrum. The
counting algorithm fails outside the simple regime due to a “variance barrier” associated with the
fluctuations in the node degrees and the numbers of common neighbors, and is statistically orderwise weaker than the global approach of the convexified MLE.
Our main theorems apply beyond the above specific setting and allow for general scalings of
p, q, K, and r. The four regimes and the statistical-computational tradeoffs are observed for a
broad spectrum of planted problems, including planed partition, planted coloring, planted r-disjointclique, and planted densest-subgraph models. Table 1 summarizes the implications of our results
for some of these models. More precise and general results are given in Section 2.

S TATISTICAL -C OMPUTATIONAL T RADEOFFS IN P LANTED P ROBLEMS AND S UBMATRIX L OCALIZATION

Planted r-Disjoint-Clique
0 = p < q ≤ 1, rK = n

Planted Coloring

(1−q)n log n
K2

Table 1: Our results specialized to different planted models. Here the notations & and . ignore constant factors. This table shows the necessary
conditions for any algorithm to succeed under a mild assumption K & log(rK), as well as the sufficient conditions under which the algorithms
in this paper succeed, thus corresponding to the four regimes described in Section 1.1. The relevant theorems/corollaries are also listed. The
conditions for convexified MLE and simple counting can further be shown to be also necessary in a broad range of settings; cf. Theorems 8
and 12. The results in this table are not the strongest possible; see the referenced theorems for more precise statements.
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β < α/4+1/2, no polynomial-time test exists assuming the hardness of the planted clique detection
problem. For estimation, we prove the sufficient condition β > α/2 + 1/2, which is the best known
performance guarantee for polynomial-time algorithms—again we see a gap between detection and
estimation. For detecting a sparse principal component, see the seminar work Berthet and Rigollet
(2013) for proving computational lower bounds conditioned on the hardness of Planted Clique.

C HEN AND X U
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Subsequent work considers the setting with r ≥ 1 planted cliques (McSherry, 2001), as well as
the planted partition model (a.k.a. stochastic block model) with general values of p > q (Condon
and Karp, 2001; Holland et al., 1983). A subset of these results allow for a growing number r
of clusters (e.g., Rohe et al., 2011). Most existing work focuses on the recovery performance of
polynomial-time algorithms. The state-of-the-art for planted r-disjoint-clique are given in McSherry

1.4.2 P LANTED r-D ISJOINT-C LIQUES , PARTITION , AND C OLORING

The planted clique model (r = 1, p = 1, q = 1/2) is the most widely studied planted model. If
the clique has size K = o(log n), recovery is impossible as the random graph G(n, 1/2) will have
a clique with at least the same size; if K = Ω(log n), an exhaustive search succeeds (Alon et al.,
√
1998); if K = Ω( n), various polynomial-time algorithms
work (Alon et al., 1998; Dekel et al.,
√
2014; Deshpande and Montanari, 2013); if K = Ω( n log n), the nodes in the clique can be easily identified by counting degrees (Kučera, 1995). It is an open problem to find polynomial-time
√
algorithms which succeed in the regime with K = o( n), and it is believed that this cannot be
done (Hazan and Krauthgamer, 2011; Juels and Peinado, 2000; Alon et al., 2007; Feldman et al.,
2013). The four regimes above can be considered as a special case of our results for the general planted clustering model. The planted densest subgraph model generalizes the planted clique
model by allowing general values of p and q. The detection version of this problem is studied
in Arias-Castro and Verzelen (2014); Verzelen and Arias-Castro (2013), and conditional computational hardness results are obtained in Hajek et al. (June, 2014).

1.4.1 P LANTED C LIQUE , P LANTED D ENSEST S UBGRAPH

There is a large body of literature, from the physics, computer science and statistics communities,
on models and algorithms for graph clustering and bi-clustering, as well as on their various extensions and applications. A complete survey is beyond the scope of this paper. Here we focus on
theoretical work on planted clustering/submatrix localization concerning exact recovery of the clusters/submatrices. Detailed comparisons of existing results with ours are provided after we present
each of our theorems in Sections 2 and 3. We emphasize that our results are non-asymptotic for
finite values of n, nL and nR , whereas some of the results below require n → ∞.

1.4 Related Work

It is a simple exercise to extend our results to a variant of the planted clustering model where the
graph adjacency matrix has sub-Gaussian entries instead of Bernoulli, corresponding to a weighted
graph clustering problem. Similarly, we can also extend the submatrix location problem to the
setting with Bernoulli entries, which is the bi-clustering problem on an unweighted graph and covers
the planted bi-clique problem (Feldman et al., 2013; Ames and Vavasis, 2011) as a special case.

1.3.4 E XTENSIONS

computational view on inference problems (Balakrishnan et al., 2011a; Oymak et al., 2015; Berthet
and Rigollet, 2013; Chandrasekaran and Jordan, 2013; Ma and Wu, 2015); several of these works
are closely related to special cases of the planted clustering and bi-clustering models. In this sense,
we investigate an emblematic and fundamental problem, and therefore expect that the phenomena
and principles described in this paper are relevant more generally. Below we provide additional
discussion, and comment on connections with the existing work.
1.3.1 H IGH R ANK VERSUS R ANK O NE
Several recent works investigate the problems of single-submatrix detection/localization (Kolar
et al., 2011; Arias-Castro et al., 2011), planted densest subgraph detection (Arias-Castro and Verzelen, 2014), and sparse principal component analysis (PCA) (Amini and Wainwright, 2009) (cf. Section 1.4 for a literature review). Even earlier is the extensive study of the statistical/computational
hardness of Planted Clique. The majority of these results focus on the rank-one setting with a single
clique, cluster, submatrix or principal component. This paper considers the more general high-rank
setting, where the number r of clusters/submatrices may grow rapidly with the problem size. This
setting is important in many real-world networks (see e.g., Leskovec et al., 2008; Rohe et al., 2011),
and poses significant challenges to the analysis. Moreover, there are qualitative differences between
these two settings. We discuss one such difference in the next paragraph.
1.3.2 T HE P OWER OF C ONVEX R ELAXATION
In previous work on the rank-one case of submatrix detection/localization (Ma and Wu, 2015; Balakrishnan et al., 2011a) and sparse PCA (Krauthgamer et al., 2015), it is shown that simple algorithms based on averaging/thresholding have order-wise similar statistical performance as more
sophisticated convex relaxation approaches. In contrast, for the problems of finding multiple clusters/submatrices, we show that convex relaxation of MLE is statistically much more powerful
than the simple counting/thresholding algorithm. Our analysis reveals that the power of convex
relaxation lies in separating different clusters/submatrices, but not in identifying a single cluster/submatrix. Our results thus provide one explanation for the (somewhat curious) observation
in previous work regarding the lack of benefit of using sophisticated methods, and demonstrate a
finer spectrum of computational-statistical tradeoffs.
1.3.3 D ETECTION VERSUS E STIMATION
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Several recent works on planted densest subgraph and submatrix detection have focused on the
detection or hypothesis testing version of the problems, i.e., detecting the existence of a dense
cluster or an elevated submatrix (cf. Section 1.4 for literature review). In this paper, we study the
(support) estimation version of the problems, where the goal is to find the precise locations of the
clusters/submatrices. In general estimation appears to be harder than detection. For example, if
we consider the scalings of µ and K in Figure 1 of this paper, and compare with Figure 1 in Ma
and Wu (2015) which studies submatrix detection, we see that the minimax localization boundary
is β = α, whereas the minimax detection boundary is at a lower value β = min{α, α/4 + 1/2}.
For the planted densest subgraph problem, we see a similar gap between the minimax detection and
estimation boundaries if we compare our results with results in Arias-Castro and Verzelen (2014);
Hajek et al. (June, 2014). In addition, it is shown in (Ma and Wu, 2015; Hajek et al., June, 2014)
that if β > α/4 + 1/2, the planted submatrix or densest subgraph can be detected in linear time; if
7
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While not the focus of this paper, approximate cluster recovery (under various criteria) has also been
studied, e.g., for planted partition with r = O(1) clusters in Mossel et al. (2015a, 2013); Massoulié
(2014); Yun and Proutiere (2014); Decelle et al. (2011). These results are not directly comparable
to ours, but often the approximate recovery conditions differ from the ones for exact recovery by a
log n factor. When constant factors are concerned, the existence of a hard regime was conjectured
in Decelle et al. (2011); Mossel et al. (2015a).

1.4.5 A PPROXIMATE R ECOVERY

Since the conference version of this paper was published (Chen and Xu, 2014), several papers have
appeared on the asymptotic information-theoretic limits for exact recovery of planted partition. In
the restricted setting with r = 2 and K = n/2, the recovery thresholds with sharp constants
are identified and shown to be achievable in polynomial-time in Abbe et al. (2014) for p, q =
O(log n/n), and in Mossel et al. (2015b) for more general scalings of (p, q). Very recently, Abbe
and Sandon (2015) established the sharp recovery threshold for the case where r = O(1), K =
Θ(n), and the in-cluster and cross-cluster edge probabilities are heterogeneous and scale as log n/n;
the recovery threshold is further shown to be achievable in o(n1+ ) time for any  > 0. In this
bounded r setting, it is further shown in Hajek et al. (2014); Bandeira (2015); Hajek et al. (2015) that
the sharp recovery thresholds are achieved by the semidefinite programming relaxation of the MLE.
In comparison, the results in this paper are non-asymptotic and optimal up to universal constant
factors, and apply to the general setting with a growing number of clusters/submatrices of size
sublinear in n.

1.4.4 S HARP T HRESHOLDS WITH A B OUNDED N UMBER OF C LUSTERS

Complementary to the achievability results, another line of work focuses on converse results, i.e.,
identifying necessary conditions for recovery, either for any algorithm, or for any algorithm in
a specific class. For the planted partition model with K = Θ(n), necessary conditions for any
algorithm to succeed are obtained by information-theoretic arguments in Chaudhuri et al. (2012);
Chen et al. (2012); Balakrishnan et al. (2011b); Abbe et al. (2014). For spectral clustering algorithms
and convex optimization approaches, more stringent conditions are shown to be needed (Nadakuditi
and Newman, 2012; Vinayak et al., 2014). We generalize and improve upon these existing results
in the setting with general r and K.

1.4.3 C ONVERSE R ESULTS FOR P LANTED P ROBLEMS

(2001); Chen et al. (2012); Ames and Vavasis (2014), and for planted partition in Chen et al. (2012);
Anandkumar et al. (2014); Cai and Li (2015); see Chen et al. (2014b) for a survey. The setting with
p < q is sometimes called the heterophily case, with the planted coloring model (p = 0) as an
important special case (Alon and Kahale, 1997; Coja-Oghlan, 2004). Our results on the convexified
MLE (cf. Table 1) improve upon the previously known statistical performance of polynomial-time
algorithms in the general r setting. The information-theoretic limits (both lower and upper bounds)
of cluster recovery were largely unknown when r is growing. Here we identify these limits up
to constant factors for general values of p, q, K and r. In particular, our results show that the
information limit is achievable by MLE order-wise, while there is a significant gap between the
information limit and the performance guarantee of the convexified MLE.

S TATISTICAL -C OMPUTATIONAL T RADEOFFS IN P LANTED P ROBLEMS AND S UBMATRIX L OCALIZATION
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We emphasize again that the values of p, q, r, and K are allowed to be functions of n. The goal is to
∗ }r
exactly recover the true clusters {Cm
m=1 up to a permutation of cluster indices given the random
graph.
The model parameters (p, q, r, K) are assumed to be known to the algorithms. This assumption
is often not necessary and can be relaxed (Chen et al., 2012; Arias-Castro and Verzelen, 2014). It
is also possible to allow for non-uniform cluster sizes (Ailon et al., 2013) as well as heterogeneous
edge probabilities and node degrees (Chaudhuri et al., 2012; Chen et al., 2014b; Cai and Li, 2015).
These extensions are certainly important in practical applications; we do not delve into them, and
point to the referenced papers above and the references therein for work in this direction.

Definition 1 (Planted Clustering) Suppose n nodes (which are identified with [n]) are divided into
two subsets V1 and V2 with |V1 | = rK and |V2 | = n − rK. The nodes in V1 are partitioned
∗ | = K for each m ∈ [r] and
into
clusters C1∗ , . . . , Cr∗ (called true clusters), where |Cm
Sr r disjoint
∗ = V . Nodes in V do not belong to any of the clusters and are called isolated nodes. A
C
1
2
m=1 m
random graph is generated based on the cluster structure: for each pair of nodes and independently
of all others, we connect them by an edge with probability p (called in-cluster edge density) if they
are in the same cluster, and otherwise with probability q (called cross-cluster edge density).

The planted clustering problem is defined by five parameters n, r, K ∈ N and p, q ∈ [0, 1] with
n ≥ rK.

2. Main Results for Planted Clustering

The remainder of this paper is organized as follows. In Section 2 we set up the planted clustering model and present our main theorems for the impossible, hard, easy, and simple regimes. In
Section 3 we turn to the submatrix localization problem and provide the corresponding theorems
for the four regimes. Section 4 provides a brief summary with a discussion of future directions.
We prove the main theorems for planted clustering and submatrix localization in Sections 5 and 6,
respectively.
The following notation is used in the paper. Let a ∨ b = max{a, b} and a ∧ b = min{a, b}, and
[m] = {1, 2, . . . , m} for any positive integer m. We use c1 , c2 etc. to denote absolute numerical
constants whose values can be made explicit and are independent of the model parameters. We use
the standard big-O notations: for two sequences {an }, {bn }, we write an . bn or an = O(bn ) to
mean an ≤ c1 bn for an absolute constant c1 and all n; similarly, an & bn and an = Ω(bn ) mean
an ≥ c2 bn . Moreover, an  bn and an = Θ(bn ) mean both an . bn and an & bn hold.

1.5 Paper Organization and Notation

The statistical-computational tradeoffs in locating a single submatrix (i.e., r = 1) are discussed
in Balakrishnan et al. (2011a); Kolar et al. (2011); the information limit is shown to be achieved
(order-wise) by a computationally intractable algorithm, and the success and failure conditions for
various polynomial-time procedures are also derived. The work in Ames (2013) focuses on success
conditions for a convex relaxation approach; we improve on their results particularly in the highrank setting. The single-submatrix detection problem is studied in Butucea and Ingster (2013);
Shabalin et al. (2009); Sun and Nobel (2013); Arias-Castro et al. (2011); Bhamidi et al. (2012), and
conditional hardness results are established in the recent work in Ma and Wu (2015).
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(2)

(1)

Theorem 2 (Impossible) Suppose 128 ≤ K ≤ n/2. Under the planted clustering model with
p > q, if one of the following two conditions holds:

1
K · D(qkp) ≤
[log(rK) ∧ K] ,
192
1
log n,
192

K · D(pkq) ≤

h
i 1
inf sup P Yb 6= Y ∗ ≥ ,
4
Yb Y ∗ ∈Y

12

(3)

(4)

(5)
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Note the asymmetry between the roles of p and q in the conditions (1) and (2); this is made
apparent in Corollary 3. To see why the asymmetry is natural, recall that by a classical result
of Grimmett and McDiarmid (1975), the largest clique in a random graph G(n, q) has size kq =
Θ(log n/ log(1/q)) almost surely. Such a clique cannot be distinguished from a true cluster if
K . kq , even when p = 1. This is predicted by the condition (5). When q = 0, cluster recovery
to ensure all true clusters are connected within themselves, matching the
requires p & log(rK)
K
condition (4). The term K on the RHS of (1) and (4) is relevant only when K ≤ log(rK). Potential
improvement on this term is left to future work.
Comparison with previous work: When r = 1 and q = 1/2, our results recover the K =
Θ(log n) threshold for the classical planted clique problem. For planted partition with r = O(1)
clusters of size K = Θ(n) and p/q = Θ(1), the
pwork in Chaudhuri et al. (2012); Chen et al. (2014a)
establishes the necessary condition p − q . p/n; our result is stronger by a logarithmic factor.

then inf Yb supY ∗ ∈Y P[Yb 6= Y ∗ ] ≥ 14 .

Kp log

1
K(p − q)2 ≤
q(1 − q) log n,
192
1
Kp ≤
[log(rK) ∧ K] ,
193
p
1
≤
log n,
q
192

Corollary 3 Suppose 128 ≤ K ≤ n/2. Under the planted clustering model with p > q, if any one
of the following three conditions holds:

The theorem shows it is fundamentally impossible to recover the clusters with success probability
close to 1 in the regime where (1) or (2) holds, which is thus called the impossible regime. This
regime arises from an information/statistical barrier: The KL divergence on the LHSs of (1) and (2)
determines how much information of Y ∗ is contained in the data A. If the in-cluster and crosscluster edge distributions are close (measured by the KL divergence) or the cluster size is small,
then A does not carry enough information to distinguish different cluster matrices.
It is sometimes more convenient to use the following corollary, derived by upper-bounding
the KL divergence in (1) and (2) using its Taylor expansion. This corollary was used when we
overviewed our results in Section 1.1. See table 1 for its implications for specific planted models.

where the infimum ranges over all measurable function of the graph.

then

To facilitate subsequent discussion, we introduce a matrix representation of the planted cluster∗ }r
∗
n×n , where
ing problem. We represent the true clusters {Cm
m=1 by a cluster matrix Y ∈ {0, 1}
Yii∗ = 1 for i ∈ V1 , Yii∗ = 0 for i ∈ V2 , and Yij∗ = 1 if and only if nodes i and j are in the same true
cluster. Note that the rank of Y ∗ equals r, hence the name of the high-rank setting. The adjacency
matrix of the graph is denoted as A, with the convention Aii = 0, ∀i ∈ [n]. Under the planted
clustering model, we have P(Aij = 1) = p if Yij∗ = 1 and P(Aij = 1) = q if Yij∗ = 0 for all i 6= j.
The problem reduces to recovering Y ∗ given A.
The planted clustering model generalizes several classical planted models.
• Planted r-Disjoint-Clique (McSherry, 2001). Here p = 1 and 0 < q < 1, so r cliques of
size K are planted into an Erdős-Rényi random graph G(n, q). The special case with r = 1
is known as the planted clique problem (Alon et al., 1998).
• Planted Densest Subgraph (Arias-Castro and Verzelen, 2014). Here 0 < q < p < 1 and
r = 1, so there is a subgraph of size K and density p planted into a G(n, q) graph.
• Planted Partition (Condon and Karp, 2001). Also known as the stochastic blockmodel (Holland et al., 1983). Here n = rK and p, q ∈ (0, 1). The special case with r = 2 can be called
planted bisection (Condon and Karp, 2001). The case with p < q is sometimes called planted
noisy coloring or planted r-cut (Decelle et al., 2011; Bollobás and Scott, 2004).
• Planted r-Coloring (Alon and Kahale, 1997). Here n = rK and 0 = p < q < 1, so each
cluster corresponds to a group of disconnected nodes that are assigned with the same color.
For clarity we shall focus on the homophily setting with p > q; results for the p < q case
are similar. In fact, any achievability or converse result for the p > q case immediately implies a
corresponding result for p < q. To see this, observe that if the graph A is generated from the planted
clustering model with p < q, then the flipped graph A0 := J − A − I (J is the all-one matrix and I
is the identity matrix) can be considered as generated with in/cross-cluster edge densities p0 = 1 − p
and q 0 = 1 − q, where p0 > q 0 . Therefore, a problem with p < q can be reduced to one with p0 > q 0 .
Clearly the reduction can also be done in the other direction.
2.1 The Impossible Regime: Minimax Lower Bounds
In this section, we characterize the necessary conditions for cluster recovery. Let Y be the set of
cluster matrices corresponding to r clusters of size K; i.e.,

and Y is the corresponding cluster matrix} .


r
Y = Y ∈ {0, 1}n×n |there exist disjoint clusters {Cm }m=1
such that |Cm | = K, ∀m ∈ [r],
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We use Yb ≡ Yb (A) to denote an estimator which takes as input the graph A and outputs an
element of Y as an estimate of the true Y ∗ . Our results are stated in terms of the KullbackLeibler (KL) divergence between two Bernoulli distributions with means u and v, denoted by
D(ukv) := u log uv + (1 − u) log 1−u
1−v . The following theorem gives a lower bound on the minimax error probability of recovering Y ∗ .

11

i<j

i<j

i<j

i,j

X

Aij Yij
(8)

(7)

(9)

13
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We refer to the regime in which the condition (9) holds but (14) below fails as the hard regime,
as clustering is statistically possible but conjectured to be computationally hard (cf. Conjecture 9).
The conditions (9) above and (1)–(2) in Theorem 2 match up to a constant factor under the mild

K · D(pkq) ≥ c1 log n.

K · D(qkp) ≥ c1 log(γrK),

Theorem 4 (Hard) . Under the planted clustering model with p > q, there exists a universal
constant c1 such that for any γ ≥ 1, the optimal solution Yb to the problem (7)–(8) is unique and
equal to Y ∗ with probability at least 1 − 16(γrK)−1 − 256n−1 if both of the following hold:

Algorithm 1 is equivalent to finding r disjoint clusters of sizeK that maximize the number of edges
inside the clusters (similar to Densest K-Subgraph), or minimize the number of edges outside the
clusters (similar to Balanced Cut) or the disagreements between A and Y (similar to Correlation
Clustering in Bansal et al. 2004). Therefore, while Algorithm 1 is derived from the planted clustering model, it is in fact quite general and not tied to the modeling assumptions. Enumerating over
the set Y is computationally intractable in general since |Y| = Ω(erK ).
The following theorem provides a success condition for the MLE.

s.t. Y ∈ Y.

Y

Yb = arg max

Algorithm 1 Maximum Likelihood Estimator (p > q)

Given A, the
 the the log-likelihood over the set Y of all possible cluster matrices.
P MLE maximizes
Note that i<j Yij = r K2 for all Y ∈ Y, so the last three terms in (6) are independent of Y .
Therefore, the MLE for the p > q case is given as in Algorithm 1.

i<j

X
p(1−q) X
1−p X
q X
= log
Aij Yij + log
Yij + log
Aij +
log(1−q). (6)
q(1−p)
1−q
1−q

i<j

In this subsection, we characterize the sufficient conditions for cluster recovery which match the
necessary conditions given in Theorem 2 up to constant factors. We consider the Maximum Likelihood Estimator of Y ∗ under the planted clustering model, which we now derive. The log-likelihood
of observing the graph A given a cluster matrix Y ∈ Y is
Y
log PY (A) = log
pAij Yij q Aij (1−Yij ) (1 − p)(1−Aij )Yij (1 − q)(1−Aij )(1−Yij )

2.2 The Hard Regime: An Optimal Algorithm

assumption K ≥ log(rK). This establishes the minimax recovery boundary for planted clustering
and the minimax optimality of the MLE up to constant factors.

The work in Abbe et al. (2014) also considers planted partition with r = 2 and focus on the special
√
case with the scaling p, q = Θ(log(n)/n); they establish the condition p + q − 2 pq < 2 log(n)/n,
which is consistent with our results up to constants in this regime. Compared to previous work, we
handle the more general setting where p, q and r may scale arbitrarily with n.

Kp ≥ c2 log(γrK) and

Kp log

p
≥ c2 log n.
q

(10)

(p−q)2
n
 log
q
K , which is strictly above the
log n
than K . For the planted bisection model

detection

14
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Our algorithm is based on taking a convex relaxation of the MLE in Algorithm 1. Note that the
objective function (7) in the MLE is linear, but the constraint Y ∈ Y involves a set Y that is discrete,
non-convex and exponentially large. We replace this non-convex constraint with a trace norm (a.k.a.
nuclear norm) constraint and a set of linear constraints. This leads to the convexified MLE given in
Algorithm 2. Here the trace norm kY k∗ is defined as the sum of the singular values of Y . Note that
the true Y ∗ is feasible to the optimization problem (11)–(13) since kY ∗ k∗ = trace(Y ∗ ) = rK.

In this subsection, we present a polynomial-time algorithm for the planted clustering problem and
show that it succeeds in the easy regime described in the introduction.

2.3 The Easy Regime: Polynomial-Time Algorithms

boundary because
can be much smaller
with two
equal-sized clusters: if p, q = Θ(log(n)/n), the sharp recovery boundary is found in Abbe et al.
√
√ 2
(2014) and Mossel et al. (2015b) to be K( p − q) > log n, which is consistent with our results
up to constants; if p, q = O(1/n), the correlated recovery limit is shown in Mossel et al. (2015a);
Massoulié (2014); Mossel et al. (2013) to be K(p − q)2 > p + q, which is consistent with our results
up to a logarithmic factor.

n2
K4

show that the minimax recovery boundary is

Comparison with previous work: Theorem 4 provides the first minimax results (tight up to constant factors) when the number of clusters is allowed to grow, potentially at a nearly-linear rate
r = O(n/ log n). Interestingly, for a fixed cluster size, the recovery boundary (9) depends very
weakly on the number of clusters r though the logarithmic term. For r = 1 and p = 2q = 1,
we recover the recovery boundary for planted clique K  log n. For the planted densest subgraph
model where p/q = Θ(1), p bounded away from 1 and Kq  1, the minimax detection bound2
n n2
ary is shown in Arias-Castro and Verzelen (2014) to be (p−q)
 min{ K1 log K
, K 4 }; our results
q

The condition (10) can be simplified to K(p − q)2 & q(1 − q) log n if q = Θ(p), and to
Kp log pq & log n, Kp & log(rK) if q = o(p). These match the converse conditions in Corollary 3
up to constants.

K(p − q)2 ≥ c2 q(1 − q) log n,

Corollary 5 For planted clustering with p > q, there exists a universal constant c2 such that for
any γ ≥ 1, the optimal solution Yb to the problem (7)–(8) is unique and equal to Y ∗ with probability
at least 1 − 16(γrK)−1 − 256n−1 provided

By lower bounding the KL divergence, we obtain the following corollary, which is sometimes
more convenient to use. See Table 1 for its implications for specific planted models.
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Aij Yij

(13)

(12)

(11)
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X
0 ≤ Yij ≤ 1, ∀i, j.

Algorithm 2 Convexified Maximum Likelihood Estimator (p > q)

Y ∈Rn×n

Yb = arg max
i,j

s.t. kY k∗ ≤ rK,
X
Yij = rK 2 ,
i,j

The optimization problem in Algorithm 2 is a semidefinite program (SDP) and can be solved in
polynomial time by standard interior point methods or various fast specialized algorithms such as
ADMM; e.g., see Jalali and Srebro (2012); Ames (2013). Similarly to Algorithm 1, this algorithm
is not strictly tied to the planted clustering model as it can also be considered as a relaxation of
Correlation Clustering or Balanced Cut. In the case where the values of r and K are unknown, one
may replace the hard constraints (12) and (13) with an appropriately weighted objective function;
cf. Chen et al. (2014b).
The following theorem provides a sufficient condition for the success of the convexified MLE.
See Table 1 for its implications for specific planted models.

(14)

Theorem 6 (Easy) Under the planted clustering model with p > q, there exists a universal constant
c1 such that with probability at least 1 − n−10 , the optimal solution to the problem (11)–(13) is
unique and equal to Y ∗ provided
K 2 (p − q)2 ≥ c1 [p(1 − q)K log n + q(1 − q)n] .

When r = 1, we refer to the regime where the condition (14) holds and (17) below fails as the
easy regime. When r > 1, the easy regime is where (14) holds and (17) or (18) below fails.
If p/q = Θ(1), it is easy to see that the smallest possible cluster size allowed by (14) is K =
√
√
Θ( n) and the largest number of clusters is r = Θ( n), both of which are achieved when p, q, |p−
√
q| = Θ(1). This generalizes the tractability threshold K = Ω( n) of the classic planted clique
problem. If q = o(p) (we call it the high SNR setting), the condition (14) becomes to Kp &
√
√
max{log n, qn}. In this case, it is possible to go beyond the n limit on the cluster size. In
√
particular, when p = Θ(1), the smallest possible cluster size is K = Θ(log n ∨ qn), which can
√
be much smaller than n.
Remark 7 Theorem 6 immediately implies guarantees for other tighter convex relaxations. Define
the sets B := {Y | Eq.(13) holds} and
S1 := {Y | kY k∗ ≤ rK},

S2 := {Y | Y  0; trace(Y ) = rK}.

JMLR 17(27):1-57

The constraint in Algorithm 2 corresponds to Y ∈ S1 ∩ B, while Y ∈ S2 ∩ B is the constraint in a
so-called standard SDP relaxation. Clearly (S1 ∩ B) ⊇ (S2 ∩ B) ⊇ Y. Therefore, if we replace the
constraint (12) with Y ∈ S2 , we obtain a tighter relaxation of the MLE, and Theorem 6 guarantees
that it also succeeds to recover Y ∗ under the condition (14). The same is true if we consider other
tighter relaxations, such as those involving the triangle inequalities (Mathieu and Schudy, 2010),
15
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P
the row-wise constraints j Yij ≤ K, ∀i (Ames, 2013), the max norm (Jalali and Srebro, 2012) or
the Fantope constraint (Vu et al., 2013). For the purpose of this work, these variants of the convex
formulation make no significant difference, and we choose to focus on (11)–(13) for generality.

Comparison with previous work: We refer to Chen et al. (2014b) for a survey of the performance
of state-of-the-art polynomial-time algorithms under various planted models. Theorem 6 matches
and in many cases improves upon existing results in terms of the scaling. For example, for planted
partition with general r, the previous best results are (p − q)2 & p(K log4 n + n)/K 2 in Chen et al.
(2012) and (p − q)2 & pn polylog n/K 2 in Anandkumar et al. (2014). Theorem 6 removes some
extra log n factors, and is also order-wise better when q = o(p) (the high SNR case) or 1−q = o(1).
For planted r-disjoint-clique, existing results require 1−q to be Ω((rn+rK log n)/K 2 ) (McSherry,
√
2001), Ω( n/K) (Ames and Vavasis, 2014) or Ω((n + K log4 n)/K 2 ) (Chen et al., 2012). We
improve them to Ω((n + K log n)/K 2 ).

2.3.1 C ONVERSE FOR THE TRACE NORM RELAXATION APPROACH

We have a partial converse to the achievability result in Theorem 6. The following theorem characterizes the conditions under which the trace norm relaxation (11)–(13) provably fails with high
probability; we suspect the standard SDP relaxation with the constraint Y ∈ S2 ∩ B also fails with
high probability under the same conditions, but we do not have a proof.

Theorem 8 (Easy, Converse) Under the planted clustering model with p > q, for any constant
1 > 0 > 0, there exist positive universal constants c1 , c2 for which the following holds. Suppose
c1 log n ≤ K ≤ n2 , q ≥ c1 logn n and p ≤ 1 − 0 . If

K 2 (p − q)2 ≤ c2 (Kp + qn),

then with probability at least 1 − n−10 , Y ∗ is not an optimal solution of the program (11)–(13).

(15)

Theorem 8 proves the failure of our trace norm relaxation that has access to the exact number
and sizes of the clusters. Consequently, replacing the constraints (12) and (13) with a Lagrangian
penalty term in the objective would not help for any value of the Lagrangian multipliers. Under the
assumptions of Theorems 6 and 8, by ignoring log factors, the sufficient and necessary condition
for the success of our convexified MLE is

.
p
qn
. 1.
+
K(p − q)2 K 2 (p − q)2

We can compare (15) with the success condition (10) for the MLE, which simplifies to

.
p
. 1.
K(p − q)2
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We see that the convexified MLE is statistically sub-optimal due to the extra second term in (15).
√
This term is responsible for the K = Ω( n) threshold on the cluster size for the tractability of
e := A − q11> + qI be the centered
planted clique. The term has an interesting interpretation. Let A
e − EA),
e 1 i.e., the deviation A
e − EA
e restricted to
adjacency matrix. The matrix E := (Y − 11> ) ◦ (A
1. Here ◦ denotes the element-wise product.

16

2

−

(Kp(1 − p) + q(1 − q)n) .

(16)

17
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• A weaker version of such generalization is proved in Hajek et al. (June, 2014): they show
that in the setting with a single cluster, no polynomial-time algorithm can reliably recover the
planted clusters if β < α/4 + 1/2 conditioned on the planted clique hardness hypothesis.

If the conjecture is true, then in the asymptotic setting p = 2q = n−α and K = nβ , the computational limit for the cluster recovery is given by β = α2 + 12 , i.e., the boundary between the green and
red regimes in Figure 1.
A rigorous proof of Conjecture 9 seems difficult with current techniques. There are other possible convex formulations for planted clustering. The space of possible polynomial-time algorithms
is even larger. It is impossible for us to study each of them separately and obtain a converse result
as in Theorem 8. There are however several evidences that support the conjecture:
√
• The special case with p = 2q = 1 corresponds to the K = o( n) regime for the classical Planted Clique problem, which is conjectured to be computationally hard (Alon et al.,
2007; Rossman, 2010; Feldman et al., 2013), and has been used as an assumption for proving
other hardness results (Hazan and Krauthgamer, 2011; Juels and Peinado, 2000; Koiran and
Zouzias, 2014). Graphically, the Planted Clique hardness corresponds to the division of the
α = 0 line of the parameter space shown in Figure 1 (with r = 1). Conjecture 9 can be considered as a generalization of the Planted Clique conjecture to the whole parameter space,
that is, to the setting with multiple clusters and general values of p and q. This generalized
conjecture may be used to study the hardness of other problems (Chen, 2015).

(p − q) K ≤ n

2

Conjecture 9 For any constant  > 0, there is no algorithm with running time polynomial in n that,
for all n and with probability at least 1/2, outputs the true Y ∗ of the planted clustering problem
with p > q and

We compare the minimax recovery threshold in Theorems 2 and 4 with the performance boundary
of the polynomial-time convexified MLE in Theorem 6. In general, there exists a substantial gap
between these two boundaries (cf. Figure 1). We conjecture that no polynomial-time algorithm
has order-wise better statistical performance than the convexified MLE and succeeds significantly
beyond the condition (14) in Theorem 6.

2.3.2 L IMITS OF POLYNOMIAL - TIME ALGORITHMS

the inter-cluster node pairs, can be viewed as the “cross-cluster noise matrix”. Note that the squared
e = (p − q)Y ∗ is K 2 (p − q)2 , whereas the squared largest
largest singular value of the matrix EA
singular value of E concentrates around Θ(qn) (see e.g., Chatterjee 2014). Therefore, the second
qn
term K 2 (p−q)
2 in (15) is the “spectral noise-to-signal ratio” that determines the performance of the
convexified MLE. In fact, our proofs for Theorems 6 and 8 build on this intuition.
Comparison with previous work: Our converse result in Theorem 8 is inspired by, and improves
upon, the recent work in Vinayak et al. (2014), which focuses on the special case p > 1/2 > q and
considers a convex relaxation approach that is equivalent to our relaxation (11)–(13) but without
the additional equality constraint in (13). The approach is shown to fail when K 2 (p − 12 )2 . qn.
Our result is stronger in the sense that it applies to a tighter relaxation and a larger region of the
parameter space.
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(p−q)2 K
3

+ 2Kpq + q 2 (n − 2K). Declare error if inconsistency found.

18

(18)

(17)
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2. The hard regime may still exist if constant factors are concerned; cf. Mossel et al. 2015a; Decelle et al. 2011.

K 2 (p − q)4 ≥ c2 [Kp2 (1 − q 2 ) + nq 2 (1 − q 2 )] log n.

and finds the clusters with probability at least 1 − 4n−1 if further

K 2 (p − q)2 ≥ c1 [Kp(1 − q) + nq(1 − q)] log n,

Theorem 10 (Simple) For planted clustering with p > q, there exist universal constants c1 , c2 such
that Algorithm 3 correctly finds the isolated nodes with probability at least 1 − 2n−1 if

We note that steps 1 and 2 of Algorithm 3 are considered in Kučera (1995) and Dyer and Frieze
(1989) respectively for the special cases of recovering a single planted clique or two planted clusters.
Let E be the set of edges. It is not hard to see that step 1 runs in time O(|E|) and step 2 runs in
time O(n|E|), since each node only needs to look up its local neighborhood up to distance two. It
is possible to achieve even smaller expected running time using clever data structures.
The following theorem provides sufficient conditions for the simple counting algorithm to succeed. Compared to the previous work in Kučera (1995); Dyer and Frieze (1989), our results apply
to general values of p, q, r, and K. See Table 1 for its implications for specific planted models.

Sij >

Algorithm 3 A Simple Counting Algorithm
1. (Identify isolated nodes) For each node i, compute its degree di . Declare i as isolated if
di < (p−q)K
+ qn.
2
2. (Identify clusters when r > 1) P
For every pair of non-isolated nodes i, j, compute the number
of common neighbors Sij := k:k6=i,k6=j Aik Ajk , and assign them into the same cluster if

In this subsection, we consider a simple recovery procedure in Algorithm 3, which is based on
counting node degrees and common neighbors.

2.4 The Simple Regime: A Counting Algorithm

n
We note that in the “high SNR” case with pq & K log
n and log K & log n, the minimax limit
and performance boundary of the convexified MLE coincide up to constant factors at K(p − q)2 
p(1 − q) log n. This means, up to constants, the convex relaxation is tight and hence a computationally efficient and statistically order-optimal estimator, so the hard regime disappears. 2 Similar
phenomenon can be observed in the setting with linear size clusters K  n (which implies r . 1)
and p  q, as is illustrated by the β = 1 line in Figure 1.

• In the sparse graph case with p, q = O(1/n), it is argued in Decelle et al. (2011), using
non-rigorous but deep arguments from statistical physics, that it is intractable to achieve the
correlated recovery under Condition (16).

• As discussed earlier, if (16) holds, then the graph spectrum is dominated by noise and fails
to reveal the underlying cluster structure. The condition (16) therefore represents a “spectral
barrier” for clustering. The work in Nadakuditi and Newman (2012) uses this spectral barrier
argument to prove the failure of a large class of algorithms that rely on the graph spectrum.
The proof of our Theorem 8 reveals that the convexified MLE fails for a similar reason.
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Remark 11 If p, q → 1 as n → ∞, we can obtain slightly better performance by counting the
common non-neighbors in Step 2, which succeeds under condition (18) with p and q replaced by
1 − p and 1 − q, respectively, i.e., the RHS of (18) simplifies to c2 n(1 − q)2 log n.
In the case with a single clusters r = 1, we refer to the regime where the condition (17) holds
as the simple regime; in the case with r > 1, the simple regime is where both conditions (17)
and (18) hold. It is instructive to compare these conditions with the success condition (14) for the
convexified MLE. The condition (17) has an additional log n factor on the RHS. This means when
r = 1 and the only task is to find the isolated nodes, the counting algorithm performs nearly as well
as the sophisticated convexified MLE. On the other hand, when r > 1 and one needs to distinguish
between different clusters, the convexified MLE order-wise outperforms the counting algorithm
whenever p/q = Θ(1), as the condition (18) is order-wise more restrictive than (14). Nevertheless,
e √n) clusters of size Ω(
e √n), making the
when p, q, p − q = Θ(1), both algorithms can recover O(
simple counting algorithm a legitimate candidate in such a setting and a benchmark to which other
algorithms can be compared with.
In the high SNR case with q = o(p), the counting algorithm can recover clusters√
with size much
√
smaller than n; e.g., if p = Θ(1) and q = o(1), it only requires K & max{log n, qn log n}.
2.4.1 C ONVERSE FOR THE COUNTING ALGORITHM
We have a (nearly-)matching converse to Theorem 10. The following theorem characterizes when
the counting algorithm provably fails.

(20)

(19)

Theorem 12 (Simple, Converse) Under the planted clustering model with p > q, for any constant
0 < 0 < 1, there exist universal constants c1 , c2 > 0 for which the following holds. Suppose
K ≤ n2 , p ≤ 1 − 0 , q ≥ c1 log n/n and Kp2 + nq 2 ≥ c1 log n. Algorithm 3 fails to correctly
identify all the isolated nodes with probability at least 1/4 if
K 2 (p − q)2 < c2 [(Kp + nq) log(rK) + nq log(n − rK)] ,
and fails to correctly recover all the clusters with probability at least 1/4 if
K 2 (p − q)4 < c2 (Kp2 + nq 2 ) log(rK).

Remark 13 Theorem 12 requires a technical condition Kp2 +nq 2 ≥ c1 log n, which is actually not
too restrictive. If Kp2 +nq 2 = o(log n), then two nodes from the same cluster will have no common
neighbor with probability (1−p2 )K (1−q 2 )n−K ≥ exp[−Θ(p2 K +q 2 (n−K))] = exp[−o(log n)],
so Algorithm 3 cannot succeed with the probability specified in Theorem 10.
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Apart from some technical conditions, Theorems 10 and 12 show that the conditions (17)
and (18) are both sufficient and necessary. In particular, the counting algorithm cannot succeed
outside the simple regime, and is indeed strictly weaker in separating different clusters as compared
to the convexified MLE. Our proof reveals that the performance of the counting algorithm is limited by a variance barrier: The RHS of (17) and (18) are associated with the variance of the node
degrees and common neighbors (i.e., di and Sij in Algorithm 3), respectively. There exist nodes
whose degrees deviate from their expected value on the order of the standard deviation, and if the
condition (17) does not hold, then the deviation will outweigh the difference between the expected
degrees of the isolated nodes and those of the non-isolated nodes. A similar argument applies to the
number of common neighbors.
19
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3. Main Results for Submatrix Localization

In this section, we turn to the submatrix localization problem, sometimes known as bi-clustering (Balakrishnan et al., 2011a). We consider the following specific setting, which is defined by six parameters nL , nR , KL , KR , r ∈ N, and µ ∈ R+ such that nL ≥ rKL and nR ≥ rKR . We use the
shorthand notation n := nL ∨ nR .

Definition 14 (Submatrix Localization) A random matrix A ∈ RnL ×nR is generated as follows.
Suppose that rKL rows of A are partitioned into r disjoint subsets {C1∗ , . . . , Cr∗ } of equal size KL ,
and rKR columns of A are partitioned into r disjoint subsets {D1∗ , . . . , Dr∗ } of equal size KR . For
∗ ×D ∗ for some m ∈ [r] and A = ∆ otherwise,
each (i, j), we have Aij = µ+∆ij if (i, j) ∈ Cm
ij
ij
m
where µ > 0 is a fixed number and (∆ij ) are i.i.d. zero-mean sub-Gaussian random variables with
∗ , D ∗ ), m ∈ [r]}
parameter 1. 3 The goal is to recover the locations of the hidden submatrices {(Cm
m
given the matrix A.

In the language of bi-clustering, the sets {C1∗ , . . . , Cr∗ } are called left clusters and {D1∗ , . . . , Dr∗ }
are called right clusters. Row (column, resp.) indices which do not belong to any cluster are called
isolated left (right, resp.) nodes. One can think of A as the bipartite affinity matrix between the
nL left nodes and nR right nodes, and the goal is to recover the left and right clusters. Similarly
as before, we define the bi-clustering matrix Y ∗ ∈ {0, 1}nL ×nR , where Yij∗ = 1 if and only if
∗ × D ∗ for some m ∈ [r]. The problem reduces to recovering Y ∗ given A.
(i, j) ∈ Cm
m
As before, all the parameters µ, KL , KR , r are allowed to scale with nL and nR , and we assume
that their values are known. Note that it is without loss of generality to assume the mean of Aij
is zero outside the submatrices and the variance of Aij is one, because otherwise we can shift and
rescale A. The above model generalizes the previous submatrix localization/detection models (Ma
and Wu, 2015; Butucea and Ingster, 2013; Arias-Castro et al., 2011) and bi-clustering models (Kolar
et al., 2011; Balakrishnan et al., 2011a) which consider the special case with a single submatrix (i.e.,
r = 1).
In the next four subsections, we shall focus on the low-SNR setting µ2 = O(log n) and present
theorems establishing the four regimes. These results parallel those for the planted clustering. In
the high SNR setting µ2 = Ω(log n), the submatrices can be easily identified by naive element-wise
thresholding, so we deal with this case separately in the last subsection.

3.1 The Impossible Regime: Minimax Lower Bounds

The following theorem gives conditions on (nL , nR , KL , KR , µ) under which the minimax error
probability is large and thus it is statistically impossible to reliably locate the submatrices. With
slight abuse of notation, we use Y ⊂ {0, 1}nL ×nR to denote the set of all possible bi-clustering
matrices corresponding to r left (right, resp.) clusters of equal size KL (KR , resp.).

2

/2
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for all t ∈ R.

Theorem 15 (Impossible) Under the submatrix localization model, suppose {Aij } are Gaussian
random variables, KL ≤ nL /2, KR ≤ nR /2, and nL , nR ≥ 128. If


1
log (nR − KR ) log (nL − KL )
µ2 ≤
max
,
,
(21)
12
KL
KR
i
h
then inf Yb supY ∗ ∈Y P Yb 6= Y ∗ ≥ 21 , where the infimum ranges over all measurable functions of A.

3. A random variable X is said to be sub-Gaussian with parameter 1 if E[etX ] ≤ et

20

i,j

X
Aij Yij .

(22)

log n
.
KL ∧ KR
(23)

21

JMLR 17(27):1-57

As previous, we obtain a convex relaxation of the combinatorial MLE formulation (22) by replacing
the constraint Y ∈ Y with the
√ trace norm and linear constraints, for which we use the fact that the
true Y ∗ satisfies kY ∗ k∗ = r KL KR . This is given as Algorithm 5, which is a semidefinite program
(SDP) and can be solved in polynomial time.

3.3 The Easy Regime: Polynomial-Time Algorithms

We refer to the regime where the condition (23) holds and (27) fails as the hard regime. Note
that the bound (23) matches (21) up to a constant factor, so Algorithm 4 is minimax optimal up
to a constant factor. Theorems 15 and 16 together establish the minimax recovery boundary for
n
submatrix localization at µ2  Klog
.
L ∧KR
Comparison with previous work: Theorem 16 provides the first minimax-optimal achievability
result when the number r of submatrices may grow with nL and nR . In particular, r is allowed to
grow at a nearly linear rate r = O(n/ log n) assuming nL = nR = n. In the special case with
a single planted submatrix (r = 1), Theorem 16 recovers the achievability result in Kolar et al.
(2011).

µ2 ≥ c1

Theorem 16 (Hard) Suppose KL , KR ≥ 8. There exists a constant c1 such that with probability
at least 1 − 512en−1 , the optimal solution to the problem (22) is unique and equals Y ∗ if

Theorem 16 below provides a success condition for Algorithm 4.

Y ∈Y

Yb = arg max

Algorithm 4 Maximum Likelihood Estimator

Recall that Y is the set of all valid bi-clustering matrices. We consider the combinatorial optimization problem given in Algorithm 4. In the setting where {∆ij } are Gaussian random variables, this
can be shown to be the MLE of Y ∗ .

3.2 The Hard Regime: Optimal Algorithm

correspondence also exists in the next three regimes.
Comparison with previous work: Theorem 15 holds in the general high rank setting with arbitrary r ≥ 1. In r = 1 case, our result recovers the minimax lower bound in Kolar et al. (2011).

q(1−q)

The regime where (21) holds is called the impossible regime, corresponding to an information barrier that no algorithm can break. We note the similarity between the impossible regimes for submatrix localization and planted clustering. In particular, if we assume the in/cross-cluster edges in
planted clustering have comparable variance, i.e., p(1−p)
q(1−q) = Θ(1), then the conditions (21) and (3)
coincide up to constant factors by setting nL = nR = n, KL = KR = K, and µ = √ p−q . Such
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Aij Yij

i,j

p
kY k∗ ≤ r KL KR ,
X
Yij = rKL KR , 0 ≤ Yij ≤ 1, ∀i, j.

i,j

X

(26)

(25)

(24)

n
,
K2

(28)

n1−
.
K2
22

µ2 ≤
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Conjecture 19 For any constant  > 0, there is no algorithm with running time polynomial in n
that, for all n and with probability at least 1/2, outputs the true Y ∗ for the submatrix localization
problem with µ ≤ 1, nL = nR = n, KL = KR = K ≥ c1 log n and

Theorems 17 and 18 together establish that the recovery boundary for the convexified MLE in
Algorithm 5 is µ2  Kn2 ignoring logarithmic factors. There is a substantial gap from the minimax
boundary µ2  K1 established in the last two subsections (again ignoring logarithmic factors). Our
analysis reveals that the performance of the convexified MLE is determined by a spectral barrier
similar to that in planted clustering. In particular, the squared largest singular values of the signal
matrix Y ∗ and the noise matrix A − EA are Θ(µ2 K 2 ) and Θ(n), respectively, so the condition
µ2 & Kn2 for the convexified MLE can be seen as an spectral SNR condition.
As in the planted clustering model, we conjecture that no polynomial-time algorithm can achieve
better statistical performance than the convexified MLE.

then with probability at least 1 − n−10 , Y ∗ is not an optimal solution of the program (24)–(26).

µ2 ≤ c2

Theorem 18 (Easy, Converse) There exist positive universal constants c1 , c2 such that the following holds. Under the submatrix localization model, suppose µ ≤ 1/100, nL = nR = n,
KL = KR = K, c1 log n ≤ K ≤ n2 , and (∆ij ) are Gaussian random variables. If

When r = 1, the easy regime refers to where the condition (27) holds but (29) fails. When
r > 1, the easy regime is where the condition (27) holds but (30) fails. Suppose nL = nR = n and
n+n
KL = KR = K; the convexified MLE is guaranteed to succeed when µ2 & K log
.
K2
The following theorem provides a nearly matching converse to Theorem 17.

Theorem 17 (Easy) There exists a universal constant c1 such that with probability at least 1−n−10 ,
the optimal solution to the program (24)–(26) in Algorithm 5 is unique and equals Y ∗ if


n
log n
µ2 ≥ c1
+
.
(27)
KL ∧ KR KL KR

The following theorem provides a sufficient condition for the success of Algorithm 5.

Y ∈Rn×n

Yb = arg max

Algorithm 5 Convexified Maximum Likelihood Estimator

C HEN AND X U
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(29)

nL log(rKR ) nR log(rKL )
,
2
KL2
KR

µ2 ≤ 4 log n.

24

(33)

(34)
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In this paper, we show that the planted clustering problem and the submatrix localization problem
admit successively faster algorithms with weaker statistical performance. We provide sufficient and

4. Discussion and Future Work

If the distributions of the Aij ’s are Gaussian, then with probability at least 1 − n−3 , the output of
Algorithm 7 satisfies Yb 6= Y ∗ provided

µ2 > c1 log n.

Theorem 22 (Element-wise Thresholding) There exists a universal constant c1 > 4 such that the
following holds. Algorithm 7 outputs Yb = Y ∗ with probability at least 1 − n−3 provided

For the special case with one submatrix (r = 1), the success of element-wise thresholding in
the high SNR setting is proved in Kolar et al. (2011). Their result can be easily extended to the
general case with r ≥ 1. We record this extension in Theorem 22 below. The theorem also shows
that element-wise thresholding fails if µ2 = o(log n), so it is not very useful in the low SNR setting.

For each (i, j) ∈ [nL ] × [nR ], set Ybij = 1 if Aij ≥ 21 µ, and Ybij = 0 otherwise. Output Yb .

Algorithm 7 Element-wise Thresholding for Submatrix Localization

As mentioned before, the high SNR setting with µ2 = Ω(log n) can be handled by a simple elementwise thresholding algorithm, which is given in Algorithm 7.

3.5 The High SNR Setting

When nL = nR = n, KL = KR = K, Theorems 20 and Theorem 21 establish that
the recovery
√
log n
boundary for the simple thresholding algorithm is µ2  n K
if r = 1, and µ2  nKlog n if r > 1
2
and rK = Θ(n). Comparing with the success condition (27) for the convex optimization approach,
we see that the simple thresholding algorithm is order-wise less powerful in separating different
submatrices. Similar to planted clustering, the performance is determined by the variance barrier
associated with the variance of the quantities di and Sii0 computed in Algorithm 6.

µ4 ≤ c2 max

and fails to correctly recover all the clusters if nL = Ω(rKR ), nR = Ω(rKL ) and


.

nL log nR nR log nL
,
2
KL2
KR
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,

µ2 ≤ c1 max

Theorem 21 (Simple, Converse) Under the submatrix localization model where the distributions
of {Aij } are Gaussian, there exist universal constants c1 , c2 such that with probability at least
Ω(1)
Ω(1)
1 − e−(rKL )
− e−(rKR ) , Algorithm 6 fails to correctly identify all the isolated nodes if


,
(31)

n log nL
R
2
KR

(30)

(32)

Comparison with previous work: The achievability and converse results in Theorems 17 and 18
hold even when r grows with n. In the special case with r = 1, the work in Kolar et al. (2011)
considers a convex relaxation of sparse singular value decomposition; they focus on the high SNR
regime with µ2 & log n, and show that the performance of their convex relaxation is no better than
a simple element-wise thresholding approach (cf. Section 3.5). Our convex program is different
n+n
from theirs, and succeeds in the low SNR regime provided µ2 & K log
. The work in Ames
K2
(2013) studies the success conditions of a convex formulation similar to Kolar et al. (2011); with the
additional assumption of bounded support of the distribution of Aij , they show that their approach
n·r
succeeds under an order-wise more restricted condition µ2 & K
2.
3.4 The Simple Regime: A Thresholding Algorithm
We consider a simple thresholding algorithm as given in Algorithm 6. The algorithm computes the
column and row sums of A as well as the correlation between the columns and rows. It is similar in
spirit to the simple counting Algorithm 3 for the planted clustering problem.
Algorithm 6 A Simple Thresholding Algorithm
1. (Identify isolated nodes) For each left node i ∈ [nL ], declare it as isolated if the row sum
P
nR
di := j=1
Aij ≤ µK2 R . For each right node j ∈ [nR ], declare it as isolated if the column
P
sum d0 := nL A ≤ µKL .
ij
j
i=1
2
2. (Identify clusters when r > 1) For each pair of non-isolated left nodes i, i0 ∈ [nL ], assign
PnR
2
them to the same cluster if Sii0 := j=1
Aij Ai0 j ≥ µ 2KR . Declare error if inconsistency is
found. Assign the non-isolated right nodes into clusters in a similar manner. Let {Ck } and
{Dk } be the resulting left and right clusters.
3. (Associate left and right clusters) For each k ∈ [r]
P and l ∈ [r], associate the left cluster Ck
with the right cluster Dl if the block sum Bkl := i∈Ck ,j∈Dl Aij ≥ µKL KR /2.
2 n + n2 n ) and O(n n ),
Steps 1, 2 and 3 of the algorithm run in time O(nL nR ), O(nL
R
L R
R L
respectively. We note that Step 1 is previously considered in Kolar et al. (2011) for locating a single
submatrix. The following theorem provides success conditions for this simple algorithm.



n log nR
L
,
KL2

.

Theorem 20 (Simple) There exist universal constants c1 , c2 such that Algorithm 6 identifies the
−1
−1
if
− enR
isolated nodes with probability at least 1 − enL
µ2 ≥ c1 max

nL log(rKR ) nR log(rKL )
,
2
KL2
KR

and exactly recovers Y ∗ with probability at least 1 − e(rKL )−1 − e(rKR )−1 − en−1 if further


µ4 ≥ c2 max
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When r = 1, we refer to the regime for which the condition (29) holds as the simple regime. When
r > 1, the simple regime is where both conditions (29) and (30) hold.
We provide a converse to Theorem 20. The following theorem shows that the conditions (29)
and (30) are also (nearly) necessary for the simple thresholding algorithm to succeed.
23

u
1 − u (a) u − v
v−u
(u − v)2
+ (1 − u) log
≤u
+ (1 − u)
=
,
v
1−v
v
1−v
v(1 − v)
(35)

(b)
(u − v)2 00
(u − v)2
D (ξkv) ≥
,
2
2(u ∨ v)[1 − (u ∧ v)]

(36)

n1 (K−1)
n(n−1)

2

25

1
n
K(p − q) ≤ q(1 − q) log .
4
K

Moreover, the condition (37) is implied by
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(38)

(37)

and p̄ := δp + (1 − δ)q. We have

n2
(q − p̄)2
1
n
K · D(pkp̄) + (1 − δ)
≤ log .
n1
p̄(1 − p̄)
4
K

Lemma 23 Suppose that 128 ≤ K ≤ n/2. Let δ :=
h
i
inf Yb supY ∗ ∈Y P Yb 6= Y ∗ ≥ 12 if

where (b) follows from D0 (vkv) = 0 and D00 (ξkv) = 1/[ξ(1 − ξ)].
Theorem 2 is established through the following three lemmas, each of which provides a sufficient condition for having a non-vanishing error probability.

D (ukv) = D (vkv) + (u − v)D0 (vkv) +

where (a) follows from the inequality log x ≤ x − 1, ∀x ≥ 0. Moreover, viewing D(xkv) as a
function of x and using the Taylor’s expansion, we can find some ξ ∈ [u ∧ v, u ∨ v] such that

D (ukv) := u log

In the sequel we will make use of the following upper and lower bounds on the KL divergence
D(ukv) between two Bernoulli distributions with parameter u ∈ [0, 1] and v ∈ [0, 1]. We have

5.1 Proof of Theorem 2 and Corollary 3

Throughout this section, we consider the planted clustering model with p > q. Let n1 := rK = |V1 |
and n2 := n − rK = |V2 | be the numbers of non-isolated and isolated nodes, respectively.

5. Proofs for Planted Clustering

n
2



n1
8

n
log K
. Substituting into (39) gives

(q − p̄)2
n1
n
≤ 2 log .
p̄(1 − p̄)
4n
K

K · D(pkp̄) +

26

=K
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δ(1 − δ)(p − q)2 (b) K(p − q)2
≤
,
p̄(1 − p̄)
q(1 − q)

n2
(q − p̄)2 (a) (p − p̄)2
K
(q − p̄)2
(1 − δ)
≤K
+ (1 − δ)
n1
p̄(1 − p̄)
p̄(1 − p̄)
δ
p̄(1 − p̄)

where the last inequality holds because K ≤ n/2 and n1 ≥ 32. This proves the sufficiency of (37).
We turn to the second part of the lemma. Observe that

n
log K
+2
3
2
1
= −
n
n ≥ ,
n1 log K
4 n1 log K
2

n1
4

∗ kA ) ≤
I(Y12
12

P(Y ∗ ,A) [Y 6= Y ∗ ] ≥ 1 −

It follows that I(Y ∗ ; A) ≤

∗
I(Y12
; A12 ) = δD(pkp̄) + (1 − δ)D(qkp̄) ≤ δD(pkp̄) + (1 − δ)

∗ ; A ) = δD (pkp̄) + (1 − δ)D (qkp̄) .
and thus P(A12 = 1) = p̄ := δp + (1 − δ)q. Therefore, I(Y12
12
Using the upper bound (35) on the KL divergence and the condition (37), we obtain

n
This implies log |Y| ≥ 12 n1 log K
under the assumption that
 8 ≤ K ≤ n/2 and n ≥ 32.
We next upper bound I(Y ∗ ; A). Note that H(A) ≤ n2 H(A12 ) because the Aij ’s are identically
∗
distributed by symmetry.
Furthermore, the Aij ’s are mutually independent conditioned
 on Y , so

∗ ). It follows that I(Y ∗ ; A) = H(A) − H(A|Y ∗ ) ≤ n I(Y ∗ ; A ).
H(A|Y ∗ ) = n2 H(A12 |Y12
12
12
2
∗ ; A ) below. Direct counting gives
We can bound I(Y12
12


 1
n−2 n−K
· · · n−rK+K
n1 (K − 1)
K−2
K
K
(r−1)!
∗
P(Y12 = 1) =
=
= δ,
|Y|
n(n − 1)

Yb

h
i
Therefore it suffices to bound P(Y ∗ ,A) Yb 6= Y ∗ from below. Let H(X) denote the entropy of a
random variable X and I(X; Z) the mutual information between X and Z. By Fano’s inequality,
we have for any Yb ,
h
i
I(Y ∗ ; A) + 1
P(Y ∗ ,A) Yb 6= Y ∗ ≥ 1 −
.
(39)
log |Y|
 n1 !

n
We first bound log |Y|. Simple counting gives that |Y| = nn1 r!(K!)
≥ ( nn1 )n1 and
r . Note that n
1
√ n n
√ n n
n( e ) ≤ n! ≤ e n( e ) . It follows that
√
 n n1
n1 (n1 /e)n1
1
√
|Y| ≥ (n/n1 )n1 √
≥
.
r/2
n
r
r
1
K
e r(r/e) e K (K/e)
e(r K)r

Proof We use an information theoretical argument via Fano’s inequality. Recall that Y is the set
of all cluster matrices corresponding to r clusters of size K. Let P(Y ∗ ,A) be the joint distribution of
(Y ∗ , A) when Y ∗ is sampled from Y uniformly at random and then A is generated according to the
planted clustering model with Y ∗ being the true cluster matrix. Lower-bounding the supremum by
the average, we have
h
i
h
i
inf sup P Yb 6= Y ∗ ≥ inf P(Y ∗ ,A) Yb 6= Y ∗ .

necessary conditions for the success of the intractable MLE, the convexified MLE and the simple
counting/thresholding algorithm, showing that they work in progressively smaller regions of the
parameter space. This thus represents a series of tradeoffs between the statistical and computational performance. Our results hold in the high-rank setting with a growing number of clusters
or submatrices. Our results indicate that there may exist a large gap between the information limit
and the computational limit, i.e., the information limit might not be achievable via polynomial-time
algorithms.
Several future directions are of interest. Immediate goals include removing some of the technical
assumptions in our theorems. It is useful in practice to identify a finer spectrum, ideally close to a
continuum, of computational-statistical tradeoffs. It is also interesting to extend to the settings with
overlapping clusters and submatrices, and to the those where the values of the model parameters
are unknown. Proving our conjectures on the computational hardness in the hard regime is also
interesting, and this direction is pursued in Ma and Wu (2015); Hajek et al. (June, 2014).
Yb Y ∗ ∈Y
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(44)
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h
i
P YbML (a) 6= y P [A = a|Y ∗ = y] .

E [ξi ξj ] = P [ξi = 1, ξj = 1] ≤ (1 − p)2K−3 =

i=1

1
µ2 .
1−p
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Therefore, we obtain




rK/2
X
1
1
1
ξi  ≤ rKµ(1 − µ) + rK(rK/2 − 1)
− 1 µ2
2
2
1−p
Var 

1
1
p
.
≤ rKµ + r2 K 2 µ2
2
4
1−p

Under the condition (42) we have p ≤ 1/8 and

(a)

µ = (1 − p)K−1 ≥ e−2(K−1)p ≥ (rK/2)−1/4 ,

28

(45)

where the last equality holds because P[Ay |Y ∗ = y] ≡ ρ independently of y. This proves our claim.
Since the maximum error probability is lower bounded by the average error probability, to establish the lemma it suffices to show ρ ≥ 1/2. Without loss of generality, suppose r is even and we
fix the clusters Y ∗ to be such that the first rK/2 nodes {1, . . . , rK/2} form r/2 clusters, and the
next rk/2 nodes {rK/2 + 1, . . . , rK} form another r/2 clusters. For each i ∈ [rK/2], let ξi bei
h
PrK/2
the indicator random variable for node i being a disconnected node. Then ρ1 := P
i=1 ξi ≥ 1
is the probability that there exits at least one disconnected node among the first rK/2 nodes. We
use a second moment argument (Durrett, 2007) to lower-bound ρ1 . Observe that ξ1 , . . . , ξrK/2 are
(dependent) Bernoulli variables with mean µ := (1 − p)K−1 . For i 6= j, we have

a∈Ay

i
h
X
X
1
1
1
· P[A = a|Y ∗ = y] = ρ,
P Yb 6= Y ∗ ≥
|Y| y
2
2

Let Ay ⊆ {0, 1}n×n denote the set of adjacency matrices with at least two disconnected nodes in
two different clusters with respect to the clusters defined by y ∈ Y. For each a ∈ Ay , let y 0 (a)
denote the cluster matrix obtained by swapping the two rows and columns of y corresponding to the
first two disconnected nodes in a. It is easy to check that for each a ∈ Ay , the likelihood satisfies
P[A = a|Y ∗ = y] ≤ P[A = a|Y ∗ = y 0 (a)] and therefore P[YbML (a) 6= y] ≥ 1/2. It follows
from (44) that

y∈Y a∈{0,1}n×n

X
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if
(40)

where (a) holds due to δ ≤ nn12K and (35), and (b) holds because p̄(1 − p̄) ≥ δp(1 − p) + (1 −
δ)q(1 − q) ≥ (1 − δ)q(1 − q) thanks to the concavity of x(1 − x). Combining the last display
equation with (38) gives (37).

1
2

if

h
i
1 X
P Yb 6= Y ∗ ≥
|Y|

Proof We first prove the sufficiency of the condition (42). We call a node a disconnected node if it
is not connected to any other node in its own cluster. Let E be the event that there exist two disconnected nodes from two different clusters, and set ρ := P[E|Y ∗ ], which is in fact independent
h
iof what
value Y ∗ takes in Y. Suppose Y ∗ is uniformly distributed over Y; we claim that P Yb 6= Y ∗ ≥ ρ/2
for all Yb . To see this, consider the maximum likelihood estimator (MLE) of Y ∗ , which is given by
YbML (a) := arg maxy P[A = a|Y ∗ = y] with tie broken uniformly at random. It is a standard fact
that the MLE minimizes the error probability under the uniform prior, so for all Yb we have

1
log(n − K).
24

h
i
Lemma 24 Suppose 128 ≤ K ≤ n/2. We have inf Yb supY ∗ ∈Y P Yb 6= Y ∗ ≥
K max {D(pkq), D(qkp)} ≤

(41)

Proof Let M̄ := n − K, and Ȳ := {Y0 , Y1 , . . . , YM̄ } be a subset of Y with cardinality M̄ + 1 to be
specified later. Let P̄(Y ∗ ,A) denote the joint distribution of (Y ∗ , A) when we first sample Y ∗ from Ȳ
uniformly at random, and then sample A according to the planted clustering model with Y ∗ being
the true cluster matrix. By Fano’s inequality, we have
i
h
i
h
∗ ; A) + 1
I(Y
.
inf sup P Yb 6= Y ∗ ≥ inf P̄(Y ∗ ,A) Yb 6= Y ∗ ≥ 1 −
log |Ȳ|
Yb
Yb Y ∗ ∈Y

M̄
X
(b)
1
D (Pi kPi0 ) ≤ 3K · D (pkq) + 3K · D (qkp) ,
(M̄ + 1)2

r
are given by
We construct Ȳ as follows. Let Y0 be the cluster matrix such that the clusters {Cl }l=1
Cl = {(l − 1)K + 1, . . . , lK}. Informally, each Yi with i ≥ 1 is obtained from Y0 by swapping the
cluster memberships of the nodes K and K + i. Formally, for each i ∈ [M̄ ]: (1) if the node (K + i)
belongs to cluster Cl for some l, then Yi is the cluster matrix for which the first cluster consists of
the nodes {1, 2, . . . , K − 1, K + i}, the l-th cluster is given by Cl \ {K + i} ∪ {K}, and all the other
clusters are identical to those given by Y0 ; (2) if the node (K + i) is an isolated node in Y0 (i.e., it
does not belong to any cluster), then Yi is the cluster matrix for which the first cluster consists of the
nodes {1, 2, . . . , K − 1, K + i}, the node K is an isolated node, and all the other clusters identical
to those given by Y0 .
Let Pi be the distribution of the graph A conditioned on Y ∗ = Yi . Note that each Pi is the
product of 21 n(n − 1) Bernoulli distributions. We have the following chain of inequalities:
(a)

I(Y ∗ ; A) ≤

i,i0 =0

1
4
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(43)

(42)

where (a) follows from the convexity of KL divergence, and (b) follows by our construction of {Yi }.
If the condition (40) in the lemma holds, then I(Y ∗ ; A) ≤ 41 log(n − K) = 41 log Ȳ . Since
log(n − K) ≥ log(n/2) ≥ 4 when n ≥ 128, it follows from (41) that the minimax error probability
is at least 1/2.
h
i
Lemma 25 Suppose 128 ≤ K ≤ n/2. We have inf Yb supY ∗ ∈Y P Yb 6= Y ∗ ≥
1
Kp ≤ min{log(rK/2), K},
8
1
log K.
4

or K(1 − q) ≤

27

K

≤ exp(−K 1/2 ) ≤ 1/4,

(c)

1
log n,
2

and
log(rK/2) ≥

1
log(rK).
2
(46)

5.2 Proof of Theorem 4 and Corollary 5

The corollary is derived from Theorem 2 using the upper bound (35) on the KL divergence. In
particular, condition (3) implies condition (2) in Theorem 2 in view of (35). Similarly, condition (4)
p
1
implies condition (1) because D(qkp) ≤ 1−p
in view of (35) and p ≤ 193
. Finally, condition (5)
implies condition (2) because D(pkq) ≤ p log pq by definition of the KL divergence.
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1
48 q(1

(51)

(50)

where the last inequality follows from (2) and (49). Equations (50) and (51) imply the assumption (37) in Lemma 23, and therefore the conclusion follows.

p
1−p
p
10(1 − p)
+ (1 − p) log
≤ p log + (1 − p) log
p̄
1 − p̄
q
9(1 − q)
10
1
n
≤ D(pkq) + (1 − q) log
≤
log ,
9
6K
K
D(pkp̄) = p log

where we use (36) in (a) and (2) in (b). On the other hand, we have

(b) 1
n2 (q − p̄)2
n2 δ 2 (p − q)2
2n2 δ(p − q)2 (a)
n
=
≤
≤ 4KD(pkq) ≤
log ,
n1 p̄(1 − p̄)
n1 p̄(1 − p̄)
n1 p(1 − q)
24
K

29

q)2

(47)

(49)

Let hX, Y i := Tr(X > Y ) denote the trace inner product between two matrices. For each feasible
solution Y ∈ Y of the optimization problem (7), we define ∆(Y ) := hA, Y ∗ − Y i and d(Y ) :=
hY ∗ , Y ∗ − Y i. To prove the theorem, it suffices to show that ∆(Y ) > 0 for all feasible Y with
Y 6= Y ∗ . For simplicity, in this proof we use a different convention that Yii∗ = 0 and Yii = 0 for all

1
p(1 − q) (log(rK) ∧ K) .
96

n
o
1
1
n
log n ≤
max log , log K .
24
12
K

We further divide the analysis into two sub-cases.
1
2
Case (ii.1): K ≥ log n. It follows from (49) that 1 − q ≤ 24
, i.e., q ≥ 23
24 , and thus (p − q) ≤
2
2q(1 − q) . Therefore, the inequality (49) implies either the condition (38) in Lemma 23 or the
condition (43) in Lemma 25, which proves the conclusion.
n
1
1 (K−1)
Case (ii.2): K < log n. It follows that δ := nn(n−1)
and log K
≥ 12 log n. Note that
≤ 10
9
p̄ := δp + (1 − δ)q ≥ max{δp, q} and 1 − p̄ ≥ 10 (1 − q). Therefore, we have

K(1 − q) ≤

We distinguish between two cases. (i) If 1 − q ≤ 2(1 − p), then (48) implies K(p − q)2 ≤
1
1
1
48 p(1 − p) log n; it follows from (35) and (46) that KD(qkp) ≤ 48 log n ≤ 24 log(n − K), and
thus Lemma 24 implies the conclusion. (ii) If 1 − q > 2(1 − p) and K ≥ log n, then (48) implies

(48)

We distinguish between two cases. (i) If p ≤ 2q, then (47) implies K(p −
≤
−
1
1
q) log(rK); it follows from (35) and (46) that KD(pkq) ≤ 48
log(rK) ≤ 24
log(n − K), and
1
thus Lemma 24 proves the conclusion. (ii) If p > 2q, then (47) implies Kp ≤ 24
log(rK) ∧ K ≤
1
1
min{ 24
K, 12
log( rK
)},
and
Lemma
25
proves
the
conclusion.
2

K(p − q)2 ≤

Our goal is to show that if the condition (1) or (2) holds, then we can draw the conclusion that the
minimax error probability is large.
First assume (1) holds. By (36), we know the condition (1) implies

log(n − K) ≥ log(n/2) ≥

We can now prove Theorem 2 by combining the above three lemmas.
Proof [of Theorem 2] Since 256 ≤ 2K ≤ n, we have the following relations for the logarithmic
terms:

qK

where (b) follows from the inequality
= (1 − (1 − q)) ≥ exp (−2(1 − q)K) for 1 − q ≤ 1/2,
and (c) holds under the condition (43). We therefore obtain ρ01 ≥ 34 . Let ρ02 be the probability of having a betrayed node in cluster 2; by symmetry ρ02 ≥ 3/4. By the union bound we get
ρ0 ≥ 1 − (1 − ρ01 ) − (1 − ρ02 ) ≥ 1/2, proving the sufficiency of (43).

i=1

where the last inequality holds due to (45) and p ≤ 1/8. It follows that ρ1 ≥ 34 . If we let ρ2
denote the probability that there exits a disconnected node among the next rK/2 nodes {rK/2 +
1, . . . , rK}, then by symmetry ρ2 ≥ 34 . Therefore ρ ≥ ρ1 ρ2 ≥ 1/2, proving the sufficiency of (42).
We next prove the sufficiency of the condition (43) by bounding the error probability using a
similar strategy. For k = 1, 2, we call a node in cluster k a betrayed node if it is connected to all
nodes in cluster 3 − k. Let E 0 be the event of having a betrayed node in each of the clusters 1 and 2,
and let ρ0 := P[E 0 ]. Suppose Y ∗ is uniformly distributed over Y; we can use a similar argument as
above to show that P[Yb 6= Y ∗ ] ≥ ρ0 /2 for any Yb . Fix Y ∗ to be such that the clusters 1 and 2 are
0
given by the nodes [K] and {K + 1, . . . , 2K}, respectively.
hP For each
i i ∈ [K], let ξi be the indicator
K
0
0
for node i being is a betrayed node. Then ρ1 := P
i=1 ξi > 0 is the probability of having a
betrayed node in cluster 1. Note that the condition (43) implies 1 − q ≤ 1/2. We have
"K
#
X
K
 (b)


P
ξi0 = 0 = 1 − q K
≤ exp −Kq K ≤ exp − K exp (−2(1 − q)K)

i=1

1
p(1 − q) log n.
96

Next assume the condition (2) holds. Using the lower-bound (36) on the KL divergence, we
know that (2) implies

where (a) uses the inequality 1 − x ≥ e−2x , ∀x ∈ [0, 12 ]. Applying the Chebyshev’s inequality, we
get


rK/2
1
1
2 p
X
2
p
1
2 rKµ + 4 (rKµ) 1−p
≤
+
≤ ,
P
ξi − rKµ/2 ≥ rKµ/2 ≤
2
2
2
r K µ /4
rKµ 1 − p
4
K(p − q)2 ≤
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i ∈ V . Note that E[A] = qJ + (p − q)Y ∗ − qI, where J is the n × n all-one matrix and I is the
n × n identity matrix. We may decompose ∆(Y ) into an expectation term and a fluctuation term:
P

i,j

P

i,j

|

C HEN AND X U

Using the union bound, (53), Lemma 26 and Lemma 27, we obtain

≤

t=K

2
rK
X

t=K

(rK)2 (γrK)−5t/K ≤ 16(γrK)−1 ,

2


rK
2
X
1
16t
(rK)16t/K exp − tD(qkp)
K2
72

t=K

2


rK
X
p
−
q
{∃[Y ] : d(Y ) = t} · P T1 (Y ) ≤ −
t
4

t=K

rK
X



p−q
P ∃[Y ] : Y 6= Y ∗ , T (Y ) ≤ −
d(Y )
1
4
2


p−q
t
P ∃[Y ] : d(Y ) = t, T1 (Y ) ≤ −
4

(Aij − q) .

≤

}

{z

T2 (Y )

≤

≤

rK
X

2

t=K

rK
X

t=K
2


 (b)
rK
X
256t4 32t/K
1
n
· exp − tD(pkq) ≤ 256n−1 ,
K4
72
t=K

32
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The corollary is derived from Theorem 4 using the lower bound (36) on the KL divergence. First
assume e2 q ≥ p. Then K(p − q)2 & q(1 − q) log n implies condition (9) in view of (36). Next
p
assume e2 q < p. It follows that log pq ≤ 2 log eq
. By definition, D(pkq) ≥ p log pq + (1 − p) log(1 −
p
p) ≥ p log eq
. Hence, Kp log pq & log n implies KD(pkq) & log n. Furthermore, D(qkp) ≥ 21 (1 −
1/e2 )p in view of (36) and p > e2 q. Therefore, Kp & log(rK) implies KD(qkp) & log(rK).

5.2.1 P ROOF OF C OROLLARY 5

Therefore Y ∗ is the unique optimal solution with the same probability. This proves the theorem.

P {∃Y ∈ Y : ∆(Y ) ≤ 0} ≤ 16(γrK)−1 + 256n−1 .

where (b) follows from the theorem assumption that D(pkq) ≥ c1 log n/K for a sufficiently large
constant c1 . Combining the above two bounds with (52), we obtain

≤



p−q
{Y ∈ Y : d(Y ) = t} · P T2 (Y ) ≥
t
4



p−q
P ∃Y ∈ Y : Y 6= Y ∗ , T2 (Y ) ≥
d(Y )
4
2


p−q
t
P ∃Y ∈ Y : d(Y ) = t, T2 (Y ) ≥
4

where (a) follows from the theorem assumption that D(qkp) ≥ c1 log(γrK)/K for a sufficiently
large constant c1 . Similarly, using (54) we have

≤ 16

(a)

≤

Yij∗ =0
Yij =1

X

(i<j):

Yij∗ by feasibility of Y . For the second

X
}

(Aij − p) −2

Yij =

∆(Y ) = hE[A], Y ∗ − Y i + hA − E[A], Y ∗ − Y i = (p − q)d(Y ) + hA − E[A], Y ∗ − Y i, (52)
where the second equality follows from
fluctuation term above, observe that
hA − E[A], Y ∗ − Y i = 2
{z

Y ∗ =1
(i<j): ij
Yij =0

|

T1 (Y )

(54)

(53)

Here each of T1 (Y ) and T2 (Y ) is the sum of 21 d(Y ) i.i.d. centered Bernoulli random variables with
parameter p and q, respectively.
Using the Chernoff bound, we can bound the fluctuation for each fixed Y ∈ Y:





p−q
1
p+q
P T1 (Y ) ≤ −
d(Y ) ≤ exp − d(Y )D
p ,
4
2
2





p−q
1
p+q
P T2 (Y ) ≥
d(Y ) ≤ exp − d(Y )D
q .
4
2
2

We need to control the fluctuation uniformly over Y ∈ Y. Define the equivalence class [Y ] :=
{Y 0 ∈ Y : Yij0 = Yij , ∀(i, j) ∈ support(Y ∗ )}, where support(Y ∗ ) := {(i, j) : Yij∗ = 1}. Obverse
that all cluster matrices in the equivalence class [Y ] have the same value of T1 (Y ). The following
combinatorial lemma upper bounds the number of Y ’s and [Y ]’s such that d(Y ) = t. Note that
2(K − 1) ≤ d(Y ) ≤ rK 2 for all feasible Y 6= Y ∗ .
Lemma 26 For each integer t ∈ [K, rK 2 ], we have

2
16t2
{Y ∈ Y : d(Y ) = t} ≤
n32t/K ,
K2
16t2
{[Y ] : d(Y ) = t} ≤
(rK)16t/K .
K2
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(56)

(55)

We prove this lemma in Appendix
A. We also need the following lemma, which lower-bounds

p+q
D p+q
2 kq and D
2 kp using D (pkq) and D (qkp), respectively. The proof is given in Appendix B.
Lemma 27 For any 0 ≤ p ≤ q ≤ 1, we have



p+q
1
D
q ≥ D (pkq) ,
2
36


p+q
1
p ≥ D (qkp) .
2
36
D

31

(58)

(57)

l∈Ck

l∈Ck

(62)

34
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where the last inequality follows from the condition (14). This proves (58) in the proposition.

33

k

where the last inequality follows because Kp(1 − q) > c1 log n in view of the condition (14). By
definition of Ā, E[A] − Ā is a diagonal matrix with each diagonal entry equal to −p or −q, so the
second term of (62) has magnitude at most 1/K. By the union bound over all (i, j) and substituting
back to (61), we have with probability at least 1 − 2n−11 ,
p
kPT (A − Ā)k∞ ≤ 3c2 p(1 − q) log n/K + 3/K ≤ (p − q)/8 = ν/8,

ν ∗
kY − Y k1 + hA − Ā, Y ∗ − Y i, (59)
2

l∈Ck

1 X
1 X
1 X
(A − Ā)lj =
(A − EA)lj +
(EA − Ā)lj .
KL
K
K
L
L
∗
∗
∗

To proceed, we consider the two models separately.
Planted clustering: The entries of the matrix A − EA are centered Bernoulli random variables
with variance bounded by p(1 − q) and mutually independent up to symmetry with respect to the
diagonal. The first term of (62) is the average of KL such random variables; by Bernstein’s inequality (stated as Theorem 32 in Appendix C), we have with probability at least 1 − n−13 and for some
universal constant c2 ,
p
p
P
26p(1 − q)K log n + 9 log n ≤ c2 p(1 − q)K log n,
l∈C ∗ (A − EA)lj ≤

(U U > (A − Ā))ij =

Suppose the left node i belongs to the left cluster k. Then

kPT (A − Ā)k∞ ≤kU U > (A − Ā)k∞ + k(A − Ā)V V > k∞ + kU U > (A − Ā)V V > k∞


≤3 max kU U > (A − Ā)k∞ , k(A − Ā)V V > k∞ .
(61)

We first prove (58). By definition of PT , we have
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where the R.H.S. is strictly positive for all Y 6= Y ∗ . This completes the proof of Theorems 6 and 17.

where the last inequality √
follows from the duality between the `1 and `∞ norms. Using (58) and the
fact that kU V > k∞ = 1/ KL KR , we get
ν
ν
ν
ν ∗
hY ∗ − Y, Ai ≥
kY − Y k1 = kY ∗ − Y k1 ,
− −
2 8 8
4

Assembling (59) and (60), we obtain that for any feasible Y ,
√
E
ν
ν KL KR D
hY ∗ − Y, Ai ≥ kY ∗ − Y k1 +
−U V > + PT (W ), Y ∗ − Y
2
8
√


ν
ν KL KR
≥
−
kU V > k∞ − kPT (A − Ā)k∞ kY ∗ − Y k1 ,
2
8

Rearranging terms and using the definition of W gives
√
√
E
ν KL KR
ν KL KR D
A − Ā, Y ∗ − Y =
hW, Y ∗ − Y i ≥
−U V > + PT (W ), Y ∗ − Y . (60)
8
8
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where the second equality follows
fromP
the definition of Ā, and the third equality holds because Y
P
obeys the linear constraints i,j Yij = i,j Yij∗ and Yij ∈ [0, 1], ∀i, j.
On the other hand, we have kY ∗ k∗ ≥ kY k∗ thanks to the constraint (12) or (25). Let W :=
8(A−Ā)
√
. By (57) we have kPT ⊥ (W )k ≤ kW k ≤ 1, so U V > + PT ⊥ (W ) is a subgradient of
ν KL KR
f (X) := kXk∗ at X = Y ∗ (cf. Recht et al. 2010 for characterization of the subgradient of the
nuclear norm). It follows that
D
E
D
E
0 ≥ kY k∗ −kY ∗ k∗ ≥ U V > + PT ⊥ (W ), Y − Y ∗ = hW, Y − Y ∗ i + U V > − PT (W ), Y − Y ∗ .

= νhY ∗ , Y ∗ − Y i + hA − Ā, Y ∗ − Y i =

hY ∗ − Y, Ai = hĀ, Y ∗ − Y i + hA − Ā, Y ∗ − Y i

We prove the proposition in Section 5.3.1 to follow. In the rest of the proof we assume the event
that (57) and (58) hold. To establish the theorems, it suffices to show that hY ∗ − Y, Ai > 0 for all
feasible solution Y of the convex program with Y 6= Y ∗ . For any feasible Y , we may write

1 p
kA − Āk ≤ ν KL KR ,
8
1
kPT (A − Ā)k∞ ≤ ν.
8

Proposition 28 Under the condition (14) for planted clustering, or the condition (27) for submatrix
localization, the following holds with probability at least 1 − n−10 :

and similarly for V . Here U = V for planted clustering.
The true cluster matrix Y ∗ has the rank-r
√
Singular Value Decomposition given by Y ∗ = KL KR U V > . Define the projections PT (M ) =
U U > M + M V V > − U U > M V V > and PT ⊥ (M ) = M − PT (M ). Several matrix norms will be
used: the spectral norm kXk (the largest singular
value of X), the nuclear norm kXk∗ (the sum of
P
the singular values), the `1 norm kXk1 = i,j |Xij | and the `∞ norm kXk∞ = maxi,j |Xij |.
We define a quantity ν > 0 and a matrix Ā ∈ RnL ×nR , which roughly correspond to the signal
strength and the mean of A. For planted clustering, let ν := p − q and Ā := qJ + (p − q)Y ∗ , where
J is the all-one matrix. For submatrix localization, let ν := µ and Ā := µY ∗ . The proof hinges on
the following probabilistic property of the random matrix A − Ā.

We prove Theorem 6 and Theorem 17 (for submatrix localization) together in this section. Our
proof relies only on two standard concentration results for the adjacency matrix A (Proposition 28
below).
We need some unified notation for the two models. For both models we use nL and nR to
denote the problem dimensions, with the understanding that nL = nR = n for planted clustering.
Similarly, for planted clustering the left and right clusters are identical and KL = KR = K. Let
U ∈ RnL ×r and V ∈ RnR ×r be the normalized characteristic matrices of the left and right clusters,
respectively:
(
√ 1 , if the left node i is in the k-th left cluster,
KL
Uik =
0,
otherwise,

5.3 Proof of Theorem 6
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− EA)lj ≤ c3

p
p
Kp + qn ≤ c2 2Kp.

36

kW k ≤ 1;

Hij ≤ 0, ∀(i, j) ∈ R;

PT W = 0;

Dual feasibility

)

Complementary slackness

Hij ≥ 0, ∀(i, j) ∈ Rc .

JMLR 17(27):1-57

(65)

(64)

Recall that M ∈ Rn×n is a sub-gradient of kXk∗ at X = Y ∗ if and only if PT (M ) = U U > and
kM −PT (M )k ≤ 1. Set H = F −G; then the KKT conditions imply that there exist some numbers
λ ≥ 0, η ∈ R and matrices W , H obeying


A − λ U U > + W − ηJ + H = 0;
(63)

Gij = 0, ∀(i, j) ∈ Rc .

Fij = 0, ∀(i, j) ∈ R,

λ ≥ 0,

Fij ≥ 0, Gij ≥ 0, ∀(i, j),

where λ, η ∈ R and F, G ∈ Rn×n are the Lagrangian multipliers. Since Y = rK
J is strictly
n2
feasible, strong duality holds by Slater’s condition. Therefore, if Y ∗ is an optimal solution, then
there must exist some F, G ∈ Rn×n and λ for which the KKT conditions hold:

∂L(Y ; λ, µ, F, G)
0∈
,
Stationary condition
∂Y
Y =Y ∗
)

2

Therefore, we have Kp < 8c22 , which contradicts the assumption that Kp > qn ≥ c1 log n. So
√
Kp > qn cannot hold. Consequently, it suffices to show that if K(p − q) ≤ c2 2qn, then Y ∗ is
not an optimal solution. We do this by deriving a contradiction assuming the optimality of Y ∗ .
Let J be the n × n all-ones matrix. Let R := support(Y ∗ ) and A := support(A). Recall the
cluster characteristic matrix U and the projection PT (M ) = U U > M + M U U > − U U > M U U >
defined in Section 5.3, and that Y ∗ = KU U > is the SVD of Y ∗ . Consider the Lagrangian

L(Y ; λ, µ, F, G) := − hA, Y i + λ (kY k∗ − kY ∗ k∗ ) + η hJ, Y i − rK 2 − hF, Y i + hG, Y − Ji ,

Kp/2 < K(p − q) ≤ c2

5.4 Proof of Theorem 8
√
√
We first claim that K(p − q) ≤ c2 Kp + qn implies K(p − q) ≤ c2 2qn under the assumption
that K ≤ n/2 and qn ≥ c1 log n. In fact, if Kp ≤ qn, then the claim trivially holds. If Kp > qn,
then q < Kp/n ≤ p/2. It follows that

where the last inequality holds because Kp(1−q) ≥ c1 log n by assumption. This proves the lemma.

kA − E[A]k ≤ kB1 k + kB2 k ≤ c6

Submatrix localization: We have Ā = EA by definition, so the second term of (62) is zero. The
first term is the average of KL independent centered random variables with unit sub-Gaussian norm.
By a standard sub-Gaussian concentration inequality (e.g., Proposition 5.10 in Vershynin 2012), we
have for some universal constant c3 and with probability at least 1 − n−13 ,
l∈Ck (A

P

K(p − q)
Kν
=
,
8
8

≤ c4

universal constant c7 . If σ 2 ≥ logn n , then Theorem 8.4 in Chatterjee (2014) implies that kB2 k ≤
7
√
3σ n with probability at least 1−n−11 . If c7 logn n ≤ σ 2 ≤ logn n for a sufficiently large constant c7 ,
√
then Lemma 2 in Massoulié and Tomozei (2014) implies that kB2 k ≤ c8 σ n with probability at
least 1 − n−11 for some universal constant c8 . (See Lemma 8 in Vu 2014 for a similar derivation.)
Putting together, we conclude that with probability at least 1 − 2n−11 ,
p
p
p
p(1 − q)K log n + c8 max{ q(1 − q)n, log n}
p
p(1 − q)K log n + q(1 − q)n,

p
−11 by the union bound. SimSo kU U > (A−EA)k∞ ≤ c3 log
pn/KL with probability at least 1−n
ilarly, k(A − EA)V V > k∞ ≤ c2 log n/KR with the same probability. Combining with (61) gives
p
log n/ min{KL , KR } ≤ ν/8 = µ/8,
kPT (A − Ā)k∞ ≤

where the last inequality holds under the condition (27). This proves (58) in the proposition.

We now turn to (57) in the proposition, and again consider the two models separately.
• Planted clustering: Note that kA − Āk ≤ kA − E[A]k + kĀ − E[A]k ≤ kA − E[A]k + 1.
Under the condition (14), Kp(1 − q) ≥ c1 log n. We bound the spectral norm term in the
lemma below.
Lemma 29 If Kp(1
p − q) ≥ c1 log n, then there exists some universal constant c4 such that
kA − E[A]k ≤ c4 p(1 − q)K log n + q(1 − q)n with probability at least 1 − n−10 .
p

p(1 − q)K log n + q(1 − q)n + 1 ≤

We prove the lemma in Section 5.3.2 to follow. Applying the lemma, we obtain
kA − Āk ≤ c4

where the second inequality holds under the condition (14).
• Submatrix localization: The matrix A − Ā = A − EA has i.i.d. sub-Gaussian entries. Using
a standard concentration bound for the spectral norm of such a matrix (e.g., Theorem 5.39
in Vershynin 2012), we get that for a universal constant c5 and with probability at least 1 −
n−10 ,
√
µp
νp
KL KR =
KL KR ,
kA − EAk ≤ c5 n ≤
8
8
where the second inequality holds under the condition (27).
5.3.2 P ROOF OF L EMMA 29
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Let R := support(Y ∗ ) and PR (·) : Rn×n → Rn×n be the operator that sets the entries outside R to
zero. Set B1 := PR (A − E[A]) and B2 := A − E[A] − B1 . Then B1 is a block-diagonal symmetric
matrix with r blocks of size K × K and its upper-triangular entries are independent with zero mean
and variance bounded by p(1 − q). Applying the matrix Bernstein inequality in Tropp (2012) and
using the assumption that Kp(1 −
pq) ≥ c1 log n in the lemma, we get that there exits some universal
constant c6 such that kB1 k ≤ c6 p(1 − q)K log n with probability at least 1 − n−11 .
On the other hand, B2 is symmetric and its upper-triangular entries are independent centered
Bernoulli random variables with variance bounded by σ 2 := max{q(1 − q), c7 log n/n} for any
35

≥
(i,j)∈Rc

(1 − η)2 Aij ,

(69)

(i,j)∈R

49 2 X

Aij .
64n 0
c
(70)
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P
Note that (i,j)∈Rc Aij equals twice the sum of n2 − r K2 i.i.d. Bernoulli random variables with
parameter q. By the Chernoff bound of Binomial distributions
and the assumption that qn ≥
P
c1 log n, we have with probability at least 1 − n−11 , (i<j)∈Rc Aij ≥ c5 qn2 for some universal constant c5 . It follows from (70) that λ2 ≥ 12 20 c5 qn. Combining with (69) and the assumption
1 2
that qn ≥ c1 log n, we conclude that with probability at least 1 − 3n−11 , K 2 (p − q)2 ≥ 32
 c5 qn.
1 2
Choosing c2 in the theorem assumption to be sufficiently small such that 2c22 < 32
 c5 , we obtain
√
K(p − q) > c2 2qn, which leads to a contradiction. This completes the proof of the theorem.

λ2 ≥

where XRc denotes that matrix obtained from X by setting the entries outside Rc to zero. Using (68), λ ≥ 0 and the assumption p ≤ 1 − 0 , we obtain η ≤ 1 − 78 0 , and therefore

2

2
1
λ(U U > + W )
n
F
1
1
1
2
c
c
= kA − ηJ + HkF ≥ kAR − ηJR + HRc k2F ≥
n
n
n

λ2 = λ(U U > + W )
X

p
p
c4 log n
λ ≤ K(p − q) + c3 ( p(1 − p) log n + q(1 − q) log n) +
K

p
p
c4
≤ 4 max K(p − q), c3 p(1 − p) log n, c3 q(1 − q) log n,
.
c1

On the other hand, the conditions (64) and (63) imply

It follows that

for some universal constants c3 , c4 > 0, where (a) and (b) follow from the assumption K ≥ c1 log n
with a sufficiently large universal constant c1 . In the rest of the proof, we assume (66) and (67) hold.
Using (65), we get that
p
c3 q(1−q) log n c4 log n
0
−
≥q− ,
η≥q−
2
K
2K
8
(68)
p
c3 p(1−p) log n c4 log n
λ
0
λ
+
−
≤
p
+
−
.
η ≤p+
K
2K 2
K
8
K

where for any X ∈ Rn×n , X̆ := U U > XU U > is the matrix obtained by averaging each K × K
block of X. Consider the last display equation on the entries in R and Rc respectively. Applying the
Bernstein inequality (Theorem 32) on each entry Ăij , we have with probability at least 1 − 2n−11 ,
p
c3 p(1 − p) log n c4 log n (a) 0
λ
p−
− η + H̆ij ≥ −
−
≥ − , ∀(i, j) ∈ R,
(66)
K
K
2K 2
8
p
c3 q(1 − q) log n c4 log n (b) 0
q − η + H̆ij ≤
+
≤ , ∀(i, j) ∈ Rc
(67)
K
2K 2
8

Ă − λU U > − ηJ + H̆ = 0,

Now observe that U U > W U U > = 0 by (64). We left and right multiply (63) by U U > to obtain
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E1 =
(p−q)2 K
+ 2Kpq
3
2Kpq + q 2 n for all

38

JMLR 17(27):1-57

For simplicity we assume K and n2 are even numbers; the case where K or n2 is odd can be proved
similarly. We partition the non-isolated nodes V1 into two equal-sized subsets V1+ and V1− such
that half of the nodes in each cluster are in V1+ . Similarly, the isolated nodes V2 are partitioned into
two equal-sized subsets V2+ and V2− . The idea is to use the following large-deviation lower bound
to the quantities di and Sij .

5.6 Proof of Theorem 12

where the last inequality follows from the assumption (18). By the union bound, we get that
P {E2c } ≤ 2n−1 .

where the last inequality follows from the assumption (17). By the union bound, we get that
P {E1c } ≤ 2n−1 .
For two nodes i and j in the same true cluster, the number of their common neighbors Sij is
the sum of two independent binomial random variables distributed respectively as Bin(K − 2, p2 )
and Bin(n − K, q 2 ). Similarly, for two nodes i, j in two different true clusters, Sij is the sum of
two independent binomial variables Bin(2(K − 1), pq) and Bin(n − 2K, q 2 ). Hence, E[Sij ] equals
(K − 2)p2 + (n − K)q 2 if i and j are in the same true cluster and 2(K − 1)pq + (n − 2K)q 2
if they are in two different true clusters. The difference of the expectations in two cases equals
K(p − q)2 − 2p(p − q). Let σ22 := 2Kp2 (1 − q 2 ) + nq 2 (1 − q 2 ), then Var[Sij ] ≤ σ22 . Set
t2 := K(p − q)2 /3. Since p − q ≤ p(1 − q), it follows that t2 ≤ σ22 . Applying the Bernstein
inequality (Theorem 32), we obtain that




t2
K 2 (p − q)4
P{|Sij − E[Sij ]| ≥ t2 } ≤ 2 exp − 2 2
≤ 2 exp −
≤ 2n−3 ,
2
2σ2 + 2t2 /3
24σ2

true cluster and Sij <
+
pairs of nodes (i, j) from two different
3
true clusters. On event E1 , all nodes in V1 are correctly declared to be non-isolated, and all nodes
in V2 are correctly declared to be isolated. One event E1 ∩ E2 , the counting algorithm correctly
identifies all the true clusters. Hence, to prove the theorem, it suffices to show P {E1c } ≤ 2n−1 and
P {E2c } ≤ 2n−1 .
Let Bin(n, α) denote the binomial distribution with n trials and success probability α. For each
non-isolated node i ∈ V1 , its degree di is the sum of two independent binomial random variables
distributed respectively as Bin(K − 1, p) and Bin(n − K, q). For each isolated node i ∈ V2 , its
degree di is distributed as Bin(n − 1, q). It follows that E[di ] = (n − 1)q + (K − 1)(p − q) if i ∈ V1
and E[di ] = (n − 1)q if i ∈ V2 . Define σ12 := Kp(1 − q) + nq(1 − q), then Var[di ] ≤ σ12 for all
i. Set t1 := 12 (K − 1)(p − q). Since p − q ≤ p(1 − q), it follows that t1 ≤ σ12 . Hence, Bernstein
inequality (Theorem 32) gives




t2
(K − 1)2 (p − q)2
P {|di − E[di ]| ≥ t1 } ≤ 2 exp − 2 1
≤ 2 exp −
≤ 2n−2 ,
2σ1 + 2t1 /3
12σ12

(p−q)2 K

+ q 2 n for all nodes i, j from the same


 

(p − q)K
(p − q)K
min di >
+ qn ∩ max di <
+ qn .
i∈V1
i∈V2
2
2

Define E2 to be the event that Sij >

Define event

5.5 Proof of Theorem 10

C HEN AND X U

C HEN AND X U

.
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2 /(3σ 2 )

i∈V1+

Theorem 30 (Theorem 7.3.1 in Matoušek and Vondrák (2008))
be independent
PN Let X1 , . . . 2, XNP
N
Var[Xi ] ≥
Xi and σ := i=1
random variables such that 0 ≤ Xi ≤ 1 for all i. Suppose X = i=1
200. Then for all 0 ≤ τ ≤ σ 2 /100 and some universal constant c3 > 0, we have
P [X ≥ E[X] + τ ] ≥ c3 e−τ

40
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where the universal constant c5 > 0 can be made sufficiently small by choosing c2 sufficiently small
in (18); the last inequality holds due to σS2 ≥ 200, σS2 ≥ c40 (Kp2 + nq 2 ), and (20).

Hence, by choosing the constant c2 sufficiently small and c1 sufficiently large, we have that σS2 ≥
100t0 . Theorem 30 with (20) then implies that




(t0 )2
P Sij− ≤ γS− ≥ c3 exp − 2 ≥ c3 n1−c5 ,
3σS

K 2 (p − q)4 < c2 (Kp2 + nq 2 ) log n1 .

By assumption, we have K ≤ n/2, q ≤ p ≤ 1 − c0 and hence σS2 ≥ c40 (Kp2 + nq 2 ). Since
by assumption Kp2 + nq 2 ≥ c1 log n, it follows that σS2 ≥ 200 by choosing c1 sufficiently large.
Moreover, recall that condition (20) reads:

γS− := E[Sij− ] − t0 = nq 2 /2 + K(p2 − q 2 )/2 − t0 ,
1
1
σS2 := Var[Sij− ] = Kp2 (1 − p2 ) + (n − K)q 2 (1 − q 2 ).
2
2

t0 := K(p − q)2 + 4,

We next show that under the assumption (20), the simple algorithm fails to recover the clusters
with probability at least 1/4. For two nodes i and j in V1 , let Sij+ be the number of their common
neighbors in V1+ ∪ V2+ and Sij− the number of their common neighbors in V1− ∪ V2− , so the total
number of their common neighbors is Sij = Sij+ + Sij− .
For each pair of nodes (i, j) in V1+ from the same cluster, Sij− is the sum of two independent Binomial random variables distributed as Bin(K/2, p2 ) and Bin((n − K)/2, q 2 ), respectively.
Define

On this event the node i∗ will be incorrectly declared as an isolated node.
Case 2: (Kp + nq) log n1 ≤ nq log n2 . In this case we have (K − 1)2 (p − q)2 ≤ 2c2 nq log n2
in view of (19). Set i∗ := arg maxi∈V2+ di− . Following the same argument as in Case 1 and using
the assumption nq ≥ c1 log n, we can show that di∗ ≥ nq + K(p − q) with probability at least 1/4,
and on this event node i∗ will incorrectly be declared as a non-isolated node.

di∗ = di∗ − + di∗ + ≤ γd− + γd+ = (n − 1)q.

Combining the two display equations above with the union bound, we obtain that with probability
at least 1/4,

i∈V1+

where the last equality follows from letting c4 sufficiently small and n1 sufficiently large. Furthermore, for each i ∈ V1+ , the quantity di+ is the sum of two independent Binomial random
variables distributed as Bin(K/2 − 1, p) and Bin((n − K)/2, q), respectively. Since the median of
Bin(N, α) is at most N α + 1, we know that with probability at least 1/2, we have di+ ≤ γd+ :=
nq/2 + K(p − q)/2 − p + 2. Now observe that the two sets of random variables {di+ , i ∈ V1+ }
and {di− , i ∈ V1+ } are independent of each other, so di+ is independent of i∗ for each i ∈ V1+ . It
follows that
X 
X 




1
P di∗ + ≤ γd+ =
P di+ ≤ γd+ |i∗ = i P [i∗ = i] =
P di+ ≤ γd+ P [i∗ = i] ≥ .
2

(71)

The main hurdle is that the entries of the graph adjacency matrix A are not completely independent
due to the symmetry of A, so we need to take into account the dependence among di ’s and the
dependence among Sij ’s when applying Theorem 30.
We first argue that under the assumption (19), the simple counting algorithm fails to identify
the isolated nodes with probability at least 1/4. For each node i in V1+ ∪ V2+ , let di+ and di−
be the numbers of its neighbors in V1+ ∪ V2+ and V1− ∪ V2− , respectively, so its total degree
is di = di+ + di− . Let Bin(N, α) denote the binomial distribution with N trials and success
probability α. We consider the following two cases.
Case 1: (Kp + (n − K)q) log n1 ≥ nq log n2 . Recall that n1 = rK and n2 = n − n1 . In this
case, it follows from (19) that
(K − 1)2 (p − q)2 ≤ 2c2 (Kp + nq) log n1 .

For each node i ∈ V1+ , the quantity di− is the sum of two independent Binomial random variables
distributed as Bin(K/2, p) and Bin((n − K)/2, q), respectively. Define
t := (K − 1)(p − q) + 2,
1
1
γd− := E[di− ] − t = nq + K(p − q) − t,
2
2
1
1
σd2 := Var[di− ] = Kp(1 − p) + (n − K)q(1 − q).
2
2
By assumption of the theorem, we have K ≤ n/2, q ≤ p ≤ 1 − c0 and thus σd2 ≥ c40 (Kp + nq) .
Since Kp2 +nq 2 ≥ c1 log n by assumption, it follows that σd2 ≥ 41 c0 c1 log n ≥ 400 by choosing the
constant c1 in the assumption sufficiently large. Furthermore, it follows from (71) that by choosing
c1 sufficiently large and c2 sufficiently small, we have
1
c0 (K − 1)2 (p − q)2 1
σd4 ≥ c0 (Kp + nq)σd2 ≥
× c0 c1 log n ≥ 2002 (K − 1)2 (p − q)2 .
4
8c2
log n1
4
Moreover, we have shown that σd2 ≥ 400. Hence, we get that σd2 ≥ 100t. We can now apply Theorem 30 with (71) to get that




t2
P di− ≤ γd− ≥ c3 exp − 2 ≥ c3 n1−c4
3σd

i∈V1+
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for some universal constant c4 > 0 that can be made arbitrarily small by choosing c2 in the assumption sufficiently small; the last inequality holds due to σd2 ≥ c40 (Kp + nq), σd2 ≥ 400, and (71) .
Let i∗ := arg mini∈V1+ di− . Since the random variables {di− : i ∈ V1+ } are mutually independent,
we have


Y 



P di∗ − > γd− =
P di− > γd− ≤ (1 − c3 n1−c4 )n1 /2 ≤ exp −c3 n11−c4 /2 ≤ 1/4,
39

(72)
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where the mutual information is defined under the distribution P(Y ∗ ,A) .
We construct Ȳ as follows. Let Y0 be the bi-clustering matrix such that the left clusters {Ck }rk=1
are Ck = {(k − 1)KL + 1, . . . , kKL } and the right clusters {Dl }rl=1 are Dl = {(l − 1)KR +
1, . . . , lKR }. Informally, each Yi with i ≥ 1 is obtained from Y0 by keeping the left clusters and
swapping two right nodes in two different right clusters. More specifically, for each i ∈ [M ]: (1)
Yi has the same left clusters as Y0 ; (2) if the right node KR + i ∈ Dl for Y0 , then Yi has the same
right clusters as Y0 except that the first right cluster is {1, 2, . . . , KR − 1, KR + i} and the l-th right
cluster is Dl \ {KR + i} ∪ {KR }; (3) if the right node KR + i does not belong to any Dl for Y0 , then
Yi has the same right clusters as Y0 except that the first right cluster is {1, 2, . . . , KR − 1, KR + i}
instead.

h
i
h
i
I(Y ∗ ; A) + 1
inf sup P Yb =
6 Y ∗ ≥ inf P(Y ∗ ,A) Yb =
6 Y∗ ≥1−
,
log |Ȳ|
Yb Y ∗ ∈Y
Yb

We prove the theorem using Fano’s inequality. Our arguments extend those used in Kolar et al.
(2011). Recall that Y is the set of all valid bi-clustering matrices. Let M = nR − KR and
Ȳ = {Y0 , Y1 , . . . , YM } be a subset of Y with cardinality M + 1, which is specified later. Let
P(Y ∗ ,A) denote the joint distribution of (Y ∗ , A) when Y ∗ is sampled from Ȳ uniformly at random
and then A is generated according to the submatrix localization model with the true cluster matrix
being Y ∗ . The minimax error probability can be bounded using the average error probability and
Fano’s inequality:

6.1 Proof of Theorem 15

In this section we prove the theoretical results in Section 3 for submatrix localization. Recall that
n := max{nL , nR }.

6. Proofs for Submatrix Localization

On this event the nodes i∗ , j ∗ will be incorrectly assigned to two different clusters.

Si∗ j ∗ = Si∗ j ∗ − + Si∗ j ∗ + ≤ γS− + γS+ = 2(K − 1)pq + (n − 2K)q 2 .

Furthermore, notice that Sij+ is the sum of two independent Binomial random variables Bin(K/2−
2, p2 ) and Bin((n − K)/2, q 2 ). We use a median argument introduced in the first part of the proof
to conclude that for all i, j, Sij+ ≤ γS+ := nq 2 /2 + K(p2 − q 2 )/2 − 2p2 + 2 with probability at
least 1/2. Since {Sij+ , i, j ∈ V1+ } only depends on the edges between V1+ and V1+ ∪ V2+ , and
(i∗ , j ∗ ) only depends on the edges between V1+ and V1− ∪ V2− , it follows that {Sij+ , i, j ∈ V1+ }
and (i∗ , j ∗ ) are independent of each other. Therefore, Si∗ j ∗ + ≤ γS+ with probability at least 1/2.
Applying the union bound, we get that with probability at least 1/4,



5
5 n1 /4
/4) ≤ 1/4.
P Si∗ j ∗ − ≥ γS− ≤ (1 − c3 n−c
≤ exp(−c3 n1−c
1
1 )
i,i =0

|

{z

T1 (Y )

}

(Aij − µ) +
(i,j):Yij∗ =1,Yij =0

X

|

{z

T2 (Y )

}

(−Aij ) .
(i,j):Yij∗ =0,Yij =1

X

(73)

for each Y ∈ Y.

(74)
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Define the equivalence class [Y ] = {Y 0 ∈ Y : Yij0 = Yij , ∀(i, j) ∈ support(Y ∗ ). The following
combinatorial lemma (proved in Appendix A) upper-bounds the number of Y ’s and [Y ]’s with a
fixed value of d(Y ). Note that KL ∧ KR ≤ d(Y ) ≤ rKL KR for any feasible Y 6= Y ∗ .


P {∆(Y ) ≤ 0} ≤ 2e exp −Cµ2 d(Y ) ,

where C > 0 is an absolute constant. Combining with the union bound and (73), we get

Here each of T1 (Y ) and T2 (Y ) is the sum of d(Y ) i.i.d. centered sub-Gaussian random variables
with parameter 1. By the sub-Gaussian concentration inequality given in Proposition 5.10 in Vershynin (2012), we obtained that for each i = 1, 2 and each fixed Y ∈ Y,
o
n

µ
P Ti (Y ) ≤ − d(Y ) ≤ e exp −Cµ2 d(Y ) ,
2

hA − E[A], Y ∗ − Y i =

since E[A] = µY ∗ . The second term above can be written as

∆(Y ) = hE[A], Y ∗ − Y i + hA − E[A], Y ∗ − Y i = µd(Y ) + hA − E[A], Y ∗ − Y i

Recall that hX, Y i := Tr(X > Y ) is the inner product between two matrices. For any feasible
solution Y ∈ Y of (22), we define ∆(Y ) := hA, Y ∗ − Y i and d(Y ) := hY ∗ , Y ∗ − Y i. To prove
the theorem, it suffices to show that ∆(Y ) > 0 for all feasible Y with Y 6= Y ∗ . We may write

6.2 Proof of Theorem 16

where we use the convexity of KL divergence in the first inequality, the definition of Yi in the
second inequality, and the expression for the KL divergence between two Gaussian distributions
2
R −KR )
in the equality. If (µ1 − µ2 )2 ≤ σ log(n
, then I(Y ; A) ≤ 12 log(nR − KR ) = 12 log Ȳ .
12KL
Since log(nR − KR ) ≥ log(nR /2) ≥ 4 if nR ≥ 128, it follows from (72) that the minimax error
probability is at least 1/2.
Alternatively, we can construct Yi , i ≥ 1 from Y0 by keeping the right clusters and swapping two left nodes in two different left clusters. A similar argument shows that if (µ1 − µ2 )2 ≤
2
σ log(nL −KL )
, the minimax error probability is at least 1/2.
12KR



(µ1 − µ2 )2
,
≤ 3KL D N (µ1 , σ 2 )kN (µ2 , σ 2 ) + D N (µ2 , σ 2 )kN (µ1 , σ 2 ) = 3KL
σ2



M
X
1
D (Pi kPi0 )
(M + 1)2 0

Let Pi be the distribution of A conditioned on Y ∗ = Yi , and D (Pi kPi0 ) the KL divergence
between Pi and Pi0 . Since each Pi is a product of nL × nR Gaussian distributions, we have

Without loss of generality, we may re-label the nodes such that V1+ = {1, 2, . . . , n1 /2} and
for each k = 1, . . . , n1 /4, the nodes 2k − 1 and 2k are in the same cluster. Note that the random variables {S(2k−1)(2k)− : k = 1, 2, . . . , n1 /4} are mutually independent. Let i∗ := −1 +
2 arg mink=1,2,...,n1 /4 S(2k−1)(2k)− and j ∗ := i∗ + 1. It follows that
I(Y ∗ ; A) ≤
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P {∃Y ∈ Y : d(Y ) = t, ∆(Y ) ≤ 0}

2
16t/KR 16t/KL
nR

nL

· exp −Cµ2 t



{Y ∈ Y : d(Y ) = t} · P {d(Y ) = t, ∆(Y ) ≤ 0}

16t2
KL KR

256n4 n−7t/(KL ∧KR ) ≤ 512eKL KR rn−3 ≤ 512en−1 ,
0

(76)

(75)
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Lemma 31 For each integer t ∈ [KL ∧ KR , rKL KR ], we have
2

16t2
16t/KR 16t/KL
{Y ∈ Y : d(Y ) = t} ≤
nL
nR
,
KL KR
16t2
(rKL )8t/KR (rKR )8t/KL .
KL KR
{[Y ] : d(Y ) = t} ≤

Combining Lemma 31 with (74) and the union bound, we obtain
rK
L KR
X

P {∃Y ∈ Y : Y 6= Y ∗ , ∆(Y ) ≤ 0}
≤

t=KL ∧KR

t=KL ∧KR
rK
L KR
X

rK
L KR
X

rK
L KR
X

t=KL ∧KR

≤2e
≤2e
≤ 2e

(a)
t=KL ∧KR

where (a) follows from the assumption that µ2 (KL ∧ KR ) ≥ C σ 2 log n for a sufficiently large
0
constant C . This means Y ∗ is the unique optimal solution to (22) with high probability.
6.3 Proof of Theorem 17
We have proved the theorem in Section 5.3.
6.4 Proof of Theorem 18
Note that the theorem assumes n = nL = nR and K = KL = KR . Recall that J is the n×n all-one
matrix, R := support(Y ∗ ) and A := support(A), and U, V ∈ Rn×r are the cluster characteristic
matrices defined in Section 5.3, and Y ∗ = KU V > is the SVD of Y ∗ . By relabeling the left nodes
and right nodes, we can always make U = V and thus we assume U = V in the following proof.
Suppose Y ∗ is an optimal solution to the program. Then by the same argument used in the proof
of Theorem 8, there must exist some λ ≥ 0, η, W and H obeying the KKT conditions (63)–(65).
Since U U > W U U > = 0 by (64), we can left and right multiply (63) by U U > to obtain
Ă − λU U > − ηJ + H̄ = 0,
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where for any matrix X ∈ Rn×n , we define the block-averaged matrix X̆ := U U > XU U > . Consider the last display equation on each entries in R and Rc . By the Gaussian probability tail bound,
there exists a universal constant c3 > 0 such that with probability at least 1 − 2n−11 ,
√
c3 log n
λ
− η + H̄ij ≥ −
, ∀(i, j) ∈ R,
(77)
µ−
K
K
√
c3 log n
, ∀(i, j) ∈ Rc .
(78)
K
−η + H̄ij ≤

43

−
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n
o
p
p
log n ≤ 4 max Kµ, c3 log n .

√
√
c3 log n
c3 log n
λ
≤η ≤µ+
− .
K
K
K

Combining the last two display equations with (65), we get that

It follows that
λ ≤ Kµ + 2c3

√
1
2c3 log n
≤ µ + , ∀(i, j) ∈ Rc ,
K
40

Furthermore, due to (77), (78) and λ ≥ 0, we have
H̄ij ≤ µ +

where the last inequality holds when K ≥ c1 log n.
On the other hand, the conditions (64) and (63) imply that

2
2
1
1
λ(U U > + W ) = kA − ηJ + HkF2
λ2 = λ(U U > + W ) ≥
n
n
F

1
kAR − ηJR + HR kF2 + kARc − ηJRc + HRc kF2 .
n

=

1
12 .

i,j∈Rc

X

1
bij ≥ ρ|Rc |.
2

(79)

(80)

(81)

(82)

By Hoeffding’s inequality, we know that with probability at least 1 − 2n−11 ,



1
P b̄ij = 1 = P bij = 1 ≥ ρ := √ e−1/2 .
2 2π

We now lower bound the RHS of (81). For each (i, j), define the Bernoulli random variables
b̄ij = 1(Aij − EAij ≥ 1) and bij = 1(Aij − EAij ≤ −1), where 1(·) is the indicator function. By
tail bounds of the standard Gaussian distribution, we have

Note that ρ ≥

X
1
b̄ij ≥ ρ|Rc | and
2
i,j∈Rc

We consider two cases below.

(i,j)∈D

−1 − 10µ +

3
4

2

≥
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1
1
|Rc | · .
150
16

kARc − ηJRc + HRc kF2

X 

(i,j)∈D

X

1
of pairs
• Case 1: η ≥ 40µ. By (80) and the Markov inequality,
there is at most a fraction of 30

1
(i, j) in Rc that satisfy Hij > 30 µ + 40
. Let D denote the set of pairs (i, j) satisfying
1
and Aij ≤ −1. In view of the second inequality in (82), we have
both Hij ≤ 30 µ + 40
|D|/|Rc | ≥ ρ/2 − 1/30 ≥ 1/150. Therefore, for (i, j) ∈ D, we get that −η + HRc ≤
−10µ + 43 , and thus

kARc − µJRc + HRc kF2 ≥
≥

44

1
100

1
1
(1 − η)2 ≥ ρ|Rc | · .
2
4

(i,j)∈Rc :b̄ij =1

X

kARc − ηJRc + HRc k2F
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4. The sub-exponential norm and sub-Gaussian norm of a random variable X are defined as kXkψi
supp≥1 p−1/i (E|X|p )1/p for i = 1, 2, respectively (Vershynin, 2012).

We first show that the simple
PnR thresholding algorithm correctly identifies all the left and right
clusters. Recall that Sii0 =
j=1 Aij Ai0 j is the inner product of two rows of A corresponding
to the left nodes i and i0 . If the two left nodes i, i0 are in the same cluster, then E[Sii0 ] = KR µ2 ;
otherwise E[Sii0 ] = 0. Moreover, Aij Ai0 j is the product of two independent sub-Gaussian random
variables. We use kXkψ2 and kXkψ1 to denote the sub-Gaussian norm and sub-exponential norm4

where the last inequality follows from the assumption (29) by choosing the universal constant c1
sufficiently large. By the union bound, we have with probability at least 1 − en−1
L , di > µKR /2
for all non-isolated left nodes i and di < µKR /2 for all isolated left nodes i. On this event, all
isolated left nodes are correctly identified in Step 1 of the algorithm. A similar argument shows that
all isolated right nodes are correctly identified with probability at least 1 − en−1
R . We use E1 to
denote the event that all the left and right isolated nodes are identified by the algorithm.

We prove that with high probability, each of the three steps of the simple thresholding algorithm
succeeds and thus Y ∗ is exactly recovered.
We first show
P Rthat the simple thresholding algorithm correctly identifies all isolated nodes. Recall that di = nj=1
Aij is the row sum corresponding to the left node i. Observe that di − E[di ] is
the sum of nR independent centered sub-Gaussian random variables with parameter 1. Moreover,
E[di ] = KR µ if node i is non-isolated; otherwise, E[di ] = 0. By Proposition 5.10 in Vershynin
(2012), there exists a universal constant c3 > 0 such that

2 µ2 
c3 KR
P{|di − E[di ]| ≥ KR µ/2} ≤ e exp −
≤ en−2
L ,
nR

6.5 Proof of Theorem 20

Combining the two cases and substituting into (81), we obtain λ2 ≥ c4 |Rc |/n for some constant
c4 > 0. Since |Rc | = n2 − rK 2 ≥ n(n − K) ≥ n2 /2, we have λ2 ≥ c4 n/2. It follows from (79)
that
√
o
n
p
c4 √
max Kµ, c3 log n ≥ √ n.
4 2
√ √
c
Since n ≥ K ≥ c1 log n with a sufficiently large constant c1 , we must have Kµ ≥ 4√42 n.
This violates the condition (28) in the theorem statement if we choose the universal constant c2
sufficiently small. We conclude from this contradiction that Y ∗ is not an optimal solution of the
convex program.

≥

(i,j)∈Rc ,b̄ij =1

X

by assumption, we have η ≤ 1/2. Therefore,

kARc − ηJRc + HRc k2F ≥

• Case 2: η ≤ 40µ. Since µ ≤
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Aij Ai0 j − E[Aij ]E[Ai0 j ]
ψ1

0

ψ1

ψ2

+ (Aij − E[Aij ])E[Ai0 j ]

+ 2µ kAij −E[Aij ]kψ2 + 2µ Ai0 j −E[Ai0 j ]

+ (Aij − E[Aij ])E[Ai0 j ]

ψ2

ψ1

ψ1
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We focus on identifying left isolated nodes and left clusters. The proof for the right nodes is identical. The main idea is to show that some of the di and Sii0 ’s will have large deviation from their
expectations.

6.6 Proof of Theorem 21

where the last inequality holds because µ2 KL KR ≥ c1 log n in view of (29). By the union bound,
∗ < µK K /2 for all k = l and B ∗ > µK K /2
we get that with probability at least 1−en−1 , Bkl
L R
L R
kl
for all k 6= l. On the intersection of this event and the event E2 defined above, the quantities {Bkl }
∗ , and the algorithm correctly associates the left
used in Step 3 of the algorithm satisfy Bkl = Bkl
and right clusters.

Finally, we show P
that the simple thresholding algorithm correctly associates all the left and right
∗ :=
clusters. Let Bkl
i∈Ck∗ ,j∈Dl∗ Aij be the block sum of A corresponding to the true let and right
∗ − E[B ∗ ] is a sum of K K independent centered
clusters Ck∗ and Dl∗ . By model assumptions, Bkl
L R
kl
∗ ] = µK K if k = l, and
sub-Gaussian random variables with parameter 1. Moreover, E[Bkl
L R
∗
E[Bkl ] = 0 otherwise. By the standard sub-Gaussian concentration inequality given in Proposition
5.10 in Vershynin (2012), there exists some universal constant c5 > 0 such that

2
c5 µ2 KL2 KR
∗
∗
P{|Bkl
− E[Bkl
]| ≥ µKL KR /2} ≤ e exp −
≤ en−3 ,
KL KR

where the last inequality follows from the conditions (30) and (29). By the union bound, we get
2
that with probability at least 1 − e(rKL )−1 , Sii0 > µ 2KR for all left nodes i, i0 from the same left
µ2 KR
cluster and Sii0 < 2 for all left nodes i, i0 from two different left clusters. On the intersection
of this event and the event E1 defined above, Step 2 of the algorithm identifies the true left clusters.
A similar argument shows that the algorithm also identifies the true right clusters with probability
at least 1 − e(rKR )−1 . We use E2 to denote that event that all the true left and right clusters are
identified by the algorithm.

where (a) and (b) follow from kX + Y kψ1 ≤ kXkψ1 + kY kψ1 and kXY kψ1 ≤ 2kXkψ2 kY kψ2
for any random variables X, Y , and (c) holds for some universal constant c0 > 0 because for each
(i, j) Aij −E[Aij ] is sub-Gaussian with parameter 1. By the Bernstein inequality for sub-exponential
random variables given in Proposition 5.16 in Vershynin (2012), there exists some universal constant
c4 > 0 such that



2 µ4

KR
KR µ2
,
≤ e(rKL )−3 ,
P |Sii0 − E[Sii0 ]| ≥ KR µ2 /2 ≤ e exp −c4 min
02
0
nR c (4µ + 2)2 c (4µ + 2)

≤c (4µ + 2),

(c)

≤2 kAij −E[Aij ]kψ2 Ai0 j −E[Ai0 j ]

(b)

≤ (Aij − E[Aij ])(Ai0 j − E[Ai0 j ])

(a)

It follows that
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2 µ2 ≤ c n log n for a sufficiently
Assume rKL ≥ nL /2 first. We will show that if KR
1 R
L
∗
small universal constant c1 , then with high probability
PnR there exists a non-isolated left node i that is
incorrectly declared as isolated. Recall that di = j=1
Aij is the row sum corresponding to the left
node i. If the left node i is non-isolated, then di is Gaussian with mean KR µ and variance nR . For a
standard Gaussian random variable Z, its tail probability is lower bounded as Q(t) := P [Z ≥ t] ≥
√1 2 t exp(−t2 /2). It follows that for a non-isolated left node i, there exist two positive universal
2π t +1
constants c3 , c4 such that


2
c4 KR
µ2
−c1 c4
≥ c3 nL
.
P [di − E[di ] ≤ KR µ/2] ≥ c3 exp −

nR

nL
Let i∗ be the non-isolated left node with the minimum di . Since {di }i=1
are mutually independent,
we have





KR µ
1
−c1 c4 rKL
1−c1 c4
P di∗ >
≤ 1 − c3 nL
≤ exp − c3 nL
,
2
2

2 4
KR
µ ≤ c2 nR log(rKL )

(83)

where the last inequality holds because rKL ≥ nL /2. By choosing c1 sufficiently small, we conclude that with high probability the non-isolated left node i∗ will be incorrectly declared as an
isolated node.
2 µ2 ≤ c n log n for a sufficiently
If rKL ≤ nL /2, then we can similarly show that if KR
1 R
L
small c1 , then with high probability there exists an isolated left node i∗∗ incorrectly declared as
non-isolated.
We next show that if

E[|Aij Ai0 j |3 ] =
j=1

E[S 0 ] = 0, Var[S 0 ] = 2K µ2 + n ,
R
R
ii
ii
nR
X
3/4
E[|Aij |3 ]E[|Ai0 j |3 ] ≤ c5 (KR µ3 + nR ) ≤ c5 (c2 + 1)nR ,

for a sufficiently small constant c2 , then there exist two left nodes i1 , i2 in two different clusters that
will be incorrectly assigned to the same cluster.
3/4
By P
the assumption that nR = Ω(rKL ), the inequality (83) implies KR µ3 ≤ c2 nR . Recall that
nR
Sii0 = j=1
Aij Ai0 j . For two left nodes i, i0 from two different clusters, we have
nR
X

j=1

µ2 KR
√
nR

−

c6 c5 (c2 + 1)
√
nR

3/4
p

c
6 c5 (c2 + 1)
√
c2 log(rKL ) −
rKL
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+ 1)(rKL )−1/2 ≥ c7 (rKL )−c4 c2 ,

(d)

where c5 is some universal positive constant. By the Berry-Esseen theorem, there exists a positive
universal constant c6 such that
!


µ2 KR
µ2 KR
c6 (KR µ3 + nR )
p
P Sii0 ≥
≥Q
−
2
(2KR µ2 + nR )3/2
2 2KR µ2 + nR


3/4
(a)
≥Q

(b)

≥Q

3/4

≥ c3 (rKL )−c4 c2 − c6 c5 (c2

(c)
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µ2 KR
2 .

On this

where (a) holds because Q(t) is non-increasing in t, (b) holds in view of (83) and the assumption
that nR ≥ rKL , (c) follows from Q(t) ≥ c3 exp(−c4 t2 ), and (d) holds for some universal constant
c7 > 0 by choosing c2 sufficiently small.
Set (i1 , i2 ) := arg max(i,i0 )∈W Sii0 , where W is a maximal set of node pairs (i, i0 ) satisfying 1)
i and i0 are from two different clusters, and 2) for any (i, i0 ), (j, j 0 ) ∈ W , the nodes i, i0 , j, j 0 are all
distinct. Then |W | ≥ rKL /4 and {Sii0 : (i, i0 ) ∈ W } are mutually independent. It follows that




rKL /4
µ2 KR
1
P S i1 i2 <
≤ 1 − c7 (rKL )−c4 c2
≤ exp − c7 (rKL )1−c4 c2 .
2
4


Therefore, with probability at least 1 − exp − 41 c7 (rKL )1−c4 c2 , we have Si1 i2 ≥
event, (i1 , i2 ) will be incorrectly assigned to the same cluster.

6.7 Proof of Theorem 22

(a) 1
1p
c1 log n > µ
2
2

and

max Aij <

(i,j)∈Rc

(b) 1
1p
c1 log n < µ,
2
2

We prove the first part
 of the theorem. Since
 sub-Gaussian, there exists a universal constant
√ Aij are
c1 > 0 such that P |Aij − EAij | ≤ 21 c1 log n ≥ 1 − n−12 for each (i, j). Recall that R :=
support(Y ∗ ). By the union bound over all (i, j), we obtain that with probability at least 1 − n−3 ,
min Aij > µ −
(i,j)∈R

where (a) and (b) holds in view of the assumption (33). Therefore, the algorithm sets Ybij = 1 for
(i, j) ∈ R and Ybij = 0 for (i, j) ∈ Rc , which implies Yb = Y ∗ .
For the second part of the theorem, note that {Aij } are Gaussian variables and thus
√
h
i


p
p
2 log n
P Aij ≥ EAij + 2 log n = Q
2 log n ≥ √
,
2π(2 log n + 1)n
√
2 log n
,
2π(2 log n + 1)n

√1 2 t
2π t +1

exp(−t2 /2). By independence of the entries

i
p

h
p
2 log n ≥ √
P Aij ≤ EAij − 2 log n = Q

where the last inequality holds due to Q(t) ≥
of A, we obtain

√
√

 
|Rc |


p
2 log n
2 log n|Rc |
P maxc Aij < 2 log n ≤ 1 − √
≤ exp − √
,
i,j∈R
2π(2 log n + 1)n
2π(2 log n + 1)n
√
√
|R|


2 log n
2 log n|R|
≤ exp − √
,
2π(2 log n + 1)n
2π(2 log n + 1)n
i,j∈R


 
p
P min Aij > µ − 2 log n ≤ 1 − √

i,j∈R

i,j∈R

Since |R| + |Rc | = n2 , we must have
 
 

√
p
p
min P maxc Aij < 2 log n , P min Aij > µ − 2 log n
≤ e−Ω(n/ log n) .
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This inequality,
together with the assumption (34), implies that either with probability
at least 1 −
√
√
e−Ω(n/ log n) , at least one of the following must occur: max(i,j)∈Rc Aij ≥ 2 log n ≥ 53 µ and
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For each (k, k 0 ) ∈ [r] × [r + 1], we use αkk0 := |Ck∗ ∩ Ck0 | and βkk0 := |Dk∗ ∩ Dk0 | to denote the sizes of intersections of the true and new clusters. We observe that the new clusters
(C1 , . . . , Cr+1 , D1 , . . . , Dr+1 ) have the following three properties:

(c) The remaining unlabeled left clusters are labeled arbitrarily. For each remaining unlabeled right cluster, we label it according to Dk := {j : Yij = 1, ∀i ∈ Ck }.

(b) For each remaining unlabeled right cluster D, if there exists a k ∈ [r] such that |D ∩
Dk∗ | > KR /2, then we label this new right cluster as Dk ; again this label is unique. We
associate Dk with the left cluster {i : Yij = 1, ∀j ∈ Dk }, which is labeled as Ck .

(a) For each new left cluster C, if there exists a k ∈ [r] such that |C ∩ Ck∗ | > KL /2, then
we label this new left cluster as Ck ; this label is unique because the left cluster size is
KL . We associate Ck with the right cluster {j : Yij = 1, ∀i ∈ Ck }, which is labeled
as Dk .

2. The left nodes in VL \ Cr+1 are further partitioned into r new left clusters of size KL , such
that the left nodes i and i0 are in the same cluster if and only if the i-th and i0 -th rows of Y
are identical. Similarly, the right nodes in VR \ Dr+1 are partitioned into r new right clusters
of size KR according to the columns of Y . We now define an ordering C1 , . . . , Cr of these
r new left clusters and an ordering D1 , . . . , Dr for the new right clusters using the following
procedure.

1. Let Cr+1 := {i : Yij = 0, ∀j} and Dr+1 := {j : Yij = 0, ∀i}.

Notice that Lemma 26 is a special case of Lemma 31 with nL = nR , KL = KR and the left clusters
identical to the right clusters. Hence we only need to prove Lemma 31.
Recall that C1∗ , . . . , Cr∗ (D1∗ , . . . , Dr∗ , resp.) denote the true left (right, resp.) clusters associated
with Y ∗ . The nodes in VL \ (∪rk=1 Ck∗ ) do not belong to any left clusters and are called isolated left
nodes. Isolated right nodes are similarly defined.
Fix a Y ∈ Y with d(Y ) := hY ∗ , Y − Y ∗ i = t. Based on Y , we construct a new ordered
partition (C1 , . . . , Cr+1 ) of VL and a new ordered partition (D1 , . . . , Dr+1 ) of VR as follows.

Appendix A. Proof of Lemmas 26 and 31
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√
min(i,j)∈R Aij ≤ µ − 2 log n ≤ 25 µ. On this event, the output of the element-wise thresholding
algorithm satisfies Yb 6= Y ∗ .
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k=1

r
X

αk(r+1) βk(r+1) +


k0 ,k00 :k0 6=k00

X

αkk0 βkk00  = t;



+

k=1 (k0 ,k00 ):k0 6=k00

X

|{(i, j) : (i, j) ∈ Ck∗ × Dk∗ , (i, j) ∈ Ck0 × Dk00 }|.

|{(i, j) : (i, j) ∈ Ck∗ × Dk∗ , (i, j) ∈ Cr+1 × Dr+1 }|

|{(i, j) : (i, j) ∈ Ck∗ × Dk∗ , Yij = 0}|

r
X

k=1

k=1
r
X

r
X

(84)

X

(k0 ,k00 ):k0 6=k00

• If α11 > KL /4, then

50

α1k0 β1k00 ≥ α11

k00 :k00 6=1

X

1 (R)
β1k00 > m1 KL .
4
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It remains to upper-bound the right hand side of (84).
Fix any ordered partition (C1 , . . . , Cr , Cr+1 , D1 , . . . , Dr , Dr+1 ) with Properties (A0)–(A2).
P
(L)
Consider the first true left cluster C1∗ . Define m1 := k0 :k0 6=1 α1k0 , which can be considered as
P
(R)
the number of nodes in C1∗ that are misclassified by Y . Analogously define m1 := k00 :k00 6=1 β1k00 .
We consider the following two cases for the values of α11 .

|{Y ∈ Y : d(Y ) = t}| ≤ |{(C1 , . . . , Cr+1 , D1 , . . . , Dr+1 ) : it satisfies (A0)–(A2)}|.

Since a different Y corresponds to a different ordered partition, and the ordered partition for any
given Y with d(Y ) = t must satisfy the above three properties, we obtain the following bound on
the cardinality of the set of interest:

=

t = d(Y ) =

Here, Property (A0) holds due to Y ∈ Y, Property (A1) is direct consequence of how we label the
new clusters, and Property (A2) follows from the following:

here and henceforth, all summations involving k 0 or k 00 (as the indices of the new clusters) are
over the range [r + 1] unless defined otherwise.

(A2) We have

(A1) For each k ∈ [r], exactly one of the following is true: (1) αkk > KL /2; (2) αkk0 ≤ KL /2 for
all k 0 ∈ [r] and βkk > KR /2; (3) αkk0 ≤ KL /2 and βkk0 ≤ KR /2 for all k 0 ∈ [r].

(A0) (C1 , . . . , Cr , Cr+1 ) is a partition of VL with |Ck | = KL for each k ∈ [r]; (D1 , . . . , Dr , Dr+1 )
is a partition of VR with |Dk | = KR for each k ∈ [r].
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X

(R)

α1k0 β1k00 + α1(r+1) β1(r+1)

2≤k0 ≤r

X

(R)

α1k0 β1k0 ≥ m1 m1

(L)

1
1 (R)
(R)
− KL m1 ≥ m1 KL .
2
4



1 k 0 6= 1 1 k 00 6= 1 α1k0 β1k00 + α1(r+1) β1(r+1)

−

(k0 ,k00 ):k0 6=k00

(k0 ,k00 ):k0 6=k00

• If α11 ≤ KL /4, then m1 ≥ 3KL /4, and we must also have α1k0 ≤ KL /2 for all 1 ≤ k 0 ≤ r
by Property (A1). Hence,
X
≥
(L)

=m1 m1

α1k0 β1k00 ≥ β11
k0 :k0 6=1

X
1 (L)
α1k0 > m1 KR .
4

Similarly, we consider the following three cases for the values of β11 .
• If β11 > KR /4, then
X

(k0 ,k00 ):k0 6=k00

α1k0 β1k00

+

α1(r+1) β1(r+1)

1 (L)
≥ m1 KR .
4

• If β11 ≤ KR /4 and β1k00 ≤ KL /2 for all 1 < k 00 ≤ r, then, similarly to the second case for
above, we have
α11

X

(k0 ,k00 ):k0 6=k00

1 (L)
α1k0 β1k00 ≥ α11 β1k0 > KL KR /4 ≥ m1 KR .
2

α1k0 β1k00 + α1(r+1) β1(r+1) ≥

(k ,k ):k 6=k

(R)


1  (L)
(R)
m1 KR ∨ m1 KL .
4
(L)

k=1

• If β11 ≤ KR /4 and β1k0 > KR /2 for some 1 < k0 ≤ r, then by Property (A1) we must have
(L)
α11 > KL /2. It follows that m1 < KL /2 and
X

(k0 ,k00 ):k0 6=k00

X

(k0 ,k00 ):k0 6=k00

Combining the above five cases, we conclude that the following is always true:

k=1

k=1

This inequality continues to hold if we replace α1k0 , β1k00 , m1 and m1 respectively by αkk0 ,
(L)
(R)
βkk00 , mk and mk (defined in a similar manner) for each k ∈ [r]. Summing these inequalities
over k ∈ [r] and using Property (A2), we obtain


!
!
r 
r
r

X
X
X
X
K
K
(R)
(L)
L
R
α
β
+
αkk0 βkk00 ≥
mk
∨
mk
.

 k(r+1) k(r+1)
4
4
0 00
0
00
t=
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P
P
(L)
(R)
Consequently, we have k∈[r] mk ≤ 4t/KR and k∈[r] mk ≤ 4t/KL ; i.e., the total number of
misclassified non-isolated left (right, resp.) nodes is upper bounded by 4t/KR (4t/KL , resp.). This
means that the total number of misclassified isolated left (right, resp.) nodes is also upper bounded
51
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(#misclassified isolated left nodes, #misclassified non-isolated left nodes)

by 4t/KR (4t/KL , resp.), because by the cluster size constraint in Property (A0), one misclassified
isolated node must produce one misclassified non-isolated node.
We can now upper-bound the right hand side of (84) using the above relation between the value
of t and the misclassified nodes. For each Y with d(Y ) = t, the pair

can take at most (4t/KR )2 different values. Similarly for the right nodes we have the bound
8t/K
8t/K
(4t/KL )2 . Given these numbers of misclassified nodes, there are at most nL R nR L different ways to choose the identity of these misclassified nodes. Each misclassified non-isolated left
node can then be assigned to one of r − 1 ≤ nL different left clusters or left isolated, and each
misclassified isolated left node can be assigned to one of r ≤ nL different left clusters; an analogous statement holds for the right nodes. Hence, the right hand side of (84) is upper bounded by
2

16t/KR 16t/KL
16t2
nL
nR
. This proves the first part of the lemma.
KL KR
To count the number of possible equivalence classes [Y ], we use a similar argument but only
need to consider the misclassified non-isolated nodes. The number of misclassified non-isolated left
(right, resp.) nodes can take at most 4t/KR (4t/KL , resp.) different values. Given these numbers,
there are at most (rKL )4t/KR (rKR )4t/KL different ways to choose the identity of the misclassified
non-isolated nodes. Each misclassified non-isolated left (right, resp.) node can then be assigned to
one of r − 1 different left (right, resp.) clusters or left isolated. Therefore, the number of possible
2
(rKL )8t/KR (rKR )8t/KL .
equivalence classes [Y ] with d(Y ) = t is upper bounded by K16t
L KR

Appendix B. Proof of Lemma 27

The inequality (56) follows from (55) by replacing p with 1 − q 0 and q with 1 − p0 , so it suffices to
prove (55). Note that for 1 ≥ u ≥ v ≥ 0, we have

u
1−u
u
D (ukv) = u log + (1 − u) log
≤ u log ,
(85)
v
1−v
v
(a)
u
u
D (ukv) ≥ u log + (1 − u) log(1 − u) ≥ u log ,
(86)
v
ev
where (a) follows from the inequality x log x ≥ x − 1, ∀x ∈ [0, 1]. We consider two cases:

2
p+q
Case 1: p ≤ 8q. In view of (35) and (36), we have D (pkq) ≤ (p−q)
2 kq ≥
q(1−q) and D

(p−q)2
(p−q)2
p+q
1
2 kq ≥ 36q(1−q) ≥ 36 D (pkq).
4(p+q)(1−q) . Since p ≤ 8q, it follows that D

Case 2: p > 8q. In view of (85) and (86), we have D (pkq) ≤ p log pq and D p+q
2 kq ≥
p+q
p+q
(6/5)
,
we
have
log pq > 56 log(2e) and thus log p+q
2 log 2eq . Since p > 8q and 8 > (2e)
2eq >
 p 1
p
p
1
= log pq − log(2e) > 16 log pq . It follows that D p+q
log 2eq
2 kq ≥ 2 · 6 log q ≥ 12 D (pkq) .

Appendix C. The Bernstein Inequality

i=1

Xi ≥ t ≤ exp

−t2
2σ 2 + 32 M t
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Theorem 32 (Bernstein)PLet X1 , . . . , XN be independent random variables such that |Xi | ≤ M
N
almost surely. Let σ 2 = i=1
Var(Xi ). Then for any t ≥ 0,
#
!
"N
X
.
P
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i=1 Xi

hP
N

≥

√
2σ 2 u +

2M u
3

i
≤ e−u for any u > 0.
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17(28):1-39

∗. The vast majority of the work was done while being at the Max Planck Institute for Intelligent Systems
and at Cambridge University.

The inference of causal relationships from data is one of the current areas of interest in
the artificial intelligence community, e.g. (Chen et al., 2014; Janzing et al., 2012; MoralesMombiela et al., 2013). The reason for this surge of interest is that discovering the causal

1. Introduction

We provide theoretical and empirical evidence for a type of asymmetry between causes and
effects that is present when these are related via linear models contaminated with additive
non-Gaussian noise. Assuming that the causes and the effects have the same distribution,
we show that the distribution of the residuals of a linear fit in the anti-causal direction is
closer to a Gaussian than the distribution of the residuals in the causal direction. This
Gaussianization effect is characterized by reduction of the magnitude of the high-order
cumulants and by an increment of the differential entropy of the residuals. The problem of
non-linear causal inference is addressed by performing an embedding in an expanded feature
space, in which the relation between causes and effects can be assumed to be linear. The
effectiveness of a method to discriminate between causes and effects based on this type of
asymmetry is illustrated in a variety of experiments using different measures of Gaussianity.
The proposed method is shown to be competitive with state-of-the-art techniques for causal
inference.
Keywords: causal inference, Gaussianity of the residuals, cause-effect pairs
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structure of a complex system provides an explicit description of the mechanisms that
generate the data, and allows us to understand the consequences of interventions in the
system (Pearl, 2000). More precisely, automatic causal inference can be used to determine
how modifications of the value of certain relevant variables (the causes) influence the values
of other related variables (the effects). Therefore, understanding cause-effect relations is of
paramount importance to control the behavior of complex systems and has applications in
industrial processes, medicine, genetics, economics, social sciences or meteorology.
Causal relations can be determined in complex systems in three different ways. First,
they can be inferred from domain knowledge provided by an expert, and incorporated in
an ad-hoc manner in the description of the system. Second, they can be discovered by
performing interventions in the system. These are controlled experiments in which one or
several variables of the system are forced to take particular values. Interventions constitute
a primary tool for identifying causal relationships. However, in many situations they are
unethical, expensive, or technically infeasible. Third, they can be estimated using causal
discovery algorithms that use as input purely uncontrolled and static data.
This last approach for causal discovery has recently received much attention from the
machine learning community (Shimizu et al., 2006; Hoyer et al., 2009; Zhang and Hyvärinen,
2009). These methods assume a particular model for the mapping mechanisms that link
causes to effects. By specifying particular conditions on the mapping mechanism and the
distributions of the cause and noise variables, the causal direction becomes identifiable
Chen et al. (2014). For instance, Hoyer et al. (2009) assume that the effect is a non-linear
transformation of the cause plus some independent additive noise. A potential drawback of
these methods is that the assumptions made by the particular model considered could be
unrealistic for the data under study.
In this paper we propose a general method for causal inference that belongs to the third
of the categories described above. Specifically, we assume that the cause and the effect
variables have the same distribution and are linked by a linear relationship contaminated
with non-Gaussian noise. For the univariate case we prove that, under these assumptions,
the magnitude of the cumulants of the residuals of order higher than two is smaller for
the linear fit in the anti-causal direction than in the causal one. Since the Gaussian is the
only distribution whose cumulants of order higher than 2 are zero, statistical tests based on
measures of Gaussianity can be used for causal inference. An antecedent of this result is the
observation that, when cause and effect have the same distribution, the residuals of a fit in
the anti-causal direction have higher entropy than in the causal direction (Hyvärinen and
Smith, 2013; Kpotufe et al., 2014). Since the residuals of the causal and anti-causal linear
models have the same variance and the Gaussian is the distribution that maximizes the
entropy for a fixed variance, this means that the distribution of the latter is more Gaussian
than the former.
For multivariate cause-effect pairs that have the same distribution and are related by
a linear model with additive non-Gaussian noise the proof given by Hyvärinen and Smith
(2013) and Kpotufe et al. (2014) can be extended to show that the entropy of the vector of
residuals of a linear fit in the anti-causal direction is larger than the corresponding residuals
of a linear fit in the causal direction. We conjecture that also in this case there is a
reduction of the magnitude of the tensor cumulants of the anti-causal multivariate residuals
and provide some numerical evidence of this effect in two dimensions.
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The problem of non-linear causal inference is addressed by embedding the original problem in an expanded feature space. We then make the assumption that the non-linear relation
between causes and effects in the original space is linear in the expanded feature space. The
computations required to make inference on the causal direction based on this embedding
can be readily carried out using kernel methods.
In summary, the proposed method for causal inference proceeds by first making a transformation of the original variables so that causes and effects have the same distribution.
Then we perform kernel ridge regression in both the causal and the anti-causal directions.
The dependence between causes and effects, which is non-linear in the original space, is
assumed to be linear in the kernel-induced feature space. A statistical test is then used to
quantify the degree of similarity between the distributions of these residuals and a Gaussian
distribution with the same variance. Finally, the direction in which the residuals are less
Gaussian is identified as the causal one.
The performance of this method is evaluated in both synthetic and real-world causeeffect pairs. From the results obtained it is apparent that the anti-causal residuals of a linear
fit in the expanded feature space are more Gaussian than the causal residuals. In general,
it is difficult to estimate the entropy from a finite sample (Beirlant et al., 1997). Empirical
estimators of high order cumulants involve high order moments, which means they often
have large variance. As an alternative, we propose to use statistical tests based on the energy
distance to characterize the Gaussianization effect for the residuals of linear fits in the causal
and anti-causal directions. Tests based on the energy distance were analyzed in depth by
Székely and Rizzo (2005). They have been shown to be related to homogeneity tests based
on embeddings in a Reproducing Kernel Hilbert Space (Gretton et al., 2012). An advantage
of energy distance-based statistics is that they can be readily estimated from a sample by
computing expectations of pairwise Euclidean distances. The energy distance generally
provides better results than the entropy or cumulant-based Gaussianity measures. In the
problems investigated, the accuracy of the proposed method, using the energy distance to
the Gaussian, is comparable to other state-of-the-art techniques for causal discovery.
The rest of the paper is organized as follows: Section 2 illustrates that, under certain
conditions, the residuals of a linear regression fit are closer to a Gaussian in the anti-causal
direction than in the causal one, based on a reduction of the high-order cumulants and on
an increment of the entropy. This section considers both the univariate and multivariate
cases. Section 3 adopts a kernel approach to carry out a feature expansion that can be
used to detect non-linear causal relationships. We also show here how to compute the
residuals in the expanded feature space, and how to choose the different hyper-parameters
of the proposed method. Section 4 contains a detailed description of the implementation.
In section 6 we present the results of an empirical assessment of the proposed method in
both synthetic and real-world cause-effect data pairs. Finally, Section 7 summarizes the
conclusions and puts forth some ideas for future research.

2. Asymmetry Based on the Non-Gaussianity of the Residuals of Linear
Models

JMLR 17(28):1-39

Let X and Y be two random variables that are causally related. The direction of the causal
relation is not known. Our goal is to determine whether X causes Y, i.e., X → Y or,
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alternatively Y causes X , i.e., Y → X . For this purpose, we exploit an asymmetry between
causes an effects. This type of asymmetry can be uncovered using statistical tests that
measure the non-Gaussianity of the residuals of linear regression models obtained from fits
in the causal and in the anti-causal direction.
To motivate the methodology that we have developed, we will proceed in stepwise manner. First we analyze a special case in one dimension: We assume that X and Y have
the same distribution and are related via a linear model contaminated with additive i.i.d.
non-Gaussian noise. The noise is independent of the cause. Under these assumptions we
show that the distribution of the residuals of a linear fit in the incorrect (anti-causal) direction is closer to a Gaussian distribution than the distribution of the residuals in the correct
(causal) direction. For this, we use an argument based on the reduction of the magnitude
of the cumulants of order higher than 2. The cumulants are defined as the derivatives of the
logarithm of the moment-generating function evaluated at zero (Cornish and Fisher, 1938;
McCullagh, 1987).
The Gaussianization effect can be characterized also in terms of an increase of the
entropy. The proof is based on the results of Hyvärinen and Smith (2013), which are
extended in this paper to the multivariate case. In particular, we show that the entropy of
the residuals of a linear fit in the anti-causal direction is larger or equal than the entropy
of the residuals of a linear fit in the causal direction. Since the Gaussian it the distribution
that has maximum entropy, given a particular covariance matrix, an increase of the entropy
of the residuals means that their distribution becomes closer to the Gaussian.
Finally, we note that it is easy to guarantee that X and Y have the same distribution
in the case that these variables are unidimensional and continuous. To this end we only
have to transform one of the variables (typically the cause random variable) using the
probability integral transform, as described in Section 4. However, after the data have been
transformed, the relation between the variables will no longer be linear in general. Thus,
to address non-linear cause-effect problems involving univariate random variables the linear
model is formulated in an expanded feature space, where the multivariate analysis of the
Gaussianization effect is also applicable. In this feature space all the computations required
for causal inference can be formulated in terms of kernels. This can be used to detect nonlinear causal relations in the original input space and allows for an efficient implementation
of the method. The only assumption is that the non-linear relation in the original input
space is linear in the expanded feature space induced by the selected kernel.

2.1 Analysis of the Univariate Case Based on Cumulants

i ⊥ xi ,

∀i ,

(1)

Let X and Y be one-dimensional random variables that have the same distribution. Without
further loss of generality, we will assume that they have zero mean and unit variance. Let
x = (x1 , . . . , xN )T and y = (y1 , . . . , yN )T be N paired samples drawn i.i.d. from P (X , Y).
Assume that the causal direction is X → Y and that the measurements are related by a
linear model

yi = wxi + i ,
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where w = corr(X , Y) ∈ [−1, 1] and i is independent i.d. non-Gaussian additive noise.

4

(2)

1
κn (i ) .
1 − wn
(3)

(5)

(4)

5
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In this section we argue that the Gaussianization effect of the residuals in the anti-causal
direction also takes place when the two random variables X and Y are multidimensional.

2.2 Analysis of the Multivariate Case Based on Cumulants

is displayed as a function of w ∈ [−1, 1]. Note that c1 (w) = c2 (w) = 1 independently of
the value of w. This means that the mean and the variance of the residuals are the same
in both the causal and anti-causal directions. For n > 2, |cn (w)| ≤ 1 with equality only
for w = 0 and w = ±1. The result is that the high-order cumulants of the residuals in
the anti-causal direction are smaller in magnitude that the corresponding cumulants in the
causal direction. Using the observation that all the cumulants of the Gaussian distribution
of order higher than two are zero (Marcinkiewicz, 1938), we conclude that the distribution
of the residuals in the anti-causal direction is closer to the Gaussian distribution than in
the causal direction.
In summary, we can infer the causal direction by (i) fitting a linear model in each possible
direction, i.e., X → Y and Y → X , and (ii) carrying out statistical tests to detect the level
of Gaussianity of the two corresponding residuals. The direction in which the residuals are
less Gaussian is expected to be the correct one.

(1 − w2 )n
cn (w) =
+ (−w)n .
1 − wn

where we have used the definition of ˜i and (3) In Figure 1 the value of

(1 − w2 )n
= (1 − w2 )n κn (yi ) + (−w)n κn (i ) =
κn (i ) + (−w)n κn (i )
1 − wn
= cn (w)κn (i ) ,

κn (˜
i ) = κn (xi − wyi ) = κn (xi − w2 xi − wi ) = (1 − w2 )n κn (xi ) + (−w)n κn (i )

To derive this relation we have used (1), that xi and yi have the same distribution (and
hence have the same cumulants), and standard properties of cumulants (Cornish and Fisher,
1938; McCullagh, 1987). Furthermore,

κn (yi ) = wn κn (xi ) + κn (i ) = wn κn (yi ) + κn (i ) =

where w = corr(Y, X ) is the same coefficient as in the previous model. The residuals of this
reversed linear model are defined as ˜i = xi − wyi .
Following an argument similar to that of Hernández-Lobato et al. (2011) we show that
the residuals {˜
i }N
i=1 in the anti-causal direction are more Gaussian than the residuals
{i }N
in
the
actual
causal direction X → Y based on a reduction of the magnitude of
i=1
the cumulants. The proof is based on establishing a relation between the cumulants of the
distribution of the residuals in both the causal and the anti-causal direction. First, we show
that κn (yi ), the n-th order cumulant of Y, can be expressed in terms of κn (i ), the n-th
order cumulant of the residuals:

xi = wyi + ˜i ,

A linear model in the opposite direction, i.e., Y → X , can be built using least squares
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1.0

i ⊥ xi ,

∀i ,

(6)

(7)

(8)
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(9)
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vect(κn (yi )) = An vect(κn (xi )) + vect(κn ()) = (I − An )−1 vect(κn ()) ,

Using this notation we obtain

vect(T) = (T1,1,1 , T2,1,1 , · · · , Td,1,1 , T1,2,1 , · · · , Td,d,d )T .

In what follows, the notation vect(·) stands for the vectorization of a tensor. For example,
in the case of a tensor T with dimensions d × d × d

κn (yi ) = κn (Axi ) + κn (i ) .

where we have defined ˜i = xi − Ãyi and Ã = corr(X , Y) = AT .
As in the univariate case, we start by expressing the cumulants of Y in terms of the
cumulants of the residuals. However, the cumulants are now tensors (McCullagh, 1987):

xi = Ãyi + ˜i ,

where A = corr(Y, X ) is a d × d matrix of model coefficients and i is i.i.d. non-Gaussian
additive noise. The model in the anti-causal direction is the one that results from the least
squares fit:

yi = Axi + i ,

We will assume that these variables follow the same distribution and, without further loss
of generality, that they have been whitened (i.e., they have a zero mean vector and the
identity matrix as the covariance matrix). Let X = (x1 , . . . , xN )T and Y = (y1 , . . . , yN )T
be N paired samples drawn i.i.d. from P (X , Y). In this case, the model assumed for the
actual causal relation is

Figure 1: Values of the function cn (·) as a function of w for each cumulant number n (odd
in the left plot, even in the right plot). All values for cn (·) lie in the interval
[−1, 1].
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where S = {1, . . . , d}n , |·| denotes absolute value, and we have employed standard properties
of the Kronecker product about eigenvalues and eigenvectors (Laub, 2004). Note that this
expression does not depend on the eigenvectors of A, but only on its eigenvalues.
Figure 2 shows, for symmetric A, the value of ||Mn ||op for n = 3, . . . , 8, and d = 2
when the two eigenvalues of A range in the interval (−1, 1). We observe that ||Mn ||op is
always smaller than one. As described before, this will lead to a reduction in the `2 -norm
of the cumulants in the anti-causal direction due to (11), and will in consequence produce
a Gaussianization effect on the distribution of the residuals. For n ≤ 2 it can be readily
shown that ||M1 ||op = ||M2 ||op = 1.
In general, the matrix A need not be symmetric. In this case, ||M1 ||op = ||M2 ||op = 1 as
well. However, the evaluation of ||Mn ||op for n > 2 is more difficult, but feasible for small n.

||Mn ||op = max

also means
that Mn is symmetric). Denote by λ1 , . . . , λd to the eigenvalues of A. That is,
q
λi2 and 0 ≤ λi2 ≤ 1, i = 1, . . . , d. For a fixed cumulant of order n we have that

Figure 2: Contour curves of the values of ||Mn ||op for d = 2 and for n > 2 as a function of
λ1 and λ2 , i.e., the two eigenvalues of A. A is assumed to be symmetric. Similar
results are obtained for higher-order cumulants.
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− AT

yi )

= κn ((I − AT A)xi ) + κn (−AT i ) .

κn (xi

where An = A ⊗ A ⊗ A · · · ⊗ A, n times, is computed using the Kronecker matrix product.
To derive this expression we have used (6), the fact that Y and X are equally distributed and
hence have the same cumulants. We also have used the properties of the tensor cumulants
vect(κn (Axi )) = An vect(κn (xi )), where the powers of the matrix A are computed using
the Kronecker product (McCullagh, 1987).
Similarly, for the reversed linear model
κn (˜
i )

Using again the notation for the vectorized tensor cumulants
vect(κn (˜
i )) = (I − AT A)n vect(κn (xi )) + (−1)n (AT )n vect(κn (i ))
= (I − AT A)n (I − An )−1 vect(κn (i )) + (−1)n (AT )n vect(κn (i ))

= (I − AT A)n (I − An )−1 + (−1)n (AT )n vect(κn (i )) ,

where the powers of matrices are computed using the Kronecker product as well, and where
we have used (9) and that Y and X are equally distributed and have the same cumulants.
We now give some evidence to support that the magnitude of vect(κn (˜
i )) is smaller
than the magnitude of vect(κn (i )) in terms of the `2 -norm, for cumulants of order higher
than 2. That is, the tensors corresponding to high-order cumulants become closer to a
tensor with all its components equal to zero. For this, we introduce the following definition:
Definition 1 The operator norm of a matrix M induced by the `p vector norm is ||M||op =
min{c ≥ 0 : ||Mv||p ≤ c||v||p , ∀v}, where || · ||p denotes the `p -norm for vectors.

JMLR 17(28):1-39

The consequence is that ||M||op ≥ ||Mv||p /||v||p , ∀v. This means that ||M||p can be
understood as a measure of the size of the matrix M. In the case of the `2 -norm, the operator
norm of a matrix M is equal to its largest singular value or, equivalently, to the square root
of the largest eigenvalue of MT M. Let Mn = (I − AT A)n (I − An )−1 + (−1)n (AT )n . That
is, Mn is the matrix that relates the cumulants of order n of the residuals in the causal
and anti-causal directions in (11). We now evaluate ||Mn ||op , and show that in most cases
its value is smaller than one for high-order cumulants κn (·), leading to a Gaussianization
of the residuals in the anti-causal direction. From (11) and the definition given above, we
know that ||Mn ||op ≥ ||vect(κn (˜
i ))||2 /||vect(κn (i ))||2 . This means that if ||Mn ||op < 1
the cumulants of the residuals in the incorrect causal direction are shrunk to the origin.
Because the multivariate Gaussian distribution has all cumulants of order higher than two
equal to zero (McCullagh, 1987), this translates into a distribution for the residuals in the
anti-causal direction that is closer to the Gaussian distribution.
In the causal direction, we have that E[yyT ] = E[(Axi +i )(Axi +i )T ] = AAT +C = I,
T
where C is the positive definite covariance matrix of the actual residuals1 . Thus,
√ AA =
I − C and hence the singular values of A, denoted σ1 , . . . , σd , satisfy 0 ≤ σi = 1 − αi ≤ 1,
where αi is the corresponding positive eigenvalue of C. Assume that A is symmetric (this
1. We assume such matrix exists and that it is positive definite.
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Figure 3 displays the values of ||Mn ||op , for d = 2, as the two singular values of A, σ1 and
σ2 , vary in the interval (0, 1). The left singular vectors and the right singular vectors of A
are chosen at random. In this figure a dashed blue line highlights the boundary of the region
where ||Mn ||op is strictly smaller than one. We observe that for most values of σ1 and σ2 ,
||Mn ||op is smaller than one, leading to a Gaussianization effect in the distribution of the
residuals in the anti-causal direction. However, for some singular values, ||Mn ||op is strictly
larger than one. Of course, this does not mean that there is not such a Gaussianization
effect also in those cases. The definition given for ||Mn ||op assumes that all potential vectors
v represent valid cumulants of a probability distribution, which need not be the case in
practice. For example, it is well known that cumulants exhibit some form of symmetry
(McCullagh, 1987). This can be seen in the second order cumulant, which is a covariance
matrix. The consequence is that ||Mn ||op is simply an upper bound on the reduction of the
`2 -norm of the cumulants in the anti-causal model. Thus, we also expect a Gaussianization
effect to occur also for these cases. Furthermore, the numerical simulations presented in
Section 6 provide evidence of this effect for asymmetric A.

Figure 3: Contour curves of the values of ||Mn ||op for d = 2 and for n > 2 as a function of
σ1 and σ2 , i.e., the two singular values of A. A is not assumed to be symmetric.
The singular vectors of A are chosen at random. A dashed blue line highlights
the boundary of the region where ||Mn ||op is strictly smaller than one.
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The analysis of the multivariate case carried out in the previous section is illustrative.
Nevertheless, it does not prove that the distribution of the residuals in the anti-casual
direction is more Gaussian based on a reduction of the magnitude of the cumulants. Further
evidence of this increased level of Gaussianity can be obtained based on an increase of the
entropy obtained by using information theory. In this case we also assume that the multidimensional variables X and Y follow the same distribution, but unlike in the previous

2.3 Analysis of the Multivariate Case Based on Information Theory

The fact that ||Mn ||op is only an upper bound is illustrated in Figure 4. This figure
considers the particular case of the second cumulant κ2 (·), which can be analyzed in detail.
On the left plot the value of ||M2 ||op is displayed as a function of σ1 and σ2 , the two singular
values of A. We observe that ||M2 ||op takes values that are larger than one. In this case
it is possible to evaluate in closed form the `2 -norm of vect(κ2 (i )) and vect(κ2 (˜
i )), i.e.,
the vectors that contain the second order cumulant of the residuals in each direction. In
particular, it is well known that the second order cumulant is equal to the covariance matrix
(McCullagh, 1987). In the causal direction, the covariance matrix of the residuals is C =
I − AAT , as shown in the previous paragraphs. The covariance matrix of the residuals in
the anti-causal direction, denoted by C̃, can be computed similarly. Namely, C̃ = I − AT A.
These two matrices, i.e., C and C̃, respectively give k2 (i ) and k2 (˜
i ). Furthermore, they
have the same singular values. This means that ||vect(k2 (i ))||2 /||vect(k2 (˜
i ))||2 = 1, as
illustrated by the right plot in Figure 4. Thus, ||M2 ||op is simply an upper bound on the
actual reduction of the `2 -norm of the second order cumulant of the residuals in the anticausal direction. The same behavior is expected for ||Mn ||op , with n > 2. In consequence,
one should expect that the cumulants of the distribution of the residuals of a model fitted
in the anti-causal direction are smaller in magnitude. This will lead to an increased level of
Gaussianity measured in terms of a reduction of the magnitude of the high-order cumulants.

Figure 4: (left) Value of ||M2 ||op , for d = 2, as a function of σ1 and σ2 , i.e., the two singular
values of A. (right) Actual ratio between ||vect(κ2 (i ))||2 and ||vect(κ2 (˜
i ))||2 ,
for d = 2, as a function of σ1 and σ2 . A is not assumed to be symmetric. The
singular vectors of A are chosen at random.
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section, they need not be whitened, only centered. Here we closely follow Section 2.4 of the
work by Hyvärinen and Smith (2013) and extend their results to the multivariate case.
Under the assumptions specified earlier, the model in the causal direction is yi = Axi +
i , with xi ⊥i and A = Cov(Y, X )Cov(X , X )−1 . Similarly, the model in the anti-causal
direction is xi = Ãyi + ˜i with Ã = Cov(X , Y)Cov(Y, Y)−1 . By making use of the causal
model it is possible to show that ˜i = (I − ÃA)xi − Ãi , where I is the identity matrix.
Thus, the following equations are satisfied:



 


,
(13)
and

−
I(yi , ˜i )

= H(xi ) + H(i ) − H(yi ) − H(˜
i ) .

= H(xi ) + H(i ) − H(xi , i ) − H(yi ) − H(˜
i ) + H(yi , ˜i )

(15)

Let H(xi , yi ) be the entropy of the joint distribution of the two random variables associated with samples xi and yi . Because (13) is a linear transformation, we can use
the entropy transformation formula (Hyvärinen and Smith, 2013) to get that H(xi , yi )
= H(xi , i ) + log |detP|, where detP = detI = 1. Thus, we have that H(xi , yi ) =
H(xi , i ). Conversely, if we use (14) we have H(yi , i ) = H(xi , i ) + log |detP̃|, where
detP̃ = detA · det(−Ã − (I − ÃA)A−1 I) = −detI = −1, under the assumption that A is
invertible. The result is that H(xi , yi ) = H(yi , i ) = H(xi , i ).
Denote the mutual information between the cause and the noise with I(xi , i ). Similarly,
let I(yi , ˜i ) be the mutual information between the random variables corresponding to the
observations yi and ˜i . Then,
I(xi , i )

(16)

Furthermore, from the actual causal model assumed we know that I(xi , i ) = 0. By contrast,
we have that I(yi , ˜i ) ≥ 0, since both yi and ˜i depend on xi and i . We also know that
H(xi ) = H(yi ) because we have made the hypothesis that both X and Y follow the same
distribution. The result is that:
H(i ) ≤ H(˜
i ) ,

1
1
log |detCov(˜
i )| + log |detCov(i )| .
2
2
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(17)

with equality iff the residuals are Gaussian. We note that an alternative but equivalent
way to obtain this last result is to consider a multivariate version of Lemma 1 by Kpotufe
et al. (2014), under the assumption of the same distribution for the cause and the effect.
In particular, even though Kpotufe et al. (2014) assume univariate random variables, their
work can be easily generalized to multiple variables.
Although the random variables corresponding to i and ˜i have both zero mean, they
need not have the same covariance matrix. Denote with Cov(i ) and Cov(˜
i ) to these
ˆi be the whitened residuals (i.e., the residuals multiplied by the
matrices and let ˆi and ˜
Cholesky factor of the inverse of the corresponding covariance matrix). Then,
˜i ) −
H(ˆ
i ) ≤ H(ˆ

11

Hernández-Lobato, Morales-Mombiela, Lopez-Paz and Suárez

(18)

As shown in Appendix A, although not equal, the matrices Cov(i ) and Cov(˜
i ) have the
same determinant. Thus, the two determinants cancel in the equation above. This gives,

˜i ) .
H(ˆ
i ) ≤ H(ˆ

The consequence is that the entropy of the whitened residuals in the anti-causal direction
is expected to be higher or equal than the entropy of the whitened residuals in the causal
direction. Because the Gaussian distribution is the continuous distribution with the highest
entropy for a fixed covariance matrix, we conclude that the level of Gaussianity of the
residuals in the anti-causal direction, measured in terms of differential entropy, has to be
larger or equal to the level of Gaussianity of the residuals in the causal direction.
In summary, if the causal relation between the two identically distributed random variables X and Y is linear the residuals of a least squares fit in the anti-causal direction are
more Gaussian than those of a linear fit in the causal direction. This Gaussianization can be
characterized by a reduction of the magnitude of the corresponding high-order cumulants
(although we have not formally proved this, we have provided some evidence that this is
the case) and by an increase of the entropy (we have proved this in this section). A causal
inference method can take advantage of this asymmetry to determine the causal direction.
In particular, statistical tests based on measures of Gaussianity can be used for this purpose. However and importantly, these measures of Gaussianity need not be estimates of the
differential entropy or the high-order cumulants. In particular, the entropy is a quantity
that is particularly difficult to estimate in practice (Beirlant et al., 1997). The same occurs
with the high-order cumulants. Their estimators involve high-order moments, and hence
suffer from high variance.
When the distribution of the residuals in (6) is Gaussian, the causal direction cannot be
identified. In this case, it is possible to show that the distribution of the reversed residuals
˜i , the cause xi , and the effect yi , is Gaussian as a consequence of (9) and (11). This
non-identifiability agrees with the general result of Shimizu et al. (2006), which indicates
that non-Gaussian distributions are strictly required in the disturbance variables to carry
out causal inference in linear models with additive independent noise.
Finally, the fact that the Gaussianization effect is also expected in the multivariate case
suggests a method to address causal inference problems in which the relationship between
cause and effect is non-linear: It consists in mapping each observation xi and yi to a vector
in an expanded feature space. One can them assume that the non-linear relation in the
original input space is linear in the expanded feature space and compute the residuals of
kernel ridge regressions in both directions. The direction in which the residuals are less
Gaussian is identified as the causal one.

3. A Feature Expansion to Address Non-linear Causal Inference
Problems

JMLR 17(28):1-39

We now proceed to relax the assumption that the causal relationship between the unidimensional random variables X and Y is linear. For this purpose, instead of working in
N
the original space in which the samples {(xi , yi )}i=1
are
observed,
we
will assume that the
N
model is linear in some expanded feature space {(φ(xi ), φ(yi ))}i=1
for some mapping function φ(·) : R → Rd . Importantly, this map preserves the property that if xi and yi are

12

i ⊥ xi ,
(19)

i=1

2

1
||φ(yi ) − Aφ(xi )||22 + τ ||A||2F ,
2
(20)

O(N 3 ).

(21)

13
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which depends only on the matrix V. This matrix be computed with cost
We
note that the estimate obtained in (21) coincides with the kernel conditional embedding
operator described by Song et al. (2013) for mapping conditional distributions into infinite
dimensional feature spaces using kernels.

Â = ΓΣ−1 = Φy VΦT
x ,

where || · ||2 denotes the `2 -norm and || · ||F denotes the Frobenius norm. In this last
expression τ > 0 is a parameter that controls the amount of regularization. The minimizer
T
of (20) is Â = ΓΣ−1 , where Γ = Φy ΦT
x and Σ = τ I + Φx Φx . The larger the value of τ , the
closer the entries of Â are to zero. Furthermore, using the matrix inversion lemma we have
−1
that Σ−1 = τ −1 I − τ −1 Φx V−1 ΦT
and Kx,x = ΦT
x , where V = (τ I + Kx,x )
x Φx is a kernel
matrix whose entries are given by k(xi , xj ). After some algebra it is possible to show that

L(A) =

N
X
1

where i is i.i.d. non-Gaussian additive noise.
Given N paired observations {(xi , yi )}N
i=1 drawn i.i.d. from P (X , Y), define the matrices
Φx = (φ(x1 ), . . . , φ(xN )) and Φy = (φ(y1 ), . . . , φ(yN )) of size d × N . The estimate of A
T
that minimizes the sum of squared errors is Â = ΓΣ−1 , where Γ = Φy ΦT
x and Σ = Φx Φx .
Unfortunately, when d > N , where d is the number of variables in the feature expansion,
the matrix Σ−1 does not exist and Â is not unique. This means that there is an infinite
number of solutions for Â with zero squared error.
To avoid the indetermination described above and also to alleviate over-fitting, we propose a regularized estimator. Namely,

φ(yi ) = Aφ(xi ) + i ,

Assume that the relation between X and Y is linear in an expanded feature space

3.1 Non-linear Model Description and Fitting Process

equally distributed, so will be φ(xi ) and φ(yi ). According to the analysis presented in the
previous section, the residuals of a linear model in the expanded space should be more Gaussian in the anti-causal direction than the residuals of a linear model in the causal direction,
based on an increment of the differential entropy and on a reduction of the magnitude of
the cumulants. The assumption we make is that the non-linear relation between X and Y
in the original input space is linear in the expanded feature space.
In this section we focus on obtaining the normalized residuals of linear models formulated in the expanded feature space. For this purpose, we assume that a kernel function
k(·, ·) can be used to evaluate dot products in the expanded feature space. In particular,
k(xi , xj ) = φ(xi )T φ(xj ) and k(yi , yj ) = φ(yi )T φ(yj ) for arbitrary xi and xj and yi and yj .
Furthermore, we will not assume in general that φ(xi ) and φ(yi ) have been whitened, only
centered. Whitening is a linear transformation which is not expected to affect to the level
of Gaussianity of the residuals. However, once these residuals have been obtained they will
be whitened in the expanded feature space. Later on we describe how to center the data in
the expanded feature space. For now on, we will assume this step has already been done.

Non-linear Causal Inference using Gaussianity Measures

(22)

(23)

j=1

N
1 X
φ(xj ) ,
N

φ̃(yi ) = φ(yi ) −

j=1

N
1 X
φ(yj ) .
N

(25)

(24)
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where 1N is a N × N matrix with all entries equal to 1/N . The residuals can be centered
also in a similar way. Namely, K̃ = K − 1N K − K 1N + 1N K 1N .
We now explain the whitening of the residuals, which are now assumed to be centered.
This process involves the computation of the eigenvalues and eigenvectors of the d × d covariance matrix C of the residuals. This is done as in kernel PCA (Schölkopf etP
al., 1997).
˜i ˜T
Denote by ˜i to the centered residuals. The covariance matrix is C = N −1 N
i .
i=1 
The eigenvector expansion implies that Cvi = λi vi , wherePvi denotes the i-th eigenvector
˜k ˜T
and λi the i-th eigenvalue. The consequence is that N −1 N
k=1 
k vi = λi vi .PThus, the
˜j ,
eigenvectors can be expressed as a combination of the residuals. Namely, vi = N
j=1 bi,j 

K̃y,y = Ky,y − 1N Ky,y − Ky,y 1N + 1N Ky,y 1N ,

K̃x,x = Kx,x − 1N Kx,x − Kx,x 1N + 1N Kx,x 1N ,

The consequence is that now the kernel matrices Kx,x and Ky,y are replaced by

φ̃(xi ) = φ(xi ) −

An assumption made in Section 2 was that the samples of the random variables X and
Y are centered, i.e., they have zero mean. In this section we show how to carry out this
centering process in feature space. Furthermore, we also show how to center the residuals
of the fitting process, which are also whitened. Whitening is a standard procedure in which
the data are transformed to have the identity matrix as the covariance matrix. It also
corresponds to projecting the data onto all the principal components, and scaling them to
have unit standard deviation.
We show how to center the data in feature space. For this, we follow Schölkopf et al.
(1997) and work with:

3.3 Centering the Input Data and Centering and Whitening the Residuals

where we have used the definition of Â in (21). This expression only depends on the kernel
matrices Kx,x and Ky,y and the matrix V, and can be computed with cost O(N 3 ).

K = Ky,y − Ky,y VKx,x − Kx,x VKy,y + Kx,x VKy,y VKx,x ,

for two arbitrary residuals i and j in feature space. In general, if we denote with K to
T
the matrix whose entries are given by T
i j and define Ky,y = Φy Φy , we have that

= φ(yi )T φ(yj ) − φ(yi )T Âφ(xj ) − φ(xi )T Âφ(yj ) + φ(xi )T ÂÂφ(xj ) ,

h
iT h
i
T
φ(yj ) − Âφ(xj )
i j = φ(yi ) − Âφ(xi )

A first step towards obtaining the whitened residuals in feature space (which will be required
for the estimation of their level of Gaussianity) is to compute the matrix of inner products
of these residuals (kernel matrix). For this, we define i = φ(yi ) − Âφ(xi ). Thus,

3.2 Obtaining the Matrix of Inner Products of the Residuals
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where b = N −1 ˜T v . Substituting this result in the previous equation we have that
i,j
i
P
PN
P j
N −1 N ˜ ˜T N b ˜ = λ
b ˜j . When we multiply both sides by ˜lT we obtain
i,j
i,j
j
i
k
j=1
j=1
k
PN
Pk=1
PN
N
N −1 k=1
˜lT ˜k ˜kT j=1
bi,j ˜j = λi j=1
bi,j ˜lT ˜j , for l = 1, . . . d, which is written in terms
of kernels as K̃ K̃ bi = λi N K̃ bi , where bi = (bi,1 , . . . , bi,N )T . A solution to this problem
is found by solving the eigenvalue problem K̃
bi =
that the eigenPN
PλNi N bi . We Talso require
˜j ˜k = biT K̃ bi = λi N biT bi ,
vectors have unit norm. Thus, 1 = viT vi = j=1
k=1 bi,j bi,k 
√
which means that
√ bi has norm 1/ λi N . Consider now that b̃i is one eigenvector of K̃ .
Then, bi = 1/ λi N b̃i . Similarly, let λ̃i be an eigenvalue of K̃ . Then λi = λ̃i /N . In
summary, λi and bi,j , with i = 1, . . . , N and j = 1, . . . , N can be found with cost O(N 3 ) by
finding the eigendecomposition of K̃ .
The whitening process is carried
out by projecting each residual ˜k onto each eigenvector
√
for the k-th residual,
vi and then multiplying by 1/ √λi . The corresponding
√ PN i-th component
denoted by Zk,i , is Zk,i = 1/ λi viT ˜k = 1/ λi j=1
bi,j ˜jT ˜k , and in consequence, the
√
whitened residuals are Z = K̃ BD = N BD−1 = N B̃, where B is a matrix whose columns
contain each bi , B̃ is a matrix
√ whose columns contain each b̃i and D is a diagonal matrix
whose entries are equal to 1/ λi . Each row of Z now contains the whitened residuals.
3.4 Inferring the Most Likely Causal Direction

(26)

After having trained the model and obtained the matrix of whitened residuals Z in each
direction, a suitable Gaussianity test can be used to determine the correct causal relation
between the variables X and Y. Given the theoretical results of Section 2 one may be
tempted to use tests based on entropy or cumulants estimation. Such tests may perform
poorly in practice due to the difficulty of estimating high-order cumulants or differential
entropy. In particular, the estimators of the cumulants involve high-order moments and
hence, suffer from high variance. As a consequence, in our experiments we use a statistical
test for Gaussianity based on the energy distance (Székely and Rizzo, 2005), which has good
power, is robust to noise, and does not have any adjustable hyper-parameters. Furthermore,
in Appendix B we motivate that in the anti-causal direction one should also expect a smaller
energy distance to the Gaussian distribution.
Assume X and Y are two independent random variables whose probability distribution
functions are F (·) and G(·). The energy distance between these distributions is defined as
D2 (F, G) = 2E[||X − Y||] − E[||X − X 0 ||] − E[||Y − Y 0 ||] ,

JMLR 17(28):1-39

where || · || denotes some norm, typically the `2 -norm; X and X 0 are independent and
identically distributed (i.i.d.); Y and Y 0 are i.i.d; and E denotes expected value. The
energy distance satisfies all axioms of a metric and hence characterizes the equality of
distributions. Namely, D2 (F, G) = 0 if and only if F = G. Furthermore, in the case of
univariateR random variables the energy distance is twice the Cramér-von Mises distance
given by (F (x) − G(x))2 dx.
Assume X = (x1 , . . . , xN )T is a matrix that contains N random samples (one per each
row of the matrix) from a d dimensional random variable with probability density f . The
statistic described for testing for Gaussianity, i.e., H0 : f = N (·|0, I) vs H1 : f 6= N (·|0, I),
15
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that is described by Székely and Rizzo (2005) is:

j=1

j,k=1



N
N
2 X
1 X
E[||xj − Y||] − E[||Y − Y 0 ||] − 2
||xj − xk || ,
N
N

Energy(X) = N 

(27)

where Y and Y 0 are independent random variables distributed as N (·|0, I) and E denotes
expected value. Furthermore, the required expectations with respect to the Gaussian random variables Y and Y 0 can be efficiently computed as described by Székely and Rizzo
(2005). The idea is that if f is similar to a Gaussian density N (·|0, I), then Energy(X) is
close to zero. Conversely, the null hypothesis H0 is rejected for large values of Energy(X).
The data to test for Gaussianity is in our case Z, i.e., the matrix of whitened residuals,
which has size N × N . Thus, the whitened residuals have N dimensions. The direct
introduction of these residuals into a statistical test for Gaussianity is not expected to
provide meaningful results, as a consequence of the high dimensionality. Furthermore, in
our experiments we have observed that it is often the case that a large part of the total
variance is explained by the first principal component (see the supplementary material for
evidence supporting this). That is, λi , i.e., the eigenvalue associated to the i-th principal
component, is almost negligible for i ≥ 2. Additionally, we motivate in Appendix C that
one should also obtain more Gaussian residuals, after projecting the data onto the first
principal component, in terms of a reduction of the magnitude of the high-order cumulants.
Thus, in practice, we consider only the first principal component of the estimated residuals
in feature space. This is the component i with the largest associated eigenvalue λi . We
denote such N -dimensional vector by z.
Let zx→y be the vector of coefficients of the first principal component of the residuals
in feature space when the linear fit is performed in the direction X → Y. Let zy→x be the
vector of coefficients of the first principal component of the residuals in feature space when
the linear fit is carried out in the direction Y → X . We define the measure of Gaussianization
of the residuals as G = Energy(zx→y )/N − Energy(zy→x )/N , where Energy(·) computes the
statistic of the energy distance test for Gaussianity described above. Note that we divide
each statistic by N to cancel the corresponding factor that is considered in (27). Since in
this test larger values for the statistic corresponds to larger deviations from Gaussianity, if
G > 0 the direction X → Y is expected to be more likely the causal direction. Otherwise,
the direction Y → X is preferred.
The variance of G will depend on the sample size N . Thus, ideally one should use the
difference between the p-values associated to each statistic as the confidence in the decision
taken. Unfortunately, computing these p-values is expensive since the distribution of the
statistic under the null hypothesis must be approximated via random sampling. In our
experiments we measure the confidence of the decision in terms of the absolute value of G,
which is faster to obtain and we have found to perform well in practice.

3.5 Parameter Tuning and Error Evaluation

JMLR 17(28):1-39

Assume that a squared exponential kernel is
 employed in the method described above. This
means that k(xi , xj ) = exp −γ(xi − xj )2 , where γ > 0 is the bandwidth of the kernel.
The same is assumed for k(yi , yj ). Therefore, two hyper-parameters require adjustment
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i=1

(new
)T new
i
i

K

xnew ,x

VKT
y new ,y
+K
xnew ,x

VKy,y VKT
xnew ,x


= trace Kynew ,ynew − Kynew ,y VKT
xnew ,x −

.

(28)

(29)
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The kernel method described above expresses its solution as feature maps of the original
data points. Since the feature map φ(·) is usually non-linear, we cannot guarantee the
existence of a pre-image under φ(·). That is, a point y such that φ(y) = Âφ(x), for some
input point x. An alternative to amend this issue is to find approximate pre-images, which
can be useful to make predictions or plotting results (Schölkopf and Smola, 2002). In this
section we describe how to find this approximate pre-images.
Assume that we have a new data instance xnew for which we would like to know the
associated target value ynew , after our kernel model has been fitted. The predicted value in

3.6 Finding Pre-images for Illustrative Purposes

where MN is a matrix of size M × N with all components equal to 1/N . In this process,
the averages employed for the centering step are computed using only the observed data.
A disadvantage of the squared error is that it strongly depends on the kernel bandwidth
parameter γ. This makes it difficult to choose this hyper-parameter in terms of such a
performance measure. A better approach is to choose both γ and τ in terms of the explained
variance by the model. This is obtained as follows: Explained-Variance = 1 − E/M Varynew ,
where E denotes the squared prediction error and Varynew the variance of the targets. The
computation of the error E is done as described previously and Varynew is simply the average
of the diagonal entries in K̃ynew ,ynew .

T
K̃ynew ,ynew = Kynew ,ynew − MN Ky,ynew − Kynew ,y MT
N + MN Ky,y MN ,

K̃ynew ,y = Kynew ,y − MN Ky,y − Kynew ,y 1N + MN Ky,y 1N ,

K̃xnew ,x = Kxnew ,x − MN Kx,x − Kxnew ,x 1N + MN Kx,x 1N ,

T
T
where Kynew ,ynew = ΦT
y new Φy new , Ky new ,y = Φy new Φy and Kx,xnew = Φx Φxnew .
Of course, the new data must be centered before computing the error estimate. This
process is similar to the one described in the previous section. In particular, centering can
be simply carried out by working with the modified kernel matrices:

E=

M
X

in the method described. These are the ridge regression regularization parameter τ and
the kernel bandwidth γ. They must be tuned in some way to produce the best possible
fit in each direction. The method chosen to guarantee this is a grid search guided by a
10-fold cross-validation procedure, which requires computing the squared prediction error
over unseen data. In this section we detail how to evaluate these errors.
Assume that M new paired data instances are available for validation. Let the two
new )) and Φ new = (φ(xnew ), . . . , φ(xnew )) summarize
matrices Φynew = (φ(y1new ), . . . , φ(yM
x
1
M
new ) − Âφ(xnew ). After some algebra, it is possible to show
these data. Define new
=
φ(y
i
i
i
that the sum of squared errors for the new instances is:
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φ(ynew ) = Φy VΦT
x φ(xnew ) = Φy Vkx,xnew =
i=1

n
X

αi φ(yi ) ,

(30)

u

− 2αT ky,u + k(u, u) ,

(31)
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The method for causal inference described in the previous section relies on the fact that
both random variables X and Y are equally distributed. In particular, if this is the case,
φ(xi ) and φ(yi ), i.e., the maps of xi and yi in the expanded feature space, will also be
equally distributed. This means that under such circumstances one should expect residuals
that are more Gaussian in the anti-causal direction due to a reduction of the magnitude of
the high order cumulants and an increment of the differential entropy. The requirement that
X and Y are equally distributed can be easily fulfilled in the case of continuous univariate
data by transforming x, the samples of X , to have the same empirical distribution as y, the
samples of Y.
Consider x = (x1 , . . . , xN )T and y = (y1 , . . . , yN )T to be N paired samples of X and
Y, respectively. To guarantee the same distribution for these samples we only have to
replace x by x̃, where each component of x̃, x̃i , is given by x̃i = F̂y−1 (F̂x (xi )), with F̂y−1 (·)
the empirical quantile distribution function of the random variable Y, estimated using y.
Similarly, F̂x (·) is the empirical cumulative distribution function of X , estimated using x.
This operation is known as the probability integral transform.
One may wonder why should x be transformed instead of y. The reason is that by
transforming x the additive noise hypothesis made in (1) and (6) is preserved. In particular,
we have that yi = f (F̂x−1 (F̂y (x̃i ))) + i . On the other hand, if y is transformed instead, the
additive noise model will generally not be valid anymore. More precisely, the transformation
that computes ỹ in such a way that it is distributed as x is ỹi = F̂x−1 (F̂y (yi )), ∀i. Thus,
under this transformation we have that ỹi = F̂x−1 (F̂y (f (xi ) + i )), which will lead to the
violation of the additive noise model.
Of course, transforming x requires the knowledge of the causal direction. In practice,
we will transform both x and y and consider that the correct transformation is the one
that leads to the highest level of Gaussianization of the residuals in the feature space, after
fitting the model in each direction. That is, the transformation that leads to the highest
value of G is expected to be the correct one. We expect that when y is transformed instead

4. Data Transformation and Detailed Causal Inference Algorithm

where ky,u is a vector with the kernel values between each yi and u, and k(u, u) = φ(u)T φ(u).
This is a non-linear optimization problem than can be solved approximately using standard
techniques such as gradient descent. In particular, the computation of the gradient of ky,u
with respect to u is very simple in the case of the squared exponential kernel.

u

ynew = arg min ||φ(ynew ) − φ(u)||22 = arg min

where kx,xnew contains the kernel evaluations between each entry in x (i.e., the observed
samples of the random variable X ) and the new instance. Finally, each αi is given by a
component of the vector Vkx,xnew . The approximate pre-image of φ(ynew ), ynew , is found
by solving the following optimization problem:

feature space is:
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of x, the Gaussianization effect of the residuals is not as high as when x is transformed,
as a consequence of the violation of the additive noise model. This will allow to determine
the causal direction. We do not have a theoretical result confirming this statement, but the
good results obtained in Section 6.1 indicate that this is the case.
The details of the complete causal inference algorithm proposed are given in Algorithm 1.
Besides a causal direction, e.g., X → Y or Y → X , this algorithm also outputs a confidence
level in the decision made which is defined as max(|Gx̃ |, |Gỹ |), where Gx̃ = Energy(zx̃→y )/N −
Energy(zy→x̃ )/N denotes the estimated level of Gaussianization of the residuals when x
is transformed to have the same distribution as y. Similarly, Gỹ = Energy(zỹ→x )/N −
Energy(zỹ→x )/N denotes the estimated level of Gaussianization of the residuals when x
and y are swapped and y is transformed to have the same distribution as x. Here zx̃→y
contains the first principal component of the residuals in the expanded feature space when
trying to predict y using x̃. The same applies for zy→x̃ , zỹ→x and zx→ỹ . However, the
residuals are obtained this time when trying to predict x̃ using y, when trying to predict
x using ỹ and when trying to predict ỹ using x, respectively. Recall that the reason for
keeping only the first principal component of the residuals is described in Section 3.4.
Assume |Gx̃ | > |Gỹ |. In this case we prefer the transformation of x to guarantee that
the cause and the effect have the same distribution. The reason is that it leads to a higher
level of Gaussianization of the residuals, as estimated by the energy statistical test. Now
consider that Gx̃ > 0. We prefer the direction X → Y because the residuals of a fit in
that direction are less Gaussian and hence have a higher value of the statistic of the energy
test. By contrast, if Gx̃ < 0 we prefer the direction Y → X for the same reason. In the
case that |Gx̃ | < |Gỹ | the reasoning is the same and we prefer the transformation of y.
However, because we have swapped x and y for computing Gỹ , the decision is the opposite
as the previous one. Namely, if Gỹ > 0 we prefer the direction Y → X and otherwise we
prefer the direction X → Y. The confidence in the decision (i.e., the estimated level of
Gaussianization) is always measured by max(|Gx̃ |, |Gỹ |).
The algorithm uses a squared exponential kernel with bandwidth parameter γ and the
actual matrices Âx̃→y and Ây→x̃ , of potentially infinite dimensions, need not be evaluated in
closed form in practice. As indicated in Section 3, all computations are carried out efficiently
with cost O(N 3 ) using inner products, which are evaluated in terms of the corresponding
kernel function. All hyper-parameters, i.e., τ and γ, are chosen using a grid search method
guided by a 10-fold cross-validation process. This search maximizes the explained variance
of the left-out data and 10 potential values are considered for both τ and γ.

5. Related Work
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The Gaussianity of residuals was first employed for causal inference by Hernández-Lobato
et al. (2011). These authors analyze auto-regressive (AR) processes and show that a similar
asymmetry as the one described in this paper can be used to determine the temporal
direction of a time series in the presence of non-Gaussian noise. Namely, when fitting an
AR process to a reversed time series, the residuals obtained follow a distribution that is
closer to a Gaussian distribution. Nevertheless, unlike the work described here, the method
proposed by Hernández-Lobato et al. (2011) cannot be used to tackle multidimensional or
non-linear causal inference problems. In their work, Hernández-Lobato et al. (2011) show
19
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if |Gx̃ | > |Gỹ | then
if Gx̃ > 0 then
Output: X
else
Output: Y
end
else
if Gỹ > 0 then
Output: Y
else
Output: X
end
end

→ Y with confidence |Gỹ |

→ X with confidence |Gỹ |

→ X with confidence |Gx̃ |

→ Y with confidence |Gx̃ |

// Get the Gaussianization level.

Swap x and y and repeat lines 2-7 of the algorithm to compute Gỹ .

Gx̃ ← Energy(zx̃→y )/N − Energy(zy→x̃ )/N ;

Transform x to compute x̃ ;
// This guarantees that x̃ is distributed as y.
Âx̃→y ← FitModel(x̃, y) ;
// This also finds the hyper-parameters τ and γ.
zx̃→y ← ObtainResiduals(x̃, y, Âx̃→y ) ; // First PCA component in feature space.
Ây→x̃ ← FitModel(y, x̃) ;
// Fit the model in the other direction
zy→x̃ ← ObtainResiduals(y, x̃, Ây→x̃ ) ; // First PCA component in feature space.

Standardize x and y to have zero mean and unit variance;

Algorithm 1: Causal Inference Based on the Gaussianity of the Residuals (GR-AN)
Data: Paired samples x and y from the random variables X and Y.
Result: An estimated causal direction alongside with a confidence level.
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
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some advantages of using statistical tests based on measures of Gaussianity to determine
the temporal direction of a time series, as a practical alternative to statistical tests based
on the independence of the cause and the residual. The motivation for these advantages is
that the former tests are one-sample tests while the later ones are two-sample tests.
The previous paper is extended by Morales-Mombiela et al. (2013) to consider multidimensional AR processes. However, this work lacks a theoretical result that guarantees that the residuals obtained when fitting a vectorial AR process in the reversed (antichronological) direction will follow a distribution closer to a Gaussian distribution. In spite
of this issue, extensive experiments with simulated data suggest the validity of such conjecture. Furthermore, a series of experiments show the superior results of the proposed rule to
determine the direction of time, which is based on measures of Gaussianity, and compared
with other state-of-the-art methods based on tests of independence.
The problem of causal inference under continuous-valued data has also been analyzed
by Shimizu et al. (2006). The authors propose a method called LINGAM that can identify
the causal order of several variables when assuming that (a) the data generating process is
linear, (b) there are no unobserved co-founders, and (c) the disturbance variables have nonGaussian distributions with non-zero variances. These assumptions are required because
LINGAM relies on the use of Independent Component Analysis (ICA). More specifically,
let x denote a vector that contains the variables we would like to determine the causal

20

JMLR 17(28):1-39

JMLR 17(28):1-39

22

yi are swapped. The asymmetry described states that ∆x→y should be close to zero while
∆y→x should not. Thus, if |∆x→y | > |∆y→x |, xi is expected to be the cause. Otherwise,
the variables in yi are predicted to be cause instead. Finally, a kernelized version of this
method is also described by Chen et al. (2013).
Most of the methods introduced in this section assume some form of noise in the generative process of the effect. Thus, their use is not justified in the case of noiseless data.
Janzing et al. (2012) describe a method to deal with these situations. In particular, the
method makes use of information geometry to identify an asymmetry that can be used for
causal inference. The asymmetry relies on the idea that the marginal distribution of the
cause variable, denoted by p(x), is expected to be chosen independently from the mapping
mechanism producing the effect variable, denoted by the conditional distribution p(y|x).
Independence is defined here as orthogonality in the information space, which allows to
describe a dependence that occurs between p(y) and p(x|y) in the anti-causal direction.
This dependence can be then used to determine the causal order. A nice property of this
method is that this asymmetry between the cause and the effect becomes very simple if both
random variables are deterministically related. Remarkably, the method also performs very
well in noisy scenarios, although no theoretical guarantees are provided in this case.
A similar method for causal inference to the last one is described by Chen et al. (2014).
These authors also consider that p(x) and p(y|x) fulfill some sort of independence condition,
and that this independence condition does not hold for the anti-causal direction. Based
on this, they define an uncorrelatedness criterion between p(x) and p(y|x), and show an
asymmetry between the cause and the effect in terms of a certain complexity metric on
p(x) and p(y|x), which is less than the same complexity metric on p(y) and p(x|y). The
complexity metric is calculated in terms of a reproducing kernel Hilbert space embedding
(EMD) of probability distributions. Based on the complexity metric, the authors propose
an efficient kernel-based algorithm for causal discovery.
In Section 2.3 we have shown that in the multivariate case one should expect higher
entropies in the anti-causal direction. Similar results have been obtained in the case of nonlinear relations and the univariate data case (Hyvärinen and Smith, 2013; Kpotufe et al.,
2014). Assume x, y ∈ R and the actual causal model to be y = f (x) + d, with x⊥d and f (·)
an arbitrary function. Let e be the residual of a fit performed in the anti-causal direction.
Section 5.2 of the work by Hyvärinen and Smith (2013) shows that the likelihood ratio R
of each model (i.e., the model fitted in the causal direction and the model fitted in the
anti-causal direction) converges in the presence of infinite data to the difference between
the sum of the entropies of the independent variable and the residual in each direction.
Namely, R → −H(x) − H(d/σd ) + H(y) + H(e/σe ) + log σd − log σe , where σd and σe
denote the standard deviation of the errors in each direction. If R > 0, the causal direction
is chosen. By contrast, if R < 0 the anti-causal direction is preferred. The process of
evaluating R involves the estimation of the entropies of four univariate random variables,
i.e., x, d, y and e and the standard deviation of the errors d and e, which need not be
equal. The non-linear functions are estimated as in the work by Hoyer et al. (2009) using
a Gaussian process. The entropies are obtained using a maximum entropy approximation
under the hypothesis that the distributions of these variables are not far from Gaussian
(Hyvärinen, 1998). The resulting method is called non-linear maximum entropy (NLME).
A practical difficulty is however that the estimation of the entropy is a very difficult task,

order of. LINGAM assumes that x = Bx + e, where B is a matrix that can be permuted
to strict lower triangularity if one knows the actual causal ordering in x, and e is a vector
of non-Gaussian independent disturbance variables. Solving for x, one gets x = Ae, where
A = (I − B)−1 . The A matrix can be inferred using ICA. Furthermore, given an estimate of
A, B can be obtained to find the corresponding connection strengths among the observed
variables, which can then be used to determine the true causal ordering. LINGAM has been
extended to consider linear relations among groups of variables (Entner and Hoyer, 2012;
Kawahara et al., 2012).
In real-world data, causal relationships tend to be non-linear, a fact that questions
the usefulness of linear methods. Hoyer et al. (2009) show that a basic linear framework
for causal inference can be generalized to non-linear models. For non-linear models with
additive noise, almost any non-linearities (invertible or not) will typically yield identifiable
models. In particular, Hoyer et al. (2009) assume that yi = f (xi )+i , where f (·) is a possibly
non-linear function, xi is the cause variable, and i is some independent and random noise.
The proposed causal inference mechanism consists in performing a non-linear regression
on the data to get an estimate of f (·), fˆ(·), and then calculate the corresponding residuals
ˆi = yi − fˆ(xi ). Then, one may test whether ˆi is independent of xi or not. The same process
is repeated in the other direction. The direction with the highest level of independence is
chosen as the causal one. In practice, the estimate fˆ(·) is obtained using Gaussian processes
for regression, and the HSIC test (Gretton et al., 2008) is used as the independence criterion.
This method has obtained good performance results (Janzing et al., 2012) and it has been
extended to address problems where the model is yi = h(f (xi ) + i ), for some invertible
function h(·) (Zhang and Hyvärinen, 2009). A practical difficulty is however that such a
model is significantly harder to fit to the data.
In the work by Mooij et al. (2010), a method for causal inference is proposed based
on a latent variable model, used to incorporate the effects of un-observed noise. In this
context, it is considered that the effect variable is a function of the cause variable and an
independent noise term, not necessarily additive, that is, yi = f (xi , i ), where xi is the
cause variable and i is some independent and random noise. The causal direction is then
inferred using standard Bayesian model selection. In particular, the preferred direction is
the one under which the corresponding model has the largest marginal likelihood, where
the marginal likelihood is understood as a proxy for the Kolmogorov complexity. This
method suffers from several implementation difficulties, including the intractability of the
marginal likelihood computation. However, it has shown encouraging results on synthetic
and real-world data.
Janzing et al. (2010) consider the problem of inferring linear causal relations among
multi-dimensional variables. The key point here is to use an asymmetry between the distributions of the cause and the effect that occurs if the covariance matrix of the cause and the
matrix mapping the cause to the effect are independently chosen. This method exhibits the
nice property that applies to both deterministic and stochastic causal relations, provided
that the dimensionality of the involved random variables is sufficiently high. The method
assumes that yi = Axi + i , where xi is the cause and i is additive noise. Namely, denote
with Σ̂ to the empirical covariance matrix of the variables in each xi . Given an estimate of
A, Â, the method computes ∆x→y = log trace(ÂΣ̂ÂT )−log trace(Σ̂)+log trace(ÂÂT )+d,
where d is the dimension of xi . This process is repeated to compute ∆y→x where xi and
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even in one dimension (Beirlant et al., 1997). Thus, the NLME method is adapted in an
ad-hoc manner with the aim of obtaining better results in certain difficult situations with
sparse residuals. More precisely, if H(x) and H(y) are ignored and Laplacian residuals are
assumed R → log σe − log σd . That is, the model with the minimum error is preferred. The
errors are estimated however in terms of the absolute deviations (because of the Laplacian
assumption). This method is called mean absolute deviation (MAD). Finally, Kpotufe
et al. (2014) show the consistency of the noise additive model, give a formal proof for R ≥ 0
(see Lemma 1), and propose to estimate H(x), H(y), H(d) and H(e) using kernel density
estimators. Note that if x and y are equally distributed, H(x) = H(y) and the condition
R ≥ 0 implies H(e) ≥ H(d). Nevertheless, σd and σe are in general different (see the
supplementary material for an illustrative example). This means that in the approach of
Hyvärinen and Smith (2013) and Kpotufe et al. (2014) it is not possible to make a decision
directly on the basis of a Gaussianization effect on the residuals.
The proposed method GR-AN, introduced in Section 4, differs from the approaches described in the previous paragraph in that it does not have to deal with the estimation of
four univariate entropies, which can be a particularly difficult task. By contrast, it relies
on statistical tests of deviation from Gaussianity to infer the causal direction. Furthermore, the tests employed in our method need not be directly related to entropy estimation.
This is particularly the case of the energy test suggested in Section 3.4. Not having to
estimate differential entropies is an advantage of our method confirmed by the results that
are obtained in the experiments section. In particular, we have empirically observed that
that GR-AN performs better than the two methods for causal inference NLME and MAD
that have been described in the previous paragraph. GR-AN also performs better than
GR-ENT, a method that uses, instead of statistical tests of Gaussianity, a non-parametric
estimator of the entropy (Singh et al., 2003).

Non-linear Causal Inference using Gaussianity Measures
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6. Experiments

• M1 : yi = 0.8xi + i .
• M2 : yi = xi i .
• M3 : yi = 0.3xi3 + i .
• M4 : yi = atan(xi )3 + i .
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We carry out a first batch of experiments on synthetic data. In these experiments, we
employ the four causal mechanisms that map X to Y described by Chen et al. (2014). They
involve linear and non-linear functions, and additive and multiplicative noise effects:

6.1 Experiments with Synthetic Data

the empirical estimate of the fourth cumulant (kurtosis) to determine the causal direction
(it chooses the direction with the largest estimated fourth cumulant); and GR-ENT, which
uses a non-parametric estimator of the entropy (Singh et al., 2003) to determine the causal
direction (the direction with the smallest entropy is preferred);
The hyper-parameters of the different methods are set as follows. In LINGAM, we use
the parameters recommended by the implementation provided by the authors. In IR-AN,
NLME and MAD we employ a Gaussian process whose hyper-parameters are found by typeII maximum likelihood. Furthermore, in IR-AN the HSIC test is used to assess independence
between the causes and the residuals. In NLME the entropy estimator is the one described
by Hyvärinen (1998). In IGCI, we test different normalizations (uniform and Gaussian)
and different criteria (entropy or integral) and report the best observed result. In EMD
and synthetic data, we follow Chen et al. (2014) to select the hyper-parameters. In EMD
and real-world data, we evaluate different hyper-parameters and report the results for the
best combination found. In GR-AN, GR-K4 and GR-ENT the hyper-parameters are found
via cross-validation, as described in Section 4. The number of neighbors in the entropy
estimator of GR-ENT is set to 10, a value that we have observed to give a good trade-off
between bias and variance. Finally, in GR-AN, GR-K4, and GR-ENT we transform the
data so that both variables are equally distributed, as indicated in Section 4.
The confidence in the decision is computed as indicated by Janzing et al. (2012). More
precisely, in LINGAM the confidence is given by the maximum absolute value of the entries
in the connection strength matrix B. In IGCI we employ the absolute value of the difference
between the corresponding estimates (entropy or integral) in each direction. In IR-AN the
confidence level is obtained as the maximum of the two p-values of the HSIC test. In EMD
we use the absolute value of the difference between the estimates of the corresponding
complexity metric in each direction, as described in (Chen et al., 2014). In NLME and
MAD the confidence level is given by the absolute value of the difference between the
outputs of the entropy estimators in each direction (Hyvärinen and Smith, 2013). In GRK4 we use the absolute difference between the estimated fourth cumulants. In GR-ENT
we use the absolute difference between the estimates of the entropy. Finally, in GR-AN we
follow the details given in Section 4 to estimate the confidence in the decision.
To guarantee the exact reproducibility of the different experiments described in this
paper, the source-code for all methods and data sets is available in the public repository
https://bitbucket.org/dhernand/gr_causal_inference.

JMLR 17(28):1-39

We carry out experiments to validate the method proposed in this paper, and empirically
verify that the model residuals in the anti-causal direction are more Gaussian that the
model residuals in the causal direction due to a reduction of the high-order cumulants and
an increment of the differential entropy. From now on, we refer to our method as GR-AN
(Gaussianity of the Residuals under Additive Noise). Furthermore, we compare the performance of GR-AN with four other approaches from the literature on causal inference,
reviewed in Section 5. First, LINGAM (Shimizu et al., 2006), a method which assumes an
additive noise model, but looks for independence between the cause and the residuals. Second, IR-AN (Independence of the Residuals under Additive Noise), by Hoyer et al. (2009).
Third, a method based on information geometry, IGCI (Janzing et al., 2012). Fourth, a
method based on Reproducing Kernel Hilbert Space Embeddings (EMD) of probability
distributions (Chen et al., 2014). Fifth, the two methods for non-linear causal inference
based on entropy estimation described by Hyvärinen and Smith (2013), NLME and MAD.
Sixth, the same GR-AN method, but where we omit the transformation to guarantee that
the random variables X and Y are equally distributed. This method is called GR-AN? .
Last, we also compare results with two variants of GR-AN that are not based on the energy
distance to measure the level of Gaussianity of the residuals. These are GR-K4, which uses
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Figure 5: Plots of different distributions and mechanisms when the noise follows a generalized Gaussian distribution with shape parameter equal to 10.
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the hypothesis made by MAD. This bad behavior is probably a consequence of ignoring
the entropies of X and Y in this method. NLME and GR-ENT give worse results than
GR-AN in some particular cases, e.g., p1 and the causal mechanism M3. We believe this is
related to the difficulty of estimating differential entropies in practice. GR-AN? performs
very similar to GR-AN. This indicates that in practice one may ignore the transformation
that guarantees that X and Y are equally distributed. GR-K4 also gives similar results to
GR-AN, probably because in these experiments the tails of the residuals are not very heavy.
An overall comparison of the different methods evaluated is shown in Figure 6. This
figure displays several radar charts that indicate the average accuracy of each method for
the different types of noise considered and for each mechanism M1, M2, M3 and M4. In
particular, for a given method and a given type of noise, the radius of each portion of the pie
is proportional to the corresponding average accuracy of the method across the distributions
p1 , p2 and p3 for the cause. The pie at the bottom corresponds to 100% accuracy for each
causal mechanism. The conclusions derived from this figure are similar to the ones obtained
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These are unimodal, bimodal, and trimodal distributions, respectively.
Figure 5 displays a representative example of the plots of different combinations of
distributions and mapping mechanisms when the noise follows a generalized Gaussian distribution with shape parameter equal to 10. The plots for Laplace, Gaussian or bimodal
distributed noise look similar to these ones. The assumptions made by proposed method,
i.e., GR-AN, are valid in the case of all the causal mechanisms, except for M2, which considers multiplicative noise, and in the case of all cause distributions, p1 , p2 and p3 . The
only type of noise that violates the assumptions made by GR-AN is the case of Gaussian
noise. In particular, under Gaussian noise GR-AN cannot infer the causal direction using
Gaussianity measures because the actual residuals are already Gaussian.
The average results of each method on 100 repetitions of each potential causal mechanism, distribution for the effect, and noise distribution are displayed in Table 1. The size
of each paired samples of X and Y is set to 500 in these experiments. We observe that
when the assumptions made by the proposed method, GR-AN, are satisfied, it identifies
the causal direction on a very high fraction of the 100 repetitions considered. However,
when these assumptions are not valid, e.g., in the case of the M2 causal mechanism, which
has multiplicative noise, the performance worsens. The same happens when the distribution
of the residuals is Gaussian. In these experiments, LINGAM tends to fail when the causal
relation is strongly non-linear. This is the case of the causal mechanism M3. LINGAM also
has problems when all the independent variables are Gaussian. Furthermore, all methods
generally fail in the case of independent Gaussian variables that are linearly related. This
corresponds to the causal mechanism M1, the distribution p1 (x) for the cause, and the
Gaussian distribution for the noise. The reason for this is that in this particular scenario
the causal direction is not identifiable (Shimizu et al., 2006). IGCI and EMD sometimes fail
in the case of the causal mechanism M1 and M4. However, they typically correctly identify
the causal direction in the case of the mechanism M2, which has non-additive noise, and
where the other methods tend to fail. Finally, IR-AN performs slightly better than GR-AN,
especially in the case of additive Gaussian noise, where GR-AN is unable to identify the
causal direction. MAD provides very bad results for some of the mechanism considered,
i.e., M1 and M4. Surprisingly this is the case even for Laplacian additive noise, which is

1
1
exp{−(x+1.5)2 /0.5}+ 2√0.5π
exp{−x2 /0.5}+ 4√0.5π
exp{−(x−1.5)2 /0.5}.

√1
4 0.5π

• p3 (x) =

exp{−(x − 1)2 /0.5}.

• p2 (x) =

√1
2 0.5π

exp{−(x + 1)2 /0.5} +

√1
2 0.5π

• p1 (x) =

exp{−x2 /2}.

√1
2π

The noise i can follow four different types of distributions: (i) A generalized Gaussian
distribution with shape parameter equal to 10 (an example of a sub-Gaussian distribution);
(ii) a Laplace distribution (an example of a super-Gaussian distribution); (iii) a Gaussian
distribution; and (iv) a bimodal distribution with density p(i ) = 0.5N (i |m, s)+0.5N (i |−
m, s), where m = .63 and s = .1. The Laplace distribution and the Gaussian distribution are
adjusted to have the same variance as the generalized Gaussian distribution. The bimodal
distribution already has the same variance as the generalized Gaussian distribution.
As indicated by Chen et al. (2014), in these experiments, the samples from the cause
variable X are generated from three potential distributions:
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from Table 1. In particular, IR-AN performs very well, except for multiplicative noise (M3),
closely followed by GR-AN, GR-AN? , and GR-K4, which give similar results. The methods
perform very poorly in the case of additive Gaussian noise, since they cannot infer the
actual causal direction in that situation. NLME and GR-ENT have problems in the case of
the causal mechanism M3 and MAD in the case of the mechanisms M1 and M4. LINGAM
also performs bad in the case of M3 and IGCI and EMD have problems in the case of the
mechanisms M1 and M4. IGCI, EMD and MAD are the only methods performing well in
the case of M2, the mechanism with non-additive noise.

Hernández-Lobato, Morales-Mombiela, Lopez-Paz and Suárez

p1 (x)
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IR-AN
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GR-AN
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34%
98%
53%
0%
54%
48%

13%
100%
100%
44%
36%
100%
40%
0%
51%
45%

0%
100%
100%
34%
22%
99%
47%
0%
56%
58%

56%
100%
100%
100%
98%
100%
36%
12%
15%
48%

91%
100%
100%
100%
100%
100%
16%
0%
23%
42%

11%
100%
100%
100%
8%
100%
6%
1%
2%
26%

67%
97%
97%
100%
100%
98%
45%
26%
24%
32%

100%
97%
90%
100%
100%
95%
54%
6%
47%
48%

12%
63%
50%
75%
96%
97%
20%
17%
19%
29%

Gaussian
Mechanism
M2 M3 M4

100%
67%
96%
100%
100%
0%
100%
100%
100%
100%

100%
39%
92%
100%
100%
0%
100%
100%
100%
100%

100%
29%
50%
100%
100%
0%
100%
100%
100%
100%

M1

8%
100%
100%
45%
43%
95%
54%
0%
57%
47%

53%
99%
95%
43%
38%
100%
32%
0%
30%
36%

0%
98%
99%
46%
42%
92%
51%
0%
53%
50%

7%
100%
100%
100%
99%
99%
98%
100%
100%
43%

91%
100%
100%
100%
100%
85%
100%
100%
100%
97%

3%
100%
100%
100%
17%
97%
100%
100%
100%
84%

100%
54%
95%
100%
100%
0%
100%
100%
100%
100%

Bimodal
Mechanism
M2 M3 M4
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100%
44%
55%
100%
100%
0%
100%
100%
100%
99%
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Algorithm

We have repeated these experiments for other samples sizes, e.g., 100, 200 300 and 1000.
The results obtained are very similar to the ones reported here, except when the number
of samples is small and equal to 100. In that case NLME performs slightly better than
the proposed approach GR-AN, probably because with 100 samples it is very difficult to
accurately estimate the non-linear transformation that is required to guarantee that X and
Y are equally distributed. These results of these additional experiments are found in the
supplementary material.
In summary, the good results provided by GR-AN and its variants in the experiments
described indicate that (i) when the assumptions made by GR-AN are valid, the method
has a good performance and (ii) there is indeed a Gaussianization effect in the residuals
when the model is fitted under the anti-causal direction. Because GR-AN? also performs
well in these experiments, this indicates that a Gaussianization of the residuals may happen
even when X and Y do not follow the same distribution.

JMLR 17(28):1-39

We give further evidence of the Gaussianization of the distribution of the residuals
obtained when fitting the model under the anti-causal direction. For this, we analyze in
detail three particular cases of GR-AN corresponding to the causal mechanism M3, the
distribution p2 (x) for the cause and each of the three types of additive noise considered.
Namely, generalized Gaussian noise, Laplacian noise and bimodal noise. Figure 7 shows the
predicted pre-images for new data instances when the model has been fitted in the causal
(X̃ → Y) and the anti-causal (Y → X̃ ) direction alongside with a histogram of the first
principal component of the residuals in feature space. A Gaussian approximation is also
displayed as a solid black line on top of the histogram. In this case x, i.e., the samples
of X , have been transformed to be equally distributed to y, i.e., the samples from Y. We
observe that the distribution of the residuals in the anti-causal direction (Y → X̃ ) is more
similar to a Gaussian distribution. Furthermore, for the direction X̃ → Y the statistic
of the energy based Gaussianity test for the first principal component of the residuals is
respectively 4.02, 4.64 and 11.46, for generalized Gaussian, Laplacian and bimodal noise.
Recall that the larger the value the larger the deviation from Gaussianity. In the case of
the direction Y → X̃ , the energy statistic associated to the residuals is 0.97, 0.68 and 1.31,
respectively. When y is transformed to have the same distribution as x similar results are
observed (results not shown). However, the Gaussianization effect is not as strong as in
this case, probably because it leads to the violation of the additive noise assumption. In
summary, the figure displayed illustrates in detail the Gaussianization effect of the residuals
when fitting the model in the anti-causal direction.
27

Table 1: Accuracy on the synthetic data for each method, causal mechanisms and type of noise.

100%
87%
94%
100%
100%
0%
100%
100%
100%
99%
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2. See https://www.codalab.org/competitions/1381 for more information.
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A second batch of experiments is performed on the cause-effect pairs from the ChaLearn
challenge2 . This challenge contains 8073 cause-effect data pairs with a labeled causal direction. From these pairs, we consider a subset for our experiments. In particular, we select
the 184 pairs that have (i) at least 500 samples, and (ii) a fraction of repeated instances
for each random variable of at most 1%. The first criterion guarantees that there is enough
data to make a decision with high confidence. The second criterion removes the pairs with
discrete random variables, motivated by the transformation required by the GR-AN method
to guarantee the equal distribution of X and Y. In particular, this transformation cannot
be carried out on discrete data. Another advantage is that this filtering process of the data
facilitates the experiments since several of the methods considered in the comparison (i.e.,
GR-AN, GR-ENT, GR-K4, IR-AN, NLME, MAD and EMD) are computationally very expensive. More precisely, they have a cubic cost with respect to the number of samples and
they require tuning several hyper-parameters. The consequence is that evaluating these
methods on the 8073 pairs available is therefore not feasible.

6.2 Experiments with Real Cause-effect Pairs

Figure 6: Radar charts showing the average accuracy of each method for the different types
of noise considered and for each mechanism M1, M2, M3 and M4. For a particular
method and type of noise, the radius of each portion of the pie is proportional to
the corresponding average accuracy of the method across the distributions p1 , p2
and p3 for the cause. The pie at the bottom corresponds to 100% accuracy for
each mechanism.
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Using these 184 pairs we evaluate each of the methods considered in the previous section
and report the corresponding accuracy as a function of the decisions made. In these experiments we sample at random 500 instances from each cause-effect pair. This is a standard
number of samples that has been previously employed by other authors in their experiments
with cause-effect pairs (Janzing et al., 2012). Furthermore, a threshold value is fixed and
the obtained confidence in the decision by each method is compared to such threshold.
Only if the confidence is above the threshold value, the cause-effect pair is considered in
the evaluation of the accuracy of the corresponding method. A summary of the results is
displayed in Figure 8. This figure shows for each method, as a fraction of the decisions
made, the accuracy on the filtered data sets on which the confidence on the decision is
above the threshold value. A gray area has been drawn to indicate accuracy values that
are not statistically different from random guessing (accuracy equal to 50%) using a bino-

Figure 7: (left column) Predicted pre-images obtained in the casual direction X̃ → Y alongside with a histogram of the first principal component of the residuals in feature
space. A Gaussian fit is displayed as a solid black line. Results are shown for each
type of additive noise considered. (right column) Same plots for the anti-causal
direction Y → X̃ .
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mial test (p-value above 5%). We observe that IR-AN obtains the best results, followed
by GR-AN, GR-AN? , GR-K4, GR-ENT, IGCI, NLME and EMD. NLME, IGCI and EMD
perform worse than GR-AN and GR-AN? when a high number of decisions are made. The
differences in performance between IR-AN and GR-AN, when 100% of the decisions are
made, are not statistically significant (a paired t-test returns a p-value equal to 25%). The
fact that the performance of GR-AN? is similar to the performance of GR-AN also indicates
that there is some Gaussianization of the residuals even though the two random variables
X and Y are not equally distributed. We observe that the results of LINGAM and MAD
are not statistically different from random guessing. This remarks the importance of nonlinear models and questions the practical utility of the MAD method. In these experiments,
GR-ENT and GR-K4 perform worse than GR-AN, which remarks the benefits of using the
energy distance to estimate the deviation from the Gaussian distribution, as a practical
alternative to entropy or cumulant based measures.
In summary, the results displayed in Figure 8 confirm that the level of Gaussianity of the
residuals, estimated using statistical tests, is a useful metric that can be used to identify the
causal order of two random variables. Furthermore, this figure also validates the theoretical
results obtained in Section 2 which state that one should expect residuals whose distribution
is closer to the Gaussian distribution when performing a fit in the anti-causal direction.
In the supplementary material we include additional results for other sample sizes.
Namely, 100, 200 and 300 samples. The results obtained are similar to the ones reported
in Figure 8. However, the differences between GR-ENT, NLME, GR-AN and GR-AN?
are smaller. Furthermore, when the number of samples is small (i.e., equal to 100) GRAN performs worse than NLME, probably because with such a small number of samples
it is difficult to estimate the non-linear transformation that guarantees that X and Y are
equality distributed.
In this section we have also evaluated the different methods compared in the previous
experiments on a random subset of 184 cause-effect pairs chosen across the 8073 pairs of the
ChaLearn challenge (results not shown). In this case, the ranking of the curves obtained
looks similar to the ranking displayed in Figure 8, i.e., IR-AN performs best followed by
GR-AN, GR-AN? , NLME and EMD. However, all methods obtain worse results in general
and none of them, except IR-AN, perform significantly different from random guessing.
Finally, we also have evaluated the different methods in a subset of 82 cause-effect
pairs extracted from the Tübingen cause-effect pairs3 . We only considered those pairs with
scalar cause and effect. The results obtained are displayed in Figure 9. In this case, the
performance of the different methods is worse than the one displayed in Figure 8. Only
IR-AN, IGCI and MAD perform significantly better than random guessing. Furthermore,
GR-AN and GR-AN? do not perform well in this set of cause-effect pairs. This is also the
case of NLME. We believe that the reason for this bad performance is that in most of these
pairs some of the variables take discrete or repeated values. In the case of GR-AN this
makes infeasible to transform the two random variables, X and Y, so that they are equally
distributed. Furthermore, the discrete random variables may have a strong impact in the
tests for Gaussianity and in the estimation of the differential entropy. This could explain
the bad performance of GR-AN? , NLME and GR-ENT.
3. See http://webdav.tuebingen.mpg.de/cause-effect/ for more details.
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In this paper we have shown that in the case of cause-effect pairs with additive non-Gaussian
noise there is an asymmetry that can be used for causal inference. In particular, assuming
that the cause and the effect are equally distributed random variables, that are linearly
related, the residuals of a least squares fit in the anti-causal direction are more Gaussian
than the residuals of a linear fit in the causal direction due a reduction of the magnitude
of the high-order cumulants. Furthermore, by extending the results of Hyvärinen and
Smith (2013) based on information theory, we have shown that this Gaussianization effect
is also present when the two random variables are multivariate due to an increment of the

7. Conclusions

In summary, the results reported in this section have shown that in some cause-effect
pairs, when the assumptions made by the proposed method are satisfied, there is indeed a
Gaussianization effect in the residuals obtained when fitting the model in the anti-causal
direction, and this asymmetry is useful to carry out causal inference on both synthetic
and real inference problems. Our experiments also show that the transformation employed
to guarantee that X and Y are equally distributed can be ignored in some cases without
decreasing the performance. This indicates that our statement about the increased level of
Gaussianity of the residuals, in terms of the increase of the entropy and the reduction of
the high-order cumulants, may be true under more general assumptions.

Figure 8: Accuracy of each method, as a fraction of the decisions made, on the 184 filtered
cause-effect pairs extracted from the ChaLearn challenge. The number of samples
of each pair is equal to 500. Best seen in color.
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differential entropy. This motivates the use of kernel methods to work in an expanded
feature space. This enables addressing non-linear cause-effect inference problems using
simple techniques. Specifically, kernel methods allow to fit a linear model in an expanded
feature space which will be non-linear in the original input space.
Taking advantage of the asymmetry described, we have designed a method for non-linear
causal inference, GR-AN (Gaussianity of the Residuals under Additive Noise). The method
consists in computing the residuals of a linear model in an expanded feature space in both
directions, i.e., X → Y and Y → X . The expected causal direction is the one in which
the residuals appear to be more Gaussian (i.e., the magnitude of the high-order cumulants
is reduced and the entropy is increased). Thus, a suitable statistical test that measures
the level of non-Gaussianity of the residuals can be used to determine the causal direction.
In principle, one may be tempted to use statistical tests based on entropy or cumulant
estimation. However, our experiments show that one can obtain better results by using a
test based on an energy distance to quantify the Gaussianity of the residuals. In particular,
entropy estimation is an arguably difficult task and the estimators of the cumulants involve
high-order moments which can lead to high variance.
The effectiveness of the proposed method GR-AN has been illustrated in both synthetic
and real-world causal inference problems. We have shown that in certain problems GRAN is competitive with state-of-the-art methods and that it performs better than related
methods based on entropy estimation (Hyvärinen and Smith, 2013). The entropy can be
understood as a measure of non-Gaussianity. Nevertheless, it is very difficult to estimate

Figure 9: Accuracy of each method, as a fraction of the decisions made, on the 82 causeeffect pairs extracted from the Tuebingen database. Best seen in color.
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Cov(i ) = Cov(X ) − Cov(Y, X )Cov(X )−1 Cov(X , Y) .
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(33)

Since X and Y follow the same distribution we have that Cov(Y) = Cov(X ). Furthermore,
we know from the causal model that A = Cov(Y, X )Cov(X )−1 . Then,

Cov(Y) = ACov(X )AT + Cov(i ) .

From the causal model, i.e., yi = Axi + i , we have that:

In this appendix we show that if X and Y follow the same distribution and they have been
centered, then the determinant of the covariance matrix of the random variable corresponding to i , denoted with Cov(i ), coincides with the determinant of the covariance matrix
corresponding to the random variable ˜i , denoted with Cov(˜
i ).
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Finally, the performance of GR-AN on cause-effect pairs with discretized values is rather
poor. We believe this is due to the fact that in this case, finding a transformation so that
the cause and the effect are equally distributed is infeasible. Furthermore, the discretization
process probably has a strong impact on the Gaussianity tests. Further evidence that make
these observations more plausible is the fact that discretization has also a strong negative
impact in the performance of the methods based on entropy estimation.

in practice. By contrast, the statistical test employed by GR-AR is not directly related
to entropy estimation. This may explain the improvements observed. A limitation of the
current formulation of GR-AN is that the distributions of the cause and the effect have to be
equal. In the case of continuous univariate variables finding a transformation to make this
possible is straightforward. Additionally, our experiments show that such a transformation
can be side-stepped in some cases without a deterioration in performance. In any case,
further research is needed to extend this analysis to remove this restriction.
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(34)

In the case of ˜i we know that the relation ˜i = (I − ÃA)xi − Ãi must be satisfied, where
Ã = Cov(X , Y)Cov(Y)−1 = Cov(X , Y)Cov(X )−1 . Thus, we have that:
= Cov(X ) − Cov(X )AT ÃT − ÃACov(X ) + ÃACov(X )AT ÃT

Cov(˜
i ) = (I − ÃA)Cov(X )(I − AT ÃT ) + ÃCov(i )ÃT
+ ÃCov(X )ÃT − ÃCov(Y, X )Cov(X )−1 Cov(X , Y)ÃT

= Cov(X ) − Cov(X )AT ÃT − ÃACov(X ) + ÃCov(X )ÃT
+ Cov(X , Y)CovX −1 Cov(Y, X )

= Cov(X ) − Cov(X , Y)CovX −1 Cov(Y, X ) − Cov(X , Y)CovX −1 Cov(Y, X )

= Cov(X ) − Cov(X , Y)Cov(X )−1 Cov(Y, X ) .

By the matrix determinant theorem we have that detCov(˜
i ) = detCov(i ). See (Murphy,
2012, p. 117) for further details.

Appendix B.

Z
∞

−∞

h
i2
F̃ (x) − Φ(x) dx ,

D2 =

∞
−∞

Z

[F (x) − Φ(x)]2 dx ,

(35)

In this Appendix we motivate that, if the distribution of the residuals is not Gaussian, but
is close to Gaussian, one should also expected more Gaussian residuals in the anti-causal
direction in terms of the energy distance described in Section 3.4. For simplicity we will
consider the univariate case. We use the fact that the energy distance in the one-dimensional
case is the squared distance between the cumulative distribution functions of the residuals
and a Gaussian distribution (Székely and Rizzo, 2013). Thus,
D̃2 =

(36)

where D̃2 and D2 are the energy distances to the Gaussian distribution in the anti-causal
and the causal direction respectively; F̃ (x) and F (x) are the c.d.f. of the residuals in the
anti-causal and the causal direction, respectively; and finally, Φ(x) is the c.d.f. of a standard
Gaussian.
One should expect that D̃2 ≤ D2 . To motivate this, we use the Gram-Charlier series
and compute an expansion of F̃ (x) and F (x) around the standard Gaussian distribution
(Patel and Read, 1996). Such an expansion only converges in the case of distributions that
are close to be Gaussian (see Section 17.6.6a of (Cramér, 1946) for further details). Namely,


ã4
ã3
H2 (x) + H3 (x) + · · · ,
F̃ (x) = Φ(x) − φ(x)
3!
4!
a

a4
3
H2 (x) + H3 (x) + · · · ,
3!
4!
F (x) = Φ(x) − φ(x)
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where φ(x) is the p.d.f. of a standard Gaussian, Hn (x) are Hermite polynomials and ãn
and an are coefficients that depend on the cumulants, e.g., a3 = κ3 , a4 = κ4 , ã3 = κ̃3 ,
ã4 = κ̃4 . Note, however, that coefficients an and ãn for n > 5 depend on combinations of
35
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−∞

φ(x)2 −

n=3

n=3

the cumulants. Using such an expansion we find:
"
"
#2
#2
Z
Z
4
∞
∞
∞
X
X
ã
κ̃n
n
φ(x)2 −
Hn−1 (x) dx ≈
Hn−1 (x) dx
n!
n!
−∞

D̃2 =

κ̃2
κ̃2
(37)
≈ 3 E[H2 (x)2 φ(x)] + 4 E[H3 (x)2 φ(x)] ,
36
576
where E[·] denotes expectation with respect to a standard Gaussian and we have truncated
the Gram-Charlier expansion after n = 4. Truncation of the Gram-Charlier expansion
after n = 4 is a standard procedure that is often done in the ICA literature for entropy
approximation. See for example Section 5.5.1 of (Hyvärinen et al., 2004). We have also
used the fact that E[H3 (x)H2 (x)φ(x)] = 0. The same approach can be followed in the
case of D2 , the energy distance in the causal direction. The consequence is that D2 ≈
κ32 /36 · E[H2 (x)2 φ(x)] + κ42 /576 · E[H3 (x)2 φ(x)]. Finally, the fact that one should expect
D̃2 ≤ D2 is obtained by noting that κ̃n = cn κn , where cn is some constant that lies in
the interval (−1, 1), as indicated in Section 2.1. We expect that this result extends to the
multivariate case.

Appendix C.

In this Appendix we motivate that one should expect also more Gaussian residuals in
the anti-causal direction, based on a reduction of the cumulants, when the residuals in
feature space are projected onto the first principal component. That is, when they are
multiplied by the first eigenvector of the covariance matrix of the residuals, and scaled by
the corresponding eigenvalue. Recall from Section 2.2 that these covariance matrices are
C = I − AAT and C̃ = I − AT A, in the causal and anti-causal direction respectively. Note
that both matrices have the same eigenvalues.
If A is symmetric we have that both C and C̃ have the same matrix of eigenvectors
P. Let p1n be the first eigenvector multiplied n times using the Kronecker product. The
cumulants in the anti-causal and the causal direction, after projecting the data onto the
first eigenvector are κ̃nproj = (p1n )T Mn vect(κ̃n ) = c(p1n )T vect(κ̃n ) and κnproj = (p1n )T vect(κn ),
respectively, where Mn is the matrix that relates the cumulants in the causal and the anticausal direction (see Section 2.2) and c is one of the eigenvalues of Mn . In particular, if A is
symmetric, it is not difficult to show that p1n is one of the eigenvectors of Mn . Furthermore,
we also showed in that case that ||Mn ||op < 1 for n ≥ 3 (see Section 2.2). The consequence
is that c ∈ (−1, 1), which combined with the fact that ||p1n || = 1 leads to smaller cumulants
in magnitude in the case of the projected residuals in the anti-causal direction.
If A is not symmetric we motivate that one should also expect more Gaussian residuals
in the anti-causal direction due to a reduction in the magnitude of the cumulants. For this,
we derive a smaller upper bound on their magnitude. This smaller upper bound is based
on an argument that uses the operator norm of vectors.

Definition 2 The operator norm of a vector w induced by the `p norm is ||w||op = min{c ≥
0 : ||wT v||p ≤ c||v||p , ∀v}.

JMLR 17(28):1-39

The consequence is that ||w||op ≥ ||wT v||p /||v||p , ∀v. Thus, the smallest the operator
norm of w, the smallest the expected value obtained when multiplying any vector by the
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A popular approach for testing if two univariate random variables are statistically independent
consists of partitioning the sample space into bins, and evaluating a test statistic on the binned data.
The partition size matters, and the optimal partition size is data dependent. While for detecting
simple relationships coarse partitions may be best, for detecting complex relationships a great gain
in power can be achieved by considering finer partitions. We suggest novel consistent distributionfree tests that are based on summation or maximization aggregation of scores over all partitions of a
fixed size. We show that our test statistics based on summation can serve as good estimators of the
mutual information. Moreover, we suggest regularized tests that aggregate over all partition sizes,
and prove those are consistent too. We provide polynomial-time algorithms, which are critical for
computing the suggested test statistics efficiently. We show that the power of the regularized tests
is excellent compared to existing tests, and almost as powerful as the tests based on the optimal (yet
unknown in practice) partition size, in simulations as well as on a real data example.
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Testing if two univariate random variables X and Y are independent of one another, given a random
paired sample (xi , yi )N
i=1 , is a fundamental and extensively studied problem in statistics. Classical
methods have focused on testing linear (Pearson’s correlation coefficient) or monotone (Spearman’s
ρ, Kendall’s τ ) univariate dependence, and have little power to detect non-monotone relationships.
Recently, there has been great interest in developing methods to capture complex dependencies between pairs of random variables. This interest follows from the recognition that in many modern
applications, dependencies of interest may not be of simple forms, and therefore the classical methods cannot capture them. Moreover, in modern applications, thousands of variables are measured
simultaneously, thus making it impossible to view the scatter-plots of all the potential pairs of variables of interest. For example, Steuer et al. (2002) searched for pairs of genes that are co-dependent,
among thousands of genes measured, using the estimated mutual information as a dependence measure. Reshef et al. (2011) searched for any type of relationship, not just linear or monotone, in large
data sets from global health, gene expression, major-league baseball, and the human gut microbiota. They proposed a novel criterion which generated much interest but has also been criticised
for lacking power by Simon and Tibshirani (2011) and Gorfine et al. (2011), and for other theoretical
grounds by Kinney and Atwal (2014).
A special important case is when X is categorical. In this case, the problem reduces to that
of testing the equality of distributions, usually referred to as the K-sample problem (where K is
the number of categories X can have). Jiang et al. (2014) searched for genes that are differentially
expressed across two conditions (i.e., the 2-sample problem), using a novel test that has higher
power over traditional methods such as Kolmogorov–Smirnov tests (Darling, 1957).
For modern applications, where all types of dependency are of interest, a desirable property
for a test of independence is consistency against any alternative. A consistent test will have power
increasing to one as the sample size increases, for any type of dependency between X and Y . Recently, several consistent tests of independence between univariate or multivariate random variables
were proposed. Székely et al. (2007) suggested the distance covariance test statistic, that is the
distance (in weighted L2 norm) of the joint empirical characteristic function from the product of
marginal characteristic functions. Gretton et al. (2008) and Gretton and Gyorfi (2010) considered
a family of kernel based methods, and Sejdinovic et al. (2013) elegantly showed that the test of
Székely et al. (2007) is a kernel based test with a particular choice of kernel. Heller et al. (2013)
suggested a permutation test for independence between two random vectors X and Y , which uses
as test statistics the sum over all pairs of points (i, j), i 6= j, of a score that tests for association
between the two binary variables I{d(xi , X) ≤ d(xi , xj )} and I{d(yi , Y ) ≤ d(yi , yj )}, where I(·)
is the indicator function and d(·, ·) is a distance metric, on the remaining N − 2 sample points. Gretton and Gyorfi (2010) also considered dividing the underlying space into partitions that are refined
with increasing sample size. For the K-sample problem, Székely and Rizzo (2004) suggested the
energy test. This test was also proposed by Baringhaus and Franz (2004) and mentioned in Sejdinovic et al. (2013) to be related to the maximum mean discrepancy (MMD) test proposed in Gretton
et al. (2007) and Gretton et al. (2012a). Harchaoui et al. (2008) adopted the kernel approach of
Gretton et al. (2007) and incorporated the covariance into the test statistic by using the kernel Fisher
discriminant.
The tests in the previous paragraph are not distribution-free, i.e., the null distribution of the test
statistics depends on the marginal distributions of X and Y . Therefore, the significance of these
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tests is typically computed by a permutation test. Another option is to try to estimate the null distribution, but this can be very difficult and can lead to over-conservative bounds. For example, Székely
et al. (2007) suggested an asymptotically valid null bound for the significance which they showed
was too conservative (see Sejdinovic et al. (2013) for suggestions on how to directly estimate the
null distribution). The computational burden of applying the permutation tests to a large family
of hypotheses may be great. For example, the yeast gene expression data set from Hughes et al.
(2000) contained N = 300 expression levels for each of 6, 325 Saccharomyces cerevisiae genes.
In order to test each pair of genes for co-expression, it is necessary to account for multiplicity of
M = 2 × 107 hypotheses. For the permutation tests of Heller et al. (2013) and Székely et al. (2007),
the number of permutations required for deriving a p-value that is below 0.05/M is therefore of
the order of 1010 . Since these test statistics are relatively costly to compute for each hypothesis,
e.g., O(N 2 ) in Székely et al. (2007), and O(N 2 log N ) in Heller et al. (2013), applying them to the
family of M = 2 × 107 hypotheses is computationally very challenging, even with sophisticated resampling approaches such as that of Yu et al. (2011). Distribution-free tests have the advantage over
non-distribution-free tests, that quantiles of the null distribution of the test statistic can be tabulated
once per sample size, and repeating the test on new data for the same sample size will not require
recomputing the null distribution. Therefore, the computational cost is only that of computing the
test statistic for each of the hypotheses.
We note that for univariate random variables Székely and Rizzo (2009a) considered using the
ranks of each random variable instead of the actual values in the test of distance covariance (Székely
et al., 2007), resulting in a distribution-free test. Similarly, for the test of Heller et al. (2013) replacing data with ranks results in a distribution-free test. An earlier work by Feuerverger (1993) defined
another test based on the empirical characteristic functions for univariate random variables. The test
statistic of Feuerverger (1993) was based on a different distance metric of the joint empirical characteristic function from the product of marginal characteristic functions than that of Székely et al.
(2007). Moreover, in Feuerverger’s test the X’s and Y ’s are first replaced by their normal scores,
where the normal scores of the X’s depend on the data only through their ranks among the X’s, and
similarly the normal scores of the Y ’s depend on the data only through their ranks among the Y ’s,
thus making this test distribution-free. Pczos et al. (2012) suggested a kernel-based test which uses
the MMD after transforming the data to ranks.
A popular approach for developing distribution-free tests of independence considers partitioning
the sample space, and evaluating a test statistic on the binned data. A detailed review of distributionfree partition-based tests is provided in Section 1.1 for the independence problem, and in Section
1.2 for the K-sample problem. In 1.3 we describe our goals and the outline of the present paper.
1.1 Review of Distribution-Free Tests of Independence Based on Sample Space Partitions
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For detecting any type of dependence between X and Y , the null hypothesis states that X and Y
are independent, H0 : FXY = FX FY , where the joint distribution of (X, Y ) is denoted by FXY ,
and the marginal distributions of X and Y , respectively, are denoted by FX and FY . The alternative
is that X and Y are dependent, H1 : FXY 6= FX FY .
Figure 1 shows example partitions of the sample space based on the ranked observations,
rank(Y ) versus rank(X), where a m × m partition is based on m − 1 observations. We refer
to such partitions as data derived partitions (DDP). The dependence in the data can be captured by
many partitions, and some partitions are better than others.
3
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Hoeffding (1948b) suggested a test based on summation of a score over all N 2 × 2 DDP of
the sample space, which is consistent against any form of dependence if the bivariate density is
continuous. Hoeffding’s test statistic is
ZZ
n
o2
N F̂XY (x, y) − F̂X (x)F̂Y (y) dF̂XY (x, y),

where F̂ denotes the empirical cumulative distributionP
function. Blum et al. (1961) showed that
N
i oi − oi oi )2 /N 4 , where oi ,
(o1,1
Hoeffding’s test statistic is asymptotically equivalent to i=1
u,v
2,2
1,2 2,1
u, v ∈ {1, 2}, is the observed count of cell (u, v) in the 2 × 2 contingency table defined by the
ith observation. Thas and Ottoy (2004) noted that by appropriately normalizing each term in the
sum, the test statistic becomes the average of all Pearson statistics for independence applied to
the contingency tables that are induced by 2 × 2 sample space partitions centered about observation
i ∈ {1, . . . , N }. They proved that the weighted version of Hoeffding’s test statistic is still consistent.
Partitioning the sample space into finer partitions than the 2 × 2 quadrants of the classical tests,
based on the observations, was also considered in Thas and Ottoy (2004). They suggested that the
average of all Pearson statistics on finer partitions of fixed size m × m may improve the power,
but did not provide a proof that the resulting tests are consistent. They examined in simulations
only 3 × 3 and 4 × 4 partitions. Reshef et al. (2011) suggested the maximal information coefficient,
which is a test statistic based on the maximum over dependence scores taken for partitions of various
sizes, after normalization by the partition size, where the purpose of the normalization is equitability
rather than power. Since computing the statistic exactly is often infeasible, they resort to a heuristic
for selecting which partitions to include. Thus, in practice, their algorithm goes over only a small
fraction of the partitions they set out to examine. In Section 4 we show that the power of this test is
typically low.
1.2 Review of the K-Sample Problem
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As in Section 1.1, we focus on consistent partition-based distribution-free tests. For testing equality
of distributions, i.e., for a categorical X, one of the earliest and still very popular distribution-free
consistent tests is the Kolmogorov–Smirnov test (Darling, 1957), which is based on the maximum
score of all N partitions of the sample space based on an observed data point. Aggregation by
summation over all N partitions has been considered by Cramer and von Mises (Darling, 1957),
Pettitt (Pettitt, 1976) who constructed a test-statistic of the Anderson and Darling family (Anderson
and Darling, 1952), and Scholz and Stephens (1987).
Thas and Ottoy (2007) suggested the following extension of the Anderson–Darling type test. For
random samples of size N1 and N − N1 , respectively, from two continuous densities, for a fixed m,
they consider all possible partitions into m intervals of the sample space of the univariate continuous
random variable. They compute Pearson’s chi-square score for the observed versus expected (under
the null hypothesis that the two samples come from the same distribution) counts, then aggregate
by summation to get their test
 statistics. A permutation test is applied on the resulting test statistic,
since under the null all NN1 assignments of the group labels are equally likely. They show that the
suggested statistic for m = 2 is the Anderson–Darling test. They examined in simulations only
partitions into m ≤ 4 intervals.
Jiang et al. (2014) suggested a penalized score that aggregates by maximization the penalized
log likelihood ratio statistic for testing equality of distributions, with a penalty for fine partitions.

4

rank(Y)

25

25

30

30

15

20

25

30

0

rank(X)

0

20

20

5

15

rank(X)

15

0

10

10

10

5

5

5

10

5

0

0

i

15

20

25

30

10

15

20

25

30

0

5

10

15

20

25

30

0

0

5

5

i

10

10

15

rank(X)

15

rank(X)

20

20

25

25

j

30

30

DISTRIBUTION-FREE K-SAMPLE AND INDEPENDENCE TESTS

5

JMLR 17(29):1-54

Figure 1: A visualization of the partitioning of the rank–rank plane which is at the basis of the data
derived partitions (DDP) tests. Here, N = 30, and circles represent observed points. Full
black circles represent those observations that were chosen to induce the partition, and
different shades represent partition cells. With m = 2, all cells are corner cells (top-left);
with m = 3, the center cell has two vertices which are observed sample points (top-right);
with m = 4, all internal cells, i.e., cells that are not on the boundary, have at least one
observed point vertex (bottom-left); only with m ≥ 5, there exists at least one internal
cell free of observed vertices (bottom-right, internal cell with no vertex which is a sample
point is marked in red).
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Test statistics for the K-sample problem We first consider the case that X is categorical with
K ≥ 2 categories. In this case, a test of association
is also a K-sample

 test of equality of distri−1
butions. For N observations, there are N 2+1 possible cells, and N
m−1 possible partitions of the
observations into m cells, where a cell is an interval on the real line. Since the cell membership of

We assume that Y is a continuous random variable, and that X is either continuous or discrete. We
have N independent realizations (x1 , y1 ), . . . , (xN , yN ) from the joint distribution of X and Y . Our
test statistics will only depend on the marginal ranks, and therefore are distribution free, i.e., their
null distributions are free of the marginal distributions FX and FY .

2. The Proposed Statistics

In this work, we suggest several novel distribution-free tests that are based on sample space partitions. The novelty of our approach lies in the fact that we consider aggregation of scores over all
partitions of size m × m (or m for the K-sample case), where m can increase with sample size
N , as well as consideration of all ms simultaneously without any assumptions on the underlying
distributions. In Section 2 we present the new tests both for the independence problem and for
the K-sample problem, with a focus on our regularized scores (that consider all ms) in Section
2.1. We prove that all suggested tests are consistent, including those presented in Thas and Ottoy (2004), and show the connection between our tests and mutual information (MI). In Section 3
we present innovative algorithms for the computation of the tests, which are essential for large m
since the computational complexity of the naive algorithm is exponential in m. Simulations are
presented in Section 4. Specifically, in Section 4.1 we show that for the two-sample problem for
complex distributions there is a clear advantage for fine partitions, while for simple distributions
rougher partitions have an advantage. In Section 4.2 we show that, for the independence problem, typically finer partitions have a clear advantage for complex non-monotone relationships. On
the other hand, for simpler relationships, there is an advantage for rougher partitions. We further
demonstrate the ability of our regularized method (which aggregates over all partitions) to adapt
and find the best partition size. Moreover, in simulations we show that for complex relationships
all these tests are more powerful than other existing distribution-free tests. In Section 5 we analyze
the yeast gene expression data set from Hughes et al. (2000). With our distribution-free tests, we
discover interesting non-linear relationships in this data set that could not have been detected by
the classical tests, contrary to the conclusion in Steuer et al. (2002) that there are no non-monotone
associations. Efficient implementations of all statistics and tests described herein are available in the
R package HHG, which can be freely downloaded from the Comprehensive R Archive Network,
http://cran.r-project.org/. Null tables can be downloaded from the first author’s web
site.

1.3 Overview of This Paper

They developed an efficient dynamic programming algorithm to determine the optimal partition,
and suggested a distribution-free permutation test to compute the p-value.
Although there are many additional tests for the two-sample problem, the list above contains the
most common as well as the most recent developments in this field. Interestingly, when working
with ranks, the energy test of Székely and Rizzo (2004) and the Cramer–von Mises test turn out to
be equivalent.
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g=1

ADP
I∈Πm

ADP
Mm×m
= max T I .

(4)
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X

I∈ΠADP
m

T I,
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I∈Πm

Mm = max T I .

ADP
Sm×m
=

observations is the same regardless of whether the partition is defined on the original observations
or on the ranked observations, and the statistics we suggest only depend on these cell memberships, we describe the proposed test statistics on the ranked observations, rank(Y ) ∈ {1, ..., N }.
Let Πm denote the set of partitions into m cells. For any fixed partition I = {i1 , . . . , im−1 } ⊂
{1.5, . . . , N − 0.5}, i1 < i2 < . . . < im−1 , C(I) is the set of m cells defined by the partition.
For a cell C ∈ C(I), let oC (g) and eC (g) be the observed and expected counts inside the cell
for distribution g ∈ {1, . . . , K}, respectively. The expected count eC (g) is the width of cell C
based on ranks multiplied by Ng /N , where Ng is the total number observations from distribution
g: e[il ,il+1 ] (g) = (il+1 − il ) × Ng /N , where l ∈ {0, . . . , m − 1}, i0 = 0.5 and im = N + 0.5. We
consider either Pearson’s score or the likelihood ratio score for a given cell C,


K
K
X

2 X
[o
o
C (g) − eC (g)]
C (g)
.
(1)
,
oC (g) log
eC (g)
eC (g) 
tC ∈

T I,

DDP
Mm×m
= max T I .
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m

(5)
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For each of the test statistics in (4) and (5), tables of exact critical values for a given sample
size N can be obtained for small N by generating all possible N ! permutations of {1, . . . , N }.
For each permutation (π(1), . . . , π(N )), the test statistic is computed for the reassigned pairs
(1, π(1)), . . . , (N, π(N )). Clearly, the computation of these null distributions does not depend
on the data, hence the tests based on these statistics are distribution free. As in the case of the Ksample problem, the p-value is the fraction of permutations for which the computed test statistics

I∈ΠDDP
m

X

We consider another test statistic based on DDP, where each set of m − 1 observed points in their
turn define a partition (see Figure 1). This variant has a computational advantage over the ADP
statistic for m < 5, see Remark 3.1. Since all observations have unique
 values, the remaining N −
N
(m−1) points are inside cells defined by the partition. There are m−1
partitions, denote this set of
DDP . As before, since the cell membership of observations is the same regardless of
partitions by Πm
whether the partition is defined on the original observations or on the ranked observations, and the
statistics we suggest only depend on these cell memberships, we describe the proposed test statistics
DDP , the boundaries of C are not
on the ranked observations. For a cell C ∈ C(I), where I ∈ Πm
necessarily defined by two sample points, as depicted at the bottom right panel of Figure 1. We
refer to rl and rh as the lower and upper values of the ranks of X in C, and to sl and sh as the
lower and upper values of the ranks of Y in C, where rl , rh , sl , sh ∈ {1, . . . , N }. Let oC and eC be
the observed and expected counts strictly inside the cell, respectively. The expected count in cell C
with rank range [rl , rh ] × [sl , sh ] is eC = (rh − rl − 1)(sh − sl − 1)/[N − (m − 1)]. We consider
Pearson’s score or the likelihood
P ratio score for a given cell C, and define tC as in (3). For a given
partition I, the score is T I = C∈C(I) tC , and similarly to (4) we define
DDP
Sm×m
=

T I,

cells, where a cell is a rectangular area in the plane. We refer to these partitions as the all derived
ADP . Since the cell membership of observations is the
partitions (ADP) and denote this set by Πm
same regardless of whether the partition is defined on the original observations or on the ranked
observations, and the statistics we suggest only depend on these cell memberships, we describe the
proposed test statistics on the ranked observations, so the N pairs of observations are on the grid
{1, . . . , N }2 . For any fixed partition I = {(i1 , j1 ), . . . , (im−1 , jm−1 )} ⊂ {1.5, . . . , N − 0.5}2 ,
, i1 < i2 < . . . < im−1 , j1 < j2 < . . . < jm−1 , C(I) is the set of m × m cells defined by
the partition. For a cell C ∈ C(I), let oC and eC be the observed and expected counts inside
the cell, respectively. The expected count in cell C with boundaries [ik , ik+1 ] × [jl , jl+1 ] is eC =
(ik+1 − ik ) × (jl+1 − jl )/N , where k, l ∈ {0, . . . , m − 1}, i0 = j0 = 0.5, im = jm = N + 0.5.
As with the K-sample problem, we consider either Pearson’s score or the likelihood ratio score for
a given cell C,


(oC − eC )2
oC
tC ∈
, oC log
.
(3)
eC
eC
P
oC
I
For a given partition I, the score is T I =
C∈C(I) tC (where if tC = oC log eC then T is
the likelihood ratio given the partition). As above, we consider as test statistics aggregation by
summation and by maximization:

I∈Πm

P
PK
(g)
oC (g) log oeCC (g)
For a given partition I, the score is T I = C∈C(I) tC (where if tC = g=1
then
T I is the likelihood ratio given the partition). Our test statistics aggregate over all partitions by
summation (Cramer–von Mises-type statistics) and by maximization (Kolmogorov–Smirnov-type
statistics):
X
(2)

Sm =

Tables of critical values for given sample sizes N1 , . . . , NK can be obtained for (very) small
K N !) reassignments of ranks {1, . . . , N } to K
sample sizes by generating all possible N !/(Πg=1
g
groups of sizes N1 , . . . , NK and computing the test statistic for each reassignment. The p-value is
the fraction of reassignments for which the computed test statistics are at least as large as observed.
When the number of possible reassignments is large, the null tables are obtained by large scale
Monte Carlo simulations (we used B = 106 replicates for each given sample size N1 , . . . , NK ). For
each of the B reassignments selected at random from all possible reassignments, the test statistic is
computed. Clearly, the B computations do not depend on the data, hence the tests based on these
statistics are distribution free. Again, the p-value is the fraction of reassignments for which the
computed test statistics are at least as large as the one observed, but here the fraction is computed
out of the B + 1 assignments that include the B reassignments selected at random and the one
observed assignment, see Chapter 15 in Lehmann and Romano (2005). The test based on each of
these statistics is consistent:
Theorem 1 Let Y be continuous, and X categorical with K categories. Let Ng be the total number
PK
of observations from distribution g ∈ {1, . . . , K}, and N = g=1
Ng . If the distribution of Y
differs at a continuous density point y0 across values of X in at least two categories, label these
1 ,N2 )
1 and 2, limN →∞ min(N
> 0, and m finite or limN →∞ m/N = 0, then the distribution-free
N
permutation tests based on Sm and Mm are consistent.
We omit the proof, since it is similar to (yet simpler than) the proof of Theorem 2 below.
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Test statistics for the independence problem
We now consider the case that X is continuous.

N −1
−1
For N pairs of observations, there are N
m−1 × m−1 partitions of the sample space into m × m
7
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The combined p-values statistic The first type of regularization we suggest is to combine the pvalues from each m, so that the test statistic becomes the combined p-value. Specifically, let pm be
the p-value from a test statistic based on partition size m, be it Sm or Mm for the K-sample problem,
ADP or S DDP for the independence problem. Due to the computational complexity, we do
or Sm×m
m×m
not consider a regularized score for Mm×m . We consider as test statistics the minimum p-value,

An important parameter of the statistics proposed above is m, the partition size. A poor choice of
m may lead to substantial power loss: if m is too small or too large, it may lack power to discover
complex non-monotone relationships. For example, consider the three simulation settings for the
two-sample problem in the first row of Figure 2. The best partition for setting 1, “normal vs. normal
with delta”, for small sample sizes, is intuitively to divide the real line into three cells: until the
start of the narrow peak, the support of the narrow peak, and after the peak ends. Moreover, the best
aggregation method is by maximization, not summation, since there are very few good partitions
that capture the peak and aggregation by summation using m = 3 will aggregate many bad partitions
that miss the peak. Therefore, we expect that M3 will be the most powerful test statistic for setting
1. For setting 2, “Mix. vs. Mix. 3 vs. 4 components”, intuitively it seems best to partition into
more than seven cells, and that many partitions will work well. For setting 3, “normal vs. normal
with many deltas”, it seems best to partition into many cells. Indeed, the power curves in Figure 3
show that for the first setting, Mm is optimal at value m = 3, yet if we use this value for the second
setting, the test has 20% lower power than optimal power (which is 86% at m = 10), and if we
use this value for the third setting, the test has 58% less power than the optimal power (which is
88% at m = 34). Since the optimal choice of m is unknown in practice, we suggest two types of
regularizations which take into consideration the scores from all partition sizes.

2.1 The Proposed Regularized Statistics

Remark 2.1 In this work we assume there are no ties among the continuous variables. In our
software, tied data are broken randomly, so that our test remains distribution free. An alternative
approach, which is no longer distribution free, is a permutation test on the ranks, with average
ranks for ties. Then a tied observation, that falls on the border of a contingency table cell, receives
equal weight in each of the cells it borders with.

See Appendix B for a proof of Theorem 4. The proof of Theorem 3 is omitted since it is similar to
DDP , S ADP ,
that of Theorem 4. See Appendix D for a simulated example of MI estimation using Sm×m
m×m
and the histogram estimator. The ADP estimator is the least variable, as is intuitively expected since
it is the average over many partitions.

ADP , for m large enough,
Connection to the MI An attractive feature of the statistics
Sm and Sm×m
R
is that they are directly associated with the MI ( IXY = h(x, y) log[h(x, y)/{f (x)g(y)}]dxdy for
continuous X and Y ). MI is a useful measure of statistical dependence. The variables X and Y are
independent if and only if the MI is zero. Estimated MI is used in many applications to quantify
the relationships between variables, see Steuer et al. (2002), Paninski (2003), Kinney and Atwal
(2014) and references within. Although many works on MI estimation exist, no single one has
been accepted as a state-of-the-art solution in all situations (Kinney and Atwal, 2014). A popular
estimator among practitioners due to its simplicity and consistency is the histogram estimator, where
the data are binned according to some scheme and the empirical mutual information of the resulting
partition, i.e, the likelihood ratio score, is computed. Intuitively, one can expect that the statistic
ADP , properly normalized, can also serve as a consistent estimator of the mutual information,
Sm×m
when the contingency tables are summarized by the likelihood ratio statistic, since it is the average
of histogram estimators, over all partitions. This intuition is true despite the fact that the number
of partitions goes to infinity, since we show that the convergence is uniform and that the fraction of
“bad” partitions (i.e., partitions with cells that are too big or too small) is small, as long as m goes
to infinity at a slow enough rate.

A proof is given in Appendix A. For finite m, as N → ∞, our test statistics converge to population
measures of deviation from independence that are zero if and only if the independence hypothesis
is true (see Hoeffding (1948a) for a discussion of a similar population quantity when m = 2). For
m growing with N , our test statistics estimate the mutual information, as detailed below.
2
P
C (g))
We note that Thas and Ottoy suggested Sm with tC = 2g=1 (oC (g)−e
in Thas and Ottoy
eC (g)
DDP using Pearson’s score for finite m in Thas and Ottoy (2004). However, they
(2007), and Sm×m
examined in simulations only m ≤ 4. Thanks to the efficient algorithms we developed, detailed
in Section 3, we are able to test for any m ≤ N in the K-sample problem, and for aggregation
by summation in the test of independence. If the aggregation is by maximization in the test of
independence, the algorithm, detailed in Section 3, is exponential in m and thus the computations
are feasible only for m ≤ 4.
We shall show in Section 4 that the power of the test based on a summation statistic can be
different from the power of the test based on a maximization statistic, and which is more powerful
depends on the joint distribution. However, for both aggregation methods, using m > 3 partitions
improves power considerably for complex settings. Therefore, in complex settings our tests with
m > 3 have a power advantage over the classical distribution-free tests, which focused on rough
partitions, typically m = 2.

DDP and M ADP .
2. The test statistics aggregated by maximization: Mm×m
m×m

DDP and S ADP .
1. The test statistics aggregated by summation: Sm×m
m×m

Theorem 4 Suppose the bivariate density of (X, Y ) is continuous with bounded mutual informa√
S ADP
tion. If limN →∞ m/ N = 0, and limN →∞ m = ∞, then N −1m×mN −1 is a consistent estimator
N (m−1)×(m−1)
of the MI.

Theorem 3 Suppose X is categorical with K categories and Y is continuous. Let Ng be the total
P
Ng
number of observations from distribution g ∈ {1, . . . , K}, and N = K
g=1 Ng . If limN →∞ N > 0
Sm
m
for g = 1, . . . , K, limN →∞ N = 0, and limN →∞ m = ∞, then N −1 is a consistent estimator
N (m−1)
of the MI.

are at least as large as the one observed, and when the number of possible permutations is large, the
critical values are obtained by large scale Monte Carlo simulations. The test based on each of these
statistics is consistent:

Theorem 2 Let the joint density of X and Y be h(x, y), with marginal densities f (x) and g(y).
If there exists a point (x0 , y0 ) such that h(x0 , y0 ) is continuous and h(x0 , y0 ) 6= f (x0 )g(y
√ 0 ), i.e.,
there is local dependence at a continuous density point, and if m is finite or limN →∞ m/ N = 0,
then the distribution-free permutation tests based on the following test statistics are consistent:
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Pmmax
log pm . These combined
minm∈{2,...,mmax } pm , as well as the Fisher combined p-value, − m=2
p-values are not p-values in themselves, but their null distribution can be easily obtained from the
null distributions of the test statistics for fixed ms, as follows: (1) for each of B permutations,
compute the test statistics for each m ∈ {2, . . . , mmax }; (2) compute the p-value of each of the
resulting statistics, so for each permutation, we have a set of p-values p2 , . . . , pmmax to combine; (3)
combine the p-values for each of the B permutations. Choose B to be large enough for the desired
accuracy of approximation of the quantiles of the null distribution of the combined p-values used
for testing. Obviously, since the combined p-values are based on the ranks of the data, they are
distribution-free. Since they do not require fixing m in advance, they are a practical alternative to
the tests that require m as input.
In order to examine how close this regularized score is to the optimal m (i.e., the m with highest
power), we looked at the distribution of the ms with minimum p-values in 20,000 data samples
from the above-mentioned three simulation settings. For these settings, using the aggregation by
maximization statistic, the median m of the minimal p-value was: 3 for the first setting, 9 for the
second setting, and 33 for the third setting. Moreover, the first and third quartiles were 3 to 5 for
the first setting, 7 to 14 for the second setting, and 19 to 60 for the third setting. We conclude that
for these examples, the m that achieves the minimum p-values in most runs was remarkably close
to the optimal m (which was 3, 10, and 34 for settings 1,2, and 3, respectively), suggesting that the
power of the minimum p-value statistic is close to that of the statistic with optimal m. Indeed, the
power of the minimum p-values in settings 1-3 using aggregation by maximum was 0.825, 0.799,
and 0.785, whereas the power using the (unknown in practice) optimal m in settings 1-3 was 0.894,
0.86, and 0.88, respectively. Further empirical investigations detailed in Section 4 give additional
support to this regularization method.
An extensive numerical investigation, partially summarized in Appendix G, led us to choose the
minimum p-value as the preferred regularization method. Between the two combining functions, we
preferred the minimum over Fisher, since Fisher was far more sensitive to the choice of the range of
m for combining (see Table 6). This regularized statistic is consistent, as the next theorems show.
Theorem 5 Let Y be continuous, and X categorical. Let Ng be the total number of observaPK
tions from distribution g ∈ {1, . . . , K}, and N =
g=1 Ng . If the distribution of Y differs at
a continuous density point y0 across values of X in at least two categories, label these 1 and 2,
1 ,N2 )
limN →∞ min(N
> 0 , then the permutation test based on minm∈{2,...,mmax } pm is consistent,
N
if:
√
1. it is based on Sm , m ∈ {2, . . . , mmax }, and limN →∞ mmax / N = 0 or mmax is finite.
2. it is based on Mm , m ∈ {2, . . . , mmax } and limN →∞ mmax /N = 0 or mmax is finite.
Theorem 6 Let the joint density of X and Y be h(x, y), with marginal densities f (x) and g(y).
If there exists a point (x0 , y0 ) such that h(x0 , y0 ) is continuous and h(x0 , y0 ) 6= f (x0 )g(y0 ),
i.e., there is local dependence at a continuous density point, then the permutation test based on
minm∈{2,...,mmax } pm is consistent, if
DDP or S ADP , and lim
1/3 = 0 or m
1. it is based on Sm×m
max is finite.
N →∞ mmax /N
m×m
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√
DDP and M ADP , and lim
2. it is based on Mm×m
N →∞ mmax / N = 0 or mmax is finite.
m×m
11
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The proof of Theorem 6 follows in a straightforward way from the proofs of Theorem 2, see Appendix C for details. The proof of Theorem 5 follows similarly from the proof of Theorem 1, and it
is omitted.

{Mm + log[π(I|m)π(m)]},

(6)

The penalized statistic The test statistic is the maximum (over all ms) of the statistic plus penalty.
For the K-sample problem, Jiang et al. (2014) suggested assigning a prior on the partition scheme
and they regularized the likelihood ratio score using this prior. Specifically, they assumed the partition size is Poisson and the conditional distribution on the m partition widths (normalized to sum
to one) is Dirichlet(1, . . . , 1). This led to their penalty term −λ0 (log N )(m − 1), where λ0 > 0
has to be fixed. We assume that the marginal distribution on the partition size is π(m) (e.g., Poisson
or Binomial), and that the prior probability of selecting I given m, π(I|m), is uniform. There is
an important difference between our uniform discrete prior distribution on partitions of size m and
the continuous Dirichlet uniform prior of Jiang et al. (2014). Our prior is uniform on all partitions
that truly divide the sample space into m cells, i.e., we cannot have two partition lines between two
consecutive samples, since this is actually an m − 1 partition. Using the continuous Dirichlet prior
results in practice in at most m partitions, but the partition size may also be strictly smaller than
m if two partition points lie between two sample points. Therefore, their conditional distribution
given the partition size parameter is not necessarily the true size of the partition. Their penalty
translates to a conditional probability given a true partition size m of (N(m−1)!
, compared to our
−1)(m−1)

−1
π(I|m) = 1/ N
m−1 . Therefore, their score penalizes more severely large ms, and their regularized
test statistic has less power when the optimal m is large in our simulations.
For aggregation by maximum in the K-sample problem, we consider the regularized statistic,
max

m∈{2,...,mmax }

{SLRm π(I|m) + log π(m)}

(7)

where we use the likelihood ratio score per partition. Due to the computational complexity, we do
not consider a regularized score for Mm×m . For aggregation by summation, our efficient algorithms
described in Section 3 enable us to consider the penalized average score per m,
max

m∈{2,...,mmax }

where SLRm π(I|m) is Sm divided by the number of partitions of size m for the K-sample test, and
ADP (or S DDP ) divided by the number of partitions of size m × m for the test of independence,
Sm×m
m×m
using the likelihood ratio score per partition. The null distribution of these regularized statistics is
computed by a permutation test, and they are distribution free.
Regularization using priors was less effective
√ than using combined p-values, except when the
Poisson prior was used with parameter λ = N (see Table 7). We preferred the first type of
regularization since it was at least as effective as regularizing by a Poisson prior, without requiring
setting any additional parameters.

3. Efficient Algorithms
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For computing the above test statistics for a given N and partition size m, the computational complexity of a naive implementation is exponential in m. We show in Section 3.1 more sophisticated
algorithms for computing the aggregation by sum statistics for all m ∈ {2, . . . , N } at once that have
complexity O(N 2 ) for the K-sample problem, and O(N 4 ) for the independence problem. This is

12

i=1

r
X

I(gi = g),
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Because the score per partition is a sum of contributions of individual cells, Sm is the sum
over the score per cell, multiplied by the number of times the cell appears in a partition of size m.

and let A(g, 0) = 0. For a cell with rank range [rl , rh ], where rl , rh ∈ {1, . . . , N }, using A, the
count of observations in category g that fall inside the cell can be computed in O(1) operations as
oC (g) = A(g, rh ) − A(g, rl − 1). Therefore, for each cell C the contribution of the cell, tC , can be
computed in O(1) time.

A(g, r) =

For g = 1, . . . , K (the categories of X) and r = 1, . . . , N (the ranks of Y ), we first compute in
O(N ) A as follows:

3.1.1 A LGORITHM FOR THE K-S AMPLE P ROBLEM

Second, because for a fixed m the number of partitions in which a specific cell appears depends only on the width (and for independence testing, also length) of the cell, the data-dependent
computations do not depend on m: the test statistics are the sum of cell scores for every width for
the K-sample test, and for every combination of width and length for the independence test, see
equations (9) and (12). The complexity of the algorithm remains the same even when the scores are
computed for all ms, since the complexity is determined by a preprocessing phase which is shared
by all ms. Therefore, the complexity for the regularized scores is the same as the complexity for a
single m.

The algorithms for aggregation by summation are efficient due to two key observations. First, the
score per partition is a sum of contributions of individual cells, and the total number of cells is much
smaller than the number of partitions (unless m = 2 in the K-sample problem, and m ≤ 4 when
using DDP in the independence problem, see Remark 3.1 below). Therefore, we can interchange
the order of summation between cells and partitions and thus achieve a big gain in computational
efficiency, since it is easy to calculate in how many partitions each cell appears, see equations (8)
and (11).

3.1 Aggregation by Summation

We show in Section 3.2 an algorithm with complexity O(N 3 ) for the K-sample problem for
computing the aggregation by maximum for all m at once. This algorithm also enables calculating
the regularized maximum statistic of Section 2.1 in O(N 3 ). The algorithms for aggregating by
maximum in the independence problem are exponential in m, and therefore infeasible for modest
N and m > 4. However, for m = 3 and m = 4 we provide efficient algorithms with O(N 2 ) and
O(N 3 ) complexity, respectively, for the DDP test statistics.

possible since instead of iterating over partitions, the algorithms iterate over cells. Moreover, the algorithms also enable calculating the regularized sum statistics of Section 2.1 in O(N 2 ) and O(N 4 )
for the K-sample and independence problems, respectively, since we just need to go over the list of
m scores and for each score Sm check its p-value in our pre-calculated null tables, which requires
just an additional O(N log(B)), where B is the null-table size.

DISTRIBUTION-FREE K-SAMPLE AND INDEPENDENCE TESTS

I∈Πm

X
TI =
C∈C

X
tC
I∈Πm

X
I[C ∈ C(I)] =
w=1 C∈C(w)

N
X
X

tC n(w, m, C),

(8)

rl =1∪rh =N

i=1

N
X

I(ri ≤ r and si ≤ s),

(r, s) ∈ {0, 1, . . . , N }2

(10)
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oC = A(rh , sh ) − A(rl − 1, sh ) − A(rh , sl − 1) + A(rl − 1, sl − 1).

We describe the algorithm for the ADP statistic, which selects partitions on the grid {1.5, . . . , N −
0.5}2 on ranked data. The main modifications for the DDP statistic are provided in Appendix E.
The count of samples inside a cell with rank ranges r ∈ [rl , rh ] and s ∈ [sl , sh ] can be computed in
O(1) operations via the inclusion-exclusion principle:

2. B(r, s) = A(r, s).

1. A(r, s) = B(r, s − 1) + B(r − 1, s) − B(r − 1, s − 1) + B(r, s), and

where A(0, s) = 0, A(r, 0) = 0 and F̂ (r, s) = A(r, s)/N . First, let B be the (N + 1) × (N + 1)
zero matrix, and initialize to one B(ri , si ) for each observation i = 1, . . . , N . Next, go over the
grid in s-major order, i.e., for every s go over all values of r, and compute:

A(r, s) =

Let ri be the rank of xi among the observed x values, and si be the rank of yi among the y values
The algorithm first computes the empirical cumulative distribution in O(N 2 ) time and space,

3.1.2 A LGORITHM FOR THE I NDEPENDENCE P ROBLEM

rl 6=1∩rh 6=N

First, in a preprocessing phase, we calculate Ti (w) and Te (w) for all w ∈ {1, . . . , N }. Since tC can
be calculated in O(1), as described above, the calculation of Ti (w) and Te (w) for a fixed w takes
O(N ). Since there are N values for w, we can compute and store all values of Ti (w) and Te (w) in

O(N 2 ). Also in the preprocessing phase, for all u, v ∈ {0, . . . , N } we calculate and store all uv .
This can be done in O(N 2 ) using Pascal’s triangle method.

Given Ti (w), Te (w), w = 1, . . . , N − 1 (which are independent of m!), and all uv , we can
clearly calculate Sm according to equation (9) for any m in O(N ) and therefore for all ms in
O(N 2 ), since m < N . Therefore the overall complexity of computing the scores for all ms is
O(N 2 ).

where C(w) is the collection of cells of width w and n(w, m, C) is the number of partitions that
include C. For computing n(w, m, C), we differentiate between two possible types of cells: edge
cells and internal cells. Edge cells differ from internal cells by having either rl = 1 or rh = N .
The number
− rl + 1 is given by
 of partitions of order m that include an edge cell of width w = rh N
N −1−w
−2−w
.
The
number
of
partitions
including
a
similarly
wide
internal
cell
is
m−2
m−3 . Therefore,
we may write Sm as follows:


N 
N 
X
X
N −2−w
N −1−w
Sm =
Ti (w) +
Te (w),
(9)
m−3
m−2
w=1
w=1
P
P
where Ti (w) =
C∈C(w), tC and Te (w) =
C∈C(w), tC . The algorithm proceeds as follows.

Sm =

Considering further summing cells of width 1 to N , we may write Sm as follows:
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TI =

X

C∈C

tC

X

I∈ΠADP
m

I[C ∈ C(I)] =

N
−2 N
−2
X
X

X

w=1 l=1 C∈C(w,l)

tC n(w, l, m, C),

(11)

Therefore, for each cell C the contribution of the cell tC can be computed in O(1) time. Because
ADP as follows:
the score per partition is a sum of contributions of individual cells, we may write Sm×m
X

I∈ΠADP
m

n(w, l, m)T (w, l),

(12)

where C(w, l) is the collection of cells of width w and length l and n(w, l, m, C) is the number
of partitions that include C. As in the algorithm for the K-sample problem, n(w, l, m, C) depends
only on w, l, m, and whether the cell is an internal cell or an edge cell. For simplification, we discuss
only the computation of the contribution of internal cells to the sum statistic, and non-internal cells
can be handled similarly (as discussed in the algorithm for the K-sample problem). Therefore, our
aim is to compute:
N
−2 N
−2
X
X

w=1 l=1

P
where T (w, l) = C∈C(w,l) tC and n(w, l, m) is the number of partitions that include an internal
cell of width w and length l when the partition size is m and C(w, l) is relabelled to be the collection
of internal cells of width w and length l.
The algorithm proceeds as follows. First in a preprocessing phase we perform two computations: 1) calculate and store T (w, l) for all pairs (w, l) ∈ {1...N − 2}2 . Since tC can be calculated
in O(1), as described above, the calculation of T (w, l) for a fixed (w, l) takes O(N 2 ) and since there
are (N − 2)2 pairs (w, l) the total preprocessing phase takes O(N 4 ); 2) for all u, v ∈ {0, . . . , N }
we calculate and store all u in O(N 2 ) steps using Pascal’s triangle method.
v



−2−w N −2−l
Given T (w, l), and all uv , since n(w, l, m) = Nm−3
m−3 , we can clearly calculate
equation (12) for a fixed m in O(N 2 ) and therefore for all ms in O(N 3 ). Due to the preprocessing
phase the total complexity is O(N 4 ).
Remark 3.1 When it is desired to only compute the statistic for very small m, faster alternatives
exist. For the two-sample problem, for m = 2, the number of partitions is O(N ) and therefore
an O(N log N ) algorithm can be applied that aggregates over all partitions, and the complexity is
dominated by the sorting of the N observations (for m = 3, the number of partitions is already
O(N 2 )). Similarly, for the test of independence, the ADP statistic can be calculated in O(N 2 ) steps
for m = 2, and the DDP statistic in O(N 2 ) for m = 3, and in O(N 3 ) for m = 4, since this is the
order of the number of partitions. Per partition, the computation of the score for m ≤ 4 is computed
in O(1) time since the contribution of a cell can be computed in O(1) time (as shown above). The
DDP statistic for m = 2 can be computed in O(N log N ), using a similar sorting scheme as that
detailed in Heller et al. (2013).
3.2 Aggregation by Maximization
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Algorithm for the K-sample problem Jiang et al. (2014) suggested an elegant and simple dynamic programming algorithm for calculating maxm {Mm − mλ(N )} for any function λ(·) in
O(N 2 ). We present a modification of their algorithm that enables us to calculate Mm for all ms
in O(N 3 ). As a first step, for all i ≤ N and for all j < i we calculate iteratively M (i, j), the
maximum score which partitions the first i samples into j partitions. We compute M (i + 1, j) from
15

a∈{2,...,i}

max {M (a, j − 1) + t[a+0.5,i+1+0.5] },
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M (a, j − 1), a ≤ i using:
M (i + 1, j) =

where t[a+0.5,i+1+0.5] is the score of the cell from a+0.5 to i+1+0.5. This calculation takes O(N ),
and since we have O(N 2 ) such items to calculate, this step takes O(N 3 ). Since Mm = M (N, m),
the overall complexity for computing the scores for all ms is O(N 3 ). Note that this algorithm
enables us to calculate maxm∈{2,...,mmax } {Mm + log[π(I|m)π(m)]} in O(N 3 ) for any function
π(m), thus the regularized test statistic in Section 2.1 can also be computed in O(N 3 ).

Algorithm for the independence problem The algorithm is the same as described in Remark 3.1
for the ADP statistic for m = 2 and for the DDP statistic for m = 3 and m = 4, with the difference
that the aggregation is by maximization (not summation) over the scores per partition. We are not
aware of a polynomial-time algorithm for arbitrary m. We discuss ways to reduce the computational
complexity in Section 6.

Remark 3.2 We show in Appendix F that for univariate data the test of Heller et al. (2013) with
an arbitrary distance metric, with or without ties, can be computed in O(N 2 ) in a similar fashion,
thus improving their algorithm by a factor of log N when X and Y are univariate.

4. Simulations

In simulations, we compared the power of our different test statistics in a wide range of scenarios.
All tests were performed at the 0.05 significance level. Look-up tables of the quantiles of the null
distributions of the test statistics for a given N were stored. Power was estimated by the fraction of
test statistics that were at least as large as the 95th percentile of the null distribution. The null tables
were based on 106 permutations.
The noise level was chosen separately for each configuration and sample size, so that the power
is reasonable for at least some of the variants. This enables a clear comparison using a range of
scenarios of interest. Since the power was very similar for the Pearson and likelihood ratio test
statistics, only the results of the likelihood ratio test statistic are presented.
The simulations for the two-sample problem are detailed in 4.1, and for the independence problem in 4.2. The analysis was done with the R package HHG, now available on CRAN.
4.1 The Two-Sample Problem
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We examined the power properties of the statistic aggregated by summation as well as by maximization for m ∈ {2, . . . , N/2}, as well as the minimum p-value statistic, minm∈{2,...,mmax } pm .
We display here the results for mmax = 149 and N = 500. However, the choice of mmax has little
effect on power, see Appendix G for results with other values of mmax . Also, see Appendix G for
the results for mmax = 29 and N = 100.
We compared these tests to six two-sample distribution-free tests suggested in the literature.
We compared to Wilcoxon’s rank sum test, since it is one of the most widely used tests to detect
location shifts. We compared to two consistent tests suggested recently in the literature, the test of
Jiang et al. (2014), referred to as DS, and the test of Heller et al. (2013) on ranks, referred to as
HHG on ranks. Finally, we compared to the classical consistent tests of Kolmogorov and Smirnov,
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We examined √
the power properties of the ADP and DDP statistics, aggregated by summation for
m ∈ {1, . . . , N }, aggregated by maximization for m ≤ 4, as well as the minimum p-value
statistic min{m∈2,...,mmax } pm based on aggregation by summation. We display here the results for
mmax = 10 and N = 100.
We compared these tests to seven tests of independence suggested in the literature. We compared
to Spearman’s ρ, since it is perhaps the most widely used test to detect monotone associations. We
also compared to previous tests suggested in the literature with the same two important properties
as our suggested tests, namely proven consistency and distribution-freeness, as well as an available
implementation: the test of Hoeffding (1948b), referred to as Hoeffding; the tests of Székely et al.
(2007) and Heller et al. (2013) that first transform the observations of each variable into ranks,
referred to as dCov and HHG, respectively. We also compared to the test of Reshef et al. (2011),

4.2 The Independence Problem

referred to as KS, of Cramer and von Mises (which is equivalent to the energy test of Székely and
Rizzo (2004) on ranks), referred to as CVM, and of Anderson and Darling, referred to as AD.
We examined the distributions depicted in Figure 2. The three scenarios in the third row were
examined in Jiang et al. (2014). The remaining scenarios were chosen to have different numbers of
intersections in the densities, ranging from 2 to 18, in order to examine the effect of partition size
m on power when the optimal partition size increases, as well as verify that the regularized statistic
has good power. The scenarios also differ by the range of support of where the differences in the
distributions lie (specifically, in the first and third scenario in the first row the difference between the
distributions is very local), since this makes the comparison between the two aggregation methods
interesting. We considered symmetric as well as asymmetric distributions. Gaussian shift and scale
setups were considered in Appendix G. Such setups are less interesting in the context of this work,
because if the two distributions differ only in shift or scale then specialized tests such as Wilcoxon
rank-sum for shift will be preferable, but it is important to know that the suggested tests do not break
down in this case. We used 20,000 simulated data sets, in each of the configurations of Figure 2.
Table 1 and Figure 3 show the power for the setups in Figure 2. These results show that if the
number of intersections of the two densities is at least four, tests statistics with m ≥ 4 have an
advantage. Since the classical competitors, KS, CVM and AD, are based on m = 2, they perform
far worse in these setups. Moreover, although HHG and DS have better power than the classical
tests, HHG is essentially an m ≤ 3 test, and DS penalizes large ms severely, therefore their power
is still too low when fine partitioning is advantageous. The minimum p-value statistic, which does
not require to preset m, is remarkably efficient: in Figure 2 we see that in all settings considered, it
is close to the power of the optimal m.
The choice of aggregation by maximization versus summation depends on how local the differences are between the distributions. In Figure 3 we see clearly that when the differences are in
very local areas, maximization achieves the greatest power and the test based on minimum p-value
has more power if the aggregation is by maximization rather than by summation (setups 1, 2, and
13), and aggregation by summation is better otherwise. Note that the optimal m for aggregation
by summation is always larger than for aggregation by maximization. The reason is that in order
to have a powerful statistic aggregated by maximization, it is enough to have one good partition
(i.e., contain cells where the distributions clearly differ) for a fixed m, whereas by summation it is
necessary to have a large fraction of good partitions among all partitions of size m.

DISTRIBUTION-FREE K-SAMPLE AND INDEPENDENCE TESTS

5. Normal vs. Mixture 3 Components
f1=N(0,1)
f2=1/3*(N(−1.122,0.16)+N(0,0.16)+N(1.122,0.16))

8. Symmetric Gaussian mixture
f1=N(0,2.967)
f2=0.5(N(−0.85,1)+N(0.85,1))

11. Mix. vs. Mix., 2 vs. 3 Components
f1=1/2(N(−1,0.0174)+N(1,0.1089))
f2=1/3(N(−1.12,0.004356)+N(−0.88,0.004356)+N(0.9,0.1317))

4. Normal vs. Mixture 2 Components
f1=N(0,1)
f2=0.5(N(−0.866,0.25)+N(0.866,0.25))

7. Cauchy, Shift
f1=cauchy(0.17)
f2=cauchy(−0.17)

10. Asymmetric Mixture vs. Mixture
f1=0.5(N(−1, 0.1806)+N(1,0.36))
f2=0.5(N(−1.1,0.36)+N(1.1,0.180))

12. Mix. vs. Mix., 2 vs. 4 Components, Symmetric
f1=two Normal Components, mu=−1,1, sd=0.165
f2=four Normal components mu=−1.15,−0.85,0.85,1.15, sd=0.099

9. Asymmetric Gaussian mixture
f1=N(0.88, 2.061)
f2=0.1*N(−1.1,1)+0.9*N(1.1,1)

6. Normal vs. Mixture 5 Components
f1=N(0,1)
f2=5 Normal Components,mu= (−1.369, −0.684,
0, 0.684, 1.369),sd=0.25

3. Normal vs. Normal with many deltas
f1=N(0,1)
f2=0.8N(0,1) + 0.2 sampled from (−2,−1.5,−1,...,2)
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Figure 2: The two-sample problem in 13 different setups considered for N = 500, which differ in
the number of intersections of the densities, the range of support where the differences
lie, and whether they are symmetric or not.

13. Mix. vs. Mix., 3 vs. 3 Components, Asymmetric
f1=1/2N(−1, 0.039)+1/4(N(0.88,0.0068)+N(1.12,0.0068))
f2=1/4(N(−1.12,0.0068)+N(−0.88,0.0068))+1/2(N(1,0.039)

2. Mix. vs. Mix., 3 vs. 4 Components
f1= four Normal components at mu=−2,−0.2,0.2,2, sd=0.133
f2= 0.25(N(−1.93,0.198^2)+N(−1.93,0.039))+0.5N(0,0.039)

1. Normal vs. Normal with delta
f1=N(0,1)
f2= 0.8N(0,1)+0.2N(0.4,0.001)

H ELLER , H ELLER , K AUFMAN , B RILL , AND G ORFINE

DISTRIBUTION-FREE K-SAMPLE AND INDEPENDENCE TESTS

JMLR 17(29):1-54

Figure 3: Estimated power with N = 500 sample points for the Mm (black) and Sm (grey) statistics for m ∈ {2, . . . , 149} for the setups of Figure 2. The score per partition was the
likelihood ratio test statistic. The power of the minimum p-value is the horizontal dashed
black line when it combines the p-values based on Mm , and the horizontal dotted grey
line when it combines the p-values based on Sm . The vertical lines show the optimal m
for Mm (black) and Sm (grey).
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1
2
3
4
5
6
7
8
9
10
11
12
13
14

Min. p-value aggregation
by Max
by Sum

0.072
0.000
0.051
0.053
0.048
0.048
0.542
0.033
0.050
0.000
0.004
0.000
0.000
0.050

Wilcox

0.149
0.020
0.078
0.531
0.238
0.240
0.620
0.194
0.253
0.159
0.093
0.005
0.001
0.043

KS

0.108
0.001
0.073
0.458
0.179
0.211
0.627
0.242
0.277
0.119
0.057
0.000
0.000
0.050

CVM

0.099
0.021
0.099
0.495
0.246
0.310
0.577
0.617
0.469
0.395
0.116
0.005
0.013
0.050

AD

0.175
0.344
0.142
0.855
0.484
0.561
0.641
0.749
0.678
0.690
0.302
0.079
0.042
0.050

HHG

0.849
0.560
0.245
0.796
0.556
0.789
0.436
0.835
0.599
0.747
0.440
0.270
0.780
0.050

DS

H ELLER , H ELLER , K AUFMAN , B RILL , AND G ORFINE

Setup

0.825
0.799
0.785
0.827
0.592
0.818
0.339
0.752
0.512
0.711
0.540
0.390
0.844
0.051

0.491
0.873
0.733
0.937
0.686
0.820
0.492
0.775
0.613
0.806
0.686
0.577
0.764
0.051

Normal vs. Normal with delta
Mix. Vs. Mix., 3 Vs. 4 Components
Normal vs. Normal with many deltas
Normal vs. Mixture 2 Components
Normal vs. Mixture 5 Components
Normal vs. Mixture 10 Components
Cauchy, Shift
Symmetric Gaussian mixture
Asymmetric Gaussian mixture
Asymmetric Mixture vs. Mixture
Mix. Vs. Mix., 2 Vs. 3 Components
Mix. Vs. Mix., 2 Vs. 4 Comp., Sym.
Mix. Vs. Mix., 3 Vs. 3 Comp., Asym.
Null

Table 1: Power of competitors (columns 4-9), along with the minimum p-value statistic using the
Mm p-values (column 2) and the Sm p-values (column 3), for N = 500. The score per
partition was the likelihood ratio test statistic. The standard error was at most 0.0035.
The advantage of the test based on the minimum p-value is large when the number of
intersections of the two densities is at least four (setups 2,3,4,5,6,10,11,12, and 13). The
best competitors are HHG and DS, but HHG is essentially an m ≤ 3 test, and DS penalizes
large ms severely, therefore in setups where m ≥ 4 partitions are better they can perform
poorly. Among the two variants in columns 2 and 3, the better choice clearly depends
on the range of support in which the differences in distributions occur: aggregation by
maximum has better power when the difference between the distributions is very local
(setups 1, 3, and 13), and aggregation by summation has better power otherwise. The
highest power per row is underlined.

JMLR 17(29):1-54

referred to as MIC, which is not consistent due to the computational shortcuts they have to use.
We note that the power of the original dCov and HHG was fairly similar to the power of their
distribution-free variants, see Appendix I.
We examine complex bivariate relationships depicted in Figure 4. Most of these scenarios were
collected from the literature illustrating the performance of other methods. Specifically, the first
two rows were examined in Newton (2009), the next two rows are similar to the relationships examined in Reshef et al. (2011), and the Heavisine and Doppler examples in the last row were used
extensively in the literature on denoising, see e.g., Donoho and Johnstone (1995). In all but the
4 Independent Clouds setup, there is dependence. The 4 Independent Clouds setup allows us to
verify that the tests maintain the nominal level. We used 2000 simulated data sets for N = 100 and
N = 300, in each of the configurations of Figure 4. Monotone setups are presented in Appendix
H in Figure 12. Monotone setups are less interesting in the context of this work, because if there
is reason to believe that the dependence is monotone, specialized tests such as Spearman’s ρ or
Kendall’s τ will be preferable, but it is important to know that the suggested tests have reasonable
power, as demonstrated in the results in Appendix H, Figure 13 and Table 10.
Tables 2 and 3, and Figure 5 show the power for the settings depicted in Figure 4. We only
considered the test based on the DDP minimum p-value statistic in Tables 2 and 3, since for the
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Figure 4: Bivariate relationships (in red), along with a sample N = 100 noisy observations (in
blue). The “four clouds” relationship is a null relationship, where the two random variables are independent.
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0.919
0.847
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0.886
0.731
0.995
0.595
0.704
0.949
0.999
0.710
0.949
0.996
0.051

min{m∈2,...,10} pm
0.000
0.013
0.028
0.095
0.000
0.344
0.368
0.064
0.089
0.112
0.048
0.396
0.513
0.000
0.050

Spearman
0.414
0.116
0.413
0.135
0.033
0.655
0.494
0.360
0.160
0.141
0.084
0.493
0.784
0.000
0.057

Hoeffding
0.526
0.074
0.211
0.048
0.046
0.515
1.000
0.303
0.069
0.251
0.093
0.532
0.975
0.561
0.050

MIC
0.361
0.074
0.386
0.124
0.002
0.627
0.415
0.338
0.130
0.140
0.061
0.492
0.744
0.004
0.051

dCov
0.798
0.965
0.784
0.723
0.850
0.768
0.804
0.673
0.706
0.337
0.354
0.585
0.912
0.904
0.050

HHG
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We examine the co-dependence between pairs of genes on chromosome 1 in the yeast gene expression data set from Hughes et al. (2000), which contained N = 300 expression
levels. After

removing genes with missing values, we had 94 genes and a family of 94
=
4371
pairs to ex2
amine simultaneously. Each pair was tested for independence by the tests of Spearman, Hoeffding,

5. Application to Real Data

minimum p-value statistic the tests of ADP and DDP are almost identical. These results provide
strong evidence that for non-monotone noisy dependencies our tests have excellent power properDDP with m ∈ {3, . . . , 10} is more powerful than all other tests in Table 2 in
ties. Specifically, Sm×m
most settings. For example, it had greater power than all competitors in 9 settings with m = 4 and in
11 settings with m = 5, out of the 14 non-null settings. The test based on the minimum p-value has
greater power than all competitors in 7 settings, and it is very close to the best competitor in most of
the other settings. The MIC is best for the Sine example but performs poorly in all other examples.
The minimum p-value statistic is a close second best in the Sine example, with a difference of only
0.005 from MIC, yet all other tests are more than 0.19 below MIC in power. Overall, the HHG test
is the best competitor, but its power is lower than that of the minimum p-value statistic when the
optimal m is greater than 4. Table 3 shows that when aggregating by maximization, the choice of
m matters and the power is higher for m > 2. However, the minimum p-value statistic, which is
aggregated by summation and considers finer partitions, is more powerful for most settings, and is
a close second in the remaining settings.

Table 2: Power of competitors (columns 3–7), along with the DDP minimum p-value statistic for
N = 100. The standard error is at most 0.011. The score per partition was the likelihood
ratio test statistic. The DDP minimum p-value statistic performs very well in comparison
to the other tests. Although the competitors may have greater power in some examples,
the advantage is usually small. By far the best competitor is HHG, yet it has a disadvantage when the relationship is more complex, thus benefiting from the finer partition of the
minimum p-value test, especially in the Sine, Heavisine, Spiral and Circles examples. The
highest power per row is underlined.
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2Parabolas
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Cubic
Sine
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Cross
Spiral
Circles
Heavisine
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5Clouds
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0.655
0.919
0.847
0.844
0.886
0.731
0.995
0.595
0.704
0.949
0.999
0.710
0.949
0.996
0.051

min{m∈2,...,10} pm
0.190
0.272
0.533
0.466
0.222
0.496
0.768
0.410
0.268
0.116
0.085
0.519
0.828
0.062
0.052

DDP
M2×2

0.637
0.931
0.855
0.907
0.880
0.654
0.958
0.536
0.680
0.489
0.606
0.642
0.969
0.999
0.051

DDP
M3×3

0.574
0.912
0.803
0.897
0.884
0.653
0.998
0.478
0.673
0.764
0.844
0.692
0.977
0.999
0.051

DDP
M4×4

0.155
0.247
0.597
0.578
0.170
0.496
0.774
0.455
0.341
0.189
0.088
0.534
0.833
0.076
0.052

ADP
M2×2
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Table 3: The power of different variants aggregated by maximization (columns 3–6), along with
the DDP minimum p-value statistic (column 2) for N = 100. The standard error is at
most 0.011. The score per partition was the likelihood ratio test statistic. Although maximization is better than summation in some examples, the advantage is usually small. The
advantage of the minimum p-value statistic, which is based on aggregation by summation,
is large in the Cubic, Cross, Spiral, and Circles relationships. In most examples, power
increases with m. The power differences between the ADP and DDP variants are small.
We present only the maximum variants that take at most O(N 3 ) to compute, therefore for
ADP only results with m = 2 are presented. The highest power per row is underlined.
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Figure 5: Estimated power as a function of partition size m, with N = 100 sample points, for the
DDP (black) and ADP (grey) summation variants using the likelihood ratio score for the
setups of Figure 4. The score per partition was the likelihood ratio test statistic. For DDP
(black) and ADP (grey), the horizontal dashed line is the power of the minimum p-value
statistic, and the vertical lines is the optimal m.
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Number of rejections
2488
245
2890
3283
2889
3310

Number of intersections
2445
245
2844
3199
2845
3294
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In this paper we proposed new partition-based test statistics for both the independence problem and
the two-sample problem. We proved that the statistics are consistent for general alternatives and
demonstrated in simulations that the power advantage of the tests based on finer partitions can be
great. We further showed that the power of our regularized statistics is very close to that of the
statistics based on the optimal partition size. We recommend the test using the minimum p-value
statistic based on aggregation by summation, unless the alternative is suspected to be of very local
nature. Specifically, in the K-sample problem if the difference between the distributions is on a

6. Discussion

MIC, dCov and HHG on ranks, as well as by our new tests with m ranging from 2 to mmax = 17.
The null tables were based on 20, 000 permutations for N = 300. The adjusted p-values from
the Benjamini–Hochberg procedure (Benjamini and Hochberg, 1995) were computed for each test
statistic.
Table 4 shows the pairwise agreements between the Benjamini–Hochberg procedure at level
0.05 using the different test statistics considered in each row, with the minimum p-value statistic
based on DDP. Clearly, a large number of pairwise associations are missed when testing is performed with Spearman’s ρ compared to the minimum p-value statistic, and only a small number
of gene pairs detected with Spearman are missed by the minimum p-value statistic (row 1 in Table 4). These findings contradict an earlier examination of the data. Steuer et al. (2002) concluded
that the most widely used approach for pairwise association testing, namely Spearman correlation,
performs equivalently to a mutual information based testing approach. The authors speculated that
actual dependencies, if any, are linear. The number of discoveries using MIC, Hoeffding, and dCov
are much smaller than using the minimum p-value statistic. HHG on ranks also discovers less codependencies compared with the minimum p-value statistic. The agreement between the tests based
on DDP and ADP was very high, as seen in the last row of Table 4 and in Figure 6, which shows
DDP and S ADP for m = 2, . . . , 17. We conclude that in this data
the number of rejections for Sm×m
m×m
set there are many nonlinear associations, but powerful tests are necessary in order to detect such
associations in light of the large number of simultaneous tests that have to be carried out, and that
the suggested tests can be valuable tools for this task.
Note that the data had ties due to low precision of the documented expression levels. Ties were
broken randomly, see remark 2.1. Repeated analysis with different seeds provided similar results.

Table 4: Benjamini–Hochberg rejections at level 0.05 for the gene expression problem of Hughes
et al. (2000). For different test statistics (rows), the number of rejections (column 2), and
their intersection with the rejections using the minimum p-value statistic on DDP (column
3). The minimum p-value statistic on DDP had the highest number of rejections, 3312.

Test
Spearman
MIC
Hoeffding
HHG on ranks
dCov on ranks
minimum p-value based on ADP

DISTRIBUTION-FREE K-SAMPLE AND INDEPENDENCE TESTS

2

3
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12
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17
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very small range of the support, then the aggregation by maximization is preferred over aggregation
by summation.
The algorithms described in Section 3.1 for the test of independence based on regularized scores
for a range of m × m partitions can easily be generalized to include mx × my partitions, where
mx 6= my , with the same complexity for the ADP statistic (for the DDP statistic mx = my ).
Considering unequal partition sizes for X and Y is expected to improve power when the (unknown)
optimal partition has an mx value very different than the my value. Moreover, when the (unknown)
optimal partition has mx ≈ my , the power loss from considering the minimum p-value over all
mx × my values instead of over all m × m values is expected to be small.
The algorithms we suggested for the K-sample problem are O(N 2 ) and therefore are feasible even for large N . For the test of independence, even though the complexity of our suggested
algorithms is O(N 4 ), for small N these algorithms can be quite efficient in the following quite
common multiple testing setting in modern studies. If M hypotheses are simultaneously examined
with the same sample size, then the computational complexity of using our distribution-free tests
is O(M × N 4 ) if null table is available for this N , or max{O(M × N 4 ), O(B × N 4 )} if the null
table is generated by the user using B Monte-Carlo replicates for the sample size N . If we needed
to recompute the null distribution for every one of the M hypotheses (as required for permutation
tests that are not distribution-free, such as dCov and HHG), then the computational complexity
would have been O(M × B × N 4 ), which may be infeasible in modern studies where the number
of hypotheses tests simultaneously examined can be several thousands or hundreds of thousands.
Since the null distribution needs to be generated only once in order to compute the significance

Figure 6: Number of discoveries of genes with associated expression patterns in the data of Hughes
DDP (black) and
et al. (2000), by the Benjamini–Hochberg procedure at level 0.05 using Sm×m
ADP (gray) for m = 2, . . . , 17 . In addition, number of rejections using the minimum
Sm×m
p-value statistic with mmax = 17, using the DDP (black horizontal line) and the ADP
(gray horizontal line).
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of all the M test statistics, due to the distribution-free property of our tests, they can be feasible
with today’s computing power even for a few thousands samples. However, computing O(N 4 ) test
statistics is unfeasible for larger sample sizes. To reduce the computational complexity when N is
large, statistics which do not go over all partitions but rather just over a representative sample can
be considered. This approach was used for example
√ in Jiang
√ (2014) for the K-sample problem. A
simple way of doing this is to divide the data into N × N bins and only consider partitions that
do not break up these bins. We expect such statistics to also be consistent and the algorithms that
accompany them to be computable in O(N 2 ).
DDP is recommended,
If one expects relatively simple dependence structures, for large N , the S3×3
since it is both distribution-free and computable in O(N 2 ) (see Remark 3.1). In our simulations
it was as powerful as HHG and more powerful than dCov, and it has the advantage of being
distribution-free.
We focused our attention mainly on comparisons of distribution-free tests. We provided in
Appendix I a comparison of our recommended tests with the non distribution-free HHG test of
Heller et al. (2013) and the dCov test of Székely and Rizzo (2009b). These tests had less power
than our novel distribution-free tests when there is advantage to finer partitions. It is of interest to
examine how the extended α-distance dependence measure suggested in Székely and Rizzo (2009b)
perform in these complex relationships. It is also of interest to compare to the non distribution-free
kernel methods of Gretton et al. (2007) and Gretton et al. (2008). For this purpose, care must be
taken in the choice of kernel bandwidth, see Gretton et al. (2012b).
In this work we restricted our attention to testing an independent sample from the joint distribution. If the paired observations are not independent, but are independent within blocks, we
can easily modify our test by restricting the permutation tests to be within the blocks. When there
is temporal dependence, an interesting work by Chwialkowski et al. (2014) suggested a bootstrap
based approach for kernel based tests. How to modify our test in the face of temporal dependence
is an open question.
A thorough investigation of the suggested mutual information estimator in Section 2 was outside
the scope of this paper, but is of interest for future research. We suspect the asymptotic distribution
of our mutual information estimator has a simple form. The bias of the estimator can be dealt with
by modifying our estimator, and our algorithms accordingly, to only include partitions with cells of
a minimum size, and by bias correction methods suggested in the literature, e.g., Vu et al. (2007).
Although in this work we limited ourselves to a theoretical examination of the ADP summation
statistic for mutual information estimation, we recognize that an estimator based only on the DDP
may be useful, and we plan to explore it in the future.
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Appendix A. Proof of Theorem 2

The proof for the DDP and ADP tests are given in Sections A.1 and A.2 respectively.
A.1 The DDP Test

DDP . For simplicity, we show the proof using Pearson’s test statistic.
Proof Denote Sm×m = Sm×m
The proof using the likelihood ratio test statistic is very similar and therefore omitted. We want to
tab ) = 1,
show that for an arbitrary fixed α ∈ (0, 1), if H0 is false, then limN →∞ P r(Sm×m > S1−α
tab denotes the 1 − α quantile of the null distribution of S
where S1−α
m×m .
If H0 is false, then without loss of generality h(x0 , y0 ) > f (x0 )g(y0 ). Moreover, there exists
a distance R > 0 such that h(x, y) > f (x)g(y) for all points (x, y) in the set A = {(x, y) : x0 ≤
x ≤ x0 + R, y0 ≤ y ≤ y0 + R}. The set A has positive probability, and moreover
A

min[h(x, y) − f (x)g(y)] > 0.

Denote this minimum by c > 0. Clearly, the following two subsets of A have positive probability
as well:

A1 = {(x, y) : x0 ≤ x ≤ x0 + R/4, y0 ≤ y ≤ y0 + R/4}

A2 = {(x, y) : x0 + 3R/4 ≤ x ≤ x0 + R, y0 + 3R/4 ≤ y ≤ y0 + R}.

oC
−
N − (m − 1)
eC
−
N − (m − 1)

Z

f (x)dx

h(x, y)dxdy

! Z

{(x,y):x∈(xi ,xj ],y∈(yi ,yj ]}

Z

!

g(y)dy

= 0,

{y:y∈(yi ,yj ]}

!)

= 0.
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(13)

Denote the probabilities of A1 and A2 by f1 and f2 , respectively.
Let Γ{(x1 , y1 ), . . . , (xN , yN )} be the set of partitions of size m based on at least one sample point
in A1 and on at least one sample point in A2 . Let Ni denote the number of sample points in
Ai , i ∈ {1, 2}. Let I ∈ Γ{(x1 , y1 ), . . . , (xN , yN )} be such a (arbitrary fixed) partition. So for I
there exists (i, j) ⊆ I such that (xi , yi ) ∈ A1 and (xj , yj ) ∈ A2 . Consider the cell C defined by
the two points (i, j).
The fraction of observed counts in the cell C is a linear combination of empirical cumulative
distribution functions

oC
= F̂XY (xi , yi ) + F̂XY (xj , yj ) − F̂XY (xi , yj ) − F̂XY (xj , yi ),
N − (m − 1)

eC
= {F̂X (xj ) − F̂X (xi )}{F̂Y (yj ) − F̂Y (yi )}.
N − (m − 1)

and the expected fraction under the null is a function of the marginal cumulative distributions

(

where F̂ denotes the empirical distribution function based on N − (m − 1) sample points.
By the Glivenko-Cantelli theorem, uniformly almost surely,
lim

N →∞

lim

N →∞

{x:x∈(xi ,xj ]}

28

oC
N −(m−1)

eC
N −(m−1)

{(x,y):x∈(xi ,xj ],y∈(yi ,yj ]}

2

(14)

lim

{(x,y):x∈(x0 +R/4,x0 +3R/4],y∈(y0 +R/4,y0 +3R/4]}

dxdy = c2 R2 /4,

{h(x, y) − f (x)g(y)}dxdy

{h(x, y) − f (x)g(y)}dxdy

{(x,y):x∈(x0 +R/4,x0 +3R/4],y∈(y0 +R/4,y0 +3R/4]}

Z

{(x,y):x∈(xi ,xj ],y∈(yi ,yj ]}

#2
#2
(15)

lim

1
(oC − eC )2
≥ c0
N →∞ N − m + 1
eC




= 1.

(16)

l
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Cl
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l eCl eCl − 1
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eCl
oC − eC 2 X eCl eCl − 1 
P
P
=
≤
=
,
eC
eC
h eCh
l eCl



o

The partition I either contains the cell C, or a group of cells that divide C. By Jensen’s inequality, it follows that if the partition I contains a group of cells that divide C, the score is made larger,
since for any partition of the cell C, C = ∪l Cl ,

Pr

where the first inequality follows since h(x, y) − f (x)g(y) > 0 in A, and the second inequality
(oC −eC )2
1
follows since the minimum value is c > 0. Therefore, it follows that N −m+1
converges
eC
0
2
2
uniformly almost surely to a positive constant greater than c = c R /4,

≥ c2

≥

"Z

N →∞

"Z

a positive lower bound on expression (14) can be obtained:

⊆ {(x, y) : x ∈ (xi , xj ], y ∈ (yi , yj ]},

{(x, y) : x ∈ (x0 + R/4, x0 + 3R/4], y ∈ (y0 + R/4, y0 + 3R/4]}

eC
≤ 1.
where the inequality follows from the fact that N −(m−1)
We shall show that this limit can be bounded from below by a positive constant that depends on
(x0 , y0 ) and R but not on I. Since

N →∞

lim

−
1
(oC − eC )2
= lim
eC
N →∞
N →∞ N − (m − 1)
eC
N −(m−1)

2
oC
eC
≥ lim
−
N →∞ N − (m − 1)
N − (m − 1)
"Z
#2
= lim
{h(x, y) − f (x)g(y)}dxdy ,



l

P

2
(oCl −eCl )2
C)
or (oC −e
eCl
eC
TI
converges
that N −m+1

is part of the sum that defines T I , it follows from equations

(17)

Sm×m
> c0 .
(18)
|Γ|(N − m + 1)

N
We shall show that limN →∞ |Γ|/ m−1
is bounded below by a positive constant. First, we shall
consider the case where m is finite. Then, a subset of Γ{(x1 , y1 ), . . . , (xN , yN )} is the set of
 all
N1
partitions with m − 2 sample points in A1 , and one sample point in A2 . Therefore, |Γ| ≥ m−2
N2 .
N1
(m−2
)N2
Simple algebraic manipulations lead to the following expression for
:
N
(m−1
)

30

Since N1 /N converges almost surely to f1 ∈ (0, 1), it follows that
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−N1
(Nm−1
)
converges almost surely
N
(m−1
)
to zero as m → ∞. Similarly, since N2 /N converges almost surely to f2 ∈ (0, 1), it follows that
−N2

(Nm−1
)
N
converges almost surely to zero. Therefore, |ΓC |/ m−1
converges to zero as N → ∞.
N
(m−1
)

(m − 1)

N2 N1
N1 − m + 3
···
.
N N −1
N −m+2
Since N1 /N converges almost surely to f1 , and similarly N2 /N converges almost surely to f2 , then
( N1 )N2
converges almost surely to a positive constant. Therefore,
for m ≥ 3 finite it follows that m−2
N
)
(m−1

N −1
|Γ|/ m−1 is bounded away from zero. Second, we shall consider the case that m → ∞. The
complement of Γ, ΓC , is the set of contingency tables with no points in A1 or in A2 . An upper
bound for |ΓC | is

 

N − N1
N − N2
+
.
m−1
m−1

N
Note that in order to show that limN →∞ |Γ|/ m−1
is bounded below by a positive constant, since


N
N
|Γ| = m−1
− |ΓC |, it is enough to show that |ΓC |/ m−1
converges to zero as N → ∞. Simple
(N −N1 )
algebraic manipulations lead to the following expression for m−1
:
N
(m−1
)



 

N1
N1
N1 m
1−
··· 1 −
≤ 1−
.
N
N − (m − 2)
N

N →∞

lim

uniformly almost surely to a positive constant greater than c0 .
(17) and (16)
Let |Γ| denote the cardinality of Γ{(x1 , y1 ), . . . , (xN , yN )}. Since I ∈ Γ{(x1 , y1 ), . . . , (xN , yN )}
was arbitrary fixed, and since the convergence for fixed I of tC /[N − (m − 1)] to a limit bounded
1 P
TI
from below by a positive constant was uniform, it follows that |Γ|
I∈Γ N −m+1 converges almost
surely to a positive constant at least as large as c0 . To see this, note that from the uniform convergence in equation (16), it follows that for an arbitrary fixed  > 0, there exists N () (which does not
(oC −eC )2
1
depend on C) such that for all N > N (), N −(m−1)
≥ c0 −  for every C, and therefore
eC
P
TI
1
0
that |Γ| I∈Γ N −m+1 ≥ c −  for all N > N ().
P
Since Sm×m ≥ I∈Γ T I , it follows that almost surely

Since

l

(oC − eC )2 X (oCl − eCl )2
≤
.
eC
eCl

It is important that the convergence be uniform in order to obtain a positive lower bound on the
average over all partitions, see the discussion before equation (18).
Therefore, by Slutsky’s theorem and the continuous mapping theorem, we have that uniformly
almost surely

and therefore
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N
π
(N − m + 1) | ~x, ~y = 0.
Sm×m
≥ c00
m−1

− m + 1) − D/4. Then for N large enough, x > D. It thus follows that

(21)



2 /4)

N
m
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where F̂ denotes the empirical cumulative distribution function based on N sample points.

eC
= {F̂X (x2∗ ) − F̂X (x1∗ )}{F̂Y (y2∗ ) − F̂Y (y1∗ )},
N

and the expected fraction under the null, is a function of the cumulative marginal distributions

oC
= F̂XY (x1∗ , y1∗ ) + F̂XY (x2∗ , y2∗ ) − F̂XY (x1∗ , y2∗ ) − F̂XY (x2∗ , y1∗ ),
N

ADP >
Proof We want to show that if H0 is false, then for an arbitrary fixed α, limN →∞ P r(Sm×m
tab ) = 1, where S tab denotes the 1 − α quantile of the null distribution of S ADP . We use
S1−α
m×m
1−α
A, c, A1 , A2 , f1 , f2 as defined in the beginning of Appendix A of the main text.
For the ADP test, recall that the partitioning is based on selecting m−1 points from 1.5, . . . , N −
0.5 for the partitions of the ranked x-values, and separately for the partitions of the ranked y-values.
For a fixed rectangle, we say a grid point (i + 0.5, j + 0.5) is in the rectangle if the two x-values
with ranks i and i + 1, and the two y-values with ranks j and j + 1, are in the rectangle, for
(i, j) ∈ {1, . . . , N }2 . Let Γ{(x1 , y1 ), . . . , (xN , yN )} be the set of partitions of size m with at least
one grid point in A1 and at least one grid point in A2 . Let Nix be the number of x-coordinates
of the grid points in Ai , i ∈ {1, 2}, and Niy be the number of y-coordinates of the grid points in
Ai , i ∈ {1, 2}.
Let I ∈ Γ{(x1 , y1 ), . . . , (xN , yN )} define an (arbitrary fixed) ADP partition in Γ. There exist
two x-values in A1 that are separated by a grid point in I, and two x-values in A2 that are separated
by a grid point in I, denote the average of these two x-values by x1∗ and x2∗ . Let y1∗ and y2∗ be
similarly defined for the y-values.
Let C be the cell defined by the points (xi∗ , yi∗ ), i = 1, 2. The fraction of observed counts in the
cell C is a linear combination of empirical cumulative distribution functions

A.2 The ADP Test

c
m×m
N −m+1 will be above 2 goes to zero when the null is true. It follows that the null hypothesis will
be rejected with asymptotic probability one when it is false.

M DDP

m×m
verges uniformly almost surely to a positive constant greater than c0 (16), it follows that N −m+1
converges uniformly almost surely to a positive constant greater than c0 when the null is false. From
(24) it follows that as N → ∞, with limN →∞ √mN = 0, the probability that the test statistics

Since we found contingency tables for which under the alternative the test statistic

it follows that the expression in (24) goes to zero as N → ∞.

c0

where the last inequality follows from (23). Since

(N − m + 1)

Sm×m

is bounded below by a positive constant, it follows from (18) that



e−( 8 (N −m+1)−(m−1)

lim

N →∞

N
m−1

(19)
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Since limN →∞ |Γ|/
almost surely



N
2
m−1 (m − 1)

N
m−1 (N − m +





N
π
P r Sm×m
≥ c00
(N − m + 1) | ~x, ~y ≤
m−1
c00

(20)

for some constant c00 > 0.
π
Consider now a random permutation (πy1 ), . . . , (πyN ) of the y-values y1 , . . . , yN . Let Sm×m
be the test statistic that is computed from the data (x1 , πy1 ), . . . , (xN , πyN ). Therefore, by Markov’s
inequality,

≈

lim√
Pr
N →∞,m/ N →0

where ~x = (x1 , . . . , xN ) and ~y = (y1 , . . . , yN ). The approximation in (20) becomes more accurate
the larger N is, since each of the contingency tables is approximately χ2 with (m − 1)2 degrees of
freedom. The right hand side of equation (20) goes to 0 as N → ∞, as long as limN →∞ √mN = 0.
Thus,

c0
8 (N

(23)

We now have all the necessary results to complete the proof. Specifically,




N
tab
lim P r(Sm×m ≤ S1−α
) ≤ lim P r Sm×m ≤ c00
(N − m + 1) = 0,
N →∞
N →∞
m
−
1

tab is below c00 N (N − m + 1) for N large
where the inequality follows from (21), since S1−α
m−1
enough, and the equality follows from (19), thus proving item 1 of Theorem 2.
To prove item 2, we will use the following inequality for chi-square distributions, which appears
in equation (4.3) of Laurent and√Massart (2000): for U a χ2 statistic with D degrees of freedom, for
any positive x, P r(U − D ≥ 2 Dx + 2x) ≤ e−x .
Let I be a fixed arbitrary partition of size m. Since for N large enough, under the null hypothesis, T I is approximately a χ2 statistic with D = (m − 1)2 degrees of freedom, it thus follows that
for x > D,
P rH0 (T I − D ≥ 4x) ≤ e−x .
(22)
Let x =

c0
c0
c0
2
P rH0 (T I ≥ (N − m + 1)) ≤ e−( 8 (N −m+1)−D/4) ≤ e−( 8 (N −m+1)−(m−1) /4)
2

(24)
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By Bonferroni’s inequality,




X
c0
c0
DDP
P rH0 Mm×m
≥
(N
−
m
+
1)
≤
P rH0 T I ≥ (N − m + 1)
2
2
DDP
I∈Πm
 
N −( c0 (N −m+1)−(m−1)2 /4)
,
e 8
m
≤

31

(

eC
−
N

oC
−
N

Z

{x:x∈(x∗1 ,x∗2 ]}

f (x)dx

h(x, y)dxdy

{y:y∈(y1∗ ,y2∗ ]}

! Z

{(x,y):x∈(x∗1 ,x∗2 ],y∈(y1∗ ,y2∗ ]}

Z

!
g(y)dy

= 0,
!)
= 0.
(25)

{(x,y):x∈(x∗1 ,x∗2 ],y∈(y1∗ ,y2∗ ]}

oC
N


eC 2
N

{h(x, y) − f (x)g(y)}dxdy

eC
N

−

#2
,

(26)

{(x,y):x∈(x0 +R/4,x0 +3R/4],y∈(y0 +R/4,y0 +3R/4]}

Z

#2

dxdy = c2 R2 /4,

{h(x, y) − f (x)g(y)}dxdy

{h(x, y) − f (x)g(y)}dxdy

{(x,y):x∈(x0 +R/4,x0 +3R/4],y∈(y0 +R/4,y0 +3R/4]}

{(x,y):x∈(x∗1 ,x∗2 ],y∈(y1∗ ,y2∗ ]}

"Z
#2

33
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The partition I either contains the cell C, or a group of cells that divide C. By Jensen’s inequality, it follows that in the latter case the score is made larger, see the arguments leading to expression

where the first inequality follows since h(x, y) − f (x)g(y) > 0 in A, and the second inequality fol2
C)
lows since the minimum value is c > 0. Therefore, it follows that N1 (oC −e
converges uniformly
eC
0
2
2
almost surely to a positive constant greater than c = c R /4,


1 (oC − eC )2
≥ c0 = 1.
(27)
P r lim
N →∞ N
eC

≥ c2

≥

"Z

N →∞

lim

a positive lower bound can be obtained:

⊆ {(x, y) : x ∈ (x∗1 , x∗2 ], y ∈ (y1∗ , y2∗ ]},

{(x, y) : x ∈ (x0 + R/4, x0 + 3R/4], y ∈ (y0 + R/4, y0 + 3R/4]}

where the inequality follows from the fact that eNC ≤ 1.
We shall show that the limit (26) can be bounded from below by a positive constant that depends
on (x0 , y0 ) and R but not on I. Since

N →∞

1 (oC − eC )2
lim
= lim
N →∞ N
N →∞
eC
o

2
eC
C
≥ lim
−
N →∞ N
N
"Z
= lim

Therefore, by Slutsky’s theorem and the continuous mapping theorem, we have that uniformly
almost surely

N →∞

lim

N →∞

lim

By the Glivenko-Cantelli theorem, uniformly almost surely,
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Sm×m
c0
≥ .
|Γ|N
2

(28)

N2x N1x
N1x − m + 3
···
.
N −1N −2
N −1−m+2

34

Since N1x /N converges almost surely to a positive fraction

x0

f (x)dx, it follows that
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1x )
(N −1−N
m−1
N −1
(m−1
)
converges almost surely to zero. Similarly, since N2x /N , N1y /N and N2y /N converge almost
2y
2x ) (N −1−N1y )
(N −1−N
)
(N −1−N
m−1
m−1
m−1
surely to positive fractions, it follows that respectively,
,
, and
conN −1
N −1
N −1
(m−1)
(m−1)
(m−1
)


−1 N −1
verge almost surely to zero. Thus |ΓC |/{ N
}
converges
almost
surely
to
zero.
m−1 m−1

R x0 +R/4


 
 

N1x
N1x
N1x m
1−
··· 1 −
≤ 1−
.
N −1
N − 1 − (m − 2)
N −1





−1 N −1
N −1 N −1
C
C
Note that since |Γ| = { N
m−1 m−1 } − |Γ |, it is enough to show that |Γ |/{ m−1 m−1 } converges to zero as N → ∞. Simple algebraic manipulations lead to the following expression for
1x )
(N −1−N
m−1
:
N −1
(m−1
)

 
 

 

 
N − 1 − N2y
N − 1 − N2x
N − 1 − N1y
N −1
N − 1 − N1x
+
+
+
m−1
m−1
m−1
m−1
m−1

R x +R/4
f (x)dx, and similarly N2x /N converges almost
Since N1x /N converges almost surely to x00
R x0 +R
( N1x )N2x
surely to x0 +3R/4 f (x)dx, then for m ≥ 3 finite it follows that m−2
converges almost surely to
N −1
(m−1
)
N1y
(m−2
)N2y
a positive constant. Similarly, N −1 converges almost surely to a positive constant. Therefore,
(m−1)


−1 N −1
|Γ|/{ N
m−1 m−1 } is bounded away from zero.
Second, we shall consider the case that m → ∞. The complement of Γ, ΓC , is the set of
contingency tables with no grid point in A1 or in A2 . An upper bound for |ΓC | is:

(m − 1)



−1 N −1
We shall show that limN →∞ |Γ|/{ N
m−1 m−1 } is bounded below by a positive constant. First,
we shall consider the case that m is finite. In this case, a subset of Γ{(x1 , y1 ), . . . , (xN , yN )} is
the set of all partitions with m − 2 grid
in A1 , and one grid point in A2 , for both x-values
 points
N1y 
N1x
N2y . Simple algebraic manipulations lead to the
and y-values. Therefore, |Γ| ≥ m−2
N2x m−2
N1x
(m−2
)N2x
following expression for N −1 :
(m−1)

N →∞

lim

(17). It thus follows that the score T I /N converges uniformly almost surely to a positive constant
greater than c0 .
Let |Γ| denote the number of Γ{(x1 , y1 ), . . . , (xN , yN )}. Since I ∈ Γ{(x1 , y1 ), . . . , (xN , yN )}
1 P
TI
was arbitrarily fixed, it follows that |Γ|
I∈Γ N converges almost surely to a positive constant
P
0
I
greater than c /2. Since Sm×m ≥ I∈Γ T , it follows that almost surely,
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N −1
m−1

lim
N −1
m−1
m−1

Sm×m
 N −1

N

≥ c00 ,
(29)

} is bounded below by a positive constant, it follows from

N →∞

N −1
m−1
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Since limN →∞ |Γ|/{
(28) that almost surely,








π
E(Sm×m
| ~x, ~y )
N −1 N −1
π
N | ~x, ~y ≤
P r Sm×m
≥ c00


−1 N −1
m−1
m−1
c00 N
m−1 m−1 N


(30)

for some constant c00 > 0.
π
Consider now a random permutation (πy1 ), . . . , (πyN ) of the y-values y1 , . . . , yN . Let Sm×m
be the test statistic that is computed from the data (x1 , πy1 ), . . . , (xN , πyN ). By Markov’s inequality,

≈

N −1 N −1
2
m−1 m−1 (m − 1)
,


−1 N −1
c00 N
m−1 m−1 N






N −1 N −1
π
Sm×m
≥ c00
N | ~x, ~y = 0.
m−1
m−1

(31)

where ~x = (x1 , . . . , xN ) and ~y = (y1 , . . . , yN ). The approximation in (30) becomes more accurate
the larger N is, since each of the contingency tables is approximately χ2 with (m − 1)2 degrees of
freedom. The right hand side of equation (30) goes to zero as N → ∞, as long as limN →∞ √mN = 0.
Thus,
lim√
Pr
N →∞,m/ N →0

We now have all the necessary results to complete the proof. Specifically,



 
N −1 N −1
lim P r(S
≤ S tab ) ≤ P r S π
≤ c00
N = 0,
(32)
m×m
1−α
m×m
N →∞
m−1
m−1


tab is below c00 N −1 N −1 N for N large enough,
where the inequality follows from (31), since S1−α
m−1 m−1
and the equality follows from (29), thus proving item 1 of Theorem 1 for the ADP summation
statistic.

Z

c(FX (x), FY (y))f (x)g(y) log c(FX (x), FY (y))dxdy

Appendix B. Proof of Theorem 4

=

c(u, v) log c(u, v)dudv = −HU V .
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(33)


 ADP
Sm×m (L)
Proof We want to show that for all  > 0, limN →∞ P r
− IXY >  = 0 if limN →∞ √mN =
N |Π|

 2
−1
0 and limN →∞ m = ∞, where |Π| = N
is the number of partitions.
m−1
For continuous marginals, the copula function of the joint distribution of (X, YR) is unique, denote it by c(u, v). The mutual information is the negative copula entropy, HU V = − c(u, v) log c(u, v)dudv,
Z
IXY

=

35

X

C∈C(I)

Pr
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rh (C) sl (C)
sh (C)
rl (C)
≤U ≤
,
≤V ≤
N
N
N
N

oC =

N
X

i=1

X

Cx ∈Cx (I)

X

Cy ∈Cy (I)




rl (C)
rh (C) sl (C)
sh (C)
log P r
≤U ≤
,
≤V ≤
.
N
N
N
N

rh (Cx ) − rl (Cx )
log
N

rh (Cy ) − rl (Cy )
log
N



rh (Cx ) − rl (Cx )
N

rh (Cy ) − rl (Cy )
N



,

,

I(rl (C) ≤ ri ≤ rh (C), sl (C) ≤ si ≤ sh (C)).



Consider an arbitrary fixed partition I = {(i1 , j1 ), . . . , (im−1 , jm−1 )} ⊂ {1.5, . . . , N − 0.5}2 .
Recall that C(I) is the set of m × m cells that are defined by the partition. For a cell C, let rl (C)
and rh (C) be, respectively, the lowest and highest x-grid integer values in C. Similarly, let sl (C)
and sh (C) be, respectively, the lowest and highest y-grid integer values in C.
The entropy of the partition I is
I
HU
V =−

C∈C(I)

 
X oC
o
C
log
,
N
N

The corresponding empirical (plug in) estimator is
ĤUI V = −

HUI = −

HVI = −



Let HUI and HVI be the fixed marginal entropies of the partition I:


= −

= −

= −

X

C∈C(I)

X

C∈C(I)

X

C∈C(I)

X

C∈C(I)

oC log



rh (C) − rl (C)
N

sh (C) − sl (C)
N



P r(rl (C) ≤ U ≤ rh (C), sl (C) ≤ V ≤ sh (C)) log
oC log

P r(rl (C) ≤ U ≤ rh (C), sl (C) ≤ V ≤ sh (C)) log





sh (C) − sl (C)
N

rh (C) − rl (C)
N





.(37)

(36)

(35)

where Cx (I) and Cy (I) are the intervals induced by I in x and in y, respectively. Note that given
I, the observed and expected margins of the partitions are fixed, and therefore


(34)
HUI

HVI

= −

=

C∈C(I)

oC log

oC
eC

The following simple derivation shows that the likelihood ratio score T I is a linear combination
of ĤUI V , HUI and HVI :
X
TI

X

C∈C(I)
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X
X
oC
eC
=
oC log
−
oC log
N
N
C∈C(I)
C∈C(I)


rh (C) − rl (C) sh (C) − sl (C) 1
oC log N
N
N
N

= −N ĤUI V −

= −N ĤUI V + N HUI + N HVI ,

36



I

I

I

X
X
(−ĤUI V + E(ĤUI V )) +
(−E(ĤUI V ) + HUI V )

X
(−ĤUI V + E(ĤUI V ))| > |Π|/3)

I

I

X
P

(40)

(39)

1
(log N )2

√

N ) and lim

I

N →∞ O(N

√

N )e

(41)

37

probability goes to zero as N → ∞, since |Π| is O(N
0.

=
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1
2 /9
−N
2
(log N )2

P
where the first inequality follows from the fact that {| I (ĤUI V − E(ĤUI V ))| ≥ |Π|/3} ⊆
{∪I∈Π (ĤUI V − E(ĤUI V )) ≥ /3} and Bonferroni’s inequality, and the second inequality follows
from the upper bound (3.4) in Paninski (2003) for the plug in estimator for a given partition I. This

≤ |Π|3e

−N
2 /9
2

I

Bonferroni’s inequality.
We will show that the three probabilities (38)–(40) vanish as N → ∞, m → ∞, √mN → 0, thus
proving the theorem.
The probability (38) can be upper-bounded as follows,
!


X
X
I
I
Pr |
(ĤU V − E(ĤU V ))| ≥ |Π|/3 ≤
P r |(ĤUI V − E(ĤUI V ))| ≥ /3

I
I (−ĤU V

P

(−HUI V + HUI + HVI + HU V )| > |Π|/3),

(−E(ĤUI V ) + HUI V )| > |Π|/3)

(38)

where the last inequality follows from {|
+ E(ĤUI V ))| + | I (−E(ĤUI V ) + HUI V )| +
P
P
| I (−HUI V + HUI + HVI + HU V )| > |Π|} ⊆ {(| I (−ĤUI V + E(ĤUI V ))| > |Π|/3) ∪
P
P
I
I
I
(| I (−E(ĤU V ) + HU V )| > |Π|/3) ∪ | I (−HU V + HUI + HVI + HU V )| > |Π|/3} and

+P r(|

X

I

(−HUI V + HUI + HVI + HU V )| > |Π|)

+P r(|

I

X

I

≤ P r(|

+|

I

X
X
(−ĤUI V + E(ĤUI V ))| + |
(−E(ĤUI V ) + HUI V )|

≤ P r(|

I

X
+
(−HUI V + HUI + HVI + HU V )| > |Π|)

= P r(|

Pr


 P I

ADP
Sm×m
I Tm×m (L)
− IXY >  = P r
− IXY > 
N |Π|
N |Π|
!
P
I + H I − Ĥ I )
(H
I
U
V
UV
+ HU V > 
= Pr
|Π|
X
I
= P r(|
(HU + HVI − ĤUI V + HU V )| > |Π|)

where the last equality follows from equations (34) and (36).
Let E(·) denote the expectation of a random variable. We bound from above our probability of
interest by a sum of three probabilities as follows.
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I

X
(E(ĤUI V ) − HUI V )| ≤ |Π| log(1 +

(m − 1)2 − 1
)
N

P r(rl (C) ≤ U ≤ rh (C), sl (C) ≤ V ≤ sh (C)) log

P r(rl (C) ≤ U ≤ rh (C), sl (C) ≤ V ≤ sh (C)) log

sh (C) − sl (C)
N

rh (C) − rl (C)
N

C∈C(I)

X rh (C) − rl (C) sh (C) − sl (C)
c(uC , vC ) log c(uC , vC ) − HUI − HVI ,
N
N

C∈C(I)

X

C∈C(I)

X

C∈C(I)

X rh (C) − rl (C) sh (C) − sl (C)
c(uC , vC ) log c(uC , vC )
N
N

C∈C(I)

sh (C)−sl (C)
N

38

|(−HUI V + HUI + HVI + HU V )| < /3.

< d and
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rh (C)−rl (C)
N

X rh (C) − rl (C) sh (C) − sl (C)
c(uC , vC ) log c(uC , vC ) + HU V | < /3.
N
N
Therefore, it follows that for any partition I ∈ Π for which all cells satisfy
< d, then we have

|

where the last equality follows from equations (35) and (37).
By the definition of the Riemann integral, expression (42) can be made arbitrarily close to
l (C)
< d and
−HU V . Specifically, there exists a 0 < d() < 1 such that if all cells satisfy rh (C)−r
N
sh (C)−sl (C)
<
d,
then
N

=

+

+

=

C∈C(I)

rh (C) − rl (C) sh (C) − sl (C)
.
N
N

(43)

(42)

−HUI V


X
rh (C) − rl (C) sh (C) − sl (C)
rh (C) − rl (C) sh (C) − sl (C)
=
log c(uC , vC )
c(uC , vC )
N
N
N
N

Therefore,

P r(rl (C) ≤ U ≤ rh (C), sl (C) ≤ V ≤ sh (C)) = c(uC , vC )

By the mean value theorem, for cell C there exists a point (uC , vC ) in C such that

Clearly, the RHS is below |Π|/3 for N large enough, if limN →∞ √mN = 0.
It remains to show that (40) vanishes as N → ∞. This event is not random, so we will show
that
P
| I (−HUI V + HUI + HVI + HU V )|
lim
< /3.
N →∞
|Π|

|

P
The event in the second probability (39) is not random, so we need to show that | I (E(ĤUI V )−
|Π|/3 for N large enough. Proposition 1 in Paninski (2003) states that 0 ≤ (HUI V −
2 −1
). Therefore,
≤ log(1 + (m−1)
N

HUI V )| <
E(ĤUI V ))
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2m
N −1
m−1





N
m−1

 2

N (1−d)
m−1



≤ 2m(1 − d)m−1 .

l (C)
It remains to show that the contribution of the fraction of partitions that do not satisfy rh (C)−r
<
N
l (C)
d and sh (C)−s
< d goes to zero as N → ∞. Since the probability of selecting an x-value (or
N
y-value) for a partition that will have a cell larger than d is 1 − d, the fraction of “bad” partitions is
upper-bounded by

I
I (−HU V

P

Since m → ∞ the fraction of bad partitions goes to zero.
Note that |(−HUI V + HUI + HVI + HU V )| is at most O(log m2 ) because by Jensen’s inequality,
|HUI V | ≤ log m2 , |HUI | ≤ log m2 , |HVI | ≤ log m2 , and |HU V | = IXY is assumed to be bounded.
Therefore,
|


+ HUI + HVI + HU V )|
≤ /3 + O log m2 m(1 − d)m−1 .
|Π|

Since the second term of the RHS goes to zero as N → ∞, m → ∞, √mN → 0, the proof is complete.

Appendix C. Proof of Theorem 6

min

m∈{2,...,mmax }

p2 , . . . , p m .

Proof We shall prove items 1 and 2 for the DDP statistic only, since the proof for the ADP statistic
is very similar. We shall use the notation of Section A.1. Let m̂ be the value of m with minimum
p-value,
m̂ = arg

lim

N →∞



N
m̂−1

(N − m̂ + 1)

Sm̂×m̂

≥ c00 .

To prove item 1, we note that from equation (19) it follows that under the alternative,

max

m∈{2,...,mmax } c00

N
2
m−1 (m − 1)

N
m−1 (N − m +

1)

≤ mmax

(mmax − 1)2
,
c00 (N − mmax + 1)

Under the null,




N
π
00
P r Sm̂×
(N
−
m̂
+
1)
|
~
x
,
~
y
m̂ ≥ c
m̂ − 1




m
max
X
N
≤
P r Sπ
≥ c00
(N − m + 1) | ~x, ~y
m×m
m−1

m=2

≤ mmax

JMLR 17(29):1-54

where the first inequality is the Bonferroni inequality, and the second inequality follows from equation (20). Since the last term goes to 0 as N → ∞ if limN →∞ m/N 1/3 = 0, the proof of item 1 is
complete.
39

≤ mmax
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c0

e−( 8 (N −mmax +1)−(mmax −1)

2 /4)

c0

= O(e−( 8 N ) ),

N
mmax



is at most O(N ×



 m

max
X
c0
c0
DDP
DDP
≥ (N − m + 1)
P rH0 Mm×m
P rH0 Mm̂×
(N − m̂ + 1) ≤
m̂ ≥
2
2
m=2
 
N −( c0 (N −m+1)−(m−1)2 /4)
≤ mmax
max
e 8
m∈{2,...,mmax } m


c0
N
2
e−( 8 (N −mmax +1)−(mmax −1) /4) ,
mmax

The proof of item 2 is very similar to the proof in Section A.1, the only modification is an
additional application of Bonferroni’s inequality under the null:

√

N ), and since

where the first inequality in the last row follows from (24). Since mmax
N

it follows that the last expression goes to zero as N → ∞.

Appendix D. An Example of Mutual Information Estimation

We examined our suggested estimator in the following setup. For m = 15 and N ∈ {300, 1000}
sample points drawn from a two–component Gaussian mixture, we simulated 50 data sets and comDDP , S ADP , and the histogram estimator. The
puted the estimated mutual information using Sm×m
m×m
Gaussian mixture density was
  


 

0.5
0.05 0.025
0.125
0.01 0
,
+ 0.2 × fN
,
,
0.5
0.025 0.05
0.675
0 0.01
0.8 × fN

where fN (µ, Σ) is the bivariate normal distribution with mean µ and covariance matrix Σ. For
each partition, we applied the Miller–Madow correction (Paninski, 2003), a simple and well-known
modification that estimates the systematic error of the histogram estimators and improves the finitesample properties of these estimators. We compared it to the histogram estimator, as well as to the
estimator based on the DDP statistic that considers only a subset of all possible partitions. Table 5
shows that the variability and the bias decrease as N increases for all estimators, and that the ADP
estimator is the least variable, as is intuitively expected since it is the average over many partitions.
In practice, it is difficult to identify the optimal m: it should not be too small so that the local
dependence structure is not missed, causing large bias, nor should it be too large so that the grid
created is too sparse, causing large variance.

Appendix E. Algorithm for the DDP Statistic
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For the DDP statistic, the algorithm is very similar to that for the ADP statistic, except that only
DDP are considered on the grid of ranked data {1, . . . , N }2 . The algorithm is slightly more complex
because the number of partitions that include a cell C depends on the partition size m, on the data,
and on the type of cell, with four possible types. Specifics follow for internal cells. The first type
is a cell C for which there is a sample point that falls on the boundary of C but not on one of its

40

N = 1000
0.1854 (0.0029)
0.1879 (0.0022)
0.1860 (0.0021)

n(OU T, m)

C∈C(OU T )

X

41

tC =

OU T =2

N
−2
X

(44)
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n(OU T, m)T (OU T ).

The algorithm proceeds as follows. First in a preprocessing phase we perform two computations: 1)go over all cells and calculate tC and OU T for each cell and update T (OU T ) =
T (OU T ) + tC . This stage takes O(N 4 ); 2) for all u, v ∈ {0, . . . , N } we calculate and store
all uv in O(N 2 ) steps using Pascal’s triangle method.

OU T =2

N
−2
X

The third and fourth type are cells defined by three or four observed points, respectively, see
Figure 7 (middle and right panels). Now the number of DDP that include C is exactly the number
of ways to choose m − 4 and m − 5 points, respectively, from the points in the four outer areas.
Again, the number of points in the four outer areas is calculable in O(1) using A. Since all cells are
defined by two, three, or four points, there are no additional types of cells.
Let us denote the number of sample points in the four outer areas of a cell C by OU T . Further
denote by C(OU T ) the group of all cells which have exactly OU T points in the outer areas. For the
sake of brevity, lets consider only cells of type 2. Similarly to equation (12) for the ADP statistic,
DDP of internal cells of type 2 can be written as
the contribution to the score Sm×m

oC = A(rh − 1, sh − 1) − A(rl , sh − 1) − A(rh − 1, sl ) + A(rl , sl ).

corners. Then no DDP can ever have C as a cell, and therefore the number of DDP that include C
is zero. For example, in Figure 7 (middle panel), if the open circle is an observation, and therefore
the filled circle with the same y value is not, since there are no ties, then any DDP with this y value
will necessarily partition C at the x value of the open circle observation, and thus C cannot be a
cell in any DDP. For the remaining three types of cells, if there are sample points that fall on the
boundary of C they are necessarily on the corners of C. These types of cells differ by the number
of observations that determine the cell. The second type is a cell C defined by two observed points.
Then, the number of DDP that include C is the number of ways to choose m − 3 points from the
points in the four outer areas defined by (0, rl ) × (0, sl ), (0, rl ) × (sh , N ], (rh , N ] × (0, sl ), and
(rh , N ] × (sh , N ], see Figure 7 (left panel) for illustration. The number of points in the four areas is
calculable in O(1) using A, as defined in equation (10). Specifically, the count of samples that fall
strictly inside any cell with rank ranges r ∈ [rl , rh ] and s ∈ [sl , sh ] is:

Table 5: The average (standard error) of the mutual information estimates using random samples
of size 300 (column 2) and 1000 (column 3) from the two component Gaussian mixture,
by the following methods: the naive histogram estimator that partitions each axis to 15
ADP /(N |ΠADP |), and S DDP /(N |ΠDDP |). The true mutual
intervals of equal count, S15×15
15
15×15
15
information value was 0.1784.

Histogram
Data derived partitions
All derived partitions

N = 300
0.3165 (0.0052)
0.3010 (0.0030)
0.2954 (0.0028)
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Here we describe a fast algorithm for computing the univariate original (distribution-dependent)
HHG test statistic.
If DX (x1 , x2 ) and DY (y1 , y2 ) are distance metrics in the variables tested for independence (for
which, again, we have a paired sample with N i.i.d samples), the HHG test requires computing
N (N − 1) different 2 × 2 contingency tables according to the following partitions of the distancedistance plane. For every “origin” sample i, and for every “radius” sample j, the remaining N − 2
samples are classified according to whether their X and Y distances from i are both smaller than the
X and Y distances from j to i, or if only X, only Y , or neither are smaller than the respective j to i
distances. In the general case, generating contingency tables for all pairs can be done in N 2 log N ,
as described in (Heller et al., 2013). In the univariate case, an O(N 2 ) algorithm proceeds as follows.
Instead of working in the distance-distance plane, the algorithm is specified in terms of the
(x, y), i.e., the sample plane. It is sufficient to consider the discrete grid expanded from unique
X samples and unique Y samples actually observed (these can be identified in O(N log N )). The
double cumulative sum over this N × N grid is computed as in Section 3.1 of the main text, with the
only difference being that after A is initialized to all zeros, it is updated sequentially with A(ri , si ) =
A(ri , si ) + 1 for every sample of ranks in x and ranks in y, (ri , si ), i = 1, 2, . . . , N , to account for
possible ties.
Since, in the univariate case, DX (xi , xk ) < DX (xi , xj ) is equivalent to |xk − xi | < |xj − xi |,
and similarly for y, partition cells are simply axis-aligned rectangles, as in the distribution-free test.
Here, however, only sample j is a vertex, and sample i is the center of mass. The diagonal-opposing
vertex from j may not even be a point in the sample, and thus is not directly captured by A. Still, the
appropriate point to sample A in, for computing the contingency table cell in O(1), can be found in
O(1) additional amortized time, as follows:

Appendix F. A Fast Algorithm for Computing the HHG Statistic


T
Now for each m, since n(OU T, m) = OU
m−3 , given T (OU T ), clearly equation (44) can be
2
calculated in O(N ) for a fixed m and in O(N ) for all ms. Therefore the total complexity is again
O(N 4 ) due to the preprocessing phase.

Figure 7: Inner cell example C (orange), and the sample points that define a partition where C is a
cell (green). If any of the sample points ranked on a boundary column or row of C is not
on the corner of C, then C can never be a DDP cell (offending point in purple, middle
panel). An inner cell can be defined either by two data points (left), by three data points
(middle), or by four data points (right).

𝑦𝑙

𝑦ℎ

offending
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1. Sort once the unique values of x, and do the same for y.
2. When traversing all pairs, first traverse i.
(a) For every i, traverse the sorted values of x with two concurrent iterators starting from
xi , one moving right (i.e., from low to high x) and one advancing left.
(b) Subsequently to each step taken with the right iterator, arriving at an xj , advance the left
iterator until a value is encountered which is farther from xi than xj is, and this is the
opposing vertex x coordinate value for the rectangle for the pair i, j.

j3

j1 , j2

i

j1 j2

j3

j4

x max

x

The process, which is depicted in Figure 8, takes O(N ) time for N values, and is repeated
for the y axis.

x min

Figure 8: Finding the grid coordinates to sample for the O(N 2 ) univariate (distribution-dependent)
HHG algorithm.

Appendix G. Additional Simulations for the Two-Sample Problem
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Table 6 shows a comparison of the performance of the minimum p-value and Fisher-combined test
statistics. The variant with highest power in most setups (specifically, setups 2,4,5,6,8,9,10,11,12)
is the Fisher-combined p-value using aggregation by summation and mmax = 50. However, the
Fisher-combined p-value test is sensitive to the choice of mmax , which is unknown in practice. Since
we view this as a significant weakness of the Fisher-combined statistic, and since the minimum pvalue does not have this weakness and has very good power when compared with Fisher as well as
when compared with other tests (with a large range of mmax values examined), we recommend the
minimum p-value test statistic.
Table√7 shows the√power using different priors for regularization.
The priors are as follows:

m
−1 m
(N −m) for Binomial, with p =
π(m) = N exp(− N )/m! for Poisson; π(m) = N
m−1 p (1−p)
0.119 so that the penalty becomes that of the Akaike information criterion (i.e., log π(I|m)π(m) =
−2m); π(m) = 1/K for fixed K for Uniform. We also considered the prior in Jiang et al. (2014),
resulting in the DS test with penalty −λ0 log N (m − 1). According to the recommendation in Jiang
et al. (2014), we chose the value of λ0 so that the level under the null is as close as possible to 0.05
from√below, so λ0 = 1.11088 for N = 100, and λ0 = 0.904 for N = 500. The Poisson prior (with
rate N ) was by far the best among all priors considered, and its power was comparable to that of
the minimum p-value displayed in Table 6.
For sample size N = 100, we examined the distributions depicted in Figure 10, and we used
20,000 simulated data sets, in each of the configurations. Table 9 and Figure 11 show the power for
43

Setup
1
2
3
4
5
6
7
8
9
10
11
12
13

Fisher combined p-value
Max aggregation, m
Sum aggregation, mmax
max
= 50
= 149
= 50
= 149
0.631
0.424
0.549
0.560
0.819
0.701
0.917
0.898
0.867
0.847
0.502
0.782
0.749
0.567
0.952
0.882
0.531
0.381
0.760
0.655
0.749
0.567
0.882
0.821
0.201
0.135
0.430
0.287
0.542
0.361
0.814
0.672
0.344
0.227
0.635
0.470
0.569
0.393
0.849
0.721
0.509
0.380
0.756
0.657
0.399
0.293
0.655
0.557
0.809
0.663
0.823
0.822
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Minimum p-value
Max aggregation, m
Sum aggregation, mmax
max
= 50
= 149
= 50
= 149
0.836
0.825
0.500
0.491
0.810
0.799
0.883
0.873
0.783
0.785
0.553
0.733
0.836
0.827
0.945
0.937
0.607
0.592
0.708
0.686
0.829
0.818
0.836
0.820
0.358
0.339
0.516
0.492
0.770
0.752
0.795
0.775
0.531
0.512
0.641
0.613
0.728
0.711
0.824
0.806
0.556
0.540
0.707
0.686
0.402
0.390
0.599
0.577
0.852
0.844
0.777
0.764

Poisson prior
Max aggregation
0.829
0.855
0.715
0.861
0.659
0.854
0.291
0.719
0.489
0.709
0.607
0.460
0.860

Poisson prior
Sum aggregation
0.597
0.924
0.639
0.920
0.746
0.874
0.310
0.760
0.545
0.793
0.720
0.629
0.857

Uniform Prior
Max aggregation
0.848
0.641
0.282
0.813
0.592
0.804
0.430
0.835
0.599
0.749
0.466
0.298
0.802

Binomial Prior
Max aggregation
0.450
0.745
0.874
0.593
0.411
0.597
0.139
0.371
0.232
0.406
0.390
0.318
0.697

DS prior
Max aggregation
0.845
0.565
0.239
0.794
0.573
0.787
0.432
0.836
0.600
0.744
0.433
0.268
0.776

Table 6: Power of the minimum p-value test statistic (columns 2–5) as well as the Fisher-combined
p-value test statistic (columns 6–9), using the different aggregation methods and two values of mmax , for N = 500 and the setups of Figure 2. The difference between mmax = 50
and mmax = 149 is much larger for the Fisher-combined than for the minimum p-value
test statistic when aggregated by summation (columns 8–9 versus columns 4–5). Moreover, the power is typically lower for the Fisher-combined that for the minimum p-value
test statistic when the aggregation is by maximization (columns 6–7 versus columns 2–3).

Setup
1
2
3
4
5
6
7
8
9
10
11
12
13

Table 7: Power using different priors , for N = 500 and the setups of Figure 2.

the setups in Figure 10. These results concur with the results in Section 4.1 for N = 500, and show
that if the number of intersections of the two distributions is at least four, tests statistics with m ≥ 4
have an advantage.

Appendix H. Simulations of Monotone Relationships
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Four monotone relationships are presented in Figure 12. Figure 13 shows that the differences for
the summation variants between ADP and DDP are negligible, and that the power decreases with m
for all of these variants. Similar conclusions hold for the maximum variants in Table 10. Table 10
further shows that for a linear relationship, Pearson, Spearman, Hoeffding and dCov are clearly

44

Minimum p-value
Setup
Max aggregation
Normal shift
0.59
Normal scale
0.76
Normal shift & scale
0.83
Normal shift
0.39
Normal scale
0.51
Normal shift & scale
0.54

Sum Aggregation
0.82
0.85
0.90
0.58
0.59
0.64

Wilcoxon
0.91
0.05
0.46
0.68
0.06
0.49

KS
0.81
0.36
0.69
0.53
0.20
0.51

CVM
0.89
0.46
0.74
0.65
0.23
0.58

AD
0.90
0.77
0.88
0.67
0.41
0.64

HHG
0.85
0.88
0.92
0.60
0.63
0.68

DS
0.73
0.83
0.90
0.49
0.54
0.62
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In Section 4 we only considered distribution-free competitors. Therefore, we applied dCov and
HHG on ranks rather than on data, even though they were designed as permutation tests on data.
Usually, the computational advantage of performing the tests on (rank(X), rank(Y )) instead of on
(X, Y ), due to the distribution-free property of the tests on (rank(X), rank(Y )), comes at a cost
of lower power, as noted by Székely et al. (2007). Table 11 shows a power comparison of these two
permutation tests on ranks and on data. The power in most settings is indeed greater when the tests
are used on data, and the maximal difference is almost 30% (in the Spiral setting for HHG) in favour
of using the data. However, in some settings the power is actually larger for the test on ranks, e.g.,

Appendix I. Comparisons of DCov/HHG on Ranks and on Data

superior, but for the remaining three monotone relationships minm∈{2,...,mmax } pm has quite good
power properties.

Figure 9: Estimated power for the Mm (black) and Sm (grey) statistics for m ∈ {2, . . . , 149}
for the Gaussian shift difference (first column, N (0, 1) versus N (0.5, 1) for N = 100,
and versus N (0.3, 1) for N = 500), Gaussian scale difference (second column, N (0, 1)
versus N (0, 0.62 ) for N = 100, and versus N (0, 0.752 ) for N = 500), and for the
Gaussian shift and scale difference (third column, N (0, 1) versus N (0.36, 0.72 ) for N =
100, and versus N (0.2, 0.82 ) for N = 500). The power of the minimum p-value is
the horizontal dashed black line when it combines the p-values based on Mm , and the
horizontal dotted grey line when it combines the p-values based on Sm . The vertical lines
show the optimal m for Mm (grey) and Sm (black).

Table 8: Power of competitors (columns 4–9), along with the minimum p-value using the Mm pvalues (column 1) and the Sm p-values (column 2).

N
500
500
500
100
100
100

DISTRIBUTION-FREE K-SAMPLE AND INDEPENDENCE TESTS

8. Symmetric Gaussian mixture
f1=N(0,10.56)
f2=0.5(N(−1.5,1)+N(1.5,1))

7. Cauchy, Shift
f1=cauchy(0.6)
f2=cauchy(−0.6)

12. Mix. vs. Mix., 2 vs. 4 Components, Symmetric
f1=two Normal Components, mean=−1,1, sd=0.33
f2=four Normal components mean=−1.3,−0.7,0.7,1.3, sd=0.099

9. Asymmetric Gaussian mixture
f1=N(1.6,5.95)
f2=0.1*N(−2,1)+0.9*N(2,1)

6. Normal vs. Mixture 5 Components
f1=N(0,1)
f2=5 Normal Components,mean= (−1.41, −0.70,
0, 0.70, 1.41),sd=0.1

3. Normal vs. Normal with many deltas
f1=N(0,1)
f2=0.5N(0,1) + 0.5 sampled from (−2,−1,...,2)
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Figure 10: The two distributions in 13 different setups considered for N = 100, which differ in the
number of intersections of the densities, the range of support where the differences lie,
and the whether they are symmetric or not.

13. Mix. vs. Mix., 3 vs. 3 Components, Asymmetric
f1=1/2N(−1,0.11)+1/4(N(0.65, 0.01)+N(1.35, 0.01))
f2=1/4(N(−1.35, 0.01)+N(−0.65, 0.01))+1/2N(1.8, 0.11)

11. Mix. vs. Mix., 2 vs. 3 Components
f1=1/2(N(−1,0.11)+N(1,0.11))
f2=1/3(N(−1.35,0.01)+N(−0.65,0.01)+N(0.8,0.21))

5. Normal vs. Mixture 3 Components
f1=N(0,1)
f2=1/3*(N(−1.2,0.04)+N(0,0.04)+N(1.2,0.04))

4. Normal vs. Mixture 2 Components
f1=N(0,1)
f2=0.5(N(−0.91,0.16)+N(0.91,0.16))

10. Asymmetric Mixture vs. Mixture
f1=0.5(N(−1,0.09)+N(1,0.36))
f2=0.5(N(−1.25,0.36)+N(1.25,0.09))

2. Mix. vs. Mix., 3 vs. 4 Components
f1= four Normal components at mean=−2,−0.4,0.4,2, sd=0.264
f2= 0.25(N(−1.6,0.11)+N(+1.6,0.11))+0.5N(0,0.11)

1. Normal vs. Normal with delta
f1=N(0,1)
f2= 0.75*N(0,1)+0.25*N(0.65,1E−6)

H ELLER , H ELLER , K AUFMAN , B RILL , AND G ORFINE
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Figure 11: Estimated power with N = 100 sample points for the Mm (black) and Sm (grey) statistics for m ∈ {2, . . . , 29} for the setups of Figure 10. The power of the minimum p-value
is the horizontal dashed black line when it combines the p-values based on Mm , and the
horizontal dotted grey line when it combines the p-values based on Sm . The vertical
lines show the optimal m for Mm (black) and Sm (grey).
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Figure 12: Bivariate monotone relationships (in red), along with a sample of N = 100 noisy observations (in blue).
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Figure 13: Estimated power for the DDP (black) and ADP (gray) summation variants, using the
likelihood ratio score, for the setups from Figure 12, for a sample of size N = 100. The
horizontal lines are the power of minm∈{2,...,mmax } pm using DDP (dotted black) and
using ADP (gray) .
JMLR 17(29):1-54
49

0.0
2

0.2

0.4

0.6

0.8

1.0

0.0
2

0.2

0.4

0.6

0.8

1.0

0.0
2

0.2

0.4

0.6

0.8

1.0

0.0
2

0.2

0.4

0.6

0.8

1.0

1 . Line

DISTRIBUTION-FREE K-SAMPLE AND INDEPENDENCE TESTS

Setup
Normal vs. Normal with delta
Mix. Vs. Mix., 3 Vs. 4 Components
Normal vs. Normal with many deltas
Normal vs. Mixture 2 Components
Normal vs. Mixture 3 Components
Normal vs. Mixture 5 Components
Cauchy, Shift
Symmetric Gaussian mixture
Asymmetric Gaussian mixture
Asymmetric Mixture vs. Mixture
Mix. Vs. Mix., 2 Vs. 3 Components
Mix. Vs. Mix., 2 Vs. 4 Comp., Sym.
Mix. Vs. Mix., 3 Vs. 3 Comp., Asym.
Null

Min. p-value aggregation
by Max
by Sum
0.752
0.628
0.656
0.680
0.878
0.819
0.515
0.595
0.834
0.869
0.879
0.880
0.799
0.871
0.803
0.798
0.747
0.816
0.718
0.769
0.670
0.656
0.682
0.696
0.891
0.917
0.050
0.050
Wilcox
0.187
0.000
0.053
0.052
0.053
0.051
0.847
0.035
0.046
0.000
0.000
0.000
0.000
0.049

KS
0.331
0.003
0.125
0.231
0.177
0.123
0.917
0.182
0.369
0.157
0.032
0.000
0.000
0.039

CVM
0.294
0.000
0.100
0.153
0.106
0.084
0.920
0.191
0.407
0.128
0.011
0.000
0.000
0.049

AD
0.265
0.063
0.165
0.154
0.134
0.100
0.893
0.491
0.593
0.306
0.031
0.000
0.000
0.050

HHG
0.433
0.465
0.281
0.397
0.317
0.200
0.933
0.727
0.845
0.655
0.129
0.005
0.053
0.050

DS
0.660
0.505
0.342
0.382
0.534
0.373
0.846
0.812
0.740
0.652
0.441
0.238
0.575
0.041

Line
0.358
0.365
0.459
0.446
0.282
0.433
0.337
0.287
0.203
0.177
0.294

Exp2x
0.763
0.760
0.758
0.750
0.198
0.746
0.706
0.688
0.579
0.511
0.715

Exp10x
0.580
0.555
0.396
0.409
0.312
0.395
0.509
0.678
0.569
0.479
0.746

Sigmoid
0.543
0.550
0.630
0.637
0.130
0.637
0.545
0.438
0.355
0.301
0.440
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in the Heavisine and 5Clouds settings for HHG, where the difference is 10% and 16%, respectively,
in favour of using the ranked observations. Comparing the power of the HHG and dCov tests on
data (in Table 11) to the power of our suggested minimum p-value statistic (in Table 2), we see that
although dCov on data may have more power than dCov on ranks, it has far less power than HHG
on data, and that HHG on data has less power than our test when the relationship is more complex,
especially in the Sine, Heavisine, Spiral and Circles examples.

Table 10: The power of competitors (rows 3–7), along with the minimum p-value statistic based on
DDP (row 1) and on ADP (row 2) and the different maximum variants (rows 8–11), for
N = 100. The standard error is at most 0.011.

Test
minm∈{2,...,10} pm using DDP
minm∈{2,...,10} pm using ADP
Spearman
Hoeffding
MIC
dCov
HHG
DDP
M2×2
DDP
M3×3
DDP
M4×4
ADP
M2×2

Table 9: Power of competitors (columns 4–9), along with the minimum p-value statistic using the
Mm p-values (column 1) and the Sm p-values (column 2), for N = 100. The standard
error was at most 0.0035. The advantage of the test based on the minimum p-value is large
when the number of intersections of the two densities is at least four (setups of rows 2,3,
4,5,6,10,11,12, and 13). The best competitors are HHG and DS, but HHG is essentially
an m ≤ 3 test, and DS penalizes large ms severely, therefore in setups where m ≥ 4
partitions are better they can perform poorly. Among the two variants in columns 1 and 2,
the better choice clearly depends on the range of support in which the differences in distributions occur: aggregation by maximum has better power when the difference between
the distributions is very local (setups of rows 1 and 3), and aggregation by summation has
better power otherwise. The highest power per row is underlined.

1
2
3
4
5
6
7
8
9
10
11
12
13
14
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dCov
on data
on ranks
0.876
0.997
0.727
0.873
0.791
0.660
0.803
0.755
0.795
0.598
0.479
0.471
0.901
0.738
0.050

0.813
0.968
0.795
0.726
0.858
0.742
0.788
0.661
0.704
0.335
0.357
0.570
0.914
0.903
0.050

HHG
on data
on ranks
0.655
0.919
0.847
0.844
0.886
0.731
0.995
0.595
0.704
0.949
0.999
0.710
0.949
0.996
0.051

min{m∈2,...,10} pm

DISTRIBUTION-FREE K-SAMPLE AND INDEPENDENCE TESTS

Setup
0.467
0.136
0.418
0.183
0.001
0.631
0.412
0.471
0.184
0.182
0.054
0.476
0.747
0.000
0.050

0.351
0.076
0.369
0.120
0.003
0.612
0.427
0.327
0.138
0.130
0.059
0.470
0.736
0.001
0.050

W
Diamond
Parabola
2Parabolas
Circle
Cubic
Sine
Wedge
Cross
Spiral
Circles
Heavisine
Doppler
5Clouds
4Clouds

JMLR 17(29):1-54

Table 11: Power of the competitors dCov and HHG on ranks as well as on data for N = 100
(columns 2-4). The results on ranks are not identical numerically (though very close)
to those of Table 2 due to the use of a different seed to generate the data for these same
settings. The tests on data have greater power than on ranks in most, but not all, examples.
HHG on data has the best power out of these four competitors, but like the HHG on
ranks it has a disadvantage in comparison with our novel minimum p-value test when
the relationship is more complex, especially in the Sine, Heavisine, Spiral, Circles, and
5Clouds examples (the power for this test was reproduced in column 6 here from Table 2
for convenience).
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Let G denote a DAG with vertex set V (G) = {1, . . . , p}, and directed edge set E(G) ⊂
V (G) × V (G); often we will refer to vertex and edge sets simply as V and E respectively,
leaving G implicit. The binary adjacency matrix corresponding to G is denoted AG , with
entries specified as AG
uv = 1 ⇐⇒ (u, v) ∈ E(G) and diagonal entries equal to zero.
For inference, G is treated as a latent graph in the space G of all possible DAGs with
p vertices. When a DAG is used to define a probabilistic graphical model (a Bayesian
network), each vertex (or node; we use both terms interchangeably) is associated with a
component of a p-dimensional random vector X = (X1 . . . Xp )T . XZ denotes the random
variables (RVs) corresponding to variable indices Z ⊆ {1, . . . , p}. We use bold type for the
corresponding data; n samples are collected in the n × p matrix X, with Xu denoting the
column corresponding to variable u and XZ the submatrix corresponding to variable index
set Z ⊆ {1, . . . , p} (for notational simplicity we assume columns are ordered by increasing
variable index).

2. Notation and Model

sample from the space of total orders (Friedman and Koller, 2003). Order-space sampling
entails some restrictions on graph priors (Eaton and Murphy, 2007; Ellis and Wong, 2008),
because the number of total orders with which a DAG is consistent is not constant. Orderspace approaches have more recently led to exact methods based on dynamic programming
(Koivisto and Sood, 2004; Parviainen and Koivisto, 2009; Tian and He, 2009; Tamada et al.,
2011; Parviainen and Koivisto, 2013; Nikolova et al., 2013). These are currently feasible
only in small domain settings (typically p < 20 but p < 30 is feasible on large cluster
computers) and usually share the same restrictions on graph priors as order-space samplers. Frequentist constraint-based methods such as the PC-algorithm (Spirtes et al., 2000;
Colombo and Maathuis, 2014) and the approach of Xie and Geng (2008) are an alternative. These methods make firm decisions about the DAG structure via a series of tests of
conditional independence.
In this paper we propose a Gibbs sampler for structure learning of DAGs that ameliorates key deficiencies in existing samplers. Random-walk Metropolis-Hastings algorithms
currently used for structure learning propose ‘small’ changes at each iteration, which can
leave the algorithms unable to escape local modes. The Gibbs sampler proposed here considers the parents of a set of nodes as a single component (a so-called ‘block’), sampling
an entire parent set for each node in the block in one step. These ‘large’ moves are sampled from the appropriate conditional posterior distribution. This enables the sampler to
efficiently locate and explore areas of significant posterior mass. The method is based on
the simple heuristic that the parents of a node are similar to the covariates or inputs in
variable selection, with the node as the output variable, but accounts for acyclicity exactly so that the equilibrium distribution is indeed the correct posterior distribution over
DAGs. The sampler does not impose restrictions on priors or graph space beyond those
(maximum in-degree, modular prior) common to most samplers for structure learning (e.g.
Friedman and Koller, 2003; Ellis and Wong, 2008; Grzegorczyk and Husmeier, 2008). The
maximum in-degree restriction formally precludes large-sample consistency in the general
case, but facilitates effective and robust inference by reducing the size of the model space
(see Discussion).
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We consider structure learning for graphical models based on directed acyclic graphs (DAGs).
The basic structure learning task can be stated simply: given data X on p variables, assumed to be generated from a graphical model based on an unknown DAG G, the goal
is to make inferences concerning the edge set of G (the vertex set is treated as fixed and
known). Structure learning appears in a variety of applications (for an overview see Korb
and Nicholson, 2011) and is a key subtask in many analyses involving graphical models,
including causal inference.
In a Bayesian framework, structure learning is based on the posterior distribution
P (G | X) (Koller and Friedman, 2009). The domain of the distribution is the space G
of all DAGs with p vertices. The size of the space grows super-exponentially with p, precluding exhaustive enumeration for all but the smallest problems. Markov chain Monte
Carlo (MCMC) methods are widely used to sample DAGs and thereby approximate the
posterior P (G | X). Available methods include MC3 (Madigan and York, 1995) and related
samplers (Giudici and Castelo, 2003; Grzegorczyk and Husmeier, 2008) and algorithms that

1. Introduction

We propose a Gibbs sampler for structure learning in directed acyclic graph (DAG) models. The standard Markov chain Monte Carlo algorithms used for learning DAGs are
random-walk Metropolis-Hastings samplers. These samplers are guaranteed to converge
asymptotically but often mix slowly when exploring the large graph spaces that arise in
structure learning. In each step, the sampler we propose draws entire sets of parents for
multiple nodes from the appropriate conditional distribution. This provides an efficient
way to make large moves in graph space, permitting faster mixing whilst retaining asymptotic guarantees of convergence. The conditional distribution is related to variable selection
with candidate parents playing the role of covariates or inputs. We empirically examine the
performance of the sampler using several simulated and real data examples. The proposed
method gives robust results in diverse settings, outperforming several existing Bayesian
and frequentist methods. In addition, our empirical results shed some light on the relative
merits of Bayesian and constraint-based methods for structure learning.
Keywords: structure learning, DAGs, Bayesian networks, Gibbs sampling, Markov chain
Monte Carlo, variable selection
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Figure 1: Illustration of notation. A graph G, with vertex set V = {1, 2, 3, 4}, edge set
E = {(1, 2), (1, 3), (2, 3), (4, 3)} and adjacency matrix AG as shown, can be specified using parent sets as G = hpa1 = ∅, pa2 = {1}, pa3 = {1, 2, 4}, pa4 = ∅i or
abbreviated to G = h∅, {1}, {1, 2, 4}, ∅i (see text for description of notation). For
G = ({1}, ∅) and paG = (∅, {1, 2, 4}) and thus
the vertex subset Z = {2, 4}, paZ
−Z
G , pa
G
the graph can be specified as G = hpaZ = paZ
−Z = pa−Z i. We abbreviate
G , paG i.
this as G = hpaZ
−Z

The proposed Gibbs sampler changes entire parent sets en masse, not just for one node
but for a set of nodes, and so it will often be convenient and natural to specify a DAG G in
terms of the parents of each node. Let pavG = {u : (u, v) ∈ E(G)} denote the set of nodes
that are parents of node v in G. A tuple of p parent sets hpa1 = pa1G , . . . , pap = papG i fully
specifies the edge set E, since u ∈ pavG ⇐⇒ (u, v) ∈ E(G). Thus, structure learning can
be viewed as inference of parent sets pav . The parent set pav takes values in the power set
P(V \ {v}) of nodes excluding node v, subject to acyclicity. We will usually suppress the
labels, and simply write hpa1G , . . . , papG i when specifying parent sets. Since pavG is a subset
of the variable indices, we can use XpavG to denote the corresponding data submatrix.

JMLR 17(30):1-39

G =
We denote the tuple of parent sets of a set of nodes Z = {z1 , . . . , zs } ⊆ V by paZ
(pazG )z∈Z . This is a tuple of s components (for notational convenience we take these to be
ordered by increasing vertex index), each of which is the parent set for the corresponding
node in G. We wish to make inferences about paZ , which takes values in P(V \ {z1 }) × . . . ×
P(V \ {z }), subject to acyclicity. The tuple of parent sets for the complement Z C = V \ Z
s
G = (paG )
G
G
is denoted pa−Z
z z∈Z C . Clearly, a tuple hpaZ1 , . . . , paZs i of tuples of parent sets
specifies the parents of every node in a graph whenever {Z1 , . . . , Zs } forms a partition of
V ; the entire edge set can thus be specified by such a tuple. In particular, note that any
G , paG i for any Z ⊂ V . Some of the notation we use is
graph G can be specified as hpaZ
−Z
illustrated in Figure 1.
Our statistical formulation for Bayesian networks is standard. We briefly summarize the
main points and refer the reader to the references
below for details. Given a DAG G, the
Q
joint distribution of X is p(X | G, {θv }) = v∈V p(Xv | XpavG , θv ), i.e. the joint distribution
factors over nodes, and each node is conditioned on its parents in G, parameterized by θv .
For structural inference, interest focuses on the posterior distribution P (G | X). This is
proportional to the product of the marginal likelihood p(X | G) and a graph prior π(G). Our
sampler is compatible with essentially any specific model, but inherits computational costs
associated with evaluation of the relevant quantities. In all examples we assume conjugate
priors for θv , as well as local parameter independence and modularity; this leads to a
closed-form marginal likelihood in both multinomial (Heckerman et al., 1995) and Gaussian

3
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(Geiger and Heckerman, 1994) cases. Computations are simplified if the
Q graph prior is
modular (Friedman and Koller, 2003), meaning it factorises as π(G) = v∈V πv (pavG ); we
assume modular priors in all examples. Note that the prior is not specified over the space
of orders and so is not subject to the restrictions this entails (Ellis and Wong, 2008; Eaton
and Murphy, 2007). Under these assumptions, the posterior factorises across nodes as

v∈V

P (G | X) = P (pa1 = pa1G , . . . , pap = papG | X)
Y
p(Xv | XpavG )πv (pavG ),
∝

where p(Xv | XpavG ) is the marginal likelihood for node v given the graph G = hpa1G , . . . , papG i.
The distribution P (G | X) is the target distribution for our sampler.

3. A Gibbs Sampler for Structure Learning

In this section we provide a high-level description of the Gibbs sampler for structure learning. We first recall the standard random-walk Metropolis-Hastings sampler (known as MC3 )
and then describe a naı̈ve Gibbs sampler, which offers no gains over MC3 , but prepares the
ground for the introduction of ideas from the Gibbs sampling literature. Specifically we
discuss a strategy known as blocking that can improve mixing in Gibbs samplers and show
how to use blocking for structure learning of DAGs. Several points relating to computation are central to developing a practical Gibbs sampler in this setting, but for clarity of
exposition we defer discussion of computational aspects to Section 4.
3.1 MC3 Sampler

P (G0 | X) |neigh(G0 )|−1
P (G | X) |neigh(G)|−1

.

The standard sampler for structure learning of DAGs is MC3 (Madigan and York, 1995).
This is a classical Metropolis-Hastings sampler with proposal G0 drawn uniformly at random
from the set neigh(G) of DAGs that differ from the current DAG G by the addition or
removal of a single edge. The acceptance probability is min(1, r(G0 , G)), where
(
)
r(G0 , G) = min 1,

Variants of MC3 include single-edge direction reversal proposals (Giudici and Castelo, 2003).

3.2 A Naı̈ve (and Inefficient) Gibbs Sampler

JMLR 17(30):1-39

Constructing a Gibbs sampler that is analogous to MC3 is straightforward. The posterior
distribution on DAGs is a joint distribution over the off-diagonal entries in the adjacency
G , u 6= v. At each iteration, MC3 can be
matrix AG , i.e. over the p(p − 1) binary RVs Auv
G for some u 6= v, subject to the restriction
thought of as proposing to toggle the value Auv
that the resulting graph must be acyclic.
A simple Gibbs sampler works in a similar way. At each step, a move from graph G to
G0 (for some
a new graph G0 is chosen by sampling from the conditional distribution of Auv
u 6= v) given the rest of the graph. If (u, v) ∈ E(G), define the graph G(u,v) to be identical
to G, and G−(u,v) to be the graph that differs from G only in lacking an edge from u to

4

0






P (G(u,v) | X)
P (G−(u,v) | X) + P (G(u,v) | X)

P (G−(u,v) | X)
P (G−(u,v) | X) + P (G(u,v) | X)
a = 1.

a = 0,

5
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For graphical models based on DAGs, there may be strong dependence between the
edge indicators AG
uv , particularly for the collections of RVs corresponding to parent sets.
For example, there may be RVs Xu and Xv that in combination score highly as parents
G
of node w, but not individually. Then, AG
uw and Avw will be correlated. In addition,
the acyclicity restriction may induce strong dependence. For example, suppose two RVs
Xu and Xv are strongly correlated and both edges (u, v) and its reverse (v, u) have high
posterior probability. If the edge (u, v) is present, the probability of it being removed is
low, but its presence precludes the reversed edge (v, u) from being added. This possibility
motivates the edge reversal move used in variants of MC3 (Giudici and Castelo, 2003).
Figure 2 shows a three node scenario. Here, both graphs (a) and (b) have high probability.
Since reversing the edge (w, x) forms a cycle in (a), moves that consider the parents of
only the pair w and x at the same time will not move between graphs (a) and (b) easily.
Samplers that alter only a single edge indicator, such as MC3 , will also fail. In contrast,
sampling the parents of all three nodes jointly would make it easy to move between graphs
(a) and (b). Decorrelating transformations could alleviate such problems, but in general
finding a suitable transformation is difficult, and for DAGs must of course encapsulate the
requirement for acyclicity.

The mixing of Metropolis-Hastings samplers depends upon the proposal distribution, which
for convenience is often chosen as a random-walk. In contrast, Gibbs samplers make moves
according to conditional distributions that reflect local structure of the target distribution.
Nonetheless, Gibbs sampling is not always efficient. In particular, correlation between the
components being sampled can lead to inefficiency. To see this, consider a Gibbs sampler for
a multivariate continuous distribution with highly correlated components. At each step, a
single component is sampled according to its conditional distribution, but since it is strongly
correlated with other component(s), the conditional is concentrated on only a small part of
the support. This means the sampler is likely to make only small moves. Analogous issues
arise with discrete distributions.

3.3 Inefficiency in Gibbs Sampling

The choice of u and v can either be made sequentially (systematically) or randomly (Roberts
and Sahu, 1997); in this paper, random-scan Gibbs samplers are used throughout. We prove
convergence of the Gibbs sampler to the target distribution in Appendix A.

G
P (AG
uv = a | A−uv ) =







v; conversely, if (u, v) ∈
/ E(G), define G−(u,v) to be identical to G, and G(u,v) to be the
graph that differs from G only in including an edge from u to v. If G(u,v) is cyclic, G−(u,v)
is sampled as the new graph G0 with probability 1. If G(u,v) is acyclic, the conditional
0
distribution of AG
uv is Bernoulli, i.e.

Gibbs Sampler for Learning DAGs

y

w

x
(b)
y

w

x
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To construct a Gibbs sampler using these blocks, we need to find the conditional posterior distribution on the tuple paW of parent sets, given that the remaining tuple pa−W
of parent sets is set to paG
−W . The conditional distribution depends on whether the graph
denote
G0 formed using the proposed parent sets is acyclic. We therefore introduce PaG
W to
0
0
G0
G
the set of permissible tuples, i.e. tuples paG
W of parent sets such that G = hpaW , pa−W i
0
G , the conditional probability is 0. For paG0 ∈ PaG , the
is acyclic. For tuples paG
∈
/
Pa
W
W
W
W

We denote the set of q nodes whose parent sets will be sampled together as a block by
G
W = {w1 , . . . , wq } ⊆ V . Suppose the current graph is G = hpaG
W , pa−W i (recall that any
graph can be written in this way with respect to any partition of the node set). A move to
0
G0
a new graph G0 = hpaG
W , pa−W i is formed by changing the parents of the nodes in W from
0
G
G
G
G0
G0
G0
G
paW = (paw1 , . . . , pawq ) to paG
W = (paw1 , . . . , pawq ) and setting pa−W = pa−W (i.e. leaving
0
G
the parents of nodes not in W unchanged). We sample the tuple paW of parent sets jointly,
conditional on the tuple paG
−W of parent sets of nodes not in W (that remain unchanged).
In terms of the adjacency matrix AG , each block consists of the indicators specifying the
parents of the nodes in W , i.e. AG
vw for v ∈ V, w ∈ W, v 6= w.

In principle, any group of components can be taken as a block, but for the algorithm to
be useful in practice, sampling from a block’s joint conditional distribution must be feasible,
and ideally simple. The blocks that we consider correspond to groups (specifically tuples)
of parent sets, so that the parent sets of several nodes are considered simultaneously. It is
natural that each block is a tuple of parent sets because, as described in Section 2, we can
G
specify a graph G using a tuple hpaG
1 , . . . , pap i of parent sets. It is therefore convenient to
G
describe the sampler using this alternative graph specification, in which G = hpaG
1 , . . . , pap i.

We address the deficiencies of the naı̈ve Gibbs sampler by grouping a number of the components together and sampling from their joint conditional distribution. In Gibbs sampling,
this is known as blocking. Sampling from such a joint conditional can ameliorate difficulties
caused by correlations between components because the joint conditional naturally accounts
for the correlation structure. In the multivariate normal case, Roberts and Sahu (1997) have
shown that blocking improves convergence for random-scan Gibbs sampling.

3.4 A Gibbs Sampler with Blocking

Figure 2: Illustrative scenario in which small local moves limit transitions between two
regions of high probability. If both graphs (a) and (b) have high probability, the
near-cyclic nature of the graphs makes transitions between (a) and (b) difficult.

(a)
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Algorithm 1 A Gibbs sampler for learning DAGs, with blocks

0

G

P (G0 | X)
.
G00 , paG
P (paW
−W | X)

G
G
P (hpaW
,
pa
−W i | X)
G
P (pa−W
| X)

0

Initialise starting point G0 = hpa1G0 , . . . , papG0 i
for t in 1 to N do
Sample q nodes uniformly at random from V , and call this set of nodes W
Gt−1
G0 from P (pa
G0
Sample paW
W = paW | pa−W , X)

G , pa t−1 i
Set Gt ← G = hpaW
−W
end for

conditional probability is
0

G
G
P (paW = paW
| pa−W = pa−W
, X) =

00

G ∈PaG
paW
W

=P

(1)

This is the conditional distribution needed to specify the blocked Gibbs sampler; Algorithm 1 outlines the procedure at a high level, with the set W of nodes chosen uniformly at
random at each step. Asymptotic convergence follows from the argument in Appendix A
(in fact the requirements on the graph prior will be weaker than in the naı̈ve case).
3.5 Tuning Parameters
To reduce the computational costs of structure learning it is common to set a maximum
in-degree (e.g. Friedman and Koller, 2003; Grzegorczyk and Husmeier, 2008). We set a
maximum in-degree κ = 3 in all empirical examples, except where stated otherwise (Section 5). This facilitates sampling from the conditional distribution in Equation 1 by reducing the computational cost of evaluating the normalising constant. We set the block
size q = |W | = 3. While q can be chosen freely in principle, evaluating the conditional
distribution in Equation 1 becomes unmanageable when q is large. Thus, both κ and q
act as tuning parameters (and are in addition to any hyper-parameters in the Bayesian
formulation).
3.6 Structure Learning and Variable Selection

JMLR 17(30):1-39

It is interesting to note that when q = 1 (and thus W = w for some w ∈ V ) if no choice of
G = P(V \ {w}), the power set of the remaining nodes.
parent set induces a cycle then PaW
In this case, the conditional distribution in Equation 1 can be viewed as the posterior
distribution of a variable selection problem with response or output variable w, and the
other variables as covariates or inputs. If the addition of particular nodes introduces a
cycle, we have a constrained problem. In particular, suppose adding any of the nodes
G = P(V \ ({w} ∪ Z)) and the
Z ⊂ V as parents of node w would create a cycle. Then PaW
conditional distribution in Equation 1 is a constrained variable selection problem in which
the nodes Z are excluded from the set of candidate inputs.
7

4. Computational Aspects
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G,H

Designing a computationally efficient sampler is not straightforward in this setting. To see
why, note that to sample from the conditional in Equation 1 we need to be able to idenG of tuples of parent sets that is permissible (in the sense of maintaining
tify the set PaW
acyclicity). The cardinality of this set is typically large, and the interdependence between
the parent sets of each node in W makes decomposing the problem into subproblems nontrivial. A simple but naı̈ve approach would list all possible parent sets for each node in W
and check each such combination for cyclicity, but this approach is slow and cumbersome.
We propose a partitioning scheme that leads to a two-stage sampler. The key idea is
G so that, conditional on a component of the partition, the
to choose the partition of PaW
parents of each node are independent. This enables an efficient two-stage sampling method
that we describe in Section 4.3. Acyclicity constraints are met by an efficient dynamic
algorithm.

4.1 A Partition on Permissible Tuples of Parent Sets

η
G of permissible tuples of parent sets as PaG = {PaG,H1 , . . . , Pa
}.
We partition the set PaW
W
W
W
G,Hh
is a set of permissible tuples of parent sets for nodes in W . It is conEach component PaW
venient to label the partition components using secondary (unrelated to G) DAGs Hh ∈ H,
where H is the space of DAGs with q = |W | vertices; η is the cardinality of H. We describe
h
the relationship between each PaG,H
and DAG Hh using the following elements, illustrated
W
in Figure 3 and Table 1:

(

∅

G
paw

w∈
/W

w ∈ W,

• The reduced graph G = hpa1G , . . . , papG i, which is a function of the graph G, and is
identical to G except that edges directed into nodes in W are removed.
G
paw
=

• The (reflexive) transitive closure, which is the directed graph TG on nodes V with
edges E T , where (u, v) ∈ E T if and only if u = v or a (directed) path from u to v
exists in G (i.e. there exists a sequence of nodes z1 , . . . , zs ∈ V (G), with z1 = u and
zs = v, such that (z1 , z2 ), (z2 , z3 ), . . . , (zs−1 , zs ) ∈ E(G)).

T

w∈W

G
that are not descendants in the reduced graph G of any
ndw

G
G
= {v ∈ V : Twv
= 1} and the non-descendant nodes
• The descendant nodes dew
G
G
ndG = {v ∈ V : Twv
= 0} of w ∈ W in the reduced graph G. Note that w ∈ dew
and
w
G
w∈
/ ndw
by definition.

• The nodes ndG =
node in W .
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S
G
• The nodes deG,H =
that
are
descendants
in
the
reduced graph G of any
H de
w
x
x∈pa
w
H
H is a parent node of the
node x ∈ paw
,
for
a
given
node
w
∈
W
. Each node x ∈ paw
H , . . . , paH i.
node w in the graph H = hpaw
wq
1

8

8

2

4

6

8

2

1
4

3
6

5

An example H

8

7

{1, 2, 4, 7, 8}

{1, 2, 3, 5, 7, 8}

{1, 2, 3, 4, 5, 6}

{3, 5, 6}

{4, 6}

{7, 8}

w=3

w=4

w=7

{4, 6}

∅

∅

deG,H
w

{3, 5, 6, 7, 8}

{3, 4, 5, 6, 7, 8}

{3, 4, 5, 6, 7, 8}

deG,H
−w

{1, 2, 4}

{1, 2}

{1, 2}

QG,H
w

paG
6 ∅
7 ∩{4} =

0

No restriction

No restriction

Condition (B)

Proof See Appendix B.

1
Lemma 1 {PaG,H
, . . . , PaW
W

G,Hη

9

} is a partition of PaG
W.
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G,H
Note that (B) depends on deG
. We define PaG,H
as the set of tuples formed
x not dex
W
G,H
by the Cartesian product of the sets Paw of parent sets for w ∈ W ; in other words
0
0
G,H
G,H
G,H
G0
G0
G0
paG
if and only if paG
w1 ∈ Paw1 , . . . , pawq ∈ Pawq .
W = (paw1 , . . . , pawq ) ∈ PaW

G,H
G,H
G,H
G
H
(B) paG
w ∩ Rw,x 6= ∅ for all nodes x ∈ paw , with Rw,x = dex \ de−w .

0

H
hpaH
w1 , . . . , pawq i

Using this notation, we define PaG,H
w , for given G ∈ G, W ⊆ V , w ∈ W and H =
0
∈ H, as the set of parent sets paG
w that satisfy the following conditions.


0
G,H
(A) paG
= ndG ∪ deG,H
\ deG,H
w ⊆ Qw
w
−w

S
deG
• The nodes deG,H
x that are descendants in the reduced graph G of
−w =
x∈W \paH
w
H
any node x ∈ W \ paw , for a given node w ∈ W . Each node x ∈ W \ paH
w is not a
H
parent node of w in the graph H = hpaH
w1 , . . . , pawq i.

H
paH
find that PaG,H
contains all tuples of parent sets for which
3 0 = pa4 = ∅. We
W
G0 ⊆ {1, 2} and paG0 = {4} ∩ Z where Z ⊆ {1, 2}.
paG
⊆
{1,
2},
pa
3
4
7

Table 1: The relevant sets and requirements of conditions (A) and (B) for the illustrative
graph G shown in Figure 3, with H as shown. Recall ndG = {1, 2}. Condition (B)
G,H
depends on R7,4
= {4}, but it imposes no restriction when w ∈ {3, 4} because

ndG
w

deG
w

Figure 3: An illustrative example of the relevant graphs and sets, with W = {3, 4, 7} shown
in red. The edges into W are removed from the original graph G, to form G.
Here H is the set of all DAGs on the nodes {3, 4, 7} and thus η = |H| = 25. For
H as shown, ndG = {1, 2}.

6

7

4

5

2

3

1

7

3

1

5

Reduced graph G

Original graph G
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0

S

v ∈Q
/ G,H
w

(B)

Paall
w (v) and Paw =

x∈paH
w

T

S

G,H
r∈Rw,x

Paall
w (r).
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We fix q = |W | as a small constant for all p and set a maximum in-degree κ. This
means permissible tuples of parents sets can be identified in O(pκ+1 ) time by storing the
‘lookup tables’ Paall
w (v) as bit maps, assuming that O(1) querying of the descendants and
non-descendants is available.
This can be achieved using a dynamic algorithm that provides access to the transitive
closure. Giudici and Castelo (2003) previously used a similar approach. For a graph with
transitive closure TG with edges E T , the descendants and non-descendants of node u are
{v : (u, v) ∈ E T } and {v : (u, v) ∈
/ E T } respectively. Thus, the descendants and nondescendants of a node can be identified in O(1) time when the transitive closure is known.
The transitive closure for an arbitrary directed graph with p vertices can be determined in
O(pω ) time (Munro, 1971), where ω is the best known exponent for matrix multiplication
(Coppersmith and Winograd, 1990, show ω < 2.376). However, in the present setting only
incremental changes are made to the current state G of the sampler, so it is not necessary
to use an offline algorithm at each iteration. Instead, we can use a fully dynamic transitive
closure algorithm (Demetrescu et al., 2010) that provides procedures both for querying the

where Paw =

(A)

Parent sets in each set PaG,H
can be identified easily using simple set operations, and
w
consequently the partition components PaG,H
W can be easily identified via Cartesian products
of these sets. Let Paall
w = P(V \ {w}) denote the set of all possible parent sets of node w,
all
subject to maximum in-degree κ, and Paall
w (v) = Paw \ P(V \ {w, v}) denote the subset
of Paall
containing
only
parent
sets
that
contain
node
v ∈ V . Parent sets in PaG,H
must
w
w
G,H
G,H
(A) not include any nodes not in Qw , and (B) include at least one node in Rw,x
for each
x ∈ paH
w , and thus
( (B)
(A)
Paw \ Paw
if paH
w 6= ∅
PaG,H
=
w
(A)
all
if paH
Paw \ Paw
w = ∅,

4.2 Fast Identification of Partition Components

0

G,H
G
G
Condition (A) ensures all graphs G0 = hpaG
W , pa−W i, with parents paW ∈ PaW , are
acyclic. It requires that all parents of w ∈ W are either not descendants in the reduced
graph G of any node in W , or a node whose ancestors in the reduced graph G are all parents
in the graph H of node w. In particular, no descendant of w is added as an ancestor of w.
Condition (B) ensures each DAG G0 is a member of PaG,H
for only a single H ∈ H for
W
G,H
1
any given G ∈ G and thus that {PaG,H
, . . . , PaW η } is a partition of the set of permissible
W
tuples of parent sets. The condition checks that each edge in the graph H is ‘used’ i.e.
0
G,H
G0
G0
that paG
would not be allowed under any H 0 6= H, H 0 ∈ H.
W = (paw1 , . . . , pawq ) ∈ PaW
0
Specifically, it ensures that each parent set paG
w contains at least one descendant node v ∈ V
H
of each parent paw of node w in the graph H, and that v is not a descendant in G of any
node x ∈ W that is not a parent in H of w ∈ W . To see why this condition is required,
0
consider a graph G0 in which all nodes in W have no parents. Then paG
w = ∅ for all nodes
w ∈ W and so condition (A) holds for all H ∈ H. Thus if condition (B) is disregarded,
0
G,H
G,H
1
paG
for all H ∈ H, implying that {PaG,H
, . . . , PaW η } is not a partition of PaG
W.
W ∈ PaW
W
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transitive closure, and for incrementally updating it when an edge is added or removed from
the graph. We choose to implement the algorithm introduced by King and Sagert (2002),
which performs queries in O(1) time, and updates in O(p2 ) worst-case time (see reference
for details of required assumptions). A trade-off exists between the performance of these two
operations, but this bound for updates is thought to be the best possible whilst retaining
O(1) queries (Demetrescu and Italiano, 2005) and the algorithm is simple to implement.
G are the
The algorithm maintains a p × p path count matrix C G whose elements Cuv
G = 1 for
number of distinct paths from node u to node v in the graph G for u 6= v, and Cuv
u = v. The transitive closure can be derived from the path count matrix by noting that
G
G > 0. Thus query operations are performed in O(1) by simply
Tuv
= 1 if and only if Cuv
checking whether the relevant component of C G is positive. When an edge is added or
removed C G is updated as follows. First consider adding an edge (u, v) to a graph G to
form a new graph G0 . The increase in the number of distinct paths between any two nodes
G ⊗ C G , where C G denotes the uth column of
x and y is given by the (x, y) element of C∗u
v∗
∗u
G denotes the v th row and ⊗ denotes the outer product. Thus, the path count matrix
C G , Cv∗
0
G
G
. Similarly, when an edge (u, v) is removed from
⊗ Cv∗
is updated simply as C G = C G + C∗u
0
G ⊗ CG .
the graph the update is C G = C G − C∗u
v∗
4.3 Two-stage Sampling Method
0

0

G , paG i starting from a graph G using a two-stage method:
We draw a new graph G0 = hpaW
−W

0

0

0

G0
paw

w

0

G)
)πw (paw
w

0

G00 )
p(Xw | XpaG00 )πw (paw

p(Xw | X

00

w

G00 )
p(Xw | XpaG00 )πw (paw

G)
p(Xw | XpaG0 )πw (paw

w∈W

w∈W
00

Q

of the partition of permissible tuples of parent sets and
we sample first a component PaG,H
W
G0
then a tuple paW
of
parent
sets
from the selected partition component.
G,H 0
In the first stage, PaW
is drawn from the conditional distribution, given the tuple of
parent sets of nodes not in W .
G,H
P (PaW
0

00

0

G00 ∈PaG,H
paw
w

G,H
paG0 ∈Paw

P

w∈W

w
P

G ∈PaG,H
paW
W

G,H
paG ∈PaW

H 00 ∈H

Q

w∈W
H 00 ∈H

Q

W
P

G,H
G
, pa−W
| X)
P (PaW
G
| pa−W
,
X)
=
G
P (pa−W
| X)
P
Q

=P
=P

G,H
w∈W pa ∈Paw
w

The final equality follows by an interchange of sum and product that is proved in Lemma
2. This makes evaluation more efficient by allowing the sums to be evaluated separately for
each node. Friedman and Koller (2003) used a similar interchange.

p(Xw | Xpaw )πw (paw ) =

JMLR 17(30):1-39

Lemma 2 The following identity holds for any H ∈ H, W ⊆ V and G ∈ G.
X
Y
Y
X
p(Xw | Xpaw )πw (paw )
G,H w∈W
paW ∈PaW

Proof See Appendix C.
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Algorithm 2 A Gibbs sampler for learning DAGs, with general blocks

H 00 ∈H

Initialise starting point G0 = hpa1G0 , . . . , papG0 i
Compute initial path count matrix C G0
for t in 1 to N do
Sample q nodes uniformly at random from V , and call this set of nodes W
Let G = Gt−1
Form G as defined in Section 4.1
Evaluate C G from C G as described in Section 4.2
for w ∈ W do
G ≥ 1}
Evaluate deG = {v : Cwv
w
G
G = 0}
Evaluate ndw
= {v : Cwv
end for
for H ∈ H do
for w ∈ W do
G,H
Evaluate Pa
Pw as described in Section 4.2 G0
)
Let KwH = paG0 ∈PaG,H p(Xw | XpaG0 )πw (paw
w
w
w
end for Q
Let K H = w∈W KwH
end for
0
G,H 0
G,H 0
G , X) = P K H
| pa−W
Sample PaW
according to P (PaW
K H 00

0

for w ∈ W do
0
G0 according to P (paG0 | PaG,H , paG , X)
Sample paw
w
−W
W
end for
G0 , paGt−1 i
Set Gt ← G = hpaW
−W
Update C Gt
end for

0

0

w

0

G00 )
p(Xw | XpaG00 )πw (paw

G)
p(Xw | XpaG0 )πw (paw

w

.

G from the selected partition component,
In the second stage, we sample new parents paW
G0 , paG i. The parents of each node w ∈ W , conditional
and form the new graph G0 = hpaW
−W
on H 0 , are independent, and so can be sampled separately from the following conditional
distribution:

0

G00 ∈PaG,H
paw
w

G,H
G
G
P (paw
| PaW
, pa−W
, X) = P

This step is straightforward because this distribution is simply the posterior distribution
G,H 0
of a constrained variable selection with response w and Paw
as the set of possible active
sets (i.e. selected covariates).
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Algorithm 2 outlines the complete algorithm. The methods in Sections 4.2 enable fast
identification of each partition component. Run-time is a function of p, maximum in-degree
κ, and the number q of nodes in the block. We choose a small, fixed q for all p, so the
G,H
run-time is determined by the evaluation of Paw
, which is O(pκ+1 ).
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14

• Between-run agreement between posterior edge probabilities. These are visualized
as scatter plots. When edge probabilities agree between a pair of runs, all points in
the plot will lie close to the y = x line. We show two variants: a hexagonally-binned
version, to avoid over-plotting (Carr et al., 1987); and a panelled plot, in which each
panel shows one pair of runs. We also consider the number of edges with estimated
posterior probability greater than 0.9 in one run, and less than 0.1 in another run.
Such ‘major discrepancies’ represent serious Monte Carlo artefacts.

• Trace plots of log marginal likelihood against iteration t.

• Potential scale reduction factor (PSRF) is a multiple-chain convergence diagnostic, developed by Gelman and Rubin (1992), that compares within- and between-chain
means and variances of a suitable summary statistic. PSRF < 1.1 is often taken to
indicate that a sampler has run sufficiently long. The natural summary statistics in
this context are the posterior edge probabilities. However, we find that the resulting
PSRF is not a reliable indicator of convergence. In simulations (not shown) using a 20
node network for which we could calculate true posterior edge probabilities (Tian and
He, 2009), we found little association between single-edge PSRF and the (absolute)
error in posterior edge probability. In particular, the diagnostic appeared to be very
conservative for edges with true posterior probability near 0 or 1. We therefore suggest
that a reasonable use of PSRF in this context may be to assess relative convergence
between different samplers, rather than as an absolute indicator of convergence. Below, we compare samplers in terms of the proportion of edges with PSRF < 1.1 (a
larger proportion suggests better mixing). To calculate PSRF we consider the 10 runs

Each sampler gives an estimated posterior distribution over DAGs. From this we obtain
a point estimate either as the maximum a posteriori (MAP) graph GMAP , or as a
thesholded graph Gτ formed by including all directed edges whose marginal posterior
edge probabilities are at least τ (note that Gτ need not be acyclic). When τ = 0.5 we
get the median probability model Gmed (for normal linear models Barbieri and Berger,
2004, show that in some settings this is the optimal model for prediction). We also consider
thresholding to match sparsity levels seen in frequentist point estimates, i.e. setting τ such
that |E(Gτ )| = |E(Ĝ)| for a point estimate Ĝ. By GPC
and GXie
we denote thresholded
τ
τ
graphs whose sparsity is matched to the PC and Xie-Geng estimates respectively.
We use the structural Hamming distance (SHD) to quantify differences between DAGs.
This is the minimum number of edge insertions and deletions needed to transform one graph
into another. Comparisons are made using completed partially directed acyclic graphs
(Chickering, 2002a). To show the behaviour of the samplers at shorter MCMC run lengths
some metrics are shown against iteration t. These are based on the final 3/4 of samples
drawn up to t (except for log marginal likelihoods), and so may incorporate some samples
drawn before convergence.
We assess convergence and stability via the following metrics:

5.2 Evaluation Metrics

near a local rather than a global mode. We therefore also study convergence in detail via
other metrics.

Goudie and Mukherjee

We compare the Gibbs sampler with the MC3 sampler (Madigan and York, 1995) and the
REV sampler (Grzegorczyk and Husmeier, 2008), a variant of MC3 that uses a more extensive edge reversal move. We also compare with two frequentist constraint-based methods:
the PC-algorithm (Spirtes et al., 2000), and the Xie and Geng (2008) method, that is shown
by its authors to outperform the PC-algorithm in some settings.
Tuning parameters for each method were set as follows. For the constraint-based methods, the significance level was α = 0.05 by default, but we also show some results for
α = 0.00005, 0.0001, 0.0005, 0.001, 0.005, 0.01, 0.1. The Gibbs sampler we use is a randomscan sampler, with q = 3 (i.e. the parent sets of three nodes are sampled jointly at each
iteration). To permit a fair comparison, for MC3 we use the same fast online transitive
closure algorithm (Section 4.2), and pre-computation and caching of local marginal likelihoods used in the Gibbs sampler (REV uses a similar pre-computation and caching scheme).
We constrain all of the samplers to maximum in-degree κ = 3 and set the graph prior as
π(G) ∝ 1. We use conjugate formulations throughout, specifically multinomial-Dirichlet
(Heckerman et al., 1995) for discrete data and Normal with a g-prior (with g = n) (Geiger
and Heckerman, 1994; Zellner, 1986) for continuous data.
We consider six examples: a small domain example, where comparison with the exact
posterior (Tian and He, 2009) is possible; data simulated from the ALARM network and
from randomly-generated networks of varying sparsity; data sets from social science and
biology; and a pathological 4-node example designed to highlight a failure case for our
method.
In practical use samplers can only be run for a finite number of iterations (depending on
available time and computational resources). We set the maximum number of iterations as
follows. In total, we drew 106 iterations of REV (retaining only every 10th iteration to reduce storage requirements). Following Grzegorczyk and Husmeier (2008), 85% of proposals
within REV were MC3 proposals (without MC3 proposals, the REV sampler is not irreducible). In our implementation, the computational costs of the Gibbs sampler are an order
of magnitude lower than REV’s (accounting for MC3 moves), but we nevertheless treated
the computational costs as the same for the purposes of comparison and drew 106 iterations
of the Gibbs sampler (again retaining every 10th iteration). The computational costs of our
implementation of MC3 are roughly 1/10 of a Gibbs iteration, and so we performed 107
iterations of MC3 (retaining every 100th ).
For each sampler, 10 independent runs starting from different initial graphs were performed. We discarded the first 1/4 of samples, but as an additional filter we considered trace
plots (log marginal likelihood versus iteration) for each run of each sampler and discarded
further samples if they appeared to be from a pre-convergent phase. Specifically, if there
was a clear ‘step change’ in the trace for a certain run we discarded all samples in that run
drawn prior to the highest ‘step’ being reached. We note that this simple filter cannot be
regarded as detecting convergence because the highest ‘step’ may correspond to a region

5.1 Evaluation Setup

In this section, we empirically assess the performance of the proposed sampler, comparing
it with existing samplers as well as frequentist methods for structure learning of DAGs.

5. Results
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of each sampler as a collection of 5 pairs of runs and calculate PSRF separately for
each edge using the final three quarters of the samples drawn up to that point.
• For the real data, we assess stability under resampling (“shaking the data”) by
comparing estimates across bootstrap samples.
For experiments in which the true data-generating graph G∗ is known we use the following metrics to assess accuracy:
• Structural Hamming distance (SHD) between G∗ and the estimated graphs.
• Receiver-operating characteristic (ROC) curves. These show agreement between G∗ and an estimate Gτ by plotting true positive against false positive rates
parameterized by threshold τ . We consider also the area under the ROC curve
(AUROC), focusing in particular on the small false positive rate region of the curve
that is often of interest in applications.
Finally, when the posterior edge probabilities can be computed exactly (Tian and He,
2009) (i.e. in small p settings) we also consider the maximum and average absolute
error in posterior edge probability, calculated across the set of all possible edges.
We note that while SHD and ROC scores are useful in assessing performance, they are
not convergence measures, as they do not assess accuracy of the posterior distribution per
se (to see why, consider a degenerate sampler that samples only G∗ , giving perfect scores
on SHD and ROC, but an incorrect posterior distribution).
5.3 Small Domain Comparison to Exact Posterior
We applied the methods to the Zoo data set (Newman et al., 1998) that records p = 17
(discrete) characteristics of n = 101 animals. The maximum log marginal likelihood found
by the Gibbs and REV samplers was consistent across runs, but less so for the MC3 sampler,
and the Gibbs sampler reached a plateau of high probability after the fewest iterations
(Figure A13a). REV required about ten times as many iterations as Gibbs to achieve the
same proportion of edges with PSRF < 1.1 while MC3 needed about 100 times as many
(Figure A14a). The estimated edge probabilities given by the Gibbs sampler were stable
between runs (Figure A15a). The results from the REV sampler were also stable, but MC3
less so, with major disparities between some runs. Figure 4 shows the error in posterior edge
probabilities as a function of iterations. Convergence was quickest for the Gibbs sampler,
followed by REV and then MC3 . All runs of the Gibbs sampler reached a point at which
the maximum absolute error was 0.05 (after 67,000 iterations on average). In contrast,
only 5/10 runs of REV and 6/10 runs of MC3 reached the same level of accuracy in their
complete run. Similarly, the Gibbs sampler achieved an average absolute error of less than
0.01 in the fewest iterations.
5.4 The ALARM Network
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The ALARM network (Beinlich et al., 1989) consists of 37 discrete nodes and 46 edges
and has been widely used in studying structure learning (e.g. Friedman and Koller, 2003;
Grzegorczyk and Husmeier, 2008). We simulated data sets from ALARM with sample sizes
15
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Figure 4: For the Zoo data set, maximum and average (across all possible 272 edges) error
in posterior edge probabilities versus iteration number (on a log10 scale). For each
MCMC algorithm, 10 independent runs, initialised at disparate initial values, are
shown.
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n = 100, 500, 1000, 2500, 5000. Figure 5 shows trace plots for the n = 1000 case as an
illustrative example. The maximum log marginal likelihood found by the Gibbs sampler
across runs was −10,608.20 ± 0.8 (mean ± standard deviation), whereas for REV it was
−10,627.2 ± 40.4 and for MC3 −11,176.9 ± 273.7. The highest scoring graph discovered
by any of the 10 runs of the MC3 sampler had log marginal likelihood −10,856.6, far below
the Gibbs maximum, suggesting non-convergence in all 10 runs. REV appeared to reach
convergence in all but two runs (runs 9 and 10). The Gibbs sampler consistently (and
rapidly) reached a high scoring plateau and appeared to have converged in all 10 runs.
PSRF results were in line with these findings (Figure A14b); more than 10 times as many
iterations of REV were needed to give the same proportion of edges with PSRF < 1.1 as
the Gibbs sampler.
Figure 6 compares pairs of runs for n = 1000; this pair of runs is typical of all 10
runs (except for runs 9 and 10 of REV which disagree considerably; all runs shown in
Figure A15b). There were no major between-run discrepancies (as defined in Section 5.2)
for the Gibbs sampler at any sample size. The mean number of major discrepancies (across
pairs of runs) increased from 0 (n = 100) to 8 and 91 for MC3 and REV respectively (when
n = 5000).
Figure 7 shows ROC curves for false positive rates < 0.05. The Gibbs sampler performs
better and with less variability than the other methods. Sample size is influential. For small
n the Bayesian methods outperform the constraint-based methods. However, counter to the
increase in statistical information, REV and MC3 perform less well with larger n: e.g. at
n = 100 for a false positive rate (FPR) of 0, the Gibbs sampler found 21.9 ± 1.9 (mean ±
standard deviation) true edges; REV 20.1 ± 1.4; and MC3 21.7 ± 2.1. But at n = 5000, for
the same FPR, Gibbs found 43.0 ± 0.0 true edges; REV 13.2 ± 21.3; and MC3 did not find
any true edges (the true graph has 46 edges). The constraint-based methods performed well
for large sample sizes, as anticipated by the asymptotic consistency of the PC-algorithm
(Kalisch and Bühlmann, 2007). The Xie-Geng method performed particularly well for
n = 5000. Figure 8 shows AUROC as a function of iterations; the Gibbs sampler performed
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Figure 6: Convergence diagnostic plots for each MCMC sampler for the ALARM data, with
n = 1000. The posterior edge probabilities given by two independent MCMC runs
are plotted against each other, binned into hexagonal areas to avoid over-plotting.
When the edge probabilities of the two runs agree, all of the points in the plot
will lie close to the y = x line; strongly off-diagonal points indicate extreme
discrepancies between the runs.

Figure 5: Log marginal likelihood of the graphs visited by the three MCMC samplers in
10 independent runs, initialised at disparate initial conditions, on the ALARM
data, with data sample size n = 1000. Iteration number is displayed on a log10
scale. The dashed lines indicate where the burn-in phase ended. In all cases the
log marginal likelihood of the graphs reached by the MC3 sampler are below the
displayed range.
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Sparsity can be used to statistical and computational advantage but in practice it may be
hard to know what level of sparsity is reasonable for a given application. We therefore
sought to investigate the effect of varying network sparsity, including scenarios where the
data-generating graph can violate the in-degree constraint we impose. We simulated data
following a procedure described in Kalisch and Bühlmann (2007) that we outline below.
We first generated a DAG G via its adjacency matrix AG , by drawing entries as AG
uv ∼
Bernoulli(ρ), where ρ ∈ (0, 1) is a parameter controlling sparsity. Entries were drawn
independently for each u < v, with AG
uv = 0 otherwise. Larger ρ gives a denser graph and
the expected number of neighbours (parents or immediate children) of a node is ρ(p−1). We
set p = 25, n = 1000 and considered 5 values of the sparseness parameter ρ (corresponding
to expected neighbourhood sizes 2, 3, 4, 5 and 6). For each ρ we drew 10 DAGs, simulating
a data set from each DAG by ancestral sampling using a Normal linear model (see Kalisch
and Bühlmann, 2007, for full details).

5.5 Networks of Varying Sparseness

best after all run lengths and sample sizes considered. These results are supported by SHDs
between point estimates and the true graph (Table A2).

Figure 7: ALARM data, receiver operating characteristic (ROC) curves for each of 10 independent MCMC runs for each MCMC sampler, and point estimates for the
constraint-based methods. Note that the horizontal axis shows only false positives rates < 0.05, corresponding to the case in which interest focuses on highranked edges (the complete curves are shown in Figures A16). Point estimates
from Xie-Geng’s constraint-based method and the PC-algorithm are also shown
for all 8 significance levels considered.
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Figure 8: ALARM data, area under the receiver operating characteristic curve (AUROC)
against iteration number (log10 scale) for each of the 10 independent runs for
each MCMC algorithm. Each panel shows results for a particular sample size
n = 100, . . . , 5000.

Figure 9 shows boxplots over SHDs. We see that accuracy decreases with increasing
density, echoing results in Kalisch and Bühlmann (2007) for the PC algorithm. As throughout, all the samplers had an in-degree constraint (maximum in-degree κ = 3), while the
frequentist methods did not. Nevertheless, the performance of the Bayesian methods did
not appear to deteriorate any more rapidly than the frequentist methods. At all ρ’s, the
median probability graph Gmed outperformed the frequentist methods which in turn outperformed the MAP graph. In this context, we draw attention to a difference between
the median probability and MAP graphs: the former, although obtained by averaging over
DAGs satisfying the in-degree constraint, may itself have in-degree greater than κ, while
the latter is necessarily subject to the constraint.
5.6 Survey Data

JMLR 17(30):1-39

The publicly available Behavioral Risk Factor Surveillance System Survey (BRFSS) (Centers for Disease Control and Prevention, 2008) is a household-level random-digit telephone
survey, collected by the U.S. National Center for Chronic Disease Prevention and Health,
that has been conducted throughout the United States since 1984. We considered (discrete)
responses to p = 24 questions (see Appendix D), spanning most of the topics covered in
the survey. We considered the responses from New York in the 2008 survey, removing samples for respondents who refused or were unsure of their response, or whose response was
19
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Figure 9: Synthetic data, accuracy of estimation for networks with different levels of sparsity. The panels correspond to simulations in which the expected number of
neighbours for each node in the data-generating graph is respectively 2, 3, 4, 5,
and 6. Accuracy is quantified by structural Hamming distance (SHD) between
estimates and data generating graphs (smaller SHDs correspond to more accurate
estimates). Box plots are over the 10 independent networks/data sets simulated
for each sparsity level. For MCMC methods, results from the MAP graph GMAP
and median probability model Gmed are shown.

JMLR 17(30):1-39

missing, to any of the 24 questions. The resulting sample size was n = 4, 197. The median
probability graph Gmed estimated by the Gibbs sampler is shown in Figure A17a.
Figure 10 shows between-run agreement. The Gibbs runs showed better agreement than
the REV runs and the MC3 runs disagreed considerably (these pairs of runs were typical;
all runs shown in Figure A18a). Indeed there were no major between-run discrepancies
(in the sense of Section 5.2) for the Gibbs sampler, whereas there were on average 2.4
major discrepancies for REV and 10.9 for MC3 . The Gibbs sampler also had the highest
proportion of edges with PSRF < 1.1 (Figure A14c).
The maximum log marginal likelihoods found by each of the three samplers differed
considerably as did the number of iterations needed to reach a plateau (Figure A13b). The
Gibbs sampler typically reached a plateau after around 500 samples (although in one run 103
samples were needed). REV took longer to reach a (usually lower) plateau. MC3 appeared
to become stuck in a region with even lower log marginal likelihood.
To investigate stability under resampling of the data we applied the methods to 10
bootstrap resamples of the data set. The Gibbs and REV samplers were more stable than
the frequentist methods as well as than MC3 . For example, using GτPC as a point estimate
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Our final example demonstrates the potential sensitivity of the Gibbs sampler to choice of
q = |W | (the number of nodes whose parent sets are sampled together in a single iteration).
The example was constructed to highlight a situation in which the sampler can become stuck
in a local mode unless q is large enough, potentially leading to extremely slow convergence.
We used as data 105 simulated samples from a 4-node network in which the parents of
node 2 were nodes 1 and 4; the parents of node 3 were nodes 1 and 2; and nodes 1 and 4
had no parents. Each node was Bernoulli distributed. The probability of success was 0.6
for nodes 1 and 4, while nodes 2 and 3 were noisy XORs with probability of success 0.9
when either parent (but not both) was ‘true’ and 0.1 otherwise.
For the purposes of demonstration, we set q = 2. As shown in Figure 12, after 106
iterations the maximum error in edge probability for the Gibbs sampler was 0.016 ± 0.015
(mean ± standard deviation across 10 runs). Given that there are only 543 DAGs with
p = 4 nodes, this magnitude of error is unexpectedly large. The slow convergence is due
to the concentration of posterior mass on two graphs that the sampler cannot easily move
between. The MAP graph (posterior probability 0.61) is the graph in which the parents
of node 2 are nodes 1 and 3; the parents of node 4 are nodes 1 and 2; and nodes 1 and
3 have no parents. The data-generating graph has posterior probability 0.38. The graphs
differ in the parents of 3 nodes, and so with q = 2 the sampler cannot move between them
in a single step. At the same time, the large sample size leads to all other graphs having
low posterior probability (< 0.002), making multi-step transitions between the two graphs
unlikely. Thus, the sampler becomes stuck on one of the two graphs. In this example,
JMLR 17(30):1-39

We used single-cell molecular data from Bendall et al. (2011) with p = 34 continuous
variables (see Appendix D) and n = 21, 691. The median probability graph Gmed estimated
by the Gibbs sampler is shown in Figure A17b.
Figure 11 shows between-run agreement for the samplers for a typical pair of runs; the
Gibbs sampler shows better agreement than REV or MC3 . All but one of the 10 runs of the
Gibbs sampler were consistent with each other (Figure A18b) and the one inconsistent run
nonetheless showed better agreement with the other Gibbs runs than any pair of runs of the
other samplers. The Gibbs sampler had no major discrepancies (as defined in Section 5.2)
between any pairs of runs, while there were on average 26 and 87 major discrepancies for
REV and MC3 respectively. Smaller discrepancies followed a similar pattern: the average
number of edges differing by 0.1 or more in posterior probability between runs were 6.4
(Gibbs sampler), 56.6 (REV), and 151.8 (MC3 ). The Gibbs sampler also had the highest
proportion of edges with PSRF < 1.1 after any run length (Figure A14d). Trace plots are
shown in Figure A13c. The Gibbs sampler found a region of higher log marginal likelihood
than the other samplers and did so consistently. Indeed, the maximum log marginal likelihood achieved across all REV runs was exceeded in every Gibbs run and after only around
5000 iterations. Finally, we considered stability under resampling of the data (Figure A19b),
including also the frequentist point estimators for comparison. The mean SHD between PC
estimates from pairs of bootstrap samples was 214.6; the corresponding mean SHDs for the
samplers (using GPC
point estimates) were 128.8 (Gibbs), 140.1 (REV) and 225.2 (MC3 ).
τ
We note that the SHDs are particularly high here because the PC-algorithm estimates a
JMLR 17(30):1-39
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5.8 A Pathological 4-node Example

5.7 Large-sample, Single-cell Molecular Data
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network with a high density (recall that under GPC
all methods choose the same number
τ
of edges as PC).

Figure 11: Convergence diagnostic plots for each MCMC sampler for the single-cell molecular data. The posterior edge probabilities given by two independent MCMC
runs are plotted against each other, binned into hexagonal areas to avoid overplotting. When the two runs give the same estimates of the posterior edge
probabilities all of the points appear on the line y = x; strongly off-diagonal
points indicate extreme discrepancies between the runs. This pair of runs was
typical of all pairs of runs.

Figure 10: Convergence diagnostic plots for each MCMC sampler for the survey data. The
posterior edge probabilities given by two independent MCMC runs are plotted
against each other, binned into hexagonal areas to avoid over-plotting. When
the two runs give the same estimates of the posterior edge probabilities all of the
points appear on the line y = x; strongly off-diagonal points indicate extreme
discrepancies between the runs. This pair of runs was typical of all pairs.

for the Bayesian methods (i.e. thresholding to give the same number of edges as PC), the
mean SHD between results from pairs of bootstrap data sets was 21.7 (Gibbs), 22.3 (REV),
are shown in Figure A19a.
33.4 (MC3 ) and 30.8 (PC-algorithm). Results for GMAP and GXie
τ
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Figure 12: For the pathological 4-node example, maximum and average (across all possible
12 edges) error in posterior edge probabilities by iteration number (on a log10
scale). For each MCMC algorithm, 10 independent runs, initialised at disparate
initial values, are shown.

setting q = 3 improved convergence (maximum error 0.0011 ± 0.0009 after 106 iterations),
but in real-world examples it is difficult to rule out the possibility that analogous issues
may arise.

6. Discussion

JMLR 17(30):1-39

We introduced a Gibbs sampler for structure learning of DAGs that can converge more easily
than existing samplers due to its ability to efficiently make large moves in DAG space. We
showed that it provides often substantial gains in accuracy and stability in comparison with
existing (Bayesian and frequentist) methods in a range of settings.
The formulation of the sampler develops and exploits the connection between variable
selection and structure learning. This connection has been widely studied for undirected
graphs (e.g. Meinshausen and Bühlmann, 2006), but for DAGs is complicated by the acyclicity requirement. Our approach accounts for acyclicity but further work in this area may
ease the adaptation of results and methods from Bayesian variable selection to the case
of DAGs. In the proposed sampler, existing variable selection methods could be of direct
G , X). When this samutility in sampling from the conditional distribution P (paW | pa−W
pling step is difficult, a Metropolis-within-Gibbs approach (i.e. substituting a Metropolis
step in place of the Gibbs step) could be considered. With q = |W | = 1, the conditional
G , X) is identical to the posterior of the corresponding variable selection probP (paW | pa−W
lem. Then, a Metropolis-within-Gibbs move could directly exploit existing variable selection
methods.
In common with most of the structure learning literature, we used an in-degree constraint. This gives a smaller DAG space and in addition controls the number of parameters
needed to specify conditional distributions. However, it is a strong constraint and a natural
concern is whether it excludes higher in-degree models that could be appropriate for the
data. This possibility cannot be ruled out, but the use of model averaging and marginal
posterior summaries may ameliorate the concern to some extent, because even when the
23
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true number of parents of a node exceeds the restriction, important candidate parents may
still have high edge scores (and appear in a summary graph). For example, suppose the
true in-degree of a node is 4, but at most 3 incoming edges are permitted. In this case,
although no model including all 4 parents can be considered, provided the signal can be
detected considering only 3 nodes at a time, the posterior probability of all 4 edges may
nonetheless be high.

In our empirical examples the REV sampler of Grzegorczyk and Husmeier (2008) showed
impressive gains over MC3 . The Gibbs sampler generally seemed to outperform both. The
use of conditional distributions in REV is a point of similarity with the Gibbs sampler
proposed here. The performance gains of Gibbs could be explained by two key differences
from REV. First, REV does not use the natural conditional distribution and requires an
accept-reject step. Second, REV must include at least some MC3 proposals (otherwise the
sampler is not irreducible), and these steps are not tailored to the shape of the posterior
distribution (Grzegorczyk and Husmeier, 2008, make REV proposals with probability 1/15
and so most steps are based on MC3 proposals).

If there is strong correlation between the parent sets of more than q = |W | nodes,
the Gibbs sampler may not mix well. In this situation, constraint-based methods may be
useful. Alternatively, q could be chosen at each step according to some distribution, so that
a mixture of different block sizes is used. This would in particular allow larger blocks to be
used without increasing the computational demands of the algorithm excessively. In this
paper we fixed q = 3, and found this simple choice gave a well-behaved and effective sampler.
G , X),
But there is a trade-off: increasing q increases the time taken to evaluate P (paW | pa−W
but also increases move size, with the potential to improve convergence.

Practical use of the Gibbs sampler in the form described here requires exact sampling
G , X) and there are situations related to this requirement
from the conditional P (paW | pa−W
in which other methods may be more suitable. First, when an appropriate maximum indegree cannot be set, MC3 or a variant could be more appropriate (although convergence
could be very slow). Alternatively, search procedures such as GES (Chickering, 2002b) or
HCMC (Castelo and Kočka, 2003) could be used. Second, exact sampling from the conditional distribution is challenging in settings with thousands of nodes. In this case, efficient
constraint-based methods (such as the PC-algorithm) may be a better choice, particularly in
the large sample setting. As noted by a referee, an interesting area for future research would
be combining the Gibbs sampler with some aspects of other methods—such as PC—that
are relatively well suited to the truly high-dimensional setting.
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JMLR 17(30):1-39

1
Lemma 1 {PaG,H
, . . . PaW η } is a partition of PaG
W.
W
S
S
G,Hh
G
h
Proof. We show: (i) h=1,...η PaW
⊆ PaW ; (ii) h=1,...η PaG,H
⊇ PaG
W ; and (iii)
W

G,H

Appendix B. Proof of Lemma 1

An alternative sufficient condition for uniqueness of the joint distribution and convergence of the Gibbs sampler when positivity is not satisfied is given by Besag (1994), which
was extended for continuous settings by Hobert et al. (1997). In the present context, the
condition requires that for every pair G0 , G00 ∈ G of DAGs with p nodes there exists a finite
sequence G1 , . . . , GN , with G1 = G0 , GN = G00 and N ∈ N, and such that Gt and Gt−1
differ in only a single component (in this context, a single edge), and that the joint posterior distribution P (Gt | X) > 0 for all t = 0, . . . N . When the graph prior π(G) > 0 for all
G ∈ G, this condition is clearly satisfied: as an example, one such finite sequence removes
every edge of G0 , one at a time, and then adds every edge of G00 , one at a time. Each graph
in the sequence is clearly acyclic, since the sequence is composed of subgraphs of the acyclic
G0 and G00 , and so has positive probability in the joint distribution when the graph prior
is positive everywhere in G. A similar proof follows if the graph prior has support on all
subgraphs of graphs with support in the graph prior, as is true for most widely used priors.

In the DAG setting, the acyclicity requirement means that this positivity condition is
not satisfied. Consider a DAG consisting of two correlated random variables X1 and X2 .
The correlation means that both the graph with a single edge (1, 2) and the graph with
a single edge (2, 1) have positive posterior probability. Thus P (AG
12 = 1 | X) > 0 and
P (AG
21 = 1 | X) > 0 in the posterior marginal distributions. However, in the joint posterior
G
distribution P (AG
12 = 1, A21 = 1 | X) = 0 because the corresponding graph (the complete
graph) is cyclic. The complete graph is thus not in the support of the joint distribution but
is in the Cartesian product of the supports of the marginal distributions.

Convergence of a Gibbs sampler for DAGs does not follow from the usual justification
of Gibbs sampling that relies on the Hammersley-Clifford theorem (Besag, 1974). The
theorem gives a positivity condition that is sufficient to prove that the univariate conditional
distributions used by the Gibbs sampler uniquely define the joint distribution. The required
condition is that the support of the joint distribution is given by the Cartesian product of
the supports of the marginal distributions. An example of when this condition does not
hold is the joint density p(x, y) for a pair of random variables X and Y with support only
on [0, 1] × [0, 1] and [2, 3] × [2, 3]. Clearly p(x) and p(y) are both positive on [0, 1] and [2, 3]
but neither [0, 1] × [2, 3] or [2, 3] × [0, 1] are in the support of the joint distribution (Hobert
et al., 1997).

Appendix A. Convergence Conditions for Gibbs Samplers
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, where H 0 = hpaH
1 , . . . , paq i ∈ H is a DAG on nodes in W and
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G,H
We show that paG
by showing that for each node w ∈ W , both conditions
W ∈ PaW
0
(A) and (B) that specify membership of PaG,H
are satisfied.
w

0

G
= {x ∈ W : there exists some v ∈
such that v ∈ deG
x }. As usual, paw is
G
0
the parent set in the graph G of the node w; and dex is the descendants in G of the
0
node x. Note that H 0 is a subgraph (on the nodes in W ) of the transitive closure TG .
G0
0
0
By definition, G is a DAG, so T is also a DAG, and thus H is a DAG.

0
paH
w

that paG
W ∈ PaW

G,H 0

G,H
G
0
G
DAG G0 = hpaG
W , pa−W i there is some H ∈ H such that paW ∈ PaW . We will show

0

G
(ii) Suppose we start from a graph G = hpaG
W , pa−W i. We want to show that for each

Now, recall that w1
w2
...
wr . Since a cycle is formed we must in addition
have a path in G0 from node wr to node w1 . Since w1 , . . . , wr is the complete set of
nodes in W involved in the cycle, no node on the path from wr to w1 can be in W .
Thus wr
w1 . However, this implies that the edges (w1 , w2 ), (w2 , w3 ), . . . , (wr−1 , wr ),
(wr , w1 ) are all in Hh , which implies Hh is cyclic. But Hh is acyclic by assumption,
and so we have a contradiction.

not include any nodes in W , v is also a descendant in G of x1 because G0 and G differ
only in which nodes are parents of nodes in W . We proceed by contradiction. Suppose
no edge (x1 , x2 ) exists in Hh . Then v is a descendant of x1 in the graph G, but x1
h
is not a parent of x2 in the graph Hh . So v ∈ deG,H
−x2 , which by condition (A) is a
contradiction. Thus x1
x2 only if (x1 , x2 ) is present in Hh , for x1 , x2 ∈ W .

We now show that for x1 , x2 ∈ W , x1
x2 only if an edge (x1 , x2 ) links node x1 to
x2 in the graph Hh . Since x1
x2 , there must exist a node v ∈ V that is a parent
of x2 in G0 such that v is a descendant in G0 of x1 . Note that if the edge (x1 , x2 )
is in the graph G0then v = x1 . Since v is a parent of node x2 in the graph G0 and
h
h
x2 ∈ W , then v ∈ ndG ∪ deG,H
\ deG,H
x2 does
x2
−x2 by condition (A). Also since x1

0

G
G
We proceed by contradiction. Suppose some graph G0 = hpaG
W , pa−W i with paW ∈
G,Hh
PaW
is cyclic. First note that G is acyclic because G is a subgraph of the acyclic
G. Since the graph G0 differs from the acyclic graph G only in the parents of nodes
in W , each cycle in G0 must include at least one node in W . Denote by x1
x2
the existence of a path (that obeys the edge directions) in the graph G0 from node
x1 ∈ W to node x2 ∈ W that does not include any nodes in W (except x1 and x2 ).
Let w1 , . . . , wr ∈ W be the (minimal) complete set of nodes in W included in some
cycle in G0 . Without loss of generality suppose that w1
w2
...
wr in G0 . Note
that since w1 , . . . , wr is the complete set of nodes in W in the cycle, no node between
wi and wi+1 in the path can be in W , i ∈ {1, . . . , r − 1}.

h
(i) We prove the relationship by showing that PaG,H
⊆ PaG
W for each0 h = 1, . . . , η. By
W
0
G
G
the definition of PaG
W in Section 3.4 we need to show that G = hpaW , pa−W i is acyclic
0
G,Hh
G
for all tuples paW ∈ PaW
of parent sets, for all h = 1, . . . , η.
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0



0
G0 ⊆ ndG ∪ deG,H 0 \ deG,H . Let v ∈ paG0 meaning that v is a
For (A) we need paw
w
w
−w
0

G,H
, and then show
parent of the node w in the graph G0 . First we show that v ∈
/ de−w
G,H 0
that v ∈ ndG ∪ dew
.

0

G,H
G,H
To show that v ∈
/ de−w
,
note
that
if
v
∈
de
−w then v must be a descendant in G
H 0 . However, every such y is in paH 0 by the
of some node y ∈ W that is not in paw
w
G,H 0
H 0 , thus v ∈
.
definition of paw
/ de−w

0

0

G,H
G
,
we
suppose
v
∈
/
nd
To show that v ∈ ndG ∪ dew
and
show
this
implies
that
G,H 0
G
v ∈ dew
.
This
follows
because
if
v
∈
/
nd
then
it
must
be
the
descendant
in G
H 0 by definition of H 0 . Therefore v ∈ deG,H 0 , as
of some node y ∈ W . Then y ∈ paw
w
required.


0
G0 ∩ deG \ deG,H
H 0 . Consider x ∈ paH 0 . By
For (B), we need paw
6= ∅ for all x ∈ paw
x
w
−w
H
G
the definition of paw
,
this
means
that
there
exists
some
node
v
∈
pa
w such that
H 0 , by
v ∈ dexG . Additionally, any y ∈ W for which v ∈ deyG is such that y ∈ paw
H0
definition of paw
.
Thus
in G of any node in W that is not in
 v is not a 0descendant

H 0 . Then v ∈ paG0 ∩ deG \ deG,H , and thus the condition is satisfied.
paw
w
x
−w

(iii) Since Hh1 6= Hh2 , at least one node has different parents in Hh1 and Hh2 . Suppose
that the node w ∈ W is such a node, and that x ∈ W is a parent of w in Hh1 but not
G,Hh2
G1 ∈ PaG,Hh1 . We will prove that paG1 ∈
in Hh2 . Consider a parent set paw
,
w
w / Paw
and the result follows.
G1 . We
such that v ∈ paw

G,Hh

G,Hh1

By condition (B), there must exist some v ∈ dexG \ de−w

G2 for every parent set paG2 ∈ Pa
2
will show that v ∈
/ paw
. This follows because
w
w
so is a descendant in G 
of x, which is not a parent of w in Hh2 . Thus
v∈

G,Hh
G,Hh
ndG ∪ dew 2 \ de−w 2 . Therefore v cannot be a parent of

dexG and
Hh

v ∈ de−w2 , and so v ∈
/
w in G2 .

Appendix C. Proof of Lemma 2

(i)

w

(i)

p(Xw | Xpaw )πw (paw ) =

G,H
w∈W pa ∈Paw
w

Lemma 2 The following identity holds for any H ∈ H, W ⊆ V and G ∈ G.
X
Y
Y
X
p(Xw | Xpaw )πw (paw )
G,H w∈W
paW ∈PaW

(i)
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G,H
and where paw is the parent set of node w for theoith member of PaW
i.e.
we
n
(1)
(1)
(P)
(P)
G,H
(paw1 , . . . , pawq ), . . . , (paw1 , . . . , pawq ) . Similarly, define Paw
=

Proof. Define λw = p(Xw | Xpa(i) )πw (paw ), i ∈ {1, . . . P}, where P is the cardinality of
G,H
PaW
,

G,H
have that PaW
=
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n
o
(1)
(P )
G,H
paw , . . . , paw w , and thus Pw is the number of tuples of parent sets in Paw
. Recall
G,H
that PaW

X

(i)
λw
=

w∈W

(i)

(i )

(i1 )
λw
. . . λwqq
1

Y

(i)
λw
.

(i)
(i)
λw
. . . λw
q
1

i1 ∈{1,...,P1 }, ..., iq ∈{1,...,Pq }

(i)

X

G,H
(paw1 ,...,pawq ) ∈ PaW

X

X

G,H
is the Cartesian product of the sets Paw
of
parent
sets for w ∈ W , thus

Y 
(1)
(Pw )
λw
+ · · · + λw

Y

w∈W pa(i) ∈PaG,H
w
w

=
=
=

(i)
(i)
G,H w∈W
(paw1 ,...,pawq ) ∈ PaW

Appendix D. Details of Data Analysed

JMLR 17(30):1-39

We included in our analysis the following variables from the survey data (Centers for Disease Control and Prevention, 2008): SEX, AGE G, RACEGR2, MARITAL, CHLDCNT, INCOMG,
USEEQUIP, HCVU65, MEDCOST, SMOKER3, ASTHMST, RFDRHV3, RFBING4, QLREST2, RFSEAT3,
TOTINDA, BMI4CAT, DIABETE2, EMTSUPRT, LSATISFY, EXTETH2, AIDTST2, DENVST1, IMONTH.
In our analysis of the single-cell molecular data (Bendall et al., 2011) we included the following quantities, including the binding of antibodies, viability and DNA content: 191-DNA,
193-DNA, 103-Viability, 115-CD45, 139-CD45RA, 141-pPLCgamma2, 142-CD19, 144-CD11b,
145-CD4, 146-CD8, 148-CD34, 150-pSTAT5, 147-CD20, 152-Ki67, 154-pSHP2, 151-pERK1/2,
153-pMAPKAPK2, 156-pMAPKAPK2AP70/Syk, 158-CD33, 160-CD123, 159-pSTAT3, 164-pSLP-76,
165-pNFkB, 166-IkBalpha, 167-CD38, 168-pH3, 170-CD90, 169-pP38, 171-pBtk/Itk, 172-pS6,
174-pSrcFK, 176-pCREB, 175-pCrkL, 110 114-CD3.
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n = 100
69.2 ± 6.5
23.8 ± 0.4
67.4 ± 4.9
23.9 ± 0.9
68.2 ± 5.5
25.9 ± 2.1
48.0
54.0

250
32.0 ± 3.7
8.3 ± 0.5
35.8 ± 6.6
12.5 ± 3.1
34.7 ± 5.8
8.3 ± 1.1
39.0
40.0

500
25.8 ± 2.8
8.9 ± 0.3
44.7 ± 7.8
27.3 ± 8.8
27.4 ± 4.6
4.0 ± 0.0
38.0
34.0

1000
22.1 ± 3.2
15.1 ± 0.6
47.8 ± 13.3
43.8 ± 14.2
28.1 ± 4.0
11.5 ± 2.0
28.0
43.0

2500
14.5 ± 3.3
6.0 ± 0.0
63.7 ± 11.2
65.4 ± 11.6
24.4 ± 9.5
11.6 ± 9.9
22.0
32.0

5000
8.7 ± 2.4
10.1 ± 0.3
78.5 ± 16.5
82.3 ± 17.0
20.4 ± 6.7
13.5 ± 8.0
14.0
17.0
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Table A2: ALARM data, structural Hamming distances (SHD) between estimated graphs
and the true data-generating graph. For Bayesian methods we compare to both
the maximum a posteriori (top line) and the median probability graph (bottom
line), and report mean SHD over 10 independent Monte Carlo runs, along with
the corresponding standard deviation. For constraint-based methods, we report
results for α = 0.05.

PC
Xie-Geng

REV

MC3

Method
Gibbs

Appendix E. Additional Table
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Figure A13: Log marginal likelihood of the graphs visited by the three MCMC samplers
in 10 independent runs, initialised at disparate initial conditions. In (A) Zoo
data; (B) survey data; (C) single-cell molecular data. Iteration number is
displayed on a log10 scale. The dashed lines indicate where the burn-in phase
ended.
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Figure A14: Proportion of edges with PSRF < 1.1 against iteration number. (A) Zoo data;
(B) ALARM data, n = 1000; (C) survey data; (D) single-cell molecular data.
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Figure A15: Convergence diagnostic plots for all pairs of 10 independent MCMC runs for
each sampler for (A) Zoo data and (B) ALARM data, n = 1000. In each cell,
the posterior edge probabilities given by two independent runs are plotted
against each other. Each point represents a single edge. The lower half of
both panels compares runs of the Gibbs sampler; the upper half compares
runs of the MC3 and the REV sampler respectively. When the two runs give
the same estimates of the posterior edge probabilities, all of the points appear
on the line y = x. The blue to orange colour scale represents the distance from
this line, with orange points the furthest away.
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Figure A16: ALARM data, receiver operating characteristic (ROC) curves for each of 10
independent MCMC runs for each MCMC sampler, and point estimates for the
constraint-based methods. Point estimates from Xie-Geng’s constraint-based
method and the PC-algorithm are also shown for all 8 significance levels.

Gibbs Sampler for Learning DAGs

34

JMLR 17(30):1-39

Figure A17: The median probability model Gmed estimated by the Gibbs sampler, for (A)
survey data and (B) single-cell molecular data. Darker shading indicates higher
posterior edge probability. Note that no hard constraints were specified to
ensure, for example, an in-degree of 0 for ‘Age Group’ in (A); such constraints
were omitted to keep the implementations of the various methods simple.
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Figure A19: Stability of estimators under bootstrapping, as quantified by structural Hamming distance (SHD) between estimates obtained from pairs of bootstrap iterations for (A) survey data and (B) single-cell molecular data. In each case
10 bootstrap data sets were drawn and each estimator was run on each bootstrap data set. Smaller SHDs indicate stable estimation in the sense of graph
estimates that are robust to resampling. Boxplots are shown over all pairs
of bootstrap iterations. The edge probabilities were thresholded so that the
resulting graphs had the same number of edges as the graph indicated in the
panel title: GτPC (the graph estimated by the PC-algorithm), GτXie (Xie-Geng
method), or GMAP (MAP graph).
JMLR 17(30):1-39

Figure A18: Convergence diagnostic plots for all pairs of 10 independent MCMC runs for
each sampler for (A) survey data and (B) single-cell molecular data. In each
cell, the posterior edge probabilities given by two independent runs are plotted
against each other. Each point represents a single edge. The lower half of both
panels compares runs of the Gibbs sampler; the upper half compares runs of
the MC3 and the REV sampler respectively. When the two runs give the same
estimates of the posterior edge probabilities, all of the points appear on the
line y = x. The blue to orange colour scale represents the distance from this
line, with orange points the furthest away.
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R. Castelo and T. Kočka. On inclusion-driven learning of Bayesian networks. Journal of
Machine Learning Research, 4:527–574, 2003.

D. B. Carr, R. J. Littlefield, W. L. Nicholson, and J. S. Littlefield. Scatterplot matrix
techniques for large N. Journal of the American Statistical Association, 82(398):424–436,
1987.

J. E. Besag. Discussion of “Markov chains for exploring posterior distributions”. Annals of
Statistics, 22(4):1734–1741, 1994.

J. E. Besag. Spatial interaction and the statistical analysis of lattice systems. Journal of
the Royal Statistical Society: Series B (Methodological), 36(2):192–236, 1974.

S. C. Bendall, E. F. Simonds, P. Qiu, E. D. Amir, P. O. Krutzik, R. Finck, R. V. Bruggner,
R. Melamed, A. Trejo, O. I. Ornatsky, R. S. Balderas, S. K. Plevritis, K. Sachs, D. Pe’er,
S. D. Tanner, and G. P. Nolan. Single-cell mass cytometry of differential immune and
drug responses across a human hematopoietic continuum. Science, 332(6030):687–696,
2011.

I. A. Beinlich, H. J. Suermondt, R. M. Chavez, and G. F. Cooper. The ALARM monitoring
system: A case study with two probabilistic inference techniques for belief networks.
In Second European Conference on Artificial Intelligence in Medicine, pages 247–256.
Springer-Verlag, Berlin, 1989.

M. M. Barbieri and J. O. Berger. Optimal predictive model selection. Annals of Statistics,
32(3):870–897, 2004.

References

Gibbs Sampler for Learning DAGs

Gibbs Sampler for Learning DAGs

I. Munro. Efficient determination of the transitive closure of a directed graph. Information
Processing Letters, 1(2):56–58, 1971.
D. Newman, S. Hettich, C. Blake, and C. Merz. UCI Repository of Machine Learning
Databases. University of California, Department of Information and Computer Science,
Irvine, CA, 1998. URL http://www.ics.uci.edu/~mlearn/MLRepository.html.
O. Nikolova, J. Zola, and S. Aluru. Parallel globally optimal structure learning of Bayesian
networks. Journal of Parallel and Distributed Computing, 73(8):1039–1048, 2013.
P. Parviainen and M. Koivisto. Exact structure discovery in Bayesian networks with less
space. In Proceedings of the Twenty-Fifth Conference on Uncertainty in Artificial Intelligence, pages 436–443, Corvallis, Oregon, 2009. AUAI Press.
P. Parviainen and M. Koivisto. Finding optimal Bayesian networks using precedence constraints. Journal of Machine Learning Research, 14:1387–1415, 2013.
G. O. Roberts and S. K. Sahu. Updating schemes, correlation structure, blocking and
parameterization for the Gibbs sampler. Journal of the Royal Statistical Society: Series
B (Methodological), 59(2):291–317, 1997.
P. Spirtes, C. Glymour, and R. Scheines. Causation, Prediction, and Search. The MIT
Press, Cambridge, MA, 2000.
Y. Tamada, S. Imoto, and S. Miyano. Parallel algorithm for learning optimal Bayesian
network structure. Journal of Machine Learning Research, 12:2437–2459, 2011.
J. Tian and R. He. Computing posterior probabilities of structural features in Bayesian
networks. In Proceedings of the Twenty-Fifth Conference on Uncertainty in Artificial
Intelligence, pages 538–547, Corvallis, Oregon, 2009. AUAI Press.
X. Xie and Z. Geng. A recursive method for structural learning of directed acyclic graphs.
Journal of Machine Learning Research, 9:459–483, 2008.

JMLR 17(30):1-39

A. Zellner. On assessing prior distributions and Bayesian regression analysis with g-prior
distributions. In P. K. Goel and A. Zellner, editors, Bayesian Inference and Decision
Techniques: Essays in Honour of Bruno de Finetti, pages 233–243. North-Holland, Amsterdam, 1986.

39

Submitted 12/14; Revised 6/15; Published 4/16

francois.denis@lif.univ-mrs.fr
mattias.gybels@lif.univ-mrs.fr

Abstract

©2016 François Denis and Mattias Gybels and Amaury Habrard.

JMLR 17(31):1-32

Many applications in natural language processing, text analysis or computational biology
require learning probabilistic models over finite variable-size strings such as probabilistic automata, Hidden Markov Models (HMM), or more generally, weighted automata. Weighted
automata exactly model the class of rational series, and their algebraic properties have been
widely studied in that context (Droste et al., 2009). In particular, they admit algebraic representations that can be characterized by a set of finite-dimensional linear operators whose
ranks are closely linked to the minimum number of states needed to define the automaton. From a machine learning perspective, the objective is then to infer good estimates
of these linear operators from finite samples. In this paper, we consider the problem of

1. Introduction

Learning probabilistic models over strings is an important issue for many applications.
Spectral methods propose elegant solutions to the problem of inferring weighted automata
from finite samples of variable-length strings drawn from an unknown target distribution p.
These methods rely on a singular value decomposition of a matrix HS , called the empirical
Hankel matrix, that records the frequencies of (some of) the observed strings S. The accuracy of the learned distribution depends both on the quantity of information embedded in
HS and on the distance between HS and its mean Hp . Existing concentration bounds seem
to indicate that the concentration over Hp gets looser with its dimensions, suggesting that it
might be necessary to bound the dimensions of HS for learning. We prove new dimensionfree concentration bounds for classical Hankel matrices and several variants, based on
prefixes or factors of strings, that are useful for learning. Experiments demonstrate that
these bounds are tight and that they significantly improve existing (dimension-dependent)
bounds. One consequence of these results is that the spectral learning approach remains
consistent even if all the observations are recorded within the empirical matrix.
Keywords: Hankel matrices, Matrix Bernstein bounds, Probabilistic Grammatical Inference, Rational series, Spectral learning
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LIF UMR 7279
13288 Marseille Cedex 9, FRANCE

François Denis
Mattias Gybels

Dimension-free Concentration Bounds on Hankel Matrices
for Spectral Learning

Journal of Machine Learning Research 17 (2016) 1-32

2

JMLR 17(31):1-32

learning the linear representation of a weighted automaton, from a finite sample, composed
of variable-size strings i.i.d. from an unknown target distribution.
Recently, the seminal papers of (Hsu et al., 2009) for learning HMM and (Bailly et al.,
2009) for weighted automata, have defined a new category of approaches - the so-called spectral methods - for learning distributions over strings represented by finite state models (Siddiqi et al., 2010; Song et al., 2010; Balle et al., 2012; Balle and Mohri, 2012). Extensions to
probabilistic models for tree-structured data (Bailly et al., 2010; Parikh et al., 2011; Cohen
et al., 2012), transductions (Balle et al., 2011) or other graphical models (Anandkumar
et al., 2012c,b,a; Luque et al., 2012) have also attracted a lot of interest.
Spectral methods suppose that the main parameters of a model can be expressed as the
spectrum of a linear operator and estimated from the spectral decomposition of a matrix
that sums up the observations. Given a rational series r, the values taken by r can be
arranged in a matrix Hr whose rows and columns are indexed by strings, such that the
linear operators defining r can be recovered directly from the right singular vectors of Hr .
This matrix is called the Hankel matrix of r.
In a learning context, given a learning sample S drawn from a target distribution p, an
empirical estimate HS of Hp is built and then, a rational series p̃ is inferred from the right
singular vectors of HS . However, the size of HS increases drastically with the size of S
and state of the art approaches consider smaller matrices HU,V
indexed by limited subset
S
of strings U and V . It can be shown that the above learning scheme, or slight variants
of it, are consistent as soon as the matrix HU,V
has full rank (Hsu et al., 2009; Bailly,
S
2011; Balle et al., 2012) and that the accuracy of the inferred series is directly connected
U,V
to the concentration distance ∣∣HU,V
S − Hp ∣∣2 between the empirical Hankel matrix and its
mean (Hsu et al., 2009; Bailly, 2011).
On the one hand, limiting the size of the Hankel matrix avoids prohibitive calculations.
Moreover, most existing concentration bounds on sum of random matrices depend on their
size and suggest that ∣∣HU,V
− HU,V
p ∣∣2 may become significantly looser with the size of U
S
and V , compromising the accuracy of the inferred model.
On the other hand, limiting the size of the Hankel matrix implies a drastic loss of
information: only the strings of S compatible with U and V will be considered. In order to
limit the loss of information when dealing with restricted sets U and V , a general trend is to
work with other functions than the target p, such as the prefix function p(u) ∶= ∑v∈Σ∗ p(uv)
or the factor function p̂ ∶= ∑v,w∈Σ∗ p(vuw) (Balle et al., 2013; Luque et al., 2012). These
functions are rational, they have the same rank as p, a representation of p can easily
be derived from representations of p or p̂ and they allow a better use of the information
contained in the learning sample.
A first contribution of this paper is to provide a dimension free concentration inequality
for ∣∣HU,V
− HU,V
p ∣∣2 , by using recent results on tail inequalities for sum of random matriS
ces (Tropp, 2012), and in particular a dimension-free Matrix Bernstein Bound Theorem
stated in (Hsu et al., 2011). As a consequence, the spectral learning approach is consistent
whatever sets U and V are chosen, and even if they are set to Σ∗ , showing that restricting
the dimensions of H is not mandatory.
However, this Matrix Bernstein Bound Theorem cannot be directly applied as such to the
prefix and factor series, since the norm of the corresponding random matrices is unbounded.
A second contribution of the paper is then to define two classes of parametrized functions,
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pη and p̂η , that constitute continuous intermediates between p and p (resp. p and p̂), and
to provide analogous dimension-free concentration bounds for these two classes. Lastly, we
adapt a Matrix Bernstein bound theorem for subexponential matrices from (Tropp, 2012)
to the dimension free case, using a technique similar as the one used in (Hsu et al., 2011)
and we apply it to the prefix Hankel matrices.
These bounds are evaluated on a benchmark made of 11 problems extracted from the
PAutomaC challenge (Verwer et al., 2012). These experiments show that the bounds derived
from our theoretical results for bounded random matrices are quite tight - compared to the
exact values - and that they significantly improve existing bounds, even on matrices of fixed
dimensions. By contrast, the bounds obtained in the subexponential case are somewhat
loose.
Our theoretical results entail that spectral learning is consistent whatever dimensions
of the Hankel matrix are chosen but they give no indication on what should be done in
practical cases. We have computed the distance between the spaces spanned by the first
right singular vectors of HSU,V and HpU,V for various sizes of U and V , for each target of
our benchmark. These experiments seem to indicate that the best results are obtained by
limiting one dimension and taking the other as large as possible but a theoretical justification
remains to be provided.
The paper is organized as follows. Section 2 introduces the main notations, definitions
and concepts. Section 3 provides some Matrix Berstein bounds that will be used to prove
the different results of the paper. Section 4.1 presents a first dimension free-concentration
inequality for the standard Hankel matrices. Then, we introduce the prefix and the factor
variants and provide analogous concentration results in Sections 4.3 and 4.5 respectively.
Section 6 describes some experiments before the conclusion presented in Section 7. The
Appendix contains the proof of an original result, which states that the series u ↦ p(Σ∗ uΣ∗ ),
i.e. the probability that a random string contains a substring u as a factor, may be not
rational even if p is rational, explaining why we have considered the less natural series p̂. It
also contains two small proofs of known results, in order to keep the paper self-contained.

2. Preliminaries
We first present some preliminary definitions and results about matrices, rational languages,
Hankel matrices and spectral learning algorithms for the inference of rational stochastic
languages.
2.1 Matrices

JMLR 17(31):1-32

The identity matrix of size n is denoted by In , or simply by I. Let M ∈ Rm×n be a m × n
real matrix. The singular values of M are the square roots of the eigenvalues of the matrix
M⊺ M, where M⊺ denotes the transpose of M: σmax (M) and σmin (M) denote the largest
and smallest singular value of M, respectively. The spectral radius ρ(M) of a square matrix
M is the supremum among the modulus of the eigenvalues of M. If M is symmetric,
σmax (M) coincides with ρ(M).
Every rank-d matrix M ∈ Rm×n admits a factorization of the form M = UDV⊺ , called a
reduced singular value decomposition (SVD), where U ∈ Rm×d and U⊺ U = Id , V ∈ Rn×d and
V⊺ V = Id and D is a diagonal matrix whose diagonal elements, listed in descending order,
3

m
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n

are the singular values of M. The columns of U (resp. of V) are called the right-singular
vectors of M (resp. left-singular vectors of M).
The notion of singular values, singular vectors and singular value decomposition can be
extended to infinite matrices via the notion of Hilbert spaces compact operators (see (Stein
and Shakarchi, 2005) for example). Let (ei )i∈N be an orthonormal basis of a separable Hilbert space H. A bounded operator T on H can be represented by the matrix
(⟨T(ei ), ej ⟩H )i,j∈N . Compact operators are the closure of finite-rank operators in the uniform operator topology: max∥x∥=1 ∥Tn (x)−T(x)∥ → 0. A sufficient condition for a matrix M
to represent a compact operator is that it has a finite Frobenius norm: ∑i,j∈N M [i, j]2 < ∞.
The matrix of any compact operator admits a reduced SVD. In particular, if M is the
matrix of a finite rank bounded operator, it admits a reduced singular value decomposition
M = UDV⊺ .
The operator norm ∥ ⋅ ∥k induced by the corresponding vector norm on Rn is defined by
∥Mx∥k
∥M∥k ∶= maxx≠0
. It can be shown that
∥x∥k

1≤j≤n i=1

1≤i≤m j=1

∥M∥1 = max ∑ ∣M[i, j]∣, ∥M∥∞ = max ∑ ∣M[i, j]∣ and ∥M∥2 = σmax (M).

√

∥M∥1 ∥M∥∞

(1)

We will mainly use the spectral norm ∥ ⋅ ∥2 and we will omit the sub index 2 for the sake
of simplicity. It can be shown that
∥M∥ ≤

These norms can be extended, under certain conditions, to infinite matrices. For example, the previous inequality remains true (with possibly infinite right-hand side term) if M
represents the matrix of a compact operator in an orthonormal basis of a separable Hilbert
space.
A symmetric matrix M ∈ Rn×n is positive semidefinite if u⊺ Mu ≥ 0 for all vectors u ∈ Rn .
Let ≼ denotes the positive semidefinite ordering (or Löwner ordering) on symmetric matrices: A ≼ B means that B − A is positive semidefinite. The family of positive semidefinite
matrices in Rn×n forms a convex closed cone.
Any real valued function can be extended to symmetric matrices by the following
method: let A = U⊺ diag(λ1 , . . . , λn )U where diag(x1 , . . . , xn ) is the diagonal matrix built
over x1 , . . . , xn and where U ∈ Rn×n is unitary, i.e. U⊺ U = UU⊺ = I; define the matrix f (A)
by f (A) ∶= U⊺ diag(f (λ1 ), . . . , f (λn ))U. It can be shown that this definition is independent
of the chosen eigenvalue decomposition. The transfer rule states that f ≤ g implies that
f (A) ≼ g(A) for any symmetric matrix A. The definition above can be used to define the
exponential eA of a symmetric matrix A and the logarithm log B of a positive semidefinite
matrix B. It can be shown that the logarithm preserves the semidefinite order: 0 ≼ A ≼ B
implies log A ≼ log B. See (Tropp, 2012) for a short overview of matrix properties.

2.2 Rational stochastic languages and Hankel matrices
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Most classical results on rational series can be found in one of the following references (Berstel and Reutenauer, 1988; Salomaa and Soittola, 1978). Let Σ be a finite alphabet. The set
of all finite strings over Σ is denoted by Σ∗ , the empty string is denoted by , the length of

4

(2)

5
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If p is a stochastic language, it can be noticed that p(u) is the probability that a string begins
with u and that p̂(u) = Ev∼p ∣v∣u , where ∣v∣u = ∑x,y∈Σ∗ 1xuy=v . We have p̂(u) ≥ p(Σ∗ uΣ∗ ),
the probability that a string contains u as a substring. The function u ↦ p(Σ∗ uΣ∗ ) has a

• ̂
r, defined by r̂(u) ∶= ∑v,w∈Σ∗ r(vuw), associated with the factors of the support of r.

• r, defined by r(u) ∶= ∑v∈Σ∗ r(uv) = r(uΣ∗ ), associated with the prefixes of the support
of r,

Several rational series can be naturally associated with a rational non negative convergent series r (see (Balle et al., 2014) for example):

Sr(k) = I ⊺ (Id − MΣ )−k T.

simpler probabilistic interpretation than p̂. However, this function is not rational in general
and cannot easily be used in a learning context.

string w is denoted by ∣w∣ and Σn (resp. Σ≤n , resp. Σ≥n ) denotes the set of all strings of
length n (resp. ≤ n, resp. ≥ n). For any string w, let Pref(w) ∶= {u ∈ Σ∗ ∣∃v ∈ Σ∗ w = uv}
and Suff(w) ∶= {v ∈ Σ∗ ∣∃u ∈ Σ∗ w = uv}.
A series is a mapping r ∶ Σ∗ → R. The support of the series r is the set supp(r) =
{u ∈ Σ∗ ∶ r(u) ≠ 0}. A series r is non negative if it takes only non negative values. A non
negative series r is convergent if the sum ∑u∈Σ∗ r(u) is bounded: for any A ⊆ Σ∗ , let us
denote r(A) ∶= ∑u∈A r(u). A stochastic language p is a probability distribution over Σ∗ , i.e.
a non negative series p satisfying p(Σ∗ ) = 1.
Let n ≥ 1 and M be a morphism defined from Σ∗ to Mn , the set of square n × n matrices
with real coefficients. For all u ∈ Σ∗ , let us denote M(u) by Mu and Σx∈Σ Mx by MΣ .
A series r over Σ is rational if there exists an integer n ≥ 1, two vectors I, T ∈ Rn and a
morphism M ∶ Σ∗ → Mn such that for all u ∈ Σ∗ , r(u) = I ⊺ Mu T . The triplet ⟨I, M, T ⟩ is
called an n-dimensional linear representation of r. The vector I can be interpreted as a
vector of initial weights, T as a vector of terminal weights and the morphism M as a set of
matrix parameters associated with the letters of Σ. A rational stochastic language is thus
a stochastic language admitting a linear representation.
Let U, V ⊆ Σ∗ , the Hankel matrix HU,V
r , associated with a series r, is the matrix indexed
U,V
∗
by U × V and defined by HU,V
r [u, v] ∶= r(uv), for any (u, v) ∈ U × V . If U = V = Σ , Hr ,
simply denoted by Hr , is a bi-infinite matrix. In the following, we always assume that
 ∈ U ∩ V and that U and V are ordered in quasi-lexicographic order: strings are first
ordered by increasing length and then, according to the lexicographic order. It can be
shown that a series r is rational if and only if the rank of the matrix Hr is finite. The rank
of Hr is equal to the minimal dimension of a linear representation of r: it is called the rank
of r. The Hankel matrix Hr represents a bounded operator if and only if ∑u∈Σ∗ r2 (u) < ∞;
in particular, if r is a non negative convergent rational series, then Hr represents a compact
operator, which admits a reduced singular value decomposition.
Let r be a non negative convergent rational series and let ⟨I, M, T ⟩ be a minimal ddimensional linear representation of r. Then, the matrix Id − MΣ is invertible and the sum
Id +MΣ +. . .+MnΣ +. . . converges to (Id −MΣ )−1 . For any ρr such that ρ(MΣ ) < ρr < 1, there
exists a constant Cr > 0 such that r(Σ≥n ) ≤ Cr ρnr for any integer n (we show in Section 6.1
how such constants can be computed in pratical cases). For any integer k ≥ 1, let us define
(k)
the moments Sr ∶= ∑u1 u2 ...uk ∈Σ∗ r(u1 u2 . . . uk ). It can easily be shown that
x,y∈Σ∗

U,V
̂ U,V
HU,V
w [u, v] ∶= 1uv=w , Hw [u, v] ∶= 1uv∈Pref(w) and Hw [u, v] ∶= ∑ 1xuvy=w

̂ U,V
and H
w

1
1
U,V
U,V
U,V
̂ U,V ∶= 1 ∑ H
̂ U,V .
and H
∑ H , HS ∶=
∑H
S
∣S∣ w∈S w
∣S∣ w∈S w
∣S∣ w∈S w

∣{u∈S}∣
∣S∣ .
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• Let E be a vector indexed by Σ∗ whose coordinates are all zero except the first one
equals to 1: E[u] = 1u= and let P be the vector indexed by Σ∗ defined by P [u] ∶= r(u).

• For any string s, let Ts be the constant matrix whose rows and columns are indexed
by Σ∗ and defined by Ts [u, v] ∶= 1 if v = us and 0 otherwise.

Rational series admit canonical linear representations determined by their Hankel matrix.
×Σ∗
Let r be a rational series of rank d and U ⊂ Σ∗ such that the matrix HU
(denoted by H
r
in the following) has rank d. Moreover, suppose that ∑u∈Σ∗ r(u)2 < ∞.

2.3 Spectral Algorithm for Learning Rational Stochastic Languages

⎛1 1 0 ⎞
⎛ 5/2 1 1/2⎞
⎛ 0 1/2 0 ⎞
U,V
̂ U,V
HU,V
S = ⎜1/2 0 1/2⎟ , HS = ⎜ 1 0 1/2⎟ and HS = ⎜ 1 0 1/2⎟ .
⎝0 0 0 ⎠
⎝ 1/2 0 0 ⎠
⎝ 0 0 0 ⎠

For example, let S = {a, ab}, U = V = {, a, b}. We have

Let pS be the empirical stochastic language associated with S, defined by pS (u) ∶=
We have
U,V
U,V
U,V
̂ U,V .
HU,V
and HU,V
=H
pS = HS , HpS = HS
p̂
S
S

∶=
HU,V
S

for any (u, v) ∈ U × V .
U,V
For any non empty multiset of strings S, let us define the matrices HU,V
and
S , HS
U,V
̂
HS by

by

U,V

Let U, V ⊆ Σ∗ . For any string w ∈ Σ∗ , let us define the matrices HU,V
w , Hw

r(Σ∗ ) = Sr(1) , r(Σ∗ ) = Sr(2) and ̂
r(Σ∗ ) = Sr(3) .

If ⟨I, M, T ⟩ is a minimal d-dimensional linear representation of r, then ⟨I, M, (Id −
MΣ )−1 T ⟩ (resp. ⟨[I ⊺ (Id − MΣ )−1 ]⊺ , M, (Id − MΣ )−1 T ⟩) is a minimal linear representation
of r (resp. of ̂
r). Conversely, a linear representation of r can be deduced from any linear
representation of r or of ̂
r. Clearly,

Proof See Appendix.

Proposition 1 There exists a rational stochastic language p of rank one and built on a
two-letter alphabet Σ such that the series u ↦ p(Σ∗ uΣ∗ ) is not rational.

Denis and Gybels and Habrard

Concentration Bounds on Hankel Matrices

Concentration Bounds on Hankel Matrices

• Let H = LDR⊺ be a reduced singular value decomposition of H: R (resp. L) is
a matrix whose columns form a set of orthonormal vectors - the right (resp. left)
singular vectors of H - and D is a d × d diagonal matrix, composed of the singular
values of H.

Then, ⟨R⊺ E, (R⊺ Tx R)x∈Σ , R⊺ P ⟩ is a linear representation of r (Bailly et al., 2009; Hsu
et al., 2009; Bailly, 2011; Balle et al., 2012).
Proposition 2 ⟨R⊺ E, (R⊺ Tx R)x∈Σ , R⊺ P ⟩ is a linear representation of r

Proof See Appendix.

The basic spectral algorithm for learning rational stochastic languages aims at identifying the canonical linear representation of the target p determined by its Hankel matrix
Hp .
Let S be a sample independently drawn according to p:
• choose sets U, V ⊆ Σ∗ and build the Hankel matrix HSU ×V ,

• choose a rank d, compute a SVD of HSU ×V , and consider the d right singular vectors
RS associated with the d largest singular values,
• build the canonical linear representation ⟨RS⊺ E, (RS⊺ Tx RS )x∈Σ , RS⊺ PS ⟩ where E and
P are the vectors indexed by V s.t. E[v] = 1v= and P [v] ∶= pS (v).

∥HSU ×V − HrU ×V ∥
σmin (HrU ×V )

.

Alternative learning strategies consist in learning p or p̂, using the same algorithm, and
then to compute an estimate of p. In all cases, the accuracy of the learned representation
mainly depends on the estimation of R. The Stewart formula (Stewart, 1990) bounds the
principle angle θ between the spaces spanned by the right singular vectors of R and RS :
∣ sin(θ)∣ ≤

According to this formula, the concentration of the Hankel matrix around its mean is critical
and the question of limiting the sizes of U and V naturally arises. Note that the Stewart
inequality does not give any clear indication on the impact or on the interest of limiting
these sets. Indeed, it can be shown that both the numerator and the denominator of the
right part of the inequality increase with U and V (see Appendix).

3. Matrix Bernstein bounds

JMLR 17(31):1-32

Let p be a rational stochastic language over Σ∗ , let ξ be a random variable distributed
according to p, let U, V ⊆ Σ∗ and let Z(ξ) ∈ R∣U ∣×∣V ∣ be a random matrix. For instance, Z(ξ)
U,V
̂ U,V (ξ will be often omitted for the sake of simplicity).
may be equal to HξU,V , Hξ or H
ξ
Let S be sample of strings drawn independently according to p.
Concentration bounds for sum of random matrices can be used to estimate the spectral distance between the empirical matrix ZS computed on the sample S and its mean.
7
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t
t2
) ≤ (d1 + d2 ) exp (−
)
N
2N ν(Z) + 2M t/3

(3)

However, most of classical inequalities depend on the dimensions of the matrices. For eample, the following result describes a simple matrix Bernstein inequality on sum of random
matrices (Ahlswede and Winter, 2002; Tropp, 2012).
Suppose that EZ(ξ) = 0 and let ν(Z) = max{∥EZZ⊺ ∥, ∥EZ⊺ Z∥}. Then,
Pr (∥ZS ∥ ≥

−EHξU,V ,

∥ = Ω(max(∣U ∣1/2 , ∣V ∣1/2 ))

U,V
Hξ
U,V

where N is the size of S, d1 and d2 are the dimensions of the matrix Z and ∥Z∥ ≤ M almost
surely.
U,V
̂ U,V −
−EHξ and Z = H
We would like to apply this result to Z =
Z=
ξ

HξU,V

̂ U,V . However, we will see that while ∥HU,V ∥ is bound, ∥H
EH
ξ
ξ
ξ

̂ U,V ∥may be unbounded even for fixed U and V .
in the worst case, and ∥H
ξ
These concentration bounds get worse with both sizes of the matrices. Coming back to
the discussion at the end of Section 2, they suggest to limit the size of the sets U and V ,
and therefore, to design strategies to choose optimal sets. However, dimension-free bounds
can be obtained.

3.1 A dimension-free Matrix Bernstein bound theorem

We then use recent results from (Tropp, 2012; Hsu et al., 2012) to obtain dimension-free
concentration bounds for Hankel matrices.

N

N

i=1

N

Theorem 3 (Hsu et al., 2012). Let ξ1 , . . . , ξN be random variables, and for each i =
1, . . . , N , let Xi (ξi ) be a symmetric matrix-valued functional of ξi 1 . For any η ∈ R and
any t > 0,
N

i=1

Pr[∥η ∑ Xi − ∑ log E[exp(ηXi )]∥ > t] ≤

i=1

i=1

Tr(E[−η ∑ Xi + ∑ log E[exp(ηXi )]]) ⋅ (et − t − 1)−1 .

A matrix Bernstein bound can be derived from previous Theorem.

Theorem 4 (Hsu et al., 2012). If there exists b > 0, σ > 0, k > 0 s.t. for all i = 1, . . . , N ,

1 N
∑ Xi ∥>
N i=1

√

bt
2σ 2 t
+
]≤k ⋅ t(et − t − 1)−1 .
N
3N

N
N
Ei [Xi ] = 0, ∥Xi ∥ ≤ b, ∥ N1 ∑i=1
Ei (Xi2 )∥ ≤ σ 2 and E[Tr( N1 ∑i=1
Ei (Xi2 ))] ≤ σ 2 k almost

surely, then for all t > 0,

Pr[∥
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1. (Hsu et al., 2011) consider the more general case, where Xi be a symmetric matrix-valued functional of
ξ1 , . . . , ξi .

8

0
ZT

Z
ZZT
]. Then X2 = [
0
0

0
Z Z

T

]

2σ 2 t
bt
+
] ≤ k ⋅ t(et − t − 1)−1 .
N
3N

U,V

1 N
Rt
+
∑ Xi ∥ >
N i=1
N

log EeηXi ≼

9

η
A2 .
2(1 − ηR)

2

JMLR 17(31):1-32

Hence, by using the monotonicity of the logarithm function and the transfer rule applied
to the inequality log(1 + x) ≤ x,

EeηXi

2σ 2 t
] ≤ k ⋅ t(et − t − 1)−1 .
N

1
η2
1
A2 .
= E ∑ η p Xpi = I + ∑ η p EXpi ≼ I +
2(1 − ηR)
p≥0 p!
p≥2 p!

Proof Let 0 < η < 1/R. We have

Pr[∥

√

Theorem 6 [Matrix Bernstein bound: subexponential case.] If there exist k > 0, R > 0,
and a symmetric matrix A such that for all i = 1, . . . , N , EXi = 0, EXpi ≼ p!2 Rp−2 A2 for any
integer p ≥ 2, Tr(A2 ) ≤ kσ 2 where σ 2 = ∥A2 ∥, then for any t > 0,

Theorem 5 needs that the random matrices are bounded. However, the norm of Hξ
̂ U,V may be unbounded even in U and V are finite.
depends on the size of U and V and H
ξ
Fortunately, Bernstein inequalities for subexponential random variables have been extended
to unbounded random matrices whose moments grow at a limited rate [Th. 6.2 in (Tropp,
2012)]. We adapt this result to the dimension-free case in a similar way as what has been
done in (Hsu et al., 2012) for Theorem 4.

3.2 The subexponential case

We will then make use of this theorem to derive our new concentration bounds. Section 4.1 deals with the standard case, Section 4.3 with the prefix case and Section 4.5 with
the factor case.

1 N
Pr[∥ ∑ Xi ∥ >
N i=1

√

Theorem 5 Let ξ1 , . . . , ξN be i.i.d. random variables, and for i = 1, . . . , N , let Zi = Z(ξi )
be i.i.d. matrices and Xi the dilation of Zi . If there exists b > 0, σ > 0, and k > 0 such that
E[X1 ] = 0, ∥X1 ∥ ≤ b, ∥E(X21 )∥ ≤ σ 2 and Tr(E(X21 )) ≤ σ 2 k almost surely, then for all t > 0,

and ∥X∥ = ∥Z∥, Tr(X2 ) = Tr(ZZT ) + Tr(ZT Z) and ∥X2 ∥ ≤ max(∥ZZT ∥ , ∥ZT Z∥).
We can then reformulate previous theorem as follows.

X=[

Previous theorem is valid for symmetric matrices, but it can be extended to general
real-valued matrices thanks to the principle of dilation.
Let Z be a matrix, the dilation of Z is the symmetric matrix X defined by

Concentration Bounds on Hankel Matrices

i=1

i=1

η2
∥A2 ∥
2(1 − ηR)

N

N

i=1

2t
N σ2

2

Rt
+
N

√

2σ 2 t
.
N

takes its minimal positive value m at

and that m =

η
2
2(1−ηR) σ

2
ηmin
ηmin
2t
≤(
) =
1 − Rηmin
1 − Rηmin
N σ2

1+R

√

2t
N σ2

+

N η2
kσ 2 (et − t − 1)−1 from Theorem 3.
2(1 − ηR)
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We first describe a bound on ∥HU,V
− HU,V
p ∥, independent from the sizes of U and V .
S
Let ξ be a random variable distributed according to p, let Z(ξ) = HU,V
− HU,V
be the
p
ξ
random matrix defined by Z[u, v] = 1ξ=uv − p(uv) and let X be the dilation of Z.

4.1 Concentration Bound for the Hankel Matrix HU,V
p

In this section, we present the main results of the paper. All proofs are reported in Section 5.
Let p be a rational stochastic language over Σ∗ , let S be a sample independently drawn
according to p, and let U, V ⊆ Σ∗ be finite set of strings.

4. Concentration bounds for Hankel matrices: main results

which entails the theorem.

We have also

ηmin =

√

t
Nη

≤

N
N
1 N
t
η
+
σ 2 ] ≤ Pr[∥η ∑ Xi − ∑ log EeηXi ∥ > t]
∑ Xi ∥ >
N i=1
N η 2(1 − ηR)
i=1
i=1

i=1

N η2
kσ 2 .
2(1 − ηR)

1 N
t
η
+
σ2.
∑ Xi ∥ ≤
N i=1
N η 2(1 − ηR)

Tr(E[−η ∑ Xi + ∑ log EeηXi ]) ≤

∥

∥η ∑ Xi ∥ ≤ t + ∥ ∑ log EeηXi ∥ ≤ t + N

N

i=1

i=1

N

N

N

∥η ∑ Xi − ∑ log EeηXi ∥ ≤ t.

It can easily be checked that

Pr[∥

Hence,

Moreover,

and

Then,

Now, let η and t such that

Denis and Gybels and Habrard

η

Denis and Gybels and Habrard

.

For any 0 ≤ η ≤ 1, let Zη (ξ) be the random matrix defined by

x∈Σ∗

x∈Σ∗

Zη [u, v] ∶= ∑ η ∣x∣ 1ξ=uvx − pη (uv) = ∑ η ∣x∣ (1ξ=uvx − p(uvx)).

2

(2)

2

η

(2)

pη

and k = 2.

. (Lemma 17).

η

(2)

+ Sp , σ 2 = Sp

and E T r(Xη ) ≤ 2S

1
1−η

(1)

for any (u, v) ∈ U × V . It is clear that E Zη = 0. We show that ∥Zη ∥ is bounded by
if η < 1 (Lemma 15), that ∥E Xη ∥ ≤ S

pη

Therefore, we can apply Theorem 5 with b =

η

(1)

+ Sp

U,V

JMLR 17(31):1-32

Theorem 9 does not provide a dimension-free bound for the prefix Hankel matrices HS .
However, we show that Z(ξ) is a subexponential random matrix (Lemma 21), and that
Theorem 6 can be used to provide a bound in this case.
More precisely, let X(ξ) be the dilation of the matrix Z(ξ), let Cp > 0 and 0 < ρp < 1 be
such that p(Σn ) ≤ Cp ρpn for any integer n.
For any 0 < β < − ln ρp , we show in Lemma 21 the existence of a symmetric matrix
A2 satisfying ∥A2 ∥ ≤ K(1 − ρp eβ )−1 , Tr(A2 ) ≤ 2K(1 − ρp eβ )−2 and such that for any k ≥ 0,

12

4.3 Concentration Bound for the prefix Hankel Matrix HpU,V

Remark that when η = 0 we find back the concentration bound of Theorem 7. When U
(2)
and V are finite, a careful examination of the proof of Lemma 15 shows that Sp can be
η
replaced with ∑(u,v)∈U ×V pη (uv), which may provide a significant better bound if U and V
are small. Moreover, Inequality 8 can be used to provide a finite bound depending on the
sizes of U and V , when η = 1.
(2)
As for Theorem 7, the moment Sp is generally unknown but it can be estimated from
η
S, with controled accuracy, providing a reformulation of the theorem that would not depend
on this parameter.

¿
⎤
⎡
Á
⎥
⎢
Á 2S (2) t
⎢
⎥
t
1
Á
À pη
⎥
⎢ U,V
(1)
P r ⎢∥H
− HpU,V ∥ >
+
[
+ Sp ]⎥ ≤ 2t(et − t − 1)−1 .
⎥
⎢ η,S
η
η
2
N
3N
1
−
η
⎢
⎥
⎥
⎢
⎦
⎣

Theorem 9 Let p be a rational stochastic language, let S be a sample of N strings drawn
i.i.d. from p and let 0 ≤ η < 1. For all t > 0,

1
1−η

Therefore, it is a consistent learning strategy to learn pη from the data, for some η,
and next, to derive p. A theoretical study that would guide the choice of the parameter
η remains to be done. In the absence of such indications, its value can be set by cross
validation.

(k+1)

Concentration Bounds on Hankel Matrices

(2)

and k = 2.

Clearly, E X = 0. In order to apply Theorem 5, it is necessary to compute the parameters
(2)
(2)
b, σ and k. We show in Lemma 14 that ∥X∥ ≤ 2, E T r(X2 ) ≤ 2Sp and ∥E X2 ∥ ≤ Sp which

U,V

n≥0

Sp

Proposition 8 Let p be a rational stochastic language, let ⟨I, (Mx )x∈Σ , T ⟩ be a minimal
linear representation of p and let T η = (Id − ηMΣ )−1 T . Then, ⟨I, (Mx )x∈Σ , T η ⟩ is a linear
(k)
(k)
representation of pη . Hence, Sp = I T (Id − MΣ )−k (Id − ηMΣ )−1 T . In particular, Sp =

entails that 4 conditions of Theorem 5 are fulfilled with b = 2, σ 2 = Sp

Theorem 7 Let p be a rational stochastic language and let S be a sample of N strings
drawn i.i.d. from p. For all t > 0,
¿
⎡
⎤
Á (2)
⎢
2t ⎥⎥
Á
À 2Sp t
⎢
⎥ ≤ 2t(et − t − 1)−1 .
P r ⎢∥HSU,V − HpU,V ∥ >
+
⎢
N
3N ⎥⎥
⎢
⎣
⎦

(2)
Sp

This bound is independent from U and V . It can be noticed that the proof of Lemma 14
(2)
also provides a dimension dependent bound by replacing Sp with ∑(u,v)∈U ×V p(uv), which
may result in a significative improvement if U or V are small.
The moment
is generally unknown. However, it can be estimated from S. Indeed,

(2)

Sp = ∑u,v∈Σ∗ p(uv) = ∑w∈Σ∗ (∣w∣+1)p(w) = E∣ξ∣+1 and N1 ∑w∈S ∣w∣+1 is an natural estimate
(2)
for Sp .The random variable ∣ξ∣ is sub-exponential and its concentration around its mean
can be estimated using Bernstein-type inequalities (see (Vershynin, 2012) for example).
(2)
Thus, Theorem 7 can easily be reformulated replacing Sp by its estimate.

η

4.2 Concentration Bound for the smoothed prefix Hankel Matrix HpU,V

(4)

The random matrix Z(ξ) = Hξ − HpU,V is defined by Z[u, v] = 1uv∈P ref (ξ) − p(uv), where
references to U and V are omitted for the sake of readability. It can easily be shown that ∥Z∥
may be unbounded if U or V are unbounded. For example, consider the stochastic language
defined on a one-letter alphabet Σ = {a} by p(an ) = (1 − ρ)ρn . If U = V = Σ≤n , Z may be
equal to the (n + 1) × (n + 1) upper triangular all-ones matrix whose norm is Θ(n). Hence,
Theorem 5 cannot be directly applied to obtain dimension-free bounds. This suggests that
the concentration of Z around its mean could be far weaker than the concentration of Z.
For any η ∈ [0, 1], we define a smoothed variant2 of p by
x∈Σ∗

pη (u) ∶= ∑ η ∣x∣ p(ux) = ∑ η n p(uΣn ).

(5)

Note that p1 = p, p0 = p and that p(u) ≤ pη (u) ≤ p(u) for every string u: the functions
pη are natural intermediates between p and p.
Any function pη can be used to compute p:
p(u) = pη (u) − ηpη (uΣ).

Moreover, when p is rational, each pη is also rational and a linear representation of p
can be derived from any linear representation of pη . More precisely,

JMLR 17(31):1-32

2. Note that our smoothed variant can also be interpreted as a discounted variant since the parameter η
helps to reduce the impact of long strings.

11

(2)

(2)

and 0 < β < − ln ρp .

m,n≥0

(6)

(1)

1
(−eη ln η)−1

if η ≤ e−1
otherwise.

(2)

(2)

14
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13

JMLR 17(31):1-32

5. Proofs of all concentration bounds results

̂
Z(ξ)
is not a subexponential random matrix, and therefore, Theorem 6 cannot be used to
̂
provide a bound in this case. This suggests that the concentration of Z(ξ)
around its mean
is quite loose.

4.5 Concentration Bound for the factor Hankel Matrix Hp̂U,V

Remark that when η = 0 we find back the concentration bound of Theorem 7. As in the
(2)
previous cases, Sp̂η can be replaced with ∑(u,v)∈U ×V p̂η (uv), which may provide a significant
better bound if U and V are small. However, it not possible to use these results to obtain
a bound, even depending on U and V , when η = 1.
(2)
As for the previous theorems, the moment Sp̂η can be estimated from S in order to
provide a reformulation of the theorem that would not depend on this parameter.

¿
⎡
⎤
⎢
⎥
Á 2Kη S (2) t
⎢ U,V
Á
À
t
1
̂η
p
(1) ⎥
U,V
t
−1
⎥
̂
−
H
∣∣
>
P r ⎢⎢∣∣H
]
+
[
+
S
2
̂η
̂η ⎥ ≤ 2t(e − t − 1) .
p
p
η,S
2
N
3N
(1
−
η)
⎢
⎥
⎢
⎥
⎣
⎦

Theorem 11 Let p be a rational stochastic language, let S be a sample of N strings drawn
i.i.d. from p and let 0 ≤ η < 1. For all t > 0,

(1)

Eventually, we can apply Theorem 5 with b = (1 − η)−2 + Sp̂η , σ 2 = Kη Sp̂η and k = 2.

(2)

̂2
̂ 2 ∥ ≤ Kη S
∥EX
η
̂η .
̂η and T r(E(Xη )) ≤ 2Kη Sp
p

We show in Lemma 26 that

Kη = {

In this section, we detail the proofs of all the results stated in Section 4, keeping the titles of
all subsections and the notations that have been introduced in the corresponding subsection.

(7)

x,y∈Σ∗

̂ η ∥ is bounded by (1 − η)−2 + S
̂ η = 0. We show that ∥Z
for any (u, v) ∈ U × V . Clearly, E Z
̂η
p
if η < 1 (lemma 24).
While p is bounded by 1, a property which is often used in the proofs, p̂ is unbounded
when η converges to 1. Let us introduce a new constant Kη defined by

x,y∈Σ∗

̂ η [u, v] = ∑ η ∣xy∣ 1ξ=xuvy − p̂η (uv) = ∑ η ∣xy∣ (1ξ=xuvy − p(xuvy))
Z

̂ η (ξ) be the random matrix defined by
For η ∈ [0, 1], let Z

Denis and Gybels and Habrard

• therefore, it is a consistent learning strategy to learn p̂η from the data, for some η,
and next, to derive p.

p(u) = p̂η (u) − η̂
pη (uΣ) − η̂
pη (Σu) + η 2 p̂η (ΣuΣ)

T = (Id − ηMΣ )T̂η , I = (Id − ηMΣ )Îη and

• I and T can be computed from Îη and T̂η when η and MΣ are known:

• if ⟨I, (Mx )x∈Σ , T ⟩ be a minimal linear representation of p then ⟨Îη , (Mx )x∈Σ , T η ⟩ is a
linear representation of p̂η , where Îη = (Id − ηM⊺Σ )−1 I,

• when p is rational, each p̂η is also rational,

• p ≤ p̂η ≤ p̂, p̂1 = p̂ and p̂0 = p,

which have properties similar to functions pη :

x,y∈Σ∗

p̂η (u) = ∑ η ∣xy∣ p(xuy) = ∑ η m+n p(Σm uΣn )

̂ is unbounded if
where references to U and V are omitted for the sake of readability. ∥Z∥
̂
the support of p is unbounded. Indeed, Z[, ] = ∣ξ∣ + 1 − p̂(). Hence, Theorem 5 cannot be
directly applied either.
We can also define smoothed variants p̂η of p̂, for any η ∈ [0, 1] by

x,y∈Σ∗

̂ v] = ∑ 1ξ=xuvy − p̂(uv),
Z[u,

̂
̂ U,V − Hp̂U,V is defined by
The random matrix Z(ξ)
=H
ξ

4.4 Concentration Bound for the smoothed factor Hankel Matrix Hp̂U,V
η

Note that β can be set to 1 − ρp but depending on the particular values of the terms, β
can be adjusted to obtain better bounds.
Thus, Theorem 10 describes a dimension free concentration bound for the prefix Hankel
matrix. However, the constants K and σ that occur in this bound can be very large, which
makes it impossible to use it in practical cases, such as those we consider in Section 6.

where σ 2 = K(1 − ρp eβ )−2 , K = β −2 Cp Sp eβSp

(3)

Theorem 10 Let p be a rational stochastic language and let S be a sample of N strings
drawn i.i.d. from p. For all t > 0,
√
⎡
⎤
⎢ U,V
e1/e t
2σ 2 t ⎥⎥
2
Pr ⎢⎢∥HS − HU,V
∥
>
+
≤
⋅ t(et − t − 1)−1
p
2
Nβ
N ⎥⎥ 1 − ρp eβ
⎢
⎣
⎦

k−2 2
EXk ≼ k!
A where R = e1/e β −1 and K = 2e3/e β −3 Cp Sp eβSp is a constant that only
2R
depends on p and β.
Hence, we can apply Theorem 6 to obtain the following dimension free bound:

(3)

Concentration Bounds on Hankel Matrices

Concentration Bounds on Hankel Matrices

5.1 Concentration Bound for the Hankel Matrix HpU,V : proofs
Recall that X is the dilation of the random matrix Z(ξ) = HξU,V − HpU,V .
Clearly, E X = 0. We need technical lemmas in order to obtains bound on E X2 and
E T r(X2 ) and apply Theorem 5.
Lemma 12 Let X and Y be two random variables such that 0 ≤ X, Y ≤ M . Then,
∣E (X − E X)(Y − E Y )∣ ≤ M min{E X, E Y }.

Proof Indeed, 0 ≤ E XY ≤ M min{E X, E Y } and 0 ≤ E XE Y ≤ M min{E X, E Y }, which
entails the lemma.
Lemma 13 For any u, u′ ∈ U , v, v ′ ∈ V ,
∣E Z[u, v]Z[u′ , v ′ ]∣ ≤ min{p(uv), p(u′ v ′ )}.

and ∥E X2 ∥ ≤ Sp .

(2)

Proof This a corollary of Lemma 12 with X ∶= 1ξ=uv , Y ∶= 1ξ=u′ v′ and M = 1.
(2)

Lemma 14 ∥X∥ ≤ 2, E T r(X2 ) ≤ 2Sp

√
∥Z∥∞ ∥Z∥1 ≤ 2.

u,v∈Σ∗

u,v∈Σ∗

Z[u, v]Z[u, v] ≤ ∑ E Z[u, v]2 ≤ ∑ p(uv) ≤ Sp(2) .
(2)

(2)

Proof
1. ∀u ∈ U , ∑v∈V ∣Z[u, v]∣ = ∑v∈V ∣1ξ=uv − p(uv)∣ ≤ 1 + p(uΣ∗ ) ≤ 2. Therefore, ∥Z∥∞ ≤ 2.
In a similar way, it can be shown that ∥Z∥1 ≤ 2. Hence,

∥X∥ = ∥Z∥ ≤

u∈U,v∈V

∑

2. For all (u, u′ ) ∈ U 2 : ZZT [u, u′ ] = ∑v∈V Z[u, v]Zu′ ,v . Therefore,

u∈U

E T r(ZZT ) = E ∑ ZZT [u, u] = E

∑

u′ ∈U,v∈V

∣E Z[u, v]Z[u′ , v]∣ ≤

u′ ∈U,v∈V

∑

(2)

(2)

p(u′ v) ≤ Sp(2) .

In a similar way, it can be proved that E T r(ZT Z) ≤ Sp . Therefore, E T r(X2 ) ≤ 2Sp .
3. For any u ∈ U ,
T
′
∑ ∣E ZZ [u, u ]∣ ≤

u′ ∈U

(2)

(2)

and ∥ZT Z∥1 ≤ Sp . Therefore, ∥X2 ∥ ≤ Sp .

JMLR 17(31):1-32

Hence, ∥ZZT ∥∞ ≤ Sp . It can be proved, in a similar way, that ∥ZT Z∥∞ ≤ Sp , ∥ZZT ∥1 ≤
(2)

Sp

15
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η

5.2 Concentration Bound for the smoothed prefix Hankel Matrix HpU,V : proofs

v∈V

η

1
(1)
+ Sp .
η
1−η

v,x∈Σ∗

η

v∈Σ∗

η

+ Sp , which completes the proof.

1
(1)
+ Sp .
η
1−η

1
1−η

(1)

≤ (1 + η + . . . + η ∣ξ∣−∣u∣ ) + Sp

≤

+ Sp . Similarly, ∥Zη ∥1 ≤

(1)

(1)

∣x∣
∑ ∣Zη [u, v]∣ ≤ ∑ η 1ξ=uvx + ∑ pη (uv)

∥Zη ∥ ≤

comes directly from Equation 2.

Proof (Proposition 8.)
n
n
For every string u, pη (u) = ∑n≥0 I T Mu η n MΣ
T = I T Mu (∑n≥0 η n MΣ
)T = I T Mu T η . The
η

(k)

expression of Sp

Lemma 15 For any U, V ⊆ Σ∗ ,

1
1−η

Proof Indeed, let u ∈ U .

Hence, ∥Zη ∥∞ ≤

η

∥Zη ∥ ≤ M in(l + 1,

1
(1)
) + Sp
η
1−η

(8)

When U and V are bounded, let l be the maximal length of a string in U ∪ V . It can
(1)
easily be shown that ∥Zη ∥ ≤ l + 1 + Sp and therefore, in that case,
which holds even if η = 1.

Lemma 16 ∣E(Zη [u, v]Zη [u′ , v ′ ])∣ ≤ min{pη (uv), pη (u′ v ′ )}, for any u, u′ ∈ U and v, v ′ ∈ V .

Proof This a corollary of Lemma 12 with X ∶= ∑x∈Σ∗ η ∣x∣ 1ξ=uvx , Y ∶= ∑x∈Σ∗ η ∣x∣ 1ξ=u′ v′ x and
M = 1.

∞

2

η

(2)

∥E Xη ∥ ≤ Sp

u∈Σ u′ ,v∈Σ∗

1

η

(2)

2

(2)

η

and E T r(Xη ) ≤ 2Sp .

u′ ,v

T

η

and therefore ∥E Zη Zη ∥ ≤ Sp .

2

(2)

2
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≤ max∗ ∑ ∣E Zη [u, v]Zη [u′ , v]∣ ≤ ∑ pη (u′ v) ≤ Sp .
η

(2)

Let Xη be the dilation of Zη . We can now propose bounds for E Xη and E T r(Xη ).

Lemma 17

T

∥E Zη Zη ∥

Proof Indeed,

We have also

T

∥E Zη Zη ∥ ≤ Sp

Similar computations provide all the inequalities.

16

k
⎤
⎡
⎥
⎢ (Z ⋅ Z⊺ )
0
⎥
⎢
⎥ and X2k = ⎢
k
⊺
⎥
⎢
⎥
⎢
0
(Z ⋅ Z)
⎣
⎦

u∈U,v∈V

∑

∣Z[u, v]∣ ≤

∣t∣(∣t∣ + 3)
+ Sp(3) .
2

u∈U

∗

⎤
⎥
⎥
⎥.
⎥
⎥
⎦

⊺

(3)

∣t∣(∣t∣+3)

∑ ∣M[u, v]∣ ≤

u∈U

2

+ Sp(3) )

(2)

∣t∣(∣t∣ + 3)
(∣t∣ + Sp(2) )h−1 (

(3)

(2)

17

Corollary 20 For any integer k, ∥Xk ∥ ≤ Sp (∣t∣ + 1)(∣t∣ + Sp )k .

≤

JMLR 17(31):1-32

Sp(3) (∣t∣ + 1)(∣t∣ + Sp(2) )h

∣M[u, v]∣ ≤ (∣t∣ + Sp(2) )h since p(uΣ∗ ) ≤ Sp(2)

w∈V

since 1 ≤ Sp and ( 2
+ 1) ≤ (∣t∣ + 1)(∣t∣ + Sp ).
The other cases are proved in a similar way.

and

By Lemma 18, we have

w∈V

∣M[u, v]∣ ≤ ∑ ∣Z[u, w]N[w, v]∣ ≤ (∣t∣ + Sp(2) )h−1 ∑ ∣Z[u, w]∣ by induction hypothesis.

Proof By induction on h = e + 2k + f . The inequality is obvious if h = 0. Let M = ZN.

f

Lemma 19 Let M be a matrix of the form (Z )e (Z ⋅ Z )k Z , where k ∈ N and e, f ∈ {0, 1}.
(2)
Then, for any strings u, v ∈ Σ∗ , ∣M[u, v]∣ ≤ (∣t∣ + Sp )h where h = e + 2k + f . Moreover,
(3)
(2)
∑u∈U ∣M[u, v]∣ and ∑v∈V ∣M[u, v]∣ are bounded by Sp (∣t∣ + 1)(∣t∣ + Sp )h .

⊺

Proof We have ∑v∈V ∣Z[u, v]∣ ≤ ∑w∈Σ∗ ,uw∈Pref(t) ∣1 − p(uw)∣ + p(uΣ ). Moreover, if u = w = ,
p(uw) = 1. Hence, there are at most ∣t∣ strings w such that uw ∈ Pref(t) and ∣1 − p(uw)∣ ≠ 0,
which proves the first inequality. The second one is proved in a similar way. A similar
argument proves that there are at most (∣t∣ + 1)(∣t∣ + 2)/2 − 1 = ∣t∣(∣t∣ + 3)/2 pairs of words
u, w such that uw ∈ Pref(t) and ∣1 − p(uw)∣ ≠ 0, which entails the third inequality.

and

v∈V

∗
∗
∑ ∣Z[u, v]∣ ≤ ∣t∣ + p(uΣ ), ∑ ∣Z[u, v]∣ ≤ ∣t∣ + p(Σ u)

Lemma 18 For any strings u, v, t ∈ Σ∗ and any stochastic language p,

∗

Let t ∈ Σ be a realization of ξ.

⎡
⊺ k
⎢
0
(Z ⋅ Z ) Z
⎢
X2k+1 = ⎢ ⊺
⊺ k
⎢
⎢ Z (Z ⋅ Z )
0
⎣

Let X(ξ) be the dilation of the matrix Z(ξ). It can easily be shown that

5.3 Concentration Bound for the prefix Hankel Matrix HpU,V : proofs

Concentration Bounds on Hankel Matrices

⊺ k

e

Indeed, it can easily be shown that for any k ∈ N and e ∈ {0, 1}, ∥X2k+e ∥ =

t∈Σn

p(t) ⊺
U Jt Ut if p(Σn ) ≠ 0 and Mn = 0 otherwise.
p(Σn ) t

(2)

(9)

and 0 < β < − ln ρp . For example, β can be taken equal to

18
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The rank of Xk , equal to the rank of Jt , is bounded by 2(∣t∣ + 1) and hence, Tr(Mn ) ≤
2(n + 1). The bound on Tr(A2 ) comes from the following classical equality: if ∣x∣ < 1 then,
∑n≥0 (n + 1)xn = (1 − x)−2 .

Proof The bound on ∥A∥ is straightforward.

Lemma 21 We have ∥A2 ∥ ≤ K(1 − ρp eβ )−1 , Tr(A2 ) ≤ 2K(1 − ρp eβ )−2 and for any k ≥ 0,
k−2 2
EXk ≼ k!
A where R = e1/e β −1 .
2R

Since ρp eβ < 1 and ∥Mn ∥ ≤ 1, A is well defined. Moreover, 0 ≼ A2 .

(3)

where K = 2e3/e β −3 Cp Sp eβSp
1 − ρp .

n≥0

A2 = K ∑ ρnp eβn Mn

Let A be the symmetric matrix such that

We can remark that ∥Mn ∥ ≤ 1 and 0 ≼ Mn .

Mn = ∑

For any n ∈ N, let

Xk ≼ U⊺ diag(∣λ1 ∣, . . . , ∣λr ∣, 0, . . . , 0)U ≼ ∥Xkt ∥ U⊺t Jt Ut .

Let Xk (t) = U⊺t diag(λ1 , . . . , λr , 0, . . . , 0)Ut be an eigenvalue decomposition of Xk , where
λ1 , λ2 , . . . , λr are the non zero eigenvalues of Xk (t), and let Jt = diag(1, . . . , 1, 0, . . . , 0) the
matrix whose coefficients are all equal to 0 but the r upper diagonal elements which are
equal to 1. We have

Let Cp > 0 and 0 < ρp < 1 be such that p(Σn ) ≤ Cp ρnp .

∥(Z ⋅ Z ) Z ∥. The result is a consequence of Lemma 19.

Proof

Denis and Gybels and Habrard

We have
t

(2)

+ 1)!
Mn
β k+1

since p(Σn ) ≤ Cp ρpn
since k + 1 ≤ e(k+1)/e

since xk /k! ≤ ex

since Sp(2) ≥ 1

from Eq 9 and Cor. 20

Concentration Bounds on Hankel Matrices

EXk ≼ ∑ p(t)Sp(3) (∣t∣ + 1)(∣t∣ + Sp(2) )k Ut⊺ Jt Ut
∑

n≥0

(2)

[(n + Sp )β]k+1 (k + 1)!
Mn
(k + 1)!
β k+1

p(Σn )(n + Sp(2) )k+1 Mn

≼ ∑ p(t)Sp(3) (∣t∣ + Sp(2) )k+1 Ut⊺ Jt Ut

=

t
Sp(3)

n≥0

n≥0
k

∑ ρp e

n (n+Sp )β (k

≼ Cp Sp(3) ∑ ρpn

≼

Cp Sp(3)

(2)
e1/e e1/e
)
Cp Sp(3) eSp β ∑ (ρp eβ )n Mn
≼ k! (
β
β
n≥0
k!
= Rk−2 A2 .
2

5.4 Concentration Bound for the smoothed factor Hankel Matrix Hp̂U,V
: proofs
η

Lemma 22 Let 0 < η ≤ 1. For any integer n, (n + 1)η n ≤ Kη .

f (xM )

Proof Let f (x) = (x + 1)η x . We have f ′ (x) = η x (1 + (x + 1) ln η) and f takes its maximum
for
= −1−1/ ln η, which is positive if and only if η > 1/e. We have
= (−eη ln η)−1 .
xM

Lemma 23 Let w, u ∈ Σ∗ . Then,

∣xy∣
∗
∗
∑ η 1w=xuy ≤ Kη and p̂(u) ≤ Kη p(Σ uΣ ).

x,y∈Σ∗

∑

w∈Σ∗ uΣ∗

x,y∈Σ∗

p(w) ∑ η ∣xy∣ 1w=xuvy ≤ Kη p(Σ∗ uΣ∗ ).

Proof Indeed, if w = xuy, then ∣xy∣ = ∣w∣ − ∣u∣ and u appears at most ∣w∣ − ∣u∣ + 1 times as a
factor of w. Therefore, ∑x,y∈Σ∗ η ∣xy∣ 1w=xuy ≤ (∣w∣ − ∣u∣ + 1)η ∣w∣−∣u∣ ≤ Kη . Moreover,
x,y∈Σ∗

p̂(u) = ∑ η ∣xy∣ p(xuy) =

x,y∈Σ∗

̂ η (ξ) be the random matrix defined by
For η ∈ [0, 1], let Z

x,y∈Σ∗

̂ η [u, v] = ∑ η ∣xy∣ 1ξ=xuvy − p̂η (uv) = ∑ η ∣xy∣ (1ξ=xuvy − p(xuvy))
Z
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̂ η ∥ is bounded if η < 1.
̂ η = 0. We show below that ∥Z
for any (u, v) ∈ U × V . Clearly, E Z
19

(k)

(k+2)

.

(k)

Denis and Gybels and Habrard

(k)

(1)

(k)

(k)

(1)

The moments Sp̂η satisfy Sp̂η = I ⊺ (Id − ηMΣ )−1 (Id − MΣ )−k (Id − ηMΣ )−1 T , Sp̂0 = Sp

and Sp̂1 = Sp

Lemma 24

̂ η ∥ ≤ (1 − η)−2 + S (1) .
∥Z
̂η
p

x,y∈Σ∗

∣xy∣
−2
∣xy∣
∑ [η 1ξ=xuvy + p̂η (uv)] ≤ ∑ η 1ξ∈xΣ∗ y + Sp̂η ≤ (1 − η) + Sp̂η .

v,x,y∈Σ∗

Proof Indeed, for all u,
̂ η [u, v]∣ ≤
∑ ∣Z

v∈V

̂ η ∥ ≤ (1 − η)−2 + S (1) . Similarly, ∥Zη ∥ ≤ (1 − η)−2 + S (1) , which completes the
Hence, ∥Z
p̂η
p̂η
∞
1
proof.

̂ η [u, v]Z
̂ η [u′ , v ′ ])∣ ≤ Kη min{̂
Lemma 25 For any u, u′ , v, v ′ ∈ Σ∗ , ∣E(Z
p(uv), p̂(u′ v ′ )}.

Proof This a corollary of Lemmas 12 and 23 with X ∶= ∑x,y∈Σ∗ η ∣xy∣ 1ξ=xuvy , Y ∶= ∑x,y∈Σ∗ η ∣xy∣ 1ξ=xu′ v′ y
and M = Kη .

̂ 2 ∥ ≤ Kη S (2) and T r(E(X
̂ 2 )) ≤ 2Kη S (2) .
∥EX
η
η
̂η
̂η
p
p

̂ 2 ).
̂ η be the dilation of Z
̂ η . We can now propose bounds for E X
̂ 2 and E T r(X
Let X
η
η

Lemma 26

Proof Indeed,

u′ ,v

u′ ,v

̂Z
̂ ⊺ )∣∣ ≤ Kη S (2) .
̂Z
̂ ⊺ )∣∣1 ≤ Kη S (2) and therefore ∣∣E(Z
∣∣E(Z
̂η
̂η
p
p

u

(2)

̂ η [u, v]Z
̂ η [u′ , v])∣ ≤ Kη ∑ p̂(u′ v) ≤ Kη S .
̂Z
̂ ⊺ )∣∣∞ ≤ max ∑ ∣E(Z
∣∣E(Z
̂η
p
We have also

Similar computations provide all inequalities.

5.5 The factor Hankel Matrix Hp̂U,V is not subexponential: proof

⋯ ⋯ 1 ⎞
⎟
⋯ 1 0 ⎟
⎟
⋰
⋮ ⎟
⎟
⎟
0 ⎠

⋯
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̂
Z(ξ)
can be not a subexponential random matrix. Let Σ = {a} be a one-letter alphabet
̂ξ
and let p be the rational stochastic language defined by p(an ) = 2−(n+1) . When ξ = an , H
̂ ξ [i, j] = n + 1 − (i + j) if i + j ≤ n and 0 otherwise. Let H
̂ n ∈ Rn×n
is the matrix defined by H
be the nonnegative symmetric matrix defined by

n−1
⎛ n
⎜
⎜ n−1 n−2
̂n = ⎜ ⋮
⋮
H
⎜
⎜
1
⎜ ⋮
⎝ 1
0

20

n≥0

100 k
5.26
55

20 k
7.22
67

0.6g
1.9e-4
1.8g
1.9e-4
6.4g
2.0e-4

PA
4
12
10
6.25
31.06
0.77
0.79
0.42

PA
4
25
25
8.23
57.84
0.85
0.87
0.24

1.9g
5.3e-5
11g
5.8e-5
73g
5.8e-5

4

3

0.2g
2.1e-4
0.7g
2.1e-4
3g
2.0e-4

20 k
5.52
36

DPA
13
12
12
6.52
29.61
0.72
0.73
0.80

7

28g
9.0e-6
291g
1.0e-6
3363g
1.0e-6

20 k
12.46
110

PA
14
26
26
13.40
160.92
0.92
0.95
0.09

15

22
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21

η

(1)

Figure 1: Behavior of Sp

η

(1)

1.4g
6.1e-5
7.6g
6.6e-5
44g
6.9e-5

20 k
6.00
59

PA
5
12
12
6.97
43.53
0.84
0.86
0.23

31

8.0g
1.8e-5
60g
1.9e-5
460g
2.0e-5

20 k
7.18
84

HMM
10
14
13
8.09
65.87
0.88
0.91
0.29

38

(1)

and Sp̂η for η ∈ [0; 1].

(1)

0.5g
1.2e-4
2.4g
1.2e-4
15.7g
1.2e-4

20 k
5.29
59

PA
6
36
36
6.35
38.11
0.83
0.87
0.37

29

7.7g
1.9e-5
76g
2.0e-5
761g
2.0e-5

20 k
7.74
106

PA
14
6
6
8.82
90.81
0.90
0.92
0.29

39

15g
1.1e-5
165g
1.2e-5
1925g
1.2e-5

20 k
8.72
106

DPA
14
65
65
9.74
111.84
0.91
0.96
0.26

40

3.4g
3.3e-5
25g
3.5e-5
202g
3.6e-5

20 k
6.36
70

DPA
9
6
6
7.39
62.11
0.88
0.90
0.25

42
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and Sp̂η , similar for all the problems.

13g
1.5e-5
99g
1.6e-5
797g
1.6e-5

20 k
9.72
90

HMM
10
40
28
10.65
93.34
0.88
0.92
0.21

25

Figure 1 shows the typical behavior of Sp

Pautomac ID
Target
Type
∣Σ∣
NbStates
Rank
(2)
Sp
(3)
Sp
ρ(MΣ )
ρp
Cp
Sample
∣S∣
Avg ∣w∣
max ∣w∣
Hankel mat.
∣P ref ∣ × ∣Suf f ∣
HS sparsity
∣P ref ∣ × ∣F act∣
H S sparsity
∣F act∣ × ∣F act∣
̂S sparsity
H

Table 1: The 11 selected problems. The size of the Hankel matrices matrices is expressed in
billions, where 1 g stands for 109 . Sparsity indicates the ratio of non zero entries
in the matrix: for example, there are 5.3 × 1.9 104 non empty cells in HS for pb 3.

• The empirical Hankel matrices are built on the prefixes, suffixes or factors of elements
of S. We provide their size computed as the product of the number of non null rows
by the number of non null columns. Almost all their cells are null: we provide the
sparsity ratio.

• Each problem comprises a sample S of strings independently drawn from the target.
We provide the cardinal of S, the maximal length and the average length of strings
in S.

Denis and Gybels and Habrard

3. Since the matrices MΣ corresponding to two minimal representations are similar, the spectral radius ρ
only depends on the underlying rational series.
4. From Gelfand’s formula, ∣∣MkΣ ∣∣1/k converges to ρ when k → ∞. For any k satisfying ∣∣MkΣ ∣∣1/k < 1, we
can take ρp = ∣∣MkΣ ∣∣1/k and Cp = max0≤r<k min0≤s≤r ∣∣I ⊺ Ms ∣∣ ⋅ ∣∣Mr−s T ∣∣. We have noted in practice that
when k increases, ρp decreases to ρ while Cp increases very slowly. We have uniformly taken the values
computed for k = 100.

• Target models are of different types: non deterministic probabilistic automata (PA),
deterministic probabilistic automata (DPA) and hidden Markov models (HMM). Each
target is a rational stochastic language. We display the size of the corresponding
alphabet, its 2nd and 3rd moments and the spectral radius ρ of MΣ 3 , for a minimal
representation ⟨I, M, T ⟩ of p. We display the number of states of the target automaton
and the rank of the corresponding Hankel matrix computed using NumPy: the true
rank of the target lies between these two values. We also provide constants Cp and
ρp satisfying p(Σn ) ≤ Cp ρnp for any integer n4 .

The benchmark of PAutomaC provides samples of strings generated from probabilistic automata and designed to evaluate probabilistic automata learning. We have selected eleven
problems from that benchmark, for which the sparsity of the Hankel matrices makes the
use of standard SVD algorithms available from NumPy or SciPy possible. Table 1 provides
some information about the selected problems.

6.1 Presentation of the benchmark

The theoretical bounds described in the previous Sections have been evaluated on the benchmark of PAutomaC (Verwer et al., 2012).

6. Experiments

̂ n gives that ρ(H
̂ n ) = Ω(n2 ).
Proof (of Proposition 27) Lemma 28 applied to the matrix H
n
5
2
2
Indeed, we have the row sums di satisfy di ≥ (n + 1 − i) /2 and ∑i=1 di = Θ(n ). Hence, for
̂ k ∥ ≥ n2k . Now, taking n = k, we should have 2−k k 2k ≤ CRk k! ≤ CRk k k
every integer k, ∥H
n
for every integer k, which is false.

Lemma 28 Bo (2000) Let A be a n × n nonnegative symmetric matrix
√ with positive row
sums d1 , . . . , dn . Then, the spectral radius of A satisfies ρ(A) ≥ n−1/2 ∑ni=1 d2i .

We need the following Lemma.

̂
Proposition 27 Z(ξ)
is not subexponential.

n≥0

̂
It can easily be deduced from the definition of a subexponential random matrix that if Z(ξ)
were subexponential then, there would exist constants C, R > 0 such that for every integer
k,
̂ k ∥ ≤ ∥ ∑ 2−n H
̂ k ∥ ≤ Ck!Rk .
max 2−n ∥H
n
n
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6.2 Accuracy of the bounds

4
9
0.003
0.039
0.026
0.023

7
8
0.006
0.088
0.060
0.053

15
5
0.004
0.127
0.085
0.028

25
5
0.003
0.115
0.076
0.032

29
9
0.005
0.088
0.059
0.047

31
7
0.005
0.092
0.062
0.044

38
4
0.006
0.097
0.066
0.028

39
6
0.005
0.103
0.069
0.033

40
4
0.004
0.105
0.073
0.024

0.007
0.140
0.089
0.064

3
8

0.006
0.089
0.052

0.004
0.052
0.034
0.030

4
9

0.022
0.200
0.117

0.009
0.121
0.078
0.070

7
8

0.012
0.476
0.106

0.004
0.186
0.116
0.040

15
5

0.015
0.361
0.106

0.004
0.164
0.103
0.046

25
5

0.012
0.229
0.118

0.006
0.121
0.077
0.062

29
9

0.018
0.241
0.110

0.007
0.126
0.081
0.058

31
7

0.013
0.291
0.078

0.006
0.136
0.088
0.037

38
4

0.014
0.355
0.102

0.006
0.148
0.093
0.043

39
6

0.009
0.387
0.0761

0.004
0.154
0.098
0.032

40
4

0.013
0.293
0.108

0.006
0.134
0.084
0.050

42
7

U,V

42
7
0.005
0.095
0.063
0.038

For each problem, the exact value of ∣∣HSU,V − HpU,V ∣∣2 is computed for sets U and V of the
form Σ≤l , where we have maximized l according to our computing resources. This value is
compared to the bounds provided by Theorem 7 and Equation (3), with δ = 0.05 (Table 2).
The optimized bound (”opt.”), refers to the case where σ 2 has been calculated over U × V
rather than Σ∗ × Σ∗ (see the remark at the end of Section 4.1). Tables 3 and 4 show analog
comparisons for the prefix and the factor cases with different values of η. We can remark
that our dimension-free bounds are significantly more accurate than the one provided by
Equation (3). Similar results have been obtained for all the problems of PautomaC.
We have not reported experimental results based on Theorem 10, as for all the problems
we consider, the constant σ is extremely large. For example, on Problem 3, with β = 1 − ρp ,
and using the parameters of Table 1, we have σ ≃ 5308, which would provide non significant
accuracy values.

3
8
0.005
0.100
0.067
0.048

Table 2: Concentration bounds for ∣∣HSU,V − HpU,V ∣∣ where U = V = Σ≤l .

Problem number
l
∣∣HU,V − HpU,V ∣∣
S
Eq. (3)
Th. 7
Th. 7 (opt.)

U,V

0.014
0.281
0.128

U,V
Table 3: Concentration bounds for ∣∣HS − Hp,η
∣∣ (prefix case) where U = V = Σ≤l . The
first part of the array is computed for η = 1/2, the second part for η = 1. The
limiting case η = 1 (Th. 9 (opt.)) uses the remark at the end of Section 4.3

Problem number
l

U,V

U,V
∣∣
∣∣HS − Hp,1/2
Eq. (3)
Th. 9
Th. 9 (opt.)
U,V
∣∣HS − Hp,1
∣∣
Eq. (3)
Th. 9 (opt.)

6.3 Implication for learning
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The theoretical results of the last sections show that ∥HSU,V − HU,V ∥, and similar expressions
for other variants of the Hankel matrices, are bounded by a term that converges to 0 as the
size of S increases, and is independent from U and V . This entails that the spectral learning
23

3
6
0.007
0.148
0.099
0.060

4
7
0.003
0.056
0.037
0.030
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7
5
0.007
0.127
0.086
0.062

15
4
0.004
0.206
0.129
0.036

25
4
0.003
0.177
0.114
0.041

29
6
0.005
0.130
0.0845
0.056

31
6
0.007
0.138
0.090
0.059

38
4
0.006
0.152
0.098
0.0401

39
4
0.007
0.155
0.103
0.036

40
4
0.005
0.177
0.109
0.035

42
5
0.006
0.142
0.093
0.044

̂ U,V − HU,V ∣∣ (factor case) where U = V = Σ≤l and
Table 4: Concentration bounds for ∣∣H
S
p̂,η
η = 1/e.
Problem number
l
̂ U,V − HU,V ∣∣
∣∣H
S
̂,1/e
p
Eq. (3)
Th. 11
Th. 11 (opt.)

1 r
∑ cos θi
r i=1

(10)

algorithm is consistent, whatever sets U and V are chosen, as soon as the rank of HU,V is
equal to the rank of the target, and even if we set U = V = Σ∗ . But these concentration
bounds give no indication of what should be done in pratical cases.
The spectral learning algorithm first computes the r-first right singular vectors RSU,V of
HSU,V and then build a linear representation from RSU,V . Since an exact linear representation
of the target can be computed from the r-first right singular vectors RU,V of HU,V , where r
is the rank of the target, the distance between the linear spaces spanned by RSU,V and RU,V
seems to be a relevant measure to evaluate the impact on learning of the choice of U and
V.
There are several ways to measure the distance between two linear spaces. Most of them
are based on the principal angles θ1 ≥ θ2 ≥ . . . ≥ θr between them. The largest principal
angle θ1 is a harsh measure since, even if the two spaces coincide along the last r−1 principal
angles, the distance between the two spaces can be large. We have considered the following
measure

d(span(RU,V ), span(RSU,V )) = 1 −

which is equal to 0 if the spaces coincide and 1 if they are completely orthogonal, and which
takes into account all the principal angles.
The tables 5 to 9 show the distance between span(RU,V ) and span(RSU,V ) for p, p1/2 , p,
p̂1/2 and p̂, and for matrices having 100 columns and a variable number of rows, from 100
to 20,000 (i.e. ∣V ∣ = 100 and 100 ≤ ∣U ∣ ≤ 20, 000).
These tables show that

• the distance between the empirical and true singular vector spaces is smaller for the
factor variant than for the prefix variant, and smaller for the prefix variant than for
the classical Hankel matrices

• for both the prefix and factor variants, the distance is smaller for η = 1 than for η = 1/2
(and η = 0)

• in most cases, the distance computed for ∣U ∣ = 20, 000 is either minimal or not very
far from the minimum.
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We have run similar experiences for increasing values of ∣V ∣, from 100 to 20,000. The
tables are very similar but the distances systematically increase with V . Table 10 shows the
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7
0.841
0.005
0.004
0.004
0.004
0.004
0.004
0.004

15
1.643
1.466
1.417
1.421
1.382
1.423
1.424
1.401

25
4.171
3.988
3.901
3.530
3.529
3.442
3.431
3.257

29
1.495
1.512
1.457
1.363
1.358
1.134
1.136
1.283

31
0.985
0.902
0.917
0.908
0.919
0.940
0.961
0.986

38
3.375
3.304
2.915
2.578
2.511
2.380
2.284
2.051

39
0.132
0.091
0.104
0.108
0.125
0.172
0.269
0.728

40
1.789
1.609
1.593
1.501
1.512
1.485
1.390
1.457

42
0.031
0.031
0.029
0.029
0.029
0.029
0.029
0.029

3
1.880
1.717
1.646
1.623
1.549
1.491
1.459
1.425

4
0.010
0.009
0.009
0.009
0.009
0.009
0.009
0.009

7
0.535
0.004
0.004
0.003
0.003
0.003
0.003
0.003

15
1.683
1.631
1.500
1.558
1.504
1.501
1.495
1.548

25
4.211
3.928
3.847
3.537
3.514
3.317
3.284
3.203

29
1.342
1.281
1.161
1.137
1.107
1.098
1.059
0.950

31
0.304
0.251
0.284
0.297
0.329
0.439
0.783
0.955

38
2.931
2.867
2.590
2.443
2.391
2.129
1.785
1.690

39
0.077
0.049
0.047
0.047
0.047
0.048
0.049
0.052

40
1.782
1.730
1.578
1.529
1.524
1.486
1.450
1.424

42
0.015
0.015
0.013
0.013
0.013
0.013
0.013
0.013

for ∣V ∣ = 100 and 100 ≤ ∣U ∣ ≤ 20, 000. Entries must be scaled by 10−1 .

0.5

100
200
500
1000
2000
5000
10000
20000

3
1.281
1.185
1.074
1.060
1.054
1.063
1.073
1.088

and HS

7
0.554
0.007
0.006
0.006
0.006
0.006
0.006
0.006

15
1.729
1.472
1.388
1.358
1.179
1.169
1.181
1.213

25

25
4.095
4.016
3.886
3.686
3.682
3.347
3.244
3.100

29
1.221
1.237
1.194
1.227
1.174
1.164
1.165
1.165

31
0.224
0.204
0.238
0.255
0.288
0.313
0.332
0.357

38
2.778
2.732
2.619
2.391
2.349
2.263
2.156
1.825

40
1.662
1.497
1.352
1.313
1.341
1.289
1.347
1.356

42
0.005
0.005
0.005
0.005
0.005
0.005
0.005
0.005
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39
0.009
0.006
0.006
0.006
0.006
0.006
0.006
0.006

for ∣V ∣ = 100 and 100 ≤ ∣U ∣ ≤ 20, 000. Entries must be scaled by 10−1 .

4
0.010
0.008
0.007
0.007
0.007
0.007
0.007
0.007

U,V

Table 7: Distance between the spaces spanned by the r first right singular vectors of HU,V
p

100
200
500
1000
2000
5000
10000
20000

and

U,V
H0.5,S

Table 6: Distance between the spaces spanned by the r first right singular vectors of HU,V
p

100
200
500
1000
2000
5000
10000
20000

4
0.011
0.011
0.011
0.010
0.010
0.010
0.010
0.011

4
0.004
0.004
0.004
0.004
0.004
0.004
0.005
0.005

4
0.009
0.008
0.008
0.008
0.008
0.007
0.007
0.007

7
0.005
0.005
0.004
0.004
0.004
0.004
0.004
0.004

7
0.004
0.005
0.004
0.003
0.003
0.003
0.003
0.003

15
0.557
0.480
0.524
0.529
0.537
0.570
0.584
0.620

15
1.317
1.328
1.344
1.363
1.324
1.323
1.321
1.351

25
2.264
2.153
2.162
2.098
2.075
2.085
2.072
2.072

25
3.507
3.445
3.410
3.312
3.281
3.262
3.156
3.110

29
0.901
0.893
0.797
0.784
0.803
0.822
0.882
0.914

29
1.229
1.234
1.231
1.164
1.221
1.137
1.094
1.065

31
0.237
0.244
0.254
0.260
0.267
0.280
0.287
0.297

31
0.273
0.266
0.284
0.288
0.311
0.315
0.319
0.324

38
1.977
1.922
1.783
1.613
1.597
1.560
1.513
1.499

38
2.814
2.740
2.515
2.344
2.319
2.247
2.164
2.119

39
0.004
0.003
0.003
0.002
0.002
0.002
0.002
0.002

39
0.082
0.072
0.069
0.048
0.048
0.047
0.047
0.047

40
1.512
1.307
1.290
1.294
1.268
1.278
1.278
1.279

40
1.780
1.683
1.600
1.585
1.596
1.475
1.480
1.452

42
0.002
0.002
0.002
0.002
0.002
0.002
0.002
0.002

42
0.013
0.013
0.009
0.009
0.009
0.009
0.009
0.009

100
200
500
1000
2,000
5,000
10,000
20,000

100
2.096
2.079
1.934
1.883
1.813
1.766
1.755
1.739

300
2.399
2.292
2.196
2.134
2.052
1.981
1.924
1.876

26

1,000
2.660
2.512
2.350
2.306
2.239
2.183
2.132
2.077

2,000
2.747
2.608
2.431
2.401
2.331
2.274
2.221
2.159

5,000
2.887
2.752
2.575
2.543
2.475
2.410
2.349
2.276

20,000
3.116
2.974
2.808
2.767
2.711
2.664
2.615
2.543
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Table 10: Distance between the spaces spanned by the r first right singular vectors of HU,V
and HU,V
for 100 ≤ ∣U ∣ ≤ 20, 000 and 100 ≤ ∣V ∣ ≤ 20, 000 for problem 3. Entries
S
must be scaled by 10−1 .

100
200
500
1000
2000
5000
10000
20000

3
1.185
1.065
1.064
1.048
1.029
1.011
1.012
1.011

3
1.917
1.832
1.796
1.781
1.738
1.727
1.718
1.652

Table 9: Distance between the spaces spanned by the r first right singular vectors of HU,V
̂
p
̂ U,V for ∣V ∣ = 100 and 100 ≤ ∣U ∣ ≤ 20, 000. Entries must be scaled by 10−1 .
and H
S

100
200
500
1000
2000
5000
10000
20000

0.5,S

Table 8: Distance between the spaces spanned by the r first right singular vectors of HU,V
̂0.5
p
̂ U,V for ∣V ∣ = 100 and 100 ≤ ∣U ∣ ≤ 20, 000. Entries must be scaled by 10−1 .
and H

Table 5: Distance between the spaces spanned by the r first right singular vectors of HU,V
for ∣V ∣ = 100 and 100 ≤ ∣U ∣ ≤ 20, 000. Entries must be scaled by 10−1 .
and HU,V
S

3
2.096
2.079
1.934
1.883
1.813
1.766
1.755
1.739
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results for d(span(HU,V ), span(HSU,V )) computed on problem 3 - the behavior is similar for
all the problems and all other variants.
These experiments call for the following recommendations that remain to be confirmed
by further theoretical studies.
• use the data to infer first the factor variant of p, rather than the prefix variant or p
itself,
• use a small number of columns,
• use as many rows as available, unless a specific information on the domain indicate
to bound their number.

7. Conclusion
We have provided dimension-free concentration inequalities for Hankel matrices in the context of spectral learning of rational stochastic languages. These bounds cover 3 cases, each
one corresponding to a specific way to exploit the strings under observation, paying attention to the strings themselves, to their prefixes or to their factors. For the last two
cases, we introduced parametrized variants which allow a trade-off between the rate of the
concentration and the exploitation of the information contained in data.
Experiments on the PAutomaC benchmark show that our dimension-free bounds are
quite tight (except the subexponential bound for the prefix variant) and significantly more
accurate than the bounds provided by classically used dimension-dependent bounds.
A consequence of these dimension-free inequalities is that the spectral learning algorithm
is consistent, even if the whole empirical Hankel matrix is used, suggesting that the choice
of relevant sets of rows and columns is maybe not critical. However, they do not provide
any indication on what should be done in pratical cases. Experiments indicate that the
singular vector spaces computed from the empirical Hankel matrices converge more quickly
to the true singular vector spaces for the factor variant of the Hankel matrix - which is
consistent with the experiments in (Balle et al., 2014), a small number of columns and a
large number of rows. It would be interesting to obtain concentration results which confirm
these practice. Another research direction would be to link up the prefix and factor cases
to concentration bounds for sum of random tensors and to generalize the results to the case
where a fixed number ≥ 1 of factors is considered for each string.
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n−1

m=0

αn
.
γ + βαn

1 − αn
βf (an )
1−α

m=0

f (an ) = (1 − α)

=α +

n

= αn + ∑ αm βp(Σ∗ an Σ∗ )

n−1

f (an ) = p(an Σ∗ ) + ∑ p(am bΣ∗ an Σ∗ )

m=0

n−1

which is equivalent to

i=0

∑ λi α

k−1

30

i−k γ

+ βαk+p
= 1.
γ + βαi+p

i=0

f (ak+p ) = ∑ λi f (ai+p )

k−1
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Suppose that f is rational. Then, every submatrix of the Hankel matrix of f is of finite
rank. In particular, there exists an index k and real coefficients λ0 , λ1 , . . . , λk−1 such that
for any integer p,

and therefore,

and

m=0

n−1

Σ∗ = ⋃ {am } ∪ an Σ∗ ∪ ⋃ am bΣ∗

Let f be the series defined by f (u) ∶= p(Σ∗ uΣ∗ ). Let us compute f (an ) for any integer n.
Clearly, f (ε) = 1. Let n ≥ 1. We can write

∞ n
∞
n
γ
p(Σ∗ ) = ∑ α∣u∣a β ∣u∣b γ = γ ∑ ∑ ( )αm β n−m = γ ∑ (α + β)n =
= 1.
1−α−β
n=0 m=0 m
n=0
u∈Σ∗

Proof Let Σ = {a, b} and p be the rational stochastic language defined by p(u) ∶= α∣u∣a β ∣u∣b γ
where α, β, γ > 0, α + β + γ = 1 and where ∣u∣x denotes the number of occurrences of the
letter x ∈ Σ in u. We have

Proposition 1 There exists a rational stochastic language p of rank 1 and built over a
two-letter alphabet such that the series u ↦ p(Σ∗ uΣ∗ ) is not rational.

On a one-letter alphabet, for any non negative rational convergent series r, the series u ↦
r(Σ∗ uΣ∗ ) is rational. Indeed, r(Σ∗ uΣ∗ ) = r(uΣ∗ ) = r(u) and r is rational. On the other
hand, this property may be false as soon as the alphabet contains at least two letters.

8.1 Proof of Proposition 1

8. Appendix

Denis and Gybels and Habrard

δ + αk z
)−1
δ + αi z

Concentration Bounds on Hankel Matrices

Let g(z) be the complex function defined by
k−1

i=0

g(z) ∶= ( ∑ µi

i −1
k −1
∑ µi (δ + α z) = (δ + α z) , ∀z ∈ V.

1
αk
α2k
⋮
2
αk

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎠

ih
= αkh for every h ≥ 0.

...
...
...
⋱
...

(11)

where δ = γ/β and µi = λi αi−k for 0 ≤ i ≤ k − 1.
The function g as poles at −δα−i and hence, is analytic on a neighborhood V of 0. Since
g(αp ) = 0 for any integer p, the principle of permanence shows that g is uniformly equal to
0 on V , i.e.
k−1

i=0

k−1

∑

i=0

1 1
1
1 α α2
1 α2 α4
⋮ ⋮
⋮
1 αk α2k

µi α

In particular, these two functions and all their derivatives are equal for z = 0: we obtain
the system
The Vandermonde matrix
⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎝

has a non zero determinant since αi ≠ αj for i ≠ j and therefore, the unique solution of the
k
system ∑i=0
µi αih = 0 for 0 ≤ h ≤ k is µ0 = µ1 = ⋅ ⋅ ⋅ = µk = 0 and the system (11) has no
solution.
8.2 Proof of Proposition 2

From the definition of Ts , it can easily be shown that the mapping s ↦ Ts is a morphism:
Ts1 Ts2 [u, v] = ∑w∈Σ∗ Ts1 [u, w]Ts2 [w, v] = 1 iff v = us1 s2 and 0 otherwise.
If X is a matrix whose rows are indexed by Σ∗ , we have Ts X[u, v] = ∑w Ts [u, w]X[w, v] =
X[us, v]: i.e. the rows of TS X are included in the set of rows of X. Then, it follows
from the definition of E that E ⊺ Ts is equal to the first row of Ts (indexed by ) with all
coordinates equal to zero except the one indexed by s which equal 1.
Now, from the reduced singular value decomposition of H = LDR⊺ at rank d, R is a
matrix of dimension ∞ × d whose columns form a set of orthonormal vectors - the right
singular vectors of H - such that R⊺ R = Id and RR⊺ H⊺ = H⊺ (RR⊺ is the orthogonal
projection on the subspace spanned by the rows of H).
One can easily deduce, by a recurrence over n, that for every string u = x1 . . . xn ,

(R⊺ Tx1 R) ○ . . . ○ (R⊺ Txn R)R⊺ H⊺ = R⊺ Tu H⊺ .
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Indeed, the inequality is trivially true for n = 0 since T = Id . Then, we have that
R⊺ Tx RR⊺ Tu H⊺ = R⊺ Tx Tu H⊺ = R⊺ Txu H⊺ since the columns of Tu H⊺ are rows of H
and T is a morphism.
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If P ⊺ is the first row of H then: E ⊺R(R⊺ Tx1 R)○ . . . ○(R⊺ Txn R)R⊺ P = E ⊺ Tu P = r(u).
Thus, ⟨R⊺ E, (R⊺ Tx R)x∈Σ , R⊺ P ⟩ is a linear representation of r of dimension d.

8.3 Monotonicity in Stewart formula.

σk (A) =

min

max

u1 ,...,uk−1 ∈Rn x∈Rn ,∥x∥=1,x∈[u1 ,...,uk−1 ]⊥

∥Ax∥ .

Let us first recall the min − max characterization of singular values derived from the CourantFischer Theorem: for any matrix A ∈ Rm×n ,

min

max

∥Ax∥

max

∥Bx∥ = σk (B).

Let B be the result obtained by replacing all elements in the last column of A with 0 and
let uk ∈ Rn be defined by uk [i] = 1i=n .
σk (A) ≥

min

u1 ,...,uk−1 ∈Rn x∈Rn ,∥x∥=1,x∈[u1 ,...,uk−1 ]⊥

u1 ,...,uk−1 ∈Rn x∈Rn ,∥x∥=1,x∈[u1 ,...,uk ]⊥

=
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A similar argument holds if we delete a row of A. Then, it can easily be shown by induction
that if B is obtained by deleting some rows and columns in A, then σk (A) ≥ σk (B) (as far
as σ (B) is defined).
k
′
′
′
′
Therefore, if U ⊆ U ′ and V ⊆ V ′ , then ∥HSU ×V − HrU ×V ∥ ≤ ∥HSU ×V − HrU ×V ∥ and
′
′
σmin (HrU ×V ) ≤ σmin (HrU ×V ).
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The discovery of causal relationships from purely observational data is a fundamental problem in science. The most elementary form of such a causal discovery problem is to decide
whether X causes Y or, alternatively, Y causes X, given joint observations of two variables
X, Y . An example is to decide whether altitude causes temperature, or vice versa, given
only joint measurements of both variables. Even under the simplifying assumptions of no
confounding, no feedback loops, and no selection bias, such bivariate causal discovery problems are challenging. Nevertheless, several approaches for addressing those problems have
been proposed in recent years. We review two families of such methods: methods based on
Additive Noise Models (ANMs) and Information Geometric Causal Inference (IGCI). We
present the benchmark CauseEffectPairs that consists of data for 100 different causeeffect pairs selected from 37 data sets from various domains (e.g., meteorology, biology,
medicine, engineering, economy, etc.) and motivate our decisions regarding the “ground
truth” causal directions of all pairs. We evaluate the performance of several bivariate causal
discovery methods on these real-world benchmark data and in addition on artificially simulated data. Our empirical results on real-world data indicate that certain methods are
indeed able to distinguish cause from effect using only purely observational data, although
more benchmark data would be needed to obtain statistically significant conclusions. One
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1. We denote probability distributions by P and probability densities (typically with respect to Lebesgue
measure on Rd ) by p.

An advantage of having knowledge about causal relationships rather than statistical associations is that the former enables prediction of the effects of actions that perturb the
observed system. Knowledge of cause and effect can also have implications on the applicability of semi-supervised learning and covariate shift adaptation (Schölkopf et al., 2012).
While the gold standard for identifying causal relationships is controlled experimentation,
in many cases, the required experiments are too expensive, unethical, or technically impossible to perform. The development of methods to identify causal relationships from purely
observational data therefore constitutes an important field of research.
An observed statistical dependence between two variables X, Y can be explained by
a causal influence from X to Y , a causal influence from Y to X, a possibly unobserved
common cause that influences both X and Y (“confounding”, see e.g., Pearl, 2000), a
possibly unobserved common effect of X and Y that is conditioned upon in data acquisition
(“selection bias”, see e.g., Pearl, 2000), or combinations of these. Most state-of-the-art
causal discovery algorithms that attempt to distinguish these cases based on observational
data require that X and Y are part of a larger set of observed random variables influencing
each other. For example, in that case, and under a genericity condition called “faithfulness”,
conditional independences between subsets of observed variables allow one to draw partial
conclusions regarding their causal relationships (Spirtes et al., 2000; Pearl, 2000; Richardson
and Spirtes, 2002; Zhang, 2008).
In this article, we focus on the bivariate case, assuming that only two variables, say
X and Y , have been observed. We simplify the causal discovery problem considerably by
assuming no confounding, no selection bias and no feedback. We study how to distinguish X
causing Y from Y causing X using only purely observational data, i.e., a finite i.i.d. sample
drawn from the joint distribution PX,Y .1 As an example, consider the data visualized in
Figure 1. The question is: does X cause Y , or does Y cause X? The true answer is “X
causes Y ”, as here X is the altitude of weather stations and Y is the mean temperature
measured at these weather stations (both in arbitrary units). In the absence of knowledge
about the measurement procedures that the variables correspond with, one can try to exploit
the subtle statistical patterns in the data in order to find the causal direction. This challenge
of distinguishing cause from effect using only observational data has attracted increasing
interest recently (Mooij and Janzing, 2010; Guyon et al., 2010, 2016). Approaches to causal
discovery based on conditional independences do not work here, as X and Y are typically
dependent, and there are no other observed variables to condition on.

1. Introduction

Keywords:
Causal discovery, additive noise, information-geometric causal inference,
cause-effect pairs, benchmarks
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of the best performing methods overall is the method based on Additive Noise Models that
has originally been proposed by Hoyer et al. (2009), which obtains an accuracy of 63 ±
10 % and an AUC of 0.74 ± 0.05 on the real-world benchmark. As the main theoretical
contribution of this work we prove the consistency of that method.
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• We review two families of bivariate causal discovery methods, methods based on Additive Noise Models (ANMs) (originally proposed by Hoyer et al., 2009), and Information Geometric Causal Inference (IGCI) (originally proposed by Daniušis et al.,
2010).

Despite the large number of methods for bivariate causal discovery that has been proposed over the last few years, their practical performance has not been studied very systematically, although some domain-specific studies have been performed (Smith et al., 2011;
Statnikov et al., 2012). The present work attempts to address this by presenting benchmark data and reporting extensive empirical results on the performance of various bivariate
causal discovery methods. Our main contributions are fourfold:

A variety of causal discovery methods has been proposed in recent years (Friedman and
Nachman, 2000; Kano and Shimizu, 2003; Shimizu et al., 2006; Sun et al., 2006, 2008; Hoyer
et al., 2009; Mooij et al., 2009; Zhang and Hyvärinen, 2009; Janzing et al., 2010; Mooij et al.,
2010; Daniušis et al., 2010; Mooij et al., 2011; Shimizu et al., 2011; Janzing et al., 2012;
Hyvärinen and Smith, 2013; Peters and Bühlmann, 2014; Kpotufe et al., 2014; Nowzohour
and Bühlmann, 2015; Sgouritsa et al., 2015) that were claimed to be able to solve this task
under certain assumptions. All these approaches exploit the complexity of the marginal
and conditional probability distributions, in one way or the other. On an intuitive level,
the idea is that the factorization of the joint density pC,E (c, e) of cause C and effect E
into pC (c)pE | C (e | c) typically yields models of lower total complexity than the alternative
factorization into pE (e)pC | E (c | e). Although this idea is intuitively appealing, it is not clear
how to define complexity. If “complexity” and “information” are measured by Kolmogorov
complexity and algorithmic information, respectively (Janzing and Schölkopf, 2010; Lemeire
and Janzing, 2013), one can show that the statement “pC contains no information about
pE | C ” implies that the sum of the complexities of pC and pE | C cannot be greater than the
sum of the complexities of pE and pC | E . Some approaches, instead, define certain classes
of “simple” conditionals, e.g., Additive Noise Models (Hoyer et al., 2009) and second-order
exponential models (Sun et al., 2006; Janzing et al., 2009), and infer X to be the cause of
Y whenever PY | X is from this class (and PX | Y is not). Another approach that employs
complexity in a more implicit way postulates that PC contains no information about PE | C
(Janzing et al., 2012).

Figure 1: Example of a bivariate causal discovery task: decide whether X causes Y , or Y
causes X, using only the observed data (visualized here as a scatter plot).

Y
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• We present a detailed description of the benchmark CauseEffectPairs that we collected over the years for the purpose of evaluating bivariate causal discovery methods.
It currently consists of data for 100 different cause-effect pairs selected from 37 data
sets from various domains (e.g., meteorology, biology, medicine, engineering, economy,
etc.).

• We report the results of extensive empirical evaluations of the performance of several
members of the ANM and IGCI families, both on artificially simulated data as well
as on the CauseEffectPairs benchmark.

• We prove the consistency of the original implementation of ANM that was proposed
by Hoyer et al. (2009).

The CauseEffectPairs benchmark data are provided on our website (Mooij et al., 2014).
The synthetic benchmark data are provided as an online appendix for reproducibility purposes. In addition, all the code (including the code to run the experiments and create the
figures) is provided both as an online appendix and on the first author’s homepage2 under
an open source license to allow others to reproduce and build on our work.
The structure of this article is somewhat unconventional, as it partially consists of a
review of existing methods, but it also contains new theoretical and empirical results. We
will start in the next subsection by giving a more rigorous definition of the causal discovery
task we consider in this article. In Section 2 we give a review of ANM, an approach based
on the assumed additivity of the noise, and describe various ways of implementing this idea
for bivariate causal discovery. In Appendix A we provide a proof for the consistency of
the original ANM implementation that was proposed by Hoyer et al. (2009). In Section 3,
we review IGCI, a method that exploits the independence of the distribution of the cause
and the functional relationship between cause and effect. This method is designed for
the deterministic (noise-free) case, but has been reported to work on noisy data as well.
Section 4 gives more details on the experiments that we have performed, the results of which
are reported in Section 5. Appendix D describes the CauseEffectPairs benchmark data
set that we used for assessing the accuracy of various methods. We conclude in Section 6.
1.1 Problem Setting

JMLR 17(32):1-102

In this subsection, we formulate the problem of interest central to this work. We tried to
make this section as self-contained as possible and hope that it also appeals to readers who
are not familiar with the terminology in the field of causality. For more details, we refer
the reader to Pearl (2000).
Suppose that X, Y are two random variables with joint distribution PX,Y . This observational distribution corresponds to measurements of X and Y in an experiment in which
X and Y are both (passively) observed. If an external intervention (i.e., from outside the
system under consideration) changes some aspect of the system, then in general, this may
lead to a change in the joint distribution of X and Y . In particular, we will consider a
2. http://www.jorismooij.nl/

4

| do(x)

6= PY
| do(x0 )

for some x, x0 .

and some c, where X\ij := X{1,...,p}\{i,j} are all other variables besides Xi , Xj .

PXj | do(Xi =x,X\ij =c) 6= PXj | do(Xi =x0 ,X\ij =c)

JMLR 17(32):1-102
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5

6. Here, we assume that the intervention is performed before the conditioning. Since conditioning and
intervening do not commute in general, one has to be careful when modeling causal processes in the
presence of selection bias to take into account the actual ordering of these events.

3. Different types of “imperfect” interventions can be considered as well, see e.g., Eberhardt and Scheines
(2007); Eaton and Murphy (2007); Mooij and Heskes (2013). In this paper we only consider perfect
interventions.
4. In the presence of selection bias, one has to be careful when linking causal relations to interventional
distributions. Indeed, if one would (incorrectly) apply Definition 1 to the conditional interventional
distributions PY | do(X=x),S=s instead of to the unconditional interventional distributions PY | do(X=x)
(e.g., because one is not aware of the fact that the data has been conditioned on S), one may obtain
incorrect conclusions regarding causal relations.
5. For the special case p = 2 that is of interest in this work, we do not need to distinguish indirect from
direct causality, as they are equivalent in that special case. However, we introduce this concept in order
to define causal graphs on more than two variables, which we use to explain the concepts of confounding
and selection bias.

In words: X is a direct cause of Y with respect to a set of variables under consideration if
Y depends on the value we force X to have in a perfect intervention, while fixing all other
variables. The intuition is that a direct causal relation of X on Y is not mediated via the
other variables. The more variables one considers, the harder it becomes experimentally to
distinguish direct from indirect causation, as one has to keep more variables fixed.5
We may visualize direct causal relations in a causal graph:

for some

x, x0

Definition 2 Xi is a direct cause of Xj with respect to X1 , . . . , Xp if

Causal relations can be cyclic, i.e., X causes Y and Y also causes X. For example, an
increase of the global temperature causes sea ice to melt, which causes the temperature to
rise further (because ice reflects more sun light).
In the context of multiple variables X1 , . . . , Xp with p ≥ 2, we define direct causation
in the absence of selection bias as follows:

Definition 1 We say that X causes Y if PY

Definition 3 The causal graph G has variables X1 , . . . , Xp as nodes, and a directed edge
from Xi to Xj if and only if Xi is a direct cause of Xj with respect to X1 , . . . , Xp .

perfect intervention3 “do(x)” (or more explicitly: “do(X = x)”) that forces the variable X
to have the value x, and leaves the rest of the system untouched. We denote the resulting
interventional distribution of Y as PY | do(x) , a notation inspired by Pearl (2000). This interventional distribution corresponds to the distribution of Y in an experiment in which X
has been set to the value x by the experimenter, after which Y is measured. Similarly, we
may consider a perfect intervention do(y) that forces Y to have the value y, leading to the
interventional distribution PX | do(y) of X.
For example, X and Y could be binary variables corresponding to whether the battery
of a car is empty, and whether the start engine of the car is broken. Measuring these
variables in many cars, we get an estimate of the joint distribution PX,Y . The marginal
distribution PX , which only considers the distribution of X, can be obtained by integrating
the joint distribution over Y . The conditional distribution PX | Y =0 corresponds with the
distribution of X for the cars with a broken start engine (i.e., those cars for which we observe
that Y = 0). The interventional distribution PX | do(Y =0) , on the other hand, corresponds
with the distribution of X after destroying the start engines of all cars (i.e., after actively
setting Y = 0). Note that the distributions PX , PX | Y =0 , PX | do(Y =0) may all be different.
In the absence of selection bias, we define:4

Note that this definition allows for cyclic causal relations. In contrast with the typical
assumption in the causal discovery literature, we do not assume here that the causal graph
is necessarily a Directed Acyclic Graph (DAG).
If X causes Y , we generically have that PY | do(x) 6= PY . Figure 2 illustrates how various
causal relationships between X and Y (and at most one other variable) generically give rise
to different (in)equalities between marginal, conditional, and interventional distributions
involving X and Y . Note that the list of possibilities in Figure 2 is not exhaustive, as (i)
feedback relationships with a latent variable were not considered; (ii) combinations of the
cases shown are possible as well, e.g., (d) can be considered to be the combination of (a)
and (b), and both (e) and (f) can be combined with all other cases; (iii) more than one
latent variable could be present.
Returning to the example of the empty batteries (X) and broken start engines (Y ), it
seems reasonable to assume that these two variables are not causally related and case (c)
in Figure 2 would apply, and therefore X and Y must be statistically independent.
In order to illustrate case (f), let us introduce a third binary variable, S, which measures
whether the car starts or not. If the data acquisition is done by a car mechanic who only
considers cars that do not start (S = 0), then we are in case (f): conditioning on the common
effect S of X and Y leads to selection bias, i.e., X and Y are statistically dependent when
conditioning on S (even though they are not directly causally related). Indeed, if we know
that a car doesn’t start, then learning that the battery is not empty makes it much more
likely that the start engine is broken.
Another way in which two variables that are not directly causally related can still be
statistically dependent is case (e), i.e., if they have a common cause. As an example, take for
X the number of stork breeding pairs (per year) and for Y the number of human births (per
year) in a country. Data has been collected for different countries and shows a significant
correlation between X and Y (Matthews, 2000). Few people nowadays believe that storks
deliver babies, or the other way around, and therefore it seems reasonable to assume that
X and Y are not directly causally related. One obvious confounder (Z in Figure 2e) that
may explain the observed dependence between X and Y is land area.
When data from all (observational and interventional) distributions are available, it becomes straightforward in principle to distinguish the six cases in Figure 2 simply by checking
which (in)equalities in Figure 2 hold. In practice, however, we often only have data from
the observational distribution PX,Y (for example, because intervening on stork population
or human birth rate is impractical). Can we then still infer the causal relationship between
X and Y ? If, under certain assumptions, we can decide upon the causal direction, we
say that the causal direction is identifiable from the observational distribution (and our
assumptions).
In this work, we will simplify matters considerably by considering only (a) and (b) in
Figure 2 as possibilities. In other words, we assume that X and Y are dependent (i.e.,
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(a)

X

X
Z

Y

(b)

(d)

(f)

X

X

Z

Y

Y

Y

Y

PY | s =
6 PY | do(x),s = PY | x,s
PX | s =
6 PX | do(y),s = PX | y,s

S

PY =
6 PY | do(x) 6= PY | x
PX =
6 PX | do(y) 6= PX | y

X

PY = PY | do(x) 6= PY | x
PX =
6 PX | do(y) = PX | y

X
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Y

Y

PY 6= PY | do(x) = PY | x
PX = PX | do(y) 6= PX | y
(c)
X

Z
Y

PY = PY | do(x) = PY | x
PX = PX | do(y) = PX | y
(e)
X
PY = PY | do(x) 6= PY | x
PX = PX | do(y) 6= PX | y

Figure 2: Several possible causal relationships between two observed variables X, Y and a
single latent variable: (a) X causes Y ; (b) Y causes X; (c) X, Y are not causally related; (d)
feedback relationship, i.e., X causes Y and Y causes X; (e) a hidden confounder Z explains
the observed dependence; (f) conditioning on a hidden selection variable S explains the
observed dependence.6 We used shorthand notation regarding quantifiers: equalities are
generally valid, inequalities not necessarily. For example, “PX = PX | y ” means “∀y : PX =
PX | y ”, whereas “PX 6= PX | y ” means “∃y : PX 6= PX | y ”. In all situations except (c), X
and Y are (generically) dependent, i.e., PX,Y 6= PX PY . The basic task we consider in this
article is deciding between (a) and (b), using only data from PX,Y .
PX,Y 6= PX PY ), there is no confounding (common cause of X and Y ), no selection bias
(common effect of X and Y that is implicitly conditioned on), and no feedback between
X and Y (a two-way causal relationship between X and Y ). Inferring the causal direction
between X and Y , i.e., deciding which of the two cases (a) and (b) holds, using only the
observational distribution PX,Y is the challenging task that we consider in this work.7
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7. Note that this is a different question from the one often faced in problems in epidemiology, economics and
other disciplines where causal considerations play an important role. There, the causal direction is often
known a priori, i.e., one can exclude case (b), but the challenge is to distinguish case (a) from case (e) or
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2. Additive Noise Models

In this section, we review a family of causal discovery methods that exploits additivity of
the noise. We only consider the bivariate case here. More details and extensions to the
multivariate case can be found in Hoyer et al. (2009); Peters et al. (2014).
2.1 Theory

There is an extensive body of literature on causal modeling and causal discovery that
assumes that effects are linear functions of their causes plus independent, Gaussian noise.
These models are known as Structural Equation Models (SEM) (Wright, 1921; Bollen, 1989)
and are popular in econometrics, sociology, psychology and other fields. Although the
assumptions of linearity and Gaussianity are mathematically convenient, they are not always
realistic. More generally, one can define Functional Models, also known as Structural Causal
Models (SCM) or Non-Parametric Structural Equation Models (NP-SEM), in which effects
are modeled as (possibly nonlinear) functions of their causes and latent noise variables
(Pearl, 2000).

2.1.1 Bivariate Structural Causal Models

U ∼ pU (u1 , . . . , um ),

In general, if Y ∈ R is a direct effect of a cause X ∈ R and m latent causes U =
(U1 , . . . , Um ) ∈ Rm , then it is intuitively reasonable to model this relationship as

(1)

Y = f (X, U1 , . . . , Um ),
X⊥
⊥ U , X ∼ pX (x),

EY ∼ pEY (eY ).

where f : R × Rm → R is a possibly nonlinear function (measurable with respect to the
Borel sets of R × Rm and R), and pX (x) and pU (u1 , . . . , um ) are the joint densities of the
observed cause X and latent causes U (with respect to Lebesgue measure on R and Rm ,
respectively). The assumption that X and U are independent (“X ⊥
⊥ U ”) is justified by
the assumption that there is no confounding, no selection bias, and no feedback between
(1)
X and Y .8 We will denote the observational distribution corresponding to (1) by PX,Y .
By making use of the semantics of SCMs (Pearl, 2000), (1) also induces interventional
(1)
(1)
(1)
(1)
distributions PX | do(y) = PX and PY | do(x) = PY | x .
As the latent causes U are unobserved anyway, we can summarize their influence by a
single “effective” noise variable EY ∈ R (also known as “disturbance term”):

(2)

Y = fY (X, EY )
X⊥
⊥ EY , X ∼ pX (x),

This simpler model can be constructed in such a way that it induces the same (observational
and interventional) distributions as (1):

JMLR 17(32):1-102

a combination of both. Even though our empirical results indicate that some methods for distinguishing
case (a) from case (b) still perform reasonably well when their assumption of no confounding is violated
by adding a latent confounder as in (e), we do not claim that these methods can be used to distinguish
case (e) from case (a).
8. Another assumption that we have made here is that there is no measurement noise, i.e., noise added
by the measurement apparatus. Measurement noise would mean that instead of measuring X itself, we
observe a noisy version X̃, but Y is still a function of X, the (latent) variable X that is not corrupted
by measurement noise.

8

X

Y

Um

(b)

X

Y

EY
(c)
X

EX

Y

| X (Y

),

(2)

| x (y))

 ∂FY | x
(x, y) = pX,EY x, FY
∂y

pX (x) = pX,EY (x, FY

(1)

| x (y)
| x (y)


(1)
| X (y | x),

pY

(2)
| do(x) .

= PY

(3)

(2)

(2)

(2)

2.1.2 Breaking the Symmetry

This means that whenever we can model an observational distribution PX,Y with a model
of the form (3), we can also model it using (2), and therefore the causal relationship between
X and Y is not identifiable from the observational distribution without making additional
assumptions. In other words: (1) and (2) are interventionally equivalent, but (2) and (3) are
only observationally equivalent. Without having access to the interventional distributions,
this symmetry prevents us from drawing any conclusions regarding the direction of the
causal relationship between X and Y if we only have access to the observational distribution
PX,Y .

(3)

PX | do(y) = PX | y = PX | y 6= PX = PX | do(y) .

However, in general the interventional distributions induced by (3) will be different from
those of (2) and the original model (1). For example, in general

2
2
2
σE
= (1 − αβ)2 σX
+ β 2 σE
X
Y

9

10
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(2)
|x

= PY

µEX = (1 − αβ)µX − βµEY ,

2
2
σY2 = α2 σX
+ σE
,
Y

Y ∼ N (µY , σY2 )
2 )
EX ∼ N (µEX , σE
X

2 )
X ∼ N (µX , σX
2 ).
EY ∼ N (µEY , σE
Y
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(1)
|x

= PY

2
ασX
2 ,
+ σE
Y

2
α 2 σX

X = βY + EX
EX ⊥
⊥Y

Y = αX + EY
EY ⊥
⊥X

µY = αµX + µEY ,

β=





induces the same joint distribution on X, Y .

with

The model

Example 1 Let

9. Note that we denote probability densities with the symbol p, so we can safely use the symbol f for a
function without risking any confusion.

(1)
| do(x)

PY

(2)

induces the same observational distribution PX,Y = PX,Y as (2) and the original (1). A
well-known example is the linear-Gaussian case:

(3)

A similar construction of an effective noise variable can be performed in the other
direction as well, at least to obtain a model that induces the same observational distribution.
More precisely, we can construct a function fX and a random variable EX such that

X = fX (Y, EX )
(3)
Y ⊥
⊥ EX , Y ∼ pY (y), EX ∼ pEX (eX )

Mooij, Peters, Janzing, Zscheischler and Schölkopf

By restricting the models (2) and (3) to have lower complexity, asymmetries can be introduced. The work of Kano and Shimizu (2003); Shimizu et al. (2006) showed that for linear
models (i.e., where the functions fX and fY are restricted to be linear), non-Gaussianity
of the input and noise distributions actually allows one to distinguish the directionality
of such functional models. Peters and Bühlmann (2014) recently proved that for linear

and

This establishes that PX,Y = PX,Y . The identity of the interventional distributions
follows directly, because
(1)
(1)
(2)
(2)
PX | do(y) = PX = PX = PX | do(y)

(1)

for all x, y. This implies that EY ⊥
⊥ X and that pEY = 1(0,1) .

and therefore

pX,Y (x, y) = pX,EY x, FY

(1)

Now consider the change-of-variables (X, Y ) 7→ (X, EY ). The corresponding joint densities
transform as

(where now the fixed value x is substituted with the random variable X) and the function
fY by9
fY (x, e) := FY−1| x (e).

EY := FY

Proof Denote by PX,Y the observational distribution induced by model (1). One possible way to construct EY and fY is to define the conditional cumulative density function
FY | x (y) := P(1) (Y ≤ y | X = x) and its inverse with respect to y for fixed x, FY−1| x . Then,
one can define EY as the random variable

(1)

Proposition 4 Given a model of the form (1) for which the observational distribution has
a positive density with respect to Lebesgue measure, there exists a model of the form (2) that
is interventionally equivalent, i.e., it induces the same observational distribution PX,Y
and the same interventional distributions PX | do(y) , PY | do(x) .

Figure 3: Causal graphs of Structural Causal Models (1), (2) and (3), respectively. (a)
and (b) are interventionally equivalent, (b) and (c) are only observationally equivalent in
general.
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This principle should not be regarded as a rigorous statement, but rather as an empirical
assumption: we cannot exactly quantify how likely the conclusion that X causes Y is, as
there is always a possibility that Y causes X while pX,Y happens to satisfy an identifiable

Principle 1 Suppose we are given a joint density p(x, y) and we know that the causal
structure is either that of (a) or (b) in Figure 2. If p(x, y) satisfies an identifiable Additive
Noise Model X → Y , then it is likely that we are in case (a), i.e., X causes Y .

Following Hoyer et al. (2009), we hypothesize that:

2.1.3 Additive Noise Principle

bijective, which they call the Post-NonLinear (PNL) model. The results on identifiability
of Additive Noise Models can be extended to the multivariate case if there are no hidden
variables and no feedback loops (Peters et al., 2014). This extension can be applied to
nonlinear ANMs (Hoyer et al., 2009; Bühlmann et al., 2014), linear non-Gaussian models
(Shimizu et al., 2011), the model of equal error variances (Peters and Bühlmann, 2014) or
to the case of discrete variables (Peters et al., 2011). Full identifiability in the presence
of hidden variables for the acyclic case has only been established for linear non-Gaussian
models (Hoyer et al., 2008).

Figure 4: Identifiable ANM with Y = tanh(X)+E, where X ∼ N (0, 1) and E ∼ N (0, 0.52 ).
Shown are contours of the joint and conditional distributions, and a scatter plot of data
sampled from the model distribution. Note that the contour lines of p(y | x) only shift as x
changes. On the other hand, p(x | y) differs by more than just its mean for different values
of y.

−2
−2

y
y
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models, Gaussian noise variables with equal variances also lead to identifiability. For highdimensional variables, the structure of the covariance matrices can be exploited to achieve
asymmetries (Janzing et al., 2010; Zscheischler et al., 2011).
Hoyer et al. (2009) showed that also nonlinearity of the functional relationships aids
in identifying the causal direction, as long as the influence of the noise is additive. More
precisely, they consider the following class of models:

EY ∼ pEY .

Definition 5 A tuple (pX , pEY , fY ) consisting of a density pX , a density pEY with finite
mean, and a Borel-measurable function fY : R → R, defines a bivariate Additive Noise
Model (ANM) X → Y


Y = fY (X) + EY
X⊥
⊥ EY , X ∼ pX ,

If the induced distribution PX,Y has a density with respect to Lebesgue measure, the induced
density p(x, y) is said to satisfy an Additive Noise Model X → Y .
Note that an ANM is a special case of model (2) where the influence of the noise on Y is
restricted to be additive.
We are especially interested in cases for which the additivity requirement introduces an
asymmetry between X and Y :
Definition 6 If the joint density p(x, y) satisfies an Additive Noise Model X → Y , but does
not satisfy any Additive Noise Model Y → X, then we call the ANM X → Y identifiable
(from the observational distribution).
Hoyer et al. (2009) proved that Additive Noise Models are generically identifiable. The
intuition behind this result is that if p(x, y) satisfies an Additive Noise Model X → Y ,
then p(y | x) depends on x only through its mean, and all other aspects of this conditional
distribution do not depend on x. On the other hand, p(x | y) will typically depend in a more
complicated way on y (see also Figure 4). Only for very specific choices of the parameters
of an ANM one obtains a non-identifiable ANM. We have already seen an example of such a
non-identifiable ANM: the linear-Gaussian case (Example 1). A more exotic example with
non-Gaussian distributions is described in Peters et al. (2014, Example 25). Zhang and
Hyvärinen (2009) proved that non-identifiable ANMs necessarily fall into one out of five
classes. In particular, their result implies something that we might expect intuitively: if f
is not injective,10 the ANM is identifiable.
Mooij et al. (2011) showed that bivariate identifiability even holds generically when
feedback is allowed (i.e., if both X → Y and Y → X), at least when assuming noise
and input distributions to be Gaussian. Peters et al. (2011) provide an extension of the
acyclic model for discrete variables. Zhang and Hyvärinen (2009) give an extension of the
identifiability results allowing for an additional bijective11 transformation of the data, i.e.,
⊥ X, and φ : R → R
using a functional model of the form Y = φ fY (X) + EY , with EY ⊥
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10. A mapping is said to be injective if it does not map distinct elements of its domain to the same element
of its codomain.
11. A mapping is said to be surjective if every element in its codomain is mapped to by at least one element
of its domain. It is called bijective if it is surjective and injective.

11

y
y

(4)

13

14
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(u, v).

JMLR 17(32):1-102

,κ ˆ
`(v)

Here, κ` is a kernel with parameters `, that are estimated from the data. u and v are either
inputs or estimated residuals (see also Algorithm 1). A low HSIC p-value indicates that we
should reject the null hypothesis of independence. Another possibility is to use the HSIC

`(u)

Ĉ(u, v) := − log p̂HSICκ ˆ

One possibility, first considered by Hoyer et al. (2009), is to use the Hilbert-Schmidt Independence Criterion (HSIC) (Gretton et al., 2005) for testing the independence of the
estimated residuals with the inputs. See Appendix A.1 for a definition and basic properties
of the HSIC independence test.
As proposed by Hoyer et al. (2009), one can use the p-value of the HSIC statistic under
the null hypothesis of independence. This amounts to the following score function for
measuring dependence:

12. Kpotufe et al. (2014) refer to these scenarios as “decoupled estimation” and “coupled estimation”,
respectively.
13. They only considered the data recycling scenario, but the same idea can be applied to the data splitting
scenario.

In practice, we usually do not have the density p(x, y), but rather a finite sample of it. In
that case, we can use the same idea for testing whether this sample comes from a density
that satisfies an Additive Noise Model: we estimate the conditional expectation E(Y | X)
by regression, and then test the independence of the residuals Y − E(Y | X) and X.
Suppose we have two data sets, a training data set DN := {(xn , yn )}N
n=1 (for estimat0 := {(x0 , y 0 )}N
ing the function) and a test data set DN
n n n=1 (for testing independence of
residuals), both consisting of i.i.d. samples distributed according to p(x, y). We will write
0 ). We will
x = (x1 , . . . , xN ), y = (y1 , . . . , yN ), x0 = (x01 , . . . , x0N ) and y 0 = (y10 , . . . , yN
consider two scenarios: the “data splitting” scenario where training and test set are independent (typically achieved by splitting a bigger data set into two parts), and the “data
recycling” scenario in which the training and test data are identical (where we use the same
data twice for different purposes: regression and independence testing).12
Hoyer et al. (2009) suggested the following procedure to test whether the data come from
a density that satisfies an Additive Noise Model.13 By regressing Y on X using the training
data DN , an estimate fˆY for the regression function x 7→ E(Y | X = x) is obtained. Then,
an independence test is used to estimate whether the predicted residuals are independent of
the input, i.e., whether (Y − fˆY (X)) ⊥
⊥ X, using test data (x0 , y 0 ). If the null hypothesis of
independence is not rejected, one concludes that p(x, y) satisfies an Additive Noise Model
X → Y . The regression procedure and the independence test can be freely chosen.
There is a caveat, however: under the null hypothesis that p(x, y) indeed satisfies an
ANM, the error in the estimated residuals may introduce a dependence between the predicted residuals ê0Y := y 0 − fˆY (x0 ) and x0 even if the true residuals y 0 − E(Y | X = x0 ) are

Proof Suppose that p(x, y) is induced by (pX , pU , f ), say Y = f (X) + U with X ⊥
⊥ U,
X ∼ pX , U ∼ pU . Then E(Y | X = x) = f (x) + ν, with ν = E(U ). Therefore, EY =
Y −E(Y | X) = Y −(f (X)+ν) = U −ν is independent of X. Conversely, if EY is independent
of X, p(x, y) is induced by the bivariate Additive Noise Model (pX , pEY , x 7→ E(Y | X = x)).

Lemma 7 Given a joint density p(x, y) of two random variables X, Y such that the conditional expectation E(Y | X = x) is well-defined for all x and measurable. Then, p(x, y)
satisfies a bivariate Additive Noise Model X → Y if and only if EY := Y − E(Y | X) has
finite mean and is independent of X.

The following Lemma is helpful to test whether a density satisfies a bivariate Additive Noise
Model:

2.2.1 HSIC-based Scores

independent of x0 . Therefore, the threshold for the independence test statistic has to be
chosen with care: the standard threshold that would ensure consistency of the independence
test on its own may be too tight. As far as we know, there are no theoretical results on the
choice of that threshold that would lead to a consistent way to test whether p(x, y) satisfies
an ANM X → Y .
We circumvent this problem by assuming a priori that p(x, y) either satisfies an ANM
X → Y , or an ANM Y → X, but not both. In that sense, the test statistics of the
independence test can be directly compared, and no threshold needs to be chosen. This
leads us to Algorithm 1 as a general scheme for identifying the direction of the ANM. In order
to decide whether p(x, y) satisfies an Additive Noise Model X → Y , or an Additive Noise
Model Y → X, we simply estimate the regression functions in both directions, calculate the
corresponding residuals, estimate the dependence of the residuals with respect to the input
by some dependence measure Ĉ, and output the direction that has the lowest dependence.
In principle, any consistent regression method can be used in Algorithm 1. Likewise,
in principle any consistent measure of dependence can be used in Algorithm 1 as score
function. In the next subsections, we will consider in more detail some possible choices for
the score function. Originally, Hoyer et al. (2009) proposed to use the p-value of the Hilbert
Schmidt Independence Criterion (HSIC), a kernel-based non-parametric independence test.
Alternatively, one can also use the HSIC statistic itself as a score, and we will show that
this leads to a consistent procedure. Other dependence measures could be used instead,
e.g., the measure proposed by Reshef et al. (2011). Kpotufe et al. (2014); Nowzohour and
Bühlmann (2015) proposed to use as a score the sum of the estimated differential entropies
of inputs and residuals and proved consistency of that procedure. For the Gaussian case,
that is equivalent to the score considered in a high-dimensional context that was shown to
be consistent by Bühlmann et al. (2014). This Gaussian score is also strongly related to an
empirical-Bayes score originally proposed by Friedman and Nachman (2000). Finally, we
will briefly discuss a Minimum Message Length score that was considered by Mooij et al.
(2010) and another idea (based on minimizing a dependence measure directly) proposed by
Mooij et al. (2009).

Additive Noise Model X → Y . In general, that would require a special choice of the
distribution of X and the conditional distribution of Y given X, which is unlikely. In this
sense, we can regard this principle as a special case of Occam’s Razor.
In the next subsection, we will discuss various ways of operationalizing this principle.
In Section 4, we provide empirical evidence supporting this principle.

2.2 Estimation Methods

Mooij, Peters, Janzing, Zscheischler and Schölkopf
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In Appendix A, we prove that under certain technical assumptions, Algorithm 1 with score
function (6) is a consistent procedure for inferring the direction of the ANM. In particular,
the product kernel k · k should be characteristic in order for HSIC to detect all possible
independences, and the regression method should satisfy the following condition:

Mooij, Peters, Janzing, Zscheischler and Schölkopf

0
lim EDN ,DN

n=1

N
1 X ˆ
fY (Xn0 ; DN ) − E(Y | X = Xn0 )
N

16

2

!

= 0.

(7)
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Lemma 10 Consider a joint distribution of X, Y with density p(x, y). For arbitrary functions f, g : R → R we have:




H(X) + H Y − f (X) = H(Y ) + H X − g(Y ) − I X − g(Y ), Y + I Y − f (X), X ,

Instead of explicitly testing for independence of residuals and inputs, one can use the sum
of their differential entropies as a score function (e.g., Kpotufe et al., 2014; Nowzohour and
Bühlmann, 2015). This can easily be seen using Lemma 1 of Kpotufe et al. (2014), which
we reproduce here because it is very instructive:

2.2.2 Entropy-based Scores

In the data splitting case, weakly universally consistent regression methods (Györfi et al.,
2002) are suitable. In the data recycling scenario, any regression method that satisfies (7) is
suitable. An example of a kernel k that satisfies the conditions of Theorem 9 is the Gaussian
kernel.

Proof See Appendix A (where a slightly more general result is shown, allowing for two
different kernels k, l to be used). The main technical difficulty consists of the fact that the
error in the estimated regression function introduces a dependency between the cause and
the estimated residuals. We overcome this difficulty by showing that the dependence is so
weak that its influence on the test statistic vanishes asymptotically.

Theorem 9 Let X, Y be two real-valued random variables with joint distribution PX,Y that
either satisfies an Additive Noise Model X → Y , or Y → X, but not both. Suppose we are
0 (in either the data splitting
given sequences of training data sets DN and test data sets DN
or the data recycling scenario). Let k : R × R → R be a bounded non-negative Lipschitzcontinuous kernel such that the product k · k is characteristic. If the regression procedure
used in Algorithm 1 is suitable for both PX,Y and PY,X , then Algorithm 1 with score (6) is
a consistent procedure for estimating the direction of the Additive Noise Model.

The consistency result then reads as follows:

0 .
Here, the expectation is taken over both training data DN and test data DN

N →∞

Definition 8 Let X, Y be two real-valued random variables with joint distribution PX,Y .
Suppose we are given sequences of training data sets DN = {X1 , X2 , . . . , XN } and test data
0 = {X 0 , X 0 , . . . , X 0 } (in either the data splitting or the data recycling scenario). We
sets DN
1
2
N
call a regression method suitable for regressing Y on X if the mean squared error between
true and estimated regression function, evaluated on the test data, vanishes asymptotically
in expectation, i.e.,

Algorithm 1 General procedure to decide whether p(x, y) satisfies an Additive Noise Model
X → Y or Y → X.
Input:
N of X and Y (“training data”);
1. I.i.d. sample DN := {(xi , yi )}i=1
0 := {(x0 , y 0 )}N of X and Y (“test data”);
2. I.i.d. sample DN
i i i=1

3. Regression method;
4. Score estimator Ĉ : RN × RN → R.
Output: ĈX→Y , ĈY →X , dir.
1. Use the regression method to obtain estimates:
(a) fˆY of the regression function x 7→ E(Y | X = x),
(b) fˆX of the regression function y 7→ E(X | Y = y)
using the training data DN ;
2. Use the estimated regression functions to predict residuals:
(a) êY0 := y 0 − fˆY (x0 )

0 := x0 − fˆ (y 0 )
(b) êX
X
0 .
from the test data DN

if ĈX→Y < ĈY →X ,
if ĈX→Y > ĈY →X ,
if ĈX→Y = ĈY →X .

JMLR 17(32):1-102

(6)

(5)

3. Calculate the scores to measure dependence of inputs and estimated residuals on the
0 :
test data DN
(a) ĈX→Y := Ĉ(x0 , êY0 );
0 );
(b) ĈY →X := Ĉ(y 0 , êX

4. Output ĈX→Y , ĈY →X

and


X → Y
dir := Y → X


?

value itself (instead of its p-value):
\ ˆ , κ ˆ (u, v).
Ĉ(u, v) := HSICκ
`(u) `(v)
An even simpler option is to use a fixed kernel k:
\k,k (u, v).
Ĉ(u, v) := HSIC
15

(8)

1
1
log(2πe) + log Var(X),
2
2
(9)

(10)

17
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Deciding the direction of the ANM can also be done by applying model selection using
empirical Bayes. As an example, for the ANM X → Y , one can consider a generative
model that models X as a Gaussian, and Y as a Gaussian Process (Rasmussen and Williams,
2006) conditional on X. For the ANM Y → X, one considers a similar model with the roles

2.2.4 Empirical-Bayes Scores

This score was also considered recently by Bühlmann et al. (2014) and shown to lead to a
consistent estimation procedure under certain assumptions.

d
d
Ĉ(u, v) := log Var(u)
+ log Var(v).

for any function g. In that case, we can therefore use Algorithm 1 with score function

≤ log VarY + log Var(X − ĝ(Y ))

< 2H(Y ) + 2H(X − ĝ(Y )) − 2 log(2πe)

log Var(X) + log Var(Y − fˆ(X)) = 2H(X) + 2H(Y − fˆ(X)) − 2 log(2πe)

where identity holds in case X has a Gaussian distribution. Assuming that p(x, y) satisfies
an identifiable Gaussian Additive Noise Model X → Y with Gaussian input and Gaussian
noise distributions, we therefore conclude from Lemma 10 that

H(X) ≤

The differential entropy of a random variable X can be upper bounded in terms of its
variance (see e.g., Cover and Thomas, 2006, Theorem 8.6.6):

2.2.3 Gaussian Score

in order to estimate the causal direction, using any estimator Ĥ(·) of the differential Shannon
entropy. Kpotufe et al. (2014); Nowzohour and Bühlmann (2015) prove that this approach
to estimating the direction of Additive Noise Models is consistent under certain technical
assumptions.
Kpotufe et al. (2014) note that the advantage of score (8) (based on marginal entropies)
over score (5) (based on dependence) is that marginal entropies are cheaper to estimate
than dependence (or mutual information). This is certainly true when considering computation time. However, as we will see later, a disadvantage of relying on differential entropy
estimators is that these can be quite sensitive to discretization effects.

Ĉ(u, v) := Ĥ(u) + Ĥ(v)

if ĈX→Y < ĈY →X ,
if ĈX→Y > ĈY →X ,
if ĈX→Y = ĈY →X .

min

µ,τ 2 ,θ,σ 2


− log N (x | µ1, τ 2 I) − log N (y | 0, Kθ (x) + σ 2 I) ,

(11)

18
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14. Friedman and Nachman (2000) even hint at using this method for inferring causal relationships, although
it seems that they only thought of cases where the functional dependence of the effect on the cause was
not injective.

and a similar expression for ĈY →X , the score of the ANM Y → X. Here, Kθ (x) is the
N ×N kernel matrix Kij = kθ (xi , xj ) for a kernel with parameters θ and N (· | µ, Σ) denotes
the density of a multivariate normal distribution with mean µ and covariance matrix Σ.
If one would put a prior distribution on the hyperparameters and integrate them out, this
would correspond to Bayesian model selection. In practice, one typically uses “empirical
Bayes”, which means that the hyperparameters (µ, τ, θ, σ) are optimized over instead for
computational reasons. Note that this method skips the explicit regression step, instead
it (implicitly) integrates over all possible regression functions (Rasmussen and Williams,
2006). Also, it does not distinguish the data splitting and data recycling scenarios, instead
it uses the data directly to calculate the (maximum) marginal likelihood. Therefore, the
structure of the algorithm is slightly different, see Algorithm 2. In Appendix B we show
that this score is actually closely related to the Gaussian score considered in Section 2.2.3.

ĈX→Y (x, y) :=

of X and Y reversed. Empirical-Bayes model selection is performed by calculating the
maximum evidences (marginal likelihoods) of these two models when optimizing over the
hyperparameters, and preferring the model with larger maximum evidence. This is actually
a special case (the bivariate case) of an approach proposed by Friedman and Nachman
(2000).14 Considering the negative log marginal likelihoods leads to the following score for
the ANM X → Y :



X → Y
dir := Y → X


?

2. Output ĈX→Y , ĈY →X and

(b) calculate ĈY →X = Ĉ(y, x)

1. (a) calculate ĈX→Y = Ĉ(x, y)

Output: ĈX→Y , ĈY →X , dir.

2. Score function Ĉ : RN × RN → R for measuring model fit and model complexity.

1. I.i.d. sample DN := {(xi , yi )}N
i=1 of X and Y (“data”);

Algorithm 2 Procedure to decide whether p(x, y) satisfies an Additive Noise Model X → Y
or Y → X suitable for empirical-Bayes or MML model selection.
Input:

where H(·) denotes differential Shannon entropy, and I(·, ·) denotes differential mutual
information (Cover and Thomas, 2006).

The proof is a simple application of the chain rule of differential entropy. If p(x, y) satisfies
an identifiable Additive Noise Model X → Y , then there exists a function f with I(Y −
f (X), X) = 0 (e.g., the regression function x 7→ E(Y | X = x)), but I(X − g(Y ), Y ) > 0 for
any function g. Therefore, one can use Algorithm 1 with score function
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2.2.5 Minimum Message Length Scores

θ,σ 2

In a similar vein as (empirical) Bayesian marginal likelihoods can be interpreted as measuring likelihood in combination with a complexity penalty, Minimum Message Length (MML)
techniques can be used to construct scores that incorporate a trade-off between model fit
(likelihood) and model complexity (Grünwald, 2007). Asymptotically, as the number of
data points tends to infinity, one would expect the model fit to outweigh the model complexity, and therefore by Lemma 10, simple comparison of MML scores should be enough
to identify the direction of an identifiable Additive Noise Model.
A particular MML score was considered by Mooij et al. (2010). This is a special case
(referred to in Mooij et al. (2010) as “AN-MML”) of their more general framework that
allows for non-additive noise. Like (11), the score is a sum of two terms, one corresponding
to the marginal density p(x) and the other to the conditional density p(y | x):

ĈX→Y (x, y) := L(x) + min − log N (y | 0, Kθ (x) + σ 2 I) .
(12)

j=1

The second term is an MML score for the conditional density p(y | x), and is identical to
the conditional density term in (11). The MML score L(x) for the marginal density p(x) is
derived as an asymptotic expansion based on the Minimum Message Length principle for a
mixture-of-Gaussians model (Figueiredo and Jain, 2002):




k
X
N αj
k
N
3k
L(x) = min 
log
+ log
+
− log p(x | η) ,
(13)
η
12
2
12
2

Pk
2
where p(x | η) is a Gaussian mixture model: p(xi | η) =
j=1 αj N (xi | µj , σj ) with η =
k . The optimization problem (13) is solved numerically by means of the algo(αi , µi , σi2 )i=1
rithm proposed by Figueiredo and Jain (2002), using a small but nonzero value (10−4 ) of
the regularization parameter.
Comparing this score with the empirical-Bayes score (11), the main conceptual difference
is that the former uses a more complicated mixture-of-Gaussians model for the marginal
density, whereas (11) uses a simple Gaussian model. We can use (12) in combination with
Algorithm 2 in order to estimate the direction of an identifiable Additive Noise Model.
2.2.6 Minimizing HSIC Directly

JMLR 17(32):1-102

One can try to apply the idea of combining regression and independence testing into a single
procedure (as achieved with the empirical-Bayes score described in Section 2.2.4, for example) more generally. Indeed, a score that measures the dependence between the residuals
y 0 − fY (x0 ) and the inputs x0 can be minimized with respect to the function fY . Mooij

\ x, y − f (x) with respect to the function f . Howet al. (2009) proposed to minimize HSIC
ever, the optimization problem with respect to f turns out to be a challenging non-convex
optimization problem with multiple local minima, and there are no guarantees to find the
global minimum. In addition, the performance depends strongly on the selection of suitable
kernel bandwidths, for which no suitable automatic procedure is known in this context.
Finally, proving consistency of such a method might be challenging, as the minimization
may introduce strong dependences between the residuals. Therefore, we do not discuss or
evaluate this method in more detail here.
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3. Information-Geometric Causal Inference

In this section, we review a class of causal discovery methods that exploits independence of
the distribution of the cause and the conditional distribution of the effect given the cause.
It nicely complements causal inference based on additive noise by employing asymmetries
between cause and effect that have nothing to do with noise.
3.1 Theory



1
0

if y = f (x)
otherwise.

Information-Geometric Causal Inference (IGCI) is an approach that builds upon the assumption that for X → Y the marginal distribution PX contains no information about the
conditional15 PY | X and vice versa, since they represent independent mechanisms. As Janzing and Schölkopf (2010) illustrated for several toy examples, the conditional and marginal
distributions PY , PX | Y may then contain information about each other, but it is hard to
formalize in what sense this is the case for scenarios that go beyond simple toy models. IGCI
is based on the strong assumption that X and Y are deterministically related by a bijective
function f , that is, Y = f (X) and X = f −1 (Y ). Although its practical applicability is limited to causal relations with sufficiently small noise and sufficiently high non-linearity, IGCI
provides a setting in which the independence of PX and PY | X provably implies well-defined
dependences between PY and PX | Y in a sense described below.
To introduce IGCI, note that the deterministic relation Y = f (X) implies that the
conditional PY | X has no density p(y | x), but it can be represented using f via

P(Y = y | X = x) =

1

log f 0 (x)p(x) dx =

0

Z

1

log f 0 (x) dx,

(14)

The fact that PX and PY | X contain no information about each other then translates into
the statement that PX and f contain no information about each other.
Before sketching a more general formulation of IGCI (Daniušis et al., 2010; Janzing
et al., 2012), we begin with the most intuitive case where f is a strictly monotonically
increasing differentiable bijection of [0, 1]. We then assume that the following equality is
approximately satisfied:
Z

0

where f 0 is the derivative of f . To see why (14) is an independence between function f and
input density pX , we interpret x 7→ log f 0 (x) and x 7→ p(x) as random variables16 on the
probability space [0, 1]. Then the difference between the two sides of (14) is the covariance
of these two random variables with respect to the uniform distribution on [0, 1]:

Cov(log f 0 , pX ) = E(log f 0 · pX ) − E(log f 0 )E(pX )
Z
Z
Z
log f 0 (x) · p(x)dx − log f 0 (x)dx p(x)dx .
=
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15. Note that PY | X represents the whole family of distributions x 7→ PY | X=x .
16. Note that random variables are formally defined as maps from a probability space to the real numbers.
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p(x)

x

f(x)

1

log(f −1 )0 (y) · p(y) dy ≥
0

Z
1

log(f −1 )0 (y) dy ,

:=

CY →X

0

0

Z

Z

1

1

log(f −1 )0 (y)p(y)dy = −CX→Y .

log f 0 (x)p(x)dx
(16)

(15)
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17. Note that the formulation in Section 2.3 in Daniušis et al. (2010) is more general because it uses manifolds
of reference densities instead of a single density.

where we have only used the fact that relative entropy is preserved under bijections. Hence,
our decision rule amounts to inferring that the density of the cause is closer to its reference
density. This decision rule gets quite simple, for instance, if uX and uY are Gaussians with
the same mean and variance as pX and pY , respectively. Then it again amounts to inferring
X → Y whenever X has larger entropy than Y after rescaling both X and Y to have the
same variance.

CX→Y = D(pX kuX ) − D(pX kuf −1 ) = D(pX kuX ) − D(pY kuY ) ,

where the second equality in (18) follows by substitution of variables. Again, the hypothesized independence implies CX→Y ≤ 0 since the right hand side of (17) coincides
with −D(uX kuf −1 ) where D(·k·) denotes Kullback-Leibler divergence. Hence, we also infer
X → Y whenever CX→Y < 0. Note also that

In analogy to the remarks above, this can also be interpreted as uncorrelatedness of the
functions log(uf −1 /uX ) and pX /uX with respect to the measure given by the density of
uX with respect to the Lebesgue measure. Again, we hypothesize this because the former
expression is a property of the function f alone (and the reference densities) and should
thus be unrelated to the marginal density pX . The special case (14) can be obtained by
taking the uniform distribution on [0, 1] for uX and uY .
As generalization of (15,16) we define:17
Z
uf −1 (x)
CX→Y :=
log
p(x)dx
uX (x)
Z
Z
uf (y)
uX (x)
CY →X :=
log
p(y)dy = log
p(x)dx = −CY →X ,
(18)
uY (y)
uf −1 (x)

Principle 2 If X causes Y via a deterministic bijective function f such that uf −1 has a
density with respect to Lebesgue measure, then
Z
Z
uf −1 (x)
uf −1 (x)
log
p(x) dx ≈ log
uX (x) dx .
(17)
uX (x)
uX (x)

Generalization to other reference measures: In the above version of IGCI the uniform distribution on [0, 1] plays a special role because it is the distribution with respect to which
uncorrelatedness between pX and log f 0 is defined. The idea can be generalized to other
reference distributions. How to choose the right one for a particular inference problem is
a difficult question which goes beyond the scope of this article. From a high-level perspective, it is comparable to the question of choosing the right kernel for kernel-based machine
learning algorithms; it also is an a priori structure of the range of X and Y without which
the inference problem is not well-defined.
Let uX and uY be densities of X and Y , respectively, that we call “reference densities”.
For example, uniform or Gaussian distributions would be reasonable choices. Let uf be the
image of uX under f and uf −1 be the image of uY under f −1 . Then we hypothesize the
following generalization of (14):
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i.e., the decision rule considers the variable with lower differential entropy as the effect.
The idea is that the function introduces new irregularities to a distribution rather than
smoothing the irregularities of the distribution of the cause.

CX→Y = H(Y ) − H(X) ,

R1
R1
Since the right hand side of (14) is smaller than zero due to 0 log f 0 (x)dx ≤ log 0 f 0 (x)dx =
0 by concavity of the logarithm (exactly zero only for constant f ), IGCI infers X → Y
whenever CX→Y is negative. Section 3.5 in Daniušis et al. (2010) also shows that

:=

CX→Y

Intuitively, this is because the density pY tends to be high in regions where f is flat, or
equivalently, f −1 is steep (see also Figure 5). Hence, we have shown that PY contains
information about f −1 and hence about PX | Y whenever PX does not contain information
about PY | X (in the sense that (14) is satisfied), except for the trivial case where f is linear.
To employ this asymmetry, Daniušis et al. (2010) introduce the expressions

with equality if and only if f 0 is constant. Hence, log(f −1 )0 and pY are positively correlated
due to


E log(f −1 )0 · pY − E log(f −1 )0 E(pY ) > 0 .

0

Z

As shown in Section 2 in Daniušis et al. (2010), pY is then related to the inverse function
f −1 in the sense that

Figure 5: Illustration of the basic intuition behind IGCI. If the density pX of the cause X
is not correlated with the slope of f , then the density pY tends to be high in regions where
f is flat (and f −1 is steep). Source: Janzing et al. (2012).

p(y)

y
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3.2 Estimation Methods
The specification of the reference measure is essential for IGCI. We describe the implementation for two different choices:
1. Uniform distribution: scale and shift X and Y such that extrema are mapped onto 0
and 1.
2. Gaussian distribution: scale X and Y to variance 1.

j=1

N −1
|yj+1 − yj |
1 X
log
,
N −1
xj+1 − xj

(19)

Given this preprocessing step, there are different options for estimating CX→Y and CY →X
from empirical data (see Section 3.5 in Daniušis et al., 2010):
1. Slope-based estimator:
ĈX→Y :=

ĈX→Y := Ĥ(Y ) − Ĥ(X) ,

(20)

where we assumed the pairs {(xi , yi )} to be ordered ascendingly according to xi . Since
empirical data are noisy, the y-values need not be in the same order. ĈY →X is given
by exchanging the roles of X and Y .
2. Entropy-based estimator:
where Ĥ(·) denotes some differential entropy estimator.
The theoretical equivalence between these estimators breaks down on empirical data not
only due to finite sample effects but also because of noise. For the slope based estimator,
we even have
ĈX→Y 6= −ĈY →X ,

nj

Ñ
−1
X
j=1

nj log

|ỹj+1 − ỹj |
,
x̃j+1 − x̃j

(21)

and thus need to compute both terms separately.
Note that the IGCI implementations discussed here make sense only for continuous
variables with a density with respect to Lebesgue measure. This is because the difference
quotients are undefined if a value occurs twice. In many empirical data sets, however,
the discretization (e.g., due to rounding to some number of digits) is not fine enough to
guarantee this. A very preliminary heuristic that was employed in earlier work (Daniušis
et al., 2010) removes repeated occurrences by removing data points, but a conceptually
cleaner solution would be, for instance, the following procedure: Let x̃j with 1 ≤ j ≤ Ñ be
the ordered values after removing repetitions and let ỹj denote the corresponding y-values.
Then we replace (19) with

j=1

1
ĈX→Y := P
Ñ −1
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where nj denotes the number of occurrences of x̃j in the original data set. Here we have
ignored the problem of repetitions of y-values since they are less likely, because they are not
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Algorithm 3 General procedure to decide whether PX,Y is generated by a deterministic
monotonic bijective function from X to Y or from Y to X.
Input:

if ĈX→Y < ĈY →X ,
if ĈX→Y > ĈY →X ,
if ĈX→Y = ĈY →X .

N of X and Y (“data”);
1. I.i.d. sample DN := {(xi , yi )}i=1

2. Normalization procedure ν : RN → RN ;

3. IGCI score estimator Ĉ : RN × RN → R.
Output: ĈX→Y , ĈY →X , dir.
1. Normalization:
(a) calculate x̃ = ν(x)
(b) calculate ỹ = ν(y)
2. Estimation of scores:
(a) calculate ĈX→Y = Ĉ(x̃, ỹ)


X → Y

Y →X


?

(b) calculate ĈY →X = Ĉ(ỹ, x̃)
3. Output ĈX→Y , ĈY →X and
dir :=

(22)

ordered if the relation between X and Y is noisy (and for bijective deterministic relations,
they only occur together with repetitions of x anyway).
Finally, let us mention one simple case where IGCI with estimator (19) provably works
asymptotically, even though its assumptions are violated. This happens if the effect is a noninjective function of the cause. More precisely, assume Y = f (X) where f : [0, 1] → [0, 1]
is continuously differentiable and non-injective, and moreover, that pX is strictly positive
and bounded away from zero. To argue that ĈY →X > ĈX→Y asymptotically for N → ∞
we first observe that the mean value theorem implies

|f (x2 ) − f (x1 )|
≤ max |f 0 (x)| =: smax
|x2 − x1 |
x∈[0,1]

JMLR 17(32):1-102

for any pair x1 , x2 . Thus, for any sample size N we have ĈX→Y ≤ log smax . On the
other hand, ĈY →X → ∞ for N → ∞. To see this, note that all terms in the sum (19)
are bounded from below by − log smax due to (22), while there is no upper bound for the
summands because adjacent y-values may be from different branches of the non-injective
function f and then the corresponding x-values may not be close. Indeed, this will happen
for a constant fraction of adjacent pairs. For those, the gaps between the y-values decrease
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ITE: Shannon Edgeworth
based on (9)
ITE: Shannon MaxEnt1
ITE: Shannon MaxEnt2

Implementation
based on (23)
ITE: Shannon kNN k
ITE: Shannon spacing V
ITE: Shannon spacing Vb
ITE: Shannon spacing Vpconst
ITE: Shannon spacing Vplin
ITE: Shannon spacing Vplin2
ITE: Shannon spacing VKDE
ITE: Shannon KDP
ITE: Shannon PSD SzegoT
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(Hyvärinen, 1997)
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i=1

N −1
1 X
log |xi+1 − xi | ,
N −1

where the x-values should be ordered ascendingly, i.e., xi ≤ xi+1 , and ψ is the digamma
function (i.e., the logarithmic derivative of the gamma function: ψ(x) = d/dx log Γ(x),
which behaves as log x asymptotically for x → ∞). As this estimator would become −∞
if a value occurs more than once, we first remove duplicate values from the data before
applying (23). There should be better ways of dealing with discretization effects, but we
nevertheless include this particular estimator for comparison, as it was also used in previous
implementations of the entropy-based IGCI method (Daniušis et al., 2010; Janzing et al.,
2012). These estimators can be implemented in O(N ln N ) complexity, as they only need
to sort the data and then calculate a sum over data points.
We also made use of various entropy estimators implemented in the Information Theoretical Estimators (ITE) Toolbox (Szabó, 2014). The method 3NN is based on k-nearest
neighbors with k = 3, all sp* methods use Vasicek’s spacing method with various corrections, KDP uses k-d partitioning, PSD uses the power spectral density representation and
Szego’s theorem, ME1 and ME2 use the maximum entropy distribution method, and EdE uses
the Edgeworth expansion. For more details, see the documentation of the ITE toolbox
(Szabó, 2014).

Ĥ(x) := ψ(N ) − ψ(1) +

We tried many different empirical entropy estimators, see Table 1. The first method, 1sp,
uses a so-called “1-spacing” estimate (see e.g., Kraskov et al., 2004):

4.1.2 Entropy Estimation

Table 1: Entropy estimation methods. “ITE” refers to the Information Theoretical Estimators Toolbox (Szabó, 2014). The first group of entropy estimators is nonparametric, the
second group makes additional parametric assumptions on the distribution of the data.

EdE
Gau
ME1
ME2

Name
1sp
3NN
sp1
sp2
sp3
sp4
sp5
sp6
KDP
PSD
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We used standard Gaussian Process (GP) Regression (Rasmussen and Williams, 2006) for
nonparametric regression, using the GPML implementation (Rasmussen and Nickisch, 2010).
We used a squared exponential covariance function, constant mean function, and an additive
Gaussian noise likelihood. We used the FITC approximation (Quiñonero-Candela and Rasmussen, 2005) as an approximation for exact GP regression in order to reduce computation
time. We found that 100 FITC points distributed on a linearly spaced grid greatly reduce
computation time without introducing a noticeable approximation error. Therefore, we
used this setting as a default for the GP regression. The computation time of this method
scales as O(N m2 T ), where N is the number of data points, m = 100 is the number of FITC
points, and T is the number of iterations necessary to optimize the marginal likelihood with
respect to the hyperparameters. In practice, this yields considerable speedups compared
with exact GP inference, which scales as O(N 3 T ).

4.1.1 Regression

The complete source code to reproduce our experiments is available online as open source
under the FreeBSD license, both as an online appendix and on the homepage of the first
author.18 We used MatLab on a Linux platform, and made use of external libraries GPML
v3.5 (2014-12-08) (Rasmussen and Nickisch, 2010) for GP regression and ITE v0.61 (Szabó,
2014) for entropy estimation. For parallelization, we used the convenient command line tool
GNU parallel (Tange, 2011).

4.1 Implementation Details

In this section we describe the data that we used for evaluation, implementation details
for various methods, and our evaluation criteria. The results of the empirical study will be
presented in Section 5.

4. Experiments

with O(1/N ) while the distances of the corresponding x-values remain of O(1). Thus, the
overall sum (19) diverges. It should be emphasized, however, that one can have opposite
effects for any finite N . To see this, consider the function x 7→ 2|x − 1/2| and modify it
locally around x = 1/2 to obtain a continuously differentiable function f . Assume that the
probability density in [1/2, 1] is so low that almost all points are contained in [0, 1/2]. Then,
ĈX→Y ≈ log 2 while ĈY →X ≈ − log 2 and IGCI with estimator (19) decides (incorrectly) on
Y → X. For sufficiently large N , however, a constant (though possibly very small) fraction
of y-values come from different branches of f and thus ĈY →X diverges (while ĈX→Y remains
bounded from above).
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4.1.3 Independence Testing: HSIC
As covariance function for HSIC, we use the popular Gaussian kernel:


(x − x0 )2
,
κ` : (x, x0 ) 7→ exp −
`2
with bandwidths selected by the median heuristic (Schölkopf and Smola, 2002), i.e., we take
ˆ
`(u)
:= median{kui − uj k : 1 ≤ i < j ≤ N, kui − uj k =
6 0},
ˆ
and similarly for `(v).
We also compare with a fixed bandwidth of 0.5. As the product of
two Gaussian kernels is characteristic, HSIC with such kernels will detect any dependence
asymptotically (see also Lemma 12 in Appendix A), at least when the bandwidths are fixed.
The p-value can either be estimated by using permutation, or can be approximated
by a Gamma approximation, as the mean and variance of the HSIC value under the null
hypothesis can also be estimated in closed form (Gretton et al., 2008). In this work, we use
the Gamma approximation for the HSIC p-value.
The computation time of our naı̈ve implementation of HSIC scales as O(N 2 ). Using
incomplete Cholesky decompositions, one can obtain an accurate approximation in only
O(N ) (Jegelka and Gretton, 2007). However, the naı̈ve implementation was fast enough for
our purpose.
4.2 Data Sets
We will use both real-world and simulated data in order to evaluate the methods. Here we
give short descriptions and refer the reader to Appendix C and Appendix D for details.
4.2.1 Real-world Benchmark Data
The CauseEffectPairs (CEP) benchmark data set that we propose in this work consists
of different “cause-effect pairs”, each one consisting of samples of a pair of statistically
dependent random variables, where one variable is known to cause the other one. It is an
extension of the collection of the eight data sets that formed the “CauseEffectPairs” task in
the Causality Challenge #2: Pot-Luck competition (Mooij and Janzing, 2010) which was
performed as part of the NIPS 2008 Workshop on Causality (Guyon et al., 2010). Version
1.0 of the CauseEffectPairs collection that we present here consists of 100 pairs, taken
from 37 different data sets from various domains. The CEP data are publicly available at
Mooij et al. (2014). Appendix D contains a detailed description of each cause-effect pair
and a justification of what we believe to be the ground truth causal relations. Scatter plots
of the pairs are shown in Figure 6. In our experiments, we only considered the 95 out of
100 pairs that have one-dimensional variables, i.e., we left out pairs 52–55 and 71.
4.2.2 Simulated Data
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As collecting real-world benchmark data is a tedious process (mostly because the ground
truths are unknown, and acquiring the necessary understanding of the data-generating
process in order to decide about the ground truth is not straightforward), we also studied
27
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Figure 6: Scatter plots of the cause-effect pairs in the CauseEffectPairs benchmark
data. We only show the pairs for which both variables are one-dimensional.

the performance of methods on simulated data where we can control the data-generating
process, and therefore can be certain about the ground truth.
Simulating data can be done in many ways. It is not straightforward to simulate data
in a “realistic” way, e.g., in such a way that scatter plots of simulated data look similar to
those of the real-world data (see Figure 6). For reproducibility, we describe in Appendix C
in detail how the simulations were done. Here, we will just sketch the main ideas.
We sample data from the following structural equation models. If we do not want to
model a confounder, we use:

EX ∼ pEX , EY ∼ pEY

X = fX (EX )

Y = fY (X, EY ),

and if we do want to include a confounder Z, we use:

EX ∼ pEX , EY ∼ pEY , EZ ∼ pEZ
Z = fZ (EZ )

X = fX (EX , EZ )

Y = fY (X, EY , EZ ).

JMLR 17(32):1-102

Here, the noise distributions pEX , pEY , pEZ are randomly generated distributions, and the
causal mechanisms fZ , fX , fY are randomly generated functions. Sampling the random
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ranked-decision : we used the scores ĈX→Y and ĈY →X to construct heuristic confidence
estimates that are used to rank the decisions; we then produced receiver-operating

forced-decision : given a sample of a pair (X, Y ) the methods have to decide either
X → Y or Y → X; in this setting we evaluate the accuracy of these decisions;

We evaluate the performance of the methods in two different ways:

4.4 Evaluation Measures

Ideally, a causal discovery method should be robust against these and other small perturbations of the data.

small noise : Add tiny independent Gaussian noise to both X and Y (with mean 0 and
standard deviation 10−9 ).

undiscretized : “Undiscretize” both variables X and Y . The undiscretization procedure
adds noise to each data point z, drawn uniformly from the interval [0, z 0 − z], where
z 0 is the smallest value z 0 > z that occurs in the data.

discretized : Discretize the variable that has the most unique values such that after
discretization, it has as many unique values as the other variable. The discretization
procedure repeatedly merges those values for which the sum of the absolute error that
would be caused by the merge is minimized.

unperturbed : No perturbation is applied.

The following preprocessing was applied to each pair (X, Y ). Both variables X and Y
were standardized (i.e., an affine transformation is applied on both variables such that their
empirical mean becomes 0, and their empirical standard deviation becomes 1). In order to
study the effect of discretization and other small perturbations of the data, one of these
four perturbations was applied:

4.3 Preprocessing and Perturbations

distributions for a noise variable EX (and similarly for EY and EZ ) is done by mapping a
standard-normal distribution through a random function, which we sample from a Gaussian
Process. The causal mechanism fX (and similarly fY and fZ ) is drawn from a Gaussian
Process as well. After sampling the noise distributions and the functional relations, we
generate data for X, Y, Z. Finally, Gaussian measurement noise is added to both X and Y .
By controlling various hyperparameters, we can control certain aspects of the data
generation process. We considered four different scenarios. SIM is the default scenario
without confounders. SIM-c includes a one-dimensional confounder, whose influences on X
and Y are typically equally strong as the influence of X on Y . The setting SIM-ln has low
noise levels, and we would expect IGCI to work well in this scenario. Finally, SIM-G has
approximate Gaussian distributions for the cause X and approximately additive Gaussian
noise (on top of a nonlinear relationship between cause and effect); we expect that methods
which make these Gaussianity assumptions will work well in this scenario. Scatter plots of
the simulated data are shown in Figures 7–10.
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Figure 8: Scatter plots of the cause-effect pairs in simulation scenario SIM-c.

Figure 7: Scatter plots of the cause-effect pairs in simulation scenario SIM.
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Figure 9: Scatter plots of the cause-effect pairs in simulation scenario SIM-ln.
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Figure 10: Scatter plots of the cause-effect pairs in simulation scenario SIM-G.
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characteristic (ROC) curves and used the area under the curve (AUC) as performance
measure.

Some methods have an advantage in the second setting, as the scores on which their decisions
are based yield a reasonably accurate ranking of the decisions. By only taking the most
confident (highest ranked) decisions, the accuracy of these decisions increases, and this
leads to a higher AUC than for random confidence estimates. Which of the two evaluation
measures (accuracy or AUC) is the most relevant depends on the application.19
4.4.1 Weights

For the CEP data, we cannot always consider pairs that come from the same data set
as independent. For example, in the case of the Abalone data set (Bache and Lichman,
2013; Nash et al., 1994), the variables “whole weight”, “shucked weight”, “viscera weight”,
“shell weight” are strongly correlated. Considering the four pairs (age, whole weight), (age,
shucked weight), etc., as independent could introduce a bias. We (conservatively) correct
for that bias by downweighting these pairs. In general, we chose the weights such that the
weights of all pairs from the same data set are equal and sum to one. For the real-world
cause-effect pairs, the weights are specified in Table 4. For the simulated pairs, we do not
use weighting.

4.4.2 Forced-decision: Evaluation of Accuracy

PM
m=1 wm δdˆm ,dm
,
PM
m=1 wm

In the “forced-decision” setting, we calculate the weighted accuracy of a method in the
following way:

accuracy =

where dm is the true causal direction for the m’th pair (either “←” or “→”), dˆm is the
estimated direction (one of “←”, “→”, and “?”), and wm is the weight of the pair. Note
that we are only awarding correct decisions, i.e., if no estimate is given (dm = “?”), this
will negatively affect the accuracy. We calculate confidence intervals assuming a binomial
distribution using the method by Clopper and Pearson (1934).

4.4.3 Ranked-decision: Evaluation of AUC

(24)

To construct an ROC curve, we need to rank the decisions based on some heuristic estimate
of confidence. For most methods we simply use

Ŝ := −ĈX→Y + ĈY →X .

JMLR 17(32):1-102

19. In earlier work, we have reported accuracy-decision rate curves instead of ROC curves. However, it is
easy to visually overinterpret the significance of such a curve in the low decision-rate region. In addition,
AUC was used as the evaluation measure by Guyon et al. (2016). A slight disadvantage of ROC curves
is that they introduce an asymmetry between “positives” and “negatives”, whereas for our task, there is
no such asymmetry: we can easily transform a positive into a negative and vice versa by swapping the
variables X and Y . Therefore, “accuracy” is a more natural measure than “precision” in our setting.
We mitigate this problem by balancing the class labels by swapping X and Y variables for a subset of
the pairs.
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−1
1−min{ĈX→Y ,ĈY →X }
1

1−min{ĈX→Y ,ĈY →X }



if ĈX→Y > ĈY →X .

if ĈX→Y < ĈY →X
(26)

m=1 wm 1Ŝm >θ δdm ,→
,
PM
m=1 wm δdm ,→

PM

m=1 wm 1Ŝm >θ δdm ,→
.
PM
m=1 wm 1Ŝm >θ

PM
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20. We used the “percentile method” (BootType = ’per’) as the default method (“bias corrected and
accelerated percentile method”) sometimes yielded an estimated AUC that fell outside the estimated
95% confidence interval of the AUC.

We start by reporting the results for methods that exploit additivity of the noise. Figure 11
shows the performance of all ANM methods on different unperturbed data sets, i.e., the
CEP benchmark and various simulated data sets. Figure 12 shows the performance of the

5.1 Additive Noise Models

In this section, we report the results of the experiments that we carried out in order to
evaluate the performance of various methods. We plot the accuracies and AUCs as box plots,
indicating the estimated (weighted) accuracy or AUC, the corresponding 68% confidence
interval, and the 95% confidence interval. If there were pairs for which no decision was
taken because of some failure, the number of nondecisions is indicated on the corresponding
box plot. The methods that we evaluated are listed in Table 2. Computation times are
reported in Appendix E.

5. Results

We use the MatLab routine perfcurve to produce (weighted) ROC curves and to estimate
weighted AUC and confidence intervals for the weighted AUC by bootstrapping.20

precision(θ) =

where Ŝm is the heuristic score of the m’th pair (high values indicating high likelihood that
dm = →, low values indicating high likelihood that dm = ←), and the weighted precision
(also depending on θ):

recall(θ) =

In the “ranked-decision” setting, we also use weights to calculate weighted recall (depending on a threshold θ):

Ŝ :=

and for ANM-HSIC, we use:

min{ĈX→Y ,ĈY →X }

The interpretation is that the higher Ŝ, the more likely X → Y , and the lower Ŝ, the more
likely Y → X. For ANM-pHSIC, we use a different heuristic:

−1

if ĈX→Y < ĈY →X
,ĈY →X }
(25)
Ŝ := min{ĈX→Y
1

if ĈX→Y > ĈY →X ,
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Algorithm
1
1
1
1
1
1
1
2
2
3
3
3

Score
(4)
(5)
(5)
(5)
(5)
(8)
(10)
(11)
(12)
(19)
(21)
(20)

Heuristic
(25)
(26)
(26)
(26)
(26)
(24)
(24)
(24)
(24)
(24)
(24)
(24)

Entropy estimators from Table 1

Details
DR, adaptive kernel bandwidth
DR, adaptive kernel bandwidth
DS, adaptive kernel bandwidth
DR, fixed kernel bandwidth (0.5)
DS, fixed kernel bandwidth (0.5)
DR, entropy estimators from Table 1
DR
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For the entropy-based score (8), we see in Figure 11 and Figure 12 that the results depend
strongly on which entropy estimator is used.
All (nonparametric) entropy estimators (1sp, 3NN, spi, KDP, PSD) perform well on simulated data, with the exception of EdE. On the CEP benchmark on the other hand, the
performance varies greatly over estimators. One of the reasons for this are discretization

5.1.2 Entropy-based Scores

As we see in Figure 11 and Figure 12, the ANM methods that use HSIC perform reasonably
well on all data sets, obtaining accuracies between 63% and 85%. Note that the simulated
data (and also the real-world data) deviate in at least three ways from the assumptions made
by the additive noise method: (i) the noise is not additive, (ii) a confounder can be present,
and (iii) additional measurement noise was added to both cause and effect. Moreover, the
results turn out to be robust against small perturbations of the data. This shows that the
additive noise method can perform reasonably well, even in case of model misspecification.
The results of ANM-pHSIC and ANM-HSIC are very similar. The influence of various
implementation details on performance is small. On the CEP benchmark, data-splitting
(ANM-HSIC-ds) slightly increases accuracy, whereas using a fixed kernel (ANM-HSIC-fk,
ANM-HSIC-ds-fk) slightly lowers AUC. Generally, the differences in performance are small
and not statistically significant. The variant ANM-HSIC-ds-fk is proved to be consistent in
Appendix A. If standard GP regression satisfies the property in (32), then ANM-HSIC-fk is
also consistent.

5.1.1 HSIC-based Scores

same methods on different perturbations of the CEP benchmark data. The six variants
sp1,. . . ,sp6 of the spacing estimators perform very similarly, so we show only the results
for ANM-ent-sp1. For the “undiscretized” perturbed version of the CEP benchmark data,
GP regression failed in one case because of a numerical problem, which explains the failures
across all methods in Figure 12 for that case.

Table 2: The methods that are evaluated in this work. DS = Data Splitting, DR = Data
Recycling.

Name
ANM-pHSIC
ANM-HSIC
ANM-HSIC-ds
ANM-HSIC-fk
ANM-HSIC-ds-fk
ANM-ent-...
ANM-Gauss
ANM-FN
ANM-MML
IGCI-slope
IGCI-slope++
IGCI-ent-...
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Figure 12: Accuracies (top) and AUCs (bottom) of various ANM methods on different
perturbations of the CEP benchmark data. For the variants of the spacing estimator, only
the results for sp1 are shown, as results for sp2,. . . ,sp6 were similar.
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Figure 11: Accuracies (top) and AUCs (bottom) of various ANM methods on different
(unperturbed) data sets. For the variants of the spacing estimator, only the results for sp1
are shown, as results for sp2,. . . ,sp6 were similar.
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Here we report the results of the evaluation of different IGCI variants. Figure 13 shows
the performance of all the IGCI variants on different (unperturbed) data sets, the CEP
benchmark and four different simulation settings, using the uniform base measure. Figure 14
shows the same for the Gaussian base measure. Figure 15 shows the performance of the IGCI
methods on different perturbations of the CEP benchmark, using the uniform base measure,

5.2 Information Geometric Causal Inference

Let us now take a closer look at the accuracies of the original methods IGCI-slope and
IGCI-ent-1sp that were proposed by Daniušis et al. (2010); Janzing et al. (2012), and
at the newly introduced IGCI-slope++ that is closely related to IGCI-slope. The IGCI
variants slope, slope++ and ent-1sp perform very similar on all data sets. For both
uniform and Gaussian base measures, the performance is better than chance level on the
CEP benchmark, but not as much as in previous evaluations on earlier versions of the
benchmark. The discrepancy with the accuracies of around 80% reported by Janzing et al.

Consider now the results for the parametric entropy estimators (ANM-Gauss, ANM-ent-ME1,
ANM-ent-ME2), the empirical-Bayes method ANM-FN, and the MML method ANM-MML.
First, note that ANM-Gauss and ANM-FN perform very similarly. This means that the
difference between these two scores (i.e., the complexity measure of the regression function,
see also Appendix B) does not outweigh the common part (the likelihood) of these two
scores. Both these scores do not perform much better than chance on the CEP data,
probably because the Gaussianity assumption is typically violated in real data. They do
obtain high accuracies and AUCs for the SIM-ln and SIM-G scenarios. For SIM-G this is to
be expected, as the assumption that the cause has a Gaussian distribution is satisfied in
that scenario. For SIM-ln it is not evident why these scores perform so well—it could be
that the noise is close to additive and Gaussian in that scenario.
The related score ANM-MML, which employs a more sophisticated complexity measure
for the distribution of the cause, performs better on the two simulation settings SIM and
SIM-c. However, ANM-MML performs worse in the SIM-G scenario, which is probably due
to a higher variance of the MML complexity measure compared with the simple Gaussian
entropy measure. This is in line with expectations. However, performance of ANM-MML is
hardly better than chance on the CEP data. In particular, the AUC of ANM-MML is worse
than that of ANM-pHSIC.
The parametric entropy estimators ME1 and ME2 do not perform very well on the SIM
data, although their performance on the other simulated data sets (in particular SIM-G) is
good. The reasons for this behaviour are not understood; we speculate that the parametric
assumptions made by these estimators match the actual distribution of the data in these
particular simulation settings quite well. The accuracy and AUC of ANM-ent-ME1 and
ANM-ent-ME2 on the CEP data are lower than those of ANM-pHSIC.
5.2.1 Original Implementations

and Figure 16 for the Gaussian base measure. Again, the six variants sp1,. . . ,sp6 of the
spacing estimators perform very similarly, so we show only the results for IGCI-ent-sp1.
Let us first look at the performance on simulated data. Note that none of the IGCI
methods performs well on the simulated data when using the uniform base measure. A very
different picture emerges when using the Gaussian base measure: here the performance
covers a wide spectrum, from lower than chance level on the SIM data to accuracies higher
than 90% on SIM-G. The choice of the base measure clearly has a larger influence on the
performance than the choice of the estimation method.
As IGCI was designed for the bijective deterministic case, one would expect that IGCI
would work best on SIM-ln (without depending too strongly on the reference measure),
because in that scenario the noise is relatively small. Surprisingly, this does not turn out
to be the case. To understand this unexpected behavior, we inspect the scatter plots in
Figure 9 and observe that the functions in SIM-ln are either non-injective or relatively close
to linear. Both can spoil the performance despite having low noise (see also the remarks at
the end of Subsection 3.2 on finite sample effects).
For the more noisy settings, earlier experiments showed that IGCI-slope and IGCI-1sp
can perform surprisingly well on simulated data (Janzing et al., 2012). Here, however, we see
that the performance of all IGCI variants on noisy data depends strongly on characteristics
of the data generation process and on the chosen base measure. IGCI seems to pick up
certain features in the data that turn out to be correlated with the causal direction in some
settings, but can be anticorrelated with the causal direction in other settings. In addition,
our results suggest that if the distribution of the cause is close to the base measure used in
IGCI, then also for noisy data the method may work well (as in the SIM-G setting). However,
for causal relations that are not sufficiently non-linear, performance can drop significantly
(even below chance level) in case of a discrepancy between the actual distribution of the
cause and the base measure assumed by IGCI.
Even though the performance of all IGCI variants with uniform base measure is close to
chance level on the simulated data, most methods perform better than chance on the CEP
data (with the exception of IGCI-ent-sp1 and IGCI-ent-3NN). When using the Gaussian
base measure, performance of IGCI methods on CEP data varies considerably depending
on implementation details. For some IGCI variants the performance on CEP data is robust
to small perturbations (most notably the parametric entropy estimators), but for most
non-parametric entropy estimators and for IGCI-slope, there is a strong dependence and
sometimes even an inversion of the accuracy when perturbing the data slightly. We do not
have a good explanation for these observations.

effects. Indeed, the differential entropy of a variable that can take only a finite number
of values is −∞. The way in which differential entropy estimators treat values that occur
multiple times differs, and this can have a large influence on the estimated entropy. For
example, 1sp simply ignores values that occur more than once, which leads to a performance that is below chance level on the CEP data. 3NN returns −∞ (for both ĈX→Y and
ĈY →X ) in the majority of the pairs in the CEP benchmark and therefore often cannot
decide. The spacing estimators spi also return −∞ in quite a few cases. The only (nonparametric) entropy-based ANM methods that perform well on both the CEP benchmark
data and the simulated data are ANM-ent-KDP and ANM-ent-PSD. Of these two methods,
ANM-ent-PSD seems more robust under perturbations than ANM-ent-KDP, and can compete
with the HSIC-based methods.

5.1.3 Other Scores
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Figure 14: Accuracies (top) and AUCs (bottom) for various IGCI methods using the Gaussian base measure on different (unperturbed) data sets.
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Figure 13: Accuracies (top) and AUCs (bottom) for various IGCI methods using the uniform
base measure on different (unperturbed) data sets.
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Figure 16: Accuracies (top) and AUCs (bottom) for various IGCI methods using the Gaussian base measure on different perturbations of the CEP benchmark data.
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Figure 15: Accuracies (top) and AUCs (bottom) for various IGCI methods using the uniform
base measure on different perturbations of the CEP benchmark data.
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(2012) could be explained by the fact that here we evaluate on a larger set of cause-effect
pairs, and we chose the weights more conservatively.
It is also interesting to look at the behavior under perturbations of the CEP data. When
using the uniform base measure, the accuracy of both IGCI-slope and IGCI-ent-1sp drops
back to chance level if small noise is added, whereas AUC even becomes worse than chance
level. For the Gaussian base measure, both accuracy and AUC become worse than random
guessing on certain perturbations of the CEP data, although discretization does not affect
performance. This observation motivated the introduction of the slope-based estimator
IGCI-slope++ that uses (21) instead of (19) in order to deal better with repetitions of
values. However, as we can see, this estimator does not perform better in practice than the
original estimator IGCI-slope.
5.2.2 Nonparametric Entropy Estimators
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d ỹ) − 1 log Var(
d x̃) = log 
.
log Var(
2
2
max(y) − min(y) max(x) − min(x)

44

JMLR 17(32):1-102

6. Discussion and Conclusion

JMLR 17(32):1-102

5.2.3 Parametric Entropy Estimators
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In this work, we considered a challenging bivariate causal discovery problem, where the task
is to decide whether X causes Y or vice versa, using only a sample of purely observational
data. We reviewed two families of methods that can be applied to this task: methods based
on Additive Noise Models (ANMs) and Information Geometric Causal Inference (IGCI)
methods. We discussed various possible implementations of these methods and how they
are related.
In addition, we have proposed the CauseEffectPairs benchmark data set consisting
of 100 real-world cause-effect pairs and we provided our justifications for the ground truths.
We have used this benchmark data in combination with several simulated data sets in order

Apparently, the ratio of the size of the support of the distribution and its standard deviation is already quite informative on the causal direction for the CEP data. This might
also explain the relatively good performance on this benchmark of IGCI-ent-ME1 and
IGCI-ent-ME2 when using the uniform base measure, as these estimate entropy by fitting
a parametric distribution to the data (which includes Gaussian distributions as a special
case). On the other hand, these methods do not work better than chance on the simulated
data.
Now let us look at the results when using the Gaussian base measure. IGCI-ent-Gau
makes no sense in combination with the Gaussian base measure. IGCI-ent-ME1 and
IGCI-ent-ME2 on the CEP data do not perform better than chance. On simulated data,
they only do (extremely) well for the SIM-G scenario which uses a Gaussian distribution of
the cause measure, i.e., for which the chosen base measure exactly corresponds with the
distribution of the cause.

ĈX→Y :=

distribution. In other words, it uses:

Figure 17: ROC curves for two of the best-performing methods (ANM-pHSIC and
IGCI-ent-Gau). Both methods work well on the CEP benchmark and keep performing
well under small perturbations of the data, but only ANM-pHSIC also performs well on the
simulated data.

TPR

Let us finally consider the performance of entropy-based IGCI methods that use parametric
entropy estimators, which make additional assumptions on the distribution. As expected,
these estimators are robust to small perturbations of the data.
Interestingly, IGCI-ent-Gau with uniform base measure turns out to be one of the best
IGCI methods on the CEP benchmark, in the sense that it obtains good accuracy and AUC
and in addition is robust to perturbations. Note that the performance of IGCI-ent-Gau on
the CEP benchmark is comparable with that of the original implementation IGCI-slope
and the newer version IGCI-slope++, but that only IGCI-ent-Gau is robust to small perturbations of the data. This estimator simply estimates entropy by assuming a Gaussian

It is clear that discretization effects play an important role in the performance of the nonparametric entropy estimators. For example, the closely related estimators 1sp and spi
perform comparably on simulated data, but on the CEP data, the spi estimators perform
worse because of nondecisions due to repeated values. Similarly, the bad performance of
IGCI-ent-3NN on the CEP data is related to discretization effects. This is in line with our
observations on the behavior of these entropy estimators when using them for entropy-based
ANM methods.
Further, note that the performance of IGCI-ent-KDP is qualitatively similar to that of
IGCI-ent-PSD, but in contrast with the PSD estimator, the results of the KDP estimator are
not robust under perturbations when using the uniform base measure. The only nonparametric entropy estimators that give results that are robust to small perturbations of the
data (for both base measures) are PSD and EdE. The performance of IGCI-ent-PSD on the
CEP benchmark depends on the chosen base measure: for the uniform base it is better than
chance level, for the Gaussian base measure it is worse than chance level. Interestingly, the
EdE estimator that performed poorly for ANM gives consistently good results on the CEP
benchmark when used for IGCI: it is the only nonparametric entropy estimator that yields
results that are better than chance for both base measures and irrespective of whether the
data were perturbed or not.
Apparently, implementation details of entropy estimators can result in huge differences
in performance, often in ways that we do not understand well.

TPR

JMLR 17(32):1-102

JMLR 17(32):1-102

45

46

Appendix A. Consistency Proof of ANM-HSIC
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In this Appendix, we prove the consistency of Algorithm 1 with score (6), which is closely
related to the algorithm originally proposed by Hoyer et al. (2009) that uses score (4). The
main difference is that the original implementation uses the HSIC p-value, whereas here,
we use the HSIC value itself as a score. Also, we consider the option of splitting the data
set into one part for regression and another part for independence testing. Finally, we fix
the HSIC kernel instead of letting its bandwidth be chosen by a heuristic that depends on

Concluding, our results provide some evidence that distinguishing cause from effect is
indeed possible from purely observational real-world data by exploiting certain statistical
patterns in the data. However, the performance of current state-of-the-art bivariate causal
discovery methods still has to be improved further in order to enable practical applications,
and more validation data are needed in order to obtain statistically significant conclusions.
Furthermore, it is not clear at this stage under what assumptions current methods could
be extended to deal with possible confounding variables, an important issue in practice.

The former conclusion about the performance of ANM-pHSIC is in line with earlier reports,
but the latter conclusion is surprising, considering that good performance of IGCI-slope
and IGCI-ent-1sp has been reported on several occasions in earlier work (Daniušis et al.,
2010; Mooij et al., 2010; Janzing et al., 2012; Statnikov et al., 2012; Sgouritsa et al., 2015).
One possible explanation that the performance of IGCI on simulated data here differs from
earlier reports is that earlier simulations used considerably smoother distributions of the
cause variable.
Ironically, the original ANM method ANM-pHSIC proposed by Hoyer et al. (2009) turned
out to be one of the best methods overall, despite the recent research efforts aimed at
developing better methods. This observation motivated the consistency proof of HSICbased ANM methods, the major theoretical contribution of this work. We expect that
extending this consistency result to the multivariate case (see also Peters et al., 2014)
should be straightforward.
One reason for the disappointing performance of several methods (in particular, the
slope-based IGCI estimators and methods that make use of certain nonparametric differential entropy estimators) is discretization. When dealing with real-world data on a computer,
variables of a continuous nature are usually discretized because they have to be represented
as floating point numbers. Often, additional rounding is applied, for example because only
the most significant digits are recorded. We found that for many methods, especially for
those that use differential entropy estimators, (coarse) discretization of the data causes
problems. This suggests that performance of several methods can still be improved, e.g.,
by using entropy estimators that are more robust to such discretization effects. The HSIC
independence measure (and its p-value) and the PSD entropy estimator were found to be
robust against small perturbations of the data, including discretization.
Since we compared many different implementations (which turned out to have quite
different performance characteristics), we need to use a strong correction for multiple testing

2. The performance of IGCI-based methods varies greatly depending on implementation
details, perturbations of the data and certain characteristics of the data, in ways that
we do not fully understand (see Figures 13, 14, 15, 16). In many cases, causal relations
seem to be too linear for IGCI to work well. None of the IGCI implementations performed well on all data sets that we considered, and the apparent better-than-chance
performance of some of these methods on the CEP benchmark remains somewhat of
a mystery.

A rough estimate how large the CauseEffectPairs benchmark should have been in
order to obtain significant results can easily be made. Using a standard (conservative) Bonferroni correction, taking into account that we compared 37 methods, we would need about
120 (weighted) pairs for an accuracy of 65% to be considered significant (with two-sided
testing and 5% significance threshold). This is about four times as much as the current
number of 37 (weighted) pairs in the CauseEffectPairs benchmark. Therefore, we suggest that at this point, the highest priority regarding future work should be to obtain more
validation data, rather than developing additional methods or optimizing computation time
of existing methods. We hope that our publication of the CauseEffectPairs benchmark
data inspires researchers to collaborate on this important task and we invite everybody to
contribute pairs to the CauseEffectPairs benchmark data.

if we would like to conclude that one of these methods performs significantly better than
chance. Although it seems unlikely that the good performance of ANM-pHSIC on both CEP
data and all simulated data is due to chance alone, eventually we are most interested in
the performance on real-world data alone. Unfortunately, the CEP benchmark turned out
to be too small to warrant significant conclusions for any of the tested methods.

to evaluate various bivariate causal discovery methods. Our main conclusions (illustrated
in Figure 17) are twofold:

1. The ANM methods that use HSIC perform reasonably well on all data sets (including
the perturbed versions of the CEP benchmark and all simulation settings), obtaining
accuracies between 63% and 85% (see Figures 11 and 12). In particular, the original
ANM-pHSIC method obtains an accuracy of 63 ± 10 % and an AUC of 0.74 ± 0.05 on
the CEP benchmark. The only other ANM method that performs well on all data
sets is ANM-ent-PSD. It obtains a higher accuracy (69 ± 10%) than ANM-pHSIC on
the CEP benchmark, but a lower AUC (0.68 ± 0.06), but these differences are not
statistically significant.
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the data. The reason that we make these small modifications is that they lead to an easier
proof of consistency of the method.
We start with recapitulating the definition and basic properties of the Hilbert Schmidt
Independence Criterion (HSIC) in Section A.1. Then, we discuss asymptotic properties of
non-parametric regression methods in Section A.2. Finally, we combine these ingredients
in Section A.3.
A.1 Consistency of HSIC
We recapitulate the definitions and some asymptotic properties of the Hilbert Schmidt
Independence Criterion (HSIC), following mostly the notations and terminology in Gretton
et al. (2005). The HSIC estimator that we use here is the original biased estimator proposed
by Gretton et al. (2005).
Definition 11 Given two random variables X ∈ X and Y ∈ Y with joint distribution PX,Y ,
and bounded kernels k : X 2 → R and l : Y 2 → R, we define the population HSIC of X
and Y as



HSICk,l (X, Y ) :=E k(X, X 0 )l(Y, Y 0 ) + E k(X, X 0 ) E l(Y, Y 0 )



− 2E E k(X, X 0 ) | X E l(Y, Y 0 ) | Y .

Here, (X, Y ) and (X 0 , Y 0 ) are two independent random variables distributed according to
PX,Y .
When k and l are clear from the context, we will typically suppress the dependence of the
population HSIC on the choice of the kernels k and l, simply writing HSIC(X, Y ) instead.
The justification for the name “independence criterion” stems from the following important
result (Fukumizu et al., 2008, Theorem 3):
Lemma 12 Whenever the product kernel k · l is characteristic (in the sense of Fukumizu
et al. (2008); Sriperumbudur et al. (2010)): HSICk,l (X, Y ) = 0 if and only if X ⊥
⊥ Y (i.e.,
X and Y are independent).
A special case of this lemma, assuming that X and Y have compact domain, was proved
originally in Gretton et al. (2005). Recently, Gretton (2015) showed that a similar result
also holds if both kernels k and l are characteristic and satisfy some other conditions as
well. Intuitively, a characteristic kernel leads to an injective embedding of probability
measures into the corresponding Reproducible Kernel Hilbert Space (RKHS). The HSIC
is the squared RKHS distance between the embedded joint distribution and the embedded
product of the marginals. Given that the embedding is injective, this distance is zero if and
only if the variables are independent. Examples of characteristic kernels are Gaussian RBF
kernels and Laplace kernels. For more details on the notion of characteristic kernel (see
Sriperumbudur et al., 2010). We will use the following (biased) estimator of the population
HSIC (Gretton et al., 2005):

i,j=1

N
X

(27)
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K̄ij Lij ,

Definition 13 Given two N -tuples (with N ≥ 2) x = (x1 , . . . , xN ) ∈ X N and y =
(y1 , . . . , yN ) ∈ Y N , and bounded kernels k : X 2 → R and l : Y 2 → R, we define
\k,l (x, y) := (N − 1)−2 tr(KHLH) = (N − 1)−2
HSIC
47
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where Kij = k(xi , xj ), Lij = l(yi , yj ) are Gram matrices and Hij = δij − N −1 is a centering
matrix, and we write K̄ := HKH for the centered Gram matrix K. Given an i.i.d. sample
N
DN = {(xn , yn )}n=1
from PX,Y , we define the empirical HSIC of X and Y estimated
from DN as
\k,l (X, Y ; DN ) := HSIC
\k,l (x, y).
HSIC

Again, when k and l are clear from the context, we will typically suppress the dependence
of the empirical HSIC on the choice of the kernels k and l. Unbiased estimators of the
population HSIC were proposed in later work (Song et al., 2012), but we will not consider
those here. A large deviation result for this empirical HSIC estimator is given by Gretton
et al. (2005, Theorem 3):

c
log(6/δ)
+ ,
α2 N
N

Lemma 14 Assume that kernels k and l are bounded almost everywhere by 1, and are
non-negative. Suppose that the data set DN consists of N i.i.d. samples from some joint
probability distribution PX,Y . Then, for N ≥ 2 and all δ > 0, with probability at least 1 − δ:
r

\k,l (X, Y ; DN ) ≤
HSICk,l (X, Y ) − HSIC

where α2 > 0.24 and c are constants.

This directly implies the consistency of the empirical HSIC estimator:21

Corollary 15 Let (X1 , Y1 ), (X2 , Y2 ), . . . be i.i.d. according to PX,Y . Defining the sequence
N
of data sets DN = {(Xn , Yn )}n=1
for N = 2, 3, . . . , we have for non-negative bounded kernels
k, l that, as N → ∞:
P
\k,l (X, Y ; DN ) →
HSIC
HSICk,l (X, Y ).

We do not know of any results for consistency of HSIC when using adaptive kernel parameters (i.e., when estimating the kernel from the data). This is why we only present a
consistency result for fixed kernels here.
For the special case that Y = R, we will use the following continuity property of the
empirical HSIC estimator. It shows that for a Lipschitz-continuous kernel l, the empirical
HSIC is also Lipschitz-continuous in the corresponding argument, but with a Lipschitz
constant that scales at least as N −1/2 for N → ∞. This novel technical result will be the
key to our consistency proof of Algorithm 1 with score (6).

Lemma 16 For all N ≥ 2, for all x ∈ X N , for all y, y 0 ∈ RN , for all bounded kernels
k : X 2 → R, and for all bounded and Lipschitz-continuous kernels l : R2 → R:

32λC
\
\
HSIC(x,
y) − HSIC(x,
y0) ≤ √
y − y0 ,
N

where |k(ξ, ξ 0 )| ≤ C for all ξ, ξ 0 ∈ X and λ is the Lipschitz constant of l.

∀ > 0 :

lim P(|Xn − X| > ) = 0.

n→∞
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21. Let X1 , X2 , . . . be a sequence of random variables and let X be another random variable. We say that
P
converges to X in probability, written Xn → X, if
Xn
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i,j=1

N
X

K̄ij (Lij − L0ij ) ,

j =1

i ,j =1

i =1

j =1

i ,j =1

N
N
N
1 X
1 X
1 X
Ki0 j +
Kij 0 + 2
Ki0 j 0 ≤ 4C.
N 0
N 0
N 0 0

i =1

N
N
N
1 X
1 X
1 X
Ki0 j −
Kij 0 + 2
Ki0 j 0
N 0
N 0
N 0 0

K̄ij (Lij − L0ij ) ≤

i,j=1

N
X

K̄ij l(yi0 , yj0 ) − l(yi0 , yj )



N
X

i,j=1

N
X

= 16N 3 C 2 λ2 y 0 − y

j=1

N
X


K̄ij l(yi0 , yj ) − l(yi , yj ) .

2

.
≤ 2 for N ≥ 2).
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Given an i.i.d. sample of data points DN = {(xn , yn )}N
n=1 (the “training” data), a regression
method provides an estimate of the regression function fˆ( · ; DN ). The mean squared

From now on, we will assume that both X and Y take values in R. Györfi et al. (2002)
provide consistency results for several nonparametric regression methods. Here we briefly
discuss the main property (“weak universal consistency”) that is of particular interest in
our setting.
Given a distribution PX,Y , one defines the regression function of Y on X as the
conditional expectation
f (x) := E(Y | X = x).

A.2 Consistency of Nonparametric Regression

N
N −1

2



2
l(yi0 , yj0 ) − l(yi0 , yj ) 

yj0 − yj

N
X

i,j=1

2
K̄ij  



≤ 16N 2 C 2 · λ2 N

i,j=1

≤



+

) and the Lipschitz property of l:



The second term is similar. The result now follows (using that

i,j=1

N
X

2

N2

K̄ij l(yi0 , yj0 ) − l(yi0 , yj )

For the first term, using Cauchy-Schwartz (in R

i,j=1

N
X

Now starting from the definition and using the triangle inequality:

≤ |Kij | +

K̄ij = Kij −

where Kij = k(xi , xj ), Lij = l(yi , yj ), L0ij = l(yi0 , yj0 ) and K̄ := HKH with Hij = δij − N −1 .
First, note that |Kij | ≤ C implies that K̄ij ≤ 4C:

\
\
HSIC(x,
y) − HSIC(x,
y 0 ) = (N − 1)−2

Proof From (27) it follows that:
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but on the other hand,

(N )

N →∞

lim EDN

N →∞

50

N
1 X
f (Xn ) − f˜(Xn ; DN )
N n=1

(N )

2

= 1.

(N )

, Xi + ∆i

]
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(N )

where the ∆i should be chosen such that ∆i ≤ N −2 and that the intervals [Xi − ∆i
are disjoint. Then, we have that

2
= 0,
lim EDN EX f (X) − f˜(X; DN )

22. Here is a counterexample. Suppose that regression method fˆ satisfies properties (29) and (28) and that
X has bounded density. Given a smooth function φ : R → R with support ⊂ [−1, 1], 0 ≤ φ(x) ≤ 1,
and φ(0) = 1, we now construct a modified sequence of estimated regression functions f˜( · ; DN ) that is
defined as follows:
!
N
X
x − Xi
,
f˜(x; DN ) := fˆ(x; DN ) +
φ
(N )
∆i
i=1

However, property (29) does not necessarily follow from (28).22 One would expect that
asymptotic results on the training error would actually be easier to obtain than results on

n=1

Many popular nonparametric regression methods have been shown to be weakly universally
consistent (see e.g., Györfi et al., 2002). One might expect naı̈vely that if the expected risk
goes to zero, then also the expected training error should vanish asymptotically:
!
N
2
1 X
lim EDN
f (Xn ) − fˆ(Xn ; DN )
= 0.
(29)
N →∞
N

A regression method is called weakly universally consistent if it is weakly consistent for
all distributions PX,Y with finite second moment of Y , i.e., with EY (Y 2 ) < ∞.

N →∞

Definition 17 Let (X1 , Y1 ), (X2 , Y2 ), . . . be i.i.d. according to PX,Y . Defining training data
sets DN = {(Xn , Yn )}N
n=1 for N = 2, 3, . . . , and writing EDN for the expectation value when
averaging over DN , a sequence of estimated regression functions fˆ(·; DN ) is called weakly
consistent for a certain distribution PX,Y if

2
lim EDN EX f (X) − fˆ(X; DN )
= 0.
(28)

Note that the risk is a random variable that depends on the training data DN .
If the expected risk converges to zero as the number of training points increases, the
regression method is called “weakly consistent”. More precisely, following Györfi et al.
(2002):

The risk (also called “generalization error”), i.e., the expected L2 error on an independent
test datum, is defined as:
Z
2
2
f (x) − fˆ(x; DN ) dPX (x).
EX f (X) − fˆ(X; DN ) =

n=1

N
2
1 X
f (xn ) − fˆ(xn ; DN ) .
N

error on the training data (also called “training error”) is defined as:
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generalization error. One result that we found in the literature is Lemma 5 in Kpotufe et al.
(2014), which states that a certain box kernel regression method satisfies (29) under certain
assumptions on the distribution PX,Y . The reason that we bring this up at this point is
that property (29) allows to prove consistency even when one uses the same data for both
regression and independence testing (see also Lemma 19).
From now on, we will always consider the following setting. Let (X̃1 , Ỹ1 ), (X̃2 , Ỹ2 ), . . .
be i.i.d. according to some joint distribution
We distinguish two different scenarios:
PX,Y .

• “Data splitting”: using half of the data for training, and the other half of the data for
testing. In particular, we define Xn := X̃2n−1 , Yn := Ỹ2n−1 , Xn0 := X̃2n and Yn0 := Ỹ2n
for n = 1, 2, . . . .
• “Data recycling”: using the same data both for regression and for testing. In particular, we define Xn := X̃n , Yn := Ỹn , Xn0 := X̃n and Yn0 := Ỹn for n = 1, 2, . . . .

(30)

In both scenarios, for N = 1, 2, . . . , we define a sequence of training data sets DN :=
N
0 := {(X 0 , Y 0 )}N
{(Xn , Yn )}n=1
(for the regression) and a sequence of test data sets DN
n n n=1
(for testing independence of residuals). Note that in the data recycling scenario, training
and test data are identical, whereas in the data splitting scenario, training and test data
are independent.
Define a random variable (the “residual”)
E := Y − f (X) = Y − E(Y | X),
and its vector-valued versions on the test data:

0
0
E...N
:= Y10 − f (X10 ), . . . , YN0 − f (XN
) ,

(32)

(31)

called the true residuals. Using a regression method, we obtain an estimate fˆ(x; DN ) for
the regression function f (x) = E(Y | X = x) from the training data DN . We then define an
estimate of the vector-valued version of E on the test data:

0
0
Ê...N
:= Y10 − fˆ(X10 ; DN ), . . . , YN0 − fˆ(XN
; DN ) ,

called the predicted residuals.

1
0
0
Ê...N
− E...N
N

2

= 0.

Definition 18 We call the regression method suitable for regressing Y on X if the mean
squared error between true and predicted residuals vanishes asymptotically in expectation:


0
lim EDN ,DN

N →∞

0 .
Here, the expectation is taken over both training data DN and test data DN
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Lemma 19 In the data splitting case, any regression method that is weakly consistent for
PX,Y is suitable. In the data recycling case, any regression method satisfying property (29)
is suitable.
51

1
0
0
Ê...N
− E...N
N

n=1

2



=

N
1 X ˆ 0
f (Xn ; DN ) − f (Xn0 )
N

.

N


1 X
Yn0 − fˆ(Xn0 ; DN ) − Yn0 − f (Xn0 )
N
n=1
!

2

2

!

=
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Proof Simply rewriting:

lim E

N →∞

lim E
N →∞

0
lim EDN ,DN

N →∞

Therefore, (32) reduces to (28) in the data splitting scenario (where each Xn0 is an independent copy of X), and reduces to (29) in the data recycling scenario (where Xn0 = Xn ).

In particular, if E(X 2 ) < ∞ and E(Y 2 ) < ∞, any weakly universally consistent regression
method is suitable both for regressing X on Y and Y on X in the data splitting scenario.
A.3 Consistency of ANM-HSIC

We can now prove our main result, stating that the empirical HSIC calculated from the
test set inputs and the predicted residuals on the test set (using the regression function
estimated from the training set) converges in probability to the population HSIC of the
true inputs and the true residuals:

≤



32λC
√
N

2

0
0
Ê...N
− E...N

2

,

Theorem 20 Let X, Y ∈ R be two random variables with joint distribution PX,Y . Let
k, l : R × R → R be two bounded non-negative kernels and assume that l is Lipschitz
0
continuous. Suppose we are given sequences of training data sets DN and test data sets DN
(in either the data splitting or the data recycling scenario described above). Suppose we use
a suitable regression procedure (c.f. Lemma 19), to obtain a sequence fˆ(x; DN ) of estimates
of the regression function E(Y | X = x) from the training data. Defining the true residual
0
E by (30), and the predicted residuals Ê...N
on the test data as in (31), then, for N → ∞:

2

P
0
0
\k,l (X...N
HSIC
, Ê...N
) → HSICk,l (X, E).

Proof We start by applying Lemma 16:

0
0
0
0
\ ...N
\ ...N
HSIC(X
, Ê...N
) − HSIC(X
, E...N
)

L
0
0
0
0
\ ...N
\ ...N
HSIC(X
, Ê...N
) − HSIC(X
, E...N
) →2 0.

0
0
0
0
\ ...N
\ ...N
0
lim EDN ,DN
HSIC(X
, Ê...N
) − HSIC(X
, E...N
)
N →∞

2

= 0,

where λ and C are constants. From the suitability of the regression method, (32), it therefore
follows that

i.e.,
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As convergence in L2 implies convergence in probability (see, e.g, Wasserman, 2004),

P
0
0
0
0
\ ...N
\ ...N
HSIC(X
, Ê...N
) − HSIC(X
, E...N
) → 0.
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ĈY →X :=

P
0
0
\l,k (Y...N
HSIC
, ÊX (DN
; DN )) →

HSICl,k (Y, EX ),
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with estimates fˆY (x; DN ), fˆX (y; DN ) of the regression functions E(Y | X = x), E(X | Y = y)
from the training data DN .
Because PX,Y satisfies an Additive Noise Model only in one of the two directions, this implies that either HSICk,l (X, EY ) = 0 and HSICl,k (Y, EX ) > 0 (corresponding with X → Y ),
or HSICk,l (X, EY ) > 0 and HSICl,k (Y, EX ) = 0 (corresponding with Y → X). Therefore
the test procedure is consistent.


0
0
ÊY (DN
; DN ) := Y10 − fˆY (X10 ; DN ), . . . , YN0 − fˆY (XN
; DN ) ,

0
0
ÊX (DN
; DN ) := X10 − fˆX (Y10 ; DN ), . . . , XN
− fˆX (YN0 ; DN ) ,

where the predicted residuals are defined by

and similarly

P
0
0
\k,l (X...N
ĈX→Y := HSIC
, ÊY (DN
; DN )) → HSICk,l (X, EY ),

Proof Define “population residuals” EY := Y − E(Y | X) and EX := X − E(X | Y ).
Note that PX,Y satisfies a bivariate Additive Noise Model X → Y if and only if EY ⊥
⊥X
(c.f. Lemma 7). Further, by Lemma 12, we have HSICk,l (X, EY ) = 0 if and only if
X⊥
⊥ EY . Similarly, PX,Y satisfies a bivariate Additive Noise Model Y → X if and only if
HSICl,k (Y, EX ) = 0.
Now, by Theorem 20,

Corollary 21 Let X, Y be two real-valued random variables with joint distribution PX,Y
that either satisfies an Additive Noise Model X → Y , or Y → X, but not both. Suppose
0 (in either the data
we are given sequences of training data sets DN and test data sets DN
splitting or the data recycling scenario). Let k, l : R × R → R be two bounded non-negative
Lipschitz-continuous kernels such that their product k · l is characteristic. If the regression
procedure used in Algorithm 1 is suitable for both PX,Y and PY,X , then Algorithm 1 with
score (6) is a consistent procedure for estimating the direction of the Additive Noise Model.

We are now ready to show that Algorithm 1 with score (6) (which is the special case
k = l) is consistent.

Hence, by taking sums (see e.g., Theorem 5.5 in Wasserman, 2004), we arrive at the desired
statement.

P
0
0
\ ...N
HSIC(X
, E...N
) → HSIC(X, E).

From the consistency of the empirical HSIC, Corollary 15:
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PN

i=1

(33)

1
1
log(2πe) + log Var(Y − E(Y | X)).
2
2

Likelihood

54

(35)
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N

N
1
1 X
1
log(2πσ 2 ) + 2
(yi − fi )2 + f T K −1 f + log | det I + σ −2 K | .
2
2σ
2
2
|
{z
}
|
{z i=1
}
P enalty

− log L(f , σ 2 ; y, K) :=

Lemma 22 Let Kθ (x) be the kernel matrix (abbreviated as K) and define a negative penalized log-likelihood as:

The following Lemma shows that standard Gaussian Process regression can be interpreted as a penalized maximum likelihood optimization.

ĈX→Y = log Var(X) + log Var(Y − fˆY (X)).

This means that the score (11) considered by Friedman and Nachman (2000) is closely
related to the Gaussian score (10) for X → Y :

H(Y − E(Y | X)) =

Note that (33) is an empirical estimator of the entropy of a Gaussian with variance Var(X),
up to a factor N :
1
1
H(X) = log(2πe) + log Var(X).
2
2
We will show that (34) is closely related to an empirical estimator of the entropy of the
residuals Y − E(Y | X):

with x̄ :=
i=1 xi , and the negative log marginal likelihood of a GP model for the
outputs, given the inputs:

min − log N (y | 0, Kθ (x) + σ 2 I)
θ,σ 2


(34)
N
1
= min
log(2π) + log | det(Kθ (x) + σ 2 I)| + y T (Kθ (x) + σ 2 I)−1 y .
2
2
2
θ,σ

1
N

It is a sum of the negative log likelihood of a Gaussian model for the inputs:

min − log N (x | µ1, τ 2 I)
µ,τ 2
!
N
1 X
N
2
2
log(2πτ ) + 2
= min
(xi − µ)
2
2τ
µ,τ 2
i=1
!
N
N
1 X
N
log(2πe) +
log
=
(xi − x̄)2
2
2
N

µ,τ 2 ,θ,σ 2

For the special case of an Additive Noise Model X → Y , the empirical-Bayes score proposed
by Friedman and Nachman (2000) is given in (11):

ĈX→Y = min − log N (x | µ1, τ 2 I) − log N (y | 0, Kθ (x) + σ 2 I) .

Appendix B. Relationship Between Scores (10) and (11)
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f
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Minimizing with respect to f yields a minimum at

fˆσ,θ = argmin − log L(f , σ 2 ; y, Kθ ) = Kθ (Kθ + σ 2 I)−1 y,

f

and the value at the minimum is given by

min − log L(f , σ 2 ; y, Kθ ) = − log L(fˆσ,θ , σ 2 ; y, Kθ ) = − log N (y | 0, Kθ + σ 2 I).

−1/2

(2π)N/2 .

(36)

(37)

(39)

(38)

Proof Because B(A−1 + B −1 )A = A + B for invertible (equally-sized square) matrices
A, B, the following identity holds:
(A−1 + B −1 )−1 = A(A + B)−1 B.
Substituting A = K and B = σ 2 I, we obtain directly that
(K −1 + σ −2 I)−1 = K(K + σ 2 I)−1 σ 2 .



By taking log-determinants, it also follows that

log | det K| + log | det(K −1 + σ −2 I)| = log | det I + σ −2 K |.
Therefore, we can rewrite (35) as follows:

L(f , σ 2 ; y, K) = N (f |0, K)N (y − f |0, σ 2 I) det K −1 + σ −2 I

Equation (A.7) in Rasmussen and Williams (2006) for the product of two Gaussians
states that
N (x|a, A)N (x|b, B) = N (a|b, A + B)N (x|c, C),

fˆσ,θ := Kθ (Kθ + σ 2 I)−1 y.



−1/2

(2π)N/2 .

N (f |0, K)N (y − f |0, σ 2 I) = N (y | 0, K + σ 2 I)N (f |fˆ, (K −1 + σ −2 I)−1 ),

where C = (A−1 + B −1 )−1 and c = C(A−1 a + B −1 b). Substituting x = f , a = 0, A = K,
b = y, and B = σ 2 I, and using (38), this gives:

where

Therefore, we can rewrite (39) as:

= N (y | 0, K + σ 2 I)N (f |fˆ, (K −1 + σ −2 I)−1 ) det K −1 + σ −2 I

L(f , σ 2 ; y, K)

JMLR 17(32):1-102

It is now obvious that the penalized likelihood is maximized for f = fˆσ,θ (for fixed
hyperparameters σ, θ) and that at the maximum, it has the value
L(fˆσ,θ , σ 2 ; y, Kθ ) = N (y | 0, Kθ + σ 2 I).
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N log(2πσ 2 ) +

i=1

N

1 X
T
(yi − (fˆσ,θ )i )2 + fˆσ,θ
Kθ−1 fˆσ,θ + log | det I + σ −2 Kθ |
σ2

!

Note that the estimated function (36) is identical to the mean posterior GP, and the value
(37) is identical to the negative logarithm of the marginal likelihood (evidence) of the data
according to the GP model (Rasmussen and Williams, 2006).
Making use of Lemma 22, the conditional part (34) in score (11) can be rewritten as:
σ 2 ,θ

1
2


min − log N (y | 0, Kθ + σ 2 I)
σ 2 ,θ

= min

Likelihood term

N

N
1
1
1 X
=
log(2πσ̂ 2 ) +
(yi − (fˆ)i )2 + fˆT K −1 fˆ + log | det I + σ̂ −2 Kθ̂ |,
θ̂
2
2σ̂ 2
2 {z
}
|2
{z i=1
}
|
Complexity penalty

where fˆ := fˆσ̂,θ̂ for the minimizing (σ̂, θ̂). If the complexity penalty is small compared to

.

!

the likelihood term around the optimal values (σ̂, θ̂), we can approximate:
σ 2 ,θ


min − log N (y | 0, Kθ + σ 2 I)

i=1

N
N
1 X
log(2πσ̂ 2 ) + 2
(yi − fˆi )2
≈
2
2σ̂

i=1

i=1

N
1 X
(yi − fˆi )2
N

!

N
N
1 X
log(2πσ 2 ) + 2
(yi − fˆi )2
2
2σ

N
N
log(2πe) +
log
2
2

σ2

≈ min
=

This shows that there is a close relationship between the two scores (11) and (10).

Appendix C. Details on the Simulated Data

Here we give more details on how the data were simulated. The simulated data itself is
provided as supplementary material on the first author’s website.

C.1 Sampling from a Random Density

JMLR 17(32):1-102

We first describe how we sample from a random density. First, we sample X ∈ RN from a
standard-normal distribution:
X ∼ N (0N , IN ),
−
→
and define X to be the vector that is obtained by sorting X in ascending order. Then, we
−
→
sample a realization F of a Gaussian Process with inputs X, using a kernel with hyperparameters θ and white noise with standard deviation σ:

−
→
F ∼ N (0, Kθ (X) + σ 2 I),

56

EZ ∼ RD(WEZ , τ )

X

,SEZ ) ((EX , EZ ))

+ τ 2 I)

Y

Y ∼ N (0, K(SX ,SE

SEZ ∼ Γ(aSEZ , bSEZ )

SEY ∼ Γ(aSEY , bSEY )

SX ∼ Γ(aSX , bSX )
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,SEZ ) ((X, EY , EZ ))

+ τ 2 I)
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and then we standardize X. Then, we sample Y from a GP with inputs (X, EY , EZ ) ∈
RN ×3 :

X ∼ N (0, K(SE

SEZ ∼ Γ(aSEZ , bSEZ )

SEX ∼ Γ(aSEX , bSEX )

and then we standardize Y .
If there is a confounder, we sample X from a GP with inputs (EX , EZ ) ∈ RN ×2 :

Y

Y ∼ N (0, K(SX ,SE ) ((X, EY )) + τ 2 I)

SEY ∼ Γ(aSEY , bSEY )

SX ∼ Γ(aSX , bSX )

and then we standardize X. Then, we sample Y from a GP with inputs (X, EY ) ∈ RN ×2 :

X ∼ N (0, KSEX (EX ) + τ 2 I)

SEX ∼ Γ(aSEX , bSEX )

where each noise variable has a random characteristic length scale. We then standardize
each noise sample EX , EY and EZ .
If there is no confounder, we sample X from a GP with inputs EX :

EY ∼ RD(WEX , τ )

WEZ ∼ Γ(aWEZ , bWEZ )

WEY ∼ Γ(aWEY , bWEY )

EX ∼ RD(WEX , τ )

WEX ∼ Γ(aWEX , bWEX )

We simulate cause-effect pairs as follows. First, we sample three noise variables:

C.2 Sampling Cause-Effect Pairs

G ∼ RD(θ, σ).

We will denote this whole sampling procedure by:

−
→
−
→
where Kθ (X) is the Gram matrix for X using kernel kθ . We use the trapezoidal rule
to calculate the cumulative integral of the function eF : R → R that linearly interpolates
−
→
the points (X, exp(F )). In this way, we obtain a vector G ∈ RN where each element Gi
→
R−
Xi F
corresponds to −
→ e (x) dx. As covariance function, we used the Gaussian kernel:
X1
!
D
X
(xi − x0i )2
kθ (x, x0 ) = exp −
.
θi2
i=1
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(aWEX , bWEX )
(5, 0.1)
(5, 0.1)
(5, 0.1)
(106 , 10−3 )

(aSEX , bSEX )
(2, 1.5)
(2, 1.5)
(2, 1.5)
(106 , 10−3 )

(aSEY , bSEY )
(2, 15)
(2, 15)
(2, 300)
(2, 15)

(aSMX , bSMX )
(2, 0.1)
(2, 0.1)
(2, 0.01)
(2, 0.1)

(aSMY , bSMY )
(2, 0.1)
(2, 0.1)
(2, 0.01)
(2, 0.1)
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23. The introduction of this section and the descriptions of these 8 pairs are heavily based on Mooij and
Janzing (2010).

The CauseEffectPairs benchmark set described here is an extension of the collection of
the eight data sets that formed the CauseEffectPairs task in the Causality Challenge
#2: Pot-Luck competition (Mooij and Janzing, 2010) that was performed as part of the
NIPS 2008 Workshop on Causality (Guyon et al., 2010).23 Here we describe version 1.0
of the CauseEffectPairs benchmark, which consists of 100 “cause-effect pairs”, each
one consisting of samples of a pair of statistically dependent random variables, where one
variable is known to cause the other one. The task is to identify for each pair which of the
two variables is the cause and which one the effect, using the observed samples only. The
data are publicly available at Mooij et al. (2014).
The data sets were selected such that we expect common agreement on the ground
truth. For example, the first pair consists of measurements of altitude and mean annual
temperature of more than 300 weather stations in Germany. It should be obvious that
altitude causes temperature rather than the other way around. Even though part of the

Appendix D. Description of the CauseEffectPairs Benchmark

We considered the four scenarios in Table 3: SIM, a scenario without confounders; SIM-c,
a similar scenario but with one confounder; SIM-ln, a scenario with low noise levels (for
which we expect IGCI to perform well); SIM-G, a scenario with a distribution of X that is
almost Gaussian. We used N = 1000 samples for each pair, and simulated 100 cause-effect
pairs for each scenario.

Y ← Y + MY

2
MY ∼ N (0, SM
I)
Y

SMY ∼ Γ(aSMY , bSMY )

X ← X + MX

2
MX ∼ N (0, SM
I)
X

SMX ∼ Γ(aSMX , bSMX )

and then we standardize Y .
Finally, we add measurement noise:

Table 3: Parameter settings used to simulate cause-effect pairs for four scenarios. SIM-c
has a confounder, the other scenarios have no confounders. The common parameters for
the four scenarios are: τ = 10−4 , (aW nEY , bWEY ) = (5, 0.1), (aWEZ , bWEZ ) = (5, 0.1),
(aSEZ , bSEZ ) = (2, 15), (aSX , bSX ) = (2, 15).

Scenario
SIM
SIM-c
SIM-ln
SIM-G

Mooij, Peters, Janzing, Zscheischler and Schölkopf
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statistical dependences may also be due to hidden common causes and selection bias, we
expect that there is a significant cause-effect relation between the two variables in each pair,
based on our understanding of the data generating process.
The best way to decide upon the ground truth of the causal relationships in the systems
that generated the data would be by performing interventions on one of the variables and
observing whether the intervention changes the distribution of the other variable. Unfortunately, these interventions cannot be performed in practice for many of the existing pairs
because the original data-generating system is no longer available, or because of other practical reasons. Therefore, we have selected data sets in which the causal direction should
be clear from the meanings of the variables and the way in which the data were generated. Unfortunately, for many data sets that are publicly available, it is not always clearly
documented exactly how the variables are defined and measured.
In selecting the cause-effect pair data sets, we applied the following criteria:
• The minimum number of samples per pair should be a few hundred;
• The variables should have values in Rd for some d = 1, 2, 3, . . . ;
• There should be a significant cause–effect relationship between the two variables;
• The direction of the causal relationship should be known or obvious from the meaning
of the variables.

Variable 1
Altitude
Altitude
Longitude
Altitude
Age
Age
Age
Age
Age
Age
Age
Age
Displacement
Horse power
Weight
Horsepower
Age
Age
Current duration
Latitude
Longitude
Age
Age
Age

Variable 2
Temperature
Precipitation
Temperature
Sunshine hours
Length
Shell weight
Diameter
Height
Whole weight
Shucked weight
Viscera weight
Wage per hour
Fuel consumption
Fuel consumption
Fuel consumption
Acceleration
Dividends from stocks
Concentration GAG
Next interval
Temperature
Precipitation
Height
Weight
Heart rate

Data Set
D.1
D.1
D.1
D.1
D.2
D.2
D.2
D.2
D.2
D.2
D.2
D.3
D.4
D.4
D.4
D.4
D.3
D.5
D.6
D.1
D.1
D.7
D.7
D.7

Weight
1/6
1/6
1/6
1/6
1/7
1/7
1/7
1/7
1/7
1/7
1/7
1/2
1/4
1/4
1/4
1/4
1/2
1
1
1/6
1/6
1/3
1/3
1/3
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Ground Truth
→
→
→
→
→
→
→
→
→
→
→
→
→
→
→
→
→
→
→
→
→
→
→
→

Version 1.0 of the CauseEffectPairs collection consists of 100 pairs satisfying these
criteria, taken from 37 different data sets from different domains. We refer to these pairs
as pair0001, . . . , pair00100. Table 4 gives an overview of the cause-effect pairs. In the
following subsections, we describe the cause-effect pairs in detail, and motivate our decisions
on the causal relationships present in the pairs. We provide a scatter plot for each pair,
where the horizontal axis corresponds with the cause, and the vertical axis with the effect.
For completeness, we describe all the pairs in the data set, including those that have been
described before in Mooij and Janzing (2010).
Pair
pair0001
pair0002
pair0003
pair0004
pair0005
pair0006
pair0007
pair0008
pair0009
pair0010
pair0011
pair0012
pair0013
pair0014
pair0015
pair0016
pair0017
pair0018
pair0019
pair0020
pair0021
pair0022
pair0023
pair0024
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(Table continues on next page)

Pair
pair0025
pair0026
pair0027
pair0028
pair0029
pair0030
pair0031
pair0032
pair0033
pair0034
pair0035
pair0036
pair0037
pair0038
pair0039
pair0040
pair0041
pair0042
pair0043
pair0044
pair0045
pair0046
pair0047
pair0048
pair0049
pair0050
pair0051
pair0052
pair0053
pair0054
pair0055
pair0056
pair0057
pair0058
pair0059
pair0060
pair0061
pair0062
pair0063
pair0064
pair0065
pair0066
pair0067
pair0068
pair0069
pair0070
pair0071
pair0072
pair0073
pair0074
pair0075
pair0076
pair0077
pair0078
pair0079
pair0080
pair0081
pair0082
pair0083
pair0084
pair0085
pair0086
pair0087
pair0088
pair0089
pair0090
pair0091
pair0092
pair0093
pair0094
pair0095
pair0096
pair0097
pair0098
pair0099
pair0100

Variable 2
Compressive strength
Compressive strength
Compressive strength
Compressive strength
Compressive strength
Compressive strength
Compressive strength
Compressive strength
Mean corpuscular volume
Alkaline phosphotase
Alanine aminotransferase
Aspartate aminotransferase
Gamma-glutamyl transpeptidase
Body mass index
Serum insulin
Diastolic blood pressure
Plasma glucose concentration
Temperature
Temperature at t + 1
Surface pressure at t + 1
Sea level pressure at t + 1
Relative humidity at t + 1
Type of day
Outdoor temperature
Temperature
Temperature
Temperature
(Temp, Press, SLP, RH)
(Wind speed, Radiation, Temp.)
(Fuel consumption, Acceleration)
Radiation (16-dim.)
Latitude of capital
Latitude of capital
Latitude of capital
Latitude of capital
Latitude of capital
Latitude of capital
Latitude of capital
Latitude of capital
Infant mortality
Stock return of HSBC Hldgs
Stock return of Cheung kong
Stock return of Sun Hung Kai Prop.
Open http connections
Outside temperature
Answer
Classification of disease (2-dim.)
Global mean temperature
Energy use
Life expectancy
GNI per capita
Food consumption growth
Solar radiation
Net Ecosystem Productivity
Diffuse PPFD
Direct PPFD
Local CO2 flux, BE-Bra
Local CO2 flux, DE-Har
Local CO2 flux, US-PFa
Population
Protein content of milk
Monthly rent
Total snow
Relative spinal bone mineral density
Root decomposition in Apr
Root decomposition in Apr
soil moisture
Clay content in soil
Runoff
Temperature
Electricity consumption
Electricity consumption
Final speed
Final speed
Social-economic status family
Performance

Data Set
D.8
D.8
D.8
D.8
D.8
D.8
D.8
D.8
D.9
D.9
D.9
D.9
D.9
D.10
D.10
D.10
D.10
D.11
D.12
D.12
D.12
D.12
D.13
D.14
D.15
D.15
D.15
D.12
D.16
D.4
D.15
D.17
D.17
D.17
D.17
D.17
D.17
D.17
D.17
D.17
D.18
D.18
D.18
D.19
D.20
D.21
D.22
D.23
D.17
D.17
D.17
D.24
D.11
D.25
D.25
D.25
D.26
D.26
D.26
D.27
D.28
D.29
D.30
D.31
D.32
D.32
D.32
D.32
D.33
D.34
D.34
D.34
D.35
D.35
D.36
D.37

Ground Truth
→
→
→
→
→
→
→
→
→
→
→
→
→
→
→
→
→
→
→
→
→
→
←
←
←
←
←
←
←
→
←
←
←
←
←
←
←
←
←
→
→
→
→
←
←
→
→
→
←
→
←
→
←
→
←
←
→
→
→
←
→
→
→
→
←
←
→
←
→
→
→
→
→
→
←
→
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Variable 1
Cement
Blast furnace slag
Fly ash
Water
Superplasticizer
Coarse aggregate
Fine aggregate
Age
Alcohol consumption
Alcohol consumption
Alcohol consumption
Alcohol consumption
Alcohol consumption
Age
Age
Age
Age
Day of the year
Temperature at t
Surface pressure at t
Sea level pressure at t
Relative humidity at t
Number of cars
Indoor temperature
Ozone concentration
Ozone concentration
Ozone concentration
(Temp, Press, SLP, Rh)
Ozone concentration
(Displ., Horsepower, Weight)
Ozone concentration (16-dim.)
Fem. life expectancy, 2000–2005
Fem. life expectancy, 1995–2000
Fem. life expectancy, 1990–1995
Fem. life expectancy, 1985–1990
Male life expectancy, 2000–2005
Male life expectancy, 1995–2000
Male life expectancy, 1990–1995
Male life expectancy, 1985–1990
Drinking water access
Stock return of Hang Seng Bank
Stock return of Hutchison
Stock return of Cheung kong
Bytes sent
Inside temperature
Parameter
Symptoms (6-dim.)
Sunspots
CO2 emissions
GNI per capita
Under-5 mortality rate
Population growth
Temperature
PPFD
Net Ecosystem Productivity
Net Ecosystem Productivity
Temperature
Temperature
Temperature
Employment
Time of measurement
Size of apartment
Temperature
Age
Root decomposition in Oct
Root decomposition in Oct
Clay content in soil
Organic carbon in soil
Precipitation
Hour of the day
Hour of the day
Temperature
Initial speed
Initial speed
Language test score
Cycle time of CPU

Weight
1/8
1/8
1/8
1/8
1/8
1/8
1/8
1/8
1/5
1/5
1/5
1/5
1/5
1/4
1/4
1/4
1/4
1/2
1/4
1/4
1/4
1/4
1
1
1/3
1/3
1/3
0
0
0
0
1/12
1/12
1/12
1/12
1/12
1/12
1/12
1/12
1/12
1/3
1/3
1/3
1
1
1
0
1
1/12
1/12
1/12
1
1/2
1/3
1/3
1/3
1/3
1/3
1/3
1
1
1
1
1
1/4
1/4
1/4
1/4
1
1/3
1/3
1/3
1/2
1/2
1
1
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Table 4: Overview of the pairs in version 1.0 of the CauseEffectPairs benchmark.
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pair0020: Latitude → Temperature
Moving a thermometer towards the equator will generally result in an increased mean
annual temperature. Changing the temperature, on the other hand, does not necessarily
result in a north-south movement of the thermometer. The obvious ground truth of latitude
causing temperature might be somewhat “confounded” by longitude, in combination with
the selection bias that arises from only including weather stations in Germany.

Sunshine duration and altitude are slightly positively correlated. Possible explanations are
that higher weather stations are sometimes above low-hanging clouds. Cities in valleys,
especially if they are close to rivers or lakes, typically have more misty days. Moving a
sunshine sensor above the clouds clearly increases the sunshine duration whereas installing
an artificial sun would not change the altitude. The causal influence from altitude to sunshine duration can be confounded, for instance, by the fact that there is a simple statistical
dependence between altitude and longitude in Germany as explained earlier.

pair0004: Altitude → Sunshine Hours

To detect the causal relation between longitude and temperature, a hypothetical intervention could be to move a thermometer between West and East. Even if one would adjust
for altitude and latitude, it is unlikely that temperature would remain the same since the
climate in the West is more oceanic and less continental than in the East of Germany.
Therefore, longitude causes temperature.

pair0003: Longitude → Temperature

It is known that altitude is also an important factor for precipitation since rain often occurs
when air is forced to rise over a mountain range and the air becomes over-saturated with
water due to the lower temperature (orographic rainfall). This effect defines an indirect
causal influence of altitude on precipitation via temperature. These causal relations are,
however, less simple than the causal influence from altitude to temperature because gradients of the altitude with respect to the main direction of the wind are more relevant than
the altitude itself. A hypothetical intervention that would allow us to validate the causal
relation could be to build artificial mountains and observe orographic rainfall.

pair0002: Altitude → Precipitation

One potential confounder is latitude, since all mountains are in the south and far from
the sea, which is also an important factor for the local climate. The places with the highest
average temperatures are therefore those with low altitude but lying far in the south. Hence
this confounder should induce positive correlations between altitude and temperature as
opposed to the negative correlation between altitude and temperature that is observed
empirically. This suggests that the direct causal relation between altitude and temperature
dominates over the confounder.
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As an elementary fact of meteorology, places with higher altitude tend to be colder than
those that are closer to sea level (roughly 1 centigrade per 100 meter). There is no doubt that
altitude is the cause and temperature the effect: one could easily think of an intervention
where the thermometer is lifted (e.g., by using a balloon) to measure the temperature at a
higher point of the same longitude and latitude. On the other hand, heating or cooling a
location usually does not change its altitude (except perhaps if the location happens to be
the space enclosed by a hot air balloon, but let us assume that the thermometers used to
gather this data were fixed to the ground). The altitudes in the DWD data set range from
0 m to 2960 m, which is sufficiently large to detect significant statistical dependences.

pair0001: Altitude → Temperature

Figure 18: Scatter plots of pairs from D.1. pair0001: altitude → temperature, pair0002:
altitude → precipitation, pair0003: longitude → temperature, pair0004: altitude → sunshine hours, pair0020: latitude → temperature, pair0021: longitude → precipitation.

pair0002

pair0001

The DWD climate data were provided by the Deutscher Wetterdienst (DWD). We downloaded the data from http://www.dwd.de and merged several of the original data sets to
obtain data for 349 weather stations in Germany, selecting only those weather stations
without missing data. After merging the data sets, we selected the following six variables:
altitude, latitude, longitude, and annual mean values (over the years 1961–1990) of sunshine duration, temperature and precipitation. We converted the latitude and longitude
variables from sexagesimal to decimal notation. Out of these six variables, we selected
six different pairs with “obvious” causal relationships: altitude–temperature (pair0001),
altitude–precipitation (pair0002), longitude–temperature (pair0003), altitude–sunshine
hours (pair0004), latitude–temperature (pair0020), longitude–precipitation (pair0021).

D.1 DWD

Distinguishing Cause from Effect

Distinguishing Cause from Effect

pair0021: Longitude → Precipitation
As the climate in the West is more oceanic and less continental than in the East of Germany, we expect there to be a relationship between longitude and precipitation. Changing
longitude by moving in East-West direction may therefore change precipitation, even if one
would adjust for altitude and latitude. On the other hand, making it rain locally (e.g., by
cloud seeding) will not result in a change in longitude.
D.2 Abalone

pair0010

pair0006

pair0011

pair0007

pair0008

The Abalone data set (Nash et al., 1994) in the UCI Machine Learning Repository (Bache
and Lichman, 2013) contains 4177 measurements of several variables concerning the sea snail
Abalone. We downloaded the data from https://archive.ics.uci.edu/ml/datasets/
Abalone. The original data set contains the nine variables sex, length, diameter, height,
whole weight, shucked weight, viscera weight, shell weight and number of rings. The number of rings in the shell is directly related to the age of the snail: adding 1.5 to the number of rings gives the age in years. Of these variables, we selected six pairs with obvious cause-effect relationships: age–length (pair0005), age–shell weight (pair0006), age–
diameter (pair0007), age–height (pair0008), age–whole weight (pair0009), age–shucked
weight (pair0010), age–viscera weight (pair0011).

pair0005

pair0009

Figure 19: Scatter plots of pairs from D.2. pair0005: age → length, pair0006: age →
shell weight, pair0007: age → diameter, pair0008: age → height, pair0009: age → whole
weight, pair0010: age → shucked weight, pair0011: age → viscera weight.
pair0005–pair0011: Age → {Length, Shell Weight, Diameter, Height,
Whole/Shucked/Viscera Weight}
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For the variable “age” it is not obvious what a reasonable intervention would be since
there is no possibility to change the time. However, waiting and observing how variables
63
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change over time can be considered as equivalent to the hypothetical intervention on age
(provided that the relevant background conditions do not change too much). Clearly, this
“intervention” would change the probability distribution of the length, whereas changing
the length of snails (by surgery) would not change the distribution of age (assuming that
the surgery does not take years). Regardless of the difficulties of defining interventions, we
expect common agreement on the ground truth: age causes all the other variables related
to length, diameter height and weight.
There is one subtlety that has to do with how age is measured for these shells: this
is done by counting the rings. For the variable “number of rings” however, changing the
length of the snail may actually change the number of rings. We here presume that all
snails have undergone their natural growing process so that the number of rings is a good
proxy for the variable age.
D.3 Census Income KDD

pair0017

The Census Income (KDD) data set (U.S. Department of Commerce, 1994) in the UCI
Machine Learning Repository (Bache and Lichman, 2013) has been extracted from the
1984 and 1985 U.S. Census studies. We downloaded the data from https://archive.ics.
uci.edu/ml/datasets/Census-Income+(KDD). We have selected the following variables:
AAGE (age), AHRSPAY (wage per hour) and DIVVAL (dividends from stocks).

pair0012

Figure 20: Scatter plots of pairs from D.3. pair0012: age → wage per hour, pair0017:
age → dividends from stocks.
pair0012: Age → Wage Per Hour
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We only used the first 5000 instances for which wage per hour was not equal to zero. The
data clearly shows an increase of wage up to about 45 and a decrease for higher age.
As already argued for the Abalone data, interventions on the variable “age” are difficult
to define. Compared to the discussion in the context of the Abalone data set, it seems
more problematic to consider waiting as a reasonable “intervention” here, since the relevant
(economical) background conditions change rapidly compared to the length of the human
life: If someone’s salary is higher than the salary of a 20 year younger colleague because
of his/her longer job experience, we cannot conclude that the younger colleague will earn
the same money 20 years later as the older colleague earns now. Possibly, the factory or
even the branch of industry he/she was working in does not exist any more and his/her job
experience is no longer appreciated. However, we know that employees sometimes indeed do
get a higher income because of their longer job experience. Pretending longer job experience
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Displacement is the total volume of air/fuel mixture an engine can draw in during one
complete engine cycle. The larger the displacement, the more fuel the engine can consume
with every turn. Intervening on displacement (e.g., by increasing the cylinder bore) changes
the fuel consumption. Changing the fuel consumption (e.g., by increasing the weight of the

pair0013: Displacement → Fuel Consumption

Figure 21: Scatter plots of pairs from D.4. pair0013: displacement → fuel consumption, pair0014: horse power → fuel consumption, pair0015: weight → fuel consumption, pair0016: horsepower → acceleration, pair0054: (displacement,horsepower,weight)
→ (MPG,acceleration)

pair0013

The Auto-MPG data set in the UCI Machine Learning Repository (Bache and Lichman,
2013) concerns city-cycle fuel consumption in miles per gallon (MPG), i.e., the number of
miles a car can drive on one gallon of gasoline, and contains several other attributes, like
displacement, horsepower, weight, and acceleration. The original data set comes from the
StatLib library (Meyer and Vlachos, 2014) and was used in the 1983 American Statistical
Association Exposition. We downloaded the data from http://archive.ics.uci.edu/ml/
datasets/Auto+MPG and selected only instances without missing data, thereby obtaining
392 samples.

D.4 Auto-MPG

We only used the first 5000 instances for which dividends from stocks was not equal to
zero. Similar considerations apply as for age vs. wage per hour. Doing an intervention
on age is not practical, but companies could theoretically intervene on the dividends from
stocks, and that would not result in a change of age, obviously. On the other hand, age
influences income, and thereby over time, the amount of money that people can invest in
stocks, and thereby, the amount of dividends they earn from stocks. This causal relation is
a very indirect one, though, and the dependence between age and dividends from stock is
less pronounced than that between age and wage per hour.
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Figure 22: Scatter plots of pairs from D.5. pair0018: age → concentration GAG.

pair0018

This data concerns the concentration of the chemical compound Glycosaminoglycan (GAG)
in the urine of 314 children aged from zero to seventeen years. This is the GAGurine data set
supplied with the MASS package of the computing language R (Venables and Ripley, 2002).

D.5 GAGurine

This pair consists of two multivariate variables that are combinations of the variables we
have considered before. The multivariate variable consisting of the three components displacement, horsepower and weight can be considered to cause the multivariate variable
comprised of fuel consumption and acceleration.

pair0054: (Displacement,Horsepower,Weight) → (MPG,Acceleration)

Horsepower is one one of the factors that cause acceleration. Other factors are wheel size,
the gear used, and air resistance. Intervening on acceleration does not necessarily change
horsepower.

pair0016: Horsepower → Acceleration

There is a strong selection bias here, as car designers use a more powerful motor (with higher
fuel consumption) for a heavier car. Nevertheless, the causal relationship between weight
and fuel consumption should be obvious: if we intervene on weight, then fuel consumption
will change, but not necessarily vice versa.

pair0015: Weight → Fuel Consumption

Horse power measures the amount of power an engine can deliver. There are various ways
to define horsepower and different standards to measure horse power of vehicles. In general,
though, it should be obvious that fuel consumption depends on various factors, including
horse power. Changing horsepower (e.g., by adding more cylinders to an engine, or adding
a second engine to the car) would lead to a change in fuel consumption. On the other hand,
changing fuel consumption does not necessarily change horse power.

pair0014: Horse power → Fuel Consumption

car, or changing its air resistance, or by using another gear) will not change the displacement,
though.

by a fake certificate of employment would be a possible intervention. On the other hand,
changing the wage per hour is an intervention that is easy to imagine (though difficult for
us to perform) and this would certainly not change the age.

pair0017: Age → Dividends from Stocks
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pair0018: Age → Concentration GAG
Obviously, GAG concentration does not cause age, but it could be the other way around,
considering the strong dependence between the two variables.
D.6 Old Faithful
This is the geyser data set supplied with the MASS package of the computing language R
(Venables and Ripley, 2002). It is originally described in (Azzalini and Bowman, 1990) and
contains data about the duration of an eruption and the time interval between subsequent
eruptions of the Old Faithful geyser in Yellowstone National Park, USA. The data consists
of 194 samples and was collected in a single continuous measurement from August 1 to
August 15, 1985.

pair0019

Figure 23: Scatter plots of pairs from D.6. pair0019: current duration → next interval.
pair0019: Current Duration → Next Interval
The chronological ordering of events implicates that the time interval between the current
and the next eruption is an effect of the duration of the current eruption.
D.7 Arrhythmia
The Arrhythmia data set (Guvenir et al., 1997) from the UCI Machine Learning Repository
(Bache and Lichman, 2013) concerns cardiac arrhythmia. It consists of 452 patient records
and contains many different variables. We downloaded the data from https://archive.
ics.uci.edu/ml/datasets/Arrhythmia and only used the variables for which the causal
relationships should be evident. We removed two instances from the data set, corresponding
with patient lengths of 680 and 780 cm, respectively.
pair0022–pair0024: Age → {Height, Weight, Heart Rate}
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As discussed before, “interventions” on age (for example, waiting a few years) may affect
height of persons. On the other hand, we know that height does not cause age. The same
holds for age and weight and for age and heart rate. It is important to note here that age is
simply measured in years since the birth of a person. Indeed, weight, height and also heart
rate might influence “biological aging”, the gradual deterioration of function of the human
body.
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pair0022

Figure 24: Scatter plots of pairs from D.7. pair0022: age → height, pair0023: age →
weight, pair0024: age → heart rate.

D.8 Concrete Compressive Strength

This data set, available at the UCI Machine Learning Repository (Bache and Lichman,
2013), concerns a systematic study (Yeh, 1998) regarding concrete compressive strength as
a function of ingredients and age. Citing Yeh (1998): “High-performance concrete (HPC) is
a new terminology used in the concrete construction industry. In addition to the three basic
ingredients in conventional concrete, i.e., Portland cement, fine and coarse aggregates, and
water, the making of HPC needs to incorporate supplementary cementitious materials, such
as fly ash and blast furnace slag, and chemical admixture, such as superplasticizer 1 and 2.
Several studies independently have shown that concrete strength development is determined
not only by the water-to-cement ratio, but that it also is influenced by the content of other
concrete ingredients.” Compressive strength is measured in units of MPa, age in days, and
the other variables are measured in kilograms per cubic metre of concrete mixture. The
data set was downloaded from https://archive.ics.uci.edu/ml/datasets/Concrete+
Compressive+Strength and contains 1030 measurements.

pair0025–pair0032: {Cement, Blast Furnace Slag, Fly Ash, Water,
Superplasticizer, Coarse Aggregate, Fine Aggregate, Age} → Compressive
Strength

It should be obvious that compressive strength is the effect, and the other variables are
its causes. Note, however, that in practice one cannot easily intervene on the mixture
components without simultaneously changing the other mixture components. For example,
if one adds more water to the mixture, then as a result, all other components will decrease,
as they are measured in kilograms per cubic metre of concrete mixture. Nevertheless,
we expect that we can see these interventions as reasonable approximations of “perfect
interventions” on a single variable.
D.9 Liver Disorders
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This data set, available at the UCI Machine Learning Repository (Bache and Lichman,
2013), was collected by BUPA Medical Research Ltd. It consists of several blood test results, which are all thought to be indicative for liver disorders that may arise from excessive
alcohol consumption. Each of the 345 instances constitutes the record of a single male
individual. Daily alcohol consumption is measured in number of half-pint equivalents of
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pair0033: Alcohol Consumption → Mean Corpuscular Volume

The mean corpuscular volume (MCV) is the average volume of a red blood cell. An elevated
MCV has been associated with alcoholism (Tønnesen et al., 1986), but there are many other
factors also associated with MCV.

pair0036: Alcohol Consumption → Aspartate Aminotransferase

Alanine Aminotransferase (ALT) is an enzyme that is found primarily in the liver cells. It
is released into the blood in greater amounts when there is damage to the liver cells, for
example due to a viral hepatitis or bile duct problems. ALT levels are often normal in
alcoholic liver disease (Braunwald et al., 2001).

pair0035: Alcohol Consumption → Alanine Aminotransferase

Alkaline phosphatase (ALP) is an enzyme that is predominantly abundant in liver cells,
but is also present in bone and placental tissue. Elevated ALP levels in blood can be due
to many different liver diseases and also bone diseases, but also occur during pregnancy
(Braunwald et al., 2001).

pair0034: Alcohol Consumption → Alkaline Phosphotase

Figure 26: Scatter plots of pairs from D.9. pair0033: alcohol consumption → mean corpuscular volume, pair0034: alcohol consumption → alkaline phosphotase, pair0035: alcohol
consumption → alanine aminotransferase, pair0036: alcohol consumption → aspartate
aminotransferase, pair0037: alcohol consumption → gamma-glutamyl transpeptidase.

pair0036

pair0033
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Aspartate aminotransferase (AST) is an enzyme that is found in the liver, but also in many
other bodily tissues, for example the heart and skeletal muscles. Similar to ALT, the AST
levels raise in acute liver damage. Elevated AST levels are not specific to the liver, but can
also be caused by other diseases, for example by pancreatitis. An AST:ALT ratio of more
than 3:1 is highly suggestive of alcoholic liver disease (Braunwald et al., 2001).

Although one would expect that daily alcohol consumption is the cause, and the blood
test results are the effects, this is not necessarily the case. Indeed, citing Baynes and Dominiczak (1999): “[...] increased plasma concentrations of acetaldehyde after the ingestion
of alcohol [...] causes the individual to experience unpleasant flushing and sweating, which
discourages alcohol abuse. Disulfiram, a drug that inhibits ALDH, also leads to these symptoms when alcohol is taken, and may be given to reinforce abstinence from alcohol.” This
means that a priori, a reverse causation of the chemical whose concentration is measured
in one of these blood tests on daily alcohol consumption cannot be excluded with certainty.
Nevertheless, we consider this to be unlikely, as the medical literature describes how these
particular blood tests can be used to diagnose liver disorders, but we did not find any
evidence that these chemicals can be used to treat excessive alcohol consumption.

alcoholic beverages drunk per day. The blood test results are mean corpuscular volume
(MCV), alkaline phosphotase (ALP), alanine aminotransferase (ALT), aspartate aminotransferase (AST), and gamma-glutamyl transpeptidase (GGT). The data is available at
https://archive.ics.uci.edu/ml/datasets/Liver+Disorders.

Figure 25: Scatter plots of pairs from D.8. pair0025: cement → compressive strength,
pair0026: blast furnace slag → compressive strength, pair0027: fly ash → compressive
strength, pair0028: water → compressive strength, pair0029: superplasticizer → compressive strength, pair0030: coarse aggregate → compressive strength, pair0031: fine
aggregate → compressive strength, pair0032: age → compressive strength.

pair0026

pair0025
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pair0037: Alcohol Consumption → Gamma-Glutamyl Transpeptidase
Gamma-Glutamyl Transpeptidase (GGT) GGT is another enzyme that is primarily found
in liver cells. It is rarely elevated in conditions other than liver disease. High GGT levels
have been associated with alcohol use (Braunwald et al., 2001).
D.10 Pima Indians Diabetes
This data set, available at the UCI Machine Learning Repository (Bache and Lichman,
2013), was collected by the National Institute of Diabetes and Digestive and Kidney Diseases
in the USA to forecast the onset of diabetes mellitus in a high risk population of Pima
Indians near Phoenix, Arizona. Cases in this data set were selected according to several
criteria, in particular being female, at least 21 years of age and of Pima Indian heritage.
This means that there could be selection bias on age.

pair0039

pair0040

pair0041

We downloaded the data from https://archive.ics.uci.edu/ml/datasets/Pima+
Indians+Diabetes. We only selected the instances with nonzero values, as it seems likely
that zero values encode missing data. This yielded 768 samples.

pair0038

Figure 27: Scatter plots of pairs from D.10. pair0038: age → body mass index, pair0039:
age → serum insulin, pair0040: age → diastolic blood pressure, pair0041: age → plasma
glucose concentration.

pair0038: Age → Body Mass Index
Body mass index (BMI) is defined as the ratio between weight (kg) and the square of height
(m). Obviously, age is not caused by body mass index, but as age is a cause of both height
and weight, age causes BMI.
pair0039: Age → Serum Insulin
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2-Hour serum insulin (µU/ml), measured 2 hours after the ingestion of a standard dose of
glucose, in an oral glucose tolerance test. We can exclude that serum insulin causes age,
and there could be an effect of age on serum insulin. Another explanation for the observed
dependence could be the selection bias.
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pair0040: Age → Diastolic Blood Pressure

Diastolic blood pressure (mm Hg). It seems obvious that blood pressure does not cause
age. The other causal direction seems plausible, but again, an alternative explanation for
the dependence could be selection bias.

pair0041: Age → Plasma Glucose Concentration

Plasma glucose concentration, measured 2 hours after the ingestion of a standard dose of
glucose, in an oral glucose tolerance test. Similar reasoning as before: we do not believe
that plasma glucose concentration causes ages, but it could be the other way around, and
there may be selection bias.
D.11 B. Janzing’s Meteo Data

pair0077

This data set is from a private weather station, owned by Bernward Janzing, located in
Furtwangen (Black Forest), Germany at an altitude of 956 m. The measurements include
temperature, precipitation, and snow height (since 1979), as well as solar radiation (since
1986). The data have been archived by Bernward Janzing, statistical evaluations have
been published in Janzing (2004), monthly summaries of the weather are published in local
newspapers since 1981.

pair0042

Figure 28: Scatter plots of pairs from D.11. pair0042: day of the year → temperature,
pair0077: solar radiation → temperature.

pair0042: Day of the Year → Temperature

Tmorning + Tmidday + 2Tevening
,
4

This data set shows the dependence between season and temperature over 25 years plus one
month, namely the time range 01/01/1979–01/31/2004. It consists of 9162 measurements.
One variable is the day of the year, represented by an integer from 1 to 365 (or 366 for
leap years). The information about the year has been dropped. Y is the mean temperature
of the respective day, calculated according to the following definition:
Tmean :=
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where morning, midday, and evening are measured at 7:00 am, 14:00 pm, and 21:00 pm
(MEZ), respectively (without daylight saving time). Double counting of the evening value
is official standard of the German authority “Deutscher Wetterdienst”. It has been defined
at a time where no electronic data loggers were available and thermometers had to be read
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This data set has been extracted from http://www.b30-oberschwaben.de/html/tabelle.
html, a website containing various kinds of information about the national highway B30.
This is a road in the federal state Baden-Württemberg, Germany, which provides an impor-

D.13 Traffic

The pairs pair0043–pair0046 were combined to a 4-dimensional vector. From the reasoning above it follows that the vector of temperature, near surface pressure, sea level pressure
and relative humidity at day t has a causal influence on the vector of the same variables at
time t + 1.

pair0052: (Temp, Press, SLP, RH) at t → (Temp, Press, SLP, RH) at t+1

Humidity of the air at one day affects the humidity of the following day because if no air
movement takes place and no drying or moistening occurs, it will approximately stay the
same. Furthermore, as reasoned above, because there is no causation backwards in time,
relative humidity at day t + 1 cannot affect humidity at day t. Note that relative humidity
has values between 0 and 100. Values can be saturated in very humid places such as tropical
rainforest and approach 0 in deserts. For this reason, the scatter plot looks as if the data
were clipped.

pair0046: Relative Humidity at t → Relative Humidity at t+1

Similar reasoning as in pair0044.

pair0045: Sea Level Pressure at t → Sea Level Pressure at t+1

Pressure patterns near the earth’s surface are mostly driven by large-scale weather patterns.
However, large-scale weather patterns are also driven by local pressure gradients and hence,
some of the correlation between surface pressure at two consecutive days stems from a direct
causal link between the first and the second day, as we assume there is no causation in time.

pair0044: Surface Pressure at t → Surface Pressure at t+1

Figure 29: Scatter plots of pairs from D.12. pair0043: temperature at t → temperature
at t+1, pair0044: surface pressure at t → surface pressure at t+1, pair0045: sea level
pressure at t → sea level pressure at t+1, pair0046: relative humidity at t → relative
humidity at t+1, pair0052: (temp, press, slp, rh) at t → (temp, press, slp, rh) at t+1.

pair0043
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Due to heat storage, mean daily air temperature near surface at any day largely impact
daily air temperature at the following day. We assume there is no causation backwards in
time, hence the correlation between temperatures at two consecutive days must be driven
by confounders (such as large-scale weather patterns) or a causal influence from the first
day to the second.

pair0043: Temperature at t → Temperature at t+1

This data set, available from the NOAA (National Oceanic and Atmospheric Administration) Earth System Research Laboratory website at http://www.esrl.noaa.gov/psd/
data/gridded/data.ncep.reanalysis.surface.html, is a subset of a reanalysis data set,
incorporating observations and numerical weather prediction model output from 1948 to
date (Kalnay et al., 1996). The reanalysis data set was produced by the National Center
for Environmental Prediction (NCEP) and the National Center for Atmospheric Research
(NCAR). Reanalysis data products aim for a realistic representation of all relevant climatological variables on a spatiotemporal grid. We collected four variables from a global grid of
144 × 73 cells: air temperature (in K, pair0043), surface pressure (in Pascal, pair0044),
sea level pressure (in Pascal, pair0045) and relative humidity (in %, pair0045) on two
consecutive days, day 50 and day 51 of the year 2000 (i.e., Feb 19th and 20th). Each data
pair consists of 144 × 73 − 143 = 10369 data points, distributed across the globe. 143 data
points were subtracted because at the north pole values are repeated across all longitudes.
Each data point is the daily average over an area that covers 2.5◦ × 2.5◦ (approximately
250 km × 250 km at the equator). Because causal influence cannot propagate backwards
in time, temperature, pressure and humidity in a certain area are partly affected by their
value the day before in the same area.

D.12 NCEP-NCAR Reanalysis

This data set shows the relation between solar radiation and temperature over 23 years,
namely the interval 01/01/1986–12/31/2008. It consists of 8401 measurements.
Solar radiation is measured per area in W/m2 averaged over one day on a horizontal
surface. Temperature is the averaged daily, as in pair0042. The original data has been
processed by us to extract the common time interval. We assume that radiation causes
temperature. High solar radiation increases the temperature of the air already at a scale
of hours. Interventions are easy to implement: Creating artificial shade on a large enough
surface would decrease the air temperature. On longer time scales there might also be an
influence from temperature to radiation via the generation of clouds through evaporation
in more humid environments. This should, however, not play a role for daily averages.

pair0077: Solar Radiation → Temperature

out by humans. Weighting the evening value twice has been considered a useful heuristics
to account for the missing values at night.
We consider day of the year as the cause, since it can be seen as expressing the angular
position on its orbit around the sun. Although true interventions are infeasible, it is commonly agreed that changing the position of the earth would result in temperature changes
at a fixed location due to the different solar incidence angle.

Distinguishing Cause from Effect
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tant connection of the region around Ulm (in the North) with the Lake Constance region
(in the South). After extraction, the data set contains 254 samples.

pair0047

Figure 30: Scatter plots of pairs from D.13. pair0047: type of day → number of cars.
pair0047: Type of Day → Number of Cars
One variable is the number of cars per day, the other denotes the type of the respective
day, with “1” indicating Sundays and holidays and “2” indicating working days. The type
of day causes the number of cars per day. Indeed, introducing an additional holiday by a
political decision would certainly change the amount of traffic on that day, while changing
the amount of traffic by instructing a large number of drivers to drive or not to drive at a
certain day would certainly not change the type of that day.
D.14 Hipel & McLeod
This data set contains 168 measurements of indoor and outdoor temperatures. It was taken
from a book by Hipel and McLeod (1994) and can be downloaded from http://www.stats.
uwo.ca/faculty/mcleod/epubs/mhsets/readme-mhsets.html.

pair0048

Figure 31: Scatter plots of pairs from D.14. pair0048: outdoor temperature → indoor
temperature.

pair0048: Outdoor Temperature → Indoor Temperature

JMLR 17(32):1-102

Outdoor temperatures can have a strong impact on indoor temperatures, in particular when
indoor temperatures are not adjusted by air conditioning or heating. Contrarily, indoor
temperatures will have little or no effect on outdoor temperatures, because the outside
environment has a much larger heat capacity.
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D.15 Bafu
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pair0050

pair0051

This data set deals with the relationship between daily ozone concentration in the air and
temperature. It was downloaded from http://www.bafu.admin.ch/luft/luftbelastung/
blick_zurueck/datenabfrage/index.html. Lower atmosphere ozone (O3 ) is a secondary
pollutant that is produced by the photochemical oxidation of carbon monoxide (CO),
methane (CH4 ), and non-methane volatile organic compounds (NMVOCs) by OH in the
presence of nitrogen oxides (NOx , NO + NO2 ) (Rasmussen et al., 2012). It is known that
ozone concentration strongly correlates with surface temperature (Bloomer et al., 2009).
Several explanations are given in the literature (see e.g., Rasmussen et al., 2012). Without
going into details of the complex underlying chemical processes, we mention that the crucial
chemical reactions are stronger at higher temperatures. For instance, isoprene emissions
of plants increase with increasing temperature and isoprene can play a similar role in the
generation of O3 as NOx (Rasmussen et al., 2012). Apart from this, air pollution may be
influenced indirectly by temperature, e.g., via increasing traffic at ‘good’ weather conditions
or an increased occurrence rate of wildfires. All these explanations state a causal path from
temperature to ozone. Note that the phenomenon of ozone pollution in the lower atmosphere discussed here should not be confused with the ‘ozone hole’, which is a lack of ozone
in the higher atmosphere. Close to the surface, ozone concentration does not have an impact
on temperatures. For all three data sets, ozone is measured in µg/m3 and temperature in
◦ C.

pair0049

Figure 32: Scatter plots of pairs from D.15. pair0049: temperature → ozone concentration, pair0050: temperature → ozone concentration, pair0051: temperature → ozone
concentration, pair0055: radiation → ozone concentration.

pair0049: Temperature → Ozone Concentration

365 daily mean values of ozone and temperature of year 2009 in Lausanne-César-Roux,
Switzerland.

pair0050: Temperature → Ozone Concentration

365 daily mean values of ozone and temperature of year 2009 in Chaumont, Switzerland.

pair0051: Temperature → Ozone Concentration

JMLR 17(32):1-102

365 daily mean values of ozone and temperature of year 2009 in Davos-See, Switzerland.
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pair0074

pair0062

pair0058

pair0075

pair0063

pair0059

pair0060–pair0063: Latitude of Capital → Male Life Expectancy

pair0056–pair0059: Latitude of Capital → Female Life Expectancy
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Here, one variable describes the percentage of population with sustainable access to improved drinking water sources in 2006, whereas the other variable denotes the infant mortality rate (per 1000 live births) for both sexes. The data were downloaded from http://
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pair0064: Drinking Water Access → Infant Mortality

Pairs pair0060–pair0063 are similar, but concern male life expectancy. The same reasoning as for female life expectancy applies here.

Pairs pair0056–pair0059 consist of female life expectancy (in years) at birth versus latitude
of the country’s capital, for various countries (China, Russia and Canada were removed).
The four pairs correspond with measurements over the periods 2000–2005, 1995–2000, 1990–
1995, 1985–1990, respectively. The data were downloaded from http://data.un.org/
Data.aspx?d=GenderStat&f=inID%3a37.
The location of a country (encoded in the latitude of its capital) has an influence on how
poor or rich a country is, hence affecting the quality of the health care system and ultimately
life expectancy. This influence could stem from abundance of natural resources within

D.17 UNdata

The following data were taken from the “UNdata” database of the United Nations Statistics
Division at http://data.un.org.

Figure 33: Scatter plots of pairs from D.17. pair0056–pair0059: latitude of capital →
female life expectancy, pair0060–pair0063: latitude of capital → male life expectancy,
pair0064: drinking water access → infant mortality, pair0073: energy use → CO2 emissions, pair0074: GNI per capita → life expectancy, pair0075: GNI per capita → under-5
mortality rate.

pair0073

pair0061

pair0060

pair0064

pair0057

pair0056
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the country’s borders or the influence neighboring countries have on its economic welfare.
Furthermore, the latitude can influence life expectancy via climatic factors. For instance,
life expectancy might be smaller if a country frequently experiences climatic extremes. In
contrast, it is clear that life expectancy does not have any effect on latitude.

As we have argued above in Section D.15, wind direction (and speed), air temperature, and
global radiation influence local ozone concentrations. Wind can influence ozone concentrations for example in the following way. No wind will keep the the concentration of ozone in
a given air parcel constant if no lateral or vertical sources or sinks are prevalent. In contrast, winds can move and disperse and hence mix air with different ozone concentrations.
Ozone concentration is given in µg/m3 , wind speed in m/s, global radiation in W/m2 and
temperature in ◦ C.

pair0053: (Wind Speed, Radiation, Temperature) → Ozone Concentration

We downloaded ozone concentration, wind speed, radiation and temperature from http:
//www.mathe.tu-freiberg.de/Stoyan/umwdat.html, discussed in Stoyan et al. (1997).
The data consist of 989 daily values over the time period from 05/01/1989 to 10/31/1994
observed in Heilbronn, Germany.

D.16 Environmental

72 daily mean values of ozone concentrations and radiation in the last 83 days of 2009
at 16 different places in Switzerland (11 days were deleted due to missing data). Solar
radiation and surface ozone concentration are correlated (Feister and Balzer, 1991). The
deposition of ozone is driven by complex micro-meteorological processes including wind
direction, air temperature, and global radiation (Stockwell et al., 1997). For instance, solar
radiation affects the height of the planetary boundary layer and cloud formation and thus
indirectly influences ozone concentrations. In contrast, global radiation is not driven by
ozone concentrations close to the surface.
Ozone is given in µg/m3 , radiation in W/m2 . The 16 different places are: 1: BernBollwerk, 2: Magadino-Cadenazzo, 3: Lausanne-César-Roux, 4: Payerne, 5: LuganoUniversita, 6: Taenikon, 7: Zuerich-Kaserne, 8: Laegeren, 9: Basel-Binningen, 10: Chaumont, 11: Duebendorf, 12: Rigi-Seebodenalp, 13: Haerkingen, 14: Davos-See, 15: SionAéroport, 16: Jungfraujoch.

pair0055: Radiation → Ozone Concentration

Distinguishing Cause from Effect
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data.un.org/Data.aspx?d=WHO&f=inID%3aMBD10 and http://data.un.org/Data.aspx?
d=WHO&f=inID%3aRF03, respectively, and consist of 163 samples.
Clean drinking water is a primary requirement for health, in particular for infants (Esrey
et al., 1991). Changing the percentage of people with access to clean water will directly
change the mortality rate of infants, since infants are particularly susceptible to diseases
(Lee et al., 1997). There may be some feedback, because if infant mortality is high in a poor
country, development aid may be directed towards increasing the access to clean drinking
water.
pair0073: Energy Use → CO2 Emissions
This data set contains energy use (in kg of oil equivalent per capita) and CO2 emission data
from 152 countries between 1960 and 2005, yielding together 5084 samples. Considering
the current energy mix across the world, the use of energy clearly results in CO2 emissions
(although in varying amounts across energy sources). Contrarily, a hypothetical change in
CO2 emissions will not affect the energy use of a country on the short term. On the longer
term, if CO2 emissions increase, this may cause energy use to decrease because of fear for
climate change.
pair0074: GNI per Capita → Life Expectancy
We collected the Gross National Income (GNI, in USD) per capita and the life expectancy
at birth (in years) for 194 different countries. GNI can be seen as an index of wealth of a
country. In general, richer countries have a better health care system than poor countries
an thus can take better care of their citizens when they are ill. Reversely, we believe that
the life expectancy of humans has a smaller impact on how wealthy a country is than vice
versa.
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2. For the few days when the price is not available, we use simple linear interpolation to
estimate the price.

pair0066

pair0067

3. For each stock, denote the closing price on day t by Pt , and the corresponding return
is calculated as Xt = (Pt − Pt−1 )/Pt−1 .

pair0065

Figure 34: Scatter plots of pairs from D.18. pair0065: Stock Return of Hang Seng Bank
→ Stock Return of HSBC Hldgs, pair0066: Stock Return of Hutchison → Stock Return of
Cheung kong, pair0067: Stock Return of Cheung kong → Stock Return of Sun Hung Kai
Prop.

pair0065: Stock Return of Hang Seng Bank → Stock Return of HSBC Hldgs

HSBC owns 60% of Hang Seng Bank. Consequently, if stock returns of Hang Seng Bank
change, this should have an influence on stock returns of HSBC Hldgs, whereas causation
in the other direction would be expected to be less strong.

pair0066: Stock Return of Hutchison → Stock Return of Cheung kong

Sun Hung Kai Prop. is a typical stock in the Hang Seng Property subindex, and is believed
to depend on other major stocks, including Cheung kong.

Cheung kong owns about 50% of Hutchison. Same reasoning as in pair0065.

Here we collected the Gross National Income (GNI, in USD) per capita and the under-5
mortality rate (deaths per 1000 live births) for 205 different countries. The reasoning is
similar as in pair0074. GNI as an index of wealth influences the quality of the health care
system, which in turn determines whether young children will or will not die from minor
diseases. As children typically do not contribute much to GNI per capita, we do not expect
the reverse causal relation to be very strong.

D.19 Internet Traffic Data

pair0075: GNI per Capita → Under-5 Mortality Rate

D.18 Yahoo database
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pair0067: Stock Return of Cheung kong → Stock Return of Sun Hung Kai
Prop.

These data denote stock return values and were downloaded from http://finance.yahoo.
com. We collected 1331 samples from the following stocks between January 4th, 2000 and
June 17, 2005: Hang Seng Bank (0011.HK), HSBC Hldgs (0005.HK), Hutchison (0013.HK),
Cheung kong (0001.HK), and Sun Hung Kai Prop. (0016.HK). Subsequently, the following
preprocessing was applied, which is common in financial data processing:

This data set has been created from the log-files of a http-server of the Max Planck Institute
for Intelligent Systems in Tübingen, Germany. The variable Internet connections counts
the number of times an internal website of the institute has been accessed during a time
interval of 1 minute (more precisely, it counts the number of URL requests). Requests
for non-existing websites are not counted. The variable Byte transferred counts the total
number of bytes sent for all those accesses during the same time interval. The values
(x1 , y1 ), . . . , (x498 , y498 ) refer to 498 time intervals. To avoid too strong dependence between
the measurements, the time intervals are not adjacent but have a distance of 20 minutes.
JMLR 17(32):1-102

1. Extract the dividend/split adjusted closing price data from the Yahoo Finance data
base.
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pair0069: Outside Temperature → Inside Temperature

Although there is a causal relationship in both directions, we expect that the strongest effect
is from outside temperature on inside temperature, as the heat capacity of the inside of a
house is much smaller than that of its surroundings. See also the reasoning for pair0048.

pair0071: Symptoms → Classification of Disease

This data set is part of the UCI Machine Learning Repository (Bache and Lichman, 2013)
and is available at https://archive.ics.uci.edu/ml/datasets/Acute+Inflammations.
It was collected in order to create a computer expert system that decides whether a patient
suffers from two different diseases of urinary system (Czerniak and Zarzycki, 2003). The
two possible diseases are acute inflammations of urinary bladder and acute nephritises of
renal pelvis origin. As it is also possible to chose none of those, the class variable takes
values in {0, 1}2 . The decision is based on six symptoms: temperature of patient (e.g. 35.9),
occurrence of nausea (“yes” or “no”), lumbar pain (“yes” or “no”), urine pushing (“yes” or
“no”), micturition pains (“yes” or “no”) and burning of urethra, itch, swelling of urethra
outlet (“yes” or “no”). These are grouped together in a six-dimensional vector “symptoms”.

D.22 Acute Inflammations

Certainly parameter causes answer. We do not have to talk about hypothetical interventions.
Instead, we have a true intervention, since “parameter” has been set by the experimenter.

pair0070: Parameter → Answer

Figure 37: Scatter plots of pairs from D.21. pair0070: parameter → answer.

pair0070

This data set is taken from a psychological experiment that artificially generates images
of human faces that interpolate between male and female, taking real faces as basis (Armann and Bülthoff, 2012). The interpolation is done via principal component analysis after
representing true face images as vectors in an appropriate high-dimensional space. Human
subjects are instructed to label the faces as male or female. The variable “parameter”
runs between 0 and 14 and describes the transition from female to male. It is chosen by
the experimenter. The binary variable “answer” indicates the answers ‘female’ and ‘male’,
respectively. The data set consists of 4499 samples.

D.21 Armann & Bülthoff
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One would think that the disease is causing the symptoms but this data set was created
artificially. The description on the UCI homepage says: “The data was created by a medical
expert as a data set to test the expert system, which will perform the presumptive diagnosis
of two diseases of urinary system. (...) Each instance represents an potential patient.” We
thus consider the symptoms as the cause for the expert’s decision.

Figure 36: Scatter plots of pairs from D.20. pair0069: outside temperature → inside
temperature.

pair0069

This bivariate time-series data consists of measurements of inside room temperature (◦ C)
and outside temperature (◦ C), where measurements were taken every 5 minutes for a period
of about 56 days, yielding a total of 16382 measurements. The outside thermometer was
located on a spot that was exposed to direct sunlight, which explains the large fluctuations.
The data were collected by Joris M. Mooij.

D.20 Inside and Outside Temperature

Internet connections causes Bytes transferred because an additional access of the website
raises the transfer of data, while transferring more data does not create an additional
website access. Note that not every access yields data transfer because the website may
still be cached. However, this fact does not spoil the causal relation, it only makes it less
deterministic.

pair0068: Internet Connections → Bytes Transferred

Figure 35: Scatter plots of pairs from D.19. pair0068: internet connections → bytes transferred.

pair0068

Distinguishing Cause from Effect

D.23 Sunspots

Distinguishing Cause from Effect

The data set consists of 1632 monthly values between May 1874 and April 2010 and therefore
contains 1632 data points. The temperature data have been taken from http://www.
cru.uea.ac.uk/cru/data/temperature/ and have been collected by Climatic Research
Unit (University of East Anglia) in conjunction with the Hadley Centre (at the UK Met
Office) (Morice et al., 2012). The temperature data is expressed in deviations from the
1961–90 mean global temperature of the Earth (i.e., monthly anomalies). The sunspot
data (Hathaway, 2010) are taken from the National Aeronautics and Space Administration
and were downloaded from http://solarscience.msfc.nasa.gov/SunspotCycle.shtml.
According to the description on that website, “sunspot number is calculated by first counting
the number of sunspot groups and then the number of individual sunspots. The sunspot
number is then given by the sum of the number of individual sunspots and ten times the
number of groups. Since most sunspot groups have, on average, about ten spots, this
formula for counting sunspots gives reliable numbers even when the observing conditions
are less than ideal and small spots are hard to see.”

pair0072

Figure 38: Scatter plots of pairs from D.23. pair0072: sunspots → global mean temperature.

pair0072: Sunspots → Global Mean Temperature
Sunspots are phenomena that appear temporarily on the sun’s surface. Although the causes
of sunspots are not entirely understood, there is a significant dependence between the
number of sunspots and the global mean temperature anomalies (p-value for zero correlation
is less than 10−4 ). There is evidence that the Earth’s climate heats and cools as solar
activity rises and falls (Haigh, 2007), and the sunspot number can be seen as a proxy for
solar activity. Also, we do not believe that the Earth’s surface temperature (or changes of
the Earth’s atmosphere) has an influence on the activity of the sun. We therefore consider
number of sunspots causing temperature as the ground truth.
D.24 Food and Agriculture Organization of the UN

JMLR 17(32):1-102

The data set has been collected by Food and Agriculture Organization of the UN (http:
//www.fao.org/economic/ess/ess-fs/en/) and is accessible at http://www.docstoc.
com/docs/102679223/Food-consumption-and-population-growth---FAO. It covers 174
countries or areas during the period from 1990–92 to 1995–97 and the period from 1995–97
to 2000–02. As one entry is missing, this gives 347 data points. We selected two variables:
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population growth and food consumption. The first variable indicates the average annual
rate of change of population (in %), the second one describes the average annual rate of
change of total dietary consumption for total population (kcal/day) (also in %).

pair0076

Figure 39: Scatter plots of pairs from D.24. pair0076: population growth → food consumption growth.

pair0076: Population Growth → Food Consumption Growth

We regard population growth to cause food consumption growth, mainly because more
people eat more. Both variables are most likely also confounded by the availability of food,
driven for instance by advances in agriculture and subsequently increasing yields, but also
by national and international conflicts, the global food market and other economic factors.
However, for the short time period considered here, confounders which mainly influence the
variables on a temporal scale can probably be neglected. Their might also be a causal link
from food consumption growth to population growth, for instance one could imagine that
if people are well fed, they also reproduce more. However, we assume this link only plays a
minor role here.
D.25 Light Response

JMLR 17(32):1-102

The filtered version of the light response data was obtained from Moffat (2012). It consists
of 721 measurements of Net Ecosystem Productivity (NEP) and three different measures of
the Photosynthetic Photon Flux Density (PPFD): the direct, diffuse, and total PPFD. NEP
is a measure of the net CO2 flux between the biosphere and the atmosphere, mainly driven
by biotic activity. It is defined as the photosynthetic carbon uptake minus the carbon
release by respiration, and depends on the available light. NEP is measured in units of
µmol CO2 m−2 s−1 . PPFD measures light intensity in terms of photons that are available
for photosynthesis, i.e., with wavelength between 400 nm and 700 nm (visible light). More
precisely, PPFD is defined as the number of photons with wavelength of 400–700 nm falling
on a certain area per time interval, measured in units of µmol photons m−2 s−1 . The total
PPFD is the sum of PPFDdif, which measures only diffusive photons, and PPFDdir, which
measures only direct (solar light) photons. The data was measured over several hectare of
a forest in Hainich, Germany (site name DE-Hai, latitude: 51.08◦ N, longitude: 10.45◦ E),
and is available from http://fluxnet.ornl.gov.
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pair0079

pair0080

85

pair0081–pair0083: Temperature → Local CO2 Flux
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pair0082

Figure 41: Scatter plots of pairs from D.26. pair0081 (BE-Bra): temperature → local CO2
flux, pair0082 (DE-Har): temperature → local CO2 flux, pair0083 (US-PFa): temperature
→ local CO2 flux.

pair0081

Because of lack of sunlight, CO2 exchange at night approximates ecosystem respiration
(carbon release from the biosphere to the atmosphere), which is largely dependent on temperature (see, e.g., Mahecha et al., 2010). The CO2 flux is mostly generated by microbial
decomposition in soils and maintenance respiration from plants and does not have a direct
effect on temperature. We thus consider temperature causing CO2 flux as the ground truth.

D.28 Milk Protein Trial

It seems reasonable that the total population causes the employment and not vice versa. If
we increase the number of people living in an area, this has a direct effect on the number of
employed people. We believe that the decision to move into an economically strong area is
rather based on the employment rate rather than the absolute number of employed people.
There might be an effect that the employment status influences the decision to get children
but we regard this effect to be less relevant.

pair0084: Population → Employment

Figure 42: Scatter plots of pairs from D.27. pair0084: population → employment.

pair0084

The data set from Wheeler (2003) is available at http://www.spatial-econometrics.com/
data/contents.html. It contains both employment and population information for 3102
counties in the US in 1980. We selected columns eight and nine in the file “countyg.dat”.
Column eight contains the natural logarithm of the number of employed people, while
column nine contains the natural logarithm of the total number of people living in this
county, and is therefore always larger than the number in column eight.

D.27 US County-Level Growth

The three pairs pair0081–pair0083 correspond with sites BE-Bra, DE-Har, US-PFa, respectively.
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This data set is extracted from that for the milk protein trial used by Verbyla and Cullis
(1990). The original data set consists of assayed protein content of milk samples taken
weekly from each of 79 cows. The cows were randomly allocated to one of three diets:
barley, mixed barley-lupins, and lupins, with 25, 27 and 27 cows in the three groups,
respectively. Measurements were taken for up to 19 weeks but there were 38 drop-outs
from week 15 onwards, corresponding to cows who stopped producing milk before the end
of the experiment. We removed the missing values (drop-outs) in the data set: we did
not consider the measurements from week 15 onwards, which contain many drop-outs, and
we discarded the cows with drop-outs before week 15. Finally, the data set contains 71
cows and 14 weeks, i.e., 994 samples in total. Furthermore, we re-organized the data set
to see the relationship between the milk protein and the time to take the measurement.
We selected two variables: the time to take weekly measurements (from 1 to 14), and the
protein content of the milk produced by each cow at that time.

The data set contains measurements of net CO2 exchanges between atmosphere and biosphere aggregated over night, and the corresponding temperature. It is taken from the
FLUXNET network (Baldocchi et al., 2001), available at http://fluxnet.ornl.gov (see
also Section D.25). The data have been collected at a 10 Hz rate and was aggregated to
one value per day over one year (365 values) and at three different sites (BE-Bra, DE-Har,
US-PFa). CO2 exchange measurements typically have a footprint of about 1km2 . The data
set contains further information on the quality of the data (“1” means that the value is
credible, “NaN” means that the data point has been filled in).

D.26 FLUXNET

Net Ecosystem Productivity is known to be driven by both the direct and the diffuse
Photosynthetic Photon Flux Density, and hence also by their sum, the total PPFD.

pair0078–pair0080: {PPFD,PPFDdif,PPFDdir} → NEP

Figure 40: Scatter plots of pairs from D.25. pair0078: PPFD → NEP, pair0079: PPFDdif
→ NEP, pair0080: PPFDdir → NEP.

pair0078

Distinguishing Cause from Effect
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pair0085

Figure 43: Scatter plots of pairs from D.28. pair0085: time of measurement → protein
content of milk.
pair0085: Time of Measurement → Protein Content of Milk
Clearly, the time of the measurement causes the protein content and not vice versa. We do
not consider the effect of the diets on the protein content.
D.29 kamernet.nl
This data was collected by Joris M. Mooij from http://www.kamernet.nl, a Dutch website
for matching supply and demand of rooms and apartments for students, in 2007. The
variables of interest are the size of the apartment or room (in m2 ) and the monthly rent
in EUR. Two outliers (one with size 0 m2 , the other with rent of 1 EUR per month) were
removed, after which 666 samples remained.

pair0086

Figure 44: Scatter plots of pairs from D.29. pair0086: size of apartment → monthly rent.
pair0086: Size of Apartment → Monthly Rent
Obviously, the size causes the rent, and not vice versa.
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122◦ 560 50.00000 W, Elevation: 1835 m). We selected two attributes, mean temperature (◦ C)
and total snow (cm). The data consists of 7753 measurements of these two attributes.

pair0087

Figure 45: Scatter plots of pairs from D.30. pair0087: temperature → total snow.

pair0087: Temperature → Total Snow

Common sense tells us that the mean temperature is one of the causes of the total amount of
snow, although there may be a small feedback effect of the amount of snow on temperature.
Confounders are expected to be present (e.g., whether there are clouds).
D.31 Bone Mineral Density

This data set comes from the R package ElemStatLearn, and contains measurements of the
age and the relative change of the bone mineral density of 261 adolescents. Each value is the
difference in the spinal bone mineral density taken on two consecutive visits, divided by the
average. The age is the average age over the two visits. We preprocessed the data by taking
only the first measurement for each adolescent, as each adolescent has 1–3 measurements.

pair0088

Figure 46: Scatter plots of pairs from D.31. pair0088: age → relative bone mineral density.

pair0088: Age → Bone Mineral Density

Age must be the cause, bone mineral density the effect.

D.30 Whistler Daily Snowfall

D.32 Soil Properties
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These data were collected within the Biodiversity Exploratories project, see http://www.
biodiversity-exploratories.de. We used data set 14686 (soil texture) and 16666 (root
decomposition). With the goal to study fine root decomposition rates, Solly et al. (2014)
JMLR 17(32):1-102

The Whistler daily snowfall data is one of the data sets on http://www.mldata.org, and
was originally obtained from http://www.climate.weatheroffice.ec.gc.ca/ (Whistler
Roundhouse station, identifier 1108906). We downloaded it from http://www.mldata.
org/repository/data/viewslug/whistler-daily-snowfall. It concerns historical daily
snowfall data in Whistler, BC, Canada, over the period July 1, 1972 to December 31, 2009.
It was measured at the top of the Whistler Gondola (Latitude: 50◦ 040 04.00000 N, Longitude:
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The hour of the day constrains in many ways what people do and thus also their use of
electricity. Consequently, we consider hour of the day as cause and electricity consumption
as effect.

pair0095: Hour of the Day → Electricity Consumption

We consider hour of the day as the cause, since it can be seen as expressing the angular
position of the sun. Although true interventions are unfeasible, it is commonly agreed that
changing the position of the sun would result in temperature changes at a fixed location
due to the different solar incidence angle.

pair0094: Hour of the Day → Temperature

Figure 49: Scatter plots of pairs from D.34. pair0094: Hour of the day → Temperature, pair0095: Hour of the day → Electricity consumption, pair0096: Temperature →
Electricity consumption.

pair0094

This data set comes from a regional energy distributor in Turkey. It contains three variables,
the hour of the day, temperature in degree Celsius and electricity consumption (load) in
MW per hour. We thank S. Armagan Tarim and Steve Prestwich for providing the data.

D.34 Electricity Load

Precipitation is by far the largest driver for runoff in a given river catchment. There might
be a very small feedback from runoff that evaporates and generates new precipitation. This
is, however, negligible if the catchment does not span over full continents.

pair0093: Precipitation → Runoff

Figure 48: Scatter plots of pairs from D.33. pair0093: Precipitation → Runoff.

pair0093
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This data set comes from the MOPEX data base (http://www.nws.noaa.gov/ohd/mopex/
mo_datasets.htm and can be downloaded directly from ftp://hydrology.nws.noaa.gov/
pub/gcip/mopex/US_Data/Us_438_Daily/. It contains precipitation and runoff data from
over 400 river catchments in the USA on a daily resolution from 1948 to 2004. We computed
yearly averages of precipitation and runoff for each catchment.

D.33 Runoff

How much carbon an ecosystem stores in its soil depends on multiple factors, including the
land cover type, climate and soil texture. Higher amounts of clay are favorable for storage
of organic carbon (Solly et al., 2014). Soil organic carbon, on the other hand, does not alter
the texture of a soil.

pair0092: Clay Content in Soil → Organic Carbon Content

The amount of water that can be stored in soils depends on its texture. The clay content
of a soil influences whether precipitation is stored longer in soils or runs off immediately.
In contrast, it is clear that wetness of a soil does not affect its clay content.

pair0091: Clay Content in Soil → Soil Moisture

Root decomposition happens monotonously in time. Hence the amount decomposed in
April directly affects the amount decomposed in October in the same year.

pair0089–pair0090: Root Decomposition in April → Root Decomposition in
October

Figure 47: Scatter plots of pairs from D.32. pair0089: Root decomposition in April →
Root decomposition in October (Forests), pair0090: Root decomposition in April → Root
decomposition in October (Grasslands), pair0091: Clay content in soil → Soil moisture
(forests), pair0092: Clay content in soil → Organic carbon content (forests).

pair0089

placed litterbags containing fine roots in 150 forest and 150 grassland sites along a climate gradient across Germany. Besides the decomposition rates, a range of other relevant
variables were measured, including soil properties such as clay content, soil organic carbon
content and soil moisture. We deleted sites with missing values and separated grasslands
and forests.
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D.36 Nlschools
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pair0096: Temperature → Electricity Consumption

This is data set nlschools from the R package MASS. The data were used by Snijders and
Bosker (1999) as a running example and are about a study of 2287 eighth-grade pupils (aged
about 11) in 132 classes in 131 schools in the Netherlands. We used two variables: lang, a
language test score, and SES, the social-economic status of the pupil’s family.

pair0100: CPU Cycle Time → Performance

It should be obvious that CPU cycle time causes its performance.
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Figure 52: Scatter plots of pairs from D.37. pair0100: CPU cycle time → Performance.

pair0100

This is data set cpus from the R package MASS, and concerns characteristics of 209 CPUs
(Ein-Dor and Feldmesser, 1987). We used two variables: syct, cycle time in nanoseconds,
and perf, the published performance on a benchmark mix relative to an IBM 370/158-3,
and took the logarithms of the original values.

D.37 CPUs

We consider the social-economic status of the pupil’s family to be the cause of the language
test score of the pupil. However, note that selection bias may be present via the choice of
the schools to include in the study.

pair0099: Social-Economic Status of Family → Language Test Score

Figure 51: Scatter plots of pairs from D.36. pair0099: Social-economic status of family →
Language test score.

pair0099

Changes in temperature can prompt people to use certain electric devices, e.g., an electric
heating when it is gets very cold or the usage of a fan or air conditioning when it gets
very hot. Furthermore, certain machines such as computers have to be cooled more if
temperatures rise. Hence we consider temperature as cause and electricity consumption as
effect.
D.35 Ball Track

pair0098

The data has been recorded by D. Janzing using a ball track that has been equipped with
two pairs of light barriers. The first pair measures the initial speed and the second pair the
speed of a ball at some later position of the track. The units are arbitrary and differ for
both measurements since they are obtained by inverting the time the ball needed to pass
the distance between two light barriers of one pair.

pair0097

Figure 50: Scatter plots of pairs from D.35. pair0097: Initial speed → Final speed,
pair0098: Initial speed → Final speed.
The initial part of the track has large slope. The initial speed is strongly determined by
the exact position where the ball is put on the track. For part of the runs, the position of
the ball has been chosen by D. Janzing, the other part by a 4-year old child. This should
avoid that the variation of the initial position is done in a too systematic way.
Two similar experiments have been performed, using different ball track setups. For
pair0098 the ball track had a longer acceleration zone than for pair0097, which allows for
larger variations in initial speed.
pair0097: Initial Speed → Final Speed
These data consists of 202 measurements. Obviously, the initial speed of the ball causes the
final speed.
pair0098: Initial Speed → Final Speed

JMLR 17(32):1-102

These data consist of 94 measurements. Again, the initial speed of the ball causes the final
speed.
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We report the total computation time for each benchmark set and for each of our implementations of various methods in Figures 53 and 54. We used a machine with Intel Xeon CPU
E5-2680 v2 @ 2.80GHz processors, 40 cores, and 125 GB of RAM. The measured computation time measures the total time spent (i.e., the sum of the computation times of individual
cores). We did not spend much effort on optimizing the implementations, so the reported
computation times should be seen as upper bounds on what is achievable. We only report
results for the unperturbed data, as the preprocessing does not affect computation time
significantly.
In general, for the ANM implementations, most time is taken by the Gaussian Process regression. The HSIC test and entropy estimators are relatively quick compared to
that. A notable outlier is ANM-MML which spends much time on estimating the MML of
the marginal distribution using the algorithm by Figueiredo and Jain (2002). IGCI implementations are much faster than ANM (about two orders of magnitude in our setting), as
non-parametric regression is not required. One notable outlier for the IGCI implementations is IGCI-ent-PSD, which shows that the ent-PSD estimator is slower than the other
entropy estimators in the ITE toolbox. Interestingly, this is also the only non-parametric
entropy estimator that turned out to be robust to perturbations of the data.

Appendix E. Computation Time
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Figure 53: Computation times of various ANM methods on different (unperturbed) data
sets. For the variants of the spacing estimator, only the results for sp1 are shown, as results
for sp2,. . . ,sp6 were similar.

log 10 of Computation Time (s)

of Computation Time (s)
10

5

4.5

4

3.5

3

2.5

2

1.5

1

0.5

0

IG
C
lo
pe

I-s

IG
pe

lo

C
I-s
++

IG
C

IG
C
I-e
nt
-s
p1

P

D

-K

nt

IG
C
I-e

IG
C

nt
-P

I-e

SD

IG
C

nt

I-e

-3
N

N

IG

C

E

-E
d

nt

I-e

Distinguishing Cause from Effect

sp

nt
-1

I-e

95

IG

C

E1

-M

nt

I-e

IG

C

nt
-M
E2

I-e

IG

nt

C
I-e

-G

au

CEP
SIM
SIM-c
SIM-ln
SIM-G

JMLR 17(32):1-102

Figure 54: Computation times of various IGCI methods on different (unperturbed) data
sets. For the variants of the spacing estimator, only the results for sp1 are shown, as results
for sp2,. . . ,sp6 were similar. We only show results for the uniform base measure as those
for the Gaussian base measure are similar.
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The proposed Multi-task Sparse Structure Learning (MSSL) approach has important
practical implications: given a set of tasks, one can just feed the data from all the tasks
without any knowledge or guidance on task relationship, and MSSL will figure out which
tasks are related and will also estimate task specific parameters. Through experiments on
a wide variety of data sets for multi-task regression and classification, we illustrate that
MSSL is competitive with and usually outperforms several baselines from the existing MTL
literature. Furthermore, the task relationships learned by MSSL are found to be accurate
and consistent with domain knowledge on the problem.

The relationship structure is modeled by either imposing a prior over the features across
tasks (Section 3.3) or assuming correlated residuals (Section 3.7). We can use of a variety of methods from the structure learning literature to estimate the relationships. The
formulation can be extended to Gaussian copula models (Liu et al., 2009; Xue and Zou,
2012), which are more flexible as it does not rely on strict Gaussian assumptions and has
shown to be more robust to outliers. The resulting estimation problems are solved using
suitable first order methods, including proximal updates (Beck and Teboulle, 2009) and
alternating direction method of multipliers (Boyd et al., 2011). Based on our modeling, we
show that MTL can benefit from advances in the structure learning area. Moreover, any
future development in the area can be readily used in the context of MTL.

In this paper, we present a family of models for MTL, for regression and classification
problems, which are capable of learning the structure of task relationships and parameters
for individual tasks. The problem is posed as a joint estimation where parameters of the
tasks and relationship structure are learned using alternating minimization. This paper is
an extension of our early work (Gonçalves et al., 2014), as it further includes improvements
on the task relationship modeling and can now handle a wider spectrum of problems.

In structure learning, we estimate the (conditional) dependence structures between random variables in a high-dimensional distribution, and major advances have been achieved in
the past few years (Banerjee et al., 2008; Friedman et al., 2008; Cai et al., 2011; Wang et al.,
2013). In particular, assuming sparsity in the conditional dependence structure, i.e., each
variable is dependent only on a few others, there are estimators based on convex (sparse)
optimization which are guaranteed to recover the correct dependence structure with high
probability, even when the number of samples is small compared to the number of variables.

Much of the existing work in MTL assumes the existence of a priori knowledge about the
task relationship structure (see Section 2). However, in many problems there is only a high
level understanding of those relationships, and hence the structure of the task relationship
needs to be estimated from the data. Recently, there have been attempts to explicitly
model the relationship and incorporate it into the learning process (Zhang and Yeung, 2010;
Zhang and Schneider, 2010; Yang et al., 2013). In the majority of these methods, the tasks
dependencies are represented as unknown hyper-parameters in hierarchical Bayesian models
and are estimated from the data. As will be discussed in Section 2, many of these methods
are either computationally expensive or restrictive on dependence structure complexity.

Kim and Xing, 2010; Kumar and Daume III, 2012; Yang et al., 2013). Meanwhile MTL has
been applied to problems ranging from object detection in computer vision, going through
web image and video search (Wang et al., 2009), and achieving multiple microarray data
set integration in computational biology (Widmer and Rätsch, 2012).
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In multi-task learning (MTL) one can benefit from the knowledge of the underlying structure
relating the learning tasks while carrying them out simultaneously. In situations where
some tasks might be highly dependent on each other, the strategy of isolating each task
will not be helpful in exploiting the potential information one might acquire from other
related tasks. The last few years experienced an increase of activity in this area where
new methods and applications have been proposed. From the methods perspective, there
have been contributions devoted to novel formulations to describe task structure and to
incorporate them into the learning framework (Evgeniou and Pontil, 2004; Ji and Ye, 2009;

1. Introduction

Multi-task learning (MTL) aims to improve generalization performance by learning multiple related tasks simultaneously. While sometimes the underlying task relationship structure is known, often the structure needs to be estimated from data at hand. In this paper,
we present a novel family of models for MTL, applicable to regression and classification
problems, capable of learning the structure of tasks relationship. In particular, we consider
a joint estimation problem of the tasks relationship structure and the individual task parameters, which is solved using alternating minimization. The task relationship revealed
by structure learning is founded on recent advances in Gaussian graphical models endowed
with sparse estimators of the precision (inverse covariance) matrix. An extension to include
flexible Gaussian copula models that relaxes the Gaussian marginal assumption is also proposed. We illustrate the effectiveness of the proposed model on a variety of synthetic and
benchmark data sets for regression and classification. We also consider the problem of combining Earth System Model (ESM) outputs for better projections of future climate, with
focus on projections of temperature by combining ESMs in South and North America, and
show that the proposed model outperforms several existing methods for the problem.
Keywords: multi-task learning, structure learning, Gaussian copula, probabilistic graphical model, sparse modeling
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In addition to evaluation on synthetic and benchmark data sets, we consider the problem
of predicting air surface temperature in South and North America. The goal here is to
combine outputs from Earth System Models (ESMs) reported by various countries to the
Intergovernmental Panel on Climate Change (IPCC), where the regression problem at each
geographical location forms a task. The weight on each model at each location forms the
“skill” of that model, and the hope is that outputs from skillful models in each region can be
more reliable for future projections of temperature. MSSL is able to identify geographically
nearby regions as related tasks, which is meaningful for temperature prediction, without any
previous knowledge of the spatial location of the tasks, and outperforms baseline approaches.
The remainder of the paper is structured as follows. Section 2 briefly discusses the
related work in multi-task learning. Section 3 presents an overview and gentle introduction
to the proposed multi-task sparse structure learning (MSSL) approach. Section 3.3 discusses
a specific form of MSSL where the task structure dependence is learned based on the task
coefficients. The MSSL is extended to the Gaussian copula MSSL in Section 3.6. Section 3.7
discusses another specific form of MSSL where the task structure dependence is learned
based on the task residuals. Section 4 presents experimental results on regression and
classification using synthetic, benchmark, and climate data sets. We conclude in Section 5.
Notation. We denote by m the number of tasks, d the problem dimension, supposed to be
the same for all learning tasks, and nk the number of samples for the k-th task. Xk ∈ Rnk ×d
and yk ∈ Rnk ×1 are the input and output data for the k-th task. Let W ∈ Rd×m be the
parameter matrix, where columns are vector parameters wk ∈ Rd , k = 1, ..., m, for the
p
tasks. (x)+ = max(0, x). Let S+
be the set of p × p positive semidefinite matrices. For any
matrix A, tr(A) is the trace operator, kAk1 and kAkF are the `1 -norm and Frobenius norm
of A, respectively. A ◦ B denotes the Hadamard (element-wise) product of the matrices A
and B. Ip is the p × p identity matrix and 0p×p is a matrix full of zeros. For an m-variate
random variable V = (V1 , ..., Vm ), we denote by V\{i,j} the set of marginals except i and j.

2. Related Work

i=1

nk
m
X
X

k=1

` f (xki , wk ), yki



+ R(W),

MTL has attracted a great deal of attention in the past few years and consequently many
algorithms have been proposed (Evgeniou and Pontil, 2004; Argyriou et al., 2007; Xue et al.,
2007; Jacob et al., 2008; Obozinski et al., 2010; Zhou et al., 2011b; Zhang and Yeung, 2010;
Yang et al., 2013; Gonçalves et al., 2014). We will present a general view of the methods
and discuss in more details those that are more related to ours.
The majority of the proposed methods fall into the class of regularized multi-task learning, which has the form
!
W

min
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where `(·) is the loss function such as squared, logistic, and hinge loss; R(W) is a regularization function for W that can be designed to enforce some sharing of information
between tasks. In such a context, the goal of MTL is to estimate the tasks parameters
W = [w1 , ..., wm ], while taking into account the underlying relationship among tasks.
The existing methods basically differ in the way the regularization R(W) is designed,
including the structural constraints imposed to matrix W and the relationship among the
3
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tasks. Some methods assume a fixed structure a priori, while others try to estimate it from
the data. In the following we present a representative set of methods from these categories.
2.1 MTL with All Tasks Related

One class of MTL methods assumes that all tasks are related and the information about
tasks are selectively shared among all tasks, with the hypothesized structure of the parameter matrix W controlling how the information is shared.
Evgeniou and Pontil (2004) considered the scenario that all tasks are related in a way
that the model parameters are close to some mean model. Motivated by the sparsity
inducing property of the `1 -norm (Tibshirani, 1996), the idea of structured sparsity has
been widely explored in MTL algorithms. Argyriou et al. (2007) assumed that there exists
a subset of features that is shared for all the tasks and imposed an `2,1 −norm penalization
on the matrix W to select such set of features. In the dirty-model proposed in Jalali
et al. (2010) the matrix W is modeled as the sum of a group sparse and an element-wise
sparse matrix. The sparsity pattern is imposed by `q and `1 -norm regularizations. Similar
decomposition was assumed in Chen et al. (2010), but there W is a sum of an element-wise
sparse (`1 ) and a low-rank (nuclear norm) matrix. The assumption that a low-dimensional
subspace is shared by all tasks is explored in Ando et al. (2005), Chen et al. (2009), and
Obozinski et al. (2010). For example, in Obozinski et al. (2010) a trace norm regularization
on W was used to select the common low-dimensional subspace.
2.2 MTL with Cluster Assumption

Another class of MTL methods assumes that not all tasks are related, but instead the
relatedness is in a group (cluster) structure, that is, mutually related tasks are in the same
cluster, while unrelated tasks belong to different clusters. Information is shared only by
those tasks belonging to the same cluster. The problem then involves estimating the number
of clusters and the matrix encoding the assignment cluster information.
In Bakker and Heskes (2003) task clustering was enforced by considering a mixture of
Gaussians as a prior over task parameters. Evgeniou et al. (2005) proposed a task clustering
regularization to encode cluster information in the MTL formulation. Xue et al. (2007)
employed a Dirichlet process prior over the task coefficients to encourage task clustering
and the number of clusters was someway automatically determined by the prior.

2.3 MTL with Dependence Structure Learning

JMLR 17(33):1-30

Recently, there have been some proposals to estimate and incorporate the dependence
among the tasks into the learning process. These methods are the most related to ours.
A matrix-variate normal distribution was used as a prior for W matrix in Zhang and
Yeung (2010). The hyper-parameter for such a prior distribution captures the covariance
matrix (Σ) among all task coefficients. The resulting non-convex maximum a posteriori
problem is relaxed by restricting the model complexity. It has a positive side of making
the whole problem convex, but has the downside of significantly restricting the flexibility
of the task relatedness structure. Also, in Zhang and Yeung (2010), the task relationship is
modeled by the covariance among tasks, but uses the inverse (precision matrix, Σ−1 = Ω)

4

L((Y, X), W) + B(W, Ω) + R1 (W) + R2 (Ω),

(1)
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5

If the tasks are unrelated, one can learn the columns of the coefficient matrix W independently for each of the m tasks. However, when there exist relationships among the m tasks,
learning the columns of W independently fails to capture these dependencies. In such a

3.3 Parameter Precision Structure

where L(·) denotes suitable task specific loss function, B(·) is the inductive bias term, and
R1 (·) and R2 (·) are suitable sparsity inducing regularization terms. The interaction between
parameters wk and the relationship matrix Ω is captured by the B(·) term. Notably, when
Ωk,k0 = 0, the parameters wk and wk0 have no influence on each other. Sections 3.3 to 3.7
delineate the modeling details behind MSSL algorithms and how it leads to the solution of
the optimization problem in (1).

W,Ω0

min

For ease of exposition, let us consider a simple linear model for each task: yk = Xk wk + ξ k
where wk is the parameter vector for task k and ξ k denotes the residual error. The proposed MSSL method estimates both the task parameters wk for all tasks and the structure
dependence, based on some information from each task. Further, the dependence structure
is used as inductive bias in the wk learning process, aiming at improving the generalization
capability of the tasks.
We investigate and formalize two ways of learning the relationship structure (a graph
indicating the relationship among the tasks), represented by Ω: (a) modeling Ω from the
task specific parameters wk , ∀k = 1, ..., m and (b) modeling Ω from the residual errors
ξ k , ∀k = 1, ..., m. Based on how we model Ω, we propose p-MSSL (from tasks parameters)
and r-MSSL (from residual error). Both models are discussed in the following sections.
At a high level, the estimation problem in such MSSL approaches takes the form:

3.2 MSSL Formulation

Here we describe the undirected graphical model used to capture the underlying linear
dependence structure of our multi-task learning framework.
Let V = (V1 , . . . , Vm ) be an m-variate random vector with joint distribution p(V ). Such
distribution can be characterized by an undirected graph G = (V, E), where the vertex set
V represents the m covariates of V and edge set E represents the conditional dependence
relations between the covariates of V . If Vi is conditionally independent of Vj given the
other variables, then the edge (i, j) is not in E. Assuming V ∼ N (0, Σ), the missing edges
correspond to zeros in the inverse covariance matrix or precision matrix given by Σ−1 = Ω,
i.e., (Σ−1 )ij = 0 ∀(i, j) ∈
/ E (Lauritzen, 1996).
Classical estimation approaches (Dempster, 1972) work well when m is small. Given,
that we have n i.i.d.
the empirical covariance
P samples v1 , . . . , vn from the distribution,
P
matrix is Σ̂ = n1 ni=1 (vi − v̄)> (vi − v̄), where v̄ = n1 ni=1 vi . However, when m > n,
Σ̂ is rank-deficient and its inverse cannot be used to estimate the precision matrix Ω.
Nonetheless, for a sparse graph, i.e. most of the entries in the precision matrix are zero,
several methods exist to estimate Ω (Friedman et al., 2008; Boyd et al., 2011).

3.1 Structure Estimation in Gaussian Graphical Models
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In this section we describe our multi-task Sparse Structure Learning (MSSL) method. As
our modeling is founded on structure estimation in Gaussian graphical models, we first
introduce the associated problem before presenting the proposed method.

3. Multi-task Sparse Structure Learning

Zhou and Tao (2014) used copula as a richer class of conditional marginal distributions
p(yk |x). As copula models express the joint distribution p(y|x) from the set of marginal
distributions, this formulation allows marginals to have arbitrary continuous distributions.
Output correlation is exploited via the sparse inverse covariance in the copula function,
which is estimated by a procedure based on proximal algorithms. Our method also covers
a rich class of conditional distributions, the exponential family that includes Gaussian,
Bernoulli, Multinomial, Poisson, and Dirichlet, among others. We use Gaussian copula
models to capture tasks dependence, instead of explicitly modeling marginal distributions.

Rothman et al. (2010) also enforced sparsity on both W and Ω. Similar to our residualbased MSSL formulation, it differs in two aspects: (i) our formulation allows a richer class of
conditional distribution p(y|x), namely distributions in the exponential family, rather than
simply Gaussian; and (ii) we employ a semiparametric Gaussian copula model to capture
task relationship, which does not rely of Gaussian assumption on the marginals and have
shown to be more robust to outliers (Liu et al., 2012), then traditional Gaussian model used
in Rothman et al. (2010). As will be seen in the experiments, the MSSL method with copula
models produced more accurate predictions. Rai et al. (2012) extended the formulation in
Rothman et al. (2010) to model feature dependence, additionally to the task dependence
modeling. However, it is computationally prohibitive for high-dimensional problems, due
to the cost of estimating another precision matrix for feature dependence.

Yang et al. (2013) also assumed a matrix normal prior for W. However, the row and
column covariance hyperparameters have a Matrix Generalized Inverse Gaussian (MGIG)
prior distribution. The mean of matrix W is factorized as the product of two matrices that
also has matrix-variate normal distribution as a prior. The model inference is done via a
variational Expectation Maximization (EM) algorithm. Due to the lack of a closed form
expression to compute statistics of the MGIG distribution, the method resort to the use of
sampling techniques, which can be slow for high-dimensional problems.

Zhang and Schneider (2010) also used a matrix-variate normal prior over W. The two
matrix hyper-parameters explicitly represent the covariance among the features (assuming
the same feature relationships in all tasks) and covariance among the tasks, respectively.
Sparse inducing penalization on the inverse covariance Ω of both is added into the formulation. Unlike Zhang and Yeung (2010), both matrices are learned in an alternating
minimization algorithm and can be computationally prohibitive in high dimensional problems due to the cost of modeling and estimating the feature covariance.

in the task parameter learning step, therefore, the inverse of the covariance matrix needed
to be computed at every iteration. We, on the other hand, do not constrain the complexity
of our model and also learn the inverse of the covariance matrix directly, which tends to be
more stable than computing covariance and then inverting it.

Multi-task Sparse Structure Learning with Gaussian Copula Models

n

nk
i=1

nk
m
X
1 X

k=1

(wk> xki − yki )2 + λ0 tr(WΩW> ) + λ1 kWk1 ,

8

(4a)

(4b)

// optimize Ω with W fixed
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Update for W: The update step involving (4a) is an `1 −regularized quadratic problem.
Thus the problem is an `1 -penalized quadratic optimization program, which we solve using
established proximal gradient descent methods such as FISTA (Beck and Teboulle, 2009).
The W-step can be seen as a general case of the formulation in Subbian and Banerjee (2013)
in the context of climate model combination, where in our proposal Ω is any positive definite
precision matrix, rather than a fixed Laplacian matrix as in Subbian and Banerjee (2013).
In the class of proximal gradient methods the cost function h(x) is decomposed as
h(x) = f (x) + g(x), where f (x) is a convex and smooth function and g(x) is convex and

t=t+1
until stopping condition met
end

Ω

Ω(t+1) = argminfW(t+1) (Ω)

W

argminfΩ(t) (W)

m .
// training data for all tasks
Data: {Xk , yk }k=1
Input: λ0 , λ1 , λ2 > 0.
// penalty parameters chosen by cross-validation
Result: W, Ω.
// estimated parameters
begin
/* Ω0 is initialized with identity matrix and
*/
/* W0 with random numbers in [-0.5,0.5].
*/
Initialize Ω0 and W0
t=1
repeat
W(t+1) =
// optimize W with Ω fixed

Algorithm 1: Multitask Sparse Structure Learning (MSSL) algorithm

The alternating minimization algorithm proceeds as described in Algorithm 1. The
procedure is guaranteed to converge to a partial optimum Gorski et al. (2007), since the
original problem (3) is biconvex and convex in each argument Ω and W.

fW (Ω; X, Y, λ0 , λ2 ) = λ0 tr(WΩW> ) − d log |Ω| + λ2 kΩk1 .

fΩ (W; X, Y, λ0 , λ1 ) =
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(2)
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d
Y
j=1

p (ŵj |Ω) ,

independence, that is, Ωij = 0 if and only if wi ⊥
⊥ wj |W\{i,j} . Then, enforcing sparsity on
Ω will highlight the conditional independence among tasks parameters.
In this formulation, the term involving the trace of the outer product tr(WΩW> ) affects
the rows of W, such that if Ωij 6= 0, then wi and wj are constrained to be similar.
Although the problem is not jointly convex on W and Ω, it is in fact biconvex, that is,
fixing Ω the problem is convex on W, and vice-versa. So, the associated biconvex function
in problem (3) is split into two convex functions exhibited in (4a) and (4b). Then, one can
use an alternating optimization procedure that updates W and Ω by fixing one of them
and solving the corresponding convex optimization problem (Gorski et al., 2007), given by

nk
m Y
Y

k=1 i=1

p yki xki , wk>

scenario, we propose to use the precision matrix Ω ∈ Rm×m in order to capture pairwise
partial correlations between tasks.
In the parameter precision structure based MSSL (p-MSSL) model we assume that
features across tasks (rows ŵj of the matrix W) follows a multivariate Gaussian distribution
with zero mean and covariance matrix Σ , i.e., ŵj ∼ N (0, Σ) ∀j = 1, ..., d, where Σ−1 =Ω.
The problem of interest is to estimate both the parameters w1 , . . . , wm and the precision
matrix Ω. By imposing such a prior over the rows of W, we are capable of explicitly
estimating the dependency structure among the tasks via the precision matrix Ω.
With a multivariate Gaussian prior over the rows of W, its posterior can be written as
p (W|(X, Y), Ω) ∝

where the first term in the right hand side denotes the conditional distribution of the
response given the input and parameters, and the second term denotes the prior over rows
of W. In this paper, we consider the penalized maximization of (2), assuming that the
parameter matrix W and the precision matrix Ω are sparse, i.e., contain few non-zero
elements. In the following, we provide two specific instantiations of this model. First,
we consider a Gaussian conditional distribution, wherein we obtain the well known least
squares regression problem (Section 3.3.1). Second, for discrete labeled data, choosing a
Bernoulli conditional distribution leads to a logistic regression problem (Section 3.3.2).




p yki xki , wk = N1 yki wk> xki , σk2 ,

3.3.1 Least Squares Regression
Assume that

m

k=1

k

1 XX
1
d
2
wk> xki − yki − log |Ω| + tr(WΩW> ).
2
2
2
i=1

where it is considered for ease of exposition that the variance of the residuals σk2 = 1, ∀k =
1, ..., m, though it can be incorporated in the model and learned from the data. We can
write this optimization problem as minimization of the negative logarithm of (2), which
corresponds to a regularized linear regression problem
min

W,Ω0

i=1

nk 
m
2
X
1 X
wk> xki − yki − d log |Ω| + λ0 tr(WΩW> ) + λ1 kWk1 + λ2 kΩk1 , (3)
nk
k=1

Further, assuming that Ω and W are sparse, we add `1 -norm regularizers over both
parameters. In the case one task has a much larger number of samples compared to the
others, it may dominate the empirical loss term. To avoid such bias we modify the cost
function and compute the weighted average of the empirical losses of the form
min

W,Ω0
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where λ0 , λ1 , and λ2 > 0 are penalty parameters. The sparsity assumption on W is motivated by the fact that maybe some features are not relevant for discriminative purposes
and can then be dropped out from the model. Precision matrix Ω plays an important
role in Gaussian graphical models because its zero entries precisely capture the conditional
7

(5)

(6)

1
(X> Xk wk − X>
k yk ) + λ 0 ψ k ,
nk k
(7)

λ2
kΩk1 ,
d
(8)

(9)

9
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where U is the scaled dual variable. Note that the non-smooth convex function (8) is split
in two functions by adding an auxiliary variable Z, besides a linear constraint Θ − Z = 0.

ρ
ρ
Lρ (Θ, Z, U) = λ0 tr(SΘ) − log |Θ| + λ2 kZk1 + kΘ − Z + Uk2F − kUk2F ,
2
2

where S = d1 W> W. This formulation will be useful to connect to the Gaussian copula
extension in the next section. As λ2 is a user defined parameter, the factor d1 can be
incorporated into λ2 .
To solve the minimization problem (8) we use an efficient Alternating Direction Method
of Multiplies (ADMM) algorithm (Boyd et al., 2011). ADMM is a strategy that is intended
to blend the benefits of dual decomposition and augmented Lagrangian methods for constrained optimization. It takes the form of a decomposition-coordination procedure, in which
the solutions to small local problems are coordinated to find a solution to a large global
problem. We refer interested readers to Boyd et al. (2011) in its Section 6.5 for details on
the derivation of the updates.
In ADMM, we start by forming the augmented Lagrangian function of the problem (8)

Ω0

min λ0 tr(SΩ) − log |Ω| +

Update for Ω: The update step for Ω involving (4b) is known as the sparse inverse
covariance selection problem and efficient methods have been proposed recently (Banerjee
et al., 2008; Friedman et al., 2008; Boyd et al., 2011; Cai et al., 2011; Wang et al., 2013).
Re-writing (4b) in terms of the sample covariance matrix S, the minimization problem is

∂
where ψ k is the k-th column of matrix Ψ = 2WΩ = ∂W
tr(WΩW> ). Note that the first
two terms of the gradient, which come from the loss function, are independent for each task
and then can be computed in parallel.

∇f (wk ) =

The convergence rate of the algorithm is O(1/t2 ) (Beck and Teboulle, 2009). Considering
the squared loss, the gradient for the weights of the k-th task is computed as

proxρt (x)i = (|xi | − ρ )+ sign(xi )

t

where ω t ∈ [0, 1) is an extrapolation parameter p
and ρt is the step size. The ω t parameter is
chosen as ω t = (ηt − 1)/ηt+1 , with ηt+1 = (1 + 1 + 4ηt2 )/2 as done in Beck and Teboulle
(2009) and ρt can be computed by a line search. The proximal operator associated with
the `1 -norm is the soft-thresholding operator

typically non-smooth. The accelerated proximal gradient iterates as follows

zt+1 := wkt + ω t wkt − wkt−1

wkt+1 := proxρt g zt+1 − ρt ∇f zt+1 ,
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(10c)

(10b)

(10a)

(11)

k=1

nk
m

X
> i
1 X i > i
yk wk xk − log(1 + ewk xk ) + λ0 tr(WΩW> ) − d log |Ω| + λ1 kWk1 + λ2 kΩk1 .
nk i=1

(12)

k=1

m
X

L(yk , Xk wk ) + λ0 tr(WΩW> ) − d log |Ω| + λ1 kWk1 + λ2 kΩk1 ,

(13)

10
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where L(·) is a convex loss function obtained from a GLM.
Note that the objective function in (12) is similar to the one obtained for multi-task
learning with linear regression in (3) in Section 3.3.1. Therefore, we use the same alternating
minimization algorithm described in Section 3.3.1 to solve the problem in (12).

W,Ω0

min

The loss function is the logistic loss, where we have considered a 2-class classification setting. In general, we can consider any generalized linear model (GLM) (Nelder and Baker,
1972), with different link functions h(·), and therefore different probability densities, such
as Poisson, Multinomial, and Gamma, for the conditional distribution. For any such model,
our framework requires the optimization of an objective function of the form

min

W,Ω0

where h(·) is the sigmoid function, and Be(p) is a Bernoulli distribution. Therefore, following
the same construction as in Section 3.3.1, parameters W and Ω can be obtained by solving
the following minimization problem:





p yki xik , wk = Be yki h wk> xik ,

As described previously, our model can also be applied to classification. Let us assume that

3.3.2 Log Linear Models

where Sλ2 /ρ (·) is an element-wise soft-thresholding operator (Boyd et al., 2011). Finally,
the updates for U in (10c) are already in closed form.



Zl+1 = Sλ2 /ρ Θl+1 + Ul ,

The output of the ADMM is Ωt+1 = ΘL , where L is the number of steps for convergence.
Each ADMM step can be solved efficiently. For the Θ-update, we can observe, from
the first order optimality condition of (10a) and the implicit constraint Θ  0, that the
solution consists basically of a singular value decomposion.
The Z-update (10b) can be computed in closed form, as follows

ρ
Θl+1 = argmin λ0 tr(Sl+1 Θ) − log |Θ| + kΘ − Zl + Ul k2F
Θ0
2
ρ
Zl+1 = argmin λ2 kZk1 + kΘl+1 − Z + Ul k2F
Z
2
Ul+1 = Ul + Θl+1 − Zl+1 .

Given the matrix S(t+1) = d1 (W(t+1) )> W(t+1) and setting Θ0 = Ω(t) , Z0 = 0m×m , and
U0 = 0m×m , the ADMM for the problem (8) consists of the iterations:
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3.4 p-MSSL Interpretation as Using a Product of Distributions as Prior
From a probabilistic perspective, sparsity can be enforced using the so-called sparsity promoting priors, such as the Laplacian-like (double exponential) prior (Park and Casella,
2008). Accordingly, instead of exclusively assuming a multivariate Gaussian distribution as
a prior for the rows of tasks parameter matrix W, we can consider an improper prior which
consists of the product of multivariate Gaussian and Laplacian distributions, of the form






λ0
λ1
pGL ŵj |µ, Ω, λ0 , λ1 ∝ |Ω|1/2 exp − (ŵj − µ)> Ω(ŵj − µ) exp − kŵj k1 , (14)
2
2

j=1

(15)

where we introduced the λ0 parameter to control the strength of the Gaussian prior. By
changing λ0 and λ1 , we alter the relative effect of the two component priors in the product.
Setting λ0 to one and λ1 to zero, we return to the exclusive Gaussian prior as in (2).
Hence, p-MSSL formulation in (3) can be seen exactly (assuming sparse precision matrix in
Gaussian prior) as a MAP inference of the conditional posterior distribution (with µ = 0)

k=1 i=1

N
D
K Y
k
Y



 Y

pGL ŵj |Ω, λ0 , λ1 .
p W|(X, Y), Ω ∝
N yki |wk> xki , σ 2

Equivalently, the p-MSSL with GLM formulation as in (13) can be obtained by replacing
the conditional Gaussian in (15) by another distribution in the exponential family.
3.5 Adding New Tasks
Suppose now that, after estimating all the tasks parameters and the precision matrix, a
new task arrives and needs to be trained. This is known as the asymmetric MTL problem
(Xue et al., 2007). Clearly, it will be computationally prohibitive in real applications to
re-run the MSSL every time a new task arrives. Fortunately, MSSL can easily incorporate
the new learning task into the framework using the information from the previous trained
tasks.
After the arrival of the new task m̃, where m̃ = m + 1, the extended sample covariance matrix S̃, computed from the parameter matrix W, and the precision matrix Ω̃ are
partitioned in thefollowing form



Ω11 ω 12
S11 s12
S̃ =
>
>
ω 12
ω22
s12
s22
Ω̃ =

i=1

(16)
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nm̃
1 X
> i
i 2
(wm̃
xm̃ − ym̃
) + λ0 tr(W̃Ω̃W̃> ) + λ1 kwm̃ k1 ,
nm̃

where S11 and Ω11 are the sample covariance and precision matrix, respectively, corresponding to the previous tasks, which have already been trained and will be kept fixed during the
estimation of the parameters associated with the new task.
Let wm̃ be the set of parameters associated with the new task m̃ and W̃ = [Wm wm̃ ]d×m̃ ,
where Wm is the matrix with the task parameters of all previous m tasks. For the learning
of wm̃ , we modify problem (4a) to include only those terms on which wm̃ depends
fΩ̃ (wm̃ ; Xm̃ , ym̃ , λ0 , λ1 ) =

and the same optimization methods for (4a) can be applied.
11
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ω 12

=

−β̂θ22

>
ω22 = 1/(θ22 − θ 12
β̂),

−1

(18)

(17b)

(17a)

Recall that the task dependence learning problem (8) is equivalent to solving a graphical
Lasso problem. Based on Banerjee et al. (2008), Friedman et al. (2008) proposed a block
coordinate descent method which updates one column (and the corresponding row) of the
matrix Ω̃ per iteration. They show that if Ω̃ is initialized with a positive semidefinite matrix,
then the final (estimated) Ω̃ matrix will be positive semidefinite, even if d > m. Setting
initial values of ω 12 as zero and ω22 as one (the new task is supposed to be conditionally
independent on all other previous tasks), the extended precision matrix Ω̃ is assured to be
positive semidefinite. From Friedman et al. (2008), ω 12 and ω22 are obtained as:

where β̂ is computed from

n 1 1/2
o
−1/2
β̂ := arg min
kΩ̃ α − Ω̃m s12 k22 + δkαk1 ,
2 m
α

>
where η > 0 and δ > 0 are sparsity regularization parameters; and θ 12
= Ω̃11 β̂ and
θ22 = s22 + δ. See Friedman et al. (2008) for further details. The problem (18) is a simple
Lasso formulation for which efficient algorithms have been proposed (Beck and Teboulle,
2009; Boyd et al., 2011). Then to learn the coefficients for the new task m̃ and its relationship
with the previous tasks, we iterate over solving (16) and (17) until convergence.

3.6 MSSL with Gaussian Copula Models

In the Gaussian graphical model associated with the problem (4b) the rows of the weight
matrix W are assumed to be normally distributed. As such assumption may not hold in
some cases, we need a more flexible model. A promising candidate is the copula model.
Copulas are class of flexible multivariate distributions that are expressed by its univariate marginals and a copula function that describes the dependence structure between the
variables. Consequently, copulas decompose a multivariate distribution into its marginal
distributions and the copula function connecting them. Copulas are founded on Sklar
(1959) theorem which states that: any m-variate distribution f (V1 , ..., Vm ) with continuous
marginal functions f1 , ..., fm can be expressed as its copula function C(·) evaluated at its
marginals, that is, f (V1 , ..., Vm ) = C(f1 (V1 ), ..., fm (Vm )) and, conversely, any copula function C(·) with marginal distributions f1 , ..., fm defines a multivariate distribution. Several
copulas have been described, which typically exhibit different dependence properties. Here,
we focus on the Gaussian copula that adopts a balanced combination of flexibility and
interpretability that has attracted a lot of attention (Xue and Zou, 2012).

3.6.1 Gaussian Copula Distributions
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The Gaussian copula CΣ0 is the copula of an m-variate Gaussian distribution Nm (0, Σ0 )
with m × m positive definite correlation matrix Σ0


C(V1 , ..., Vm ; Σ0 ) = ΦΣ0 Φ−1 (V1 ), ..., Φ−1 (Vm ) ,
(19)

12

!

14



− d log |Ω| + λ0 tr (Y − XW)Ω(Y − XW)> + λ1 kWk1 + λ2 kΩk1 . (22)
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k=1

m
X
1
kyk − Xk wk k22
nk
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W,Ω0

min

We use the alternating minimization scheme illustrated in previous sections to solve the
problem in (22). Since the cost function is biconvex and convex in each of its arguments W

(20b)

(20a)

(21)

where ξ = Y − XW ∼ N (0, Σ0 ). In this model, the errors are not assumed to be i.i.d.,
but vary jointly over the tasks following a Gaussian distribution with precision matrix
Ω = (Σ0 )−1 . Finding the dependence structure among the tasks now amounts to estimating
the precision matrix Ω. Such models are commonly used in spatial statistics (Mardia and
Marshall, 1984) in order to capture spatial autocorrelation between geographical locations.
We adopt the framework in order to capture “loose coupling” between the tasks by means of
a dependence in the error distribution. For example, in domains such as climate or remote
sensing, there often exist noise autocorrelations over the spatial domain under consideration.
Incorporating this dependence by means of the residual precision matrix is therefore more
interpretable than the explicit dependence among the coefficients in W.
Following the above definition, the multi-task learning framework can be modified to
incorporate the relationship between the errors ξ. We assume that the coefficient matrix W
is fixed, but unknown. Since ξ follows a Gaussian distribution, maximizing the likelihood of
the data, penalized with a sparse regularizer over Ω, reduces to the optimization problem

Y = XW + ξ,

In the residual structure based MSSL, called r-MSSL, the relationship among tasks will
be modeled in terms of partial correlations among the errors ξ = (ξ1 , . . . , ξm )> , instead
of considering explicit dependencies between the coefficients w1 , . . . , wm for the different
tasks. To illustrate this idea, let us consider the regression scenario where Y = (y1 , . . . , ym )
is a vector of desired outputs for each task, and X = (X1 , . . . , Xm )> are the covariates for
the m tasks. The assumed linear model can be denoted by

We observe that Spearman’s rho is computed from the ranks of the samples and Kendall’s
correlation is based on the concept of concordance of pairs, which in turn is also computed
from the ranks ri . Therefore, both measures are invariant to monotone transformation of
the original samples and rank-based correlations such as Spearman’s ρ and Kendal’s τ of
the observed variables V and the latent variables Z are identical. In other words, if we are
only interested in estimating the precision matrix Ω0 , we can treat the observed variable V
as the unknown variable Z, thus avoiding estimating the transformation functions f1 , ..., fm .

1≤t≤t ≤n

Pn
(rti − r̄i )(rtj − r̄j )
(Spearman’s ρ) ρ̂ij = pPn t=1
,
Pn
2
2
t=1 (rtj − r̄j )
t=1 (rti − r̄i ) ·


X
2
(Kendall’s τ ) τ̂ij =
sign (vti − vt0 i )(vtj − vt0 j ) .
n(n − 1)
0

From the definition we notice that the copula does not have requirements on the marginal
distributions as long the monotone continuous functions f1 , ..., fm exist.
The semiparametric Gaussian copula model is completely characterized by two unknown
parameters: the correlation matrix Σ0 (or its inverse, the precision matrix Ω0 = (Σ0 )−1 )
and the marginal transformation functions f1 , ..., fm . The unknown marginal distributions
can be estimated by existing nonparametric methods. However, as will be seen next, when
estimating the dependence parameter is the ultimate aim, one can directly estimate Ω0
without explicitly computing the functions.
Let Z = (Z1 , ..., Zm ) = (f (V1 ), ..., f (Vm )) be a set of latent variables. By the assumption
of joint normality of Z, we know that Ω0ij = 0 ⇐⇒ Zi ⊥
⊥ Zj |Z\{i,j} . Interestingly, Liu
et al. (2009) showed that Zi ⊥
⊥ Zj |Z\{i,j} ⇐⇒ Vi ⊥
⊥ Vj |V\{i,j} , that is, variables V and
Z share exactly the same conditional dependence graph. As we focus on sparse precision
matrix, to estimate the parameter Ω0 we can resort to the `1 -penalized maximum likelihood
method, the graphical Lasso problem (8).
Let r1i , ..., rni be the rank of the samples from variable Vi and the sample mean r̄j =
1 Pn
n+1
i=1 rij = 2 . We start by reviewing the Spearman’s ρ and Kendal’s τ statistics:
n

3.7 Residual Precision Structure

To connect Spearman’s ρ and Kendal’s τ rank-based correlation to the underlying Pearson correlation in the graphical Lasso formulation (8) of the inverse covariance selection
problem, for Gaussian
random variables a result due to Kendall (
(1948) is used:
(


π
2
sin
ρ̂
,
i
=
6
j
sin π2 τ̂ij , i 6= j
ij
6
,
Ŝρij =
Ŝτij =
1
, i=j
1
, i = j.
We then replace S in (8) by Ŝρ or Ŝτ and the same ADMM proposed in Section 3.3.1 is
applied. The MSSL algorithms with Gaussian copula models are called p-MSSLcop and
r-MSSLcop , for the parameter and residual-based versions, respectively.
Liu et al. (2012) suggested that the SGC models can be used as a safe replacement of
the popular Gaussian graphical models, even when the data are truly Gaussian. Compared
with the Gaussian graphical model (8), the only additional cost of the SGC model is the
computation of the m(m − 1)/2 pairs of Spearman’s ρ or Kendal’s τ statistics, for which
efficient algorithms have complexity O(m log m).
Other copula distributions also exist, such as the Archimedean class of copulas (McNeil
and Nešlehová, 2009), which are useful to model tail dependence. Nevertheless, Gaussian
copula is a compelling distribution for expressing the intricate dependency graph structure.

where Φ−1 is the inverse of a standard normal distribution function and ΦΣ0 is the joint
distribution function of a multivariate normal distribution with mean vector zero and covariance matrix equal to the correlation matrix Σ0 . Note that without loss of generality,
the covariance matrix Σ0 can be viewed as a correlation matrix, as observations can be replaced by their normal-scores. Therefore, Sklar’s theorem allows to construct a multivariate
distribution with non-Normal marginal distributions and the Gaussian copula.
A more general formulation of the Gaussian copula is the semiparametric Gaussian
copulas (Liu et al., 2009; Xue and Zou, 2012), which allows the marginals to follow any
non-parametric distribution.

Definition 1 (Semiparametric Gaussian copula models) Let f = {f1 , ..., fm } be a set of
continuous monotone and differentiable univariate functions. An m-dimensional random
variable V = (V1 , ..., Vm ) has a semiparametric Gaussian Copula distribution if the joint
distribution of the transformed variable f (V ) follows a multivariate Gaussian distribution
with correlation matrix Σ0 , that is, f (V ) = (f1 (V1 ), ..., fm (Vm ))> ∼ Nm (0, Σ0 ).
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Figure 2: Average RMSE error on the test
set of synthetic data for all tasks varying parameters λ2 (controls sparsity on Ω) and λ1
(controls sparsity on W).
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Figure 1: RMSE per task comparison between
p-MSSL and Ordinary Least Square over 30
independent runs. p-MSSL gives better performance on related tasks (1-4 and 5-10).
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We created a synthetic data set with 10 linear regression tasks of dimension D = Dr + Du ,
where Dr and Du are the number of relevant and non-relevant (unnecessary) variables,
respectively. This is to evaluate the ability of the algorithm to discard non-relevant features.
We used Dr = 30 and Du = 5. For each task, the relevant input variables Xk0 are generated
i.i.d. from a multivariate normal distribution, Xk0 ∼ N (0, IDr ). The corresponding output
variable is generated as yk = Xk0 wk + ξ where ξi ∼ N (0, 1), ∀i = 1, ..., nk . Unnecessary
variables are generated as Xk00 ∼ N (0, IDu ). Hence, the total synthetic input data of the
k-th task is formed as the concatenation of both set of variables, Xk = [Xk0 Xk00 ]. Note
that only the relevant variables are used to produce the output variable yk . The parameter
vectors for all tasks are chosen so that tasks 1 to 4 and 5 to 10 form two groups. Parameters
for tasks 1-4 were generated as: wk = wa bk + ξ, where is the element-wise Hadamard
product; and for tasks 5-10: wk = wb bk + ξ, where ξ = N (0, 0.2IDr ). Vectors wa and wb
are generated from N (0, IDr ), while bk ∼ U(0, 1) are uniformly distributed Dr -dimensional
random vectors. In summary, we have two clusters of mutually related tasks. We train the
p-MSSL model with 50 data instances and test it on 100 data instances.
Figure 1 shows the RMSE error for p-MSSL and for the case where Ordinary Least
Squares (OLS) was applied individually for each task. As expected, sharing information
among related tasks improves prediction accuracy. p-MSSL does well on related tasks 1 to
4 and 5 to 10. Figures 3a and 3b depict the sparsity pattern of the task parameters W and
the precision matrix Ω estimated by the p-MSSL algorithm. As can be seen, our model is
able to recover the true dependence structure among tasks. The two clusters of tasks were
clearly revealed, indicated by the filled squares, meaning non-zero entries in the precision
matrix, and then, relationship among tasks. Additionally, p-MSSL was able to discard most
of the irrelevant features (last five) intentionally added into the synthetic data set.
Sensitivity analysis of p-MSSL sparsity parameters λ1 (controls sparsity on W) and λ2
(controls sparsity on Ω) on the synthetic data is presented in Figure 2. We observe that
the smallest RMSE was found with a value of λ1 > 0, which implies that a reduced set of
variables is more representative than the full set, as it is indeed the case for the synthetic

4.1.1 Synthetic Data set

RMSE
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and Ω, thus a partial optimum will be found (Gorski et al., 2007). Fixing W, the problem
of estimating Ω is exactly the same as (8), but with the interpretation of capturing the
conditional dependence among the residuals instead of the coefficients. The problem of
estimating the tasks coefficients W will be slightly modified due to the change in the trace
term, but the algorithms presented in Section 3.3.1 can still be used. Further, the model
can be extended to losses other than the squared loss, used here due to the fact that ξ
follows a Gaussian distribution.
Two instances of MSSL have been provided, p-MSSL and r -MSSL, along with their
Gaussian copula versions, p-MSSLcop and r -MSSLcop . In summary, p-MSSL and p-MSSLcop
can be applied to both regression and classification problems. On the other hand, r -MSSL
and r -MSSLcop , can only be applied to regression problems, as the residual error of a
classification problem is clearly non-Gaussian.
3.8 Complexity Analysis
The complexity of an iteration of the MSSL algorithms can be measured in terms of the
complexity of its W-step and Ω-step. Each iteration of the FISTA algorithm in the Wstep involves the element-wise operations, for both the z-update and the proximal operator,
which takes O(md) operations each. Gradient computation of the squared loss with trace
penalization involves matrices multiplication which costs O(max(mn2 d, dm2 )) operations
for dense matrix W and Ω, but can be reduced as both matrices are sparse. We are
assuming that all tasks have the same number of samples n.
In an ADMM iteration, the dominating operation is clearly the SVD decomposition
when solving the subproblem (10a). It costs O(m3 ) operations. The other two steps
amount to element-wise operations which costs O(m2 ) operations. As mentioned previously,
the copula-based MSSL algorithms have the additional cost of O(m log(m)) for computing
Kendal’s τ or Spearman’s ρ statistics.
The memory requirements include O(md) for the z and previous weight matrix W(t−1)
in the W-step and O(m2 ) for the dual variable U and the auxiliary matrix Z in the ADMM
for the Ω-step. We should mention that the complexity is evidently associated with the
optimization algorithms used for solving problems 4a and 4b.

4. Experimental Results
In this section we provide experimental results to show the effectiveness of the proposed
framework for both regression and classification problems.
4.1 Regression

JMLR 17(33):1-30

We start with experiments on synthetic data and then move to the problem of predicting
land air temperature in South and North America by the use of multi-model ensemble.
To select the penalty parameters λ1 and λ2 we use a stability selection procedure described in Meinshausen and Bühlmann (2010). It is a sub-sampling approach that provides
a way to find stable structures and hence a principle to choose a proper amount of regularization for structure estimation. The parameter λ0 was set to one in all experiments.
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Baselines and Evaluation: We consider the following eight baselines for comparison and
evaluation of MSSL performance for the ESM combination problem. The first two baselines
(MMA and Best-ESM) are commonly used in climate sciences due to their stability and
simple interpretation. We will refer to these baselines and MSSL as the “models” in the
sequel and the constituent ESMs as “submodels”. Four well known MTL methods were
also added in the comparison. The eight baselines are:
1. Multi-model Average (MMA): is the current technique used by Intergovernmental
Panel on Climate Change (IPCC). It gives equal weight to all ESMs at every location.

Canada contrasts with the semi-arid climate in western United States and Mexico’s central
area. The Rocky Mountains have a large impact in land’s climate, and temperature significantly varies due to topographic effects (elevation and slope) (Kinel et al., 2002). Southeast
of the United States is characterized by its subtropical humid climate with relatively high
temperatures and an evenly distributed precipitation throughout the year.
For the experiments we use 10 ESMs from the CMIP5 data set (Taylor et al., 2012). Details about the ESMs data sets are listed in Table 1. The global observation data for surface
temperature is obtained from the Climate Research Unit (CRU) at the University of East
Anglia. Both, ESM outputs and observed data are the raw temperatures (not anomalies)
measured in degree Celsius. We align the data from the ESMs and CRU observations to
have the same spatial and temporal resolution, using publicly available climate data operators (CDO). For all the experiments, we used a 2.5o ×2.5o grid over latitudes and longitudes
in South and North America, and monthly mean temperature data for 100 years, 1901-2000,
with records starting from January 16, 1901. In other words, we have two data sets: (1)
South America with 250 spatial locations; and (2) North America with 490 spatial locations
over land. Data sets and code are available at: bitbucket.org/andreric/mssl-code. For
the MTL framework, each geographical location represents a task (regression problem).
From an MTL perspective, the two data sets have different levels of difficulty. North
America data set has almost twice the number of tasks as compared to South America, so
that we discuss the performance of MSSL in problems with high number of tasks. It brings
new challenges to MTL methods. On the other hand, South America has a more diverse climate, which makes task dependence structure more complex. Preliminary results on South
America were published in Gonçalves et al. (2015) employing a high-level description format.

Table 1: Description of the Earth System Models used in the experiments.

ESM
BCC CSM1.1
CCSM4
CESM1
CSIRO
HadGEM2
IPSL
MIROC5
MPI-ESM
MRI-CGCM3
NorESM

Gonçalves, Von Zuben and Banerjee

An Earth System Model (ESM) is a complex mathematical representation of the major
climate system components (atmosphere, land surface, ocean, and sea ice), and their interactions. They are run as computer simulations, to predict climate variables such as
temperature, pressure, and precipitation over multiple centuries. Several ESMs have been
proposed by climate science institutes from different countries around the world.
The forecasts of future climate variables as predicted by these models have high variability, which in turn introduces uncertainty in analysis based on these predictions. One
of the reasons for such uncertainty in the response of the ESMs comes from the model
variability due to the fact that ESMs implements certain climatic process in different ways.
Then, suitably combining outputs from multiple ESMs can greatly reduce the variability.
Another equally important source of uncertainty is due to initial conditions. As ESMs are
non-linear dynamic systems, changes in initial conditions can lead to different realizations
of climate. In this work we focus only on the model variability. Modeling uncertainty from
initial conditions is an ongoing work.
We consider the problem of combining ESM outputs for land surface temperature prediction in both South and North America, which are the world’s fourth and third-largest
continents, respectively, and jointly cover approximately one third of the Earth’s land area.
The climate is very diversified in those areas. In South America, the Amazon River basin in
the north has the typical hot wet climate suitable for the growth of rain forests. The Andes
Mountains, on the other hand, remain cold throughout the year. The desert regions of Chile
are the driest part of South America. As for North America, the subartic climate in North

4.1.2 Combining Earth System Models

data set. The best solution is with a sparse precision matrix, as we can see in Figure 2
(smallest RMSE with λ2 > 0). We should mention that as we increase λ1 we encourage
sparsity on W and, as a consequence, it becomes harder for p-MSSL to capture the true
relationship among the column vectors (tasks parameters), since it learns Ω from W. This
drawback is overcome in the r-MSSL algorithm, in which the precision matrix is estimated
from the residuals instead of being estimated from the task parameters directly.

Figure 3: Sparsity pattern of the p-MSSL estimated parameters on the synthetic data
set: (a) precision matrix Ω; (b) weight matrix W. The algorithm identified the true task
relationship in (a) and removed most of the non-relevant features (last five columns) in (b).
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The RMSE per geographical location for r -MSSLcop and three common approaches
used in climate sciences, MMA, Best-ESM, and OLS, are shown in Figures 5. As previously
mentioned, South and North America have a diverse climate and not all of the ESMs
are designed to take into account and capture this scenario. Hence, averaging the model
outputs, as done by MMA, reduces prediction accuracy. On the other hand r -MSSLcop

Figure 4 shows the precision matrix estimated by the r -MSSLcop algorithm and the
Laplacian matrix assumed by S2 M2 R in both South and North America. Blue dots means
negative entries in the matrix, while red, positive. Interpreting the entries of the matrix
in terms of partial correlation, Ωij < 0 means positive partial correlation between wi and
wj , while Ωij > 0 means negative partial correlation. Not only is the precision matrix
for r -MSSLcop able to capture the relationship among a geographical locations’ immediate
neighbors (as in a grid graph) but it also recovers relationships between locations that are not
immediate neighbors. The plots also provide an information of the range of neighborhood
influence, which can be useful in spatial statistics analysis.

Similar behavior is observed in North America data set, except for the fact that MMA
does much better than Best-ESM for all training sample settings. Again, all the four MSSL
instantiations provided better future temperature projection. We also note that the residualbased structure dependence modeling with Gaussian Copula, r -MSSLcop , produced slightly
better results than the other three MSSL instantiations. As will be left clear in Figures 4
and 6, residual-based MSSL coherently captures related geographical locations, indicating
that it can be used as an alternative to parameter-based task dependence modeling.

precipitation and S2 M2 R may not succeed in those problems. On the other hand, MTL
methods are general enough and in principle can be used for any climate variable. In
the realm of MTL methods, all the four MSSL instantiations outperform the four other
MTL contenders. It is worth observing that the two MSSL methods based on Gaussian
Copula models provided smaller RMSE than the two with Gaussian models, particularly
for problems with small training sample size. As Gaussian Copula models are more flexible,
it is able to capture a wider range of task dependences than ordinary Gaussian models.

Figure 4: Laplacian matrix (on grid graph) assumed by S2 M2 R and the precision matrix
learned by r -MSSLcop on both South and North America. r -MSSLcop can capture spatial
relations beyond immediate neighbors. While South America is densely connected in the
Amazon forest area (corresponding to top left corner) along with many spurious connections,
North America is more spatially smooth.

Tasks

Multi-task Sparse Structure Learning with Gaussian Copula Models

2. Best-ESM: uses the predicted outputs of the best ESM in the training phase (lowest
RMSE). This baseline is not a combination of submodels, but a single ESM instead.
3. Ordinary Least Squares (OLS): performs an ordinary least squares regression for
each geographic location, independently of the others.
4. Spatial Smoothing Multi Model Regression (S2 M2 R): proposed by Subbian
and Banerjee (2013) to deal with ESM outputs combination, can be seen as a special
case of MSSL with the pre-defined dependence matrix Ω equal to the Laplacian matrix.
5. MTL-FEAT (Argyriou et al., 2007): all the tasks are assumed to be related and
share a low-dimensional feature subspace. The following two methods, 6 and 7, can
be seen as relaxations of this assumption. We used the code provided in MALSAR
package (Zhou et al., 2011a).
6. Group-MTL (Kang et al., 2011): groups of related tasks are assumed and tasks belonging to the same group share a common feature representation. The code was taken
from the author’s homepage: http://www-scf.usc.edu/~zkang/GoupMTLCode.zip.
7. GO-MTL (Kumar and Daume III, 2012): founded on a relaxation of the group idea
in Kang et al. (2011) by allowing subspaces shared by each group to overlap between
them. We obtained the code directly from the authors.
8. MTRL (Zhang and Yeung, 2010): the covariance matrix among tasks coefficients is
captured by imposing a matrix-variate normal prior over the coefficient matrix W.
The non-convex MAP problem is relaxed and an alternating minimization procedure
is proposed to solve the convex problem. The code was taken from author’s homepage:
http://www.comp.hkbu.edu.hk/~yuzhang/codes/MTRL.zip.
Methodology
We assume here that sub-models skills are stationary, that is, the coefficient associated
with each sub-model does not change over time. To have an overall measure of the capability of the method, we considered scenarios with different amount of data available for
training. For each scenario, the same number of training data (columns of Table 2) are used
for all tasks, and the remaining data is used for test. Starting from one year of temperature
measures (12 samples), we increase till ten years of data for training. The remained data
was used as test set. For each scenario 30 independent runs are performed. Therefore, the
results are reported as the average and standard deviation of RMSE for all scenarios.

JMLR 17(33):1-30

Results
Table 2 report the average and standard deviation RMSE for all locations in South and
North America. In South America, except for the smallest training sample (12 months)
the average model (MMA) has the highest RMSE for all training sample size. Best-ESM
presented a better temperature future projection compared to MMA. Generally speaking,
the MTL methods performed significantly better than non-MTL ones, particularly when a
small number of samples are available for training. As the spatial smoothness assumption
is true for temperature, S2 M2 R obtained results comparable with those yielded by MTL
methods. However, this assumption does not hold for other climate variables, such as
19
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Table 2: Mean and standard deviation over 30 independent runs for several amounts of
monthly data used for training. The symbol ”∗ ” indicates statistically significant (t-test, P
< 0.05) improvement when compared to the best contender. MSSL with Gaussian copula
provides better prediction accuracy.
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In the structure learned for North America, a densely connected area is also observed
in the northeast part of North America, particularly the regions of Nunavut and North
Quebec, which are characterized by their polar climate, with extremely severe winters and
cold summers. Long connections between Alaska and regions from Northwestern Canada,
which share similar climate patterns, can also be seen. Again, the r -MSSLcop algorithm
had no access to the latitude and longitude of the locations during the training phase. r MSSLcop also identified related regions, in terms of model skills, in the Gulf of Mexico. We
hypothesize that no more connections were seen due to the high variability in air and sea

We immediately observe that locations in the northwest part of South America are
densely connected. This area has a typical tropical climate and comprises the Amazon
rainforest which is known for having hot and humid climate throughout the year with low
temperature variation (Ramos, 2014). The cold climates which occur in the southernmost
parts of Argentina and Chile are clearly highlighted. Such areas have low temperatures
throughout the year, but there are large daily variations (Ramos, 2014). An important
observation can be made about South America west cost, ranging from central Chile to
Venezuela passing through Peru which has one of the driest deserts in the world. These
areas are located to the left side of Andes Mountains and are known for arid climate. The
average model is not performing well on this region compared to r -MSSLcop . We can see
the long lines connecting these coastal regions, which probably explains the improvement
in terms of RMSE reduction achieved by r -MSSLcop . The algorithm uses information from
related locations to enhance its performance on these areas.

Figure 6 presents the dependence structure estimated by r -MSSLcop for South and North
America data sets. Blue connections indicate dependent regions.

performs better because it learns a more appropriate weight combination on the model
outputs and incorporates spatial smoothing by learning the task relationship.

Figure 5: [Best viewed in color] RMSE per location for r -MSSLcop and three common methods in climate sciences, computed using 60 monthly temperature measures for training. It
shows that r -MSSLcop substantially reduces RMSE, particularly in Northern South America
and Northwestern North America.
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Figure 6: Relationships between geographical locations estimated by the r -MSSLcop algorithm using 120 months of data for training. The blue lines indicate that connected
locations are conditionally dependent on each other. As expected, temperature is very spatially smooth, as we can see by the high neighborhood connectivity, although some long
range connections are also observed.

surface temperature in these area (Twilley, 2001), that in turn has a strong impact on Gulf
of Mexico costal regions.
4.1.3 MSSL sensitivity to initial values of W
As discussed earlier, the MSSL algorithms may be susceptible to the choice of initial values
of the parameters Ω and W, as the optimization function (3) is not jointly convex on Ω
and W. In this section we analyze the impact of different parameter initializations on the
RMSE and the number of non-zero entries in the estimated Ω and W parameters.

JMLR 17(33):1-30

Table 3 shows the mean and standard deviation over 10 independent runs with random
initialization of W in the interval [-0.5,0.5] for the South America data set. For the Ω
matrix we started with an identity matrix, as it is reasonable to assume tasks independence
beforehand. The results showed that the solutions are not sensitive to initial values of
W. The largest variation was found in the number of non-zero entries in the Ω matrix for
North America data set. However, it corresponds to 0.07% of the average number of nonzero entries and was not enough to significantly alter the RMSE of the solutions. Figure
7 shows the convergence of p-MSSL for several random initializations of W. We note that
in all runs the cost function decreases smoothly and similarly to each other, showing the
stability of the method.
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RMSE
# nz W
# nz Ω

Synt.
1.14 (2e-6)
345 (0)
55(0)

North
America
2.46 (1.6e-4)
4758 (2.87)
73520 (504.4)
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Figure 7: Convergence behavior of pMSSL for distinct initializations of the
weight matrix W.

0
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South
America
0.86 (0)
2341 (0.32)
4954 (0.63)

Table 3: p-MSSL sensitivity to initial values of W in
terms of RMSE, mean and standard deviation, and number of non-zero entries in W and Ω.
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• Letter: The handwritten letter data set consists of eight tasks, with each one being
a binary classification of two letters: a/g, a/o, c/e, f/t, g/y, h/n, m/n and i/j. The
input for each data point consists of 128 features representing the pixel values of the
handwritten letter. The number of data points for each task varies from 3057 to 7931.
This data set can be found at http://ai.stanford.edu/~btaskar/ocr/.

• MNIST data set consists of 28×28-size images of hand-written digits from 0 through
9. We transform this multiclass classification problem by applying the all-versus-all
decomposition, leading to 45 binary classification problems (tasks). When a new test
sample arrives, a voting scheme is performed among the classifiers. The number of
samples for each classification problem is about 15000. This data set can be found at
http://yann.lecun.com/exdb/mnist/.

• Spam Detection: E-mail spam data set from ECML 2006 discovery challenge. It
consists of two problems: Problem A with e-mails from 3 different users (2500 e-mails
per user); and Problem B with e-mails from 15 distinct users (400 e-mails per user).
We performed feature selection to get the 500 most informative variables using the
Laplacian score feature selection algorithm (He et al., 2006). The goal is to classify
between spam vs. ham. For both problems, we create different tasks for different users.
This data set can be found at http://www.ecmlpkdd2006.org/challenge.html.

• Landmine Detection: Data from 19 landmine fields were collected, which have distinct characteristics. Each object in a given data set is represented by a 9-dimensional
feature vector and the corresponding binary label (1 for landmine and 0 for clutter)
(Xue et al., 2007). The feature vectors are extracted from radar images, concatenating
four moment-based features, three correlation-based features, one energy ratio feature
and one spatial variance feature. The goal is to classify between mine or clutter.

We test the performance of the p-MSSL on five data sets (six problems) described below.
Recall that r-MSSL can not be applied for classification problems, once it relies on a Gaussian assumption of the residuals. This is currently the subject of an ongoing work. All data
sets were standardized, then all features have zero mean and standard deviation one.

4.2 Classification

MSSL cost function

Spam
3-users

6.62
(0.99)
3.93
(0.45)
3.33
(0.43)
2.65
(0.32)
1.90*
(0.27)
1.77*
(0.29)

Landmine

6.01
(0.37)
5.98
(0.32)
6.16
(0.31)
5.75
(0.28)
5.68
(0.37)
5.68
(0.35)

16.46
(0.67)
8.01
(0.75)
7.03
(0.67)
5.40
(0.54)
6.55
(0.68)
5.32
(0.45)

Spam
15-users
9.80
(0.19)
2.06
(0.14)
2.61
(0.08)
2.27
(0.09)
1.96*
(0.08)
1.95*
(0.08)

MNIST
5.56
(0.19)
8.22
(0.25)
11.66
(0.29)
5.90
(0.21)
5.34*
(0.19)
5.29*
(0.19)

Letter
26.04
(1.26)
9.43
(0.78)
7.15
(1.60)
7.49
(1.72)
9.58
(0.91)
5.28*
(0.45)

Yale
faces
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We proposed a framework for multi-task structure learning. Our framework simultaneously
learns the tasks and their relationship, with the task dependences defined as edges in an
undirected graphical model. The formulation allows the direct extension of the graphical
model to the recently developed semiparametric Gaussian copula models. As such model
does not rely on the Gaussian assumption of task parameters, it gives more flexibility to
capture hidden task conditional independence, thus helping to improve prediction accuracy.
The problem formulation leads to a bi-convex optimization problem which can be efficiently
solved using alternating minimization. We show that the proposed framework is general
enough to be specialized to Gaussian models and generalized linear models. Extensive
experiments on benchmark and climate data sets for regression tasks and real-world data
sets for classification tasks illustrate that structure learning not only improves multi-task
prediction performance, but also captures relevant qualitative behaviors among tasks.

5. Conclusion

Focusing the analysis on p-MSSL and the copula version, p-MSSLcop , their results are
relatively similar for most of the data set, except for Yale-faces, where the difference is
quite large. The two algorithms differ only in the way the inverse covariance matrix Ω is
computed. One hyphotesis for p-MSSLcop superiority on Yale-faces data set is that it may
have captured hidden important dependencies among tasks, as the Copula Gaussian model
can capture a wider class of dependencies than traditional Gaussian graphical models.
For the Yale-faces data set, which contains the smallest number of data available for
training, all the MTL algorithms obtained considerable improvement compared to the traditional single task learning approach (LR), corroborating with the assertion that MTL
approaches are particularly suitable for problems with few data samples.

Gonçalves, Von Zuben and Banerjee

For all data sets p-MSSLcop presented statistically significant better results than the
contenders for the most of the data sets. The three MTL methods presume the structure
of the matrix W, which may not be a proper choice for some problems. Such disagreement
in the structure of the problem might explains the poor results in some data sets.

Table 4: Average classification error rates and standard deviation over 10 independent runs
for all methods and data sets considered. Bold values indicate the best value and the
symbol “*” means significant statistical improvement of the MSSL algorithm in relation to
the contenders determined by t-test with P < 0.05.

p-MSSLcop

p-MSSL

Trace

MTL-FEAT

CMTL

LR

Algorithms

Results: Table 4 shows the results of each algorithm for all data sets. It was obtained over
10 independent runs using a holdout cross-validation (2/3 for training and 1/3 for test).
The performance of each run is measured by the average of the performance of all tasks.

4. Low rank MTL (Abernethy et al., 2006): assumes that related tasks share a low
dimensional subspace and applies a trace regularization norm to capture that relation.

3. CMTL (Zhou et al., 2011b): incorporates a regularization term to induce clustering
between tasks and then share information only to tasks belonging to the same cluster.

2. MTL-FEAT (Argyriou et al., 2007): employs an `2,1 -norm regularization term to
capture the task relationship from multiple related tasks constraining all models to
share a common set of features.

1. Logistic Regression (LR): learns separate logistic regression models for each task.

Baseline algorithms: Four baseline algorithms were considered in the experiments and
the regularization parameters for all algorithms were selected using cross-validation from
the set {0.01, 0.1, 1, 10, 100}. The algorithms are:

• Yale-faces: The face recognition data set contains 165 grayscale images with dimension 32x32 pixels of 15 individuals. Similar to MNIST, the problem is also transformed by all-versus-all decomposition, totalling 105 binary classification problems
(tasks). For each task only 22 samples are available. This data set can be found at
http://vision.ucsd.edu/content/yale-face-database.
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MLlib’s tight integration with Spark results in several benefits. First, since Spark is
designed with iterative computation in mind, it enables the development of efficient implementations of large-scale machine learning algorithms since they are typically iterative in
nature. Improvements in low-level components of Spark often translate into performance
gains in MLlib, without any direct changes to the library itself. Second, Spark’s vibrant
open-source community has led to rapid growth and adoption of MLlib, including contributions from over 140 people. Third, MLlib is one of several high-level libraries built on
top of Spark, as shown in Figure 1(a). As part of Spark’s rich ecosystem, and in part due to
MLlib’s spark.ml API for pipeline development, MLlib provides developers with a wide
range of tools to simplify the development of machine learning pipelines in practice.

In this work we present MLlib, Spark’s distributed machine learning library, and the
largest such library. The library targets large-scale learning settings that benefit from
data-parallelism or model-parallelism to store and operate on data or models. MLlib
consists of fast and scalable implementations of standard learning algorithms for common
learning settings including classification, regression, collaborative filtering, clustering, and
dimensionality reduction. It also provides a variety of underlying statistics, linear algebra,
and optimization primitives. Written in Scala and using native (C++ based) linear algebra
libraries on each node, MLlib includes Java, Scala, and Python APIs, and is released as
part of the Spark project under the Apache 2.0 license.

Modern datasets are rapidly growing in size and complexity, and there is a pressing need
to develop solutions to harness this wealth of data using statistical methods. Several ‘next
generation’ data flow engines that generalize MapReduce (Dean and Ghemawat, 2004) have
been developed for large-scale data processing, and building machine learning functionality
on these engines is a problem of great interest. In particular, Apache Spark (Zaharia et al.,
2012) has emerged as a widely used open-source engine. Spark is a fault-tolerant and
general-purpose cluster computing system providing APIs in Java, Scala, Python, and R,
along with an optimized engine that supports general execution graphs. Moreover, Spark is
efficient at iterative computations and is thus well-suited for the development of large-scale
machine learning applications.

1. Introduction

Keywords: scalable machine learning, distributed algorithms, apache spark

Apache Spark is a popular open-source platform for large-scale data processing that is
well-suited for iterative machine learning tasks. In this paper we present MLlib, Spark’s
open-source distributed machine learning library. MLlib provides efficient functionality for
a wide range of learning settings and includes several underlying statistical, optimization,
and linear algebra primitives. Shipped with Spark, MLlib supports several languages and
provides a high-level API that leverages Spark’s rich ecosystem to simplify the development
of end-to-end machine learning pipelines. MLlib has experienced a rapid growth due
to its vibrant open-source community of over 140 contributors, and includes extensive
documentation to support further growth and to let users quickly get up to speed.
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In this section we highlight the core features of MLlib; we refer the reader to the MLlib
user guide for additional details (MLlib, 2015).
Supported Methods and Utilities. MLlib provides fast, distributed implementations of
common learning algorithms, including (but not limited to): various linear models, naive
Bayes, and ensembles of decision trees for classification and regression problems; alternating least squares with explicit and implicit feedback for collaborative filtering; and k-means
clustering and principal component analysis for clustering and dimensionality reduction.
The library also provides a number of low-level primitives and basic utilities for convex
optimization, distributed linear algebra, statistical analysis, and feature extraction, and
supports various I/O formats, including native support for LIBSVM format, data integration via Spark SQL (Armbrust et al., 2015), as well as PMML (Guazzelli et al., 2009) and
MLlib’s internal format for model export.
Algorithmic Optimizations. MLlib includes many optimizations to support efficient
distributed learning and prediction. We highlight a few cases here. The ALS algorithm for

3. Core Features

Spark was started in the UC Berkeley AMPLab and open-sourced in 2010. Spark is designed
for efficient iterative computation and starting with early releases has been packaged with
example machine learning algorithms. However, it lacked a suite of robust and scalable
learning algorithms until the creation of MLlib. Development of MLlib began in 2012
as part of the MLbase project (Kraska et al., 2013), and MLlib was open-sourced in
September 2013. From its inception, MLlib has been packaged with Spark, with the initial
release of MLlib included in the Spark 0.8 release. As an Apache project, Spark (and
consequently MLlib) is open-sourced under the Apache 2.0 license. Moreover, as of Spark
version 1.0, Spark and MLlib are on a 3-month release cycle.
The original version of MLlib was developed at UC Berkeley by 11 contributors, and
provided a limited set of standard machine learning methods. Since this original release,
MLlib has experienced dramatic growth in terms of contributors. Less than two years later,
as of the Spark 1.4 release, MLlib has over 140 contributors from over 50 organizations.
Figure 1(b) demonstrates the growth in MLlib’s open source community as a function of
release version. The strength of this open-source community has spurred the development
of a wide range of additional functionality.

2. History and Growth

Figure 1: (a) Apache Spark ecosytem. (b). Growth in MLlib contributors.

#"of"Contributors"
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recommendation makes careful use of blocking to reduce JVM garbage collection overhead
and to leverage higher-level linear algebra operations. Decision trees use many ideas from
the PLANET project (Panda et al., 2009), such as data-dependent feature discretization
to reduce communication costs, and tree ensembles parallelize learning both within trees
and across trees. Generalized linear models are learned via optimization algorithms which
parallelize gradient computation, using fast C++-based linear algebra libraries for worker
computations. Many algorithms benefit from efficient communication primitives; in particular tree-structured aggregation prevents the driver from being a bottleneck, and Spark
broadcast quickly distributes large models to workers.

Pipeline API. Practical machine learning pipelines often involve a sequence of data preprocessing, feature extraction, model fitting, and validation stages. Most machine learning
libraries do not provide native support for the diverse set of functionality required for
pipeline construction. Especially when dealing with large-scale datasets, the process of
cobbling together an end-to-end pipeline is both labor-intensive and expensive in terms of
network overhead. Leveraging Spark’s rich ecosystem and inspired by previous work (Pedregosa et al., 2011; Buitinck et al., 2013; Sparks et al., 2013, 2015), MLlib includes a
package aimed to address these concerns. This package, called spark.ml, simplifies the
development and tuning of multi-stage learning pipelines by providing a uniform set of
high-level APIs (Meng et al., 2015), including APIs that enable users to swap out a standard learning approach in place of their own specialized algorithms.

Spark Integration. MLlib benefits from the various components within the Spark ecosystem. At the lowest level, Spark core provides a general execution engine with over 80 operators for transforming data, e.g., for data cleaning and featurization. MLlib also leverages
the other high-level libraries packaged with Spark. Spark SQL provides data integration
functionality, SQL and structured data processing which can simplify data cleaning and
preprocessing, and also supports the DataFrame abstraction which is fundamental to the
spark.ml package. GraphX (Gonzalez et al., 2014) supports large-scale graph processing
and provides a powerful API for implementing learning algorithms that can naturally be
viewed as large, sparse graph problems, e.g., LDA (Blei et al., 2003; Bradley, 2015). Additionally, Spark Streaming (Zaharia et al., 2013) allows users to process live data streams
and thus enables the development of online learning algorithms, as in Freeman (2015).
Moreover, performance improvements in Spark core and these high-level libraries lead to
corresponding improvements in MLlib.

JMLR 17(34):1-7

Documentation, Community, and Dependencies. The MLlib user guide provides extensive documentation; it describes all supported methods and utilities and includes several
code examples along with API docs for all supported languages (MLlib, 2015). The user
guide also lists MLlib’s code dependencies, which as of version 1.4 are the following opensource libraries: Breeze, netlib-java, and (in Python) NumPy (Breeze, 2015; Halliday, 2015;
Braun, 2015; NumPy, 2015). Moreover, as part of the Spark ecosystem, MLlib has active
community mailing lists, frequent meetup events, and JIRA issue tracking to facilitate opensource contributions (Community, 2015). To further encourage community contributions,
Spark Packages (Packages, 2015) provides a community package index to track the growing
number of open source packages and libraries that work with Spark. To date, several of
the contributed packages consist of machine learning functionality that builds on MLlib.
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MLlib is in active development, and the following link provides details on how to contribute:
https://cwiki.apache.org/confluence/display/SPARK/Contributing+to+Spark. Moreover, we would like to acknowledge all MLlib contributors. The list of Spark contributors
can be found at https://github.com/apache/spark, and the git log command can be
used to identify MLlib contributors.

5. Conclusion

In this section we briefly demonstrate the speed, scalability, and continued improvements in
MLlib over time. We first look at scalability by considering ALS, a commonly used collaborative filtering approach. For this benchmark, we worked with scaled copies of the Amazon
Reviews dataset (McAuley and Leskovec, 2013), where we duplicated user information as
necessary to increase the size of the data. We ran 5 iterations of MLlib’s ALS for various
scaled copies of the dataset, running on a 16 node EC2 cluster with m3.2xlarge instances
using MLlib versions 1.1 and 1.4. For comparison purposes, we ran the same experiment
using Apache Mahout version 0.9 (Mahout, 2014), which runs on Hadoop MapReduce.
Benchmarking results, presented in Figure 2(a), demonstrate that MapReduce’s scheduling
overhead and lack of support for iterative computation substantially slow down its performance on moderately sized datasets. In contrast, MLlib exhibits excellent performance
and scalability, and in fact can scale to much larger problems.
Next, we compare MLlib versions 1.0 and 1.1 to evaluate improvement over time. We
measure the performance of common machine learning methods in MLlib, with all experiments performed on EC2 using m3.2xlarge instances with 16 worker nodes and synthetic
datasets from the spark-perf package (https://github.com/databricks/spark-perf).
The results are presented in Figure 2(b), and show a 3× speedup on average across all
algorithms. These results are due to specific algorithmic improvements (as in the case of
ALS and decision trees) as well as to general improvements to communication protocols in
Spark and MLlib in version 1.1 (Yavuz and Meng, 2014).

4. Performance and Scalability

Finally, a massive open online course has been created to describe the core algorithmic
concepts used to develop the distributed implementations within MLlib (Talwalkar, 2015).

Figure 2: (a) Benchmarking results for ALS. (b) MLlib speedup between versions.
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1. Some repositories contain public datasets, such as http://www.cs.technion.ac.il/˜rani/
portfolios and http://www.szit.bme.hu/˜oti/portfolio, but no public code was released.

In recent years, machine learning has been applied to various applications in finance (Györfi et al.,
2012), including On-line Portfolio Selection, which aims to sequentially allocate capital among a
set of assets, such that the investment return can be maximized in the long run (Kelly, 1956). It
has attracted increasing attention from both academia and industry, and several machine learning
algorithms have been proposed (Li and Hoi, 2014), including traditional algorithms (Cover, 1991;
Helmbold et al., 1998; Agarwal et al., 2006; Borodin et al., 2004; Györfi et al., 2006, 2008), and
recent state-of-the-art online learning algorithms (Li et al., 2011, 2012, 2013, 2015). Unlike other
application domains in machine learning where various open-source packages are available, very
few open-source toolkits1 exist for on-line portfolio selection, primarily due to the confidential
nature of financial industry. Consequently, it is difficult for researchers to evaluate new algorithms
for comprehensive comparisons with existing ones.
This article introduces an open-source toolkit named “On-Line Portfolio Selection” (OLPS),
which consists of a family of classical and state-of-the-art on-line portfolio selection algorithms. To
the best of our knowledge, OLPS is the first comprehensive open-source package for this problem,
which includes various strategies, and a set of preprocessing, postprocessing and visualization tools

1. Introduction

Keywords: On-line portfolio selection, online learning, trading system, simulation.

On-line portfolio selection is a practical financial engineering problem, which aims to sequentially
allocate capital among a set of assets in order to maximize long-term return. In recent years, a
variety of machine learning algorithms have been proposed to address this challenging problem,
but no comprehensive open-source toolbox has been released for various reasons. This article
presents the first open-source toolbox for “On-Line Portfolio Selection” (OLPS), which implements
a collection of classical and state-of-the-art strategies powered by machine learning algorithms. We
hope that OLPS can facilitate the development of new learning methods and enable the performance
benchmarking and comparisons of different strategies. OLPS is an open-source project released
under Apache License (version 2.0), which is available at https://github.com/OLPS/ or
http://OLPS.stevenhoi.org/.
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Regions
US
US
CA
US
Global
US

Time Frames
07/03/1962 - 12/31/1962
01/01/1985 - 06/30/2010
01/04/1994 - 12/31/1998
01/02/1998 - 01/31/2003
04/01/2006 - 03/31/2010
01/14/2001 - 01/14/2003

# Periods
5651
6431
1259
1276
1043
507

# Assets
36
23
88
25
24
30
Table 1: Summary of the six datasets from real markets.

Markets
Stock
Stock
Stock
Stock
Index
Stock

File Names (.mat)
nyse-o
nyse-n
tse
sp500
msci
djia

2
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2. For example, Interactive Brokers (http://www.interactivebrokers.com) provides free APIs. Paper and
real trading both require to implement order submission, while back test does not.

The main functionality of this step is to initialize the trading environment. OLPS supports all
types of datasets that Matlab/Octave accepts, and all existing datasets are in MAT-file. A typical
dataset contains an n × m matrix of price relatives, where n denotes the number of trading periods,
and m refers to the number of assets. It can be further adapted to incorporate real market data feeds,
such that the toolkit can handle real time data and conduct paper trading or real trading2 . Table 1

Datasets
NYSE (O)
NYSE (N)
TSE
SP500
MSCI
DJIA

2.1 Pre-processing

Figure 1: Structure of the OLPS toolbox.

OLPS implements a framework for backtesting various algorithms for on-line portfolio selection in
both Matlab and Octave (the GUI is only available in Matlab) under Windows, Linux, and Mac OS.
Figure 1 gives an overview of the OLPS toolkit with three main modules: (i) data preprocessing:
it loads a dataset and initializes the backtesting environments, e.g., preparing log file handles, etc;
(ii) algorithms: it calls selected algorithms, and simulates the trading process based on the chosen
data from the first module; and (iii) post-processing: it analyzes statistical significance of the results
from the second module, e.g., some risk-adjusted returns.

2. Overview and Implementation

in an integrated platform. The open-source nature of OLPS makes it easy for a third party to develop
new algorithms, and facilitates the comparisons with many built-in algorithms on real datasets.
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summarizes several representative public datasets included in the toolbox3 . Users are free to collect
up-to-date data from various sources, such as the CRSP database, Quandl.com, etc.
2.2 Algorithmic Trading

Entry Files
ubah.m
best.m
ucrp.m
bcrp.m
up.m
eg.m
ons.m
sp.m
anticor/anticor anticor.m
pamr/pamr 1/pamr 2.m
cwmr stdev/cwmr var.m
olmar1/olmar2.m
bk.m
bnn.m
corn/cornu/cornk.m
m0.m
t0.m

Table 2: Summary of the implemented algorithms.

Algorithms
Uniform BAH
Best Stock
Uniform CRP
BCRP
UP
EG
ONS
SP
Anticor
PAMR
CWMR
OLMAR
BK
BNN
CORN
M0
T0

References
Li and Hoi (2014)
Li and Hoi (2014)
Li and Hoi (2014)
Cover (1991)
Cover (1991)
Helmbold et al. (1998)
Agarwal et al. (2006)
Singer (1997)
Borodin et al. (2004)
Li et al. (2012)
Li et al. (2013)
Li et al. (2015)
Györfi et al. (2006)
Györfi et al. (2008)
Li et al. (2011)
Borodin et al. (2000)
Borodin et al. (2000)

This step conducts simulation based on historical market data. Table 2 summarizes the families
of algorithms implemented in the OLPS toolbox. In our framework, implementing a new strategy
generally requires four files, i.e., an entry file, a run file, a kernel file and an expert file. The
entry file extracts parameters and call the corresponding run file. The run file simulates a whole
trading process, and calls its kernel file to construct a portfolio for each period, which is used
for rebalancing. The kernel file outputs a portfolio, while it facilitates the development of meta
algorithms, which combine multiple experts’ portfolios outputted by expert files that output one
portfolio. In case of only one expert, the kernel file is not necessary and directly enters the expert
file. Developing new strategies involves writing a kernel file, which aims to output portfolio.
Categories
Baselines

Follow the Winner

Follow the Loser

Pattern Matching
based Algorithms
Others

2.3 Post-processing
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After the algorithmic trading simulation, the last step is to post-process the portfolio’s return series
for performance analysis by summarizing the following performance metrics:
• Cumulative Return: the most widely used performance metric in related studies;
• Volatility and Sharpe Ratio: measures volatility risk and related risk-adjusted return;
• Drawdown and Calmar Ratio: measures downside risk and risk-adjusted return;
• T-test statistics (Grinold and Kahn, 1999): tests if a strategy’s return is significantly different
from the market.
3. More datasets and their details, including the components, can be found at the project website.

3

3. Usage

(a) GUI mode

L I , S AHOO AND H OI

(b) Pseudo GUI mode

Figure 2: GUI mode and Pseudo GUI mode.

We provide three interfaces to run simulations in the toolbox. As shown in Figure 2, the toolbox
has two types of Graphical User Interfaces (GUIs), including a GUI implemented in Matlab and
a Pseudo GUI in command line, which is thus available in both Matlab and Octave. The other
interface is a Command Line Interface (CLI), and is also available in both Matlab and Octave.
While a GUI is straightforward to use, in the CLI mode, we generalize a manager function so
as to control the running of all algorithms.Suppose we are going to simulate the PAMR algorithm
on the NYSE (O) dataset. The commands can be listed as follows:

1: >> opts.quiet_mode=1; opts.display_interval=500; opts.progress=0;
2: >> opts.analyze_mode=1; opts.log_mode=1; opts.mat_mode=1;
3: >> manager(’pamr’, ’nyse-o’, {0.5, 0}, opts);

Line 1 and 2 set some variables that are used to control the display and file storage. Line 3 calls
the manager function to execute the “pamr” strategy on the “nyse-o” dataset with the parameters
equaling “{0.5, 0}”. During the simulation, the toolbox will output information periodically. After
the simulation, the algorithm will analyze the returns and output the cumulative return, risk adjusted
returns and statistical test statistics. Corresponding running details and results will be automatically
stored in the Log folder.

4. Summary

JMLR 17(35):1-5

This article presented OLPS — an open-source On-Line Portfolio Selection toolbox to facilitate the
related research in machine learning and computational finance. This is the first open-source project
in the area, which not only facilitates researchers to develop new strategies, but also allows them to
easily benchmark their performance with existing strategies. Besides, the toolbox supports a large
collection of classical and state-of-the-art on-line portfolio selection strategies. The toolbox offers
a user-friendly GUI in Matlab, a Pseudo GUI and a CLI mode in both Octave and Matlab. We hope
that the open-source nature of the software would encourage researchers to extend the toolkit and
share their algorithms through the OLPS platform.
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Max-convolution occurs frequently in signal processing and Bayesian inference: it is used in image
analysis (Ritter and Wilson, 2000), in network calculus (Boyer et al., 2013), in economic equilibrium
analysis (Sun and Yang, 2002), and in a probabilistic variant of combinatoric generating functions,
wherein information on a sum of values into their most probable constituent parts (e.g., identifying
proteins from mass spectrometry (Serang et al., 2010; Serang, 2014)). Max-convolution operates
on the semi-ring (max, ×), meaning that it behaves identically to a standard convolution, except
it employs a max operation in lieu of the + operation in standard convolution (max-convolution is
also equivalent to min-convolution, also called infimal convolution, which operates on the tropical
semi-ring (min, +)). Due to the importance and ubiquity of max-convolution, substantial effort has
been invested into highly optimized implementations (e.g., implementations of the quadratic method
on GPUs; Zach et al., 2008).

1. Introduction

Max-convolution is an important problem closely resembling standard convolution; as such, maxconvolution occurs frequently across many fields. Here we extend the method with fastest known
worst-case runtime, which can be applied to nonnegative vectors by numerically approximating
the Chebyshev norm k · k∞ , and use this approach to derive two numerically stable methods based
on the idea of computing p-norms via fast convolution: The first method proposed, with runtime
in O(k log(k) log(log(k))) (which is less than 18k log(k) for any vectors that can be practically realized), uses the p-norm as a direct approximation of the Chebyshev norm. The second approach
proposed, with runtime in O(k log(k)) (although in practice both perform similarly), uses a novel
null space projection method, which extracts information from a sequence of p-norms to estimate
the maximum value in the vector (this is equivalent to querying a small number of moments from
a distribution of bounded support in order to estimate the maximum). The p-norm approaches
are compared to one another and are shown to compute an approximation of the Viterbi path in
a hidden Markov model where the transition matrix is a Toeplitz matrix; the runtime of approximating the Viterbi path is thus reduced from O(nk2 ) steps to O(nk log(k)) steps in practice, and
is demonstrated by inferring the U.S. unemployment rate from the S&P 500 stock index.
Keywords: Bayesian inference, maximum a posteriori, fast Fourier transform, max-convolution,
p-norm, Lp space, hidden Markov model, null space projection, polynomial matrix
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but requires O(k 2 ) steps (where k is the length of vectors L and R). However, once a fixed p∗ -norm
is chosen, the approximation corresponding to that p∗ can be computed by expanding the p∗ -norm
to yield
!1
p p
X
(m)
(m)
lim ku kp = lim
u [`]

=

M [m] =

Although applications of max-convolution are numerous, only a small number of methods exist
for solving it (Serang, 2015). These methods fall into two main categories, each with their own drawbacks: The first category consists of very accurate methods that are have worst-case runtimes either
quadratic (Bussieck et al., 1994) or slightly more efficient than quadratic in the worst-case (Bremner et al., 2006). Conversely, the second type of method computes a numerical approximation to
the desired result, but in O(k log2 (k)) steps; however, no bound for the numerical accuracy of this
method has been derived (Serang, 2015).
While the two approaches from the first category of methods for solving max-convolution do so
by either using complicated sorting routines or by creating a bijection to an optimization problem,
the numerical approach solves max-convolution by showing an equivalence between ∗max and the
process of first generating a vector u(m) for each index m of the result (where u(m) [`] = L[`]R[m − `]
for all in-bounds indices) and subsequently computing the maximum M [m] = max` u(m) [`]. When
L and R are nonnegative, the maximization over the vector u(m) can be computed exactly via the
Chebyshev norm

where ∗max denotes the max-convolution operator. In probabilistic terms, this is equivalent to
finding the highest probability of the joint events Pr(L = `, R = r) that would produce each
possible value of the sum M = L + R (note that in the probabilistic version, the vector M would
subsequently need to be normalized so that its sum is 1).

`

(L ∗max R) [m]

L[`]R[r]

=

max

max L[`]R[m − `]

`,r: m=`+r

=

M [m] =

Max-convolution can be defined using vectors (or discrete random variables, whose probability
mass functions are analogous to nonnegative vectors) with the relationship M = L + R. Given the
target sum M = m, the max-convolution finds the largest value L[`] × R[r] for which m = ` + r.
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∗

p∗

p∗
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p∗

where Lp = h (L[0]) , (L[1]) , . . . , (L[k − 1]) i and ∗ denotes standard convolution. The
standard convolution can be done via fast Fourier transform (FFT) in O(k log2 (k)) steps, which is
substantially more efficient than the O(k 2 ) required by the naive method (Algorithm 1).
To date, the numerical method has demonstrated the best speed-accuracy trade-off on Bayesian
inference tasks, and can be generalized to multiple dimensions (i.e., tensors). In particular, they
have been used with probabilistic convolution trees (Serang, 2014) to efficiently compute the most
probable values of discrete random variables X0 , X1 , . . . Xn−1 for which the sum is known X0 + X1 +
. . . Xn−1 = y (Serang, 2014). The one-dimensional variant of this problem (i.e., where each Xi is a
one-dimensional vector) solves the probabilistic generalization of the subset sum problem, while the
two-dimensional variant (i.e., where each Xi is a one-dimensional matrix) solves the generalization
of the knapsack problem (note that these problems are not NP-hard in this specific case, because
we assume an evenly-spaced discretization of the possible values of the random variables).
However, despite the practical performance that has been demonstrated by the numerical method,
only cursory analysis has been performed to formalize the influence of the value of p∗ on the accuracy
of the result and to bound the error of the p∗ -norm approximation. Optimizing the choice of p∗
is non-trivial: Larger values of p∗ more closely resemble a true maximization under the p∗ -norm,
but result in underflow (note that in Algorithm 1, the maximum values of both L and R can be
divided out and then multiplied back in after max-convolution so that overflow is not an issue).
Conversely, smaller values of p∗ suffer less underflow, but compute a norm with less resemblance
to maximization. Here we perform an in-depth analysis of the influence of p∗ on the accuracy of
numerical max-convolution, and from that analysis we construct a modified piecewise algorithm,
on which we demonstrate bounds on the worst-case absolute error. This modified algorithm, which
runs in O(k log(k) log(log(k))) steps, is demonstrated using a hidden Markov model describing the
relationship between U.S. unemployment and the S&P 500 stock index.
We then extend the modified algorithm and introduce a second modified algorithm, which not
only uses a single p-norm as a means of approximating the Chebyshev norm, but instead uses a
sequence of p-norms and assembles them using a projection as a means to approximate the Chebyshev
norm. Using numerical simulations as evidence, we make a conjecture regarding the relative error
of the null space projection method. In practice, this null space projection algorithm is shown to
have similar runtime and higher accuracy when compared with the piecewise algorithm.

2. Methods
We begin by outlining and comparing three numerical methods for max-convolution. By analyzing
the benefits and deficits of each of these methods, we create improved variants. All of these methods
will make use of the basic numerical max-convolution idea summarized in the introduction, and as
such we first declare a method for computing the numerical max-convolution estimate for a given
p∗ as numericalMaxConvolveGivenPStar (Algorithm 1).
Algorithm 1 Numerical max-convolution given a fixed p∗ , a numerical method to estimate
the max-convolution of two PMFs or nonnegative vectors. The parameters are two nonnegative
vectors L0 and R0 (both scaled so that they have maximal element 1) and the numerical value p∗
used for computation. The return value is a numerical estimate of the max-convolution L0 ∗max R0 .
2:

∗

∀`, vL[`] ← L[`]p
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. Standard FFT convolution is used here

1: procedure numericalMaxConvolveGivenPStar(L0 , R0 , p∗ )

p∗

3:
∀r, vR[r] ← R[r]
4:
vM ← vL ∗ vR
1
5:
∀m, M 0 [m] ← vM [m] p∗
6:
return M 0
7: end procedure

3
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2.1 Fixed Low-Value p∗ = 8 Method:

The effects of underflow will be minimal (as it is not very far from standard FFT convolution, an
operation with high numerical stability), but it can still be imprecise due to numerical “bleed-in”
(i.e., error due to contributions from non-maximal terms for a given u(m) because the p∗ -norm is
not identical to the Chebyshev norm). Overall, this will perform well on indices where the exact
value of the result is small, but perform poorly when the exact value of the result is large.
2.2 Fixed High-Value p∗ = 64 Method:

As noted above, will offer the converse pros and cons compared to using a low p∗ : numerical artifacts
due to bleed-in will be smaller (thus achieving greater performance on indices where the exact values
of the result are larger), but underflow may be significant (and therefore, indices where the exact
results of the max-convolution are small will be inaccurate).
2.3 Higher-Order Piecewise Method:

JMLR 17(36):1-39

The higher-order piecewise method formalizes the empirical cutoff values found in Serang 2015;
previously, numerical stability boundaries were found for each p∗ by computing both the exact maxconvolution (via the naive O(k 2 ) method) and via the numerical method using the ascribed value of
p∗ , and finding the value below which the numerical values experienced a high increase in relative
absolute error.
Those previously observed empirical numerical stability boundaries can be formalized by using
the fact that the employed numpy implementation of FFT convolution has high accuracy on indices
where the result has a value ≥ τ relative to the maximum value; therefore, if the arguments L and R
are both normalized so that each has a maximum value of 1, the fast max-convolution approximation
is numerically stable for any index m where the result of the FFT convolution, i.e., vM [m], is ≥ τ .
The numpy documentation defines a conservative numeric tolerance for underflow τ = 10−12 , which
is a conservative estimate of the numerical stability boundary demonstrated in Figure 1 (those
boundary points occur very close to the true machine precision  ≈ 10−15 ).
Because Cooley-Tukey implementations of FFT-based convolution (e.g., the numpy implementation) are widely applied to large problems with extremely small error, we will make a simplification
and assume that, when constraining the FFT result to reach a value higher than machine epsilon (+
tolerance threshold), the error from the FFT is negligible in comparison to the error introduced by
the p∗ -norm approximation. This is firstly because the only source of numerical error during FFT
k
(assuming an FFT implementation with numerically precise twiddle factors) on vectors in [0, 1] will
be the result of underflow from repeated addition and subtraction (neglecting the non-influencing
multiplication with twiddle factors, which each have magnitude 1). The numerically imprecise routines are thus limited to (x + y) − x; when x >> y (i.e., xy <  ≈ 10−15 , the machine precision), then
(x + y) − x will return 0 instead of y. To recover at least one bit of the significand, the intermediate
results of the FFT must surpass machine precision  (since the worst case addition initially happens
with the maximum x = 1.0).
The maximum sum of any values from a list of k such elements can never exceed k; for this reason,
a conservative estimate of the numerical tolerance (with regard to underflow) of a DFT (discrete
Fourier transform) will be the smallest value of y for which ky > ; thus, y > k. This yields a
conservative estimate of the minimum value in one index at the result of an DFT convolution: when
the result at some index m is > k, then the result should be numerically stable. We emphasize on
the very conservative nature of this estimate for a minimum stable value that is derived under the
assumption of a simple, naive implementation of a DFT. In general however, FFT (a special case
of DFT algorithms) implementations (especially well-proven implementations of the Cooley-Tukey
algorithm) tend to follow error bounds logarithmic in k (Schatzman, 1996), due to their divide-andconquer strategies, which perform fewer arithmetic operations. In practice, even for longer vectors

4
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Figure 1: Empirical estimate of τ to construct a piecewise method. For each k ∈
{128, 256, 512, 1024}, 32 replicate max-convolutions (on vectors filled with uniform values)
are performed. Error from two sources can be seen: error due to underflow is depicted in
the sharp left mode, whereas error due to imperfect approximation, where k · kp∗ > k · k∞
can be seen in the gradual mode on the right. Error due to p∗ -norm approximation is significantly smaller when p∗ is larger (thereby flattening the right mode), but larger p∗ values
are more susceptible to underflow, pushing more indices into the left mode. Regardless
p∗
of the value of k, error due to underflow occurs when (k · kp∗ ) goes below ≈ 10−15 ; this
is approximately the numerical tolerance for τ described by the numpy documentation.
Therefore, at each index m we can construct a piecewise method that uses the largest
value of p∗ for which the FFT convolution result is not close to the machine precision
∗
(i.e., (ku(m) kp∗ )p ≥ τ for some τ > 10−15 ).

Approximate Sub-Quadratic Max-Convolution

`

r

6
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= max L[`] max R[r] |exact(L0 , R0 )[m] − numeric(L0 , R0 )[m]|.

|exact(L, R)[m] − numeric(L0 , R0 )[m]|

We first scale L and R into L0 and R0 respectively, where the maximum elements of both L0 and R0
are 1; the absolute error can be found by unscaling the absolute error of the scaled problem:

3.1.1 Error Analysis for a Fixed Underflow-Stable p∗ :

We first analyze the error for a particular underflow-stable p∗ and then use that to generalize to the
piecewise method, which seeks to use the highest underflow-stable p∗ .

3.1 Error and Runtime Analysis of the Piecewise Method

This section derives theoretical error bounds as well as a practical comparison on an example for
the standard piecewise method. Furthermore the development of an improvement with affine scaling
is shown. Eventually, an evaluation of the latter is performed on a larger problem. Therefore we
applied our technique to compute the Viterbi path for a hidden Markov model (HMM) to assess
runtime and the level of error propagation.

3. Results

(e.g., k = 1024 as shown in Figure 1), it is empirically demonstrated that the influence of the
length on the τ threshold is negligible. By using a numerical tolerance τ = 10−12 , we ensure that
the vast majority of numerical error for the numerical max-convolution algorithm is due to the p∗ norm approximation (i.e., employing ku(m) kp∗ instead of ku(m) k∞ ) and not due to the long-used
and numerically performant FFT result. Furthermore, in practice the mean squared error due to
FFT will be much smaller than the conservative worst-case outlined here, because it is difficult for
the largest intermediate summed value (in this case x) to be consistently large when many such very
small values (in this case y) are encountered in the same list. Although τ could be chosen specifically
for a problem of size k, note that this simple derivation is very conservative and thus it would be
better to use a tighter bound for choosing τ . Regardless, for an FFT implementation that isn’t as
performant (e.g., because it uses float types instead of double), increasing τ slightly would suffice.
Therefore, from this point forward we consider that the dominant cause of error to come from
the max-convolution approximation. Using larger p∗ values will provide a closer approximation;
however, using a larger value of p∗ may also drive values to zero (because the inputs L and R will
be normalized within Algorithm 1 so that the maximum of each is 1 when convolved via FFT),
limiting the applicability of large p∗ to indices m for which vM [m] ≥ τ .
Through this lens, the choice of p∗ can be characterized by two opposing sources of error: higher
p∗ values better approximate ku(m) kp∗ but will be numerically unstable for many indices; lower
p∗ values provide worse approximations of ku(m) kp∗ but will be numerically unstable for only few
indices. These opposing sources of error pose a natural method for improving the accuracy of this
max-convolution approximation. By considering a small collection of p∗ values, we can compute the
full numerical estimate (at all indices) with each p∗ using Algorithm 1; computing the full result
at a given p∗ is ∈ O(k log2 (k)), so doing so on some small number c of p∗ values considered, then
the overall runtime will be ∈ O(ck log2 (k)). Then, a final estimate is computed at each index by
using the largest p∗ that is stable (with respect to underflow) at that index. Choosing the largest
p∗ (of those that are stable with respect to underflow) corresponds to minimizing the bleed-in error,
because the larger p∗ becomes, the more muted the non-maximal terms in the norm become (and
thus the closer the p∗ -norm becomes to the true maximum).
Here we introduce this piecewise method and compare it to the simpler low-value p∗ = 8 and
high-value p∗ = 64 methods and analyze the worst-case error of the piecewise method.

Pfeuffer and Serang

Approximate Sub-Quadratic Max-Convolution

. Undo previous scaling

≥ τ )}

∗
procedure numericalMaxConvolvePiecewise(L, R, pmax
)
`max ← argmax` L[`]
rmax ← argmaxr R[r]
L
L0 ←
L[`max ]
R0 ← R[rR
. Scale to a proportional problem on L0 , R0
max ]


∗
allP Star ← [20 , 21 , . . . , 2 log2 (pmax ) ]
for i ∈ {0, 1, . . . len(allP Star)} do
resF orAllP Star[i] ← fftNonnegMaxConvolveGivenPStar(L0 , R0 , allP Star[i])
end for
for m ∈ {0, 1, . . . len(L) + len(R) − 1} do

Algorithm 2 Piecewise numerical max-convolution , a numerical method to estimate the
max-convolution of nonnegative vectors (revised to reduce bleed-in error). This procedure uses a
p∗ close to the largest possible stable value at each result index. The return value is a numerical
∗
estimate of the max-convolution L ∗max R. The runtime is in O(k log2 (k) log2 (pmax
)).
1:
2:
3:
4:

5:
6:
7:
8:
9:
10:
allPStar[i]

11:
maxStableP StarIndex[m] ← max{i : (resF orAllP Star[i][m])
12:
end for
13:
for m ∈ {0, 1, . . . len(L) + len(R) − 1} do
14:
i ← maxStableP StarIndex[m]
15:
result[m] ← resF orAllP Star[i][m]
16:
end for
17:
return L[`max ] × R[rmax ] × result
18: end procedure

We first derive an error bound for the scaled problem on L0 , R0 (any mention of a vector u(m) refers
to the scaled problem), and then reverse the scaling to demonstrate the error bound on the original
problem on L, R.
p∗
For any particular “underflow-stable” p∗ (i.e., any value of p∗ for which ku(m) kp∗
≥ τ ),
the absolute error for the numerical method for fast max-convolution can be bound fairly easily by
factoring out the maximum element of u(m) (this maximum element is equivalent to the Chebyshev
norm) from the p∗ -norm:
|exact(L0 , R0 )[m] − numeric(L0 , R0 )[m]|
= |ku(m) kp∗ − ku(m) k∞ |

= ku(m) kp∗ − ku(m) k∞
 (m)

ku k ∗
p
= ku(m) k∞
−1
ku(m) k∞


u(m)
= ku(m) k∞ k (m)
k p∗ − 1
ku k∞


= ku(m) k∞ kv (m) kp∗ − 1

JMLR 17(36):1-39

where v (m) is a nonnegative vector of the same length as u(m) (this length is denoted km ) where
v (m) contains one element equal to 1 (because the maximum element of u(m) must, by definition,
be contained within u(m) ) and where no element of v (m) is greater than 1 (also provided by the
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1p

km p∗ .

1

i

km
X

∗

≤ k(1, 1, . . . 1)kp∗
! p1∗

definition of the maximum). These observations result in the equation
kv (m) kp∗

=

=

Thus, since kv (m) kp∗ ≥ 1, the error is bounded:

|exact(L0 , R0 )[m] − numeric(L0 , R0 )[m]|


ku(m) k∞ kv (m) kp∗ − 1

kv (m) kp∗ − 1

=
≤

p
− 1,
km

1
∗

≤

because ∀m, ku(m) k∞ ≤ 1 for a scaled problem on L0 , R0 .

3.1.2 Error Analysis of Piecewise Method

1
∗

∗

However, the bounds derived above are only applicable for p∗ where ku(m) kpp∗ ≥ τ . The piecewise
method is slightly more complicated, and can be partitioned into two cases: In the first case, the
∗
top contour is used (i.e., when pmax
is underflow-stable). Conversely, in the second case, a middle
∗
contour is used (i.e., when pmax
is not underflow-stable). In this context, in general a contour
comprises of a set of indices m with the same maximum stable p∗ .
∗
∗
must be underflow, we know that pmax
In the first case, when we use the top contour p∗ = pmax
stable, and thus we can reuse the bound given an underflow-stable p∗ .
∗
, it follows that the next higher contour (using
In the second case, because the p∗ used is < pmax
2p∗ ) must not be underflow-stable (because the highest underflow-stable p∗ is used and because the
p∗ are searched in log-space). The bound derived above that demonstrated

p
ku(m) kp∗ ≤ ku(m) k∞ km

p
km

1
∗

ku(m) kp∗

, ku(m) kp∗ .

can be combined with the property that k · kp∗ ≥ k · k∞ for any p∗ ≥ 1 to show that
"
#
ku(m) k∞ ∈
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Thus the absolute error can also be shown to be bounded using the fact that we are in a middle
contour:

τ 2p∗

1

= ku(m) kp∗ − ku(m) k∞


ku(m) k∞
= ku(m) kp∗ 1 −
ku(m) kp∗


−1
p∗
≤ ku(m) kp∗ 1 − km


−1
p∗
1 − km
.
<

8

p∗mode =

(k)−log2 (τ )
log2 (− 2 log2log
)
2 (τ )

log2 (km )
.

9
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An appropriate choice of p∗max should be > p∗mode so that the error for any contour (both middle
contours and the top contour) is smaller than the error achieved at p∗mode , allowing us to use a single
bound for both. Choosing p∗max = p∗mode would guarantee that all contours are no worse than the
middle-contour error at p∗mode ; however, using p∗max = p∗mode is still quite liberal, because it would
mean that for indices in the highest contour (there must be a nonempty set of such indices, because
the scaling on L0 and R0 guarantees that the maximum index will have an exact value of 1, meaning
that the approximation endures no underflow and is underflow-stable for every p∗ ), a better error
could be achieved by increasing p∗max . For this reason, we choose p∗max so that the top-contour error
produced at p∗max is not substantially larger than all errors produced for p∗ before the mode (i.e.,
for p∗ < p∗mode ).
Choosing any value of p∗max > p∗mode guarantees the worst-case absolute error bound derived here;
however, increasing p∗max further over p∗mode may possibly improve the mean squared error in practice
(because it is possible that many indices in the result would be numerically stable with p∗ values
substantially larger than p∗mode ). However, increasing p∗max >> p∗mode will produce diminishing
returns and generally benefit only a very small number of indices in the result, which have exact
values very close to 1. In order to balance these two aims (increasing p∗max enough over p∗mode but
not excessively so), we make a qualitative assumption that a non-trivial number of indices require
us to use a p∗ below p∗mode ; therefore, increasing p∗max to produce an error significantly smaller
than the lowest worst-case error for contours below the mode (i.e., p∗ < p∗mode ) will increase the
runtime without significantly decreasing the mean squared error (which will become dominated by
the errors from indices that use p∗ < p∗mode ). The lowest worst-case error contour below the mode
is p∗ = 1 (because the absolute error function is unimodal, and thus must be increasing until p∗mode
and decreasing afterward); therefore, we heuristically specify that p∗max should produce a worst-case
error on a similar order of magnitude to the worst-case error produced with p∗ = 1. In practice,
specifying the errors at p∗max and p∗ = 1 should be equal is very conservative (it produces very large
estimates of p∗max , which sometimes benefit only one or two indices in the result); for this reason,
we heuristically choose that the worst-case error at p∗max should be no worse than square root of
the worst case error at p∗ = 1 (this makes the choice of p∗max less conservative because the errors
at p∗ = 1 are very close to zero, and thus their square root is larger). The square root was chosen
because it produced, for the applications described in this paper, the smallest value of p∗max for
which the mean squared error was significantly lower than using p∗max = p∗mode (the lowest value of
p∗max guaranteed to produce the absolute error bound). This heuristic does satisfy the worst-case
bound outlined here (because, again, p∗max > p∗mode ), but it could be substantially improved if an
expected distribution of magnitudes in the result vector were known ahead of time: prior knowledge

which yields

p
becomes very small, while τ 2p∗ < 1 (qualitatively, this indicates that when
p∗ is used, then 1 − km
a large p∗ is used, the k · kp∗ ≈ k · k∞ , and thus there is little absolute error). Thus for the extreme
values of p∗ , middle contours will produce fairly small absolute errors. The unique mode p∗mode can
be found by finding the value that solves



−1
1
∂
p∗
∗
= 0,
τ 2pmode 1 − kmmode
∗
∂pmode

1

≈

=
log2 (k)
p√

log2 (1 +

τ)

log2 (k)
q√

τ 1 − k1 )

log2 (1 +

1

1+τ 4

(k),

r

1

1+τ 4

1+τ

(k)) factor is essentially a constant; even when

10

JMLR 17(36):1-39

We first use an example max-convolution problem to compare the results from the low-value p∗ = 8,
the high-value p∗ = 64 and piecewise methods. At every index, these various approximation results
are compared to the exact values, as computed by the naive quadratic method (Figure 2a).

3.2 Comparison of Low-Value p∗ = 8, High-value p∗ = 64, and Piecewise Method

k is chosen to be the number of particles in the observable universe (≈ 2270 ; Eddington, 1923), the
1 (k)) is ≈ 18, meaning that for any problem of practical size, the full piecewise method
log2 (log
1+τ 4
is no more expensive than computing between 1 and 18 FFTs.

For any practically sized problem, the log2 (log

The piecewise method clearly performs log2 (p∗max ) FFTs (each requiring O(k log2 (k)) steps); there1 (k) (to achieve the desired error bound), the total runtime
fore, since p∗max is chosen to be log
1+τ 4
is thus
1 (k)).
O(k log2 (k) log2 (log
4

3.1.4 Runtime Analysis

p∗mode

where
is defined above. The full formula for the middle-contour error at this value of p∗mode
does not simplify and is therefore quite large; for this reason, it is not reported here, but this gives a
numeric bound of the worst case middle-contour error that is bound in terms of the variable k (and
with no other free variables).

`

By setting p∗max in this manner, we guarantee that the absolute error at any index of any unscaled
problem on L, R is less than


−1
1
p∗
∗
max L[`] max R[r] τ 2pmode 1 − kmmode

3.1.3 Worst-case Absolute Error

indicating that the absolute error at the top contour will be roughly equal to the fourth root of τ .

p∗max ≈ log

for any non-trivial problem (i.e., when k >> 1), and thus

p∗max

(with the square root of the worst-case at p∗ = 1 on the left and the worst-case error at p∗max on the
right) yields

regarding the number of points stable at each p∗ considered would enable a well-motivated choice
of p∗max that truly optimizes the expected mean squared error.
From this heuristic choice of p∗max , solving
s


1
√
1
τ 1−
= k p∗max − 1
k

The absolute error from middle contours will be quite small when p∗ = 1 is the maximum
1
underflow-stable value of p∗ at index m, because τ 2p∗ , the first factor in the error bound, will
−1
√
∗
p
become τ ≈ 10−6 , and 1 − km
< 1 (qualitatively, this indicates that a small p∗ is only used when
the result is very close to zero, leaving little room for absolute error). Likewise, when a very large

−1
∗
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3.3 Improved Affine Piecewise Method

mmin =

mmax =

argmin
m∈contour(p∗ )

argmax
m∈contour(p∗ )

11

ku(m) kp∗
ku(m) kp∗ ,
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then we are guaranteed that the affine function f can be written as a convex combination of the
exact values at those extreme points (using barycentric coordinates):

and

p
slopes. This intuitively makes sense, because the bounds on ku(m) k∞ ∈ [ku(m) kp∗ km
, ku(m) kp∗ ]
derived above constrain the scatter plot points inside a quadrilateral envelope (Figure 3).
The correlations within each contour can be exploited to correct biases that emerge for smaller
p∗ values. In order to do this, ku(m) k∞ must be computed for at least two points m1 and m2
within the contour, so that a mapping ku(m) kp∗ ≈ f (ku(m) kp∗ ) = aku(m) kp∗ + b can be constructed.
Fortunately, a single ku(m) k∞ can be computed exactly in O(k) (by actually computing a single
u(m) and computing its max, which is equivalent to computing a single index result via the naive
quadratic method). As long as the exact value ku(m) k∞ is computed for only a small number of
indices, the order of the runtime will not change (each contour already costs O(k log2 (k)), so adding
a small number of O(k) steps for each contour will not change the asymptotic runtime).
If the two indices chosen are

Figure 2b depicts a scatter plot of the exact result vs. the piecewise approximation at every
index (using the same problem from Figure 2a). It shows a clear banding pattern: the exact and
approximate results are clearly correlated, but each contour (i.e., each collection of indices that use
a specific p∗ ) has a different average slope between the exact and approximate values, with higher p∗
contours showing a generally larger slope and smaller p∗ contours showing greater spread and lower
−1
∗

Figure 2: The accuracy of numerical fast max-convolution methods. (a) Different approximations for a sample max-convolution problem. The low-p∗ method is underflow-stable,
but overestimates the result. The high-p∗ method is accurate when underflow-stable,
but experiences underflow at many indices. The piecewise method stitches together approximations from different p∗ to maintain underflow-stability. (b) Exact vs. piecewise
approximation at various indices of the same problem. A clear banding pattern is observed
with one tight, elliptical cluster for each contour. The slope of the clusters deviates more
for the contours using lower p∗ values.

Value at index

0.20

0.15

0.10

0.05

Pfeuffer and Serang

0.10

Approx

0.15

Results at contour p*=8.0
Ideal (approximation lower-bound)
Worst-case (approximation upper-bound)
Affine fit
Piecewise

0.05

12

0.20

JMLR 17(36):1-39

Figure 3: A single contour from the piecewise approximation. The cluster of points (one
point for each index in the previous figure) is bounded by the exact value (ideal approximation) and the approximation upper-bound for p∗ = 8 (worst-case approximation). The
points are well described by an affine function fit using the left-most and right-most points.
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R
R[rmax ]

0

1





log2 (p∗
max )

. Scale to a proportional problem on L0 , R0

λm =

ku(m) kp∗ − ku(mmin ) kp∗
∈ [0, 1]
ku(mmax ) kp∗ − ku(mmin ) kp∗

f (ku(m) kp∗ ) = λm ku(mmax ) k∞ + (1 − λm ) ku(mmin ) k∞

allP Star ← [2 , 2 , . . . , 2
]
for i ∈ {0, 1, . . . len(allP Star)} do
resF orAllP Star[i] ← fftNonnegMaxConvolveGivenPStar(L0 , R0 , allP Star[i])
end for
for m ∈ {0, 1, . . . len(L) + len(R) − 1} do
maxStableP StarIndex[m] ← max{i : (resF orAllP Star[i][m])allPStar[i] ≥ τ )}
end for
result ←affineCorrect(resF orAllP Star, maxStableP StarIndex)
return L[`max ] × R[rmax ] × result
. Undo previous scaling
end procedure

R0 ←

13

JMLR 17(36):1-39

By exploiting the convex combination used to define f , the absolute error of the affine piecewise
method can also be bound. Qualitatively, this is because, by fitting on the extrema in the contour, we

3.3.1 Error Analysis of Improved Affine Piecewise Method

Thus, by computing ku(mmin ) k∞ and ku(mmax ) k∞ (each in O(k) steps), we can compute an affine
function f to correct contour-specific trends (Algorithm 3).

11:
12:
13:
14:
15:

6:
7:
8:
9:
10:

5:

1: procedure numericalMaxConvolvePiecewiseAffine(L, R, p∗max )
2:
`max ← argmax` L[`]
3:
rmax ← argmaxr R[r]
4:
L0 ← L[`L ]

Algorithm 3 Improved affine piecewise numerical max-convolution, a numerical method to
estimate the max-convolution nonnegative vectors (further revised to reduce numerical error). This
procedure uses a p∗ close to the largest possible stable value at each result index. The return value
is a numerical estimate of the max-convolution L ∗max R. The runtime is in O(k log2 (k) log2 (p∗max )).

Figure 4: Piecewise method with affine contour fitting. The approximate values at each index
of the max-convolution problem are almost identical to the exact result at the same index.

Exact value at index

Approximate Sub-Quadratic Max-Convolution

Value at index
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1: procedure affineCorrect(resF orAllP Star, maxStableP StarIndex)
2:
∀i, slope[i] ← 1
3:
∀i, bias[i] ← 0
4:
usedP Star ← set(maxStableP StarIndex)
5:
for i ∈ usedP Star do
6:
contour ← {m : maxStableP StarIndex[m] = i}
7:
mM in ← argminm∈contour resF orAllP Star[i][m]
8:
mM ax ← argmaxm∈contour resF orAllP Star[i][m]
9:
xM in ← resF orAllP Star[i][mM in]
10:
xM ax ← resF orAllP Star[i][mM ax]
11:
yM in ← maxConvolutionAtIndex(mM in)
12:
yM ax ← maxConvolutionAtIndex(mM ax)
13:
if xM ax > xM in then
yM ax−yM in
14:
slope[i] ← xM
ax−xM in
15:
bias[i] ← yM in − slope[i] × xM in
16:
else
yM ax
17:
slope[i] ← xM
ax
18:
end if
19:
end for
20:
for m ∈ {0, 1, . . . len(L) + len(R) − 1} do
21:
i ← maxStableP StarIndex[m]
22:
result[m] ← resF orAllP Star[i][m] × slope[i] + bias[i]
23:
end for
24:
return result
25: end procedure
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Algorithm 4 Subroutine for correcting errors in a contour, with an affine transformation
based on exact boundary points. It needs the results of the evaluation of the different p-norms as
well as the (index of the) maximum stable values of p∗ at every index.
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By solving the above system of equations for all αi , the maximum α̂ = maxi αi can be used to
approximate the true maximum maxi βi = ku(m) k∞ . This projection can be thought of as querying
distinct moments of the distribution pmf U (m) that corresponds to some unknown vector u(m) , and
then assembling the moments into a model in order to predict the unknown maximum value in
u(m) . Of course, when r, the number of terms in our model, is sufficiently large, then computing r
norms of u(m) will result in an exact result, but it could result in O(km ) execution time, meaning
that our numerical max-convolution algorithm becomes quadratic; therefore, we must consider that
a small number of distinct moments are queried in order to estimate the maximum value in u(m) .
Regardless, the system of equations above is quite difficult to solve directly via elimination for even
very small values of r, because the symbolic expressions become quite large and because symbolic
polynomial roots cannot be reliably computed when the degree of the polynomial is > 5. Even in
cases when it can be solved directly, it will be far too inefficient.
For this reason, we solvefor
approach: If we define a
 the α∗ivalues using∗ an exact, alternative
∗
∗
∗
∗
x − α2p · · · x − αrp , then x ∈ {α1p , α2p , . . . αrp } ⇔ γ(x) = 0. We
polynomial γ(x) = x − α1p

 

 
 
 
·
 
 

P
where hi is an integer that indicates the number of times βi occurs in u(m) (and where i hi = km =
len(u(m) )). This multi-set view of the vector u(m) can be used to project it down to a dimension r:

ku(m) kpp∗ =

are now interpolating. If the two points used to determine the parameters of the affine function were
not chosen in this manner to fit the affine function, then it would be possible to choose two points
with very close x-values (i.e., similar approximate values) and disparate y-values (i.e., different exact
values), and extrapolating to other points could propagate a large slope over a large distance; using
the extreme points forces the affine function to be a convex combination of the extrema, thereby
avoiding this problem.
f (ku(m) kp∗ ) = λm ku(mmax ) k∞ + (1 − λm ) ku(mmin ) k∞
"
ku(mmin ) kp∗
ku(mmax ) kp∗
+ (1 − λm )
,
∈ λm

1
∗

p
km
min

1
∗

p
km
max

i
i

i
h −1
k p∗ ku(m) kp∗ , ku(m) kp∗

 p∗
α1
 2p∗
 α
 1 ∗
 α3p
 1
 .
 ..
∗
α1`p

Thus we see that although the p∗ -norm approximation of the Chebyshev norm is a good approximation, the curve of the norms (at various different p∗ ) values holds far more information than a
simple point estimate would. Therefore, we derive an improved algorithm by proceeding as follows:
First, we note that, rather than computing the p∗ -norm of a vector u(m) by summing all elements
of u(m) taken to the power p∗ , it is possible to equivalently sum over only the unique values of u(m)
(here denoted in β1 , β2 , . . .) taken to the p∗ where each term in the sum is weighted by the number
of occurrences of each (denoted h1 , h2 , . . ., respectively). For this reason, we can then use a sequence
of norms to compute a (potentially smaller) collection of approximate unique values α1 , α2 , . . . αr ,
where once again, the p∗ -norm is equal to the sum over those unique values to the p∗ , where each
term in the sum is weighted by numbers of occurrences n1 , n2 , . . . nr . Therefore, given 2r different
norms of u(m) , it is possible to project and estimate r unique αi values. The maximum of those
α1 , α2 , . . . αr values, (the α1 , α2 , . . . αr values can be thought of as projections of the true unique
values β1 , β2 , . . .) can then be used as an estimate of the true maximum element in u(m) , which we
will now demonstrate.
Specifically, where km is the length of u(m) and where there are em ≤ km unique values (βi ) in
u(m) , we can model the norms perfectly with

k p∗

λm ku(mmax ) kp∗ + (1 − λm ) ku(mmin ) kp∗

ku(mmax ) kp∗
ku(mmin ) kp∗
⊆ λm
+ (1 − λm )
,
1
1
k p∗

λm ku(mmax ) kp∗ + (1 − λm ) ku(mmin ) kp∗
h −1 

= k p∗ λm ku(mmax ) kp∗ + (1 − λm ) ku(mmin ) kp∗ ,
λm ku(mmax ) kp∗ + (1 − λm ) ku(mmin ) kp∗

=

The worst-case absolute error of the scaled problem on L0 , R0 can be defined as
m

max | f (ku(m) kp∗ ) − ku(m) k∞ |.

−1

Because the function f (ku(m) kp∗ ) − ku(m) k∞ is affine, it’s derivative can never be zero, and thus
Lagrangian theory states that the maximum must occur at a boundary point. Therefore, the worstcase absolute error is

= ku(m) kp∗ − ku(m) k∞ ,

≤ max{ku(m) kp∗ − ku(m) k∞ , ku(m) k∞ − ku(m) kp∗ k p∗ }

which is identical to the worst-case error bound before applying the affine transformation f . Thus
applying the affine transformation can dramatically improve error, but will not make it worse than
the original worst-case.
3.4 An Improved Approximation of the Chebyshev Norm
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In order to improve the error of the piecewise numerical method, we consider the worst-case, when
= (1, 1, . . . 1). In this case, computing any two norms of u(m) (at p1∗ and p2∗ ) would be
u(m)
ku(m) k∞

ku(m) k∞1

sufficient to solve exactly for ku(m) k∞ , because
∝

ku(m) k∞2 ,

p∗

∝

p∗

p∗
ku(m) kp∗1
1
2

p∗

ku(m) kp∗2

where the proportionality constant is km = len(u(m) ).
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Furthermore, γ(x) = 0, x 6= 0 ⇔ xi γ(x) = 0, i ∈ N; therefore we can write
  ku(m) kp∗ 
p∗
γ0 γ1 γ2 · · · γr
0
0 ··· 0
∗
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1.4267 ∗ log(τ ) − 4.07094

 ≈ 14.52.
(log(τ ) − 2.8534) log(1 − 2.8534
log(τ ) )

which achieves a unique maximum at
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must be linearly independent when α1 , α2 , . . . are distinct (which is the case by the definition of
our multiset formulation of the norm), then r = 2` will determine a unique solution; thus the
null space above is computed from a matrix with r + 1 columns and r rows, yielding a single
vector for (γ0 , γ1 , . . . γr ). This vector can then be used to compute the roots of the polynomial
∗
∗
∗
γ0 + γ1 x + γ2 x2 + · · · + γr xr , which will determine the values {α1p , α2p , . . . αrp }, which can each
be taken to the p1∗ power to compute {α1 , α2 , . . . , αr }; the largest of those αi values is used as
the estimate of the maximum element in u(m) . When u(m) contains at least r distinct values (i.e.,
em ≥ r), then the problem will be well-defined; thus, if the roots of the null space spanning vector are
not well-defined, then a smaller r can be used (and should be able to compute an exact estimate of
the maximum, since u(m) can be projected exactly when r is the precise number of unique elements
found in u(m) ).
To summarize, the null space projection method is performed as follows: First, standard FFTbased convolution is used for each p∗ to compute the different norms at every index m. Then
those norms are used to populate and compute the null space of a matrix. Finally the roots of
the polynomial whose coefficients are given by the null space vector are computed to estimate the
different α1 , α2 , . . .. Note that this projection method is valid for any sequence of norms with even
p∗ +p∗
p0 +2p∗
p0 +3p∗
p0 +`p∗
spacing: ku(m) kp00 +p∗ , ku(m) kp0 +2p∗ , ku(m) kp0 +3p∗ , . . . ku(m) kp0 +`p∗ .
The null space projection method can therefore be computed for an arbitrary r (i.e., it can be used
to project to an arbitrary number of unique elements in u(m) ) by using linear algebra to compute
the null space and to compute the roots of the polynomial (for instance, using the numpy.roots
command in Python). For greater efficiency, setting r to a small constant allows us to precompute
closed-form solutions of both the null space and the polynomial roots. For instance, using r = 2
(which is equivalent to projecting each vector u(m) to two unique values) results in a R3×2 null space
computation and computing roots of a quadratic polynomial, both of which can be done in closed
form Algorithm 5. Details of this r = 2 case can be found in Appendix 5. In this case, it is
possible to construct a series of powers of two with interleaved points, which guarantees that 4 evenly
spaced p∗ values exist (when the highest numerically stable p∗ is higher than 2), meaning that the
number of FFT calls is only 2× what would be used by the original piecewise method (rather than
4× the calls, which would be necessary if 4 evenly spaced points were placed at each considered p∗
in a naive scheme). From algebraic and empirical evidence, we conjecture that the relative error of
4
this r = 2 null space projection is bounded above by 1 − 0.7 p∗ , where p∗ is the highest numerically
stable p∗ value.
This relative error is superior to the worst-case relative error when using a single p∗ -norm estimate
of the maximum. The relative error using the null space projection decreases rapidly as p∗ is
increased, meaning that the same procedure can be used to achieve an absolute error bound:


1
4
α̂ − ku(m) k∞ < τ 2p∗ 1 − 0.7 p∗ ,

Because the columns of

Pfeuffer and Serang

Approximate Sub-Quadratic Max-Convolution

procedure numericalMaxConvolvePiecewiseProjectionAffine(L0 , R0 , p∗ )
`max ← argmax` L[`]
rmax ← argmaxr R[r]
L
L0 ←
L[`max ]
R0 ← R[rR
. Scale to a proportional problem on L0 , R0
max ]


∗
allP Star ← [2−1 , 20 , 21 , . . . , 2 + 2 log2 (pmax ) ]
for h ∈ {0, 1, . . . len(allP Star)} do
allP StarInterleaved[2i] ← allP Star[i]
allP StarInterleaved[2i + 1] ← 0.5 × (allP Star[i] + allP Star[i + 1])
end for
for i ∈ {0, 1, . . . len(allP Star)} do
resF orAllP Star[i] ← fftNonnegMaxConvolveGivenPStar(L0 , R0 , allP StarInterleaved[i])
end for
for m ∈ {0, 1, . . . len(L) + len(R) − 1} do
maxStableP StarIndex[m] ← max{i : (resF orAllP Star[i][m])allPStarInterleaved[i] ≥ τ )}
end for
for o ∈ {0, 1, . . . len(maxStableP StarIndex)} do
maxStableP StarIndex[o]− = maxStableP StarIndex[o]%2
. Restrict to powers of 2
end for
for p ∈ {0, 1, . . . len(maxStableP StarIndex)} do
maxP ← allP StarInterleaved[maxStableP StarIndex[p]]
spacing ← 0.25 ∗ maxP
est4 ← resF orAllP Star[maxStableP StarIndex[p]]
est3 ← resF orAllP Star[maxStableP StarIndex[p] − 1]
if maxStableP StarIndex[p] < 5 then
. Need 5 p∗ in sequence to get 4 evenly spaced
resF orAllP Star[p] ← maxLin(est3 , est4 )
else
est2 ← resF orAllP Star[maxStableP StarIndex[p] − 2]
est1 ← resF orAllP Star[maxStableP StarIndex[p] − 4] . Index - 4 is the next evenly spaced
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. Undo previous scaling

Algorithm 5 Piecewise numerical max-convolution with projection, a numerical method
to estimate the max-convolution of two PMFs or nonnegative vectors. This method uses a nullspace
projection to achieve a closer estimate of the true maximum. Depending on the number of stable
estimates, linear or quadratic projection is used. The parameters are two nonnegative vectors L0
and R0 (both scaled so that they have maximal element 1). The return value is a numerical estimate
of the max-convolution L0 ∗max R0 .
1:
2:
3:
4:

5:
6:
7:
8:
9:
10:
11:
12:
13:
14:
15:
16:
17:
18:
19:
20:
21:
22:
23:
24:
25:
26:
27:
28:
29:

point

30:
resF orAllP Star[p] ← maxQuad(est1 , est2 , est3 , est4 , spacing)
31:
end if
32:
end for
33:
result ←affineCorrect(resF orAllP Star, maxStableP StarIndex)
34:
return L[`max ] × R[rmax ] × result
35: end procedure
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r

1
∗



4

1 − 0.7 pmode

∗



.

As before, the worst-case absolute error of the unscaled problem will be found by simply scaling the
∗
absolute error at pmode
:
`

max L[`] max R[r] τ 2pmode

log(0.7)
≈ 284.62,
log(0.995)

∗
Because pmode
(the value of p∗ producing the worst-case absolute error) for the null space projection
method it is invariant to the length of the list k (enabling us to compute a numeric value), and
∗
∗
because its numeric value is so small, even a fairly small choice of pmax
will suffice (now pmax
∈ O(1)
rather than in O(log(k)) as it was with the original piecewise method).
The one caveat of this worst-case absolute error bound is that it presumes at least four evenly
spaced, stable p∗ can be found (which may not be the case by choosing p∗ from the sequence 2i
in cases when ku(m) k∞ ≈ 0); however, assuming standard fast convolution can be performed (a
reasonable assumption given it is one of the essential numeric algorithms), then four evenly spaced
p∗ values could be chosen very close to 1; therefore, these values of p∗ could be added to the sequence
so that the algorithm is slightly slower, but essentially always yield this worst-case absolute error
bound.
In practice, we can demonstrate that the null space projection method is very accurate. First
we show the impact of using the quadratic (i.e., r = 2) projection method on unscaled single u(m)
vectors. The projection method was tested on vectors of different lengths drawn from different types
of Beta distributions and are compared with the results of the p-norms with the highest stable p
(Figure 5). The relative errors between the original piecewise method and the null space projection
method are compared using a max-convolution on two randomly created input PMFs of lengths 1024
(Figure 6). Note that the null space projection can also be paired with affine scaling on the back
end, just as the original piecewise method can be. In practice, the null space projection increases the
accuracy demonstrably on a variety of different problems, although the original piecewise method
also performs well.
Although the worst-case runtime of the null space projection method is roughly 2× that of the
original piecewise method, the error bound no longer depends on the length of the result k. Thus,
∗
in
for a given relative error bound on the top contour (i.e., the equivalent of the derivation of pmax
∗
is fixed and no longer ∈ O(log(k)). For example,
the original piecewise algorithm), the value of pmax
achieving a 0.5% relative error in the top contour would require
4

∗
∗
≤ 0.005 → pmax
≥4
1 − 0.7 pmax

∗
meaning that choosing pmax
= 512 would achieve a very high accuracy, but while only performing
2 × 9 FFTs. For very large vectors, this will not be substantially more expensive than the original
∗
∗
piecewise algorithm, which uses a higher value of pmax
(in this case, pmax
= log1.005 (k), which
continues to grow as k does) to keep the error lower in practice. As a result, the runtime of the
null space projection approximation is ∈ O(k log(k)) rather than O(k log(k) log(log(k))), despite the
similar runtime in practice to the original piecewise method (the null space projection method uses
2× as many FFTs performed per p∗ value, but requires slightly fewer p∗ values).

3.5 Practical Runtime Comparison
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To compare the actual runtimes of the final algorithm developed in this manuscript with a naive
max-convolution and a previously proposed method from Bussieck et al. (1994), all methods were
run on vectors of different random (uniform in [0, 1]) composition and length (k). The first and
second input vector were generated seperately but are always of same length. Table 1 shows the
result of this experiment. All methods were implemented in Python, using numpy where applicable
(e.g., to vectorize). A non-vectorized version of naive max-convolution was included to estimate the
effects of vectorization. The approach from Bussieck et al. ran as a reimplementation based on the
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α =10.0, β =0.25, n =1024
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Figure 6: Relative errors on large max-convolution with and without null space projection. Max-convolution between two randomly generated vectors (both uniform vectors
convolved with narrow Gaussians with uniform noise added afterward), performed with
the highest stable p∗ -norm (using the heuristic choice of p∗max for problems of this size)
and with null space projection (using p∗max = 64). The left y-axis shows the relative error
at index m. Associated with that, you can see the red and blue curve depicting the errors
from the two different methods: Red describes the max-norm estimation using only the
highest stable p∗ while purple was generated using quadratic projection at the four highest
stable p∗ values (when at least four evenly spaced values are numerically stable) and linear
projection at the two highest stable p∗ values (when only two p∗ are numerically stable).
The results of both approaches are corrected with the affine transformation method proposed in this manuscript. In the background the gray shaded curve shows the exact result
of the max-convolution at every index (to be used with the second y-axis on the right).
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α =0.5, β =0.5, n =1024

α =1.0, β =1.0, n =1024

Relative errors on Beta distributions
α =1.0, β =1.0, n =128
α =10.0, β =0.25, n =128

α =0.5, β =0.5, n =128

Pfeuffer and Serang

Figure 5: Relative errors on random vectors with and without null space projection. For
the two approximation methods (using the highest stable p∗ -norm with the heuristically
chosen p∗max or using the null space projection with p∗max = 64), vectors of different lengths
are sampled (212 repetitions) from a variety of Beta distributions. The settings for the
parameters (α, β) of the Beta distribution that were used, as well as the lengths of the
generated vectors are shown in the titles of the subplots: α = 0.5, β = 0.5 (bimodal with
modes near zero and one); α = 0.1, β = 0.1 (uniform distribution); α = 10, β = 0.25 (with
a strong mode near one). The red area depicts the frequencies (y-axis) of the different
magnitudes of (relative) error (x-axis) when using the highest stable p∗ -norm is used as
an approximation of the Chebyshev norm (p = ∞). The blue area shows the errors with
the method that performs a projection (either quadratic or linear depending on how many
numerically stable p∗ are available) to estimate the Chebyshev norm.
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0.0142
0.0175
0.0866
0.0277
0.0236

26
0.0530
0.0381
1.09
0.0353
0.0307

27
0.192
0.0908
7.21
0.0533
0.0467

28
0.767
0.251
19.4
0.0848
0.0760

29
3.03
0.790
457
0.149
0.137

210
12.1
2.75
—
0.274
0.258

211
48.2
10.1
—
0.537
0.520
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k
Naive
Naive (vectorized)
FILL1 (Bussieck et al., 1994)
Max. stable p∗ , affine corrected
Projection, affine corrected
Table 1: Runtimes of different methods for max-convolution on uniform vectors of length
k. The runtimes were gathered using the timeit package in Python. They include all preprocessing steps necessary for the algorithm (e.g., sorting prior to the FILL1 approach).
The values are total runtimes (in seconds) to run 5 repetitions on different, randomly generated vectors. FILL1 was not run on larger problems, because it ran substantially longer
than the non-vectorized naive approach. On the two approximation methods presented in
this manuscript, the highest stable p∗ -norm approximation was run with the heuristically
for problems of the appropriate size and the null space projection was run
64.
∗
chosen pmax
∗
with pmax
=
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pseudocode in their manuscript. From their variants of proposed methods, FILL1 was chosen because
of its use in their corresponding benchmark and its recommendation by the authors for having a
lower runtime constant in practice compared to other methods they proposed. The method is based
on sorting the input vectors and traversing the (implicitly) resulting partially ordered matrix of
products in a way that not all entries need to be evaluated, while only keeping track of the so-called
cover of maximal elements. FILL1 already includes some more sophisticated checks to keep the cover
small and thereby reducing the overhead per iteration. Unfortunately, although we observed that
the FILL1 method requires between O(n log(n)) and O(n2 ) iterations in practice, this per-iteration
overhead results in a worst-case cost of log(n) per iteration, yielding an overall runtime in practice
between O(n log(n) log(n)) and O(n2 log(n)). As the authors state, this overhead is due to the
expense of storing the cover, which can be implemented e.g., using a binary heap (recommended
by the authors and used in this reimplementation). Additionally, due to the fairly sophisticated
datastructures needed for this algorithm it had a higher runtime constant than the other methods
presented here, and furthermore we saw no means to vectorize it to improve the efficiency. For
this reason, it is not truly fair to compare the raw runtimes to the other vectorized algorithms
(and it is not likely that this Python reimplementation is as efficient as the original version, which
Bussieck et al., 1994 implemented in ANSI-C); however, comparing a non-vectorized implementation
of the naive O(n2 ) approach with its vectorized counterpart gives an estimated ≈ 5× speedup from
vectorization, suggesting that it is not substantially faster than the naive approach on these problems
(it should be noted that whereas the methods presented here have tight runtime bounds but produce
approximate results, the FILL1 algorithm is exact, but its runtime depends on the data processed).
During investigation of these runtimes, we found that on the given problems, the proposed average
case of O(n log(n)) iterations was rarely reached. A reason might be an unrecognized violation of
the assumptions of the theory behind this theoretical average runtime in how the input vectors were
generated.
In contrast to the exact method from Bussieck et al. (1994), the herein proposed approximate
procedure are faster whenever the input vectors are at least 128 elements long (shorter vectors are
most efficiently processed with the naive approach). The null space projection method is the fastest
∗
method presented here (because it can use a lower pmax
), although the higher density of p∗ values
it uses (and thus, additional FFTs) make the runtimes nearly identical for both approximation
methods.
23
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3.6 Demonstration on Hidden Markov Model With Toeplitz Transition Matrix

Pr(Di−1 |Xi−1 = xi−1 ) Pr(Xi = xi |Xi−1 = xi−1 )

Pr(D0 , D1 , . . . Di−2 , X0 = x0 , X1 = x1 , . . . , Xi−1 = xi−1 )

Pr(D0 , D1 , . . . Di−1 , X0 = x0 , X1 = x1 , . . . , Xi = xi ) =

One example that profits from fast max-convolution of non-negative vectors is computing the Viterbi
path using a hidden Markov model (HMM) (i.e., the maximum a posteriori states) with an additive
transition function satisfying Pr(Xi+1 = a|Xi = b) ∝ δ(a − b) for some arbitrary function δ (δ can
be represented as a table, because we are considering all possible discrete functions). This additivity
constraint is equivalent to the transition matrix being a “Toeplitz matrix”: the transition matrix
Ta,b = Pr(Xi+1 = a|Xi = b) is a Toeplitz matrix when all cells diagonal from each other (to the
upper left and lower right) have identical values (i.e., ∀a, ∀b, Ta,b = Ta+1,b+1 ). Because of the
Markov property of the chain, we only need to max-marginalize out the latent variable at time i
to compute the distribution for the next latent variable Xi+1 and all observed values of the data
variables D0 . . . Di+1 . This procedure, called the Viterbi algorithm, is continued inductively:

max

max

x0 ,x1 ,...xi−1

max

xi−1 x0 ,x1 ,...xi−2

Pr(D0 , D1 , . . . Di−1 , X0 = x0 , X1 = x1 , . . . , Xi = xi ) =

and continuing by exploiting the self-similarity on a smaller problem to proceed inductively with
variable f romLef t, revealing a max-convolution (for this specialized HMM with additive transitions):
max

x0 ,x1 ,...xi−1

(f romLef t[i − 1] likelihood[Di−1 ]) ∗max δ[xi − xi−1 ].

max f romLef t[i − 1] Pr(Di−1 |Xi−1 = xi−1 )δ[xi − xi−1 ] =
xi−1
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After computing this left-to-right pass (which consisted of n − 1 max-convolutions and vector multiplications), we can find the maximum a posteriori configuration of the latent variables
∗
X0 , . . . Xn−1 = x0∗ , . . . xn−1
backtracking right-to-left, which can be done by finding the variable
∗
value xi that maximizes f romLef t[i][xi ] × δ[xi+1
− xi ] (thus defining xi∗ and enabling induction
on the right-to-left pass). The right-to-left pass thus requires O(nk) steps (Algorithm 6). Note
that the full max-marginal distributions on each latent variable Xi can be computed via a small
modification, which would perform a more complex right-to-left pass that is nearly identical to the
left-to-right pass, but which performs subtraction instead of addition (i.e., by reversing the vector
representation of the PMF of the subtracted argument before it is max-convolved; Serang, 2014).
We apply this HMM with additive transition probabilities to a data analysis problem from
economics. It is known for example, that the current figures of unemployment in a country have
(among others) impact on prices of commodities like oil. If one could predict unemployment figures
before the usual weekly or monthly release by the responsible government bureaus, this would lead
to an information advantage and an opportunity for short-term arbitrage. The close relation of
economic indicators like market prices and stock market indices (especially of indices combining
several stocks of different industries) to unemployment statistics can be used to tackle this problem.
In the following demonstration of our method, we create a simple HMM with additive transitions
and use it to infer the maximum a posteriori unemployment statistics given past history (i.e., how
often unemployment is low and high, as well as how often unemployment goes down or up in a

24
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1: procedure ViterbiForAdditiveTransitions(prior, data, likelihood, δ)
2:
f romLef t[0] ← prior
3:
for i = 0 to n − 2 do
4:
f romLef t[i] ← f romLef t[i] × likelihood[data[i]]
5:
f romLef t[i + 1] ← f romLef t[i] ∗max δ
6:
end for
7:
f romLef t[n] ← f romLef t[n] × likelihood[data[n]]
8:
9:
path[n − 1] ← argmaxj f romLef t[n − 1][j]
10:
for i = n − 2 to 0 do
11:
maxP rodP osterior ← −1
12:
argmaxP rodP osterior ← −1
13:
for l = k to 1 do
14:
currP rodP osterior ← f romLef t[i] × δ[l − path[i + 1]]
15:
if currP rodP osterior > maxP rodP osterior then
16:
maxP rodP osterior ← currP rodP osterior
17:
argmaxP rodP osterior ← l
18:
end if
19:
end for
20:
path[i] ← argmaxP rodP osterior
21:
end for
22:
return path
23: end procedure
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Algorithm 6 Viterbi for models with additive transitions, which accepts the length k vector
prior, a list of n binned observations data, a a × k matrix of likelihoods (where a is the number
of bins used to discretize the data) likelihoods, and a length 2k − 1 vector δ that describes the
transition probabilities. The algorithm returns a Viterbi path of length n, where each element in
the path is a valid state ∈ {0, 1, . . . k − 1}.

Approximate Sub-Quadratic Max-Convolution
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Both piecewise numerical max-convolution methods are highly accurate in practice and achieve a
substantial speedup over both the naive approach and the approach proposed by Bussieck et al.
(1994). This is particularly true for large problems: For the original piecewise method presented
1 (k)) multiplier may never be small, but it grows so slowly with k that it
here, the log2 (log
1+τ 4
will be < 18 even when k is on the same order of magnitude as the number of particles in the
observable universe. This means that, for all practical purposes, the method behaves asymptotically
as a slightly slower O(k log2 (k)) method, which means the speedup relative to the naive method

4. Discussion

short amount of time) and current stock market prices (the observed data). We discretized random
variables for the observed data (S&P 500, adjusted closing prices ; retrieved from YAHOO! historical stock prices: http://data.bls.gov/cgi-bin/surveymost?blsseriesCUUR0000SA0), and
”latent” variables (unemployment insurance claims, seasonally adjusted, were retrieved from the
U.S. Department of Labor: https://www.oui.doleta.gov/unemploy/claims.asp). Stock prices
were additionally inflation adjusted by (i.e., divided by) the consumer price index (CPI) (retrieved
from the U.S. Bureau of Labor Statistics: https://finance.yahoo.com/q?s=^GSPC). The intersection of both ”latent” and observed data was available weekly from week 4 in 1967 to week 52 in
2014, resulting in 2500 data points for each type of variable.
To investigate the influence of overfitting, we partition the data in two parts, before June 2005
= 80% of the data points, and
and after June 2005, so that we are effectively training on 2000×100
2500
then demonstrate the Viterbi path on the entirety of the data (both the 80% training data and the
20% of the data withheld from empirical parameter estimation). Unemployment insurance claims
were discretized into 512 and stock prices were discretized into 128 bins. Simple empirical models
of the prior distribution for unemployment, the likelihood of unemployment given stock prices, and
the transition probability of unemployment were built as follows: The initial or prior distribution
for unemployment claims at i = 0 was calculated by marginalizing the time series of training data
for the claims (i.e., counting the number of times any particular unemployment value was reached
over all possible bins). Our transition function (the conditional probability Pr(Xi+1 |Xi )) similarly
counts the number of times each possible change Xi+1 − Xi ∈ {−511, −510, . . . 511} occurred over
all available time points. Interestingly, the resulting transition distribution roughly resembles a
Gaussian (but is not an exact Gaussian). This underscores a great quality of working with discrete
distributions: while continuous distributions may have closed-forms for max-convolution (which can
be computed quickly), discrete distributions have the distinct advantage that they can accurately
approximate any smooth distribution. Lastly, the likelihoods of observing a stock price given the
unemployment at the same time were trained using an empirical joint distribution (essentially a
heatmap), which is displayed in Figure 7.
We compute the Viterbi path two times: First we use naive, exact max-convolution, which
requires a total of O(nk 2 ) steps. Second, we use fast numerical max-convolution, which requires
O(n k log(k) log(log(k)) steps. Despite the simplicity of the model, the exact Viterbi path (computed
via exact max-convolution) is highly informative for predicting the value of unemployment, even for
the 20% of the data that were not used to estimate the empirical prior, likelihood, and transition
distributions. Also, the numerical max-convolution method is nearly identical to the exact maxconvolution method at every index (Figure 8). Even with a fairly rough discretization (i.e., k =
512), the fast numerical method (via the original, simpler piecewise algorithm with p∗max = 8192)
used 141.4 seconds compared to the 292.3 seconds required by the naive approach. The higherprecision projection algorithm (which uses a smaller p∗max , but calls FFT twice for each power of two
p∗ ) computes nearly identical result using p∗max = 64 for this problem in 136.6 seconds. The speedup
of both fast numerical algorithms relative to the naive quadratic max-convolution algorithm will
increase dramatically as k is increased.
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Figure 7: Heatmap for trained likelihood matrix. This heatmap depicts a joint empirical
distribution between the S&P 500 index and new unemployment claims, which share a
tenuous inverse relationship. Given Di , the discretized stock index value at time i, row Di
contains the likelihood table Pr(Di |Xi ), which is denoted likelihood[data[i]] in the code.
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Figure 8: Viterbi analysis of employment given stock index values. The Viterbi path corresponding to the maximum a posteriori prediction of the number of new unemployment
insurance claims is produced for a model where the state transition probabilities are additive. The exact Viterbi estimate tracks well with the true unemployment values. Training
parameters were taken from only the true unemployment data to the left of the vertical
dotted line; however, the Viterbi paths to the right of the dotted line (where unemployment data were withheld from the likelihood, prior, and transition parameters) also track
well with the true unemployment statistics. The Viterbi path computed with fast numerical max-convolution (via the null space projection piecewise approach) is nearly identical
to the result computed with the slower exact approach. Note that for this problem, the
original, simpler piecewise approach also produces very similar results.

New unemployment claims (binned)

computed by convolution corresponds to the Frobenius norm (i.e., the “entrywise norm”) of the
tensor, and after taking the result of the sum to the power p1∗ , will converge to the maximum value
in the tensor (if p∗ is large enough).
This means that the fast numerical approximation, including the affine piecewise modification,
can be used without modification by invoking standard multidimensional convolution (i.e., ∗). Matrix (and, in general, tensor) convolution is likewise possible for any dimension via the row-column
algorithm, which transforms the FFT of a matrix into sequential FFTs on each row and column. The
accompanying Python code demonstrates the fast numerical max-convolution method on matrices,
and the code can be run on tensors of any dimension (without requiring any modification).
The speedup of FFT tensor convolution (relative to naive convolution) becomes considerably
higher as the dimension of the tensors increases; for this reason, the speedup of fast numerical maxconvolution becomes even more pronounced as the dimension increases. For a tensor of dimension d
and width k (i.e., where the index bounds of every dimension are ∈ {0, 1, . . . k −1}), the cost of naive
max-convolution will be in O(k 2d ), whereas the cost of numerical max-convolution is O(k d log2 (k))
kd
1 (k)) ≤ 18 multiplier), meaning that there is an O(
(ignoring the log2 (log
d log2 (k) ) speedup from
1+τ 4
the numerical approach. Examples of such tensor problems include graph theory, where adjacency
matrix representation can be used to describe respective distances between nodes in a network.
As a concrete example, the demonstration Python code computes the max-convolution between
two 256 × 256 matrices. The naive method required 494 seconds, but the numerical result with
the original piecewise method was computed in 3.18 seconds (yielding a maximum absolute error
of 0.0173 and a maximum relative error of 0.0511) and the numerical result with the null space
projection method was computed in 3.99 seconds (using p∗max = 512, which corresponds to a relative
error of < 0.1% in the top contour, yielding a maximum absolute error of 0.0141 and a maximum
relative error of 0.0227) and in 3.05 seconds (using p∗max = 64, which corresponds to a relative
error of < 2.5% in the top contour, yielding a maximum absolute error of 0.0667 and a maximum
relative error of 0.067). Not only does the speedup of the proposed methods relative to naive
max-convolution increase significantly as the dimension of the tensor is increased, no other fasterthan-naive algorithms exist for max-convolution of matrices or tensors.
Multidimensional max-convolution can likewise be applied to hidden Markov models with additive transitions over multidimensional variables (e.g., allowing the latent variable to be a twodimensional joint distribution of American and German unemployment with a two-dimensional joint
transition probability).
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equivalently, from the p∗ -th roots of the p∗ -th moments of a distribution with bounded support),
will undoubtedly permit many more possible approaches that we have not yet considered. One that
would be compelling is to relate the Fourier transform of the sequential moments to the maximum
value in the distribution; such an approach could permit all stable p∗ at any index m to be used to
efficiently approximate the maximum value (by computing the FFT of the sequence of norms). Such
new adaptations of the method could permit low worst-case error without any noticable runtime
increase.

becomes more pronounced as k becomes large. For the second method presented (the null space
projection), the runtime for a given relative error bound will be in O(k log2 (k)). In practice, both
methods have similar runtime on moderate or large problems.
The basic motivation of the first approach described—i.e., the idea of approximating the Chebyshev norm with the largest p∗ -norm that can be computed accurately, and then convolving according
to this norm using FFT—also suggests further possible avenues of research. For instance, it may be
possible to compute a single FFT (rather than an FFT at each of several contours) on a more precise
implementation of complex numbers. Such an implementation of complex values could store not only
the real and imaginary components, but also other much smaller real and imaginary components
that have been accumulated through + operations, even those which have small enough magnitudes
that they are dwarfed by other summands. With such an approach it would be possible to numerically approximate the max-convolution result in the same overall runtime as long as only a bounded
“history” of such summands was recorded (i.e., if the top few magnitude summands—whether that
1 (k))—was stored and operated on). In a similar vein, it would
be the top 7 or the top log2 (log
1+τ 4
be interesting to investigate the utility of complex values that use rational numbers (rather than
fixed-precision floating point values), which will be highly precise, but will increase in precision (and
therefore, computational complexity of each arithmetic operation) as the dynamic range between
the smallest and largest nonzero values in L and R increases (because taking L0 to a large power p∗
may produce a very small value). Other simpler improvements could include optimizing the error
vs. runtime trade-off between the log-base of the contour search: the method currently searches
log2 (p∗max ) contours, but a smaller or larger log-base could be used in order to optimize the trade-off
between error and runtime.
It is likely that the best trade-off will occur by performing the fast p∗ -norm convolution with a
number type that sums values over vast dynamic ranges by appending them in a short (i.e., bounded
or constant size) list or tree and sums values within the same dynamic range by querying the list or
tree and then summing in at the appropriate magnitude. This is reminiscent of the fast multipole
algorithm (Rokhlin, 1985). This would permit the method to use a single large p∗ rather than a
piecewise approach, by moving the complexity into operations on a single number rather than by
performing multiple FFTs with simple floating-point numbers.
The basic motivation of the second approach described—i.e., using the sequence of p∗ -norms
(each computed via FFT) to estimate the maximum value—generalizes the p∗ -norm fast convolution
numerical approach into an interesting theoretical problem in its own right: given an oracle that
delivers a small number of norms (the number of norms retrieved must be c ∈ o(k) to significantly
outperform the naive quadratic approach) about each vector u(m) , amalgamate these norms in an
efficient manner to estimate the maximum value in each u(m) . This method may be applicable to
other problems, such as databases where the maximum values of some combinatorial operation (in
this case the maximum a posteriori distribution of the sum of two random variables X +Y ) is desired
but where caching all possible queries and their maxima would be time or space prohibitive. In a
manner reminiscent of how we employ FFT, it may be possible to retrieve moments of the result
of some combinatoric combination between distributions on the fly, and then use these moments to
approximate true maximum (or, in general, other sought quantities describing the distribution of
interest).
In practice, the worst-case relative error of our quadratic approximation is quite low. For example,
when p∗ = 8 is stable, then the relative error is less than 2.3%, regardless of the lengths of the vectors
being max-convolved. In contrast, the worst-case relative error using the original piecewise method
1
would be ≤ k 16 − 1, where k is the length of the max-convolution result (when n = 1024, the relative
error of the original piecewise method would be ≈ 54%).
Of course, the use of the null space projection method is predicated on the existence of at
least four sequential p∗ points, but it would be possible to use finer spacing between p∗ values
(e.g., p∗ ∈ (1, 1.01, 1.02, 1.03) to guarantee that this will essentially be the case as long as FFT
(i.e., p∗ = 1) is stable. But more generally, the problem of estimating extrema from p∗ -norms (or,
i1 ,i2 ,...

X 
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(m ,m ,...)

ui1 ,i12 ,...2

p∗

The fast numerical piecewise method for max-convolution (and the affine piecewise modification) are
both applicable to matrices as well as vectors (and, most generally, to tensors of any dimension). This
is because the p∗ -norm (as well as the derived error bounds as an approximation of the Chebyshev
norm) can likewise approximate the maximum element in the tensor u(m1 ,m2 ,...) generated to find
the max-convolution result at index m1 , m2 , . . . of a multidimensional problem, because the sum

4.1 Multidimensional Numerical Max-Convolution
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4.2 Max-Deconvolution
The same p∗ -norm approximation can also be applied to the problem of max-deconvolution (i.e.,
solving M = L ∗max R for R when given M and L). This can be accomplished by computing
∗
∗
the ratio of F F T (M p ) to F F T (Lp ) (assuming L has already been properly zero-padded), and
∗
then computing the inverse FFT of the result to approximate Rp ; however, it should be noted
that deconvolution methods are typically less stable than the corresponding convolution methods,
computing a ratio is less stable than computing a product (particularly when the denominator is
close to zero).
4.3 Amortized Argument for Low MSE of the Affine Piecewise Method

m2

1
∗

Although the largest absolute error of the affine piecewise method is the same as the largest absolute
error of the original piecewise method, the mean squared error (MSE) of the affine piecewise method
will be lower than the square of the worst-case absolute error.
To achieve the worst-case absolute error for a given contour the affine correction must be negligible; therefore, there must be two nearly vertical points on the scatter plot of ku(m1 ) k∞ vs.
ku(m1 ) kp∗ , which are both extremes of the bounding envelope from Figure 3. Thus, there must
exist two different indices
and
with vectors where ku(m1 ) kp∗ ≈ ku(m1 ) k∞ and where
m1

p
ku(m2 ) kp∗ ≈ ku(m2 ) k∞ km
2

(creating two vertical points on the scatter plot, and forcing that both cannot simultaneously be
corrected by a single affine mapping). In order to do this, it is required to have u(m1 ) filled with a
single nonzero value and for the remaining elements of u(m1 ) to equal zero. Conversely, u(m2 ) must
be filled entirely with large, nonzero values (the largest values possible that would still use the same
contour p∗ ). Together, these two arguments place strong constraints on the vectors L0 and R0 (and
transitively, also constrains the unscaled vectors L and R): On one hand, filling u(m1 ) with km1 − 1
zeros requires that km1 − 1 elements from either L or R must be zero (because at least one factor
must be zero to achieve a product of zero). On the other hand, filling u(m2 ) with all large-value
nonzeros requires that km2 elements of both L and R are nonzero. Together, these requirements
stipulate that both km1 − 1 + km2 ≤ k, because entries of L and R cannot simultaneously be zero
and nonzero. Therefore, in order to have many such vertical points, constrains the lengths of the
u(m1 ) , u(m2 ) , u(m3 ) , . . . vectors corresponding to those points. While the worst-case absolute error
bound presumes that an individual vector u(m) may have length k, this will not be possible for
many vectors corresponding to vertical points on the scatter plot. For this reason, the MSE will be
significantly lower than the square of the worst-case absolute error, because making a high affinecorrected absolute error on one index necessitates that the absolute errors at another index cannot
be the worst-case absolute error (if the sizes of L and R are fixed).

5. Availability
Code for exact max-convolution and the fast numerical method (which includes both k · kp∗ and null
space projection methods) is implemented in Python and available at https://bitbucket.org/
orserang/fast-numerical-max-convolution. All included code works for numpy arrays of any
dimension, i.e., tensors).
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Appendix A. Details on the Projection Method

This appendix establishes a closed-form equation for finding the maximum via the projection method
as it is used in the implementation of the algorithm and proves/conjectures an upper/lower bound
of its relative error.

A.1 Closed-Form Projection Method for r = 2

ku(m) kpp∗
2p∗
ku(m) k2p
∗

2p
ku(m) k2p
∗
3p∗
ku(m) k3p
∗

3p
ku(m) k3p
∗
4p∗
ku(m) k4p
∗








In general, the computation of both the null space spanning vector (γ0 , γ1 , . . . γr ) and of machineprecision approximations for the roots of the polynomial γ0 + γ1 x + γ2 x2 + · · · + γr xr (which can be
approximated by constructing a matrix with that characteristic polynomial and performing eigendecomposition; Horn and Johnson, 1999) are both in O(r3 ) for each index m in the result; however,
by using a small r = 2, we can compute a closed form solution of both the null space spanning
vector and of the resulting quadratic roots. This enables faster exploitation of the curve of norms
for estimating the maximum value of u(m) (although it doesn’t achieve the high accuracy possible
∗
∗
∗
with a much larger r ≈ e). This is equivalent to approximating ku(m) kpp∗ ≈ h1 α1p + h2 α2p , where
h1 + h2 = km = len(u(m) ).
In this case, the single spanning vector of the null space of
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∗
∗
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and thus α̂ ≈ ku(m) k∞ can be computed by using the quadratic formula to solve γ0 + γ1 x + γ2 x2 = 0
1
for x, and computing α̂ using the maximum of those zeros: α̂ = xmax p∗ . When the quadratic is not
well defined, then this indicates that the number of unique elements in u(m) is less than 2, and thus
cannot be projected uniquely (i.e., em < r); in this case, the closed-form linear solution can be used
rather than a closed-form quadratic solution:
α̂ =

When the closed-form linear solution is not numerically stable (due to division by a value close to
zero), then the p∗ -norm approximation can likewise be used.

A.2 Adapted Piecewise Algorithm Using Interleaved p∗ Points

JMLR 17(36):1-39

Because the norms must have evenly spaced p∗ values in order to use the projection method described
above, the exponential sequence of p∗ values used in the original piecewise algorithm will not contain
four evenly spaced points (which are necessary to solve the quadratic formulation, i.e., r = 2). One
possible solution would be to take the maximal stable value of p∗ for any index (which will be a
power of two found using the original piecewise method), and then also computing norms (via the
FFT, as before) for p∗ − 3δ, p∗ − 2δ, p∗ − δ, p∗ ; however, this will result in a 4× slowdown in the

32

p∗
2

+ p∗
,
2

maxP
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The full closed-form of the quadratic roots used above (which solve the projection when r = 2) will
be

A.3 Accuracy of the r = 2 Projection-Based Method

1: procedure maxLin(est3 , est4 , spacing)
2:
if |est3 | > τDiv then
4
3:
result ← est
est3
4:
else
5:
result ← est4
6:
end if
7:
return result(1.0/spacing)
8: end procedure

instabilities, the algorithm checks for division by zero within a tolerance τDiv = 10−10 (again, a
conservative estimate of the machine precision). The return value is a new estimate of the real
maximum.

4

p’s used). The naming of the variables follows the scheme esti = ku(m) k 4i maxP . To prevent numeric

i

Algorithm 7 Linear projection of the maximum, using previously computed values est3 , est4
for two p∗ with a difference of spacing (estimates given in ascending order of their corresponding

p
(taking the maximal root xmax to the power p4∗ instead of
polynomial γ(xmax ) = 0, then α̂ = xmax
1
p∗ , which had been the spacing used in the description of the projection method). The null space
projection method is shown in Algorithm 5.

4
∗

meaning that we can insert all possible necessary p∗ values for evenly spaced sequences of length four
by first computing the exponential sequence of p∗ values and then inserting the averages between
every pair of adjacent powers of two (and inserting them in a way that maintains the sorted order):
1, 2, 4, 8, 16, . . . becomes 1, 1.5, 2, 3, 4, 6, 8, 12, 16, . . .. Thus, if (for some index m) 16 is the highest
stable p∗ that is a power of two (i.e., the p∗ value that would be used by the original piecewise
algorithm), then we are guaranteed to use the evenly spaced sequence 4, 8, 12, 16. By interleaving
the powers of two with the averages from the following powers of two, we reduce the number of
FFTs to 2× that used by the original piecewise algorithm. For small values of r (such as the r = 2
used here), the estimation of the maximum from each sequence of four norms is in O(4k), meaning
the total time will still be k log(k) log(log(k) + 4k ∈ O(k log(k) log(log(k))), which is the same as
∗
before. Because the spacing in this formulation is p4 , and given the maximal root of the quadratic

3p∗
=
4

! 1∗ 
p
γ12 − 4γ2 γ0 p 
2γ2

∗

∗2

∗

∗

∗2

0.5 

∗

∗



1
p∗
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where p∗ = maxP
in the pseudocode (i.e., the maximum numerically stable p∗ used by the piecewise
4
∗
algorithm at that index). Note that ku(m) kp∞ can be factored out because the exponents in every term

(m) 1p
÷ 2(kv (m) k2p
k1p∗ kv (m) k3p
2p∗ − kv
3p∗ )

∗2

0.5 
∗
∗2
∗
(m) 3p∗
(m) 2p∗
(m) 3p∗ 2
− 4 (kv (m) k1p
k3p∗ − kv (m) k2p
k2p∗ kv (m) k4p
k3p∗ )
1p∗ kv
2p∗ )(kv
4p∗ − kv

 1∗ 
∗2
∗
p
(m) 1p∗
÷ 2(kv (m) k2p
k1p∗ kv (m) k3p
2p∗ − kv
3p∗ )

∗
∗
(m) 3p∗
(m) 4p∗
= ku(m) k∞ max
kv (m) k2p
k3p∗ − kv (m) k1p
k4p∗
2p∗ kv
1p∗ kv

∗
∗
∗
∗
(m) 2p
(m) 3p
(m) 1p
(m) 4p 2
± (kv k2p∗ kv k3p∗ − kv k1p∗ kv k4p∗ )

0.5 
∗
∗2
∗
(m) 3p∗ 2
(m) 2p∗
(m) 3p∗
k3p∗ )
k2p∗ kv (m) k4p
k3p∗ − kv (m) k2p
− 4 (kv (m) k1p
4p∗ − kv
2p∗ )(kv
1p∗ kv

 1∗ 
∗
∗2
p
(m) 1p∗
k1p∗ ku(m) k3p
÷ 2(ku(m) k2p
3p∗ )
2p∗ − ku


∗
∗
∗
(m) 3p∗
(m) 4p∗
= max ku(m) kp∞ kv (m) k2p
k3p∗ − kv (m) k1p
k4p∗
2p∗ kv
1p∗ kv

(m) 4p∗ 2
(m) 3p∗
(m) 1p∗
(m) 2p∗
± (kv k2p∗ kv k3p∗ − kv k1p∗ kv k4p∗ )

∗

. Resort to linear projection

(m) 3p
(m) 3p
(m) 2p
k3p∗ )
k3p∗ − ku(m) k2p
k2p∗ ku(m) k4p
− 4 (ku(m) k1p
2p∗ )(ku
4p∗ − ku
1p∗ ku


∗
∗
(m) 3p∗
(m) 4p∗
= max
ku(m) k2p
k3p∗ − ku(m) k1p
k4p∗
2p∗ ku
1p∗ ku

∗
(m) 4p∗ 2
(m) 1p∗
(m) 3p∗
ku
k
ku
k
−
ku
k
± (ku(m) k2p
1p∗
4p∗ )
3p∗
2p∗

−γ1 ±
α̂ = max 



1: procedure maxQuad(est1 , est2 , est3 , est4 , spacing)
2:
γ2 ← est1 ∗ est3 − est22
3:
γ1 ← est2 ∗ est3 − est1 ∗ est4
4:
γ0 ← est2 ∗ est4 − est23
5:
preRootV alue ← γ12 − 4 ∗ γ2 ∗ γ0
6:
stableQuadratic ← (γ0 > τDiv ) & (preRootV alue >= 0.0)
7:
if stableQuadratic then
√
8:
result ← (−γ1 + preRootV alue/(2 ∗ γ2 )
9:
else
10:
result ← maxLin(est3 , est4 )
11:
end if
12:
return result(1.0/spacing)
13: end procedure

of their corresponding p’s used). The naming of the variables follows the scheme esti = ku(m) k 4i maxP .
4
To prevent numeric instabilities, the algorithm checks for division by zero within a tolerance τDiv =
−10
10 . The return value is a new estimate of the real maximum.

maxP

Algorithm 8 Quadratic projection of the maximum, using previously computed estimates
est1 , est2 , est3 , est4 for four equally spaced p in steps of spacing (estimates given in ascending order

algorithm, because for every p∗ -norm computed via FFT before, now four must be computed. An
alternative approach reuses existing values in the 2i sequence of p∗ : for p∗∗ sufficiently
large, then
∗
the exponential sequence is guaranteed to include these stable p∗ values: p4 , p2 , p∗ . By considering
3p∗
∗
∗
4 in p candidates, then we can be guaranteed to have four evenly spaced and stable p values.
This can be achieved easily by noting that

i
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t(p∗ , km ) =



∗

∗

∗

∗

1

s(p∗ , km ) = t(p∗ , km ) p∗

−

∗

∗

∗
2p∗ 2
4p∗
(m) 2p
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k2p∗ kv (m) k4p
∗ )(kv
∗

2p
(m) 3p
(m) 4p
kv (m) k2p
k3p∗ − kv (m) k1p
k4p∗
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1p∗ kv

∗
∗
2p∗
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(m) 3p
(m) 4p 2
(kv (m) k2p
k3p∗ − kv (m) k1p
k4p∗ )
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∗ kv

+
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∗
1p∗
(m) 3p
(kv (m) k1p
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2p
1p
(m) 3p
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− kv (m) k1p
k3p∗ ).
∗
∗ kv

2

÷ 2(kv (m) k22 − kv (m) k11 kv (m) k33 ).
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The extreme values of t(p∗ , km ) can be found by minimizing and maximizing over the possible
k
values of v (m) ∈ V = {v : [0, 1] m : ∃i, vi = 1, ∃j, vj ∈ (0, 1)}. The final constraint on vj in (0,1) is
because any v containing only one unique value (which must be 1 in this case since dividing by the
maximum element in u(m) to compute v (m) has divided the value at that index by itself (∃i, vi = 1)
will lead to instabilities. When values in v are identical to one another, using r = 1 yields an exact
solution, and thus solving with r = 2 is not well-defined because γ2 = 0. Because all elements
p∗
p∗
(m)
v (m) ∈ [0, 1] and p∗ ≥ 1, we can perform a change of variables vi = v (m) i , thereby eliminating
references to p∗ :

t(km ) ≥
min
kv (m) k22 kv (m) k33 − kv (m) k11 kv (m) k44
v∈Rkm :∃i,vi =1,∃j,vj ∈(0,1)

+ (kv (m) k22 kv (m) k33 − kv (m) k11 kv (m) k44 )2
 
2
2 0.5
− 4 (kv (m) k11 kv (m) k33 − kv (m) k22 )(kv (m) k22 kv (m) k44 − kv (m) k33 )

0.5 
3p∗ 2
− kv (m) k3p
∗ )

where the length of the u(m) (respectively v (m) ) is km . Using this reformulation, s = 1 indicates a
zero-error approximation. This can be rewritten to bound its value before taking to the power p1∗ :

 p1∗
∗
2p∗ 2
1p∗
(m) 3p
.
÷ 2(kv (m) k2p
− kv (m) k1p
k3p∗ )
∗
∗ kv

α̂
s(p∗ , km ) = (m)
ku k∞
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(m)
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=
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k
k
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2
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k
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k
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∗
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(m) 3p
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− 4 (kv (m) k1p
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The relative absolute error is defined as | α̂−ku
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relative error of the projection method can be established by bounding
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in the numerator will be 5p∗ (i.e., 10p∗ in the square root). Similarly the terms in the denominator
4p∗
each contain ku(m) k∞
. Factoring out the maximum value is then the same as operating on scaled
vectors v (instead of u) with the maximum entry being 1, and at least one element of value 1.
Furthermore, the denominator 2γ2 ≥ 0; even though the terms summed to compute γ2 are
not exclusively nonnegative, symmetry can be used to demonstrate that every negative term is
outweighed by a unique corresponding term:
γ2
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 p1∗ 

Thus, for well-defined problems (i.e., when γ2 6= 0), the denominator 2γ2 > 0, and therefore, the
maximum root of the quadratic polynomial will correspond to the term that adds (rather than
subtracts) the square root term:

∗
∗
∗
2p∗
(m) 3p
(m) 1p
(m) 4p
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1p
2p
4p
(m) 3p
(m) 2p
(m) 3p
− 4 (kv (m) k1p
k3p∗ − kv (m) k2p
k2p∗ kv (m) k4p
k3p∗ )
∗ kv
∗ )(kv
∗ − kv

∗2

2p
1p
(m) 3p
÷ 2(kv (m) k2p
− kv (m) k1p
k3p∗ )
∗
∗ kv
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0.935537
1

3

0.902161
1

4

0.895671
1

5
0.880487
1

6
0.85343
1

7

0.90216688
1.00000000

Minimum (vectors of form (1, a, b, . . . b), 2 d.o.f.)
Maximum (vectors of form (1, a, b, . . . b), 2 d.o.f.)

0.75455478
1.0000000

0.74942834
0.92482416

64

0.71695386
1.00000000

0.81858283
0.86795636

1024

kv (m) k22 kv (m) k33 − kv (m) k11 kv (m) k44

(kv (m) k22 kv (m) k33 − kv (m) k11 kv (m) k44 )2
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For small vector lengths, the exact bounds of t(km ) are shown in Table 2. Notice that the
upper bound is fixed, but the lower bound grows monotonically smaller as km , the length of the
vector considered, increases. For larger vectors, Mathematica does not find optima in a matter of
hours, and for arbitrary-length vectors, the Karush-Kuhn-Tucker criteria do not easily yield minima
or maxima; however, we do observe that all maxima are achieved by vectors that are permutations
(order does not influence the result) of v = (1, 1, . . . 1, b, b, . . . b) (again, when only two unique values
α̂
= 1). Likewise, the minima are achieved
are found in v, the approximation is exact and thus ku(m)
k∞
by permutations of v = (1, a, b, b, . . . b). For this reason, we perform further empirical estimation
of the bound by randomly sampling vectors of the form (1, v2 , v3 , . . . vkm ) with km − 1 degrees of
freedom (d.o.f.) and sampling vectors of the form v = (1, a, b, b, . . . b) (with 2 d.o.f.), whose extrema
are shown in Table 3.

t(km ) ≤

Table 3: Bounds via random sampling for vectors different in size and type. This table
shows the minimal and maximal values resulting from the evaluation of t(km ) on 105
randomly generated vectors (uniform distribution in [0, 1]). The first part shows the result
for vectors of potentially unconstrained composition, besides one (w.l.o.g. the first) being
set to 1.0. The values in the second half were obtained based on vectors of (supposedly)
worst-case composition (i.e., of form (1, a, b, . . . b)).

0.90221268
0.99999986

4

Minimum (km − 1 d.o.f.)
Maximum (km − 1 d.o.f.)

km

Table 2: Exact bounds of t(km ) for short vectors of length km . This table shows the results
of numerical minimization techniques performed on the symbolic closed-form of t(km ) in
Mathematica (using NMinimize). All km − 1 entries (excluding the first that was set to
1.0) were left symbolic and constrained to [0, 1], with restriction that the denominator of
t(km ) was nonzero.

Minimum
Maximum

km

Approximate Sub-Quadratic Max-Convolution

q

2b (a3

−

2a2 b

+

ab2

+ (b −

1)2 )

2

b2 (−a4 + 3a3 b − 3a2 b2 + ab3 + (b − 1)3 ) + ab4 + b4 − b3 − b2 + b

.
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1. Introduction

Keywords: Orthogonal Projection, PCA, Mixture Models, Neural Networks, Unsupervised Learning, von Mises-Fisher (vMF) model

In this paper, we propose a novel model for high-dimensional data, called the Hybrid Orthogonal Projection and Estimation (HOPE) model, which combines a linear orthogonal
projection and a finite mixture model under a unified generative modeling framework.
The HOPE model itself can be learned unsupervised from unlabelled data based on the
maximum likelihood estimation as well as discriminatively from labelled data. More interestingly, we have shown the proposed HOPE models are closely related to neural networks
(NNs) in a sense that each hidden layer can be reformulated as a HOPE model. As a result,
the HOPE framework can be used as a novel tool to probe why and how NNs work, more
importantly, to learn NNs in either supervised or unsupervised ways. In this work, we have
investigated the HOPE framework to learn NNs for several standard tasks, including image
recognition on MNIST and speech recognition on TIMIT. Experimental results have shown
that the HOPE framework yields significant performance gains over the current state-ofthe-art methods in various types of NN learning problems, including unsupervised feature
learning, supervised or semi-supervised learning.
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Machine learning systems normally consist of several distinct steps in design, namely feature
extraction and data modeling. In feature extraction, some engineering tricks are used to
pre-process raw data to extract useful and representative features for the underlying data
sets. As a result, this stage is sometimes called feature engineering. For high-dimensional
data, the feature extraction stage needs to distill “good” features that are representative
enough to discriminate different data samples but also it has to perform effective dimensionality reduction to generate less correlated features that can be easily modeled in a lower
dimensional space. In data modeling, an appropriate model is selected to model data in
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the lower-dimensional feature space. There are a wide range of models available for this
purpose, such as k-Nearest-Neighbours (kNN) methods, decision trees, linear discriminant
models, neural networks, statistical models from the exponential family, or mixtures of the
exponential family distributions, and so on. Subsequently, all unknown model parameters
are estimated from available training samples based on certain learning criterion, such as
maximum likelihood estimation (MLE) or discriminative learning.
In many traditional machine learning methods, feature extraction and data modeling
are normally conducted independently in two loosely-coupled stages, where feature extraction parameters and model parameters are separately optimized based on rather different
criteria. Particularly, feature extraction is normally regarded as a pre-processing stage,
where feature extraction parameters are estimated under some quite loose conditions, such
as the assumption that data is normally distributed in a high-dimensional space as implied
in linear discriminant analysis (LDA) and principal component analysis (PCA). On the
other hand, neural networks (NNs) favor an end-to-end learning process, which is normally
considered as one exception to the above paradigm. In practice, it has been widely observed
that NNs are capable of dealing with almost any type of raw data directly without any explicit feature engineering. In the recent resurgence of NNs in “deep learning”, more and
more empirical results have demonstrated that deep neural networks (DNNs) can effectively
de-correlate high-dimensional raw data and automatically learn useful features from large
training sets, without being disturbed by “the curse of dimensionality”. However, it still
remains as an open question why NNs can handle it and what mechanism is used by NNs
to de-correlate high-dimensional raw data to learn good feature representations for many
complicated real-world tasks.
In this paper, we first propose a novel data modeling framework for high-dimensional
data, namely Hybrid Orthogonal Projection and Estimation (HOPE)(Zhang and Jiang,
2015; Zhang et al., 2015). The key argument for the HOPE framework is that feature
extraction and data modeling should not be decoupled into two separate stages in learning
since a good feature extraction module can not be learned based on some over-simplified
and unrealistic modeling assumptions. The feature extraction and data modeling must be
jointly learned and optimized by considering the complex nature of data distributions. This
is particularly important in coping with high-dimensional data arising from most real-world
applications, such as image, video and speech signals. In the HOPE framework, we propose
to model high-dimensional data by combining a relatively simple feature extraction model,
namely a linear orthogonal projection, with a powerful statistical model for data modeling,
namely a finite mixture model of the exponential family distributions, under a unified
generative modeling framework. In this paper, we consider two possible choices for the
mixture models, namely Gaussian mixture models (GMMs) and mixtures of the von MisesFisher (movMFs) distributions. First of all, an orthogonal linear projection is used in feature
extraction to ensure that the highly-correlated high-dimensional raw data is first projected
onto a lower-dimensional latent feature space, where all feature dimensions are largely decorrelated. This will facilitate data modeling in this feature space over the original data
space. Secondly, in the HOPE framework, we propose to use a powerful model to represent
data in the lower-dimensional feature space, rather than using any over-simplified models for
computational convenience. This is very important since any real-world data tend to follow
a rather complex distribution, which can always be approximated by a finite mixture model
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up to any arbitrary precision. Thirdly, the most important argument in HOPE is that both
the orthogonal projection and the mixture model must be learned jointly according to a
single unified criterion. In this paper, we first study how to learn HOPE in an unsupervised
manner based on the conventional maximum likelihood (ML) criterion and also explain
that the HOPE models can also be learned in a supervised way based on any discriminative
learning criterion.
Another important finding in this work is that the proposed HOPE models are closely
related to neural networks (NNs) currently widely used in deep learning. As we will show,
any single hidden layer in the most popular rectified linear (ReLU) NNs can always be
reformulated as a HOPE model consisting of a linear orthogonal projection and a mixture
of von Mises-Fisher distributions (movMFs). This formulation helps to explain how NNs
actually deal with high-dimensional data and why NNs can de-correlate almost any types
of high-dimensional data to generate good feature representations. More importantly, this
formulation may open up new possibilities to learn NNs more effectively. For example,
both supervised and unsupervised learning algorithms for the HOPE models can be easily applied to learning NNs. By imposing an explicit orthogonal constraint on the feature
extraction layer, we will show that the HOPE methods are very effective in learning NNs
for both supervised and unsupervised learning. In unsupervised learning, we have shown
that the maximum likelihood (ML) based HOPE learning algorithms can serve as a very
effective unsupervised learning method to learn NNs from unlabelled data. Our experimental results have shown that the ML-based HOPE learning algorithm can learn good feature
representations in an unsupervised way without using any data labels. These unsupervised
learned features may be fed to some simple post-stage classifiers, such as linear SVM, to
yield comparable performance as deep NNs supervised learned end-to-end using data labels. Our proposed unsupervised learning algorithms significantly outperform the previous
methods based on the Restricted Boltzmann Machine (RBM) (Hinton et al., 2006) and the
autoencoder variants (Bengio et al., 2007; Vincent et al., 2008). Moreover, in supervised
learning, relying on the HOPE models, we have managed to learn some shallow NNs from
scratch, which perform comparably with the state-of-the-art deep neural networks (DNNs),
as opposed to learning shallow NNs to mimic a pre-trained deep neural network as in Ba
and Caruana (2014). Finally, the HOPE models can also be used to train deep neural networks and it normally provides significant performance gain over the standard NN learning
methods. These results have suggested that the orthogonal constraint in HOPE may serve
as a good model regularization in learning of NNs.

2. Related Work

4

the projected data are assumed to follow a zero-mean unit-covariance Gaussian distribution
in the principal subspace, the probabilistic PCA can also be solved by an exact closed-form
solution related to the eigenvectors of the data covariance matrix. The major limitation
of PCA is that it is constrained to learn a linear subspace. Many approaches have been
proposed to perform nonlinear dimension reduction to learn possible nonlinear manifolds
embedded within a high dimensional data space. One way to model the nonlinear structure
is through a combination of linear models, so that we make a piece-wise linear approximation
to the manifold. This can be obtained by a clustering technique to partition the data set into
local groups with standard PCA applied to each group. (see Hinton et al., 1997; Kambhatla
and Leen, 1997; Tipping and Bishop, 1999b). In mixtures of probabilistic PCA (Tipping and
Bishop, 1999b), the high-dimensional raw data is assumed to follow a mixture model, where
each component may perform its own maximum likelihood PCA in a local region. However,
in these methods, it may be quite challenging to perform effective clustering or estimate
good mixture models for high-dimensional data due to the strong correlation in various
data dimensions. Alternatively, a flexible nonlinear method is proposed to reduce feature
dimension based on a deep auto-associative neural network (Hinton and Salakhutdinov,
2006).
Similar to PCA, the Fisher’s linear discriminant analysis (LDA) can also be viewed as a
linear dimensionality reduction technique. However, PCA is unsupervised in the sense that
PCA depends only on the data while Fisher’s LDA is supervised since it uses both data
and class-label information. The high-dimensional data are linearly projected to a subspace
where various classes are best distinguished as measured by the Fisher criterion. Moreover,
the so-called heteroscedastic discriminant analysis (HLDA) (Kumar and Andreou, 1998) is
proposed to extend LDA to deal with high-dimensional data with heteroscedastic covariance,
where a linear projection can be learned from data and class labels based on the maximum
likelihood criterion. On the other hand, in the independent component analysis (ICA)
methods (Hyvarinen and Oja, 2000), it assumes the latent features follow a fully factorized
non-Gaussian distribution, where non-Gaussianity is critical to distinguish independent
components in the latent space based on the mixed observations from the original data
space. In this paper, we make a more general assumption on the distributions in the latent
feature space, which are only factorized between the signal and noise components.
Recently, many deep learning approaches have been proposed to capture complex data
distributions, such as Restricted Boltzmann Machine (RBM) (Hinton et al., 2006) and the
autoencoder variants (Bengio et al., 2007; Vincent et al., 2008). In the so-called independent factor analysis (Attias, 1999) and variational auto-encoders (Kingma and Welling,
2014; Rezende et al., 2014), a variational Bayes approach is adopted to model the joint distribution of the observed data and latent features, leading to a variational lower-bound of
the data likelihood function, which can be maximized in model learning. On the contrary,
in this paper, we take a rather different approach to model the data distribution, where
the observed data and the latent features are viewed as two sets of random variables that
are linked by a deterministic transformation. In this way, we may derive a much simpler
formulation that allows us to directly maximize the data likelihood function without using
sampling and variational approximation. A simple case of two classes was studied for a onedimension feature space in an earlier work (Hinton and Nowlan, 1990). Moreover, relying
on an orthogonal constraint, we may further simplify the computation of the underlying
JMLR 17(37):1-33

Dimensionality reduction in feature space is a well-studied topic in machine learning. Among
many, PCA is the most popular technique in this category. PCA is defined as the orthogonal
projection of the high-dimensional data onto a lower dimensional linear space, known as
the principal subspace, such that the variance of the projected data is maximized (Bishop,
2006). The nice property of PCA is that it can be formulated as an eigenvector problem
of the data covariance matrix, where a simple closed-form solution exists. Moreover, in the
probabilistic PCA (Tipping and Bishop, 1999a; Roweis, 1998), PCA can be expressed as
the maximum likelihood solution to a probabilistic latent variable model. In this case, if
3

i=1

D
X

(x · ui ) ui .
(1)

(5)

x̄ = x − x̃ = (I − UT U)x

k=1

(6)

5

6
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where
denotes the Jacobian matrix to linearly map the data from the projected space
back to the original data space. If Û is orthonormal, the above Jacobian term equals to one.
In this work, we follow Tipping and Bishop (1999a) to assume the residual noise projection
n follows an isotropic covariance Gaussian distribution in the (D-M)-dimensional space, i.e.
p(n) ∼ N (n | 0, σ 2 I), 1 where σ 2 is a variance parameter to be learned from data. As for
the signal projection z, we adopt a quite different approach, as described below in detail.
In all previous works, the signal projection z is assumed to follow a simple distribution in
the M -dimension space. For example, z is assumed to follow a zero-mean unit-covariance
Gaussian distribution in probabilistic PCA (Tipping and Bishop, 1999a; Roweis, 1998).
The advantage of this assumption is that an exact closed-form solution may be derived to
calculate the projection matrix U using the spectral methods based on the data covariance
matrix.
However, in most real-world applications, z is still located in a very high-dimensional
space even after the linear projection, it does not make sense to assume z follows a simple
unimodal distribution. As widely reported in the literature, it is empirically observed that
real-world data normally do not follow a unimodal distribution in a high-dimensional space
and they usually appear only in multiple concentrated regions in the high-dimensional space.
More realistically, it is better to assume that z follows a finite mixture model in the M dimension feature space because a finite mixture model may theoretically approximate any
arbitrary statistical distribution as long as a sufficiently large number of mixture components
are used. For simplicity, we may assume z follows a finite mixture of some exponential family
distributions:
K
X
p(z) =
πk · fk (z|θ k )
(7)

Û−1

p(x) = |Û−1 | · p(z) · p(n)

In the following, we consider how to learn the projection matrix U to represent Ddimensional data well in a lower M -dimension feature space. If this projection is learned
properly, we may assume the above signal projection, z, and the residual noise projection,
n, are independent in the latent feature space. Therefore, we may derive the probability
distribution of the original data as follows:

(4)

x̃ = UT z = UT Ux
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(2)

(3)

1. Without losing generality, we may simply normalize the training data to ensure that the residual noises
have zero mean.

noise component x̄

 

z; n = U; V x = Ûx

where Û is the above-mentioned D × D orthogonal projection matrix.
Moreover, it is straightforward to show that the signal component x̃ and the residual
noise x̄ in the original data space can be easily computed from the above projections as
follows:
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Here we are interested in learning an M × D projection matrix, denoted as U, to
extract the signal component x̃. First of all, if M (M < D) is selected properly, the
projection may serve as an effective feature extraction for signals as well as a mechanism
to eliminate unwanted noises from the higher dimensional raw data. This may make the
subsequent learning process more robust and less prone to overfitting. Secondly, all M row
vectors ui with i = 1, · · · , M are learned to represent signals well in a lower M -dimension
space. Furthermore, since all ui are orthogonal, it implies the latent features are largely
de-correlated. This will significantly simplify the following learning problem as well.
In this case, each D-dimension data sample, x, is linearly projected onto an M -dimension
vector z as z = Ux, where U is an orthogonal matrix, satisfying UUT = I. Meanwhile,
we denote the projection of the unwanted noise component x̄ as n, and n can be similarly
computed as n = Vx, where V is another orthogonal matrix corresponding to all noise
dimensions, satisfying VVT = I. Moreover, V is orthogonal to U, i.e. VUT = 0. In
overall, we may represent the above projection as follows:

signal component x̃

x = (x · u1 ) u1 + · · · + (x · uM ) uM + (x · uM +1 ) uM +1 + · · · + (x · uD ) uD
|
{z
} |
{z
}

As shown in PCA, each high-dimensional data x can normally be represented fairly
precisely in a lower-dimensional principal subspace and the contributions from the remaining
dimensions may be viewed as random residual noises that have sufficiently small variances.
Therefore, we have

x=

Assume we have a full-size D × D orthogonal matrix Û, satisfying ÛT Û = ÛÛT = I, each
data sample x in the original D-dimensional data space can be decomposed based on all
orthogonal row vectors of Û, denoted as ui with i = 1, · · · , D, as follows:

3.1 HOPE: Combining Generalized PCA with Generative Model

Consider a standard PCA setting, where each data sample is represented as a high-dimensional
vector x with dimensionality D. Our goal is to learn a linear projection, represented as a
matrix U, to map each data sample onto a space having dimensionality M < D, which
is called the latent feature space hereafter in this paper. Our proposed HOPE model is
essentially a generative model in nature but it may also be viewed as a generalization to
extend the probabilistic PCA in Tipping and Bishop (1999a) to consider a complex data
distribution that has to be modeled by a finite mixture model in the latent feature space.
This setting is very different from Tipping and Bishop (1999b), where the original data x
is modeled by mixture models in the original higher D-dimensional raw data space.

3. Hybrid Orthogonal Projection and Estimation (HOPE)

Jacobian matrix. Note that a different trick, namely the triangular structure constraint, is
used to simplify the way to compute the determinants of the Jacobian matrices (see Dinh
et al., 2015; Oord and Dambre, 2015).
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πk · fk (z|θ k ) =
k=1

K
X

πk · N (z | µk , Σk )

(8)

PK
πk = 1, and fk (z|θ k ) stands for a unimodal
where πk denotes mixture weights with k=1
distribution from the exponential family with model parameters θ k . We use Θ to denote
all model parameters in the mixture model, i.e., Θ = {θ k , πk | k = 1, · · · , K}. In practice,
fk (z|θ k ) is chosen from the exponential family based on the nature of data. In this paper,
we consider two possible choices for high-dimensional continuous data, namely the multivariate Gaussian distributions and the von Mises-Fisher (vMF) distributions. The learning
algorithm can be easily extended to other models in the exponential family.
For example, if we choose the multivariate Gaussian distribution, then z follows a Gaussian mixture model (GMM) as follows:
p(z) =
k=1

K
X

πk · fk (z|θ k ) =

K
X
k=1

πk · CM (|µk |) · ez·µk

(9)

where N (z | µk , Σk ) denotes a multivariate Gaussian distribution with the mean vector µk
and the covariance matrix Σk . Since the projection matrix U is orthogonal, all dimensions in
z are highly de-correlated. Therefore, it is reasonable to assume each Gaussian component
has a diagonal covariance matrix Σk . This may significantly simplify the model estimation
of GMMs.
Alternatively, we may select a less popular model, i.e., the von Mises-Fisher (vMF)
distribution.2 The vMF distribution may be viewed as a generalized normal distribution
defined on a high-dimensional spherical surface. In this case, z follows a mixture of the von
Mises-Fisher (movMF) distributions as follows:
p(z) =
k=1

(10)

where z is located on the surface of an M-dimensional sphere, i.e., |z| = 1, µk denotes all
model parameters of the k-th vMF component and it is an M -dimensional vector in this
case, and CM (κ) is the probability normalization term of the k-th vMF component defined
as:
κM/2−1
CM (κ) =
(2π)M/2 IM/2−1 (κ)

where Iv (·) denotes the modified Bessel function of the first kind at order v.

4. Unsupervised Learning of HOPE Models
Obviously, the HOPE model is essentially a generative model that combines feature extraction and data modelling together, and thus its model parameters, including both the
projection matrix and the mixture model, can be estimated based on the maximum likelihood (ML) criterion, just like normal generative models as well as the probabilistic PCA
in Tipping and Bishop (1999a). However, since z follows a mixture distribution, no closedform solution is available to derive either the projection matrix or the mixture model. In
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2. The main reason why we are interested in the von Mises-Fisher (vMF) distributions is that the choice
of the vMF model can strictly link our HOPE model to regular neural networks in deep learning. We
will elucidate this later in this paper.
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X
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!

+

|n=1

N
X


ln N


ln Pr(zn ) + ln Pr(nn )

fk (Uxn |θ k )

n=1

·

{z

πk

ln Pr(xn ) =
ln

k=1

nn | 0, σ

{z

L2 (U,σ)

2

I





}

(11)

this case, some iterative optimization algorithms, such as stochastic gradient descent (SGD)
(Bottou, 2004), may be used to jointly estimate both the projection matrix U and the underlying mixture model altogether to maximize a joint likelihood function. In this section,
we assume the projection matrices, not only U but also the whole Û, are all orthonormal.
As a result, the Jacobian term in eq.(6) disappears since it equals to one. Refer to Appendix
A for the case where U is not orthonormal.
Given a training set as X = {xn | n = 1, · · · , N }, assume that all xn are normalized
to be of unit length as |xn | = 1, the joint log-likelihood function related to all HOPE
parameters, including the projection matrix U, the mixture model Θ = {θ k |k = 1, · · · , K}
and residual noise variance σ, can be expressed as follows:

L(U, Θ, σ | X) =
=

n=1

|

L1 (U,Θ)

(12)

The HOPE parameters, including U, Θ and σ, can all be estimated by maximizing the
above likelihood function as:

{U∗ , Θ∗ , σ ∗ } = arg maxU,Θ,σ L(U, Θ, σ | X)

(13)

subject to the orthogonal constraint:

UUT = I.




L(U, Θ, σ | X) − β · D(U)

(14)

There are many methods to enforce the above orthogonal constraint in the optimization.
For example, we may periodically apply the Gram-Schmidt process in linear algebra to
orthogonalize U during the optimization process. In this work, for computational efficiency,
we follow Bao et al. (2013, 2012) to cast the orthogonal constraint condition in eq.(13) as
a penalty term in the objective function to convert the above constrained optimization
problem into an unconstrained one as follows:

{U∗ , Θ∗ , σ ∗ } = arg maxU,Θ,σ

i=1 j=i+1

M
M
X
X
|ui · uj |
|ui | · |uj |

(15)

where β (β > 0) is a control parameter to balance the contribution of the penalty term,
and the penalty term D(U) is a differentiable function as:
D(U) =

JMLR 17(37):1-33

with ui denoting the i-th row vector of the projection matrix U, and ui · uj representing
the inner product of ui and uj . The norms of all row vectors of U need to be normalized
to one after each update.

8

(16)

(18)

ui ·ui

(1 ≤ i ≤ M ).

n=1

N
1 X T
N (D − M )
ln(σ 2 ) − 2
nn nn .
2
2σ

(20)

(19)

n=1
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N 
N (D − M )
1 X
ln(σ 2 ) − 2
xTn xn − 2xTn UT Uxn + xTn UT UUT Uxn (21)
L2 (U, σ) = −
2
2σ

Therefore, L2 (U, σ) can be expressed as:

= xTn xn − 2xTn UT Uxn + xTn UT UUT Uxn

nTn nn = (xn − UT zn )T (xn − UT zn ) = (xn − UT Uxn )T (xn − UT Uxn )

And we have:

L2 (U, σ) = −

The log-likelihood function related to the noise model, L2 (U, σ), can be expressed as:

4.2 Dealing with the Noise Model Term L2

bii =

j=1 gij

sign(u ·u )
where D is an M × M matrix, with its elements computed as dij = |u |·|ui j | j (1 ≤
i
i, j ≤ P
M ), and B is an M × M diagonal matrix, with its diagonal elements computed as

∂D(U)
= (D − B)U
∂U

The above derivatives can be equivalently represented as the following matrix form:

where gij denotes the absolute cosine value of the angle between two row vectors, ui and
uj , computed as follows:
|ui · uj |
.
(17)
gij =
|ui | · |uj |

j=1



M
uj
∂D(U) X
ui
=
−
gij ·
∂ui
ui · uj
ui · ui

Following Bao et al. (2013), the gradients of the penalty term D(U) with respect to each
row vector, ui (i = 1, · · · , M ), can be easily derived as follows:

4.1 Dealing with the Penalty Term D(U)

In this work, we propose to use the stochastic gradient descent (SGD) method to optimize the objective function in eq.(14). In this case, given any training data or a mini-batch
of them, we calculate the gradients of the objective function with respect to the projection
matrix, U, and the parameters of the mixture model, Θ, and then update them iteratively
until the objective function converges. The gradients of L1 (U, Θ) depends on the mixture
model to be used. In the following, we first consider how to compute the derivatives of
D(U) and L2 (U, σ), which are general for all HOPE models. After that, as two examples,
we will show how to calculate the derivatives of L1 (U, Θ) for GMMs and movMFs.
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=

=

can be derived as follows:

n=1


N 
1 X
2Uxn xTn − UUT Uxn xTn − Uxn xTn UT U
2
σ
n=1


N
1 X
U xn (x̄n )T + x̄n (xn )T .
2
σ

3

(22)

n=1

N

X
1
nTn nn
N (D − M )

(23)

k=1

(25)

πj N (zn |µj ,Σj )

(26)
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3. We may use the constraint UUT = I to significantly simplify the above derivation. However, that leads
to a gradient computation strongly relying on the orthogonal constraint. Since we use SGD to iteratively
optimize all model parameters, including U. We can not ensure UUT = I strictly holds anytime in the
SGD process. Therefore, the simplified gradient usually yields poor convergence performance.

n=1

∂L1 (U, Θ) X γk (zn )
=
∂πk
πk

N

The partial derivative of L1 (U, Θ) w.r.t πk can be simply derived as follows:

j=1

where zn = Uxn , and γk (zn ) denotes the so-called occupancy statistics of the k-th Gaussian
πk N (zn |µk ,Σk )
component, computed as γk (zn ) = P
.
K

n=1

N

∂L1 (U, Θ) X
=
γk (zn ) · Σ−1
k (zn − µk )
∂µk

The partial derivative of L1 (U, Θ) w.r.t the mean vector, µk , of the k-th Gaussian
component can be calculated as follows:

n=1

In this section, we consider how to compute the partial derivatives of L1 (U, Θ) for GMMs.
Assume each mini-batch X consists of a small subset of randomly selected training samples,
X = {xn | n = 1, · · · , N }, the log likelihood function of HOPE models with GMMs can be
represented as follows:
"K
#
N
X
X
L1 (U, Θ) =
ln
πk · N (Uxn | µk , Σk )
(24)

4.3 Computing L1 for GMMs

As long as the learned noise variance σ 2 is small enough, maximizing the above term L2
will force all signal dimensions into the projection matrix U and only the residual noises
will be modelled by L2 .

σ2 =

For the noise variance σ 2 , we can easily derive the following closed-form update formula
by vanishing its derivative to zero:

∂L2 (U, σ)
∂U

The gradient with respect to U
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=−
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n=1



N
1X
γk (zn ) Σk−1 − Σk−1 (zn − µk )(zn − µk )T Σk−1 .
2

The partial derivative of L1 (U, Θ) w.r.t the Σk is computed as follows:
∂Σk

∂L1 (U, Θ)
(27)

(28)

When we use the above gradients to update Gaussian covariance matrices in SGD, we have
to impose additional constraints to ensure all covariance matrices are positive semidefinite. However, if we adopt diagonal covariance matrices for all Gaussian components, these
constraints can be implemented in a fairly simple way.
Finally, the partial derivative of L1 (U, Θ) w.r.t the projection matrix U is computed
as:

n=1 k=1

N K
∂L1 (U, Θ) X X
=
γk (zn ) · Σk−1 (µk − zn )xnT .
∂U

4.4 Computing L1 for movMFs

ln

k=1

N
X

Similarly, we derive all partial derivatives of L1 (U, Θ) for a mixture of vMFs (movMFs).
In this case, given a mini-batch of training samples, X = {xn | n = 1, · · · , N }, the loglikelihood function of the HOPE model with movMFs can be expressed as follows:
#
"
K
X
πk · CM (|µk |) · ezn ·µk
(29)
L1 (U, Θ) =

n=1

=

Uxn ,

zn

z̃n
=
.
|z̃n |

(30)

where each zn must be normalized to be of unit length 4 as required by the vMF distribution
as:
z̃n

πk · CM (|µk |) · ezn ·µk
PK
zn ·µj
j=1 πj · CM (|µj |) · e

.

(31)

Similar to the HOPE models with GMMs, we first define an occupancy statistic for k-th
vMF component as:
γk (zn ) =

=

n=1



N
X
IM/2 (|µk |)
µ
γk (zn ) · zn − k ·
|µk | IM/2−1 (|µk |)

n=1

N
∂L1 (U, Θ) X γk (zn )
=
∂πk
πk

(33)

(32)

In a similar way, we can derive the partial derivatives of L1 (U, Θ) with respect to πk , µk
and U as follows:

∂µk

∂L1 (U, Θ)
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4. In practice, we usually normalize all original data, xn , to be of unit length: |xn | = 1, prior to the HOPE
model. In this case, as long as M is properly chosen (e.g., to be large enough), the projection matrix U
is always learned to extract from xn as much energy as possible. Therefore, this normalization step may
be skipped because the norm of the projected zn is always very close to one even without normalization
in this stage, i.e., |zn | = |z̃n | ≈ 1.

11

∂L1 (U,Θ)
∂U
∂L1 (U,Θ)
∂θ k
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(∀k)

ui
|ui |

(∀i)

Algorithm 1 SGD-based Maximum Likelihood Learning Algorithm for HOPE
randomly initialize ui (i = 1, · · · , M ), πk and θ k (k = 1, · · · , K)
for epoch = 1 to T do
for minibatch X
 in training set do

(U,σ)
U←U+·
+ ∂L2∂U
− β · ∂D(U)
∂U
θk ← θk +  ·

π ← π +  · ∂L1 (U,Θ)
(∀k)
k
k
k
P∂π
N
1
T
σ2 ←
n=1 nn nn
N
(D−M
)
πk ← Pπkπj (∀k) and ui ←
j
end for
end for

n=1

k=1

N
K
∂L1 (U, Θ) X X γk (zn )
=
· (I − zn znT )µk xnT
∂U
|z̃n |

(34)

Refer to Appendix B for all details on how to derive the above derivatives for the
movMF distributions. Moreover, when movMFs are used, we need some special treatments
to compute the Bessel functions in vMFs, i.e, Iv (·), as shown in eqs.(31) and (33). In this
work, we adopt the numerical method in Abramowitz and Stegun (2006) to approximate
the Bessel functions, refer to the Appendix C for the numerical details on this.

4.5 The SGD-based Learning Algorithm

(36)

(35)

Because all mixture weights, π (k = 1, · · · K), and all row vectors, ui (i = 1, · · · , M ) of the
k
P
K
projection matrix satisfy the constraints:
k πk = 1 and |uj | = 1 (∀j). During the SGD
learning process, πk and ui must be normalized after each update as follows:

ui
.
|ui |

πk
πk ← P
j πj

ui ←

Finally, we summarize the SGD algorithm to learn the HOPE models based on the
maximum likelihood (ML) criterion in Algorithm 1.

5. Learning Neural Networks as HOPE

JMLR 17(37):1-33

As described above, the HOPE model may be used as a novel model for high-dimensional
data. The HOPE model itself can be efficiently learned in an unsupervised manner from
unlabelled data based on the above-mentioned maximum likelihood criterion. Moreover, if
data labels are available, a variety of discriminative training methods (see Jiang, 2010; Jiang
and Li, 2010; Jiang et al., 2015) may be used to learn the HOPE model in a supervised way
based on some other discriminative learning criteria.

12

(b)

(37)
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Given an input x (assuming x is projected to z in the latent feature space), if we know
all φk (1 ≤ k ≤ K) in the model layer, we can easily compute the log-likelihood value of x

φk = ln (πk · fk (z|θ k )) = ln πk + ln CM (|µk |) + z · µk .

A HOPE model normally consists of two stages: i) a linear orthogonal projection from
the raw data space to the latent feature space; ii) a generative model defined as a finite
mixture model in the latent feature. As a result, we may depict every HOPE model as
a two-layer network: a linear projection layer and a nonlinear model layer, as shown in
Figure 1 (a). The first layer represents the linear orthogonal projection from x (x ∈ RD ) to
z (z ∈ RM ): z = Ux. The second layer represents the underlying finite mixture model in
the feature space. Taking movMFs as an example, each node in the model layer represents
the log-likelihood contribution from one mixture component as follows:

5.1 Linking HOPE to Neural Networks

More interestingly, as we will elucidate here, there exists strong relationship between
the HOPE models and neural networks (NNs). First of all, we will show that the HOPE
models may be used as a new tool to probe the mechanism why NNs work so well in practice.
Under the new HOPE framework, we may explain why NNs can almost universally excel
on a variety of data types and how NNs handle various types of highly-correlated highdimensional data, which may be quite challenging to many other machine learning models.
Secondly, more importantly, the HOPE framework provides us with some new approaches
to learn NNs: (i) Unsupervised learning: the maximum likelihood estimation of HOPE may
be directly applied to learn NNs from unlabelled data; (ii) Supervised learning: the HOPE
framework can be incorporated into the normal supervised learning of NNs by explicitly
imposing some orthogonal constraints in learning. This may improve the learning of NNs
and yield better and more compact models.

Figure 1: Illustration of a HOPE model as a layered network structure in (a). It may be
equivalently reformulated as a hidden layer in neural nets shown in (b).

(a)

HOPE for Neural Networks

k=1

K
X

exp(φk ).

(38)

k=1

K
X

exp(ηk ).
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Secondly, this pruning step does not affect the trilateration problem in Figure 2. This
is similar to the Global Positioning System (GPS) where the weak signals from faraway
satellites are not used for localization. More importantly, the above pruning operation may
improve robustness of the features since these small log-likelihood values may become very
noisy. Note that the above pruning operation is similar to the rectified linear nonlinearity

ln p(z) ≈ ε + ln

to eliminate those small log likelihood values from some faraway mixture components. Pruning small log-likelihood values as above may result in several benefits. Firstly, this pruning
operation does not affect the total likelihood from the mixture model because it is always
dominated by only a few top components. Therefore, we have:

Moreover, all φk (1 ≤ k ≤ K) may be used as a set of distance measurements to locate the
input projection, z, in the latent space as trilateration, shown in Figure 2. Therefore, all
φk (1 ≤ k ≤ K) may be viewed as a set of features to distinctly represent the original input
x.
Furthermore, we may use a preset threshold ε to prune the raw measurements, φk (1 ≤
k ≤ K), as follows:
ηk = max(0, φk − ε)
(39)

ln p(z) = ln

from the HOPE model in eq.(9) as follows:

Figure 2: Illustration of the HOPE features as trilateration in the latent feature space.

Zhang, Jiang and Dai
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The HOPE framework can also be applied to the supervised learning of neural networks
when data labels are available. Let us take ReLU neural networks as example, each hidden
layer in a ReLU neural network, as shown in Figure 1 (b), may be viewed as a HOPE
model and thus it can be decomposed as a combination of a projection layer and a model
layer, as shown in Figure 1 (a). In this case, M needs to be chosen properly to avoid
overfitting. In other words, each hidden layer in ReLU NNs is represented as two layers
during learning, namely a linear projection layer and a nonlinear model layer. If data labels
are available, as in Jiang and Li (2010); Jiang et al. (2015), instead of using the maximum
likelihood criterion, we may use other discriminative training criteria (Jiang, 2010) to form
the objective function to learn all network parameters. Let us take the popular minimum
cross-entropy error criterion as an example, given a training set of the input data and the
class labels, i.e., X = {xt , lt | 1 ≤ t ≤ T }, we may use the HOPE outputs, i.e., all ηk in

5.3 Supervised Learning of Neural Networks as HOPE

The maximum likelihood estimation method for HOPE in section 4 can be used to learn
neural networks layer by layer in an unsupervised learning mode. All HOPE model parameters in Figure 1 (a) are first estimated based on the maximum likelihood criterion as
in section 4. Next, the two layers in the HOPE model are merged to form a regular NN
hidden layer as in Figure 1 (b). In this case, class labels are not required to learn all network
weights and neural networks can be learned from unlabelled data under a theoretically solid
framework. This is similar to the Hebbian style learning (Rolls and Treves, 1998) but it
has a well-founded and converging objective function in learning. As described above, the
rectified log-likelihood values from the HOPE model, i.e., ηk (1 ≤ k ≤ K), may be viewed
as a sensory map using all mixture components as the probers in the latent feature space,
which may serve as a good feature representation for the original data. At the end, a small
amount of labelled data may be used to learn a simple classifier, either a softmax layer or
a linear support vector machine (SVM), on the top of the HOPE layers, which takes the
sensory map as input for final classification or prediction.
In unsupervised learning, the learned orthogonal projection matrix U may be viewed
as a generalized PCA, which performs dimensionality reduction by considering the complex
distribution modeled by a finite mixture model in the latent feature space.

5.2 Unsupervised Learning of Neural Networks as HOPE

matrix in ReLU NNs may be decomposed as a product of two matrices as in Figure 1
(a) as long as M is not less than the rank of the weight matrix. In practice, we may
deliberately choose a smaller value for M to regularize the models. Under this formulation,
it is clear that neural networks may be trained under the HOPE framework. There are
several advantages to learn neural networks under the HOPE framework. First of all,
the modelling capacity of neural networks may be explicitly controlled by selecting proper
values for M and K, each of which is chosen for a different purpose. Secondly, we can easily
apply the maximum likelihood estimation of HOPE models in section 4 to unsupervised or
semi-supervised learning to learn NNs from unlabelled data. Thirdly, the useful orthogonal
constraints may be incorporated into the normal back-propagation process to learn better
NN models in supervised learning as well.

wk = UT µk

in regular ReLU neural networks. Here we give a more intuitive explanation for the popular
ReLU operation under the HOPE framework.
In this way, as shown in Figure 1 (a), all rectified log likelihood values in the model
layer, i.e., ηk (1 ≤ k ≤ K), may be viewed as a sensory map to measure each input, x,
in the latent feature space using all mixture components as the probers. Each pixel in the
map, i.e., a pruned measurement ηk , roughly tells the distance between the centroid of a
mixture component and the input projection z in the latent feature space. Under some
condition (e.g., K  M ), the input projection can be precisely located based on these
pruned ηk values as a trilateration problem in the M -dimensional feature space, as shown
in Figure 2. Therefore, this sensory map may be viewed as a feature representation learned
to represent the input x, which may be fed to a softmax classifier to form a normal shallow
neural network, or to another HOPE model to form a deep neural network.
Moreover, since the projection layer is linear, it can be mathematically combined with
the upper model layer to generate a single layer structure, as shown in Figure 1 (b). If
movMFs are used in HOPE, it is equivalent to a hidden layer in normal rectified linear
(ReLU) neural networks.5 And the weight matrix in the merged layer can be simply derived
from the HOPE model parameters, U and Θ. It is simple to show that the weight vectors
for each hidden node k (1 ≤ k ≤ K) in Figure 1 (b) may be derived as

and its bias is computed as
bk = ln πk + ln CM (|µk |) − ε.
Even though the linear projection layer may be merged with the model layer after
all model parameters are learned, it may be beneficial to keep them separate during the
model learning process. In this way, the model capacity may be controlled by two distinct
control parameters: i) M can be selected properly to filter out noise components as in
eq.(2) to prevent overfitting in learning; ii) K may be chosen independently to ensure the
model is complex enough to model very big data sets for more difficult tasks. Moreover,
we may enforce the orthogonal constraint, i.e., UUT = I, during the model learning to
ensure that all dimensions of z are mostly de-correlated in the latent feature space, which
may significantly simplify the density estimation in the feature space using a finite mixture
model.
The formulation in Figure 1 (a) helps to explain the underlying mechanism of how
neural networks work. Under the HOPE framework, it becomes clear that each hidden
layer in neural networks may actually perform two different tasks implicitly, namely feature
extraction and data modeling. This may shed some light on why neural nets can directly
deal with various types of highly-correlated high-dimensional data (Pan et al., 2012) without
any explicit dimensionality reduction and feature de-correlation steps.
Based on the above discussion, a HOPE model is mathematically equivalent to a hidden
layer in neural networks. For example, each movMF HOPE model can be collapsed into a
single weight matrix, same as a hidden layer of ReLU NNs. On the contrary, any weight
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5. On the other hand, if GMMs are used in HOPE, it can be similarly shown that it is equivalent to a
hidden layer in Radial basis function (RBF) networks (Park and Sandberg, 1991).
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exp ηlt (xt )
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6. Matlab codes are available at https://wiki.eecs.yorku.ca/lab/MLL/projects:hope:start for readers
to reproduce all MNIST results reported in this paper.
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In this experiment, we first randomly extract many small patches from the original unlabelled training images on MNIST. Each patch is of 6-by-6 in dimension, represented as a
vector in RD , with D = 36. In this work, we randomly extract 400,000 patches in total

6.1.1 Unsupervised Feature Learning on MNIST

The MNIST data set (LeCun et al., 1998) consists of 28 × 28 pixel greyscale images of
handwritten digits 0-9, with 60,000 training and 10,000 test examples. In our experiments,
we first evaluate the performance of unsupervised feature learning using the HOPE model
with movMFs. Secondly, we investigate the performance of supervised learning of DNNs
under the HOPE framework, and further study the effect of the orthogonal constraint in the
HOPE framework. Finally, we consider a semi-supervised learning scenario with the HOPE
models, where all training samples (without labels) are used to learn feature representation
unsupervised and then a portion of training data (along with labels) is used to learn poststage classification models in a supervised way. 6

6.1 MNIST: Image Recognition

In this section, we will investigate the proposed HOPE framework in learning neural networks for several standard image and speech recognition tasks under several different learning conditions: i) unsupervised feature learning; ii) supervised learning; iii) semi-supervised
learning. The examined tasks include the image recognition tasks using the MNIST data
set, and the speech recognition task using the TIMIT data set.

6. Experiments

learned by back-propagation with orthonormal constraints being imposed on all projection
layers.

Figure 3: Two structures to learn deep networks with HOPE: (a) Stacking a DNN on top
of one HOPE layer; (b) Stacking multiple HOPE layers.

(a)
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As above, the HOPE framework can be used to learn rather strong shallow NN models.
However, this does not hinder HOPE from building deeper models for deep learning. As
shown in Figure 3, we may have two different structures to learn very deep neural networks
under the HOPE framework. In Figure 3 (a), one HOPE model is used as the first layer
primarily for feature extraction and a deep neural network is concatenated on top of it as
a powerful classifier to form a deep structure. The deep model in Figure 3 (a) may be
learned in either supervised or semi-unsupervised mode. In semi-unsupervised learning,
the HOPE model is learned based on the maximum likelihood estimation and the upper
deep NN is learned in a supervised way. Alternatively, if we have enough labelled data,
we may jointly learn both HOPE and DNN in a supervised mode. In Figure 3 (b), we
may even stack multiple HOPE models to form another deep model structure. In this
case, each HOPE model generates a sensory feature map in each HOPE layer. Just like
all pixels in a normal image, all thresholded log-likelihood values in the sensory feature
map are also highly correlated, especially for those mixture components locating relatively
close by in the feature space. Thus, it makes sense to add another HOPE model on top
of it to de-correlate features and perform data modeling at a finer granularity. The deep
HOPE model structures in Figure 3 (b) can also be learned in an either supervised or
unsupervised mode. In unsupervised learning, these HOPE layers are learned layer-wise
using the maximum likelihood estimation. In supervised learning, all HOPE layers are

5.4 HOPE for Deep Learning

Obviously, the standard back-propagation algorithm may be used to optimize the above
objective function to learn all decomposed HOPE model parameters end-to-end, including
U, {µk , bk | 1 ≤ k ≤ K} from all HOPE layers. The only difference is that the orthogonal
constraints, as in eq.(13), must be imposed for all projection layers during training, where
the derivatives in eq.(18) must be incorporated in the standard back-propagation process to
update each projection matrix U to ensure it is orthonormal. Note that in the supervised
learning based on a discriminative training criterion, the unit-length normalization of the
data projections in eq.(30) can be relaxed for computational simplicity since this normalization is only important for computing the likelihood for pure probabilistic models. After the
learning, each pair of projection and model layers may be merged into a single hidden layer.
After merging, the resultant network remains the exactly same network structure as normal
ReLU neural networks. This learning method is related to the well-known low-rank matrix
factorization method used for training deep NNs in speech recognition (Sainath et al., 2013;
Xue et al., 2013). However, since we impose the orthogonal constraints for all projection
matrices during the training process, it may lead to more compact models and/or better
performance.
In supervised learning, the learned orthogonal projection matrix U may be viewed as a
generalized LDA or HLDA (Kumar and Andreou, 1998), which optimizes the data projection
to maximize (or minimize) the underlying discriminative learning criterion.

FCE (U, µk , bk | X) = −

eq.(39) to form the cross-entropy objective function as follows:

HOPE for Neural Networks
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from the MNIST training set for unsupervised feature learning. Moreover, every patch is
normalized by subtracting the mean and being divided by the standard deviation of its
elements.
In unsupervised feature learning, we follow the same experimental setting in Coates
et al. (2011), where an unsupervised learning algorithm is used to learn a “black box”
feature extractor to map each input vector in RD to another K-dimension feature vector.
In this work, we have examined several different unsupervised learning algorithms for feature
learning: (i) kmeans clustering; (ii) spherical kmeans (spkmeans) clustering; (iii) mixture
of vMF (movMF), (iv) PCA based dimension reduction plus movMF (PCA-movMF); and
(v) the HOPE model with movMFs (HOPE-movMF). As for kmeans and spkmeans, the
only difference is that different distance measures are used in clustering: kmeans uses the
Euclidean distance while spkmeans uses the cosine distance. As for the movMF model,
we can use the expectation maximization (EM) algorithm for estimation, as described in
Banerjee et al. (2005). In the following, we briefly summarize the experimental details for
these feature extractors.
1. kmeans: We first apply the k-means clustering method to learn K centroids µk from
all extracted patch input vectors. For each learned centroid µk , we use a soft threshold
function to compute each feature as: fk (x) = max(0, |x − µk | − ε), where ε is a pre-set
threshold. In this way, we may generate a K-dimension feature vector for each patch.
2. spkmeans: As for the spk-means clustering, we need to normalize all input patch
vectors to be of unit length before clustering them into K different centroids based on
the cosine distance measure. Given each learned centroid µk , we can compute each
feature as fk (x) = max(0, xT
− ε).
µk

3. movMF: We also need to normalize all input patch vectors to be of unit length.
We use the EM algorithm to learn all model parameters µk . For each learned centroid µk of the movMF model, we compute one feature as fk (x) = max 0, ln(πk ) +
ln(CN (|µk |)) + xT µk − ε .
4. PCA-movMF: Comparing to movMF, the only difference is that we first use PCA
for dimensionality reduction, reducing all input patch vectors from RD to RM . Then,
we use the same method to estimate an movMF model for the reduced D-dimension
feature vectors. In this experiment, we set M = 20 to reserve 99.5% of the total sum
of all eigenvalues in PCA. For each learned vMF model
µk , we compute one feature

as fk (x) = max 0, ln(πk ) + ln(CN (|µk |)) + zT µk − ε .

5. HOPE-movMF: We use the maximum likelihood estimation method described in
section 4 to learn a HOPE model with movMFs. For each learned vMF component,
we can compute one feature as fk (x) = max(0, ln(πk ) + ln(CM (|µk |)) + z̃ · µk − ε).
Similar to PCA-movMF, we also set M = 20 here.

JMLR 17(37):1-33

Furthermore, since HOPE-movMF is learned using SGD, we need to tune some hyperparameters for HOPE, such as the learning rate, mini-batch size, β and σ 2 . In this work,
the learning rate is set to 0.002, minibatch size is set to 100, we set β = 1.0, and the noise
variance is manually set to σ 2 = 0.1 for convenience.
19

400
1.41
1.09
0.89
0.87
0.76

800
1.31
0.90
0.82
0.75
0.71

1200
1.16
0.86
0.81
0.73
0.64
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model / K=
kmeans
spkmeans
movMF
PCA-movMF
HOPE-movMF

1600
1.13
0.81
0.84
0.74
0.67

Table 1: Classification error rates (in %) on the MNIST test set using supervised learned
linear SVMs as classifiers and unsupervised learned features (4K-dimension) from
different models.

After learning the above models, they are used as feature extractors. We use the same
method as described in Coates et al. (2011) to generate a feature representation for each
MNIST image, where each feature extractor is convolving over an MNIST image to obtain
the feature representations for all local patches in the image. Next, we split the image into
four equally-sized quadrants and the feature vectors in each quadrant are all summed up
to pool as one feature vector. In this way, we can get a 4K-dimensional feature vector for
each MNIST image, where K is the number of all learned features for each patch. Finally,
we use these pooled 4K-dimension feature vectors for all training images, along with the
labels, to estimate a simple linear SVM as a post-stage classifier for image classification.
The experimental results are shown in Table 1. We can see that spkmeans and movMF can
achieve much better performance than kmeans. The PCA-based dimension reduction leads
to further performance gain. Finally, the jointly trained HOPE model with movMFs yields
the best performance, e.g., 0.64% in classification error rate when K = 1200. This is a very
strong performance for unsupervised feature learning on MNIST.

6.1.2 Supervised Learning of Neural Networks as HOPE on MNIST



−γ· √

√
√

6
6
,γ · √
ni + ni+1
ni + ni+1

(41)

In this experiment, we use the MNIST data set to examine the supervised learning of
rectified linear (ReLU) neural networks under the HOPE framework, as discussed in section
5.3.
Here we follow the normalized initialization in Glorot and Bengio (2010) to randomly
initialize all NN weights, without using pre-training. We adopt a small modification to the
method in Glorot and Bengio (2010) by adding a factor to control the dynamic range of
initial weights as follows:
Wi ∼

JMLR 17(37):1-33

(42)

where ni denotes the number of units in the i-th layer. For the ReLU units, due to the
unbounded behavior of the activation function, activations of ReLU units might grow unbounded. To handle this numerical problem, we shrink the dynamic range of initial weights
by using a small factor γ (γ = 0.5), which is equivalent to scaling the activations.
We use SGD to train ReLU neural networks using the following learning schedule:

t = 0 · αt

20

mf

t
T mf

+ (1 −

t
T )mi

t<T
t≥T
(43)
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where t and mt denote the learning rate and momentum for the t-th epoch, and we set all
control parameters as mi = 0.5, mf = 0.99, α = 0.998. In total, we run T = 50 epochs for
learning without dropout and run T = 500 epochs for learning with dropout. Moreover,
the weight decay is used here and it is set to 0.00001. Furthermore, for the HOPE model,
the control parameter for the orthogonal constraint, β, is set to 0.01 in all experiments. In
this work, we do not use any data augmentation method.
Under the HOPE framework, we decompose each ReLU hidden layer into two layers as
in Figure 1 (a). In this experiment, we first examine the supervised learning of NNs with or
without imposing the orthogonal constraints to all projection layers. Firstly, we investigate
the performance of a neural network containing only a single hidden layer, decomposed
into a pair of a linear projection layer and a nonlinear model layer. Here we evaluate
neural networks with a different number of hidden units (K) and a varying size of the
projection layer (M ). From the experimental results shown in Table. 2, we can see that the
HOPE-trained NN can achieve much better performance than the baseline NN, especially
when smaller values are used for M . This supports that the projection layer may eliminate
residual noises in data to avoid over-fitting when M is properly set. However, after we
relax the orthogonal constraint in the HOPE model, as shown in Table 2, the performance
of the models using only linear projection layers gets much worse than those of the HOPE
models as well as that of the baseline NN. These results verify that orthogonal projection
layers are critical in the HOPE models. Furthermore, in Figure. 4, we have plotted the
learning curves of the total sum of all correlation coefficients among all row vectors in the
P
|u ·u |
learned projection matrix U, i.e., i6=j |uii||ujj | . We can see that all projection vectors tend

mt =

(

Figure 4: The learning curves of the total sum of correlation coefficients of the linear projection and orthogonal HOPE projection matrices, respectively. left: M =200,
K=1k,5k,10k,50k; right: M =400, K=1k,5k,10k,50k.
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1k
1.49
1.18
1.21
1.19
1.45
1.52
1.53

2k
1.35
1.20
1.20
1.23
1.49
1.50
1.52

5k
1.28
1.17
1.17
1.25
1.43
1.54
1.49

10k
1.30
1.18
1.19
1.25
1.45
1.55
1.52

50k
1.32
1.19
1.18
1.25
1.48
1.54
1.49
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to get strongly correlated (especially when M is large) in the linear projection matrix as the
learning proceeds. On the other hand, the orthogonal constraint can effectively de-correlate
|u ·u |
all the projection vectors. Moreover, we show all correlation coefficients, i.e., |uii||ujj | , of
the linear projection matrix and the HOPE orthogonal projection matrix as two images in
Figure 5, which clearly shows that the linear projection matrix has many strongly correlated
dimensions and the HOPE projection matrix is (as expected) orthogonal.
As the MNIST training set is very small, we use the dropout technique (Hinton et al.,
2012; Srivastava et al., 2014) to improve the model learning on the MNIST task. In this
experiment, the visible dropout probability is set to 20% and the hidden layer dropout

Table 2: Classification error rates (in %) on the MNIST test set using a shallow NN with
one hidden layer of different hidden units. Neither dropout nor data augmentation
is used here for a quick turnaround. Two numbers in brackets, [M, K], indicate a
HOPE model with the orthogonal constraint in the projection, and two number
in parentheses, (M, K), indicate the same model structure without imposing the
orthogonal constraint in the projection.

Net Architecture / K=
Baseline: 784-K-10
HOPE1: 784-[100-K]-10
HOPE2: 784-[200-K]-10
HOPE3: 784-[400-K]-10
Linear1: 784-(100-K)-10
Linear2: 784-(200-K)-10
Linear3: 784-(400-K)-10

Figure 5: The correlation coefficients of the linear projection matrix (left) and the orthogonal HOPE projection matrix (right) are shown as two images. Here M = 400
and K = 1000.
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1k
1.05
0.99
0.86

2k
1.01
0.85
0.86
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Net Architecture / K=
NN baseline: 784-K-10
HOPE1: 784-[200-K]-10
HOPE2: 784-[400-K]-10

Net Architecture
784-1200-1200-10
784-[400-1200]-1200-10
784-[400-1200]-[400-1200]-10

5k
1.01
0.89
0.85

without dropout
1.25
0.99
0.97

with dropout
0.92
0.82
0.81

Table 3: Comparison of classification error rates (in %) on the MNIST test set between a
shallow NN and two HOPE-trained NNs with the same model structure. Dropout
is used in this experiment.
model
DNN baseline
HOPE + NN
HOPE*2

Table 4: Comparison of classification error rates (in %) on the MNIST test set between a
2-hidden-layer DNN and two HOPE-trained DNNs with similar model structures,
with or without using dropout.

probability is set to 30%. In Table 3, we compare a 1-hidden-layer shallow NN with two
HOPE models (M =200,400). The results show that the HOPE framework can significantly
improve supervised learning of NNs. Under the HOPE framework, we can train very simple
shallow neural networks from scratch, which can yield comparable performance as deep
models. For example, on the MNIST task, as shown in Table 3, we may achieve 0.85%
in classification error rate using a shallow neural network (with only one hidden layer of
2000 nodes) trained under the HOPE framework. Furthermore, we consider building even
deeper models (two-hidden-layer NNs) under the HOPE framework. Using the two different
structures in Figure 3, we can further improve the classification error rate to 0.81%, as shown
in Table. 4. This is a very strong result reported on MNIST without using CNNs and data
augmentation.
6.1.3 Semi-supervised Learning on MNIST
In this experiment, we combine the unsupervised feature learning with supervised model
learning and examine the classification performance when only limited labelled data is
available. Here we also list the results using convolutional deep belief networks (CDBN)
(Lee et al., 2009) and ladder networks (Rasmus et al., 2015) as two baseline systems for
comparison. In our experiments, we use the raw pixel features and unsupervised learned
(USL) features in section 6.1.1. As example, we choose the unsupervised learned features
from the HOPE-movMF model (K = 800) in Table 1.7 Next, we concatenate the features
to a post-stage classifier, which is supervised trained using only a portion of the training
data, ranging from 1000 to 60000 (all). We consider many different types of classifiers here,
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7. For the HOPE-movMF model with K = 800, there are 115 empty clusters. Thus, the unsupervised
learned features are of 2740 in dimension.
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1000
2.62
1.07
8.32
8.22
7.21
2.91
2.83
2.50
2.46

2000
2.13
4.71
4.53
4.02
2.38
1.99
1.78
1.70

5000
1.59
3.2
2.92
2.60
1.47
1.03
0.95
0.90
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labeled training samples
CDBN(Lee et al., 2009)
Ladder network (Rasmus et al., 2015)
Raw feature+DNN1
Raw feature+HOPE-DNN1
Raw feature+HOPE-DNN2
USL feature+linear SVM
USL feature+DNN2
USL feature+HOPE-DNN3
USL feature+HOPE-DNN4

10000
2.15
2.04
1.83
1.13
0.88
0.87
0.79

20000
1.48
1.34
1.30
0.90
0.70
0.67
0.66

60000(ALL)
0.82
0.61
0.92
0.86
0.82
0.71
0.43
0.42
0.40

Table 5: Classification error rates (in %) on the MNIST test set using raw pixel features
or unsupervised learned features, along with different post-stage classifiers trained
separately by limited labeled data. Here USL denotes the unsupervised learned
features from HOPE-movMF (K = 800). All used classifiers include: DNN1
(784-1200-1200-10); HOPE-DNN1 (784-[400-1200]-10); HOPE-DNN2 (784-[4001200]-1200-10); DNN2 (2740-1200-1200-10); HOPE-DNN3 (2740-[400-1200]-10);
HOPE-DNN4 (784-[400-1200]-1200-10).

including linear SVM, regular DNNs and HOPE-trained DNNs. Note that all classifiers
are trained separately from the feature learning. All results are summarized in Table 5.
It shows that we can achieve the best performance when we combine the HOPE-trained
USL features with HOPE-trained post-stage classifiers. The gains are quite dramatic no
matter how much labelled data is used. For example, when only 5000 labelled samples are
used, our method can achieve 0.90% in error rate, which significantly outperforms all other
methods including CDBN in Lee et al. (2009). The ladder network in (Rasmus et al., 2015)
yields better performance when only 1000 labels are used. However, Rasmus et al. (2015)
adopts a much larger model than ours. It involves three different modules of distortion,
denoising and classification. Each module uses a 6-hidden-layer structure. Moreover, in our
semi-supervised experiments, we do not fine-tune the feature extraction module with any
supervision signals from labels. Finally, as we use all training data for the HOPE model,
we can achieve 0.40% in error rate, which significantly outperforms both CDBN and ladder
networks. To the best of our knowledge, this is one of the best results reported on MNIST
without using CNNs and data augmentation. Furthermore, our best system uses a quite
simple model structure, consisting of a HOPE-trained feature extraction layer of 800 nodes
and a HOPE-trained NN of two hidden layers (1200 node in each layer), which is much
smaller and simpler than those top-performing systems on MNIST.
6.2 TIMIT: Speech Recognition
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In this experiment, we examine the supervised learning of shallow and deep neural networks
under the HOPE framework for a standard speech recognition task using the TIMIT data
set. The HOPE-based supervised learning method is compared with the regular backpropagation training method. We use the minimum cross-entropy learning criterion here.
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Net Architecture
1845-10240-183
1845-[256-10240]-183
1845-3*2048-183
1845-[512-2048]-2*2048-183

FACC (%)
61.45
62.11
63.13
63.55

PER (%)
23.85
23.04
22.37
21.59
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7. Conclusions

In this paper, we have proposed a novel model, called hybrid orthogonal projection and
estimation (HOPE), for high-dimensional data. The HOPE model combines feature extraction and data modeling under a unified generative modeling framework so that both
feature extractor and data model can be jointly learned in either supervised or unsupervised ways. More interestingly, we have shown that the HOPE models are closely related
to neural networks in a way that each hidden layer in NNs can be reformulated as a HOPE
model. Therefore, the proposed HOPE related learning algorithms can be easily applied
to perform either supervised or unsupervised learning for neural networks. We have eval-

Appendix A. Learning HOPE when Û is not orthonormal
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uated the proposed HOPE models in learning NNs on several standard tasks, including
image recognition on MNIST and speech recognition on TIMIT. Experimental results have
strongly supported that the HOPE models can provide a very effective unsupervised learning method for NNs. Meanwhile, the supervised learning of NNs can also be conducted
under the HOPE framework, which normally yields better performance and more compact
models.
As the future work, we will investigate the HOPE model to learn convolution neural
networks (CNNs) for more challenging image recognition tasks, such as CIFAR and ImageNet. Moreover, we are also examining the HOPE-based unsupervised learning for various
natural language processing (NLP) tasks.

Table 6: Supervised learning of neural networks on TIMIT with and without using the
HOPE framework. The two numbers in a bracket, [M, K], indicate a HOPE model
with M-dimension features and K mixture components. FACC: frame classification
accuracy from neural networks. PER: phone error rate in speech recognition.

model
NN
HOPE-NN
DNN
HOPE-DNN

Zhang, Jiang and Dai

In some tasks, in additional to dimension reduction, we may want to use the projection
matrix U to perform signal whitening to ensure the signal projection z has roughly the
same variance along all dimensions. This has been shown to be quite important for many
image recognition and speech recognition tasks. In this case, we may still want to impose the
orthogonal constraints among all row vectors of U, i.e., ui · uj = 0 (i, j = 1, · · · , M, i 6= j),
but these row vectors may not be of unit length, i.e., |ui | ≥ 1 (i = 1, · · · , M ). Moreover, it is
better not to whiten the residual noises in the remaining D −M dimensions to unnecessarily
amplify them. Therefore, we still enforce the unit-length constraints for the matrix V, i.e.,
|ui | = 1 (i = M + 1, · · · , D). Because U is not orthonormal anymore, when we compute
the likelihood function of the original data in eq.(11) for HOPE, we have to include the
Jacobian term as follows:

The TIMIT speech corpus consists of a training set of 462 speakers, a separate development set of 50 speakers for cross-validation, and a core test set of 24 speakers. All results
are reported on the 24-speaker core test set. The speech waveform data is analyzed using a
25-ms Hamming window with a 10-ms fixed frame rate. The speech feature vector is generated by a Fourier-transform-based filter-banks that include 40 coefficients distributed on
the Mel scale and energy, along with their first and second temporal derivatives. This leads
to a 123-dimension feature vector per speech frame. We further concatenate 15 consecutive
frames within a long context window of (7+1+7) to feed to the models, as 1845-dimension
input vectors (Xue et al., 2014). All speech data are normalized by subtracting the mean
of the training set and being divided by the standard deviation of the training set on each
dimension so that all input vectors have zero mean and unit variance. We use 183 target
class labels (i.e., 3 states for each of the 61 phones) for the DNN training. After decoding,
these 61 phone classes are mapped to a set of 39 classes for the final scoring as in Lee and
Hon (1989). In our experiments, a bi-gram language model at phone level, estimated from
all transcripts in the training set, is used for speech recognition.
We first train ReLUs based shallow and deep neural networks as our baseline systems.
The networks are trained using the back-propagation algorithm, with a mini-batch size
of 100. The initial learn rate is set to 0.004 and it is kept unchanged if the error rate
on the development set is still decreasing. Afterwards, the learning rate is halved after
every epoch, and the whole training procedure is stopped when the error reduction on the
development set is less than 0.1% in two consecutive iterations. In our experiments, we also
use momentum and weight decay, which are set to 0.9 and 0.0001, respectively. When we
use the mini-batch SGD to train neural networks under the HOPE framework, the control
parameter for the orthogonal constraints, i.e. β, is set to be 0.01.
In our experiments, we compare the standard NNs with the HOPE-trained NNs for two
fully-connected network architectures, one shallow network with one hidden layer of 10240
hidden nodes and one deep network with 3 hidden layers of 2048 nodes. The performance
comparison between them is shown in Table. 6. Our results are comparable with Xue
et al. (2014) and another recent work (Ba and Caruana, 2014), using deep neural networks
on TIMIT. From the results, we can see that the HOPE-trained NNs can consistently
outperform the regular NNs by an about 0.8% absolute reduction in phone recognition
error rates. Moreover, the HOPE-trained neural networks are much smaller than their
counterpart DNNs in number of model parameters if the HOPE layers are not merged.
After merging, they have exactly the same model structure as their counterpart NNs.
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Therefore, its gradient with respect to U, can be derived as follows:
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∂U
=
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M
X
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Next, we consider the Jacobian term, J (U), which can be computed as follows:
J (U) = N · ln |Û−1 | = −N

(44)
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(48)

(49)
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·ui
= −N
(i = 1, · · · , M ), it is easy to show that its derivative with
Because of ∂J∂u(U)
|ui |2
i
respect to U can be derived as:

−1
∂J (U)
= −N · UUT
U.
∂U
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{U∗ , Θ∗ , σ ∗ } = arg maxU,Θ,σ L(U, Θ, σ | X)

(53)

(52)

Similarly, the HOPE parameters, i.e., U, Θ and σ, can be estimated by maximizing the
above likelihood function as follows:

UUT = Φ,

subject to an orthogonal constraint:

(54)

where Φ is a diagonal matrix. The above constraint can also be implemented as an penalty
term similar to eq.(15). However, the norm of each row vector is relaxed as follows:

|ui | ≥ 1 (i = 1, · · · , M )

The log-likelihood function related to the signal model, L1 (U, Θ), and signal variance,
σ 2 , are calculated in the same way as before.

Appendix B. Derivatives of movMFs
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The partial derivatives of the objective function in eq.(29) w.r.t all µk can be computed as
follows:
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where Iv (·) denotes the Bessel function of the first kind at the order v. Because we have

κIs+1 (κ) = κIs0 (κ) − sIs (κ) ⇒

n=1
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Thus, we may derive
Is+1 (κ)
0
CM
(κ) = −CM (κ) ·
(58)
Is (κ)
Substituting eq. (56) and eq. (58) into eq. (55), we obtain the partial derivative of the
objective function in eq. (29) w.r.t µk as follows:
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Probably approximately correct learning (or PAC learning; Valiant, 1984) is a classic criterion for supervised learning, which has been the focus of much research in the past three
decades. The objective in PAC learning is to produce a classifier that, with probability at
least 1 − δ, has error rate at most ε. To qualify as a PAC learning algorithm, it must satisfy
this guarantee for all possible target concepts in a given family, under all possible data distributions. To achieve this objective, the learning algorithm is supplied with a number m
of i.i.d. training samples (data points), along with the corresponding correct classifications.
One of the central questions in the study of PAC learning is determining the minimum
number M(ε, δ) of training samples necessary and sufficient such that there exists a PAC
learning algorithm requiring at most M(ε, δ) samples (for any given ε and δ). This quantity
M(ε, δ) is known as the sample complexity.
Determining the sample complexity of PAC learning is a long-standing open problem.
There have been upper and lower bounds established for decades, but they differ by a
logarithmic factor. It has been widely believed that this logarithmic factor can be removed
for certain well-designed learning algorithms, and attempting to prove this has been the
subject of much effort. Simon (2015) has very recently made an enormous leap forward
toward resolving this issue. That work proposed an algorithm that classifies points based
on a majority vote among classifiers trained on independent data sets. Simon proves that
this algorithm achieves a sample complexity that reduces the logarithmic factor in the
upper bound down to a very slowly-growing function. However, that work does not quite
completely resolve the gap, so that determining the optimal sample complexity remains
open.
The present work resolves this problem by completely eliminating the logarithmic factor.
The algorithm achieving this new bound is also based on a majority vote of classifiers.
However, unlike Simon’s algorithm, here the voting classifiers are trained on data subsets
specified by a recursive algorithm, with substantial overlaps among the data subsets the
classifiers are trained on.

1. Introduction

This work establishes a new upper bound on the number of samples sufficient for PAC
learning in the realizable case. The bound matches known lower bounds up to numerical
constant factors. This solves a long-standing open problem on the sample complexity of
PAC learning. The technique and analysis build on a recent breakthrough by Hans Simon.
Keywords: sample complexity, PAC learning, statistical learning theory, minimax analysis, learning algorithm
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1. The sample complexities for |C| = 1 and |C| = 2 are already quite well understood in the literature,
the former having sample complexity 0, and the latter having sample complexity either 1 or Θ( 1ε ln 1δ )
(depending on whether the two classifiers are exact complements or not).
2. We also admit randomized algorithms A, where the “internal randomness” of A is assumed to be independent of the data. Formally, there is a random variable R independent of {Xi (P )}i,P such that the
value A(S) is determined by the input data S and the value of R.

The sample complexity is our primary object of study in this work. We require a few
additional definitions before proceeding. Throughout, we use a natural extension of set
0
notation to sequences: for any finite sequences {ai }ki=1 , {bi }ki=1 , we denote by {ai }ki=1 ∪
0
k
{bi }i=1 the concatenated sequence {a1 , . . . , ak , b1 , . . . , bk0 }. For any set A, we denote by
{ai }ki=1 ∩ A the subsequence comprised of all ai for which ai ∈ A. Additionally, we write b ∈
0
0
0
{bi }ki=1 to indicate ∃i ≤ k 0 s.t. bi = b, and we write {ai }ki=1 ⊆ {bi }ki=1 or {bi }ki=1 ⊇ {ai }ki=1
0
k
k
to express that aj ∈ {bi }i=1 for every j ≤ k. We also denote |{ai }i=1 | = k (the length of
the sequence). For any k ∈ N ∪ {0} and any sequence S = {(x1 , y1 ), . . . , (xk , yk )} of points
in X × Y, denote C[S] = {h ∈ C : ∀(x, y) ∈ S, h(x) = y}, referred to as the set of classifiers
consistent with S.
Following Vapnik and Chervonenkis (1971), we say a sequence {x1 , . . . , xk } of points
in X is shattered by C if ∀y1 , . . . , yk ∈ Y, ∃h ∈ C such that ∀i ∈ {1, . . . , k}, h(xi ) = yi :
that is, there are 2k distinct classifications of {x1 , . . . , xk } realized by classifiers in C. The
Vapnik-Chervonenkis dimension (or VC dimension) of C is then defined as the largest

If no such m exists, define M(ε, δ) = ∞.

Definition 1 For any ε, δ ∈ (0, 1), the sample complexity of (ε, δ)-PAC learning, denoted M(ε, δ), is defined as the smallest m ∈ N ∪ {0} for which there exists a learning algorithm A such that, for every possible data distribution P, ∀f ? ∈ C, denoting
ĥ = A((X1:m (P), f ? (X1:m (P)))),




P erP ĥ; f ? ≤ ε ≥ 1 − δ.

We begin by introducing some basic notation essential to the discussion. Fix a nonempty
set X , called the instance space; we suppose X is equipped with a σ-algebra, defining the
measurable subsets of X . Also denote Y = {−1, +1}, called the label space. A classifier is
any measurable function h : X → Y. Fix a nonempty set C of classifiers, called the concept
space. To focus the discussion on nontrivial cases,1 we suppose |C| ≥ 3; other than this, the
results in this article will be valid for any choice of C.
In the learning problem, there is a probability measure P over X , called the data
distribution, and a sequence X1 (P), X2 (P), . . . of independent P-distributed random variables, called the unlabeled data; for m ∈ N, also define X1:m (P) = {X1 (P), . . . , Xm (P)},
and for completeness denote X1:0 (P) = {}. There is also a special element of C, denoted f ? , called the target function. For any sequence Sx = {x1 , . . . , xk } in X , denote by
(Sx , f ? (Sx )) = {(x1 , f ? (x1 )), . . . , (xk , f ? (xk ))}. For any probability measure P over X , and
any classifier h, denote by erP (h; f ? ) = P (x : h(x) 6= f ? (x)). A learning algorithm A is a
map,2 mapping any sequence {(x1 , y1 ), . . . , (xm , ym )} in X × Y (called a data set), of any
length m ∈ N ∪ {0}, to a classifier h : X → Y (not necessarily in C).

2. Notation
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integer k for which there exists a sequence {x1 , . . . , xk } in X shattered by C; if no such
largest k exists, the VC dimension is said to be infinite. We denote by d the VC dimension
of C. This quantity is of fundamental importance in characterizing the sample complexity
of PAC learning. In particular, it is well known that the sample complexity is finite for
any ε, δ ∈ (0, 1) if and only if d < ∞ (Vapnik, 1982; Blumer, Ehrenfeucht, Haussler,
and Warmuth, 1989; Ehrenfeucht, Haussler, Kearns, and Valiant, 1989). For simplicity of
notation, for the remainder of this article we suppose d < ∞; furthermore, note that our
assumption of |C| ≥ 3 implies d ≥ 1.
We adopt a common variation on big-O asymptotic notation, used in much of the learning theory literature. Specifically, for functions f, g : (0, 1)2 → [0, ∞), we let f (ε, δ) =
O(g(ε, δ)) denote the assertion that ∃ε0 , δ0 ∈ (0, 1) and c0 ∈ (0, ∞) such that, ∀ε ∈ (0, ε0 ),
∀δ ∈ (0, δ0 ), f (ε, δ) ≤ c0 g(ε, δ); however, we also require that the values ε0 , δ0 , c0 in this
definition be numerical constants, meaning that they are independent of C and X . For
instance, this means c0 cannot depend on d. We equivalently write f (ε, δ) = Ω(g(ε, δ)) to
assert that g(ε, δ) = O(f (ε, δ)). Finally, we write f (ε, δ) = Θ(g(ε, δ)) to assert that both
f (ε, δ) = O(g(ε, δ)) and f (ε, δ) = Ω(g(ε, δ)) hold. We also sometimes write O(g(ε, δ)) in an
expression, as a place-holder for some function f (ε, δ) satisfying f (ε, δ) = O(g(ε, δ)): for
instance, the statement N (ε, δ) ≤ d + O(log(1/δ)) expresses that ∃f (ε, δ) = O(log(1/δ)) for
which N (ε, δ) ≤ d + f (ε, δ). Also, for any value z ≥ 0, define Log(z) = ln(max{z, e}) and
similarly Log2 (z) = log2 (max{z, 2}).
As is commonly required in the learning theory literature, we adopt the assumption that
the events appearing in probability claims below are indeed measurable. For our purposes,
this comes into effect only in the application of classic generalization bounds for sampleconsistent classifiers (Lemma 4 below). See Blumer, Ehrenfeucht, Haussler, and Warmuth
(1989) and van der Vaart and Wellner (1996) for discussion of conditions on C sufficient for
this measurability assumption to hold.

3. Background

d−1 1−ε
,
ln
32ε
ε

1
δ

=Ω

1
ε

Our objective in this work is to establish sharp sample complexity bounds. As such, we
1
should first review the known lower bounds on M(ε, δ). A basic lower bound of 1−ε
ε ln δ
was established by Blumer, Ehrenfeucht, Haussler, and Warmuth (1989) for 0 < ε < 1/2
and 0 < δ < 1. A second lower bound of d−1
32ε was supplied by Ehrenfeucht, Haussler,
Kearns, and Valiant (1989), for 0 < ε ≤ 1/8 and 0 < δ ≤ 1/100. Taken together, these
results imply that, for any ε ∈ (0, 1/8] and δ ∈ (0, 1/100],

 
 
 
1
d + Log
.
(1)
δ
M(ε, δ) ≥ max

1
ε

 
 
 
1
1
dLog
+ Log
.
ε
δ

(2)

This lower bound is complemented by classic upper bounds on the sample complexity.
In particular, Vapnik (1982) and Blumer, Ehrenfeucht, Haussler, and Warmuth (1989)
established an upper bound of
M(ε, δ) = O
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They proved that this sample complexity bound is in fact achieved by any algorithm that
returns a classifier h ∈ C[(X1:m (P), f ? (X1:m (P)))], also known as a sample-consistent learn3
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d
Log
ε

1
δ

ing algorithm (or empirical risk minimization algorithm). A sometimes-better upper bound
was established by Haussler, Littlestone, and Warmuth (1994):
 

.
(3)

M(ε, δ) = O

√ 
 
 !
22K K
1
1
d log(K)
+ K + Log
,
ε
ε
δ

(4)

This bound is achieved by a modified variant of the one-inclusion graph prediction algorithm,
a learning algorithm also proposed by Haussler, Littlestone, and Warmuth (1994), which
has been conjectured to achieve the optimal sample complexity (Warmuth, 2004).
In very recent work, Simon (2015) produced a breakthrough insight. Specifically, by
analyzing a learning algorithm based on a simple majority vote among classifiers consistent
with distinct subsets of the training data, Simon (2015) established that, for any K ∈ N,
M(ε, δ) = O

where log(K) (x) is the K-times iterated logarithm: log(0) (x) = max{x, 1} and log(K) (x) =
max{log2 (log(K−1) (x)), 1}. In particular, one natural choice would be K ≈ log∗ 1ε ,3 which
(one can show) optimizes the asymptotic dependence on ε in the bound, yielding


 
1 O(log∗ (1/ε))
1
2
d + Log
.
ε
δ
M(ε, δ) = O

In general, the entire form
(up to numerical constant factors)
 of the
 bound (4) is optimized

by choosing K = max log∗ 1ε − log∗ d1 Log 1δ + 1, 1 . Note that, with either of these
choices of K, there is a range of ε, δ, and d values for which the bound (4) is strictly
smaller than both (2)pand (3): for instance, for small
ε, it suffices to have Log(1/δ) 
p
∗
∗
dLog(1/ε)/(22 log (1/ε) log∗ (1/ε)) while 22 log (1/ε) log∗ (1/ε)  min{Log(1/δ), d}. However, this bound still does not quite match the form of the lower bound (1).
There have also been many special-case analyses, studying restricted types of concept
spaces C for which the above gaps can be closed (e.g., Auer and Ortner, 2007; Darnstädt,
2015; Hanneke, 2015). However, these special conditions do not include many of the mostcommonly studied concept spaces, such as linear separators and multilayer neural networks.
There have also been a variety of studies that, in addition to restricting to specific concept
spaces C, also introduce strong restrictions on the data distribution P, and establish an
upper bound of the same form as the lower bound (1) under these restrictions (e.g., Long,
2003; Giné and Koltchinskii, 2006; Bshouty, Li, and Long, 2009; Hanneke, 2009, 2015;
Balcan and Long, 2013). However, there are many interesting classes C and distributions
P for which these results do not imply any improvements over (2). Thus, in the present
literature, there persists a gap between the lower bound (1) and the minimum of all of the
known upper bounds (2), (3), and (4) applicable to the general case of an arbitrary concept
space of a given VC dimension d (under arbitrary data distributions).
In the present work, we establish a new upper bound for a novel learning algorithm,
which holds for any concept space C, and which improves over all of the above general

JMLR 17(38):1-15

3. The function log∗ (x) is the iterated logarithm: the smallest K ∈ N ∪ {0} for which log(K) (x) ≤ 1. It is
an extremely slowly growing function of x.

4

5
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The original analysis of Simon (2015) applied this reasoning repeatedly, in an inductive
argument, thereby bounding the probability that K classifiers, each consistent with one of
K independent training sets, all make a mistake on a random point. He then reasoned that
the error rate of the majority vote of 2K − 1 such classifiers can be bounded by the sum of
these bounds for all subsets of K of these classifiers, since the majority vote classifier agrees
with at least K of the constituent classifiers.
In the present work, we also consider a simple majority vote of a number of classifiers,
but we alter the way the data is split up, allowing significant overlaps among the subsamples.
In particular, each classifier is trained on considerably more data this way. We construct
these subsamples recursively, motivated by an inductive analysis of the sample complexity.
At each stage, we have a working set S of i.i.d. data points, and another sequence T of
data points, referred to as the partially-constructed subsample. As a terminal case, if |S| is
smaller than a certain cutoff size, we generate a subsample S ∪ T , on which we will train a
classifier ĝ ∈ C[S ∪ T ]. Otherwise (for the nonterminal case), we use (roughly) a constant
fraction of the points in S to form a subsequence S0 , and make three recursive calls to the

The general approach used here builds on an argument of Simon (2015), which itself has
roots in the analysis of sample-consistent learning algorithms by Hanneke (2009, Section
2.9.1). The essential idea from Simon (2015) is that, if we have two classifiers, ĥ and ĝ,
the latter of which is an element of C consistent with an i.i.d. data set S̃ independent from
ĥ, then we can analyze the probability that they both make a mistake on a random point
by bounding the error rate of ĥ under the distribution P, and bounding the error rate of
ĝ under the conditional distribution given that ĥ makes a mistake. In particular, it will
either be the case that ĥ itself has small error rate, or else (if ĥ has error rate larger than
our desired bound) with high probability, the number of points in S̃ contained in the error
region of ĥ will be at least some number ∝ erP (ĥ; f ? )|S̃|; in the latter case, we can bound the
conditional error rate of ĝ in terms of the number of such points via a classic generalization
bound for sample-consistent classifiers (Lemma 4 below). Multiplying this bound on the
conditional error rate of ĝ by the error rate of ĥ results in a bound on the probability they
both make a mistake. More specifically, this argument yields a bound of the following form:
for an appropriate numerical constant c̃ ∈ (0, ∞), with probability at least 1 − δ, ∀ĝ ∈ C[S̃],
!
 !


c̃
erP (ĥ; f ? )|S̃|
1
?
P x : ĥ(x) = ĝ(x) 6= f (x) ≤
dLog
+ Log
.
d
δ
|S̃|

4.1 Sketch of the Approach

This section presents the main contributions of this work: a novel learning algorithm, and
a proof that it achieves the optimal sample complexity.

6
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For any k ∈ N ∪ {0}, and any S ∈ (X × Y)k with C[S] 6= ∅, let L(S) denote an arbitrary classifier h in C[S], entirely determined by S: that is, L(·) is a fixed sampleconsistent learning algorithm (i.e., empirical risk minimizer). For any k ∈ N and sequence of
data sets {S1 , . . . , Sk }, denote L({S1 , . . . , Sk }) = {L(S1 ), . . . , L(Sk )}. Also, for
Pany values

k
y1 , . . . , yk ∈ Y, define the majority function: Majority(y1 , . . . , yk ) = sign
=
i=1 yi
hP
i
k
21
y
≥
0
−
1.
We
also
overload
this
notation,
defining
the
majority
classifier
i=1 i
Majority(h1 , . . . , hk )(x) = Majority(h1 (x), . . . , hk (x)), for any classifiers h1 , . . . , hk .

4.2 Formal Details

algorithm, using S0 as the working set in each call. By an inductive hypothesis, for each
of these three recursive calls, with probability 1 − δ 0 , the majority vote of the classifiers
trained on subsamples generated by that call has error rate at most |Sc0 | (d + Log(1/δ 0 )), for
an appropriate numerical constant c. These three majority vote classifiers, denoted h1 , h2 ,
h3 , will each play the role of ĥ in the argument above.
With the remaining constant fraction of data points in S (i.e., those not used to form
S0 ), we divide them into three independent subsequences S1 , S2 , S3 . Then for each of
the three recursive calls, we provide as its partially-constructed subsample (i.e., the “T ”
argument) a sequence Si ∪ Sj ∪ T with i 6= j; specifically, for the k th recursive call (k ∈
{1, 2, 3}), we take {i, j} = {1, 2, 3} \ {k}. Since the argument T is retained within the
partially-constructed subsample passed to each recursive call, a simple inductive argument
reveals that, for each i ∈ {1, 2, 3}, ∀k ∈ {1, 2, 3} \ {i}, all of the classifiers ĝ trained on
subsamples generated in the k th recursive call are contained in C[Si ]. Furthermore, since
Si is not included in the argument to the ith recursive call, hi and Si are independent.
Thus, by the argument discussed above, applied with ĥ = hi and S̃ = Si , we have that with
probability at least 1 − δ 0 , for any ĝ trained on a subsample generated in recursive calls
k ∈ {1, 2, 3} \ 
{i}, the
i and ĝ make a mistake on a random point
 probability
that both h

?
is at most |Sc̃i | dLog erP (hid;f )|Si | + Log δ10 . Composing this with the aforementioned
inductive hypothesis, recalling that |Si | ∝ |S|and |S0 | ∝ |S|, and simplifying by a bit of
c0
calculus, this is at most |S|
dLog(c) + Log δ10 , for an appropriate numerical constant c0 .
0
By choosing δ ∝ δ appropriately, the union bound implies that, with probability at least
1 − δ, this holds for all choices of i ∈ {1,2, 3}. Furthermore, by choosing c sufficiently large,
c
this bound is at most 12|S|
d + Log 1δ .
To complete the inductive argument, we then note that on any point x, the majority
vote of all of the classifiers (from all three recursive calls) must agree with at least one
of the three classifiers hi , and must agree with at least 1/4 of the classifiers ĝ trained on
subsamples generated in recursive calls k ∈ {1, 2, 3} \ {i}. Therefore, on any point x for
which the majority vote makes a mistake, with probability at least 1/12, a uniform random
choice of i ∈ {1, 2, 3}, and of ĝ from recursive calls k ∈ {1, 2, 3} \ {i}, results in hi and
ĝ that both make a mistake on x. Applying this fact to a random point X ∼ P (and
invoking Fubini’s theorem), this implies that the error rate of the majority vote is at most
12 times the average (over choices of i and ĝ) of the probabilities that hi and ĝ both
 make
c
a mistake on X. Combined with the above bound, this is at most |S|
d + Log 1δ . The
formal details are provided below.

upper bounds in its joint dependence on ε, δ, and d. In particular, it is optimal, in the
sense that it matches the lower bound (1) up to numerical constant factors. This work thus
solves a long-standing open problem, by determining the precise form of the optimal sample
complexity, up to numerical constant factors.

4. Main Result
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2
m

Lemma 4 For any δ ∈ (0, 1), m ∈ N, f ? ∈ C, and any probability measure P over X ,
letting Z1 , . . . , Zm be independent P -distributed random variables, with probability at least
m ] satisfies
1 − δ, every h ∈ C[{(Zi , f ? (Zi ))}i=1

 
1
δ

c
m0 + 1


 
18
d + ln
.
δ0

c
c
(1 + ln(18)) < 0
m0 + 1
m +1

8



d + ln



18
δ0



,

(5)
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so that (5) holds.
Now take as an inductive hypothesis that, for some m ∈ N with m > c ln(18e) − 1, for
every m0 ∈ N with m0 < m, we have that for every δ 0 ∈ (0, 1) and every finite sequence T 0
in X × Y with f ? ∈ C[T 0 ], with probability at least 1 − δ 0 , (5) is satisfied. To complete the
inductive proof, we aim to establish that this remains the case with m0 = m as well. Fix
any δ ∈ (0, 1) and any finite sequence T of points in X × Y with f ? ∈ C[T ]. Note that
c ln(18e) − 1 ≥ 3, so that (since |S1:m | = m > c ln(18e) − 1) we have |S1:m | ≥ 4, and hence
the execution of A(S1:m ; T ) returns in Step 3 (not Step 1). Let S0 , S1 , S2 , S3 be as in the
definition of A(S; T ), with S = S1:m . Also denote T1 = S2 ∪ S3 ∪ T , T2 = S1 ∪ S3 ∪ T , T3 =
S1 ∪S2 ∪T , and for each i ∈ {1, 2, 3}, denote hi = Majority (L (A(S0 ; Ti ))), corresponding to

erP (ĥm0 ,T 0 ; f ? ) ≤ 1 ≤

First, as a base case, consider any m0 ∈ N with m0 ≤ c ln(18e) − 1. In this case, fix any
δ 0 ∈ (0, 1) and any sequence T 0 with f ? ∈ C[T 0 ]. Also note that f ? ∈ C[S1:m0 ]. Thus, as
discussed above, ĥm0 ,T 0 is a well-defined classifier. We then trivially have

erP (ĥm0 ,T 0 ; f ? ) ≤

We are now ready for the proof of Theorem 2.
Proof of Theorem 2 Fix any f ? ∈ C and probability measure P over X , and for brevity,
denote S1:m = (X1:m (P), f ? (X1:m (P))), for each m ∈ N. Also, for any classifier h, define
ER(h) = {x ∈ X : h(x) 6= f ? (x)}.
We begin by noting that, for any finite sequences S and T of points in X × Y, a straightforward inductive argument reveals that all of the subsamples Ŝ in the sequence returned
by A(S; T ) satisfy Ŝ ⊆ S ∪ T (since no additional data points are ever introduced in any
step). Thus, if f ? ∈ C[S] and f ? ∈ C[T ], then f ? ∈ C[S] ∩ C[T ] = C[S ∪ T ] ⊆ C[Ŝ], so that
C[Ŝ] 6= ∅. In particular, this means that, in this case, each of these subsamples Ŝ is a valid
input to L(·), and thus L(A(S; T )) is a well-defined sequence of classifiers. Furthermore,
since the recursive calls all have T as a subsequence of their second arguments, and the
terminal case (i.e., Step 1) includes this second argument in the constructed subsample,
another straightforward inductive argument implies that every subsample Ŝ returned by
A(S; T ) satisfies Ŝ ⊇ T . Thus, in the case that f ? ∈ C[S] and f ? ∈ C[T ], by definition of
L, we also have that every classifier h in the sequence L(A(S; T )) satisfies h ∈ C[T ].
Fix a numerical constant c = 1800. We will prove by induction that, for any m0 ∈ N,
for every δ 0 ∈ (0, 1), and every finite sequence T 0 of points in X × Y with f ? ∈ C[T 0 ], with
probability at least 1 − δ 0 , the classifier ĥm0 ,T 0 = Majority (L (A(S1:m0 ; T 0 ))) satisfies

erP (h; f ? ) ≤

Now consider the following recursive algorithm, which takes as input two finite data sets,
S and T , satisfying C[S ∪ T ] 6= ∅, and returns a finite sequence of data sets (referred to as
subsamples of S ∪T ). The classifier used to achieve the new sample complexity bound below
is simply the majority vote of the classifiers obtained by applying L to these subsamples.

1
ε

 
 
1
d + Log
.
δ

Algorithm: A(S; T )
0. If |S| ≤ 3
1. Return {S ∪ T }
2. Let S0 denote the first |S| − 3b|S|/4c elements of S, S1 the next b|S|/4c elements,
S2 the next b|S|/4c elements, and S3 the remaining b|S|/4c elements after that
3. Return A(S0 ; S2 ∪ S3 ∪ T ) ∪ A(S0 ; S1 ∪ S3 ∪ T ) ∪ A(S0 ; S1 ∪ S2 ∪ T )
Theorem 2
M(ε, δ) = O

In particular, a sample complexity of the form expressed on the right hand side is achieved
by the algorithm that returns the classifier Majority(L(A(S; ∅))), given any data set S.

 
1
ε
d + Log

Combined with (1), this immediately implies the following corollary.
Corollary 3
M(ε, δ) = Θ

The algorithm A is expressed above as a recursive method for constructing a sequence of
subsamples, as this form is most suitable for the arguments in the proof below. However, it
should be noted that one can equivalently describe these constructed subsamples directly, as
the selection of which data points should be included in which subsamples can be expressed
as a simple function of the indices. To illustrate this, consider the simplest case in which
S = {(x0 , y0 ), . . . , (xm−1 , ym−1 )} with m = 4` for some ` ∈ N: that is, |S| is a power of
4. In this case, let {T0 , . . . , Tn−1 } denote the sequence of labeled data sets returned by
A(S; ∅), and note that since each recursive call reduces |S| by a factor of 4 while making
3 recursive calls, we have n = 3` . First, note that (x0 , y0 ) is contained in every subsample
Ti . For the rest, consider any i ∈ {1, .P
. . , m − 1} and j ∈ {0, . . . , n − 1}, and let us express
`−1
i in its base-4 representation as i = t=0
i 4t , where each it ∈ {0, 1, 2, 3}, and express j
P`−1 tt
in its base-3 representation as j = t=0
jt 3 , where each jt ∈ {0, 1, 2}. Then it holds that
(xi , yi ) ∈ Tj if and only if the largest t ∈ {0, . . . , ` − 1} with it 6= 0 satisfies it − 1 6= jt . This
kind of direct description of the subsamples is also possible when |S| is not a power of 4,
though a bit more complicated to express.
4.3 Proof of Theorem 2
The following classic result will be needed in the proof. A bound of this type is implied
by a theorem of Vapnik (1982); the version stated here features slightly smaller constant
factors, obtained by Blumer, Ehrenfeucht, Haussler, and Warmuth (1989).4
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4. Specifically, it follows by combining their Theorem A2.1 and Proposition A2.1, setting the resulting
expression equal to δ and solving for ε.

7

c
|S0 | + 1







9 · 18
4c
9 · 18
d + ln
≤
d + ln
.
δ
m
δ

(6)

(7)

9
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23
In particular, on Ei00 , if P(ER(hi )) ≥ bm/4c
ln 9δ , then the above inequality implies Ni > 0.
Combining this with (6) and (7), and noting that Log2 (x) ≤ Log(x)/ ln(2) and x 7→
1
0
0
0
00
x Log(c x) is nonincreasing on (0, ∞) (for any fixed c > 0), we have that on Ei ∩ Ei ∩ Ei ,

Ni ≥ (7/10)P(ER(hi ))|Si | = (7/10)P(ER(hi ))bm/4c.

Additionally, since hi and Si are independent, by a Chernoff bound (applied under the
conditional distribution given hi ) and the law of total probability, there is an event Ei00 of


2
23
9
probability at least 1 − δ/9, on which, if P(ER(hi )) ≥ bm/4c
ln 9δ ≥ 2(10/3)
bm/4c ln δ , then

P(ER(hi ) ∩ ER(h)) = P(ER(hi ))P(ER(h)|ER(hi ))



 
2
2eNi
18
= P(ER(hi ))erP(·|ER(hi )) (h; f ? ) ≤ P(ER(hi ))
dLog2
+ Log2
.
Ni
d
δ

Furthermore, as discussed above, each j ∈ {1, 2, 3} \ {i} and h h∈ L (A(S0 ; Tj )) havei h ∈
Ni
?
i
C[Tj ], and Tj ⊇ Si ⊇ {(Zi,t , f ? (Zi,t ))}N
t=1 , so that C[Tj ] ⊆ C {(Zi,t , f (Zi,t ))}t=1 . It
h
i
S
Ni
?
follows that every h ∈ j∈{1,2,3}\{i} L (A(S0 ; Tj )) has h ∈ C {(Zi,t , f (Zi,t ))}t=1 . Thus, on
S
the event Ei0 , if Ni > 0, ∀h ∈ j∈{1,2,3}\{i} L(A(S0 ; Tj )),

Next, fix any i ∈ {1, 2, 3}, and denote by {(Zi,1 , f ? (Zi,1 )) , . . . , (Zi,Ni , f ? (Zi,Ni ))} =
i
Si ∩ (ER(hi ) × Y), where Ni = |Si ∩ (ER(hi ) × Y)|: that is, {(Zi,t , f ? (Zi,t ))}N
t=1 is the
subsequence of elements (x, y) in Si for which x ∈ ER(hi ). Note that, since hi and Si are
independent, Zi,1 , . . . , Zi,Ni are conditionally independent given hi and Ni , each with conditional distribution P(·|ER(hi )) (if Ni > 0). Thus, applying Lemma 4 under the conditional
distribution given hi and Ni , combined with the law of total probability,
we have that oni
h
i
an event Ei0 of probability at least 1 − δ/9, if Ni > 0, then every h ∈ C {(Zi,t , f ? (Zi,t ))}N
t=1
satisfies



 
2
2eNi
18
erP(·|ER(hi )) (h; f ? ) ≤
dLog2
+ Log2
.
Ni
d
δ

P(ER(hi )) ≤

the majority votes of classifiers trained on the subsamples from each of the three recursive
calls in the algorithm.
Note that S0 = S1:(m−3bm/4c) . Furthermore, since m ≥ 4, we have 1 ≤ m − 3bm/4c < m.
Also note that f ? ∈ T
C[Si ] for each i ∈ {1, 2, 3}, which, together with the fact that f ? ∈ C[T ],
implies f ? ∈ C[T ] ∩ j∈{1,2,3}\{i} C[Sj ] = C[Ti ] for each i ∈ {1, 2, 3}. Thus, since f ? ∈ C[S0 ]
as well, for each i ∈ {1, 2, 3}, L (A(S0 ; Ti )) is a well-defined sequence of classifiers (as
discussed above), so that hi is also well-defined. In particular, note that hi = ĥ(m−3bm/4c),Ti .
Therefore, by the inductive hypothesis (applied under the conditional distribution given S1 ,
S2 , S3 , which are independent of S0 ), combined with the law of total probability, for each
i ∈ {1, 2, 3}, there is an event Ei of probability at least 1 − δ/9, on which
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Now denote hmaj = ĥm,T = Majority (L(A(S; T ))), again with S = S1:m . By definition
of Majority(·), for any x ∈ X , at least 1/2 of the classifiers h in the sequence L(A(S; T ))
have h(x) = hmaj (x). From this fact, the strong form of the pigeonhole principle implies
that at least one i ∈ {1, 2, 3} has hi (x) = hmaj (x) (i.e., the majority vote must agree
with the majority of classifiers in at least one of the three subsequences of classifiers).
Furthermore, since each A(S0 ; Tj ) (with j ∈ {1, 2, 3}) supplies an equal number of entries
to the sequence A(S; T ) (by a straightforward inductive argument), for each i ∈ {1, 2, 3},
at least 1/4 of the classifiers h in ∪j∈{1,2,3}\{i} L(A(S0 ; Tj )) have h(x) = hmaj (x): that
is, since |L(A(S0 ; Ti ))| = (1/3)|L(A(S; T ))|, we must have at least (1/6)|L(A(S; T ))| =
S
S
(1/4) j∈{1,2,3}\{i} L(A(S0 ; Tj )) classifiers h in j∈{1,2,3}\{i} L(S0 ; Tj ) with h(x) = hmaj (x)
in order to meet the total of at least (1/2)|L(A(S; T ))| classifiers h ∈ L(A(S; T )) with
h(x) = hmaj (x). In particular, letting I be a random variable uniformly distributed on
{1, 2, 3} (independent of the data), and letting h̃ be a random variable conditionally (given
I and S) uniformly distributed on the classifiers ∪j∈{1,2,3}\{I} L(A(S0 ; Tj )), this implies
that for any fixed x ∈ ER(hmaj ), with conditional (given S) probability at least 1/12,

P(ER(hi ) ∩ ER(h)) <

again using the above lower bound on bm/4c for this last inequality.
Thus, regardless of
S
the value of P(ER(hi )), on the event Ei ∩ Ei0 ∩ Ei00 , we have ∀h ∈ j∈{1,2,3}\{i} L(A(S0 ; Tj )),

P(ER(hi ) ∩ ER(h)) ≤ P(ER(hi )) <

where this last inequality is due to Lemma 5 in Appendix A. Since m > c ln(18e)−1 > 3200,
m
799 3200 m+1
we have bm/4c > (m − 4)/4 > 799
800 4 > 800 3201 4 . Plugging this relaxation into the above
bound, combined with numerical calculation of the logarithmic factor (with c as defined
above), we find that the expression in (8) is less than
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ln 9δ , then monotonicity of measures implies
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P(ER(hi ) ∩ ER(h)) ≤

if P(ER(hi )) ≥

Hanneke
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a factor of 4 with each recursive call, the total number of subsamples returned by A(S; ∅)
is a sublinear function of |S|. Furthermore, with appropriate data structures, the operations within each node of the recursion tree can be performed in constant time. Indeed, as
discussed above, one can directly determine which data points to include in each subsample via a simple function of the indices, so that construction of these subsamples truly is
computationally easy.

Hanneke
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We conclude by noting that the constant factors obtained in the above proof are quite
large. Some small refinements are possible within the current approach: for instance, by
choosing the Si subsequences slightly larger (e.g., (3/10)|S|), or using a tighter form of the
Chernoff bound when lower-bounding Ni . However, there are inherent limitations to the
approach used here, so that reducing the constant factors by more than, say, one order of
magnitude, may require significant changes to some part of the analysis, and perhaps the
algorithm itself. For this reason, it seems the next step in the study of M(ε, δ) should be
to search for strategies yielding refined constant factors. In particular, Warmuth (2004)
has conjectured that the one-inclusion graph prediction algorithm also achieves a sample
complexity of the optimal form. This conjecture remains open at this time. The oneinclusion graph predictor is known to achieve the optimal sample complexity in the closelyrelated prediction model of learning (where the objective is to achieve expected error rate
at most ε), with a numerical constant factor very close to optimal (Haussler, Littlestone,
and Warmuth, 1994). It therefore seems likely that a (positive) resolution of Warmuth’s
one-inclusion graph conjecture may also lead to improvements in constant factors compared
to the bound on M(ε, δ) established in the present work.

The only remaining significant computational issue in the learning algorithm is then the
efficiency of the sample-consistent base learner L. The existence of such an algorithm L,
with running time polynomial in the size of the input sequence and d, has been the subject
of much investigation for a variety of concept spaces C (e.g., Khachiyan, 1979; Karmarkar,
1984; Valiant, 1984; Pitt and Valiant, 1988; Helmbold, Sloan, and Warmuth, 1990). For
instance, the commonly-used concept space of linear separators admits such an algorithm
(where L(S) may be expressed as a solution of a system of linear inequalities). One can
easily extend Theorem 2 to admit base learners L that are improper (i.e., which may return
classifiers not contained in C), as long as they are guaranteed to return a sample-consistent
classifier in some hypothesis space H of VC dimension O(d). Furthermore, as discussed
by Pitt and Valiant (1988) and Haussler, Kearns, Littlestone, and Warmuth (1991), there
is a simple technique for efficiently converting any efficient PAC learning algorithm for C,
returning classifiers in H, into an efficient algorithm L for finding (with probability 1 − δ 0 )
a classifier in H consistent with a given data set S with C[S] 6= ∅. Additionally, though the
analysis above takes L to be deterministic, this merely serves to simplify the notation in the
proof, and it is straightforward to generalize the proof to allow randomized base learners
L, including those that fail to return a sample-consistent classifier with some probability δ 0
taken sufficiently small (e.g., δ 0 = δ/(2|A(S; ∅)|)). Composing these facts, we may conclude
that, for any concept space C that is efficiently PAC learnable using a hypothesis space H
of VC dimension O(d), there exists an efficient PAC learning algorithm for C with optimal
sample complexity (up to numerical constant factors).

hI (x) = h̃(x) = hmaj (x), so that x ∈ ER(hI ) ∩ ER(h̃) as well. Thus, for a random variable
X ∼ P (independent of the data and I,h̃), the law of total probability and monotonicity of
conditional expectations imply
h 
 i
h 
 i
E P ER(hI ) ∩ ER(h̃) S = E P X ∈ ER(hI ) ∩ ER(h̃) I, h̃, S S
h h
i i
h 
 i
= E 1 X ∈ ER(hI ) ∩ ER(h̃) S = E P X ∈ ER(hI ) ∩ ER(h̃) S, X S
h 

i
≥ E P X ∈ ER(hI ) ∩ ER(h̃) S, X 1 [X ∈ ER(hmaj )] S
≥ E [(1/12)1 [X ∈ ER(h )]|S] = (1/12)erP (hmaj ; f ? ).
maj
T
0
00
i∈{1,2,3} Ei ∩ Ei ∩ Ei ,
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h 
 i
erP (hmaj ; f ? ) ≤ 12E P ER(hI ) ∩ ER(h̃) S

18
δ

≤ 12 max
max
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P(ER(hi ) ∩ ER(h))
i∈{1,2,3} j∈{1,2,3}\{i} h∈L(A(S0 ;Tj ))

 

 
1800
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d + ln
=
d + ln
.
m+1
δ
m+1
δ
T
Furthermore, by the union bound, the event i∈{1,2,3} Ei ∩ Ei0 ∩ Ei00 has probability at least
1 − δ. Thus, since this argument holds for any δ ∈ (0, 1) and any finite sequence T with
f ? ∈ C[T ], we have succeeded in extending the inductive hypothesis to include m0 = m.
By the principle of induction, we have established the claim that, ∀m ∈ N, ∀δ ∈ (0, 1), for
every finite sequence T of points in X × Y with f ? ∈ C[T ], with probability at least 1 − δ,

 
d + ln
.
(9)
c
erP (ĥm,T ; f ? ) ≤
m+1

c
ε

To complete the proof, we simply take T = ∅ (the empty sequence), and note that, for any
ε, δ ∈ (0, 1), for any value m ∈ N of size at least
 
 
18
d + ln
,
(10)
δ

M(ε, δ) ≤

the right hand side of (9) is less than ε, so that Majority(L(A(·; ∅))) achieves a sample
complexity equal the expression in (10). In particular, this implies
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5. Remarks
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On the issue of computational complexity, we note that the construction of subsamples by
A can be quite efficient. Since the branching factor is 3, while |S0 | is reduced by roughly
11

b
a

≤ e, then monotonicity of ln(·) implies
 

b
1
a ln c1 c2 +
≤ a ln(c1 (c2 + e)) ≤ a ln(c1 (c2 + e)) + b.
a
e

13

5. This lemma and proof also appear in a sibling paper (Hanneke, 2015).
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The first term in the rightmost expression is at most a ln(c1 (c2 + 2)) ≤ a ln(c1 (c2 + e)). The
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b
b
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Lemma 5 For any a, b, c1 ∈ [1, ∞) and c2 ∈ [0, ∞),
 

b
1
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The following basic lemma is useful in the proof of Theorem 2.5

Appendix A. A Technical Lemma

I would like to express my sincere thanks to Hans Simon and Amit Daniely for helpful
comments on a preliminary attempt at a solution.
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1. Introduction

Policy search methods can allow robots to learn control policies for a wide range of
tasks, but practical applications of policy search often require hand-engineered components
for perception, state estimation, and low-level control. In this paper, we aim to answer
the following question: does training the perception and control systems jointly end-toend provide better performance than training each component separately? To this end,
we develop a method that can be used to learn policies that map raw image observations
directly to torques at the robot’s motors. The policies are represented by deep convolutional
neural networks (CNNs) with 92,000 parameters, and are trained using a guided policy
search method, which transforms policy search into supervised learning, with supervision
provided by a simple trajectory-centric reinforcement learning method. We evaluate our
method on a range of real-world manipulation tasks that require close coordination between
vision and control, such as screwing a cap onto a bottle, and present simulated comparisons
to a range of prior policy search methods.
Keywords: Reinforcement Learning, Optimal Control, Vision, Neural Networks
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Figure 1: Our method learns visuomotor policies that directly use camera image observations (left) to set motor torques on a PR2 robot (right).

hanger

Robots can perform impressive tasks under human control, including surgery (Lanfranco
et al., 2004) and household chores (Wyrobek et al., 2008). However, designing the perception
and control software for autonomous operation remains a major challenge, even for basic
tasks. Policy search methods hold the promise of allowing robots to automatically learn new
behaviors through experience (Kober et al., 2010b; Deisenroth et al., 2011; Kalakrishnan
et al., 2011; Deisenroth et al., 2013). However, policies learned using such methods often
rely on a number of hand-engineered components for perception and control, so as to present
the policy with a more manageable and low-dimensional representation of observations and
actions. The vision system in particular can be complex and prone to errors, and it is
typically not improved during policy training, nor adapted to the goal of the task.
In this article, we aim to answer the following question: can we acquire more effective policies for sensorimotor control if the perception system is trained jointly with the
control policy, rather than separately? In order to represent a policy that performs both
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Levine, Finn, Darrell, and Abbeel

perception and control, we use deep neural networks. Deep neural network representations
have recently seen widespread success in a variety of domains, such as computer vision and
speech recognition, and even playing video games. However, using deep neural networks for
real-world sensorimotor policies, such as robotic controllers that map image pixels and joint
angles to motor torques, presents a number of unique challenges. Successful applications of
deep neural networks typically rely on large amounts of data and direct supervision of the
output, neither of which is available in robotic control. Real-world robot interaction data
is scarce, and task completion is defined at a high level by means of a cost function, which
means that the learning algorithm must determine on its own which action to take at each
point. From the control perspective, a further complication is that observations from the
robot’s sensors do not provide us with the full state of the system. Instead, important state
information, such as the positions of task-relevant objects, must be inferred from inputs
such as camera images.
We address these challenges by developing a guided policy search algorithm for sensorimotor deep learning, as well as a novel CNN architecture designed for robotic control.
Guided policy search converts policy search into supervised learning, by iteratively constructing the training data using an efficient model-free trajectory optimization procedure.
We show that this can be formalized as an instance of Bregman ADMM (BADMM) (Wang
and Banerjee, 2014), which can be used to show that the algorithm converges to a locally
optimal solution. In our method, the full state of the system is observable at training time,
but not at test time. For most tasks, providing the full state simply requires positioning objects in one of several known positions for each trial during training. At test time,
the learned CNN policy can handle novel, unknown configurations, and no longer requires
full state information. Since the policy is optimized with supervised learning, we can use
standard methods like stochastic gradient descent for training. Our CNNs have 92,000 parameters and 7 layers, including a novel spatial feature point transformation that provides
accurate spatial reasoning and reduces overfitting. This allows us to train our policies with
relatively modest amounts of data and only tens of minutes of real-world interaction time.
We evaluate our method by learning policies for inserting a block into a shape sorting
cube, screwing a cap onto a bottle, fitting the claw of a toy hammer under a nail with various
grasps, and placing a coat hanger on a rack with a PR2 robot (see Figure 1). These tasks
require localization, visual tracking, and handling complex contact dynamics. Our results
demonstrate improvements in consistency and generalization from training visuomotor policies end-to-end, when compared to training the vision and control components separately.
We also present simulated comparisons that show that guided policy search outperforms a
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number of prior methods when training high-dimensional neural network policies. Some of
the material in this article has previously appeared in two conference papers (Levine and
Abbeel, 2014; Levine et al., 2015), which we extend to introduce visual input into the policy.
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2. Related Work
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In this section, we define the visuomotor policy learning problem and present an overview
of our approach. The core component of our approach is a guided policy search algorithm

3. Background and Overview

small, simple networks (Pomerleau, 1989; Hunt et al., 1992; Bekey and Goldberg, 1992;
Lewis et al., 1998; Bakker et al., 2003; Mayer et al., 2006), and has largely been supplanted
by methods that use carefully designed policies that can be learned efficiently with reinforcement learning (Kober et al., 2013). More recent work on sensorimotor deep learning
has tackled simple task-space motions (Lenz et al., 2015a; Lampe and Riedmiller, 2013)
and used unsupervised learning to obtain low-dimensional state spaces from images (Lange
et al., 2012). Such methods have been demonstrated on tasks with a low-dimensional underlying structure: Lenz et al. (2015a) controls the end-effector in 2D space, while Lange
et al. (2012) controls a 2-dimensional slot car with 1-dimensional actions. Our experiments
include full torque control of 7-DoF robotic arms interacting with objects, with 30-40 state
dimensions. In simple synthetic environments, control from images has been addressed with
image features (Jodogne and Piater, 2007), nonparametric methods (van Hoof et al., 2015),
and unsupervised state-space learning (Böhmer et al., 2013; Jonschkowski and Brock, 2014).
CNNs have also been trained to play video games with Q-learning, Monte Carlo tree search,
and stochastic search (Mnih et al., 2013; Koutnı́k et al., 2013; Guo et al., 2014), and have
been applied to simple simulated control tasks (Watter et al., 2015; Lillicrap et al., 2015).
However, such methods have only been demonstrated on synthetic domains that lack the
visual complexity of the real world, and require an impractical number of samples for realworld robotic learning. Our method is sample efficient, requiring only minutes of interaction
time. To the best of our knowledge, this is the first method that can train deep visuomotor
policies for complex, high-dimensional manipulation skills with direct torque control.
Learning visuomotor policies on a real robot requires handling complex observations
and high dimensional policy representations. We tackle these challenges using guided policy search. In guided policy search, the policy is optimized using supervised learning, which
scales gracefully with the dimensionality of the policy. The training set for supervised learning can be constructed using trajectory optimization under known dynamics (Levine and
Koltun, 2013a,b, 2014; Mordatch and Todorov, 2014) and trajectory-centric reinforcement
learning methods that operate under unknown dynamics (Levine and Abbeel, 2014; Levine
et al., 2015), which is the approach taken in this work. In both cases, the supervision is
adapted to the policy, to ensure that the final policy can reproduce the training data. The
use of supervised learning in the inner loop of iterative policy search has also been proposed in the context of imitation learning (Ross et al., 2011, 2013). However, such methods
typically do not address the question of how the supervision should be adapted to the policy.
The goal of our approach is also similar to visual servoing, which performs feedback
control on feature points in a camera image (Espiau et al., 1992; Mohta et al., 2014; Wilson
et al., 1996). However, our visuomotor policies are entirely learned from real-world data,
and do not require feature points or feedback controllers to be specified by hand. This allows
our method much more flexibility in choosing how to use the visual signal. Our approach
also does not require any sort of camera calibration, in contrast to many visual servoing
methods (though not all – see e.g. Jägersand et al. (1997); Yoshimi and Allen (1994)).
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Reinforcement learning and policy search methods (Gullapalli, 1990; Williams, 1992) have
been applied in robotics for playing games such as table tennis (Kober et al., 2010b), object
manipulation (Gullapalli, 1995; Peters and Schaal, 2008; Kober et al., 2010a; Deisenroth
et al., 2011; Kalakrishnan et al., 2011), locomotion (Benbrahim and Franklin, 1997; Kohl
and Stone, 2004; Tedrake et al., 2004; Geng et al., 2006; Endo et al., 2008), and flight (Ng
et al., 2004). Several recent papers provide surveys of policy search in robotics (Deisenroth
et al., 2013; Kober et al., 2013). Such methods are typically applied to one component of
the robot control pipeline, which often sits on top of a hand-designed controller, such as
a PD controller, and accepts processed input, for example from an existing vision pipeline
(Kalakrishnan et al., 2011). Our method learns policies that map visual input and joint
encoder readings directly to the torques at the robot’s joints. By learning the entire mapping from perception to control, the perception layers can be adapted to optimize task
performance, and the motor control layers can be adapted to imperfect perception.
We represent our policies with convolutional neural networks (CNNs). CNNs have a
long history in computer vision and deep learning (Fukushima, 1980; LeCun et al., 1989;
Schmidhuber, 2015), and have recently gained prominence due to excellent results on a
number of vision benchmarks (Ciresan et al., 2011; Krizhevsky et al., 2012; Ciresan et al.,
2012; Girshick et al., 2014a; Tompson et al., 2014; LeCun et al., 2015; He et al., 2015). Most
applications of CNNs focus on classification, where locational information is discarded by
means of successive pooling layers to provide for invariance (Lee et al., 2009). Applications
to localization typically either use a sliding window (Girshick et al., 2014a) or object proposals (Endres and Hoiem, 2010; Uijlings et al., 2013; Girshick et al., 2014b) to localize
the object, reducing the task to classification, perform regression to a heatmap of manually
labeled keypoints (Tompson et al., 2014), requiring precise knowledge of the object position in the image and camera calibration, or use 3D models to localize previously scanned
objects (Pepik et al., 2012; Savarese and Fei-Fei, 2007). Many prior robotic applications of
CNNs do not directly consider control, but employ CNNs for the perception component of
a larger robotic system (Hadsell et al., 2009; Sung et al., 2015; Lenz et al., 2015b; Pinto and
Gupta, 2015). We use a novel CNN architecture for our policies that automatically learn
feature points that capture spatial information about the scene, without any supervision
beyond the information from the robot’s encoders and camera.
Applications of deep learning in robotic control have been less prevalent in recent years
than in visual recognition. Backpropagation through the dynamics and the image formation process is typically impractical, since they are often non-differentiable, and such
long-range backpropagation can lead to extreme numerical instability, since the linearization of a suboptimal policy is likely to be unstable. This issue has also been observed
in the related context of recurrent neural networks (Hochreiter et al., 2001; Pascanu and
Bengio, 2012). The high dimensionality of the network also makes reinforcement learning
difficult (Deisenroth et al., 2013). Pioneering early work on neural network control used
3

t=1

T
Y

πθ (ut |xt )p(xt+1 |xt , ut ).
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Our methods consists of two main components, which are illustrated in Figure 3. The first is
a supervised learning algorithm that trains policies of the form πθ (ut |ot ) = N (µπ (ot ), Σπ (ot )),
where both µπ (ot ) and Σπ (ot ) are general nonlinear functions. In our implementation,
µπ (ot ) is a deep convolutional neural network, while Σπ (ot ) is an observation-independent
learned covariance, though other representations are possible. The second component is a
trajectory-centric reinforcement learning (RL) algorithm that generates guiding distributions pi (ut |xt ) that provide the supervision used to train the policy. These two components
form a policy search algorithm that can be used to learn complex robotic tasks using only a
high-level cost function `(xt , ut ). During training, only samples from the guiding distributions pi (ut |xt ) are generated by running rollouts on the physical system, which avoids the
need to execute partially trained neural network policies on physical hardware.
Supervised learning will not, in general, produce a policy with good long-horizon performance, since a small mistake on the part of the policy will place the system into states
that are outside the distribution in the training data, causing compounding errors. To

3.2 Approach Summary

The goal of a task is given by a costPfunction `(xt , ut ), and the objective in policy search is
to minimize the expectation Eπθ (τ ) [ Tt=1 `(xt , ut )], which we will abbreviate as Eπθ (τ ) [`(τ )].
A summary of the notation used in the paper is provided in Table 1.

πθ (τ ) = p(x1 )

In policy search, the goal is to learn a policy πθ (ut |ot ) that allows an agent to choose
actions ut in response to observations ot to control a dynamical system, such as a robot.
The policy comes from some parametric class parameterized by θ, which could be, for
example, the weights of a neural network. The system is defined by states xt , actions
ut , and observations ot . For example, xt might include the joint angles of the robot, the
positions of objects in the world, and their time derivatives, ut might consist of motor
torque commands, and ot might include an image from the robot’s onboard camera. In
this paper, we address finite horizon episodic tasks with t ∈ [1, . . . , T ]. The states evolve in
time according to the system dynamics p(xt+1 |xt , ut ), and the observations are, in general,
a stochastic consequence of the states, according to p(ot |xt ). Neither the dynamics nor the
observation distribution are assumed to be known in general. For notational convenience,
we will use πθ (ut |xt ) to denote the distribution over actions under the policy conditioned on
the state. However, since the policy
is conditioned on the observation ot , this distribution
R
is in fact given by πθ (ut |xt ) = πθ (ut |ot )p(ot |xt )dot . The dynamics and πθ (ut |xt ) together
induce a distribution over trajectories τ = {x1 , u1 , x2 , u2 , . . . , xT , uT }:

3.1 Definitions and Problem Formulation

that separates the problem of learning visuomotor policies into separate supervised learning
and trajectory learning phases, each of which is easier than optimizing the policy directly.
We also discuss a policy architecture suitable for end-to-end learning of vision and control,
and a training setup that allows our method to be applied to real robotic platforms.

End-to-End Training of Deep Visuomotor Policies

πθ (ut |ot )p(ot |xt )dot

notational shorthand for observation-based
policy conditioned on state

Table 1: Summary of the notation frequently used in this article.

trajectory
distribution for πθ (ut |xt ): notational shorthand for trajectory distribuQ
p(x1 ) Tt=1 πθ (ut |xt )p(xt+1 |xt , ut )
tion induced by a policy

learned local time-varying linear-Gaussian time-varying linear-Gaussian controller has
form N (Kti xt + kti , Cti )
controller for initial state xi1

R

learned nonlinear global policy parameter- convolutional neural network, such as the
ized by weights θ
one in Figure 2

6

JMLR 17(39):1-40

avoid this issue, the training data must come from the policy’s own state distribution (Ross
et al., 2011). We achieve this by alternating between trajectory-centric RL and supervised
learning. The RL stage adapts to the current policy πθ (ut |ot ), providing supervision at
states that are iteratively brought closer to the states visited by the policy. This is formalized as a variant of the BADMM algorithm (Wang and Banerjee, 2014) for constrained
optimization, which can be used to show that, at convergence, the policy πθ (ut |ot ) and the
guiding distributions pi (ut |xt ) will exhibit the same behavior. This algorithm is derived
in Section 4. The guiding distributions are substantially easier to optimize than learning
the policy parameters directly (e.g., using model-free reinforcement learning), because they
use the full state of the system xt , while the policy πθ (ut |ot ) only uses the observations.
This means that the method requires the full state to be known during training, but not
at test time. This makes it possible to efficiently learn complex visuomotor policies, but
imposes additional assumptions on the observability of xt during training that we discuss
in Section 4.
When learning visuomotor tasks, the policy πθ (ut |ot ) is represented by a novel convolutional neural network (CNN) architecture, which we describe in Section 5.2. CNNs have
enjoyed considerable success in computer vision (LeCun et al., 2015), but the most popular

πθ (τ )

pi (ut |xt )

πθ (ut |xt )

πθ (ut |ot )

stochastic process that produces camera images from system state

unknown observation distribution

p(ot |xt )

distance between an object in the gripper
and the target

notational shorthand for a sequence of states
and actions

physics that govern the robot and any objects it interacts with

cost function that defines the goal of the task

trajectory:
τ = {x1 , u1 , x2 , u2 , . . . , xT , uT }

p(xt+1 |xt , ut ) unknown system dynamics

`(xt , xt )

τ

observation at time step t ∈ [1, T ]

RGB camera image, joint encoder readings
& velocities, end-effector pose; dimensionality: around 200,000

ut

ot

joint motor torque commands; dimensionality: 7 (for the PR2 robot)

xt

control or action at time step t ∈ [1, T ]

Markovian system state at time step t ∈ joint angles, end-effector pose, object positions, and their velocities; dimensionality:
[1, T ]
14 to 32

example/details

definition

symbol
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Figure 2: Visuomotor policy architecture. The network contains three convolutional layers, followed by a spatial softmax and an expected position layer that converts pixel-wise
features to feature points, which are better suited for spatial computations. The points are
concatenated with the robot configuration, then passed through three fully connected layers
to produce the torques.
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target pose
(3 points in 3D)

architectures rely on large datasets and focus on semantic tasks such as classification, often
intentionally discarding spatial information. Our architecture, illustrated in Figure 2, uses
a fixed transformation from the last convolutional layer to a set of spatial feature points,
which form a concise representation of the visual scene suitable for feedback control. Our
network has 7 layers and around 92,000 parameters, which presents a major challenge for
standard policy search methods (Deisenroth et al., 2013).
To reduce the amount of experience needed to train
automatically
visuomotor policies, we also introduce a pretraining
collect visual
requires robot
scheme that allows us to train effective policies with
pose data
a relatively small number of iterations. The pretraining
steps are illustrated in Figure 3. The intuition behind learn initial
train pose CNN
our pretraining is that, although we ultimately seek to local
obtain sensorimotor policies that combine both vision controllers
initial
initial
and control, low-level aspects of vision can be initialized
controllers
visual features
independently. To that end, we pretrain the convolucollect samples
tional layers of our network by predicting elements of xt
{τij }
from pi
that are not provided in the observation ot , such as the
positions of objects in the scene. We also initially train
the guiding trajectory distributions pi (ut |xt ) indepentrain global
optimize local
dently of the convolutional network until the trajectopolicy πθ to match
controllers pi
local controllers pi
ries achieve a basic level of competence at the task, and
then switch to full guided policy search with end-to-end Guided Policy Search
training of πθ (ut |ot ). In our implementation, we also
initialize the first layer filters from the model of Szegedy Figure 3: Diagram of our apet al. (2014), which is trained on ImageNet (Deng et al., proach, including the main guided
2009) classification. The initialization and pretraining policy search phase and initialization phases.
scheme is described in Section 5.2.

4. Guided Policy Search with BADMM

JMLR 17(39):1-40

Guided policy search transforms policy search into a supervised learning problem, where
the training set is generated by a simple trajectory-centric RL algorithm. This algorithm
7
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optimizes linear-Gaussian controllers pi (ut |xt ), and is described in Section 4.2. We refer
to the trajectory distribution induced by pi (ut |xt ) as pi (τ ). Each pi (ut |xt ) succeeds from
different initial states. For example, in the task of placing a cap on a bottle, these initial
states correspond to different positions of the bottle. By training on trajectories for multiple
bottle positions, the final CNN policy can succeed from all initial states, and can generalize
to other states from the same distribution.
The final policy πθ (ut |ot ) learned with guided policy search
outer
run each
loop
pi (ut |xt )
is only provided with observations ot of the full state xt , and
on robot
the dynamics are assumed to be unknown. A diagram of
this method, which corresponds to an expanded version of the
inner
samples
{τij }
loop
guided policy search box in Figure 3, is shown on the right. In
the outer loop, we draw sample trajectories {τij } for each inifit
optimize πθ
dynamics
w.r.t. Lθ
tial state on the physical system by running the corresponding
controller pi (ut |xt ). The samples are used to fit the dynamics
optimize each pi (τ )
w.r.t. Lp
pi (xt+1 |xt , ut ) that are used to improve pi (ut |xt ), and serve as
training data for the policy. The inner loop alternates between
optimizing each pi (τ ) and optimizing the policy to match these trajectory distributions.
The policy is trained to predict the actions along each trajectory from the observations
ot , rather than the full state xt . This allows the policy to directly use raw observations
at test time. This alternating optimization can be framed as an instance of the BADMM
algorithm (Wang and Banerjee, 2014), which converges to a solution where the trajectory
distributions and the policy have the same state distribution. This allows greedy supervised
training of the policy to produce a policy with good long-horizon performance.
4.1 Algorithm Derivation

(1)

Policy search methods minimize
PT the expected cost Eπθ [`(τ )], where τ = {x1 , u1 , . . . , xT , uT }
`(x
is a trajectory, and `(τ ) = t=1
t , ut ) is the cost of an episode. In the fully observed case,
QT
πθ (ut |xt )p(xt+1 |xt , ut ). The final policy
the expectation is taken under πθ (τ ) = p(x1 ) t=1
Rπθ (ut |ot ) is conditioned on the observations ot , but πθ (ut |xt ) can be recovered as πθ (ut |xt ) =
πθ (ut |ot )p(ot |xt )dot . We will present the derivation in this section for πθ (ut |xt ), but we
do not require knowledge of p(ot |xt ) in the final algorithm. As discussed in Section 4.3, the
integral will be evaluated with samples from the real system, which include both xt and ot .
We begin by rewriting the expected cost minimization as a constrained problem:
p,πθ

min Ep [`(τ )] s.t. p(ut |xt ) = πθ (ut |xt ) ∀ xt , ut , t,
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where we will refer to p(τ ) as a guiding distribution. This formulation is equivalent to the
original problem, since the constraint forces the two distributions to be identical. However,
if we approximate the initial state distribution p(x1 ) with samples x1i , we can choose p(τ )
to be a class of distributions that is much easier to optimize than πθ , as we will show later.
This will allow us to use simple local learning methods for p(τ ), without needing to train
the complex neural network policy πθ (ut |ot ) directly with reinforcement learning, which
would require a prohibitive amount of experience on real physical systems.
The constrained problem can be solved by a dual descent method, which alternates
between minimizing the Lagrangian with respect to the primal variables, and incrementing

8

t=1

Ep(xt ,ut ) [`(xt , ut )] + Ep(xt )πθ (ut |xt ) [λxt ,ut ] − Ep(xt ,ut ) [λxt ,ut ] + νt φpt (θ, p),

Ep(xt ,ut ) [`(xt , ut )] + Ep(xt )πθ (ut |xt ) [λxt ,ut ] − Ep(xt ,ut ) [λxt ,ut ] + νt φθt (θ, p)

t=1

t=1
T
X

T
X

Ep(xt ,ut ) [`(xt , ut ) − λxt ,ut ] + νt φpt (p, θ)

Ep(xt )πθ (ut |xt ) [λxt ,ut ] + νt φθt (θ, p)

9
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This procedure is an instance of BADMM, and therefore inherits its convergence guarantees.
Note that we drop terms that are independent of the optimization variables on each line.
The parameter α is a step size. As with most augmented Lagrangian methods, the weight
νt is set heuristically, as described in Appendix A.1.
The dynamics only affect the optimization with respect to p(τ ). In order to make this
optimization efficient, we choose p(τ ) to be a mixture of N Gaussians pi (τ ), one for each
initial state sample xi1 . This makes the action conditionals pi (ut |xt ) and the dynamics
pi (xt+1 |xt , ut ) linear-Gaussian, as discussed in Section 4.2. This is a reasonable choice
when the system is deterministic, or the noise is Gaussian or small, and we found that this
approach is sufficiently tolerant to noise for use on real physical systems. Our choice of p
also assumes that the policy πθ (ut |ot ) is conditionally Gaussian. This is also reasonable,
since the mean and covariance of πθ (ut |ot ) can be any nonlinear function of the observations

λxt ,ut ← λxt ,ut + ανt (πθ (ut |xt )p(xt ) − p(ut |xt )p(xt )).

p

p ← arg min

θ

θ ← arg min

Dual descent with alternating primal minimization is then described by the following steps:

φθt (θ, p) = Ep(xt ) [DKL (πθ (ut |xt ))kp(ut |xt )].

φpt (p, θ) = Ep(xt ) [DKL (p(ut |xt )kπθ (ut |xt ))]

where λxt ,ut is the Lagrange multiplier for state xt and action ut at time t, and φθt (θ, p) are
φpt (θ, p) are expectations of the KL-divergences:

Lp (p, θ) =

t=1
T
X

T
X

t=1

t=1
T
X

T
X

p
Ep(xt ,ut ) [`(xt , ut ) − uT
t λµt ] + νt φt (p, θ)

θ
Ep(xt )πθ (ut |xt ) [uT
t λµt ] + νt φt (θ, p)

(3)

(2)

p(xt+1 |xt , ut ) = N (fxt xt + fut ut + fct , Ft ).

10
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This type of controller can be learned efficiently with a small number of real-world samples,
making it a good choice for optimizing the guiding distributions. Since a different set of timevarying linear-Gaussian dynamics is fitted for each initial state, this dynamics representation
can model any continuous deterministic system that can be locally linearized. Stochastic
dynamics can violate the local linearity assumption in principle, but we found that in
practice this representation was well suited for a wide variety of noisy real-world tasks.

p(ut |xt ) = N (Kt xt + kt , Ct )

Since the Lagrangian
Lp (p, θ) in the previous section factorizes over the mixture elements
P
in p(τ ) = i pi (τ ), we describe the trajectory optimization method for a single Gaussian
p(τ ). When there are multiple mixture elements, this procedure is applied in parallel to each
pi (τ ). Since p(τ ) is Gaussian, the conditionals p(xt+1 |xt , ut ) and p(ut |xt ), which correspond
to the dynamics and the controller, are time-varying linear-Gaussian, and given by

4.2 Trajectory Optimization under Unknown Dynamics

where λµt is the Lagrange multiplier on the expected action at time t. In the rest of
the paper, we will use Lθ (θ, p) and Lp (p, θ) to denote the two augmented Lagrangians in
Equations (2) and (3), respectively. In the next two sections, we will describe how Lp (p, θ)
can be optimized with respect to p under unknown dynamics, and how Lθ (θ, p) can be
optimized for complex, high-dimensional policies. Implementation details of the BADMM
optimization are presented in Appendix A.1.

λµt ← λµt + ανt (Eπθ (ut |xt )p(xt ) [ut ] − Ep(ut |xt )p(xt ) [ut ]),

p

p ← arg min

θ

θ ← arg min

ot , which themselves are a function of the unobserved state xt . In Section 4.2, we show how
these assumptions enable each pi (τ ) to be optimized very efficiently. We will refer to pi (τ )
as guiding distributions, since they serve to focus the policy on good, low-cost behaviors.
Aside from learning pi (τ ), we must choose a tractable way to represent the infinite set
of constraints p(ut |xt )p(xt ) = πθ (ut |xt )p(xt ). One approximate approach proposed in prior
work is to replace the exact constraints with expectations of features (Peters et al., 2010).
When the features consist of linear, quadratic, or higher order monomial functions of the
random variable, this can be viewed as a constraint on the moments of the distributions. If
we only use the first moment, we get a constraint on the expected action: Ep(ut |xt )p(xt ) [ut ] =
Eπθ (ut |xt )p(xt ) [ut ]. If the stochasticity in the dynamics is low, as we assumed previously, the
optimal solution for each pi (τ ) will have low entropy, making this first moment constraint
a reasonable approximation. The KL-divergence terms in the augmented Lagrangians will
still serve to softly enforce agreement between the higher moments. While this simplification
is quite drastic, we found that it was more stable in practice than including higher moments,
likely because these higher moments are harder to estimate accurately with a limited number
of samples. The alternating optimization is now given by

the Lagrange multipliers by their subgradient. Minimization of the Lagrangian with respect
to p(τ ) and θ is done in alternating fashion: minimizing with respect to θ corresponds to
supervised learning (making πθ match p(τ )), and minimizing with respect to p(τ ) consists of
one or more trajectory optimization problems. The dual descent method we use is based on
BADMM (Wang and Banerjee, 2014), a variant of ADMM (Boyd et al., 2011) that augments
the Lagrangian with a Bregman divergence between the constrained variables. We use the
KL-divergence as the Bregman constraint, which is particularly convenient for working
with probability distributions. We will also modify the constraint p(ut |xt ) = πθ (ut |xt ) by
multiplying both sides by p(xt ), to get p(ut |xt )p(xt ) = πθ (ut |xt )p(xt ). This constraint is
equivalent, but has the convenient property that we can express the Lagrangian in terms of
expectations. The BADMM augmented Lagrangians for θ and p are therefore given by

Lθ (θ, p) =

Levine, Finn, Darrell, and Abbeel
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Lp (p, θ) s.t. DKL (p(τ )kp̂(τ )) ≤ .

The dynamics are determined by the environment. If they are known, p(ut |xt ) can be
optimized with a variant of the iterative linear-quadratic-Gaussian regulator (iLQG) (Li and
Todorov, 2004; Levine and Koltun, 2013a), which is a variant of DDP (Jacobson and Mayne,
1970). In the case of unknown dynamics, we can fit p(xt+1 |xt , ut ) to sample trajectories
sampled from the trajectory distribution at the previous iteration, denoted p̂(τ ). If p̂(τ ) is
too different from p(τ ), these samples will not give a good estimate of p(xt+1 |xt , ut ), and
the optimization will diverge. To avoid this, we can bound the change from p̂(τ ) to p(τ ) in
terms of their KL-divergence by a step size , producing the following constrained problem:
min

p(τ )∈N (τ )

JMLR 17(39):1-40

This type of policy update has previously been proposed by several authors in the context of policy search (Bagnell and Schneider, 2003; Peters and Schaal, 2008; Peters et al.,
2010; Levine and Abbeel, 2014). In the case when p(τ ) is Gaussian, this problem can be
solved efficiently using dual gradient descent, while the dynamics p(xt+1 |xt , ut ) are fitted
to samples gathered by running the previous controller p̂(ut |xt ) on the robot. Fitting a
global Gaussian mixture model to tuples (xt , ut , xt+1 ) and using it as a prior for fitting the
dynamics p(xt+1 |xt , ut ) serves to greatly reduce the sample complexity. We describe the
dynamics fitting procedure in detail in Appendix A.3.
Note that the trajectory optimization cost function Lp (p, θ) also depends on the policy
πθ (ut |xt ), while we only have access to πθ (ut |ot ). In order to compute a local quadratic
expansion of the KL-divergence term DKL (p(ut |xt )kπθ (ut |xt )) inside Lp (p, θ) for iLQG, we
also estimate a linearization of the mean of the conditionally Gaussian policy πθ (ut |ot ) with
respect to the state xt , using the same procedure that we use to linearize the dynamics. The
data for this estimation consists of tuples {xti , Eπθ (ut |oti ) [ut ]}, which we can obtain because
both the states xti and the observations oti are available for all of the samples evaluated on
the real physical system.
This constrained optimization is performed in the “inner loop” of the optimization
described in the previous section, and the KL-divergence constraint DKL (p(τ )kp̂(τ )) ≤ 
imposes a step size on the trajectory update. The overall algorithm then becomes an
instance of generalized BADMM (Wang and Banerjee, 2014). Note that the augmented
Lagrangian Lp (p, θ) consists of an expectation under p(τ ) of a quantity that is independent of
p. We can locally approximate this quantity with a quadratic by using a quadratic expansion
of `(xt , ut ), and fitting a linear-Gaussian to πθ (ut |xt ) with the same method we used for the
dynamics. We can then solve the primal optimization in the dual gradient descent procedure
with a standard LQR backward pass. This is significantly simpler and much faster than
the forward-backward dynamic programming procedure employed in previous work (Levine
and Abbeel, 2014; Levine and Koltun, 2014). This improvement is enabled by the use of
BADMM, which allows us to always formulate the KL-divergence term in the Lagrangian
with the distribution being optimized as the first argument. Since the KL-divergence is
convex in its first argument, this makes the corresponding optimization significantly easier.
The details of this LQR-based dual gradient descent algorithm are derived in Appendix A.4.
We can further improve the efficiency of the method by allowing samples from multiple
trajectories pi (τ ) to be used to fit a shared dynamics p(xt+1 |xt , ut ), while the controllers
pi (ut |xt ) are allowed to vary. This makes sense when the initial states of these trajectories
11
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are similar, and they therefore visit similar regions. This allows us to draw just a single
sample from each pi (τ ) at each iteration, allowing us to handle many more initial states.
4.3 Supervised Policy Optimization

Since the policy parameters θ participate only in the constraints of the optimization problem
in Equation (1), optimizing the policy corresponds to minimizing the KL-divergence between
T u . For a conditional
the policy and trajectory distribution, as well as the expectation of λµt
t
Gaussian policy of the form πθ (ut |ot ) = N (µπ (ot ), Σπ (ot )), the objective is

N T

1 XX
Lθ (θ, p) =
Ep (x ,o ) tr[C−1 Σπ (ot )]−log |Σπ (ot )|
t
t
ti
i
2N
i=1 t=1

p
p
−1 π
T π
+(µπ (ot )−µti
(xt ))Cti
(µ (ot )−µti
(xt )) + 2λµt
µ (ot ) ,

p
where µti
(xt ) is the mean of pi (ut |xt ) and Cti is the covariance, and the expectation is evaluated using samples from each pi (τ ) with corresponding observations ot . The observations
are sampled from p(ot |xt ) by recording camera images on the real system. Since the input
to µπ (ot ) and Σπ (ot ) is not the state xt , but only an observation ot , we can train the policy
to directly use raw observations. Note that Lθ (θ, p) is simply a weighted quadratic loss on
the difference between the policy mean and the mean action of the trajectory distribution,
offset by the Lagrange multiplier. The weighting is the precision matrix of the conditional
in the trajectory distribution, which is equal to the curvature of its cost-to-go function
(Levine and Koltun, 2013a). This has an intuitive interpretation: Lθ (θ, p) penalizes deviation from the trajectory distribution, with a penalty that is locally proportional to its
cost-to-go. At convergence, when the policy πθ (ut |ot ) takes the same actions as pi (ut |xt ),
their Q-functions are equal, and the supervised policy objective becomes equivalent to the
policy iteration objective (Levine and Koltun, 2014)
In this work, we optimize Lθ (θ, p) with respect to θ using stochastic gradient descent
(SGD), a standard method for neural network training. The covariance of the Gaussian
policy does not depend on the observation in our implementation, though adding this dependence would be straightforward. Since training complex neural networks requires a
substantial number of samples, we found it beneficial to include sampled observations from
p
previous iterations into the policy optimization, evaluating the action µti
(xt ) at their corresponding states using the current trajectory distributions. Since these samples come from
the wrong state distribution, we use importance sampling and weight them according to
the ratio of their probability under the current distribution p(xt ) and the one they were
sampled from, which is straightforward to evaluate under the estimated linear-Gaussian
dynamics (Levine and Koltun, 2013b).

4.4 Comparison with Prior Guided Policy Search Methods
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We presented a guided policy search method where the policy is trained on observations,
while the trajectories are trained on the full state. The BADMM formulation of guided
policy search is new to this work, though several prior guided policy search methods based
on constrained optimization have been proposed. Levine and Koltun (2014) proposed a
formulation similar to Equation (1), but with a constraint on the KL-divergence between
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The guided policy search trajectory optimization phase uses the
full state of the system, though the final policy only uses the
observations. This type of instrumented training is a natural
choice for many robotics tasks, where the robot is trained under
controlled conditions, but must then act intelligently in uncontrolled, real-world situations. In our tasks, the unobserved variables are the pose of a target object (e.g. the bottle on which a
cap must be placed). During training, this target object is typically held in the robot’s left gripper, while the robot’s right arm
performs the task, as shown to the right. This allows the robot
to move the target through a range of known positions. The
final visuomotor policy does not receive this position as input,
but must instead use the camera images. Due to the modest
amount of training data, distractors that are correlated with task-relevant variables can
hamper generalization. For this reason, the left arm is covered with cloth to prevent the
policy from associating its appearance with the object’s position.

5.2 Visuomotor Policy Training

Our visuomotor policy runs at 20 Hz on the robot, mapping monocular RGB images and
the robot configurations to joint torques on a 7 DoF arm. The configuration includes the
angles of the joints and the pose of the end-effector (defined by 3 points in the space of the
end-effector), as well as their velocities, but does not include the position of the target object or goal, which must be determined from the image. CNNs often use pooling to discard
the locational information that is necessary to determine positions, since it is an irrelevant
distractor for tasks such as object classification (Lee et al., 2009). Because locational information is important for control, our policy does not use pooling. Additionally, CNNs
built for spatial tasks such as human pose estimation often also rely on the availability of
location labels in image-space, such as hand-labeled keypoints (Tompson et al., 2014). We
propose a novel CNN architecture capable of estimating spatial information from an image
without direct supervision in image space. Our pose estimation experiments, discussed in
Section 5.2, show that this network can learn useful visual features using only 3D position
information provided by the robot, and no camera calibration. Further training the network
with guided policy search to directly output motor torques causes it to acquire task-specific
visual features. Our experiments in Section 6.4 show that this improves performance beyond
the level achieved with features trained only for pose estimation.
Our network architecture is shown in Figure 2. The visual processing layers of the
network consist of three convolutional layers, each of which learns a bank of filters that
are applied to patches centered on every pixel of its input. These filters form a hierarchy
of local image features. Each convolutional layer is followed by a rectifying nonlinearity of

5.1 Visuomotor Policy Architecture

Guided policy search allows us to optimize complex, high-dimensional policies with raw
observations, such as when the input to the policy consists of images from a robot’s onboard
camera. However, leveraging this capability to directly learn policies for visuomotor control
requires designing a policy representation that is both data-efficient and capable of learning
complex control strategies directly from raw visual inputs. In this section, we describe
a deep convolutional neural network (CNN) model that is uniquely suited to this task.
Our approach combines a novel spatial soft-argmax layer with a pretraining procedure that
provides for flexibility and data-efficiency.

The spatial softmax and the expected position computation serve to convert pixel-wise
representations in the convolutional layers to spatial coordinate representations, which can
be manipulated by the fully connected layers into 3D positions or motor torques. The
softmax also provides lateral inhibition, which suppresses low, erroneous activations, only
keeping strong activations that are more likely to be accurate. This makes our policy
more robust to distractors, providing generalization to novel visual variation. We compare
our architecture with more standard alternatives in Section 6.3 and evaluate robustness to
visual distractors in Section 6.4. However, the proposed architecture is also in some sense
more specialized for visuomotor control, in contrast to more general standard convolutional
networks. For example, not all perception tasks require information that can be coherently
summarized by a set of spatial locations.

the form acij = max(0, zcij ) for each channel c and each pixel coordinate (i, j). The third
convolutional layer contains 32 response maps with resolution 109 × 109. These
P response
maps are passed through a spatial softmax function of the form scij = eacij / i0 j 0 eaci0 j 0 .
Each output channel of the softmax is a probability distribution over the location of a
feature in the image. To convert from this distribution to a coordinate representation
(fcx , fcy ), the network calculates the expected
image position P
of each feature, yielding a
P
2D coordinate for each channel: fcx = ij scij xij and fcy = ij scij yij , where (xij , yij )
is the image-space position of the point (i, j) in the response map. Since this is a linear
operation, it corresponds to a fixed, sparse fully connected layer with weights Wcix = xij and
Wcjy = yij . The combination of the spatial softmax and expectation operator implement a
kind of soft-argmax. The spatial feature points (fcx , fcy ) are concatenated with the robot’s
configuration and fed into two fully connected layers, each with 40 rectified units, followed
by linear connections to the torques. The full network contains about 92,000 parameters,
of which 86,000 are in the convolutional layers.

p(τ ) and πθ . This results in a more complex, non-convex forward-backward trajectory
optimization phase. Since the BADMM formulation solves a convex problem during the
trajectory optimization phase, it is substantially faster and easier to implement and use,
especially when the number of trajectories pi (τ ) is large.
The use of ADMM for guided policy search was also proposed by Mordatch and Todorov
(2014) for deterministic policies under known dynamics. This approach requires known, deterministic dynamics and trains deterministic policies. Furthermore, because this approach
uses a simple quadratic augmented Lagrangian term, it further requires penalty terms on
the gradient of the policy to account for local feedback. Our approach enforces this feedback behavior due to the higher moments included in the KL-divergence term, but does not
require computing the second derivative of the policy.

5. End-to-End Visuomotor Policies
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While we can train the visuomotor policy entirely from scratch, the algorithm would
spend a large number of iterations learning basic visual features and arm motions that
can more efficiently be learned by themselves, before being incorporated into the policy.
To speed up learning, we initialize both the vision layers in the policy and the trajectory
distributions for guided policy search by leveraging the fully observed training setup. To
initialize the vision layers, the robot moves the target object through a range of random
positions, recording camera images and the object’s pose, which is computed automatically
from the pose of the gripper. This dataset is used to train a pose regression CNN, which
consists of the same vision layers as the policy, followed by a fully connected layer that
outputs the 3D points that define the target. Since the training set is still small (we use
1000 images collected from random arm motions), we initialize the filters in the first layer
with weights from the model of Szegedy et al. (2014), which is trained on ImageNet (Deng
et al., 2009) classification. After training on pose regression, the weights in the convolutional
layers are transferred to the policy CNN. This enables the robot to learn the appearance of
the objects prior to learning the behavior.
To initialize the linear-Gaussian controllers for each of the initial states, we take 15
iterations of guided policy search without optimizing the visuomotor policy. This allows
for much faster training in the early iterations, when the trajectories are not yet successful,
and optimizing the full visuomotor policy is unnecessarily time consuming. Since we still
want the trajectories to arrive at compatible strategies for each target position, we replace
the visuomotor policy during these iterations with a small network that receives the full
state, which consisted of two layers with 40 rectified linear hidden units in our experiments.
This network serves only to constrain the trajectories and avoid divergent behaviors from
emerging for similar initial states, which would make subsequent policy learning difficult.
After initialization, we train the full visuomotor policy with
guided policy search. During the supervised policy optimizarequires robot
tion phase, the fully connected motor control layers are first
collect visual
pose data
optimized by themselves, since they are not initialized with pretraining. This can be done very quickly because these layers are
pretrain
train pose
trajectories
CNN
small. Then, the entire network is further optimized end-to-end.
We found that first training the upper layers before end-to-end
initial
initial visual
trajectories
features
optimization prevented the convolutional layers from forgetting
useful features learning during pretraining, when the error sigend-to-end
training
nal due to the untrained upper layers is very large. The entire
pretraining scheme is summarized in the diagram on the right.
policy
Note that the trajectories can be pretrained in parallel with the
vision layer pretraining, which does not require access to the physical system. Furthermore, the entire initialization procedure does not use any additional information that is not
already available from the robot.

6. Experimental Evaluation
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In this section, we present a series of experiments aimed at evaluating our approach and
answering the following questions:
15
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1. How does the guided policy search algorithm compare to other policy search methods
for training complex, high-dimensional policies, such as neural networks?

2. Does our trajectory optimization algorithm work on a real robotic platform with
unknown dynamics, for a range of different tasks?

3. How does our spatial softmax architecture compare to other, more standard convolutional neural network architectures?

4. Does training the perception and control systems in a visuomotor policy jointly endto-end provide better performance than training each component separately?

Evaluating a wide range of policy search algorithms on a real robot would be extremely
time consuming, particularly for methods that require a large number of samples. We
therefore answer question (1) by using a physical simulator and simpler policies that do not
use vision. This also allows us to test the generality of guided policy search on tasks that
include manipulation, walking, and swimming. To answer question (2), we present a wide
range of experiments on a PR2 robot. These experiments allow us to evaluate the sample
efficiency of our trajectory optimization algorithm. To address question (3), we compare
a range of different policy architectures on the task of localizing a target object (the cube
in the shape sorting cube task). Since localizing the target object is a prerequisite for
completing the shape sorting cube task, this serves as a good proxy for evaluating different
architectures. Finally, we answer the last and most important question (4) by training
visuomotor policies for hanging a coat hanger on a clothes rack, inserting a block into a
shape sorting cube, fitting the claw of a toy hammer under a nail with various grasps, and
screwing on a bottle cap. These tasks are illustrated in Figure 8.

6.1 Simulated Comparisons to Prior Policy Search Methods

In this section, we compare our method against prior policy search techniques on a range of
simulated robotic control tasks. These results previously appeared in our conference paper
that introduced the trajectory optimization procedure with local linear models (Levine and
Abbeel, 2014). In these tasks, the state xt consists of the joint angles and velocities of each
robot, and the actions ut consist of the torques at each joint. The neural network policies
used one hidden layer and soft rectifier nonlinearities of the form a = log(1 + exp(z)). Since
these policies use the state as input, they only have a few hundred parameters, far fewer
than our visuomotor policies. However, even this number of parameters can pose a major
challenge for prior policy search methods (Deisenroth et al., 2013).

JMLR 17(39):1-40

Experimental tasks. We simulated 2D and 3D peg insertion, octopus arm control, and
planar swimming and walking. The difficulty in the peg insertion tasks stems from the need
to align the peg with the slot and the complex contacts between the peg and the walls, which
result in discontinuous dynamics. Octopus arm control involves moving the tip of a flexible
arm to a goal position (Engel et al., 2005). The challenge in this task stems from its high
dimensionality: the arm has 25 degrees of freedom, corresponding to 50 state dimensions.
The swimming task requires controlling a three-link snake, and the walking task requires
a seven-link biped to maintain a target velocity. The challenge in these tasks comes from
underactuation. Details of the simulation and cost for each task are in Appendix B.1.
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1. The high dimensionality of the octopus arm made it difficult to run PILCO, though in principle, such
methods should perform well on this task given the arm’s smooth dynamics.

tasks appears in Figure 4. The horizontal axis shows the total number of samples, and
the vertical axis shows the minimum distance between the end of the peg and the bottom
of the slot, the distance to the target for the octopus arm, or the total distance travelled
by the swimmer. Since the peg is 0.5 units long, distances above this amount correspond
to controllers that cannot perform an insertion. Our method learned much more effective
controllers with fewer samples, especially when using the Gaussian mixture model prior.
On 3D insertion, it outperformed the iLQG baseline, which used a known model. Contact
discontinuities cause problems for derivative-based methods like iLQG, as well as methods
like PILCO that learn a smooth global dynamics model. We use a time-varying local
model, which preserves more detail, and fitting the model to samples has a smoothing effect
that mitigates discontinuity issues. Prior policy search methods could servo to the hole,
but were unable to insert the peg. On the octopus arm, our method succeeded despite
the high dimensionality of the state and action spaces.1 Our method also successfully
learned a swimming gait, while prior model-free methods could not initiate forward motion.
PILCO also learned an effective gait due to the smooth dynamics of this task, but its GPbased optimization required orders of magnitude more computation time than our method,
taking about 50 minutes per iteration. In the case of prior model-free methods, the high
dimensionality of the time-varying linear-Gaussian controllers likely caused considerable
difficulty (Deisenroth et al., 2013), while our approach exploits the structure of linearGaussian controllers for efficient learning.

Figure 5: Comparison on neural network policies. For insertion, the policy was trained to
search for an unknown slot position on four slot positions (shown above). Generalization
to new positions is graphed with dashed lines. Note how the end effector (red) follows the
surface to find the slot, and how the swimming gait is smoother due to the stationary policy.
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Gaussian trajectory distributions. In the first set of comparisons, we evaluate only the
trajectory optimization procedure for training linear-Gaussian controllers under unknown
dynamics to determine its sample-efficiency and applicability to complex, high-dimensional
problems. The results of this comparison for the peg insertion, octopus arm, and swimming

Prior methods. We compare to REPS (Peters et al., 2010), reward-weighted regression
(RWR) (Peters and Schaal, 2007; Kober and Peters, 2009), the cross-entropy method (CEM)
(Rubinstein and Kroese, 2004), and PILCO (Deisenroth and Rasmussen, 2011). We also
use iLQG (Li and Todorov, 2004) with a known model as a baseline, shown as a black
horizontal line in all plots. REPS is a model-free method that, like our approach, enforces
a KL-divergence constraint between the new and old policy. We compare to a variant
of REPS that also fits linear dynamics to generate 500 pseudo-samples (Lioutikov et al.,
2014), which we label “REPS (20 + 500).” RWR is an EM algorithm that fits the policy
to previous samples weighted by the exponential of their reward, and CEM fits the policy
to the best samples in each batch. With Gaussian trajectories, CEM and RWR only differ
in the weights. These methods represent a class of RL algorithms that fit the policy to
weighted samples, including PoWER and PI2 (Kober and Peters, 2009; Theodorou et al.,
2010; Stulp and Sigaud, 2012). PILCO is a model-based method that uses a Gaussian
process to learn a global dynamics model that is used to optimize the policy. We used the
open-source implementation of PILCO provided by the authors. Both REPS and PILCO
require solving large nonlinear optimizations at each iteration, while our method does not.
Our method used 5 rollouts with the Gaussian mixture model prior, and 20 without. Due
to its computational cost, PILCO was provided with 5 rollouts per iteration, while other
prior methods used 20 and 100. For all prior methods with free hyperparameters (such as
the fraction of elites for CEM), we performed hyperparameter sweeps and chose the most
successful settings for the comparison.

Figure 4: Results for learning linear-Gaussian controllers for 2D and 3D insertion, octopus
arm, and swimming. Our approach uses fewer samples and finds better solutions than prior
methods, and the GMM further reduces the required sample count. Images in the lowerright show the last time step for each system at several iterations of our method, with red
lines indicating end effector trajectories.
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Neural network policies. In the second set of comparisons, shown in Figure 5, we
compare guided policy search to RWR and CEM2 on the challenging task of training highdimensional neural network policies for the peg insertion and locomotion tasks. The variant of guided policy search used in this comparison differs somewhat from the version
described in Section 4, in that it used a simpler dual gradient descent formulation, rather
than BADMM. In practice, we found the performance of these methods to be very similar,
though the BADMM variant was substantially faster and easier to implement.
On swimming, our method achieved similar performance to the linear-Gaussian case,
but since the neural network policy was stationary, the resulting gait was much smoother.
Previous methods could only solve this task with 100 samples per iteration, with RWR
eventually obtaining a distance of 0.5m after 4000 samples, and CEM reaching 2.1m after
3000. Our method was able to reach such distances with many fewer samples. Following
prior work (Levine and Koltun, 2013a), the walker trajectory was initialized from a demonstration, which was stabilized with simple linear feedback. The RWR and CEM policies
were initialized with samples from this controller to provide a fair comparison. The graph
shows the average distance travelled on rollouts that did not fall, and shows that only our
method was able to learn walking policies that succeeded consistently.
On peg insertion, the neural network was trained to insert the peg without precise
knowledge of the position of the hole, resulting in a partially observed problem. The holes
were placed in a region of radius 0.2 units in 2D and 0.1 units in 3D. The policies were
trained on four different hole positions, and then tested on four new hole positions to
evaluate generalization. The hole position was not provided to the neural network, and the
policies therefore had to search for the hole, with only joint angles and velocities as input.
Only our method could acquire a successful strategy to locate both the training and test
holes, although RWR was eventually able to insert the peg into one of the four holes in 2D.
These comparisons show that training even medium-sized neural network policies for
continuous control tasks with a limited number of samples is very difficult for many prior
policy search algorithms. Indeed, it is generally known that model-free policy search methods struggle with policies that have over 100 parameters (Deisenroth et al., 2013). In
subsequent sections, we will evaluate our method on real robotic tasks, showing that it can
scale from these simulated tasks all the way up to end-to-end learning of visuomotor control.
6.2 Learning Linear-Gaussian Controllers on a PR2 Robot
In this section, we demonstrate the range of manipulation tasks that can be learned using
our trajectory optimization algorithm on a real PR2 robot. These experiments previously
appeared in our conference paper on guided policy search (Levine et al., 2015). Since
performing trajectory optimization is a prerequisite for guided policy search to learn effective
visuomotor policies, it is important to evaluate that our trajectory optimization can learn
a wide variety of robotic manipulation tasks under unknown dynamics. The tasks in these
experiments are shown in Figure 6, while Figure 7 shows the learning curves for each task.
For all robotic experiments in this article, the tasks were learned entirely from scratch,
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2. PILCO cannot optimize neural network policies, and we could not obtain reasonable results with REPS.
Prior applications of REPS generally focus on simpler, lower-dimensional policy classes (Peters et al.,
2010; Lioutikov et al., 2014).
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Figure 6: Tasks for linear-Gaussian controller evaluation: (a) stacking lego blocks on a fixed
base, (b) onto a free-standing block, (c) held in both gripper; (d) threading wooden rings
onto a peg; (e) attaching the wheels to a toy airplane; (f) inserting a shoe tree into a shoe;
(g,h) screwing caps onto pill bottles and (i) onto a water bottle.

with the initialization of the controllers
p(ut |xt ) described in Appendix B.2. The
number of samples required to learn each
controller is around 20-25, substantially
lower than many prior policy search methods in the literature (Peters and Schaal,
2008; Kober et al., 2010b; Theodorou et al.,
2010; Deisenroth et al., 2013). Total learn-

20

JMLR 17(39):1-40

ing time was about ten minutes for each Figure 7: Distance to target point during
task, of which only 3-4 minutes involved sys- training of linear-Gaussian controllers. The
tem interaction. The rest of the time was actual target may differ due to perturbations.
spent resetting the robot to the initial state Error bars indicate one standard deviation.
and on computation.
The linear-Gaussian controllers are optimized for a specific condition – e.g., a specific
position of the target lego block. To evaluate their robustness to errors in the specified
target position, we conducted experiments on the lego block and ring tasks where the target
object (the lower block and the peg) was perturbed at each trial during training, and then
tested with various perturbations. For each task, controllers were trained with Gaussian
perturbations with standard deviations of 0, 1, and 2 cm in the position of the target object,
and each controller was tested with perturbations of radius 0, 1, 2, and 3 cm. Note that
with a radius of 2 cm, the peg would be placed about one ring-width away from the expected
position. The results are shown in Table 2. All controllers were robust to perturbations of
1 cm, and would often succeed at 2 cm. Robustness increased slightly when more noise was
injected during training, but even controllers trained without noise exhibited considerable
robustness, since the linear-Gaussian controllers themselves add noise during sampling. We
also evaluated a kinematic baseline for each perturbation level, which planned a straight
path from a point 5 cm above the target to the expected (unperturbed) target location. This
baseline was only able to place the lego block in the absence of perturbations. The rounded
top of the peg provided an easier condition for the baseline, with occasional successes at
higher perturbation levels. Our controllers outperformed the baseline by a wide margin.
All of the robotic experiments discussed in this section may be viewed in the corresponding supplementary video, available online: http://rll.berkeley.edu/icra2015gps.
A video illustration of the visuomotor policies, discussed in the following sections, is also
available: http://sites.google.com/site/visuomotorpolicy.

distance (cm)

0 cm
1 cm
2 cm
kinematic baseline

0 cm
5/5
5/5
5/5
5/5

lego block
1 cm 2 cm
5/5
3/5
5/5
3/5
5/5
5/5
0/5
0/5
3 cm
2/5
2/5
3/5
0/5

0 cm
5/5
5/5
5/5
5/5

test perturbation
ring on peg
1 cm 2 cm
5/5
0/5
5/5
3/5
5/5
3/5
3/5
0/5
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3 cm
0/5
0/5
0/5
0/5

test error (cm)
1.30 ± 0.73
2.59 ± 1.19
4.75 ± 2.29
3.71 ± 1.73
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Table 3: Average pose estimation accuracy and standard deviation with various architectures, measured as average Euclidean error for the three target points in 3D, with ground
truth determined by forward kinematics from the left arm.

network architecture
softmax + feature points (ours)
softmax + fully connected layer
fully connected layer
max-pooling + fully connected

In this section, we evaluate the neural network architecture that we propose in Section 5.1
in comparison to more standard convolutional networks. To isolate the architectures from
other confounding factors, we measure their accuracy on the pose estimation pretraining
task described in Section 5.2. This is a reasonable proxy for evaluating how well the network
can overcome two major challenges in visuomotor learning: the ability to handle relatively
small datasets without overfitting, and the capability to learn tasks that are inherently
spatial. We compare to a network where the expectation operator after the softmax is
replaced with a learned fully connected layer, as is standard in the literature, a network
where both the softmax and the expectation operators are replaced with a fully connected
layer, and a version of this network that also uses 3 × 3 max pooling with stride 2 at the
first two layers. These alternative architectures have many more parameters, since the fully
connected layer takes the entire bank of response maps from the third convolutional layer
as input. Pooling helps to reduce the number of parameters, but not to the same degree as
the spatial softmax and expectation operators in our architecture.
The results in Table 3 indicate that using the softmax and expectation operators improves pose estimation accuracy substantially. Our network is able to outperform the more
standard architectures because it is forced by the softmax and expectation operators to
learn feature points, which provide a concise representation suitable for spatial inference.
Since most of the parameters in this architecture are in the convolutional layers, which benefit from extensive weight sharing, overfitting is also greatly reduced. By removing pooling,
our network also maintains higher resolution in the convolutional layers, improving spatial
accuracy. Although we did attempt to regularize the larger standard architectures with
higher weight decay and dropout, we did not observe a significant improvement on this
dataset. We also did not extensively optimize the parameters of this network, such as filter size and number of channels, and investigating these design decisions further would be
valuable to investigate in future work.

6.3 Spatial Softmax CNN Architecture Evaluation

Table 2: Success rates of linear-Gaussian controllers under target object perturbation.

training
perturb.

(b) cube

(c) hammer

(d) bottle
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3. The video can be viewed at http://sites.google.com/site/visuomotorpolicy
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Experimental conditions. We evaluated the visuomotor policies in three conditions: (1)
the training target positions and grasps, (2) new target positions not seen during training
and, for the hammer, new grasps (spatial test), and (3) training positions with visual
distractors (visual test). A selection of these experiments is shown in the supplementary
video.3 For the visual test, the shape sorting cube was placed on a table rather than held in

Experimental tasks. We trained policies for hanging a coat hanger on a clothes rack,
inserting a block into a shape sorting cube, fitting the claw of a toy hammer under a nail with
various grasps, and screwing on a bottle cap. The cost function for these tasks encourages
low distance between three points on the end-effector and corresponding target points, low
torques, and, for the bottle task, spinning the wrist. The equations for these cost functions
and the details of each task are presented in Appendix B.2. The tasks are illustrated in
Figure 8. Each task involved variation of 10-20 cm in each direction in the position of the
target object (the rack, shape sorting cube, nail, and bottle). In addition, the coat hanger
and hammer tasks were trained with two and three grasps, respectively. The current angle
of the grasp was not provided to the policy, but had to be inferred from observing the
robot’s gripper in the camera images. All tasks used the same policy architecture and
model parameters.

In this section, we present an evaluation of our full visuomotor policy training algorithm on
a PR2 robot. The aim of this evaluation is to answer the following question: does training
the perception and control systems in a visuomotor policy jointly end-to-end provide better
performance than training each component separately?

6.4 Deep Visuomotor Policy Evaluation

Figure 8: Illustration of the tasks in our visuomotor policy experiments, showing the variation in the position of the target for the hanger, cube, and bottle tasks, as well as two of
the three grasps for the hammer, which also included variation in position (not shown).

(a) hanger
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the gripper, the coat hanger was placed on a rack with clothes, and the bottle and hammer
tasks were done in the presence of clutter. Illustrations of this test are shown in Figure 9.
Comparison. The success rates for each test are shown in Figure 9. We compared to
two baselines, both of which train the vision layers in advance for pose prediction, instead
of training the entire policy end-to-end. The features baseline discards the last layer of the
pose predictor and uses the feature points, resulting in the same architecture as our policy,
while the prediction baseline feeds the predicted pose into the control layers. The pose
prediction baseline is analogous to a standard modular approach to policy learning, where
the vision system is first trained to localize the target, and the policy is trained on top of it.
This variant achieves poor performance. As discussed in Section 6.3, the pose estimate is
accurate to about 1 cm. However, unlike the tasks in Section 6.2, where robust controllers
could succeed even with inaccurate perception, many of these tasks have tolerances of just
a few millimeters. In fact, the pose prediction baseline is only successful on the coat hanger,
which requires comparatively little accuracy. Millimeter accuracy is difficult to achieve even
with calibrated cameras and checkerboards. Indeed, prior work has reported that the PR2
can maintain a camera to end effector accuracy of about 2 cm during open loop motion
(Meeussen et al., 2010). This suggests that the failure of this baseline is not atypical,
and that our visuomotor policies are learning visual features and control strategies that
improve the robot’s accuracy. When provided with pose estimation features, the policy
has more freedom in how it uses the visual information, and achieves somewhat higher
success rates. However, full end-to-end training performs significantly better, achieving
high accuracy even on the challenging bottle task, and successfully adapting to the variety
of grasps on the hammer task. This suggests that, although the vision layer pretraining is
clearly beneficial for reducing computation time, it is not sufficient by itself for discovering
good features for visuomotor policies.
Visual distractors. The policies exhibit moderate tolerance to distractors that are visually separated from the target object. This is enabled in part by the spatial softmax, which
has a lateral inhibition effect that suppresses non-maximal activations. Since distractors
are unlikely to activate each feature as much as the true object, their activations are therefore suppressed. However, as expected, the learned policies tend to perform poorly under
drastic changes to the backdrop, or when the distractors are adjacent to or occluding the
manipulated objects, as shown in the supplementary video. A standard solution to this
issue to expose the policy to a greater variety of visual situations during training. This
issue could also be mitigated by artificially augmenting the image samples with synthetic
transformations, as discussed in prior work in computer vision (Simard et al., 2003), or even
incorporating ideas from transfer and semi-supervised learning.
6.5 Features Learned with End-to-End Training
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The visual processing layers of our architecture automatically learn features points using
the spatial softmax and expectation operators. These feature points encapsulate all of the
visual information received by the motor layers of the policy. In Figure 10, we show the
features points discovered by our visuomotor policy through guided policy search. Each
policy learns features on the target object and the robot manipulator, both clearly relevant
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hanger
cube
hammer

training

training
100%
88.9%
55.6%
training
96.3%
70.4%
0%
training
91.1%
62.2%
8.9%
training
88.9%
55.6%

(18)

(27)

(45)

(27)

spatial test
100%
87.5%
58.3%
spatial test
91.7%
83.3%
0%
spatial test
86.7%
75.0%
18.3%
spatial test
83.3%
58.3%
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visual test

coat hanger
end-to-end
pose features
pose prediction
shape cube
end-to-end
pose features
pose prediction
toy hammer
end-to-end
pose features
pose prediction
bottle cap
end-to-end
pose features

(24)

(36)

(60)

(12)

visual test
100%
83.3%
66.7%
visual test
87.5%
40%
n/a
visual test
78.3%
53.3%
n/a
visual test
62.5%
27.5%

(18)

(40)

(60)

(40)

Success rates on training positions, on novel test positions, and
in the presence of visual distractors. The number of trials per
test is shown in parentheses.
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We used the Caffe deep learning library (Jia et al., 2014) for CNN training. Each visuomotor
policy required a total of 3-4 hours of training time: 20-30 minutes for the pose prediction
data collection on the robot, 40-60 minutes for the fully observed trajectory pretraining on

6.6 Computational Performance and Sample Efficiency

to task execution. The policy tends to pick out robust, distinctive features on the objects,
such as the left pole of the clothes rack, the left corners of the shape-sorting cube and
the bottom-left corner of the toy tool bench. In the bottle task, the end-to-end trained
policy outputs points on both sides of the bottle, including one on the cap, while the pose
prediction network only finds points on the right edge of the bottle.
In Figure 11, we compare the feature points learned through guided policy search to
those learned by a CNN trained for pose prediction. After end-to-end training, the policy
acquired a distinctly different set of feature points compared to the pose prediction CNN
used for initialization. The end-to-end trained model finds more feature points on taskrelevant objects and fewer points on background objects. This suggests that the policy
improves its performance by acquiring goal-driven visual features that differ from those
learned for object localization.
The feature point representation is very simple, since it assumes that the learned features
are present at all times, and only one instance of each feature is ever present in the image.
While this is a drastic simplification, both the pose predictor and the policy still achieve good
results. A more flexible architecture that still learns a concise feature point representation
could further improve policy performance. We hope to explore this in future work.

Figure 9: Training and visual test scenes as seen by the policy (left), and experimental
results (right). The hammer and bottle images were cropped for visualization only.

bottle
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(a) hanger
(b) cube
(c) hammer
(d) bottle
Figure 11: Feature points learned for each task. For each input image, the feature points
produced by the policy are shown in blue, while the feature points of the pose prediction
network are shown in red. The end-to-end trained policy tends to discover more feature
points on the target object and the robot arm than the pose prediction network.

(a) hanger
(b) cube
(c) hammer
(d) bottle
Figure 10: Feature points tracked by the policy during task execution for each of the four
tasks. Each feature point is displayed in a different random color, with consistent coloring
across images. The policy finds features on the target object and the robot gripper and
arm. In the bottle cap task, note that the policy correctly ignores the distractor bottle in
the background, even though it was not present during training.

End-to-End Training of Deep Visuomotor Policies

number of trials
trajectory pretraining end-to-end training
120
36
90
81
150
90
180
108

total
156
171
240
288
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In this paper, we presented a method for learning robotic control policies that use raw
input from a monocular camera. These policies are represented by a novel convolutional
neural network architecture, and can be trained end-to-end using our guided policy search
algorithm, which decomposes the policy search problem in a trajectory optimization phase
that uses full state information and a supervised learning phase that only uses the observations. This decomposition allows us to leverage state-of-the-art tools from supervised
learning, making it straightforward to optimize extremely high-dimensional policies. Our
experimental results show that our method can execute complex manipulation skills, and
that end-to-end training produces significant improvements in policy performance compared
to using fixed vision layers trained for pose prediction.
Although we demonstrate moderate generalization over variations in the scene, our
current method does not generalize to dramatically different settings, especially when visual
distractors occlude the manipulated object or break up its silhouette in ways that differ from
the training. The success of CNNs on exceedingly challenging vision tasks suggests that
this class of models is capable of learning invariance to irrelevant distractor features (LeCun
et al., 2015), and in principle this issue can be addressed by training the policy in a variety
of environments, though this poses certain logistical challenges. More practical alternatives
that could be explored in future work include simultaneously training the policy on multiple
robots, each of which is located in a different environment, developing more sophisticated
regularization and pretraining techniques to avoid overfitting, and introducing artificial
data augmentation to encourage the policy to be invariant to irrelevant clutter. However,
even without these improvements, our method has numerous applications in, for example,
an industrial setting where the robot must repeatedly and efficiently perform a task that
requires visual feedback under moderate variation in background and clutter conditions.
Our method takes advantage of a known, fully observed state space during training.
This is both a weakness and a strength. It allows us to train linear-Gaussian controllers

7. Discussion and Future Work

Table 4: Total number of trials used for learning each visuomotor policy.

task
coat hanger
shape cube
toy hammer
bottle cap

the robot and offline pose pretraining (which can be done in parallel), and between 1.5 and
2.5 hours for end-to-end training with guided policy search. The coat hanger task required
two iterations of guided policy search, the shape sorting cube and the hammer required
three, and the bottle task required four. Only about 15 minutes of the training time
consisted of executing trials on the robot. Since training was dominated by computation,
we expect significant speedup from a more efficient implementation. The number of samples
for training each policy is shown in Table 4. Each trial was five seconds in length, and the
numbers do not include the time needed to collect about 1000 images for pretraining the
visual processing layers of the policy.

Levine, Finn, Darrell, and Abbeel

End-to-End Training of Deep Visuomotor Policies

As discussed in Section 4, the variance of the Gaussian policy πθ (ut |ot ) does not depend on
the observation, though this dependence would be straightforward to add. Analyzing the
objective Lθ (θ, p), we can write out only the terms that depend on Σπ :
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Ep(xt )πθ (ut |xt ) [utT λµt ] + νt φtθ (θ, p)
Ep(xt ,ut ) [`(xt , ut )−utT λµt ]+νt φtp (p, θ)

i=1 t=1

N T


1 XX
−1 π
Epi (xt ,ot ) tr[Cti
Σ ] − log |Σπ | .
2N

"

i=1 t=1

N T
1 X X −1
Cti
NT
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Optimizing the linear-Gaussian controllers pi (ut |xt ) that induce the trajectory distributions
pi (τ ) requires fitting the system dynamics pi (xt+1 |xt , ut ) at each iteration to samples generated on the physical system from the previous controller p̂i (ut |xt ). In this section, we
describe how these dynamics are fitted. As in Section 4, we drop the subscript i, since the
dynamics are fitted the same way for all of the trajectory distributions.
The linear-Gaussian dynamics are defined as p(xt+1 |xt , ut ) = N (fxt xt + fut ut + fct , Ft ),
i }. A
and the data that we obtain from the robot can be viewed as tuples {xti , uti , xt+1
simple way to fit these linear-Gaussian dynamics is to use linear regression to determine
fx , fu , and fc , and fit Ft based on the errors. However, the sample complexity of linear
regression scales with the dimensionality of xt . For a high-dimensional robotic system, we
might need an impractically large number of samples at each iteration to obtain a good fit.
However, we can observe that the dynamics at nearby time steps are strongly correlated,
and we can dramatically reduce the sample complexity of the dynamics fitting by bringing
in information from other time steps, and even prior iterations. We will bring in this

A.3 Dynamics Fitting

where the expectation under pi (xt ) is omitted, since Cti does not depend on xt .

Σπ =

Differentiating and setting the derivative to zero, we obtain the following equation for Σπ :

Lθ (θ, p) =

A.2 Policy Variance Optimization

The weights νt corresponding to time steps where the KL-divergence is higher than the
average are increased by a factor of 2, and the weights corresponding to time steps where
the KL-divergence is two standard deviations or more below the average are decreased by
a factor of 2. The rationale behind this schedule is to adjust the KL-divergence penalty
to keep the policy and trajectory in agreement by roughly the same amount at all time
steps. Increasing νt too quickly can lead to the policy and trajectory becoming “locked”
together, which makes it difficult for the trajectory to decrease its cost, while leaving it too
low requires more iterations for convergence. We found this schedule to work well across
all tasks, both during trajectory pretraining and while training the visuomotor policy.
To update the dual variables λµt , we evaluate the expectations over p(xt ) by using the
latest batch of sampled trajectories. For each state {xti } along these sampled trajectories,
we evaluate the expectations over ut under πθ (ut |xt ) and p(ut |xt ), which correspond simply
to the means of these conditional Gaussian distributions, in closed form.

for guided policy search using a very small number of samples, far more efficiently than
standard policy search methods. However, the requirement to observe the full state during
training limits the tasks to which the method can be applied. In many cases, this limitation
is minor, and the only “instrumentation” required at training is to position the objects in
the scene at consistent positions. However, tasks that require, for example, manipulating
freely moving objects require more extensive instrumentation, such as motion capture. A
promising direction for addressing this limitation is to combine our method with unsupervised state-space learning, as proposed in several recent works, including our own (Lange
et al., 2012; Watter et al., 2015; Finn et al., 2015).
In future work, we hope to explore more complex policy architectures, such as recurrent
policies that can deal with extensive occlusions by keeping a memory of past observations.
We also hope to extend our method to a wider range of tasks that can benefit from visual
input, as well as a variety of other rich sensory modalities, including haptic input from
pressure sensors and auditory input. With a wider range of sensory modalities, end-toend training of sensorimotor policies will become increasingly important: while it is often
straightforward to imagine how vision might help to localize the position of an object in
the scene, it is much less apparent how sound can be integrated into robotic control. A
learned sensorimotor policy would be able to naturally integrate a wide range of modalities
and utilize them to directly aid in control.
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Appendix A. Guided Policy Search Algorithm Details
In this appendix, we describe a number of implementation details of our BADMM-based
guided policy search algorithm and our linear-Gaussian controller optimization method.
A.1 BADMM Dual Variables and Weight Adjustment

t=1

T
X

t=1

T
X

Recall that the inner loop alternating optimization is given by

θ

θ ← arg min

p

p ← arg min

λµt ← λµt + ανt (Eπθ (ut |xt )p(xt ) [ut ] − Ep(ut |xt )p(xt ) [ut ]).
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We use a step size of α = 0.1 in all of our experiments, which we found to be more
stable than α = 1.0. The weights νt are initialized to 0.01 and incremented based on
the following schedule: at every iteration, we compute the average KL-divergence between
p(ut |xt ) and πθ (ut |xt ) at each time step, as well as its standard deviation over time steps.
27

mµ0 + n0 µ̂
.
m + n0

Writing the Lagrangian of the constrained optimization, we have

c(xt , ut ) = `(xt , ut ) − uT
t λµt − νt log πθ (ut |xt )

29

30

where subscripts denote derivatives, e.g. c̃xut is the gradient of c̃ with respect to [xt ; ut ],
while c̃xu,xut is the Hessian.4 Under this model of the dynamics and cost function, the

1
c̃(xt , ut ) ≈ [xt ; ut ]T c̃xu,xut [xt ; ut ] + [xt ; ut ]T c̃xut + const,
2

where Kt and kt are the feedback and open loop terms of the optimal linear feedback
controller corresponding to the cost c̃(xt , ut ) and the dynamics p(xt+1 |xt , ut ), and Qu,ut is
the quadratic term in the Q-function at time step t. All of these terms can be obtained
from a standard LQR backward pass (Li and Todorov, 2004), which we summarize below.
Recall that the estimated linear-Gaussian dynamics have the form p(xt+1 |xt , ut ) =
N (fxt xt + fut ut + fct , Ft ). The quadratic cost approximation has the form

p(ut |xt ) = N (Kt xt + kt ; Q−1
u,ut ),

η
1
c(τ ) − η+ν
log p̂(τ ). The above optimization corresponds to minimizing
Let c̃(τ ) = η+ν
t
t
Ep(τ ) [c̃(τ )] − H(p(τ )). This type of maximum entropy problem can be solved using the
LQR algorithm, and the solution is given by

where η is the Lagrange multiplier. Note that L(p) is the Lagrangian of the constrained
trajectory optimization, which is not related to the augmented Lagrangian Lp (τ, θ). Grouping the terms in the expectation and omitting constants, we can rewrite the minimization
of the Lagrangian with respect to the primal variables as


1
η
min Ep(τ )
c(τ )−
log p̂(τ ) − H(p(τ )).
(4)
η + νt
η + νt
p(τ )∈N (τ )

L(p) = Ep(τ ) [c(τ ) − η log p̂(τ )] − (η + νt )H(p(τ )) − η,
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− µ0 )(µ̂ − µ0 )T
N + n0

Nm
N +m (µ̂

4. We assume that all Taylor expansions here are recentered around zero. Otherwise, the point around
which the derivatives are computed must be subtracted from xt and ut in all of these equations.

Φ + N Σ̂ +

Lp (p, θ) s.t. DKL (p(τ )kp̂(τ )) ≤ .

The augmented Lagrangian Lp (p, θ) consists of an entropy term and an expectation under
p(τ ) of a quantity that is independent of p. We can locally approximate this quantity with
a quadratic by using a quadratic expansion of `(xt , ut ), and fitting a linear Gaussian to
πθ (ut |xt ) with the same method we used for the dynamics. We can then solve the primal
optimization in the dual gradient descent procedure with a standard LQR backward pass.
As discussed in Section 4, Lp (p, θ) can be written as the expectation of some function c(τ )
that is independent of p, such that Lp (p, θ) = Ep(τ ) [c(τ )] − νt H(p(τ )). Specifically,

p(τ )∈N (τ )

min

In this section, we show how the LQR backward pass can be used to optimize the constrained
objective in Section 4.2. The constrained trajectory optimization problem is given by

A.4 Trajectory Optimization

Levine, Finn, Darrell, and Abbeel

Having obtained Σ and µ, we can obtain an estimate of the dynamics p(xt+1 |xt , ut ) by
conditioning the distribution N (µ, Σ) on [xt ; ut ], which produces linear-Gaussian dynamics
p(xt+1 |xt , ut ) = N (fxt xt + fut ut + fct , Ft ). The parameters of the normal-inverse-Wishart
prior are obtained from the global model of the dynamics which, as described previously, is
fitted to all available tuples {xit , uit , xit+1 }.
The simplest prior can be obtained by fitting a Gaussian distribution to vectors [x; u; x0 ].
If the mean and covariance of this data are given by µ̄ and Σ̄, the prior is given by Φ = n0 Σ̄
and µ0 = µ̄, while n0 and m should be set to the number of data points in the datasets. In
practice, settings n0 and m to 1 tends to produce better results, since the prior is fitted to
many more samples than are available for linear regression at each time step. While this
prior is simple, we can obtain a better prior by employing a nonlinear model.
The particular global model we use in this work is a Gaussian mixture model over
vectors [x; u; x0 ]. Systems of articulated rigid bodies undergoing contact dynamics, such
as robots interacting with their environment, can be coarsely modeled as having piecewise
linear dynamics. The Gaussian mixture model provides a good approximation for such
piecewise linear systems, with each mixture element corresponding to a different linear mode
(Khansari-Zadeh and Billard, 2010). Under this model, the state transition tuple is assumed
to come from a distribution that depends on some hidden state h, which corresponds to
the mixture element identity. In practice, this hidden state might correspond to the type of
contact profile experienced by a robotic arm at step i. The prior for the dynamics fit at time
step t is then obtained by inferring the hidden state distribution for the transition dataset
{xit , uit , xit+1 }, and using the mean and covariance of the corresponding mixture elements
(weighted by their probabilities) to obtain µ̄ and Σ̄. The prior parameters can then be
obtained as described above.
In our experiments, we set the number of mixture elements for the Gaussian mixture
model prior such that there were at least 40 samples per mixture element, or 20 total
mixture elements, whichever was lower. In general, we did not find the performance of the
method to be sensitive to this parameter, though overfitting did tend to occur in the early
iterations when the number of samples is low, if the number of mixtures was too high.

Σ=

information by fitting a global model to all of the transitions {xit , uit , xit+1 } for all t and all
tuples from several prior iterations (we use three prior iterations in our implementation),
and then use this model as a prior for fitting the dynamics at each time step. Note that
this global model does not itself need to be a good forward dynamics model – it just needs
to serve as a good prior to reduce the sample complexity of linear regression.
To make it more convenient to incorporate a data-driven prior, we will first reformulate
this linear regression fit and view it as fitting a Gaussian model to the dataset {xit , uit , xit+1 }
at each time step t, and then conditioning this Gaussian to obtain p(xt+1 |xt , ut ). While
this is equivalent to linear regression, it allows us to easily incorporate a normal-inverseWishart prior on this Gaussian in order to bring in prior information. Let Σ̂ be the empirical
covariance of our dataset, and let µ̂ be the empirical mean. The normal-inverse-Wishart
prior is defined by prior parameters Φ, µ0 , m, and n0 . Under this prior, the maximum a
posteriori estimates for the covariance Σ and mean µ are given by

End-to-End Training of Deep Visuomotor Policies

optimal controller can be computed by recursively computing the quadratic Q-function and
value function, starting with the last time step. These functions are given by

End-to-End Training of Deep Visuomotor Policies
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1
V (xt ) = xtT Vx,xt xt + xtT Vxt + const
2
1
Q(xt , ut ) = [xt ; ut ]T Qxu,xut [xt ; ut ] + [xt ; ut ]T Qxut + const
2
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where vxxt is again the horizontal velocity, py xt is the vertical position of the root, vx? =
2.1m/s, py? = 1.1m, and the weights were set to wu = 10−4 , wv = 1, and wh = 1.

1
1
1
`(xt , ut ) = wu kut kt + wv kvxxt − vx? k2 + wh kpy xt − py? k2
2
2
2

Walker: The bipedal walker consists of a torso and two legs, each with three links, for
a total of 9 degrees of freedom and 18 dimensions, with velocity, and 6 action dimensions.
The simulation ran for 5 seconds at 100 Hz, for a total of 500 time steps. The cost function
is given by

where vxxt is the horizontal velocity, vx? = 2.0m/s, and the weights were wu = 2 · 10−5 and
wv = 1.

1
1
`(xt , ut ) = wu kut kt + wv kvxxt − vx? k2
2
2

Swimmer: The swimmer consists of 3 links and 5 degrees of freedom, including the global
position and orientation which, together with the velocities, produces a 10 dimensional state
space. The swimmer has 2 action dimensions corresponding to the torques between joints.
The simulation applied drag on each link of the swimmer to roughly simulate a fluid, allowing
it to propel itself. The rollouts were 20 seconds in length at 20 Hz, resulting in 400 time
steps per rollout. The cost function for the swimmer is given by

Octopus arm: The octopus arm consists of six four-sided chambers. Each edge of each
chamber is a simulated muscle, and actions correspond to contracting or relaxing the muscle. The state space consists of the positions and velocities of the chamber vertices. The
midpoint of one edge of the first chamber is fixed, resulting in a total of 25 degrees of freedom: the 2D positions of the 12 unconstrained points, and the orientation of the first edge.
Including velocities, the total dimensionality of the state space is 50. The cost function
depends on the activation of the muscles and distance between the tip of the arm and the
target point, in the same way as for peg insertion. The weights are set to wu = 10−3 and
wp = 1.

where pxt is the position of the end effector for state xt , p? is the desired
√ end effector
position at the bottom of the slot, and the norm `12 (z) is given by 21 kzk2 + α + z 2 , which
corresponds to the sum of an `2 and soft `1 norm. We use this norm to encourage the peg
to precisely reach the target position at the bottom of the hole, but to also receive a larger
penalty when far away. The task also works well in 2D with a simple `2 penalty, though
we found that the 3D version of the task takes longer to insert the peg all the way into the
hole without the `1 -like square root term. The weights were set to wu = 10−6 and wp = 1.
Initial states were chosen by moving the shoulder of the arm relative to the hole, with four
equally spaced starting states in a 20 cm region for the 2D arm, and four random starting
states in a 10 cm radius for the 3D arm.

We can express them with the following recurrence, which is computed starting at the last
time step t = T and moving backward through time:

T
T
Qxut = c̃xut + fxut
Vxt+1 + fxut
Vx,xt+1 fct

T
Qxu,xut = c̃xu,xut + fxut
Vx,xt+1 fxut

−1
T
= Qx,xt − Qu,xt
Qu,ut
Qu,xt

−1
T
Vxt = Qxt − Qu,xt
Qu,ut
Qut ,

Vx,xt

−1
and the optimal control law is then given by g(xt ) = Kt xt + kt , where Kt = −Qu,ut
Qu,xt
−1
and kt = −Qu,ut
Qut . If, instead of simply minimizing the expected cost, we instead wish to
optimize the maximum entropy objective in Equation (4), the optimal controller is instead
−1
linear-Gaussian, with the solution given by p(ut |xt ) = N (Kt xt + kt ; Qu,ut
), as shown in
prior work (Levine and Koltun, 2013a).

Appendix B. Experimental Setup Details
In this appendix, we present a detailed summary of the experimental setup for our simulated
and real-world experiments.
B.1 Simulated Experiment Details
All of the simulated experiments used the MuJoCo simulation package (Todorov et al.,
2012), with simulated frictional contacts and torque motors at the joints used for actuation.
Although no control or state noise was added during simulation, noise was injected naturally
by the linear-Gaussian controllers. The linear-Gaussian controllers pi (ut |xt ) were initialized
to stay near the initial state x1 using linear feedback based on a proportional-derivative
control law for all tasks, except for the octopus arm, where pi (ut |xt ) was initialized to be
zero mean with a fixed spherical covariance, and the walker, which was initialized to track
a demonstration trajectory with proportional-derivative feedback. The walker was the only
task that used a demonstration, as described previously. We describe the details of each
system below.
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Peg insertion: The 2D peg insertion task has 6 state dimensions (joint angles and angular
velocities) and 2 action dimensions. The 3D version of the task has 12 state dimensions,
since the arm has 3 degrees of freedom at the shoulder, 1 at the elbow, and 2 at the wrist.
Trials were 8 seconds in length and simulated at 100 Hz, resulting in 800 time steps per
rollout. The cost function is given by
1
`(xt , ut ) = wu kut k2 + wp `12 (pxt − p? ),
2
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Bottle cap: The bottle cap task required the robot to screw a cap onto a bottle at various
positions. The bottle was located at nine different positions, situated at the corners, edges,
and middle of a rectangular region 16 cm × 10 cm in size, and the left arm was used to
move the bottle through the training positions. A trial was considered successful if, after
completion, the cap could not be removed from bottle simply by pulling vertically.

Toy hammer: The hammer task required the robot to insert the claw of a toy hammer
underneath a toy plastic nail, placing the claw around the base of the nail. The hammer
was grasped at one of three angles, each 22.5◦ apart, for a total variation of 45◦ degrees, and
the nail was positioned at five positions, at the corners and center of a rectangular region
10 cm × 7 cm in size. During training, the toy tool bench containing the nail was moved
using the left arm. A trial was considered successful if the tip of the claw of the hammer
was at least under the centerline of the nail.

Levine, Finn, Darrell, and Abbeel

5. The PR2 robot does not provide for closed loop torque control, but instead supports an effort control interface that directly sets feedforward motor voltages. In practice, these voltages are roughly proportional
to feedforward torques, but are also affected by friction and damping.
6. Three points fully define the pose of the end-effector. For the bottle cap task, which is radially symmetric,
we use only two points.

Shape sorting cube: The shape sorting cube task required the robot to insert a red
trapezoid into a trapezoidal hole on a shape sorting cube. During training, the cube was
positioned at nine different positions, situated at the corners, edges, and middle of a rectangular region 16 cm × 10 cm in size. During training, the shape sorting cube was moved
through the training positions by using the left arm. A trial was considered successful if
the bottom face of the trapezoid was completely inside the shape sorting cube, such that if
the robot were to release the trapezoid, it would fall inside the cube.

Coat hanger: The coat hanger task required the robot to hang a coat hanger on a clothes
rack. The coat hanger was grasped at one of two angles, about 35◦ apart, and the rack was
positioned at three different distances from the robot during training, with differences of
about 10 cm between each position. The rack was moved manually between these positions
during training. A trial was considered successful if, when the coat hanger was released, it
remained hanging on the rack rather than dropping to the ground.

where dt is the distance between three points in the space of the end-effector and their
target positions,6 , and the weights are set to w`2 = 10−3 , wlog = 1.0, and wu = 10−2 . The
quadratic term encourages moving the end-effector toward the target when it is far, while the
logarithm term encourages placing it precisely at the target location, as discussed in prior
work (Levine et al., 2015). The bottle cap task used an additional cost term consisting of a
quadratic penalty on the difference between the wrist angular velocity and a target velocity.
For all of the tasks, we initialized all of the linear-Gaussian controllers pi (ut |xt ) to stay
near the initial state x1 , with a diagonal noise covariance. The covariance of the noise was
chosen to be proportional to a diagonal approximation of the inverse effective mass at each
joint, as provided by the manufacturer of the PR2 robot, and the feedback controller was
constructed using LQR, with an approximate linear model obtained from the same diagonal
inverse mass matrix. The role of this initial controller was primarily to avoid dangerous
actions during the first iteration. We discuss the particular setup for each experiment below:

`(xt , ut ) = w`2 d2t + wlog log(d2t + α) + wu kut k2 ,

All of the robotic experiments were conducted on a PR2 robot. The robot was controlled
at 20 Hz via direct effort control,5 and camera images were recorded using the RGB camera
on a PrimeSense Carmine sensor. The images were downsampled to 240 × 240 × 3. The
learned policies controlled one 7 DoF arm of the robot, while the other arm was used to
move objects in the scene to automatically vary the initial conditions. The camera was
kept fixed in each experiment. Each episode was 5 seconds in length. For each task, the
cost function required placing the object held in the gripper at a particular location (which
might require, for example, to insert a shape into a shape sorting cube). The cost was given
by the following equation:
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Regression is one of the most important and commonly used statistical tools. Given a set of data
points whose predictors and responses are both available, one builds a regression model to predict
the response variable for any new instance with only predictors observed. When solving a regression
problem, linear regression can be insufficient. In particular, when the response has highly nonlinear
dependence on the predictors, linear models can be suboptimal. To overcome this difficulty, various

1. Introduction
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For spline regressions, it is well known that the choice of knots is crucial for the performance
of the estimator. As a general learning framework covering the smoothing splines, learning in a
Reproducing Kernel Hilbert Space (RKHS) has a similar issue. However, the selection of training
data points for kernel functions in the RKHS representation has not been carefully studied in the
literature. In this paper we study quantile regression as an example of learning in a RKHS. In this
case, the regular squared norm penalty does not perform training data selection. We propose a
data sparsity constraint that imposes thresholding on the kernel function coefficients to achieve a
sparse kernel function representation. We demonstrate that the proposed data sparsity method can
have competitive prediction performance for certain situations, and have comparable performance
in other cases compared to that of the traditional squared norm penalty. Therefore, the data sparsity
method can serve as a competitive alternative to the squared norm penalty method. Some theoretical
properties of our proposed method using the data sparsity constraint are obtained. Both simulated
and real data sets are used to demonstrate the usefulness of our data sparsity constraint.
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nonlinear regression models such as kernel smoothers (see Hastie et al., 2009, for a review) and
splines (De Boor, 1978) can be used. The main idea is to find a regression function in a nonlinear
functional class that best fits the response variable.
In a typical spline regression problem with a univariate predictor, one can use a piecewise nonlinear function as the regression function. The function is smooth everywhere including at the knots,
where the nonlinear pieces connect. The knots play a crucial role in spline regression. For the regular smoothing splines (see, for example, Wahba, 1990; Gu, 2002, and the references therein), the
knots are located at the observed predictor values automatically. For some other types of spline
regressions, one needs to determine the knots. For instance, B-splines (De Boor, 1978) commonly
use a set of equally spaced knots, and certain types of P-splines (Eilers and Marx, 1996; Ruppert
et al., 2003) take knots based on quantiles of the predictor variable.
For spline regression, it is known that too many knots may lead to overfitting and unnecessary
fluctuation in the resulting estimator. For instance, based on Chappell (1989), Koenker et al. (1994)
gave an example where the regular smoothing splines perform poorly because of too many change
points, and the one-change-point method proposed by Chappell (1989) works much better. Extensive efforts have been devoted on how to choose the knots for B-spline and P-spline methods in
the literature (see, for example, Friedman and Silverman, 1989; Eilers and Marx, 1996; Zhou et al.,
1998; Ruppert, 2002; Hansen and Kooperberg, 2002; Mao and Zhao, 2003; Miyata and Shen, 2005;
Gervini, 2006; Eilers and Marx, 2010, and the references therein).
In this paper, we consider multi-dimensional regression problems with the regression function in
a Reproducing Kernel Hilbert Space (RKHS, Aronszajn, 1950; Schölkopf and Smola, 2002). This
is a very general setting, which includes many well known regression techniques as special cases,
for example penalized linear regressions, additive spline models with or without interactions, and
the entire family of smoothing splines. Typically, the optimization of such a RKHS regression can
be written in a loss + penalty form. Since the regression function is assumed to be in a RKHS, it is
common to take the squared norm of the function as the penalty. By the well celebrated representer’s
theorem (Kimeldorf and Wahba, 1971), the resulting regression function can be represented as a
linear combination of kernel functions determined by the training data.
Our motivation for this paper is based on the following observation. The kernel representation
of the regression function is similar to the knot structure in smoothing splines, in the sense that
each observation in the training data can be regarded as a “knot” in a multi-dimensional space.
In particular, when we restrict the RKHS regression to the smoothing splines, the kernel function
representation is equivalent to the piecewise nonlinear function representation. With the regular
squared norm penalty, the resulting estimator involves all kernel functions on the training data.
For large sample size problems, this estimator is known to be consistent with desirable theoretical
properties. However, for problems with relatively smaller numbers of observations, using all kernel
functions for the representation may introduce a similar issue as using too many knots in spline
regressions. Hence it is desirable to have a regularization method that can select the kernel functions.
To this end, we propose a new penalty method to achieve a “data sparsity” model. Through
simulation studies, we observe that for some cases, the data sparsity model can perform better than
the regular squared norm penalty method, and for other cases, their performance is comparable.
See Section 2 for more detailed discussions. Moreover, we provide some theoretical insights on
the data sparsity method. In particular, we show that under very mild conditions, the asymptotic
convergence rates of the estimation errors for the two methods are the same, and both are close to the
“parametric rate”. Furthermore, we give finite sample error bounds on the prediction errors for both
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methods. We show that for a general RKHS and problems with small sample sizes, the bound for the
squared norm penalty method can be large. On the other hand, the data sparsity method can enjoy
a better bound because its corresponding functional space is smaller. Hence, we propose the data
sparsity method as an alternative approach to the squared norm penalty for RKHS learning. Note
that in the literature, Takeuchi et al. (2006) studied kernel based nonparametric quantile regression
problems, and mentioned a similar method as a natural extension of their formulation. However,
their work focused on nonparametric quantile regression, whereas the possible overfitting of the
squared norm penalty wasn’t brought to attention. Moreover, Takeuchi et al. (2006) didn’t perform
detailed theoretical or numerical studies on the data sparsity constraint. Our important contribution
in this paper is to explore the similarity and (more importantly) differences between the data sparsity
constraint and the regular squared norm penalty, through both numerical and theoretical studies.
In a regression problem, one needs to choose the loss function. The commonly used loss function is the squared error loss, which estimates the conditional mean of the response given the predictors. It is known that compared to the conditional mean estimation, the conditional median
estimation is more robust against outliers. Therefore, in this paper, we consider quantile regression,
and the loss function we use is the check function (Koenker and Bassett, 1978), although the idea of
imposing data sparsity constraint is very general and can be applied to many other settings as well.
Note that quantile regression with the check function provides the conditional median estimation
as a special case. Another advantage is that it can provide more information on the conditional
distribution of the response. Quantile regression has been widely used in many scientific fields,
including survival analysis (Koenker and Geling, 2001), microarray study (Wang and He, 2007),
economics (Koenker and Hallock, 2001), growth chart (Wei and He, 2006), and many others. Note
that quantile regression in RKHS with the regular squared norm penalty was previously studied by
Takeuchi et al. (2006) and Li et al. (2007).
In the machine learning literature, the Support Vector Machine (SVM, Boser et al., 1992; Cortes
and Vapnik, 1995) and the Support Vector Regression (SVR, Drucker et al., 1997; Vapnik et al.,
1997; Smola and Schölkopf, 1998; Stitson et al., 1999; Smola and Schölkopf, 2004) have been well
studied and widely used as classification and regression tools. One attractive feature of the SVM
and SVR is that even with the regular square norm penalty, due to the choice of the loss functions,
the estimated classification function or regression function has a sparse representation in the dual
space of the corresponding optimization problem. If the classification or regression function is in a
RKHS, sparsity in the dual space representation is equivalent to sparsity in the kernel representation.
However, with many other loss functions and the squared norm penalty, the advantage of a sparse
representation is lost (Smola and Schölkopf, 2004). Our proposed data sparsity constraint is able to
provide such a sparse representation for general loss functions. Note that in the Bayesian learning
literature, Tipping (2001) proposed the relevance vector machines to obtain sparse solutions for
regression and classification problems.
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The rest of this article is organized as follows. In Section 2, we first discuss quantile regression
problems under the RKHS learning, then introduce our data sparsity constraint. In Section 3, we
derive theoretical results for both asymptotic and finite sample analysis of our data sparsity method.
In Section 4, we discuss how to derive the solution path of the involved optimization problem with
respect to the tuning parameter, and tackle the problem of tuning parameter selection. In Section 5,
we demonstrate the performance of our data sparsity method, using both simulated and real data
sets. Some discussions are provided in Section 6. All technical proofs are collected in the appendix.
3

2. Methodology

Z HANG , L IU AND W U

τu
if u > 0,
−(1 − τ)u if u ≤ 0,

We are given the training data (xi , yi ); i = 1, . . . , n, which are observed according to the model
Y = f0 (X) + ε(X). Let D be the domain of f0 , and let the dimensionality of D be p. We assume
that for any given X, ε(X) has a finite mean. This assumption on ε is very general, in the sense that
both the homoscedastic and heteroscedastic cases are covered, along with many commonly used
distributions. To estimate the 100τ% quantile of the conditional distribution of Y given X for some
quantile level τ ∈ (0, 1), Koenker and Bassett (1978) proposed to use the check loss function, which
can be written as

ρτ (u) =


1 n
∑ ρτ yi − f (xi ) + λJ( f ),
n i=1

(1)

where τ ∈ (0, 1) indicates the quantile we are interested in. It is known that for a given X, the population minimizer to the check function is the 100τ% conditional quantile. For a given τ, suppose that
ftrue (X) is the population minimizer to the check function. Note that in general f0 6= ftrue . A regular
quantile regression problem can be typically formulated in terms of the following optimization

f ∈F

min


1 n
∑ ρτ yi − f (xi ) + λk f 0 kH2 .
n i=1
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(2)

where F is the functional class we are interested in, J(·) is a penalty on f to prevent overfitting, and
R 2
λ is a tuning parameter that controls the magnitude of J(·). With p = 1, J( f ) = | d dxf (x)
2 |dx, and an
appropriately chosen F , Koenker et al. (1994) showed that the solution to (1) is a linear spline with
knots at xi ; i = 1, . . . , n.
In this article, we consider the case with p ≥ 1 and the regression function in a RKHS, which
is a more general setting than the regular smoothing splines. To begin with, we introduce some
notations. A summary of important notations used in this paper can be found in Tables 11-14.
Assume F = { f = f 0 + b : f 0 ∈ H , b ∈ R}, where H is a RKHS over X with the kernel function
K(·, ·), and b is the intercept of the regression function. Throughout this paper, we use the notation
f 0 for any function when it belongs to a RHKS without an extra intercept term. This definition of
F allows a more flexible setting than F = H , because some RKHS’s, for example the very popular
Gaussian RKHS, do not include non-zero constant functions (Minh, 2010). In this paper, without
loss of generality we assume each f ∈ F can be uniquely decomposed as f 0 + b. Let the norm in
H be k · kH . For more detailed discussions about H and k · kH , we refer the readers to Aronszajn
(1950), Wahba (1999), Schölkopf and Smola (2002), Steinwart et al. (2006), Hofmann et al. (2008),
Minh (2010), and the references therein. Furthermore, we assume that the RKHS H is separable,
and the kernel function K(·, ·) is upper bounded by 1. Our theory can be generalized to the case
where supX 1 ,X 2 K(X 1 , X 2 ) < ∞. Note that a similar assumption was previously used in Steinwart
and Scovel (2007)
et al. (2008). With a little abuse of notation, we define K to be the
 and Blanchard

n by n matrix K(xi , x j ) ; i, j = 1, . . . , n, which we call the gram matrix.
The quantile regression with the regular squared norm penalty (Takeuchi et al., 2006; Li et al.,
2007) solves

f ∈F

min

4

(3)

1
∑ ρτ {yi −
n i=1

∑ α j K(xi , x j ) + b

j=1

n


} + λαT Kα.

(4)

n

1 n
ρτ yi − f (xi ) , subject to |b| + ∑ |αi | ≤ s,
∑
n i=1
i=1

(5)

5
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• when n is small or moderate, and the underlying function can be well approximated by a
sparse representation ∑m
i=1 γi K(zi , ·) + c for small m’s, where zi are fixed points in D and
c, γi ∈ R. The data sparsity can then provide a parsimonious model, and the corresponding
prediction performance can be better. We demonstrate this issue using an example where
p = 1 with the Laplacian kernel in Figure 2, and another example with p = 2 and the Gaussian
kernel in Figure 3;

where s > 0 is the tuning parameter. Note that Takeuchi et al. (2006) briefly mentioned a possible
natural extension of their method that is similar to (5).
The constraint in (5) is an L1 type regularization and imposes a soft thresholding (Tibshirani,
1996) on α. On the right panel of Figure 1, we illustrate the effect of the data sparsity constraint.
For a small s, many of the estimated α̂i values will be set to 0. Consequently, the regression function
fˆn has a parsimonious representation in (3).
Through simulation studies, we demonstrate that for some settings, the data sparsity method can
have a better performance, compared to the regular squared norm penalty method. For other cases,
the performance difference between the two approaches is small. In particular,

α,b

min

Li et al. (2007) provided a solution path for (4), with respect to the tuning parameter λ.
For many commonly used kernel functions, we can assume that the gram matrix K is positive
definite (Paulsen, 2009). Hence for any αi ; i = 1, . . . , n, the penalty αT Kα in (4) constrains α in
an ellipsoid, which does not have any singularity at αi = 0. This is illustrated on the left panel
of Figure 1. Note that in the linear learning literature, Fan and Li (2006) discussed the effect of
singularity of penalties on variable selection. Similarly, in RKHS regression problems, because the
regular squared norm penalty does not have any singularity at αi = 0, it does not perform “kernel
function selection”. As a result, the estimated α̃i 6= 0 for all i = 1, . . . , n.
As discussed in Section 1, it is desirable to have a method that can deliver estimators with a
sparse kernel function representation. To this end, we propose to penalize directly on the kernel
function coefficients α such that some estimated αi ’s will be set to 0. The details of our method are
as follows. By the representer’s theorem (Kimeldorf and Wahba, 1971), the estimated f˜n in (4) lies
in a space linearly spanned by K(xi , ·); i = 1, . . . , n, and α̃ is constrained in an ellipsoid. To obtain
a data-sparsely represented function, we propose to constrain α in an L1 ball. In other words, we
solve the following optimization problem with the data sparsity constraint

α,b

min

n

where K(xi , ·) is the ith kernel function from the training sample, and α̃ = (α̃1 , . . . , α̃n )T is the estimated kernel function coefficient vector. In this paper, to clarify notation, we denote the estimated
function using the squared norm penalty by f˜n , and the estimated function using our proposed data
sparsity constraint by fˆn . Because f˜n possesses such a finite form, (2) can be equivalently written as

i=1

f˜n (x) = f˜n0 (x) + b̃ = ∑ α̃i K(xi , x) + b̃,

n

By the representer’s theorem, the solution to (2) can be written as
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(b) The proposed data sparsity constraint.
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α2
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Therefore, the data sparsity method can be regarded as an alternative learning technique to the
regular squared norm penalty method.
Notice that although we observe that the data sparsity constraint may work well under some
settings when n is small or moderate, we still need a certain amount of information from the data

• and when n is large, there is enough information to estimate the underlying function accurately, and both methods can perform well in terms of prediction. In particular, we show in
Section 3.1 that the estimation errors of (4) and (5) both converge at a rate very close to the
“parametric rate” OP (n−1/2 ). In other words, asymptotically the data sparsity method can
perform as well as the squared norm penalty. However, (5) can still provide a data sparse
representation model. The advantages of such a parsimonious estimator is that the prediction
for new observations can be much faster than the regular method, and a sparser model can be
easier to interpret.

• when n is small or moderate, and the underlying function does not possess such a sparse
representation, the data sparsity method tends to choose a large s in (5). As a result, the
fitted model is not sparsely represented. In this case, the prediction performance of the data
sparsity method and the squared norm penalty method is often comparable. This is illustrated
in Figure 4;

T
Figure 1: The left panel
 demonstrates the
 contour of the regular squared norm penalty α Kα = 1
with K = (1, 0.3)T (0.3, 1)T . The right panel plots the contour of our data sparsity
constraint |α1 | + |α2 | = 1. For the regular squared norm penalty, there is no singularity at
the intersections of the contour and the axes (α1 = 0, α2 = 0), thus it does not encourage
sparsity in the estimated kernel function coefficients. In contrast, the data sparsity penalty
has singularity at the intersections and is able to achieve sparsity in the estimated kernel
function coefficients.

(a) The regular squared norm penalty.
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(b) The fitted f˜n from (4).
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(c) The fitted fˆn from (5).
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In this section, we investigate some statistical theory of our data sparsity method. In particular,
we study the asymptotic behavior of our data sparsity method and the standard penalized quantile
regression with the regular squared norm penalty as n → ∞ in Section 3.1. An example is given
in Section 3.2 to calculate the rate of convergence of the approximation error. We discuss the
approximation ability of the RKHS in Section 3.3. We also derive some finite sample error bounds
in Section 3.4. Note that our main results (Theorems 1-9) require only that the noise ε(X) has finite
mean for all X, therefore they hold in general for both homoscedastic and heteroscedastic cases.

3. Statistical Theory

Next, we derive some theoretical properties of our data sparsity method, as well as the regular
squared norm penalty method.

sions on this issue are provided in Remark 4 and the proofs of the corresponding theorems in the
appendix. In Section 5, we study the numerical performance of our method with and without |b| penalized, respectively. The results demonstrate that the difference between the two settings is small,
in terms of their empirical performance. In real data analysis, practitioners can choose whether to
penalize b or not based on the nature of the problem and the model.

Figure 3: Panel (a) displays the underlying function f0 (X), which has a sparse representation in the
Gaussian RKHS. Panel (b) shows the estimated regression function f˜n from (4), using
a simulated example of size 50 with the Gaussian RKHS and the regular square norm
penalty. Panel (c) shows the estimated regression function fˆn from the same example with
our data sparsity constraint in (5). The error ε follows N(0, 1), and we use τ = 0.5. We
select the best tuning parameters (λ, s and the kernel parameter) over a grid of candidates
by the GACV criterion (Yuan, 2006). On Panel (b), one can see that there are fluctuations
in f˜n which degrade its prediction performance. On the other hand, fˆn from our data
sparsity method has less fluctuations.

(a) The underlying f0 (X).

y

(b) The fitted fˆn from (5).
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y

7

to estimate the underlying function reasonably well. When the dimensionality p is high and the
sample size n is small, without variable selection, the curse of dimensionality would prevent most
of the kernel methods from working well. Therefore, we focus on the case when p is not large in
this paper.
We would like to point out that besides the data sparsity constraint on α, we also impose regularization on b in (5). Although penalizing b may not be standard, some papers, for example Fan
et al. (2008), also considered penalizing the intercept. The effect of penalizing on b is two fold.
Firstly, it guarantees the uniqueness of the solution path with respect to s, which is discussed in Section 4. Secondly, it prevents b from diverging too fast as n → ∞. This helps to bound the complexity
of F and the functional space we consider in (5), and consequently helps to derive the theoretical
properties in Section 3. If we remove b from the constraint, more conditions are needed for the
corresponding theorems to be valid. In particular, in the RKHS learning literature, many theoretical
results are derived with f = f 0 ∈ H without the intercept term. See, for example, Bousquet and
Elisseeff (2002), Chen et al. (2004), and the discussion on Page 17 of Steinwart and Christmann
(2008). Our data sparsity constraint can naturally incorporate the intercept in the regularization, and
consequently provide desirable theoretical properties without additional assumptions. More discus-

Figure 2: Plot of the fitted f˜n and fˆn (solid lines) in a simulated example with n = 30 and τ = 0.5, using the regular squared norm penalty (left panel) and the proposed data sparsity constraint
(right panel). The kernel used is the Laplacian kernel. The error ε follows U(−2, 2). The
best tuning parameters (λ, s and the kernel parameter) are selected by the GACV criterion (Yuan, 2006). The dotted line is the true regression function. Note that as the
regular squared norm does not have sparsity in the estimated kernel function coefficients,
the estimated regression function has quite a few wiggles which degrades the prediction
performance. On the other hand, our data sparsity method performs remarkably well in
this example.
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Theorem 1 For the data sparse L1 method (5), we have e( fˆn , f (∞) ) = OP (max(sn−1/2 log(n), dn,s )),
(s)
where dn,s = e( fn , f (∞) ) is the approximation error between Fn (s) and F (∞).

Before stating our main results, we introduce some additional notations. Let Fn (s) = { f = f 0 + b :
f 0 (x) = ∑ni=1 αi K(x, xi ); |b| + ∑ni=1 |αi | ≤ s} be the functional space of the optimization problem (5).
Note that we can define the functional space of the regular squared norm penalized method in a
(s)
similar manner. Let F (∞) = lims→∞ limn→∞ Fn (s). Next, we define fn = arginf f ∈Fn (s) Eρτ (Y −
(∞)
f (X)) and f
= arginf f ∈F (∞) Eρτ (Y − f (X)). Here the expectation is taken with respect to the
joint distribution of X and the noise ε. Note that the conditional 100τ% quantile function ftrue
may not belong to F (∞). Now let e( f1 , f2 ) = Eρτ (Y − f1 (X)) − Eρτ (Y − f2 (X)). In the following
theorem, we explore the convergence rate of e( fˆn , f (∞) ) by decomposing it into the estimation error
(s)
(s)
e( fˆn , fn ) and the approximation error e( fn , f (∞) ), where fˆn = argmin f ∈Fn (s) n1 ∑ni=1 ρτ (yi − f (xi )).
We also study the convergence rate of e( f˜n , f (∞) ) for the regular method using the squared norm
penalty.

3.1 Asymptotic Results

Figure 4: The left panel shows the fitted f˜n from (4) with a simulated example of size 30 and the
Laplacian kernel for τ = 0.5. The right panel shows the fitted fˆn from (5) using the same
sample data and τ. The error follows N(0, 1). The best tuning parameters (λ, s and the
kernel parameter) are selected by minimizing the GACV criterion (Yuan, 2006). Because
the underlying function is quite wiggly, a sparse representation in this case cannot perform
well. However, by allowing a large s, the data sparsity constraint yields a model that is
not “sparse”. Therefore one can see that the two methods give comparable performance.

(a) The fitted f˜n from (4).
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1 n
∑ ρτ yi − f (xi ) , subject to |b|2 + k f 0 k2H ≤ s2
f ∈F n i=1

i=1

i=1
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and fn , F ∗ (∞), and f (∗∞) are defined analogously as in Theorem 1. Note that if a random variable
X is sub-Gaussian with the parameter S, then pr(|X| > t) ≤ 2 exp(−t 2 /S) for t large enough.

(∗s)

n

Fn∗ (s) = { f = f 0 + b : f 0 (x) = ∑ αi K(x, xi ); ∑ |αi | ≤ s},

n

Remark 4 The constraint on |b| in (5) and (6) helps to bound the complexity of Fn (s) in terms of
its L2 entropy number. The definition of the L2 entropy number is as follows. Let Q be a σ-finite
measure on X.
One can define the L2 (Q) norm of a square integratable function f on X to be
R
k f kL2 (Q) = ( f 2 dQ)1/2 . An η−net on Fn (s) is defined to be a set of functions G = {g1 , g2 , . . .}
such that for all f ∈ Fn (s), there exists a g ∈ G satisfying k f − gkL2 (Q) ≤ η. For any fixed η, the
L2 (Q) entropy number of Fn (s) is defined as the logarithm of the cardinality of an η−net G on
Fn (s) whose size is the smallest (Van der Vaart and Wellner, 2000). A bound on |b| helps to control
the L2 entropy number of Fn (s). See Lemma 14 and its proof in the appendix for more details. Our
theory can also be valid with some additional assumptions if |b| is not penalized. The next corollary
discusses a natural generalization of our asymptotic results without penalizing |b|, when we impose
some assumptions on f0 and ε. First, we define

Remark 3 Theorem 1 is developed for a general separable RKHS such that the kernel function
K(·, ·) is upper bounded. The results in Section 3 can be refined if one focuses on a smaller set of
RKHS’s that satisfies additional conditions. For example, the Gaussian RKHS is commonly used
in the literature, and the corresponding theoretical properties are well studied (see, for example,
Zhou, 2002; Keerthi and Lin, 2003; Steinwart et al., 2006; Steinwart and Scovel, 2007; Minh,
2010, and the references within). In Theorem 1, the width parameter σ of the Gaussian kernel and
the dimensionality of X do not affect the convergence rate explicitly. They are both involved in the
approximation error dn,s . The choice of σ is often data dependent, as described in Section 5. The
asymptotic effect of σ is studied in many papers, for example Keerthi and Lin (2003). If f is an
element in a Banach space whose norm is defined to be k f1 − f2 k = |(Eρτ (Y − f1 (X)) − Eρτ (Y −
f2 (X)))| with an appropriate definition of limits for Cauchy sequences, then the corresponding
theory of dn,s can be derived as studied in Cucker and Smale (2002) and Smale and Zhou (2003).
In Section 3.2, we give a simple example in which dn,s can be explicitly calculated and vanishes in
a rate much faster than the estimation error.


Remark 2 In Theorem 1, the estimation error converges at the rate OP sn−1/2 log(n) , and dn,s approaches 0 as s, n → ∞. Therefore the optimal value of the tuning parameter s is roughly determined
by sn−1/2 log(n) ≈ dn,s . It can be considered as the trade-off between the approximation error and
the estimation error.

(6)

For the regular squared norm method with |b| penalized, the estimation error of the solution f˜n

enjoys the same rate as above.

to
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1 n
∑ ρτ yi − f (xi ) , subject to
n i=1

n

∑ |αi | ≤ s,

i=1

, f (∗∞) ) is the approx-

Corollary 5 Suppose that f0 is uniformly bounded, and the error ε(X) follows a sub-Gaussian
distribution with a common finite parameter for any X. Then the solution fˆn∗ to the following optimization
α,b

min
(∗s)

∗ )), where d ∗ = e( f
satisfies that e( fˆn∗ , f (∗∞) ) = OP (max(sn−1/2 log(n), dn,s
n
n,s
imation error between Fn∗ (s) and F ∗ (∞).

In Corollary 5, we impose the assumption that the distributions of error terms εi ; i = 1, . . . , n, are
all sub-Gaussian, which covers many commonly used distributions. Consequently, the probability
that any observed yi being significantly away from f0 (xi ) can be well controlled. If the distribution
of εi has a heavier tail than sub-Gaussian, and we do not penalize b, the convergence rate of the
estimation error can be slower than that in Theorem 1. See the proof in the appendix for more
discussions. Compared to Corollary 5, our asymptotic theory with |b| in the constraint only requires
the noise ε being integrable, hence is more general.
Remark 6 Note that our results in Theorem 1 also apply to the regular squared norm penalty
method. This suggests that asymptotically, the two methods can both perform well. However, for
problems with a moderate or small n, asymptotic results may be less useful. In Section 3.4, we
give bounds on the prediction errors Eρτ (Y − fˆn ) and Eρτ (Y − f˜n ). In particular, we give two such
bounds. The first bound works for both the regular method with the squared norm penalty and
the proposed data sparsity method. The second bound is only for the data sparsity method. We
show that for a small n, the second bound can be better than the first one. Therefore, when the
true function can be well approximated by functions in Fm (s0 ) for small m and s0 , the data sparsity
method can enjoy a smaller prediction error bound.

JMLR 17(40):1-45

In the next section, we give an example where f0 ∈ Fm (s0 ) for some fixed s0 and m, and the
approximation error dn,s converges to 0 in a speed much faster than OP (n−1/2 log(n)). In that case,
e( fˆn , f (∞) ) = OP (n−1/2 log(n)).
In the literature, Takeuchi et al. (2006) derived finite sample bounds on the estimation error for
general quantile regression problems, using the Rademacher complexity technique (Mohri et al.,
2012). They showed that the estimation error can be upper bounded by the Rademacher complexity of the corresponding functional space (plus a small penalty which exists only in finite sample
problems). Under various settings where the Rademacher complexity is well studied, one can obtain the asymptotic convergence rate of the estimation error accordingly. For example, when we
perform learning with a radial basis function kernel such that K(·, ·) is upper bounded, or when
the functional space has finite VC dimensions, one can verify that the corresponding Rademacher
complexity converges to zero at a rate close or equal to OP (n−1/2 ). Li et al. (2007) also studied the
asymptotic convergence rate of e( f˜n , f (∞) ) under some assumptions. For example, a bound on the
complexity of F in terms of the L2 metric entropy was assumed. Our asymptotic theory for quantile regression with the data sparsity constraint is more general, as we only use the assumption that
the RKHS is separable and bounded. This is a very weak assumption and can be satisfied by most
commonly used kernel spaces. Furthermore, in Section 3.4, we obtain finite sample error bounds
on the prediction error for our proposed method with the data sparsity constraint. Our bounds can
be directly calculated using the training data and the corresponding tuning parameter.
11
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3.2 An Illustrative Example on the Approximation Error

In this section we give an example to calculate dn,s , where we know f0 and the distribution of X.
The Gaussian RKHS is considered.
For simplicity, let p = 1, τ = 1/2, σ = 1 and X be uniformly distributed on [0, 1]. Moreover,
assume that ε is symmetric with respect to 0 for all X. Suppose the underlying model is ftrue =
f0 (x) = exp(−x2 ). One can verify that when s is fixed at 1, dn,s ≤ 21 E(|Y − f0 (X)|) − E(|Y −
f(1) (X)|), where f(1) (x) = exp(−(1−x(1) )2 ) with x(1) being the smallest order statistic of the sample
x = (x1 , . . . , xn ). Note that the probability density function of x(1) is n(1 − x)n−1 I[0,1] and dn,s ≤
1
2 E(| f 0 (X) − f (1) (X)|). Since the largest difference between f 0 (x) and f (1) (x) occurs at x = 0, dn,s ≤
1R1
2
n−1 dx. By the Taylor’s expansion, one can verify that (1 − exp(−x2 )) ≤
2 0 (1 − exp(−x ))n(1 − x)
R
2
2x2 for all x ∈ [0, 1]. Thus, dn,s ≤ 21 01 2nx2 (1 − x)n−1 dx = (n+1)(n+2)
. Hence in this example,

d = OP (n−2 ), which converges to 0 at a much faster rate than OP n−1/2 log(n) .
n,s
In general, when f0 (x) = ∑mj=1 γ j K(x, z j ) + c, where c ∈ R, γ j ∈ R, and z j ∈ R p are fixed points
(not the observed data points), we can have s fixed and the approximation error vanishes quickly
as n → ∞. This is because with growing n, there will be some observed xi ’s that are close to
z j ; j = 1, . . . , m, and the approximation error dn,s may converge at a rate faster than OP (n−1/2 log(n))
with s = |c| + ∑mj=1 |γ j |.
3.3 Approximation Ability of F (∞)

(s)
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(s)

We have explored the convergence rate of the estimation errors e( fˆn , fn ) and e( f˜n , fn ) in Section 3.1, and in Section 3.2 we have given an example to illustrate the convergence rate of the ap(s)
proximation error dn,s = e( fn , f (∞) ). For real applications, it is desirable to study the approximation
ability of F (∞). In other words, how well f (∞) can approximate ftrue . However, this approximation
ability depends on the properties of ftrue (i.e., the smoothness, etc.), the richness of the RKHS, and
the underlying marginal distribution of X. In the literature of RKHS learning, Steinwart and Scovel
(2007) studied the approximation ability of the Gaussian RKHS for support vector machines. In
this section, we provide a discussion on this issue for quantile regression
with a general
RKHS. We


measure such approximation ability by A(∞) := E ρτ (Y − f (∞) ) − E ρτ (Y − ftrue ) . We first show
that if ftrue is a bounded piecewise step function, an upper bound on A(∞) for the Gaussian kernel
learning can be obtained. This upper bound depends on the marginal distribution of X. In particular,
when the marginal distribution of X is absolutely continuous with respect to the Lebesgue measure,
the Gaussian RKHS can approximate ftrue arbitrary well. Then, we extend to the case where ftrue
is a Lipschitz function. Finally, we note that this upper bound can be generalized to other kernels
satisfying certain conditions.
We begin with the description of ftrue and some further notations. Recall the definition of D, and
without loss of generality assume D = R p . As mentioned above, we assume that ftrue is a bounded
step function. In particular, assume ftrue = ai on Di , where ai is a constant, Di is a measurable set in
S
D, and D = Di . Let a > 0 be the upper bound of | ftrue |. Next, for any x ∈ Di , define the distance
of x to other D j ; j 6= i as ψx = min j6=i dis(x, D j ), where dis(x, D j ) = infx0 ∈D j kx − x0 k and k · k is
the usual Euclidean norm in D. By this definition of ψx , one can verify that B(x, ψx ) ∈ Di for all x,
where B(x, ψx ) is the ball centered at x with the radius ψx . Note that B(x, ψx ) is well defined for all
x ∈ D. Recall that σ is the kernel parameter of the Gaussian RKHS.
The next theorem gives an upper bound on A(∞).

12

Eρτ (Y − fˆn ) ≤

13


1 n
∑ ρτ yi − fˆn (xi ) + Zn + max(τ, 1 − τ)µ,
n i=1
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Theorem 9 Suppose Assumption A holds. Then the solution fˆn to (5) satisfies that, with probability
at least 1 − δ with a small and positive δ,

The theory in Section 3.1 gives the asymptotic convergence rate of the estimation error. It is useful
when the sample size is large. In this section, we derive some finite sample bounds on the prediction
errors Eρτ (Y − fˆn ) and Eρτ (Y − f˜n ), which can be used to assess the goodness of fit of the resulting
model, when n is not large. In this section, we focus on the comparison between Eρτ (Y − fˆn ) and
Eρτ (Y − f˜n ). In particular, we show that the Rademacher complexity for fˆn can be smaller compared
to that of f˜n . Hence, the prediction error bound for the data sparsity method can be better, and this
demonstrates the usefulness of our proposed method. Note that Takeuchi et al. (2006) also used the
Rademacher complexity to bound the estimation error. In this paper, we further consider how to
bound the Rademacher complexity, especially for the data sparsity method.
To begin with, we introduce the following assumption.
Assumption A: The noise ε is bounded such that |ε| ≤ t for some positive t.

3.4 Finite Sample Error Bounds

The discussions above have focused on the Gaussian RKHS. We note that it is possible to
generalize the obtained results to more general RKHS’s. For example, using similar techniques,
one can verify that similar results as in Theorem 7 and Corollary 8 still hold if we consider many
other radial kernels such as the Laplacian kernel. Other kernels, for example the polynomial kernel,
may not have such guarantee that functions in the kernel space can approximate the underlying
function arbitrary well. See the proof of Theorem 7 in the appendix for more discussions.

Corollary 8 Assume that ftrue is a bounded Lipschitz function, and PX is absolutely continuous with
respect to the Lebesgue measure on D. Then A(∞) → 0 as σ → 0.

For a fixed p, the upper bound in Theorem 7 depends on ψx , σ and the distribution PX . If PX
is absolutely continuous with respect to the Lebesgue measure, one can verify that A(∞) → 0 with
σ → 0. This means that f (∞) can approximate ftrue arbitrarily well almost everywhere.
Next we consider the case where ftrue is a general bounded measurable function. All bounded
measurable functions can be approximated arbitrarily well by step functions. However, if ftrue is too
wiggly or is discontinuous at too many points in D, it cannot be well approximated by the Gaussian
RKHS functions. For example, when ftrue is discontinuous on a dense subset of D, ψx = 0 for all
x if the step function is close enough to ftrue . This leads to the right hand side of (7) being large.
Therefore, we need some smoothness condition on ftrue . The next corollary shows that when ftrue is
Lipschitz, A(∞) → 0 as σ → 0.

where PX is the marginal distribution of X, p is the dimensionality of X and σ is the kernel parameter
of the Gaussian RKHS.

Theorem 7 Suppose ftrue is a piecewise step function with | ftrue | ≤ a for some a > 0. Define ψx
and A(∞) as above. One has


A(∞) ≤ max(τ, 1 − τ)EPX 8a exp − ψ2x /(2pσ2 ) ,
(7)
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2 log(2n + 2)
.
n
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One can see from Theorem 9 that µ for fˆn is much smaller than f˜n . This is because the functional
space of (5) is smaller than that of (4) (see Lemma 13 in the appendix). The key to the proof for f˜n
is to control the covering number of the functional space in (4), as in Lemma 14. In particular, we
study the covering number of a unit ball in H , i.e., { f 0 : k f 0 kH ≤ 1}. On the other hand, the key
to the proof for fˆn is that the Rademacher complexity of the functional space of (5) is equivalent to
the Rademacher complexity of a convex hull of functions with 2n + 2 vertices, and the latter enjoys
a much better bound compared to the Rademacher complexity in (4).
From Theorem 9, one can conclude that when the underlying function can be well approximated

by a function that has a sparse representation (in other words, the term 1n ∑ni=1 ρτ yi − fˆn (xi ) and s
are both small), the prediction error bound for the data sparsity method can be better. This observation provides some insight on the usefulness of the data sparsity method, which is illustrated by our
numerical examples in Section 5, and discussed in Section 2.
Notice that our theory
q is for a general RKHS with veryweak assumptions. Thus, the first choice
of µ, µ = 2sn−1/4 + n−1 211 n1/4 + 2 log(5) + 0.5 log(n) , can be refined if one considers specific
kernels with additional assumptions, such as the decay rate of the eigenvalues of the corresponding
Hilbert-Schmidt integral operator. See, for example, Zhou (2002) and Steinwart and Scovel (2007).
This can lead to a better bound in Theorem 9. For example, with Gaussian kernel learning (including
intercepts), an application of the result in Zhou (2002) gives µ = 2sn−1/3 + 2 p+2 p1/2 n−1/3 log p/2 (n),
where p is the dimensionality of X. Hence for a small p, our µ on f˜n in Theorem 9 can be loose in
this case. Nevertheless, one can verify that the bound on the data sparsity method is still better than
µ = 2sn−1/3 + 2 p+2 p1/2 n−1/3 log p/2 (n). If we use the Gaussian kernel without an intercept, then one
can verify that we have µ = OP (n−1/2 ) for f˜n (Mendelson, 2003). However, without the intercept,
the empirical prediction error term might be large for some problems, which can lead to suboptimal
results.
As a remark, we note that Assumption A ensures that the response variable y is bounded if we
restrict our consideration to the space Fn (s). Because we want to bound a finite sample error, any
large noise in the response data, that is, an observed yi being significantly away from its expected
value given the predictors, can result in the failure of our bound derived in Theorem 9. Assumption
A excludes the possibility that this large noise happens. This assumption can be removed if one
assumes that the tail of the distribution of |ε| satisfies certain properties, and similar results can

q

n−1 211 n1/4 + 2 log(5) + 0.5 log(n) .


1 n
∑ ρτ yi − f˜n (xi ) + Zn + max(τ, 1 − τ)µ,
n i=1

µ = 2sn−1/4 +

where Zn is defined as above and

Eρτ (Y − f˜n ) ≤

Moreover, the solution f˜n to (6) satisfies that, with probability at least 1 − δ,

µ=s

r


1/2
where Zn = 3 max(τ, 1 − τ) n−1 (2s2 + 2t 2 ) log(2/δ)
and
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be obtained by modifying the proof of Theorem 9 accordingly. Corollary 10 gives one possible
generalization of the bound in Theorem 9, where we make an assumption of the distribution of the
error ε. Note that the results in Theorem 9 and Corollary 10 can be calculated directly from the data
and the tuning parameter s we use.
Corollary 10 Suppose that the errors εi ; i = 1, . . . , n follow a common distribution with a continuous cumulative distribution function Φε . For simplicity, assume that the distribution of ε is symmetric with respect to 0. Then fˆn and f˜n are controlled by the same finite sample bounds as in Theorem 9


1/2

except that Zn = 3 max(τ, 1 − τ) n−1 (2s2 + 2t 2 ) log(4/δ)
and t = Φε−1 0.5 + 0.5(1 − δ/2)1/n .

If ε follows a Gaussian distribution, one can verify that for a fixed δ, t = OP log(n)1/2 as
n → ∞. Hence, t diverges in a slow rate. For other error distributions, one can obtain similar results
by studying the corresponding Φε , and we omit the details here.

4. Optimization and Tuning Procedure


1 n
∑ ρτ yi − f (xi ) , subject to |ᾱ| ≤ s,
n i=1

The numerical optimization of (5) for fixed s and τ can be done by a simple linear programming.
However, it is often desirable to have the entire solution path of α̂ and b̂ with respect to s. For
example, when we need to perform a comprehensive tuning procedure for choosing the optimal
s, the solution path can significantly reduce the computational cost. In the literature of penalized
quantile regression, Li et al. (2007) developed the solution path for (4) with respect to λ, Li and
Zhu (2008) derived the solution path for L1 penalized quantile regression with linear learning, and
Rosset (2009) studied the solution surface with respect to both λ and τ in (4). In this section, we
first briefly discuss how to derive the corresponding solution path with respect to s, then consider
how to select the tuning parameter s.
Let K̃ be the n by (n + 1) matrix (1 K), where 1 is a vector of 1 of length n, and let ᾱ =
(b, α1 , . . . , αn ). With b penalized, one can verify that the optimization (5) is equivalent to

ᾱ

min


where f (x1 ), . . . , f (xn ) = K̃ ᾱ. We note that the solution path of this optimization problem can be
obtained in a similar manner as in Li and Zhu (2008) without an intercept in their notation, despite
that they only considered linear learning problems. We omit the details here.
To illustrate the algorithm, using the data considered in Figure 2, we plot the piecewise linear
solution path {b(s), α(s)} in Figure 5. Because the entire set {b(s), α(s)} consists of 31 piecewise
linear functions, we only report a subset of {b(s), α(s)} in Figure 5 to make the plot clear. Moreover,
if we plot the solution path on [0, s1 ] for large s1 , the lines become less clear on [0, s2 ] with s2  s1 .
Hence, we only plot the solution path on [0, 20] for a demonstration.
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Remark 11 As mentioned in Section 2, penalizing |b| helps to guarantee the uniqueness of the
solution path. In particular, if the intercept is not regularized, when s is large (or equivalently, the
model is mildly penalized), there exist cases where b is not uniquely determined. See Li et al. (2007)
and Li and Zhu (2008) for detailed discussions on this issue.
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n−d f
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(
)

1 n
∑ ρτ yi − fˆ(xi ) .
n i=1

n

i=1

div( fˆ) = ∑

16

∂ fˆ(xi )
.
∂yi
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Note that GACV was originally proposed as a stable estimator of the generalized comparative
Kullback-Leibler distance for the model.
To estimate d f , it has been proposed to use the divergence (Nychka et al., 1995; Yuan, 2006)

GACV(s) =

f
Here d f measures the dimensionality of the model, and log(n)d
balances the model complexity and
n
goodness-of-fit. The second criterion is the Generalized Approximate Cross-Validation criterion
(GACV, Yuan, 2006), defined as

SIC(s) = log

Next, we briefly discuss how to select the optimal tuning parameter s in (5) for a given regression
problem. Similar to many other penalized techniques, a proper choice of s is crucial in practice. In
particular, s being too large can lead to an overfitted model, and s being too small can lead to
an underfitted model. For either cases, the prediction accuracy can be low. Here we discuss two
commonly used criteria for kernel quantile regression. The first criterion is the Schwarz Information
Criterion (SIC, Schwarz, 1978; Koenker et al., 1994), which can be written as
(
)

1 n
log(n)d f
∑ ρτ yi − fˆ(xi ) + n .
n i=1

Figure 5: A subset of the solution path {b(s), α(s)} as a function of s. Notice that for brevity, we
only plot five α̂i (s)’s and the intercept b, and we restrict s such that s ∈ [0, 20] to illustrate
the solution path. The solid line corresponds to b(s).

−10

∂ fˆ(xi )
= |E |,
∂yi
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We use three simulated examples to compare the performance of the proposed method with the data
sparsity constraint and the standard method using the regular squared norm penalty. In particular,
we study the three examples given in Section 2, which cover two cases. The first case (Examples
1 and 2) considers the situation when f0 (x) can be well approximated by functions of the form
∑mj=1 γ j K(x, z j ) for some fixed z j and γ j , where m is a small positive integer. For the second case
(Example 3), f0 is constructed to have many fluctuations. In this situation, f0 cannot be well approximated by functions of the form ∑mj=1 γ j K(x, z j ) with a small m.
For each example, we consider two choices of n: moderate (n ∈ [30, 50]) and very large (n =
1000). We show that for Examples 1-2 with moderate n’s, the sparsely represented model from
our method using the data sparsity constraint can have better prediction performance. On the other
hand, for the case with a moderately large n but with the true function being quite wiggly (Example
3), or with a very large n, the performance of the two methods is comparable in terms of prediction
accuracy. This is consistent with our theoretical insights.
We explore the performance under various settings of the noise. In particular, for the homoscedastic case, we let ε follow the standard normal distribution N(0, 1) (homoscedastic normal
distribution, ho-norm. in Tables 2-7), and the t distribution with degrees of freedom 3 (t3). For
the case when the noise is heteroscedastic, we let ε(x) ∼ U[−kxk2 /1.5, kxk2 /1.5] (heteroscedastic
uniform distribution, unif. in Tables 2-7), and ε(x) ∼ N(0, kxk2 /3) (heteroscedastic normal distribution, he-norm. in Tables 2-7), where k · k2 is the usual Euclidian norm. Then we generate a training
data set. Prediction models that correspond to different tuning parameters are built on the training
data. We select the best tuning parameters by minimizing the SIC and GACV criteria on the training
data respectively. The kernel parameters are also selected via the tuning procedure. We predict on
a separate testing data set with the size 10000, to compare the performances of the two criteria. For

5.1 Simulated Examples

In this section, we examine the performance of our proposed method with the data sparsity constraint
using both simulated and real data sets. We demonstrate the effect of the SIC and GACV criteria.
As a comparison, we also apply quantile regression using RKHS learning with the regular squared
norm penalty, which was previously studied in Takeuchi et al. (2006) and Li et al. (2007).

5. Numerical Examples

where E is the set of interpolated yi ’s.

i=1

∑

n

τ
τ = 0.1
τ = 0.3
τ = 0.3
τ = 0.5
τ = 0.5
τ = 0.1

Comparison
Penalize b or not
Moderate or large n
Penalize b or not
Moderate or large n
Penalize b or not
Moderate or large n
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• For Examples 1 and 2 with a moderate n, the data sparsity method tends to choose a simpler
model than that of the square norm penalty, with either the GACV or the SIC criterion. Furthermore, the data sparsity constraint performs better than the regular squared norm penalty.

Example 1: We generate the data in the same way as in Figure 2. In particular, x is one dimensional
and follows the uniform distribution between −6 and 6. The underlying f0 (x) = 10 exp(−x2 ). We
use n = 30 for the training data. The Laplacian kernel is used.
Example 2: The data are generated in the same way as in Figure 3. In particular, we let x be
uniformly distributed in [−3, 3]×[−3, 3]. The underlying true model is given by f0 (x) = 10 exp(kx−
(−2, −2)T k22 ) + 5 exp(kx − (−1, 1)T k22 ) + 2 exp(kx − (2, −1)T k22 ). There are 50 observations in the
training data set. We apply the Gaussian kernel for this example.
Example 3: The data are generated similarly as in Figure 4. To be specific, x is one dimensional,
uniformly distributed in [−7, 7]. We have the underlying function f0 (x) = 5 sin(2.5x). The training
data consist of 30 observations, and the Laplacian kernel is employed.
We summarize our findings from the simulation results as follows.

Table 1: Summary of the settings for the reported simulation results.

Ex 3

Ex 2

Example
Ex 1

and the L1 norm of fˆn − ftrue . This procedure is repeated 1000 times and we report the average
prediction error, average L1 norm and average model complexity in terms of d f . For our data
sparsity method, we also report the percentage of non-zero αi ’s as a measurement of how sparse the
model is. Note that this percentage for the regular squared norm method is always 100%.
The simulation results are reported in Tables 2-7. For brevity, we only report the results for
certain settings listed in Table 1. The other results are omitted because the general pattern is similar.
Notice that for the cases where we compare moderate to large n’s, we penalize the intercept of
the data sparsity method, but not the intercept of the regular squared norm method, because the
numerical difference is small.

1
∑ ρτ (yi − fˆn (xi )),
10000 i∈test
set

the choice of quantiles, since ε follows symmetric distributions with respect to 0, we choose τ = 0.1,
0.3 and 0.5.
As discussed in Section 3, in this section, we will demonstrate that empirically, the effect of
whether to penalize the intercept b or not is not large. In particular, for all the examples, we fit
the models of the two compared methods with or without |b| penalized. Note that for the regular
squared norm method, we include |b| in the penalty as in (6).
To measure the goodness of fit of the model, we calculate the prediction error

Li et al. (2007) showed that for the kernel quantile regression with the regular squared norm penalty,
div( fˆ) coincides with the number of interpolated yi ’s, and this makes the estimation of d f convenient. The next proposition shows that for the proposed quantile regression with the data sparsity
constraint, we have the same estimation formula, given the “one at a time” condition (Efron et al.,
2004).

Proposition 12 Assume the “one at a time” condition holds. For (yi ; i = 1, . . . , n) ∈ Rn except on
a set of Lebesgue measure 0 and any fixed s, we have
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This implies that functions estimated by the squared norm penalty can have potential overfitting because of too many kernel functions, as indicated by Figures 2 and 3. For a large n,
the prediction performance of the two methods is comparable, because asymptotically both
methods can perform well.
• For Example 3 with a moderate n, the data sparsity method tends to choose a model with a
large number of non-zero αi ’s. In this case, the model from (5) is not sparse, and the two
methods perform similarly.
• For a large n in all the examples, the data sparsity method can choose models with simpler
representation than the regular method, while keeping similar prediction performance. Consequently, the data sparsity method yields a parsimonious model that has advantages in terms
of computational efficiency and interpretability.
• The SIC always tends to choose a simpler model than the GACV criterion. In these examples,
GACV overall works slightly better than SIC, for both the data sparsity constraint and the
squared norm penalty.

|b| penalized
Squared norm
Data sparsity
GACV
SIC
GACV
SIC
0.760 0.910
0.517 0.596
0.893 1.013
0.677 0.699
0.869 0.995
0.636 0.701
0.913 0.925
0.708 0.734
2.061 2.291
0.733 0.759
2.233 2.426
1.239 1.297
2.362 2.217
0.665 0.687
2.343 2.366
1.290 1.375
13.24 12.55
6.939 6.703
13.19 11.87
6.771 6.529
13.28 11.13
7.044 6.512
15.16 14.57
8.182 7.903
17.33 16.25
17.18 16.10
17.58 16.69
19.21 18.34

|b| not penalized
Squared norm
Data sparsity
GACV
SIC
GACV
SIC
0.752 0.909
0.523 0.579
0.849 1.075
0.711 0.726
0.933 0.959
0.598 0.700
0.958 1.033
0.722 0.748
2.062 2.294
0.715 0.753
2.236 2.429
1.244 1.280
2.246 2.199
0.626 0.699
2.109 2.256
1.276 1.391
13.56 12.33
6.899 6.716
13.48 11.44
6.784 6.545
13.64 11.23
7.033 6.529
15.22 14.91
8.452 8.005
17.49 16.88
17.36 16.42
17.42 17.01
18.87 18.55

• As τ gets closer to 0.5, the performances of the two penalties and the two criteria become
better, in terms of the L1 norm.

Pred

L1 Norm

df

Percent.

Dist.
ho-norm.
t3
unif.
he-norm.
ho-norm.
t3
unif.
he-norm.
ho-norm.
t3
unif.
he-norm.
ho-norm.
t3
unif.
he-norm.
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Table 2: Results of the simulation Example 1 with τ = 0.1 and |b| penalized (left) or not (right). The
best mean prediction errors are 0.40 (ho-norm., homoscedastic normal distribution), 0.56
(t3), 0.59 (unif., heteroscedastic uniform distribution), and 0.60 (he-norm., heteroscedastic
normal distribution). The standard errors of the prediction errors range from 0.0040 to
0.0053. The standard errors of the L1 norms range from 0.0068 to 0.0095. The standard
errors of d f range from 0.050 to 0.066. The standard errors of the percentage of non-zero
αi ’s for the data sparsity method range from 0.032 to 0.051.
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Pred

L1 Norm

df

Percent.

Dist.
ho-norm.
t3
unif.
he-norm.
ho-norm.
t3
unif.
he-norm.
ho-norm.
t3
unif.
he-norm.
ho-norm.
t3
unif.
he-norm.

Z HANG , L IU AND W U

n = 30
Squared norm
Data sparsity
GACV
SIC
GACV
SIC
0.847 0.903
0.711 0.716
1.044 1.070
0.928 0.946
0.914 0.916
0.833 0.820
0.966 0.989
0.831 0.845
1.462 1.841
0.517 0.552
1.533 1.897
0.583 0.694
1.541 1.882
0.755 0.795
1.515 1.798
0.689 0.726
15.67 12.77
6.523 6.040
13.97 12.05
6.164 6.070
15.85 13.71
6.775 6.433
16.77 15.84
7.782 7.503
17.33 16.25
17.18 16.10
17.44 16.96
18.92 17.77

n = 1000
Squared norm
Data sparsity
GACV
SIC
GACV
SIC
0.514 0.510
0.512 0.512
0.688 0.691
0.685 0.693
0.655 0.667
0.659 0.671
0.711 0.709
0.705 0.713
0.657 0.644
0.659 0.650
1.024 1.058
1.062 0.989
0.578 0.560
0.556 0.581
0.913 0.926
0.912 0.904
20.44 20.16
18.16 18.05
21.52 21.09
19.13 18.07
19.89 19.15
18.29 18.14
22.10 22.28
21.85 22.34
0.614 0.603
0.610 0.606
0.612 0.606
0.693 0.687

Table 3: Results of the simulation Example 1 with τ = 0.3 and moderate n (left) or large (right). The
best mean prediction errors are 0.40 (ho-norm., homoscedastic normal distribution), 0.56
(t3), 0.59 (unif., heteroscedastic uniform distribution), and 0.60 (he-norm., heteroscedastic
normal distribution). The standard errors of the prediction errors range from 0.0030 to
0.0046. The standard errors of the L1 norms range from 0.0055 to 0.0079. The standard
errors of d f range from 0.048 to 0.059. The standard errors of the percentage of non-zero
αi ’s for the data sparsity method range from 0.031 to 0.055.
5.2 Real Data Analysis
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In this section, we apply our proposed method (5) to several real data sets. In particular, we consider
20 data sets studied in Section 5 of Takeuchi et al. (2006), and the well known annual salary of
baseball players data studied in He et al. (1998), Yuan (2006) and Li et al. (2007). The description
and a summary table of the first 20 data sets can be found in Takeuchi et al. (2006), and we do not
repeat it here. For the baseball data, it consists of statistics for 263 North American major league
baseball players in the year 1986. The original data set has 22 predictors and the players’ 1987
annual salary as the response, and we use the whole data for our analysis reported in Tables 8-10.
Furthermore, following He et al. (1998), Yuan (2006) and Li et al. (2007), we use two representative
predictors from the baseball data to perform an illustrative analysis, which is reported in Figure 7.
In particular, we measure players’ performance by the number of home runs in the latest year, and
measure player’s seniority by the number of years played.
For all real data analysis, the Gaussian kernel is used. For the results reported in Tables 8-10, we
first standardize the predictors and response to make the results comparable. We split each data set
into 10 parts of roughly the same size. We choose 1 part as the testing data set, and the remaining
as the training data. Then we select the best tuning parameter and kernel parameter on the training
data, and predict on the testing data. We continue to the next random split once all the 10 parts
have served as the testing data. This random split is repeated 100 times for each data set, and we

20
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In this paper, we study the learning problem in a RKHS. In particular, we propose a data sparsity
constraint that can achieve a parsimonious representation of the resulting learning function. Using
quantile regression as an example, we numerically show that when the underlying function can be
well approximated by functions that have a sparse representation in the corresponding RKHS and
n is not large, the data sparsity method can perform better than the regular squared norm penalty
method. For other cases, such as when the true function is relatively difficult to be approximated by

6. Discussion

mances. On the other hand, the salary does not necessarily increase with the seniority. For many
players, especially the high income ones (τ = 0.75), the salary increases with the seniority until a
golden age, then it decreases. This is consistent with our intuition. For the results with the squared
norm penalty (the left panels), we can see the same trend. However, for the very senior players,
because the estimated salary function has fluctuations from kernel functions, the salary decreases if
their performances increase from 20 to 30. This is against our intuition. Therefore, in this data set,
our data sparsity constraint performs well and gives a good interpretation of the data.

Dist.
ho-norm.
t3
unif.
he-norm.
ho-norm.
t3
unif.
he-norm.
ho-norm.
t3
unif.
he-norm.
ho-norm.
t3
unif.
he-norm.

n = 1000
Squared norm
Data sparsity
GACV
SIC
GACV
SIC
0.487 0.466
0.482 0.478
0.634 0.633
0.612 0.629
0.637 0.640
0.642 0.638
0.688 0.685
0.681 0.684
0.714 0.720
0.711 0.715
0.922 0.918
0.918 0.927
0.559 0.576
0.565 0.563
1.010 1.004
0.989 0.995
16.14 16.01
15.98 15.79
16.48 16.22
16.14 15.88
15.66 15.41
15.36 15.20
18.89 18.43
17.67 17.40
0.591 0.582
0.611 0.590
0.622 0.605
0.630 0.616

report the average prediction error (Pred) and its sample standard deviation (SSD) in Tables 8-10
for τ = 0.1, 0.5, 0.9. We only report the results where the intercept is penalized for the data sparsity
method, but not for the standard method with the squared norm penalty. Similar to the results in
Section 5.1, the numerical difference of whether the intercept is penalized or not is not large. For the
results reported in Figure 7, we train the model using the entire data set. We then plot the predicted
values against the two dimensional input space.
Similar to Takeuchi et al. (2006), we perform a two-sided paired-sample t-test to compare the
prediction performance of the two methods. In Tables 8-10, we can see that for the caution, sniffer,
GAGurine, topo, CobarOre, and baseball data sets, the performance of the data sparsity method is
overall better than that of the squared norm penalty method. For birthwt, engel, gilgais, and mcycle,
the data sparsity method is slightly better. For BostonHousing and cpus, the squared norm penalty
is slightly better. For the other data sets, their performance is comparable. This demonstrates the
usefulness of the data sparsity method. Moreover, we plot the fitted functions fˆn and f˜n with τ = 0.5
for the mcycle data on the left panel of Figure 6. Compared to Figure 3 in Takeuchi et al. (2006),
one can see that the data sparsity model has less wiggles, and yields a more interpretable result. We
also plot the fitted functions with τ = 0.1 on the right panel of Figure 6. In this case, one can see
that f˜n is quite wiggly compared to fˆn .
For the results on the illustrative analysis of the baseball data, from the right panels of Figure 7
(our data sparsity constraint), we can see that for all players, the income increases with their perfor-

Percent.

df

L1 Norm

Pred

n = 30
Squared norm
Data sparsity
GACV
SIC
GACV
SIC
0.922 0.984
0.546 0.683
1.243 1.309
0.798 0.913
1.155 1.272
0.877 0.916
1.133 1.287
0.764 0.787
1.416 1.813
0.653 0.772
1.679 2.002
0.718 1.060
1.744 2.102
0.899 1.132
1.553 1.842
0.957 1.086
18.40 15.66
12.17 10.11
18.54 16.11
11.10 9.264
18.25 16.94
11.46 10.72
19.91 17.27
14.62 13.78
12.28 11.90
13.42 13.00
16.54 14.30
16.88 15.53

Table 5: Results of the simulation Example 2 with τ = 0.5 and moderate n (left) or large (right). The
best mean prediction errors are 0.40 (ho-norm., homoscedastic normal distribution), 0.56
(t3), 0.59 (unif., heteroscedastic uniform distribution), and 0.60 (he-norm., heteroscedastic
normal distribution). The standard errors of the prediction errors range from 0.0052 to
0.0068. The standard errors of the L1 norms range from 0.0083 to 0.0114. The standard
errors of d f range from 0.044 to 0.078. The standard errors of the percentage of non-zero
αi ’s for the data sparsity method range from 0.065 to 0.097.

Dist.
ho-norm.
t3
unif.
he-norm.
ho-norm.
t3
unif.
he-norm.
ho-norm.
t3
unif.
he-norm.
ho-norm.
t3
unif.
he-norm.

|b| not penalized
Squared norm
Data sparsity
GACV
SIC
GACV
SIC
0.847 1.031
0.557 0.624
1.124 1.341
0.710 0.909
1.147 1.286
0.613 0.629
1.089 1.146
0.703 0.811
1.864 2.271
0.796 0.894
1.905 2.400
0.892 1.303
1.953 2.168
0.872 1.240
1.913 2.325
0.846 1.023
18.83 16.06
12.51 10.21
18.05 15.80
12.03 9.146
18.31 16.03
12.50 10.12
19.33 19.03
14.29 12.46
13.44 13.00
14.55 13.22
17.02 15.94
16.89 16.59
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Table 4: Results of the simulation Example 2 with τ = 0.3 and |b| penalized (left) or not (right). The
best mean prediction errors are 0.40 (ho-norm., homoscedastic normal distribution), 0.56
(t3), 0.59 (unif., heteroscedastic uniform distribution), and 0.60 (he-norm., heteroscedastic
normal distribution). The standard errors of the prediction errors range from 0.0055 to
0.0068. The standard errors of the L1 norms range from 0.0071 to 0.0133. The standard
errors of d f range from 0.066 to 0.072. The standard errors of the percentage of non-zero
αi ’s for the data sparsity method range from 0.044 to 0.057.

Percent.

df

L1 Norm

Pred

|b| penalized
Squared norm
Data sparsity
GACV
SIC
GACV
SIC
0.885 1.075
0.527 0.673
1.068 1.118
0.677 0.894
1.057 1.243
0.644 0.692
1.021 1.226
0.697 0.801
1.826 2.078
0.760 0.911
1.873 2.213
0.875 1.244
2.002 2.199
0.841 1.199
2.112 2.351
0.873 0.992
18.16 16.22
12.33 9.885
17.91 16.22
11.97 8.678
18.44 15.78
12.91 9.913
19.05 18.79
14.41 12.90
13.24 12.90
14.26 12.92
16.64 15.68
17.22 16.78
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Pred

L1 Norm

df

Percent.

|b| penalized
Squared norm
Data sparsity
GACV
SIC
GACV
SIC
1.770 1.812
1.749 1.796
2.119 2.230
2.138 2.206
1.997 1.989
1.846 2.014
1.849 1.897
1.833 1.878
1.657 1.690
1.664 1.711
2.058 2.224
2.060 2.215
1.887 1.845
1.869 1.893
1.848 1.820
1.851 1.827
24.66 24.03
13.76 13.09
25.53 24.69
13.96 13.14
25.12 23.55
15.47 14.16
25.79 24.15
14.16 13.90
66.24 61.32
70.18 66.26
68.93 65.21
71.29 67.84

|b| not penalized
Squared norm
Data sparsity
GACV
SIC
GACV
SIC
1.742 1.814
1.759 1.803
2,178 2.267
2.104 2.257
1.884 1.892
1.865 1.911
1.845 1.904
1.890 1.926
1.649 1.698
1.625 1.709
2.121 2.269
2.150 2.298
1.853 1.829
1.850 1.837
1.857 1.841
1.866 1.836
24.48 23.19
14.90 13.55
25.56 23.92
14.14 14.00
25.09 24.61
14.98 13.58
25.12 24.07
13.92 13.23
68.45 65.37
68.91 65.28
70.52 66.42
68.35 66.91
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Dist.
ho-norm.
t3
unif.
he-norm.
ho-norm.
t3
unif.
he-norm.
ho-norm.
t3
unif.
he-norm.
ho-norm.
t3
unif.
he-norm.

Table 6: Results of the simulation Example 3 with τ = 0.5 and |b| penalized (left) or not (right). The
best mean prediction errors are 0.40 (ho-norm., homoscedastic normal distribution), 0.56
(t3), 0.59 (unif., heteroscedastic uniform distribution), and 0.60 (he-norm., heteroscedastic
normal distribution). The standard errors of the prediction errors range from 0.0091 to
0.0143. The standard errors of the L1 norms range from 0.0128 to 0.0175. The standard
errors of d f range from 0.088 to 0.144. The standard errors of the percentage of non-zero
αi ’s for the data sparsity method range from 0.244 to 0.351.

functions in the RKHS, or when n is large, the data sparsity method can have comparable performance as the regular method. Therefore, the data sparsity method can be regarded as an alternative
penalization method to solve learning problems with RKHS learning. Moreover, because of the
sparsity in the kernel representation, the prediction for new data sets can be computationally faster.
Through theoretical comparisons, we demonstrate that the data sparsity method can achieve the
same convergence rate of the estimation error, compared with the squared norm penalty method.
Furthermore, we show that for certain cases, the data sparsity method can enjoy a smaller bound on
the finite sample prediction error. This helps to shed some light on the usefulness of the data sparsity
constraint. We also discuss how to obtain a solution path with respect to the tuning parameter s.
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We would like to point out several open problems for the theory developed in Section 3. The
technique used to prove Theorems 1 and 9 there does not take into account the fact that the “active
functional space” of the estimated function is often smaller than the entire Fn (s). Therefore, one
possible way to obtain better results is to consider the “localized” covering number of the active
functional space of (5). See the discussion of localization idea in, for example, Bartlett et al. (2005).
In that case, we can expect a faster convergence rate and a tighter bound on the prediction error.
Another open problem is to consider a combination of the L2 and L1 penalties, which can be a more
general form than the pure L1 or L2 penalty. In the literature of linear learning, Zou and Hastie
(2005) proposed the elastic net penalty as a convex combination of the L2 and L1 penalties. In
23

Pred

L1 Norm

df

Percent.

Dist.
ho-norm.
t3
unif.
he-norm.
ho-norm.
t3
unif.
he-norm.
ho-norm.
t3
unif.
he-norm.
ho-norm.
t3
unif.
he-norm.
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n = 30
Squared norm
Data sparsity
GACV
SIC
GACV
SIC
1.569 1.658
1.554 1.772
2.044 2.168
2.015 2.247
1.717 1.826
1.679 1.774
1.946 2.091
1.925 2.083
1.746 1.766
1.753 1.760
2.193 2.324
2.301 2.332
1.986 2.009
2.054 2.013
2.094 2.129
1.954 2.058
25.65 24.88
15.52 14.49
25.97 25.12
15.66 14.79
26.36 25.77
16.28 16.11
27.48 27.01
16.94 16.59
50.53 46.68
55.16 53.25
55.23 54.71
56.14 54.90

n = 1000
Squared norm
Data sparsity
GACV
SIC
GACV
SIC
0.745 0.761
0.746 0.753
0.810 0.813
0.825 0.839
0.876 0.891
0.859 0.880
0.845 0.886
0.839 0.891
0.924 0.995
0.957 0.986
1.103 1.166
1.098 1.156
0.883 0.916
0.849 0.872
1.124 1.196
1.049 1.087
33.14 33.09
32.45 32.16
30.26 30.28
31.06 30.73
32.28 32.06
32.44 31.98
33.04 32.85
33.30 32.19
4.221 4.057
4.528 4.247
4.567 4.059
4.778 4.670

Table 7: Results of the simulation Example 3 with τ = 0.1 and moderate n (left) or large (right). The
best mean prediction errors are 0.40 (ho-norm., homoscedastic normal distribution), 0.56
(t3), 0.59 (unif., heteroscedastic uniform distribution), and 0.60 (he-norm., heteroscedastic
normal distribution). The standard errors of the prediction errors range from 0.0107 to
0.0177. The standard errors of the L1 norms range from 0.0109 to 0.0186. The standard
errors of d f range from 0.099 to 0.158. The standard errors of the percentage of non-zero
αi ’s for the data sparsity method range from 0.414 to 0.572.

kernel learning, how to perform such a generalization effectively can be an interesting problem to
pursue.
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Appendix A. Proof of Theorem 1
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In the following proofs, when the technique can be applied to both the proposed data sparsity constraint and the regular squared norm penalty, we omit the difference between fˆn and f˜n for brevity.

Before giving the proof of Theorem 1, we first introduce a lemma.

24

26

25
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GH0 := {(2s)−1 f 0 : f 0 = ∑ αi K(xi , ·), ∑ |αi | ≤ s}.

n

i=1

n

i=1
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Proof of Lemma 14: The proof consists of two steps. The first step is to bound the entropy number
when there is no intercept in the regression function. The second step is to add the intercept into
consideration, and bound the corresponding entropy based on the results obtained in the first step.
Here we focus on the covering number of GH ,b := {(2s)−1 L(·, f ) : f ∈ Fn (s)}, because GH ,b
has the same covering number as G . To that end, we first calculate the covering number of GH :=
{(2s)−1 L(·, f 0 ) : f 0 = ∑ni=1 αi K(xi , ·), ∑ni=1 |αi | ≤ s}. Define

 5 exp(C0 η−2 )
.
sup N η, G , L2 (TX ) ≤
η
TX

Lemma 14 For η > 0 small enough and C0 = 210 , we have that

Lemma 13 indicates that a bound on ∑ni=1 |αi | is a stronger constraint than the usual squared
norm constraint. Hence the effect of our data sparsity penalty is two fold: control the complexity of
f and impose a soft threshold to gain data sparsity. Lemma 13 helps to bound the covering number
of the functional class in Lemma 14.
Proof of Lemma 13: For any f 0 (x) = ∑ni=1 αi K(xi , x) with ∑ni=1 |αi | ≤ s, we have that k f 0 k2H =

αT Kα = ∑ni=1 ∑nj=1 K(xi , x j )αi α j ≤ ∑ni=1 |αi | · ∑nj=1 |α j | ≤ s2 , because K(·, ·) ≤ 1.
To prove Theorem 1, note that ρτ (y − f ) ≤ |y − f |. Hence in the following arguments, we can
(s)
consider the loss L(a, b) = |a − b| instead of the check function. Recall that the definition of fn is
(s)
(s)
−1
fn = argmin f ∈Fn (s) L(Y, f ). Define g f (·) = (2s) (L(·, f ) − L(·, fn )), and G = {g f : f ∈ Fn (s)}.
First we provide a lemma that controls the complexity of G in terms of its covering number.
Notice that this technique can also be applied to the regular squared norm method, therefore, the
result in Theorem 1 is also valid for the regular method that penalizes |b| (or make additional assumptions to avoid this penalty on |b|). Before that we introduce some further notation. Let TX
be the empirical measure of a training set ((x1 , y1 ), . . . , (xn , yn )), and the L2 norm be defined as

1/2
k f kL2 (TX ) = 1n ∑ni=1 | f (xi , yi )|2
. For any η > 0, define M to be a η-net of a class of function F
if, for any f ∈ F , there exists m ∈ M such that km − f kL2 (TX ) ≤ η. Now let the L2 (TX ) covering
number N(η, F , L2 (TX )) be the minimal size of all possible η-nets.

Data sparsity
GACV
SIC
Pred SSD Pred SSD
22.16 0.69 21.58 0.70
18.42 1.86 19.13 1.72
33.20 1.21 33.97 1.10
13.10 0.47 13.55 0.61
20.19 0.99 20.01 1.04
35.98 1.76 36.62 1.64
3.202 0.22 3.294 0.25
5.227 0.31 5.158 0.28
14.25 0.68 14.40 0.91
41.43 4.91 40.29 3.88
13.07 0.43 13.56 0.42
30.08 1.06 31.66 1.11
11.02 0.47 11.27 0.39
36.14 0.81 35.55 0.92
26.79 1.82 27.34 1.70
17.53 0.71 18.32 0.64
10.68 0.55 10.51 0.60
17.42 1.64 18.08 1.73
14.01 0.43 13.76 0.50
23.04 1.21 22.11 1.24
21.25 1.62 22.18 1.39

Lemma 13 Suppose the RKHS is separable and supX 1 ,X 2 K(X 1 , X 2 ) = 1. Then ∑ni=1 |αi | ≤ s implies
k f 0 k2H ≤ s2 .

Data
*baseball
BigMac2003
*birthwt
*BostonHousing
*caution
*CobarOre
cpus
crabs
engel
ftcollinssnow
*GAGurine
geyser
*gilgais
heights
highway
mcycle
sniffer
snowgeese
*topo
ufc
UN3

Square norm
GACV
SIC
Pred SSD Pred SSD
24.47 0.87 25.61 0.78
18.81 2.24 19.00 2.51
36.44 1.31 37.68 1.09
10.92 0.55 11.43 0.59
23.17 1.23 23.20 1.08
41.26 1.84 40.07 1.45
3.128 0.23 3.269 0.30
5.133 0.24 5.249 0.22
14.18 0.82 14.76 0.86
40.58 5.14 41.89 5.46
14.98 0.56 15.25 0.45
29.16 1.57 32.45 1.29
13.15 0.51 13.59 0.44
36.72 1.13 35.48 0.78
27.21 2.17 27.49 2.24
18.24 0.77 19.17 0.61
10.17 0.67 10.35 0.71
17.76 1.91 18.14 1.54
15.28 0.55 16.01 0.62
22.78 1.27 21.75 1.01
21.71 1.55 22.94 1.42

Table 9: Results of the real data analysis for τ = 0.5. We reported 100 × prediction error for Pred.
Here ∗ means the difference of prediction error between the two methods, both GACV vs.
GACV and SIC vs. SIC, is statistically significant at level 0.05 using two-sided pairedsample t-test.

Data sparsity
GACV
SIC
Pred SSD Pred SSD
9.814 0.43 10.33 0.49
6.297 0.57 6.371 0.77
18.38 0.69 18.92 0.74
5.677 0.52 5.712 0.39
8.433 0.61 8.598 0.59
12.19 0.95 12.10 0.84
5.132 0.13 5.242 0.17
3.893 0.09 4.016 0.10
5.356 0.51 5.561 0.35
15.62 3.03 15.88 3.00
8.261 0.35 8.210 0.38
8.923 0.49 8.682 0.65
6.680 0.29 7.003 0.33
14.69 0.37 15.27 0.41
9.112 0.71 8.877 0.56
7.012 0.21 7.033 0.29
5.416 0.28 5.608 0.28
5.694 0.70 6.010 0.69
6.268 0.34 6.435 0.35
10.49 0.89 10.83 0.93
11.92 0.92 12.09 1.05
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Table 8: Results of the real data analysis for τ = 0.1. We reported 100 × prediction error for Pred.
Here ∗ means the difference of prediction error between the two methods, both GACV vs.
GACV and SIC vs. SIC, is statistically significant at level 0.05 using two-sided pairedsample t-test.

Data
baseball
BigMac2003
birthwt
BostonHousing
*caution
*CobarOre
*cpus
crabs
engel
ftcollinssnow
GAGurine
geyser
gilgais
heights
highway
*mcycle
*sniffer
snowgeese
topo
ufc
UN3

Square norm
GACV
SIC
Pred SSD Pred SSD
10.09 0.67 10.14 0.52
6.442 0.64 6.414 0.52
18.44 0.84 18.80 0.72
5.543 0.35 5.569 0.29
9.782 0.74 9.891 0.56
15.74 1.16 16.12 1.28
4.692 0.16 4.575 0.20
3.952 0.05 4.127 0.12
5.490 0.42 5.336 0.39
15.99 3.36 16.43 3.28
8.224 0.32 8.138 0.24
8.440 0.49 9.158 0.58
6.731 0.32 6.849 0.29
14.91 0.38 15.56 0.35
8.964 0.57 9.059 0.63
7.732 0.25 8.105 0.31
6.372 0.33 6.457 0.30
5.788 1.01 5.892 0.84
6.514 0.48 6.449 0.42
10.11 1.10 11.06 0.64
12.29 1.11 12.04 1.24
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Square norm
GACV
SIC
Pred SSD Pred SSD
19.61 0.77 19.22 0.64
11.33 0.92 11.84 0.74
16.44 0.90 15.89 0.74
7.775 0.36 8.104 0.40
16.76 0.56 16.33 0.49
14.43 0.88 15.16 0.82
1.551 0.28 1.479 0.24
2.461 0.18 2.447 0.20
6.168 0.42 6.284 0.35
20.18 4.14 22.46 4.51
10.01 0.42 10.57 0.44
12.63 0.66 13.10 0.71
6.167 0.40 6.228 0.29
15.21 0.58 15.42 0.64
16.96 1.42 16.27 1.59
7.162 0.62 7.246 0.41
5.691 0.31 5.743 0.39
8.166 0.74 8.259 0.88
11.57 0.40 12.18 0.35
10.52 0.82 11.77 0.62
7.774 0.87 8.126 1.00

Data sparsity
GACV
SIC
Pred SSD Pred SSD
15.52 0.69 15.99 0.59
10.92 0.81 10.44 0.99
16.27 0.72 16.03 0.65
8.158 0.34 7.960 0.39
12.51 0.51 13.09 0.62
12.55 0.75 13.08 0.80
1.492 0.20 1.505 0.20
2.569 0.15 2.450 0.14
5.041 0.38 5.297 0.40
19.59 3.97 22.13 4.22
8.558 0.53 9.101 0.46
12.76 0.59 12.91 0.73
6.109 0.31 6.334 0.34
15.63 0.69 15.02 0.56
15.88 1.49 16.59 1.34
6.197 0.53 6.331 0.49
4.409 0.24 4.553 0.28
7.919 0.80 8.260 0.92
10.51 0.40 10.86 0.38
10.24 0.77 10.31 0.65
7.910 0.94 7.885 0.83
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where the integral is taken with respect to the counting measure on TX0 . Therefore, the covering
number of GH0 ,b is less than ( η4 + 2) exp(C0 η−2 ). Consequently, the covering number of GH ,b is
upper bounded by ( η4 + 2) exp(C0 η−2 ). The desired result follows when η is small enough.

√
Proof of Theorem 1: The outline of the proof is as follows. First, we define M = 2n−1/2 log(n).
Notice the difference between M (a number) and M (a functional space used for the definition of the
entropy number introduced just before Lemma 14). Then we bound the probability P(e( fˆn , f (∞) ) ≥
1
−1 exp(−nM 2 ),
8sM + dn,s ). In particular, we show that P(e( fˆn , f (∞) ) ≥ 8sM + dn,s ) ≤ 6(1 − 16nM
2)
then apply the Borel-Cantelli Lemma to obtain the result.

Z

in GH0 ,b , and g2b = (2s)−1 ( f20 + b2 ), with (2s)−1 f20 being the corresponding point in G 00 that has an
L2 (TX0 ) distance to (2s)−1 f10 smaller than η2 , and b2 = is η2 for some integer i ∈ [−S, S], such that
|b2 − b1 | ≤ s η2 . Now the L2 (TX0 ) distance between g1b and g2b is

Figure 6: The estimated functions for the mcycle data with τ = 0.5 and τ = 0.1. The dashed lines
correspond to f˜n using the squared norm penalty method, and the solid lines correspond
to fˆn using the data sparsity method. Note that Takeuchi et al. (2006) also plotted the
estimator for the squared norm penalty in their Figure 3. Compared to the dashed lines,
the solid lines on both panels have less fluctuations especially when the predictor value is
large, and are more interpretable.

(a) The fitted regression functions with τ = 0.5 in the (b) The fitted regression functions with τ = 0.1 in the
mcycle data.
mcycle data.

50

−50

Milliseconds

−100

−150
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Data
*baseball
BigMac2003
birthwt
BostonHousing
*caution
*CobarOre
cpus
crabs
*engel
ftcollinssnow
*GAGurine
geyser
gilgais
heights
highway
mcycle
*sniffer
snowgeese
*topo
ufc
UN3

Table 10: Results of the real data analysis for τ = 0.9. We reported 100 × prediction error for Pred.
Here ∗ means the difference of prediction error between the two methods, both GACV
vs. GACV and SIC vs. SIC, is statistically significant at level 0.05 using two-sided
paired-sample t-test.

−2

Define TX0 to be the empirical measure of the set (x1 , . . . , xn ). For any g1 := (2s)−1 L(·, f10 ) ∈ GH ,
g2 := (2s)−1 L(·, f20 ) ∈ GH , |g1 − g2 | ≤ (2s)−1 | f10 − f20 |. Hence, an L2 (TX0 ) net on GH0 naturally
introduces an L2 (TX ) net on GH , and furthermore the L2 (TX ) covering number of GH is upper
bounded by the L2 (TX0 ) covering number of GH0 . Moreover, by Lemma 13, k(2s)−1 f 0 kH ≤ 1. Thus,
GH0 ⊂ BH , where BH is the unit ball in H . Hence, we only need to bound N(η, BH , L2 (TX0 )).
This can be done by a similar argument as in Theorem 2.1 of Steinwart and Scovel (2007). In
particular, from analogous arguments as those that lead to (21) in Steinwart and Scovel (2007),
−2
we have that supTX0 N(η, BH , L2 (TX0 )) ≤ exp( C0 η4 ), where one can choose C0 = 210 (Carl and
Stephani, 1990). In one words, we have that supTX N(η, GH , L2 (TX )) ≤ supTX0 N(η, GH0 , L2 (TX0 )) ≤
supTX0 N(η, BH , L2 (TX0 )) ≤ exp( C0 η4 ). Note that Theorem 2.1 of Steinwart and Scovel (2007) considered only the Gaussian RKHS, however the proof of the entropy bound for p = 2 in their notation
only requires that the RKHS is separable.

S

We proceed to bound the entropy number of GH ,b . Define GH0 ,b = {(2s)−1 f : f ∈ Fn (s)}. By
similar arguments as above, N(η, GH ,b , L2 (TX )) ≤ N(η, GH0 ,b , L2 (TX0 )). Suppose G 00 is a minimal
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η
η
S
0
00
0
2 -net of GH . One can verify that the union i=−S {G + is 2 } is an η-net of GH ,b , where S is the
smallest integer that is larger than η2 . To see this, let g1b = (2s)−1 ( f10 + b1 ) be an arbitrary point
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100

0

50
−50

0
−100
−150

(9)

(8)

(s)
P(e( fˆn , f (∞) ) > 8sM + dn,s ) ≤ P(e( fˆn , fn )(2s)−1 > 4M).

(s)
f ∈Fn (s):e( f , fn )(2s)−1 >4M

sup

f ∈Fn (s):e( f , fn )(2s)−1 >4M

(s)

sup

−

1 n
(s)
∑ [g f (yi ) − Eg f (y)] > (2s)−1 E(L( f ,Y ) − L( fn ,Y )))
n i=1

1 n
(s)
∑ (L( fn , yi ) − L( f , yi )) > 0)
n i=1

g f ∈G

G

G

G

− gf

)2 )

nχ2
)
2σ2N

√
16 6η
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30

5
nχ2
−
).
ηq 8η2q−1

N

29

q=1

≤ 2 ∑ exp(2C0 η−2
q + 2 log

T

q=1

P2 ≤ 2 ∑ |Gq |2 exp(−

T

with σ2N = PN (πq g f − πq−1 g f )2 ≤ 4η2q−1 . So,

Van der Vaart and Wellner (2000), we

2(PN (πq g f − g f )2 + PN (πq−1 g f

as in the P3 part discussed above. So suppose ηn,0 >

M
√ > ηT . Note that PN (πq g f − πq−1 g f )2 ≤
16 6
2
≤ 4ηq−1 . By Massart’s inequality from Lemma 2.14.19 in
nχ2
∗ (|(P̃
have P|N
n,N − PN )(π0 g f − πT g f )| > χ) ≤ 2 exp(− 2σ2 )

For P2 , if ηn,0 ≤ 16M√6 , then let ηq = ηn,0 ; q = 1, . . . , T , and we have P2 = 0 by a similar argument

P1 ≤ 2N(ηn,0 , G , L2 (TX )) exp(−2n(7/8)2 M 2 ) ≤ 2 exp(−nM 2 ).

where T χ ≤ M/16. Next, we bound P1 , P2 and P3 individually.
For P3 , one can verify that P̃n,N f ≤ 2PN f for any non-negative f . Note that we have ((P̃n,N −
PN )z)2 ≤ 2(P̃n,N z2 + PN z2 ) for any z. Thus, |(P̃n,N − PN )(πT g f − g f )|2 ≤ 2(P̃n,N + PN )(πT g f − g f )2 ≤
6η2T . This yields P3 = 0 if we choose ηT = 16M√6 .
For P1 , note that 0 ≤ π0 g f ≤ 1 for any g f ∈ G because G is scaled. By Hoeffding’s inequali∗ (|(P̃
ties for sums of bounded random variables (Hoeffding, 1963), P|N
n,N − PN )(π0 g f )| > 7M/8) ≤
2
2
2 exp(−2n(7/8) M ). Thus by assumption (9) and Lemma 14,

:= P1 + P2 + P3 ,

G

∗
+ P|N
(sup |(P̃n,N − PN )(πT g f − g f )| > M/16)

q=1

∗
+ ∑ |Gq ||Gq−1 | sup P|N
(|(P̃n,N − PN )(π0 g f − πT g f )| > χ)

T

∗
≤ |G0 | sup P|N
(|(P̃n,N − PN )(π0 g f )| > 7M/8)

Let ηq = 2−q η; q = 1, . . . , T , and let T be the greatest integer that does not exceed log2 M n,0 .
0 1/2
Then let χ = ( 256C
. By assumption (8), we can verify that T χ ≤ M/16 as satisfied. Because
n )

(10)

G

∗
+ P|N
(sup |(P̃n,N − PN )(πT g f − g f )| > M/16)

∗
+ P|N
(sup |(P̃n,N − PN )(π0 g f − πT g f )| > M/16)

G

∗
≤ P|N
(sup |(P̃n,N − PN )(π0 g f )| > 7M/8)

G

∗
P|N
(sup |P̃n,N g f − PN g f | > M)

on. Let Gq be the minimal ηq -net for G with respect to the L2 (TX ) norm. For each q, let πq g =
argminh∈Gq kg − hkL2 (TX ) . That means, πq g is the closest point to g within Gq . By definition, |Gq | =
∗ (sup |P̃ g − P g | > M)
N(ηq , G , L2 (TX )), and kπq g − gkL2 (TX ) ≤ ηq . Hence, decompose P|N
N f
G n,N f
into
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where P|N is the conditional probability given N observations.
∗ (sup |P̃ g − P g | > M). We apply the chaining technique
The second step is to bound P|N
N f
G n,N f
here. Let ηn,0 > η1 > · · · > ηT > 0 be a sequence of positive numbers to be determined later

∗

1
∗
P ( sup |Pn g f − Pg f | > 4M) ≤ (1 −
)−1 P|N
(sup |P̃n,N g f − PN g f | > M),
2
16nM
g f ∈G
G

Here
denotes the outer probability, and the expectation is taken jointly with respect to the
distribution of X and the noise. In the last
inequality, for brevity we have the empirical process
R
g f → Pn g f − Pg f , where g f ∈ G , Pg f = g f and Pn g f = n1 ∑ni=1 g f (yi ).
1
−1 exp(−nM 2 ).
Now we show that P∗ (supg f ∈G |Pn g f − Pg f | > 4M) ≤ 6(1 − 16nM
2)
This part of proof follows a similar line as Theorem A.2 in Wang and Shen (2007). There are
two steps involved. The first step is to sample n observations without replacement from N = 2n
instances, which are i.i.d. samples from P, and let (W1 , . . . ,WN ) be uniformly distributed on the set
of all permutations of 1, . . . , N. Define P̃n,N = n1 ∑ni=1 δ(X)Wi , and PN = N1 ∑Ni=1 δ(X)i , where δ(X)i is
the Dirac measure at the observation X i . Then we can bound the LHS of the required inequality by
Lemma 2.14.18 in Van der Vaart and Wellner (2000),

P∗

≤ P∗ ( sup |Pn g f − Pg f | > 4M).

≤ P∗ (

≤ P∗ (

P(e( fˆn , f (∞) ) > 8sM + dn,s )

(s)

Then because 1n ∑ni=1 (L( fn , yi ) − L( fˆ, yi )) > 0, we have

of dn,s ,

is equivalent to (log2

2
16 6ηn,0
nM 2
2
+ 1)2 ≤ 2nM
16C . Note that 216C is of the order OP (log(n)) . The order
M
0
0
√
16 6ηn,0
1 2
n1/2 2
n1/2 2
2
of (log2 M + 1) is less than that of (log M ) , which is OP (log log(n) ) , and OP (log log(n)
) <
2
OP (log(n)) . Thus with n large enough, (8) holds.
1
−1 exp(−nM 2 ). We have, by definition
Now we prove P(e( fˆn , f (∞) ) ≥ 8sM +dn,s ) ≤ 6(1− 16nM
2)

and C0 = 210 is a constant
as in Lemma 14. From (9), one can verify that ηn,0 goes to 0. Now (8)
√

1
C0
5
= nM 2 ,
+ log
ηn,0 4
η2n,0

√ −1/2
2n
log(n), we first verify that for a large n, this M satisfies
√
16 6ηn,0
256C0
M2
(log2
+ 1)2 (
)≤
,
M
n
256

where ηn,0 > 0 is chosen to satisfy

For M =
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C0
η2

−4
C0 )
ηq2

> log η5 , and this leads to
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when η is small enough,
T

q=1

P2 ≤ 2 ∑ exp(
T

≤ 2 ∑ exp(−22q−1 (nM 2 ))
q=1

≤ 4 exp(−nM 2 ).
∗ (sup |P̃ g − P g | > M) < 6 exp(−nM 2 ). The desired result follows after we take
Thus, P|N
N f
G n,N f
expectation with respect to the distribution of N observations. We have proved P∗ (supg f ∈G |Pn g f −
1
−1 exp(−nM 2 ).
Pg f | > 4M) ≤ 6(1 − 16nM
2)

Finally, observe that nM 2 = 2(log(n))2 > 2 log(n). We have exp(−nM 2 ) ≤ exp(−2 log(n)) = n12 .
The desired result in Theorem 1 then follows from Borel-Cantelli Lemma.


Appendix B. Proof of Corollary 5
The key to the proof is to show that with a high probability, the estimated b would be bounded in a
range. Then we can apply the same technique as that in the proof of Theorem 1 to prove the desired
result.
Without loss of generality, assume | f0 (X)| < ζ for a fixed ζ > 0. Moreover, for simplicity, we
assume that ε(X) follows a common sub-Gaussian distribution with c.d.f. Φ . The generalization
ε
to heteroscedastic cases is straightforward, because we are only concerned with the tail probability

pr(|ε(X)| > t). Next, for a small positive number δ, define t ∗ = Φε−1 0.5+0.5(1−δ/2)1/n . One can
verify that with probability at least 1 − δ/2, all the errors εi ; i = 1, . . . , n are in [−t ∗ ,t ∗ ]. Therefore,
for any τ, we have that with probability at least 1 − δ/2, |b| ≤ ζ + t ∗ . This is because the estimated
∗
∗
function
√ cannot be smaller (or larger) than all the observations. Hence, letting s = s + ζ + t ,
M ∗ = 2n−1/2 log(n)/t ∗ and using similar techniques as that in the proof of Theorem 1, we have
1
−1 exp(−nM ∗2 ) + δ/2. Let δ converge to zero at the
P(e( fˆn∗ , f (∞) ) > 8s∗ M ∗ + dn,s∗ ) ≤ 6(1 − 16nM
∗2 )
rate OP (n−2 log(n)). The last step is to check that (8) and (9) are both true with our new choice of
M ∗ . Because we assume that Φε is the c.d.f. of a sub-Gaussian distribution with a fixed parameter,
one can verify that t ∗ diverges at a rate slower than OP (log(n)). Hence, (8) and (9) remain valid,
and the Borel-Cantelli Lemma as in the final step of the proof of Theorem 1 holds. This completes
the proof.


Appendix C. Proof of Theorem 7

Z

D

exp(

|x − x0 |2
) ftrue (x0 )dx0 ,
2σ2

JMLR 17(40):1-45

(11)

The proof uses a similar technique as Theorem 2.7 in Steinwart and Scovel (2007). Consider the
function
V (x) = C

31
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where C is a constant that depends only on σ and p and is to be determined later on. One can verify
that V (x) ∈ F (∞) (Steinwart et al., 2006). Hence,



A(∞) ≤ E ρτ (Y −V ) − E ρτ (Y − ftrue )

≤ EPX ρτ (V − ftrue ) .


Therefore, one only needs to bound EPX ρτ (V − ftrue ) . We have

Z

B(x,ψx )

exp(


|x − x0 |2
) f (x0 ) + a dx0 − a
V (x) = C exp(
true
2σ2
D
Z

|x − x0 |2
) ftrue (x0 ) + a dx0 − a
2σ2
≥C

= ai − (ai + a)P0 (|u| ≥ ψx ),

where the first inequality is because ftrue (x0 ) + a is lower bounded by 0, and on B(x, ψx ) the function
ftrue is constant. Here one chooses C such that P0 is the measure of a spherical Gaussian in D (see
the definition of spherical Gaussian in, for example, Steinwart, 2002). By theinequality (3.5) on
page 59 of Ledoux and Talagrand (1991), P0 (|u| ≥ ψx ) ≤ 4 exp − ψx2 /(2pσ2 ) , and consequently
we have that on Di ,

V − ftrue ≥ −8a exp − ψx2 /(2pσ2 ) .




E ρτ (V − ftrue ) ≤ max(τ, 1 − τ)EPX 8a exp − ψx2 /(2pσ2 ) .


V − ftrue ≤ 8a exp − ψx2 /(2pσ2 ) .

An analogous derivation on − ftrue and −V gives

Therefore

This completes the proof.
Notice that the core part of the proof is at the inequality (3.5) on page 59 of Ledoux and Talagrand (1991). For the Gaussian kernel (and other radial kernels), the probability P0 (|u| ≥ ψx )
vanishes as σ → 0. However, for other kernels this may not be true. Take the polynomial kernel
as an example. One can verify that when |x1 − x2 | is large, K(x1 , x2 ) is large, and this leads to
P0 (|u| ≥ ψx ) being large. Therefore, the result here does not hold true for general RKHS’s.


Appendix D. Proof of Corollary 8
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Without loss of generality, let the Lipschitz constant of ftrue be 1. In this proof, let ε be a small
positive number, instead of the noise as Y = f0 + ε. We first consider the approximation of V to ftrue
on [0, 1] p , where V is defined as in the proof of Theorem 7. Because [0, 1] p is a compact set, there
exists a finite set of B(x , ε); j = 1, . . . , J that covers [0, 1] p . Here B(x , ε) is a ball with center at
j
j
x j and radius ε, and J is a positive integer. Based on B(x j , ε); j = 1, . . . , J, one can construct sets
S
Sx j ⊂ B(x j , ε); j = 1, . . . , J such that Sxi and Sx j are non-overlapping for i 6= j, and Jj=1 Sx j = [0, 1] p .
On each Sx j , one can verify that

ftrue (x j ) − ε ≤ ftrue ≤ ftrue (x j ) + ε.

32

(12)

2 log(2n+2)
.
n

Eρτ (Y − fˆn ) ≤

33

1 n
∑ ρτ (yi − fˆn (xi )) + 2R̂n (Fn (s)) + 3Tn (δ/2).
n i=1

Eρτ (Y − fˆn ) ≤

JMLR 17(40):1-45

(14)

1 n
(13)
∑ ρτ (yi − fˆn (xi )) + 2Rn (Fn (s)) + Tn (δ),
n i=1

1/2
. In addition, with probability at least
where Tn (δ) = max(τ, 1 − τ) n−1 (2s2 + 2t 2 ) log(1/δ)
1 − δ,

Lemma 15 Define Rn (Fn (s)) and R̂n (Fn (s)) as above. Suppose Assumption A holds. With probability at least 1 − δ,

to µ = s

where ES is the expectation with respect to the distribution of S.
The proof of Theorem 9 follows directly from Lemmas 15, 17 and 18. Lemma 15 bounds
Eρτ (Y − fˆn ) or Eρτ (Y − f˜n ) in terms of the sum of its empirical measurement, the Rademacher
complexity of the function class Fn (s), and a penalty term on δ, where δ is the small probability
that the bound fails. Lemma 17 and Lemma
In particular,
q 18 bound the Rademacher complexity.

Lemma 17 provides the bound with µ = n−1 211 n1/4 + 2 log(5) + 0.5 log(n) that works for both
the regular squared norm method and the data sparsity method. This is because the complexity
bound of Fn (s) is from Lemma 14, which holds for both methods. As discussed in the main text,
we provide
q another bound that only works for the data sparsity method in Lemma 18, which leads

Rn (Fn (s)) = ES R̂n (Fn (s)),

where Eσ represents the expectation with respect to σ = (σ1 , . . . , σn ). Moreover, let the Rademacher
complexity of Fn (s) be

R̂n (Fn (s)) = Eσ [ sup


1 n
σi ρτ yi − f (xi ) ],
∑
n
f ∈Fn (s) i=1

To prove Theorem 9, we need to introduce the Rademacher variables (see, for example, Bartlett
and Mendelson (2002), Koltchinskii and Panchenko (2002), Shawe-Taylor and Cristianini (2004),
Bartlett et al. (2005), Koltchinskii (2006), Mohri et al. (2012) and the references therein). With a
little abusing of notations, let σi ; i = 1, . . . , n be i.i.d. random variables that take 1 with probability
1/2, and −1 with probability 1/2. Denote by S a sample of (xi , yi ); i = 1, . . . , n, i.i.d. from the joint
distribution of X and Y . Recall the definition of Fn (s) in Section 3.1. With S fixed, we define the
empirical Rademacher complexity of the function class Fn (s) as

Appendix E. Proof of Theorem 9

By Theorem 7 and the discussion thereafter, the first part on the right hand side of (12) goes to 0 with
σ → 0, and the second part is upper bounded by ε. Let ε → 0 and this proves that V can approximate
ftrue arbitrarily well on [0, 1] p . For the approximation on D, notice that D can be decomposed into
countably many sets such as [0, 1] p , and a similar argument as above proves the corollary.


E[0,1] p ρτ (V − ftrue ) ≤ E[0,1] p ρτ (V − f¯true ) + E[0,1] p ρτ ( f¯true − ftrue ).

Now on Sx j , define f¯true = ftrue (x j ). We have that
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1 n
∑ ρτ (yi − f (xi ))].
n i=1

1
ρτ (yi − f (xi ))]|.
n S∑
(i,x)

1
ρτ (yi − f (xi ))]
n∑
S
(15)

and

ES0

max(τ,1−τ)

(4s2 +4t 2 )

34

1 



ρτ y0i − fˆn (x0i ) | S = Eρτ Y − fˆn (X) .
n∑
S0

1
n
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probability at least 1 − δ, φ(S) − Eφ(S) ≤ Tn (δ). This proves the first part of the lemma.
In the second step, we bound E{φ(S)} by the Rademacher complexity Rn (Fn (s)) using a symmetrization technique. To this end, define S0 = {(x0i , y0i ) (i = 1, . . . , n)} as a duplicate sample of S
with size n, and assume the distribution of S0 is the same as S. Recall the definition of ES . Moreover,
notice that
1 

 1 

ES0 ∑ ρτ y0i − fˆn (x0i ) | S = ∑ ρτ y0i − fˆn (x0i ) ,
n S
n S

Similarly, one can verify that |φ(S) − φ(S(i,y) )| ≤ n2 max(τ,
1 − τ)t. Hence, by the McDiarmid in
2z2
. Therefore, with
equality, for any z > 0, P(φ(S) − Eφ(S) ≥ z) ≤ exp −
2

2
|φ(S) − φ(S(i,x) )| ≤ max(τ, 1 − τ)s.
n

For simplicity, we consider only the case where there exists a measurable function f S ∈ Fn (s) that
achieves the supremum of φ(S). Note that the case of no function achieving the supremum can be
treated similarly, with only minor modification on the proof, and the details are omitted. Substitute
f S in (15) and after some calculation, we have that

f ∈Fn (s)

− sup [Eρτ (Y − f (X)) −

f ∈Fn (s)

|φ(S) − φ(S(i,x) )| = | sup [Eρτ (Y − f (X)) −

Define S(i,x) = {(x1 , y1 ), . . . , (x0i , yi ), . . . , (xn , yn )} to be another sample from the joint distribution of
X and Y . Notice that the difference between S and S(i,x) is only on the x value of their ith pair.
Similarly, define S(i,y) = {(x1 , y1 ), . . . , (xi , y0i ), . . . , (xn , yn )} with the y values in the ith pair being
different. Then we have

f ∈Fn (s)

φ(S) = sup [Eρτ (Y − f (X)) −

Proof of Lemma 15: We divide the proof into three parts. In the first part, we bound the left hand
side of (13) in terms of its empirical estimation and the expectation of their supremum difference,
by the McDiarmid inequality (McDiarmid, 1989). The second part bounds the expectation of the
supremum difference from the first step by the previously defined Rademacher complexity with a
symmetrization technique. In the third part, we bound the Rademacher complexity by its empirical
version. In this proof, we focus on fˆn , as the proof for f˜n is the same.
We begin the proof by introducing some notation. For a given sample S, let

Moreover, (13) and (14) hold for f˜n .
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sup ES0
S0

S

1 

  
1 
ρτ yi0 − fˆn (xi0 ) − ∑ ρτ yi − fˆn (xi )
|S
n∑
n

Hence, with the Jensen’s inequality and the definition of σ, we have
E{φ(S)} = ES
f ∈Fn (s)

1 

 
1 
≤ ES,S0
ρτ yi0 − fˆn (xi0 ) − ∑ ρτ yi − fˆn (xi )
n∑
n
S
S0

 

1 
1 
= ES,S0 ,σ sup
ρτ yi0 − fˆn (xi0 ) − ∑ ρτ yi − fˆn (xi )
n∑
n S
S0
f ∈Fn (s)

≤ 2Rn (Fn (s)).

This completes the proof of the second step.
The third step bounds Rn (Fn (s)) by the empirical counterpart R̂n (Fn (s)). This part of the proof
is similar to that of the first part, in the sense that we apply the McDiarmid inequality on R̂n (Fn (s))
and its expectation Rn (Fn (s)). One can then verify that with probability at least 1 − δ, Rn (Fn (s)) ≤
R̂n (Fn (s)) + Tn (δ).
The proof of Lemma 15 is thus completed, after combining the results in Steps 1-3 and replacing
δ by δ/2.

The next lemma, Lemma 17, bounds R̂n (Fn (s)) with the data and tuning parameter that we use.
It employs the result obtained in Lemma 14, and is a direct application of the “η-net” idea (Van der
Vaart and Wellner, 2000). Because the result in Lemma 14 can be applied to both the regular squared
norm method and the data sparsity method, the result in Lemma 17 holds for both methods as well.
Before discussing Lemma 17 and its proof, we first introduce the Hoeffding’s Inequality.
Proposition 16 (Hoeffding’s Inequality). Let X be a random variable with mean 0 and range in
[a, b]. Then for any fixed z > 0, E(exp(zX)) ≤ exp(z2 (b − a)2 /8).
Lemma 17 The empirical Rademacher complexity R̂n (Fn (s)) for f˜n satisfies that
q
R̂n (Fn (s)) ≤ 2sn−1/4 + max(τ, 1 − τ)(s + t) 211 n−1/2 + (log(5)/n) + (log(n)/4n).
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Proof of Lemma 17: Let R = R̂n F2sn (s) . We consider the following function h f (·) = (2s)−1 ρτ ( f − ·),
and the corresponding class HR = {h f : f ∈ Fn (s)}. From the proof of Lemma 14, one can verify
that the entropy number of HR is bounded by that of G , because the check function is upper bounded
by L( f , ·) defined after the proof of Lemma 13. Next, we construct the smallest η-net of HR , Y ,
such that for all f ∈ Fn (s), there exists an element gY ∈ Y with the L2 (TX ) distance between f and
gY smaller than η, for any arbitrary empirical measure TX . Therefore, one can verify that


1 n
1
Eσ [ sup
∑ σi ρτ ( f (xi ) − yi ) − ρτ (gY (xi ) − yi ) ]
2s
f ,gY close n i=1

1
1 n
R ≤ Eσ [sup ∑ σi ρτ (gY (xi ) − yi )]
2s
gY n i=1
+

:=R1 + R2 .
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n

i=1

and we

Here “ f , gY close” means that the L2 (TX ) distance between f and gY is smaller than η. Consequently, we have that R2 is bounded by η, by the Hölder’s Inequality.
Now we bound R1 . To this end, let z be a positive number to be determined later. From the
Jensen’s Inequality, we have

gY i=1
n

exp(2sznR1 ) ≤Eσ exp[z sup ∑ σi ρτ (gY (xi ) − yi )]

n

≤ ∑ Eσ [exp(z ∑ σi ρτ (gY (xi ) − yi ))]
gY

gY i=1

≤ ∑ ∏ Eσi [exp(zσi ρτ (gY (xi ) − yi )].
Observe that Eσi [σi ρτ (gY (xi ) − yi )] = 0, and

2 log |Y |
√ ,
max(τ,1−τ)(s+t) n

√

− max(τ, 1 − τ)(s + t) ≤ ρτ (gY (xi ) − yi ) ≤ max(τ, 1 − τ)(s + t).

z2 (2 max(τ, 1 − τ)(s + t))2
)
8

Therefore, by the Hoeffding’s Inequality, we have
n

gY i=1

2

+ nz(max(τ,1−τ)(s+t))
. Choose z =
2

≤|Y | exp(
log |Y |
z

nz2 (max(τ, 1 − τ)(s + t))2
).
2

exp(2sznR1 ) ≤ ∑ ∏ exp(

Equivalently, we have 2snR1 ≤
have

p
2snR1 ≤ max(τ, 1 − τ)(s + t) 2n log |Y |,

or equivalently,
p
q
max(τ, 1 − τ)(s + t) 2 log |Y | max(τ, 1 − τ)(s + t)
√
√
≤
2(C0 η−2 + log(5/η)).
2s n
2s n
R1 ≤

After we combine the bounds of R1 and R2 , choose η = n−1/4 , the results then follows.

Next, we focus on the data sparsity method. In Lemma 18 we would prove that the empirical
Rademacher complexity of the functional space in (5) can be smaller than that of (4). As we will

see, the technique we use only works for the data sparsity constraint. This bound then leads to
q
. As discussed in the
another finite sample bound on the prediction error, namely, µ = s 2 log(2n+2)
n
main text, when n is small or moderate, this bound can be much better than the one derived from
Lemma 14.

2 log(2n + 2)
.
n
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Lemma 18 The empirical Rademacher complexity R̂n (Fn (s)) for fˆn in (5) satisfies that
r

R̂n (Fn (s)) ≤ s max(τ, 1 − τ)

36
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The proof follows directly from that of Theorem 1 in Li et al. (2007) and is omitted.
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Table 11: Important notation introduced in Section 2.

Methodology
Predictor variable
Response
Number of observation
Dimensionality of x
Quantile level
Noise, may depend on x
Defined as Y = f0 + ε
Domain of f0
The check function
The population minimizer of the check function
Penalty on the regression function
Tuning parameters
Functional class
The real line
A RKHS
The norm in the RKHS H
Intercept
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Regression function in H ⊕ R
The kernel function
The gram matrix
The kernel function coefficients
The estimated regression function using the proposed data sparsity constraint
The estimated regression function using the squared norm penalty
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With the t defined in Corollary 10, one can verify that with probability at least 1 − δ/2, all the errors
εi ; i = 1, . . . , n are in [−t,t]. Conditioning on this, the claim follows from Theorem 9.


Appendix F. Proof of Corollary 10

This completes the proof.

The rest of the proof is to apply the Talagrand’s lemma (Lemma 4.2 on page 78 in Mohri et al.,
2012). In particular, as the check loss function is max(τ, 1 − τ)-Lipschitz, we have
r
2 log(2n + 2)
R̂n (Fn (s)) ≤ max(τ, 1 − τ)R̂ f (Fn (s)) ≤ s max(τ, 1 − τ)
.
n

consists of 2n + 2 elements.
Next, by applying the same technique as we used in the proof of Lemma 17 to bound R1 , we
can show that
r
2 log(2n + 2)
.
R̂ f (Fn (s)) ≤ s
n

{σ0 (K̃ 1 ( j), K̃ 2 ( j), . . . , K̃ n ( j))T ; j = 1, . . . , n + 1, σ0 ∈ {±1}}

where k · k∞ is the L∞ norm, K̃ i ( j) is the jth element of K̃ i , and σ0 is an independent Rademacher
variable. Notice that the new functional space defined by

n
s
= Eσ [ 0 max σ0 ∑ σi K̃ i ( j)],
n σ , j=1,...,n+1 i=1

n
s
= Eσ k ∑ σi K̃ i k∞
n
i=1

R̂ f (Fn (s)) = Eσ [ sup

1 n
∑ σi ᾱT K̃ i ]
n
kᾱk1 ≤s i=1

Proof of Lemma 18: We first consider the empirical Rademacher complexity of the functional
space Fn (s) without taking the check loss function into consideration. To this end, let us define
R̂ f (Fn (s)) = Eσ [sup f ∈Fn (s) 1n ∑ni=1 σi f (xi )]. Recall the definition of ᾱ from Section 4, and define the
augmented vector K̃ i = (1, K i ) for i = 1, . . . , n, where K i is the ith row of the gram matrix K. We can
now rewrite R̂ f (Fn (s)) as
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n
n
{ f = f 0 + b : f 0 (x) = ∑i=1
αi K(x, xi ); |b| + ∑i=1
|αi | ≤ s}
lims→∞ limn→∞ Fn (s)
arginf f ∈Fn (s) Eρτ (Y − f (X))
arginf f ∈F (∞) Eρτ (Y − f (X))
Eρτ (Y − f1 (X)) − Eρτ (Y − f2 (X))
(s)
e( fn , f (∞) ), the approximation error between Fn (s) and F (∞)
The estimated function using the data sparsity constraint, without penalty on |b|
R
( f 2 dQ)1/2 , the L2 (Q) norm of f 
E ρτ (Y − f (∞) ) − E ρτ (Y − ftrue )
Constants
A partition of D, and ftrue = ai on Di
Upper bound on | ftrue |
The distance between the point x and the set D j
min j6=i dis(x, D j )
The ball centered at x with radius ψx
Kernel parameter for Gaussian/Laplacian kernels
The marginal distribution of X
The upper bound of |ε| in Assumption A
A small
 qprobability
q

min 2 n−1/2 log(n) + 1 , n−1 211 n1/4 + 2 log(5) + 0.5 log(n)
The common cumulative distribution function of ε
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(s)
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f
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1 n
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Figure 7: Estimated salary for the Baseball data using the number of home runs and the number of
years played as the predictors.

(f) Data sparsity constraint with τ = 0.75.
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Bayesian framework provides a theoretically solid and consistent way to construct models
and perform inference. In practice, however, the inference is usually analytically intractable
and is therefore based on approximation methods such as variational Bayes (VB), expectation propagation (EP) and Markov chain Monte Carlo (MCMC) (Bishop, 2006). Deriving
and implementing the formulas for an approximation method is often straightforward but
tedious, time consuming and error prone.
BayesPy is a Python 3 package providing tools for constructing conjugate exponential
family models and performing VB inference easily and efficiently. It is based on the variational message passing (VMP) framework which defines a simple message passing protocol
(Winn and Bishop, 2005). This enables implementation of small general nodes that can be
used as building blocks for large complex models. BayesPy offers a comprehensive collection
of built-in nodes that can be used to build a wide range of models and a simple interface
for implementing custom nodes. The package is released under the MIT license.
Several other projects have similar goals for making Bayesian inference easier and faster
to apply. VB inference is available in Bayes Blocks (Raiko et al., 2007), VIBES (Bishop et al.,
2002) and Infer.NET (Minka et al., 2014). Bayes Blocks is an open-source C++/Python
package but limited to scalar Gaussian nodes and a few deterministic functions, thus making
it very limited. VIBES is an old software package for Java, released under the revised BSD
license, but it is no longer actively developed. VIBES has been replaced by Infer.NET, which
is partly closed source and licensed for non-commercial use only. Instead of VB inference,
mainly MCMC is supported by other projects such as PyMC (Patil et al., 2010), OpenBUGS
(Thomas et al., 2006), Dimple (Hershey et al., 2012) and Stan (Stan Development Team,
2014). Thus, there is a need for an open-source and maintained VB software package.

1. Introduction

BayesPy is an open-source Python software package for performing variational Bayesian
inference. It is based on the variational message passing framework and supports conjugate
exponential family models. By removing the tedious task of implementing the variational
Bayesian update equations, the user can construct models faster and in a less error-prone
way. Simple syntax, flexible model construction and efficient inference make BayesPy
suitable for both average and expert Bayesian users. It also supports some advanced
methods such as stochastic and collapsed variational inference.
Keywords: variational Bayes, probabilistic programming, Python
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This section demonstrates the key steps in using BayesPy. An artificial Gaussian mixture
dataset is created by drawing 500 samples from two 2-dimensional Gaussian distributions.
200 samples have mean [2, 2] and 300 samples have mean [0, 0]:

3. Example

BayesPy can be used to construct conjugate exponential family models. The documentation
provides detailed examples of how to construct a variety of models, including principal
component analysis models, linear state-space models, mixture models and hidden Markov
models. BayesPy has also been used in two publications about parameter expansion and
time-varying dynamics for linear state-space models (Luttinen, 2013; Luttinen et al., 2014).
Using BayesPy for Bayesian inference consists of four main steps: constructing the
model, providing data, finding the posterior approximation and examining the results. The
user constructs the model from small modular blocks called nodes. Roughly, each node
corresponds to a latent variable, a set of observations or a deterministic function. The
inference engine is used to run the message passing algorithm in order to obtain the posterior
approximation. The resulting posterior can be examined, for instance, by using a few builtin plotting functions or printing the parameters of the posterior distributions.
Nodes are the primary building blocks for models in BayesPy. There are two types of
nodes: stochastic and deterministic. Stochastic nodes correspond to probability distributions and deterministic nodes correspond to functions. Built-in stochastic nodes include
all common exponential family distributions (e.g., Gaussian, gamma and Dirichlet distributions), a general mixture distribution and a few complex nodes for dynamic variables (e.g.,
discrete and Gaussian Markov chains). Built-in deterministic nodes include a gating node
and a general sum-product node. In case a model cannot be constructed using the built-in
nodes, the documentation provides instructions for implementing new nodes.
BayesPy is designed to be simple enough for non-expert users but flexible and efficient
enough for expert users. One goal is to keep the syntax easy and intuitive to read and write
by making it similar to the mathematical formulation of the model. Missing values are easy
to handle and the variables can be monitored by plotting the posterior distributions during
the learning. BayesPy has also preliminary support for some advanced VB methods such
as stochastic variational inference (Hoffman et al., 2013), deterministic annealing (Katahira
et al., 2008), collapsed inference (Hensman et al., 2012), Riemannian conjugate gradient
learning (Honkela et al., 2010), parameter expansions (Qi and Jaakkola, 2007) and pattern
searches (Honkela et al., 2003). For developers, the unit testing framework helps in finding
bugs, making changes and implementing new features in a robust manner.
BayesPy can be installed similarly to other Python packages. It requires Python 3 and
a few popular packages: NumPy, SciPy, matplotlib and h5py. The latest release can be
installed from Python Package Index (PyPI) and detailed instructions can be found from
the comprehensive online documentation1 . The latest development version is available at
GitHub2 , which is also the platform used for reporting bugs and making pull requests.

2. Features

Luttinen

1
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import numpy as np
N = 500; D = 2
data = np . random . randn (N , D )
data [:200 ,:] += 2* np . ones ( D )

K = 5

We construct a mixture model for the data and assume that the parameters, the cluster
assignments and the true number of clusters are unknown. The model uses a maximum
number of five clusters but the effective number of clusters will be determined automatically:

6

from bayespy import nodes
mu = nodes . Gaussian ( np . zeros ( D ) , 0.01* np . identity ( D ) , plates =( K ,) )
Lambda = nodes . Wishart (D , D * np . identity ( D ) , plates =( K ,) )

The unknown cluster means and precision matrices are given Gaussian and Wishart prior
distributions:
7
8

alpha = nodes . Dirichlet (0.01* np . ones ( K ) )
z = nodes . Categorical ( alpha , plates =( N ,) )

The plates keyword argument is used to define repetitions similarly to the plate notation
in graphical models. The cluster assignments are categorical variables, and the cluster
probabilities are given a Dirichlet prior distribution:
9
10

11

y = nodes . Mixture (z , nodes . Gaussian , mu , Lambda )

The observations are from a Gaussian mixture distribution:

12

y . observe ( data )

The second argument for the Mixture node defines the type of the mixture distribution, in
this case Gaussian. The variable is marked as observed by providing the data:

from bayespy . inference import VB
Q = VB (y , mu , z , Lambda , alpha )

Next, we want to find the posterior approximation for our latent variables. We create the
variational Bayesian inference engine:
13
14

15

z . i n it ia liz e_ fr om_ ra nd om ()

Before running the VMP algorithm, the symmetry in the model is broken by a random
initialization of the cluster assignments:

Q . update ( repeat =200)

Without the random initialization, the clusters would not be separated. The VMP algorithm
updates the variables in turns and is run for 200 iterations or until convergence:
16

import bayespy . plot as bpplt
bpplt . gaussian_mixture_2d (y , alpha = alpha )
bpplt . pyplot . show ()

The results can be examined visually by using bayespy.plot module:
17
18
19

20

print ( alpha )

It is also possible to print the parameters of the approximate posterior distributions:
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The bayespy.plot module contains also other functions for visually examining the distributions.
3

BayesPy
Infer.NET

Small GMM
6
25

Luttinen

Large GMM
90
4 600

Small PCA
7 (60)
37 (350)

Large PCA
400 (1 500)
2 200 (210 000)

Table 1: The average CPU time in milliseconds per iteration for each dataset. The results in
parentheses have the following meanings: a) BayesPy without using broadcasting.
b) Infer.NET using the same factorization as BayesPy.

4. Comparison with Infer.NET

This section provides a brief comparison with Infer.NET because it is another active project
implementing the variational message passing algorithm, whereas the other related active
projects implement MCMC. The main advantages of Infer.NET over BayesPy are its support
for non-conjugate models (e.g., logistic regression) and other inference engines (EP and
Gibbs sampling). On the other hand, BayesPy is open-source software and supports several
advanced VB methods (e.g., stochastic variational inference and collapsed inference).
The speed of the packages were compared by using two widely used models: a Gaussian
mixture model (GMM) and principal component analysis (PCA).3 Both models were run
for small and large artificial datasets. For GMM, the small model used 10 clusters for 200
observations with 2 dimensions, and the large model used 40 clusters for 2000 observations
with 10 dimensions. For PCA, the small model used 10-dimensional latent space for 500
observations with 20 dimensions, and the large model used 40-dimensional latent space
for 2000 observations with 100 dimensions. For the PCA model, Infer.NET used both a
fully factorizing approximation and also the same approximation as BayesPy which did
not factorize with respect to the latent space dimensions. The experiments were run on
a quad-core (i7-4702MQ) Linux computer. Because the packages run practically identical
algorithms and thus converged to similar solutions in a similar number of iterations (50–100
iterations depending on the dataset), we compared the average CPU time per iteration.
The results are summarized in Table 1. For all datasets, BayesPy is faster probably because it uses highly optimized numerical libraries (BLAS and LAPACK). For PCA, BayesPy
also automatically avoids redundant computations which arise because latent variables have
equal posterior covariance matrices. However, such broadcasting is not always possible (e.g.,
if there are missing values in the PCA data). Thus, the table also presents the results when
BayesPy is forced to not use broadcasting: BayesPy is slower than Infer.NET on the smaller
PCA dataset but faster on the larger PCA dataset. If Infer.NET used the same factorization
for PCA as BayesPy, Infer.NET may be orders of magnitude slower.

5. Conclusions

JMLR 17(41):1-6

BayesPy provides a simple and efficient way to construct conjugate exponential family
models and to find the variational Bayesian posterior approximation in Python. In addition
to the standard variational message passing, it supports several advanced methods such

3. The scripts for running the experiments are available as supplementary material.

4

5

JMLR 17(41):1-6

A. Thomas, B. O’Hara, U. Ligges, and S. Sibylle. Making BUGS open. R News, 6(1):12–17, 2006.

Stan Development Team. Stan: A C++ library for probability and sampling, version 2.4, 2014.
URL http://mc-stan.org/.

T. Raiko, H. Valpola, M. Harva, and J. Karhunen. Building blocks for variational Bayesian learning
of latent variable models. Journal of Machine Learning Research, 2007.

Y. Qi and T. S. Jaakkola. Parameter expanded variational Bayesian methods. In Advances in Neural
Information Processing Systems 19, pages 1097–1104, Vancouver, Canada, 2007.

A. Patil, D. Huard, and C. J. Fonnesbeck. PyMC: Bayesian stochastic modelling in Python. Journal
of Statistical Software, 35(4):1–81, 2010.

T. Minka, J. Winn, J. Guiver, and D. A. Knowles. Infer.NET 2.6, 2014. URL http://research.
microsoft.com/infernet. Microsoft Research Cambridge.

J. Luttinen, T. Raiko, and A. Ilin. Linear state-space model with time-varying dynamics. In Machine
Learning and Knowledge Discovery in Databases, volume 8725 of Lecture Notes in Computer
Science, pages 338–353. Springer, 2014.

J. Luttinen. Fast variational Bayesian linear state-space model. In Machine Learning and Knowledge Discovery in Databases, volume 8188 of Lecture Notes in Computer Science, pages 305–320.
Springer, 2013.

K. Katahira, K. Watanabe, and M. Okada. Deterministic annealing variant of variational Bayes
method. Journal of Physics: Conference Series, 95(1), 2008.

A. Honkela, T. Raiko, M. Kuusela, M. Tornio, and J. Karhunen. Approximate Riemannian conjugate
gradient learning for fixed-form variational Bayes. Journal of Machine Learning Research, 11:
3235–3268, 2010.

A. Honkela, H. Valpola, and J. Karhunen. Accelerating cyclic update algorithms for parameter
estimation by pattern searches. Neural Processing Letters, 17(2):191–203, 2003.

M. D. Hoffman, D. M. Blei Blei, C. Wang, and J. Paisley. Stochastic variational inference. Journal
of Machine Learning Research, 14:1303–47, 2013.

S. Hershey, J. Bernstein, B. Bradley, A. Schweitzer, N. Stein, T. Weber, and B. Vigoda. Accelerating
inference: towards a full language, compiler and hardware stack. Computing Research Repository,
2012.

J. Hensman, M. Rattray, and N. D. Lawrence. Fast variational inference in the conjugate exponential
family. In Advances in Neural Information Processing Systems 25, pages 2888–2896, 2012.

C. M. Bishop, D. Spiegelhalter, and J. Winn. VIBES: a variational inference engine for Bayesian
networks. In Advances in Neural Information Processing Systems 15, pages 777–784, 2002.

C. M. Bishop. Pattern Recognition and Machine Learning. Information Science and Statistics.
Springer, New York, 2nd edition, 2006.

6

JMLR 17(41):1-6

J. Winn and C. M. Bishop. Variational message passing. Journal of Machine Learning Research, 6:
661–694, 2005.

as stochastic and collapsed variational inference. Future plans include support for nonconjugate models and non-parametric models (e.g., Gaussian and Dirichlet processes).
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Consider a non linear function, f (x). A very general class of probability densities can be
recovered by mapping a simpler density through the non linear function. For example, we

1. Introduction
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systems, uncertain inputs

The Gaussian process latent variable model (GP-LVM) provides a flexible approach for
non-linear dimensionality reduction that has been widely applied. However, the current
approach for training GP-LVMs is based on maximum likelihood, where the latent projection variables are maximised over rather than integrated out. In this paper we present a
Bayesian method for training GP-LVMs by introducing a non-standard variational inference
framework that allows to approximately integrate out the latent variables and subsequently
train a GP-LVM by maximising an analytic lower bound on the exact marginal likelihood.
We apply this method for learning a GP-LVM from i.i.d. observations and for learning
non-linear dynamical systems where the observations are temporally correlated. We show
that a benefit of the variational Bayesian procedure is its robustness to overfitting and its
ability to automatically select the dimensionality of the non-linear latent space. The resulting framework is generic, flexible and easy to extend for other purposes, such as Gaussian
process regression with uncertain or partially missing inputs. We demonstrate our method
on synthetic data and standard machine learning benchmarks, as well as challenging real
world datasets, including high resolution video data.
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p(y)

(1)

2

yt = f (xt ) + .
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where g(·) is a vector valued function. The observations are then observed through a
separate nonlinear vector valued function,

xt = g(xt−1 ),

They can also be used for prediction of a regression model output when the input is uncertain
(see e.g. Oakley and O’Hagan, 2002) or for autoregressive prediction in time series (see
e.g. Girard et al., 2003). Further, by adding a dynamical autoregressive component to
the non-linear dimensionality reduction approaches leads to non-linear state space models
(Särkkä, 2013), where the states often have a physical interpretation and are propagated
through time in an autoregressive manner:

Models of this form appear in several domains. They can be used for nonlinear dimensionality reduction (MacKay, 1995; Bishop et al., 1998) where several latent variables,
x = {xj }qj=1 are used to represent a high dimensional vector y = {yj }pj=1 and we normally
have p > q,
y = f (x) + .

this time with variance σ 2 . Whilst the resulting density for y, denoted by p(y), can now
have a very general form, these models present particular problems in terms of tractability.

where  could also be drawn from a Gaussian density

 ∼ N 0, σ 2 ,

y = f (x) + ,

and we observe y, which is given by passing samples from x through a non linear function,
perhaps with some corrupting noise

x ∼ N (0, 1)

might decide that x should be drawn from a Gaussian density

Figure 1: A Gaussian distribution
propagated through a non-linear mapping. yi = f (xi ) +

i .  ∼ N 0, 0.22 and f (·) uses RBF basis, 100 centres between -4 and 4 and ` =
0.1. The new distribution over y (right) is multimodal and difficult to normalize.

p(x)

−→

y = f (x) + 
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x1
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−→

yj = fj (x)

3
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so that the data is a lower dimensional subspace immersed in the original, high dimensional
space. If the mapping is linear, e.g. f (xi,: ) = Wxi,: with W ∈ <q×p , methods like principal
component analysis, factor analysis and (for non-Gaussian p(xi,: )) independent component
analysis (Hyvärinen et al., 2001) follow. For Gaussian p(xi,: ) the marginalisation of the
latent variable is tractable because placing a Gaussian density through an affine transformation retains the Gaussianity of the data density, p(yi,: ). However, the linear assumption
is very restrictive so it is natural to aim to go beyond it through a non linear mapping.

The intractabilities of mapping a distribution through a non-linear function have resulted in a range of different approaches. In density networks sampling was proposed; in
particular, in (MacKay, 1995) importance sampling was used. When extending importance
samplers dynamically, the degeneracy in the weights needs to be avoided, thus leading to
the resampling approach suggested for the bootstrap particle filter of Gordon et al. (1993).
Other approaches in non-linear state space models include the Laplace approximation as
used in extended Kalman filters and unscented and ensemble transforms (see Särkkä, 2013).
In dimensionality reduction the generative topographic mapping (GTM Bishop et al., 1998)
reinterpreted the importance sampling approach of MacKay (1995) as a mixture model,
using a discrete representation of the latent space.
In this paper we suggest a variational approach to dealing with latent variables and input
uncertainty that can be applied to Gaussian process models. Gaussian processes provide a
probabilistic framework for performing inference over functions. A Gaussian process prior
can be combined with a data set (through an appropriate likelihood) to obtain a posterior
process that represents all functions that are consistent with the data and our prior.
Our initial focus will be application of Gaussian process models in the context of dimensionality reduction. In dimensionality reduction we assume that our high dimensional
data set is really the result of some low dimensional control signals which are, perhaps,
non-linearly related to our observed functions. In other words we assume that our data,
Y ∈ <n×p , can be generated by a lower dimensional matrix, X ∈ <n×q through a vector
valued function where each row, yi,: of Y represents an observed data point and is generated
through
yi,: = f (xi,: ) + i,: ,

Figure 2: A three dimensional manifold formed by mapping from a two dimensional space
to a three dimensional space.

x2
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In the context of dimensionality reduction a range of approaches have been suggested
that consider neighbourhood structures or the preservation of local distances to find a low
dimensional representation. In the machine learning community, spectral methods such
as isomap (Tenenbaum et al., 2000), locally linear embeddings (LLE, Roweis and Saul,
2000) and Laplacian eigenmaps (Belkin and Niyogi, 2003) have attracted a lot of attention.
These spectral approaches are all closely related to kernel PCA (Schölkopf et al., 1998) and
classical multi-dimensional scaling (MDS) (see e.g. Mardia et al., 1979). These methods
do have a probabilistic interpretation as described by Lawrence (2012) which, however,
does not explicitly include an assumption of underlying reduced data dimensionality. Other
iterative methods such as metric and non-metric approaches to MDS (Mardia et al., 1979),
Sammon mappings (Sammon, 1969) and t-SNE (van der Maaten and Hinton, 2008) also
lack an underlying generative model.

Probabilistic approaches, such as the generative topographic mapping (GTM, Bishop
et al., 1998) and density networks (MacKay, 1995), view the dimensionality reduction problem from a different perspective, since they seek a mapping from a low-dimensional latent
space to the observed data space (as illustrated in Figure 2), and come with certain advantages. More precisely, their generative nature and the forward mapping that they define,
allows them to be extended more easily in various ways (e.g. with additional dynamics
modelling), to be incorporated into a Bayesian framework for parameter learning and to
handle missing data. This approach to dimensionality reduction provides a useful archetype
for the algorithmic solutions we are providing in this paper, as they require approximations
that allow latent variables to be propagated through a non-linear function.

Our framework takes the generative approach prescribed by density networks and the
non-linear variants of Kalman filters one step further. Because, rather than considering a
specific function, f (·), to map from the latent variables to the data space, we will consider
an entire family of functions. One that subsumes the more restricted class of either Gauss
Markov processes (such as the linear Kalman filter/smoother) and Bayesian basis function
models (such as the RBF network used in the GTM, with a Gaussian prior over the basis
function weightings). These models can all be cast within the framework of Gaussian
processes (Rasmussen and Williams, 2006). Gaussian processes are probabilistic kernel
methods, where the kernel has an interpretation of a covariance associated with a prior
density. This covariance specifies a distribution over functions that subsumes the special
cases mentioned above.
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The Gaussian process latent variable model (GP-LVM, Lawrence, 2005) is a more recent
probabilistic dimensionality reduction method which has been proven to be very useful
for high dimensional problems (Lawrence, 2007; Damianou et al., 2011). GP-LVM can
be seen as a non-linear generalisation of probabilistic PCA (PPCA, Tipping and Bishop,
1999; Roweis, 1998), which also has a Bayesian interpretation (Bishop, 1999). In contrast
to PPCA, the non-linear mapping of GP-LVM makes a Bayesian treatment much more
challenging. Therefore, GP-LVM itself and all of its extensions, rely on a maximum a
posteriori (MAP) training procedure. However, a principled Bayesian formulation is highly
desirable, since it would allow for robust training of the model, automatic selection of the
latent space’s dimensionality as well as more intuitive exploration of the latent space’s
structure.

4

(2)
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which is infinitely many times differentiable and it uses a common lengthscale parameter
for all latent dimensions. The above covariance function results in a non-linear but smooth

j=1

Here, the individual components of f (x) are taken to be independent draws from a Gaussian process with kernel or covariance function kf (x, x0 ), which determines the properties of
the latent mapping. As shown in (Lawrence, 2005) the use of a linear covariance function
makes GP-LVM equivalent to traditional PPCA. On the the other hand, when non-linear
covariance functions are considered the model is able to perfom non-linear dimensionality reduction. The non-linear covariance function considered in (Lawrence, 2005) is the
exponentiated quadratic (RBF),


q
X
1
2
2
kf (rbf) (xi,: , xk,: ) = σrbf exp − 2
(xi,j − xk ,j )  ,
(3)
2`

fj (x) ∼ GP(0, kf (x, x0 )), j = 1, . . . , p.

The unified characteristic of all GP-LVM algorithms, as they were first introduced by
Lawrence (2005, 2004), is the consideration of a Gaussian Process as a prior distribution
for the mapping function f (x) = (f1 (x), . . . , fp (x)) so that

2.1 Gaussian Processes for Latent Mappings

This section provides background material on current approaches for learning using Gaussian process latent variable models (GP-LVMs). Specifically, Section 2.1 specifies the general
structure of such models, Section 2.2 reviews the standard GP-LVM for i.i.d. data as well as
dynamic extensions suitable for sequence data. Finally, Section 2.3 discusses the drawbacks
of MAP estimation over the latent variables which is currently the standard way to train
GP-LVMs.

2. Gaussian Processes with Latent Variables as Inputs

Throughout this paper we use capital boldface letters to denote matrices, lower-case boldface
letters to denote vectors and lower-case letters to denote scalar quantities. We denote the
ith row of the matrix Y as yi,: and its jth column as y:,j , whereas yi,j denotes the scalar
element found in the ith row and jth column of Y. We assume that data points are stored by
rows, so that the p−dimensional vector yi,: corresponds to the ith data point. The collection
of test variables (i.e. quantities given at test time for making predictions) is denoted using
an asterisk, e.g. Y∗ which has columns {y∗,j }pj=1 .
Concerning variables of interest, Y is the collection of observed outputs, F is the collection of latent GP function instantiations and X is the collection of latent inputs. Further on
we will introduce auxiliary inputs denoted by Xu , auxiliary function instantiations denoted
by U, a time vector denoted by t, and arbitrary (potentially partially) observed inputs
denoted by Z.
If a function f follows a Gaussian process, we use kf to denote its covariance function
and Kf f to denote the covariance matrix obtained by evaluating kf on all available training
inputs. The notation θf then refers to the hyperparameters of kf .

1.1 Notation
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1. The constraints for a valid covariance function are the same as those for a Mercer kernel. It must be a
positive (semi) definite function over the space of all possible input pairs.

In the next subsection we summarise the notation and conventions used in this paper.
In Section 2 we review the main prior work on dealing with latent variables in the context of
Gaussian processes and describe how the model was extended with a dynamical component.
We then introduce the variational framework and Bayesian training procedure in Section
3. In Section 4 we describe how the variational approach is applied to a range of predictive
tasks and this is demonstrated with experiments conducted on simulated and real world
datasets in Section 5. In Section 6 we discuss and experimentally demonstrate natural
but important extensions of our model, motivated by situations where the inputs to the
GP are not fully unobserved. These extensions give rise to an auto-regressive variant for
performing iterative future predictions, as well as a GP regression variant which can handle
missing inputs. Finally, based on the theoretical and experimental results of our work, we
present our final conclusions in Section 7. This article builds on and extends the previously
published conference papers in (Titsias and Lawrence, 2010; Damianou et al., 2011).

Considering a posterior distribution rather than point estimates for the latent points
means that our framework is generic and can be easily extended for multiple practical
scenarios. For example, if we treat the latent points as noisy measurements of given inputs
we obtain a method for Gaussian process regression with uncertain inputs (Girard et al.,
2003) or, in the limit, with partially observed inputs. On the other hand, considering a
latent space prior that depends on a time vector, allows us to obtain a Bayesian model
for dynamical systems (Damianou et al., 2011) that significantly extends classical Kalman
filter models with a non-linear relationship between the state space, X, and the observed
data Y, along with non-Markov assumptions in the latent space which can be based on
continuous time observations. This is achieved by placing a Gaussian process prior on the
latent space, X which is itself a function of time, t. This approach can itself be trivially
further extended by replacing the time dependency of the prior for the latent space with a
spatial dependency, or a dependency over an arbitrary number of high dimensional inputs.
As long as a valid covariance function 1 can be derived (this is also possible for strings and
graphs). This leads to a Bayesian approach for warped Gaussian process regression (Snelson
et al., 2004; Lázaro-Gredilla, 2012).

In this paper we formulate a variational inference framework which allows us to propagate uncertainty through a Gaussian process and obtain a rigorous lower bound on the
marginal likelihood of the resulting model. The procedure followed here is non-standard,
as computation of a closed-form Jensen’s lower bound on the true log marginal likelihood
of the data is infeasible with classical approaches to variational inference. Instead, we build
on, and significantly extend, the variational GP method of Titsias (2009), where the GP
prior is augmented to include auxiliary inducing variables so that the approximation is applied on an expanded probability model. The resulting framework defines a bound on the
evidence of the GP-LVM which, when optimised, gives as a by-product an approximation
to the true posterior distribution of the latent variables given the data.

Variational GP-LVM

Variational GP-LVM

(4)

mapping from the latent to the data space. Parameters that appear in a covariance function,
2 and `2 , are often referred to as kernel hyperparameters and will be denoted by
such as σrbf
θ .
f
Given the independence assumption across dimensions in equation (2), the latent varip
ables F ∈ <n×p (with columns {f:,j }j=1
),
which
have
one-to-one
Qp correspondence with
the data points Y, follow the prior distribution p(F|X, θf ) = j=1
p(f:,j |X, θf ), where
p(f:,j |X, θf ) is given by


1
1 > −1
p(f:,j |X, θf ) = N (f:,j |0, Kf f ) = |2πKf f |− 2 exp − f:,j
Kf f f:,j ,
2

=

N y:,j |f:,j , σ 2 In



p(y:,j |f:,j , σ 2 )p(f:,j |X, θf )p(X|θx ),
p
Y

j=1

j=1

p
Y

p(Y, F, X|θf , θx , σ 2 ) = p(Y|F, σ 2 )p(F|X, θf )p(X|θx )

(6)

(5)

and where Kf f = kf (X, X) is the covariance matrix defined by the kernel function kf . The
inputs X in this kernel matrix are latent random variables following a prior distribution
p(X|θx ) with hyperparameters θx . The structure of this prior can depend on the application
at hand, such as on whether the observed data are i.i.d. or have a sequential dependence.
For the remaining of this section we shall leave p(X|θx ) unspecified so that to keep our
discussion general while specific forms for it will be given in the next section.
Given the construction outlined above, the joint probability density over the observed
data and all latent variables is written as follows:

where the term
p(Y|F, σ 2 ) =

Z


p (Y|F) p(F|X)dF p(X),
p
Y

N y:,j |0, Kf f + σ 2 In .

p(Y|X)p(X) =

comes directly from the assumed noise model of equation (1) while p(F|X, θf ) and p(X|θx )
come from the GP and the latent space. As discussed in detail in Section 3.1, the interplay
of the latent variables (i.e. the latent matrix X that is passed as input in the latent matrix
F) makes inference very challenging. However, when fixing X we can treat F analytically
and marginalise it out as follows:

where
p(Y|X) =

j=1
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Here (and for the remaining of the paper), we omit reference to the parameters θ =
{θf , θx , σ 2 } in order to simplify our notation. The above partial tractability of the model
gives rise to a straightforward MAP training procedure where the latent inputs X are selected according to
X

XMAP = arg max p(Y|X)p(X).
7
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This is the approach suggested by Lawrence (2005, 2006) and subsequently followed by
other authors (Urtasun and Darrell, 2007; Ek et al., 2008; Ferris et al., 2007; Wang et al.,
2008; Ko and Fox, 2009c; Fusi et al., 2013; Lu and Tang, 2014). Finally, notice that point
estimates over the hyperparameters θ can also be found by maximising the same objective
function.

2.2 Different Latent Space Priors and GP-LVM Variants

n
Y
i=1

N (xi,: |0, Iq ) =

i=1 j=1

q
n Y
Y

N (xi,j |0, 1) .

(7)

Different GP-LVM algorithms can result by varying the structure of the prior distribution
p(X) over the latent inputs. The simplest case, which is suitable for i.i.d. observations, is
obtained by selecting a fully factorised (across data points and dimensions) latent space
prior:
p(X) =

More structured latent space priors can also be used that could incorporate available information about the problem at hand. For example, Urtasun and Darrell (2007) add discriminative properties to the GP-LVM by considering priors which encapsulate class-label
information. Other existing approaches in the literature seek to constrain the latent space
via a smooth dynamical prior p(X) so as to obtain a model for dynamical systems. For
example, Wang et al. (2006, 2008) extend GP-LVM with a temporal prior which encapsulates the Markov property, resulting in an auto-regressive model. Ko and Fox (2009b, 2011)
further extend these models for Bayesian filtering in a robotics setting, whereas Urtasun
et al. (2006) consider this idea for tracking. In a similar direction, Lawrence and Moore
(2007) consider an additional temporal model which employs a GP prior that is able to
generate smooth paths in the latent space.
In this paper we shall focus on dynamical variants where the dynamics are regressive, as
in (Lawrence and Moore, 2007). In this setting, the data are assumed to be a multivariate
n
timeseries {yi,: , ti }i=1
where ti ∈ <+ is the time at which the datapoint yi,: is observed.
A GP-LVM dynamical model is obtained by defining a temporal latent function x(t) =
(x1 (t), . . . , xq (t)) where the individual components are taken to be independent draws from
a Gaussian process,
xj (t) ∼ GP(0, kx (t, t0 )), j = 1, . . . , q,

q
Y

j=1

p(x:,j |t) =

j=1

q
Y

N (x:,j |0, Kx ) ,

where kx (t, t0 ) is the covariance function. The datapoint yi,: is assumed to be produced via
the latent vector xi,: = x(ti ), as shown in Figure 3(c). All these latent vectors can be stored
in the matrix X (exactly as in the i.i.d. data case) which now follows the correlated prior
distribution,
p(X|t) =

JMLR 17(42):1-62

where Kx = kx (t, t) is the covariance matrix obtained by evaluating the covariance function
kx on the observed times t. In contrast to the fully factorised prior in (7), the above prior
couples all elements in each column of X. The covariance function kx has parameters θx
and determines the properties of each temporal function xj (t). For instance, the use of

8

1
lj2

= wj .

9
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This covariance function could thus allow an automatic relevance determination (ARD)
procedure to take place, during which unnecessary dimensions of the latent space X are
assigned a weight wj with value almost zero. However, with the standard MAP training
approach the benefits of Bayesian shrinkage using the ARD covariance function cannot be
realised, as typically overfitting will occur; this is later demonstrated in Figure 5. This is
the reason why standard GP-LVM approaches in the literature avoid the ARD covariance
function and are sensitive to the selection of q.
On the other hand, the fully Bayesian framework allows for a “soft” model selection
mechanism (Tipping, 2000; Bishop, 1999), stemming from the different role played by q.
Specifically, in such an approach q can be seen as an “initial conservative guess” for the
effective dimensionality of the latent space; subsequent optimisation renders unnecessary
dimensions almost irrelevant by driving the corresponding inverse lengthscales close to zero.
Notice, however, that no threshold needs to be employed. Indeed, in the predictive equations
all q latent dimensions are used, but the lengthscales automatically weight the contribution
of each. In fact, typically the selection for q is not crucial, as long as it is large enough
to capture the effective dimensionality of the data. That is, if r > q is used instead, then
the extra r − q dimensions will only slightly affect any predictions, given that they will be
assigned an almost zero weight. This was indeed observed in our initial experiments. An
alternative to the ARD shrinkage principle employed in this paper is the spike and slab

where the squared inverse lengthscale per dimension can be seen as a weight, i.e.

Current GP-LVM based models found in the literature rely on MAP training procedures,
discussed in Section 2.1, for optimising the latent inputs and the hyperparameters. However,
this approach has several drawbacks. Firstly, the fact that it does not marginalise out the
latent inputs implies that it could be sensitive to overfitting. Further, the MAP objective
function cannot provide any insight for selecting the optimal number of latent dimensions,
since it typically increases when more dimensions are added. This is why most existing
GP-LVM algorithms require the latent dimensionality to be either set by hand or selected
with cross-validation. The latter case renders the whole training computationally slow and,
in practice, only a very limited subset of models can be explored in a reasonable time.
As another consequence of the above, the current GP-LVMs employ simple covariance
functions (typically having a common lengthscale over the latent input dimensions as the one
in equation (3)) while more complex covariance functions, that could help to automatically
select the latent dimensionality, are not popular. Such a latter covariance function can be
an exponentiated quadratic, as in (3), but with different lengthscale per input dimension,


q
1 X (xi,j − xk,j )2 
2

kf (ard) (xi,: , xk,: ) = σard exp −
,
(8)
2
lj2
j=1

Z
p(Y, F, X)dXdF = log p(Y|F)p(F|X)p(X)dXdF
Z

Z
= log p(Y|F)
p(F|X)p(X)dX dF.

(10)

(9)

Z

p(X)

p(f:,j |X)dX
10

j=1

p
Y
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The key difficulty with this Bayesian approach is propagating the prior density p(X) through
the non-linear mapping. Indeed, the nested integral in equation (10) can be written as

log p(Y) = log

Z

A Bayesian treatment of the GP-LVM requires the computation of the log marginal likelihood associated with the joint distribution of equation (5). Both sets of unknown random
variables have to be marginalised out: the mapping values F (as in the standard model)
and the latent space X. Thus, the required integral is written as

3.1 Standard Mean Field is Challenging for GP-LVM

In this section we describe in detail our proposed method which is based on a non-standard
variational approximation that uses auxiliary variables. The resulting class of algorithms
will be referred to as Variational Gaussian Process Latent Variable Models, or simply variational GP-LVMs.
We start with Section 3.1 where we explain the obstacles we need to overcome when
applying variational methods to the GP-LVM and specifically why the standard mean field
approach is not immediately tractable. In Section 3.2, we show how the use of auxiliary
variables together with a certain variational distribution results in a tractable approximation. In Section 3.3 we give specific details about how to apply our framework to the two
different GP-LVM variants that this paper is concerned with: the standard GP-LVM and
the dynamical/warped one. Finally, we outline two extensions of our variational method
that enable its application in more specific modelling scenarios. In the end of Section 3.3.2
we explain how multiple independent time-series can be accommodated within the same
dynamical model and in Section 3.4 we describe a simple trick that makes the model (and,
in fact, any GP-LVM model) applicable to vast dimensionalities.

3. Variational Gaussian Process Latent Variable Models

principle (Mitchell and Beauchamp, 1988), which provides “hard” shrinkage so that unnecessary dimensions are assigned a weight exactly equal to zero. This alternative constitutes
a promising direction for future research in the context of GP-LVMs.
Given the above, it is clear that the development of fully Bayesian approaches for training
GP-LVMs could make these models more reliable and provide rigorous solutions to the
limitations of MAP training. The variational method presented in the next section is such
an approach that, as demonstrated in the experiments, shows great ability in avoiding
overfitting and permits automatic soft selection of the latent dimensionality.

an Ornstein-Uhlenbeck covariance function (Uhlenbeck and Ornstein, 1930) yields a GaussMarkov process for xj (t), while the exponentiated quadratic covariance function gives rise to
very smooth and non-Markovian process. The specific choices and forms of the covariance
functions used in our experiments are discussed in Section 5.1.

2.3 Drawbacks of the MAP Training Procedure
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q(F, X) = q(F)q(X),



1
> K−1 f
where each term p(f:,j |X), given by (4), is proportional to |Kf f |− 2 exp − 21 f:,j
f f :,j .
Clearly, this term contains X, which are the inputs of the kernel matrix Kf f , in a complex,
non-linear manner and therefore analytical integration over X is infeasible.
To make progress we can invoke the standard variational Bayesian methodology (Bishop,
2006) to approximate the marginal likelihood of equation (9) with a variational lower bound.
We introduce a factorised variational distribution over the unknown random variables,

Z
q(F)q(X) log

p(Y|F)p(F|X)p(X)
dFdX.
q(F)q(X)

(11)

which aims at approximating the true posterior p(F|Y, X)p(X|Y). Based on Jensen’s inequality, we can obtain the standard variational lower bound on the log marginal likelihood
log p(Y) ≥

Z
q(F)q(X) log p(F|X)dFdX +

Z
q(F)q(X) log

p(Y|F)p(X)
dFdX,
q(F)q(X)

Nevertheless, this standard mean field approach remains problematic because the lower
bound above is still intractable to compute. To isolate the intractable term, observe that
(11) can be written as
log p(Y) ≥

where the first term of the above equation contains the expectation of log p(F|X) under the
distribution q(X). This requires an integration over X which appears non-linearly in Kf−1
f
and log |Kf f | and cannot be done analytically. Therefore, standard mean field variational
methodologies do not lead to an analytically tractable variational lower bound.
3.2 Tractable Lower Bound by Introducing Auxiliary Variables



(12)

In contrast, our framework allows us to compute a closed-form lower bound on the marginal
likelihood by applying variational inference after expanding the GP prior so as to include
auxiliary inducing variables. Originally, inducing variables were introduced for computational speed ups in GP regression models (Csató and Opper, 2002; Seeger et al., 2003; Csató,
2002; Snelson and Ghahramani, 2006; Quiñonero Candela and Rasmussen, 2005; Titsias,
2009). In our approach, these extra variables will be used within the variational sparse GP
framework of Titsias (2009).
More specifically, we expand the joint probability model in (5) by including m extra
samples (inducing points) of the GP latent mapping f (x), so that ui,: ∈ Rp is such a
sample. The inducing points are collected in a matrix U ∈ Rm×p and constitute latent
function evaluations at a set of pseudo-inputs Xu ∈ Rm×q . The augmented joint probability
density takes the form

p
Y
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p(y:,j |f:,j )p(f:,j |u:,j , X, Xu )p(u:,j |Xu ) p(X),

p(Y, F, U, X|Xu ) =p(Y|F)p(F|U, X, Xu )p(U|Xu )p(X)

=

j=1

11

where

Damianou, Titsias and Lawrence

p(f:,j |u:,j , X, Xu ) = N (f:,j |aj , Σf )

is the conditional GP prior (see e.g. Rasmussen and Williams (2006)), with

p(u:,j |Xu ) = N (u:,j |0, Kuu )

(13)

(15)

−1
−1
−1
aj = Kf u Kuu
u:,j (with ai,j = kf (xi,: , Xu )Kuu
u:,j ) and Σf = Kf f − Kf u Kuu
Kuf . (14)

Further,

F

X

Y

F

X

(b)

U

t

X

F

Y

(c)

U

is the marginal GP prior over the inducing variables. In the above expressions, Kuu denotes
the covariance matrix constructed by evaluating the covariance function on the inducing
points, Kuf is the cross-covariance between the inducing and the latent points and Kf u =
> . Figure 3(b) graphically illustrates the augmented probability model.
Kuf

Y
(a)

Figure 3: The graphical model for the GP-LVM (a) is augmented with auxiliary variables to obtain
the variational GP-LVM model (b) and its dynamical version (c). Shaded nodes represent
observed variables. In general, the top level input in (c) can be arbitrary, depending on
the application.

(16)
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p(f:,j |u:,j , X)q(u:,j ) q(X),

Notice that the likelihood p(Y|X) can be equivalently computed from the above augmented model by marginalizing out (F, U) and crucially this is true for any value of the
inducing inputs Xu . This means that, unlike X, the inducing inputs Xu are not random
variables and neither are they model hyperparameters; they are variational parameters.
This interpretation of the inducing inputs is key in developing our approximation and it
arises from the variational approach of Titsias (2009). Taking advantage of this observation
we now simplify our notation by dropping Xu from our expressions.
We can now apply variational inference to approximate the true posterior, p(F, U, X|Y) =
p(F|U, Y, X) p(U|Y, X)p(X|Y) with a variational distribution of the form



p
Y

j=1

q(F, U, X) = p(F|U, X)q(U)q(X) = 

12

(17)

with

=

F̂ (q(X), q(U)) =

j=1

j=1

p
X

13

(19)

(18)
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p(u:,j )
q(u:,j ) hlog p(y:,j |f:,j )ip(f:,j |u:,j ,X)q(X) + log
du:,j
q(u:,j )

F̂j (q(X), q(u:,j )) ,

p Z
X

= F̂ (q(X), q(U)) − KL (q(X) k p(X)) ,

while q(U) is an arbitrary (i.e. unrestricted) variational distribution. We can choose the
Gaussian q(X) to factorise across latent dimensions or datapoints and, as will be discussed
in Section 3.3, this choice will depend on the form of the prior distribution p(X). For the
time being, however, we shall proceed assuming a general form for this Gaussian.
The particular choice for the variational distribution allows us to analytically compute a
lower bound. The key reason behind this is that the conditional GP prior term is part of the
variational distribution which promotes the cancellation of the intractable log p(f:,j |u:,j , X)
term. Indeed, by making use of equations (12) and (16) the derivation of the lower bound
is as follows:
Z
p(Y, F, U, X)
F (q(X), q(U)) = q(F, U, X) log
dXdFdU
q(F, U, X)
Qp
(
Z Y
p
((
p(f(:,j(
|u(
:,j , X)p(u:,j )p(X)
j=1 p(y:,j |f:,j )(
Qp
dXdFdU
=
p(f:,j |u:,j , X)q(u:,j )q(X) log
(
(
(
p(f(:,j(
|u(
:,j , X)q(u:,j )q(X)
j=1 (
j=1
Qp
Z Y
p
j=1 p(y:,j |f:,j )p(u:,j )
Qp
=
p(f:,j |u:,j , X)q(u:,j )q(X) log
dXdFdU
j=1 q(u:,j )
j=1
Z
q(X)
− q(X) log
dX
p(X)

q(X) = N (X|M, S) ,

where h·i is a shorthand for expectation. Clearly, the second KL term can be easily calculated since both p(X) and q(X) are Gaussians; explicit expressions are given in Section 3.3.
To compute F̂j (q(X), q(u:,j )), first note that (see Appendix A for details)

where a key ingredient of this distribution is that the conditional GP prior term p(F|U, X)
that appears in the joint density in (12) is also part of the variational distribution. As
shown below this crucially leads to cancellation of difficult terms (involving inverses and determinants over kernel matrices on X) and allows us to compute a closed-form variational
lower bound. Furthermore, under this choice the conditional GP prior term p(F|U, X)
attempts to approximate the corresponding exact posterior term p(F|U, Y, X). This promotes the inducing variables U to become sufficient statistics so that the optimisation of
the variational distribution over the inducing inputs Xu attempts to construct U so that
F approximately becomes conditionally independent from the data Y given U. To achieve
exact conditional independence we might need to use a large number of inducing variables
so that p(F|U, X) becomes very sharply picked (a delta function). In practice, however,
the number of inducing variables must be chosen so that to balance between computational
complexity, which is cubic over the number m of inducing variables (see Section 3.4), and
approximation accuracy where the latter deteriorates as m becomes smaller.
Moreover, the distribution q(X) in (16) is constrained to be Gaussian,
q(u:,j ) log

e

hlog N (y:,j |aj ,σ2 In )iq(X)

Z Y
n

D

e

p(u:,j )
p(u:,j )du:,j

hlog N (y:,j |aj ,σ2 In )iq(X)
hlog N (y:,j |aj ,σ 2 In )iq(X)

e

,

E

(22)

i=1

e

1
2σ 2

(kf (xi,: ,xi,: )−kf (xi,: ,Xu )K−1
uu kf (Xu ,xi,: ))

q(xi,: )

p(u:,j )du:,j , (24)

14

(26)
JMLR 17(42):1-62


ψ0 = tr hKff iq(X) , Ψ1 = hKf u iq(X) , Ψ2 = hKuf Kfu iq(X)

where the quantities

where the second expression uses the factorisation of the Gaussian likelihood across data
points and it implies that independently of how complex the overall variational distribution
q(X) could be, F̂j will depend only on the marginals q(xi,: ) over the latent variables associated with different observations. Notice that the above trick of finding the optimal factor
q(u:,j ) and placing it back into the bound (firstly proposed in (King and Lawrence, 2006))
can be informally explained as reversing Jensen’s inequality (i.e. moving the log outside of
the integral) in the initial bound from (21) as pointed out by Titsias (2009).
Furthermore, by optimally eliminating q(u:,j ) we obtain a tighter bound which no longer
depends on this distribution, i.e. F̂j (q(X)) ≥ F̂j (q(X), q(u:,j )). Also notice that the expectation appearing in equation (23) is a standard Gaussian integral and (23) can be calculated
in closed form, which turns out to be (see Appendix A.3 for details)
"
#
1

> Wy
σ −n |Kuu | 2
ψ0
1
− 12 y:,j
:,j
(25)
F̂j (q(X)) = log
− 2 + 2 tr K−1
n
1 e
uu Ψ2
2σ
2σ
(2π) 2 |σ −2 Ψ2 + Kuu | 2

= log

log N (yi,j |ai,j ,σ 2 )−

which is just a Gaussian distribution (see Appendix A for an explicit form). We can now
re-insert the optimal value for q(u:,j ) back into F̂j (q(X), q(u:,j )) in (21) to obtain:
Z
hlog N (y:,j |aj ,σ2 In )iq(X)
p(u:,j )du:,j − A,
(23)
F̂j (q(X)) = log e

q(u:,j ) = R

F̂j (q(X), q(u:,j )) =

p(u:,j )
du:,j − A,
(21)
q(u:,j )




where A = 2σ1 2 tr hKf f iq(X) − 2σ1 2 tr K−1
uu hKuf Kf u iq(X) . The expression in (21) is a
KL-like quantity and, therefore, q(u:,j ) is optimally set to be proportional to the numerator
inside the logarithm of the above equation, i.e.

Z



1
1
hlog p(y:,j |f:,j )ip(f:,j |u:,j ,X) = log N y:,j |aj , σ 2 In − 2 tr (Kf f ) + 2 tr K−1
uu Kuf Kf u ,
2σ
2σ
(20)
where aj is given by equation (14), based on which we can write
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(29)

(28)

are referred to as Ψ statistics and W = σ −2 In − σ −4 Ψ1 (σ −2 Ψ2 + Kuu )−1 Ψ1> .
The computation of F̂j (q(X)) only requires us to compute matrix inverses and determinants which involve Kuu instead of Kf f , something which is tractable since Kuu does
not depend on X. Therefore, this expression is straightforward to compute, as long as the
covariance function kf is selected so that the Ψ quantities of equation (26) can be computed
analytically.
It is worth noticing that the Ψ statistics are computed in a decomposable way across
the latent variables of different observations which is due to the factorisation in (24). In
particular, the statistics ψ0 and Ψ2 are written as sums of independent terms where each
term is associated with a data point and similarly each column of the matrix Ψ1 is associated
with only one data point. This decomposition is useful when a new data vector is inserted
into the model and can also help to speed up computations during test time as discussed in
Section 4. It can also allow for parallelisation in the computations as suggested firstly by
Gal et al. (2014) and then by Dai et al. (2014). Therefore, the averages of the covariance
matrices over q(X) in equation (26) of the Ψ statistics can be computed separately for each
marginal q(xi,: ) =
(xi,: |µi,: , Si ) taken from the full q(X) of equation (17). We can, thus,
PN
n
ψ0i where
write that ψ0 = i=1
Z
kf (xi,: , xi,: )N (xi,: |µi,: , Si ) dxi,: .
(27)
ψ0i =

Further, Ψ1 is an n × m matrix such that
Z
kf (xi,: , (xu )k,: )N (xi,: |µi,: , Si ) dxi,: ,
(Ψ1 )i,k =

kf (xi,: , (xu )k,: )kf ((xu )k0 ,: , xi,: )N (xi,: |µi,: , Si ) dxi,: .

where (xuP
)k,: denotes the kth row of Xu . Finally, Ψ2 is an m × m matrix which is written
n
i
i
Ψ
as Ψ2 = i=1
2 where Ψ2 is such that
Z
(Ψ2i )k,k0 =

Notice that these statistics constitute convolutions of the covariance function kf with
Gaussian densities and are tractable for many standard covariance functions, such as the
ARD exponentiated quadratic or the linear one. The analytic forms of the Ψ statistics for
the aforementioned covariance functions are given in Appendix B.
To summarize, the final form of the variational lower bound on the marginal likelihood
p(Y) is written as
F (q(X)) = F̂ (q(X)) − KL (q(X) k p(X)) ,
(30)

j=1

p
X

F̂j (q(X)) .

where F̂ (q(X)) can be obtained by summing both sides of (25) over the p outputs,
F̂ (q(X)) =

q(X) log p(Y|X)dX.
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(31)

We note that the above framework is, in essence, computing the following approximation
analytically,
Z
F̂ (q(X)) ≤

15
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The lower bound (18) can be jointly maximised over the model parameters θ and variational parameters {M, S, Xu } by applying a gradient-based optimisation algorithm. This
approach is similar to the optimisation of the MAP objective function employed in the standard GP-LVM (Lawrence, 2005) with the main difference being that instead of optimising
the random variables X, we now optimise a set of variational parameters which govern the
approximate posterior mean and variance for X. Furthermore, the inducing inputs Xu are
variational parameters and the optimisation over them simply improves the approximation
similarly to variational sparse GP regression (Titsias, 2009).

By investigating more carefully the resulting expression of the bound allows us to observe
that each term F̂j (q(X)) from (25), that depends on the single column of data y:,j , closely
resembles the corresponding variational lower bound obtained by applying the method of
Titsias (2009) in standard sparse GP regression. The difference in variational GP-LVM is
that now X is marginalized out so that the terms containing X, i.e. the kernel quantities
tr (Kf f ), Kf u and Kf u Kuf , are transformed into averages (i.e. the Ψ quantities in (26))
with respect to the variational distribution q(X).

Similarly to the standard GP-LVM, the non-convexity of the optimisation surface means
that local optima can pose a problem and, therefore, sensible initialisations have to be made.
In contrast to the standard GP-LVM, in the variational GP-LVM the choice of a covariance
function is limited to the class of kernels that render the Ψ statistics tractable. Throughout
this paper we employ the ARD exponentiated quadratic covariance function. Improving
on these areas (non-convex optimisation and choice of covariance function) is, thus, an
interesting direction for future research.

Finally, notice that the application of the variational method developed in this paper
is not restricted to the set of latent points. As in (Titsias and Lázaro-Gredilla, 2013),
a fully Bayesian approach can be obtained by additionally placing priors on the kernel
parameters and, subsequently, integrating them out variationally with the methodology
that we described in this section.

3.3 Applying the Variational Framework to Different GP-LVM Variants
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Different variational GP-LVM algorithms can be obtained by varying the form of the latent
space prior p(X) which so far has been left unspecified. One useful property of the variational lower bound is that p(X) appears only in the separate KL divergence term, as can
be seen by equation (18), which can be computed analytically when p(X) is Gaussian. This
allows our framework to easily accommodate different Gaussian forms for the latent space
prior which give rise to different GP-LVM variants. In particular, incorporating a specific
prior mainly requires us to specify a suitable factorisation for q(X) and compute the corresponding KL term. In contrast, the general structure of the more complicated F̂ (q(X))
term remains unaffected. Next we demonstrate these ideas by giving further details about
how to apply the variational method to the two GP-LVM variants discussed in Section 2.2.
For both cases we follow the recipe that the factorisation of the variational distribution
q(X) resembles the factorisation of the prior p(X).

16

i=1

n
Y

N (xi,: |µi,: , Si ) ,
(32)

i=1

n

 nq
1X 
tr µi,: µ>
,
i,: + Si − log Si −
2
2

j=1

q


i nq
1 X h  −1
>
.
tr Kx Sj + K−1
x µ:,j µ:,j + log |Kx | − log |Sj | −
2
2
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This term can be substituted into the final form of the variational lower bound in (30)
and allow training using a gradient-based optimisation procedure. If implemented naively,
such a procedure, will require too many parameters to tune since the variational distribution
depends on nq + n(n+1)
q free parameters. However, by applying the reparametrisation trick
2
suggested by Opper and Archambeau (2009) we can reduce the number of parameters in
the variational distribution to just 2nq. Specifically, the stationary conditions obtained by
setting to zero the first derivatives of the variational bound w.r.t. Sj and µ:,j take the form
−1
Sj = K−1
and µ:,j = Kx µ̄:,j ,
(33)
x + Λj

KL (q(X) k p(X|t)) =

where Sj is a n × n full covariance matrix. The corresponding KL term takes the form

j=1

We now turn into the second model discussed in Section 2.2, which is suitable for sequence
data. Again we define a variational distribution q(X) so that it resembles fully the factorisation of the prior, i.e.
q
Y
q(X) =
N (x:,j |µ:,j , Sj ) ,

3.3.2 The Dynamical Variational GP-LVM for Sequence Data

where log Si denotes the diagonal matrix resulting from Si by taking the logarithm of its
diagonal elements. To train the model we simply need to substitute the above term in the
final form of the variational lower bound in equation (30) and follow the gradient-based
optimisation procedure.
The resulting variational GP-LVM can be seen as a non-linear version of Bayesian probabilistic PCA (Bishop, 1999; Minka, 2001). In the experiments, we consider this model for
non-linear dimensionality reduction and demonstrate its ability to automatically estimate
the effective latent dimensionality.

KL (q(X) k p(X)) =

where each covariance matrix Si is diagonal. Notice that this variational distribution depends on 2nq free parameters. The corresponding KL quantity appearing in (30) takes the
explicit form

q(X) =

In the simplest case, the latent space prior is just a standard normal density, fully factorised
across datapoints and latent dimensions, as shown in (7). This is the typical assumption in
latent variable models, such as factor analysis and PPCA (Bartholomew, 1987; Basilevsky,
1994; Tipping and Bishop, 1999). We choose a variational distribution q(X) that follows
the factorisation of the prior,

3.3.1 The Standard Variational GP-LVM for I.i.d. Data

Variational GP-LVM

Λj = −2

∂ F̂ (q(X))
∂ F̂ (q(X))
and µ̄:,j =
.
∂Sj
∂µ:,j

(34)
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Here, Λj is a n × n diagonal positive definite matrix and µ̄:,j is a n−dimensional vector.
Notice that the fact that the gradients of F̂ (q(X)) with respect to a full (coupled across
data points) matrix Sj reduce to a diagonal matrix is because only the diagonal elements
of Sj appear in F̂ (q(X)). This fact is a consequence of the factorisation of the likelihood
across data points, which makes the term F̂ (q(X)) to depend only on marginals of the full
variational distribution, as it was pointed by the general expression in equation (24).
The above stationary conditions tell us that, since Sj depends on a diagonal matrix
Λj , we can re-parametrise it using only the diagonal elements of that matrix, denoted by
the n−dimensional vector λj where all elements of λj are restricted to be non-negative.
Notice that with this re-parameterisation, and if we consider the pair (λj , µ̄:,j ) as the set
of free parameters, the bound property is retained because any such pair defines a valid
Gaussian distribution q(X) based on which the corresponding (always valid) lower bound
is computed. Therefore, if we optimise the 2qn parameters (λj , µ̄:,j ) and find some final
values for those parameters, then we can obtain the mean and covariance of q(X) using the
transformation in equation (33).
There are two optimisation strategies, depending on the way we choose to treat the
newly introduced parameters λj and µ̄:,j . Firstly, inspired by Opper and Archambeau
(2009) we can construct an iterative optimisation scheme. More precisely, the variational
bound F in equation (30) depends on the actual variational parameters µ:,j and Sj of q(X),
which through equation (33) depend on the newly introduced quantities µ̄:,j and λj which,
in turn, are associated with F through equation (34). These observations can lead to an
EM-style algorithm which alternates between estimating one of the parameter sets {θ, Xu }
and {M, S} by keeping the other set fixed. An alternative approach, which is the one we use
in our implementation, is to treat the new parameters λj and µ̄:,j as completely free ones
so that equation (34) is never used. In this case, the variational parameters are optimised
directly with a gradient based optimiser, jointly with the model hyperparameters and the
inducing inputs.
Overall, the above reparameterisation is appealing not only because of improved complexity, but also because of optimisation robustness. Indeed, equation (33) confirms that the
original variational parameters are coupled via Kx , which is a full-rank covariance matrix.
By reparametrising according to equation (33) and treating the new parameters as free ones,
we manage to approximately break this coupling and apply our optimisation algorithm on
a set of less correlated parameters.
Furthermore, the methodology described above can be readily applied to model dependencies of a different nature (e.g. spatial rather than temporal), as any kind of high
dimensional input variable can replace the temporal inputs of the graphical model in figure
3(c). Therefore, by simply replacing the input t with any other kind of observed input Z
we trivially obtain a Bayesian framework for warped GP regression (Snelson et al., 2004;
Lázaro-Gredilla, 2012) for which we can predict the latent function values in new inputs Z∗
through a non-linear, latent warping layer, using exactly the same architecture and equations described in this section and in Section 4.2. Similarly, if the observed inputs of the top

where
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we discuss how from a test data matrix Y∗ = (Y∗u , Y∗o ), we can probabilistically reconstruct
the unobserved part Y∗u based on the observed part Y∗o and where u and o denote nonoverlapping sets of indices such that their union is {1, . . . , p}. For this second problem the
missing dimensions are reconstructed by approximating the mean and the covariance of the
Bayesian predictive density p(Y∗u |Y∗o , Y).
Section 4.1 discusses how to solve the above tasks in the standard variational GP-LVM
case while Section 4.2 discusses the dynamical case. Furthermore, for the dynamical case
the test points Y∗ are accompanied by their corresponding timestamps t∗ based on which
we can perform an additional forecasting prediction task, where we are given only a test
time vector t∗ and we wish to predict the corresponding outputs.

Damianou, Titsias and Lawrence

p(Y∗ , Y)
=
p(Y)

R

p(Y∗ , Y|X, X∗ )p(X, X∗ )dXdX∗
R
.
p(Y|X)p(X)dX

2. Ideally q(X) would be optimised during test time as well.
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In the denominator we have the marginal likelihood of the GP-LVM for which we have
already computed a variational lower bound. The numerator is another marginal likelihood
that is obtained by augmenting the training data Y with the test points Y∗ and integrating
out both X and the newly inserted latent variable X∗ . In the following, we explain in more
detail how to approximate the density p(Y∗ |Y) of equation (35) through constructing a
ratio of lower bounds.
R
The quantity p(Y|X)p(X)dX appearing in the denominator of equation (35) is approximated by the lower bound eF (q(X)) where F(q(X)) is the variational lower bound
as computed in Section 3.2 and is given in equation (30). The maximisation of this
lower bound specifies the variational distribution q(X) over the latent variables in the
Rtraining data. Then, this distribution remains fixed during test time. The quantity
p(Y∗ , Y|X, X∗ )p(X, X∗ )dXdX∗ appearing in the numerator of equation (35) is approximated by the lower bound eF (q(X,X∗ )) which has exactly analogous form to (30). This
optimisation is fast, because the factorisation imposed for the variational distribution in
equation (32) means that q(X, X∗ ) is also a fully factorised distribution so that we can
write q(X, X∗ ) = q(X)q(X∗ ). Then, if q(X) is held fixed2 during test time, we only need
to optimise
the 2n∗ q parameters of the variational Gaussian distribution
Qn∗with respectQto
n∗
q(X∗ ) = i=1
q(xi,∗ ) = i=1
N (µi,∗ , Si,∗ ) (where Si,∗ is a diagonal matrix). Further, since
the Ψ statistics decompose across data, during test time we can re-use the already estimated
Ψ statistics corresponding to the averages over q(X) and only need to compute the extra average terms associated with q(X∗ ). Note that optimisation of the parameters (µi,∗ , Si,∗ ) of
q(xi,∗ ) are subject to local minima. However, sensible initialisations of µ∗ can be employed
based on the mean of the variational distributions associated with the nearest neighbours of
each test point yi,∗ in the training data Y. Given the above, the approximation of p(Y∗ |Y)

p(Y∗ |Y) =

We first discuss how to approximate the density p(Y∗ |Y). By introducing the latent
variables X (corresponding to the training outputs Y) and the new test latent variables
X∗ ∈ <n∗ ×q , we can write the density of interest as the ratio of two marginal likelihoods,

4.1 Predictions with the Standard Variational GP-LVM

layer are taken to be the outputs themselves, then we obtain a probabilistic auto-encoder
(e.g. Kingma and Welling (2013)) which is non-parametric and based on Gaussian processes.
Finally, the above dynamical variational GP-LVM algorithm can be easily extended
to deal with datasets consisting of multiple independent sequences (probably of different
length) such as those arising in human motion capture applications.
Let, for example,

the dataset be a group of s independent sequences Y(1) , ..., Y(s) . We would like the
dynamical version of our model to capture the underlying commonality of these data. We
handle this by allowing a different temporal latent function for each of the independent
sequences, so that X(i) is the set of latent variables corresponding to the sequence i. These
sets are a priori assumed
to be independent since they correspond to separate sequences, i.e.
 Q
s
p X(1) , X(2) , ..., X(s) = i=1
p(X(i) ). This factorisation leads to a block-diagonal structure
for the time covariance matrix Kx , where each block corresponds to one sequence. In this
setting, each block of observations Y(i) is generated from its corresponding X(i) according
to Y(i) = F(i) + , where the latent function which governs this mapping is shared across
all sequences and  is Gaussian noise.
3.4 Time Complexity and Handling Very High Dimensional Datasets
Our variational framework makes use of inducing point representations which provide lowrank approximations to the covariance Kf f . For the standard variational GP-LVM, this
allows us to avoid the typical cubic complexity of Gaussian processes. Specifically, the
computational cost is O(m3 + nm2 ) which reduces to O(nm2 ), since we typically select
a small set of inducing points m  n, which allows the variational GP-LVM to handle
relatively large training sets (thousands of points, n). The dynamical variational GP-LVM,
however, still requires the inversion of the covariance matrix Kx of size n × n, as can
be seen in equation (33), thereby inducing a computational cost of O(n3 ). Further, the
models scale only linearly with the number of dimensions p, since the variational lower
bound is a sum of p terms (see equation (19)). Specifically, the number of dimensions only
matters when performing calculations involving the data matrix Y. In the final form of
the lower bound (and consequently in all of the derived quantities, such as gradients) this
matrix only appears in the form YY> which can be precomputed. This means that, when
n  p, we can calculate YY> only once and then substitute Y with the SVD (or Cholesky
decomposition) of YY> . In this way, we can work with an n × n instead of an n × p matrix.
Practically speaking, this allows us to work with data sets involving millions of features. In
our experiments we model directly the pixels of HD quality video, exploiting this trick.

4. Predictions with the Variational GP-LVM
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In this section, we explain how the proposed Bayesian models can accomplish various kinds
of prediction tasks. We will use a star (∗) to denote test quantities, e.g. a test data matrix
will be denoted by Y∗ ∈ <n∗ ×p while test row and column vectors of such a matrix will be
denoted by yi,∗ and y∗,j respectively.
The first type of inference we are interested in is the calculation of the probability
density p(Y∗ |Y). The computation of this quantity can allow us to use the model as a
density estimator which, for instance, can represent the class conditional distribution in a
generative based classification system. We will exploit such a use in Section 5.5. Secondly,
19
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−1 >
where B = σ −2 Kuu + σ −2 Ψ2
Ψ1 Y, K∗∗ = kf (X∗ , X∗ ) and K∗u = kf (X∗ , Xu ). By
substituting now the above Gaussian q(Fu∗ |X∗ ) in equation (37) and using the fact that

which is associated with the total set of observations (Y∗o , Y). By following exactly Section
3, we can construct and optimise a lower bound F(q(X, X∗ )) on the above quantity, which
along the way it allows us to compute a Gaussian variational distribution q(F, Fu∗ , X, X∗ )
from which q(Fu∗ |X∗ )q(X∗ ) is just a marginal. Further details about the form of the variational lower bound and how q(Fu∗ |X∗ ) is computed are given in the Appendix D. In fact,
the explicit form of q(Fu∗ |X∗ ) takes the form of the projected process predictive distribution
from sparse GPs (Csató and Opper, 2002; Smola and Bartlett, 2001; Seeger et al., 2003;
Rasmussen and Williams, 2006):


 >
−2
−1
q(Fu∗ |X∗ ) = N Fu∗ |K∗u B, K∗∗ − K∗u K−1
K∗u ,
(39)
uu − (Kuu + σ Ψ2 )

based on which we wish to predict Y∗u by estimating its mean E(Y∗u ) and covariance
Cov(Y∗u ). This problem takes the form of GP prediction with uncertain inputs similar
to (Oakley and O’Hagan, 2002; Quiñonero-Candela et al., 2003; Girard et al., 2003), where
the distribution q(X∗ ) expresses the uncertainty over these inputs. The first term of the
above integral comes from the Gaussian likelihood so Y∗u is just a noisy version of Fu∗ , as
shown in equation (6). The remaining two terms together q(Fu∗ |X∗ )q(X∗ ) are obtained by
applying the variational methodology in order to optimise a variational lower bound on the
following log marginal likelihood
Z
log p(Y∗o , Y) = log p(Y∗o , Y|X∗ , X)p(X∗ , X)dX∗ dX
(38)

Then, we can introduce the approximation coming from the variational distribution so that
Z
p(Y∗u |Y∗o , Y) ≈ q(Y∗u |Y∗o , Y) = p(Y∗u |Fu∗ )q(Fu∗ |X∗ )q(X∗ )dFu∗ dX∗ ,
(37)

Notice that the above quantity does not constitute a bound, but only an approximation to
the predictive density.
We now discuss the second prediction problem where a set of partially observed test
points Y∗ = (Y∗u , Y∗o ) are given and we wish to reconstruct the missing part Y∗u . The predictive density is, thus, p(Y∗u |Y∗o , Y). Notice that Y∗u is totally unobserved and, therefore,
we cannot apply the methodology described previously. Instead, our objective now is to
just approximate the moments of the predictive density. To achieve this, we will first need
to introduce the underlying latent function values Fu∗ (the noise-free version of Y∗u ) and the
latent variables X∗ so that we can decompose the exact predictive density as follows:
Z
p(Y∗u |Y∗o , Y) = p(Y∗u |Fu∗ )p(Fu∗ |X∗ , Y∗o , Y)p(X∗ |Y∗o , Y)dFu∗ dX∗ .

p(Y∗ |Y) ≈ eF (q(X,X∗ ))−F (q(X)) .

is given by rewriting equation (35) as

Variational GP-LVM

Z

p(X∗ |X)q(X)dX =

j=1

q Z
Y

p(x∗,j |x:,j )q(x:,j )dx:,j ,
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where K∗n = kx (t∗ , t), K∗n = K>
∗n and K∗∗ = kx (t∗ , t∗ ). Notice that these equations have
exactly the same form as found in standard GP regression problems.

−1
var(x∗,j ) = K∗∗ − K∗n (Kx + Λ−1
j ) Kn∗ ,

µx∗,j = K∗n µ̄:,j

where p(x∗,j |x:,j ) is a Gaussian found from the conditional GP prior (see Rasmussen and
Williams (2006)). Since q(X) is Gaussian, the above is also a Gaussian with mean and
variance given by

q(X∗ ) =

The inference procedure then follows exactly as before, using equations (37), (40) and (41).
The only difference is that the computation of q(X∗ ) (associated with a fully unobserved
Y∗ ) is obtained from standard GP prediction and does not require optimisation, i.e.

The two prediction tasks described in the previous section for the standard variational GPLVM can also be solved for the dynamical variant in a very similar fashion. Specifically, the
two predictive approximate densities take exactly the same form as those in equations (36)
and (37) while again the whole approximation relies on the maximisation of a variational
lower bound F(q(X, X∗ )). However, in the dynamical case where the inputs (X, X∗ ) are
a priori correlated, the variational distribution q(X, X∗ ) does not factorise across X and
X∗ . This makes the optimisation of this distribution computationally more challenging, as
it has to be optimised with respect to its all 2(n + n∗ )q parameters. This issue is further
explained in Appendix D.1.
Finally, we shall discuss how to solve the forecasting problem with our dynamical model.
This problem is similar to the second predictive task described in Section 4.1, but now the
observed set is empty. We can therefore write the predictive density similarly to equation
(37) as follows:
Z
p(Y∗ |Y) ≈ p(Y∗ |F∗ )q(F∗ |X∗ )q(X∗ )dX∗ dF∗ .

4.2 Predictions in the Dynamical Model

where ψ0∗ = tr (hK∗∗ i), Ψ∗1 = hKu∗ i and Ψ∗2 = Ku∗ K>
u∗ . All expectations are taken
w.r.t. q(X∗ ) and can be calculated analytically for several kernel functions as explained in
Section 3.2 and Appendix B. Using the above expressions and the Gaussian noise model of
equation (6), the predicted mean of Y∗u is equal to E [Fu∗ ] and the predicted covariance (for
each column of Y∗u ) is equal to Cov(Fu∗ ) + σ 2 In∗ .

E(Fu∗ ) = B> Ψ∗1
(40)



−1  ∗ 
u
>
∗
∗
∗ >
∗
−1
−2
Cov(F∗ ) = B Ψ2 − Ψ1 (Ψ1 ) B + ψ0 I − tr Kuu − Kuu + σ Ψ2
Ψ2 I, (41)

q(X∗ ) is also a Gaussian, we can analytically compute the mean and covariance of the
predictive density which, based on the results of Girard et al. (2003), take the form
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5. Demonstration of the Variational Framework
In this section we investigate the performance of the variational GP-LVM and its dynamical
extension. The variational GP-LVM allows us to handle very high dimensional data and,
using ARD, to automatically infer the importance of each latent dimension. The generative construction allows us to impute missing values when presented with only a partial
observation.
In the experiments, a latent space variational distribution is required as initialisation.
We use PCA to initialise the q−dimensional means. The variances are initialised to values
around 0.5, which are considered neutral given that the prior is a standard normal. The
selection of q can be almost arbitrary and does not affect critically the end result, since the
inverse lengthscales then switch off unnecessary dimensions. The only requirement is for q
to be reasonably large in the first place, but an upper bound is q = n. In practice, in ad-hoc
experiments we never observed any advantage in using q > 40, considering the dataset sizes
employed. Inducing points are initialised as a random subset of the initial latent space.
ARD inverse lengthscales are initialised based on a heuristic that takes into account the
scale of each dimension. Specifically, the inverse squared lengthscale wj is set as the inverse
of the squared difference between the maximum and the minimum value of the initial latent
mean in direction j. Following initialisation, the model is trained by optimising jointly
all (hyper)parameters using the scaled conjugate gradients method. The optimisation is
stopped until the change in the objective (variational lower bound) is very small.
We evaluate the models’ performance in a variety of tasks, namely visualisation, prediction, reconstruction, generation of data or timeseries and class-conditional density estimation. Matlab source code for repeating the following experiments is available on-line from:
http://git.io/A3TN and supplementary videos from: http://git.io/A3t5.
The experiments section is structured as follows; in Section 5.1 we outline the covariance
functions used for the experiments. In Section 5.2 we demonstrate our method in a standard
visualisation benchmark. In Section 5.3 we test both, the standard and dynamical variant
of our method in a real-world motion capture dataset. In Section 5.4 we illustrate how our
proposed model is able to handle a very large number of dimensions by working directly with
the raw pixel values of high resolution videos. Additionally, we show how the dynamical
model can interpolate but also extrapolate in certain scenarios. In Section 5.5 we consider
a classification task on a standard benchmark, exploiting the fact that our framework gives
access to the model evidence, thus enabling Bayesian classification.
5.1 Covariance Functions
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Before proceeding to the actual evaluation of our method, we first review and give the forms
of the covariance functions that will be used for our experiments. The mapping between
the input and output spaces X and Y is nonlinear and, thus, we use the covariance function
of equation (8) which also allows simultaneous model selection within our framework. In
experiments where we use our method to also model dynamics, apart from the infinitely
differentiable exponentiated quadratic covariance function defined in equation (3), we will
also consider for the dynamical component the Matérn 3/2 covariance function which is
only once differentiable, and a periodic one (Rasmussen and Williams, 2006; MacKay, 1998)
which can be used when data exhibit strong periodicity. These covariance functions take
23
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2
kx(mat) (ti , tj ) = σmat

2
kx(per) (ti , tj ) = σper
exp −

(b)

(c)

where ` denotes the characteristic lengthscale and T denotes the period of the periodic
covariance function.
Introducing a separate GP model for the dynamics is a very convenient way of incorporating any prior information we may have about the nature of the data in a nonparametric
and flexible manner. In particular, more sophisticated covariance functions can be constructed by combining or modifying existing ones. For example, in our experiments we
consider a compound covariance function, kx(per) + kx(rbf) which is suitable for dynamical
systems that are known to be only approximately periodic. The first term captures the
periodicity of the dynamics whereas the second one corrects for the divergence from the
periodic pattern by enforcing the datapoints to form smooth trajectories in time. By fixing
2 and σ 2 to particular ratios, we are able to control the relative effect
the two variances, σper
rbf
of each kernel. Example sample paths drawn from this compound covariance function are
shown in Figure 4.

(a)

Figure 4: Typical sample paths drawn from the kx(per) + kx(rbf) covariance function. The
variances are fixed for the two terms, controlling their relative effect. In Figures
2 /σ 2 of the two variances was large, intermediate
(a), (b) and (c), the ratio σrbf
per
and small respectively, causing the periodic pattern to be shifted accordingly each
period.

For our experiments we additionally include a noise covariance function

kwhite (xi,: , xk,: ) = θwhite δi,k ,

JMLR 17(42):1-62

where δi,k is the Kronecker delta. We can then define a compound kernel k + kwhite , so that
the noise level θwhite is jointly optimised along with the rest of the kernel hyperparameters.
Similarly, we also include a bias term θbias 1, where 1 denotes a vector of 1s.

24

1

2

3

4

5

6

7

8

9

10

−1

0

2

−2

0

1

(b) GP-LVM, q = 2

−1

2

JMLR 17(42):1-62
26

JMLR 17(42):1-62

25

5.3 Human Motion Capture Data
In this section we consider a data set associated with temporal information, as the primary
focus of this experiment is on evaluating the dynamical version of the variational GP-LVM.
We followed Taylor et al. (2007); Lawrence (2007) in considering motion capture data of
walks and runs taken from subject 35 in the CMU motion capture database. We used the
dynamical version of our model and treated each motion as an independent sequence. The
data set was constructed and preprocessed as described in (Lawrence, 2007). This results in
2613 separate 59-dimensional frames split into 31 training sequences with an average length

GP-LVM are initialised based on PCA. Note that if we were to run the standard GP-LVM
with 10 latent dimensions, the model would overfit the data and it would not reduce the
dimensionality in the manner achieved by the variational GP-LVM, as illustrated in Figure
5(b). The quality of the class separation in the two-dimensional space can also be quantified
in terms of the nearest neighbour error; the total error equals the number of training points
whose closest neighbour in the latent space corresponds to a data point of a different class
(phase of oil flow). The number of nearest neighbour errors made when finding the latent
embedding for the variational GP-LVM is one. For the standard sparse GP-LVM it is 26,
for the full GP-LVM with ARD kernel it is 8 and for the full GP-LVM with EQ kernel it is
2. Notice that all standard GP-LVMs were given the true dimensionality (q = 2) a priori.

Figure 6: Panel 6(a) shows the means of the variational posterior q(X) for the variational
GP-LVM, projected on the two dominant latent dimensions: dimension 2, plotted
on the y-axis, and dimension 3 plotted on the x-axis. The plotted projection of a
latent point xi,: is assigned a colour according to the label of the corresponding
output vector xi,: . The greyscale background intensities are proportional to the
predicted variance of the GP mapping, if the corresponding locations were given
as inputs. Plot 6(b) shows the visualisation found by standard sparse GP-LVM
initialised with a two dimensional latent space.

1

Given a dataset with known structure, we can apply our algorithm and evaluate its performance in a simple and intuitive way, by checking if the form of the discovered low
dimensional manifold agrees with our prior knowledge.
We illustrate the method in the multi-phase oil flow data (Bishop and James, 1993) that
consists of 1000, 12 dimensional observations belonging to three known classes corresponding to different phases of oil flow. This dataset is generated through simulation, and we
know that the intrinsic dimensionality is 2 and the number of classes is 3. Figure 6 shows
the results for these data obtained by applying the variational GP-LVM with 10 latent
dimensions using the exponentiated quadratic ARD kernel. As shown in Figure 5(a), the
algorithm switches off 8 out of 10 latent dimensions by making their inverse lengthscales almost zero. Therefore, the two-dimensional nature of this dataset is automatically revealed.
Figure 6(a) shows the visualisation obtained by keeping only the dominant latent directions
which are the dimensions 2 and 3. This is a remarkably high quality two dimensional visualisation of this data; to the best of our knowledge, our method is the only one that correctly
picks up the true dimensionality and class separation at the same time, in a completely
unsupervised manner. For comparison, Figure 6(b) shows the visualisation provided by the
standard sparse GP-LVM that runs by a priori assuming only 2 latent dimensions. Both
models use 50 inducing variables, while the latent variables X optimised in the standard

5.2 Visualisation Tasks
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(a) Variational GP-LVM, q = 10 (2D projection)
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Figure 5: Left: The squared inverse lengthscales found by applying the variational GPLVM with ARD EQ kernel on the oil flow data. Right: Results obtained for the
standard GP-LVM with q = 10. These results demonstrate the ability of the
variational GP-LVM to perform a “soft” automatic dimensionality selection. The
inverse lengthscale for each dimension is associated with the expected number of
the function’s upcrossings in that particular direction; small values denote a more
linear behaviour, whereas values close to zero denote an irrelevant dimension.
For the variational GP-LVM, plot (a) suggests that the non-linearity is captured
by dimension 2, as also confirmed by plot 6(a). On the other hand, plot (b)
demonstrates the overfitting problem of the GP-LVM which is trained with MAP.
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of 84 frames each. Our model does not require explicit timestamp information, since we
know a priori that there is a constant time delay between poses and the model can construct
equivalent covariance matrices given any vector of equidistant time points.
The model is jointly trained, as explained in the last paragraph of Section 3.3.2, on
both walks and runs, i.e. the algorithm learns a common latent space for these motions.
As in (Lawrence, 2007), we used 100 inducing points. At test time we investigate the
ability of the model to reconstruct test data from a previously unseen sequence given partial
information for the test targets. This is tested once by providing only the dimensions which
correspond to the body of the subject and once by providing those that correspond to the
legs. We compare with results in (Lawrence, 2007), which used MAP approximations for
the dynamical models, and against nearest neighbour. We can also indirectly compare with
the binary latent variable model (BLV) of Taylor et al. (2007) which used a slightly different
data preprocessing. Furthermore, we additionally tested the non-dynamical version of our
model, in order to explore the structure of the distribution found for the latent space. In
this case, the notion of sequences or sub-motions is not modelled explicitly, as the nondynamical approach does not model correlations between datapoints. However, as will be
shown below, the model manages to discover the dynamical nature of the data and this is
reflected in both, the structure of the latent space and the results obtained on test data.
The performance of each method is assessed by using the cumulative error per joint in
the scaled space defined in (Taylor et al., 2007) and by the root mean square error in the
angle space suggested by Lawrence (2007). Our models were initialised with nine latent
dimensions. For the dynamical version, we performed two runs, once using the Matérn
covariance function for the dynamical prior and once using the exponentiated quadratic.
The appropriate latent space dimensionality for the data was automatically inferred by
our models. The non-dynamical model selected a 5-dimensional latent space. The model
which employed the Matérn covariance to govern the dynamics retained four dimensions,
whereas the model that used the exponentiated quadratic kept only three. The other latent
dimensions were completely switched off by the ARD parameters.
From Table 1 we see that the dynamical variational GP-LVM considerably outperforms
the other approaches. The best performance for the legs and the body reconstruction was
achieved by our dynamical model that used the Matérn and the exponentiated quadratic
covariance function respectively. This is an intuitive result, since the smoother body movements are expected to be better modelled using the infinitely differentiable exponentiated
quadratic covariance function, whereas the Matérn one can easier fit the rougher leg motion.
Although it is not always obvious how to choose the best covariance function (without expensive cross-validation), the fact that both models outperform significantly other approaches
shows that the Bayesian training manages successfully to fit the covariance function parameters to the data in any case. Furthermore, the non-dynamical variational GP-LVM,
not only manages to discover a latent space with a dynamical structure, as can be seen in
Figure 7(a), but is also proven to be quite robust when making predictions. Indeed, Table 1 shows that the non-dynamical variational GP-LVM performs comparably to nearest
neighbor. However, the standard GP-LVM which explicitly models dynamics using MAP
approximations performs slightly better than the non-dynamical variational GP-LVM; this
suggests that temporal information is crucial in this dataset. Finally, it is worth highlighting the intuition gained by investigating Figure 7. As can be seen, all models split the
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CL
SC
11.7
22.2
-

CB
SC
8.8
20.5
-

L
SC
11.4
9.7
13.4
13.5
14.0
14.22
7.76
6.84
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Data
Error Type
BLV
NN sc.
GP-LVM (q= 3)
GP-LVM (q= 4)
GP-LVM (q= 5)
NN sc.
NN
VGP-LVM
Dyn. VGP-LVM (Exp. Quadr.)
Dyn. VGP-LVM (Matérn 3/2)

L
RA
3.40
3.38
4.25
4.44
4.11
5.09
3.28
2.94

B
SC
16.9
20.7
23.4
20.8
30.9
18.79
11.95
13.93

B
RA
2.49
2.72
2.78
2.62
3.20
2.79
1.90
2.24
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Table 1: Errors obtained for the motion capture dataset. The format of this table follows
Lawrence (2007), where differently processed datasets were used for the first two
columns, as opposed to the last four columns. Specifically, CL / CB are the leg and
body data sets as preprocessed in (Taylor et al., 2007), L and B the corresponding
datasets from Lawrence. Taylor et al. also used a different scaling for the data,
which can be applied to the predictions of the models trained in the L/B datasets
to obtain indirect comparisons with the models which were trained in the CL/CB
datasets. Specifically, SC corresponds to the error in the scaled space, as in Taylor
et al. while RA is the error in the angle space. The methods shown in the table are:
nearest neighbour in the angle space (NN) and in the scaled space (NN sc.), GPLVM (with different pre-selected latent dimensionality q), binary latent variable
model (BLV), variational GP-LVM (VGP-LVM) and Dynamical variational GPLVM (Dyn. VGP-LVM). Notice that NN was run once in the CL/CB dataset and
once in the L/B dataset, so as to provide a “link” between the two first and the
four last columns. The best error per column is in bold.
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3. ‘Missa’ dataset: cipr.rpi.edu. ‘Ocean’: cogfilms.com. ‘Dog’: fitfurlife.com. See details in supplementary
on-line videos. The logo appearing in the ‘dog’ images in the experiments that follow, has been added
with post-processing.

For this set of experiments we considered video sequences (which are included in the supplementary videos available on-line). Such sequences are typically preprocessed before modelling to extract informative features and reduce the dimensionality of the problem. Here
we work directly with the raw pixel values to demonstrate the ability of the dynamical
variational GP-LVM to model data with a vast number of features. This also allows us to
directly sample video from the learned model.
Firstly, we used the model to reconstruct partially observed frames from test video sequences.3 For the first video discussed here we gave as partial information approximately
50% of the pixels while for the other two we gave approximately 40% of the pixels on each
frame. The mean squared error per pixel was measured to compare with the k−nearest
neighbour (NN) method, for k ∈ (1, .., 5) (we only present the error achieved for the best
choice of k in each case). The datasets considered are the following: firstly, the ‘Missa’
dataset, a standard benchmark used in image processing. This is a 103680-dimensional

5.4 Modeling Raw High Dimensional Video Sequences

encoding for the “walk” and “run” regimes into two subspaces. Further, we notice that the
smoother the latent space is constrained to be, the less “circular” is the shape of the “run”
regime latent space encoding. This can be explained by noticing the “outliers” in the top
left and bottom positions of plot (a), highlighted with a red, dotted circle. These latent
points correspond to training positions that are very dissimilar to the rest of the training
set but, nevertheless, a temporally constrained model is forced to accommodate them in a
smooth path. The above intuitions can be confirmed by interacting with the model in real
time graphically, as is presented in the supplementary video.

Figure 7: The latent space discovered by our models for the human motion capture data,
projected into its three principal dimensions. The latent space found by the nondynamical variational GP-LVM is shown in (a), by the dynamical model which
uses the Matérn in (b) and by the dynamical model which uses the exponentiated
quadratic in (c). The red, dotted circles highlight three “outliers”.
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As a second task, we used our generative model to create new samples and generate
a new video sequence. This is most effective for the ‘dog’ video as the training examples
were approximately periodic in nature. The model was trained on 60 frames (time-stamps
[t1 , t60 ]) and we generated new frames which correspond to the next 40 time points in
the future. The only input given for this generation of future frames was the time-stamp
vector, [t61 , t100 ]. The results show a smooth transition from training to test and amongst
the test video frames. The resulting video of the dog continuing to run is sharp and high
quality. This experiment demonstrates the ability of the model to reconstruct massively
high dimensional images without blurring. Frames from the result are shown in Figure 13.
The full sequence is available in the supplementary on-line videos.

As can be seen in Figures 8, 9 and 10, the dynamical variational GP-LVM predicts pixels
which are smoothly connected with the observed part of the image, whereas the NN method
cannot fit the predicted pixels in the overall context. Figure 8(c) focuses on this specific
problem with NN, but it can be seen more evidently in the corresponding video files.

Table 2: The mean squared error per pixel for Dyn. VGP-LVM and NN for the three
datasets (measured only in the missing inputs).

Dyn. VGP-LVM
NN

video, showing a woman talking for 150 frames. The data is challenging as there are translations in the pixel space. We also considered an HD video of dimensionality 9 × 105 that
shows an artificially created scene of ocean waves as well as a 230400−dimensional video
showing a dog running for 60 frames. The latter is approximately periodic in nature, containing several paces from the dog. For all video datasets, the GPs were trained with m = n.
For the first two videos we used the Matérn and exponentiated quadratic covariance functions respectively to model the dynamics and interpolated to reconstruct blocks of frames
chosen from the whole sequence. For the ‘dog’ dataset we constructed a compound kernel
kx = kx(rbf) + kx(per) presented in Section 5.1, where the exponentiated quadratic (RBF)
term is employed to capture any divergence from the approximately periodic pattern. The
variance of the periodic component was fixed to 1 and the variance of the RBF component
to 1/150. This is to make sure that the RBF does not dominate before learning some periodicity (in this case periodicity is more difficult to discover as a pattern). The selection
of the variances’ ratio does not need to be exact and here was made in an ad-hoc manner,
aiming at getting samples like the one shown in Figure 4(b). We then used our model to
reconstruct the last 7 frames extrapolating beyond the original video. As can be seen in Table 2, our method outperformed NN in all cases. The results are also demonstrated visually
in Figures 8, 9, 10 and 11 and the reconstructed videos are available in the supplementary
on-line videos.

Damianou, Titsias and Lawrence

(a)

(c)

Variational GP-LVM

(b)
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Figure 8: (a) and (c) demonstrate the reconstruction achieved by dynamical variational
GP-LVM and NN respectively for one of the most challenging frames (b) of the
‘missa’ video, i.e. when translation occurs. In contrast to the NN method, which
works in the whole high dimensional pixel space, our method reconstructed the
images using a “compressed” latent space. The ARD scales for this example
revealed an effectively 12−dimensional latent space.
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Figure 9: Another example of the reconstruction achieved by the dynamical variational
GP-LVM given the partially observed image.

(a)

Figure 10: (a) (Dynamical variational GP-LVM) and (b) (NN) depict the reconstruction
achieved for a frame of the ‘ocean’ dataset. Notice that in both of the aforementioned datasets, our method recovers a smooth image, in contrast to the
simple NN (a close up of this problem with NN for the ‘ocean’ video is shown
in Figure (c)). The dynamical var. GP-LVM reconstructed the ocean images
using a latent space compression of the video defined by 9 effective dimensions
(the rest of the inverse lengthscales approached zero).

5.5 Class Conditional Density Estimation

JMLR 17(42):1-62

In this experiment we use the variational GP-LVM to build a generative classifier for handwritten digit recognition. We consider the well known USPS digits dataset. This dataset
consists of 16 × 16 images for all 10 digits and it is divided into 7291 training examples
and 2007 test examples. We ran 10 variational GP-LVMs, one for each digit, on the USPS
data base. We used 10 latent dimensions and 50 inducing variables for each model. This
allowed us to build a probabilistic generative model for each digit so that we can compute
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Figure 11: An example for the reconstruction achieved for the ‘dog’ dataset. 40% of the
test image’s pixels (Figure (a)) were presented to the model, which was able to
successfully reconstruct them, as can be seen in (b).

6. Extensions for Different Kinds of Inputs

Bayesian class conditional densities in the test data having the form p(Y∗ |Y, digit). These
class conditional densities are approximated through the ratio of lower bounds in equation
(36) as described in Section 4. The whole approach allows us to classify new digits by determining the class labels for test data based on the highest class conditional density value
and using a uniform prior over class labels. We used the following comparisons: firstly,
a logistic classification approach. Secondly, a vanilla SVM from scikit-learn (Pedregosa
et al., 2011), for which the error parameter C was selected with 5−fold cross validation.
Thirdly, a GP classification approach with EP approximation from GPy (authors, 2014).
Lastly, the recent variational inference based GP classification approach of Hensman et al.
(2014), referred to as “GP classification with VI” and taken from the GPy (authors, 2014)
implementation. All of these methods operated in a 1-vs-all setting. The results of our
experiments are shown in Table 3. In addition to the standard baselines reported here,
more sophisticated schemes (many of which result in better performance) have been tried
in this dataset by other researchers; a summary of previously published results can be found
in (Keysers et al., 2002).

Figure 12: The figure demonstrates the ability of the model to automatically estimate an
effective latent dimensionality by showing the initial squared inverse lengthscales
(fig: (a)) of the ARD covariance function and the values obtained after training
(fig: (b)) on the ‘dog’ data set.
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So far we considered the typical dimensionality reduction scenario where, given highdimensional output data we seek to find a low-dimensional latent representation in a completely unsupervised manner. For the dynamical variational GP-LVM we have additional
temporal information, but the input space X from where we wish to propagate the uncertainty is still treated as fully unobserved. However, our framework for propagating the input
uncertainty through the GP mapping is applicable to the full spectrum of cases, ranging
from fully unobserved to fully observed inputs with known or unknown amount of uncertainty per input. In this section we discuss these cases and, further, show how they give

(b)

(a)

Variational GP-LVM

Variational GP-LVM

(a)

(b)

(c)

JMLR 17(42):1-62

Figure 13: The last frame of the training video (a) is smoothly followed by the first frame
(b) of the generated video. A subsequent generated frame can be seen in (c).
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# misclassified
95
283
100
100
99
139
128
126
119
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variational GP-LVM (m = 50)
1-vs-all Logistic Regression
1-vs-all GP classification with VI (m = 50)
1-vs-all GP classification with VI (m = 150)
1-vs-all GP classification with VI (m = 250)
1-vs-all GP classification with EP (m = 50)
1-vs-all GP classification with EP (m = 150)
1-vs-all GP classification with EP (m = 250)
1-vs-all SVM

error (%)
4.73 %
14.10 %
4.98 %
4.98 %
4.93 %
6.93 %
6.38 %
6.28 %
5.92 %

Table 3: The test error made for classifying the whole set of 2007 test points (USPS digits)
by the variational GP-LVM, 1-vs-all Logistic Regression, SVM classification and
two types of GP classification.

rise to an auto-regressive model (Section 6.1) and a GP regression variant which can handle
missing inputs (Section 6.2).

6.1 Gaussian Process Inference with Uncertain Inputs

Gaussian processes have been used extensively and with great success in a variety of regression tasks. In the most common setting, we are given a dataset of observed input-output
pairs, denoted as Z ∈ <n×q and Y ∈ <n×p respectively, and we wish to infer the unknown
∗
∗
outputs Y∗ ∈ <n ×p corresponding to some novel given inputs Z∗ ∈ <n ×q . However, in
many real-world applications the inputs are uncertain, for example when measurements
come from noisy sensors. In this case, the GP methodology cannot be trivially extended to
account for the variance associated with the input space (Girard et al., 2003; McHutchon
and Rasmussen, 2011). The aforementioned problem is also closely related to the field of
heteroscedastic Gaussian process regression, where the uncertainty in the noise levels is
modelled in the output space as a function of the inputs (Kersting et al., 2007; Goldberg
et al., 1998; Lázaro-Gredilla and Titsias, 2011).
In this section we show that our variational framework can be used to explicitly model
the input uncertainty in the GP regression setting. The assumption made is that the
inputs X are not observed directly but, rather, we only have access to their noisy versions
n
= Z ∈ <n×q . The relationship between the noisy and true inputs is given by
{zi,: }i=1
assuming the noise to be Gaussian,

xi,: = zi,: + (x )i,: ,

n
Y

i=1

N (xi,: |zi,: , Σx ) ,
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where x ∼ N (0, Σx ) , as in (McHutchon and Rasmussen, 2011). Since Z is observed and
X unobserved the above equation essentially induces a Gaussian prior distribution over X
that has the form
p(X|Z) =

36

ary GP regression, neither do they underestimate the uncertainty, as would happen if the
predictive variance was not propagated through the inputs in a principled way.

where Σx is typically an unknown parameter. Given that X are really the inputs that
eventually are passed through the GP latent function (to subsequently generate the outputs)
the whole probabilistic model becomes a GP-LVM with the above special form for the prior
distribution over the latent inputs, making thus our variational framework easily applicable.
More precisely, using the above prior, we can define a variational bound on p(Y) as well
as an associated approximation q(X) to the true posterior p(X|Y, Z). This variational
distribution q(X) can be used as a probability estimate of the noisy input locations X.
During optimisation of the lower bound we can also learn the parameter Σx . Furthermore, if
we wish to reduce the number of parameters in the variational distribution q(X) = N (M, S)
a sensible choice would be to set M = Z, although such a choice may not be optimal.
However, this choice also allows us to incorporate Z directly in the approximate posterior
and, hence, we may also remove the coupling in the prior (coming from Σx ) by instead
considering a standard normal for p(X). This is the approach taken in this paper.
Having a method which implicitly models the uncertainty in the inputs also allows for
doing predictions in an autoregressive manner while propagating the uncertainty through
the predictive sequence (Girard et al., 2003). To demonstrate this in the context of our
framework, we will take the simple case where the process of interest is a multivariate
time-series given as pairs of time points t = {t}ni=1 and corresponding output locations
Y = {yi,: }ni=1 , yi,: ∈ <p . Here, we take the time locations to be deterministic and equally
spaced, so that they can be simply denoted by the subscript of the output points yi,: ; we
thus simply denote with yk the output point yk,: which corresponds to tk .
We can now reformat the given data Y into input-output pairs Ẑ and Ŷ, where
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and τ is the size of the dynamics’ “memory”. In other words, we define a window of size τ
which shifts in time so that the output in time t becomes an input in time t + 1. Therefore,
the uncertain inputs method described earlier in this section can be applied to the new
dataset [Ẑ, Ŷ]. In particular, although the training inputs Ẑ are not necessarily uncertain
in this case, the aforementioned way of performing inference is particularly advantageous
when the task is extrapolation.
In more detail, consider the simplest case described in this section where the posterior
q(X) is centered in the given noisy inputs and we allow for variable noise around the
centers. To perform extrapolation one firstly needs to train the model on the dataset
[Ẑ, Ŷ]. Then, we can perform iterative k−step ahead prediction in order to find a future
sequence [yn+1 , yn+2 , ...] where, similarly to the approach taken by Girard et al. (2003),
the predictive variance in each step is accounted for and propagated in the subsequent
predictions. For example, if k = 1 the algorithm will make iterative 1-step predictions in
the future; in the beginning, the output yn+1 will be predicted given the training set. In
the next step, the training set will be augmented to include the previously predicted yn+1
as part of the input set, where the predictive variance is now encoded as the uncertainty of
this point.
The advantage of the above method, which resembles a state-space model, is that the
future predictions do not almost immediately revert to the mean, as in standard station-

[ŷ1 , ŷ2 , ..., ŷn−τ ] = [yτ +1 , yτ +2 , ..., yn ]

[ẑ1 , ẑ2 , ..., ẑn−τ ] = [[y1 , y2 , ..., yτ ] , [y2 , y3 , ..., yτ +1 ] , ..., [yn−τ , yn−τ +1 , ..., yn−1 ]] ,

As can be seen, the generating process is very non-linear, something which makes this
dataset particularly challenging. The created dataset is in uniform time-steps.
The model trained on this dataset was the one described previously, where the modified
dataset {ŷ, ẑ} was created with τ = 18 and we used the first 4τ = 72 points for training and
predicted the subsequent 1110 points in the future. 30 inducing points were used. We firstly
compared to a standard GP model where the input - output pairs were given by the modified
dataset {ẑ, ŷ} that was mentioned previously; this model is here referred to as the “naive
autoregressive GP” model GP ẑ,ŷ . For this model, the predictions are made in the k−step
ahead manner, according to which the predicted values for iteration k are added to the
training set. However, this standard GP model has no straight forward way of propagating
the uncertainty, and therefore the input uncertainty is zero for every step of the iterative
predictions. We also compared against a special case of the variational GP-LVM which
implements the functionality developed by Girard et al. (2003). In this version, predictions
at every step are performed on a noisy location, i.e. by incorporating the predictive variance
of the previous step. In contrast to our algorithm, however, the predictive point is not
incorporated as noisy input after the prediction but, rather, discarded. This method is here
referred to as GP uncert . Although we use GP uncert as an informative baseline, we note that
in the original paper of Girard et al. (2003), additional approximations were implemented,
by performing Taylor expansion around the predictive mean and variance in each step. The
predictions obtained for all competing methods can be seen in Figure 14.
As shown in the last plot, both the variational GP-LVM and GP uncert are robust in
handling the uncertainty throughout the predictions; GP ẑ,ŷ underestimates the uncertainty.
Consequently, as can be seen from the top three plots, in the first few predictions all methods
give the same answer. However, once the predictions of GP ẑ,ŷ diverge a little by the true
values, the error is carried on and amplified due to underestimating the uncertainty. On
the other hand, GP uncert perhaps overestimates the uncertainty and, therefore, is more
conservative in its predictions, resulting in higher errors. Quantification of the error is
shown in Table 4 and further validates the above discussion. The negative log. probability
density for the predicted sequence was also computed for each method. The obtained values
were then divided by the length of the predicted sequence to obtain an average per point.
The result is 22447 for our method, 30013 for that of Girard et al. (2003) and 36583 for the
“naive” GP method.

dζ(t)
ζ(t − T )
, with α = 0.2, b = 0.1, T = 17.
= −bζ(t) + α
dt
1 + ζ(t − T )10

Here we demonstrate our framework in the simulation of a state space model, as was described previously. More specifically, we consider the Mackey-Glass chaotic time series, a
standard benchmark which was also considered in (Girard et al., 2003). The data is onedimensional so that the timeseries can be represented as pairs of values {y, t}, t = 1, 2, · · · , n
and simulates:

6.1.1 Demonstration: iterative k−step ahead forecasting
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Figure 14: Iterative 1−step ahead prediction for a chaotic timeseries. From top to bottom, the
following methods are compared: the variational GP-LVM, a “naive” autoregressive GP
approach which does not propagate uncertainties (GP ẑ,ŷ ) and the approach of Girard
et al. (2003) (GP uncert ) implemented as a specific case of the variational GP-LVM. The
plot at the bottom shows the predictive variances. The x−axis is common for all plots,
representing the extrapolation step.

6.2 GP Regression with Missing Inputs and Data Imputation
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In standard GP regression we assume that the inputs and the outputs are fully observed.
However, in many realistic scenarios missing values can occur. The case where the missing
values occur in the outputs (known as semi-supervised learning) has been addressed in the
past in the context of GPs, e.g. by Lawrence and Jordan (2005); Sindhwani et al. (2007).
However, handling partially observed input data in a fully probabilistic way is challenging,
since propagating the uncertainty from the input to the output space is intractable. Girard
et al. (2003); Quiñonero-Candela et al. (2003) provide an approximation, but their solution
does not support uncertain training inputs.
39

MAE
0.529
0.700
0.799

MSE
0.550
0.914
1.157
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Method
var. GP-LVM
GP uncert
GP ẑ,ŷ

Table 4: Mean squared and mean absolute error obtained when extrapolating in the chaotic
time-series data. GP uncert refers to the method of Girard et al. (2003) implemented
as a specific case of our framework and GP ẑ,ŷ refers to the “naive” autoregressive
GP approach which does not propagate uncertainties. The lowest errors (achieved
by our method) are in bold.

In this section, we describe how our proposed model can be used in a data imputation
problem where part of the training inputs are missing. This scenario is here treated as a
special case of the uncertain input modelling discussed above. Although a more general
setting can be defined, here we consider the case where we have a fully and a partially
observed set of inputs, i.e. Z = (Zo , Zu ), where o and u denote set of rows of (Z, Y) that
contain fully and partially observed inputs respectively4 . This is a realistic scenario; it is
often the case that certain input features are more difficult to obtain (e.g. human specified
tags) than others, but we would nevertheless wish to model all available information within
the same model. The features missing in Zu can be different in number / location for each
u.
individual point zi,:
A standard GP regression model cannot straightforwardly model jointly Zo and Zu . In
contrast, in our framework the inputs are replaced by distributions q(Xo ) and q(Xu ), so that
Zu can be taken into account naturally by simply initialising the uncertainty of q(Xu ) in the
missing locations to 1 (assuming normalized inputs) and the mean to the empirical mean and
then, optionally, optimising q(Xu ). In our experiments we use a slightly more sophisticated
approach which resulted in better results. Specifically, we can use the fully observed data
subset (Zo , Yo ) to train an initial model for which we fix q(Xo ) = N (Xo |Zo , ε → 0). Given
this model, we can then use Yu to estimate the predictive posterior q(Xu ) in the missing
locations of Zu (for the observed locations we match the mean with the observations, as for
Zo ). After initialising q(X) = q(Xo , Xu ) in this way, we can proceed by training our model
on the full (extended) training set ((Zo , Zu ) , (Yo , Yu )), which contains fully and partially
observed inputs. During this training phase, the variational distribution q(X) is held fixed
in the locations corresponding to observed values and is optimised in the locations of missing
inputs. Considering a distribution q(X) factorised w.r.t data points and constrained with
Z as explained above might not be an optimal choice with respect to the true posterior.
However, this approach allows us to incorporate knowledge of the observed locations without
adding extra computational cost to the framework.
Given the above formulation, we define a new type of GP model referred to as “missing
inputs GP ”. This model naturally incorporates fully and partially observed examples by
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4. In section 4, the superscript u denoted the set of missing columns from test outputs. Here it refers to
rows of training inputs that are partially observed, i.e. the union of o and u is now {1, · · · , n}.
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7. Conclusion
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and motion capture data (right). The results for simulated data are obtained from 4
trials and, hence, errorbars are also plotted. For the GP, errorbars do not change with
x-axis and, for clarity, they are plotted separately on the right of the dashed vertical
line (for nonsensical x values). For clarity, the error for NN is not plotted when it grows
too large; the full figure and comparison with other methods can be seen in Figure 20
of the Appendix.

We have introduced an approximation to the marginal likelihood of the Gaussian process
latent variable model in the form of a variational lower bound. This provides a Bayesian

Figure 15: Mean squared error for predictions obtained by different methods in simulated (left)
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compares a test instance z∗ to each training instance by only taking into account the
dimensions that are observed in the training point. This gives a noisy similarity measure in
the input space. The predicted output y∗ is then taken to be the training output for which
the corresponding input has the largest similarity (according to the above noisy measure).
We further compared to a standard GP, which was trained using only the observed data
(Zo , Yo ), since it cannot handle missing inputs straightforwardly.
For the simulated data we used the following sizes: |Zo | = 40, |Zu | = 60, |Z∗ | = 100
and m = 30. The dimensionality of the inputs is 15 and of the outputs is 5. For the motion
capture data we used |Zo | = 50, |Zu | = 80, |Z∗ | = 200 and m = 35. In Figure 15 we plot
the MSE obtained by the competing methods for a varying percentage of missing features
in Zu . For the simulated data experiment, each of the points in the plot is an average of
4 runs which considered different random seeds. As can be seen, the missing inputs GP is
able to handle the extra data and make better predictions, even if a very large portion is
missing. Indeed, its performance starts to converge to that of a standard GP when there
are 90% missing values in Zu and performs identically to the standard GP when 100% of
the values are missing. In Appendix F.2 we also provide a comparison to multiple linear
regression (MLR) (Chatterjee and Hadi, 1986) and to the mean predictor. These methods
gave very bad results, and for clarity they were not included in the main Figure 15.
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In this section we consider simulated and real-world data to demonstrate our missing inputs
GP algorithm, which was discussed in Section 6.2. The simulated data were created by
sampling inputs Z from an unknown to the competing models GP and gave this as input to
another (again, unknown) GP to obtain the corresponding outputs Y. For the real-world
data demonstration we considered a subset of the same motion capture dataset discussed in
Section 5.3, which corresponds to a walking motion of a human body represented as a set of
59 joint locations. We formulated a regression problem where the first 20 dimensions of the
original data are used as targets and the rest 39 as inputs. In other words, given a partial
joint representation of the human body, the task is to infer the rest of the representation;
that is, given fully observed test inputs Z∗ we wish to reconstruct test outputs Y∗ . For both
datasets, simulated and motion capture, we selected a portion of the training inputs, denoted
as Zu , to have randomly missing features. The extended dataset ((Zo , Zu ) , (Yo , Yu )) was
used to train our method as well as a nearest neighbour (NN) method. The NN method

6.2.1 Demonstration

Although the focus of this section was on handling missing inputs, the algorithm developed above has conceptual similarities with procedures followed to solve the missing
outputs (semi-supervised learning) problem. Specifically, our generative method treats the
missing values task as a data imputation problem, similarly to (Kingma et al., 2014). Furthermore, to perform data imputation our algorithm trains an initial model on the fully
observed portion of the data, used to predict the missing values. This draws inspiration
from self-training methods used for incorporating unlabelled examples in classification tasks
(Rosenberg et al., 2005). In a bootstrap-based self-training approach this incorporation is
achieved by predicting the missing labels using the initial model and, subsequently, augmenting the training set using only the confident predictions subset. However, our approach
differs from bootstrap-based self-training methods in two key points: firstly, the partially
unobserved set is in the input rather than the output space; secondly, the predictions obtained from the “self-training” step of our method only constitute initialisations which are
later optimised along with model parameters. Therefore, we refer to this step of our algorithm as partial self-training. Further, in our framework the predictive uncertainty is
not used as a hard measure of discarding unconfident predictions but, instead, we allow all
values to contribute according to an optimised uncertainty measure. Therefore, the way
in which uncertainty is handled makes the “self-training” part of our algorithm principled
compared to many bootstrap-based approaches.

communicating the uncertainty throughout the relevant parts of the model in a principled
way. Specifically, the predictive uncertainty obtained by the initial model trained on the
fully observed data is incorporated as input uncertainty via q(Xu ) in the model trained on
the extended dataset, similarly to how extrapolation was achieved for our auto-regressive
approach in Section 6.1. In extreme cases resulting in very non-confident predictions, for example presence of outliers, the corresponding locations will simply be ignored automatically
due to the large uncertainty. This mechanism, together with the subsequent optimisation
of q(Xu ), guards against reinforcing bad predictions when imputing missing values after
learning from small training sets. Details of the algorithm for this approach are given in
Appendix E.

MSE

Variational GP-LVM

MSE

Variational GP-LVM

training procedure which is robust to overfitting and allows for the appropriate dimensionality of the latent space to be automatically determined. Our framework is extended for the
case where the observed data constitute multivariate timeseries and, therefore, we obtain a
very generic method for dynamical systems modelling able to capture complex, non-linear
correlations. We demonstrated the advantages of the rigorous lower bound defined in our
framework on a range of disparate real world data sets. This also emphasised the ability of
the model to handle vast dimensionalities.
Our approach was easily extended to be applied to training Gaussian processes with
uncertain inputs where these inputs have Gaussian prior densities. This further gave rise
to two variants of our model: an auto-regressive GP as well as a GP regression model
which can handle partially missing inputs. For future research, we envisage several other
extensions that become computationally feasible using the same set of methodologies we
espouse. In particular, propagation of uncertain inputs through the Gaussian process allows
Bayes filtering (Ko and Fox, 2009a; Deisenroth et al., 2012; Frigola et al., 2014) applications
to be carried out through variational bounds. Bayes filters are non-linear dynamical systems
where time is discrete and the observed data yt at time point t is non-linearly related to
some unobserved latent state xt via
yt = f (xt ),
which itself has a non-linear autoregressive relationship with past latent states,
xt = g(xt−1 ),
where both g(·) and f (·) are assumed to be Gaussian processes. Propagation of the uncertainty through both processes can be achieved through our variational lower bound allowing
fast efficient approximations to Gaussian process dynamical models.
The bound also allows for a promising new direction of research, that of deep Gaussian
processes. In a deep Gaussian process (Lawrence and Moore, 2007; Damianou and Lawrence,
2013) the idea of placing a temporal prior over the inputs to a GP is further extended by
hierarchical application. This formalism leads to a powerful class of models where Gaussian
process priors are placed over function compositions (Damianou, 2015). For example, in a
five layer model we have
f (X) = g5 (g4 (g3 (g2 (g1 (X))))),
where each gi (·) is a draw from a Gaussian process. By combining such models with structure learning (Damianou et al., 2012) we can develop the potential to learn very complex
non linear interactions between data. In contrast to other deep models all the uncertainty
in parameters and latent variables is marginalised out.
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Appendix A. Further Details About the Variational Bound

This appendix contains supplementary details for deriving some mathematical formulae
related to the calculation of the final expression of the variational lower bound for the
training phase.
Since many derivations require completing the square to recognize a Gaussian, we will
use the following notation throughout the Appendix:

Z = the collection of all constants for the specific line in equation,

where the definition of a constant depends on the derivation at hand.

A.1 Calculation of: hlog p(y:,j |f:,j )ip(f:,j |u:,j ,X)

q(X)

+ log p(u:,j ).

(42)

First, we show in detail how to obtain the r.h.s of equation (20) for the following quantity:
hlog p(y:,j |f:,j )ip(f:,j |u:,j ,X) which appears in the variational bound of equation (19). We
now compute the above quantity analytically while temporarily using the notation h·i =
h·ip(f:,j |u:,j ,X) :


eq. (6)
hlog p(y:,j |f:,j )i =
log N y:,j |f:,j , σ 2 In
n
1
= − log(2π) − log |σ 2 In |
2
2

D E D
E
1 
>
>
>
− 2y:,j f:,j
+ f:,j f:,j
− tr σ −2 In y:,j y:,j
2


1 
>
− 2y:,j aj> + aj aj> + Σf .
Z − tr σ −2 In y:,j y:,j
2
=

eq. (13)



 1

= log N y:,j |aj , σ 2 In − tr σ −2 Σf
2


1
−1
log N y:,j |aj , σ 2 In − 2 tr Kf f − Kf u Kuu
Kuf .
2σ

By completing the square we find:
hlog p(y:,j |f:,j )ip(f:,j |u:,j ,X)
=

eq. (14)

A.2 Calculating the Explicit Form of q(u:,j )
From equation (22), we have:

log q(u:,j ) ∝ log N y:,j |aj , σ 2 In
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All the involved distributions are Gaussian and, hence, we only need to compute the r.h.s
of the above equation and complete the square in order to get the posterior Gaussian
distribution for q(u:,j ). The expectation appearing in the above equation is easily computed

44



D
E
D E

1
>
+ aj a>
log N y:,j |aj , σ 2 In q(X) =Z − 2 tr y:,j y:,j
− 2y:,j a>
j
j
2σ
q(X)
q(X)
D
E
1 
eq. (14)
>
>
−1
>
= Z − 2 tr y:,j y:,j − 2y:,j u:,j Kuu Kf u
2σ
q(X)

D
E
−1
−1
>
K
u
K
K
K
+ u>
uu :,j
:,j uu
fu fu
q(X)
1 
eq. (26)
>
−1 >
= Z − 2 tr y:,j y:,j
− 2y:,j u>
K
:,j uu Ψ1
2σ

−1
−1
+ u>
(43)
:,j Kuu Ψ2 Kuu u:,j .

−1

and

45
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n
1
1
1 >
1
1
B = − log(2π) − log |σ 2 In | − log |Kuu | − 2 y:,j
y:,j + µ>
Σ−1 µu + log |Σu |. (47)
2
2
2
2σ
2 u u
2

where we have defined:

The quantity F̂j (q(X)) appears in equation (23). Based on the derivations of the previous
section, we can rewrite equation (44) as a function of the optimal q(u:,j ) found in equation
(45) by completing the constant terms:

log N y:,j |aj , σ 2 In q(X) + log p(u:,j ) = B + log N (u:,j |µu , Σu )
(46)

A.3 Detailed Derivation of F̂j (q(X))

By “pulling” the Kuu matrices out of the inverse and after simple manipulations we get the
final form of q(u:,j ):
q(u:,j ) = N (u:,j |µu , Σu ) where
−1 >
µu = Kuu σ 2 Kuu + Ψ2
Ψ1 y:,j
(45)
−1
2
2
Kuu .
Σu = σ Kuu σ Kuu + Ψ2

>
µu = σ −2 Σu K−1
uu Ψ1 y:,j .

−1
−1
Σu = σ −2 K−1
uu Ψ2 Kuu + Kuu

We can now complete the square again and recognize that q(u:,j ) = N (u:,j |µu , Σu ), where:

We can now easily find equation (42) by combining equations (43) and (15):

log q(u:,j ) ∝ log N y:,j |aj , σ 2 In q(X) + log p(u:,j )

1 
>
−1 >
>
−1
−1
= Z − 2 tr y:,j y:,j
− 2y:,j u>
:,j Kuu Ψ1 + u:,j Kuu Ψ2 Kuu u:,j
2σ

1 
>
− tr K−1
uu u:,j u:,j
2


1 
−2 −1
−1
−1
−2
>
−2 −1 >
>
= Z − tr u>
:,j σ Kuu Ψ2 Kuu + Kuu u:,j + σ y:,j y:,j − 2σ Kuu Ψ1 y:,j u:,j .
2
(44)

as:
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eq. (47)

N

1

1

>

1

1

>

−1

(2π)− 2 σ −n |Kuu |− 2 e− 2σ2 y:,j y:,j |Σu | 2 e 2 µu Σu

µu

.

(48)

(49)

i=1

n
X

Z

k(xi,: , (xu )k,: )k((xu )k0 ,: , xi,: )N (xi,: |µi,: , Si )dxi,: .

k (xi,: , (xu )k,: ) N (xi,: |µi,: , Si )dxi,: .
Ψi2 where (Ψi2 )k,k0 =

Z

(Ψi2 )k,k0 = σf4

(Ψ1 )i,k = σf2



1

(wj Si,j + 1) 2

j=1

q exp −
Y

j=1

46

1

−

(2wj Si,j + 1) 2

wj ((xu )k,j −(xu )k0 ,j )2
4



2
q exp − 1 wj (µi,j −(xu )k,j )
Y
2
wj Si,j +1

ψ0 = nσf2

wj (µi,j −x̄:,j )2
2wj Si,j +1
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,

The above computations involve convolutions of the covariance function with a Gaussian
density. For some standard kernels such the ARD exponentiated quadratic (RBF) covariance and the linear covariance function these statistics are obtained analytically. In
particular for the ARD exponentiated quadratic kernel of equation (8) we have:

Ψ2 =

(Ψ1 )i,k =

i=1

Here we explain how one can compute the Ψ quantities (introduced in Section 3.2) for two
standard choices for the GP prior covariance. For completeness, we start by rewriting the
equations (27), (28) and (29):
Z
n
X
ψ0 =
ψ0i , with ψ0i = k(xi,: , xi,: )N (xi,: |µi,: , Si )dxi,: .

Appendix B. Calculating the Ψ Quantities

We can now obtain the final form for the variational bound by replacing equation (50) in
equation (23), as well as replacing the term A with its equal and defining W = σ −2 In − W0 .
By doing the above, we get exactly the final form of the bound of equation (25).

Finally, using equation (45) to replace Σu with its equal, as well as equation (49), we
can write the integral of equation (48) as:
1
>
1
Z
0
>
σ −n |Kuu |− 2 |Kuu |e− 2σ2 y:,j y:,j 1 y:,j
hlog N (y:,j |ad ,σ2 Id )iq(X)
e
p(u:,j )du:,j =
e 2 W y:,j .
(50)
1
N/2
−2
(2π) |σ Ψ2 + Kuu | 2

W0

−1
> −4
−2
−1 >
µ>
u Σu µu = y:,j σ Ψ1 (σ Ψ2 + Kuu ) Ψ1 y:,j .
|
{z
}

By using equation (45) and some straightforward algebraic manipulations, we can replace
−1
in the above µ>
u Σu µu with:

=

We can now obtain the final expression for (23) by simply putting the quantity of (46)
on the exponent and integrating. By doing so, we get:
Z
Z
hlog N (y:,j |ad ,σ2 Id )iq(X)
p(u:,j )du:,j = eB elog N (u:,j |µu ,Σu ) du:,j = eB
e
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((xu )

+(xu )

0

)
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k,j
k ,j
where x̄:,j =
. This gives us all the components we need to compute the
2
variational lower bound for the ARD exponentiated quadratic kernel.
2 x> Cx
The linear ARD covariance function kf (lin) (xi,: , xk,: ) = σlin
k,: depends on a dii,:
agonal matrix C containing the ARD weights. For this covariance function, the integrals
required for the Ψ statistics are also tractable, such that


>
ψ0i = tr C(µi,: µi,:
+ Si )

(Ψ ) = µ> C(x )
1
u
i,k
k,:
i,:


>
>
(Ψ2i )k,k0 = (xu )k,:
C µi,: µi,:
+ Si C(xu )k0 ,: .

Appendix C. Derivatives of the Variational Bound for the Dynamical
Version
Before giving the expressions for the derivatives of the variational bound (11), it should be
recalled that the variational parameters µj and Sj (for all qs) have been reparametrised as
−1
Sj = Kx−1 + diag(λj )
and µ:,j = Kx µ̄:,j ,

where the function diag(·) transforms a vector into a square diagonal matrix and vice versa.
q
Given the above, the set of the parameters to be optimised is (θf , θx , {µ̄:,j , λj }j=1
, X̃). The
gradient w.r.t the inducing points X̃, however, has exactly the same form as for θf and,
therefore, is not presented here.
Some more notation:

∂F
= −(Sj ◦ Sj )
∂λj

!

.

1. λj is a scalar, an element of the vector λj which, in turn, is the main diagonal of the
diagonal matrix Λj .

and

∂ F̂
1
+ λj
∂sj
2

2. (Sj )k,l , Sj;kl the element of Sj found in the k-th row and l-th column.
n , i.e. it is a vector with the diagonal of S .
3. sj , {(Sj )i,i }i=1
j

∂ F̂
− µ̄:,j
∂µ:,j

C.1 Derivatives w.r.t the Variational Parameters
!
∂F
= Kx
∂ µ̄j
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where for each single dimensional element we have:


F̂
p ∂ψ0
∂Ψ1>
=−
+ σ −2 tr
YY> Ψ A−1
1
∂µj
2σ 2 ∂µj
∂µj


1
∂Ψ2  −1
2
−1
−1 >
>
−1
+ 2 tr
pKuu
−
σ
pA
−
A
Ψ
1 YY Ψ1 A
2σ
∂µj


∂ F̂
p ∂Ψ0
∂Ψ1>
=−
+ σ −2 tr
YY> Ψ1 A−1
∂(Sj )k,l
2σ 2 ∂(Sj )k,l
∂(Sj )k,l


∂Ψ2  −1
1
tr
pKuu − σ 2 pA−1 − A−1 Ψ1> YY> Ψ1 A−1
2σ 2
∂(Sj )k,l
+

with A = σ 2 Kuu + Ψ2 .
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C.2 Derivatives w.r.t θ = (θf , θx ) and β = σ −2

∂F
∂ F̂
=
∂θf
∂θf

In our implementation, we prefer to parametrise the software with the data precision β,
rather than the data variance, σ 2 . Therefore, here we will give directly the derivatives for
the precision. Obviously, through the use of the chain rule and the relationship σ 2 = β −1
one can obtain the derivatives for the variance. Further, when it comes to model parameters,
we will write the gradients with respect to each single element θf or θx .
Given that the KL term involves only the temporal prior, its gradient w.r.t the parameters θf is zero. Therefore:

with:



∂ F̂
βp ∂ψ0
∂Ψ1>
>
−1
= const −
+ βtr
YY
Ψ
1A
∂θ
2 ∂θ
∂θ
f
f
f


∂Kuu  −1
1
−1
−1
−1 >
>
−1
−1
−1
+ tr
pKuu
−
β
pA
−
A
Ψ
−
βpKuu
Ψ2 Kuu
1 YY Ψ1 A
2
∂θf


β
∂Ψ2  −1
tr
pKuu − β −1 pA−1 − A−1 Ψ1> YY> Ψ1 A−1
2
∂θf
+

The expression above is identical for the derivatives w.r.t the inducing points. For the
gradients w.r.t the β term, we have a similar expression:







∂ F̂
1h
−1
−1
= p tr Kuu
Ψ
− ψ0 − tr YY> + tr A−1 Ψ1> YY> Ψ1
2 + (n − m)β
∂β
2
i


+β −2 p tr Kuu A−1 + β −1 tr Kuu A−1 Ψ1> YY> Ψ1 A−1 .

!>

∂µj (θx )
∂θx

∂ F̂(µ:,j )
∂µ:,j

!>

∂µj (θx )
.
∂θx

In contrast to the above, the term F̂ does involve parameters θx , because it involves
the variational parameters that are now reparametrised with Kx , which in turn depends on
θx . To demonstrate that, we will forget for a moment the reparametrisation of Sj and we
will express the bound as F(θx , µj (θx )) (where µj (θx ) = Kt µ̄:,j ) so as to show explicitly
the dependency on the variational mean which is now a function of θx . Our calculations
>

∂µj (θx )
∂ F̂ (µ:,j )
that is what we “miss” when we
∂µ:,j
∂θx
must now take into account the term
consider µj (θx ) = µ:,j :

∂ F̂(µ:,j )
∂µ:,j


∂ F̂(µ
) ∂(−KL)(θx , µj (θx ))
:,j +
+

∂θx
∂θx


∂F(θx , µ:,j )
∂F(θx , µj (θx ))
=
+
∂θx
∂θx
=
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We do the same for Sj and then we can take the resulting equations and replace µj and
Sj with their equals so as to take the final expression which only contains µ̄:,j and λj :
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1

1

1

49

− KL (q(X) k p(X)) − KL (q(X∗ ) k p(X∗ )) .
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(52)

For the standard variational GP-LVM, we can further expand the above equation by
noticing that
distributions q(X, X∗ ) and p(X, X∗ ) are fully factorised as q(X, X∗ ) =
Q
Qnthe
n
∗
i=1 q(xi,: )
i=1 q(xi,∗ ). Therefore, equation (51) can be written as:
Z
Z
log p(Y∗o , Y) ≥ q(X) log p(Yu |X)dX + q(X∗ , X) log p(Y∗o , Yo |X∗ , X)dX∗ dX

Exactly analogously to the training phase, the variational bound to the above quantity
takes the form:
Z
p(Yu |X)p(Y∗o , Yo |X∗ , X)p(X∗ , X)
log p(Y∗o , Y) ≥ q(X∗ , X) log
dX∗ dX.
(51)
q(X∗ , X)

As discussed in Section 4.1, when doing predictions based on partially observed outputs
with the variational GP-LVM, one needs to construct a variational lower bound as for the
training phase. However, this now needs to be associated with the full set of observations
(Y, Y∗o ). Specifically, we need to lower bound the marginal likelihood given in equation
(38). To achieve this, we start from equation (38) and then separate Y into (Yo , Yu ) while
factorising the terms according to the conditional independencies, i.e. :
Z
log p(Y∗o , Y) = log p(Y∗o , Y|X∗ , X)p(X∗ , X)dX∗ dX
Z
= log p(Yu |X)p(Y∗o , Yo |X∗ , X)p(X∗ , X)dX∗ dX.

D.1 The Variational Bound in the Test Phase and Computational Issues

This section provides some more details related to the task of doing predictions based on
partially observed test data Y∗u . Specifically, section D.1 explains in more detail the form
of the variational lower bound for the aforementioned prediction scenario and illustrates
how this gives rise to certain computational differences for the standard and the dynamical
GP-LVM. Section D.2 gives some more details for the mathematical formulae associated
with the above prediction task.

Appendix D. Variational Lower Bound for Partially Observed Test Data

e −1 Λ 2 . and B̃j = I + Λ 2 Kx Λ 2 . Note that by using this B̃j matrix (which
where B̂j = Λj2 B
j
j
j
j
has eigenvalues bounded below by one) we have an expression which, when implemented,
leads to more numerically stable computations, as explained in Rasmussen and Williams
(2006) page 45-46.

1

h

∂F(θx , µj (θx ), Sj (θx ))
1
= tr −
B̂j Kx B̂j + µ̄:,j µ̄>
:,j
∂θx
2
!


> i ∂K 
∂ F̂ 
x
+ I − B̂j Kx diag
I − B̂j Kx
∂sj
∂θx
!>
∂ F̂(µ:,j )
∂Kx
+
µ̄:,j
∂µ:,j
∂θx

Variational GP-LVM

j∈u

(of equation (39)) is then simply found as:
YZ
u
p(f∗,j
|u:,j , X∗ )q(u:,j )du:,j .

j=1

From equations (14) and (45) we recognise:
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For this calculation we simply use the following identity for Gaussians:
Z


N (f:,j |Mu:,j + m, Σf ) N (u:,j |µu , Σu ) du:,j = N f:,j |Mµu + m, Σf + MΣu M> .

The integrals inside the product are easy to compute since both types of densities appearing
there are Gaussian, according to equations (13) and (45). In fact, each factor takes the form
of a projected process predictive distribution from sparse GPs (Csató and Opper, 2002;
Seeger et al., 2003; Rasmussen and Williams, 2006).
We will show the analytic derivation for the general case where we do not distinguish
between training or test variables and all dimensions are observed. In specific, we want to
compute:
Z
p(f:,j |X) = p(f:,j |u:,j , X)q(u:,j )du:,j .

The marginal

q(Fu∗ |X∗ )

Optimisation based on the variational bound constructed for the test phase with partially
observed outputs, as explained in Section 4.1, gives rise to the posterior q(Fu∗ , U, X∗ ), as
exactly happens in the training phase. Therefore, according to equation (16) we can write:


p
Y
u
u

q(F∗ , U, X∗ ) =
p(f∗,j |u:,j , X∗ )q(u:,j ) q(X∗ ).

D.2 Calculation of the Posterior q(Fu∗ |X)

P
Recalling equation (31), we see the first term above can be obtained as the sum j∈u F̂j (q(X))
where each of the involved terms is given by equation (25) and is already computed during
the training phase and, therefore, can be held fixed during test time. Similarly, the third
term of equation (52) is also held fixed during test time. As for the second and fourth
term, they can be optimised exactly as the bound computed for the training phase with the
difference that now the data are augmented with test observations and only the observed
dimensions are accounted for.
In contrast, the dynamical version of our model requires the full set of latent variables
(X, X∗ ) to be fully coupled in the variational distribution q(X, X∗ ), as they together form a
timeseries. Consequently, the expansion of equation (52) cannot be applied here, meaning
that in this case no precomputations can be used from the training phase. However, one
could apply the approximation q(X, X∗ ) = q(X)q(X∗ ) to speed up the test phase. In this
case, each set of latent variables is still correlated, but the two sets are not. However, this
approximation was not used in our implementation as it is only expected to speed up the
predictions phase if the training set is very big, which is not the case for our experiments.
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−1
M = Kf u Kuu
,
m
=
0
−1 K
Σf = Kf u − Kf u Kuu
uf
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µu = Kuu (σ 2 Kuu + Ψ2 )−1 Ψ1> y:,j
Σu = σ 2 Kuu (σ 2 Kuu + Ψ2 )−1 Kuu

from where we easily find:



−1
−1
p(f:,j |X) = N f:,j |Kf u B, Kf f − Kf u Kuu
+ Kuu + σ −2 Ψ2
Kuf
with B = σ −2 (Kuu + σ −2 Ψ2 )−1 Ψ1> y:,j .

Appendix E. Algorithm for GP Regression with Missing Inputs
Consider a fully and a partially observed set of inputs, i.e. Z = (Zo , Zu ), where o and u
denote set of rows of (Z, Y) that contain fully and partially observed inputs respectively.
The features missing in Zu can be different in number / location for each individual point
u . We can train the model in all of these observations jointly, by replacing the inputs
zi,:
Zo and Zu with distributions q(Xo ) and q(Xu ) respectively, and using Algorithm 1. Since
the posterior distribution is factorised, the algorithm constrains it to be close to a delta
function in regions where we have observations, i.e. in areas corresponding to Zo and in areas
corresponding to non-missing locations of Zu . The rest of the posterior area’s parameters
(means and variances of Gaussian marginals) are initialised according to a prediction model
Mo and are subsequently optimised (along with model parameters) in an augmented model
Mo,u . Notice that the initial model Mo is obtained by training a variational GP-LVM
model with a posterior q(Xo ) whose mean is fully constrained to match the observations
Zo with very small uncertainty and, thus, the model Mo behaves almost as a standard GP
regression model.

Appendix F. Additional Results from the Experiments
In this section we present additional figures obtained from the experiments.
F.1 Motion Capture Data
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We start by presenting additional results for the experiment described in Section 5.3 (motion
capture data). Figure 16 depicts the optimised ARD weights (squared inverse lengthscales)
for each of the dynamical models employed in the experiment. Figure 17 illustrates examples
of the predictive performance of the models by plotting the true and predicted curves in
the angle space.
As was explained in Section 5.3, all employed models encode the “walk” and “run”
regime as two separate subspaces in the latent space. To illustrate this more clearly we
sampled points from the learned latent space X of a trained dynamical variational GPLVM model and generated the corresponding outputs, so as to investigate the kind of
information that is encoded in each subspace of X. Specifically, we considered the model
that employed a Matérn 23 covariance function to constrain the latent space and, based on
the ARD weights of Figure 16(b), we projected the latent space on dimensions (2, 3) and
(2, 4). Interacting with the model revealed that dimension 4 separates the “walk” from the
“run” regime. This is an intuitive result, since the two kinds of motions are represented as
separate clusters in the latent space. In other words, moving between two well separated
51
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(b) Model with Matérn

for i = 1, · · · , |Y | do


u |yu , Mo ) ≈ q(x̂u ) = N x̂u |µ̂u , Ŝu
Predict p(x̂i,:
i,: i,:
i
i
i,:


u ) = N xu |µu , Su as follows:
Initialize q(xi,:
i,: i,:
i
for j = 1, · · · , q do
u is observed then
if zi,j
u
u
u
u
u
(S
µi,j
=
z
#
i )j,j denotes the j-th diagonal element of Si
i,j and (Si )j,j = ε
u , (S u )
Fix µi,j
#
i j,j in the optimiser
(i.e. will not be optimised)
else
u = µ̂u and (S u )
u
µi,j
i,j
i j,j = (Ŝi )j,j
Train a variational GP-LVM model Mo,u using the initial q(Xo ) and q(Xu ) defined
above and data Yo , Yu (the locations that were fixed for the variational distributions
will not be optimised).
All subsequent predictions can be made using model Mo,u .

u

Given: fully observed data (Zo , Yo ) and partially observed data (Zu , Yu )
Define a small value, e.g. ε= 10−9 
Qn
o
o
N
x
Initialize q(Xo ) = i=1
i,: |zi,: , εI
Fix q(Xo ) in the optimiser
# (i.e. will not be optimised)
Train a variational GP-LVM model Mo given the above q(Xo ) and Yo

Algorithm 1 GP Regression with Missing Inputs Model: Training and predictions
2:

4:

3:
5:
6:
7:
8:
9:
10:
11:
12:
13:
14:
15:

16:

(a) Model with exponentiated quadratic
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Figure 16: The values of the weights (squared inverse lengthscales) of the ARD kernel after training
on the motion capture dataset using the exponentiated quadratic (fig: (a)) and the
Matérn (fig: (b)) kernel to model the dynamics for the dynamical variational GP-LVM.
The weights that have zero value “switch off” the corresponding dimension of the latent
space. The latent space is, therefore, 3-D for (a) and 4-D for (b). Note that the weights
were initialised with very similar values.
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In this section we present some more plots for the experiment presented in Section 6.2.1,
where a set of fully observed outputs, Y, corresponded to a set of fully observed inputs, Zo ,
and a set of inputs with randomly missing components, Zu . Even if Y is fully observed,
it can be split according to the inputs, so that Y = (Yo , Yu ). The variational GP-LVM,
a nearest neighbour (NN) approach and multiple linear regression (MLR) (Chatterjee and
Hadi, 1986) were trained on the full dataset ((Zo , Zu ) , (Yo , Yu )). The standard GP model
could only take into account the fully observed data, (Zo , Yo ). We also compared against
predicting with the mean of Y. The results are shown in Figure 20, which is an extension
of the Figure 15 presented in the main paper.

F.2 Gaussian Process Learning With Missing Inputs

clusters needs to be encoded with a close to linear signal, which is in accordance with the
small inverse lengthscale for dimension 4 (see also discussion in the caption of Figure 5).
More specifically, to interact with the model we first fixed dimension 4 on a value belonging
to the region encoding the walk, as can be seen in Figure 18(a), and then sampled multiple
latent points by varying the other two dominant dimensions, namely 2 and 3, as can be
seen in the top row of Figure 19. The corresponding outputs are shown in the second row of
Figure 19. When dimension 4 was fixed on a value belonging to the region encoding the run
(Figure 18(b)) the outputs obtained by varying dimensions 2 and 3 as before produced a
smooth running motion, as can be seen in the third row of Figure 19. Finally, Figure 18(d)
illustrates a motion which clearly is very different from the training set and was obtained
by sampling a latent position far from the training data, as can be seen in Figure 18(c).
This is indicative of a generative model’s ability of producing novel data.

(fig: 17(b)). Continuous line is the original test data, dotted line is nearest neighbour
in scaled space, dashed line is dynamical variational GP-LVM (using the exponentiated
quadratic kernel for the body reconstruction and the Matérn for the legs).

Figure 17: The prediction for two of the test angles for the body (fig: 17(a)) and for the legs part
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blue dot showing the value at which these dimensions were fixed for the sampled latent
points. The corresponding outputs are depicted in the second row (for the walk regime)
and third row (for the run regime).

Figure 19: The first row depicts a projection of the latent space on dimensions 2 and 3 with the
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4 (y−axis), with the blue dot corresponding to the value on which these dimensions were
fixed for the sampled latent points and red crosses represent latent points corresponding
to training outputs. The intensity of the grayscale background represents the posterior
uncertainty at each region (white corresponds to low predictive variance). Plot (c)
depicts a latent space projection on dimensions 2 (x−axis) and 3 (y−axis), with the
fixed latent positions corresponding to the generated output depicted in plot (d).
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Figure 18: Plots (a) and (b) depict the projection of the latent space on dimensions 2 (x−axis) and
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Figure 20: An augmented version of Figure 15. The above figure includes more results for the task
of performing regression by learning from incomplete inputs. The results refer to the
mean squared error for predictions obtained by different methods in simulated (left) and
motion capture data (right). The results for simulated data are obtained from 4 trials
and, hence, errorbars are also plotted. Lines without errorbars correspond to methods
that cannot take into account partially observed inputs. For the GP, errorbars do not
change with x-axis and, for clarity, they are plotted separately on the right of the dashed
vertical line (for nonsensical x values).

MSE
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Lehel Csató and Manfred Opper. Sparse on-line Gaussian processes. Neural Computation,
14(3):641–668, 2002.

Zhenwen Dai, Andreas Damianou, James Hensman, and Neil Lawrence. Gaussian process
models with parallelization and GPU acceleration. arXiv preprint arXiv:1410.4984, 2014.

Andreas Damianou. Deep Gaussian processes and variational propagation of uncertainty.
PhD Thesis, University of Sheffield, 2015.

JMLR 17(42):1-62

Andreas Damianou and Neil D. Lawrence. Deep Gaussian processes. In Carlos Carvalho
and Pradeep Ravikumar, editors, Proceedings of the Sixteenth International Workshop on
Artificial Intelligence and Statistics, volume 31, AZ, USA, 2013. JMLR W&CP 31.

56

JMLR 17(42):1-62

JMLR 17(42):1-62

58

Jonathan Ko and Dieter Fox. Learning GP-Bayesfilters via Gaussian process latent variable
models. Autonomous Robots, 30:3–23, 2011. ISSN 0929-5593. URL http://dx.doi.org
/10.1007/s10514-010-9213-0. 10.1007/s10514-010-9213-0.

Paul W. Goldberg, Christopher K. I. Williams, and Christopher M. Bishop. Regression
with input-dependent noise: A Gaussian process treatment. In Jordan et al. (1998),
pages 493–499.

57

Jonathan Ko and Dieter Fox. GP-BayesFilters: Bayesian filtering using Gaussian process
prediction and observation models. Autonomous Robots, 27:75–90, July 2009c. ISSN
0929-5593. doi: 10.1007/s10514-009-9119-x.

Jonathan Ko and Dieter Fox. Learning GP-BayesFilters via Gaussian process latent variable
models. In Robotics: Science and Systems, 2009b.

Jonathan Ko and Dieter Fox. GP-BayesFilters: Bayesian filtering using Gaussian process
prediction and observation models. Auton. Robots, 27:75–90, July 2009a. ISSN 09295593. doi: 10.1007/s10514-009-9119-x. URL http://portal.acm.org/citation.cfm?id=
1569248.1569255.

Diederik P. Kingma, Danilo Jimenez Rezende, Shakir Mohamed, and Max Welling. Semisupervised learning with deep generative models. CoRR, abs/1406.5298, 2014.

Diederik P. Kingma and Max Welling. Auto-encoding variational Bayes. Technical report,
2013.

Nathaniel J. King and Neil D. Lawrence. Fast variational inference for Gaussian Process
models through KL-correction. In ECML, Berlin, 2006, Lecture Notes in Computer
Science, pages 270–281, Berlin, 2006. Springer-Verlag.

Daniel Keysers, Roberto Paredes, Hermann Ney, and Enrique Vidal. Combination of tangent vectors and local representations for handwritten digit recognition. In Structural,
Syntactic, and Statistical Pattern Recognition, pages 538–547. Springer, 2002.

Kristian Kersting, Christian Plagemann, Patrick Pfaff, and Wolfram Burgard. Most likely
heteroscedastic Gaussian process regression. In Proceedings of the 24th international
conference on Machine learning, ICML ’07, pages 393–400, New York, NY, USA, 2007.
ACM. ISBN 978-1-59593-793-3. doi: 10.1145/1273496.1273546.

Michael I. Jordan, Michael J. Kearns, and Sara A. Solla, editors. Advances in Neural
Information Processing Systems, volume 10, Cambridge, MA, 1998. MIT Press.

Agathe Girard, Carl Edward Rasmussen, Joaquin Quiñonero Candela, and Roderick
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by Comaniciu and Meer (2002), while an EM-type algorithm for finding the local maxima
of the density f is suggested in Carreira-Perpinan and Williams (2003); Carreira-Perpinan
(2007); Li et al. (2007).
In practice, the underlying density f is rarely known and has to be estimated. A
kernel estimate is used in Fukunaga and Hostetler (1975); Cheng et al. (2004); Li et al.

Figure 2: A mixture of two Gaussians in dimension d = 2: f (x, y) = qg0,1 (x)g0,1 (y) + (1 −
q)gµ1 ,σ1 (x)g0,σ2 (y) with q = 0.7, µ1 = 3, σ1 = 1.5 and σ2 = 0.5. The starting
point is at (x, y) = (1.8, −1), and the 50 successive points in the iteration (1) are
also plotted. Although the starting point is closer to the peak at (x, y) = (3, 0),
the sequence converges to the peak at (x, y) = (0, 0).
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Figure 1: A mixture of two Gaussians in dimension d = 1: f (x) = qg0,1 (x) + (1 − q)gµ,σ (x)
2
2 √
where gµ,σ (x) := e−(x−µ) /2σ / 2πσ, and q = 0.7, µ = 3 and σ = 0.3. The
starting point is at x = 1.8, and the 50 successive points in the iteration (1) are
also plotted. Although the starting point is closer to the peak at x = 3, the
sequence converges to the peak at x = 0.
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When it exists, define x∞ = lim`→∞ x` . The rationale behind the iterative gradient ascent
scheme (1) is to have the sequence (x` : t ≥ 0) converge to a local mode of f — representing
a cluster center, close in the spirit to Hartigan (1975) — without going through a valley.
See Figure 1 and Figure 2 for simple illustrations involving the mixture of two Gaussians
in dimensions d = 1 and d = 2. Now, a sample from f , say X1 , . . . , Xn , can be clustered by
applying the iteration (1) to each Xi ’s, obtaining a sequence (Xi,` : ` ≥ 0), and grouping
according to the limit Xi,∞ , meaning that Xi and Xj are grouped together if Xi,∞ = Xj,∞ .
In the same spirit, Cheng et al. (2004) propose to use the gradient ascent lines of f ,
which form gradient trees, to perform a kind of hierarchical clustering of points on the plane.
Clustering points according to the local maxima of the underlying density is also advocated

Fukunaga and Hostetler (1975) propose clustering points in space according to the gradient
ascent flows of the underlying density. Let f be a differentiable density on Rd . Assuming
for now that f is known, consider the following scheme. Fix a > 0 and, starting at x0 ∈ Rd ,
iteratively define
∇f (x`−1 )
, for ` ≥ 1.
(1)
x` = x`−1 + a
f (x`−1 )

1. Introduction

We consider the problem of estimating the gradient lines of a density, which can be used
to cluster points sampled from that density, for example via the mean-shift algorithm
of Fukunaga and Hostetler (1975). We prove general convergence bounds that we then
specialize to kernel density estimation.
Keywords: mean-shift, gradient lines, density estimation, nonparametric clustering
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Ix,h := {i : kXi − xk ≤ h}.

∞

sφ(s)ds.

(5)

Z

ψ
∇fn,h
(x)

φ
fn,h
(x)

.

f (y)Φh (x − y)dy,

4

JMLR 17(43):1-28

towards the gradient ascent line of f starting at x0 . In particular, we characterize the limit
x∞ , providing a consistency result for the clustering algorithm based on the local maxima
of f . Note that (6) includes (1) by replacing f with log f . We note that such convergence
results are available in the rich literature on dynamic systems — see, e.g., Stetter (1973, Sec
3.5), Beyn (1987) and Merlet and Pierre (2010, Sec 2) — and in the literature on convex
optimization (where f is convex) — see, e.g., Boyd and Vandenberghe (2004, Sec. 9.3)
and Bolte et al. (2010). However, for the general case, we could not find a specific rate
of convergence as the one we obtain in (14). Although higher-order discretization schemes
can be designed (Stetter, 1973), we focus entirely on the first-order scheme (6). We further
elaborate on the literature after stating our main results in Section 2.

as n → ∞ first, followed by h → 0. Following this line of thought, the mean-shift algorithm
appears to approximate the gradient ascent scheme (1), with a = h2 . The convergence
results in Cheng (1995) and Comaniciu and Meer (2002) provide only a very partial mathematical backing to this intuition.
Our contribution is a mathematical proof of consistency for the estimation of gradient
ascent lines by the original mean-shift algorithm of Fukunaga and Hostetler (1975). We
note that the same approach also applies to the more general mean-shift algorithm of Cheng
(1995), and applies directly to the algorithm suggested by Cheng et al. (2004). In detail,
let f : Rd → R be differentiable. Starting at x0 ∈ Rd , we study the convergence as a → 0
of the sequence
x` = x`−1 + a∇f (x`−1 ), for ` ≥ 1,
(6)

Tn,h (x) → Th (x) ∼ h2 ∇ log f (x),

and fhψ is defined similarly. Furthermore, if f is bounded and continuously differentiable
on Rd with bounded gradient, then fhφ (x) → f (x) and ∇fhψ (x) → ∇f (x) as h → 0. Hence,
for any x fixed such that f (x) > 0,

fhφ (x) =

Assume that ∇Ψ is bounded in Rd . Then by the Law of Large Numbers, for each fixed
ψ
φ
(x) → ∇fhψ (x), almost surely as n → ∞, where
(x) → fhφ (x) and ∇fn,h
x ∈ Rd , fn,h

Tn,h (x) = h2

Lemma 1 (Cheng, 1995) At any point x of Rd , we have

which is the kernel estimate of f with kernel Ψ and bandwidth h.

i=1

1X
Ψh (x − Xi ),
n

n
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i∈Ix,h

1 X
Xi − x,
|Ix,h |

0

Z

r

ψ
fn,h
(x) =

By construction and (3)-(4), Ψ integrates to 1, and is therefore a kernel function; it is also
continuously differentiable. Let

n

1 X
∇Φh (x − Xi ).
nh
i=1

(2)

(2007); Comaniciu
and Meer (2002). Let Φ : Rd → R be a kernel function — an integrable
R
function with Rd Φ(x)dx = 1 — and for a bandwidth h > 0, let Φh (u) = h−d Φ(u/h). The
corresponding kernel estimate for f based on a sample X1 , . . . , Xn is
n

i=1

1X
φ
fn,h
(x) :=
Φh (x − Xi ),
n

φ
∇fn,h
(x) :=

and if Φ is differentiable, then we may estimate the gradient of f by

∝

Fukunaga and Hostetler (1975) introduce the term ‘mean-shift’ when describing the
resulting estimate based on the Epanechnikov kernel Φ(u) ∝ (1 − kuk2 )+ , where t+ =
max(t, 0) is the positive part of t ∈ R. Indeed, they show that, in that case,
φ
∇fn,h
(x)
φ
(x)
fn,h

Φ(u)du = ωd

(4)

Cheng (1995) further argues that the gradient ascent algorithm in (1) can be interpreted
as a mean-shift when using a spherically symmetric kernel. Indeed, let Φ be a spherically
symmetric kernel on Rd , by which we mean a function Φ : Rd → R of the form1 Φ(u) =
φ(kuk), where φ : R+ → R+ is a non-negative function, called the profile function in Cheng
(1995), that satisfies the following unit integral condition
Z ∞
Z
φ(r)rd−1 dr = 1,
(3)
Rd

ui uj Φ(u)du =

where ωd is the surface area of the unit sphere of Rd , and
(
Z
1 if i = j;
0 otherwise.
Rd

The local average at x is
P
n
n
X
1
i=1 Xi Φh (x − Xi )
Mn,h (x) = P
=
Xi Φh (x − Xi ).
n
φ
nfn,h
(x) i=1
i=1 Φh (x − Xi )

The mean shift at x is defined by

Tn,h (x) = Mn,h (x) − x.

ψ(r) =

This is intimately related to the gradient of another kernel estimate of f . To see this,
following Cheng (1995), we consider a shadow kernel Ψ of Φ, with profile function ψ defined
by
Ψ(u) = ψ(kuk),

JMLR 17(43):1-28

1. Note that Cheng (1995) uses a kernel of the form φ(kuk2 ), so the presentation here is little different.

3

for ` ≥ 1,
(7)

i1 ,...,i` =1

d
X

∂ ` f (x)
u1,i1 . . . u`,i` ,
∂xi1 . . . ∂xi`

L[u1 , . . . , u` ] =

i1 ,...,i` =1

d
X

Li1 ,...,i` u1,i1 . . . u`,i` ,

`

5

kLkmax ≤ kLk ≤ d 2 kLkmax .

We note for future reference that

kLkmax = max{|Li1 ...i` | : 1 ≤ i1 , . . . , i` ≤ d}.

we denote by kLkmax the norm defined by

and writing L as

kLk = sup {|L[u1 , . . . , u` ]| : ku1 k = · · · = ku` k = 1} ,

x∈S

κ` (f, S) = sup kf (`) (x)k.

(11)

(12)

`→+∞

∀t ∈ [(` − 1)a, `a).

(14)

6
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ν
.
ν+ν
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δ :=

We mention the convergence result (Comaniciu and Meer, 2002, Th 1), which essentially
says that, when f is a kernel density estimator with bandwidth h as in (2), the sequence (x` )

t≥0

sup kxa (t) − x(t)k ≤ Caδ ,

Assume Hf (x? ) has all eigenvalues in (−ν, −ν) for some 0 < ν < ν. Then, there exists a
C = C(x0 , f, ν, ν) > 0 such that, for any 0 < a < A,

xa (t) = x`−1 + (t/a − ` + 1)(x` − x`−1 ),

Denote by xa (t) the following polygonal line

Theorem 1 (Convergence of gradient ascent) Let f be a function of class C 3 . Let
(x(t) : t ≥ 0) denote the flow line of f starting at x0 and ending at a local maxima x? of f .
Let (x` ) be the sequence defined in (6) starting at x0 . Then there exists A = A(x0 , f ) > 0
such that, whenever 0 < a < A,
lim x` = x? .
(13)

We suppress the dependence on f whenever no confusion is possible.
Recall that a critical point of f is a point x at which the gradient of f vanishes, that
is, such that ∇f (x) = 0. A flow line or integral curve of the positive gradient flow of f is a
curve x such that x0 (t) = ∇f (x(t)). Note that, along any flow line, the value of f increases,
that is, the function t 7→ f (x(t)) is increasing with t. By the theory of ordinary differential
equations, through any point x0 ∈ Rd passes a unique flow line x(t) defined for t ∈ [0, t0 ),
where t0 > 0, such that x(0) = x0 (Hirsch et al., 2004, Section 7.2); we say that x(t) is the
flow line starting at x0 . Let x? be a critical point of f . We say that x0 is in the attraction
basin of x? if the flow line x(t) starting at x0 is defined for all t ≥ 0 and limt→∞ x(t) = x? .
An accumulation point of a sequence of points through an integral curve x, i.e., a sequence
of the form {x(tn ) : t1 < t2 < . . . }, is called a limit point of x. Any limit point of a
gradient flow line of f is necessarily a critical point of f ; see Hirsch et al. (2004, Section
9.3, Proposition, p. 206) and Hirsch et al. (2004, Section 9.3, Theorem, p. 205).
We start by establishing the convergence of the gradient ascent scheme (6) towards the
flow lines of the underlying function f . Starting from a point x0 in the attraction basin
of the location of a stable local maximum x? , under some conditions stated below, the
iteration (6) converges to x? . In fact, the polygonal line defined by the sequence (x` ) is
uniformly close to the flow line starting at x0 and ending at x? . For the definition of a
stable equilibrium of a dynamical system, we refer to Hirsch et al. (2004, Section 8.4).

Lf (b) = {x ∈ Rd : f (x) ≥ b}.

Note that κ` (f, S) is well-defined and is finite when f is of class C ` and S is compact. The
upper level set of a function f : Rd → R at b ∈ R is defined as

For a set S ⊂ Rd , we also define

Arias-Castro, Mason and Pelletier

(10)

(9)

(8)

where, for each 1 ≤ i ≤ `, ui has components ui = (ui,1 , . . . , ui,d ). Given a multilinear map
L of order ` from Rd × · · · × Rd to R, we denote by kLk its operator norm defined by

f (`) (x)[u1 , . . . , u` ] =

Before stating our main results, we introduce some notations. For a function f : Rd → R,
we let f (`) (x) denote the differential form of f of order ` at a point x ∈ Rd , and let Hf (x)
denote the Hessian matrix of f , when they exist. The differential form f (`) (x) of f at x is
the multilinear map from Rd × · · · × Rd (` times) to R defined by

2. Main Results

starting at the same point x̂0 = x0 . In particular, when estimating the gradient ascent lines
of a density f based on a sample X1 , . . . , Xn , fˆ can be taken to be some estimate of f , and
the gradient ascent sequence defined by fˆ = log fˆ (starting at some x0 ) is compared to that
of f = log f . Such approximation results are often called perturbation or stability results
in the literature on dynamical systems. See, for example, Hirsch and Smale (1974, Chap
6) or Teschl (2012, Sec 2.5). Most of these results are qualitative (e.g., pertaining to the
topology of the gradient flow lines), while the bound we obtain in (15) is quantitative.
Finally, we provide an explicit convergence rate for the case where the density is estimated by kernel convolution. This seems to be new in the literature on the mean-shift
algorithm and, more generally, on the estimation of the gradient lines of a density.
The rest of the paper is organized as follows. In Section 2, we establish our main results,
one on the convergence of the gradient ascent scheme (6), and another on the stability of
smooth flows, relating the gradient flows of f and fˆ when these functions are close as C 2
functions. In Section 3, we deduce convergence rates for the algorithm of Fukunaga and
Hostetler (1975) defined in (1). The technical arguments are given in Section 4.

x̂` = x̂`−1 + a∇fˆ(x̂`−1 ),

Then, given another differentiable function fˆ, meant to approximate f , we compare the
sequence (x̂` ) to (x` ), where
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Note that the exponent δ which appears in these results only depends on the ratio ν/ν
which is a lower bound on the condition number of Hf (x? ). But the constants in Theorems 1
and 2 depend on ν and ν not only through their ratio.
We note that Beyn (1987) establishes a result similar to Corollary 1 under milder assumptions. Indeed, just as we do here, he studies how the discrete system (7) approximates
the continuous system
x0 (t) = ∇f (x(t)),

Arias-Castro, Mason and Pelletier

η0 , η1δ ,

(15)

Φ(x)dx = 1,

Rd

xΦ(x)dx = 0

8

and

Rd

∀0 ≤ ` ≤ 3.

(19)
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Qd
Lemma 3 Suppose that Φ is of the form Φ : (x1 , . . . , xd ) 7→ k=1
φk (xk ), and that each
φk is nonnegative, integrates to 1, and is C 3 on R with derivatives up to order 3 being of

Next, we control the variance component. For this, we apply the main result of Mason
and Swanepoel (2011). See also Theorem 4.1 with Remark 4.2 in Mason (2012).

x∈Rd

 (`)

sup E fˆn,h (x) − f (`) (x) ≤ Ch(3−`)∧2 ,

Then for any C 3 density f on Rd with bounded derivatives up to order 3, there is a constant
C > 0 such that

Rd

Lemma 2 Assume Φ is nonnegative, C 3 on Rd with all partial derivatives up to order 3
vanishing at infinity, and satisfies
Z
Z
Z
kxk2 Φ(x)dx < ∞.
(18)

Let fˆn,h be the kernel density estimate of f in (2) with kernel Φ and bandwidth h. Sharp
almost-sure convergence rates in the uniform norm of kernel density estimates have been
obtained by several authors, for example Einmahl and Mason (2000); Giné and Guillou
(2002); Einmahl and Mason (2005). Using the recent results of Mason and Swanepoel
(2011) and Mason (2012), we derive strong uniform norm convergence rates for fˆn,k and its
derivatives.
We first control the bias component.

3. The Estimation of Gradient Lines of a Density

when the functions fˆ and f may differ. He bounds the difference between the discrete
and continuous trajectories, with possibly different starting points, over a discrete grid of
time points, assuming the starting point x0 is close enough to x? . He also assumes that
∇fˆ(x? ) = 0, which simplifies the analysis a fair amount. With these working assumptions,
his bound is in κ2 a + η1 — see Equation (3.5) there. His method of proof is based on
the theory of stable (solution) manifolds (Irwin, 1980, Chap 4). Our approach is more
elementary and we do not know whether this more sophisticated approach has the potential
to improve on ours.
We emphasize that Theorems 1 and 2, and their combined fruit in Corollary 1, are
designed to establish our result on the uniform consistency of gradient line estimators based
on kernel density estimators as stated in Theorem 3 in the next section.

in (6) with choice a = h2 converges and (f (x` )) is monotone nondecreasing. In the literature
on dynamical systems, the convergence result (13) is proved in (Merlet and Pierre, 2010, Sec
2), together with convergence rates, but under slightly different conditions; in particular,
f is assumed to have compact upper level sets. Beyn (1987) compares the discrete and
continuous trajectories under milder conditions, but only at a discrete grid of time points,
and does so assuming that the starting point x0 is sufficiently close to the corresponding
stationary point x? . Moreover, the starting point of the discrete and continuous trajectories
in Beyn (1987) are potentially different. In fact, Beyn (1987) refers the reader to (Stetter,
1973) — which we mentioned earlier — for the case where the starting points may be taken
to be the same.
Next, we establish a stability result for flows of smooth functions. In words, under some
conditions made precise below, when f and fˆ are close as C 2 functions, then their flow lines
are also close. Denote by B(x, r) the open ball of radius r centered at x and by B̄(x, r) its
closure.
Theorem 2 (Stability of smooth flows) Suppose f and fˆ are of class C 3 . Let (x(t) :
t ≥ 0) be a flow line of f starting at x0 and ending at x? where Hf (x? ) has all eigenvalues
in (−ν, −ν) for some 0 < ν < ν. Let x̂(t) be the flow line of fˆ starting at x0 . Let
S = L(f (x0 )/2) ∩ B̄(x0 , 3r0 ) where r0 = maxt kx(t) − x0 k, and define
x∈S

√

ηm = sup kf (m) (x) − fˆ(m) (x)k.

t≥0

sup kx(t) − x̂(t)k ≤ C max

Then there is a constant C = C(f, x0 , ν, ν) ≥ 1 such that, when max(η0 , η1 , η2 ) ≤ 1/C and
η3 ≤ C, x̂(t) is defined for all t ≥ 0 and

where δ is defined in (14).

Stability results tend to be qualitative in the literature on dynamical systems. However,
to establish the bound above, we do use a well-known quantitative result. See Lemma 7,
which we took from Hirsch et al. (2004, Sec 17.5).

(16)

Combining Theorems 1 and 2, we arrive at the following bound for approximating the
flow lines of a function f by the polygonal line obtained from the gradient ascent algorithm
(7) based on an approximation fˆ to f .

∀t ∈ [(` − 1)a, `a),

Corollary 1 In the context of Theorem 2, for a > 0, define
x̂a (t) = x̂`−1 + (t/a − ` + 1)(x̂` − x̂`−1 ),

t≥0

JMLR 17(43):1-28

where (x̂` ) is defined in (7). Then there is a constant C = C(f, x0 , ν, ν) ≥ 1 such that,
when max(η0 , η1 , η2 ) ≤ 1/C and η3 ≤ C,
h
i
√
sup kx̂a (t) − x(t)k ≤ C aδ + max
η0 , η1δ ,
(17)
where δ is defined in (14).

7

d+6

x̂` = x̂`−1 + a

∇fˆn,h (x̂`−1 )
,
fˆn,h (x̂`−1 )
for ` ≥ 1.

∀t ∈ [(` − 1)a, `a),

ν
δ :=
.
ν+ν
(21)


log n
n

2δ/(d+6)
,

9
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for any choice of sequence (γn ) with γn → ∞. We note that faster rates are possible for
densities that are C k for k > 3, since they can be estimated more accurately by a higher
order kernel (Devroye and Gyorfi, 1985). We also mention that the curse of dimensionality
is at play here since we are estimating a nonparametric density.

t≥0

sup kx̂a (t) − x(t)k ≤ Cγn

The approximation error decreases as the discretization step a gets smaller, simply because
it controls the precision of the (discrete) gradient ascent scheme (7). We made this precise in
Theorem 1. However, as a gets smaller, the computational burden of running this gradient
ascent scheme to its limit becomes heavier. So there is a compromise between (statistical
and numerical) estimation and computational complexity. That said, choosing a smaller
(in order of magnitude) than h2 does not improve our bound (21). When a is that small,
the main source of error comes from estimating the density, rather than the accuracy of the
gradient ascent scheme, and the resulting rate is

t≥0


δ
sup kx̂a (t) − x(t)k ≤ C a + h2 ,

Suppose that h → 0 and nh
log n → ∞. Then there exists a constant C > 0 such that, with
probability one, for all n large enough,

where

x̂a (t) = x̂`−1 + (t/a − ` + 1)(x̂` − x̂`−1 ),

Theorem 3 Consider a density f satisfying the conditions of Lemma 2. Suppose fˆn,h is a
kernel estimator of f of the form (2), where Φ satisfies the conditions of Lemmas 2 and 3.
Let (x(t) : t ≥ 0) be the flow line of f starting at a point x0 with f (x0 ) > 0, ending at a
point x? where Hf (x? ) has all eigenvalues in (−ν, −ν) for some 0 < ν < ν. For a > 0,
define (x̂a (t) : t ≥ 0) by

Assuming that (20) holds and applying Corollary 1, we deduce a convergence result for
the mean-shift algorithm of Fukunaga and Hostetler (1975). We note that a similar result
holds for the simpler gradient ascent method of Cheng et al. (2004).

It is straightforward to design a kernel that satisfies the conditions of Lemmas 2 and 3.
In fact, the Gaussian kernel Φ(x) = (2π)−d/2 exp(−kxk2 /2) is such a kernel.

n

y` ≤ y0 eQ2 ` +

e Q2 ` − 1
Q1 .
Q2

f (x? ) − f (x) ≤

ν
kx − x? k2 ,
2

for all x such that kx − x? k ≤

p

2C5 /ν.

(23)

with |R(x, x? )| ≤

κ3
kx − x? k3 .
6

(24)

10

Lf (f (x? ) − ) ⊂ B̄ x? ,

f (x) ≤ f (x? ) −

√

2
ν



c
∪ B̄ x? , ξ1 ,
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κ3 ?
ν0 ?
kx − xk2 +
kx − xk3
2
6
ν
≤ f (x? ) − kx? − xk2
2
0 −ν)
√ 2 
νξ 2
3(ν
when kx? − xk ≤ ξ1 := κ3 ∧ r. Fix 0 <  < 21 so that
< ξ1 . We then have
ν

√
2
? − xk ≤ ξ . This implies that
f (x) < f (x? ) −  when
<
kx
1
ν

When x ∈ B̄ (x? , r), using the Taylor expansion (24), we get that

1
f (x) = f (x? ) + H[x − x? , x − x? ] + R(x, x? ),
2

Proof Fix r > 0. Let H and κ3 be short for Hf (x? ) and κ3 (f, B̄(x? , r)), respectively. Let
ν < ν 0 < ν 0 < ν be such that Hf (x? ) has all eigenvalues in [−ν 0 , −ν 0 ]. First, we prove (22).
A Taylor development of f at x ∈ B̄(x? , r) gives

and

Lemma 5 Suppose that f is of class C 3 . Let x? be the location of a stable local maxima
of f where Hf (x? ) has all eigenvalues in (−ν, −ν) with ν > ν > 0. For  > 0, let C()
be the connected component of Lf (f (x? ) − ) that contains x? . Then there is a constant
C5 = C5 (f, x? ) such that
p
p
B̄(x? , 2/ν) ⊂ C() ⊂ B̄(x? , 2/ν), for all  ≤ C5 ,
(22)

The result below is on the behavior of the upper level set near a stable local maximum.

Then

y`+1 ≤ Q1 + (1 + Q2 )y` .

Lemma 4 Let (y` : ` ≥ 0) be a sequence of non-negative real numbers such that

The following is a discrete version of Gronwall’s lemma. The proof is straightforward and
left to the reader.

4.1 Preliminary Results

We start in Section 4.1 with some auxiliary results that will be used in the proofs of our
main results. Theorem 1 and Theorem 2 are proved in Sections 4.2 and 4.3 respectively. We
prove Lemma 2 and Lemma 3 in Sections 4.4 and 4.5, and then Theorem 3 in Section 4.6.

bounded variation and in L1 (Rd ). Then, for any bounded density f on Rd , there exists a
0 < b0 < 1 such that
s
 (`)

nhd+2` ˆ(`)
lim sup
sup
sup
fn,h (x) − E fˆn,h (x) < ∞, ∀0 ≤ ` ≤ 3, a.s. (20)
log
n
n→∞ log n ≤hd ≤b x∈Rd
0

4. Proofs
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and since the two sets on the right-hand side are disconnected, while C() is connected and
√ 2 
contains x? , necessarily, C() ⊂ B x? ,
.
ν
We also get using (24) that
ν0
κ3 ?
f (x) ≥ f (x? ) − kx? − xk2 −
kx − xk3
2
6
ν
≥ f (x? ) − kx? − xk2
2
0
√ 2 
νξ 2
<
ξ
when kx? − xk ≤ ξ2 := 3(ν−ν ) ∧ r. Fix 0 <  < 2 so that
2 . Then whenever
κ
2
ν
3

√ 2 
?
? √ 2
kx? − xk ≤
⊂
ν , we have f (x) ≥ f (x )−. Reasoning as above, we obtain B x ,
ν
C ().
Therefore, by choosing C5 < ξ1 ∧ ξ2 , we see that (22) holds. Note that ξ1 and ξ2 depend
on r. Since we do not need an explicit value for the constant C5 , we leave r > 0 arbitrarily
fixed.
The bound (23) is a direct consequence of (22).

Next is a result establishing exponential convergence rates for the gradient flow of a
smooth function ending at a stable local maximum.

Arias-Castro, Mason and Pelletier

eαH ≤ e−να ,

Z

0

d
2

√

d
2

√

for all t ≥ t0 ,

2(ν−ν)
√
κ3 d

for all

eνs kγ(s)−x? k2 ds. Then u(t) ≤ U (t)

e−ν(t−s) kγ(s) − x? k2 ds.

0

Rt

t

for all α > 0.

Since all the eigenvalues of H are in (−∞, −ν), there is ν > ν such that we have
Then,

so

kγ(t) − x? k ≤ e−νt kx0 − x? k + κ3
d −νt 2
u (t),
2 e

√

Set u(t) = eνt kγ(t)−x? k and U (t) = kx0 −x? k+κ3
and U 0 (t) = κ3

√
√
√
U 0 (t)
u(t)
= κ3 2d e−νt u(t)
≤ κ3 2d e−νt u(t) = κ3 2d kγ(t) − x? k.
U (t)
U (t)

kγ(t) − x? k = e−νt u(t) ≤ e−νt U (t) ≤ Q0 e−νt ,

log U (t) ≤ log U (t0 ) + (ν − ν)(t − t0 ),

But since γ(t) → x? as t → ∞, there exists t0 > 0 such that kγ(t) − x? k ≤
t ≥ t0 . By integrating between t0 and t, we deduce that
and so

with Q0 := U (t0 )e−(ν−ν)t0 . For t < t0 , we simply have kγ(t) − x? k ≤ Q1 e−νt , where
Q1 = max0≤t≤t0 kγ(t) − x? keνt . Therefore (25) holds with the constant Q2 = max{Q0 , Q1 }.
We now turn to proving (26). For any x in B̄(x? , r0 ), we have

(25)

for all x in B̄(x? , r0 ), where R is a different function (now real valued) satisfying

1
f (x) = f (x? ) + H[x − x? , x − x? ] + R(x, x? ),
2

kγ(t) − x? k ≤ C6 e−νt ,

− x? k3 .

− x? k2 +

κ3
6 kx

1
2 kHk kγ(t)

|R(x, x? )| ≤
(26)

f (x? ) − f (γ(t)) ≤

≤ ( 12 kHk + Q3 )Q22 e−2νt ,

∀x ∈ S := Lf (f (x0 )) ∪ Lg (g(x0 )).

kx(t) − y(t)k ≤

12
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Let κ be a Lipschitz constant for ∇f on S. Let (x(t) : t ≥ 0) and (y(t) : t ≥ 0) be the flow
lines of f and g starting at x0 , supposed to be defined on [0, ∞). Then,

η  κt
e − 1 , ∀t ≥ 0.
κ

k∇f (x) − ∇g(x)k < η,

Lemma 7 Suppose f and g are of class C 3 . Let x0 ∈ Rd , and suppose that

The following, adapted from Hirsch et al. (2004, Sec 17.5), is a stability result for
autonomous gradient flows.

where Q3 = κ63 maxt≥0 kγ(t) − x? k and we applied (25) in the second line with Q2 defined
above. Therefore, (26) holds with the constant Q4 := (kHk/2 + Q3 )Q22 .
We then take C6 = max(Q2 , Q4 ).

− x? k3

f (x? ) − f (γ(t)) ≤ C6 e−2νt .

Lemma 6 Suppose that f is of class C 3 . Let {γ(t) : t ≥ 0} be the flow line of f starting at
x0 and ending at x? where Hf (x? ) has all its eigenvalues in (−∞, −ν), with ν > 0. Then,
there is C6 = C6 (f, x0 ) such that, for all t ≥ 0,

and

− x? k2 .

κ3
6 kγ(t)

Then

√
d
2 kx

∇f (x) = H(x − x? ) + R(x, x? ),
kR(x, x? )k ≤ κ3

e(t−s)H R (γ(s), x? ) ds.
JMLR 17(43):1-28

Proof Note that since γ has beginning and ending points, {γ(t) : t ≥ 0} is bounded. Let
r0 > 0 be such that {γ(t) : t ≥ 0} is contained in the ball B̄(x? , r0 ). Let H and κ3 be short
for Hf (x? ) and κ3 (f, B̄(x? , r0 )), respectively. A Taylor development of ∇f at x ∈ B̄(x? , r0 )
gives
with
Therefore, we have,

t

d
(γ(t) − x? ) − H (γ(t) − x? ) = R (γ(t), x? ) ,
dt

0

Z

and so, since γ(0) = x0 , γ satisfies the relation
γ(t) − x? = etH (x0 − x? ) +
11

⇒

1/2
kx − yk ≤ C8 kf (x) − g(x)k + kf (y) − g(y)k
.

(27)

− y, x − y] + Rg (x, y),

with |Rg (x, y)| ≤ κ6 kx − yk3 .

with |Rf (x, y)| ≤ κ6 kx − yk3 ;

4
ν

(kf (x) − g(x)k + kf (y) − g(y)k) ,

s(x) = R

13

1
2
e−1/(1−kxk ) 1B(0,1) (x),
−1/(1−kxk2 ) dx
e
B̄(0,1)
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x ∈ Rd ,

Below, Cm refers to the constant defined in Lemma m.
We assume that x0 is not a critical point of f , for otherwise x0 = x? and there is
nothing to prove. Let t` = a`, which is the time at which the polygonal line xa (t) passes
through x` . Let L0 be short for Lf (f (x0 )). Note that (x(t) : t ≥ 0) is bounded since x
is a continuous flow line with a beginning and ending points. Let r0 be large enough that
(x(t) : t ≥ 0) ⊂ B̄(x0 , r0 ).
Claim. Without loss of generality, we may assume that L0 is bounded. To see this,
suppose the result is true when L0 ⊂ B̄(x0 , 3r0 ). We shall prove that it remains true when
L0 * B̄(x0 , 3r0 ). Given such a situation, build another function f˜ in such a way that f˜ is
C 3 on Rd with f˜(x) = f (x) for all x ∈ B̄(x0 , 2r0 ) and f˜(x) < f (x0 ) for x ∈
/ B̄(x0 , 3r0 ), so
that Lf˜(f˜(x0 )) ⊂ B̄(x0 , 3r0 ). To verify that such a function exists, consider the smoothing
function s : Rd → R defined by

4.2 Proof of Theorem 1

√
and from this we conclude that (27) holds with C8 = max( ( ν4 ), 4κ
3ν , 1).

kx − yk2 ≤

3
νkx − yk2 ≤ k(Hf + Hg )[x − y, x − y]k ≤ 2kf (x) − g(x)k + 2kf (y) − g(y)k + 2κ
3 kx − yk .

3ν
ν
3
2
When kx − yk ≤ min 4κ
, 1 , we have νkx − yk2 − 2κ
3 kx − yk ≥ 2 kx − yk , and therefore

By the triangle inequality and the fact that Hg is negative semidefinite,

1
(Hf + Hg )[x − y, x − y] = f (y) − g(y) + g(x) − f (x) − Rf (x, y) − Rg (x, y).
2

Summing these two equalities, we obtain

g(x) = g(y) +

1
2 Hg [x

f (y) = f (x) + 21 Hf [x − y, x − y] + Rf (x, y),

Proof Let Hf and Hg be short for Hf (x) and Hg (y), respectively. We develop f and g
around x and y, respectively. Assuming kx − yk ≤ 1, we have

kx − yk ≤ 1/C8

Lemma 8 Suppose f and g are of class C 3 , and have local maxima at x and y, respectively,
with Hf (x) having all eigenvalues in (−∞, −ν] for some ν  > 0. Then for any C8 ≥
max 1, √2ν , 4κ
3ν , where κ = max κ3 (f, B̄(x, 1)), κ3 (g, B̄(y, 1)) ,

Next is a result on the stability of local maxima.
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(28)

(29)

∇f (x + β∇f (x)) = ∇f (x) + R2 (x, β),

14

JMLR 17(43):1-28

√
since β < b ≤ (2 dκ2 (x))−1 and so f is increasing along the line segment [x, x + b∇f (x)].
Claim. For a sufficiently
√ small, xa (t) ∈ L
√0 for all t ≥ 0. Indeed, since κ2 (x) ≤ κ2 for
all x in L0 , we have 1 ∧ (2 dκ2 (x))−1 ≥ 1 ∧ (2 √dκ2 )−1 for all x in L0 . Consequently, by the
previous claim, for any x in L0 and a ≤ 1 ∧ (2 dκ2 )−1 , we have f (x + a∇f (x)) > f (x) and

1
ζ 0 (β) = k∇f (x)k2 + R(x, β) · ∇f (x) ≥ k∇f (x)k > 0
2

where kR2 (x, β)k ≤ β dκ2 (x)k∇f (x)k. Hence, for any 0 < β < b

√

and by a Taylor expansion of the components of ∇f

f (x + b∇f (x)) = f (x) + bk∇f (x)k2 + R(x, b),
√
where |R(x, b)| ≤ 12 b2 κ2 (x)k∇f (x)k2 ≤ 2b k∇f (x)k2 , since b ≤ (2 dκ2 (x))−1 ≤ κ−1
2 (x).
Then
b
ζ(b) := f (x + b∇f (x)) ≥ f (x) + k∇f (x)k2 > f (x).
(30)
2
Now for any 0 < β < b,
ζ 0 (β) = ∇f (x + β∇f (x)) · ∇f (x),

Notice that L0 ⊂ S and that, by construction, B̄(x, k∇f (x)k) ⊂ S for any x ∈ L0 . Hence,
κ2 (x) ≤ κ2 for all x in L0 .
√
Claim. For any x ∈ Rd with ∇f (x) 6= 0 and any 0 ≤ b ≤ 1 ∧ (2 dκ2 (x))−1 , we have
f (x + b∇f (x)) > f (x) and f is increasing along the line segment [x, x + b∇f (x)]. Using a
Taylor expansion of f at x, we have

κ2 (x) = κ2 (f, B̄(x, k∇f (x)k)) = sup{kf (2) (y)k : y ∈ B̄(x, k∇f (x)k)}.

where dist(x, L0 ) = inf{kx − yk : y ∈ L0 }. For any 0 ≤ ` ≤ 3, let κ` = κ` (f, S), where S is
defined in (28). For any x ∈ Rd , let

S = L0 ⊕ B̄(0, κ1 (f, L0 )) =: {x ∈ Rd : dist(x, L0 ) ≤ κ1 (f, L0 )},

and its dilated versions sa defined by sa (x) = a−d s(x/a) for a > 0, where 1B̄(0,1) (x) = 1 if
x ∈ B̄(0, 1) and 0 otherwise. Define the function g by g(x) = 1B̄(0,5r0 /2) ?sr0 /2 (x−x0 ). Then
g is of class C ∞ , g(x) = 1 for x ∈ B̄(x0 , 2r0 ), g(x) = 0 if x ∈
/ B̄(x0 , 3r0 ), and 0 < g(x) < 1
when 2r0 < kx − x0 k < 3r0 . Then we may take f˜ = f g.
Therefore, (13) and (14) hold for f˜, for constants Ã and C̃, with the same exponent δ
as given in (14). Denote by x̃ and x̃a the flow line and polygonal curve constructed from
f˜ in the same way x and xa are from f . Then, assuming C̃aδ ≤ r0 , we see by the triangle
inequality that x̃(t) and x̃a (t) are determined by f˜ restricted to B̄(x0 , 2r0 ), and since f˜
coincides with
 f there, x(t) = x̃(t) and xa (t) = x̃a (t), so that (13) and (14) are valid for f
if a ≤ min Ã, (r0 /C̃)1/δ .
From now on, we assume that L0 is bounded. Note that L0 is also closed since f is
continuous, so in fact L0 is compact. Let

Arias-Castro, Mason and Pelletier
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the values of f are increasing along the line segment [x, x + a∇f (x)]. In particular, since
xa starts at x0 ∈ L0 , we have f (x1 ) = f (x0 + ∇f (x0 )) > f (x0 ), and the segment [x0 , x1 ]
belongs to L0 . By recursion, we deduce that xa (t) belongs to L0 for all t ≥ 0.
From now on, we assume that
√
(31)
a ≤ A1 := 1 ∧ (2 dκ2 )−1 .

(32)

Claim. f is increasing along the polygonal curve xa . By the previous arguments, the
values of f are increasing along the line segment [x` , x`+1 ], for all ` ≥ 0.
Claim. (x` ) converges to a critical point of f . We just showed that the sequence
(f (x` ) : ` ≥ 0) is increasing, and since it is bounded by κ0 , it converges. By the first
inequality in (30) and the fact that kx`+1 − x` k = ak∇f (x` )k by construction, we have
1
1
f (x`+1 ) − f (x` ) ≥ ak∇f (x` )k2 =
kx`+1 − x` k2 ,
2
2a

i=1

1 X
1
kx`+i − x` k2 ≥
kx`+k − x` k2 ,
2a
2a

k

for all ` ≥ 1. Hence, for all ` ≥ 1, and all k ≥ 1, we have
f (x`+k ) − f (x` ) ≥

∀` ≥ 0.

dκ2 kx(t` ) − x` k =
t`+1

√

t`+1
t`

Z

dκ2 ke` k.

a
t`+1 − t`

(35)

(34)

(33)

by the triangle inequality. Since (f (x` )) is convergent, it is a Cauchy sequence, and consequently, so is (x` ), so that x̃ := lim`→∞ x` exists. And by (32) and the fact that f is C 1 ,
we have
`→∞

∇f (x̃) = lim ∇f (x` ) = 0,
so that x̃ is a critical point of f .
Claim. We have
h
i
√
kx(t` ) − x` k ≤ e`aκ2 d − 1 κ1 a,

= x(t`+1 ) − x`+1

Z

x0 (s)ds −

(x0 (s) − x0 (t` ))ds,
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x0 (t` )ds

= e` + [x(t`+1 ) − x(t` ) − a∇f (x(t` ))] + a [∇f (x(t` )) − ∇f (x` )] .

Indeed, let e` = x(t` ) − x` . Using (6), we have
e`+1

k∇f (x(t` )) − ∇f (x` )k ≤

=

t`

t`
t`+1

Z

By the definition of κ2 , and a Taylor expansion,
√
We also have
x(t`+1 ) − x(t` ) − a∇f (x(t` ))

=

15

t`+1

t`

Z

kx0 (s) − x0 (t` )kds.
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by the definitions of x(t) and t` . Consequently,

kx(t`+1 ) − x(t` ) − a∇f (x(t` ))k ≤

Z

s
t`

Z

s
t`

kx0 (t)kdt =

Z

s

t`

√

dκ2 κ1 a2 .

k∇f (x(t))kdt ≤ κ1 (s − t` ).

dκ2 κ1 (s − t` ),

dκ2 κ1 (t`+1 − t` )2 =

√

√

kx0 (s) − x0 (t` )k ≤

x0 (t)dt ≤

For s ∈ [t` , t`+1 ], we have
√
kx0 (s) − x0 (t` )k = k∇f (x(s)) − ∇f (x(t` ))k ≤ κ2 dkx(s) − x(t` )k,
and
kx(s) − x(t` )k =
Hence
and, recalling that t` = a`,

kx(t`+1 ) − x(t` ) − a∇f (x(t` ))k ≤

Plugging (36) and (35) into (34), we deduce that
√
√
dκ2 κ1 a2 + (1 + dκ2 a)ke` k.
ke`+1 k ≤

(36)

The inequality (33) is now a direct consequence of Lemma 4. (Recall that x(t0 ) = x0 .)
Claim. (x` ) converges to x? . By this we mean that x̃ coincides with x? . Indeed, for
any η > 0, denote by C(η) the connected component of Lf (f (x? ) − η) that contains x? . Let
H be a shorthand for Hf (x? ). Suppose all the eigenvalues of H are in (−ν, −ν) for some
ν > ν > 0. Because H is negative definite, when  > 0 is small enough B̄(x? , ) contains
no critical point of f other than x? . Let ` be such that kx` − x̃k ≤ /3 when ` ≥ ` , which

is well-defined since (x` ) converges
  1to x̃. Using the
 triangle inequality, and then Lemma 6
and (33), for ` = `,a := max ` , aν
log(3/(C6 )) , we have

kx? − x̃k ≤ kx? − x(t` )k + kx(t` ) − x` k + kx` − x̃k
h √
i
≤ /3 + e dκ2 a`,a − 1 κ1 a + /3

≤ ,

when a ≤ A2 for some A2 > 0 (depending on  > 0) sufficiently small. Hence, x̃ ∈ B̄(x? , ).
Since x̃ is a critical point, and the only critical point in B̄(x? , ) is x? , necessarily x̃ = x? .
This proves (13) for a ≤ A := min(1, A1 , A2 ), where A1 is defined in (31).

where kR(x, x? )k ≤

d
2 κ3 kx

√
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− x? k2 .

Henceforth, we assume that a ≤ A, so that x` → x? as ` → ∞, and focus on proving (14).
Bound for large t. A Taylor expansion gives

∇f (x) = H(x − x? ) + R(x, x? ),
We then have

= (I + aH) (x` − x? ) + aR(x` , x? ),

x`+1 − x? = x` − x? + a∇f (x` )

16

kx`+1 − x? k ≤ (1 − aν)kx` − x? k + a
d
2 κ3 kx`

√

∀` ≥ 0.

(38)

(37)

− x? k > ν,

∀` ≥ 0,

17

From this, we deduce (14) from elementary calculations.


kx(t) − xa (t)k ≤ (κ1 + Q3 )a + min κ1 aeνt , Q2 e−νt .

using the fact that t ≥ t` = a`.
Combining (38) and (40), we have



kx(t) − xa (t)k ≤ 2κ1 + (eνt − 1)κ1 + Q3 a,

for some constant Q3 . We thus have

and since  is fixed, we can combine this with (33) to get
h
i
kx(t` ) − x` k ≤ e`aν − 1 κ1 a + Q3 a,

Using this inequality instead of (35), we can refine (33) into
i
h
kx(t` ) − x` k ≤ e`aν − 1 κ1 a, ∀` ≥ ` ,

k∇f (x(t)) − ∇f (x` )k ≤ νkx(t) − x` k.
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(40)

(39)

Because f is C 3 , there is  > 0 such that all the eigenvalues of Hf (x) exceed −ν when
x ∈ B̄(x? , ). Let ` be such that x(t), x` ∈ B̄(x? , ) for all t ≥ a` and ` ≥ ` , which implies

≤ 2κ1 a + kx(t` ) − x` k.

= κ1 a + kx(t` ) − x` k + ak∇f (x` )k

≤ κ1 (t`+1 − t` ) + kx(t` ) − x` k + kx` − x`+1 k

kx(t) − xa (t)k ≤ kx(t) − x(t` )k + kx(t` ) − x` k + kx` − xa (t)k

In the first line, we applied (25), (37), and used the definition of xa . In the second line, we
let Q2 = C6 + Q1 eνA and used the definition of κ1 in (11).
Bound for small t. On the other hand, we also have

≤ Q2 e−νt + κ1 a.

≤ C6 e−νt + Q1 e−ν`a + (t − t` )k∇f (x` )k

kx(t) − xa (t)k ≤ kx(t) − x? k + kx? − x` k + kx` − xa (t)k

Fix t ∈ [t` , t`+1 ]. Starting with the triangle inequality, we have

kx` − x? k ≤ Q1 (1 − aν)` ≤ Q1 e−ν`a ,

By recursion, we deduce that there is a constant Q1 > 0 such that

d
2 κ3 kx`

√

− x? k2 ,

for some ν > ν. As x` → x? , there is `0 such that, for ` ≥ `0 , ν −
implying
kx`+1 − x? k ≤ (1 − aν)kx` − x? k, ∀` ≥ `0 .

so that
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Assume , η0 , η1 are small enough that B̄(x? , 3 ) ⊂ S. For any x and y in B̄(x? , 3 ), we then
have
3
kHf (x) − Hf (y)k ≤ dkHf (x) − Hf (y)kmax ≤ d 2 κ3 kx − yk.
(44)

where 2 := 1 + 2η0 . Since x̂(t ) ∈ C(1 ) ⊂ C(2 ) and {x̂(t) : t ≥ t } is connected and
in Lf (f (x? ) − 2 ), we necessarily have {x̂(t) : t ≥ t } ⊂p
C(2 ). Assume , η0 , η1 are small
enough that 2 ≤ C5 . Then, by Lemma 5, C(2 ) ⊂ B̄(x? , 22 /ν), and so
p
kx̂(t) − x? k ≤ 3 := 22 /ν, for all t ≥ t .
(43)

f (x̂(t)) ≥ fˆ(x̂(t)) − η0 ≥ fˆ(x̂(t )) − η0 ≥ f (x̂(t )) − 2η0 ≥ f (x? ) − 2 ,

with 1 := ν2 δ12 . Thus x̂(t ) belongs to C(1 ) and in particular f (x̂(t )) ≥ f (x? ) − 1 . Using
this last inequality, we deduce by the triangle inequality and the fact that t 7→ fˆ(x̂(t)) is
increasing that for all t ≥ t ,

by the triangle inequality, applied twice. Since fˆ(x̂(t0 )) ≥ fˆ(x0 ), we see that this situation
does not arise when η0 < /2.
Claim. x̂? = limt→∞ x̂(t) is well defined and is close to x? . Since fˆ is of class C 3
by assumption, the map x 7→ ∇fˆ(x) is C 1 , and since x̂(t) stays in S and S is compact,
x̂(t) is defined for all t ≥ 0 by the first corollary to the first theorem in (Hirsch et al.,
2004, Sec. 17.4). For any  ∈ (0, C5 ), with  < f (x? ) − f (x0 )/2, let t be such that
√
x(t) ∈ B̄(x? , (2/ν)) for all t ≥ t , which is well-defined since x(t) → x? as t → ∞. By
Lemma 7, we have
η1 √dκ2 t
kx̂(t) − x(t)k ≤ √
, ∀t ≥ 0.
(41)
e
dκ2
Hence
r
2
η1 √dκ2 t
kx̂(t ) − x? k ≤ kx̂(t ) − x(t )k + kx(t ) − x? k ≤ √
e
+
=: δ1 .
(42)
ν
dκ2
√
Assume that η1 and  are small enough that δ1 < (2C5 /ν). Letting C() be as in Lemma 5,
by (22) we have
B̄(x? , δ1 ) ⊂ C(1 ),

≤ fˆ(x0 ) + 2η0 − ,

≤ η0 + f (x0 ) − 
= η0 + fˆ(x0 ) + f (x0 ) − fˆ(x0 ) − 

fˆ(x̂(t0 )) = fˆ(x̂(t0 )) − f (x̂(t0 )) + f (x̂(t0 ))

Below, Cm refers to the constant defined in Lemma m.
Arguing as in the proof of Theorem 1, we may assume, without any loss of generality,
that Lf (f (x0 )/2) ⊂ B̄(x0 , 3r0 ). So from now on, we assume that Lf (f (x0 )/2) is compact
and we set S = Lf (f (x0 )/2). For any 0 ≤ ` ≤ 3, we also let κ` be short for κ` (f, S).
Claim. For η0 sufficiently small, x̂(t) ∈ S. Indeed, suppose there is t ≥ 0 such
that x̂(t) ∈
/ S. Fix  = f (x0 )/2. Then, by continuity, there is 0 ≤ t0 < t such that
f (x̂(t0 )) = f (x0 ) − . Since x̂(t0 ), x0 ∈ S, we have

4.3 Proof of Theorem 2
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Using (44), for any x in B̄(x? , 3 )
kHfˆ(x) − Hf (x? )k ≤ kHfˆ(x) − Hf (x)k + kHf (x) − Hf (x? )k
3

3

≤ η2 + d 2 κ3 kx − x? k
≤ η2 + d 2 κ3 3 .
(45)

We then apply Weyl’s inequality (Stewart and Sun, 1990, Cor. IV.4.9) to conclude that,
when η2 and 3 are small enough, for all x in B̄(x? , 3 ), the eigenvalues of Hfˆ(x) are all in
(−∞, −ν). We assume that , η0 , η1 , η2 are small enough that this is the case. This implies
that any critical point of fˆ in B̄(x? , 3 ) is isolated and a local maximum of fˆ. Using (43) and
the compactness of B̄(x? , 3 ), by Cantor’s intersection theorem K := ∩t≥t {x̂(u) : u ≥ t}
is nonempty. In addition, K is composed of critical points of fˆ; see Hirsch et al. (2004,
Section 9.3, Proposition, p. 206 and Theorem, p. 205) or Absil and Kurdyka (2006, Lemma
5). Therefore we conclude that K is a singleton, which we denote by x̂? . This is a critical
point of fˆ in B̄(x? , 3 ) and is the limit of x̂(t) as t → ∞. Moreover, x̂? is a local maximum
of fˆ.
Since our assumptions imply that x? is also a local maximum, we can apply Lemma 8
to bound kx̂? − x? k. In our setting, applying the triangle inequality, we may take C8 =

max 1, √2ν , 4κ
3ν , where κ = κ3 + η3 . Assume , η0 , η1 are small enough that 3 ≤ 1/C8 .
√
Then, by (43) and Lemma 8, we conclude that kx̂? − x? k ≤ C8 2η0 . Hence we have shown
that there exists a constant Q0 := Q0 (f, ν) ≥ 1 such that, whenever max{η0 , η1 , η2 } ≤ 1/Q0
and η3 ≤ Q0 ,
√
kx̂? − x? k ≤ Q0 η0 .
(46)

(47)

Let H and Ĥ be short for Hf (x? ) and Hfˆ(x̂? ), respectively. We now bound kx̂(t) − x(t)k
in two ways.
Bound for large t. We proceed with a linearization of the flows near the critical points.
Let ν > ν, but close enough that all the eigenvalues of H are still in (−∞, −ν). Note first
that x? is an interior point of S. Suppose that max{η0 , η1 , η2 } ≤ 1/Q0 and η3 ≤ Q0 so that
(46) holds. By combining (45) and (46)
3
√
kĤ − Hk ≤ η2 + d 2 κ3 Q0 η0 .

and B̄(x̂? , r‡ ) ⊂ S,

Suppose in addition that η0 is small enough that x̂? is also an interior point to S, which
is possible by (46), and that kĤ − Hk is small enough that Ĥ also has all its eigenvalues
in (−∞, −ν), which is possible by (47) and Weyl’s inequality for η0 and η2 small enough.
Then there exists r‡ > 0 such that
B̄(x? , r‡ ) ⊂ S

and x̂(t) ∈ B̄(x̂? , r‡ ),
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for any t ≥ t‡ .

and since x(t) → x? and x̂(t) → x̂? as t → ∞, there exists a time t‡ > 0 such that
x(t) ∈ B̄(x? , r‡ ) ⊂ S
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√

2
dκ3
2 kx‡ (t)k

d(κ3 +η3 )
kx̂‡ (t)k2
2

kR(t)k ≤

√

;

(49)

(48)

(53)

(52)

(51)

(50)

.

Letting x‡ (t) = x(t) − x? and x̂‡ (t) = x̂(t) − x̂? , by a Taylor expansion, for all t ≥ t‡ we
have

with

with kR̂(t)k ≤

= H(x‡ (t) − x̂‡ (t)) + (H − Ĥ)x̂‡ (t) + R(t) − R̂(t),

= Hx‡ (t) − Ĥx̂‡ (t) + R(t) − R̂(t)

x‡0 (t) = ∇f (x(t)) = H x‡ (t) + R(t),

x̂‡0 (t)

x̂‡0 (t) = ∇fˆ(x̂(t)) = Ĥ x̂‡ (t) + R̂(t),
−

The difference gives
x‡0 (t)

0

and after integration between 0 and t > 0, we get
Z t


e(t−s)H (H − Ĥ)x̂‡ (s) + R(s) − R̂(s) ds.

x‡ (t) − x̂‡ (t) = −etH (x? − x̂? ) +

To check that, note that x‡ (0) − x̂‡ (0) = x? − x̂? , and by differentiating (51), we get
Z t


e−sH (H − Ĥ)x̂‡ (s) + R(s) − R̂(s) ds

x‡0 (t) − x̂‡0 (t) = −HetH (x? − x̂? ) + HetH

0

+ (H − Ĥ)x̂‡ (t) + R(t) − R̂(t).

0

From (51), etH (x? − x̂? ) may be expressed as
Z t


e(t−s)H (H − Ĥ)x̂‡ (s) + R(s) − R̂(s) ds.

etH (x? − x̂? ) = −(x‡ (t) − x̂‡ (t)) +

0

2
κ3
2 kx‡ (s)k

+


κ3 +η3
2
2 kx̂‡ (s)k ds.

By reporting (53) in (52) we indeed obtain (50).
Using the triangle inequality in (51), and the fact that all the eigenvalues of H and Ĥ
are in (−∞, −ν) we then get by (48) and (49) that

d

kx‡ (t) − x̂‡ (t)k ≤ e−νt kx? − x̂? k
√ Z t −ν(t−s) 
e
η2 kx̂‡ (s)k +

+

√

(54)
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1 − e−νt
dC6 e−νt η2 t + (κ3 + η3 )C6
.
ν

By Lemma 6, max(kx‡ (t)k, kx̂‡ (t)k) ≤ C6 e−νt for all t ≥ 0. We use this to bound the
integral above. We have
Z t


2
3
e−ν(t−s) η2 kx̂‡ (s)k + κ23 kx‡ (s)k2 + κ3 +η
2 kx̂‡ (s)k ds
0
Z t


2 −2νs
3
≤
ds
e−ν(t−s) η2 C6 e−νs + κ23 C62 e−2νs + κ3 +η
2 C6 e
0


1 − e−νt
≤ C6 e−νt η2 t + (κ3 + η3 )C6
.
ν
Hence

kx‡ (t) − x̂‡ (t)k ≤ e−νt kx? − x̂? k +

20

√


η0 + e−νt [η2 t + κ3 + η3 ] ,

for all t ≥ 0,
(55)

for all t ≥ t‡ .

√

∀t ≥ t .

∀t ≥ 0,
(58)

(57)

(56)

1
2ν


η0 + e−νt , η1 eνt ≤ 2B(t),

√
max{ η0 , e−νt } =

log(1/η0 ) and note that

√

(
e−νt
√
η0
1/2

when t ≤ t0
when t ≥ t0 .
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√
B(t) := min max{ η0 , e−νt }, η1 eνt .

• When t ≥ t0 , then we simply observe that B(t) ≤ η0 .

Set t0 =

min

for some constant Q3 . We shall show that the bound (15) follows from (59). To verify this,
we start with

for some constant Q2 .
1
We now combine (55) and (58), and use the fact that te−νt ≤ ν−ν
e−νt for all t ≥ 0, to
arrive at
√

kx(t) − x̂(t)k ≤ Q3 min η0 + e−νt , η1 eνt , ∀t ≥ 0,
(59)

kx(t) − x̂(t)k ≤ Q2 η1 eνt ,

Combining (56) and (57) we deduce that

η1 √dκ2 t e| dκ2 −ν|t
≤ √
e
η1 eνt .
kx(t) − x̂(t)k ≤ √
dκ2
dκ2

Since  is fixed, by (41), for any 0 ≤ t ≤ t , we have

η1
kx(t) − x̂(t)k ≤ eνt ,
ν

for some constant Q1 > 0.
Bound for small t. We also have the following refinement of (41). Since f is C 3 , there
exists  > 0 such that all the eigenvalues of Hf (x) exceed −ν when x ∈ B̄(x? , ). Note that
this implies that ∇f is Lipschitz on B̄(x? , ) with constant ν.
Keeping  > 0 fixed, let t be such that x(t) ∈ B̄(x? , ) and x̂(t) ∈ B̄(x̂? , /2), for all
t ≥ t . Assume that η0 is small enough that kx̂? − x? k ≤ /2, which is possible by (46).
Then we also have x̂(t) ∈ B̄(x? , )
We may now apply Lemma 7 to get

kx(t) − x̂(t)k ≤ Q1

By increasing the constant factors as needed, we arrive at



√
1 − e−νt
√
,
kx(t) − x̂(t)k ≤ (1 + e−νt )Q0 η0 + dC6 e−νt η2 t + (κ3 + η3 )C6
ν

By the triangle inequality, kx(t) − x̂(t)k ≤ kx? − x̂? k + kx‡ (t) − x̂‡ (t)k, and using (46) and
(54), we deduce that

On the Estimation of the Gradient Lines of a Density

√

ν
ν+ν .

t≥0

1

δ−1

√

1

1
− 2δ

√

δ−1


√
η0 , min η1δ , η02δ η1 = max
η0 , η1δ .

Rd

∂xβ1 1

. . . ∂xβd d

∂ |β|

g(x)

(60)
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denote the β-th partial derivative of a function g : Rd → R. Let C be such that |∂ β f (x)| ≤ C
for all x ∈ Rd and all β such that |β| ≤ 3.
Fix β ∈ Nd with |β| = ` ≤ 3. Since the partial derivatives of Φ up to the order 3 vanish
at infinity, and those of f are bounded, we obtain by integrating by parts





x−X
1
β
E
∂
Φ
E ∂ β fˆ(x) =
h
hd+`


Z
1
x−u
=
Φ
∂ β f (u)du
h
hd Rd
Z
Φ(u) ∂ β f (x − hu)du.
=

∂ β g(x) =

δ−1

η0 ≤ η02δ η1
η0 ≤ η1δ .

√

For any d-tuple β = (β1 , . . . , βd ) ∈ Nd , let |β| = β1 + · · · + βd , and let

4.4 Proof of Lemma 2

max

√

⇐⇒

δ−1


η0 , min η1δ , η02δ η1 ,

 ν
−ν
, we conclude that B(t) ≤ min η1ν+ν , η1 η0 2ν

= η1

η0 ≤ η1 η02
1−δ

√

.

ν
ν+ν

η1δ ≤ η02δ η1 ⇐⇒ η02δ ≤ η11−δ ⇐⇒

η0 ≤ η1δ ⇐⇒ η02δ ≤ η1 ⇐⇒

We note that

Using these equivalences we deduce that

and that

where δ =

≤ η1

ν
ν+ν

sup kx(t) − x̂(t)k ≤ 2Q3 max

Hence, we worked (59) into

Since t0 ≤ t1 if, and only if,
for all t ≤ t0 .

−ν
η1 η0 2ν

◦ When t1 < t0 , then B(t) ≤ B(t1 ) =

e−νt1

◦ When t1 ≥ t0 , B(t) ≤ B(t0 ) = η1 eνt0 = η1 η0

ν
− 2ν


1
• When t ≤ t0 , we have B(t) = min e−νt , η1 eνt . Let t1 = ν+ν
log(1/η1 ). Note that the
 −νt
νt
is increasing over [0, t1 ], decreasing
map defined on [0, ∞) by t 7→ min e , η1 e
over [t1 , ∞), and that
(

η1 eνt when t ≤ t1
min e−νt , η1 eνt =
e−νt when t ≥ t1 .
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When ` = 3, we simply deduce that




E ∂ β fˆ(x) − ∂ β f (x) ≤ E ∂ β fˆ(x) + C ≤ 2C,

∂ β f (x − hu) − ∂ β f (x) ≤

Z

Rd

kuk2 Φ(u)du,

∀x, u ∈ Rd ,

kukΦ(u)du,

using Jensen’s inequality.
When ` = 2, we use a Taylor expansion of order 1, to get
√
dChkuk, ∀x, u ∈ Rd ,
and deduce that
√


E ∂ β fˆ(x) − ∂ β f (x) ≤ h dC

(1)

Z
Rd

(x)[u] ≤ dCh2 kuk2 ,

using the fact that Φ integrates to 1.
When ` ≤ 1, we use a Taylor expansion of order 2, to get
∂ β f (x − hu) − ∂ β f (x) + h ∂ β f
and deduce that


E ∂ β fˆ(x) − ∂ β f (x) ≤ h2 dC

using the fact that Φ integrates to 1 and kills moments of order 1 by assumption (18).
4.5 Proof of Lemma 3
From Theorem 4.1 in Mason (2012), we immediately deduce the following. (Note that in
the statement of condition (G.iii) of Theorem 4.1 in Mason (2012), G should be corrected
to be G0 ).


1 
E g(X, h)2 < ∞,
hd
G0 = {x 7→ g(x, h) : g ∈ G, h ∈ (0, 1)}

g∈G h∈(0,1]

sup sup

(62)

(61)

Lemma 9 Let f be a density on Rd and let X ∼ f . Let G be a class of uniformly bounded
measurable functions Rd × (0, 1] → R, such that

and such that the class

g∈G

log n
≤hd ≤b0
n

sup

i=1

r
n
1X
n
g(Xi , h) − E[g(X, h)] < ∞,
hd log n n

almost surely.

is pointwise measurable and of VC-type. Then there exists a 0 < b0 < 1 such that if
X1 , X2 , . . . is an iid sequence from f ,

n→∞

lim sup sup

(63)
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For the definitions of VC-type and pointwise measurable, we refer to Mason (2012, Sec. 4.2)
or van der Vaart and Wellner (1996).
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Remark 1 The assumption that the class G0 be pointwise measurable insures that the supremum of functionals defined on G0 be measurable. Another condition that is often imposed
on a class of functions is image-Suslin measurable. For details see page 138 of de la Peña
and Giné (1999).

2

#

Z

Rd

∂β Φ

equals

=



u−x
h

β
∂ β Φ( u−x
h ) ≤ k∂ Φk∞ ,

u−X
h

u−x
h

∂ β Φ(v) dv,

f (x)dx,

Rd

Z

2

∂ β Φ(v)2 f (u − hv)dv ≤ hd kf k∞ k∂ β Φk∞

(64)

Let Φ be a kernel and f be a density as in Lemma 3, and let X ∼ f . Fixing β ∈ Nd
such that |β| ≤ 3, we apply this lemma to

d
G = (x, h) 7→ ∂ β Φ( u−x
h ):u∈R .
For any x, u ∈ Rd and h ∈ (0, 1],

E ∂β Φ

so that G is uniformly bounded, and
"


Rd

which by the change of variables v =
Z

hd

R
where kf k∞ , k∂ β Φk∞ , and Rd ∂ β Φ(v) dv are finite by assumption. Hence G satisfies (61).
In addition,
is seen to be pointwise measurable by consideration of the subclass

d
x 7→ ∂ β Φ( u−x
h ) : u ∈ Q , h ∈ (0, 1] ∩ Q .

G0

To see that G0 is of VC-type, notice that for any x = (x1 , . . . , xd ) ∈ Rd , ∂ β Φ(x) =
Qd
(βk )
(β )
(xk ). By assumption, φ k is of bounded variation on R, so that by Nolan and
k=1 φk
k
Pollard (1987, Lem 22) the class of functions given by
o
n

g0,k := s ∈ R 7→ φk(βk ) ( s−t
h ) : s ∈ R, 0 < h ≤ 1

is of VC-type. Then an application of Einmahl and Mason (2000, Lem A1) shows that the
class of functions G0 , which is equivalently expressed as

G0 := {(u1 , . . . , ud ) 7→ g1 (u1 ) . . . gd (ud ) : gk ∈ g0,k , k = 1, . . . , d} ,

log n
≤hd ≤b0
n

n

i=1

1 X β u−Xi
∂ Φ( h ) = h`+d ∂ β fn,h (u),
n



n
h`+d ∂ β fn,h (u) − E ∂ β fn,h (u) < ∞,
hd log n





`+d
E ∂ β Φ( u−X
E ∂ β fn,h (u) ,
h ) =h
r
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almost surely,

is of VC-type.
Therefore, the conditions of Lemma 9 are met, so that we can assert that (63) holds.
Noticing that

and consequently

u∈Rd

sup

we see that (63) yields
n→∞

lim sup sup

which is exactly (20).

24

x∈S

η` = sup

(`)
(`)
log fˆ (x) − log f
(x) ,

κ` = κ` (f, S),

(65)

∂ −k
∂
f (x) = −kf −(k+1) (x)
f (x),
∂xi
∂xi
(66)

(67)

β

x∈S

β
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sup ∂ log f (x) − ∂ log fˆ(x)
x∈S


≤ C(`, β) max sup ∂ α f (x) − ∂ α fˆ(x) : α ∈ Nd with |α| = k, k = 0, . . . , ` .

lies in a compact subset of (0, ∞) × Rd × · · · × Rd` , and almost surely for all large enough
n the same is true for the set of points formed as in (67) with f replaced by fˆ. Since a
compact subset of (0, ∞) × Rd × · · · × Rd` can be chosen to include both of these sets, using
the mean value theorem we see that for some constant C(`, β) > 0

Observe that the set of points
n

o
f (x), ∂ α f (x), α ∈ Nd with |α| = k, k = 1, . . . , ` : x ∈ S

where with some abuse of notation, ∂ α f (x), α ∈ Nd with |α| = k, k ≥ 1, represents a
dk-vector in Rdk , and, similarly, almost surely, for all large enough n


∂ β log fˆ(x) = F`,β fˆ(x), ∂ α fˆ(x), α ∈ Nd with |α| = k, k = 1, . . . , ` .

and similarly for fˆ almost surely for all n large enough, using the fact that f (x) ≥ f (x0 )/2
for all x in S once again. We see using (66) that for each 0 ≤ ` ≤ 3 and β ∈ Nd with |β| = `
there is a continuously differentiable function F`,β defined on (0, ∞) × Rd × · · · × Rd` , where
Rd` is suppressed if ` = 0, such that for all x ∈ S


∂ β log f (x) = F`,β f (x), ∂ α f (x), α ∈ Nd with |α| = k, k = 1, . . . , ` ,

∂
1 ∂
log f (x) =
f (x),
∂xi
f ∂xi

where the norm used is defined in (8). (Keep in mind that we are suppressing in the notation
d+6
fˆ(`) and η` the dependence on n and h.) From (19) and (20), we see that, since nh
log n → ∞,
?
?
for any 0 ≤ ` ≤ 2, η` → 0 almost surely as n → ∞ while η3 = O(1) almost surely. Since
f (x) ≥ f (x0 )/2 > 0 for all x in S, and since η0? → 0 almost surely, then almost surely, for
all n large enough, log fˆ(x) is well-defined for all x in S. We have

x∈S

η`? = sup fˆ(`) (x) − f ` (x) ,

for short.
For any integer 0 ≤ ` ≤ 2, we let

S = Lf (f (x0 )/2),

fˆ = fˆn,h ,

As in the proofs of Theorems 1 and 2, we may assume without loss of generality that
Lf (f (x0 /2)) ⊂ B̄(x0 , 3r0 ), with r0 = supt≥0 kx(t) − x0 k, which implies that Lf (f (x0 /2) is
compact. In this subsection,

4.6 Proof of Theorem 3
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2002.
J.A. Hartigan. Clustering Algorithms. Wiley, New York, 1975.
M.W. Hirsch and S. Smale. Differential Equations, Dynamical Systems, and Linear Algebra.
Academic Press, 1974.
M.W. Hirsch, S. Smale, and R.L. Devaney. Differential Equations, Dynamical Systems &
An Introduction to Chaos. Academic Press, second edition, 2004.
M. C. Irwin. Smooth Dynamical Systems. Academic Press, New York - London, 1980.
J. Li, S. Ray, and B.G. Lindsay. A nonparametric statistical approach to clustering via
mode identification. Journal of Machine Learning Research, 8:1687–1723, 2007.
D.M. Mason. Proving consistency of non-standard kernel estimators. Stochastic Inference
for Stochastic Processes, 15:151–176, 2012.
D.M. Mason and J. Swanepoel. A general result on the uniform in bandwidth consistency
of kernel-type function estimators. Test, 20:72–94, 2011.
B. Merlet and M. Pierre. Convergence to equilibrium for the backward Euler scheme and
applications. Commun. Pure Appl. Anal., 9(3):685–702, 2010.
D. Nolan and D. Pollard. U-processes: rates of convergence. Annals of Statistics, 15:
780–799, 1987.

JMLR 17(43):1-28

H. J. Stetter. Analysis of Discretization Methods for Ordinary Differential Equations.
Springer-Verlag, New York-Heidelberg, 1973. Springer Tracts in Natural Philosophy,
Vol. 23.
27

Submitted 7/13; Revised 5/15; Published 4/16

Abstract

nayyar.zaidi@monash.edu

tristan chen@126.com

anam.martinezf@gmail.com
geoff.webb@monash.edu

JMLR 17(44):1-35

JMLR 17(44):1-35

c 2016 Ana M. Martı́nez, Geoffrey I. Webb, Shenglei Chen and Nayyar A. Zaidi.

2

2. Scalable Bayesian Networks for Classification
We define the classification learning task as the assignment of a label y ∈ ΩY , from a
set of c labels of the class variable Y , to a given example x = (x1 , . . . , xd ), with values
for the d attributes A = {X1 , . . . , Xd }. Bayesian networks (BN) (Pearl, 1988) provide
a framework for computing the joint probability of these d random variables. A BN is

To illustrate our motivations, in Figure 1 we present learning curves for the poker-hand
dataset (which is described in Table 7 in Appendix A). As can be seen, for lower quantities
of data the lower variance delivered by low values of k results in lower error for KBD, while
for larger quantities of data the lower bias of higher values of k results in lower error. While
selective KDB sometimes selects a k that overfits this data with smaller training set sizes,
when the training set size exceeds 550, 000 it successfully selects the best k and by selecting
a subset of the attributes it can substantially reduce error across the entire range of training
set sizes relative to the KDB classifier using the same k.
Section 2 reviews the state-of-the-art in out-of-core BNCs and introduces our proposal:
selective KDB (SKDB, Section 2.1). In Section 3 we present a set of comparisons for our
proposed algorithm on 16 big datasets with out-of-core BNCs (Section 3.1), out-of-core
linear classifiers using Stochastic Gradient Descent (Section 3.2), and with in-core (batch)
learners BayesNet and Random Forest (Section 3.3). To finalize, Section 4 shows the main
conclusions and outlines future work.

• We compare the performance of our algorithm with other state-of-the-art classifiers on
several large datasets, ranging in size from 165 thousand to 54 million instances and
5 to 784 attributes. We show that our highly scalable algorithms achieve comparable
or lower error on large data than a range of out-of-core and in-core state-of-the-art
classification learning algorithms.

• We extend KDB to perform discriminative model selection in a single additional pass
through the training data. In this single pass, our algorithm selects between both
attribute subsets and network structures. The resulting highly scalable algorithm
combines the computational efficiency of classical generative learning with the low
bias of discriminative learning.

The contributions of this paper are as follows:

• the capacity to learn in just two passes through the training data.

• it does not require data to be held in-core,

• the capacity to control its bias/variance trade-off with a single parameter, k,

algorithm for very large data should ideally require only a few passes through the training
data. Further, to remove memory size as a bottleneck, the algorithm should be able to
process data out-of-core.
In this paper, we extend the KDB classifier. KDB is a form of restricted Bayesian
network classifier (BNC). It has numerous desirable properties in the context of learning
from large quantities of data. These include:
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Until very recently most machine learning research has been conducted in the context
of relatively small datasets, that is, no more than 50, 000 instances and a few hundred
attributes. It is only in the last five years that larger datasets have started to appear in the
literature (Erhan et al., 2010; Sonnenburg and Franc, 2010; Agarwal et al., 2014; Sariyar
et al., 2011) on a regular basis. We argue that larger data quantities do not simply call
for scaling-up of existing learning algorithms. Rather, we believe, as first argued by Brain
and Webb (1999), that the most accurate learners for large data will have much lower
bias than the most accurate learners for small data. Thus we need a new generation of
computationally efficient low bias learners. To achieve the necessary efficiency, a learning

1. Introduction

Ever increasing data quantity makes ever more urgent the need for highly scalable learners
that have good classification performance. Therefore, an out-of-core learner with excellent
time and space complexity, along with high expressivity (that is, capacity to learn very
complex multivariate probability distributions) is extremely desirable. This paper presents
such a learner. We propose an extension to the k-dependence Bayesian classifier (KDB) that
discriminatively selects a sub-model of a full KDB classifier. It requires only one additional
pass through the training data, making it a three-pass learner. Our extensive experimental
evaluation on 16 large data sets reveals that this out-of-core algorithm achieves competitive
classification performance, and substantially better training and classification time than
state-of-the-art in-core learners such as random forest and linear and non-linear logistic
regression.
Keywords: scalable Bayesian classification, feature selection, out-of-core learning, big
data
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a directed acyclic graph where the the joint probability of all attributes can be written
as the product of the
Qd individual probabilities of all attributes given their parents, that
is p(y, x) = p(y|πy ) i=1
p(xi |πxi ), where πxi denotes the parents of attribute Xi . If the
structure is known, the likelihood of the BN given the data can be maximized by estimating
p(xi |πxi ) using the empirical estimates from the training data T , composed of t training
instances.

Figure 1: Learning curves for KDB and Selective KDB on the poker-hand dataset. The
values plotted are averages over 10 runs. For each run 1,000 examples are selected as a test set and samples of successive sizes are selected from the remaining
data for training. As can be seen, for lower quantities of data the lower variance
delivered by low values of k results in lower error for KBD, while for larger quantities of data the lower bias of higher values of k results in lower error, although
there is not sufficient data for k = 5 to asymptote on this dataset. While only
selecting a k (SKDB k=5 only k) causes selective KDB to overfit this data with
smaller training set sizes (between 20,000 and 550,000), when the training set size
is large enough it successfully selects the best k. Only selecting attributes (SKDB
k=5 only atts) always reduces error (relative to KDB k=5). By selecting both k
and attributes (SKDB k=5) selective KDB substantially reduces error relative to
KDB with any value of k once there are more than approximately 450,000 training
examples.

RMSE
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While unrestricted BNs are the least biased, training such a model on even moderate size
data sets can be extremely challenging, as the search-space that needs to be explored grows
exponentially with the number of attributes. This has led to restricted BNCs, including
naive Bayes (NB) (Duda and Hart, 1973; Minsky, 1961; Lewis, 1998), tree-augmented naive
Bayes (TAN) (Friedman et al., 1997), averaged n-dependence estimators (ANDE) (Webb
et al., 2012) and k-dependence estimators (KDB) (Sahami, 1996). These classifiers have in
common either no structural learning or minimal structural learning that requires only one
or two passes through the data. They have been referred to as semi-naive BNCs (Zheng
and Webb, 2005). Even though highly biased due to their inherent conditional attribute
independence assumption, they have been shown to be very effective classification methods.

NB is the simplest of the BNCs, assuming that all
Qdattributes are independent given
the class. It estimates the joint probability using p̂(y) i=1
p̂(xi |y), where p̂(·) denotes an
estimate of p(·). TAN is a structural augmentation of NB where every attribute has as
parents the class and at most one other attribute. The structure is determined by using
an extension of the Chow-Liu tree (Chow and Liu, 1968), that utilizes conditional mutual
information to find a maximum spanning tree. This alleviates some of NB’s independence
assumption and therefore reduces its bias at the expense of increasing its variance. This
results in better performance on larger data sets. TAN, provides an intermediate biasvariance trade-off, standing between NB on one hand and unrestricted BNCs on the other.

There has been a lot of prior work that has explored approaches to alleviate NB’s
independence assumption. One approach is to add a bounded number of additional interdependencies (Friedman et al., 1997; Zheng and Webb, 2000; Webb et al., 2005; Zhang
et al., 2005; Yang et al., 2007; Flores et al., 2009a,b; Zheng et al., 2012; Zaidi et al., 2013).
At the other extreme, Su and Zhang (2006) propose the use of a full Bayesian network.
Of these algorithms, only two approaches allow the number of interdependencies to be adjusted to best accommodate the best trade-offs between bias and variance for differing data
quantities. ANDE (Webb et al., 2012) averages many BNCs, where a parameter n controls
the number of interdependencies to be modeled. KDB uses a parameter k to control the
number of interdependencies modeled.

KDB relaxes NB’s independence assumption by allowing every attribute to be conditioned on the class and, at most, k other attributes. Like TAN, KDB requires two passes
over the training data for learning: the first pass collects the statistics to perform calculations of mutual information for structure learning, and the second performs the parameter
learning based on the structure created in the former step (Algorithm 1). An advantage over
the ANDE model is that KDB does not need to collect all statistics for all combinations of
n or k attributes, allowing it to scale to higher order dependencies. It also has the capacity
to select a model and hence more closely fit the data. This is a disadvantage for small data,
which it may overfit, but KDB will often lead to higher accuracy than ANDE on large data
which are more difficult to overfit.
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Recently, some techniques have been proposed that address the classification problem
with Bayesian networks from a relatively efficient discriminative perspective. Carvalho
et al. (2011) propose a decomposable approximation to the conditional log-likelihood scoring criteria. Pernkopf and Bilmes (2010) propose a BNC learning algorithm with some
resemblance to KDB but using discriminative evaluation for parent assignment. Neither

4

Algorithm 3: learnParameters(T , G)
Input: Training set T and G.
Output: Θ.
1 Initialize Θ to structure G.
2 Compute the CPTs for Θ from T .
3 return Θ

5

Algorithm 2: learnStructure(T )
Input: Training set T
Output: G, network structure.
1 Calculate M I(Xi ; Y ) from T for all attributes.
2 Calculate M I(Xi ; Xj |Y ) from T for each pair of attributes (i 6= j).
3 Let L be a list of all Xi in decreasing order of M I(Xi ; Y ).
4 V = {Y }; E = ∅;
5 for i = 1 → L.size do
6
V = V ∪ Li ;
7
E = E ∪ (Y, Li );
8
vk = min(i − 1, k);
9
while (vk > 0) do
10
m = argmaxj {M I(Li ; Lj |Y ) | 1≤j<i ∧ (Lj , Li ) ∈
/ E};
11
E = E ∪ (Lj , Li );
12
vk = vk − 1;
13
end
14 end
15 return G
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algorithm is suited to learning a BNC in a limited number of passes through the training
data.
There have also been some important refinements that improve KDB’s performance.
Bouckaert (2006) proposes averaging all possible network structures for a fixed value of k
(including lower orders). Time complexity is significantly reduced by multiplying the sum
of every attribute given all possible parents in the order. For k = 2 the authors propose a
simplification that identifies one attribute as super parent and consider for every attribute of
the class, possibly the super parent and possibly one other lower ordered attribute. The sum
of class probabilities is taken as selecting criteria for the superparent. However they agree
that this approach is not easy to implement incrementally for large datasets. Rubio and
Gámez (2011) present a variant of KDB that employs a hill-climbing search to incrementally
build a KDB classifier. This approach requires at least one pass through the data for each
attribute.

Algorithm 1: The KDB algorithm
Input: Training set T with attributes {X1 , . . . , Xa , Y } and k.
Output: KDB model.
1 Let G be a directed graph G = (V, E), in which V is a set of vertices and E is a set of
links.
2 Let Θ be a Bayesian network with structure G.
3 First pass begin
4
G =learnStructure(T ) ;
/* Algorithm 2 */
5 end
6 Second pass begin
7
Θ = learnParameters(T , G) ;
/* Algorithm 3 */
8 end
9 Let KDB be a BN with structure G and conditional probability
distributions in Θ.
10 return KDB

6
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The parameter k controls KDB’s bias-variance trade-off. Higher k results in higher variance
and lower bias. Unfortunately there is no apriori means to preselect a value of k for which
this trade-off will result in the lowest error for a given training set as this is a complex
interplay between the data quantity and the complexity and strength of the interactions
between the attributes. A further factor that can increase KDB’s error is that attributes that
carry no useful information about the class must be treated as if they do, which invariably
introduces some noise into the estimates. Discarding these attributes can both reduce error
and classification time. Our proposed algorithm, Selective KDB (SKDB), extends KDB
to select between attribute subsets and values of k in a single additional pass through the
training data.
In the general case, attribute selection is a complex combinatorial task. For d attributes
there are 2d alternative attribute subsets that could be explored. Many attribute selection
algorithms utilize either forward selection or backwards elimination hill-climbing strategies
(Langley and Sage, 1994; Koller and Sahami, 1996). These start with either no attributes
or all attributes and then iteratively add or remove one attribute at a time. This requires
that all attribute subsets resulting from adding/removing any one attribute are considered
at each step. There are at most d such steps resulting in O(d2 ) attribute subset evaluations.
If all candidate modifications to a current subset are considered simultaneously in a single
pass through the data, this implies up to d passes for the attribute selection stage.
We seek to perform both attribute and best-k selection in a single pass. For attribute
selection, we take advantage of the attribute ordering selected by KDB based on mutual
information with the class. Given that the attributes are sorted on this order, we consider
only the attribute sets {x1 , . . . xi }, 1 ≤ i ≤ d, that is attribute sets that each contain the
i attributes that have the greatest mutual information with the class. These d attribute
subsets are evaluated simultaneously in a single pass through the data using leave-one-out
cross validation (LOOCV). For big data, LOOCV can be expected to provide an unbiased
low-variance estimate of the out-of-sample error. It is possible to efficiently evaluate all d
subsets simultaneously, because a KDB classifier using subset {x1 , . . . xi } is a minor addition
to a KDB classifier using subset {x1 , . . . xi−1 }. Calculating a KDB classifier for all attributes

2.1 Selective KDB
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(1)
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s
x∈T

1X
(1 − p̂(y x |x))2
t

already incorporates all the calculations for all the KDB classifiers using subsets that we
consider.
We use incremental cross validation (Kohavi, 1995), which performs LOOCV on BNCs
very efficiently. A naive approach to LOOCV will for each holdout example recalculate from
scratch all of the joint frequency counts required by a BNC. Incremental cross-validation
first gathers the counts for all training examples in a single pass through the data. Then,
when classifying a holdout example, its counts are removed from the table. SKDB collects
the complete counts in its second pass through the training data and performs LOOCV in
a third pass.
Using the given order, the number of attributes with the best leave-one-out error is
selected. In case of a draw, preference is given to the smallest number of attributes. Any
loss function can be used that is a function, {hy x , p̂(Y, x)i | x ∈ T } → R over all objects
x ∈ T of a predicted class distribution p̂(Y, x) and the true class for that object, y x .
Such loss functions include 0-1 loss, root mean square error, log-loss, Matthews correlation
coefficient (Matthews, 1975) or Brier score (Brier, 1950) to name a few. Because we believe
it to be an effective measure of the calibration of a classifier’s class probability estimates,
we use root mean squared error (RMSE) as follows:
RM SE =

22

8
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The algorithm to this stage is simply KDB, with time complexity O(td2 + c(dv)2 + tdk),
where v is the maximum number of values per attribute, and space complexity O(cdv k+1 ).
SKDB then extends KDB with an extra pass through the training data to perform
leave-one-out cross validation for the different (ordered) attributes O(tcdk).
At classification time, SKDB need only store the conditional probability distribution for
the db selected attributes and the kb selected, O(cdb vbk ). The time complexity of classifying
a single example is O(cdb kb ).
In summary, SKDB requires an extra pass over the data compared with KDB, and
the complexity of this extra pass is linearly dependent on the number of training examples,
classes, attributes and k so the order of the time complexity increases from O(td2 + c(dv)2 +
tdk) to O(td2 + c(dv)2 + tcdk). This is not a great increase in practice, since the number of
classes is generally small, and indeed for high dimensional data the complexity of the first

23

Algorithm 4: The SKDB algorithm
Input: Training set T with attributes {X1 , . . . , Xa , Y } and k max .
Output: SKDB model.
1 First pass begin
2
G =learnStructure(T ) ;
/* Algorithm 2 */
3 end
4 Second pass begin
5
Θ = learnParameters(T , G) ;
/* Algorithm 3 */
6 end
7 Let L be a list of all Xi in decreasing order of M I(Xi ; Y ).
8 Let P be a k x a matrix of posterior probabilities;
9 Let LF be a matrix of LOOCV results (of length k x a); Initialize it with
zeros;
10 Let Θ↓x be the BN Θ with example x discounted from its CPTs;
11 Third pass (∀x ∈ T ) begin
12
for k 0 = 1 to k max do
13
P[k 0 ][y ∗ ] = p̂Θ↓x (y ∗ |x), ∀y ∗ ∈ Y ;
14
for l = 1 → l = L.size do
15
Xmax = L.nextElement;
0
0
16
P[k 0 ][y ∗ ] = P[k 0 ][y ∗ ] · p̂Θ↓x (xmax |paxk max , y ∗ ), ∀y ∗ ∈ ΩY ; where paxk max are
the k 0 first parent-values of Xmax in x.
17
LF[k 0 ][l] = LF[k 0 ][l] + LossF unction(P[k 0 ], y x ); where P[k 0 ] is the
vector of posterior probabilities considering the top l attributes
by MI.
18
end
19
end
20 end
21 Select b and k indexes with best LF;
Truncate Θ to attribute subset {1 . . . b} and maximum number of parents k;
return Θ;
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where p̂(y x |x) is the estimated posterior probability of the true class given x, y x the class
label for the example x.
In order to make full use of available computational resources while reducing the risk of
overfitting, we propose to select algorithmically the best value of k for a particular dataset.
Just as the KDB classifiers built on successive attribute subsets are embedded one inside
the other, a KDB classifier with k = i, can be evaluated with little additional computational
effort during the process of evaluating a KDB classifier with k = i + 1. We leverage this
capacity to simultaneously evaluate KDB classifiers with all attribute subsets {x1 , . . . xi−1 }
and values of k up to the maximum capacity available, taking advantage of the above
mentioned LOOCV. The combination of attribute subset and k with the best LOOCV
error is selected. In case of a draw, the smaller attribute subset and smaller value of k are
selected. The resulting SKDB algorithm is presented in Algorithm 4.
In the first pass our implementation of SKDB generates a three-dimensional table of cooccurrence counts for each pair of attribute values and each class value. This is required to
calculate the mutual information of each attribute with the class and the conditional mutual
information of every pair of attributes given the class. The resulting space complexity
is O(c(dv)2 ). The time complexity of forming the three dimensional probability table is
O(td2 ), as an entry must be updated for every training case and every combination of two
attribute-values for that case. To calculate the conditional mutual informations, SKDB
must consider every pairwise combination of their respective values in conjunction with
each class value O(c(dv)2 ). Attribute ordering and parent assignment are O(d log d) and
O(d2 log d) respectively.
The second pass requires d tables of k + 2 dimensions (one for each of k parents, one for
the child and one for the class), with O(cdv k+1 ). Updating the probability tables is O(tdk).
7

Train
time
O(cd)
O(cd)
O(cd2 )
O(cdk)
O(cdb k)
O(cdb kb )

space
O(cdv)
O(cdv 2 )
O(c(dv)2 )
O(cdv k+1 )
O(cdb v k+1 )
O(cdb v kb +1 )

Test
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The first set of experiments compare SKDB with the out-of-core semi-naive BNCs described
in Section 2: NB, TAN, AODE and KDB. We also consider a version of SKDB which fixes
the value of k and just selects among the attributes, referred to as SKDBk . Table 1 shows
a summary of the orders of complexity for all these BNCs.
Tables 2 and 3 show win-draw-loss records summarizing the relative RMSE and 0-1 loss
of the different approaches. Cell [i, j] of each table contains the number of wins/draw/losses

3.1 SKDB vs Bayesian Out-of-core Algorithms

1. A minimum functional part of the software containing SKDB can be found in the (two first) authors’
academic web pages, for example http://www.csse.monash.edu.au/~webb/.

The structure of the experimental Section is as follows: Section 3.1 compares our proposed SKDB algorithm’s results with different out-of-core semi-naive BNCs. Section 3.2
compares our SKDB algorithm with several online (out-of-core) linear classifiers. Section
3.3 includes comparisons with two state-of-the-art in-core machine learning algorithms,
BayesNet (Augmented Bayesian network) and Random Forest. Section 3.4 presents a global
comparison of all learners considered, along with empirical time comparisons for the different out-of-core classifiers. Each of these sections provides a summary of the relevant results.
Detailed RMSE error outcomes are presented in Table 8 in Appendix A and a more detailed
analysis of results is provided in in Appendix C.
All the experiments for the Bayesian out-of-core algorithms use C++ software specially
designed to deal with out-of-core classification methods1 . Appendix B specifies the implementation details.
Note that both RMSE and 0-1 Loss are assessed using 10-fold cross-validation. This
should not be confused with the leave-one-out cross-validation used to select the number
of attributes and parents in SKDB. For each fold of the 10-fold cross-validation, SKDB
performs leave-one-out cross-validation on the training set to select the parameters of the
model that is then tested on the holdout test fold.

Table 1: Orders of complexity for the different semi-naive BNCs where: t is the number
of training examples, d is the number of attributes, v is the maximum number
of values per attribute, c the number of classes, db (the best d) is the remaining
attributes after applying SKDB, and kb (the best k) is the k value selected in
SKDB.

space
NB O(td)
O(cdv)
TAN O(td2 + c(dv)2 + d2 log a) O(c(dv)2 )
AODE O(td2 )
O(c(dv)2 )
2
2
KDB O(td + c(dv) + tdk)
O(c(dv)2 + cdv k+1 )
SKDBk O(td2 + c(dv)2 + tcdk)
O(c(dv)2 + cdv k+1 )
2
2
SKDB O(td + c(dv) + tcdk)
O(c(dv)2 + cdv k+1 )

time
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We undertook an extensive online search to gather a group of large datasets, all of which
have more than 100K instances. These datasets are described in Table 7 in Appendix A,
in ascending order of number of samples. Those below the double line have more than 1
million instances. All datasets except for poker-hand, uscensus1990 and splice contain
one or more numeric attributes. 7 datasets contain only numeric attributes: MITFaceSetA,
MITFaceSetB, MITFaceSetC, Mnist, USPSExtended, MSDYearPrediction and satellite.
For the Bayesian network classifiers we discretize numeric attributes using 5-bin equal frequency discretization. To avoid loading the whole data into memory, only a random sample
of 100K points is used to define the bins for discretization.
As described in Section 2.1, we use SKBD with RMSE as the objective function for the
third pass that selects between structures because we believe it to be a good measure of
the calibration of a classifier’s class probability predictions. However, this raises the issue
that we might be reporting the measure that best favors our approach. To guard against
this, we also present in the Appendices 0-1 loss results of the relative performance of all
algorithms, and discuss these results in the appropriate sections below. Table 9 shows that
when evaluated on RMSE, SKDB trained to optimize RMSE and SKDB trained to optimize
0-1 loss (SKDB0-1 ) attain identical 0-1 loss on 12 out of 16 datasets, suggesting that SKDB’s
performance is similar when selection uses different but closely related loss functions.

3. Experimental Methodology

pass can dominate that of the subsequent passes. Classification time and space complexity
are reduced compared to KDB if the number of selected attributes db < d and/or kb < kmax .
For the cost of this modest increase in computation, KDB is extended so as to discriminatively choose between a large class of alternative BNC models. Note that while it is
possible to use cross validation to select between any collection of alternative models, it
is only possible to do so in the extremely efficient manner we have developed for a very
restricted class of learners, those that can be evaluated using incremental cross-validation
and can be decomposed into nested models. The only types of learners of which we are
aware that belong to this class are KDB and ANDE. We leave applying the approach to
ANDE and variants of KDB as a topic for future research.
It may be possible to gain further efficiencies through sampling. As discussed in Hulten
and Domingos (2002), it is sometimes possible to obtain sufficiently accurate estimates of
the parameters for a learning program from a subsample of the full data. For very large
datasets we could potentially utilize a random sample for the first pass of our algorithm,
which only needs to estimate the parameters for three-way interactions between each pair
of attributes and the class. We believe that the best value of k will usually be the one for
which there is only just enough data in the dataset to obtain sufficiently accurate estimates
of the required parameters. Thus we do not believe that sampling will usually be useful for
the second pass. A technique such as Racing (Maron and Moore, 1994) could be used to
select the model in the final pass. However, we suspect that it will usually require extremely
large samples to confidently distinguish between the large number of very similar models
that are assessed in the third pass. Given that the computational overheads of scanning a
large dataset in random order are considerable, we do not believe that sampling will often
be useful. However, this also remains a potential direction for future research.
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obtains the same results as KDB with the best value of k, but reducing the number of
attributes. Indeed, reducing the number of attributes without affecting error is the worst
case encountered by SKDB, because it never loses in terms of RMSE compared to the best
KDB).
One could think that KDB with k = 5 would be the fairest comparison with SKDB
(kmax = 5). This comparison is shown in Figure 2a, where the X-axis represents the RMSE
results with KDB with k = 5 for the 16 datasets and the Y-axis the RMSE with SKDB.
We have used a logarithmic scale because almost half of the points fall below the 0.1 range.
Note that there is not a single point above the diagonal line, which indicates that SKDB is
never worse than KDB k = 5 or even KDB with the best k value considered, as shown in
Figure 2b.
If only the best number of parents is selected by SKDB (best k) and no feature selection
is performed, then the RMSE is always equivalent to the best RMSE obtained by KDB
with any value of k ∈ {1, 5}. That is, for all datasets SKDB without attribute selection
is successful at selecting the best value of k with respect to the specified loss function.
However, for five datasets the value of k that attains the best RMSE is different to that
which attains the best 0-1 loss, demonstrating the value of optimizing with respect to the
relevant loss function. These results are summarized on row SKDBonlyk in Tables 8 and 9.
The non-shaded cells on these rows correspond to those datasets for which feature selection
contributes to further reduce the error of SKDB. There are 9 datasets in total for which
the feature selection part of the algorithm does not reduce RMSE and 10 for which it does
not reduce 0-1 loss. Note, however, that the extra computational complexity added by the
feature selection evaluation is only related to the complexity of the loss function utilized.
In the case of considering RMSE-like functions, this extra time is negligible, but if more

Figure 2: Scatter plot of RMSE comparisons for KDB and SKDB.

(a) KDB with k = 5 and SKDB (kmax = 5).

SKDB (max k=5) - RMSE (log. scale)
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TAN
AODE
SKDBk
SKDB
SKDB kmax = 5
* The result is 6-9-1 (shift in uscensus) if SKDB is optimized with 0-1 loss.

k=1
7-2-7
4-1-11
5-10-1
16-0-0

KDB
k=2 k=3 k=4
0-0-16
0-0-16
5-11-0 6-10-0 6-9-1
14-2-0 13-3-0 10-5-1
5-11-0 (vs best k)*

Table 2: Win-draw-loss records when comparing the RMSE of different out-of-core BNCs.

TAN
AODE
SKDBk
SKDB
SKDB kmax = 5
* The result is 6-10-0 if SKDB is optimized with 0-1 loss.

Table 3: Win-draw-loss records when comparing the 0-1 loss of different out-of-core BNCs.
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for the classifier on row i against the classifier on column j. A win indicates that the algorithm has significantly lower error than the comparator. A draw indicates that the differences in error are not significant. Statistical significance has been assessed using Wilcoxon
signed-rank tests to compare the 10-fold outputs. SKDBk and SKDB are compared against
standard KDB with the same value of k. Additionally, SKDB with k = 5 is compared
against the lowest error of any standard KDB with k between 1 and 5 (which is a theoretical result, since the value of k that will minimize out of sample error can only be determined
a posteriori).
The results indicate that TAN is competitive with KDB k = 1, whereas AODE only
achieves lower error on three or four of the datasets, depending on the loss function. We
believe the reason AODE performs so poorly is that the advantage it gets in reduced variance from ensembling the d models is less useful for larger data. Both TAN and AODE
consistently show higher error than higher orders of KDB on these large datasets. SKDBk
only increases the RMSE of KDB relative to one value of k and only on one dataset, MITFaceSetB, and then only from 0.0841 to 0.0844. For many datasets it does not affect error
(but nonetheless speeds up classification time). For many datasets it substantially reduces
error, such as the reduction from 0.2048 to 0.1868 for poker-hand.
The average best k for SKDB across the 16 datasets is 4.08. On average, 78.46 ± 29% of
the attributes are selected, which explains some of the ties, although in other cases SKDB
11
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A fair comparison of LRSGD with SKDB should perform the same number of passes
on the data. Since LRSGD requires data to be pre-shuffled, an n-pass LRSGD learner

3. Normalized updates (Ross et al., 2013): instead of using Gaussian sphering standard
solution, which would imply in-core processing and an increase in the size of the
dataset, a scale-free update is used that renormalizes wi at each timestep and keeps
track of a global scale.

t
2
t0 =1 git0

git
wi ← wi − η qP

2. Adaptive updates (Duchi et al., 2011; McMahan and Streeter, 2010): the learning
rate must decay to converge. Instead of using ηt = √1t or ηt = 1t at iteration t for all
features, we use a per-feature learning rate decay:

where y is the true class; ŷw (x) is the predicted value for example x ∈ Rd with
parameters w ∈ Rd ; L(ŷw (x), y) is the loss function; η is the learning rate; I ∈ N the
number of times an example is more important than a typical example, in our case
I = 1; and s(ηI) is a scaling factor, for which a closed form solution can be found for
each loss function (Karampatziakis and Langford, 2011) .

wi ← wi − s(ηI)

1. Importance weight invariance (Karampatziakis and Langford, 2011): this update is
meant to be useful specially for cost-sensitive learning, that is, when the misclassification penalty varies for the different class labels. However, it is also claimed to
reduce classification error even when no matrix of weights is provided. The following
equation is used to compute the weights:

We have performed experiments with varying numbers of passes for LRSGD, varying
loss functions and combinations of features. We use the default advanced (step size) updates
provided by VW, which are:

Figure 4: Time comparisons per dataset for NB, TAN, AODE, KDB against SKDB.

01
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TAN
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kddcup
p

2. census-income, covtype, donation, kddcup, localization, MITFaceSetA, MITFaceSetB, MITFaceSetC,
USPSExtended, poker-hand, uscensus1990.

In this section we compare SKDB with the state-of-the-art in online learning: Logistic Regression with Stochastic Gradient Descent (LRSGD). We use LRSGD’s implementation in
Vowpal Wabbit (VW) (Agarwal et al., 2014), an open source out-of-core linear learning system. VW provides a scalable implementation of LRSGD, which can be used in combination
with several loss functions, different parameters for the learning rate and regularization,
and quadratic or cubic combination of features.

3.2 SKDB vs Non-Bayesian Out-of-core Algorithms

complex evaluation functions were to be used in a highly time-constrained scenario, then
only a random sample of instances could be considered at this step.
Figures 3a and 3b show the training and classification time comparisons for KDB and
SKDBk . Only the 11 smallest out of the 16 datasets have been considered for time measurement, since these experiments have been conducted on a desktop computer with an
Intel(R) Core(TM) i5-2400 CPU @ 3.10 GHz, 3101 MHz, 64 bits and 7866 MiB of memory,
whereas the remaining experiments have been conducted in a heterogeneous grid environment for which CPU times are not commensurable. Each bar represents the sum of all 11
datasets2 in a 10-fold cross validation experiment. These graphs reinforce what the orders
of complexity for the two algorithms indicated, that is, SKDBk requires a bit more time for
training (extra pass on the data), while the classification time is less in practice, since the
number of attributes selected is generally smaller than d.
Figures 4a and 4b show the training and classification empirical time comparisons of the
different out-of-core BNCs relative to SKDB (with kmax=5 ). The datasets are ordered at
increasing time for SKDB. Note that SKDB always takes a bit more time for training, taking
the largest time for kddcup, due to its large number of classes. Nevertheless, for the datasets
with many attributes: MITFaceSetA, MITFaceSetB, USPSExtended and MITFaceSetC; the
time differences with other BNCs become smaller. At classification time some gain can be
appreciated for SKDB compared to KDB k = 5 if the selected k is less than 5. AODE’s
classification time is quadratic in the number of attributes, and hence much higher for all
datasets.

Figure 3: Training and classification time comparisons for KDB and SKDBk .
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the comparisons of VW with SKDB in terms of 0-1 Loss. In this case, VWSF performs
slightly better than VWLF compared to SKDB.
Figure 5 shows the relative training and test times for VW and SKDB across all datasets.
SKDB has substantially lower training and test time on most datasets. One exception is
the sparse numeric USPSExtended dataset. Another is covtype, which has a large number
of sparse boolean attributes.
While neither SKDB nor VW dominates the other in terms of error, SKDB is substantially more efficient, as shown in Figure 6a, where again training and classification times per
dataset for VWLF, VWSF and SKDB are displayed. There is only one dataset for which

Figure 5: Scatter plot of RMSE and 0-1 loss comparisons for VW and SKDB (kmax = 5).

(c) 0-1 loss for VWLF and SKDB.

SKDB (max k=5) - RMSE (log. scale)

SKDB (max k=5) - 0-1 Loss (log. scale)

Table 4: Win-draw-loss records for VW and SKDB in terms of RMSE and 0-1 Loss
actually results in n + 1 passes through the data. This is also true for SKDB on numeric
data, as an extra pass is required for discretization. We have run experiments with 3, 10
and 20 passes for LRSGD. Each 10-fold cross validation experiment is repeated 10 times.
Both the quadratic and logistic loss functions are considered. The one-against-all reduction
from multiclass classification to binary classification has been used for the datasets with
multiple class labels, which creates one binary problem for each of the classes. Table 10
in Appendix A shows the results for all of the different combinations for which we have
conducted comprehensive experiments. The overall best results for LRSGD are obtained
with 3 passes and using quadratic features. When the squared loss function is optimized
we refer to it as VWSF, and VWLF if the logistic function is used. In all cases, SKDB is
highly competitive compared to VW.
Note that while LRSGD has a number of parameters that could potentially be tuned
using cross validation, doing so does not make a reasonable comparator to SKBD as such
tuning would require multiple passes through the data for each cross-validation fold.
A win-draw-loss record summary is displayed on Table 4. The (+1) and (+2) for SKDB
vs VWLF aim at distinguishing the results for satellite and splice, for which more
than 400 hours are required to get the 10cv results using VWLF, and hence VWSF is
considered instead. Irrespective of the fact that the SKDB model is optimized with respect
to RMSE, the win-draw-loss records only vary for three datasets between evaluation with
respect to RMSE or 0-1 loss. The win-draw-loss records remain exactly the same whichever
loss function is optimized in VW (see Table 10 for more details).
Since the output of the VW algorithms is not probabilistic, we are using the class
prediction, and hence computing 0-1 loss for comparisons with SKDB as well. By using, for
1
example, the following sigmoid function 1+e−ŷ
, probability estimates can be estimated
w (x)
from VW. Using this approach, the RMSE results for VWSF are only better than SKDB
for two of the datasets (MSDYearPrediction and USPSExtended), both of them originally
sparse and containing exclusively numeric attributes. These records improve when using
a logistic function for optimization, that is VWLF (see Table 10 in Appendix A for more
details). Nevertheless, computation time for VWLF is much larger than for VWSF as shown
below.
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Figures 5a and 5b show the comparisons per dataset with SKDB in terms of RMSE,
whereas Figures 5c and 5d show comparisons per dataset for 0-1 Loss. Figures on the left
(5a and 5c) show VW optimizing a logistic function, while the two figures on the right (5b
and 5d) show VW optimizing RMSE. A diamond symbol is used for those points above
the diagonal line, indicating better results for SKDB, as opposed to the bullets. A squared
symbol is used to show the ties. We can see that VW achieves lower error using a logistic
function (VWLF), with the same number of datasets above and below the diagonal line, as
opposed to only 2 wins for VW with the squared function (VWSF). Figures 5c and 5d shows
15
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3.3.1 Augmented Bayesian Network

In order to understand how much predictive capacity, if any, is sacrificed by using our outof-core classifiers, it is useful to compare them to the state-of-the-art in in-core classification.
To this end, we have replicated our set of experiments with two in-core algorithms: a more
general BNC and Random Forest, a powerful exemplar of the state-of-the-art. For some
datasets it was infeasible to get results, even with high-performance computers, due either
to time or memory limitations (indicated in Table 8 in Appendix A with > 600h, when
more than 600 CPU hours are required; or by >138G, when more than 138GB of RAM
memory are required).
Note that while each of these algorithms has a number of parameters that could potentially be tuned using cross validation, doing so would not make reasonable comparators
to SKBD. First, SKDB uses cross-validation to choose between multiple models rather
than to choose between parameterizations. Cross validation could also be used to tune
SKBD parameters such as the smoothing technique. Second, SKDB uses cross-validation
in a constrained manner that requires only a single additional pass through the data while
parameter tuning of these algorithms would increase compute time proportionally to the
number of folds employed.

3.3 SKDB vs In-core Algorithms

JMLR 17(44):1-35

3.3.2 Random Forest

deletion, that is, arcs from the class to the attributes can be removed). It optimizes the
K2 metric (Cooper and Herskovits, 1992). The maximum number of parents allowed for a
node in the Bayes net is set to 5. The win-draw-loss comparison is presented in Table 5.
The detailed results can be found in Table 8 (Appendix A), row BayesNet. The
darker grey background corresponds to those cases where BayesNet significantly outperforms SKDB. Note that there are only records for 12 out of the 16 datasets, because there
are four cases for which results could not be computed for BayesNet due to memory constraints, since the network cannot be learned incrementally.
Even though BayesNet performs a more exhaustive search than SKDB of the model space
of Bayesian networks with up to 5 parents, SKDB obtains lower error than BayesNet more
often than the reverse. We hypothesize that this is due to SKDB’s use of both generative
and discriminative measures for model selection in contrast to BayesNet’s use exclusively
of generative measures.

Table 5: Win-draw-loss records for BayesNet and SKDB in terms of RMSE.

BayesNet
6(+4) -3-3

We compare performance against a state-of-the-art generic in-core Bayesian network classifier, that uses a hill-climbing algorithm for adding, deleting and reversing arcs (starting
with a NB structure, this hill climber also considers arrows as part of the NB structure for

SKDB

VWLF

VWSF

SKDB

Martı́nez, Webb, Chen and Zaidi

Random Forest (RF) is a state-of-the-art learning algorithm introduced in Breiman (2001).
It uses bagging (Breiman, 1996) to aggregate an ensemble of trees that are each grown using
a process that involves a stochastic element to increase diversity.
We have conducted experiments with RF selecting 100 trees. We present results both
with pre-discretized data, to show relative performance on categorical data, and with undiscretized data. The detailed results can be found on the fifth and sixth from last rows in
Table 8 in Appendix A. Table 6 shows the win-draw-loss records when compared with
SKDB. The superscripts compute those datasets for which results cannot be obtained for
RF due to main memory constrains (> 138G are required). The results show that SKDB
is competitive with RF in terms of RMSE, even when RF is performing its own discretization (5 wins for SKDB and 6 wins for RF), for which the computational cost in terms of
memory and time is much higher than SKDB’s. When 0-1 Loss is considered, out-of-core
RF wins more frequently than SKDB, even when 0-1 Loss is used as the objective function
during structure selection. When MDL discretization is used instead of 5EF for SKDB, then
the results improve slightly for SKDB compared to RF performing its own discretization.
When interpreting these results it is important to keep in mind that SKDB is a 3-pass outof-core algorithm (4-pass with discretization) in contrast to the inherently computationally
intensive in-core processing of RF.
Note that the sum of some cells is not exactly 16 but smaller, due to computational
constraints for RF. RF is an in-core algorithm, and hence we have not been able to learn
classification models for the largest datasets. Interestingly, RF is more negatively affected
(in terms of computation) by a large number of classes than the BNCs, for example no 100
tree model can be learnt for MSDYearPrediction, which has 90 class labels. Precisely, there
are three cases where RF with 10 trees cannot be run, and four in the case of RF with 100

SKDB takes more than the alternatives, which is USPSExtended. We believe that for this
dataset VW is able to exploit the sparseness of the data while SKDB cannot. Some of the
reasons why VW is taking in general more time than SKDB both for training and classifying
is the consideration of quadratic features, the need to binarize discrete attributes (creating
many binary attributes) and the need also to use one-against-all for multiclass classification.

Figure 6: Time comparisons per dataset for VW with squared and logistic functions against
SKDB.
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(b) RF and SKDB.

RMSE comparisons for all datasets for BayesNet and RF when compared with SKDB are
shown in Figures 7a and 7b, where the points with an X symbol indicate those datasets for
which sampling is required. While BayesNet is not competitive with SKDB, RF provides
competitive results for some datasets. PAMAP2 provides a notable case for which only a
sample of 2 millions out of 3.5 suffices for RF to provide better classification performance
than SKDB using all the training data. This is however the only dataset for which RF
learning from a sample can achieve lower RMSE than SKDB learning from all the data, the
reverse being true for splice, mnist and satellite.
Figures 8a and 8b display the training and classification times per dataset for these
classifiers compared to SKDB. For most datasets the in-core learners require substantially
more time for learning and classifying3 .
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3. RF requires more than 8GB of main memory to complete for poker-hand and uscensus1990 since these
experiments to measure time has been conducted in a desktop computer no time measurements can be
provided to compare with the rest of experiments. Weka’s implementation has been considered.
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In this section we analyze how all the classifiers explored in this paper perform when they
are compared as a set. Figure 9 plots the average rankings across all datasets, along with
the standard deviation for each learner. This ranking corresponds to the ranking obtained
when a Friedman test is conducted. In this analysis we present the 0-1 Loss performance
of SKDB when it is optimized for RMSE, its average rank on 0-1 Loss improves marginally
from 2.94 to 2.84 when it is instead optimized for 0-1 Loss.
When assessing the calibration of the probability estimates using RMSE, SKDB obtains
the lowest average rank of 2.53, followed by RF with 2.91 and KDB with 3.34 (very close
to those for VW and BayesNet). When assessing performance using 0-1 Loss, RF using its
own internal discretization of numeric attributes enjoys an average advantage of 1 in rank
over SKDB, and SKDB enjoys an average advantage of almost one third over VWLF.
We find NB at the other extreme on both measures, with average ranks 7.63 and 7.72
out of a total of 8 classifiers.
SKDB obtains in the worst case the 4.5th position (this half is due to a tie with KDBbest-k) for the linkage dataset and the 4th position for census-income when ranked on
RMSE and the 4th position for MITFaceSetB and kddcup when ranked on 0-1 Loss.
On both measures the largest standard deviation is observed for VW, which usually
ranks either very well or rather poorly among the datasets. Still, VW obtains the largest
number of top 1 datasets for RMSE, with a total number of 7, against 5 for RF and 4 for
SKDB. On 0-1 Loss, RF ranks first 8 times, VW 4 times and SKDB twice (one of those
times being a tie with KDB-best-k).
A Friedman test (Demšar, 2006) was performed for the set of 8 classifiers, yielding
statistical difference for both measures. To identify where exactly these differences are
found, we ran a set of posterior Nemenyi tests. These tests confirm the existence of two sets
of algorithms in terms of performance on both RMSE and 0-1 Loss for these large datasets:
on one hand NB, AODE and TAN; and on the other hand BayesNet, VW, KDB, RF and
SKDB. The Nemenyi tests4 showed significant differences for the second set of algorithms
over NB and AODE, and only RF and SKDB over TAN.
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• VW appears to have an advantage for sparse numeric datasets.

Figure 10: Training and classification time comparisons for the out-of-core classifiers.
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• RF derives an advantage with respect to 0-1 Loss due to its internal discretization of
numeric values. It does not achieve the lowest RMSE or 0-1 Loss on any of the three
categorical only datasets poker-hand, PAMAP2 or splice.

• RF performs better on datasets with a small number of attributes.

Even though the small number of datasets only allow tentative conclusions to be drawn,
the following dataset characteristics appear to indicate a preference for one or another
learning scheme.

Figure 9: Ranking in terms of RMSE and 0-1 Loss for NB, TAN, AODE, KDB (with best k),
SKDB, RF using numeric attributes, BayesNet and VW with a logistic function.
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• SKDB seems to cope well with high-dimensional datasets and datasets with more than
1 million points. However its complexity is quadratic with respect to the number of
attributes so, like most existing BNCs, it is not feasible for very high-dimensionality.
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A more detailed study of the domain of competence of these classifiers remains an important
area for future work.
We can also analyze the performance of these classifiers with respect to the complexity
of the decision function they provide. NB and linear regression, represented in this work
by VW with linear features, are classifiers that learn linear decision boundaries. They have
low variance and are particularly useful for small data quantity and sparse data. An extra
level of expressiveness is offered by AODE, KDB (k = 1), TAN and VWSF/VWLF (with
quadratic features); which produce quadratic decision functions. A2DE, KDB (k = 2)
and VWSF/VWLF (with cubic features) produce cubic decision functions. More generally,
AnDE and KDB can separate order-k(n) polynomially separable concepts (Jaeger, 2003).
These two families of classifiers provide a set of a spectrum of models of increasing complexity, allowing a fine-tuned trade-off between expressivity on the one hand, and efficiency
of learning and guarding against overfitting on the other hand, that is, the well-known
bias-variance trade off (Brain and Webb, 1999).
Figures 10a and 10b show the time comparison for the out-of-core classifiers considered:
namely NB, TAN, AODE, KDB with k = 5, SKDB and LRSGD with quadratic features in
VW (using either a squared and a logistic function). The time required to pre-randomize
the data for VW has not been included. No parallelization techniques have been used in
any case, although most algorithms could be parallelized. The average of the 10-fold CV
is shown. It is important to note that logarithmic scale has been used for classification
times in order to appreciate the smaller differences in the faster learners. Again, only the
11 smallest out of the 16 datasets have been considered for time measurement, since these
experiments have been conducted in a personal computer for a controlled environment.
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Note that training SKDB with k = 5 (maximum) takes only a bit more time than
training KDB with k = 5. The classification time for KDB is slightly higher than SKDB’s
(since all attributes are considered). Training time for LRSGD with quadratic features
and 3 passes (VWSF and VWLF), which are those that obtain comparable results with
SKDB, are also higher, presumably because they have to compute all pairs of quadratic
features as indicated above. Similar reasoning holds for classification time. We believe that
the extra time for VW is also due to the need to binarize discrete features, that is, since
VW cannot deal with discrete attributes directly, v binary attributes are created for each
originally discrete attribute with v values; and also because of the one-against-all approach
required to handle classes with multiple labels. This overhead may be noticeable since we
are using quadratic features. The time required for VWLF is much larger than VWSF, and
in any case much larger both for training and testing than that for SKDB (specially note
the logarithmic scale in Figure 10b).

4. Summary
We have developed an extension to KDB which performs discriminative attribute and best-k
selection using leave-one-out cross validation.
SKDB only requires a single extra pass over the training data compared to KDB. In
return for this extra pass during training, it often increases prediction accuracy relative to
KDB with the best possible k, and always improves classification time (and space) by reducing the number of attributes considered, which can be quite significant for some datasets
(for example for MITFaceSetC 60%, 215.8 out of 361, of the attributes are selected improving the classification performance at the same time). It is embarrassingly parallelizable.
Furthermore, it can optimize any loss function that is a function over each training example
x of p̂(Y, x) and y x , making it extremely flexible.
Due to its low bias, when datasets are large enough to avoid overfitting, SKDB attains
lower error than the other in and out-of-core Bayesian network algorithms considered. It
even provides competitive error compared to Random Forest, one of the most powerful
in-core classification methods; and online linear and non-linear classifiers with stochastic
gradient descent (that is, linear regression with quadratic and cubic features). Compared to
the latter, it is in most cases substantially more efficient both at training and classification
time. Further, it provides well-calibrated posterior class probability estimates.
Future directions for research include:
1. using only a sample of the data in the leave-one-out cross validation, in order to use
more complex loss functions efficiently;
2. tackling SKDB’s tendency to overfit small training sets;
3. studying a customized selection of the different links and attributes in a discriminative
manner, that is, different numbers of parents for different attributes and also discarded
in an order that does not follow the conditional mutual information rank;
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4. consideration of other means of generating alternative classifiers to be selected in the
final LOOCV pass; and
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5. study of more appropriate loss functions for imbalanced datasets.

SKDB provides an efficient and effective solution to the problem of scalable low-bias
learning. Its low bias allows it to capture and take advantage of the additional fine-detail
that is inherent in very large data while its efficiency makes it feasible to deploy. SKDB
thus sets new standards for classification learning from big data.
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name

t

0.581

covtype

7

0.515

MSDYearPrediction

6

MITFaceSetB

5

MITFaceSetA

4

USPSExtended

3

census-income

2

localization

1

25

mnist8ms

14

linkage

13

kddcup

12

PAMAP2

11

uscensus1990

10

0.165
0.299

0.341
0.474
0.489

0.839
1.025

2.458

3.850

5.209

5.749

8.100

8.705

a
5
41

676
361
361
90

54

361
10

67

54

41

11

784

138
141

c
11
2

2
2
2
90

7

2
10

4

19

40

2

10

24
2

?
(max)
(average±sd)
N
Y
(50%)
(4.9 ± 14.6%)
N
N
N
N

N

N
N

N

Y
(91%)
(1.6 ± 12.2%)
N

Source
UCI
Kaluža
et al. (2010)
UCI
Bache
and Lichman
(2013)
CVM Tsang
et al. (2005)
CVM Tsang
et al. (2005)
CVM Tsang
et al. (2005)
UCI
BertinMahieux et al.
(2011)
UCI Blackard
(1998)

Relevant
pers

pa-

Oza and Russell (2001)

Schmidtmann
et al. (2009)

Y
(100%)
(16.5 ± 36.9%)

Petitjean
et al. (2012)
Sonnenburg
and
Franc
(2010)

description
Recordings of 5 people performing different activities. Each person wore 3 sensors while performing the same scenario 5 times.
Weighted census data extracted from the 1994 and 1995 current
population surveys conducted by the U.S. Census Bureau.
0/1 digit classification (extended version of the USPS data seta ).

Gama et al.
(2003);
Oza
and
Russell
(2001)

CVM Tsang
et al. (2005)
UCI

Face detection using an extended version of the MIT face
databasec . By adding nonfaces to the original training set.
Each training face is blurred and added to set A. They are then
flipped laterally.
Prediction of the release year of a song from audio features. Songs
are mostly western, commercial tracks ranging from 1922 to 2011,
with a peak in the year 2000sc .
Predicting forest cover type from cartographic attributes only (no
remotely sensed data).

Each face in set B is rotated.
Cattral et al.
(2002)

UCI

UCI
Reiss
and Stricker
(2012)
UCI
(KDD
Cup 1999)

CVM
Loosli
et al. (2007)

N

Y
(93%)
(26.4 ± 33%)
N

Sariyar et al.
(2011)
Erhan et al.
(2010); Bottou
et
al.
(1994)

Each record is an example of a hand consisting of 5 cards drawn
from a deck of 52. Each card is described using 2 attributes (suit
and rank), thus 10 predictive attributes in total. The class label
describes the “Poker Hand”. The order of cards is important.
Discretized version of the USCensus1990raw dataset, a 1% sample
from the full 1990 census. ‘Temp. Absence From Work’ has been
selected as class.
Data of 18 different physical activities (such as walking, cycling,
playing soccer, etc.), performed by 9 subjects wearing 3 inertial
measurement units and a heart rate monitor.
Contains a standard set of data to be audited, which includes
a wide variety of intrusions simulated in a military network environment: “bad” connections, called intrusions or attacks, and
“good” normal connections.
Element-wise comparison of records with personal data from a
record linkage setting. The task is to decide from a comparison
pattern whether the underlying records belong to one person.
Handwritten digit classification. Extended version by performing
random elastic deformations of the original mnist digits.

Satellite image time series to predict land cover.
Agarwal et al.
(2014)

Recognising a human acceptor splice site (largest public data for
which subsampling is not an effective learning strategy).

size
11MB
136MB
603MBs
584MB
603MB
601MBs

72MB

1.1GB
24MB

325MB

1.7GB

754MB

251MB
19GBs

3.6GB
7.3GB
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MITFaceSetC

8

satellite

15

54.627

Appendix A. Tables of the Experimental Section

id

poker-hand

9

splice

16
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Table 7: Very large datasets for classification. From left to right showing the identification number; name of the
dataset; number of instances, attributes and classes; presence of missing values (and if positive, then maximum
percentage per attribute and the average), source paper of the dataset; relevant papers and description.
a
http://c2inet.sce.ntu.edu.sg/ivor/cvm.html.
http://cbcl.mit.edu/cbcl/software-datasets/FaceData2.html.
Subset of the Million Song Dataset (http://labrosa.ee.columbia.edu/millionsong/). Songs from a given artist may end up in both the train and test set.
The superscript s stands for sparse format.
b

c

s
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m
|Xi |

counts(πxi ) + m

counts(xi , πxi ) +
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(4)

5. Only for the experiments on the antepenultimate row on Table 8 as specified.
6. Also known as Schurmann-Grassberger’s Law when m = 1, which is a particular case of Lidstone’s Law
(Lidstone, 1920; Hardy, 1920) with λ = |X1i | , also based on a Dirichlet prior.

p̂(xi |πxi ) =

• Two combined techniques are considered for smoothing. In the first place, we use
m-estimates6 (Mitchell, 1997) as follows:

• KDB’s implementation benefits from a tree structure that resembles an ADTtree
(Moore and Lee, 1998), sparseness is achieved by storing a NULL instead of a node
for any query that matches zero records. In our case, to save the probability distribution of the different attributes once the structure has been determined, we build
a (distribution) tree for each attribute. Given, for example, attribute X4 that has
X0 and X3 as parents (in this order, and apart from the class), the counts (X4 , Y )
are stored in the root node. The following level expands according to the number
of values of X0 , which is the first parent, and store the counts for (X4 , Y, X0 ). The
following level expands as for the number of values of X3 , which is the second parent,
and store the counts for (X4 , Y, X0 , X2 ), and so forth if there were more parents. Note
that as opposed to the ADTtree, all the parameters are stored, that is, more than
strictly required, since a branch is created for each attribute value, when strictly one
less branch would be sufficient to represent the model parameters. The reason to do
that is not to overload classification time by having to explore and combine branches.

• The root mean square error is calculated exclusively on the true class label (different
from Weka’s implementation (Hall et al., 2009), where all class labels are considered).

• Missing values have been considered as a distinct value in all cases.

• Equal frequency pre-discretization with 5 bins (EF5) has been utilized to discretize all
numeric attributes (except if otherwise specified5 ). We have observed that EF5 and
MDL (Minimum Description Length) (Fayyad and Irani, 1993) discretization provide
the best results in approximately half of the datasets each, EF5 has been chosen
because it is faster to perform than MDL, and also because it is not supervised and
hence does not potentially provide the classifier with class information from the holdout data when used for pre-discretization. Using a pre-fixed number of bins gives us
the added advantage of not having to deal with a huge number of values per attribute
created by MDL discretization in some cases.

• 10-fold cross validation has been used.

All the experiments for the out-of-core algorithms have been carried out in a C++ software
specially designed to deal with out-of-core classification methods. The following details in
terms of implementation and configuration should be considered:

Appendix B. Implementation Details
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learner
NB
TAN
AODE

SKDBonly

k

SKDBk

27
SKDB

localiz.
0.7106±
0.0007
0.6321±
0.0014
0.6520±
0.0010
0.6501±
k=1
0.0012
0.5840±
k=2
0.0020
0.5485±
k=3
0.0020
0.5225±
k=4
0.0023
0.5225±
k=5
0.0023
kmax = 0.5225±
5
0.0023
bestk
4
0.6501±
k=1
0.0012
0.5840±
k=2
0.0020
0.5485±
k=3
0.0020
0.5225±
k=4
0.0023
0.5225±
k=5
0.0023

cens-inc
0.4660±
0.0018
0.2247±
0.0025
0.2932±
0.0020
0.2219±
0.0024
0.2064±
0.0021
0.2102±
0.0015
0.2107±
0.0012
0.2143±
0.0022
0.2064±
0.0021
2
0.2054±
0.0014
0.2021±
0.0021
0.2056±
0.0016
0.2041±
0.0015
0.2070±
0.0015

USPS
0.2256±
0.0026
0.1153±
0.0022
0.1538±
0.0028
0.1125±
0.0025
0.0990±
0.0029
0.0928±
0.0025
0.0877±
0.0026
0.0839±
0.0034
0.0839±
0.0034
5
0.1125±
0.0025
0.0990±
0.0029
0.0928±
0.0026
0.0877±
0.0026
0.0839±
0.0033

MITA
0.0982±
0.0029
0.0202±
0.0025
0.1001±
0.0036
0.0209±
0.0021
0.0126±
0.0019
0.0142±
0.0018
0.0514±
0.0031
0.1350±
0.0035
0.0126±
0.0019
2
0.0207±
0.0020
0.0123±
0.0018
0.0144±
0.0021
0.0386±
0.0019
0.0552±
0.0032

MITB
0.1394±
0.0014
0.1213±
0.0020
0.1682±
0.0025
0.1291±
0.0019
0.0633±
0.0018
0.0468±
0.0018
0.0387±
0.0021
0.0841±
0.0023
0.0387±
0.0021
4
0.0746±
0.0012
0.0574±
0.0011
0.0439±
0.0021
0.0376±
0.0026
0.0844±
0.0025

MSDY
covtype
0.9600± 0.5103±
0.0002
0.0013
0.9436± 0.4862±
0.0002
0.0008
0.9459± 0.4587±
0.0002
0.0013
0.9447± 0.4709±
0.0003
0.0026
0.9393± 0.4576±
0.0002
0.0013
0.9361± 0.4399±
0.0004
0.0015
0.9383± 0.4126±
0.0006
0.0019
0.9447± 0.3903±
0.0003
0.0020
0.9361± 0.3903±
0.0004
0.0020
3
5
0.9446± 0.4704±
0.0003
0.0016
0.9393± 0.4576±
0.0002
0.0013
0.9361± 0.4399±
0.0004
0.0015
0.9382± 0.4126±
0.0005
0.0019
0.9447± 0.3903±
0.0004
0.0020

MITC
0.2367±
0.0021
0.2068±
0.0017
0.1564±
0.0014
0.1940±
0.0021
0.0906±
0.0012
0.0705±
0.0018
0.0616±
0.0016
0.0494±
0.0015
0.0494±
0.0015
5
0.1227±
0.0014
0.0782±
0.0017
0.0596±
0.0020
0.0517±
0.0020
0.0446±
0.0020

poker
uscensus PAMAP
0.5801± 0.2911± 0.4647±
0.0006
0.0006
0.0006
0.4987± 0.1845± 0.3232±
0.0006
0.0009
0.0007
0.5392± 0.2154± 0.3881±
0.0006
0.0010± 0.0008
0.4987± 0.1814± 0.3276±
0.0005
0.0008
0.0007
0.4055± 0.1677± 0.2721±
0.0007
0.0008
0.0005
0.2859± 0.1664± 0.2290±
0.0011
0.0008
0.0004
0.2048± 0.1601± 0.1937±
0.0012
0.0007
0.0004
0.2842± 0.1638± 0.1697±
0.0011
0.0006
0.0004
0.2048± 0.1601± 0.1697±
0.0012
0.0007
0.0004
4
4
5
0.4987± 0.1540± 0.3276±
0.0005
0.0007
0.0007
0.4055± 0.1510± 0.2721±
0.0007
0.0007
0.0005
0.2847± 0.1508± 0.2290±
0.0011
0.0007
0.0004
0.1868± 0.1504± 0.1937±
0.0012
0.0007
0.0004
0.1868± 0.1505± 0.1697±
0.0012
0.0007
0.0004

kddcup
0.1849±
0.0008
0.0572±
0.0006
0.0979±
0.0007
0.0606±
0.0005
0.0497±
0.0008
0.0485±
0.0008
0.0478±
0.0008
0.0477±
0.0008
0.0477±
0.0008
5
0.0606±
0.0005
0.0497±
0.0008
0.0485±
0.0008
0.0478±
0.0008
0.0477±
0.0008

linkage
0.0125±
0.0006
0.0081±
0.0009
0.0120±
0.0005
0.0082±
0.0009
0.0062±
0.0007
0.0060±
0.0006
0.0060±
0.0006
0.0060±
0.0006
0.0060±
0.0006
3.8
0.0082±
0.0009
0.0062±
0.0007
0.0060±
0.0006
0.0060±
0.0006
0.0060±
0.0006

mnist8
satellite
0.4957± 0.6540±
0.0005
0.0002
0.3817± 0.5424±
0.0006
0.0003
0.3497± 0.5783±
0.0005
0.0003
0.3751± 0.5506±
0.0005
0.0003
0.2922± 0.5072±
0.0004
0.0006
0.2500± 0.4769±
0.0005
0.0004
0.2169± 0.4583±
0.0005
0.0005
0.1839± 0.4448±
0.0005
0.0004
0.1839± 0.4448±
0.0005
0.0004
5
5
0.3751± 0.5485±
0.0005
0.0002
0.2922± 0.5065±
0.0004
0.0004
0.2500± 0.4769±
0.0005
0.0004
0.2169± 0.4583±
0.0005
0.0005
0.1839± 0.4448±
0.0005
0.0004

splice
0.0971±
0.0002
0.1020±
0.0003
0.1034±
0.0003
0.0940±
0.0003
0.0953±
0.0002
0.1008±
0.0005
0.1084±
0.0003
0.0924±
0.0002
0.0924±
0.0002
5
0.0527±
0.0002
0.0523±
0.0002
0.0523±
0.0002
0.0524±
0.0002
0.0526±
0.0002

kmax = 0.5225±
5
0.0023
bestk
4
# of
5
atts.

0.2021±
0.0021
2

0.0839±
0.0033
5

0.0123±
0.0018
2

0.0376±
0.0026
4

0.9361±
0.0004
3

0.0446±
0.0020
5

0.1868±
0.0012
4

0.0477±
0.0008
5

0.0060±
0.0006
3.8

0.1839±
0.0005
5

0.0523±
0.0002
3

19.2

647.5

337.9

275.6

90

54

215.8

5

22

54

37

11

773.6

138

16

7
19.2
18
18
18

584.9
646.5
648.1
640.9
647.5

354.9
337.9
356.1
21.3
18

17
87
271.3
275.6
359.3

80.5
90
90
78.8
81.2

45.8
54
54
54
54

59
206.7
209.6
214.3
215.8

10
10
5
5
5

11
12
22
22
22

54
54
54
54
54

38.2
38.1
37.6
37.9
37

11
11
11
11
11

772.2
773.1
774.2
774.2
773.6

75
125.8
138
138
138

13
14.9
16
14
13

k
k
k
k
k

SKDBk
(# of
attributes
selected)

=
=
=
=
=

1
2
3
4
5

n

5

361

361

90
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100
trees

0.0379±
0.0136
0.0353±
0.0017

0.0354±
0.0063
0.0566±
0.0012

100
trees

0.4199±
0.0017

0.1906±
0.0014

0.0291±
0.0007

0.0262±
0.0016

0.0395±
0.0010

>138G

0.1998±
0.0011

kmax = 0.5225±
5
0.0023
MDL
0.5252±
disc.
0.0036

0.2045±
0.0015
0.1923±
0.0025

0.0839±
0.0033
0.0837±
0.0023

0.0123±
0.0018
0.0147±
0.0020

0.0376±
0.0026
0.0370±
0.0026

0.9447±
0.0003
0.9430±
0.0005

m
(millions)
c

0.9369±
0.0004

54

0.0920±
0.0023
0.0338±
0.0010

Random
Forest
Random
Forest
(Num)

SKDB

676

0.2009±
0.0016
0.1992±
0.0013

k=5

0-1

41

0.5217±
0.0023
0.5194±
0.0024

BayesNet

SKDB

5
5
5
5
5

0.3903±
0.0020
5

>138G

0.4231±
0.0016
0.3478±
0.0018

361

10

0.1504±
0.0007
4

67

0.1697±
0.0004
5

54

41

11

0.0888±
0.0006

0.2821±
0.0011
0.3190±
0.0028

0.1573±
0.0008
0.1573±
0.0008

0.1615±
0.0006
0.0962±
0.0012

0.0477±
0.0007
0.0466±
0.0008

0.0059±
0.0005
0.0060±
0.0007

0.0465±
0.0004

0.3190±
0.0028

0.1573±
0.0008

>600h

0.0298±
0.0003

0.0029±
0.0006

0.3903±
0.0020
0.2595±
0.0029

0.0446±
0.0020
0.1810±
0.0048

0.1868±
0.0012
0.1868±
0.0012

0.1509±
0.0007
0.1504±
0.0007

0.1697±
0.0004
0.0377±
0.0029

0.0477±
0.0008
0.0326±
0.0005

0.0060±
0.0006
0.0037±
0.0009

>138G

0.4448±
0.0004
5

784

138

141

>138G

>138G

>138G

>138G

>138G

>138G

>138G

>138G

>138G

0.1839±
0.0005
0.1449±
0.0007

0.4448±
0.0004
0.4460±
0.0006

0.0523±
0.0002
0.0523±
0.0002

0.1649

0.2993

0.3415

0.4741

0.4894

0.5153

0.5811

0.8393

1.025

2.4583

3.8505

5.2095

5.7491

8.1

8.7052

50

11

2

9

2

2

90

7

2

10

4

19

40

2

10

24

2
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KDB

args

Table 8: Results in terms of RMSE for NB, TAN, AODE, KDB, BayesNet, RF, SKDBk and SKDB classifiers.

learner

TAN
AODE

KDB

k

28

SKDB
SKDB0-1
BayesNet
Random
Forest
Random
Forest
(Num)
SKDB
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n
m
(millions)
c

Censusincome
0.2410±
0.0017
0.0675±
0.0016
0.1106±
0.0015
0.0667±
0.0014
0.0562±
0.0013
0.0556±
0.0010
0.0547±
0.0008
0.0547±
0.0010
0.0562±
0.0013
0.0553±
0.0009
0.0542±
0.0013
0.0547±
0.0009
0.0532±
0.0008
0.0536±
0.0009

kmax = 0.3064±
5
0.0036
kmax = 0.3064±
5
0.0036
0.3053±
k=5
0.0039
100
0.3061±
trees
0.0036
100
trees
MDL
disc.

localiz.

USPS

MITA

MITB

MSDY

covtype

MITC

poker

uscensus

PAMAP

kddcup

linkage

mnist8

satellite

splice

0.0532±
0.0012
0.0149±
0.0006
0.0244±
0.0008
0.0142±
0.0006
0.0110±
0.0006
0.0097±
0.0005
0.0087±
0.0005
0.0080±
0.0006
0.0080±
0.0006
0.0142±
0.0007
0.0110±
0.0006
0.0097±
0.0005
0.0087±
0.0005
0.0080±
0.0006

0.0100±
0.0006
0.0008±
0.0001
0.0104±
0.0007
0.0005±
0.0001
0.0002±
0.0001
0.0002±
0.0001
0.0028±
0.0003
0.0188±
0.0010
0.0028±
0.0003
0.0005±
0.0001
0.0002±
0.0000
0.0002±
0.0001
0.0018±
0.0002
0.0038±
0.0005

0.0199±
0.0004
0.0161±
0.0005
0.0294±
0.0008
0.0183±
0.0009
0.0043±
0.0002
0.0023±
0.0002
0.0016±
0.0002
0.0073±
0.0004
0.0199±
0.0004
0.0071±
0.0002
0.0040±
0.0002
0.0021±
0.0002
0.0015±
0.0002
0.0074±
0.0004

0.9514±
0.0005
0.9268±
0.0010
0.9281±
0.0013
0.9279±
0.0008
0.9239±
0.0008
0.9187±
0.0009
0.9131±
0.0012
0.9124±
0.0006
0.9187±
0.0009
0.9276±
0.0010
0.9239±
0.0008
0.9187±
0.0009
0.9144±
0.0011
0.9135±
0.0008

0.3536±
0.0025
0.3151±
0.0016
0.2859±
0.0016
0.2968±
0.0034
0.2799±
0.0025
0.2641±
0.0020
0.2337±
0.0023
0.2077±
0.0023
0.2077±
0.0023
0.2961±
0.0021
0.2799±
0.0025
0.2641±
0.0020
0.2337±
0.0023
0.2077±
0.0023

0.0582±
0.0010
0.0455±
0.0008
0.0254±
0.0005
0.0406±
0.0009
0.0088±
0.0003
0.0053±
0.0003
0.0040±
0.0002
0.0026±
0.0002
0.0582±
0.0010
0.0185±
0.0004
0.0069±
0.0003
0.0040±
0.0003
0.0030±
0.0002
0.0022±
0.0002

0.4988±
0.0018
0.3295±
0.0015
0.4812±
0.0028
0.3291±
0.0012
0.1961±
0.0009
0.0838±
0.0007
0.0486±
0.0007
0.0877±
0.0008
0.0486±
0.0007
0.3291±
0.0012
0.1961±
0.0009
0.0835±
0.0008
0.0318±
0.0008
0.0318±
0.0008

0.0896±
0.0003
0.0390±
0.0005
0.0532±
0.0004±
0.0383±
0.0004
0.0333±
0.0004
0.0331±
0.0004
0.0297±
0.0003
0.0313±
0.0002
0.0297±
0.0003
0.0293±
0.0004
0.0271±
0.0003
0.0268±
0.0003
0.0266±
0.0003
0.0266±
0.0003

0.2365±
0.0007
0.1171±
0.0005
0.1654±
0.0007
0.1209±
0.0006
0.0850±
0.0003
0.0609±
0.0002
0.0438±
0.0002
0.0340±
0.0002
0.0340±
0.0002
0.1209±
0.0006
0.0850±
0.0003
0.0609±
0.0002
0.0438±
0.0002
0.0340±
0.0002

0.0361±
0.0005
0.0034±
0.0001
0.0154±
0.0002
0.0048±
0.0001
0.0028±
0.0001
0.0026±
0.0001
0.0026±
0.0001
0.0026±
0.0001
0.0026±
0.0001
0.0048±
0.0001
0.0028±
0.0001
0.0026±
0.0001
0.0026±
0.0001
0.0026±
0.0001

0.0002±
0.0000
0.0001±
0.0000
0.0002±
0.0000
0.0001±
0.0000
0.0000±
0.0000
0.0000±
0.0000
0.0000±
0.0000
0.0000±
0.0000
0.0000±
0.0000
0.0001±
0.0000
0.0000±
0.0000
0.0000±
0.0000
0.0000±
0.0000
0.0000±
0.0000

0.2521±
0.0005
0.1327±
0.0007
0.1271±
0.0004
0.1500±
0.0004
0.0919±
0.0001
0.0682±
0.0002
0.0519±
0.0002
0.0378±
0.0002
0.0378±
0.0002
0.1500±
0.0004
0.0919±
0.0002
0.0682±
0.0002
0.0519±
0.0002
0.0378±
0.0002

0.4425±
0.0002
0.3240±
0.0004
0.3537±
0.0004
0.3321±
0.0005
0.2903±
0.0006
0.2613±
0.0003
0.2426±
0.0005
0.2284±
0.0004
0.2284±
0.0004
0.3391±
0.0003
0.2907±
0.0022
0.2613±
0.0003
0.2426±
0.0005
0.2284±
0.0004

0.0121±
0.0001
0.0133±
0.0001
0.0134±
0.0001
0.0114±
0.0001
0.0116±
0.0001
0.0127±
0.0001
0.0145±
0.0001
0.0104±
0.0001
0.0029±
0.0000
0.0029±
0.0000
0.0029±
0.0000
0.0029±
0.0000
0.0029±
0.0000
0.0029±
0.0000

0.0542±
0.0013
0.0533±
0.0011
0.0533±
0.0012
0.0527±
0.0009

0.0080±
0.0006
0.0080±
0.0006
0.0097±
0.0006
0.0009±
0.0001

0.0002±
0.0000
0.0002±
0.0000
0.0017±
0.0006
0.0018±
0.0002

0.0015±
0.0002
0.0015±
0.0002
0.0014±
0.0004
0.0031±
0.0003

0.9187±
0.0009
0.9124±
0.0006
0.9204±
0.0015

0.2077±
0.0023
0.2077±
0.0023
0.2442±
0.0020
0.1157±
0.0013

0.0022±
0.0002
0.0022±
0.0002

0.0266±
0.0003
0.0261±
0.0002
0.0288±
0.0003
0.0266±
0.0003

0.0340±
0.0002
0.0340±
0.0002
0.0308±
0.0003
0.0046±
0.0001

0.0026±
0.0001
0.0026±
0.0001
0.0026±
0.0001
0.0025±
0.0001

0.0000±
0.0000
0.0000±
0.0000
0.0000±
0.0000
0.0000±
0.0000

0.0378±
0.0002
0.0378±
0.0002

0.2284±
0.0004
0.2284±
0.0004

0.0029±
0.0000
0.0029±
0.0000

>138G

>138G

>138G

0.0015±
0.0002

0.0318±
0.0008
0.0318±
0.0008
0.0831±
0.0010
0.0527±
0.0013

>138G

>138G

>138G

0.2030±
0.0014

0.0481±
0.0011

0.0005±
0.0001

0.0009±
0.0002

0.0013±
0.0001

>138G

0.0405±
0.0006

0.0004±
0.0000

0.0527±
0.0013

0.0266±
0.0003

>138G

0.0014±
0.0000

0.0000±
0.0000

>138G

>138G

>138G

0.3013±
0.0048

0.0486±
0.0015

0.0078±
0.0005

0.0002±
0.0000

0.0015±
0.0002

0.9129±
0.0006

0.0824±
0.0019

0.0035±
0.0002

0.0318±
0.0008

0.0266±
0.0003

0.0016±
0.0001

0.0017±
0.0001

0.0000±
0.0000

0.0229±
0.0002

0.2175±
0.0005

0.0029±
0.0000

>138G

>138G

5

41

676

361

361

90

54

361

10

67

54

41

11

784

138

141

0.1649

0.2993

0.3415

0.4741

0.4894

0.5153

0.5811

0.8393

1.025

2.4583

3.8505

5.2095

5.7491

8.1

8.7052

50

11

2

9

2

2

90

7

2

10

4

19

40

2

10

24

2

Table 9: Results in terms of 0-1 Loss for NB, TAN, AODE, KDB, BayesNet, RF, SKDBk and SKDB classifiers.
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SKDBonly

SKDBk

0.5449±
0.0026
0.4367±
0.0033
0.433±
0.0027
0.4642±
k=1
0.0040
0.3710±
k=2
0.0037
0.3338±
k=3
0.0023
0.3064±
k=4
0.0036
0.3064±
k=5
0.0036
kmax = 0.3064±
5
0.0036
0.4642±
k=1
0.0040
0.3710±
k=2
0.0037
0.3338±
k=3
0.0023
0.3064±
k=4
0.0036
0.3064±
k=5
0.0036

args

NB

splice

satellite

mnist8

linkage

kddcup

PAMAP

uscensus

poker

MITC

covtype

29

Table 10: Results in terms of RMSE and 0-1 loss for SKDB and VW with different options: -p indicates the number of passes (3
or 20), -q indicates quadratic features (all possible combinations), -c refers to cubic features (all possible combinations),
and -l the use of a logistic function for optimization. SKDB0-1 is SKDB optimized for 0-1 loss.
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0.0523±
0.0002
0.2085±
0.0045
0.2115±
0.0038
0.0855±
0.0082
0.1964±
0.0045

0.4448±
0.0004
0.5107±
0.0006
0.5024±
0.0006
0.4505±
0.0015
0.5031±
0.0007

USPS

SKDB0-1

Censusincome

SKDB

0.0839±
0.0033
0.2156±
0.0011
0.2157±
0.0008
0.0402±
0.0006
0.1894±
0.0014
0.0190±
0.0074

VW

0.2021±
0.0021
0.2709±
0.0048
0.2662±
0.0028
0.2426±
0.0080
0.2681±
0.0047
0.1895±
0.0020

0.0376±
0.0026
0.0696±
0.0069
0.0714±
0.0047
0.0403±
0.0058
0.0645±
0.0065
0.0303±
0.0016∗

MSDY

MITB

0.0029±
0.0000
0.0029±
0.0000
0.0029±
0.0000
0.0029±
0
0.0027±
0.0001
0.0029±
0.0000

-p3 -q
-l

MITA

>400h

>400h

0.1449±
0.0007
0.4176±
0.0009
0.4173±
0.0008
0.2884±
0.0063
0.4173±
0.0009
0.2773±
0.0039

0.0060±
0.0006
0.0184±
0.0038
0.0151±
0.0032
0.0103±
0.0029
0.0079±
0.0017
0.0043±
0.0006

0.0477±
0.0008
0.1240±
0.0020
0.1144±
0.0025
0.2426±
0.0080
0.1123±
0.0026
0.0519±
0.0007

0.1697±
0.0004
0.5309±
0.0006
0.5217±
0.0006
0.3633±
0.0010
0.4689±
0.0007
0.3920±
0.0017∗

0.1504±
0.0007
0.2038±
0.0014
0.2018±
0.0011
0.1938±
0.0040
0.2023±
0.0015
0.1482±
0.0009∗

0.1868±
0.0012
0.5355±
0.0006
0.5355±
0.0005
0.3679±
0.0019
0.5342±
0.0006
0.3545±
0.0018

0.0446±
0.0020
0.1361±
0.0013
0.1366±
0.0008
0.0518±
0.0042
0.1232±
0.0022
0.0308±
0.0016∗

0.3903±
0.0020
0.5227±
0.0010
0.5116±
0.0009
0.5018±
0.0018
0.5177±
0.0012
0.5467±
0.0020

>400h

0.2284±
0.0004
0.2284±
0.0004
0.3053±
0.0013
0.2970±
0.0010
0.2341±
0.0015
0.2947±
0.0010

0.0123±
0.0018
0.0326±
0.0076
0.0266±
0.0035
0.0277±
0.0072)
0.0319±
0.0058
0.0238±
0.0021∗

0.9361±
0.0004
0.7101±
0.0001
0.7093±
0.0001
0.7276±
0.0005
0.7088±
0.0001
0.9273±
∗∗
0

VW

SKDB

kmax = 0.5225±
5
0.0023
0.6249±
-p3
0.0006
0.6243±
-p20
0.0006
0.5955±
-p3 -q
0.0009
0.6217±
0.0006
0.7357±
0.0021

RMSE

localiz.

args

learner

50
2
8.7052
24
8.1
10

>400h

0.0378±
0.0002
0.0378±
0.0002
0.1344±
0.0006
0.1341±
0.0006
0.0440±
0.0010
0.1342±
0.0006
0.0565±
0.0005

0.0000±
0.0000
0.0000±
0.0000
0.0000±
0.0000
0.0000±
0.0000
0.0000±
0.0000
0.0000±
0.0000
0.0000±
0.0000

0.0026±
0.0001
0.0026±
0.0001
0.0040±
0.0002
0.0035±
0.0001
0.0020±
0.0001
0.0024±
0.0001
0.0030±
0.0001

5.7491
2
5.2095
40
3.8505
19
2.4583
4

0.0340±
0.0002
0.0340±
0.0002
0.3488±
0.0013
0.3316±
0.0009
0.0980±
0.0006
0.2286±
0.0011
0.1328±
0.0005∗

0.0261±
0.0002
0.0266±
0.0003
0.0290±
0.0003
0.0283±
0.0003
0.0255±
0.0004
0.0285±
0.0003
0.0250±
0.0003∗

0.0318±
0.0008
0.0318±
0.0008
0.4989±
0.0015
0.4988±
0.0015
0.0740±
0.0007
0.5015±
0.0026
0.0746±
0.0008

0.0022±
0.0002
0.0022±
0.0002
0.0117±
0.0006
0.0115±
0.0004
0.0007±
0.0003
0.0091±
0.0005
0.0009±
0.0001∗

1.025
10
0.8393
2
0.5811
7
0.5153
90

0.2077±
0.0023
0.2077±
0.0023
0.3688±
0.0029
0.3530±
0.0023
0.3313±
0.0032
0.3619±
0.0029
0.3418±
0.0030

0.9124±
0.0006
0.9187±
0.0009
0.9192±
0.0012
0.9173±
0.0013
0.9198±
0.0012
0.9162±
0.0013
0.9205±
∗∗
0
0.4894
2

0.0015±
0.0002
0.0015±
0.0002
0.0031±
0.0005
0.0028±
0.0003
0.0007±
0.0004
0.0028±
0.0005
0.0007±
0.0002∗

-p3 -c

0.3415
9

0.4741
2

-p3 -q
-l

0.2993
2
0.1649
11
m
c

0.0080±
0.0006
0.0080±
0.0006
0.0311±
0.0011
0.0307±
0.0009
0.0000±
0.0000
0.0193±
0.0009
0.0004±
0.0005

0.0002±
0.0000
0.0002±
0.0000
0.0006±
0.0003
0.0005±
0.0002
0.0003±
0.0001
0.0005±
0.0002
0.0003±
0.0001∗

0.0533±
0.0011
0.0542±
0.0013
0.0495±
0.0012
0.0490±
0.0011
0.0502±
0.0020
0.0493±
0.0011
0.0475±
0.0011

kmax = 0.3064±
5
0.0036
k
= 0.3064±
max
5
0.0036
0.6036±
-p3
0.0041
0.6025±
-p20
0.0036
0.5254±
-p3 -q
0.0050
0.5932±
-p3 -c
0.0039
0.5452±
0.0051

0-1 Loss
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* Results shown for 1 experiment only due to time limitations when using the logistic function in VW.
** Results shown for 1 fold only due to time limitations when using the logistic function in VW.
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The upper part of Table 8 (in the Appendix) shows the results in terms of RMSE ± standard
deviation on the 16 datasets described above. We have decided to stop at k = 5, since some
of the datasets already start to show worse results for k = 5 (due to variance increase), so
increasing the complexity further is not productive. The results for NB, TAN and AODE
are displayed as baseline orientations. The dark gray background on certain outputs for
SKDBk , corresponds to experiments that outperform KDB for the same value of k; the
light grey background on others indicate a tie; whereas the absence of the two indicates
that plain KDB outperforms SKDBk . As for SKDB, the background coloring has the same
meaning, but each entry is compared with the best KDB value for all possible k. Note that
only the average of the 10 folds is shown for each experiment, and the background colors
indicate statistical difference (Wilcoxon signed-rank tests), dark grey or white (in favor or
against the algorithm in the row respectively); or lack of statistical difference, in light grey.
Table 8 also shows the number of selected attributes by SKDBk . There are a few cases for
which the number of selected attributes for all values of k is the total number of attributes
in the datasets, such as localization, PAMAP and linkage. For some other datasets,
for example MSDYearPrediction, USPSExtended or mnist8ms, the performance between
selected KDB and KDB is similar, but fewer attributes are considered, so classification
time (and space) will be reduced. In most of the cases the number of selected attributes is
smaller than the original, sometimes even less than half, reducing the RMSE compared to
KDB, for example MITFaceSetC with 215.8 attributes selected (out of 361) results in 0.0446
vs 0.0494 for KDB (k = 5), or uscensus with 22 attributes selected (out of 67) results in
0.1504 vs 0.1601 for KDB (k = 4), that in both cases results in statistical improvement.
The results for SKDB using MDL discretization are also shown in Table 8 (antepenultimate row). Note that there are some datasets, such as linkage, for which the discretization
method used, in this case EF5, is not an adequate one; whereas a technique based on entropy minimization provides better results. Just the opposite situation occurs for datasets

Appendix C. Detailed Analysis of Results

In order to avoid an extensive number of passes on each of the datasets, no datasettailored parameter tuning has been carried out for any of the algorithms considered.
However as detailed in Sections 3.2, for logistic regression we have pre-conducted
experiments with varying numbers of passes for stochastic gradient descent, varying
loss functions and combinations of features; and used the default advanced (step
size) updates provided by vowpal wabbit. In the case of random forest, we have
made experiments with and without pre-discretising continuous attributes, as well as
learning a variable number of trees (see Section 3.3.2 for more details).

• We use Averaged One Dependence Estimators (AODE) as a representative of the
ANDE family of algorithms where n = 1.

• In principle, any loss function that can be computed incrementally is suitable for
SKDB. We have chosen RMSE (as defined above) for our first set of experiments.

where πxi are the parent-values of Xi and m = 1. Secondly, if zero counts are found,
we back off as many levels in the tree as necessary to find at least one count, that is, if
counts(x4 , x0 , x3 ) is equal to zero, then p̂(x4 |x0 ) is considered instead of p̂(x4 |x0 , x3 ).
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such as MITFaceSetC. Apriori selection of the most appropriate discretization method is
an open question, even more for very large datasets where we should consider the same
bias/variance trade-off in terms of discretization bias and variance (Yang and Webb, 2009),
that is, on the one hand we want that the number of intervals is sufficiently large to provide
low discretization bias, but not too large to avoid an increase in discretization variance.
The latter should not be a problem in large datasets, but considering a large number of
intervals implies bigger datasets, which will have an impact on the classifier complexity.
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1. Introduction

Keywords: support vector machines, multi-class classification, consistency

We compared the performance of nine different multi-class SVMs in a thorough empirical study. Our results suggest to use the Weston & Watkins SVM, which can be trained
comparatively fast and gives good accuracies on benchmark functions. If training time is
a major concern, the one-vs-all approach is the method of choice.

We analyze Fisher consistency of multi-class loss functions and universal consistency of
the various machines. On the one hand, we give examples of SVMs that are, in a particular
hyperparameter regime, universally consistent without being based on a Fisher consistent
loss. These include the canonical extension of SVMs to multiple classes as proposed by
Weston & Watkins and Vapnik as well as the one-vs-all approach. On the other hand, it is
demonstrated that machines based on Fisher consistent loss functions can fail to identify
proper decision boundaries in low-dimensional feature spaces.
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A unified view on multi-class support vector machines (SVMs) is presented, covering most
prominent variants including the one-vs-all approach and the algorithms proposed by Weston & Watkins, Crammer & Singer, Lee, Lin, & Wahba, and Liu & Yuan. The unification
leads to a template for the quadratic training problems and new multi-class SVM formulations. Within our framework, we provide a comparative analysis of the various notions
of multi-class margin and margin-based loss. In particular, we demonstrate limitations of
the loss function considered, for instance, in the Crammer & Singer machine.
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Support vector machines (SVMs, Boser et al., 1992; Cortes and Vapnik, 1995) are founded
on the intuitive geometric concepts of large margin separation and regularized risk minimization, and they are well embedded into statistical learning theory. However, there is no
unique canonical extension to the case of multiple classes, neither from a geometric nor from
a learning theoretical point of view. Instead, several variants relying on slightly different
notions of margin and margin-based loss have been proposed. We present a unified view on
multi-class SVMs. This view allows to identify similarities and differences between exist-
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ing approaches. It provides a thorough framework for analyzing, designing, and efficiently
training multi-class SVMs.
There exist generic ways of doing multi-category classification based on arbitrary binary
learning machines by combining hypotheses from independently trained binary classifiers.
In contrast, the focus of this study is on multi-class extensions of SVMs that aim at generalizing the notions of margin and large margin loss. These so-called all-in-one machines
cast the learning problem into a single quadratic program, which allows them to take all
class relationships into account simultaneously. The first of these all-in-one formulations
was independently proposed by Weston and Watkins (1999), Vapnik (1998), and Bredensteiner and Bennett (1999). Crammer and Singer (2002) modified this machine, and their
approach is frequently used, in particular when dealing with structured output. In addition
to these popular methods, we consider the machine by Lee et al. (2004), a variant proposed
by Liu and Yuan (2011), as well as multi-class maximum margin regression (Szedmak et al.,
2006). The latter is equivalent to a multi-class SVM suggested by Zou et al. (2008). From a
geometric point of view, the various approaches differ in the way they extend the concepts of
margin and margin violation (or, to be more precise, margin-based loss) to multiple classes.
Differentiating the machines form a learning-theoretical perspective is more difficult. Albeit there have been extensions of generalization bounds derived for binary SVMs to the
multi-class case (e.g., Guermeur, 2007; Doğan et al., 2012), these do not allow to deduce
relative advantages or disadvantages of certain multi-class SVM formulations. But there
are hints from theoretical analyzes of consistency. In particular, the loss function proposed
by Lee et al. was the first multi-class large margin loss known to be Fisher consistent (Lee
et al., 2004; Tewari and Bartlett, 2007; Liu, 2007). The only other loss functions we are
aware of sharing this property are those proposed in the work of Liu and Yuan (2011).
In practice, however, the decision of which multi-class SVM to use is most often not governed by theoretical arguments, but by training-time considerations and the availability of
efficient implementations. For instance, the canonical extension of binary SVMs to multiple classes proposed by Weston and Watkins and the machine by Lee et al. are rarely
used. These approaches are theoretically sound and experiments indicate that they lead to
well-generalizing hypotheses, but efficient training algorithms have been lacking so far.
Against this background, we analyze large-margin multi-category classification theoretically and derive fast training algorithms for established as well as for new learning machines,
which we then evaluate empirically. Several researchers investigated multi-class SVM classification methods before, either experimentally (Hsu and Lin, 2002; Rifkin and Klautau,
2004) or conceptually (Allwein et al., 2001; Hill and Doucet, 2007; Liu, 2007; Guermeur,
2007). The experimental papers by Hsu and Lin (2002) and Rifkin and Klautau (2004)
focus on the empirical comparison of methods. Some well established multi-class SVMs
are missing in these studies. This also holds true for the conceptually oriented work by
Allwein et al. (2001). The inspiring theoretical studies by Hill and Doucet (2007) and Liu
(2007) completely lack any empirical comparison. The work most closely related to ours
is perhaps the framework proposed by Hill and Doucet. They analyze several multi-class
SVMs and present a solver for machine training, however, our study goes beyond their
important achievements in several aspects. While Hill and Doucet’s framework unifies already existing methods, one can neither easily develop new machines within the framework
nor clearly identify the conceptual differences between machines. Further, their analysis
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does not provide hints on how loss functions may affect the generalization performance of
different machines. Finally, it is important to provide an extensive and unbiased empirical
comparison.
This article is organized as follows. The next section presents our unifying framework,
which categorizes multi-class SVMs according to their choice of multi-class loss function,
margin function, and aggregation operator in subsections 2.1–2.3. Subsection 2.4 shows how
the existing multi-class machines fit into our scheme. Then we derive new SVM variants
suggested by the framework. Subsection 2.6 states a template for quadratic programs
describing the learning problems induced by machines falling into our framework. Section 3
analyzes how different design choices affect the Fisher and universal consistency of the loss
functions and the classifiers, respectively. The section closes with showcase experiments
on synthetic test problems designed to highlight consequences of certain design choices.
Section 4 presents an extensive experimental evaluation of various SVM variants, both with
linear as well as Gaussian kernels. The theoretical as well as empirical findings finally lead
us to conclusions including recommendations for the use of multi-class SVMs in practice.

2. A Framework for Multi-category SVM Classification

X×Y


Multi-class SVMs construct hypotheses h : X → Y from training data (x1 , y1 ), . . . , (x` , y` ) ∈
`
X × Y , where X and Y are the input and label space, respectively. The data points are
assumed to be sampled i.i.d. from a distribution P on X ×Y . We restrict our considerations
to the standard case of a finite label space and set Y = {1, . . . , d} (there exist extensions
of multi-class SVMs to infinite label spaces, e.g., Bordes et al. e.g., 2008). The goal of
training a multi-category SVM is to map
the training data to a hypothesis minimizing the
R
risk (generalization error) R(h) =
L(h(x), y) dP (x, y), where the loss function L is

c∈Y

c∈Y



x 7→ arg max fc (x) = arg max hwc , φ(x)i + bc

,

(1)

typically the 0-1-loss, which is zero if both arguments are identical and one otherwise.
For multi-category classification the binary SVM concept of thresholding a real-valued
decision function f : X → R at zero is insufficient. The canonical extension to d > 2 classes
is to employ a vector-valued linear decision function f : X → Rd , where the maximal
component indicates the decision. Using a kernel-induced feature space, the corresponding
hypothesis takes the form

h : X → Y = {1, . . . , d} ;
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where φ : X → H is a feature map into an inner product space H, w1 , . . . , wd ∈ H are
class-wise weight vectors, and b1 , . . . , bd ∈ R are class-wise bias/offset values. The feature
map is defined by a positive definite kernel function k : X × X → R with the property
k(x, x0 ) = hφ(x), φ(x0 )i. We presume that the arg max operator in Equation (1) returns a
single class index (ties may, for example, be broken at random). To ease the notation, we
define the risk R(f ) to be equal to the corresponding R(h).
Adding the same function g : X → n
R to all
o components fcnof the decision
o function does
not change the decision as arg maxc∈Y fc (x) = arg maxc∈Y fc (x) + g(x) . This is often
undesired, for example, for the sake of uniqueness of a solution. This problem can be fixed
3
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fc (x) = 0 .

by enforcing the so-called sum-to-zero constraint
d
X

c=1

(2)

Pd
wc = 0
At least for universal kernels (Steinwart, 2002a) the constraint is equivalent to c=1
Pd
and c=1
bc = 0. With this constraint we have f2 = −f1 for the special case of binary
classification, and the hypothesis h(x) = sign(f1 (x)) maps the first class to +1 and the
second to −1. Thus, the binary SVM can be recovered as a special case of the multi-class
SVM, which is an important design criterion.
2.1 Multi-class Loss Functions

(3)

Support vector machines select a hypothesis by minimizing the regularized empirical risk
functional

i=1

X̀
1
kf k2 + C ·
L(f (xi ), yi ) ,
2

where L is a large-margin loss function and C P
> 0 is a user-defined
regularization conP
stant. The squared norm is defined as kf k2 = c∈Y kfc k2 = c∈Y kwc k2 . Most existing
approaches to multi-class large margin classification differ only in the type of loss function,
which should typically be an upper bound on the 0-1-loss, lead to an optimization problem
that can be solved efficiently, and vanish on an open set to allow for sparse solutions. The
key observation for our unifying framework is that multi-class SVM loss functions can be
decomposed into meaningful components, namely a set of margin functions for the different
classes, a large-margin loss for binary problems, and an aggregation operator, combining
the various target margin violations into a single loss value. This decomposition is found
in all existing approaches to large margin multi-class classification. Given a labeled point
(x, y) ∈ X × Y and the value f (x) ∈ Rd of the decision function, the general form of most
multi-class loss functions is



b bin µ(f (x), y), y
,
L f (x), y = ∆ L

b bin ◦ µ”. Here µ is a margin function, ∆ is an aggregaor conceptually “L = ∆ ◦ L
tion operator, and Lbin is a loss function for binary classification, such as the hinge loss
b bin we denote
Lhinge (µ) = max{0, 1 − µ}, the squared hinge loss, or the Huber loss. With L
the component-wise application of this loss function to the margin values.
In the next two subsections, we formalize the concepts of margin functions and aggregation operators and give examples of how existing machines can be expressed in our
framework.

2.2 Margin Functions

JMLR 17(45):1-32

The following definition extends the concept of a scalar margin of a training example to a
vector-valued margin function.

4

µ = (µ1 , . . . , µd )

c=1

d
X

hwc , wc i + 2 ·

c=1

d
X
hwc , wi + d · hw, wi

and

1
(δy,m − δc,m )
2

5

νy,c,m = δm,c · (2δc,y − 1) = −(−1)δc,y · δm,c

νy,c,m =

The corresponding coefficients are

(absolute)

6
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(relative)

c=1

hwc + w, wc + wi =

JMLR 17(45):1-32

for c = y
.
for c ∈ Y \ {y}

d
X

for the relative and the absolute margin, respectively, where δa,b = 1 if a = b and δa,b = 0
otherwise denotes the Kronecker symbol. Both margin functions can be combined, as in
the work of Liu and Yuan (2011). They have a number of interesting properties:
• The coefficients νy,c,m are sparse, so that the computation of a margin value µc from
f (x) is a constant time operation (independent of the number of classes).

(
+fc (x)
=
−fc (x)


1
fy (x) − fc (x)
2

• The “own-class-margin” component µrel
y (f (x), y) of relative margins is always zero.
For a two-class problem, the other component coincides with the margin y · f (x) of
the binary SVM (with labels y ∈ {±1} and real-valued decision function f ).
• If the classification according to Equation (1) is correct, then no component of the
relative margin function is negative. This implication does not necessarily hold for
absolute margin functions regardless of whether the sum-to-zero constraint is enforced
or not. P
• It holds m νy,c,m = 0 for relative but not for absolute margins. Adding the same
function to all components fc of the decision function does not change the decision (1).
Hence it is reasonable to demand that adding the same value to all νy,c,m does not
change the margins. This property is violated for absolute margins. This renders both
the sign and the absolute value of a single margin (i.e., a component
P of the margin
function) meaningless. This issue could be addressed by enforcing m νy,c,m = 0 also
for absolute margins.
• In principle, the sum-to-zero constraint (2) can be avoided at
Pthe level of the decision
function by shifting the coefficients ν such that they fulfill m νy,c,m = 0. However,
this would destroy the P
sparsity of the coefficients. Thus, it can be argued that the
sum-to-zero constraint c fc = 0 is a preferable solution.
P
• A regularizer of the form dc=1 kwc k2 has the effect that the optimal solution of a
relative margin SVM always fulfills the sum-to-zero constraint. This has been observed
for particular machines by Guermeur (2007) and by Wu and Liu (2007), but can be
shown to be true for all relative margin SVMs. Adding the same vector w to all
weight vectors wc (or the same function g(x) = hw, φ(x)i to all components fc ) does
not affect relative margins and thus the empirical error term in the primal problem.
Thus, to find the optimal w we have to minimize the complexity term

Doğan, Glasmachers and Igel

P

d
1 Pd
w.r.t. w. Setting the derivative 2 ·
c=1 wc + d · w to zero gives w = − d
c=1 wc ,
Pd
which results in c=1 (wc + w) = 0.
• Undesired situations can occur if the absolute margin function is applied without the
sum-to-zero constraint. Consider, for instance, the case of all components of f being
negative. In this case the “own class” margin µy is negative while all “other class”
margins µc , c 6= y, are positive, and the example could still be classified correctly. This
seems counter-intuitive, although formally allowed by Definition 1. Thus, we argue
that the sum-to-zero constraint should be demanded for any multi-class SVM. The
one-versus-all machine (OVA, see below) relies on absolute margins, but the sum-tozero constraint is not enforced. However, in OVA it is not possible that all components
of the margin function are negative.

µabs
c (f (x), y)

and the absolute margin function by

µrel
c (f (x), y) =

Definition 2 (relative and absolute margins) The relative margin function is given
by

and can thus be expressed in terms of coefficients νy,c,m . Property 3 in the above definition
ensures that positive margins imply correct classification. Note that the reverse statement is
not guaranteed, so, correct classification does not necessarily imply that all margin functions
are non-negative. The definition is not as general as it may seem. If we assume an equal
treatment of all classes, then the degrees of freedom in νy,c,m are drastically reduced.
The following types of margins are of primary interest:

m=1

d
 X
µc f (x), y =
νy,c,m · fm (xi )

Due to linearity in f (x) margin functions are of the form

2. ∀c, y ∈ Y, c 6= y : µc (f (x), y) is non-increasing in fc (x),
h
i



3. ∀c ∈ Y : µc (f (x), y) ≥ 0 and ∃c ∈ Y : µc (f (x), y) > 0 ⇒ arg maxc∈Y fc (x) = y

1. ∀y ∈ Y : µy (f (x), y) is non-decreasing in fy (x),

of a prediction f (x) ∈ Rd and a label y ∈ Y that is linear in its first argument and fulfills
the properties:

µ : Rd × Y → Rd ;

Definition 1 (margin function) A margin function is a non-constant function

A Unified View on Multi-category Support Vector Classification
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2.4 Unification of Existing Machines

A Unified View on Multi-category Support Vector Classification

2.3 Aggregation Operators

αi αj yi yj k(xi , xj )

Definition 1 ensures that positive margins µc indicate correct classification. Therefore it is
natural to construct a large margin loss from target margin violations, defined as
n
o
vc (f (x), y) = max 0, γy,c − µc f (x), y
.

The target margins γy,c are typically chosen to be γy,c = 1, which we assume in the following
if not stated otherwise. The margin violations vc = Lhinge (µc (f (x), y) correspond to the
hinge loss applied to the different margin components. As indicated above, other binary
SVM loss functions can be applied at this point. In this case the resulting multi-class SVMs
will be compatible with the corresponding binary SVM based on that surrogate loss (e.g.,
the squared hinge loss is considered by Guermeur, 2012).
The d margin violations need to be combined into a single cost value:
Definition 3 (aggregation operator) An aggregation operator is a non-constant function
∆ : (R0+ )d × Y → R0+
of margin violations v = (v1 , . . . , vd ) and a label y ∈ Y with the properties

• ∆ (0, . . . , 0), y = 0, and

• ∆((v1 , . . . , vd ), y) is monotonically increasing in all components vi of the first argument.

X̀ X̀
i=1 j=1

d−1
d

−1
−1
, . . . , 1, . . . ,
d−1
d−1

1. For relative margins, the sum-over-others and the total-sum operator coincide.

8
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in the Wolfe dual of the binary SVM (Cortes and Vapnik, 1995; Bottou and Lin, 2007)
can be interpreted as the squared norm with respect to the product kernel k ⊗ ky , where
the “label kernel” ky : {±1} × {±1} → R is defined as ky (yi , yj ) = yi yj . This is the
standard inner product on the label space Y = {−1, +1} ⊂ R. This idea is generalized to
multiple classes by considering the standard inner product on Rd applied to label prototype
vectors {ŷ1 , . . . , ŷd } = Y ⊂ Rd representing the classes. This corresponds one-to-one to the
definition of a positive definite kernel ky (c, c0 ) = hŷc , ŷc0 i on the standardized label space
Y = {1, . . . , d}. Two different sets of prototypes have been proposed, namely
r


ŷc =

This study considers all-in-one approaches to SVM multi-class classification. These methods
extend the SVM concept of large-margin classification to the multi-class case and cast the
learning task as a single optimization problem. The first all-in-one methods proposed independently by Weston and Watkins (1999), Vapnik (1998, Section 10.10), and Bredensteiner
and Bennett (1999) turned out to be equivalent, up to rescaling of the decision functions
and the regularization parameter C > 0. We refer to this method as WW or as WW-SVM.
It is expressed within our framework as the machine relying on the sum operator1 applied
to relative margins.
An alternative multi-class SVM was proposed by Crammer and Singer (2002). Like the
WW-SVM, the CS machine takes all class relations into account simultaneously and solves
a single optimization problem, however, with fewer slack variables in its primal optimization
problem. It corresponds to combining relative margins with the max-over-others operator.
There are two key differences between the WW- and CS-SVMs. First, the aggregation
operators are different. Second, the CS-SVM has originally been defined only for hypotheses
without bias term. The machine can be extended to hypotheses with bias (Hsu and Lin,
2002), but efficient training algorithms have been missing for this extension. In our framework we do not distinguish between hypothesis classes with and without bias; all machines
are defined for both classes.
Lee, Lin and Wahba (2004) proposed a distinct approach to multi-class SVM classification. We refer to this approach as the LLW-SVM. It was the first machine to use absolute
margins in an all-in-one approach. The absolute margin violations are combined under the
sum-to-zero constraint by means of the sum-over-others operator.
The LLW machine was the first multi-class SVM with a classification calibrated loss
function, which guarantees its Fisher consistency (Lee et al., 2004; Tewari and Bartlett,
2007; Liu, 2007; Liu and Yuan, 2011). That is, in the limit of infinite data minimal risk in
the LLW sense implies minimal 0-1-risk and thus a Bayes-optimal decision rule.
The multi-class maximum margin regression (MMR) method proposed by Szedmak et al.
(2006) is driven by the observation that the quadratic term

(sum-over-others operator)

(total-sum operator)

(max-over-others operator)

(total-max operator)

(self operator)

The following aggregation operators are employed in machines that have been proposed in
the literature:
Definition 4 We define the following aggregation operators:

vc .


∆self (v1 , . . . , vd ), y = vy
n o

∆t-max (v1 , . . . , vd ), y = max vc
c∈Y
n o

∆o-max (v1 , . . . , vd ), y = max vc
c∈Y \{y}

c∈Y \{y}

X

c∈Y

 X
∆t-sum (v1 , . . . , vd ), y =
vc ,


∆o-sum (v1 , . . . , vd ), y =
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These operators can be understood as computing the value of a linear program, as outlined
in the supplementary material (Section A).
7

absolute

OVA

sum-over-others
maximum-over-others
sum-over-others
self
self
total-sum
(affine combination of self and sum-over-others)
total-sum

no

sum-to-zero
constraint
optional
optional
yes
yes
no
yes

yes

bias
term
yes
no
yes
yes
yes
yes
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2.5 Completing the Picture: New Multi-class SVMs
Our unification makes it easy to construct novel loss functions based on the principles extracted from existing approaches. From Table 1 it becomes obvious that some combinations
of established margin functions and aggregation operators have not yet been explored. In
the following, we define the corresponding machines and name them by a three-letter code,
abbreviating the margin and loss types as indicated in bold in the following. The first of
these new SVMs is the AMO machine, combining the absolute margin concept with the
max-over-others operator. The machine can be understood as a combination of the LLWSVM, from which it takes the margin concept, and the CS-SVM with its max-over-others
aggregation.
The other two machines, ATM and ATS, use absolute margins with the total maximum
and the total sum operators. The ATS-SVM resembles the RM-SVM with γ = 0.5, however,

(4)

relative
relative
absolute
absolute
absolute
absolute

WW
CS
LLW
MMR
MMR⊥
RM

aggregation operator ∆

Table 1: Properties of the various multi-category SVMs in terms of the unifying framework.
The last column indicates the presence of the bias or offset term in the original
formulation found in the literature; all machines can be formulated with or without
bias term.

margin µ

machine

and plugs them into Equation (1). Solving these d independent optimization problems at
once results in a problem of type (3). This proceeding amounts to summing up the margin
violations of all binary problems. Thus, OVA can be viewed as total-sum aggregation
applied to absolute margins, without enforcing the sum-to-zero constraint.
Our framework highlights the conceptual similarities and differences of the above-mentioned
machines, summarized in Table 1.

i=1

for combining the margin violations. The sum-to-zero constraint is enforced. For γ = 0,
RM equals LLW and for γ = 1 it equals MMR with a scaled target margin.
There exist several general techniques to build a multi-category classifier based on some
binary classifiers, which can be chosen to be binary SVMs. The most prominent of these
so-called sequential approaches are the one-versus-one (OVO) and the one-versus-all (OVA)
scheme. As an OVO approach inevitably requires some additional non-canonical decision
making procedure different from (1) (e.g., Hastie and Tibshirani, 1998; Platt et al., 2000;
Chang and Lin, 2011) and the optimal choice of this procedure is highly task-dependent,
OVO-type approaches are out of the scope of this study (error-correcting-output-codes,
ECOC, provide a general framework covering OVA and many OVO methods, see Dietterich
and Bakiri, 1995; Allwein et al., 2001; Passerini et al., 2004).
However, the OVA scheme fits into our framework. It relies on only d different binary
decision functions, each separating one class from all the rest (Vapnik, 1998, Section 10.10).

and using the total-sum operator and the coefficients
(
γ(d − 1) for c = y
γy,c =
(1 − γ)
for c ∈ Y \ {y}

Both of these machines are obtained by applying the self aggregation operator to absolute
margins, where the MMR machine enforces the sum-to-zero constraint, while the MMR⊥
machine does not.
The MMR⊥ method applied to a two-class problem does typically not give the same
decision function as the standard binary SVM. With its orthogonal label kernel, it explicitly
ignores all interactions between classes, so that the machine effectively trains d independent
machines, similar to one-class SVMs for the different classes.
The unique selling proposition of the MMR and MMR⊥ machines is their applicability
to problems with large numbers of classes. By design, the optimization problem of the MMR
machine has only ` dual variables. Even better, in case of the MMR⊥ machine the problem
decomposes into d independent sub-problems. However, this means that the MMR⊥ -SVM
does not take any inter-class relationships in the data into account.
Our unification also captures the reinforced multicategory SVM (RM-SVM) recently
proposed by Liu and Yuan (2011). This machine, or family of machines, weights two types
of margin violations using a parameter γ ∈ [0, 1]. In our framework, it can be viewed as
relying on a reinforced margin function defined as
(
γfc (x)
for c = y
µrc (f (x), y) =
−(1 − γ)fc (x) for c ∈ Y \ {y}

fc

X̀

1
kfc k2 + C ·
Lhinge yic · fc (xi ) .
2

Usually this class is considered the “positive” class (y = +1) in the binary problem, and all
other classes are mapped to the “negative” class (y = −1). The resulting decision function
can be thought of as voting for the class under consideration. Let yic = +1 if c = yi and
yic = −1 if c 6= yi denote the binary label of the i-th example when training the machine
separating class c from the rest. Then OVA constructs decision functions fc according to

and ŷc = (0, . . . , 1, . . . , 0), where the c-th component equals 1. The first set corresponds to a
symmetric setup of unit vectors with maximal angles between prototypes, while the second
setup relies on an orthonormal basis. We refer to these variants as MMR and MMR⊥ ,
respectively. They correspond to the label kernels
(
1
for yi = yj
ky (yi , yj ) =
and
ky⊥ (yi , yj ) = δyi ,yi .
1
− d−1
otherwise
min
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ATS uses target margins of γy,c = 1 for y, c ∈ {1, . . . , d}, while RM-SVM uses the target
margins defined by (4) which differ depending on whether c equals y or not. The only
difference between the OVA scheme and the ATS machine is the presence of the sum-tozero constraint in the latter. Still, the ATS machine is an all-in-one machine, because its
training problem is not a composition of independent (binary) problems.
2.6 Unified Dual Problem

α

X

i,p

∀c :

i,p j,q

X
c

νyi ,p,c νyj ,q,c .

1 XX
Myi ,p,yj ,q · k(xi , xj ) · αi,p · αj,q
2

αi,p νyi ,p,c = 0

p∈Pyr

0 ≤ αi,p
X
αi,p ≤ C

γyi ,p · αi,p −

X
i,p

∀i, r :

s.t. ∀i, p :

max

(6)

(5)

Training SVMs amounts to solving convex quadratic optimization problems. The traditional approach to solving these problems when using non-linear kernels is considering the
corresponding dual formulations. In the following, we derive the Wolfe dual of the unified
primal problem (3). The structure of the dual is often well-suited for the application of
decomposition algorithms, which have proven to be a powerful choice for training SVMs
with non-linear kernels.
For the case without sum-to-zero constraint, we arrive at the following dual problem
(see supplement Section B for details):

with
Myi ,p,yj ,q =

m,n


X
1
δm,n −
νyi ,p,m νyj ,q,n .
d

The bias parameters bc can be obtained from the KKT optimality conditions.
If the sum-to-zero constraint is enforced, we obtain the same structure of the dual
problem, but this time with
Myi ,p,yj ,q =

We call these auxiliary constants Myi ,p,yj ,q used in the formulation of the dual problems
kernel modifiers, because they appear as multipliers of the kernel in the dual problem. Let
the map I : {1, . . . , `} × Py → {1, . . . , `|Py |} assign a unique index to each pair of training
pattern and constraint. We define Q ∈ R`|Py |×`|Py | by
QI(i,p),I(j,q) = Myi ,p,yj ,q · k(xi , xj ) .
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(7)

This matrix, together with the vector V ∈ R`|Py | , VI(i,p) = γyi ,p , defines the quadratic
objective function
1
W (α) = V T α − αT Qα
2
11
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i,p

X

αi,p νyi ,p,c φ(xi ) − η

of the dual problem, written in vector notation.
The weight vectors are given by
wc =

(8)


P
P
with η = i,p αi,p d1 c νyi ,p,c φ(xi ) in case of a sum-to-zero constraint and zero otherwise.
For solving the problem with bias parameters, which lead to d equality constraints, we
adopt the iterative problem alternation approach by Kienzle and Schölkopf (2005).
2.7 Training Complexity

OVO
1≤c<e≤d C(`c + `e )
=
b d2 · C(`/d)

P

C(`)

MMR

d · C(`)

OVA

WW / CS / LLW
AMO / ATM / ATS / RM
C(d`)

Table 2 gives the asymptotic training times of various approaches. Under the assumption that the runtime bounds are tight, the table suggests that training MMR⊥ is faster
than training OVO, which is slightly faster than MMR, which is again faster than training
OVA, which is finally followed by the various all-on-one SVMs with O(d) dual variables
per training example. The asymptotic nature of the runtime bounds hides factors considerably influencing training times in practice: Different machines often perform best for
different hyper-parameters, and different concepts of separability (as discussed in Section 2
and Section 3) have an impact.
MMR⊥
Pd
c=1 C(`c )

=
b d · C(`/d)

Table 2: Asymptotic runtime of the training algorithms under the assumption that solving
the different n-dimensional quadratic programs is in the complexity class C(n).
There are good arguments to assume C(n) = O(nq ) for some q between 2 and
3 (Joachims, 1998; Bottou and Lin, 2007). The number of training patterns is
denoted by `, the number of examples per class c by `c , and the number of different
classes by d. In the second row the complexity is given under the assumption of
(roughly) balanced classes, that is, `c ∈ Θ(`/d).

3. A Closer Look at Aggregation Operators and Margin Concepts

JMLR 17(45):1-32

In this section, we analyze the concepts underlying the various multi-class SVM variants.
First, we will consider the asymptotic behavior in the limit of infinite data by studying
consistency. This analysis is closely related to two streams of research. First, we will
focus on the Fisher consistency of the loss functions employed for SVM training. This
type of consistency, also known as classification calibration, has already been studied for
a number of multi-class losses (Lee et al., 2004; Tewari and Bartlett, 2007; Liu, 2007; Liu
and Yuan, 2011). It is only indirectly concerned with the SVM itself, since the effect of
the regularizer is ignored. Second, we will consider universal consistency building on the
well-known result for binary SVMs by Steinwart (2002b). It states that with a suitable

12

c∈Y \{y}

c∈Y

c∈Y \{y}

+

(
)

n
o


.
L(f (x), y) = max vcabs (f (x), y) = max 1 + max {fc (x)} , 1 − fy (x) +

c∈Y \{y}
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We omit the proof of this statement, because is a straight-forward extension of the involved
proof for binary machines.

Theorem 7 The LLW-SVM and the ATS-SVM with universal kernel and regularization
parameter chosen according to Theorem 2 by Steinwart (2002b) are universally consistent
classifiers.

While Fisher consistency is just a property of the loss function, universal consistency considers the whole machine including the regularizer and its impact relative to the data set size.
Steinwart’s universal consistency analysis for binary SVMs builds on the fact that the hinge
loss is classification calibrated for binary problems. It can be extended to multi-class SVMs
with Fisher consistent losses under the assumption of the same training set size dependent
choice C(`) of the regularization parameter as assumed for the binary SVMs. Thus, from
Corollary 1 we get:

3.2 Universal Consistency

We do not prove this statement here; the proof is analog to the one of Theorem 5 using
the techniques developed by Liu (2007). The optimal solution for the maximum operator
is all zeros and satisfies the sum-to-zero constraint (cf. Theorem 5), and therefore dropping
the constraint does not make any difference. However, the constraint is relevant when
the sum operator is employed. The resulting solution does not sum to zero, and it is not
Bayes-optimal. This result confirms the importance of the constraint for Fisher consistency.
The ATS machine can be interpreted as the OVA machine with sum-to-zero constraint,
and Theorem 6 covers the OVA machine, which is inconsistent in the absence of a majority
class. Thus, adding the sum-to-zero constraint makes the OVA machine consistent, at the
cost that the different weight vectors wc cannot be obtained independently anymore.

Theorem 6 Let L(f (x), y) denote the maximum or the sum over absolute margin violations, and assume Py < 1/2 for all y ∈ Y . Then the unconstrained minimizer f ∗ of the
corresponding risk R = E[L(f (x), y)] satisfies ∀c ∈ Y : fc∗ (x) = −1 for the sum and
∀c ∈ Y : fc∗ (x) = 0 for the maximum.

The proof, which is givenPin the supplementary material (Section C), works by analyzing
the point-wise risk Rx = y∈Y P (y | x)L(f (x), y) and computing the function values fc (x)
minimizing Rx . Thus, the Fisher consistency of the loss functions used in the all-in-one
machines considering absolute margins can be summarized as follows:

• If Py < (d − 1)/d for all y ∈ Y , then f ∗ (x) = 0.

• If there exists a majority class y ∈ Y such that Py > (d − 1)/d, then fy∗ (x) = d − 1
and fc∗ (x) = −1 for all c ∈ Y \ {y}.

(ATM)
∗ of the corresponding risk R = E[L(f (x), y)], subject to the sum-toThen the minimizer
f
P
zero constraint c∈Y fc (x) = 0, satisfies:

or

Theorem 5 Let L(f (x), y) denote either the loss function used by the AMO machine or
the loss function used by the ATM machine, that is, the loss resulting from application of
either the max-over-others or the total-max operator to absolute margins:
n
o 


L(f (x), y) = max vcabs (f (x), y) = 1 + max fc (x) +
(AMO)

In the following, we use the statements that a multi-class SVM variant and its training loss
are Fisher consistent interchangeably.
The consistency of the LLW loss was established by Lee et al. (2004), and it was confirmed by Liu (2007) that this is the only example of a Fisher consistent multi-class loss
among the popular WW-, CS-, MMR-, and LLW-SVMs. The ATS machine can be viewed
as belonging to the family of reinforced multicategory SVMs. Thus, the Fisher consistency
of the ATS loss follows from the analysis by Liu and Yuan (2011).
We will investigate the consistency of the new machines AMO and ATM following the
proceeding by Liu (2007). We adopt the short notation Py = P (y | x) for the probability of
observing class y given x and define [t]+ = max{0, t}. It holds:

In the following, we will analyze the Fisher consistency of the loss functions considered
in this study. Let L(f (x), y) denote the loss function applied by a multi-class SVM for
training. Let f ∗ : X → Rd denote a minimizer (among all measurable functions) of the risk
under the data generating distribution P . A loss function is Fisher consistent if


arg max fc∗ (x) c ∈ Y ⊂ arg max P (y | x) y ∈ Y .

3.1 Fisher Consistency of Multi-class Loss Functions

Corollary 1 It follows directly from the previous results that the AMO-loss and the ATMloss are not Fisher consistent while the LLW-loss and the ATS-loss are Fisher consistent.

dependency C(`) of the regularization parameter C on the data set size `, for any universal
kernel, the SVM approaches the Bayes-optimal decision in the limit of infinite data. In
addition to the theoretical analysis, we will empirically study the performance of the SVMs
on artificial learning tasks that have been designed to highlight crucial differences between
margin concepts and aggregation operators.

In light of the conceptual similarity between the ATS machine and the LLW-SVM, it is
not surprising that the ATS-loss is Fisher consistent. However, combining margin violations
by means of the maximum-operator appears to be problematic, since neither the AMO nor
the ATM machine (the two “max-loss siblings” of the Fisher consistent LLW and ATS
machines) share this property.
The question arises how Fisher consistency is related to (a) the margin type, (b) the
aggregation of margins in the loss, and (c) the sum-to-zero constraint. Part (a) is easy to
answer, since Liu (2007) has proved inconsistency of the relative margin machines (WW
and CS). Thus, we focus on absolute margins in the following. We investigate the impact
of the sum-to-zero constraint on the maximum and the sum of margin violations. It turns
out that dropping the constraint destroys Fisher consistency:

Doğan, Glasmachers and Igel
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It can be shown that using the same rule for C(`) as in Theorem 2 from Steinwart (2002b)
with a non-Fisher consistent loss does not yield a universally consistent classifier. However,
this negative result does not exclude the existence of a different dependency of C on `
so that the resulting classifier is universally consistent. Thus, the question arises whether
for an SVM surrogate loss function L there exists a dependency C(`) of the regularization
parameter on the training set size such that the resulting classifier is universally consistent.
In the following, we answer the question for all SVM variants covered in this study—with
the surprising result that also the MMR-, WW-, and OVA-SVMs can be made consistent
when operated with a completely different trade-off C(`):

A Unified View on Multi-category Support Vector Classification

Doğan, Glasmachers and Igel

Theorem 8 For the Gaussian kernel k(x, x0 ) = exp(−γkx − x0 k2 ) on an input space X ⊂
Rp , the machines MMR-SVM, WW-SVM, LLW-SVM, ATS-SVM, and OVA-SVM with
regularization parameter C(`) ≤ 1/(d · `) and kernel parameter γ(`) fulfilling lim`→∞ γ(`) =
∞ and lim`→∞ ` · γ(`)−p/2 = ∞ are universally consistent classifiers.

and

w̃c

j,q

= C · d/2 ·
P

for the ATS machine.

for the LLW machine,

i|yi =c φ(xi )

i|yi =c φ(xi )

i|yi =c φ(xi )

P
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2. An alternative proof strategy is to construct a non-zero dual optimal solution that corresponds to the
primal zero solution.

The proof lifts results on Fisher-(in)consistency from the level of the loss function to
inconsistency of the actual SVM, taking the regularizer into account. The case of the
MMR, WW and OVA machines treated above makes clear that this extension is nontrivial, since for these machines the regularizer makes the difference between consistency
and inconsistency. We regard this type of analysis as highly relevant, since SVMs do not
actually minimize the empirical risk, but instead a combination of empirical risk and a
specific regularizer.
The present analysis covers the three losses involving the max-aggregation completely,
since for no C (or C(`)) they result in a universally consistent SVM. On the other hand,
there is a gap in our analysis of machines employing sum-aggregation losses: For `·C(`) → ∞
Steinwart’s analysis applies, while the trivial reduction to a KDE works only for ` · C(`)
(asymptotically) bounded by a rather small constant, so that all target margins are always

Proof Consider a single-point input space X = {x0 } with any kernel k(x0 , x0 ) > 0 (any
positive kernel is universal on this space). Consider a problem with d = 3 classes. It is
completely described by the class probabilities; w.l.o.g. they fulfill p1 ≥ p2 ≥ p3 . Lemma 4
by Liu (2007) for the CS machine, and Theorem 5 for the AMO-SVM and the ATM-SVM,
respectively, offer choices of these probabilities so that the minimizer of the empirical risk
is f1 (x0 ) = f2 (x0 ) = f3 (x0 ) = 0, with corresponding weight vectors w1 = w2 = w3 = 0.
This inconsistent solution also minimizes the regularizer, and thus the regularized risk for
all C > 0.2

Theorem 9 There exists no function C(`) so that CS-SVM, AMO-SVM, or ATM-SVM
become universally consistent.

a much simpler proof than the famous universal consistency result by Steinwart (2002b).
The core idea of Steinwart’s analysis is to carefully increase the modeling power of the SVM
with growing number of training points so that the impact of regularizer decays to zero,
while at the same time overfitting is avoided. In contrast, we keep the impact of the regularizer constantly high. When operating the SVM in this regime it loses its most important
features, namely the large margin approach and the sparsity (Steinwart and Christmann,
2008). This may seem highly undesirable, but from the viewpoint of classification accuracy
it does not matter much whether an SVM with a specific value of C works well because
of a large margin or because of the consistency of KDE. Of course, KDE estimation is less
sample and memory efficient than large-margin prediction. Sample efficiency is one of the
primary arguments brought forward by Vapnik (1998) for preferring direct estimation of
the decision boundary over a plug-in classifier based on KDE.
Theorem 8 establishes the consistency of the MMR, WW, and OVA machines, despite
the Fisher inconsistency of their losses. This implies that an analysis of the loss function in isolation in terms of Fisher consistency is not sufficient for fully understanding the
predictions made by these machines.
The simple trick of reverting to KDE-based prediction is not trivial, since it does not
work for all large margin losses:

and

and w̃c = 2C ·

=C·

X
∂W (α)
=1−
QI(i,p),I(j,q) · αj,q
∂αi,p

Proof Let us first consider the all-in-one machines. The absolute values of all components of
the quadratic matrix Q in the dual problem (7) are upper bounded by one. All components
of the dual solution α are bounded by C(`) = 1/(d · `). The sum in the derivative

P

i φ(xi )

i φ(xi )

P

w̃c

1
. Thus all gradient
runs over at most d · ` summands, each of which is bounded by d·`
components are non-negative in the whole box-shaped feasible region. It follows that all
dual variables αi,p end up at the upper bound C. From Equation (8) and the definition of
the machines it can be seen that for the primal solution it holds wc = w̃c − η̃ with
P
i|yi =c φ(xi ) for the MMR machine,
P
for the WW machine,
i φ(xi )

• η̃ = η and w̃c = C ·
P

• η̃ = η − C ·

• η̃ = η − C ·

• η̃ = η − C ·

The weight vectors w̃c are a scaled version of the kernel density estimator (KDE), which
is well known to be universally consistent. The above conditions on γ(`) translate into
the preconditions
of Theorem 10.1 by Devroye et al. (1996, p. 150) for the kernel width
p
h = 1/γ(`). The KDE output fed into the arg max decision rule (1) ignores the additive
constant η̃ and yields consistent classification predictions.
The OVA result can be proven in the same way. Again, all dual variables take the value
C. It is easy to see that the primal
P SVM solution is then
P a scaled KDE plus a constant
vector: wc = w̃c − η̃, with η̃ = i φ(xi ) and w̃c = 2 · i|yi =c φ(xi ). Thus, the resulting
classifier is universally consistent.
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The above statement is a straight-forward reduction of the SVM to a simple kernel density estimator. The same result holds for binary SVMs. It is a much simpler statement with
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We have conducted a parameter study with all nine machines (with linear kernel and
without offset term). In the noise-free case we have drawn ` = 100 samples. Since the
problem is linearly separable and noise-free, we have tested rather large values of C = 10n
with n ∈ {0, 1, 2, 3, 4} (there are no interesting effects outside this range). The resulting
classifiers are shown in Figure 1. The information content of noisy samples is significantly
reduced, which is why we use ` = 500 and n ∈ {−4, −3, −2, −1, 0} here (again, results do
not change outside this range). The classifier predictions are visualized in Figure 2.

These problems are rather elementary. They are low-dimensional and thus easy to
visualize. Their only difficulty lies in the uneven sector sizes. This also results in different
densities of the x-components in the different sectors. This design avoids the exploitation of
artificial symmetries. The construction is so that in the noisy variant there is no majority
class at any point.

We define a basic testproblem with two variants, one noise-free and one with label noise.
The domain X = S 1 = x ∈ R2 kxk = 1 of these test problems is the unit circle. The

circle is parameterized by t ∈ [0, 20[ through the curve β(t) = cos(t · π/10), sin(t · π/10) .
The problem involves three classes Y = {1, 2, 3}, see Figure 1 and Figure 2. For the
noiseless problem data points (x, y) ∈ X × Y are generated as follows. First the label
y ∈ Y is drawn from the uniform distribution on Y . Then x is drawn uniformly at random
from the sector Xy . The sectors have different sizes. They are defined as X1 = β([0, 5)),
X2 = β([5, 11)), and X3 = β([11, 20)). The only change for the noisy case is that 90% of
the labels are reassigned uniformly at random. In other words the distribution of the xcomponent remains unchanged, and conditioned on x ∈ Xz the event y = z has probability
40%, while the other two cases have probabilities of 30%. In both variants of the problem
it is Bayes-optimal to predict label y on sector Xy . This solution can be realized by a linear
model without offset term.

In the following, we will show experimental results on highly controlled problems with
analytically defined distributions. This investigation complements and enriches the previous
theoretical analysis. Some of the theoretical results on Fisher consistency of loss functions
can be demonstrated in a non-asymptotic setting. The theoretical results on universal
consistency require a universal kernel and thus an “arbitrarily rich” feature space. This
is, however, not always the case in practice, where restricted and low-dimensional feature
spaces can occur. We visualize the behavior of nine different multi-class SVMs over a
range of values of the regularization parameter. The simple test problems serve as “counter
examples” that help to understand when and why some of the machines deliver substantially
sub-optimal solutions.

3.3 Artificial Benchmark Problems

violated. The question whether an SVM can be consistent for parameters in the gap in
between these regimes is left open.
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ATM

LLW

MMR

RM

ADM

WW

18

JMLR 17(45):1-32

Figure 1: Noiseless circle problem. The sector separators are the decision boundaries of
the Bayes-optimal predictor. Classes 1, 2, and 3 are indicated by colors blue,
green, and red, respectively. The points on the outside of each graph are the
100 training samples. The colored circles indicate the classifier predictions for
C = 10n , n ∈ {0, 1, 2, 3, 4}, increasing from inner to outer circles.
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Figure 2: Noisy circle problem. The sector separators are the decision boundaries of the
Bayes-optimal predictor. Classes 1, 2, and 3 are indicated by colors blue, green,
and red, respectively. The points on the outside of each graph are the 500 training
samples. The colored circles indicate the classifier predictions for C = 10n , n ∈
{−4, −3, −2, −1, 0}, increasing from inner to outer circles.
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Doğan, Glasmachers and Igel

Figure 1 shows that the relative margin machines WW and CS excel, in particular for
high values of C. Also the MMR machine relying on the self-margin component performs
well. In contrast, the absolute margin machines LLW, AMO, ATS, RM, and ATM all
fail, over the whole range of parameters (despite the universal consistency of some of the
approaches in rich enough feature spaces). The same defect can be observed for OVA, but
in weaker form.
The reason for this failure is that the definition of absolute margins does not allow to
solve the given problem without violation of the target margin. This holds even for the
Bayes-optimal classifier. Thus, absolute margins are not compatible with the form of the
decision function. This is obvious for the OVA approach on the circle problem, because
one class cannot be separated from the others by a single linear hyperplane through the
origin. It turns out that this effect is not a direct consequence of the OVA approach, but
of absolute margins in general.
Figure 2 displays the performance in the presence of massive label noise. The performance of the WW machine remains good, but as expected it needs a much smaller value
of C. The performance of MMR degrades a bit, while OVA does well in this case. The
sub-optimal performance of the LLW machine is largely unchanged, while the closely related
ATS and RM profit from the self-margin component (which by itself works well, as shown
by the MMR results). Most strikingly, the CS machine with its relative margin as well as
the AMO and ATM machines with their absolute margins give random predictions. All
three approaches rely on maximum-based aggregation operators. This behavior is perfectly
explained by the Fisher consistency results (also reflected in the proof of Theorem 5): Since
there is no majority class, all losses favor the trivial solution w1 = w2 = w3 = 0. This
solution is also optimal for the regularizer. Thus, it is attained for all values of C, and
the figures show nothing but numerical noise. In the noisy case the combination of loss
components with maximum-based aggregation operators results in guessing performance.
Notably this includes the well established CS machine.
In low dimensional feature spaces we see absolute margin machines fail in the noiseless
case and maximum-based aggregation operators in the noisy case.3 Despite the simplicity of
the synthetic problems, only a single machine solves both cases, namely the WW approach.
The simplistic OVA and MMR machines perform worse, but still satisfactory.

4. Empirical Comparison

This section empirically compares nine approaches to multi-category SVM learning, namely
the sequential OVA scheme, the established all-in-one methods WW, CS, LLW, RM, and
MMR, as well as the new methods called AMO, ATS, and ATM. All algorithms were
implemented in the Shark open source machine learning library (Igel et al., 2008). Source
code for reproducing the results can be found in the supplementary material. First, twelve
standard benchmark data sets were considered for non-linear SVM learning, and careful
model selection was conducted. This already makes our experiments the most extensive
comparison of multi-class SVMs so far. Second, additional experiments for linear SVMs are
presented later in this section.

JMLR 17(45):1-32

3. This result does of course not exclude the existence of a similar problem where WW also fails. However,
we did not manage to construct such an instance.
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OVA
36.45
1.10
1.41
53.87

MMR
12.89
0.32
0.13
10.51

WW
131.7
2.05
13.02
57.68

CS
1027
318.6
1.30
2574

LLW
6112
48.50
25.58
7354

AMO
40231
369.2
4.63
75159

ATS
2399
247.1
647.7
6486

ADS
34046
186.1
35.01
67000

RM
4106
69.87
243.1
2235
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4. Doing the full model selection 100 times would be the better setup, however, it was computationally too
demanding.

The multi-class SVMs were evaluated as follows. Using the best parameters found during
model selection, 100 machines were trained on 100 random splits into training and test
data (preserving the original set sizes).4 In this way properties of the test error distribution

4.3 Evaluation

Table 3: Time in seconds for computing the 5-fold cross validation error on a single core
over a 5 × 5 grid around the optimal parameter values.

Data set
Car
Glass
Iris
Red wine

In all non-linear SVM experiments, Gaussian kernels kγ (x1 , x2 ) = exp(−γ||x1 − x2 ||2 ) were
used. The bandwidth γ of the Gaussian kernel and the regularization parameter C of the
machine were determined by nested grid search. Repeated cross-validation was employed
as model selection criterion. Five-fold cross-validation was repeated ten times using ten
independent random splits into five folds. This stabilizes the model selection procedure
especially for small data sets. Candidate parameters were evaluated on the 5 ×10 validation
subsets and the configuration yielding the best average performance was chosen. If any
of the selected model parameters was at the grid boundary, then the grid was extended
accordingly.
We set the initial grid to γ ∈ {2−12+3i | i = 0, 1, . . . , 4} and C ∈ {23i | i = 0, 1, . . . , 4}.
Let (γ0 , C0 ) denote the parameter configuration picked in the first stage. Then in the
second stage the parameters were further refined on the grid γ ∈ {2i · γ0 | i = −2, −1, 0, 1, 2}
and C ∈ {2i · C0 | i = −2, −1, 0, 1, 2}. For linear SVMs we applied the same approach
restricted to the complexity control parameter C. The hyperparameters as determined by
the grid-searches are given in Section E of the supplementary material.
Table 3 provides a comparison reflecting the computational demand of parameter tuning.
It lists the total training time for computing the 5-fold cross validation error on a 5 × 5 grid
of the outer grid search loop, centered on the optimal parameters. Training times differ by
several orders of magnitude depending on the SVM variant.

4.2 Model Selection

The descriptive statistics of the twelve data sets used to evaluate the non-linear multi-class
SVM methods are given in Section D of the supplementary material. All features of all data
sets were pre-processed by rescaling to unit variance. This rescaling was done for each split
into training and test data individually based on the statistics of the particular training set.

4.1 Multi-class Benchmark Problems
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5. The higher limit accounts for the fact that single iterations are less efficient, because in the algorithm
proposed by Hsieh et al. (2008) and Fan et al. (2008) and refined by Glasmachers and Doğan (2013,
2014) the choice of the active variable does not take gradient and gain information into account, see
Section 4.6.

The test accuracies of all nine machines are listed in Table 4. The table also indicates
whether a paired U-test judges the 100 test accuracies as significantly worse than the machine with the best performance. The relative accuracies of the 9 machines are represented
graphically in Figure 3.
A similar plot in Figure 4 displays training times. The training times varied vastly with
the choice of the hyper-parameters, that is, they were strongly dependent on the outcome
of the model selection procedure. In some cases there exist configurations with similar
prediction performance but different optimization times. Thus, the timing results were
subject to non-negligible noise and should thus be interpreted with care.

4.5 Non-linear SVM Results

For a fair comparison of training times of different SVMs, it is of importance to choose
comparable stopping criteria for the quadratic programming. Unfortunately, this is hardly
possible in the experiments presented in this study, because the quadratic programs differ.
However, in the case of just two classes all machines solve the same problem. Therefore
the stopping condition was selected such that for a binary problem these machines would
give the same solution. The common threshold of ε = 10−3 on violations of the KarushKuhn-Tucker (KKT) conditions of optimality was used as stopping criterion (Bottou and
Lin, 2007).
To rule out artifacts of this choice several experiments were repeated with an accuracy
of ε = 10−5 . These experiments did not result in improved performance. Thus, the choice
of the stopping criterion may in the worst case influence training times, but not the test
accuracies reported in Section 4.5 and Section 4.6.
For all non-linear machines, the maximum number of SMO iterations was limited to
10.000 times the number of dual variables. The limit for linear machines was 10 times
higher.5 This was necessary to keep the grid searches computationally tractable. However,
the few parameter configurations that had hit this limit corresponded to “degenerated”
machines (i.e., bad solutions), typically with far too small γ and too large C. Thus, this
proceeding did not influence the outcome of the model selection process.

4.4 Stopping Condition

can be estimated. We report empirical mean and standard deviation. Furthermore, the
100 repetitions allow to test results for significant differences. For each problem we have
compared each machine to the best performing one with a paired U-test (at significance
level α = 0.01). We are not interested in the test results per se; instead, the tests provide
thresholds for judging performance as competitive or inferior. It must be noted that the 100
repetitions share the same data and are thus not independent. This means that the confidence level needs adjustment. However, the U-test still provides a meaningful thresholding
mechanism.
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6. http://www.csie.ntu.edu.tw/~cjlin/libsvmtools/datasets/
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For the linear kernel case we have extended the testbed beyond the twelve problems to
data sets with different characteristics, which are typically used to evaluate linear multiclass models, see supplementary material (Section E). These data sets are available from
the libsvm data collection.6 We have included problems with rather low-dimenional as well
as extremely high-dimensional input spaces. The test errors of the nine linear multi-class
SVMs are summarized in Table 5.

Fan et al. (2008) and has been recently extended by Glasmachers and Doğan (2013, 2014).
All linear SVM results reported in this section were obtained with an extension of the latter
technique to the multi-class case.

Figure 3: Relative accuracies of all nine machines. The average performance per data set
defines the mid-line. Each dashed line marks 1% of deviation. The colored bars
denote (relative) classification accuracy (higher is better). The error bars indicate
the standard deviation across multiple training/test splits. The best result is
indicated with a star (∗). Statistically insignificant differences to the best solution
(U-test, α = 0.01) are marked with a plus sign (+). Colors represent models as
follows: green (OVA), cyan (MMR), blue (WW), pink (CS), red (LLW), orange
(AMO), yellow (ATS), light gray (ATM), and dark gray (RM).

Opt. digits

Abalone
Car
Glass
Iris
Opt. digits
Page blocks
Sat
Segment
Soy bean
Vehicle
Red wine
White wine

Table 4: Classification accuracies in percent of correctly classified test examples. The table
lists mean values and standard deviations. In each row bold numbers indicate that
the result is not significantly worse than the best one (paired U-test, α = 0.01).

In many applications not only training times but also testing times are of relevance.
The time it takes to compute the prediction of an SVM classifier is usually dominated
by the kernel computations. In the multi-class case this means that sparsity in the dual
variables is not enough: only variables that do not appear in any of the expansions of the
weight vectors w1 , . . . , wd can be dropped in the evaluation of the classifier. We count every
training example that is used in the construction of any of the weight vectors as a support
vector. The fraction of support vectors is reported in Figure 5.
4.6 Linear SVM Results

JMLR 17(45):1-32

In recent years there has been increased interest in linear SVM classifiers. These are a viable
alternative to non-linear SVMs in particular in high-dimensional input spaces commonly
found, for instance, in text mining and bioinformatics problems. A powerful coordinate
descent solver for the dual linear SVM problem was proposed by Hsieh et al. (2008) and
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calibrated LLW and RM approaches and the other absolute margin machines worked about
as well as in the non-linear case. Most other problems have rather low-dimensional feature
spaces. Thus, the setting comes conceptually closer to the synthetic circle problems presented in Section 3. This explains the complete breakdown of some methods on some of the
problems, for example, all absolute margin machines on the letter data. In accordance with
the findings in Section 3, WW and CS outperformed the classification calibrated LLW, ATS
and RM machines. The linear SVM results also clearly display the problems of the OVA
and MMR approaches. While OVA works well at least in some cases, we have to dismiss
the MMR machine completely for its consistently inferior performance. The WW and CS
machines clearly performed best, again with a slight but insignificant edge for WW.
The secondary goals of training and test times give a yet completely different picture.
The rightmost column in Figure 4 summarizes the training times. The measurements are in
accordance with the asymptotical results in Table 2. Not surprisingly, the MMR machine
was clearly fastest to train. It is followed by OVA, which is, however, closely followed by
WW and CS. It is clear from the asymptotical considerations that the differences between
OVA and the all-in-one machines will get more pronounced with increasing number of
classes. The WW machine was not slower to train than the popular CS approach, actually

Figure 5: Average fraction of support vectors for all nine machines (lower is better). A bar
hitting the top indicates that all points are support vectors, while a bar vanishing
at the bottom indicates that no points were used as support vectors. Colors
represent models as follows: green (OVA), cyan (MMR), blue (WW), pink (CS),
red (LLW), orange (AMO), yellow (ATS), light gray (ATM), and dark gray (RM).
The average fraction of support vectors across all 12 problems is found on the
right.

White wine

Our results allow to compare the nine different machines from different angles. We generally
view accuracy as a primary goal and training speed and prediction speed (related to sparsity
of the solution) as secondary criteria.
The accuracy results of the non-linear SVMs presented in Table 4 and Figure 3 were
mixed. The prediction performances of most machines were rather close to each other. This
is in accordance with the findings of Hsu and Lin (2002) and Rifkin and Klautau (2004).
Larger deviations could be observed on the problems Abalone and Vehicle. The maximum
combination operator absolute margin machines AMO and ATM fell behind on the Abalone
problem, while the self-margin MMR machine did not give satisfactory performance on the
Vehicle problem. Overall the WW and RM machines performed best, for example, when
counting the number of data sets where the solution was either best or not significantly worse
than the best result. The MMR machines showed the weakest performance. However, it
appears than most machines give rather competitive results; OVA, CS, LLW and ATS are
hard to put in a clear order, and they are only slightly worse than WW and RM (if at all).
This picture changes completely for linear SVMs. The results presented in Table 5 reveal
drastic differences between machines, as already found by Hsu and Lin (2002). There were
only two problems where all machines achieved roughly comparable performance, namely
News-20 and Sector. These problems come with extremely high-dimensional feature spaces
and are thus similar in character to the non-linear SVM problems. Here the classification

4.7 Discussion

Figure 4: Average training times (logarithmic scale) of all nine machines, in seconds (lower
is better). Colors represent models as follows: green (OVA), cyan (MMR), blue
(WW), pink (CS), red (LLW), orange (AMO), yellow (ATS), light gray (ATM),
and dark gray (RM). The (geometric) average training time across all 12 problems
is found on the right.
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Covertype
Letter
News-20
Sector
Usps
Abalone
Car
Glass
Iris
Opt. Digits
Page Blocks
Sat
Segment
Soy Bean
Vehicle
Red wine
White wine

Table 5: Classification accuracies of the linear machines in percent of correctly classified
test examples. The table lists mean values and standard deviations. In each row,
bold numbers indicate that the result is not significantly worse than the best one
(paired U-test, α = 0.01).

it was slightly faster on average in our experiments.7 Finally, the various absolute margin
machines took at least an order of magnitude longer to train than WW and CS.

27

7. Here we only present our results for training without bias parameters. However, this statement also
holds true for training with bias parameters.
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At least for expensive kernel functions prediction speed is governed by the sparsity of
the resulting model. Figure 5 reveals that sparsity is primarily a property of the problem,
while the chosen loss function has only a minor impact. Overall, multi-class models are
expected to be less sparse than, for instance, binary SVMs since a training point can be
dropped only if it does not appear in any of the d weight vectors. We observed significant
sparsity only for the page blocks data. In comparison relative margin machines gave slightly
more sparse models than absolute margin machines. The MMR self-margin machine did
not stand out in this category. However, only few problems had sparse solutions at all, and
inter-problem spread was much higher than differences between methods. Hence we do not
see good reasons to reject any machine based on these data.
In summary, the WW and CS machines showed robust performance across all disciplines,
with WW slightly ahead of CS. The MMR machine performed worst in terms of accuracy,
but was fastest to train. In most cases there are no good reasons for absolute margin
machines.
The results have an interesting interpretation in the unified view presented in Section 2. Differences between self, relative and absolute machine machines were much more
pronounced than differences between aggregation operators. Relying only on the single
self-margin component (MMR) is computationally attractive but results in rather poor
prediction accuracy. Relative margins give strong machines. Consistent absolute margin
machines with sum-aggregation are a viable alternative in sufficiently high-dimensional feature spaces, although they are usually costly to train.
It is questionable whether a connection between asymptotic consistency and practical
performance exists. This is partially observable in sum-aggregation absolute margin machines performing well only in high-dimensional feature spaces. However, this condition
does not seem to be necessary, since the other absolute margin machines show the same
trend and also the inconsistent CS machine performs well, except for the noisy circle problem (see Section 3.3). Overall, prediction performance seems to be more closely related to
the applied margin concept than to uniform consistency.
Based on our empirical findings, we can recommend relative margin machines for almost
all applications. We prefer the WW machine over the CS approach for its slightly more
stable performance and its theoretical properties (consistency of WW with Gaussian kernel,
see Theorem 8, and breakdown of CS on the noisy circle problem).

5. Conclusion
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This article provides a novel unified view on multi-class SVMs, showing that the various
approaches are not as different as they seem. All popular algorithms reduce to the standard
SVM for binary classification problems, however, they differ along several dimensions when
applied to more than two classes. The machines can be formulated based on a vectorvalued decision function with as many components as classes. We have highlighted margin
concepts, named relative and absolute margins (including the self-margin component), that
describe whether the components of the decision function are optimized relative to each
other or not. Independent of the margin concept, the machines can employ either sum- or
maximum-based aggregation operators for combining margin violations into a scalar loss. A
further distinction can be made based on whether a machine fulfills (or even enforces) that
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its performance can be so poor that even sub-sampling the data in combination with WW
or OVA may be a better approach.
With universal kernels and in general in extremely high-dimensional feature spaces the
LLW and RM machines with their classification calibrated losses are usually on par with
WW and CS and thus promising candidates. However, training may be infeasible for large
data sets, for its more than ten times longer training times compared to WW and CS.

the components of the decision function sum to zero or not. All machines can be formulated
with and without bias term (i.e., for linear and affine hypotheses in feature space), and we
derived a unified formulation of the corresponding dual optimization problems in terms of
margin concepts and aggregation operators.
Our unifying view pointed at three combinations of these features that had not been
investigated. These missing machines were derived and evaluated. The new classifiers,
named AMO-, ATS- and ATM-SVM, all use the absolute margin concept but consider
different aggregates of the margin violations. The ATS machine, which can be viewed as
one-vs-all classification with imposed sum-to-zero constraint and is closely related to RM
SVMs, turns out to be Fisher consistent.
The LLW, RM, and ATS SVMs rely on a classification calibrated loss function. However,
we have shown that a non-classification calibrated training loss function does not need to be
a principal problem for an SVM, since the overall regularized empirical risk minimizer can
still be consistent. This is the case for the maximum margin regression (MMR), one-vs-all
(OVA), and Weston & Watkins (WW) machines. One may argue that for large enough
amounts of data one should prefer consistent models over inconsistent large margins. It
is provably impossible to “repair” the inconsistency of the Crammer & Singer (CS) multiclass SVM, AMO and ATM losses by means of SVM-style regularization.8 The MMR and
WW machines, and even the OVA scheme (lacking the sum-to-zero property), turn out
to be consistent classifiers when regularized properly. We argue that these results are best
understood in the context of our unified view. All inconsistent machines apply the maximum
operator for aggregation, while none of the consistent machines relies on this operator. Thus,
our results hint at a fundamental difference between the sum and maximum aggregation
operators.
Our unified learning problems lend themselves to efficient optimization algorithms.
These allowed us to perform a thorough empirical comparison of the various multi-class
SVMs and to draw conclusions about training times and generalization performance. We
considered the LLW and RM machines in our experiments, which are typically omitted in
comparison studies for training time reasons (e.g., Ding and Dubchak, 2001; Rifkin and
Klautau, 2004; Statnikov et al., 2005), and we could perform proper model selection. We
compared nine different multi-class SVM with Gaussian and linear kernel on a large collection of benchmark problems. The unified view enables a meaningful interpretation of
the results by relating them to margin concepts and aggregation operators. We find that
relative margin machines are superior for the linear kernel, and that sum-based aggregation generally outperforms the maximum approach. Our empirical and theoretical results
support the following recommendations:
The standard all-in-one multi-class WW SVM should be used as the default since it
gives robust performance at moderate training times. It can be trained at least as fast as
the popular CS SVM while giving at least as good generalization results and having nicer
theoretical properties (which can matter in practice as shown on artificial test problems
and when using a linear kernel). The simplistic OVA method can be a viable alternative;
it delivers slightly worse results on average while being a little faster to train. If training
time is a major concern then the MMR machine may seem like the best option. However,
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than not this effect does not seem to be dominant.
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∗. An earlier version of this paper was presented at the International conference on Autonomous Agents and MultiAgent Systems (Abdallah and Kaisers, 2013).

Q-Learning (Watkins and Dayan, 1992), QL, is one of the most widely-used and widely-studied
learning algorithms due to its ease of implementation, intuitiveness, and effectiveness over a widerange of problems (Sutton and Barto, 1999). Although QL was originally designed for single-agent
domains, it has also been used in multi-agent settings with reasonable success (Claus and Boutilier,
1998). In addition, several gradient-based learning algorithms, which were invented specifically for
multi-agent interactions, rely on Q-learning as an internal component to estimate the values of different actions (Abdallah and Lesser, 2008; Bowling, 2005; Zhang and Lesser, 2010). In this paper,
we propose a novel algorithm that addresses important limitations of the Q-learning algorithm while
retaining Q-learning’s attractive simplicity. We show that our algorithm outperforms Q-learning and
closely related state-of-the-art algorithms in several noisy and non-stationary environments.

1. Introduction

Q-learning (QL) is a popular reinforcement learning algorithm that is guaranteed to converge to optimal policies in Markov decision processes. However, QL exhibits an artifact: in expectation, the
effective rate of updating the value of an action depends on the probability of choosing that action.
In other words, there is a tight coupling between the learning dynamics and underlying execution
policy. This coupling can cause performance degradation in noisy non-stationary environments.
Here, we introduce Repeated Update Q-learning (RUQL), a learning algorithm that resolves
the undesirable artifact of Q-learning while maintaining simplicity. We analyze the similarities
and differences between RUQL, QL, and the closest state-of-the-art algorithms theoretically. Our
analysis shows that RUQL maintains the convergence guarantee of QL in stationary environments,
while relaxing the coupling between the execution policy and the learning dynamics. Experimental
results confirm the theoretical insights and show how RUQL outperforms both QL and the closest
state-of-the-art algorithms in noisy non-stationary environments.
Keywords: reinforcement learning, Q-learning, multi-agent learning, non-stationary environments
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1. In practice, QL-ideal-update may lead to horrible performance (since we are executing suboptimal actions every time
step) and may be even impossible to achieve (in multi-state domains executing an action would change the state), but
hypothetically QL-ideal-update would lead to ideal estimates of the action values (Q).
2. More specifically, QL-ideal-update was run for 1000 time steps. Then QL with each of the various execution policies
was run for 1000 time steps. Then the squared error of Q-values were averaged over all actions, the root computed,
and then averaged again over all time steps.

The main problem that our algorithm addresses is what we refer to as the policy-bias of the
action value update. The policy-bias problem appears in Q-learning because the value of an action
is only updated when the action is executed. Consequently, the effective rate of updating an action
value directly depends on the probability of choosing the action for execution. If, hypothetically,
the reward information for all actions (at every state) were available at every time step, then the
update rule could be applied to all actions and the policy-bias would disappear. Let us refer to this
hypothetical update as the QL-ideal-update.1
It is important to note that the policy-bias problem is different from the exploration-exploitation
problem. To solve the exploration-exploitation problem, researchers optimize the execution policy
in order to balance exploration vs. exploitation. However, the policy-bias refers to the dependency
of the rate of updating an action’s value on the probability of selecting the corresponding action; this
dependency is not resolved by changing the policy. As previous research showed, the policy bias
may cause a temporary decrease in the probability of choosing optimal actions with higher expected
payoffs (Leslie and Collins, 2005; Kaisers and Tuyls, 2010; Wunder et al., 2010). This effect can
be more severe, as we show later, in noisy non-stationary environments where the environment
dynamics change over time.
Figure 1 illustrates the policy-bias problem using a very simple multi-armed-bandit domain.
The domain is stateless with only two actions, one giving the reward of -1 and the other giving
the reward of 1. For simplicity, let us assume the best value for the learning rate α, is 0.01 (as
we highlight in our experiments later, the best value of the learning rate depends on how noisy
the specific domain is). To measure the deviation between a learning algorithm and the QL-idealupdate, we use RMSE: the root mean square error of the Q values (for all actions) compared to the
Q values of the QL-ideal-update over 1000 time steps. Figure 1 plots the RMSE of QL for different
learning rates and over different execution policies (the probability of choosing the first action),
which is fixed throughout the 1000 time steps.2 We can observe from the figure that the RMSE of
QL is minimal when the probability of choosing both actions are equal (pure exploration). However,
as the execution policy deviates from the uniform distribution (toward exploitation), the RMSE of
QL grows rapidly. It is also important to note that higher learning rate (α) will not lower the RMSE
of QL across different execution policies. The RMSE of our proposed algorithm, RUQL, is lower
across the different execution policies. In other words, even though our algorithm RUQL, similar to
QL, updates only the selected action, the dynamics of learning are very similar to QL-ideal-update
and therefore the Q values are close to the ideal values (as if all the actions are updated at every time
step).
The algorithm we propose here addresses the policy bias problem. The main idea of the Repeated Update Q-learning (RUQL) is to repeat the update of an action inversely proportional to the
probability of choosing that action. For example, if an action is to be chosen for execution only 10%
of the time, then the update of that action (when finally chosen) shall be repeated 1/0.1 or 10 times.
Consequently, every action will, in expectation, be updated an equal number of times. RUQL can
be approximated by a closed-form expression that removes the need to actually repeat the updates,
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The following section presents the required background concepts covering Q-learning and related
algorithms. We then introduce the algorithm RUQL, followed by theoretical and experimental analysis. Finally, a summary and a discussion of the contributions conclude the article.

• An extensive experimental study that confirms the theoretical analysis and compares the performance of RUQL to QL, FAQL, and two other learning algorithms.

• Theoretical analysis that shows the similarities and differences between RUQL and the closelyrelated state-of-the-art algorithm, FAQL (Kaisers and Tuyls, 2010).

• Theoretical analysis that shows how RUQL maintains the convergence guarantee of QL (in
stationary environments, and for tabular Q values), while having learning dynamics that are
better suited for non-stationary environments.

• A mathematical derivation of a closed form of RUQL that makes the RUQL algorithm computationally feasible.

• A new reinforcement learning algorithm, RUQL, which builds on the Q-learning algorithm
but does not suffer from the policy-bias problem.

as shown in Section 3. We show both theoretically and experimentally that the dynamics of RUQL
approximate the dynamics of QL-ideal-update (as if all the actions were updated every time step).
More importantly, RUQL outperforms both QL and the closest state-of-the-art, FAQL (Kaisers and
Tuyls, 2010), in noisy non-stationary settings.
In summary, the main contributions of this paper are:

Figure 1: RMSE of QL for different values of α, and RUQL plotted against the probability of choosing the
first action π(1). RUQL, approximated as in Theorem 1, has the lowest RMSE across different
policies.

RMSE

2. Background
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a

The Q-learning algorithm (Watkins and Dayan, 1992) is a model-free3 reinforcement learning algorithm that is guaranteed to find the optimal policy for a given Markov Decision Process (MDP).
An MDP is defined by the tuple hS, A, P, Ri, where S is the set of states representing the system
and A(s) is the set of actions available to the agent at a given state s. The function P (s, a, s0 )
is the transition probability function and quantifies the probability of reaching state s0 after executing action a at state s. Finally the reward function, R(s, a, s0 ), gives the average reward an
agent acquires if the agent executes action a at state s and reaches state s0 . The goal is then to
find the optimal policy π ∗ (s, a) which gives the probability of choosing every action a at every
state s in order toPmaximize the expected total discounted rewards. In other words, π ∗ (s, a) =
arg maxπ(s,a) E{ t γ t rt |st=0 = s, at=0 = a}, where the parameter γ denotes the discount factor
that controls the relative valueP
of future rewards. To solve the model, the action value function, Q, is
introduced where Q(s, a) = s0 P (s, a, s0 ) (R(s, a, s0 ) + γ maxa0 Q(s0 , a0 )). The Q function represents the expected total discounted reward if the agent starts at state s, executes action a, and then
follows the optimal policy thereafter. Intuitively, the function Qt (s, a) represents what the agent
believes, at time t, to be the worth of action a at state s. The optimal policy can then be defined
as π ∗ (s) = arg maxa Q(s, a). The Q-learning algorithm incrementally improves the action-value
function Q using the update equation


Qt+1 (s, a) ← Qt (s, a) + α r + γ max
Qt (s0 , a0 ) − Qt (s, a) .
(1)
0

The parameter α is called the learning rate and controls the speed of learning. The variables r
and s0 refer to the immediate reward and the next state, both of which are observed after executing
action a at state s. Algorithm 1 illustrates how the Q-learning update equation is typically used in
combination with an exploration strategy that generates a policy from the Q-values.

begin
Initialize function Q arbitrarily.
Observe the current state s.
repeat
Compute the policy π(s, a) from Q(s, a), balancing exploration and exploitation.
Choose an action a according to agent policy π(s, a).
Execute action a and observe the resulting reward r and the next state s0 .
Update Q(s, a) using Equation 1.
Set s ← s0 .
until done
end

Algorithm 1: Q-learning Algorithm
1
2
3
4
6

5
7
8
9
10
11

The agent needs to choose the next action considering that its current Q-values may still be
erroneous. The belief of an action to be inferior may be based on a crude estimate, and there may
be a chance that updating that estimate reveals the action’s superiority. Therefore, the function Qt
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3. Q-learning does not require knowing the underlying stochastic reward or transition function of the MDP model.

4

Qt (s,a0 )
τ

,

(2)

5
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4. A greedy policy can be formally defined as π t (s, a) = 1 iff a = arg maxa0 Qt (s, a0 ) and π t (s, a) = 0 otherwise.

Thus, FAQL scales the learning rate for an action a to be inversely proportional to the probability
of choosing action a at a given state. This simple modification to the Q-learning update rule suffers
from a practical concern: the update rate becomes unbounded (approaches ∞) as π(s, a) approaches
zero. Therefore, a safe-guard condition has to be added in practice (Kaisers and Tuyls, 2010)


β
Qt+1 (s, a) ← Qt (s, a) + min(1,
)α r + γ max
Qt (s0 , a0 ) − Qt (s, a) .
(3)
0
a
π(s, a)

where the tunable parameter τ is called the temperature.
We use Boltzmann exploration in our experiments, but with an additional parameter πmin , which
defines a threshold below which the probability of choosing an action can not fall. In a sense, this
combines the nice continuity of the Boltzmann exploration with the exploration guarantee of greedy exploration. This is implemented using a projection function (Zinkevich, 2003; Abdallah
and Lesser, 2008), which projects the policy to the closest valid policy with minimum exploration.
Regardless of the exploration strategy, the agent needs to gain information about the value of
each action at every state in order to become more certain over time that the action with the highest
estimate truly is the optimal action. However, an agent can only execute one action at a time and
the agent only receives feedback (reward) for the action that was actually executed. As a result,
in Q-learning, the rate of updating an action relies on the probability of choosing that action. The
theoretical comparison of updating one vs. all actions at each time step reveals that Q-learning
counter-intuitively decreases the probability of optimal actions under some circumstances, which
leads to drawbacks in non-stationary environments (Kaisers and Tuyls, 2010; Wunder et al., 2010).
Scaling the learning rate inversely proportional to the policy has been proposed to overcome
this limitation, thereby approximating the simultaneous updating of all actions every time a state
is visited. This concept has been initially studied to modify fictitious play (Fudenberg and Levine,
1998), and inspired two equivalent modifications of Q-learning named Individual Q-learning (Leslie
and Collins, 2005) and Frequency Adjusted Q-learning (FAQL) (Kaisers and Tuyls, 2010). FAQL
used the modified Q-learning update rule


1
Qt+1 (s, a) ← Qt (s, a) +
α r + γ max
Qt (s0 , a0 ) − Qt (s, a) .
a0
π(s, a)

e

Qt (s,a)
τ

a0

π (s, a) = P

e

begin
Initialize function Q arbitrarily.
Observe the current state s.
for each time step do
Compute the policy π using Q.
Choose an action a according to agent policy π.
Execute action a and observe the resulting reward r and the next state s0 .
1
for i : 1 ≤ i ≤ b π(s,a)
c do
Update Q(s, a) using Equation 1.
end
Set s ← s0 .
end
end

6
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5. In our experiments we take the effective learning rate into account when comparing FAQL to our algorithm RUQL,
√
setting αF AQL = βF AQL = αRU QL .

This simple modification to the QL algorithm addresses the policy-bias, but it has two limita1
tions: (1) The repetition only works with π(s,a)
an integer, and (2) as π(s, a) gets lower, the number
of repetitions increases and quickly becomes unbounded as π(s, a) approaches zero. Unlike FAQL,
here the computation time (not the value of the update) is what becomes unbounded as π(s, a) approaches zero. In the remainder of this section we will derive a closed-form expression for the

13
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10

9

8

7

6

5

4

3

2

1

Algorithm 2: RUQL (Impractical Implementation)

Our proposed algorithm is based on a simple intuitive idea. If an action is chosen with low probability π(s, a) then instead of updating the corresponding action value Q(s, a) once, we repeat the
1
update π(s,a)
times. Algorithm 2 shows the naive implementation of this idea. Line 8 is the only
difference between Algorithm 2 and Algorithm 1.

3. Repeated-Update Q-learning, RUQL

where β is a tuning parameter that safeguards against the cases where π(s, a) is close to zero. The
resulting algorithm is similar to Algorithm 1 but with Line 8 modified to use Equation 3 instead of
Equation 1.
While introducing parameter β does make FAQL applicable in practical domains, the introduction of β also results in two undesirable properties. The first undesirable property is reducing
the effective learning rate (instead of α it is now αβ) and therefore reducing the responsiveness of
FAQL.5 The second and more important undesirable property is what we refer to as the β-limitation:
Once the probability of choosing an action, π(s, a), goes below β, FAQL behaves identical to the
original QL. In other words, FAQL suffers from the same policy-bias problem when the probability
of choosing an action becomes lower than β. This is problematic because the lower the probability of choosing an action, the more important it is to adjust the learning rate (to account for the
infrequency of choosing that action). Our proposed algorithm RUQL does not suffer from these
limitations and we show in the experiments how this can improve performance in noisy and nonstationary settings.

in itself does not dictate which action an agent should choose in a given state (Step 5 in Algorithm
1). The policy π(s, a) of an agent is a function that specifies the probability of choosing action a at
state s. A greedy policy that only selects the action with the highest estimated expected value4 can
result in an arbitrarily bad policy, because if the optimal action initially has a low value of Q it might
never be explored. To avoid such premature convergence on suboptimal actions, several definitions
of π have been proposed that ensure all actions (including actions that may appear sub-optimal)
are selected with non-zero probability. These definitions of π are often called exploration strategies
(Sutton and Barto, 1999). The two most common exploration strategies are -greedy exploration and
Boltzmann exploration. The -greedy exploration simply chooses a random action with probability
 and otherwise (with probability 1-) chooses the action with the highest Q-value greedily. The
Boltzmann exploration strategy defines the policy π(s, a) as a function of Q-values and τ

t
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RUQL algorithm. The closed-form expression removes the need for actually repeating any update
and therefore makes RUQL computationally feasible.

1
b π(s,a)
c

,

Theorem 1 The RUQL update rule can be approximated with an error of O(α2 ) as an instance of
QL with learning rate (step size) z given by the equation
zπt (s,a) = 1 − [1 − α]

. After one iteration we have

where α is a constant, denoting the learning rate of the underlying QL update equation being
repeated.

π(s,a)

1
c
π(s,a)

a

Proof
For convenience, let Qi (s, a) refer to the intermediary value of the Q function after i iterations
of the loop in Steps 8-10 in Algorithm 2. Before starting the loop, we have Q0 (s, a) ← Qt (s, a),
i.e. before executing any iterations the value of Q(s, a) is set to the value of the previous time step
t. Upon finishing the loop we get Qt+1 (s, a) = Qb 1 c (s, a), or the new value of Q(s, a) at time
step t + 1. Let us now trace the computation of Qt+1 (s, a) = Qb

a

Q1 (s, a) = [1 − α]Q0 (s, a) + α[r + γ max
Q0 (s0 , a0 )].
0

a

The second iteration results in


Q2 (s, a) = [1 − α] [1 − α]Q0 (s, a) + α[r + γ max
Q0 (s0 , a0 )] + α[r + γ max
Q1 (s0 , a0 )]
0
0

(s, a) = [1 − α]

1
c
b π(s,a)

Q0 (s, a) +

a

a

= [1 − α]2 Q0 (s, a) + [1 − α]α[r + γ max
Q0 (s0 , a0 )] + α[r + γ max
Q1 (s0 , a0 )].
0
0

1
c
π(s,a)

1
Similarly, after b π(s,a)
c iterations

Qb

(s0 , a0 )].

a0

a

α[r + γ max
Q0 (s0 , a0 )] +
0

1
b π(s,a)
c−1

[1 − α]

α[r + γ max Q1 (s0 , a0 )] +

1
b π(s,a)
c−2

1
c−1
π(s,a)

[1 − α]
...

a

Qb
α[r + γ max
0

(4)

It is important to keep in mind that all the above repeated updates occur at the same time step. It
is also worth noting that the updates are monotonic (i.e., either increasing or decreasing) between t
and t + 1. In the following, the floor notation is dropped for notational convenience. There are four
cases that we need to consider (derivations are given in the Appendix):


1
Case 1, s0 6= s, or s0 = s and a 6= arg maxa0 Qt (s, a0 ) throughout the π(s,a)
iterations:
a

JMLR 17(46):1-31

h
i
1
1
Qt+1 (s, a) = [1 − α] π(s,a) Qt (s, a) + 1 − (1 − α) π(s,a) [r + γ max
Qt (s0 , a0 )]
0

7
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1
π(s,a)


Qt (s, a) −

Case 2, s0 = s and a = arg maxa0 Qt (s, a0 ) throughout the

1

Qt+1 (s, a) = [1 − α(1 − γ)] π(s,a)

−i>

a



+

iterations:

r
1−γ


max
Qt (s, a0 ) −
0

r
1−γ

r
1−γ

+

r
.
1−γ

(5)

Case 3, s0 = s and a 6= arg maxa0 Qt (s, a0 ) until iteration i> : Since the update is monotonic, iteration i> can be determined, at which Qi (s, a) becomes larger than maxa0 Qt (s, a0 ). Sub1
sequently, we can compute Qt+1 (s, a) by applying the remaining updates π(s,a)
− i> to the
value of maxa0 Qt (s, a0 ) according to Equation 5, since the updated action bears the maximum value for the remaining updates, i.e.,


1

Qt+1 (s, a) = [1 − α + αγ] π(s,a)

−i⊥

a

a

h
i
1
−i
max
Qt (s, a0 ) + 1 − (1 − α) π(s,a) ⊥ [r + γ max
Qt (s0 , a0 )].
0
0

Case 4, s0 = s and a = arg maxa0 Qt (s, a0 ) until iteration i⊥ : Similar to Case 3, let i⊥ be the
iteration at which Qi⊥ (s, a) drops below maxa0 Qt (s, a0 ). As a result, we can compute
1
− i⊥ to the value of maxa0 Qt (s, a0 )
Qt+1 (s, a) by applying the remaining updates π(s,a)
according to Equation 4, i.e.
1

Qt+1 (s, a) = [1 − α] π(s,a)

The computation time complexity of i> , i⊥ and the update rule of RUQ-Learning is O(1), a significant improvement over the naive implementation in Algorithm 2 with unbounded time complexity.
However, the four cases and the corresponding update equations are not as simple as the original
Q-learning update equation (Equation 1) or even the FAQL update equation (Equation 3). The
following derivation will elucidate the difference between Equation 4 and Equation 5 and show
that it is insignificant for small learning rates, such that solely Equation 4 can be used as an approximation in all cases. Consider the Taylor series expansion of both equations at α = 0, using
(1 − α)c = 1 − cα + O(α2 ). In Case 2, when Qt (s, a) = maxa0 Q(s, a0 ), Equation 4 becomes


α
α
Qt+1 (s, a) = 1 −
Qt (s, a) +
[r + γQt (s, a)] + O(α2 )
π(s, a)
π(s, a)


α(1 − γ)
α
1−
Qt (s, a) +
r + O(α2 ),
π(s, a)
π(s, a)
=

while Equation 5 becomes



α(1 − γ)
r
r
Qt+1 (s, a) = 1 −
Qt (s, a) −
+
+ O(α2 )
π(s, a)
1−γ
1−γ


α(1 − γ)
α
1−
Qt (s, a) +
r + O(α2 ).
π(s, a)
π(s, a)
=

JMLR 17(46):1-31

In brief, Case 1 requires to apply Equation 4 anyway, and other cases only require to change to
Equation 5 if Qt (s, a) = maxa0 Q(s, a0 ). However, given Qt (s, a) = maxa0 Q(s, a0 ) the lines
above show that the difference between the equations is O(α2 ), and hence negligible for small α,

8

0

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
Probability of choosing first action

1

π t (s, a)

1


(−αt ) + O(αt2 ) =

JMLR 17(46):1-31

αt
− O(αt2 ).
π t (s, a)

10
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1
zπt = 1 − [1 − αt ] πt (s,a) = 1 − 1 +

9

t

6. In the case of a multi-agent system, this feedback loop is affected by other agents (because other agents affect the
individually learned policy).

Using polynomial expansion of z

Algorithm 2 uses the floor notation, since fractional repetitions are not possible. However, the
1
approximation alleviates this limitation, hence we adopt zπt (s,a) = 1 − [1 − α] π(s,a) without flooring
for both our experimental and theoretical analyses. The continuous and smooth definition of zπ will
simplify the theoretical analysis we conduct later. More importantly, such smooth definition will
handle fractions of 1/π more accurately. To illustrate this point we recall here the simple domain
we used in the introduction section. The RUQL update equation is trying to imitate the QL update
equation if (hypothetically) the agent can execute and update every action at every time step, or
what we referred to as QL-ideal-update in the introduction. Figure 2 plots the RMSE of QL, FAQL,
RUQL (exact) and RUQL (approximate) when compared to QL-ideal-update and using the same
settings of the multi-armed bandit problem we explained in the introduction section.
It is clear from the figure that RUQL (approximate) has the lowest RMSE across different values
of π(1). In other words, independent of the underlying execution (exploration) strategy, RUQL
results in action values that are the closest to the QL-ideal-update. Furthermore, as π(1) goes
beyond β in either direction the β limitation hits FAQL. Another interesting observation is that
the RMSE of RUQL (exact) is higher than the RMSE of RUQL (approximate). The reason is the

mentation of RUQL as an instance of QL with substitute learning rate zπt (s,a) = 1−[1−α] πt (s,a) .

1

This equation can then replace Lines 8-10 in Algorithm 2 to produce a simple and efficient imple-

a

since higher order terms become insignificant. Therefore, Equation 4 can be applied in all four
cases. In other words, RUQL can be approximated by
h
i
1
1
Qt+1 (s, a) = [1 − α] π(s,a) Qt (s, a) + 1 − (1 − α) π(s,a) [r + γ max
Qt (s0 , a0 )].
0

choosing the first action π(1). RUQL, approximated as in Theorem 1, has the lowest RMSE
across different policies.
√ The learning parameters are set as follows: α = 0.01 for QL and RUQL
and αF AQL = β = α = 0.1.

1

rate zπt (s,a) = 1 − [1 − α] πt (s,a) . However, while (traditionally) the learning rate of Q-learning, α,
is independent of the policy, the effective learning rate of RUQL, z, is a function of the policy at the
particular state s and action a at the given time t. For example, a common definition of the learning
1
rate α(s, a, t) = visits(s,a,t)
, where visits(s, a, t) is the number of times the learning agent visited
state s and executed action a until time t. This is different from RUQL where the effective learning
rate z includes the policy. The inclusion of the policy in z creates a feedback loop: the effective
learning rate affects the learning which affects the policy which affects the effective learning rate.6
As we show later in the experimental analysis, this results in significantly different learning dynamics (between RUQL and traditional QL) in non-stationary environments. In particular, we show that
increasing the learning rate α even by 100 folds does not change the dynamics of QL significantly.
On the other hand, using RUQL results in significantly different dynamics.
The dependence of the effective learning rate on the policy raises concerns of whether the convergence of Q-learning in stationary environments still holds for RUQL. We revisit here the main
conditions for Q-learning convergence (Sutton and Barto, 1999), and consider whether the conditions still hold for RUQL and under what assumptions. For the original Q-learning
P two conditions
the learning rate need to be satisfied for convergence in MDPs: t αt = ∞ and
P concerning
2
t (αt ) < ∞. The second condition requires that the learning rate decays over time, while the
first condition ensures that such decay is slow enough to allow the agent to learn the optimal Q
values. One possible definition of α that satisfies both conditions is αt = 1t .
Extending the twoP
conditions to RUQL, we substitute z for αt in the learning rate conditions to
P
get t zπt = ∞ and t zπ2 t < ∞. Expanding the first condition yields

X
1
1 − [1 − αt ] πt (s,a) = ∞.

As stated by Theorem 1, RUQL can be approximated as an instance of QL with an effective learning

4.1 RUQL and QL

This section analyzes RUQ-Learning by comparing it with two closely-related algorithms: the original Q-learning and FAQL, the closest state of the art.

0.1

inability of RUQL (exact) to handle partial iterations (i.e. if the ratio π1 is not an integer). This
is also why the performance of RUQL (exact) is best when π(1) = 0.02, 0.1, 0.5, 0.9, and 0.98
(with an almost perfect match with RUQL-approximate) in a clear verification of the validity of our
approximation. At these points the boost in the learning rate that is given to the less probable action
(with probability 0.02,0.1, and 0.5) is based on π1 which is an integer in these cases. The further
the probabilities are from these values, the further the RMSE of RUQL-exact from the RMSE of
RUQL-approximate.

4. Theoretical Analysis

0
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FAQL
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RUQL
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Figure 2: RMSE of QL, FAQL, RUQL (exact) and RUQL (approximate) plotted against the probability of

RMSE
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αt

Subsequently, omitting the higher order terms7 denoted by O(αt2 ) and substituting in the first condition leads to

1
= ∞.
π t (s, a)
X

t

1

zπt (s,a)

12

αRU QL
2
+ O(αRU
QL ).
π(s, a)

JMLR 17(46):1-31

Several modifications and extensions to Q-learning were proposed, such as individual Q-learning
(Leslie and Collins, 2005), the CoLF and CK heuristics (de Cote et al., 2006), and the utility-based
Q-learning (Moriyama et al., 2011). Some of the proposed extensions aimed at improving the performance of Q-learning in specific domains (such as promoting cooperation in public good games
(de Cote et al., 2006; Moriyama et al., 2011)), rather than addressing the policy-bias limitation of
Q-learning. There also have been some works on modifying the learning rate α to speed up convergence (George and Powell, 2006; Dabney and Barto, 2012; Mahmood et al., 2012). Most of
the proposed approaches defined different decaying functions for the learning rate (for example, as
a function of time or the number of visits to a state) that are independent of the underlying policy (George and Powell, 2006). More recent approaches proposed more sophisticated methods for

5. Related Work

For β · αF AQL = αRU QL the two algorithms yield equal updates if π(s, a) ≥ β. However, when
α
αRU QL
π(s, a) < β the learning rates differ by RUβ QL − π(s,a)
, which is due to the β limitation of FAQL
as we mentioned before.

dFAQL,RUQL
αRU QL
β
= wπt (s,a) − zπt (s,a) = min(1,
)αF AQL −
.
et (s, a)
π(s, a)
π(s, a)

Otherwise, the difference in updates can be rewritten for small learning rates αRU QL as

t
t
∆QFAQL
(s, a) = ∆QRUQL
(s, a) = 0.

If et (s, a) = 0, then both algorithms keep the Q-values unchanged, i.e.,

=



αRU QL
2
+ O(αRU
=1− 1−
QL )
π(s, a)
αRU QL
2
+ O(αRU
QL ).
π(s, a)

Therefore, the learning rate of RUQL can be simplified to.

[1 − αRU QL ] π(s,a) = 1 −

rate. Further working out the Taylor expansion at α = 0 of the term (1−αRU QL ) π(s,a) from RUQL’s
update equation yields

1

effective learning rate, and zπt (s,a) = 1 − [1 − αRU QL ] πt (s,a) represents RUQL’s effective learning

1

probability of choosing actions are larger than β, otherwise FAQL learning dynamics deviate from
RUQL learning dynamics. This can be shown through the following arguments.
t
Let ∆Qalgorithm
(s, a) = Qt+1 (s, a)−Qt (s, a) denote the update step for each of the algorithms
FAQL and RUQL. Then the difference between the updates of FAQL and RUQL is dFAQL,RUQL =
∆Qt
(s, a) − ∆Qt
(s, a) = (w t
−z t
)et (s, a), where the Q-value error is denoted
π
(s,a)
FAQL
RUQL

 π (s,a)
β
)αF AQL represents FAQL’s
by et (s, a) = r + γQt (s0 , amax ) − Qt (s, a) , wπt (s,a) = min(1, π(s,a)

It is worth noting that π t (s, a) is bound away from zero since the sequence of updates proceeds over
solely those actions
that are selected with positive probability. This implies that for any sequence
P
αt for which t αt = ∞, the first condition also holds for the effective learning rate zπ of RUQL,
since each summand is at least as large as before. We now move to the second condition:
2
X
1
1 − [1 − αt ] πt (s,a)
< ∞.

t

Again using the polynomial expansion yields
2
X
1
< ∞.
αt t
π (s, a)
t

Here we observe a clear distinction between RUQL and the original QL. Unlike the original Qlearning, we need to impose restrictions on the policy to ensure the above condition. Let us denote
the minimum probability of choosing an action at a given time with t = mins,a π t (s, a) (which
reflects the exploration rate). We then need to ensure that

X h αt i 2
< ∞.
t

t

To clarify how the above conditions can be used, consider the following example. Suppose we are
using -greedy exploration strategy and αt = 1t , then one possible exploration rate that satisfies the
second condition is t = lg1 t .8 Similarly, we can ensure minimum exploration using Boltzmann
exploration through updating the temperature τ using the learned action values (Achbany et al.,
2008).
It is worth noting that in practice, and particularly in non-stationary environments, the exploration rate parameter (which is  in -greedy and τ in Boltzmann) is usually held to small constant
values. In such cases, the second condition is trivially satisfied,9 which means RUQL is guaranteed to converge to the optimal Q values. Our experiments confirm that RUQL works well in these
environments.
4.2 RUQL and FAQL
Both RUQL and FAQL provide an algorithmic implementation to address the policy-bias of Qlearning. The two algorithms resolve this problem in different ways: FAQL normalizes the learning
rate of the Q-learning update while RUQL repeats the Q-learning update rule. Despite their difference in implementation, RUQL learning dynamics are similar to FAQL learning dynamics when the
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7. Omitting O(αt2 ) is justified because αt is assumed to decay over time to establish convergence in stationary environments, and for small αt the first order term dominates diminishing higher order terms.
P  2
8. The series t lgt t is convergent using the Cauchy condensation test.
9. For constant exploration rates, t is bound away from zero and can be replaced by a constant that represents the
minimum positive value it assumes. RUQL thus satisfies the condition for the same αt as QL.

11

An interesting recent variation of Q-learning is Double Q-learning (DQL) (Hasselt, 2010). DQL
attempts to address how Q-learning may overestimate action values due to the max operator in the
Q-learning equation. DQL counters overestimation of action values by maintaining two separate
action values estimates, QA and QB , for each state-action pair. Whenever an action value is to
be updated, either QA or QB is chosen uniformly at random to be updated. The update is done
14

13
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The remainder of this section explains the two algorithms DynaQ and Double Q in more detail. These algorithms are more relevant to RUQL and serve as a benchmark comparison in our
experiments.

adapting the learning rate based on the error (Dabney and Barto, 2012; Mahmood et al., 2012).
None of the proposed approaches addressed the policy-bias problem.
Some learning algorithms specifically targeted non-stationary environments (da Silva et al.,
2006; Noda, 2010; Kaisers and Tuyls, 2010). One technique devised a mechanism for updating
the learning rate based on gradient descent (to minimize error) (Noda, 2010). Aside from being
more complex than our simple update equation, the approach could only handle stateless domains.
The RL-Context-Detection (RL-CD) algorithm (da Silva et al., 2006) was model-based and assumed
finite set of stationary contexts that the environment switches among. For each stationary context a
model was learned. This can be contrasted to our approach, which is model-free and tracks the nonstationarity of the environment without assuming a finite set of contexts. This is important when the
non-stationarity is a result of an adaptive opponent (with potentially infinite contexts). The more
recently proposed Frequency Adjusted Q-Learning (Kaisers and Tuyls, 2010) aimed to address the
policy-bias limitation of Q-learning, but as we have shown, FAQL suffers from the β-limitation.
Q-learning was originally designed for single-agent environment, but yet performed adequately
in multi-agent environments. HyperQ-learning was proposed as an extension to Q-learning in order
to support multi-agent contexts (Tesauro, 2004). Unlike our approach, HyperQ attempts to learn
the opponents’ strategies without adapting the learning rate. We believe it is possible to integrate
RUQL with HyperQ, but it is beyond the scope of this paper and remains an interesting future
direction. Studying the dynamics of learning algorithms in multi-agent contexts has been an active area of research (Abdallah and Lesser, 2008; Babes et al., 2008; Bowling and Veloso, 2002;
Claus and Boutilier, 1998; de Cote et al., 2006; Eduardo and Kowalczyk, 2009; Lazaric et al., 2007;
Leslie and Collins, 2005; Moriyama, 2009; Tuyls et al., 2006; Vrancx et al., 2008; Wunder et al.,
2010; Galstyan, 2013). The dynamics of Q-learning with Boltzmann exploration received attention
earlier due to the continuous nature of the Boltzmann exploration. One of the earliest analyses of
Q-learning assumed agents keep record of previous interactions and used Boltzmann exploration
strategies (Sandholm and Crites, 1996). More recent analysis of Q-learning with Boltzmann exploration used evolutionary (replicator) dynamics (Kaisers and Tuyls, 2010; Lazaric et al., 2007; Tuyls
et al., 2006). Similarly, Q-learning with -greedy exploration has been analyzed theoretically in
stateless games (Eduardo and Kowalczyk, 2009; Wunder et al., 2010).
Another relevant and somewhat recent area of research is adversarial MDPs, where an oblivious
adversary may choose a new reward function (and possibly the transition probability function as
well) at each time step (Yu et al., 2009; Abbasi et al., 2013; Neu et al., 2010). A central assumption
in that work is that the agent observes the full reward function (not only the current reward sample),
and possibly the transition probability function once a change in the environment occurred. Furthermore, some of the approaches could not handle deterministic environments, as a mixed policy
is assumed (Abbasi et al., 2013). Our approach (similar to Q-learning) does not make such strong
assumptions.
Aside from Q-learning and its variations and extensions, several reinforcement learning algorithms have been proposed to optimize the exploration and achieve more efficient learning (Strehl
et al., 2009; Jaksch et al., 2010). Aside from being more complex than Q-learning and RUQL, the
algorithms that optimize exploration do not address the policy-bias problem. We view such algorithms as complementary to RUQL, which reduces the coupling between the learning dynamics and
the underlying exploration strategy. Similar to the possible integration between RUQL and gradientbased multi-agent learning algorithms, RUQL can also be integrated with algorithms that optimize
the exploration strategy.
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begin
Initialize function Q arbitrarily and list L to empty.
Observe the current state s.
for each time step do
Compute the policy π using Q.
Choose an action a according to agent policy π.
Execute action a and observe the resulting reward r and the next state s0 .
Update Q using Equation 1 and the information hs, a, s0 , ri.
Add the experience tuple hs, a, s0 , ri to L
for i : 1 ≤ i ≤ k do
retrieve an experience tuple hs, a, s0 , ri uniformly at random from list L
Update Q using Equation 1 and the information hs, a, s0 , ri.
end
Set s ← s0 .
end
end

5.2 Double Q-Learning (DoubleQ)
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Algorithm 3: Dyna-Q

The Dyna-Q learning algorithm (Sutton, 1990) integrated the use of a model with the traditional
Q-learning update. In its simplest form (which was used in the original paper experiments, as well
as our experiments), Dyna-Q can be expressed as shown in Algorithm 3. Note that we intentionally
framed DynaQ in such a way that highlights the similarities and differences with RUQL. From the
algorithm, we note that similar to the original RUQL, DynaQ repeats the Q-learning update using
the learned model. However, there are crucial differences. DynaQ repeats the updates independent
of the underlying policy, in clear contrast to RUQL which repeats the update inversely proportional
to the policy. Also there is no closed form equation that approximates DynaQ, and therefore it can
be orders of magnitudes slower than QL (depending on the value of parameter k). Our intuition is
that DynaQ is equivalent to uniformly increasing the effective learning rate, but we are not aware of
any thorough theoretical analysis of DynaQ that established such connection (unlike our theoretical
analysis of RUQL, which highlighted how RUQL affects the effective learning rate).

5.1 Dyna-Q (DynaQ)

A BDALLAH AND K AISERS
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using the traditional QL update equation, Equation 1, with only one difference: the max operator is
applied to the action values of the other table. For example, suppose we chose QA is to be updated,
then we apply Equation 6 as follows:

t+1
t
t
t
QA
(s, a) ← QA
(s, a) + α r + γ QB
(s0 , a∗ ) − QA
(s, a) ,
(6)
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t (s0 , a0 ). In other words, for the next state s0 , the best action is determined
where a∗ = arg maxa0 QA
using the action value table to be updated. However, the value of the best action is determined
using the action value in the other table. It is important to note that DoubleQ is identical to QL in
stateless domains, where γ = 0. Therefore, the curve corresponding to DoubleQ in Figure 2 would
be identical to the QL curve (DoubleQ suffers from the same policy bias as QL, at least for stateless
domains).

6. Experimental Analysis
To ensure thorough evaluation of the RUQL algorithm, our analysis spans over several domains.
The first two domains focus on verifying the theoretical arguments that we have made in Section
4 using simple, single-state, and non-stationary domains. The first domain (Section 6.1) uses a
variation of the multi-armed-bandit problem to expose the effect of QL limitations in dynamic environments. The second domain (Section 6.2) aims at verifying the equivalence of RUQL and FAQL
for sufficiently small values of the learning rate α. The subsequent three domains evaluate RUQL
in multi-state, non-stationary, and noisy domains.
6.1 Multi-Armed Bandit With Switching Means

(

p0

,

−1
1−p0 ,
1

with probability 1 − p1 .

otherwise (with probability p0 ),

In order to tease out the differences between RUQL and FAQL, we propose a simple variation of the
multi-armed bandit (MAB) problem (Robbins, 1952). Consider the basic MAB problem: an agent
can choose between two actions. Each action i has a mean payoff µi ∈ {0, 1} with some random
noise. Since the agent is not aware which action is the best (with expected payoff of 1), the agent
needs to explore the two actions while learning the expected returns for each action.
We made two modifications to the traditional MAB problem. The first modification is switching
the value of µ for the two actions every D time steps. In other words, having D = 500 means that
from time 0 to time 499 µ0 = 0 and µ1 = 1 then from time 500 to time 999 µ0 = 1 and µ1 = 0
and so on. Allowing µ to switch models a non-stationary environment. The second modification
is, instead of the usual Gaussian noise, we use an asymmetric noise signal. Let r0 be the sample
reward of the action with mean payoff of 0, and r1 be the sample reward of the action with mean
payoff of 1. The sample rewards r0 and r1 are defined as
(
with probability 1 − p0 .
r0 =

r1 =

otherwise (with probability p1 ),

16
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10. Note that these values of α are for QL and RUQL. For FAQL, we used the square root of these α values for both
αF AQ and βF AQ , so that FAQL has an effective learning rate αF AQ · βF AQ = α.

probability) a payoff of -100, a payoff that is much lower than the expected payoff of the suboptimal action. This type of noise targets the policy bias weakness of Q-learning. Once the optimal
action receives such negative sample reward, and unless the learning rate is very small, the optimal
action will not be tried for a long time. However, if the learning rate is very small, then Q-learning
will respond poorly to changes in the environment. On the other hand, the value of p0 determines
how misleading the sub-optimal action can be. For example, with p0 = 0.01 the sub-optimal action
provides (with very low probability) a payoff of 100, which is much higher than the expected payoff
of the actual optimal action. This type of noise targets the weakness of the RUQL algorithm, which
gives a boost in the learning rate for infrequent actions.
The modified domain allows us to study two desired properties of learning algorithms: responding (quickly) to genuine change in the payoff mean of a particular action while resisting hasty
response to stochastic payoff samples. Our definition of noise also resembles realistic situations.
For example, the action of investing one’s own money in gambling resembles a sub optimal action
that has negative expected reward, while (very rarely) producing very high reward samples (very
low p0 ). Similarly, the action of investing money in stocks has positive expected reward with rare
significant losses. It is worth noting that several techniques were proposed specifically to solve the
non-stationary multi-armed bandit problem (Garivier and Moulines, 2011; Besbes et al., 2014). We
are using the multi-armed bandit problem as a simple domain to understand the benefits and limitations of our approach. Our evaluation, therefore, include domains other than the multi-armed bandit
problem (some of which are multi-state domains).
We conducted the experiments over a range of parameter values, including D ∈ {250, 500, ∞},
p0 , p1 ∈ {0, 0.003, 0.01, 0.03, 0.1}, τ ∈ {0.1, 0.3, 1}, α ∈ {0.001, 0.01, 0.1, 1},10 and γ = 0. For
each combination we collected the average payoff over 2000 consecutive time steps. The initial Q
values are individually initialized randomly to either 0 or 1. Finally, statistical significance of the
difference in the mean is computed over 100 independent simulation runs, using two-tail two-sample
t-tests, where the null hypothesis is rejected at p-value 0.05.
In the absence of noise (p0 = p1 = 0), the only reason for change in a sampled payoff is the
switch of µ. Therefore, setting α = 1 achieves the best performance across the three algorithms,
rendering all of them equivalent. Interestingly, increasing the value of p0 (while the value of p1
remains zero) does not cause the setting α = 1 to be inferior. The reason is to be found in the QL
policy bias. Increasing p0 means that the suboptimal action will produce exceptionally high reward
very rarely. With α = 1, QL will naively, and from only one sample, think that the suboptimal
action is the optimal one. As a result, QL will almost certainly choose the suboptimal action the
following time step, which will most likely result in a disappointment. Therefore, QL will almost
immediately correct its expectation. The same goes for RUQL and FAQL with α = 1.
Table 1 shows the results for p1 = 0.01 and p0 = 0.01, for different values of D and α.
For each algorithm, we report the best average payoff it achieved across the different values of
the exploration parameter τ . Bold entries confirm the statistical significance of the outperforming
algorithm(s). For example, if only RUQL is bold, then this means RUQL outperforms both QL
and FAQL with statistical significance. If both RUQL and FAQL are bold, then this means both
algorithms outperform QL with statistical significance but there is no statistical significance regarding the difference between FAQL and RUQL. Notice here the significant drop in performance for
high α. The drop is more severe for stationary environments, which may appear counter intuitive.
2
1−p1 ,
−1
p1 ,
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where both p0 and p1 are parameters for controlling noise. The first thing to note here is that the
expected payoffs remain 0 and 1, respectively. The value of p1 determines how misleading the
optimal action can be. For instance, with p1 = 0.01 the optimal action provides (with very low
15
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11. It is worth noting that for the majority of the cells, α = 0.01 and τ = 0.3 resulted in best performance for all three
algorithms.

JMLR 17(46):1-31

This section compares the (experimental) dynamics of Q-learning, FAQL, and RUQL in the Prisoner’s Dilemma game (PD). We are using the PD domain primarily for benchmarking, as it was

6.2 Prisoner’s Dilemma Game

Table 2 compares the performance of the three algorithms for different levels of noise (pi ) and
non-stationary environments (D). The performance reported for each algorithm is the maximum
over α and τ .11 We can observe here that for stationary environment, RUQL performs as well as QL,
with no statistical significance for the difference between the three algorithms. As the environment
becomes stationary and noisy, RUQL outperforms QL and FAQL with statistical significance for
several settings. Even for the cases where RUQL does not outperform QL (or FAQL), RUQL has
comparable performance with no-statistical significance of the difference.

sents the average payoff, maximized over α and τ .

Table 2: The mean payoff for the MAB-switch game, for different values of D, p0 and p1 . Each cell repre-
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Figure 3: Comparison of the accumulated payoff for the three algorithms in a sample run (with the same

Accumulated Payoff

To have a closer look at the learning dynamics, Figure 3 illustrates a sample run with α =
0.01, D = 500, p1 = p0 = 0.01 and τ = 0.3. The figure compares the accumulated payoff
for the three algorithms, using the same random seed (hence the synchronized noise). The three
algorithms quickly learn to select Action 1, with payoff given by r1 (hence the steady increase in
the accumulated payoff). The first sudden drop in the accumulated payoff (around Time 50) is due
to the noise defined by r1 . Notice slight gain of RUQL as a result of this noise. The reason is that the
sudden drop reduces the probability of choosing the optimal action. The reduction in the probability
results in subsequent small boost in the learning rate for RUQL (and FAQL), hence the quicker
recovery of both RUQL and FAQL against QL. Now consider Time 500, when the first switch of
the actions’ expected payoff occurs and now Action 1 generates payoff according to r0 . We can see
that both RUQL and FAQL initially continue to choose Action 1 (initial drop in the accumulated
payoff). The probability of choosing Action 0, which is now the optimal action, is very low. RUQL
quickly recovers while FAQL (due to the β-limitation) takes longer time to recover. This results in
a bigger gain for RUQL.

What happens here is that when the optimal action receives the rare negative reward, if α is high,
then the corresponding Q value becomes much smaller than the Q-value of the suboptimal action,
making it very unlikely that the optimal action will ever be tried. When the environment becomes
non-stationary, QL’s performance improves simply because the suboptimal action becomes optimal
after the switch. RUQL reduces the severity of policy bias, which results in better performance in
non-stationary cases (D = 500 and D = 250). It is important to note also that in the presence
of noise, and for non-stationary environments, α should neither be too small nor too large. In this
experiment, α = 0.01 resulted in the most robust performance.

of D and α. The reported value in each cell is the best value we obtained across the different
values of the exploration rate τ . The first observation is the significant drop in performance when
α increases beyond 0.01. The policy bias results in the optimal action being rarely tried after the
optimal action receives a big penalty. For stationary environments (D = ∞), RUQL’s performance
is comparable to QL with no statistically significant difference for α = 0.001. As alpha increases
to 0.01, the policy bias affects QL significantly, even in stationary environments. RUQL is affected
as well, but to a lesser degree. As alpha increases to 0.1 and above, the effect of noise becomes so
significant that all algorithms perform poorly. Furthermore, RUQL achieves superior performance
in non-stationary environments when D < ∞.

Table 1: The mean payoff for the MAB-switching game, with p0 = p1 = 0.01, and for different values

α
H
HH
D
∞: QL
RUQL
FAQL
500: QL
RUQL
FAQL
250: QL
RUQL
FAQL

HH

A DDRESSING N ON -S TATIONARITY BY R EPEATING U PDATES

∞

500

250
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c
3,3
5,0

d
0,5
1,1

used before in evaluating FAQL (Kaisers and Tuyls, 2010). Each agent is oblivious to the existence
of the other agent, therefore the domain can be viewed as a non-stationary environment from the
perspective of each individual agent. For all the three algorithms (QL, FAQL, RUQL) the temperature for Boltzmann exploration was set to τ = 0.1. The discount factor γ was set to 0. The learning
rate α was set at 10−6 for both Q-learning and RUQL, while for FAQL both α and β were set to
10−3 . Table 3 shows the payoff values for the PD game. The above setting was used before in the
literature (Kaisers and Tuyls, 2010) and we use the same setting here for comparability.
c
d
Table 3: The prisoner’s dilemma game with actions cooperate (c) and defect (d).
Figure 4 shows the dynamics of the three algorithms for three different initial value levels of
Q. The dynamics of Q-learning and FAQL are consistent with the results reported before (Kaisers
and Tuyls, 2010). It is worth noting that under pessimistic initial Q-values (centered around zero,
top row), Q-learning approaches the Pareto optimal joint action, and hence a strictly dominated
action, simply because it is initialized near this joint action, updates are self-reinforcing and low
initial values lead to extremely low exploration probabilities. Given infinite time, the algorithms
would converge to the Nash equilibrium, since the defection action would eventually catch up due
to its factual higher value against cooperation. In contrast, the dynamics of both FAQL and RUQL
show consistent behavior across different initializations, and they are very similar and close to the
dynamical system of the infinitesimal limit (approximating that all actions were updated at every
iteration), despite the conceptually different update equations. A plot of the infinitesimal limit is
omitted since it would be indistinguishable from FAQL and RUQL, but illustrations can be found in
related work (Kaisers and Tuyls, 2010).
To demonstrate that the effect of RUQL is not equivalent to simply scaling the learning rate of Qlearning, Figure 5 shows the behavior dynamics of Q-learning when increasing the learning rate up
to 100 times. As we can see, the general gross features of the dynamics remain the same. Increasing
the learning rate only increases the step size in policy space without changing the expected direction.
6.3 1-Row Domain

(

11
1−P ,
−1
P ,

with probability 1 − P
otherwise (with probability P ).

This section presents a simple multi-state domain to test RUQL’s multi-state performance. The
domain is depicted in Figure 6 [a]. There are 10 total states, which are organized in one row (hence
the name). There are two actions: left and right. The agent starts at a random state (which is not
goal) and uses the two actions to reach the goal state depicted by ’G’. Each step yields a reward of
−1, and the expected reward for reaching the goal is
rg =

JMLR 17(46):1-31

The domain is episodic. An episode starts from any random state that is not a terminal state. A
terminal state is either the goal, or the cell opposite from the goal. To study non-stationarity in the
19
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Figure 4: The learning dynamics of Q-learning (left), FAQL (middle), and RUQL (right) for the
PD game. Each figure plots the probability of defecting for Player 1 (x-axis) against the
probability of defecting for Player 2 (y-axis). The rows show the dynamics when the
initial Q-values are centered around 0, 2.5 and 5 (top, middle, bottom). For all figures,
the algorithms were allowed to run for 5 million time steps. The learning rate α was set
at 10−6 for both Q-learning and RUQL, while for FAQL both α and β were set to 10−3 .
RUQL has dynamics very similar to FAQL, while Q-learning has erratic dynamics due to
its policy bias.
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Figure 5: The learning dynamics of Q-learning for different values of the learning rate α: 0.000001
(left), 0.00001 (middle), and 0.0001 (right) for the PD game. Each figure plots the probability of defecting for Player 1 (x-axis) against the probability of defecting for Player
2 (y-axis). The top row shows the dynamics when the initial Q-values are around 0, the
middle row shows the dynamics when the initial Q-values are around 2.5, and the bottom row shows the dynamics when the initial Q-values are around 5. For all figures, the
algorithms were allowed to run for α5 time steps.
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12. Note that these values of α are for QL, DoubleQ, DynaQ, and RUQL. For FAQL, we used the square root of these α
values for both αF AQ and βF AQ , so that FAQL has an effective learning rate αF AQ .βF AQ = α.

To investigate how RUQL works in multi-state environments we use a variation of the taxi domain
(Dietterich, 2000). Figure 7 illustrates the domain. The world is a 5x5 grid that has 4 stations
(represented by the letters) and walls (represented by the thick lines). A customer appears at a
source station and is to be delivered to a destination station. Both the source and the destination
stations are picked uniformly at random and can be the same. A taxi can pick a customer up, drop
a customer, or navigate through the world, which results in a total of 6 actions: UP, DOWN, LEFT,
RIGHT, PICK, and DROP. The state here is the taxi location (25 values) the customer location (5
values: 4 stations and in taxi) and destination (4 values) for a total of 500 states. Each navigation
action receives a reward of -1. Hitting the wall results in no change in the state and the same reward
of -1. Picking up or dropping off a customer receives a reward of 20 if at the right location, otherwise
receives a reward of -10. We made two main modifications:

6.4 Taxi Domain with Switching Stations

domain, there are two settings (shown as [a] and [b] in Figure 6), where parameter D controls the
duration before the environment switches from one setting to another.
We conducted the experiments over a range of parameter values, including D ∈ {5000, 10000, ∞},
P ∈ {0, 0.01, 0.1}, τ ∈ {0.008, 0.04, 0.2, 1, 5}, πmin ∈ {0, 0.01, 0.001}, γ = 1, and α ∈
{0.01, 0.04, 0.16, 0.64}.12 For each combination we collected the average payoff over 20000 consecutive time steps. The initial Q values are initialized to 0. Finally, statistical significance of the
difference in the mean is computed over 10 independent simulation runs, using two-tail two-sample
t-test, where the null hypothesis is rejected at p-value 0.05.
Table 4 compares the performance of the three algorithms for different levels of noise (P ) and
non-stationary environments (D). The performance reported for each algorithm is the best over
the different values of πmin , α and τ . We can observe similar results to the stateless domain.
For noise-free and stationary environments, RUQL performs as well as the other algorithms, with
no statistical significance for the difference. For noise-free non-stationary environments, DynaQ
performs significantly better. The reason is that by repeating the updates, DynaQ is effectively
increasing the learning rate for all actions, which is beneficial in noise-free environments. As the
environment becomes non-stationary and noisy, RUQL consistently outperforms other algorithms,
with FAQL and DoubleQ as close seconds. Dyna-Q fails in noisy environments because Dyna-Q
effectively boosts the learning rate for all the actions (therefore, the Q-value of an optimal action
may drop significantly upon receiving noisy negative reward).

Figure 6: The two settings of the 1-row domain. G indicates the goal state.
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average payoff, maximized over α and τ .

Table 4: The mean payoff for the 1-Row Domain, for different values of D and P . Each cell represents the

Figure 7: The Taxi domain (Dietterich, 2000).
• Rare but severe noise: PICK and DROP actions fail with probability p and result in penalty
Rp 13
p .
• Non-stationary domain: every duration D the stations (R,G,Y,B) rotate their locations (station
R takes the location of station G which in turn takes the location of station Y, etc.).
We conducted the experiments over range of parameter values, including D ∈ {300000, 600000, ∞},
τ ∈ {0.03, 0.1, 0.3, 1}, πmin ∈ {0, 0.001, 0.01}, α ∈ {0.001, 0.01, 0.1},14 p ∈ {0, 0.01}, Rp =
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13. For the navigation actions, the noise remains similar to the original Taxi domain: a navigation action fails with
probability p and results in skidding to one of the sides with reward of -1.
14. Again the values of α are for QL and RUQL. For FAQL, we used the square root of these α values for both αF AQ
and βF AQ , so that FAQL has an effective learning rate αF AQ .βF AQ = α.
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Table 5 shows the results for different values of D and p. For each algorithm, we report the best
average payoff it achieved across the different parameter values. Bold entries confirm the statistical
significance of the outperforming algorithm, similar to the results shown in Section 6.1. We notice
similarities to the previous domain. In noise-free environments, again DynaQ outperforms other algorithms. As the environment becomes noisy and non-stationary, the performance of DynaQ drops
significantly, while RUQL outperforms all other algorithms. Interestingly, DoubleQ performs the
worst in this domain, across the different settings. This is perhaps due to the reported underestimation of DoubleQ for the Q values (Hasselt, 2010). It is also worth noting that even in stationary
but noisy setting, RUQL outperforms other algorithms in the taxi domain. The reason for this is
that RUQL can boost the learning rate more effectively than Q-learning and other algorithms. For
example, suppose the best action in a particular state is to drop the customer. However, due to noise,
the payoff will be highly negative. This will result in sudden drop in the Q-value for the DROP
action in this particular state, and consequently the probability of choosing DROP. However, RUQL
will boost the learning rate for the DROP action once it is tried and succeeds, therefore recovering
from the noise effect faster. This results in a cascading effect across states. Also because RUQL’s
boost diminishes as the action is chosen more frequently, the learning becomes stable in the face
of the noise (which can not be achieved via simple increase of the learning rate for QL, or using
DynaQ). This is consistent with previous work, which experimentally showed that converging to a
policy is in some cases inferior to continuous learning (tracking) even in stationary environments
(Sutton et al., 2007). As the environment becomes more dynamic (D = 600000 and D = 300000)
the performance of all algorithms drop (as expected) but RUQL maintains the superior performance.

−6, and γ = 1. For each combination we collected the average payoff over 1200000 consecutive
time steps. All Q-values are initialized to zeros. Finally, statistical significance of the difference
in the mean is computed over 100 independent simulation runs, using two-tail two-sample t-test,
where the null hypothesis is rejected at p-value 0.05.

Table 5: The mean payoff for the Taxi domain, for different values of p and D.

2.35
2.34
2.27
2.37
2.38
1.79
1.83
1.17
1.77
1.80
0.64
1.38
0.11
1.19
0.77

A BDALLAH AND K AISERS

HH
p
D
H
Alg. HH
QL
DynaQ
DoubleQ
RUQL
FAQL
QL
DynaQ
DoubleQ
RUQL
FAQL
QL
DynaQ
DoubleQ
RUQL
FAQL
∞

600000

300000

5000
10000
∞

25

JMLR 17(46):1-31

15. Again the values of α are for QL and RUQL. For FAQL, we used the square root of these α values for both αF AQ
and βF AQ , so that FAQL has an effective learning rate αF AQ .βF AQ = α.

Looking at the previous experimental results we can identify a few interesting observations. The
main benefit of RUQL is reducing the policy-bias, which is reflected in better performance in nonstationary environments. In noise-free environments, however, the benefit of RUQL is diminishing,
since for noise-free environments the learning rate can be as high as 1. As RUQL reduces the
policy bias by boosting the learning rate for actions with low probability of being chosen, such

7. Discussion of RUQL

We conducted the experiments over a range of parameter values, including D ∈ {25 · 104 , 50 ·
104 , ∞}, τ ∈ {0.008, 0.04, 0.2, 1, 5}, p ∈ {0, 10−2 }, α ∈ {0.0025, 0.01, 0.04, 0.16}, πmin ∈
{0, 10−2 , 10−3 }, and γ = 1.15 For each combination, we collected the average payoff over 106
consecutive time steps, and reported the best performance for each algorithm over the tested parameter values. All Q-values are initialized to zeros. Finally, statistical significance of the difference in
the mean is computed over 20 independent simulation runs, using two-tail two-sample t-test, where
the null hypothesis is rejected at p-value 0.05. Table 6 summarizes the results for different values
of p and the duration D. We observe similar qualitative results to the previous domains. DynaQ
is better in noise-free settings, with RUQL outperforming other algorithms as the environment becomes noisy and non-stationary. FAQL is close second in noisy and non-stationary environments as
well, albeit RUQL is clearly superior in the most frequently changing benchmark environment with
D=250,000.

• Non-stationary domain: every duration D the goal state is randomly re-assigned.

• Rare but severe noise: reaching the goal state will fail with probability p and result in reward
of −1/p, otherise will succeed and produce reward of 11/(1 − p) (expected reward remains
10).

The mines domain is illustrated by Figure 8 and is adopted from the RL-GLUE software (Tanner
and White, 2009). The world consists of 4x16 grid, where the agent can navigate up, down, left and
right (4 actions) and receives a reward of -1 unless it encounters a mine, in which case the reward
is -100, or it reaches the goal state and receives the reward of 10. In this simple domain there are
only 64 states. 6 mines in addition to the goal are scattered randomly in the grid. We modified the
domain slightly from the original as follows:

6.5 Mines Domain

Figure 8: The Mines domain. The agent can navigate through the 4x16 grid, while avoiding the
scattered mines and trying to reach the goal.
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Given its merits in non-stationary environments, RUQL may find interesting applications in
multi-agent environments. There is a growing collection of algorithms that were designed specifically for multi-agent environments. The Win-or-Learn-Fast heuristic (Bowling and Veloso, 2002;
Bowling, 2005) resulted in the first gradient-ascend-based (GAB) multi-agent learning algorithms
that successfully converged to mixed Nash Equilibrium in small general-sum games with minimum
knowledge of the underlying game (only the player’s own payoff). This was followed by the more
recent GAB algorithms (Abdallah and Lesser, 2008; Zhang and Lesser, 2010). Other multi-agent
algorithms that assumed knowledge of the underlying game were also proposed and were able to
converge in larger games (Hu and Wellman, 2003; Conitzer and Sandholm, 2007). All of these
algorithms could benefit from improved value approximation techniques like the one presented in
this paper. The integration of RUQL in specialized multi-agent learning algorithms is a promising
avenue of future research.

In this paper we proposed and evaluated the Repeated Update Q-learning algorithm, RUQL, which
addresses the policy bias of Q-learning. Unlike the closest state-of-the-art algorithm, RUQL’s behavior remains consistent even for policies with arbitrarily small probabilities of choosing actions.
We show theoretically that our algorithm is guaranteed to converge to the optimal Q-values in singleagent stationary environments, while having better response to changes in non-stationary environments. We show experimentally how this results in superior performance in non-stationary and
noisy environments, compared to 4 other algorithms.

8. Conclusions

benefit fades as the basic learning rate increases. In contrast, if the environment is noisier and
changes more frequently, the benefits of RUQL become more apparent. This is consistent across
the domains we have studied. Overall, RUQL retains the simplicity of QL, while showing robust
performance across various experimental settings.

Table 6: The mean payoff for the Mines domain, for different values of p and D.
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0
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0.66
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Finally, it is important to note that RUQL is not intended as a replacement of Q-learning. In
stationary environments with stochastic outcomes, QL may outperform RUQL, since the latter may
slightly boost the learning rate of rarely chosen action. However, if the environment is actually
changing over time (non-stationary and thus violating the core assumption of QL), then RUQL’s
boost may yield superior performance.
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Appendix A. Theoretical Derivations of Exact RUQL

1
b π(s,a)
c

= [1 − α]


1
b π(s,a)
c−1

Q0 (s, a) + α[r + γ max Q0 (s0 , a0 )]
a0



b

1

c

Here we derive the different quantities that are needed for each of the four cases of the exact RUQL.
Case 1:
Qb 1 c (s, a)
π(s,a)

+ α[r + γ

1 + (1 − α) + (1 − α)2 + ... + (1 − α)

1
b π(s,a)
c

= [1 − α]

a

][r + γ max
Q0 (s0 , a0 )]
0

π(s,a) ]
0 0 [1 − (1 − α)
, a )]
1 − (1 − α)
1
b π(s,a)
c

max Q0 (s

Q0 (s, a)

a0

Q0 (s, a) + [1 − (1 − α)

1
b π(s,a)
c

= [1 − α]

Qb 1 c (s, a)
π(s,a)

h
i
1
1
Qt+1 (s, a) = [1 − α] π(s,a) Qt (s, a) + 1 − (1 − α) π(s,a) [r + γQt (s0 , amax )]



We can remove the floor notation for a better generalization, and using the equalities Q0 (s, a) =
Qt (s, a) and
= Qt+1 (s, a) we get (RUQL’s main update rule):

Case 2:

= [1 − α + αγ]Qt (s, a) + αr

Q1 (s, a) = [1 − α]Qt (s, a) + α r + γQt (s, a)

Q2 (s, a) = [1 − α + αγ]Q1 (s, a) + αr

= [1 − α + αγ] [1 − α + αγ]Qt (s, a) + αr + αr

r
1−γ
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Qn (s, a) = [1 − α + αγ]n Qt (s, a) + αr 1 + [1 − α + αγ] + . . . + [1 − α + αγ]n−1
1 − [1 − α + αγ]n
= [1 − α + αγ]n Qt (s, a) + αr
1 − [1 − α + αγ]
1 − [1 − α + αγ]n
1−γ
= [1 − α + αγ]n Qt (s, a) + r

= [1 − α + αγ]n Qt (s, a) + (1 − [1 − α + αγ]n )
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Qt (s, a) −



r
r
= [1 − α + αγ]n Qt (s, a) −
+
1−γ
1−γ


r
r
+
1−γ
1−γ
1

Qt+1 (s, a) = [1 − α + αγ] π(s,a)



r
Qt (s,a00 )− 1−γ
r
Qt (s,a)− 1−γ



log (1 − α + αγ)

log

= [1 − α + αγ]i>

Case 3 using Qt (s, a00 ) = Qt (s, a), where a00 = arg maxa0 ∈A\a Qt (s, a0 ):


r
r
Qt (s, a00 ) = [1 − α + αγ]i> Qt (s, a) −
+
1−γ
1−γ


r
r
= [1 − α + αγ]i> Qt (s, a) −
1−γ
1−γ
Qt (s, a00 ) −

r
Qt (s, a00 ) − 1−γ
r
1−γ

Qt (s, a) −

i> =

Case 4 using Qt (s, a00 ) = Qt (s, a), where a00 = arg maxa0 ∈A Qt (s, a0 ):


Qt (s, a00 ) = [1 − α]i⊥ Qt (s, a) + 1 − (1 − α)i⊥ [r + γQt (s, a00 )]

log (1 − α)

(1−γ)Qt (s,a00 )−r
Qt (s,a)−γQt (s,a00 )−r



Qt (s, a00 ) − r − γQt (s, a00 ) = [1 − α]i⊥ Qt (s, a) − (1 − α)i⊥ [r + γQt (s, a00 )]


(1 − γ)Qt (s, a00 ) − r = [1 − α]i⊥ Qt (s, a) − r − γQt (s, a00 )

i⊥ =

(1 − γ)Qt (s, a00 ) − r
= [1 − α]i⊥
Qt (s, a) − r − γQt (s, a00 )
(1 − γ)Qt (s, a00 ) − r
= [1 − α]i⊥
Qt (s, a) − γQt (s, a00 ) − r

log
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In machine learning, online learning represents a family of efficient and scalable learning
algorithms for building a predictive model incrementally from a sequence of data examples (Rosenblatt, 1958). Unlike regular batch machine learning methods (Shawe-Taylor and
Cristianini, 2004; Vapnik, 1995) which usually suffer from a high re-training cost whenever new training data arrive, online learning algorithms are often very efficient and highly

1. Introduction

In this paper, we present a new framework for large scale online kernel learning, making
kernel methods efficient and scalable for large-scale online learning applications. Unlike the
regular budget online kernel learning scheme that usually uses some budget maintenance
strategies to bound the number of support vectors, our framework explores a completely
different approach of kernel functional approximation techniques to make the subsequent
online learning task efficient and scalable. Specifically, we present two different online
kernel machine learning algorithms: (i) Fourier Online Gradient Descent (FOGD) algorithm that applies the random Fourier features for approximating kernel functions; and (ii)
Nyström Online Gradient Descent (NOGD) algorithm that applies the Nyström method
to approximate large kernel matrices. We explore these two approaches to tackle three
online learning tasks: binary classification, multi-class classification, and regression. The
encouraging results of our experiments on large-scale datasets validate the effectiveness
and efficiency of the proposed algorithms, making them potentially more practical than
the family of existing budget online kernel learning approaches.
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scalable, making them more suitable for large-scale online applications where data usually
arrive sequentially and evolve dynamically and rapidly. Online learning techniques can be
applied to many real-world applications, such as online spam detection (Ma et al., 2009),
online advertising, multimedia retrieval (Xia et al., 2013), and computational finance (Li
et al., 2012). In this paper, we first present an online learning methodology to tackle online binary classification tasks and then extend the technique to solve the tasks of online
multi-class classification and online regression in the following sections.
Recently, a wide variety of online learning algorithms have been proposed to tackle
online classification tasks. One popular family of online learning algorithms, which are
referred to as the “linear online learning” (Rosenblatt, 1958; Crammer et al., 2006; Dredze
et al., 2008), learn a linear predictive model on the input feature space. The key limitation
of these algorithms lies in that the linear model sometimes is restricted to make effective
classification if training data are linearly separable in the input feature space, which is not
a common scenario for many real-world classification tasks especially when dealing with
noisy training data in relatively low dimensional space. This has motivated the studies of
“kernel based online learning” or referred to as “online kernel learning” (Kivinen et al.,
2001; Freund and Schapire, 1999), which aims to learn kernel-based predictive models for
resolving the challenging tasks of classifying instances that are non-separable in the input
space.
One key challenge of conventional online kernel learning methods is that an online
learner usually has to maintain a set of support vectors (SV’s) in memory for representing
the kernel-based predictive model. During the online learning process, whenever a new
incoming training instance is misclassified, it typically will be added to the SV set, making
the size of support vector set unbounded and potentially causing memory overflow for a
large-scale online learning task. To address this challenge, a promising research direction is
to explore “budget online kernel learning” (Crammer et al., 2003), which attempts to bound
the number of SV’s with a fixed budget size using different budget maintenance strategies
whenever the budget overflows. Despite being studied actively, the existing budget online
kernel methods have some limitations. Some efficient algorithms are too simple to achieve
satisfactory approximation accuracy; some other algorithms are, despite more effective, too
computationally intensive to run for large datasets, making them harm the crucial merit of
high efficiency of online learning techniques for large-scale applications. In addition, when
dealing with extremely large-scale databases in distributed machine learning environments
(Low et al., 2012; Dean and Ghemawat, 2008), the growing large size of SV’s would be a
significant overhead for communication between different nodes. It is thus very important
to investigate effective budget online kernel learning techniques to reduce the size of SV’s
so as to minimize the overall communication cost.
Unlike the existing budget online kernel learning methods, in this paper, we present
a novel framework of large scale online kernel learning by exploring a completely different
strategy. In particular, the key idea of our framework is to explore functional approximation
techniques to approximate a kernel by transforming data from the input space to a new
feature space, and then apply existing linear online learning algorithms on the new feature
space. This allows to inherit the power of kernel learning while being able to take advantages of existing efficient linear online learning algorithms for large-scale online learning
tasks. Specifically, we propose two different new algorithms: (i) Fourier Online Gradient

Lu, Hoi, Wang, Zhao and Liu

Large Scale Online Kernel Learning

Descent (FOGD) algorithm which adopts the random Fourier features for approximating
shift-invariant kernels and learns the subsequent model by online gradient descent; and (ii)
Nyström Online Gradient Descent (NOGD) algorithm which employs the Nyström method
for large kernel matrix approximation followed by online gradient descent learning. We
explore the applications of the proposed algorithms for three different online learning tasks:
binary classification, multi-class classification, and regression. We give theoretical analysis
of our proposed algorithms, and conduct an extensive set of empirical studies to examine
their efficacy.
The rest of the paper is organized as follows. Section 2 reviews the background and
related work. Section 3 proposes the FOGD and NOGD algorithms for binary classification
task and Section 4 analyze their theoretical properties. Section 5 and Section 6 further
extends the two techniques for tackling online multi-class classification and online regression
tasks, respectively. Section 7 presents our experimental results for three different tasks and
Section 8 concludes our work.

2. Related Work
Our work is related to two major categories of machine learning research work: online
learning and kernel methods. Below we briefly review some representative related work in
each category.
First of all, our work is closely related to online learning methods for classification (Rosenblatt, 1958; Freund and Schapire, 1999; Crammer et al., 2006; Zhao and Hoi, 2010; Zhao
et al., 2011; Wang et al., 2012a; Hoi et al., 2013), particularly for budget online kernel
learning where various algorithms have been proposed to address the critical drawback of
unbounded SV size and computational cost in online kernel learning. Most existing budget
online kernel learning algorithms attempt to achieve a bounded number of SV’s through
the following major ways:
• SV Removal. Some well-known examples include Randomized Budget Perceptron
(RBP) (Cavallanti et al., 2007) that randomly removes one existing SV when the
number of SV’s overflows the budget, Forgetron (Dekel et al., 2005) that simply discards the oldest SV, Budget Online Gradient Descent (BOGD) that basically also
discards some old SV, and Budget Perceptron (Crammer et al., 2003) and Budgeted
Passive Aggressive (BPA-S) algorithm (Wang and Vucetic, 2010) which attempt to
discard the most redundant SV.
• SV Projection. By projecting the discarded SV’s onto the remaining ones, these
algorithms attempt to bound the SV size while reducing the loss due to budget
maintenance. Examples include Projectron (Orabona et al., 2008), Budgeted Passive
Aggressive Projectron (BPA-P), and Budgeted Passive Aggressive Nearest Neighbor
(BPA-NN) (Wang and Vucetic, 2010). Despite achieving better accuracy, they often
suffer extremely high computational costs.
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• SV Merging. These methods attempt to maintain the budget by merging two existing SV’s into a new one, such as the Twin Support Vector Machine (TVM) algorithm (Wang and Vucetic, 2009). The similar idea of SV merging was also explored
3
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to bound the number of SV’s in Budget Stochastic Gradient Descent (BSGD-M) algorithm in (Wang et al., 2012b).

Budget Strategy
Removal
Removal
Removal
Removal
Removal
Projection
Projection
Projection
Merging
Functional Approximation
Functional Approximation

Update Time
O(B 2 )
O(B)
O(B)
O(B)
O(B)
O(B 2 )
O(B 3 )
O(B)
O(B 2 )
O(D)
O(kB)

Space
O(B)
O(B)
O(B)
O(B)
O(B)
O(B 2 )
O(B 2 )
O(B)
O(B 2 )
O(D)
O(kB)

In contrast to the above approaches, our work explores a completely different approach,
i.e., kernel functional approximation techniques, for resolving budget online kernel learning
tasks. As a summary, Table 1 compares the properties of different budget online kernel
learning algorithms, including the proposed FOGD and NOGD algorithms, where B is the
budget on the desired SV size, D is the number of Fourier components, and k is the matrix
approximation rank of Nyström.
Algorithms
Budget Perceptron
RBP
Forgetron
BOGD
BPA-S
Projectron
BPA-P
BPA-NN
TVM
FOGD
NOGD

Table 1: Comparison on different budget online kernel learning algorithms.
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Moreover, our work is also related to kernel methods for classification tasks (ShaweTaylor and Cristianini, 2004; Hoi et al., 2006, 2007), especially for some studies on large-scale
kernel methods (Williams and Seeger, 2000; Rahimi and Recht, 2007). Our approach shares
the similar idea with the Low-rank Linearization SVM (LLSVM) (Zhang et al., 2012), where
the non-linear SVM is transformed into a linear problem via kernel approximation methods. Unlike their approach, we employ the technique of random Fourier features (Rahimi
and Recht, 2007), which have been successfully explored for speeding up batch kernelized
SVMs (Rahimi and Recht, 2007; Yang et al., 2012) and kernel-based clustering (Chitta et al.,
2011, 2012) tasks. Besides, another kernel approximation technique used in our approach
is the well-known Nyström method (Williams and Seeger, 2000), which has been widely applied in machine learning tasks, including Gaussian Processes (Williams and Seeger, 2000),
Kernelized SVMs (Zhang et al., 2012), Kernel PCA, Spectral Clustering (Zhang and Kwok,
2009), and manifold learning (Talwalkar et al., 2008). Although these techniques have been
applied for batch machine learning tasks, to the best of our knowledge, they have been seldom explored for online kernel learning tasks as studied in this paper. Finally, we note that
the short version of this work had been published in the Proceedings of the Twenty-Third
international joint conference on Artificial Intelligence (IJCAI2013) (Wang et al., 2013).
The journal manuscript has made significant extension by including substantial amount of
new contents and more extensive empirical studies.

4

min P (f ) =

λ
1
kf k2H +
2
T

t=1

`(f (xt ); yt ),

λ
kf k2H + `(f (xt ); yt ).
2

t=1

T
X

Lt (ft ) −
t=1

T
X

Lt (f ∗ ),

i=1

B
X

αi κ(xi , x),
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where B is the number of Support Vectors (SV’s), αi denotes the coefficient of the i-th
SV, and κ(·, ·) denotes the kernel function. The existing budget online kernel classification

f (x) =

where f ∗ = arg minf t=1 Lt (f ) is the optimal classifier assuming that we had foresight
in all the training instances. In a typical online budgeted kernel learning algorithm, the
algorithm learns the kernel-based predictive model f (x) for classifying a new instance x ∈ Rd
as follows:

PT

Regret =

The goal of an online learning algorithm is to find a sequence of functions ft , t ∈ [T ] that
achieve the minimum Regret along the whole learning process. The regret is defined as,

Lt (f ) =

where λ > 0 is a regularization parameter used to control model complexity. While in an
pure online setting, the regularized loss in the t-th iteration is

f ∈Hκ

T
X

We consider the problem of online learning for binary classification by following online
convex optimization settings. Our goal is to learn a function f : Rd → R from a sequence of
training examples {(x1 , y1 ), . . . , (xT , yT )}, where instance xt ∈ Rd and class label yt ∈ Y =
{+1, −1}. We refer to the output f of the learning algorithm as a hypothesis and denote
the set of all possible hypotheses by H = {f |f : Rd → R}. We will use `(f (x); y) : R2 → R
as the loss function that penalizes the deviation of estimating f (x) from observed labels
y. Further, we consider H a Reproducing Kernel Hilbert Space (RKHS) endowed with a
kernel function κ(·, ·) : Rd × Rd → R (Vapnik, 1998) implementing the inner producth·, ·i
such that: 1) κ has the reproducing property hf, κ(x, ·)i = f (x) for x ∈ Rd ; 2) H is the
closure of the span of all κ(x, ·) with x ∈ Rd , that is, κ(x, ·) ∈ H ∀x ∈ X . The inner product
1
h·, ·i induces a norm on f ∈ H in the usual way: kf kH := hf, f i 2 . To make it clear, we
denote by Hκ an RKHS with explicit dependence on kernel κ. Throughout the analysis, we
assume κ(xi , xj ) ≤ 1, ∀xi , xj ∈ Rd .
Training an SVM classifier f (x) can be formulated as the following optimization problem

3.1 Problem Formulation

In this section, we introduce the problem formulation of online kernel binary classification
and the detailed steps of our proposed algorithms.

3. Large Scale Online Kernel Learning for Binary Classification

Large Scale Online Kernel Learning

i=1

B
X

αi κ(xi , x) ≈
i=1

B
X

αi z(xi )> z(x) = w> z(x),

6

= Eu [[sin(u> x1 ), cos(u> x1 )] · [sin(u> x2 ), cos(u> x2 )]].

= Eu [cos(u> x1 ) cos(u> x2 ) + sin(u> x1 ) sin(u> x2 )]
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More specifically, for a Gaussian kernel κ(x1 , x2 ) = exp(− 12σ22 2 ), we have the corresponding random Fourier component u with the distribution p(u) = N (0, σ −2 I). And for
1
2 ||1
a Laplacian kernel κ(x1 , x2 ) = exp(− ||x1 −x
), we have p(u) = σΠd π(1+σ
2 u2 ) . Given a
σ
d
kernel function that is continuous and positive-definite, according to the Bochner’s theorem (Rudin, 1990), the kernel function can be expressed as an expectation of function with
a random variable u:
Z
>
>
>
(3)
p(u)eiu (x1 −x2 ) du = Eu [eiu x1 · e−iu x2 ]

kx −x k2

where p(u) is a proper probability density function calculated from the Fourier transform
of function k(∆x),
Z
1
>
p(u) = ( )d e−iu (∆x) k(∆x)d(∆x).
(2)
2π

Random Fourier features can be used in shift-invariant kernels (Rahimi and Recht, 2007).
A shift-invariant kernel is the kernel that can be written as κ(x1 , x2 ) = k(∆x), where k is
some function and ∆x = x1 − x2 is the shift between the two instances. Examples of shiftinvariant kernels include some widely used kernels, such as Gaussian and Laplace kernels.
By performing an inverse Fourier transform of the shift-invariant kernel function, one can
obtain:
Z
>
κ(x1 , x2 ) = k(x1 − x2 ) = p(u)eiu (x1 −x2 ) du,
(1)

3.2 Fourier Online Gradient Descent

P
where w = B
i=1 αi z(xi ) denotes the weight vector to be learned in the new feature space.
As a consequence, solving the regular online kernel classification task can be turned into
a problem of an linear online classification task on the new feature space derived from the
kernel approximation. In the following, we will present two online kernel learning algorithms
for classification by applying two different kernel approximation methods: (i) Fourier Online
Gradient Descent (FOGD) and (ii) Nyström Online Gradient Descent (NOGD) methods.

f (x) =

By the above approximation, the predictive model can be rewritten:

κ(xi , xj ) ≈ z(xi )> z(xj ).

approach aims to bound the number of SV’s by a budget constant B using different budget
maintenance strategies. Unlike the existing budget online kernel learning methods using the
budget maintenance strategies, we propose to tackle the challenge by exploring a completely
different strategy, i.e., the kernel functional approximation approach that construct a kernelinduced new representation z(x) ∈ RD such that the inner product of instances in the new
space is able to approximate the kernel function:

Lu, Hoi, Wang, Zhao and Liu
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The equality (1) can be obtained by only keeping the real part of the complex function.
From (3), we can see any shift-invariant kernel function can be expressed by the expectation
of the inner product of the new representation of original data, where the new data representation is z(x) = [sin(u> x), cos(u> x)]> . As a consequence, we can sample D number of
random Fourier components u1 , ...uD independently for constructing the new representation
as follows:
>
>
z(x) = (sin(u1> x), cos(u1> x), ..., sin(uD
x), cos(uD
x))> .
The online kernel learning task in the original input space can thus be approximated by
solving a linear online learning task in the new feature space. For data arriving sequentially,
we can construct the new representation of a data instance on-the-fly, and then perform online learning in the new feature space using the online gradient descent algorithm. We refer
to the proposed algorithm as the Fourier Online Gradient Descent (FOGD), as summarized
in Algorithm 1.
3.3 Nyström Online Gradient Descent

(4)

The above random Fourier feature based approach attempts to approximate the kernel
function explicitly, which is in general data independent for the given dataset and thus may
not fully exploit the potential of data distribution for kernel approximation. To address this,
we propose to explore the Nyström method (Williams and Seeger, 2000) to approximate a
large kernel matrix by a data-dependent approach.
Before presenting the method, we first introduce some notations. We denote a kernel
matrix by K ∈ RT ×T with rank r, the Singular Value Decomposition (SVD) of K as
K = VDV> , where
of V are orthogonal and D = diag(σ1 , . . . , σr , ) is diagonal.
Pkthe columns
σi Vi Vi> = Vk Dk Vk> is the best rank-k approximation of K, where
For k < r, Kk = i=1
Vi is the i-th column of matrix V.
Given a large kernel matrix K ∈ RT ×T , the Nyström method randomly samples B  T
columns to form a matrix C ∈ RT ×B , and then derive a much smaller kernel matrix W ∈
RB×B based on the sampled B instances. We can in turn approximate the original large
kernel matrix by
K̂ = CWk+ C> ≈ K,
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where Wk is the best rank-k approximation of W, W+ denotes the pseudo inverse of matrix
W.
We now apply the above Nyström based kernel approximation to tackle large-scale online
kernel classification task. Similar to the previous approach, the key idea is to construct the
new representation for every newly arrived data instance based on the kernel approximation
principle. In particular, we propose the following scheme: (i) at the very early stage of
the online classification task, we simply run any existing online kernel learning methods
(e.g., kernel-based online gradient descent in our approach) whenever the number of SV’s
is smaller than the predefined budget B; (ii) once the budget is reached, we then use the
stored B SV’s to approximate the kernel value of any new instances (which is equivalent to
using the first B columns to approximate the whole kernel matrix). From the approximated
kernel matrix in (4), we could see the kernel value between i-th instance xi and j-th instance
7
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Algorithm 1 FOGD — Fourier Online Gradient Descent for Binary Classification
Input: the number of Fourier components D, step size η, kernel function k;
Initialize w1 = 0.
Calculate p(u) for kernel k as (2).
Generate random Fourier components: u1 , ..., uD sampled from distribution p(u)
for t = 1, 2, . . . , T do
Receive xt ;
Construct new representation:

>
>
zt (xt ) = (sin(u1> xt ), cos(u1> xt ), ..., sin(uD
xt ), cos(uD
xt ))>

Predict ybt = sgn(wt> z(xt ));

Receive yt and suffer
loss ` wt> z(xt ); yt ;

if ` wt> z(xt ); yt > 0 then

wt+1 = wt − η∇` wt> z(xt ); yt .
end if
end for
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Algorithm 2 NOGD — Nyström Online Gradient Descent for Binary Classification
Input: the budget B, step size η, rank approximation k.
Initialize support vector set S1 = ∅, and model f1 = 0.
while |St | < B do
Receive new instance xt ;
Predict ybt = sgn(ft (xt ));
Update ft by regular Online Gradient Descent (OGD);
Update St+1 = St ∪ {t} whenever loss is nonzero;
t = t + 1;
end while
Construct the kernel matrix K̂t from St .
[Vk , Dk ] = eigs(K̂t , k), where Vk and Dk are Eigenvectors and Eigenvalues of K̂t .
Initialize wt> = [α1 , ..., αB ](Dk−0.5 Vk> )−1 .
Initialize the instance index T0 = t;
for t = T0 , . . . , T do
Receive new instance xt ;
Construct the new representation of xt :
z(xt ) = D−0.5 V> (κ(xt , x̂1 ), ..., κ(xt , x̂ ))> .
B
k
k
Predict ybt = sgn(wt> z(xt ));

Update wt+1 = wt − η∇` wt> z(xt ); yt .
end for

8

−1

−1

− 21

= [α1 , ..., αB ];

`t (wt ) −

t=1

T
X

(1 + )kf ∗ k21 η 2
`t (f ∗ ) ≤
+ L T + LT kf ∗ k1 ,
2η
2

9
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where kf ∗ k1 = t=1 |αt∗ |, σp2 = Ep [u> u] is the second moment of the Fourier transform
of the kernel function k given that p(u) is the probability density function calculated by the
Fourier transform of function k.

PT

t=1

T
X

Theorem 1 Assume we have a shift-invariant kernel κ(x1 , x2 ) = k(x1 − x2 ), where k
is some function and the original data is contained by a ball Rd of diameter R. Let
`(f (x); y) : R2 → R be a convex loss function that is Lipschitz continuous with Lipschitz
constant L. Let wt , t ∈ [T ] be P
the sequence of classifiers generated by FOGD in Algorithm 1. Then, for any f ∗ (x) = Tt=1 αt∗ κ(x, xt ), we have the following with probability at
σ R
−D2
least 1 − 28 ( p )2 exp( 4(d+2)
),

In this section, we analyze the theoretical properties of the two proposed algorithms. We
may use `t (f ) instead of `(f (xt ); yt ) for simplicity.

4. Theoretical Analysis

−1
Dk 2 Vk>

w> = [α1 , ..., αB ](Dk Vk> )−1 .

w

>

w> Dk 2 Vk> [κ(x̂1 , x), ..., κ(x̂B , x)]> = [α1 , ..., αB ][κ(x̂1 , x), ..., κ(x̂B , x)]> .

The solution is

thus

w> z(x) = [α1 , ..., αB ][κ(x̂1 , x), ..., κ(x̂B , x)]> ,

Similarly, we can then apply the existing online gradient descent algorithm to learn the
linear predictive model on the new feature space induced from the kernel. We denote
the proposed algorithm the Nyström Online Gradient Descent (NOGD), as summarized
in Algorithm 2. Different from the FOGD algorithm, the algorithm follows the kernelized
online gradient descent until the number of SV’s reaches B. To initialize the linear classifier
w, we aim to achieve

z(x) =

−1
([κ(x̂1 , x), ..., κ(x̂B , x)]Vk Dk 2 )> .

where x̂a , a ∈ {1, ..., B} is the a-th support vector.
For a new instance, we construct the new representation as follows:

=

−1
−1
([κ(x̂1 , xi ), ..., κ(x̂B , xi )]Vk Dk 2 )(κ(x̂1 , xj ), ..., κ(x̂B , xj )Vk Dk 2 )> ,

κ̂(xi , xj ) = (Ci Vk Dk 2 )(Cj Vk Dk 2 )>

−1

xj is approximated by the following

Large Scale Online Kernel Learning

≤

(`t (wt ) − `t (w∗ )) ≤

kw∗ k2 η 2
+ L T.
2η
2

t=1

kw1 − w∗ k2 − kwT +1 − w∗ k2 η X
+
k∇`t (wt )k2
2η
2
(5)

|

t=1

T
X

`t (w∗ ) −

t=1

T
X

≤

≤

`t (f ∗ )| ≤

i=1

|αi∗ | = LT kf ∗ k1 .

(7)

(6)
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|αi∗ ||z(xi )> z(xt ) − κ(xi , xt )|
i=1
T
X

T
X

L

L

|`t (w∗ ) − `t (f ∗ )|

10

t=1

t=1
T
X

t=1
T
X

T
X

When |z(xi )> z(xj ) − κ(xi , xj )| < , we have

kw∗ k2 ≤ (1 + )kf ∗ k21 .

Since we assume κ(xi , xj ) ≤ 1, we can assume z(xi )> z(xj ) ≤ 1 + , which lead to:

|z(xi )> z(xj ) − κ(xi , xj )| < .

σp2 = Ep [u> u] is the second moment of the Fourier transform of the kernel function k given
that p(u) is the probability density function calculated by the Fourier transform of function
k. We have ∀i, j

P
P
Next we further examine the relationship between Tt=1 `t (w∗ ) and Tt=1 `t (f ∗ ). According
to the uniform convergence of Fourier features (Claim 1 in Rahimi and Recht (2007)), we
have the high probability bound for the difference between the approximated kernel value
σ R
−D2
and the true kernel value, i.e., with probability at least 1 − 28 ( p )2 exp( 4(d+2)
), where

t=1

T
X

T

kwt − w∗ k2 − kwt+1 − w∗ k2 η
+ k∇`t (wt )k2 .
2η
2

Summing the above over t = 1, ..., T leads to:

`t (wt ) − `t (w∗ ) ≤

we then have the following

`t (wt ) − `t (w∗ ) ≤ ∇`t (wt )(wt − w∗ ),

Combining the above and the convexity of the loss function, i.e.,

=kwt − w∗ k2 + η 2 k∇`t (wt )k2 − 2η∇`t (wt )(wt − w∗ ).

kwt+1 − w∗ k2 = kwt − η∇`t (wt ) − w∗ k2

The first step to prove our theorem is to bound the regret of our sequence of linear model
wt learned by our online learner with respect to the linear model w∗ in the new feature
space. First of all, we have the following:

>
>
>
>
z(x) = (sin(u>
1 x), cos(u1 x), ..., sin(uD x), cos(uD x)) .

P
Proof Given f ∗ (x) = Tt=1 αt∗ κ(x, xt ), according to the representer theorem (Schölkopf
P
et al., 2001), we have a corresponding linear model: w∗ = Tt=1 αt∗ z(xt ), where

Lu, Hoi, Wang, Zhao and Liu

√1
T
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Combining (5), (6) and (7) leads to complete the proof.

`t (wt ) −
t=1

T
X

`t (f ∗ ) ≤ (

√1 ,
T

√
2kf ∗ k1 + L2
+ Lkf ∗ k1 ) T ,
2

Remark 1. In general, the larger the dimensionality D, the higher the probability of the
bound to be achieved. This means that by sampling more random Fourier components,
one can approximate the kernel function more accurately and effectively. From the above
theorem, it is not difficult to show that, by setting η =
and  =
we have
T
X

t=1

√
which leads to a sub-linear regret O( T ). However, setting  = √1T requires to sample D =
O(T ) random components in order to achieve a high probability, which seems unsatisfactory
since we will have to solve a very high-dimensional linear online learning problem. However,
even in this case, for our FOGD algorithm, the learning time cost for each instance is
O(c1 T ), while the time cost for classifying an instance by regular online kernel classification
is O(c2 T ), here c1 is the time for a scalar product by FOGD, while c2 is the time for
computing the kernel function. Since c2  c1 , our method is still much faster than the
regular online kernel classification methods.

1
||K − K̂||2 ,
2T λ

Remark 2. This theorem bounds the regret for any shift-invariant kernel. Specially, we can
get the bound for a Gaussian kernel k(x1 − x2 ) = exp(−γ||x1 − x2 ||2 ), by setting σp2 = 2dγ
(Rahimi and Recht, 2007).
The theoretical analysis for the NOGD algorithm follows the similar procedure as used
by the FOGD algorithm. We first introduce a lemma to facility our regret bound analysis.
PT
2 + 1
Lemma 1 P (f ) = λ2 kf kH
t=1 `t (f ) is the objective function of an SVM problem,
T
where `t (f ) is the hinge loss function of the t-th iteration. Define f ∗ to be the optimal
solution when using the exact kernel matrix K and fN as the optimal when adopting the
Nyström approximated kernel matrix K̂. We have
P (fN ) − P (f ∗ ) ≤

where kK − K̂k2 is the spectral norm of the kernel approximation gap.
This lemma mainly follows the Lemma 1 in (Yang et al., 2012), we omit the proof for
conciseness.
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Theorem 2 Assume we learn with kernel κ(xi , xj ) ≤ 1, ∀i, j ∈ [T ]. Let `(f (x); y) : R2 →
R be the hinge loss function. Let the sequence of T instances x1 , ..., xT form a kernel
matrix K ∈ RT ×T , and K̂ is the approximation of K using Nyström method. Let ft (x) =
wt> z(x), t ∈ [T ] be the sequence of classifiers generated by NOGD in Algorithm 2. We
assume the norm of the gradients in all iterations are always bounded by a constant L,
which is easy to achieve by a few projection steps when necessary. In addition, define
> z(x) be the optimal classifier when using Nyström kernel approximation and
fN (x) = wN
assuming we had foresight for all instances. By defining f ∗ as the optimal classifier in the
11

Lt (wt ) −
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t=1

T
X

Lt (f ∗ ) ≤

kwN k2 η 2
1
+ L T+
||K − K̂||2 .
2η
2
2λ

original kernel space with the assumption of the foresight for all the instances, we have the
following:
T
X
t=1

T
X
t=1

(Lt (wt ) − Lt (wN )) ≤

kwN k2 η 2
+ L T.
2η
2

Proof Following the similar analysis as in Theorem 1, the regularized loss function in the
t-th iteration, Lt (w) = λ2 ||w||22 + `t (w) satisfies the following bound,

Lt (wN ) =

T
X
t=1

Lt (fN ) = T P (fN ) ≤ T P (f ∗ ) +

t=1

T
X
1
1
||K − K̂||2 =
L(f ∗ ) + ||K − K̂||2 .
2λ
2λ

As proven in (YangPet al., 2012), the linear optimization problem in z(x) space, i.e.,
T
2 +
`t (w) is equivalent to the approximated SVM P (f ) = λ2 ||f ||H
P (w) = λ2 ||w||22 + T1 t=1
1 PT
t=1 `t (f ) when f ∈ HN is the functional space of Nyström method. From Lemma 1,
T
we have,
T
X
t=1

We complete the proof by combining the above two formulas.

Lt (wt ) −

t=1

T
X

√
L(f ∗ ) ≤ O( T ).

Remark. As shown in Theorem 5 of (Yang et al., 2012),
the kernel approximation gap
√
T
). Consequently when setting B = T and η = √1T , we have
||K − K̂||2 ≤ O( B
T
X
t=1

This theorem bounds the √regret of the NOGD algorithm when using all singular values
of matrix W but only O( T ) support vectors. However, when the rank of the Nyström
approximated matrix K̂ is only k, the bound should be slightly worse. As (Cortes et al.,
2010)(Theorem 1) shows, the following holds with probability at least 1 − ,

1
T
kK̂ − Kk2 ≤ kK − Kk k2 + √ Kmax (2 + log ),

B
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where kK − Kk k2 is the spectral norm of the best rank-k approximated
√ gap and Kmax is
the maximum diagonal entry of K. This indicates that to get the O( T ) regret bound, we
should set the budget size B = T /c, where c is some constant. This seems suboptimal, but
we will demonstrate that only a small budget size is needed for satisfactory performance in
our experimental results. In addition, the time cost of using k-rank approximation is only
k/B times of that when using all singular values, which makes the algorithm extremely
efficient.

12

(8)

(9)

(11)

(10)

(12)

14

JMLR 17(47):1-43

13

5.2 Multi-class Fourier Online Gradient Descent

where f t denotes the set of all m functions for all classes.

JMLR 17(47):1-43

(13)

As introduced in the previous section for binary classification task, the online multi-class
kernel classification task in the original input space can also be approximated by solving a
linear online learning task in the new feature space. First, we use the same Fourier feature
mapping approach as in the binary case to map each input instance xt to z(xt ). Then
Online Gradient Descent method is applied to learn a linear classifier.

st
ft+1
= ftst − ηκ(xt , ·).

yt
ft+1
= ftyt + ηκ(xt , ·);

where η > 0 is the gradient descent step size and the gradient is taken with regard to ftr .
By rewriting the loss function explicitly, we have

Similar to the binary task, in the first a few iterations of multi-class online Nyström algorithm (before the size of SV set reaches the predetermined budget size B), the algorithm
performs a regular Online Gradient Descent update to the m kernel classifiers when ` > 0:

r
ft+1
= ftr − η∇` f t , xt , yt ,

5.3 Multi-class Nyström Online Gradient Descent

Only two of the weight vectors are updated during each iteration. Thus, we can derive the
FOGD algorithm for multi-class versions, as summarized in Algorithm 3.

st
wt+1
= wtst − ηz(xt ).

yt
wt+1
= wtyt + ηz(xt );

where η is a positive learning rate parameter and the gradient is taken with regards to wtr .
By rewriting the loss function explicitly, we can rewrite the above as follows:

where wt denotes the set of all m weight vectors.
Following the Online Gradient Descent approach, the update strategy of wt when ` > 0
is:

r
wt+1
= wtr − η∇` wt , xt , yt ,

We define the hinge-loss function as following:

` wt , xt , yt = max(0, 1 − γt ) = max(0, 1 − wtyt · z(xt ) + wtst · z(xt )),

Following the multi-class problem setting, we learn a weight vector wr ∈ Rd for each of
the classes r ∈ Y. And use the linear classifier f r (xt ) = wr · z(xt ) to approximate to kernel
prediction score. During the t-th iteration, the algorithm predicts a sequence of scores for
the m classes:

wt1 · z(xt ), . . . , wtm · z(xt ) .
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Therefore, we need to store a SV set S and update it when necessary: St+1 = St ∪ {t}. Note
that all the m classifiers share the same SV set, which is the same setting as that of binary
case. However, the storage strategy for αi , i.e., the coefficient of the i-th SV, is different
from that of binary case. In multi-class task, a vector αi ∈ Rm is used to represent the
coefficients of the i-th SV. Each of its element αir is the coefficient of the i-th SV for the
kernel classifier f r . Obviously, αir = 0 if r 6= yt and r 6= st .
After the size of SV set reaches the budget B, we do a Nyström feature mapping as the
approach discussed in the binary section to map each input instance xt to z(xt ). The following linear update steps follow that in the multi-class Fourier Gradient Descent algorithm,
as equation (10) and (11).
We derive the NOGD algorithm for multi-class version, as summarized in Algorithm 4.

Obviously, in a correct prediction, the margin γt > 0. However, as stated in (Crammer
et al., 2006), we are not satisfied by a positive margin value and thus we define a hinge-loss
function:

` ft , xt , yt = max(0, 1 − γt ),

γt = ftyt (xt ) − ftst (xt ).

The margin with respect to the hypothesis in the t-th iteration is defined to be the gap
between the prediction score of class yt and st :

r∈Y,r6=yt

st = arg max ftr (xt ).

We then define st as the irrelevant class with the highest prediction score:

r∈Y

ŷt = arg max ftr (xt ).

The predicted class is set to be the class with the highest prediction score:

Similar to online binary classification tasks, online multi-class classification is performed
over a sequence of training examples (xt , yt ), t = 1, . . . , T , where xt ∈ Rd is the observed
features of the t-th training instance. Unlike binary classification where class label yt ∈
Y = {+1, −1}, in a multi-class classification task, each label belongs to a finite set Y of size
m > 2, i.e., yt ∈ Y = {1, . . . , m}. The true class label yt is only revealed after the prediction
ŷt ∈ Y is made.
We follow the protocol of multi-prototype classification for deriving multi-class online
learning algorithm (Crammer et al., 2006). Specifically, it learns a function f r : Rd → R
for each of the classes r ∈ Y. During the t-th iteration, the algorithm predicts a sequence
of scores for the classes:

ft1 (xt ), . . . , ftm (xt ) .

5.1 Problem Settings

In this section, we extend the proposed Fourier Online Gradient Descent and Nyström
Online Gradient Descent methods, which are originally designed for binary classification, to
online multi-class classification task. We also give theoretical analysis of the two approaches.

5. Large Scale Online Kernel Learning for Multi-class Classification
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Algorithm 3 MFOGD — Multi-class Fourier Online Gradient Descent
Input: the number of Fourier components D, step size η, kernel function k;
Initialize w1r = 0, r = 1, ..., m.
Calculate p(u) for kernel k as (2).
Generate random Fourier components: u1 , ..., uD sampled from distribution p(u).
for t = 1, 2, . . . , T do
Receive xt ;
Construct new representation:
>
>
z(xt ) = (sin(u1> xt ), cos(u1> xt ), ..., sin(uD
xt ), cos(uD
xt ))>

Predict as in (8);

Receive yt and
 suffer loss ` wt , xt , yt (9);
if ` wt , xt , yt > 0 then
update wt as (10) and (11)
end if
end for
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Algorithm 4 MNOGD — Multi-class Nyström Online Gradient Descent
Input: the budget B, step size η, rank approximation k.
Initialize support vector set S1 = ∅, and model f1r = 0, r = 1, ..., m.
while |St | < B do
Receive xt ;
Predict as in (8);
Update ft by regular Online Gradient Descent (OGD), as (12) and (13);
Update St+1 = St ∪ {t} whenever loss is nonzero;
t = t + 1;
end while
Construct the kernel matrix K̂t from St .
[V , D ] = eigs(K̂ , k), where V and Dk are Eigenvectors and Eigenvalues of K̂t .
t
k
k
k
r ](D−0.5 V> )−1 , r = 1, ..., m.
Initialize wtr > = [α1r , ..., αB
k
k
Initialize the instance index T0 = t;
for t = T0 , . . . , T do
Receive xt ;
Construct the new representation of xt :
z(xt ) = D−0.5
Vk> (κ(xt , x̂1 ), ..., κ(xt , x̂B ))> .
k
Predict as in (8);
Update wt as (10) and (11)
end for
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5.4 Theoretical Analysis
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In this section, we analyze the theoretical properties of the two proposed multi-class algorithms. We may use `t (f ) instead of `(f , xt , yt ) for simplicity.

`t (wt ) −

t=1

T
X

`t (f∗ ) ≤

m(1 + )kf∗ k12
+ ηT D + 2T kf∗ k1 ,
2η

Theorem 3 Assume we have a shift-invariant kernel κ(x1 , x2 ) = k(x1 − x2 ), where k is
some function and the original data is contained by a ball Rd of diameter R. Let ` f , x, y
be the hinge-loss we talked above, where f denotes the set of m classifiers for the m classes
sequence of clasand its output is a sequence of prediction scores. Let wt , t ∈ [T ] be the P
T
r∗
sifiers generated by MFOGD in Algorithm 3. Then, for any f∗r (x) =
t=1 αt κ(x, xt ),
σ R
−D2
r ∈ {1, ..., m}, we have the following with probability at least 1 − 28 ( p )2 exp( 4(d+2)
)
T
X

t=1

PT
maxr∈Y |αtr∗ |, and σp2 = Ep [u> u] is the second moment of the Fourier
where kf∗ k1 = t=1
transform of the kernel function k given that p(u) is the probability density function calculated by the Fourier transform of function k.
PT
r∗
α
TheoProof Given f∗r (x) = t=1
t κ(x, xt ), r = 1, ...m, according to the Representer
PT
rem (Schölkopf et al., 2001), we have a corresponding linear model: w∗r = t=1
αtr∗ z(xt ),
where
>
>
x), cos(uD
x))> .
z(x) = (sin(u1> x), cos(u1> x), ..., sin(uD

−

w∗r k2

−

kwtr

−

w∗r k2

= (βtr )2 kz(xt )k2 + 2βtr (wtr · z(xt ) − w∗r · z(xt )),

= kwtr − w∗r + βtr z(xt )k2 − kwtr − w∗r k2

The first step to prove our theorem is to bound the regret of the sequence of linear models
wt learned by online learner with respect to the linear model w∗ in the new feature space.
We first have
r
kwt+1

r
kwt+1
− w∗r k2 − kwtr − w∗r k2



where βtr is the parameter used to update wtr as (10) and (11). Thus, it may be η, −η, or
0. Obviously, kz(xt )k2 = D. We first assume that `t (wt ) > 0 and there are updates in the
t-th iteration. Summing the above over r = 1, ..., m, we have
m
X

r=1

= 2η 2 D + 2η(wtyt · z(xt ) − wtst · z(xt )) − 2η(w∗yt · z(xt ) − w∗st · z(xt )),

w∗yt · z(xt ) − w∗st · z(xt ) ≥ γw∗,t .

where yt is the true label in the t-th iteration and st is the label of the largest scored
irrelevant label classified by the classifier set wt , not by the classifier set w∗ . Thus we have:

wtyt · z(xt ) − wtst · z(xt ) = γw,t

JMLR 17(47):1-43

As we have assumed `t (wt ) > 0, we have `t (wt ) = 1 − γw,t . And from the fact that
`t (w∗ ) ≥ 1 − γw∗,t , we have:

γw,t − γw∗,t ≤ 1 − `t (wt ) − (1 − `t (w∗ )) = `t (w∗ ) − `t (wt ).

16

`t (wt ) −

t=1

T
X

`t (w∗ ) ≤ ηT D +
2η

r 2
r=1 kw∗ k

Pm
.

(14)

r=1

m
X

|

i=1

t=1 i=1
T
T
X
X

t=1

t=1

`t (f∗ )| ≤

|αiyt ∗ z(xi )> z(xt ) − αiyt ∗ κ(xi , xt )| +

−

i=1

−

s0 ∗
αi t κ(xi , xt ))|


s0 ∗
|αist ∗ z(xi )> z(xt ) − αi t κ(xi , xt )| ,

i=1

L|γw∗ ,t − γf ∗ ,t |

(αiyt ∗ κ(xi , xt )

t=1
T
X

T
X

−

|`t (w∗ ) − `t (f∗ )| ≤

αist ∗ z(xi )> z(xt ))

t=1

T
X

(15)
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s0 ∗
|αist ∗ z(xi )> z(xt ) − αi t κ(xi , xt )| ≤ |αist ∗ z(xi )> z(xt ) − κ(xi , xt ) | ≤ |αist ∗ |.

of st and s0t , αi t κ(xi , xt ) > αist ∗ κ(xi , xt ), leading to:

s0 ∗

where L in the first line is the Lipschitz constant and can be set to 1 in hinge loss case, and
st is the largest scored irrelevant label with regards to w∗ and s0t with regard to f∗ . Thus
the bound of the first term is easy to find and we will focus on the second term. Without
s0 ∗
loss of generality, we assume αist ∗ z(xi )> z(xt ) ≥ αi t κ(xi , xt ). According to the definition

≤

−

T
X

(αiyt ∗ z(xi )> z(xt )

`t (w∗ )
t=1
T
T
X
X

=

|

T
X

T
X

kw∗r k2 ≤ mkf∗ k21 (1 + ).

When |z(xi )> z(xj ) − κ(xi , xj )| < , we have

Similar to the binary case:

|z(xi )> z(xj ) − κ(xi , xj )| < .

σp2 = Ep [u> u] is the second moment of the Fourier transform of the kernel function k given
that p(u) is the probability density function calculated by the Fourier transform of function
k. We have ∀i, j

P
P
Next we further examine the relationship between Tt=1 `t (w∗ ) and Tt=1 `t (f∗ ). According
to the uniform convergence of Fourier features (Claim 1 in Rahimi and Recht (2007)), we
have the high probability bound for the difference between the approximated kernel value
σ R
−D2
and the true kernel value, i.e., with probability at least 1 − 28 ( p )2 exp( 4(d+2)
), where

t=1

T
X

t=1

T
X

`t (f∗ )| ≤ 2T kf∗ k1 .

(16)

r=1

m
X

m

m

r=1

αt,r = 0, ∀t ∈ {1, 2, ..., T };

r=1

X
1 X >
αr Kαr −
α>
r er ,
2λ

r=1

αt,r ≤ 0, if yt 6= r,

αt,r ≤

18

r=1

r=1
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1
, if yt = r, ∀t ∈ {1, 2, ..., T }, ∀r ∈ {1, 2, ...m}
T
where αr = [α1,r , α2,r , ..., αT,r ]> , er = [e1,r , e2,r , ..., eT,r ]> and et,r = 0 if yt = r, otherwise
et,r = 1.
We can get the dual problem of the Nyström approximated multi-class SVM by replacing
the kernel matrix K with K̂.
"
#
m
m
X
1 X >
αr K̂αr −
α>
e
P (fN ) = max −
r r
2λ
r=1
r=1
"
#
m
m
X
1 X >
= max −
αr (K̂ − K + K)αr −
α>
e
r
r
2λ
r=1
r=1
"
#
"
#
m
m
m
X
1 X >
1 X >
>
= max
αr (K − K̂)αr + max −
αr Kαr −
αr er .
2λ
2λ

s.t.

max P (α) = −

Proof The dual problem of multi-class SVM is

where kK − K̂k2 is the spectral norm of the kernel approximation gap.

Similar to the analysis of the binary classification case, it is not difficult
to observe that
√
the proposed MFOGD algorithm also achieves sub-linear regret O( T ). We will continue
the analysis of MNOGD method in the following. As in the binary analysis, we first propose a lemma that bounds the gap of averaged loss between the exact kernel SVM and
approximated kernel SVM. Unlike the binary classification problem, there are many different problem settings for the multi-class SVM problem, as surveyed by Hsu and Lin (2002).
For consistency, in the following analysis, we adopt the common slack variables for all classes
setting (Crammer and Singer, 2001, 2002).
P
1 PT
r 2
Lemma 2 P (f ) = λ2 m
r=1 kf kH + T
t=1 `t (f ) is the objective function of an multi-class
SVM problem, where `t (f ) is the multi-class hinge loss function of the t-th iteration. Define
f ∗ as the optimal solution of P (f ) when using the exact kernel matrix K and fN as the
optimal solution of SVM algorithm when adopting the Nyström approximated kernel matrix
K̂. We have
m
P (fN ) − P (f ∗ ) ≤
||K − K̂||2 ,
2T λ

`t (w∗ ) −

Combining (14), (15) and (16) leads to complete the proof.

t=1

T
X

Note that in some iterations, `t (wt ) = 0 and there is no update in the t-th iteration, i.e.,
r . The above formula still holds. Summing it over t = 1, ...T and assuming
wtr = wt+1
w1r = 0 for all r = 1, ..., m leads to:

|

Consequently, we have
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Combining the three formula above, we get
Pm
P
r
r 2
kwtr − w∗r k2 − m
r=1 kwt+1 − w∗ k
`t (wt ) − `t (w∗ ) ≤ ηD + r=1
.
2η

Large Scale Online Kernel Learning

Consequently,
m

r=1

m

1
T.

r=1

X 1
1 X >
αr (K − K̂)αr ≤ max
||αr ||22 ||K − K̂||2 .
2λ
2λ

Large Scale Online Kernel Learning

P (fN ) − P (f ∗ ) ≤ max
We complete the proof by considering |αt,r | ≤

Lt (wt ) −

T
X
t=1

Lt (f ∗ ) ≤
r=1

2η

m
X
kwN,r k2

η
m
+ L2 T +
||K − K̂||2 .
2
2λ

Theorem 4 Assume we learn with kernel κ(xi , xj ) ≤ 1, ∀i, j ∈ [T ]. Let `(f (x); y) : R2 → R
be the multi-class hinge loss function. Let the sequence of T instances x1 , ..., xT form a
kernel matrix K ∈ RT ×T , and K̂ is the approximation of K using Nyström method . Let
> z(x), t ∈ [T ], r ∈ {1, 2, ..., m} be the sequence of classifiers generated by NOGD
ftr (x) = wt,r
in Algorithm 4. We assume the norm of the gradients in all iterations are always bounded
by a constant L, which is easy to achieve by a few projection steps when necessary. In
r (x) = w> z(x), r ∈ {1, 2, ..., m} be the optimal classifier when using
addition, define fN
N,r
Nyström kernel approximation and assuming we had foresight for all instances. By defining
∗
f as the optimal classifier in the original kernel space with the assumption of the foresight
for all the instances, we have the following:
T
X
t=1

This theorem is a combination of standard online gradient descent analysis and Lemma 2.
The proof is omitted since it is similar to the binary analysis and straightforward. It’s easy
to find that the multi-class NOGD algorithm enjoys the similar regret bound as the binary
algorithm.

6. Large Scale Online Kernel Learning for Regression

i=1

B
X

αi κ(xi , x).

In this section, we extend the proposed FOGD and NOGD algorithms to tackle online
regression tasks. Consider a typical online regression task with a sequence of instances
(xt , yt ), t = 1, ..., T , where xt ∈ Rd is the feature vector of the t-th instance and yt ∈ R is
the real target value, which is only revealed after the prediction is made at each iteration.
The goal of online kernel regression task is to learn a model f (x) that maps a new input
instance x ∈ Rd to a real value prediction:
f (x) =

We apply the squared loss as the evaluation metric of regression accuracy:
`(f (xt ); yt ) = (f (xt ) − yt )2 .

JMLR 17(47):1-43

As the same approximation strategy with the previous task, with a feature mapping function
z(x), the kernel regression task can be tackled by solving its approximated problem: to find
a linear model f (x) = w> z(x) that minimizes the accumulated squared loss of all the
19
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training instances. We use online gradient descent algorithm in this new feature space.
In order to reduce the frequency of update, we define  as the threshold. Update is only
performed when the loss exceeds threshold . We denote the proposed algorithms the FOGD
for Regression (FOGD-R) and NOGD (NOGD-R) for regression tasks, as summarized in
Algorithm 5 and Algorithm 6.
We omit the theoretical analysis of regression since it is similar to the binary case.

7. Experimental Results

In this section, we conduct an extensive set of experiments to examine the efficacy of the
proposed algorithms for several kinds of learning tasks in varied settings. Specifically,
our first experiment is to evaluate the empirical performance of the proposed FOGD and
NOGD algorithms for regular binary classification tasks by following a standard batch
learning setting where each dataset is divided into two parts: training set and test set.
This experiment aims to make a direct comparison of the proposed algorithms with some
state-of-the-art approaches for solving batch classification tasks.
Our second major set of experiments is to evaluate the effectiveness and efficiency of the
proposed FOGD and NOGD algorithms for online learning tasks by following a purely online
learning setting, where the performance measures are based on average mistake rate and
time cost accumulated in the online learning process on the entire dataset (there is no split
of training and test sets). In particular, we conduct such experiments for three different
online learning tasks: binary classification, multi-class classification, and regression, by
comparing the proposed algorithms with a variety of state-of-the-art budget online kernel
learning algorithms.
All the source code and datasets for our experiments in this work can be downloaded
from our project web page:http://LSOKL.stevenhoi.org/. We are planning to release
our algorithms in the future release of the LIBOL library (Hoi et al., 2014).

7.1 Experiment for Binary Classification Task in Batch Setting

In this section, we compare our proposed algorithms with many state-of-the-art batch classification algorithms. Different from online learning, the aim of a batch learning task is to
train a classifier on the training dataset so that it achieves the best generalized accuracy on
the test dataset.

7.1.1 Experimental Test bed and Setups

JMLR 17(47):1-43

Table 2 summarizes the details of the datasets used in this experiment. All of them can
be downloaded from LIBSVM website 1 or KDDCUP competition site 2 . We follow the
original splits of training and test sets in LIBSVM. For KDD datasets, a random split of
4/1 is used.
We compare the proposed algorithms with the following widely used algorithms for
training kernel SVM for batch classification tasks:

1. http://www.csie.ntu.edu.tw/˜cjlin/libsvmtools/
2. http://www.sigkdd.org/kddcup/
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Algorithm 6 NOGD-R — Nyström Online Gradient Descent for Regression
Input: the budget B, step size η, rank approximation k, threshold .
Initialize support vector set S1 = ∅, and model f1 = 0.
while |St | < B do
Receive new instance xt ;
Predict ybt = ft (xt );
Update ft by regular Online Gradient Descent (OGD);
Update St+1 = St ∪ {t} whenever loss exceeds threshold;
t = t + 1;
end while
Construct the kernel matrix K̂t from St .
[Vk , Dk ] = eigs(K̂t , k), where Vk and Dk are Eigenvectors and Eigenvalues of K̂t , respectively.
Initialize wt> = [α1 , ..., αB ](D−0.5
Vk> )−1 .
k
Initialize the instance index T0 = t;
for t = T0 , . . . , T do
Receive new instance xt ;
Construct the new representation of xt :
z(xt ) = D−0.5
Vk> (κ(xt , x̂1 ), ..., κ(xt , x̂B ))> .
k
Predict ybt = wt> z(xt );

Update when loss exceeds : wt+1 = wt − η∇` wt> z(xt ); yt .
end for

Predict ybt = wt> z(xt );

Receive yt and suffer
loss ` wt> z(xt ); yt ;

>
if ` wt z(xt ); yt >  then

wt+1 = wt − η∇` wt> z(xt ); yt .
end if
end for

>
>
>
>
z(xt ) = (sin(u>
1 xt ), cos(u1 xt ), ..., sin(uD xt ), cos(uD xt ))

Algorithm 5 FOGD-R — Fourier Online Gradient Descent for Regression
Input: the number of Fourier components D, step size η, threshold ;
Initialize w1 = 0.
Calculate p(u) as (2). Generate random Fourier components:u1 , ..., uD sampled from
distribution p(u).
for t = 1, 2, . . . , T do
Receive xt ;
Construct new representation:

Large Scale Online Kernel Learning

# training instances
59,535
24,692
49,749
32,561
81,835
905,257

# testing instances
271,617
25,057
14,951
16,281
20,459
226,314

# features
8
300
300
123
117
127
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3. http://www.dabi.temple.edu/budgetedsvm/algorithms.html
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Table 3 shows the experimental results of batch binary classification tasks. We can drawn
several observations from the results.

7.1.2 Performance Evaluation Results

To make a fair comparison of algorithms with different parameters, all the parameters,
including regularization parameter (C in LIBSVM, λ in pegasos), the learning rate (η in
FOGD and NOGD) and the RBF kernel width (σ) are optimized by following a standard
5-fold cross validation on the training datasets. The budget size B in NOGD and pegasos
algorithms and the feature dimension D in FOGD are set individually for different datasets,
as indicated in the tables of experimental results. In general, these parameters are chosen
such that they are roughly proportional to the size of support vectors output by the batch
SVM algorithm in LIBSVM, since we would expect a relatively larger budget size for tackling
more challenging classification tasks in order to achieve competitive accuracy. The rank k
in NOGD is set to 0.2B for all datasets. For the online learning algorithms, all models
are trained by a single pass through the training sets and the reported accuracy and time
cost are averaged over the five experiments conducted on different random permutations of
the training instances. All the algorithms were implemented in C++, and conducted on a
Windows machine with CPU of 3.0GHz. For the existing algorithms, all the codes can be
downloaded from LIBSVM website and BudgetedSVM website 3 .

• “BSGD-R”: The Budgeted Stochastic Gradient Descent algorithm which extends the
Pegasos algorithm (Shalev-Shwartz et al., 2011) by exploring the SV Random Removal
strategy for budget maintenance (Wang et al., 2012b).

• “BSGD-M”: The Budgeted Stochastic Gradient Descent algorithm which extends the
Pegasos algorithm (Shalev-Shwartz et al., 2011) by exploring the SV Merging strategy
for budget maintenance (Wang et al., 2012b);

• “LLSVM”: Low-rank Linearization SVM algorithm that transfers kernel classification
to a linear problem using low-rank decomposition of the kernel matrix (Zhang et al.,
2012);

• “LIBSVM”: one of state-of-the-art implementation for batch kernel SVM available at
the LIBSVM website Chang and Lin (2011);

Table 2: Details of Binary Classification Datasets.

Dataset
codrna
w7a
w8a
a9a
KDDCUP08
KDDCUP99
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Algorithm
LIBSVM
LLSVM
BSGD-M
BSGD-R
FOGD
NOGD
Algorithm
LIBSVM
LLSVM
BSGD-M
BSGD-R
FOGD
NOGD
Algorithm
LIBSVM
LLSVM
BSGD-M
BSGD-R
FOGD
NOGD

Test (s)

96.67%
95.93%
94.89%± 0.41
67.16%± 0.68
94.24%± 0.22
95.92%± 0.18

Accuracy

54.91
25.96
37.41
1.79
1.58
1.57

Train (s)

Test (s)

99.40%
98.51%
97.52%± 0.02
97.06%± 0.04
97.93%± 0.08
98.36%± 0.10

Accuracy

97.81
70.85
150.16
7.03
9.35
16.94

Train (s)

Test (s)

98.33%
97.92%
97.50%± 0.02
97.50%± 0.01
97.59%± 0.28
97.71%± 0.09

Accuracy

24.80
14.43
3.32
3.28
4.57
3.37

Test (s)

85.04%
84.89%
84.21%± 0.18
81.96%± 0.27
84.93%± 0.03
84.99%± 0.07

Accuracy

a9a, B=1000, D=4000

20.21
4.20
3.91
1.71
1.46
1.44

w7a, B=400, D=1600

Large Scale Online Kernel Learning

Train (s)

126.02
37.34
12.77
12.77
24.49
9.90

codrna, B=400, D=1600

80.20
19.04
132.50
3.32
5.47
2.55

40.42
13.02
2.42
2.34
3.85
2.94

w8a, B=1000, D=4000

Train (s)

254.03
146.97
230.51
8.72
13.04
14.10
Test (s)

99.43%
99.38%
99.37%± 0.01
99.12%± 0.23
98.95%± 3.34
99.43%± 0.04

Accuracy

20772.10
86.71
948.21
52.82
26.81
20.71

Train (s)

48.91
17.49
12.11
12.20
6.80
9.03

Test (s)

99.996%
99.995%
99.994%± 0.001
99.980%± 0.031
99.996%± 0.001
99.993%± 0.001

Accuracy

KDD99, B=200, D=400

Train (s)

124.22
3.53
3.07
3.03
4.33
2.14

KDD08, B=200, D=800

1052.12
24.31
197.78
12.34
17.22
7.60

Table 3: Performance Evaluation Results on Batch Binary Classification Tasks.

First of all, by comparing the four online algorithms against the two batch algorithms,
we found that the online algorithms in general enjoy significant advantage in terms of computational efficiency especially for large scale datasets. By further examining the learning
accuracy, we found that some online algorithms, especially the proposed FOGD and NGOD
algorithms, are able to achieve slightly lower but fairly competitive learning accuracy compared with the state-of-the-art batch SVM algorithm. This demonstrates that the proposed
online kernel learning algorithms could be potentially a good alternative solution of the existing SVM solvers when solving large scale batch kernel classification tasks in real-world
applications due to their significant advantage of much lower learning time and memory
costs.
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Further, by comparing the four different online algorithms, we found that, in terms of
learning accuracy, despite running faster, the BSGD-R (“pegasos+remove”) algorithm suffers from very high mistake rate in most of the datasets. This is due to its naive budget
maintenance strategy that simply discards the oldest support vector that may contain important information. While for BSGD-M (“pegasos+merging”) algorithm, the main drawback is its relatively high computational cost. This can be easily observed in some datasets
23

Lu, Hoi, Wang, Zhao and Liu

(e.g., a9a, w7a and codrna), in which the difference between the number of support vectors
of LIBSVM and the budget size is relatively larger than that of the other datasets. Thus,
we can conclude that the high time cost of the BSGD-M(“pegasos+merging”) is due to the
complex computation in the merging steps. Compared with the other online learning algorithms, the proposed NOGD algorithm achieves the highest accuracy for most cases while
spending almost the lowest learning time cost. Similarly, FOGD algorithm also obtains
more accurate result than the two budget Pegasos algorithms on most of the datasets with
comparable or sometimes ever lower learning time cost. These facts indicate that the two
proposed budget online kernel learning algorithms are both efficient and effective in solving
large scale kernel classification problems.
Finally, by comparing the two proposed algorithms, we found that the performance of
NOGD is better than that of FOGD. This reflects that the Nyström kernel approximation
tends to have a better approximation of the original RBF kernel than the Fourier feature
based approximation.

7.2 Experiments for Online Binary Classification Tasks

In this section, we test the performance of our proposed algorithms on the online binary
classification task.

7.2.1 Experimental Test beds and Setup

# instances
1,000
4,601
24,692
64,700
48,842
102,294
141,691
271,617
1,131,571

# features
24
57
300
300
123
117
22
8
127

Table 4 shows the details of 9 publicly available datasets of diverse sizes for online binary
classification tasks. All of them can be downloaded from LIBSVM website, UCI machine
learning repository 4 and KDDCUP competition site. As a yardstick for evaluation, we
Dataset
german
spambase
w7a
w8a
a9a
KDDCUP08
ijcnn1
codrna
KDDCUP99

Table 4: Details of Online Binary Classification Datasets.

include the following two popular algorithms for regular online kernel classification without
concerning budget:

• “Perceptron”: the kernelized Perceptron (Freund and Schapire, 1999) without budget;
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• “OGD”: the kernelized online gradient descent (Kivinen et al., 2001) without budget.

4. http://www.ics.uci.edu/˜mlearn/
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spambase

0.90 %± 0.01
0.52 %± 0.01
1.06 %± 0.03
1.07 %± 0.03
0.94 %± 0.02
0.84 %± 0.03
0.62 %± 0.01
0.61 %± 0.01
0.71 %± 0.01
0.59 %± 0.01

72.6
421.7
34.3
34.8
34.1
77.2
37.8
38.2
4.1
38.9

Time(s)

948.7
1549.5
15.4
19.3
15.3
23.4
15.4
15.9
1.8
15.6

w7a

0.02 %± 0.00
0.01 %± 0.00
0.02 %± 0.00
0.03 %± 0.00
0.02 %± 0.00
0.01 %± 0.00
0.01 %± 0.00
0.81 %± 0.06
0.01 %± 0.00
0.01 %± 0.00

Mistake Rate

1136
8281
682
684
642
520
796
805
45
511

Time(s)

812.6
1269.0
18.5
21.2
19.2
30.3
18.3
19.2
3.3
19.1

Time(s)

74.0
119.9
11.20
11.77
11.22
13.43
11.60
11.56
1.474
11.58

Time(s)

KDDCUP99

12.27 %± 0.01
9.52 %± 0.01
16.40 %± 0.10
16.99 %± 0.32
12.38 %± 0.09
9.52 %± 0.03
11.33 %± 0.04
11.67 %± 0.13
9.06 %± 0.05
9.55 %± 0.01

Mistake Rate

ijcnn1

4.01 %± 0.10
2.96 %± 0.10
5.07 %± 0.13
5.28 %± 0.06
5.38 %± 1.15
4.79 %± 1.87
2.99 %± 0.06
3.49 %± 0.16
2.75 %± 0.03
2.98 %± 0.01

Mistake Rate
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1015.7
1676.7
24.9
28.9
26.0
83.0
26.5
32.5
10.3
27.2

14.0 %± 0.1
9.7 %± 0.1
20.3 %± 0.1
19.9 %± 0.1
15.8 %± 0.5
13.6 %± 1.2
15.4 %± 0.3
15.2 %± 0.1
10.3 %± 0.1
13.8 %± 2.1

Mistake Rate

KDDCUP08

20.9 %± 0.1
16.3 %± 0.1
27.1 %± 0.2
27.8 %± 0.4
21.6 %± 1.9
18.6 %± 0.5
21.1 %± 0.2
27.9 %± 0.2
17.4 %± 0.1
17.4 %± 0.2

Time(s)

1.606
4.444
0.613
0.743
0.644
1.865
0.604
0.720
0.263
0.633

Time(s)
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Time(s)

642.8
1008.5
37.8
40.0
38.1
38.7
39.2
38.9
3.0
38.9
Mistake Rate

codrna

3.47 %± 0.01
2.81 %± 0.01
5.10 %± 0.08
5.28 %± 0.07
5.42 %± 1.10
5.41 %± 3.30
2.84 %± 0.03
3.43 %± 0.08
2.43 %± 0.03
2.92 %± 0.03

a9a

Mistake Rate

w8a

24.5 %± 0.1
22.0 %± 0.1
33.3 %± 0.4
34.6 %± 0.5
30.8 %± 1.2
30.4 %± 1.0
30.8 %± 0.8
32.2 %± 0.6
26.9 %± 1.0
29.1 %± 0.4

Mistake Rate

Mistake Rate

Time(s)

0.112
0.130
0.086
0.105
0.101
0.299
0.092
0.114
0.045
0.109

35.2
29.5
37.5
38.1
35.6
35.1
33.9
31.6
29.9
30.4

%± 0.9
%± 0.5
%± 1.1
%± 0.9
%± 1.5
%± 1.1
%± 0.9
%± 1.5
%± 0.7
%± 0.8

Time(s)

german

Mistake Rate

Table 5: Evaluation of Large-scale Online Kernel Learning on Binary Classification Task .

Perceptron
OGD
RBP
Forgetron
Projectron
Projectron++
BPA-S
BOGD
FOGD
NOGD

Algorithm

Perceptron
OGD
RBP
Forgetron
Projectron
Projectron++
BPA-S
BOGD
FOGD
NOGD

Algorithm

Perceptron
OGD
RBP
Forgetron
Projectron
Projectron++
BPA-S
BOGD
FOGD
NOGD

Algorithm
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Table 5 summarizes the empirical evaluation results on the nine diverse data sets. From
the results, we can draw the following observations.
First of all, in terms of time efficiency, we found that the budget online classification
algorithms in general run much faster than the regular online kernel classification algorithms (Perceptron and OGD) especially on the large datasets, validating the importance
of studying scalable online kernel methods. By further examining their results of mistake
rates, we found that the budget online classification algorithms are generally worse than
the two non-budget algorithms, validating the motivation of exploring effective techniques
for budget online kernel classification.

7.2.2 Performance Evaluation Results

To make fair comparisons, all the algorithms follow the same setups. We adopt the hinge
loss as the loss function `. Note that hinge loss is not a smooth function, whose gradient
is undefined at the point that the classification confidence yf (x) = 1. Following the subgradient definition, in our experiment, gradient is only computed under the condition that
yf (x) < 1, and set to 0 otherwise. The Gaussian kernel bandwidth is set to 8. The step
size η in the all online gradient descent based algorithms is chosen through a random search
in range {2, 0.2, ..., 0.0002}. We adopt the same budget size B = 100 for NOGD and
other budget algorithms. In the setting of FOGD algorithm, D = ρf B, where 0 < ρf < ∞
is a predefined parameter that controls the number of random Fourier components. For
NOGD algorithm, k = ρn B, where 0 < ρn < 1 is a predefined parameter that controls the
accuracy of matrix approximation. We set ρf = 4 and ρn = 0.2 and will evaluate their
influence on the algorithm performance in the following discussion. For each data set, all
the experiments were repeated 20 times using different random permutation of instances in
the dataset. All the results were obtained by averaging over these 20 runs. For performance
metrics, we evaluate the online classification performance by standard mistake rates and
running time (seconds). All algorithms are implemented in Matlab R2013b, on a Windows
machine with 3.0 GHZ CPU,6 cores.

• “BOGD”: the Budget Online Gradient Descent algorithm by SV removal strategy
(Zhao et al., 2012);

• “BPA-S”: the Budget Passive-Aggressive algorithm with simple SV removal strategy
in (Wang and Vucetic, 2010);

• “Projectron++”: the aggressive version of Projectron algorithm (Orabona et al., 2008,
2009);

• “Projectron”: the Projectron algorithm using the projection strategy (Orabona et al.,
2009);

• “Forgetron”: the Forgetron by discarding oldest support vectors (Dekel et al., 2005);

• “RBP”: the random budget perceptron by random removal strategy (Cavallanti et al.,
2007);

Further, we compare the proposed budget online kernel learning algorithms with the following state-of-the-art budget online kernel learning algorithms:

Large Scale Online Kernel Learning

Large Scale Online Kernel Learning

Second, by comparing the proposed algorithms (FOGD and NOGD) with the budget
online classification algorithms, we found that they generally achieve the best classification
performance for most cases using fairly comparable or even lower time cost. While other
algorithms, are either too slow because of their extremely complex updating methods or of
low accuracy because of their simply SV removal steps. Similarly to the batch setting, this
demonstrates the effectiveness and efficiency of the proposed algorithms.
Third, it might seem surprising to find that the FOGD algorithm achieves extremely low
mistake rate and even outperforms the OGD algorithm in some datasets (w7a, w8a, ijcnn1).
Ideally, FOGD should perform nearly the same as the kernel-based OGD approach if the
number of Fourier components D is extremely large. However, choosing a too large value
of D will result in underfitting for a relatively small data set, meanwhile choosing a too
small value of D will result in overfitting. In our experiments, we choose an appropriate
value of D (D = 4B) , which not only could save computational cost, but also may prevent
both underfitting and overfitting. In contrast, the kernel OGD always add a new support
vector whenever the loss is nonzero. Thus, the predicted model learned by the kernel OGD
will become more and more complicated as time goes, and thus would likely suffer from
overfitting for noisy examples.
Finally, we note that there are several differences in this result compared with the previous section in batch setting. To begin with, FOGD achieves extremely low time cost in
all datasets. While in batch setting using C++ implementation, its time cost is comparable
with that of NOGD. This can be explained by the different settings of the two implementation methods. In C++ setting, the most time consuming step in FOGD is to compute
the large number of random features, while in Matlab setting, it is automatic transformed
to a matrix calculation and parallelized on all cores of CPU. In addition, FOGD tends to
performance better than NOGD in terms of accuracy. This is the result of different budget
size. For NOGD, it is difficult to approximate the whole kernel matrix with small number
of support vectors (such as the setting in this section B = 100). But with larger budget
size, as in the batch case, the approximation accuracy is better than that of FOGD.
7.3 Experiments for Multi-class Classification Tasks
This section tests the performance of our proposed algorithms on online multi-class classification task.
7.3.1 Experimental Test beds and Setup
In this section, we evaluate the multi-class versions of FOGD and NOGD algorithms on 9
real-world datasets for multi-class classification tasks from the LIBSVM website. Table 6
summarizes the details of these datasets.
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We adopt the same set of compared algorithms and similar parameter settings in multiclass task as that of binary case. Larger the budget size parameter B is used for multiclass
classification than binary case since we should ensure enough support vectors for each class
label. We set B = 200 for the first 3 datasets and B = 100 for the last 6 large scale datasets.
For time efficiency, we omit the experiments of non-budget algorithms on extremely large
datasets.
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# instances
2,000
4,435
7,291
10,000
15,000
43,500
78,823
581,012
1,000,000

# features
180
36
256
780
16
9
50
54
10

# classes
3
6
10
10
26
7
3
7
10

Lu, Hoi, Wang, Zhao and Liu

Dataset
dna
satimage
usps
mnist
letter
shuttle
acoustic
covtype
poker

Table 6: Details of Multi-class Classification Datasets.

7.3.2 Performance Evaluation Results
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Table 7 summarizes the average performance evaluation results for the compared algorithms
on multi-class classification task. To further inspect more details of online multi-class classification performance, Figure 1 and Figure 2 also show the online performance convergence
of all the compared algorithms in the entire online learning process. From these results, we
can draw some observations as follows.
First of all, similar to the binary case, budget online kernel learning algorithms are much
more efficient than the regular online kernel learning algorithms without budget, which is
more obvious for larger scale datasets. For the three largest datasets (acoustic, covtype and
poker), some of which consists of nearly one million instances, we have to exclude the nonbudget online learning algorithms due to their extremely expensive costs in both time and
memory. This again demonstrates the importance of exploring budget online kernel learning
algorithms. Among the two non-budget online kernel learning algorithms, we found that
OGD often achieves the highest accuracy, which is much better than Perceptron. However,
its high-accuracy performance is paid by spending significantly higher computational time
cost in comparison to the Perceptron algorithm. This is because OGD performs much more
aggressive updates than Perceptron in the online learning process, which thus results in a
significantly larger number of support vectors.
Second, when comparing the performance of different existing budget online kernel learning algorithms, it is clear to observe that the algorithms based on support vector projection
strategy (projectron and projectron++) achieve significantly higher accuracy than the algorithms using simple support vector removal strategy. However, the gain of accuracy is paid
by the sacrifice of efficiency, as shown by the time cost results in the table. Furthermore,
one might be surprised to observe that BPA-S, which is relatively efficient in binary case, is
extremely slow in multi-class case. This is due to the different updating approach of BPA-S
for multi-class classification. In particular, for other budget multi-class algorithms, their
time complexity of each prediction is O(2B), i.e., only 2 out of the m classes (y and s)
are updated when adding a new support vector. By contrast, during the update of BPA-S
at each iteration, every class has to be updated, leading to the overall time complexity of
O(mB). Consequently, the BPA-S is much more expensive than the other algorithms.
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dna

usps

%±0.7
%±0.4
%±1.4
%±2.1
%±4.4
%±6.1
%±1.2
%±0.9
%±0.7
%±0.9

57.4
61.2
43.0
40.3
46.2
58.0
43.0
37.8

%±0.2
%±0.4
%±0.1
%±0.1
%±0.3
%±0.1
%±0.2
%±0.1

Mistake Rate

acoustic

10.0 %±0.2
6.7 %±0.2
24.0 %±0.4
22.7 %±0.5
10.6 %±0.1
9.9 %±0.2
15.4 %±0.6
23.2 %±0.4
10.1 %±0.2
9.0 %±0.2

Mistake Rate

20.4
16.1
31.1
30.9
22.7
23.1
25.3
36.3
20.8
20.7

Mistake Rate

40.469
46.865
46.469
47.400
210.916
40.266
12.637
25.883

Time(s)

89.790
310.072
30.180
30.478
192.347
194.366
54.457
30.966
9.589
24.332

Time(s)

4.891
25.068
2.707
2.949
4.254
4.330
11.055
3.103
0.887
2.292

Time(s)

mnist

letter

%±0.1
%±0.2
%±0.5
%±0.6
%±0.1
%±0.3
%±1.2
%±0.4
%±0.2
%±0.6

covtype

%±0.5
%±0.3
%±0.2
%±0.1
%±0.5
%±0.3
%±0.5
%±0.2
%±0.6
%±0.2

60.1
60.4
41.1
38.3
45.2
57.4
40.4
41.0

%±0.1
%±0.4
%±0.2
%±0.2
%±0.2
%±0.0
%±0.1
%±0.6

Mistake Rate

71.5
71.2
91.7
96.1
71.5
71.4
84.6
92.7
71.5
71.5

Mistake Rate

15.4
10.7
43.4
43.9
17.7
17.7
32.4
42.5
11.8
15.6

Mistake Rate

445.238
491.403
930.646
937.860
1569.255
456.692
80.774
211.354

Time(s)

80.901
94.222
18.783
19.034
26.921
27.584
47.459
18.510
2.322
3.380

Time(s)

456.76
1004.65
59.98
64.32
434.53
430.38
91.25
62.51
1.792
46.90

Time(s)

shuttle

%±0.5
%±0.3
%±0.8
%±1.4
%±0.5
%±0.4
%±0.3
%±0.6
%±0.4
%±0.3

poker

%±0.3
%±0.1
%±0.5
%±0.4
%±0.3
%±0.5
%±0.2
%±0.2
%±0.5
%±0.1

56.6
56.5
54.5
53.2
54.7
53.2
52.6
50.3

%±0.0
%±0.0
%±0.1
%±0.1
%±0.4
%±0.0
%±0.1
%±0.2

Mistake Rate

15.2
12.3
29.3
34.1
15.3
16.8
14.1
27.9
15.6
12.3

Mistake Rate

29.6
23.6
49.3
48.2
29.6
25.9
27.9
48.2
29.5
23.7

Time(s)

137.886
377.328
12.989
12.776
20.034
20.879
58.856
14.399
4.039
8.484

Time(s)

4.675
6.917
2.409
2.503
3.685
3.771
17.337
2.670
0.915
1.869

Time(s)

398.423
413.807
810.421
825.526
2566.812
465.020
190.102
216.717

satimage

Mistake Rate

29

JMLR 17(47):1-43

Table 7: Evaluation of Large-scale Online Kernel Learning on Multi-class Classification
Task .

RBP
Forgetron
Projectron
Projectron++
BPA-S
BOGD
FOGD
NOGD

Algorithm

Perceptron
OGD
RBP
Forgetron
Projectron
Projectron++
BPA-S
BOGD
FOGD
NOGD

Algorithm

Perceptron
OGD
RBP
Forgetron
Projectron
Projectron++
BPA-S
BOGD
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NOGD

Algorithm
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Furthermore, by comparing the two proposed algorithms, FOGD and NOGD, with the
existing budget online kernel learning algorithms, we observe that the proposed algorithms
achieve the highest accuracy for most cases, and meanwhile run significantly faster than
the other algorithms, which again validates the effectiveness and efficiency of our proposed
technique. Thus, we can conclude that the proposed functional approximation approach
for budget online kernel learning is a promising technique for building scalable online kernel learning algorithms for large scale learning tasks. Finally, by comparing FOGD and
NOGD, we found that their accuracy performance is nearly comparable while FOGD is
relatively faster. As mentioned in the binary section, this indicates that FOGD is easier for
parallelization.

Figure 1: Convergence evaluation of multi-class datasets: mistake rate (best viewed in
color).
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Second, we found there is some common tendency of the impact on the learning accuracy
by the two parameters, although different datasets may have slightly different results. In
particular, we observe that when the value of ρf or ρn is large enough (e.g., ρf > 5 or
ρn > 0.1), increasing their value has limited impact on the improvement of the learning
accuracy while the time cost keeps growing linearly. This gives an important guideline
for one to choose the two parameters properly in order to gain computational efficiency
without sacrificing learning accuracy. Specifically, as shown in the figure, by choosing the
two parameters roughly in the ranges of ρf ∈ (4, 6) and ρn ∈ (0.2, 0.4), we are able to
achieve satisfactory tradeoff for most cases.

the value ρf is essential to increasing the number of Fourier components, leading to a
better approximation of lower variance and thus higher classification accuracy. Meanwhile
the computational time cost of FOGD is proportional to the number of Fourier components,
and thus is proportional to the value of ρf . Similarly, for NOGD, the large the value of ρn ,
the more accurate approximation achieved by the Nystrom kernel matrix approximation,
and meanwhile the more computational cost required. Thus, the choice of parameter ρf
or ρn for FOGD or NOGD is essentially a trade off between learning effectiveness and
computational efficiency.

Figure 3: Performance evaluation on different values of ρf and ρn .

(c) The effect of ρn on the mistake rate of NOGD (d) The effect of ρn on the time cost of NOGD

0

(a) The effect of ρf on the mistake rate of FOGD (b) The effect of ρf on the time cost of FOGD
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Figure 2: Convergence evaluation of multi-class datasets: time cost (best viewed in color).
7.3.3 Evaluation for the ρf and ρn on Multi-class Tasks
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As mentioned in the previous experiments, we set the parameter for the number of Fourier
components D = ρf × B and the rank of Nyström matrix approximation k = ρn B, where
different choices of parameters ρf and ρn could affect the resulting performance of FOGD
and NOGD, respectively. In this section, we evaluate the sensitivity of these two parameters and examine their influence to both learning accuracy and time cost of multi-class
classification tasks.
Specifically, we fix the budget size B to 200 for all datasets, and set the other parameters
(except B, ρf , and ρn ) by following the same settings as the previous multi-class classification tasks. Figure 3 summarizes the performance evaluation results, including average
mistake rates and average time costs. From the results, we can draw some observations as
follows.
First of all, we observe that increasing the value of ρf or ρn leads to better classification
accuracy but higher running time cost. This is not difficult to understand since increasing
31
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Figure 4: The effect of different budget sizes (B) (best viewed in color).
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Table 8 summarizes the details of the 9 datasets of diverse sizes in our online regression
experiments. All of them are publicly available at the LIBSVM and UCI websites.
For comparison schemes, we compare the proposed FOGD-R and NOGD-R algorithms
with three non-budget online regression algorithms including OGD, Perceptron, and Norma

7.4.1 Experimental Test beds and Setup

This section tests the performance of our proposed algorithms on online regression tasks.

7.4 Experiments for Online Regression Tasks

For all the budget online kernel learning algorithms, the choice of budget size parameter B
can have a considerable impact on the resulting performance. In our previous experiments,
we simply fix the budget size parameter B to some constants for the compared budget online
kernel learning algorithms to enable a fair and simplified comparison. In this section, we
aim to evaluate the sensitivity of the budget size parameter B and examine if the proposed
algorithms are consistently better than the other budget online kernel learning algorithms
under varied settings of the budget size parameter. Specifically, in this experiment, we
follow the same experimental setups as the previous experiments, except that we evaluate
the influence of varied values of budget size parameter B.
Figure 4 shows the experimental results of both average mistake rates and average time
costs of different algorithms during the online learning processes under different values
of the budget size parameter B on four randomly chosen datasets, including two binary
classification datasets and two multi-class classification datasets. From the experimental
results, we can draw several observations on the impact of the budget size parameter to the
performances as follows.
First of all, we observe that increasing the budget size generally results in better classification accuracy and higher learning time cost for all the budget online kernel learning
algorithms. This is not difficult to understand since a larger budget size potentially leads
to a more precise approximation to their non-budget original algorithm, and thus a better prediction accuracy. Second, similar to the previous experiments, we notice that when
the budget size is large enough, further increasing the budget size has limited gain on the
improvement of classification accuracy. This observation indicates that selecting a proper
budget size parameter B is a tradeoff between classification accuracy and learning time
cost. Moreover, by comparing different budget learning algorithms under varied values of
B, we found that the projectron algorithms and the proposed two algorithms (FOGD and
NOGD) tend to achieve the best classification accuracy results for most cases, particularly
when the value of budget size B is small. By further examining the time costs, we found
that the proposed algorithms (especially FOGD) are significantly more efficient than the
Projectron for varied values of B. These encouraging results again validate that the proposed algorithms not only achieve consistently better accuracy results than the existing
budget online kernel learning methods for most cases, but also have a significant advantage
in computational efficiency for large-scale online kernel learning tasks.

7.3.4 Evaluation for the Selection of Budget Size on Multi-class
Classification Task

Lu, Hoi, Wang, Zhao and Liu

# instances
506
1,385
4,177
5,875
8,192
20,640
45,730
53,500
463,715

# features
13
6
8
20
12
8
9
385
90

Large Scale Online Kernel Learning

Dataset
housing
mg
abalone
parkinsons
cpusmall
cadata
casp
slice
year
Table 8: Details of Regression Datasets.

(Kivinen et al., 2001), and four other existing budget online kernel learning algorithms
including RBP, Forgetron, Projectron, and BOGD.
For parameter setting, we follow the same setup as the previous experiments for most of
the parameters. For the Norma algorithm, the adaptable threshold parameter  is learned
and updated at each iteration. For all the other algorithms, this parameter  is simply
fixed to 0.1. We set ρf = 15 and B = 30 for all the regression datasets. According to our
empirical experience on online regression tasks, the regular perceptron based algorithms
that simply use the default step size 1 would perform extremely poor because of the inappropriate learning rate. In order to have a stronger baseline for comparison, we conduct a
validation experiment by searching for the best learning rate parameter (about 0.1) for all
the perceptron-based algorithms.
7.4.2 Performance Evaluation Results
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Table 9 shows the summary of empirical evaluation results on the nine datasets, and Figures
6 and 6 show the detailed regressions results in terms of both regression errors and time
cost in the online learning processes. From these results, we can draw several observations
as follows.
First of all, by examining the running time costs of different algorithms, it is clear to see
that the budget online kernel learning algorithms are more efficient than the non-budget
algorithms, particularly on larger scale datasets. This observation is consistent to the previous classification experiments, again validating the importance of studying budget online
kernel learning methods. By examining the non-budget algorithms, we found that NORMA
runs faster than the other two algorithms (OGD and Perceptron) which is primarily because of it the adaptive threshold which reduces the frequency of update and thus obtains
a relatively smaller support vector set size. Among all the budget algorithms, the proposed
FOGD algorithm is able to achieve the smallest time cost for all cases.
Second, in terms of regression accuracy, among the existing budget algorithms, the projectron algorithm outperforms the other existing budget online learning algorithms due to
its sophisticated projection strategy. By further comparing the proposed FOGD and NOGD
algorithms with the existing ones, we found that our algorithms achieve the lowest squared
35

Algorithm
OGD
Perceptron
Norma
RBP
Forgetron
Projectron
BOGD
FOGD
NOGD
Algorithm
OGD
Perceptron
Norma
RBP
Forgetron
Projectron
BOGD
FOGD
NOGD
Algorithm
RBP
Forgetron
Projectron
BOGD
FOGD
NOGD

housing

parkinsons

Squared Loss
0.04017±0.00043
0.04018±0.00080
0.04329±0.00065
0.05837±0.00140
0.05848±0.00216
0.04023±0.00080
0.05270±0.00134
0.04009±0.00071
0.04063±0.00043

casp

Squared Loss
0.04835±0.00018
0.05306±0.00045
0.05084±0.00018
0.07540±0.00102
0.07488±0.00114
0.05306±0.00046
0.06159±0.00037
0.04909±0.00020
0.04896±0.00068
Squared Loss
0.12425±0.00048
0.12455±0.00046
0.08709±0.00021
0.09683±0.00012
0.08021±0.00031
0.07844±0.00008

Time
0.103
0.103
0.086
0.075
0.106
0.070
0.064
0.037
0.073

Squared Loss
0.03976 ±0.00018
0.04155±0.00019
0.05739±0.00008
0.08115±0.00029
0.08128±0.00061
0.04155±0.00020
0.07259±0.00031
0.04097±0.00015
0.03983±0.00018

Squared Loss
0.01137±0.00007
0.01280±0.00010
0.01224±0.00006
0.02498±0.00034
0.02483±0.00042
0.01280±0.00010
0.01558±0.00017
0.01169±0.00005
0.01138±0.00007

abalone

Time
1.905
1.257
2.060
0.449
0.581
0.375
0.406
0.217
0.427

Squared Loss
0.03151±0.00007
0.03148±0.00005
0.01627±0.00013
0.05430±0.00002
0.01427±0.00004
0.01519±0.00021

year

cadata

Time
22.13
35.43
21.84
21.61
4.65
22.05
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mg

cpusmall

Squared Loss
0.05341±0.00071
0.05682±0.00084
0.06446±0.00073
0.09652±0.00253
0.09742±0.00334
0.05683±0.00084
0.08936±0.00198
0.05590±0.00073
0.05356±0.00076

Squared Loss
0.02508±0.00009
0.02660±0.00015
0.03403±0.00014
0.04895±0.00058
0.04905±0.00062
0.02660±0.00015
0.04972±0.00048
0.02577±0.00050
0.02559±0.00024

Time
0.028
0.029
0.028
0.028
0.037
0.027
0.024
0.016
0.031
Time
2.025
2.116
1.385
0.349
0.496
0.320
0.295
0.187
0.336

Squared Loss
0.04799±0.00025
0.04843±0.00024
0.01493±0.00142
0.04730±0.00011
0.00726±0.00019
0.02636±0.00460

slice

Time
2.56
3.76
2.40
2.23
1.37
2.51

Time
0.388
0.388
0.448
0.200
0.269
0.183
0.175
0.104
0.202

Time
11.63
11.50
8.45
1.09
1.54
1.00
0.94
0.55
1.05

Time
89.7
139.7
87.1
88.3
19.3
89.1

Table 9: Evaluation of Large-scale Online Kernel Learning on Regression Task (Time in
Seconds).

loss for most cases while spending comparable or even lower time cost. This encouraging
results again validate the advantages of the proposed technique for online kernel regression
tasks.
Finally, by examining the two proposed algorithms, FOGD and NOGD, we found that
they in general achieve fairly comparable regression accuracy, while FOGD tends to perform
more efficiently than NOGD in terms of running time cost. This is primarily because NOGD
has to involve the Nystrom matrix approximation which could be computationally intensive.

7.5 Comparison between FOGD and NOGD
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In the previous experiments, we have made some comparisons of different budget online
kernel learning algorithms for different learning tasks, in which the proposed algorithms
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while NOGD is faster when comparing their C++ implementations. We conjecture that
the reason is primarily because the FOGD algorithm is naturally easier for parallelization
than NOGD. When running the Matlab implementations, FOGD may take advantages of
Matlab-embedded speedup with implicit multi-core parallelization. While running the C++
implementations, we do not explicitly engage any parallelization, and thus NOGD is faster
than FOGD when no parallelization is exploited.
Second, the efficiency performance of the two proposed algorithms also depends on the
dataset size. For small-sized datasets, FOGD tends to be more efficient, while NOGD
tends to be more efficient on larger-sized datasets. The main reason is that a key step of
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show promising performance. In this section, we conduct both quantitative comparison
and in-depth qualitative analysis of the two proposed algorithms in order to better understand their strengths and weaknesses in different scenarios. Specifically, we summarize the
comparison of the two algorithms as follows.
First of all, as observed in the previous experiments, the two proposed algorithms in
general tends to achieve comparable learning accuracy for most cases. However, NOGD
outperforms FOGD in batch setting while FOGD is more accurate in online setting. In
terms of running time costs, the result seems relatively implementation dependent. Specifically, when comparing the Matlab implementations of both algorithms, FOGD is faster,
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Figure 6: Evaluation of online average time cost on online regression tasks (best viewed in
color).
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Figure 5: Evaluation of online average squared loss on the regression tasks (best viewed in
color).
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NOGD is the Nystrom approximation that involves the eigen-decomposition. The eigendecomposition computation could be potentially very computationally intensive a smallscale dataset, but relatively small or even negligible for a large-scale dataset. By contrast,
FOGD does not involve eigen-decomposition and thus does not suffer from such issue for
small-scale datasets.
Third, FOGD suffers from high space complexity (high memory cost) when handling
datasets with relatively high dimensionality. This is because FOGD has to maintain a
ρf B × d matrix in memory for the random Fourier features computation, while NOGD only
needs to keep B × ρn B matrix for storing the feature mapping matrix. For a large-scale
high-dimensional learning task where d  B and ρf > 1, FOGD will clearly suffer a much
higher memory cost than NOGD.
Forth, FOGD has some restrictions in terms of applicable kernels, e.g., shift-invariant
kernels as mentioned before. It may be difficult to be generalized for other divers kernels.
By contrast, NOGD is based on the the Nyström approximation which only requires the
computation of kernel matrix and does not have a restriction on the applicable kernel type
as long as it is a valid kernel.
Finally, FOGD may suffer from some practical limitations and implementation challenges for novel feature extension in some real-world applications. For example, consider
learning tasks with stream data where novel features may arrive at different time periods in
the online learning process. At the beginning of the online learning task, it is impossible to
know the full set of features. During the online learning process, whenever a novel feature
appears, FOGD has to update the list of D random Fourier components by expanding their
dimensionality. Such kind of updating process usually involves a series of memory operations, such as new memory space allocation, copying existing vectors, and freeing memory
space of obsolete data, which could be quite expensive if novel feature appears frequently.
By contrast, NOGD suffers less for the novel feature extension issue in that we can simply
treat the value of a novel feature as zero when computing kernel value between an existing
support vector and a new example with the novel feature.

8. Conclusions
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This paper presented a novel framework of large-scale online kernel learning via functional
approximation, going beyond conventional online kernel methods that often adopt the budget maintenance strategy for ensuring the size of support vector is bounded. The basic
idea of our framework is to approximate a kernel function or kernel matrix by exploring
functional approximation techniques, which transforms the online kernel learning task into
an approximate linear online learning problem in a new kernel-inducing feature space that
can be further resolved by applying existing efficient and scalable online algorithms. We
presented two new algorithms for large-scale online kernel learning tasks: Fourier Online
Gradient Descent (FOGD) and Nyström Online Gradient Descent (NOGD), and applied
them to tackle different tasks, including binary classification, multi-class classification, and
regression tasks. Our promising results on large-scale datasets show the proposed new algorithms are able to achieve the state-of-the-art performance in both learning efficacy and
efficiency in comparison to a variety of existing techniques. By comparing the two proposed
algorithms, we found that they in general achieve quite comparable learning performance
39
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for most cases, while have different advantages and disadvantages under different scenarios. As the first comprehensive work of exploring functional approximation for large-scale
online kernel learning, our framework is generic and can be extended to tackle different
learning tasks in other settings (e.g., structured prediction). To facilitate other researchers
to re-produce our results, we have released the source code of our implementations. In our
future work, we plan to extend our work by exploring parallel computing techniques to
make kernel methods practical for massive-scale data analytics tasks.
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This paper aims to improve the estimation of the mean function in a reproducing kernel
Hilbert space (RKHS), or a kernel mean, from a finite sample. A kernel mean is defined
with respect to a probability distribution P over a measurable space X by
Z
µP ,
k(x, ·) dP(x) ∈ H,
(1)

1. Introduction

A mean function in a reproducing kernel Hilbert space (RKHS), or a kernel mean, is central
to kernel methods in that it is used by many classical algorithms such as kernel principal
component analysis, and it also forms the core inference step of modern kernel methods that
rely on embedding probability distributions in RKHSs. Given a finite sample, an empirical
average has been used commonly as a standard estimator of the true kernel mean. Despite
a widespread use of this estimator, we show that it can be improved thanks to the wellknown Stein phenomenon. We propose a new family of estimators called kernel mean
shrinkage estimators (KMSEs), which benefit from both theoretical justifications and good
empirical performance. The results demonstrate that the proposed estimators outperform
the standard one, especially in a “large d, small n” paradigm.
Keywords: covariance operator, James-Stein estimators, kernel methods, kernel mean,
shrinkage estimators, Stein effect, Tikhonov regularization

Editor: Ingo Steinwart

bs@tuebingen.mpg.de
Empirical Inference Department, Max Planck Institute for Intelligent Systems
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1. The separability of H and measurability of k ensures that k(·, x) is a H-valued measurable function for
all x ∈ X (Steinwart and Christmann, 2008, Lemma A.5.18). The separability of H is guaranteed by
choosing X to be a separable topological space and k to be continuous (Steinwart and Christmann, 2008,
Lemma 4.33).
2. The notion of characteristic kernel is closely related to the notion of universal kernel. In brief, if the
kernel is universal, it is also characteristic, but the reverse direction is not necessarily the case. See, e.g.,
Sriperumbudur et al. (2011), for more detailed accounts on this topic.

We refer to this estimator as a kernel mean estimator (KME). Though it is the most
commonly used estimator of the true kernel mean, the key contribution of this work is to
show that there exist estimators that can improve upon this standard estimator.
The kernel mean has recently gained attention in the machine learning community,
thanks to the introduction of Hilbert space embedding for distributions (Berlinet and
Thomas-Agnan, 2004; Smola et al., 2007). Representing the distribution as a mean function in the RKHS has several advantages. First, if the kernel k is characteristic, the map
P 7→ µP is injective.2 That is, it preserves all information about the distribution (Fukumizu
et al., 2004; Sriperumbudur et al., 2008). Second, basic operations on the distribution can
be carried out by means of inner products in RKHS, e.g., EP [f (x)] = hf, µP iH for all f ∈ H,
which is an essential step in probabilistic inference (see, e.g., Song et al., 2011). Lastly, no
intermediate density estimation is required, for example, when testing for homogeneity from
finite samples. Thus, the algorithms become less susceptible to the curse of dimensionality;
see, e.g., Wasserman (2006, Section 6.5) and Sriperumbudur et al. (2012).
The aforementioned properties make Hilbert space embedding of distributions appealing
to many algorithms in modern kernel methods, namely, two-sample testing via maximum
mean discrepancy (MMD) (Gretton et al., 2007, 2012), kernel independence tests (Gretton
et al., 2008), Hilbert space embedding of HMMs (Song et al., 2010), and kernel Bayes rule
(Fukumizu et al., 2011). The performance of these algorithms relies directly on the quality
of the empirical estimate µ̂P .
In addition, the kernel mean has played much more fundamental role as a basic building block of many kernel-based learning algorithms (Vapnik, 1998; Schölkopf et al., 1998).
For instance, nonlinear component analyses, such as kernel principal component analysis
(KPCA), kernel Fisher discriminant analysis (KFDA), and kernel canonical correlation analysis (KCCA), rely heavily on mean functions and covariance operators in RKHS (Schölkopf
et al., 1998; Fukumizu et al., 2007). The kernel K-means algorithm performs clustering in
feature space using mean functions as representatives of the clusters (Dhillon et al., 2004).
Moreover, the kernel mean also served as a basis in early development of algorithms for classification, density estimation, and anomaly detection (Shawe-Taylor and Cristianini, 2004,
Chapter 5). All of these employ the empirical average in (2) as an estimate of the true
kernel mean.

i=1

where µP is a Bochner integral (see, e.g., Diestel and Uhl (1977, Chapter 2) and Dinculeanu
(2000, Chapter 1) for a definition of Bochner integral) and H is a Rseparable
RKHS endowed
p
with a measurable reproducing kernel k : X × X → R such that X k(x, x) dP(x) < ∞.1
Given an i.i.d sample x1 , x2 , . . . , xn from P, the most natural estimate of the true kernel
mean is empirical average
n
1X
µ̂P ,
k(xi , ·) .
(2)
n

Muandet, Sriperumbudur, Fukumizu, Gretton, and Schölkopf

Kernel Mean Shrinkage Estimators

We show in this work that the empirical estimator in (2) is, in a certain sense, not optimal, i.e., there exist “better” estimators (more below), and then propose simple estimators
that outperform the empirical estimator. While it is reasonable to argue that µ̂P is the
“best” possible estimator of µP if nothing is known about P (in fact µ̂P is minimax in the
sense of van der Vaart (1998, Theorem 25.21, Example 25.24)), in this paper we show that
“better” estimators of µP can be constructed if mild assumptions are made on P. This work
is to some extent inspired by Stein’s seminal work in 1955, which showed that the maximum
likelihood estimator (MLE) of the mean, θ of a multivariate Gaussian distribution N (θ, σ 2 I)
is “inadmissible” (Stein, 1955)—i.e., there exists a better estimator—though it is minimax
optimal. In particular, Stein showed that there exists an estimator that always achieves
smaller total mean squared error regardless of the true θ ∈ Rd , when d ≥ 3. Perhaps the
best known estimator of such kind is James-Steins estimator (James and Stein, 1961). Formally, if X ∼ N (θ, σ 2 I) with d ≥ 3, the estimator δ(X) = X for θ is inadmissible in mean
squared sense and is dominated by the following estimator


(d − 2)σ 2
1−
X,
(3)
kXk2
δJS (X) =

i.e., EkδJS (X) − θk2 ≤ Ekδ(X) − θk2 for all θ and there exists at least one θ for which
EkδJS (X) − θk2 < Ekδ(X) − θk2 .
Interestingly, the James-Stein estimator is itself inadmissible, and there exists a wide
class of estimators that outperform the MLE, see, e.g., Berger (1976). Ultimately, Stein’s
result suggests that one can construct estimators better than the usual empirical estimator
if the relevant parameters are estimated jointly and if the definition of risk ultimately
looks at all of these parameters (or coordinates) together. This finding is quite remarkable
as it is counter-intuitive as to why joint estimation should yield better estimators when
all parameters are mutually independent (Efron and Morris, 1977). Although the Stein
phenomenon has been extensively studied in the statistics community, it has not received
much attention in the machine learning community.
The James-Stein estimator is a special case of a larger class of estimators known as
shrinkage estimators (Gruber, 1998). In its most general form, the shrinkage estimator is
a combination of a model with low bias and high variance, and a model with high bias but
low variance. For example, one might consider the following estimator:
θ̂shrink , λθ̃ + (1 − λ)θ̂ML ,
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where λ ∈ [0, 1], θ̂ML denotes the usual maximum likelihood estimate of θ, and θ̃ is an
arbitrary point in the input space. In the case of James-Stein estimator, we have θ̃ = 0.
Our proposal of shrinkage estimator to estimate µP will rely on the same principle, but
will differ fundamentally from the Stein’s seminal works and those along this line in two
aspects. First, our setting is “non-parametric” in the sense that we do not assume any
parametric form for the distribution, whereas most of traditional works focus on some
specific distributions, e.g., the Gaussian distribution. The non-parametric setting is very
important in most applications of kernel means because it allows us to perform statistical
inference without making any assumption on the parametric form of the true distribution
P. Second, our setting involves a “non-linear feature map” into a high-dimensional space.
3
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For example, if we use the Gaussian RBF kernel (see (6)), the mean function µP lives in an
infinite-dimensional space. As a result, higher moments of the distribution come into play
and therefore one cannot adopt Stein’s setting straightforwardly as it involves only the first
moment. A direct generalization of James-Stein estimator to infinite-dimensional Hilbert
space has been considered, for example, in Berger and Wolpert (1983); Mandelbaum and
Shepp (1987); Privault and Rveillac (2008). In those works, the parameter to be estimated
is assumed to be the mean of a Gaussian measure on the Hilbert space from which samples
are drawn. In contrast, our setting involves samples that are drawn from P defined on an
arbitrary measurable space, and not from a Gaussian measure defined on a Hilbert space.
1.1 Contributions

In the following, we present the main contributions of this work.

1. In Section 2.2, we propose kernel mean shrinkage estimators and show that these estimators can theoretically improve upon the standard empirical estimator, µ̂P in terms
of the mean squared error (see Theorem 1 and Proposition 4), however, requiring the
knowledge of the true kernel mean. We relax this condition in Section 2.3 (see Theorem 5) where without requiring the knowledge of the true kernel mean, we construct
shrinkage estimators that are uniformly better (in mean squared error) than the empirical estimator over a class of distributions P. For bounded continuous translation
invariant kernels, we show that P reduces to a class of distributions whose characteristic functions have an L2 -norm bounded by a given constant. Through concrete choices
for P in Examples 1 and 2, we discuss the implications of the proposed estimator.

(4)

2. While the proposed estimators in Section 2.2 and 2.3 are theoretically interesting, they
are not useful in practice as they require the knowledge of the true data generating
distribution. In Section 2.4 (see Theorem 7), we present a completely data-dependent
√
estimator (say µ̌P )—referred to as B-KMSE—that is n-consistent and satisfies

2
2
+ O(n−3/2 ) as n → ∞.
< Ekµ̂P − µP kH
Ekµ̌P − µP kH

3. In Section 3, we present a regularization interpretation for the proposed shrinkage
estimator, wherein the shrinkage parameter is shown to be directly related to the
regularization parameter. Based on this relation, we present an alternative approach
to choosing the shrinkage parameter (different from the one proposed in Section 2.4)
through leave-one-out cross-validation, and show that the corresponding shrinkage
√
estimator (we refer to it as R-KMSE) is also n-consistent and satisfies (4).
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4. The regularization perspective also sheds light on constructing new shrinkage estimators that incorporate specific information about the RKHS, based on which we
√
present a new n-consistent shrinkage estimator—referred to as S-KMSE—in Section 4 (see Theorem 13 and Remark 14) that takes into account spectral information
of the covariance operator in RKHS. We establish the relation of S-KMSE to the
problem of learning smooth operators (Grünewälder et al., 2013) on H, and propose a leave-one-out cross-validation method to obtain a data-dependent shrinkage
parameter. However, unlike B-KMSE and R-KMSE, it remains an open question as

4

2
i=1 ai .

qP
d

hf, kx iH = f (x),

∀f ∈ H.

(5)

5

JMLR 17(48):1-41

The function kx (·) , k(x, ·) is called the reproducing kernel of H and the equality (5) is
called the reproducing property of H. The space H is endowed with inner product h·, ·iH
and norm k · kH . Any symmetric and positive semi-definite kernel function k : X × X → R
uniquely determines an RKHS (Aronszajn, 1950). One of the most popular kernel functions
is the Gaussian radial basis function (RBF) kernel on X = Rd ,


kx − yk22
, x, y ∈ X ,
(6)
k(x, y) = exp −
2
2σ

Rd ,

For a , (a1 , . . . , ad ) ∈
kak2 ,
For a topological space X , C(X ) (resp.
Cb (X )) denotes the space of all continuous (resp. bounded continuous) functions on X . For
a locally compact Hausdorff space X , f ∈ C(X ) is said to vanish at infinity if for every
 > 0 the set {x : |f (x)| ≥ } is compact. The class of all continuous f on X which vanish
at infinity is denoted as C0 (X ). Mb (X ) (resp. M+1 (X )) denotes the set of all finite Borel
(resp. probability) measures defined on X . For X ⊂ Rd , Lr (X ) denotes the Banach space of
1/r
R
r-power (r ≥ 1) Lebesgue integrable functions. For f ∈ Lr (X ), kf kLr , X |f (x)|r dx
r
1
d
denotes the L -norm of f for√1 ≤ r < ∞. The Fourier transform of f ∈ L (R ) is defined as
R
>
f ∧ (ω) , (2π)−d/2 Rd f (x)e− −1ω x dx, ω ∈ Rd . The characteristic function of P ∈ M+1 (Rd )
R √−1ω> x
is defined as φP (ω) , e
dP(x), ω ∈ Rd .
An RKHS over a set X is a Hilbert space H consisting of functions on X such that for
each x ∈ X there is a function kx ∈ H with the property

2.1 Definitions & Notation

In this section, we first provide some definitions and notation that are used throughout
the paper, following which we present a shrinkage estimator of µP . The rest of the section
presents various properties including the inadmissibility of the empirical estimator.

2. Kernel Mean Shrinkage Estimators

While a shorter version of this work already appeared in Muandet et al. (2014a,b)—
particularly, the ideas in Sections 2.2, 3 and 4—, this extended version provides a rigorous
theoretical treatment (through Theorems 5, 7, 10, 13 and Proposition 15 which are new)
for the proposed estimators and also contains additional experimental results.

5. In Section 6, we empirically evaluate the proposed shrinkage estimators of kernel mean
on both synthetic data and several real-world scenarios including Parzen window
classification, density estimation and discriminative learning on distributions. The
experimental results demonstrate the benefits of our shrinkage estimators over the
standard one.

to whether S-KMSE with a data-dependent shrinkage parameter is consistent and
satisfies an inequality similar to (4). The difficulty in answering these questions lies
with the complex form of the estimator, µ̃P which is constructed so as to capture the
spectral information of the covariance operator.

Kernel Mean Shrinkage Estimators

i6=j

i,j=1

n
1 X
Exi ,xj k(xi , xj ) − kµk2H
n2

(7)

(8)

6

In particular, arg minα∈R (∆α − ∆) is unique and is given by α∗ ,
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∆
.
∆+kf ∗ −µk2H

Theorem 1 Let X be a separable
topological space. Then for all distributions P and conR
tinuous kernel k satisfying k(x, x) dP(x) < ∞, ∆α < ∆ if and only if


2∆
α ∈ 0,
.
(9)
2
∆ + kf ∗ − µkH

where α ≥ 0 and
is a fixed, but arbitrary function in H. Basically, it is a shrinkage
estimator that shrinks the empirical estimator toward a function f ∗ by an amount specified
by α. The choice of f ∗ can be arbitrary, but we will assume that f ∗ is chosen independent
of the sample. If α = 0, the estimator µ̂α reduces to the empirical estimator µ̂. We denote
by ∆α the risk of the shrinkage estimator in (8), i.e., ∆α , R(µ, µ̂α ).
Our first theorem asserts that the shrinkage estimator µ̂α achieves smaller risk than that
of the empirical estimator µ̂ given an appropriate choice of α, regardless of the function f ∗ .

f∗

µ̂α , αf ∗ + (1 − α)µ̂

We propose the following kernel mean estimator

2.2 Shrinkage Estimation of µP

where kµk2H = Ex,x̃ [k(x, x̃)] , Ex∼P [Ex̃∼P [k(x, x̃)]] with x and x̃ being independent copies.
An estimator µ̂1 is said to be as good as µ̂2 if R(µ, µ̂1 ) ≤ R(µ, µ̂2 ) for any P, and is better
than µ̂2 if it is as good as µ̂2 and R(µ, µ̂1 ) < R(µ, µ̂2 ) for at least one P. An estimator is
said to be inadmissible if there exists a better estimator.

1
= (Ex k(x, x) − Ex,x̃ k(x, x̃)) ,
n

n
n
1 X
1 X
Exi ,xj k(xi , xj ) − kµk2H
= 2
Exi k(xi , xi ) + 2
n
n

i=1

∆ = Ekµ̂ − µk2H = Ekµ̂k2H − kµk2H =

where k · k2 denotes the Euclidean norm and σ > 0 is the bandwidth. For x ∈ H1 and
y ∈ H2 , x ⊗ y denotes the tensor product of x and y, and can be seen as an operator from
H2 to H1 as (x ⊗ y)z = xhy, ziH2 for any z ∈ H2 , where H1 and H2 are Hilbert spaces.
We assume throughout the paper that we observe a sample x1 , x2 , . . . , xn ∈ X of size
n drawn independently and identically (i.i.d.) from some unknown distribution P defined
over a separable topological space X . Denote by µ and µ̂ the true kernel mean (1) and its
empirical estimate (2) respectively. We remove the subscript for ease of notation, but we will
use µP (resp. µ̂P ) and µ (resp. µ̂) interchangeably. For the well-definedness
of µ as a Bochner
R
integral, throughout the paper we assume that k is continuous and X k(x, x) dP(x) < ∞
(see Footnote 1). We measure the quality of an estimator µ̃ ∈ H of µ by the risk function,
R : H × H → R, R(µ, µ̃) = Ekµ − µ̃k2H , where E denotes the expectation over the choice of
random sample of size n drawn i.i.d. from the distribution P. When µ̃ = µ̂, for the ease of
notation, we will use ∆ to denote R(µ, µ̂), which can be rewritten as
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Proof Note that

Kernel Mean Shrinkage Estimators

Bias(µ̂α ) = E[µ̂α ] − µ = E[αf ∗ + (1 − α)µ̂] − µ = α(f ∗ − µ)

2
2
2
2
∆α = Ekµ̂α − µkH
= kE[µ̂α ] − µkH
+ E kµ̂α − Eµ̂α kH
= kBias(µ̂α )kH
+ Var(µ̂α ),

where
and
2
Var(µ̂α ) = (1 − α)2 E kµ̂ − µkH
= (1 − α)2 ∆.

Therefore,
2
∆α = α2 kf ∗ − µkH
+ (1 − α)2 ∆,
(10)


2 − 2α∆. This is clearly negative if and only if (9) holds
i.e., ∆α − ∆ = α2 ∆ + kf ∗ − µkH
∆
.
and is uniquely minimized at α∗ ,
2
∆+kf ∗ −µkH

Remark 2 (i) The shrinkage estimator always improves upon the standard one regardless of the direction of shrinkage, as specified by the choice of f ∗ . In other words,
there exists a wide class of kernel mean estimators that achieve smaller risk than the
standard one.
(ii) The range of α depends on the choice of f ∗ . The further f ∗ is from µ, the smaller
the range of α becomes. Thus, the shrinkage gets smaller if f ∗ is chosen such that it
is far from the true kernel mean. This effect is akin to James-Stein estimator.
(iii) From (9), since 0 < α < 2, i.e., 0 < (1 − α)2 < 1, it follows that Var(µ̂α ) < Var(µ̂) =
∆, i.e., the shrinkage estimator always improves upon the empirical estimator in terms
of the variance. Further improvement can be gained by reducing the bias by incorporating the prior knowledge about the location of µ via f ∗ . This implies that we can
potentially gain “twice” by adopting the shrinkage estimator: by reducing variance of
the estimator and by incorporating prior knowledge in choosing f ∗ such that it is close
to the true kernel mean.
While Theorem 1 shows µ̂ to be inadmissible by providing a family of estimators that
are better than µ̂, the result is not useful as all these estimators require the knowledge of
µ (which is the parameter of interest) through the range of α given in (9). In Section 2.3,
we investigate Theorem 1 and show that µ̂α can be constructed under some weak assumptions on P, without requiring the knowledge of µ. From (9), the existence of positive α
is guaranteed if and only if the risk of the empirical estimator is non-zero. Under some
assumptions on k, the following result shows that ∆ = 0 if and only if the distribution P is
a Dirac distribution, i.e., the distribution P is a point mass. This result ensures, in many
non-trivial cases, a non-empty range of α for which ∆α − ∆ < 0.

JMLR 17(48):1-41

Proposition 3 Let k(x, y) = ψ(x − y), x, y ∈ Rd be a characteristic kernel where ψ ∈
Cb (Rd ) is positive definite. Then ∆ = 0 if and only if P = δx for some x ∈ Rd .
Proof See Section 5.1.

7

Muandet, Sriperumbudur, Fukumizu, Gretton, and Schölkopf

2.2.1 Positive-part Shrinkage Estimator

(12)

(11)

Similar to James-Stein estimator, we can show that the positive-part version of µ̂α also
outperforms µ̂, where the positive-part estimator is defined by

µ̂α+ , αf ∗ + (1 − α)+ µ̂

with (a)+ , a if a > 0 and zero otherwise. Equation (11) can be rewritten as
(
αf ∗ + (1 − α)µ̂,
0≤α≤1
αf ∗
1 < α < 2.
µ̂α+ =

2 be the risk of the positive-part estimator. Then, the following result
Let ∆α+ , Ekµ̂α+ − µkH
shows that ∆α+ ≤ ∆α , given that α satisfies (9).

Proposition 4 For any α satisfying (9), we have that ∆α+ ≤ ∆α < ∆.

and

2
∆α+ = α2 kf ∗ − µkH
.

Proof According to (12), we decompose the proof into two parts. First, if 0 ≤ α ≤ 1, µ̂α
and µ̂α+ behave exactly the same. Thus, ∆α+ = ∆α . On the other hand, when 1 < α < 2,
the bias-variance decomposition of these estimators yields

2
2
∆α = α2 kf ∗ − µkH
+ (1 − α)2 Ekµ̂ − µkH

It is easy to see that ∆α+ < ∆α when 1 < α < 2. This concludes the proof.

Proposition 4 implies that, when estimating α, it is better to restrict the value of α to be
smaller than 1, although it can be greater than 1, as suggested by Theorem 1. The reason
is that if 0 ≤ α ≤ 1, the bias is an increasing function of α, whereas the variance is a
decreasing function of α. On the other hand, if α > 1, both bias and variance become
increasing functions of α. We will see later in Section 3 that µ̂α and µ̂α+ can be obtained
naturally as a solution to a regularized regression problem.
2.3 Consequences of Theorem 1

2∆
2 .
∆ + kf ∗ − µkH

As mentioned before, while Theorem 1 is interesting from the perspective of showing that
the shrinkage estimator, µ̂α performs better—in the mean squared sense—than the empirical
estimator, it unfortunately relies on the fact that µP (i.e., the object of interest) is known,
which makes µ̂α uninteresting. Instead of knowing µP , which requires the knowledge of P,
in this section, we show that a shrinkage estimator can be constructed that performs better
than the empirical estimator, uniformly over a class of probability distributions. To this
end, we introduce the notion of an oracle upper bound.
Let P be a class of probability distributions P defined on a measurable space X . We
define an oracle upper bound as

P∈P

Uk,P , inf

JMLR 17(48):1-41

It follows immediately from Theorem 1 and the definition of Uk,P that if Uk,P 6= 0, then
for any α ∈ (0, Uk,P ), ∆α − ∆ < 0 holds “uniformly” for all P ∈ P. Note that by virtue

8

A(2π)d/2 ψ(0)
kψkL1


.


.

≥

=

(†)

1 + (n − 1)

1 + (n −

Ex,x̃ k(x,x̃)
Ex k(x,x)

1−

+

nkf ∗ k2H
Ex k(x,x)

+

√

2nkf ∗ kH Ex,x̃ k(x,x̃)
Ex k(x,x)

Ex,x̃ k(x,x̃)
Ex k(x,x)
∗ ,µi
nkf ∗ k2H
E k(x,x̃)
H
1) Ex,x̃
+ Ex k(x,x)
− 2nhf
Ex k(x,x)
x k(x,x)
E k(x,x̃)
1 − Ex,x̃
x k(x,x)

2∆
∆ + kf ∗ − µk2H

√
2n Akf ∗ kH
√
ψ(0)

Ex k(x, x) − Ex,x̃ k(x, x̃)
∆
=
∆ + kf ∗ − µk2H
Ex k(x, x) − Ex,x̃ k(x, x̃) + nkf ∗ − µk2H


0,

+

,

(14)

(13)

and

9
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with equality holding if and only if P = δy for some y ∈ Rd (see Proposition 3). However, for
any A ∈ (0, 1) and y ∈ Rd , it is easy to verify that δy ∈
/ Pk,A , which implies the numerator
in fact positive. The denominator is clearly positive since Ex,x̃ k(x, x̃) ≥ 0 and therefore the
r.h.s. of (14) is positive. Also note that
Z Z
Z
(∗)
Ex,x̃ k(x, x̃) =
ψ(x − y) dP(x) dP(y) =
|φP (ω)|2 ψ ∧ (ω) dω

where the division by Ex k(x, x) in (†) is valid since Ex k(x, x) = ψ(0) > 0. Note that the
numerator in the r.h.s. of (14) is non-negative since
p
p
Ex,x̃ k(x, x̃) ≤ Ex k(x, x)Ex̃ k(x̃, x̃) ≤ Ex k(x, x)

Consider

∆α < ∆, ∀ α ∈

nkf ∗ k2H
ψ(0)

2(1 − A)

1 + (n − 1)A +

Proof By Theorem 1, we have that


α ∈ 0,

where φP denotes the characteristic function of P. Then for all P ∈ Pk,A , ∆α < ∆ if



n
p o
Pk,A , P ∈ M+1 (Rd ) : kφP kL2 ≤ Aψ ,

definite function with ψ(0) > 0. For a given constant A ∈ (0, 1), let Aψ :=

Theorem 5 Let k(x, y) = ψ(x − y), x, y ∈ Rd with ψ ∈ Cb (Rd ) ∩ L1 (Rd ) and ψ is a positive

of Proposition 3, the class P cannot contain the Dirac measure δx (for any x ∈ Rd ) if the
kernel k is translation invariant and characteristic on Rd . Below we give concrete examples
of P for which Uk,P 6= 0 so that the above uniformity statement holds. In particular, we
show in Theorem 5 below that for X = Rd , if a non-trivial bound on the L2 -norm of the
characteristic function of P is known, it is possible to construct shrinkage estimators that
are better (in mean squared error) than the empirical average. In such a case, unlike in
Theorem 1, α does not depend on the individual distribution P, but only on an upper bound
associated with a class P.

Kernel Mean Shrinkage Estimators

(15)

Ex,x̃ k(x,x̃)
Ex k(x,x)

≤ A. Using this in (14) and combining it with

2

10
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Also, kψkL1 = (2πτ 2 )d/2 . Therefore, for Pk,A , {P ∈ N : σ 2 ≥ πτ 2 /A2/d }, assuming
f ∗ = 0, we obtain the result in Theorem 5, i.e., the result in Theorem 5 holds for all
Gaussian distributions that are smoother (having larger variance) than that of the kernel.

where ψ(x) = e−kxk2 /2τ , x ∈ Rd and τ > 0. For P ∈ N, it is easy to verify that
Z
√
1 2
>
2
2
2
φP (ω) = e −1θ ω− 2 σ kωk2 , ω ∈ Rd and kφP k2L2 = e−σ kωk2 dω = (π/σ 2 )d/2 .

2

Example 1 (Gaussian kernel and Gaussian distribution) Define


kx−θk2
2
1
e− 2σ2 dx, θ ∈ Rd , σ > 0 ,
N , P ∈ M+1 (Rd ) dP(x) =
d/2
2
(2πσ )

In the following, we present some concrete examples to elucidate Theorem 5.

This means bounded densities belong to Pk,A as φP ∈ L1 (Rd ) implies that P has a
density, p ∈ C0 (Rd ). Moreover, it is easy to check that larger the value of A, larger is
the class Pk,A and smaller is the range of α for which ∆α < ∆ and vice-versa.

where we used the fact that supω∈Rd |φP (ω)| = 1, it is easy to check that
(
)
A(2π)d/2 ψ(0)
P ∈ M+1 (Rd ) : kφP kL1 ≤
⊂ Pk,A .
kψkL1

ω∈Rd

(ii) Suppose that P has a density, denoted by p, with respect to the Lebesgue measure and
φP ∈ L2 (Rd ). By Plancherel’s theorem, p ∈ L2 (Rd ) as kpkL2 = kφP kL2 , which means
that Pk,A includes distributions with square integrable densities (note that in general
not every p is square integrable). Since
Z
Z
kφP k2L2 = |φP (ω)|2 dω ≤ sup |φP (ω)| |φP (ω)| dω = kφP kL1 ,

Remark 6 (i) Theorem 5 shows that for any P ∈ Pk,A , it is possible to construct a
shrinkage estimator that dominates the empirical estimator, i.e., the shrinkage estimator has a strictly smaller risk than that of the empirical estimator.

and therefore for any P ∈ Pk,A ,
(13) yields the result.

where ψ ∧ is the Fourier transform of ψ and (∗) follows—see (16) in the proof of Proposition 5
in Sriperumbudur et al. (2011)—by invoking Bochner’s theorem (Wendland, 2005, Theorem
6.6), which states that ψ is Fourier transform of a non-negative finite Borel measure with
R
>
density (2π)−d/2 ψ ∧ , i.e., ψ(x) = (2π)−d/2 e−ix ω ψ ∧ (ω) dω, x ∈ Rd . As Ex k(x, x) = ψ(0),
we have that
AkφP k2L2
Ex,x̃ k(x, x̃)
≤
Ex k(x, x)
Aψ

ω∈Rd

≤ sup ψ ∧ (ω)kφP k2L2 ≤ (2π)−d/2 kψkL1 kφP k2L2 ,
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n

Example 2 (Linear kernel) Suppose f ∗ = 0 and k(x, y) = x> y. While the setting of
Theorem 5 does not fit this choice of k, an inspection of its proof shows that it is possible
to construct a shrinkage estimator that improves upon µP for an appropriate class of distributions. To this end, let ϑ and Σ represent the mean vector and covariance matrix of
kϑk22
E k(x,x̃)
a distribution P defined on Rd . Then it is easy to check that Ex,x̃
= trace(Σ)+kϑk
2 and
x k(x,x)
2
therefore for a given A ∈ (0, 1), define


kϑk22
A
.
Pk,A , P ∈ M+1 (Rd )
≤
trace(Σ)
1−A

i
2(1−A)
From (13) and (14), it is clear that for any P ∈ Pk,A , ∆α < ∆ if α ∈ 0, 1+(n−1)A
. Note
that this choice of kernel yields the setting similar to classical James-Stein estimation. In
James-Stein estimation, P ∈ N (see Example 1 for the definition of N) and ϑ is estimated
as (1 − α̃)ϑ̂—which improves upon ϑ̂—where α̃ depends on the sample (xi )
and ϑ̂ is the
i=1
q
o
n
dA
, ∆α < ∆ if
sample mean. In our case, for all P ∈ Pk,A = P ∈ N : kϑk2 ≤ σ 1−A
i

2(1−A)
. In addition, in contrast to the James-stein estimator which improves
α ∈ 0, 1+(n−1)A
upon the empirical estimator ( i.e., sample mean) for only d ≥ 3, we note here that the
proposed estimator improves for any d as long as P ∈ Pk,A . On the other hand, the proposed
estimator requires some knowledge about the distribution (particularly a bound on kϑk2 ),
which the James-Stein estimator does not (see Section 2.5 for more details).

2.4 Data-Dependent Shrinkage Parameter

ˆ
∆
,
ˆ + kµ̂k2
∆
H

(16)

The discussion so far showed that the shrinkage estimator in (8) performs better than the
empirical estimator if the data generating distribution satisfies a certain mild condition (see
Theorem 5; Examples 1 and 2). However, since this condition is usually not checkable in
practice, the shrinkage estimator lacks applicability. In this section, we present a completely
data driven shrinkage estimator by estimating the shrinkage parameter α from data so that
the estimator does not require any knowledge of the data generating distribution.
Since the maximal difference between ∆α and ∆ occurs at α∗ (see Theorem 1), given
an i.i.d. sample X = {x1 , x2 , . . . , xn } from P, we propose to estimate µ using µ̂α̃ = (1 − α̃)µ̂
2 ) given by
(i.e., assuming f ∗ = 0) where α̃ is an estimator of α∗ = ∆/(∆ + kµkH
α̃ =

ˆ and µ̂ being the empirical versions of ∆ and µ, respectively (see Theorem 7 for
with ∆
√
precise definitions). The following result shows that α̃ is a n n-consistent estimator of α∗
and kµ̂α̃ − µkH concentrates around kµ̂α∗ − µkH . In addition, we show that
∆α∗ ≤ ∆α̃ ≤ ∆α∗ + O(n−3/2 ) as n → ∞,
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which means the performance of µ̂α̃ is similar to that of the best estimator (in mean squared
sense) of the form µ̂α . In what follows, we will call the estimator µ̂α̃ an empirical-bound
kernel mean shrinkage estimator (B-KMSE).
11
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and

2
kµ̂kH
,

i,j=1

n
1 X
k(xi , xj )
n2

Theorem 7 Suppose n ≥ 2 Rand f ∗ = 0. Let k be a continuous kernel on a separable
topological space X satisfying X k(x, x) dP(x) < ∞. Define
ˆ , Êk(x, x) − Êk(x, x̃)
∆
n

m! 2 m−2
σ κ
, ∀ m ≥ 2.
2 1 1

m! 2 m−2
, ∀ m ≥ 2.
σ κ
2 2 2

|α̃ − α∗ | = OP (n−3/2 ) and kµ̂α̃ − µkH − kµ̂α∗ − µkH = OP (n−3/2 )

E|k(x, x) − Ex k(x, x)|m ≤

m
Ekk(·, x) − µkH
≤

α

n-consistent estimator of µ. This follows from

(19)

(18)

(17)

Pn
Pn
1
where Êk(x, x) , n1 i=1
k(xi , xi ) and Êk(x, x̃) , n(n−1)
i6=j k(xi , xj ) are the empirical
estimators of Ex k(x, x) and Ex,x̃ k(x, x̃) respectively. Assume there exist finite constants
κ1 > 0, κ2 > 0, σ1 > 0 and σ2 > 0 such that

and

Then

α

2
2
2
+ O(n−3/2 )
≤ Ekµ̂α̃ − µkH
≤ min Ekµ̂α − µkH
min Ekµ̂α − µkH

as n → ∞. In particular,

as n → ∞.
√

Ex k(x, x) − Ex,x̃ k(x, x̃)
∆
= O(n−1 )
2 = E k(x, x) + (n − 1)E
∆ + kµkH
x
x,x̃ k(x, x̃)

≤ (1 − α∗ )kµ̂ − µkH + α∗ kµkH + OP (n−3/2 )

kµ̂α̃ − µkH ≤ kµ̂α∗ − µkH + OP (n−3/2 )

(i) µ̂α̃ is a

Proof See Section 5.2.
Remark 8

with
α∗ =

as n → ∞. Using (38), we obtain kµ̂α̃ − µkH = OP (n−1/2 ) as n → ∞, which implies
√
that µ̂α̃ is a n-consistent estimator of µ.

(ii) Equation (19) shows that ∆α̃ ≤ ∆α∗ + O(n−3/2 ) where ∆α∗ < ∆ (see Theorem 1) and
therefore for any P satisfying (17) and (18), ∆α̃ < ∆ + O(n−3/2 ) as n → ∞.

m/2

= E kx − Ex xk22

m/2

JMLR 17(48):1-41

= Ekx − Ex xk2m

(iii) Suppose the kernel is bounded, i.e., supx,y∈X |k(x, y)| ≤ κ < ∞. Then it is easy to
√
√
verify that (17) and (18) hold with σ1 = κ, κ1 = 2 κ, σ2 = κ and κ2 = 2κ and
therefore the claims in Theorem 7 hold for bounded kernels.
(iv) For k(x, y) = x> y, we have

m
2
Ekk(·, x) − µkH
= E kk(·, x) − µkH

12

E|k(x, x) − Ex k(x, x)|m = E|kxk22 − Ex kxk22 |m .

13
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In Section 2, we have shown that James-Stein-like shrinkage estimator, i.e., Equation (8),
improves upon the empirical estimator in estimating the kernel mean. In this section,

3. Kernel Mean Estimation as Regression Problem

which is exactly the James-Stein estimator in (3). This particular way of estimating the
shrinkage parameter α has an intriguing consequence, as shown in Stein’s seminal works
(Stein, 1955; James and Stein, 1961), that the shrinkage estimator µ̂α can be shown to
dominate the maximum likelihood estimator µ̂ uniformly over all θ.
While it is compelling to see that there is seemingly a fundamental principle underlying
both these settings, this connection also reveals crucial difference between our approach
and classical setting of Stein—notably, original James-Stein estimator improves upon the
sample mean even when α is data-dependent (see µ̂α above), however, with the crucial
assumption that x is normally distributed.

Ex kxk2 = kθk2 + dσ 2 . Note that the choice of α is dependent on P through Ex kxk2 which
is not known in practice. To this end, we replace it with the empirical version kxk2 that
depends only on the sample x. For an arbitrary constant c ∈ (0, 2d), the shrinkage estimator
(assuming f ∗ = 0) can thus be written as


cσ 2
cσ 2 x
µ̂α = (1 − α)µ̂ = 1 −
x=x−
,
2
kxk
kxk2

In this section, we explore the connection of our proposed estimator in (8) to the JamesStein estimator. Recall that Stein’s setting deals with estimating the mean of the Gaussian
distribution N (θ, σ 2 Id ), which can be viewed as a special case of kernel mean estimation
when we restrict to the class of distributions P , {N (θ, σ 2 Id ) | θ ∈ Rd } and a linear kernel
k(x, y) = x> y, x, y ∈ Rd (see Example 2). In this case, it is easy to verify that ∆ = dσ 2 /n
and ∆α < ∆ for


2dσ 2
α ∈ 0, 2
.
2
dσ + nkθk


2
Let us assume that n = 1, in which case, we obtain ∆α < ∆ for α ∈ 0, E2dσ
as
2
x kxk

2.5 Connection to James-Stein Estimator

(v) While the moment conditions in (17) and (18) are obviously satisfied by bounded
kernels, for unbounded kernels, these conditions are quite stringent as they require
all the higher moments to exist. These conditions can be weakened and the proof
of Theorem 7 can be carried out using Chebyshev inequality instead of Bernstein’s
inequality but at the cost of a slow rate in (19).

The conditions in (17) and (18) hold for P ∈ N where N is defined in Example 1.
With P ∈ N and k(x, y) = x> y, the problem of estimating µ reduces to estimating θ,
for which we have presented a James-Stein-like estimator, µ̂α̃ that satisfies the oracle
inequality in (19).

and

Kernel Mean Shrinkage Estimators

X

Z
i=1

n

X
b , 1
kk(·, x) − gk2H dP(x) and E(g)
kk(·, xi ) − gk2H ,
n

(20)

(21)

1
λ
kµ̂ − µkH +
kµkH ≤ OP (n−1/2 ) + O(λ).
1+λ
1+λ

14
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In particular λ = τ n−1/2 (for some constant τ > 0) yields the slowest possible rate for
λ → 0 such that the best possible rate of n−1/2 is obtained for kµ̂λ − µkH → 0 as n → ∞.
In addition, following the idea in Theorem 5, it is easy to show that Ekµ̂λ − µk2H < ∆ if

kµ̂λ − µkH ≤

λ
which is nothing but the shrinkage estimator in (8) with α = 1+λ
and f ∗ = 0. This provides
a nice relation between shrinkage estimation and regularized risk minimization, wherein the
regularization helps in shrinking the estimator µ̂ towards zero although it is not required
from the point of view of ill-posedness. In particular, since 0 < 1 − α < 1, µ̂λ corresponds
to a positive-part estimator proposed in Section 2.2.1 when f ∗ = 0.
Note that µ̂λ is a consistent estimator of µ as λ → 0 and n → ∞, which follows from

where K is an n × n Gram matrix such that Kij = k(xi , xj ), c is a constant that does not
depend on β, and 1n = [1/n, 1/n, . . . , 1/n]> . Differentiating

 (21) with respect to β and
1
1n and so the minimizer of
setting it to zero yields an optimal weight vector β = 1+λ
(20) is given by


1
λ
µ̂λ =
µ̂ = 1 −
µ̂ , (1 − α)µ̂,
(22)
1+λ
1+λ

b + λΩ(kgkH ) = β > Kβ − 2β > K1n + λβ > Kβ + c,
E(g)

where Ω : R+ → R+ denotes a monotonically increasing function and λ > 0 is the
regularization parameter. By representer theorem (Schölkopf et al., 2001), any function
g∈H
Pthat is a minimizer of (20) lies in a subspace spanned by {k(·, x1 ), . . . , k(·, xn )}, i.e.,
g = nj=1 βj k(·, xj ) for some β , [β1 , . . . , βn ]> ∈ Rn . Hence, by setting Ω(kgkH ) = kgk2H ,
we can rewrite (20) in terms of β as

i=1

n

X
b + λΩ(kgkH ) = 1
Ebλ (g) , E(g)
kk(·, xi ) − gk2H + λΩ(kgkH ),
n

respectively (Kim and Scott, 2012). Given these formulations, it is natural to ask if minb
imizing the regularized version of E(g)
will give a “better” estimator. While this question
is interesting, it has to be noted that in principle, there is really no need to consider a
regularized formulation as the problem of minimizing Eb is not ill-posed, unlike in function
estimation or regression problems. To investigate this question, we consider the minimization of the following regularized empirical risk functional,

E(g) ,

we provide a regression perspective to shrinkage estimation. The starting point of the
connection between regression and shrinkage estimation is the observation that the kernel
mean µP and its empirical estimate µ̂P can be obtained as minimizers of the following risk
functionals,

Muandet, Sriperumbudur, Fukumizu, Gretton, and Schölkopf
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.

(24)

α

α

2
2
Ekµ̂λr − µkH
< Ekµ̂ − µkH
+ O(n−3/2 )

where µ̂α = (1 − α)µ̂ and therefore

as n → ∞.
Proof See Section 5.4.

4. Spectral Shrinkage Estimators

2
2
Ex∼P kk(x, ·) − F[k(x, ·)]kH
+ λkFkHS
,

Consider the following regularized risk minimization problem

arg minF∈H⊗H

n

i=1

1X
2
2
kk(xi , ·) − F[k(xi , ·)]kH
+ λkFkHS
n

µ̌λ , Fµ̂ = Σ̂XX (Σ̂XX + λI)−1 µ̂

n

i=1

1X
k(·.xi ) ⊗ k(·, xi ).
n

16

(28)

(29)

(30)

(31)
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Unlike µ̂λ in (22), µ̌λ shrinks µ̂ differently in each coordinate by taking the eigenspectrum
of Σ̂XX into account (see Proposition 11) and so we refer to it as the spectral kernel mean
shrinkage estimator (S-KMSE).

Σ̂XX =

where Σ̂XX is the empirical covariance operator on H given by

resulting in

which is an approximation to µ as it can be shown that kµλ − µkH → 0 as λ → 0 (see the
proof of Theorem 13). Given an i.i.d. sample x1 , . . . , xn from P, the empirical counterpart
of (29) is given by

µλ = Fµ = ΣXX (ΣXX + λI)−1 µ,

where the minimization is carried over the space of Hilbert-Schmidt operators, F on H with
kFkHS being the Hilbert-Schmidt norm of F. As an interpretation, we are finding a smooth
operator F that maps k(x, ·) to itself (see Grünewälder et al. (2013) for more details on this
smooth operator framework). It is not difficult
to show that the solution to (29) is given
R
by F = ΣXX (ΣXX + λI)−1 where ΣXX = k(·.x) ⊗ k(·, x) dP(x) is a covariance operator
defined on H (see, e.g., Grünewälder et al., 2012). Note that ΣXX is a Bochner integral,
which is well-defined as a Hilbert-Schmidt
operator if X is a separable topological space
R
and k is a continuous kernel satisfying k(x, x) dP(x) < ∞. Consequently, let us define

arg inf F∈H⊗H

(27)
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2
H

(25)

(26)
by noting that Êk(x, x) = %

2
2
2
min Ekµ̂α − µkH
≤ Ekµ̂λr − µkH
≤ min Ekµ̂α − µkH
+ O(n−3/2 )

Theorem 10 Let n ≥ 2, nρ > % where ρ and % are defined in Proposition 9 and k satisfies
the assumptions in Theorem 7. Then kµ̂λr − µkH = OP (n−1/2 ),

(23)



√
2 n∆
τ ∈ 0, kµk
. Note that µ̂λ is not useful in practice as λ is not known a priori. However,
2
H −∆
by choosing
ˆ
∆
λ=
2 ,
kµ̂kH

it is easy to verify (see Theorem 7 and Remark 8) that
2
2
Ekµ̂λ − µkH
< Ekµ̂ − µkH
+ O(n−3/2 )

n

i=1

1X
(−i)
k(·, xi ) − µ̂λ
n

as n → ∞. Owing to the connection of µ̂λ to a regression problem, in the following, we
present an alternate data-dependent choice of λ obtained from leave-one-out cross validation
(LOOCV) that also satisfies (23), and we refer to the corresponding estimator as regularized
kernel mean shrinkage estimator (R-KMSE).
(−i)
To this end, for a given shrinkage parameter λ, denote by µ̂λ as the kernel mean estin \{x }. We will measure the quality of µ̂(−i) by how well it approximates
mated from {xj }j=1
i
λ
k(·, xi ) with the overall quality being quantified by the cross-validation score,
LOOCV (λ) =

n(% − ρ)
.
(n − 1)(nρ − %)

%−ρ
%+(n−2)ρ ,

λr
%−ρ
=
λr + 1
(n − 2)ρ + %/n

λr =

The LOOCV formulation in (24) differs from the one used in regression, wherein instead of
measuring the deviation of the prediction made by the function on the omitted observation,
we measure the deviation between the feature map of the omitted observation and the
function itself. The following result shows that the shrinkage parameter in µ̂λ (see (22))
can be obtained analytically by minimizing (24) and requires O(n2 ) operations to compute.
Pn
Pn
k(xi , xj ) and % := n1 i=1
k(xi , xi ). Assuming
Proposition 9 Let n ≥ 2, ρ := n12 i,j=1
nρ > %, the unique minimizer of LOOCV (λ) is given by

Proof See Section 5.3.
It is instructive to compare
αr =

to the one in (16), where the latter can be shown to be
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and Êk(x, x̃) = nρ−%
n−1 (in Theorem 7, we employ the U -statistic estimator of Ex,x̃ k(x, x̃),
whereas ρ in Proposition 9 can be seen as a V -statistic counterpart). This means αr
obtained from LOOCV will be relatively larger than the one obtained from (16). Like in
Theorem 7, the requirement that n ≥ 2 in Theorem 9 stems from the fact that at least
two data points are needed to evaluate the LOOCV score. Note that nρ > % if and only
if Êk(x, x̃) > 0, which is guaranteed if the kernel is positive valued. We refer to µ̂λr as
√
R-KMSE, whose n-consistency is established by the following result, which also shows
that µ̂λr satisfies (23).
15

i=1

n
X

γi
hµ̂, φi iH φi .
γi + λ

i=1 ai k(·, xi )

Pn

where a , (a1 , . . . , an ). Then

j=1

(βs )j k(·, xj )

n
X

(32)

17
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with Ω(kgkH ) , kβk22 .
The following result, discussed in Remark 14, establishes the consistency and convergence rate of S-KMSE, µ̌λ .

√
where βs , n(K + nλI)−1 K1n . Given the form of µ̌λ in (32),Pit is easy to verify that βs
is the minimizer of (20) when Ebλ is minimized over {g = √1n nj=1 (β)j k(·, xj ) : β ∈ Rn }

1
µ̌λ = √
n

From Proposition 12, it is clear that

Proof See Section 5.5.

where K is the Gram matrix, I is an identity operator on H, I is an n × n identity matrix
and 1n , [1/n, . . . , 1/n]> .

µ̌λ = Σ̂XX (Σ̂XX + λI)−1 µ̂ = Φ(K + nλI)−1 K1n ,

Proposition 12 Let Φ : Rn → H, a 7→

As shown in Proposition 11, the effect of S-KMSE is to reduce the contribution of high
frequency components of µ̂ (i.e., contribution of µ̂ along the directions corresponding to
smaller γi ) when µ̂ is expanded in terms of the eigenfunctions of the empirical covariance
operator, which are nothing but the kernel PCA basis (Rasmussen and Williams, 2006,
Section 4.3). This means, similar to R-KMSE, S-KMSE also shrinks µ̂ towards zero, however, the difference being that while R-KMSE shrinks equally in all coordinates, S-KMSE
controls the amount of shrinkage by the information contained in each coordinate. In particular, S-KMSE takes into account more information about the kernel by allowing for
different amount of shrinkage in each coordinate direction according to the value of γi ,
wherein the shrinkage is small in the coordinates whose γi are large. Moreover, Proposition
11 reveals that the effect of shrinkage is akin to spectral filtering (Bauer et al., 2007)—
which in our case corresponds to Tikhonov regularization—wherein S-KMSE filters out the
high-frequency components of the spectral representation of the kernel mean. Muandet
et al. (2014b) leverages this observation and generalizes S-KMSE to a family of shrinkage
estimators via spectral filtering algorithms.
The following result presents an alternate representation for µ̌λ , using which we relate
the smooth operator formulation in (30) to the regularization formulation in (20).

Proof Since Σ̂XX is a finite rank operator, it is compact. Since it is also a self-adjoint operator on H, by Hilbert-Schmidt
theorem (Reed and Simon, 1972, Theorems VI.16, VI.17),
P
we have Σ̂XX = ni=1 γi hφi , ·iH φi . The result follows by using this in (31).

µ̌λ =

Proposition 11 Let {(γi , φi )}ni=1 be eigenvalue and eigenfunction pairs of Σ̂XX . Then

Kernel Mean Shrinkage Estimators

1
n−1

Pn

>
i=1 ci,λ ki ,

di,λ , k>
i (K +

−1
>
−1
ei k>
ei k>
i (K + λn I) ei ki 1
i (K + λn I) ei k(xi , xi )
+
,
1 − di,λ
1 − di,λ

18
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ki is the ith column of K, 1 , (1, . . . , 1)> and ei , (0, 0, . . . , 1, . . . , 0)> with 1 being in the
ith position. Here tr(A) denotes the trace of a square matrix A.

−

Bλ ,

−1
−1
ei k>
ei k>
i (K + λn I) K1
i (K + λn I) ki
−
1 − di,λ
1 − di,λ

>
i=1 ci,λ ci,λ ,

Pn

ci,λ , K1 − ki − ei k>
i 1 + ei k(xi , xi ) +

1
(n−1)2

i=1


 2
1
tr (K + λn I)−1 K(K + λn I)−1 Aλ − tr (K + λn I)−1 Bλ
n
n
n
1X
+
k(xi , xi ),
n
where λn , (n − 1)λ, Aλ ,
λn I)−1 ei ,

LOOCV (λ) =

Proposition 15 The LOOCV score of S-KMSE is given by

Note that the estimator µ̌λ requires the knowledge of the shrinkage or regularization parameter, λ. Similar to R-KMSE, below, we present a data dependent approach to select λ
using leave-one-out cross validation. While the shrinkage parameter for R-KMSE can be
obtained in a simple closed form (see Proposition 9), we will see below that finding the
corresponding parameter for S-KMSE is more involved. Evaluating the score function (i.e.,
(−i)
(24)) naı̈vely requires one to solve for µ̂λ explicitly for every i, which is computationally
expensive. The following result provides an alternate expression for the score, which can be
evaluated efficiently. We would like to point out that a variation of Proposition 15 already
appeared in Muandet et al. (2014a, Theorem 4). However, Theorem 4 in Muandet et al.
(−i)
(2014a) uses an inappropriate choice of µ̂λ , which we fixed in the following result.

Remark 14 While Theorem 13(i) shows that S-KMSE, µ̌λ is not universally consistent,
i.e., S-KMSE is not consistent for all P but only for those P that satisfies µ ∈ R(ΣXX ),
under some additional conditions on the kernel, the universal consistency of S-KMSE can
be guaranteed. This is achieved by assuming that constant functions are included in H,
i.e., 1 ∈ H. Note that if 1 ∈ H,R then it is easy to check that there exists g ∈ H (choose
g = 1) such that µ = ΣXX g = k(·, x)g(x) dP(x), i.e., µ ∈ R(ΣXX ), and, therefore, by
Theorem 13, µ̌λ is not only universally consistent but also achieves a rate of n−1/2 . Choosing
k(x, y) = k̃(x, y) + b, x, y ∈ X , b > 0 where k̃ is any bounded, continuous positive definite
kernel ensures that 1 ∈ H.

Proof See Section 5.6.

(ii) If µ ∈ R(ΣXX ), then kµ̌λ − µkH = OP (n−1/2 ) for λ = cn−1/2 with c > 0 being a
constant independent of n.

Theorem 13 Suppose X is a separable topological space and k is a continuous, bounded
kernel on X . Then the following hold.
√
(i) If µ ∈ R(ΣXX ), then kµ̌λ − µkH → 0 as λ n → ∞, λ → 0 and n → ∞.
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Proof See Section 5.7.
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Unlike R-KMSE, a closed form expression for the minimizer of LOOCV (λ) in Proposition 15
is not possible and so proving the consistency of S-KMSE along with results similar to those
in Theorem 10 are highly non-trivial. Hence, we are not able to provide any theoretical
comparison of µ̌λ (with λ being chosen as a minimizer of LOOCV (λ) in Proposition 15) with
µ̂. However, in the next section, we provide an empirical comparison through simulations
where we show that the S-KMSE outperforms the empirical estimator.

5. Proofs
In this section, we present the missing proofs of the results of Sections 2–4.
5.1 Proof of Proposition 3
( ⇒ ) If P = δx for some x ∈ X , then µ̂ = µ = k(·,
RR x) and thus ∆ = 0.
( ⇐ ) Suppose ∆ = 0. It follows from (7) that (k(x, x) − k(x, y)) dP(x) dP(y) = 0. Since
k is translation invariant, this reduces to
ZZ

|φP (ω)|2 dΛ(ω),

(ψ(0) − ψ(x − y)) dP(x) dP(y) = 0.

ψ(x − y) dP(x) dP(y) =

Z

(33)

By invoking Bochner’s theorem (Wendland, 2005, Theorem 6.6), which states that ψ is the
R
>
Fourier transform of a non-negative finite Borel measure Λ, i.e., ψ(x) = e−ix ω dΛ(ω), x ∈
Rd , we obtain (see (16) in the proof of Proposition 5 in Sriperumbudur et al. (2011))
ZZ
Z
thereby yielding

(|φP (ω)|2 − 1) dΛ(ω) = 0,

where φP is the characteristic function of P. Note that φP is uniformly continuous and
|φP | ≤ 1. Since k is characteristic, Theorem 9 in Sriperumbudur et al. (2010) implies that
supp(Λ) = Rd , using which in (33) yields |φP (ω)| = 1 for all ω ∈ Rd . Since
φP is positive
√
>
definite on Rd , it follows from Sasvári (2013, Lemma 1.5.1) that φP (ω) = e −1ω x for some
x ∈ Rd and thus P = δx .
5.2 Proof of Theorem 7
Before we prove Theorem 7, we present Bernstein’s inequality in separable Hilbert spaces,
quoted from Yurinsky (1995, Theorem 3.3.4), which will be used to prove Theorem 7.

m
≤
Ekξi kH

m! 2 m−2
θ B
.
2
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(34)

Theorem 16 (Bernstein’s inequality) Let (Ω, A, P ) be a probability space, H be a separable Hilbert space, B > 0 and θ > 0. Furthermore, let ξ1 , . . . , ξn : Ω → H be zero mean
independent random variables satisfying
n
X
i=1

19

(

(ξ1 , . . . , ξn ) :

n
X
i=1

ξi

H

≥ 2Bτ +

√

2θ2 τ

)

≤ 2e−τ .
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Then for any τ > 0,
Pn

Proof (of Theorem 7) Consider

+

,

2 )(∆
ˆ + kµ̂k2 )
(∆ + kµkH
H

ˆ − ∆)
− kµ̂k2 ) + (1 − α∗ )(∆
H
.
ˆ + kµ̂k2
∆
H

2
2
ˆ
α̃(kµkH
−
kµ̂k
(
∆
−
∆)(1
−
α̃)
H)
+
2 )
2 ) .
(∆ + kµkH
(∆ + kµkH

2 )(∆
ˆ + kµ̂k2 )
(∆ + kµkH
H

2
2
ˆ
ˆ
∆kµk
∆
∆
H − ∆kµ̂kH
−
=
α̃ − α∗ =
2
2
2
ˆ
ˆ
∆ + kµk2
∆
+
kµ̂k
(
∆
+
kµ̂k
H
H
H )(∆ + kµkH )
2
2
ˆ
ˆ − ∆)kµ̂k2
∆(kµk
(∆
H − kµ̂kH )
H

=

=

2
α∗ (kµkH

2 − kµ̂k2 | + (1 + α )|∆
ˆ − ∆|
α∗ |kµkH
∗
H

2 ) − (kµk2 − kµ̂k2 ) + (∆
ˆ − ∆)
(∆ + kµkH
H
H

α̃ − α∗ =

Rearranging α̃, we obtain

Therefore,
|α̃ − α∗ | ≤

|Ex,x̃ k(x, x̃) − Êk(x, x̃)| |Êk(x, x) − Ex k(x, x)|
+
.
n
n

where it is easy to verify that
ˆ − ∆| ≤
|∆

(35)

(36)

In the following we obtain bounds on |Êk(x, x) − Ex k(x, x)|, |Ex,x̃ k(x, x̃) − Êk(x, x̃)| and
2 − kµ̂k2 | when the kernel satisfies (17) and (18).
|kµkH
H
Bound on |Êk(x, x) − Ex k(x, x)|:

2κ2 τ
2σ22 τ
+
.
n
n

(37)

Since k is a continuous kernel on a separable topological space X , it follows from Lemma
4.33 of Steinwart and Christmann (2008) that H is separable. By defining ξi , k(xi , xi ) −
√
Ex k(x.x), it follows from (18) that θ = nσ2 and B = κ2 and so by Theorem 16, for any
τ > 0, with probability at least 1 − 2e−τ ,
r

|Êk(x, x) − Ex k(x, x)| ≤

kµ̂ − µkH ≤

2κ1 τ
2σ12 τ
+
.
n
n
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(38)

Bound on kµ̂ − µkH :
√
By defining ξi , k(·, xi ) − µ and using (17), we have θ = nσ1 and B = κ1 . Therefore, by
Theorem 16, for any τ > 0, with probability at least 1 − 2e−τ ,
r
2 − kµk2 |:
Bound on |kµ̂kH
H

20

kµ̂k2H − kµk2H ≤ (kµ̂kH + kµkH )kµ̂ − µkH ≤ (kµ̂ − µkH + 2kµkH )kµ̂ − µkH ,

(39)

n2 (kµ̂k2H

−

kµk2H )

+ n(Ex k(x, x) − Êk(x, x)) +
n(n − 1)

− Ex k(x, x))

4e−τ ,

n(kµk2H

H

= O(1) as n → ∞, it follows from (41) that |α̃ − α∗ | = OP (n−3/2 ) as

21
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|kµ̂α̃ − µkH − kµ̂α∗ − µkH | ≤ kµ̂α̃ − µ̂α∗ kH ≤ |α̃ − α∗ |kµ̂ − µkH + |α̃ − α∗ |kµkH ,

Using (38) and (41) in

Bound on |kµ̂α̃ − µkH − kµ̂α∗ − µkH |:

n → ∞.

Ex k(x,x)+(n−1)kµk2H
n

where θn , ∆ + kµk2H and (Gi1 )4i=1 , (Gi2 )4i=1 are positive constants that do not deEx k(x,x)−Ex,x̃ k(x,x̃)
∆
= Ex k(x,x)+(n−1)E
= O(n−1 ) and θn =
pend on n and τ . Since α∗ = ∆+kµk
2
x,x̃ k(x,x̃)

using which in (35) along with (39), we obtain that for any τ > 0, with probability at least
1 − 4e−τ ,


P4 
Gi2
1+τ i/2
i=1 Gi1 α∗ + n (1 + α∗ )
n

|α̃ − α∗ | ≤
(41)
i/2 ,
P 
θn − 4i=1 Gi1 + Gni2 1+τ
n

Using (37) and (40) in (36), for any τ > 0, with probability at least 1 − 4e−τ ,
r



3/2


00
00
00
F 00 1 + τ 2
ˆ − ∆| ≤ F1 1 + τ + F2 1 + τ + F3 1 + τ
|∆
+ 4
,
n
n
n
n
n
n
n
n

Bound on |α̃ − α∗ |:

where (Fi )5i=1 and (Fi0 )4i=1 are positive constants that do not depend on n and τ .

it follows from (37) and (39) that for any τ > 0, with probability at least 1 −
r
τ 
 τ 3/2
 τ 2 F
τ
5
|Êk(x, x̃) − Ex,x̃ k(x, x̃)| ≤ F1
+ F2
+ F3
+ F4
+
n
n
n
n
n
r






1+τ
1+τ
1 + τ 3/2
1+τ 2
≤ F10
+ F20
+ F30
+ F40
(40)
,
n
n
n
n

Êk(x, x̃)−Ex,x̃ k(x, x̃) =

Since

Bound on |Êk(x, x̃) − Ex,x̃ k(x, x̃)|:

where (Di )4i=1 are positive constants that depend only on σ12 , κ and kµkH , and not on n
and τ .

it follows from (38) that for any τ > 0, with probability at least 1 − 2e−τ ,
r
τ 
 τ 3/2
 τ 2
τ
+ D2
+ D3
+ D4
,
kµ̂k2H − kµk2H ≤ D1
n
n
n
n

Since

Kernel Mean Shrinkage Estimators

,

(42)

≤ 2(kµ̂kH + kµkH ) |kµ̂α̃ − µkH − kµ̂α∗ − µkH |

n

Z

∞

0

22

JMLR 17(48):1-41


P kµ̂α̃ − µk2H − kµ̂α∗ − µk2H >  d

 !
Z γn
φn
φn 2
γn
d
exp 1 − n
≤ √ +4
γn
γn
φn n
√
φn n

 !
Z ∞
φn 1/4
+4
d
exp 1 − n
γn
γn
φn
Z n−1
Z
γn
2γn
e−t
16eγn ∞ 3 −t
√
= √ + √
dt + 4
t e dt.
n φn n
φn n φn n 0
t+1
Ekµ̂α̃ − µk2H − Ekµ̂α∗ − µk2H =

Therefore,

 
P 
i/2
where γn , H1 α∗ + Hn2 (1 + α∗ ), φn , θn − 4i=1 Gi1 + Gni2 n1
and (Hi )2i=1 are
positive constants that do not depend on n and τ . In other words,


 2 

φ
γ√
n

,
≤  ≤ φγnn
4 exp 1 − n γnn

φn n

P kµ̂α̃ − µk2H − kµ̂α∗ − µk2H >  ≤
.
 1/4 

φ

,  ≥ φγnn
4 exp 1 − n γnn

φn

for any τ > 0, with probability at least 1 − 4e−τ ,


P8  00
G00
1+τ i/2
i2
i=1 Gi1 α∗ + n (1 + α∗ )
n
2
2

kµ̂α̃ − µkH − kµ̂α∗ − µkH ≤
i/2 ,
P 
θn − 4i=1 Gi1 + Gni2 1+τ
n


P8  00
G00
1+τ i/2
i2
i=1 Gi1 α∗ + n (1 + α∗ )
n


≤
,
i/2
P
θn − 4i=1 Gi1 + Gni2 n1
 q
 γn 1+τ ,
0<τ ≤n−1
n
≤ φγ n
,

 n 1+τ 4 , τ ≥ n − 1

≤ 2(kµ̂ − µkH + 2kµkH ) |kµ̂α̃ − µkH − kµ̂α∗ − µkH | ,

kµ̂α̃ − µk2H − kµ̂α∗ − µk2H ≤ (kµ̂α̃ − µkH + kµ̂α∗ − µkH ) |kµ̂α̃ − µkH − kµ̂α∗ − µkH |

Since

Bound on Ekµ̂α̃ − µk2H − Ekµ̂α∗ − µk2H :

where (G0i1 )6i=1 and (G0i2 )6i=1 are positive constants that do not depend on n and τ . From
(42), it is easy to see that |kµ̂α̃ − µkH − kµ̂α∗ − µkH | = OP (n−3/2 ) as n → ∞.

for any τ > 0, with probability at least 1 − 4e−τ , we have


P6  0
G0i2
1+τ i/2
i=1 Gi1 α∗ + n (1 + α∗ )
n

|kµ̂α̃ − µkH − kµ̂α∗ − µkH | ≤
i/2 ,
P 
θn − 4i=1 Gi1 + Gni2 1+τ
n
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Since
0

R n−1
−t
√e
t+1

dt ≤
0

R∞

n

t3 e−t dt ≤
0

R∞

t3 e−t dt = 6, we have

96eγn
3γn
2
− µkH
≤ √ + 4 .
n φn
φn n

R∞

Kernel Mean Shrinkage Estimators

e−t dt = 1 and

2
Ekµ̂α̃ − µkH
− Ekµ̂α∗

j6=i

and φ(xi ) , k(·, xi ). Note that
n

i=1

1 X (1 − α) X
φ(xj ) − φ(xi )
n
n−1

2

H

H

i=1

The claim in (19) follows by noting that γn = O(n−1 ) and φn = O(1) as n → ∞.

λ
λ+1

5.3 Proof of Proposition 9
Define α ,
LOOCV (λ) ,

n(1 − α)
µ̂
n−1



H

−

2
n

i=1

n2 (1 − α)2 2n(n − α)(1 − α)
−
(n − 1)2
(n − 1)2



i=1

n
(n − α)2 X
k(xi , xi )
n(n − 1)2

 2 2
F (α)
1
α (n ρ − 2nρ + %) + 2nα(ρ − %) + n2 (% − ρ) ,
.
(n − 1)2
(n − 1)2

2
kµ̂kH
+

n
2
1−α
1 X n(1 − α)
µ̂ −
φ(xi ) − φ(xi )
=
n
n−1
n−1
H
i=1
*
+
n
n
2
X
n(1 − α)
n−α
1 X n−α
φ(xi ),
µ̂
+
φ(xi )
n−1
n−1
n
n−1

=
=
=

2
H

d
d
−2
−2 d F (α), equating it zero
Since dλ
LOOCV (λ) = (n − 1)−2 dα
F (α) dα
dλ = (n − 1) (1 + λ)
dα
yields (25). It is easy to show that the second derivative of LOOCV (λ) is positive implying
that LOOCV (λ) is strictly convex and so λr is unique.

=

Êk(x, x) + (n − 2)Êk(x, x̃)

Êk(x, x) − Êk(x, x̃)

,

= (1 − αr )µ̂, we have kµ̂λr − µkH ≤ αr kµ̂kH + kµ̂ − µkH . Note that
2
1)kµ̂kH

ˆ
n(% − ρ)
n∆
=
ˆ + (n −
n(n − 2)ρ + %
∆

µ̂
1+λr

5.4 Proof of Theorem 10
Since µ̂λr =
αr =

=

αr − α̃ =

−

Êk(x, x) − Êk(x, x̃)

2Êk(x, x) + (n − 2)Êk(x, x̃)
= (α̃ − α∗ )β + α∗ β,
Therefore, |αr − α̃| ≤ |α̃ − α∗ ||β| + α∗ |β|, where α∗ = O(n−1 )

Êk(x, x) + (n − 2)Êk(x, x̃)

α̃Êk(x, x)

Êk(x, x) + (n − 2)Êk(x, x̃)

Êk(x, x) − Êk(x, x̃)

ˆ kµ̂k2 , Êk(x, x) and Êk(x, x̃) are defined in Theorem 7. Consider |αr − α∗ | ≤
where ∆,
H
|αr − α̃|+|α̃−α∗ | where α̃ is defined in (16). From Theorem 7, we have |α̃−α∗ | = OP (n−3/2 )
as n → ∞ and

where β ,

Êk(x,x)
.
Êk(x,x)+(n−2)Êk(x,x̃)
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as n → ∞, which follows from Remark 8(i). Since |Êk(x, x) − Ex k(x, x)| = OP (n−1/2 ) and
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|Êk(x, x̃) − Ex,x̃ k(x, x̃)| = OP (n−1/2 ), which follow from (37) and (40) respectively, we have
|β| = OP (n−1 ) as n → ∞. Combining the above, we have |αr − α̃| = OP (n−2 ), thereby
yielding |αr − α∗ | = OP (n−3/2 ). Proceeding as in Theorem 7, we have

|kµ̂λr − µkH − kµ̂α∗ − µkH | ≤ kµ̂λr − µα∗ kH ≤ |αr − α∗ |kµ̂ − µkH + |αr − α∗ |kµkH ,

n

j=1

=

(∗)

i=1

ai Σ̂XX k(·, xi ) =

i=1

1X
ai Φki> ,
n

1X
1
k(·, xj )k(xi , xj ) = Φki>
n
n

ai k(·, xi )

n

which from the above follows that |kµ̂λr − µkH − kµ̂α∗ − µkH | = OP (n−3/2 ) as n → ∞. By
√
arguing as in Remark 8(i), it is easy to show that µ̂λr is a n-consistent estimator of µ.
(27) follows by carrying out the analysis as in the proof of Theorem 7 verbatim by replacing
α̃ with αr , while (28) follows by appealing to Remark 8(ii).
5.5 Proof of Proposition 12

Σ̂XX k(·, xi ) =

First note that for any i ∈ {1, . . . , n},

with ki being the ith

n
X

i=1

row of K. This implies for any a ∈ Rn ,
!
n
X
Σ̂XX Φa = Σ̂XX

where (∗) holds since Σ̂XX

i=1

n
X
1
Φ
ai ki>
n

=

1
ΦKa.
n

(43)

is a linear operator. Also, since Φ is a linear operator, we obtain
!
Σ̂XX Φa =

1
(43)
ΦK1n = Σ̂XX Φ1n = Σ̂XX µ̂.
n

To prove the result, let us define a , (K + nλI)−1 K1n and consider
(43)

(Σ̂XX + λI)Φa = n−1 ΦKa + λΦa = Φ(n−1 K + λI)a =

Multiplying to the left on both sides of the above equation by (Σ̂XX + λI)−1 , we obtain
Φ(K + nλI)−1 K1n = (Σ̂XX + λI)−1 Σ̂XX µ̂ and the result follows by noting that (Σ̂XX +
λI)−1 Σ̂XX = Σ̂XX (Σ̂XX + λI)−1 .
5.6 Proof of Theorem 13

By Proposition 12, we have µ̌λ = (Σ̂XX + λI)−1 Σ̂XX µ̂. Define µλ , (ΣXX + λI)−1 ΣXX µ.
Let us consider the decomposition µ̌λ − µ = (µ̌λ − µλ ) + (µλ − µ) with

µ̌λ − µλ = (Σ̂XX + λI)−1 (Σ̂XX µ̂ − Σ̂XX µλ − λµλ )

= (Σ̂XX + λI)−1 (Σ̂XX µ̂ − Σ̂XX µλ − ΣXX µ + ΣXX µλ )

(∗)

+(Σ̂XX + λI)−1 ΣXX (µλ − µ),
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= (Σ̂XX + λI)−1 Σ̂XX (µ̂ − µ) − (Σ̂XX + λI)−1 Σ̂XX (µλ − µ)

24

Σ̂XX (µλ − µ)kH

ΣXX (µλ − µ)kH + A(λ)

−1

(44)

j=0

(ΣXX + λI)−1 (ΣXX − Σ̂XX )
,

−1

k(ΣXX + λI)

HS

j

j

ΣXX k

1
2

and therefore

√
2κτ + 4τ κ
√
+ 4A(λ).
n

with probability at least 1 −

2e−τ

(45)

over
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We now analyze A(λ). Since k is continuous and X is separable, H is separable (Steinwart
and Christmann, 2008, Lemma 4.33). Also ΣXX is compact since it is Hilbert-Schmidt.
The consistency result therefore follows from Sriperumbudur et al. (2013, Proposition A.2)
which ensures A(λ) → 0 as λ → 0. The rate also follows from Sriperumbudur et al.
(2013, Proposition A.2) which yields A(λ) ≤ kΣ−1
XX µkH λ, thereby obtaining kµ̌λ − µkH =
OP (n−1/2 ) for λ = cn−1/2 with c > 0 being a constant independent of n.

kµ̌λ − µkH ≤

√

κ 8τ ( 2τ +1)
√
,
n

this along
with
k(Σ̂XX + λI)−1 Σ̂XX k ≤ 1 and (38) in (44),
√
√

that k(ΣXX + λI)−1 (ΣXX − Σ̂XX )kHS ≤

we obtain that for any τ > 0 and λ ≥
the choice of {xi }ni=1 ,

For λ ≥

√
√
κ 8τ ( 2τ +1)
√
, we obtain
n
k(Σ̂XX + λI)−1 ΣXX k ≤ 2. Using

where we used k(ΣXX + λI)−1 ΣXX k ≤ 1 and the fact that ΣXX and Σ̂XX are HilbertSchmidt operators on H as kΣXX kHS ≤ κ < ∞ and kΣ̂XX kHS ≤ κ < ∞ with κ being the
bound on the kernel. Define η : X → HS(H), η(x) = (ΣXX + λI)−1 (ΣXX − Σx ), where
HS(H) isPthe space of Hilbert-Schmidt operators on H and Σx , k(·, x) ⊗ k(·, x). Observe
that E n1 ni=1 η(xi ) = 0. Also, for all i ∈ {1, . . . , n}, kη(xi )kHS ≤ k(ΣXX + λI)−1 kkΣXX −
4κ2
2
Σx kHS ≤ 2κ
λ and Ekη(xi )kHS ≤ λ2 . Therefore, by Bernstein’s inequality (see Theorem 16),
for any τ > 0, with probability at least 1 − 2e−τ over the choice of {xi }ni=1 ,
√
√ √
κ 2τ
κ 2τ ( 2τ + 1)
2κτ
√
k(ΣXX + λI)−1 (ΣXX − Σ̂XX )kHS ≤ √ +
≤
.
λn
λ n
λ n

≤

j=0
∞
X

where the last line denotes the Neumann series and therefore
∞
X
k(Σ̂XX + λI)−1 ΣXX k ≤
(ΣXX + λI)−1 (ΣXX − Σ̂XX )

j=0

where for any bounded linear operator B, kBk denotes its operator norm. We now bound
k(Σ̂XX + λI)−1 ΣXX k as follows. It is easy to show that

−1
(ΣXX + λI)−1 ΣXX
(Σ̂XX + λI)−1 ΣXX = I − (ΣXX + λI)−1 (ΣXX − Σ̂XX )


∞ 
j
X
=
(ΣXX + λI)−1 (ΣXX − Σ̂XX )  (ΣXX + λI)−1 ΣXX ,

+A(λ),

≤ k(Σ̂XX + λI)−1 Σ̂XX k (kµ̂ − µkH + A(λ)) + k(Σ̂XX + λI)−1 ΣXX kA(λ)

−1

Σ̂XX (µ̂ − µ)kH + k(Σ̂XX + λI)

+k(Σ̂XX + λI)

kµ̌λ − µkH ≤ k(Σ̂XX + λI)

−1

where we used λµλ = ΣXX µ − ΣXX µλ in (∗). By defining A(λ) , kµλ − µkH , we have

Kernel Mean Shrinkage Estimators

,

(−i)

=

j6=i

n
n−1


(Σ̂ + λ0n I) −

a⊗a
n

=

Σ̂ −

a⊗a
n



µ̂ −

a
,
n

Using the notation in the proof of Proposition 12, the following can be

n − ha, (Σ̂ +

λ0n I)−1 aiH

(Σ̂ + λ0n I)−1 (a ⊗ a)(Σ̂ + λ0n I)−1

(−i)

µ̌λ

=

, we obtain

>

−1
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A
3. The Sherman-Morrison formula states that (A + uv> )−1 = A−1 − A1+vuv
> A−1 u where A is an invertible
square matrix, u and v are column vectors such that 1 + v> A−1 u 6= 0.

−1

1
Φ(K + λn I)−1 ci,λ .
n−1
Substituting the above in (24) yields the result.

Using the above in µ̌λ

(−i)

−1
(x) ha, (Σ̂ + λ0n I)−1 aiH = nk>
i (K + λn I) ei .

−1
(ix) (Σ̂ + λ0n I)−1 (a ⊗ a)(Σ̂ + λ0n I)−1 (a ⊗ a)a = n2 Φ(K + λn I)−1 ei k>
i (K + λn I) ei k(xi , xi ).

−1
>
(viii) (Σ̂ + λ0n I)−1 (a ⊗ a)(Σ̂ + λ0n I)−1 (a ⊗ a)µ̂ = nΦ(K + λn I)−1 ei k>
i (K + λn I) ei ki 1.

−1
(vii) (Σ̂ + λ0n I)−1 (a ⊗ a)(Σ̂ + λ0n I)−1 Σ̂a = nΦ(K + λn I)−1 ei k>
i (K + λn I) ki .

−1
(vi) (Σ̂ + λ0n I)−1 (a ⊗ a)(Σ̂ + λ0n I)−1 Σ̂µ̂ = Φ(K + λn I)−1 ei k>
i (K + λn I) K1.

(v) (Σ̂ + λ0n I)−1 (a ⊗ a)a = (Σ̂ + λ0n I)−1 aha, aiH = nΦ(K + λn I)−1 ei k(xi , xi ).

(iv) (Σ̂ + λ0n I)−1 (a ⊗ a)µ̂ = (Σ̂ + λ0n I)−1 aha, µ̂iH = Φ(K + λn I)−1 ei k>
i 1.

Based on the above, it is easy to show that

(iii) (Σ̂ + λ0n I)−1 a = nΦ(K + λn I)−1 ei .

(ii) (Σ̂ + λ0n I)−1 Σ̂a = Φ(K + λn I)−1 ki .

(i) (Σ̂ + λ0n I)−1 Σ̂µ̂ = n−1 Φ(K + λn I)−1 K1.

,

(Σ̂ + λ0n I)−1 +

n−1
n λ.

n
n−1

λ0n

where
proved:

(−i)

µ̌λ

!

−1 

a⊗a 
a
Σ̂ −
µ̂ −
,
n
n

Define a , k(·, xi ). It is easy to verify that


n 
a⊗a
a
n
and µ̂(−i) =
Σ̂ −
µ̂ −
.
=
n−1
n
n−1
n

j6=i k(·, xj ).

P

Σ̂(−i)

µ̌λ

1
n−1

which after using Sherman-Morrison formula3 reduces to

Therefore,

and

µ̂(−i)

Σ̂(−i)

= (Σ̂(−i) + λI)−1 Σ̂(−i) µ̂(−i) where
1 X
k(·, xj ) ⊗ k(·, xj ).
,
n−1

(−i)

From Proposition 12, we have µ̌λ
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In this section, we empirically compare the proposed shrinkage estimators to the standard
estimator of the kernel mean on both synthetic and real-world datasets. Specifically, we
consider the following estimators: i) empirical/standard kernel mean estimator (KME),
ii) KMSE whose parameter is obtained via empirical bound (B-KMSE), iii) regularized
KMSE whose parameter is obtained via Proposition 9 (R-KMSE), and iv) spectral KMSE
whose parameter is obtained via Proposition 15 (S-KMSE).
6.1 Synthetic Data

n
X
i=1

βi k(xi , ·) − Ex∼P [k(x, ·)]

H

2

,

Given the true data-generating distribution P and the i.i.d. sample X = {x1 , x2 , . . . , xn }
from P, we evaluate different estimators using the loss function

L(β, X, P) ,

where β is the weight vector associated with different estimators. Then, we can estib =
mate
the risk of the estimator by averaging over m independent copies of X, i.e., R
1 Pm
j=1 L(βj , Xj , P).
m

JMLR 17(48):1-41

To allow for an exact calculation of L(β, X, P), we consider P to be a mixture-ofGaussians distribution and k being one of the following kernel functions: i) linear kernel k(x, x0 ) = x> x0 , ii) polynomial degree-2 kernel k(x, x0 ) = (x> x0 + 1)2 , iii) poly0
> 0
3
0
nomial degree-3 kernel
 k(x, x ) = (x x + 1) and iv) Gaussian RBF kernel k(x, x ) =
exp −kx − x0 k2 /2σ 2 . We refer to them as LIN, POLY2, POLY3, and RBF, respectively.
The analytic forms of Ex∼P [k(x, ·)] for Gaussian distribution are given in Song et al. (2008)
and Muandet et al. (2012). Unless
 otherwise stated, we set the bandwidth parameter of the
Gaussian kernel as σ 2 = median kxi − xj k2 : i, j = 1, . . . , n , i.e., the median heuristic.
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ε ∼ N (0, 0.2 × Id ),
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where U(a, b) and W(Σ0 , df ) represent the uniform distribution and Wishart distribution,
respectively. We set π = (0.05, 0.3, 0.4, 0.25)> . The choice of parameters here is quite
arbitrary; we have experimented using various parameter settings and the results are similar
to those presented here.
Figure 3(a) depicts the comparison between the standard kernel mean estimator and
the shrinkage estimator, µ̂α when the kernel k is the Gaussian RBF kernel. For shrinkage
estimator µ̂α , we consider f ∗ = C ×k(x, ·) where C is a scaling factor and each element of x is
a realization of uniform random variable on (0, 1). That is, we allow the target f ∗ to change

x = y + ε,

6.1.2 Mixture of Gaussians Distributions
P4
To simulate a more realistic case, let y be a sample from P , i=1
πi N (θi , Σi ). In the
following experiments, the sample x is generated from the following generative process:

We begin our empirical studies by considering the simplest case in which the distribution
P is a Gaussian distribution N (µ, I) on Rd where d = 1, 2, 3 and k is a linear kernel. In
this case, the problem of kernel mean estimation reduces to just estimating the mean µ
of the Gaussian distribution N (µ, I). We consider only shrinkage estimators of form µ̂α =
αf ∗ + (1 − α)µ̂. The true mean µ of the distribution is chosen to be 1, (1, 0)> , and (1, 0, 0)> ,
respectively. Figure 1 depicts the comparison between the standard estimator and the
shrinkage estimator, µ̂α when the target f ∗ is the origin. We can clearly see that even in this
simple case, an improvement can be gained by applying a small shrinkage. Furthermore, the
improvement becomes more substantial as we increase the dimensionality of the underlying
space. Figure 2 illustrates similar results when f ∗ 6= 0 but f ∗ ∈ {2, (2, 0)> , (2, 0, 0)> }.
Interestingly, we can still observe similar improvement, which demonstrates that the choice
of target f ∗ can be arbitrary when no prior knowledge about µP is available.

6.1.1 Gaussian Distribution

Figure 2: The risk comparison between standard estimator, µ̂ and shrinkage estimator,
µ̂α (with f ∗ ∈ {2, (2, 0)> , (2, 0, 0)> }) of the mean of the Gaussian distribution
N (µ, Σ) on Rd where d = 1, 2, 3.

Risk (10000 iterations)

Kernel Mean Shrinkage Estimators

µ = 1, Σ = I, n = 20, d = 1, f*=0

Detail at α=0

0

Shrinkage parameter (α)

Risk (10000 iterations)

Figure 1: The comparison between standard estimator, µ̂ and shrinkage estimator, µ̂α (with
f ∗ = 0) of the mean of the Gaussian distribution N (µ, Σ) on Rd where d = 1, 2, 3.
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depending on the value of C. As the absolute value of C increases, the target function f ∗
will move further away from the origin. The shrinkage parameter α is determined using the
ˆ ∆
ˆ + kf ∗ − µ̂k2 ). As we can see in Figure 3(a), the results
empirical bound, i.e., α̃ = ∆/(
H
reveal how important the choice of f ∗ is. That is, we may get substantial improvement over
the empirical estimator if appropriate prior knowledge is incorporated through f ∗ , which in
this case suggests that f ∗ should lie close to the origin. We intend to investigate the topic
of prior knowledge in more detail in our future work.
Previous comparisons between standard estimator and shrinkage estimator is based
entirely on the notion of a risk, which is in fact not useful in practice as we only observe
a single copy of sample from the probability distribution. Instead, one should also look at
the probability that, given a single copy of sample, the shrinkage estimator outperforms
the standard one in term of a loss. To this end, we conduct an experiment comparing the
standard estimator and shrinkage estimator using the Gaussian RBF kernel. In addition
to the risk comparison, we also compare the probability that the shrinkage estimator gives
smaller loss than that of the standard estimator. To be more precise, the probability is
defined as a proportion of the samples drawn from the same distribution whose shrinkage
loss is smaller than the loss of the standard estimator. Figure 3(b) illustrates the risk
difference (∆α − ∆) and the probability of improvement (i.e., the fraction of times ∆α < ∆)
as a function of shrinkage parameter α. In this case, the value of α is specified as a
2 ). The results suggest that the shrinkage
ˆ ∆+kµ̂k
ˆ
proportion of empirical upper bound 2∆/(
H
parameter α controls the trade-off between the amount of improvement in terms of risk and
the probability that the shrinkage estimator will improve upon the standard one. However,
this trade-off only holds up to a certain value of α. As α becomes too large, both the
probability of improvement and the amount of improvement itself decrease, which coincides
with the intuition given for the positive-part shrinkage estimators (cf. Section 2.2.1).

ˆ ∆
ˆ+
Figure 3: (a) The risk comparison between µ̂ (KME) and µ̂α̃ (KMSE) where α̃ = ∆/(
kf ∗ − µ̂k2H ). We consider when f ∗ = C ×k(x, ·) where x is drawn uniformly from a
pre-specified range and C is a scaling factor. (b) The probability of improvement
and the risk difference as a function of shrinkage parameter α averaged over 1,000
iterations. As the value of α increases, we get more improvement in term of the
risk, whereas the probability of improvement decreases as a function of α.
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4. If we denote the loss of KME and KMSE as `KM E and `KM SE , respectively, the percentage of improvement is calculated as 100 × (`KM E − `KM SE )/`KM E .

One of the oldest and best-known classification algorithms is the Parzen window classifier
(Duda et al., 2000). It is easy to implement and is one of the powerful non-linear supervised

6.2.1 Parzen Window Classifiers

To evaluate the proposed estimators on real-world data, we consider several benchmark applications, namely, classification via Parzen window classifier, density estimation via kernel
mean matching (Song et al., 2008), and discriminative learning on distributions (Muandet
et al., 2012; Muandet and Schölkopf, 2013). For some of these tasks we employ datasets
from the UCI repositories. We use only real-valued features, each of which is normalized to
have zero mean and unit variance.

6.2 Real Data

In addition to the empirical upper bound, one can alternatively compute the shrinkage
parameter using leave-one-out cross-validation proposed in Section 3. Our goal here is
to compare the B-KMSE, R-KMSE and S-KMSE on synthetic data when the shrinkage
parameter λ is chosen via leave-one-out cross-validation procedure. Note that the only
difference between B-KMSE and R-KMSE is the way we compute the shrinkage parameter.
Figure 4 shows the empirical risk of different estimators using different kernels as we
increase the value of shrinkage parameter λ (note that R-KMSE and S-KMSE in Figure 4
refer to those in (22) and (31) respectively). Here we scale the shrinkage parameter by the
smallest non-zero eigenvalue γ0 of the kernel matrix K. In general, we find that R-KMSE
and S-KMSE outperforms KME. Nevertheless, as the shrinkage parameter λ becomes large,
there is a tendency that the specific shrinkage estimate might actually perform worse than
the KME, e.g., see LIN kernel and outliers in Figure 4. The result also supports our previous
observation regarding Figure 3(b), which suggests that it is very important to choose the
parameter λ appropriately.
To demonstrate the leave-one-out cross-validation procedure, we conduct similar experiments in which the parameter λ is chosen by the proposed LOOCV procedure. Figure 5
depicts the percentage of improvement (with respect to the empirical risk of the KME4 )
as we vary the sample size and dimension of the data. Clearly, B-KMSE, R-KMSE and
S-KMSE outperform the standard estimator. Moreover, both R-KMSE and S-KMSE tend
to outperform the B-KMSE. We can also see that the performance of S-KMSE depends
on the choice of kernel. This makes sense intuitively because S-KMSE also incorporates
the eigen-spectrum of K, whereas R-KMSE does not. The effects of both sample size and
data dimensionality are also transparent from Figure 5. While it is intuitive to see that the
improvement gets smaller with increase in sample size, it is a bit surprising to see that we
can gain much more in high-dimensional input space, especially when the kernel function is
non-linear, because the estimation happens in the feature space associated with the kernel
function rather than in the input space. Lastly, we note that the improvement is more
substantial in the “large d, small n” paradigm.

6.1.3 Shrinkage Estimators via Leave-One-Out Cross-Validation
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2 − kµ̂ k2 ). Note that f (z) is a threshold linear
where b is a bias term given by b = 21 (kµ̂Y kH
PnX H
Pm
function in H with weight vector w = (1/n) i=1
φ(xi ) − (1/m) j=1
φ(yj ) (see ShaweTaylor and Cristianini (2004, Sec. 5.1.2) for more detail). This algorithm is often referred
to as the lazy algorithm as it does not require training.
In brief, the classifier (46) assigns the data point z to the class whose empirical kernel
mean µ̂ is closer to the feature map k(z, ·) of the data
hand,
Pn point in the RKHS. On 1the
Pother
m
k(xi , ·) (resp. µ̂Y , m j=1
k(yj , ·))
we may view the empirical kernel mean µ̂X , n1 i=1
as a standard empirical estimate, i.e., KME, of the true kernel mean representation of the
class-conditional distribution P(X|Y = +1) (resp. P(X|Y = −1)). Given the improvement
of shrinkage estimators over the empirical estimator of kernel mean, it is natural to expect

f (z) = sgn 

learning techniques. Suppose we have data points from two classes, namely, positive class
and negative class. For positive class, we observe X , {x1 , x2 , . . . , xn } ⊂ X , while for
negative class we have Y , {y1 , y2 , . . . , ym } ⊂ X . Following Shawe-Taylor and Cristianini
(2004, Sec. 5.1.2), the Parzen window classifier is given by


n
m
1X
1 X
k(z, xi ) −
k(z, yj ) + b = sgn (µ̂X (z) − µ̂Y (z) + b) ,
(46)
n
m

Figure 5: The percentage of improvement compared to KME over 30 different distributions
of B-KMSE, R-KMSE and S-KMSE with varying sample size (n) and dimension
(d). For B-KMSE, we calculate α using (16), whereas R-KMSE and S-KMSE use
LOOCV to choose λ.
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Figure 4: The average loss of KME (left), R-KMSE (middle) and S-KMSE (right) estimators with different values of shrinkage parameter. We repeat the experiments over
30 different distributions with n = 10 and d = 30.
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(47)

βqj φ(xjq )

H

+

=

p=1 q=1

nj
ni X
X

βpi βqj k(xip , xjq ),

In summary, the proposed shrinkage estimators outperform the standard KME. While BKMSE and R-KMSE are very competitive compared to KME, S-KMSE tends to outperform
both B-KMSE and R-KMSE, however, sometimes leading to poor estimates depending on
the dataset and the kernel function.
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πj = 1, πj ≥ 0 .

q=1

nj
X
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j=1

βpi φ(xip ),

5. The paired sign test is a nonparametric test that can be used to examine whether two paired samples
have the same distribution. In our case, we compare B-KMSE, R-KMSE and S-KMSE against KME.
6. In principle one can incorporate the shrinkage parameter into the cross-validation procedure. In this
work we are only interested in the value of λ returned by the proposed LOOCV procedure.

subject to

p=1

*n
i
X

where the weight vectors β i and β j come from the kernel mean estimates of µPi and
µPj , respectively. The non-linear kernel can then be defined accordingly, e.g., κ(Pi , Pj ) =
exp(kµ̂Pi − µ̂Pj k2H /2σ 2 ), see Christmann and Steinwart (2010). Our goal in this experiment
is to investigate if the shrinkage estimators of the kernel mean improve the performance
of discriminative learning on distributions. To this end, we conduct experiments on natural scene categorization using support measure machine (SMM) (Muandet et al., 2012)
and group anomaly detection on a high-energy physics dataset using one-class SMM (OCSMM) (Muandet and Schölkopf, 2013). We use both linear and non-linear kernels where
the Gaussian RBF kernel is employed as an embedding kernel (Muandet et al., 2012). All
hyper-parameters are chosen by 10-fold cross-validation.6 For our unsupervised problem,
we repeat the experiments using several parameter settings and report the best results.
Table 3 reports the classification accuracy of SMM and the area under ROC curve (AUC)
of OCSMM using different kernel mean estimators. All shrinkage estimators consistently
lead to better performance on both SMM and OCSMM when compared to KME.

hµ̂Pi , µ̂Pj iH =

The last experiment involves the discriminative learning on a collection of probability distributions via the kernel mean representation. A positive semi-definite kernel between
distributions can be defined via their kernel mean embeddings.
That is, given a training
b1 , y1 ), . . . , (P
bm , ym ) ∈ P × {−1, +1} where P
bi := 1 Pni δxi and xi ∼ Pi , the
sample (P
p
p=1 p
ni
linear kernel between two distributions is approximated by

6.2.3 Discriminative Learning on Probability Distributions

The average negative log-likelihood of the model Q, optimized via different estimators,
is reported in Table 2. In most cases, both R-KMSE and S-KMSE consistently achieve
smaller negative log-likelihood when compared to KME. B-KMSE also tends to outperform
the KME. However, in few cases the KMSEs achieve larger negative log-likelihood, especially
when we use linear and degree-2 polynomial kernels. This highlight the potential of our
estimators in a non-linear setting.

the k-means algorithm and returning the best. We repeat the experiments 30 times and
perform the paired sign test on the results at 5% significance level.5
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The empirical mean map µ̂ is obtained from samples using different estimators, whereas µQ
is the kernel mean embedding of the density Q. Unlike experiments in Song et al. (2008),
our goal is to compare different estimators of µP (where P is the true data distribution), by
replacing µ̂ in (47) with different shrinkage estimators. A better estimate of µP should lead
to better density estimation, as measured by the negative log-likelihood of Q on the test set,
which we choose to be 30% of the dataset. For each dataset, we set the number of mixture
components m to be 10. The model is initialized by running 50 random initializations using

π,θ,σ

min kµ̂ − µQ k2H

We perform density
kernel mean matching (Song et al., 2008), wherein we fit
P estimation via
2
the density Q = m
j=1 πj N (θj , σj I) to each dataset by the following minimization problem:

6.2.2 Density Estimation

that the performance of Parzen window classifier can be improved by employing shrinkage
estimators of the true mean representation.
Our goal in this experiment is to compare the performance of Parzen window classifier
using different kernel mean estimators. That is, we replace µ̂X and µ̂Y by their shrinkage
counterparts and evaluate the resulting classifiers across several datasets taken from the UCI
machine learning repository. In this experiment, we only consider the Gaussian RBF kernel
whose bandwidth parameter is chosen by cross-validation procedure over a uniform grid σ ∈
[0.1, 2]. We use 30% of each dataset as a test set and the rest as a training set. We employ
a simple pairwise coupling and majority vote for multi-class classification. We repeat the
experiments 100 times and perform the paired-sample t-test on the results at 5% significance
level. Table 1 reports the classification error rates of the Parzen window classifiers with
different kernel mean estimators. Although the improvement is not substantial, we can
see that the shrinkage estimators consistently give better performance than the standard
estimator.

Table 1: The classification error rate of Parzen window classifier via different kernel mean
estimators. The boldface represents the result whose difference from the baseline,
i.e., KME, is statistically significant.

Climate Model
Ionosphere
Parkinsons
Pima
SPECTF
Iris
Wine

Dataset
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Table 2: Average negative log-likelihood of the model Q on test points over 30 randomizations. The boldface represents the result
whose difference from the baseline, i.e., KME, is statistically significant.

Non-linear Kernel
SMM
OCSMM
0.6017
0.9085
0.6106
0.9088
0.6303
0.9105
0.6412
0.9063
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ionosphere
sonar
Australian
specft
wdbc
wine
satimage
segment
vehicle
svmguide2
vowel
housing
bodyfat
abalone
glass
1.
2.
3.
4.
5.
6.
7.
8.
9.
10.
11.
12.
13.
14.
15.

Table 3: The classification accuracy of SMM and the area under ROC curve (AUC) of OCSMM using different estimators to
construct the kernel on distributions.
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KME
B-KMSE
R-KMSE
S-KMSE

Linear Kernel
SMM OCSMM
0.5432
0.6955
0.5455
0.6964
0.5521
0.6970
0.5606
0.6970
Estimator

S-KMSE
41.229
93.010
19.393
64.699
35.898
17.498
24.384
21.822
17.911
28.020
13.453
16.019
17.651
5.910
9.573
RBF
B-KMSE R-KMSE
40.976
40.817
95.815
93.458
19.325
19.418
65.138
65.039
36.453
36.335
17.546
17.498
23.753
23.728
21.598
21.580
18.056
18.119
28.122
28.119
13.486
13.462
16.239
16.424
17.652
17.607
6.039
6.049
9.605
9.575
KME
41.601
98.540
19.428
65.674
36.471
17.569
23.741
21.946
18.260
28.132
13.526
16.487
17.875
6.068
9.606
S-KMSE
34.617
71.835
18.495
60.616
31.110
16.202
25.263
19.628
16.263
28.250
13.054
15.408
16.194
5.832
8.737
POLY3
B-KMSE R-KMSE
35.575
35.543
71.933
72.003
18.463
18.466
58.969
60.006
31.167
31.127
16.300
16.309
25.276
25.239
19.549
19.404
16.278
16.281
28.177
28.321
13.061
13.056
15.543
15.509
16.393
16.305
5.847
5.853
8.991
9.012
KME
35.943
72.294
18.611
59.585
31.183
16.393
25.284
19.642
16.288
28.014
13.069
15.592
16.418
5.864
9.050
S-KMSE
34.009
97.783
18.429
66.391
32.316
16.960
24.259
18.631
16.041
27.975
12.472
15.390
17.329
7.025
8.414
POLY2
B-KMSE R-KMSE
34.352
34.390
99.573
97.844
18.381
18.391
66.979
66.431
32.310
32.373
16.920
16.886
24.111
24.132
18.292
18.277
15.998
16.031
28.030
27.985
12.471
12.479
15.467
15.414
17.358
17.356
7.116
7.185
8.473
8.457
KME
34.651
100.420
18.357
67.018
32.421
17.070
24.214
18.571
16.096
27.812
12.532
15.543
17.386
7.281
8.571
S-KMSE
39.823
72.157
18.293
57.224
31.781
16.009
25.186
18.124
16.499
27.276
12.656
14.296
17.396
5.722
9.217
LIN
R-KMSE
39.859
72.198
18.294
57.218
31.776
16.039
25.219
18.055
16.521
27.281
12.629
14.469
17.348
5.708
9.198
B-KMSE
40.038
72.044
18.280
57.2808
31.759
16.000
25.317
17.868
16.519
27.273
12.626
14.441
17.362
5.665
9.211
KME
39.878
72.240
18.277
57.444
31.801
16.019
25.258
18.326
16.633
27.298
12.632
14.637
17.527
5.706
9.245
Dataset
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7. Conclusion and Discussion

Motivated by the classical James-Stein phenomenon, in this paper, we proposed a shrinkage estimator for the kernel mean µ in a reproducing kernel Hilbert space H and showed
they improve upon the empirical estimator µ̂ in the mean squared sense. We showed the
proposed shrinkage estimator µ̃ (with the shrinkage parameter being learned from data)
√
2 < Ekµ̂ − µk2 + O(n−3/2 ) as n → ∞. We
to be n-consistent and satisfies Ekµ̃ − µkH
H
also provided a regularization interpretation to shrinkage estimation, using which we also
presented two shrinkage estimators, namely regularized shrinkage estimator and spectral
shrinkage estimator, wherein the first one is closely related to µ̃ while the latter exploits the
spectral decay of the covariance operator in H. We showed through numerical experiments
that the proposed estimators outperform the empirical estimator in various scenarios. Most
importantly, the shrinkage estimators not only provide more accurate estimation, but also
lead to superior performance on many real-world applications.

In this work, while we focused mainly on an estimation of the mean function in RKHS,
it is quite straightforward to extend the shrinkage idea to estimate covariance (and crosscovariance) operators and tensors in RKHS (see Appendix A for a brief description). The
key observation is that the covariance operator can be viewed as a mean function in a tensor
RKHS. Covariance operators in RKHS are ubiquitous in many classical learning algorithms
such as kernel PCA, kernel FDA, and kernel CCA. Recently, a preliminary investigation
with some numerical results on shrinkage estimation of covariance operators is carried out
in Muandet et al. (2014a) and Wehbe and Ramdas (2015). In the future, we intend to
carry out a detailed study on the shrinkage estimation of covariance (and cross-covariance)
operators.
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Appendix A. Shrinkage Estimation of Covariance Operator
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Let (HX , kX ) and (HY , kY ) be separable RKHSs of functions on measurable spaces X and
Y, with measurable reproducing kernels kX and kY (with corresponding feature maps φ
and ϕ), respectively. We consider a random vector (X, Y ) : Ω → X × Y with distribution
PXY . The marginal distributions of X and Y are denoted by PX and PY , respectively.
If EX kX (X, X) < ∞ and EY kY (Y, Y ) < ∞, then there exists a unique cross-covariance
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7. Although it is possible to estimate µ̂X and µ̂Y using our shrinkage estimators, the key novelty here is to
directly shrink the centered covariance operator.
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1. The Õ notation hides the logarithm terms and the data-dependent spectral gap parameter.

1. Introduction

∗. Corresponding author.

(1)

The kernel methods are important tools in machine learning, computer vision, and data
mining (Schölkopf and Smola, 2002; Shawe-Taylor and Cristianini, 2004). However, for two
reasons, most kernel methods have scalability difficulties. First, given n data points of d

U

U? = argmin kK − CUCT k2F = C† K(C† )T ∈ Rc×c .

dimension, generally we need O(n2 d) time to form the n × n kernel matrix K. Second, most
kernel methods require expensive matrix computations. For example, Gaussian process
regression and classification require inverting some n × n matrices which costs O(n3 ) time
and O(n2 ) memory; kernel PCA and spectral clustering perform the truncated eigenvalue
decomposition which takes Õ(n2 k) time1 and O(n2 ) memory, where k is the target rank of
the decomposition.
Besides high time complexities, these matrix operations also have high memory cost and
are difficult to implement in distributed computing facilities. The matrix decomposition and
(pseudo) inverse operations are generally solved by numerical iterative algorithms, which go
many passes through the matrix until convergence. Thus, the whole matrix had better been
placed in main memory, otherwise in each iteration there would be a swap between memory
and disk, which incurs high I/O costs and can be more expensive than CPU time. Unless
the algorithm is pass-efficient, that is, it goes constant passes through the data matrix, the
main memory should be at least the size of the data matrix. For two reasons, such iterative
algorithms are expensive even if they are performed in distributed computing facilities such
as MapReduce. First, the memory cost is too expensive for each individual machine to
stand. Second, communication and synchronization must be performed in each iteration of
the numerical algorithms, so the cost of each iteration is high.
Many matrix approximation methods have been proposed to make kernel machines scalable. Among them the Nyström method (Nyström, 1930; Williams and Seeger, 2001) and
random features (Rahimi and Recht, 2008) are the most efficient and widely applied. However, only weak results are known (Drineas and Mahoney, 2005; Gittens and Mahoney,
2013; Lopez-Paz et al., 2014). Yang et al. (2012) showed that the Nyström method is likely
a better choice than random features, both theoretically and empirically. However, even
the Nyström method cannot attain high accuracy. The lower bound in (Wang and Zhang,
2013) indicates that the Nyström method costs at least Ω(n2 k/) time and Ω(n1.5 k 0.5 −0.5 )
memory to attain 1 +  Frobenius norm error bound relative to the best rank k approximation.
In this paper we investigate a more accurate low-rank approximation model proposed
by Halko et al. (2011); Wang and Zhang (2013), which we refer to as the prototype model.
For any symmetric positive semidefinite (SPSD) matrix K ∈ Rn×n , the prototype model
first draws a random matrix P ∈ Rn×c and forms a sketch C = KP, and then computes
the intersection matrix

Wang, Luo, and Zhang

Finally, the model approximates K by CU? CT . With this low-rank approximation at
hand, it takes time O(nc2 ) to compute the approximate matrix inversion and eigenvalue
decomposition. In the following we discuss how to form C and compute U? .
Column Selection vs. Random Projection. Although the sketch C = KP can
be formed by either random projection or column selection, when applied to the kernel
methods, column selection is preferable to random projection. As aforementioned, suppose
we are given n data points of d dimension. It takes time O(n2 d) to compute the whole of the
kernel matrix K, which is prohibitive when n is in million scale. Unfortunately, whatever

Symmetric positive semidefinite (SPSD) matrix approximation is an important problem
with applications in kernel methods. However, existing SPSD matrix approximation methods such as the Nyström method only have weak error bounds. In this paper we conduct
in-depth studies of an SPSD matrix approximation model and establish strong relative-error
bounds. We call it the prototype model for it has more efficient and effective extensions,
and some of its extensions have high scalability. Though the prototype model itself is not
suitable for large-scale data, it is still useful to study its properties, on which the analysis
of its extensions relies.
This paper offers novel theoretical analysis, efficient algorithms, and a highly accurate
extension. First, we establish a lower error bound for the prototype model and improve the
error bound of an existing column selection algorithm to match the lower bound. In this
way, we obtain the first optimal column selection algorithm for the prototype model. We
also prove that the prototype model is exact under certain conditions. Second, we develop
a simple column selection algorithm with a provable error bound. Third, we propose
a so-called spectral shifting model to make the approximation more accurate when the
eigenvalues of the matrix decay slowly, and the improvement is theoretically quantified. The
spectral shifting method can also be applied to improve other SPSD matrix approximation
models.
Keywords: Matrix approximation, matrix factorization, kernel methods, the Nyström
method, spectral shifting
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(2)

existing random projection technique is employed to form the sketch C, every entry of K
must be visited. In contrast, by applying data independent column selection algorithms such
as uniform sampling, we can form C by observing only O(nc) entries of K. At present all the
existing column selection algorithms, including our proposed uniform+adaptive2 algorithm,
cannot avoid observing the whole of K while keeping constant-factor bound. Nevertheless,
we conjecture that our uniform+adaptive2 algorithm can be adapted to satisfy these two
properties simultaneously (see Section 5.4 for discussions in detail).
The Intersection Matrix. With the sketch C at hand, it remains to compute the
intersection matrix. The most straightforward way is (1), which minimizes the Frobenius
norm approximation error. However, this approach has two drawbacks. First, it again
requires the full observation of K. Second, the matrix product C† K costs O(n2 c) time.
The prototype model is therefore time-inefficient. Fortunately, Wang et al. (2015) recently
overcame the two drawbacks by solving (1) approximately rather than optimally. Wang
et al. (2015) obtained the approximate intersection matrix Ũ in O(nc3 /) time while keeping
U

kK − CŨCT kF2 ≤ (1 + ) min kK − CUCT kF2

with high probability.
With the more efficient solution, why is it useful to study the exact solution to the
prototype model (1)? On the one hand, from (2) we can see that the quality of the approximation depends on the prototype model, thus improvement of the prototype model directly
applies to the more efficient model. On the other hand, for medium-scale problems where
K does not fit in memory, the prototype model can produce high quality approximation
with reasonable time expense. The experiment on kernel PCA in Section 6.3 shows that
the prototype model is far more accurate than the Nyström method. For the above two
reasons, we believe the study of the prototype model is useful.
1.1 Contributions
Our contributions mainly include three aspects: theoretical analysis, column selection algorithms, and extensions. They are summarized as follows.
1.1.1 Contributions: Theories
Kumar et al. (2009); Talwalkar and Rostamizadeh (2010) previously showed that the Nyström
method is exact when the original kernel matrix is low-rank. In Section 4.1 we show that
the prototype model exactly recovers the original SPSD matrix under the same conditions.
The prototype model with the near-optimal+adaptive column sampling algorithm satisfies 1+ relative-error bound when c = O(k/2 ) (Wang and Zhang, 2013). It was unknown
whether this upper bound is optimal. In Section 4.2 we establish a lower error bound for
the prototype model. We show that at least 2k/ columns must be chosen to attain 1 + 
bound. In Theorem 3 we improve the upper error bound of the near-optimal+adaptive
algorithm to O(k/), which matches the lower bound up to a constant factor.
1.1.2 Contributions: Algorithms
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In Section 5 we devise a simple column selection algorithm which we call the uniform+adaptive2
algorithm. The uniform+adaptive2 algorithm is more efficiently and more easily imple3
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mented than the near-optimal+adaptive algorithm of Wang and Zhang (2013), yet its error
bound is comparable with the near-optimal+adaptive algorithm. It is worth mentioning
that our uniform+adaptive2 algorithm is the adaptive-full algorithm of (Figure 3, Kumar
et al., 2012) with two rounds of adaptive sampling, and thus our results theoretically justify
the adaptive-full algorithm.
1.1.3 Contributions: Extension

When the spectrum of a matrix decays slowly (that is, the c + 1 to n largest eigenvalues
are not small enough), all of the low-rank approximations are far from the original kernel
matrix. Inspired by Zhang (2014), we propose a new method called spectral shifting (SS)
to make the approximation still effective even when the spectrum decays slowly. Unlike
the low-rank approximation K ≈ CUCT , the spectral shifting model approximates K by
K ≈ C̄Uss C̄T + δ ss In , where C, C̄ ∈ Rn×c , U, Uss ∈ Rc×c , and δ ss ≥ 0. When the spectrum
of K decays slowly, the term δ ss In helps to improve the approximation accuracy. In Section 7
we describe the spectral shifting method in detail.
We highlight that the spectral shifting method can naturally apply to improve other
kernel approximation models such as the memory efficient kernel approximation (MEKA)
model (Si et al., 2014). Experiments demonstrate that MEKA can be significantly improved
by spectral shifting.
1.2 Paper Organization

The remainder of this paper is organized as follows. In Section 2 we define the notation.
In Section 3 we introduce the motivations of SPSD matrix approximation and define the
SPSD matrix approximation models. Then we present our work—theories, algorithms, and
extension—respectively in Sections 4, 5, and 7. In Section 6 we conduct experiments to
compare among the column sampling algorithms. In Section 8 we empirically evaluate the
proposed spectral shifting model. All the proofs are deferred to the appendix.

2. Notation
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Let [n] = {1, . . . , n}, and In be the n×n identity matrix. For an m×n matrix A = [aij ],
we let ai: be its i-th row, a:i be its i-th column, and use ai to denote either row or column
when there is no ambiguity. Let A1 ⊕ A2 ⊕
q be the block diagonal matrix whose
P· · · ⊕2 A1/2
the i-th diagonal block is Ai . Let kAkF = ( i,j aij
)
be the Frobenius norm and kAk2 =
maxx6=0 kAxk2 /kxk2 be the spectral norm.
Letting ρ = rank(A), we write the condensed singular value decomposition (SVD) of A
T , where the (i, i)-th entry of Σ ∈ Rρ×ρ is the i-th largest singular value
as A = UA ΣA VA
A
of A (denoted σi (A)). Unless otherwise specified, in this paper “SVD” means the condensed
SVD. We also let UA,k and VA,k be the first k (< ρ) columns of UA and VA , respectively,
T
and ΣA,k be the k × k top sub-block of ΣA . Then the m × n matrix Ak = UA,k ΣA,k VA,k
is the “closest” rank-k approximation to A.
T be the eigenvalue decomposition, and denote the
If A is normal, we let A = UA ΛA UA
i-th diagonal entry of ΛA by λi (A), where |λ1 (A)| ≥ · · · ≥ |λn (A)|. When A is SPSD, the
SVD and the eigenvalue decomposition of A are identical.

4

Theory
1 +  relative-error
1 +  relative-error
weak
stronger than “prototype”
unknown

5
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where δ ≥ 0 and L ∈ Rn×l with l  n, then the eigenvalue decomposition and linear
systems can be approximately solved in O(nl2 ) time and O(nl) space in the following way.

K̃ = LLT + δIn ≈ K,

Fortunately, if we can efficiently find an approximation in the form

whose solution is b? = (K + αIn )−1 y. Here α is a constant. This costs O(n3 ) time
and O(n2 ) memory.

• Gaussian process regression and classification both require solving this kind of linear
systems:
(K + αIn )b = y,
(3)

• Spectral clustering, kernel PCA, and manifold learning need to perform the rank k
eigenvalue decomposition which costs Õ(n2 k) time and O(n2 ) memory.

Let K be an n×n kernel matrix. Many kernel methods require the eigenvalue decomposition
of K or solving certain linear systems involving K.

3.1 Motivations

In Section 3.1 we provide motivating examples to show why SPSD matrix approximation is
useful. In Section 3.2 we formally describe low-rank approximation models. In Section 3.3
we describe the spectral shifting model. In Table 1 we compare the matrix approximation
models defined in Section 3.2 and Section 3.3.

3. SPSD Matrix Approximation Models

Based on SVD, the matrix coherence of the columns of A relative to the best rank-k
2
T
approximation is defined as µk = nk maxj (VA,k )j: 2 . Let A† = VA Σ−1
A UA be the MoorePenrose inverse of A. When A is nonsingular, the Moore-Penrose inverse is identical to the
matrix inverse. Given another n × c matrix C, we define PC (A) = CC† A as the projection
of A onto the column space of C and PC,k (A) = C · argminrank(X)≤k kA − CXkF as the
rank restricted projection. It is obvious that kA − PC (A)kF ≤ kA − PC,k (A)kF .

Prototype
Faster
Nyström
SS
Faster SS

Time
Memory
#Entries
O(n2 c)
O(nc)
n2
O(nc3 /)
O(nc)
nc2 /
O(nc2 )
O(nc)
nc
the same to “prototype”
the same to “faster”

Table 1: Comparisons among the matrix approximation models in Section 3.2 and Section 3.3. Here “#Entries” denotes the number of entries of K required to observe.
The costs of column selection is not counted; they are listed separately in Table 2.
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1:

−1

n×l

−1

l×l

0
y−∆
+ LT ∆0
| {z L} (I
|l
{z

−1

l×n

−1

T
L)−1 L
∆0 y.
} | {z }

Here the second equality is obtained by letting ∆0 = ∆ + αIn , and the third equality
follows by the Sherman-Morrison-Woodbury matrix identity.

= ∆0

b? = (K + αIn )−1 y ≈ (LLT + ∆ + αIn )−1 y = (LLT + ∆0 )−1 y

• Approximately Solving the Linear Systems. Here we use a more general form: K̃ =
LLT + ∆, where ∆ is a diagonal matrix with positive diagonal entries. Then

K̃ = U(Σ2 + δIl )UT + U⊥ (δIn−l )UT⊥ .

• Approximate Eigenvalue Decomposition. Let L = UΣVT be the SVD and U⊥ be the
orthogonal complement of U. Then the full eigenvalue decomposition of K̃ is

Input: data points x1 , · · · , xn ∈ Rd , kernel function κ(·, ·).
Compute C and C† ; // In O(nc + nd) memory and O(ncd + nc2 ) time
Form a c × n all-zero matrix D; // In O(nc) memory and O(nc) time
for j = 1 to n do
Form the j-th column of K by kj = [κ(x1 , xj ), · · · , κ(xn , xj )]T ;
Compute the j-th column of D by dj = C† kj ;
Delete kj from memory;
end for
// Now the matrix D is C† K
// The loop totaly costs O(nc + nd) memory and O(n2 d + n2 c) time
Compute U = D(C† )T ; // In O(nc) memory and O(nc2 ) time
return C and U (= C† K(C† )T ).

U

6

U? = argmin kK − CUCT k2F = C† K(CT )† ∈ Rc×c .
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(4)

We first recall the prototype model introduced previously and then discuss its approximate
solutions. In fact, the famous Nyström method (Nyström, 1930; Williams and Seeger, 2001)
is an approximation to the prototype model. Throughout this paper, we let P ∈ Rn×c be
random projection or column selection matrix and C = KP be a sketch of K. The only
difference among the discussed models is their intersection matrices.
The Prototype Model. Suppose we have C ∈ Rn×c at hand. It remains to find
an intersection matrix U ∈ Rc×c . Since our objective is to make CUCT close to K, it is
straightforward to optimize their difference. The prototype model computes the intersection
matrix by

3.2 Low-Rank Matrix Approximation Models

The remaining problem is to find such matrix approximation efficiently while keeping K̃
close to K.

12:

11:

10:

9:

8:

7:

6:

5:

4:

3:

2:

Algorithm 1 Computing the Prototype Model in O(nc + nd) Memory.
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2
F
s×c

= (ST C)† (ST KS) (CT S)† ∈ Rc×c .
| {z } | {z } | {z }

s×s

(5)

With C at hand, the prototype model still needs one pass through the data, and it costs
O(n2 c) time. When applied to kernel methods, the memory cost is O(nc + nd) (see Algorithm 1), where n is the number of data points and d is the dimension. The prototype
model has the same time complexity as the exact rank k eigenvalue decomposition, but it
is more memory-efficient and pass-efficient.
Halko et al. (2011) showed that when P is a standard Gaussian matrix and c = O(k/),
the prototype model attains 2 +  error relative to kK − Kk kF2 . Wang and Zhang (2013)
showed that when C contains c = O(k/2 ) columns selected by the near-optimal+adaptive
sampling algorithm, the prototype model attains 1 +  relative error. In Section 5.2 we
improve the result to c = O(k/), which is near optimal.
Faster SPSD matrix Approximation Model. Wang et al. (2015) noticed that (4)
is a strongly over-determined linear system, and thuspproposed to solve (4) by randomized
approximations. They proposed to sample s = O(c n/)  n columns according to the
row leverage scores of C, which costs O(nc2 ) time. Let S ∈ Rn×s be the corresponding
column selection matrix. They proposed the faster SPSD matrix approximation model
which computes the intersection matrix by
Ũ = argmin ST (K − CUCT )S
U
c×s

The faster model visits only s2 = O(nc2 /) = o(n2 ) entries of K, and the time complexity
is O(nc2 + s2 c) = O(nc3 /). The following error bound is satisfied with high probability:
U

kK − CŨCT kF2 ≤ (1 + ) min kK − CUCT kF2 .

2
F

c×c

c×c

c×c

= (PT KP)† (PT KP) (PT KP)† = (PT KP)† .
| {z } | {z } | {z }
| {z }

This implies that if C is such a high quality sketch that the prototype model satisfies 1 + 
relative-error bound, then the faster SPSD matrix approximation model also satisfies 1 + 
relative-error bound.
The Nyström Method. The Nyström method is a special case of the faster SPSD
matrix approximation model, and therefore it is also an approximate solution to (4). If we
let the two column selection matrices S and P be the same, then (5) becomes
U

Ũ = argmin PT (K − CUCT )P

c×c

The matrix (PT KP)† is exactly the intersection matrix of the Nyström method. The
Nyström method costs only O(nc2 ) time, and it can be applied to million-scale problems
(Talwalkar et al., 2013). However, its accuracy is low. Much work in the literature has
analyzed the error bound of the Nyström method, but only weak results are known (Drineas
and Mahoney, 2005; Shawe-Taylor et al., 2005; Kumar et al., 2012; Jin et al., 2013; Gittens
and Mahoney, 2013). Wang and Zhang (2013) evenpshowed that the Nyström method
cannot attain 1 +  relative-error bound unless c ≥ Ω( nk/). Equivalently, to attain 1 + 
bound, the Nyström would take Ω(n2 k/) time and Ω(n1.5 k 0.5 −0.5 ) memory.
3.3 Spectral Shifting Models
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We propose a more accurate SPSD matrix approximation method called the spectral shifting
model. Here we briefly describe the model and its fast solution. The theoretical analysis is
left to Section 7.
7
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U,δ

= argmin K − C̄UC̄T − δIn

The Spectral Shifting (SS) Model. As before, we let P ∈ Rn×c be a column
selection matrix and C̄ = K̄P, where K̄ = K or K̄ = K − δ̄In for some parameter δ̄ ≥ 0.
We approximate K by C̄Uss C̄T + δ ss I , where
n

2
.
(6)
F
Uss , δ ss



1
tr(K) − tr C̄† KC̄ ,
n − rank(C̄)

This optimization problem has closed-form solution (see Theorem 6)

δ ss =

Uss = C̄† K(C̄† )T − δ ss (C̄T C̄)† ,



U,δ


= argmin ST K − C̄UC̄T − δIn S

2
F

2
.
F

which can be computed in O(n2 c) time and O(nc) memory. Later we will show that the SS
model is more accurate than the prototype model.
Faster Spectral Shifting Model. The same idea of Wang et al. (2015) also applies
to the SS model (14). Specifically, we can draw another column selection matrix S ∈ Rn×s
and solve
Ũss , δ̃ ss

U,δ

= argmin ST KS − (ST C̄)U(ST C̄)T − δIs

Similarly, it has closed-form solution
h

i

1
tr ST KS − tr (ST C̄)† (ST KS)(ST C̄) ,
s − rank(ST C̄)
δ̃ ss =

Ũss = (ST C̄)† (ST KS)(C̄T S)† − δ̃ ss (C̄T SST C̄)† .

In this way, the time cost is merely O(s2 c). However, the theoretical properties of this
model are yet unknown. We do not conduct theoretical or empirical study of this model;
we leave it as a future work,

4. Theories

In Section 4.1 we show that the prototype model is exact when K is low-rank. In Section 4.2
we provide a lower error bound of the prototype model.
4.1 Theoretical Justifications

Let P be a column selection matrix, C = KP be a sketch, and W = PT KP be the
corresponding submatrix. Kumar et al. (2009); Talwalkar and Rostamizadeh (2010) showed
that the Nyström method is exact when rank(W) = rank(K). We present a similar result
in Theorem 1.

Theorem 1 The following three statements are equivalent: (i) rank(W) = rank(K), (ii)
K = CW† CT , (iii) K = CC† K(C† )T CT .
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Theorem 1 implies that the prototype model and the Nyström method are equivalent
when rank(W) = rank(K); that is, the kernel matrix K is low rank. However, it holds in
general that rank(K)  c ≥ rank(W), where the two models are not equivalent.

8

O(k/2 )

9
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This error bound was the tightest among all the feasible algorithms for SPSD matrix approximation.

Column selection is an important matrix sketching approach that enables expensive matrix
computations to be performed on much a smaller matrix. The column selection problem has
been widely studied in the theoretical computer science community (Boutsidis et al., 2014;
Mahoney, 2011; Guruswami and Sinop, 2012; Woodruff, 2014) and the numerical linear
algebra community (Gu and Eisenstat, 1996; Stewart, 1999), and numerous algorithms
have been devised and analyzed. Here we focus on some provable algorithms studied in the
theoretical computer science community.
The adaptive sampling algorithm devised by Deshpande et al. (2006) (see Algorithm 2)
is the most relevant to this paper. The adaptive sampling algorithm has strong error
bound (Deshpande et al., 2006; Wang and Zhang, 2013; Boutsidis et al., 2014) and good
empirical performance (Kumar et al., 2012). Particularly, Wang and Zhang (2013) proposed
an algorithm that combines the near-optimal column sampling algorithm (Boutsidis et al.,
2014) and the adaptive sampling algorithm (Deshpande et al., 2006). They showed that by
selecting c = O(k−2 ) columns of K to form C, it holds that

E K − C C† K(C† )T CT F ≤ (1 + )kK − Kk kF .

5.1 Related Work

In Section 5.1 we introduce the column sampling algorithms in the literature. In Section 5.2 we improve the bound of the near-optimal+adaptive sampling algorithm (Wang
and Zhang, 2013), and the obtained upper bound matches the lower bound up to a constant factor. In Section 5.3 we develop a more efficient column sampling algorithm which we
call the uniform+adaptive2 algorithm. In Section 5.4 we discuss the possibility of making
uniform+adaptive2 more scalable.

5. Column Sampling Algorithms

Here k is an arbitrary target rank, c is the number of selected columns, and U? = C† K(C† )T .

Theorem 2 (Lower Bound of the Prototype Model) Whatever column sampling algorithm is used, there exists an n × n SPSD matrix K such that the error incurred by the
prototype model obeys:
n − c
2k 
2
K − CU? CT F ≥
1+
kK − Kk k2F .
n−k
c

Wang and Zhang (2013) showed that with c =
columns chosen by the nearoptimal+adaptive sampling algorithm, the prototype model satisfies 1 +  relative-error
bound. We establish a lower error bound in Theorem 2, which shows that at least c ≥ 2k−1
columns must be chosen to attain the 1+ bound. This indicates there exists a gap between
the upper bound in (Wang and Zhang, 2013) and our lower bound, and thus there is room
of improvement. The proof of Theorem 2 is left to Appendix B.

4.2 Lower Bound

SPSD Matrix Approximation vis Column Selection

F

≤ (1 + )kK − Kk kF .
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In this paper we propose a column sampling algorithm which is efficient, effective, and
very easy to be implemented. The algorithm consists of a uniform sampling step and two
adaptive sampling steps, so we call it the uniform+adaptive2 algorithm. The algorithm is
described in Algorithm 3 and analyzed in Theorem 4. The proof is left to Appendix D.
It is worth mentioning that our uniform+adaptive2 algorithm is a special instance of the
adaptive-full algorithm of (Kumar et al., 2012, Figure 3). The adaptive-full algorithm consists of random initialization and multiple adaptive sampling steps. Using multiple adaptive
sampling steps can surely reduce the approximation error. However, the update of sampling
probability in each step is expensive, so we choose to do only two steps. The adaptive-full
algorithm of (Kumar et al., 2012, Figure 3) is merely a heuristic scheme without theoretical
guarantee; our result provides theoretical justification for the adaptive-full algorithm.

5.3 The Uniform+Adaptive2 Column Sampling Algorithm

Despite its optimal error bound, the near-optimal+adaptive algorithm lacks of practicality. The implementation is complicated and difficult. Its main component—the nearoptimal algorithm (Boutsidis et al., 2014)—is highly iterative and therefore not suitable for
parallel computing. Every step of the near-optimal algorithm requires the full observation
of K and there is no hope to avoid this. Thus we propose to use uniform sampling to replace
the near-optimal algorithm. Although the obtained uniform+adaptive2 algorithm also has
quadratic time complexity and requires the full observation of K, there may be some way
to making it more efficient. See the discussions in Section 5.4.


The algorithm costs O n2 c + nk 3 −2/3 time and O(nc) memory in computing C.


E K − C C† K(C† )T CT

n×n and a
Theorem 3 (Near-Optimal+Adaptive) Given a symmetric
 matrix K ∈ R
target rank k, the algorithm samples totally c = 3k−1 1 + o(1) columns of K to construct
the approximation. Then

The error bound of near-optimal+adaptive can be improved by a factor of  by exploiting
the latest results of Boutsidis and Woodruff (2014). Using the same algorithm except
for different c2 (i.e. the number of columns selected by adaptive sampling), we obtain the
following
stronger theorem. Recall from Theorem 2 that the lower bound is c ≥ Ω 2k−1 (1+

o(1)) . Thus the near-optimal+adaptive algorithm is optimal up to a constant factor. The
proof of the theorem is left to Appendix 3.

5.2 Near Optimal Column Selection for SPSD Matrix Approximation

Algorithm 2 The Adaptive Sampling Algorithm.
1: Input: a residual matrix B ∈ Rn×n and number of selected columns c (< n).
2: Compute sampling probabilities pj = kb:j k22 /kBk2F for j = 1, · · · , n;
3: Select c indices in c i.i.d. trials, in each trial the index j is chosen with probability pj ;
4: return an index set containing the indices of the selected columns.

Wang, Luo, and Zhang
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columns of K to construct C3 using the adaptive sampling algorithm (Algorithm 2)
according to the residual K − P[C1 , C2 ] (K);
return C = [C1 , C2 , C3 ].

columns of K to construct C2 using the adaptive sampling algorithm (Algorithm 2)
according to the residual K − PC1 (K);
Adaptive Sampling. Sample
c3 = 10k/

columns of K without replacement to construct C1 ;
Adaptive Sampling. Sample
c2 = 17.5k/

c1 = 20µk log 20k

Algorithm 3 The Uniform+Adaptive2 Algorithm.
1: Input: an n × n symmetric matrix K, target rank k, error parameter  ∈ (0, 1], matrix
coherence µ.
Uniform Sampling. Uniformly sample

2:

3:

4:

5:

F

Theorem 4 (Uniform+Adaptive2 ) Given an n×n symmetric matrix K and a target
rank k, let µk denote the matrix coherence of K. Algorithm 3 samples totally

c = O k−1 + µk k log k

columns of K to construct the approximation. The error bound


K − C C† K(C† )T CT F ≤ 1 +  K − Kk

holds with probability at least 0.7. The algorithm costs O(n2 c) time and O(nc) space in
computing C.
Remark 5 Theoretically, Algorithm 3 requires computing the matrix coherence of K in
order to determine c1 and c2 . However, computing the matrix coherence is as hard as
computing the truncated SVD; even the fast approximation approach of Drineas et al. (2012)
is not feasible here because K is a square matrix. The use of the matrix coherence here
is merely for theoretical analysis; setting the parameter µ in Algorithm 3 to be exactly the
matrix coherence does not certainly result in the highest accuracy. Empirically, the resulting
approximation accuracy is not sensitive to the value of µ. Thus we suggest setting µ in
Algorithm 3 as a constant (e.g. 1), rather than actually computing the matrix coherence.
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Table 2 presents comparisons between the near-optimal+adaptive algorithm and our
uniform+adaptive2 algorithm over the time cost, memory cost, number of passes through
K, the number of columns required to attain 1 +  relative-error bound, and the hardness
of implementation. Our algorithm is more time-efficient and pass-efficient than the nearoptimal+adaptive algorithm, and the memory costs of the two algorithms are the same.
To attain the same error bound, our algorithm needs to select c = O k−1 + µk k log k
columns, which is a little larger than that of the near-optimal+adaptive algorithm.
11
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O(n c)

O nc
2

O k−1 + µk k log k
Easy to implement

Table 2: Comparisons between the two sampling algorithms.
Uniform+Adaptive2 Near-Optimal+Adaptive
2
3 −2/3 )
O(n2 c + nk
 
O nc
4
O k−1 )
Hard to implement
Time
Memory
#Passes
#Columns
Implement

Algorithm 4 The Incomplete Uniform+Adaptive2 Algorithm.
1: Input: part of an n × n symmetric matrix K.
2: Uniform Sampling. Uniformly sample c1 columns of K without replacement to construct C1 ;
3: Adaptive Sampling. Uniformly sample o(n) columns of K to form K0 ; then sample
c2 columns of K0 to construct C2 using the adaptive sampling algorithm (Algorithm 2)
according to the residual K0 − PC1 (K0 );
4: Adaptive Sampling. Uniformly sample o(n) columns of K to form K00 ; then sample
c3 columns of K00 to construct C3 using the adaptive sampling algorithm (Algorithm
2) according to the residual K00 − P[C1 , C2 ] (K00 );
return C = [C1 , C2 , C3 ].
5:

5.4 Discussions

The two algorithms discussed in the above have strong theoretical guarantees, but they are
not efficient enough for large-scale applications. First, their time complexities are quadratic
in n. Second, they require the full observation of K. In fact, at present no existing column
selection algorithm satisfies the three properties simultaneously:

1. the time and memory costs are O(n);

2. only O(n) entries of K need to be observed;

3. relative-error bound holds in expectation or with high probability.
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It is interesting to find such an algorithm, and it remains an open problem.
Nevertheless, uniform+adaptive2 is a promising column selection algorithm for it may
be adapted to satisfy the above three properties. The drawback of uniform+adaptive2 is
that computing the adaptive sampling probability costs quadratic time and requires the full
observation of K. There may be remedies for this problem. The adaptive-partial algorithm
in (Kumar et al., 2012) satisfies the first two properties, but it lacks theoretical analysis.
Another possibility is to first uniformly sample o(n) columns and then down-sample to
O(k/) columns by adaptive sampling, which we describe in Algorithm 4. In this way,
the first two properties can be satisfied, and it may be theoretically explained under the
incoherent matrix assumption. We do not implement such heuristics for their theoretical
property is completely unknown and they are beyond the scope of this paper.
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We empirically conduct comparison among three column selection algorithms—uniform
sampling, uniform + adaptive2 , and the near-optimal + adaptive sampling algorithm.

6. Experiments on the Column Sampling Algorithms
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which denotes the ratio of the top 5% eigenvalues of the kernel matrix K to the all eigenvalues. In general, a large γ results in a large η. For each dataset, we use two different
settings of γ such that η = 0.5 or η = 0.9.
The models and algorithms are all implemented in MATLAB. We run the algorithms on
a workstation with Intel Xeon 2.40GHz CPUs, 24GB memory, and 64bit Windows Server
2008 system. To compare the running time, we set MATLAB in single thread mode by the
command “maxNumCompThreads(1)”. In the experiments we do not keep K in memory.
We use a variant of Algorithm 1—we compute and store one block, instead of one column,
of K at a time. We keep at most 1, 000 columns of K in memory at a time.

(7)

We perform experiments on several datasets collected on the LIBSVM website2 where the
data are scaled to [0,1]. We summarize the datasets in Table 3.
For each dataset, we generate a radial basis function (RBF) kernel matrix K defined
by kij = exp(− 2γ1 2 kxi − xj k22 ). Here γ > 0 is the scaling parameter; the larger the scaling
parameter γ is, the faster the spectrum of the kernel matrix decays (Gittens and Mahoney,
2013). The previous work has shown that for the same dataset, with different settings of γ,
the sampling algorithms have very different performances. Instead of setting γ arbitrarily,
we set γ in the following way.
Letting p = d0.05ne, we define

c
n.

Uniform+adaptive (Prototype)
Near−Optimal+Adaptive (Nystrom)
Near−Optimal+Adaptive (Prototype)
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Figure 2: The growth of the average elapsed time in
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6.1 Experiment Setting
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Table 3: A summary of the datasets for kernel approximation.

Figure 1: The ratio nc against the error ratio defined in (8). In each subfigure, the left
corresponds to the RBF kernel matrix with η = 0.5, and the right corresponds to
η = 0.9, where η is defined in (7).
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Particularly, the MNIST dataset has 60, 000 instances, and the 60, 000 × 60, 000 kernel
matrix K does not fit in memory. The experiment shows that neither the prototype model
nor the uniform+adaptive2 algorithm require keeping K in memory.

The results show that our uniform+adaptive2 algorithm achieves accuracy comparable
with the near-optimal+adaptive algorithm. Especially, when c is large, these two algorithms
have virtually the same accuracy, which agrees with our analysis: a large c implies a small
error term , and the error bounds of the two algorithms coincide when  is small. As for
the running time, we can see that our uniform+adaptive2 algorithm is much more efficient
than the near-optimal+adaptive algorithm.

Every time when we do column sampling, we repeat each sampling algorithm 10 times
and record the minimal approximation error of the 10 repeats. We report the average
elapsed time of the 10 repeat rather than the total elapsed time because the 10 repeats can
be done in parallel on 10 machines. We plot c against the approximation error in Figure 1.
For the kernel matrices with η = 0.9, we plot c against the average elapsed time in Figure 2;
for η = 0.5, the curve of the running time is very similar, so we do not show it.

Figure 4: The elapsed time (log-scale) against the misalignment (log-scale) defined in (9).
In each subfigure, the left corresponds to the RBF kernel matrix with η = 0.5,
and the right corresponds to η = 0.9, where η is defined in (7).
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Misalignment
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We set the target rank k to be k = dn/100e in all the experiments unless otherwise
specified. We evaluate the performance by
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In the first set of experiments, we compare the matrix approximation quality using the
Frobenius norm approximation error defined in (8) as the metric.

6.2 Matrix Approximation Accuracy

Figure 3: The number of selected columns c against the misalignment (log-scale) defined
in (9). In each subfigure, the left corresponds to the RBF kernel matrix with
η = 0.5, and the right corresponds to η = 0.9, where η is defined in (7).
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where K̃ is the approximation generated by each method.
To evaluate the quality of the approximate rank-k eigenvalue decomposition, we use
misalignment to indicate the distance between the true eigenvectors Uk (n × k) and the
approximate eigenvectors Ṽk (n × k):
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7. The Spectral Shifting Model
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Uss ←− C̄† K(C̄† )T − δ ss (C̄T C̄)† ;
ss T
ss
return the approximation K̃ss
c = C̄U C̄ + δ In .

All the low-rank approximation methods work well only when the bottom eigenvalues of K
are near zero. In this section we develop extensions of the three SPSD matrix approximation
models to tackle matrices with relatively big bottom eigenvalues. We call the proposed
method the spectral shifting (SS) model and describe it in Algorithm 5. We show that the
SS model has stronger error bound than the prototype model.

14:

13:

Algorithm 5 The Spectral Shifting Method.
1: Input: an n × n SPSD matrix K, a target rank k, the number of sampled columns c,
the oversampling parameter l.
2: // (optional) approximately do the initial spectral shifting
3: Ω ←− n × l standard Gaussian matrix;
4: Q ←− the l orthonormal basis of KΩ ∈ Rn×l ;
5: s ←− sum of the top k singular values of QT K ∈ Rl×n ;

1
6: δ̃ = n−k
tr(K) − s ≈ δ̄;
7: K̄ ← K − δ̃In ∈ Rn×n ;
8: // perform sketching, e.g. random projection or column selection
9: C̄ = K̄P, where P is an n × c random projection or selection matrix;
10: Optional: replace C̄ by its orthonormal bases;
11: // compute the spectral
shifting parameter
and the intersection matrix


1
12: δ ss ←−
tr(K) − tr C̄† KC̄ ;
n−rank(C̄)

Figure 5: The time costs (s) of the uniform+adaptive2 algorithm and the computation of
the intersection matrices.
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In Section 7.1 we formulate the SS model. In Section 7.2 we study SS from an optimization perspective. In Section 7.3 we show that SS has better error bound than the
prototype model. Especially, with the near-optimal+adaptive column sampling algorithm,
SS demonstrates much stronger error bound than the existing matrix approximation methods. In Section 7.4 we provide an efficient algorithm for computing the initial spectral
shifting term. In Section 7.5 we discuss how to combine spectral shifting with other kernel
approximation methods.

Besides the total elapsed time, the readers may be interested in the time cost of each
step, especially when the data do no fit in memory. We run the Nyström method and the
prototype model, each with uniform+adaptive2 column sampling algorithm, on the MNIST
dataset with γ = 2.3 (see Table 3). Notice that the 60, 000 × 60, 000 kernel matrix does not
fit in memory, so we keep at most 1, 000 columns of the kernel matrix in memory at a time.
We set c = 50 or 500 and repeat the procedure 20 times and record the average elapsed
time. In Figure 5 we separately show the time costs of the uniform+adaptive2 algorithm
and the computation of the intersection matrices. In addition, we separate the time costs of
evaluating the kernel functions and all the other computations (e.g. SVD of C and matrix
multiplications).
We can see from Figure 5 that when K does not fit in memory, the computation of the
kernel matrix contributes to the most of the computations. By comparing the two subfigures
in Figure 5, we can see that as c increases, the costs of computing the kernel matrix barely
change, but the costs of other matrix operations significantly increase.

6.4 Separating the Time Costs

In the second set of experiment, we apply the kernel approximation methods to approximately compute the rank k = 3 eigenvalue decomposition of the RBF kernel matrix. We use
the misalignment defined in (9) as the metric, which reflects the distance between the true
and the approximate eigenvectors. We report the average misalignment of the 20 repeats.
We do not conduct experiments on the MNIST dataset because the true eigenvectors are
too expensive to compute.
To evaluate the memory efficiency, we plot c against the misalignment in Figure 3.
The results show that the two non-uniform sampling algorithms are significantly better
than uniform sampling. The performance of our uniform+adaptive2 algorithm is nearly the
same to the near-optimal+adaptive algorithm.
To evaluate the time efficiency, we plot the elapsed time against the misalignment in
Figure 4. Though the uniform sampling algorithm is the most efficient in most cases, its
accuracy is unsatisfactory. In terms of time efficiency, the uniform+adaptive2 algorithm is
better than the near-optimal+adaptive algorithm.
The experiment on the kernel PCA shows that the prototype model with the uniform +
adaptive2 column sampling algorithm achieves the best performance. Though the Nyström
method with uniform sampling is the most efficient, its resulting misalignment is worse by
an order of magnitude. Therefore, when applied to speedup eigenvalue decomposition, the
Nyström method may not be a good choice, especially when high accuracy is required.

6.3 Kernel Principal Component Analysis

SPSD Matrix Approximation vis Column Selection

SPSD Matrix Approximation vis Column Selection

7.1 Model Formulation
The spectral shifting (SS) model is defined by
K̃css = C̄Uss C̄T + δ ss In .
(10)

(11)

Here δ ss ≥ 0 is called the spectral shifting term. This approximation is computed in three
steps. Firstly, (approximately) compute the initial spectral shifting term

j=1



k
X
1
tr(K) −
δ̄ =
σj (K) ,
n−k

(12)

and then perform spectral shifting K̄ = K − δ̄In , where k ≤ c is the target rank. This step
is optional. Due to Theorem 6 and Remark 7, SS is better than the prototype model even
if δ̄ = 0; however, without this step, the quantity of the improvement contributed by SS
is unknown. Secondly, draw a column selection matrix P and form the sketch C̄ = K̄P.
Finally, with C̄ at hand, compute δ ss and Uss by
δ ss =



1
tr(K) − tr C̄† KC̄ ,
n − rank(C̄)

Uss = C̄† K(C̄† )T − δ ss (C̄T C̄)† .

We will show that K̃css is positive (semi)definite if K is positive (semi)definite.
However, when the bottom eigenvalues of K are small, the computed spectral shifting
term is small, where there is little difference between SS and the prototype model, and the
spectral shifting operation is not advised.
7.2 Optimization Perspective

(13)

Wang, Luo, and Zhang

Remark 7 The optimization perspective indicates the superiority of SS. Suppose we skip
the initial spectral shifting step and simply set δ̄ = 0. Then C̄ = C. If the constraint δ = 0
is to the optimization problem (14), then (14) will become identical to the prototype model
(13). Obviously, adding this constraint will make the optimal objective function value get
worse, so the optimal objective function value of (14) is always less than or equal to (13).
Hence, without the initial spectral shifting step, SS is still more accurate than the prototype
model.
7.3 Error Analysis

The following theorem indicates that the SS model with any spectral shifting term δ ∈ (0, δ̄]
has a stronger bound than the prototype model. The proof is in Appendix F.

2
F

≤ η A − Ak

2
F

Theorem 8 Suppose there is a sketching matrix P ∈ Rn×c such that for any n×n symmetric matrix A and target rank k ( n), by forming C = AP, the prototype model satisfies
the error bound

A − CC† A(C† )T CT

K − K̃css

2
F

≤ η K̄ − K̄k kF2 ≤ η K − Kk kF2 .

for certain η > 0. Let K be any n × n SPSD matrix, δ̃ ∈ (0, δ̄] be the initial spectral shifting
term where δ̄ is defined in (11), K̄ = K − δ̃In , C̄ = K̄P, and K̃css be the SS model defined
in (10). Then
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(b) After spectral shifting.

100

We give an example in Figure 6 to illustrate the intuition of spectral shifting. We use the
toy matrix K: an n×n SPSD matrix whose the t-th eigenvalue is 1.05−t . We set n = 100 and
k = 30, and hence δ̄ = 0.064. From the plot of the eigenvalues we can see that the “tail” of
the eigenvalues becomes thinner after the spectral shifting. Specifically, kK − Kk kF2 = 0.52
and kK̄−K̄k kF2 ≤ 0.24. From Theorem 8 we can see that if kK−CC† K(C† )T CT kF ≤ 0.52η,
then kK − K̃css kF ≤ 0.24η. This indicates that SS has much stronger error bound than the
prototype model.
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(a) Before spectral shifting.
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Figure 6: We plot the eigenvalues of K in Figure 6(a) and K̄ = K − δ̄I100 in Figure 6(b).

Eigenvalues

The SS model is an extension of the prototype model from the optimization perspective.
Given an SPSD matrix K, the prototype model computes the sketch C = KP and the
intersection matrix
U? = C† K(C† )T = argmin kK − CUCT kF2 .
U

2
δIn F ,

Analogously, with the sketch C̄ = K̄P = KP − δ̄P at hand, SS is obtained by solving

= argmin K − C̄UC̄T −
(14)

Uss , δ ss

U,δ

obtaining the intersection matrix Uss and the spectral shifting term δ ss . By analyzing the
optimization problem (14), we obtain the following theorem. Its proof is in Appendix E.

JMLR 17(49):1-49

Theorem 6 The pair (δ ss , Uss ) defined in (12) is the global minimizer of problem (14),
which indicates that using any other (δ, U) to replace (δ ss , Uss ) results in a larger approximation error. Furthermore, if K is positive (semi)definite, then the approximation
C̄Uss C̄T + δ ss In is also positive (semi)definite.
19
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7.5 Combining with Other Matrix Approximation Methods
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K − Kc
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There are many other matrix approximation approaches such as the ensemble Nyström
method (Kumar et al., 2012) and MEKA (Si et al., 2014). In fact, the key components
of the ensemble Nyström method and MEKA are the Nyström method, which can be
straightforwardly replaced by other matrix approximation methods such as the SS model.

(n − c)θ2 =

2
F

4

k = 100
k = 50
k = 20
k = 10

Figure 7: The ratio kl against the error |δ̄ − δ̃|/δ̄. In each subfigure, the left corresponds to
the RBF kernel matrix with η = 0.5, and the right corresponds to η = 0.9, where
η is defined in (7).
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Here we empirically evaluate the accuracy of the approximation to δ̄ (Lines 2–6 in
Algorithm 5) proposed in Theorem 11. We use the RBF kernel matrices with the scaling
parameter γ listed Table 3. We use the error ratio |δ̄ − δ̃|/δ̄ to evaluate the approximation
quality. We repeat the experiments 20 times and plot l/k against the average error ratio in
Figure 7. Here δ̃, l, and k are defined in Theorem 11. We can see that the approximation
of δ̄ has high quality: when l = 4k, the error ratios are less than 0.03 in all cases, no matter
whether the spectrum of K decays fast or slow.

where the expectation is taken w.r.t. the Gaussian random matrix Ω in Algorithm 5. Lines 2–
6 in Algorithm 5 compute δ̃ in O(n2 l) time and O(nl) memory.

Theorem 11 Let δ̄ be defined in (11) and δ̃, k, l, n be defined in Algorithm 5. The following
inequality holds:
√

 
E δ̄ − δ̃ δ̄ ≤ k/ l,

Here K̃proto
and K̃nys
respectively denote the approximation formed by the prototype model
c
c
and the Nyström method. In this example the SS model is far better than the other models
if we set θ as a large constant.

and that

K − K̃ss
c

Example 1 Let K be an n × n SPSD matrix such that λ1 (K) ≥ · · · ≥ λk (K) > θ =
λk+1 (K) = · · · = λn (K) > 0. By sampling c = O(k) columns by the near-optimal+adaptive
algorithm (Theorem 3), we have that

Here we give an example to demonstrate the superiority of SS over the prototype model,
the Nyström method, and even the truncated SVD of the same scale.

E K−

2
K̃ss
c F

 Pn
2 

i=k+1 λi (K)
.
≤ (1 + ) kK − Kk k2F −
n−k

Corollary 10 Suppose we are given any SPSD matrix K and we sample c = O(k/)
columns of K̄ to form C̄ using the near-optimal+adaptive column sampling algorithm (Theorem 3). Then the inequality holds:

If C̄ contains the columns of K̄ sampled by the near-optimal+adaptive algorithm in
Theorem 3, which has the strongest bound, then the error bound incurred by SS is given
in the following corollary.

K − K̃ss
c

for certain η > 0. Let K be any n × n SPSD matrix, δ̄ defined in (11) be the initial spectral
shifting term, and K̃ss
c be the SS model defined in (10). Then

A − CC† A(C† )T CT

Error Ratio

Theorem 9 Suppose there is a sketching matrix P ∈ Rn×c such that for any n × n symmetric matrix A and target rank k ( n), by forming the sketch C = AP, the prototype
model satisfies the error bound

The SS model uses δ̄ as the initial spectral shifting term. However, computing δ̄ according
to (11) requires the partial eigenvalue decomposition which costs O(n2 k) time and O(n2 )
memory. For large-scale data, one can simply set δ̄ = 0; Remark 7 shows that SS with
this setting still works better than the prototype model. For medium-scale data, one can
approximately compute δ̄ by the algorithm devised and analyzed in this subsection.
We depict the algorithm in Lines 2–6 of Algorithm 5. The performance of the approximation is analyzed in the following theorem.

7.4 Approximately Computing δ̄

Error Ratio

The following theorem shows an error bound of the SS model, which is stronger than
the prototype model, especially when the bottom n − k eigenvalues of K are big. The proof
is in Appendix F.
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Error Ratio
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The ensemble Nyström method improves the Nyström method by running the
Nyström method t times and combine the samples to construct the kernel approximation:
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• Using the spectral shifting technique is better than without using it: SS and SS+MEKA
are more accurate than the prototype model and MEKA, respectively. The advantage

We conduct experiments using the same setting as in Section 6.1. To demonstrate the effect
of spectral shifting, we only consider a kernel matrix with slowly decaying spectrum. Thus
we set η (defined in (7)) relatively small: η = 0.5 and η = 0.9. When η is near one, the
spectral shifting term becomes near zero, and spectral shifting makes no difference.
We present the results in two ways: (1) Figure 8 plots the memory usage against the
approximation error, where the memory usage is proportional to the number of nonzero
entries of C and U; (2) Figure 9 plots the elapsed time against the approximation error.
The results have the following implications.

8.1 Experiments on Approximation Accuracy

Figure 8: The memory cost against approximation error. Here “nnz” is number of nonzero
entries in the sketch, namely, nnz(C) + nnz(U). In each subfigure, the left corresponds to the RBF kernel matrix with η = 0.5, and the right corresponds to
η = 0.9, where η is defined in (7).

nnz / n2

Approximation Error

Approximation Error
Approximation Error

ens
K̃t,c
=

where µ(1) , · · · , µ(t) are the weights of the samples, and a simple but effective strategy is to
set the weights as µ(1) = · · · = µ(t) = 1t . However, the time and memory costs of computing
C and U are respectively t times as much as that of its base method (e.g. the Nyström
method), and the ensemble Nyström method needs to use the Sherman-Morrison-Woodbury
formula t times to combine the samples. When executed on a single machine, the accuracy
gained by the ensemble may not worth the t times more time and memory costs.
MEKA is reported to be the state-of-the-art kernel approximation method. It exploits
the block-diagonal structure of kernel matrices, and outputs an n × c sparse matrix C
and a c × c small matrix U such that K ≈ CUCT . MEKA first finds the blocks by
clustering the data into b clusters and permutes the kernel matrix accordingly. It then
approximates the diagonal blocks by the Nyström method, which can be replaced by other
methods. It finally approximates the off-diagonal blocks using the diagonal blocks. If the
kernel matrix is partitioned into b2 blocks, only b blocks among the b2 blocks of C are
nonzero, and the number of nonzero entries of C is at most nnz(C) = nc/b. MEKA is
thus much more memory efficient than the Nyström method. If we use the SS model to
approximate the diagonal blocks, then the resulting MEKA approximation will be in the
form K ≈ CUCT + δ1 I ⊕ · · · ⊕ δb I, where δi corresponds to the i-th diagonal block.

8. Empirically Evaluating the Spectral Shifting Model
We empirically evaluate the spectral shifting method by comparing the following kernel
approximation models in terms of approximation quality and the generalization performance
on Gaussian process regression.
• The Nyström method with the uniform+adaptive2 algorithm.
• The prototype model with the uniform+adaptive2 algorithm.
• The memory efficient kernel approximation (MEKA) method (Si et al., 2014), which
approximates the diagonal blocks of the kernel matrix by the Nyström method. We
use the code released by the authors with default settings.
• The spectral shifting (SS) model with the uniform+adaptive2 algorithm.
• SS+MEKA: the same to MEKA except for using SS, rather than the Nyström method,
to approximate the diagonal blocks.
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Since the experiments are all done on a single machine, the time and memory costs of the
ensemble Nyström method (Kumar et al., 2012) are t times larger. It would be unfair to
directly do comparison with the ensemble Nyström method.
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In addition, we conduct experiments on the large-scale dataset—covtype—which has
581,012 data instances. We compare among the Nyström method, MEKA, and MEKA+SS.
The experiment setting is slightly different from the ones in the above. For each of the four
methods, we use uniform sampling to select columns. As for the MEKA based methods, we
set the number of clusters to be 30 (whereas the default is 10) to increase scalability. As

• The kernel matrix of the MNIST dataset is 60, 000 × 60, 000, which does not fit in the
24GB memory. This shows that the compared methods and sampling algorithm do
not require keeping K in memory.

• SS and SS+MEKA are the best among the compared methods according to our experiments. Especially, if a high-quality approximation in limited memory is desired,
SS+MEKA should be the best choice.

of spectral shifting is particularly obvious when the spectrum of K decays slowly, i.e.
when η = 0.5.

Figure 9: The elapsed time (log-scale) against the approximation error. In each subfigure, the left corresponds to the RBF kernel matrix with η = 0.5, and the right
corresponds to η = 0.9, where η is defined in (7).
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where y = [y1 , . . . , yn ]T and k(x∗ ) = [κ(x∗ , x1 ), . . . , κ(x∗ , xn )]T . We apply different kernel
approximation methods to approximate K and approximately compute (K + σ 2 I)−1 y according to Section 3.1. We evaluate the generalization performance using the mean squared
error:

ŷ∗ = kT (x∗ )(K + σ 2 I)−1 y,

where f (x) follows a Gaussian process with mean function 0 and kernel function κ(·, ·).
Furthermore, we define the kernel matrix K ∈ Rn×n , where the (i, j)-th entry of K is
κ(xi , xj ).
For a test input x∗ , the prediction is given by

y = u + f (x) + ,

We apply the kernel approximation methods to Gaussian process regression (GPR). We
assume that the training set is {(x1 , y1 ), ..., (xn , yn )}, where xi ∈ Rd are input vectors and
yi ∈ R are the corresponding outputs. GPR is defined as

8.2 Experiments on Gaussian Process Regression

for the spectral shifting method, we do not perform the initial spectral shifting. The results
are plotted in Figure 10. The results show the effectiveness and scalability of the spectral
shift method.

Plant
#Instance 9,568
#Attribute
4
γ
0.1
σ2
0.1

Table 4: Summary of datasets for Gaussian process regression

Figure 10: The experiments on the covtype dataset. We plot the memory cost against
approximation error and plot the elapsed time (log-scale) against the approximation error.
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elapsed time, and the average of the number of nonzero entries in the sketch. We plot
nnz(C)+nnz(U)
against MSE in Figure 11 and the elapsed time against MSE in Figure 12.
n2
Using the same amount of memory, our SS model achieves the best performance on
the Plant, Red Wine, Energy (Cool), and Energy (Heat) datasets. On the Concrete and
Housing datasets, using spectral shifting leads better results unless c is unreasonably large
(e.g. c > 0.1n). However, using the same amount of time, the compared methods have
competitive performance.
MEKA and SS+MEKA in general work very well, but they are numerically unstable on
some of the randomly partitioned training data. On the White Wine, Housing, and Concrete
datasets, MATLAB occasionally reports errors of numerical instability in approximating
the off-diagonal blocks of K by solving some linear systems; when such happens, we do
not report the corresponding test errors in the figures. MEKA and SS+MEKA are also
sometimes unstable on the Plant and Red Wine datasets, though MATLAB does not report

Figure 12: The results on Gaussian process regression.
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where yi∗ is the real output of the i-th test sample and m is the number of test samples.
We conduct experiment on seven datasets summarized in Table 4. We use the Gaussian
RBF kernel and tune two parameters: the variance σ 2 and the kernel scaling parameter γ.
Recall that there are seven compared methods and eight datasets, so the time cost would
be daunting if we use cross-validation to find σ and γ for each method on each dataset.
Thus we perform a five-fold cross-validation without using kernel approximation to predetermine the two parameters σ and γ, and the same parameters are used for all the kernel
approximation methods. We list the obtained parameters in Table 4.
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For each of the compared methods, we randomly hold 80% samples for training and the
rest for test; we repeat this procedure 50 times and record the average MSE, the average
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Figure 11: The results on Gaussian process regression. In the figures “nnz” is number of
nonzero entries in the sketch, that is, nnz(C) + nnz(U).
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29

= CXT =

Thus there exists a matrix X such that

WXT
K21 XT


,

rank(K) ≥ rank(C) ≥ rank(W).
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(15)

Proof Suppose that rank(W) = rank(K). We have that rank(W) = rank(C) = rank(K)
because

Appendix A. Proof of Theorem 1
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Although the prototype model is not very time-efficient, we can resort to the approximate
method provided by Wang et al. (2015) to obtain a faster solution to the prototype model.
This faster solution requires only linear time and linear memory. The theoretical analysis of
the fast solution heavily relies on that of the prototype model, so our established results are
useful even if the prototype model itself is not the working horse in real-world applications.
In addition, we have shown that the fast solution can also be naturally incorporated with
the spectral shifting method.

We have provided an in-depth study of the prototype model for SPSD matrix approximation.
First, we have shown that with c = O(k/) columns sampled by the near-optimal+adaptive
algorithm, the prototype model attains 1 +  Frobenius norm relative-error bound. This
upper bound matches the lower bound up to a constant factor. Second, we have devised
a simple column selection algorithm called uniform+adaptive2 . The algorithm is efficient
and very easy to implement, and it has near-optimal relative-error bound. Third, we have
proposed an extension called the spectral shifting (SS) model. We have shown that SS has
much stronger error bound than the low-rank approximation models, especially when the
bottom eigenvalues are not sufficiently small.

9. Conclusions

error. Although MEKA and SS+MEKA have good performance in general, the numerical
instability makes MEKA and SS+MEKA perform very poorly on a few among the 50
randomly partitioned training/test data, and consequently the average test errors become
large. This problem can get avoided by repeating MEKA multiple times and choose the
one that is stable. However, this will significantly increase the time cost.
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.
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†
Lemma 12 XT VX XT VX XT = XT for any positive definite matrix V.

so rank(C) ≤ rank(W). Apply (15) again we have rank(K) = rank(W).

and therefore K21 = XW. Then we have that




W
I
C =
=
W,
K21
X

It follows from Equations (16) (17) (18) that K = CW† CT = CC† K(C† )T CT .
Conversely, when K = CW† CT , it holds that rank(K) ≤ rank(W† ) = rank(W). It
follows from (15) that rank(K) = rank(W).
When K = CC† K(C† )T CT , we have rank(K) ≤ rank(C). Thus there exists a matrix
X such that
 T 


K21
WXT
= CXT =
,
T
K22
K21 X

CC† K(C† )T C =

Thus we have

†
WC† K(C† )T W = W W(I + XT X)W W(I + XT X)W = W.

where the second equality follows from Lemma 12 because (I + XT X) is positive definite.
Similarly we have

=

=

C† K(C† )T W

and thus

C† =

Here the second equality in (17) follows from WW† W = W. We obtain that K = CW† C.
Then we show that K = CC† K(C† )T CT .
Since C† = (CT C)† CT , we have that

and it follows that K21 = XW and K22 = K21 XT = XWXT . Then we have that






W (XW)T
I
K =
=
W I XT ,
T
XW XWX
X








W
I
CW† CT =
W† W (XW)T
=
W I XT .
X
XW
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C=
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and

Proof Without loss of generality, we assume the first c column of B are selected to construct
C. We partition B and C as:




.
T
W B21
B21 B22

(X + YZR)−1 = X−1 − X−1 Y(Z−1 + RX−1 Y)−1 RX−1

1
α
Ic −
1c 1cT .
1−α
(1 − α)(1 − α + cα)

to compute W−1 , and it follows that
W−1 =

C† = W−1 Ic + ST S

We expand the Moore-Penrose inverse of C by Lemma 13 and obtain
−1 

Ic ST

I c + ST S

W−1 Ic + ST S

−1

−1

=



Ic +



nc +

+

n−c


1−α 2
α

2(1−α)c
α

.

2
α
(n − c)1c 1cT
1 − α + cα

γ1 =

32

−1

= Ic − γ1 1c 1cT ,

(22)
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= (γ2 Ic − γ3 1c 1cT )(Ic − γ1 1c 1cT ) = γ2 Ic + (γ1 γ3 c − γ1 γ2 − γ3 )1c 1cT ,

It follows from (20) and (22) that

where

−1
−1
We then compute the submatrices Ic + ST S
and B21 W−1 Ic + ST S
respectively
as follows. We apply the Sherman-Morrison-Woodbury matrix identity to compute Ic +
−1
ST S . We obtain

=

where
α
S = B21 W−1 =
1n−c 1cT .
1 − α + cα
2
α
(n − c)1c 1cT .
It is easily verified that ST S = 1−α+cα
Now we express the approximation by the prototype model in the partitioned form:

T
B̃ = CC† B C† CT




T

−1 

−1
Ic
W
W
Ic ST B
W−1 Ic + ST S
Ic + ST S W−1
=
B21
B21
S
"
#
#T



"
−1
−1


Ic + ST S
Ic
I c + ST S
−1
−1
Ic ST B
. (21)
S
B21 W−1 Ic + ST S
B21 W−1 Ic + ST S

(20)

Here the matrix W can be expressed by W = (1 − α)Ic + α1c 1cT . We apply the ShermanMorrison-Woodbury matrix identity

B=

Proof The positive definite matrix V have a decomposition V = BT B for some nonsingular
matrix B. It follows that
†
XT VX XT VX XT

† 
= (BX)T BX (BX)T (BX) (BX)T B(BT B)−1
†
(BX)T (BT )−1 = (BX)T (BT )−1 = XT .

= (BX)T (BX)T

Appendix B. Proof of Theorem 2
In Section B.1 we provide several key lemmas, and then in Section B.2 we prove Theorem 2
using Lemmas 14 and 15.
B.1 Key Lemmas

X11 X12
X21 X22

Lemma 13 provides a useful tool for expanding the Moore-Penrose inverse of partitioned
matrices, and the lemma will be used to prove Lemma 15 and Theorem 2.

PXQ =

Lemma 13 (see Ben-Israel and Greville, 2003, Page 179) Given a matrix X ∈ Rm×n of
rank c, let it have a nonsingular c × c submatrix X11 . By rearrangement of columns and
rows by permutation matrices P and Q, the submatrix X11 can be bought to the top left
corner of X, that is,


.
Ic
TT

Then the Moore-Penrose inverse of X is


−1 −1
−1 

Ic ST P,
Ic + TTT
X11 Ic + ST S

X† = Q

−1
−1
.
X12 and S = X21 X11
where T = X11

Lemmas 14 and 15 will be used to prove Theorem 2.

(19)

Lemma 14 (Wang and Zhang, 2013, Lemma 19) Given n and k, we let B be an nk × nk
matrix whose diagonal entries equal to one and off-diagonal entries equal to α ∈ [0, 1). Let
A be the n × n block-diagonal matrix
A = |B ⊕ B ⊕
{z· · · ⊕ B} .

k blocks

Let A be the best rank-k approximation to A. Then
k
√
= (1 − α) n − k.
kA −

Ak kF
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Lemma 15 Let B be the n × n matrix with diagonal entries equal to one and off-diagonal
entries equal to α and B̃ be its rank c approximation formed by the prototype model. Then


2
1 + o(1)
kB − B̃kF2 ≥ (1 − α)2 (n − c) 1 + − (1 − α)
.
c
αcn/2
31

γ2 =

1
1−α

and

γ3 =

α
.
(1 − α)(1 − α + αc)

γ = α γ1 γ3 c2 − γ3 c − γ1 γ2 c + γ2



=

α(αc − α + 1)
.
2αc − 2α − 2α2 c + α2 + α2 cn + 1

(24)

(23)

α(3αn − αc − 2α + α2 c − 3α2 n + α2 + α2 n2 + 1)
λ=
(αc − α + 1)2

η3 = γ 2 c(1 − α + λc),

η2 = γ(1 − γ1 c)(1 − α + λc),

η1 = (1 − γ1 c)(λ − λγ1 c − (1 − α)γ1 ) − (1 − α)γ1 ,

B̃22 = γ 2 c(1 − α + λc)1n−c 1Tn−c = η3 1n−c 1Tn−c ,

B̃21 = ÃT12 = γ(1 − γ1 c)(1 − α + λc)1n−c 1Tc = η2 1n−c 1Tc ,

= (1 − α)Ic + η1 1c 1Tc ,



B̃11 = (1 − α)Ic + (1 − γ1 c)(λ − λγ1 c − (1 − α)γ1 ) − (1 − α)γ1 1c 1Tc

kB − B̃k2F
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+(n − c)(n − c − 1)(α − η3 )2 + (n − c)(1 − η3 )2


1−α
2
= (n − c)(α − 1)2 1 + − 1 + o(1)
.
c
αcn/2

= c2 (α − η1 )2 + 2c(n − c)(α − η2 )2

= kW − B̃11 k2F + 2kB21 − B̃21 k2F + kB22 − B̃22 k2F

By dealing with the four blocks of B̃ respectively, we finally obtain that

where

where

It follows from (21), (22), (23), and (25) that




  I − γ 1 1T T
B̃11 B̃T21
Ic − γ1 1c 1Tc 
c
1 c c
T
(1
−
α)I
+
λ1
1
,
,
B̃ =
c
c
c
γ1n−c 1Tc
γ1n−c 1Tc
B̃21 B̃22

where

Since B21 = α1n−c 1Tc and B22 = (1 − α)In−c + α1n−c 1Tn−c , it is easily verified that








 W BT21
Ic
Ic
I c ST B
= Ic ST
= (1 − α)Ic + λ1c 1Tc ,
(25)
S
B21 B22
S

where

−1

B21 W−1 Ic + ST S
= α γ1 γ3 c2 − γ3 c − γ1 γ2 c + γ2 1n−c 1Tc , γ1n−c 1Tc ,

It follows that

where
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2
F
i=1

k
X

ĈTi

F

2

= (1 − α)2

(p − ci ) +

k
X
2(p − ci ) 

1−

(1 − α)(1 + o(1)) 
ci
αp
i=1
i=1




2k
k(1 − α)(1 + o(1))
≥ (1 − α)2 (n − c) 1 +
1−
,
c
αn

i=1

T


 1 + o(1) 
2
(p − ci ) 1 + − (1 − α)
ci
αci p/2

X
k

k
X

B − Ĉi Ĉ†i B Ĉ†i

≥ (1 − α)2

=



2
F

≤ (1 + ) K − Kk

2
.
F

2
F

≤

K − PC1 ,k (K)

2
.
F

E K − C1 C†1 K

2
F

34

≤ E K − U1 UT1 K

2
F

≤

K − PC1 ,k (K)
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2
.
F

(We do not actually compute U1 because the adaptive sampling algorithm does not need
to know U1 .) Because the columns of U1 are all in the columns space of C1 , we have that
2
2
K − C1 C†1 K F ≤ K − U1 UT1 K F . Combining the above inequalities we obtain

K − U1 UT1 K

Applying Lemma 3.11 of Boutsidis and Woodruff (2014), we can find a much smaller matrix
U1 ∈ Rn×k with orthogonal columns in the column space of C1 such that

E K − PC1 ,k (K)


Proof Sampling c1 = 2k−1 1 + o(1) columns of K by the near-optimal algorithm of
n×c
Boutsidis et al. (2014) to form C1 ∈ R 1 , we have that

Appendix C. Proof of Theorem 3

where the former inequality follows from Lemma 15, and the latter inequality follows by
minimizing over c1 , · · · , ck . Finally the theorem follows by setting α → 1 and applying
Lemma 14.

A − Ã

and thus the approximation error is

Let Ã be the approximation formed by the prototype model. Then
T
T
Ã = CUCT = Ĉ1 Ĉ†1 B Ĉ†1 ĈT1 ⊕ · · · ⊕ Ĉk Ĉ†k B Ĉ†k ĈTk ,

Now we prove Theorem 2 using Lemma 15 and Lemma 14. Let C consist of c columns
sampled from A and Ĉi consist of ci columns sampled from the i-th block diagonal matrix
in A. Without loss of generality, we assume Ĉi consists of the first ci columns of B. Then
the intersection matrix U is computed by
†
† 


†
U = C† A CT
= Ĉ1 ⊕ · · · ⊕ Ĉk B ⊕ · · · ⊕ B ĈT1 ⊕ · · · ⊕ ĈTk


T
T
= Ĉ†1 B Ĉ†1 ⊕ · · · ⊕ Ĉ†k B Ĉ†k .

B.2 Proof of the Theorem

Wang, Luo, and Zhang
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K−

would be

c1
c2

=

This is the

≤ (1 + )2 K − Kk

2
.
F

(27)
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i∈[n]

max

kui: k22
≤ α
pi

2

≥ η

and α ≥ 1. When s ≥ α 6+2η
log(k/δ), it holds that
3η 2

n
P Ik − UT SST U

UT SST U =

s
X
j=1

Zi j =

n
X

i=1

≤ δ.

ui:T ui:

Si2j ,j uiTj : uij : =

s

X 1
uT ui : .
spij ij : j

j=1

1 T
1
u ui : − Ik
spij ij : j
s

We define the symmetric random matrices

q=1

q=1

n
n


X
X
2
1
1
1
1
T
pq √
uq:
uq: −
pq Ik = Ik − Ik = 0.
spq
s
s
s

for j = 1 to s. Whatever the sampling distribution is, it always holds that
EZij =

j=1

s
X

Zi j .



1 T
1
1 T
1
Ik −
u u1: , · · · , Ik −
u un: .
s
sp1 1:
s
spn n:

Thus Zij has zero mean. Let Z be the set
Z =

Clearly, Zi1 , · · · , Zis are sampled from Z, and

UT SST U − Ik =
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Therefore we can bound its spectral norm using the matrix Bernstein. Elementary proof of
the matrix Bernstein can be found in Tropp (2015).

(28)

where ui: ∈ R1×k is the i-th row of U. The approximate matrix product can be expressed
as

Ik = U T U =

Proof We can express Ik = UT U as the sum of size k × k and rank one matrices:

o

Lemma 16 Let U ∈ Rn×k be any fixed matrix with orthonormal columns. The column selection matrix S ∈ Rn×s samples s columns according to arbitrary probabilities p1 , p2 , · · · , pn .
Assume that

The following lemma shows an important property of arbitrary column sampling. The proof
mirrors the leverage score sampling bound in (Woodruff, 2014).

≤

2
U1 U1T K(CT )† CT F .

2
2
F

(26)

Given C1 , we use adaptive sampling to select c2 = k−1 rows of K to form C2 and
denote C = [C1 , C2 ]. Since the columns of U1 are all in the columns space of C1 , Lemma
17 of Wang and Zhang (2013) can be slightly modified to show
K−

2
C1 C1† K(CT )† CT F

2
F

2k−1 (1+o(1))
.
c2

≤ E K − U1 U1T K(CT )† CT F
k
2
K − K(C1T )† C1T
≤ K − U1 U1T K F +
c
2

k
2
K − U1 U1† K F
1+
c2

≤
≤ (1 + ) K − PC1 ,k (K)

k
c2

w.r.t. C2 , and the last inequality follows by setting c2 =
2
E K − U1 U1T K(CT )† CT F rather than directly bounding

2
,
F

By the adaptive sampling theorem of Wang and Zhang (2013) we have
E K − C1 C1† K(CT )† CT

where the expectation is taken
k/. Here the trick is bounding
2

2
PC1 ,k (K) F
2
,
F

≤ (1 + )2 K − Kk

≤ (1 + )E K −

E K − C1 C1† K(CT )† CT F ; otherwise the factor
key to the improvement. It follows that
E K−

2
C1 C1† K(CT )† CT F

2
F

where the first expectation is taken w.r.t. C1 and C2 , and the second expectation is taken
w.r.t. C1 . Applying Lemma 17 of Wang and Zhang (2013) again, we obtain
2

E K − CC† K(CT )† CT F ≤ E K − C1 C1† K(CT )† CT

Hence totally c = c1 + c2 = 3k−1 1 + o(1) columns suffice.

Appendix D. Proof of Theorem 4
In this section we first provide a constant factor bound of the uniform sampling, and then
prove Theorem 4 in the subsequent subsections.
D.1 Tools for Analyzing Uniform Sampling

1
.
spij

This subsection provides several useful tools for analyzing column sampling. The matrix
S ∈ Rn×s is a column selection matrix if each column has exactly one nonzero entry; let
(ij , j) be the position of the nonzero entry in the j-th column. Let us add randomness to
column selection. Suppose we are given the sampling probabilities p1 , · · · , pn ∈ (0, 1) and
P
i pi = 1. In each round we pick one element in [n] such that the i-th element is sampled
with probability pi . We repeat the procedure s times, either with or without replacement,
and let i1 , · · · , is be the selected indices. For j = 1 to s, we set
Sij ,j = √
35

and

2

i

2


P λmax (Y) ≥ η

≤ k · exp



−η 2 /2
.
v(Y) + Lη/3

j=1

s
X

EZ2ij

2

=

q=1

n

q=1

pq

2

n
X
kuq: k2

uTq: uq:  −Ik +

q=1

n
X

i∈[n]

≤ max
2

and to

37
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Theorem 18 shows an important property of uniform sampling. It shows that when the
number of sampled columns is large enough, all the singular values of UT SST U are within
1 ± η with high probability.

Finally, the lemma follows by plugging v and L in the matrix Bernstein.

2

1
(α − 1).
s

1
1 T
Ik −
u ui:
s
spi i:

1
kui: k22
1
= + max
≤ (α + 1).
s i∈[n] spi
s

2

1
1 T
≤ + max
u ui:
s i∈[n] spi i:

j∈[s]

1
1 T
Ik −
u ui :
s
spij ij : j

j∈[s]

L = max kZij k2 = max

In addition, L = maxj∈[s] kZij k2 can be bounded by

−Ik +

2

≤

j=1 Zij

Ps

αuTq: uq: = (−1 + α)Ik .

X kuq: k2
1
2 T
− Ik +
uq: uq:
s
pq

Here the inequality is due to the definition of α and

v ,

The variance is defined by

q=1

n
1
1 X kuq: k22 T
= − 2 Ik + 2
uq: uq: .
s
s
pq

q=1

To apply the matrix Bernstein, it remains to bound the variance of
bound L = maxj∈[s] kZij k2 . We have that
 1
1 2
EZ2ij = E
uTij : uij : − Ik
spij
s
 

2
 1

1 T
1
uij : uij : − 2E
uTij : uij : + Ik
= 2 E
s
pij
p ij
X

n  


2
1
1
pq
= 2
uTq: uq: uTq: uq: − 2Ik + Ik
s
pq

Then

max kZi k2 ≤ L
i
P
for each index i. Introduce the random matrix Y = i Zi . Let v(Y) be the matrix variance
statistics of the sum:
X
=
EZ2i .
v(Y) = EY2

EZi = 0

Lemma 17 (Matrix Bernstein) Consider a finite sequence {Zi } of independent, random, Hermitian matrices with dimension k. Assume that
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kuq: k22
pq

= nkuq: k22 ≤ kµ(U) for all q ∈ [n], the theorem follows from Lemma 16.

F

2

≤

n

i=1

1X 1
ai:
s
pi

2
2

bi:

2
.
2

for ξ = 2 or F .

M − C(V1T S)† V1T

2
ξ

≤

M2

2
ξ
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−2
+ σmin
(V1T SST V1 ) M2 SST V1

38

2
ξ

Lemma 21 Let M ∈ Rm×n be any matrix. We decompose M by M = M1 + M2 such that
rank(M1 ) = k. Let the right singular vectors of M1 be V1 ∈ Rn×k . Let S ∈ Rn×c be any
matrix such that rank(V1T S) = k and let C = MS ∈ Rm×c . Then

The following lemma is very useful in analyzing randomized SVD.

The theorem follows from the setting of s and the Markov’s inequality.

i=1

Proof We have shown that kuq: k22 /pq ≤ kµ(U) for all q = 1 to n. It follows from Lemma 19
that
n
2
kµ(U)
1X
2
kµ(U) bi: 2 =
kBk2F .
E UT B − UT SST B
≤
s
s
F

Theorem 20 Let U ∈ Rn×k be any fixed matrix with orthonormal columns and B ∈ Rn×d
be any fixed matrix. Use the uniform sampling matrix S ∈ Rn×s and set s ≥ kµ(U)
δ . Then
it holds that
n
o
2
P UT B − UT ST SB F ≥ kBk2F ≤ δ.

Theorem 20 follows from Lemma 19 and shows another important property of uniform
sampling.

E AT B − AT SST B

Lemma 19 Let A ∈ Rn×k and B ∈ Rn×d be any fixed matrices and S ∈ Rn×s be the
column sampling matrix defined in (27). Assume that the columns are selected randomly
and pairwisely independently. Then

The following lemma was established by Drineas et al. (2008). It can be proved by
writing the squared Frobenius norm as the sum of scalars and then taking expectation.

Proof Since

Theorem 18 Let U ∈ Rn×k be any fixed matrix with orthonormal columns and µ(U) be its
row coherence. Let S ∈ Rn×s be an uniformly sampling matrix. When s ≥ µ(U)k 6+2η
log(k/δ),
3η 2
it hold that
o
n
P UT SST U − Ik 2 ≥ η ≤ δ.

Wang, Luo, and Zhang

≤
M2

2
ξ

2
2

=

2
ξ

M2 SST V1T

M2 S(V1T S)T (V1T SST V1 )†
(V1T SST V1 )†

2
ξ

2
.
ξ

−2
σmin
(V1T SST V1 ),

+ M2 S(V1T S)†
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2
ξ

Proof Boutsidis et al. (2014) showed that
M − C(V1T S)† V1T

2
ξ

=

Since YT (YYT )† = Y† for any matrix Y, it follows that
2
ξ

M2 SST V1

M2 S(V1T S)†
≤
by which the lemma follows.

D.2 Uniform Sampling Bound

2
F

≤


1 +  kA − Ak kF2 .

Theorem 22 shows that uniform sampling can be applied to randomized SVD. Specifically,
if C consists of c = O(kµk / + kµk log k) uniformly sampled columns of A, then kA −
PC,k (A)kF2 ≤ (1 + )kA − Ak kF2 holds with high probability, where µk is the column
coherence of Ak .

A − CX

Theorem 22 Let A ∈ Rm×n be any fixed matrix, k ( m, n) be the target rank, and
µk be the column coherence of Ak . Let S ∈ Rm×c be a uniform sampling matrix and
C = AS ∈ Rm×c . When c ≥ µk k · max{20 log(20k), 45/},
min

rank(X)≤k

holds with probability at least 0.9.

UT ST S(A − Ak )

2
F

≥

o
4
kA − Ak kF2 ≤ 0.05.
9
−2
≤ kA − Ak kF2 + σmin
(VkT SST Vk ) UT ST S(A − Ak )

2
F

Proof Let Vk ∈ Rn×k contain the top k right singular vectors of A. Obviously µk is the
row coherence of Vk . We apply Theorem 18 with δ = 0.05, η = 1/3, s = 20µk k log(20k)
and obtain
o
n
P σmin (VkT SST Vk ) ≤ 2/3 ≤ 0.05.
n

We then apply Theorem 20 with δ = 0.05 and s = 45µk k/ and obtain

P

kA − CXkF2

It follows from Lemma 21 that
min

rank(X)≤k

≤ (1 + )kA − Ak kF2 ,
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where the latter inequality holds with probability at least 0.9 (due to the union bound).
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D.3 The Uniform+Adaptive Column Selection Algorithm

In fact, running adaptive sampling only once yields a column sampling algorithm with 1 + 
bound for any m × n matrix. We call it the uniform+adaptive column selection algorithm,
which is a part of the uniform+adaptive2 algorithm. Though the algorithm is irrelevant to
this work, we describe it in the following for it is of independent interest.

A − CX

2
F

≤ (1 + ) A − Ak

2
F

Theorem 23 (The Uniform+Adaptive Algorithm) Given an m × n matrix A, we
sample c1 = 20µk k log(20k) columns by uniform sampling to form C1 and sample additional
c2 = 17.5k/ columns by adaptive sampling to form C2 . Let C = [C1 , C2 ]. Then the
inequality
min

rank(X)≤k

holds with probability at least 0.8.

A − CX

2
F

2
F

− kA − Ak kF2

− kA − Ak kF2 ≤

i

k
kA − C1 C1† AkF2 .
c2

k
kA − C1 C1† AkF2
δ2 c2

≤

kA − C1 C1† AkF2 ≤ 1.75kA − Ak kF2

Proof We apply Theorem 22 with  = 0.75 and c1 = 20µk k log(20k) and obtain that

min

rank(X)≤k

holds with probability at least 0.9.
Deshpande et al. (2006) showed that
h
E

A − CX

It follows from Markov’s inequality that
min

rank(X)≤k

A − CX

2
F

≤ (1 + )kA − Ak kF2

holds with probability at least 1 − δ2 . We let δ2 = 0.1 and c2 = 17.5k/, and it follows that
min

rank(X)≤k

holds with probability at least 0.8.

D.4 Proof of Theorem 4

2
F

≤ (1 + ) K − Kk

2
F
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We sample c1 = 20µk k log(20k) columns by uniform sampling to form C1 and sample
additional c2 = 17.5k/ columns by adaptive sampling to form C2 . Let Ĉ = [C1 , C2 ]. It
follows from Theorem 23 that
K − PĈ,k (K)
holds with probability at least 0.8.
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2
F

≤ E K − ĈĈ† K(CT )† CT

k
≤
1+
K − PĈ,k (K)
c3
2
,
F

2
F

T †

2
CT F

− K − PĈ,k (K)

2
F

k
≤
K − PĈ,k (K)
δ3 c3

2
F

≤ (1 + ) K − PĈ,k (K)

2
F

≤ (1 + )2 K − Kk

2
,
F

2
F

K − C̄UC̄T − δIn

∂
tr(C̄UC̄T C̄UC̄T − 2KC̄UC̄T + 2δ C̄UC̄T )
∂U
= 2C̄T C̄UC̄T C̄ − 2C̄T KC̄ + 2δ C̄T C̄ = 0,

=

2
.
F

∂f (U, δ)
∂δ

=

41

JMLR 17(49):1-49

∂
tr(δ 2 In − 2δK + 2δ C̄UC̄T ) = 2nδ − 2tr(K) + 2tr(C̄UC̄T ) = 0,
∂δ

Similarly, we take the derivative of f (U, δ) w.r.t. δ to be zero

= C̄† K(C̄† )T − δ ss (C̄T C̄)† .

= (C̄T C̄)† C̄T KC̄(C̄T C̄)† − δ ss (C̄T C̄)† C̄T C̄(C̄T C̄)†

Uss = (C̄T C̄)† (C̄T KC̄ − δ ss C̄T C̄)(C̄T C̄)†

and obtain the solution

∂f (U, δ)
∂U

We take the derivative of f (U, δ) w.r.t. U to be zero

f (U, δ) =

We denote the objective function of the optimization problem (14) by

E.1 Solution to the Optimization Problem (14)

In Section E.1 we derive the solution to the optimization problem (14). In Section E.2 we
prove that the solutions are global optimum. In Section E.3 we prove that the resulting
solution is positive (semi)definite when K is positive (semi)definite.

Appendix E. Proof of Theorem 6

where the former inequality holds with probability 1 − δ3 , and the latter inequality holds
with probability 0.8 − δ3 = 0.7.

K − CC† K(CT )† CT

holds with probability at least 1 − δ3 . We set δ3 = 0.1 and c3 = 10k/, Then

K − CC K(C )

†

where the former inequality follows from Lemma 17 of Wang and Zhang (2013), and the
latter inequality follows from (26). It follows from Markov’s inequality that

E K − CC† K(CT )† CT

Let C = [Ĉ, C3 ] where C3 consists of c3 columns of K chosen by adaptive sampling.
Then
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δ ss =

i6=j

2
yij

+

l=1

n
X

(yll + b)2

l=1

42
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which shows that the Hessian matrix H is SPSD. Hence f (Uss , δ ss ) is the global minimum
of f .

≥ 0,

=

X

i=1 j=1

= tr(YT Y) + 2b tr(Y) + nb2
n X
n
n
X
X
2
=
yij
+ 2b
yll + nb2

q(X, b) = tr(C̄XT C̄T C̄XC̄T ) + 2b tr(C̄XC̄T ) + nb2

Let C̄XC̄T = Y ∈ Rn×n . Then

= tr(XT C̄T C̄XC̄T C̄) + 2b tr(C̄T C̄X) + nb2 .

Here ⊗ denotes the Kronecker product, and vec(A) denotes the vectorization of the matrix
A formed by stacking the columns of A into a single column vector. For any X ∈ Rc×c and
b ∈ R, we let




vec(X)
q(X, b) = vec(X)T b H
b

T
T
= vec(X) (C̄ C̄) ⊗ (C̄T C̄) vec(X) + 2b vec(C̄T C̄)T vec(X) + nb2

= vec(X)T vec (C̄T C̄)X(C̄T C̄) + 2b vec(C̄T C̄)T vec(X) + nb2

The Hessian matrix of f (U, δ) w.r.t. (U, δ) is


∂ 2 f (U, δ)
∂ 2 f (U, δ)
 T

 ∂vec(U)∂vec(U)T
∂vec(U)∂δ 
(C̄ C̄) ⊗ (C̄T C̄) vec(C̄T C̄)


.
H = 
 = 2
T
T
2
2
vec(C̄ C̄)
n

∂ f (U, δ)
∂ f (U, δ) 
∂δ∂vec(U)T
∂δ 2



1
tr(K) − tr C̄† KC̄) .
n − rank(C̄)



1
tr(K) − tr(C̄Uss C̄T )
n





1
tr(K) − tr C̄C̄† K(C̄† )T C̄T + δ ss tr C̄(C̄T C̄)† C̄T
n





1
tr(K) − tr C̄T C̄C̄† K(C̄† )T + δ ss tr C̄C̄†
n




1
tr(K) − tr C̄T K(C̄† )T + δ ss rank(C̄) ,
n

E.2 Proof of Optimality

and thus

=

=

=

δ ss =

and it follows that

Wang, Luo, and Zhang
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E.3 Proof of Positive (Semi)Definite


C̄T + δ ss In

(29)

T and let U⊥ be the orthogonal complement
We denote the thin SVD of C̄ by C̄ = UC̄ ΣC̄ VC̄
C̄
of UC̄ . The approximation is

=

K̃ =
=
=

K − UC̄ UT K

 ⊥ ⊥C̄T
⊥ T
⊥
)
(UC̄
(UC̄ ) KUC̄
tr UC̄

C̄Uss C̄T + δ ss In = C̄ C̄† K(C̄† )T − δ ss (C̄T C̄)†


C̄ C̄† K(C̄† )T C̄T + δ ss In − C̄(C̄T C̄)† C̄T

T
+ δ ss I − UC̄ UC̄
n
⊥
⊥ T
+ δ ss UC̄
(UC̄
) .

T
U UT KUC̄ UC̄
C̄
C̄
T
T
UC̄ UC̄
KUC̄ UC̄

⊥ T
⊥
⊥ T ⊥
) K
) UC̄ (UC̄
UC̄
(UC̄

The first term is SPSD because K is SPSD. The second term is SPSD if δ ss is nonnegative.
We have



δ ss = tr(K) − tr C̄† KC̄ = tr(K) − tr C̄C̄† K = tr




≥ 0.
=
= tr
= tr
⊥
⊥ T
UC̄
(UC̄
) K





T
UC̄
KU
0
C̄
0
δ ss In−c



T
UC̄
⊥ )T
(UC̄



.

To this end, we have shown SPSD.
Then we assume K is positive definite and prove that its approximation formed by SS
is also positive definite. Since U⊥ (U⊥ )T KU⊥ (U⊥ )T is SPSD, its trace is zero only when
C̄
C̄
C̄
C̄
T KU UT . However, this cannot hold if
it is all-zeros, which is equivalent to K = UC̄ UC̄
C̄ C̄
K has full rank. Therefore δ ss > 0 holds when K is positive definite. When K is positive
definite, the c × c matrix
is also positive definite. It follows from (29) that


⊥
UC̄ UC̄

T KU
UC̄
C̄

K̃ = C̄Uss C̄T + δ ss In =

Here the block diagonal matrix is positive definite, and thus K̃ is positive definite.

Appendix F. Proof of Theorem 8 and Theorem 9

K̃ciss = C̄ŪC̄T + δIn ,

(30)

Directly analyzing the theoretical error bound of the SS model is not easy, so we formulate
a variant of SS called the inexact spectral shifting (ISS) model and instead analyze the
error bound of ISS. We define ISS in Section F.1 and prove Theorem 8 and Theorem 9 in
Section F.2 and F.3, respectively. In the following we let K̃css and K̃ciss be respectively the
approximation formed by the two models.
F.1 The ISS Model
ISS is defined by

F

≤

K − K̃ciss

F

,
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where δ > 0 is the spectral shifting term, and C̄ŪC̄T is the prototype model of K̄ = K−δIn .
It follows from Theorem 6 that ISS is less accurate than SS in that
K − K̃css

thus the error bounds of ISS still hold if K̃ciss is replaced by K̃css .
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F

=
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K − δ̄In − C̄ŪC̄T

F

=

K̄ − C̄ŪC̄T

F

≤ η K̄ − K̄k

F

We first show how to set the spectral shifting term δ. Since C̄ŪC̄T is the approximation
to K̄ formed by the prototype model, it can holds with high probability that
K − K̃ciss

δ≥0

min K̄ − K̄k

2
;
F

s.t. K̄ = K − δIn .

for some error parameter η. Apparently, for fixed k, the smaller the error kK̄ − K̄k kF is,
the tighter error bound the ISS has; if kK̄ − K̄k kF ≤ kK − Kk kF , then ISS has a better
error bound than the prototype model. Therefore, our goal is to make kK̄ − K̄k kF as small
as possible, so we formulate the following optimization problem to compute δ:

2
F

=

min

|J |=n−k

X
j∈J

σj (K) − δ

2

≤

j=k+1

n
X

2
σj (K) − δ ,

(31)

However, since K̄ is in general indefinite, it requires all of the eigenvalues of K to solve
the problem exactly. Since computing the full eigenvalue decomposition is expensive, we
attempt to relax the problem. Considering that
K̄ − K̄k

δ̄ =

K− K̃ciss

j=k+1

F

=

K− δ̄In − C̄C̄† K̄(C̄† )T C̄T

j=1

=

F

.

(32)

K̄− C̄C̄† K̄(C̄† )T C̄T



n
k
X
X
1
1
σj (K) =
tr(K) −
σj (K) .
n−k
n−k

we seek to minimize the upper bound of kK̄ − K̄k kF2 , which is the right-hand side of (31),
to compute δ, leading to the solution

≤

F

If we choose δ = 0, then ISS degenerates to the prototype model.
F.2 Proof of Theorem 8

F

Theorem 6 indicates that ISS is less accurate than SS, thus
K− K̃css

Theorem 8 follows from the above inequality and the following theorem.

2
F

≤

K − Kk

2
.
F

Theorem 24 Let K be any n × n SPSD matrix, δ̄ be defined in (32), and K̄ = K − δIn .
Then for any δ ∈ (0, δ̄], the following inequality holds:
K̄ − K̄k

σj (K) − δ

2

≤

j=k+1

n
X

σj (K) − 0

2

= K − Kk
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2
.
F

Proof Since the righthand side of (31) is convex and δ̄ is the minimizer of the righthand
of (31), for any δ ∈ (0, δ̄], it holds that
n
X

j=k+1

Then the theorem follows by the inequality in (31).
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≤ kK −

K̃iss
c kF ,

Theorem 9 follows from Theorem 25.

2
F

≤ η S − Sk

2
.
F

2
F

≤ η



K − Kk
−

i=k+1

2
F



2
F

n−k

2
C̄ŪC̄T F

.

2 

i=k+1

i=k+1 λi (K)

 Pn

K̄ + δ̄In − C̄ŪC̄T + δ̄In
= K̄ −
n
n
X
X


2
≤ η K̄ − K̄k F = η
σi2 K̄ = η
λi K̄2 .

=



λi K̄2



i=k+1

i=k+1
n
X

1
n−k
i=k+1

 X
n
λi (K) ,

2

δ̄λi (K) + (n − k)(δ̄)2

45

where the expectation is taken w.r.t. the random Gaussian matrix Ω.
JMLR 17(49):1-49

Proof Let K̃ = Q(QT K)k , where Q is defined in Line 4 in Algorithm 5. Boutsidis et al.
(2014) showed that
EkK − K̃k2F ≤ (1 + k/l) kK − Kk k2F ,
(33)

Appendix G. Proof of Theorem 11

n
X

2

i=k+1

λi (K) − δ̄

λ2i (K) − 2

n 
X

= kK − Kk k2F −

=

≤

by which the theorem follows.

i=k+1

n
X

Here the inequality follows from the assumption. The i-th largest eigenvalue of K̄ is λi (K)−
δ̄, so the n eigenvalues of K̄2 are all in the set {(λi (K) − δ̄)2 }ni=1 . The sum of the smallest
n − k of the n eigenvalues of K̄2 must be less than or equal to the sum of any n − k of the
eigenvalues, thus we have

K−

2
K̃ss
c F

Proof The error incurred by SS is

K − K̃iss
c

Let K be any n × n SPSD matrix, δ̄ defined in (32) be the initial spectral shifting term, and
K̃iss
c be the ISS approximation defined in (30). Then

S − CC† S(C† )T CT

Theorem 25 Suppose there is a sketching matrix P ∈ Rn×c such that for any n × n symmetric matrix S and target rank k ( n), by forming the sketch C = SP, the prototype
model satisfies the error bound

Since kK −

K̃ss
c kF

F.3 Proof of Theorem 9
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1

1

i=1

l

k
≤ √

k
≤ √

1

.

1
σ K,−k
l n−k

σ K,−k

1

k
= √ δ̄.
l

(34)

We also have

i=1

n
X

i=1

46

σi (AT B) ≤

i=1

i=1

n
X

σi (A)σi (B),

= tr(AT A) + tr(BT B) − 2tr(AT B)
n
n
X
X
=
σi2 (A) +
σi2 (B) − 2tr(AT B).

tr(AT B) ≤

kA − Bk2F

Proof It is easy to show that

kσ A − σ B k22 ≤ kA − Bk2F .
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(36)

(35)

Lemma 26 Let A and B be n × n matrices and σ A and σ B contain the singular values in
a descending order. Then we have that

1
E σ K,k − σ K̃,k
≤
n−k

i=1

E σ K,k − σ K̃,k

kkxk2 for any x ∈ Rk , we have that

Then it follows from (32) and Line 6 in Algorithm 5 that
"
#
k
k
X
X
1
E δ̄ − δ̃ = E
σi (K) −
σi (K̃)
n−k

√

k
kσ K,−k k22 .
l

it follows from (33) and (34) that

Ekσ K,k − σ K̃,k k22 ≤

Kk k2F ,

kσ K,k − σ K̃,k k22 + kσ K,−k k22 ≤ kK − K̃k2F .
= kK −

Since kxk2 ≤ kxk1 ≤

Since

kσ K,−k k22

and thus

where σ K and σ K̃ contain the singular values in a descending order. Since K̃ has a rank at
most k, the k + 1 to n entries of σ K̃ are zero. We split σ K and σ K̃ into vectors of length
k and n − k:




σ K̃,k
σ K,k
σK =
and σ K̃ =
σ K,−k
0

kσ K − σ K̃ k22 ≤ kK − K̃k2F ,

It follows from Lemma 26 that
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i=1


n 
X
σi2 (A) + σi2 (B) − 2σi (A)σi (B) = kσ A − σ B k22 ,
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≥

where the first inequality follows from Theorem 3.3.13 of Horn and Johnson and the second
inequality follows from Theorem 3.3.14 of Horn and Johnson. Combining (35) and (36) we
have that
kA − BkF2
by which the theorem follows.
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We define a general framework for a large class of combinatorial multi-armed bandit
(CMAB) problems, where subsets of base arms with unknown distributions form super
arms. In each round, a super arm is played and the base arms contained in the super arm
are played and their outcomes are observed. We further consider the extension in which
more base arms could be probabilistically triggered based on the outcomes of already triggered arms. The reward of the super arm depends on the outcomes of all played arms, and it
only needs to satisfy two mild assumptions, which allow a large class of nonlinear reward instances. We assume the availability of an offline (α, β)-approximation oracle that takes the
means of the outcome distributions of arms and outputs a super arm that with probability β
generates an α fraction of the optimal expected reward. The objective of an online learning
algorithm for CMAB is to minimize (α, β)-approximation regret, which is the difference in
total expected reward between the αβ fraction of expected reward when always playing the
optimal super arm, and the expected reward of playing super arms according to the algorithm. We provide CUCB algorithm that achieves O(log n) distribution-dependent regret,
where n is the number of rounds played, and we further provide distribution-independent
bounds for a large class of reward functions. Our regret analysis is tight in that it matches
the bound of UCB1 algorithm (up to a constant factor) for the classical MAB problem,
and it significantly improves the regret bound in an earlier paper on combinatorial bandits

Editor: Shie Mannor

Tsinghua University
Beijing, China

Qinshi Wang

Cornell University
Ithaca, NY, U.S.A.

Yang Yuan

Microsoft
Sunnyvale, CA, U.S.A.

Yajun Wang

Microsoft
Beijing, China

Wei Chen†

Combinatorial Multi-Armed Bandit and
Its Extension to Probabilistically Triggered Arms∗

Journal of Machine Learning Research 17 (2016) 1-33

2

JMLR 17(50):1-33

Multi-armed bandit (MAB) is a problem extensively studied in statistics and machine learning. The classical version of the problem is formulated as a system of m arms (or machines),
each having an unknown distribution of the reward with an unknown mean. The task is to
repeatedly play these arms in multiple rounds so that the total expected reward is as close
to the reward of the optimal arm as possible. An MAB algorithm needs to decide which
arm to play in the next round given the outcomes of the arms played in the previous rounds.
The metric for measuring the effectiveness of an MAB algorithm is its regret, which is the
difference in the total expected reward between always playing the optimal arm (the arm
with the largest expected reward) and playing arms according to the algorithm. The MAB
problem and its solutions reflect the fundamental tradeoff between exploration and exploitation: whether one should try some arms that have not been played much (exploration) or
one should stick to the arms that provide good reward so far (exploitation). Existing results
show that one can achieve a regret of O(log n) when playing arms in n rounds, and this is
asymptotically the best possible.
In many real-world applications, the setting is not the simple MAB one, but has a
combinatorial nature among multiple arms and possibly non-linear reward functions. For
example, consider the following online advertising scenario. A web site contains a set of
web pages and has a set of users visiting the web site. An advertiser wants to place an
advertisement on a set of selected web pages on the site, and due to his budget constraint,
he can select at most k web pages. Each user visits a certain set of pages, and each visited
page has one click-through probability for each user clicking the advertisement on the page,
but the advertiser does not know these probabilities. The advertiser wants to repeatedly
select sets of k web pages, observe the click-through data collected to learn the click-through
probabilities, and maximize the number of users clicking his advertisement over time.
There are several new challenges raised by the above example. First, page-user pairs can
be viewed as arms, but they are not played in isolation. Instead, these arms form certain
combinatorial structures, namely bipartite graphs, and in each round, a set of arms (called a
super arm) are played together. Second, the reward structure is not a simple linear function
of the outcomes of all played arms but takes a more complicated form. In the above example,
for all page-user pairs with the same user, the collective reward of these arms is either 1
if the user clicks the advertisement on at least one of the pages, or 0 if the user does not
click the advertisement on any page. Third, even the offline optimization problem when the
probabilities on all edges of the bipartite graph are known is still an NP-hard problem. Thus,
the online learning algorithm needs to deal with combinatorial arm structures, nonlinear
reward functions, and computational hardness of the offline optimization task.
Consider another example of viral marketing in online social networks. In an online social
network such as Facebook, companies carry out viral marketing campaigns by engaging with

1. Introduction

with linear rewards. We apply our CMAB framework to two new applications, probabilistic
maximum coverage (PMC) for online advertising and social influence maximization for viral marketing, both having nonlinear reward structures. In particular, application to social
influence maximization requires our extension on probabilistically triggered arms.
Keywords: combinatorial multi-armed bandit, online learning, upper confidence bound,
social influence maximization, online advertising
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a certain set of seed users (e.g. providing free sample products to seed users), and hoping
that these seed users could generate a cascade in the network promoting their products. The
cascades follow certain stochastic diffusion model such as the independent cascade model
(Kempe et al., 2003), but the influence probabilities on edges are not known in advance
and have to be learned over time. Thus, the online learning task is to repeatedly select
seed nodes in a social network, observe the cascading behavior of the viral information
to learn influence probabilities between individuals in the social network, with the goal of
maximizing the overall effectiveness of all viral cascades. Similar to the online advertising
example given above, we can treat each edge in the social network as a base arm, and all
outgoing edges from a seed set as a super arm, which is the unit of play. Besides sharing
the same challenges such as the combinatorial arm structures, nonlinear reward functions,
and computational hardness of the offline maximization task, this viral marketing task faces
another challenge: in each round after some seed set is selected, the cascade from the seed
set may probabilistically trigger more edges (or arms) in the network, and the reward of
the cascade depends on all probabilistically or deterministically triggered arms.
A naive way to tackle both examples above is to treat every super arm as an arm
and simply apply the classical MAB framework to solve the above combinatorial problems.
However, such naive treatment has two issues. First, the number of super arms may be
exponential to the problem instance size due to the combinatorial explosion, and thus
classical MAB algorithms may need exponential number of steps just to go through all the
super arms once. Second, after one super arm is played, in many cases, we can observe
some information regarding the outcomes of the underlying arms, which may be shared by
other super arms. However, this information is discarded in the classical MAB framework,
making it less effective.
In this paper, we define a general framework for the combinatorial multi-armed bandit
(CMAB) problem to address the above issues and cover a large class of combinatorial online
learning problems in the stochastic setting, including the two examples given above. In the
CMAB framework, we have a set of m base arms, whose outcomes follow certain unknown
joint distribution. A super arm S is a subset of base arms. In each round, one super
arm is played and all base arms contained in the super arm are played. To accommodate
applications such as viral marketing, we allow that the play of a super arm S may further
trigger more base arms probabilistically, and the triggering depends on the outcomes of the
already played base arms in the current round. The reward of the round is determined
by the outcomes of all triggered arms, which are observed as the feedback to the online
learning algorithm. A CMAB algorithm needs to use these feedback information from the
past rounds to decide the super arm to play in the next round.
The framework allows an arbitrary combination of arms into super arms. The reward function only needs to satisfy two mild assumptions (referred to as monotonicity
and bounded smoothness), and thus covering a large class of nonlinear reward functions.
We do not assume the direct knowledge on how super arms are formed from underlying
arms or how the reward is computed. Instead, we assume the availability of an offline computation oracle that takes such knowledge as well as the expectations of outcomes of all
arms as input and computes the optimal super arm with respect to the input.
Since many combinatorial problems are computationally hard, we further allow (randomized) approximation oracles with failure probabilities. In particular, we relax the oracle

Combinatorial Multi-Armed Bandit

4

In summary, our contributions include: (a) defining a general CMAB framework that
encompasses a large class of nonlinear reward functions, (b) providing CUCB algorithm
with a rigorous regret analysis as a general solution to this CMAB framework, (c) further
generalizing our framework to accommodate probabilistically triggered base arms, and applying this framework to the social influence maximization problem, and (d) demonstrating
that our general framework can be effectively applied to a number of practical combinatorial
bandit problems, including ones with nonlinear rewards. Moreover, our framework provides
a clean separation of the online learning task and the offline computation task: the oracle
takes care of the offline computation task, which uses the domain knowledge of the problem
instance, while our CMAB algorithm takes care of the online learning task, and is oblivious
to the domain knowledge of the problem instance.

to be an (α, β)-approximation oracle for some α, β ≤ 1, that is, with success probability
β, the oracle could output a super arm whose expected reward is at least α fraction of
the optimal expected reward. As a result, our regret metric is not comparing against the
expected reward of playing the optimal super arm each time, but against the αβ fraction
of the optimal expected reward, since the offline oracle can only guarantee this fraction in
expectation. We refer to this as the (α, β)-approximation regret.
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This paper is an extension to our ICML’2013 paper (Chen et al., 2013), with explicit
modeling of probabilistically triggered arms and their regret analysis for the CUCB algorithm. We correct an erroneous claim in that paper (Chen et al., 2013), which states that
the original CMAB model and result without probabilistically triggered arms can be applied
to the online learning task for social influence maximization. Our correction includes explicit modeling of probabilistically triggered arms in the CMAB framework, and significant
reworking of the regret analysis to incorporate triggering probabilities in the analysis and
the regret bounds.

We also apply our result to combinatorial bandits with linear rewards, recently studied
by Gai et al. (2012). We show that we significantly improve their distribution-dependent
regret bound, even though we are covering a much larger class of combinatorial bandit
instances. We also provide new distribution-independent bound not available in their paper
(Gai et al., 2012).

We then apply our framework and provide solutions to two new bandit applications, the
probabilistic maximum coverage problem for advertisement placement and social influence
maximization for viral marketing. The offline versions of both problems are NP-hard,
with constant approximation algorithms available. Both problems have nonlinear reward
structures that cannot be handled by any existing work.

For the general framework, we provide the CUCB (combinatorial upper confidence
bound) algorithm, an extension to the UCB1 algorithm for the classical MAB problem (Auer
et al., 2002a). We provide a rigorous analysis on the distribution-dependent regret of CUCB
and show that it is still bounded by O(log n). Our analysis further allows us to provide a
distribution-independent regret bound that works for arbitrary distributions of underlying
arms, for a large class of CMAB instances. For the extension accommodating probabilistically triggered arms, we also provide distribution-dependent and -independent bounds with
triggering probabilities as parameters.
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1.2 Paper Organization
In Section 2 we formally define the CMAB framework. Section 3 provides the CUCB
algorithm and the main results on its regret bounds and the proofs. Section 4 shows how
to apply the CMAB framework and CUCB algorithm to the online advertising and viral

every base arm. Kleinberg et al. (2008) generalize the setting of continuum bandits, which
assumes the strategy set is a compact subset of Rd and the reward function satisfies the
Lipschitz condition (see e.g. Agrawal, 1995; Kleinberg, 2004).
A different line of research considers adversarial multi-armed bandit, initiated by Auer
et al. (2002b), in which no probabilistic assumptions are made about the rewards, and they
can even be chosen by an adversary. In the context of adversarial bandits, several studies
also consider combinatorial bandits (Cesa-Bianchi and Lugosi, 2009; Audibert et al., 2011;
Bubeck et al., 2012). For linear rewards, Kakade et al. (2009) have shown how to convert an
approximation oracle into an online algorithm with sublinear regret both in the full information setting and the bandit setting. For non-linear rewards, various online submodular
optimization problems with bandit feedback are studied in the adversarial setting (Streeter
and Golovin, 2008; Radlinski et al., 2008; Streeter et al., 2009; Hazan and Kale, 2009). Notice that our framework deals with stochastic instances and we can handle reward functions
more general than the submodular ones.
This paper is the full version of our ICML’2013 paper (Chen et al., 2013) with the
extension to include probabilistically triggered arms in the model and analysis. We made
a mistake previously (Chen et al., 2013) by claiming that the online learning task for social influence maximization is an instance of the original CMAB model (Chen et al., 2013)
without explicitly modeling probabilistically triggered arms. In this paper we correct this
mistake by allowing probabilistically triggered arms in the CMAB model, and by significantly revising the analysis to include triggering probabilities in the analysis and the regret
bounds.
Since our work of CMAB model (Chen et al., 2013), several studies are also related to
combinatorial multi-armed bandits or in general combinatorial online learning. Qin et al.
(2014) extend CMAB to contextual bandits and apply it to diversified online recommendations. Lin et al. (2014) address combinatorial actions with limited feedbacks. Gopalan
et al. (2014) use Thompson sampling method to tackle combinatorial online learning problems. Comparing with our CMAB framework, they allow more feedback models than our
semi-bandit feedback model, but they require finite number of actions and observations,
their regret contains a large constant term, and it is unclear if their framework supports
approximation oracles for hard combinatorial optimization problems. Kveton et al. (2014)
study linear matroid bandits, which is a subclass of the linear combinatorial bandits we
discussed in Section 4.2, and they provide better regret bounds than our general bounds
given in Section 4.2, because their analysis utilizes the matroid combinatorial structure. In
a latest paper, Kveton et al. (2015) improve the regret bounds of the linear combinatorial
bandits via a more sophisticated non-uniform sufficient sampling condition than the one we
used in our paper. However, it is unclear if this technique can be applied to non-linear reward functions satisfying the bounded smoothness condition (see discussions in Section 4.2
for more details).

Chen, Wang, Yuan, and Wang

Multi-armed bandit problem has been well studied in the literature, in particular in statistics
and reinforcement learning (cf. Berry and Fristedt, 1985; Sutton and Barto, 1998). Our
work follows the line of research on stochastic MAB problems, which is initiated by Lai
and Robbins (1985), who show that under certain conditions on reward distributions, one
can achieve a tight asymptotic regret of Θ(log n), where n is the number of rounds played.
Later, Auer et al. (2002a) demonstrate that O(log n) regret can be achieved uniformly over
time rather than only asymptotically. They propose several MAB algorithms, including the
UCB1 algorithm, which has been widely followed and adapted in MAB research.
For combinatorial multi-armed bandits, a few specific instances of the problem has
been studied in the literature. A number of studies consider simultaneous plays of k arms
among m arms (e.g. Anantharam et al., 1987; Caro and Gallien, 2007; Liu et al., 2011).
Other instances include the matching bandit (Gai et al., 2010) and the online shortest path
problem (Liu and Zhao, 2012).
The work closest to ours is a recent work by Gai et al. (2012), which also considers a
combinatorial bandit framework with an approximation oracle. However, our work differs
from theirs in several important aspects. Most importantly, their work only considers linear
rewards while our CMAB framework includes a much larger class of linear and nonlinear
rewards. Secondly, our regret analysis is much tighter, and as a result we significantly
improve their distribution-dependent regret bound when applying our result to the linear
reward case, and we are able to derive a distribution-independent regret bound close to
the theoretical lower bound while they do not provide distribution-independent bounds.
Moreover, we allow the approximation oracle to have a failure probability (i.e., β < 1),
while they do not consider such failure probabilities.
In terms of types of feedbacks in combinatorial bandits (Audibert et al., 2011), our work
belongs to the semi-bandit type, in which the player observes only the outcomes of played
arms in one round of play. Other types include (a) full information, in which the player
observes the outcomes of all arms, and (b) bandit, in which the player only observes the final
reward but no outcome of any individual arm. More complicated feedback dependences are
also considered by Mannor and Shamir (2011).
Bounded smoothness property in our paper is an extended form of Lipschitz condition,
but our model and results differ from the Lipschitz bandit research (Kleinberg et al., 2008)
in several aspects. First, Lipschitz bandit considers a continuous metric space where every
point is an arm, and the Lipschitz condition is applied to two points (i.e., two arms).
Under this assumption, if we know one arm pretty well, we will also know the nearby arms
pretty well. In contrast, our bounded smoothness condition is applied to a vector of mean
values of the base arms instead of one super arm, and by knowing one super arm well,
we cannot directly know how good are the other super arms. Second, the feedback model
is different: Lipschitz bandit assumes bandit feedback model while our CMAB assumes
semi-bandit feedback. Third, using the Lipschitz condition, they designed a new algorithm
called zooming algorithm, which maintains a confidence radius of arms, so that by knowing
the center arm well, they are also pretty confident of the arms within the confidence radius
of the center. In comparison, our algorithm is basically a direct extension of the classical
UCB algorithm, in which the confidence radius is used to get confidence on the estimate of

1.1 Related Work

Combinatorial Multi-Armed Bandit

marketing applications, as well as the class of combinatorial bandits with linear reward
functions. We conclude the paper in Section 5.

Combinatorial Multi-Armed Bandit
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2. General CMAB Framework
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1. It is also possible that the Bernoulli random variables are not independent. For example, the joint
distribution is determined by sampling a random value ρ ∈ [0, 1] uniformly at random, and then each
base arm i takes value 1 if any only if ρ ≤ µi .

Definition 2 (CMAB algorithm). A CMAB algorithm A is one that selects the super
arm of round t to play based on the outcomes of revealed arms of previous rounds, without knowing the expectation vector µ. Let StA ∈ S be the super arm selected by A in
round t. Note that StA is a random super arm that depends on the outcomes of arms
in previous rounds and potential randomness in the algorithm A itself. The objective of
algorithm
to maximize
reward of all rounds up to a round n, that is,
Pn A is A
Pn the expected
ES,R [ t=1
Rt (St )] = ES [ t=1
rµ (StA )], where ES,R denotes taking expectation among all

Both assumptions are natural. In particular, they hold true for all the applications we
considered. We remark that bounded smoothness is an extended form of Lipschitz condition
in that we use a general function f instead of linear or power-law functions typically used in
Lipschitz condition definition, and we use infinity norm instead of typically used L2 norm.

• Bounded smoothness. There exists a continuous, strictly increasing (and thus
invertible) function f (·) with f (0) = 0, called bounded smoothness function, such that
for any two expectation vectors µ and µ0 and for any Λ > 0, we have |rµ (S)−rµ0 (S)| ≤
f (Λ) if maxi∈S̃ |µi − µi0 | ≤ Λ, for all S ∈ S.

• Monotonicity. The expected reward of playing any super arm S ∈ S is monotonically
nondecreasing with respect to the expectation vector, i.e., if for all i ∈ [m], µi ≤ µi0 ,
we have rµ (S) ≤ rµ0 (S) for all S ∈ S.

Definition 1 (Assumptions on expected reward function). To carry out our analysis, we
make the following two mild assumptions on the expected reward rµ (S):

arms can be used to probabilistically trigger a set of real base arms. If all super arms are
such dummy super arms, then all real base arms are only probabilistically triggered.
For each arm i ∈ [m], let Ti,t denote the number of times arm i has been successfully
triggered after the first t rounds in which t super arms are played. If an arm i ∈ S̃ \ S is
not triggered in round t when super arm S is played, then Ti,t = Ti,t−1 . Let Rt (S) be a
non-negative random variable denoting the reward of round t when super arm S is played.
The reward depends on the actual problem instance definition, the super arm S played,
and the outcomes of all triggered arms in round t. The reward Rt (S)Pmight be as simple as
a summation of the outcomes of the triggered arms in S: Rt (S) = i∈S̃,i is triggered Xi,Ti,t ,
but our framework allows more sophisticated nonlinear rewards, as explained below.
In this paper, we consider CMAB problems in which the expected reward of playing any
super arm S in any round t, E[Rt (S)], is a function of S and the expectation vector µ of all
arms. For the linear reward case as given above together with no probabilistic triggering
(S = S̃), this is true because linear addition is commutative with the expectation operator.
For non-linear reward functions not commutative with the expectation operator, it is still
true if we know the type of distributions and only the expectations of arm outcomes are
unknown. For example, the distribution of Xi,t ’s are known to be independent 0-1 Bernoulli
random variables with unknown mean µi .1 Henceforth, we denote the expected reward of
playing S as rµ (S) , E[Rt (S)].

A combinatorial multi-armed bandit (CMAB) problem consists of m base arms associated
with a set of random variables Xi,t for 1 ≤ i ≤ m and t ≥ 1, with bounded support on [0, 1].
Variable Xi,t indicates the random outcome of the i-th base arm in its t-th trial. The set of
random variables {Xi,t | t ≥ 1} associated with base arm i are independent and identically
distributed according to some unknown distribution with unknown expectation µi . Let
µ = (µ1 , µ2 , . . . , µm ) be the vector of expectations of all base arms. Random variables of
different base arms may be dependent.
The unit of play in CMAB is a super arm, which is a set of base arms. Let S denote
the set of all possible super arms that can be played in a CMAB problem instance. For
example, S could be the set of all subsets of base arms containing at most k base arms. In
each round, one of the super arms S ∈ S is selected and played, and every base arm i ∈ S
are triggered and played as a result. The outcomes of base arms in S may trigger other base
arms not in S to be played, and the outcomes of these arms may further trigger more arms
to be played, and so on. Therefore, when super arm S is played in round t, a superset of S
is triggered and played, and the final reward of this round depends on the outcomes of all
triggered base arms. The feedback in the round after playing super arm S is the outcomes
of the triggered (played) base arms. The random outcomes of triggered base arms in one
round are independent of random outcomes in other rounds, but they may depend on one
another in the same round.
For each i ∈ [m], let piS denote the probability that base arm i is triggered when super
arm S is played. Once super arm S is fixed, the event of triggering of base arm i is
independent of the history of previous plays of super arms. It is clear that for all i ∈ S,
piS = 1. Note that probability piS may not be known to the learning algorithm, since the
event of triggering base arm i may depend on the random outcomes of other base arms, the
distribution of which may be unknown. Moreover, the triggering of base arms may depend
on certain combinatorial structure of the problem instance, and triggering of different base
arms may not be independent from one another (for an example, see the social influence
maximization application in Section 4.3).
Let S̃ = {i ∈ [m] | piS > 0} denote the set of possibly triggered base arms by super arm
S, also referred to as the triggering set of S. Let pi , minS∈S,i∈S̃ piS denote the minimum
nonzero triggering probability of base arm i under all super arms. When pi = 1 for all
i ∈ [m], each super arm S deterministically triggers all base arms in S̃, in which case we
treat S and S̃ as the same set. Let p∗ , mini∈[m] pi .
In our model, it is possible that a base arm i does not belong to any super arm, and
thus i can only be probabilistically triggered. In fact, our model is flexible enough to allow
that all based arms are probabilistically triggered. To do so, we can simply add a set of
dummy base arms and dummy super arms for the purpose of probabilistically triggering
real base arms. In particular, for each real base arm i, we can add a dummy base arm di ,
which is a Bernoulli random variable with 1 meaning i is triggered and 0 meaning i is not
triggered. Then a dummy super arm containing a subset of these Bernoulli dummy base
7
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We present our CUCB algorithm in Algorithm 1. We maintain an empirical mean µ̂i
for each arm i. More precisely, if arm i has been
P played s times by the end of round n,
then the value of µ̂i at the end of round n is ( sj=1 Xi,j )/s. The actual expectation vector
q
3 ln t
µ̄ given to the oracle contains an adjustment term
2Ti for each µ̂i , which depends on
the round number t and the number of times arm i has been played (stored in variable Ti ).

3. CUCB Algorithm for CMAB

Note that the classical MAB problem is a special case of our general CMAB problem,
in which (a) the constraint S = {{i} | i ∈ [m]} so that each super arm is just a base arm;
(b) S = S̃ for all super arm S, that is, playing of a base arm does not trigger any other
arms; (c) the reward of a super arm S = {i} in its t’s trial is its outcome Xi,t ; (d) the
monotonicity and bounded smoothness hold trivially with function f (·) being the identity
function; and (e) the (α, β)-approximation oracle is simply the argmax function among all
expectation vectors, with α = β = 1.

t=1

Definition 4 ((α, β)-approximation regret). (α, β)-approximation regret of a CMAB algorithm A after n rounds of play using an (α, β)-approximation oracle under the expectation
vector µ is defined as
" n
#
X
A
A
rµ (St ) .
(1)
Regµ,α,β (n) = n · α · β · optµ − ES

Many computationally hard problems do admit efficient approximation oracles (Vazirani, 2004). With an (α, β)-approximation oracle, it is no longer fair to compare the performance of a CMAB algorithm against the optimal reward optµ as the regret of the algorithm. Instead, we compare against the α · β fraction of the optimal reward, because only
a β fraction of oracle computations are successful, and when successful the reward is only
an α-approximation of the optimal value.

Definition 3 ((α, β)-Approximation oracle). For some α, β ≤ 1, (α, β)-approximation oracle is an oracle that takes an expectation vector µ as input, and outputs a super arm S ∈ S,
such that Pr[rµ (S) ≥ α · optµ ] ≥ β. Here β is the success probability of the oracle.

We do not assume that the learning algorithm has the direct knowledge about the
problem instance, e.g. how super arms are formed from the base arms, how base arms
outside of a super arm are triggered, and how reward is defined. Instead, the algorithm
has access to a computation oracle that takes the expectation vector µ as the input, and
together with the knowledge of the problem instance, computes the optimal or near-optimal
super arm S. Let optµ = maxS∈S rµ (S) and Sµ∗ = argmaxS∈S rµ (S). We consider the
case that exact computation of Sµ∗ may be computationally hard, and the algorithm may
be randomized with a small failure probability. Thus, we resolve to the following (α, β)approximation oracle:

StA ’s

random events generating the super arms
and generating rewards
and ES
denotes taking expectation only among all random events generating the super arms StA ’s.

Combinatorial Multi-Armed Bandit

For each arm i, maintain: (1) variable Ti as the total number of times arm i is played
so far, initially 0; (2) variable µ̂i as the mean of all outcomes Xi,∗ ’s of arm i observed
so far, initially 1.
t ← 0.
while true do
t ← t + 1.
q
n
o
ln t
For each arm i, set µ̄i = min µ̂i + 32T
,
1
.
i
S = Oracle(µ̄1 , µ̄2 , . . . , µ̄m ).
Play S, observe outcomes of played base arms i, and update all Ti ’s and µ̂i ’s.
end while
Algorithm 1: CUCB with computation oracle.
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Furthermore, define ∆max , maxi∈[m],Ki >0 ∆imax , ∆min , mini∈[m],Ki >0 ∆imin .

∆imin , ∆i,Ki .

∆imax , ∆i,1 ,

We have special notations for the minimum and the maximum ∆i,j for a fixed i with Ki > 0:

i,B

∆i,j , ∆S j .

Definition 6 (∆ of bad super arms). For a bad super arm S ∈ SB , we define ∆S ,
α · optµ − rµ (S). For a given base arm i ∈ [m] with Ki > 0 and index j ∈ [Ki ], we define

Definition 5 (Bad super arm). A super arm S is bad if rµ (S) < α · optµ . The set of bad
super arms is defined as SB , {S | rµ (S) < α · optµ }. For a given base arm i ∈ [m], let
Si,B = {S ∈ SB | i ∈ S̃} be the set of bad super arms whose triggering sets contain i. We
1 , S 2 , . . . , S Ki , in increasing order of their expected
sort all bad super arms in Si,B as Si,B
i,B
i,B
rewards, where Ki = |Si,B |. Note that when Ki = 0, there is no bad super arm that can
trigger base arm i.

Then we simply play the super arm returned by the oracle and update variables Ti ’s and
µ̂i ’s accordingly. Note that in our model all arms have
q bounded support on [0, 1], but with
ln t
the adjustment the upper confidence bound µ̂i + 32T
may exceed 1, in which case we
i
simply trim it down to 1 and assign it to µ̄i (line 5).
Our algorithm does not have an initialization phase where all base arms are played at
least once. This is to accommodate the case where some base arms may only be probabilistically triggered and there is no super arm that can trigger them deterministically. Instead,
we simply initialize the counter Ti to 0 and µ̂i to 1 for every base arm i. Thus initially µ̄i = 1
for all i, and the oracle will select a super arm given an all-one vector input. Intuitively,
any base arm i that has not been played will have its µ̄i = 1, which should let the oracle be
biased toward playing a super arm that (likely) triggers i. It may be possible that a base
arm i is never played, and this only means that i is not important for the optimization task
and the oracle decides not to play it (deterministically or probabilistically). Our analysis
works correctly without the initialization phase.
We now provide necessary definitions for the main theorems.
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Our main theorem below provides the distribution-dependent regret bound of the CUCB
algorithm using the ∆ notations. We use I{·} to denote the indicator function, and I{E} = 1
if E is true, and 0 if E is false.

(

i
i
`n (∆min
, pi )∆min
+

Z



`n (x, pi )dx

!
+


if p = 1.

, if 0 < p < 1,

(2)



(2 + I{p∗ < 1})π 2
+ 1 · m · ∆max ,
6

12·ln n
n
max (f −1
, 24·ln
p
(∆))2 ·p
6 ln n
,
(f −1 (∆))2

i
∆min

i
∆max

Theorem 1. The (α, β)-approximation regret of the CUCB algorithm in n rounds using an
(α, β)-approximation oracle is at most
X

i∈[m],Ki >0

where p∗ = mini∈[m] pi , and
`n (∆, p) =
and f (·) is the bounded smoothness function.
Note that when pi = 1 for all i ∈ [m], each super arm S deterministically triggers base
arms in S and no probabilistic triggering of other arms. In this case, the above theorem
falls back to Theorem 1 of the original CMAB paper (Chen et al., 2013). When pi < 1 for
some i ∈ [m], the regret bound is slightly more complicated, in particular, it has an extra
factor of 1/pi appearing in the leading ln n term.
i
In Theorem 1, when ∆min
is extremely small, the regret would be approaching infinity.
Below we prove a distribution-independent regret for arbitrary distributions with support
in [0, 1] on all arms, for a large class of problem instances with a polynomial bounded
smoothness function f (x) = γxω for γ > 0 and 0 < ω ≤ 1. The rough idea of the proof
√
√
i
is, if ∆min
≤ 1/ n, it can only contribute n regret at time horizon n. The proof of the
following theorem relies on the tight regret bound of Theorem 1 on the leading ln n term.

·

12m ln n
p∗

· n1−ω/2 +

π2
2

Theorem 2. Consider a CMAB problem with an (α, β)-approximation oracle. Let p∗ =
mini∈[m] pi . If the bounded smoothness function f (x) = γ · xω for some γ > 0 and ω ∈ (0, 1],
the regret of CUCB is at most:
 2


2γ
 2−ω
· (6m ln n)ω/2 · n1−ω/2 + π3 + 1 · m · ∆max ,
if p∗ = 1,

ω/2


P

+ 1 · m · ∆max + i∈[m] 24plni n · ∆max , if 0 < p∗ < 1.

2γ
2−ω

Note that for all applications discussed in Section 4, we have ω = 1. For the classical√MAB setting with ω = 1 and p∗ = 1, we obtain a distribution-independent bound of
O( mn ln n), which matches (up to a logarithmic factor) the original UCB1 algorithm (Audibert et al., 2009). In the linear combinatorial bandit
L
p setting, i.e., semi-bandit with
√ ∞
assumption (Audibert et al., 2011), our regret is O( m3 n log n), which is a factor m off
the optimal bound in the adversarial setting, a more general setting than the stochastic
setting (see the discussion in the end of Section 4.2 for a reason of this gap).
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3.1 Proof of the Theorems

Below we prove Theorem 1 and Theorem 2.
3.1.1 Proof of Theorem 1

Before getting to the proof of our theorem, we need more definitions and lemmas. First,
we have a convenient notation for the case when the oracle outputs non-α-approximation
answers.

Definition 7 (Non-α-approximation output). In the t-th round, let Ft be the event that the
oracle fails to produce an α-approximate answer with respect to its input µ̄ = (µ̄1 , µ̄2 , . . . , µ̄m ).
We have Pr[Ft ] = E[I{Ft }] ≤ 1 − β.

Since the value of many variables are changing in different rounds, we also define notations for their value in round t. All of them are random variables.

Next, we introduce an important parameter in our proof called sampling threshold.

Definition 8 (Variables in round t). For variable Ti , let Ti,t be the value of Ti at the end of
round t, that is, Ti,t is the number of times arm i is played in the first t rounds.PFor variable
s
µ̂i , let µ̂i,s be the value of µ̂i after arm i is played s times, that is, µ̂i,s = ( j=1
Xi,j )/s,
where Xi,j is the outcome of base arm i in its j-th trial, as defined at the beginning of
Section 2. Then, the value of variable µ̂i at the end of round t is µ̂i,Ti,t . For variable µ̄i , let
be the value of µ̄i at the end of round t.
µ̄i,t

max

12·ln n
n
, 24·ln
p
(f −1 (∆))2 ·p
6 ln n
,
(f −1 (∆))2

if p = 1.

, if 0 < p < 1,

Definition 9 (Sampling threshold). For a probability value p ∈ (0, 1] and reward difference
value ∆ ∈ R+ , the value `n (∆, p) defined below is called the sampling threshold for round
n:


(
`n (∆, p) =

Informally, base arm i ∈ [m] at round n is considered as sufficiently sampled if the numi , p ).
ber of times i has been played by round n, Ti,n , is above its sampling threshold `n (∆min
i
When all base arms are sufficiently sampled, with high probability we would obtain accurate
estimates of their sample means and would be able to distinguish the α-approximate super
arms from bad super arms.
We utilize the following well known tail bounds in our analysis.

2 /n

.

Fact 1 (Hoeffding’s Inequality (Hoeffding, 1963)). Let X1 , · · · , Xn be independent and identically distributed random variables with common support [0, 1] and mean µ. Let Y =
X1 + · · · + Xn . Then for all δ ≥ 0,

Pr{|Y − nµ| ≥ δ} ≤ 2e−2δ

Fact 2 (Multiplicative Chernoff Bound (Mitzenmacher and Upfal, 2005)2 ). Let X1 , · · · , Xn
be Bernoulli random variables taking values from {0, 1}, and E[Xt |X1 , · · · , Xt−1 ] ≥ µ for

2. The result in the book by Mitzenmacher and Upfal (2005) (Theorem 4.5 together with Exercise 4.7) only
covers the case where random variables Xi ’s are independent. However the result can be easily
generalized
h
i
Pi−1
to our case with an almost identical proof. The only main change is to replace E et( j=1 Xj +Xi ) =
h Pi−1 i 
h Pi−1
i
h Pi−1


i
E et j=1 Xj E etXi with E et( j=1 Xj +Xi ) = E et j=1 Xj E etXi | X1 , . . . , Xi−1 .
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2

.

f −1 (∆i,l )
,
2

which is not a random

2m
.
t2

(3)

s=1

Pr | µ̂i,s − µi |≥

(

r

3 ln t
2s

≤ t · 2e−3 ln t =

s=1

)

2
.
t2
(4)
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Lemma 1 tells us that if at time t, Ti,t−1 is large, then we can get a good estimation of
µi . Intuitively, if we estimate all µi ’s pretty well, it is unlikely that we will choose a bad
super arm using the approximation oracle. On the other hand, in the case that for some i
Ti,t−1 is small, although we may not have a good estimate of µi , it indicates that arm i has
not been played for many times, which gives us an upper bound on the number of times
that the algorithm plays a bad super arm containing arm i. Based on this idea, it is crucial
to find a sampling threshold, which separates these two cases.
Now we need to define the way that we count the sampling times of each arm i.

The lemma follows by taking union bound on i.

≤

t−1
X

t−1
X

Pr | µ̂i,Ti,t−1 − µi |≥ Λi,t =
Pr {| µ̂i,s − µi |≥ Λi,t , Ti,t−1 = s}

Proof. If Ti,t−1 = 0, this is trivially true. If Ti,t−1 > 0, by the Hoeffding’s inequality in
Fact 1, for any i ∈ [m],

Lemma 1. The probability that the run of Algorithm 1 is nice at time t is at least 1 −

∀i ∈ [m], |µ̂i,Ti,t−1 − µi | ≤ Λi,t .

Definition 11 (Nice run). The run of Algorithm 1 is nice at time t (denoted as the indicator
Nt ) if:

If in the round t, the difference between the empirical mean and the actual expectation is
below the standard difference, we call the process a “nice process”. See the formal definition
below.

St ). The universal difference bound is defined as Λi,l =
variable.

is defined as a random variable Λt = max{Λi,t | i ∈ S̃t } (be reminded that it is S̃t , not

Definition 10 (Standard difference). For q
the random variable Ti,t−1 , standard difference
ln t
is defined as a random variable Λi,t = min{ 2T3i,t−1
, 1}. The maximum standard difference

Using the above tail bounds, we can prove that with high probability, the empirical
mean of a set of independently sampled variables is close to the actual mean. Below we
give a definition on the standard difference between the empirical mean and the actual
expectation.

Pr{Y ≤ (1 − δ)nµ} ≤ e−

δ 2 nµ

every t ≤ n. Let Y = X1 + · · · + Xn . Then for all 0 < δ < 1,

Combinatorial Multi-Armed Bandit

t=1

n
X

l
I{St = Si,B
, Ni,t > Ni,t−1 }.

l,und
Ni,n
=

l,suf
Ni,n
=

t=1

t=1
n
X

n
X
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l
I{St = Si,B
, Ni,t > Ni,t−1 , Ni,t−1 ≤ `n (∆i,l , pi )}.

l
I{St = Si,B
, Ni,t > Ni,t−1 , Ni,t−1 > `n (∆i,l , pi )},

Definition 14 (Sufficiently sampled and under-sampled). Consider time horizon n and
l ’s, we separate them into sufficiently
current time t ≤ n. For the refined counter Ni,n
l is incremented
sampled part and under-sampled part, as defined below. When counter Ni,t
l , we inspect the counter N
i,l
at time t, i.e, St = Si,B
.
If
N
>
`
i,t−1
i,t−1
n (∆ , pi ), we say
l
that the bad super arm Si,B
is sufficiently sampled (with respect to base arm i); otherwise,
l is separated into the
it is under-sampled (with respect to base arm i). Thus counter Ni,n
following sufficiently sampled part and under-sampled part:

With these counters in hands, we shall define the two stages “sufficiently sampled” and
l into
“under-sampled” using the sampling threshold, which further split the counter Ni,n
two counters.

That is, each time Ni is updated, we also record which bad super arm is played.

l
∀l ∈ [Ki ], Ni,n
=

Definition 13 (Refined counters). Each time Ni gets updated, one of the bad super arms
that could trigger i is played. We further separate Ni into a set of counters as follows:

Note that the counter Ni is for the purpose of analysis, and its maintenance is not
part of the algorithm. Intuitively, for each round t where a bad super arm St is played,
we increment exactly one counter Ni , where i is selected among all possibly triggered base
arms S̃t such that the current value of Ni · pi is the lowest. In the special case when pi = 1
for some i ∈ [m], we know that i 6∈ S̃ \ S for any super arm S. Therefore, whenever arm
i is selected to increment its counter Ni in a round t, i must have been played in round t,
and thus we have Ti,t ≥ Ni,t for any i ∈ [m] with pi = 1 and all time t. However, this may
not holds for i ∈ [m] with pi < 1, that is, it is possible that in a round t a base arm i is not
triggered but its counter Ni is incremented.
In every bad round, exactly one counterP
in {Ni } is incremented, so the total number of
bad rounds in the first n rounds is exactly i Ni,n . Below we give the definition of refined
counters.

Definition 12 (Counter for arm i). We maintain a counter Ni for each arm i. Let Ni,t be
the value of Ni at the end of round t and Ni,0 = 0. {Ni } is updated in the following way.
For a round t > 0, let St be the super arm selected in round t by the oracle (line 6 of
Algorithm 1). Round t is bad if the oracle selects a bad super arm St ∈ SB . If round t is
bad, let i = argminj∈S̃t Nj,t−1 · pj . If the above i is not unique, we pick an arbitrary one.
Then we increment the counter Ni , i.e., Ni,t = Ni,t−1 + 1 while not changing other counters
Nj with j 6= i. If round t is not bad, i.e., St ∈
/ SB , no counter Ni is incremented.

Chen, Wang, Yuan, and Wang

Combinatorial Multi-Armed Bandit
l,und
Following the definition, we have Ni,n
≤ `n (∆i,l , pi ), and Ni,n =

X

X
l,suf
l,und
(Ni,n
+ Ni,n
) · ∆i,l .

+

(5)

l,suf
l∈[Ki ] (Ni,n

P

l,und
Ni,n
). Using this notation, the total reward at time horizon n is at least

n · α · optµ −
i∈[m],Ki >0 l∈[Ki ]

l,suf
l,und
To get an upper bound on the regret, we want to upper bound Ni,n
and Ni,n
separately. Before doing that, we prove an important connection as follows.

(6)

Lemma 2 (Connection between Ni,t−1 and Ti,t−1 ). Let n be the time horizon. For every
round t with 0 < t ≤ n, every base arm i ∈ [m], every ∆ > 0, and every integer k >
we have,
`n (∆, pi ),



6 · ln t
1
Pr Ni,t−1 = k, Ti,t−1 ≤ −1
≤ 3.
f (∆)2
t

Moreover, if pi =1, we have


6 · ln t
= 0.
Pr Ni,t−1 = k, Ti,t−1 ≤ −1
f (∆)2

X (j) ≤ Ti,t−1 .

(7)

Proof. Fix a base arm i. The case of pi = 1 is trivial since in this case Ti,t−1 ≥ Ni,t−1 and
n ≥ t. Now we only consider the case of 0 < pi < 1.
In a run of CUCB algorithm (Algorithm 1), let t(j) be the round number at which
counter Ni is incremented for the j-th time. Suppose that in round t(j) , super arm S (j)
is played. Note that both t(j) and S (j) are random, depending on the randomness of the
outcomes of base arms and the triggering of base arms from super arms in all historical
rounds.
Let X (j) be the Bernoulli random variable indicating whether arm i is triggered by the
play of super arm S (j) in round t(j) . If in a run of the CUCB algorithm counter Ni is only
incremented a finite number of times, let Ni,∞ denote the final value of the counter Ni in
this run. In this case, we simply define X (j) = 1 for all j > Ni,∞ . For convenience, when
P`
X (j)
j > Ni,∞ , we denote the corresponding super arm S (j) = ⊥. Thus, for any ` ≥ 1, j=1
is well defined. For all 0 < t ≤ n, since Ti,t−1 is the number of times i is triggered by the
end of round t − 1, we have
X

Ni,t−1

j=1

We now show that for any j ≥ 1, E[X (j) | X (1) , . . . , X (j−1) ] ≥ pi . Fixing a super arm
A ∈ S, if super arm S (j) played in round t(j) is A, then conditioned on the event S (j) = A,
in this round whether arm i is triggered or not only depends on the randomness of triggering
base arms after playing A, and is independent of randomness in previous rounds. In other
words, we have
n
o
n
o
Pr X (j) = 1 | S (j) = A, X (1) , . . . , X (j−1) = Pr X (j) = 1 | S (j) = A = piA ≥ pi .
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By the law of total probability, we have

A∈S

E[X (j) | X (1) , . . . , X (j−1) ]
n
o
= Pr X (j) = 1 | X (1) , . . . , X (j−1)
o
n
o
X n
Pr S (j) = A · Pr X (j) = 1 | S (j) = A, X (1) , . . . , X (j−1)
=

A∈S

n
o
n
o
+ Pr S (j) = ⊥ · Pr X (j) = 1 | S (j) = ⊥, X (1) , . . . , X (j−1)
o
n
o
X n
Pr S (j) = A + Pr S (j) = ⊥ · 1

≥ pi

≥ pi ,

(8)

where the first part of the Inequality Eq. (8) comes from Eq. (3.1.1), and the second part
comes from our definition that when S (j) = ⊥, it means that the counter Ni stops before
reaching j and X (j) = 1 in this case.



j=1


X̀



2
X (j) ≤ ` · pi (1 − δ) ≤ e−δ `pi /2 .


(9)

With the result that for any j ≥ 1, E[X (j) | X (1) , . . . , X (j−1) ] ≥ pi , we apply the
multiplicative Chernoff bound (Fact 2) to obtain that for any ` ≥ 1, 0 < δ < 1,
Pr

X (j) ≤

{by Eq. (7)}

{n ≥ t ⇒ `n (∆, pi ) ≥ `t (∆, pi )}

(10)

We are now ready to carry out the following derivation for any 0 < t ≤ n, i ∈ [m],
∆ > 0, and integer k > `n (∆, pi ):

j=1


j=1

d`t (∆,p
X i )e





6 · ln t
Pr Ni,t−1 = k, Ti,t−1 ≤ −1
f (∆)2


Ni,t−1

X
6 · ln t 
≤ Pr N
= k,
X (j) ≤ −1
 i,t−1
f (∆)2 
j=1


k
X
6 · ln t 
≤ Pr
X (j) ≤

f −1 (∆)2 
j=1


(∆,pi )e
d`nX
6 · ln t 
≤ Pr
X (j) ≤
f −1 (∆)2 

6 · ln t 
.
f −1 (∆)2 
≤ Pr
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let δ =



j=1


j=1

d`t (∆,p
X i )e


d`t (∆,p
X i )e

1
2,

X

≤ e−`t (∆,pi )pi /8 = e

−

(j)



j=1


j=1

d`t (∆,p
X i )e

≤ e−`t (∆,pi )pi /8
1
= e−3 ln t = 3 .
t

= Pr

(10) = Pr


d`t (∆,p
X i )e

X

(j)

1
.
t3

so

{by Eq. (9)}



≤ `t (∆, pi ) · pi · (1 − δ)


24 ln t
· pi

4f −1 (∆)2 · pi




(11)
(12)
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With the previous observations, we have the following lemma. Informally, it says that in
a nice run in round t, it is impossible that the algorithm would select a bad super arm St
using the oracle, which outputs a correct α-approximation answer, while every arm in S̃t
has been tested for enough times.

Meanwhile, by Definition 10, we know that for any i ∈ [m], l ∈ [Ki ] and any time t:


6 ln t
l
St = Si,B
, ∀s ∈ S̃t , Ts,t−1 > −1 i,l 2 ⇒ Λi,l > Λt .
(13)
f (∆ )

Nt ⇒ ∀i ∈ S̃t , µ̄i,t − µi ≤ 2Λt .

Nt ⇒ ∀i ∈ [m], µ̄i,t − µi ≥ 0,

Recall that a nice run at time t (Definition 11, denoted as Nt ) means that the difference
between the empirical mean and the actual mean is bounded by the standard difference
Λi,t for every arm i ∈ [m] (∀i ∈ [m], |µ̂i,Ti,t−1 − µi | ≤ Λi,t ). By Lemma 1, we know
that with probability 1 − 2m
, Nt holds. According to line 5 of Algorithm 1, we have
t2
µ̄i,t = min{µ̂i,Ti,t−1 + Λi,t , 1}. Thus, we have

{by Eq. (9)}

Now let δ = 1 − 4f −11(∆)2 ≥ 12 , which means

≤ e−3 ln t =

24·ln t
pi .

3 ln t
2f −1 (∆)2

X (j) ≤

So we have,

Therefore, Inequality (6) holds.

1−δ =

1
.
4f −1 (∆)2


1

2

1
≤ d`t (∆, pi )e · pi ·
2

X (j) ≤ `t (∆, pi ) · pi ·

we know `t (∆, pi ) =

12·ln t
,
f −1 (∆)2 ·pi

Combinatorial Multi-Armed Bandit

≤ e−d`t (∆,pi )epi /8

≤ Pr

(10) = Pr

≤

1
2,

If f −1 (∆)2 > 12 , we know `t (∆, pi ) =

If

f −1 (∆)2

≥α ·

= α · optµ .

f (2Λi,l )

f (f −1 (∆i,l ))

Thus, Inequality (14) con-

(14)


o
l
Pr St = Si,B
, Ni,t > Ni,t−1 , ∀s ∈ S̃t , Ns,t−1 > `n ∆i,l , ps ,


n
n

o
X X
l
i,l
I St = Si,B , Ni,t > Ni,t−1 , Ni,t−1 > `n ∆ , pi 
i∈[m],Ki >0 l∈[Ki ] t=1

X

(15)

≤ (1 − β) +

(2 + I{p∗ < 1})m
.
t2

i∈[m],Ki >0 l∈[Ki ]

18

JMLR 17(50):1-33

(17)

where the last inequality is due to our way of updating counter Ni by Definition 12: When
Ni is incremented in round t such that Ni,t > Ni,t−1 , we know that Ni,t−1 · pi has the
lowest value among all Ns,t−1 · ps for s ∈ S̃t , and thus Ni,t−1 > `n ∆i,l , pi implies that for


s ∈ S̃t , Ns,t−1 ≥ Ni,t−1 · pi /ps > `n ∆i,l , pi · pi /ps = `n ∆i,l , ps . To prove the lemma, it
is sufficient to show that for any 0 < t ≤ n,
n

o
X
X
l
Pr St = Si,B
, Ni,t > Ni,t−1 , ∀s ∈ S̃t , Ns,t−1 > `n ∆i,l , ps
(16)

≤

X

i∈[m],Ki >0 l∈[Ki ] t=1
n
n
X X

= E



i∈[m],Ki >0 l∈[Ki ]

l,suf
Proof. From Definition 14 on Ni,n
, we have


X
X l,suf
E
Ni,n 

i∈[m],Ki >0 l∈[Ki ]

Lemma 4. [Bound on sufficiently sampled part] For any time horizon n > m,


X
X l,suf
(2 + I{p∗ < 1})mπ 2

E
Ni,n  ≤ (1 − β)n +
.
6

Now we are ready to prove the bound on sufficiently sampled part. Recall that p∗ =
mini∈[m] pi .

=

∆i,l .

l
rµ (Si,B
) + f (2Λi,l ) > α · optµ .

{ monotonicity of rµ (S) and Eq.(11)}

{definition of optµ̄t }

{¬Ft ⇒ St is an α approximation w.r.t µ̄t }

{ strict monotonicity of f (·) and Eq.(13)}

{bounded smoothness property and Eq.(12)}

However, by Definition 10,
=
tradicts the definition of ∆i,l in Definition 6.

So we have

rµ (Sµ∗ )

≥α · rµ̄t (Sµ∗ )

≥α · optµ̄t

≥rµ̄t (St )

rµ (St ) + f (2Λi,l ) >rµ (St ) + f (2Λt )

Proof. Indeed, if all the conditions hold, we have:

Lemma 3 (Impossible case). Let Ft be the
n indicator defined in Definition 7. For any
o
6 ln t
l , ∀s ∈ S̃ , T
i ∈ [m], l ∈ [Ki ] and any time t, the event Nt , ¬Ft , St = Si,B
t s,t−1 > f −1 (∆i,l )2
is empty.

Chen, Wang, Yuan, and Wang

n 
X
t=1
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(1 − β) +

3m
t2


≤ (1 − β)n +

(2 + I{p∗ < 1})mπ 2
.
6

This is because we may then take the union bound on all t’s, and get a bound of

X

i∈[m],Ki >0

X

l∈[Ki ]

X

i∈[m],Ki >0 l∈[Ki ]

X

n

o
l
Pr St = Si,B
, Ni,t > Ni,t−1 , ∀s ∈ S̃t , Ns,t−1 > `n ∆i,l , ps

n
l
Pr St = Si,B
, Ni,t > Ni,t−1 , ∀s ∈ S̃t ,

Thus, in order to prove our claim, it suffices to prove Inequality (17).
We first split Eq.(16) into two parts:

=

i∈[m],Ki >0 l∈[Ki ]




6 · ln t
Ns,t−1 > `n ∆i,l , ps , Ts,t−1 > −1 i,l 2
f (∆ )
n
X
X
l
Pr St = Si,B
, Ni,t > Ni,t−1 , ∀s ∈ S̃t ,

+



6 · ln t
Ns,t−1 > `n ∆i,l , ps , ∃s ∈ S̃t , Ts,t−1 ≤ −1 i,l 2 .
f (∆ )
n
= Pr ∃i ∈ [m], ∃l ∈ [Ki ], St = S l , Ni,t > Ni,t−1 , ∀s ∈ S̃t ,
i,B



6 · ln t
Ns,t−1 > `n ∆i,l , ps , Ts,t−1 > −1 i,l 2
f (∆ )
n
l
+ Pr ∃i ∈ [m], ∃l ∈ [Ki ], St = Si,B
,
N
i,t > Ni,t−1 ,



6 · ln t
∀s ∈ S̃t , Ns,t−1 > `n ∆i,l , ps , ∃s ∈ S̃t , Ts,t−1 ≤ −1 i,l 2 ,
f (∆ )

(18)

(19)

(20)

(21)
(22)

(23)

l ,N
where the last equality is due to that the events {St = Si,B
i,t > Ni,t−1 } for all i ∈ [m]
and l ∈ [Ki ] are mutually exclusive, since Ni,t > Ni,t−1 determines the unique i (at most
l
determines the
one Ni is incremented in each round by Definition 12) and then St = Si,B
unique l.
For the first term in Eq.(22), we apply Lemma 3 and have:

n
6 · ln t
l
∀i ∈ [m] ∀l ∈ [Ki ], Pr Nt , ¬Ft , St = Si,B
, Ni,t > Ni,t−1 , ∀s ∈ S̃t , Ts,t−1 > −1 i,l 2 = 0 ⇒
f (∆ )

n
6 · ln t
l
=0⇒
Pr Nt , ¬Ft , ∃i ∈ [m], ∃l ∈ [Ki ], St = Si,B
,
N
i,t > Ni,t−1 , ∀s ∈ S̃t , Ts,t−1 > −1
f (∆i,l )2

6 · ln t
f −1 (∆i,l )2

2m
.
t2

n
l
Pr ∃i ∈ [m], ∃l ∈ [Ki ], St = Si,B
, Ni,t > Ni,t−1 , ∀s ∈ S̃t , Ts,t−1 >

≤ Pr[Ft ∨ ¬Nt ] ≤ (1 − β) +

The inequality in Eq.(23) uses the definition of Ft (Definition 7) and Lemma 1.
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t−1
XX
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.

(24)



(25)

6 · ln t
≤ −1 i,l 2
f (∆ )

For the second term in Eq.(22), we have:
n


l
Pr ∃i ∈ [m], ∃l ∈ [Ki ], St = Si,B
, Ni,t > Ni,t−1 , ∀s ∈ S̃t , Ns,t−1 > `n ∆i,l , ps ,

6 · ln t
∃s ∈ S̃t , Ts,t−1 ≤
f −1 (∆i,l )2




6 · ln t
≤ Pr ∃i ∈ [m], ∃l ∈ [Ki ], ∃s ∈ S̃t , Ns,t−1 > `n ∆i,l , ps , Ts,t−1 ≤ −1 i,l 2
f (∆ )



Pr ∃i ∈ [m], ∃l ∈ [Ki ], Ns,t−1 = k, Ns,t−1 > `n ∆i,l , ps , Ts,t−1
≤

s∈S̃t k=1

X

=

6 · ln t
f −1 (∆∗ (s, k))2



have

(26)

{by Lemma 2}

t
` ∆i,l , ps , Ts,t−1 ≤ f −16·ln
}
n
(∆i,l )2
6·ln t
≤ f −1 (∆
∗ (s,k))2 }. Therefore, we

k, Ts,t−1


Pr Ns,t−1 = k, Ts,t−1 ≤

{Ns,t−1

Let ∆∗ (s, k) = mini∈[m],l∈[Ki ],`n (∆i,l ,ps )<k ∆i,l , and ∆∗ (s, k) = ∅ if the condition of min is
not satisfied. Since f −1 (∆) decreases when ∆ decreases,
we know that when the event

{∃i ∈ [m], ∃l ∈ [Ki ], Ns,t−1 = k, Ns,t−1 >
is non-empty, it
X

k∈[t−1],∆∗ (s,k)6=∅

I{p∗ < 1}m
.
t2

s∈S̃t k∈[t−1]

X X
I{p
i < 1}
t3

s∈S̃t

is included in the event

(25) ≤
≤
≤

Combining Eq.(23) and Eq.(26), we obtain Eq.(17).

Now we consider the bound on under-sampled part, i.e., the number of times that
the played bad super arms are under-sampled. For a particular arm i, its counter Ni
will increase from 0 to `n (∆i,Ki , pi ) before it is sufficiently sampled. Assume Ni,t−1 ∈
(`n (∆i,j−1 , pi ), `n (∆i,j , pi )] when Ni is incremented at time t with an under-sampled super
l . We can conclude that ∆i,l ≤ ∆i,j , which will be used as an upper bound for the
arm Si,B
l
is already sufficiently sampled.
regret. Otherwise, we must have ∆i,l ≥ ∆i,j−1 and Si,B
To simplify the notation, set `n (∆i,0 , pi ) = 0. Notice that Ni,0 = 0 for all i. For each
base arm i, the boundary case of 0 = Ni,t−1 < Ni,t occurs in only one round in a run, and we
i
treat it separately by using ∆max
as the regret for this case. For the rest, we break the range
of the counter Ni,t−1 with Ni,t−1 > 0 into discrete segments, i.e., (`n (∆i,j−1 , pi ), `n (∆i,j , pi )]
for j ∈ [Ki ]. Let us assume that the round t is bad and Ni,t is incremented. Assume
Ni,t−1 ∈ (`n (∆i,j−1 , pi ), `n (∆i,j , pi )] for some j. Notice that we are only interested in the
case that St is under-sampled. In particular, if this is indeed the case, St = SBi,l for some
l ≥ j. (Otherwise, St is sufficiently sampled based on the counter Ni,t−1 .) Therefore, we
will suffer a regret of ∆i,l ≤ ∆i,j (See Definition 6). Consequently, for counter Ni,t in range
(`n (∆i,j−1 , pi ), `n (∆i,j , pi )], we will suffer a total regret for those under-sampled arms at
most (`n (∆i,j , pi ) − `n (∆i,j−1 , pi )) · ∆i,j in rounds that Ni,t is incremented.
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X

l,und
Ni,n
· ∆i,l ≤

i∈[m],Ki >0

X

`n (∆imin , pi )∆imin +

∆imax

∆imin

Z

≤

`n (∆imin , pi )∆imin
+

∆imax

∆imin

Z
`n (x, pi )dx +

∆imax .

l
I{St = Si,B
, Ni,t > Ni,t−1 , Ni,t−1 ∈ (`n (∆i,j−1 , pi ), `n (∆i,j , pi )]} · ∆i,j + ∆imax

21
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The Inequality (28) holds since ∆i,j ≥ ∆i,l for j ≤ l. Equality (29) is by first switching
l into S . We may now switch the summations again,
summations and then merging all Si,B
i,B

(29)

I{St ∈ Si,B , Ni,t > Ni,t−1 , Ni,t−1 ∈ (`n (∆i,j−1 , pi ), `n (∆i,j , pi )]} · ∆i,j + ∆imax .

t=1 l∈[Ki ] j∈[Ki ]
n X
X

(28)

l
I{St = Si,B
, Ni,t > Ni,t−1 , Ni,t−1 ∈ (`n (∆i,j−1 , pi ), `n (∆i,j , pi )]} · ∆i,j + ∆imax

n X X
X

t=1 l∈[Ki ] j=1

t=1 j∈[Ki ]

> Ni,t−1 = 0} · ∆

.

l
I{St = Si,B
, Ni,t > Ni,t−1 , Ni,t−1 ∈ (`n (∆i,j−1 , pi ), `n (∆i,j , pi )]} · ∆i,l + ∆imax

≤

t=1 l∈[Ki ] j=1

n X X
l
X

t=1 l∈[Ki ]

I{St =

i,l

l
I{St = Si,B
, Ni,t > Ni,t−1 , 0 < Ni,t−1 ≤ `n (∆i,l , pi )} · ∆i,l + ∆imax

t=1 l∈[Ki ]

n X
X

+

l
Si,B
, Ni,t

l
I{St = Si,B
, Ni,t > Ni,t−1 , 0 < Ni,t−1 ≤ `n (∆i,l , pi )} · ∆i,l

t=1 l∈[Ki ]
n X
X

≤

=

·∆

i,l

l
I{St = Si,B
, Ni,t > Ni,t−1 , Ni,t−1 ≤ `n (∆i,l , pi )} · ∆i,l

n X X
l
X

=

≤

=

t=1 l∈[Ki ]
n X
X

X

l,und
Ni,n
· ∆i,l

l∈[Ki ]
n
X

X

=

l,und
Ni,n

!

(27)

`n (x, pi )dx + ∆imax

Now, by definition and discussion on the interval that Ni,t−1 lies in, we have

l∈[Ki ]

X

Proof. It suffices to show that for any arm i ∈ [m] with Ki > 0,

i∈[m],Ki >0 l∈[Ki ]

X

Lemma 5 (Bound on under-sampled part). For any time horizon n > m, we have,

Combinatorial Multi-Armed Bandit

X

j∈[Ki ]

X

j∈[Ki ]

(`n (∆i,j , pi ) − `n (∆i,j−1 , pi )) · ∆i,j + ∆imax .

(31)

(30)

I{St ∈ Si,B , Ni,t > Ni,t−1 , Ni,t−1 ∈ (`n (∆i,j−1 , pi ), `n (∆i,j , pi )]} · ∆i,j + ∆imax

(b`n (∆i,j , pi )c − b`n (∆i,j−1 , pi )c) · ∆i,j + ∆imax

j∈[Ki ] t=1

n
X X

∆imin

Z

∆i,1

∆i,Ki
∆imax

Z

`n (∆i,j , pi ) · (∆i,j − ∆i,j+1 ) + ∆imax

`n (x, pi )dx + ∆imax .

`n (x, pi )dx + ∆imax

j∈[Ki −1]

X

(33)

(32)
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Proof of Theorem 1. Using the counters defined in Definition 13, we may get the expectation of the regret by computing the expectation of the value of the counters after the n-th
round. More specifically, according to Definition 4, the expected regret is the difference
between n · α · β · optµ and the expected reward, which is at least α · n · optµ minus the
expected loses from playing bad super arms.

Finally we are ready to prove our main theorem. We just need to combine the upper
bounds from the sufficiently sampled part and the under-sampled part together.

Inequality (32) comes from the fact that `n (x, pi ) is decreasing in x.

=`n (∆imin , pi )∆imin +

≤`n (∆i,Ki , pi )∆i,Ki +

(31) =`n (∆i,Ki , pi )∆i,Ki +

Inequality (30) uses a relaxation on the indicators. In Inequality (31), for every j ≥ 2, we
relax the part of (`n (∆i,j−1 , pi ) − b`n (∆i,j−1 , pi )c) · ∆i,j to (`n (∆i,j−1 , pi ) − b`n (∆i,j−1 , pi )c) ·
∆i,j−1 . Now we simply expand the summation, and some terms will be canceled Then, we
upper bound the new summation using an integral:

≤

≤

(29) =

and get
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i∈[m],Ki >0

X

l∈[Ki ]

l,suf 
Ni,n

+

Z


X

l∈[Ki ]



`n (x, pi )dx

!
!

!

6



(36)

(35)


(2 + I{p∗ < 1})π 2
+ 1 · m · ∆max .



(2 + I{p∗ < 1})π 2
+ 1 · m · ∆max
6

− (1 − β) · n · α · optµ

l,suf
l,und
(Ni,n
+ Ni,n
) · ∆i,l  (34)

+

+

i
`n (x, pi )dx + ∆max

X

i
∆max

`n (x, pi )dx

i
∆min

i
∆max

i
∆min

Z

i∈[m],Ki >0

Therefore, combining with Eq.(15) and Eq.(27), the overall regret of our algorithm is
A
Regµ,α,β
(n)



X

≤ E n · α · β · optµ − α · n · optµ −

+

i
i
`n (∆min
, pi )∆min

i
i
`n (∆min
, pi )∆min
+

i
i
`n (∆min
, pi )∆min
+

i
∆min

+ (1 − β)n · ∆max − (1 − β) · n · α · optµ
Z ∆max
i
X

i∈[m],Ki >0

X

i∈[m],Ki >0

≤ ∆max · E 

≤

≤
i∈[m],Ki >0

The last step of derivation from Eq.(35) to Eq.(36) uses the fact that all rewards are
nonnegative and thus ∆max ≤ α · optµ by Definition 6.
3.1.2 Proof of Theorem 2
The proof of Theorem 2 relies on the tight regret bound for the leading ln n term given by
Theorem 1.

X

l∈[Ki ]



ni

6γ 2/ω ln n

l
I{St = Si,B
, Ni,t > Ni,t−1 , Ni,t−1 ≤ `n (∆i,l , 1) | E} · ∆i,l

l,und
Ni,n
· ∆i,l | E

n X
X

t=1 l∈[Ki ]

Define ∆∗ (ni ) =

ω/2

, i.e.,

Proof of Theorem 2. We first prove the case of p∗ = 1. Following the proof of Theorem 1,
we only need to consider the base arms that are played when they are under-sampled.
Following the intuition, we need to quantify when ∆ is too small. In particular, we measure
i
the threshold for ∆min
based on Ni,n , i.e., the counter of arm i at time horizon n. Let
{nj | j ∈ [m]} be a set of possible counter values at time horizon n. Our analysis will then
be conditioned on event E = {∀j ∈ [m], Nj,n = nj }.
For an arm i ∈ [m] with Ki > 0, we have

=

 1/ω
With f (x) = γxω , we have f −1 (x) = γx
.
`n (∆∗ (ni ), 1) = ni . Now we consider two cases.
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≤

=
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2

+
2

Z

∆imax

∆imin

i
`n (x, 1)dx + ∆max

(37)

(38)



2
2
2
ω
i
i
i
6γ ω ln n (∆min
)1− ω − (∆max
)1− ω + ∆max
2−ω

2
2γ
6 · γ ω ln n
1−ω/2
i
≤
·
· (6 ln n)ω/2 ni
+ ∆max
.
2 − ω (∆i ) ω2 −1
2−ω
min

i ) ω −1
(∆min

2

6γ ω ln n

l,und
i
i
Ni,n
· ∆i,l | E ≤ `n (∆min
, 1)∆min
+

i
Case (1): ∆min
> ∆∗ (ni ). Following the same derivation as in the proof of Lemma 5
(notice that the same derivation still works when conditioned on event E), we have

X
l∈[Ki ]

l∈[Ki ]

(39)

i
I{St ∈ Si,B , Ni,t > Ni,t−1 , Ni,t−1 ∈ (`n (∆i,j−1 , 1), `n (∆i,j , 1)] | E} · ∆i,j + ∆max

Z

∆i,1
∆∗ (ni )

X

2γ
· (6 ln n)ω/2 ·
2−ω

i∈[m],Ki >0

X

ni

1−ω/2

i
+ ∆max

2γ
1−ω/2
i
· (6 ln n)ω/2 ni
+ ∆max
.
2−ω

i
(`n (∆i,j , 1) − `n (∆i,j−1 , 1)) · ∆i,j + ∆max
j∈[l∗ −1]

i
`n (x, 1)dx + ∆max
≤

−1
, 1)) · ∆∗ (ni ) +

(41)

(40)

i
I{St ∈ Si,B , Ni,t > Ni,t−1 , Ni,t−1 ∈ (`n (∆i,j−1 , 1), `n (∆i,j , 1)] | E} · ∆i,j + ∆max

i
I{St ∈ Si,B , Ni,t > Ni,t−1 , Ni,t−1 ∈ (`n (∆i,j−1 , 1), `n (∆i,j , 1)] | E} · ∆∗ (ni ) + ∆max
n
X X

j≥l∗ t=1

n
XX

j∈[Ki ] t=1

n
X X

i
The last inequality above is by replacing ∆min
with ∆∗ (ni ).
i
Case (2): ∆min
≤
∆∗ (ni ). Let l∗ = min{l ∈ [Ki ] | ∆i,l ≤ ∆∗ (ni )}. Notice that
ω/2
 2/ω
∗
. We follow the same derivation as in the proof of Lemma 5, and
∆i,l ≤ 6γ ni ln n
then we critically use the fact that the counter Ni cannot go beyond ni (in the first term
in Inequality (40)):
X l,und
Ni,n · ∆i,l | E

≤

≤

+

∗

j∈[l∗−1] t=1

≤(ni − `n (∆i,l

≤ni · ∆∗ (ni ) +

X

l,und
Ni,n
· ∆i,l | E ≤

Therefore, Eq.(41) holds in both cases. We then have
X

i∈[m],Ki >0 l∈[Ki ]

2γ
i
≤
· (6m ln n)ω/2 · n1−ω/2 + ∆max
.
(42)
2−ω
P
The last inequality comes from Jensen’s inequality and
i ni ≤ n. Since the final
inequality does not depend on ni , we can drop the condition E above. With the bound on
the under-sampled part given in Inequality (42), we combine it with the result on sufficiently
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l,und
Ni,n
· ∆i,l | E ≤

2γ
·
2−ω



12 ln n
pi

ω/2
1−ω/2

ni

+

24 ln n
· ∆imax + ∆imax .
pi



2γ
·
2−ω

≤





12m ln n
p∗

12 ln n
p∗

i∈[m]

1−ω/2

+

24 ln n
· ∆imax
pi

24 ln n
· ∆imax + ∆imax .
pi

X

+

i∈[m],Ki >0

1−ω/2

ni

X 24 ln n
n1−ω/2 +
· ∆max + ∆imax .
pi

X

i∈[m],Ki >0

ω/2

ω/2

ω/2

ni

12 ln n
pi

l,und
Ni,n
· ∆i,l | E

2γ
·
2−ω

t=1
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P
What we need is to make sure the term nt=1 e2t
−y in the above regret bound converges. We
can thus set y appropriately to guarantee convergence while improving the constant in the

i∈[m],Ki >0

We may further improve the bound in Theorem 1 as follows, when all the triggering probabilities are 1.
Improving the
p coefficient of the leading term when ∀i, pi = 1. In general, we
can set µ̄i = µ̂i + y/(2Ti ) for some y in line 6 in the CUCB algorithm. The corresponding
regret bound obtained is
!
!
Z ∆imax
n
X
X
2·y
2·y
2t
i
dx
+
1
+
· m · ∆max .
·
∆
+
min
−1 (x))2
e−y
(f −1 (∆imin ))2
∆imin (f

3.2 Discussions

Finally, combining Lemma 4 and the derivation for the regret bound as shown from Eq.(34)
to Eq.(36), we obtain the regret bound for the case of p∗ < 1.

2γ
·
2−ω

≤

i∈[m],Ki >0 l∈[Ki ]

X

l,und
Ni,n
· ∆i,l | E ≤

Together, we have
X

l∈[Ki ]

X

For Case (2): ∆imin ≤ ∆∗i (ni ), again following the same derivation Eq.(39)—(41) except
that we use `n (·, pi ) instead of `n (·, 1),, we have

l∈[Ki ]

X
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3. We remark that the constant of UCB1 has been tightened to the optimum (Garivier and Cappé, 2011).

The online advertisement placement application discussed in the introduction can be modeled by the bandit version of the probabilistic maximum coverage (PMC) problem. PMC

4.1 Probabilistic Maximum Coverage Bandit

In this section, we describe two applications with non-linear reward functions as well as
the class of linear reward applications that fit our CMAB framework. Notice that, the
probabilistic maximum coverage bandit and social influence maximization bandit are also
instances of the online submodular maximization problem, which can be addressed in the
adversarial setting by Streeter and Golovin (2008), but we are not aware of their counterpart
in the stochastic setting.

4. Applications

where ∆i = maxj∈[m] µj − µi . Comparing with the regret bound in Theorem
1 of the paper
P
by Auer et al. (2002a), we see that we even have a better coefficient i∈[m],∆i >0 6/∆i in
P
i
3
the leading ln n term than the one
i∈[m],∆i >0 8/∆ in the original analysis of UCB1.
The improvement is due to a tighter analysis, and is the reason that we obtained improved
regret over the regret obtained by Gai et al. (2012). Thus, the regret upper bound of our
CUCB algorithm when applying to the classical MAB problem is at the same level (up to
a constant factor) as UCB1, which is designed specifically for the MAB problem.

i∈[m],∆ >0

Rn 1
P
1
This is because nt=1 t ln
t ≤ m t ln t dt ≤ ln ln n when m > e.
Comparing to classical MAB. As we discussed earlier, the classical MAB is a special
instance of our CMAB framework in which each super arm is a simple arm, pi = 1 for all
i ∈ [m], function f (·) is the identity function, and α = β = 1. Notice that ∆imax = ∆imin .
Thus, by Theorem 1, the regret bound of the classical MAB is
 2

X
6 ln n
π
+
+
1
· m · ∆max ,
(43)
∆i
3
i

i∈[m],Ki >0

We
q can also further improve the constant factor from 2(1 + c) to 4 by setting µ̄i =
ln t
at the cost of a second order ln ln n term (Garivier and Cappé, 2011), with
µ̂i + 2 ln t+ln
2Ti
regret at most
!
Z ∆imax
X
2 · (2 ln n + ln ln n)
2 · (2 ln n + ln ln n)
i
·
∆
+
dx
+(1+2 ln ln n)·m·∆max .
min
(f −1 (x))2
(f −1 (∆imin ))2
∆imin

i∈[m],Ki >0

leading term.
a constant c > 1, or equivalentlyP
setting
p One way is setting y = (1+c)
P ln t withP
n
∞ 1
−c ≤ 2ζ(c), where ζ(c) =
µ̄i = µ̂i + (1 + c) ln t/(2Ti ), so that nt=1 e2t
−y = 2
t=1 t
t=1 tc
is the Riemann’s zeta function, and has a finite value when c > 1. Then the regret bound
is
!
Z ∆imax
X
2 · (1 + c) · ln n
2 · (1 + c) · ln n
i
·
∆
+
dx
+ (2 · ζ(c) + 1) · m · ∆max .
min
(f −1 (x))2
(f −1 (∆imin ))2
∆imin

sampled part given in Lemma 4, then we can following the similar derivation as shown from
Eq.(34) to Eq.(36) to derive the distribution-independent regret bound given in Theorem 2
for the case of p∗ = 1.
We now prove the case of p∗ < 1. The proof is essentially the same,
 but with a different

12·ln n
n
definition of `n (∆, p). For convenience, we relax `n (∆, p) = max (f −1
, 24·ln
to
p
(∆))2 ·p
 2/ω
ω/2
12γ
ln n
12·ln n
24·ln n
∗
.
+ p . In this case, we define ∆i (ni ) =
pi ni
(f −1 (∆))2 ·p

For Case (1): ∆imin > ∆∗i (ni ), following the same derivation as Eq.(37)—(38) except
that we use `n (·, pi ) instead of `n (·, 1) (Definition 9), we have
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Combinatorial Multi-Armed Bandit

Combinatorial Multi-Armed Bandit

12 · |E|2 · ln n
+
i
∆min

has as input a weighted bipartite graph G = (L, R, E) where each edge (u, v) has a probability p(u, v), and it needs to find a set S ⊆ L of size k that maximizes the expected number
of activated nodes in R, where a node v ∈ R can be activated by a node u ∈ S with an
independent probability of p(u, v). In the advertisement placement scenario, L is the set
of web pages, R is the set of users, and p(u, v) is the probability that user v clicks the
advertisement on page u. PMC problem is NP-hard, since when all edge probabilities are
1, it becomes the NP-hard Maximum Coverage problem.
Using submodular set function maximization technique (Nemhauser et al., 1978), it can
be easily shown that there exists a deterministic (1 − 1/e) approximation algorithm for the
PMC problem, which means that we have a (1 − 1/e, 1)-approximation oracle for PMC.
The PMC bandit problem is that edge probabilities are unknown, and one repeatedly
selects k targets in L in multiple rounds, observes all edge activations and adjusts target
selection accordingly in order to maximize the total number of activated nodes over all
rounds.
We can formulate this problem as an instance in the CMAB framework. Each edge
(u, v) ∈ E represents an arm, and each play of the arm is a 0-1 Bernoulli random variable
with parameter pu,v . A super arm is the set of edges ES incident to a set S ⊆ L of
size k. The reward of ES is the number of activated nodes in R, which is the number
of nodes in R that are incident to at least one edge in ES with outcome 1. Since all
arms are independent Bernoulli random variables, we know that the expected reward only
depends onPthe probabilities
on all edges. In particular we have that the expected reward
Q
rµ (ES ) = v∈R (1 − u∈L,(u,v)∈ES (1 − p(u, v))). Note that this expected reward function
is not linear in µ = {p(u, v)}(u,v)∈E . For all arm i ∈ E, we have pi = 1, that is, we do not
have probabilistically triggered arms. The monotonicity property is straightforward. The
bounded smoothness function is f (x) = |E| · x, i.e., increasing all probabilities of all arms
in a super arm by x can increase the expected number of activated nodes in V by at most
|E| · x. Since f (·) is a linear function, the integral in Eq.(2) has a closed form. In particular,
by Theorem 1, we know that the distribution-dependent (1 − 1/e, 1)-approximation regret
bound of our CUCB algorithm on PMC bandit is


π2
+ 1 · |E| · ∆max .
3
X

i∈E,Ki >0

Notice that all edges incident to a node u ∈ L are always played together. In other
words, these edges can share one counter. We call these arms (edges) as clustered arms.
It is possible to exploit this property to improve the coefficient of the ln n term, so that
the summation is not among all edges but only nodes in L. (See Section 4.1 and the
supplementary material of Chen et al. (2013) for the regret bound and analysis for the case
of clustered arms).
From Theorem 2, we also have the distribution-independent regret bound of


π2
+ 1 · |E| · ∆max .
3
p
24|E|3 n ln n +

Note that for the PMC bandit, ∆max is at most the number of vertices covered in R, and
thus ∆max ≤ |R|.
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4.2 Combinatorial Bandits With Linear Rewards


 2

2
2
12 · amax
·
L
·
ln
n
 + π + 1 · m · ∆max .
i
3
∆min

Gai et al. (2012) studied the Learning with Linear Reward policy (LLR). Their formulation
is close to ours except that their reward function must be linear. In their setting, there
are m underlying arms. There are a finite number of super arms, each of which consists of
a set of underlying arms SPtogether with a set of coefficients {wi,S | i ∈ S}. The reward
of playing super arm S is i∈S wi,S · Xi , where Xi is the random outcome of arm i. The
formulation can model a lot of bandit problems appeared in the literature, e.g., multiple
plays, shortest path, minimum spanning tree and maximum weighted matching.
Our framework contains such linear reward problems as special cases.4 In particular,
let L = maxS |S| and amax = maxi,S wi,S , and we have the bounded smoothness function
f (x) = amax · L · x. In this setting we have pi = 1 for all i ∈ [m]. By applying Theorem 1,
the regret bound is

X

i∈[m],Ki >0





π2
+ 1 · m · ∆max .
3

Our result significantly improves the coefficient of the leading ln n term comparing to Theorem 2 in the paper
in two aspects: (a) we remove a factor of L + 1; and
Pby Gai et al. (2012)
i
is likely to be much smaller than m · ∆max /(∆min )2
(b) the coefficient i∈[m],∆i >0 1/∆min
min
used by Gai et al. (2012). This demonstrates that while our framework covers a much larger
class of problems, we are still able to provide much tighter analysis than the one for linear
reward bandits. Moreover, applying Theorem 2 we can obtain distribution-independent
bound for combinatorial bandits with linear rewards, which is not provided by Gai et al.
(2012):

√
amax L 24mn ln n +

Note that, for the class of linear bandits, the reward is at most amax · L, and thus ∆max ≤
amax · L.
We remark that, in a latest paper,P
Kveton et al. (2015) show that the above regret
i ) for distribution-dependent regret and
bounds
can be improved to O(L log n i 1/∆min
√
O( Lmn √
log n) for distribution-independent regret, respectively, which are tight (up to a
factor of log n for the distribution-independent bound). The improvement is achieved
by a weaker and non-uniform sufficient sampling condition—in our analysis, we require all
relevant base arms of a super arm St played in round t to be sufficiently sampled to ensure
that St cannot be a bad super arm (Lemma 3), but Kveton et al. (2015) relax this and
show that it is enough to have sufficiently many base arms to be sampled sufficiently many
times, while the rest arms only need to satisfy some weaker sufficient sampling condition.
The intuition is that due to linear reward summation, as long as many base arms are
sufficiently sampled and the rest have a weaker sufficiently sampled condition, the sum of
the errors would be still small enough to guarantee that a good super arm is selected by the
oracle. However, it is unclear if this technique can be applied to non-linear reward functions

4. To include the linear reward case, we allow two super arms with the same set of underlying arms to have
different sets of coefficients. This is fine as long as the oracle could output super arms with appropriate
parameters.
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instead of the relaxed `n (∆, p) =

29

12|V |2 |E|2 ln n
∆2 ·p
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n
+ 24·ln
as in the proof of Theorem 2), we obtain the distribution-independent
p
s
 2

48|E|3 n ln n
π
|V |
+
+
1
· |E| · ∆max .
p∗
2

5. Conclusion

bound:

12|V |2 |E|2 ln n
∆2 ·p

With Theorem 2 (and further using `n (∆, p) =

In this paper, we propose the first general stochastic CMAB framework that accommodates
a large class of nonlinear reward functions among combinatorial and stochastic arms, and
it even accommodates probabilistically triggered arms such as what occurs in the viral
marketing application. We provide CUCB algorithm with tight analysis on its distributiondependent and distribution-independent regret bounds and applications to new practical
combinatorial bandit problems.

i∈E,Ki >0

Proof. For the social influence maximization bandit, the expectation vector µ is the vector
of all probabilities on all edges. For a seed set S ⊆ V , the corresponding super arm is
the set ES of edges incident to vertices in S. Without loss of generality, we assume that
for any edge i ∈ E, its probability µi > 0. Then for super arm ES , the set of base arms
that can be triggered by ES , denoted as ẼS , is exactly the set of edges reachable from
seed set S (an edge (u, v) reachable from a set S means its starting vertex u is reachable
from S). By Definition 1, to show bounded smoothness with bounded smoothness function
f (x) = |E||V |x, we need to show that for any two expectation vectors µ and µ0 and for any
Λ > 0, we have |rµ (ES ) − rµ0 (ES )| ≤ f (Λ) if maxi∈ẼS |µi − µ0i | ≤ Λ.
Since we know that monotonicity holds, it is sufficient to assume that for all i ∈ ẼS ,
µi = µ0i + Λ. This is because without loss of generality, we can assume rµ (ES ) ≥ rµ0 (ES ),
and if µi < µ0i + Λ we can increase µi and decrease µ0i such that µi = µ0i + Λ, and this only
increase the gap between rµ (ES ) and rµ0 (ES ). Thus, henceforth let us assume that i ∈ ẼS ,
µi = µ0i + Λ.
Starting from µ0 , we take one edge i1 in ẼS , and increase µ0i1 to µ0i1 + Λ = µi1 to
get a new vector µ(1) . Suppose the edge i1 is (u1 , v1 ). Comparing µ0 with µ(1) , the only

Lemma 6. The social influence maximization instance satisfies the bounded smoothness
property with bounded smoothness function f (x) = |E||V |x.

In social influence maximization with the independent cascade model (Kempe et al., 2003),
we are given a directed graph G = (V, E), where every edge (u, v) is associated with an
unknown influence probability pu,v . Initially, a seed set S ⊆ V are selected and activated.
In each iteration of the diffusion process, each node u activated in the previous iteration
has one chance of activating its inactive outgoing neighbor v independently with probability
pu,v . The reward of S after the diffusion process is the total number of activated nodes in
the end. Influence maximization is to find a seed set S of at most k nodes that maximize
the expected reward, also referred to as the influence spread of seed set S. Kempe et al.
(2003) show that the problem is NP-hard and provide an algorithm with approximation
ratio 1 − 1/e − ε with success probability (1 − 1/|E|) for any fixed ε > 0. This means that
we have a (1 − 1/e − ε, 1 − 1/|E|)-approximation oracle.
In the CMAB framework, we do not know the activation probabilities of edges and want
to learn them during repeated seed selections while maximizing overall reward. Each edge
in E is considered as a base arm, and a super arm in this setting is the set ES of edges
incident to the seed set S. Note that these edges will be deterministically triggered, but
other edges not in ES may also be triggered, and the reward is related to all the triggered
arms. Therefore, this is an instance where arms may be probabilistically triggered, and
thus pi < 1 for some i ∈ E.
It is straightforward to see that the expected reward function is still a function of
probabilities on all edges, and the monotonicity holds. However, bounded smoothness
property is nontrivial to argue, as we will show in the following lemma.

Remark. In Section 4.2 of the original CMAB paper (Chen et al., 2013), we made a
claim that social influence maximization bandit satisfies the bounded smoothness property
(with function f (x) = |E||V |x) that does not consider probabilistically triggered arms, that
is, it satisfies the property that for any two expectation vectors µ and µ0 and for any Λ > 0,
|rµ (ES ) − rµ0 (ES )| ≤ f (Λ) if maxi∈ES |µi − µ0i | ≤ Λ. This claim is incorrect. For example,
all edges in ES could have the same probability (and thus we could have Λ to be arbitrarily
small), but other edges reachable from ES have different probabilities, and thus the gap
between rµ (ES ) and rµ0 (ES ) will not be arbitrarily small and cannot be bounded by f (Λ)
for any continuous f tending to zero when Λ tends
 to zero.



2
2 ln n
12·ln n
n
n
With f (x) = |E||V |x, we have `n (∆, p) = max (f −1
, 24·ln
= max 12|V |∆|E|
, 24·ln
.
2 ·p
p
p
(∆))2 ·p
Since ∆ is at most ∆max in the regret bound and ∆max ≤ |V |, it is clear that we have
2
2 ln n
`n (∆, p) = 12|V |∆|E|
. Then applying Theorem 1, we know that the distribution-dependent
2 ·p
(1 − 1/e − ε, 1 − 1/|E|)-approximation regret bound of the CUCB algorithm on influence
maximization is:

X 24 · |V |2 |E|2 · ln n  π 2
+
+ 1 · |E| · ∆max .
i
2
∆min · pi

difference is that the probability on edge (u1 , v1 ) increases by Λ. For the influence spread
of seed set S, the above change increases the activation probability of v1 and every node
reachable from v1 by at most Λ. Thus the total increase of influence spread is at most
|V |Λ. Then we select the second edge i2 in ẼS and increases its probability by Λ. By the
same argument, the influence spread increases at most |V |Λ. Repeating the above process,
after selecting all edges in ẼS , we obtain probability vector µ(s) where s = |ẼS |, and the
increase in influence spread is at most s|V |Λ. Comparing vector µ(s) with µ, they are the
same on all edges in ẼS , and may only differ in the rest of edges. However, since the rest of
edges cannot be reachable from S, their difference will not affect the influence spread of S.
Therefore, we know that the difference between influence spread rµ (ES ) and rµ0 (ES ) is at
most s|V |Λ ≤ |E||V |Λ. This concludes that if we use function f (x) = |E||V |x, the bounded
smoothness property holds.

satisfying our bounded smoothness assumption, since the estimate error of each base arm
may not linearly affect the estimate error in the expected reward.

4.3 Application to Social Influence Maximization
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There are many possible future directions from this work. One may study the CMAB
problems with Markovian outcome distributions on arms, or the restless version of CMAB,
in which the states of arms continue to evolve even if they are not played. Another direction
is to investigate if some of the results in this paper are tight or can be further improved.
For example, for the nonlinear bounded smoothness function f (x) = γ · xω with ω < 1,
if our bound in Theorem 2 is tight or can be improved; and for the case of probabilistic
triggering, if the regret bound dependency on 1/pi is necessary. For the latter case, one
may also look into improvement specifically for the influence maximization application. For
nonlinear reward functions, currently we assume that the expected reward is a function of
the expectation vector of base arms. One may also look into the more general cases where
the expected reward depends not only on the expected outcomes of base arms.
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Peter Auer, Nicolò Cesa-Bianchi, and Paul Fischer. Finite-time analysis of the multiarmed
bandit problem. Machine Learning, 47(2-3):235–256, 2002a.

Robert Kleinberg, Aleksandrs Slivkins, and Eli Upfal. Multi-armed bandits in metric spaces.
In ACM Symposium on Theory of Computing (STOC), 2008.
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In the past few years, differential privacy has become a standard concept in the area of privacy. One of the most important problems in this field is to answer queries while preserving
differential privacy. In spite of extensive studies, most existing work on differentially private query answering assumes the data are discrete (i.e., in {0, 1}d ) and focuses on queries
induced by Boolean functions. In real applications however, continuous data are at least as
common as binary data. Thus, in this work we explore a less studied topic, namely, differential privately query answering for continuous data with continuous function. As a first step
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Statistical analysis and machine learning are often conducted on data sets containing sensitive information, such as medical records, commercial data, etc. The benefit of mining
from such data is tremendous. But when releasing sensitive data, one must take privacy
issue into consideration, and has to accept a tradeoff between the accuracy and the amount
of privacy loss of the individuals in the database.
In this paper, we consider differential privacy (Dwork et al., 2006), which has become
a standard concept in the area of privacy. Roughly speaking, a mechanism which releases
information about some database is said to preserve differential privacy, if the change of
a single database element does not affect the probability distribution of the output significantly. Differential privacy provides strong guarantees against attacks. It ensures that
the risk of information leakage for any individual who submits her information to the
database is very small, in the sense that an adversary can discover almost nothing new
from the database that contains one individual’s information compared with that from the
database without that individual’s information. Recently there have been extensive studies
of machine learning, statistical estimation, and data mining under the differential privacy
framework (Wasserman and Zhou, 2010; Chaudhuri et al., 2011; Lei, 2011; Kifer and Lin,
2010; Chaudhuri et al., 2012; Williams and McSherry, 2010; Jain et al., 2012; Chaudhuri
and Hsu, 2011).
Accurately answering statistical queries is a well studied problem in differential privacy.
A simple and efficient method is the Laplace mechanism (Dwork et al., 2006), which adds
Laplace noise to the true answers. Laplace mechanism is especially useful for queries with
low sensitivity, which is the maximal difference of the query values of two databases that
are different in only one item. A typical class of queries that has low sensitivity is linear
queries, whose sensitivity is O(1/n), where n is the size of the database.
The Laplace mechanism has a limitation. It can answer at most O(n2 ) queries. If the
number of queries is substantially larger than n2 , Laplace mechanism is not able to provide
differentially private answers with nontrivial accuracy. Considering that potentially there
are many users and each user may submit a set of queries, limiting the number of total

1. Introduction

towards the continuous case, we study a natural class of linear queries on continuous data
which we refer to as smooth queries. A linear query is said to be K-smooth if it is specified
by a function defined on [−1, 1]d whose partial derivatives up to order K are all bounded.
We develop two -differentially private mechanisms which are able to answer all smooth
queries. The first mechanism outputs a summary of the database and can then give answers
to the queries. The second mechanism is an improvement of the first one and it outputs a
K
synthetic database. The two mechanisms both achieve an accuracy of O(n− 2d+K /). Here
we assume that the dimension d is a constant. It turns out that even in this parameter
setting (which is almost trivial in the discrete case), using existing discrete mechanisms to
answer the smooth queries is difficult and requires more noise. Our mechanisms are based
on L∞ -approximation of (transformed) smooth functions by low-degree even trigonometric polynomials with uniformly bounded coefficients. We also develop practically efficient
variants of the mechanisms with promising experimental results.1
Keywords: differential privacy, smooth queries, synthetic dataset
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queries to be smaller than n2 is too restricted in some situations. A remarkable result due
to Blum, Ligett and Roth (Blum et al., 2008) (will be referred to as BLR in this paper) shows
that: information theoretically it is possible for a mechanism to answer far more than n2
linear queries while preserving differential privacy and nontrivial accuracy simultaneously.
There is a series of works (Dwork et al., 2009, 2010; Roth and Roughgarden, 2010; Hardt
and Rothblum, 2010) improving the result of (Blum et al., 2008). All these mechanisms
are very powerful in the sense that they can answer general and adversely chosen queries.
On the other hand, even the fastest algorithms for query answering (Hardt and Rothblum,
2010; Hardt et al., 2012a) run in time linear in the size of the data universe. Often the
size of the data universe is much larger than that of the database, so these mechanisms are
inefficient. Recently, Ullman (2013) shows that there is no polynomial time algorithm that
can answer n2+o(1) general linear queries while preserving privacy and accuracy (assuming
the existence of one-way function).
Recently, there are growing interests in studying differentially private mechanisms for
restricted classes of queries, in particular queries useful in applications. One class of queries
that attracts a lot of attentions are the k-way conjunctions. The data universe for this
problem is {0, 1}d . Thus each individual record has d binary attributes. A k-way conjunction query is specified by k features. The query asks what fraction of the individual records
in the database has all these k features being 1. A series of works attack this problem using
several different techniques (Barak et al., 2007; Gupta et al., 2011; Cheraghchi et al., 2012;
Hardt et al., 2012b; Thaler et al., 2012) . They proposed elegant mechanisms which run in
time poly(n) when k is a constant. Another class of queries that yields efficient mechanisms
is the class of sparse query. A query is m-sparse if it takes non-zero values on at most m
elements in the data universe. Blum and Roth (2013) developed mechanisms which are
efficient when m = poly(n).
The above differentially private mechanisms can also be categorized into two classes
according to the output of the algorithm. The first class of algorithms output answers
to the queries. The second class of algorithms output synthetic databases instead; the
answers of the queries can then be simply computed from the synthetic database. The
Laplace mechanism belongs to the first class. BLR and the offline version of the Private
Multiplicative Weight updating (PMW) mechanism (Hardt and Rothblum, 2010; Hardt
et al., 2012a) output synthetic database. From a practical point of view, the synthetic
dataset output is appealing. In fact, before the notion of differential privacy was proposed,
almost all practical techniques developed to preserve privacy against certain types of attacks
output a synthetic dataset by modifying the raw dataset (please see the survey Aggarwal
and Yu 2008 and the references therein).
Among the studies of differentially private query answering, most existing works focus
on binary data and queries induced by Boolean functions2 . In real applications however,
continuous data are at least as common as binary data; and one has to use continuous
functions in this scenario instead of Boolean functions. In this paper, we explore this
relatively less studied topic, i.e., differentially private query answering with continuous
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2. On the other hand, there are many results (e.g., Chaudhuri et al. 2011, Williams and McSherry 2010,
Jain et al. 2012, Chaudhuri and Hsu 2011) on differentially private learning that study continuous data
and continuous function.
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functions on continuous data. We assume that 1) the data universe is X = [−1, 1]d ; 2) a
linear query qf is induced by a continuous function f : X → R.

As will be clear soon, answering general linear queries in the continuous setting is considerably more difficult than that in the binary case. Therefore we will focus our analysis on
a restricted class of linear queries. The first question is: which subclass of linear queries is
commonly used in practice? Let D = {x1 , . . . , xn } (xi ∈ [−1, 1]d ) be a database
consisting
P
of continuous data. A linear query qf on D is defined as qf (D) := n1 x∈D f (x), where
f : [−1, 1]d → R is a continuous function. Thus, to find out a natural class of linear queries,
one only needs to find out a natural class of continuous functions.

The set of continuous functions considered in this paper is the set of smooth queries.
We say a function f : [−1, 1]d → R is K-smooth, if all the partial derivatives of f up to the
Kth order are bounded. We say a linear query qf is K-smooth if f is a K-smooth function.
We believe smooth function is one of the most natural and useful classes of continuous
functions; and therefore the set of smooth queries is a natural class of linear queries worth
studying. Our aim is to answer all smooth queries while preserving differential privacy
and accuracy. See also section 4.2 for an explanation of why answering all smooth queries
is useful for differentially private machine learning. As a first step towards differential
privacy for continuous query, we study in this work the case where the dimension d of the
data universe [−1, 1]d is a constant. It turns out that the smooth query problem is very
challenging even for d = O(1) which is almost trivial in the discrete case (see below).

We develop two mechanisms
for the smooth query. The two mechanisms both achieve


 K
1 2d+K
/ for all K-smooth queries. If the order of smoothness K is large
n
accuracy of O

compared to the dimension d, then the errors of the mechanisms are close to n−1 .

d+2+ 2d
K

To be more concrete, the former mechanism outputs a summary of the database. To obtain an answer of a smooth query, the user runs a public evaluation procedure which

 contains
d
no information of the database. Outputting the summary has running time O n1+ 2d+K ,

and the evaluation procedure for answering a query runs in time Õ(n 2d+K ). It can be
seen that if K is large compared to d, then the mechanism runs in almost linear time. For
3dK+5d
our second mechanism which outputs synthetic database, the running time is O(n 4d+2K ),
polynomial in the size of the database. Theoretically, the second mechanism is far less efficient as the first one. This is reasonable since outputting synthetic database is much harder
than outputting answers. We then develop practically efficient variants of this mechanism.
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As a comparison, we will consider how to apply existing mechanisms (e.g., PMW, BLR)
to solve the smooth query problem. As our goal is to answer all smooth queries while
preserving privacy and accuracy, and because there are infinitely many K-smooth functions,
one has to discretize the set of smooth functions before using any existing mechanism. It
is not clear how to efficiently discretize this set of queries. More importantly, we show that
even if one can discretize this query set in an optimal way, there is a lower bound for the
number of discretized queries of this set. The lower bound is exponential in 1/α, where α
is the desired error of the query answering mechanism; and as a result, the best existing
mechanism has significantly larger error than that of the algorithms proposed in this paper.
(See Section 3.2.1 and Proposition 18 in Section 4.1 for details.)

4
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Definition 1 ((, δ)-differential privacy) A randomized mechanism M whose output lies
in some range S is said to preserve (, δ)-differential privacy if for all measurable S ∈ S,

Let D be a database containing n data points in the data universe X . In this paper, we
consider the case that X ⊂ Rd where d is a constant. Typically, we assume that the data
universe X = [−1, 1]d . Two databases D and D0 are called neighbors if |D| = |D0 | = n and
they differ in exactly one data point. The following is the formal definition of differential
privacy.

2. Preliminaries

The mechanisms proposed in this paper are based on L∞ -approximation and is motivated by Thaler et al. (2012), which considers approximation of k-way conjunctions by
low degree polynomials. Our basic idea is to approximate the whole query class by linear
combination of a small set of basis functions. The main technical difficulty lies in that in
order that the approximation induces an efficient and differentially private mechanism, all
the linear coefficients of the basis functions must be small. To guarantee this, we first transform the query function. Then by using even trigonometric polynomials as basis functions
we prove a constant upper bound for the linear coefficients. It is worth pointing out that
to guarantee accuracy, we must consider L∞ -approximation. It is completely different from
L2 -approximation, which is simply Fourier analysis when using trigonometric polynomial
as basis. Another difficulty for the first mechanism is how to efficiently compute the linear
coefficients. It turns out that the smoothness of the functions allows us to use an efficient
numerical method to compute the coefficients to a precision so that the accuracy of the
mechanism is not affected significantly.
We also point out that the basis functions described above have some relation to conjunctions. In fact, conjunctions can also be viewed as smooth functions as they are multilinear
polynomials. Conjunctions form a small subset of smooth functions. Moreover, the set of
conjunctions is also a strict subset of the basis function used in our mechanism. If we restrict to conjunctions, our algorithm essentially reduces to Laplace mechanism (see Section
3.2.2 for details). But different to all existing works dealing with conjunctions, our aim here
is to answer all smooth queries while preserving privacy and accuracy.
Finally we conduct experiments on the efficient variant of the mechanism which outputs
synthetic database as it may be more useful in practice. Experimental results demonstrate
that the algorithm achieves good accuracy and are practically efficient on datasets of various
sizes and of a number of attributes.
This work is a small step towards an understanding of smooth queries. Our mechanisms
have obvious limitations: The performances decrease exponentially with respect to the data
dimension d. Thus the algorithms cannot handle the case in which d is a super constant.
The experimental results also demonstrate that our mechanisms work well mostly when d
is no more than a few hundred. Studying the general case d = ω(1) is our future work.
The rest of the paper is organized as follows. Section 2 gives the background and
all the definitions. In Section 3, we propose the query-answering mechanism. In Section
4, we give the mechanism which is able to output synthetic database. In Section 5, we
develop a practical variant of the second mechanism and conduct experiments to evaluate
its performance. Finally, we conclude in Section 6.

Differentially Private Data Releasing for Smooth Queries

If M preserves (, 0)-

x∈D

1 X
f (x).
|D|

|M(D, q) − q(D)| ≥ α) ≤ β,

sup

|Dk f (x)|.

6
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K , denoted as Q
The set of queries specified by CB
K , is our focus. Smooth functions have
CB
been studied in depth in machine learning (van der Vart and Wellner, 1996; Wahba et al.,

K
CB
:= {f : kf kK ≤ B}.

K which contains all smooth functions whose derivatives up to
We will study the set CB
order K have ∞-norm upper bounded by a constant B > 0. Formally,

|k|≤K x∈[−1,1]d

kf kK := sup

Let |k| := k1 + . . . + kd . Define the K-norm as

We will make use of the Laplace mechanism (Dwork et al., 2006) in our algorithm.
Laplace mechanism adds Laplace noise to the output. We denote by Lap(σ) the random
variable distributed according to the Laplace distribution with parameter σ, whose density
1
function is 2σ
exp(−|x|/σ).
Next, we formally define smooth queries, which is a special class of linear queries. Since
each linear query qf is specified by a function f , a set of queries QF can be specified by
a set of functions F . Remember that each f ∈ F maps [−1, 1]d to R. For any point
x = (x1 , . . . , xd ) ∈ [−1, 1]d , if k = (k1 , . . . , kd ) is a d-tuple of nonnegative integers, then we
define
∂ k1
∂ kd
Dk := D1k1 · · · Ddkd :=
··· k .
∂xk11
∂xdd

where M(D, q) is the answer to q given by M, and the probability is over the internal
randomness of the mechanism M.

P(∃q ∈ Q,

Definition 2 ((α, β)-accuracy) Let Q be a set of queries. A mechanism M is said to
have (α, β)-accuracy for size n databases with respect to Q, if for every database D with
|D| = n the following holds

Let Q be a set of queries. The accuracy of a mechanism with respect to Q is defined as
follows.

qf (D) :=

We consider linear queries. Each linear query qf is specified by a function f which maps
the data universe [−1, 1]d to R. qf is defined as

where the probability is taken over the randomness of the M.
differential privacy, we say M is -differentially private.

P(M(D) ∈ S) ≤ P(M(D0 ) ∈ S) · e + δ,

for all pairs of neighbor databases D, D0 , the following holds:

Wang et al.
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m
X

(ar cos rθ + br sin rθ) ,

1999; Smola et al., 1998; Wang, 2011). See Section 4.2 for examples of smooth functions
and its relation to differentially private machine learning.
In this work we will frequently use trigonometric polynomials. For the univariate case,
a function p(θ) is called a trigonometric polynomial of degree m if
p(θ) = a0 +
r=1

m
X

ar cos rθ.

ar cos(r1 θ1 ) . . . cos(rd θd ),

r=1

r=(r1 ,...,rd )

X

p(θ) = a0 +

where ar , br are constants. If p(θ) is an even function, we say that it is an even trigonometric
polynomial, and

For the multivariate case, if
p(θ1 , . . . , θd ) =

then p is said to be an even trigonometric polynomial (with respect to each variable), and
the degree of θi is maxi≤d {ri }.

3. The First Mechanism: Query Answering
In this section we propose our first mechanism which outputs answers to the queries. Our
second mechanism which is able to output synthetic database will be given in the next
section.
3.1 Mechanism and Main Results

x∈D

1 X
K
f (x) : f ∈ CB
},
n

The following theorem is our first main result. It says that if the query class is specified by
smooth functions, then there is an efficient mechanism for query answering which preserves
-differential privacy and good accuracy. The mechanism consists of two parts: One for
outputting a summary of the database, the other for answering a query. The two parts are
described in Algorithm 1 and Algorithm 2 respectively. The second part of the mechanism
contains no private information of the database.
Theorem 3 Let the query set be

B

QC K := {qf =

JMLR 17(51):1-42

where K ∈ N and B > 0 are constants. Let the data universe be [−1, 1]d , where d ∈ N is a
constant. Then the mechanism M given in Algorithm 1 and Algorithm 2 satisfies that for
any  > 0, the followings hold:
1) The mechanism is -differentially private.
7

d
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for all r = (r1 , . . . , rd ) ∈ Tt do
P
br ← n1 x∈D cos
 d(r
1 θ1 (x)) . . . cos (rd θd (x))
t
b̂r ← br + Lap n
end for
b̂ ← (b̂r )krk∞ ≤t−1 (b̂ is a td dimensional vector)
return: b̂

Algorithm 1 Outputting the summary
Notations: Ttd := {0, 1, . . . , t − 1}d , x := (x1 , · · · , xd ), θi (x) := arccos(xi ).
Parameters: Privacy parameters , δ > 0, Failure probability β > 0,
Smoothness order K ∈ N.
n
Input: Database D ∈ [−1, 1]d
Output: A td -dimensional vector as the summary b̂.
1
Set t = dn 2d+K e.
1:

2:

3:
4:
5:
6:
7:

1

Algorithm 2 Answering a query
K,
Input: A query qf , where f : [−1, 1]d → R and f ∈ CB
Summary b̂ returned by Algorithm 1
Output: Approximate answer to qf (D).

1: Set t = dn 2d+K e.
2: Let gf (θ) = f (cos(θ1 ), . . . , cos(θd )), θ = (θ1 , . . . , θd ) ∈ [−π, π]d .
3: Compute the a trigonometric polynomial approximation pt (θ) of gf (θ), where
P
pt (θ) = r=(r1 ,...,rd ),krk∞ ≤t−1 cr cos(r1 θ1 ) . . . cos(rd θd ). (see Section 3.3 for details)
c ← (cr )krk∞ ≤t−1 (c is a td dimensional vector)
return: c · b̂
4:

5:

3d+K



d
K
1
2d+K )
2) For any β ≥ 10·e− 5 (n
the mechanism is (α, β)-accurate, where α = O n− 2d+K / ,
and the hidden constant depends only on d, K and B.

d+2+ 2d
K
2d+K

· polylog(n)).

3) The running time for M to output the summary is O(n 2d+K ).

4) The running time for M to answer a query is O(n

1

The proof of Theorem 3 is essentially based on Theorem 4 given below. The detailed
proof of Theorem 3 is given in the Section 3.4.
To have a better idea of how the performances depend on the order of smoothness, let
us consider three cases. The first case is K = 1, i.e., the query functions only have the first
order derivatives. Another extreme case is K  d, and we assume d/K = 0  1. We also
consider a case in the middle by assuming K = 2d. Table 1 gives simplified upper bounds
for the error and running time in these cases. We have the following observations:
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1) The accuracy α improves dramatically from roughly O(n− 2d ) to nearly O(n−1 ) as K
1
increases. For K > 2d, the error is smaller than the sampling error O(n− 2 ).

8

K = 2d
= 0  1

O(n )
O(n−(1−20 ) )

− 12

O(n− 2d+1 )

1

Accuracy α

O(n )
O(n1+0 )

5
4

3

O(n 2 )

Running Time:
Outputting summary
1

Õ(n
)
3
Õ(n0 (1+ d ) )

3/4
1
+ d
4

Õ(n 2 + 4d+2 )

3

Running Time:
Answering a query

d

9
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If these conditions hold, then the mechanism just outputs noisy answers to the set of
queries specified by the basis functions as the summary. When answering a query, the mechanism computes the coefficients with which the linear combination of the basis functions
approximate the query function. The answer to the query is sidiscretizationmply the inner
product of the coefficients and the summary vector.
The following theorem contains the main technical results based on which Theorem 3
holds. It guarantees that by change of variables and using even trigonometric polynomials
as the basis functions, the class of smooth functions has all the three properties described
above.

3) The whole set of the linear coefficients can be computed efficiently.

2) All the linear coefficients are small.

1) There exists a small set of basis functions such that every query function can be well
approximated by a linear combination of them.

O(n 2d+K ). The summary is an O(n 2d+K )-dimensional vector. To answer a query specified
by a smooth function f , the mechanism computes a trigonometric polynomial approximation
of gf . The answer to the query qf is a linear combination of the summary by the coefficients
of the approximation trigonometric polynomial.
Our algorithm is an L∞ -approximation based mechanism, which is motivated by Thaler
et al. (2012). An approximation based mechanism relies on three conditions:

1

It also transforms the data universe from [−1, 1]d to [−π, π]d . Note that for each variable
θi , gf is an even function. To compute the summary, the mechanism just gives noisy
answers to queries specified by even trigonometric monomials cos(r1 θ1 ) . . . cos(rd θd ). For
each trigonometric monomial, the highest degree of any variable is max1≤i≤d ri ≤ t =

gf (θ1 , . . . , θd ) = f (cos θ1 , . . . , cos θd ).

Conceptually our mechanism is simple. First, by change of variables we have

3) The running time for answering a query reduces significantly from roughly O(n3/2 )
to nearly O(n0 ) as K getting large. When K = 2d, it is approximately n1/4 if d is
not too small.

2) The running time for outputting the summary does not change too much, because
reading through the database requires Ω(n) time.

Table 1: Performance vs. Order of Smoothness for Query Answering

d
K

K=1

Order of smoothness

Differentially Private Data Releasing for Smooth Queries

θi ∈ [−π, π].

 d/K !
1
≥Ω
.
α

B

B

log QαC K

10

 d/K !
1
≥Ω
.
α

B
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If we further define QαC K as the corresponding discretization of QC K with precision α, then

log

K
CB
(α)

K (α) be a subset of C K so that for every f, g ∈ C K (α),
Proposition 5 Let 0 < α < 1. Let CB
B
B
K (α)| is the packing number of C K . We have
kf − gk[−1,1]d ≥ α. In other words, |CB
B

As mentioned in Introduction, in order to apply existing mechanisms to smooth query problem, one has to conduct discretization, both to the data universe and the set of queries.
Here, we show that even if one can discretize this function set and even if the it is implemented in an optimal way, the discretized set is exponentially large, and all existing
mechanisms have accuracies significantly worse than that of our algorithm.

3.2.1 Performance of Existing Mechanisms for Smooth Queries

In this section, we show that our algorithm is more effective than methods based on discretization.

3.2 Discussions

Theorem 4 is proved in Section 3.3. Based on Theorem 4, the proof of Theorem 3
is mainly the argument for Laplace mechanism together with an optimization of the approximation error γ trading-off with the Laplace noise. (Please see Section 3.4 for more
details.)

2) All the linear coefficients cr1 ,...,rd can be uniformly upper bounded by a constant M
independent of t(γ) (i.e., M depends only on K, d, and B).


d+2
2d
3) The whole set of the linear coefficients can be computed in time O ( γ1 ) K + K 2 · polylog( γ1 ) .

1) kgf − pk∞ ≤ γ.

such that

Then, there is an even trigonometric polynomial p whose degree of each variable is t(γ) =
 1/K
1
:
γ
X
cr1 ,...,rd cos(r1 θ1 ) . . . cos(rd θd ),
p(θ1 , . . . , θd ) =
0≤r1 ,...,rd <t(γ)

gf (θ1 , . . . , θd ) = f (cos θ1 , . . . , cos θd ),

K defined on [−1, 1]d , let
Theorem 4 Let γ > 0. For every f ∈ CB

Wang et al.
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B

/), and the running time

Corollary 6 Suppose the query set QC K can be discretized in an optimal way. Then the
K
− 2(d+K)

1
λt,r



Jt,r (s)ds = 1.

Jt,r (s) =

−π

Rπ

sin(ts/2)
sin(s/2)

Definition 7 Define the generalized Jackson kernel as

where λt,r is determined by

Z

π
−π

Ht,r (s)

t
X

l=1

al cos ls.

,



K+1
X
K +1
(−1)l
g(x + ls)ds,
l

l=1

C
,
tK+1

(1)

(2)
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gk∞ ≤ M for some constant M for all 1 ≤ j ≤ d, then there is a

12

d
kg − It,K
(g)k∞ ≤

where C depends only on M , d and K.

j-th variable. If kDj
constant C such that

(K)

Theorem 8 Suppose that g is a d-variate function defined on [−π, π]d , and is even with
(K)
respect to each variable. Let Dj g be the Kth order partial derivative of g respect to the

where r = d K+3
2 e. It is not difficult to see that It,K maps g to a trigonometric polynomial
of degree at most t.
Next suppose that g is a d-variate function defined on [−π, π]d , and is even with respect
d
to each variable. Define an operator It,K
as sequential composition of It,K,1 , . . . , It,K,d ,
where It,K,j is the approximation operator given in (2) with respect to the jth variable of
d (g) is a trigonometric polynomial of d-variables and each variable has degree
g. Thus It,K
at most t.

It,K (g)(x) = −

Suppose that g is a univariate function defined on [−π, π] which satisfies that g(−π) =
g(π). Define the approximation operator It,K as

Ht,r (s) = a0 +

Jt,r (s) is an even trigonometric polynomial of degree r(t − 1). Let Ht,r (s) = Jt0 ,r (s),
where t0 = bt/rc + 1. Then Ht,r is an even trigonometric polynomial of degree at most t.
We write

2r

K ([−π, π]d ) for some constant B 0 depending only on B, K, d, and g is
Note that gf ∈ CB
0
f
even with respect to each variable. The key tool in trigonometric polynomial approximation
of smooth functions is the generalized Jackson kernel.

gf (θ1 , . . . , θd ) = f (cos θ1 , . . . , cos θd ).

approximation theory, please refer to the excellent book of DeVore and Lorentz (1993) and
to Temlyakov (1994) for multivariate approximation theory.
K ([−1, 1]d ):
Let gf be the function obtained from f ∈ CB

Kd

accuracy guarantee of the PMW mechanism is at best O(n
is O(n 2(K+d) ) per query.
K

Compare to the accuracy of our mechanism O(n− 2d+K /), our algorithm has significantly
better accuracy especially when K is relatively large.
3.2.2 Connection with Conjunctions
In a sense, the well studied query class conjunctions defined on {0, 1}d can be seen as
d
d
smooth functions, by simply extending the domain
QJ from {0, 1} to [−1, 1] and extrapolating
xij is multilinear and smooth.
xi1 ∧ . . . ∧ xiJ to xi1 · · · xiJ . Clearly f (x) := j=1
Note that for multilinear function f induced
QJ query, our mechanism will transform it
to gf (θ1 , . . . , θd ) := f (cos θ1 , . . . , cos θd ) = j=1
cos θij . Thus gf is simply a multilinear
trigonometric polynomial and is one of the basis functions used in our algorithm. Recall
that the mechanism adds Laplace noise to the basis functions. Therefore, if we focus only
on the conjunction queries, our algorithm simply reduces to Laplace mechanism.
3.3 L∞ -approximation of smooth functions: small and efficiently computable
coefficients
K the corresponding g
In this section we prove Theorem 4. That is, for every f ∈ CB
f
can be approximated by a low degree trigonometric polynomial in L∞ -norm. We also
require that the linear coefficients of the trigonometric polynomial are all small and can be
computed efficiently. These properties are crucial for the differentially private mechanism
to be accurate and efficient.
K by polynomial (and other basis
In fact, L∞ -approximation of smooth functions in CB
functions) is an important topic in approximation theory. It is well-known that for every
K there is a low degree polynomial with small approximation error. However, it is
f ∈ CB
not clear whether there is an upper bound for the linear coefficients that is sufficiently good
for our purpose. Instead we transform f to gf and use trigonometric polynomials as the
basis functions in the mechanism. Then we are able to give a constant upper bound for the
linear coefficients. We also need to compute the coefficients efficiently. But results from
approximation theory give the coefficients as complicated integrals. We adopt an algorithm
which fully exploits the smoothness of the function and thus can efficiently compute approximations of the coefficients to certain precision so that the errors involved do not affect
the accuracy of the differentially private mechanism too much.
Below, Section 3.3.1 describes the classical theory on trigonometric polynomial approximation of smooth functions. Section 3.3.2 shows that the coefficients have a small upper
bound and can be efficiently computed. Theorem 4 then follows from these results.

3.3.1 Trigonometric Polynomial Approximation with Generalized Jackson
Kernel
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This section mainly contains known results of trigonometric polynomial approximation,
stated in a way tailored to our problem. For a comprehensive description of univariate
11

0≤n1 ,...,nd ≤t

d (g ).
It,K
f

ml1 ,k1 ,...,ld ,kd =

i=1

i=1

!

 Z


d
d
Y
Y
K +1
li
cos
(−1)ki ali
θi gf (θ)dθ ,
ki
ki
[−π,π]d
(5)

(4)

13

0≤n1 ,...,nd ≤t
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d (g ) obtained
Lemma 11 Let ĉn1 ,...,nd be an approximation of the coefficient cn1 ,...,nd of It,K
f
by approximately computing the integral in (5) with a version of the sparse grids algorithm
(Gerstner and Griebel, 1998) (given in the section 3.3.4). Let
X
d
Iˆt,K
(gf )(θ1 , . . . , θd ) =
ĉn1 ,...,nd cos(n1 θ1 ) . . . cos(nd θd ).

For clarity, we postpone the proof in Section 3.3.3.
d (g ). Note that
Now we consider the computation of the coefficients cn1 ,...,nd of It,K
f
each coefficient involves d-dimensional integrations of smooth functions, so we have to nuK defined on [−1, 1]d ,
merically compute approximations of them. For function class CB
traditional numerical integration methods run in time O(( τ1 )d/K ) in order that the error is
less than τ . Here we adopt the sparse grids algorithm due to Gerstner and Griebel (1998)
which fully exploits the smoothness of the integrand. By choosing a particular quadrature
rule as the algorithm’s subroutine, we are able to prove that the running time of the sparse
grids is bounded by O(( τ1 )2/K ). The sparse grids algorithm, the theorem giving the bound
for the running time and its proof are all given in the follow section 3.3.4 and 3.3.5. Based
on these results, we establish the running time for computing the approximate coefficients
of the trigonometric polynomial, which is stated in the following Lemma.

|cn1 ,...,nd | ≤ M.

Lemma 10 There exists a constant M which depends only on K, B, d but independent of
d
K , all the linear coefficients c
t, such that for every f ∈ CB
n1 ,...,nd of It,K (gf ) satisfy

d (g ) can be uniformly
The following lemma shows that the coefficients cn1 ,...,nd of It,K
f
upper bounded by a constant independent of t.

and ali is the linear coefficient of cos(li s) in Ht,r (s) as given in (1).

where

1≤k1 ,...,kd ≤K+1
0≤l1 ,...,ld ≤t
li =ki ·ni ∀i∈[d]

d (g ) can be written as
Fact 9 The coefficients cn1 ,...,nd of It,K
f
X
d
ml1 ,k1 ,...,ld ,kd ,
cn1 ,...,nd = (−1)

In this subsection we study the linear coefficients in the trigonometric polynomial
d (g ) for a small t.
The previous subsection established that gf can be approximated by It,K
f
Here we consider the upper bound and approximate computation of the coefficients. Since
d (g )(θ , . . . , θ ) is even with respect to each variable, we write
It,K
1
f
d
X
d
(3)
cn1 ,...,nd cos(n1 θ1 ) . . . cos(nd θd ).
It,K (gf )(θ1 , . . . , θd ) =

3.3.2 The Linear Coefficients

Differentially Private Data Releasing for Smooth Queries

m,K

l=0

t
X

al cos ls.

|al | ≤ 1/π.

Ht,r (s) =

(6)

ml1 ,k1 ,...,ld ,kd

i=1

14

i=1
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!

 Z


d
d
Y
Y
li
K +1
ki
=
(−1) ali
cos
θi gf (θ)dθ .
ki
ki
[−π,π]d

Proof of Lemma 10
We first bound ml1 ,k1 ,...,ld ,kd . Recall that (see also (5) in Fact 9)

This completes the proof.

−π

where in the last equation we use the identity
Z π
Ht,r (s)ds = 1.

Proof For any l ∈ {0, 1, . . . , t}, multiplying cos ls on both sides of (6) and integrating from
−π to π, we obtain that for some ξ ∈ [−π, π],
Z
Z
1 π
cos lξ π
cos lξ
al =
Ht,r (s) cos lsds =
Ht,r (s)ds =
.
π −π
π
π
−π

Then for all l = 0, 1, . . . , t

Lemma 12 Let

We first give a simple lemma.

3.3.3 Proof of Lemma 10

11, and note that the coefficients ĉn1 ,...,nd are upper bounded by a constant, the theorem
follows.

γ

The proof of Lemma 11 is given in the Section 3.3.5. Theorem 4 then follows easily from
Lemma 10 and Lemma 11.
Proof of Theorem 4  
1/K
Setting t = t(γ) = 1
. Let p = Iˆd (gf ). Combining Lemma 10 and Lemma

it 
suffices that the computation
of all the coefficients ĉn1 ,...,nd runs in time

2
O t(1+ K )d+2 · polylog(t) . In addition, maxn1 ,...,nd |ĉn1 ,...,nd − cn1 ,...,nd | = o(1) as t → ∞.


d
d
kIˆt,K
(gf ) − It,K
(gf )k∞ ≤ O t−K ,

K , in order that
Then for every f ∈ CB
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X
ml1 ,k1 ,...,ld ,kd .

It is not difficult to see that |ml1 ,k1 ,...,ld ,kd | can be upper bounded by a constant depending
only on d, K and B, but independent of t. This is because that the previous lemma shows
|ali | ≤ π1 and gf is upper bounded by a constant.
Now consider cn1 ,...,nd . Recall that
cn1 ,...,nd = (−1)d
1≤k1 ,...,kd ≤K+1
0≤l1 ,...,ld ≤t
li =ki ·ni ∀i∈[d]

We need to show that all |cn1 ,...,nd | are upper bounded by a constant independent of t.
Note that although each li takes t + 1 values, li and ki must satisfy the constraint li /ki = ni .
Since ki can take at most K + 1 values, the number of ml1 ,k1 ,...,ld ,kd appeared in the summation is at most (K + 1)d . Therefore all cn1 ,...,nd are bounded by a constant depending
only on d, K and B, and is independent of t.

3.3.4 The Sparse Grids Algorithm

X

X

m(k1 )

···

X

jd =1

m(kd )

uk,j f (xk,j ).

(7)

In this section we briefly describe the sparse grids numerical integration algorithm due to
Gerstner and Griebel. (Please refer to Gerstner and Griebel 1998 for a complete introduction.) We also specify a subroutine used by this algorithm, which is important for proving
the running time.
Numerical integration algorithms dicretize the space and use weighted sum to approximate the integration. Traditional methods for the multidimensional case usually discretize
each dimension to the same precision level. In contrast, the sparse grids methods, first
proposed by Smolyak (1963), discretize each dimension to carefully chosen and possibly
different precision levels, and finally combine many such discretization results. When the
K , one
integrand has bounded mixed derivatives, as in our case that the integrand is in CB
can use very few grids in most dimension and still achieve high accuracy.
The sparse grids method is based on one dimensional quadrature (i.e., numerical integration). There are many candidates for one dimensional quadrature. In order to prove
an upper bound for the running time, we choose the Clenshaw-Curtis rule (Clenshaw and
Curtis, 1960) as the subroutine. This also makes the analysis simpler.
Let h : [−1, 1]d → R be the integrand. Let SG(h) be the output of the sparse grids
algorithm. Let l be the level parameter of the algorithm.
Let k = (k1 , . . . , kd ) and j = (j1 , . . . , jd ) be d-tuples of positive integers. Then SG(h) is
given as a combination of weighted sum:
SG(h) :=

|k|≤l+d−1 j1 =1
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Below we describe m(ki ), xk,j and uk,j respectively.
1) For any k ∈ N, m(k) := 2k .
2) For each k = (k1 , . . . , kd ) and j = (j1 , . . . , jd ), define xk,j := (xk1 ,j1 , . . . , xkd ,jd ), and
xki ,ji is the ji th zero of the Chebyshev polynomial with degree m(ki ). Denote by Tm(ki ) the
15
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(2ji − 1)π
2m(ki )

Chebyshev polynomial. Its zeros are given by the following formula.


,
ji = 1, 2, . . . , m(ki ).
xki ,ji = cos

r=1

1
,
(m(k) + 1)(m(k) − 1)




m(k)/2
X
2π(j
− 1)r 
2 
1
0
cos
1+2
,
m(k)
1 − 4r2
m(k)

for 2 ≤ j ≤ m(k),

(8)

(9)

3) Now we define the weights uk,j . First let wk,j be the weight of xk,j in the onedimensional Clenshaw-Curtis quadrature rule given by

=

wk,1 =
wk,j

P
where 0 means that the last term of the summation is halved.
Next, for any fixed k and j, define
(
wk,j
if q = 1,
w(k+q−1),r − w(k+q−2),s if q > 1, and r, s with xk,j = x(k+q−1),r = x(k+q−2),s ,
v(k+q),j =

|k+q|≤l+2d−1

X

v(k1 +q1 ),j1 . . . v(kd +qd ),jd ,

where xk,j is the zero of Chebyshev polynomial defined above.
Finally, the weight uk,j is given by
uk,j =

where k = (k1 , . . . , kd ) and q = (q1 , · · · , qd ). This completes the description of the sparse
grids algorithm.
3.3.5 Proof of Lemma 11

We first give the result that characterizes the running time of the Gerstner-Griebel sparse
grids algorithm in order to achieve a given accuracy.



1
τ

K

2

h(θ)dθ − SG(h) ≤ τ,


2d
(log τ1 )3d+ K +1 .

[π,π]d

Z

K ([−π, π]d ) for some constants K and B. Let SG(h) be the numeriLemma 13 Let h ∈ CB
cal integration of h using the sparse grids algorithm described in the previous section. Given
any desired accuracy parameter τ > 0, the algorithm achieves

with running time at most O
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Proof
Let L = 2l+1 − 2, where l is the level parameter of the sparse grids algorithm. l and L
will be determined by the desired accuracy τ later. In fact, L is the maximum number of

16

(10)

(11)

σ(m) = t ln t + (2c − 1)t + O(t1/2 ),

λt,r = 2π

k=0

X

[r−r/t]

(−1)k

17

 

2r r(t + 1) − tk − 1
.
k
r(t − 1) − tk

Then the following identity of the normalizing constant λt,r holds

−π

JMLR 17(51):1-42

(12)

be the generalized Jackson kernel as given in Definition 4.1, and the normalizing constant
λt,r is determined by
Z π
Jt,r (s)ds = 1.

Lemma 15 (Vyazovskaya and Pupashenko 2006) Let


1
sin(ts/2) 2r
Jt,r =
,
λt,r sin(s/2)

To analyze the running time, we also need a result about the normalizing constant of
the generalized Jackson kernel (Vyazovskaya and Pupashenko, 2006).

where c is Euler’s constant.

m=1

t
X

Lemma 14 Let m be a positive integer, let σ(m) denotes the number of divisors of m, then
for large t

Next we turn to prove Lemma 11. First, we need the following famous result.

Next, let us consider the computational cost per grid point. Since we assume that h(x)
can be computed in unit time, and the zeros of Chebyshev polynomials can be computed
according to (8), then computing the weights uk,j dominates the running time. Fix k ∈ N,
consider wk,j , 1 ≤ j ≤ m(k). From (9), it is not difficult to see that the set of wk,j
can be computed by Fast Fourier Transform (FFT). Therefore the computation cost is
O(m(k) log m(k)). Some calculations yield that for a fixed k, j, the computational cost for
uk,j is O(dL log L). Combining this with (10) and (11) the lemma follows.

τ = O(L−K (log L)(K+1)(d−1) ).

In Gerstner and Griebel (1998), it is shown that the approximation error τ can be
bounded by the maximal number of grid points per dimension as follows.

= O(L(log2 L)d−1 ).

= O(ld−1 L)

n1 ,...,nd



n1 ,...,nd

∞

≤ O(td τ ).

(14)

(13)

as t → ∞.

(15)

18
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where Ht,r (s) = Jt0 ,r (s) and Jt0 ,r is the generalized Jackson kernel given in Definition 4.1.
First we need to compute the value of the linear coefficient al of Ht,r . By Lemma 15, one
can compute the linear coefficients al by solving a system of t + 1 linear equations. That is,
we choose arbitrary t + 1 points in [−π, π] and solve (16), since we can compute the value
of Ht,r (s) directly based on the value of λt,r . Clearly, the running time is O(t3 ).
Having ali , let us consider the computational cost for calculating ĉn1 ,...,nd . According to
Lemma 13, the running time for the sparse grids algorithm to compute one integration is


 2(K+d)

2d
1 2
O ( ) K (log(1/τ ))3d+ K +1 = O t K polylog(t) .
τ

Now let us consider the computation cost. Recall that the kernel Ht,r is an even trigonometric of degree at most t:
t
X
Ht,r (s) = a0 +
al cos ls,
(16)
l=1

max |ĉn1 ,...,nd − cn1 ,...,nd | = o(1),
n1 ,...,nd

It is also clear that

τ = t−(K+d) .

Since in the statement of the lemma the desired approximation error is O(t−K ), we have

d
d
It,K
(g) − Iˆt,K
(g)

for some constant M independent of t.
Similarly, we have

n1 ,...,nd

sup |cn1 ,...,nd − ĉn1 ,...,nd | ≤ M · τ,

li /ki =ni i=1



d
X Y
K +1
(−1)ki
ali · τ.
ki

i=1

!



d
Y
li
li
θi g(θ)dθ − SG
cos
θi g(θ) ≤ τ.
ki
ki

sup |cn1 ,...,nd − ĉn1 ,...,nd | ≤ sup

cos

By Lemma 12, |ali | ≤ π1 . We obtain that

Then

d
Y

[−π,π]d i=1

Z

Now we are ready to prove Lemma 11.
Proof of Lemma 11
Assume that the error induced by the sparse grids algorithm is at most τ per integration.
That is, for every k = (k1 , . . . , kd ), l = (l1 , . . . , ld )

grid points of one dimension. By (7) it is easy to see that the total number of grid points,
denoted by Nld , is given by
X
m(k1 ) · · · m(kd )
Nld =

|k|≤l+d−1
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Since we only need to compute the integration when li |ki for all i ∈ [d], by Lemma 14
the number of integrations to compute is at most


(K + 1 + σ(1) + . . . + σ(t))d = O (t log t)d .

2
)d + 2 ≥ 3,
K



2
Thus the total time cost for all numerical integration is O t(1+ K )d+2 polylog(t) . Since

(1 +
the computation time for obtaining the coefficients al in Ht,r is dominated by the running
time of the sparse grids algorithm. It is also easy to see that all other computation costs
are dominated by that of the numerical integration. The lemma follows.

3.4 Proof of Theorem 3

d

Here we provide the full proof of our first main theorem (Theorem 3).
Proof of Theorem 3
We prove the four results separately.
3.4.1 Differential Privacy
The summary is a td -dimensional vector with sensitivity tn . By the standard argument for
td
Laplace mechanism, adding td i.i.d. Laplace noise Lap( n
) preserves -differential privacy.
3.4.2 Accuracy

 1/K
1
γ

1

= n 2d+K ,

The error of the answer to each query consists of two parts: the approximation error and
K
the noise error. Setting the approximation error γ in Theorem 4 as γ = n− 2d+K . Then the
degree of each variable in g(θ) is
t(γ) =

which is the same as t given in Algorithm 1. Now consider the error induced by the Laplace
noise. The noise error is simply the inner product of the td linear coefficients cl1 ,...,ld and td
td
i.i.d. Lap( n
). Since the coefficients are uniformly bounded by a constant, the noise error
is bounded by the sum of td independent and exponentially distributed random variables
td
(i.e., |Lap( n
)|). The following lemma gives it an upper bound.

i=1

N

Xi ≥ 2N σ) ≤ 10 · e− 5 .
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Lemma 16 Let X1 , . . . , XN be i.i.d. random variables with p.d.f. P(Xi = x) = σ1 e−x/σ for
x ≥ 0. Then
N
X
P(
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Proof Let Y =
for ∀u > 0

Thus

i=1 Xi .

PN
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≤

n=1

N −1
Y
N −1
n
(1 −
) ≤ e− 4 .
2N

n=0

N −1
X
1
(2N )n .
n!

n=0

N −1
X
1  u n
.
n! σ

It is well-known that Y satisfies the gamma distribution, and

u

P(Y ≥ u) ≤ e− σ

1
N
N ! (2N )
1
2N
(2N )! (2N )

P(Y ≥ 2N σ) ≤ e−2N

≤



N −1
N
P(Y ≥ 2N σ) ≤ e−2N e2N N e− 4
≤ 10 · e− 5 .

1
n
n! (2N )
e2N

Note that for n < N

Thus

Part 2) of Theorem 3 then follows from Lemma 16.

3.4.3 Running Time for Outputing Summary

This is straightforward since the summary is a td -dimensional vector and for each item the
running time is O(n).

3.4.4 Running Time for Answering a Query

d

According to our setting of t, it is easy to check that the error induced by Laplace noise
and that of approximation have the same order. Then by the third part of Theorem 4
we have
the running time for computing the coefficients of the trigonometric polynomial
 d+2+
2d
K
is O n 2d+K · polylog(n) . The result follows since computing the inner product has

running time O(n 2d+K ), which is much less than computing the coefficients.

4. An Improved Mechanism: Output Synthetic Database
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Although the mechanism given in the previous section achieves good accuracy for smooth
queries and is efficient, it has a disadvantage: The mechanism can only output answers to
given queries, and therefore is not convenient for most machine learning tasks which involve
optimizations.
In this section we propose an improved mechanism. The mechanism has the advantage
that it is able to output a synthetic database. From a practical point of view this is
very appealing, because users can simply use this differentially private database to learn
whatever they want. Of course, utility will be guaranteed only for restricted types of tasks

20

x∈D

1

2d+K
c · e−n

21
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Here we view the trigonometric polynomial functions as a set of basis queries. As in Algorithm 1, we compute the answers to the basis queries and add Laplace noise. So far, if we

gf (θ1 , . . . , θd ) = f (cos θ1 , . . . , cos θd ).

The proof of Theorem 17 is given in the Section 4.3. Note that the accuracy of this new
mechanism is of the same order as that of our first mechanism.
In Table 2, we illustrate the results with typical parameters as we did in the previous
section. From Table 2 we can see, as before, the same accuracy improvement as K/d
increases. On the other hand, the running time of the mechanism increases if one wants
better accuracy for highly smooth queries. Finally, the size of the output synthetic database
also increases in order to have better accuracy: roughly, O(n−1 ) accuracy requires an O(n2 )size synthetic database.
Now we explain the mechanism in detail. Part of Algorithm 3 is the same as Algorithm 1.
In particular, Algorithm 3 still employs L∞ approximation with trigonometric polynomials
as basis for transformed smooth functions

4) The size of the output synthetic database is O(n1+ 2d+K ).

K+1

3) The running time of the mechanism is O(n
). (This is dominated by solving
the linear programming problem in step 20 of the algorithm.)

3dK+5d
4d+2K

2) There is an absolute constant c such that for every β ≥
the mechanism is
K
(α, β)-accurate, where α = O(n− 2d+K /), and the hidden constant depends only on
d, K and B.

1) The mechanism preserves -differential privacy.

where K ∈ N and B > 0 are constants. Let the data universe be [−1, 1]d , where d is a
constant. Then the mechanism described in Algorithm 3 satisfies that for any  > 0, the
followings hold:

B

QC K

1 X
K
:= {qf (D) =
f (x) : f ∈ CB
},
n

Theorem 17 Let the query set be

The following theorem is our second main result. It says that if the query class is specified by
smooth functions, then there is a polynomial time mechanism which preserves -differential
privacy and achieves good accuracy. The output of the mechanism is a synthetic dataset.
A formal description of the mechanism is given in Algorithm 3.
1

K

d+K

b̂r ← arg minl∈L |b̂r − l|
end for
for all k = (k1 , . . . , kd ) ∈ TNd do
for all r = (r1 , . . . , rd ) ∈ Ttd do
Wrk ← cos (r1 arccos(ak1 )) . . . cos (rd arccos(akd ))
Wrk ← arg minl∈L |Wrk − l|
end for
end for
b̂ ← (b̂r )krk∞ ≤t−1 (b̂ is a td dimensional vector)
W ← (Wrk )krk∞ ≤t−1,kkk∞ ≤N −1 (a td × N d matrix)
Solve the following LP problem:
minu kWu − b̂k1 , subject to u  0, kuk1 = 1.
Obtain the optimal solution u∗ .
repeat
Sample y according to distribution u∗
Add y to D̃
until |D̃| = m
return: D̃

K+1

Set t = dn 2d+K e, N = dn 2d+K e, m = dn1+ 2d+K e, L = dn 2d+K e.
Initialize: D ← ∅, D̃ ← ∅, u ← 0N d
for all x = (x1 , . . . , xd ) ∈ D do
xi ← arg mina∈A |xi − a|, i = 1, . . . , d
Add x = (x1 , . . . , xd ) to D
end for
d
for all r =
P(r1 , . . . , rd ) ∈ Tt do
br ← n1 x∈D cos (r1 θ1 (x)) . . . cos (rd θd (x))
 d
t
b̂r ← br + Lap n

22
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ignore the discretization steps (step 3-6), Algorithm 3 is essentially the same as Algorithm
1.
Recall that the next step in our first mechanism is that, for any given smooth query
function, we compute the linear coefficients with which the combination of the trigonometric
polynomial basis functions is a good approximation of it. The key idea (and the main
advantage) of Algorithm 3 is that we do not even need to know the linear coefficients. We
merely need to know that there exist such coefficients which leads to a good approximation
of the smooth function. Now, the goal of the algorithm is to generate a synthetic dataset
so that if we evaluate all the basis queries on this synthetic database, all the answers will
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Algorithm 3 Private Synthetic DB for Smooth Queries
Notations: Ttd := {0, 1, . . . , t − 1}d , x := (x1 , · · · , xd ), θi (x) := arccos(xi ),
ak := 2k+1−N
, A := {ak |k = 0, 1, . . . , N −1}, L := { Li |i = −L, −L+1, . . . , L−1, L}.
N
Parameters: Privacy parameters , δ > 0, Failure probability β > 0,
Smoothness order K ∈ N.
n
Input: Database D ∈ [−1, 1]d
m
Output: Synthetic database D̃ ∈ [−1, 1]d

as described below. Also, the price for outputting synthetic database is that theoretically
this mechanism is less efficient than the previous one, although it runs in polynomial time.
Please see Section 5.2 for practically efficient variations.

4.1 The Mechanism and Theoretical Results

Wang et al.
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Running time
O(n1+ 2d+1 )
3
1
O(n 2 + 4d )
0
O(n2− 2 )

Size of synthetic DB

Differentially Private Data Releasing for Smooth Queries

Accuracy α
O(n2 )
3
5
O(n 4 d+ 8 )
0
3
O(nd( 2 − 2 ) )

2

Order of smoothness
O(n− 2d+1 )
1
O(n− 2 )
O(n−(1−20 ) )

1

K=1
K = 2d
= 0  1

d
K

Table 2: Performance vs. Order of Smoothness for Outputing Synthetic Database

be close to the noisy answers obtained from the original dataset. The key observation is
that if we have such a synthetic dataset, then the evaluation of any smooth query on this
synthetic dataset is an answer both differentially private and accurate. To generate such
a dataset, we first learn a probability distribution over [−1, 1]d so that the answers of the
basis queries with respect to this distribution are close to the noisy answers. Observe that
such a distribution must exist, because the uniform distribution over the original dataset
satisfies this requirement. However, learning a continuous distribution is computationally
intractable. So we discretize the domain (as well as the original data (step 4)) and consider
distributions over the discretized data universe. Because the queries are smooth, the error
involved by discretization can be controlled. Learning the distribution can be formulated
as a linear programming problem (step 20). Note that in the LP problem we minimize l1
error instead of l∞ error because it results in slightly better accuracy. Finally, we randomly
draw sufficiently large number of data from this probability distribution, and these data
form the output synthetic database.
The running time of the mechanism is dominated by the linear programming step. It is
known that the worst-case time complexity of the interior point method is upper bounded
in terms of the number of variables, number of constraints, and the number of bits to encode
the problem. It is easy to see that there are only poly(n) variables and constraints. To
control the number of bits, we round each number in the linear programming problem at a
certain precision level (step 10 and 15). Because all the numbers after rounding are bounded
uniformly by a constant, the total number of bits to encode the problem is not too large.
We can also analyze the performance of BLR for the smooth query problem and compare
to our mechanism proposed in this section as both of them output synthetic database. The
analysis is almost identical to that for PMW in Section 3.2.1. Even if one can discretize the
query set QC K in an optimal way, the error of BLR is still considerably larger than that of
B
our algorithm, as described in the following Proposition.
Proposition 18 Suppose the query set QC K in an optimal way. The accuracy guarantee
B


K
of the BLR is at best O n− d+3K ; and the running time is super-exponential in n.
4.2 Examples of Smooth Queries and Application to Learning
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Almost all widely used continuous functions are smooth up to a certain order. Here we list
some simple examples. The smoothness of these functions are either obvious or are well
known. (See Section 4.4 for proofs.)
1) Linear functions: f (x) = wT x is infinitely smooth if kwk is bounded.
23
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2

2

0k
2) Gaussian kernel functions: f (x) = exp( kx−x
) (for some x0 ∈ Rd ) is in C1σ , i.e., its
2σ 2
derivatives up to order σ 2 is bounded by 1.
3) Logistic function: f (x) = 1+e1−x/σ (for σ > 2) is K-smooth for any K such that
maxk≤K Bk ≤ 1, where Bk is the kth Bernoulli number.
We also point out that many loss functions used in machine learning, composed with
smooth functions, are still smooth. Here we just give one example. Suppose the data record
in the database are of the form (x, y). Then the square loss for a smooth regression function
f defined as
l(f ; x, y) = (y − f (x))2 ,

is smooth.
Now let us discuss applications of our mechanisms to differentially private machine
learning. Suppose people want to learn a regression function using the database, where for
each data record the first d − 1 features are independent variables and the dth feature is the
dependent variable. In fact, there are excellent algorithms that can do this and guarantee
differential privacy. However, consider the following setting: There are many users each
wants to learn a regressor and each uses a different type of smooth functions (e.g., linear,
polynomial, Ridge, kernel, etc.). Suppose there are totally M users. If we want to guarantee
-differential privacy, we have to require each learner achieve /M -differential privacy; or
equivalently an M -times accuracy decrease in accuracy. As the major goal of differential
privacy is to safely release the data and allows everyone to use it, the number of learners M
can be very large. Thus a differentially private regression algorithm is not sufficient for this
aim. Recently, Ullman (2015) applied PMW to answering multiple convex optimization
problems. Using their method, the accuracy decreases only log M -times for M learning
problems. However, their algorithm only works for convex loss of linear learning models,
while ours work for all smooth functions.
On the other hand, our mechanism can achieve this goal easily: just run the mechanism
and output the synthetic database. It is clear that the mechanism guarantees -differential
privacy no matter how many learners use it. The mechanism also guarantees accuracy to
all learners who use smooth regression functions and the least square criterion, because
the accuracy provided by our mechanism hold for all smooth functions simultaneously.
Therefore, there is no accuracy decrease or privacy loss increase as the number of users
grow.
4.3 Proof of Theorem 17

In this section we prove Theorem 17.
Proof of Theorem 17
We first define some notations repeatedly used in this proof.Let the input database be
D = {x(1) , x(2) , · · · , x(n) }. Let the discretized dataset be (please see step 5 in Algorithm 3)
D = {x(1) , x(2) , · · · , x(n) }. Also let the output synthetic dataset be D̃ = {y(1) , y(2) , · · · , y(m) }.
Let
b = (br )krk∞ ≤t−1 .
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be a td dimensional vector, where br is defined in step 8 of the Algorithm 3. Similarly, Let

b̂ = (b̂r )krk∞ ≤t−1

24

W = (Wrk )krk∞ ≤t−1,kkk∞ ≤N −1 ,

b̃r =

y∈D̃

1 X
cos (r1 θ1 (y)) . . . cos (rd θd (y)) .
m

=

r=(r1 ,...,rd ),krk∞ ≤t−1

kc∗ k∞ ≤ M

kgf − hM,t
f k∞ ≤ O(

(c∗r )krk∞ ≤t−1 )
t

)
K+1

1
(19)

(18)

(17)

≤

y∈D̃

x∈D

1 X
1 X
f (y) −
f (x)
m
n

y∈D̃

y∈D̃

x∈D

x∈D

x∈D

25

x∈D

x∈D

1 X M,t
1 X
1 X
1 X
+
hf (θ(x)) −
f (x) +
f (x) −
f (x) .
n
n
n
n

y∈D̃

(20)
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1 X
1 X M,t
1 X M,t
1 X M,t
f (y) −
hf (θ(y)) +
hf (θ(y)) −
hf (θ(x))
m
m
m
n

qf (D̃) − qf (D) =

Where constant M only dependents on K, d, B.
Recall that θ(x) := (arccos x1 , . . . , arccos xd ). Now we are ready to decompose the error
of the mechanism into several terms:

satisfy: (Denote

c∗

By Theorem 4, we know, there’s an even trignometric polynomial:
X
c∗r cos(r1 θ1 ) . . . cos(rd θd )
hM,t
f (θ) :=

gf (θ) := f (cos θ1 , . . . , cos θd ).

K , where x ∈ [−1, 1]d , let
Let θ = (θ1 , . . . , θd ). For any f (x) ∈ CB

4.3.2 Accuracy

That the mechanism preserves -differential privacy is straightforward. Note that the output
synthetic database D̃ contains no private information other than that obtained from b̂. So
we only need to show that b̂ is differentially private. But this is immediate from the privacy
of Laplace mechanism.

4.3.1 Differential Privacy

(Recall that θi (y) = arccos(yi ). Please see also the Notations in Algorithm 3.)
Now we prove the four results in the theorem one by one.

where

b̃ = (b̃r )krk∞ ≤t−1 ,

where b̂r and Wrk are defined as in step 9 and 14 of the algorithm respectively. Let ∆ = b̂−b
be the td dimensional Laplace noise. Finally let

and
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x∈D

y∈D̃

y∈D̃

x∈D

x∈D

1 X M,t
1 X
1 X M,t
1 X
f (y) −
hf (θ(y)) +
hf (θ(x)) −
f (x) ,
m
m
n
n

26

We now bound the five errors separately.

ηr =
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4td ∗
kc k∞ ,
L
where ηd , ηn , ηa , ηs , ηr correspond to the discretization error, noise error, approximation
error, sampling error and rounding error, respectively. Combining (20), (21) and the equations above, we have the error of the mechanism bounded by the sum of these five types of
errors:
qf (D̃) − qf (D) ≤ ηd + ηn + ηa + ηs + ηr .

ηs = kb̃ − Wu∗ k1 kc∗ k∞ ,

ηa =

x∈D

1 X
1 X
f (x) −
f (x) ,
n
n
ηn = 4k∆k1 kc∗ k∞ ,

ηd =

td
+ k∆k1 ,
L
kWu − b̂k1 ≤ kWu − bk1 + k∆k1 = k∆k1 ,

where the last equality holds since Wu = b.
Define

and

kb̂ − b̂k1 ≤

Also, the last inequality in (21) follows from

where L is the number of grid points in each dimension for rounding, b̂ is rounded
version of b̂, W is rounded version of W, u∗ is optimal distribution by solving LP in step 20
in Algorithm 3, and u is the uniform distribution on D. Note that the second last inequality
holds because
kWu∗ − b̂k1 ≤ kW · u − b̂k1 .

1 X M,t
1 X M,t
hf (θ(x))
hf (θ(y)) −
m
n
x∈D
y∈D̃


= c∗ · (b̃ − b) ≤ kb̃ − b̂k1 + k∆k1 kc∗ k∞


≤ kb̃ − Wu∗ k1 + kWu∗ − Wu∗ k1 + kWu∗ − b̂k1 + kb̂ − b̂k1 + k∆k1 kc∗ k∞

≤ kb̃ − Wu∗ k1 + k(W − W)u∗ k1 + kWu − b̂k1 + k(W − W)uk1

+ 2kb̂ − b̂k1 + k∆k1 kc∗ k∞


4td
(21)
≤ kb̃ − Wu∗ k1 +
+ 4k∆k1 kc∗ k∞
L

We further decompose the second term in the last row of the above inequality. We have
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x∈D

x∈D



K
1 X
1 X
dB
f (x) −
f (x) ≤
= O n− 2d+K .
n
n
N

K (K ≥ 1), the first order derivatives of f are all
Discretization error ηd : Since f ∈ CB
bounded by B. Also the discretization precision of [−1, 1]d is N1 , so the distance between
the data in D and the corresponding data in D is O( N1 ). Recall that N is number of grid
points in each dimension for discretization. Thus we have

ηd =


.

Noise error ηn : Since M in Equation (19) is a constant only depending on d, K, B, We
know kc∗ k∞ = O(1). Thus to bound ηn = k∆k1 · kc∗ k∞ , we only need to bound
 dthe
 l1
t
norm of the td -dimensional vector ∆ which contains i.i.d. random variables Lap n
; or


t2d
n

gf (θ) − hfM,t (θ) .

x∈D

equivalently bound the sum of td i.i.d. random variables with exponential distribution. It
is well known that such a sum satisfies gamma distribution. Simple calculations yields


td
t2d
P k∆k1 ≤ 2
≥ 1 − 10e− 5 .
n

td

Thus, with probability 1 − 10e− 5 , we have
ηn = k∆k1 kc∗ k∞ ≤ O

θ∈[−π,π]d

sup

gf (θ(x)) = f (x).

Recall that for any x,



y∈D̃

1
tK+1



.

x∈D

1 X
1 X M,t
1 X M,t
1 X
f (y) −
hf (θ(y)) +
hf (θ(x)) −
f (x)
m
m
n
n

kgf − hfM,t k[−π,π]d :=

Approximation error ηa :

Denote

We have
ηa =
y∈D̃

≤ 2kgf − hfM,t k∞ ≤ O

Sampling error ηs : It is easy to bound sampling error. Let Wr· be the row vector of
matrix W indexed by r. Recall that −1 ≤ Wrk ≤ 1. Thus for each r, by Chernoff bound
we have that for any τ > 0:


mτ 2
P |b̃r − Wr· u∗ | ≥ τ ≤ 2e− 2 ,
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since b̃r is just the average of m i.i.d. samples and Wu∗ is its expectation. Next by union
bound


mτ 2
P kb̃ − Wu∗ k∞ ≥ τ ≤ 2td e− 2 ,

27

and therefore

Setting τ such that 2td e−

Wang et al.



mτ 2
P kb̃ − Wu∗ k1 ≥ td τ ≤ 2td e− 2 .
mτ 2
2

td+1/2
√
m

.

= e−t , we have that with probability 1 − e−t ,
!

kb̃ − Wu∗ k1 ≤ O

Since kc∗ k∞

(22)

Rounding error ηr :

td
L

.

is upper bounded by a constant, we have
 
.

ηr ≤ O

K

!

Combining the five types of errors, we have that with probability
td

d+K

1
1
t2d td+ 2
td
+ K+1 +
+ √ +
N
t
n
L
m

1

Putting it together:

x∈D

1 − e−t − 10e− 5 , the error of the mechanism satisfies

y∈D̃

1

1 X
1 X
f (y) −
f (x) ≤ O
m
n
Recall that the mechanism sets

K+1

t = dn 2d+K e, N = dn 2d+K e,

m = dn1+ 2d+K e, L = dn 2d+K e.

The theorem follows after some simple calculation.
4.3.3 Running Time

max

s.t.

x̄

x̄  0

Āx̄ = b̄

c̄T x̄
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(23)

It is not difficult to see that in this case the running time of the mechanism is dominated
by solving the Linear Programming problem in step 20. (Because the time complexity of
linear programming is with respect to arithmetic operations, all running time discussed here
should be understand in this way.) To analyze the running time of the LP problem, observe
that it could be rewritten in following standard form:

where



L · W L · Itd −L · Itd
Ā =
,
T
1N
0
0
d
 
 


0
u
L · b̂
, c̄ = 1td  , x̄ =  v  .
1
1td
w
b̄ =

28

Āmax =

arg max

Xis a square submatrix ofĀ

| det(X)|.

O

O(td )





 3dK+5d 

n̄1.5 m̄1.5
L̄ = O N 1.5d t2.5d = O n 4d+2K .
ln m̄

and n̄ = O(N d ), simple calculation shows that the total time com-

L̄ = O(m̄(log m̄ + log L) + log n̄).

f (x) =

j=1

J
X



kx − xj k2
αj exp −
,
2
2σ

29
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where x ∈ Rd . Let α = (α1 , . . . , αJ ). Suppose kαk1 ≤ 1. Then for every K ≤ σ 2 , kf kK ≤ 1.

Proposition 19 Let

Here we prove the smoothness of the functions listed in Section 4.2. We only give the proof
for Gaussian kernel function. The smoothness for logistic function follows directly from the
derivative of hyperbolic tangent.

4.4 Proof of Smoothness

The size of synthetic dataset m is set in step 1 of the algorithm.

4.3.4 Size of the Output Synthetic Database

Given m̄ =
plexity is

and

| det(Āmax )| ≤ m̄!Lm̄ ,

Note that m̄ < n̄, so the size of Āmax is at most m̄ × m̄. Therefore, we have

where

+ dlog(1 + kb̄k∞ )e + dlog(m̄ + n̄)e,

L̄ =dlog(1 + | det(Āmax )|)e + dlog(1 + kc̄k∞ )e

Proof We first give a well-known inequality for Hermite polynomial. Proposition 19 follows
immediately from this lemma.

Ā is a m̄ × n̄ matrix where m̄ = td + 1 and n̄ = N d + 2td . Note that 1) each element
of W is in [−1, 1]; 2) each element of b̂ is in [−1, 1]; and 3) each element of W and b̂ is
rounded to precision 1/L. So actually we have reduce to a LP problem (23), with elements
of Ā, b̄, c̄ are all integers and bounded by L.
The most well-known worst-case complexity of the interior point algorithm for linear
programming with integer parameters is O(n̄3 L̃), where n̄ is the number of variables and L̃
is the number of bits to encode the linear programming problem. Here we use a more refined
bound given in Anstreicher (1999). By using this bound, we are able to prove a much better
time complexity for our algorithm; because in the linear programming problem (23), the
number of constraints is often much smaller than the number of variables. The bound we
1.5 1.5
make use of for the complexity of linear programming is O( n̄ lnm̄
m̄ L̄) (Anstreicher, 1999).
Here, L̄ is the size of LP problem in standard form defined as follows (Monteiro and Adler,
1989):
2

1

1 2

j

σ2,

|Dk f (x)| ≤

K

K2
≤ 1.
σK

j=1

30
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2
1
1
t = dn 3d+2K (log )− 3d+2K e,
δ
in step 1 of Algorithm 1 and Algorithm 2 respectively we have the following result.

The two mechanisms given in Section 3 and Section 4 respectively preserve -differential
privacy. It is easy to generalize them to preserve (, δ)-differential privacy and have slightly
better accuracy.
For the first mechanism, simply setting

5.1 (, δ)-Differentially Private Mechanisms

In this section we provide some additional results. In Section 5.1 we show that the two
mechanisms described in Section 3 and Section 4 respectively can be modified to achieve
slightly better accuracy and preserve (, δ)-differential privacy. In Section 5.2 we give a
variant of our second mechanism which outputs synthetic database. The goal is to make
the algorithm practically efficient, since as stated in Theorem 17 the running time of that
mechanism is approximately O(n3d/2 ), which is not acceptable in real applications.

5. Additional Results

The proposition follows.

Obviously, when K ≤

j=1

|

1
dk
2
g(x)| = |Hk (x)e−x | ≤ (2k k!) 2 .
dxk
Let k = (k1 , . . . , kd ), and |k| = K. Therefore, for f (x) defined in Proposition 19, we
have:
1

2
 
K Y

1
d
d
Y
2
x j − yj
dkj
1
k
kj
 ≤ (K!) .

√
√
k
!)
|D f (x)| =
g
≤
(2
j
k
σK
2σ
2σ
dx j

To prove Proposition 19, we only need to show that the K-norm of the Gaussian kernel
function is bounded by 1 since kαk1 ≤ 1.
2
Let g(x) = e−x . From Lemma 20 we directly have:

|Hk (x)| ≤ (2k k!) 2 e 2 x .

Hk (x) = (−1)k ex

dk −x2
e ,
dxk
where k ∈ N and x ∈ (−∞, ∞), it satisfies following inequality:

Lemma 20 (Indritz 1961) For Hermite polynomial of degree k defined as
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x∈D

1 X
K
f (x) : f ∈ CB
},
n
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Theorem 21 Let the query set be

B

QC K = {qf =

1
1 − 3d+2K

where K ∈ N and B > 0 are constants. Let the data universe be [−1, 1]d , where d ∈ N is
a constant. Then the new mechanism related to Algorithm 1 and Algorithm 2 satisfies that
for any  > 0, δ > 0, the following hold:
1) The mechanism is (, δ)-differentially private.
2
3d+2k

(log )
2) There is an absolute constant c such that for
β ≥ c · e−n
, the
 δ
 any
2K
K
mechanism is (α, β)-accurate, where α = O n− 3d+2K (log 1δ ) 3d+2K / , and the hidden
constant depends only on d, K and B.
 5d+2K

d
3) The running time of the mechanism is O n 3d+2K (log 1δ )− 3d+2K .

 2d+4+ 2d

d+2+ d
K
K
4) The running time for S to answer a query is O n 3d+2K (log 1δ )− 3d+2K log(n) .

2

4d+4K+2
3d+2K

1

(td log 1δ ) 2
n

1


.

2d+2K+1
3d+2K

1 − 3d+2K
e,
δ)

2d+2K

K

d+K

e, and L = dn 3d+2K (log 1δ )− 3d+2K e.

N = dn 3d+2K (log 1δ )− 3d+2K e,

2K

The proof of Theorem 21 is along the same line as the proof of Theorem 3 plus standard
use of the composition theorem (Dwork et al., 2010). We omit the details.
For the second mechanism, replacing step 1 and step 9 of Algorithm 3 by the following
we obtain an (, δ)-differentially private mechanism.
m = dn

b̂r = br + Lap

(log 1δ )−


1) Step 1. Set t = dn 3d+2K (log
2) Step 9.

1
1 − 3d+2K

Theorem 22 Let the query set QC K be defined as in Theorem 17. Let the data universe
B
be [−1, 1]d , where d ∈ N is a constant. Then the new mechanism related to Algorithm 3
satisfies that for any  > 0, δ > 0, the followings hold:
1) The mechanism is (, δ)-differentially private.
2
3d+2k
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(log )
2) There is an absolute constant c such that for
β ≥ c · e−n
, the
 any
 δ
2K
K
mechanism is (α, β)-accurate, where α = O n− 3d+2K (log 1δ ) 3d+2K / , and the hidden
constant depends only on d, K and B.
 3dK+5d

3dK+5d
3) The running time of the mechanism is O n 3d+2K (log 1δ )− 6d+4K .

 4d+4K+2

2d+2K+1
4) The size of synthetic database is O n 3d+2K (log 1δ )− 3d+2K .

The proof of Theorem 22 is omitted for the same reason as above.
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5.2 A Practical Variant of the Synthetic-Database-Output Mechanism

The time complexity of our second mechanism, which outputs synthetic database, can be
3d
nearly n 2 to achieve n−1 accuracy for highly smooth queries, where d is the dimension
of the data. In real application such a running time is unacceptable. We thus consider a
variant of Algorithm 3 which turns out to be very efficient and suffers only from minor loss
in accuracy in our experiments. (On the other hand we do not have theoretical guarantee
for the utility of this algorithm any more.) Note that the running time of Algorithm 3
is dominated by the linear programming step. This LP problem has O(N d ) variables and
O(td ) constraints, where N d is the number of discretized grids in [−1, 1]d and td is the
number of trigonometric polynomial basis functions. To make our algorithm practical, we
consider a subset S of the N d grids with size C := |S|  N d and restrict the probability
distribution u on this subset of grids (see step 20 in Algorithm 3). Similarly, we may use
a subset of size R of the td trigonometric polynomial basis functions preferred to lower
degrees. By doing this, the LP problem has C variables and R constraints.
The simplest approach to obtain a small subset S is sampling from the N d grids in
[−1, 1]d uniformly. However, this approach suffers from substantial loss in accuracy (see the
supplementary material for experimental results of this method), because |S| is extremely
small compared to N d , the probability that S contains data points in D (or close to D) is
very small. In order to reduce the size of the LP problem and preserve the accuracy, we
need a better approach to obtain S. Formally, the problem of choosing a subset S for our
purpose can be formulated as follows: We want a subset S so that
1) S is differentially private;
2) |S| is small;
3) For almost every data point x in D, there is a point in S close to x.
Note that without the privacy concern, one can simply let S = D. But under the
requirement of privacy, this problem is non-trivial. Here we adopt private PCA to obtain
a low dimensional ellipsoid. The ellipsoid is spanned by the (private) top eigenvectors of
the data covariance matrix with the square root of the (private) eigenvalues as the radius.
In particular, we use a slightly modified version of the Private Subspace Iteration (PSI)
mechanism (Hardt, 2013) to compute the private eigenpairs. The mechanism is described
in Algorithm 4. Finally, we uniformly sample C points from the ellipsoid to form S.
In the following three results, we show that the PSI mechanism is differentially private
and accurate for the top eigenvectors and eigenvalues respectively. Note that Hardt (2013)
shows that the principal angle between the space spanned by the top-k leading eigenvectors
of the true data covariance matrix and the the space spanned by the output column vectors
of X(T ) is small. However, it does not directly imply that the output private ellipsoid
converges to the true PCA ellipsoid. Our results slightly strengthen the results in Hardt
(2013). We show each private top-k eigenvalue is close to the true eigenvalue and each
private top-k eigenvector is close to the true eigenvector, provided the true eigenvalues are
well separated.

y∈D

1 X
(y − ȳ)(y − ȳ)T
n
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Theorem 23 (Accuracy of the eigenvectors) Given a database D with |D| = n, let
A=

32

5d

4k(T +1) log(1/δ)

,
Set σ =P
n
P
A = n1 y∈D (y − ȳ)(y − ȳ)T , where ȳ = n1 y∈D y. Thus A is the data covariance
matrix.
Initialize: G(0) ∼ N (0, 1)d×k (i.i.d. Gaussian distribution), X(0) ← GS(G0 )
for all l = 1, 2, . . . , T do
Sample G(l) ∼ N (0, σ 2 )n×k .
W(l) = AX(l−1) + G(l)
X(l) ← GS(W(l) )
end for
(T )
(T )
Set λ̂s = kws k2 for s = [k], where ws is the s-th column of W(T ) . Set λ = (λ̂s )s≤k .

ωs =

s = 1,
2 ≤ s ≤ k.

1
γ1 λ1

max{ γs1λs , γs−11λs−1 }

(

with

σ=

33

p
5d 4kT log(1/δ)
,
n
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Theorem 25 (Privacy) If Algorithm 4 is executed with each G(l) independently sampled
as
G(l) ∼ N (0, σ 2 )d×k ,

Theorem 24 (Accuracy of the eigenvalues) Using the same notions as in Theorem
(T )
(T )
23, let λ̂s = kws k2 for s ≤ k, where ws is the sth column of W(T ) . Then with probability
1 − o(1), we have for all s ≤ k
q


 3
kd T log T log 1δ 
d kT log T log 1δ
|λ̂s − λs | ≤ O
+
.
n2 2 γs2 λ2s
n

where

where u1 , . . . , uk are the top k eigenvectors of A. Denote θ(u, v) as the angle between
two vectors u and v. Then, with parameters k ≤ d/2 and T ≥ C(mins≤k γs )−1 log d for
(T )
(T )
some sufficiently large constant C, the matrix X(T ) = (x1 , . . . , xk ) ∈ Rd×k returned by
Algorithm 4 satisfies that: with probability 1 − o(1), for all s ≤ k
q
 ω d 23 kT log T log 1  
s
δ
)
sin θ(us , x(T
,
s )≤O
n

be the data covariance matrix. Also let λ1 ≥ · · · ≥ λd be the eigenvalues of A and γk =
λk /λk+1 − 1. Let
U = (u1 , . . . , uk ) ∈ Rd×k ,

8:

7:

6:

5:

4:

3:

2:

1:

Input: Database D ∈ ([−1, 1]d )n
Output: λ (as private top-k eigenvalues), X(T ) (columns as private top-k eigenvectors).
Parameters: Number of iterations T ∈ N, dimension k, privacy parameters , δ > 0,
Denote GS√as the Gram-Schmidt orthonormalization algorithm.

Algorithm 4 Private Subspace Iteration (Hardt, 2013)

Differentially Private Data Releasing for Smooth Queries

σ=

50d3/2 kT
,
n

y∈D
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Lemma 27 Let A = (aij ) ∈ Rn×d , denote Akl = (aij )i≤k,j≤l the (k, l)-sub matrix of A for
any k ≤ n and l ≤ d, then kAkl k ≤ kAk.

kA(D) − A(D0 )k ≤

5d
.
n

1 X
(y − ȳ)(y − ȳ)T ,
n
be the data covariance matrix. It holds that

A(D) =

Lemma 26 Assuming the data universe X = [−1, 1]d , for all pairs of neighbor databases
D, D0 with |D| = |D0 | = n, let

The proof of Theorem 23, Theorem 24 and Theorem 25 are given below.
Before we state it formally, let us take a closer look at the Theorem 3.3 in Hardt (2013):
With high probability, the tangent of the angle between the space spanned by the top-k
leading eigenvectors, namely eigenspace, and the space spanned by the output columns,
namely output-space, is small, given regularity conditions. Our goal is the column-wise
convergence between eigenvectors and output columns, which can be concluded from the
simultaneous convergence between the increasing sequence of eigenspaces and the increasing
sequence of output-spaces, given that they shared the same dimension. This constraint leads
us to utilize a weaker version of Theorem 3.3 by specifying r = k, but the favored columnwise convergence at least compensated for the loss of tuning parameter r. Note that simply
applying Theorem 3.3 consecutively for the sequence will not assure the high convergence
probability 1 − o(1) and our analysis can be extended to the case k = O(d), where the
dimension d can grow as the size of database given the aptitude of added noise is adequate.
Our results generalize Theorem 3.3 in Hardt (2013) which proves that the principal
angle between the subspace spanned by the private top-k eigenvectors and the subspace
spanned by the true eigenvectors is small. But what we need in this paper is that each
private eigenvector (and eigenvalue) converges to the true eigenvector (and eigenvalue). It
is worth pointing out that simply applying Theorem 3.3 in Hardt (2013) consecutively for
each k does not obtain our result, although our proofs rely on some results in Hardt (2013).
We first give three lemmas. The proof of the first two lemmas are straightforward and
are omitted. For simplicity, below we denote kXk the spectral norm of a matrix X.

then Algorithm 4 satisfies -differential privacy.

with

G(l) ∼ Lap(σ)d×k ,

then Algorithm 4 satisfies (, δ)-differential privacy.
If Algorithm 4 is executed with each G(l) independently sampled as
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Lemma 28 Let U ∈ Rd×k be a matrix with orthonormal columns. Let
G(1) , ..., G(T ) ∼ N (0, σ 2 )d×k ,
(l)

p
k log T ),

∀ s ∈ [k].

p
k log T ).

(l)

with k ≤ d and assume that T ≤ d. Let Gs and Us be the (d, s)-sub matrix of G(l) and U
respectively for s ∈ [k]. Then, with probability 1 − o(1),
l∈[T ]

max kUsT Gs(l) k ≤ O(σ
Proof
By Lemma A.3 in Hardt (2013),
(l)

kUkT Gk k ≤ O(σ
(l)

The desired result follows from Lemma 27 since UsT Gs is the (s, s)-sub matrix of UkT Gk .

∆(Vs )

=

l

max kVsT Gs(l) k,
l

∆(Us ) = max kUsT Gs(l) k,

A = Us Λ1 UsT + Vs Λ2 VsT .

Proof of Theorem 23 Consider the spectral decomposition A = ZΛZ−1 , and denote



Λ1
, and Z = Z1 Z2 , where Λ1 ∈ Rs×s and Z1 ∈ Rd×s . Next we denote
Λ=
Λ2
Us = Z1 Λ1 Z1T and Vs = Z2 Λ2 Z2T . Obviously we have

Let

and

(l)

p
k log T ).

where Gs is the (d, s)-sub matrix of G(l) . By Lemma 28, we concludes that with probability
1 − o(1), the following events occur simultaneously:
√
1. ∀ s ∈ [k], ∆(Us ) ≤ O(σ k log T ),
√
2. ∀ s ∈ [k], ∆(Vs ) ≤ O(σ d log T ).
Notice that for all s ≤ k, we have with probability 1 − o(1) that ∆(Us ) ≤ ∆(Vs ) as we
(0)
(0)
set s ≤ k ≤ d/2. Since arccos θ(Us , Xs ) is bounded, where Xs is the (d, s)-sub matrix of
X(0) , we have for all s ≤ k
∆(Us ) arccos θ(Us , Xs(0) ) ≤ O(σ



σ p
d log T .
γs λs
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(24)

Applying Theorem 2.9 in Hardt (2013), we have with probability of 1 − o(1), for all
s ∈ [k]
tan θ(Us , Xs(T ) ) ≤ O
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(25)

For the case s = 1, the theorem is proved. Now for any fixed s ∈ [k], notice that us
is in the space spanned by (u1 , . . . , us ) as well as the orthogonal complement of the space
spanned by (u1 , . . . , us−1 ), we have
sin2 θ(us , xs(T ) )

T
= kUs−1 Us−1
xs(T ) + (I − Us UsT )xs(T ) k2

(T )

T
= kUs−1 Us−1
xs(T ) k2 + k(I − Us UsT )xs(T ) k2

(T )

≤ sin2 θ(Us−1 , Xs−1 ) + sin2 θ(Us , Xs(T ) )

(T )

≤ 2(max{sin2 θ(Us−1 , Xs−1 ), sin2 θ(Us , Xs(T ) )})

≤ 2(max{tan2 θ(Us−1 , Xs−1 ), tan2 θ(Us , Xs(T ) )}).

(T )

The theorem, for the case s ≥ 2, is proved by substituting (24) into (25).

(T −1)

= (Axs + gs )T (Axs + gs )

= wsT ws

,

Proof of Theorem 24 Denote xs = xs
, ws = ws , gs as the s-column of G(T ) , and
(T )
θ(T ) = θ(Us , Xs ) for short. Let xs = u + u⊥ , where u is the eigenvector corresponding to
λs . Then, since u = xs cos φ and u⊥ = xs sin φ for a φ ≤ θ(T ) , we have
λ̂s2

= xsT A2 xs + 2xsT Ags + gsT gs

xsT A2 xs

T

T

= uT A 2 u + u⊥ A 2 u⊥

= λs2 uT u + u⊥ A2 u⊥

≤ λs2 kuk2 + λ12 ku⊥ k2

≤ λs2 cos2 θ(T ) + λ12 sin2 θ(T )

= λs2 (1 − sin2 θ(T ) ) + λ12 sin2 θ(T )

= λs2 + (λ12 − λs2 ) sin2 θ(T ) .
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√
Let R = 2xsT Ags +gsT gs , then by Lemma 28, with probability 1−o(1), R ≤ O(σ k log T )+
O(dσ 2 ).

Thus,

p
(λ2 − λs2 )
sin2 θ(T ) + O(σ k log T ) + O(dσ 2 )
|λ̂s − λs | ≤ 1
λ̂ + λ
s
s
p
σ 2 d log T
) + O(σ k log T ).
γs2 λs2
= O(

Plug in the setting of σ the corollary follows.

36

Size (n)
20643
12958
2126

# Attributes (d)
116
28
42
2
0.0276
0.6800
0.0155
0.4600
0.0047
0.1660
0.0050
0.0057
0.0015
0.0018
0.0037
0.0042
0.1022
0.8590
0.0970
0.8007
0.0462
0.3881

4
0.0859
0.2192
0.0506
0.1286
0.0199
0.0594
0.0018
0.0018
0.0007
0.0008
0.0001
0.0001
0.2113
0.3871
0.1605
0.2923
0.0632
0.1184

σ
6
0.0750
0.1138
0.0330
0.0521
0.0070
0.0109
0.0015
0.0015
0.0003
0.0003
0.0001
0.0001
0.1479
0.1981
0.1193
0.1597
0.0430
0.0602
8
0.0520
0.0657
0.0286
0.0373
0.0096
0.0128
0.0004
0.0004
0.0003
0.0004
0.0005
0.0006
0.0984
0.1139
0.0770
0.0891
0.0353
0.0415

10
0.0374
0.0433
0.0202
0.0237
0.0065
0.0077
0.0001
0.0001
0.0002
0.0001
0.0001
0.0001
0.0693
0.0770
0.0505
0.0560
0.0147
0.0165

0.8

0.7

0.7

2.7

3.1

2.3

8.5

8.2

8.5

Time (s)
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38
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a query qf is defined as |qf (D) − qf (D̃)|; and relative error is defined as | f qf (D)f |. We
present relative error because in certain cases (e.g. when σ is small) f (x) is very small for
most x ∈ D. Therefore in this case a small absolute error does not necessarily imply good
performance, and relative error is more informative3 .
We present the running time of the mechanism for outputting the synthetic database in
each experiment. The computer used in all the experiments is a workstation with 2 Intel
Xeon X5650 processors of 2.67GHz and 32GB RAM.
We present the performance of the -differentially private algorithm in Table 4. For
each dataset, both absolute error and relative error, as average of 20 rounds, are reported

q (D)−q (D̃)

of the query function and privacy parameter affect the performance of the algorithm (see
below for detailed results).
We use different performance measures to evaluate the algorithm. The goal is to have
a comprehensive understanding of the performance of the mechanism. We consider the
worst-case error of the mechanism over the set of queries. Because our query set, i.e., linear
combination of Gaussian Kernels, contains infinitely many functions, we randomly choose
104 queries in each experiment. The worst-case error is over these 104 queries.
We give both absolute error and relative error for all experiments. The absolute error of

JMLR 17(51):1-42



kx − xj k2
αj exp −
.
2σ 2

Abs
Rel
Abs
Rel
Abs
Rel
Abs
Rel
Abs
Rel
Abs
Rel
Abs
Rel
Abs
Rel
Abs
Rel

Error

In all experiments, we set J = 10; αj is randomly chosen from [0, 1], and xj is randomly
chosen from [−1, 1]d . We test various values of σ and various  to see how the smoothness

j=1

J
X

10

1

0.1

10

1

0.1

10

1

0.1



Table 4: Worst-case error for the variant of the database-outputting mechanism

CTG

NUR

NOM

Dataset
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3. One also needs to be careful when using relative error. In our experiments, we deliberately set αj ∈ [0, 1].
So f (x) ≥ 0 for all x. If instead we set αj ∈ [−1, 1], then f (x) can be either positive or negative, and
it is possible that qf (D) is close to zero while f (x) is not small for most x ∈ D. In such a case, a large
relative error does not necessarily imply a bad performance.

f (x) =

Here we provide experimental results for the practical variant mechanism described above.
It turns out that this algorithm is also far more efficient than our first mechanism given in
Section 3 as answering a query is still time consuming in practice.
We adopt three datasets all from the UCI repository. A summary of the size and the
number of attributes of these datasets is given in Table 3. Since the data universe considered
in this paper is [−1, 1]d , we normalize each attribute to [−1, 1].
We conduct two sets of experiments in order to have a relatively comprehensive understanding of the utility of the differentially private synthetic database generated by our
mechanism. In both sets of experiments we first output the synthetic database. In one
set of experiments, we test the accuracy of query answering, as described in the previous
sections. In the other set of experiments, we consider a very different task. We learn a SVM
classifier from the synthetic database, and evaluate its accuracy (on the original data). We
think that this task may be more useful from a practical point of view. It is worth pointing
out that in the scenario of classification, the classification error (0 − 1 loss) is not a smooth
function. Therefore the second set of experiments might be viewed, in a sense, as a test of
how well our mechanism generalize to non-smooth functions.
The queries employed in the first set of experiments are linear combinations of Gaussian
kernel functions. We use this type of functions because 1) These functions possess good
smoothness property as stated in Section 2, and 2) linear combinations of Gaussian are
universal approximators.
Detailed parameter setting of the query functions is as follows. We consider

5.2.1 Experimental Results

Proof of Theorem 25 The theorem follows immediately from Lemma 26 and Lemma 3.6
in Hardt (2013).

Remark 29 The accuracy of both the private eigenvectors and the private eigenvalues can
be improved by considering the matrix coherence of A, as analyzed in Hardt (2013). Typically, the accuracy can be improved by a factor of O d1 · polylog(d) .

Table 3: Summary of the dataset

Dataset
NOM
NUR
CTG

Differentially Private Data Releasing for Smooth Queries

Dataset
0.9353
0.9081
0.9755

Original
0.1
0.6328
0.5361
0.5309


1
0.7959
0.7748
0.5853
10
0.8491
0.8164
0.6116
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NOM
NUR
CTG
Table 5: AUC for the variant of the database-outputting mechanism

sequentially. We make use of linear combination of Gaussian with different values of σ as
the query functions. The last column of the table lists the running time with respect to the
worst σ of the algorithm for outputting the synthetic database.
Now we analyze the experimental results in Table 4 in greater detail. First, the algorithm
is quite efficient. On all datasets, the mechanism outputs the synthetic databases in a
few seconds. Next consider the accuracy. As explained earlier, the relative error is more
meaningful in our experiments. It can be seen that except for the case σ = 2 (recall that
K = σ 2 ), the accuracy is reasonably good. The relative errors decrease monotonically as
the the order of smoothness of the queries increases.
We then turn to describe the second set of experiments. We randomly partition each
dataset into two subsets of equal size. One subset is used as training dataset, the other as test
dataset. By running our mechanism, we generate a differentially private synthetic database
using the training dataset as input. Since our task is classification, and the attribute values
in the synthetic dataset are continuous ([−1, 1]), we round the label attribute to {−1, 1}.
We then learn a SVM classifier from the synthetic dataset. Finally we test the classifier’s
performance on the test dataset. As a comparison, we also list the performance of the
SVM classifier learned from the non-private training data, as shown in the second column
of Table 5. Here, the performance measures are Area Under ROC Curve (AUC).
We test three values of , and the performances are given in Table 5. For each dataset,
the AUC is an average of 10 rounds. It can be seen that when  is small, there is usually a
relatively big utility gap. But as  getting large, the performances improve quickly.

6. Conclusion

JMLR 17(51):1-42

In this paper, we study differentially private mechanisms with respect to the K-smooth
queries. We first propose a differentially private mechanism for efficiently answering smooth
queries. The running time for outputting the summary is O(n1∼1.5 ). For queries of high
order smoothness, the running time for answering a query is sublinear, and nearly O(n0 ).
Furthermore, the mechanisms achieve an accuracy nearly O(n−1 ) in highly smooth case,
much better than the sampling error O(n−1/2 ) which is inherent to differentially private
mechanisms answering general queries.
From a practical viewpoint, outputting a synthetic database while preserving differential
privacy is more appealing. In this paper, we also propose a differentially private mechanism
which output synthetic database. The user can obtain accurate answers to all smooth
queries from the synthetic database. Our mechanisms run in polynomial time, while existing
39
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algorithms run in super-exponential time. This synthetic dataset outputing mechanism
achieves almost the same level of accuracy as the query-answering mechanism.
There is a future direction we think worth exploring. As mentioned in Introduction,
there exists an efficient and differentially private algorithm which outputs a synthetic
database and is accurate to the class of rectangle queries defined on [−1, 1]d (Blum et al.,
2008). Rectangle queries are not smooth. They are specified by indicator functions which
are not even continuous. The mechanism proposed in Blum et al. (2008) is completely
different to the mechanism for smooth queries given in this paper. Thus an immediate
question is: can we develop efficient mechanisms which output synthetic database and preserve differential privacy for a natural class of queries containing both smooth and important
non-smooth functions?
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Subspace learning is a dimensionality reduction technique in a variety of applications such as face
recognition (Yang et al., 2004), image compression (Du and Fowler, 2007), and document classification (Papadimitriou et al., 1998). Recently, there has been growing interest in subspace learning
from partially observed data (e.g., (Chen et al., 2013; Wang and Poor, 1998; Chi et al., 2013)). As
motivation, consider the scenario of subspace learning from corrupted data. As discussed in Chen
et al. (2013), data corruption may cause some (or even most) of the attributes to be missing. Another typical scenario is subspace learning from multiple sources. Many applications (e.g., wireless
sensor networks (Chi et al., 2013)) rely on data which is collected from multiple sources (e.g., sensors). When the data dimension is high, it may be impossible or prohibitively expensive to collect
every data entry from every source. Note that in the first scenario, we have no control over which

1. Introduction

Keywords: principal components analysis, budgeted learning, statistical learning, learning with
partial information, learning theory

The goal of subspace learning is to find a k-dimensional subspace of Rd , such that the expected
squared distance between instance vectors and the subspace is as small as possible. In this paper
we study subspace learning in a partial information setting, in which the learner can only observe
r ≤ d attributes from each instance vector. We propose several efficient algorithms for this task,
and analyze their sample complexity.
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Our first observation is that subspace learning (in both the passive and active models) using r = 1
attributes is impossible. Consider the task of learning a 1-dimensional subspace (a line) in R2 (see
Figure 1). Let u1 = (α, α) , u2 = (−α, α). Denote by P1 the uniform distribution over {u1 , −u1 },
and by P2 be the uniform distribution over {u2 , −u2 }. Suppose that the actual distribution P is
chosen uniformly at random from {P1 , P2 }. The task of subspace learning in this case amounts to
distinguishing between P1 and P2 . However, since each single coordinate is distributed uniformly
over {−α, α}, the learner does not obtain any information from a single observation, and hence
cannot identify the right subspace.
For the case 2 ≤ r ≤ d we propose two efficient algorithms, named Partially Observed PCA
(Section 2.1) and Matrix Bandit Exponentiated Gradient (Section 3.1), which are designed for the
passive and active models, respectively.
Partially Observed PCA (POPCA) is an extension of the PCA algorithm. Denote the population
covariance matrix E[xx> ] by C. The optimal projection matrix, denoted Π? , is the projection
onto the subspace that is spanned by the k leading eigenvectors of C. An ERM (empirical risk
minimizer, i.e., an algorithm that minimizes the empirical loss) for the full information setting is
given by PCA which returns the projection matrix corresponding to the k leading eigenvectors of

1.1 Our Contribution

attributes are missing, while in the second one a learner may actively choose which attributes to
observe.
The subspace learning problem is formally defined as follows. Let X be a subset of the Euclidean unit ball in Rd , and let P be some unknown distribution over X . Our goal is to find a rank-k
projection matrix Π ∈ Rd×d such that the expected squared distance, Ex∼P [kx − Πxk22 ], is as small
as possible.
When X is a finite set and P is the uniform distribution over X , the optimal solution to
the subspace learning problem is given by the Principal Component Analysis (PCA) algorithm,
which
returns the projection matrix that corresponds to the k leading eigenvectors of the matrix
1 P
>
x∈X xx . In the more general stochastic optimization setting of subspace learning, X is not
|X |
restricted to be a finite set, P is an arbitrary distribution over X , and the information given to the
learner has the form of an i.i.d. training sequence (x1 , . . . , xm ) ∼ P m .
In the usual full information setting of subspace learning, the learner has access to all attributes
of the sampled vectors. In this paper, we consider subspace learning in a partial information setting,
in which only a subset of indices from each vector can be observed. Inspired by the two applications
presented above, we study two variants of this problem, which will be named the passive setting,
and the active setting, respectively. In the passive setting, we assume that each attribute is observed
with probability p = r/d (r ≤ d). Therefore, the expected number of observed attributes from
each vector is r. In the active setting, the learner can choose (possibly at random) r attributes to
be revealed. The sample complexity of a subspace learning algorithm is defined as the number
of samples that are needed by the algorithm in order to find a projection matrix Π with expected
squared distance, Ex∼P [kx − Πxk22 ], of at most  more than the optimal expected squared distance.
The sample complexity for each of the models is defined as the minimal sample complexity attained
by any algorithm. In this paper we propose efficient algorithms for both settings and analyze their
sample complexity. We also provide several lower bounds on the sample complexity that can be
attained by any algorithm.
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Figure 1: Impossibility of subspace learning using r = 1 observed attributes. The distribution of
the observed attribute is identical for (a) and for (b), therefore they are indistinguishable.

Pm
xi xi> (whose expected value is C). Similarly, the POPCA algorithm uses
the matrix m−1 i=1
the random observations in order to construct an estimate Ĉ of C, and approximates Π? using the
projection matrix onto the k leading eigenvectors of Ĉ. We analyze the sample complexity of this
algorithm, showing (see Corollary 3) that it is bounded from above by (d/r)2 k2 .
In the full information setting, the sample complexity is known to be O(k/2 ) (This bounds
coincides with our bound when r = d). Hence, the (multiplicative) price of partial information,
that is, how many more examples we need in order to compensate for the lack of full information
on each individual example, is O((d/r)2 ). It is interesting to understand whether a lower price can
be achieved. In Theorem
 4 we prove that the sample complexity of every algorithm in the passive
model is Ω (d/r)2 k2 . The optimality of POPCA in the passive mode is thus established. Another
appealing property of POPCA is that, in terms of computational complexity, the challenge of partial
information does not incur any additional cost; While the sample complexity grows as r decreases,
the runtime per iteration decreases by the same order.
Next, we investigate the active model and ask whether the price of partial information can be
reduced due to the ability of the learner to actively choose the observed attributes. Intuitively, one
may hope that the learning process would reveal some useful information that can be utilized while
choosing which coordinates to observe. Our second algorithm, called Matrix Bandit Exponentiated
Gradient (MBEG), exploits the active setting by maintaining a “weight matrix” which is updated
with every observation, and induces a non-uniform attribute
sampling distribution. For MBEG,
n
o
d4 r
k
we derive an upper bound of max 8k · d+r
r · 2 , 2(d+r) · log(d) (see Theorem 7) on the sample
complexity. We note that if  is small enough, then the right term in the bound becomes irrelevant,
and thus a linear dependence on d/r is obtained (for a detailed comparison, see Section 3.2). The
(almost trivial) fact that every subspace learner, even in the active model, must have a sample complexity that grows linearly with d/r is proved in Appendix C. Hence, the dependence of MBEG on
d/r is optimal, in the regime where  is small.

JMLR 17(52):1-21

The results in the active model immediately lead to the following question: Can we attain a
linear price for partial information in the active model, independently of the required accuracy? We
discuss possible directions for tackling this question in Section 4.
3

1.2 Related Work
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In the full information setting, it has been shown by Shawe-Taylor et al. (2005) and Blanchard et al.
(2007) that the optimal sample complexity of subspace learning is at most O(k/2 ), and this upper
bound is achievable by applying PCA on i.i.d. samples according to the distribution P . A similar
result is obtained by applying the Stochastic Gradient Descent algorithm (Arora et al., 2013).
Subspace learning in the partial information setting has been studied in Chi et al. (2013), where
an algorithm named PETRELS is proposed. However, no formal guarantees are derived for this
method. The setting in Mitliagkas et al. (2014) is similar to our passive setting, but they assume that
the distribution that generates the instance vectors is Gaussian.
A closely related problem to the task of subspace learning (in the passive setting) is the approximation of the covariance matrix using partially observed attributes. We discusses this relation in
Section 2.2.
One possible way to tackle the challenge of subspace learning with partial information is based
on the matrix completion method. For example, we may think of the partially observed examples as
a data matrix with unobserved entries. Then, one could first fill in the missing entries using a matrix
completion technique (e.g., as described in Candès and Recht (2009)), and then apply PCA to the
data matrix. We note that this approach may work1 provided that the average number of observed
attributes per example is sufficiently large. More precisely, according to the main result of Candès
and Recht (2009), the number of observed attributes per example (column of the data matrix) should
scale with the rank of the data matrix (which may be large as d). In contrast, our focus in this paper
is on methods that work even when the number of observed attributes per example is much smaller
(two attributes per instance suffice).
The active setting resembles the setting of the multi-armed bandit problem (Auer et al., 2002),
in which the learner obtains limited feedback at each time, namely, it receives only the reward of
the chosen arm. The challenge of learning linear predictors in Rd with partially observed attributes
(e.g., as in Cesa-Bianchi et al. (2011)) may be seen as an extension of this problem. One of the most
significant challenges in this work is to adapt the technique used in the vector setting (e.g., those
employed by the Exp3 algorithm of Auer et al. (2002)) to the corresponding matrix setting. We
already observed one difference: While a single arm suffices in the vector case, subspace learning
with r = 1 attributes is impossible.
Our MBEG algorithm can be seen as an extension of the Online PCA algorithm of Warmuth
and Kuzmin (2008) (see also Nie et al. (2013)) to the partial information setting. Similarly to their
approach, MBEG maintains a weight matrix which induces a probability distribution over projection
matrices. In MBEG, this weight matrix also induces a distribution over which attributes to observe.

2. The Passive Setting

We begin by investigating the passive setting. We start by describing an algorithm for this case. We
then analyze its sample complexity, and discuss its implementation.

2.1 Partially Observed Principal Component Analysis (POPCA)

In this section we describe the POPCA algorithm. We start by reviewing the definition of the loss
function and characterizing the minimizer of the loss.

JMLR 17(52):1-21

1. Under some additional assumptions on the data such as the incoherence assumption made in Candès and Recht (2009)

4

(2)

E[x2i ] − p1 E[x2i ]

0

(
i 6= j .

i=j
which completes the proof.

≤,

≤ E[hΠ̂, −Ĉi − hΠ? , −Ĉi] + 

E[hΠ̂, −Ci − hΠ? , −Ci] = E[hΠ̂, −Ci − hΠ? , −Ĉi]
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diag(x̂x̂> )i,j =



Consequently, since Π̂ = argminΠ∈P d hΠ, −Ĉi, we have
k

√
k · / k
=.

≤

√

Π∈Pkd

≤ sup kΠkF E[kĈ − CkF ]

5

1
1
−
p p2



Π∈Pkd

(5)

In view of Lemma 1, obtaining upper bound on the sample complexity of POPCA reduces to analyzing the quality of the covariance estimation. A fairly vast body of literature exists on the latter task
in the full-information scenario, and several results are known in the case of missing entries. For
example, Lounici (2014) considered a setting similar to our passive setting. Corollary 1 in Lounici

E



(4)

Π∈Pkd

E[ sup hΠ, −Ci − hΠ, −Ĉi] ≤ E[ sup kΠkF kĈ − CkF ]

Proof Using the Cauchy-Schwarz inequality, we get

Π0 ∈Pkd

E[hΠ̂, −Ci] ≤ min hΠ0 , −Ci +  .

Then, the resulting projection matrix Π̂ satisfies the desired bound

Lemma 1 Suppose that the final estimate Ĉ of POPCA satisfies
√
E[kC − ĈkF ] ≤ / k .

The following lemma relates the success of Algorithm 1 to the quality of the estimation Ĉ of the
covariance matrix C.

2.2 Analysis of POPCA

1
Ĉ = Ĉ + m
Ĉx̂i
end for
P
Compute the eigendecomposition Ĉ = dj=1 λj vj vj>
Pk
Assuming λ1 ≥ . . . ≥ λd , return Π̂ = j=1 vj vj>

Algorithm 1 POPCA
Input: r, k ≤ d
Ĉ = 0 ∈ Rd×d
for i = 1 to m do
Let xi ∼ P and let x̂i be the
 observed vector
2
d
d2
+
−
diag(x̂i x̂>
Ĉx̂i = dr2 x̂i x̂>
i
i )
r
r2
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Summing the corresponding entries, we see that E[(Ĉx̂ )i,j ] = Ex∼P [xi xj ] = Ci,j . Therefore,
E[Ĉx̂ ] = C.
The POPCA algorithm (see Algorithm 1) assumes access to m i.i.d. vectors sampled according
to P . For each instance vector, it forms an estimate according to 4. By averaging these m estimates
we obtain Ĉ. The returned projection corresponds to the k leading eigenvectors of Ĉ.

and

Indeed, it is easy to verify that Ĉx̂ forms an unbiased estimate of C:
"
 # (1
E[x2i ] i = j
1 >
= p
E
x̂x̂
p2
E[xi xj ] i 6= j ,
i,j

Denote p = r/d. Similarly to Mitliagkas et al. (2014), we form the estimate


1
1
1
Ĉx̂ = 2 x̂x̂> +
− 2 diag(x̂x̂> ) .
p
p p

It
well-known that the rank-k matrix which minimizes the expression hΠ0 , −Ci is the matrix
Pis
k
>
approach for subi=1 vi vi , where v1 , . . . , vk are the leading eigenvectors of C. The PCA P
m
1
>
space learning in the full information setting replaces C with C(S) = m
i=1 xi xi , where
S = (x1 , . . . , xm ) is an i.i.d. training sequence drawn according to the distribution P . Clearly,
E[C(S)] = C. In our case, we will construct an unbiased estimate of C based on partially observed
examples, as detailed below.
Consider an instance vector x ∼ P and let x̂ be the observed vector. According to our assumptions, for each i ∈ [d], the i-th coordinate of x̂ satisfies
(
xi w.p. r/d
x̂i =
(3)
0 w.p. 1 − r/d .

Π0 ∈Pkd

hΠ, −Ci ≤ min hΠ0 , −Ci +  .

Denote the covariance matrix E[xx> ] by C. Since kxk22 does not depend on Π, the goal of subspace
learning is equivalent to finding a projection matrix Π such that

Define the inner product of matrices A, B by hA, Bi = tr(A> B). We can further rewrite the loss
as
h
i
h
i




L(Π) = E kxk22 − hΠ, xx> i = E kxk22 − E hΠ, xx> i = E kxk22 − hΠ, E[xx> ]i .

Denote the set of projection matrices from Rd onto Rk by Pkd . Since Π2 = Π for any Π ∈ Pkd ,
the loss of a projection matrix Π ∈ Pkd can be expressed as
h
i
h
i
L(Π) = Ekx − Πxk22 = E kxk22 − 2x> Πx + x> Π> Πx = E kxk22 − x> Πx ,
(1)
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(2014) gives a bound on the Frobenius error that depends on the spectral decay of C. We will derive
a slightly different (worst-case) bound under the assumption that the instances are bounded in the
Euclidean unit ball. A comparison between the two bounds is given Appendix E.


Lemma 2 Let  ∈ (0, 1). If m ≥ (d/r)2 · k2 , then
√
E[kC − ĈkF ] ≤ / k .

Proof Using Jensen’s inequality, we have

X
Var[Ĉi,j ] =

i,j

X

i,j



Var (1/m)

i,j

m
X

q=1



Ĉx̂q ,i,j 

1 X
1 X
Var[Ĉx̂1 ,i,j ] ≤
E[Ĉx̂21 ,i,j ] ,
m
m

i,j

E[kĈ − CkF ] = E[(kĈ − CkF2 )1/2 ] ≤ ( E[kĈ − CkF2 ])1/2 .

2
|x] =
E[Ĉx̂,i,j

=

E[kĈ − CkF2 ] =

Since the observations are i.i.d.,

d2
r2

·

k
2

m

norm of the instances is at most 1, we have
X

`2

i,j

xi2 xj2 = p−2 kxk4 ≤ p−2 =

X
i,j

Combining the above bounds, we obtain
d
1
E[kĈ − CkF ] ≤ √ · .
m r

, we arrive at the claimed bound.

E[Ĉx̂21 ,i,j ] ≤

l

d2
.
r2

E[Ĉx̂21 ,i,j |x] ≤ p−2

d2
,
r2

where Ĉx̂q ,i,j is the [i, j]-th entry of Ĉq . Denote x̂ = x̂1 and x = x1 (subscript indices will now
correspond to the entries of these vectors). According to 4,
(
p−4 E[x̂i2 x̂j2 |x] = p−2 xi2 xj2
i 6= j
.
p−2 E[x̂i4 |x] = p−1 xi4 ≤ p−2 xi4 i = j

P
i,j

Therefore, since the

and

For m ≥

Let mp (d, k, r, ) be the sample complexity of subspace learning in the passive partial information
model, namely, how many examples are needed (for the optimal learner) to guarantee that (2) holds.
Based on Lemma 2 and Lemma 1, we now conclude the following bound on the sample complexity.
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Corollary 3 Using POPCA (Algorithm 1), we have the following bound on the sample complexity
for any integer r ≥ 2:


k
mp (d, k, r, ) ≤ (d/r)2 · 2 .


7
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2.3 Optimality of POPCA

In this section we prove the following lower bound on the sample complexity of subspace learning
with partial information in the passive model.

Theorem 4 Assume thatk ≤ d/2 and  ∈ (0, 1/128). The sample complexity in the passive model
is at least Ω (d/r)2 · k2 . Therefore, we have



k
mp (d, k, r, ) = Θ (d/r)2 · 2 .


Note that up to a constant factor, our lower bound coincides with the upper bound obtained by
POPCA (Corollary 3). Therefore, Theorem 4 establishes the optimality of POPCA in the passive
model.
The proof of Theorem 4 is divided into two parts. First, in Theorem 5 we prove that the sample
complexity in the full-information setting is at least Ω(k/2 ). Then, we complete the proof of
Theorem 4 by showing that the multiplicative price of partial information is at least Ω((d/r)2 ).

Theorem 5 Assume that k ≤ d/2 and let  ∈ (0, 1/128). The sample complexity of subspace
learning with full information is bounded below by

m(d, k, r = d, ) = Ω(k/2 ) .

We now sketch the proof of Theorem 5. A detailed proof is provided in Appendix A.
Proof (sketch)
The idea is to reduce the problem of coin identification (see Section 5.2 in Anthony and Bartlett
2k ⊆
(2009)) to that of subspace learning. Assume that k ≤ d/2 and  ∈ (0, 1/128). Let U = {uj }j=1
Rd be a set of 2k orthonormal vectors. A distribution over U is defined as follows. First, we draw a
sequence b = (b1 , . . . , bk ) ∈ {−1, 1}k uniformly at random. We associate the pair {ui , ui+k } with
a Bernoulli random variable Bi with parameter pi = 1+b2 i α , where α = 16. To define a distribution
P := Pb , we now describe the process of drawing an instance x ∼ P :

1. An integer i ∈ [k] is chosen uniformly at random.

2. The i-th coin is flipped (according to pi ). Denote the corresponding random variable by Z.

3. If Z = 1, then x is chosen uniformly at random from the set {ui , −ui }. Otherwise (Z = 0),
x is chosen uniformly at random from the set {ui+k , −ui+k }.

In Lemma 10 we show that a successful subspace learner must identify the bias of “most” of the
coins. Thus, we can reduce k independent tasks of coin identification to the task of subspace
learning. A well-known result in statistics (Anthony and Bartlett, 2009)[Lemma 5.1] tells us that
Ω(1/α2 ) samples are needed to identify a coin with bias α. Hence, each of the pairs must be observed Ω(1/2 ) times.

JMLR 17(52):1-21

Proof (of Theorem 4) Consider the construction presented in the proof (sketch) of Theorem 5.
We next specify the set U and prove that the price of partial information in the passive model is
Ω(d2 /r2 ). Consequently, this will conclude the proof of Theorem 4.
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√

(6)
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10

(7)

9

Ws,s + Wq,q
α
+ 2 ,
2dk
d

3. These properties clearly hold for projection matrices, and thus hold for any convex combination of projection matrices.

ps,q = (1 − α)

In this part we present the non-uniform sampling mechanism which is employed by MBEG for
attribute sampling. We first consider the
P case r = 2. Let W := Wi be a weight matrix obtained
during the run of MBEG. Recall3 that i Wi,i = k, and for every i ∈ [d], Wi,i ∈ [0, 1]. Therefore,
a natural distribution for attribute sampling is to choose each pair (s, q) ∈ [d]2 with probability
W
W
ps,q = ks,s · kq,q . Unfortunately, we were not able to obtain a good bound using this sampling
technique. Instead, we pick attributes according to

3.1.2 P RIORITIZING “ STRONGER ” DIRECTIONS

For completeness, we recall the decomposition procedure
of Warmuth and Kuzmin (2008) in Ap1 Pm
pendix D. Getting back to our algorithm, let Ŵ = m
i=1 Wi be the average weight matrix, and
Pd
denote by Ŵ = j=1 βj Πj a decomposition of Ŵ into a convex combination of elements from
Pkd . The final step of MBEG sets the output matrix Π̂ to be Πj with probability βj . This guarantees
that the expected performance of Π̂ is the same as the performance of Ŵ .

Lemma 6 Every matrix W ∈ Ckd can be decomposed in time O(d3 ) into a convex combination of
at most d elements from Pkd .

where D(R, U ) = tr(W log W − W log U − W + U ) is the Bregman divergence induced by
the quantum entropy regularizer, R(W ) = tr(W log W − W ). Additional details regarding this
regualarizer can be found in Tsuda et al. (2005) and Warmuth and Kuzmin (2008). As in POPCA,
the gradient C is unknown but can be estimated. We would like to exploit the active setting, and
therefore, we will employ a non-uniform sampling method which relies on the current weight matrix
Wt (see Section 3.1.2).
Next, we recall that the output of the algorithm should be a projection matrix, while our algorithm maintains weight matrices, which may not belong to the set Pkd . Therefore, the final step of the
algorithm is to construct an element from Pkd that performs “similarly” to the average of the weight
matrices maintained during the run of the algorithm. For this purpose, we rely on the following
lemma, due to Warmuth and Kuzmin (2008):

W ∈Ckd

2. Wi+1 = argmin DR (W, Ui+1 ) ,

1. Ui+1 = exp(log(Wi ) + ηC)

We will replace the non-convex set Pkd with its convex hull, Ckd := conv(Pkd ). Note that for every W
in Ckd , the gradient is given by −C. Therefore, the EG procedure would start with some W1 ∈ Ckd ,
and, at iteration i, would update according to

k

In order to be able to apply the Matrix EG algorithm, we first need to formulate our task as a
convex optimization problem. Recall that our problem is equivalent to approximately minimizing
the objective argminΠ∈P d hΠ, −Ci, where C = E[xx> ]. The objective is linear and thus convex.

3.1.1 C ONVEXIFICATION

3.1 Matrix Bandit Exponentiated Gradient (MBEG)

G ONEN , ROSENBAUM , E LDAR AND S HALEV-S HWARTZ

2. Note that here the attributes are no longer independent and therefore we should replace the weights in the definition
of Ĉx̂ .

2. MBEG is an iterative algorithm which maintains a weight matrix that belongs to the convex
hull of the set Pkd of projection matrices. It can be thought of as a Bandit version of the
extension of the Exponentiated Gradient (EG) algorithm to matrices. The EG algorithm, and
its extension to matrices are due to Kivinen and Warmuth (1997), and Tsuda et al. (2005),
respectively.

1. MBEG is designed for the active model. It employs a non-uniform sampling method which
gives higher priority to “stronger” directions.

We now consider the active model of subspace learning with partial information. In particular, we
will present and analyze the Matrix Bandit Exponentiated Gradient (MBEG) algorithm.
Before describing MBEG, it should be noticed that POPCA (along with its analysis) can be
modified to fit the active model; An active version of POPCA simply selects the r observed attributes
uniformly at random (with replacement) and then proceeds similarly to POPCA2 . It is not hard
to verify that the sample complexity of this algorithm is asymptotically equivalent to the sample
complexity of POPCA. In particular, the price of partial information is quadratic in d/r.
The main differences between MBEG and POPCA are as follows:

3. The Active Setting

As we discussed above, when the data is fully visible, the sample complexity of the PCA
Palgorithm
>
(which computes the k leading eigenvectors of the empirical covariance matrix, m−1 m
i=1 xi xi ,
and returns the corresponding projection matrix) is mf := O(k/2 ). When the number of samples,
mf , is larger than the dimension, a standard implementation of this algorithm costs O(mf d2 ). We
next show that POPCA has a similar runtime.
We established above that POPCA requires a training set of size O((d/r)2 mf ). Consider a
single iteration of POPCA. Note that the construction of Ĉx̂i (see 4) costs O(r2 ). Therefore, it costs
O(mf d2 ) to obtain the average of the estimates, Ĉ. The computation of the SVD of Ĉ costs O(d3 ).
Therefore, when mf ≥ d, the overall runtime of POPCA is indeed O(mf d2 ).

2.4 Implementation of POPCA

For every i ∈ [k], let ui = 22 (ei + ei+k ), ui+k = 22 (−ei + ei+k ). To specify a distribution
P , fix a vector b = (b1 , . . . , bk ) ∈ {−1, 1}k . Consider now a single interaction between the learner
and the environment. A vector x is drawn according to P as described in the proof (sketch) of
Theorem 5. Let i ∈ [k] denote the index of the coin which is associated with √x. As
we observed
√
in Section 1, each of the coordinates i, i + k is distributed uniformly over {− 22 , 22 }. Hence, to
obtain any information, the learner must observe both of the coordinates i and i + k. The probability that both coordinates are observed is at most O(r2 /d2 ). Hence, in expectation, (only) a single
“meaningful” observation is obtained every Ω(d2 /r2 ) iterations. Therefore, the price of partial information is Ω(d2 /r2 ).

√
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Ĉi .

Therefore, since r = 2, we obtain

Ei hWi , Ĉi2 i ≤

=

X

(s,q)∈[d]2

X

(s,q)∈[d]2

Ei hW, Ĉ 2 i ≤ dk
completing the proof of the lemma.

i=1

2k(d + r)
.
r

1 2 2
xs xq
2
4ps,q

(Ws,s + Wq,q ) 2 2
xs xq .
4ps,q

ps,q (Ws,s + Wq,q )

X

(s,q)∈[d]2

xs2 xq2 ≤ dk <

12

2k(d + r)
,
r

(9)
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Ws,s + Wq,q
Ws,s + Wq,q
Ws,s + Wq,q
≤ 4dk .
=
≤
W +W
W +W
ps,q
(1 − α) s,s2dk q,q + α/d2
(1 − α) s,s2dk q,q

Since α ∈ (0, 1/2), we have

Ei hW, Ĉ 2 i =

We now prove the lemma while assuming that r = 2. The extension to any r > 2 is detailed in
Appendix B.
Proof Let W =
=
Then,
Wi , Ĉ

Lemma 9 For any matrix Wi ∈ Ckd maintained by MBEG at time i, denote the conditional expectation given Wi by Ei . Then,

The right-most term in 9 can be thought as the variance which is associated with the estimation
process of MBEG. We now show that in contrast to POPCA, the variance scales only linearly with
d/r.

i=1

m
m
X
X
k log(d)
hWi − Π? , −Ĉi i ≤
+η
hWi , Ĉi2 i .
η

Theorem 8 Assume that the sequence Ĉ1 , . . . , Ĉm obtained during the run of MBEG satisfies
kĈi ksp ≤ 1/η for every i ∈ [m]. Then, for every Π? ∈ Pkd ,

In order to prove Theorem 7, we next apply the general analysis of Matrix EG (Hazan et al.,
2012)[Theorem 13] to our case.



d + r k 2d4 r
ma (d, k, r, ) ≤ max 8k ·
· log(d) .
· 2 ,
r

d+r
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(8)

Theorem 7 Using MBEG (Algorithm 2), we have the following bound on the sample complexity
for any (even) integer r ≥ 2:

1
xs xq (Es,q + Eq,s ) ,
2ps,q

for some parameter α ∈ (0, 1/2), which is tuned below. That is, we mix a uniform distribution
over [d]2 , with a distribution which gives higher sampling probability to pairs for which Ws,s , Wq,q
are high, reflecting a bias toward sampling from “stronger” directions. Mixing with the uniform
distribution guarantees that every pair has large enough probability to be sampled, which will later
help us ensure that we perform enough “exploration”.
Based on this probability distribution over pairs, we define an unbiased estimate of the matrix
C by
Ĉ =

α
d2

where Es,q is the all zeros matrix except 1 in the i, j coordinate.
The extension of MBEG to any (even) r > 2 is straightforward. We simply pick r/2 independent estimates Ĉ1 , . . . , Ĉr/2 , each of which is constructed as in the case r = 2, and set
Pr/2
Ĉ = 2r j=1 Ĉj .
The algorithm is summarized in Algorithm 2. As explained in Tsuda et al. (2005), the projection
step w.r.t. the Bregman divergence, Wi+1 = argminW ∈C d DR (W, Ui+1 ) can be performed in time
k
O(d3 ). Overall, the running time per iteration is O(d3 ).
Algorithm 2 Matrix Bandit Exponentiated Gradient
Input:
q r, k < d (r mod 2 = 0)
r log(d)
η = 2m(d+r)

α = ηd2 (we assume that m is large enough so that α ≤ 1/2)
W1 = kd I
for i = 1 to m do
denote W = Wi
for j = 1 to r/2 do
W +W
pick (s, q) ∈ [d]2 with probability ps,q = (1 − α) s,s2dk q,q +
for x ∼ P , let (xs , xq ) be the corresponding attributes
Ĉi,j = 1s,q xs xq (Es,q + Eq,s )
2p
end for P
r/2
Ĉi = 2r j=1 Ĉi,j
Ui+1 = exp(log(W ) + η Ĉi )
W
= argminW ∈C d DR (W, Ui+1 )
i+1
k
end for P
m
1
Ŵ = m
i=1 Wi
Pd
decompose Ŵ into Ŵ = j=1
βj Πj using Algorithm 3
return Π̂ = Πj with probability βj
3.1.3 A NALYSIS OF MBEG
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Let ma (d, k, r, ) be the sample complexity of subspace learning in the active partial information
model. We denote the Frobenius norm, the spectral norm, and the trace norm by k · kF , k · ksp , and
k · ktr , respectively. Throughout this section we prove the following result.
11

kĈi ksp ≤

r

j=1

kĈi,j ksp ≤

2r1
1
= .
r2η
η

|xs xq |
1
d2
1
≤
≤
= .
ps,q
ps,q
α
η

r/2
2X

kĈi,j ksp ≤

It follows that

E hWi − Π? , −Ĉi i ≤
i=1

m

X
k log(d)
+η
E hWi , Ĉi2 i .
η
(10)

i=1

m
X

i=1 Wi ,

Pm

?

r log(d)
2(d+r)m ,

rearranging terms, and

8k 2 (d + r) log(d)
.
rm

q

(11)

2

d+r
r .

13
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Hence, if both of the conditions hold, then the bound of MBEG is better than the bound of POPCA.
Also, if  < 2(d+r)k
, then the dependence of the sample complexity of MBEG on d/r is linear.
d2 r

The left term in the bound of MBEG is smaller than the bound of POPCA if dr2 > 8k log(d) ·
The right term in the bound of MBEG is smaller than the bound of POPCA if
s
(d + r)k
<
.
2d2 r3 log(d)

3.2 Comparison between the bounds in the passive and the active models

k
The right-hand side of the above is smaller than  if m ≥ 8k log(d) · d+r
r · 2 . Note, however, that
we also require that m is large enough so that α ≤ 1/2. Since α = ηd2 , it follows that m should
4 r log(d)
.
also satisfy m ≥ 2d d+r

r

substituting η =

2k(d + r)
k log(d)
+ ηm
.
η
r

E hΠ̂ − Π , −Ci = h E [Ŵ ] − Π , −Ci ≤

?

observing that E[Π̂|Ŵ ] = Ŵ , we have that

1
m

hWi − Π? , −Ci ≤

Dividing by m, denoting Ŵ =

E

Combining 11 with Lemma 9, and plugging into 10, we obtain that

E hWi − Π? , −Ĉi i = EhWi − Π? , −Ci .

Let Ei denote the conditional expectation given Wi . Then, Ei [Ĉi ] = C and therefore, by the
law of total expectation,

i=1

m
X

Therefore, the conditions of Theorem 8 hold. Taking expectation over 9, we obtain

Hence,

x2s x2q
.
p2s,q

14
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We introduced the problem of subspace learning with partial information, and considered both a
passive and active model. Our first observation was that looking at a single coordinate does not give
any information. Therefore, our algorithms look at the products of attribute pairs. Using the POPCA
algorithm for the passive model, we showed that the sample complexity is tightly characterized by
Θ((d/r)2 k/2 ). Hence, the price of partial information in this case is quadratic. For the active
model we introduced the MBEG algorithm which exploits the gathered information in order to
make a better choice over which attributes to observe. We showed that if the desired accuracy  is
small, then MBEG achieves a linear price. Since the expected number of observed attributes from
each vector is r, we can not hope for a better dependence on d/r. At this point, a natural question
arises: can we attain a linear price of partial information in the active model, independently of
the required accuracy? We conclude with an observation regarding MBEG that provides a partial
answer to this question.
Assume that , r and k are constants. Examining the implementation of MBEG, we note that
as long as the products, xs xq , between two consecutive observed attributes is zero, MBEG does
not change the sampling distribution (which is initially uniform) nor its current estimation of the
covariance matrix. Fix some attribute j and consider the distribution Pj which is concentrated on
ej . The probability that the product between two consecutive observed attributes is not zero is
(1/d)2 . Since r is constant, only zero products are observed for at least Ω(d2 ) iterations, implying
the same bound on the sample complexity.
The implication of this result is that in order to achieve a linear price for any value of , it is
necessary to extract more information from the partial observations (e.g., take into account both the
products of attribute pairs and the single attributes). Developing such algorithms or alternatively,
tightening the lower bounds, is left for future research.

4. Discussion

A reasonable regime in which MBEG enjoys a linear price is when r and k are constants, and
 is proportional to 1/d. Note that in this regime, the bound of POPCA scales with d4 , while the
bound of MBEG scales only with d3 (in the full-information setting, the sample complexity for this
case scales with d2 ). To summarize, ignoring the dependence on k (and logarithmic factors), MBEG
attains the desired linear price when  is ‘small’.

2 = Ĉ Ĉ > is a diagonal matrix
Proof (of Theorem 7) By definition of Ĉi,j we have that Ĉi,j
i,j i,j
with all elements on the diagonal equal to zero except the (s, s) and (q, q) elements, which are both

bounded above by

G ONEN , ROSENBAUM , E LDAR AND S HALEV-S HWARTZ

S UBSPACE L EARNING WITH PARTIAL I NFORMATION

S UBSPACE L EARNING WITH PARTIAL I NFORMATION

Appendix A. Proof of Theorem 5
In this section we prove Theorem 5.
A.1 The adversarial distribution
2k ⊆ Rd be a set of 2k orthonormal vectors. In the proof sketch of Theorem 5
Let U = {uj }j=1
we described a family F of distributions over the set {u, −u : u ∈ U}. Our lower bounds will
be proved to hold in expectation when choosing P ∈ F at random. According to Yao’s minimax
principle, such a result implies that the lower bound holds for some distribution in F.

A.2 A Successful Subspace Learner Is Also a Successful Coin identifier

(12)

In this part we formalize the reduction from coin identification to subspace learning. As we sketched
before, a key ingredient of our analysis of the lower bounds is the relation between subspace learning and “coin identification”. This relation is formalized next. We first need to introduce some
additional
To specify the distribution P ∈ F, fix a vector (b1 , . . . , bk ) ∈ {−1, 1}k . Let
Pk notation.
>
d
Π̂ =
i=1 ûi ûi ∈ Pk (where û1 , . . . , ûk are orthonormal). For every (i, j) ∈ [k] × [2k], define θ = |hûi , uj i| to be the covariance between ûi and uj . Next, for each j ∈ [2k], define
i,j
P
k
2 . Also, define the set
θi,j
θj2 = i=1
2
2
J = {j ∈ [k] : bj = 1 ∧ θj2 > θj+k
} ∪ {j ∈ [k] : bj = −1 ∧ θj2 < θj+k
}.

k

For reasons that will become apparent shortly, we name J the set of identified coins. The following
lemma asserts that a successful subspace learner must identify most of the coins.

2
α.

Lemma 10 Let  ∈ (0, 1). Assume that L(Π̂) − minΠ∈P d L(Π) ≤ . Let J be defined as in 12.

Then, |J|/k > 1 −

j=1


k 
1 X 1+α
1−α
>
uj uj> +
uj+k uj+k
.
k
2
2

Proof Assume w.l.o.g. that b1 = . . . = bk = 1. Note that

E[xx> ] =

JMLR 17(52):1-21

>
The optimal projection is obtained by
Pkpicking> the largest eigenvectors of E[xx ]. Precisely, the
optimal projection matrix is Π? = i=1
ui ui . We assume the loss function as formulated in 1.

15
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i=1

k
X

ûi ûi> , E[xx> ]i

The loss of Π̂ is calculated as follows:
E[kxk22 ] − L(Π̂) = h

2
(1 + α)θj2 (1 − α)θj+k
+
2
2

2
2
(1 − α)θi,j+k
(1 + α)θi,j
+
2
2
!


k
k 
1−α
1 XX 1 + α
>
hû û> , u u> i +
hûi ûi> , uj+k uj+k
i
=
i
j
i
j
k
2
2
i=1 j=1
!

j=1

j=1

2k
k
1 X 2
α X 2
2
).
θj +
(θj − θj+k
2k
2k

j=1

k
1X
k

i=1 j=1

k
k
1 XX
=
k

=

=

(13)

P2k 2
P2k 2
2k is orthonormal, for each i ∈ [k] we have
Since {uj }j=1
j=1 θj ≤ k,
j=1 θi,j ≤ 1. Hence,
so that the second-to-last term of 13 is at most 21 . This value is attained by Π? , and for simplicity,
we will assume that is attained by
as well. For the same reasons, for each i ∈ [k], we have
PΠ̂
P
k
k
2
2
2
2
j=1 (θj − θj+k ) ≤ k, so that the last term of 13 is at most α/2.
j=1 (θi,j − θi,j+k ) ≤ 1. Hence,
Once again, this value is attained by Π? . Our last observation is that if the j-th coin is not identified,
2
≤ 0. Combining these observations, we obtain that
i.e., j ∈
/ J, then θj2 − θj+k

L(Π̂) − L(Π? ) ≥ α(1 − |J|/k)/2 .

The proof is completed by combining the assumption that L(Π̂) − L(Π? ) ≤ .

A.2.1 L OWER B OUND ON C OIN I DENTIFICATION
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We previously informally argued that Ω(1/α2 ) samples are needed to identify a coin with bias 1±α
2 .
If we have k such independent coins, then Ω(k/α2 ) are needed. Let us formalize this result.
A coin identification problem with parameter α is defined as follows. Consider a binary classification problem with a domain [k] and label set {0, 1}. The hypothesis class is the set H = {0, 1}[k] .
The underlying distribution over [k] × {0, 1} is chosen at random using the following mechanism.
The marginal distribution over [k] is uniform, and the conditional probability over the label (coin)
1+b α
is determined by P (y = 1|x = j) = 2 j , where each bj is an independent Rademacher random
variable (drawn in advance). We observe that this distribution is identical to the distribution defined
(over a shattered set of size k) in (Anthony and Bartlett, 2009, Theorem 5.2).
As usual, an algorithm for coin identification obtains an i.i.d. training sequence S according
to P , and has to return a hypothesis h ∈ H. The generalization error of h ∈ H, denoted err(h),
is defined to be the probability that it misclassifies a new generated point (x, y), i.e., err(h) =
P (h(x) 6= y). The next theorem follows from (Anthony and Bartlett, 2009, Theorem 5.2).

16

(
1 θj > θj+k
h(j) =
.
0 otherwise

Π∈Pkd

≤ 2 L(A(Ssubspace )) − min L(Π)

!
.

(14)

+4

Ei hW, Ĉj Ĉt i ≤ 2

(s,q)∈[d]2

X
p2s,q (Ws,s + Wq,q )

(s,q,q 0 )∈[d]3 :
q6=q 0

(Ws,s + Wq,q )x2s x2q

=

s∈[d]
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17

j6=t

Proof Let  ∈ (0, 1/4), and let A be a bandit subspace learner. For each s ∈ [d], we define a
distribution Ps as follows. The zero vector is drawn with probability 1 − c (where c > 2), and the

j=1

From the case r = 2, we already know that the term Ei hW, Ĉj2 i is at most dk. Fix some pair j 6= t.
Note that Ĉj Ĉt 6= 0 if and only if (at least) one of the indices sj , qj is equal to one of the indices

|Wq,q0 | · |xq xq0 |



Theorem 12 Let k = 1. Then, the sample complexity of subspace learning is bounded below by:
 
d
m(d, k = 1, r, ) ≥ Ω
.
r

Appendix C. The Price of Partial Information is at Least Linear

Ei hW, Ĉ 2 i =


i
4 hr
r r
dk +
− 1 (k + 1)
r2 2
2 2
2dk
+k+1
≤
r
2dk
≤
+ 2k
r
2k(d + r)
=
.
r

≤k.

≤ kW ktr kxx> ksp

X

(q,q 0 )∈[d]2



x2s |xq ||xq0 |
1  X 2 
ps,q ps,q0 Wq,q0
≤4·
xs
4ps,q ps,q0
4

Combining the above, we obtain

4

X

(s,q)∈[d]2

X

x2s |xq ||x0q |
.
4ps,q ps,q0

x2s x2q
4p2s,q

2
(Ws,s + Wq,q )(s,q)∈[d]2 , (x2s x2q )(s,q)∈[d]2
4
2
≤ k(Ws,s + Wq,q )(s,q)∈[d]2 k∞ k(x2s x2q )(s,q)∈[d]2 k1
4
2
≤ ·2=1.
4

x2s x2q
2
=
4p2s,q
4

The second term can be bounded as:

2

ps,q ps,q0 Wq,q0

p2s,q (Ws,s + Wq,q )

(s,q,q 0 )∈[d]3 :
q6=q 0

X

X

(s,q)∈[d]2

The first term can be bounded as follows:

st , qt . Hence,
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r/2
X
4 X
2
2
Ei hW, Ĉ i = 2
Ei hW, Ĉj i +
Ei hW, Ĉj Ĉt i .
r

We will now extend the proof of Lemma 9 to any (even) r > 2. Fix an iteration i, and denote
Ĉ = Ĉi , W = Wi . We have

Appendix B. Extending Lemma 9 to r > 2

If m ≥ m(d, k, r = d, ), then the right-hand side of 14 is at most 2 = ˜. The proof is completed
by applying Theorem 11 (with α = 8˜
).

h∈H

err(B(Scoins )) − min err(h) = α(1 − |J|/k)

Denote the set of identified coins by J (as in Lemma 10). Observe that each coin that is not identified, adds α/k to the relative error of B. It follows from Lemma 10 that

We are now in position to complete the reduction from the task of coin identification to the task of
subspace learning, and consequently conclude Theorem 5.
Let A be a subspace learner whose sample complexity is m(d, k, r = d, ). We describe an
algorithm B for coin identification (with parameter α) which uses A as a subroutine. To this end,
we shall provide a (randomized) map between the input of B to the input of A. These inputs have
the form of training sequences, which will be denoted by Ssubspace and Scoins , respectively. For
each j ∈ [k], the pair (j, 1) is associated with uj or −uj with equal probability. The pair (j, 0)
is associated with uj+k of −uj+k with equal probability. Clearly, the sequence provided to A
is generated according to the distribution discussed in the proof sketch of Theorem 5. Given an
accuracy parameter ˜ ∈ (0, 1/64) for B, we will require accuracy  = ˜/2 from A. To complete the
reduction, we will specify how the output of B is determined using the output of A.
For each j ∈ [k], the output hypothesis returned by B is defined by

A.3 Concluding the Theorem

h∈H

ES∼P m err(B(S)) − min err(h) > ˜ .

Theorem 11 Let B be an algorithm for coin identification, and let ˜ ∈ (0, 1/64). Consider a coin
identification problem with α = 8˜
. If m < 8˜k2 , then there exists a distribution P for which
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vector es is drawn with probability c. Note that E[xx> ] = c es es> , and thus the optimal projection
is given by Π? := es es> .
We next show that a successful subspace learner must identify the distribution. Let Ps be a
concrete distribution. Denote by Π̂ = ûû> the output of the learner. Define θs = us2 . It can be
easily seen that if L(Π̂) − L(Π? ) <  < c/2, then θs > θq for any q 6= s. That is, a successful
subspace learner must identify the index s.

d
Next we observe that if the size of the sample is at most o r
, then with a non-negligible
probability, all the observations made by the learner are equal to zero. It follows that there exists a
distribution Pj for which, E[L(Π̂) − L(Π? )] > c/2 > .

Appendix D. Decomposing Elements in Ckd into a Convex Combination of Elements
From Pkd
In this part we detail the decomposition procedure mentioned in Lemma 6. For a symmetric d × d
matrix A, we denote its eigenvalues by λ(A)1 ≥ . . . ≥ λ(A)d . For convenience, we define two
subroutines. The procedure sort(x, s) returns a set of s indices, corresponding to the s largest values
of x. Given a vector x ∈ Rd , the function diag : Rd → Rd×d returns a diagonal matrix X with
Xj,j = xj .

Algorithm 3 Decomposition Procedure
Input: W ∈ Ckd = conv(Pkd )
perform eigendecomposition W = U diag(λ(A))U >
λ := k −1 (λ(A)1 , . . . , λ(A)d )
i := 1
repeat
J := sort(λ,
P k)
ci := k −1 j∈J ej
s := minj∈J λj
l := maxj∈[d]\J λj
n P
o
d
βi := min sk, j=1
λj − lk
λ := λ − βi ci
Πi := U diag(kci )U >
i := i + 1
until λ = (0, . . . , 0)
For each j ∈ [i − 1] choose A = Πj with probability βj

JMLR 17(52):1-21

It has been proved by Warmuth and Kuzmin (2008) that the
P loop inside Algorithm 3 repeats at
most d times, and decomposes W into a convex combination βi Πi of elements from Pkd .
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Appendix E. Covariance Estimation with Missing Entries

Corollary 1 in Lounici (2014) provides bounds under the assumption that the instances are drawn
from a sub-gaussian distribution (see assumption 1 in Lounici (2014)). This assumption is weaker
than our boundedness assumption. Translating the results to our notation yields:

Lemma 13 Given m partial observations, let Ĉ be the unbiased estimation constructed by POPCA.
Let λ > 0 be a parameter.

d
S∈S+

˜ = argmin{kS − Ĉk2 + λkSk1 } ,
C̃ := C(λ)
F

inf {kS − CkF2 + c1 λ12 (C) ·

d
S∈S+

tr(C) d2
·
· rank(S) · log(2d)} ,
λ1 (C) r2 m

d is the set of symmetric positive semi-definite d × d matrices. Then, for a suitable choice
where S+
of λ, with probability at least 1 − 1/(2d), we have
s

kC̃ − CkF ≤

where c1 is a constant and λ1 (C) is the leading eigenvalue of C.


Substituting m = (d/r)2 · k2 from Lemma 2 into the above bound, we obtain that the RHS is at
most
s
tr(C) 2
inf {kS − Ck2 + c1 λ2 (C) ·
·
· rank(S) · log(2d))} .
1
F
d
λ1 (C) k
S∈S+
√
This bound is always worse than our bound (i.e., larger than / k).
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Over the past decade, the explosion of data volume and complexity has led to a surge of interest
in fast procedures for approximate forms of matrix multiplication, low-rank approximation,
and convex optimization. One interesting class of problems that arise frequently in data

1. Introduction

We study randomized sketching methods for approximately solving least-squares problem
with a general convex constraint. The quality of a least-squares approximation can be assessed in different ways: either in terms of the value of the quadratic objective function (cost
approximation), or in terms of some distance measure between the approximate minimizer
and the true minimizer (solution approximation). Focusing on the latter criterion, our first
main result provides a general lower bound on any randomized method that sketches both
the data matrix and vector in a least-squares problem; as a surprising consequence, the most
widely used least-squares sketch is sub-optimal for solution approximation. We then present a
new method known as the iterative Hessian sketch, and show that it can be used to obtain approximations to the original least-squares problem using a projection dimension proportional
to the statistical complexity of the least-squares minimizer, and a logarithmic number of
iterations. We illustrate our general theory with simulations for both unconstrained and constrained versions of least-squares, including `1 -regularization and nuclear norm constraints.
We also numerically demonstrate the practicality of our approach in a real face expression
classification experiment.
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For example, in the case of unconstrained least-squares (C = Rd ) with n > d, it is known
that with Gaussian random sketches, a sketch size m % ε12 d suffices to guarantee that x
e is
ε-optimal with high probability (for instance, see the papers by Sarlos (2006) and Mahoney
(2011), as well as references therein). Similar guarantees can be established for sketches based
on sampling according to the statistical leverage scores (Drineas and Mahoney, 2010; Drineas
et al., 2012). Sketching can also be applied to problems with constraints: Boutsidis and
Drineas (2009) prove analogous results for the case of non-negative least-squares considering

f (xLS ) ≤ f (e
x) ≤ (1 + ε)2 f (xLS ).

in which the data matrix-vector pair (A, y) are approximated by their sketched versions
(SA, Sy). Note that the sketched program is an m-dimensional least-squares problem, involving the new data matrix SA ∈ Rm×d . Thus, in the regime n  d, this approach can lead
to substantial computational savings as long as the projection dimension m can be chosen
substantially less than n. A number of authors (e.g., Sarlos (2006); Boutsidis and Drineas
(2009); Drineas et al. (2011); Mahoney (2011); Pilanci and Wainwright (2015a)) have investigated the properties of this sketched solution (2), and accordingly, we refer to to it as the
classical least-squares sketch.
There are various ways in which the quality of the approximate solution x
e can be assessed.
One standard way is in terms of the minimizing value of the quadratic cost function f defining
the original problem (1), which we refer to as cost approximation. In terms of f -cost, the
approximate solution x
e is said to be ε-optimal if

where f (x) : =

The simplest case is the unconstrained form (C = Rd ), but this class also includes other
interesting constrained programs, including those based `1 -norm balls, nuclear norm balls,
interval constraints [−1, 1]d and other types of regularizers designed to enforce structure in
the solution.
Randomized sketches are a well-established way of obtaining an approximate solutions to a
variety of problems, and there is a long line of work on their uses (e.g., see the books and papers
by Vempala (2004); Boutsidis and Drineas (2009); Mahoney (2011); Drineas et al. (2011); Kane
and Nelson (2014), as well as references therein). In application to problem (1), sketching
methods involving using a random matrix S ∈ Rm×n to project the data matrix A and/or
data vector y to a lower dimensional space (m  n), and then solving the approximated
least-squares problem. There are many choices of random sketching matrices; see Section 2.1
for discussion of a few possibilities. Given some choice of random sketching matrix S, the
most well-studied form of sketched least-squares is based on solving the problem
n 1
o
x
e : = arg min
kSAx − Syk22 ,
(2)
x∈C
2n

x∈C

xLS : = arg min f (x)

analysis and scientific computing are constrained least-squares problems. More specifically,
given a data vector y ∈ Rn , a data matrix A ∈ Rn×d and a convex constraint set C, a
constrained least-squares problem can be written as follows

Pilanci and Wainwright
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(4)

the sketch in equation (2), whereas our own past work (Pilanci and Wainwright, 2015a)
provides sufficient conditions for ε-accurate cost approximation of least-squares problems over
arbitrary convex sets based also on the form in (2).
It should be noted, however, that other notions of “approximation goodness” are possible.
In many applications, it is the least-squares minimizer xLS itself—as opposed to the cost value
f (xLS )—that is of primary interest. In such settings, a more suitable measure of approximation
quality would be the `2 -norm ke
x − xLS k2 , or the prediction (semi)-norm
1
ke
x − xLS kA : = √ kA(e
x − xLS )k2 .
n
We refer to these measures as solution approximation.
Now of course, a cost approximation bound (3) can be used to derive guarantees on the
solution approximation error. However, it is natural to wonder whether or not, for a reasonable
sketch size, the resulting guarantees are “good”. For instance, using arguments from Drineas
et al. (2011), for the problem of unconstrained least-squares, it can be shown that the same
conditions ensuring a ε-accurate cost approximation also ensure that
p
f (xLS ).
(5)

ke
x − xLS kA ≤ ε

d
n
 2
ε2
σ

Given lower bounds on the singular values of the data matrix A, this bound also yields control
of the `2 -error.
In certain ways, the bound (5) is quite satisfactory: given our normalized definition (1) of
the least-squares cost f , the quantity f (xLS ) remains an order one quantity as the sample size
n grows, and the multiplicative factor ε can be reduced by increasing the sketch dimension m.
But how small should ε be chosen? In many applications of least-squares, each element of the
response vector y ∈ Rn corresponds to an observation, and so as the sample size n increases,
we expect that xLS provides a more accurate approximation to some underlying population
quantity, say x∗ ∈ Rd . As an illustrative example, in the special case of unconstrained
least-squares, the accuracy of the least-squares solution xLS as an estimate of x∗ scales as
2
kxLS − x∗ kA  σnd . Consequently, in order for our sketched solution to have an accuracy of
2
the same order as the least-square estimate, we must set ε2  σnd . Combined with our earlier
bound on the projection dimension, this calculation suggests that a projection dimension of
the order
m%

1
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The remainder of this paper is organized as follows. In Section 2, we begin by introducing
some background on classes of random sketching matrices, before turning to the statement of
our lower bound (Theorem 1) on the classical least-squares sketch (2). We then introduce the
Hessian sketch, and show that an iterative version of it can be used to compute ε-accurate
solution approximations using log(1/ε)-steps (Theorem 2). In Section 3, we illustrate the
consequences of this general theorem for various specific classes of least-squares problems,
and we conclude with a discussion in Section 4. The majority of our proofs are deferred to
the appendices.
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Now the alert reader will have observed that the preceding argument was only rough and
heuristic. However, the first result of this paper (Theorem 1) provides a rigorous confirmation
of the conclusion: whenever m  n, the classical least-squares sketch (2) is sub-optimal as
a method for solution approximation. Figure 1 provides an empirical demonstration of the
poor behavior of the classical least-squares sketch for an unconstrained problem.

JMLR 17(53):1-38

4

This sub-optimality holds not only for unconstrained least-squares but also more generally for a broad class of constrained problems. Actually, Theorem 1 is a more general claim:
any estimator based only on the pair (SA, Sy)—an infinite family of methods including the
standard sketching algorithm as a particular case—is sub-optimal relative to the original
least-squares estimator in the regime m  n. We are thus led to a natural question: can this
sub-optimality be avoided by a different type of sketch that is nonetheless computationally
efficient? Motivated by this question, our second main result (Theorem 2) is to propose an
alternative method—known as the iterative Hessian sketch—and prove that it yields optimal
approximations to the least-squares solution using a projection size that scales with the intrinsic dimension of the underlying problem, along with a logarithmic number of iterations.
The main idea underlying iterative Hessian sketch is to obtain multiple sketches of the data
(S 1 A, ..., S N A) and iteratively refine the solution where N can be chosen logarithmic in n.

Figure 1. Plots of mean-squared error versus the row dimension n ∈ {100, 200, 400, . . . , 25600}
for unconstrained least-squares in dimension d = 10. The blue curves correspond to the error
xLS − x∗ of the unsketched least-squares estimate. Red curves correspond to the IHS method
applied for N = 1 + dlog(n)e rounds using a sketch size m = 7d. Black curves correspond
to the naive sketch applied using M = N m projections in total, corresponding to the same
number used in all iterations of the IHS algorithm. (a) Error ke
x − x∗ k22 . (b) Prediction error
2
ke
x − x∗ kA
= n1 kA(e
x − x∗ )k22 . Each point corresponds to the mean taken over 300 trials with
standard errors shown above and below in crosses.

Mean−squared prediction error

3

is required. This scaling is undesirable in the regime n  d, where the whole point of sketching is to have the sketch dimension m much lower than n.

Mean−squared error

where the random vector ej ∈ Rn is chosen uniformly at random from the set of all n
canonical basis vectors, and D = diag(ν) is a diagonal matrix of i.i.d. Rademacher variables ν ∈ {−1, +1}n . A similar sketching matrix can also be obtained by sampling canonical
basis vectors without replacement. Given a fast routine for matrix-vector multiplication,
the sketched data (SA, Sy) can be formed in O(n d log m) time (for instance, see Ailon and
Chazelle (2006)).

In this section, we begin with background on different classes of randomized sketches, including those based on random matrices with sub-Gaussian entries, as well as those based on
randomized orthonormal systems and random sampling. In Section 2.2, we prove a general
lower bound on the solution approximation accuracy of any method that attempts to approximate the least-squares problem based on observing only the pair (SA, Sy). This negative
result motivates the investigation of alternative sketching methods, and we begin this investigation by introducing the Hessian sketch in Section 2.3. It serves as the basic building block
of the iterative Hessian sketch (IHS), which can be used to construct an iterative method that
is optimal up to logarithmic factors.

5

JMLR 17(53):1-38

The second type of randomized sketch we consider is randomized orthonormal system (ROS),
for which matrix multiplication can be performed much more efficiently.

2.1.2 Sketches based on randomized orthonormal systems (ROS):

For instance, a vector with i.i.d. N (0, 1) entries is 1-sub-Gaussian, as is a vector with
i.i.d. Rademacher entries (uniformly distributed over {−1, +1}). Suppose that we generate a random matrix S ∈ Rm×n with i.i.d. rows that are zero-mean, 1-sub-Gaussian, and
with cov(s) = In ; we refer to any such matrix as a sub-Gaussian sketch. As will be clear,
such sketches are the most straightforward to control from the probabilistic point of view.
However, from a computational perspective, a disadvantage of sub-Gaussian sketches is that
they require matrix-vector multiplications with unstructured random matrices. In particular,
given an data matrix A ∈ Rn×d , computing its sketched version SA requires O(mnd) basic
operations in general (using classical matrix multiplication).

The most classical sketch is based on a random matrix S ∈ Rm×n with i.i.d. standard Gaussian
entries. A straightforward generalization is a random sketch with i.i.d. sub-Gaussian rows.
In particular, a zero-mean random vector s ∈ Rn is 1-sub-Gaussian if for any u ∈ Rn , we have

2
P[hs, ui ≥ εkuk2 ≤ e−ε /2
for all ε ≥ 0.
(6)

2.1.1 Sub-Gaussian sketches:

Various types of randomized sketches are possible, and we describe a few of them here. Given
a sketching matrix S, we use {si }m
i=1 to denote the collection of its n-dimensional rows. We
restrict our attention to sketch matrices that are zero-mean, and that are normalized so that
E[S T S/m] = In .

2.1 Different types of randomized sketches

x∗

where w ∼ N (0, σ 2 In ),

(8)

6
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1. Explicitly, this star-shaped condition means that for any x ∈ C0 and scalar t ∈ [0, 1], the point tx also
belongs to C0 .

the data matrix A ∈
is fixed, and the unknown vector
belongs to some set C0 that
is star-shaped around zero.1 In this case, the constrained least-squares estimate xLS from

Rn×d

y = Ax∗ + w,

We begin by proving a lower bound on any estimator that is a function of the pair (SA, Sy).
In order to do so, we consider an ensemble of least-squares problems, namely those generated
by a noisy observation model of the form

2.2 Sub-optimality of classical least-squares sketch

for some constant α independent of n.
In the following section, we present a lower bound that applies to all the three kinds of
sketching matrices described above.

where ej ∈ Rn is the j th canonical basis vector. Different choices of the weights {pj }nj=1 are
possible, including those based on the leverage values of A—i.e., pj ∝ kuj k2 for j = 1, . . . , n,
where U ∈ Rn×d is the matrix of left singular vectors of A (e.g., see Drineas and Mahoney
(2010)). In our analysis of lower bounds to follow, we assume that the weights are α-balanced,
meaning that
α
max pj ≤
(7)
j=1,...,n
n

Given a probability distribution {pj }nj=1 over [n] = {1, . . . , n}, another choice of sketch is


to randomly sample the rows of the extended data matrix A y a total of m times with
replacement from the given probability distribution. Thus, the rows of S are independent and
take on the values
ej
sT = √
with probability pj for j = 1, . . . , n
pj

2.1.3 Sketches based on random row sampling:

In order to define a ROS sketch, we first let H ∈ Rn×n be an orthonormal matrix with
entries Hij ∈ [− √1n , √1n ]. Standard classes of such matrices are the Hadamard or Fourier
bases, for which matrix-vector multiplication can be performed in O(n log n) time via the fast
Hadamard or Fourier transforms, respectively. Based on any such matrix, a sketching matrix
S ∈ Rm×n from a ROS ensemble is obtained by sampling i.i.d. rows of the form
√
sT = neTj HD
with probability 1/n for j = 1, . . . , n,

For the convenience of the reader, we summarize some standard notation used in this
∞
paper. For sequences {at }∞
t=0 and {bt }t=0 , we use the notation at  bt to mean that there is
a constant (independent of t) such that at ≤ C bt for all t. Equivalently, we write bt  at . We
write at  bt if at  bt and bt  at .

2. Main results
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equation (1) corresponds to a constrained form of maximum-likelihood for estimating the
unknown regression vector x∗ . In Appendix D, we provide a general upper bound on the
2 ] in the least-squares solution as an estimate of x∗ . This result provides
error E[kxLS − x∗ kA
a baseline against which to measure the performance of a sketching method: in particular,
our goal is to characterize the minimal projection dimension m required in order to return an
estimate x
e with an error guarantee ke
x − xLS kA ≈ kxLS − x∗ kA . The result to follow shows that
unless m ≥ n, then any method based on observing only the pair (SA, Sy) necessarily has a
substantially larger error than the least-squares estimate. In particular, our result applies to
an arbitrary measurable function (SA, Sy) 7→ x† , which we refer to as an estimator.
More precisely, our lower bound applies to any random matrix S ∈ Rm×n for which
h
i
m
|||E S T (SS T )−1 S |||op ≤ η ,
(9)
n
where η is a constant independent of n and m, and |||A|||op denotes the `2 -operator norm (maximum eigenvalue for a symmetric matrix). In Appendix A.1, we show that these conditions
hold for various standard choices, including most of those discussed in the previous section.
Letting BA (1) denote the unit ball defined by the semi-norm k · kA , our lower bound also involves the complexity of the set C0 ∩ BA (1), which we measure in terms of its metric entropy.
In particular, for a given tolerance δ > 0, the δ-packing number Mδ of the set C0 ∩ BA (1) with
M ⊂ C ∩B (1) such that kxj −xk k > δ
respect to k·kA is the largest number of vectors {xj }j=1
0
A
A
for all distinct pairs j 6= k.
With this set-up, we have the following result:

(10)

Theorem 1 (Sub-optimality) For any random sketching matrix S ∈ Rm×n satisfying condition (9), any estimator (SA, Sy) 7→ x† has MSE lower bounded as


σ 2 log( 21 M1/2 )
2
sup ES,w kx† − x∗ kA
≥
128 η min{m, n}

x∗ ∈C0

where M1/2 is the 1/2-packing number of C0 ∩ BA (1) in the semi-norm k · kA .
The proof, given in Appendix A, is based on a reduction from statistical minimax theory combined with information-theoretic bounds. The lower bound is best understood by considering
some concrete examples:

(11a)

Example 1 (Sub-optimality for ordinary least-squares) We begin with the simplest case—
namely, in which C = Rd . With this choice and for any data matrix A with rank(A) = d, it
is straightforward to show that the least-squares solution xLS has its prediction mean-squared
error at most


σ2d
2
.
E kxLS − x∗ kA
n
7
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σ2 d
.
min{m, n}

(11b)

On the other hand, with the choice C0 = B2 (1), we can construct a 1/2-packing with M = 2d
elements, so that Theorem 1 implies that any estimator x† based on (SA, Sy) has its prediction
MSE lower bounded as



2
ES,w kb
x − x∗ kA
%

♦

Consequently, the sketch dimension m must grow proportionally to n in order for the sketched
solution to have a mean-squared error comparable to the original least-squares estimate. This
is highly undesirable for least-squares problems in which n  d, since it should be possible
to sketch down to a dimension proportional to rank(A) = d. Thus, Theorem 1 this reveals a
surprising gap between the classical least-squares sketch (2) and the accuracy of the original
least-squares estimate.
In contrast, the sketching method of this paper, known as iterative Hessian sketching (IHS),
matches the optimal mean-squared error using a sketch of size d + log(n) in each round, and
a total of log(n) rounds; see Corollary 2 for a precise statement. The red curves in Figure 1
2 in panel (b)) of the
show that the mean-squared errors (kb
x − x∗ k22 in panel (a), and kb
x − x∗ kA
IHS method using this sketch dimension closely track the associated errors of the full leastsquares solution (blue curves). Consistent with our previous discussion, both curves drop off
at the n−1 rate.

Since the IHS method with log(n) rounds uses a total of T = log(n) d+log(n)} sketches, a
fair comparison is to implement the classical method with T sketches in total. The black curves
show the MSE of the resulting sketch: as predicted by our theory, these curves are relatively
flat as a function of sample size n. Indeed, in this particular case, the lower bound (10)


 σ2d
σ2
2
ES,w ke
x − x∗ kA
%
%
,
m
log2 (n)

showing we can expect (at best) an inverse logarithmic drop-off.

This sub-optimality can be extended to other forms of constrained least-squares estimates as
well, such as those involving sparsity constraints.

Example 2 (Sub-optimality for sparse linear models) We now consider the sparse variant of the linear regression problem, which involves the `0 -“ball”

j=1

d
X

B0 (s) : = x ∈ Rd |
I[xj 6= 0] ≤ s},

corresponding to the set of all vectors with at most s non-zero entries. Fixing some radius
√
R ≥ s, consider a vector x∗ ∈ C0 : = B0 (s) ∩ {kxk1 = R}, and suppose that we make noisy
observations of the form y = Ax∗ + w.
Given this set-up, one way in which to estimate x∗ is by by computing the least-squares
estimate xLS constrained2 to the `1 -ball C = {x ∈ Rn | kxk1 ≤ R}. This estimator is a

2. This set-up is slightly unrealistic, since the estimator is assumed to know the radius R = kx∗ k1 . In
practice, one solves the least-squares problem with a Lagrangian constraint, but the underlying arguments
are basically the same.

8
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(13)

if and only if
j=1

I[γj (X) > 0] ≤ r,

9
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where γj (X) denotes the j th singular value of X. This observation motivates a standard
Pmin{d ,d }
relaxation of the rank constraint using the nuclear norm |||X|||nuc : = j=1 1 2 γj (X).
Accordingly, let us consider the constrained least-squares problem
n1
o
X LS = arg min
|||Y − AX|||2fro
such that |||X|||nuc ≤ R,
(14)
d
×d
2
1
2
X∈R

rank(X) ≤ r

X

min{d1 ,d2 }

where Y ∈ Rn×d1 is a matrix of observed responses, A ∈ Rn×d1 is a data matrix, and
W ∈ Rn×d2 is a matrix of noise variables. One interpretation of this model is as a collection of d2 regression problems, each involving a d1 -dimensional regression vector, namely a
particular column of X ∗ . In many applications, among them reduced rank regression, multitask learning and recommender systems (e.g., Srebro et al. (2005); Yuan and Lin (2006);
Negahban and Wainwright (2011); Bunea et al. (2011)), it is reasonable to model the matrix
X ∗ as having a low-rank. Note a rank constraint on matrix X be written as an `0 -“norm”
constraint on its singular values: in particular, we have

Y = AX ∗ + W,

Example 3 (Sub-optimality for low-rank matrix estimation) In the problem of multivariate regression, the goal is to estimate a matrix X ∗ ∈ Rd1 ×d2 model based on observations
of the form

Again, we see that the projection dimension m must be of the order of n in order to match the
mean-squared error of the constrained least-squares estimate xLS up to constant factors. By
contrast, in this special case, the sketching method developed in this
 paper matches the error
kxLS − x∗ k2 using a sketch dimension that scales only as s log ed
s + log(n); see Corollary 3
for the details of a more general result.
♦

number M of the set C0 can be lower bounded as
On the other hand, the

log M % s log ed
s ; see Appendix D.2 for the details of this calculation. Consequently, in
application to this particular problem, Theorem 1 implies that any estimator x† based on the
pair (SA, Sy) has mean-squared error lower bounded as


 σ 2 s log ed
s
Ew,S kx† − x∗ k2A %
.
(12b)
min{m, n}

(15a)

gS (x)

o
kSAxk22 − hAT y, xi .
|2
{z
}

n1

(16)

10


KLS = v ∈ Rd | v = t A(x − xLS )

(17)
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for some t ≥ 0 and x ∈ C .

As with the classical least-squares sketch (2), the quadratic form is defined by the matrix
SA ∈ Rm×d , which leads to computational savings. Although the Hessian sketch on its own
does not provide an optimal approximation to the least-squares solution, it serves as the
building block for an iterative method that can obtain an ε-accurate solution approximation
in log(1/ε) iterations.
In controlling the error with respect to the least-squares solution xLS the set of possible
descent directions {x − xLS | x ∈ C} plays an important role. In particular, we define the
transformed tangent cone

x∈C

x
b : = arg min

As will be revealed during the proof of Theorem 1, the sub-optimality is in part due to
sketching the response vector—i.e., observing Sy instead of y. It is thus natural to consider instead methods that sketch only the data matrix A, as opposed to both the data
matrix and
 data vector y. In abstract terms, such methods are based on observing the pair
SA, AT y ∈ Rm×d × Rd . One such approach is what we refer to as the Hessian sketch—
namely, the sketched least-squares problem

2.3 Introducing the Hessian sketch

As with the previous examples, we see the sub-optimality of the sketched approach in the
regime m < n. In contrast, for this class of problems, our sketching method matches the error
kX LS − X ∗ kA using a sketch dimension that scales only as {r(d1 + d2 ) + log(n)} log(n). See
Corollary 4 for further details.
♦


On the other hand, the 12 -packing number of the set C0 is lower bounded as log M % r d1 + d2 ,
†
so that Theorem 1 implies that any estimator X based on the pair (SA, SY ) has MSE lower
bounded as

 †
 σ 2 r d1 + d2
∗ 2
Ew,S kX − X kA %
.
(15b)
min{m, n}

h
i σ 2 r (d + d )
1
2
E kX LS − X ∗ k2A .
n

where ||| · |||fro denotes the Frobenius norm on matrices, or equivalently the Euclidean norm
on its vectorized version. Let C0 denote the set of matrices with rank r < 12 min{d1 , d2 },
and Frobenius norm at most one. In this case, we show in Appendix D that the constrained
least-squares solution X LS satisfies the bound

form of the Lasso (Tibshirani, 1996): as shown in Appendix D.2, when the design matrix A
satisfies the restricted isometry property (see Candes and Tao (2005) for a definition), then
it has MSE at most

 LS
 σ 2 s log ed
∗ 2
s
E kx − x kA .
(12a)
n

1
2 -packing

Pilanci and Wainwright

Iterative Hessian sketch

Iterative Hessian sketch

inf

v∈KLS ∩S n−1

sup

v∈KLS ∩S n−1

hu, (

and

ST S
− In ) vi ,
m

1
kSvk22
m

(18b)

(18a)

Note that the error vector vb : = A(b
x −xLS ) of interest belongs to this cone. Our approximation
bound is a function of the quantities
Z1 (S) : =
Z2 (S) : =

(19)

where u is a fixed unit-norm vector. These variables played an important role in our previous
analysis (Pilanci and Wainwright, 2015a) of the classical sketch (2). The following bound
applies in a deterministic fashion to any sketching matrix.

Z2
kxLS kA .
Z1

Proposition 1 (Bounds on Hessian sketch) For any convex set C and any sketching matrix S ∈ Rm×n , the Hessian sketch solution x
b satisfies the bound
kb
x − xLS kA ≤

(20b)

(20a)

For random sketching matrices, Proposition 1 can be combined with probabilistic analysis
to obtain high probability error bounds. For a given tolerance parameter ρ ∈ (0, 21 ], consider
the “good event”


ρ
E(ρ) : = Z1 ≥ 1 − ρ, and Z2 ≤
.
2
ρ
kxLS kA ≤ ρkxLS kA ,
2 (1 − ρ)

Conditioned on this event, Proposition 1 implies that
kb
x − xLS kA ≤



v∈KLS ∩B2 (1)

sup


|hg, vi| ,

(21)

where the final inequality holds for all ρ ∈ (0, 1/2].
Thus, for a given family of random sketch matrices, we need to choose the projection
dimension m so as to ensure the event Eρ holds for some ρ. For future reference, let us
state some known results for the cases of sub-Gaussian and ROS sketching matrices. We use
(c0 , c1 , c2 ) to refer to numerical constants, and we let D = dim(C) denote the dimension of
the space C. In particular, we have D = d for vector-valued estimation, and D = d1 d2 for
matrix problems.
Our bounds involve the “size” of the cone KLS previously defined (17), as measured in
terms of its Gaussian width
W(KLS ) : = Eg

where g ∼ N (0, In ) is a standard Gaussian vector. With this notation, we have the following:

11
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c0
W 2 (KLS ),
ρ2

we have

(22a)

Lemma 1 (Sufficient conditions on sketch dimension (Pilanci and Wainwright, 2015a))

(a) For sub-Gaussian sketch matrices, given a sketch size m >


2
P E(ρ)] ≥ 1 − c1 e−c2 mδ .

(22b)

(b) For randomized orthogonal system (ROS) sketches (sampled with replacement) over the
4
(D)
W 2 (KLS ), we have
class of self-bounding cones, given a sketch size m > c0 log
ρ2

2

−c2 mρ
P E(ρ)] ≥ 1 − c1 e log4 (D) .

(23)

The class of self-bounding cones is described more precisely in Lemma 8 of our earlier paper (Pilanci and Wainwright, 2015a). It includes among other special cases the cones generated
by unconstrained least-squares (Example 1), `1 -constrained least squares (Example 2), and
least squares with nuclear norm constraints (Example 3). For these cones, given a sketch size
4
(D)
m > c0 log
W 2 (KLS ), the Hessian sketch applied with ROS matrices is guaranteed to return
ρ2
an estimate x
b such that

kb
x − xLS kA ≤ ρkxLS kA

with high probability. More recent work by Bourgain et al. (2015) has established sharp
bounds for various forms of sparse Johnson-Lindenstrauss transforms (Kane and Nelson,
2014). As a corollary of their results, a form of the guarantee (23) also holds for such random
projections.
Returning to the main
p thread, the bound (23) is an analogue of our earlier bound (5) for
the classical sketch with f (xLS ) replaced by kxLS kA . For this reason, we see that the Hessian
sketch alone suffers from the same deficiency as the classical sketch: namely, it will require a
sketch size m  n in order to mimic the O(n−1 ) accuracy of the least-squares solution.
2.4 Iterative Hessian sketch

Despite the deficiency of the Hessian sketch itself, it serves as the building block for an novel
scheme—known as the iterative Hessian sketch—that can be used to match the accuracy of
the least-squares solution using a reasonable sketch dimension. Let begin by describing the
underlying intuition. As summarized by the bound (20b), conditioned on the good event E(ρ),
the Hessian sketch returns an estimate with error within a ρ-factor of kxLS kA , where xLS is the
solution to the original unsketched problem. As show by Lemma 1, as long as the projection
dimension m is sufficiently large, we can ensure that E(ρ) holds for some ρ ∈ (0, 1/2) with high
probability. Accordingly, given the current iterate xt , suppose that we can construct a new
least-squares problem for which the optimal solution is xLS − xt . Applying the Hessian sketch
to this problem will then produce a new iterate xt+1 whose distance to xLS has been reduced
by a factor of ρ. Repeating this procedure N times will reduce the initial approximation error
by a factor ρN .

12
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o
n 1
kS t+1 A(x − xt )k22 − hAT (y − Axt ), xi .
2m

(25)

t=1

N
nY
Z2 (S t ) o LS
kx kA .
Z1 (S t )

13

kb
x − xLS kA ≤ ρN kxLS kA .

(27b)

(27a)

JMLR 17(53):1-38

t
Consequently, conditioned on the event ∩N
t=1 E (ρ) for some ρ ∈ (0, 1/2), we have

kb
x − xLS kA ≤

Theorem 2 (Guarantees for iterative Hessian sketch) The final solution x
b = xN satisfies the bound

With this notation, we have the following guarantee:

The following theorem summarizes the key properties of this algorithm. It involves the sequence {Z1 (S t ), Z2 (S t )}N
t=1 , where the quantities Z1 and Z2 were previously defined in equations (18a) and (18b). In addition, as a generalization of the event (20a), we define the
sequence of “good” events


ρ
E t (ρ) : = Z1 (S t ) ≥ 1 − ρ, and Z2 (S t ) ≤
for t = 1, . . . , N .
(26)
2

(3) Return the estimate x
b=

xN .

x∈C

xt+1 = arg min

(2) For iterations t = 0, 1, 2, . . . , N − 1, generate an independent sketch matrix
S t+1 ∈ Rm×n , and perform the update

(1) Initialize at x0 = 0.

Iterative Hessian sketch (IHS): Given an iteration number N ≥ 1:

Formally, the iterative Hessian sketch algorithm takes the following form:

where xt is the iterate at step t. By construction, the optimum to this problem is given by
u
b = xLS − xt . We then apply to Hessian sketch to this optimization problem (24) in order
to obtain an approximation xt+1 = xt + u
b to the original least-squares solution xLS that is
more accurate than xt by a factor ρ ∈ (0, 1/2). Recursing this procedure yields a sequence of
iterates whose error decays geometrically in ρ.

With this intuition in place, we now turn a precise formulation of the iterative Hessian
sketch. Consider the optimization problem
n1
o
u
b = arg min
kAuk22 − hAT (y − Axt ), ui ,
(24)
u∈C−xt 2
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Figure 2. Simulations of the IHS algorithm for an unconstrained least-squares problem with
noise variance σ 2 = 1, and of dimensions (d, n) = (200, 6000). Simulations based on sketch
sizes m = γd, for a parameter γ > 0 to be set. (a) Plots of the log error kxt − xLS kA versus
the iteration number t. Three different curves for γ ∈ {4, 6, 8}. Consistent with the theory,
the convergence is geometric, with the rate increasing as the sampling factor γ is increased.
(b) Plots of the log error kxt − x∗ kA versus the iteration number t. Three different curves for
γ ∈ {4, 6, 8}. As expected,
all three curves flatten out at the level of the least-squares error
p
kxLS − x∗ kA = 0.20 ≈ σ 2 d/n.
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In order to test this prediction, we implemented the IHS algorithm using Gaussian sketch
matrices, and applied it to an unconstrained least-squares problem based on a data matrix
with dimensions (d, n) = (200, 6000) and noise variance σ 2 = 1. As shown in Appendix D.2,
the Gaussian width of KLS is proportional to d, so that Lemma 1 shows that it suffices to
choose a projection dimension m % γd for a sufficiently large constant γ. Panel (a) of Figure 2
illustrates the resulting convergence rate of the IHS algorithm, measured in terms of the error
kxt − xLS kA , for different values γ ∈ {4, 6, 8}. As predicted by Theorem 2, the convergence
rate is geometric (linear on the log scale shown), with the rate increasing as the parameter γ
is increased.

Lemma 1 can be combined with the union bound in order to ensure that the compound
t
event ∩N
t=1 E (ρ) holds with high probability over a sequence of N iterates, as long as the
sketch size is lower bounded as m ≥ ρc02 W 2 (KLS ) log4 (D) + log N . Based on the bound (27b),
we then expect to observe geometric convergence of the iterates.

2 (S )
Note that for any ρ ∈ (0, 1/2), then event E t (ρ) implies that Z
Z1 (S t ) ≤ ρ, so that the
bound (27b) is an immediate consequence of the product bound (27a).

Log error to least−squares soln

Iterative Hessian sketch

Log error to truth

Iterative Hessian sketch

c0 log4 (D)
W 2 (KLS ).
ρ2

Assuming that the sketch dimension has been chosen to ensure geometric convergence,
Theorem 2 allows us to specify, for a given target accuracy ε ∈ (0, 1), the number of iterations
required.
Corollary 1 Fix some ρ ∈ (0, 1/2), and choose a sketch dimension m >

−c2

mρ2
log4 (D)

.

kb
x − xLS kA
≤ε
kxLS kA
(28)

log(1/ε)
If we apply the IHS algorithm for N (ρ, ε) : = 1+ log(1/ρ)
steps, then the output x
b = xN satisfies
the bound

with probability at least 1 − c1 N (ρ, ε)e

This corollary is an immediate consequence of Theorem 2 combined with Lemma 1, and it
holds for both ROS and sub-Gaussian sketches. (In the latter case, the additional log(D)
terms may be omitted.) Combined with bounds on the width function W(KLS ), it leads to
a number of concrete consequences for different statistical models, as we illustrate in the
following section.
One way to understand the improvement of the IHS algorithm over the classical sketch is
as follows. Fix some error tolerance ε ∈ (0, 1). Disregarding logarithmic factors, our previous
results (Pilanci and Wainwright, 2015a) on the classical sketch then imply that a sketch size
m % ε−2 W 2 (KLS ) is sufficient to produce a ε-accurate solution approximation. In contrast,
Corollary 1 guarantees that a sketch size m % log(1/ε) W 2 (KLS ) is sufficient. Thus, the
benefit is the reduction from ε−2 to log(1/ε) scaling of the required sketch size.
It is worth noting that in the absence of constraints, the least-squares problem reduces to
solving a linear system, so that alternative approaches are available. For instance, one can use
a randomized sketch to obtain a preconditioner, which can then be used within the conjugate
gradient method. As shown in past work (Rokhlin and Tygert, 2008; Avron et al., 2010),
two-step methods of this type can lead to same reduction of ε−2 dependence to log(1/ε).
However, a method of this type is very specific to unconstrained least-squares, whereas the
procedure described in this paper is generally applicable to least-squares over any compact,
convex constraint set.
2.5 Computational and space complexity
Let us now make a few comments about the computational and space complexity of implementing the IHS algorithm using the fast Johnson-Lindenstrauss (ROS) sketches, such as
those based on the fast Hadamard transform. For a given sketch size m, the IHS algorithm
requires O(nd log(m)) basic operations to compute the data sketch S t+1 A at iteration t; in
addition, it requires O(nd) operations to compute AT (y − Axt ). Consequently, if we run the
algorithm for N iterations, then the overall complexity scales as


O N nd log(m) + C(m, d) ,
(29)
15

JMLR 17(53):1-38

Pilanci and Wainwright

where C(m, d) is the complexity of solving the m × d dimensional problem in the update (25).
Also note that, in problems where the data matrix A is sparse, S t+1 A can be computed in
time proportional to the number of non-zero elements in A using Gaussian sketching matrices.
The space used by the sketches SA scales as O(md). To be clear, note that the IHS algorithm
also requires access to the data via matrix-vector multiplies for forming AT (y − Axt ). In
limited memory environments, computing matrix-vector multiplies is considerably easier via
distributed or interactive computation. For example, they can be efficiently implemented for
multiple large datasets which can be loaded to memory only one at a time.
If we want to obtain estimates with accuracy ε, then we need to perform N  log(1/ε)
iterations in total. Moreover, for ROS sketches, we need to choose m % W 2 (KLS ) log4 (d).
Consequently, it only remains to bound the Gaussian width W in order to specify complexities
that depend only on the pair (n, d), and properties of the solution xLS .
For an unconstrained problem with n > d, the Gaussian width can be bounded as
W 2 (KLS ) - d, and the complexity of the solving the sub-problem (25) can be bounded as
d3 . Thus, the overall complexity of computing an ε-accurate solution scales as O(nd log(d) +
d3 ) log(1/ε), and the space required is O(d2 ).
As will be shown in Section 3.2, in certain cases, the cone KLS can have substantially
lower complexity than the unconstrained case. For instance, if the solution is sparse, say
with s non-zero entries and the least-squares program involves an `1 -constraint, then we have
W 2 (KLS ) - s log d. Using a standard interior point method to solve the sketched problem,
the total complexity for obtaining an ε-accurate solution is upper bounded by O((nd log(s) +
s2 d log2 (d)) log(1/ε)). Although the sparsity s is not known a priori, there are bounds on it
that can be computed in O(nd) time (for instance, see Ghaoui et al. (2011)).

3. Consequences for concrete models

In this section, we derive some consequences of Corollary 1 for particular classes of leastsquares problems. Our goal is to provide empirical confirmation of the sharpness of our
theoretical predictions, namely the minimal sketch dimension required in order to match the
accuracy of the original least-squares solution.
3.1 Unconstrained least squares

We begin with the simplest case, namely the unconstrained least-squares problem (C = Rd ).
For a given pair (n, d) with n > d, we generated a random ensemble of least-square problems
according to the following procedure:

• first, generate a random data matrix A ∈ Rn×d with i.i.d. N (0, 1) entries

• second, choose a regression vector x∗ uniformly at random from the sphere S d−1

• third, form the response vector y = Ax∗ + w, where w ∼ N (0, σ 2 In ) is observation noise
with σ = 1.

As discussed following Lemma 1, for this class of problems, taking a sketch dimension m % ρd2
guarantees ρ-contractivity of the IHS iterates with high probability. Consequently, we can
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−c2

mρ2
log4 (d)

.

2

32

64
Dimension

128

256

1
ky − Axk22 ,
2

(31)
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18

kb
x − x∗ k2 ≤ c00

17

where R > 0 is a user-defined radius. This estimator is well-suited to the problem of sparse
linear regression, based on the observation model y = Ax∗ + w, where x∗ has at most s nonzero entries, and A ∈ Rn×d has i.i.d. N (0, 1) entries. For the purposes of this illustration, we
assume3 that the radius is chosen such that R = kx∗ k1 .

Under these conditions, the proof of Corollary 3 shows that a sketch size m ≥ γ s log ed
s
suffices to guarantee geometric convergence of the IHS updates. Panel (a) of Figure 4 illustrates the accuracy of this prediction, showing the resulting convergence rate of the the IHS

kxk1 ≤R

xLS = arg min

We now turn to a study of an `1 -constrained form of least-squares, referred to as the Lasso or
relaxed basis pursuit program (Chen et al., 1998; Tibshirani, 1996). In particular, consider
the convex program

3.2 Sparse least-squares

3. In practice, this unrealistic assumption of exactly knowing kx∗ k1 is avoided by instead considering the
`1 -penalized form of least-squares, but we focus on the constrained case to keep this illustration as simple
as possible.

r

16

Least−squares vs. dimension

Figure 3. Simulations of the IHS algorithm for unconstrained least-squares. In these experiments, we generated random least-squares problem of dimensions d ∈ {16, 32, 64, 128, 256}, on
all occasions with a fixed sample size n = 100d. The initial least-squares solution has error
kxLS − x∗ kA ≈ 0.10, as shown by the blue bars. We then ran the IHS algorithm for N = 4
iterations with a sketch size m = 6d. As shown by the green bars, these sketched solutions
show an error kb
x − x∗ kA ≈ 0.11 independently of dimension, consistent with the predictions
of Corollary 2. Finally, the red bars show the error in the classical sketch, based on a sketch
size M = N m = 24d, corresponding to the total number of projections used in the iterative
algorithm. This error is roughly twice as large.

0

0.05

0.1

0.15

0.2

0.25

Pilanci and Wainwright

σ2d
n
for some constant c00 > 0. This prediction is confirmed by the green bars in Figure 3, showing
that kb
x − x∗ kA ≈ 0.11 across all dimensions. Finally, the red bars show the results of running
the classical sketch with a sketch dimension of (6 × 4)d = 24d sketches, corresponding to the
total number of sketches used by the IHS algorithm. Note that the error is roughly twice as
large.

solution x
b = xN satisfies the error bound

our previous choices, the least-squares estimate should have error kxLS − x∗ k2 ≈ σnd = 0.1
with high probability, independently of the dimension d. This predicted behavior is confirmed
by the blue bars in Figure 3; the bar height corresponds to the average over T = 20 trials,
with the standard errors also marked. On these same problem instances, we also ran the IHS
algorithm using m = 6d samples per iteration, and for a total of
pn
log
d
N =1+d
e =4
iterations.
log 2
q
2
Since kxLS −x∗ kA  σnd ≈ 0.10, Corollary 2 implies that with high probability, the sketched

In order to confirm the predicted bound (30) on the error kb
x − xLS kA , we performed a
second experiment. Fixing n = 100d, we generated T = 20 random least squares problems
from the ensemble described above with dimension d ranging over {32, 64, 128, 256,
q 512}. By

with probability greater than 1 − c1 N e

iterations using m =

projections per round. Then the output x
b satisfies the bounds
r
r
2
2
σ d
σ d
kb
x − xLS kA ≤
,
and
kxN − x∗ kA ≤
+ kxLS − x∗ kA
(30)
n
n

c0
d
ρ2

Corollary 2 For some given ρ ∈ (0, 1/2), suppose that we run the IHS algorithm for
LS
√
log n kx σ kA
e
N =1+d
log(1/ρ)

kxLS − x∗ k2A 

σ2d
≈ 0.10.
n
Consequently, it is reasonable to set the tolerance parameter proportional to σ 2 nd , and then
log(1/ε)
perform roughly 1 + log(1/ρ)
steps. The following corollary summarizes the properties of the
resulting procedure:

obtain a ε-accurate approximation to the original least-squares solution by running roughly
log(1/ε)/ log(1/ρ) iterations.
Now how should the tolerance ε be chosen? Recall that the underlying reason for solving
the least-squares problem is to approximate x∗ . Given this goal, it is natural to measure the
approximation quality in terms of kxt − x∗ kA . Panel (b) of Figure 2 shows the convergence
of the iterates to x∗ . As would be expected, this measure of error levels off at the ordinary
least-squares error

Iterative Hessian sketch

Error

Iterative Hessian sketch

2
kxLS − x∗ kA
-

σ 2 s log
n

ed
s



.

(32)

algorithm, measured in terms of the error kxt − xLS kA , for different values γ ∈ {2, 5, 25}. As
predicted by Theorem 2, the convergence rate is geometric (linear on the log scale shown),
with the rate increasing as the parameter γ is increased.

As long as n % s log ed
s , it also follows as a corollary of Proposition 2 that


and

√ kxLS kA
log n
σ
log(1/ρ)

kxN − x∗ kA ≤

ed
s



c0
s log
ρ2

ed
s

, the output x
b

e iterations using m =

s
σ 2 s log
n

mρ2
log4 (d)

with high probability. This bound suggests an appropriate choice for the tolerance parameter
ε in Theorem 2, and leads us to the following guarantee.

ed
s

+ kxLS − x∗ kA . (33)

−c2

Corollary 3 For the stated random ensemble of sparse linear regression problems, suppose

that we run the IHS algorithm for N = 1 + d

s
σ 2 s log
n

projections per round. Then with probability greater than 1 − c1 N e
satisfies the bounds

kb
x − xLS kA ≤

(34)
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3.3 Some larger-scale experiments

kxLS − x∗ k2 = 0.10 ≈

2
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In order to verify the predicted bound
(33) on the error kb
x −xLS kA , we performed a second

experiment. Fixing n = 100s log ed
s . we generated T = 20 random least squares problems
(as described above)
with the regression dimension ranging as d ∈ {32, 64, 128, 256}, and
√
sparsity s = d2 de. Based on these choices, the least-squares estimate should have error
r

σ 2 s log ed
s
kxLS − x∗ kA ≈
= 0.1 with high probability, independently of the pair (s, d). This
n
predicted behavior is confirmed by the blue bars in Figure 5; the bar height corresponds to
the average over T = 20 trials, with the standard errors also marked.
On these same problem instances,
 we also ran the IHS algorithm using N = 4LSiterations
with a sketch size m = 4s log ed
− x∗ kA ,
s . Together with our earlier calculation of kx
Corollary 2 implies that with high probability, the sketched solution x
b = xN satisfies the
error bound
s

ed
s

In order to further explore the computational gains guaranteed by IHS, we performed some
larger scale experiments on sparse regression problems, with the sample size n ranging over
the set {212 , 213 , ..., 219 } with a fixed input dimension d = 500. As before, we generate
observations from the linear model y = Ax∗ + w, where x∗ has at most s non-zero entries,
and each row of the data matrix A ∈ Rn×d is distributed i.i.d. according to a N (1d , Σ)
distribution. Here the d-dimensional covariance matrix Σ has entries Σjk = 2 × 0.9|j−k| , so
that the columns of the matrix A will be correlated. Setting a sparsity s = d3 log(d)e, we
chose the unknown regression vector x∗ with its support uniformly random with entries ± √1s
with equal probability.
σ 2 s log
n

Baseline: In order to provide a baseline for comparison, we used the homotopy algorithm—
that is, the Lasso modification of the LARS updates (Osborne et al., 2000; Efron et al., 2004)—
√
to solve the original `1 constrained problem with `1 -ball radius R = s. The homotopy
algorithm is especially efficient when the Lasso solution xLS is sparse. Since the columns
of A are correlated in our ensemble, standard first-order algorithms—among them iterative
soft-thresholding, FISTA, spectral projected gradient methods, as well as (block) coordinate
descent methods, see, e.g., Beck and Teboulle (2009); Wu and Lange (2008)—performed poorly

kb
x − x∗ kA ≤ c0

for some constant c0 ∈ (1, 2]. This prediction is confirmed by the green bars in Figure 5,
showing that kb
x − x∗ kA % 0.11 across all dimensions. Finally, the green bars in Figure 5 show
the error based on using the naive sketch estimate with a total of M = N m random projections
in total; as with the case of ordinary least-squares, the resulting error is roughly twice as large.
We also note that a similar bound also applies to problems where a parameter constrained
to unit simplex is estimated, such as in portfolio analysis and density estimation (Markowitz,
1959; Pilanci et al., 2012).
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20

Figure 4. Simulations of the IHS algorithm for a sparse least-squares problem with noise
variance σ 2 = 1, and of dimensions (d, n, s) = (256, 8872, 32). Simulations based on sketch
sizes m = γs log d, for a parameter γ > 0 to be set. (a) Plots of the log error kxt − xLS k2 versus
the iteration number t. Three different curves for γ ∈ {2, 5, 25}. Consistent with the theory,
the convergence is geometric, with the rate increasing as the sampling factor γ is increased.
(b) Plots of the log error kxt − x∗ k2 versus the iteration number t. Three different curves for
γ ∈ {2, 5, 25}. As expected,
all three curves flatten out at the level of the least-squares error
q
s log(ed/s)
.
n
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dimension d and sparsity s fixed. Figure 6 compares the prediction MSE of xLS versus the
analogous quantity kb
x−x∗ k2A for the sketched solution. Note that the two curves are essentially
indistinguishable, showing that the sketched solution provides an estimate of x∗ that is as good
as the original least-squares estimate.

2
Figure 6. Plots of the mean-squared prediction errors
versus the sample size
n
n ∈ 2{9,10,...,19} for the original least-squares solution (e
x = xLS in blue) versus the sketched
solution (b
x = xLS in red). Each point on each curve corresponds to the average over 300
independent trials of the same type used to generate the data in Table 1; the error bars
correspond to one standard errors. In generating the plots, all errors have been renormalized
so that the error for sample size n = 29 is equal to one. As can be seen, the sketched method
generates solutions with prediction MSE that are essentially indistinguishable from the original
solution.
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Table 1. Running time comparison in seconds of the Baseline (homotopy method applied
to original problem), IHS (homotopy method applied to sketched subproblems), and IHS plus
sketching time. Each running time estimate corresponds to an average over 300 independent
trials of the random sparse regression model described in the main text.

Samples n
Baseline
IHS
IHS+Sketch

Pilanci and Wainwright

Table 1 provides a summary comparison of the running times for the baseline method
(homotopy method on the original problem), versus the IHS method (running time for computing the iterates using the homotopy method), and IHS method plus sketching time. Note
that with the exception of the smallest problem size (n = 4096), the IHS method including
sketching time is the fastest, and it is more than two times faster for large problems. The
gains are somewhat more significant if we remove the sketching time from the comparison.
One way in which to measure the quality of the least-squares solution xLS as an estimate
kA(xLS −x∗ )k22
of x∗ is via its mean-squared (in-sample) prediction error kxLS − x∗ k2A =
. For
n
the random ensemble of problems that we have generated, the bound (34) guarantees that
the squared error should decay at the rate 1/n as the sample size n is increased with the

relative to the homotopy algorithm in terms of computation time; see Bach et al. (2011) for
observations of this phenomenon in past work.
IHS implementation: For comparison, we implemented the IHS algorithm with a projection
dimension m = b4s log(d)c. After projecting the data, we then used the homotopy method
to solve the projected sub-problem at each step. In each trial, we ran the IHS algorithm for
N = dlog ne iterations.

Figure 5.
Simulations of the IHS algorithm for `1 -constrained least-squares.
In
these experiments, we generated random √sparse least-squares problem of dimensions
d ∈ {16, 32, 64, 128,
occasions with a fixed sample size
 256} and sparsity s = d2 de, on all
LS
∗
n = 100s log ed
s . The initial Lasso solution has error kx −x k2 ≈ 0.10, as shown by the blue

bars. We then ran the IHS algorithm for N = 4 iterations with a sketch size m = 4s log ed
s .
These sketched solutions show an error kb
x − x∗ kA ≈ 0.11 independently of dimension, consistent with the predictions of Corollary 3. Red bars show the error in the naive sketch estimate,
using a sketch of size M = N m = 16s log ed
s , equal to the total number of random projections
used by the IHS algorithm. The resulting error is roughly twice as large.

Error

Iterative Hessian sketch

Prediction MSE

Iterative Hessian sketch

3.4 Matrix estimation with nuclear norm constraints

min

X∈Rd1 ×d2

n1
o
2
|||Y − AX|||fro
2
such that |||X|||nuc ≤ R,
(35)

We now turn to the study of nuclear-norm constrained form of least-squares matrix regression.
This class of problems has proven useful in many different application areas, among them
matrix completion, collaborative filtering, multi-task learning and control theory (e.g., (Fazel,
2002; Yuan et al., 2007; Bach, 2008; Recht et al., 2010; Negahban and Wainwright, 2012)). In
particular, let us consider the convex program
X LS = arg
where R > 0 is a user-defined radius as a regularization parameter.
3.4.1 Simulated data
Recall the linear observation model previously introduced in Example 3: we observe the pair
(Y, A) linked according to the linear Y = AX ∗ + W , where the unknown matrix X ∗ ∈ Rd1 ×d2
is an unknown matrix of rank r. The matrix W is observation noise, formed with i.i.d.
N (0, σ 2 ) entries. This model is a special case of the more general class of matrix regression
problems (Negahban and Wainwright, 2012). As shown in Appendix D.2, if we solve the
nuclear-norm constrained problem with R = |||X ∗ |||nuc , then it produces a solution such that

2 ] - σ 2 r (d1 +d2 ) . The following corollary characterizes the sketch dimension
E |||X LS − X ∗ |||fro
n
and iteration number required for the IHS algorithm to match this scaling up to a constant
factor.

−c2

mρ2
log4 (d1 d2 )

(36)

, the output X N satisfies

Corollary 4 (IHS for nuclear-norm constrained least squares) Suppose that we run

e iterations using m = c0 ρ2 r d1 + d2 projections

the IHS algorithm for N =

√ kX LS kA
log n
1 + d log(1/ρ)σ

s

σ 2 r d1 + d2
+ kX LS − X ∗ kA .
n

per round. Then with probability greater than 1 − c1 N e
the bound
kX N − X ∗ kA ≤

We have also performed simulations for low-rank matrix estimation, and observed that the
IHS algorithm exhibits convergence behavior qualitatively similar to that shown in Figures 3
and 5. Similarly, panel (a) of Figure 8 compares the performance of the IHS and classical
methods for sketching the optimal solution over a range of row sizes n. As with the unconstrained least-squares results from Figure 1, the classical sketch is very poor compared to the
original solution whereas the IHS algorithm exhibits near optimal performance.
3.4.2 Application to multi-task learning
To conclude, let us illustrate the use of the IHS algorithm in speeding up the training of a
classifier for facial expressions. In particular, suppose that our goal is to separate a collection
of facial images into different groups, corresponding either to distinct individuals or to different
facial expressions. One approach would be to learn a different linear classifier (a 7→ ha, xi)
23
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for each separate task, but since the classification problems are so closely related, the optimal
classifiers are likely to share structure. One way of capturing this shared structure is by
concatenating all the different linear classifiers into a matrix, and then estimating this matrix
in conjunction with a nuclear norm penalty (Amit et al., 2007; Argyriou et al., 2008).

Figure 7. Japanese Female Facial Expression (JAFFE) Database: The JAFFE database
consists of 213 images of 7 different emotional facial expressions (6 basic facial expressions +
1 neutral) posed by 10 Japanese female models.

In more detail, we performed a simulation study using the The Japanese Female Facial
Expression (JAFFE) database (Lyons et al., 1998). It consists of N = 213 images of 7 facial
expressions (6 basic facial expressions + 1 neutral) posed by 10 different Japanese female
models; see Figure 7 for a few example images. We performed an approximately 80 : 20 split
of the data set into ntrain = 170 training and ntest = 43 test images respectively. Then we
consider classifying each facial expression and each female model as a separate task which
gives a total of dtask = 17 tasks. For each task j = 1, . . . , dtask , we construct a linear classifier
of the form a 7→ sign(ha, xj i), where a ∈ Rd denotes the vectorized image features given by
Local Phase Quantization (Ojansivu and Heikkil, 2008). In our implementation, we fixed the
number of features d = 32. Given this set-up, we train the classifiers in a joint manner, by
optimizing simultaneously over the matrix X ∈ Rd×dtask with the classifier vector xj ∈ Rd as
its j th column. The image data is loaded into the matrix A ∈ Rntrain ×d , with image feature
vector ai ∈ Rd in column i for i = 1, . . . , ntrain . Finally, the matrix Y ∈ {−1, +1}ntrain ×dtask
encodes class labels for the different classification problems. These instantiations of the pair
(Y, X) give us an optimization problem of the form (35), and we solve it over a range of
regularization radii R.
More specifically, in order to verify the classification accuracy of the classifier obtained
by IHT algorithm, we solved the original convex program, the classical sketch based on ROS
sketches of dimension m = 100, and also the corresponding IHS algorithm using ROS sketches
of size 20 in each of 5 iterations. In this way, both the classical and IHS procedures use the
same total number of sketches, making for a fair comparison. We repeated each of these
three procedures for all choices of the radius R ∈ {1, 2, 3, . . . , 12}, and then applied the
resulting classifiers to classify images in the test dataset. For each of the three procedures,
we calculated the classification error rate, defined as the total number of mis-classified images
divided by ntest × dtask . Panel (b) of Figure 8 plots the resulting classification errors versus
the regularization parameter. The error bars correspond to one standard deviation calculated
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In this paper, we focused on the problem of solution approximation (as opposed to cost approximation) for a broad class of constrained least-squares problem. We began by showing
that the classical sketching methods are sub-optimal, from an information-theoretic point of
view, for the purposes of solution approximation. We then proposed a novel iterative scheme,
known as the iterative Hessian sketch, for deriving ε-accurate solution approximations. We
proved a general theorem on the properties of this algorithm, showing that the sketch dimension per iteration need grow only proportionally to the statistical dimension of the optimal
solution, as measured by the Gaussian width of the tangent cone at the optimum. By taking
log(1/ε) iterations, the IHS algorithm is guaranteed to return an ε-accurate solution approximation with exponentially high probability.

4. Discussion

12

IHS
Naive
Original

Figure 8. Simulations of the IHS algorithm for nuclear-norm constrained problems. The blue
curves correspond to the solution of the original (unsketched problem), whereas red curves
correspond to the IHS method applied for N = 1 + dlog(n)e rounds using a sketch size of
m. Black curves correspond to the naive sketch applied using M = N m projections in total,
corresponding to the same number used in all iterations of the IHS algorithm. (a) Mean-squared
error versus the row dimension n ∈ [10, 100] for recovering a 20 × 20 matrix of rank r2, using a
sketch dimension m = 60. Note how the accuracy of the IHS algorithm tracks the error of the
unsketched solution over a wide range of n, whereas the classical sketch has essentially constant
error. (b) Classification error rate versus regularization parameter R ∈ {1, . . . , 12}, with error
bars corresponding to one standard deviation over the test set. Sketching algorithms were
applied to the JAFFE face expression using a sketch dimension of M = 100 for the classical
sketch, and N = 5 iterations with m = 20 sketches per iteration for the IHS algorithm.
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for some p ∈ [1, ∞].
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First, let S ∈ Rm×n be a random matrix with i.i.d. Gaussian entries. We use the singular
value decomposition to write S = U ΛV T where both U and V are orthonormal matrices of
left and right singular vectors. By rotation invariance, the columns {vi }m
i=1 are uniformly

A.1.1 Gaussian sketches:

We verify the condition for three different types of sketches.

A.1 Verification of condition (9)

This appendix is devoted to the verification of condition (9) for different model classes, followed
by the proof of Theorem 1.

Appendix A. Proof of lower bounds
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The case of `1 -regression (p = 1) is an important special case, known as robust regression; it
is especially effective for data sets containing outliers (Huber, 2001). Recent work (Clarkson
et al., 2013) has proposed to find faster solutions of the `1 -regression problem using the classical
sketch (i.e., based on (SA, Sy)) but with sketching matrices based on Cauchy random vectors.
Based on the results of the current paper, our iterative technique might be useful in obtaining
sharper bounds for solution approximation in this setting as well. Finally, we refer the reader
to the more recent work (Pilanci and Wainwright, 2015b) on sketching for general convex
objective functions.

min kAx − ykpp

x∈Rd

In addition to these theoretical results, we also provided empirical evaluations that reveal
the sub-optimality of the classical sketch, and show that the IHS algorithm produces nearoptimal estimators. Finally, we applied our methods to a problem of facial expression using a
multi-task learning model applied to the JAFFE face database. We showed that IHS algorithm
applied to a nuclear-norm constrained program produces classifiers with considerably better
classification accuracy compared to the naive sketch.
There are many directions for further research, but we only list here some of them. The
idea behind iterative sketching can also be applied to problems beyond minimizing a leastsquares objective function subject to convex constraints. Examples include penalized forms
of regression, e.g., see the recent work (Yang et al., 2015), and various other cost functions.
An important class of such problems are `p -norm forms of regression, based on the convex
program

over the randomness in generating sketching matrices. The plots show that the IHS algorithm
yields classifiers with performance close to that given by the original solution over a range of
regularizer parameters, and is superior to the classification sketch. The error bars also show
that the IHS algorithm has less variability in its outputs than the classical sketch.

Mean−squared error

2.4
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Iterative Hessian sketch

Classification error rate on test data

Iterative Hessian sketch

distributed over the sphere S n−1 . Consequently, we have
i=1

m
X


m
ES S T SS T )−1 S = E
vi viT = In ,
n

showing that condition (9) holds with η = 1.

m
m
In )HD] = In ,
n
n

(37)

A.1.2 ROS sketches (sampled without replacement):
√
In this case, we have S = nP HD, where P ∈ Rm×n is a random picking matrix with each
row being a standard basis vector sampled without replacement. We then have SS T = nIm
and also EP [P T P ] = m
n In , so that
ES [S T (SS T )−1 S] = ED,P [DH T P T P HD] = ED [DH T (
showing that the condition holds with η = 1.
A.1.3 Weighted row sampling:

j∈R

n
Finally, suppose that we sample m rows independently using a distribution {pj }j=1
on the
rows of the data matrix that is α-balanced (7). Letting R ⊆ {1, 2, . . . , n} be the subset of
rows that are sampled, and let Nj be the number of times each row is sampled. We then have
h
i X
E S T SS T )−1 S =
E[ej ejT ] = D,

where D ∈ Rn×n is a diagonal matrix with entries Djj = P[j ∈ R]. Since the trials are
independent, the j th row is sampled at least once in m trials with probability qj = 1−(1−pj )m ,
and hence




m
ES S T SS T )−1 S = diag {1 − (1 − pi )m }i=1
 1 − (1 − p∞ )m In  mp∞ ,

where p∞ = maxj∈[n] pj . Consequently, as long as the row weights are α-balanced (7) so that
p∞ ≤ αn , we have



m
|||ES S T SS T )−1 S |||op ≤ α
n

showing that condition (9) holds with η = α, as claimed.
A.2 Proof of Theorem 1

for all j 6= k.

M be a 1/2-packing of C ∩B (1) in the semi-norm k·k , and for a fixed δ ∈ (0, 1/4),
Let {z j }j=1
0
A
A
define xj = 4δz j . Sine 4δ ∈ (0, 1), the star-shaped assumption guarantees that each xj belongs
to C0 . We thus obtain a collection of M vectors in C0 such that

1
2δ ≤ √ kA(xj − xk )k2 ≤ 8δ
n
{z
}
|

kxj −xk kA
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(38)

Letting J be a random index uniformly distributed over {1, . . . , M }, suppose that conditionally on J = j, we observe the sketched observation vector Sy = SAxj + Sw, as well as the
sketched matrix SA. Conditioned on J = j, the random vector Sy follows a N (SAxj , σ 2 SS T )
distribution,
denoted by Pxj . We let Y denote the resulting mixture variable, with distribution
1 PM
j=1 Pxj .
M
Consider the multiway testing problem of determining the index J based on observing Y .
With this set-up, a standard reduction in statistical minimax (e.g., (Birgé, 1987; Yu, 1997))
implies that, for any estimator x† , the worst-case mean-squared error is lower bounded as

ψ

2
sup ES,w kx† − x∗ kA
≥ δ 2 inf P[ψ(Y ) 6= J],
x∗ ∈C

where the infimum ranges over all testing functions ψ. Consequently, it suffices to show that
the testing error is lower bounded by 1/2.
In order to do so, we first apply Fano’s inequality (Cover and Thomas, 1991) conditionally
on the sketching matrix S to see that


n
o
E
S IS (Y ; J) + log 2
P[ψ(Y ) 6= J] = ES P[ψ(Y ) 6= J | S] ≥ 1 −
,
(39)
log M

j=1

k=1

j,k=1

M
M
M
1 X
1 X
1 X
D(Pxj k
P xk ) ≤
D(Pxj k Pxk ).
M
M
M2

where IS (Y ; J) denotes the mutual information between Y and J with S fixed. Our next step
is to upper bound the expectation ES [I(Y ; J)].
Letting D(Pxj k Pxk ) denote the Kullback-Leibler divergence between the distributions
Pxj and Pxk , the convexity of Kullback-Leibler divergence implies that
IS (Y ; J) =

j,k=1

M
h
i
1 X 1
(xj − xk )T AT S T (SS T )−1 S A(xj − xk ).
M2
2σ 2

Computing the KL divergence for Gaussian vectors yields
IS (Y ; J) ≤

j,k=1

M
1 X mη
32 m η 2
kA(xj − xk )k22 ≤
δ ,
M2
2 nσ 2
σ2

Thus, using condition (9), we have
ES [I(Y ; J)] ≤

σ 2 log(M/2)
64 η m

yields the lower bound (10).

x∗ ∈C

2
n
32 mση2δ + log 2 o
sup Ekb
x − x∗ k22 ≥ δ 2 1 −
.
log M

where the final inequality uses the fact that kxj − xk kA ≤ 8δ for all pairs.
Combined with our previous bounds (38) and (39), we find that

Setting δ =
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hAT S T SAb
x − y , xLS − x
bi ≥ 0

(40a)

are optimal and feasible, respectively, for the Hessian sketch program (16),

and


(AxLS )T In − S T S A∆ ≤ Z2 kAxLS k2 kA∆k2 ,

(41)

(40b)

Z2 (S t+1 ) t
kx − xLS kA .
Z1 (S t+1 )
(42)

ST S
Ax − AT ye, xLS − x
bi ≥ 0.
m

29

h
ST S i t
hAT (AxLS − ye + I −
Ax ), x
b − xLS i ≥ 0.
m

As before, since xLS is optimal for the original program, we have

hAT
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The claimed bounds (27a) and (27b) then follow by applying the bound (42) successively to
iterates 1 through N .
For simplicity in notation, we abbreviate S t+1 to S and xt+1 to x
b. Define the error vector
∆=x
b − xLS . With some simple algebra, the optimization problem (25) that underlies the
update t + 1 can be re-written as
n 1
o
x
b = arg min
kSAxk22 − hAT ye, xi ,
x∈C
2m
i
h
T
where ye : = y − I − SmS Axt . Since x
b and xLS are optimal and feasible respectively, the usual
first-order optimality conditions imply that

kxt+1 − xLS kA ≤

It suffices to show that, for each iteration t = 0, 1, 2, . . ., we have

Appendix C. Proof of Theorem 2

using the definitions (18a) and (18b) of the random variables Z1 and Z2 respectively. Combining the pieces yields the claim.

1
kSA∆k22 ≥ Z1 kA∆k22 ,
m

Since AxLS is independent of the sketching matrix and A∆ ∈ KLS , we have

1
ST S 
kSA∆k22 ≤ (AxLS )T In −
A∆ .
m
m

Adding these two inequalities and performing some algebra yields the basic inequality

hAT (AxLS − y), x
b − xLS i ≥ 0.

Similarly, since xLS and x
b are optimal and feasible, respectively, for the original least squares
program

Since x
b and x
we have

LS

Appendix B. Proof of Proposition 1

Iterative Hessian sketch

(43)

(44b)

(45)

(46b)

30

JMLR 17(53):1-38

has a smallest positive solution, which we denote by ε` (Θ; σ). We refer the reader to Bartlett
et al. (2005) for further discussion of such localized complexity measures and their properties.
The following result bounds the mean-squared error associated with the constrained leastsquares estimate:

Wε (Θ)
ε
√ ≤
σ
ε `

where g ∼ N (0, In×n ) is a standard Gaussian vector. Whenever the set Θ is star-shaped, then
it can be shown that, for any σ > 0 and positive integer `, the inequality

θ∈Θ
kθk2 ≤ε

x∗ ∈C0

an important role in our bounds. The complexity of these sets can be measured of their
localized Gaussian widths. For any radius ε > 0 and set Θ ⊆ Rn , the Gaussian width of the
set Θ ∩ B2 (ε) is given by
h
i
Wε (Θ) : = Eg sup |hw, θi| ,
(46a)

∗
When the vector x∗ is clear from context, we use the shorthand notation
S K ∗for this set. By
K(x ), which plays
taking a union over all possible x∗ ∈ C0 , we obtain the set K : =

The accuracy of xLS as an estimate of x∗ depends on the “size” of the star-shaped set

t
K(x∗ ) = v ∈ Rd | v = √ A(x − x∗ ) for some t ∈ [0, 1] and x ∈ C .
n

D.1 Upper bound on MLE

In this section, we a general upper bound on the error of the constrained least-squares estimate.
We then use it (and other results) to work through the calculations underlying Examples 1
through 3 from Section 2.2.

Appendix D. Maximum likelihood estimator and examples

Combining the two bounds (44a) and (44b) with the earlier bound (43) yields the claim (42).

1
kSA∆k22 ≥ kA∆k22 Z1 (S t+1 ).
m

Note that the vector A(xLS − xt ) is independent of the randomness in the sketch matrix S t+1 .
Moreover, the vector A∆ belongs to the cone K, so that by the definition of Z2 (S t+1 ), we
have
h
ST S i
(A(xLS − xt )T I −
A∆ ≤ kA(xLS − xt )k2 kA∆k2 Z2 (S t+1 ).
(44a)
m
Similarly, note the lower bound


1
ST S 
kSA∆k22 ≤ (A(xLS − xt )T I −
A∆
m
m

Adding together these two inequalities and introducing the shorthand ∆ = x
b − xLS yields

Pilanci and Wainwright
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(47)

∗

)=

sup

Eg

e (X−X ∗ )|||fro ≤δ
|||A
|||X|||nuc ≤|||X ∗ |||nuc

k∆k0 ≤4s
k∆k2 ≤2δ

e (X−X ∗ )|||fro ≤δ
|||A
|||X|||nuc ≤|||X ∗ |||nuc

1

e
γmin (A)

εn2  σ 2

e − X ∗ )|||fro ≤
|||A(X

2 (A)
γmax
2 (A) r (d1 + d2 ),
γmin

so that the upper bound (15a) follows from Proposition 2.
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Now consider the matrix AT G ∈ Rd1 ×d2 . For any fixed pair of vectors (u, v) ∈ S d1 −1 × S d2 −1 ,
2 (A).
eT
e
the random variable Z = uT A
Gv
is
zero-mean
Gaussian with variance at most γmax
Consequently,
argument
in random matrix theory Vershynin (2012),
 Tby a standard covering

√
e G|||op ] - γmax (A)
e
we have E |||A
d1 + d2 . Putting together the pieces, we conclude that

Eg

Thus, by duality between the nuclear and operator norms, we have
"
#
√
 T
e − X ∗ )ii| ≤ 2 r δ E |||A
e G|||op ].
|hhG, A(X
γmin (A)

|||X − X ∗ |||fro ≤

where G ∈ Rn×d2 is a Gaussian random matrix, and hhC, Dii denotes the trace inner product
between matrices C and D. Since X ∗ has rank at most r, it can be shown that |||X − X ∗ |||nuc ≤
√
2 r|||X − X ∗ |||fro ; for instance, see Lemma 1 in Negahban and Wainwright (2011). Recalling
e denotes the minimum singular value, we have
that γmin (A)

Wδ (K

By definition of the Gaussian width, we have width, we have
"
#
eT G, (X − X ∗ )ii| ,
sup
|hhA

D.2.3 Low rank matrices: Example 3:

where the final inequality standard results on Gaussian widths (Gordon et al., 2007). All
together, we conclude that

s log ed
s
εn2 (K∗ ; σ) ≤ c1 σ 2
.
n
Combined with Proposition 2, the claimed upper bound (12a) follows.
In the other direction, a straightforward argument (e.g., Raskutti
 et al. (2011)) shows that
there is a universal constant c > 0 such that log M1/2 ≥ c s log ed
s , so that the stated lower
bound follows from Theorem 1.

k∆k0 ≤4s
k∆k2 ≤2δ





e
E sup |hg, A∆i|
≤ 2E sup |hg, ∆i| ≤ c δ

Consequently, by the Sudakov-Fernique comparison (Ledoux and Talagrand, 1991), we have
r

Proposition 2 For any set C containing x∗ , the constrained least-squares estimate (1) has
mean-squared error upper bounded as

 σ2
≤ c1 εn2 K +
.
n

using the lower RIP property (i). By the upper RIP property, for any pair of vectors ∆, ∆0
with `0 -norms at most 4s, we have


e − hg, A∆
e 0 i ≤ 2k∆ − ∆0 k22 = 2 var hg, ∆ − ∆0 i
var hg, A∆i




 σ2
2
Ew kxLS − x∗ kA
≤ c1 εn2 K∗ +
n

We provide the proof of this claim in Section D.3.
D.2 Detailed calculations for illustrative examples
In this appendix, we collect together the details of calculations used in our illustrative examples
e = A/√n.
from Section 2.2. In all cases, we make use tof the convenient shorthand A

D.2.1 Unconstrained least squares: Example 1
By definition of the Gaussian width, we have
√


e − x∗ )i| ≤ δ d
sup
|hg, A(x
Wδ (K∗ ) = Eg

e (x−x∗ )k2 ≤δ
kA

e − x∗ ) belongs to a subspace of dimension rank(A) = d. The claimed
since the vector A(x
upper bound (11a) thus follows as a consequence of Proposition 2.
D.2.2 Sparse vectors: Example 2
The RIP property of order 8s implies that

sup

k∆k22 (i) e 2 (ii)
≤ kA∆k2 ≤ 2k∆k22
for all vectors with k∆k0 ≤ 8s,
2
a fact which we use throughout the proof. By definition of the Gaussian width, we have


e − x∗ )i| .
|hg, A(x
Wδ (K∗ ) = Eg

kxk1 ≤kx∗ k1
∗ )k ≤δ
e
kA(x−x
2


e
A∆i|
.

Since x∗ ∈ B0 (s), it can be shown (e.g., see the proof of Corollary 3 in Pilanci and Wainwright
√
(2015a)) that for any vector kxk1 ≤ kx∗ k1 , we have kx−x∗ k1 ≤ 2 skx−x∗ k2 . Thus, it suffices
to bound the quantity

F (δ; s) : =

|hg,
Eg
sup
√
k∆k1 ≤2 sk∆k2
e 2 ≤δ
kA∆k

By Lemma 11 in Loh and Wainwright (2012), we have
n
o
√
B1 ( s) ∩ B2 (1) ⊆ 3 clconv B0 (s) ∩ B2 (1) ,

k∆k0 ≤4s
k∆k2 ≤2δ

where clconv denotes the closed convex hull. Applying this lemma with s = 4s, we have




e
e
F (δ; s) ≤ 3
sup |hg, A∆i|
≤ 3E sup |hg, A∆i|
,
k∆k0 ≤4s
e 2 ≤δ
kA∆k
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(K∗ ).

(49)

√
.

ntεn
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or equivalently k∆k2A ≤ 16tεn ,

a bound that holds with probability greater than 1 − e− 2σ2 as claimed.

√
1
k∆k2A ≤ 2 k∆kA tεn ,
2

Combined with the basic inequality (49), we see that

i=1

√
σX
gi (A∆)i ≤ 2 k∆kA tεn .
n

n

√
√
If k∆kA < t εn , then the claim is immediate. Otherwise, we have k∆kA ≥ t εn . Since
√
∗
c
∆ ∈ C − x , we may condition on B ( tεn ) so as to obtain the bound

2σ

− ntε2n

P[B ( tεn )] ≥ 1 − e

c

Returning to prove this lemma momentarily, let us prove the bound (48). For any t ≥ εn ,
√
we can apply Lemma 2 with u = tεn to find that

Lemma 2 For all u ≥ εn , we have P[B(u)] ≤ e− 2σ2 .

nu2

The following lemma controls the probability of this event:

where g ∼ N (0, In ) is a standard normal vector.
For a given u ≥ εn , define the “bad” event

P
B(u) : = ∃ z ∈ C − x∗ with kzkA ≥ u, and | nσ ni=1 gi (Az)i | ≥ 2u kzkA

i=1

n
1
1
σ X
k∆k2A =
kA∆k22 ≤
hg, A∆i ,
2
2n
n

Introducing the shorthand ∆ = xLS − x∗ and re-arranging terms yields

1
1
1
ky − AxLS k22 ≤
ky − Ax∗ k2 =
kwk22 .
2n
2n
2n

A simple integration argument applied to this tail bound implies the claimed bound (47) on
the expected mean-squared error.
Since x∗ and xLS are feasible and optimal, respectively, for the optimization problem (1),
we have the basic inequality

(48)

Our strategy is to prove the



ntεn
PS,w kxLS − x∗ k2A ≥ 16tεn ≤ c1 e−c2 σ2 .

Throughout this proof, we adopt the shorthand εn = εn
following more general claim: for any t ≥ εn , we have

D.3 Proof of Proposition 2
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z∈star(C−x∗ )
kzkA ≤u

sup

|
i=1

n

σX
gi (Az)i |,
n

n

i=1

σX
gi (Az)i | ≥ 2u kzkA .
n

(50)

u2 .

(51)

Wu (K∗ )
Wε (K∗ )
≤σ n
≤ εn .
u
εn
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(1)

2

where G is an undirected acyclic graph and (Xk )k∈W are auxiliary random variables that
are conditioned upon. CGMs have recently been applied to gene expression data (Yi )i∈V .
In that setting Zhang and Kim (2014) used single nucleotide polymorphisms (SNPs) as the

Yi ⊥⊥ Yj |(Yk )k∈V \{i,j} , (Xk )k∈W if and only if (i, j) ∈
/G

1. Throughout, we use the term “direct” in the sense of Pearl (2009) and note that the causal influence
need not be physically direct.

The fact that primary variables of direct interest are often part of a wider context,
including additional secondary variables, presents challenges for graphical modelling and
causal inference, since in general the secondary variables will not be independent and simply
marginalising may introduce spurious dependencies (Evans and Richardson, 2014). Motivated by this observation, we define conditional DAG (CDAG) models and discuss their
semantics. Nodes in a CDAG are of two kinds, corresponding to primary and secondary
variables, and as detailed below the semantics of CDAGs allow causal inferences to be made
about the primary variables (Yi )i∈V whilst accounting for the secondary variables (Xi )i∈W .
To limit scope, we focus on the setting where each primary variable has a known cause
among the secondary variables. Specifically we suppose there is a bijection φ : V → W ,
between the primary and secondary index sets V and W , such that for each i ∈ V a direct1 causal dependency Xφ(i) → Yi exists. Under explicit assumptions we show that such
secondary variables can aid in causal inference for the primary variables, because known
relationships between secondary and primary variables render “primary-to-primary” causal
links of the form Yi → Yj identifiable from joint data on primary and secondary variables.
We put forward score-based estimators of CDAG structure that we show are asymptotically consistent under certain conditions; importantly, independence assumptions on the
secondary variables are not needed.
This work is motivated by current efforts in biology aimed at exploiting high-throughput
data to better understand causal molecular mechanisms, such as those involved in gene
regulation or protein signaling. A notable feature of molecular biology is the fact that some
causal links are relatively clearly defined by known sequence specificity. For example, the
DNA sequence has a causal influence on the level of corresponding mRNA; mRNAs have a
causal influence on corresponding total protein levels; and total protein levels have a causal
influence on levels of post-translationally modified protein. This means that in a study
involving a certain molecular variable (a protein, say), a subset of the causal influences
upon it may be clear at the outset (e.g. the corresponding mRNA) and typically it is the
unknown influences that are the subject of the study. Then, it is natural to ask whether
accounting for the known influences can aid in identification of the unknown influences. For
example, if interest focuses on causal relationships between proteins, known mRNA-protein
links could be exploited to aid in causal identification at the protein-protein level. We show
below an example using protein data.
Our development of the CDAG can be considered dual to the acyclic directed mixed
graphs (ADMGs) developed by Evans and Richardson (2014), in the sense that we investigate conditioning as an alternative to marginalisation. In this respect our work mirrors
recently developed undirected graphical models called conditional graphical models (CGMs;
Li et al, 2012; Cai et al., 2013) In CGMs, Gaussian random variables (Yk )k∈V satisfy

Oates, Smith and Mukherjee

This paper considers learning causal structure among a set of primary variables (Yi )i∈V ,
using additional secondary variables (Xi )i∈W to aid in estimation. The primary variables are
those of direct scientific interest while the secondary variables are variables that are known
to influence the primary variables, but whose mutual relationships are not of immediate
interest and perhaps not amenable to estimation using the available data. As we discuss
further below, the primary/secondary distinction is common in biostatistical applications
and is often dealt with in an ad hoc manner, for example by leaving some relationships
or edges implicit in causal diagrams. Our aim is to define a class of graphical models for
this setting and to clarify the conditions under which secondary variables can aid in causal
estimation. We focus on causal estimation in the sense of estimation of the presence or
absence of edges in the causal graph rather than estimation of quantitative causal effects.

1. Introduction

This paper considers inference of causal structure in a class of graphical models called
conditional DAGs. These are directed acyclic graph (DAG) models with two kinds of
variables, primary and secondary. The secondary variables are used to aid in the estimation
of the structure of causal relationships between the primary variables. We prove that,
under certain assumptions, such causal structure is identifiable from the joint observational
distribution of the primary and secondary variables. We give causal semantics for the model
class, put forward a score-based approach for estimation and establish consistency results.
Empirical results demonstrate gains compared with formulations that treat all variables
on an equal footing, or that ignore secondary variables. The methodology is motivated
by applications in biology that involve multiple data types and is illustrated here using
simulated data and in an analysis of molecular data from the Cancer Genome Atlas.
Keywords: Graphical Models, Causal Inference, Directed Acyclic Graphs, Instrumental
Variables, Data Integration
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(Xi )i∈W , while Logsdon and Mezey (2010); Yin and Li (2011); Cai et al. (2013) used expression qualitative trait loci (e-QTL) as the (Xi )i∈W . The latter work was recently extended
to jointly estimate several such graphical models in Chun et al. (2013). Also in the context
of undirected graphs, van Wieringen and van de Wiel (2014) recently considered encoding a
bijection between DNA copy number and mRNA expression levels into inference. Our work
complements these efforts by using directed models that are arguably more appropriate for
causal inference (Pearl, 2009). Evans (2015) uses a similar directed graphical characterisation and nomenclature. However, secondary variables in Evans (2015) are unobserved and
can have multiple children in the set of primary variables, while ours are observed and have
exactly one child among the primary variables. CDAGs are also related to instrumental
variables and Mendelian randomisation approaches (Didelez and Sheehan, 2007) that we
discuss below (Section 2.2).
CDAGs share some similarity with the influence diagrams (IDs) introduced by Dawid
(2002) as an extension of DAGs that distinguish between variable nodes and decision nodes.
This generalised the augmented DAGs of Spirtes et al. (2000); Lauritzen (2000); Pearl
(2009) in which each variable node is associated with a decision node that represents an
intervention on the corresponding variable. However, the semantics of IDs are not well suited
to the scientific contexts that we consider, where secondary nodes represent variables to be
observed, not the outcomes of decisions. The notion of a non-atomic intervention (Pearl,
2003), where many variables are intervened upon simultaneously, shares similarity with
CDAGs in the sense that the secondary variables are in general non-independent. However
again the semantics differ, since our secondary nodes represent random variables rather
than interventions. In a different direction, Neto et al. (2010) recently observed that the
use of e-QTL data (Xi )i∈W can help to identify causal relationships among gene expression
levels (Yi )i∈V . However, Neto et al. (2010) require independence of the (Xi )i∈W ; this is too
restrictive for general settings, including in molecular biology, since the secondary variables
will typically themselves be subject to regulation and far from independent. An important
and novel aspect of our approach is that no independence or conditional independence
assumptions need to be placed on the secondary variables in order to draw causal conclusions
about the primary variables.
This paper begins in Sec. 2 by defining CDAGs and discussing identifiability of their
structure from observational data on primary and secondary variables. Sufficient conditions
are then given for consistent estimation of CDAG structure along with an algorithm based
on integer linear programming. The methodology is illustrated in Section 3 on simulated
data, including data sets that violate CDAG assumptions, and on protein data from cancer
samples, the latter from the Cancer Genome Atlas (TCGA).

2. Methodology
Below we define CDAGS, study their theoretical properties and propose consistent estimators for CDAG structure.
2.1 A Statistical Framework for Conditional DAG Models

JMLR 17(54):1-23

Consider index sets V , W and a bijection φ : V → W between them. We will distinguish
between the nodes in graphs and the random variables (RVs) that they represent. Specif3

w1

v1

v3

(a)

w2

type
primary
secondary

index
i∈V
i∈W
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v2

w3

(b)

node
vi ∈ N (V )
wi ∈ N (W )

variable
Yi
Xi

Figure 1: A conditional DAG model with primary nodes N (V ) = {v1 , v2 , v3 } and secondary
nodes N (W ) = {w1 , w2 , w3 }. Here primary nodes represent primary random
variables (Yi )i∈V and solid arrows correspond to a DAG G on these vertices.
Square nodes are secondary variables (Xi )i∈W that, in the causal interpretation
of CDAGs, represent known direct causes of the corresponding (Yi )i∈V (dashed
arrows represent known relationships; the random variables (Xi )i∈W need not be
independent). The name conditional DAG refers to the fact that conditional upon
(Xi )i∈W , the solid arrows encode conditional independence relationships among
the (Yi )i∈V .

ically, indices correspond to nodes in graphical models; this is signified by the notation
N (V ) = {v1 , . . . , vp } and N (W ) = {w1 , . . . , wp }. Each node vi ∈ N (V ) corresponds to a
primary RV Yi and similarly each node wi ∈ N (W ) corresponds to a secondary RV Xi .

Definition 1 (CDAG) A conditional DAG (CDAG) G, with primary and secondary index
sets V , W respectively and a bijection φ between them, is a DAG on the primary node
set N (V ) with additional directed edges from each secondary node wφ(i) ∈ N (W ) to its
corresponding primary node vi ∈ N (V ).

In other words, a CDAG G has node set N (V ) ∪ N (W ) and an edge set that can be
generated by starting with a DAG on the primary nodes N (V ) and adding a directed edge
from each secondary node in N (W ) to its corresponding primary node in N (V ), with the
correspondence specified by the bijection φ. An example of a CDAG is shown in Fig. 1a. To
further distinguish V and W in the graphical representation we employ circular and square
vertices respectively. In addition we use dashed lines to represent edges that are required
by definition and must therefore be present in any CDAG G.
Since the DAG on the primary nodes N (V ) is of particular interest, throughout we use
G to denote a DAG on N (V ). We use G to denote the set of all possible DAGs with |V |
vertices. For notational clarity, and without loss of generality, below we take the bijection
to simply be the identity map φ(i) = i. The parents of node vi in a DAG G are indexed
by paG (i) ⊆ V \ {i}. Write anG (S) for the ancestors of nodes S ⊆ N (V ) ∪ N (W ) in the
CDAG G (which by definition includes the nodes in S). For disjoint sets of nodes A, B, C
in an undirected graph, we say that C separates A and B if every path between a node in
A and a node in B in the graph contains a node in C.
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Definition 2 (c-separation) Consider disjoint A, B, C ⊆ N (V ) ∪ N (W ) and a CDAG G.
We say that A and B are c-separated by C in G, written A ⊥
⊥ B|C [G], when C separates
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The topology (i.e. the set of edges) of a CDAG carries formal (potentially causal)
semantics on the primary RVs, conditional on the secondary RVs, as specified below. Write
T (S) for the collection of triples hA, B|Ci where A, B, C are disjoint subsets of S.

Remark 3 The classical notion of d-separation for DAGs is equivalent to omitting step
(iv) in c-separation. Notice that v3 is d-separated from v1 by the set {v2 } in the DAG G,
underlining the need for a custom notion of separation for CDAGs.

The c-separation procedure is illustrated in Fig. 2, where we show that v3 is not cseparated from v1 by the set {v2 } in the CDAG from Fig. 1a.

A and B in the undirected graph U4 that is formed as follows: (i) Take the subgraph U1
induced by anG (A ∪ B ∪ C). (ii) Moralise U1 to obtain U2 (i.e. join with an undirected edge
any parents of a common child that are not already connected by a directed edge). (iii) Take
the skeleton of the moralised subgraph U2 to obtain U3 (i.e. remove the arrowheads). (iv)
Add an undirected edge between every pair of nodes in N (W ) to obtain U4 .

Figure 2: Illustrating c-separation. Here we ask whether v3 and v1 are c-separated by {v2 }
in G, the CDAG shown in Fig. 1a. [Step (i): Take the subgraph induced by
anG ({v1 , v2 , v3 }). Step (ii): Moralise this subgraph (i.e. join with an undirected
edge any parents of a common child that are not already connected by a directed
edge). Step (iii): Take the skeleton of the moralised subgraph (i.e. remove the
arrowheads). Step (iv): Add an undirected edge between every pair (wi , wj ). In
the final panel (d) we ask whether there exists a path from v3 to v1 that does
not pass through v2 ; the answer is positive (e.g. v3 − w3 − w1 − v1 ) and hence we
conclude that v3 6⊥
⊥ v1 |v2 [G], i.e. v3 and v1 are not c-separated by {v2 } in G.]

v1

w1
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It is well known that conditional independence (and causal) relationships can usefully be
described through a qualitative, graphical representation. However to be able to use a graph
for reasoning it is necessary for that graph to embody certain assertions that themselves
obey a logical calculus. Pearl and Verma (1987) proposed such a set of rules (the semigraphoid axioms) that any reasonable set of assertions about how one set of variables might
be irrelevant to the prediction of a second, given the values of a third, might hold (see also
Dawid, 2001; Studený, 2005). This can then be extended to causal assertions (Pearl, 2009),
thereby permitting study of causal hypotheses and their consequences without the need
to first construct elaborate probability spaces and their extensions under control. Below
we establish that the independence models MG induced by c-separation on CDAGs are
semi-graphoids and thus enable reasoning in the present setting with two kinds of variables:

Remark 7 More generally the same argument shows that a DAG G ∈ G satisfies vi → vj ∈
/
G if and only if ∃S ⊆ paG (j) \ {i} such that wi ⊥⊥ vj |wj , (vk )k∈S [G]. As a consequence,
we have the interpretation that conditional upon the (secondary variables) (Xi )i∈W , the
solid arrows in Fig. 1a encode conditional independence relationships among the (primary
variables) (Yi )i∈V , motivating the CDAG nomenclature.

Proof Consider two distinct DAGs G, H ∈ G and suppose that, without loss of generality,
the edge vi → vj belongs to G and not to H. It suffices to show that MG 6= MH . First
⊥ vj |wj , (vk )k∈V \{i,j} [G],
notice that G represents the relations (i) wi 6⊥
⊥ vj |wj [G], (ii) wi 6⊥
and (iii) wj ⊥
⊥ vi |wi [G]. (These can each be directly verified by c-separation.) We show
below that H cannot also represent (i-iii) and hence, from Def. 4, it follows that MG 6= MH .
We distinguish between two cases for H, namely (a) vi ← vj ∈
/ H, and (b) vi ← vj ∈ H.
Case (a): Suppose (i) also holds for H; that is, wi 6⊥⊥ vj |wj [H]. Then since vi → vj ∈
/ H,
it follows from c-separation that the variable vi must be connected to vj by directed path(s)
whose interior vertices must only belong to N (V ) \ {vi , vj }. Thus H implies the relation
wi ⊥⊥ vj |wj , (vk )k∈V \{i,j} [H], so that (ii) cannot also hold.
Case (b): Since vi ← vj ∈ H it follows from c-separation that wj 6⊥
⊥ vi |wi [H], so that
(iii) does not hold for H.

Lemma 6 (Equivalence classes) The map G 7→ MG is an injection.

Remark 5 An independence model MG does not contain any information on the structure
of the marginal distribution P(Xi ) of the secondary variables, due to the additional step (iv)
in c-separation.

where hA, B|Ci ∈ MG carries the interpretation that the RVs corresponding to A are conditionally independent of the RVs corresponding to B when given the RVs corresponding to
C. We will write A ⊥
⊥ B|C [MG ] as a shorthand for hA, B|Ci ∈ MG .

MG = {hA, B|Ci ∈ T (N (V ) ∪ N (W )) : A ⊥
⊥ B|C [G]}

Definition 4 (Independence model) The CDAG G, together with c-separation, implies
a formal independence model (p.12 of Studený, 2005)

Oates, Smith and Mukherjee
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When we are interested in the controlled direct effect, we can repeat this argument with
additional conditioning on the (Yk )k∈V \{i,j} (or a smaller subset of conditioning variables if
the structure of G is known).

Oates, Smith and Mukherjee
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p
Y

i=1

p(yi |(yk )k∈paG (i) , xi ),

(3)
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Theorem 16 (Identifiability) Suppose that the observational distribution P(Xi )∪(Yi ) is
partially Markov and partially faithful with respect to the true DAG G. Then

The following is an immediate corollary of Lem. 6:

Remark 15 The partial Markov and partial faithfulness properties do not place any constraint on the marginal distribution P(Xi ) of the secondary variables.

while partial faithfulness ensures that none of the terms inside the product in Eqn. 3 can
be further decomposed. In this work we will prove only estimation consistency; for more
refined convergence analysis the partial faithfulness property must be strengthened. See e.g.
Uhler et al. (2013) for a recent discussion of faithfulness in the DAG setting.

p((xi )i=1,...,p , (yi )i=1,...,p ) = p((xi )i=1,...,p )

Remark 14 The partial Markov property implies that P(Xi )∪(Yi ) admits the factorisation

Definition 13 (Partial faithfulness) Let G denote the true DAG. We say that the observational distribution P(Xi )∪(Yi ) is partially faithful with respect to G when the following
holds: For all disjoint subsets {i}, {j}, C ⊆ {1, . . . , p} we have wi ⊥⊥ vj |wj , (vk )k∈C [MG ] ⇐
Xi ⊥
⊥ Yj |Xj , (Yk )k∈C

Definition 12 (Partial Markov) Let G denote the true DAG. We say that the observational distribution P(Xi )∪(Yi ) is partially Markov with respect to G when the following holds:
For all disjoint subsets {i}, {j}, C ⊆ {1, . . . , p} we have wi ⊥
⊥ vj |wj , (vk )k∈C [MG ] ⇒
Xi ⊥
⊥ Yj |Xj , (Yk )k∈C .

There exist well-known identifiability results for independence models M that are induced
by Bayesian networks; see for example Spirtes et al. (2000); Pearl (2009). These relate
the observational distribution P(Yi ) of the random variables (Yi )i∈V to an appropriate DAG
representation by means of d-separation, Markov and faithfulness assumptions (discussed
below). The problem of identification for CDAGs is complicated by the fact that (i) the primary variables (Yi )i∈V are insufficient for identification, (ii) the joint distribution P(Xi )∪(Yi )
of the primary variables (Yi )i∈V and the secondary variables (Xi )i∈W need not be Markov
with respect to the CDAG G, and (iii) we must work with the alternative notion of cseparation. Below we propose novel “partial” Markov and faithfulness conditions that will
permit, in the next section, an identifiability theorem for CDAGs. We make the standard
assumption that there is no selection bias (for example by conditioning on common effects).
We also assume throughout that there exists a true CDAG G. In other words, the observational distribution P(Xi )∪(Yi ) induces an independence model that can be expressed as MG
for some DAG G ∈ G.

2.3 Identifiability of CDAGs

Lemma 8 (Semi-graphoid) For any DAG G ∈ G, the set MG is semi-graphoid (Pearl
and Paz, 1985). That is to say, for all disjoint A, B, C, D ⊆ N (V ) ∪ N (W ) we have
(i) (triviality) A ⊥
⊥ ∅|C [MG ]
(ii) (symmetry) A ⊥
⊥ B|C [MG ] implies B ⊥
⊥ A|C [MG ]
(iii) (decomposition) A ⊥⊥ B, D|C [MG ] implies A ⊥
⊥ D|C [MG ]
(iv) (weak union) A ⊥
⊥ B, D|C [MG ] implies A ⊥
⊥ B|C, D [MG ]
(v) (contraction) A ⊥⊥ B|C, D [MG ] and A ⊥
⊥ D|C [MG ] implies A ⊥
⊥ B, D|C [MG ]
Proof The simplest proof is to note that our notion of c-separation is equivalent to classical
d-separation applied to an extension G of the CDAG G. The semi-graphoid properties then
follow immediately by the facts that (i) d-separation satisfies the semi-graphoid properties
(p.48 of Studený, 2005), and (ii) the restriction of a semi-graphoid to a subset of vertices is
itself a semi-graphoid (p.14 of Studený, 2005).
Construct an extended graph G from the CDAG G by the addition of a node z and
directed edges from z to each of the secondary vertices N (W ). Then for disjoint A, B, C ⊆
N (V ) ∪ N (W ) we have that A and B are c-separated by C in G if and only if A and B are
d-separated by C in G. This is because every path in the undirected graph U4 (G) (recall
the definition of c-separation) that contains an edge wi → wj corresponds uniquely to a
path in U3 (G) that contains the sub-path wi → z → wj .

2.2 Causal CDAG Models
The previous section defined CDAG models using the framework of formal independence
models. However, CDAGs can also be embellished with a causal interpretation, that we
make explicit below. In this paper we make a causal sufficiency assumption that the (Xi )i∈W
are the only source of confounding for the (Yi )i∈V and below we talk about direct causes at
the level of (Xi )i∈W ∪ (Yi )i∈V .
Definition 9 (Causal CDAG) A CDAG is causal when an edge vi → vj exists if and
only if Yi is a direct cause of Yj . It is further assumed that Xi is a direct cause of Yi and
not a direct cause of Yj for j 6= i. Finally it is assumed that no Yi is a direct cause of any
Xj .
Remark 10 Here direct cause is understood to mean that the parent variable has a “controlled direct effect” on the child variable in the framework of Pearl (e.g. Def. 4.5.1 of
Pearl, 2009) (it is not necessary that the effect is physically direct). No causal assumptions
are placed on interaction between the secondary variables (Xi )i∈W .
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Remark 11 In a causal CDAG the secondary variables (Xi )i∈W share some of the properties of instrumental variables (Didelez and Sheehan, 2007). Consider estimating the average
causal effect of Yi on Yj . Then, conditioning on Xj in the following, Xi can be used as a
natural experiment (Greenland, 2000) to determine the size and sign of this causal effect.
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k∈pa (j) , (Xj )
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(6)

The characterisation in Lemma 21 justifies the use of any consistent Bayesian variable
selection procedure to obtain a score function. To be clear, although our local scores derive
from the variable selection literature, we do not perform node-wise variable selection, which
would not produce a DAG in general. Instead, the local scores form the basis for a global
search over DAGs via ILPs; see Sec. 2.6.

2.5 Bayes Factors and Common Variables

is the Bayes factor between two competing local models paG (j) and paH (j).

where

2. Xi ⊥
⊥ Yj |Xj , (Yk )k∈paG (j) ⇒ limn→∞ Pn [BH,G < 1] = 1

1. Xi 6⊥⊥ Yj |Xj , (Yk )k∈paG (j) ⇒ limn→∞ Pn [BH,G > 1] = 1

Lemma 21 A score function of the form Eqn. 4 is partially locally consistent if and only
if, whenever H is constructed from G by the addition of one edge vi → vj , we have

This implies that the score function in Eqn. 4 is decomposable and the maximiser ĜS ,
i.e. the MAP estimate, can be obtained via integer linear programming (ILP). In Sec. 2.6
we derive an ILP that targets the CDAG ĜS and thereby allows exact (i.e. deterministic)
estimation in this class of models.

p(G) =

We further assume that the DAG prior p(G) factorises over parent sets paG (i) ⊆ V \ {i} as

S(G) = p(G)

l=1,...,n
G given the data (xli , yil )i=1,...,p
. This requires that a prior p(G) is specified over the space G
of DAGs. From the partial Markov property we have that, for n independent observations,
such score functions factorise as

Remark 20 In this paper we adopt a maximum a posteriori (MAP) -Bayesian approach
and consider score functions given by a posterior probability p(G|(xli , yil )l=1,...,n
i=1,...,p ) of the DAG

Case (b): Suppose vi → vj ∈
/ H but vi → vj ∈ G. Let H 0 be obtained from H by
the addition of vi → vj . From c-separation we have wi 6⊥
⊥ vj |wj , (vk )k∈paG (j) [G] and
hence from the partial faithfulness property we have Xi 6⊥
⊥ Yj |Xj , (Yk )k∈paG (j) . Therefore if S is partially locally consistent then limn→∞ Pn [S(H) < S(H 0 )] = 1, so that
limn→∞ Pn [ĜS = H] = 0.

Oates, Smith and Mukherjee

Proof It suffices to show that limn→∞ Pn [ĜS = H] = 0 whenever H 6= G. There are two
cases to consider:
Case (a): Suppose vi → vj ∈ H but vi → vj ∈
/ G. Let H 0 be obtained from H by the
removal of vi → vj . From c-separation we have wi ⊥
⊥ vj |wj , (vk )k∈paG (j) [G] and hence from
the partial Markov property we have Xi ⊥
⊥ Yj |Xj , (Yk )k∈paG (j) . Therefore if S is partially
locally consistent then limn→∞ Pn [S(H) < S(H 0 )] = 1, so that limn→∞ Pn [ĜS = H] = 0.

Theorem 19 (Consistency) If S is partially locally consistent then limn→∞ Pn [ĜS =
G] = 1, so that ĜS is a consistent estimator of the true DAG G.

2. Xi ⊥
⊥ Yj |Xj , (Yk )k∈paG (j) ⇒ limn→∞ Pn [S(H) < S(G)] = 1.

1. Xi 6⊥⊥ Yj |Xj , (Yk )k∈paG (j) ⇒ limn→∞ Pn [S(H) > S(G)] = 1

Definition 18 (Partial local consistency) We say the score function S is partially locally consistent if, whenever H is constructed from G by the addition of one edge Yi → Yj ,
we have

P(Xi ,Yi ) denote the finite-dimensional distribution of the n observations.

j

We will study the asymptotic behaviour of ĜS , the estimate of graph structure obtained
by maximising S(G) over all G ∈ G based on observations (Xij , Yij )j=1,...,n
i=1,...,p . Let Pn =

Definition 17 (Score function; Chickering (2003)) A score function is a map S :
G → [0, ∞) with the interpretation that if two DAGs G, H ∈ G satisfy S(G) < S(H)
then H is preferred to G.

In this section we assume that the partial Markov and partial faithfulness properties hold, so
that the true DAG G is identifiable from the joint observational distribution of the primary
and secondary variables. Below we consider score-based estimation for CDAGs and prove
consistency of certain score-based CDAG estimators.

2.4 Estimating CDAGs From Data

Proof (i) We have already seen that P(Yi ) is not Markov with respect to the DAG G: Indeed
a statistical association Yi 6⊥
⊥ Yj |(Yk )k∈V \{i,j} observed in the distribution P(Yi ) could either
be due to a direct interaction Yi → Yj (or Yj → Yi ), or could be mediated entirely through
variation in the secondary variables (Xk )k∈W . (ii) It follows immediately from Lemma 6
that observation of both the primary and secondary variables (Yi )i∈V ∪ (Xi )i∈W is sufficient
for identification of G.

(ii) It is possible to identify the true DAG G based on the observational distribution
P(Xi )∪(Yi ) .

(i) It is not possible to identify the true DAG G based on the observational distribution
P(Yi ) of the primary variables alone.
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jl ∼ N (0, σ 2 )
(7)

The secondary variables (Xil )l=1,...,n are included in all models, and parameters relating
to these variables should therefore share a common prior. Below we discuss a formulation of
the Bayesian linear model that is suitable for CDAGs. Consider variable selection for node
j and candidate parent (index) set paG (j) = π ⊆ V \ {j}. We construct a linear model for
the observations
Yjl = [1 Xjl ]β0 + Yπl βπ + jl ,

Yj = M0 β0 + Yπ βπ + 

(8)

where Yπl = (Ykl )k∈π is used to denote a row vector and the noise jl is assumed independent
for j = 1, . . . , p and l = 1, . . . , n. Although suppressed in the notation, the parameters β0 ,
and σ are specific to node j. This regression model can be written in vectorised form as
βπ

(11)

(10)

(9)

where M0 is the n × 2 matrix whose rows are the [1 Xjl ] for l = 1, . . . , n and Yπ is the
matrix whose rows are Yπl for l = 1, . . . , n.
We orthogonalize the regression problem by defining Mπ = (I −M0 (M0T M0 )−1 M0T )Yπ
so that the model can be written as
Yj = M0 β̃0 + Mπ β̃π + 

pj,π (β̃π , β̃0 , σ) = pj,π (β̃π |β̃0 , σ)pj (β̃0 , σ)

where β̃0 and β̃π are Fisher orthogonal parameters (see Deltell, 2011, for details).
In the conventional approach of Jeffreys (1961), the prior distribution is taken as
pj (β˜0 , σ) ∝ σ −1

(12)

where Eqn. 11 is the reference or independent Jeffreys prior. (For simplicity of exposition
we leave conditioning upon M0 , and Mπ implicit.) The use of the reference prior here is
motivated by the observation that the common parameters β0 , σ have the same meaning
in each model π for variable Yj and should therefore share a common prior distribution
(Jeffreys, 1961). Alternatively, the prior can be motivated by invariance arguments that
derive p(β0 , σ) as a right Haar measure (Bayarri et al., 2012). Note however that σ does
not carry the same meaning across j ∈ V in the application that we consider below, so that
the prior is specific to fixed j. For the parameter prior pj,π (β̃π |β̃0 , σ) we use the g-prior
(Zellner, 1986)
β̃π |β̃0 , j, π ∼ N (0, gσ 2 (MπT Mπ )−1 )
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where g is a positive constant to be specified. Due to orthogonalisation, cov(β̂π ) =
σ 2 (MπT Mπ )−1 where β̂π is the maximum likelihood estimator for β̃π , so that the prior
is specified on the correct length scale (Deltell, 2011). We note that many alternatives to
Eqn. 12 are available in the literature (including Johnson and Rossell, 2010; Bayarri et al.,
2012). For discrete data we mention recent work by Massam and Wesolowski (2014).
Under the prior specification above, the marginal likelihood for a candidate model π has
the following closed-form expression:



|π|/2
1
n−2
1
1
1
Γ
b−(n−2)/2
(13)
pj (yj |π) =
2
2
π (n−2)/2 |M0T M0 |1/2 g + 1


g
I − M0 (M0T M0 )−1 M0T −
Mπ (MπT Mπ )−1 MπT yj (14)
g+1
b = yjT
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Following Scott and Berger (2010), we control multiplicity via the prior
 −1
p
.
|π|

p(π) ∝

(15)

Proposition 22 (Consistency) Let g = n. Then the Bayesian score function S(G) defined above is partially locally consistent, and hence the corresponding estimator ĜS is consistent.

Proof This result is an immediate consequence of Lemma 21 and the well-known variable
selection consistency property for the unit-information g-prior (see e.g. Fernández et al.,
2001).

2.6 Computation via Integer Linear Programming

(16)

Structure learning for DAGs is a well-studied problem, with contributions including Friedman and Koller (2003); Silander and Myllymäkki (2006); Tsamardinos et al. (2006); Cowell
(2009); Cussens (2011); Yuan and Malone (2013). Discrete optimisation via ILP can be
used to allow efficient estimation for graphical models, exploiting the availability of powerful (and exact) ILP solvers (Nemhauser and Wolsey, 1988; Wolsey, 1998; Achterberg, 2009),
as discussed in Bartlett and Cussens (2013). Below we extend the ILP approach to CDAG
models.
We begin by computing and caching the quantities

l=1,...,n
p((yil )l=1,...,n |(ykl )k∈π
, (xil )l=1,...,n )

(17)

that summarise evidence in the data for the local model paG (i) = π ⊆ V \ {i} for variable
i. These cached quantities are transformed to obtain “local scores”

l=1,...,n
, (xil )l=1,...,n )) + log(p(π)).
s(i, π) := log(p((yil )l=1,...,n |(ykl )k∈π

∀i = 1, . . . , p, π ⊆ V \ {i}.

(18)

These are the (log-) evidence from Eqn. 16 with an additional penalty term that provides
multiplicity correction over varying π ⊆ V \ {i}, arising from Eqn. 5. Then we define binary
indicator variables that form the basis of our ILP as follows:
Π(i, π) := [paG (i) = π]

The information in the variables Π contains all information on the DAG G. However it will
be necessary to impose constraints that ensure the Π correspond to a well-defined DAG:
X
Π(i, π) = 1 ∀i = 1, . . . , p
(C1; convexity)
π⊆V \{i}
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Constraint (C1) requires that every node i has exactly one parent set (i.e. there is a welldefined graph G). To ensure G is acyclic we require further constraints:
X X
Π(i, π) ≥ 1 ∀ C ⊆ V, C 6= ∅.
(C2; acyclicity)
i∈C π⊆V \{i}
π∩C=∅
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X
p=5
p = 10
p = 15

θ = 0.5

CDAG
4.2 ± 0.49
7.8 ± 1.3
13 ± 1.2

CDAG
4 ± 0.49
7.8 ± 1.1
13 ± 0.7

CDAG
3.4 ± 0.56
8.8 ± 0.81
15 ± 1.2

DAG
4.7 ± 0.79
9.7 ± 1.1
13 ± 1.4

DAG
3.9 ± 0.75
7.2 ± 1.7
14 ± 1.1

DAG
3.2 ± 0.81
8.2 ± 0.99
11 ± 1

DAG2
2.1 ± 0.5
3.7 ± 0.52
6.6 ± 0.91

n = 100

DAG2
2.1 ± 0.62
4.6 ± 1.2
6.2 ± 0.55

n = 100

DAG2
1.9 ± 0.43
5 ± 0.84
6.8 ± 0.83

n = 100

CDAG
0.5 ± 0.31
2.5 ± 0.45
4.7 ± 0.86

CDAG
0.6 ± 0.31
1.7 ± 0.84
3.6 ± 0.76

CDAG
0.8 ± 0.25
2.8 ± 0.51
4.4 ± 0.58

DAG
2.7 ± 0.42
9.4 ± 1
17 ± 1.8

DAG
3.8 ± 0.74
7.9 ± 1.3
11 ± 0.93

DAG
3 ± 0.76
5.5 ± 1.2
6.3 ± 1.5

DAG2
1.7 ± 0.56
4.4 ± 0.64
9.1 ± 0.69

n = 1000

DAG2
1.8 ± 0.81
3 ± 0.52
7.5 ± 1.7

n = 1000

DAG2
1.6 ± 0.48
5.4 ± 1.1
8.2 ± 0.92

n = 1000

CDAG
0.9 ± 0.48
0.3 ± 0.3
0.7 ± 0.4

CDAG
0±0
0.6 ± 0.31
1 ± 0.45

CDAG
0.3 ± 0.21
0.3 ± 0.15
0.8 ± 0.25
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and strong covariation among the secondary variables. In each data-generating regime we
found that CDAGs were either competitive with, or (typically) more effective than, the
DAG and DAG2 estimators. In the p = 15, n = 1000 regime (that is closest to the biological application that we present below) the CDAG estimator dramatically outperforms
these two alternatives. Inference using DAG2 and CDAG (that both use primary as well as
secondary variables) is robust to large values of θ, whereas in the p = 15, n = 1000 regime,
the performance of the DAG estimator based on only the primary variables deteriorates
for large θ. This agrees with intuition since association between the secondary Xi ’s may
induce correlations between the primary Yi ’s. CDAGs outperformed DAG2 at large n (see
also Table 1).
To better understand the limitations of CDAGs we considered three data-generating
regimes that violate the CDAG assumptions. Firstly we focused on the θ = 0, p = 15,
n = 1000 regime where the CDAG estimator performs well when data are generated “from
the model”. We then introduced a number E of edges of the form Xi → Yj where Yi → Yj ∈
G. These edges (strongly) violate the structural assumptions implied by the CDAG model
because their presence means that Xi is no longer a suitable instrument for Yi → Yj as it is
no longer conditionally independent of the variable Yj given Yi . We assessed performance
of the CDAG, DAG and DAG2 estimators as the number E of such misspecified edges is
increased (Fig. 3). We find that whilst CDAG continues to perform well up to a moderate
fraction of misspecified edges, for larger fractions performance degrades and eventually
coincides with DAG and DAG2. Secondly, we fixed θ = 0, p = 15, n = 1000 and reduced the
dependence of the Yi on the Xi from 100% (relative to values used in the above simulations)

Table 1: Simulated data results. Here we display the mean structural Hamming distance
from the estimated to the true graph structure, computed over 10 independent
realisations, along with corresponding standard errors. [Data were generated using
linear-Gaussian structural equations. θ ∈ [0, 1] quantifies dependence between the
secondary variables (Xi )i∈W , n is the number of data points and p is the number of
primary variables (Yi )i∈V . “DAG” = estimation based only on primary variables
(Yi )i∈V , “DAG2” = estimation based on the full data (Xi )i∈W ∪ (Yi )i∈V , “CDAG”
= estimation based on the full data and enforcing CDAG structure.]

DAG2
4 ± 0.56
8.1 ± 0.72
13 ± 0.94

DAG
5.1 ± 0.72
9.1 ± 0.84
15 ± 1.1

n = 10

DAG2
4.5 ± 0.48
8.1 ± 0.95
13 ± 0.86

n = 10

DAG2
2.6 ± 0.48
9.2 ± 0.66
14 ± 1.1

n = 10

DAG
5.7 ± 0.56
9.8 ± 0.96
14 ± 0.85

DAG
2.9 ± 0.48
9.8 ± 0.55
15 ± 1.3

Oates, Smith and Mukherjee

We simulated data from linear-Gaussian structural equation models (SEMs). Here we summarise the simulation procedure, with full details provided in the supplement. We first
sampled a DAG G for the primary variables and a second DAG G0 for the secondary variables (independently of G), following a sampling procedure described in the supplement.
That is, G is the causal structure of interest, while G0 governs dependence between the secondary variables. Data for the secondary variables (Xi )i∈W were generated from an SEM
with structure G0 . The strength of dependence between secondary variables was controlled
by a parameter θ ∈ [0, 1]. Here θ = 0 renders the secondary variables independent and θ = 1
corresponds to a deterministic relationship between secondary variables, with intermediate
values of θ giving different degrees of covariation among the secondary variables. Finally,
conditional on the (Xi )i∈W , we simulated data for the primary variables (Yi )i∈V from an
SEM with structure G. To manage computational burden, for all estimators we considered
only models of size |π| ≤ 5. Performance was quantified by the structural Hamming distance
(SHD) between the estimated DAG ĜS and true, data-generating DAG G, taking into account directionality; we report the mean SHD as computed over 10 independent realisations
of the data. We emphasise that the secondary variables need not be generated from a DAG
model, however this is a convenient and familiar approach. We note that in the biological
application below a DAG for the secondary variables might not be appropriate.
In Table 1 we compare the proposed score-based CDAG estimator with the corresponding score-based DAG estimator that uses only the primary variable data (Yil )l=1,...,n
i=1,...,p . We
also considered an alternative (DAG2) where a standard DAG estimator is applied to all of
the variables (Xi )i∈W , (Yi )i∈V , with the subgraph induced on the primary variables giving
the estimate for G. We considered values θ = 0, 0.5, 0.99 corresponding to zero, mild

3.1 Simulated Data

Below we present results based on simulated data and data from molecular biology.

3. Results

For the applications in this paper, all ILP instances were solved using the GOBNILP
software that is freely available to download from http://www.cs.york.ac.uk/aig/sw/
gobnilp/.

p=5
p = 10
p = 15

(19)

Proof It was proven in Jaakola et al. (2010) that (C1) and (C2) together exactly characterise the space G of DAGs.

s(i, π)Π(i, π)

θ = 0.99

i=1 π⊆V \{i}

p
X

p=5
p = 10
p = 15

θ=0

subject to constraints (C1) and (C2).

ĜS = arg maxG∈G

Proposition 23 The MAP estimate ĜS is characterised as the solution of the ILP

(C2) states that for every non-empty set C there must be at least one node in C that does
not have a parent in C.
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In this section we illustrate the use of CDAGs in an analysis of molecular data from cancer
samples. We focus on causal links between post-translationally modified proteins involved
in a process called cell signalling. The estimation of signalling networks has been a prominent topic in computational biology for some years (see, among others, Sachs et al., 2005;

3.2 Molecular Biological Data

down to 0%. At 0% the partial faithfulness assumption is violated and estimators are no
longer consistent. Results (SFig. 1) show that CDAG remains effective over a wide range
of data-generating regimes, but eventually degrades when faithfulness is strictly violated.
Thirdly, we considered removing the Xi → Yi dependence from a random subset of the
indices i ∈ {1, . . . , p}, so that faithfulness is violated in a more heterogeneous way across
the CDAG, similar to the situation considered by Neto et al. (2010). Results (SFig. 2)
showed CDAG remained effective when only a handful of deletions occur, but eventually
degraded as all the dependencies on secondary variables were removed.

Figure 3: Simulated data results; model misspecification. [Data were generated using linearGaussian structural equations. Here we fixed θ = 0, p = 15, n = 1000 and
considered varying the number E of misspecified edges as described in the main
text. On the x-axis we display the marginal probability that any given edge Yi →
Yj has an associated misspecified edge Xi → Yj , so that when Prob(Xi → Yj ) = 1
the number E of misspecified edges is equal to the number of edges in G. “DAG”
= estimation based only on primary variables (Yi )i∈V , “DAG2” = estimation
based on the full data (Xi )i∈W ∪ (Yi )i∈V , “CDAG” = CDAG estimation based on
the full data (Xi )i∈W ∪ (Yi )i∈V .]
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Figure 4: CHK1 total protein (t-CHK1) as a natural experiment for phosphorylation of
CHK2 (p-CHK2). (a) Description of the variables. (b) A portion of the CDAG
relating to these variables. It is desired to estimate whether there is a causal
relationship Yi → Yj (possibly mediated by other protein species) or vice versa.
(c) Top row: Plotting phosphorylated CHK1 (p-CHK1; Yi ) against p-CHK2 (Yj )
we observe weak correlation in some of the cancer subtypes. Middle row: We
plot the residuals when t-CHK1 is regressed on total CHK2 (t-CHK2; x-axis)
against the residuals when p-CHK2 is regressed on t-CHK2 (y-axis). The plots
show a strong (partial) correlation in each subtype that suggests a causal effect
in the direction p-CHK1 → p-CHK2. Bottom row: Reproducing the above but
with the roles of CHK1 and CHK2 reversed, we see much reduced and in many
cases negligible partial correlation, suggesting lack of a causal effect in the reverse
direction, i.e. p-CHK1 8 p-CHK2. [The grey line in each panel is a least-squares
linear regression.]
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Nelander et al., 2008; Hill et al., 2012; Oates and Mukherjee, 2012). Aberrations to causal
signalling networks are central to cancer biology (Weinberg, 2013).
In this application, the primary variables (Yi )i∈V represent abundance of phosphorylated protein (p-protein) while the secondary variables (Xi )i∈W represent abundance of
corresponding total proteins (t-protein). A t-protein can be modified by a process called
phosphorylation to form the corresponding p-protein and the p-proteins play a key role in
signalling. An edge vi → vj has the biochemical interpretation that the phosphorylated
form of protein i acts as a causal influence on phosphorylation of protein j. The DAG2
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Practitioners of causal inference understand that it is important to distinguish between
variables of direct interest and others that can play a supporting role in analysis. In this

4. Conclusions

We now apply the CDAG methodology to all p = 24 primary variables that we consider,
using data from the largest subtype in the study (namely BRCA-like). The estimated graph
is shown in Fig. 5. We note that assessment of the biological validity of this causal graph is
a nontrivial matter, and outside the scope of the present paper. However, we observe that
several well known edges, such as from p-MEK to p-MAPK, appear in the estimated graph
and are oriented in the expected direction. Interestingly, in several of these cases, the edge
orientation is different when a standard DAG estimator is applied to the same data, showing
that the CDAG formulation can reverse edge orientation with respect to a classical DAG
(see supplement). We note also that the CDAG is denser, with more edges, than the DAG
(Fig. 6), demonstrating that in many cases, accounting for secondary variables can render
candidate edges more salient. These differences support our theoretical results insofar as
they demonstrate that in practice CDAG estimation can give quite different results from a
DAG analysis of the same primary variables but we note that proper assessment of estimated
causal structure in this setting is beyond the scope of this paper.

Figure 6: Cancer patient data; relative density of estimated protein networks. Here we
plot the number of edges in the networks inferred by estimators based on DAGs
(x-axis) and based on CDAGs (y-axis). [Each point corresponds to a cancer
subtype (see text). “DAG” = estimation based only on primary variables (Yi )i∈V ,
“CDAG” = estimation based on the full data and enforcing CDAG structure.]
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Example 1 provides an example from the TCGA data where controlling for a secondary
variable (here, t-protein abundance) may be important for causal inference concerning primary variables (p-protein abundance).

Example 1 (CHK1 t-protein as a natural experiment for CHK2 phosphorylation)
Consider RVs (Yi , Yj ) corresponding respectively to p-CHK1 and p-CHK2, the phosphorylated forms of CHK1 and CHK2 proteins. Fig. 4c (top row) shows that these variables
are weakly correlated in most of the 8 cancer subtypes. There is a strong partial correlation between t-CHK1 (Xi ) and p-CHK2 (Yj ) in each of the subtypes when conditioning on
t-CHK2 (Xj ) (middle row), but there is essentially no partial correlation between t-CHK2
(Xj ) and p-CHK1 (Yi ) in the same subtypes when conditioning on t-CHK1 (bottom row).
Thus, under the CDAG assumptions, this suggests that there exists a directed causal path
from p-CHK1 to p-CHK2, but not vice versa.

method described in Sec. 3.1 may not be suitable for use here since the t-proteins are likely
confounded by unobserved variables.
The data we analyse are from the TCGA “pan-cancer” project (Akbani et al., 2014)
and comprise measurements of protein levels (including both t- and p-proteins) using a
technology called reverse phase protein arrays (RPPAs). We focus on p = 24 proteins for
which (total, phosphorylated) pairs are available; the data span eight different cancer types
(as defined by a clustering analysis due to Städler et al., 2015) with a total sample size of
n = 3, 467 patients. We first illustrate the key idea of using secondary variables to inform
causal inference regarding primary variables with an example from these data:

Figure 5: Maximum a posteriori conditional DAG, estimated from protein data from cancer
samples (from the Cancer Genome Atlas, samples belonging to the BRCA-like
group, see text). Here vertices represent phosphorylated proteins (primary variables) and edges have the biochemical interpretation that the parent protein plays
a causal role in phosphorylation of the child protein.
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work we put forward CDAGs as a simple class of graphical models that make this distinction
explicit. Motivated by molecular biological applications, we developed CDAGs that use
bijections between primary and secondary index sets. The general approach presented here
could be extended to other multivariate settings where variables are in some sense nonexchangeable. Naturally many of the philosophical considerations and practical limitations
and caveats of classical DAGs remain relevant for CDAGs and we refer the reader to Dawid
(2010) for an illuminating discussion of these issues.
The application to biological data presented above represents a principled approach to
integrate different molecular data types (here, total and phosphorylated protein, but the
ideas are general) for causal inference. Our results suggest that integration in a causal
framework may be useful in some settings. Theoretical and empirical results showed that
CDAGs can improve estimation of causal structure relative to classical DAGs when the
CDAG assumptions are even approximately satisfied.
We briefly mention three natural extensions of the present work: (i) The CDAGs put
forward here allow exactly one secondary variable Xi for each primary variable Yi . In
many settings this may be overly restrictive. In biology there are many examples of known
causal relationships that are one-to-many or many-to-one. It would be natural to extend
CDAGs in this direction. Examples of a more general formulation along these lines were
recently discussed by Neto et al. (2010) in the context of eQTL data. Conversely we could
extend the recent ideas of Kang et al. (2014) by allowing for multiple secondary variables
for each primary variable, not all of which may be valid as instruments. (ii) In many
applications data may be available from multiple related but causally non-identical groups,
for example disease types. It could then be useful to consider joint estimation of multiple
CDAGs, following recent work on estimation for multiple DAGs (Oates et al., 2015, 2014).
(iii) Biotechnological advances now mean that the number p of variables is frequently very
large. Estimation for high-dimensional CDAGs may be possible using recent results for
high-dimensional DAGs (e.g. Kalisch and Bühlmann, 2007; Loh and Bühlmann, 2014, and
others).
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Yi |Xi ∼ Poisson(f0 (Xi )).
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Poisson functional regression has become a standard framework for image or spectra analysis, in which case observations are made of n independent couples (Yi , Xi )i=1,...,n , and can
be modeled as

Introduction

High dimensional Poisson regression has become a standard framework for the analysis of
massive counts datasets. In this work we estimate the intensity function of the Poisson
regression model by using a dictionary approach, which generalizes the classical basis approach, combined with a Lasso or a group-Lasso procedure. Selection depends on penalty
weights that need to be calibrated. Standard methodologies developed in the Gaussian
framework can not be directly applied to Poisson models due to heteroscedasticity. Here
we provide data-driven weights for the Lasso and the group-Lasso derived from concentration inequalities adapted to the Poisson case. We show that the associated Lasso and
group-Lasso procedures satisfy fast and slow oracle inequalities. Simulations are used
to assess the empirical performance of our procedure, and an original application to the
analysis of Next Generation Sequencing data is provided.
Keywords: Functional Poisson regression, adaptive lasso, adaptive group-lasso, calibration, concentration
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The statistical properties of the Lasso are particularly well understood in the context of
regression with i.i.d. errors, or for density estimation for which a range of oracle inequalities have been established. These inequalities, now widespread in the literature, provide
theoretical error bounds that hold on events with a controllable (large) probability. See for
instance Bertin et al. (2011), Bickel et al. (2009), Bunea et al. (2007a,b) and the references
therein. For generalized linear models, Park and Hastie (2007) studied `1 -regularization
path algorithms and van de Geer (2008) established non-asymptotic oracle inequalities.
The sign consistency of the Lasso has been studied by Jia et al. (2013) for a very specific
Poisson model. Finally, we also mention than the Lasso has also been extensively consid-

The Xi ’s (random or fixed) are supposed to lie in a known compact support of Rd (d ≥ 1),
say [0, 1]d , and the purpose is to estimate the unknown intensity function f0 assumed
to be positive. Wavelets have been used extensively for intensity estimation, and the
statistical challenge has been to propose thresholding procedures in the spirit of Donoho
and Johnstone (1994), that were adapted to the variance’s spatial variability associated
with the Poisson framework. An early method to deal with high dimensional count data
has been to apply a variance stabilizing-transform (see Anscombe (1948)) and to treat
the transformed data as if they were Gaussian. More recently, the same idea has been
applied to the data’s decomposition in the Haar-wavelet basis, see Fryzlewicz and Nason
(2004) and Fryzlewicz (2008), but these methods rely on asymptotic approximations and
tend to show lower performance when the level of counts is low (see Besbeas et al. (2004)).
Dedicated wavelet thresholding methods were developed in the Poisson setting by Kolaczyk
(1999) and Sardy et al. (2004), and a recurrent challenge has been to define an appropriate
threshold like the universal threshold for shrinkage and selection, as the heteroscedasticity
of the model calls for component-wise thresholding.
In this work we first propose to enrich the standard wavelet approach by considering
the so-called dictionary strategy. We assume that log f0 can be well approximated by a
linear combination of p known functions, and we reduce the estimation of f0 to the estimation of p coefficients. Dictionaries can be built from classical orthonormal systems such as
wavelets, histograms or the Fourier basis, which results in a framework that encompasses
wavelet methods. Considering overcomplete (ie redundant) dictionaries is efficient to capture different features in the signal, by using sparse representations (see Chen et al. (2001)
or Tropp (2004)). For example, if log f0 shows piece-wise constant trends along with some
periodicity, combining both Haar and Fourier bases will be more powerful than separate
strategies, and the model will be sparse in the coefficients domain. To ensure sparse estimations, we consider the Lasso and the group-Lasso procedures. Group estimators are
particularly well adapted to the dictionary framework, especially if we consider dictionaries based on a wavelet system, for which it is well known that coefficients can be grouped
scale-wise for instance (see Chicken and Cai (2005)). Finally, even if we do not make any
assumption on p itself, it may be larger than n and methodologies based on `1 -penalties,
such as the Lasso and the group-Lasso appear appropriate.
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ered in survival analysis. See for instance Gaı̈ffas and Guilloux (2012), Zou (2008), Kong
and Nan (2014), Bradic et al. (2011), Lemler (2013) and Hansen et al. (2014).
Here we consider not only the Lasso estimator but also its extension, the group-Lasso
proposed by Yuan and Lin (2006), which is relevant when the set of parameters can be partitioned into groups. The analysis of the group-Lasso has been led in different contexts. For
instance, consistency has been studied by Bach (2008), Obozinski et al. (2011) and Wei and
Huang (2010). In the linear model, Nardi and Rinaldo (2008) derived conditions ensuring
various asymptotic properties such as consistency, oracle properties or persistence. Still for
the linear model, Lounici et al. (2011) established oracle inequalities and, in the Gaussian
setting, pointed out advantages of the group-Lasso with respect to the Lasso, generalizing
the results of Chesneau and Hebiri (2008) and Huang and Zhang (2010). We also mention
Meier et al. (2008) who studied the group-Lasso for logistic regression, Blazere et al. (2014)
for generalized linear model with Poisson regression as a special case and Dalalyan et al.
(2013) for other linear heteroscedastic models.
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p
X

λj |βj |

λkg kβ Gk k2 ,

j=1

k=1

K
X

pen(β) =

peng (β) =

This article is organized as follows. In Section 1, we introduce the Lasso and groupLasso procedures we propose in the dictionary approach setting. In Section 2, we derive

and

As pointed out by empirical comparative studies (see Besbeas et al. (2004)), the calibration of any thresholding rule is of central importance. Here we consider Lasso and
group-Lasso penalties of the form

on the data (see Theorem 1). We propose a similar procedure for the calibration of the
group-Lasso. In most proposed procedures, the analogs of the λkg ’s are proportional to the
p
|Gk |’s (see Nardi and Rinaldo (2008), Bühlmann and van de Geer (2011) or Blazere et al.
(2014)). But to the best of our knowledge, adaptive group-Lasso procedures (with weights
depending on the data) have not been proposed yet. This is the purpose of Theorem 2,
which is the main result of this work, generalizing Theorem 1 by using sharp concentration
inequalities for infinitely divisible vectors. We show the shape relevance of the data-driven
weights λkg by comparing them to the weights proposed by Lounici et al. (2011) in the
Gaussian framework. In Theorem 2, we do not impose any condition on the groups size.
However, whether |Gk | is smaller than log p or not highly influences the order of magnitude
of λkg .
Our second contribution consists in providing the theoretical validity of our approach
by establishing slow and fast oracle inequalities under RE-type conditions in the same spirit
as Bickel et al. (2009). Closeness between our estimates and f0 is measured by using the
empirical Kullback-Leibler divergence. We show that classical oracle bounds are achieved.
We also show the relevance of considering the group-Lasso instead of the Lasso in some
situations. Our results, that are non-asymptotic, are valid under very general conditions on
the design (Xi )i=1,...,n and on the dictionary. However, to shed some light on our results, we
illustrate some of them in the asymptotic setting with classical dictionaries like wavelets,
histograms or Fourier bases. Our approach generalizes the classical basis approach and
in particular block wavelet thresholding which is equivalent to group-Lasso in that case
(see Yuan and Lin (2006)). We refer the reader to Chicken and Cai (2005) for a deep
study of block wavelet thresholding in the context of density estimation whose framework
shows some similarities with ours in terms of heteroscedasticity. Note that sharp estimation
of variance terms proposed in this work can be viewed as an extension of coarse bounds
provided by Chicken and Cai (2005). Finally, we emphasize that our procedure differs from
Blazere et al. (2014)’s one in several aspects: First, in their Poisson regression setting, they
do not consider a dictionary approach. Furthermore, their weights are constant and not
data-driven, so are strongly different from ours. Finally, rates of Blazere et al. (2014) are
established under much stronger assumptions than ours (see Section 3.1 for more details).
Finally, we explore the empirical properties of our calibration procedures by using
simulations. We show that our procedures are very easy to implement, and we compare
their performance with variance-stabilizing transforms and cross-validation. The calibrated
Lasso and group-Lasso are associated with excellent reconstruction properties, even in the
case of low counts. We also propose an original application of functional Poisson regression to the analysis of Next Generation Sequencing data, with the denoising of a Poisson
intensity applied to the detection of replication origins in the human genome (see Picard
et al. (2014)).

where G1 ∪ · · · ∪ GK is a partition of {1, . . . , p} into non-overlapping groups (see Section 1
for more details). By calibration we refer to the definition and to the suitable choice of the
weights λj and λkg , which is intricate in heteroscedastic models, especially for the groupLasso. For functional Poissonian regression, the ideal shape of these weights is unknown,
even if for the group-Lasso, the λkg ’s should of course depend on the groups size. As for
the Lasso, most proposed weights in the literature are non-random and constant such that
the penalty is proportional to kβk1 , but when facing variable selection and consistency
simultaneously, Zou (2006) showed the interest in considering non-constant data-driven `1 weights even in the simple case where the noise is Gaussian with constant variance. This
issue becomes even more critical in Poisson functional regression in which variance shows
spatial heterogeneity. As Zou (2006), our first contribution is to propose here adaptive
procedures with weights depending on the data. Weights λj for the Lasso are derived by
using sharp concentration inequalities, in the same spirit as Bertin et al. (2011), Gaı̈ffas and
Guilloux (2012), Lemler (2013) and Hansen et al. (2014), but adapted to the Poissonian
setting. To account for heteroscedasticity, weights λj are component-specific and depend
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We also consider the grouping of coefficients into non-overlapping blocks. Indeed, group
estimates may be better adapted than their single counterparts when there is a natural
group structure. The procedure keeps or discards all the coefficients within a block and
can increase estimation accuracy by using information about coefficients of the same block.
In our setting, we partition the set of indices J = {1, . . . , p} into K non-empty groups:

1.2 The group-Lasso estimate

6

i=1

!
L
b
βj ϕj (x) .

5

j∈J

j=1

p
X

We also propose an alternative to fbL by considering the group-Lasso.

fbL (x) := exp(b
g L (x)) := exp

Definition 1 The Lasso estimator of f0 is defined as

The Lasso estimator of f0 is now easily derived.

|ATj (Y − exp(Aβ))| ≤ λj .

the set of the vectors β ∈ Rp that satisfies for any j ∈ J ,

where exp(Aβ) = (exp((Aβ)1 ), . . . , exp((Aβ)n ))T and Aj is the j-th column of the matrix
b L belongs to
A. Note that the larger the λj ’s, the sparser the estimates. In particular β

{1, . . . , p} = G1 ∪ G2 ∪ · · · ∪ GK .

i=1

j=1

The penalty term j=1 λj |βj | depends on positive weights (λj )j∈J that vary according to
the elements of the dictionary and are chosen in Section 2.1. This choice of varying weights
instead of a unique λ stems from heteroscedasticity due to the Poisson regression, and a
first part of our work consists in providing theoretical data-driven values for these weights,
in the same spirit as Bertin et al. (2011) or Hansen et al. (2014) for instance. From the
b L satisfies
first order optimality conditions (see Bühlmann and van de Geer (2011)), β

βbL


b L )) = λj j
 ATj (Y − exp(Aβ
if βbjL 6= 0,
|βbjL |


 T
b L ))| ≤ λj
|Aj (Y − exp(Aβ
if βbjL = 0,

Pp

The first penalty we propose is based on the (weighted) `1 -norm and we obtain a Lasso-type
estimate by considering


p


X
L
b ∈ argmin −l(β) +
(1.2)
β
λj |βj | .


p
β∈R

1.1 The Lasso estimate

Ivanoff, Picard and Rivoirard

which is a concave function of β. Next sections propose two different ways to penalize
−l(β).

j∈J

with p = card(J ) that may depend on n (as well as the elements of Υ). Without loss
of generality we will assume in the following that J = {1, . . . , p}. In this framework,
estimating f0 is equivalent to estimating
the vector of regression coefficients β = (βj )j∈J ∈
P
Rp . In the sequel, we write gβ = j∈J βj ϕj , fβ = exp(gβ ), for all β ∈ Rp . Note that we
do not require the model to be true, that is we do not suppose the existence of β 0 such
that f0 = fβ0 .
The strength of the dictionary approach lies in its ability to capture different features
of the function to estimate (smoothness, sparsity, periodicity,...) by sparse combinations
of elements of the dictionary so that only few coefficients need to be selected, which limits estimation errors. Obviously, the dictionary approach encompasses the classical basis
approach consisting in decomposing g on an orthonormal system. The richer the dictionary, the sparser the decomposition, so p can be larger than n and the model becomes
high-dimensional.
We consider a likelihood-based penalized criterion to select β, the coefficients of the
dictionary decomposition. We denote by A the n × p-design matrix with Aij = ϕj (Xi ),
Y = (Y1 , . . . , Yn )T and the log-likelihood associated with this model is
n
n
X
 X
X
X
l(β) =
βj (AT Y)j −
exp
βj Aij −
log(Yi !),

j∈J

with the Xi ’s (random or fixed) supposed to lie in a known compact support, say [0, 1]d .
Since the goal here is to estimate the function f0 assumed to be positive on [0, 1]d , a
natural candidate is a function f of the form f = exp(g). Then, we consider the socalled dictionary approach which consists in decomposing g as a linear combination of the
elements of a given finite dictionary of functions denoted by Υ = {ϕj }j∈J , with kϕj k2 = 1
for all j. Consequently, we choose g of the form:
X
g=
βj ϕj ,

We consider the functional Poisson regression model, with n observed counts Yi ∈ N
modeled such that:
Yi |Xi ∼ Poisson(f0 (Xi )),
(1.1)

1. Penalized log-likelihood estimates for Poisson regression and
dictionary approach

data-driven weights of our procedures that are extensively commented. Theoretical performance of our estimates are studied in Section 3 in the oracle approach. In Section 4,
we investigate the empirical performance of the proposed estimators using simulated data,
and an application is provided on next generation sequencing data in Section 5.

Adaptive Lasso and Group-Lasso for Functional Poisson Regression

))k2 ≤ λkg

k=1

b gL = 0.
if β
Gk

inf

x∈[0,1]d

h(x) ≤ sup h(x) < ∞.

8

n
X

i=1

f0 (Xi )ϕj2 (Xi ).

(2.1)

(2.2)
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b is performed. So, with a sharp control in (2.2), we increase the probability
selection of β
to select β 0 . The following theorem provides the data-driven weights λj ’s. The main
theoretical ingredient we use to choose the weights λj ’s is a concentration inequality for
Poisson processes and to proceed, we link the quantity AjT Y to a specific Poisson process,
as detailed in the proofs Section 7.1.

L

Such a control is classical for Lasso estimates (see the references above) and is also a key
point of the technical arguments of the proofs. Requiring that the weights are as small as
possible is justified, from the theoretical point of view, by oracle bounds depending on the
λj ’s (see Corollaries 1 and 2). Furthermore, as discussed in Bertin et al. (2011), choosing
theoretical Lasso weights as small as possible is also a suitable guideline for practical
purposes. Finally, note that if the model were true, i.e. if there existed a true sparse
vector β 0 such that f0 = fβ0 , then E[Y] = exp(Aβ 0 ) and β 0 would belong to the set
defined by (1.3) with large probability. The smaller the λj ’s, the smaller the set within

|AjT (Y − E[Y])| ≤ λj .

For any j, we choose a data-driven value for λj as small as possible so that with high
probability, for any j ∈ J ,

2.1 Data-driven weights for the Lasso procedure

Vj = Var(AjT Y) =

Our first contribution is to derive theoretical data-driven values of the weights λj ’s and
λkg ’s, specially adapted to the Poisson model. In the classical Gaussian√framework with
noise variance σ 2 , weights for the Lasso are chosen to be proportional to σ log p (see Bickel
et al. (2009) for instance). The Poisson setting is more involved due to heteroscedasticity
and such simple tuning procedures cannot be generalized easily. Sections 2.1 and 2.2 give
closed forms of parameters λj and λkg . They are based on concentration inequalities specific
to the Poisson model. In particular, λj is used to control the fluctuations of AjT Y around
its mean, which enhances the key role of Vj , a variance term (the analog of σ 2 ) defined by

2. Weights calibration using concentration inequalities

x∈[0,1]d
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gL

0<
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kβ Gk k2 .

Definition 3 We say that the design (Xi )i=1,...,n is regular if either the design is deterministic and the Xi ’s are equispaced in [0, 1] or the design is random and the Xi ’s are i.i.d.
with density h, with

k=1

K
X

For any β ∈ Rp , β Gk stands for the sub-vector of β with elements indexed by the elements
of Gk , and we define the block `1 -norm on Rp by
kβk1,2 =
Similarly, AGk is the n×|Gk | submatrix of A whose columns are indexed by the elements of
b gL is a solution to the following convex optimization problem:
Gk . Then the group-Lasso β
β∈Rp

K
n
o
X
b gL ∈ argmin − l(β) +
β
λkg kβ Gk k2 ,

T
b
kAG
(Y − exp(Aβ
k

where the λkg ’s are positive weights for which we also provide a theoretical data-driven
expression in Section 2.2. This group-estimator is constructed similarly to the Lasso, with
the block `1 -norm being used instead of the `1 -norm. In particular, note that if all groups
b gL
are of size one then we recover the Lasso estimator. Convex analysis states that β
is a solution of the above optimization problem if the p-dimensional vector 0 is in the
b gL satisfies:
subdifferential of the objective function. Therefore, β


b gL

gL
g β Gk

T
b gL 6= 0,
b

if β
A
Gk
Gk (Y − exp(Aβ )) = λk
b gL k2
kβ
Gk





This procedure naturally enhances group-sparsity as analyzed by Yuan and Lin (2006),
Lounici et al. (2011) and references therein.
b gL belongs to the set of the vectors β ∈ Rp that satisfy for any k ∈
Obviously, β
{1, . . . , K},
T
(1.4)
kAG
(Y − exp(Aβ))k2 ≤ λkg .
k
Now, we set

j=1

p
X

Definition 2 The group Lasso estimator of f0 is defined as
!
βbjgL ϕj (x) .

fbgL (x) := exp(b
g gL (x)) := exp

In the following our results are given conditionally on the Xi ’s, and E (resp. P) stands
for the expectation (resp. the probability measure) conditionally on X1 , . . . , Xn . In some
situations, to give orders of magnitudes of some expressions, we will use the following
definition:
7
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q
γ log p
max |ϕj (Xi )|,
2γ log pVej +
i
3



3
P |ATj (Y − E[Y])| ≥ λj ≤ γ .
p

λj =

i

(2.4)

(2.3)

9

kATGk (Y − E[Y])k2 ≤ λgk
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(2.6)

Current group-Lasso procedures are tuned by choosing the analog of λgk proportional to
p
|Gk | (see Nardi and Rinaldo (2008), Chapter 4 of Bühlmann and van de Geer (2011) or
Blazere et al. (2014)). A more refined version of tuning group-Lasso is provided by Lounici
et al. (2011) in the Gaussian setting (see below for a detailed discussion). To the best of
our knowledge, data-driven weights (with theoretical validation) for the group-Lasso have
not been proposed yet. It is the purpose of Theorem 2. Similarly to the previous section,
we propose data-driven theoretical derivations for the weights λgk ’s that are chosen as small
as possible, but satisfying for any k ∈ {1, . . . , K},

2.2 Data-driven weights for the group Lasso procedure

then, when p is large, with high probability, Vbj (and then Vej ) is also of order n (using
Remark 2 in the proofs Section 7.1), and the
√ second term in λj is negligible with respect
to the first one. In this case, λj is of order n log p. Note that Assumption (2.5) is quite
classical in heteroscedastic settings (see Bertin et al. (2011)). By taking the hyperparameter
γ larger than 1, then for large values of p, (2.2) is true for any j ∈ J , with large probability.

i

q
The first term 2γ log pVej in λj is the main one, and constitutes a variance term depending
on Vej that slightly overestimates Vj (see Section 7.1 for more details about the derivation
of Vej ). Its dependence on an estimate of Vj was expected since we aim at controlling
fluctuations of ATj Y around its mean. The second term comes from the heavy tail of the
Poisson distribution, and is the price to pay, in the non-asymptotic setting, for the added
complexity of the Poisson framework compared to the Gaussian framework.
To shed more lights on the form of the proposed weights from the asymptotic point of
view, assume that the design is regular (see Definition 3). In this case, it is easy to see
that under mild assumptions on f0 , Vj is asymptotically of order n. If we further assume
that
p
max |ϕj (Xi )| = o( n/ log p),
(2.5)

then

Set

i

Pn
2
Theorem 1 Let j be fixed and γ > 0 be a constant. Define Vbj =
i=1 ϕj (Xi )Yi the
natural unbiased estimator of Vj and
r
Vej = Vbj + 2γ log pVbj max ϕ2j (Xi ) + 3γ log p max ϕ2j (Xi ).
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i

Let γ > 0 be fixed. Define bik =

kATGk xk2

kAGk ATGk xk2

.

i

(2.7)

i

i

ϕ2j (Xi ) and bk = max bik . Finally, we set

− E[Y])k2 ≥

λgk

!

≤

2
.
pγ

(2.10)

(2.9)

10

bk ≤ ck ≤

Proposition 1 Let k be fixed. We have
√

nbk .
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(2.11)

Similarly to the weights λj ’s of the Lasso, each weight λgk is the sum of two terms. The
term Vejg is an estimate of Vj so it plays the same role as Vej . In particular, Vejg and Vej are
of the same order since log |Gk | is not larger
than log p. The first term in λgk is a variance
√
term, and the leading constant 1 + 1/(2 2γ log p) is close to 1 when p is large. So, the first
term is close to the square root of the sum of sharp estimates of the (Vj )j∈Gk , as expected
for a grouping strategy (see Chicken
and Cai (2005)).
√
The second term, namely 2 γ log p Dk , is more involved. To shed light on it, since bk
and ck play a key role, we first state the following proposition controlling values of these
terms.

P

kATGk (Y

where Dk = 8M c2k + 16b2k γ log p. Then,

k


s X
p
1
λgk = 1 + √
Vejg + 2 γ log p Dk ,
2 2γ log p
j∈G

j∈Gk

qP

P
For all j ∈ Gk , still with Vbj = ni=1 ϕ2j (Xi )Yi , define
r
Vejg = Vbj + 2(γ log p + log |Gk |)Vbj max ϕ2j (Xi ) + 3(γ log p + log |Gk |) max ϕ2j (Xi ). (2.8)

x∈Rn

ck = sup

Theorem 2 Let k ∈ {1, . . . , K} be fixed and γ > 0 be a constant. Assume that there exists
M > 0 such that for any x, |f0 (x)| ≤ M . Let

with high probability (see (1.4)). Choosing the smallest possible weights is also recommended by Lounici et al. (2011) in the Gaussian setting (see in their Section 3 the discussion about weights and comparisons with coarser weights of Nardi and Rinaldo (2008)).
Obviously, λgk should depend on sharp estimates of the variance parameters (Vj )j∈Gk . The
following theorem is the equivalent of Theorem 1 for the group-Lasso. Relying on specific
concentration inequalities established for infinitely divisible vectors by Houdré et al. (2008),
it requires a known upper bound for f0 , which can be chosen as max Yi in practice.
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X

j 0 ∈Gk

n
X

l=1

ϕj (Xl )ϕj 0 (Xl ) .
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Furthermore,
j∈Gk

ck2 ≤ max

n

l=1

Z

n
X
l=1

1X
ϕj (Xl )ϕj 0 (Xl ) ≈
n

j∈Gk

ck2 . max

n
X
l=1

ϕj2 (Xl )

ϕj (x)ϕj 0 (x)dx = 0

ϕj2 (Xl ).

!1/2
n
X
l=1

!1/2
ϕj20 (Xl )

.

(2.12)

(2.13)

√
√
The first inequality of Proposition 1 shows that 2 γ log p Dk is smaller than ck log p +
bk log p ≤ 2ck log p up to a constant depending on γ and M . At first glance, the second
inequality of Proposition 1 shows that ck is controlled by the coherence of the dictionary
(see Tropp (2004)) and bk depends on (maxi |ϕj (Xi )|)j∈Gk . In particular, if for a given
block Gk , the functions (ϕj )j∈Gk are orthonormal, then for fixed j 6= j 0 , if the Xi ’s are
deterministic and equispaced on [0, 1] or if the Xi ’s are i.i.d. with a uniform density on
[0, 1]d , then, when n is large

and we expect

X

j 0 ∈Gk

In any case, by using the Cauchy-Schwarz Inequality, Condition (2.12) gives
ck2 ≤ max
j∈Gk

n
X
l=1

ϕj2 (Xl ) = O(n),

(2.14)

To further discuss orders of magnitude for the ck ’s, we consider the following condition
max

j∈Gk

which is satisfied for instance for fixed k if the design is regular, since kϕj k2 = 1. Under
Assumption (2.14), Inequality (2.13) gives
ck2 = O(|Gk |n).
We can say more on bk and ck (and then on the order of magnitude of λkg ) by considering
classical dictionaries of the literature to build the blocks Gk , which is of course realized in
practice. In the subsequent discussions, the balance between |Gk | and log p plays a key role.
Note also that log p is the group size often recommended in the classical setting (p = n)
for block thresholding (see Theorem 1 of Chicken and Cai (2005)).
11
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2.2.1 Order of magnitude of λkg by considering classical dictionaries.

Let Gk be a given block and assume that it is built by using only one of the subsequent
systems. For each example, we discuss the order of magnitude of the term Dk = 8M ck2 +
16bk2 γ log p. For ease of exposition, we assume that f0 is supported by [0, 1] but we could
easily generalize the following discussion to the multidimensional setting.

bk2 ≤ L2 |Gk |.

(2.15)

Bounded dictionary. Similarly to Blazere et al. (2014), we assume that there exists a
constant L not depending on n and p such that for any j ∈ Gk , kϕj k∞ ≤ L. For instance,
atoms of the Fourier basis satisfy this property. We then have

Finally, under Assumption (2.14),

Dk = O(|Gk |n + |Gk | log p).

j∈Gk

X

l=1

n
X

ϕj2 (Xl ).

i,j∈Gk

ϕj2 (Xi ) = max ϕj2 (Xi ) = 2j1

Compactly supported wavelets. Consider the one-dimensional Haar dictionary: For
j = (j1 , k1 ) ∈ Z2 we set ϕj (x) = 2j1 /2 ψ(2j1 x − k1 ), ψ(x) = 1[0,0.5] (x) − 1]0.5,1] (x). Assume
that the block Gk depends on only one resolution level j1 : Gk = {j = (j1 , k1 ) : k1 ∈ Bj1 },
where Bj1 is a subset of {0, 1, . . . , 2j1 − 1}. In this case, since for j, j 0 ∈ Gk with j 6= j 0 , for
any x, ϕj (x)ϕj 0 (x) = 0,
i

bk2 = max
and Inequality (2.12) gives

j∈Gk

ck2 ≤ max

Dk = O(n),

bk2 = o(n/ log p),

p
If, similarly to Condition (2.5), we assume that maxi,j∈Gk |ϕj (Xi )| = o( n/ log p), then
and under Assumption (2.14),

k10 ∈ Z, ϕj × ϕj 0 6≡ 0

which improves (2.15). This property can be easily extended to general compactly supported wavelets ψ, since, in this case, for any j = (j1 , k1 )


Sj = j 0 = (j1 , k10 ) :

is finite with cardinal only depending on the support of ψ.

12
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j∈Gk

i,j∈Gk

Dk = O(n).

Gk

k

Gk

k
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Since M is an upper bound of Var(Yi ) = f0 (Xi ) for any i, strong similarities can be
highlighted between the forms of the weights in the Poisson and Gaussian settings:

j∈Gk

Neglecting the term 16b2k γ log p in the definition of Dk (see the discussion in Section 2.2.1),
we observe that λgk is of the same order as
sX
q
Vejg + M c2k γ log p.
(2.17)

where |||ATGk AGk ||| denotes the maximal eigenvalue of ATGk AGk (see (3.1) in Lounici et al.
(2011)). So, if |Gk | ≤ log p, the above expression is of the same order as
q
q
σ 2 T r(ATGk AGk ) + σ 2 |||ATGk AGk |||γ log p.
(2.16)

k

Now, let us compare the
to the weights proposed by Lounici et al. (2011) in the
Gaussian framework. Adapting their notations to ours, Lounici et al. (2011) estimate the
vector β 0 in the model Y ∼ N (Aβ 0 , σ 2 In ) by using the group-Lasso estimate with weights
equal to
r 

p
eg = 2 σ 2 T r(AT AG ) + 2|||AT AG |||(2γ log p + |Gk |γ log p) ,
λ

λgk ’s

2.2.2 Comparison with the Gaussian framework.

The previous discussion shows that we can exhibit dictionaries such that c2k and Dk
are of order n and the term b2k log p is negligible with respect to c2k . Then, if similarly to
p
Section 2.1, the terms (Vejg )j∈Gk are all of order n, λgk is of order n × max(log p; |Gk |) and
g
g
the
p main term in λk is the first one as soon as |Gk | ≥ log p. In this case, λk is of order
|Gk |n.

and under Assumption (2.14),

b2k = o(n/ log p),

p
If, similarly to Condition (2.5), we assume that maxi,j∈Gk |ϕj (Xi )| = o( n/ log p), then

i

Regular histograms. Consider a regular grid of the interval [0, 1], {0, δ, 2δ, . . .} with
δ > 0. Consider then (ϕj )j∈Gk such that for any j ∈ Gk , there exists ` such that ϕj =
δ −1/2 1(δ(`−1),δ`] . We have kϕj k2 = 1 and kϕj k∞ = δ −1/2 . As for the wavelet case, for
j, j 0 ∈ Gk with j 6= j 0 , for any x, ϕj (x)ϕj 0 (x) = 0, then
X
b2k = max
ϕ2j (Xi ) = max ϕ2j (Xi ) = δ −1 .

Adaptive Lasso and Group-Lasso for Functional Poisson Regression

X

j∈Gk i=1

n
XX

ϕ2j (Xi ) = M × T r(ATGk AGk ).

kATGk xk22

kAGk ATGk xk22
y∈R|Gk |

≤ sup

kAGk yk22
= |||ATGk AGk |||.
kyk22

j∈Gk

sX

λ2j ≈

j∈Gk

Vj
s
X
p
log p
Vj ≈ log p λgk .

j∈Gk

sX

14
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In this section, we establish oracle inequalities to study theoretical properties of our estimation procedures. The Xi ’s are still assumption-free, and the performance of our procedures
will be only evaluated at the Xi ’s. To measure the closeness between f0 and an estimate,

3. Oracle inequalities

Remember that our previous discussion shows the importance to consider weights as small
as possible as soon as (2.6) is satisfied with high probability. The next section will confirm
this point.

and

λgk ≈

Suboptimality is justified by following heuristic arguments. Assume that for all j and k, the
first terms in (2.3) and (2.9) are the main ones and Vej ≈ Vejg ≈ Vj . Then by considering λgk
qP
√
2
instead of
log p, since in this situation,
j∈Gk λj , we improve our weights by the factor

j∈Gk

qP
g
2
Finally, we show that the naive procedure that considers
j∈Gk λj instead of λk is
suboptimal even if, obviously due to Theorem 1, with high probability,
sX
λ2j .
kATGk (Y − E[Y])k2 ≤

2.2.3 Suboptimality of the naive procedure

These strong similarities between the Gaussian and the Poissonian settings strongly support
the shape relevance of the weights we propose.

x∈Rn

c2k = sup

- For the second terms, in view of (2.7), c2k is related to |||ATGk AGk ||| since we have

j∈Gk

Vj ≤ M

- For the first terms, Vejg is an estimate of Vj and

Ivanoff, Picard and Rivoirard
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n
X

[(f0 (Xi ) log f0 (Xi ) − f0 (Xi ))] − [(f0 (Xi ) log f (Xi ) − f (Xi ))] ,

we use the empirical Kullback-Leibler divergence associated with our model, denoted by
K(·, ·). Straightforward computations (see for instance Leblanc and Letué (2006)) show
that for any positive function f ,

 
L(f0 )
K(f0 , f ) = E log
L(f )
=
i=1

n
X
i=1

f0 (Xi )(eui − ui − 1),

(3.1)

where L(f ) is the likelihood associated with f . We speak about empirical divergence to
emphasize its dependence on the Xi ’s. Note that we can write
K(f0 , f ) =

i)
where ui = log ff0(X
(Xi ) . This expression clearly shows that K(f0 , f ) is non-negative and
K(f0 , f ) = 0 if and only if for all i ∈ {1, . . . , n}, we have ui = 0, that is f (Xi ) = f0 (Xi )
for all i ∈ {1, . . . , n}.

Remark 1 To weaken the dependence on n in the asymptotic setting, an alternative, not
considered here, would consist in considering n−1 K(·, ·) instead of K(·, ·).
If the classical L2 -norm is the natural loss-function for penalized least squares criteria,
the empirical Kullback-Leibler divergence is a natural alternative for penalized likelihood
criteria. In next sections, oracle inequalities will be expressed by using K(·, ·).
3.1 Oracle inequalities for the group-Lasso estimate

βj ϕj (x) ,

In this section, we state oracle inequalities for the group-Lasso. These results can be viewed
as generalizations of results by Lounici et al. (2011) to the case of the Poisson regression
model. They will be established on the set Ωg where
n
o
T
(3.2)
(Y − E[Y])k2 ≤ λkg ∀ k ∈ {1, . . . , K} .
Ωg = kAG
k

p
X

j=1

1−γ . By considering
Under assumptions of Theorem 2, we have P(Ωg ) ≥ 1 − 2K
pγ ≥ 1 − 2p
γ > 1, we have that P(Ωg ) goes to 1 at a polynomial rate of convergence when p goes to +∞.
Even if our procedure is applied with weights defined in Section 2.2, note that subsequent
oracle inequalities would hold for any weights (λkg )k=1,...,K such that the associated set Ωg
has high probability. For any β ∈ Rp , we denote by
!

fβ (x) = exp

15
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max

k=1

λkg × kβk1,2

(3.3)

the candidate associated with β to estimate f0 . We first give a slow oracle inequality (see
for instance Bunea et al. (2007a), Gaı̈ffas and Guilloux (2012) or Lounici et al. (2011))
that does not require any assumption.

β∈R

λkg kβ Gk k2 ≤

k∈{1,...,K}

K
n
o
X
K(f0 , fbgL ) ≤ inf p K(f0 , fβ ) + 2
λkg kβ Gk k2 .

Theorem 3 On Ωg ,

Note that

K
X
k=1

i∈{1,...,n}

max |log f0 (Xi )| < ∞.

and (3.3) is then similar to Inequality (3.9) of Lounici et al. (2011). We can improve
the rate of (3.3) at the price of stronger assumptions on the matrix A. We consider the
following assumptions:
Assumption 1. We assume that
m :=

This assumption is equivalent to assuming that f0 is bounded from below and from
above by positive constants. We do not assume that m is known in the sequel.

(

k∈J

k∈J

X g
X g
(β T Gβ)1/2
λk kβ Gk k2
: |J| ≤ s, β ∈ Rp \ {0},
λk kβ Gk k2 ≤ r
kβ J k2
c

Assumption 2. For some integer s ∈ {1, . . . , K} and some constant r, the following
condition holds:
0 < κn (s, r) := min

where G is the Gram matrix defined by G = AT CA, where C is the diagonal matrix
with Ci,i = f0 (Xi ). With a slight abuse, β J stands for the sub-vector of β with elements
indexed by the indices of the groups (Gk )k∈J .

This assumption is the natural extension of the classical Restricted Eigenvalue condition
introduced by Bickel et al. (2009) to study the Lasso estimate where the `1 -norm is replaced
with the weighted k · k1,2 -norm. In the Gaussian setting, Lounici et al. (2011) considered
similar conditions to establish oracle inequalities for their group-Lasso procedure (see their
Assumption (3.1)). RE-type assumptions are among the mildest ones to establish oracle
inequalities (see van de Geer and Bühlmann (2009)). In particular, if the Gram matrix G
has a positive minimal eigenvalue, say dG,min , then Assumption 2 is satisfied with κn2 (s, r) ≥
dG,min . Assumption 2 can be connected to stronger coherence type conditions involving
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)

,

p
n X
X

i=1

[0, 1]d

j=1

βj ϕj (Xi )

2

= c0

n
X

i=1

gβ2 (Xi ),

β∈Γ(µ)

k=1

k

Gk

µ,α

j=1

µ,α

α + 1 + 2α/ε
.
α−1
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where κn stands for κn (s, r), and J(β) is the subset of {1, . . . , K} such that β Gk = 0 if
and only if k ∈
/ J(β).

|J(β)|≤s

Then, under Assumption 1, there exists a constant B(ε, m, µ) depending on ε, m and µ
such that, on Ωg ,
(

2 )
α2 |J(β)|
g
gL
b
×
max λk
K(f0 , fµ,α ) ≤ (1 + ε) inf
K(f0 , fβ ) + B(ε, m, µ)
, (3.4)
κ2n
k∈{1,...,K}
β∈Γ(µ)

r=

Theorem 4 Let ε > 0 and s a positive integer. Let Assumption 2 be satisfied with s and

for which we obtain the following fast oracle inequality.

µ,α

In the sequel, we restrict our attention to estimates belonging to the convex set Γ(µ). Of
course, if m were known we would take µ = m (or µ a bit larger than m). Note that we do
not impose any upper bound on µ so this condition is quite mild. The role of Γ(µ) consists
in connecting K(., .) to some empirical quadratic loss functions (see the proof of Theorem
4). Alternative stronger assumptions have been considered by Lemler (2013) relying on
van de Geer (2008) and Kong and Nan (2014). The value of µ only influences constants in
subsequent oracle inequalities.
We consider the slightly modified group-Lasso estimate. Let α > 1 and let us set
!
p
K
o
n
X
X
b gL )j ϕj (x)
b gL ∈ argmin − l(β) + α
λg kβ k2 , fbgL (x) = exp
(β
β

j=1

−1
for any subset J ⊂ {1, . . . , K}. Under these assumptions, κ−2
n (s, r) = O(n ).
We now introduce for any µ > 0


p


X
Γ(µ) = β ∈ Rp :
max
βj ϕj (Xi ) ≤ µ .


i∈{1,...,n}

with gβ = j=1 βj ϕj . If (ϕj )j∈J is orthonormal on
and if the design is regular, then
the last term is the same order as
Z
n gβ2 (x)dx = nkβk22 ≥ nkβ J k22

Pp

β T Gβ = (Aβ)T C(Aβ) ≥ c0 kAβk22 = c0

the ratio min k λgk (see Appendix B.3. of Lounici et al. (2011)). Furthermore, if c0 is a
k k
positive lower bound for f0 , then for all β ∈ Rp ,

max λg

Adaptive Lasso and Group-Lasso for Functional Poisson Regression

µ,α

o
∀j ∈ {1, . . . , p} .

(3.5)
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3
Theorem 1 asserts that P(Ω) ≥ 1 − pγ−1
that goes to 1 as soon as γ > 1. As previously,
subsequent oracle inequalities would hold for any weights (λj )j=1,...,p such that the asso-

n
Ω = |ATj (Y − E[Y])| ≤ λj

For the sake of completeness, we provide oracle inequalities for the Lasso. Theorems 3 and
4 that deal with the group-Lasso estimate can be adapted to the non-grouping strategy
when we take groups of size 1. Subsequent results are similar to those established by
Lemler (2013) who studied the Lasso estimate for the high-dimensional Aalen multiplicative
intensity model. The block `1 -norm k · k1,2 becomes the usual `1 -norm and the group
support J(β) is simply the support of β. As previously, we only work on the probability
set Ω defined by

3.2 Oracle inequalities for the Lasso estimate

and µ is large, Theorem 4 gives a good flavor of theoretical performances satisfied by our
group-Lasso procedure.
Let us comment each term of the right-hand side of (3.4). The first term is an approximation term, which can vanish if f0 can be decomposed on the dictionary. The second term
is a variance term, according to the usual terminology, which is proportional to the size of
J(β). Its shape is classical in the high dimensional setting. See for instance Theorem 3.2
of Lounici et al. (2011) for the group-Lasso in linear models, or Theorem 6.1 of Bickel et al.
(2009)
order of magnitude of λgk
p and Theorem 3 of Bertin et al. (2011) for the Lasso. If the
−1 ), the order of magnitude
is n × max(log p; |Gk |) (see Section 2.2.1) and if κ−2
=
O(n
n
of this variance term is not larger than |J(β)| × max(log p; |Gk |). Finally, if f0 can be well
approximated (for the empirical Kullback-Leibler divergence) by a group-sparse combination of the functions of the dictionary, then the right hand side of (3.4) will take small
values. So, the previous result justifies our group-Lasso procedure from the theoretical
point of view. Note that (3.3) and (3.4) also show the interest of considering weights as
small as possible.
Blazere et al. (2014) established rates of convergence under stronger assumptions,
namely all coordinates of the analog of A are bounded by a quantity L, where L is viewed
as a constant. Rates depend on L in an exponential manner and would highly deteriorate
if L depended on n and p. So, this assumption is not reasonable if we consider dictionaries
such as wavelets or histograms (see Section 2.2.1).

b gL studied in Theorem 4 slightly differs from the estimate β
b gL introduced
The estimate β
µ,α
in Section 1.2 since it depends on α and minimization is only performed on Γ(µ). Both
estimates coincide when µ = +∞ and when α = 1. An examination of the proof of
Theorem 4 shows that limµ→+∞ B(ε, m, µ) = +∞. In practice, we observe that most of
b gL and β
b gL coincide. So, when α is close to 1
the time, with α = 1 and µ large enough, β
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ciated probability set Ω has high probability. We obtain a slow oracle inequality for fbL :

Corollary 1 On Ω,

β∈R

j=1

p
n
o
X
K(f0 , fbL ) ≤ inf p K(f0 , fβ ) + 2
λj |βj | .

Now, let us consider fast oracle inequalities. In this framework, Assumption 2 is replaced
with the following:



j∈J

j∈J




 T
1/2
X
X
(β
Gβ)
: |J| ≤ s, β ∈ Rp \ {0},
λj |β j | ≤ r
λj |β j | ,

kβ J k2
c

Assumption 3. For some integer s ∈ {1, . . . , p} and some constant r, the following
condition holds:
0 < κn (s, r) := min

j=1

L
fbµ,α
(x) = exp

j=1

p
X

b )j ϕj (x)
(β
µ,α

L

As previously, we consider the slightly modified Lasso estimate. Let α > 1 and let us
!

where G is the Gram matrix defined by G = AT CA, where C is the diagonal matrix with
Ci,i = f0 (Xi ).
set
β∈Γ(µ)

p
n
o
X
b L ∈ argmin − l(β) + α
β
λj |β j | ,
µ,α

for which we obtain the following fast oracle inequality.

r=

α + 1 + 2α/ε
.
α−1

Corollary 2 Let ε > 0 and s a positive integer. Let Assumption 3 be satisfied with s and

inf

β∈Γ(µ)
|J(β)|≤s

K(f0 , fβ ) + B(ε, m, µ)

)
α2 |J(β)|
( max λj 2 ) ,
κn2
j∈{1,...,p}

Then, under Assumption 1, there exists a constant B(ε, m, µ) depending on ε, m and µ
such that, on Ω,
(
L
K(f0 , fbµ,α
) ≤ (1 + ε)

where κn stands for κn (s, r), and J(β) is the support of β.
This corollary is derived easily from Theorem 4 by considering all groups of size 1. Comparing Corollary 2 and Theorem 4, we observe that the group-Lasso can improve the Lasso
estimate when the function f0 can be well approximated by a function fβ so that the number of non-zero groups of β is much smaller than the total number of non-zero coefficients.
The simulation study of the next section illustrates this comparison from the numerical
point of view.
19
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4. Simulation study
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Simulation settings. Even if our theoretical results do not concern model selection
properties, we propose to start the simulation study by considering a simple toy example
such that log(f0 ) = Aβ 0 is generated from a true sparse vector of coefficients of size p = 2J
in the Haar basis, such that J = 10 and scales j = 1, 3, 4 have all non-null coefficients.
More details on this function can be found in our code that is freely available 1 . In this
setting, log(f0 ) can be decomposed on the dictionary and we can assess the accuracy of
selection of different methods.
We then explore the empirical performance of the Lasso and the group Lasso strategies
using simulations. By performance we mean the quality of reconstruction of simulated
signals as our theoretical results concern reconstruction properties. We considered different
forms for intensity functions by taking the standard functions of Donoho and Johnstone
(1994): blocks, bumps, doppler, heavisine, to set g0 . These functions do not have an
exact decomposition on any dictionary considered below. The signal to noise ratio was
increased by multiplying the intensity functions by a factor α taking values in {1, . . . , 7},
α = 7 corresponding to the most favorable configuration. Observations Yi were generated
such that Yi |Xi ∼ Poisson(f0 (Xi )), with f0 = α exp(g0 ), and (X1 , . . . , Xn ) was set as the
regular grid of length n = 210 . Each configuration was repeated 20 times. Our method
was implemented using the grpLasso R package of Meier et al. (2008) to which we provide
our concentration-based weights (the code is fully available 1 ).

The basis and the dictionary frameworks. The dictionary we consider is built on
the Haar basis, on the Daubechies basis with 6 vanishing moments, and on the Fourier
basis, in order to catch piece-wise constant trends, localized peaks and periodicities. Each
orthonormal system has n elements, which makes p = n when systems are considered
separately, and p = 2n or 3n depending on the considered dictionary. For wavelets, the
dyadic structure of the decomposition allows us to group the coefficients scale-wise by
forming groups of coefficients of size 2q . As for the Fourier basis, groups (also of size 2q )
are formed by considering successive coefficients (while keeping their natural ordering).
When grouping strategies are considered, we set all groups at the same size.

Weights calibration in practice. First for both the Lasso and the group Lasso introduced in Section 1, following the arguments at the end of Section 2.1 that provide
some theoretical guarantees, we take γ larger than 1. More precisely, we take γ = 1.01.
Our theoretical results do not provide any information about values smaller than 1, so
we conduct an empirical study on a very simple case, namely we estimate f0 such that
log(f0 ) = 1[0,1] on the Haar basis, so that only one parameter should be selected. Fig. 1
shows that when γ is too small, the risk of the selected models explodes (left panel), because
too many coefficients are selected (right panel). Taking γ = 1.01 actually corresponds to
a conservative choice avoiding the explosion of the MSE and of the number of selected

1. http://pbil.univ-lyon1.fr/members/fpicard/software.html
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Competitors. We compete our Lasso procedure (Lasso.exact in the sequel), with the
Haar-Fisz transform (using the haarfisz package), applied to the same data followed by
soft-thresholding. Here we mention that we did not perform cycle-spinning (that is often
included in denoising procedures) in order to focus on the effects of thresholding only. We
also implemented the half-fold cross-validation proposed by Nason (1996) in the Poisson
case to set the weights in the penalty, with the proper scaling (2s/2 λ, with s the scale of
the wavelet coefficients) as proposed by Sardy et al. (2004). Briefly, this cross-validation
procedure is used to calibrate λ by estimating f0 on a training set made of even positions
(for different values of λ), and by measuring the reconstruction error on the test set made

j∈Gk

tends to one when p is large. We conducted a preliminary numerical study (not shown) to
calibrate the second term, that depends on quantities M , ck and bk defined in Theorem
2. The best empirical performance were achieved so that the left- and right-hand terms
ofq(2.9) were approximatively equal. This resumes to group-Lasso weights of the form
P
2
Vej .

j∈Gk

parameters. Furthermore this automatic choice provides good results in practice, as shown
by our simulation study that considers many shapes of intensity functions (see below).
Then we estimate Vj (resp Vjg ) by Vej (resp Vejg ). Note that Vbj (resp Vbjg ) can also be
used: these variances are easier to compute in practice, and this slight modification does
not significantly change the performance of the procedures (not shown). The parameter γ
being fixed, we use the expression (2.3) forqLasso weights. As for the group Lasso weights
P
(Theorem 2), the first term is replaced by
Vej , as it is governed by a quantity that

Figure 1: Tuning of the hyperparameter γ for the Lasso penalty. The simulated function
is log(f0 ) = 1[0,1] , so that only one parameter should be selected on the Haar basis. For
different values of n, the left/right panels represent the mean square error / the number of
estimated parameters with respect to γ (averaged over 20 simulations). The vertical line
corresponds to γ = 1.

gamma

4
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8
10

log2n

1.0
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Performance in the basis setting. Here we focus on wavelet basis (Haar for blocks and
Daubechies for bumps, doppler and heavisine) and not on a dictionary approach (considered
in a second step) in order to compare our calibrated weights with other methods that rely
on penalized strategy. It appears that, except for the bumps function, the Lasso with
exact weights shows the lowest reconstruction error whatever the shape of the intensity
function (Figure 4). Moreover, better performance of the Lasso with exact weights in cases
of low intensity emphasize the interest of theoretically calibrated procedures rather than
asymptotic approximations (like the Haar-Fisz transform). In the case of bumps, crossvalidation seems to perform better than the Lasso, but when looking at reconstructed
average function (Figure 5a) this lower reconstruction error of cross-validation is associated
with higher local variations around the peaks. Compared with Haar-Fisz, the gain of using
exact weights is substantial even when the signal to noise ratio is high, which indicates
that even in the validity domain of the Haar-Fisz transform (large intensities), the Lasso
combined with exact thresholds is more suitable (Figure 5a). As for the group Lasso,
its performance highly depend on the group size: while groups of size 2 show similar
performance as the Lasso, groups of size 4 and 8 increase the reconstruction error (Figure

Model selection performance with a true sparse β 0 . The simple toy example described above for model selection perfectly shows the performance of our Lasso procedure
(Figure 2). Even if our theoretical results do not concern support recovery, our theoretically calibrated weights provide the best accuracy in support selection, along with the
best sensitivity, specificity and reconstruction errors. This example also shows the interest
of the theoretical weights calibration compared with the cross-validation procedure that
shows bad performance, and also compared with the Haar-Fisz transform. Also, this toy
example illustrates the need of scaling for the cross-validated vanilla Lasso: if the procedure
proposed by Sardy et al. (2004) is not used, the cross-validated vanilla Lasso lacks of adaptation to heteroscedasticity, which leads to poor results on selection (lack of accuracy and
specificity, or too many selected coefficients), and thus to overfitted reconstruction (Fig.
3). Thus, in further simulations we only considered the scaled version of the cross-validated
Lasso, in order to compare methods that account for heteroscedasticity.

Performance measurement. For any estimate fˆ, reconstruction performance were
measured using the (normalized) mean-squared error M SE = kfb − f0 k22 /kf0 k22 . When
there is a true sparse β 0 , model selection performance were measured by the standard indicators: accuracy on support recovery, sensitivity (proportion of true non-null coefficients
among selected coefficients) and specificity of detection (proportion of true null coefficients
among non-selected coefficients), based on the support of β 0 and on the support of its
estimate.

by odd positions (see Nason (1996)). This procedure is referred to cross-validation in the
sequel. Then we compare the performance of the group-Lasso with varying group sizes
(2,4,8) to the Lasso, to assess the benefits or grouping wavelet coefficients.
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Figure 2: Average (over 20 repetitions) accurracy in support recovery for the toy function f0
with a true sparse β 0 and the Haar basis, specificity and sensitivity of selection, and Mean
Square Error of reconstruction. Lasso.exact: Lasso penalty with our data-driven theoretical weights, Lasso.cv: Lasso penalty with weights calibrated by cross validation without
scaling, Lasso.cvj: Lasso penalty with weights calibrated by cross validation with scaling
2s/2 λ, group.Lasso.2/4/8: group Lasso penalty with our data-driven theoretical weights
with group sizes 2/4/8, HaarFisz: Haar-Fisz tranform followed by soft-thresholding. Alpha
(α) stands for the signal strength.
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Figure 3: Example of reconstruction for the toy function f0 with a true sparse β 0 and the
Haar basis. The reconstruction with the vanilla-lasso is based on too many coefficients
which leads to over-fitting. Lasso.exact: Lasso penalty with our data-driven theoretical
weights, Lasso.cv: Lasso penalty with weights calibrated by cross validation without
scaling, Lasso.cvj: Lasso penalty with weights calibrated by cross validation with scaling
2s/2 λ
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4 and 5b), since they are not scaled to the size of the irregularities in the signal. This
trend is not systematic as the group Lasso appears to be adapted to functions that are
more regular (Heavisine), and seems to avoid edge effects in some situations.

Figure 4: Average (over 20 repetitions) Mean Square Error of reconstruction of different
methods for the estimation of simulated intensity functions according to function shapes
(blocks, bumps, doppler, heavisine) and signal strength (α). Lasso.exact: Lasso penalty
with our data-driven theoretical weights, Lasso.cvj: Lasso penalty with weights calibrated
by cross validation with scaling 2s/2 λ, group.Lasso.2/4/8: group Lasso penalty with our
data-driven theoretical weights with group sizes 2/4/8, HaarFisz: Haar-Fisz tranform
followed by soft-thresholding.
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the best choice in terms of reconstruction error, which is stricking in the case of the blocks
function. In this case the Haar system only would be preferable for the Lasso (Figure 6a).
For the group-Lasso and the blocks intensity function, the combination of the Daubechies
and the Haar systems provides the best MSE, but when looking at the reconstructed
intensity (Figure 6b-blocks), the Daubechies system introduces wiggles that are not relevant
for blocks. Also, richer dictionaries do not necessarily lead to more selected parameters
(Figure 6a), which illustrates that selection depends on the redundancies between the
systems elements of the dictionary. In practice we often do not have any prior knowledge
concerning the elements that shape the signal, and these simulations suggest that the
blind use of the richest dictionary may not be the best strategy in terms of reconstructed
functions. Consequently, in the following application, we propose to adapt the half-fold
cross validation of Nason (1996) to choose the best combinations of systems.

Performance in the dictionary framework. Lastly, we explored the performance of
the dictionary approach, by considering different dictionaries to estimate each function:
Daubechies (D), Fourier (F), Haar (H), or their combinations (Figure 6). Rich dictionaries
can be very powerful to catch complex shapes in the true intensity function (like the notch
in the heavisine case Figure 6b), and the richest dictionary (DFH) often leads to the lowest
reconstruction error (MSE) on average. However the richest dictionary (DFH) is not always

4
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doppler

4
alpha

bumps
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The analysis of biological data has faced a new challenge with the extensive use of next generation sequencing (NGS) technologies. NGS experiments are based on the massive parallel
sequencing of short sequences (reads). The mapping of these reads onto a reference genome
(when available) generates counts data (Yt ) spatially organized (in 1D) along the genome
(at position Xt ). These technologies have revolutionized the perspectives of many fields
in molecular biology, and among many applications, one is to get a local quantification
of DNA or of a given DNA-related molecule (like transcription factors for instance with
chIP-Seq experiments, Furey (2012)). This technology has recently been applied to the
identification of replication origins along the human genome. Replication is the process by
which a genome is duplicated into two copies. This process is tightly regulated in time and
space so that the duplication process takes place in the highly regulated cell cycle. The
human genome is replicated at many different starting points called origins of replication,
that are loci along the genome at which the replication starts. Until very recently, the
number of such origins remained controversial, and thanks to the application of NGS technologies, first estimates of this number could be obtained. The signal is made of counts
along the human genome such that reads accumulations indicate an origin activity (see Picard et al. (2014)). Scan statistics were first applied to these data, to detect significant local
enrichments reads accumulation, but there is currently no consensus on the best method
to analyze such data. Here we propose to use the Poisson functional regression to estimate
the intensity function of the data on a portion of the human chromosomes X and 20. Halffold cross-validation was used to select the appropriate dictionary between Daubechies,
Fourier, Haar (and their combinations), and our theoretical weights were used to calibrate
the Lasso (Figure 7). Our results are very promising as the sparse dictionary approach is
very efficient for denoising (Chromosome X, Figure 7b) and produces null intensities when
the signal is low (higher specificity). Another aspect of our method is that it seems to
be more powerful in the identification of peaks that are more precise (Chromosome 20,
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Figure 6: Average (over 20 repetitions) Mean Square Errors and number of selected coefficients (df) (6a), and reconstructed functions (6b) for different dictionaries: Daubechies
(D), Fourier (F), Haar (H) and their combinations. Lasso.exact: Lasso penalty with
28
our data-driven theoretical weights, group.Lasso.2:
group Lasso penalty with our datadriven theoretical weights with group sizes 2, HaarFisz: Haar-Fisz tranform followed by
soft-thresholding.

(b) Reconstructed functions for the dictionaries with the smallest MSE.
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(b) Average reconstructed functions for the group strategies.

Figure 5: Average (over 20 repetitions) reconstructed functions by different methods of
estimation according to function shapes (blocks, bumps, doppler, heavisine). Top panel
corresponds to non-grouped strategies (5a) and bottom panel compares group-strategies
to the Lasso (5b). Lasso.exact: Lasso penalty with our data-driven theoretical weights,
Lasso.cvj: Lasso penalty with weights calibrated by cross validation with scaling 2s/2 λ,
27 our data-driven theoretical weights with
group.Lasso.2/4/8: group Lasso penalty with
group sizes 2/4/8, HaarFisz: Haar-Fisz tranform followed by soft-thresholding, f0: simulated intensity function.
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We proposed new adaptive Lasso and group-Lasso procedures to estimate the regression
function in high dimensional Poisson regression, with a special focus on the calibration of
weights involved in the penalties. Inspired from the adaptive Lasso procedure proposed by
Zou (2006) in the context of model selection, we derived data-driven component-specific
weights, whose shape appears to be relevant from both theoretical and practical points of
view. In the dictionary approach, which extends the classical basis approach, we obtain
slow and fast oracle inequalities under RE-type conditions. These theoretical results are
enhanced by a numerical study that illustrates the good performance of our procedure
on simulated and experimental data. Moreover, even if our main objective is functional
reconstruction (that is different from model selection), a numerical toy example shows
very promising results of our Lasso and group-Lasso procedures for model selection. The
theoretical study of this problem is an exciting challenge we wish to investigate in further
works.
The purpose of our data-driven weights is to control the random fluctuations of the
normalized observations, namely (ATj Y)j and (ATGk Y)k , around their expectation. To obtain controls as sharp as possible, we use concentration inequalities for infinitely divisible
vectors, which allows us to account for the heteroscedasticity that characterizes the Poisson
setting. So, our approach is very different from Zou (2006) who considered weights proportional to the inverse of preliminary estimates (ordinary least squares estimates or maximum
likelihood estimates). But both approaches confirm that random weighting schemes can
provide suitable procedures for inference in regression models.
Finally, we mention that the constants of our procedure were tuned by using theoretical arguments, and our numerical studies show that they are suitable. Other values for
these constants would probably be appropriate for some signals. Even if our empirical
results show that the performance with γ = 1.01 are excellent, whatever the form of f0 we
considered, our procedure could be enriched by an additional calibration step for γ, with
associated extra computational time.

6. Conclusion

positions 0.20 and 0.25Mb, Figure 7a), which indicates that the dictionary approach may
be more sensitive to detect peaks. Given the spread of NGS data and the importance of
peak detection in the analysis process, for chIP-Seq Furey (2012), FAIRE-Seq Thurman
et al. (2012), OriSeq Picard et al. (2014), our preliminary results suggest that the sparse
dictionary approach will be a very promising framework for the analysis of such data.
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Figure 7: Estimation of the intensity function of Ori-Seq data (chromosomes 20 7a and
X 7b). Grey bars indicate the number of reads that match genomic positions (x-axis, in
MegaBases). The red line corresponds to the estimated intensity function, and vertical
dotted lines stand for the detected origins by scanning statistics.
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7. Proofs
7.1 Proof of Theorem 1

n

X 0 (Xi )
f
1S (t).
µ(Si ) i

i=1

We denote by µ the Lebesgue measure on Rd and we introduce a partition of the set [0, 1]d
n S so that for any i = 1, . . . , n, X ∈ S and µ(S ) > 0. Let h the function
denoted ∪i=1
i
i
i
i
defined for any t ∈ [0, 1]d by
h(t) =

ϕ
ej (t) =

n
X
i=1

ϕj (Xi )Yi = AjT Y.

ϕj (Xi )1Si (t),

n
X

i=1

u
||g||∞
3

≤ exp(−u).

(7.1)

Finally, we introduce N the Poisson process on [0, 1]d with intensity h (see Kingman
variable with parameter
R(1993)). Therefore, for any i n= 1, . . . , n, N (Si ) is a Poisson
d
Si h(t)dt = f0 (Xi ) and since ∪i=1 Si is a partition of [0, 1] , (N (S1 ), . . . , N (Sn )) has the
same distribution as (Y1 , . . . , Yn ). We observe that if for any j = 1, . . . , p,

then
Z
ϕ
ej (t)dN (t) ∼

g(x)(dN (x) − h(x)dx) ≥

2u

g 2 (x)h(x)dx +

u
kϕ
ej k∞
3

!

u
2
kϕ
ej k∞
3

!

!

≤ 2e−u .

≤ e−u .

≤ 2e−u .

ϕj2 (Xi )f0 (Xi ) = Vj ,

ϕ
ej2 (x)h(x)dx +
n
X

i=1

ϕ
ej4 (t)h(t)dt +

(7.2)

We use the following exponential inequality (see Inequality (5.2) of Reynaud-Bouret (2003)).
If g is bounded, for any u > 0,
s Z
!
Z
P

2u

ϕ
ej2 (x)h(x)dx =

P |AjT (Y − E[Y])| ≥

Z

By taking successively g = ϕ
e and g = −ϕ
ej , we obtain
j
s Z
Since

we obtain

p
u
P |AjT (Y − E[Y])| ≥ 2uVj + kϕ
ej k∞
3
2u

To control Vj , we use (7.1) with g = −ϕ
ej2 and we have:
s Z

P Vj − Vbj ≥
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We observe that

Z

Z

2
ϕ
ej2 (t)h(t)dt = kϕ
ej k∞
Vj .
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2
ϕ
ej4 (t)h(t)dt ≤ kϕ
ej k∞

!
p
vj
2vj Vj −
− Vbj ≥ 0 ≤ e−u .
3



p

P Vj ≥ αj2 = P
Vj ≥ αj ≤ e−u .

(7.3)

q
q
p
v
v
Vbj + 65 vj + 2j , such that αj is the positive solution to αj2 − 2vj αj −(Vbj + 3j ) =

P Vj −

2 , we have:
Setting vj = ukϕ
ej k∞

Let αj =
0. Then



We choose u = γ log p and observe that αj2 ≤ Vej . Then, by combining (7.2) and (7.3), we
have

!
q
γ log p
3
P |AjT (Y − E[Y])| ≥ 2γ log pVej +
kϕ
ej k∞ ≤ γ .
3
p

As kϕ
ej k∞ = maxi |ϕj (Xi )|, the theorem follows.

P |Vj − Vbj | ≥

Vj
4γ log p
2
+
kϕ
ej k∞
2
3

!

q
u
2
2 + kϕ
2uVj kϕ
ej k∞
ej k∞
3

≤

2
.
pγ

≤ 2e−u ,

Remark 2 By slightly extending previous computations, we easily show that for u > 0,
!
which leads to

P |Vj − Vbj | ≥

7.2 Proof of Theorem 2
qP
T
i
2
For each k ∈ {1, . . . , K}, we recall that bki =
j∈Gk ϕj (Xi ), so bk = kAGk ei k2 , where
ei is the vector whose i-th coordinate is equal to 1 and all others to 0. We first state the
following lemma:

sX

j∈Gk

Vj + x

≤ exp

!


Dε 
x x
b
kx
−
+ 2k log 1 + ε
,
bk
bk
Dk
bk

Lemma 1 Let k be fixed. Assume that there exists some M > 0 such that ∀ x, |f0 (x)| ≤ M .
T yk ≤ c kAT yk .
Assume further that there exists some ck ≥ 0 such that ∀ y ∈ Rn , kAGk AG
2
2
k
Gk
k
Then, ∀ x > 0, ∀ ε > 0,
!
2 2
b .
ε2 k

T
P kAG
(Y − E[Y])k2 ≥ (1 + ε)
k

where Dkε = 8M ck2 +
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+

i

0

|f (y + uei ) − f (y)|2

i

etbk |u| − 1
νei (du)
bik |u|

h−1
f (s)ds


,

>
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kATGk yk2

< ATGk ei , ATGk y >
+
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kATGk ei k22
,

+kATGk ei k22

kATGk (y + ei )k2 + kATGk yk2

1Ai 2 <

ATGk ei , ATGk y
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and νei is the Lévy measure associated with Yi −E[Yi ]. It is easy to show that νei = f0 (Xi )δ1 ,
and so
n

2 etbik − 1
X
hf (t) = sup
f0 (Xi ) f (y + ei ) − f (y)
.
bik
y∈Rn i=1
o
n
Furthermore, writing Ai = kATGk (y + ei )k2 ≥ E or kATGk yk2 ≥ E , we have

R

n Z
X

y∈Rn i=1

hf (t) = sup

where hf is defined for all t > 0 by

Therefore, for all x > 0,


 Z
P f (Y − E[Y]) − E[f (Y − E[Y])] ≥ x ≤ exp −

= |u|bik .
x

kATGk (y + uei )k2 − kATGk yk2

≤ kATGk (uei )k2

|f (y + uei ) − f (y)| ≤

Furthermore, for any i ∈ {1, ..., n}, any y ∈ Rn and any u ∈ R,

Eetbk |Yi −EYi | ≤ Eetbk (Yi +f0 (Xi ))


i
= exp f0 (Xi )(etbk + tbik − 1) < ∞.

i

where E > 0 is a constant chosen later. We use Corollary 1 from Houdré et al. (2008),
applied to the infinitely divisible vector Y−E[Y] ∈ Rn , whose components are independent,
and to f . First note that for any t > 0,



Proof With k ∈ {1, . . . , K} being fixed, we define f : Rn → R by f (y) = kATGk yk2 −E ,

Adaptive Lasso and Group-Lasso for Functional Poisson Regression



= ε2

= ε2

i=1

i=1
n
X

Vj .

f0 (Xi )bik .

2

j∈Gk

X

ϕ2j (Xi )

f0 (Xi )ϕ2j (Xi )
f0 (Xi )

j∈Gk i=1
n
X

j∈Gk

sX

i

n
XX

E=ε

E 2 = ε2

X

exp −



with Dkε = 8M c2k +
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and the second one is equal to 2 Ek2 , so

Thus, we can finally bound the function hf by the increasing function h defined by

So we have:
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we can now bound hf (t) as follows.

The first term can be rewritten as 8

2
kATGk ei k42
< ATGk ei , ATGk y >2
+2
.
f (y + ei ) − f (y) ≤ 8
T
2
E2
kAGk yk2

with < ·, · > the usual scalar product. We now have
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Now,
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f (Y − E[Y]) − E[f (Y − E[Y])] =
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Furthermore, by Jensen’s inequality, we have
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Recalling that E = ε

and
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which concludes the proof.
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+
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!

Finally, using the fact that log(1 + u) ≥ u −
exp
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j∈Gk

!
s
q
X
1
T
Vj + 2 γ log pDkε ≤ γ .
P kAG
(Y − E[Y])k2 ≥ (1 + ε)
k
p



P Vj > Vejg ≤ e−u =

n
X

i=1

ϕj (Xi )xi

1
.
pγ

1
|Gk |pγ

ϕj (Xl )

!2

.

!



We control Vj as in the proof of Theorem 1, but we take u = γ log p + log |Gk |. The analog
of (7.3) is

and thus

X

j∈Gk



P ∃ j ∈ Gk , Vj > Vejg
≤

n
X

l=1

This concludes the proof of Theorem 2.
7.3 Proof of Proposition 1
For the first point, we write:

T
kAGk AG
xk22 =
k
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≤

=

j∈Gk

(blk )2

l=1
nb2k kATGk xk22 ,

kATGk xk22

l=1
n
X

!

X

ϕ2j (Xl )

n
X

j∈Gk

=

l=1

X

kATGk xk22

≤

n
X

ϕ2j (Xl )

j∈Gk

!

i=1

n
X X

ϕj (Xi )xi

2

!

2

=

≤

≤

=

=

< ATGk ei , ATGk ei >
< ei , AGk ATGk ei >
kei k2 kAGk ATGk ei k2
ck kATGk ei k2
ck bik ,

= kATGk ei k22

kATGk xk22
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=

j∈Gk

X

Kj2 ,

which obviously entails bk ≤ ck . For the last point, we observe that

bik
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which proves the upper bound of (2.11). For the lower bound, we just observe that for any
i = 1, . . . , n, with ei the vector whose i-th coordinate is equal to 1 and all others to 0,

kAGk ATGk xk22

Then, we apply the Cauchy-Schwarz inequality:
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j∈Gk j 0 ∈Gk

X X

i=1

i=1

n
X

n
X

ϕj (Xi )xi

+

i=1

n
X
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i=1

n
X
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(f0 (Xi ) − Yi ) log f0 (Xi ) − log fβ (Xi ) .


(f0 (Xi ) − Yi ) log f0 (Xi ) − log fβ (Xi )


Yi log f0 (Xi ) − log fβ (Xi ) + fβ (Xi ) − f0 (Xi )

ϕj 0 (Xi0 )xi0

ϕj 0 (Xi0 )xi0


f0 (Xi ) log f0 (Xi ) − log fβ (Xi ) + fβ (Xi ) − f0 (Xi )

l=1

i0 =1

i0 =1
n
X

n
X

ϕj (Xl )ϕj 0 (Xl ) (Kj2 + Kj20 )
ϕj (Xl )ϕj 0 (Xl ) Kj2 ,

l=1

n
X

= log L(f0 ) − log L(fβ ) +

=

K(f0 , fβ ) =

For any β ∈ Rp , we have

7.4 Proof of Theorem 3

i=1

j 0 ∈Gk
n
X

ϕj 0 (Xl )

ϕj (Xl )ϕj 0 (Xl )Kj Kj 0

ϕj (Xl )ϕj 0 (Xl )

n
X

j∈Gk j ∈Gk

1 X X
2
0

j∈Gk j 0 ∈Gk l=1

j∈Gk j 0 ∈Gk l=1
n
X X X

n
X X X

i=1

!2

X

ϕj (Xi )xi

ϕj (Xi )xi

i=1

n
X

n
X

ϕj (Xl )

ϕj (Xl )

j∈Gk

l=1 j∈Gk

from which we deduce (2.12).

=

≤

=

=

=

l=1

X



By expressing kAGk ATGk xk22 with respect to the Kj ’s, we

n X
X

n
X

i=1 ϕj (Xi )xi .

Pn

kAGk ATGk xk22 =

where Kj =
obtain:
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gL

gL

gL

)+
)+

)+

n
X

j=1

f0 (Xi )

−

− βj )

K
X
gL

b k2 ≤ −l(β) +
λkg kβ
Gk

Yi



gL

log fβ (Xi )
(βj −

− log fbgL

βbjgL )ϕj (Xi )

− β)T η.

λkg kβ Gk k2 .

b
) + (β
K
X

(AjT (Y − EY))2

1/2

ϕj (Xi )(Yi − f0 (Xi )).

j=1

p
X

i=1

n
X

f0 (Xi ) − Yi

(βbjgL

p
X

i=1

n
X

i=1
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b
= l(β) − l(β
b
= l(β) − l(β

)+
k=1

j∈Gk

1/2  X

− βj )(AjT (Y − EY))

j∈Gk

gL

 gL

b − β k2 − k β
b gL k2 + kβ k2 ,
λkg kβ
Gk
Gk
Gk
Gk

gL

K
X
k=1

b − β k2 .
λkg kβ
Gk
Gk

b − β k2 kAT (Y − EY)k2
kβ
Gk
Gk
Gk

(βbjgL − βj )2

|βbjgL − βj ||AjT (Y − EY)|

(βbjgL

p
X

gL

− f0 (Xi )) = AjT (Y − E[Y]). We have

b
= l(β) − l(β

Pn
i=1 ϕj (Xi )(Yi

K(f0 , fβ )

Therefore, for all β ∈ Rp ,
bgL ) −

K(f0 , f

Let us write ηj =

gL

− β)T η| =

k=1

K
X

k=1

K
X

k=1

K  X
X

k=1 j∈Gk

K X
X

j=1

k=1

b
K(f0 , fbgL ) = K(f0 , fβ ) + l(β) − l(β

b
−l(β

b gL ,
By definition of β

gL

Furthermore, on Ωg ,
b
|(β
≤
≤
=

≤
Therefore, for all β ∈ Rp ,

K(f0 , fbgL ) ≤ K(f0 , fβ ) +

from which we deduce (3.3).
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7.5 Proof of Theorem 4

K
X
k=1
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gL

b −β k2 ≤ K(f0 , fβ )+
λkg kβ
Gk
Gk

gL

K
X

k=1

gL

gL

X

gL

gL

gL

gL

b −β k2
(λkg )2 kβ
Gk 2
Gk

(7.7)

b − β k2 . (7.6)
λkg kβ
Gk
Gk

 X

k∈J(β)

b −β k2 ≤ K(f0 , fβ )+2α|J(β)|1/2
λkg kβ
Gk
Gk

k∈J(β)

1/2

.

 gL

b −β k2 −kβ
b gL k2 +kβ k2 .
αλkg kβ
Gk
Gk
Gk
Gk

gL
b instead of β
b . We
To avoid too tedious notations, we denote fbgL instead of fbµ,α
and β
µ,α
start from Equality (7.4) combined with Inequality (7.5). Then, we have that on Ωg , for
any β ∈ Γ(µ),

K(f0 , fbgL )+(α−1)

gL

K
X

k=1

b − β k2 ≤ K(f0 , fβ ) + 2α
λkg kβ
Gk
Gk

b − β k2 − kβ
b k2 + kβ k2 = 0 and
On J(β)c , kβ
Gk
Gk
Gk
Gk
K(f0 , fbgL ) + (α − 1)

K
X

By applying the Cauchy-Schwarz inequality we also have
K(f0 , fbgL )+(α−1)

k=1

gL

(7.8)

b − β), where D is a diagonal matrix with Dj,j = λg if j ∈ Gk , then
If we write ∆ = D(β
k
we can rewrite (7.6) as

K(f0 , fbgL ) + (α − 1)k∆k1,2 ≤ K(f0 , fβ ) + 2αk∆J(β) k1,2

and we deduce from (7.7)

(α − 1)k∆k1,2

(α − 1)k∆J(β)c k1,2 ≤

!
α + 1 + 2α/ε
k∆J(β) k1,2 .
α−1


1
≤ 2α 1 +
k∆J(β) k1,2 ,
ε
!


1
2α 1 +
− (α − 1) k∆J(β) k1,2
ε

K(f0 , fbgL ) ≤ K(f0 , fβ ) + 2α(|J(β)|)1/2 k∆J(β) k2 .
(7.9)

Now, on the event 2αk∆J(β) k1,2 ≤ εK(f0 , fβ ) , the theorem follows immediately from
(7.8). We now assume that εK(f0 , fβ ) ≤ 2αk∆J(β) k1,2 . Since K is non-negative, we
deduce from (7.8) that

and

k∆J(β)c k1,2 ≤
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b gL − β)G k2 ≤
λgk k(β
k

α + 1 + 2α/ε
α−1

!
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b gL − β) 1/2 ,
− β)T G(β

− β)J(β) k2

− ui ) .
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ugL
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u
bgL
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ϕj (Xi )ϕj 0 (Xi )f0 (Xi ),
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To conclude, we use arguments similar to Lemler (2013). We recall them for the safe of
completeness. To connect h(f0 , fβ ) to K(f0 , fβ ), we use Lemma 1 of Bach (2010) that is
recalled now.

q
q

2α
K(f0 , fbgL ) ≤ K(f0 , fβ ) +
|J(β)|1/2 (max λgk )
h(f0 , fbgL ) + h(f0 , fβ ) .
k
κn

we have

Gj,j 0 =

n
X


1 b gL
b gL − β) 1/2 .
− β)J(β) k2 ≤
(β − β)T G(β
κn

ui = log fβ (Xi ) − log f0 (Xi )

We set h(f0 , fβ ) =
since

we have

by setting

Since

b
k(β

gL

From Assumption 2 we have that, if β is such that |J(β)| ≤ s, then

k∈J(β)c

X

This is equivalent to
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eh(Xi ) − f0 (Xi )h(Xi )

g(t) = G(h + tk),

i=1

n
X

g 000 (t) =

i=1

n
X

i=1

n
X



k 3 (Xi )eh(Xi )+tk(Xi ) .

k 2 (Xi )eh(Xi )+tk(Xi )


k(Xi )eh(Xi )+tk(Xi ) − f0 (Xi )k(Xi ) ,
g 00 (t) =

i=1

n
X



φ(−µ−m)
(µ+m)2

and µ00 =
K(f0 , fbgL ) ≤ K(f0 , fβ ) +

where µ0 =

is a nonnegative

It follows that, for β ∈ Γ(µ) such that |J(β)| ≤ s,

φ(x)
x2
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q
q

2α
√ 0 |J(β)|1/2 (max λgk )
K(f0 , fbgL ) + K(f0 , fβ ) .
k
κn µ

φ(µ+m)
.
(µ+m)2

µ0 h(f0 , fβ ) ≤ K(f0 , fβ ) ≤ µ00 h(f0 , fβ ),

Finally, for β ∈ Γ(µ), S = maxi |ui | ≤ µ + m. Furthermore, x −→
increasing function and therefore we have

Therefore |g 000 (t)| ≤ Sg 00 (t) with S = maxi |k(Xi )|. We choose h(Xi ) = log f0 (Xi ) and
k(Xi ) = ui = log fβ (Xi )−log f0 (Xi ) and we apply Lemma 2 to P
g with t = 1. Computations
n
2
yield that g(1) − g(0) = K(f0 , fβ ), g 0 (0) = 0 and g 00 (0) =
i=1 f0 (Xi )ui = h(f0 , fβ ).
Therefore
φ(S)
φ(−S)
h(f0 , fβ ) ≤ K(f0 , fβ ) ≤
h(f0 , fβ ).
S2
S2

and

g 0 (t) =

where h and k are functions and t ∈ R. We have :

and

G(h) =

Let h be a real function. We set

where φ(x) = ex − x − 1.

g 00 (0)
g 00 (0)
φ(−St) ≤ g(t) − g(0) − g 0 (0)t ≤
φ(St),
S2
S2

Lemma 2 Let g be a convex three times differentiable function g : R → R such that for
all t ∈ R, |g 000 (t)| ≤ Sg 00 (t) for some S ≥ 0. Then, for all t ≥ 0,
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0 2

p
|J(β)|(maxk λkg )
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2

α
κn

 0

2
0 2
α
|J(β)|
µ
b
+
1
µ
b
K(f0 , fβ ) + 2 0
(max λkg )2 .
k
µ0 b − 1
µb−1
κn2



2
1 
1
α
|J(β)|
K(f0 , fbgL ) ≤ 1 + 0 K(f0 , fβ ) + 2b
(max λkg )2 .
k
µ0 b
µb
κn2

We use twice the inequality 2uv ≤ bu2 + v for any b > 0, applied to u =
q
qb
1
1
bgL
µ0 K(f0 , f ) or
µ0 K(f0 , fβ ). We have



1−

and v being either

Finally,
K(f0 , fbgL ) ≤

0

α2 |J(β)|
κn2
k

!

(max λkg )2 .


−1 µ b .
We choose b > 1/µ0 such that µµ0 b+1
b−1 = 1 + ε and we set B(ε, m, µ) = 2(1 + ε)
µ0 b−1
Finally, we have, for any β ∈ Γ(µ) such that |J(β)| ≤ s,

K(f0 , fbgL ) ≤ (1 + ε) K(f0 , fβ ) + B(ε, m, µ)

This completes the proof of Theorem 4.
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2

2. Background: Instrumental Variables, Witnesses and Admissible Sets
Assuming X is a potential cause of Y , but not the opposite, a cartoon of the possibly
complex real-world causal system containing X and Y is shown in Figure 1(a). U represents
the universe of common causes of X and Y . In control and policy-making problems, we

observational studies done in practice (Rosenbaum, 2002a). However, it is not obvious how
to obtain the ACE as a function of the covariates. Our contribution modifies the results
of Entner et al. (2013), who exploit conditional independence constraints to obtain point
estimates of the ACE but rely on assumptions that might be unstable with finite sample
sizes. Our modification provides a different interpretation of their search procedure, which
we use to generate candidate instrumental variables (Manski, 2007). The linear programming approach of Dawid (2003), inspired by Balke and Pearl (1997) and further refined
by Ramsahai (2012), is then modified to generate bounds on the ACE by introducing constraints on some causal paths, motivated as relaxations of Entner et al. (2013). The new
setup can be computationally expensive, so we introduce further relaxations to the linear
program to generate novel symbolic bounds, and a fast algorithm that sidesteps the full
linear programming optimization.
In Section 2, we discuss the background of the problem. In Section 3 we provide an
overview of the methodology, which is divided into several subcomponents and described
through Sections 4–8. Section 9 contains experiments with synthetic and real data.

Figure 1: (a) A generic causal graph where X and Y are confounded by some U . (b) The
same system in (a) where X is intervened upon by an external agent. (c) A system
where W and Y are independent given X. (d) A system where it is possible to use
faithfulness to discover that U is sufficient to block all back-door paths between
X and Y . (e) Here, U itself is not sufficient.

X

U
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where do(·) is the operator of Pearl (2000), denoting distributions where a set of variables
has been intervened on by an external agent.
In this paper, we assume the reader is familiar with the concept of causal graphs, the
basics of the do operator, and the basics of causal discovery algorithms such as the PC
algorithm of Spirtes et al. (2000). We provide a short summary for context in Section 2.
The ACE is in general not identifiable from observational data. We obtain upper and
lower bounds on the ACE by exploiting a set of covariates, which we assume are not affected by X or Y as justified by temporal ordering or other background assumptions. Such
covariate sets are often found in real-world problems, and form the basis of many of the

E[Y | do(X = 1)] − E[Y | do(X = 0)] = P (Y = 1 | do(X = 1)) − P (Y = 1 | do(X = 0)), (1)

We provide a new methodology for obtaining bounds on the average causal effect (ACE)
of a treatment variable X on an outcome variable Y . We introduce methods for binary
models and for linear continuous models. For binary variables, the ACE is defined as

1. Contribution

One of the most fundamental problems in causal inference is the estimation of a causal
effect when treatment and outcome are confounded. This is difficult in an observational
study, because one has no direct evidence that all confounders have been adjusted for.
We introduce a novel approach for estimating causal effects that exploits observational
conditional independencies to suggest “weak” paths in an unknown causal graph. The
widely used faithfulness condition of Spirtes et al. is relaxed to allow for varying degrees
of “path cancellations” that imply conditional independencies but do not rule out the
existence of confounding causal paths. The output is a posterior distribution over bounds
on the average causal effect via a linear programming approach and Bayesian inference.
We claim this approach should be used in regular practice as a complement to other tools
in observational studies.
Keywords: Causal inference, instrumental variables, Bayesian inference, linear programming

Editor: Kevin Murphy

Department of Statistics
University of Oxford
Oxford OX1 3TG, UK

Robin Evans

Department of Statistical Science and CSML
University College London
London WC1E 6BT, UK

Ricardo Silva

Causal Inference through a Witness Protection Program

Journal of Machine Learning Research 17 (2016) 1-53

Causal Inference through a Witness Protection Program

would like to know what will happen to the system when the distribution of X is overridden
by some external agent (e.g., a doctor, a robot or an economist). The resulting modified
system is depicted in Figure 1(b), and represents the family of distributions indexed by
do(X = x): the graph in (a) has undergone a “surgery” that removes incoming edges to
X. Spirtes et al. (2000) provide an account of the first graphical methods exploiting this
idea, which are related to the overriding of structural equations proposed by Haavelmo
(1943). Notice that if U is observed in the P
data set, then we can obtain the distribution
P (Y = y | do(X = x)) by simply calculating u P (Y = y | X = x, U = u)P (U = u) (Spirtes
et al., 2000). This was popularized by Pearl (2000) as the back-door adjustment. In general
P (Y = y | do(X = x)) can be substantially different from P (Y = y | X = x).
The ACE can usually be estimated via a trial in which X is randomized: this is equivalent to estimating the conditional distribution of Y given X under data generated as in
Figure 1(b). In contrast, in an observational study (Rosenbaum, 2002a) we obtain data generated by the system in Figure 1(a). If one believes all relevant confounders U have been
recorded in the data then the back-door adjustment can be used, though such completeness
is uncommon. By postulating knowledge of the causal graph relating components of U ,
one can infer whether a measured subset of the causes of X and Y is enough (Pearl, 2000;
VanderWeele and Shpitser, 2011; Pearl, 2009). Without knowledge of the causal graph,
assumptions such as faithfulness (Spirtes et al., 2000) are used to infer it.
The faithfulness assumption states that a conditional independence constraint in the
observed distribution exists if and only if a corresponding structural independence exists
in the underlying causal graph. For instance, observing the independence W ⊥
⊥ Y | X,
and assuming faithfulness and the causal order, we can infer the causal graph Figure 1(c);
in all the other graphs this conditional independence in not implied. We deduce that no
unmeasured confounders between X and Y exist. This simple procedure for identifying
chains W → X → Y is useful in exploratory data analysis (Chen et al., 2007; Cooper,
1997), where a large number of possible causal relations X → Y are unquantified but can
be screened off using observational data before experiments are performed. The purpose of
using faithfulness is to be able to sometimes identify such quantities.
Entner et al. (2013) generalize the discovery of chain models to situations where a nonempty set of covariates is necessary to block all back-doors. Suppose W is a set of covariates
which are known not to be effects of either X or Y , and we want to find an admissible set
contained in W: a set of observed variables which we can use for back-door adjustment to
obtain P (Y = y | do(X = x)). Entner et al.’s “Rule 1” states the following:

W 6⊥
⊥ Y |Z

(ii)

W ⊥
⊥ Y | Z ∪ {X},

Rule 1: If there exists a variable W ∈ W and a set Z ⊆ W\{W } such that
(i)

then infer that Z is an admissible set.
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Entner et al. (2013) also provide ways of identifying zero effects with a “Rule 2.” For
simplicity of presentation, for now we assume that the effect of interest was already identified
as non-zero. Section 7 discusses the case of zero effects.
A point estimate of the ACE can then be found using Z. Given that (W, Z) satisfies
Rule 1, we call W a witness for the admissible set Z. The model in Figure 1(c) can be
3
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identified with Rule 1, where W is the witness and Z = ∅. In this case, for binary models a
so-called “naı̈ve” functional P (Y = 1 | X = 1) − P (Y = 1 | X = 0) will provide the correct
ACE. If U is observable in Figure 1(d), then it can be identified as an admissible set for
witness W . Notice that in Figure 1(a), taking U as a scalar, it is not possible to find a
witness since there are no remaining variables. Also, if in Figure 1(e) our covariate set W is
{W, U }, then no witness can be found since U 0 cannot be blocked. Hence, it is possible for
a procedure based on Rule 1 to answer “I don’t know,” even when a back-door adjustment
would be possible if one knew the causal graph. However, using the faithfulness assumption
alone one cannot do better: Rule 1 is complete for non-zero effects if no further information
is available (Entner et al., 2013).
Despite its appeal, the faithfulness assumption is not without difficulties. Even if unfaithful distributions can be ruled out as pathological under seemingly reasonable conditions
(Meek, 1995), distributions which lie close to (but not on) an unfaithful model may in practice be indistinguishable from distributions within that unfaithful model at finite sample
sizes.
To appreciate these complications, consider the structure in Figure 1(d) with U unobservable and the remaining (observable) variables binary. Here W is randomized but X
is not, and we would like to know the ACE of X on Y 1 . W is sometimes known as an
instrumental variable (IV), and we call Figure 1(d) the standard IV structure (SIV); the
distinctive features here being the constraints W ⊥
⊥ U and W ⊥
⊥ Y | {X, U }, statements
which include latent variables. If this structure is known, optimal bounds

LSIV ≤ E[Y | do(X = 1)] − E[Y | do(X = 0)] ≤ USIV

can be obtained without further assumptions, and estimated using only observational data
over the binary variables W , X and Y (Balke and Pearl, 1997). This structure cannot
be found using faithfulness, as the only independence constraints involve a latent variable.
However, there exist distributions faithful to the IV structure but which at finite sample
sizes may appear to satisfy the Markov property for the structure W → X → Y ; in practice
this can occur at any finite sample size (Robins et al., 2003). The true average causal
effect may lie anywhere in the interval [LSIV , USIV ], which can be rather wide even when
W ⊥
⊥ Y | X, as shown by the following result:

Proposition 1 If W ⊥
⊥ Y | X and the model follows the causal structure of the standard
IV graph, then USIV − LSIV = 1 − |P (X = 1 |W = 1) − P (X = 1 | W = 0)|.

All proofs in this manuscript are given in Appendix A. For a fixed joint distribution
P (W, X, Y ), the length of such an interval cannot be further minimized (Balke and Pearl,
1997). Notice that the length of the interval will depend on how strongly associated W and
X are: W = X implies UIV − LIV = 0 as expected, since this is the scenario of a perfect
intervention. The scenario where W ⊥
⊥ X is analogous to not having any instrumental
variable, and the length of the corresponding interval is 1.
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1. A classical example is in non-compliance: suppose W is the assignment of a patient to either drug or
placebo, X is whether the patient actually took the medicine or not, and Y is a measure of health status.
The doctor controls W but not X. This problem is discussed by Pearl (2000) and Dawid (2003).
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R ← ∅;
for each W ∈ W do
for every admissible set Z ⊆ W\{W } identified by W do
(LW Z , UW Z ) ← bounds on the ACE as given by P (W, X, Y, Z) and ℵ;
R ← R ∪ {(W, Z, LW Z , UW Z )};
end
end
return R

3. Outline
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5

uncertainty estimates are required; (iv) we would like to have some results for continuous
data; (v) the set of hyperparameters ℵ needs to be chosen somehow, and some objective
criterion to choose them is important in practice.
Section 4.2 addresses points (i) and (ii) using a Bayesian approach. This requires a
likelihood function. Since the latent variable model that includes U is not identifiable, we
work directly on the marginal observable distribution under the constraints implied by the
linear program. Independence constraints can be tested using Bayesian model selection, but
optionally can be ignored in the linear programming step to provide a more stringent test of
feasibility of ℵ, as the feasible region for the ACE might be empty if the tested independence
does not fit the data well enough even if it passes the test. An interpretation of this usage
of independence tests is given in Section 4.3. We criticize naı̈ve uses of Bayesian inference
for latent variable models in Section 4.4.
A convenient implication of using Bayesian inference is that credible intervals for the
ACE bounds can be computed in a conceptually simple way, using Monte Carlo methods.
However, numerically running a linear program for each sample is expensive. A fully analytical solution to the linear program is not known, but a solution to a relaxed version of it
can be found in a much cheaper and more numerically stable iterative algorithm (compared
to a black-box solver) given in Section 5. This addresses point (iii), but bounds are looser
than those obtained with a numerical solver as a consequence.
Point (iv) is partially addressed by Section 6, where we derive bounding methods for
linear models. This complements Entner et al. (2012), which relies on non-Gaussianity and
faithfulness using conditions weaker than Rule 1. Conceptually the method can be adapted
to discrete non-binary data without major modifications, although presentation gets considerably more complicated. Treating continuous W is not a theoretical problem (at least
by discretizing each W on demand while keeping Z continuous), although different estimation techniques and parametric assumptions would be required. Likewise, it is theoretically
6

Algorithm 1: A simplified Witness Protection Program algorithm, assuming the observable distribution P (W, X, Y ) is known.

8

7

6

5

4

3

In Section 4, we introduce the main algorithm, the Witness Protection Program. The core
idea is (i) to invert the usage of Entner et al.’s Rule 1, so that pairs (W, Z) should provide
an instrumental variable bounding method instead of a back-door adjustment; (ii) express
violations of faithfulness as bounded violations of local independence; (iii) find bounds on
the ACE using a linear programming formulation. Unless stated otherwise, it is assumed
that all observed variables are binary.
A simplified version of the algorithm is shown in Algorithm 1. This version assumes we
know the distribution of the observed variables, P (W, X, Y ), which simplifies the exposition
of the method. The loops in Steps 2 and 3 are a search for pairs (W, Z) of witness-admissible
sets that satisfy Enter et al.’s Rule 1, done by verifying independence constraints in the
given joint distribution. If we assumed faithfulness, the job would be complete: we either
obtain an empty set or the true ACE. This is essentially the contribution of Entner et al.
(2013).
However, we assume that faithfulness need not hold, and that all variables can be
connected to each other in the causal graph, including a set U of hidden common causes of
X and Y . At the same time, we cannot allow for arbitrary violations of faithfulness, as the
presence of hidden common causes leads to only very weak constraints on the ACE. Instead,
we allow for the expression of a subset of possible violations, expressed as “weak edges” on
the fully connected causal graph of W, Z, X, Y and U . The meaning of a “weak edge” is
given in detail in Section 4, and it is fully defined by a set of hyperparameters ℵ that needs
to be provided to the algorithm, also explained in Section 4. Given ℵ, a generalization of
the linear programming problem for instrumental variables described by Ramsahai (2012)
can be used to find tight lower and upper bounds on the ACE. As the approach provides
each witness a degree of protection against faithfulness violations, using a linear program,
we call this framework the Witness Protection Program (WPP).
Thus, this procedure unifies back-door adjustments and (a generalization of ) instrumental variable approaches in a single framework, while not requiring knowing the true causal
graph and relying on assumptions weaker than faithfulness. This is the main message of the
paper.
The output of the algorithm provides a set of lower/upper bounds on the ACE. If one
could assume that ℵ is conservative (that is, the actual edges are “weaker” than the ones
implied by the set of causal models (W, X, Y, Z, U ) compatible with ℵ), then a tight interval
containing the ACE will be given by the largest lower bound and the smallest upper bound.
However, there are several practical issues that need to be solved, the main ones being: (i)
we do not know P (W, X, Y ) and hence it needs to estimated from data; (ii) once statistical
errors are introduced, it is not clear how to combine the different constraints implied by
the algorithm; (iii) the computational cost of the procedure can be high, particularly if

2

input : A distribution P (W, X, Y );
A set of relaxation parameters ℵ;
Covariate index set W and cause-effect indices X and Y ;
output: A set of quadruplets (W, Z, LW Z , UW Z ), where (W, Z) is a
witness-admissible set pair and (LW Z , UW Z ) are a lower and upper bound
on the ACE, respectively;

Thus, the true ACE may differ considerably from the “naı̈ve” functional supported by
Enter et al.’s Rule 1, appropriate for the simpler structure W → X → Y but not for the
standard IV structure. While we emphasize that this is a worst-case scenario analysis and
by itself should not rule out faithfulness as a useful assumption, it is desirable to provide a
method that gives greater control over violations of faithfulness.
1

Silva and Evans

Causal Inference through a Witness Protection Program

Causal Inference through a Witness Protection Program

possible to get bounds on the cumulative distribution function of Y by dichotomizing it at
different levels Y ≤ y, but we will not further discuss these generalizations in this paper.
Section 7 is a final note concerning the main procedure, where we discuss the possibility
of exploiting Enter et al.’s Rule 2 for detecting zero effects. Although we do not further
analyze this modification in our experiments, this section provides further insights on how
WPP is related to sensitivity analysis methods for observational studies previously found
in the literature.
Finally, Section 8 is an extensive discussion on point (v), the choice of ℵ and the need
to deal with possibly incoherent bounds, which also relates back to point (ii). While this
discussion is orthogonal to the main algorithm, which takes ℵ as a given and it is guaranteed
to be at least as conservative as Entner et al. (2013), it is a important practical issue. This
section also complements the discussion started in Section 7 on the relation between WPP
and sensitivity analysis methods.

4. The Witness Protection Program

L(z)P (Z = z) ≤ E[Y | do(X = 1)] − E[Y | do(X = 0)] ≤

z

Let (W, Z) be any pair found by a search procedure that decides when Rule 1 holds. W
will play the role of an instrumental variable, instead of being discarded. Conditional on Z,
the lack of an edge W → Y can be justified by faithfulness (as W ⊥
⊥ Y | {X, Z}). For the
same reason, there should not be any (conditional) dependence between W and a possible
unmeasured common parent2 U of X and Y . Hence, W ⊥
⊥ U and W ⊥
⊥ Y | {U, X} hold
given Z. A standard IV bounding procedure such as (Balke and Pearl, 1997) can then be
used conditional on each individual value z of Z, then averaged over P (Z). That is, we can
independently obtain lower and upper bounds {L(z), U(z)} for each value z, and bound the
ACE by
X
X
U(z)P (Z = z),
(2)

z

P
since E[Y | do(X = 1)] − E[Y | do(X = 0)] = z (E[Y | do(X = 1), Z = z] − E[Y | do(X =
0), Z = z])P (Z = z).
Under the assumption of faithfulness and the satisfiability of Rule 1, the calculation of
the above interval is redundant, as Rule 1 allows the direct use of the back-door adjustment
using Z. Our goal is to not enforce faithfulness, but use Rule 1 as a motivation to allow for
a subset of violations of faithfulness, but not arbitrary violations.
In what follows, assume Z is set to a particular value z and all references to distributions
are implicitly assumed to be defined conditioned on the event Z = z. That is, for simplicity
of notation, we will neither represent nor condition on Z explicitly. The causal ordering
where X and Y cannot precede any other variable is also assumed, as well as the causal
ordering between X and Y .
Consider a standard parameterization of a directed acyclic graph (DAG) model, not
V
necessarily causal, in terms of conditional probability tables (CPTs): let θv.p
represent
P (V = v | P ar(V ) = p) where V ∈ {W, X, Y, U } denotes both a random variable and
a vertex in the corresponding DAG; P ar(V ) is the corresponding set of parents of V .
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2. In this manuscript, we will sometimes refer to U as a set of common parents, although we do not change
our notation to bold face to reflect that.
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6=
6
=
6
=
6=

P (Y = y | X = x, U = u)
P (Y = y | X = x, W = w)
P (X = x | W = w)
P (U = u),

(3)

Faithfulness violations occur when independence constraints among observables are not
structural, but due to “path cancellations.” This means that parameter values are arranged
so that W ⊥
⊥ Y | X holds, but paths connecting W and U , or W and Y , may exist so that
either W 6⊥
⊥ U or W 6⊥
⊥ Y | {U, X}. In this situation, some combination of the following
should hold true:

P (Y = y | X = x, W = w, U = u)
P (Y = y | X = x, W = w, U = u)
P (X = x | W = w, U = u)
P (U = u | W = w)

for some {w, x, y, u} in the sample space of P (W, X, Y, U ).
For instance, if the second and third statements above are true, this implies the existence
of an active path into X and Y via U , conditional on W 3 , such as X ← U → Y . If the
first statement is true, this corresponds to an active path between W and Y that is not
blocked by {X, U }. If the fourth statement is true, U and W are marginally dependent,
with a corresponding active path. Notice that some combinations are still compatible with
a model where W ⊥
⊥ U and W ⊥
⊥ Y | {U, X} hold: if the second statement in (3) is false,
this does not mean that U is necessarily a common parent of X and Y . Such a family of
models is observationally equivalent4 to one where U is independent of all variables.
V }, we need to define parent
When translating the conditions (3) into parameters {θv.p
sets for each vertex, which only need to respect the partial causal ordering being assumed;
similarly to the Prediction Algorithm of Spirtes et al. (2000), we do not need to fully
specify a causal model in order to identify some of its interventional distributions. In
our conditional probability table (CPT) factorization, we define P ar(X) = {W, U } and
P ar(Y ) = {W, X, U }. The joint distribution of {W, U } can be factorized arbitrarily: the
causal directionality among W , U (and Z) is not relevant to the only interventional distribution of interest, do(X). In the next subsection, we refine the parameterization of our model
by introducing redundancies: we provide a parameterization for the latent variable model
P (W, X, Y, U ), the interventional distribution P (W, Y, U | do(X)) and the corresponding
(latent-free) marginals P (W, X, Y ), P (W, Y | do(X)). These parameters cannot vary fully
independently of each other. It is this fact that will allow us to bound the ACE using only
P (W, X, Y ).

4.1 Encoding Faithfulness Relaxations with Linear Constraints

We define a relaxation of faithfulness as any set of assumptions that allows the relations in
(3) to be true, but not necessarily in an arbitrary way: this means that while the left-hand
and right-hand sides of each entry of (3) are indeed different, their difference is bounded by
either the absolute difference or by ratios. Without such restrictions, (3) will only imply
uninteresting bounds, as discussed in our presentation of Proposition 1.
Consider the following parameterization of the distribution of {W, X, Y, U } under the
observational and interventional regimes, and their respective marginals obtained by in-
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3. That is, a path that d-connects X and Y and includes U , conditional on W ; it is “into” X (and Y )
because the edge linking X to the path points to X. See Spirtes et al. (2000) and Pearl (2000) for formal
definitions and more examples.
4. Meaning a family of models where P (W, X, Y ) satisfies the same constraints.
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X

w

x

U

Y

y

(4)

βP (U ) ≤ P (U | W = w) ≤ βP (U ).

?
|δw
− P (X = 1 | W = w)| ≤ x

− P (Y = 1 | X = x, W = w)| ≤ y

?
?
|ηx1
− ηx0
| ≤ w

9

(8)

(7)

(6)

(5)
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5. Notice from the development in this section that U is not necessarily a scalar, nor discrete.

?
|ηxw

Notice that we do not explicitly parameterize the marginal of U , for reasons that will become
clear later.
We introduce the following assumptions, as illustrated by Figure 2:

η11 P (W = 1) + η10 P (W = 0) − η01 P (W = 1) − η00 P (W = 0).

Under this encoding, the ACE is given by

?
δw
≡ P
P(X = 1 | W = w, U )
δw ≡
U P (X = x | W = w, U )P (U | W = w)
= P (X = 1 | W = w).

?
≡ P
ηxw
P(Y = 1 | X = x, W = w, U )
ηxw ≡
U P (Y = 1 | X = x, W = w, U )P (U | W = w)
= P (Y = 1 | do(X = x), W = w)

?
ζyx.w
≡ P (Y = y, X = x | W = w, U )
P
ζyx.w ≡
U P (Y = y, X = x | W = w, U )P (U | W = w)
= P (Y = y, X = x | W = w)

tegrating U away5 . Again we condition everywhere on a particular value z of Z but, for
simplicity of presentation, we suppress this from our notation, since it is not crucial to the
developments in this section:

Figure 2: A visual depiction of the family of assumptions introduced in our framework.
Dashed edges correspond to conditional dependencies that are constrained according to free parameters, displayed along each corresponding edge. This is
motivated by observing W ⊥
⊥ Y | X.

W

{β, β}
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Step 4 Finally, maximize/minimize (4) with respect to {ηxw } subject to the constraints
found in Step 3 to obtain upper/lower bounds on the ACE.

This is the core step in Dawid (2003): points in the polytope {ζyx.w }×{ηxw } correspond
to different marginalizations of U according to different P (U ). Describing the polytope in
terms of inequalities provides all feasible distributions that result from marginalizing U
?
? in the same space, this
according to some P (U ). Because we included both ζyx.w
and ηxw
will tie together P (Y, X | W ) and P (Y | do(X), W ).

?
? }, find the dual polytope
Step 3 Using the extreme points of the joint space {ζyx.w
} × {ηxw
of this space in terms of linear inequalities. Points in this polytope are convex combinations
?
? }, shown by Dawid (2003) to correspond to the marginalizations over some
of {ζyx.w
} × {ηxw
P (U ), and each P (U ) corresponds to some point in the polytope. This results in constraints
over {ζyx.w } × {ηxw }.

? } × {η ? } are just the combination of the
The extreme points of the joint space {δw
xw
? × η ? map to the same ζ ?
extreme points of each space. Some combinations δw
xw
yx.w , while
? × η ? to η ? is just the trivial projection. At this stage,
the mapping from a given δw
xw
xw
?
? } that are entailed by the
we obtain all the extreme points of the polytope {ζyx.w
} × {ηxw
factorization of P (W, X, Y, U ) and our constraints.

?
? } by mapping them from
Step 2 Find the extreme points of the joint space {ζyx.w
} × {ηxw
? .
x
?
?
?
?
?
the extreme points of {δw } × {ηxw }, since ζyx.w = (δw ) (1 − δw )(1−x) ηxw

In particular, for w = y = 1, the polytope of feasible values for the four dimensional
? , η ? , η ? , η ? ) is the unit hypercube [0, 1]4 , a polytope with a total of 16 vertices
vector (η00
01 10 11
(0, 0, 0, 0), (0, 0, 0, 1), . . . (1, 1, 1, 1). Dawid (2003) covered the case w = 0, where a two? }. In Ramsahai (2012), the case 0 ≤  < 1 is also
dimensional vector {ηx? } replaces {ηxw
w
covered: some of the corners in [0, 1]4 disappear and are replaced by others. The case where
w = x = y = 1 is vacuous, in the sense that the consecutive steps cannot infer non-trivial
constraints on the ACE.

? } take values in a 4-dimensional polytope. Find the
Step 1 Notice that parameters {ηxw
? }.
extreme points of this polytope. Do the same for {δw

Setting w = 0, β = β = 1 recovers the standard IV structure. Further assuming y = x = 0
recovers the chain structure W → X → Y . Under this parameterization in the case y =
x = 1, β = β = 1, Ramsahai (2012), extending Dawid (2003), used linear programming to
obtain bounds on the ACE. We will briefly describe the four main steps of the framework
of Dawid (2003), and refer to the cited papers for more details of their implementation.
For now, assume that ζyx.w and P (W = w) are known constants—that is, treat P (W, X, Y )
as known. This assumption will be dropped later. Dawid’s formulation of a bounding procedure for the ACE is as follows.

Silva and Evans

Causal Inference through a Witness Protection Program

(10)

(9)

Allowing for the case where x < 1 or y < 1 is just a matter of changing the first
step, where box constraints are set on each individual parameter as a function of the known
P (Y = y, X = x | W = w), prior to the mapping in Step 2. The resulting constraints
are now implicitly non-linear in P (Y = y, X = x | W = w), but at this stage this does
not matter as the distribution of the observables is treated as a constant. That is, each
resulting constraint in Step 3 is a linear function of {ηxw } and a multilinear function on
{{ζyx.w }, x , y , w , β, β, P (W )}, as discussed in Section 5. Within the objective function (4),
the only decision variables are {ηxw }, and hence Step 4 still sets up a linear programming
problem even if there are multiplicative interactions between {ζyx.w } and other parameters.
To allow for the case β < 1 < β, we substitute
P ? every occurrence of ζyx.w due to the
dualization in Step 3 above6 by κyx.w ≡
U ζyx.w P (U ); notice the difference between
κyx.w and
. Likewise, we substitute every occurrence of ηxw in the constraints by
P ζyx.w
? P (U ). Instead of plugging in constants for the values of κ
ωxw ≡ U ηxw
yx.w and turning
the crank of a linear programming solver, we treat {κyx.w } (and {ωxw }) as unknowns, linking
them to observables and ηxw by the constraints

κyx.w = 1.

ηxw /β ≤ ωxw ≤ min(1, ηxw /β),
ζyx.w /β ≤ κyx.w ≤ ζyx.w /β,
X
yx

Finally, the steps requiring finding extreme points and converting between representations of a polytope can be easily implemented using a package such as Polymake7 or the
scdd package8 for R. Once bounds are obtained for each particular value of Z, Equation
(2) is used to obtain the unconditional bounds assuming P (Z) is known.
In Section 8, we provide some guidance on how to choose the free parameters of the
relaxation. However, it is relevant to point out that any choice of w ≥ 0, y ≥ 0, x ≥ 0, 0 ≤
β ≤ 1 ≤ β is guaranteed to provide bounds that are at least as conservative as the back-door
adjusted point estimator of Entner et al. (2013), which is always covered by the bounds.
Background knowledge, after a user is suggested a witness and admissible set, can also be
used to set relaxation parameters.
So far, the linear programming formulated through Steps 1–4 assumes one has already
identified an appropriate witness W and admissible set Z, and that the joint distribution
P (W, X, Y, Z) is known. In the next section, we discuss how this procedure is integrated
with statistical inference for P (W, X, Y, Z) and the search procedure of Entner et al. (2013).
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?
?
6. Notice the subtlety: the values of P (y, x | w) appear within the extreme points of {ζyx.w
} × {ηxw
}, but
?
here we are only concerned about the symbols ζyx.w emerging from convex combinations of ζyx.w
. In
the original formulation of Dawid (2003), κyx.w = P (y, x | w) is satisfied, because P (U ) = P (U | W )
is assumed, but in our case in general this will not be true. Hence, the need for a different symbol.
Ramsahai (2012) deals with the P (U ) 6= P (U | W ) relaxation in a different way by conditioning on each
value of W , but his ACE intervals always include zero.
7. http://www.poymake.org
8. http://cran.r-project.org/
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input : A binary data matrix D;
A set of relaxation parameters ℵ;
A covariate index set W and cause-effect indices X and Y ;
output: A set of triplets (W, Z, B), where (W, Z) is a witness-admissible set pair
contained in W and B is a distribution over lower/upper bounds on the
ACE implied by the pair

Algorithm 2: The outline of the Witness Protection Program algorithm.

R ← ∅;
for each W ∈ W do
for every admissible set Z ⊆ W\{W } identified by W given D do
B ← posterior over lower/upper bounds on the ACE as given by
(W, Z, X, Y, D, ℵ);
if there is no evidence in B to falsify the (W, Z, ℵ) model then
R ← R ∪ {(W, Z, B)};
end
end
end
return R

4.2 Bayesian Learning and Result Summarization

In the previous section, we treated (the conditional) ζyx.w and P (W = w) as known. A
common practice is to replace them by plug-in estimators (and in the case of a non-empty
admissible set Z, an estimate of P (Z) is also necessary). Such models can also be falsified, as
the constraints generated are typically only supported by a strict subset of the probability
simplex. In principle, one could fit parameters without constraints, and test the model by
a direct check of satisfiability of the inequalities using the plug-in values. However, this
does not take into account the uncertainty in the estimation. For the standard IV model,
Ramsahai and Lauritzen (2011) discuss a proper way of testing such models in a frequentist
sense.
Our models can be considerably more complicated. Recall that constraints will depend
?
on the extreme points of the {ζyx.w
} parameters. As implied by (6) and (7), extreme points
will be functions of ζyx.w . Writing the constraints fully in terms of the observed distribution
will reveal non-linear relationships. We approach the problem in a Bayesian way. We will
assume first the dimensionality of Z is modest (say, 10 or less), as this is the case in most
z
applications of faithfulness to causal discovery. We parameterize ζyxw
≡ P (Y = y, X =
x, W = w | Z = z) as a full 2 × 2 × 2 contingency table9 . In the context of the linear
programming problem
P of the previous section, for a given z, we have ζyx.w = ζyxw /P (W =
w), P (W = w) = yx ζyxw .
Given that the dimensionality of the problem is modest, we assign to each three-variate
distribution P (Y, X, W | Z = z) an independent Dirichlet prior for every possible assignment
of Z, constrained by the inequalities implied by the model (and renormalized accordingly).
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9. That is, we allow for dependence between W and Y given {X, Z}, interpreting the decision of independence used in Rule 1 as being only an indicator of approximate independence.

12

14

JMLR 17(56):1-53

(11)
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13

(M1 − M2 ) + (M3 − M4 )

z
10. This is a result of not enforcing W ⊥
⊥ Y | Z ∪ {X} in ηyxw
.
11. Alternatively to using the expected posterior estimator for the lower/upper bounds, one can, for instance,
report the 0.025 quantile of the marginal lower bound distribution and the 0.975 quantile of the marginal
upper bound distribution. Notice, however, this does not give a 0.95 credible interval over ACE intervals
as the lower bound and the upper bound are dependent in the posterior.

z } does not
As we briefly mentioned in the previous section, our parameterization {ζyxw
enforce the independence condition W ⊥
⊥ Y | Z ∪ {X} required by Rule 1. Our general
goal is to let WPP accept “near independencies,” in which the meaning of the symbol ⊥
⊥
in practice means weak dependence13 . We do not define what a weak dependence should
mean, except for the general guideline that some agreed measure of conditional association
should be “small.” Our pragmatic view on WPP is that Rule 1, when supported by weak
dependencies, should be used as a motivation for the constraints in Section 4.1. That is, one
makes the assumption that “weak dependencies are not generated by arbitrary near-path
cancellations,” reflecting the belief that very weak associations should correspond to weak
direct causal effects (and, where this is unacceptable, WPP should either be adapted to
exclude relevant cases, or not be used). At the same time, users of WPP do not need to
accept this view, as the method does not change under the usual interpretation of ⊥
⊥.
However, it is worthwhile to point out that computational gains can be obtained by
using a parameterization that encodes the independence: that is, if we change our parameterization to enforce the independence constraint W ⊥
⊥ Y | Z ∪ {X}, then there is no
need to perform the check in line 5 of Algorithm 2, as the model is compatible with the
(conditional on Z) chain W → X → Y regardless of ℵ. One can then generate full posterior
distribution bounds only for those witness-admissible sets for which uncertainty estimates
are required. The validity of point estimates of a bound is guaranteed by running a single
linear programming on a point estimate of the distribution implied by the Bayesian net-

12. One should not confuse credible intervals with ACE intervals, as these are two separate concepts: each
lower or upper bound is a function of the unknown P (W, X, Y, Z) and needs to be estimated. There is
posterior uncertainty over each lower/upper bound as in any problem where a functional of a distribution
needs to be estimated. So the posterior distribution and the corresponding credible intervals over the
ACE intervals are perfectly well-defined as in any standard Bayesian inference problem.
13. The procedure that decides conditional independencies in Section 4.2 is a method for testing exact
independencies, although the prior on the independence assumption regulates how strong the evidence
in the data should be for independence to be accepted.

In our experiments, we use a different summary. As we calculate the log-marginal
posterior M1 , M2 , M3 , M4 for the hypotheses W 6⊥
⊥ Y | Z, W ⊥
⊥ Y | Z, W ⊥
⊥ Y | Z ∪ {X},
W 6⊥
⊥ Y | Z ∪ {X}, respectively, we use the score

2. report the interval L ≤ ACE ≤ U where L is the minimum of the lower bounds and
U the maximum of the upper bounds.

1. for each (W, Z) in R, calculate the posterior expected value of the lower and upper
bounds11 ;

to assess the quality of the bounds obtained with the corresponding witness-admissible set
pair. M1 − M2 and M3 − M4 are the log-posterior odds for the models required by the
premises of Rule 1 against the respective alternatives. Just reporting the posterior of each
(W, Z) model to rank witness-admissible set pairs would not be entirely appropriate, as we
are comparing models for different random variables. Adding the log-posteriors instead of a
different combination is done for the sake of simplicity, contrasted to the idea of comparing
the posterior of W → X → Y against the other seven combinations of edges involving
{W, X, Y }.
Given the score, we then report the corresponding top-scoring interval and evaluation
metric based on this criterion. The reason for reporting a single representative interval
is our belief that it is more productive to accommodate most of the (possibly large) discrepancies among estimated ACE intervals in the selection of ℵ, as done in Section 8. By
selecting a single baseline with a unique lower/upper bound pair, it is simpler to communicate uncertainty, as we can then provide credible intervals or full distributions for the
selected lower/upper bounds12 .

The posterior is also a 8-dimensional constrained Dirichlet distribution, where we use rejection sampling to obtain a posterior sample by proposing from the unconstrained Dirichlet.
A Dirichlet prior is assigned to P (Z). Using a sample from the posterior of P (Z) and a
sample (for each possible value z) from the posterior of P (Y, X, W | Z = z), we obtain a
sample upper and lower bound for the ACE by just running the linear program for each
z } and {P (Z = z)}.
sample of {ηyxw
The full algorithm is shown in Algorithm 2, where ℵ ≡ {w , x , y , β, β}. The search
procedure is left unspecified, as different existing approaches can be plugged into this step.
See Entner et al. (2013) for a discussion. In Section 9 we deal with small dimensional
problems only, using the brute-force approach of performing an exhaustive search for Z. In
practice, brute-force can be still valuable by using a method such as discrete PCA (Buntine
and Jakulin, 2004) to reduce W\{W } to a small set of binary variables. To decide whether
the premises in Rule 1 hold, we merely perform Bayesian model selection with the BDeu
score (Buntine, 1991) between the full graph {W → X, W → Y, X → Y } (conditional on
Z) and the graph with the edge W → Y removed.
Step 5 in Algorithm 2 is a “falsification test.” Since the data might provide a bad fit
to the constraints entailed by the model10 , we opt not to accept every pair (W, Z) that
passes Rule 1. One possibility is to calculate the posterior distribution of the model where
constraints are enforced, and compare it against the posteriors of the saturated model given
by the unconstrained contingency table. This requires another prior over the constraint
hypothesis and the calculation of the corresponding marginal likelihoods. As an alternative
approach, we adopt the pragmatic rule of thumb suggested by Richardson et al. (2011):
z } posterior given the unconstrained model, and check the
sample M samples from the {ζyxw
proportion of values that are rejected. If more than 95% of them are rejected, we take this
as an indication that the proposed model provides a bad fit and reject the given choice of
(W, Z).
The final result provides a set of posterior distributions over bounds, possibly contradictory, which should be summarized as appropriate. One possibility is to check for the union
of all intervals or, as a simpler alternative, report the lowest of the lower bound estimates
and the highest of the upper bound estimates using a point estimate for each bound:
4.3 A Note on Weak Dependencies
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14. P (W = w) is not necessary, as the standard IV bounds (Balke and Pearl, 1997) do not depend on it.

An alternative to bounding the ACE or using back-door adjustments is to put priors directly
on the latent variable model for {W, X, Y, U }. Using the standard IV model as an example,
Y
X
we can define parameters θy.xu
≡ P (Y = y | X = x, U = u), θx.wu
≡ P (X = x | W =
w, U = u) and θuU ≡ P (U = u), on which priors are imposed14 . No complicated procedure
for generating constraints in the observable marginal is necessary, and the approach provides
point estimates of the ACE instead of bounds.
This sounds too good to be true, and indeed it is: results strongly depend on the
prior, regardless of sample size. To illustrate this, consider a simulation from a standard
IV model (Figure 1(c)), with Z = ∅ and U an unobservable discrete variable of 4 levels.
Y
We generated a model by setting P (W = w) = 0.5 and sampling parameters θ1.xu
and
X
θ1.wu
from the uniform [0, 1] distribution, while the 4-dimensional vector θuU comes from a

4.4 A Note on Unidentifiability

work W → X → Y (for every instance of Z), as no further constraints in the observable
distribution will exist. That is, if one wants to enforce the independence constraints, Line
4 of Algorithm 2 can be modified to directly generate just point estimates of the bounds
for any witness-admissible set pair where a full posterior distribution is not required, and
the falsification test in Step 5 (with the costly polytope construction) can also be skipped.

Figure 3: Posterior over the ACE obtained by three different priors conditioned on a synthetic data set of size 1,000,000. Posterior computed by running 1,000,000 iterY
X
ations of Gibbs sampling. The (independent) priors for θ1.xu
and θx.wu
are Beta
(α, α), while θuU is given a Dirichlet (α, α, α, α). We set α = 0.1, 1, 10 for the
cases shown in (a), (b) and (c), respectively. Vertical red line shows the true
ACE, while the population IV bounds are shown with gray lines. As the prior
gets less informative (moving from (c) to (a)), the erratic shape of the posterior
distribution also shows the effect of bad Gibbs sampling mixing. Even with a
very large data set, the concentration of the posterior is highly dependent on the
concentration of the prior.

density

Silva and Evans

Dirichlet (1, 1, 1, 1). The resulting model had an ACE of −0.20, with a wide IV interval
[−0.50, 0.38] as given by the method of Balke and Pearl (1997). Narrower intervals can only
be obtained by making more assumptions: there is no free lunch. However, as in this case
where WPP cannot identify any witness, one might put priors on the latent variable model
to get a point estimate, such as the posterior expected value of the ACE.
To illustrate the pitfalls of this approach, we perform Bayesian inference by putting
priors directly on the CPT parameters of the latent variable model, assuming we know the
correct number of levels for U . Figure 3 shows some results with a few different choices of
priors. The sample size is large enough so that the posterior is essentially entirely within the
population bounds and the estimation of P (W, X, Y, Z) is itself nearly exact. The posterior
over the ACE covers a much narrower area than the IV interval, and its behavior is erratic.
This is not to say that informative priors on a latent variable model cannot produce important results. For instance, Steenland and Greenland (2004) discuss how empirical priors
on smoking habits among blue-collar workers were used in their epidemiological question:
the causal effect of the occupational hazard of silica exposure on lung cancer incidence
among industrial sand workers. Smoking is a confounding factor given the evidence that
smoking and occupation are associated. The issue was that smoking was unrecorded among
the workers, and so priors on the latent variable relationship to the observables were necessary. Notice, however, that this informative prior is essentially a way of performing a
back-door adjustment when the adjustment set Z and treatment-outcome pair {X, Y } are
not simultaneously measured within the same subjects. When latent variables are “unknown unknowns,” a prior on P (Y | X, U ) may be hard to justify. Richardson et al. (2011)
discuss more issues on priors over latent variable models as a way of obtaining ACE point
estimates, one alternative being the separation of identifiable and unidentifiable parameters
to make transparent the effect of prior (mis)specification.

5. Algebraic Bounds and the Back-substitution Algorithm

Posterior sampling is expensive within the context of Bayesian WPP: constructing the dual
polytope for possibly millions of instantiations of the problem is time consuming, even if
each problem is small. Moreover, the numerical procedure described in Section 4 does not
provide any insight on how the different free parameters {w , x , y , β, β} interact to produce
bounds, unlike the analytical bounds available in the standard IV case. Ramsahai (2012)
derives analytical bounds under (5) given a fixed, numerical value of w . We know of no
previous analytical bounds as an algebraic function of w .
5.1 Algebraic Bounds

JMLR 17(56):1-53

We derive a set of bounds, whose validity are proved by three theorems. The first theorem
derives separate upper and lower bounds on ωxw using all the assumptions except Equation
(5); this means constraints which do not link distributions under different values of W = w.
The second theorem derives linear constraints on {ωxw } using (5) and more elementary
constraints. Our final result will construct less straightforward bounds, again using Equation (5) as the main assumption. As before, assume we are implicitly conditioning on some
Z = z everywhere.
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≡
≡
≡
≡

Y U }.
max{Uxw

max(P (Y = 1|X = x, W = w) − y , 0)
min(P (Y = 1|X = x, W = w) + y , 1)
max(P (X = 1|W = w) − x , 0)
min(P (X = 1|W = w) + x , 1)

≡
≡
≡
≡
≡
≡

?
δw
?
1 − δw
LXU
1
1 − U1XU
U1XU
1 − LXU
1

ωxw − ωxw0 UxXU
0w
ωxw − ωxw0 LXU
x0 w
ωxw − ωxw0 UxXU
0w
ωxw − ωxw0 LXU
x0 w
ωxw − ωxw0
ωxw − ωxw0

≤
≥
≥
≤
≤
≥
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(16)
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κ1x.w + w (κ0x0 .w + κ1x0 .w )
κ1x.w − w (κ0x0 .w + κ1x0 .w )
1 − κ0x.w − UxXU
0 w − w (κ0x0 .w + κ1x0 .w )
1 − κ0x.w − LXU
x0 w + w (κ0x0 .w + κ1x0 .w )
w
−w

Theorem 3 The following constraints are entailed by the assumptions expressed in Equations (5), (6), (7) and (8):
(
(κ1x.w0 + w (κ0x.w0 + κ1x.w0 ))/LXU
xw0
ωxw ≤ min
(14)
XU
1 − (κ0x.w0 − w (κ0x.w0 + κ1x.w0 ))/Uxw
0
(
XU
(κ1x.w0 − w (κ0x.w0 + κ1x.w0 ))/Uxw
0
ωxw ≥ max
(15)
1 − (κ0x.w0 + w (κ0x.w0 + κ1x.w0 ))/LXU
xw0

Theorem 2 The following constraints are entailed by the assumptions expressed in Equations (6), (7) and (8):

YU

κ1x.w + Uxw (κ0x0 .w + κ1x0 .w )
(12)
ωxw ≤ min κ1x.w /LXU
xw


XU
1 − κ0x.w /Uxw

YU

κ1x.w + Lxw (κ0x0 .w + κ1x0 .w )
XU
(13)
ωxw ≥ max κ1x.w /Uxw


1 − κ0x.w /LXU
xw

and, following Ramsahai (2012), for any x ∈ {0, 1}, we define x0 as the complementary
0
0
binary value
P (i.e. x = 1 − x). The same convention applies to pairs {w, w }. Finally, define
χx.w ≡ U P (X = x | W = w, U )P (U ) = κ1x.w + κ0x.w .

?
δ1.w
?
δ0.w
LXU
11
LXU
01
XU
U11
XU
U01

and define L ≡
≡
Moreover, some further redundant notation is
used to simplify the description of the constraints:

min{LYxwU }, U

LYxwU
YU
Uxw
LXU
w
UwXU

We introduce the notation
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κ1x0 .w + κ1x.w − κ1x0 .w0 + κ1x.w0 − χxw0 (U + L + 2w ) + L
κ1x0 .w0 + κ1x.w0 − κ1x0 .w + κ1x.w − 2χxw0 w − χxw (U + L) + L
−κ1x0 .w + κ1x.w + κ1x0 .w0 + κ1x.w0 − χxw (U + L) + 2w χxw0 + U
−κ1x0 .w0 + κ1x.w0 + κ1x0 .w + κ1x.w + χxw0 (2w − U − L) + U
(19)

(18)

(17)

(20)

18
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implies ηxw ≥ η1x.w +η1x.w0 −η1x0 .w0 −η0x.w0 , one of the most complex relationships in (Balke
and Pearl, 1997). Further geometric intuition about the structure of the binary standard
IV model is given by Richardson and Robins (2010).
These bounds are not tight, in the sense that we opt not to fully exploit all possible
?
algebraic combinations for some results, such as (20): there we use L ≤ ηxw
≤ U and
? ≤ 1 instead of all possible combinations resulting from (6) and (7). The proof idea
0 ≤ δw
in Appendix A can be further refined, at the expense of clarity. Because our derivation is
a further relaxation, our final bounds are more conservative (that is, looser).

ωxw + ωx0 w − ωx0 w0 ≥ κ1x0 .w + κ1x.w − κ1x0 .w0 + κ1x.w0 − χxw0 (U + L + 2w ) + L

If also w = 0 and x = 1, from this inequality it follows that ηxw ≤ 1 − ζ0x.w0 . This is
another of the standard IV inequalities (Balke and Pearl, 1997).
Equation (5) implies |ωx0 w − ωx0 w0 | ≤ w , and as such by setting w = 0 we have that

XU
ωxw ≤ 1 − (κ0x.w0 − w (κ0x.w0 + κ1x.w0 ))/Uxw
0 .

one of the instances of (13). If y = 1 and β = β = 1, then LYxwU = 0 and this relation
collapses to ηxw ≥ ζ1x.w , one of the original relations found by Balke and Pearl (1997) for
the standard IV model. Decreasing y will linearly increase LYxwU only after y ≤ P (Y =
1 | X = x, W = w), tightening the corresponding lower bound given by this equation.
Consider now

ωxw ≥ κ1x.w + LYxwU (κ0x0 .w + κ1x0 .w ),

Although at first such relations seem considerably more complex than those given by
Ramsahai (2012), on closer inspection they illustrate qualitative aspects of our free parameters. For instance, consider

≥
≥
≤
≤

(
−κ1x0 .w0 + κ1x.w0 + κ1x0 .w + κ1x.w + χx0 w0 (U + L) − 2w χx0 w − U
−κ1x0 .w + κ1x.w + κ1x0 .w0 + κ1x.w0 − χx0 w (2w − U − L) − U

ωxw + ωx0 w − ωx0 w0
ωxw + ωx0 w0 − ωx0 w
ωxw + ωx0 w0 − ωx0 w
ωxw + ωx0 w − ωx0 w0

ωxw ≥ max

ωxw

(
κ1x0 .w0 + κ1x.w0 + κ1x.w − κ1x0 .w + χx0 w (U + L + 2w ) − L
≤ min
κ1x0 .w + κ1x.w + κ1x.w0 − κ1x0 .w0 + 2χx0 w w + χx0 w0 (U + L) − L

Theorem 4 The following constraints are entailed by the assumptions expressed in Equations (5), (6), (7) and (8):
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5.2 Efficient Optimization and Falsification Tests
Besides providing insight into the structure of the problem, the algebraic bounds give an
efficient way of checking whether a proposed parameter vector {ζyxw } is valid in Step 5
of Algorithm 2, as well as finding the ACE bounds: we can now use back-substitution on
the symbolic set of constraints to find box constraints Lxw ≤ ωxw ≤ Uxw . The proposed
parameter will be rejected whenever an upper bound is smaller than a lower bound, and
(4) can be trivially optimized conditioning only on the box constraints—this is yet another
relaxation, added on top of the ones used to generate the algebraic inequalities. We initialize
by intersecting all algebraic box constraints (of which (12) and (14) are examples); next
we refine these by scanning relations ±ωxw − aωxw0 ≤ c (the family given by (16)) in
lexicographical order, and tightening the bounds of ωxw using the current upper and lower
bounds on ωxw0 where possible. We then identify constraints Lxww0 ≤ ωxw − ωxw0 ≤ Uxww0
starting from −w ≤ ωxw − ωxw0 ≤ w and the existing bounds, and plug them into relations
±ωxw +ωx0 w −ωx0 w0 ≤ c (as exemplified by (20)) to get refined bounds on ωxw as functions of
(Lx0 ww0 , Ux0 ww0 ). We iterate this until convergence, which is guaranteed since lower/upper
bounds never decrease/increase at any iteration. This back-substitution of inequalities
follows the spirit of message-passing, in the sense that we iteratively update quantities
of interest (intervals bounding the decision variables of the linear program) based on a
small subset of other quantities, and it can be orders of magnitude more efficient than the
fully numerical solution, while not increasing the width of the intervals by too much. In
Section 9, we provide evidence for this claim. The back-substitution method is used in our
experiments, combined with the fully numerical linear programming approach as explained
in Section 9. The full method is given in Algorithm 3.

6. Linear Models
Entner et al. (2012) present a variant of their methodology for linear non-Gaussian models.
The main difference is that in this case no witness variable W is necessary: it is possible
to validate Z as an admissible set from a regression of X on Z and Y on {X, Z}. Faithfulness is not necessary under some non-Gaussianity assumptions, although not all of these
assumptions are testable without faithfulness and assumptions of parameter stability are
still necessary for constraints other than independence constraints.
In this section, we adapt WPP to linear models. Vanishing partial correlations are
used in the premise of Rule 1 instead of independence constraints, even if variables are nonGaussian. The computation of the ACE bounds is vastly simplified. It complements Entner
et al. (2012) in the sense that, although the method does not provide point estimates of the
ACE and it might fail to identify some admissible sets, it does not require either faithfulness
or non-Gaussianity15 . Only second-order moments are necessary in the construction of the
bound, although nonparametric linear models for testing partial correlations or sampling
from the posterior distribution of covariance matrices might be necessary.
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15. Even if variables are clearly non-Gaussian, the residuals of their regression on the admissible set might
be close to Gaussian—this is after all the motivation for Gaussian likelihoods in most regression models,
parametric or not.
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input : Distributions {ζyx.w } and {P (W = w)};
output: Lower and upper bounds (Lxw , Uxw ) for every ωxw

Find tightest lower and upper bounds (Lxw , Uxw ) for each ωxw using inequalities
(12), (13) (14), (15), (17) and (18);
w and U w be lower/upper bounds of ω
Let Lxw
xw − ωxw0 ;
xw
for each pair (x, w) ∈ {0, 1}2 do

w
Lxw
←
−
w;
w ←  ;
Uxw
w
end
while TRUE do
for each relation ωxw − b × ωxw0 ≤ c in (16) do
w ← min{U w , (b − 1)L
Uxw
xw + c}
xw
end
for each relation ωxw − b × ωxw0 ≥ c in (16) do
w ← max{Lw , (b − 1)U
Lxw
xw + c}
xw
end
for each relation ωxw + ωx0 w − ωx0 w0 ≤ c in (19) do
w
Uxw ← min{Uxw , c − Lxw
0}
end
for each relation ωxw − (ωx0 w − ωx0 w0 ) ≤ c in (19) do
w
Uxw ← min{Uxw , c + Uxw
0}
end
for each relation ωxw + ωx0 w − ωx0 w0 ≥ c in (19) do
w
Uxw ← max{Uxw , c − Uxw
0}
end
for each relation ωxw − (ωx0 w − ωx0 w0 ) ≥ c in (19) do
w
Uxw ← max{Uxw , c + Lxw
0}
end
if no changes in {(Lxw , Uxw )} then
break
end
end
return (Lxw , Uxw ) for each (x, w) ∈ {0, 1}2

(21)

Algorithm 3: The iterative back-substitution procedure for bounding Lxw ≤ ωxw ≤ Uxw
for all combinations of x and w in {0, 1}2 .

6.1 A Bounding Procedure for Linear Models

Consider for now the linear model case with an empty admissible set Z:

X = aW + Ux
Y = bX + cW + Uy ,
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where {W, Ux , Uy } are assumed to be zero mean variables, and {Ux , Uy } are unobservable.
The case with non-empty Z is analogous and discussed in the next section. The ACE is

20

2

(26)

(25)

(28)
(29)

−wx ≤ swx ≤ wx , −wy ≤ swy ≤ wy , −xy ≤ sxy ≤ xy

0 ≤ sxx ≤ 1, 0 ≤ syy ≤ 1.

if swy ≥ 0
if swy < 0
(32)

(31)

(30)
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16. This assumption can be dropped, but the proof of Theorem 5 gets more complicated.

This means that optimizing b subject to constraints (27)−(32) is a convex program
on {b, c, swy } (conditioned on the sign of swy ). Notice that, because of the assumption
ρwy = ρwx ρxy , the system is always satisfiable. It can nevertheless rule out some the
possible values of b (e.g. b = ρxy = ρwy /ρwx if xy = wy or c = wy = 0). Given {ρwx , ρxy }
(and setting ρwy = ρwx ρxy ), we can find an upper bound for the ACE by maximizing b under
the constraints (27)−(32) and 0 ≤ swy ≤ wy , followed by maximization under the condition
−wy ≤ swy ≤ 0. The upper bound is the maximum of the two conditional maxima. The
lower bound is derived in an analogous way.

where La ≡ max(min(0, 2ρwx ), ρwx − wx ) and Ua ≡ min(max(0, 2ρwx ), ρwx + wx ).

b2 + 2bcρwx + c2 − 2(bρxy + cρwy ) ≤ 0

ρwy = bρwx + c + swy
(
ρxy − xy − Ua swy ≤ b + cρwx ≤ ρxy + xy − La swy ,
ρxy − xy − La swy ≤ b + cρwx ≤ ρxy + xy − Ua swy ,

Theorem 5 Assume16 ρwy = ρwx ρxy . If an assignment of values to {a, b, c, swx , sxx , sxy , sxx }
satisfies (27)-(29), then it satisfies (22)-(26) if and only it satisfies the following:

We ignore the positive semidefiniteness requirement of the covariance matrix of {W, UX , UY }
for simplicity.
The set of constraints can be simplified as follows:

(27)

−c ≤ c ≤ c

where the above identities follow directly from (21). The feasible values of the parameters
are given by the intersection of the above and

ρyy = 1 = b + 2bcρwx + c + syy + 2[b(aswy + sxy ) + cswy ],

2

ρxy = b + cρwx + aswy + sxy

(23)
(24)

ρwy = bρwx + c + swy

(22)

ρxx = 1 = a2 + 2aswx + sxx

ρwx = a + swx

given by b. We denote as sww , swx , swy , . . . the corresponding variances/covariances of
{W, Ux , Uy }. Moreover, let the variances of {W, Ux , Uy } be set such that each element of
{W, X, Y } has unit variance, and denote as ρwx , ρwy , ρxy the corresponding correlations of
{W, X, Y }. Notice that sww = 1, and no assumptions about Gaussianity are being made.
As before, we assume for now that ρwx , ρwy , ρxy are known constants, and we would like to
bound b as a function of this observable correlation matrix. The implied correlation matrix
of model (21) needs to match the observable correlation matrix:

Causal Inference through a Witness Protection Program

(33)
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17. Alternatively, one could test for the corresponding vanishing partial correlations in the empirical Spearman rank correlation matrix, as suggested by Harris and Drton (2013), at a particular significance level
α. However, this only provides p-values, which are not ideal to sort witness/admissible sets by a score, as
p-values measure only the surprise of seeing the observed data under a constraint. This does not measure
strength of dependence nor a posterior over models. A fully Bayesian version of this approach is conceptually simple, although nonparametric modeling of {Fi (·)} (the so-called nonparanormal model) might
require Markov chain Monte Carlo methods and computing marginal likelihoods is computationally very
intensive.

where V? is a p-dimensional random vector generated according to the Gaussian with p × p
correlation matrix R, Fi (·) is some arbitrary cumulative distribution function (CDF), and
φ(·) is standard Gaussian CDF. In continuous distributions, Fi (·) is invertible, and Markov
properties of V? are preserved in the distribution of V. See Harris and Drton (2013) for
a discussion of Gaussian copula models in the context of causal inference, in particular
for structure learning using the PC algorithm (Spirtes et al., 2000). Causal structure and
effects are defined for V∗ as in a typical linear causal system. Conditional independencies
can be tested by copula-based measures, such as Spearman’s rank correlation, by testing
for the corresponding vanishing partial correlations. Given a target treatment X ∈ V and
outcome Y ∈ V, we are interested in bounding the ACE of X ? in Y ? , the Gaussian variables
underlying the possibly non-Gaussian X and Y .
For simplicity, we search for admissible sets Z with corresponding witness W using a
Gaussian copula correlation matrix estimate R̂. The unobserved data for V? is then for
simplicity assumed to have zero empirical mean and empirical covariance matrix R̂. We
score models entailing independence of some Vi and Vj given VZ by scoring two Gaussian
? → V ? , V? → V ? } against G ≡ {V? → V ? , V? → V ? , V ? → V ? }.
networks, G1 ≡ {VZ
2
j
i
j
j
i
i
Z
Z
Z
This is analogous to the binary case, where here we use the corrected BGe score (Kuipers
et al., 2014). Notice this test is approximate, as R̂ is used as a surrogate for the empirical
covariance matrix of the unobserved data V? , which is required by BGe17 .
For a given (W, Z) accepted by Rule 1, we calculate the empirical residual (rank) correlation matrix obtained by regressing W ? on Z? , X ? on W ? and Z? , and Y ? on X ? and Z? , so
that the partial (residual) correlation of W and Y given X and Z is zero. Regression of subsets of V? on other subsets is done by standard regression using R̂: let {σ̂ww.z , σ̂xx.z , σ̂yy.z }
be the residual variances of the regression of {W ? , X ? , Y ? } on Z? as defined by R̂. The
resulting residual covariance matrix is scaled to unit variance, and the method in Section
6.1 is used to generate scaled bounds Lbs ≤
p bstandardizedp≤ Ubs , which are converted in
bounds on the ACE in the original scale as [ σ̂xx σ̂yy Lbs , σ̂xx σ̂yy Ubs ].
The algorithm is basically the same as Algorithm 2, except we report only point estimates for the bounds instead of posteriors, and no falsification step is necessary (Step 5 of
Algorithm 2) as the model cannot be falsified given the accepted conditional independence.

V? ∼ N (0, R)
Vi = Fi−1 (φ(Vi? )), i = 1, 2, . . . , p,

One general model family in which vanishing partial correlations are closely connected to
independence is the Gaussian copula (Elidan, 2013; Nelsen, 2007). Consider the following
generative model:

6.2 Algorithm for Gaussian Copula Models

Silva and Evans
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7. Zero Effects
Under faithfulness, the premise of Rule 1 will not be true in a system where X is not a
cause of Y . The result is that no conclusion about the ACE can be made, but identifiability
can still be achieved by other means. Rule 2 (Entner et al., 2013) covers all identifiable
cases where X is not a cause of Y :
Rule 2a: If there exists a set Z ⊆ W such that X ⊥
⊥ Y | Z, then infer an ACE of zero.

W 6⊥
⊥ X |Z
(ii)

W ⊥
⊥ Y | Z,

Rule 2b: If there exists a variable W ∈ W and a set Z ⊆ W\{W } such that:
(i)
then infer an ACE of zero.
Rule 2a is a direct application of faithfulness, while Rule 2b essentially corresponds
to the “unshielded collider” check in the FCI algorithm of Spirtes et al. (2000). Figure 4
illustrates the paths that can be weakened under Rules 2a and 2b, excluding any a priori
restrictions on X → Y , since this is the relation that we want to bound given conditions
on other paths. It is clear that for 2a not much of interest can be said beyond this: any
association that cancels the causal effect of X and Y should be due to a corresponding
association generated by unmeasured confounders. If such a strong contribution due to
confounders does not exist, then we should not expect the ACE to be strong18 .
Rule 2b seems more interesting. However, as suggested by Figure 4(b), we are forcing
fewer structural constraints in the linear program compared to Rule 1, as there is nothing
from Rule 2b that motivates weak confounding effects. The reason for that is that Rule
2b concerns the removal of X → Y , which corresponds to the effect we want to bound as
a consequence of assumptions elsewhere (instead of assuming a priori, say, |ACE| ≤ ∅ for
some new hyperparameter ∅ ). One possibility is that for a pair (W, Z) that satisfies Rule
2b, we perform the standard WPP bounding with x = y = 1 and, if desired, the added
constraint |ACE| ≤ ∅ to be assumed given the firing of Rule 2b.
Another possibility is to exploit Rule 2 to learn something about the possible effects
? − η ? | ≤  to derive bounds
of W on Y : in this case, we condition on constraints |η0w
∅
1w
on the direct effect of W on Y (Cai et al., 2008). In the context of our ACE problem, it
might suggest information about w that can be reused in another suggested pair (W, Z0 ),
but this will require further assumptions or tests, as the differences between Z and Z0 will
make this transfer of information not trivial. For the rest of the paper, we will ignore the
use of Rule 2 for simplicity. In the next section, however, we will consider the implications
of having different pairs of witness/admissible set as a way of learning information about
our hyperparameters.
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18. This is not to say that such an observation has little scientific value. A similar statement is that a
strong association between X and Y should be indicative of some causal effect, in the absence of a
set of confounders that could fully explain this association. Simple as this is, this type of reasoning
has long been explored in observational studies (Cornfield et al., 1959), and it is essentially what is
behind Rosenbaum’s sensitivity analysis methods (Rosenbaum, 2002a). Our point is that the linear
programming approach for this setup is trivial.
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Figure 4: An illustration of conditional dependencies to be weakened under the acceptance
of Rule 2. (a) Unmeasured confounding between X and Y is considered when
these two variables are (conditionally) independent (given a possibly non-empty
set Z). (b) (Conditional) observable independence of W and Y is used to suggest
that W and Y have bounded dependence conditioned on U , as well as weak
dependence between W and U . Notice no weakening of effects {U → X, U → Y }.

8. Choosing Relaxation Parameters

The free parameters ℵ ≡ {w , x , y , β, β} do not have a unique, clear-cut, domain-free
procedure by which they can be calibrated. However, as we briefly discussed in Section 4,
it is useful to state explicitly the following simple guarantee of WPP:

Corollary 6 Given W 6⊥
⊥ Y | Z and W ⊥
⊥ Y | {X, Z}, the WPP population bounds on the
ACE will always include the back-door adjusted population ACE based on Z.

Proof The proof follows directly by plugging in the quantities w = y = x = 0, β = β = 1,
into the analytical bounds of Section 5.1, which will give the tightest bounds on the ACE
(generalized to accommodate a background set Z): a single point, which is also the functional obtained by the back-door adjustment.

The implication is that, regardless of the choice of free parameters, the result is guaranteed to be more conservative than the one obtained using the faithfulness assumption.
This does not mean that a judicious choice of relaxation parameters is of secondary importance. Ideally, domain knowledge should be used: given a witness and admissible set, an
expert decides which relaxations are reasonable. This is domain dependent, and might not
be easier than choosing an admissible set from background knowledge. As an alternative,
this section covers more generic methods for choosing relaxation parameters. Two main
approaches are discussed:

JMLR 17(56):1-53

• ℵ is deduced by the outcome of a sensitivity analysis procedure; given a particular
interval length L, we derive a quantification of faithfulness violations (represented by
ℵ) required to generate causal models compatible with the observational data and an
interval of length L containing the ACE. This is covered in Section 8.1;
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19. That is, expert knowledge should of course still be invoked to decide whether the resulting relaxation
is plausible or not (and hence, whether the resulting interval is believable), although communication by
sensitivity analysis might facilitate discussion and criticism of the study. In his rejoinder to the discussion
of (Rosenbaum, 2002b), Rosenbaum points out that the sensitivity analysis procedure just states the
logical outcome of the structural assumptions: the deviation of (say) P (Y = 1 | X = x, W = w) from
P (Y = 1 | X = x, W = w, U = u), required to explain the given magnitude of variation of plausible
ACEs, is not imposed a priori by expert knowledge, but deduced.

Observational studies cannot be carried out without making assumptions that are untestable
given the data at hand. There will always be degrees of freedom that must be chosen,
even if such choices are open to criticism. The game is to provide a language to express
assumptions in as transparent a manner as possible. Our view on priors for the latent
variable model (Section 4.4) is that such prior knowledge is far too difficult to justify when
the interpretation of U is unclear. Moreover, putting a prior on a parameter such as
P (Y = 1 |X = x, W = w, U = u) so that this prior is bounded by the constraint |P (Y =
1 |X = x, W = w, U = u) − P (Y = 1 | X = w, W = w)| ≤ w has no clear advantage over

8.2 Linking Selection on the Observables to Selection on the Unobservables

One pragmatic default method is to first ask how wide an ACE interval can be so that the
result is still useful for the goals of the analysis (e.g., sorting possible control variables X as
candidates for a lab experiment based on lower bounds on the ACE). Let L be the interval
width the analyst is willing to accept. Set w = x = y = k and β = c, β = 1/c, for some
pair (k , c) such that 0 ≤ k < 1, 0 < c ≤ 1, and let (k , c) vary over a grid of values. For
each witness/admissible set candidate pair, pick the (k , c) choice(s) entailing interval(s) of
length closest to L. In case of more than one solution, summarize them by a criterion such
the union of the intervals.
This methodology provides an explicit trade-off between length of the interval and tightness of assumptions. Notice that, starting from the back-door adjusted point estimator of
Entner et al. (2013), it is not obvious how the trade-off could be obtained: that is, how to
build an interval around the back-door point estimate that can be interpreted as bounds
under an acceptable amount of information loss. WPP provides a principled way of building such an interval, with the resulting assumptions on ℵ being explicitly revealed as a
by-product. If the analyst believes that the resulting values of ℵ are not strict enough,
and no substantive knowledge exists that allows particular parameters to be tightened up,
then one either has to concede that wider intervals are necessary or to find other means of
identifying the ACE without the faithfulness assumption19 .
In the experiments in Section 9.2, we define a parameter space of k ∈ {0.05, 0.10, . . . , 0.30}
and c ∈ {0.9, 1}. More than one interval of approximately the same width is identified. For
instance, the configurations (k = 0.25, c = 1) and (k = 0.05, c = 0.9) both produced
intervals of approximately length 0.30.

8.1 Choice by Grid Search Conditioned on Acceptable Information Loss

• exploit the multiplicity of solutions (pairs of candidate witness/admissible sets) usually provided by Rule 1 to learn about the extent of possible faithfulness violations.
Combine the multiple solutions with constraints or prior distributions for ℵ to obtain
estimates of the relaxation parameters. This is covered in Section 8.2.

Causal Inference through a Witness Protection Program

20. The score in Equation (11) is used to pick i? .
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Let {(W1 , Z1 ), . . . , (Wk , Zk )} be the set of all pairs found by WPP. Let Ai be the ACE
calculated by the back-door adjustment on Zi , which will be the true ACE if faithfulness
holds (we assume for now the joint distribution of the observables is known, so no statistical
uncertainty plays a role yet). Let (Li (ℵ), Ui (ℵ)) be the corresponding lower bound and
upper bound implied by (Wi , Zi ) and ℵ. Finally, let i? ∈ {1, 2, . . . , k} be the index of a
witness/admissible set that will be our reference pair20 to output the final bounds on the
ACE, once we choose ℵ.
The idea is simple: minimize (w , xy , β) subject to Aj ∈ [Li? (ℵ), Ui? (ℵ)] for 1 ≤ j ≤ k.
This is a multi-objective minimization problem, of which we can return the Pareto frontier.
Because this is a small dimensional problem in which high precision is not needed, a simple
grid search will suffice, as performed in Section 9. Given that the Pareto frontier is likely
to contain multiple points, we can report all intervals implied by each possible choice of ℵ.

8.2.1 Method 1: Tightest ACE Coverage

WPP: a specification of the shape of this prior is still necessary and may have undesirable
side effects; it has no computational advantages, as constraints will have to be dealt with
now within a Markov chain Monte Carlo procedure; it provides no insight on how constraints
are related to one another (Section 5); it still suggests a point estimate that should not be
trusted lightly, and posterior bounds which cannot be interpreted as data-driven bounds;
and it still requires a choice of w .
That is not to say that subjective priors on the relationship between U and the observables cannot be exploited, but the level of abstraction at which they need to be specified
should have advantages when compared to the latent variable model approach. For instance,
Altonji et al. (2005) introduced a framework to deal with violations of the IV assumptions (in
the context of linear models). Their main idea is to linearly decompose the (observational)
dependence of W and Z, and the (causal) dependence of Y and Z, as two signal-plus-noise
decompositions, and assume that dependence among the signals allows one to infer the
dependence among the noise terms. In this linear case, the dependence among noise terms
gives the association between W and Y through unmeasured confounders. The constraint
given by the assumption can then be used to infer bounds on the (differential) ACE. The
details are not straightforward, but the justification for the assumption is indirectly derived
by assuming Z is chosen by a sampling mechanism that picks covariates from the space of
confounders U , so that |Z| and |U | are large. The core idea is that the dependence between
the covariates which are observed (i.e. Z) and the other variables (W, X, Y ) should tell us
something about the impact of the unmeasured confounders. Their method is presented for
linear models only, and the justification requires a very large |Z|.
We introduce a very different method inspired by the same general principle, but exploiting the special structure of our procedure. Instead of relying on linearity and a fixed
set of covariates, consider the following postulate: the variability of back-door adjusted
ACE estimators based on different admissible sets, as implied by Rule 1, should provide
some information about the extent of faithfulness violations in the given domain. In what
follows, let ℵ be simplified so that ℵ ≡ {w , xy , β}, where xy ≡ x = y and β ≡ β = 1/β.
The task then is to choose the three parameters in this set.
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Alternatively, we can provide a summary of the resulting bounds, such as the union of the
intervals.
The rationale for this is as follows: if faithfulness is true, then all Ai will collapse to
the same value, which implies that all bounds will collapse to a single point. Differences
among Ai are the result of faithfulness violations, and we explain the contradictions via our
ℵ parameters. Contradictions in constraints entailed by faithfulness have been exploited
before to achieve robust causal inference, as in the Conservative PC algorithm of Ramsey
et al. (2006). To the best of our knowledge, we provide here the first algorithm for accommodating faithfulness contradictions in a space of constraints other than conditional
independence constraints among observables.
For the real case where the observable joint distribution needs to be estimated from
data, one simple alternative is just to use empirical estimates of the unconstrained joint.
In one sense, this provides a conservative choice of ℵ, as one could modify the constraints
in the minimization of (w , xy , β) to require instead a less stringent criterion: that (say)
the 95% credible interval for each Aj overlaps with credible intervals for [Li? (ℵ), Ui? (ℵ)].
Credible intervals can be obtained as a function
Sk of the posterior distribution of the paZi , where a prior over the multivariate
rameters of the joint of {X, Y, W1 , . . . , Wk } ∪ i=1
binary distributions is subject to the WPP constraints for (Wi , Zi ) and the independence
constraints for all other pairs, at each candidate value of ℵ. This is very costly, and better
sampling procedures than the off-the-shelf rejection sampler will be necessary. We adopt
the simple conservative approach with plug-in estimators instead.
8.2.2 Method 2: Bayesian Learning of Relaxation Parameters
A criticism of the tightest ACE coverage method is that it does not take into account the
size of k: for k = 1, it will return w = xy = 0, for instance. Judgment is necessary
on whether k is large enough in order to trust the results of this analysis. Alternatively,
one may cast the problem of learning ℵ as yet another Bayesian learning problem, with
{(W1 , Z1 ), . . . , (Wk , Zk )} providing evidence for ℵ according to some reasonable definition
of “likelihood function.” In what follows, again we assume the joint distribution of the
observables is given, so that the back-door ACE functionals A1 , A2 , . . . , Ak given by Rule
1 are observable. As in the previous section, in our implementation we just plug-in the
empirical distribution of the observables, but more sophisticated approaches accounting for
the uncertainty in this estimate can in principle be constructed.
The principle is: if we allow for many ways in which faithfulness violations might be
detected by contradictory results, but contradictions are not found, then this should be
evidence that faithfulness violations do not exist. If contradictions are “small” (i.e., ACEs
implied by different back-door adjustments are close), faithfulness violations should be
small. Our uncertainty should decrease as more opportunities for contradictions are allowed.
In particular, we want the posterior to converge to the single values w = 0, xy = 0 and
β = 1 as the number of witness/admissible set pairs increase and they agree on the same
value.
We start by defining
i,x,z
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dw ≡ max |P (Y = 1 | X = x, Wi = 1, Zi = z, U ) − P (Y = 1 | X = x, Wi = 0, Zi = z, U )|,
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i=1

k
Y

pU [L(dw ,dxy ,dβ ),U (dw ,dxy ,dβ )] (Ai ),

(34)

for i = 1, 2, . . . , k. An analogous definition is given for dxy and dβ . Next, we define the
“likelihood” function for dw under “data set” {A1 , A2 , . . . Ak } as follows;

P (A1 , A2 , . . . , Ak | dw , dxy , dβ ) =

where pU [a,b] (·) is the uniform distribution in [a, b]. Functions L(dw , dxy , dβ ), U(dw , dxy , dβ )
are the respective lower bound and upper bound implied by the WPP constraints parameterized by {dw , dxy , dβ }, and the (given) joint distribution of the observables. A uniform
(discrete) prior for {dw , dxy , dβ } is given over a pre-defined grid of values for these parameters21 . We then choose a set of {w , xy , β} as the high posterior density region defined
by sorting all {dw , dxy , dβ } in decreasing value of posterior mass, picking the minimum set
that adds up to at least 95% of posterior mass. We summarize the implied set of bounds
as necessary, see Section 9.

There is no reason why a uniform prior and the uniform likelihood (34) should be the
only choices. Our motivation is that the chosen likelihood function penalizes parameters
that imply wide intervals, while remaining agnostic about the position of each ACE within
bounds. More importantly, the penalization increases as k increases, making the posterior
more peaked. It however forces all intervals of equal length to be distinguished based on the
prior only. Priors matter in applied work, but in our experiments we choose the uniform
prior for its simplicity. We leave the discussion of other choices of likelihood and priors for
future work.

A criticism of Equation (34) is that the pairs in set {(W1 , Z1 ), . . . , (Wk , Zk )} might have
much overlap (in the sense that a same witness may appear in many pairs, and the intersection among {Zi } may be large). As such, the multiplication in Equation (34) provides
overconfident posteriors, as pairs are considered to be independent pieces of information for
the relaxation parameters. More free parameters accounting for the dependence of {Ai }
given {dw , dxy , dβ } should be added. However, while we remove a class of irrelevant pairs
(any (Wj , Zj ) such that there is some i 6= j where Zi ⊂ Zj and Wi = Wj ), in this work we
ignore more complex adjustments for simplicity.

9. Experiments

In this section, we start with a comparison of the back-substitution algorithm of Section
5.2 against the fully numerical procedure, which generates constraints using standard algorithms for changing between polytope representations. We then perform studies with
synthetic data, comparing different back-door estimation algorithms against WPP. Finally,
we perform studies with real data sets.
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21. See Section 9. Using a pre-defined discretization simplifies computation, as no MCMC is required and
we do not need high precision in estimating relaxation parameters. A continuous space would also imply
challenges to the MCMC approach, as the posterior can be flat in some regions where different parameter
settings imply intervals of same length U(dw , dxy , dβ ) − L(dw , dxy , dβ ).
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22. We did not use rational arithmetic in the polytope generator in order to speed it up; consequently, about
1% of the time we observed numerical problems. Those were excluded from the statistics reported in
this section.
23. One advantage of the analytical bounds, as used by the back substitution method, is that it is easy
to express them as matrix operations over all Monte Carlo samples, while the polytope construction
requires iterations over the samples.

We describe a set of synthetic studies for binary data where, for procedures that estimate
ACE intervals, we assess the trade-off between its correctness (that is, how far from the
true ACEs the intervals are, for a suitable definition of distance) and its informativeness
(how wide the intervals are).

9.2 Synthetic Studies

We compare the back-substitution algorithm introduced in Section 5.2 with the fully numerical algorithm. Comparison is done in two ways: (i) computational cost, as measured
by the wallclock time taken to generate 100 samples by rejection sampling; (ii) width of the
generated intervals. As discussed in Section 5.2, bounds obtained by the back-substitution
algorithm are at least as wide as in the numerical algorithm, barring rounding problems22 .
We ran two batches of 1000 trials each, varying the level of the relaxation parameters.
In the first batch, we set x = y = w = 0.2, and β = 0.9, β = 1.1. In the second batch, we
change parameters so that β = β = 1. Experiments were run on a Intel Xeon E5-1650 at
3.20Ghz. Models were simulated according the the structure W → X → Y , sampling each
conditional distribution of a vertex being equal to 1 given its parent from the uniform (0, 1)
distribution. The numerical procedure of converting extreme points to linear inequalities
was done using the package rcdd, a R wrapper for the cddlib by Komei Fukuda. Inference is
done by rejection sampling, requiring 100 samples per trial. We fix the number of iterations
of the back-substitution method to 4, which is more than enough to achieve convergence.
All code was written in R.
For the first batch, the average time difference between the fully numerical method and
the back-substitution algorithm was 1 second, standard deviation (s.d.) 0.34. The ratio
between times had a mean of 203 (s.d. 82). Even with a more specialized implementation of
the polytope dualization step23 , two orders of magnitude of difference seem hard to remove
by better coding. Concerning interval widths, the mean difference was 0.15 (s.d. 0.06),
meaning that the back-substitution on average has intervals where the upper bound minus
the lower bound difference is 0.15 units more than the numerical method, under this choice
of relaxation parameters and averaged over problems generated according to our simulation
scheme. There is a correlation between the width difference and the interval width given
by the numerical method the gap, implying that differences tend to be larger when bounds
are looser: the gap between methods was as small as 0.04 for a fully numerical interval of
width 0.19, and as large as 0.23 for a fully numerical interval of width 0.49. For the case
where β = β = 1, the average time difference was 0.92 (s.d. of 0.24), ratio of 152 (s.d.
54.3), interval width difference of 0.09 (s.d. 0.03); The gap was as small as 0.005 for a fully
numerical interval of width 0.09, and as large as 0.17 for a fully numerical interval of with
0.23.

9.1 Empirical Investigation of the Back-substitution Algorithm
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In the synthetic study setup, we compare our method against NE1 and NE2, two naı̈ve
point estimators defined by back-door adjustment on the whole of set of available covariates
W and on the empty set, respectively. The former is widely used in practice, even when
there is no causal basis for doing so (Pearl, 2009). The point estimator of Entner et al.
(2013), based solely on the faithfulness assumption, is also assessed.
We generate problems where conditioning on the whole set W is guaranteed to give
incorrect estimates. In detail: we generate graphs where W ≡ {Z1 , Z2 , . . . , Z8 }. Four
independent latent variables L1 , . . . , L4 are added as parents of each {Z5 , . . . , Z8 }; L1 is
also a parent of X, and L2 a parent of Y . L3 and L4 are each randomly assigned to be a
parent of either X or Y , but not both. {Z5 , . . . , Z8 } have no other parents. The graph over
Z1 , . . . , Z4 is chosen by adding edges uniformly at random according to a fixed topological
order. As a consequence, using the full set W for back-door adjustment is always incorrect,
as at least four paths X ← L1 → Zi ← L2 → Y are active for i = 5, 6, 7, 8. The conditional
probabilities of a vertex given its parents are generated by a logistic regression model with
pairwise interactions, where parameters are sampled according to a zero mean Gaussian with
standard deviation 20 / number of parents. Parameter values are also further bounded, so
that if the generated value if greater than 0.975 or less than 0.025, it is resampled uniformly
in [0.950, 0.975] or [0.025, 0.050], respectively.
We analyze two variations: in the first, it is guaranteed that at least one valid pair
witness-admissible set exists; in the second, all latent variables in the graph are set also as
common parents also of X and Y , so no valid witness exists. We divide each variation into
two subcases: in the first, “hard” subcase, parameters are chosen (by rejection sampling,
proposing from the model described in the previous paragraph) so that NE1 has a bias
of at least 0.1 in the population; in the second, no such a selection is enforced, and as
such our exchangeable parameter sampling scheme makes the problem relatively easy. We
summarize each WPP interval by the posterior expected value of the lower and upper
bounds. In general WPP returns more than one bound: we select the upper/lower bound
corresponding to the (W, Z) pair which maximizes the score described at the end of Section
4.2. A BDeu prior with an equivalent sample size of 10 was used.
Our main evaluation metric for an estimate is the Euclidean distance (henceforth, “error”) between the true ACE and the closed point in the given estimate, whether the estimate
is a point or an interval. For methods that provide point estimates (NE1, NE2, and faithfulness), this means just the absolute value of the difference between the true ACE and
the estimated ACE. For WPP, the error of the interval [L, U] is zero if the true ACE lies
in this interval. We report error average and error tail mass at 0.1, the latter meaning
the proportion of cases where the error exceeds 0.1. Moreover, the faithfulness estimator is
defined by averaging over all estimated ACEs as given by the accepted admissible sets in
each problem.
As discussed in Section 8.1, WPP can be understood as providing a trade-off between
information loss and accuracy. For instance, while the trivial interval [−1, 1] will always have
zero error, it is not an interesting solution. We assess the trade-off by running simulations
at different levels of k , where w = y = x = k . We also have two configurations for
{β, β}: we set them at either β = β = 1 or β = 0.9, β = 1.1.
For the cases where no witness exists, Entner’s Rule 1 should theoretically report no
solution. Entner et al. (2013) used stringent thresholds for deciding when the two conditions
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of Rule 1 held, we refer to that paper for an evaluation on how well Rule 1 can be correctly
activated under the more conservative setup. Instead we take a more relaxed approach,
using a uniform prior on the hypothesis of independence. As such, due to the nature of our
parameter randomization, more often than not it will propose at least one witness. That
is, for the problems where no exact solution exists, we assess how sensitive the methods are
given conclusions taken from “approximate independencies” instead of exact ones.
The analytical bounds are combined with the numerical procedure as follows. We use
the analytical bounds to test each proposed model using the rejection sampling criterion.
Under this scheme, we calculate the posterior expected value of the contingency table and,
using this single point, calculate the bounds using the fully numerical method. This is
not guaranteed to work: the point estimator using the analytical bounds might lie outside
the polytope given by the full set of constraints. If this situation is detected, we revert to
calculating the bounds using the analytical method. The gains in interval length reduction
using the full numerical method are relatively modest (e.g., at k = 0.20, the average
interval width reduced from 0.30 to 0.24) but depending on the application they might
make a sizeable difference.
We simulate 100 data sets for each one of the four cases (hard case/easy case, with
theoretical solution/without theoretical solution), 5000 points per data set, 1000 Monte
Carlo samples per decision. Results for the point estimators (NE1, NE2, faithfulness)
are obtained using the population contingency tables. Results are summarized in Table
1. The first observation is that at very low levels of k we increase the ability to reject
all witness candidates: this is due mostly not because Rule 1 never fires, but because
the falsification rule of WPP (which does not enforce independence constraints) rejects the
proposed witnesses found by Rule 1. The trade-off set by WPP is quite stable, where larger
intervals are indeed associated with smaller error. The point estimates vary in quality, being
particularly bad in the situation where no witness should theoretically exist. The set-up
where β = 0.9, β = 1.1 is especially uninformative compared to β = β = 1. At k = 0.2,
we obtain interval widths around 0.50. As Manski (2007) emphasizes, this is the price for
making fewer assumptions. Even there, they typically cover only about 25% of the interval
[−1, 1] of a priori possibilities for the ACE.
9.2.1 Selection of Relaxation Parameters

JMLR 17(56):1-53

We performed an automated choice of relaxation parameters applying the methods in Section 8.2 to the same synthetic data sets. For each data set and each parameter choice
method, we obtain a set B of intervals defined by a lower/upper bound. We summarize B
in two ways: the tightest bound, meaning we choose the narrowest interval in B; the loosest
bound, defined as the interval where the lower (upper) bound is the smallest lower (largest
upper) bound in B. We then report results for each of the four synthetic case scenarios and each of the two methods: the Tightest ACE Coverage (TAC) method from Section
8.2.1 and the high posterior density (HPD) method of Section 8.2.2. Each parameter w and
xy = x = y was allowed to assume values in the discretized grid {0.01, 0.05, 0.10, . . . , 0.50}.
Parameter β = β = 1/β was allowed to take values in {1, 1.05, . . . , 1.20}. Results are summarized in Table 2.
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Hard, Solvable: NE1 = (0.12, 1.00), NE2 = (0.02, 0.03)
k
Found
Faith.1
WPP1
Width1
WPP2
0.05
0.74
0.03 0.05 0.02 0.05
0.05
0.00 0.00
0.10
0.94
0.04 0.05 0.01 0.01
0.11
0.00 0.00
0.15
0.99
0.04 0.05 0.01 0.02
0.16
0.00 0.00
0.20
1.00
0.05 0.05 0.01 0.01
0.24
0.00 0.00
0.25
1.00
0.05 0.07 0.00 0.00
0.32
0.00 0.00
0.30
1.00
0.05 0.10 0.00 0.00
0.41
0.00 0.00
Easy, Solvable: NE1 = (0.01, 0.01), NE2 = (0.07, 0.24)
k
Found
Faith.1
WPP1
Width1
WPP2
0.05
0.81
0.03 0.02 0.02 0.04
0.04
0.00 0.01
0.10
0.99
0.02 0.02 0.01 0.02
0.09
0.00 0.00
1.00
0.02 0.01 0.00 0.00
0.17
0.00 0.00
0.15
0.20
1.00
0.02 0.01 0.00 0.00
0.24
0.00 0.00
0.25
1.00
0.02 0.01 0.00 0.00
0.32
0.00 0.00
0.30
1.00
0.02 0.01 0.00 0.00
0.41
0.00 0.00
Hard, Not Solvable: NE1 = (0.16, 1.00), NE2 = (0.20, 0.88)
k
Found
Faith.1
WPP1
Width1
WPP2
0.05
0.67
0.20 0.90 0.17 0.76
0.06
0.04 0.14
0.10
0.91
0.19 0.91 0.13 0.63
0.10
0.02 0.07
0.15
0.97
0.19 0.92 0.10 0.41
0.18
0.01 0.03
0.20
0.99
0.19 0.95 0.07 0.25
0.24
0.01 0.01
0.25
1.00
0.19 0.96 0.03 0.13
0.31
0.00 0.00
0.30
1.00
0.19 0.96 0.02 0.06
0.39
0.00 0.00
Easy, Not Solvable: NE1 = (0.09, 0.32), NE2 = (0.14, 0.56)
k
Found
Faith.1
WPP1
Width1
WPP2
0.05
0.68
0.13 0.51 0.10 0.37
0.05
0.02 0.07
0.97
0.12 0.53 0.08 0.28
0.10
0.01 0.05
0.10
0.15
1.00
0.12 0.52 0.05 0.17
0.16
0.01 0.03
0.20
1.00
0.12 0.53 0.03 0.08
0.23
0.01 0.03
0.25
1.00
0.12 0.48 0.02 0.05
0.31
0.00 0.02
1.00
0.12 0.48 0.01 0.04
0.39
0.00 0.01
0.30

Width2
0.34
0.41
0.46
0.53
0.60
0.69

Width2
0.34
0.40
0.46
0.54
0.61
0.67

Width2
0.32
0.39
0.45
0.51
0.58
0.66

Width2
0.33
0.39
0.46
0.52
0.59
0.65
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Table 1: Summary of the outcome of the synthetic studies. Columns labeled WPP1 refer
to results obtained for β = β = 1, while WPP2 refers to the case β = 0.9, β = 1.1.
The first column is the level in which we set the remaining parameters, x = y =
w = k . The second column is the frequency by which a WPP solution has been
found among 100 runs. For each particular method (NE1, NE2, Faithfulness and
WPP) we report the pair (error average, error tail mass at 0.1), as explained in the
main text. The Faithfulness estimator is the back-door adjustment obtained by
using as the admissible set the same set found by WPP1. Averages are taken only
over the cases where a witness-admissible set pair has been found. The columns
following each WPP results are the median width of the respective WPP interval
across the 100 runs.
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Tightest
TAC
HPD
error width error width
0.004 0.18 0.004 0.18
0.002 0.13 0.002 0.13
0.12
0.14
0.12
0.14
0.07
0.14
0.07
0.14

Loosest
TAC
HPD
error width
error
width
0.002 0.24 0.00009 0.40
0.001 0.20
0.002
0.26
0.10
0.20
0.07
0.33
0.05
0.20
0.04
0.35

0.0

0.2

0.6

d xy

0.4

0.8

Joint posterior distribution

1.0
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(a)

0.0

0.2

(b)

0.6

d xy

0.4

0.8

Joint posterior distribution

1.0
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The data contains records of 2, 681 patients, with some demographic indicators (age, sex
and race) and some historical medical data (for instance, whether the patient is diabetic). A
total of 9 covariates is available. Using the bounds of Balke and Pearl (1997) and observed
24. Notice that while the ACE might be small, this does not mean that in another scale, such as odd-ratios,
the results do not reveal an important effect. This depends on the domain.

From this randomization, it is possible to directly estimate the ACE24 of W on Y :
−0.01. This is called intention-to-treat (ITT) analysis (Rothman et al., 2008), as it is based
on the treatment assigned by randomization and not on the variable of interest (X), which
is not randomized. While the ITT can be used for policy making, the ACE of X on Y
would be a more relevant result, as it reveals features of the vaccine that are not dependent
on the encouragement design. X and Y can be confounded, as X is not controlled. For
instance, the patient choice of going to be vaccinated might be caused by her general health
status, which will be a factor for hospitalization in the future.

Figure 5: Marginal posterior distribution for {dxy , dw } in two problems instances. Darker
values represent smaller probabilities. In instance (a), the length of the tightest
interval was 0.32 and did not contain the true ACE (but the error was still < 0.01).
In instance (b), the length of the tightest interval was 0.11 and did contain the
true ACE. Parameter dw does not seem to be as influential conditional on dxy ,
and the uniform prior allows for little variability in the dw posterior away from
the mode.

dw

Our empirical study concerns the effect of influenza vaccination on a patient being later on
hospitalized with chest problems. X = 1 means the patient got a flu shot, Y = 1 indicates
the patient was hospitalized. A negative ACE therefore suggests a desirable vaccine. The
study was originally discussed by McDonald et al. (1992). Shots were not randomized, but
doctors were randomly assigned to receive a reminder letter to encourage their patients
to be inoculated, an event recorded as binary variable GRP. This suggests the standard
IV model in Figure 1(d), with W = GRP and U unobservable. That is, W and U are
independent because W is randomized, and there are reasonable justifications to believe
the lack of a direct effect of letter randomization on patient hospitalization. Richardson
et al. (2011) and Hirano et al. (2000) provide further discussion.

9.3 Influenza Study

Comparing it against Table 1, results seem to be slightly worse than WPP1 at the same
interval width, but without making prior assumptions on β. Compared to WPP2, overall
widths are much smaller. The HPD method agrees with TAC on the tightest interval, as our
choice of prior will always imply a posterior mode on the TAC solution. The loosest interval
for HPD will always be larger or equal to the loosest in TAC, as the 95% posterior mass
that generates intervals will include the Pareto frontier and possibly many other candidates.
In our simulations, the reduction in error for HPD with the loosest bound came with a nontrivial increase on the length of the corresponding intervals. While we do not explicitly
advocate one method over another, the HPD method can be used to classify problems as
harder than others by assessing how much of the posterior mass of hyperparameters is not
on the Pareto frontier. In Figure 5, we visualize the marginal posterior distribution of
{dxy , dw } for two synthetic problems in the easy/solvable case, where in one problem the
tightest interval failed to cover the true ACE, while in the other the ACE was correctly
accounted for.

Table 2: Applying the criteria for choosing relaxation parameters from Section 8.2 to the
four synthetic case scenarios. “Error” is the average error, as formalized for Table
1. “Width” is the average width over all 100 subcases of the respective study.
“Tightest” and “Loosest” are the two criteria for summarizing a set of intervals,
as explained in the main text.

Hard, Solvable
Easy, Solvable
Hard, Not Solvable
Easy, Not Solvable

Case
1.0
0.8
0.6
0.2

Causal Inference through a Witness Protection Program

dw
0.0

0.4

1.0
0.8
0.6
0.4
0.2
0.0

Causal Inference through a Witness Protection Program

frequencies produces an interval of [−0.23, 0.64] for the ACE. WPP could not validate GRP
as a witness for any admissible set.
Instead, when forbidding GRP to be included in an admissible set (since the theory
says GRP cannot be a common direct cause of vaccination and hospitalization), WPP
selected as the highest-scoring pair the witness DM (patient had history of diabetes prior to
vaccination) with admissible set composed of AGE (dichotomized as “60 or less years old,”
and “above 60”) and SEX. Choosing, as an illustration, w = y = x = 0.2 and β = 0.9,
β = 1.1, we obtain the posterior expected interval [−0.10, 0.17]. This does not mean the
vaccine is more likely to be bad (positive ACE) than good: the posterior distribution is
over bounds, not over points, being completely agnostic about the distribution within the
bounds. Notice that even though we allow for full dependence between all of our variables,
the bounds are stricter than in the standard IV model due to the weakening of hidden
confounder effects postulated by observing conditional independencies. It is also interesting
that two demographic variables ended up being chosen by Rule 1, instead of other indicators
of past diseases.
When allowing GRP to be included in an admissible set, the pair (DM, {AGE, SEX})
is now ranked second among all pairs that satisfy Rule 1, with the first place being given
by RENAL as the witness (history of renal complications), with the admissible set being
GRP, COPD (history of pulmonary disease), and SEX. In this case, the expected posterior
interval was approximately the same, [−0.08, 0.16]. It is worthwhile to mention that, even
though this pair scored highest by our criterion that measures the posterior probability
distribution of each premise of Rule 1, it is clear that the fit of this model is not as good
as the one with DM as the witness, as measured by the much larger proportion of rejected
samples when generating the posterior distribution. This suggests future work on how to
rank such models.
In Figure 6 we show a scatter plot of the posterior distribution over lower and upper
bounds on the influenza vaccination, where DM is the witness. In Figure 7(a) and (b)
we show kernel density estimators based on the Monte Carlo samples for the cases where
DM and REN AL are the witnesses, respectively. While the witnesses were tested using
the analytical bounds, the final set of samples shown here were generated with the fully
numerical optimization procedure, which is quite expensive.
We also analyze how to select ℵ = {w , xy = x = y , β = β = 1/β} using the Tightest
ACE Coverage (TAC) method of Section 8.2.1. The motivation is that this is a domain
with overall weak dependencies among variables. From one point of view, this is bad as
instruments will be weak and generate wide intervals (as suggested by Proposition 1). From
another perspective, this suggests that the effect of hidden confounders may also be weak.

JMLR 17(56):1-53

A total of 48 witness/admissible sets were proposed by WPP via Rule 1. The TAC
Pareto frontier, using the same parameter space as in Section 9.2.1, included only two
possibilities, xy = 0.05, w = 0.01, β = 1 and xy = 0.01, w = 0.01, β = 1.05. Using
the empirical distribution as an estimator of the joint of the observables, the respective
ACE intervals were [−0.01, 0.01] and [−0.02, 0.02]. Although the sign of the ACE is not
determined from the data, the WPP procedure suggests that the magnitude of the ACE is
no greater than 0.02, which by itself is of interest.
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25. The test for conditional independencies is done with the corrected BGe score (Kuipers et al., 2014)
as discussed in Section 6.2. The hyperparameters are a prior of 0.5 for the independence constraint
hypothesis, and a inverse Wishart prior with υ ≡ p + 2 degrees of freedom and a scale matrix given by
the p × p identity matrix multiplied by υ, where p is the number of variables in the test.

In this section, we assess the usage of the method in the linear case. Independently, we also
introduce a complementary way of summarizing the outcome of a WPP analysis.
We first check the performance of the method with a small synthetic study. We generate
models following the same pattern of the “hard/solvable” case of Section 9.2, the ACE
being the coefficient of X ? in the equation for Y ? . Each conditional model for a variable
Vi? given its parents is generated by sampling its coefficients from independent standard
Gaussians, sampling the variance of the error term from a uniform [0, 0.5], then rescaling the
coefficients such that the marginal variance of Vi? is 1. Observable data is then generated by
transforming each Vi? to follow a gamma distribution with mean and variance equal to 2. We
generated 100 data sets with a sample size of 1000 each. We perform experiments25 setting
all hyperparameters c = wx = wy = xy = 0.2 and c = wx = wy = xy = 0.1. Estimates
of the Gaussian copula correlation matrices are obtained using function huge.npn from
the R package huge to transform the data, of which we compute the empirical correlation
matrix. We obtained average errors of 0.04 for the method with parameters set at 0.2, and
0.07 for parameters set at 0.1. The average length of the proposed intervals were 0.5 and
0.26, respectively. For comparison, the population error for the two naı̈ve estimators was
0.23 and 0.18.

9.4 Linear Models

Figure 6: Scatterplot of the joint posterior distribution of lower bounds and upper bounds,
Pearson correlation coefficient of 0.71.
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strongly associated with W , measured by the absolute value of the corresponding copula correlation
matrix entry.
27. https://cran.r-project.org/web/packages/CausalFX/index.html
28. https://github.com/rbas2015/CausalFX

Our model provides a novel compromise between point estimators given by the faithfulness
assumption and bounds based on instrumental variables. We believe such an approach
should become a standard item in the toolbox of methodologies for observational studies,
as it provides means to draw conclusions from a complementary set of assumptions. Ongoing updates of software for WPP is provided as part of the R package CausalFX,
available at the Comprehensive R Network27 and GitHub28 . A snapshot of the code used
in this paper is available at http://www.homepages.ucl.ac.uk/~ucgtrbd/wpp.
In particular, unlike Bayesian approaches that put priors directly on the parameters of
the unidentifiable latent variable model P (Y, X, W, U | Z), the constrained Dirichlet prior on
the observed distribution does not suffer from massive sensitivity to the choice of hyperparameters. When a strongly informative prior is lacking, WPP keeps inference more honest
by focusing on bounds. While it is tempting to look for an alternative that will provide a
point estimate of the ACE, it is also important to have a method that trades-off information
for fewer assumptions. WPP provides a framework to express such assumptions.
The brute-force search used in the implementation of Rule 1 can be substituted by
other combinatorial search procedures and dimensionality reduction methods. Entner et al.
(2013) provide alternatives by borrowing ideas from the PC algorithm, for instance. Package
CausalFX implements the idea discussed briefly in Section 9.4, where for each witness
candidate W we pre-select a small set of candidates from W\{W } and perform a bruteforce search for admissible sets within this candidate set only. Pre-selection in CausalFX
1.0 is done by first sorting all Z ∈ W\{W } according to the empirical mutual information

10. Conclusion

Setting all relaxation parameters c = wx = wy = xy to 0.1, we obtain in Figure
8(a) all corresponding intervals, with black dots representing the corresponding estimated
ACE for the chosen admissible set. An explanation of all variables can be found in the
documentation of package AER (Kleiber and Zeileis, 2008). Recall that the units here are
given in the latent Gaussian space, where each Vi? is a non-linear transformation of the
corresponding Vi , as explained in Section 6.2. This analysis reveals two clear clusters of
behavior, which internally show little variability but are very different from one another,
even accounting for a violation of 0.1. This illustrates possible ways of communicating the
output of a WPP analysis so that issues with assumptions and data can be raised.
In this case, the two clusters of intervals differ in one variable in the admissible set:
variable HOURS is present in cases where the intervals are closer to zero. This variable
measures the number of work hours of the wife in 1975, and is partially embedded in the
definition of the experience level measured at 1975. By removing all admissible sets that
include the HOURS variable, we obtain the summary given as Figure 8(b). This type of
visualization step can be used to flag major contradictions that cannot be easily explained by
allowing mild violations of faithfulness, but which might suggest problematic measurements
to be reconsidered in the analysis.

Silva and Evans

26. We removed two covariates from the original data set: the indicator of economical participation, which
is a deterministic function of other covariates; and the estimated wage of the wife in 1975, which for that
year was not available directly via self-report. In order to speed up the search algorithm, for each witness
candidate W , the space of variables to test for an admissible set is composed of the 10 covariates mostly

We performed an empirical study with the 1976 Panel Study of Income Dynamics. The
study uses data from 1975, assessing incoming of couples in 1976. Our outcome variable
Y is the wife’s reported wage at the time of the 1976 interview, and the treatment X is
the number of years of the wife’s previous labor market experience. The data was discussed by Mroz (1987) and can be obtained from the R package AER (Kleiber and Zeileis,
2008). Covariate set W includes a combination of discrete and continuous variables, such
as husband’s wages, number of children, and whether the wife went to college. We infer
a Gaussian copula correlation matrix using the extended rank likelihood method of Hoff
(2007) with the R package sbgcop, which can deal with discrete and continuous variables
but requires expensive MCMC sampling. Notice that conditional independencies among
the discrete observable elements of V ≡ {X, Y } ∪ W do not follow from conditional independencies among the unobservable Gaussian variables V? . We nevertheless test Rule 1
among V? using the estimated copula correlation matrix and the relatively high prior of 0.5
for the hypothesis of independence, for any given independence assessment. Sample size is
753, with 17 covariates26 . We then make the (strong) assumption that work experience in
1975 is not a cause of any other variable in the covariate set.

Figure 7: In (a), the marginal densities for the lower bound (red) and upper bound (blue) on
the ACE, smoothed kernel density estimates based on 5000 Monte Carlo samples.
Bounds were derived using DM as the witness. In (b), a similar plot using
REN AL as the witness.
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We emphasize that the credible intervals obtained by the procedure are conditioned on
the search results, discarding uncertainty coming from the choices of witnesses, admissible
sets and relaxation parameters. Ideally, uncertainty concerning the outcome of the Rule 1
search should also be taken into account. An approach analogous to (Friedman and Koller,
2003) is necessary, which we leave as future work.

of Z and W given X and then picking the top K candidates, in descending value of mutual
information (the heuristic being that we should look first at paths W → X ← Z that
are “strong”). K is chosen such that enumerating 2K candidate admissible sets is possible
within the available computer resources. Although this restricted search procedure might
miss some admissible sets, it has the advantage of avoiding sensitivity to propagation of
statistical mistakes that creates difficulties for the PC algorithm and similar methods.

Figure 8: The diagrams depict some ACE intervals obtained for the linear model of the
impact of work experience up to 1975 of a married woman into her salary in
1976. On the y-axis, we show the witness in brackets, followed by all variables
in the admissible set; the x-axis shows the point estimates of the interval for
the ACE using c = wx = wy = xy = 0.1. Black dots are the corresponding
point estimates of the ACE using the back-door method. All variable names are
explained in the documentation of package AER (Kleiber and Zeileis, 2008). In
(a), we allow all other recorded variables into the covariate set W from which
witnesses and admissible sets are generated. In (b), we remove HOU RS from
the pool of possible covariates.
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(tax) college | fincome | heducation | hours | hwage
(tax) college | fincome | hcollege | hours | hwage
(tax) college | fincome | hcollege | heducation | hours
(oldkids) unemp
(oldkids) hage
(oldkids) fincome
(oldkids) education
(oldkids) college
(oldkids) age
(hwage) hhours | hours | tax
(hhours)
(heducation) city | hage | meducation | tax
(heducation) age | city | meducation | tax
(hcollege) city | hage | meducation | tax
(hcollege) age | city | meducation | tax
(hage) hcollege
(hage) education
(hage) college
(fincome) tax
(age) heducation | meducation
(age) hcollege | meducation
(age) feducation | meducation
(age) feducation | heducation
(age) feducation | hcollege
(age) education

(Witness) Admissible Set

Silva and Evans

As further future work, we will look at a generalization of the procedure beyond relaxations of chain structures W → X → Y . Much of the machinery here developed, including
Entner et al.’s Rules, can be adapted to the case where causal ordering is unknown: starting
from the algorithm of Mani et al. (2006) to search for “Y-structures,” it is possible to generalize Rule 1 to setups where we have an outcome variable Y that needs to be controlled,
but where there is no covariate X known not to be a cause of other covariates. Mooij
and Cremers (2015) investigate the robustness of the faithfulness condition in this setup.
Finally, the techniques used to derive the symbolic bounds in Section 5 may prove useful in
a more general context, and complement other methods to find subsets of useful constraints
such as the graphical approach of Evans (2012).

Acknowledgments

We thank McDonald, Hiu and Tierney for their flu vaccine data and the anonymous reviewers for their many suggestions to improve our paper. Much of this work was done while RS
was hosted by the Department of Statistics at the University of Oxford. Parts of this work
were previously published in the 2014 Neural Information Processing Systems Conference
(Silva and Evans, 2014). Section 6, 7 and 8 are completely new, and all remaining sections
have new material added, including the appendix.

Appendix A. Proofs

In this Appendix, we prove the results mentioned in the main text.
A.1 Basic Results

We divide the proofs in four main sections. The first section provides the basic methods,
including how classical results in instrumental variable bounding can be rederived. The
second and third sections are proofs for the most complex types of bounds. Finally, the
fourth section covers the linear continuous case.
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ζ11.1




ζ11.0
η1 ≥ max
−ζ01.0 − ζ10.0 + ζ10.1 + ζ11.1
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ζ10.0
η0 ≥ max


ζ10.0 + ζ11.0 − ζ00.1 − ζ11.1

−ζ
00.0 − ζ11.0 + ζ10.1 + ζ11.1

Proof of Proposition 1 In the standard IV case, simple analytical bounds are known for
P (Y = y | do(X = x)) (Balke and Pearl, 1997; Dawid, 2003):
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ζ
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= max
ζ10.0 + ζ11.0 − ζ00.1 − ζ11.1



−ζ
00.0 − ζ11.0 + ζ10.1 + ζ11.1

?
ηxw
≡ P
P (Y = 1
ηxw ≡
U P (Y
= P
P(Y = 1
ωxw ≡
U P (Y

= w, U )
| W = w, U )P (U | W = w)
= w)
| W = w, U )P (U )

=
=
=
=
=
=
=
=

? )(1 − δ ? )
(1 − η00
0
? )δ ?
(1 − η10
0
? (1 − δ ? )
η00
0
? δ?
η10
0
?
(1 − η01 )(1 − δ1? )
? )δ ?
(1 − η11
1
? (1 − δ ? )
η01
1
? δ?
η11
1
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YU
Uxw
(Multiply both sides by δx?0 .w )
Y U δ?
Uxw
(Marginalize over P (U ))
x0 .w
Y Uχ 0
Uxw
x .w
Y U (κ 0
κ1x.w + Uxw
0x .w + κ1x0 .w )
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≤
≤
≤
≤

and an analogous series of steps gives ωxw ≥ κ1x.w + LYxwU (κ0x0 .w + κ1x0 .w ). Notice such
bounds above will depend on how tight y is. As an illustration of its implications, consider

?
ηxw
? (1 − (1 − δ ? ))
ηxw
x0 .w
ωxw − κ1x.w
ωxw

Proof of Theorem 2 Start with the relationship between ηxw and its upper bound:

All upper bound constants U···U are assumed to be positive. For L·U
·· = 0, c ≥ 0, all
ratios c/L·U
·· are defined to be positive infinite.
In what follows, we define “the standard IV model” as the one which obeys exogeneity of W and exclusion restriction—that is, the model following the directed acyclic graph
{W → X → Y, X ← U → Y }. All variables are binary, and the goal is to bound the
average causal effect (ACE) of X on Y given a non-descendant W and a possible (set of)
confounder(s) U of X and Y .

?
ζ00.0
?
ζ01.0
?
ζ10.0
?
ζ11.0
?
ζ00.1
?
ζ01.1
?
ζ10.1
?
ζ11.1

The explicit relationship between parameters describing the latent variable model is:

?
δw
≡ P
P(X = 1 | W = w, U )
δw ≡
U P (X = 1 | W = w, U )P (U | W ) = P (X = 1 | W = w)
= ζP
11.w + ζ01.w
χx.w ≡
U P (X = x | W = w, U )P (U )
= κ1x.w + κ0x.w

| X = x, W = w, U )
= 1 | X = x, W = w, U )P (U | W = w)
| do(X = x), W = w)
= 1 | X = x, W = w, U )P (U )

?
ζyx.w
≡ P (Y = y, X = x | W
P
ζyx.w ≡
U P (Y = y, X = x
= P
P(Y = y, X = x | W
κyx.w ≡
U P (Y = y, X = x
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Now we will prove the main theorems stated in Section 5. To facilitate reading, we
repeat here the notation used in the description of the constraints with a few additions, as
well as the identities mapping different parameter spaces and the corresponding assumptions
exploited in the derivation.
We start with the basic notation,

The upper bound on the ACE η1 − η0 is obtained by subtracting the lower bound on
η0 from the upper bound on η1 . That is, η1 − η0 ≤ (1 − ζ01.1 ) − ζ10.0 = USIV . Similarly,
η1 − η0 ≥ ζ11.1 − (1 − ζ00.0 ) = LSIV . It follows that USIV − LSIV = 1 − (P (X = 1 | W =
1) − P (X = 1 | W = 0)).
Finally, assuming β1 ≤ β0 gives by symmetry the interval width 1 − (P (X = 1 | W =
0) − P (X = 1 | W = 1)), implying the width in the general case is given by 1 − |P (X =
1 | W = 1) − P (X = 1 | W = 0)|.

1 − ζ01.1

1 − ζ00.0



1 − ζ00.0



1 − ζ
00.1
= min
ζ01.0 + ζ10.0 + ζ10.1 + ζ11.1



ζ
10.0 + ζ11.0 + ζ01.1 + ζ10.1

Analogously, we can show that 1 − ζ00.0 ≤ ζ10.0 + ζ11.0 − ζ01.1 − ζ10.1 . Tedious but
analogous manipulations lead to the overall conclusion

= (1 − (1 − α0 )(1 − β0 )) − ((1 − α1 )β0 + α0 (1 − β0 ) + α0 (1 − β1 ) + α1 β1 )
= (β0 + α0 (1 − β0 )) − (β0 − α1 β0 + α0 (1 − β0 ) + α0 − α0 β1 + α1 β1 )
= α1 (β0 − β1 ) − α0 (1 − β1 ) ≤ 0

where I(·) is the indicator function returning 1 or 0 depending on whether its argument is
true or false, respectively.
Assume for now that β1 ≥ β0 , that is, P (X = 1 | W = 1) ≥ P (X = 1 |W = 0). We will
first show that 1 − ζ00.0 ≤ min{1 − ζ00.1 , ζ01.0 + ζ10.0 + ζ10.1 + ζ11.1 , ζ10.0 + ζ11.0 + ζ01.1 + ζ10.1 }.
That 1 − ζ00.0 ≤ 1 − ζ00.1 follows directly from the relationship (35) and the assumptions
W ⊥
⊥ Y |X and β1 ≥ β0 : (1 − ζ00.0 ) − (1 − ζ00.1 ) = −(1 − α0 )(1 − β0 ) + (1 − α0 )(1 − β1 ) =
(1 − α0 )(β0 − β1 ) ≤ 0.
Now consider (1 − ζ00.0 ) − (ζ01.0 + ζ10.0 + ζ10.1 + ζ11.1 ). This is equal to

ζyx.w =

αxI(y=1) (1

where ηx ≡ P (Y = 1 | do(X = x)) and ζyx.w ≡ P (Y = y, X = x | W = w). Define also
αx ≡ P (Y = 1 | X = x) and βw ≡ P (X = 1 | W = w) so that

Causal Inference through a Witness Protection Program

Causal Inference through a Witness Protection Program

≤
≤
≤
≥

XU
Uxw
U XU η ?
xw
xw
XU ω
Uxw
xw
XU
κ1x.w /Uxw

(Marginalize over P (U ))

?
? )δ ?
?
?
?
?
?
the derived identity ζ0x.w
= (1 − ηxw
x.w ⇒ 1 − ηxw = ζ0x.w /δx.w ⇒ 1 − ηxw ≥ ζ0x.w ⇒
?
?
?
?
?
ηxw
≤
1
−
ζ
0x.w = ζ0x.w + ζ0x0 .w + ζ1x0 .w ⇒ ωxw ≤ κ0x.w + κ0x0 .w + κ1x0 .w .
Y U ≤ 1 that that the derived bound ω
YU
It follows from Uxw
xw ≤ κ1x.w +Uxw (κ0x0 .w +κ1x0 .w )
? ≤ 1 − ζ?
is at least as tight as the one obtained via ηxw
0x.w . Notice also that the standard
IV bound ηxw ≤ 1 − ζ0x.w (Balke and Pearl, 1997; Dawid, 2003) is a special case for y = 0,
β = β = 1.
For the next bounds, consider
?
δx.w
? δ?
ηxw
x.w
κ1x.w
ωxw

≤
≤
≤
≤

XU
Uxw
XU (1 − η ? )
Uxw
xw
XU (1 − ω )
Uxw
xw
XU
1 − κ0x.w /Uxw

(Marginalize over P (U ))

XU can be obtained analogously. The corresponding bound
where the bound ωxw ≤ κ1x.w /Lxw
for the standard IV model (with possible direct effect W → Y ) is ηxw ≥ ζ1x.w , obtained
again by choosing x = 1, β = β = 1. The corresponding bound ωxw ≥ κ1x.w is a looser
XU < 1. Notice that if LXU = 0, the upper bound is defined as infinite.
bound for Uxw
xw
Finally, the last bounds are similar to the initial ones, but as a function of x instead of

y :
?
δx.w
? )δ ?
(1 − ηxw
x.w
κ0x.w
ωxw

w
?
w δx.w
0
?
w δx.w
0
w χx.w0
XU
(κ1x.w0 − w χx.w0 )/Uxw
0
XU
(κ1x.w0 − w (κ0x.w0 + κ1x.w0 ))/Uxw
0

XU ≤ −δ ? )
(Use −Uxw
0
x.w0
(Marginalize over P (U ))

XU is obtained analogously, and implied to be minus
The lower bound ωxw ≥ 1 − κ0x.w /Lxw
XU = 0.
infinite if Lxw

≤
≤
≤
≤
≥
≥

Proof of Theorem 3 We start with the following derivation,
?
?
ηxw
0 − ηxw
? δ?
?
?
ηxw
0 x.w 0 − ηxw δx.w 0
? δ?
?
XU
ηxw
0 x.w 0 − ηxw Uxw 0
XI
κ1x.w0 − ωxw Uxw
ωxw
ωxw

≥
≥
≥
≥
≥
≥
≤

(Marginalize over P (U ))
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−w
−w
−w
?
−w δx.w
0
?
−w δx.w
0
−w χx.w0
XU
1 − (κ0x.w0 − w (κ0x.w0 + κ1x.w0 ))/Uxw
0

?
?
XU
Analogously, starting from ηxw
0 −ηxw ≥ w , we obtain ωxw ≤ (κ1x.w 0 +w (κ0x.w 0 +κ1x.w 0 ))/Lxw 0 .
XU = 1, we obtain the corresponding lower bound
Notice that for the special case w and Uxw
0
ωxw ≥ κ1x.w0 that relates ω and κ across different values of W .
The result corresponding to the upper bound ηxw ≤ 1−ζ0x.w0 can be obtained as follows:
?
?
ηxw
0 − ηxw
?
?
1 + ηxw
0 − 1 − ηxw
? ) − (1 − η ? )
(1 − ηxw
xw0
?
?
? )δ ?
(1 − ηxw
x.w0 − (1 − ηxw0 )δx.w0
? )U XU − (1 − η ? )δ ?
(1 − ηxw
xw0
xw0 x.w0
XU − κ
(1 − ωxw )Uxw
0
0x.w0
ωxw

43

Silva and Evans

≤
≤
≤
≤
≤
≤

w
w δx?0 .w
?
w δx?0 .w
(Use −UxXU
0 w ≤ −δx0 .w )
w δx?0 .w
(Marginalize over P (U ))
w χx0 .w
κ1x.w + w (κ0x0 .w + κ1x0 .w )

XU > 0) given by ω ? ≥ 1 − (κ
with the corresponding lower bound (non-trivial for Lxw
0
0x.w0 +
xw
XU .
w (κ0x.w0 + κ1x.w0 ))/Lxw
0
The final block of relationships can be derived as follows:
?
η ? − ηxw
0
xw
? δ?
?
?
ηxw
x0 .w − ηxw0 δx0 .w
?
?
?
?
ηxw
(1
−
(1
−
δ
x0 .w )) − ηxw0 δx0 .w
η ? − η ? (1 − δ ? ) − η ? U XU
0
0
0
xw
xw
x
.w
xw
x
.w
ωxw − κ1x.w − ωxw0 UxXU
0w
ωxw − ωxw0 UxXU
0w

≤
≤
≤
≤
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w
w δx?0 .w
w δx?0 .w
w χx0 .w
1 − κ0x.w − UxXU
0 w − w (κ0x0 .w + κ1x0 .w )

with the lower bound ωxw − ωxw0 LxXU
0 w ≥ κ1x.w − w (κ0x0 .w + κ1x0 .w ) derived analogously.
Moreover,

?
?
ηxw
0 − ηxw
? )δ ?
?
?
(1 − ηxw
x0 .w − (1 − ηxw0 )δx0 .w
?
?
?
XU
(1 − ηxw
)(1
−
(1
−
δ
x0 .w )) − (1 − ηxw0 )Ux0 w
1 − ωxw − κ0x.w − (1 − ωxw0 )UxXU
0w
ωxw − ωxw0 UxXU
0w

XU
and the corresponding ωxw − ωxw0 LxXU
0 w ≤ 1 − κ0x.w − Lx0 w + w (κ0x0 .w + κ1x0 .w ). The last
two relationships follow immediately from the definition of w .

ηxw
ηxw
ηxw
ηxw

≤
≤
≥
≥

1 − ζ0x.w
1 − ζ0x.w0
ζ1x.w
ζ1x.w0

Our constraints found so far collapse to some of the constraints found in the standard
IV models (Balke and Pearl, 1997; Dawid, 2003) given w = 0, β = β = 1. Namely,

≤
≤
≥
≥

ζ0x.w + ζ1x.w + ζ1x.w0 + ζ1x0 .w0
ζ0x.w0 + ζ1x.w0 + ζ1x.w + ζ1x0 .w
ζ1x.w + ζ1x0 .w − ζ0x.w0 − ζ1x0 .w0
ζ1x.w0 + ζ1x0 .w0 − ζ0x.w − ζ1x0 .w

However, none of the constraints so far found counterparts in the following:
ηxw
ηxw
ηxw
ηxw
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These constraints have the distinctive property of being functions of both P (Y = x, X =
x | W = w) and P (Y = x, X = x | W = w0 ), simultaneously. So far, we have only used the
basic identities and constraints, without attempting at deriving constraints that are not a
direct application of such identities. In the framework of (Dawid, 2003; Ramsahai, 2012), it
? η?
?
?
is clear that general linear combinations of functions of {δx.w
1x.w , δx.w , η1x.w } can generate
constraints on observable quantities ζyx.w and causal quantities of interest, ηxw . We need to
encompass these possibilities in such a way that we get a framework for generating symbolic
constraints as a function of {w , y , x , β, β}.

44

(36)
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29. As a counterpart, imagine we defined a polytope through the matrix inequality Ax ≤ b. If we want to
obtain its extreme point representation as an algebraic function of the entries of matrix A and vector
b, this will be a complicated problem since we cannot assume we know the magnitudes and signs of the
entries.

such that fi (·, ·) are linear. Linearity is imposed so that this function will correspond to
a linear function of {ζ ? , η ? , δ ? }, of which expectations will give observed probabilities or
interventional probabilities.
We will require that evaluating this expression at each of the four extreme points of the
joint space (δ0? , δ1? ) ∈ {0, 1}2 will translate into one of the basic constraints 1 − ηi? ≥ 0 or
ηi? ≥ 0, i ∈ {0, 1}. This implies any combination of {δ0? , δ1? , η0? , η1? } will satisfy (36) (more
on that later).

δ0? f1 (η0? , η1? ) + δ1? f2 (η0? , η1? ) + f3 (η0? , η1? ) ≥ 0

Consider the standard IV model again, i.e., where W is exogenous with no direct effect on Y .
So far, we have not replicated anything such as e.g. η1 ≤ ζ00.0 + ζ11.0 + ζ10.1 + ζ11.1 . We call
this a “cross-W” constraint, as it relates observables under different values of W ∈ {0, 1}.
These are important when considering weakening the effect W → Y . The recipe for deriving
them will be as follows. Consider the template

A.2 Methodology for Cross-W Constraints

? ≤ U XU , the number of
In general, however, once we introduce constraints LYxwU ≤ ηxw
xw
extreme points will vary. Moreover, when multiplied with the extreme points of the space
?
?
?
δ1 × δ0 , the resulting extreme points of ζyx.w might be included or excluded of the polytope
depending on the relationship among {w , x , y } and the observable P (Y, X | W ). Numerically, this is not a problem (barring numerical instabilities, which do occur with a nontrivial
frequency). Algebraically, this makes the problem considerably complicated29 . Instead, in
what follows we will define a simpler framework that will not give tight constraints, but
will shed light on the relationship between constraints, observable probabilities and the 
parameters. This will also be useful to scale up the full Witness Protection Program, as
discussed in the main paper.

(0, 0)
(0, w )
(w , 0)
(1 − w , 1)
(1, 1 − w )
(1, 1)

then assuming 0 < w < 1, we always obtain the following six extreme points,

=
=
=
=

q
0
0
−q
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The procedure derives 8 bounds (4 cases that we get by associating f3 with either ηx ≥ 0
or 1 − ηx ≥ 0. For each of these cases, 2 subcases what we get by assigning (δ0? = 1, δ1? = 0)

where s = q(1 − 2η0? ) ∈ [−1, 1] and t = (1 − 2η1? ) ∈ [−1, 1]. Then evaluating at the four
extreme points s, t ∈ {−1, +1} we get δ0 , δ1 , 1 − δ0 , 1 − δ1 , all of which are non-negative.

= q((δ1? + δ0? ) − 1)(1 − 2η0? )/2 + ((δ1? − δ0? )(1 − 2η1? ) + 1)/2
= (δ1? + δ0? − 1)s/2 + (δ1? − δ0? )t/2 + 1/2

= δ0? (−qη0? + η1? + (q − 1)/2) + δ1? (−qη0? − η1? + (1 + q)/2) + qη0? + (1 − q)/2
= η0? (q − (δ0? + δ1? )q) + η1? (δ0? − δ1? ) + δ0? (q − 1)/2 + δ1? (1 + q)/2 + (1 − q)/2
= η0? (q − (δ0? + δ1? )q) + η1? (δ0? − δ1? ) + (−q + (δ0? + δ1? )q)/2 + (δ1? − δ0? + 1)/2

Proof Without loss of generality, let f3 (η0? , η1? ) = qη0? + (1 − q)/2, q ∈ {−1, 1}. That
is, a3 = q, b3 = 0, c3 = (1 − q)/2. This implies a1 = a2 = −q (as above). Associating
(δ0? = 1, δ1? = 0) with η1? ≥ 0 gives {b1 = 1, c1 = (q − 1)/2} and consequently associating
(δ0? = 0, δ0? = 1) with 1 − η1? ≥ 0 implies {b2 = −1, c2 = (1 + q)/2}. Plugging this into the
expression δ0? f1 (η0? , η1? ) + δ1? f2 (η0? , η1? ) + f3 (η0? , η1? ) we get

Lemma 7 Consider the constraints derived by the above procedure. Then any choice of
(δ0? , δ1? , η0? , η1? ) ∈ [0, 1]4 will satisfy these constraints.

This system always have the solution a1 = a2 = −q. We do have freedom with b1 , b2 , b3 ,
which means we can choose to allocate the remaining two cases in two different ways.

a3
a1 + a3
a2 + a3
a1 + a2 + a3

This system has no solution. Assume instead δ0? = δ1? = 1 is associated with the complementary constraint where the coefficient of η0? should be −q. The system now is:

Given a choice of basic constraint (say, η1? ≥ 0), and setting δ0? = δ1? = 0, this immediately identifies f3 (·, ·). We assign the constraint corresponding to δ0? = δ1? = 1 with
the “complementary constraint” for η1 (in this case, η1? ≤ 1). This leaves two choices for
assigning the remaining constraints.
Why do we associate the δ0? = δ1? = 1 case with the complementary constraint? Let
us parameterize each function as fi (η0? , η1? ) ≡ ai η0? + bi η1? + ci . Let a3 = q, where either
q = 1 (case η0? ≥ 0) or q = −1 (case 1 − η0? ≥ 0). Without loss of generality, assume case
(δ0? = 1, δ1? = 0) is associated with the complementary constraint where the coefficient of
η0? should be −q. For the other two cases, the coefficient of η0? should be 0 by construction.
We get the system
a3 = q
a1 + a3 = −q
a2 + a3 = 0
a1 + a2 + a3 = 0

One of the difficulties on exploiting a black-box polytope package for that is due to
the structure of the process, which exploits the constraints in Section 4 by first finding the
? }, {η ? }. If we use the constraints
extreme points of the feasible region of {δw
xw

? − η? | ≤ 
|ηx1
w
x00
? ≤1
0 ≤ ηxw

Silva and Evans

Causal Inference through a Witness Protection Program

Causal Inference through a Witness Protection Program

with either ηx0 ≥ 0 or 1 − ηx0 ≥ 0). Now, for an illustration of one case:
Deriving a constraint for the standard IV model, example: f3 (η0? , η1? ) ≡ η0? ≥ 0
Associate η1? ≥ 0 with assignment (δ0? = 1, δ1? = 0) (implying we associate η1? ≤ 1 with
assignment (δ0? = 0, δ1? = 1) and η0? ≤ 1 with (δ0? = 1, δ1? = 1)). This uniquely gives
f1 (η0? , η1? ) = η1? − η0? , f2 (η0? , η1? ) = −η1? − η0? + 1. The resulting expression is
δ0? (η1? − η0? ) + δ1? (−η1? − η0? + 1) + η0? ≥ 0
from which we can verify that the assignment (δ0? = 1, δ1? = 1) gives η0? ≤ 1. Now, we
need to take the expectation of the above with respect to U to obtain observables ζ and
causal distributions η. However, first we need some rearrangement so that we match η0?
with corresponding (1 −
and so on.
?)
δw

η1? (δ0? − δ1? ) + η0? (1 − δ0? − δ1? ) + δ1? ≥ 0
η1? (δ0? − δ1? ) + η0? ((1 − δ0? ) + (1 − δ1? ) − 1) + δ1? ≥ 0
?
?
?
?
?
?
ζ11.0
− ζ11.1
+ ζ10.0
+ ζ10.1
− η0? + ζ01.1
+ ζ11.1
≥ 0
Taking expectations and rearranging it, we have
η0 ≤ ζ11.0 + ζ10.0 + ζ10.1 + ζ01.1
rediscovering one of the IV bounds for η0 . Choosing to associate η1? ≥ 0 with assignment
(δ0? = 0, δ1? = 1) will give instead
η0 ≤ ζ11.1 + ζ10.1 + ζ10.0 + ζ01.0
Basically the effect of one of the two choices within any case is to switch ζyx.w with ζyx.w0 .

A.3 Deriving Cross-W Constraints
What is left is a generalization of that under the condition |ηxw − ηxw0 | ≤ w , w 6= w0 ,
?
instead of ηxw = ηxw0 . In this situation, we exploit the constraint L ≤ ηxw
≤
U instead
?
Y U ≤ η ? ≤ U Y U , where L ≡ min{LY U }, U ≡ max{U Y U }. Using
of 0 ≤ ηxw
≤
1
or Lxw
xw
xw
xw
xw
Y U ≤ η ? ≤ U Y U complicates things considerably. Also, we will not derive here the anaLxw
xw
xw
logue proof of Lemma 1 for the case where (η0? , η1? ) ∈ [L, U ]2 , as it is analogous but with a
more complicated notation.
Proof of Theorem 4 We demonstrate this through two special cases.
? , η? ) ≡ η? − L ≥ 0
General Model, Special Case 1: f3 (η0w
xw
1w
There are two modifications. First, we perform the same associations as before, but with
? ≤ U instead of 0 ≤ η ? ≤ 1. Second, before we take expectations, we
respect to L ≤ ηxw
x
? with η ?
swap some of the ηxw
xw0 up to some error w .
Following the same sequence as in the example for the IV model, we get the resulting
expression (where x0 ≡ {0, 1}\x):
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?
?
?
?
?
?
δw
(ηx?0 w − ηxw
) + δw
0 (−ηx0 w − ηxw + U + L) + ηxw − L ≥ 0
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(37)

? = 1, δ ? = 1) gives U − η ? ≥ 0. Now,
from which we can verify that the assignment (δw
xw
w0
we need to take the expectation of the above with respect to U to obtain “observables”
? δ ? and η ? δ ? have
κ and causal effects ω. However, the difficulty now is that terms ηxw
w0
xw0 w
?
?
no observable counterpart under expectation. We get around this transforming ηxw
0 δw into
? δ ? (and η ? δ ? into η ? δ ? ) by adding the corresponding correction −η ? ≤ −η ? + :
ηxw
w
w
xw w0
xw
xw0 w0
xw0

≥ 0
≥ 0

?
? (η ?
?
?
?
?
δw
x0 w − ηxw ) + δw0 (−ηx0 w − ηxw + U + L) + ηxw − L ≥ 0
?
?
?
?
?
?
?
δw
(η
x0 w − ηxw ) + δw0 (−ηx0 w0 + w − ηxw0 + w + U + L) + ηxw − L ≥ 0
? + η ? (1 − δ ? ) − η 0 0 δ ? − η 0 δ ? + δ ? (U + L + 2 ) − L ≥ 0
ηx?0 w δw
w
x w w0
xw w0
xw
w
w0

Now, the case for x = 1 gives

? δ ? + η ? (1 − δ ? ) − η 0 δ ? − η 0 δ ? + . . .
η0w
0w w0
1w w0
w
w
1w
? (1 − (1 − δ ? )) + η ? (1 − δ ? ) − η ? (1 − (1 − δ ? )) − η ? δ ? + . . .
η0w
w
w
1w
w0
1w0 w0
0w0

Taking the expectations:

ω0w − κ10.w + ω1w − κ11.w − ω0w0 + κ10.w0 − κ11.w0 + χw0 (U + L + 2w ) − L ≥ 0

(38)

Notice that for β = β = 1, L = 0, U = 1, w = 0, this implies ηxw = ηxw0 and this collapses
to
η0w − ζ10.w + η1w − ζ11.w − η0w0 + ζ10.w0 − ζ11.w0 + δw0 ≥ 0

η1w ≥ ζ10.w + ζ11.w − ζ10.w0 − ζ01.w0

which is one of the lower bounds one obtains under the standard IV model.
The case for x = 0 is analogous and gives

ω0w0 ≤ κ11.w + κ10.w + κ10.w0 − κ11.w0 + χw0 (U + L + 2w ) − L

? , δ ? ) to other constraints. We
The next subcase is when we exchange the assignment of (δw
w0
obtain the following inequality:

?
?
?
?
?
?
?
δw
0 (ηx0 w − ηxw ) + δw (−ηx0 w − ηxw + U + L) + ηxw − L ≥ 0

which from an analogous sequence of steps leads to

≥ 0
≥ 0

?
? (η ?
?
?
?
?
δw
0
x0 w − ηxw ) + δw (−ηx0 w − ηxw + U + L) + ηxw − L ≥ 0
? (η ?
?
?
?
?
?
δw
0
x0 w0 + w − ηxw0 + w ) + δw (−ηx0 w − ηxw + U + L) + ηxw − L ≥ 0
? − η ? δ ? + 2δ ?  − η ? δ ? + η ? (1 − δ ? ) + δ ? (U + L) − L ≥ 0
ηx?0 w0 δw
0
xw
w
w
xw0 w0
w0 w
x0 w w

For x = 1,

?
?
?
?
? ?
?
?
η0w
0 δw 0 − η1w 0 δw 0 + η0w δw + η1w (1 − δw ) + . . .
? (1 − (1 − δ ? )) − η ? δ ? − η ? (1 − (1 − δ ? )) + η ? (1 − δ ? ) + . . .
η0w
0
w
w
0w
1w
w0
1w0 w0

Taking expectations,

(39)
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ω0w0 − κ10.w0 − κ11.w0 − ω0w + κ10.w + ω1w − κ11.w + 2χw0 w + χw (U + L) − L ≥ 0
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? δ ? − η ? δ ? + η ? δ ? + η ? (1 − δ ? ) + . . . ≥ 0
η1w
0 w0
w
1w w
0w
0w0 w0
? δ ? − η ? (1 − (1 − δ ? )) − η ? δ ? + η ? (1 − δ ? ) + . . . ≥ 0
η1w
0 w0
w
1w w
0w
0w0
w0
− ω0w0 + κ10.w0 − κ11.w + κ10.w + 2χw0 w + χw (U + L) − L ≥ 0

≡U−

?
ηxw

≥0

(40)

(44)

(43)

(42)

(41)

49
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Proof of Theorem 5 Variable sxx appears only in Equation (24) and the inequalities 0 ≤
sxx ≤ 1. The intersection of these relationships is satisfiable if and only if 0 ≤ a2 +2aswx ≤ 1
is satisfiable. Moreover, swx appears only in Equation (22). Solving this equation for swx
and plugging it in 0 ≤ a2 + 2aswx ≤ 1, we obtain 0 ≤ −a2 + 2aρwx ≤ 1. The quadratic

Our final proof refers to results introduced in Section 6.

A.4 Linear Case

Notice that the bounds obtained are asymmetric in x, i.e., we derive different bounds for
? is interpreted
ω0w and ω1w . Symmetry is readily obtained by the same derivation where δw
as P (X = 0 | W = w, U ) and x is swapped with x0 .

ω0w0 ≥ −κ11.w0 + κ10.w0 + κ11.w + κ10.w − χw0 (2w − U − L) − U

For x = 0,

ω0w0 − ω0w − ω1w − κ10.w0 + κ11.w0 + κ10.w + κ11.w + χw0 (2w − U − L) + U ≥ 0

For x = 1,

?
?
?
?
?
?
?
δw
0 (ηx0 w + ηxw − U − L) + δw (−ηx0 w + ηxw ) + U − ηxw ≥ 0

With the complementary assignment, we start with the relationship

ω0w0 ≥ −κ11.w + κ10.w + κ11.w0 + κ10.w0 + χw (U + L) − 2w χw0 − U

We get this for x = 0:

ω0w − ω0w0 − ω1w − κ10.w + κ11.w + κ10.w0 + κ11.w0 − χw (U + L) + 2w χw0 + U ≥ 0

Following the same line of reasoning as before, we get this for x = 1:

? = 1, δ ? = 0) (implying we associate η ?
Associate ηx?0 w ≥ L with assignment (δw
w0
x0 w ≤ U with
? = 0, δ ? = 1) and η ? ≥ L with (δ ? = 1, δ ? = 1)). The resulting expression
assignment (δw
0
xw
w
w
w0
is
?
?
?
?
?
?
− U − L) + δw
δw
(ηx?0 w + ηxw
0 (−ηx0 w + ηxw ) + U − ηxw ≥ 0

General Model, Special Case 2:

? , η? )
f3 (η0w
1w

ω0w0 ≤ κ11.w0 + κ10.w0 − κ11.w + κ10.w + 2χw0 w + χw (U + L) − L

κ11.w0

For x = 0,

Causal Inference through a Witness Protection Program

(45)

(46)

(47)

(48)

ρxy − ρwx ρwy
ρwy − ρwx ρxy
, c? =
,
1 − ρ2wx
1 − ρ2wx

(49)
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b2 + 2bcρwx + c2 − 2(bρxy + cρwy ) ≤ 0.
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(50)

and by assumption it follows that c? = 0. Plugging c? in −b2 − 2bcρwx − c2 + 2(bρxy + cρwy ),
we get b(2ρxy − b) ≤ ρ2xy ≤ 1. So, it is sufficient to satisfy

b? =

The quadratic function in (b, c) has a unique maximum. Assuming for now c is unconstrained, taking the derivatives of −b2 − 2bcρwx − c2 + 2(bρxy + cρwy ) with respect to b and
c, and setting them to zero, we obtain the stationary point

0 ≤ −b2 − 2bcρwx − c2 + 2(bρxy + cρwy ) ≤ 1.

is satisfiable. From Equation (25) we have aswy + sxy = ρxy − b − cρwx and from Equation
(23) we have swy = ρwy − bρwx − c. Making these substitutions into (48), we get

0 ≤ b2 + 2bcρwx + c2 + 2[b(aswy + sxy ) + cswy ] ≤ 1

Equation (31) follows from sxy not appearing anywhere else but in the relationship
−xy ≤ sxy ≤ xy , and also considering the case swy < 0.
Equation (26) and the relationship 0 ≤ syy ≤ 1 is satisfiable if and only if

ρxy − Ua swy ≤ b + cρwx + sxy ≤ ρxy − La swy

which La and Ua being defined as the lower and upper bounds, respectively, in the interval
above.
Since a now only appears in (46) and Equation (25), and assuming swy ≥ 0, the intersection of the two equations is satisfiable if and only if

max(min(0, 2ρwx ), ρwx − wx ) ≤ a ≤ min(max(0, 2ρwx ), ρwx + wx )

The intersection of Equation (22) and −wx ≤ swx ≤ wx is satisfiable only if ρwx −wx ≤
a ≤ ρwx + wx . Combining this interval with (45), we obtain the inequality

min(0, 2ρwx ) ≤ a ≤ max(0, 2ρwx )

expression for a achieves a unique maximum at a? = ρwx , implying −a?2 +2a? ρwx = ρ2wx ≤ 1.
We can then drop the inequality −a2 + 2aρwx ≤ 1 as this is always satisfied. The resulting
interval is a2 − 2aρwx ≤ 0, and the set of values of a satisfying it is either the interval
[2ρwx , 0] or [0, 2ρwx ] depending on the sign of ρwx . This can be written as

Silva and Evans
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There are two major approaches to handle the posterior distribution of DAGs without
explicitly computing and representing the entire distribution. One is to summarize the posterior distribution by a relatively small number of summary statistics, of which perhaps the
most extensively used is a mode of the distribution, that is, a maximum a posteriori DAG
(Cooper and Herskovits, 1992). Other useful statistics are the marginal posterior probabilities of so-called structural features, such as individual arcs or larger subgraphs (Buntine,
1991; Cooper and Herskovits, 1992; Friedman and Koller, 2003). When the interest is in
how well the chosen Bayesian model fits the data, say in comparison to some alternative
model, then the key quantity is the marginal likelihood of the model—also known as the
integrated likelihood, evidence, or the normalizing constant—which is simply the marginal
probability (density) of the observed data. Provided that the model satisfies certain modularity conditions, all these statistics can be computed in a dynamic programming fashion,
and thereby avoiding exhaustive traversing through individual DAGs. Specifically, assuming a very basic form of modularity one can find a mode over n-node DAGs in O(2n n2 ) time
(Koivisto and Sood, 2004; Ott et al., 2004; Singh and Moore, 2005; Silander and Myllymäki,
2006) and the arc posterior probabilities and the marginal likelihood in O(3n n) time (Tian
and He, 2009). Assuming a more convoluted form of modularity, also the latter quantities
can be computed in O(2n n2 ) time (Koivisto and Sood, 2004; Koivisto, 2006). In practice,
these algorithms scale up to about 25 nodes. For mode finding, there are also algorithms
based on the A∗ search heuristic (Yuan and Malone, 2013) and integer linear programming
(Bartlett and Cussens, 2013), which often can solve even larger problem instances.

The Bayesian paradigm to structure learning in Bayesian networks is concerned with the
posterior distribution of the underlying directed acyclic graph (DAG) given data on the
variables associated with the nodes of the graph (Buntine, 1991; Cooper and Herskovits,
1992; Madigan and York, 1995). The paradigm is appealing as it offers an explicit way to
incorporate prior knowledge as well as full characterization of posterior uncertainty about
the quantities of interest, including proper treatment of any non-identifiability issues. However, a major drawback of the Bayesian paradigm is its large computational requirements.
Indeed, because the number of DAGs grows very rapidly with the number of nodes, exact
computation of the posterior distribution becomes impractical already when there are more
than about a dozen of nodes.

1. Introduction
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The other approach is to approximate the posterior distribution by collecting a sample of DAGs, each of which assigned a weight reflecting how representative the DAG is of
the posterior distribution. Having such a collection at hand, various quantities, including
the aforementioned statistics, can be estimated by appropriate weighted averages. Principled implementations of the approach have used the Markov chain Monte Carlo (MCMC)
methodology in various forms: Madigan and York (1995) simulated a Markov chain that
moves in the space of DAGs by simple arc changes such that the chain’s stationary distribution is the posterior distribution. Friedman and Koller (2003) obtained a significantly faster
mixing chain by operating, not directly on DAGs, but in the much smaller and smoother
space of node orderings, or linear orders on the nodes more formally. The sampler, called
order-MCMC in the sequel, requires the prior to be of a particular form that favors DAGs
that are compatible with many node orderings, thus introducing a “bias.” Ellis and Wong

We present methods based on Metropolis-coupled Markov chain Monte Carlo (MC3 ) and
annealed importance sampling (AIS) for estimating the posterior distribution of Bayesian
networks. The methods draw samples from an appropriate distribution of partial orders
on the nodes, continued by sampling directed acyclic graphs (DAGs) conditionally on the
sampled partial orders. We show that the computations needed for the sampling algorithms
are feasible as long as the encountered partial orders have relatively few down-sets. While
the algorithms assume suitable modularity properties of the priors, arbitrary priors can
be handled by dividing the importance weight of each sampled DAG by the number of
topological sorts it has—we give a practical dynamic programming algorithm to compute
these numbers. Our empirical results demonstrate that the presented partial-order-based
samplers are superior to previous Markov chain Monte Carlo methods, which sample DAGs
either directly or via linear orders on the nodes. The results also suggest that the convergence rate of the estimators based on AIS are competitive to those of MC3 . Thus AIS is the
preferred method, as it enables easier large-scale parallelization and, in addition, supplies
good probabilistic lower bound guarantees for the marginal likelihood of the model.
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(2008) enhanced order-MCMC by presenting a sophisticated sampler based on tempering
techniques, and a heuristic for removing the bias. Also other refinements to Madigan and
York’s sampler have been presented (Eaton and Murphy, 2007; Grzegorczyk and Husmeier,
2008; Corander et al., 2008), however with somewhat more limited advantages over orderMCMC. More recently, Battle et al. (2010) extended Madigan and York’s sampler in yet
another direction by applying annealed importance sampling (AIS) (Neal, 2001) to sample fully specified Bayesian networks (i.e., DAGs equipped with the associated conditional
distributions).
While the current MCMC methods for structure learning seem to work well in many
cases, they also leave the following central questions open:

Structure Discovery by Sampling Partial Orders
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1. Smoother sampling spaces. Can we take the idea of Friedman and Koller (2003) further: are there sampling spaces that yield still a better tradeoff between computation
time and accuracy?
2. Arbitrary structure priors. Can we efficiently remove the bias due to sampling node
orderings? Specifically, is it computationally feasible to estimate posterior expectations under an arbitrary structure prior, yet exploiting the smoother sampling space of
node orderings? (The method of Ellis and Wong (2008) relies on heuristic arguments
and becomes computationally infeasible when the data set is small.)
3. Efficient parallel computation. Can we efficiently and easily exploit parallel computation, that is, to run the algorithm in parallel on thousands of processors, preferably
without frequent synchronization or communication between the parallel processes.
(Existing MCMC methods are designed rather for a small number of very long runs,
and thus do not enable large-scale parallelization.)
4. Quality guarantees. Can we measure how accurate the algorithm’s output is? For
instance, is it a lower bound, an upper bound, or an approximation to within some
multiplicative or additive term? (Existing MCMC methods offer such guarantees only
in the limit of running the algorithm infinitely many steps.)

4
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1. The software used in the work of Ellis and Wong (2008) is not publicly available (W. H. Wong, personal
communication, January 29, 2013).

To address the second question, we take a somewhat straightforward approach: per
sampled partial order, we draw one or several DAGs independently from the corresponding
conditional distribution, and assign each DAG a weight that compensates the difference
of the structure prior of interest and the “proxy prior” we employ to make order-based
sampling efficient. Specifically, we show that the number of linear extensions (or, topological
sorts) of a given DAG—that we need for the weight—can be computed sufficiently fast in
practice for moderate-size DAGs, even though the problem is #P-hard in general (Brightwell
and Winkler, 1991).
Our third contribution applies both to the third and the fourth question. Motivated
by the desire for accuracy guarantees, we seek a sampler such that we know exactly from
which distribution the samples are drawn. Here, the annealed importance sampling (AIS)
method of Neal (2001) provides an appealing solution. It enables drawing independent and
identically distributed samples and computing the associated importance weights, so that
the expected value of each weighted sample matches the quantity of interest. Due to the
independence of the samples, already a small number of samples may suffice, not only for
producing an accurate estimate, but also for finding a relatively tight, high-confidence lower
bound on the true value (Gomes et al., 2007; Gogate et al., 2007; Gogate and Dechter, 2011).
Furthermore, the independence of the samples renders the approach embarrassingly parallel,
requiring interaction of the parallel computations only at the very end when the independent
samples are collected in a Monte Carlo estimator. We note that Battle et al. (2010) adopted
AIS for quite different reasons. Namely, due to the structure of their model, they had to
sample fully specified Bayesian networks whose posterior distribution is expected to be
severely multimodal, in which case AIS is a good alternative to the usual MCMC methods.
Finally, we evaluate the significance of the aforementioned advances empirically. As
a benchmark we use Friedman and Koller’s (2003) simple Markov chain on the space of
node orderings, however, equipped with the Metropolis-coupling technique (Geyer, 1991)
to enhance the chain’s mixing properties. Our implementation of the Metropolis-coupled
MCMC (MC3 ) method for the space of node orderings also serves as a proxy of a related
implementation1 of Ellis and Wong (2008). Our experimental study aims to answer two
main questions: First, does the squeezing of the space of linear orders into a space of partial
orders yield a significantly faster mixing Markov chain when we already use the Metropolis
coupling technique to help mixing? This question was left unanswered in our preliminary
work (Niinimäki et al., 2011) that only considered a single simple Markov chain similar
to that of Friedman and Koller (2003). Second, are the Monte Carlo estimators based on
AIS competitive to the MC3 -based estimators when we sample partial orders instead of
linear orders? This question was left unanswered in our preliminary work (Niinimäki and
Koivisto, 2013b) that only considered sampling linear orders.
The remainder of this article is organized as follows. We begin in Section 2 with an
introduction to some basic properties of graphs and partial orders. The section also contains
some more advanced algorithmic results, which will serve as building blocks of our method
for learning Bayesian networks. In Section 3, we review the Bayesian formulation of the
structure learning problem in Bayesian networks, and also outline the approach of Friedman
and Koller (2003) based on sampling node orderings. In Section 4, we extend the idea of
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In this article, we make a step toward answering these questions in the affirmative.
Specifically, we advance the state of the art by presenting three new ideas, published in
a preliminary form in three conference proceedings (Parviainen and Koivisto, 2010; Niinimäki et al., 2011; Niinimäki and Koivisto, 2013b), and their combination that has not
been investigated prior to the present work. The next paragraphs give an overview of our
contributions.
We address the first question by introducing a sampling space, in which each state is a
partial order on the nodes. Compared to the space of node orderings (i.e., linear orders on
the nodes), the resulting sampling space is smaller and the induced sampling distribution is
smoother. We will also show that going from linear orders to partial orders does not increase
the computational cost per sampled order, as long as the partial orders are sufficiently thin,
that is, they have relatively few so-called downsets. These algorithmic results build on
and extend our earlier work on finding an optimal DAG subject to a given partial order
constraint (Parviainen and Koivisto, 2013).
3

if
if
if
if

u ∈ N implies uu ∈ R ;
uv, vu ∈ R implies u = v ;
uv, vw ∈ R implies uw ∈ R ;
u, v ∈ N implies uv ∈ R or vu ∈ R .

5
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Note that acyclicity implies irreflexivity, that is, that uu 6∈ R for all u ∈ N . If R is acyclic,
we call the pair (N, R) a directed acyclic graph (DAG), N its node set, and R its arc set.
When the set N is clear from the context—as it will often be in our applications—we
identify the structure (N, R) with the relation R. We will typically use the letters P , L,
and A for a partial order, linear order, and a DAG, respectively.
The following relationships among the three objects are central in later sections of this
article. Let R and Q be relations on N . We say that Q is an extension of R if simply
R ⊆ Q. If Q is a linear order, then we may also call it a linear extension of R. Note
that in the literature, a linear extension of a DAG is sometimes called a topological sort of
the DAG. Sometimes we will be interested in the number of linear extensions of R, which
we denote by `(R). Furthermore, we say that R and Q are compatible with each other if
they have a common linear extension L ⊇ R, Q. While this relationship is symmetric, in
our applications one of the R, Q will be a partial order and the other one a DAG. Also,

acyclic if there are no elements u1 , . . . , ul such that
u1 = ul and ui−1 ui ∈ R for each i = 2, . . . , l .

If R has the first three properties, it is called a partial order. If it has all the four properties,
it is called a total or linear order. The set N is the ground set of the order and the pair
(N, R) is called a linearly or partially ordered set.
We will also consider relations that are antisymmetric but that need not have any other
of the above the properties. We say that R is

reflexive
antisymmetric
transitive
total

We use the standard concepts of graphs and partial orders. Our notation is however somewhat nonstandard, which warrants a special attention. Let N be a finite set, and let
R ⊆ N × N be a binary relation on N . We shall denote an element (u, v) of R by uv for
short. We say that R is

2.1 Antisymmetric Binary Relations

This section introduces concepts, notation, and algorithms associated with graphs and
partial orders. In later sections, we will apply them as building blocks in the context of
structure learning in Bayesian networks. The content of the first subsection will be needed
already in Section 3. The content of the latter subsections will be needed only in Section 5,
and the reader may wish to skip them on the first read.

2. Partial Orders and DAGs

sampling node orderings to partial orders and formulate the two sampling methods, MC3
and AIS, in that context. We dedicate Section 5 to the description of fast algorithms for
computing several quantities needed by the samplers. Experimental results are reported in
Section 6. We conclude and discuss directions for future research in Section 7.
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We will call the elements of Rv the parents of v and the set Rv the parent set of v. If R is
a partial order we may call the parents also the predecessors of v. We observe that if Q is
reflexive, then Q is an extension of R if and only if Rv ⊆ Qv for all v ∈ N .

Rv = {u : uv ∈ R, u 6= v} .

we say that Q is the transitive closure of R if Q is the minimal transitive relation that
contains R. Finally, we say that R is the transitive reduction of Q if R is the minimal
relation with the same transitive closure as Q. The transitive reduction of a partial order Q
is sometimes called the covering relation and visualized graphically by means of the Hasse
diagram. Figures 1 and 2 illustrate some of these concepts.
Some of the above described relationships can be characterized locally, in terms of the
in-neighbors of each element of N . To this end we let Rv denote the set of elements that
precede v in R, formally

Figure 2: Three DAGs (left) and the Hasse diagrams of four linear orders (right), some
of which are compatible with some of the DAGs. DAG A1 has only one linear
extension: L1 . DAG A2 has two linear extensions: L1 and L2 . DAG A3 has three
linear extensions: L1 , L2 and L3 . None of the DAGs is compatible with L4 .

L1

3

1

A1

A2

3

2

3

1

3

1

2

Figure 1: The Hasse diagram of a partial order on eight nodes (left) and a DAG compatible
with the partial order (right).
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f1,3,4,5,6,7,8g
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f1,2,3,4,5,6,8g

f1,3,4,5,6,8g

Remark 2 Actually Habib et al. (2001) show a stronger result, namely that the factor n
in the time and space complexity can be reduced to the width of the partial order.

f1,2,3,4,5,6,7g

f1,3,4,5,6,7g

ϕ(Y
b )=

X

v∈Y
Y \{v}∈D

X⊆Y

X


F Y \ {v} ,

8

ϕ(X) ,

for Y ⊆ N .
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(1)

Denote by 2N the power set of N and by R the set of real numbers. For a function
ϕ : 2N → R the zeta transform of ϕ over the subset lattice (2N , ⊆) is the function ϕ
b : 2N → R
defined by

2.3 Fast Zeta Transforms

Remark 5 In the worst case the number of downsets is 2n . We are not aware of any
algorithm that would compute the exact number of linear extensions faster than in O(n2n )
time in the worst case. As the problem is #P-complete (Brightwell and Winkler, 1991),
there presumably is no polynomial time exact algorithm for the problem. It is possible to
approximate the count to within any relative error ε > 0, roughly, in O(ε−2 n5 log3 n) time
(see Sect. 4 of Bubley and Dyer, 1999). Unfortunately, the large hidden constants and the
large degree of the polynomial render the approximation algorithms impractical even for
moderate values of ε. It is also known that the linear extensions of P can be enumerated
in constant amortized time, which enables counting in O(n2 + `(P )) time (Pruesse and
Ruskey, 1994; Ono and Nakano, 2005). However, the enumeration approach to counting is
not feasible when `(P ) is large.

Corollary 4 Given a DAG A on an n-element
set, the number of linear extensions of A

can be computed in O n3 + n|D(P (A))| time and O n|D(P (A))| space.

This result extends to counting the linear extensions of a given DAG A. Namely, we
observe that `(A) equals the number of linear extensions of the partial order P (A) that is
obtained by taking the transitive closure of A and adding the self-loop vv for each node
v ∈ N . The transitive closure can be computed relatively fast, in O(n3 ) time, using the
Floyd–Warshall algorithm.

Theorem 3 Given a partial order P on an n-element set, the number of linear extensions
of P can be computed in O(n|D|) time and space.

we have that F (N ) = `(P ). This result is a special case of Lemma 18 that will be given in
Section 5.2. Because the covering graph provides us with an efficient access to the downsets
and their parents in the covering graph, we have the following result:

F (Y ) =

As a first use of these concepts we consider the problem of counting the linear extensions
of a given partial order P on N . Recall that we denote this count by `(P ). It is immediate
that `(P ) equals the number of paths from the empty set ∅ to the ground set N in the
covering graph of the downset lattice of P . Thus, letting F (∅) = 1 and, recursively for
nonempty Y ∈ D,

f1,2,3,4,5,6,7,8g

f1,2,3,4,5,6g

f5,8g

f1,5,8g

f1,4,5,8g

f1,4,5,6,8g

f1,5g

f5g

f5,6,8g

f1,5,6,8g

f1,3,5,6,8g

f1,4,5,6g

f4,5,6g

f5,6g

f1g

f1,3,4,5,6g

f1,3,5,6g

f1,5,6g

f1,6g

f6g

;

Figure 3: The covering graph of the downset lattice of the partial order shown in Figure 1.

2.2 Downsets and Counting Linear Extensions
Let P be a partial order on a set N . A subset Y ⊆ N is a downset of P if v ∈ Y and uv ∈ P
imply that u ∈ Y . In the literature downsets are sometimes called also order ideals or just
ideals. We denote the set of downsets by D(P ), or shorter D when there is no ambiguity
about the partial order. The downset lattice of P is the set of downsets ordered by inclusion,
(D, ⊆). While we do not define the notion of lattice here, we note that every lattice is a
partially ordered set and thus can be represented by its covering graph, that is, D equipped
with the covering relation. An example of a covering graph is shown in Figure 3. Observe
that in the covering graph a node X is a parent of another node Y if and only if X is
obtained from Y by removing some maximal element of Y , that is, an element of

max Y = u ∈ Y : uv 6∈ P for all v ∈ Y \ {u} .

(Later we may use the notation max Y also for a set Y that is not a downset.)
The following result of Habib et al. (2001) guarantees us an efficient access to the downset
lattice of a given partial order:

JMLR 17(57):1-47

Theorem 1 Given a partial order P on an n-element set, the covering graph of the downset
lattice of P can be constructed in O(n|D|) time and space.
7

b )=
ϕ(Y
b ) = β(Y

X⊆Y
X∈D

X

β(X) ,

for Y ∈ D .
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9

Clearly the set Y can be constructed in O(n2 ) time for a given set Z. This completes the
proof of Theorem 8.

in words, Y consists of all elements of Z whose predecessors also are in Z.

Y = {v ∈ Z : if uv ∈ P , then u ∈ Z} ;

Lemma 11 Let Z ⊆ N . Then D ∩ 2Z = D ∩ 2Y , where the set Y ∈ D is given by

Our algorithm computes ϕ
b in two stages: first, given ϕ, it evaluates β at all downsets of P ;
second, given β, it evaluates ϕ
b at all downsets of P . We have already seen how the second
stage can be computed within the claimed time and space budget (Theorem 6).
The first stage is computationally relatively straightforward, since each X ∈ C contributes to exactly one term β(Y ). Specifically, we can compute the function β by initializing the values β(Y ) to zero, then considering each X ∈ C in turn and incrementing the
value β(Y ) by ϕ(X) for the unique downset Y satisfying X ∈ TY . Using the observation
that Y is the downward-closure of X, as given by Lemma 10, the set Y can be found in
O(n2 ) time. This completes the proof of the first claim of Theorem 8.
Consider then the inflating zeta transform problem. We use the same idea as above,
however, reversing the order of the two stages. Specifically, the algorithm first computes
the zeta transform over the downset lattice D, resulting in the values ϕ(Y
b ) for all Y ∈ D.
Then, the algorithm extends the output function to the domain C using the observation
that the zeta transform is piecewise constant, that is, for any Z ⊆ N we have ϕ(Z)
b
= ϕ(Y
b )
for a unique downset Y :

Now

X∈TY

Lemma 10 Let X ⊆ N . Let Y = {u : uv ∈ P, v ∈ X}, that is, the downward-closure of
X. Then Y ∈ D and X ∈ TY .

Lemmas 9 and 10 imply that for any downset S ∈ D the tails TY : Y ∈ D ∩ 2S
partition the power set 2S . This allows us to split the zeta transform into two nested
summations. Let
X
β(Y ) =
ϕ(X) , for Y ∈ D .

We also have that each subset of the ground set belongs to some tail:

Lemma 9 Let Y and Y 0 be distinct downsets. Then the tails TY and TY 0 are disjoint.

The following lemma shows that the tails are pairwise disjoint.

TY = {X : max Y ⊆ X ⊆ Y } .

The key concept is the tail of a downset Y , which we define as the set interval

Niinimäki, Parviainen, and Koivisto

We prove first the claim for the deflating zeta transform problem. We develop our
algorithm in two stages so as to split the sum in the zeta transform into two nested sums:
the outer sum will be only over the downsets X of P , while the inner sum will gather the
needed terms for each X.

Theorem 8 The deflating zeta transform problem and the inflating zeta transform problem
can be solved in O(n2 |C| + n|D|) time and O(n|C| + n|D|) space.

The proof of this lemma and Lemmas 9–11 below are given in the appendix.
To complete the proof of Theorem 6, it remains to analyze the time and space requirements of the algorithm. The time and space requirement of constructing the covering graph
are within the budget by Theorem 1. Finding a valid ordering takes O(n2 ) time and space
using standard algorithms for topological sorting. Finally, for each Y ∈ D, running the n
steps and storing the values ϕi (Y ) takes O(n) time and space, thus O(n|D|) in total. Note
that the covering graph representation enables constant-time accessing of the downsets
Y \ {vi } for a given downset Y .
Let us then turn to the two more general problems.

Lemma 7 It holds that ϕn (Y ) = ϕ(Y
b ) for all Y ∈ D.

Finally return the values ϕn (Y ) for Y ∈ D. We can show that the algorithm is correct:

To prove this result we consider the following algorithm. First construct the covering
graph of the downset lattice and associate each downset Y with the value ϕ0 (Y ) = ϕ(Y ).
Then find an ordering v1 , . . . , vn of the elements of N such that vi vj ∈ P implies i ≤ j.
Next, for each downset Y and for each i = 1, . . . , n, let

ϕi−1 (Y \ {vi })
if vi ∈ Y and Y \ {vi } ∈ D ,
ϕi (Y ) = ϕi−1 (Y ) +
0
otherwise .

Theorem 6 Given a partial order P on an n-element set and a function ϕ : D → R, the
zeta transform of ϕ over the downset lattice (D, ⊆) can be computed in O(n|D|) time and
space.

We shall introduce two computational problems that concern the evaluation of the zeta
transform in restricted settings where the input function is sparse (has a small support) and
also the output function is evaluated only at some subsets. In the inflating zeta transform
problem we are given a partial order P on N , a function ϕ : D → R from the downsets of P
to real numbers, and an arbitrary collection C of subsets of N . The task is to compute the
zeta transform ϕ
b restricted to C, that is, to compute ϕ(Y
b ) for every Y ∈ C. To make the
formula (1) applicable, we understand that ϕ(X) = 0 for X ∈ 2N \ D. In the deflating zeta
transform problem we are given a partial order P on N , a collection C of subsets of N , and
a function ϕ : C → R. The task is to compute the zeta transform ϕ
b restricted to D. Again,
we understand that ϕ(X) = 0 for X ∈ 2N \ C. Clearly, the problems coincide if we take
C = D, and the resulting transform is known as the zeta transform over the downset lattice.
In these problems we assume that the input function is given as a list of argument–value
pairs (X, ϕ(X)), where X ranges over the domain of the function (i.e., C or D).
We begin with the problem of computing a zeta transform over the downset lattice:
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and Y ∈ D(P ) ⇐⇒ Ȳ ∈ D(P̄ ) .

Remark 12 The zeta transforms studied in this subsection have natural “upward-variants”
where the condition X ⊆ Y is replaced by the condition X ⊇ Y . The presented results
readily apply to these variants, by complementation. Indeed, letting P be a partial order
on N and denoting by Ȳ the complement N \ Y and by P̄ the reversed partial order
{vu : uv ∈ P }, we have the equivalences
X ⊇ Y ⇐⇒ X̄ ⊆ Ȳ
Thus an upward-variant can be solved by first complementing the arguments of the input function, then solving the “downward-variants”, and finally complementing back the
arguments of the output function.
2.4 Random Sampling Variants
The above described zeta transform algorithms compute recursively large sums of nonnegative weights ϕ(Z) each corresponding to a subset Z ⊆ N . Later we will also need a way
to draw independent samples of the subsets Z ⊆ Y , proportionally to the weights. Coincidentally, the introduced summation algorithms readily provide us an efficient way to do
this: for each sample we only need to stochastically backtrack the recursive steps.
We illustrate this generic approach to extend a summation algorithm into a sampling
algorithm by considering the deflating zeta transform problem. Suppose we are given a
partial order P on N , a collection of C of subsets of N , and a function ϕ : C 7→ R. As
an additional input we now also assume a downset Y ∈ D. We consider the problem of
generating a random subset Z ∈ C ∩ 2Y proportionally to ϕ(Z). We show next that this
problem can be solved in O(n) time, provided that the deflating zeta transform has been
precomputed and the intermediate results are stored in memory.
In the first stage the algorithm backtracks the zeta transform over the downset lattice,
as follows. Let Yn = Y . For i = n, n − 1, . . . , 1,

if Yi \ {vi } ∈ D, then with probability βi−1 (Yi \ {vi }) βi (Yi ) let Yi−1 = Yi \ {vi };
otherwise let Yi−1 = Yi .
By the proof of Theorem 6, the resulting set Y1 is a random draw from the subsets in D ∩ 2Y
proportionally to β(Y1 ). This first stage takes clearly O(n) time.
In the second stage the algorithm generates a random set X ∈ TY1 proportionally to
ϕ(X). In this case, the number of alternative options is not constant, and we need an
efficient way to sample from the respective discrete probability distribution. A particularly
efficient solution to this subproblem is known as the Alias method (Walker, 1977; Vose,
1991):
Theorem 13 (Alias method) Given positive numbers q1 , q2 , . . . , qr , one can in O(r) time
construct a data structure, which enables drawing a random i ∈ {1, . . . , r} proportionally to
qi in constant time.

JMLR 17(57):1-47

We can view the list of the terms ϕ(X), for X ∈ TY1 , as an intermediate result, which
has been precomputed and stored in memory using the Alias method. Thus the second
stage takes only O(1) time.
11
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3. Bayesian Learning of Bayesian Networks

In this section we review the Bayesian approach to structure learning in Bayesian networks.
Our emphasis will be on the notion of modularity of the various components of the Bayesian
model. From the works of Friedman and Koller (2003) and Koivisto and Sood (2004) we also
adopt the notion of order-modularity that is central in the partial-order-MCMC method,
which we introduce in the next section.

3.1 The Bayesian Approach to Structure Learning

v∈N

Y

j
).
θ(Dvj | DA
v

(2)

We shall consider probabilistic models for n attributes, the vth attribute taking values in a
set Xv . We will also assume the availability of a data set D consisting of m records over
the attributes. We denote by Dvj the datum for the vth attribute in the jth record. We will
denote by N the index set {1, . . . , n}, and often apply indexing by subsets. For example, if
j
S ⊆ N , we write DSj for {Dvj : v ∈ S} and simply Dj for DN
.
We build a Bayesian network model for the data a priori, before seeing the actual data.
To this end, we treat each datum Dvj as a random variable with the state space Xv . We
model the random vectors Dj = (D1j , . . . , Dnj ) as independent draws from an n-variate
distribution θ which is Markov with respect to some directed acyclic graph G = (N, A),
that is,
θ(Dj ) =

A

Recall that Av = {u : uv ∈ A} denotes the set of parents of node v in G. We call the pair
(G, θ) a Bayesian network, G its structure, and θ its parameter. As our interest will be
in settings where the node set N is considered fixed, whereas the arc set A varies, we will
identify the structure with the arc set A and drop G from the notation.
Because our interest is in learning the structure from the data, we include the Bayesian
network in the model as a random variable. Thus we compose a joint distribution p(A, θ, D)
as the product
Q of a structure prior p(A), a parameter prior p(θ | A), and the likelihood
p(D | A, θ) = j θ(Dj ). Once the data D have been observed, our interest is in the structure
posterior p(A | D), which, using Bayes’s rule, is obtained as the ratio p(A)p(D | A)/p(D),
where p(D | A) is the structure likelihood and p(D) the marginal likelihood. Note that as the
parameter θ is not of direct interest, it is marginalized out. With suitable choices of the
parameter prior, the marginalization can be carried out analytically; we will illustrate this
below in Example 1.
Various quantities that are central in structure discovery, as well as in prediction of yet
unobserved data, can be cast as the posterior expectation
X
f (A)p(A | D)
(3)
E(f | D) =
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of some function f that associates each structure A with a real number, or more generally, an
element of a vector space. For example, if we let f be the indicator function of the structures
where s is a parent of t, then E(f | D) equals the posterior probability that st ∈ A. For
another example, define f in relation to the observed data D and to unobserved data D0
as the conditional distribution p(D0 | D, A). Then E(f | D) equals the posterior predictive

12
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Example 1 (Dirichlet–multinomial likelihood) Suppose that each set Xv is finite. Consider a fixed structure A ⊆ N ×N . For each node v and its parent set Av , let the conditional
j
distribution of Dvj given DA
= y be categorical with parameters θv·y = {θvxy : x ∈ Xv }.
v
Define a distribution θ of Dj as the product of the conditional distributions and observe
that (A, θ) is a Bayesian network. Assign each set of parameters θv·y a Dirichlet prior with

From a computational point of view, the main challenge is to carry out the summation
over all possible structures A, either exactly or approximately. As the number of possible
structures grows very rapidly in the number of nodes, the hope is in exploiting the properties
of both the posterior distribution and the feature. Here, a central role is played by functions
that are modular in the sense that they factorize into a product of “local” factors, one term
per pair (v, Av ), in concordance with the factorization (2).
We define the notion of modularity so that it applies equally to features, structure prior,
and structure likelihood. Let ϕ be a mapping that associates each binary relation R on N
with a real number. We say that ϕ is modular if for each node vQ
there exists a mapping ϕv
from the subsets of N \ {v} to real numbers such that ϕ(R) = v∈N ϕv (Rv ). We call the
functions ϕv the factors of ϕ.
In what follows, the relation R will typically be the arc set of a DAG. For example,
the indicator function for a fixed arc st mentioned above is modular, with the factors fv
satisfying fv (Av ) = 0 if v = t and s 6∈ At and fv (Av ) = 1 otherwise.
Modular structure priors can take various specific forms. For example, a simple prior is
obtained by assigning each node
Q pair uv a real number κuv > 0 and letting the prior p(A)
be proportional to κ(A) = uv∈A κuv . Such prior allows giving separate weight for each
arc according to its prior plausibility. The uniform prior is a special case where κuv = 1
for all node pairs uv. Note that proportionality guarantees
P modularity, since the n factors
of the prior can absorb the normalizing constant c =
A κ(A), for example, by setting
the vth factor to κv (Av )c−1/n . Another example is the prior proposed by Heckerman et al.
0
(1995), that penalizes the distance between A
can be
Qand a user-defined prior DAG A . This
0
0
obtained by letting p(A) be proportional to v∈N κv (Av ) where κv (Av ) = δ |(Av ∪Av )\(Av ∩Av )|
and 0 < δ ≤ 1 is a user-defined constant that determines the penalization strength. Modular
structure priors also enable a straightforward way to bound the indegrees of the nodes.
Indeed, we often consider the case where p(A) vanishes if there exists a node v for which
|Av | exceeds some fixed maximum indegree, denoted by k. Note, however, that modular
structure priors do not allow similar controlling of the outdegrees of the nodes. For a node
v we will call a set S a potential parent set if the prior does not vanish when S is the parent
set of v, that is, p(A) > 0 for some structure A with Av = S. Specifically, if p is modular,
then S is a potential parent set of v if and only if pv (S) > 0.
The following example describes a frequently used modular structure likelihood (Buntine, 1991; Heckerman et al., 1995):

3.2 Modularity and Node Orderings
v∈N y∈XAv

Y Y
x∈Xv

Y Γ(rvxy + mvxy )
Γ(rv·y )
,
Γ(rv·y + mv·y )
Γ(rvxy )

p(θ | A)p(D | A, θ)dθ

v∈N Av ⊆Lv

14
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This factorization enables independent processing of the parent sets for each node, which
amounts to significant computational savings compared to exhaustive enumeration of all
possible structures. A similar factorization can be derived for the conditional posterior
expectation E(f | D, L) of a modular feature f .
Motivated by the savings, Friedman and Koller (2003) addressed the unconstrained
setting where no node ordering is given. They proposed averaging E(f | D, L) over a sample

v∈N Av ⊆Lv

Here the last equality holds because the normalizing constants of the prior cancel out.
Then we use the key implication of the constraint A ⊆ L, namely, that the set of possible
structures A decomposes into a Cartesian product of the sets of potential parent sets Av
for each node v (Buntine, 1991; Cooper and Herskovits, 1992):
,
Y X
Y X
p(D | L) =
κv (Av )λv (Av )
κv (Av ) .
(4)

A

For a demonstration of the computational benefit of modularity, let us consider the
probability (density) of the data D conditioning on the constraint that the unknown DAG
A is compatible with a given linear order L on the nodes. We may express this compatibility
constraint by writing simply L, and hence the quantity of interest by p(D | L). Write first
P
P
X
A⊆L p(A)p(D | A)
A⊆L κ(A)λ(A)
P
P
p(D | L) =
p(A, D | L) =
=
.
p(A)
A⊆L
A⊆L κ(A)

Example 2 (uniform Dirichlet–multinomial model, UDM) In this modular model,
the structure prior is specified by letting κv (Av ) = 1 if |Av | ≤ k, and κv (Av ) = 0 otherwise. The likelihood is the Dirichlet–multinomial likelihood with the equivalent sample size
parameter set to 1 (see Example 1). The maximum indegree k is a parameter of the model.

By a modular model we will refer to a Bayesian model, where both the structure likelihood and the structure prior are modular. We will assume that such a model is represented
in terms of the factors λv and κv of a likelihood λ and an unnormalized prior κ, respectively.
In our empirical study we have used the following simple model:

where rv·y and mv·y are the sums of the numbers rvxy and mvxy , respectively, and Γ is the
gamma function. In an important special case, each parameter rvxy is set to a so-called
equivalent sample size α ≥ 0 divided by the number of joint configurations of x and y (i.e.,
by |Xv | if Av is empty and by |Xv ||XAv | otherwise).

=

Z

parameters rvxy > 0, for x ∈ Xv , and compose the prior p(θ | A) by assuming independence
of the components. Let mvxy denote the number of data records j where Dvj = x and
j
DA
= y. Then
v

distribution p(D0 | D). Note that in this instantiation we allowed the function f depend on
the observed data D, which is only implicitly enabled in the expression (3). The marginal
likelihood p(D) is yet another variant of (3), obtained as the prior expectation E(f ) of the
function f (A) = p(D | A). We will generally refer to the function f of interest as the feature.
p(D | A) =

Niinimäki, Parviainen, and Koivisto
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t=1

At ∼ p(A | D, Lt ) ,

p0 (L | D)p(A | D, L) ∝ p(A | D)`(A) .
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In other words, compared to sampling from the true posterior p(A | D), sampling via node
orderings favors DAGs that are compatible with larger numbers of linear orders. But also a
different interpretation is valid: the DAGs are sampled from the correct posterior under a
modified (order-modular) model where the original, modular structure prior p(A) is replaced
by the order-modular prior that is proportional to p(A)`(A) (as in Example 3). Oftentimes,
the modularity of the structure prior is preferred, as it can express priors that are uniform
over all DAGs (subject to a maximum indegree constraint). That being said, Friedman and
Koller (2003) give supportive arguments also for the other viewpoint.

L⊇A

X

or, more accurately, by an average over several independent samples from p(A | D, Lt ).
Importantly, the latter sampling step, if needed, is again computationally easy thanks to
the fixed node ordering. Thus the difficulty of sampling only concerns the sampling of node
orderings. Friedman and Koller (2003) showed that simple local changes, namely swaps
of two nodes, yield a Markov chain that mixes relatively fast in their sets of experiments.
We omit a more detailed description of the order-MCMC method here, as the method is
obtained as a special instantiation of the method we will introduce in Section 4.
The innocent-looking treatment of node ordering constraints as mutually exclusive
events, however, introduces a “bias” to the estimator. Indeed, it is easy to see that the
samples At will be generated from the distribution

f (At ) ,

where p0 (L | D) ∝ p(D | L)p0 (L) is obtained via p(D | L) by re-modelling the n! possible node
ordering constraints L as mutually exclusive events, assigned with a uniform prior, p0 (L).
In cases where exact computation of the expectation E(f | D, Lt ) is not feasible, it can, in
turn, be approximated by a single evaluation at a sampled DAG,

L1 , L2 , . . . , LT ∼ p0 (L | D) ,

could be obtained with a smaller number of independent samples. Finally, the computation
of q(At ) is avoided by assuming it to be a good approximation to p(At | D) and thus canceling
in the estimator. The performance of structure-MCMC depends crucially on the mixing
rate of the Markov chain, that is, how fast the chain “forgets” its initial state so that the
draws will be (approximately) from p(A | D). The main shortcoming of structure-MCMC is
that the chain may get easily trapped at small regions near local maxima of the posterior.
The order-MCMC method of Friedman and Koller (2003), which we already mentioned
in the previous subsection, aims at better performance by sampling node orderings from
a distribution that is proportional to p(D | L). Compared to the space of DAGs, the
space of node orderings is not only significantly smaller but it also smoothens the sampling
distribution, because for any L the marginal likelihood p(D | L) is a sum over exponentially
many DAGs. The resulting estimator becomes

(5)

T
1X
E(f | D, Lt ) ,
T

of linear orders drawn from a distribution that is proportional to the marginal likelihood
p(D | L), as we will describe in the next subsection. For exact averaging over all linear
orders, Koivisto and Sood (2004) gave exponential-time dynamic programming algorithm.
We will obtain that algorithm as a special case of the algorithm we give in Section 5.
When the modularity is exploited as described above, the actual joint model of the
data and structures does not remain modular. This is essentially because some DAGs are
consistent with fewer linear orders than other DAGs. We will discuss this issue further at
the end of the next subsection. To characterize the model, for which the node-ordering
based methods work correctly, we follow Koivisto and Sood (2004) and call a model ordermodular P
if the likelihood function is modular and the structure prior p(A) is proportional
to κ(A) L⊇A µ(L), for some modular functions κ and µ. Thus an order-modular model
can be interpreted as a “modular” joint model for the structure A and the linear order L.
Note, that if µ(L) > 0 for all linear orders L, then the support of such a prior contains the
same DAGs as the support of the corresponding modular prior determined by κ. We will
also use the terms order-modular prior and order-modular posterior in an obvious manner.
Example 3 (order-modular UDM) In this model, the structure likelihood and the factors κv are as in a modular UDM (see Example 2), and the maximum indegree k is a
parameter of the model. The difference to the modular UDM is that we specify instead an
order-modular prior by letting µ(L) = 1 for all linear orders L on N . Thus the prior p(A)
is proportional to κ(A)`(A).
3.3 Sampling-based Approximations

A1 , A2 , . . . , AT ∼ q(A) ,

We next review the basic sampling-based approaches for structure learning in Bayesian
networks. For a broader introduction to the subject in the machine learning context, we
refer to the survey by Andrieu et al. (2003).
Importance sampling methods provide us with a generic approach to approximate the
expectation E(f | D) by a sample average

t=1

T
1 X f (At )p(At | D)
,
T
q(At )
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where q(A) is some appropriate sampling distribution. It would be desirable that (i) q(A)
is as close to the function |f (At )p(At | D)| as possible, up to a multiplicative constant, and
(ii) that the samples At are independent. In order to compute the average we also need, for
any given sample At , (iii) an access to the value q(At ) either exactly or up to a small error.
If the function q can be evaluated only up to a constant factor, then one typically uses
the self-normalized importance sampling estimate, which is obtained by dividing the sample
average (5) by the sample average of 1/q(At ). In practice, it is possible to simultaneously
satisfy only some of the desiderata (i–iii).
The structure-MCMC method of Madigan and York (1995), in particular, draws the
samples by simulating a Markov chain whose stationary distribution is p(A | D). Thus, while
the sampling distribution tends to p(A | D) in the limit, after a finitely many simulation steps
there is no guarantee about the quality of the sampling distribution. Furthermore, since the
samples are dependent, their number has to be relatively large to obtain the efficiency that
15
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Because the methods we shall consider are based on local moves in the sampling space,
we equip the sampling space with a neighborhood structure. Formally, a neighborhood

Example 5 (parallel bucket orders) A partial order P is a parallel composition of bucket
orders, or parallel bucket order for short, if P can be partitioned into r bucket orders
B 1 , B 2 , . . . , B r on disjoint ground sets. We call two parallel bucket orders P and Q reorderings of each other if their bucket orders can be labelled as P 1 , P 2 , . . . , P r and Q1 , Q2 , . . . , Qr
such that each P j is a reordering of Qj . It is known that the set (equivalence class) of reorderings of a parallel bucket order P is an exact cover on their common ground set (Koivisto
and Parviainen, 2010). Compared to bucket orders, parallel bucket orders make it possible
to obtain better time–space tradeoffs in the context of exact structure discovery. However,
our preliminary calculations (Niinimäki et al., 2011) show that parallel bucket orders are
unlikely to yield substantive advantages in the sampling context.

The next example gives a straightforward extension of bucket orders.
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Example 6 (swap neighborhood) Let P be a (parallel) bucket order on N , and let P
the set of reorderings of P . The swap neighborhood on P is a graph in which the vertex set
consists of the reorderings P and two members Q, R ∈ P are adjacent if Q is obtained from

structure on P is just a graph on P, the adjacency relation specifying the neighborhood
relation. Here, we do not make an attempt to give any specific neighborhood structure that
would be appropriate for an arbitrary exact cover P. Instead, we continue with an example:

Figure 5: Three adjacent states in the space of reorderings of a bucket order of type (3, 3, 2).

6

3

2

Figure 4: All reorderings of a bucket order of type (2, 2) on the node set {1, 2, 3, 4}. Adjacency in the swap neighborhood is indicated by arrows labeled by the corresponding swap operation. Each bucket order is visualized using a Hasse diagram,
with rectangles indicating individual buckets.

4

3

sw

(2
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Example 4 (bucket orders) A partial order B is a bucket order if the ground set admits
a partition into pairwise disjoint sets, B1 , B2 , . . . , Bh , called the buckets, such that uv ∈ B if
and only if u = v or u ∈ Bi and v ∈ Bj for some i < j. Intuitively, the order of elements in
different buckets is determined by the buckets’ order, while within each bucket the elements
are incomparable. We say that the bucket order is of type (b1 , b2 , . . . , bh ), when bi is the size
of Bi . We call the bucket order a balanced bucket order with a maximum bucket size b if
b = b1 = b2 = · · · = bh−1 ≥ bh . Furthermore, we call two bucket orders reorderings of each
other if they have the same ground set and they are of the same type. It is immediate that
the set (equivalence class) of reorderings of a bucket order P constitute an exact cover on
their common ground set (Koivisto and Parviainen, 2010). P
For a later reference, we also
note that the number of downsets of the bucket order is 1 + i (2bi − 1).

We will consider sampling from a state space that consists of partial orders on the node set
N . We will denote the state space by P. The idea is that the states in P partition the set
of all linear orders on N . To this end, we require P to be an exact cover on N , that is, every
linear order on N must be an extension of exactly one partial order P in P. Examples 4
and 5 below illustrate the concept and also introduce the notion of a bucket order, which
is central in our implementation of the proposed methods.

4.1 Sampling Spaces of Partial Orders

Our key idea is to extend the order-MCMC of Friedman and Koller (2003) by replacing
the state space of node orderings by an appropriately defined space of partial orders on the
nodes. Throughout this section we will denote (perhaps counter to the reader’s anticipation)
by π 0 the modular posterior distribution and by π its “biased” order-modular counterpart
that arises due to treating node orderings as mutually exclusive events. Our goal is to
perform Bayesian inference under the modular posterior π 0 . Because our approach is to
sample from the order-modular posterior π, we obtain, as a by-product, also an inference
method for order-modular models. When needed, we will refer to the underlying modular
model by p0 and to the induced order-modular model by p.

4. Sampling Partial Orders
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swap(3,4)
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Figure 6: There are in total six linear orders on the node set {1, 2, 3} and three reorderings
of a bucket order of type (2,1). As shown in the figure, the probability of each
bucket order is the sums of the probabilities of its linear extensions. Observe,
how the bucket orders form an exact cover and hence partition the set of linear
orders into three disjoint subsets.

R by swapping two nodes s, t ∈ N , more formally:
uv ∈ R ⇐⇒ σ(u)σ(v) ∈ Q ,
where σ is the transposition N → N that swaps s and t. Clearly, the swap neighborhood is
connected. See Figures 4 and 5 for an illustration of bucket orders and swap neighborhoods.
For each partial order P in an exact cover P, the posterior probability π(P ) is obtained
simply as the sum of the posterior probabilities π(L) of all linear extensions L of P . This
is illustrated in Figure 6. Note that the choice of the state space P does not affect the
posterior π and consequently leaves the bias untouched. The correction of the bias will be
taken care of separately, as shown in the next subsection.
4.2 Partial-Order-MCMC and Bias Correction
The basic partial-order-MCMC method has three steps. It first samples states from P along
a Markov chain whose stationary distribution is π. Then it draws a DAG from each sampled
partial order. Finally, it estimates the posterior expectation of the feature in interest by
taking a weighted average of the samples. In more detail, these steps are as follows:
1. Sample partial orders along a Markov chain using the Metropolis–Hastings algorithm.
Start from a random partial order P 1 ∈ P. To move from state P t to the next state,
first draw a candidate state P ? from a proposal distribution q(P ? | P t ). Then accept
the candidate with probability


π(P ? )q(P t | P ? )
min 1,
,
π(P t )q(P ? | P t )
and let P t+1 = P ? ; otherwise let P t+1 = P t . This produces a sample of partial orders
P 1 , P 2 , . . . , P T . Each move constitutes one iteration of the algorithm.

JMLR 17(57):1-47

2. Sample DAGs from the sampled partial orders. For each sampled partial order P t ,
draw a DAG At compatible with P t from the conditional posterior distribution
π(At | P t ). This produces a sample of DAGs A1 , A2 , . . . , AT .
19
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X f (At )
`(At )

t

t

X

1
`(At )

3. Estimate the expected value of the feature by a weighted sample average. Return
,
fMCMC =

as an estimate of Eπ0 (f ). Recall that `(At ) is the number of linear extensions of At .

L⊇P t A⊆L

X X

p0 (A, D) .

(6)

Several standard MCMC techniques can be applied to enhance the method in practice.
Specifically, it is computationally advantageous to thin the set of samples P t by keeping
only, say, every 100th sample. Also, it is often a good idea to start collecting the samples
only after a burn-in period that may cover, say, as much as 50% of the total allocated
running time. On the other hand, we can compensate these savings in step 2 of the method
by drawing multiple, independent DAGs per sampled partial order P t , which can improve
considerably the estimate obtained in step 3. We will consider these techniques in more
detail in the context of our empirical study in Section 6.
It is worth noting that access to the exact posterior probabilities π(P t ) are not needed
in step 1. It suffices that we can evaluate a function g that is proportional to π. An
appropriate function is given by
g(P t ) =

We will see later that the modularity of the model p0 enables fast computation of g(P t ).
We can show that under mild conditions on the proposal distribution q, the Markov
chain constructed in step 1 converges to the target distribution π(P ), and consequently, the
estimate fMCMC tends to Eπ0 (f ) as the number of samples T grows. In the next paragraphs
we justify these two claims.
For the first claim it suffices to show that the chain is irreducible, that is, from any
state P the chain can reach any other state P ? with some number of moves (with a positive
probability). In principle, this condition would be easily satisfied by a proposal distribution
q(P ? | P ) whose support is the entire P for every P . From a practical point of view,
however, it is essential for good mixing of the chain to have a proposal distribution that
concentrates the proposes locally to a few neighbors of the current state P . In that case
it is crucial to show that the induced neighborhood graph on P is strongly connected,
thus implying irreducibility of the chain. In the order-MCMC method, connectedness was
obtained because any two node orderings can be reached from each other by some number
of swaps of two nodes. It is easy to see that this proposal distribution applies to partial
orders as well, only noting that some swaps of nodes may result in partial orders that are
outside the fixed state space P and must thus be rejected (or avoid proposing). Rather than
pursuing the issue in full generality, we extend the swap proposal for the sampling space of
parallel bucket orders:

JMLR 17(57):1-47

Example 7 (swap proposal for parallel bucket orders) Consider the set of reorderings P and the swap-neighborhood described in Example 6. For any P ∈ P, let the conditional proposal distribution q(P ? | P ) be uniform over the neighbors P ? of P (and vanish
otherwise). Note that it is possible to sample directly from this conditional distribution by
drawing two nodes s, t that belong to the same part but different buckets in the partition
of N , uniformly at random, and proposing the swap of s and t.

20

P ∈P L⊇P

L

for a given DAG

At .

21
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Tempering techniques can enhance mixing of the chain and, as a byproduct, they also offer
a good estimator for the marginal likelihood p(D). Here we consider one such technique,
Metropolis-coupled MCMC (MC3 ) (Geyer, 1991). In MC3 , several Markov chains, indexed

4.3 Metropolis-coupled Markov Chain Monte Carlo (MC3 )

We will see in Section 5 that this problem can be computed in almost the same way as the
unnormalized posterior probability of P t , which justifies the label (a’).

(a’) Expectation of a modular feature: Compute Eπ (f | P t ) for a given partial order P t .

We will see that problems (a) and (b) can be solved in time that scales, roughly, as C + |D|,
where C is the total number of potential parent sets and |D| is the number of downsets of
the partial order P t .
The problem (c) of counting the linear extensions was already discussed in Section 2,
Corollary 4. We note that if the target model is order-modular, then there is no need to
compute the terms `(At ), as no bias correction is needed. Moreover, for an order-modular
model also the DAG sampling step can be avoided if the interest is in a modular feature f .
Namely, then the estimate is obtained simply as an average of the conditional expectations
Eπ (f | P t ), which gives us one more problem to solve:

(c) Number of linear extensions: Compute

`(At )

(b) Sample DAGs: Draw a DAG At from π(At | P t ) for a given partial order P t .

(a) Unnormalized posterior: Compute g(P t ) for a given P t .

and that the average of the f (At )/`(At ) tends to the ratio Eπ0 (f )/c. This implies that
fMCMC approaches Eπ0 (f ) as the number of samples T grows.
The computational complexity of partial-order-MCMC is determined, in addition to the
number of samples T , by the complexity of the problems solved for each sampled partial
order P t and DAG At . These problems—of which analysis we postpone to Section 5—are:

A

Here the last equation holds because P is an exact cover on N ; and the last proportionality
holds because π(L, A) vanishes if L is not an extension of A, and is otherwise proportional
to π 0 (A). The ergodicity now guarantees that the average of the 1/`(At ) tends to the
expectation Eπ (1/`(At )) = 1/c, where
X
c=
π 0 (A)`(A) ,
(7)

P ∈P
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The transition kernels τi are constructed by a simple Metropolis–Hastings move: At state
Pi−1 a candidate state P? is drawn from a proposal distribution q(P? | Pi−1 ); the candidate
is accepted as the state Pi with probability


gi (P? )q(Pi−1 | P? )
min 1,
,
gi (Pi−1 )q(P? | Pi−1 )

Generate PK−1 from PK−2 using τK−1 .

Generate P1 from P0 using τ1 .
..
.

Generate P0 from π0 .

AIS produces independent samples of partial orders P 1 , P 2 , . . . , P T and associated importance weights w1 , w2 , . . . , wT . Like in MC3 , a sequence of distributions π0 , π1 , . . . , πK is
introduced, such that sampling from π0 is easy, and as i increases, the distributions πi provide gradually improving approximations to the posterior distribution π, until finally πK
equals π. In our experiments we have used the same scheme as for MC3 , however, with a
much larger value of K. For each πi we assume the availability of a corresponding function
gi that is proportional to πi and that can be evaluated fast at any given point.
To sample P t , we first sample a sequence of partial orders P0 , P1 , . . . , PK−1 along a
Markov chain, starting from π0 and moving according to suitably defined transition kernels
τi , as follows:

4.4 Annealed Importance Sampling (AIS)

We note that each πi needs to be known only up to some constant factor, that is, it suffices
that we can efficiently evaluate a function gi that is proportional to πi . By using samples
from the coolest chain only, an estimate of the expectation Eπ0 (f ), which we denote by fMC3 ,
is obtained by following steps 2 and 3 of the partial-order-MCMC method. In Section 4.5
we will show that, by using samples from all chains, we can also get good estimates of the
marginal likelihood p0 (D). This technique is a straightforward extension of the technique
for estimating p(D).

are used. For instance, Geyer and Thompson (1995) suggest harmonic stepping, βi =
1/(K + 1 − i); in our experiments we have used linear stepping, βi = i/K.
In addition to running the chains in parallel, every now and then we propose a swap
of the states Pi and Pj of two randomly chosen chains i and j = i + 1. The proposal is
accepted with probability


πi (Pj )πj (Pi )
min 1,
.
πi (Pi )πj (Pj )

0 ≤ β0 < β1 < · · · < βK = 1

by 0, 1, . . . , K, are simulated in parallel, each chain i having its own stationary distribution
πi . The idea is to take π0 as a “hot” distribution, for example, the uniform distribution,
and then let the πi be increasingly “cooler” and closer approximations of the posterior π,
putting finally πK = π. Usually, powering schemes of the form

We then turn to the second claim that the estimate tends to the posterior expectation
of the feature. We investigate the behavior of the estimate fMCMC . By the properties of
the Markov chain we may assume that the P 1 , P 2 , . . . , P T are an ergodic sample from
π(P ), that is, any sample average tends to the corresponding expected value as T grows.
Consequently, the A1 , A2 , . . . , AT are an ergodic sample from the biased posterior
X
X X
X
π(A) =
π(P ) π(A | P ) =
π(P, L, A) =
π(L, A) ∝ π 0 (A)`(A) .
π i ∝ π βi ,
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g1 (P0 ) g2 (P1 )
gK (PK−1 )
···
.
g0 (P0 ) g1 (P1 )
gK−1 (PK−1 )

(8)

and otherwise Pi is set to Pi−1 . It follows that the transition kernel τi leaves πi invariant.
Finally, we set P t = PK−1 and assign the importance weight as
wt =

X t f (At )
w
`(At )

t

X wt
.
`(At )

t

We then generate a DAG At from each P t as in step 2 of the partial-order-MCMC
method. An estimate of Eπ0 (f ) is given by
,
fAIS =

To see that this self-normalized importance sampling estimate is consistent, we examine
separately the expected values of the numerator and the denominator, and show that their
ratio equals Eπ0 (f ). To this end, consider a fixed t and any function h of partial orders.
t and the
Denote by q the joint sampling distribution of the partial orders P0t , P1t , . . . , PK
DAG At . The general result of Neal (2001) implies the following: Let ρ denote the ratio of
the normalizing constants of gK and g0 . Then



t
t
t
Eq wt h(PK
)
=
ρ
·
E
and
E
π h(PK )
q w = ρ.



t ) = E w t E (h0 (At ) | P t )
Using the fact that Eq wt h0 (At ) = Eq wt Eq (h0 (At ) | P0t , . . . , PK
q
π
K
and applying the above result with a particular choice of the functions h and h0 yields








f (At )
ρ
f (At )
f (At )
t
Eq wt ·
= Eq wt · Eπ
= · Eπ0 f (At ) ,
PK
= ρ · Eπ
`(At )
`(At )
`(At )
c

1X 1
T t `(At )

.

where c is, as given before in (7), the normalizing constant of π 0 (A)`(A). From this we also
see that the expected value of each term in the denominator in (8) equals ρ/c. Thus the
ratio of the expectations is Eπ0 (f ) as desired.

4.5 Estimating the Marginal Likelihood

K−1
Y

i=0

1 X gi+1 Pit

T t gi Pit

=

ci+1
ci

and

Eπ

1
`(At )

=

c0
.
cK
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We now turn to the estimation of the marginal likelihood p0 (D) using samples produced
by either MC3 or AIS. We will view p0 (D) as the normalizing constant of the function
g 0 (A) = p0 (A, D), and denote the constant by c0 for short. We will estimate c0 indirectly, by
estimating a ratio ρ0 = c0 /c0 , where c0 is another normalizing constant that we can compute
exactly. In fact, c0 will be the normalizing constant g0 /π0 , and in general, we will denote
by ci the normalizing constant gi /πi .
With a sample generated by MC3 , our estimate for the marginal likelihood is obtained,
in essence, as a product of estimates of the ratios ci+1 /ci , as given by
!
!
0
ρMC3
=

gi+1 Pit

gi Pit

To see that the estimate is asymptotically unbiased, observe first that
!


Eπi

23

P
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g(P ) =

L A⊆L

p0 (A, D) = p0 (D)

A


Here the former equation is easy to verify. For the latter we recall that Eπ 1/`(At ) = 1/c
and write the normalizing constant of gK = g using (6) as
X
XX
X
π 0 (A)`(A) = c0 c .
cK =

1 X wt
.
T t `(At )

Now, if the estimates were independent and, moreover, the samples Pit were exactly from
0
πi , then ρMC3
would be an unbiased estimate of the marginal likelihood. While neither
condition is satisfied in our case, the ergodicity of the chains guarantees that each estimate,
and thereby their product, is asymptotically unbiased.
With a sample generated by AIS, our estimate for the marginal likelihood is
0
ρAIS
=

It is not difficult to see that this estimate is unbiased. Namely, we have already seen that
the expected value of this estimate is ρ/c, where ρ = cK /c0 . Because we just showed that
1/c = c0 /cK , we obtain ρ/c = c0 /c0 = ρ0 , as desired.
The AIS-based estimate has two main advantages over the MC3 -based estimate. One is
that we can use a fairly large number of steps K in AIS, which renders the estimate more
accurate. In MC3 we have to use a much smaller K to reserve time for simulating each
chain a large number of steps. A smaller K is expected to yield less accurate estimates. The
other advantage of the AIS-based estimate stems from the unbiasedness and independence
of the samples. Indeed, these two properties allow us to compute high-confidence lower
bounds for the marginal likelihood. We will make use the following elementary theorem; for
variations and earlier uses in other contexts, we refer to the works of Gomes et al. (2007)
and Gogate and Dechter (2011).

Theorem 14 (lower bound) Let Z1 , Z2 , . . . , Zs be independent nonnegative random variables with mean µ. Let 0 < δ < 1. Then, with probability at least 1 − δ, we have

δ 1/s min{Z1 , Z2 , . . . , Zs } ≤ µ .

Proof By Markov’s inequality, Zi > δ −1/s µ with probability at most δ 1/s , for each i.
Taking the product gives that min{Z1 , Z2 , . . . , Zs } > δ −1/s µ with probability at most δ. To
complete the proof, multiply both sides by δ 1/s and consider the complement event.

We apply this result by dividing our T samples into s bins of equal size and letting Zi
be the estimate of the marginal likelihood based on the samples in the ith bin. There is a
tradeoff in choosing a good value of s. Namely, to obtain good individual estimates Zi , we
would like to set s as small as possible. On the other hand, we would like to use a large s
in order to have a slack factor δ 1/s as close to 1 as possible. The following examples show
two different ways to address this tradeoff.
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Example 8 (slack-2 lower bound) Put δ = 2−5 = 0.03125 and s = 5. Then δ 1/s = 1/2.
√
Example 9 (square-root lower-bounding scheme) Put δ = 2−5 and s = b T c for T
samples. Then δ 1/s grows with T , being 2−1 , 2−1/2 , 2−1/4 at T = 25, 100, 400, respectively.
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We also consider the following variant of the DAGE problem, which we call the arc
probabilities problem. Our input is as in the DAGE problem. For a pair of nodes s, t ∈ N ,

Theorem 16 (DAG sampling) Given a partial order P on N , a modular nonnegative
function ϕ over N , and a number T > 0, we can draw
T independent DAGs

 A on N
proportionally to ϕ(A)`(A ∪ P ) in O n2 (C + |D| + T ) time and O nC + n2 |D| space.

To address problem (b), we define the DAG sampling problem as follows. Our input is
as in the DAGE problem, except that we are also given a number T . Our task is to sample
T independent DAGs from a distribution that is proportional to ϕ(A)`(A ∪ P ). Observe
that ϕ(P ) can be written as a sum of ϕ(A)`(A ∪ P ) over all DAGs A on N . Problem (b)
reduces to the DAG sampling problem in an obvious manner.
In Section 5.3 we prove:

Theorem 15 (DAG-extensions) Given a partial order P on N and a modular
function

ϕ over N , we can compute ϕ(P ) in O n2 (C + |D|) time and O n(C + |D|) space.

We denote by C the sum of the sizes |Cv |, and by D the set of downsets of P .
Problems (a) and (a’) reduce to the DAGE problem: We obtain the unnormalized
posterior probability g(P ) as ϕ(P ) by letting ϕ(A) = κ(A)λ(A). The collections Cv consists
of the potential parent sets of node v. Similarly, we obtain the expectation Eπ (f | P ) of a
modular feature f as a ratio ϕf (P )/g(P ) by letting ϕf (A) = f (A)κ(A)λ(A).
In the next subsection we prove:

We shall derive solutions to the computational problems (a), (b), and (a’) of Section 4.2
as specific instantiations of slightly more abstract problems concerning modular functions.
Recall that the problem (c) was already discussed in Section 2.
We abstract the core algorithmic problem underlying problems (a) and (a’) as what we
call the DAG-extensions (DAGE) problem, defined as follows. As input we are given a
modular function ϕ that associates each DAG on N with a real number. We assume that
each factor ϕv , for v ∈ N , is given explicitly as a list of argument–value pairs (X, ϕv (X))
where X runs through some collection Cv of subsets of N \ {v}. We further assume that
the factor vanishes outside this collection. As input we are also given a partial order P on
N . Our task is to compute the value ϕ(P ) defined by
X X
ϕ(P ) =
ϕ(A) .

5.1 Problems and Results

In the previous section we encountered a number of computational problems associated with
each sampled partial order and DAG (see the end of Section 4.2). In this section we give
algorithms to solve those problems. We begin by formulating the computational problems
and stating the main results in Section 5.1. The proofs are given in Sections 5.2–5.4. Finally,
in Section 5.5 we discuss the possibility to reduce the time and space requirements in certain
special cases that are relevant for the present applications.

5. Per-Sample Computations
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0
if t = v and s ∈
/ Av ,
ϕv (Av ) otherwise .

L⊇P v

XY

X

αv (Lv ) ,

where

αv (Lv ) =

Av ⊆Lv

X

ϕv (Av ) .

(9)

v∈Y
Y \{v}∈D



αv Y \ {v} F Y \ {v} .

(10)

Lemma 18 We have F (N ) = ϕ(P ).
26
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Lemma 18 below shows that F (N ) = ϕ(P ). Thus ϕ(P ) can be evaluated in O(n|D|) time
and space using the covering graph of the downset lattice (Theorem 1).

F (Y ) =

This expression is obtained by applying the same decomposition that was used to obtain
factorization (4). In the first phase of the algorithm, we compute the values αv (Lv ) for each
v ∈ N and every relevant subset Lv ⊆ N \ {v}—we will see that only the downsets of P
can be relevant. In the second phase, we compute the sum over all linear extensions of P
by dynamic programming across the downsets of P , now assuming efficient access to each
(precomputed) value αv (Lv ).
Let us first consider the first phase for a fixed node v. We observe that the problem of
computing the values αv (Y ) for all downsets v 6∈ Y ∈ D reduces trivially to the deflating
zeta transform problem, and can thus, by Theorem 8, be solved in O(n2 |Cv | + n|D|) time
and O(n(|Cv | + |D|)) space. Summing the time bounds over the n nodes yields a time bound
of O(n2 (C + |D|) in total. Because the working space can be reused for different nodes v,
the space requirement is dominated by the input and the output size, which is O(n(C + |D|)
in total.
Consider then the second phase. Define the function F from D to real numbers by
letting F (∅) = 1 and for nonempty Y ∈ D recursively:

ϕ(P ) =

We prove Theorem 15 by giving an algorithm that evaluates ϕ(P ) in the claimed time and
space. The algorithm consists of two phases, which stem from the sum–product expression

5.2 Proof of Theorem 15

Theorem 17 (arc probabilities) Given a partial order P on N and a modular function
st
ϕ over N , we can compute
pair of two nodes s, t ∈ N simulta the values ϕ (P ) for every

neously in O n2 (C + |D|) time and O n(C + |D|) space.

Our task is to compute the values ϕst (P ) for all node pairs st. This problem models the
task of computing the posterior probabilities of all arcs: we see that ϕst (P )/g(P ) equals
Eπ (f ) when we set ϕ(A) = κ(A)λ(A), and f (A) = 1 if st ∈ A and f (A) = 0 otherwise.
In Section 5.4 we prove:

ϕst
v (Av ) ≡

define ϕst as the modular function obtained from ϕ by setting each factor as
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L⊇P [Y ] v∈Y

Proof For any subset Y ⊆ N denote by P [Y ] the induced partial order {xy ∈ P : x, y ∈ Y }.
We show by induction on the size of Y that
X Y
αv (Lv ) ,
F (Y ) =

X

u∈max Y

L0 ⊇P [Y \{u}] v∈Y \{u}



αu Y \ {u} F Y \ {u} ,

where the sum is over all linear extensions of P [Y ].
For the base case, consider an arbitrary singleton Y = {v} ∈ D. From the definition we
get that F (Y ) = αv (∅)F (∅) = αv (∅). Likewise, the induction claim evaluates to F (Y ) =
αv (∅), as P [Y ] = {vv}.
For the induction step, let ∅ =
6 Y ∈ D. We write the induction claim as
X Y
X
X
Y

αv (Lv0 )
αv (Lv ) =
αu Y \ {u}
L⊇P [Y ] v∈Y

=
u∈Y
Y \{u}∈D

which equals F (Y ) by the recursive definition (10).

5.3 Proof of Theorem 16
Consider the following algorithm. First solve the corresponding instance of the DAGE
problem as described in the proof of Theorem 15. Store
the intermediate results

 in the way
described in Section 2.4. This takes O n2 (C + |D|) time and O nC + n2 |D| space. (Now
we do not reuse the space.)
Then, to generate one of the T independent samples, do the following:
Q
1. Generate a random linear extension L ⊇ P proportionally to v αv (Lv ) by stochastically backtracking the recurrence (10). Using the Alias method (Theorem 13) this
takes only O(n) time and space, since there are n recursive steps.
2. For each node v ∈ N , generate a random parent set Av ∈ Cv ∩ 2Lv by stochastically
backtracking the deflating zeta transform as described in Section 2.4. This takes
O(n2 ) time and space by the arguments given in Section 2.4.
3. Output the obtained DAG A.
Thus the algorithm has the claimed complexity in total.
5.4 Proof of Theorem 17
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We will derive an algorithm that solves the problem in the claimed time and space. The
algorithm extends the forward–backward algorithm of Koivisto (2006) to accommodate the
partial order constraint.
Let the functions αv , for each node v ∈ N , be as defined in the proof of Theorem 15.
Define the “forward” function F : D → R as in definition (10), that is, by letting F (∅) = 1
27

and, recursively,
F (Y ) =





F Y \ {v} αv Y \ {v} ,

for ∅ ⊂ Y ∈ D .
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X

v∈Y
Y \{v}∈D

X


ϕtst (At )

Y

v6=t

for At ∈ Ct .

ϕt (At ) γt (At ) .

αv (Lv )

=

X

At ⊆N \{t}

ϕtst (At )

Y

L⊇P
Lt ⊇At

v6=t

zX Y
}|

Denote by γt0 (At ).

{
αv (Lv ) .

(11)

Likewise, define the “backward” function B : D → R by letting B(N ) = 1 and, recursively,
X


αv Y B Y ∪ {v} , for N ⊃ Y ∈ D .
B(Y ) =

v∈N \Y
Y ∪{v}∈D

s∈At ∈Ct

X

Furthermore, for each node t ∈ N , let
X


F Y B Y ∪ {t} ,
Y ∈D
Y ⊇At

ϕst (P ) =

γt (At ) =

Lemma 19 It holds that

X



At ⊆Lt

Proof Consider a fixed pair of nodes s, t ∈ N . Starting from (9), write
ϕst (P ) =

L⊇P

=

X



X

Y

L0 ⊇P [Lt ] v∈Lt

X

L0 ⊇P [N \Lt+ ] v∈N \Lt+

αv (Lv0 )

F (Lt ) =

Y

L0 ⊇P [Lt ] v∈Lt

X

L0 ⊇P [N \Lt+ ] v∈N \Lt+

αv (Lv0 ∪ Lt+ ) ,

αv (Lv0 ∪ Lt+ ) .
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is a shorthand for Lt ∪ {t}. To complete the proof, we have to show that
X Y
αv (Lv0 )

Lt ⊇At
Lt ∈D

Note, that ϕtst (At ) vanishes unless s ∈ At and otherwise equals ϕt (At ), which in turn
vanishes unless At ∈ Ct . Thus, it remains to show that the just-introduced function γt0
equals γt . To see this, we split the sum over L ⊇ P and Lt ⊇ At into two nested sums
that first iterate over Lt ⊇ At such that Lt ∈ D and then over Lv for v 6= t. Furthermore,
once Lt is fixed in the outer sum, then the inner sum must have Lv ⊂ Lt for v ∈ Lt and
Lv ⊇ Lt ∪ {t} for v ∈ N \ (Lt ∪ {t}). The inner sum can thus be split into two independent
sums, as follows:



γt0 (At )

where Lt+

and
B(Lt+ ) =

28

29
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We have formulated our results in a very general setting where (i) the collections Cv of
potential parent sets can be arbitrary for each node v, and (ii) the partial order P can be
arbitrary. In our bounds for the time and space requirements we have paid a relatively high
cost for this generality: in many cases we obtained a running time bound of O(n2 (C + |D|)).
It appears that these bounds can be reduced significantly if we restrict (i’) the parent set
collections to all sets of size at most some maximum indegree k, and (ii’) the partial orders
to bucket orders. This restricted setting was, in fact, considered already by Koivisto and
Sood (2004, Theorem 12), who showed that (using our terminology) the DAGE problem can
be solved in O(C + n2b ) time, when the maximum bucket size is b. We note that this bound
hides a factor that is linear in k. For the term that depends on the number of downsets,
the improvement is thus from about n2 (n/b)2b to n2b , assuming a balanced bucket order
(see Example 4). We have observed that in this restricted setting similar improved bounds
can be obtained also for the DAG sampling problem and for the arc probabilities problem
(we omit details).

5.5 Special Cases: Regular Parent Set Collections and Bucket Orders

The complexity of the first two steps is clearly within the claimed budget—these steps
are essentially the same as in our algorithm for the DAGE problem.
Step 3a is the upward-variant of the inflating zeta transform problem and can thus,
by Theorem 8 and Remark 12, be solved in O(n2 |Ct | + n|D|) time, for each t. This gives
O(n2 (C + |D|)) time in total. The space requirement is, again, clearly within the claimed
budget, since the same space can be reused for different nodes t.
Step 3b takes only O(n|Ct |) time for each t, thus O(nC) in total. The additional space
requirement is negligible.

Compute ϕst (P ) using (11).

(b) For each s ∈ N \ {t}:

(a) Compute γt (At ) for all At ∈ Ct .

3. For each t ∈ N :

2. Compute F (Y ) and B(Y ) for all Y ∈ D.

1. Compute αv (Y ) for all (v, Y ) ∈ N × D.

Algorithm AllArcs
Input: partial order P on N and ϕv (Av ) for (v, Av ) ∈ N × Cv .
Output: ϕst (P ) for all pairs s, t ∈ N .

We arrive at the following algorithm:

The first equation follows directly from the proof of Lemma 18. The proof for the second
equation is analogous, and is thus not repeated here.
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2. The program BEANDisco, written in C++, is publicly available at
www.cs.helsinki.fi/u/tzniinim/BEANDisco/.
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Proposal distribution. We employed swap proposals, as described in Example 7.

Sampling space. The sampling space was set to the balanced bucket orders of maximum
bucket size b (see Example 4). Separately for each data, we set the parameter b to
a value as large as possible, subject to the condition that its impact to the running
time is no more than about 2 times the impact of the terms that do not depend on b.
Table 1 shows the obtained values. Note that linear orders correspond to the special
case of b = 1.

We made the following implementation choices in the MCMC method:

6.2 Implementation Details

Table 1 lists the data sets used in our experiments. The Flare, German, Mushroom, and
Spambase data sets are obtained from the UCI Machine Learning Repository (Lichman,
2013). The Alarm data set was generated from the Alarm network (Beinlich et al., 1989).
Of the Mushroom data set we used both the whole data set and a subsample consisting
of 1000 randomly selected records of the data set. We will refer to these two versions as
Mushroom-8124 and Mushroom-1000. The data set with the fewest attributes, Flare, was
used only for examining the performance of the bias correction method of Ellis and Wong
(2008).
For each data set we employed the modular and the order-modular uniform Dirichlet–
multinomial model described in Examples 2 and 3. In these models we set the maximum
indegree parameter k to 4 for all data sets, except for Spambase, for which we set the value
to 3 in order to keep the per-sample computations feasible.
We focus on the estimation of the arc posterior probabilities and the marginal likelihood
of the model. For comparison purposes, we also computed exact values of these quantities
on the Flare, German, and Mushroom data sets using the algorithms of Koivisto and Sood
(2004; 2006) and Tian and He (2009).

6.1 Data Sets, Model Parameters, and Features of Interest

We have implemented the proposed partial-order-MCMC method, including the extensions
based on MC3 and AIS, for the special case of bucket orders (see Examples 4–7).2 We will
refer to these three variants of the methods simply as MCMC, MC3 , and AIS. This section
reports experimental results on a selection of data sets of different characteristics. Details of
the data sets and the employed Bayesian models are given in Section 6.1. Implementation
details of the computational methods are given in Section 6.2.
We aim to answer four main questions: Does sampling partial orders provide us with
a significant advantage over sampling linear orders? How accurate is AIS as compared to
MC3 ? Does the bias correction approach (i.e., scaling by the number of linear extensions)
work in practice? How well can we estimate and lower bound the marginal likelihood of the
model? We address these questions in Sections 6.3–6.6, respectively.

6. Experimental Results
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n
1066
1000
8124
4601
1000

m
4
4
4
3
4

k
–
7
7
9
10

b
1
4
4
4
4

CPU time
–
1.0 × 108
9.6 × 107
9.6 × 106
6.3 × 106

Number of iterations
Linear orders Bucket orders
6.1 × 108
2.4 × 108
1.9 × 108
1.5 × 107
1.0 × 107

Linear order

−17120
−17130
−17140
−17150
−17160
−17170
−17100
−17110
−17120
−17130
−17140
−17150
1s

1h

MCMC

1 min

1s

1h

MC3 (K=3)

1 min

4d

1s

1 min

1h

MC3 (K=15)
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4d

1s

1h

MC3 (K=63)

1 min

4d
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We first compared the effect of the sampling space—whether linear orders or bucket orders—
to the mixing rate and convergence speed of the Markov chains. We did this for the basic
MCMC as well as for MC3 with varying number of temperature levels K (Figures 7–9). We
found that on the German and Alarm data sets the two sampling spaces perform about

6.3 Advantage of Partial Orders

We will mainly examine the methods’ performance as functions of running time. For
visualization purposes we did a second round of thinning by an additional factor of 10. Note
however that this additional thinning does not affect the estimates, which are based on the
full set of samples obtained after the first round of thinning.

Number of iterations along the coolest chain. For AIS we ran K/4 iterations along the
coolest chain. Here the rationale is that collecting a large number of samples from the
coolest chain is relatively cheap in comparison to the long annealing schedule. Note
that thinning concerns only these K/4 iterations.

swaps are computationally cheap and improve mixing considerably especially when K
is large.

Figure 7: Mixing and convergence of MCMC and MC3 on the German data set, for linear
orders (top) and bucket orders (bottom). Each panel shows the traces of 7 independent runs (thin pale lines), that is, the natural logarithm of the unnormalized
posterior probability of the visited state (y-axis) as a function of the time elapsed
(x-axis). The cumulative maximum of these values are also shown for all the 7
runs (thick dark lines). If mixing is good, then all 7 runs should quickly converge
to approximately same posterior probability levels. This seems to be the case
in all eight panels. Note that posterior probabilities of linear orders and bucket
orders are not directly comparable.

Bucket order
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Name
13
20
22
58
37

d
d
d
d
d

Flare
German
Mushroom
Spambase
Alarm
Table 1: Data sets and basic parameters used in the experiments. Abbreviations: number
of attributes n, number of data records m, maximum indegree k, maximum bucket
size b.

Burn-in iterations. Always 50% of the samples were treated as burn-in samples that were
not included in the estimates of the quantities of interest.
Thinning. We included only every 1024th of the visited states in the final sample.
Number of DAG samples. Per sampled partial order (after thinning), we draw as many
independent DAGs as was possible within 25% of the time needed for sampling the
partial order (i.e., 1024 partial orders due to thinning). In order to ensure that the
varying per-DAG processing time does not cause any bias, the DAGs were drawn
in two phases: First, 10% of the time budget is used to get an estimate T 0 for the
number of DAGs that can be drawn within the remaining time budget. Then, exactly
T 0 DAGs are drawn for the use of the algorithm.
Running time. Per configuration we allowed a total running time of 4 days (excluding the
additional time used to sample the DAGs), except for the Flare data set, for which
we only ran some of configurations and at the maximum of 1 day. Table 1 shows
the approximate total number of iterations made, both for linear orders and bucket
orders.
Independent runs. We ran each configuration 7 times, starting from states drawn independently and uniformly at random.
In addition to the above choices, we made the following additional choices in the MC3
and AIS methods:
Tempering scheme. We used the linear stepping scheme. For MC3 we varied the number of
temperature levels K in {3, 15, 63}, and the thinning factor was reduced to 1024/(K +
1) correspondingly. For AIS we set the number of levels proportionally to the data
size, K = K 0 mn where the factor K 0 varied in {1/4, 1, 4}. These values were found
by preliminary experiments (results not shown).
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Number of chain swap proposals. For MC3 swaps of adjacent chains were proposed 1000×K
times every time before moving all the chains one step. Here the rationale is that chain
31

German

Mushroom-1000

1h

1s

1h

1 min

1h

MC3 (K=3)

1 min

4d

4d

1s

1s

1h

1 min

1h

MC3 (K=15)

1 min

4d

4d
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1s
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3

MC (K=63)

4d
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MCMC
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MC3 (K=3)
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equally well. On both these data sets, the chains seem to converge within a couple of
minutes. We also observe that that tempering is not particularly beneficial. The results
confirm that linear orders can perform very well on some data sets. The harder data
sets, Mushroom and Spambase, on the other hand, separate the two sampling spaces: the
performance of bucket orders is superior to linear orders. While the difference is particularly

33

large for the basic MCMC method, the difference remains significant for the MC3 variants:
On Mushroom, all MC3 runs seem to converge, but the convergence is quicker when using
bucket orders. On Spambase, it is not clear if any of the linear-order-based runs managed to
converge within the given time budged, while all the bucket-order-based MC3 runs appear
to converge.
Next we investigated how the differences in mixing and convergence rates translate
to differences in the accuracy of the arc posterior probability estimates under the ordermodular model (i.e., without bias correction). For each pair of nodes, we measure the

MC3

1 min

1 min

3

MC (K=15)
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Figure 9: Mixing and convergence of MCMC and
on the Alarm and Spambase data
sets. See the caption of Figure 7 for further descriptions.
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Figure 8: Mixing and convergence of MCMC and
on the Mushroom data sets. See the
caption of Figure 7 for further descriptions. The top left panels of both data sets
are examples of bad mixing. Note that MCMC with linear orders fails completely
on the Mushroom-8124 data set for 3 out of the 7 runs, and consequently the
traces do not achieve the visible range of the y-axis.

Mushroom-8124
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accuracy by the standard deviation of the estimates in the 7 independent runs. When the
exact values were available we also gauged the accuracy by the median of the 7 absolute
errors. In a worst-case spirit, we report the respective the largest standard deviation and
the largest median error, which we obtain by taking the maximum over the node pairs. We
found that, qualitatively, the results follow closely the mixing and convergence behavior of
the methods (Figure 10). Specifically, on the German and Alarm data sets all the methods
perform about equally well, whereas on the Mushroom data sets the estimates we obtain
with bucket orders are significantly more accurate than the estimates we obtain with linear
orders, the difference being about one order of magnitude. On the Spambase data set
none of the methods performs particularly well, which can be probably explained by the
insufficiency of the allocated running time for achieving proper convergence. As the exact
values are not available for Spambase, the small empirical standard deviations might be just
due to similar yet insufficient convergence of the 7 runs. On the other hand, we also observe
that, in general, the largest standard deviation reflects very well the largest median error.
Based on these results with different number of temperature levels K for MC3 , we fixed
K = 15 for presenting the remaining results in the next subsections. This value of K
appears to make a good compromise between a large number of iterations and fast mixing.
6.4 Accuracy of AIS
To study to performance of AIS, we compared the obtained arc posterior probability estimates to those obtained with MC3 , now with K = 15 only (Figure 11, left; Figure 12, left).
We found that on the easiest data set, German, the methods perform almost identically,
regardless of the value of the K 0 parameter. This holds also on the Mushroom data sets,
provided that K 0 is large enough (1 or 4). Furthermore, we observe that bucket orders are
superior to linear orders also in the case of AIS. On the Alarm data set AIS is slightly behind MC3 even when sampling bucket orders, and on the Spambase data set the difference
of the methods is larger.
Based on these results with different values of K 0 , we fixed K 0 = 1 for presenting
the remaining results in the next subsections. This value of K 0 appears to make a good
compromise between a long annealing schedule and a relatively large number of independent
samples.
6.5 Efficiency of Bias Correction
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So far we have only discussed the results obtained under the order-modular model. We next
turn to the results under the modular model, which we obtain by applying the bias-corrected
estimators. The results are presented graphically in Figures 11–13.
First we studied the subproblem of counting the linear extensions of a given DAG. We
generated random DAGs for a varying number of nodes n, setting the maximum indegree to
either 3 or 6, and then ran the exact dynamic programming algorithm (from Section 2.2). We
found that while both the time and the space complexity of the algorithm grow exponentially
in n, the computations are feasible as long as n is at most about 40 for sparse DAGs, or
at most about 60 for dense DAGs (Figure 13a). For example, the linear extensions of a
49-node DAG of maximum indegree 6 can typically be counted within a couple of seconds.
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Figure 10: The accuracy of the arc posterior probability estimates under an order-modular
model, for MCMC and MC3 . For each method the largest median error (err)
and the largest standard deviation (dev) are shown as a function of the time
elapsed.
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Figure 11: The accuracy of the arc posterior probability estimates under an order-modular
model (left) and a modular model (right), for AIS and MC3 . For clarity, only
the largest median errors are shown for the German and Mushroom data sets.
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Then we compared our bias correction method to that of Ellis and Wong (2008), which
we refer to as the EW method in the sequel. The EW method works as follows. First it
draws a sample of node orderings from an approximate posterior distribution, like the orderMCMC method of Friedman and Koller (2003). Then, from each sampled node ordering, it

However, the simple dynamic programming algorithm does not exploit sparsity well and so
the performance degrades for maximum indegree 3.

Figure 12: The arc posterior probability estimates for 7 independent runs (y-axis) plotted
against the exact values (x-axis), under an order-modular and modular model.
For the modular model also the biased values (exact under the order-modular
model) are plotted against the unbiased exact values (gray ×).
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generates a number of independent DAGs from the conditional posterior distribution until
the total posterior mass of the unique DAGs obtained is at least 1 − , where  > 0 is a
parameter of the method. Finally, the DAGs so obtained for each node ordering are merged
into a single set, duplicates are removed, and each DAG is assigned an importance weight
proportional to the posterior probability of the DAG.
The results of the comparison on the Flare and German data sets are shown in Figure 13b. On these data sets the EW method turned out to be inferior to the proposed
method. On the other data sets (Mushroom-1000 , Mushroom-8124 , Alarm, Spambase), the
EW method either ran out of memory immediately or was able to process only a couple of
node ordering samples, yielding poor estimates (the largest media error close to 1; results
not shown).
Finally we compared the arc posterior probability estimates under the two models,
order-modular and modular (Figure 11, right). The results confirm the expectation that
the estimates are less accurate under the modular model. The weaker performance is due
to the additional importance sampling step needed for bias correction, which reduces the
effective sample size. Otherwise, the earlier conclusions hold also under the modular model:

Figure 13: (a) The runtime required to count the linear extensions of 9 random DAGs with
a varying number of nodes and a varying maximum indegree. Runtimes less than
0.01 seconds are rounded up to 0.01. The mean of the runtimes is shown by a
solid line. The available memory was limited to 16 GB. No runtime estimates
are shown when the memory requirement exceeded the limit for at least one of
the 9 DAGs. (b) The accuracy of the proposed bias correction method (MC3 )
compared to the EW method with  = 0.05 (MC3 -EW). Both methods are based
on sampling linear orders by MC3 under an order-modular model. The largest
median error of the arc posterior probability estimates over 7 independent runs is
shown as a function of the time elapsed. The runs of the EW method terminated
as soon as one of the 7 runs ran out the 20 GB of memory allocated for storing
the DAGs. For the EW method the estimates were computed at doubling sample
sizes 2, 4, 8, . . ., to make sliding burn-in periods computationally feasible.

(a) The speed of counting linear extensions.

Time (s)
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bucket orders outperform linear orders and MC3 is slightly superior to AIS. However, the
bias correction method also brings a new feature: on the Mushroom data sets the largest
median error stops decreasing at some point, stagnating at an error of about 0.10 (while the
largest standard deviation continues decreasing). This phenomenon is due to a few node
pairs for which the arc posterior probability is very close to 1 under the order-modular
model, but around 0.90 under the modular model. The culprits can be located in Figure 12
(right) as a cluster of points in the upper-right corner of the panels. Note that for the other
node pairs the arc posterior probability estimates are very accurate.

6.6 Estimating the Marginal Likelihood

For estimating the marginal likelihood AIS clearly outperforms MC3 , as expected (Figure 14). The relatively small number of chains (i.e., temperature levels) in MC3 leads to a
large fluctuation in the estimates within a single run and between independent runs. AIS,
on the other hand, benefits from the long annealing scheme and produces very accurate
estimates on the German and Mushroom data sets. On the Alarm data set the variance
of the estimates is larger for both methods. Yet the estimates of AIS seem to converge
well. The Spambase data set is, again, the hardest instance for both method, the results
suggesting insufficient convergence of the samplers.
We also observed that when the estimates of AIS are close to the exact value, then also
the high-confidence lower bounds are very good. Indeed, on the German and Mushroom
data sets the lower bounds obtained with the square-root lower-bounding scheme are within
an absolute error of about 0.4 or less in the logarithmic scale, hence within a relative error
of about e0.4 − 1 ≈ 0.4 or less. Whether the model is order-modular or modular affects
the accuracy of the marginal likelihood estimates considerably on the German data set but
very little on the Mushroom data sets.

7. Conclusions and Future Work

We have investigated a sampling-based approach to Bayesian structure learning in Bayesian
networks. Our work has been inspired to a large extent by the order-MCMC method of
Friedman and Koller (2003), in which the sampling space consists of all possible linear
orders of the nodes. Our partial-order-MCMC methods advance the methodology in four
dimensions:

1. Smoother sampling space. The space of partial orders is smaller still than the space
of linear orders. Also, the posterior distribution tends to be smoother, because the
posterior probability of each partial order is obtained by summing the posterior probabilities of its linear extensions. Our empirical results agree with these expectations,
and show instances where partial-order-MCMC performs significantly better than
order-MCMC.

JMLR 17(57):1-47

2. Arbitrary structure priors. We proposed a method to correct the bias that arises
because the samples are drawn (approximately) from an order-modular rather than
a modular posterior distribution. The correction amounts to a simple scaling term
per sampled DAG. The term only depends on the number of linear extensions of the
DAG, and as we showed, it can be computed sufficiently fast when the number of
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Figure 14: The marginal likelihood of the model estimated by 7 independent runs of AIS
and MC3 . For AIS, shown are also lower bound estimates obtained with all the
samples pooled together (thus extending the total running). The lower bound
schemes are as described in Example 8 and 9. On the y-axis is the natural
logarithm of the estimate or exact value.

Spambase
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These advancements (1–4) upon the order-MCMC method come essentially “for free”
concerning both computational and statistical efficiency. Indeed, sampling partial orders
is not more expensive than sampling linear orders, provided that the partial orders are
sufficiently thin (i.e., the number of downsets is small). Namely, the bottleneck in both
methods is the need to visit a large number of potential parent sets of the nodes. Likewise,
while counting the linear extensions of a sampled DAG can be computationally demanding,
the computational cost is compensated by the relatively small number of sampled DAGs
(after thinning) as compared to the total number of partial order samples (before thinning).
The proposed methods also have shortcomings that call for further investigations. First,
the complexity of the per-sample computations grows rapidly with the number of nodes n. In
particular, the complexity of computing the unnormalized posterior probability of a partial
order does not scale well with the indegree k, and the computations become impractical
when, say, n ≥ 60 and k ≥ 4. For example, on the Spambase data set (n = 58, k = 3)
we observed that the large number of potential parent sets rendered the allocated running
time of 4 days insufficient for proper convergence of the sampling methods. To significantly
expedite these computations, a plausible idea is to resort to approximations instead of
exact computation. In the sampling space of linear node orders, the approach has proved
successful, provided that the number of data records is large (Friedman and Koller, 2003;
Niinimäki and Koivisto, 2013a). In contrast, the problem of counting the linear extensions
of a sampled DAG seems to get harder for sparser DAGs. However, we believe this is
rather a feature of our simple algorithm—our preliminary results with a more sophisticated
algorithm suggest that sparsity can actually be turned into a computational advantage.

4. Quality guarantees. We also observed that AIS allows us to compute high-confidence
lower bounds for the marginal likelihood. We showed that the lower bounds are
very good, within a factor of about 1.2 on the data sets for which exact values were
available. Admitted, lower bounds on the marginal likelihood is just a small step
toward accuracy guarantees more generally.

3. Efficient parallel computation. We observed that the annealed importance sampling
method (AIS) is easy to run in parallel, since the method is designed to produce
independent samples. We compared AIS empirically to another tempering method,
Metropolis-coupled MCMC (MC3 ), and found that AIS-based estimates are slightly
less accurate for arc posterior probabilities but significantly more accurate for the
marginal likelihood of the model.

For convenience, we focused on the special case where the correct model is the modular
counterpart of an order-modular model. In principle, it is straightforward to extend
the estimators to accommodate an arbitrary model, as long as the corresponding
posterior probability function (a) can be efficiently evaluated for any given DAG (up
to a normalizing constant) and (b) has a support that is contained in the support of
the order-modular sampling distribution. The statistical efficiency of the estimator
may, however, deteriorate if the true distribution is far from the sampling distribution.

nodes is moderate, say, at most 40. Our empirical results confirmed that, in general,
the correction works well also in practice—some rare cases where the correction fails
are discussed below.
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Second, the theoretical accuracy guarantees of the proposed methods are quite modest.
For example, currently the methods do not produce good lower or upper bounds for the arc
posterior probabilities. Thus the user has to resort to monitoring empirical variance and
related statistics that do not always generalize well beyond the obtained sample. We saw
a warning example of that on the Mushroom data set, where the bias-corrected estimates
had small variance over 7 independent runs, but where the estimates were biased and the
bias did not decrease as the number of samples grew. While this failure concerned only a
few node pairs (the estimates being very accurate for the rest), it shows that sometimes
the proposed bias correction method is not efficient. It may happen that all the sampled
DAGs contain the arc of interest, because the biased, order-modular posterior probability
of the arc is close to 1, and yet the unbiased, modular posterior probability of the arc can
be much below 1, say, 0.90. In such cases the present bias correction approach may fail. It
is an intriguing open question how situations of this kind can be treated or circumvented.
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It holds that ϕn (Y ) = ϕ(Y
b ) for all Y ∈ D.

Appendix A. Proofs
Lemma 7

X

ϕ(X) .

Proof For a set X write Xi for X ∩ {vi }, and for sets X, Y write X ⊆i Y as a shorthand
for X ⊆ Y and Xj = Yj for j > i. Let Y ∈ D. We prove by induction on i that
ϕi (Y ) =

X∈D
X⊆i Y

JMLR 17(57):1-47

The claim then follows, for the condition X ⊆n Y is equivalent to X ⊆ Y . Note also that
the base case of i = 0 clearly holds, since X ⊆0 Y is equivalent to X = Y .
Let then i > 0. Suppose first that vi 6∈ Y or Y \ {vi } 6∈ D. Then ϕi (Y ) = ϕi−1 (Y ). If
vi 6∈ Y , then the conditions X ⊆i Y and X ⊆i−1 Y are equivalent, and by the induction
hypothesis the claim follows. Assume then that vi ∈ Y and Y \ {vi } 6∈ D. By the induction
hypothesis it suffices to show that, if X ∈ D, then the conditions X ⊆i Y and X ⊆i−1 Y
are equivalent. Because the latter condition implies the former, it remains to consider the
other direction. To this end, suppose the contrary, X ⊆i Y but Xi 6= Yi . Thus we must
have vi 6∈ X. However, the assumption Y \ {vi } 6∈ D and the fact that Y ∈ D imply that
there is an element vj ∈ Y \ {vi } such that vi vj ∈ P , which, together with the ordering of
the elements imply that i < j. Therefore, as X ⊆i Y , we have vj ∈ X, which contradicts
our assumption that X ∈ D.
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Suppose then that vi ∈ Y and Y \ {vi } ∈ D. Then ϕi (Y ) = ϕi−1 (Y ) + ϕi−1 (Y \ {vi }).
Let X ∈ D. Denote the conditions of interest by

E = X ⊆i Y ,

E1 = X ⊆i−1 Y ,

E2 = X ⊆i−1 Y \ {vi } .

Let Y and Y 0 be distinct downsets. Then the tails TY and TY 0 are disjoint.

By the recurrence and the induction hypothesis, it suffices to show that E holds if and only
if exactly one the conditions E1 and E2 holds. Clearly, if either E1 or E2 holds, so does E.
Suppose therefore that E holds. Now, either Xi = {vi } = Yi , in which case E1 holds (but
E2 does not); or Xi = ∅, in which case E2 holds (but E1 does not).
Lemma 9

Proof Suppose the contrary that there exists a X ∈ TY ∩ TY 0 . Since Y and Y 0 are distinct,
by symmetry we may assume Y \ Y 0 contains an element w. Thus w 6∈ X, because X ⊆ Y 0 .
Since max Y ⊆ X, we have w 6∈ max Y . On the other hand, from the definition of max Y
together with transitivity and acyclicity of P it follows that, for every u ∈ Y \ max Y there
exists a v ∈ max Y such that uv ∈ P . In particular, there exists a v ∈ max Y such that
wv ∈ P . Since w ∈
/ Y 0 and Y 0 is in D, it follows from the definition of a downset that
v ∈
/ Y 0 . But this is a contradiction, because we had v ∈ max Y and max Y ⊆ X ⊆ Y 0 ,
which imply v ∈ Y 0 .

Lemma 10 Let X ⊆ N . Let Y = {u : uv ∈ P, v ∈ X}, that is, the downward-closure of
X. Then Y ∈ D and X ∈ TY .

Let Z ⊆ N . Then D ∩ 2Z = D ∩ 2Y , where the set Y ∈ D is given by

Proof To see that Y is a downset, suppose the contrary that there exist v ∈ Y and uv ∈ P
such that u 6∈ Y . By the definition of Y , there must be vw ∈ P such that w ∈ X. But since
P is transitive, uw ∈ P and thus u ∈ Y which is a contradiction.
Consider then the second claim, that max Y ⊆ X ⊆ Y . The second inclusion follows
from the reflexivity of P . For the first inclusion, note that that max Y = max X, since Y
only contains elements u such that uv ∈ P for some v ∈ X.

Lemma 11

Y = {v ∈ Z : if uv ∈ P , then u ∈ Z} ;
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in words, Y consists of all elements of Z whose predecessors also are in Z.
Proof We show first that Y ∈ D. Suppose the contrary that v ∈ Y and uv ∈ P but u 6∈ Y .
By the definition of Y we have u ∈ Z. Since u 6∈ Y , there is a wu ∈ P such that w 6∈ Z.
However, as P is transitive, we have wv ∈ P and thus w ∈ Z which is a contradiction.
To complete the proof, we show that D ∩ 2Z = D ∩ 2Y . Clearly D ∩ 2Z ⊇ D ∩ 2Y .
For the other direction, we consider an arbitrary X ∈ D ∩ 2Z and show that X ⊆ Y .
To this end, consider any v ∈ X. Now, if uv ∈ P , then u ∈ X (because X is a downset)
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Teppo Niinimäki and Mikko Koivisto. Treedy: A heuristic for counting and sampling
subsets. In Proceedings of the 29th Conference on Uncertainty in Artificial Intelligence
(UAI), pages 469–477, 2013a.

Radford Neal. Annealed importance sampling. Statistics and Computing, 11:125–139, 2001.

David Madigan and Jeremy York. Bayesian graphical models for discrete data. International
Statistical Review, 63:215–232, 1995.

Moshe Lichman. UCI machine learning repository. University of California, Irvine, School
of Information and Computer Sciences, 2013. URL http://archive.ics.uci.edu/ml.

Mikko Koivisto and Kismat Sood. Exact Bayesian structure discovery in Bayesian networks.
Journal of Machine Learning Research, 5:549–573, 2004.

Mikko Koivisto and Pekka Parviainen. A space–time tradeoff for permutation problems. In
Proceedings of the 21st Annual ACM-SIAM Symposium on Discrete Algorithms (SODA),
pages 484–492, 2010.

Mikko Koivisto. Advances in exact Bayesian structure discovery in Bayesian networks. In
Proceedings of the 22nd Conference on Uncertainty in Artificial Intelligence (UAI), pages
241–248, 2006.

David Heckerman, Dan Geiger, and David Maxwell Chickering. Learning Bayesian networks:
The combination of knowledge and statistical data. Machine Learning, 20:197–243, 1995.

Michel Habib, Raoul Medina, Lhouari Nourine, and George Steiner. Efficient algorithms
on distributive lattices. Discrete Applied Mathematics, 110:169–187, 2001.

Marco Grzegorczyk and Dirk Husmeier. Improving the structure MCMC sampler for
Bayesian networks by introducing a new edge reversal move. Machine Learning, 71:
265–305, 2008.

Carla P. Gomes, Joerg Hoffmann, Ashish Sabharwal, and Bart Selman. From sampling
to model counting. In Proceedings of the 20th international joint conference on Artifical
intelligence (IJCAI), pages 2293–2299, 2007.

Charles J. Geyer. Markov chain Monte Carlo maximum likelihood. In Proceedings of the
23rd Symposium on the Interface, pages 156–163, 1991.

Nir Friedman and Daphne Koller. Being Bayesian about network structure: A Bayesian
approach to structure discovery in Bayesian networks. Machine Learning, 50:95–125,
2003.

Byron Ellis and Wing Hung Wong. Learning causal Bayesian network structures from
experimental data. Journal of the American Statistical Association, 103:778–789, 2008.

Daniel Eaton and Kevin Murphy. Bayesian structure learning using dynamic programming and MCMC. In Proceedings of the 23rd Conference on Uncertainty in Artificial
Intelligence (UAI), pages 101–108, 2007.

Jukka Corander, Magnus Ekdahl, and Timo Koski. Parallel interacting MCMC for learning
of topologies of graphical models. Data Mining and Knowledge Discovery, 17:431–456,
2008.

Gregory F. Cooper and Edward Herskovits. A Bayesian method for the induction of probabilistic networks from data. Machine Learning, 9:309–347, 1992.

Wray Buntine. Theory refinement on Bayesian networks. In Proceedings of the 7th Conference on Uncertainty in Artificial Intelligence (UAI), pages 52–60, 1991.

Russ Bubley and Martin E. Dyer. Faster random generation of linear extensions. Discrete
Mathematics, 201:81–88, 1999.

Graham Brightwell and Peter Winkler. Counting linear extensions. Order, 8:225–242, 1991.

Ingo Beinlich, Henri J. Suermondt, R. Martin Chavez, and Gregory F. Cooper. The ALARM
monitoring system: A case study with two probabilistic inference techniques for belief
networks. In Proceedings of the 2nd European Conference on Artificial Intelligence in
Medicine (AIME), pages 247–256, 1989.

Alexis J. Battle, Martin Jonikas, Peter Walter, Jonathan Weissman, and Daphne Koller.
Automated identification of pathways from quantitative genetic interaction data. Molecular Systems Biology, 6:379–391, 2010.

Mark Bartlett and James Cussens. Advances in Bayesian network learning using integer
programming. In Proceedings of the 29th Conference on Uncertainty in Artificial Intelligence (UAI), pages 182–191, 2013.

Vibhav Gogate, Bozhena Bidyuk, and Rina Dechter. Studies in lower bounding probabilities of evidence using the Markov inequality. In Proceedings of the 23rd Conference on
Uncertainty in Artificial Intelligence (UAI), pages 141–148, 2007.

Charles J. Geyer and Elizabeth A. Thompson. Annealing Markov chain Monte Carlo with
application to ancestral inference. Journal of the American Statistical Association, 90:
909–920, 1995.

and consequently u ∈ Z (because X ⊆ Z). Thus, by the definition of Y we get that v ∈ Y .

Christophe Andrieu, Nando de Freitas, Arnaud Doucet, and Michael I. Jordan. Introduction
to MCMC for machine learning. Machine Learning, 50:5–43, 2003.
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In an increasing range of applications, it is of interest to elicit judgments from non-expert
humans. For instance, in marketing, elicitation of preferences of consumers about products,
either directly or indirectly, is a common practice (Green et al., 1981). The gathering of this
and related data types has been greatly facilitated by the emergence of “crowdsourcing”

1. Introduction

Data in the form of pairwise comparisons arises in many domains, including preference
elicitation, sporting competitions, and peer grading among others. We consider parametric
ordinal models for such pairwise comparison data involving a latent vector w∗ ∈ Rd that
represents the “qualities” of the d items being compared; this class of models includes the
two most widely used parametric models—the Bradley-Terry-Luce (BTL) and the Thurstone models. Working within a standard minimax framework, we provide tight upper and
lower bounds on the optimal error in estimating the quality score vector w∗ under this class
of models. The bounds depend on the topology of the comparison graph induced by the
subset of pairs being compared, via the spectrum of the Laplacian of the comparison graph.
Thus, in settings where the subset of pairs may be chosen, our results provide principled
guidelines for making this choice. Finally, we compare these error rates to those under
cardinal measurement models and show that the error rates in the ordinal and cardinal
settings have identical scalings apart from constant pre-factors.

Abstract

Keywords: Pairwise comparisons, graph, topology, ranking, crowdsourcing

Editor: Moritz Hardt

Department of Statistics,
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#

platforms such as Amazon Mechanical Turk: they have become powerful, low-cost tools
for collecting human judgments (Khatib et al., 2011; Lang and Rio-Ross, 2011; von Ahn
et al., 2008). Crowdsourcing is employed not only for collection of consumer preferences,
but also for other types of data, including counting the number of malaria parasites in an
image of a blood smear (Luengo-Oroz et al., 2012); rating responses of an online search
engine to search queries (Kazai, 2011); or for labeling data for training machine learning
algorithms (Hinton et al., 2012; Raykar et al., 2010; Deng et al., 2009). In a different
domain, competitive sports can be understood as a mechanism for sequentially performing
comparisons between individuals or teams (Ross, 2007; Herbrich et al., 2007). Finally,
peer-grading in massive open online courses (MOOCs) (Piech et al., 2013) can be viewed
as another form of elicitation.
A common method of elicitation is through pairwise comparisons. For instance, the
decision of a consumer to choose one product over another constitutes a pairwise comparison
between the two products. Workers in a crowdsourcing setup are often asked to compare
pairs of items: for instance, they might be asked to identify the better of two possible results
of a search engine, as shown in Figure 1a. Competitive sports such as chess or basketball
also involve sequences of pairwise comparisons. From a modeling point of view, we can think
of pairwise comparisons as a means of estimating the underlying “qualities” or “weights”
of the items being compared (e.g., skill levels of chess players, relevance of search engine
results, etc.). Each pairwise comparison can be viewed as a noisy sample of some function
of the underlying pair of (real-valued) weights. Noise can arise from a variety of sources.
When objective questions are posed to human subjects, noise can arise from their differing
levels of expertise. In a sports competition, many sources of randomness can influence the
outcome of any particular match between a pair of competitors. Thus, one important goal
is to estimate the latent qualities based on noisy data in the form of pairwise comparisons.
A related problem is that of experimental design: assuming that we can choose the subset of
pairs to be compared (e.g., in designing a chess tournament), what choice leads to the most
accurate estimation? Characterizing the fundamental difficulty of estimating the weights
allow us to make this choice judiciously. These tasks are the primary focus of this paper.
In more detail, the focus of this paper is the aggregation from pairwise comparisons in
a fairly broad class of parametric models. This class includes as special cases the two most

?
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Figure 1: An example of eliciting judgments from people: rating the relevance of the result
of a search query.
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popular models for pairwise comparisons—namely, the Thurstone (Case V) (Thurstone,
1927) and the Bradley-Terry-Luce (BTL) (Bradley and Terry, 1952; Luce, 1959) models.
The Thurstone (Case V) model has been used in a variety of both applied (Swets, 1973; Ross,
2007; Herbrich et al., 2007) and theoretical papers (Bramley, 2005; Krabbe, 2008; Nosofsky,
1985). Similarly, the BTL model has been popular in both theory and practice (Nosofsky,
1985; Atkinson et al., 1998; Koehler and Ridpath, 1982; Heldsinger and Humphry, 2010;
Loewen et al., 2012; Green et al., 1981; Khairullah and Zionts, 1987).

Topology-dependent Estimation from Pairwise Comparisons
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1.1 Related work

4
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– When eliciting data, one often has the liberty to ask for either cardinal values (Figure 1b) or for pairwise comparisons (Figure 1a) from the human subjects. One would
like to adopt the approach that would lead to a better estimate. One may be tempted to
think that cardinal elicitation methods are superior, since each cardinal measurement

• When is it better to elicit pairwise comparisons versus numeric scores?

– The bounds that we derive depend on the comparison graph induced by the subset of
pairs that are compared. Our theoretical analysis reveals that the spectral gap of a
certain scaled version of the graph Laplacian plays a fundamental role, and provides
guidelines for the practitioner on how to choose the subset of comparisons to be made.

• Given a budget of n comparisons, which pairs of items should be compared?

– We derive upper and lower bounds on the minimax estimation rates under the model
described above. Our upper/lower bounds on the estimation error agree up to constant factors: to the best of our knowledge, despite the voluminous literature on these
two models, this provides the first sharp characterization of the associated minimax
rates. Moreover, our error guarantees provide guidance to the practitioner in assessing
the number of pairwise comparisons to be made in order to guarantee a pre-specified
accuracy.

• How does the minimax error for estimating the weight vector w∗ in various norms scale
with the problem dimension (the number of items) and the number of observations?

Both the Thurstone (Case V) and BTL models involve an unknown vector w∗ ∈ Rd corresponding to the underlying qualities of d items, and in a pairwise comparison between
items j and k, the probability of j being ranked above k is some function F of the difference
wj∗ − wk∗ . The Thurstone (Case V) and BTL are based on different choices of F , and both
belong to the broader class of models analyzed in this paper, in which F is required only
to be strongly log-concave.
With this context, the main contributions of this paper are to provide some answers to
the following questions:

1.2 Our contributions

A recent line of work considers a variant of the BTL and the Thurstone models where
the comparisons may depend on some auxiliary unknown variable in addition to the items
being compared; for instance, the accuracy of the individual making the comparison in
an objective task. Chen et al. (2013) consider a crowdsourcing setup where the outcome
depends on the worker’s expertise. They present algorithms for inference under such a
model and present empirical evaluations. Yi et al. (2013) consider a problem in the spirit of
collaborative filtering where certain unknown preferences of a certain user must be predicted
based on the preferences of other users as well as of that user over other items. Lee et al.
(2011) consider the inverse problem of measuring the expertise of individuals based on the
rankings submitted by them, and the proposed algorithms assume an underlying Thurstone
model. Shah et al. (2013) make a case for ordinal evaluations in certain types of MOOC
homeworks/exams and study a variant of the BTL model.

There is a vast literature on the Thurstone and BTL models, and we focus on those most
closely related to our own work. Negahban et al. (2012) provide minimax bounds for the
BTL model in the special case where the comparisons are evenly distributed. They focus
on this case in order to complement their analysis of an algorithm based on a random
walk. In their analysis, there is a gap between the achievable rate of the MLE and the
lower bound. In contrast, our analysis eliminates this discrepancy and shows that MLE is
an optimal estimator (up to constant factors) and achieves the minimax rate. In a work
concurrent with our initial submission to arXiv (Shah et al., 2014), Hajek et al. (2014)
consider the problem of estimation in the Plackett-Luce model, which extends the BTL
model to comparisons of two or more items. They derive bounds on the minimax error
rates under this model which, under certain conditions on the comparison graphs, are tight
up to logarithmic factors. In general, their topology-dependent bounds rely on the degrees
of the vertices in the comparison graph which makes the bounds quite loose. In contrast,
our results are tight up to constants and, as we detail in the following sections, provide
deeper insights into the role of the topology of the comparison graph. We elaborate on
these differences in the appropriate sections in the sequel. We also note that the models
studied in the present paper as well as in the aforementioned works fall under the broader
paradigm of random utility models (Thurstone, 1927; Train, 2009; Azari Soufiani et al.,
2013).
In other related works, Jagabathula and Shah (2008) design an algorithm for aggregating
ordinal data when the underlying distribution over the permutations is assumed to be
sparse. Ammar and Shah (2011) employ a different, maximum entropy approach towards
parameterization and inference from partially ranked data. Rajkumar and Agarwal (2014)
study the statistical convergence properties of several rank aggregation algorithms.
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Our work assumes a fixed design setup. In this setup, the choice of which pairs to
compare and the number of times to compare them is chosen ahead of time in a nonadaptive fashion. There is a parallel line of literature on “sorting” or “active ranking”
from pairwise comparisons. For instance, Braverman and Mossel (2008) assume a noise
model where the outcome of a pairwise comparison depends only on the relative ranks of
the items being compared, and not on their actual ranks or values. On the other hand,
Jamieson and Nowak (2011) consider the problem of ranking a set of items assuming that
items can be embedded into a smaller-dimensional Euclidean space, and that the outcomes
of the pairwise comparisons are based on the relative distances of these items from a fixed
reference point in the Euclidean space.
3

∗



 hx , w∗ i 
i
=F
for i ∈ [n],
σ
(Ordinal)

for all t ∈ [−2B/σ, 2B/σ].

(1)

5

kw∗ k∞ ≤ B.
JMLR 17(58):1-47

Here the known parameter B denotes a bound on the `∞ -norm of the weight vector, namely

d2
(− log F (t)) ≥ γ
dt2

where F is a known function taking values in [0, 1]. Since the probability of item ai dominating bi should be independent of the order of the two items being compared, we require
throughout that F (x) = 1 − F (−x).
In any model of the general form (Ordinal), the parameter σ > 0, assumed to be known,
plays the role of a noise parameter, with a higher value of σ leading to more uncertainty in
the comparisons. Moreover, we assume that F is strongly log-concave in a neighborhood of
the origin, meaning that there is some curvature parameter γ > 0 such that

P yi = 1|xi , w



Given a collection of d items to be evaluated, we suppose that each item has a certain
numeric quality score, and a comparison of any pair of items is generated via a comparison
of the two quality scores in the presence of noise. We represent the quality scores as a
vector w∗ ∈ Rd , so item j ∈ [d] has quality score wj∗ . Now suppose that we make n pairwise
comparisons: if comparison i ∈ [n] pertains to comparing item ai with item bi , then it can
be described by a differencing vector xi ∈ Rd , with entry ai equal to one, entry bi equal to
−1, and the remaining entries set to 0.
With this notation, we study the problem of estimating the weight vector w∗ based on
observing a collection of n independent samples yi ∈ {−1, 1} drawn from the distribution

2.1 Generative models for ranking

We begin with some background followed by a precise formulation of the problem.

2. Problem formulation

Notation: For any symmetric matrix M of size (m × m), we let λ1 (M ) ≤ λ2 (M ) ≤ · · · ≤
λm (M ) denote its ordered eigenvalues. We use the notation DKL (P1 kP2 ) to denote the
Kullback-Leibler divergence between the two distributions P1 and P2 . For any integer m,
we let [m] denote the set {1, . . . , m}. For any pair of vectors u and v of the same length,
we let hu, vi denote their inner product.

gives a real-valued number whereas an ordinal measurement provides at most one bit
of information. Our bounds show, however, that the scaling of the error in the cardinal
and ordinal settings is identical up to constant pre-factors. As we demonstrate, this
result allows for a comparison of cardinal and ordinal data elicitation methods in terms
of the per-measurement noise alone, independent of the number of measurements and
the number of items. A priori, there is no obvious reason for the relative performance
to be independent of the number of measurements and items.

Topology-dependent Estimation from Pairwise Comparisons

F (t) =

t
−∞

Z

1
2
√ e−u /2 du,
2π

(3)

This model is is a special case of the family (Ordinal), obtained



P yi = 1|xi , w∗ =

1 + exp −

1

hxi , w∗ i 
σ

1
,
1 + e−t

for i ∈ [n].

(BTL)

6

yi = hui , w∗ i + i

for i ∈ [n],
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(Cardinal)

Cardinal observation models: While our primary focus is on the pairwise-comparison
setting, for comparison purposes we also analyze analogous cardinal settings where each
observation is real valued. In particular, we consider the following two cardinal analogues
of the Thurstone model. In the Cardinal model we consider, each observation i ∈ [n]
consists of a numeric evaluation yi ∈ R of a single item,

It can also be verified that the BTL model is strongly log-concave over the set WB .

and hence

F (t) =

Bradley-Terry-Luce: The Bradley-Terry-Luce (BTL) model (Bradley and Terry, 1952;
Luce, 1959) is another special case in which

where i ∼ N (0, σ 2 ) is observation noise. It can be verified that the Thurstone model is
strongly log-concave over the set WB (e.g., see Tsukida and Gupta (2011)).

corresponding to the CDF of the standard normal distribution. Consequently, the Thurstone
model can alternatively be written as making n i.i.d. observations of the form


yi = sign hxi , w∗ i + i , for i ∈ [n],
(Thurstone)

Thurstone (Case V):
by setting

Both the Thurstone (Case V) model with Gaussian noise (Thurstone, 1927) and BradleyTerry-Luce (BTL) models (Bradley and Terry, 1952; Luce, 1959) are special cases of this
general set-up, as we now describe.

As our analysis shows, a bound of this form is fundamental: the minimax error for estimating
w∗ diverges to infinity if we are allowed to consider models in which B is arbitrarily large
(see Proposition 17 in Appendix G). Informally, this behavior is related to the difficulty
of estimating very small (or very large) probabilities that can arise in the two models for
large kw∗ k∞ . Note that any model of the form (Ordinal) is invariant to shifts in w∗ , that
is, it does not differentiate between the vector w∗ and the shifted vector w∗ + 1, where 1
denotes the vector of all ones. Therefore, in order to ensure identifiability of w∗ , we assume
throughout that h1, w∗ i = 0. We use the notation WB to denote the set of permissible
quality score vectors

WB : = w ∈ Rd | kwk∞ ≤ B, and h1, wi = 0 .
(2)

Shah et al.
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for i ∈ [n],
(Paired Cardinal)

where ui in this case is a coordinate vector with one of its entries equal to 1 and remaining
entries equal to 0, and i is independent Gaussian noise N (0, σ 2 ). One may alternatively
elicit cardinal values of the differences between pairs of items
yi = hxi , w∗ i + i
where i are i.i.d. N (0, σ 2 ). We term this model the Paired Cardinal model.
2.2 Fixed design and the graph Laplacian

n

i=1

1 T
1X
X X =
xi xiT .
n
n

(4)

We analyze the estimation error when a fixed subset of pairs is chosen for comparison. Of
interest to us is the comparison graph defined by these chosen pairs, with each pair inducing
an edge in the graph. Edge weights are determined by the fraction of times a given pair
is compared. The analysis in the sequel reveals the central role played by the Laplacian of
this weighted graph. Note that we are operating in a fixed-design setup where the graph is
constructed offline and does not depend on the observations.
In the ordinal models, the ith measurement is related to the difference between the two
items being compared, as defined by the measurement vector xi ∈ Rd . We let X ∈ Rn×d
denote the measurement matrix with the vector xiT as its ith row. The Laplacian matrix L
associated with this differencing matrix is given by
L :=

:=

q
(u − v)T L(u − v).

(5)

P
By construction, for any vector v ∈ Rd , we have v T Lv = j6=k Ljk (vj − vk )2 , where Ljk is
n
the fraction of the measurement vectors {xi }i=1
in which items (j, k) are compared.
The Laplacian matrix is positive semidefinite, and has at least one zero-eigenvalue,
corresponding to the all-ones eigenvector. The Laplacian matrix induces a graph on the
vertex set {1, . . . , d}, in which a given pair (j, k) is included as an edge if and only if Ljk 6= 0,
and the weight on an edge (j, k) equals Ljk . We emphasize that throughout our analysis,
we assume that the comparison graph is connected, since otherwise, the quality score vector
w∗ is not identifiable. Note that the Laplacian matrix L induces a semi-norm1 on Rd , given
by
ku −

vkL

We study optimal rates of estimation in this semi-norm, as well as the usual `2 -norm. As
will be clearer in the sequel the L semi-norm is a natural metric in our setup, and estimation
in this induced metric can be done at a topology independent rate. The estimation error
in the L semi-norm is closely related to the prediction risk in generalized linear models. In
particular, for an estimate w
b of w∗ from nij comparisons between each pair of items (i, j),
2
P
2 =
we have kw
b − w ∗ kL
bi − w
bj ) − (wi∗ − wj∗ ) . It arises naturally when one is
i<j nij (w
interested in predicting the probability of a certain outcome for a new comparison.
JMLR 17(58):1-47

1. A semi-norm differs from a norm in that the semi-norm of a non-zero element is allowed to be zero.

7

3. Bounds on the minimax risk

Shah et al.

In this section, we state the main results of the paper, and discuss some of their consequences.

3.1 Minimax rates in the squared L semi-norm

max

x∈[0,2B/σ]

F 0 (x)

.

0

(6)

Our first main result provides bounds on the minimax risk under the squared L seminorm (5) in the pairwise comparison models introduced earlier. In all of the statements, we
use c1 , c2 , etc. to denote positive numerical constants, independent of the sample size n,
number of items d and other problem-dependent parameters.
Apart from the curvature parameter γ defined earlier in (1), the bounds presented
subsequently depend on F through a second parameter ζ, defined as
ζ :=

F (2B/σ)(1 − F (2B/σ))

F (0)
In the BTL and the Thurstone models, we have ζ : = F (2B/σ)(1−F
(2B/σ)) . For instance,
when B = σ = 1, then under the BTL model we have γ = 0.25 and ζ = 1.43. As observed
in Negahban et al. (2015), the reader may consider the parameters B, σ, γ and ζ as having
O(1) values: a fixed value of B is the hardest regime, and furthermore, in situations of
practical interest, the problem dependent parameters σ, γ and ζ, are typically independent
of d and n. Consequently, in the sequel, we treat these parameters as fixed.

†

Theorem 1 (Bounds on minimax rates in L semi-norm)
2

tr(L )
(a) For a sample size n ≥ c1 σζB
, any estimator w
e based on n samples from the Ordi2
nal model has Laplacian squared error lower bounded as
h
i
c
1` 2 d
2
sup E kw
e − w∗ kL
≥
σ .
(7a)
ζ
n

w∗ ∈WB

(7b)

(b) For any instance of the Ordinal model with γ-strong log-concavity and any w∗ ∈ WB ,
the maximum likelihood estimator satisfies the bound
h
2σ2 d i
cζ
2
P kw
bML − w∗ kL
>t 2
≤ e−t for all t ≥ 1,
γ n
and consequently

i
h
2
c
d
1u ζ
2
≤
σ2 .
sup E kw
bML − w∗ kL
γ2
n

w∗ ∈WB
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The results of Theorem 1 characterize the minimax risk in the squared L semi-norm up
to constant factors. The upper bounds follow from an analysis of the maximum likelihood
estimator, which turns out to be a convex optimization problem. On the other hand, the
lower bounds are based on a combination of information-theoretic techniques and carefully
constructed packings of the parameter set WB . The main technical difficulty is in constructing a packing in the semi-norm induced by the Laplacian L. See Appendix A for the
full proof.
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†

0

d
X

1 o
.
λi (L)

i=d0.99d0 e

(8a)

w∗ ∈W

h
i c ζ2
d
2u
sup E kw
bML − w∗ k22 ≤
σ2
.
γ2
λ2 (L)n
B

for all t ≥ 1,

(8c)

(8b)
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See Appendix B for the proof of this theorem. As we describe in the next section,
the upper and lower bounds on minimax risk from Theorem 2 to identify the comparison
graph(s) that lead to the best possible minimax risk over all possible graph topologies.
Figure 2 depicts results from simulations under the Thurstone model, depicting the
squared `2 error for the maximum likelihood estimator for various values of n and d. In the
simulations, the true vector w∗ is generated by first drawing a d-length vector uniformly at
random from [−1, 1]d , followed by a scale and shift to ensure w∗ ∈ WB . The n pairs are
chosen uniformly (with replacement) at random from the set of d2 possible pairs of items.
The value of σ and B are both fixed to be 1. Given the n samples, inference is performed
via the maximum likelihood estimator for the Thurstone model. Each point in the plots
is an average of 20 such trials.
The error in Figure 2 reduces linearly with n, exactly as predicted by our Theorem 2.
For the complete graph, λ21(L) = d−1
2 . Theorem 2 thus predicts a quadratic increase in the
error with d. As predicted, the error when normalized by d12 in Figure 2 converges to the
same curve for all values of d.
Detailed comparison with other work: Having stated our main theoretical results we
are now in a position to revisit the results of the earlier works of Negahban et al. (2012,
2015); Hajek et al. (2014). The papers by Negahban et al. (2012, 2015) consider the BTL
model under a restricted sampling setting in which every pair considered is compared the
same number of times. For the problem of recovering the vector w∗ (as considered in the
present paper), they derive upper bounds when the pairs considered for comparisons arise

and consequently

h
cζ 2 σ 2
d i
P kw
bML − w∗ k22 > t 2
≤ e−t
γ λ2 (L)n

(b) For any instance of the Ordinal model with γ-strong log-concavity and any w∗ ∈ WB ,
the maximum likelihood estimator satisfies the bound

h
i
n
σ2
sup E kw
e − w∗ k22 ≥ c2`
max d2 , max
n
d0 ∈{2,...,d}
w∗ ∈WB

tr(L )
(a) For a sample size n ≥ c2 σζB
, any estimator w
e based on n samples from the Ordi2
nal model has squared Euclidean error lower bounded as

2

Theorem 2 (Bounds on minimax rates in `2 -norm)

Let us now turn to optimizing the minimax risk under the squared Euclidean norm. Theorem 2 below presents upper and lower bounds on this quantity.

3.2 Minimax rates in the squared `2 -norm

||ŵ−w ∗ ||22

Error

(a) Error
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27 28 29 210 211 212 213
Number of samples n

d=8
d = 16
d = 32
d = 64

10

JMLR 17(58):1-47

from an Erdős-Rényi comparison graph; setting t = log d in equation (8b) in Theorem 2
above recovers their results. The two papers also provide results pertaining to inference
of a set of parameters that are an exponentiated form of w∗ . Their upper bounds for
these parameters are derived in terms of the random-walk normalized Laplacian matrix of
the comparison graph, while our bounds for w∗ are derived in terms of the (combinatorial) Laplacian matrix. Their associated information-theoretic lower bounds also assume
an Erdős-Rényi comparison graph whereas our lower bounds apply to general comparison
graphs.
A concurrent paper by Hajek et al. (2014) also considers the specific BTL model, but
a general comparison topology. Their high-probability upper bounds can be recovered by
setting t = log d in equation (8b) of Theorem 2, while their upper bounds on the expected
error are loose by a logarithmic factor. On the other hand, the lower bounds of Hajek
et al. (2014), although dependent on topology, are quite loose due to their reliance on the
degrees of the vertices in the comparison graph. On the other hand, our results are derived
in terms of the graph Laplacian which better captures the critical aspects of the problem.
For instance, considering a disconnected graph where every node has at least one neighbor
as a sanity check, the degree-based lower bounds of Hajek et al. (2014) do not reflect the
non-identifiability of w∗ due to their reliance on only the degrees of the vertices, whereas
the presence of the spectral gap in our bound (8a) indicates non-identifiability. As another
example, the bounds of Hajek et al. (2014) cannot distinguish between a star graph and a
path graph, whereas our results establish the star graph as an optimal comparison graph
and the path graph as strictly suboptimal. In Section 4 below, we further describe deeper
insights on the graph topology derived from our analytical results.
The Paired Cardinal model: Before concluding this section, we also look at the Paired
Cardinal model (Section 2.1), the cardinal analogue of the Thurstone model.

Figure 2: Simulation results under the Thurstone model. The comparison topology chosen
here is the complete graph.
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.
n
n
w
b w∗ ∈W∞

(9)

Theorem 3 (Bounds on minimax rates in `2 -norm) For the Paired Cardinal model,
the minimax risk is sandwiched as
c3` σ 2
The proof of Theorem 3 is available in Appendix C.
We conjecture that the dependence of the squared `2 minimax risk under the Ordinal
models on the problem parameters n, d and the graph topology is identical to that derived
†)
in Theorem 3 for the Paired Cardinal model, i.e., is proportional to tr(L
n . Note that
2
the condition tr(L) = 2 implies that d9 ≤ tr(L† ) ≤ λ2d(L) .
3.3 Extension to m-ary comparisons
Suppose instead of eliciting pairwise comparisons, one can instead ask the workers to make
comparisons between more than two options. In particular, we assume that each sample is
a selection of the item with the largest perceived quality among some m presented items.
The setting of pairwise comparisons is a special case with m = 2. Recall from Theorem 2
that the minimum squared `2 minimax risk in the pairwise comparison setting is of the
2
order dn . Our goal in this section is to bring the concept of multiple-item comparison under
the same framework as the pairwise case, and via a generalization of our earlier theoretical
analysis, understand how the error exponent depends on m.
Consider d items, where every item j ∈ [d] has a certain underlying quality score wj∗ ∈
[−B, B]. Suppose you have access to n samples, with each sample being a selection of the
item with the largest perceived value among some m presented items.
Consider (d × m) matrices E1 , . . . , En such that for each i ∈ [n], the m columns of Ei
are distinct unit vectors. The positions of the non-zero elements in the m columns of Ei
represent the identities of the m items compared in the ith sample. One can visualize the
choices of the items compared as a hyper-graph, with d vertices representing the d items
and hyper-edge i ∈ [n] containing the m items compared in observation i.
Let R1 , . . . , Rm be (m × m) permutation matrices representing m cyclic shifts in an
arbitrary (but fixed) direction. Consider the observation model
P(yi = j|w∗ , Ei ) = F ((w∗ )T Ei Rj )
for all j ∈ [m], where F : [−B, B]m → [0, 1] represents the probability of choosing the first
among the m items presented. We also assume that F does not depend on the order of
the last (m − 1) coordinates in its input, meaning that the likelihood of choosing an item is
independent of the ordering of the m items in the argument to F . For every x ∈ [−B, B]m ,
F (x) is assumed to satisfy:
• Shift-invariance: the probabilities depend only on the differences in the weights of the
items presented, i.e, F (x) depends only on {xi − xj }i,j∈[m] .
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• Strong log-concavity: ∇2 (− log F (x))  H for some (m × m) symmetric matrix H
with λ2 (H) > 0.
11
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Note that the shift-invariance assumption implies 1 ∈ nullspace(∇2 (− log F (x))), thereby
necessitating nullspace(H) = span(1) and λ1 (H) = 0. One can also verify that the model
proposed here reduces to the Ordinal model of Section 2.1 when m = 2.
For any hope of inferring the true weights w∗ , we must ensure that the comparison
hyper-graph is “connected”, i.e., for every pair of items i, j ∈ [d], there must exist a path
connecting item i and item j in the comparison hyper-graph. We assume this condition is
satisfied. We also continue to assume that w∗ ∈ WB : = {w ∈ Rd | kwk∞ ≤ B, hw, 1i = 0}.
The popular Plackett-Luce model falls in this class, as illustrated below.

wj∗

∗
∗
∗
, . . . , wm
]).
, w`+1
=: F ([w`∗ , w1∗ , . . . , w`−1

Example 1 (Plackett-Luce model (Plackett, 1975; Luce, 1959)) The Plackett-Luce
model concerns the process of choosing an item from a given set. Specifically, given m items
∗ respectively, the likelihood of choosing item ` ∈ [m] under
with quality scores w1∗ , . . . , wm
this model is given by
∗

j=1 e

ew`
Pm

hex , 1idiag(ex ) − ex (ex )T
,
(hex , 1i)2

Every choice is made independent of all other choices.
It is easy to verify that the Plackett-Luce model satisfies shift invariance. Furthermore,
the function F does not depend on the ordering of the last (m − 1) coordinates in its argument. We now show that it also satisfies strong log-concavity. A little algebra gives
∇2 (− log F (x)) =

where ex : = [ex1 · · · exm ]T . We now derive a lower bound for the expression above. An
application of the Cauchy-Schwarz inequality yields that for any vector v ∈ Rm ,

v T (ex (ex )T )v ≤ v T diag(ex )hex , 1iv,

with equality if and only if v ∈ span(1). It follows that λ2 (∇2 (− log F (x))) > 0 for all
x
x )−ex (ex )T
x ∈ [−B, B]m . Defining the scalar β : = minx∈[−B,B]m λ2 ( he , 1idiag(e
), one can see
(hex , 1i)2

that setting H = β(I − 11T ) satisfies the strong log-concavity conditions.
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Our goal is to capture the scaling of the minimax error with respect to the number of
observations n, the dimension d of the problem, and the choice of the subsets compared
{Ei }i∈[n] . It is well understood (Miller, 1956; Kiger, 1984; Shiffrin and Nosofsky, 1994;
Saaty and Ozdemir, 2003) that humans have a limited information storage and processing
capacity, which makes it difficult to compare more than a small number of items. For
instance, Saaty and Ozdemir (2003) recommend eliciting preferences over no more than
seven options. Thus in this work we restrict our attention to m = O(1). Moreover, the
amount of noise in the selection process also depends on the number of items m presented
at a time: the higher the number, the greater the noise. We thus do not use a “noise
parameter σ”in this setting, and assume the noise to be incorporated in the function F ,
which itself is a function of m.

12

(10)

inf z F (z)
m2 λm (H) supz k∇F (z)k2H †

h
i
d
m2 supz k∇ log F (z)k22 d
≤ inf sup E kw
b − w∗ k2L ≤ c3u
,
n
λ2 (H)2
n
w
b w∗ ∈WB

H†

for both the lower

13
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We now return to the setting of pairwise comparisons. In certain applications, one may
have the liberty to decide which pairs are compared. The results of the previous section

4. Role of graph topology

The proof of Theorem 4 is provided in Appendix D. Our results establish that the
dependence of the squared L semi-norm and squared Euclidean minimax error on m occurs
only as multiplicative pre-factors, and the error exponent is independent of m. Thus,
if one follows the standard recommendation in the psychology literature Miller (1956);
Kiger (1984); Shiffrin and Nosofsky (1994); Saaty and Ozdemir (2003)—namely to choose
m = O(1)—then the best possible scaling of the squared L semi-norm minimax risk with
respect to d and n is always nd , that of the squared Euclidean minimax risk is always
d2
n , and evenly spreading the samples across all possible choices of m items is optimal.
Nevertheless, a more refined modeling and analysis is required to understand the precise
tradeoffs governing the choice of the number m of items presented to the user.
Finally, when specialized to the case of m = 2, the upper bounds of Theorem 4 are
identical (up to constant factors) to those of Theorem 1 and Theorem 2. The lower bound
for the L semi-norm is identical to that of Theorem 1. The additional generality results in
a lower bound for the `2 norm that is weaker in general as compared to Theorem 2, but is
tight when the underlying hypergraph forms a complete graph.

bounds, and where the suprema and infima with respect to the parameter z are taken over
the set [−B, B]m .

m (H) supz

tr(L† ) inf z F (z)
k∇F (z)k2

h
i
inf z F (z)
m2 supz k∇ log F (z)k22
d
d2
b − w∗ k22 ≤ c4u
≤ inf sup E kw
,
λ2 (H)2
λ2 (L)n
w
b w∗ ∈WB
m2 λm (H) supz k∇F (z)k2H † n

in the squared `2 norm. Here we assume n ≥ c5 B 2 λ

c4`

in the squared L semi-norm and as

c3`

Theorem 4 For the m-wise model, the minimax risk is sandwiched as

We call L the Laplacian of the comparison hyper-graph. One can verify that when applied
to the special case of m = 2, the matrix L defined in (10) reduces to the Laplacian of the
pairwise-comparison graph defined earlier in (4).
The following theorem presents our main results for the m-wise comparison setting.

i=1

1X
Ei (mI − 11T )EiT .
n

n

1 0
L.
|E|

(11)

tr(L) =

14

i=1

1X
tr(xi xTi ) = 2.
n

n
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In order to verify these claims, we note that by definition (4) of the Laplacian matrix, we
have

then the associated estimation error is strictly larger than the minimax risk. In
particular, this sub-optimality holds whenever d2 = o( λ21(L) ).

i=b0.99d c

• Conversely, if the scaled Laplacian matrix has an eigen-spectrum satisfying


d0
X
1 
2

,
d =o
max
λi (L)
d0 ∈{2,...,d}
0

• If the scaled Laplacian has a second smallest eigenvalue that scales as λ21(L) = Θ(d),
then the comparison graph is optimal, and leads to the smallest possible minimax
2
risk, in particular one that scales as dn .

Consider the Ordinal model and the squared `2 -norm as the metric of interest. We claim
that in order to determine whether a given comparison graph achieves minimax risk (up
to a constant pre-factor), it suffices to examine the eigen-spectrum of the scaled Laplacian
matrix. In particular, we claim that:

4.1 Analytical results

One can verify that the matrix L defined here is identical to what was defined in (4) in
a more general context. In order to differentiate from L, we refer to L0 as the regular
Laplacian of the graph G. For a given budget n on the number of samples, we say that a
comparison graph is optimal if the error under this graph is the smallest (up to constants)
among all graphs.

L :=

demonstrated the role played by the Laplacian of the comparison graph in the estimation
error. We now employ these results to derive guidelines towards designing the comparison
graph. Let us focus on the estimation error in the squared `2 norm in the ordinal setting.
As discussed earlier, we assume that the graph induced by the comparisons is connected.
An application of Theorem 2 lets us identify good topologies for pairwise comparisons in
the fixed-design setup.
A popular class of comparison topologies is that of evenly distributed samples on an
unweighted graph (e.g., Negahban et al. (2012)). Consider any fixed, unweighted graph
G = (V, E). We assume that the samples are distributed evenly along the edges E of
G, and that the sample size n is sufficiently large. Using standard matrix concentration
inequalities, it is straightforward to extend our analysis to the setting of random chosen
comparisons from a fixed graph (see, for instance, Oliveira (2009)). Let L0 denote the
Laplacian of G. We define the scaled Laplacian of G as

Our results involve the Laplacian of the comparison graph, defined for the m-wise comparison setting as follows. Let L be an (d × d) matrix that depends on the choice of the
comparison topology as

L :=
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2
d−1 ,

i.e., that

1
λ2 (L)
2

= Ω(d). As we will see shortly, several classes of
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It follows that λ2 (L) ≤
λ2 (L)

graphs satisfy λ21(L) = Θ(d). Comparing the lower bound of Ω( dn ) on the minimax risk (8a)
with the upper bound (8c) gives the sufficient condition of 1 = Θ(d) for optimality,
2

and the smallest minimax risk as Θ( dn ). The lower bound (8a) now also gives the claimed
condition for strict sub-optimality.
In order to illustrate these claims, let us consider a few canonical classes of graphs, and
study how the estimation error under the squared Euclidean norm scales in the Ordinal
model. The spectra of the regular Laplacian matrices of these graphs can be found in
various standard texts on spectral graph theory (e.g., Brouwer and Haemers (2011)).

2

• Complete graph. A complete graph has one edge between every pair of nodes. The
spectrum of the regular Laplacian of the complete graph is 0, d, . . . , d, and hence the
2
2
2
spectrum of the scaled Laplacian L is 0, d−1
, . . . , d−1
. Substituting λ2 (L) = d−1
in
Theorem 2b gives an upper bound of Θ( dn ) on the minimax risk, and Theorem 2 gives a
matching lower bound. The sufficiency condition discussed above proves optimality.
• Constant-degree expander. The spectrum of the regular Laplacian of a constantdegree expander graph is 0, Θ(d), Ω(d), . . . , Ω(d). Since the number of edges is Θ(d),
the spectrum of the scaled Laplacian equals 0, Θ( d1 ), Ω( d1 ), . . . , Ω( d1 ). The evaluation of
this class of graphs with respect to the minimax risk is identical to that of complete
2
graphs, giving a lower and upper bound of Θ( dn ) on the minimax risk, and guaranteeing
optimality.

m2 −1

m2 −1

1
m2 .

• Complete bipartite. The d nodes are partitioned into two sets comprising, say, m1
and m2 nodes. There is an edge between every pair of nodes in different sets, and there
are no edges between any two nodes in the same set. The eigenvalues of the regular
Laplacian of this graph are 0, m2 , . . . , m2 , m1 , . . . , m1 , m1 + m2 . Since the total number
|
{z
} |
{z
}
m1 −1

m1 −1

of edges is m1 m2 , the scaled Laplacian L has a spectrum 0, m11 ,..., m11 , m12 ,..., m12 , m11 +
| {z } | {z }

Suppose without loss of generality that m1 ≥ m2 . Also suppose that m2 > 1 (the case of
m2 = 1 is the star graph discussed below). Then we have m11 ≤ m12 ≤ m11 + m12 and that
d > m1 ≥ d2 . Furthermore since m2 > 1, the multiplicity of m11 in the spectrum of the
scaled Laplacian is at least 1. Thus we have λ2 (L) = Θ( d1 ). Theorem 2 then gives lower
2
and upper bounds on the minimax risk as Θ( dn ) and the sufficiency condition discussed
above guarantees its optimality.

2

• Star. A star graph has one central node with edges to every other node. It is a special
case of the complete bipartite graph with m1 = d − 1 and m2 = 1. The spectrum of the
regular Laplacian is 0, 1, . . . , 1, d. Since there are (d − 1) edges, the spectrum of the scaled
1
d
1
, . . . , d−1
, d−1
. Theorem 2 and the sufficiency condition discussed above
Laplacian is 0, d−1
imply that this class of graphs is optimal and is associated to a minimax risk of Θ( dn ).
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• Path. A path graph is associated to an arbitrary ordering of the d nodes with edges
between pairs j and (j + 1) for every j ∈ {1, . . . , d − 1}. The spectrum of the regular
15
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Laplacian is given by 2 
1 − cos πi
, i ∈ {0, . . . , d − 1}, and that of the scaled Laplacian
d
is thus 2 1 − cos πi , i ∈ {0, . . . , d − 1}. The relation (1 − cos x) = sin2 x2 and the
d−1
d
approximation sin x ≈ x for values of x close to zero gives λ2 (L) = Θ( d13 ). The minimax
4
3
risk is thus upper bounded as O( dn ) and lower bounded as Ω( dn ). This class of graphs is
thus strictly suboptimal.

• Cycle. A cycle is identical to a path except for an additional edge between 
node d
and node 1. The spectrum of the regular Laplacian is given by 21 − cos 2πi
, i ∈
d
{0, . . . , d − 1}, and that of the scaled Laplacian is thus 2 1 − cos 2πi , i ∈ {0, . . . , d − 1}.
d
d
The relation (1 − cos x) = sin2 x2 and the approximation sin x ≈ x for values of x close to
4
zero gives λ2 (L) = Θ( d13 ). The minimax risk is thus upper bounded as O( dn ) and lower
3
bounded as Ω( dn ). This class of graphs is thus strictly suboptimal.

• Barbell. The nodes are partitioned into two sets of d2 nodes each, and there is an edge between every pair of nodes within each set. In addition, there is exactly one edge across the
sets. The spectrum of the regular Laplacian can be computed as 0, Θ( d1 ), Θ(d), . . . , Θ(d).
Since there are Θ(d2 ) edges, the spectrum of the scaled Laplacian turns out to become
0, Θ( d13 ), Θ( d1 ), . . . , Θ( d1 ), Ω( d1 ). Applying the results derived earlier in the paper, we get
3
4
that a lower bound of Ω( dn ) and an upper bound of O( dn ) on the minimax risk, thereby
also establishing the sub-optimality of this class of graphs.

• 2D Lattice. An (m1 × m2 ) lattice has d = m1 m2 vertices arranged as a (m1 × m2 )
grid. Assume m1 = Θ(d) and m2 = Θ(d). This class of graphs can be written as a
Cartesian product of a path graph of length m1 and a second path graph
of length
m2 .

πj 
πi
As a result, the spectrum of the scaled Laplacian is d2 2 − cos m
−
cos
...
m2 ,
1
i∈{0,...,m1 −1},j∈{0,...,m2 −1}. Again, using the small angle approximation of the sinusoid, one
2
3
can compute an upper bound on the minimax risk as O( dn ) and a lower bound of Ω( dn ).
We do not know at this point whether the 2D lattice minimizes the minimax risk.

m
i ,

m
i ,

2

for i ∈ {0, . . . , m}. A lower bound on the minimax risk is Ω( dn ) and an

2

• Hypercube. Assume d = 2m for some integer m. Representing each node as a distinct
m-length binary vector, an edge exists between the nodes corresponding to any pair of
vectors within a Hamming distance of one. The hypercube is an m-fold Cartesian product
of a path with two nodes, and hence the regular Laplacian has an eigenvalue of 2i with

2i
multiplicity
for i ∈ {0, . . . , m}. The scaled Laplacian has an eigenvalue of d log
d with
multiplicity

d
upper bound is O( d log
n ). We do not know if the hypercube is optimal, our bounds do
tell us that any sub-optimality is bounded by at most a logarithmic factor.
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Observe that the degree-k expander requires n ≥ kd samples while the complete graph
requires n ≥ d2 samples, so in practical applications at least for small sample sizes we
should prefer a low-degree expander.
Finally, if the conjecture discussed at the end of Section 3.2 were true, namely that the
`2 minimax risk scales as σ 2 tr(L† )/n, then the condition tr(L† ) = Θ(d2 ) would be necessary
and sufficient for optimality of a comparison graph with the scaled Laplacian L. Observe
that the graphs designated as ‘optimal’ in the discussion above indeed satisfy this condition.
On the other hand, the graphs established as strictly suboptimal have tr(L† ) = Ω(d3 ).

16
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The vector w∗ generated in this procedure is then scaled and shifted to ensure w∗ ∈ WB .
The values of B and σ are set as 1.

(f) Packing set for the star graph: The procedure is identical to that in (c), except that
the Laplacian matrix used is that of the star graph.

(e) Packing set for the complete graph: The procedure is identical to that in (c), except
that the Laplacian matrix used is that of the complete graph.

(d) Packing set for the barbell graph: The procedure is identical to that in (c), except
that the Laplacian matrix used is that of the barbell graph.

(c) Packing set for the path graph: We first choose a vector z as by setting a value of 0
in the first coordinate, a value −1 in d2 of the other coordinates chosen uniformly at
random, and a value 1 in the remaining coordinates. Letting L = U T ΛU denote the
eigen-decomposition of the Laplacian matrix of the path graph, w∗ is set as U T Λ† z,
where Λ† is the Moore-Penrose pseudoinverse of Λ. This generation process mimics a
construction used to prove the lower bound in Theorem 2, and tailors the construction
for the path graph.

(b) Uniform: w∗ is drawn uniformly at random from the set [−1, 1]d .

(a) Gaussian: w∗ is drawn from the standard normal distribution N (0, I).

This section describes simulations using data generated synthetically from the Thurstone
model. In the simulations, we first generate a quality score vector w∗ ∈ WB using one of
the procedures described below. Once w∗ is chosen, the n pairwise comparisons for any
given topology are generated as follows. An edge is selected uniformly (with replacement)
at random from the underlying graph, and the chosen edge determines the pair of items
compared. The outcome of the comparison is generated as per the Thurstone model with
the chosen w∗ as the underlying quality score. Finally, the maximum likelihood estimator
for the Thurstone model is employed to estimate w∗ . Every point in the plots is an
average across 40 trials.
The following six procedures are employed to generated the true quality score vector w∗
in the six respective subfigures of Figure 3.

4.2.1 Experiments on synthetic data

This section evaluates the dependence of the squared `2 -error on the topology of the comparison graph. We consider the following five topologies: path, barbell, complete, expander
and 2D-lattice. In order to form an expander graph, we used the construction due to Gabber and Galil (1981). For any chosen graph topology, the n difference vectors are selected as
one edge each chosen uniformly at random (with replacement) from the comparison graph.
Recall that our theory predicts that the complete and expander graphs yield the best performance, and that the line and dumbbell graphs fare the worst. Also recall that our theory
predicts the error scales as kw∗ − wk
b 22 scales with n as 1/n in the complete and expander
topologies.

4.2 Experiments and simulations
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Figure 3: Estimation error under different topologies for different generative processes in
the synthetic simulations.
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(c) Packing set for the path graph
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Figure 3 plots the estimation error under various topologies of the comparison graph.
Observe in the figure that the error is the lowest under the complete and the star graphs,
and the highest under the barbell and the path graphs. In particular, the error consistently
varies as Θ(d2 /n) for the complete and star graphs – this phenomenon holds even in plots
(e) and (f) where the procedure to choose w∗ forms the worst case for the complete and star
graphs respectively according to the proof of Theorem 2. On the other hand, the minimax
error varies as Ω(d3 /n) in the worst case for the path and the barbell graphs. Finally,
2
observe that in the simulations, the (constant) multiplicative factors to the term dn in the
error turn out to be rather small, in the range of 0 to 9.
Although not the primary focus of this paper, we note that our implementation for computing the maximum likelihood estimate under the Thurstone model requires several tens
of minutes for modest problem dimensions. Computing the MLE is a convex optimization
problem. Our implementation, which is not optimized for speed, employs the sequential
least squares programming subroutine of the Scipy package in the Python programming
language.
4.2.2 Experiments on MTurk
In this section, we describe the results of experiments conducted on the popular Amazon
Mechanical Turk (https://www.mturk.com/; henceforth referred to as “MTurk”) commercial crowdsourcing platform, evaluating the effects of the choice of the topology. MTurk is
an online platform where individuals or businesses can put up a task, and any individual
can log in and complete the tasks in exchange for a payment that is specified along with the
task. In our experiments, each worker was offered 20 cents per completed task. A worker
was allowed to do no more than one task in an experiment. Workers were required to answer all the questions in a task. Only those workers who had 100 or more prior approved
works and an approval rate of 95% or higher were allowed. Workers from any country were
allowed to participate, except for the task of estimating distances between cities (for which
only USA-based workers were permitted since all questions involved American cities).
We conducted three experiments that required the workers to make ordinal choices.

(a) Area of circle

Shah et al.

(b) Age from photograph

(c) City distances

Figure 4: Estimation error under different topologies in the experiments conducted on
MTurk. Also shown is the standard deviation across the estimates (The error bars are
√
smaller by a factor of number of samples).

that task. (The number five is inspired by practical systems as in Wang et al. (2011); Piech
et al. (2013).) The complete dataset pertaining to these experiments is available on the first
author’s website.
Figure 4 plots the squared `2 estimation error for the three experiments under the five
topologies considered, and the associated standard deviation. We see that the relative errors
are generally consistent with our theory, with the complete graph exhibiting the best performance and the path graph faring the worst. On real datasets, model misspecification can
in some cases cause the outcomes to differ from our theoretical predictions. Understanding
the effect of model misspecification, especially on topology considerations, is an important
question we hope to address in future work.

5. Cardinal versus ordinal measurements

In this section, we compare two approaches towards eliciting data: a score-based “cardinal”
approach and a comparison-based “ordinal” approach. In a cardinal approach, evaluators
directly enter numeric scores as their answers (Figure 1b), while an ordinal approach involves
comparing (pairs of) items (Figure 1a).
There are obvious advantages and disadvantages associated with either approach. On
one hand, the cardinal approach allows for very fine measurements. For instance, the
cardinal measurements in Figure 1 can take any value between 0 and 100, whereas an
ordinal measurement is binary. One might be tempted to go even further and argue that
ordinal measurements necessarily give less information, for one can always convert a set of
cardinal measurements into ordinal, simply by ordering the measurements by value. If this
conversion were valid, the data processing inequality (Cover and Thomas, 2012), would then
guarantee that estimators based on ordinal data can never outperform estimators based on
cardinal data. However, this conversion assumes that cardinal and ordinal measurements
suffer from the same type of statistical fluctuation. The following set of experiments show
this assumption is false.

(b) Estimating age of people from photographs: The worker was shown photographs of
people (Figure 5b) and was asked to estimate their ages.

(a) Estimating areas of circles: In each question, the worker was shown a circle in a
bounding box (Figure 5a), and the worker was required to identify the fraction of the
box’s area that the circle occupied.

(c) Estimating distances between pairs of cities: Pairs of cities were listed (Figure 5c) and
for each pair, the worker had to estimate the distance between them.

5.1 Raw data from MTurk

JMLR 17(58):1-47

We conducted seven different experiments on MTurk to investigate the possibility of a “dataprocessing inequality” between the elicited cardinal and ordinal responses: Are responses
elicited in ordinal form equivalent to data obtained by first eliciting cardinal responses and
then subtracting pairs of items? Our experiments lead us to conclude that this is generally
JMLR 17(58):1-47
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For each experiment, we recruited 140 workers on MTurk, and assigned them to one of
the five topologies uniformly at random. In this experiment and others involving aggregation of ordinal data from MTurk, the aggregation procedure follows maximum likelihood
estimation under the Thurstone model, and the estimator is supplied the best-fitting value
of σ obtained via 3-fold cross-validation. Each run of the estimation procedure employs the
data provided by five randomly chosen workers from the pool of workers who performed
19
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31%
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28.2

!% Table 1: Comparison of the average amount of error when ordinal data is collected directly
versus when cardinal data is collected and converted to ordinal. Also tabulated is the
median time (in words%are%misspelled%
seconds) taken to complete a task by a subject in either type of task.
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Figure 5: Screenshots of the tasks presented to the subjects.Who%do%you%think%is%OLDER?%
For each task, only one version
What%is%the%distance%between%%
Which%tone%corresponds%to%a%%
(cardinal or ordinal) is shown here.
the%following%pairs%of%ci4es? HIGHER%number%on%a%phone%keypad?%
%Which%image%is%more%relevant% How%relevant%is%this%image%for%%
for%the%search%query%‘INTERNET’?% the%search%query%'INTERNET'?%
San$Francisco$and$Aus.n%%%
cardinal data obtained from the experiments into ordinal form by comparing answers given
not the case: converting cardinally collected data into ordinal (by subtracting pairs of
miles% by the subjects to consecutive questions. For five of the experiments ((a) through (e)),
!%
!% to that in!%data that is
!%
responses) often leads to a higher amount of noise as compared
we had access to the “ground truth” solutions, using which we computed the fraction of
elicited directly in ordinal form.
answers that were incorrect in the ordinal and the cardinal-converted-to-ordinal data (any
The tasks were selected to have a broad coverage of several important subjective judgtie in the latter case was counted as half an error). For the two remaining experiments
ment paradigms such as preference elicitation, knowledge elicitation, audio and visual per((f) and (g)) for which there is no ground truth, we computed the ‘error’ as the fraction of
/%100%
%Which%image%is%more%relevant%
!%
ception
!% and skill utilization.
How%relevant%is%this%image%for%%
(ordinal or cardinal-converted-to-ordinal) answers provided by the subjects that disagreed
for%the%search%query%‘INTERNET’?%
In addition to the three experiments described in Section 4.2.2, we conducted the folthe%search%query%'INTERNET'?%
with each other. It is important to note that in the experiments in this section, we did not
lowing four experiments.
run any estimation procedure on the data: we only measured the noise in the raw responses.
The entire data pertaining to these experiments, including the interface seen by the workers
(d) Finding spelling mistakes in text: The worker had to identify the number of words
and the data obtained from their work, is available on the first author’s website.
that were misspelled in each paragraph shown (Figure 5d).
/%100%
!%
(e) Identifying sounds: The worker was presented with audio clips, each of which was !%
The results are summarized in Table 1. If the cardinal measurements could always be
the sound of a single key on a piano (which corresponds to a single frequency). The
converted to ordinal ones with the same noise level as directly eliciting ordinal responses,
worker had to estimate the frequency of the sound in each audio clip (Figure 5e).
then it would be unlikely for the amount of error in the ordinal setting to be smaller than
that in the cardinal setting. Table 1 shows that converting cardinal data to an ordinal
(f) Rating tag-lines for a product: A product was described and tag-lines for this product
form very often results in a higher (and sometimes significantly higher) per-sample error
were shown (Figure 5f). The worker had to rate each of these tag-lines in terms of its
in the (raw) responses than direct elicitation of ordinal evaluations. Such an outcome may
originality, clarity and relevance to this product.
be explained by the argument that the inherent evaluation process in humans is not the
same in the cardinal and ordinal cases: humans do not perform an ordinal evaluation by
(g) Rating relevance of the results of a search query: Results for the query ‘Internet’ for
first performing cardinal evaluations and then comparing them (Barnett, 2003; Stewart
an image search were shown (Figure 1) and the worker had to rate the relevance of
et al., 2005). One can also see from Table 1 that the amount of time required for cardinal
these results with respect to the given query.
evaluations was typically (much) higher than for ordinal evaluations. One can thus assume
Note that the data collected for experiments (a)–(c) here was different and independent
that we typically have the per-observation error in the ordinal case lower than that in
of the data collected for these tasks in Section 4.2.2.
the cardinal case. In particular, considering the Thurstone and the Cardinal models
The number of items d in the experiments ranged from 10 to 25. For each of the seven
(introduced in Section 2.1) with σ and σc denoting the standard deviations of the noise in
experiments, we recruited 100 workers, and assigned each worker to either the ordinal or
the Thurstone
and the Cardinal models respectively, the above empirical results imply
√
the cardinal version of the task at random. Upon obtaining the data, we first reduced the
that σ < 2σc .
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5.2 Analytical comparison of Cardinal versus Ordinal
As discussed earlier, while cardinal measurements allow more flexibility in the range of
responses, ordinal measurements contain a lower per-sample error. Ordinal measurements
have additional benefits in that they avoid calibration issues that are frequently encountered
in cardinal measurements (Tsukida and Gupta, 2011), such as the evaluators’ inherent (and
possibly time-varying) biases, or tendencies to give inflated or conservative evaluations. Ordinal measurements are also recognized to be easier or faster for humans to make (Barnett,
2003; Stewart et al., 2005), allowing for more evaluations with the same amount of time,
effort and cost.
The lack of clarity regarding when to use a cardinal versus an ordinal approach forms
the motivation of this section. Can we make as reliable estimates from paired comparisons
as from numeric scores? How much lower does the noise have to be for comparative measurements to be preferred over cardinal measurements? The answers to these questions help
to determine how responses should be elicited.
In order to compare the cardinal and ordinal methods of data elicitation, we focus on
a setting with evenly budgeted measurements. In accordance with the fixed-design setup
assumed throughout the paper, we choose the vectors xi a priori.
 Suppose that n is large
enough, and that in the ordinal case we compare each pair n/ d2 times. In the cardinal case
suppose that we evaluate the quality of each item n/d times. We consider the Gaussiannoise models Thurstone and Cardinal introduced earlier in Section 2.1. In order to
capture the fact that the amount of noise is different in the cardinal and ordinal settings,
we denote the standard deviation of the noise in the cardinal setting as σc , and retain our
notation of σ for the noise in the ordinal setting. In order to bring the two models on the
same footing, we measure the error in terms of the squared `2 -norm.
Let γ and ζ denote the parameters γ and ζ (defined in (1) and (6) respectively)
G
G
ζG (B,σ)
c2`
specialized to the Gaussian distribution. Define b` (σ, B) : = ζG (B,σ)
, bu (σ, B) : = c2u
γG (B,σ)
l 2m
and b(σ, B) : = ζcG2 σB 2 . Observe that b` , bu and b are independent of the parameters n and
d.
With these preliminaries in place, we now compare the minimax error in the estimation
under the cardinal and ordinal settings.
Proposition 5 Given a sample size n that is a multiple of d(d − 1)b(σ, B), suppose that
we observe each coordinate n/d times under the Cardinal model. Then the minimax risk
is given by
(12a)

(12b)

times in the Thurstone model, then the minimax

h
i
d
inf sup E kw
b − w∗ k22 = σc2 .
n
w
b w∗ ∈WB


d
2

h
i
d
d
≤ inf sup E kw
b − w∗ k22 ≤ σ 2 bu (σ, B) .
n
n
w
b w∗ ∈WB

Similarly, if we observe each pair n/
risk is sandwiched as
σ 2 b` (σ, B)
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In the cardinal case, when each coordinate is measured the same number of times, the
Cardinal model reduces to the well-studied normal location model, for which the MLE
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is known to be the minimax estimator and its risk is straightforward to characterize (see
Lehmann and Casella (1998) for instance). In the ordinal case, the result follows from the
general treatment in Section 3.
Let us now return to the question deciding between the cardinal and the ordinal methods
of data elicitation. Suppose that we believe the Gaussian-noise models to be reasonably
correct, and the per-observation errors σ and σc under the two settings are known or can
be separately measured. Proposition 5 shows that the scaling of the minimax error in the
cardinal and ordinal settings is identical in terms of the problem parameters n and d. As
an important consequence, our result thus allows for the choice to be made based only on
the parameters (σ, σc , B), and independent of n and d: the ordinal approach incurs a lower
minimax error when bu (σ, B)σ 2 < σc2 while the cardinal approach is better off in terms of
minimax error whenever b` (σ, B)σ 2 > σc2 . Establishing the exact decision boundary would
require tightening the constants in the bounds, a task we leave for future work.

5.3 Aggregate estimation error in experiments on MTurk

in Ordinal

Audio

0.444 ± 0.055

Distance

0.508 ± 0.053
0.513 ± 0.047
0.304 ± 0.049

0.168 ± 0.026

Spelling

0.330 ± 0.028
0.547 ± 0.034
0.085 ± 0.038

0.358 ± 0.035

0.350 ± 0.045
0.277 ± 0.049
0.129 ± 0.046

For the sake of completeness, we also computed the estimation error in the cardinal and ordinal settings. We consider data from the three experiments (c), (d) and (e).2 We normalize
the true vector to have kw∗ k∞ = 1 and set B = 1. For each of the three experiments, we
execute 100 iterations of the following procedure. Select five workers from the cardinal and
five from the ordinal pool of workers uniformly at random. (The number five is inspired
by practical systems as in Wang et al. (2011); Piech et al. (2013).) We run the maximumlikelihood estimator of the Cardinal model on the data from the five workers selected from
the cardinal pool, and the maximum-likelihood estimator of the Thurstone model on the
data from the five workers of the ordinal pool. Note that unlike Section 5.1, the cardinal
data here is not converted to ordinal.
Task
kw∗ −wk
b 22
d
kw∗ −wk
b 2

2
in Cardinal
d
Kendall’s tau coefficient in Ordinal
Kendall’s tau coefficient in Cardinal

Table 2: Evaluation of the inferred solution from the data received from multiple workers
(mean and standard deviation shown).

The results are tabulated in Table 2. To put the results in perspective of the rest
of the paper, let us also recall the per-sample errors in these experiments from Table 1.
Observe that among these three experiments, the per-sample noise in the cardinal data was
closest to that in the ordinal data in the experiment on identifying the number of spelling
mistakes. The gap was larger in the two remaining experiments. This fact is reflected in

JMLR 17(58):1-47

2. We restrict attention to these three experiments for the following reasons. There is no ground truth for
experiments (f) and (g). In experiment (a), the size of each circle in each question is chosen independently
from a continuous distribution, making all questions different and preventing aggregation. Experiment
(b) employs a disconnected topology.
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We refer to any such subset as an (δ, β)-packing set.

j6=k

j,k∈[M ]

min ρ w , w

j
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DKL (Pwj kPwk ) ≤ β.

Our lower bounds are based on the Fano argument, which is a standard method in minimax
analysis (see for instance Tsybakov (2008)). Suppose that our goal is to bound the minimax
risk of estimating a parameter w over an indexed class of distributions P = {Pw | w ∈ W}
in the square of a pseudo-metric ρ. Consider a collection of vectors {w1 , . . . , wM } contained
within W such that

A.1 Lower bound

The following two sections prove the lower and upper bounds (respectively) on the minimax
risk of Ordinal model under the squared L semi-norm.

Appendix A. Proof of Theorem 1
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In this paper, we presented topology-aware minimax error bounds under a broad class of
preference-elicitation models. We demonstrated the utility of these results in guiding the
selection of comparisons and in guiding the choice of the elicitation paradigm (cardinal
versus ordinal) when these options are available. A direction for future work would be to
characterize the precise thresholds for making the choice between the cardinal and ordinal
approaches. Secondly, the Thurstone and BTL models are parametric idealizations that
have proved useful in a wide variety of applications. In future work we would like to
investigate more flexible semi-parametric and non-parametric pairwise comparison models
(see, for instance, Chatterjee (2014); Braverman and Mossel (2008)).

6. Conclusions

for all j ∈ [M (α)],

for all j 6= k ∈ [M (α)], and

(15a)
(15b)

F 0 (x)

DKL (Pwj kPwk ) ≤

,

nζ j
(w − wk )T L(wj − wk ).
σ2

F (2B/σ)(1 − F (2B/σ))

max

x∈[0,2B/σ]

(16)
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Taking these two lemmas as given for the moment, consider the set {z 1 , . . . , z M (α) } of
d-dimensional binary vectors given by Lemma 7. The Laplacian L of the comparison graph
is symmetric and positive-semidefinite, and so has a diagonalization of the form L = U T ΛU
where U ∈ Rd×d is an orthonormal matrix, and Λ is a diagonal matrix of nonnegative
eigenvalues.
Letting matrix Λ† denote the Moore-Penrose pseudo-inverse
of Λ, consider the collection
√
{w1 , . . . , wM (α) } of vectors given by wj : = √δd U T Λ† z j for each j ∈ [M (α)]. Since 1 ∈

We prove these two lemmas at the end of this section.

we have

ζ :=

Lemma 8 For any pair of quality score vectors wj and wk , and for

The next lemma derives an upper bound on the Kullback-Leibler divergence between
the probability distributions induced by any pair of quality score vectors.

where e1 denotes the first canonical basis vector.

he1 , z j i = 0

αd ≤ kz j − z k k22 ≤ d

Lemma 7 For any α ∈ (0, 41 ), there exists a set of M (α) binary vectors {z 1 , . . . , z M (α) } ⊂
{0, 1}d such that

The following two lemmas aid in our construction of a packing set. The first lemma is a
straightforward consequence of the Gilbert-Varshamov bound (Gilbert, 1952; Varshamov,
1957).

The main difficulty in deriving the lower bound is the construction of a suitable packing
set for application in Lemma 6. To this end, given a scalar α ∈ (0, 14 ) whose value will be
specified later, define the integer


nd
o
.
(14)
log 2 + 2α log 2α + (1 − 2α) log(1 − 2α)
M (α) : = exp
2

(13)

Lemma 6 (Pairwise Fano minimax lower bound) Suppose that we can construct a
(δ, β)-packing with cardinality M . Then the minimax risk is lower bounded as

the results of Table 2 where the estimator on the cardinal data incurs a lower `2 -error than
the estimator on the ordinal data in the experiment on identifying the number of spelling
mistakes, whereas the outcome goes the other way in the two remaining experiments. Our
theory needs to tighten the constants in order to address this regime. With respect to the
Kendall’s tau correlation coefficient—a particular type of ordinal metric—the estimator on
the ordinal data consistently gives a higher accuracy as compared to the cardinal case.
h
i δ2 
β + log 2 
inf sup E ρ(w,
b w ∗ )2 ≥
1−
.
2
log M
w
b w∗ ∈W
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√δ 1T U T
d

√
Λ† z j = 0. On the other hand,
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nullspace(L), we are guaranteed that h1, wj i =
√
√
δ2
(wj − wk )T L(wj − wk ) ≤ (z j − z k )T Λ† U LU T Λ† (z j − z k )
d
√
√
δ2
= (z j − z k ) Λ† Λ Λ† (z j − z k )
d
δ2
= kz j − z k k22 ,
d

q
q
(iii)
δ
(ii)
tr(Λ† ) = √
tr(L† ) ≤ B,
d

Here the last step makes use of the fact that the first coordinate of each vector z j and z k
2 ≤ δ2.
is zero. It follows that αδ 2 ≤ kwj − wk kL
2
Setting δ 2 : = 0.01 σnζd , we find that
(i)
δ √
δ
kwj k∞ ≤ √ k Λ† z j k2 ≤ √
d
d

nζδ 2
,
σ2
and
j6=k

2
min kwj − wk kL
≥ αδ 2 .

where inequality (i) follows from the fact that z j has entries in {0, 1}; equation (ii) follows
since L† = U T Λ† U by definition; and inequality (iii) follows from our choice of δ and our
2 tr(L† )
on the sample size with c = 0.01. We have thus verified that each
assumption n ≥ cσ ζB
2
vector wj also satisfies the boundedness constraint kwj k∞ ≤ B required for membership in
WB . Finally, observe that
j6=k

max DKL (Pwj kPwk ) ≤

2
E[kw
b − w ∗ kL
]≥

2

δ ζn
o
α 2n
2 + log 2
δ 1− σ
.
2
log M (α)

We have thus constructed a suitable packing set for applying Lemma 6, which yields the
lower bound

δ2
9

2
and maxj,k kwj − wk kL
σ 2 log 2
and applying
8nζ

Lemma 6 proves the theorem.

Substituting our choice of δ and setting α = 0.01 proves the claim for d > 9.
In order to handle the case d ≤ 9, we consider the set of the three d-length vectors given
by z 1 = [0 · · · 0 − 1], z 2 = [0 · · · 0 1] and z 3 = [0 · · · 0 0]. Construct the packing
set {w1 , w2 , w3 } from these three vectors {z 1 , z 2 , z 3 } as done above for the case of d > 9.
From the calculations made for the general case above, we have for all pairs min
kwj −
j6
=
k
2
≥
≤ 4δ 2 , and as a result maxj,k DKL (Pwj kPwk ) ≤ 4nζδ
.
σ2
2
w k kL

Choosing δ 2 =

The only remaining detail is to prove and Lemma 7 and Lemma 8.

.
d−1
`
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Proof of Lemma 7: The Gilbert-Varshamov bound Gilbert (1952); Varshamov (1957)
guarantees the existence of a binary code {e
z 1 , . . . , zeN } in dimension (d − 1), minimum
Hamming distance dαde, and the number of code words N at least
`=0

2d−1
N ≥ Pdαde−1

27

Since d ≥ 2 and α ∈ (0, 41 ), we have
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dαde − 1
1
≤ 2α ≤ .
d−1
2

Applying standard bounds on the tail of the binomial distribution gives

`=0


dαde−1 
X
d−1
1
`
2d−1


dαde − 1 1 
≤ exp − (d − 1)DKL (
k )
d−1 2

1 
≤ exp − (d − 1)DKL (2αk ) ,
2

and hence N ≥ M (α).
We now define the set of vectors {z 1 , . . . , z M (α) } as (z i )T = [0 (e
z i )T ] for every i ∈ [M (α)].
Given this condition, it is easy to see that he1 , z j i = 0 for every vector z j in this set. Finally,
the minimum distance condition gives the desired constraints on the difference between any
pair of vectors in this set under the squared `2 metric.

n
X
i=1

F (hwj , xi i/σ) log

F (hwj , xi i/σ)
1−F (hwj , xi i/σ)
+(1−F (hwj , xi i/σ)) log
.
F (hwk , xi i/σ)
1−F (hwk , xi i/σ)

Proof of Lemma 8: For any pair of quality score vectors wj and wk , the KL divergence
between the distributions Pwj and Pwk is given by
DKL (Pwj kPwk ) =

For any a, b ∈ (0, 1), we have the elementary inequality a log ab ≤ (a − b) ab . Applying this
inequality to our expression above gives
n

i=1

X (F (hwj , xi i/σ) − F (hwk , xi i/σ))2
.
F (hwk , xi i/σ)(1 − F (hwk , xi i/σ))

n

X
F (hwj , xi i/σ)
DKL (Pwj kPwk ) ≤
(F (hwj , xi i/σ) − F (hwk , xi i/σ))
F (hwk , x i/σ)
i
i=1
n
o 1 − F (hwj , x i/σ)
i
− F (hwj , xi i/σ)) − F (hwk , xi i/σ)
1 − F (hwk , xi i/σ)
≤

i=1

n
X
(F (hwj , xi i/σ) − F (hwk , xi i/σ))2
.
F (2B/σ)(1 − F (2B/σ))

Since max{kwj k∞ , kwk k∞ } ≤ B, and since F is a non-decreasing function, we have
DKL (Pwj kPwk ) ≤

n
X
i=1

ζ(hwj , xi i/σ − hwk , xi i/σ)2 =
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nζ j
(w − wk )T L(wj − wk ),
σ2

Finally, applying the mean value theorem and recalling the definition of ζ (from (6)) yields
DKL (Pwj kPwk ) ≤
as claimed.
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w∈WB

i=1

n

(17b)

(17a)

and

∗

∗

κk∆k2L
(18)

where W is any subset of W∞ ,
(19)

1
k∇`(w∗ )kL† .
κ

(20)

κk∆k2L .
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In order to apply Lemma 9 to the MLE for the Ordinal model, we need to verify that
the negative log likelihood (17a) satisfies the strong convexity condition, and we need to
bound the random variable k∇`(w∗ )kL† defined in the dual norm k · kL† .

By the κ-convexity condition, the left-hand side is lower bounded by
As for the
right-hand side, note that ∆ satisfies the constraint h1, ∆i = 0, and thus is orthogonal to
the nullspace of the Laplacian matrix L. Therefore, by Lemma 16 (in Appendix F), we
have |h∇`(w∗ ), ∆i| ≤ k∇`(w∗ )kL† k∆kL . Combining the pieces yields the claimed inequality (20).

`(w∗ + ∆) − `(w∗ ) − h∇`(w∗ ), ∆i ≤ −h∇`(w∗ ), ∆i.

Proof Since w
b and
are optimal and feasible, respectively, for the original optimization
problem, we have `(w)
b ≤ `(w∗ ). Defining the error vector ∆ = w
b − w∗ , adding and
subtracting the quantity h∇`(w∗ ), ∆i yields the bound

w∗

kw
b − w ∗ kL ≤

and ` is a differentiable cost function satisfying the κ-strong convexity condition (18) at
some w∗ ∈ W. Then

w∈W

w
b ∈ arg min `(w),

Lemma 9 (Upper bound for M -estimators) Consider the M -estimator

for all perturbations ∆ ∈ Rd such√that (w∗ + ∆) ∈ W. Finally, it is also convenient to
introduce the semi-norm kukL† = uT L† u, where L† is the Moore-Penrose pseudo-inverse
of L.

`(w + ∆) − `(w ) − h∇`(w ), ∆i ≥

∗

Our goal is to bound the estimation error of the MLE in the squared semi-norm kvk2L =
v T Lv.
For the purposes of this proof (as well as subsequent ones), let us state and prove an
auxiliary lemma that applies more generally to M -estimators that are based on minimizing
an arbitrary convex and differentiable function over some subset W of the set W∞ : =
{w ∈ Rd | h1, wi = 0}. The MLE under consideration here is a special case. This lemma
requires that ` is differentiable and strongly convex at w∗ with respect to the semi-norm
k · kL , meaning that there is some constant κ > 0 such that

and kwk∞ ≤ B .


1 Xn
hxi , wi 
hxi , wi o
1[yi = 1] log F
+ 1[yi = −1] log 1 − F
,
n
σ
σ


WB : = w ∈ Rd | h1, wi = 0,

`(w) = −

For the Ordinal model, the MLE is given by ŵ ∈ arg min `(w), where

A.2 Upper bound

Topology-dependent Estimation from Pairwise Comparisons

F ( hw,σxi i )2

F 0 ( hw,σxi i )2 − F ( hw,σxi i )F 00 ( hw,σxi i )

i=1

,

and Ti2 : =

(1 − F ( hw,σxi i ))2

F 0 ( hw,σxi i )2 + (1 − F ( hw,σxi i ))F 00 ( hw,σxi i )

n
o
1 Xn
1[yi = 1]Ti1 + 1[yi = −1]Ti2 xi xTi ,
2
nσ

By chain rule, the Hessian of ` is given by

γ
kXvk22
nσ 2

for all v, w ∈ WB ,

An application of

i=1

n

−1 X 
F 0 (hw∗ , xi i/σ)
F 0 (hw∗ , xi i/σ) 
1[yi = 1]
− 1[yi = −1]
xi .
∗
nσ
F (hw , xi i/σ)
1 − F (hw∗ , xi i/σ)

i

F (hw∗ , xi i/σ)
−F 0 (hw∗ , xi i/σ)
1−F (hw∗ , xi i/σ)

( F 0 (hw∗ , x i/σ)

w.p.

w.p.

1 − F (hw∗ , xi i/σ).

F (hw∗ , xi i/σ)

z∈[−2B/σ,2B/σ]

sup

max

,
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σ2
XL† X T ,
γ 2 n2

F 0 (z) o
F 0 (z)
≤
sup
≤ ζ,
F (z) 1 − F (z)
z∈[−2B/σ,2B/σ] F (z)(1 − F (z))

n F 0 (z)

where ζ is as defined in (6). Defining the n-dimensional square matrix M : =
our definitions and previous bounds imply that k∆k2L ≤ V T M V .

|Vi | ≤

1
With this notation, we have ∇`(w∗ ) = − nσ
X T V . One can verify that E[V ] = 0 and

Vi =

Define a random vector V ∈ Rn with independent components as

∇`(w∗ ) =

Bounding the dual norm: In order to obtain a concrete bound, it remains to control
the quantity ∇`(w∗ )T L† ∇`(w∗ ). Observe that the gradient takes the form

γ
.
σ2

γ
γ
kX∆k22 = 2 k∆k2L ,
nσ 2
σ

showing that ` is strongly convex around w∗ with parameter κ =
4
Lemma 9 then gives k∆k2L ≤ σγ 2 k∇`(w∗ )k2L† .

`(w∗ + ∆) − `(w∗ ) − h∇`(w∗ ), ∆i ≥

where X ∈ Rn×d has the differencing vector xi ∈ Rd as its ith row.
Thus, if we introduce the error vector ∆ : = w
b − w∗ , then we may conclude that

v T ∇2 `(w)v ≥

Observe that the term Ti1 is simply the second derivative of log F evaluated at hw,σxi i , and
hence the strong log-concavity of F implies Ti1 ≥ γ. On the other hand, the term Ti2 is
the second derivative of log(1 − F ). Since F (−x) = 1 − F (x) for all x, it follows that the
function x 7→ 1 − F (x) is also strongly log-concave with parameter γ and hence Ti2 ≥ γ.
Putting together the pieces, we conclude that

Ti1 : =

where

∇2 `(w) =

Verifying strong convexity:

Shah et al.
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σ2
,
γ2n
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and |||M |||op =

Consequently, our problem has been reduced to controlling the fluctuations of the
quadratic form V T M V ; in order to do so, we apply the Hanson-Wright inequality (see
Lemma 13 in Appendix E). A straightforward calculation yields
σ4
γ 4 n2

1

X
j6=k

2
kwj − wk kL
=

i=2

d
δ2 X
ai λi (L).
d

i=2 ai

Pd

m=1

≤ d,

r
δ2 T j
δ2
δ2 X
2
2
λim (L).
kU P z − U T P z k kL
= kz j − z k kΛ
=
d
d
d



X

j6=k

2
kwj − wk kL
≤

δ2 d
2δ 2
tr(L) ≤
tr(L).
d d−1
d

≤ δ ≤ B, where inequality (i)

(i)

δ
h1, wj i = √ e1T P z j = e1T z j = 0,
d

√δ kz j k2
d

where the final equation employed the property (15b).
2 2

1

X

j6=k

DKL (Pwj kPwk ) ≤

nζ 4δ 2
= 0.01 d,
σ2 d


 αδ 2
0.01d + log 2 
sup E kw
1−
.
e − w∗ k22 ≥
2
log M (α)

w∗ ∈WB
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where we have substituted our previous choice of δ.
Applying Lemma 6 with the packing set {w1 , . . . , wM (α) } gives that any estimator w
e
must incur an error lower bounded as

M (α)
2



d
antees n ≥ cσ
. We have thus verified that each vector wj also satisfies the boundedness
4ζB 2
constraint kwj k∞ ≤ B required for membership in WB .
kwj −
From the proof of Theorem 1, we have that for any distinct DKL (Pwj kPwk ) ≤ nζ
σ2
2 , and hence
w k kL

2 2

follows from the fact that z j has entries in {0, 1}; inequality (ii) follows from our choice of δ
2 tr(L† )
and our assumption n ≥ cσ ζB
on the sample size with c = 0.002, where Lemma 14 guar2

d
Setting δ 2 = 0.01 σ4nζ
, we have kwj k∞ ≤

(ii)

Lemma (14) (Appendix F) gives the trace constraint tr(L) = 2, which in turn guarantees
P
2 ≤ 4δ 2 . For the choice of P specified above, we have for every
kwj − wk kL
that M1(α)
d
( 2 ) j6=k
j ∈ [M (α)],

M (α)
2

1

We choose the permutation matrix P such that the last (d − 1) coordinates are permuted
to have a2 ≥ · · · ≥ ad and the dth coordinate remains fixed. With this choice, we get

M (α)
2



It follows that for some non-negative numbers a2 , . . . , ad such that αd ≤

2
kwj − wk kL
=

that it keeps the first coordinate constant. By construction, for each j 6= k, we have
2
kwj − wk k22 = δd kz j − z k k22 ≥ αδ 2 , where the final inequality follows from the fact that the
set {z 1 , . . . , z M (α) } comprises binary vectors with a minimum Hamming distance at least
αd.
Consider any distinct j, k ∈ [M (α)]. Then, for some {i1 , . . . , ir } ⊆ {2, . . . , d} with
αd ≤ r ≤ d, it must be that

2
|||M |||fro
= (d − 1)

for all t > 0.

where we have used the fact that L = n1 X T X. Moreover, since the components of V
are independent and of zero mean, a straightforward calculation yields that E[V T M V ] ≤
2 tr(M )] ≤ ζ 2 σ 2 d .
E[kV k∞
γ2n
Since |Vi | ≤ ζ, the variables are ζ-sub-Gaussian, and hence the Hanson-Wright inequality
implies that
h
i
tγ 2 n 
ζ 2σ2d
t2 γ 4 n2
,
}
P V T M V − 2 > t ≤ 2exp − c min{ 4
γ n
ζ (d − 1)σ 4 ζ 2 σ 2

for all t ≥ 1,

Consequently, after some simple algebra, we conclude that

cζ 2 σ 2 d 
2
P k∆kL
>t 2
≤ e−t
γ n

for some universal constant c. Integrating this tail bound yields the bound on the expectation.

Appendix B. Proof of Theorem 2
The following two sections prove the upper and lower bounds (respectively) on the minimax
risk in the squared Euclidean norm for Ordinal model. We prove the lower bound in two
parts corresponding to the two components of the “max” in the statement of the theorem.
B.1 Upper bound
The proof of the upper bound under the Euclidean norm follows directly from the upper
bound under the L semi-norm proved in Theorem 1. From the setting described in Section 2,
we have that the nullspace of the matrix L is given by the span of the all ones vector.
2 ≥ λ (L)kw ∗ − wk
Furthermore, we have hw∗ − w,
b 1i = 0, and kw∗ − wk
b L
b 22 . Substituting
2
this inequality into the upper bound (7b) gives the desired result.
B.2 Lower bound: Part I

JMLR 17(58):1-47

Since the Laplacian L of the comparison graph is symmetric and positive-semidefinite. By
diagonalization, we can write L = U T ΛU where U ∈ Rd×d is an orthonormal matrix, and
Λ is a diagonal matrix of nonnegative eigenvalues with Λjj = λj (L).
We first use the Fano method (Lemma 6) to prove that the minimax risk is lower bounded
2
as cσ 2 dn . For scalars α ∈ (0, 41 ) and δ > 0 whose values will be specified later, recall the
set {z 1 , . . . , z M (α) } of vectors in the Boolean hypercube {0, 1}d given by Lemma 7. We
then define a second set {wj , j ∈ [M (α)]} via wj : = √δd U T P z j , where P is a permutation
matrix to be specified momentarily. At this point, the only constraint imposed on P is
31

0

(22)

i=d(1−α)d0 e

1
.
λi
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From the proof of Theorem 1, we DKL (Pwj kPwk ) ≤ nζ
kwj − wk k2L ≤ 0.01d0 . Applying
σ2
0 (α)
1
M
Lemma 6 with the packing set {w , . . . , w
} gives that any estimator w
e must incur an
error lower bounded as
δ 2 Pd0
1


0.01d0 + log 2 
i=d(1−α)d0 e λi
d0
sup E kw
e − w∗ k22 ≥
1−
.
∗
2
log M 0 (α)
w ∈WB

j
where inequality (i) follows
from
√
√ the fact that z has entries in {0, 1}; step (ii) follows
because the matrices Λ† and L† have the same eigenvalues; and inequality (iii) follows
2 tr(L† )
on the sample size with c = 0.01. We
from our choice of δ and our assumption n ≥ cσ ζB
2
j
have thus verified that each vector w also satisfies the boundedness constraint kwj k∞ ≤ B
required for membership in WB . Furthermore, for any pair of distinct vectors in this set,
we have
δ2
kwj − wk k2L = 0 kz j − z k k22 ≤ δ 2 .
d

(i)
δ √
δ
kwj k∞ ≤ √ k Λ† w
e j k2 ≤ √
0
d
d0

0

d
X

q
q
(iii)
δ
(ii)
tr(Λ† ) = √
tr(L† ) ≤ B,
0
d

δ2 j
δ2
(w
e −w
ek )T Λ† (w
ej − w
ek ) ≥ 0
0
d
d

Thus, setting δ 2 = 0.01 σnζd yields

2 0

kwj − wk k22 =

for each j ∈ [M (α)].
√
δ
j
T
√
For each j ∈ [M (α)], let us define w : =
U
Λ† w
ej . Now, letting e1 ∈ Rd denote the
d0
√
δ
j
T
first standard basis vector, we have h1, w i = √ 0 1 U T Λ† w
ej = 0. where we have used
d
the fact that 1 ∈ nullspace(L). Furthermore, for any j 6= k, we have

w
ej = [0 (z j )T 0 · · · 0]T

Applying Lemma 7 with d0 as the dimension yields a subset {z 1 , . . . , z M (α) } of the Boolean
0
hypercube {0, 1}d with the stated properties. We then define a set of d-length vectors
0 (α)
1
M
{w
e ,...,w
e
} via

Given an integer d0 ∈ {2, . . . , d}, and scalars α ∈ (0, 14 ) and δ > 0, define the integer


n d0
o
.
M 0 (α) : = exp
log 2 + 2α log 2α + (1 − 2α) log(1 − 2α)
2

B.3 Lower bound: Part II

2

Substituting our choice of δ and setting α = 0.01 proves the claim for d0 > 9.
2
For the case of d0 ≤ 9, we now prove a lower bound of cσn λ29(L) for a universal constant
c > 0. This quantity is at least as large
√ as the claimed lower bound. Consider the packing set
of three d-length vectors w1 = δU Λ† [0 1 0 · · · 0]T , w2 = −w1 and w3 = [0 · · · 0]T for
2
some δ > 0. Then for every j 6= k, one can verify that kwj −wk k2L ≤ 4δ 2 , kwj −wk k22 ≥ λ2δ(L) .

Substituting our choice of δ and setting α = 0.01 proves the claim for d > 9.
For the case of d ≤ 9, consider the set of the three d-length vectors z 1 = [0 · · · 0 − 1],
z 2 = [0 · · · 0 1] and z 3 = [0 · · · 0 0]. Construct the packing set {w1 , w2 , w3 } from these
three vectors {z 1 , z 2 , z 3 } as done above for the case of d > 9. From the calculations made for
2
the general case above, we have for all pairs minj6=k kwj −wk k22 ≥ δ9 and maxj,k kwj −wk k2L ≤
2 log 2
2
4nζδ
and applying
4δ 2 , and as a result maxj,k DKL (Pwj kPwk ) ≤ σ2 . Choosing δ 2 = σ 8nζ
Lemma 6 yields the claim.

q

d
n

+

2
√σ δ
n

≤

2σ 2 dδ 2
n

for all δ ≥ 4, which yields

n
kwj − wk k2L ,
2σ 2
34
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(23)

Based on the pairwise Fano lower bound previously stated in Lemma 6, we need to construct
a suitable (δ, β)-packing, where the semi-norm ρ(wj , wk ) = kwj − wk kL is defined by the
Laplacian. Given the additive Gaussian noise observation model, we also have

C.2 Lower bound under the squared L semi-norm

h
4σ 2 d i
P k∇`(w∗ )k2L† ≥ t
≤ e−t
for all t ≥ 8.
n
h
i
Integrating this tail bound yields that E k∇`(w∗ )k2L† ≤ cσ 2 nd , from which the claim follows.

Since d ≥ 2, we have σ

The maximum likelihood estimate in the Paired
Cardinal model is a special case of the
2
1 Pn
general M -estimator (19) with `(w) : = 2n
i=1 yi −hxi , wi . For this quadratic objective
function, it is easy to verify that the γ-convexity condition holds with γ = 1. (In particular,
note that the Hessian of ` is given by L = X T X/n.)
Given the result of Lemma 9, it remains to upper bound k∇`(w∗ )kL† . A straightforward
2
computation yields k∇`(w∗ )k2L† = σε T Q σε where Q : = nσ2 XL† X T . Consequently, the ran∗
2
dom variable k∇`(w )kL† is quadratic form in the standard Gaussian random vector σε . An

2
2
application of Lemma 15 (Appendix F) gives tr(Q) = σn d − 1 and |||Q|||op = σn , and then
applying a known tail bound on Gaussian quadratic forms (see Lemma 12 in Appendix E)
yields
"
#
r d
k∇`(w∗ )k2L†
δ2
δ 2
√
P
≥
+
≤ e− 2
for all δ ≥ 0.
σ2
n
n

C.1 Upper bound under the squared L semi-norm

We now turn to the proof of Theorem 3 on the minimax rate for the Paired Cardinal
model. Recall that this observation model takes the standard linear model, y = Xw∗ + ,
where y ∈ Rn , w ∈ Rd and  ∼ N (0, σ 2 I).

Appendix C. Proof of Theorem 3

log 2
Choosing δ 2 = σ 8nζ
and applying Lemma 6 proves the claim for d0 ≤ 9.
Finally, taking the maximum over all values of d0 ∈ {2, . . . , d} gives the claimed lower
bound.

Shah et al.

Topology-dependent Estimation from Pairwise Comparisons

Topology-dependent Estimation from Pairwise Comparisons

Shah et al.

.

RjT EiT .

v=wT Ei Rj

The gradient of the negative log likelihood is
m

i=1 j=1

m

v=wT Ei Rj

1 XX
1[yi = j]Ei Rj ∇ log F (v)
n
n

i=1 j=1

1 XX
1[yi = j]Ei Rj ∇2 log F (v)
n

n

m

n

i=1 j=1
n m

1 XX
z T ∇2 `(w)z = −
1[yi = j]z T Ei Rj ∇2 log F (v)
n
i=1 j=1

m

1 XX
≥
1[yi = j]z T Ei Rj HRjT EiT z
n

i=1 j=1

λ2 (H) 1 X X
1[yi = j]z T Ei (mI − 11T )EiT z,
m n

z T ∇2 `(w)z ≥

λ2 (H)
λ2 (H) T
2
z Lz =
kzkL
.
m
m

Consequently, the κ-convexity condition holds around w∗ with κ =
of Lemma 9 then yields

RjT EiT z

(24)

An application

m2
m2
2
k∇`(w∗ )kL
∇`(w∗ )T L† ∇`(w∗ ).
† =
λ2 (H)2
λ2 (H)2

g 0 (0) = h∇F (x), 1i = 0,

36
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and g 00 (0) = h1, ∇2 F (x) 1i = 0,

Controlling the dual norm:
The gradient of the negative log likelihood can then be
P
n
rewritten as ∇`(w∗ ) = − n1 Pi=1
Ei Vi , where each index i ∈ [n], the random vector vector
m
Vi ∈ Rm is given by Vi : = j=1
1[yi = j] Rj ∇ log F (hw∗ , Ei iRj ). Now observe that the
1
11T is symmetric and positive semi-definite with rank (m−1), eigenvalues
matrix M : = I− m
{1, . . . , 1, 0}, its nullspace equals the span of the all-ones vector, and that M † = M . Using
1
this matrix, we define the transformed vector Vei : = (M † ) 2 Vi for each i ∈ [n].
Consider a vector x and its shifted version x+t1, where t ∈ R and 1 denotes the vector of
all ones. By the shift invariance property, the function g(t) = F (x + t1) − F (x) is constant,
and hence

2
≤
kw
bML − w∗ kL

λ2 (H)
m .

where the last step follows from Lemma 11. The definition (10) of L implies that

≥

v=wT Ei Rj

Using our strongly log-concave assumption on F , we have that for any vector z ∈ Rd ,

∇2 `(w) =

The Hessian of the negative log likelihood can be written as

∇`(w) = −

Verifying strong convexity:


and the MLE is obtained by constrained minimization over the set WB : = w ∈ Rd |
h1, wi = 0, and kwk∞ ≤ B . As in our proof of the upper bound in Theorem 1, we
need to verify the κ-strong convexity condition, and to control the dual norm k∇`(w∗ )kL† .

m

n

The construction of the packing and the remainder of the proof proceeds in a manner
identical to the proof of the lower bound in Theorem 1, except for the absence of the
requirement of kwj
≤ B on the elements {wj } of the packing set.
k∞

C.3 Upper bound under the squared Euclidean norm
The upper bound follows by direct analysis of the (unconstrained) least-squares estimate,
which has the explicit form w
b = n1 L† X T y, and thus
1
1
Ekw
b − w∗ k22 = Ek L† X T k22 = σ 2 tr( 2 L† X T XL† )
n
n

where we have used the fact that  ∼ N (0, σ 2 In ). Since L = X T X/n by definition, we
2
†)
conclude that Ekw
b − w∗ k22 = σ tr(L
as claimed.
n
C.4 Lower bound under the squared Euclidean norm

We obtain the lower bound by computing the Bayes risk with respect to a suitably defined
(proper) prior distribution over the weight vector w∗ . In particular, if we impose the prior
2
w∗ ∼ N (0, σn L† ), Bayes’ rule then leads to the posterior distribution





−1
−n
P w | y; X ∝ exp
ky − Xwk22 exp
wT Lw 1{hw, 1i = 0}.
2σ 2
2σ 2


Thus conditioned on y, w is distributed as N (X T X + nL)−1 X T y,
σ2 †
.
By
applying
2 L
σ2
†
2 tr(L ), which

iterated expectations, the Bayes risk is given by Ekw − 21 L† X T yk22 =
completes the proof.

Appendix D. Proof of Theorem 4
This section presents the proof of Theorem 4 for the setting of m-wise comparisons. We
first state some simple properties of the model introduced in Section 3.3, which we use
subsequently in the proofs of the results.
Lemma 10 The Laplacian of the underlying pairwise-comparison graph satisfies the trace
constraints nullspace(L) = 1, λ2 (L) > 0 and tr(L) = m(m − 1).
Lemma 11 For any j ∈ [m], i ∈ [n] and any vector v ∈ Rm , we have

λ2 (H) T
λmax (H) T
v (mI − 11T )v ≤ v T Rj HRjT v ≤
v (mI − 11T )v.
m
m
See Section D.2 for the proof of these auxiliary lemmas.
D.1 Upper bound under the squared L semi-norm

n

i=1 j=1


1 XX
1[yi = j] log F wT Ei Rj ,
n
JMLR 17(58):1-47

We prove this upper bound by applying Lemma 9. In this case, the rescaled negative log
likelihood takes the form
`(w) = −

35

n

i=1

1
1X
Ei M 2 Vei ,
n

and ∇`(w∗ )T L† ∇`(w∗ ) =
i=1 `=1

n
n
1
1 X X eT 1 T †
Vi M 2 Ei L E` M 2 Ve` .
n2

1

j=1

j=1
m
X

Rj ∇F (v)

v=(w∗ )T Ei Rj

.

]

v=(w∗ )T Ei Rj

v=(w∗ )T Ei Rj

F ((w∗ )T Ei Rj )Rj ∇ log F (v)

1[yi = j]Rj ∇ log F (v)

m
n

1[yi = j](∇ log F (v)

v=(w∗ )T Ei Rj

d−1
m ,

)T RjT M Rj ∇ log F (v)

1

v=(w∗ )T Ei Rj

as well as
.

37

Substituting this bound into equation (24) yields the claim.


 d
E h∇`(w∗ ), L† ∇`(w∗ )i ≤
sup k∇ log F (v)k22 .
n v∈[−B,B]m
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Recalling the previously defined matrix M , observe that since Rj is simply a permutation
matrix, we have RjT M Rj = M for every j ∈ [m]. By chain rule, we have h∇ log F (v), 1i =
1
F (v) h∇F (v), 1i = 0, where the last step follows from our previous calculation. It follows
that

j=1

m
X

1

T †
2
2
i=1 M Ei L Ei M ) =

Pn

i=1 `=1
n
1
1 X eT 1 T †
Vi M 2 Ei L Ei M 2 Vei ]
E[
2
n
i=1
n
1
1
1X 1 T †
E[ sup kVe` k22 ]tr(
M 2 Ei L Ei M 2 ).
n `∈[n]
n
i=1

n
n
1
1 X X eT 1 T †
Vi M 2 Ei L E` M 2 Ve` ]
E[
n2

1
T
i=1 Ei M Ei , we have tr( n

Pn

kVe` k22 =

Since L =

≤

=

E[∇`(w∗ )T L† ∇`(w∗ )] =

In
further evaluate this expression, define a function g : Rm → R as g(z) =
Pmorder to
T R ). Then by definition we have g(z) = 1. Taking derivatives, we get 0 =
F
(z
j
j=1
P
T
e
∇g(z) = m
j=1 Rj ∇F (z Rj ). It follows that E[Vi ] = 0, and hence that

= (M † )

1
2

= (M † ) 2

m
X

j=1
m
X

E[Vei ] = E[(M † ) 2

1

By definition, for every pair i 6= ` ∈ [n], Vei is independent of Ve` . Moreover, for every i ∈ [n],

∇`(w∗ ) = −

which implies that 1 ∈ nullspace(∇2 F (x)). Continuing on, we also have that h∇ log F (x), 1i =
1
F (x) h∇F (x), 1i = 0. Consequently, hVi , 1i = 0 = hVi , nullspace(M )i. This allows us to
write
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i=1 l=1

n X
m
X
T

T

i=1 l=1

l=1 F (w

Pm

kT E R )
i l

i=1 l=1

T

T

i=1 l=1
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Every element from the packing set also satisfies kwj k∞ ≤ B when n ≥
thus belongs to the class WB .

DKL (Pwj kPwk ) ≤ 0.01d.
and
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0.01σ 2 tr(L† )
,
ζB 2 λm (H)

where the final step is a result of Lemma 11.
Consider the pair of scalars α ∈ (0, 14 ) and δ > 0 whose values will be specified later.
Let M (α) be as defined in (14). Consider the packing set {w1 , . . . , wM (α) } constructed in
Appendix A.1. Each of these vectors is of length d, satisfies hwj , 1i = 0, and furthermore,
each pair from this set satisfies αδ 2 ≤ kwj − wk k2L ≤ δ 2 . Setting δ 2 = 0.01 nζλmd (H) yields

(26)

and applying Lemma 16 (noting


Ei Rl HRlT EiT (wj − wk )
≤ ζλm (H)nkwj − wk k2L ,

n X
m
X

T

T

ζkwj Ei Rl − wk Ei Rl k2H
≤ ζ(wj − wk )T

i=1 l=1

n X
m
X

T

(h∇F (zil ), wj Ei Rl − wk Ei Rl i)2 ,

that hwj Ei Rl , nullspace(H)i = 0 for all i, j, l) gives
DKL (Pwj kPwk ) ≤

T

(F (wj Ei Rl ) − F (wk Ei Rl ))2
i=1 l=1
n X
m
X

supz∈[−B,B]m k∇F (z)k2 †
H
F (−B,B,...,B)

1
F (−B, B, . . . , B)

T

n X
m
X

F (wk Ei Rl )

1
F (−B, B, . . . , B)

i=1 l=1

= 1 gives

T
T
− 2F (wj Ei Rl ) + F (wk Ei Rl ) .

=

T
F (wk Ei Rl )

T
n X
m
T
X
(F (wj Ei Rl ) − F (wk Ei Rl ))2

T
F (wj Ei Rl )2
T
F (wk Ei Rl )

for some zil ∈ [−B, B]m . Letting ζ =

≤

≤

=

DKL (Pwj kPwk ) ≤

T

F (wj Ei Rl )

jT E R )
i l

i=1 l=1

n X
m
X

l=1 F (w

n X
m 
X

Now employing the fact that

Pm

DKL (Pwj kPwk ) ≤

.


−1 .

F (wk Ei Rl )

T

T

F (wj Ei Rl )

 F (wj T E R )
i l

F (wj Ei Rl ) log

Applying the inequality log x ≤ x − 1, valid for x > 0, we find that

DKL (Pwj kPwk ) =

For any pair of quality score vectors wj and wk , the KL divergence between the distributions
Pwj and Pwk is given by

D.1.1 Lower bound under the squared L semi-norm

Shah et al.
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n
d
α
0.01d + log 2 o
0.01
1−
.
2
nζλm (H)
log M (α)

Applying Lemma 6 yields the lower bound
2
kw
b − w ∗ kL
≥

Setting α = 0.01 proves the claim for d > 9.
For the case of d ≤ 9, consider the set of the three d-length vectors z 1 = [0 · · · 0 − 1],
z 2 = [0 · · · 0 1] and z 3 = [0 · · · 0 0]. Construct the packing set {w1 , w2 , w3 } from these
three vectors {z 1 , z 2 , z 3 } as done above for the case of d > 9. From the calculations made
2 ≥ δ 2 and max
j
for the general case above, we have for all pairs minj6=k kwj − wk kL
j,k kw −
9
log 2
2 ≤ 4δ 2 , and as a result max
2
2
w k kL
j,k DKL (Pwj kPwk ) ≤ 4nζλm (H)δ . Choosing δ = 8nζλm (H)
and applying Lemma 6 proves the claim.
D.1.2 Upper bound under the squared Euclidean norm
The upper bound under the squared `2 -norm follows directly from the upper bound under
the squared L semi-norm in Theorem 4: noting that (w∗ − w)
b ⊥ nullspace(L), we get that
(w∗ − w)
b T L(w∗ − w)
b ≥ λ2 (L)kw∗ − wk
b 22 .

Substituting this inequality in the upper bound on the minimax risk under the squared L
semi-norm in Theorem 4 gives the desired result.

supz∈[−B,B]m k∇F (z)k2 †
H
.
F (−B,B,...,B)

2δ 2
d tr(L).

Equation (26) in Appendix D.1.1 shows that for any

D.1.3 Lower bound under the squared Euclidean norm
Define ζ =
vectors wj , wk ∈ WB ,
2
DKL (Pwj kPwk ) ≤ ζλm (H)nkwj − wk kL
,

wk k22

1



M (α)
2

j6=k

X

2
kw
ej − w
ek kL
≤

(M2(α))

2
w
ek kL

2δ 2
m(m − 1).
d

j6=k

Consider the pair of scalars α ∈ (0, 41 ) and δ > 0 whose values will be specified later.
Let M (α) be as defined in (14). In Appendix B.2 we constructed a set {w1 , . . . , wM (α) }
of vectors of length d that satisfy hwj , 1i = 0 for every j ∈ [M (α)], and for every pair of
P
1
kw
ej −
≤
vectors in this set, kwj −
≥ αδ 2 and
Applying

Lemma 10 gives

2

d
Setting δ 2 = 0.005 nζλm (H)m(m−1)
yields

DKL (Pwj kPwk ) ≤ 0.01d.
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In a manner similar to Lemma 14 in the pairwise comparison case, one can show that
d2
in the general setting of this section, tr(L† ) ≥ 4m(m−1)
. Then, every element from the
packing set also satisfies kwj k∞ ≤ B when δ ≤ B, which holds true under our assumption
39

2

†

2 2
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n
α
d2
0.01d
+ log 2 o
0.01
1−
.
2
nζλm (H)m(m − 1)
log M (α)

cσ tr(L )
cσ d
of n ≥ ζB
2 λ (H) ≥ 4m(m−1)ζB 2 λ (H) with c = 0.01. Each element of our packing set thus
m
m
belongs to the class WB . Applying Lemma 6 yields the lower bound
2
kw
b − w ∗ kL
≥

Setting α = 0.01 proves the claim for d > 9.
For the case of d ≤ 9, consider the set of the three d-length vectors z 1 = [0 · · · 0 − 1],
z 2 = [0 · · · 0 1] and z 3 = [0 · · · 0 0]. Construct the packing set {w1 , w2 , w3 } from these
three vectors {z 1 , z 2 , z 3 } as done above for the case of d > 9. From the calculations made for
2
2
the general case above, we have for all pairs min
kwj −wk k2 ≥ δ and max kwj −wk kL
≤
j6
=
k
j,k
2
9
log 2
and
4δ 2 , and as a result maxj,k DKL (Pwj kPwk ) ≤ 4nζλm (H)δ 2 . Choosing δ 2 = 8nζλ
m (H)
applying Lemma 6 proves the claim.

D.2 Some implied properties of the model

In this section, we prove the two auxiliary lemmas stated at the start of this appendix.
D.2.1 Proof of Lemma 10

n

i=1

n

1X
1X
Ei (mI − 11T )EiT 1 =
Ei (mI − 11T )1 = 0,
n
n
i=1

From the definition (10) of L, have
L1 =

v T E` (mI − 11T )E`T v > 0.

showing that 1 ∈ nullspace(L).
Now consider any non-zero vector v : = [v1 , . . . , vd ]T ∈ Rd such that v ∈
/ span(1). Then
there must exist some i, j ∈ [d] such that vi 6= vj . We know that there exists some path from
item i to j in the comparison hyper-graph. Thus there must exist some hyper-edge in this
path with two items, say i0 , j 0 , such that vi0 6= vj 0 . Suppose that hyper-edge corresponds
/ span(1). The Cauchy-Schwarz inequality
to sample ` ∈ [n]. Let v 0 : = E`T v. Then v 0 ∈
hv 0 , v 0 ih1, 1i > (hv 0 , 1i)2 thus implies

i=1

i=1

n
n

1X
1 X
tr(Ei (mI − 11T )EiT ) =
mtr(Ei EiT ) − tr(Ei 11T EiT ) .
n
n

(27)

Furthermore, for any v 00 ∈ Rm , the Cauchy-Schwarz inequality hv 00 , v 00 ih1, 1i > (hv 00 , 1i)2
implies that for any i ∈ [n], we have v T Ei (mI − 11T )EiT v ≥ 0. Overall we conclude that
have v T Lv > 0 for every v ∈
/ span(1), and hence, nullspace(L) = 1 and λ2 (L) > 0.
Finally, we have
tr(L) =

JMLR 17(58):1-47

By the definition of the matrices {Ei }i∈[n] , tr(Ei EiT ) = m and tr(Ei 11T EiT ) = m. Substituting these values in (27) gives the desired result tr(L) = m(m − 1).
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i=2

m
X

λi (H)hv 0 , hi i2 ≥ λ2 (H)

gives

λ2 (H)v T Rj (I −

=

i=2

i=2

m
X

= I of the eigenvectors h1 , . . . , hm

1 T 0
11 )v ,
m

= λmax (H)v 0T (I −

i=1

1 T 0
11 )v .
m

m
X

1
hv 0 , hi i2 − hv 0 , 1i2
hv 0 , hi i2 = λmax (H)
m

T
i=1 hi hi

Pm

= λ2 (H)v 0T (I −

i=1

1 T T
1
11 )Rj v ≤ v T Rj HRjT v ≤ λmax (H)v T Rj (I − 11T )RjT v.
m
m

λi (H)hv 0 , hi i2 ≤ λmax (H)

RjT v

i=2

m
X

Then for any vector





P Z ≥ E[Z] + t ≤ exp −

41
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t2
t2 
√ 2 = exp −
.
2|||Q|||op
2||| Q|||op

√
√
Proof Note that the function g 7→ k Qgk2 is Lipschitz with constant ||| Q|||op . Consequently, by concentration
√ for Lipschitz functions of Gaussian vectors (Ledoux, 2001), the
random variable Z = k Qgk2 satisfies the upper bound

valid for all δ ≥ 0.

Lemma 12 (Tail bound for Gaussian quadratic form) For any positive semidefinite
matrix Q and standard Gaussian vector g ∼ N (0, Id ), we have
p
p

2 
P g T Qg ≥
tr(Q) + |||Q|||op δ
≤ e−δ/2 .
(28)

In this appendix, we collect a few useful tail bounds for quadratic forms in Gaussian and
sub-Gaussian random variables.

Appendix E. Some useful tail bounds

λ2 (H) T
λmax (H) T
v (mI − 11T )v ≤ v T Rj HRjT v ≤
v (mI − 11T )v.
m
m

1
Observe that the matrix I − m
11T is invariant to permutation of the coordinates, and hence
1
1
Rj (I − m
11T )RjT = I − m
11T . This gives

Setting

v0

v 0T Hv 0 =

√1 1.
m

m
m

X
X
1
hv 0 , hi i2 = λ2 (H)
hv 0 , hi i2 − hv 0 , 1i2
m

where the final step employed the property
of H. A similar argument gives

v 0T Hv 0 =

Let h1 , . . . , hm denote the m eigenvectors of H, with h1 =
v 0 ∈ Rm ,

D.2.2 Proof of Lemma 11

Topology-dependent Estimation from Pairwise Comparisons

(
(Λ−1
jj )
0

if Λjj > 0
otherwise.

and

tr(L† ) ≥

d2
.
4

1
tr( xT L† x) = d − 1,
n

42

1
||| xT L† x|||fro = d − 1,
n

and

JMLR 17(58):1-47

1
||| xT L† x|||op = 1.
n

Lemma 15 For the matrix L defined in (4), and for a (n × d) matrix X with xTi as its ith
row,

P
Proof From the definition (4) of the matrix L, we have tr(L) = n1 ni=1 tr(xi xTi ) = 2. We
Pd
also know that λ1 (L) = 0, and hence j=2 λj (L) = 2. Given the latter constraint, the sum
Pd
1
j=2 λj (L) is minimized when λ2 (L) = · · · = λd (L). Some simple algebra now gives the
claimed result.

tr(L) = 2,

Lemma 14 The Laplacian matrix (4) satisfies the trace constraints

The following pair of lemmas establish some useful properties about L.

Λ†jj =

By construction, the Laplacian L of the comparison graph is symmetric and positivesemidefinite. By the singular value decomposition, we can write L = U T ΛU where U ∈ Rd×d
is an orthonormal matrix, and Λ is a diagonal matrix of nonnegative eigenvalues with
Λjj = λj (L) for every j ∈ [d]. Given our assumption of λ1 (L) ≤ · · · ≤ λd (L), we also
have Λ11 ≤ · · · ≤ Λdd . Also recall that L† denotes the Moore-Penrose pseudo-inverse of
L. In terms of the notation introduced, the Moore-Penrose pseudo-inverse is then given by
L† = U T Λ† U , where Λ† is a diagonal matrix with entries

Appendix F. Properties of Laplacian matrices

Lemma 13 ((Hanson and Wright, 1971; Rudelson and Vershynin, 2013)) Let V ∈
Rd be a random vector with independent zero-mean components that are sub-Gaussian with
parameter K, and let M ∈ Rd×d be an arbitrary matrix. Then there is a universal constant
c > 0 such that





t2
t
P V T M V − E[V T M V ] > t ≤ 2 exp −c min
for all t > 0.
, 2
2
4
K |||M |||fro K |||M |||op
(29)

p
p
√
tr(Q). Setting
By Jensen’s
inequality, we have E[Z] = E[k Qgk2 ] ≤ E[g T Qg] =
p
t = |||Q|||op δ completes the proof.

Shah et al.
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Proof Let Q = 1 xT L† x. Since L = 1 X T X = U T ΛU , the diagonal entries of Λ are the
n
n
√
exist an√orthonormal matrix
squared singular values √
of X/ n. Consequently, there must √
√
V such that X/ n = V ΛU T , and thus we can write
Q√= V Λ Λ† Λ V T . By definition
√
of the Moore-Penrose pseudo-inverse, the matrix Λ Λ† Λ is a diagonal matrix; since the
Laplacian graph is connected, its diagonal contains (d − 1) ones and a single zero. Noting
that V is an orthonormal matrix gives the claimed result.
For future reference, we state and prove a lemma showing that these two semi-norms
satisfy a restricted form of the Cauchy-Schwarz inequality:

(30)

Lemma 16 For any two vectors u and v such that u ⊥ nullspace(L) or/and v ⊥ nullspace(L),
we have
|hu, vi| ≤ kukL† kvkL .
Proof Since L = U T ΛU and L† = U T Λ† U , we have
√
√
√
√
v T Lv uT L† u = v T U T ΛU v uT U T Λ† U u = ke
v k2 ke
uk2 ≥ |he
v, u
ei|,
√
√
where we have defined ve : = ΛU v and u
e : = Λ† U u. Continuing on,
√ √
he
v, u
ei = v T U T Λ Λ† U u = v T U U T u,

References

Shah et al.

Ammar Ammar and Devavrat Shah. Ranking: Compare, don’t score. In Allerton Conference
on Communication, Control, and Computing, pages 776–783, 2011.

Donald R Atkinson, Bruce E Wampold, Susana M Lowe, Linda Matthews, and HyunNie Ahn. Asian American preferences for counselor characteristics: Application of the
Bradley-Terry-Luce model to paired comparison data. The Counseling Psychologist, 26
(1):101–123, 1998.

The

Hossein Azari Soufiani, David C Parkes, and Lirong Xia. Preference elicitation for general
random utility models. In Uncertainty in Artificial Intelligence: Proceedings of the 29th
Conference. AUAI Press, 2013.

William Barnett. The modern theory of consumer behavior: Ordinal or cardinal?
Quarterly Journal of Austrian Economics, 6(1):41–65, 2003.

Ralph Allan Bradley and Milton E Terry. Rank analysis of incomplete block designs: I. the
method of paired comparisons. Biometrika, pages 324–345, 1952.

Tom Bramley. A rank-ordering method for equating tests by expert judgment. Journal of
Applied Measurement, 6(2):202–223, 2005.

Mark Braverman and Elchanan Mossel. Noisy sorting without resampling. In Symposium
on Discrete Algorithms, pages 268–276, 2008.

Andries E Brouwer and Willem H Haemers. Spectra of graphs. Springer, 2011.

Sourav Chatterjee. Matrix estimation by universal singular value thresholding. The Annals
of Statistics, 43(1):177–214, 2014.

where we have used the fact that u or/and v are orthogonal to the null space of L. Since
U is orthonormal, we conclude that he
v, u
ei = hv, ui, which completes the proof.

Appendix G. Minimax risk without assumptions on quality scores

Thomas M Cover and Joy A Thomas. Elements of information theory. John Wiley & Sons,
2012.

44

JMLR 17(58):1-47

Paul E Green, J Douglas Carroll, and Wayne S DeSarbo. Estimating choice probabilities
in multiattribute decision making. Journal of Consumer Research, pages 76–84, 1981.

Edgar N Gilbert. A comparison of signalling alphabets. Bell System Technical Journal, 31
(3):504–522, 1952.

Ofer Gabber and Zvi Galil. Explicit constructions of linear-sized superconcentrators. Journal of Computer and System Sciences, 22(3):407–420, 1981.

Jia Deng, Wei Dong, Richard Socher, Li-Jia Li, Kai Li, and Li Fei-Fei. Imagenet: A largescale hierarchical image database. In IEEE Conference on Computer Vision and Pattern
Recognition, pages 248–255, 2009.

Xi Chen, Paul N Bennett, Kevyn Collins-Thompson, and Eric Horvitz. Pairwise ranking
aggregation in a crowdsourced setting. In International Conference on Web Search and
Data Mining, pages 193–202, 2013.

The setting considered throughout the paper imposes two restrictions (2) on the quality
score vector w∗ . The first condition is that of shift invariance, that is, hw∗ , 1i = 0. The
necessity of this condition for identifiability under the Ordinal model is easy to verify.
The second condition is that the quality score vectors are B-bounded, that is, kw∗ k∞ ≤ B
for some finite B. In this section, for the sake of completeness, we show that the minimax
risk is infinite in the absence of this condition.

w∗ ∈W∞

Proposition 17 Any estimator w
e based on n samples from the Ordinal model (with unbounded quality score vectors) has error lower bounded as
h
i
h
i
2
sup E kw
e − w∗ k22 = sup E kw
e − w ∗ kL
= ∞.

w∗ ∈W∞

JMLR 17(58):1-47

The remainder of this section is devoted to the formal proof of Proposition 17. Consider
the event where for every comparison, the item with the higher quality score in w∗ wins.
For any w∗ ∈ W∞ \{0}, this event occurs with a probability at least 21n . Under this event,
the true w∗ is indistinguishable from the quality score vector cw∗ ∈ W∞ for every c ≥ 0,
and the error is also unbounded. Since the probability of this event is strictly bounded away
from zero, the expected error is also unbounded.
43

Michael D Lee, Mark Steyvers, Mindy De Young, and Brent J Miller. A model-based
approach to measuring expertise in ranking tasks. In Proceedings of the 33rd annual
conference of the cognitive science society, 2011.
E.L. Lehmann and G. Casella. Theory of Point Estimation. Springer Texts in Statistics,
1998.

David Lee Hanson and Farroll Tim Wright. A bound on tail probabilities for quadratic
forms in independent random variables. The Annals of Mathematical Statistics, pages
1079–1083, 1971.

Sandra Heldsinger and Stephen Humphry. Using the method of pairwise comparison to
obtain reliable teacher assessments. The Australian Educational Researcher, 37(2):1–19,
2010.

45

JMLR 17(58):1-47

ASID Lang and Joshua Rio-Ross. Using Amazon Mechanical Turk to transcribe historical
handwritten documents. The Code4Lib Journal, 2011.

Paul FM Krabbe. Thurstone scaling as a measurement method to quantify subjective health
outcomes. Medical care, 46(4):357–365, 2008.

Kenneth J Koehler and Harold Ridpath. An application of a biased version of the BradleyTerry-Luce model to professional basketball results. Journal of Mathematical Psychology,
25(3), 1982.

John I Kiger. The depth/breadth trade-off in the design of menu-driven user interfaces.
International Journal of Man-Machine Studies, 20(2):201–213, 1984.

Firas Khatib, Frank DiMaio, Seth Cooper, Maciej Kazmierczyk, Miroslaw Gilski, Szymon
Krzywda, Helena Zabranska, Iva Pichova, James Thompson, Zoran Popović, Mariusz
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We introduce a new representation learning approach for domain adaptation, in which
data at training and test time come from similar but different distributions. Our approach
is directly inspired by the theory on domain adaptation suggesting that, for effective domain transfer to be achieved, predictions must be made based on features that cannot
discriminate between the training (source) and test (target) domains.
The approach implements this idea in the context of neural network architectures that
are trained on labeled data from the source domain and unlabeled data from the target domain (no labeled target-domain data is necessary). As the training progresses, the approach
promotes the emergence of features that are (i) discriminative for the main learning task
on the source domain and (ii) indiscriminate with respect to the shift between the domains.
We show that this adaptation behaviour can be achieved in almost any feed-forward model
by augmenting it with few standard layers and a new gradient reversal layer. The resulting
augmented architecture can be trained using standard backpropagation and stochastic gradient descent, and can thus be implemented with little effort using any of the deep learning
packages.
We demonstrate the success of our approach for two distinct classification problems
(document sentiment analysis and image classification), where state-of-the-art domain
adaptation performance on standard benchmarks is achieved. We also validate the approach for descriptor learning task in the context of person re-identification application.
Keywords: domain adaptation, neural network, representation learning, deep learning,
synthetic data, image classification, sentiment analysis, person re-identification
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We thus focus on learning features that combine (i) discriminativeness and (ii) domaininvariance. This is achieved by jointly optimizing the underlying features as well as two
discriminative classifiers operating on these features: (i) the label predictor that predicts
class labels and is used both during training and at test time and (ii) the domain classifier
that discriminates between the source and the target domains during training. While the
parameters of the classifiers are optimized in order to minimize their error on the training set,
the parameters of the underlying deep feature mapping are optimized in order to minimize
the loss of the label classifier and to maximize the loss of the domain classifier. The latter

Unlike many previous papers on domain adaptation that worked with fixed feature
representations, we focus on combining domain adaptation and deep feature learning within
one training process. Our goal is to embed domain adaptation into the process of learning
representation, so that the final classification decisions are made based on features that
are both discriminative and invariant to the change of domains, i.e., have the same or
very similar distributions in the source and the target domains. In this way, the obtained
feed-forward network can be applicable to the target domain without being hindered by
the shift between the two domains. Our approach is motivated by the theory on domain
adaptation (Ben-David et al., 2006, 2010), that suggests that a good representation for
cross-domain transfer is one for which an algorithm cannot learn to identify the domain of
origin of the input observation.

Learning a discriminative classifier or other predictor in the presence of a shift between training and test distributions is known as domain adaptation (DA). The proposed
approaches build mappings between the source (training-time) and the target (test-time)
domains, so that the classifier learned for the source domain can also be applied to the
target domain, when composed with the learned mapping between domains. The appeal
of the domain adaptation approaches is the ability to learn a mapping between domains in
the situation when the target domain data are either fully unlabeled (unsupervised domain
annotation) or have few labeled samples (semi-supervised domain adaptation). Below, we
focus on the harder unsupervised case, although the proposed approach (domain-adversarial
learning) can be generalized to the semi-supervised case rather straightforwardly.

The cost of generating labeled data for a new machine learning task is often an obstacle
for applying machine learning methods. In particular, this is a limiting factor for the further progress of deep neural network architectures, that have already brought impressive
advances to the state-of-the-art across a wide variety of machine-learning tasks and applications. For problems lacking labeled data, it may be still possible to obtain training sets
that are big enough for training large-scale deep models, but that suffer from the shift in
data distribution from the actual data encountered at “test time”. One important example
is training an image classifier on synthetic or semi-synthetic images, which may come in
abundance and be fully labeled, but which inevitably have a distribution that is different
from real images (Liebelt and Schmid, 2010; Stark et al., 2010; Vázquez et al., 2014; Sun and
Saenko, 2014). Another example is in the context of sentiment analysis in written reviews,
where one might have labeled data for reviews of one type of product (e.g., movies), while
having the need to classify reviews of other products (e.g., books).

1. Introduction
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update thus works adversarially to the domain classifier, and it encourages domain-invariant
features to emerge in the course of the optimization.
Crucially, we show that all three training processes can be embedded into an appropriately composed deep feed-forward network, called domain-adversarial neural network
(DANN) (illustrated by Figure 1, page 12) that uses standard layers and loss functions,
and can be trained using standard backpropagation algorithms based on stochastic gradient descent or its modifications (e.g., SGD with momentum). The approach is generic as
a DANN version can be created for almost any existing feed-forward architecture that is
trainable by backpropagation. In practice, the only non-standard component of the proposed architecture is a rather trivial gradient reversal layer that leaves the input unchanged
during forward propagation and reverses the gradient by multiplying it by a negative scalar
during the backpropagation.
We provide an experimental evaluation of the proposed domain-adversarial learning
idea over a range of deep architectures and applications. We first consider the simplest
DANN architecture where the three parts (label predictor, domain classifier and feature
extractor) are linear, and demonstrate the success of domain-adversarial learning for such
architecture. The evaluation is performed for synthetic data as well as for the sentiment
analysis problem in natural language processing, where DANN improves the state-of-the-art
marginalized Stacked Autoencoders (mSDA) of Chen et al. (2012) on the common Amazon
reviews benchmark.
We further evaluate the approach extensively for an image classification task, and present
results on traditional deep learning image data sets—such as MNIST (LeCun et al., 1998)
and SVHN (Netzer et al., 2011)—as well as on Office benchmarks (Saenko et al., 2010),
where domain-adversarial learning allows obtaining a deep architecture that considerably
improves over previous state-of-the-art accuracy.
Finally, we evaluate domain-adversarial descriptor learning in the context of person
re-identification application (Gong et al., 2014), where the task is to obtain good pedestrian image descriptors that are suitable for retrieval and verification. We apply domainadversarial learning, as we consider a descriptor predictor trained with a Siamese-like loss
instead of the label predictor trained with a classification loss. In a series of experiments, we
demonstrate that domain-adversarial learning can improve cross-data-set re-identification
considerably.

2. Related work

4

proaches perform this by reweighing or selecting samples from the source domain (Borgwardt et al., 2006; Huang et al., 2006; Gong et al., 2013), while others seek an explicit
feature space transformation that would map source distribution into the target one (Pan
et al., 2011; Gopalan et al., 2011; Baktashmotlagh et al., 2013). An important aspect
of the distribution matching approach is the way the (dis)similarity between distributions
is measured. Here, one popular choice is matching the distribution means in the kernelreproducing Hilbert space (Borgwardt et al., 2006; Huang et al., 2006), whereas Gong et al.
(2012) and Fernando et al. (2013) map the principal axes associated with each of the distributions.
Our approach also attempts to match feature space distributions, however this is accomplished by modifying the feature representation itself rather than by reweighing or geometric
transformation. Also, our method uses a rather different way to measure the disparity between distributions based on their separability by a deep discriminatively-trained classifier.
Note also that several approaches perform transition from the source to the target domain
(Gopalan et al., 2011; Gong et al., 2012) by changing gradually the training distribution.
Among these methods, Chopra et al. (2013) does this in a “deep” way by the layerwise
training of a sequence of deep autoencoders, while gradually replacing source-domain samples with target-domain samples. This improves over a similar approach of Glorot et al.
(2011) that simply trains a single deep autoencoder for both domains. In both approaches,
the actual classifier/predictor is learned in a separate step using the feature representation
learned by autoencoder(s). In contrast to Glorot et al. (2011); Chopra et al. (2013), our
approach performs feature learning, domain adaptation and classifier learning jointly, in a
unified architecture, and using a single learning algorithm (backpropagation). We therefore
argue that our approach is simpler (both conceptually and in terms of its implementation).
Our method also achieves considerably better results on the popular Office benchmark.
While the above approaches perform unsupervised domain adaptation, there are approaches that perform supervised domain adaptation by exploiting labeled data from the
target domain. In the context of deep feed-forward architectures, such data can be used
to “fine-tune” the network trained on the source domain (Zeiler and Fergus, 2013; Oquab
et al., 2014; Babenko et al., 2014). Our approach does not require labeled target-domain
data. At the same time, it can easily incorporate such data when they are available.
An idea related to ours is described in Goodfellow et al. (2014). While their goal is
quite different (building generative deep networks that can synthesize samples), the way
they measure and minimize the discrepancy between the distribution of the training data
and the distribution of the synthesized data is very similar to the way our architecture
measures and minimizes the discrepancy between feature distributions for the two domains.
Moreover, the authors mention the problem of saturating sigmoids which may arise at the
early stages of training due to the significant dissimilarity of the domains. The technique
they use to circumvent this issue (the “adversarial” part of the gradient is replaced by a
gradient computed with respect to a suitable cost) is directly applicable to our method.
Also, recent and concurrent reports by Tzeng et al. (2014); Long and Wang (2015)
focus on domain adaptation in feed-forward networks. Their set of techniques measures and
minimizes the distance between the data distribution means across domains (potentially,
after embedding distributions into RKHS). Their approach is thus different from our idea
of matching distributions by making them indistinguishable for a discriminative classifier.
JMLR 17(59):1-35

The general approach of achieving domain adaptation explored under many facets. Over the
years, a large part of the literature has focused mainly on linear hypothesis (see for instance
Blitzer et al., 2006; Bruzzone and Marconcini, 2010; Germain et al., 2013; Baktashmotlagh
et al., 2013; Cortes and Mohri, 2014). More recently, non-linear representations have become
increasingly studied, including neural network representations (Glorot et al., 2011; Li et al.,
2014) and most notably the state-of-the-art mSDA (Chen et al., 2012). That literature has
mostly focused on exploiting the principle of robust representations, based on the denoising
autoencoder paradigm (Vincent et al., 2008).
Concurrently, multiple methods of matching the feature distributions in the source and
the target domains have been proposed for unsupervised domain adaptation. Some ap3
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To tackle the challenging domain adaptation task, many approaches bound the target error
by the sum of the source error and a notion of distance between the source and the target
distributions. These methods are intuitively justified by a simple assumption: the source
risk is expected to be a good indicator of the target risk when both distributions are similar.
Several notions of distance have been proposed for domain adaptation (Ben-David et al.,
2006, 2010; Mansour et al., 2009a,b; Germain et al., 2013). In this paper, we focus on the
H-divergence used by Ben-David et al. (2006, 2010), and based on the earlier work of Kifer

3.1 Domain Divergence

while having no information about the labels of DT .

(x,y)∼DT

with N = n + n0 being the total number of samples. The goal of the learning algorithm is
to build a classifier η : X → Y with a low target risk


RDT (η) = Pr
η(x) 6= y ,

We consider classification tasks where X is the input space and Y = {0, 1, . . . , L−1} is the
set of L possible labels. Moreover, we have two different distributions over X×Y , called the
source domain DS and the target domain DT . An unsupervised domain adaptation learning
algorithm is then provided with a labeled source sample S drawn i.i.d. from DS , and an
X
X
unlabeled target sample T drawn i.i.d. from DT
, where DT
is the marginal distribution of
DT over X.
0
X n
S = {(xi , yi )}ni=1 ∼ (DS )n ; T = {xi }N
i=n+1 ∼ (DT ) ,

3. Domain Adaptation

et al. (2004). Note that we assume in definition 1 below that the hypothesis class H is a
(discrete or continuous) set of binary classifiers η : X → {0, 1}.1

Below, we compare our approach to Tzeng et al. (2014); Long and Wang (2015) on the
Office benchmark. Another approach to deep domain adaptation, which is arguably more
different from ours, has been developed in parallel by Chen et al. (2015).
From a theoretical standpoint, our approach is directly derived from the seminal theoretical works of Ben-David et al. (2006, 2010). Indeed, DANN directly optimizes the notion
of H-divergence. We do note the work of Huang and Yates (2012), in which HMM representations are learned for word tagging using a posterior regularizer that is also inspired
by Ben-David et al.’s work. In addition to the tasks being different—Huang and Yates
(2012) focus on word tagging problems—, we would argue that DANN learning objective
more closely optimizes the H-divergence, with Huang and Yates (2012) relying on cruder
approximations for efficiency reasons.
A part of this paper has been published as a conference paper (Ganin and Lempitsky,
2015). This version extends Ganin and Lempitsky (2015) very considerably by incorporating the report Ajakan et al. (2014) (presented as part of the Second Workshop on Transfer
and Multi-Task Learning), which brings in new terminology, in-depth theoretical analysis and justification of the approach, extensive experiments with the shallow DANN case
on synthetic data as well as on a natural language processing task (sentiment analysis).
Furthermore, in this version we go beyond classification and evaluate domain-adversarial
learning for descriptor learning setting within the person re-identification application.
Pr

x∼DSX

X
x∼DT





η(x) = 1 − Pr η(x) = 1 .

i=n+1

(2)

(3)
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1. As mentioned by Ben-David et al. (2006), the same analysis holds for multiclass setting. However, to
obtain the same results when |Y | > 2, one should assume that H is a symmetrical hypothesis class. That
is, for all h ∈ H and any permutation of labels c : Y → Y , we have c(h) ∈ H. Note that this is the case
for most commonly used neural network architectures.

In Ben-David et al. (2006), the value dˆA is called the Proxy A-distance (PAD). The AX
distance being defined as dA (DSX , DT
) = 2 supA∈A PrDX (A) − PrDX (A) , where A is a
S
T
subset of X. Note that, by choosing A = {Aη |η ∈ H}, with Aη the set represented by the
characteristic function η, the A-distance and the H-divergence of Definition 1 are identical.
In the experiments section of this paper, we compute the PAD value following the
approach of Glorot et al. (2011); Chen et al. (2012), i.e., we train either a linear SVM or
a deeper MLP classifier on a subset of U (Equation 2), and we use the obtained classifier
error on the other subset as the value of  in Equation (3). More details and illustrations
of the linear SVM case are provided in Section 5.1.5.

dˆA = 2 (1 − 2) .

where the examples of the source sample are labeled 0 and the examples of the target sample
are labeled 1. Then, the risk of the classifier trained on the new data set U approximates the
“min” part of Equation (1). Given a generalization error  on the problem of discriminating
between source and target examples, the H-divergence is then approximated by

U = {(xi , 0)}ni=1 ∪ {(xi , 1)}N
i=n+1 ,

Ben-David et al. (2006) suggested that, even if it is generally hard to compute dˆH (S, T )
exactly (e.g., when H is the space of linear classifiers on X), we can easily approximate
it by running a learning algorithm on the problem of discriminating between source and
target examples. To do so, we construct a new data set

3.2 Proxy Distance

where I[a] is the indicator function which is 1 if predicate a is true, and 0 otherwise.

i=1

That is, the H-divergence relies on the capacity of the hypothesis class H to distinguish
X
between examples generated by DSX from examples generated by DT
. Ben-David et al.
(2006, 2010) proved that, for a symmetric hypothesis class H, one can compute the empirical
0
X n
H-divergence between two samples S ∼ (DSX )n and T ∼ (DT
) by computing
!
 X
n
N
1 X
1
I[η(xi ) = 0] + 0
I[η(xi ) = 1] ,
(1)
dˆH (S, T ) = 2 1 − min
η∈H n
n

η∈H

X
dH (DSX , DT
) = 2 sup

Definition 1 (Ben-David et al., 2006, 2010; Kifer et al., 2004) Given two domain
X
distributions DSX and DT
over X, and a hypothesis class H, the H-divergence between
X
DSX and DT
is

Ganin, Ustinova, Ajakan, Germain, Larochelle, Laviolette, Marchand and Lempitsky
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3.3 Generalization Bound on the Target Risk
X
The work of Ben-David et al. (2006, 2010) also showed that the H-divergence dH (DSX , DT
)
is upper bounded by its empirical estimate dˆH (S, T ) plus a constant complexity term that
depends on the VC dimension of H and the size of samples S and T . By combining this
result with a similar bound on the source risk, the following theorem is obtained.


1
4
d log 2n
d + log δ + β ,
n

Theorem 2 (Ben-David et al., 2006) Let H be a hypothesis class of VC dimension d.
X n
With probability 1 − δ over the choice of samples S ∼ (DS )n and T ∼ (DT
) , for every
η ∈ H:
r
r
RDT (η) ≤ RS (η) +

m

i=1

1X
I [η(xi ) 6= yi ]
n


4
d log 2edn + log 4δ + dˆH (S, T ) + 4
n

RS (η) =

with β ≥ inf [RDS (η ∗ ) + RDT (η ∗ )] , and
η ∗ ∈H

is the empirical source risk.
The previous result tells us that RDT (η) can be low only when the β term is low, i.e., only
when there exists a classifier that can achieve a low risk on both distributions. It also tells
us that, to find a classifier with a small RDT (η) in a given class of fixed VC dimension,
the learning algorithm should minimize (in that class) a trade-off between the source risk
RS (η) and the empirical H-divergence dˆH (S, T ). As pointed-out by Ben-David et al. (2006),
a strategy to control the H-divergence is to find a representation of the examples where
both the source and the target domain are as indistinguishable as possible. Under such a
representation, a hypothesis with a low source risk will, according to Theorem 2, perform
well on the target data. In this paper, we present an algorithm that directly exploits this
idea.

4. Domain-Adversarial Neural Networks (DANN)
An original aspect of our approach is to explicitly implement the idea exhibited by Theorem 2 into a neural network classifier. That is, to learn a model that can generalize well
from one domain to another, we ensure that the internal representation of the neural network contains no discriminative information about the origin of the input (source or target),
while preserving a low risk on the source (labeled) examples.
In this section, we detail the proposed approach for incorporating a “domain adaptation
component” to neural networks. In Subsection 4.1, we start by developing the idea for the
simplest possible case, i.e., a single hidden layer, fully connected neural network. We then
describe how to generalize the approach to arbitrary (deep) network architectures.
4.1 Example Case with a Shallow Neural Network

JMLR 17(59):1-35

Let us first consider a standard neural network (NN) architecture with a single hidden
layer. For simplicity, we suppose that the input space is formed by m-dimensional real
7
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h

i|a|
1
1+exp(−ai ) i=1 .

vectors. Thus, X = Rm . The hidden layer Gf learns a function Gf : X → RD that
maps an example into a new D-dimensional representation2 , and is parameterized by a
matrix-vector pair (W, b) ∈ RD×m × RD :

Gf (x; W, b) = sigm Wx + b ,
(4)
with sigm(a) =



exp(ai )
P|a|
j=1 exp(aj )

i=1

Similarly, the prediction layer Gy learns a function Gy : RD → [0, 1]L that is parameterized by a pair (V, c) ∈ RL×D × RL :

Gy (Gf (x); V, c) = softmax VGf (x) + c ,
|a|
.
with softmax(a) =

= log

1
.
Gy (Gf (x))yi

Here we have L = |Y |. By using the softmax function, each component of vector
Gy (Gf (x)) denotes the conditional probability that the neural network assigns x to the
class in Y represented by that component. Given a source example (xi , yi ), the natural
classification loss to use is the negative log-probability of the correct label:


Ly Gy (Gf (xi )), yi

Training the neural network then leads to the following optimization problem on the source
domain:
"
#
n
1X
min
(5)
Lyi (W, b, V, c) + λ · R(W, b) ,
W,b,V,c n
i=1

where Lyi (W, b, V, c) = Ly Gy (Gf (xi ; W, b); V, c), yi is a shorthand notation for the prediction loss on the i-th example, and R(W, b) is an optional regularizer that is weighted
by hyper-parameter λ.



Gf (x) x ∈ S .

The heart of our approach is to design a domain regularizer directly derived from the
H-divergence of Definition 1. To this end, we view the output of the hidden layer Gf (·)
(Equation 4) as the internal representation of the neural network. Thus, we denote the
source sample representations as
S(Gf ) =

Similarly, given an unlabeled sample from the target domain we denote the corresponding
representations

T (Gf ) = Gf (x) x ∈ T .

i=1

i=n+1

Based on Equation (1), the empirical H-divergence of a symmetric hypothesis class H
between samples S(Gf ) and T (Gf ) is given by
 n
!
N



1X 
1 X 
dˆH S(Gf ), T (Gf ) = 2 1−min
I η(Gf (xi ))=0 + 0
I η(Gf (xi ))=1
. (6)
η∈H n
n

JMLR 17(59):1-35

2. For brevity of notation, we will sometimes drop the dependence of Gf on its parameters (W, b) and
shorten Gf (x; W, b) to Gf (x).

8



= di log

1
1
+ (1−di ) log
,
Gd (Gf (xi ))
1−Gd (Gf (xi ))

i=1

i=n+1

i=1

i=n+1
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Thus, the optimization problem involves a minimization with respect to some parameters,
as well as a maximization with respect to the others.

u,z

(û, ẑ) = argmax E(Ŵ, V̂, b̂, ĉ, u, z) .

W,V,b,c

(Ŵ, V̂, b̂, ĉ) = argmin E(W, V, b, c, û, ẑ) ,

where we are seeking the parameters Ŵ, V̂, b̂, ĉ, û, ẑ that deliver a saddle point given by

i=1

(9)
n
n
N
1 X

X
1
1X i
=
Ly (W, b, V, c) − λ
Lid (W, b, u, z) + 0
Lid (W, b, u, z) ,
n
n
n

E(W, V,b, c, u, z)

where
Gd (Gf (xi ; W, b); u, z), di ). This regularizer seeks to approximate

the H-divergence of Equation (6), as 2(1−R(W, b)) is a surrogate for dˆH S(Gf ), T (Gf ) . In
line with Theorem 2, the optimization problem given by Equations (5) and (8) implements a
trade-off between the minimization of the source risk RS (·) and the divergence dˆH (·, ·). The
hyper-parameter λ is then used to tune the trade-off between these two quantities during
the learning process.
For learning, we first note that we can rewrite the complete optimization objective of
Equation (5) as follows:

Lid (W, b, u, z)=Ld

where di denotes the binary variable (domain label) for the i-th example, which indicates
whether xi come from the source distribution (xi ∼DSX if di =0) or from the target distribuX
tion (xi ∼DT
if di =1).
Recall that for the examples from the source distribution (di =0), the corresponding
labels yi ∈ Y are known at training time. For the examples from the target domains, we
do not know the labels at training time, and we want to predict such labels at test time.
This enables us to add a domain adaptation term to the objective of Equation (5), giving
the following regularizer:
#
"
n
N

1 X i
1X i
Ld (W, b, u, z) − 0
Ld (W, b, u, z ,
(8)
R(W, b) = max −
u,z
n
n

Ld Gd (Gf (xi )), di

Hence, the function Gd (·) is a domain regressor. We define its loss by

Let us consider H as the class of hyperplanes in the representation space. Inspired by the
Proxy A-distance (see Section 3.2), we suggest estimating the “min” part of Equation (6)
by a domain classification layer Gd that learns a logistic regressor Gd : RD → [0, 1],
parameterized by a vector-scalar pair (u, z) ∈ RD × R, that models the probability that a
X
given input is from the source domain DSX or the target domain DT
. Thus,

Gd (Gf (x); u, z) = sigm u> Gf (x) + z .
(7)

Domain-Adversarial Neural Networks

# Domain adaptation regularizer...
# ...from current domain
Gd (Gf (xi )) ← sigm(d + u> Gf (xi ))
∆d ← λ(1 − Gd (Gf (xi )))
∆u ← λ(1 − Gd (Gf (xi )))Gf (xi )

# Backpropagation
∆c ← −(e(yi ) − Gy (Gf (xi )))
>
∆V ← ∆c Gf (x
 i)
∆b ← V> ∆c
Gf (xi ) (1 − Gf (xi ))
∆W ← ∆b · (xi )>

# Update neural network parameters
W ← W − µ∆W
V ← V − µ∆V
b ← b − µ∆b
c ← c − µ∆c

# ...from other domain
j ← uniform integer(1, . . . , n0 )
Gf (xj ) ← sigm(b + Wxj )
Gd (Gf (xj )) ← sigm(d + u> Gf (xj ))
∆d ← ∆d − λGd (Gf (xj ))
∆u ← ∆u − λGd (Gf (xj ))Gf (xj )
tmp ← −λGd (Gf (xj ))
× u Gf (xj ) (1 − Gf (xj ))
∆b ← ∆b + tmp
∆W ← ∆W + tmp · (xj )>

tmp ← λ(1 − Gd (Gf (xi )))
× u Gf (xi ) (1 − Gf (xi ))
∆b ← ∆b + tmp
∆W ← ∆W + tmp · (xi )>

37:
# Update domain classifier
38:
u ← u + µ∆u
39:
d ← d + µ∆d
40:
end for
41: end while

32:
33:
34:
35:
36:

30:
31:

23:
24:
25:
26:
27:
28:
29:

21:
22:

20:
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3. We provide an implementation of Shallow DANN algorithm at http://graal.ift.ulaval.ca/dann/

We propose to tackle this problem with a simple stochastic gradient procedure, in which
updates are made in the opposite direction of the gradient of Equation (9) for the minimizing
parameters, and in the direction of the gradient for the maximizing parameters. Stochastic
estimates of the gradient are made, using a subset of the training samples to compute the
averages. Algorithm 1 provides the complete pseudo-code of this learning procedure.3 In
words, during training, the neural network (parameterized by W, b, V, c) and the domain
regressor (parameterized by u, z) are competing against each other, in an adversarial way,
over the objective of Equation (9). For this reason, we refer to networks trained according
to this objective as Domain-Adversarial Neural Networks (DANN). DANN will effectively
attempt to learn a hidden layer Gf (·) that maps an example (either source or target) into
a representation allowing the output layer Gy (·) to accurately classify source samples, but
crippling the ability of the domain regressor Gd (·) to detect whether each example belongs
to the source or target domains.

Note: In this pseudo-code, e(y) refers to a “one-hot” vector, consisting of all 0s except for a 1 at position y,
and is the element-wise product.

15:
16:
17:
18:
19:

10:
11:
12:
13:
14:

3: W, V ← random init( D )
4: b, c, u, d ← 0
5: while stopping criterion is not met do
6:
for i from 1 to n do
7:
# Forward propagation
8:
Gf (xi ) ← sigm(b + Wxi )
9:
Gy (Gf (xi )) ← softmax(c + VGf (xi ))

1: Input:
n0
— samples S = {(xi , yi )}n
i=1 and T = {xi }i=1 ,
— hidden layer size D,
— adaptation parameter λ,
— learning rate µ,
2: Output: neural network {W, V, b, c}

Algorithm 1 Shallow DANN – Stochastic training update

Ganin, Ustinova, Ajakan, Germain, Larochelle, Laviolette, Marchand and Lempitsky
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4.2 Generalization to Arbitrary Architectures

i=1

i=n+1

,

(12)

(11)

(10)

For illustration purposes, we’ve so far focused on the case of a single hidden layer DANN.
However, it is straightforward to generalize to other sophisticated architectures, which might
be more appropriate for the data at hand. For example, deep convolutional neural networks
are well known for being state-of-the-art models for learning discriminative features of
images (Krizhevsky et al., 2012).
Let us now use a more general notation for the different components of DANN. Namely,
let Gf (·; θf ) be the D-dimensional neural network feature extractor, with parameters θf .
Also, let Gy (·; θy ) be the part of DANN that computes the network’s label prediction output layer, with parameters θy , while Gd (·; θd ) now corresponds to the computation of the
domain prediction output of the network, with parameters θd . Note that for preserving
the theoretical guarantees of Theorem 2, the hypothesis class Hd generated by the domain
prediction component Gd should include the hypothesis class Hy generated by the label
prediction component Gy . Thus, Hy ⊆ Hd .
We will note the prediction loss and the domain loss respectively by

Lyi (θf , θy ) = Ly Gy (Gf (xi ; θf ); θy ), yi ,
Ldi (θf , θd ) = Ld Gd (Gf (xi ; θf ); θd ), di ) .

i=1

n
n
N
 X

1X i
1 X i
1
Ly (θf , θy ) − λ
Ldi (θf , θd ) + 0
Ld (θf , θd ) ,
n
n
n

Training DANN then parallels the single layer case and consists in optimizing
E(θf , θy , θd ) =
by finding the saddle point θ̂f , θ̂y , θ̂d such that
(θ̂f , θ̂y ) = argmin E(θf , θy , θ̂d ) ,
θf ,θy

θd

θ̂d = argmax E(θ̂f , θ̂y , θd ) .

∂Lyi
∂Li
−λ d
∂θf
∂θf

θy − µ

θf − µ

←−

θd − µλ

←−

∂Ldi
,
∂θd

(15)

(14)

(13)

As suggested previously, a saddle point defined by Equations (11-12) can be found as a
stationary point of the following gradient updates:
!
θf

θy

←−

∂Lyi
,
∂θy
θd
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where µ is the learning rate. We use stochastic estimates of these gradients, by sampling
examples from the data set.
The updates of Equations (13-15) are very similar to stochastic gradient descent (SGD)
updates for a feed-forward deep model that comprises feature extractor fed into the label
11
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Figure 1: The proposed architecture includes a deep feature extractor (green) and a deep
label predictor (blue), which together form a standard feed-forward architecture.
Unsupervised domain adaptation is achieved by adding a domain classifier (red)
connected to the feature extractor via a gradient reversal layer that multiplies
the gradient by a certain negative constant during the backpropagation-based
training. Otherwise, the training proceeds standardly and minimizes the label
prediction loss (for source examples) and the domain classification loss (for all
samples). Gradient reversal ensures that the feature distributions over the two
domains are made similar (as indistinguishable as possible for the domain classifier), thus resulting in the domain-invariant features.

JMLR 17(59):1-35

predictor and into the domain classifier (with loss weighted by λ). The only difference is
that in (13), the gradients from the class and domain predictors are subtracted, instead of
being summed (the difference is important, as otherwise SGD would try to make features
dissimilar across domains in order to minimize the domain classification loss). Since SGD—
and its many variants, such as ADAGRAD (Duchi et al., 2010) or ADADELTA (Zeiler,
2012)—is the main learning algorithm implemented in most libraries for deep learning, it
would be convenient to frame an implementation of our stochastic saddle point procedure
as SGD.
Fortunately, such a reduction can be accomplished by introducing a special gradient
reversal layer (GRL), defined as follows. The gradient reversal layer has no parameters
associated with it. During the forward propagation, the GRL acts as an identity transformation. During the backpropagation however, the GRL takes the gradient from the
subsequent level and changes its sign, i.e., multiplies it by −1, before passing it to the
preceding layer. Implementing such a layer using existing object-oriented packages for deep
learning is simple, requiring only to define procedures for the forward propagation (identity
transformation), and backpropagation (multiplying by −1). The layer requires no parameter update.
The GRL as defined above is inserted between the feature extractor Gf and the domain
classifier Gd , resulting in the architecture depicted in Figure 1. As the backpropagation
process passes through the GRL, the partial derivatives of the loss that is downstream

12

n

i=1

n



Ld
i=n+1

(18)

N

1 X
Ld Gd (R(Gf (xi ; θf )); θd ), di .
Gd (R(Gf (xi ; θf )); θd ), di + 0
n

i=1


1X
Ly Gy (Gf (xi ; θf ); θy ), yi
n

13

4. http://sites.skoltech.ru/compvision/projects/grl/
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As a first experiment, we study the behavior of the proposed algorithm on a variant of the
inter-twinning moons 2D problem, where the target distribution is a rotation of the source

5.1.1 Experiments on a Toy Problem

In this first experiment section, we evaluate the behavior of the simple version of DANN
described by Subsection 4.1. Note that the results reported in the present subsection are
obtained using Algorithm 1. Thus, the stochastic gradient descent approach here consists of
sampling a pair of source and target examples and performing a gradient step update of all
parameters of DANN. Crucially, while the update of the regular parameters follows as usual
the opposite direction of the gradient, for the adversarial parameters the step must follow
the gradient’s direction (since we maximize with respect to them, instead of minimizing).

5.1 Experiments with Shallow Neural Networks

In this section, we present a variety of empirical results for both shallow domain adversarial
neural networks (Subsection 5.1) and deep ones (Subsections 5.2 and 5.3).

5. Experiments

Running updates (13-15) can then be implemented as doing SGD for (18) and leads
to the emergence of features that are domain-invariant and discriminative at the same
time. After the learning, the label predictor Gy (Gf (x; θf ); θy ) can be used to predict labels
for samples from the target domain (as well as from the source domain). Note that we
release the source code for the Gradient Reversal layer along with the usage examples as
an extension to Caffe (Jia et al., 2014).4

−λ

n
1 X

Ẽ(θf , θy , θd ) =

R(x) = x ,
(16)
dR
= −I ,
(17)
dx
where I is an identity matrix. We can then define the objective “pseudo-function” of
(θf , θy , θd ) that is being optimized by the stochastic gradient descent within our method:

the GRL (i.e., Ld ) w.r.t. the layer parameters that are upstream the GRL (i.e., θf ) get
∂Ld
d
multiplied by −1, i.e., ∂L
∂θf is effectively replaced with − ∂θf . Therefore, running SGD in
the resulting model implements the updates of Equations (13-15) and converges to a saddle
point of Equation (10).
Mathematically, we can formally treat the gradient reversal layer as a “pseudo-function”
R(x) defined by two (incompatible) equations describing its forward and backpropagation
behaviour:

Domain-Adversarial Neural Networks
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one. As the source sample S, we generate a lower moon and an upper moon labeled 0 and 1
respectively, each of which containing 150 examples. The target sample T is obtained by
the following procedure: (1) we generate a sample S 0 the same way S has been generated;
(2) we rotate each example by 35◦ ; and (3) we remove all the labels. Thus, T contains 300
unlabeled examples. We have represented those examples in Figure 2.
We study the adaptation capability of DANN by comparing it to the standard neural network (NN). In these toy experiments, both algorithms share the same network architecture,
with a hidden layer size of 15 neurons. We train the NN using the same procedure as the
DANN. That is, we keep updating the domain regressor component using target sample T
(with a hyper-parameter λ = 6; the same value is used for DANN), but we disable the adversarial back-propagation into the hidden layer. To do so, we execute Algorithm 1 by omitting
the lines numbered 22 and 31. This allows recovering the NN learning algorithm—based
on the source risk minimization of Equation (5) without any regularizer—and simultaneously train the domain regressor of Equation (7) to discriminate between source and target
domains. With this toy experience, we will first illustrate how DANN adapts its decision
boundary when compared to NN. Moreover, we will also illustrate how the representation
given by the hidden layer is less adapted to the source domain task with DANN than with
NN (this is why we need a domain regressor in the NN experiment). We recall that this is
the founding idea behind our proposed algorithm. The analysis of the experiment appears
in Figure 2, where upper graphs relate to standard NN, and lower graphs relate to DANN.
By looking at the lower and upper graphs pairwise, we compare NN and DANN from four
different perspectives, described in details below.

Figure 2: The inter-twinning moons toy problem. Examples from the source sample are rep−”(label 0), while examples from the unlabeled
resented as a “+”(label 1) and a “−
target sample are represented as black dots. See text for the figure discussion.
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to (roughly) capture the rotation angle of the domain classification problem. Hence, we
observe that the adaptation regularizer of DANN prevents these kinds of neurons to be
produced. It is indeed striking to see that the two predominant patterns in the NN neurons
(i.e., the two parallel lines crossing the plane from lower left to upper right) are vanishing
in the DANN neurons.
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We now compare the performance of our proposed DANN algorithm to a standard neural
network with one hidden layer (NN) described by Equation (5), and a Support Vector
Machine (SVM) with a linear kernel. We compare the algorithms on the Amazon reviews
data set, as pre-processed by Chen et al. (2012). This data set includes four domains, each
one composed of reviews of a specific kind of product (books, dvd disks, electronics, and
kitchen appliances). Reviews are encoded in 5 000 dimensional feature vectors of unigrams
and bigrams, and labels are binary: “0” if the product is ranked up to 3 stars, and “1” if
the product is ranked 4 or 5 stars.
We perform twelve domain adaptation tasks. All learning algorithms are given 2 000
labeled source examples and 2 000 unlabeled target examples. Then, we evaluate them on
separate target test sets (between 3 000 and 6 000 examples). Note that NN and SVM do
not use the unlabeled target sample for learning.
Here are more details about the procedure used for each learning algorithms leading to
the empirical results of Table 1.

5.1.3 Experiments on Sentiment Analysis Data Sets

To perform unsupervised domain adaption, one should provide ways to set hyper-parameters
(such as the domain regularization parameter λ, the learning rate, the network architecture
for our method) in an unsupervised way, i.e., without referring to labeled data in the
target domain. In the following experiments of Sections 5.1.3 and 5.1.4, we select the
hyper-parameters of each algorithm by using a variant of reverse cross-validation approach
proposed by Zhong et al. (2010), that we call reverse validation.
To evaluate the reverse validation risk associated to a tuple of hyper-parameters, we
proceed as follows. Given the labeled source sample S and the unlabeled target sample T ,
we split each set into training sets (S 0 and T 0 respectively, containing 90% of the original
examples) and the validation sets (SV and TV respectively). We use the labeled set S 0
and the unlabeled target set T 0 to learn a classifier η. Then, using the same algorithm,
we learn a reverse classifier ηr using the self-labeled set {(x, η(x))}x∈T 0 and the unlabeled
part of S 0 as target sample. Finally, the reverse classifier ηr is evaluated on the validation
set SV of source sample. We then say that the classifier η has a reverse validation risk of
RSV (ηr ). The process is repeated with multiple values of hyper-parameters and the selected
parameters are those corresponding to the classifier with the lowest reverse validation risk.
Note that when we train neural network architectures, the validation set SV is also
used as an early stopping criterion during the learning of η, and self-labeled validation set
{(x, η(x))}x∈TV is used as an early stopping criterion during the learning of ηr . We also
observed better accuracies when we initialized the learning of the reverse classifier ηr with
the configuration learned by the network η.

5.1.2 Unsupervised Hyper-Parameter Selection

The column “Label Classification” of Figure 2 shows the decision boundaries of
DANN and NN on the problem of predicting the labels of both source and the target
examples. As expected, NN accurately classifies the two classes of the source sample S,
but is not fully adapted to the target sample T . On the contrary, the decision boundary of
DANN perfectly classifies examples from both source and target samples. In the studied
task, DANN clearly adapts to the target distribution.
The column “Representation PCA” studies how the domain adaptation regularizer
affects the representation Gf (·) provided by the network hidden layer. The graphs are obtained by applying a Principal component analysis (PCA) on the set of all representation of
source and target data points, i.e., S(Gf ) ∪ T (Gf ). Thus, given the trained network (NN or
DANN), every point from S and T is mapped into a 15-dimensional feature space through
the hidden layer, and projected back into a two-dimensional plane by the PCA transformation. In the DANN-PCA representation, we observe that target points are homogeneously
spread out among source points; In the NN-PCA representation, a number of target points
belong to clusters containing no source points. Hence, labeling the target points seems an
easier task given the DANN-PCA representation.
To push the analysis further, the PCA graphs tag four crucial data points by the letters
A, B, C and D, that correspond to the moon extremities in the original space (note that
the original point locations are tagged in the first column graphs). We observe that points
A and B are very close to each other in the NN-PCA representation, while they clearly
belong to different classes. The same happens to points C and D. Conversely, these four
points are at the opposite four corners in the DANN-PCA representation. Note also that
the target point A (resp. D)—that is difficult to classify in the original space—is located
−”cluster) in the DANN-PCA representation. Therefore, the
in the “+”cluster (resp. “−
representation promoted by DANN is better suited to the adaptation problem.
The column “Domain Classification” shows the decision boundary on the domain
classification problem, which is given by the domain regressor Gd of Equation (7). More
precisely, an example x is classified as a source example when Gd (Gf (x)) ≥ 0.5, and is
classified as a domain example otherwise. Remember that, during the learning process
of DANN, the Gd regressor struggles to discriminate between source and target domains,
while the hidden representation Gf (·) is adversarially updated to prevent it to succeed.
As explained above, we trained a domain regressor during the learning process of NN, but
without allowing it to influence the learned representation Gf (·).
On one hand, the DANN domain regressor clearly fails to generalize source and target distribution topologies. On the other hand, the NN domain regressor shows a better (although
imperfect) generalization capability. Inter alia, it seems to roughly capture the rotation angle of the target distribution. This again corroborates that the DANN representation does
not allow discriminating between domains.
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The column “Hidden Neurons” shows the configuration of hidden layer neurons (by
Equation 4, we have that each neuron is indeed a linear regressor). In other words, each
of the fifteen plot line corresponds to the coordinates x ∈ R2 for which the i-th component
of Gf (x) equals 12 , for i ∈ {1, . . . , 15}. We observe that the standard NN neurons are
grouped in three clusters, each one allowing to generate a straight line of the zigzag decision
boundary for the label classification problem. However, most of these neurons are also able
15
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As presented at Section 5.1.2, we used reverse cross validation selecting the hyper-parameters
for all three learning algorithms, with early stopping as the stopping criterion for DANN
and NN.

5.1.5 Proxy Distance

We now investigate on whether the DANN algorithm can improve on the representation
learned by the state-of-the-art Marginalized Stacked Denoising Autoencoders (mSDA) proposed by Chen et al. (2012). In brief, mSDA is an unsupervised algorithm that learns a
new robust feature representation of the training samples. It takes the unlabeled parts of
both source and target samples to learn a feature map from input space X to a new representation space. As a denoising autoencoders algorithm, it finds a feature representation
from which one can (approximately) reconstruct the original features of an example from its
noisy counterpart. Chen et al. (2012) showed that using mSDA with a linear SVM classifier
reaches state-of-the-art performance on the Amazon reviews data sets. As an alternative
to the SVM, we propose to apply our Shallow DANN algorithm on the same representations generated by mSDA (using representations of both source and target samples). Note
that, even if mSDA and DANN are two representation learning approaches, they optimize
different objectives, which can be complementary.
We perform this experiment on the same Amazon reviews data set described in the
previous subsection. For each source-target domain pair, we generate the mSDA representations using a corruption probability of 50% and a number of layers of 5. We then execute
the three learning algorithms (DANN, NN, and SVM) on these representations. More precisely, following the experimental procedure of Chen et al. (2012), we use the concatenation
of the output of the 5 layers and the original input as the new representation. Thus, each
example is now encoded in a vector of 30 000 dimensions. Note that we use the same grid
search as in the previous Subsection 5.1.3, but use a learning rate µ of 10−4 for both DANN
and the NN. The results of “mSDA representation” columns in Table 1a confirm that combining mSDA and DANN is a sound approach. Indeed, the Poisson binomial test shows
that DANN has a better performance than the NN and the SVM, with probabilities 0.92
and 0.88 respectively, as reported in Table 1b. We note however that the standard NN
and the SVM find the best solution on respectively the second and the fourth tasks. This
suggests that DANN and mSDA adaptation strategies are not fully complementary.

5.1.4 Combining DANN with Denoising Autoencoders

The “Original data” part of Table 1a shows the target test accuracy of all algorithms,
and Table 1b reports the probability that one algorithm is significantly better than the others according to the Poisson binomial test (Lacoste et al., 2012). We note that DANN has
a significantly better performance than NN and SVM, with respective probabilities 0.87
and 0.83. As the only difference between DANN and NN is the domain adaptation regularizer, we conclude that our approach successfully helps to find a representation suitable
for the target domain.
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The theoretical foundation of the DANN algorithm is the domain adaptation theory of BenDavid et al. (2006, 2010). We claimed that DANN finds a representation in which the source
and the target example are hardly distinguishable. Our toy experiment of Section 5.1.1
already points out some evidence for that and here we provide analysis on real data. To
do so, we compare the Proxy A-distance (PAD) on various representations of the Amazon
Reviews data set; these representations are obtained by running either NN, DANN, mSDA,

• For the SVM algorithm, the hyper-parameter C is chosen among 10 values between
10−5 and 1 on a logarithmic scale. This range of values is the same as used by Chen
et al. (2012) in their experiments.

• For the NN algorithm, we use exactly the same hyper-parameters grid and training
procedure as DANN above, except that we do not need an adaptation parameter.
Note that one can train NN by using the DANN implementation (Algorithm 1) with
λ = 0.

• For the DANN algorithm, the adaptation parameter λ is chosen among 9 values
between 10−2 and 1 on a logarithmic scale. The hidden layer size l is either 50 or 100.
Finally, the learning rate µ is fixed at 10−3 .

Table 1: Classification accuracy on the Amazon reviews data set, and Pairwise Poisson
binomial test.
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Lastly, Figure 3c presents two sets of results related to Section 5.1.4 experiments. On
one hand, we reproduce the results of Chen et al. (2012), which noticed that the mSDA
representations have greater PAD values than original (raw) data. Although the mSDA
approach clearly helps to adapt to the target task, it seems to contradict the theory of BenDavid et al.. On the other hand, we observe that, when running DANN on top of mSDA
(using the hyper-parameters values leading to the results of Table 1), the obtained representations have much lower PAD values. These observations might explain the improvements
provided by DANN when combined with the mSDA procedure.

Secondly, Figure 3b compares the PAD of DANN representations to the PAD of standard
NN representations. As the PAD is influenced by the hidden layer size (the discriminating
power tends to increase with the representation length), we fix here the size to 100 neurons
for both algorithms. We also fix the adaptation parameter of DANN to λ ' 0.31; it was
the value that has been selected most of the time during our preceding experiments on the
Amazon Reviews data set. Again, DANN is clearly leading to the lowest PAD values.

Firstly, Figure 3a compares the PAD of DANN representations obtained in the experiments of Section 5.1.3 (using the hyper-parameters values leading to the results of Table 1)
to the PAD computed on raw data. As expected, the PAD values are driven down by the
DANN representations.

or mSDA and DANN combined. Recall that PAD, as described in Section 3.2, is a metric
estimating the similarity of the source and the target representations. More precisely, to
obtain a PAD value, we use the following procedure: (1) we construct the data set U of
Equation (2) using both source and target representations of the training samples; (2) we
randomly split U in two subsets of equal size; (3) we train linear SVMs on the first subset
of U using a large range of C values; (4) we compute the error of all obtained classifiers
on the second subset of U ; and (5) we use the lowest error to compute the PAD value of
Equation (3).

Figure 3: Proxy A-distances (PAD). Note that the PAD values of mSDA representations
are symmetric when swapping source and target samples.

PAD on DANN representations
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5.2 Experiments with Deep Networks on Image Classification

We now perform extensive evaluation of a deep version of DANN (see Subsection 4.2) on a
number of popular image data sets and their modifications. These include large-scale data
sets of small images popular with deep learning methods, and the Office data sets (Saenko
et al., 2010), which are a de facto standard for domain adaptation in computer vision, but
have much fewer images.
5.2.1 Baselines

The following baselines are evaluated in the experiments of this subsection. The source-only
model is trained without consideration for target-domain data (no domain classifier branch
included into the network). The train-on-target model is trained on the target domain with
class labels revealed. This model serves as an upper bound on DA methods, assuming that
target data are abundant and the shift between the domains is considerable.
In addition, we compare our approach against the recently proposed unsupervised DA
method based on subspace alignment (SA) (Fernando et al., 2013), which is simple to setup
and test on new data sets, but has also been shown to perform very well in experimental
comparisons with other “shallow” DA methods. To boost the performance of this baseline,
we pick its most important free parameter (the number of principal components) from the
range {2, . . . , 60}, so that the test performance on the target domain is maximized. To apply
SA in our setting, we train a source-only model and then consider the activations of the last
hidden layer in the label predictor (before the final linear classifier) as descriptors/features,
and learn the mapping between the source and the target domains (Fernando et al., 2013).
Since the SA baseline requires training a new classifier after adapting the features, and
in order to put all the compared settings on an equal footing, we retrain the last layer of
the label predictor using a standard linear SVM (Fan et al., 2008) for all four considered
methods (including ours; the performance on the target domain remains approximately the
same after the retraining).
For the Office data set (Saenko et al., 2010), we directly compare the performance of
our full network (feature extractor and label predictor) against recent DA approaches using
previously published results.

5.2.2 CNN architectures and Training Procedure

In general, we compose feature extractor from two or three convolutional layers, picking their
exact configurations from previous works. More precisely, four different architectures were
used in our experiments. The first three are shown in Figure 4. For the Office domains,
we use pre-trained AlexNet from the Caffe-package (Jia et al., 2014). The adaptation
architecture is identical to Tzeng et al. (2014).5
For the domain adaption component, we use three (x→1024→1024→2) fully connected
layers, except for MNIST where we used a simpler (x→100→2) architecture to speed up
the experiments. Admittedly these choices for domain classifier are arbitrary, and better
adaptation performance might be attained if this part of the architecture is tuned.
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5. A 2-layer domain classifier (x→1024→1024→2) is attached to the 256-dimensional bottleneck of fc7.
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6. Equivalently, one can use the same λp for both feature extractor and domain classification components,
but use a learning rate of µ/λp for the latter.

We use t-SNE (van der Maaten, 2013) projection to visualize feature distributions at different points of the network, while color-coding the domains (Figure 5). As we already
observed with the shallow version of DANN (see Figure 2), there is a strong correspondence

5.2.3 Visualizations

extractor component Gf . For updating the domain classification component, we used a
fixed λ = 1, to ensure that the latter trains as fast as the label predictor Gy .6
Finally, note that the model is trained on 128-sized batches (images are preprocessed by
the mean subtraction). A half of each batch is populated by the samples from the source
domain (with known labels), the rest constitutes the target domain (with labels not revealed
to the algorithms except for the train-on-target baseline).

Figure 5: The effect of adaptation on the distribution of the extracted features (best viewed
in color). The figure shows t-SNE (van der Maaten, 2013) visualizations of the
CNN’s activations (a) in case when no adaptation was performed and (b) in
case when our adaptation procedure was incorporated into training. Blue points
correspond to the source domain examples, while red ones correspond to the target
domain. In all cases, the adaptation in our method makes the two distributions
of features much closer.

(a) Non-adapted

Syn Numbers → SVHN: last hidden layer of the label predictor

(a) Non-adapted

MNIST → MNIST-M: top feature extractor layer
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where γ was set to 10 in all experiments (the schedule was not optimized/tweaked). This
strategy allows the domain classifier to be less sensitive to noisy signal at the early stages of
the training procedure. Note however that these λp were used only for updating the feature

where p is the training progress linearly changing from 0 to 1, µ0 = 0.01, α = 10 and
β = 0.75 (the schedule was optimized to promote convergence and low error on the source
domain). A momentum term of 0.9 is also used.
The domain adaptation parameter λ is initiated at 0 and is gradually changed to 1 using
the following schedule:
2
λp =
− 1,
1 + exp(−γ · p)

µ0
µp =
,
(1 + α · p)β

For the loss functions, we set Ly and Ld to be the logistic regression loss and the
binomial cross-entropy respectively. Following Srivastava et al. (2014) we also use dropout
and `2 -norm restriction when we train the SVHN architecture.
The other hyper-parameters are not selected through a grid search as in the small scale
experiments of Section 5.1, which would be computationally costly. Instead, the learning
rate is adjusted during the stochastic gradient descent using the following formula:

Figure 4: CNN architectures used in the experiments. Boxes correspond to transformations
applied to the data. Color-coding is the same as in Figure 1.

(c) GTSRB architecture; we used the single-CNN baseline from Cireşan et al. (2012) as our starting
point.

conv 5x5
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(a) MNIST architecture; inspired by the classical LeNet-5 (LeCun et al., 1998).
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between the success of the adaptation in terms of the classification accuracy for the target
domain, and the overlap between the domain distributions in such visualizations.
5.2.4 Results On Image Data Sets
We now discuss the experimental settings and the results. In each case, we train on the
source data set and test on a different target domain data set, with considerable shifts
between domains (see Figure 6). The results are summarized in Table 2 and Table 3.
MNIST → MNIST-M. Our first experiment deals with the MNIST data set (LeCun et al.,
1998) (source). In order to obtain the target domain (MNIST-M) we blend digits from the
original set over patches randomly extracted from color photos from BSDS500 (Arbelaez
out = |I 1 − I 2 |,
et al., 2011). This operation is formally defined for two images I 1 , I 2 as Iijk
ijk
ijk
where i, j are the coordinates of a pixel and k is a channel index. In other words, an output
sample is produced by taking a patch from a photo and inverting its pixels at positions
corresponding to the pixels of a digit. For a human the classification task becomes only
slightly harder compared to the original data set (the digits are still clearly distinguishable)
whereas for a CNN trained on MNIST this domain is quite distinct, as the background and
the strokes are no longer constant. Consequently, the source-only model performs poorly.
Our approach succeeded at aligning feature distributions (Figure 5), which led to successful
adaptation results (considering that the adaptation is unsupervised). At the same time,
the improvement over source-only model achieved by subspace alignment (SA) (Fernando
et al., 2013) is quite modest, thus highlighting the difficulty of the adaptation task.
Synthetic numbers → SVHN. To address a common scenario of training on synthetic data
and testing on real data, we use Street-View House Number data set SVHN (Netzer et al.,
2011) as the target domain and synthetic digits as the source. The latter (Syn Numbers)
consists of ≈ 500,000 images generated by ourselves from WindowsTM fonts by varying the
text (that includes different one-, two-, and three-digit numbers), positioning, orientation,
background and stroke colors, and the amount of blur. The degrees of variation were chosen
manually to simulate SVHN, however the two data sets are still rather distinct, the biggest
difference being the structured clutter in the background of SVHN images.
The proposed backpropagation-based technique works well covering almost 80% of the
gap between training with source data only and training on target domain data with known
target labels. In contrast, SA (Fernando et al., 2013) results in a slight classification accuracy drop (probably due to the information loss during the dimensionality reduction),
indicating that the adaptation task is even more challenging than in the case of the MNIST
experiment.
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MNIST ↔ SVHN. In this experiment, we further increase the gap between distributions,
and test on MNIST and SVHN, which are significantly different in appearance. Training
on SVHN even without adaptation is challenging — classification error stays high during
the first 150 epochs. In order to avoid ending up in a poor local minimum we, therefore, do
not use learning rate annealing here. Obviously, the two directions (MNIST → SVHN and
SVHN → MNIST) are not equally difficult. As SVHN is more diverse, a model trained
on SVHN is expected to be more generic and to perform reasonably on the MNIST data
set. This, indeed, turns out to be the case and is supported by the appearance of the
23
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Source
Target
MNIST-M

Source

.5225

MNIST-M

MNIST

.8644 (−5.5%)

.8674

SVHN

Syn Numbers

.9942

.7385 (42.6%)

.5932 (9.9%)

.5490

MNIST

SVHN

.9980

.8865 (46.4%)

.8165 (12.7%)

.7900

GTSRB

Syn Signs

Figure 6: Examples of domain pairs used in the experiments. See Section 5.2.4 for details.

Target

.5690 (4.1%)

.9220

.9109 (79.7%)

Method

SA (Fernando et al., 2013)

.9596

.7666 (52.9%)

Source only
DANN
Train on target

DAN (Long and Wang, 2015)

DDC (Tzeng et al., 2014)

DLID (Chopra et al., 2013)

SA* (Fernando et al., 2013)

GFK(PLS, PCA) (Gong et al., 2012)

Target

Source

.730

.642

.685

.618

.519

.450

.197

Webcam

Amazon

.964

.961

.960

.950

.782

.648

.497

Webcam

DSLR

.992

.978

.990

.985

.899

.699

.6631

DSLR

Webcam

Table 2: Classification accuracies for digit image classifications for different source and
target domains. MNIST-M corresponds to difference-blended digits over nonuniform background. The first row corresponds to the lower performance bound
(i.e., if no adaptation is performed). The last row corresponds to training on
the target domain data with known class labels (upper bound on the DA performance). For each of the two DA methods (ours and Fernando et al., 2013) we
show how much of the gap between the lower and the upper bounds was covered
(in brackets). For all five cases, our approach outperforms Fernando et al. (2013)
considerably, and covers a big portion of the gap.

Source only

Method

DANN
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Table 3: Accuracy evaluation of different DA approaches on the standard Office (Saenko
et al., 2010) data set. All methods (except SA) are evaluated in the “fullytransductive” protocol (some results are reproduced from Long and Wang, 2015).
Our method (last row) outperforms competitors setting the new state-of-the-art.
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Office data set. We finally evaluate our method on Office data set, which is a collection of
three distinct domains: Amazon, DSLR, and Webcam. Unlike previously discussed data

Synthetic Signs → GTSRB. Overall, this setting is similar to the Syn Numbers → SVHN
experiment, except the distribution of the features is more complex due to the significantly
larger number of classes (43 instead of 10). For the source domain we obtained 100,000
synthetic images (which we call Syn Signs) simulating various imaging conditions. In the
target domain, we use 31,367 random training samples for unsupervised adaptation and the
rest for evaluation. Once again, our method achieves a sensible increase in performance
proving its suitability for the synthetic-to-real data adaptation.
As an additional experiment, we also evaluate the proposed algorithm for semi-supervised
domain adaptation, i.e., when one is additionally provided with a small amount of labeled
target data. Here, we reveal 430 labeled examples (10 samples per class) and add them
to the training set for the label predictor. Figure 7 shows the change of the validation
error throughout the training. While the graph clearly suggests that our method can be
beneficial in the semi-supervised setting, thorough verification of semi-supervised setting is
left for future work.

feature distributions. We observe a quite strong separation between the domains when we
feed them into the CNN trained solely on MNIST, whereas for the SVHN-trained network
the features are much more intermixed. This difference probably explains why our method
succeeded in improving the performance by adaptation in the SVHN → MNIST scenario
(see Table 2) but not in the opposite direction (SA is not able to perform adaptation in
this case either). Unsupervised adaptation from MNIST to SVHN gives a failure example
for our approach: it doesn’t manage to improve upon the performance of the non-adapted
model which achieves ≈ 0.25 accuracy (we are unaware of any unsupervised DA methods
capable of performing such adaptation).

Figure 7: Results for the traffic signs classification in the semi-supervised setting. Syn
and Real denote available labeled data (100,000 synthetic and 430 real images
respectively); Adapted means that ≈ 31,000 unlabeled target domain images were
used for adaptation. The best performance is achieved by employing both the
labeled samples and the large unlabeled corpus in the target domain.

Validation error
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In this section we discuss the application of the described adaptation method to person
re-identification (re-id ) problem. The task of person re-identification is to associate people
seen from different camera views. More formally, it can be defined as follows: given two
sets of images from different cameras (probe and gallery) such that each person depicted in
the probe set has an image in the gallery set, for each image of a person from the probe
set find an image of the same person in the gallery set. Disjoint camera views, different
illumination conditions, various poses and low quality of data make this problem difficult
even for humans (e.g., Liu et al., 2013, reports human performance at Rank1=71.08%).
Unlike classification problems that are discussed above, re-identification problem implies
that each image is mapped to a vector descriptor. The distance between descriptors is then
used to match images from the probe set and the gallery set. To evaluate results of re-id
methods the Cumulative Match Characteristic (CMC) curve is commonly used. It is a plot
of the identification rate (recall) at rank-k, that is the probability of the matching gallery
image to be within the closest k images (in terms of descriptor distance) to the probe image.
Most existing works train descriptor mappings and evaluate them within the same data
set containing images from a certain camera network with similar imaging conditions. Several papers, however, observed that the performance of the resulting re-identification systems drops very considerably when descriptors trained on one data set and tested on another. It is therefore natural to handle such cross-domain evaluation as a domain-adaptation
problem, where each camera network (data set) constitutes a domain.

5.3 Experiments with Deep Image Descriptors for Re-Identification

sets, Office is rather small-scale with only 2817 labeled images spread across 31 different
categories in the largest domain. The amount of available data is crucial for a successful
training of a deep model, hence we opted for the fine-tuning of the CNN pre-trained on
the ImageNet (AlexNet from the Caffe package, see Jia et al., 2014) as it is done in some
recent DA works (Donahue et al., 2014; Tzeng et al., 2014; Hoffman et al., 2013; Long and
Wang, 2015). We make our approach more comparable with Tzeng et al. (2014) by using
exactly the same network architecture replacing domain mean-based regularization with the
domain classifier.
Following previous works, we assess the performance of our method across three transfer
tasks most commonly used for evaluation. Our training protocol is adopted from Gong
et al. (2013); Chopra et al. (2013); Long and Wang (2015) as during adaptation we use
all available labeled source examples and unlabeled target examples (the premise of our
method is the abundance of unlabeled data in the target domain). Also, all source domain
data are used for training. Under this “fully-transductive” setting, our method is able
to improve previously-reported state-of-the-art accuracy for unsupervised adaptation very
considerably (Table 3), especially in the most challenging Amazon → Webcam scenario
(the two domains with the largest domain shift).
Interestingly, in all three experiments we observe a slight over-fitting (performance on
the target domain degrades while accuracy on the source continues to improve) as training
progresses, however, it doesn’t ruin the validation accuracy. Moreover, switching off the
domain classifier branch makes this effect far more apparent, from which we conclude that
our technique serves as a regularizer.
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PRID

CUHK

Figure 8: Matching and non-matching pairs of probe-gallery images from different person
re-identification data sets. The three data sets are treated as different domains
in our experiments.

Recently, several papers with significantly improved re-identification performance (Zhang
and Saligrama, 2014; Zhao et al., 2014; Paisitkriangkrai et al., 2015) have been presented,
with Ma et al. (2015) reporting good results in cross-data-set evaluation scenario. At the
moment, deep learning methods (Yi et al., 2014) do not achieve state-of-the-art results probably because of the limited size of the training sets. Domain adaptation thus represents a
viable direction for improving deep re-identification descriptors.
5.3.1 Data Sets and Protocols
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Following Ma et al. (2015), we use PRID (Hirzer et al., 2011), VIPeR (Gray et al., 2007),
CUHK (Li and Wang, 2013) as target data sets for our experiments. The PRID data set
exists in two versions, and as in Ma et al. (2015) we use a single-shot variant. It contains
images of 385 persons viewed from camera A and images of 749 persons viewed from camera
B, 200 persons appear in both cameras. The VIPeR data set also contains images taken
with two cameras, and in total 632 persons are captured, for every person there is one image
for each of the two camera views. The CUHK data set consists of images from five pairs of
cameras, two images for each person from each of the two cameras. We refer to the subset
of this data set that includes the first pair of cameras only as CUHK/p1 (as most papers
use this subset). See Figure 8 for samples of these data sets.
We perform extensive experiments for various pairs of data sets, where one data set
serves as a source domain, i.e., it is used to train a descriptor mapping in a supervised
way with known correspondences between probe and gallery images. The second data set is
used as a target domain, so that images from that data set are used without probe-gallery
correspondence.
In more detail, CUHK/p1 is used for experiments when CUHK serves as a target domain
and two settings (“whole CUHK” and CUHK/p1) are used for experiments when CUHK
serves as a source domain. Given PRID as a target data set, we randomly choose 100 persons
appearing in both camera views as training set. The images of the other 100 persons from
camera A are used as probe, all images from camera B excluding those used in training (649
in total) are used as gallery at test time. For VIPeR, we use random 316 persons for training
and all others for testing. For CUHK, 971 persons are split into 485 for training and 486
for testing. Unlike Ma et al. (2015), we use all images in the first pair of cameras of CUHK
instead of choosing one image of a person from each camera view. We also performed two
27
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experiments with all images of the whole CUHK data set as source domain and VIPeR and
PRID data sets as target domains as in the original paper (Yi et al., 2014).
Following Yi et al. (2014), we augmented our data with mirror images, and during
test time we calculate similarity score between two images as the mean of the four scores
corresponding to different flips of the two compared images. In case of CUHK, where there
are 4 images (including mirror images) for each of the two camera views for each person,
all 16 combinations’ scores are averaged.

5.3.2 CNN architectures and Training Procedure

In our experiments, we use siamese architecture described in Yi et al. (2014) (Deep Metric
Learning or DML) for learning deep image descriptors on the source data set. This architecture incorporates two convolution layers (with 7 × 7 and 5 × 5 filter banks), followed
by ReLU and max pooling, and one fully-connected layer, which gives 500-dimensional descriptors as an output. There are three parallel flows within the CNN for processing three
part of an image: the upper, the middle, and the lower one. The first convolution layer
shares parameters between three parts, and the outputs of the second convolution layers
are concatenated. During training, we follow Yi et al. (2014) and calculate pairwise cosine
similarities between 500-dimensional features within each batch and backpropagate the loss
for all pairs within batch.
To perform domain-adversarial training, we construct a DANN architecture. The feature extractor includes the two convolutional layers (followed by max-pooling and ReLU)
discussed above. The label predictor in this case is replaced with descriptor predictor that
includes one fully-connected layer. The domain classifier includes two fully-connected layers
with 500 units in the intermediate representation (x→500→1).
For the verification loss function in the descriptor predictor we used Binomial Deviance
loss, defined in Yi et al. (2014) with similar parameters: α = 2, β = 0.5, c = 2 (the
asymmetric cost parameter for negative pairs). The domain classifier is trained with logistic
loss as in subsection 5.2.2.
We used learning rate fixed to 0.001 and momentum of 0.9. The schedule of adaptation
similar to the one described in subsection 5.2.2 was used. We also inserted dropout layer
with rate 0.5 after the concatenation of outputs of the second max-pooling layer. 128-sized
batches were used for source data and 128-sized batches for target data.

5.3.3 Results on Re-identification data sets
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Figure 9 shows results in the form of CMC-curves for eight pairs of data sets. Depending on
the hardness of the annotation problem we trained either for 50,000 iterations (CUHK/p1
→ VIPeR, VIPeR → CUHK/p1, PRID → VIPeR) or for 20,000 iterations (the other five
pairs).
After the sufficient number of iterations, domain-adversarial training consistently improves the performance of re-identification. For the pairs that involve PRID data set, which
is more dissimilar to the other two data sets, the improvement is considerable. Overall,
this demonstrates the applicability of the domain-adversarial learning beyond classification
problems.
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Figure 9: Results on VIPeR, PRID and CUHK/p1 with and without domain-adversarial
learning. Across the eight domain pairs domain-adversarial learning improves reidentification accuracy. For some domain pairs the improvement is considerable.

40

0

0.2

0.4

0.6

0.8

1

40

DML
DML, adaptation

CUHK/p1 → PRID

0

0.2

0.4

0.6

0.8

1

CUHK/p1 → VIPeR

0

0.2

0.4

0.6

DML
DML, adaptation

(a)

1

0.8

VIPeR → CUHK/p1

0

0.2

0.4

0.6

0.8

1

(d) Whole CUHK → PRID

Identification rate (%)

DML
DML, adaptation

Identification rate (%)

1

Identification rate (%)

Identification rate (%)

Domain-Adversarial Neural Networks

Identification rate (%)

Identification rate (%)
Identification rate (%)

(f)

(c)

(b) DML, adaptation

30

JMLR 17(59):1-35

The approach is motivated and supported by the domain adaptation theory of Ben-David
et al. (2006, 2010). The main idea behind DANN is to enjoin the network hidden layer to
learn a representation which is predictive of the source example labels, but uninformative
about the domain of the input (source or target). We implement this new approach within
both shallow and deep feed-forward architectures. The latter allows simple implementation
within virtually any deep learning package through the introduction of a simple gradient
reversal layer. We have shown that our approach is flexible and achieves state-of-the-art

The paper proposes a new approach to domain adaptation of feed-forward neural networks,
which allows large-scale training based on large amount of annotated data in the source
domain and large amount of unannotated data in the target domain. Similarly to many
previous shallow and deep DA techniques, the adaptation is achieved through aligning the
distributions of features across the two domains. However, unlike previous approaches, the
alignment is accomplished through standard backpropagation training.

6. Conclusion

Figure 10 further demonstrates the effect of adaptation on the distributions of the
learned descriptors in the source and in target sets in VIPeR → CUHK/p1 experiments,
where domain adversarial learning once again achieves better intermixing of the two domains.

Figure 10: The effect of adaptation shown by t-SNE visualizations of source and target
domains descriptors in a VIPeR → CUHK/p1 experiment pair. VIPeR is depicted with green and CUHK/p1 - with red. As in the image classification case,
domain-adversarial learning ensures a closer match between the source and the
target distributions.

(a) DML
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results on a variety of benchmark in domain adaptation, namely for sentiment analysis and
image classification tasks.
A convenient aspect of our approach is that the domain adaptation component can be
added to almost any neural network architecture that is trainable with backpropagation.
Towards this end, We have demonstrated experimentally that the approach is not confined
to classification tasks but can be used in other feed-forward architectures, e.g., for descriptor
learning for person re-identification.
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Recovery of a low-rank matrix from a subset of its entries is known as the matrix completion
problem. This problem arises in many applications, including collaborative filtering (Rennie
and Srebro, 2005; Koren et al., 2009), sensor network localization (Shang et al., 2004; Karbasi and Oh, 2013), learning and content analytics (Lan et al., 2014c,b), rank aggregation
(Gleich and Lim, 2011), and manifold learning (Tenenbaum et al., 2000; Saul and Roweis,
2003). In many of these applications, the entries of the matrix are not real-valued, but
discrete or quantized, e.g., binary-valued or multiple-valued. For example, in the Netflix
problem where a subset of the users’ ratings is observed, the ratings take integer values
between 1 and 5. Classical matrix completion has treated these values as real-valued with
good results, however, performance improvement can be achieved when the observations
are treated as discrete (Davenport et al., 2014; Lan et al., 2014a).
We consider the problem of completing a matrix from a subset of its entries, but instead
of assuming the observed entries are real-valued, we observe subset of quantized measurements. These observations are related to the underlying matrix M via a probabilistic model,
as follows. Given M ∈ Rm×n , a subset of indices Ω ⊆ [m] × [n], and a twice differentiable

1. Introduction

Keywords: constrained maximum likelihood, quantization, matrix completion, collaborative filtering, convex optimization

We consider the recovery of a low rank real-valued matrix M given a subset of noisy discrete (or quantized) measurements. Such problems arise in several applications such as
collaborative filtering, learning and content analytics, and sensor network localization. We
consider constrained maximum likelihood estimation of M , under a constraint on the entrywise infinity-norm of M and an exact rank constraint. We provide upper bounds on the
Frobenius norm of matrix estimation error under this model. Previous theoretical investigations have focused on binary (1-bit) quantizers, and been based on convex relaxation
of the rank. Compared to the existing binary results, our performance upper bound has
faster convergence rate with matrix dimensions when the fraction of revealed observations
is fixed. We also propose a globally convergent optimization algorithm based on low rank
factorization of M and validate the method on synthetic and real data, with improved
performance over previous methods.
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Yij = ` with probability f` (Mij ) for (i, j) ∈ Ω,

(1)

(i, j) ∈ Ω,

(2)

(3)

(4)

2
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This observation model arises in many applications. In connectivity-based sensor network localization (Shang et al., 2004; Karbasi and Oh, 2013), M is a matrix of distances between sensors, and Yij takes binary values based on whether sensor i and sensor j are within
a specified radius of each other. In learning and content analytics (Lan et al., 2014c,b), M
governs the learners’ responses to questions, and in recommender systems (Rennie and Srebro, 2005; Koren et al., 2009), M can represent the true underlying preferences of users.
The matrix Y is then the matrix of ratings ` ∈ [K], which may represent quantization of
some underlying real-valued user preference. Hence, the model (1)-(3) accounts for finer
ordering of users’ true preferences which then are quantized to discrete values dictated by
the rating system. It is known that Netflix uses such real-valued predictions to order movie
recommendations when generating recommendations for a user.
The probabilistic model described in (1)-(3) was first introduced by Davenport et al.
(2014) for the case of binary (K = 2), or 1-bit, observations and has been studied in depth
in the literature. This case corresponds to (2) with ω1 = 0 when the quantization model is
considered. Under the assumption that M is low-rank, Davenport et al. (2014) and Lafond
et al. (2014) proposed a convex program using maximum likelihood estimation and a nuclear
(or trace) norm to promote a low-rank solution. Both works present theoretical recovery
guarantees for the estimate, with the latter improving the convergence rate of the upper
bound on the error. In Cai and Zhou (2013), a constrained maximum likelihood estimator
was also considered but with the max-norm in place of the nuclear norm. Upper and lower
bounds on the error norm of the solution to the resulting convex program were also given
of the same order as Davenport et al. (2014). The binary model is also investigated in Soni
et al. (2014) for sparse factor models using maximum likelihood estimation with an exact
low-rank constraint; their results apply to non-sparse models also.

= Φ(ω` − Mij ) − Φ(ω`−1 − Mij ).

f` (Mij ) = P (Yij = `|Mij )

where ω0 < ω1 < · · · < ωK are the quantization bin boundaries. We will take ω0 = −∞ and
ωK = ∞. This quantization model was first considered in McCullagh (1980) for regression
applications.
It then follows that

Q(x) = ` if ω`−1 < x ≤ ω` , ` ∈ [K],

where the noise matrix Z has i.i.d. entries with cumulative distribution function (CDF)
Φ(z), and the function Q : R → [K] corresponds to a scalar quantizer that maps a real
number to one of the K ordered labels according to

Yij = Q(Mij + Zij ),

where `=1 f` (Mij ) = 1. One important application of this model is the K-level quantization of noisy Mij + Zij , where Yij is given by (Lan et al., 2014a)

PK

function f` : R → [0, 1], with ` ∈ [K], K ≥ 2, we observe

Bhaskar
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Aside from the PMF models, all prior works have considered convex programs which
use a convex relaxation of matrix rank as a surrogate for promoting low rank. While
this may be advantageous in cases where the matrix is approximately low rank and also
because it results in a convex problem, often in applications the rank is known (as in sensor
network localization), or can be reliably estimated. One question is, if we consider an exact
rank constraint, can performance guarantees be proved and performance improvement be
achieved, and can we find an algorithm to lead us to a global solution?
In this paper, we extend the theory of 1-bit matrix completion to that of multi-level
discrete measurements, with an emphasis on the application to quantization. We consider
maximum likelihood (ML) estimation of M from multi-level quantized observations, and
establish upper bounds on the estimation error norm for this problem, which has a faster rate
of convergence than previously established upper bounds for the binary case. In contrast to
Gunasekar et al. (2014) and Lafond (2015), we do not restrict the likelihood (i.e., the link
function f ) to come from an exponential family distribution. We allow the likelihood to come
from any strictly log-concave distribution, which includes distributions of bounded discrete
random variables from the exponential family. We furthermore focus on the application to
a quantization observation model similar to that of Lan et al. (2014a), where the likelihood
is not from the exponential family when the number of levels is greater than two (that
is, when K > 2). Rather than using a convex relaxation to promote a low-rank solution
as in previous works, we use an exact rank constraint. We present several algorithms
based on matrix factorization for solving our optimization problem, one of which is globally
convergent. Our method outperforms some of the existing low-rank matrix completion
methods on both synthetic and real world data.
In a preliminary short version of this paper (Bhaskar, 2015), we presented Algorithms
1 and 2 (for known bin boundaries) and stated a preliminary version of our performance
upper bound without any proof. The present paper provides a more comprehensive upper
bound of the Frobenius norm of the error with the complete proof, an additional algorithm,
Algorithm 3, and more extensive numerical experiments which include validation on the
MovieLens 1M dataset.
The paper is organized as follows. In Section 2 we discuss the assumptions on the target matrix to make it identifiable and also discuss our sampling model on which we follow
Bhojanapalli and Jain (2014). In Section 3, we state our main results regarding theoretical
guarantees on matrix recovery. We first describe the proposed constrained ML estimation
of the target matrix M from multi-level quantized observations. We then establish upper
bounds on the estimation error norm for this problem, which yield a faster rate of convergence than previously established upper bounds for the binary case. In Section 4 we present
several algorithms based on matrix factorization for solving our optimization problem, one
of which is globally convergent. We corroborate our results with numerical examples in
Section 5 where we test our methods on synthetic and real data, and also compare our
methods with that of Keshavan et al. (2009, 2010) (OptSpace), Cai et al. (2010) (SVT),
Cai and Zhou (2013) and Davenport et al. (2014). Proofs of technical claims are given in
the two appendices.
Notation: We use capital letters, such as M , to denote a matrix, and Mij for its (i, j)th
entry. We let kM k2 , kM kF , kM k∗ and kM k∞ denote the operator, Frobenius, nuclear (or
trace) and entry-wise infinity norm, respectively, of M . The notation M > denotes the
JMLR 17(60):1-34

The theoretical recovery guarantee for the estimate given in Soni et al. (2014) is in the
form of an upper bound on the expectation of the error norm, in contrast to Davenport
et al. (2014), Lafond et al. (2014) and Cai and Zhou (2013), where the (high probability)
upper bounds on the error norm itself are given. The bounds presented in this paper are
also on the error norm, not on its expectation.
The extension to multi-level observations (K ≥ 2) was introduced in Lan et al. (2014a),
with a focus on the quantized observation model given in (2). A constrained maximum
likelihood estimator, similar to that of Davenport et al. (2014), was proposed and validated
through numerical experiments, but no theoretical results were given. An extension to multilevel observations was also proposed in Lafond et al. (2014). In contrast to the quantization
observation model of Lan et al. (2014a), which involves just one M , the observation model
of Lafond et al. (2014) related the matrix Y of K level observations to a vector of K − 1
K−1
underlying matrices (M j )j=1
. An upper bound on the error norm was given for a penalized
maximum likelihood estimate of this vector of matrices, of the same order as established
for the binary case. Recently Cao and Xie (2015) also investigated matrix completion
for categorical data and extended the results of Davenport et al. (2014) to multi-level
observations. The error bounds of Cao and Xie (2015) are of the same order as that of
Davenport et al. (2014) for the binary case. The multi-level observation model of Cao and
Xie (2015) does not include the quantized observation model given in (2).
Generalized performance bounds for a generic regularized convex program with arbitrary
regularizer were given in Gunasekar et al. (2014) and Lafond (2015), which can be applied
to the observation model (1) for K ≥ 2 when the the link function f comes from the
exponential family. Hence, this theoretical guarantee does not apply when considering a
quantization observation model, given in (2) when K > 2. In this paper, we will allow
for an arbitrary log-concave link function in our observation model and theoretical results,
which will allow for applications such as noisy K-level quantization.
Another line of work in the context of collaborative filtering has been concerned with
probabilistic matrix factorization (PMF) models (Salakhutdinov and Mnih, 2008; Gopalan
et al., 2014), some of which can handle integer-valued observations. In an item ratings
context, for an m × n ratings matrix M , one writes M = U V > where the factors U ∈
Rm×d , V ∈ Rn×d represent latent users and item feature matrices. A Gaussian model
for the observations, parametrized by these factors, is used in Salakhutdinov and Mnih
(2008), and a Poisson model is used in Gopalan et al. (2014) allowing for integer-valued
observations. The item and user feature vectors are assigned priors, and hyperparameters
and feature vectors are estimated by maximizing the log-posterior in Salakhutdinov and
Mnih (2008) and minimizing the Kullback-Leibler divergence in Gopalan et al. (2014). To
our knowledge, there are no theoretical recovery guarantees regarding the performance of
these PMF models. Also in the context of collaborative filtering, Koren and Sill (2011,
2013) proposed an ordinal model for predicting missing rating distributions from revealed
multi-level numerical ratings. The model of Koren and Sill (2011, 2013) is a quantized
observation model similar to that in Lan et al. (2014a), and as in Lan et al. (2014a), no
theoretical results were given. Modeling of ordinal data with Gaussian restricted Boltzmann
machines for both vector-variates and matrix-variates has been investigated in Tran et al.
(2012), where a quantized observation model is also considered. No theoretical results were
given Tran et al. (2012).
3
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We now discuss our assumptions on the set Ω, on which we follow Bhojanapalli and Jain
(2014), where the classical matrix completion problem is considered. Consider a bipartite
graph G = ([m], [n], E), where the edge set E ⊆ [m] × [n] is related to the index set of
revealed entries Ω as (i, j) ∈ E iff (i, j) ∈ Ω. Abusing the notation, we use G for both the
graph and its bi-adjacency matrix where Gij = 1 if (i, j) ∈ E, Gij = 0 if (i, j) 6∈ E.
We denote the association of G to Ω by G\Ω. Without loss of generality we take m ≥ n.
We assume that each row of G has d nonzero entries (thus |Ω| = md) with the following
properties on its singular value decomposition (SVD):

2.2 Sampling Model

The problem of completing a matrix from a subset of its entries is ill-posed without imposing
structural assumptions on the matrix. Hence, some relationship between the entries must
be assumed to reconstruct M from a subset of its entries. The majority of the literature
on matrix completion assumes that the matrix M to be recovered is low rank, i.e., that it
spans a low-dimensional subspace. This assumption is reasonable in many applications.
We assume that M is a low-rank matrix with rank bounded by r. We note that in
many applications, such as sensor network localization, where M is known to exist in 2 or
3-dimensional grid, or DNA haplotype assembly, the rank r is known. In examples such as
collaborative filtering, where M is a matrix in which rows may represent users and columns
may represent their preferences for an item, M is low rank since the users’ preferences are
believed to be a function of just a few factors. In applications where the rank r is not
explicitly known, as in the former example, it can be reliably estimated (Keshavan et al.,
2010).
We furthermore assume that the true matrix M satisfies kM k∞ ≤ α, which helps make
the recovery of M well-posed by preventing excessive “spikiness” of the matrix. In classical
matrix completion (Cai et al., 2010), the incoherence assumption is used to ensure that
the left and right singular vectors are not aligned with the standard basis vectors, and to
facilitate establishment of recovery guarantees. This assumption was made less stringent in
Negahban and Wainright (2012) by instead restricting the “spikiness” ratio of the matrix.
The assumption kM k∞ ≤ α follows from this condition (Gunasekar et al., 2014). We refer
the reader to Davenport et al. (2014), Cai and Zhou (2013), Klopp (2014) and Negahban
and Wainright (2012) for further details.

2.1 Low-rank Matrices

In this section, we discuss the assumptions on the target matrix M to make it identifiable.
We also discuss our sampling model on which we follow Bhojanapalli and Jain (2014).

2. Preliminaries and Model Assumptions

transpose of M , |S| denotes the cardinality of the set S, [n] denotes the set of integers
√
{1, . . . , n}, 1n ∈ Rn is the vector of all ones, 1̃n = 1n / n, and 1[A] denotes the indicator
function, i.e. 1[A] = 1 when A is true, and 1[A] = 0 otherwise. We use hA, Bi to denote
P
tr(A> B) = ij Aij Bij . The abbreviations w.h.p. and w.p.1 stand for with high probability
and with probability one, respectively.
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(3) Stochastic block models for certain choices of inter- and intra-cluster edge connection
probabilities. Consider the case of two clusters of the left and right vertices, with m/2
left vertices and n/2 right vertices of graph G belonging to the first cluster and the
remaining left and right vertices to second cluster. Suppose that each intra-cluster edge
is placed with probability p and an inter-cluster edge is placed with probability q. Then
the ensemble average of the bi-adjacency matrix E[G] consists of elements equal to p for
edges with both vertices in the same cluster and q for edges with vertices in different
clusters. This can be expressed as (see also Nadakuditi and Newman, 2012)
√
√
mn(p + q)
mn|p − q|
E[G] =
(5)
1̃m 1̃>
ũm ũ>
n
n +
2
2
√
where ũm = um / m, the elements of um ∈ Rm are ±1, +1 if the left vertex is in
the first cluster, −1 otherwise; similarly for un and ũn . For even m and n (clusters of
equal size), (5) is an SVD of E[G] since {1̃m , ũm } and {1̃n , ũn } are sets of orthonormal
vectors representing the left and right singular vectors of non-zero singular values of
E[G], which is of rank 2. The matrix G̃ = G − E[G] is a random √
matrix with bounded
and independent entries, with the largest singular value
having
O(
m + n) (Bolla et al.,
√
√
2010). Thus, the two largest singular values of G are mn(p+q)
and mn|p−q|
(perturbed
2
2
by random G̃). When p = q, we have an Erdös-Renyi random graph with the largest
spectral gap. As q becomes smaller, the spectral gap decreases. By (5), (A1) is true,
√
but for (A2) to be true, one should have |p − q| = O(1/ m). For fixed p and q,

(2) Erdös-Renyi random graphs with average degree d ≥ c log(m). These graphs satisfy this
spectral gap property with high probability (Feige and Ofek, 2005). More explicitly, if
G is an Erdös-Renyi bipartite random graph with probability p of an edgep
being placed,
then the ensemble average of the bi-adjacency matrix E[G] = p1m 1>
nmp2 1̃m 1̃>
n =
n
and G̃ = G − E[G] is a random matrix with
zero-mean
i.i.d.
entries
of
variance
p(1 − p)
√
with the largest singular value having O( m + n) with
p high probability (and also with
probability 1) (Bolla et al., 2010). Thus, σ1 (G) = nmp2 is the dominant singular
value of G, and (A1) and (A2) hold with high probability (and also with probability
1) (Bolla et al., 2010). Note that the uniform sampling assumption used in Davenport
et al. (2014), Gunasekar et al. (2014), and Lan et al. (2014c), generates an Erdös-Renyi
random graph.

(1) Ramanujan graphs, a class of regular expander graphs (Hoory et al., 2006).

Examples. We now discuss a few examples of graphs families which satisfy assumptions
(A1) and (A2).

Thus we require G to have a large enough spectral gap.

√
√
(A1) The left and right top singular vectors of G are 1m / m and 1n / n, respectively.
√
(A2) We have σ1 (G) ≥ d and σ2 (G) ≤ C d, where C > 0 is some universal constant. Here
σ1 (G) and σ2 (G) respectively denote the largest and the second largest singular values
of G.
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σ2 (G) = mn|p−q|
does not satisfy (A2) although the spectral gap can be made smaller
2
by making |p − q| smaller. As shown in Bhojanapalli and Jain (2014), the stochastic
block model is a useful device to study the effect of the spectral gap on the performance
of matrix recovery approaches. Such stochastic block models also apply to practical
settings such as modeling connectivity subnetworks in the brain (Ghanbari et al., 2013).

3. Main Results
In this section, we describe the rank-constrained ML estimation of the target matrix M from
multi-level quantized observations. We then establish upper bounds on the estimation error
norm for this problem, which yield a faster rate of convergence than previously established
upper bounds for the binary case.
3.1 Rank-Constrained Maximum Likelihood Estimation

(i,j)∈Ω

X

`=1

"K
X

log(f` (Xij ))1[Yij =`]

#

(6)

We wish to estimate unknown M from the observed entries of Y using a constrained ML
approach. We assume Y is related to M via the probabilistic model given in (1)-(4). We
use X ∈ Rm×n to denote the optimization variable. The negative log-likelihood function is
given by
FΩ,Y (X) = −

(7)

which is a convex function in X when the function f` is log-concave in Xij , and can be an
implicit function of ω, where
ω = [ω1 ω2 · · · ωK−1 ]> ∈ RK−1

1
,
1+e−x/σ

σ > 0.

is the vector of bin boundaries.
Two common choices for which the function f` , and its associated CDFs and pdfs, are
log-concave, are:
(i) Logistic model with logistic CDF Φ(x) = Φlog (x/σ) =

(ii) Probit model with Φ(x) = Φnorm (x/σ) where σ > 0 and Φnorm (x) is the CDF of the
standard normal distribution N (0, 1).

JMLR 17(60):1-34

(8)

We consider two classes of problems. In the first, ω is known, and thus the distribution
in (4) is completely specified. We will assume that the bin boundaries ω` , ` ∈ [K], are
known for our theoretical results. In the other, ω is unknown and will be determined as
part of the optimization problem. By allowing the bin boundaries to be determined by the
optimization, we allow the distribution in (4) to be tuned to real data. For our numerical
results, we allow the ω` s to be unknown and estimate them (along with M ), as in Lan et al.
(2014a).
When ω is known, we seek the solution to the optimization problem (P1): (s.t. stands
for subject to)
c = arg min FΩ,Y (X)
(P1) : M

X

s.t. kXk∞ ≤ α, rank(X) ≤ r.
7
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(9)

As a result of the rank constraint, (P1) is a nonconvex optimization problem. In Section 4,
we will discuss factorization methods for solving this problem which come with guarantees
of global convergence. In Section 3.2, we present performance upper bounds for problem
(P1).
When ω is unknown, the constrained ML estimate we wish to obtain is given by the
solution to the optimization problem (P2):


c, ω
b = arg min FΩ,Y (X) s.t. kXk∞ ≤ α,
M
(P2) :

X,ω

rank(X) ≤ r and ω1 < ω2 < · · · < ωK−1 .

The negative log-likelihood FΩ,Y (X) is not jointly convex in X and ω. However, we
show in Lemma 3 in Appendix A that f` is log-concave in ωk for fixed X and ωi s (i 6= k),
and in Section 3.3, that it is strictly log-concave in X for fixed ω whenever Φ(x) is logconcave. Thus, FΩ,Y (X) is convex in ωk for fixed X and ωi s (i 6= k), and convex in X for
fixed ω. Consequently, as seen later in Section 4, it will require an alternating minimization
procedure (block-coordinate descent).
3.2 Performance Upper Bounds

(

)

f˙`2 (x) f¨` (x)
−
f`2 (x) f` (x)

o
f˙` (x) /f` (x) ,

,

(11)

(10)

c in (8), i.e., problem (P1) where ω, the
We now present performance upper bounds for M
vector of true bin boundaries, is assumed to be known. We first define some constants
which appear in the bound, involving functions of f` (x) and its first two derivatives. With
f˙(x) := (df (x)/dx), define

`∈[K] |x|≤α

γα ≤ min inf

n

`∈[K] |x|≤α

Lα ≥ max sup

c (see Equation 8). For further
where α is the bound on the entry-wise infinity-norm of M
reference, define the constraint set

C := X ∈ Rm×n : kXk∞ ≤ α, rank(X) ≤ r .
(12)

(13)

(14)
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!
√
√
C1α Cr m C2α m3 r3 n
p
,
,
|Ω|2
|Ω|

1
c − M kF ≤ min (2α, U1 , U2 )
kM
mn

!
√
C1α rσ2 (G) C2α m r3 n
,
≤ max
σ1 (G)
σ12 (G)

√

Theorem 1 Suppose that M ∈ C, and G\Ω satisfies assumptions (A1) and (A2). Without
loss of generality, assume m ≥ n. Further, suppose Y is generated according to (1) where
f` (x) is log-concave in x ∀` ∈ [K]. Then, provided γα > 0, with probability at least 1 −
√
c of (8) satisfies
2(9α mn)−r(m+n+1) − C1 exp(−C2 m), any global minimizer M
where
U1 = max

8

(16)

(15)

1
c − M kF ≤ min O
kM
mn

δ
p2

r

r3
n
,O



r3 δ 2 log(n)
p3 n

1/4 !!

.

(17)

9
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It is known that f` (x) is log-concave iff f¨` (x)f` (x) ≤ (f˙` (x))2 (Boyd and Vandenberghe,
2004). Thus γα ≥ 0 for log-concave f` (x) and γα > 0 for strictly log-concave f` (x). For the

3.3 Constants γα and Lα for the logistic and probit models

to dominate signifying convergence rate of at least (log(n)/n)1/4 . In our simulation results
shown later in Figure 5 for m = n = 100, 200, or 400, and p = 0.2, 0.4, or 0.6, we find that
1
2
c
mn kM − M kF decays approximately as O(1/n).

Corollary 2 suggests that for “larger” fixed values of p, U1 dominates, signifying a conver√
1
c − M kF whereas for “small” values of p, U2 is likely
gence rate of at least 1/ n for √mn
kM

√

!

√
c
Then with probability at least 1 − C1 exp(−C2 m) − 2/(9αn δ)2rn , any global minimum M
to (8) satisfies

|Ω|
Corollary 2 Assume the conditions of Theorem 1. Let p = mn
be fixed independent of m
and n. Then
r !
 3 2
1/4 !
δ r3
r δ log(n)
U1 ≤ O
,
U
≤
O
.
2
p2 n
p3 n

|Ω|
Of some interest is the case where the fraction of revealed entries p = mn
is fixed and
we let m and n become large, with m/n ≡ δ ≥ 1 fixed. In this case we have the following
Corollary.

A proof of Theorem 1 is given in Appendix B. In the binary case (K = 2) the link function
f in (4) belongs to the exponential family for a large class of CDFs Φ(x) (e.g., logistic or
Gaussian), but not for K > 3. The bounding approaches in Gunasekar et al. (2014), Lafond
(2015) and Cao and Xie (2015) for K > 3 require f to come from the exponential family
whereas our approach based on a Taylor series approximation and some concentration inequalities applies to the quantization model (4). One of the novelties in our proof compared
to existing works is how we bound the gradient of the cost function in two different ways
(see Lemmas 5 and 6 in Appendix B).

q
√
√
α
, C1 , C2 , C > 0 are universal
Here, C1α = 4 2α, C2α = 32.16 2Lα /γα , C3α = 8 (1+α)L
γα
constants, and γα and Lα are given by (10), (11).

≤ max

U2 = max

!
√
0.25
C1α rσ2 (G) C3α r0.75 (|Ω|(m + n + 1) log(9α mn))
,
σ1 (G)
σ1 (G)
!
 0.75
√
0.25
√
C1α Cr m
r
p
, C3α
m (m + n + 1) log(9α mn)
.
|Ω|
|Ω|
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(18)



r3
p4 n



s

,O

r3 log(n)
p3 n

!!

.

(22)
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and the bound of (Gunasekar et al., 2014, Corollary 1) yields




1 c
rm log(n)
2
∗2 r log(n)
k
M
−
M
k
≤
O
α
=
O
(24)
F
n2
pn
p
√
since in Gunasekar et al. (2014), α∗ ≥ mnkM k∞ . The bound in Soni et al. (2014) as
applied to non-sparse models and K = 2, yields


i
1 h c
r log(n)
E kM − M k2F ≤ O
(25)
2
n
pn

For K = 2, the results of Lafond et al. (2014), Gunasekar et al. (2014) and Lafond (2015)
apply to our model but not for K > 2. The bound of Lafond et al. (2014) and Lafond
(2015) yields


1 c
r log(n)
2
k
M
−
M
k
≤
O
(23)
F
n2
pn

1 c
kM − M k2F ≤ min O
n2

Our bound (Corollary 2) yields

We first provide a comparison of our bounds with those of Davenport et al. (2014) and
Cai and Zhou (2013), who have established bounds for only the binary (K = 2) level
case. Consider M ∈ Rn×n , with p fraction of its entries sampled. Then m = n, and
|Ω| = pn2 . The bounds proposed in Davenport et al. (2014) and Cai and Zhou (2013) yield
(for |Ω| ≥ 4n log(n))
r 
1 c
r
kM − M k2F ≤ O
.
(21)
2
n
pn

3.4 Comparison of Convergence Rates

Therefore, by (10), γα > 0 for the logistic model. Similarly one can verify numerically that
γα > 0 for the probit model when Φ(x) = Φnorm (x/σ). For the logistic model, it turns out
that Lα = 1/(2σβασ ) where


ω` − x
ω`−1 − x
βασ := min inf Φlog (
) − Φlog (
) > 0.
(19)
σ
σ
`∈[K] |x|≤α
√ √
For the probit model, we have Lα = 2/( πσβnασ ) where


ω` − x
ω`−1 − x
βnασ := min inf Φnorm (
) − Φnorm (
) > 0.
(20)
σ
σ
`∈[K] |x|≤α

logistic model, i.e., when Φ(x) = Φlog (x/σ), some tedious calculations show that




f˙`2 (x) f¨` (x)
ω` − x
ω` − x
1h
1 − Φlog
−
= 2 Φlog
2
σ
σ
σ
f` (x) f` (x)



 i
ω`−1 − x
ω`−1 − x
+ Φlog
1 − Φlog
σ
σ
> 0 ∀x ∈ R, ∀` ∈ [K].
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r

r
pn

where the expectation is over the noise (Zij in Equation 2) and sampling distributions of
the revealed matrix entries. Thus, (25) is similar to (23) but is averaged over the noise and
sampling distributions. The multi-level observation model of Cao and Xie (2015) does not
include the quantized observation model given in (2) but applies to a multinomial logistic
model. The bound in Cao and Xie (2015) yields
1 c
kM − M kF2 ≤ O
n2

maxi

12
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Thus, for problems of this form, one can choose k = r + 1 to achieve global convergence
if an upper bound r on the rank of M is known.
The convergence deficiency discussed in Remark 1 motivates the following log-barrier
penalty function approach.

Remark 1 The hard rank constraint results in a nonconvex constraint set. Thus, (8) is a
nonconvex optimization problem; similarly for Algorithm 1 for which the rank constraint is
implicit in the factorization of X. However, the following result is shown in (Bach et al.,
2008, Proposition 4), based on Burer and Monteiro (2003), for nonconvex problems of
this form. If (U ∗ , V ∗ ) is a local minimum of the reformulated (i.e., factored) problem, then
X ∗ = U ∗ V ∗> is the global minimum of problem (8), so long as U ∗ and V ∗ are rank-deficient.
(Rank deficiency of (U ∗ , V ∗ ) is a sufficient condition, not necessary.) This result is invoked
in Recht and Re (2013), Lee et al. (2010) and Cai and Zhou (2013) for problems of this
form. Thus one would expect to achieve global convergence for the problem of (8) provided
iterations (27)-(28) converge to a local minimum. These iterations represent a projected
gradient method which converges to a stationary point if one has orthogonal projection onto
a convex constraint set (Bertsekas, 1999, Prop. 2.3.1). However, the “projection” Pα in
(28) is not an orthogonal projection and the set {kU V > k∞ ≤ α} is not convex in U, V
(although {kXk∞ ≤ α} is convex in X), therefore, convergence to even a local minimum
is not ensured. However, numerically, this method has still provided good results (similarly
reported in Cai and Zhou (2013)). In Cai and Zhou (2013), for the K = 2 case, there are
2
2
two additional constraints kU k2,∞
≤ R and kV k2,∞
≤ R which are convex sets in U and
V , and the corresponding projections are orthogonal projections. However, the projection
corresponding to our Pα in Cai and Zhou (2013) is not orthogonal.

X = U V > , Cai and Zhou (2013) enforce the constraint set kXkmax ≤ R by requiring
2 , kV k2 ) ≤ R. As stated in Cai and Zhou (2013), the global minimum of
max(kU k2,∞
2,∞
the cost over the constraints kXk∞ ≤ α and kXkmax ≤ R is the same as that over the
constraints kXk ≤ α, kU k2 ≤ R and kV k2 ≤ R if rank(X) ≤ k. If a matrix A has
∞
2,∞
2,∞
√
rank r and kAk∞ ≤ α, then kAkmax ≤ rα (Cai and Zhou, 2013). Therefore, in our case
√
the max-norm constraint is unnecessary as it is automatically satisfied for any R ≥ rα.
In this sense, our Algorithm 1 is the same as the approach of Cai and Zhou (2013) when
√
K = 2 and one picks R ≥ rα.

In (27) the stepsize τ is selected via a backtracking line search using Armijo’s rule, to
>
minimize the cost FΩ,Y (U t+1 V t+1 ).
In addition to the approximate projection Pα in (28), Cai and Zhou (2013) (for K = 2)
also uses another projection to enforce a max-norm constraint. In Cai and Zhou (2013),
for K = 2, the negative log-likelihood cost is minimized w.r.t. X subject to the constraints
kXk∞ ≤ α and kXkmax ≤ R for some α > 0 and R > 0. The operator Pα enforces
the constraint kXk∞ ≤ α. Thenfactored form definition of the maxo norm (Lee et al.,
2 , kV̄ k2 ) : X = Ū V̄ >
2010) is given by kXkmax = inf max(kŪ k2,∞
where kŪ k2,∞ =
2,∞
qP
m×k , V̄ ∈ Rn×k , k = 1, 2, . . . , min(m, n) = n. For fixed k and
2
j Ūij , Ū ∈ R

In (21)-(26) the omitted constants do not depend on r, p or n.
Comparing (21)-(26) for the case K = 2, we see our method has faster convergence
rate in n for fixed rank r and fraction of revealed entries p, compared to Davenport et al.
(2014), Cai and Zhou (2013), Lafond et al. (2014), Gunasekar et al. (2014), Lafond (2015)
and Soni et al. (2014); the same comment applies for K > 2 when comparing with Cao and
Xie (2015). On the other hand, for fixed n, our bound is inferior to these other bounds in
p or r. One may notice if the revealed entries scale with n according to p ∼ O(log(n)/n)
then Davenport et al. (2014) and Cao and Xie (2015) yield bounded error while our bound
grows with n; in our case we need p ≥ O(1/n1/3 ). We believe this to be an artifact of our
proof, as our numerical results in Figure 1 show our method outperforms Cai and Zhou
(2013) and Davenport et al. (2014), especially for low values of p and higher values of rank
r.

4. Optimization
In this section, we describe the algorithms used to solve problems (P1) and (P2). We use
the matrix factorization technique (Bach et al., 2008; Burer and Monteiro, 2003; Lee et al.,
2010) where instead of optimizing with respect to X, it is factorized into two matrices
U ∈ Rm×k and V ∈ Rn×k such that X = U V > . One then optimizes with respect to the
factors U, V . This method is non-convex, however, it is known (Bach et al., 2008; Burer
and Monteiro, 2003; Lee et al., 2010) that if k is chosen to be large enough, it is guaranteed
that the local minimum of the problem is also the global minimum of the non-factorized
problem.
4.1 Known Bin Boundaries

#!

(28)
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kU V > k∞ > α
kU V > k∞ ≤ α.

(27)

We have the following approximate projected gradient method for solving problem (P1)
following the algorithm of Cai and Zhou (2013), where the case of K = 2 was considered.

Vt−

if
if

>
τ
√
∇
F (U t V t )V t
t X Ω,Y
>
τ
√
∇ F (U t V t )> U t
t X Ω,Y

4.1.1 Algorithm 1: Approximate Projected Gradient Method

= Pα

Given initial estimates U 0 , V 0 , one updates
"


Ut −
U t+1
V t+1

where U t , V t are the estimates at iteration t, and
( p


α/kU V > k∞ [U > V > ]>
 > > >
Pα [U > V > ]> =
U V
11

(30)

>
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Thus, (31) is a gradient descent method using Armijo’s rule for stepsize selection, for unconstrained minimization of the continuously differentiable cost F̃Ω,Y (U V > ) = F̄Ω,Y (Z) w.r.t.
Z. By (Bertsekas, 1999, Prop. 1.2.1), the iterations given in (31) converge to a stationary
point of F̃Ω,Y (U V > ). Since the cost is non-increasing at every iteration, the stationary point
is either a local minimum or a saddle point. In theory, convergence to saddle points can
not be excluded for gradient descent algorithms for continuously differentiable functions.
However, we assume that we escape saddle points in practice as saddle points are generally
unstable from a numerical point of view, i.e., a perturbation always exists at the saddle
point which will decrease the cost function.

where U t , V t are the estimates at iteration t and ∇X F̃Ω,Y (U t V t ) = ∇X F̃Ω,Y (X) X=U t V t > .
In (31) the stepsize τ is selected via a backtracking line search using Armijo’s rule, to
>
minimize the cost F̃Ω,Y (U t+1 V t+1 ).
>
Define Z = [U > V > ]> ∈ R(m+n)×k and let F̄Ω,Y (Z t ) = F̃Ω,Y (U t V t ). Then (31) can be
rewritten as
#
"
>
τ
∇X F̃Ω,Y (U t V t )V t
.
(32)
Z t+1 = Z t − √ ∇Z F̄Ω,Y (Z t ), ∇Z F̄Ω,Y (Z t ) =
>
∇X F̃Ω,Y (U t V t )> U t
t

t

The parameter λ > 0 in (29) sets the accuracy of approximation of maxi,j |Xij | ≤ α via the
log-barrier function (which is twice-differentiable and convex in X, hence so is F̃Ω,Y (X)).
Now, however, the factorization approach X = U V > is well-justified, per Remark 1, and
convergence is guaranteed.
The log-barrier method is ill-conditioned and solving the problem for a fixed value of
λ generally only works well for small problems or good choices of initialization (Boyd and
Vandenberghe, 2004). The above problem is typically solved via a sequence of central path
following solutions (Boyd and Vandenberghe, 2004) where one gradually reduces λ toward
0. In our approach we initialize it with the solution to Algorithm 1, providing a good
initialization, and then either use a single “small” value of λ, or select λ via 5-fold crossvalidation. One may therefore view augmentation with the log-barrier cost as regularization
of FΩ,Y (X).
We solve the factored version X = U V > of problem (30) for a fixed λ using a gradient
method as follows. Given initial estimates U 0 , V 0 , one updates
#
 t+1  " t √τ
>
U − t ∇X F̃Ω,Y (U t V t )V t
U
=
(31)
>
V t+1
V t − √τ ∇X F̃Ω,Y (U t V t )> U t

X

c = arg min F̃Ω,Y (X) s.t. rank(X) ≤ r.
M

(i,j)

ωi

method (31) initialized with L` , R` .
for i = 1, 2, · · · , K − 1, do
` , ω , ω `−1 , · · · , ω `−1 ) subject to ω ` +δ ≤
ωi` ← arg min FΩ,Y (U ` V `> , ω1` , · · · , ωi−1
i
0
i−1
i+1
K−1

U,V

using approximate
projected gradient method (27) initialized with U `−1 , V `−1 .

`−1
). Solve using log-barrier gradient
U ` , V ` ← arg min F̃Ω,Y (U V > , ω1`−1 , · · · , ωK−1

U,V

for ` = 1,2, · · · , until convergence, do
`−1
L` , R` ← arg min FΩ,Y (U V > , ω1`−1 , · · · , ωK−1
) subject to kU V > k∞ ≤ α. Solve

14
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In this section, we report the results of evaluating our method on synthetic data. We set
m = n and construct M ∈ Rn×n as M = M1 M2> where M1 and M2 are n × r matrices with

5.1 Synthetic Data

In this section, we test our methods on synthetic and real data, and also compare our
methods with that of Keshavan et al. (2009, 2010) (OptSpace), Cai et al. (2010) (SVT),
Cai and Zhou (2013) and Davenport et al. (2014).

5. Numerical Experiments

In Step 2 of Algorithm 3, we have used the solution of the approximate projected gradient
method (27), to provide a good initialization to the log-barrier algorithm in Step 3, since
we are not using central path following, for the reasons aforementioned in Section 4.1.2.

`−1
ωi ≤ ωi+1
− δ0 for some “small” δ0 > 0 . Solve using a gradient descent method
initialized with ωi = ωi`−1 .
6:
end for
7: end for
8: return X ∗ = U ∗ V ∗> , ω ∗

5:

4:

3:

2:

1:

Input: Set of observed entries Yij for (i, j) ∈ Ω, initialization U 0 ∈ Rm×k , V 0 ∈ Rm×k ,
0
0
ω10 , ω20 , · · · , ωK−1
∈ R, ω10 < ω20 < · · · < ωK−1
, parameters α, λ
∗
∗
∗>
∗
Output: Solution X = U V , ω

Algorithm 3 Block-Coordinate Descent Method for Solving (9)

As noted earlier FΩ,Y (X) is convex in ωk for fixed X and ωi s (i 6= k), and convex in X
for fixed ω, however, FΩ,Y (X) is not jointly convex in X and ω. Thus the problem (P2)
specified in (9) is multi-convex in X and ω1 , ω2 , · · · , ωK−1 , and one approach to solve it
is via block-coordinate descent (Xu and Yin, 2013), for which there are no convergence
guarantees, in general. In order to detail this approach, with an abuse of notation, we now
explicitly denote the dependence of FΩ,Y (X) on the ωi s as FΩ,Y (X, ω1 , · · · , ωK−1 ), and that
of F̃Ω,Y (X) as F̃Ω,Y (X, ω1 , · · · , ωK−1 ). Following Xu and Yin (2013) and our Algorithms
1 and 2, our optimization algorithm for the case of unknown bin boundaries is given in
Algorithm 3 where, in Step 5, δ0 makes the constraint set for ωi convex.

The constraint maxi,j |Xij | ≤ α translates to Xij − α ≤ 0 and −Xij − α ≤ 0 ∀(i, j), which
motivates the log-barrier penalty function − log 1 − (Xij /α)2 , which is finite for |Xij | < α,
and is infinite otherwise. This leads to the objective function
X

log 1 − (Xij /α)2
(29)
F̃Ω,Y (X) = FΩ,Y (X) − λ

and the optimization problem

4.2 Unknown Bin Boundaries
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4.1.2 Algorithm 2: Logarithmic Barrier Gradient Method
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c − M k2 /kM k2 for varied values of p = q, n = 200, α = 1,
Figure 1: Relative MSE kM
F
F
Gaussian noise with σ = 0.18, K=2: binary case, w1 = 0, known bin boundaries,
“trace-norm” refers to Davenport et al. (2014), the proposed Alg. 1 (proj-grad)
coincides with the algorithm of Cai and Zhou (2013) when K = 2 and one picks
√
R ≥ rα in Cai and Zhou (2013).
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i.i.d. entries drawn from a uniform distribution on [−0.5, 0.5]. Then we scaled M to achieve
kM k∞ = 1 = α. We pick r = 3, 5 or 10, and vary matrix sizes n = 100, 200, or 400. We
used the model (2) with Zij as a zero-mean Gaussian with standard deviation σ = 0.18.
These choices follow the numerical experiments of Cai and Zhou (2013) and Davenport et al.
(2014), which dealt with the case of binary observations (i.e., in which K = 2). We generate
the set Ω of revealed indices via a stochastic block model as in Bhojanapalli and Jain (2014).
In the basic stochastic block model, we divide the set of nodes [n] into two clusters, where
each intra-cluster edge is sampled uniformly with probability p and an inter-cluster edge is
sampled with probability q. For our simulations, initially we chose p = q which corresponds
to the Bernoulli sampling model of Davenport et al. (2014). Then we change the fraction of
revealed 1-bit entries as p = 0.05, 0.1, 0.15, 0.2, 0.4, 0.6 or 1. Algorithm 1 was implemented
with random initialization and its result was used to initialize Algorithm 2 where we either
picked λ via 5-fold cross-validation (how well the label values of revealed Yij in the test
set are matched), or simply used a small fixed λ. We assumed the bin boundaries to be
c − M k2 /kM k2 , averaged over
known. The resulting relative mean-square error (MSE) kM
F
F
20 Monte Carlo runs, is shown for n = 200 in Figure 1 for K = 2, and Figure 2 for K = 5.
As expected, the performance improves with increasing n and increasing p. For comparison,
Figure 1 also shows the MSE for Davenport et al. (2014) and Cai and Zhou (2013), and it
is seen that Algorithm 2 (log-barrier) significantly outperforms Davenport et al. (2014) and
Cai and Zhou (2013) for low values of p and high values of r (e.g., r = 10 and p < 0.4), and
the performances are comparable for higher values of p and lower values of r (e.g., r = 3
and p > 0.1). Note that as aforementioned, Algorithm 1 (proj-grad) coincides with the
√
algorithm of Cai and Zhou (2013) when K = 2 and one picks R ≥ rα in Cai and Zhou
(2013).

c − M k2 /kM k2 for varied values of p = q, n = 200, α = 1,
Figure 2: Relative MSE kM
F
F
Gaussian noise with σ = 0.18, K=5: w1 = −0.4, w2 = −0.15, w3 = 0.15,
w4 = 0.4, known bin boundaries.
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In Figure 8 we additionally plot the relative MSE for n = 200 and rank r = 5, via the
same method described above, but with varying p and keeping p + q = 0.7, under the probit
model. This enables us to study the performance of the model under nonuniform sampling.
Note that when p = q = 0.35, then the spectral gap is largest (Bhojanapalli and Jain, 2014)
and the MSE is the smallest, and as p gets larger, the spectral gap decreases, leading to
larger MSE.

In Figure 5 we show the relative MSE for r = 3, 5 and 10, respectively, and n =
100, 200, 400, p = q = 0.2, 0.4,
In Section
Equation 22), the upper bound on
 0.6.
q 3.2 (see
 3 
r3 log(n)
r
MSE was established as min O p4 n , O
. Therefore, for fixed r and p, the
p3 n


bound is O n1 , whereas
for
fixed
n
and
p,
the
bound
is
O
r1.5 , and for fixed n and r, the

−1.5
bound is O p
. We also plot the lines 1/n in Figure 5 to show the scale of the upper
bound O (1/n) for fixed r and p. As we can see, the empirical estimation errors follow
approximately the same scaling, suggesting that our analysis is tight with respect to n, up
to some constant. In Figures 6 and 7 we show the relative MSE as a function of r and p,
respectively, for p = q = 0.2 and n = 100, 200, 400. We also plot the lines r1.5 and 1/p1.5 in
Figures 6 and 7, respectively, to show
the scale of the upper bound O r1.5 for fixed n and

p, and the upper bound O 1/p1.5 for fixed n and r. Now we see that these bounds are not
tight. The empirical MSE results are approximately O (r) for fixed n and p and O (1/p) for
fixed n and r.

c − M k2 /kM k2 for varied values of K, p = 0.2, n = 200, α = 1,
Figure 4: Relative MSE kM
F
F
Gaussian noise with σ = 0.18.
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shrink and the quantization error becomes smaller. For the considered model there are two
sources of error/noise: additive noise and quantization error.
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In Figure 4, we show the results for varying number of quantization levels K, with
r = 3, 5, 10, p = 0.2, m = n = 200 and known bin boundaries. The matrix M is constructed
as for Figure 1. The results were over 20 Monte Carlo runs, and the missing entries were
set via the stochastic block model with p = q. With α = 1, the bin boundaries were picked
as w1 = 0 for K = 2, w1 = −0.2, w2 = 0.2 for K = 3, w1 = −0.25, w2 = 0, w3 = 0.25
for K = 4, w1 = −0.4, w2 = −0.15, w3 = 0.15, w4 = 0.4 for K = 5 and w1 = −0.4,
w2 = −0.2, w3 = −0.05, w4 = 0.05, w5 = 0.2, w6 = 0.4 for K = 7. These choices yield
a comparable number of entries in each bin. It is seen from Figure 4 that performance
improves with increasing K. This is not surprising since with increasing K, bin intervals

c − M k2 /kM k2 for varied values of p = q, n = 200, α = 1,
Figure 3: Relative MSE kM
F
F
Gaussian noise with σ = 0.18, K=5: true bin boundaries w1 = −0.4, w2 = −0.15,
w3 = 0.15, w4 = 0.4, known and estimated bin boundaries. OptSpace is the
method of Keshavan et al. (2010).
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5-level matrix completion, n=200

In Figure 3 we show the results for the case of r = 5 and m = n = 200 for both known
and estimated bin boundaries. As before, the results were averaged over 20 Monte Carlo
runs, and the missing entries were set via the stochastic block model with p = q. For
the case of unknown bin boundaries, we used Algorithm 3 with initialization ω10 = −0.3,
ω20 = −0.1, ω30 = 0.1 and ω40 = 0.3, and α = 1, λ = 0.5. Also shown are the results of the
algorithm OptSpace of Keshavan et al. (2010) which is a matrix completion algorithm that
assumes a real-valued low-rank matrix. The results using OptSpace were obtained for two
cases: the case labeled “quantized noisy M ” refers to the case where OptSpace is provided
with revealed Yij ’s, and the case labeled “unquantized noisy M ” refers to the case where
OptSpace works on revealed noisy Mij s (i.e., Mij + Zij s). For OptSpace, we scaled the
c to have the same Frobenius norm as the true M before computing the MSE. It
estimate M
is seen that for p ≥ 0.2, there is no loss in performance when bin boundaries are estimated,
using the proposed approach. The algorithm OptSpace performs poorly for quantized data.
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Now we consider the MovieLens 1M dataset (available from http://www.grouplens.org)
consisting of 1,000,000 movie ratings on a scale from 1 to 5, from 6040 users on 3952
movies (95.8% missing entries). A given set of ratings has a matrix representation with
rows representing the users and columns representing the movies, and the (i, j)th entry
of the matrix is non-zero if user i has given a rating for movie j. Thus estimating the
remaining ratings in the matrix corresponds to a matrix completion problem. We consider

5.2 MovieLens Dataset

c − M k2 /kM k2 for varied values of p, n = 200, K = 5, α = 1,
Figure 7: Relative MSE kM
F
F
Gaussian noise with σ = 0.18.

10

c − M k2 /kM k2 for varied values of r, p = 0.2, K = 5, α = 1,
Figure 6: Relative MSE kM
F
F
Gaussian noise with σ = 0.18.
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Figure 5: Relative MSE: K = 5, p = q, r = 3, 5 or 10, n = 100, 200, 400, known bin
boundaries, α = 1, Gaussian noise σ = 0.18 .
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|ΩT |(Ymax − Ymin )

(i,j)∈ΩT

X

|Yij − Ybij |,
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Remark 2 Estimation of missing entries of Y . In many applications such as this one, one
may wish to estimate missing discrete Yij s instead of (or in addition to) the continuousvalued M . We will use the model (1). If one wishes to pick the estimate Ybij of Yij given
P
Mij , to minimize the MSE E{[Ybij − Yij ]2 }, then Ybij = E{Yij | Mij } = K
`=1 ` f` (Mij ). If, on
the other hand, the optimality criterion is the MAE E{|Ybij − Yij |}, then given Mij , Ybij is a

where Ymax and Ymin are the upper and lower bounds, respectively, on the ratings (5
and 1, respectively). Both metrics are widely used for evaluation of prediction accuracy
(Gunawardana and Shani, 2009); for instance, RMSE has been used in Salakhutdinov and
Mnih (2008) and NMAE in Keshavan et al. (2009).

N M AE =

(i,j)∈ΩT

20 independent realizations of 80%/20% training/test splits of the 1 million revealed entries.
For each data split, we train the proposed Algorithms 1 and 3, and the approaches OptSpace
(Keshavan et al., 2009, 2010) and SVT (Cai et al., 2010), on the training set and compare
their performance on the corresponding test set in predicting the revealed matrix entries in
the test set. For implementation of OptSpace and SVT, we used the code made available
by the authors online. Let ΩT denote the test set, Yij the original rating in the data set
and Ybij the predicted rating of user i for movie j. For performance assessment, we use
the normalized mean absolute error (NMAE) and the root mean-square error (RMSE) in
prediction on test set, defined as
v
u
2
X 
u 1
RM SE = t
Yij − Ybij ,
|ΩT |

Figure 8: Relative MSE versus p, known bin boundaries, fixed p + q = 0.7, K = 5, n = 200,
Gaussian noise σ = 0.18 .
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For Algorithm 1 we used α = 1, rank(M ) = 7, the logistic model with σ = 1/16, and
considered fixed bin boundaries ω10 = −0.6, ω20 = −0.2, ω30 = 0.2 and ω40 = 0.6 spaced
(arbitrarily) uniformly over [−α, α] to get equal width bins. An alternative initialization
would be to pick the bin boundaries to match the distribution of the revealed entries. Let
p` denote the fraction of revealed entries with Yij = `. Then a reasonable choice is to
P
satisfy Φ(ω` ) − Φ(ω`−1 ) = p` , leading to ω00 = −∞, ωL0 = ∞, and ω`0 = Φ−1 ( `i=1 pi ) for
` = 1, · · · , L − 1. For a given choice of α, this requires a proper choice of σ to ensure that
ω` , ` = 1, · · · , L − 1, are within [−α, α]. Note that scaling the variables, M , α, σ, and the
bin boundaries by the same factor will lead to the same likelihood for observed data. Since
we fixed (arbitrarily) α = 1, different values of σ, the bin boundaries, and X will lead to a
different likelihood for the observed data.
For Algorithm 3, based on additional optimization w.r.t. ω, we used α = 1, rank(M ) = 7,
initialization ω10 = −0.6, ω20 = −0.2, ω30 = 0.2 and ω40 = 0.6, and either the logistic model
with σ = 1/16, or the probit model with σ = 1/13. The results (RMSE and NMAE)
averaged over 20 runs are shown in Table 1. It is seen that our methods outperform
OptSpace and SVT under both performance measures, and fixed bin boundaries also yield
useful and improved predictions. Tran et al. (2012) reported the results shown in Table 2
for their Matrix Cumulative RBM (restricted Boltzmann machines) based method and the
OrdRec method of Koren and Sill (2011, 2013) when tested on the MovieLens 1M dataset;
both these approaches are based on a quantization observation model. Comparing Tables
1 and 2 we see that our methods outperform OrdRec and Matrix Cumulative RBM under
both performance measures.

median of conditional distribution f` (Mij ). For the model (1)-(4), if Φ(0) = 0.5 (true for
the logistic and probit models considered in this paper), then a median of f` (Mij ) is given
cij .
by Q(Mij ). These estimators are used with Mij replaced with the estimated M

Table 1: Test data RMSE and NMAE (± one standard deviation) averaged over 20 realizations of 80%/20% training/test splits drawn from MovieLens 1M data

MovieLens 1M
Approach
RMSE
Alg. 1 (proj-grad): logistic
0.8698 ± 0.0029
Alg. 3 (log-barrier + unknown bins): logistic 0.8568 ± 0.0014
Alg. 3 (log-barrier + unknown bins): probit
0.8580 ± 0.0027
OptSpace
0.8947 ± 0.0033
SVT
0.9023 ± 0.0014
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Tran et al. (2012)
r=100
r=200
RMSE NMAE RMSE NMAE
0.902
0.1705
0.902
0.1700
0.904
0.1655
0.906
0.1660

Probabilistic Low-Rank Matrix Completion

MovieLens 1M: Results from
r=50
RMSE NMAE
0.904
0.1705
0.904
0.1665

Approach
OrdRec
Matrix Cumulative RBM
Table 2: RMSE and NMAE results from Tran et al. (2012) for MovieLens 1M data for
various values of r=rank(M ). OrdRec is the method of Koren and Sill (2011,
2013) and Matrix Cumulative RBM is the restricted Boltzman machines based
method of Tran et al. (2012)

Appendix A. Proof of a Technical Lemma
Here we provide a proof of the assertion made in Section 3.1 (after Equation 9) that f` (Xij )
is log-concave in ωk for fixed X and ωi s (i 6= k) for log-concave Φ(x).
Lemma 3 The probability f` (Xij ) defined in (4) is log-concave in ωk for fixed X and ωi s
(i 6= k) for log-concave Φ(x).

y

d log s(y)
φ(y)
=
.
dy
s(y)

s(y) := Φ(ω` − x) − Φ(ω`−1 − x) =

Proof We have f` (x) = Φ(ω` − x) − Φ(ω`−1 − x). Therefore, it is obviously log-concave
in ωi , i ∈ [K − 1], i 6= ` or ` − 1. By p. 121, Problem 3.48, of Boyd and Vandenberghe
(2004) Φ(ω` − x) − Φ(ω`−1 − x) is log-concave in ω` for fixed x and ω`−1 . To show that
Φ(ω − x) − Φ(ω
− x) is log-concave in ω
for fixed x and ω , we will modify a proof
`
`−1
`−1
`
given in Prop. 1 of An (1995) to prove log-concavity of 1 − Φ(x) in x. Let φ(x) = dΦ(x)
dx ≥ 0.
Then with y0 = ω` − x and y = ω`−1 − x, we have y0 > y for every x,
Z y0
φ(u) du ≥ 0
and
h(y) := −

Z

y0
y2

+ v)] dv +

φ(u) du
φ(y1 )φ(y2

Z

y0 −y1
y0 −y2

+ v)dv
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φ(y2 )φ(y1

By Prop. 1 of An (1995), s(y) is log-concave iff h(y) is non-decreasing is y. For y1 < y2 , we
have
h(y2 ) − h(y1 ) ≥ 0

+ v) −

φ(u) du − φ(y1 )
[φ(y2 )φ(y1

φ(y2 )
y1
y0 −y2

0

Z

⇐⇒ φ(y2 )s(y1 ) − φ(y1 )s(y2 )
Z y0
=

=

≥0
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R y −y
where we have used the fact that y00−y21 φ(y2 )φ(y1 + v)dv ≥ 0 since the integrand is nonnegative and y1 < y2 , and since φ(x) is log-concave, by Lemma 1 of An (1995)
Z y0 −y2
[φ(y2 )φ(y1 + v) − φ(y1 )φ(y2 + v)] dv ≥ 0.
0

Thus, for fixed x and ω` , s(y) is log-concave in y, hence, in ω`−1 .

Appendix B. Proof of Theorem 1

(33)

Our proof is based on a second-order Taylor series expansion and a matrix concentration
inequality. Let θ = vec(X) ∈ Rmn and F̃Ω,Y (θ) = FΩ,Y (X). The objective function FΩ,Y (X)
is continuous in X and the set C is compact, therefore, FΩ,Y (X) achieves a minimum in
c) minimizes F̃Ω,Y (θ) subject to the constraints, then F̃Ω,Y (θ̂) ≤ F̃Ω,Y (θ∗ )
C. If θ̂ = vec(M
where θ∗ = vec(M ). By the second-order Taylor’s theorem, expanding around θ∗ we have



1
2
F̃Ω,Y (θ) =F̃Ω,Y (θ∗ ) + h∇θ F̃Ω,Y (θ∗ ), θ − θ∗ i + hθ − θ∗ , ∇θθ
F̃Ω,Y (θ̃) (θ − θ∗ )i
2

where θ̃ = θ∗ +γ(θ−θ∗ ) for some γ ∈ [0, 1], with corresponding matrices X̃ = M +γ(X −M ).
We need several auxiliary results before we can prove Theorem 1.
We need the following result from Chatterjee (2013) concerning spectral norms of random matrices for Lemma 5.

Lemma 4 (Theorem 8.4 of Chatterjee (2013)) Take any two numbers m and n such that
1 ≤ n ≤ m. Suppose that A = [aij ]1≤i≤m,1≤j≤n is a matrix whose entries are independent
random variables that satisfy, for some σ 2 ∈ [0, 1],

2
E[aij ] = 0, E[aij
] ≤ σ 2 , and |aij | ≤ 1 a.s.

Suppose that σ 2 ≥ m−1+ε for some ε > 0. Then
√ 
2
P kAk2 ≥ 2.01σ m ≤ C1 (ε)e−C2 σ m ,

!

1[(i,j)∈Ω] ,

1[Yij =`] 1[(i,j)∈Ω]

!
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(35)

(34)

where C1 (ε) is a constant that depends only on ε and C2 is a positive universal constant. The
same result is true when m = n and A is symmetric or skew-symmetric, with independent
entries on and above the diagonal, all other assumptions remaining the same. Lastly, all
results remain true if the assumption σ 2 ≥ m−1+ε is changed to σ 2 ≥ m−1 (log(m))6+ε .
Using (6), it follows that

`=1

f˙`2 (Xij ) f¨` (Xij )
−
f`2 (Xij ) f` (Xij )

K ˙
X
∂FΩ,Y (X)
f` (Xij )
=−
1
∂Xij
f` (Xij ) [Yij =`]

`=1

K
∂ 2 FΩ,Y (X) X
=
∂Xij2

24

∂ 2 FΩ,Y (X)
= 0 if (i1 , j1 ) 6= (i2 , j2 ).
∂Xi1 j1 ∂Xi2 j2
(36)

PK

`=1

`=1

f` (Mij )

K ˙
X
f` (Mij )

1[Yij =`]

!
1[(i,j)∈Ω] .

(40)

(39)

(38)

(42)

(44)

∂FΩ,Y (M )
| × |Qij − Mij |
∂Xij
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(45)


t2
P (|uQ | > t) ≤ 2 exp −2
.
|Ω|βα2
√
√
Set K = α mn (since kXkF ≤ α mn) and apply the union bound over all Q ∈ S rK (1) to
obtain




√ (m+n+1)r
t2
exp −2
P ∪Q∈S rK (1) {|uQ | > t} ≤ 2 9α mn
|Ω|βα2


√ 
2t2
≤ 2 exp −
+ (m + n + 1)r log 9α mn .
2
|Ω|βα

Apply the Hoeffding inequality to uQ to obtain

≤ Lα (|Qij | + |Mij |) ≤ Lα (1 + 2α) =: βα .

|hij | ≤ |

We have E[hij ] = 0 (see Equations 38 and 39), and

(i,j)∈Ω

where in the last inequality we have used Lemma 5 with C1 = C1 (1/2), and the fact that
kX − QkF ≤ 1 and both X and Q are of rank r. Now consider uQ and rewrite it as
X
∂FΩ,Y (M )
uQ =
(Qij − Mij ) .
hij where hij =
∂Xij

≤ |uQ | + k∇X FΩ,Y (M )k2 kX − Qk∗
√
≤ |uQ | + 2.01Lα 2rm with probability ≥ 1 − C1 exp(−C2 m)

|uX | ≤ |uQ | + |h∇X FΩ,Y (M ), X − Qi|

Therefore, for any X ∈ SrK and corresponding Q ∈ S rK (1), we have

= h∇X FΩ,Y (M ), Q − M i + h∇X FΩ,Y (M ), X − Qi = uQ + h∇X FΩ,Y (M ), X − Qi.
(43)

uX := h∇θ F̃Ω,Y (θ∗ ), wi = h∇X FΩ,Y (M ), X − M i

kQk∞ ≤ kQ − Xk∞ + kXk∞ ≤ kQ − XkF + kXk∞ ≤ 1 + α.
√
√
Also, kXkF ≤ mnkXk∞ ≤ α mn. For X, M ∈ SrK and Q ∈ S rK (1), consider

Proof Define the set SrK = {X ∈ Rm×n : rank(X) ≤ r, kXkF ≤ K} for some K > 0.
By Lemma A.2 in the supplementary material of Wang and Xu (2012) (which is based
on Lemma 3.1 in Candes and Plan (2011)), there exists a 1-net for the Frobenius norm,
S rK (1) = {Q ∈ Rm×n : rank(Q) ≤ r, kX − QkF ≤ 1} ⊂ SrK with its cardinality
|S rK (1)| ≤ (9K)(m+n+1)r . That is, given any X ∈ SrK , there exists Q ∈ S rK (1) ⊂ SrK
such that kX − QkF ≤ 1. Suppose that X ∈ SrK is such that kXk∞ ≤ α. Then for
Q ∈ S rK (1), we have

Lemma 6 Let w = vec(X − M ) = θ − θ∗ and X, M ∈ C. Then with probability at least
√
1 − 2(9α mn)−r(m+n+1) − C1 exp(−C2 m), we have
q
√
h∇θ F̃Ω,Y (θ∗ ), wi ≤ 4(1 + α)Lα |Ω|r(m + n + 1) log(9α mn) .
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≤ k∇X FΩ,Y (M )k2 kX (1) − M k∗ .
(41)

−1
2
Consider z̃ij := Lα ∇X FΩ,Y (M ) ij . Then we have E[z̃ij ] = 0, |z̃ij | ≤ 1 and E[z̃ij ] ≤ 1.
2 ] ≤ σ2
We will apply Lemma 4 to L−1
that E[z̃ij
α ∇X FΩ,Y (M ), for which we have to ensure


1
−1+ε
2
2
and m
≤ σ for some ε > 0. Therefore, we pick σ = 1 = max 1, m1−ε . Hence, by
√
Lemma 4, kL−1
m)
α ∇X FΩ,Y (M )k2 ≤ 2.01 m with probability at least 1 − C1 (ε) exp(−C
√ 2
for some positive constants
C1 (ε) and C2 . Since for any rank r matrix A, kAk∗ ≤ rkAkF ,
√
we have kX (1) − M k∗ ≤ 2rkX (1) − M kF , yielding the desired result.

|h∇θ F̃Ω,Y (θ∗ ), wi| = |h∇X FΩ,Y (M ), X (1) − M i|

Proof Using (37), we have

where ε ∈ (0, 1), C1 (ε) is a constant that depends only on ε and C2 is a positive universal
constant.

Lemma 5 Let w = vec(X (1) − M ) = θ(1) − θ∗ and X (1) , M ∈ C. Then with probability at
least 1 − C1 (ε) exp(−C2 m), we have
√
h∇θ F̃Ω,Y (θ∗ ), wi ≤ 2.01Lα 2rmkX (1) − M kF ,

2
|zij | ≤ Lα =⇒ E[zij
] ≤ L2α .

`=1 f` (Xij ) = 1, we have
!
K
X
E[zij ] = −
f˙` (Mij ) 1[(i,j)∈Ω] = 0,

Using (1), (11), and the fact that

and

(37)

|hA, Bi| ≤ kAk2 kBk∗ , kBk∗ is the nuclear (or Schatten) norm of

h∇θ F̃Ω,Y (θ∗ ), wi = h∇X FΩ,Y (M ), X (1) − M i

tr(A> B),

[∇X FΩ,Y (M )]ij =: zij = −

where hA, Bi :=
B, and

we have

Let w = vec(X (1) − M ) = θ(1) − θ∗ ; for later use, we would like θ(1) in w to be not
necessarily equal to θ in the gradient or the Hessian of the objective function. Using (34)
and the notation





∂FΩ,Y (X)
∂FΩ,Y (M )
∇θ F̃Ω,Y (θ∗ ) = vec
= vec
,
∂Xij
∂Xij
X=M

and
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We pick

to achieve

q
√ 
|Ω|(m + n + 1)r log 9α mn

Probabilistic Low-Rank Matrix Completion

t = βα

2
.
√
(9α mn)r(m+n+1)



√ 
P ∪Q∈S rK (1) {|uQ | > t} ≤ 2 exp −(m + n + 1)r log 9α mn
=

(46)

(47)

√
Now using (44)-(47), the union bound and the fact that the chosen t > 2.01Lα 2rm, we
have the desired result.

2
Ω F



2
Ω F

.

(48)

Lemma 7 Let w = vec(X (1) − M ) = θ(1) − θ∗ and X (1) , X, M ∈ C. Then for any θ̃ =
θ∗ + γ(θ − θ∗ ) and any γ ∈ [0, 1], we have

!

(1)



X (1) − M

(Xij − Mij )2

h
i


2
hw, ∇θθ
F̃Ω,Y (θ̃) wi ≥ γα X (1) − M
where XΩ = Xij if (i, j) ∈ Ω, and = 0 otherwise.
Proof Using (10), (35) and (36), we have
h
i
X
2
hw, ∇θθ
F̃Ω,Y (θ̃) wi =

∂ 2 FΩ,Y (X̃)
∂Xij2
(1)

(Xij − Mij )2 = γα

(i,j)∈Ω

X

(i,j)∈Ω

≥ γα

We need a result similar to Theorem 4.1 of Bhojanapalli and Jain (2014) regarding
closeness of a fixed matrix to its sampled version, which is proved therein for square matrices
M under an incoherence assumption on M . In Lemma 8 we prove a similar result for
rectangular Z with bounded kZk∞ . Take Z ∈ Rm×n , m ≥ n, and as in Lemma 7, define
the operator RΩ as ZΩ := RΩ (Z) = Zij if (i, j) ∈ Ω, and = 0 otherwise.
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(50)

(49)

Lemma 8 Let G\Ω satisfy assumptions (A1) and (A2) in Section 2. Let Z ∈ Rm×n have
rank ≤ r. Then we have

√
√
mn
mnσ2 (G)
RΩ − I (Z) ≤
kZkmax
σ1 (G)
σ1 (G)
2
√
r
rmnσ2 (G)
nr
kZk∞ ≤ Cm
kZk∞ .
σ1 (G)
|Ω|

≤

27
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i=2

n
X

σi (G)Ui Vi>

(51)

√
Proof Normalize 1m to unit norm as 1̃m = 1m / m, and similarly for 1̃n . It then follows
from the properties (A1)-(A2) that

G = σ1 (G)1̃m 1̃n> +

where the SVD of G is G = U ΣG V > and Ui is the i-th column of U . First some preliminaries.
√
If rank(Z) ≤ r, then we have kZkmax ≤ rkZk∞ . By the factored form definition of the
n
o
2 , kV̄ k2 ) : Z = Ū V̄ T
max norm (Lee et al., 2010), we have kZkmax = inf max(kŪ k2,∞
2,∞
qP
m×k , V̄ ∈ Rn×k , k = 1, 2, · · · , min(m, n) = n.
2
j Ūij , Ū ∈ R

where kŪ k2,∞ = maxi

√

√
mn
mn
RΩ (Z) − Zk2 =
max
y>
RΩ (Z) − Z x.
σ1 (G)
σ1 (G)
x,y: kxk2 =1=kyk2

Hence, there exist UZ ∈ Rm×k and VZ ∈ Rn×k for some 1 ≤ k ≤ min(m, n) such that
2
2
Z = UZ VZ> , kUZ k2,∞
≤ kZkmax and kVZ k2,∞
≤ kZkmax . For Z of rank ≤ r, one should
have k ≤ r, but this fact is not needed in our P
proof. We now follow the proof of Theorem
k
> . Note that
UZi VZi
4.1 of Bhojanapalli and Jain (2014) with Z = i=1
k

i=1

√


k √
X
mn
mn
RΩ (Z) − Z x =
(y ◦ UZi )> G(x ◦ VZi ) − (y > UZi )(x> VZi ) . (52)
σ1 (G)
σ1 (G)

As in the proof of Theorem 4.1 of Bhojanapalli and Jain (2014), noting that RΩ (Z) = Z ◦ G
where ◦ denotes the Hadamard (elementwise) product, we have
y>

i=1

σ1 (G)

k √
X
mn

i=1

i>
βi 1̃m⊥
G(x ◦ VZi )



i>
σ` (G)(1̃m⊥
U` )V`>

(53)

√
k

i

X
mn h √
>
i>
G(x ◦ VZi ) + βi 1̃m⊥
G(x ◦ VZi ) − (y > UZi )(x> VZi )
(1/ m)y > UZi 1̃m
σ1 (G)

√

mn
RΩ (Z) − Z x
σ1 (G)

i
i
Let y ◦ UZi = αi 1̃m + βi 1̃m⊥
where
1̃
m⊥ is a unit norm vector orthogonal to 1̃m . Then
> (y ◦ U ) = y > U /√m. Using the fact that 1̃> G = σ (G)1̃> , we have
αi = 1̃m
1
Zi
Zi
m
n

y>

=

=

n
X

`=2

JMLR 17(60):1-34

√
where we have also used 1̃n> (x ◦ VZi ) = x> VZi / n. Using the SVD (51) of G, we have
i>
1̃m⊥
G=

i>
=⇒ |1̃m⊥
Gz| ≤ σ2 (G)kzk2 for any z ∈ Rn .

28

i=1

i=1


√
k
X
mn
mn
RΩ (Z) − Z x ≤
σ2 (G)
|βi |kx ◦ VZi k2
σ1 (G)
σ1 (G)
i=1
v
v
u k
u k
√
uX uX
mn
σ2 (G)t
≤
βi2 t
kx ◦ VZi k22 .
σ1 (G)

√

j=1

i=1
m
X

k
X

yj2 kUZj k22

i=1

k
X

j=1 i=1

j=1

n
X

x2j kṼZj k22

x2j ≤ kZkmax .

j=1

n
X

= 1. Similarly, we have

2
x2j VZji
≤

≤ kṼZ k22,∞

kx ◦ VZi k22 =

n X
k
X

2
j=1 yj

Pm

≤

m X
k
X

2
yj2 UZji
j=1 i=1
m
X
kUZ k22,∞
yj2 ≤ kZkmax
j=1

k(y ◦ UZi )k22 =

denotes the jth row of UZ and

≤

βi2 ≤

(56)

(55)

(54)

29

|akZΩ k2 − kZk2 | ≤ kaZΩ − Zk2 ≤ bkZk∞ .
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(58)

√
√
Proof Let Z = X − M , a = mn/σ1 (G), and b = (σ2 (G)/σ1 (G)) rmn. Then by Lemma
8 and the fact that rank(Z) ≤ rank(X) + rank(M ) ≤ 2r, we have

√
σ1 (G)
k(X − M )Ω kF ≥ √
kX − M kF − 2α rσ2 (G).
2rmn

Lemma 9 Let X, M ∈ C. Then we have

It then follows from (54)-(56) that

√
√
mn
mnσ2 (G)
RΩ (Z) − Z x ≤
kZkmax
y>
σ1 (G)
σ1 (G)
√
√
mn
mnσ2 (G)
=⇒ k
RΩ (Z) − Zk2 ≤
kZkmax .
(57)
σ1 (G)
σ1 (G)
√
This establishes (49). Now use the facts kZkmax ≤ rkZk∞ and |Ω| = md to establish
(50).

where

UZj

i=1

k
X

We have βi = 1̃i>
m⊥ (y ◦ UZi ), hence, |βi | ≤ k(y ◦ UZi )k2 . Therefore,

y>

Using the above inequality in (53) we obtain
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ch =

σ12 (G)γα
,
4rmn

c̄h =

γα
.
2

√
η = 2αr(σ2 (G)/σ1 (G)) 2mn

and





Ω F

2

.

c−M
M



2
Ω F

.

√
a0 = σ1 (G)/ 2rmn .

c−M
M



(61)

(60)

(59)

30

c) − FΩ,Y (M )
0 ≥ FΩ,Y (M
c − M kF + ch kM
c − M k2
≥ −cg kM
F
4
i
h
ch c
c
= kM − M kF −cg + kM − M kF .
4

c, we have
Using (61), (62) and Lemma 9 with X = M

c − M kF − η ≥ kM
c − M kF − 1 kM
c − M kF
kM
2
1 c
= kM
− M kF .
2
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(63)

(62)

Then Lemma 9 implies k(X − M )Ω kF ≥ a0 [kX − M kF − η]. Now consider two cases: (i)
c − M kF < 2η, (ii) kM
c − M kF ≥ 2η. In case (i), we clearly have an obvious upper bound
kM
c − M kF . Turning to case (ii), we have
on kM

Set

c − M kF + c̄h
≥ −cg kM

c) − FΩ,Y (M )
0 ≥ FΩ,Y (M

c minimizes FΩ,Y (X), we have
Since M

c) ≥FΩ,Y (M ) − cg kM
c − M kF + c̄h
FΩ,Y (M

Using (33) and Lemmas 5 and 7, we have w.h.p. (specified in Lemma 5)

√
cg = 2.01Lα 2rm,

We now turn to the proof of Theorem 1.
c, M ∈ C. To establish
Proof of Theorem 1 The bound 2α follows from the fact that M
bound U1 , we will use Lemma 5 and to establish U2 , we will use Lemma 6. We first prove
U1 . Consider F̃Ω,Y (θ) = FΩ,Y (X). The objective function FΩ,Y (X) is continuous in X
and the set C is compact, therefore, FΩ,Y (X) achieves a minimum in C. Now suppose that
c ∈ C minimizes FΩ,Y (X). Then FΩ,Y (M
c) ≤ FΩ,Y (X) ∀X ∈ C, including X = M . Define
M

Using kZk∞ = kX − M k∞ ≤ kXk∞ + kM k∞ ≤ 2α, (58) can be expressed as
kZk2 ≤ akZ
kF + 2αb. Since
p Ω k2 + 2αb. Since kAk2 ≤ kAkF ∀A,
√ we then have
√ kZk2 ≤ akZΩ√
kAkF ≤ rank(A)kAk2 ∀A, we have kZkF ≤ 2rkZk2 ≤ ( 2ra)kZΩ kF + 2r2αb, leading
to the desired result.
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c − M kF ≤ 4cg /ch otherwise the right-side of
In order for (63) to be true, we must have kM
(63) is positive violating (63). Combining the two cases, we obtain


c − M kF ≤ max 2η, 4cg
kM
ch
!
√
√
σ (G) 32.16 2Lα (rm)1.5 n
2
.
(64)
= max 4αr 2mn
,
σ1 (G)
γα σ12 (G)

= 4(1 +

α)Lα

≤

r

c−M
M

2c̄g
.
γα

2
a0



2
Ω F

2c̄g
.
γα

.

(67)

(66)

√
This is the bound U1 stated in (13)-14) of the theorem after division by mn. The high
probability stated in the theorem
follows
from Lemma 5 after setting ε = 0.5. Finally, we
√
√ p
use (σ2 (G)/σ1 (G)) ≤ (C/ d) = C m/ |Ω| and (1/σ12 (G)) ≤ (1/d2 ) = m2 /|Ω|2 to derive
(14).
Finally we turn to proving U2 . Define
q
√
|Ω|r(m + n + 1) log(9α mn).
(65)
c̄g


Ω F



Using (33) and Lemmas 6 and 7, we have w.h.p. (specified in Lemma 6)


c−M
M

c) ≥ FΩ,Y (M ) − c̄g + c̄h
FΩ,Y (M

Arguing as earlier, we then have

F

≤


2 c
M −M
a0
Ω

F

≤

(68)

c − M kF < 2η or kM
c − M kF ≥ 2η; the former yields an obvious
As before, we have either kM
upper bound while the latter case yields
r
c−M
M

The stated bound U2 in (15)-16) then follows just as U1 . This completes the proof.
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n=1

N
X

x

fn (x) = argmin

qn
N
X
1 X
fn,i (x).
q
n=1 n i=1

(1)

c 2016 Aryan Mokhtari and Alejandro Ribeiro.
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PN
The formulation in (1) models a training set with a total of
n=1 qn training samples that are
distributed among the N agents for parallel processing conducive to the determination of the optimal
∗
classifier x̃ (Bekkerman et al. (2011); Tsianos et al. (2012a); Cevher et al. (2014)). Although we
make
PN no formal assumption, in cases of practical importance the total number of training samples
n=1 qn is very large, but the number of elements qn available at a specific node is moderate.

x

x̃∗ := argmin

We consider machine learning problems with large training sets that are distributed into a network
of computing agents so that each of the nodes maintains a moderate number of samples. This leads
to decentralized consensus optimization problems where summands of the global objective function
are available at different nodes of the network. In this class of problems agents (nodes) try to
optimize the global cost function by operating on their local functions and communicating with
their neighbors only. Specifically, consider a variable x ∈ Rp and a connected network of size N
where each node n has access to a local objective function fn : Rp → R. The local objective function
fn (x) is defined as the average of qn local instantaneous functions fn,i (x) that can be individually
evaluated at node n. Agents cooperate to solve the global optimization problem

1. Introduction

This paper considers optimization problems where nodes of a network have access to summands
of a global objective. Each of these local objectives is further assumed to be an average of a
finite set of functions. The motivation for this setup is to solve large scale machine learning
problems where elements of the training set are distributed to multiple computational elements.
The decentralized double stochastic averaging gradient (DSA) algorithm is proposed as a solution
alternative that relies on: (i) The use of local stochastic averaging gradients. (ii) Determination of
descent steps as differences of consecutive stochastic averaging gradients. Strong convexity of local
functions and Lipschitz continuity of local gradients is shown to guarantee linear convergence of
the sequence generated by DSA in expectation. Local iterates are further shown to approach the
optimal argument for almost all realizations. The expected linear convergence of DSA is in contrast
to the sublinear rate characteristic of existing methods for decentralized stochastic optimization.
Numerical experiments on a logistic regression problem illustrate reductions in convergence time
and number of feature vectors processed until convergence relative to these other alternatives.
Keywords: decentralized optimization, stochastic optimization, stochastic averaging gradient,
linear convergence, large-scale optimization, logistic regression
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Decentralized optimization is relatively mature and various methods are known with complementary advantages. These methods include decentralized gradient descent (DGD) (Nedić and Ozdaglar
(2009); Jakovetic et al. (2014); Yuan et al. (2013)), network Newton (Mokhtari et al. (2015a,b)),
decentralized dual averaging (Duchi et al. (2012); Tsianos et al. (2012b)), the exact first order algorithm (EXTRA) (Shi et al. (2015)), as well as the alternating direction method of multipliers
(ADMM) (Boyd et al. (2011); Schizas et al. (2008); Shi et al. (2014); Iutzeler et al. (2013)) and
its linearized variants (Ling and Ribeiro (2014); Ling et al. (2015); Mokhtari et al. (2015c)). The
ADMM, its variants, and EXTRA converge linearly to the optimal argument but DGD, network
Newton, and decentralized dual averaging have sublinear convergence rates. Of particular importance to this paper, is the fact that DGD has (inexact) linear convergence to a neighborhood of the
optimal argument when it uses constant stepsizes. It can achieve exact convergence by using diminishing stepsizes, but the convergence rate degrades to sublinear. This lack of linear convergence is
solved by EXTRA through the use of iterations that rely on information of two consecutive steps
(Shi et al. (2015)).
All of the algorithms mentioned
above require the computationally costly evaluation of the local
Pqn
gradients ∇fn (x) = (1/qn ) i=1
∇fn,i (x). This cost can be avoided by stochastic decentralized
algorithms that reduce computational cost of iterations by substituting all local gradients with their
stochastic approximations. This reduces the computational cost per iteration but results in sublinear
convergence rates of order O(1/t) even if the corresponding deterministic algorithm exhibits linear
convergence. This is a drawback that also exists in centralized stochastic optimization where linear
convergence rates in expectation are established by decreasing the variance of the stochastic gradient
approximation (Roux et al. (2012); Schmidt et al. (2013); Shalev-Shwartz and Zhang (2013); Johnson
and Zhang (2013); Konečnỳ and Richtárik (2013); Defazio et al. (2014)). In this paper we build
on the ideas of the stochastic averaging gradient (SAG) algorithm (Schmidt et al. (2013)) and its
unbiased version SAGA (Defazio et al. (2014)). Both of these algorithms use the idea of stochastic
incremental averaging gradients. At each iteration only one of the stochastic gradients is updated
and the average of all of the most recent stochastic gradients is used for estimating the gradient.
The contribution of this paper is to develop the decentralized double stochastic averaging gradient
(DSA) method, a novel decentralized stochastic algorithm for solving (1). The method exploits a
new interpretation of EXTRA as a saddle point method and uses stochastic averaging gradients in
lieu of gradients. DSA is decentralized because it is implementable in a network setting where nodes
can communicate only with their neighbors. It is double because iterations utilize the information of
two consecutive iterates. It is stochastic because the gradient of only one randomly selected function
is evaluated at each iteration and it is an averaging method because it uses an average of stochastic
gradients to approximate the local gradients. DSA is proven to converge linearly to the optimal
argument x̃∗ in expectation when the local instantaneous functions fn,i are strongly convex, with
Lipschitz continuous gradients. This is in contrast to all other decentralized stochastic methods to
solve (1) that converge at sublinear rates.
We begin the paper with a discussion of DGD, EXTRA and stochastic averaging gradient. With
these definitions in place we define the DSA algorithm by replacing the gradients used in EXTRA

• Linear convergence rate; the expected distance to the optimum is scaled by a subunit factor
at each iteration.

• Stochastic; nodes determine a descent direction by evaluating only one out of the qn functions
fn,i at each iteration.

• Decentralized; nodes operate on their local functions and communicate with neighbors only.

Analogous formulations are also of interest in decentralized control systems (Bullo et al. (2009); Cao
et al. (2013); Lopes and Sayed (2008)), wireless systems (Ribeiro (2010, 2012)), and sensor networks
(Schizas et al. (2008); Khan et al. (2010); Rabbat and Nowak (2004)). Our interest here is in solving
(1) with a method that has the following three properties
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by stochastic averaging gradients (Section 2). We follow with a digression on the limit points of
DGD and EXTRA iterations to explain the reason why DGD does not achieve exact convergence
but EXTRA is expected to do so (Section 2.1). A reinterpretation of EXTRA as a saddle point
method that solves for the critical points of the augmented Lagrangian of a constrained optimization
problem equivalent to (1) is then introduced. It follows from this reinterpretation that DSA is a
stochastic saddle point method (Section 2.2). The fact that DSA is a stochastic saddle point method
is the critical enabler of the subsequent convergence analysis (Section 3). In particular, it is possible
to guarantee that strong convexity and gradient Lipschitz continuity of the local instantaneous
functions fn,i imply that a Lyapunov function associated with the sequence of iterates generated
by DSA converges linearly to its optimal value in expectation (Theorem 7). Linear convergence in
expectation of the local iterates to the optimal argument x̃∗ of (1) follows as a trivial consequence
(Corollary 8). We complement this result by showing convergence of all the local variables to the
optimal argument x̃∗ with probability 1 (Theorem 9).
The advantages of DSA relative to a group of stochastic and deterministic alternatives in solving
a logistic regression problem are then studied in numerical experiments (Section 4). These results
demonstrate that DSA is the only decentralized stochastic algorithm that reaches the optimal solution with a linear convergence rate. We further show that DSA outperforms deterministic algorithms
when the metric is the number of times that elements of the training set are evaluated. The behavior
of DSA for different network topologies is also evaluated. We close the paper with pertinent remarks
(Section 5).
Notation Lowercase boldface v denotes a vector and uppercase boldface A a matrix. For column
vectors x1 , . . . , xN we use the notation x = [x1 ; . . . ; xN ] to represent the stack column vector x. We
use kvk to denote the Euclidean norm of vector v and kAk to denote the Euclidean norm of matrix
A.
√
For a vector v and a positive definite matrix A, the A-weighted norm is defined as kvkA := vT Av.
The null space of matrix A is denoted by null(A) and the span of a vector by span(x). The operator
Ex [·] stands for expectation over random variable x and E[·] for expectation with respect to the
distribution of a stochastic process.

2. Decentralized Double Stochastic Averaging Gradient

m=1

N
X

t
wnm xm
− α∇fn (xnt ),

n = 1, . . . , N.

(2)

Consider a connected network that contains N nodes such that each node n can only communicate
with peers in its neighborhood Nn . Define xn ∈ Rp as a local copy of the variable x that is kept
at node n. In decentralized optimization, agents try to minimize their local functions fn (xn ) while
ensuring that their local variables xn coincide with the variables xm of all neighbors m ∈ Nn – which,
given that the network is connected, ensures that the variables xn of all nodes are the same and
renders the problem equivalent to (1). DGD is a well known method for decentralized optimization
that relies on the introduction of nonnegative weights wij ≥ 0 that are not null if and only if m = n
or if m ∈ Nn . Letting t ∈ N be a discrete time index and α a given stepsize, DGD is defined by the
recursion
xnt+1 =
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Since wnm = 0 when m 6= n and m ∈
/ Nn , it follows from (2) that node n updates xn by performing
t
an average over the variables xm
of its neighbors m ∈ Nn and its own xnt , followed by descent through
the negative local gradient −∇fn (xnt ). If a constant stepsize is used, DGD iterates xnt approach
a neighborhood of the optimal argument x̃∗ of (1) but don’t converge exactly. To achieve exact
convergence diminishing stepsizes are used but the resulting convergence rate is sublinear (Nedić
and Ozdaglar (2009)).
EXTRA is a method that resolves either of these issues by mixing two consecutive DGD iterations
with different weight matrices and opposite signs. To be precise, introduce a second set of weights
3

t )
∇fn,1 (yn,1

t+1
)
∇fn,1 (yn,1

n

n

n

t+1
∇fn,it (yn,i
t )

n

t)
∇fn,it (xn

n

t
∇fn,it (yn,i
t )
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t )
∇fn,2 (yn,2

t+1
)
∇fn,2 (yn,2

t
wnm xm
−

N
X

m=1

t
)
∇fn,qn (yn,q
n

t+1
∇fn,qn (yn,q
n)



t−1
w̃nm xm
− α ∇fn (xnt ) − ∇fn (xnt−1 ) ,

n = 1, . . . , N.

(3)

Figure 1: Stochastic averaging gradient table at node n. At each iteration t a random local instantat
t
neous gradient ∇fn,itn (yn,i
t ) is updated by ∇fn,it (xn ). The rest of the local instantaneous
n
n
t+1
t
gradients remain unchanged, i.e., ∇fn,i (yn,i
) = ∇fn,i (yn,i
) for i 6= int . This list is used
to compute the stochastic averaging gradient in (7).

N
X

m=1

w̃nm with the same properties as the weights wnm and define EXTRA through the recursion
xnt+1 = xnt +

qn
1 X
∇fn,i (xnt ).
qn i=1

(4)

Observe that (3) is well defined for t > 0. For t = 0 we utilize the regular DGD iteration in (2). In
the nomenclature of this paper we say that EXTRA performs a decentralized double gradient descent
step because it operates in a decentralized manner while utilizing a difference of two gradients as
descent direction. Minor modification as it is, the use of this gradient difference in lieu of simple
gradients, endows EXTRA with exact linear convergence to the optimal argument x̃∗ under mild
assumptions (Shi et al. (2015)).
If we recall the definitions of the local functions fn (xn ) and the instantaneous local functions
fn,i (xn ) available at node n, the implementation of EXTRA requires that each node n computes
the full gradient of its local objective function fn at xnt as

∇fn (xnt ) =

(5)

This is computationally expensive when the number of instantaneous functions qn is large. To resolve
this issue, local stochastic gradients can be substituted for the local objective functions gradients in
(3). These stochastic gradients approximate the gradient ∇fn (xn ) of node n by randomly choosing
one of the instantaneous functions gradients ∇fn,i (xn ). If we let int ∈ {1, . . . qn } denote a function
index that we choose at time t at node n uniformly at random and independently of the history of
the process, then the stochastic gradient is defined as

ŝn (xnt ) := ∇fn,int (xnt ).
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We can then write a stochastic version of EXTRA by replacing ∇fn (xnt ) by ŝn (xnt ) and ∇fn (xnt−1 ) by
ŝn (xnt−1 ). Such an algorithm would have a small computational cost per iteration. On the negative
side, it either has a linear convergence to a neighborhood of the optimal solution x∗ with constant
stepsize α, or it would converge sublinearly to the optimal argument when the stepisize diminishes
as time passes. Here however, we want to design an algorithm with low computational complexity
that converges linearly to the exact solution x∗ .
To reduce this noise we propose the use of stochastic averaging gradients instead (Defazio et al.
(2014)). The idea is to maintain a list of gradients of all instantaneous functions in which one
randomly chosen element is replaced at each iteration and to use an average of the elements of this

4

if i = itn ,

t+1
t
yn,i
= yn,i
,

if i 6= itn .

:= ∇f

n,itn

(xtn )

− ∇f

n,itn

t
(yn,i
t )
n

qn
1 X
t
∇fn,i (yn,i
).
+
qn i=1

(7)

(6)

=

xtn

+

m=1

N
X

wnm xtm

−

m=1

N
X

w̃nm xt−1
m



− α ĝnt − ĝnt−1 .
(8)

m=1

N
X

wnm x0m − α ĝn0 .
(9)

5
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(a) Both are symmetric, W = WT and W̃ = W̃T .
(b) The null space of I − W̃ includes the span of 1, i.e., null(I − W̃) ⊇ span(1), the null space of
I − W is the span of 1, i.e., null(I − W) = span(1), and the null space of the difference W̃ − W
is the span of 1, i.e., null(W̃ − W) = span(1).
(c) They satisfy the spectral ordering W  W̃  (I + W)/2 and 0 ≺ W̃.

Assumption 1 The weight matrices W and W̃ must satisfy the following properties

DSA is summarized in Algorithm 1 for t ≥ 0. The DSA update in (8) is implemented in Step
9. This step requires access to the local iterates xtm of neighboring nodes m ∈ Nn which are
collected in Step 2. Furthermore, implementation of the DSA update also requires access to the
stochastic averaging gradients ĝnt−1 and ĝnt . The latter is computed in Step 4 and the former is
computed and stored at the same step in the previous iteration. The computation of the stochastic
averaging gradients requires the selection of the index itn . This index is chosen uniformly at random
in Step 3. Determination of stochastic averaging gradients also necessitates access and maintenance
of the gradients table in Figure 1. The itn element of this table is updated in Step 5 by replacing
t
t
∇fn,itn (yn,i
t ) with ∇fn,it (xn ), while the other vectors remain unchanged. To implement the first
n
n
DSA iteration at time t = 0 we have to perform the update in (9) instead of the update in (8) as
0
in Step 7. Further observe that the auxiliary variables yn,i
are initialized to the initial iterate x0n .
0
This implies that the initial values of the stored gradients are ∇fn,i (yn,i
) = ∇fn,i (x0n ).
We point out that the weights wnm and w̃nm can’t be arbitrary. If we define weight matrices W
and W̃ with elements wnm and w̃nm , respectively, they have to satisfy conditions that we state as
an assumption for future reference.

x1n =

The DSA initial update is given by applying the same substitution for the update of DGD in (2) as

xt+1
n

t
) are stored in the local gradient table shown
Observe that to implement (7) the gradients ∇fn,i (yn,i
in Figure 1.
The DSA algorithm is a variation of EXTRA that substitutes the local gradients ∇fn (xtn ) in (3)
for the local stochastic average gradients ĝnt in (7),

ĝnt

With these definitions in hand we can define the stochastic averaging gradient at node n as

t+1
yn,i
= xtn ,

list for gradient approximation; see Figure 1. Formally, define the variable yn,i ∈ Rp to represent
the iterate value the last time that the instantaneous gradient of function fn,i was evaluated. If
we let itn ∈ {1, . . . , qn } denote the function index chosen at time t at node n, as we did in (5), the
variables yn,i are updated recursively as

DSA: Decentralized Double Stochastic Averaging Gradient Algorithm

Update variable xtn as per (8):

else

n

m=1

m=1

N
X

wnm xtn −

m=1

N
X



w̃nm xt−1
− α ĝnt − ĝnt−1 ;
n

t
∇fn,i (yn,i
) =

i=1

qn
X

n

t−1
t−1
(xt−1
(yn,i
∇fn,i (yn,i
) + ∇fn,it−1
t−1 ).
n ) − ∇fn,it−1
n
n

(10)

(11)

6

n

JMLR 17(61):1-35

With the index itn chosen equiprobably from the set {1, . . . , qn }, the expectation of the second term
in (11) is the same as the sum in the hlast term – each of
is chosen with probability
i the indexes
Pqn
t
t
t
1/qn . In other words, we can write E ∇fn,itn (yn,i
= (1/qn ) i=1
∇fn,i (yn,i
). Therefore,
t ) F

qn
h
i
h
i


1 X
t
t
t
E ĝnt F t = E ∇fn,itn (xtn ) F t − E ∇fn,itn (yn,i
∇fn,i (yn,i
).
+
t ) F
n
qn i=1

Remark 1 The local stochastic averaging gradients in (7) are unbiased estimates of the local gradients ∇fn (xtn ). Indeed, if we let Ft measure the history of the system up until time t we have
that the sum in (7) is deterministic
This observation implies


Pqn that the conPqn given thist sigma-algebra.
t
∇fn,i (yn,i
).
ditional expectation E (1/qn ) i=1
∇fn,i (yn,i ) | F t can be simplified as (1/qn ) i=1
Thus, the conditional expectation of the stochastic averaging gradient is,

Pqn
t
Using the update in (10), we can update the sum i=1
∇fn,i (yn,i
) required for (7) in a computationally efficient manner. Important properties and interpretations of EXTRA and DSA are presented
in the following sections after pertinent remarks.

i=1

qn
X

Requiring the matrix W to be symmetric and with specific null space properties is necessary to
let all agents converge to the same optimal variable. Analogous properties are necessary in DGD
and are not difficult to satisfy. The condition on spectral ordering is specific to EXTRA but is not
difficult to satisfy either. E.g., if we have a matrix W that satisfies all the conditions in Assumption
1, the weight matrix W̃ = (I + W)/2 makes Assumption 1 valid.
t
We also point that, as written in (7), computation
Pqn of local tstochastic averaging gradients ĝn
is costly because it requires evaluation of the sum i=1
∇fn,i (yn,i ) at each iteration. To be more
precise,
if we implement the update in (7) naively, at each iteration we should compute the sum
Pqn
t
i=1 ∇fn,i (yn,i ) which has a computational cost of the order O(qn ). This cost can be avoided by
updating the sum at each iteration with the recursive formula

xt+1
= xtn +
n

n

t+1
in the table remain unchanged. The vector yn,i
t is not explicitly stored;
n
if t = 0 then
N
X
Update variable xtn as per (9): xt+1
=
wnm xtn − αĝnt ;
n

t+1
t+1
t
Take yn,i
(yn,i
(xtn ) in itn gradient table position. All other entries
t = xn and store ∇fn,it
t ) = ∇fn,it
n
n

10:
end if
11: end for

9:

8:

7:

6:

5:

0
0
Require: Vectors x0n . Gradient table initialized with instantaneous gradients ∇fn,i (yn,i
) with yn,i
= x0n .
1: for t = 0, 1, 2, . . . do
2:
Exchange variable xtn with neighboring nodes m ∈ Nn ;
3:
Choose itn uniformly at random from the set {1, . . . , qn };
4:
Compute and store stochastic averaging gradient as per (7):
qn
1 X
t
t
ĝnt = ∇fn,itn (xtn ) − ∇fn,itn (yn,i
∇fn,i (yn,i
);
t ) +
n
qn i=1

Algorithm 1 DSA algorithm at node n
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(12)

s=0

t
X

s=0

(Z̃ − Z)xs .

∞
X
(Z̃ − Z)xs .

s=0

∞
X
(1N ⊗ Ip )T (Z − Z̃)xs .

8

(17)

(18)

(19)

(20)

(21)
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The convergence proofs of DSA build on a reinterpretation of EXTRA as a saddle point method.
To introduce this primal-dual interpretation consider the update in (19) and define the sequence of

2.2 Stochastic Saddle Point Method Interpretation of DSA

In (21), the terms (1N ⊗ Ip )T (Z − Z̃) = 0 because the matrices Z and Z̃ are symmetric and (1N ⊗ Ip )
is in the null space of the difference Z − Z̃. This implies that (1N ⊗ Ip )T α∇f (x∞ ) = 0, which is
the second condition in (14). Therefore, given the assumption that the sequence of EXTRA iterates
xt has a limit point x∞ it follows that this limit point satisfies both conditions in (14) and for this
reason exact convergence with constant stepsize is achievable for EXTRA.

(1N ⊗ Ip )T α∇f (x∞ ) = −

In (20) we have that (I − Z̃)x∞ = 0 because the null space of (I − Z̃) is null(Z − Z̃) = 1N ⊗ Ip
by assumption and x∞ ⊂ span(1N ⊗ Ip ) as already shown. Implementing this simplification and
considering the multiplication of the resulting equality by (1N ⊗ Ip )T we obtain

α∇f (x∞ ) = (I − Z̃)x∞ −

Substituting the limit point in (19) and reordering terms, we see that x∞ must satisfy

xt+1 = Z̃xt − α∇f (xt ) −

Canceling out the variables on the left hand side and the gradients in the right hand side it follows
that (Z − Z̃)x∞ = 0. Since the null space of of Z − Z̃ is null(Z − Z̃) = 1N ⊗ Ip by assumption, we
must have x∞ ⊂ span(1N ⊗ Ip ). This is the first condition in (14). For the second condition in (14)
sum the updates in (16) recursively and use the telescopic nature of the sum to write

x∞ − x∞ = (Z − Z̃)x∞ − α[∇f (x∞ ) − ∇f (x∞ )].

which is incompatible with (14) except in peculiar circumstances – such as, e.g., when all local
functions have the same minimum. The limit points of EXTRA, however, satisfy the relationship

(I − Z)x∞ + α∇f (x∞ ) = 0,

The fundamental difference between DGD and EXTRA is that a fixed point of (15) does not necessarily satisfy (14), whereas the fixed points of (16) are guaranteed to do so. Indeed, taking limits
in (15) we see that the fixed points x∞ of DGD must satisfy

where, according to (13), the gradient ∇f (xt ) of the aggregate function can be written as ∇f (xt ) =
∈ RN p . Likewise, the EXTRA iteration in (3) can be written as


xt+1 = (I + Z)xt − Z̃xt−1 − α ∇f (xt ) − ∇f (xt−1 ) .
(16)
t
[∇f1 (x1t ); . . . ; ∇fN (xN
)]

xt+1 = Zxt − α∇f (xt ),

these
out each
of the first term in (11) is simply
 two terms cancel

Pqn other and,t since the expectation
E ∇fn,int (xnt ) F t = (1/qn ) i=1
∇fn,i (xn ) = ∇fn (xnt ), we can simplify (11) to

N
X

fn (xn ),
(13)

(14)

to

Assumption 1(b) imply that null{Z̃−Z} = span{1⊗I}, null{I−Z} = span{1⊗I}, and null{I− Z̃} ⊇
span{1 ⊗ I}. Lastly, the spectral properties of matrices W and W̃ in Assumption 1(c) yield that
matrix Z̃ is positive definite and the expression Z  Z̃  (I + Z)/2 holds.
According to the definition of the extended weight matrix Z, the DGD iteration in (2) is equivalent



E ĝnt F t = ∇fn (xnt ).

The expression in (12) means, by definition, that ĝnt is an unbiased estimate of ∇fn (xnt ) when the
history F t is given.
Remark 2 The local stochastic averaging gradient ĝnt at node n contains three terms. The first two
t
terms ∇fn,int (xnt ) and ∇fn,int (yn,i
t ) are the new and old gradients of the chosen objective function
n
Pqn
t
∇fn,i (yn,i
) is the average of the average of
fn,itn at node n, respectively. The last term (1/qn ) i=1
all the instantaneous gradients available at node n. This update can be considered as a localized
version of the stochastic averaging gradient update in the SAGA algorithm (Defazio et al. (2014)).
t
Notice that instead of the difference ∇fn,int (xnt ) − ∇fn,int (yn,i
t ) in (7) we could use the difference
n
t
(∇fn,itn (xnt ) − ∇fn,itn (yn,i
t ))/qn which would lead to stochastic averaging gradient suggested in
n
the SAG algorithm (Schmidt et al. (2013)). As studied in (Defazio et al. (2014)), both of these
approximations lead to a variance reduction
The one suggested by SAGA is an unbiased
Pqn method.
estimator of the exact gradient (1/qn ) i=1
∇fn,i (xnt ), while the one suggested by SAG is a biased
estimator of the gradient with smaller variance. Since the analysis of the estimator suggested by
SAGA is simpler, we use its idea to define the local stochastic averaging gradient ĝnt in (7).
2.1 Limit Points of DGD and EXTRA

for all n, m.

n=1

The derivation of EXTRA hinges on the observation that the optimal argument of (1) is not a
fixed point of the DGD iteration in (2) but is a fixed point of the iteration in (3). To explain this
point define x := [x1 ; . . . ; xN ] ∈ RN p as a vector that concatenates the local iterates xn and the
PN
aggregate function f : RN p → R as the one that takes values f (x) = f (x1 , . . . , xN ) := n=1 fn (xn ).
Decentralized optimization entails the minimization of f (x) subject to the constraint that all local
variables are equal,

xn = xm ,

x∗ := argmin f (x) = f (x1 , . . . , xN ) =
s. t.

(1N ⊗ Ip )T ∇f (x∗ ) = 0.

The problems in (1) and (13) are equivalent in the sense that the vector x∗ ∈ RN p is a solution of
(13) if it satisfies xn∗ = x̃∗ for all n, or, equivalently, if we can write x∗ = [x̃∗ ; . . . ; x̃∗ ]. Regardless
of interpretation, the Karush, Kuhn, Tucker (KKT) conditions of (13) dictate that that optimal
argument x∗ must sastisfy
x∗ ⊂ span(1N ⊗ Ip ),
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The first condition in (14) requires that all the local variables xn∗ be equal, while the second condition
requires the sum of local gradients to vanish at the optimal point. This latter condition is not the
same as ∇f (x) = 0. If we observe that the gradient ∇f (xt ) of the aggregate function can be written
as ∇f (x) = [∇f1 (x1 ); . . . ; ∇fN (xN )] ∈ RN p , the condition ∇f (x) = 0 implies that all the local
gradients are null, i.e., that ∇fn (xn ) = 0 for all n. This is stronger than having their sum being
null as required by (14).
Define now the extended weight matrices as the Kronecker products Z := W ⊗ I ∈ RN p×N p
and Z̃ := W̃ ⊗ I ∈ RN p×N p . Note that the required conditions for the weight matrices W and
W̃ in Assumption 1 enforce some conditions on the extended weight matrices Z and Z̃. Based on
Assumption 1(a), the matrices Z and Z̃ are also symmetric, i.e., Z = ZT and Z̃ = Z̃T . Conditions in
7

1 T
1 T
v (Z̃ − Z)1/2 x +
x (I − Z̃)x.
α
2α
(24)

1
s.t. (Z̃ − Z)1/2 x = 0.
α
(25)

xt+1 = xt − αĝt − (I − Z̃)xt − (Z̃ − Z)1/2 vt ,
(28)

(27)

9
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Notice that thePinitial primal variable x0 is an arbitrary vector in RN p , while according to the
t
definition vt = s=0 (Z̃ − Z)1/2 xs . We then need to set the initial multiplier to v0 = (Z̃ − Z)1/2 x0 .
This is not a problem in practice because (27) and (28) are not used for implementation. In our
converge analysis we utilize the (equivalent) stochastic saddle point expressions for DSA shown
in (27) and (28). The expression in (8) is used for implementation because it avoids exchanging
dual variables – as well as the initialization problem. The convergence analysis is presented in the
following section.

vt+1 = vt + (Z̃ − Z)1/2 xt+1 .

and the dual variables v are updated as

t

Comparing (16) and (26) we see that they differ in the latter using stochastic averaging gradients
ĝt in lieu of the full gradients ∇f (xt ). Therefore, DSA is a stochastic saddle point method in which
the primal variables are updated as

Observing that the null space of (Z̃ − Z)1/2 is null((Z̃ − Z)1/2 ) = null(Z̃ − Z) = span{1N ⊗ Ip },
the constraint in (25) is equivalent to the consensus constraint xn = xm for all n, m that appears
in (13). This means that (25) is equivalent to (13), which, as already argued, is equivalent to the
original problem in (1). Hence, EXTRA is a saddle point method that solves (25) which, because
of their equivalence, is tantamount to solving (1). Considering that saddle point methods converge
linearly, it follows that the same is true of EXTRA.
That EXTRA is a saddle point method provides a simple explanation of its convergence properties. For the purposes of this paper, however, the important fact is that if EXTRA is a saddle point method, DSA is a stochastic saddle point method. To write DSA in this form define
t
ĝt := [ĝ1t ; . . . ; ĝN
] ∈ RN p as the vector that concatenates all the local stochastic averaging gradients
at step t. Then, the DSA update in (8) can be written as


xt+1 = (I + Z)xt − Z̃xt−1 − α ĝt − ĝt−1 .
(26)

x

x = argmin f (x)

∗

In the Lagrangian in (24) the factor (1/α)vT (Z̃ − Z)1/2 x stems from the linear constraint (Z̃ −
Z)1/2 x = 0 and the quadratic term (1/2α)xT (I−Z̃)x is the augmented term added to the Lagrangian.
Therefore, the optimization problem whose augmented Lagrangian is the one given in (24) is

L(x, v) = f (x) +

Consider x as a primal variable and v as a dual variable. Then, the updates in (22) and (23) are
equivalent to the updates of a saddle point method with stepsize α that solves for the critical points
of the augmented Lagrangian

Pt
vectors vt = s=0 (Z̃−Z)1/2 xs . The vector vt represents the accumulation of variable dissimilarities
in different nodes over time. Considering this definition of vt we can rewrite (19) as


1
1
xt+1 = xt − α ∇f (xt ) + (I− Z̃)xt + (Z̃−Z)1/2 vt .
(22)
α
α
Pt
1/2 s
Furthermore, based on the definition of the sequence vt =
x we can write the
s=0 (Z̃ − Z)
recursive expression


1
(Z̃ − Z)1/2 xt+1 .
(23)
vt+1 = vt + α
α

DSA: Decentralized Double Stochastic Averaging Gradient Algorithm

(29)

(32)

pt :=

10

(33)
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qn
N 
X

1 X
t
t
fn,i (yn,i
) − fn,i (x̃∗ ) − ∇fn,i (x̃∗ )T (yn,i
− x̃∗ ) .
qn i=1
n=1

upper bound first we define the sequence pt ∈ R as

In the subsequent analyses of convergence of DSA, we need an upper bound for the expected
t
value of squared difference between the stochastic averaging
h gradient ĝ and thei optimal argument
2
gradient ∇f (x∗ ) given the observations until step t, i.e. E kĝt − ∇f (x∗ )k | F t . To establish this

One of the KKT conditions of problem (25) implies that the optimal variables x∗ and v∗ satisfy
α∇f (x∗ ) + Uv∗ = 0 or equivalently −α∇f (x∗ ) = Uv∗ . Adding this equality to both sides of (32)
follows the claim in (30).

αĝt = (I + Z − 2Z̃)(x∗ − xt+1 ) + Z̃(xt − xt+1 ) − Uvt+1 .

By adding and subtracting Z̃xt+1 to the right hand side of (31) and considering the fact that
(I + Z − 2Z̃)x∗ = 0 we obtain

Proof Considering the update rule for the dual variable in (28) and the definition U = (Z̃ − Z)1/2 ,
we can substitute Uvt in (27) by Uvt+1 − U2 xt+1 . Applying this substitution into the DSA primal
update in (27) yields
αĝt = −(I + Z − Z̃)xt+1 + Z̃xt − Uvt+1 .
(31)

Lemma 3 Consider the DSA algorithm as defined in (6)-(9) and recall the updates of the primal xt
and dual vt variables in (27) and (28), respectively. Further, define the positive semidefinite matrix
U := (Z̃ − Z)1/2 . If Assumption 1 holds true, then the sequence of primal xt and dual vt variables
satisfy


α ĝt − ∇f (x∗ ) = (I + Z − 2Z̃)(x∗ − xt+1 ) + Z̃(xt − xt+1 ) − U(vt+1 − v∗ ).
(30)

In this section we study some basic properties of the sequences of primal and dual variables generated
by the DSA algorithm. In the following lemma, we study the relation of the iterates xt and vt with
the optimal primal x∗ and dual v∗ arguments.

3.1 Preliminaries

The condition imposed by Assumption 2 implies that the local functions fn (xn ) and the global
PN
cost function f (x) = n=1 fn (xn ) are also strongly convex with parameter µ. Likewise, Lipschitz
continuity of the local instantaneous gradients considered in Assumption 3 enforces Lipschitz continuity of the local functions gradient ∇fn (xn ) and the aggregate function gradient ∇f (x) – see, e.g.,
(Lemma 1 of Mokhtari et al. (2015a)).

k∇fn,i (a) − ∇fn,i (b)k ≤ L ka − bk a, b ∈ Rp .

Assumption 3 The gradient of instantaneous local functions ∇fn,i are Lipschitz continuous with
parameter L, i.e., for all n ∈ {1, . . . , N } and i ∈ {1, . . . , qn } we can write

Assumption 2 The instantaneous local functions fn,i (xn ) are differentiable and strongly convex
with parameter µ.

Our goal here is to show that as time progresses the sequence of iterates xt approaches the optimal
argument x∗ . To do so, in addition to the conditions on the weight matrices W and W̃ in Assumption
1, we assume the instantaneous local functions fn,i have specific properties that we state next.

3. Convergence Analysis
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Notice that based on the strong convexity of the local instantaneous functions fn,i , each term
t
t
fn,i (yn,i
) − fn,i (x̃∗ ) − ∇fn,i (x̃∗ )T (yn,i
− x̃∗ ) is positive and as a result the sequence pt defined in
(33) is always positive. In the following
lemma, we use the result in Lemma 3 to guarantee an

upper bound for the expectation E kĝt − ∇f (x∗ )k2 | F t in terms of pt and the optimality gap
f (xt ) − f (x∗ ) − ∇f (x∗ )T (xt − x∗ ).
Lemma 4 Consider the DSA algorithm in (6)-(9) and the definition of the sequence pt in (33). If
Assumptions 1-3 hold true, then the squared norm of the difference between the stochastic averaging
gradient ĝt and the optimal gradient ∇f (x∗ ) in expectation is bounded above by
i
h

2
ĝt − ∇f (x∗ ) | F t ≤ 4Lpt + 2 (2L − µ) f (xt ) − f (x∗ ) − ∇f (x∗ )T (xt − x∗ ) .
(34)
E

Proof See Appendix A.

 t
x
,
vt



Z̃ 0
.
0 I

Observe that as the sequence of iterates xt approaches the optimal argument x∗ , all the local
t
auxiliary variables yn,i
converge to x̃∗ which follows convergence of pt to null. This observation
in association with the result in (34) implies that the expected value of the difference between the
stochastic averaging gradient ĝt and the optimal gradient ∇f (x∗ ) vanishes as the sequence of iterates
xt approaches the optimal argument x∗ .
3.2 Convergence

 ∗
x
,
v∗

ut :=

G=

(35)

In this section we establish linear convergence of the sequence of iterates xt generated by DSA to
the optimal argument x∗ . To do so, define 0 < γ and Γ < ∞ as the smallest and largest eigenvalues
of the positive definite matrix Z̃, respectively. Likewise, define γ 0 as the smallest non-zero eigenvalue
of the matrix Z̃ − Z and Γ0 as the largest eigenvalue of the matrix Z̃ − Z. Further, define the vectors
ut , u∗ ∈ R2N p and matrix G ∈ R2N p×2N p as
u∗ :=

Observe that the vector u∗ ∈ R2N p concatenates the optimal primal and dual variables and the
vector ut ∈ R2N p contains primal and dual iterates at step t. Further, G ∈ R2N p×2N p is a block
diagonal positive definite matrix that we introduce since instead of tracking the value of `2 norm
2
kut − u∗ k22 we study the convergence properties of G weighted norm kut − u∗ kG
. Notice that the
2
weighted norm kut − u∗ kG
is equivalent to (ut − u∗ )T G(ut − u∗ ). Our goal is to show that the
2
sequence kut −u∗ kG
converges linearly to null. To do this we show linear convergence of a Lyapunov
2
2
function of the sequence kut − u∗ kG
. The Lyapunov function is defined as kut − u∗ kG
+ cpt where
c > 0 is a positive constant.
2
To prove linear convergence
of the sequence
kut − u∗ kG
+ cpt we first show an upper bound for


2
2
and some parameters that capture
the expected error E kut+1 − u∗ kG
| F t in terms of kut − u∗ kG
optimality gap.


f (xt ) − f (x∗ ) − ∇f (x∗ )T (xt − x∗ ) .
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(36)

Lemma 5 Consider the DSA algorithm as defined in (6)-(9). Further recall the definitions of pt in
(33) and ut , u∗ , and G in (35). If Assumptions 1-3 hold true, then for any positive constant η > 0
we can write

2
E kut+1 − u∗ kG
4αµ 2α(2L − µ)
−
L
η

h
i α4L

2
t+1
∗ 2
t
t
p
| F t ≤ kut − u∗ kG
−
2E
kx
−
x
k
|
F
+
I+Z−2Z̃
η
h
i


2
| F t − E kvt+1 − vt k2 | F t
− E kxt+1 − xt kZ̃−2αηI



−

11

Proof See Appendix B.
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2
Lemma 5 shows an upper bound for the squared norm kut+1 − u∗ kG
which is the first part of
2
the Lyapunov function kut − u∗ kG
+ cpt at step t + 1. Likewise, we provide an upper bound for the
second term of the Lyapunov function at time t + 1 which is pt+1 in terms of pt and some parameters
that capture optimality gap. This bound is studied in the following lemma.

Lemma 6 Consider the DSA algorithm as defined in (6)-(9) and the definition of pt in (33). Further, define qmin and qmax as the smallest and largest values for the number of instantaneous functions
at a node, respectively. If Assumptions 1-3 hold true, then for all t > 0 the sequence pt satisfies





1
1 
E pt+1 | F t ≤ 1 −
pt +
f (xt ) − f (x∗ ) − ∇f (x∗ )T (xt − x∗ ) .
(37)
qmax
qmin
Proof See Appendix C.

Lemma 6 provides an upper bound for pt+1 in terms of its previous value pt and the optimality
error f (xt ) − f (x∗ ) − ∇f (x∗ )T (xt − x∗ ). Combining the results in Lemmata 5 and 6 we can show
2
that in expectation the Lyapunov function kut+1 − u∗ kG
+ c pt+1 at step t + 1 is strictly smaller
2
than its previous value kut − u∗ kG
+ c pt at step t.

Theorem 7 Consider the DSA algorithm as defined in (6)-(9). Further recall the definition of the
sequence pt in (33). Define η as an arbitrary positive constant chosen from the interval


L2 qmax
L
L2
+
−
, ∞ .
(38)
µqmin
µ
2
η∈

(40)

If Assumptions 1-3 hold true and the stepsize α is chosen from the interval α ∈ (0, γ/2η), then for
arbitrary c chosen from the interval


2αqmin (2L − µ)
4αLqmax 4αµqmin
,
−
,
(39)
η
L
η
c∈

there exits a positive constant 0 < δ < 1 such that



2
2
E kut+1 − u∗ kG
+ c pt+1 | F t ≤ (1 − δ) kut − u∗ kG
+ c pt .
Proof See Appendix D.

We point out that the linear convergence constant δ in (40) is explicitly available – see (100) in
Appendix D. It is a function of the strong convexity parameter µ, the Lipschitz continuity constant
L, lower and upper bounds on the eigenvalues of the matrices Z̃, Z̃ − Z, and I + Z − 2Z̃, the smallest
qmin and largest qmax values for the number of instantaneous functions available at a node, and the
stepsize α. Insight on the dependence of δ with problem parameters is offered in Section 3.3.
2
The inequality in (40) shows that the expected value of the sequence kut − u∗ kG
+ c pt at time
t + 1 given the observation until step t is strictly smaller than the previous iterate at step t. Note
that, it is not hard to verify that if the positive constant η is chosen from the interval in (38), the
interval
to the initial sigma field

in (39) is non-empty. Computing the expected value with respect
2
E . | F 0 = E [.] implies that in expectation the sequence kut − u∗ kG
+ c pt converges linearly to
null, i.e.,



2
2
E kut − u∗ kG
+ c pt ≤ (1 − δ)t ku0 − u∗ kG
+ c p0 .
(41)
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We use the result in (41) to establish linear convergence of the sequence of squared norm error
kxt − x∗ k2 in expectation.

12

a.s.

for all n = 1, . . . , N.

(43)

13
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Corollary 10 Consider the DSA algorithm as defined in (6)-(9) and suppose the conditions of
Theorem 7 hold. Choose the weight matrices W and W̃ as W̃ = (I+W)/2, assign the same number

respectively. The condition number of the function is a measure of how difficult it is to minimize the
local functions using gradient descent directions. The condition number of the graph is a measure
of how slow the graph is in propagating a diffusion process. Both are known to control the speed
of convergence of distributed optimization methods. The following corollary illustrates that these
condition numbers also determine the convergence speed of DSA.

The constant δ that controls the speed of convergence can be simplified by selecting specific values
for η, α, and c. This uncovers connections to the properties of the local objective functions and the
network topology. To make this clearer recall the definitions of γ and Γ as the smallest and largest
eigenvalues of the positive definite matrix Z̃, respectively, and γ 0 and Γ0 as the smallest and largest
positive eigenvalues of the positive semi-definite matrix Z̃ − Z, respectively. Further, recall that
the local objective functions are strongly convex with constant µ and their gradients are Lipschitz
continuous with constant L. Then, define the condition numbers of the objective function and the
graph as
L
max{Γ, Γ0 }
κf = ,
κg =
,
(44)
µ
min{γ, γ 0 }

3.3 Convergence Constant

Theorem 9 provides almost sure convergence of xt to the optimal solution x∗ which is stronger
result than convergence in expectation as in Corollary 8.

Proof See Appendix E.

t→∞

lim xtn = x̃∗

Theorem 9 Consider the DSA algorithm as defined in (6)-(9) and suppose the conditions of Theorem 7 hold. Then, the sequences of the local variables xtn for all n = 1, . . . , N converge almost surely
to the optimal argument x̃∗ , i.e.,

 t

∗ 2
Corollary
that the se- 
 t 8 states
that the sequence E kx − x k linearly converges to null. Note
∗ 2
quence E kx − x k is not necessarily monotonically decreasing as the sequence E kut − u∗ k2G + c pt
is. The result in (42) shows linear convergence of the sequence of variables generated by DSA in
expectation. In the following Theorem we show that the local variables xtn generated by DSA almost
surely converge to the optimal argument of (1).

Proof First note that according to the definitions of u and G in (35) and the definition of pt in
(33) , we can write kxt − x∗ k2Z̃ ≤ kut − u∗ k2G + c pt . Further, note that the weighted norm kxt − x∗ k2Z̃
is lower bounded by γkxt − x∗ k2 , since γ is a lower bound for the eigenvalues of Z̃. Combine these
two observations to obtain γkxt − x∗ k2 ≤ kut − u∗ k2G + c pt . This inequality in conjunction with
the expression in (41) follows the claim in (42).

14

qn
N X


X
λ
x̃∗ := argmin kxk2 +
log 1 + exp(−ln,i sTn,i x) ,
p
2
x∈R
n=1 i=1
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(48)

We numerically study the performance
of DSA in solving a logistic regression problem. In this
PN
problem we are given Q = n=1 qn training samples that we distribute across N distinct nodes.
Denote qn as the number of samples that are assigned to node n. We assume that the samples are
distributed equally over the nodes, i.e., qn = qmax = qmin = q = Q/N for n = 1, . . . , N . The training
points at node n are denoted by sn,i ∈ Rp for i = 1, . . . , qn with associated labels ln,i ∈ {−1, 1}. The
goal is to predict the probability P (l = 1 | s) of having label l = 1 for sample point s. The logistic
regression model assumes that this probability can be computed as P (l = 1 | s) = 1/(1+exp(−sT x))
given a linear classifier x that is computed based on the training samples. It follows from this model
that the regularized maximum log likelihood estimate of the classifier x given the training samples
(sn,i , ln,i ) for i = 1, . . . , qn and n = 1, . . . , N is the solution of the optimization problem

4. Numerical Experiments

The three terms in (47) establish separate regimes, problems where the graph condition number
is large, problems where the number of functions at each node is large, and problems where the
condition number of the local functions are large. In the first regime the first term in (47) dominates
and establishes a dependence in terms of the square of the graph’s condition number. In the second
regime the middle term dominates and results in an inverse dependence with the number of functions
available at each node. In the third regime, the third term dominates. The dependence in this case
is inversely proportional to κ4f .

Observe that while the choices of η, α, and c in (45) satisfy all the required conditions of Theorem
7, they are not necessarily optimal for maximizing the linear convergence constant δ. Nevertheless,
the expression in (46) shows that the convergence speed of DSA decreases with increases in the
graph condition number κg , the local functions condition number κf , and the number of functions
assigned to each node q. For a cleaner expression observe that both, γ and γ 0 are the minimum
eigenvalues of the weight matrix W and the weight matrix difference W̃ − W. They can therefore
be chosen to be of similar order. For reference, say that we choose γ = γ 0 so that the ratio γ/γ 0 = 1.
In that case, the constant δ in (46) reduces to
"
#
1
1
1
δ = min
,
,
.
(47)
4
2
16κg q(1 + 8κf ) 4(κf + 8κf κg )

Proof The given values for η, α, and c satisfy the conditions in Theorem 7. Substitute then these
values into the expression for δ in (100). Simplify terms and utilize the condition number definitions
in (44). The second term in the minimization in (100) becomes redundant because it is dominated
by the first.

(46)

of instantaneous local functions fn,i to each node, i.e., qmin = qmax = q, and set the constants η, α
and c as
qγµ2 
µ 
γµ
2L2
, c=
1+
.
(45)
, α=
η=
µ
8L2
4L3
4L

Corollary 8 Consider the DSA algorithm as defined in (6)-(9) and recall γ is the minimum eigenvalue of the positive definite matrix Z̃. Suppose the conditions of Theorem 7 hold, then there exits a
positive constant 0 < δ < 1 such that



ku0 − u∗ k2G + c p0 .
E kxt − x∗ k2 ≤ (1 − δ)t
(42)
γ
The linear convergence constant 0 < δ < 1 in (40) reduces to
"
#
1
1
1
δ = min
,
,
.
16κ2g q[1 + 4κf (1 + γ/γ 0 )] 4(γ/γ 0 )κf + 32κg κ4f
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kxnt − x̃∗ k2 .

(49)

(50)

(52)
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order O(µ/L2 ). As shown in Fig. 2, DSA is the only stochastic algorithm that converges linearly.
Decentralized SAGA after a few iterations achieves the performance of DGD and they both cannot
converge to the optimal argument. By choosing a smaller stepsize as α = 10−3 , they reach a more
accurate convergence relative to the case that the stepsize is α = 10−2 ; however, the speed of convergence is slower for the smaller stepsize. Stochastic EXTRA also suffers from inexact convergence,
but for a different reason. DGD and decentralized SAGA have inexact convergence since they solve a
penalty version of the original problem, while stochastic EXTRA can not reach the optimal solution
since the noise of stochastic gradient is not vanishing. DSA resolves both issues by combining the
idea of stochastic averaging from SAGA to control the noise of stochastic gradient estimation and
the double descent idea of EXTRA to solve the correct optimization problem.
Fig. 2(a) illustrates convergence paths of the considered methods in terms of number of iterations
t. Notice that the number of iterations t indicates the number of local iterations processed at
each node. Convergence rate of EXTRA is faster than DSA in terms of number of iterations or
equivalently number of communications as shown in Fig. 2(a); however, the complexity of each
iteration for EXTRA is higher than DSA. Therefore, it is reasonable to compare the performances
of these algorithms in terms of number of processed feature vectors or equivalently number of gradient
evaluations. For instance, DSA requires t = 380 iterations or equivalently 380 gradient evaluations
to achieve the error et = 10−8 , while to achieve the same accuracy EXTRA requires t = 69 iterations
which is equivalent to t × qn = 69 × 25 = 1725 processed feature vectors or gradient evaluations.
To illustrate this difference better, we compare the convergence paths of DSA, EXTRA, DGD,
Stochastic EXTRA, and Decentralized SAGA in terms of number of gradient evaluations in Fig.
2(b). Note that the total number of gradient evaluations at each node for the stochastic methods
such as DSA, sto-EXTRA, and D-SAGA is equal to the the number of iterations t, while for EXTRA
and DGD – which are deterministic methods – the number of gradient evaluations is equal to the
product t × q. This is true since each node in the stochastic methods only evaluates 1 gradient

Figure 2: Convergence paths of DSA, EXTRA, DGD, Stochastic EXTRA, and Decentralized SAGA
for a logistic regression problem with Q = 500 samples and N = 20 nodes. Distance to
optimality et = kxt − x∗ k2 is shown with respect to number of iterations t and number of
gradient evaluations in Fig 2(a) and Fig. 2(b), respectively. DSA and EXTRA converge
linearly to the optimal argument x∗ , while DGD, Stochastic EXTRA, and Decentralized
SAGA with constant step sizes converge to a neighborhood of the optimal solution. Smaller
choice of stepsize for DGD, Stochastic EXTRA, and Decentralized SAGA leads to a more
accurate convergence, while the speed of convergence becomes slower. DSA outperforms
EXTRA in terms of number of gradient evaluations to achieve a target accuracy.

Error kxt − x∗ k2
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qn



X
λ
T
kxk2 +
log 1 + exp(−ln,i sn,i
x) .
2N
i=1

where the regularization term (λ/2)kxk2 is added to reduce overfitting to the training set. The
optimization problem in (48) can be written in the form of (1) by defining the local objective
functions fn as
fn (x) =



λ
T
kxk2 + qn log 1 + exp −ln,i sn,i
x ,
2N

Observe that the local functions fn in (49) can be written as the average of a set of instantaneous
functions fn,i defined as
fn,i (x) =

(51)

for all i = 1, . . . , qn . Considering the definitions of the instantaneous local functions fn,i in (50) and
the local functions fn in (49), problem (48) can be solved using the DSA algorithm.
In our experiments in Sections 4.1-4.4, we use a synthetic dataset where the components of
the feature vectors sn,i with label ln,i = 1 are generated from a normal distribution with mean µ
and standard deviation σ+ , while sample points with label ln,i = −1 are generated from a normal
distribution with mean −µ and standard deviation σ− . In Section 4.5, we consider a large-scale real
dataset for training the classifier.
We consider a network of size N where the edges between nodes are generated randomly with
probability pc . The weight matrix W is generated using the Laplacian matrix L of network as
W = I − L/τ,

N
X
n=1

where τ should satisfy τ > (1/2)λmax (L). In our experiments we set this parameter as τ =
(2/3)λmax (L). We capture the error of each algorithm by the sum of squared differences of the
local iterates xnt from the optimal solution x̃∗ as
et = kxt − x∗ k2 =

We use a centralized algorithm for computing the optimal argument x̃∗ in all of our experiments.
4.1 Comparison with Decentralized Methods
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We provide a comparison of DSA with respect to DGD, EXTRA, stochastic EXTRA, and decentralized SAGA. The stochastic EXTRA (sto-EXTRA) is defined by using the stochastic gradient
in (5) instead of using full gradient as in EXTRA or stochastic averaging gradient as in DSA. The
decentralized SAGA (D-SAGA) is a stochastic version of the DGD algorithm that uses stochastic
averaging gradient instead of exact gradient which is the naive approach for developing a decentralized version of the SAGA algorithm. In our experiments, the weight matrix W̃ in EXTRA,
stochastic EXTRA, and DSA is chosen as W̃ = (I + W)/2. We use the total number of sample
points Q = 500, feature vectors dimension p = 2, regularization parameter λ = 10−4 , probability of
existence of an edge pc = 0.35 . To make the dataset not linearly separable we set the mean as µ = 2
and the standard deviations to σ+ = σ− = 2. Moreover, the maximum eigenvalue of the Laplacian
matrix is λmax (L) = 8.017 which implies that the choice of τ in (51) is τ = (2/3)λmax (L) = 5.345.
We set the total number of nodes N = 20 which implies that each node has access to q = Q/N = 25
samples.
Fig. 2 illustrates the convergence paths of DSA, EXTRA, DGD, Stochastic EXTRA, and Decentralized SAGA with constant stepsizes for N = 20 nodes. For EXTRA and DSA different stepsizes
are chosen and the best performance for EXTRA and DSA are achieved by α = 5 × 10−2 and
α = 5 × 10−3 , respectively. It is worth mentioning that the choice of stepsize α for DSA in practice
is larger than the theoretical result in Theorem 6 and Corollary 9 which suggest stepsize of the
15
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complete graph which requires t = 247 iterations to achieve the relative error et = 10−8 . In the
random graphs with connectivity probabilities pc = 0.35 and pc = 0.25, DSA achieves the relative
error et = 10−8 after t = 310 and t = 504 iterations, respectively. For the cycle and line graphs the
numbers of required iterations for reaching the relative error et = 10−8 are t = 1133 and t = 1819,
respectively. These observations match the theoretical result in (47) that DSA converges faster when
the graph condition number κg is smaller.
We also compare the performances of DSA and EXTRA over different topologies to verify the
claim that DSA is more efficient than EXTRA in terms of number of gradient evaluations over
different network topologies. The parameters are as in Fig. 3 and the stepsize α for EXTRA in
different topologies are optimized separately. In particular, the best stepsize for the complete graph,
random graph with pc = 0.35, random graph with pc = 0.25, and line are α = 6×10−2 , α = 5×10−2 ,
α = 3 × 10−2 , and α = 5 × 10−2 , respectively. Fig. 4 shows the convergence paths of DSA and
EXTRA versus number of gradient evaluations for four different network topologies. We observe

Figure 4: Convergence paths of DSA and EXTRA for different network topologies when the total
number of samples is Q = 500 and the size of network is N = 50. Distance to optimality
et = kxt − x∗ k2 is shown with respect to number of gradient evaluations. DSA converges
faster relative to EXTRA in all of the considered networks. The difference between the
convergence paths of DSA and EXTRA is more substantial when the graph has a large
condition number κg . The stepsize α for DSA and EXTRA in all the considered cases is
hand-optimized and the results for the best choice of α are reported.
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In this section we study the effect of the graph condition number κg as defined in (44) on the
performance of DSA. We keep the parameters in Fig. 2 except for the network size N which we
set as N = 50. Thus, each node has access to q = 500/50 = 10 sample points. The convergence
paths of the DSA algorithm for random networks with pc = 0.25 and pc = 0.35, complete graph,
cycle, and line are shown in Fig. 3. Notice that the graph condition number of the line graph,
cycle graph, random graph with pc = 0.25, random graph with pc = 0.35, and complete graph are
κg = 1.01 × 103 , κg = 2.53 × 102 , κg = 17.05, κg = 4.87, and κg = 4, respectively. For each network
topology, we have hand-optimized the stepsize α and the best choice of stepsize for the complete
graph, random graph with pc = 0.35, random graph with pc = 0.25, cycle, and line are α = 2 × 10−2 ,
α = 1.5 × 10−2 , α = 10−2 , α = 5 × 10−3 , and α = 3 × 10−3 , respectively.
As we expect for the topologies that the graph has more edges and the graph condition number
κg is smaller we observe a faster linear convergence for DSA. The best performance belongs to the

4.2 Effect of Graph Condition Number κg

per iteration, while in the deterministic methods each node requires q gradient evaluations per
iteration. The convergence paths in Fig. 2(b) showcase the advantage of DSA relative to EXTRA in
requiring less processed feature vectors (or equivalently gradient evaluations) for achieving a specific
accuracy. It is important to mention that the initial gradient evaluations for the DSA method is not
considered in Fig. 2(b) since the initial decision variable is x0 = 0 in all experiments and evaluation
of the initial gradients ∇fn,i (x0 ) = −(1/2)qln,i sn,i is not computationally expensive relative to the
general gradient computation which is given by ∇fn,i (x) = (λx/N )−(qln,i sn,i )/(1 + exp(ln,i xT sn,i )).
However, if we consider this initial processing the plot for DSA in Fig. 2(b) will be shifted by q = 25
gradient evaluations which doesn’t change the conclusion that DSA outperforms EXTRA in terms
of gradient evaluations

Figure 3: Convergence of DSA for different network topologies when the total number of samples
is Q = 500 and the size of network is N = 50. Distance to optimality et = kxt − x∗ k2 is
shown with respect to number of iterations t. As the graph condition number κg becomes
larger the linear convergence of DSA becomes slower. The best performance belongs to
the complete graph which has the smallest condition number and the slowest convergence
path belongs to the line graph which has the largest graph condition number.
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To have a more comprehensive comparison of DSA and EXTRA, we also compare their performances under the four different settings considered in Fig. 5. The convergence paths of these
methods in terms of number of gradient evaluations for (Q = 100, q = 5), (Q = 500, q = 25),
(Q = 1000, q = 50), and (Q = 5000, q = 250) are presented in Fig 6. The optimal stepsizes for
EXTRA in the considered settings are α = 4 × 10−1 , α = 5 × 10−2 , α = 3 × 10−2 , and α = ×10−2 ,
respectively. An interesting observation is the effect of q on the convergence rate of EXTRA. We
observe that EXTRA converges slower as the number of samples at each node q increases which
is identical to the observation for DSA in Fig. 5. Moreover, for all of the settings considered in
Fig. 6, DSA outperforms EXTRA in terms of number of required gradient evaluations until convergence. Moreover, by increasing the total number of samples Q and subsequently the number of
assigned samples to each node q the advantage of DSA with respect to EXTRA in terms of computational complexity becomes more significant. This observation justifies the use of DSA for large-scale
optimization problems as we consider in Section 4.5.

iterations (or equivalently gradient evaluations) for the cases that q = 5, q = 25, q = 50, q = 250,
respectively.

Figure 6: Convergence paths of DSA and EXTRA for the cases that (Q = 100, q = 5), (Q = 500, q =
25), (Q = 1000, q = 50), and (Q = 5000, q = 250) are presented. Distance to optimality
et = kxt −x∗ k2 is shown with respect to number of gradient evaluations. The total number
of nodes in the network is fixed and equal to N = 20 and the graph is randomly generated
with the connectivity ratio pc = 0.35. DSA converges faster relative to EXTRA and they
both converge slower when the total number of samples Q increases.
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The convergence paths in Fig. 5 show that as we increase the total number of samples Q and
consequently the number of assigned samples to each node q, we observe that DSA converges slower
to the optimal argument. This conclusion is expected from the theoretical result in (47) which shows
that the linear convergence rate of DSA becomes slower by increasing q. In particular, to achieve
the target accuracy of kxt − x∗ k2 = 10−8 DSA requires t = 260, t = 380, t = 1960, and t = 4218

For each of these scenarios the DSA stepsize α is hand-optimized and the best choice is used
for comparison with others. The results are reported for α = 10−4 , α = 10−3 , α = 5 × 10−3 ,
and α = 10−1 when the total number of samples are Q = 5000, Q = 1000, Q = 500, Q = 100,
respectively. The resulting convergence paths are shown in Fig. 5.

To evaluate performance for different number of functions (sample points) available at each node
which is indicated by q, we use the same setting as in Fig. 2; however, we consider scenarios with
different number of samples Q which leads to different number of samples at each node q. To be more
precise, we fix the total number of nodes in the network as N = 20 and we consider the cases that the
total number of samples are Q = 100, Q = 500, Q = 1000, and Q = 5000 where the corresponding
number of samples at each node are q = 5, q = 25, q = 50, and q = 250, respectively. Similar to the
experiment in Fig. 2, the graph is generated randomly with connectivity ratio pc = 0.35.

4.3 Effect of Number of Functions (Samples) at Each Node q

that in the considered graphs, DSA achieves a target accuracy kxt − x∗ k2 faster than EXTRA. In
other words, to achieve a specific accuracy kxt − x∗ k2 DSA requires less number of local gradient
evaluations relative to EXTRA. In addition, the gap between the performance of DSA and EXTRA
is more substantial when the graph condition number κg is larger. In particular, in the case that
we have a complete graph, which has a small graph condition number, the difference between the
convergence paths of DSA and EXTRA is less significant comparing to the line graph which has a
large graph condition number.

Figure 5: Comparison of convergence paths of DSA for different number of samples Q when the
network size is N = 20 and the graph is randomly generated with the connectivity ratio
pc = 0.35. Convergence time for DSA increases by increasing the total number of sample
points Q which is equivalent to increasing the number of samples at each node q = Q/N .
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4.5 Large-scale Classification Application
In this section we solve the logistic regression problem in (48) for the protein homology dataset
provided in KDD Cup 2004. The dataset contains Q = 1.45 × 105 sample points and each sample
point has p = 74 features. We consider the case that the sample points are distributed over N = 200
nodes which implies that each node has access to q = 725 samples. We set the connectivity ratio
pc = 0.35 and hand optimize the stepsize α for DSA and EXTRA separately. The best performance
of DSA is observed for α = 2 × 10−7 and the best choice of stepize for EXTRA is α = 6 × 10−7 .
We capture the error in terms of the average objective function error etavg of the network which is

We also study the convergence rates of DSA and EXTRA in terms of number of gradient evaluations for networks with different number of nodes N . Fig. 8 demonstrates the convergence paths
of DSA and EXTRA for the cases that N = 10, N = 50, N = 125, and N = 250. Similar to
DSA, we report the best performance of EXTRA for each setting which is achieved by the stepsizes
α = 5 × 10−2 , α = 8 × 10−2 , α = 8 × 10−2 , and α = 10−1 for N = 10, N = 50, N = 125, and
N = 250, respectively. Observe that in all settings DSA is more efficient relative to EXTRA and it
requires less number of gradient evaluations for convergence.

Figure 8: Convergence paths of DSA and EXTRA for different different number of nodes N when the
total number of sample points is fixed as Q = 500. The graphs are randomly generated
with the connectivity ratio pc = 0.35. Normalized distance to optimality ẽt = kxt −
x∗ k2 /kx0 − x∗ k2 is shown with respect to number of gradient evaluations. DSA converges
faster relative to EXTRA in all of the considered settings.
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Fig. 7 shows the convergence paths of DSA for networks with different number of nodes. Notice
that the normalized error ẽt = kxt − x∗ k2 /kx0 − x∗ k2 is reported, since the dimension of the vector x
is different for different choices of N . Comparison of the convergence paths in Fig. 7 shows that the
best performance belongs to the case that N = 125 and each node has access to q = 4 sample points.
The performance of DSA becomes worse for the case that there are N = 5 nodes in the network
and each node has q = 100 sample points. This observation implies that the DSA algorithm is also
preferable to SAGA which corresponds to the case that N = 1. Moreover, we observe that when
the number of nodes is large as N = 250 and each node has access to q = 2 samples, DSA doesn’t
perform well. Thus, increasing the size of network N doesn’t always lead to a better performance
for DSA. The best performance is observed when a moderate subset of the samples is assigned to
each node.

In some settings, we can choose the number of nodes (processors) N for training the dataset. In this
section, we study the effect of network size N on the convergence path of DSA when a fixed number
of samples Q is given to train the classifier x. Notice that when Q is fixed, by changing the number
of nodes N , the number of assigned samples to each node q = Q/N changes proportionally. Then,
we may want to pick the number of nodes N or equivalently the number of assigned samples to each
node q which leads to the best performance of DSA for training Q samples. Hence, we fix the total
number of sample points as Q = 500 and assign the same amount of sample points q to each node.
We consider 5 different settings with N = 10, N = 50, N = 100, N = 125, and N = 250 which their
corresponding number of assigned samples to each node are q = 50, q = 10, q = 5, q = 4, and q = 2,
respectively. The DSA stepsize for each of the considered settings is hand-optimized. The stepsizes
α = 5 × 10−3 , α = 2 × 10−2 , α = 6 × 10−2 , and α = 8 × 10−2 are considered for the cases that the
number of assigned samples to each node are q = 50, q = 10, q = 5, q = 4, and q = 2, respectively.

4.4 Effect of Number of Nodes N

Figure 7: Normalized error kxt − x∗ k2 /kx0 − x∗ k2 of DSA versus number of iterations t for networks
with different number of nodes N when the total number of samples is fixed Q = 500.
The graphs are randomly generated with the connectivity ratio pc = 0.35. Picking a very
small or large value for N which leads to a very large or small value for q, respectively, is
not preferable. The best performance belongs to the case that N = 125 and q = 4.
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Decentralized double stochastic averaging gradient (DSA) is proposed as an algorithm for solving
decentralized optimization problems where the local functions can be written as an average of a set
of local instantaneous functions. DSA exploits stochastic averaging gradients in lieu of gradients
and mixes information of two consecutive iterates to determine the descent direction. By assuming
strongly convex local instantaneous functions with Lipschitz continuous gradients, the DSA algorithm converges linearly to the optimal arguments in expectation. In addition, the sequence of
local iterates xnt for each node in the network almost surely converges to the optimal argument
x̃∗ . A comparison between the DSA algorithm and a group of stochastic and deterministic alternatives are provided for solving a logistic regression problem. The numerical results show DSA is the
only stochastic decentralized algorithm to reach linear convergence. DSA outperforms decentralized
stochastic alternatives in terms of number of required iteration for convergence, and exhibits faster

5. Conclusions

defined as
"
#
N
N
N
X
1 X X
t
t
eavg
:=
fn (xm
)−
fn (x∗ ) .
(53)
N
m=1 n=1
n=1
PN
PN
t
Note that the difference n=1 fn (xm
) − n=1 fn (x∗ ) shows the objective function error associated
with the decision variable of node m at time t. Thus, the expression in (53) indicates the average
objective function error of the network at step t.
The average objective function error for DSA and EXTRA in terms of number of iterations t and
number of gradient evaluations are presented in Fig. 9(a) and Fig. 9(b), respectively. As we observe,
the results in Fig. 9 for the large-scale classification problem match the observations in Fig. 2 for
the classification problem with a synthetic dataset. In particular, both algorithms converge linearly,
while EXTRA converges faster than DSA in terms of number of iterations or equivalently in terms
of communication cost. On the other hand, DSA outperforms EXTRA in terms of computational
complexity or number of required gradients to reach a target accuracy. Moreover, notice that the
difference between the performances of DSA and EXTRA in terms of number of gradient evaluations
is more significant in Fig. 9(b) relative to the one in Fig. 2(b). Thus, by increasing the problem
dimension we obtain more computational complexity benefit by using DSA instead of EXTRA.

Figure 9: Convergence paths of DSA and EXTRA for the protein homology classification problem
with Q = 1.45 × 105 samples. The graph has N = 200 nodes and it is randomly generated
with the connectivity ratio pc = 0.35. The average objective function error is shown with
respect to number of iterations t and number of gradient evaluations, respectively.
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convergence relative to deterministic alternatives in terms of number feature vectors processed until
convergence.
DSA utilizes the idea of stochastic averaging gradient suggested in SAGA to reduce the computational cost of EXTRA. Although, this modification is successful in reducing the computational
complexity of EXTRA and remaining the convergence rate linear, it requires stronger assumptions to
prove the linear convergence. In DSA, the local instantaneous functions are required to be strongly
convex which is a stricter assumption relative to the required condition for EXTRA that the global
objective function should be strongly convex. This assumption for the linear convergence of DSA
is inherited from the SAGA algorithm and it can be relaxed by using SVRG (Johnson and Zhang
(2013)) instead of SAGA for estimating the gradients of the local functions. This modification in
the update of DSA is an obvious extension of the current work and can be considered as a future
research direction.
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Appendix A. Proof of Lemma 4

h

ĝt − ∇f (x∗ )

2

n=1

N
i X
h
| Ft =
E ĝnt − ∇fn (x̃∗ )

2

i
| Ft .

i
| Ft .

(54)

According to the definition of ĝt which is the concatenation of the local stochastic averaging gradients
ĝnt and the fact that the
h expected value of isum is equal to the sum of expected values, we can write
2
the expected value E kĝt − ∇f (x∗ )k | F t as
E

2

(55)

We proceed by finding upper bounds for the summands of (54). Observe that
using
the stan

dard
for any random variable vector a we can write E kak2 = kE [a] k2 +
 variance decomposition

E ka − E [a] k2 . Notice that the same relation holds true when the expectations are computed
with respect to a specific field F. By setting a = ĝnt − ∇fn (x̃∗ ) and considering that E [a | F t ] =
∇fn (xnt ) − ∇fn (x̃∗ ), the variance decomposition implies
h
i
2
2
ĝnt − ∇fn (x̃∗ ) | F t
E

= ∇fn (xnt ) − ∇fn (x̃∗ )
h
ĝnt − ∇fn (x̃∗ ) − ∇fn (xnt ) + ∇fn (x̃∗ )

+E

The next step is to find an upper bound for the last term in (55). Adding and subtracting ∇fn,int (x̃∗ )
and using the inequality ka + bk2 ≤ 2kak2 + 2kbk2 for aP
= ∇fn,int (xnt ) − ∇fn,int (x̃∗ ) − ∇fn (xnt ) +
qn
t
∗
t
∗
∇fn (x̃∗ ) and b = −(∇fn,int (yn,i
t ) − ∇fn,it (x̃ ) − (1/qn )
i=1 ∇fn,i (yn,i ) + ∇fn (x̃ )) lead to
n
n
h
i
2
E ĝnt − ∇fn (x̃∗ ) − ∇fn (xnt ) + ∇fn (x̃∗ ) | F t
(56)
h
i
2
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1 X
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In this step we use the standard variance decomposition twice to simplify the two
 expectations

in the right hand side of (56). Based on the standard variance decomposition E ka − E [a] k2 =

24
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(62)

tution and sum up both sides of (61) for n = 1, . . . , N . According to the definition of sequence pt
in (33), if we sum up the right hand side of (61) over n it can be simplified as 2Lpt . Applying these
simplifications we obtain

n

Since the random functions fn,itn has a uniform distribution over the set {fn,1 , . . . , fn,qn }, we can


2
t
∗
t
substitute the left hand side of (61) by E ∇fn,itn (yn,i
|
F
. Apply this substit ) − ∇fn,it (x̃ )
n

(61)

Summing up both sides of (60) for all i = 1, . . . , qn and dividing both sides of the implied inequality
by qn yield
#
"
qn
qn
1 X
1 X
2
t
t
t
∇fn,i (yn,i
) − ∇fn,i (x̃∗ ) ≤ 2L
fn,i (yn,i
) − fn,i (x̃∗ ) − ∇fn,i (x̃∗ )T (yn,i
− x̃∗ ) .
qn i=1
qn i=1

1
t
∇fn,i (yn,i
) − ∇fn,i (x̃∗ )
2L

We proceed by finding an upper bound for the first sum in the right hand side of (59). Notice that if
the gradients of the function g are Lipschitz continuous with parameter L, then for any two vectors
a1 and a2 we can write g(a1 ) ≥ g(a2 ) + ∇g(a2 )T (a1 − a2 ) + (1/2L)k∇g(a1 ) − ∇g(a2 )k2 . According
to the Lipschitz continuity of the instantaneous local functions gradient ∇fn,i (xn ), we can write the
t
inequality for g = fn,i , a1 = yn,i
and a2 = x̃∗ which is equivalent to

E

By substituting the upper bound in (57) and the simplification in (58) into (56), and considering
the expression in (55) we obtain that

Moreover, by choosing a = ∇fn,itn (xtn ) − ∇fn,itn (x̃∗ ) and noticing the relation for the expected value




which is E ∇fn,itn (xtn ) − ∇fn,itn (x̃∗ ) | F t = ∇fn (xtn ) − ∇fn (x̃∗ ), the equality E ka − E [a] k2 =


2
2
E kak − kE [a] k yields
h
i
2
E ∇fn,itn (xtn ) − ∇fn,itn (x̃∗ ) − ∇fn (xtn ) + ∇fn (x̃∗ ) | F t
i
h
2
2
(58)
= E ∇fn,itn (xtn ) − ∇fn,itn (x̃∗ ) | F t − ∇fn (xtn ) − ∇fn (x̃∗ ) .


qn
1 X
t
t
∗
E ∇fn,itn (yn,i
∇fn,i (yn,i
)+∇fn (x̃∗ )
t )−∇fn,it (x̃ )−
n
n
qn i=1


2
t
∗
| Ft .
≤ E ∇fn,itn (yn,i
t ) − ∇fn,it (x̃ )
n
n







t
E kak2 −kE [a] k2 we obtain E ka − E [a] k2 ≤ E kak2 . Therefore, by setting y = ∇fn,itn (yn,i
t )−
n
h
i
t
∗
t
∇fn,itn (x̃∗ ) and observing that the expected value E ∇fn,itn (yn,i
is
equal
to
t ) − ∇fn,it (x̃ ) | F
n
n
Pqn
t
∇fn,i (yn,i
) − ∇fn (x̃∗ ) we obtain that
(1/qn ) i=1
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h
ĝt − ∇f (x∗ )

2

+ 4Lpt .

n=1

N
i
h
X
| Ft ≤ 2
E ∇fn,itn (xtn ) − ∇fn,itn (x̃∗ )
2

2

(63)

2

k∇fn (xtn ) − ∇fn (x̃∗ )k

i
| F t − ∇f (xt ) − ∇f (x∗ )

n=1

PN

E

h
≤ 2L

2

| Ft

i

 qn

N
X
1 X
fn,i (xtn ) − fn,i (x̃∗ ) − ∇fn,i (x̃∗ )T (xtn − x̃∗ ) .
q
n=1 n i=1

∇fn,itn (xtn ) − ∇fn,itn (x̃∗ )

(64)

E

h

∇fn,itn (xtn ) − ∇fn,itn (x̃∗ )

2

i

| F t ≤ 2L f (xt ) − f (x∗ ) − ∇f (x∗ )T (xt − x∗ ) .

(66)

(65)

2

(68)

≤ 2α(xt+1 − x∗ )T (∇f (xt ) − ∇f (x∗ )) + 2α(xt − xt+1 )T (∇f (xt )−∇f (x∗ )).

2α
∇f (xt )−∇f (x∗ )
L

2

26

+ 2α(xt+1 − x∗ )T (∇f (xt ) − ĝt ).
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(69)

≤ 2α(xt − xt+1 )T (∇f (xt ) − ∇f (x∗ )) + 2α(xt+1 − x∗ )T (ĝt − ∇f (x∗ ))

Expanding the difference ∇f (xt ) − ∇f (x∗ ) as ĝt − ∇f (x∗ ) + ∇f (xt ) − ĝt for the first inner product
in the right hand side of (68) implies

2α
∇f (xt )−∇f (x∗ )
L

According to the Lipschitz continuity of the aggregate function gradients ∇f (x), we can write
(1/L)k∇f (xt ) − ∇f (x∗ )k2 ≤ (xt − x∗ )T (∇f (xt ) − ∇f (x∗ )). By adding and subtracting xt+1 to the
term xt − x∗ and multiplying both sides of the inequality by 2α we obtain

Appendix B. Proof of Lemma 5

Therefore, we can substitute k∇f (xt ) − ∇f (x∗ )k2 in (65) by the lower bound in (67) and the claim
in (34) follows.

Considering the strong convexity of the global objective function f with constant µ we can write

2
∇f (xt ) − ∇f (x∗ ) ≥ 2µ f (xt ) − f (x∗ ) − ∇f (x∗ )T (xt − x∗ ) .
(67)

Replacing the sum in (63) by the upper bound in (65) implies
h
i

2
2
E ĝt − ∇f (x∗ ) | F t ≤ 4Lpt − ∇f (xt ) − ∇f (x∗ ) + 4L f (xt ) − f (x∗ ) − ∇f (x∗ )T (xt − x∗ ) .

n=1

N
X

Pqn
Considering the definition of the local objective functions fn (xn ) = (1/qn ) i=1
fn,i (xn ) and the
PN
aggregate function f (x) := n=1 fn (xn ), the right hand side of (64) can be simplified as

n=1

N
X

To show that the sum in the right hand side of (63) is bounded above we use the Lipschitz continuity
of the instantaneous functions gradients ∇fn,i . Using the same argument from (60) to (62) we can
write

E

Substituting the upper bound in (62) into (59) and simplifying the sum
2
as k∇f (xt ) − ∇f (x∗ )k yield

Mokhtari and Ribeiro
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(70)

We proceed to simplify the inner product 2α(xt+1 − x∗ )T (ĝt − ∇f (x∗ )) in the right hand side of
(69) by substituting α(ĝt − ∇f (x∗ )) with its equivalent as introduced in (30). By applying this
substitution the inner product 2α(xt+1 − x∗ )T (ĝt − ∇f (x∗ )) can be simplified as
− 2(xt+1 − x∗ )T U(vt+1 − v∗ ).

2
2α(xt+1 − x∗ )T (ĝt − ∇f (x∗ )) = −2kxt+1 − x∗ kI+Z−2
+ 2(xt+1 − x∗ )T Z̃(xt − xt+1 )
Z̃

2
2
2
≤ −2kxt+1 − x∗ kI+Z−2
+ kut − u∗ kG
− kut+1 − u∗ kG
Z̃

(73)


2
2
kut − u∗ kG
− E kut+1 − u∗ kG

28
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t+1
Given the information until time t, each auxiliary vector yn,i
is a random variable that takes values
t
yn,i
and xnt with associated probabilities 1 − 1/qn and 1/qn , respectively. This observation holds

Appendix C. Proof of Lemma 6


 t+1
 4αµ
2
∗ 2
t
t
∗
∗ T
t
∗
kut − u∗ kG
−
E
ku
−
u
k
≥
f
(x
)
−
f
(x
)
−
∇f
(x
)
(x
−
x
)
(80)
G |F
Lh
i


+ E kxt+1 − xt k2
| F t + E kvt+1 − vt k2 | F t
Z̃−2αηI
h
i α 

2
t
+ 2E kxt+1 −x∗ kI+Z−2
|
F
−
E
kĝt − ∇f (x∗ )k2 | F t .
Z̃
η


Substituting the upper bound for the expectation E kĝt − ∇f (x∗ )k2 | F t in (34) into (80) and
regrouping the terms show the validity of the claim in (36).

Considering the strong convexity of the global objective function
 f with constant µ we can write
2
k∇f (xt ) − ∇f (x∗ )k ≥ 2µ f (xt ) − f (x∗ ) − ∇f (x∗ )T (xt − x∗ ) . Substituting the squared norm
2
k∇f (xt ) − ∇f (x∗ )k by this lower bound in (79) follows

 2α
2
| Ft ≥
(79)
∇f (xt ) − ∇f (x∗ )
L h
i


2
+ E kxt+1 − xt kZ̃−2αηI
| F t + E kvt+1 − vt k2 | F t
h
i α 

2
+ 2E kxt+1 −x∗ kI+Z−2
| F t − E kĝt − ∇f (x∗ )k2 | F t .
Z̃
η

Substituting the simplification in (78) into (77) yields

E

2
2
Observe that the squared norm kut+1 − ut kG
can be expanded as kxt+1 − xt kZ̃
+ kvt+1 − vt k2 .
2
Using this simplification for kut+1 − ut kG
and regrouping the terms in (76) lead to




2
1
2
∇f (xt ) − ∇f (x∗ )
−
(77)
kut − u∗ k2 − E kut+1 − u∗ k2 | F t ≥ α
G
G
L η
h
i
 t+1

2
t
t 2
t
+ E kxt+1 − xt kZ̃−2αηI
|
F
+
E
kv
−
v
k
|
F
h
i α 

2
+ 2E kxt+1 −x∗ kI+Z−2
| F t − E k∇f (xt ) − ĝt k2 | F t .
Z̃
η


We proceed by simplifying the expectation E k∇f (xt ) − ĝt k2 | F t in (77). Note that by adding and
subtracting ∇f (x∗ ), the expectation can be written as E k∇f (xt ) − ∇f (x∗ ) + ∇f (x∗ ) − ĝt k2 | F t
and by expanding the squared norm and simplifying the terms we obtain
i
h
i
h
i
h
2
2
2
(78)
∇f (xt ) − ĝt | F t = E ĝt − ∇f (x∗ ) | F t − E ∇f (xt ) − ∇f (x∗ ) | F t .

−

By applying inequality 2aT b ≤ ηkak2 + η −1 kbk2 for the vectors a = xt+1 − xt and b = ∇f (xt ) − ĝt ,
we obtain that the inner product 2(xt+1 − xt )T (∇f (xt ) − ĝt ) is bounded above by ηkxt+1 − xt k2 +
(1/η)k∇f (xt ) − ĝt k2 . Replacing 2(xt+1 − xt )T (∇f (xt ) − ĝt ) in (75) by its upper bound ηkxt+1 −
xt k2 + (1/η)k∇f (xt ) − ĝt k2 yields






1
2
2
2
2
2
| Ft
∇f (xt ) − ∇f (x∗ ) +E kut+1 − ut kG
−
kut − u∗ kG
− E kut+1 − u∗ kG
| Ft ≥ α
L
η
i
h


+ 2E kxt+1 − x∗ k2
| F t −2αηE kxt − xt+1 k2 | F t
I+Z−2Z̃

α 
E k∇f (xt ) − ĝt k2 | F t .
(76)
η

(71)

Based on the KKT condition of problem (25), the optimal primal variable satisfies (Z̃ − Z)1/2 x∗ = 0
which by considering the definition of the matrix U = (Z̃ − Z)1/2 we obtain that Ux∗ = 0. This
observation in conjunction with the update rule of the dual variable vt in (28) implies that we can
substitute U(xt+1 − x∗ ) by vt+1 − vt . Making this substitution into the last summand of the right
hand side of (70) and considering the symmetry of the matrix U yield

− 2(vt+1 − vt )T (vt+1 − v∗ ).

2
2α(xt+1 − x∗ )T (ĝt − ∇f (x∗ )) = −2kxt+1 − x∗ kI+Z−2
+ 2(xt+1 − x∗ )T Z̃(xt − xt+1 )
Z̃

(72)

According to the definition of the vector u and matrix G in (35), the last two summands of (71)
can be simplified as 2(ut+1 − ut )T G(u∗ − ut+1 ). Moreover, observe that the inner product 2(ut+1 −
2
2
2
ut )T G(u∗ − ut+1 ) can be simplified as kut − u∗ kG
− kut+1 − u∗ kG
− kut+1 − ut kG
. Applying this
simplification into (71) implies
2
2
2
2α(xt+1 − x∗ )T (ĝt − ∇f (x∗ )) = −2kxt+1 − x∗ kI+Z−2
+ kut − u∗ kG
− kut+1 − u∗ kG
Z̃
2
− kut+1 − ut kG
.

α
k∇f (xt ) − ∇f (x∗ )k2 + αηkxt − xt+1 k2 .
η

The next step is to find an upper bound for the inner product 2α(xt −xt+1 )T (∇f (xt )−∇f (x∗ )). Note
that for any two vectors a and b, and any positive scalar η the inequality 2aT b ≤ ηkak2 + η −1 kbk2
holds. Thus, by setting a = xt − xt+1 and b = ∇f (xt ) − ∇f (x∗ ) we obtain that
2α(xt − xt+1 )T (∇f (xt ) − ∇f (x∗ )) ≤

2

Now we substitute the terms in the right hand side of (69) by their simplifications or upper bounds.
Replacing the inner product 2α(xt+1 − x∗ )T (ĝt − ∇f (x∗ )) by the simplification in (72), substituting
expression 2α(xt − xt+1 )T (∇f (xt ) − ∇f (x∗ )) by the upper bound in (73), and substituting inner
product 2α(xt+1 −x∗ )T (∇f (xt )−ĝt ) by the sum 2α(xt −x∗ )T (∇f (xt )−ĝt )+2α(xt+1 −xt )T (∇f (xt )−
ĝt ) imply
2α
∇f (xt ) − ∇f (x∗ )
L

α
2
− kut+1 − ut kG
+ αηkxt − xt+1 k2 + k∇f (xt ) − ∇f (x∗ )k2
η
+ 2α(xt − x∗ )T (∇f (xt ) − ĝt ) + 2α(xt+1 − xt )T (∇f (xt ) − ĝt ). (74)

Considering that xt − x∗ is deterministic
 given observations until step
 t and observing the relation
E [ĝt | F t ] = ∇f (xt ), we obtain that E (xt − x∗ )T (∇f (xt ) − ĝt ) | F t = 0. Therefore, by computing
the expected value of both sides of (74) given the observations until step t and regrouping the terms
we obtain

2
2
kut − u∗ kG
− E kut+1 − u∗ kG
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2
1
2
2
t
| Ft ≥ α
−
∇f (xt ) − ∇f (x∗ ) +E kut+1 − ut kG
|
F
L η
h
i


+ 2E kxt+1 − x∗ k2
| F t − αηE kxt − xt+1 k2 | F t
I+Z−2Z̃


− E 2α(xt+1 − xt )T (∇f (xt ) − ĝt ) | F t .
(75)

27

(81)

"

# 

qn
qn
1 1 X
1
1X
t+1
t
fn,i (yn,i
) | Ft = 1 −
fn,i (yn,i
) + fn (xtn ).
qn i=1
qn qn i=1
qn

(83)

(82)

(84)

1
1
≤1−
,
qn
qmax
1
1
≤
.
qn
qmin
(85)




E pt+1
| Ft ≤ 1 −
n

qmax

1

n=1

X
N

ptn +

qmin

1 


f (xt ) − f (x∗ ) − ∇f (x∗ )T (xt − x∗ ) .

(86)

qmax

1

Therefore, the claim in (37) is valid.




E pt+1 | F t ≤ 1 −



pt +

29

(87)
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1 
f (xt ) − f (x∗ ) − ∇f (x∗ )T (xt −x∗ ) .
qmin

Now observe that according to the definitions of the sequences pt and ptn in (33) and (83), respectively,
PN
pt is the sum of ptn for all n, i.e. pt = n=1 ptn . Hence, we can rewrite (86) as

n=1

N
X

Substituting the upper bounds in (85) into (84), summing both sides of the implied inequality over
n ∈ {1, . . . , N }, and considering the definitions of the optimal argument x∗ = [x̃∗ ; . . . ; x̃∗ ] and the
PN
aggregate function f (x) = n=1 fn (xn ) lead to

1−

We proceed to find and upper bound for the terms in the right hand side of (84). First note that
according to the strong convexity of the local instantaneous functions fn,i and local functions fn both
terms in the right hand side of (84) are non-negative. Observing that the number of instantaneous
functions at each node qn satisfies the condition qmin ≤ qn ≤ qmax , we obtain






1
1 
E pt+1
| Ft = 1 −
pt +
fn (xtn ) − fn (x̃∗ ) − ∇fn (x̃∗ )T (xtn − x̃∗ ) .
n
qn n qn

Subtracting (81) from (82) and adding −fn (x̃∗ ) to the both sides of equality in association with the
definition of the sequence ptn in (83) yield

qn
qn
1 X
1 X
t
t
ptn :=
fn,i (yn,i
) − fn (x̃∗ ) −
∇fn,i (x̃∗ )T (yn,i
− x̃∗ ).
qn i=1
qn i=1

To simplicity equations let us define the sequence ptn as

E

t+1
Likewise, the distribution of random function fn,i (yn,i
) given observation until time t has two
t
possibilities fn,i (yn,i
) and fn,i (xtn ) with associated probabilities 1 − 1/qn and 1/qn , respectively.


t+1
t
Hence, we can write E fn,i (yn,i
) | F t = (1 − 1/qn )fn,i (yn,i
) + (1/qn )fn,i (xtn ). By summing this
relation for all i ∈ 1, . . . , qn and divining both sides of the resulted expression by qn we obtain

1
+ ∇fn (x̃∗ )T (xtn − x̃∗ ).
qn

# 

qn
qn

1 X
1 1 X
t+1
t
E
∇fn,i (x̃∗ )T (yn,i
− x̃∗ ) | F t = 1 −
∇fn,i (x̃∗ )T(yn,i
− x̃∗ )
qn i=1
qn qn i=1

"

since with probability 1/qn node n may choose index i to update at time t + 1 and with probability
1 − (1/qn ) choose other indices. Therefore, we can write

DSA: Decentralized Double Stochastic Averaging Gradient Algorithm

i 8 h
i 16α2 L
8 h t+1
2
2
E x −x∗ (I+Z−2Z̃)2 | F t + 0 E xt −xt+1 Z̃2 | F t +
pt
γ0
γ
γ0
 8α2 (2L − µ) 

2Γ0 
+ 0 E kvt − vt+1 k2 | F t +
f (xt )−f (x∗ )−∇f (x∗ )T(xt −x∗ ) . (88)
γ
γ0

(89)

2

≤ 2 (I + Z − 2Z̃)(xt+1 − x∗ ) − Z̃(xt −xt+1 )

2

+ 2α2 ĝt − ∇f (x∗ )

2

.

(90)

2

≤ 4 xt+1 − x∗

2
(I+Z−2Z̃)2

+ 4 xt − xt+1

2
Z̃2

+ 2α2 ĝt − ∇f (x∗ )

2

.

(91)

kvt − v∗ k2 ≤

30
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i
i
8 h
8 h t+1
2
2
E x
− x∗ (I+Z−2Z̃)2 | F t + 0 E xt − xt+1 Z̃2 | F t
γ0
γ
i 2Γ0 

4α2 h
2
+ 0 E ĝt − ∇f (x∗ ) | F t + 0 E kvt − vt+1 k2 | F t .
(93)
γ
γ


By substituting the expectation E kĝt − ∇f (x∗ )k2 | F t in the right hand side of (93) with its upper
bound in (34), the claim in (88) follows.

Note the vectors vt and v∗ lie in the column space of the matrix U. Thus, we obtain that kU(vt −
v∗ )k2 ≥ γ 0 kvt − v∗ k2 . Substituting this lower bound for kU(vt − v∗ )k2 in (92) and deviding both
sides of the imposed inequality by γ 0 yield

Inequality (91) shows an upper bound for 2kU(vt+1 − v∗ )k2 in (89). Moreover, we know that
the second term kU(vt − vt+1 )k2 is also bounded above by Γ0 kvt − vt+1 k2 where Γ0 is the largest
eigenvalue of matrix Z̃ − Z = U2 . Substituting these upper bounds into (89) and computing the
expected value of both sides given the information until step t yield
h
i
h
i
2
2
kU(vt − v∗ )k2 ≤ 8E xt+1 − x∗ (I+Z−2Z̃)2 | F t + 8E xt − xt+1 Z̃2 | F t
h
i


2
+ 4α2 E ĝt − ∇f (x∗ ) | F t + 2Γ0 E kvt − vt+1 k2 | F t .
(92)

U(vt+1 − v∗ )

By using the inequality ka+bk2 ≤ 2kak2 +2kbk2 one more time for vectors a = (I+Z−2Z̃)(xt+1 −x∗ )
and b = −Z̃(xt − xt+1 ), we obtain an upper bound for the term k(I + Z − 2Z̃)(xt+1 − x∗ ) − Z̃(xt −
xt+1 )k2 . Substituting this upper bound into (90) yields

U(vt+1 − v∗ )

We proceed by finding an upper bound for 2kU(vt+1 − v∗ )k2 . Based on the result of Lemma 3 in
(30), the term U(vt+1 − v∗ ) is equal to the sum of vectors a + b where a = (I + Z − 2Z̃)(xt+1 − x∗ ) −
Z̃(xt − xt+1 ) and b = −αĝt − ∇f (x∗ ). Therefore, using the inequality ka + bk2 ≤ 2kak2 + 2kbk2
we can write

kU(vt − v∗ )k2 ≤ 2kU(vt+1 − v∗ )k2 + 2kU(vt − vt+1 )k2 .

Proof Consider the inequality ka + bk2 ≤ 2kak2 + 2kbk2 for the case that a = U(vt+1 − v∗ ),
b = U(vt − vt+1 ) which can be written as

kvt − v∗ k2 ≤

Lemma 11 Consider the DSA algorithm as defined in (6)-(9). Further, recall γ 0 as the smallest
non-zero eigenvalue and Γ0 as the largest eigenvalue of the matrix Z̃ − Z. If Assumptions 1-3 hold,
then the squared norm of the difference kvt − v∗ k2 is bounded above as

To prove the result in Theorem 7 first we prove the following Lemma to establish an upper bound
for the squared error norm kvt − v∗ k2 .

Appendix D. Proof of Theorem 7
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2
Using the result in Lemma 11 we show that the sequence kut − u∗ kG
+ c pt converges linearly
to zero.
Proof of Theorem 7: Proving the linear convergence claim in (40) is equivalent to showing
that




2
δkut − u∗ k2 + δc pt ≤ kut − u∗ k2 − E kut+1 − u∗ kG
| F t + c (pt − E pt+1 | F t ).
(94)
G
G




2
Substituting the terms E kut+1 − u∗ kG
| F t and E pt+1 | F t by their upper bounds as introduced
in Lemma 5 and Lemma 6, respectively, yields a sufficient condition for the claim in (94) as
i
h


δkut − u∗ k2 + δc pt ≤ E kxt+1 − xt k2
| F t + E kvt+1 − vt k2 | F t
G
Z̃−2αηI

h
i  c
4αL
2
t
t
+ 2E kxt+1 − x∗ kI+Z−2
+
−
p
|
F
Z̃
qmax
η




4αµ 2α(2L − µ)
c
−
−
f (xt ) − f (x∗ ) − ∇f (x∗ )T (xt − x∗ ) . (95)
L
η
qmin

+

We emphasize that if the inequality in (95) holds, then the inequalities in (94) and (40) are valid.
2
2
Note that the weighted norm kut −u∗ kG
in the left hand side of (95) can be simplified as kxt −x∗ kZ̃
+
kvt − v∗ k2 . Considering the definition of Γ as the maximum eigenvalue of the matrix Z̃, we can
conclude that kxt − x∗ k2 is bounded above by Γkxt − x∗ k2 . Considering this relation and observing
Z̃
2
2
the upper bound for kvt − v∗ k2 in (88), we obtain that kut − u∗ kG
= kxt − x∗ kZ̃
+ kvt − v∗ k2 is
bounded above by

2
kut − u∗ kG

i
i 16α2 L
8 h
8 h
2
2
E xt+1 − x∗ (I+Z−2Z̃)2 | F t + 0 E xt −xt+1 Z̃2 | F t +
pt
≤
γ0
γ
γ0

2Γ0  t
+
E kv − vt+1 k2 | F t + Γkxt − x∗ k2
γ0

8α2 (2L − µ) 
f (xt ) − f (x∗ ) − ∇f (x∗ )T (xt − x∗ ) .
(96)
γ0

+

Further, the strong convexity of the global objective function f implies that the squared norm
kxt − x∗ k2 is upper bound by (2/µ)(f (xt ) − f (x∗ ) − ∇f (x∗ )T (xt − x∗ )). Replacing the the squared
norm kxt − x∗ k2 in (96) by its upper bound leads to
2
kut − u∗ kG

(I+Z−2Z̃) 2 2I− γ 0 (I+Z−2Z̃) (I+Z−2Z̃) 2

1

|Ft



i
i 16α2 L
8 h
8 h
2
2
pt
≤ 0 E xt+1 − x∗ (I+Z−2Z̃)2 | F t + 0 E xt − xt+1 Z̃2 | F t +
γ
γ
γ0

2Γ0 
+ 0 E kvt − vt+1 k2 | F t
γ



8α2 (2L − µ) 2Γ 
f (xt ) − f (x∗ ) − ∇f (x∗ )T (xt − x∗ ) .
(97)
+
+
γ0
µ

γ0

2
Replacing kut − u∗ kG
in (95) by the upper bound in (97) and regrouping the terms lead to



2
t
i
0 ≤ E kxt+1 − xt kZ̃−α(η+η)I−
+ E kxt+1 − x∗ k2
1h
8δ 2 | F
8δ
Z̃
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c
4αL
16δα2 L t
2
+ E kvt+1−vt k(1−
|Ft +
−
−δc−
p
2δΓ0
0
)I
q
η
γ
γ0
max


4αµ 2α(2L − µ)
c
8δα2 (2L − µ) 2δΓ
+
−
−
−
−
(f (xt )−f (x∗ )−∇f (x∗ )T(xt −x∗ )).
L
η
qmin
γ0
µ
(98)
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Notice that if the inequality in (98) holds true, then the relation in (95) is valid and as we mentioned
before the claim in (94) holds. To verify the sum in the right hand side of (98) is always positive and
the inequality is valid, we enforce each summands in the right hand side of (98) to be non-negative.
Therefore, the following conditions should be satisfied

2δΓ0
8δ
8δ
γ − α(η + η) − 0 Γ2 ≥ 0, 2 − 0 λmax (I + Z − 2Z̃) ≥ 0, 1 − 0 ≥ 0,
γ
γ
γ
c
4αµ 2α(2L − µ)
4αL
16δα2 L
c
8δα2 (2L − µ) 2δΓ
≥ 0,
−
−
− δc −
−
−
−
≥ 0. (99)
qmax
η
γ0
L
η
qmin
γ0
µ

−1 )
.

(100)

Recall that γ is the smallest eigenvalue of the positive definite matrix Z. All the inequalities in (99)
are satisfied, if δ is chosen as
(
δ = min

8α2 (2L − µ) 2Γ
+
γ0
µ

γ0
(γ − 2αη)γ 0
γ 0 γ 0 (cη − 4αLqmax )
,
,
,
,
8Γ2
4λmax (I + Z − 2Z̃) 2Γ0 ηqmax (cγ 0 + 16α2 L)




c
4αµ 2α(2L − µ)
−
−
L
η
qmin

where η, c and α are selected from the intervals
 2





L qmax
L
γ
4αLqmax 4αµqmin
2αqmin (2L − µ)
L2
, c∈
.
η∈
− , ∞ , α∈ 0,
,
−
+
µqmin
µ
2
2η
η
L
η
(101)

Notice that considering the conditions for the variables η, α and c in (101), the constant δ in (100)
is strictly positive δ > 0. Moreover, according to the definition in (100) the constant δ is smaller
than γ 0 /2Γ0 which leads to the conclusion that δ ≤ 1/2 < 1. Therefore, we obtain that 0 < δ < 1
and the claim in (40) is valid.

Appendix E. Proof of Theorem 9

The proof uses the relationship in the statement (40) of Theorem 7 to build a supermartingale
sequence. To do this define the stochastic processes ζ t and β t as

2
β t := δ kut − u∗ kG
+ c pt .
(102)

2
ζ t := kut − u∗ kG
+ c pt ,

The stochastic processes ζ t and β t are alway non-negative. Let now Ft be a sigma-algebra measuring
ζ t , β t , and ut . Considering the definitions of ζ t and β t and the relation in (40) we can write


E ζ t+1 | F t ≤ ζ t − β t .
(103)


2
δ kut − u∗ kG
+ c pt < ∞,

a.s.

(104)

Since the sequences αt and β t are nonnegative it follows from (103) that they satisfy the conditions of
the supermartingale convergence theorem – see e.g. theorem E7.4 Solo and Kong
P∞ (1995) . Therefore,
we obtain that: (i) The sequence ζ t converges almost surely. (ii) The sum t=0 β t < ∞ is almost
surely finite. The definition of β t in (102) implies that
∞
X

t=0
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2
2
Since kxt − x∗ kZ̃
≤ kut − u∗ kG
+ c pt and the eigenvalues of Z̃ are lower bounded by γ we can write
2
γkxt − x∗ k2 ≤ kut − u∗ kG
+ c pt . This inequality in association with the fact that the sum in (104)
is finite leads to
∞
X
δ γ kxt − x∗ k2 < ∞,
a.s.
(105)
t=0
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The statistical analysis of massive and complex data sets will require the development of
algorithms that depend on distributed computing and collaborative inference. Inspired
by this, we propose a collaborative framework that aims to estimate the unknown mean
θ of a random variable X. In the model we present, a certain number of calculation
units, distributed across a communication network represented by a graph, participate in
the estimation of θ by sequentially receiving independent data from X while exchanging
messages via a stochastic matrix A defined over the graph. We give precise conditions on
the matrix A under which the statistical precision of the individual units is comparable to
that of a (gold standard) virtual centralized estimate, even though each unit does not have
access to all of the data. We show in particular the fundamental role played by both the
non-trivial eigenvalues of A and the Ramanujan class of expander graphs, which provide
remarkable performance for moderate algorithmic cost.
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A promising way to overcome computational problems associated with inference and prediction in large-scale settings is to take advantage of distributed and collaborative algorithms,
whereby several processors perform computations and exchange messages with the end-goal
of minimizing a certain cost function. For instance, in modern data analysis one is frequently
faced with problems where the sample size is too large for a single computer or standard
computing resources. Distributed processing of such large data sets is often regarded as a
possible solution to data overload, although designing and analyzing algorithms in this set-
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ting is challenging. Indeed, good distributed and collaborative architectures should maintain
the desired statistical accuracy of their centralized counterpart, while retaining sufficient
flexibility and avoiding communication bottlenecks which may excessively slow down computations. The literature is too vast to permit anything like a fair summary within the
confines of a short introduction—the papers by Duchi et al. (2012), Jordan (2013), Zhang
et al. (2013), and references therein contain a sample of relevant work.
Similarly, the advent of sensor, wireless, and peer-to-peer networks in science and technology necessitates the design of distributed and information-exchange algorithms (Boyd
et al., 2006; Predd et al., 2009). Such networks are designed to perform inference and
prediction tasks for the environments they are sensing. Nonetheless, they are typically
characterized by constraints on energy, bandwidth, and/or privacy, which limit the sensors’ ability to share data with each other or with a hub for centralized processing. For
example, in a hospital network, the aim is to make safer decisions by sharing information
between therapeutic services. However, a simple exchange of database entries containing
patient details can pose information privacy risks. At the same time, a large percentage
of medical data may require exchanging high-resolution images, the centralized processing
of which may be computationally prohibitive. Overall, such constraints call for the design
of communication-constrained distributed procedures, where each node exchanges information with only a few of its neighbors at each time instance. The goal in this setting is
to distribute the learning task in a computationally efficient way, and make sure that the
statistical performance of the network matches that of the centralized version.
The foregoing observations have motivated the development and analysis of many local
message-passing algorithms for distributed and collaborative inference, optimization, and
learning. Roughly speaking, message-passing procedures are those that use only local communication to approximately achieve the same end as global (i.e., centralized) algorithms,
which require sending raw data to a central processing facility. Message-passing algorithms
are thought to be efficient by virtue of their exploitation of local communication. They have
been successfully involved in kernel linear least-squares regression estimation (Predd et al.,
2009), support vector machines (Forero et al., 2010), sparse L1 regression (Mateos et al.,
2010), gradient-type optimization (Tsitsiklis et al., 1986; Bertsekas and Tsitsiklis, 1997), and
various online inference and learning tasks (Bianchi et al., 2011a,b, 2013). An important
research effort has also been devoted to so-called averaging and consensus problems, where a
set of autonomous agents—which may be sensors or nodes of a computer network—compute
the average of their opinions in the presence of restricted communication capabilities and
try to agree on a collective decision (e.g., Blondel et al., 2005; Olshevsky and Tsitsiklis,
2011).
However, despite their rising success and impact in machine learning, little is known
regarding the statistical properties of message-passing algorithms. The statistical performance of collaborative computing has so far been studied in terms of consensus (i.e., whether
all nodes give the same result), with perhaps mean convergence rates (e.g., Olshevsky and
Tsitsiklis, 2011; Duchi et al., 2012; Zhang et al., 2013). While it is therefore proved that
using a network, even sparse (i.e., with few connections), does not degrade the rate of convergence, the problem of whether it is optimal to do this remains unanswered, including for
the most basic statistics. For example, which network properties guarantee collaborative
calculation performances equal to those of a hypothetical centralized system? The goal
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of this article is to give a more precise answer to this fundamental question. In order to
present in the clearest way possible the properties such a network must have, we undertake
this study for the most simple statistic possible: the mean.
In the model we consider, there are a number of computing agents (also known as
nodes or processors) that sequentially estimate the mean of a random variable by regularly
updating an estimate stored in their memory. Meanwhile, they exchange messages, thus
informing each other about the results of their latest computations. Agents that receive
messages use them to directly update the value in their memory by forming a convex
combination. We focus primarily on the properties that the communication process must
satisfy to ensure that the statistical precision of a single processor—that only sees part
of the data—is similar to that of an inaccessible centralized intelligence that could tackle
the whole data set at once. The literature is surprisingly quiet on this question, which
we believe is of fundamental importance if we want to provide concrete tradeoffs between
communication constraints and statistical accuracy.
This paper makes several important contributions. First, in Section 2 we introduce
communication network models and define a performance ratio allowing us to quantify
the statistical quality of a network. In Section 3 we analyze the asymptotic behavior of
this performance ratio as the number of data items t received online sequentially per node
becomes large, and give precise conditions on communication matrices A so that this ratio is
asymptotically optimal. Section 4 goes one step further, connecting the rate of convergence
of the ratio with the behavior of the eigenvalues of A. In Section 5 we present the remarkable
Ramanujan expander graphs and analyze the tradeoff between statistical efficiency and
communication complexity for these graphs with a series of simulation studies. Lastly,
Section 6 provides several elements for analysis of more complicated asynchronous models
with delays. A short discussion follows in Section 7. For clarity, proofs are gathered in
Section 8.

2. The model

t

(i)

t ≥ 1.
JMLR 17(62):1-29

and performs its estimation via the iteration

k=1

1 X (i)
Xk .
t

Let X be a square-integrable real-valued random variable, with EX = θ and Var(X) = σ 2 .
We consider a set {1, . . . , N } of computing entities (N ≥ 2) that collectively participate in
the estimation of θ. In this distributed model, agent i sequentially receives an i.i.d. sequence
(i)
(i)
X1 , . . . , Xt , . . . , distributed as the prototype X, and forms, at each time t, an estimate
(i)
of θ. It is assumed throughout that the Xt are independent when both t ≥ 1 and i ∈
{1, . . . , N } vary.
In the absence of communication between agents, the natural estimate held by agent i
at time t is the empirical mean
(i)

X̄t =

(i)
X1

tX̄t + Xt+1
,
t+1

(i)

Equivalently, processor i is initialized with
(i)

X̄t+1 =

3
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Let > denote transposition and assume that vectors are in column format. Letting Xt =
(1)
(N )
(1)
(N )
(Xt , . . . , Xt )> and X̄t = (X̄t , . . . , X̄t )> , we see that

(j)

(N ) >
) .

t
1
Aθ̂ t +
Xt+1 ,
t+1
t+1

(i)

t ≥ 1,

Thus, each individual estimate θ̂t+1 is a convex combination

θ̂ t+1 =

tX̄t + Xt+1
X̄t+1 =
, t ≥ 1.
(1)
t+1
In a more complicated collaborative setting, besides its own measurements and computations, each agent may also receive messages from other processors and combine this information with its own conclusions. At its core, this message-passing process can be modeled
by a directed graph G = (V , E ) with vertex set V = {1, . . . , N } and edge set E . This graph
represents the way agents communicate, with an edge from j to i (in that order) if j sends
information to i. Furthermore, we have an N × N stochastic matrix A = (aij )1≤i,j≤N (i.e.,
PN
aij = 1) with associated graph G , i.e., aij > 0 if and only if
aij ≥ 0 and for each i, j=1
(j, i) ∈ E . The matrix A accounts for the way agents incorporate information during the
(1)
(N )
collaborative process. Denoting by θ̂ t = (θ̂t , . . . , θ̂t )> the collection of estimates held
by the N agents over time, the computation/combining mechanism is assumed to be as
follows:
(1)

with θ̂ 1 = (X1 , . . . , X1
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(3)

of the estimates θ̂t held by the agents over the network at time t, augmented by the new
(i)
observation Xt+1 .
The matrix A models the way processors exchange messages and collaborate, ranging
from A = IN (the N × N identity matrix, i.e., no communication) to A = 11> /N (where
1 = (1, . . . , 1)> , i.e., full communication). We note in particular that the choice A = IN
gives back iteration (1) with θ̂ t = X̄t . We also note that, given a graph G , various choices
are possible for A. Thus, aside from a convenient way to represent a communication channel
over which agents can retrieve information from each other, the matrix A can be seen as a
“tuning parameter” on G to improve the statistical performance of θ̂ t , as we shall see later.
Important examples for A include the choices


1 1


1 0 1



 1 0 1

1

A1 =  .. .. .. .. .. .. .. .. .. 
(2)
2 . . . . . . . . .


1 0 1 


1 0 1
1 1
and



2 1


1 1 1



 1 1 1

1

A2 =  .. .. .. .. .. .. .. .. .. 
3 . . . . . . . . .


1 1 1 


1 1 1
1 2

4

k=0

t−1

1X k
A Xt−k .
t
(4)

k=1

2

k=0

N
.
t

t−1
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kA k
2
t
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X̄N t

t

5

i=1 k=1

1 X X (i)
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Ekθ̂ t − θ1k2

E (X̄N t − θ)1

which is clearly the best we can hope for with the data at hand. However, this estimate is
to be considered as an unattainable “gold standard” (or oracle), insofar as it uses the whole
(N × t)-sample. In other words, its evaluation requires sending all examples to a centralized
processing facility, which is precisely what we want to avoid.

τt (A) =

Thus, a natural question arises: can the message-passing process be tapped to ensure
(i)
that the individual estimates θ̂t achieve statistical accuracy “close” to that of the gold
standard X̄N t ? Figure 1 illustrates this pertinent question.
In the trials shown, i.i.d. uniform random variables on [0, 1] are delivered online to
N = 5 nodes, one to each at each time t. With message-passing (here, A = A2 ), each node
aggregates the new data point with data it has seen previously and messages received from
its nearest neighbors in the network. We see that all of the five nodes’ updates seem to
converge with a performance comparable to that of the (unseen) global estimate X̄N t to
the mean 0.5. In contrast, in the absence of message-passing (A = I5 ), individual nodes’
estimates do still converge to 0.5, but at a slower rate.
To deal with this question of statistical accuracy satisfactorily, we first need a criterion
to compare the performance of θ̂ t with that of X̄N t . Perhaps the most natural one is the
following ratio, which depends upon the matrix A:

Figure 1: Convergence of individual nodes’ estimates with and without message-passing.
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The more this ratio is close to 1, the more the collaborative algorithm is statistically efficient,
in the sense that its performance compares favorably to that of the centralized gold standard.
In the remainder of the paper, we call τt (A) the performance ratio at time t.
Of particular interest in our approach is the stochastic matrix A, which plays a crucial
role in the analysis. Roughly, a good choice for A is one for which τt (A) is not too far
from 1, while ensuring that communication over the network is not prohibitively expensive.
Although there are several ways to measure “complexity” of the message-passing process,
we have in mind a setting where the communication load is well-balanced between agents,

In the last inequality, we used the fact that Ak is a stochastic matrix and thus kAk k2 ≤ N
for all k ≥ 0. We can merely conclude that Ekθ̂ t − θ1k2 → 0 as t → ∞ (mean-squared
(i)
error consistency), and so θ̂t → θ in probability for each i ∈ {1, . . . , N }. Put differently,
the agents asymptotically agree on the (true) value of the parameter, independently of the
choice of the (stochastic) matrix A—this property is often called consensus in the distributed
optimization literature (see, e.g., Bertsekas and Tsitsiklis, 1997). We insist on the fact that
in our framework, consensus is obvious, and is not the question we are looking at here.
The consensus property, although interesting, does not say anything about the positive
(or negative) impact of the graph on the comparative performances of estimates with respect
to a centralized version. To clarify this remark, assume that there exists a centralized
(1)
(1)
(N )
(N )
intelligence that could tackle all data X1 , . . . , Xt , . . . , X1 , . . . , Xt
at time t, and
take advantage of these sample points to assess the value of the parameter θ. In this ideal
framework, the natural estimate of θ is the global empirical mean

≤ EkX1 − θ1k2 ×

Ekθ̂ t − θ1k2 ≤ EkX1 − θ1k2 ×

2

is a stochastic matrix)

t
1 X
E At−k (Xk − θ1)
= 2
t

(since

k=0
Ak

by independence of X1 , . . . , Xt . It follows that

2

t−1
X
1
Ekθ̂ t − θ1k = 2 E
Ak (Xt−k − θ1)
t

Thus, denoting by k · k the Euclidean norm (for vector or matrices), we may write, for all
t ≥ 1,

θ̂ t =

(unmarked entries are zero).
It is easy to verify that for all t ≥ 1,
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in the sense that no node should play a dominant role. To formalize this idea, we define the
communication-complexity index C (A) as the maximal indegree of the edges of the graph G
associated with A, i.e., the maximal number of edges pointing to a node in G (by convention,
self-loops are counted twice when G is undirected). Essentially, A is communication-efficient
when C (A) is small with respect to N or, more generally, when C (A) = O(1) as N becomes
large.
To provide some context, C (A) measures in a certain sense the “local” aspect of message
exchanges induced by A. We have in mind node connection set-ups where C (A) is small,
perhaps due to energy or bandwidth constraints in the system’s architecture, or when for
privacy reasons data must not be sent to a central node. Indeed, a large C (A) roughly
means that one or several nodes play centralized roles—precisely what we are trying to
avoid. Furthermore, the decentralized networks we are interested in can be seen as being
more autonomous than high-C (A) ones, in the sense that having few network connections
means less things that can potentially break, as well as improved robustness due to the fact
that the loss of one node does not lead to destruction of the whole system. As examples,
the matrices A1 and A2 defined earlier have C (A1 ) = 3 and C (A2 ) = 4, respectively, while
the stochastic matrix A3 below has C (A3 ) = N + 1:


1
1
1
··· 1 1
1


1 N − 1

1 

N
−
1
A3 =
(5)
1
.
N
.
.
.
.
.
.
. 
 ..
..
..
..
.. ..
.. 
1
N −1

Thus, from a network complexity point of view, A1 and A2 are preferable to A3 where node
1 has the flavor of a central command center.
Now, having defined τt (A) and C (A), it is natural to suspect that there will be some kind
of tradeoff between implementing a low-complexity message-passing algorithm (i.e., C (A)
small) and achieving good asymptotic performance (i.e., τt (A) ≈ 1 for large t). Our main
goal in the next few sections is to probe this intuition by analyzing the asymptotic behavior
of τt (A) as t → ∞ under various assumptions on A. We start by proving that τt (A) ≤ 1
for all t ≥ 1, and give precise conditions on the matrix A under which τt (A) → 1. Thus,
thanks to the benefit of inter-agent communication, the statistical accuracy of individual
estimates may be asymptotically comparable to that of the gold standard, despite the fact
that none of the agents in the network have access to all of the data. Indeed, as we shall
see, this stunning result is possible even for low-C (A) matrices. The take-home message
here is that the communication process, once cleverly designed, may “boost” the individual
estimates, even in the presence of severe communication constraints. We also provide an
asymptotic development of τt (A), which offers valuable information on the optimal way to
design the communication network in terms of the eigenvalues of A.

3. Convergence of the performance ratio
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Recall that a stochastic square matrix A = (aij )1≤i,j≤N is irreducible if for every pair of
indices i and j, there exists a nonnegative integer k such that (Ak )ij is not equal to 0. The
matrix is said to be reducible if it is not irreducible.
7

Proposition 1 We have

1
N
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1
,
N +1

t ≥ 1.

≤ τt (A) ≤ 1 for all t ≥ 1. In addition, if A is reducible, then

τt (A) ≤ 1 −

It is apparent from the proof of the proposition (all proofs are found in Section 8) that
the lower bound 1/N for τt (A) is achieved by taking A = IN , which is clearly the worst
choice in terms of communication. This proposition also shows that the irreducibility of
A is a necessary condition for the collaborative algorithm to be statistically efficient, for
otherwise there exists ε ∈ (0, 1) such that τt (A) ≤ 1 − ε for all t ≥ 1.
We recall from the theory of Markov chains (e.g., Grimmett and Stirzaker, 2001) that
for a fixed agent i ∈ {1, . . . , N }, the period of i is the greatest common divisor of all positive
integers k such that (Ak )ii > 0. When A is irreducible, the period of every state is the same
and is called the period of A. The following lemma describes the asymptotic behavior of
τt (A) as t tends to infinity.

2

as t → ∞.

Lemma 2 Assume that A is irreducible, and let d be its period. Then there exist projectors
Q1 , . . . , Qd such that

1

`=1 kQ` k

τt (A) → Pd

d
X
`=1

λ`k Q` +

γ∈Γ

X

γ k Qγ (k),

The projectors Q1 , . . . , Qd in Lemma 2 originate from the decomposition
Ak =

where λ1 = 1, . . . , λd are the eigenvalues of A (distinct) of unit modulus, Γ the set of
eigenvalues of A of modulus strictly smaller than 1, and Qγ (k) certain N × N matrices
(see Theorem
Pd8 in the 2proofs section). In particular, we see that τt (A) → 1 as t → ∞ if
kQ
and only if `=1
` k = 1. It turns out that this condition is satisfied if and only if A
PN
PN
aij = 1 for all
aij = j=1
is irreducible, aperiodic (i.e., d = 1), and bistochastic, i.e., i=1
(i, j) ∈ {1, . . . , N }2 . This important result is encapsulated in the next theorem.

Theorem 3 We have τt (A) → 1 as t → ∞ if and only if A is irreducible, aperiodic, and
bistochastic.

1/|N (i) | if j ∈ N (i)
0
otherwise,
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Theorem 3 offers necessary and sufficient conditions for the communication matrix A to
be asymptotically statistically efficient. Put differently, under the conditions of the theorem,
the message-passing process conveys sufficient information to local computations to make
individual estimates as accurate as the gold standard for large t. We again stress that this
theorem is new and different from results obtained in the consensus literature. The theorem
shows that one machine, on its own, if it is well-informed, does as good a job as a virtual
central machine that has access to all the data.
In the context of multi-agent coordination, an example of such a communication network
is the so-called (time-invariant) equal neighbor model (Tsitsiklis et al., 1986; Olshevsky and
Tsitsiklis, 2011), in which

aij =

8


N (i) = j ∈ {1, . . . , N } : aij > 0

as t → ∞,

9
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To illustrate this result, take N = 2 and consider the graph G with (symmetric) adjacency matrix 11> (i.e., full communication). Various stochastic matrices may be associated
with G , each with a certain statistical performance. For α > 1 a given parameter, we may
choose for example


1 1 α−1
Hα =
.
α 1 α−1

where µ is the stationary distribution of A.

1
τt (A) →
N kµk2

Proposition 4 Assume that A is irreducible and aperiodic. Then

is the set of agents whose value is taken into account by i, and |N (i) | its cardinality. Clearly,
the communication matrix A is stochastic, and also bistochastic as soon as A is symmetric
(bidirectional model). Assuming in addition that the directed graph G associated with A
is connected means that A is irreducible. Moreover, if aii > 0 for some i ∈ {1, . . . , N }, then
A is also aperiodic, so the conditions of Theorem 3 are fulfilled.
Another way to choose an irreducible, aperiodic, and bistochastic matrix on an undirected graph is by letting aij = 1/ max(1 + d(i), 1 + d(j)), where d(i) is the degree of node
i; following this, aii is set to that which is needed to make each row sum to 1.
It is also interesting to note that there exist low-C (A) matrices that meet the requirements of Theorem 3. This is for instance the case of matrices A1 and A2 in (2) and (3),
which are irreducible, aperiodic, and bistochastic, and satisfy C (A) ≤ 4. Also note that the
matrix A3 in (5), though irreducible, aperiodic, and bistochastic, should be avoided because
C (A3 ) = N + 1.
We stress that the irreducibility and aperiodicity conditions are inherent properties of
the graph G , not A, insofar as these conditions do not depend upon the actual values of
the nonzero entries of A. This is different for the bistochasticity condition, which requires
knowledge of the coefficients of A. In fact, as observed by Sinkhorn and Knopp (1967), it
is not always possible to associate such a bistochastic matrix with a given directed graph
G . To be more precise, consider G = (gij )1≤i,j≤N , the transpose of the adjacency matrix
of the graph G —that is, gij ∈ {0, 1} and gij = 1 ⇔ (j, i) ∈ E . Then G is said to have
total support if, for every positive element gij , there exists a permutation σ of {1, . . . , N }
Q
such that j = σ(i) and N
k=1 gkσ(k) > 0. The main theorem of Sinkhorn and Knopp (1967)
asserts that there exists a bistochastic matrix A of the form A = D1 GD2 , where D1 and
D2 are N × N diagonal matrices with positive diagonals, if and only if G has total support.
The algorithm to induce A from G is called the Sinkhorn-Knopp algorithm. It does this by
generating a sequence of matrices whose rows and columns are normalized alternately. It is
known that the convergence of the algorithm is linear, and upper bounds have been given
for its rate of convergence (e.g., Knight, 2008).
Nevertheless, if for some reason we face a situation where it is impossible to associate a
bistochastic matrix with the graph G , Proposition 4 below shows that it is still possible to
obtain information about the performance ratio, provided A is irreducible and aperiodic.

where

The Statistical Performance of Collaborative Inference

α2
.
2 + 2(α − 1)2

`=2

N
X

1
1 − γ`2

2≤`≤N

.

Γ(A) = max |γ` |,

1−γ`2t
`=2 1−γ 2
`

1
PN

and

1+

1
t

as t → ∞.

1 >
11 ,
N

(6)

10
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which models a saturated communication network in which each agent shares its information
with all others. The associated communication topology, which has C (A0 ) = N + 1, is

A0 =

The take-home message is that the smaller the coefficient S (A), the better the matrix
A performs from a statistical point of view. In this respect, we note that S (A) ≥ N −
1 (uniformly over the set of stochastic, irreducible, aperiodic, and symmetric matrices).
Consider the full-communication matrix


t 1 − τt (A) → S (A)

S (A)
S (A)  S (A) 2
S (A)
≤ τt (A) ≤ 1 −
+ Γ2t (A)
+
.
t
t
t
t

S (A) =

Clearly, we thus have

1−

we have, for all t ≥ 1,

In addition, setting

τt (A) =

Theorem 5 Assume that A is irreducible, aperiodic, and symmetric. Let 1 > γ2 ≥ · · · ≥
γN > −1 be the eigenvalues of A different from 1. Then

Theorem 3 gives precise conditions ensuring τt (A) = 1 + o(1), but does not say anything
about the rate (i.e., the behavior of the second-order term) at which this convergence occurs.
It turns out that a much more informative limit may be obtained at the price of the mild
additional assumption that the stochastic matrix A is symmetric (and hence bistochastic).

4. Convergence rates

We see that the statistical performance of the local estimates deteriorates as α becomes
large, for in this case τt (Hα ) gets closer and closer to 1/2. This toy model exemplifies the
role the stochastic matrix is playing as a “tuning parameter” to improve the performance
of the distributed estimate.

τt (Hα ) →

When α = 2, we have τt (H2 ) → 1 by Theorem 3. More generally, using Proposition 4, it is
an easy exercise to prove that, as t → ∞,

Biau, Bleakley and Cadre

`π
N

=

N2
+ O(N ) as N → ∞.
6

(7)

Biau, Bleakley and Cadre

1

0.9

1
0.9

N = 100
1

N = 10
0.9

0.8

0

0.1

0.2

0.3

0.4

0.5

0.7

IN

A2

A1

A0

0.8

4

x 10

2

0.7

t

0.8

0.5
0.4
0.3
0.2
0.1
0

1

0.7

0

0.6
0.5
0.4
0.3
0.2
0.1

t

12

0

2

5

x 10

N = 1000

1

t

JMLR 17(62):1-29

In view of the above, a Ramanujan graph is optimal, at least as far as the spectral gap
measure of expansion is concerned. Ramanujan graphs fall in the category of so-called

√

max |µ` | : µ` < d ≤ 2 d − 1.

where the oN (1) term is a quantity that tends to zero for every fixed d as N → ∞. Moreover,
a d-regular graph G is called Ramanujan if

√
µ2 ≥ 2 d − 1 − oN (1),

In this section, we consider undirected graphs G = (V , E ) that are also d-regular, in the sense
that all vertices have the same degree d; that is each vertex is incident to exactly d edges.
Recall that in this definition, self-loops are counted twice and multiple edges are allowed.
However, in what follows, we restrict ourselves to graphs without self-loops and multiple
edges. In this setting, the natural (bistochastic) communication matrix A associated with
G is A = d1 G, where G = (gij )1≤i,j≤N is the adjacency matrix of G (gij ∈ {0, 1} and
gij = 1 ⇔ (i, j) ∈ E ). Note that C (A) = d.
The matrix G is symmetric and we let d = µ1 ≥ µ2 ≥ · · · ≥ µN ≥ −d be its (real)
eigenvalues. Similarly, we let 1 = γ1 ≥ γ2 ≥ · · · ≥ γN ≥ −1 be the eigenvalues of A,
with the straightforward correspondence γi = µi /d. We note that A is irreducible (or,
equivalently, that G is connected) if and only if d > µ2 (see, e.g., Shlomo et al., 2006,
Section 2.3). In addition, A is aperiodic as soon as µN > −d. According to the AlonBoppana theorem (Nilli, 1991) one has, for every d-regular graph,

5. Ramanujan graphs

Figure 2: Evolution of τt (Ai ) with t for different values of N , for A = A0 , A1 , A2 , and IN .
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roughly equivalent to a centralized algorithm and, as such, is considered inefficient from
a computational point of view. On the other hand, intuitively, the amount of statistical
information propagating through the network is large so S (A0 ) should be small. Indeed, it
is easy to see that in this case, γ` = 0 for all ` ∈ {2, . . . , N } and S (A0 ) = N − 1. Therefore,
although complex in terms of communication, A0 is statistically optimal.
Remark 6 Interestingly, as pointed out by a referee, S (A) has a graph theoretic interpretation as the Kemeny constant of the Markov chain A2 , and may be written in terms of
hitting times. Consequently, for a number of graphs it is easy to compute—see Jadbabaie
and Olshevsky (2015) for example.

N −1
X
1
1 − cos2
`=1

For a comparative study of statistical performance and communication complexity of
matrices, let us consider the sparser graph associated with the tridiagonal matrix A1 defined
in (2). With this choice, γ` = cos (`−1)π
(Fiedler, 1972), so that
N
S (A1 ) =

JMLR 17(62):1-29

Thus, we lose a power of N but now have lower communication complexity C (A1 ) = 3.
Let us now consider the tridiagonal matrix A2 defined in (3). Noticing that 3A2 =
2A1 + IN , we deduce that for the matrix A2 , γ` = 31 + 32 cos (`−1)π
N , 2 ≤ ` ≤ N . Thus, as
N → ∞,
N2
+ O(N ).
(8)
S (A2 ) =
9
By comparing (7) and (8), we can conclude that the matrices A1 and A2 , which are both lowC (A), are also nearly equivalent from a statistical efficiency point of view. A2 is nevertheless
preferable to A1 , which has a larger constant in front of the N 2 . This slight difference
may be due to the fact that most of the diagonal elements of A1 are zero, so that agents
i ∈ {2, . . . , N − 1} do not integrate their current value in the next iteration, as happens for
A2 . Furthermore, for large N , the performance of A1 and A2 are expected to dramatically
deteriorate in comparison with those of A0 , since S (A1 ) and S (A2 ) are proportional to
N 2 , while S (A0 ) is proportional to N .
Figure 2 shows the evolution of τt (A) for N fixed and t increasing for the matrices
A = A0 , A1 , A2 as well as the identity IN . As expected, we see convergence of τt (Ai ) to 1,
with degraded performance as the number of agents N increases. Also, we see that the lack
of message-passing for IN means it is statistically inefficient, with constant τt (IN ) = 1/N
for all t.
The discussion and plots above highlight the crucial influence of S (A) on the performance of the communication network. Indeed, Theorem 5 shows that the optimal order for
S (A) is N , and that this scaling is achieved by the computationally-inefficient choice A0 —
see (6). Thus, a natural question to ask is whether there exist communication networks that
have S (A) proportional to N and, simultaneously, C (A) constant or small with respect
to N . These two conditions, which are in a sense contradictory, impose that the absolute
values of the non-trivial eigenvalues γ` stay far from 1, while the maximal indegree of the
graph G remains moderate. It turns out that these requirements are satisfied by so-called
Ramanujan graphs, which are presented in the next section.
11

τ t( A i )

as N → ∞.

4(d−1)
d2

N −1

1−

.
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Thus, recalling that S (A) ≥ N − 1, we see that S (A) scales optimally as N while having
C (A) = d (fixed). This remarkable super-efficiency property can be compared with the

S (A) ≤

Now, given an irreducible and aperiodic communication matrix A associated with a
d-regular Ramanujan graph G , we have, whenever d ≥ 3,

Figure 3: Randomly-generated 3-regular Ramanujan graph with N = 16 vertices.

In both results, the limit is along any sequence going to infinity with N d even, and the
probability is with respect to random graphs uniformly sampled in the family of d-regular
graphs with vertex set V = {1, . . . , N }.
In order to generate a random irreducible, aperiodic d-regular Ramanujan graph, we can
first generate a random d-regular graph using an improved version of the standard pairing
algorithm, proposed by Steger and Wormald (1999). We retain it if it passes the tests of
being irreducible, aperiodic, and Ramanujan as described above. Otherwise, we continue to
generate a d-regular graph until all these conditions are satisfied. Figure 3 gives an example
of a 3-regular Ramanujan graph with N = 16 vertices, generated in this way.

or equivalently, in terms of the eigenvalues of A,
√


 2 d−1
+ε →0
P max |γ2 |, |γN | ≥
d

expander graphs, which have the apparently contradictory features of being both highly
connected and at the same time sparse (for a review, see Shlomo et al., 2006).
Although the existence of Ramanujan graphs for any degree larger than or equal to 3
has been recently established by Marcus et al. (2015), their explicit construction remains
difficult to use in practice. However, a conjecture by Alon (1986), proved by Friedman
(2008) (see also Bordenave, 2015) asserts that most d-regular graphs are Ramanujan, in the
sense that for every ε > 0,


√

P max |µ2 |, |µN | ≥ 2 d − 1 + ε → 0 as N → ∞,
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(i) Generate a matrix Ad associated with a d-regular Ramanujan graph as before.

We see that A3 is already close to the statistical performance of A0 , the saturated
network, and for all intents and purposes A5 is essentially as good as A0 , even when there
are N = 1000 nodes; i.e., the statistical performance of the 5-regular Ramanujan graph is
barely distinguishable from that of the totally connected graph! Nevertheless, we must not
forget that the possibility of building such efficient networks in real-world situations will
ultimately depend on the specific application, and may not always be possible.
Next, assuming that the Ramanujan-type matrix A is irreducible and aperiodic, it is
apparent that there is a compromise to be made between the communication complexity of
the algorithm (as measured by the degree index C (A) = d) and its statistical performance
(as measured by the coefficient S (A)). Clearly, the two are in conflict. Upon this a question
arises: is it possible to reach a compromise in the range of statistical performances S (A)
while varying the communication complexity between d = 3 and d = N ? The answer is
affirmative, as shown in the following simulation exercise.
We fix N = 200 and then for each d = 3, . . . , N :

Figure 4: Evolution of τt (Ai ) with t for different values of N , for A = A0 , A1 , A2 as before
with the addition of 3- and 5-regular Ramanujan-type matrices A3 and A5 .

τ t( A i )

full-communication matrix A0 , which has S (A0 ) = N − 1 but inadmissible complexity
C (A0 ) = N + 1.
The statistical efficiency of these graphs is further highlighted in Figure 4. It shows
results for 3- and 5-regular Ramanujan-type matrices (A3 and A5 ) as well as the previous
results for non-Ramanujan-type matrices A0 , A1 , and A2 (see Figure 2).
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The models considered so far assume that messages from one agent to another are immediately delivered. However, a distributed environment may be subject to communication
delays, for instance when some processors compute faster than others or when latency and
finite bandwidth issues perturb message transmission. In the presence of such communication delays, it is conceivable that an agent will end up averaging its own value with an
outdated value from another processor. Situations of this type fall within the framework
of distributed asynchronous computation (Tsitsiklis et al., 1986; Bertsekas and Tsitsiklis,
1997). In the present section, we have in mind a model where agents do not have to wait
at predetermined moments for predetermined messages to become available. We thus allow

6. Asynchronous models

The minimum is found at (N, d? ) = (710, 3), suggesting that with 100 million data
points, one can get excellent performance results (τt (Ad? ) ≥ 0.99) for a low cost with
around 700 nodes, each connected only to three other nodes! Increasing N further raises
the cost necessary to obtain the same performance, both due to the price of adding more
nodes, as well as requiring more connections between them: d? must increase to 4, 5, and
so on.

Figure 6: Optimizing the number of nodes N and the level of communication d required
between nodes to obtain a performance ratio τt (Ad ) ≥ 0.99 given a large fixed
quantity of data T .

200
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β = 1, d ⋆ = 14

40

100

(ii) Compute the (non-unitary) eigenvalues γ2 , . . . , γN of the matrix Ad and evaluate
the sum
N
X
1

400
350

d

20

0

C (Ad ) = d for which the performance ratio τt (Ad ) is at least 0.99 after receiving all the data,
i.e., when t = T /N ? Then, as there is also a cost associated with increasing N , minimizing
C (Ad? )/N (where d? is this smallest d chosen) should help us choose the number of nodes
N and the amount of connection C (Ad? ) between them. The result of this is shown in
Figure 6 for T = 100 million data points.

S (Ad ) =

(iii) Plot S (Ad ) and βC (Ad ) = βd as well as penalized sums S (Ad ) + βC (Ad ) for β ∈
{1/2, 1, 2, 4}, where β represents an explicit cost incurred when increasing the number
of connections between nodes.

β = 1/2, d ⋆ = 20
S ( A d)
350
300

0

Results are shown in Figure 5, where d? refers to the d for which the penalized sum S (Ad )+
βC (Ad ) is minimized.
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Figure 5: Statistical efficiency vs communication complexity tradeoff for four different node
communication penalties β. d? is the d which minimizes S (Ad ) + βC (Ad ).
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We observe that S (Ad ) is decreasing whereas C (Ad ) increases linearly. The tradeoff
between statistical efficiency and communication complexity can be seen as minimizing their
penalized sum, where β for example represents a monetary cost incurred by adding new
network connections between nodes. We see that the optimal d? and thus the number of
node connections decreases as the cost of adding new ones increases.
Next, let us investigate the tradeoffs involved in the case where we have a large but
fixed total number T of data to be streamed to N nodes, each receiving one new data value
from time t = 1 to time t = T /N . In this context, the natural question to ask is how many
nodes should we choose, and how much communication should we allow between them in
order to get “very good” results for a “low” cost? Here a low cost comes from both limiting
the number of nodes as well as the number of connections between them.
In the same set-up for Ad defined above, one way to look at this is to ask, for each
N , what is the smallest d ∈ {3, . . . , N } and therefore the smallest communication cost
15

log ( d ∗/N )

j=1

1 X
1
(j)
(i)
aij (t − Bij )θ̂t−Bij +
X ,
t+1
t + 1 t+1
t ≥ 1.
(9)

j=1
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The advantages one hopes to gain from asynchronism are twofold. First, a reduction of
the synchronization penalty and a potential speed advantage over synchronous algorithms,

Theorem 7 Assume that X is bounded and let A = A1 be defined as in (2). Then, as
t → ∞,
 
2
t
1
E
θ̂ t − θ1 = O
.
κ(t)
t

for large t and N . The main result of the section now follows.

N2
τt (A) ≈ 1 −
6t

From now on, it is assumed that A = A1 , i.e., the irreducible, aperiodic, and symmetric
matrix defined in (2). Besides its simplicity, this choice is motivated by the fact that A1 is
communication-efficient while its associated performance obeys

1
κ(t)
κ(t)
≤ lim inf
≤ lim sup
≤ 1.
t→∞
B+1
t
t
t→∞

Observe that t − ` − j=1 Bkj−1 kj is the last time before t when a message was sent from
agent k0 to agent k` via k1 , . . . , k`−1 . Accordingly, κ(t) is nothing but the smallest number
of transitions needed to return at a time instant earlier than B, whatever the path. We
note that κ(t) is roughly of order t, since

P`

Thus, at time t, when agent i uses the value of another agent j, this value is not necessarily
(j)
(j)
the most recent one θ̂t , but rather an outdated one θ̂t−Bij , where Bij represents the
communication delay. The time instants t − Bij are deterministic and, in any case, 0 ≤
Bij ≤ B, i.e., we assume that delays are bounded. Notice that some of the values t − Bij in
(j)
(9) may be negative—in this case, by convention we set θ̂t−Bij = 0. Our goal is to establish
a counterpart to Theorem 3 in the presence of communication delays. As usual, we set
(1)
(N )
θ̂ t = (θ̂t , . . . , θ̂t )> .
`+1 satisfying
Q` Let κ(t) be the smallest ` such that for all (k0 , . . . , k` ) ∈ {1, . . . , N }
>
0,
we
have
a
k
k
j−1 j
j=1
X̀
t−`−
Bkj−1 kj ≤ B.

θ̂t+1 =

N

`=1

d
X

λk` Q` +

γ∈Γ

X

γ k Qγ (k),

k=0

18

1X k
A → Q1
t

t

as t → ∞.

(ii) The sequence (Ak )k≥0 converges in the Cesàro sense to Q1 , i.e.,
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where the matrices {Qγ (k) : k ≥ N, γ ∈ Γ} satisfy Qγ (k)Qγ 0 (k 0 ) = Qγ (k + k 0 ) if
γ = γ 0 , and 0 otherwise. In addition, for all γ ∈ Γ, limk→∞ γ k Qγ (k) = 0.

Ak =

(i) There exist projectors Q1 , . . . , Qd such that, for all k ≥ N ,

Theorem 8 Let λ1 , . . . , λd be the eigenvalues of A of unit modulus (with λ1 = 1) and Γ be
the set of eigenvalues of A of modulus strictly smaller than 1.

We start this section by recalling the following important theorem, whose proof can be found
for example in Foata and Fuchs (2004, Theorems 6.8.3 and 6.8.4). Here and elsewhere, A
stands for the stochastic communication matrix.

8. Proofs

This article has introduced new ideas which show how units collaborating among themselves can “boost” the statistical properties of the individual estimates by appropriately
sharing information. Clearly, calculating the mean is a “simple” task with respect to current applications—our main motivation was to open a new front in this research direction.
The obvious next step is to deal with more realistic problems in maximum likelihood, prediction, and learning.
As kindly pointed out by a referee, casting the problem using a single irreducible and
aperiodic matrix A is a much more constrained approach than simply asking what are
“good” communication schemes on a given graph and letting A be random and depend on
t, i.e., At . In this more general case, we could have many more zeros than the graph’s
adjacency matrix, the case of random pairwise gossip being an example. There may be
interesting choices of At that lead to good convergence properties. This is a promising
direction for future research.

7. Conclusions and future work

perhaps at the expense of higher communication complexity. Second, a greater implementation flexibility and tolerance to system failure and uncertainty. On the other hand, the
powerful result of Theorem 7 comes at the price of assumptions on the transmission network, which essentially demand that communication delays Bij are time-independent. In
fact, we find that the introduction of delays considerably complicates the consistency analysis of τt (A) even for the simple case of the empirical mean. This unexpected mathematical
burden is due to the fact that the introduction of delays makes the analysis of the variance
of the estimates quite complicated.

some agents to compute faster and execute more iterations than others and allow communication delays to be substantial.
Communication delays are incorporated into our model as follows. For B a nonnegative
integer, we assume that the last instant before t where agent j sent a message to agent i is
(i)
t − Bij , where Bij ∈ {0, . . . , B}. Put differently, recalling that θ̂t is the estimate held by
agent i at time t, we have

(i)
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8.1 Proof of Proposition 1

k=0

1X k
A (Xt−k − θ1).
t

t−1

According to (4), since Ak is a stochastic matrix, we have
θ̂ t − θ1 =

τt (A) =

E X̄N t 1
Ekθ̂ t k2

2

.

Therefore, it may be assumed, without loss of generality, that θ = 0. Thus,

(k)

(i)

θ̂t

=

t−1 N

=

NE

2

t ≥ 1.

(N ) 2

+ · · · + E θ̂t

X̄N t

t−1 N
σ 2 X X (k) 2
aij .
t2

k=0 j=1

(i) 2

we get

E θ̂t
σ2
Nt ,

t

(1) 2

.
Pt−1
k 2
k=0 kA k

E θ̂t

k=0 j=1

1 X X (k) (j)
=
aij Xt−k ,
t

Next, let Ak = (aij )1≤i,j≤N . Then, for each i ∈ {1, . . . , N },

2

By independence of the samples,

Upon noting that

E(X̄N t )

=

τt (A) =

=

k=0 j=1

(

k=0 j∈C

t−1 N
t−1
σ 2 X X (k) 2 σ 2 X X (k) 2
aij
≥ 2
aij .
t2
t

Since each Ak is a stochastic matrix, kAk k2 ≤ N and, by the Cauchy-Schwarz inequality,
kAk k ≥ 1. Thus, N1 ≤ τt (A) ≤ 1, the lower bound being achieved when A is the identity
matrix.
Let us now assume that A is reducible, and let C ( {1, . . . , N } be a recurrence class.
Arguing as above, we obtain that for all i ∈ C,
(i) 2

E θ̂t

≥

σ2
tN1
σ2
tN

if i ∈ C
otherwise.
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Since C is a recurrence class, the restriction of A to entries in C is a stochastic matrix as
well. Thus, setting N1 = |C|, by the Cauchy-Schwarz inequality,
(i) 2

E θ̂t

19

To conclude,

since N − N1 ≥ 1.
8.2 Proof of Lemma 2
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σ 2 /t
τt (A) = P
P
(i) 2
(i) 2
+ i∈C
i∈C E θ̂t
/ E θ̂t
1
≤
1 + (N − N1 )/N
N
,
N +1
≤

t−1

k=0

1X k
A Xt−k ,
t

k=0

t−1
X
1
E
Ak Xt−k
t2

k=0

t ≥ 1.

2

t−1
1 X
EkAk Xt−k k2
t2

k=0

(by independence of X1 , . . . , Xt )
X

t−1
1
(Ak )> Ak X1 .
EX1>
t2
=

=

Ekθ̂ t k2 =

θ̂ t =

As in the previous proof, we assume that θ = 0. Recall that

Thus, for all t ≥ 1,

(Ak )> Ak =

t−1
X

k=0

Ak =

d
X
`=1

λ̄`k Q̄` +

(Āk )> Ak

`=1

X

γ∈Γ

>  X
d

j=1

γ k Qγ (k).

γ̄ k Q̄γ (k)

λ`k Q` +

X

γ∈Γ

λ̄`k λjk Q̄`> Qj + o(t).

t−1  X
d
X
k=0

t−1 X
d
X

k=0 `,j=1

λjk Qj +

X

γ∈Γ
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γ k Qγ (k)

Denote by λ1 = 1, . . . , λd the eigenvalues of A of modulus 1, and let Γ be the set of
eigenvalues γ of A of modulus strictly smaller than 1. According to Theorem 8, there exist
projectors Q1 , . . . , Qd and matrices Qγ (k) such that for all k ≥ N ,

Therefore,
t−1
X
k=0

=

=

20

we obtain

k

(A ) A = t

k >

`=1

d
X

=

=

`=1

d
X

+ o(1)

EkQ` X1 k2 + o(1).

EX>
1 QX1

k=0

+ O(1) + o(t).

Lastly, recalling that EkX̄N t 1k2 =

(1)

(N )

`=1 kQ` k

1

2

+ o(1)

1

`=1 kQ` k

= Pd
2

+ o(1).

(10)

21
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Sufficiency. Assume that A is irreducible, aperiodic, and bistochastic. The first two
conditions imply that 1 is the unique eigenvalue of A of unit modulus. Therefore, according
to Lemma 2, we only need to prove that the projector Q1 satisfies kQ1 k = 1.
Since A is bistochastic, its stationary distribution is the uniform distribution on the set
{1, . . . , N }. Moreover, since A is irreducible and aperiodic, we have, as k → ∞,


1 1 ... 1
1
 .. .. .. .. 
Ak →

.
N . . . .
1 1 ... 1

8.3 Proof of Theorem 3

kQ` k2 + o(1).

we obtain

`=1

d
X

σ2
t ,

= σ2

τt (A) = Pd

`=1 i,j=1

Q2`,ij + o(1)

j=1

(by independence of X1 , . . . , X1

= σ2

i=1

d X
N
X

`=1

)


 X
t−1
1
(Ak )> Ak − Q X1
t

Q̄>
` Q`

>
tEkθ̂ t k2 = EX>
1 QX1 + EX1

>
`=1 Q̄` Q` ,

Pd

k=0

t−1
X

= 1 ⇔ j = `.

, 1 ≤ ` ≤ d. Accordingly,

Denoting by Q`,ij the (i, j)-entry of Q` , we conclude
2
d
N X
N
X
X
(j)
tEkθ̂ t k2 =
E
Q`,ij X1
+ o(1)

Letting Q =

Thus,

λ̄` λj = e

2πi(j−`)
d

Stirzaker, 2001, page 240), we have that λ` = e

2πi(`−1)
d

Here, we have used Cesàro’s lemma combined with the fact that, by Theorem 8, for any
γ ∈ Γ, limk→∞ γ k Qγ (k) = 0.
Since A is irreducible, according to the Perron-Frobenius theorem (e.g., Grimmett and
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... 1
.. ..  .
. .
... 1

statement of Theorem 8, we conclude by

i=1

N
X

µ2i =

i=1

N
X

µi .

1
kQ1 k2

as t → ∞. But, as

22
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where the stationary distribution µ of A is represented as a row vector. By the second
statement of Theorem 8, we conclude that kQ1 k2 = N kµk2 .

If A is irreducible and aperiodic, then by Lemma 2, τt (A) →
k → ∞,
 
µ
 
Ak →  ...  ,
µ

8.4 Proof of Proposition 4

This is an equality case in the Cauchy-Schwarz inequality, from which we deduce that µ
is the uniform distribution on {1, . . . , N }. Since µ is the stationary distribution of A, this
implies that A is bistochastic.

N

Thus, kQ1 k2 = N kµk2 = 1. In particular, letting µ = (µ1 , . . . , µN ), we have

 
µ
 
Q1 =  ...  .
µ

where µ is the stationary distribution of A, represented as a row vector. Comparing once
again this limit with the second statement of Theorem 8, we see that

 
µ
 
Ak →  ...  ,
µ

This implies in particular that kQ1 k = 1.
Necessity. Assume that τt (A) tends to 1Pas t → ∞. According to Proposition 1, A
is irreducible. Thus, by Lemma 2, we have d`=1 kQ` k2 = 1. Observe, since each Q` is
P
a projector, that kQ` k ≥ 1. Therefore, the identity d`=1 kQ` k2 = 1 implies d = 1 and
kQ1 k = 1. We conclude that A is aperiodic.
Then, since A is irreducible and aperiodic, we have, as k → ∞,

By comparing this limit with that of the second
Cesàro’s lemma that

1 1
1 . .
Q1 =
 .. ..
N
1 1
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8.5 Proof of Theorem 5

(11)

Without loss of generality, assume that θ = 0. Since A is irreducible and aperiodic, the
matrix Q in the proof of Lemma 2 is Q = Q1> Q1 . Moreover, since A is also bistochastic, we
have already seen that as k → ∞,


1 1 ... 1
1 . . . .
Ak →
. . . . .
N . . . .
1 1 ... 1

1
t

1
t

σ2

2k

Pt−1 k > k
k=0 (A ) A

k=0 A

σ2
Pt−1

EX1> QX1 + EX1>
σ 2 + EX1>

 ,
− Q X1


− Q X1

(12)

However, by the second statement of Theorem 8, the above matrix is equal to Q1 . Thus,
the projector Q1 is symmetric, which implies Q = Q1 .
Next, we deduce from (10) that
τt (A) =
=

A = U DU > ,

by symmetry of A and the fact that EX1> QX1 = σ 2 . The symmetric matrix A can be put
into the form

JMLR 17(62):1-29

where U is a unitary matrix with real entries (so, U > = U −1 ) and D = diag(1, γ2 , . . . , γN ),
with 1 > γ2 ≥ · · · ≥ γN > −1. Therefore, as k → ∞,


1 0 ... 0
 X

t−1
t−1


1
1 X 2k
0 0 . . . 0
A =U
D2k U > → U  . . . .  U > .
t
t
 .. .. .. .. 
k=0
k=0
0 0 ... 0
However, by (11) and Cesàro’s lemma,
t−1

1 X 2k
A → Q as k → ∞.
t
k=0

It follows that Q = U M U > , where


1 0 ... 0


0 0 . . . 0
M = . . . . .
 .. .. .. .. 
0 0 ... 0
23

Thus,

Next, set
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α` =

1
t

1 − γ`2t
,
1 − γ`2

2 ≤ ` ≤ N,

 X

t−1
t−1
1X
1
A2k − Q = U
D2k − M U >
t
t
k=0
k=0

 X
t−1

1
2k
U>
diag 0, γ22k , . . . , γN
=U
t
k=0


2k
1 1 − γ22t
1 1 − γN
= U diag 0,
,...,
U >.
2
t 1 − γ22
t 1 − γN

X1>

k=0

N
X

`=2

ui` α` uj` .

i=1

1

=

j=1

`=2

i=1 `=2

N X
N
X

α`

i=1 `=2

N
X

`=2

`=2

.

2
α` ui`

N
σ 2 X 1 − γ`2t
.
t
1 − γ`2

= σ2

= σ2


 t−1
N X
N
X
1 X 2k
A − Q X1 = σ 2
ui` α` ui`
t

1+

PN 1−γ`2t
`=2 1−γ 2
`

1
1+x

1
t

k=0 A

Pt−1

2k − Q
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≥ 1 − x, valid for





t−1
N
N
N
X
X
X
1 X 2k
(i)
(j)
A − Q X1 =
X1
ui` α` uj` X1 .
t
k=0

and let U = (uij )1≤i,j≤N . With this notation, the (i, j)-entry of the matrix
is

Hence,

Thus,

EX1>

We conclude from (12) that
τt (A) =

1
t

S (A)
.
t

`=2

1 X 1 − γ`2t
t
1 − γ`2

N

This shows the first statement of the theorem. Using the inequality
all x ≥ 0, we have

τt (A) ≥ 1 −

≥1−

24

1
1+x

≤ 1 − x + x2 , valid for all x ≥ 0, we conclude

N

k=1

(i)

1 X 1 − γ`2t
+
t
1 − γ`2

0

(i)

(k0 )

Zt

=

k1 ,k2 =1

N
X

(k )

2
ak0 k1 ak1 k2 Zt−B
k

−Bk1 k2 −2
0 k1

+
k1 =1

N
X
(k )

−1
0 k1

1
ak0 k1 Xt−B
k

(k0 )

+ Xt

.

(13)

2−`

0

(k0 )

+

`=0 k=1 K ` (k)

X

|Rt1 |

≤C
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k=1 K κ(t) (k)

N
X
X

w K

κ(t)

(14)
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(k)) ≤ B. Since X is bounded,


(k) .

κ(t)

 (k)
w K ` (k) Xt−∆(K ` (k))

(k)

w K κ(t) (k) Zt−∆(K κ(t) (k))

κ(t)−1 N
X X

k=1 K κ(t) (k)

= Rt1 + Rt2 .

def

=



By the definition of κ(t), for all k ∈ {1, . . . , N }, t − ∆(K
we deduce that there exists C > 0 such that

Zt

N
X
X

When ` = 0, then by convention K (k) = (k0 ), w(K (k)) = 1 if k = k0 and 0 otherwise,
and ∆(K 0 (k)) = 0.
We are now ready to iterate (13). To do so, observe that

0

In particular, by our choice of A, we have w(K (k)) =
for any k. Next, we set

∆ K ` (k) = ` + Bk0 k1 + Bk1 k2 + · · · + Bk`−2 k`−1 + Bk`−1 k .

`

Our first task is to iterate this formula. To do so, we need additional notation. For ` a
positive integer and k ∈ {1, . . . , N }, let K ` (k) be the set of vectors in {1, . . . , N }`+1 of the
form (k0 , k1 , . . . , k`−1 , k) such that w(K ` (k)) > 0, where

w K ` (k) = ak0 k1 ak1 k2 . . . ak`−2 k`−1 ak`−1 k .

and

From now on, we fix k0 ∈ {1, . . . , N } and let Zt = tθ̂t for any i ∈ {1, . . . , N }. Thus, for
all t ≥ 1,
N
X
(k )
(k)
(k )
Zt 0 =
ak0 k Zt−Bk k −1 + Xt 0 ,

8.6 Proof of Theorem 7

τt (A) ≤ 1 −

 X

N
1 − γ`2t 2
1
t
1 − γ`2
`=2
`=2
S (A)
S (A)  S (A) 2
≤1−
+ Γ2t (A)
+
.
t
t
t

Finally, evoking the inequality
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K κ(t) (k)

x=0

X
X

(i)

x=0

k=1

(B+1)(κ(t)−1) N 
X
X

x=0

k=1

(B+1)(κ(t)−1) N 
X
X

`=bx/(B+1)c+1

x
X


w K ` (k)


1
K ` (k) : ∆ K ` (k) = x
2`

X

.

2

2

.


BYj−1 Yj = x − ` ,

j

and so,
Var(Rt2 ) ≤ σ 2

x k
+ 1 ≤ ` ≤ x,
B+1

x=0

26

k=1


1 = σ 2 N (B + 1)κ(t) − B .


1
K ` (k) : ∆ K ` (k) = x ≤ 1,
2`
(B+1)(κ(t)−1) N
X
X

`=bx/(B+1)c+1

x
X

are disjoint since the Bij are nonnegative. Thus,

j=1

 X̀

Moreover, for fixed x, the events

j=1

(15)
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X̀

1
P Y` = k,
BYj−1 Yj = x − ` = ` K ` (k) : ∆ K ` (k) = x .
2

Next, consider the Markov chain (Yn )n≥0 with transition matrix A such that Y0 = k0 .
Observe that

Var(Rt2 ) = σ 2

x
X

`=bx/(B+1)c+1 K ` (k):∆(K ` (k))=x

Recalling that w(K ` (k)) = 2−` , we obtain

Var(Rt2 ) = σ 2

 (k)
w K ` (k) Xt−x

 (k)
w K ` (k) Xt−x

k=1 `=bx/(B+1)c+1 K ` (k):∆(K ` (k))=x

x
X

x=0 K ` (k):∆(K ` (k))=x

(B+1)(κ(t)−1) N
X
X

`=0 k=1

κ(t)−1 N (B+1)`
X X X

(b·c is the floor function). By independence of the Xj , we get

=

Rt2 =

The analysis of the term
is more delicate. The difficulty arises from the fact that this
term is not a sum of independent random variables, and therefore its components must be
grouped. Since each Bij is smaller than B and ∆(K ` (k)) = x implies x ≥ `, we obtain

Rt2

This implies that |Rt1 | ≤ C. To see this, note that Aκ(t) is a stochastic matrix and that for
all k ∈ {1, . . . , N },
X

w K κ(t) (k) = (Aκ(t) )k0 k .
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κ(t)−1 N
X X

w K ` (k) = θ
(A` )k0 k = θκ(t).
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κ(t)−1 N
X X
`=0 k=1
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The expectation of Rt2 is easier to compute. Indeed, since each A` is a stochastic matrix,
ERt2 = θ
`=0 k=1 K ` (k)

Combining (14), (15), and the fact that |R1 | ≤ C, we obtain
t

2
2
 1
t (k )
Rt2
Rt
E
θ̂ 0 − θ = E
+
−
θ
κ(t) t
κ(t) κ(t)


Rt2 − ERt2
R1 2
=E
+ t
κ(t)
κ(t)


1
.
=O
κ(t)
The result follows from the identity 1/κ(t) = O(1/t).
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We derive two convergence results for a sequential alternating maximization procedure to
approximate the maximizer of random functionals such as the realized log likelihood in MLE
estimation. We manage to show that the sequence attains the same deviation properties as
shown for the profile M-estimator by Andresen and Spokoiny (2013), that means a finite
sample Wilks and Fisher theorem. Further under slightly stronger smoothness constraints
on the random functional we can show nearly linear convergence to the global maximizer
if the starting point for the procedure is well chosen.
Keywords: alternating maximization, alternating minimization, profile maximum likelihood, EM-algorithm, M-estimation, local linear approximation, local concentration, semiparametric
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1. Introduction

Convergence of an Alternating Procedure

(1)

This paper presents two convergence results for an alternating maximization procedure to
approximate M-estimators. Let Y ∈ Y denote some observed random data, and P denote
the data distribution. In the semiparametric profile M-estimation framework the target of
analysis is
υ

θ ∗ = Πθ υ ∗ = Πθ argmax EP L(υ, Y),

η

∗

(2)

where L : Υ × Y → R is an appropriate functional, Πθ : Υ → Rp is a projection and where
Υ is some high dimensional or even infinite dimensional parameter space. A prominent way
of estimating θ ∗ is the profile M-estimator (pME)

θ

def
e def
e = Πθ argmax L(θ, η) = argmax max L(θ, η).
θ
= Πθ υ

(θ,η)

This paper focuses on finite dimensional parameter spaces Υ ⊆ Rp with p∗ = p + m ∈ N
being the full dimension, as infinite dimensional maximization problems are computationally not feasible. This is motivated by the sieve M-estimation technique, which projects the
estimation problem to a finite dimensional submodel - see Section 1.2 for details.

n

k=0

m

X
2
1X
yi −
η k ek (X i> θ) .
2
i=1

The alternating maximization procedure is used in situations where a direct computation
∗
e ∈ Rp is not feasible or simply very difficult to
of the full maximum estimator (ME) υ
implement. Consider for example the task to calculate the pME where with scalar random
n
observations Y = (yi )i=1
⊂ R , parameter υ = (θ, η) ∈ Rp × Rm and a function basis
(ek ) ⊂ L2 (R)
L(θ, η) = −

def e
=

=

e k+1 )
(θ k , η

= e

def

ek )
(θ k , η

=



e

e



.

θ k , argmax L(θ k , η)
η∈Rm

e k ), η
ek
argmax L(θ, η

θ∈Rp

,

(3)

In this case the maximization problem is high dimensional and non-convex (see Section 3
for more details). But for fixed θ ∈ S1 ⊂ Rp maximization with respect to η ∈ Rm is
rather simple while for fixed η ∈ Rm the maximization with respect to θ ∈ Rp can be
feasible for low p ∈ N . This motivates the following iterative procedure. Given some (data
e 0 ∈ Rp+m set for k ∈ N
dependent) functional L : Rp × Rm → R and an initial guess υ
!
e k,k+1
υ

e k,k
υ
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The so called ”alternating maximization procedure” (or minimization) is a widely applied
algorithm in many parameter estimation tasks (see Jain, Netrapalli, and Sanghavi, 2013;
Netrapalli, Jain, and Sanghavi, 2013; Keshavan, Montanari, and Oh, 2010; Yi, Caramanis,
ek ) converge to
and Sanghavi, 2013). Some natural questions arise: Does the sequence (θ
3

θ

Andresen and Spokoiny

θ

e θ◦ ) − argmax EL(θ, η
e θ◦ ) ≤ n .
argmax L(θ, η

(4)

a limit that satisfies the same statistical properties as the profile estimator? And if the
answer is yes, after how many steps does the sequence acquire these properties? Under
e ? This
what circumstances does the sequence actually converge to the global maximizer υ
problem is hard because the behavior of each step of the sequence is determined by the
actual finite sample realization of the functional L(·, Y) . To the authors’ knowledge no
general ”convergence” result is available that answers the questions from above except for
the treatment of specific models again (see Jain, Netrapalli, and Sanghavi, 2013; Netrapalli, Jain, and Sanghavi, 2013; Keshavan, Montanari, and Oh, 2010; Yi, Caramanis, and
Sanghavi, 2013) or variants of the procedure (Cheng, 2013).
We address this difficulty via employing new finite sample techniques (Andresen and
Spokoiny, 2014; Spokoiny, 2012), which allow to answer the above questions: with growing
ek attain the same statistical properties as the
iteration number k ∈ N the estimators θ
profile M-estimator and Theorem 7 provides a choice of the necessary number of steps
K ∈ N . Under slightly stronger conditions on the structure of the model we can give a
convergence result to the global maximizier that does not rely on unimodality. Further we
can address the important question under which ratio of full dimension p∗ = p + m ∈ N to
sample size n ∈ N the sequence behaves as desired. For instance for smooth L our results
√
become sharp if p∗ / n is small and convergence to the full maximizer already occurs if
p∗ /n is small.
The alternating maximization procedure can be understood as a special case of the
Expectation Maximization algorithm (EM algorithm) as we illustrate in Section 1.1. The
EM algorithm itself was derived in a work of Dempster, Laird, and Rubin (1977) where
particular versions of this approach are generalized. This paper (Dempster, Laird, and
Rubin, 1977) also contains a variety of problems where an application of the EM algorithm
can be fruitful; for a brief history of the EM algorithm (see McLachlan and Krishnan, 1997,
Section 1.8). We briefly explain the EM algorithm in Section 1.1.
Since the EM algorithm is very popular in applications a lot of research on its behavior
has been done. We are only dealing with a special case of this procedure so we restrict our
selves to citing the well-known convergence result by Wu Wu (1983), which is still state of
the art in most settings. Unfortunately Wu’s result - as most convergence results on these
iterative procedures - only ensures convergence to some set of local maximizers or fixpoints
of the procedure. Only in very special cases like unimodality can actual convergence to the
maximizer be ensured.
In a recent work (Balakrishnan, Wainwright, and Yu, 2014) a new way is presented
of addressing the properties of the EM sequence in a very general i.i.d. setting, based on
concavity of L . They assume that the functional L is concave and smooth enough (First
order stability) and that for a sample (Y i )i=1,...,n with high probability an uniform bound
is satisfied of the kind
max

θ ◦ ∈Br (θ ∗ )

(5)

JMLR 17(63):1-53

Under these assumptions, with high probability and some ν < 1 they show

ek − θ ∗ k ≤ ν k kθ 0 − θ ∗ k + Cn .
kθ

4

(8)

6
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1.1 Relation to the EM Algorithm

In the introduction we claimed that the alternating procedure analyzed in this work is
related to the EM algorithm. In this section we want to elaborate on that.

(6)

η

√
where ν < 1 is introduced in (20) and  > 0 is some small number, for example  = C/ n
in the smooth i.i.d setting. Further R0 > 0 is a bound related to the quality of the initial
guess. Generally it is proportional to the full dimension and in this way the rate with which
the full nuisance can be estimated affects the speed of the convergence of the procedure.
The random variable ξ̆ ∈ Rp and the matrix D̆ ∈ Rp×p are related to the efficient influence
function in semiparametric models and its covariance. These are up to ν k R0 the same
properties as those proven for the pME by Andresen and Spokoiny (2014) under nearly the
same set of conditions. Up to the finite sample bounds on the right hand sides this means
that the estimating points of the procedure admit a Fisher expansion - in other words are
asymptotical normal - and a Wilks expansion. Consequently the usual inference procedures
based on confidence and concentration sets can be applied to these estimators. Further in
our second main result we manage to show under slightly stronger smoothness conditions
ek , η
e η
e k ) approaches the ME (θ,
e ) = argmax L(θ, η ∗ ) with nearly linear convergence
that (θ
e )k ≤ τ k/ log(k) with some 0 < τ < 1 and D2 = −E∇2 L(υ ∗ ) (see
speed, i.e. kD((θ k , η k ) − υ
Theorem 14).
To clarify we want to mention that the term convergence refers to the behavior of
ek , η
e k ) when the number of iterations k ∈ N tends to infinity. We show
the sequence (θ
ek , η
e η
e k ) → (θ,
e ) . This has to be distinguished from the usual stochastic convergence
(θ
e η
e ) towards the target (θ ∗ , η ∗ ) or the weak convergence to
results of the M-estimator (θ,
a normal distribution as the sample size increases. Our setup is assuming finite sample
ek , η
e k ) and (θ ∗ , η ∗ ) and
size such that even with k → ∞ there remains a gap between (θ
∗
e
between θ k and θ that is related to the parametric and semiparametric Cramer-Rao
lower bounds respectively. This is why we can in the finite sample setting only hope to
e η
e ) but not to (θ ∗ , η ∗ ) . But for
obtain convergence of the alternating procedure to (θ,
ek
a growing sample size (7) implies the weak convergence results also for the estimator θ
when k(n) ∈ N is large enough and p∗ vanishes (see Section 1.3).
e k,k(+1) in statements that are true for both υ
e k,k+1 and
In the following we write υ
e k,k . Also we do not specify whether the elements of the resulting sequence are sets or
υ
e k,k(+1) are to be understood in
single points. All statements made about properties of υ
e k,k(+1) “.
the sense that they hold for “every point of υ

η

(7)

b
b (·) is an estimator of argmaxη EL(·, η) , D(·)
where η
is an estimator of ∇2 E maxη L(·, η)
and `(·) is an estimator of ∇ maxη L(·, η) . Under common regularity conditions it is
e = oP (1/√n) if k(n) ∈ N is chosen such that the rate of the initial
shown, that kθ k − θk
guess θ 0 - obtained via a stochastic grid search - and the rate of the estimator of the
nuisance parameter are addressed. These results resemble very much what is aimed for in
this work but it is important to note a series of differences between the results of that work
and the present paper. First and most importantly, the treated algorithm in that paper
(Cheng, 2013) is similar in virtue to the alternating procedure, but in fact is a different
procedure. It is a gradient descend scheme and involves a very careful data driven choice
of step sizes when carrying out the estimations necessary in (6) and in that sense differs
substantially from the simple and direct alternating maximization. Also the estimating step
of the nuisance component is not object of the analysis but assumed to be sufficiently good
for the arguments to go through. Finally the results of (Cheng, 2013) are purely asymptotic.
In this work we carry out a finite sample analysis for the alternating maxmimization
procedure in (3). Instead of a general semiparametric framework we address sieve profile
estimators also called finite dimensional linear series estimation (see Chen, 2007; Andresen
and Spokoiny, 2014), see Section 1.2 for more details. In this setting the bias of estimation induced by projection the full model to a finite dimensional sub model - can be treated separately and the model becomes finite dimensional as far as the algorithm is concerned. This
allows a very careful and explicit analysis of the behavior of the procedure. In particular the
speed of convergence can be linked to characteristics of the information matrix −∇2 EL(υ ∗ )
- namely to the constant ν < 1 in (20) - and to the the full dimension of the projected
parameter space. The resulting number of iterations necessary for efficient estimation can
be given in a rather simple and closed form. Finally our results are nonasymptotic which in
this context is crucial as a clear comparison of the computational and the estimation error
for finite samples is needed for reasonable inference.

def
b k−1 )−2 `(θ k−1 ),
θ k = θ k−1 + D(θ

≤ (p∗ + ν k R0 ),

ek , η) − max L(θ ∗ , η) − kξ̆k2 /2 ≤ (p + x)1/2 (p∗ + ν k R0 ),
max L(θ

2

Our main result can be summarized as follows: Under a set of regularity conditions on
ek ) behave for large iteration number
the data and the functional L points of the sequence (θ
k ∈ N like the pME. To be more precise we show in Theorem 7 that if the initial guess
ek ) satisfies with high probability
e 0 ∈ Υ is good enough the step estimator sequence (θ
υ

Unfortunately this does not answer our two questions to full satisfaction. First the bound (4)
is rather high level and has to be checked for each model, while we seek (and find) properties
of the functional - such as smoothness and bounds on the moments of its gradient - that
lead to comparably desirable behavior. Further with (5) it remains unclear whether for
large k ∈ N the alternating sequence satisfies a Fisher expansion or whether a Wilks type
phenomenon occurs. In particular it remains open which ratio of dimension to sample size
ek → θ
e is not
ensures good performance of the procedure. Also the actual convergence of θ
addressed.
These results apply to our problem if the involved regularity criteria are met. But as
ek ) actually is the profile and
noted these results do not tell us if the limit of the sequence (θ
the statistical properties of limit points are not clear without too restrictive assumptions
on L and the data.
Another new work (Cheng, 2013) contains the analysis of a slightly altered algorithm in
a very general semiparametric asymptotic framework. Instead of alternatingly maximizing
def
the functional L a kind of gradient decent procedure for the profile likelihood pl(θ) =
maxη L(θ, η) is analyzed, i.e. they define

ek − θ ∗ − ξ̆
D̆ θ
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Convergence of an Alternating Procedure

Convergence of an Alternating Procedure

First we explain the EM algortihm. Consider data (X) ∼ Pθ for some parametric
family (Pθ , θ ∈ Θ) . Assume that a parameter θ ∈ Θ is to be estimated as maximizer
of the functional Lc (θ, X) ∈ R , but that only Y ∈ Y is observed, where Y = fY (X) is
the image of the complete data set X ∈ X under some map fY : X → Y . Prominent
examples for the map fY are projections onto subspaces of X if both Y, X are vector
spaces. The information lost under the map can be regarded as missing data or latent
variables. As a direct maximization of the functional is impossible without knowledge of X
the EM algorithm serves as a workaround. It consists of the iteration of two steps: starting
e0 the kth “Expectation step“ derives the functional Q via
with some initial guess θ
Q(θ, θ k ) = Eθk [Lc (θ, X)|Y],

which means that on the right hand side the conditional expectation is calculated under the
distribution Pθk . The kth ”Maximation step” then simply locates the maximizer θ k+1 of
Q.
Now we can present the convergence result of Wu (1983) in more detail. Wu presents
regularity conditions that ensure that L(θ k+1 |Y) ≥ L(θ k |Y) where
def

L(θ|Y) = E [Lc (θ, X)|Y = fY (X)] ,

def

such that L(θ k |Y) → L∗ for some limit value L∗ (Y) > 0 , that may depend on the starting
point θ 0 . Additionally Wu gives conditions that guarantee that the sequence θ k (possibly

def

a sequence of sets) converges to C(L∗ ) = {θ| L(θ|Y) = L∗ (Y)} . Dempster, Laird, and
Rubin (1977) show that the speed of convergence is linear in the case of point valued θ k
and of some differentiability criterion being met. A limitation of these results is that it
is not clear whether L∗ (Y) = sup L(θ|Y) and thus it is not guaranteed that C(L∗ ) is
the desired MLE and not just some local maximum. Of course this problem disappears if
L(·|Y) is unimodal and the regularity conditions are met but this assumption may be too
restrictive.
To see that the procedure (3) is a special case of the EM algorithm we have to find the
right triplet (X, fY , Lc ) . For this we take X = Z, Y with Z ∼ argmaxη L{(θ, η), Y}
(k−1)

η

under Pθ . Further we set fY (X) = Y and Lc (θ, X) = L(θ, η, Y) , where X = (η, Y) .
Then we find

e
Q(θ, θ

θ

JMLR 17(63):1-53

) = Ee(k−1) [Lc (θ, X)|Y]
θ
h 
 i
= Ee(k−1) Lc θ, argmax L{(θ (k−1) , η), Y}, Y Y
η



e(k−1) , η), Y}, Y
= Lc θ, argmax L{(θ

e (k) , Y),
= L(θ, η

and thus the resulting sequence is the same as in (3).
7
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1.2 Linear Series Estimators

m
X

k=1

ηk ek

!

.

Xm = span(e1 , . . . , em } . For each m ∈ N the sieve profile M-estimator is defined as

def

e ∈ Rp from Equation (2) cannot be
In semiparametric models the profile M estimator θ
calculated in practice if the full model is infinite dimensional. There are various ways to
circumvent this problem. Next to non parametric estimation and plugin of the nuisance
η ∈ X a prominent approach is the so called sieve technique that motivates the setting in
this work.
The sieve approach was systematically introduced by Grenander (see Grenander, 1981,
∞
Chapter 8) and consists in choosing a suitable sequence of subsets (Υm )m=1
⊂ Υ such that
for each υ ∈ Υ there exists a sequence Πm (υ) ⊂ Υm with kυ − Πm (υ)k → 0 . Furthermore
the sets Υm ⊂ Υ have to be such that supυ∈Υm L(υ) can be calculated in practice. In
the setting of semiparametric M-Estimation we assume Υ = Υθ × Υη ⊆ Rp × X with some
infinite dimensional separable Hilbert space X and countable basis {e1 , e2 , . . .} ⊂ X . We
set Υm = Υθ × Πm Υη , where Πm : X → Xm denotes the orthogonal projection onto

θ∈Rp
η∈Rm

def
em def
e m = Πθ argmax L θ,
θ
= Πθ υ

def

m
X

k=1

ηk ek

!

.

em only a finite dimensional setting
This means that for the calculation of the estimator θ
has to be considered. In our analysis we will focus on the behavior of the alternating
maximization procedure in that case.
But of course the projection onto a finite dimensional submodel induces an approximawhere
tion bias ” υ ∗ −
∗ ”
υm

def

θ∈Rp
η∈Rm

∗
∗
∗
(θ m
, ηm
) = υm
= argmax EL θ,

In (Andresen and Spokoiny, 2014) it is explained in detail how this bias can be treated.
Once the bias is controlled this leads for each m ∈ N to bounds of the kind

em − θ ∗ ) − ξ̆
˘
D̆(θ
m ≤ ♦(x) + α(m),

η∈Πm Υη

em , η) − max L(θ ∗ , η) − kξ̆ k2 ≤ p♦(x)
˘
max L(θ
+ α(m),
m

η∈Πm Υη

JMLR 17(63):1-53

∗ ”. The choice of m ∈ N then
where α(m) ≥ 0 quantifies the impact of the bias ” υ ∗ − υ m
˘
has to balance the two terms ♦(x)
and α(m) , which leads to common optimal choices
for the dimension based on the ”smoothness” of the nuisance component η ∗ ∈ X . To
ease notation we drop the ·m in the following, as the treatment of the bias can be done
separately, (see Andresen and Spokoiny, 2014).

8

e − θ ∗ ) − d˘−1 ξ̆ = oP (1),
n(θ

η

w
ξ̆ −→ N(0, d˘−1 v̆ 2 d˘−1 ),

(10)

(9)

n√

o
e − θ ∗ )k ≥ qα → 1 − α.
nk(θ

(11)

nd2 (υ) =



9

d2 (υ) a(υ)
a> (υ) h2 (υ)



= −∇2 EL(υ) ∈ R

def

For the definition of the semiparametric score ξ̆ ∈ Rp consider
p∗ ×p∗

.
JMLR 17(63):1-53

Remark 1 Note that these two matrices coincide if the functional L was the complete
loglikelihood of the observations and that then d˘2 would equal the covariance of the efficient
influence function (see Kosorok, 2005, for more details).

where Πθ is the orthogonal projection onto the θ -commponent in Rp and Π>
θ is its dual
operator. Then v̆ 2 = v̆ 2 (υ ∗ ) and d˘2 = d˘2 (υ ∗ ) .

nv̆ −2 (υ) = Πθ Cov(∇L(υ))−1 Π>
θ,

−1
def
nd˘−2 (υ) = −Πθ ∇2 EL(υ)
Π>
θ,

def

Similarly one can exploit (10).
Now we explain the definition of v̆ 2 and d˘2 . Introduce

P {θ ∗ ∈
/ E (qα )} = P

then one can use (9) to show

 √
e − θ)k ≤ qα ;
E(qα ) = θ : nk(θ

where n ∈ N denotes the sample size. The random variable ξ̆ ∈ Rp is called semiparametric
score. Below we will briefly explain its derivation along with the explanation of the matrices
v̆ 2 , d˘2 ∈ Rp×p . But before, we sketch how (9) and (10) can be used for the construction
of asymptotic confidence sets that yield statistical tests. Given the matrices v̆ 2 , d˘2 the
construction works as follows. Let qα2 > 0 be an α− level quantile of a χ2p (d˘−2 v̆ 2 d˘−2 ) distribution. Set

η

e η) − max L(θ ∗ , η) − kξ̆k2 /2 = oP (1),
max L(θ,

√

Before we present our main results we want to explain what type of results we aim at and
how they can be interpreted. Hopefully this will ease the understanding and will make some
of the apparently cumbersome notation more intelligible.
e in (2) the aim
Usually in asymptotic treatments of semiparametric M-estimators like θ
is to derive statements of the kind

1.3 Finite sample Wilks and Fisher Theorems

Convergence of an Alternating Procedure

def 1 ˘ ∗
ξ̆ = √ d(υ
)(1 − E )Πθ d−2 (υ ∗ )∇L(υ ∗ )
n

1
= √ (1 − E )d˘−1 (υ ∗ ) ∇θ L(υ ∗ ) − ah−2 (υ ∗ )∇η L(υ ∗ ) ,
n

ek − θ ∗ ) − d˘−1 ξ̆ ≤ (p∗ + ν k R0 ),
n(θ

η

(13)

(12)

10
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This Section contains the thorough presentation of our main convergence results. It involves
the introduction of various technicalities and may appear a bit cumbersome on first read.
We recommend to carefully read Section 1.3 first to ease understanding.

2. Main Results

The important achievement is that one can make approximate confidence statements for
the estimators of the alternating procedure and this even in the finite sample case, without
ignoring ”hopefully small enough” terms. As remarked above such approximate quantiles
could be attained via an plug-in-estimation of d˘−2 v̆ 2 d˘−2 combined with a Gaussian approximation or a bootstrap.

n
o
α + δ + Ce−x ≤ P θ ∗ ∈ E(qα + (p∗ + ν k R0 ) ,
n
o
P θ ∗ ∈ E(qα − (p∗ + ν k R0 ) ≤ α − δ − Ce−x .

then with some generic constant C > 0 (see Andresen and Spokoiny, 2014, Remark 2.13)

P(kξ̆k ≤ qα ) ∈ (α − δ, α + δ),

with some small value  > 0 as in (7) and (8). Note that for vanishing right hand sides
these equations imply (9) and (10) when n tends to infty. Using the scheme in (11) the
bounds (12) and (13) allow the construction of (conservative) finite sample ”confidence
sets”. Assume that (approximate) quantiles qα for kξ̆k are available, i.e. that with some
small  > 0 and any α ∈ [0, 1]

η

ek , η) − max L(θ ∗ , η) − kξ̆k2 /2 = (p + x)1/2 (p∗ + ν k R0 ),
max L(θ

√

This random variable is related to the efficient influence function in semiparametric estimation and it plays the role that the usual score ∇L(υ ∗ ) plays in the setting of parametric
M-estimation.
ek instead of θ
e but with finite sample bounds for
In this work we derive (9) and (10) for θ
the terms on the right-hand sides of (9) and (10). To be more precise we derive statements
of the following kind. With probability greater than 1 − Ce−x

Then
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2.1 Conditions

Convergence of an Alternating Procedure

This section collects the conditions imposed on the model. We use the same set of assumptions as Andresen and Spokoiny (2014) and this section closely follows Section 2.1 of that
paper.
Let the full dimension of the paramter space be finite, i.e. p∗ < ∞ . Our conditions
∗
∗
involve the symmetric positive definite information matrix D02 ∈ Rp ×p and a central point
∗
υ ∗ ∈ Rp . To ease presentation in this paper we identify υ ∗ with the “true point” from
(1) and define
def

D02 = −∇2 EL(υ ∗ ),


D02 A0
A0> H02


.

where we assume, that the second derivative exists. In the context of semiparametric
estimation, it is convenient to represent the information matrix in block form:
D02 =

√

ν.

(14)

First we state an identifiability condition, which basically imposes that D2 is positive
definite. Note that in this work k · k allways denotes the spectral norm when its argument
is a matrix.
(I) It holds for some ν < 1
kH0−1 A0> D0−1 k ≤


υ = (θ, η) ∈ Υ : kD0 (υ − υ ∗ )k ≤ r .

2

D̆0 = D02 − A0 H−2 A0> ,

2 def

The condition (I) allows to introduce the important p × p efficient information matrix
2
D̆0 which is defined as the inverse of the θ -block of the inverse of the full dimensional
matrix D02 . The exact formula is given by

def

Υ◦ (r) =

(15)

and (I) ensures that the matrix D̆0 is positive definite such that D̆ is well defined. At
the same time ν < 1 ensures that the alternating sequence actually converges. As can be
seen in Theorem 7 the speed of convergence is linear in ν .
∗
Using the matrix D02 and the central point υ ∗ ∈ Rp , we define the local set Υ◦ (r) ⊂
∗
Υ ⊆ Rp with some r ≥ 0 :

2.1.1 Smoothness

Usually in the context of regular M-estimation one assumes local quadraticity, i.e. that
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1
pl(θ) = ∇pl(θ ∗ )(θ − θ ∗ ) + (θ ∗ − θ ∗ )⊥ ∇2 pl(θ ∗ )(θ ∗ − θ ∗ ) + oP (1),
2
11
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for θ ∈ Rp close enough to θ ∗ . The functional pl(·) in this context denotes the profilefunctional and is defined as

def

η

pl(θ) = max L(θ, η),

see for instance (Cheng, 2013).
In our setting we need a precise bound for the accuracy of a quadratic approximation of the expected profile functional Epl . We want to bound the error of a local linear
˘ θ EL(υ) which is defined as
approximation of the projected gradient ∇

˘ θ = ∇θ − A0 H−2 ∇η .
∇
0

Instead of local quadraticity of the profile functional we impose that for (θ, η) = υ ∈ Υ◦ (r)
- with the local set Υ◦ (r) defined in (15) - with some small ˘ > 0


∗
˘
˘
∇EL(υ)
− ∇EL(υ
) − D̆(θ − θ ∗ ) ≤ ˘r2 .

−1

D̆

The following condition serves a less high level way of checking that such an approximation
holds (see Andresen and Spokoiny, 2014, Lemma B.1)

(L̆0 ) For each r ≤ r0 , there is a constant ˘ > 0 such that it holds on the set Υ◦ (r) :

kD−1 D2 (υ)D−1 − Ip k ≤ ˘r, kD−1 (A(υ) − A)H−1 k ≤ ˘r,

≤ ˘r.

D−1 AH−1 Im − H−1 H2 (υ)H−1

∗

If EL is three times continuously differentiable one obtains ˘ ≤ CkD−1 k . In i.i.d.
√
models one usually has kD−1 k = O(1/ n) .

def

Remark 2 Here and in what follows we implicitly assume that the function L(υ) : Rp →
∗
∗
R is sufficiently smooth in υ ∈ Rp , ∇L(υ) ∈ Rp stands for the gradient and ∇2 EL(υ) ∈
∗
∗
∗
∗
Rp ×p for the Hessian of the expectation EL : Rp → R at υ ∈ Rp . By smooth enough
we mean that we can interchange ∇EL = E∇L on Υ◦ (R0 ) , where Υ◦ (r) is defined in

(15) and R0 > 0 in (19). It is worth mentioning that D02 = V02 = Cov(∇L(υ ∗ )) if the
model Y ∼ Pυ∗ ∈ (Pυ ) is correctly specified and sufficiently regular; see e.g. (Ibragimov
and Khas’minskij, 1981).
2.1.2 Complexity

The usual approach to gain asymptotic control on profile M-estimators would be to assume
that the class

˘
{∇L(υ),
υ ∈ Υ◦ (r)},
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is P -Donsker (see Cheng, 2013).
ek , η
e k )k∈N and to obtain finite sample results we
To pin down the estimator sequence (θ
use a more specific approach, which is based on a new finite sample approach (Spokoiny,

12

˘ θ ζ(υ) − ∇
˘ θ ζ(υ + t(υ 0 − υ)) .
∇

−1 


def
˘ θ ζ(υ ∗ )).
V20 = Cov ∇L(υ ∗ ) , V̆ 2 = Cov(∇

13

˘ θ ζ(υ ∗ ) :
We impose subexponential moments on V̆ −1 ∇

JMLR 17(63):1-53

−1
∗ )k .
˘
We need another condition that allows to control the deviation behavior of kD̆ ∇ζ(υ
∗ ×p∗
2
p
2
To present this condition define the covariance matrix V0 ∈ R
and V̆ ∈ Rp×p

2.1.3 Moments

Then (ĔD1 ) is met with ˘ ≤ kD−1 k , if - uniformly in γ - for any pair υ, υ 0 ∈ Υ◦ (r) the
corresponding function ψγ : [0, 1] → R is Lipshitz continuous and the Lipshitz constant a
subexponential random variable.

ψγ (t) = γ > D̆

def

To convey more intuition consider for some pair υ, υ 0 ∈ Υ◦ (r) the function

(ĔD1 ) For all 0 < r < r0 , there exists a constant ˘ ≤ 1/2 such that for all |µ| ≤ ğ and
υ, υ 0 ∈ Υ◦ (r)
(
)
−1 
˘ θ ζ(υ) − ∇
˘ θ ζ(υ 0 )
γ > D̆
∇
ν̆ 2 µ2
sup
sup log E exp µ
≤ 1 .
0
˘kD(υ − υ )k
2
υ,υ 0 ∈Υ◦ (r) kγk≤1

ζ(υ) = L(υ) − EL(υ) . It reads:

def

is uniformly subexponential for υ, υ 0 ∈ Υ◦ (r) , with the stochastic component defined as

1
−1 
˘ θ ζ(υ) − ∇
˘ θ ζ(υ 0 ) ∈ Rp ,
D̆
∇
˘kD(υ − υ 0 )k

Obviously this is a strong condition. As it turns out in many situations it is sufficient to
assume subexponentiality, which simply relaxes subgaussianity to demanding that (16) is
met for any |µ| ≤ g with some g > 0 . In this way many distributions that would be
excluded by assuming subgaussianity can still be treated.
Our next condition combines subexponentiality with a smoothness constraint on the
˘
stochastic component of ∇L(υ)
. It assumes that - with some ˘ > 0 - the random vector

kγk≤1

2012; Andresen and Spokoiny, 2014). First note that we assume that - as far as the
alternating procedure is concerned - the model is finite dimensional, which means that
∗
Υ◦ (r) ⊂ Υ ⊂ Rp in (15) is automatically compact for finite radius r > 0 . If we can ensure
˘
the right smoothness and moment conditions on ∇L(υ)
, we automatically obtain that the
above class is P -Donsker. But using the new techniques (Spokoiny, 2012; Andresen and
Spokoiny, 2014) we manage to obtain slightly stronger bounds that are useful in a finite
sample setting.
To understand the next condition consider first the definition of a subgaussian random
vector. A random vector X ∈ Rp is called subgaussian, if for any µ ∈ R and some ν > 0
n
o
sup log E exp µγ > X ≤ ν 2 µ2 /2.
(16)

Convergence of an Alternating Procedure

sup

sup log E exp

)

µ γ > D−1
∇ζ(υ) − ∇ζ(υ 0 )
ν 2 µ2
0
≤ 1 .
 kD0 (υ − υ 0 )k
2

sup

sup

sup log E exp

)

−1 ∇2 ζ(υ) − ∇2 ζ(υ 0 ) γ
µ γ>
ν 2 µ2
2
1D
≤ 2 .
2 kD(υ − υ 0 )k
2

14
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Finally we present two conditions that allow to ensure that with a high probability the
e 0 lands close to υ ∗ . These
sequence (υ k,k(+1) ) stays close to υ ∗ if the initial guess υ
∗
conditions have to be satisfied on the whole set Υ ⊆ Rp .
The first condition imposes that EL(υ) decreases nearly quadratically as the distance
of υ to υ ∗ grows.

2.1.5 Quadratic Drift Beats Linear Fluctuation

υ,υ 0 ∈Υ◦ (r) kγ 1 k=1 kγ 2 k=1

(

(ED2 ) There exists a constant 2 ≤ 1/2 , such that for all |µ| ≤ g and all 0 < r < r0

It is important to note, that the constants ˘, ν̆ and , ν in the respective weak and
strong version can differ substantially and may depend on the full dimension p∗ ∈ N in less
or more severe ways ( AH−2 ∇η L might be quite smooth while ∇η L could be less regular).
For the convergence statement in Theorem 14 we additionally need the following condition, that controls the moments and the smoothness of the process ∇2 (L − EL) :

o ν 2 µ2
n
∗
0
sup log E exp µγ > V−1
.
0 ∇ζ(υ ) ≤
2
kγk≤1

(ED) There exist constants ν0 > 0 and g > 0 such that for all |µ| ≤ g

υ,υ 0 ∈Υ◦ (r) kγk=1

(

(ED1 ) There exists a constant  ≤ 1/2 , such that for all |µ| ≤ g and all 0 < r < r0

 2
D−1
∇ EL(υ) D−1
0
0 − Ip∗ ≤ r.

(L0 ) For each r ≤ r0 , there is a constant  > 0 such that it holds on the set Υ◦ (r) :

ek on local
So far we only presented conditions that allow to treat the properties of θ
sets Υ◦ (rk ) , for some sequence (rk )k∈N . To show that that the sequence of estimators
(υ k )k∈N satisfies υ k ∈ Υ◦ (rk ) for an appropriately decreasing sequence (rk )k∈N the following, stronger conditions are employed, which can be interpreted just as the previous
ones.

2.1.4 Conditions for the Full Model

n
o
2 2
˘ θ ζ(υ ∗ ) ≤ ν̆0 µ .
sup log E exp µγ > V̆ −1 ∇
2
kγk≤1

(ĔD) There exist constants ν0 > 0 and ğ > 0 such that for all |µ| ≤ ğ

Andresen and Spokoiny
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(Lr) For any r > r0 there exists a value b > 0 , such that
E [L(υ) − L(υ ∗ )] ≤ bkD0 (υ − υ ∗ )k2 .
The next condition bounds moments of the full gradient ∇L(υ) - again via subexponentiality.

sup

(Er) For any r ≥ r0 there exists a constant g(r) > 0 such that
sup

n
o
2 µ2
ν
sup log E exp µγ > D−1 ∇ζ(υ) ≤ r .
2

υ∈Υ◦ (r) µ≤g(r) kγk≤1

6νr √
x
b

p
3ν 2
x + 4p∗ ≤ r g(r).
b

+ 4p∗

We impose one further merely technical condition:
(B1 ) We assume for all r ≥
1+

Remark 3 Without this the calculation of R0 (x) in Section 4.3 would become technically
more involved, without that further insight would be gained.
Remark 4 The condition (Er) can be substantially relaxed to b = b(r) > 0 that decreases
to 0 as r → ∞ . We avoid the resulting technicalities and refer the reader to the original
publication for the non constant case (see Spokoiny, 2012, Theorem 4.1).
2.2 Dependence on Initial Guess
Our main theorem is only valid under the conditions from Section 2.1 and under some
∗
e 0 ∈ Rp which we denote by (A1 ) , (A2 )
constraints on the quality of the initial guess υ
and (A3 ) :

(A1 ) With probability greater 1 − β the initial guess satisfies L(e
υ 0 ) − L(υ ∗ ) ≥ −K0 for
some K0 ≥ 0 .
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(18)

(17)

(A2 ) The conditions (ĔD1 ) , (L̆0 ) , (ED1 ) and (L0 ) from Section 2.1 hold for all r ≤
R0 (x) where R0 (x) can be bounded with (see (19))
p
R0 (x) ≤ C x + p∗ + K0 .

√
√
16 2(1 + ν)
√ ,
(1 − ν)(1 − ν)

C(ν)R0 < 1,

(A3 ) K0 ∈ R and  > 0 are small enough to ensure

with
def

C(ν) =
where ν > 0 is defined in (14).

15
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Condition (A1 ) allows to concentrate the analysis on a local set {kD(υ − υ ∗ )k ≤
R0 (x)} ⊂ Υ with dominating probability (see Theorem 28). Conditions (A2 ) and (A3 )
ensure that this neighborhood is small enough to imply convergence of the procedure. They
impose
a bound on R0 (x) and thus on K0 from (A1 ) . These conditions boil down to
√
 K0 being significantly smaller than 1, which is a quantification of the quality of the first
guess. There are numerous ways to initiate the procedure. In Section 3 we use a grid search
and show that for a sufficiently fine grid these conditions can be met in the treated model.

6νr
b(1 − ν)

s

b2
K0 ,
9νr2

p
x + p∗ )2 ,

x + 2.4p∗ +

(19)

Remark 5 One way of obtaining condition (A1 ) is to show that kD(e
υ − υ ∗ )k ≤ R with
probability greater 1 − β for some finite R ∈ R and 0 ≤ β(R) < 1 . Then one can use with some constant C > 0 -

K0 ≤ (1/2 + (1 + 12ν0 ))(R + C
as we show in Lemma 31.

def

p
z(x) ≈ C p∗ + x,

R0 (x) = z(x) ∨

Remark 6 The precise definition of R0 (x) > 0 reads

with the term

which is defined in (30).

2.3 Introduction of Important Objects

D2 A
A > H2

(20)

In this section we collect the most important objects and bounds that are relevant for
Theorem 7. Remember the p∗ × p∗ information matrix D2 from Section 2.1, which is
defined similarly to the Fisher information matrix:


.
def

D2 = −∇2 EL(υ ∗ ) =

A crucial object is the constant 0 ≤ ν defined by

def

kD−1 AH−1 k2 = ν,

˘ θ L(υ ∗ ),
∇

˘ θ L = ∇θ L − AH−2 ∇η L.
∇

JMLR 17(63):1-53

which we assume with condition (I) to be smaller 1. It determines the speed of convergence
of the alternating procedure (see Theorem 7 ).
˘ θ and ξ̆ as
Further introduce the p × p matrix D̆ and the p -vectors ∇
2

−1

D̆ = D2 − AH−2 A> ,
ξ̆ = D̆

16

η

rk ≤ C

p

p∗ + x + ν k R0 ,

(23)

(22)

 p

˘ Q (rk , x) ≈ ♦
˘ Q C p∗ + x, x .
♦

17
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Remark 9 Concerning the properties of ξ̆ ∈ Rp we repeat remark 2.1 of (Andresen and
Spokoiny, 2014). In case of correct model specification the deviation properties of the
−1
˘ θ k2 are essentially the same as those of a chi-square random
quadratic form kξ̆k2 = kD̆ ∇
variable with p degrees of freedom; see Theorem 39 in the appendix. In the case of a possible

ek that
Remark 8 Note that with linear convergence speed this leads to statements about θ
e.
are very similar to those in (Andresen and Spokoiny, 2014) for the profile M estimator θ

we have

log(p∗ + x) − log{R0 }
k≥
,
log(ν)

with a constant C that depends on ν < 1 and 1 − C(ν)R0 > 0 . In particular this means
that if

where

η


˘ Q (rk , x),
ek − θ ∗ − ξ̆ ≤ ♦
D̆ θ


˘ Q (rk , x) ♦
ek , η) − max L(θ ∗ , η) − kξ̆k2 /2 ≤ 5 kξ̆k + ♦
˘ Q (rk , x),
max L(θ

Theorem 7 Assume that the conditions (Lr ) , (Er) and (B1 ) of Section 2.1 are met.
Further assume (A1 ) , (A2 ) and (A3 ) of Section 2.2. Then it holds with probability greater
1 − 8e−x − β for all k ∈ N

In this Section we present our main theorem in full rigor, i.e. that the limit of the alternating
sequence satisfies a finite sample Wilks Theorem and Fisher expansion.

2.4 Statistical Properties of the Alternating Sequence

This object is central for our analysis as it describes the accuracy of our main results. It is
√
small if ˘(r2 + x + p∗ ) is small, since zQ (x, p∗ ) ≈ p∗ + x (see its definition in Equation
(42)).

model misspecification the behavior of the quadratic form kξ̆k2 will depend on the charac˘ def
teristics of the matrix IB
= Cov(ξ̆) ; see again Theorem 39. Moreover, in the asymptotic
setup the vector ξ̆ is asymptotically standard normal; see Section 2.2. of (Andresen and
Spokoiny, 2014) for the i.i.d. case.

The random variable ξ̆ ∈ Rp is related to the efficient influence function in semiparametric
2
models. If the model is regular and correctly specified D̆ is the covariance of the efficient
influence function and its inverse the semiparametric Cramer-Rao lower bound for regular
estimators.
We define the semiparametric uniform spread


16
2
∗
2
˘ Q (r, x) def
(1 + 6ν̆12 ).
(21)
♦
= ˘
r
+
z
(x,
2p
+
2p)
Q
(1 − ν 2 )2

θ∈Rp

def

η∈Rm

def

18
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Corollary 13 is a first step in the direction of an actual convergence result but the gap
˘ Q (rk , x) + ♦
˘ Q (r0 , x) is not a zero sequence in k ∈ N . It turns out that it is possible to
♦

e−θ
ek )k ≤ ♦
˘ Q (rk , x) + ♦
˘ Q (r0 , x).
kD̆(θ

Corollary 13 Under the assumptions of Theorem 7 it holds with probability greater 1 −
8e−x − β

Without further assumptions Theorem 7 yields the following Corollary:

Remark 12 This radius can be determined using conditions (Lr ) and (Er) of Section 2.1
√
and Theorem 28 which would yield r0 (x) = O( x + p∗ ) .

υ∈Υ
Πθ υ=θ ∗

e θ∗ = argmax L(υ).
υ

Even though Theorem 7 tells us that the statistical properties of the alternating sequence
e - it is an interesting question if the underresemble those of its target - the profile ME θ
lying approach allows to qualify conditions under which the sequence actually attains the
e.
maximizer υ
e θ∗ ∈
Define the radius r0 (x) > 0 to be the smallest radius r > 0 such that P(e
υ, υ
Υ◦ (r0 )) ≥ 1 − e−x , where

2.5 Convergence to the ME

Then we can easily modify the proof of Theorem 7 via adding C(ν)τ to the error terms and
the radii rk , where C(ν) is some rational function of ν .

def

kH(b
η (θ) − η(θ))k ≤ τ, for all θ ∈ Υ◦,θ (R0 ) = {υ ∈ Υ◦ (R0 ), Πθ υ = θ}.

def

b
kD(θ(η)
− θ(η))k ≤ τ, for all η ∈ Υ◦,η (R0 ) = {υ ∈ Υ◦ (R0 ), Πη υ = η},

b
is not possible. Define θ(η)
and ηb(θ) as the numerical approximations to θ(η) and η(θ)
and assume that - with the local set Υ◦ (r) defined in (15) -

θ(η) = argmax L(θ, η), or η(θ) = argmax L(θ, η),

def

Remark 11 In general an exact numerical computation of

Remark 10 These results allow to derive some important corollaries like concentration
and confidence sets (see Section 1.3).

Andresen and Spokoiny

Convergence of an Alternating Procedure

Convergence of an Alternating Procedure

Remark 18 It may happen that κ(x, R0 )/(1 − ν) is very close to or even larger than 1 .
But a close look at the proof of Theorem 14 reveals that this can be improved using Lemma
33. For this purpose bound rk∗ ≤ C∗ (z(x) + ν k R0 ) with rk∗ defined in (33) and with some
√
constant C∗ > 0 . Then the result of Theorem 14 is true with κ(x, C∗ p∗ + x) instead of
κ(x, R0 ) and with probability greater 1 − 10e−x . See Remark 38 for more details.

Andresen and Spokoiny

x + p∗ , see (46). With these definitions we can prove the following

\

k∈N

e )k ≤ rk∗
kD(υ k,k(+1) − υ

ck R0 ,

≥ 1 − 3e−x − β,

κ(x, R0 )k ≤ 1,
otherwise,

Ai k ≤ τ.

20

i = 1, ..., n,
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for some f : R → R and θ ∗ ∈ S1p,+ ⊂ Rp and with i.i.d errors εi ∈ R , Var(εi ) = σ 2 and
i.i.d random variables X i ∈ Rp with distribution denoted by PX . The single-index model
is widely applied in statistics. For example in econometric studies it serves as a compromise
between too restrictive parametric models and flexible but hardly estimable purely nonparametric models. Usually the statistical inference focuses on estimating the index vector
θ ∗ . A lot of research has already been done in this field. For instance, (Delecroix. et al.,
1997) show the asymptotic efficiency of the general semiparametric maximum-functional
estimator for particular examples and in (Haerdle et al., 1993) the right choice of band-

yi = f (X i> θ ∗ ) + εi ,

We illustrate how the results of Theorem 7 and Theorem 14 can be applied in Single Index
modeling. This section is based on (Andresen, 2015). See that paper for a more detailed
presentation.
Consider the following model

3. Application to Single Index Model

We want to address the issue of critical parameter dimensions when the full dimension
p∗ grows with the sample size n . We write p∗ = pn . The results of Theorem 7 are
˘ Q (rk , x) from (21) is small. The critical size of pn then
accurate if the spread function ♦
√
depends on the exact bounds on , ˘ . In the i.i.d setting we have   ˘  1/ n such
˘ k , x)  pn /√n for large k ∈ N . In other words, one needs that “ pn 2 /n is small”
that ♦(r
to obtain an accurate non-asymptotic version of the Wilks phenomenon and the Fisher
Theorem for the limit of the alternating sequence. This is not surprising because good
performance of the ME itself can only be guaranteed if “ pn 2 /n is small”, as is shown by
Andresen and Spokoiny (2014). There are examples where the pME only satisfies a Wilks- or
Fisher result if “ pn 2 /n is small”, such that in any of those settings the alternating sequence
started in the global maximizer does not admit an accurate Wilks- or Fisher expansion.
Interesting enough the constrain κ(x, R0 ) < (1 − ν) of Theorem 14 for the convergence
of the sequence to the global maximizer means that one needs pn /n  1 in the smooth
√
i.i.d. setting if R0 ≤ CR0 pn + x . Further Theorem 14 states a lower bound for the speed
of convergence that in the smooth i.i.d. setting decreases if pn /n grows. Unfortunately
we were unable to find an example that meets the conditions of Section 2.1 and where
no convergence occurs if pn /n tends to infinity. So whether this dimension effect on the
convergence is an artifact of our proofs or indeed a property of the alternating procedure
remains an open question.

2.6 Critical Dimension

prove convergence to the ME at the cost of assuming more smoothness of the functional L
and using the right bound for the maximal eigenvalue of the Hessian ∇2 L(υ ∗ ) .
Define z2 (x, ∇2 L(υ ∗ )) via


P kD−1 ∇2 L(υ ∗ )k ≥ z2 x, ∇2 L(υ ∗ ) ≤ e−x ,

√

and κ(x, R0 ) as
√

√ 

2 2(1 + ν)
√
R0 + 92 ν2 kD−1 kz1 (x, 6p∗ )R0 + kD−1 kz2 x, ∇2 L(υ ∗ ) ,
1−ν

def

κ(x, R0 ) =

where z1 (x, ·) ≈
Theorem:

P

1−ν
κ(x,R0 )


√
ν k 4 2 R0 ,
1−κ(x,R
0 )k

k
log
ν log(k)

(24)

Theorem 14 Let the conditions (Lr ) , (Er) and (B1 ) be met. Further suppose (A1 ) and
(A2 ) , with (ED2 ) instead of (ED1 ) . Assume that κ(x, R0 ) < (1 − ν) . Then
!
where
rk∗ ≤
with some sequence (ck ) ∈ N , where 0 < ck → 2 .
Remark 15 This means that we obtain nearly linear convergence to the global maximizer
e.
υ

∗ ×p∗

n
X
i=1
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Remark 16 As in Remark 11 if no exact numerical computation of the stepwise maximizers is possible we can easily modify the proof of Theorem 14 via adding C(ν)τ to κ(x, R0 )
to address that case.
Pn
Remark 17 For the case that L(υ) =
i=1 `i (υ) with a sum of independent marginal
functionals `i : Υ → R we can use Corollary 3.7 of (Tropp, 2012) to obtain
p
 √
z2 x, ∇2 L(υ ∗ ) = 2τ ν x + log(p∗ ),

if for some sequence of matrices (Ai ) ⊂ Rp

log E exp λ∇2 `i (υ ∗ )  ν 2 λ2 /2Ai , k

C
κ(x, R0 ) ≤ √ (x + R0 + log(p∗ )),
n

In the case of smooth i.i.d models this means that

if p∗ + x = o(n) .
19

m

k=0

n

i=1

X
2
1X
Lm (θ, η) = −
yi −
η k ek (X >
i θ) ,
2

(θ,η)∈Υ
θ∈GN

i=1

def

(26)

(25)

21
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(CondX ) The random variables (X i )i=1,...,n ⊂ Rp are i.i.d and bounded with distribution
denoted by PX and independent of (εi )i=1,...,n ⊂ R .
The measure PX is absolutely continuous with respect to the Lebesgue measure. The

Define the mesh size of the grid τ = supθ,θ◦ ∈GN kθ − θ ◦ k .
To apply the result presented in Theorem 7 and Theorem 14 we need a list of assumptions
denoted by (A) .

k=1,...,N

i=1

Now observe that

e 0 = argmax L(θ k , η
e 0,k ).
υ

Rm .

!−1
n
n
1X
1X > >
m
ee (X i θ k )
yi e> (X >
i θk ) ∈ R ,
n
n

where by abuse of notation e = (e1 , . . . , em ) ∈

e 0,k = argmax L(θ k , η) =
η

def

Note that given the grid the above maximizer is easily obtained. Simply calculate

e 0 = argmax L(υ).
υ

def

and where Υm = S1p,+ × Rm . Again we will suppress the sub index ·m in the following.
e becomes involved, as the maximization problem
In this setting a direct computation of υ
is high dimensional and not convex. But as noted in the introduction the maximization with
respect to η for given θ is high dimensional but convex and consequently feasible. Further
for moderate p ∈ N the maximization with respect to θ for fixed η is computationally
realistic. So an alternating maximization procedure is applicable. To show that it behaves
in a desired way we apply the technique presented above.
e 0 ∈ Υ one can use a simple grid search. For this take a uniform
For the initial guess υ
def
grid GN = (θ 1 , . . . , θ N ) ⊂ S1+ and define

where

(θ,η)∈Υm

em def
= Πθ argmax Lm (θ, η),
θ

width for the nonparametric estimation of the link function is analyzed. We want to use
this model to illustrate our theoretical results.
def
To ensure identifiability of θ ∗ ∈ Rp we assume that it lies in the half sphere S1p,+ = {θ ∈
p
p
R : kθk = 1, θ1 > 0} ⊂ R . For simplicity we assume that the support of the X i ∈ Rp is
contained in the ball of radius s > 0 . This allows to approximate f ∈ {f : [−s, s] 7→ R}
by an orthonormal C 3 -Daubechies-wavelet basis (ek )k∈N on the interval.
A candidate to estimate θ ∗ is the sieve profile ME

Convergence of an Alternating Procedure

∞

< ∞ and

kf 00 k
∞

ηk∗ ek ,

< ∞}

k=0

∞
X

k 2α ηk∗ 2 < ∞.

< ∞ and where with some α > 2

k=1

∞
X

2
k=1 uk

P∞

22

∗ + x)3/2
˘ Q (r, x) ≤ C(p √
(r2 + p∗ + x).
♦
n
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Proposition 21 Let τ = o(p∗−3/2 ) and p∗5 /n → 0 . With initial guess given by Equation
(25) and for not too large x > 0 the alternating sequence satisfies (22) and (23) with
probability greater 1 − 9 exp{−x} and where with some constant C ∈ R

such that the problem would no longer be identifiable. Also |f 0 (t)| > 0 on some interval is
necessary for identifyability of θ ∗ .

def

◦
f (X > (αθ ∗ + βθ ◦ )) = f (αX > θ ∗ + βa(X > θ ∗ )) = fα,β
(X > θ ∗ ),


Remark 20 Var X > θ ◦ X > θ ∗ = 0 would mean that X > θ ◦ = a(X > θ ∗ ) for some measurable function a : R → R . But then we would have for any (α, β) ∈ R2 with α2 + β 2 = 1
that

Remark 19 Note that our assumptions in terms of moments and smoothness are quite
common in this model. For instance (Haerdle et al., 1993) assume that the density pX of
the regressors (X i ) is twice continuously differentiable, that f has two bounded derivatives
and that the errors (εi ) are centered with bounded polynomial moments of arbitrary degree.

log E[exp {µε1 }] ≤ νe2 µ2 /2.

(Condε ) The errors (εi ) ∈ R are i.i.d. with E[εi ] = 0 , Cov(εi ) = σ 2 and satisfy for all
|µ| ≤ ge for some ge > 0 and some νe > 0

|f 0 (t)| > 0.

On some interval [t0 − h, t0 + h] ⊆ [−s + s] with h > 0 it holds true that

where

kf 0 k

f=

(Condf ) For some η ∗ ∈ Br◦ (0) ⊂ l2 = {(uk )k∈N :

def



Var X > θ X > θ ∗ > 0.

Lebesgue density pX of PX is Lipschitz continuous and positive on Bs (0) ⊂ Rp .
For any pair θ ∈ S1+,p with θ ⊥ θ ∗ we have almost surely

Andresen and Spokoiny
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√
√
τ xp∗3/2 /n1/4 ) + O(p∗2 / n) → 0,

Proposition 22 Take the initial guess given by Equation (25). Assume (A) . Further
assume that p∗4 /n → 0 and τ = o(p∗−3/2 ) . Then we get the claim of Theorem 14 with
β = e−x and
κ(x, R0 ) = O(τ p∗3/2 +
for moderate choice of x > 0 .
Remark 23 The constraint τ = o(p∗−3/2 ) implies that for the calculation of the initial
e 0,l of (26) and the functional L(·) have to be evaluated N = p∗3(p−1)/2
guess the vector η
times.
For details and proofs see (Andresen, 2015).

4. Proof of Theorem 7
In this section we present the proof of Theorem 7. As the proof is quite technical and
complex we want to first explain the basic ideas of the proof. In a second section we will
outline more clearly the steps of the proof. Finally we carry out each of these steps which
combine to yield the proof.
4.1 Idea of the Proof

D2 A
A> H2

To ease the understanding of what follows in the subsequent sections we want to illustrate
the central ideas with a simple model. Consider for some positive definite matrix D ∈
∗
∗
∗
Rp ×p and some vector υ ∗ = (θ ∗ , η ∗ ) ∈ Rp+m = Rp the model


∗
∗
∈ Rp ×p .
∗

Y = υ ∗ + ε ∈ Rp , where ε ∼ N (0, D−2 ), D2 =

Set L to be the true log likelihood of the observations, i.e.
L(υ, Y) = −kD(υ − Y)k2 /2.

Dεθ

+ D−1

A(e
ηk

− η ∗ ),

e 0 ∈ Rp+m we obtain from (3) for k ∈ N and the usual
With any starting initial guess υ
first order criterion of maximality the following two equations
e − θ∗ ) =

D(θ k

ek − θ ∗ ).
H(e
η k+1 − η ∗ ) = Hεη + H−1 A> (θ

def

Combining these two equations we derive, assuming kD−1 AH−2 A> D−1 k = kM 0 k = ν < 1
k
X

l=1

e0 − θ ∗ )
M 0k−l D−1 (D2 εθ − Aεη ) + M 0k D(θ

JMLR 17(63):1-53

ek − θ ∗ ) = D−1 (D2 εθ − Aεη ) + D−1 AH−1 A> D−1 D(θ
ek−1 − θ ∗ )
D(θ
=

def
b − θ ∗ ).
→ X = D(θ

23
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b is independent of the initial point υ
e is a
e 0 and because the profile θ
Because the limit θ
b=θ
e . This argument is based on the
fix-point of the procedure the unique limit satisfies θ
fact that in this setting the functional is quadratic such that the gradient satisfies

∇L(υ) = Dυ2 ∗ (υ − υ ∗ ) + Dυ2 ∗ ε.

{e
υ k,k(+1) , k ∈ N0 } ⊂ {kD(υ − υ ∗ )k ≤ R0 (x)},

(27)

Any smooth function is quadratic around its maximizer which motivates a local linear approximation of the gradient of the functional L to derive our results with similar arguments.
This is done in the proof of Theorem 7 .
First it is ensured that the whole sequence (e
υ k,k(+1) )k∈N0 satisfies for some R0 (x) > 0
and with probability greater that 1 − e−x

def

(28)

where D2 = −∇2 EL(υ ∗ ) (see Theorem 28). In the second step we approximate with
ζ = L − EL

L(υ) − L(υ ∗ ) = ∇ζ(υ ∗ )(υ − υ ∗ ) − kD(υ − υ ∗ )k2 /2 + α(υ, υ ∗ ),

l=0

k
X


ν l kD−1 ∇ζ(υ ∗ )k + |α(υ l,l , υ ∗ )|

where α(υ, υ ∗ ) is defined by (28). Similar to the toy case above this allows using the first
order criterion of maximality and (27) to obtain a bound of the kind
kD(υ k,k − υ ∗ )k ≤ C


def
≤ C1 kD−1 ∇ζ(υ ∗ )k + (R0 ) + ν k R0 = rk .

This is done in Lemma 32 using results from (Andresen and Spokoiny, 2014) to show
that (R0 ) is small. Finally the same arguments as in (Andresen and Spokoiny, 2014)
e k,k ∈
allow to obtain our main result using that with high probability for all k ∈ N0 υ
{kD(υ − υ ∗ )k ≤ rk } . For the convergence result similar arguments are used. The only
difference is that instead of (28) we use the approximation

e )k2 /2 + α0 (υ, υ
e ),
L(υ) − L(e
υ ) = −kD(υ − υ

exploiting that ∇L(e
υ ) ≡ 0 , which allows to obtain actual convergence to the ME.
4.2 A Desirable Set

JMLR 17(63):1-53

In this section we will explain the agenda of the proof. The first step of the proof is to
find a desirable set Ω(x) ⊂ Ω of high probability, on which a linear approximation of the
gradient of the functional L(υ) can be carried out with sufficient accuracy. Once this set
is found all subsequent analysis concerns events in Ω(x) ⊂ Ω .

24



sup

υ∈Υ◦ (r)



1
kY̆(υ)k − 2r2
6˘
ν̆1



≤ zQ (x, 2p∗ + 2p)2

e θ∗ ∈ Υ◦ (r0 (x))}.
∩{e
υ, υ



∩ max{kD−1 ∇Lk, kD−1 ∇θ Lk, kH−1 ∇η Lk} ≤ z(x)

r≤4R0 (x)

\

r≤R0 (x)



(Ck,k ∩ Ck,k+1 ) ∩ C(∇) ∩ {L(e
υ 0 ) − L(υ ∗ ) ≥ −K0 }, where

k=0

K
\

n
ek − θ ∗ )k ≤ R0 (x),
Ck,k(+1) = kD(e
υ k,k(+1) − υ ∗ )k ≤ R0 (x), kD(θ
o
kH(e
η k(+1) − η ∗ )k ≤ R0 (x) ,



\ 
1
sup
kY(υ)k − 2r2 ≤ zQ (x, 4p∗ )2
C(∇) =
υ∈Υ◦ (r) 6ν1

Ω(x) =

(29)

For this purpose define - with the local set Υ◦ (r) defined in (15) - for some K ∈ N the

υ∈Υ
Πθ υ=θ ∗

∗ ×p∗

V2 = Cov(∇L(υ ∗ )).

def

denotes the covariance matrix from Section 2.1

p
p∗ + x,

(30)

25
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Remark 24 z(x, ·) is explained in more detail in Section A and zQ (x, ·) is defined in
Equation (42). The constant z(x, IB) is comparable to the ” 1 − e−x ”-quantile of the norm

where V2 ∈ Rp

z(x) = z(x, D−1 V2 D−1 ) ∨ zQ (x, 4p∗ ) ≈

def

The constant z(x) in the definition of C(∇) is only introduced for ease of notation. This
√
makes some bounds less sharp but allows to address all terms that are of order p∗ + x
with one symbol. It is defined as

e θ∗ = argmax L(υ).
υ

def

e θ∗ ∈ Υ◦ (r0 )) ≥ 1 − e−x , where
and r0 (x) > 0 is chosen such that P(e
υ, υ

the parametric normalized stochastic gradient gap Y(υ) is defined as


Y(υ) = D−1 ∇ζ(υ) − ∇ζ(υ ∗ ) ,

For ζ(υ) = L(υ)−EL(υ) the semiparametric normalized stochastic gradient gap is defined
as


−1
˘ θ ζ(υ) − ∇
˘ θ ζ(υ ∗ ) .
Y̆(υ) = D̆
∇

set

Convergence of an Alternating Procedure

26

P(C(∇)) ≥ 1 − 7e−x .

Lemma 26 The set C(∇) satisfies
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Here we show that the set Ω(x) actually is of probability greater 1 − 8e−x − β . We prove
the following two Lemmas, which together yield the claim.

4.3 Probability of Desirable Set

e k,k(+1) ∈ Υ◦ (rk ) such that we can follow the arguments of
On Ω(x) ⊂ Ω we find υ
Theorem 2.2 of (Andresen and Spokoiny, 2014) to obtain the desired result with accuracy
˘ Q (rk , x) .
measured by ♦
The sketch in figure 4.2 illustrates the behavior of the first steps of the procedure. The
axes correspond to the θ - or η -subspaces respectively. The two ellipsoids with center υ ∗
and solid frame represent the local sets Υ◦ (RK ) ⊂ Υ◦ (R0 ) , with RK > 0 from Remark 5.
e 0 lies in Υ◦ (R) . The elements (υ k,k(+1) ) of the alternating
We see that the initial guess υ
sequence all land inside of the respective Υ◦ (rk ) , which are represented by shrinking ellipsoids centered in υ ∗ with doted frames. Note that not the set Υ◦ (RK ) but Υ◦ (R0 ) contains
all points of the sequence.

C(∇) : This set ensures that on Ω(x) ⊂ Ω all occurring random quadratic forms and
stochastic errors are controlled by z(x) ∈ R . Consequently we can derive in the proof
of Lemma 32 an a priori bound of the form kD(e
υ k,k(+1) − υ ∗ )k ≤ rk for a decreasing
sequence of radii (rk ) ⊂ R+ satisfying lim supk→∞ rk = Cz(x) . Further this set
allows to obtain in Lemma 34 the bounds for all k ∈ N .

{D(e
υ k,k(+1) − υ ∗ ) ≤ R0 (x)} : As just mentioned this event is of high probability due to
L(e
υ 0 , υ ∗ ) ≥ −K0 and Theorem 28. This allows to concentrate the analysis on the set
∗
Υ◦ (R0 ) on which Taylor expansions of the functional L : Rp → R become accurate.

{L(e
υ 0 , υ ∗ ) ≥ −K0 } : This set ensures, that the first guess satisfies L(e
υ0, υ∗)
∗
≥ −K0 , which means that it is close enough to the target υ ∗ ∈ Rp . This fact
allows us to obtain an a priori bound for the deviation of the sequence (e
υ k,k(+1) ) ⊂ Υ
from υ ∗ ∈ Υ with Theorem 28.

In Section 4.3 we show that this set is of probability greater 1 − 8e−x − β(A) . We want
to explain the purpose of this set along the architecture of the proof of our main theorem.

e θ∗ ∈ Υ◦ (r0 )} where we a priory
Remark 25 We intersect the set with the event {e
υ, υ
e θ∗ ∈ Υ◦ (r0 )) ≥ 1 − e−x . Note that
demand r0 (x) > 0 to be chosen such that P(e
υ, υ
√
condition (Er) together with (Lr) allow to set p∗ + x ≈ r0 ≤ R0 (see Theorem 28).

of X , where X ∼ N(0, IB) , i.e. it is of order of the trace of IB . The constant zQ (x, Q)
arises as an exponential deviation bound for the supremum of a smooth process over a set
with complexity described by Q .

Andresen and Spokoiny

θ

b

e (2,2)
υ

b

e (1,2)
υ

×
υ∗

b

e (0)
υ
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e (0,1)
υ

b

e (1,1)
υ

η

Υ◦ (R0 )
Υ◦ (RK )

Υ◦ (r0 )
Υ◦ (r1 )
Υ◦ (r2 )
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Figure 1: The behavior of the procedure for the first 4 steps of the alternating algorithm.
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def

A =

def

B =

def

C =

n

\
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sup
υ∈Υ◦ (r)



sup



≤ zQ (x, 2p∗ + 2p)2

≤ zQ (x, 4p∗ )2





1
kY̆(υ)k − 2r2
6˘
ν̆1

1
kY(υ)k − 2r2
6ν1




υ∈Υ◦ (r)

o
max{kD−1 ∇Lk, kD−1 ∇θ Lk, kH−1 ∇η Lk} ≤ z(x) .

r≤4R0 (x)

\

r≤R0 (x)



Proof The proof is similar to the proof of Theorem 3.1 in (Spokoiny, 2012). Denote

We estimate

P(C(∇)) ≥ 1 − P (Ac ) − P (B c ) − P (C c )


e θ∗ ∈
−P (e
υ, υ
/ Υ◦ (r0 )) − P kξ̆k > z(x, Cov(ξ̆)) .

We bound using for both terms Theorem 42 which is applicable due to (ED1 ) and (ĔD1 ) :

P(Ac ) ≤ e−x , P (B c ) ≤ e−x .

kH−1 ∇η k ∨ kD−1 ∇θ k ≤ kD−1 ∇k.

For the set C ⊂ Ω observe that we can use (I) and Lemma 27 to find

This implies that

{kD−1 ∇k ≤ z(x, IB)}

⊆ {kD−1 ∇θ k ∨ kH−1 ∇η k ≤ z(x, IB)}.

Using the deviation properties of quadratic forms as sketched in Section A we find



−1
˘ > z(x, Cov(ξ̆)) ≤ 2e−x .
P kD−1 ∇k > z(x, IB) ≤ 2e−x , P kD̆ ∇k

By the choice of z(x) > 0 and r0 > 0 this gives the claim.

D2 A
A> H2



∈ R(p+p)×(p+p) ,
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D ∈ Rp×p , H ∈ Rm×m invertible,

We cite Lemma B.2 of (Andresen and Spokoiny, 2014):
Lemma 27 Let

D2 =

kD−1 AH−1 k < 1.

Then for any υ = (θ, η) ∈ Rp+m we have kH−1 ηk ∨ kD−1 θk ≤ kD−1 υk .

28

6νr
b(1 − ν)

x+Q+

s
b
K0 ,
9νr2

k=0

(Ck,k ∩ Ck,k+1 )

!

k=0

(Ck,k ∩ Ck,k+1 ) ∩ {L(e
υ 0 , υ ∗ ) ≥ −K0 }

≥ 1 − e−x − β(A) .

−P(L(e
υ 0 , υ ∗ ) ≤ −K0 )
n

o
≥ P Υ (K0 ) ⊂ Υ◦ (1 − ν)R0 (x) − β(A)

≥P

K
\

!

29
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Remark 30 To address the claim of Remark 5 we present the following lemma:

Remark 29 This also shows that the sets of maximizers (e
υ k,k(+1) ) are nonempty and
well defined since the maximization always takes place on compact sets of the form {θ ∈
Rp , (θ, η) ∈ Υ◦ (R0 )} or {η ∈ Rm , (θ, η) ∈ Υ◦ (R0 )} .

P

K
\

this implies the desired result as L(υ k,k(+1) , υ ∗ ) ≥ L(e
υ 0 , υ ∗ ) such that with Theorem 28

R0 (x) =

With assumption (B1 ) and

1
kD(e
υ k,k(+1) − υ ∗ )k.
1−ν

P(Υ (K) ⊆ Υ◦ (r0 )) ≥ 1 − e−x .

ek − θ ∗ )k ∨ kH(e
kD(θ
η k(+1) − η ∗ )k ≤

Note that with (I)

then

6νr

p
x + 2p∗ ≤ 3νr2 g(r)/b,

b
x + 2p∗ + 2 K ≤ rb,
9νr

s

1+

If for a fixed r0 and any r ≥ r0 , the following conditions are fulfilled:

Υ (K) = {υ ∈ Υ : L(υ, υ ∗ ) ≥ −K}.

def

Theorem 28 ((Spokoiny, 2012), Theorem 4.1) Suppose (Er) and (Lr) with b(r) ≡
b . Further define the following random set

T
The next step is to show that the set K
k=1 (Ck,k ∩ Ck,k+1 ) has high probability, that is
independent of the number of necessary steps. A close look at the proof of Theorem 4.1 of
(Spokoiny, 2012) shows that it actually yields the following modified version:

Convergence of an Alternating Procedure

k∈N

 o
\n
(l)
υ k,k(+1) ∈ Υ◦ rk
.

=: rk

(l+1)

r=0

30

ek−1 − θ ∗ ) + τ
H(e
η k − η ∗ ) = H−1 ∇η L(υ ∗ ) − H−1 A> (θ

(32)

(31)
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(l) 
rk ,

(l) 
ek − θ ∗ ) = D−1 ∇θ L(υ ∗ ) − D−1 A(e
D(θ
η k − η ∗ ) + τ rk ,

.

k−1
 
√
√ X
+2 2(1 + ν)
ν r ♦Q r(l)
r



√
√
√
≤ 2 2(1 − ν)−1 z(x) + (1 + ν)ν k R0 (x)

Proof
1. We first show that on Ω(x)

D(e
υ k,k(+1) − υ ∗ )

Then under the assumptions of Theorem 7 we get on Ω(x) for all k ∈ N0

Ω(x) ⊆

(l)

Lemma 32 Assume that for some sequence (rk )k∈N

def 
♦Q (r, x) =  2r2 + zQ (x, 4p∗ )2 (1 + 6ν12 ).

e k,k(+1) ∈ Υ◦ (rk ) with an adequately decreasing sequence
We derive the a priori bound υ
(rk ) ⊂ R+ using the argument of Section 4.1, where lim sup rk ≈ z(x) . For this purpose
we define the parametric uniform spread

4.4 Proof Convergence


≥ −R2 /2 − z(x)R − (1 + 12ν0 ) R2 + z(x)2 .

≥ −kD(υ 0 − υ ∗ )k2 /2 − kD−1 ∇ζ(υ ∗ )kR

2
−kD−1 ∇L(b
υ ) − ∇L(υ ∗ ) kR − RK

≥ E[L(υ 0 ) − L(υ ∗ )] − kD−1 ∇ζ(υ ∗ )kR − |{∇ζ(b
υ ) − ∇ζ(υ ∗ )}(υ 0 − υ ∗ )|

L(υ 0 ) − L(υ ∗ )

Proof With similar arguments as in the proof of Lemma 32 we have on C(∇) ⊂ Ω that

L(υ 0 , υ ∗ ) ≥ −(1/2 + (1 + 12ν0 ))(R + z(x))2 .

Lemma 31 On the set C(∇) ∩ {e
υ 0 ∈ Υ◦ (RK )} it holds

Andresen and Spokoiny
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where - with ♦Q (r, x) defined in (31) kτ (r)k ≤ ♦Q (r, x).


α(υ, υ ∗ ) := L(υ) − L(υ ∗ ) − ∇ζ(υ ∗ )(υ − υ ∗ ) − kD(υ − υ ∗ )k2 /2 .

The proof is the same in each step for both statements such that we only prove the first
one. The arguments presented here are similar to those of Theorem D.1 in (Andresen
(l) 
e k,k(+1) ∈ Υ◦ rk . Define with
and Spokoiny, 2014). By assumption on Ω(x) we have υ
ζ = L − EL

Note that
L(υ) − L(υ ∗ ) = ∇ζ(υ ∗ )(υ − υ ∗ ) − kD(υ − υ ∗ )k2 /2 + α(υ, υ ∗ )

= ∇θ ζ(υ ∗ )(θ − θ ∗ ) − kD(θ − θ ∗ )k2 /2 + (θ − θ ∗ )> A(η − η ∗ )

+∇η ζ(υ ∗ )(η − η ∗ ) − kH(η − η ∗ )k2 /2 + α(υ, υ ∗ ).

ek , η
e k ) = 0 we find
Setting ∇θ L(θ


ek − θ ∗ ) − D−1 ∇θ ζ(υ ∗ ) − A(e
D(θ
η k − η ∗ ) = D−1 ∇θ α(e
υ k,k , υ ∗ ).

sup

(θ,e
η k )∈Υ◦ (R0 )

(l)

e k )k ≤ ♦(rk ),
kUθ (θ, η


= D−1 ∇θ L(e
υ k,k ) − ∇θ L(υ ∗ ) − D2 (θ − θ ∗ ) −

def

A(e
ηk

− η∗) .

e k,k ∈ Υ◦ (R0 ) it suffices to show that with dominating probability
As we assume that υ
where
ek )
Uθ (θ, η

e k )k ≤
kEU(θ, η

υ∈Υ◦ (r)
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sup kD−1 Πθ DkkD−1 ∇2 EL(υ)2 D−1 − Ip∗ k1/2 r

υ∈Υ◦ (r)



sup kD−1 Πθ ∇EL(υ) − ∇EL(υ ∗ ) − D (υ − υ ∗ ) k

To see this note first that with Lemma 27 kD−1 Πθ Dυk ≤ kD−1 Dυk . This gives by
condition (L0 ) , Lemma 27 and Taylor expansion
sup
(θ,e
η k )∈Υ◦ (r)

≤

≤ r2 .
For the remainder note that again with Lemma 27




kD−1 ∇θ ζ(υ) − ∇θ ζ(υ ∗ ) ≤ kD−1 ∇ζ(υ) − ∇ζ(υ ∗ ) .
31



D−1 ∇θ ζ(υ) − ∇θ ζ(υ ∗ )
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υ∈Υ◦ (r)




1
kY(υ)k 6ν1  ≤ 6ν1  zQ (x, 4p∗ ) + 2r2 .
6ν1 

e k ) − EUθ (θ, η
e k ) ≤ sup
Uθ (θ, η

This yields that on Ω(x)
sup

υ∈Υ◦ (r)

sup

(θ,e
η k )∈Υ◦ (r)

≤

e k gives the claim.
Using the same argument for η

2. We prove the apriori bound for the distance of the k. estimator to the oracle

.

2kH(e
η k(+1) − η ∗ )k.

(l+1)

ek − θ ∗ )k +
2kD(θ

√

D(e
υ k,k(+1) − υ ∗ ) ≤ rk
√

To see this we first use the inequality
kD(e
υ k,k(+1) − υ ∗ )k ≤
Now we find with (32)

√

ν, kD−1 ∇θ L(υ ∗ )k ≤ z(x), kH−1 ∇η L(υ ∗ )k ≤ z(x),

(l) 
e − θ ∗ )k ≤ kD−1 ∇ L(υ ∗ )k + kD−1 A(e
kD(θ
η − η ∗ )k + kτ r k
k
θ
k
k
(l) 
≤ kD−1 ∇θ L(υ ∗ )k + kD−1 AH−1 kkH(e
η k − η ∗ )k + kτ rk k.

kD−1 AH−1 k ≤

Next we use that on Ω(x)

and

√



(l) 
ek−1 − θ ∗ )k.
ν) z(x) + kτ rk k + νkD(θ


ek−1 − θ ∗ )k + kτ r(l) k,
kH(e
η k − η ∗ )k ≤ kH−1 ∇η L(υ ∗ )k + kH−1 A> (θ
k
to derive the recursive formula

ek − θ ∗ )k ≤ (1 +
kD(θ

Deriving the analogous formula for kH(e
η k − η ∗ )k and solving the recursion gives the claim.

\
υ k,k(+1) ∈ Υ◦ (rk∗ ) ,
k∈N
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Lemma 33 Assume the same as in Theorem 7 . Further assume that (17) is met with
C(ν) defined in (18). Then
Ω(x) ⊆

32



4C(ν)4 z(x)
2z(x)
≤ C(ν) +
1 − C(ν)z(x)


4C(ν)4 R0
+ν k C(ν) +
R0 .
1 − C(ν)R0

(l)

rk

r=0

k−1


√
√ X
(l−1)
+2 2(1 + ν)
ν r ♦Q rk−r , x .

k∈N

o
\n
(l+1)
υ k,k(+1) ∈ Υ◦ (rk ) ,



√
√
√
≤ 2 2(1 − ν)−1 z(x) + (1 + ν)ν k R0 (x)

Ω(x) ⊆

k∈N

o
\n
(l)
υ k,k(+1) ∈ Υ◦ (rk ) ,

= R0 .

(0) def

set rk

Ω(x) ⊆

We show that

k∈N

l→∞

33

k∈N

(33)
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\
\
(l)
υ k,k(+1) ∈ Υ◦ lim sup rk
⊆
υ k,k(+1) ∈ Υ◦ (r∗k ) .

n
o
√
√
√
(1)
rk ≤ 2 2(1 − ν)−1 (z(x) + ♦Q (R0 , x)) + (1 + ν)ν k R0 (x) .

Setting l = 1 this gives

where

that then

Ω(x) ⊆

Now with Lemma 32 we find that if

υ k,k(+1) ∈ Υ◦ (R0 ),

Proof We proof this claim via induction. On Ω(x) we have

r∗k

where - with C(ν) ≥ 0 defined in (18) -

Convergence of an Alternating Procedure

(l)

t=0

+4

t=0

Ps−1

2t

r2 =0

Ps−1

ν r1 

k−r
1 −1
X



As,k ≤ 4

r1 =0

k−1
X

2t

(l)

2 2

s

r1 =0

r2 =0

k−rX
1 −r2 −1

k−1
X

ν

r2

ν r1

(l−1)

(l−1)

34

,

2 s

(34)
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o

 .

2 2

+ ν 2(k−r1 ) R20

)

2

s

R20

!2


2
(l−2)
rk−r1 −r2

n

t
Ps−1
t=0 2

z(x) + z(x)2

1
ν −1 − 1

2
1
νk
z(x) + z(x)2 + −1
R2
1−ν
ν −1 0

ν

r1



)

2
(l−1)
rk−r1 −...−rs . . .

z(x) + z(x)2

ν rs

t
Ps−1
t=0 2

rs =0

1
1−ν
+ν k

(

≤ 4C(ν)2

+4C(ν)2 2 A2,k .



r1 =0

k−1
X

(l−1) 2

ν r1 rk−r1

+4C(ν) 

r1 =0

k−1
X

≤ 4C(ν)2

A1,k =

X

k−r1 −...−rs−1 −1

(C(ν))2 As+1,k .

s

C(ν)2

ν r2 . . .



We proof this claim via induction. Clearly

Claim

(l) def
As,k =

r=0

k−1
X

(l−1) 2
z(x) + z(x)2 + ν k R0 + 
ν r rk−r

r=0

where C(ν) > 0 is defined in (18). We set

≤ C(ν)

(

k−1
X
√
√
(l−1) 2
ν r rk−r
+2 2(1 + ν)



√
√
√
≤ 2 2(1 − ν)−1 z(x) + z(x)2 + (1 + ν)ν k R0 (x)

r=0

k−1


X
√
√
(l−1) 2
+2 2(1 + ν)
ν r rk−r
+ z(x)2



√
√
√
(l)
rk ≤ 2 2(1 − ν)−1 z(x) + (1 + ν)ν k R0 (x)

So we have to show that lim supl→∞ rk ≤ r∗k in (33). For this we estimate further

(l)

Andresen and Spokoiny

Furthermore

(l) def

As,k =

=

k−1
X

r1 =0

4
t=0

2t

Ps−2

t=0

2t



2t

X

rs =0

(
1
1−ν




!2
.

(l−1)

s−2 t
Pt=0
2

2t−1

2t

s−1

)

)

2

)

2 s

2 2

. . . 

2s−1

2 s

(35)
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z(x) + z(x)2

R02

z(x) + z(x)2

ν rs rk−r1 −...−rs

1
ν −1 − 1

(l−1)

+ν k

A
s,k−r1

(



s

R02

s

R02

z(x) + z(x)2

Ps−1
t=1

Ps−1
t=1

.

s−1 t
Pt=0
2

!

1
ν −1 − 1

1
1−ν


s−2 t
Pt=0
2

k−r1 −...−rs−1 −1

(

(l−1)

+ν k

s

s

C(ν)2

s−1

(C(ν))2

Ps−1
t=1

Ps−2

s−1

ν r2 . . .
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r2 =0

k−r
1 −1
X

ν r1 

ν r1

+4

4

s

1
1−ν

s−1 t
Pt=0
2

(l−1)

ν r1 (As,k−r1 )2 ,

1
ν −1 − 1
k−1
X

r1 =0

+ν k

s

(C(ν))2



(C(ν))2 (As,k−r1 )2

2t

C(ν)2

2t

2t

C(ν)2

k−1

2
X
(l)
ν r1 As−1,k−r1 .

r1 =0

k−1
X

Plugging in (34) we get for s ≥ 2
(l)

As,k ≤
r1 =0

k−1
X

ν r1

t=1

Ps−1

Shifting the index this gives
(l)

As,k ≤ 4
r1 =0

+4

t=0

Ps−1
t=0

Ps−1

Direct calculation then leads to
(l)

As,k ≤ 4

+4

35

def

zs (x) =



1
1−ν

l−1
X
s=0

λs

n

(1)

def



s

1
1−ν

2s −1

s

def

R02 .

s

Andresen and Spokoiny

s−1
Y

r=0



βr zs (x) + ν k

2s

l−1
X

s=0

def

, Rs =

λs

s−1
Y

r=0

s=1

s −1

s

s−1
Y

r=0

λs

s+1

1
1−ν

r=0

s

βr Rl .

2s



4C(ν)4 z(x)
2z(x).
C(ν) +
1 − C(ν)z(x)

.

z(x) + z(x)2

2s −1

2

2s −1

z(x) + z(x)2

s −1

2



βr zs (x) ≤

s−1
Y

r=0



4C(ν)

1
ν −1 − 1

2l−1

R02 → 0.

l



4C(ν)4 R0
βr Rs ≤ ν k C(ν) +
R0 .
1 − C(ν)R0

βr Rr ≤

s

R02 .

(36)
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2s −1

(C(ν))2 ,

r=0

l−1
Y

1
ν −1 − 1

βr Rs +

o

(l)
z(x) + z(x)2 + ν k R0 + A1,k

z(x) + z(x)2

λs = 42 −1 C(ν)2 , βs = 42

2s −1

As,k =

which gives (34) with (35). Similarly we can prove

Abbreviate

Then
(l)

r=0

l−1
X

s=1

42 C(ν)2

s−1
l−1
s−1
Y
Y
 X
βr zs (x) − C(ν) z(x) + z(x)2 =
λs
βr zs (x)

≤

rk ≤ C(ν)

λs

We estimate further
l−1
X
s=0

≤




1
z(x) + z(x)2
1−ν

1
1−ν
4C(ν)

= 42 C(ν)4
l−1 
X
s=1

λs

Assuming (17) and the definition of R0 > z(x) this gives
l−1
X
s=0

l−1
X
s=0

With the same argument we find under (17) that
νk

Additionally (17) implies
l−1
Y

r=0

36

k∈N

{υ k,k ∈

Υ◦ (r∗k ) ,

υ k,k+1 ∈

Υ◦ (r∗k )}
e θ∗ ∈ Υ◦ (r0 )},
∩ {e
υ, υ

(38)

(37)

θ

− ξ̆ = D̆

−1

−1
∗
ek , η
ek − θ
˘ θ
˘
e k ) − D̆ ∇L(υ
∇L(
) + D̆ θ


∗
.

37

ek ) − L̆(θ ∗ ) = l(θ
ek , θ
ek , η
e k+1 ) − l(θ ∗ , θ ∗ , η
e θ∗ ),
L̆(θ

JMLR 17(63):1-53

Now the right hand side can be bounded just as in the proof of Theorem 2.2 of (Andresen
and Spokoiny, 2014). This gives (37).
For (38) we can represent:

ek − θ
D̆ θ


∗

ek , η
˘ θ L(θ
e k ) = 0 . This gives
such that ∇

ek = argmax l(θ, θ
ek , η
˘ θ L(θ 1 , η + H−2 A> (θ 2 − θ 1 )), θ
e k ),
∇θ1 l(θ 1 , θ 2 , η) = ∇

Note that

l : Rp × Υ → R, (θ 1 , θ 2 , η) 7→ L(θ 1 , η + H−2 A> (θ 2 − θ 1 )).

Proof The proof is nearly the same as that of Theorem 2.2 of (Andresen and Spokoiny,
2014) which is inspired by the proof of Theorem 1 of (Murphy and van der Vaart, 2000).
So we only sketch it and refer the reader to (Andresen and Spokoiny, 2014) for the skipped
arguments. We define

rk = r∗k ∨ r0 .

def

˘ x) is defined in (21) and where
where the spread ♦(r,


ek − θ ∗ − ξ̆ ≤ ♦
˘ Q (rk , x),
D̆ θ


˘ Q (rk , x) ♦
ek , θ ∗ ) − kξ̆k2 ≤ 5 kD̆−1 ∇k
˘ Q (rk , x),
˘ +♦
2L̆(θ

Lemma 34 Assume (ĔD1 ) , (L̆0 ) , and (I) . Then it holds on Ω(x) ⊆  that for all k ∈ N

where r∗k is defined in (33). The claim of Theorem 7 follows with the following lemma:

∩

\

r≤4R0 (x)

In the previous section we showed that



\ 
1
sup
Ω(x) ⊂
kY̆(υ)k − 2r2 ≤ zQ (x, 2p∗ + 2p)2
ν̆1
υ∈Υ◦ (r) 6˘

4.5 Result after Convergence

Plugging these bounds into (36) and letting l → ∞ gives the claim.
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def

C(∇) =

Ck,k(+1) =

def

Ω(x) =

kY(∇2 )(υ)k ≤ 9ν2 2 z1 (x, 6p∗ )R0 (x)

38

∩{kD−1 ∇2 ζ(υ ∗ )k ≤ z(x, ∇2 ζ(υ ∗ ))}.

υ∈Υ◦ (R0 (x))

sup

n
ek − θ ∗ )k ≤ R0 (x),
kD(e
υ k,k(+1) − υ ∗ )k ≤ R0 (x), kD(θ
o
kH(e
η k(+1) − η ∗ )k ≤ R0 (x) ,
(
)

(39)
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(Ck,k ∩ Ck,k+1 ) ∩ C(∇) ∩ {L(e
υ 0 ) − L(υ ∗ ) ≥ −K0 }, where
k=0

K
\

We prove this Theorem in a similar manner to the convergence result in Lemma 32. Redefine
the set Ω(x)

6. Proof of Theorem 14

˘ 0 , x) ≤ ♦
˘ Q (r0 , x) .
Now the claim follows with the triangular inequality and noting that ♦(r

˘ 0 , x).
ek − θ ∗ ) − ξ̆k ≤ ♦
˘ Q (rk , x), kD̆(θ
e − θ ∗ ) − ξ̆k ≤ ♦(r
kD̆(θ

On 0 (x) it holds due to Theorem 7 and due to Theorem 2.1 of (Andresen and Spokoiny,
2014)

0 (x) = Ω(x) ∩ {e
υ ∈ Υ◦ (r0 )}.

Proof Note that with the argument of Section 4.3 P(0 (x)) ≥ 1 − 8e−x − β where with
Ω(x) from (29)

5. Proof of Corollary 13

Again the remaining steps are exactly the same as in the proof of Theorem 2.2 of (Andresen
and Spokoiny, 2014).

ek , θ ∗ , η
ek ) − L̆(θ ∗ ) ≤ l(θ
ek , θ
ek , η
ek , η
e θ∗ ) − l(θ ∗ , θ ∗ , η
e θ∗ ) ≤ L̆(θ
e k+1 ) − l(θ ∗ , θ
e k+1 ).
l(θ

υ∈Υ,
Πθ υ=θ ∗

e θ∗ = Πη argmax L(υ).
η

ek and η
e k+1
Due to the definition of θ

where

Andresen and Spokoiny

where
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∗2
def
Y(∇2 )(υ) = D−1 ∇2 ζ(υ) − ∇2 ζ(υ ∗ ) ∈ Rp .

We see that on Ω(x)
def
e )k ≤ R0 + r0 } ∩ Υ◦ (R0 ).
υ k,k(+1) ∈ Υe◦ (R0 ) = {kD(υ − υ

Lemma 35 Under the conditions of Theorem 14
P(Ω(x)) ≥ 1 − 3e−x − β.

o

!

⊆ Ω(x).

kY(∇2 )(υ)k ≤ 9ν2 2 z1 (x, 6p∗ )R0 (x)

.

r=0

≥ 1 − e−x .

(40)

Proof The proof is very similar to the one presented in Section 4.3, so we only give a
sketch. By assumption

P kD−1 ∇2 ζ(υ ∗ )k ≤ z(x, ∇2 ζ(υ ∗ )) ≥ 1 − e−x ,

sup

and due to (ED2 ) with Theorem 47

P
υ∈Υ◦ (R0 (x))

(l)

(l)

e ) ≤ rk
D(e
υ k,k(+1) − υ

(l+1)
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+ kD−1 kz(x, ∇2 ζ(υ ∗ )) r.

k−1
√
√
√ X
(l)
≤ 2 2(1 + ν)
ν r kτ (rk−r )k + 2 2ν k (R0 + r0 ),

\n

+

9ν2 2 kD−1 kz1 (x, 6p∗ )R0

=: rk

k∈N

Lemma 36 Assume for some sequence (rk ) that



e)
D(e
υ k,k(+1) − υ

Then we get on Ω(x)

where
kτ (r)k ≤

R0

Proof
1. We first show that on Ω(x)

(l) 
ek − θ)
e = −D−1 A(e
e ) + τ rk ,
D(θ
ηk − η

ek−1 − θ)
e + τ r(l) .
H(e
η k − η ∗ ) = −H−1 A> (θ
k

39

Andresen and Spokoiny

e ) := L(υ) − L(e
e )k2 /2.
α(υ, υ
υ ) + kD(υ − υ

The proof is very similar to that of Lemma 32. Define

Note that

e )k2 /2 + α(υ, υ
e ).
−kH(η − η

e 2 /2 + (θ − θ ∗ )> A(η − η
e)
= −kD(θ − θ)k

e )k2 /2 + α(υ, υ ∗ )
L(υ) − L(e
υ ) = ∇L(υ) − kD(υ − υ

(l)

sup 
(θ,e
η k )∈Υe◦ rk

∩Υ◦ (R0 )

(l) 
e k ), υ
e ) ≤ kτ rk k,
D−1 ∇θ α((θ, η

ek − θ)
e = D−1 A(e
e ) + D−1 ∇θ α(e
e ).
υ k,k , υ
D(θ
ηk − η

ek , η
e k ) = 0 we find
Setting ∇θ L(θ

We want to show

where


def
e − A(e
e) .
e ) = D−1 ∇θ L(υ) − D2 (θ − θ)
D−1 ∇θ α(υ, υ
ηk − η

(l)
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kD−1 Πθ ∇EL(υ) − ∇EL(e
υ ) − D (υ − υ ∗ ) k

e k )k
kEU(θ, η

To see this note that by assumption we have Ω(x) ⊆ {e
υ ∈ Υ◦ (r0 )} ⊆ {e
υ ∈ Υ◦ (R0 )} . By
condition (L0 ) , Lemma 27 and Taylor expansion we have

(l)

sup
sup

(l)

kD−1 Πθ DkkD−1 ∇2 EL(υ)D−1 − Ip∗ krk

υ∈Υe◦ (rk )∩Υ◦ (R0 )

sup

(θ,e
η k )∈Υe◦ (rk )∩Υ◦ (R0 )

≤

≤

(l) 2

υ∈Υ◦ (R0 )

≤ rk .

40

sup

(l)

υ∈Υ◦ (r)

sup

(l)

D−1 ∇2 ζ(υ)D−1 rk

υ∈Υe◦ (rk )∩Υ◦ (R0 )



D−1 ∇θ ζ(υ) − ∇θ ζ(e
υ)

e k ) − EUθ (θ, η
ek )
Uθ (θ, η

Ω(x) ⊆

k∈N

r=0

41

r=0

k−1
k−1
X
√
√ X
(l)
(l)
2 2(1 + ν)
ν r kτ (rk−r )k ≤ κ(x, R0 )
ν r rk−r .
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 (l)
1
R0 + 6ν1 2 kD−1 kz1 (x, 6p∗ )R0 + kD−1 kz(x, IB(∇2 ) rk ,
≤ √
1−ν

such that by definition

(l)
kτ (rk )k

Proof Define for all k ∈ N0 the sequence rk = R0 . We estimate

(0)

o
\n
υ k,k(+1) ∈ Υe◦ (rk ) ,

where (rk )k∈N satisfy the bound (24).

Then

√
√ 
def 2 2(1 + ν)
√
κ(x, R0 ) =
R0 + 92 ν2 kD−1 kz1 (x, 6p∗ )R0
1−ν


+ kD−1 kz2 x, ∇2 L(υ ∗ ) .

Lemma 37 Assume that κ(x, R0 ) < 1 − ν where

Now the claim follows as in the proof of Lemma 32.

e k gives the claim.
Using the same argument for η


 (l)
≤ 9ν2 2 kD−1 kz1 (x, 6p∗ )R0 + kD−1 kz(x, ∇2 ζ(υ ∗ )) rk .





1
(l)
kD−1 ∇2 ζ(υ) − ∇2 ζ(υ ∗ ) D−1 k 6ν1 rk
≤ sup
υ∈Υ◦ (R0 ) 9ν2 2


(l)
+ kD−1 ∇2 ζ(υ ∗ )D−1 k rk

≤

≤

(l)
(θ,e
η k )∈Υe◦ (rk )∩Υ◦ (R0 )

sup

For the remainder note that with ζ = L − EL on Ω(x) using Lemma 27 we can bound
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(l)

rk ≤ κ(x, R0 )

k−1
X

k−1
X

≤ κ(x, R0 )2

≤ κ(x, R0 )3

νr

νr

νr

s=0

s=0

k−r−1
X

k−r−1
X

s=0

k−r−1
X

s=0

νs
κ(x, R0 )

ν



κ(x, R0 )
1−ν

l

s=0

√
e 0ν k
+ 2 2R

t=0

k−r−s−1
X

(l−3)

e0
ν t rk−r−s−t + 2ν k−r−s R

!

r1

r2 =0

k−r
1 −1
X

ν

r2

rl =0

s=0

!

s=1 rs −1
X

Pl−1

l−1
X
√
+ 2 2ν k
(κ(x, R0 )k)s

...

k−

e0
R

e0
ν rl R

Ω(x) ⊂

l(k) =

def

42

√
k log(ν)+log(2 2)−log(κ(x,R0 )k−1)
,
− log(1−ν)−log(k)

(
∞,

k∈N0 l∈N

κ(x, R0 )k ≤ 1,
otherwise.

o
\ \n
(l) 
e k,k(+1) ∈ Υe◦ rk
υ
.
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l
√

1
e
 κ(x,R0 ) + 2 2ν k
κ(x, R0 )k ≤ 1,

1−ν
1−κ(x,R0 )k R0 ,


≤
l
√
l

1
e 0 , otherwise.

+ 2 2ν k κ(x,Rk0 )k−1 R
κ(x, R0 )l
1−ν

≤

r1 =0

k−1
X

!

√

(l−3)
e 0 κ(x, R0 )2 k 2 + κ(x, R0 )k + 1 .
ν s rk−r−s + 2 2ν k R

l−1
X
√
e0
κ(x, R0 )s k s
+2 2ν k R

≤ κ(x, R0 )

l

Set if κ(x, R0 )/(1 − ν) < 1

By Lemma 36

(l)
rk

By induction this gives for l ∈ N

r=0

k−r−1
X

(l−2)

e0
ν s rk−r−s + 2ν k−r R

√
(l−2)
e 0 (κ(x, R0 )k + 1)
ν s rk−r−s + 2 2ν k R

κ(x, R0 )

√
e 0 (κ(x, R0 )k + 1)
+2 2ν k R

r=0

r=0

k−1
X

≤ κ(x, R0 )2

r=0

νr

k−1
X

≤ κ(x, R0 )

r=0

k−1
X

√
(l−1)
e0
ν r rk−r + 2 2ν k R

(l)
e 0 def
= R0 + r0 we find
Plugging in the recursive formula for rk from (40) and denoting R

Andresen and Spokoiny

def

otherwise.

κ(x, R0 )k ≤ 1,
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(bl(k)c)

Then with rk∗ = rk

k∈N0

k
L(k)−1
log(k)

√

νk2 2 e
 1−κ(x,R
R0 ,
0 )k



κ(x,R0 )
1−ν

e 0,
R

we get
\ n
o
e k,k(+1) ∈ Υe◦ rk∗ ,
υ

≤

Ω(x) ⊂
rk∗
2

The sequence L(k) > 0 is defined as
$
%
√

log(1/ν) − 1 log(2 2) − log(κ(x, R0 )k − 1)
def
k
L(k) =
∈ N,
1
1 + log(k)
log(1 − ν)



L(k) ≥ log(1/ν) −

log

log

1
log(1 − ν) < 1.
log(k)




1−ν
κ(x,R0 )

1−ν
κ(x,R0 )

κ(x, R0 )
1−ν
ck ,




− 1 (log(2√2)−log(κ(x,R0 )k−1))
log(k)


√
1
log(2 2) − log(κ(x, R0 )k − 1) > 1.
k

0<1+

where bxc ∈ N0 denotes the largest natural √
number smaller than x > 0 . To ensure that
L(k) > 0 we assume that k log(1/ν) − log(2 2) > k . Further as κ(x, R0 ) < (1 − ν) and
L(k) is only relevant once κ(x, R0 )k > 1 it follows that

Then

Consequently

k

≤ ν log(k)
k

= ν log(k)

def

e 0 ≤ 2R0 and the proof is complete.
. Finally note that R

k
L(k)
log(k)

κ(x,R0 )
1−ν

κ(x, R0 )
1−ν

where ck →



+ kD−1 kz2 x, ∇2 L(υ ∗ ) .

√

√
2 2(1 + ν)
√
r + 32 kD−1 kz1 (x, 6p∗ )r
1−ν

Remark 38 As pointed out in Remark 18 the above result can be improved. Redefine Ω(x)
as the intersection of the two sets in (29) and (39). Then P(Ω(x)) ≥ 1 − 10e−x . Also
redefine
def

κ(x, r) =

k∈N

{υ k,k(+1) ∈ Υ◦ (rk∗ )}.
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By the arguments of the proof of Theorem 7 we find with rk∗ defined in (33)
\
Ω(x) ⊂

43
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k−1
X
r=0

k−1
X

r=0

we find

r=0

(l−1)

ν k R0 rk−r

ν r rk−r + C1 R0 kν k (R0 + r0 ),

(l−1)

k−1
X

√
(l−1)
ν r rk−r + 2 2ν k (R0 + r0 )



Using this in Lemma 36 instead of ∩k∈N {υ k,k(+1) ∈ Υ◦ (R0 )} we can bound

1
(l)
rk∗ + 6ν1 2 kD−1 kz1 (x, 6p∗ )rk∗
kτ (rk )k ≤ √
1
−
ν

(l)
+kD−1 kz(x, IB(∇2 ) rk .

(l)

≤ κ(x, Cz(x))

+C(1 + kD−1 kz1 (x, 6p∗ ))

rk ≤ κ(x, Cz(x))

Consequently, representing rk∗ = C z(x) + ν k R0

(l)



κ(x, Cz(x))l

rk /(R0 + r0 )



 κ(x,Cz(x)) l
C1 R0

+ kν k 1−κ(x,Cz(x))k
,

1−ν




l
kl+1 C1 R0
1
,
+ ν k κ(x,Cz(x))k−1
1−ν
≤

k log(ν)+log(C1 R0 )−log(κ(x,Cz(x))k−1)−log(k)
,
− log(1−ν)−log(k)

(
∞,

k∈N0



κ(x,Cz(x))
1−ν

log(k)

√

νk2 2
 1−κ(xCz(x))k
(R0 + r0 ),
 k L(k)−1

2

(R0 + r0 ),

otherwise.

κ(x, Cz(x))k ≤ 1,
otherwise.

otherwise.
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κ(x, Cz(x))k ≤ 1,

we get with a slight adaptation of L(k)
\ n
o
e k,k(+1) ∈ Υe◦ rk∗ ,
υ

(bl(k)c)

κ(x, Cz(x))k ≤ 1,

√
where C1 ≤ 2 2 + C(1 + kD−1 kz1 (x, 6p∗ )) . With the same arguments as in the proof of
Lemma 37 we infer

Set

def

l(k) =

def

Then with rk∗ = rk

Ω(x) ⊂
rk∗ ≤
This gives the claim.
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v2 = 2 tr(IB 4 ),

def

def

λ∗ = kIB 2 k∞ = λmax (IB 2 ).

p
g2 − µc pIB ,

x + 1 ≤ vIB /(18λ∗ ),
vIB /(18λ∗ ) < x + 1 ≤ xc + 2,
x > xc + 1,

46
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Theorem 40 Let (U (r))0≤r≤r∗ ⊂ Rp be a sequence of balls around υ ∗ induced by the
metric d(·, ·) . Let a random real valued process U(r, υ) fulfill for any 0 ≤ r ≤ r∗ that
U(r, υ ∗ ) = 0 and

This is a slightly stronger result than the one derived in Section D of (Andresen and
Spokoiny, 2014) but the ideas employed here are very similar.
We want to apply Corollary 2.5 of the supplement of Spokoiny (2012) which we cite here
as a Theorem. Note that we slightly generalized the formulation of the theorem, to make
it applicable in out setting. The proof remains the same.

We want to derive for a random process Y̆(υ) ∈ Rp a bound of the kind
!


1
2
∗
kY̆(υ)k − 2r ≥ CzQ (x, p ) ≤ e−x .
P sup sup
r≤r∗ υ∈Υ◦ (r) 

Appendix B. A Uniform Bound for the Norm of a Random Process

with y2c ≤ pIB + 6λ∗ (xc + 2) .

where z(x, IB) is defined by

1/2

pIB + 2vIB (x + 1) ,
def
2
∗
z (IB, x) = pIB + 6λ (x + 1),


2
yc + 2λ∗ (x − xc + 1)/gc ,

Proposition 39 Let (ED0 ) hold with ν0 = 1 and g2 ≥ 2pIB . Then for each x > 0

P kIBξk ≥ z(x, IB) ≤ 2e−x ,


def
2(xc + 2) = (g2 /µc − pIB )/λ∗ + log det Ip − µc IB/λ∗ .

gc =

def

For ease of presentation, suppose that g2 ≥ 2pIB . The other case only changes the constants
in the inequalities. Note that kξk2 = η > IB η . Define µc = 2/3 and

p = tr(IB 2 ),

For a symmetric matrix IB , define

This section is the same as Section A of Andresen and Spokoiny (2014). The following
general result from Spokoiny (2012) helps to control the deviation for quadratic forms of
type kIBξk2 for a given positive matrix IB and a random vector ξ . It will be used several
times in our proofs. Suppose that

log E exp γ > ξ ≤ kγk2 /2,
γ ∈ Rp , kγk ≤ g.

Appendix A. Deviation Bounds for Quadratic Forms

Andresen and Spokoiny

≤ zQ (x, p∗ )2 ,

|λ| ≤ g.

Convergence of an Alternating Procedure

(Ed) For any υ, υ ◦ ∈ U (r)

1
U(r, υ) − d(υ, υ ∗ )2
3ν1



ν 2 λ2
U(r, υ) − U(r, υ ◦ )
≤ 0 ,
log E exp λ
d(υ, υ ◦ )
2

sup

υ∈U (r)

(41)

Finally assume that supυ∈U (r) (U(r, υ)) increases in r . Then with probability greater 1 −
e−x


def

(
√
(1 + x + Q)2
1 + {2g0−1 (x + Q) + g0 }2
√
if 1 + x + Q ≤ g0 ,
otherwise.

(42)

where zQ (x, p∗ ) = Q(U (r∗ )) denotes the entropy of the set U (r∗ ) ⊂ Rp and where with
g0 = ν0 g and for some Q > 0
def

zQ (x, Q)2 =


∗
˘
˘
∇ζ(υ)
− ∇ζ(υ
) ,



(43)

To use this result let Y̆(υ) be a smooth centered random vector process with values in
∗
∗
Rp and let D : Rp → Rp be some linear operator. We aim at bounding the maximum of
def
the norm kY̆(υ)k over a vicinity Υ◦ (r) = {kD(υ − υ ∗ )k ≤ r} of υ ∗ . Suppose that Y̆(υ)
satisfies for each 0 < r < r∗ and for all pairs υ, υ ◦ ∈ Υ◦ (r) = υ ∈ Υ : kD(υ − υ ∗ )k ≤
∗
r ⊂ Rp


u> Y̆(υ) − Y̆(υ ◦ )
ν 2 λ2
sup log E exp λ
≤ 0 .
kD(υ − υ ◦ )k
2

kuk≤1



Remark 41 In the setting of Theorem 7 we have
−1

Y̆(υ) = D̆

and condition (43) becomes (ED1 ) from 2.1.

sup sup

r≤r∗ υ∈Υ◦ (r)



1
kY̆(υ)k − 2r2
6ν1

≤

zQ (x, 2p

∗

+ 2p)2 ,

Theorem 42 Let a random p -vector process Y̆(υ) fulfill Y̆(υ ∗ ) = 0 and let condition (43)
be satisfied. Then for each 0 ≤ r ≤ r∗ , on a set of probability greater 1 − e−x

with g0 = ν0 g .
∗

JMLR 17(63):1-53

Remark 43 Note that the entropy of the original set Υ◦ (r) ⊂ Rp is equal to 2p∗ . So in
order to control the norm kY̆(υ)k one only pays with the additional sumand 2p .
47

kY̆(υ)k = 

Andresen and Spokoiny

kuk≤kD(υ−υ ∗ )k

sup

(44)

satisfies condition (Ed) (see

1
u> Y̆(υ).
kD(υ − υ ∗ )k

1
u> Y̆(υ).
kD(υ − υ ∗ )k

Proof In what follows, we use the representation

This implies

sup

1
>
kD(υ−υ ∗ )k u Y̆(υ)

υ∈Υ◦ (r) kuk≤kD(υ−υ ∗ )k

sup kY̆(υ)k =  sup
υ∈Υ◦ (r)

def

Due to Lemma 44 the process U(r, υ, u) =
(41)) as process on U (r∗ ) where

def

U (r) = Υ◦ (r) × Br (0).

Further sup(υ,u)∈U (r) U(r, υ, u) is increasing in r . This allows to apply Theorem 42 to
obtain the desired result. Set d((υ, u), (υ ◦ , u◦ ))2 = kD(υ − υ ∗ )k2 + ku − u◦ k2 . We get on
a set of probability greater 1 − e−x


1
u> Y̆(υ) − kD(υ − υ ∗ )k2 − kuk2
sup
6ν1 kD(υ − υ ∗ )k
(υ,u)∈U (r∗ )


≤ zQ x, Q U (r∗ ) .

(υ,u)∈U (r∗ )

sup


∗
The constant Q U (r∗ ) > 0 quantifies the complexity of the set U (r∗ ) ⊂ Rp × Rp . We
∗
point out that for compact M ⊂ Rp we have Q(M ) = 2p∗ (see Supplement of Spokoiny
(2012), Lemma 2.10). This gives Q U = 2p∗ + 2p . Finally observe that


1
sup sup
kY̆(υ)k − 2r2
r≤r∗ υ∈Υ◦ (r) 6ν1


1
sup
≤ sup
u> Y̆(υ) − kD(υ − υ ∗ )k2 − kuk2
6ν1 kD(υ − υ ∗ )k
r≤r∗ (υ,u)∈U (r)


1
u> Y̆(υ) − kD(υ − υ ∗ )k2 − kuk2 .
6ν1 kD(υ − υ ∗ )k

=

∗

Lemma 44 Suppose that Y̆(υ) satisfies for each kuk ≤ 1 and |λ| ≤ g the inequality (43).
1
>
Then the process U(υ, u) = 2kD(υ−υ
∗ )k Y̆(υ) u1 satisfies (Ed) from (41) with |λ| ≤ g/2 ,
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d((υ, u), (υ ◦ , u◦ ))2 = kD(υ − υ ∗ )k2 + ku − u◦ k2 , ν = 2ν0 and U ⊂ Rp +p defined in (44),
i.e. for any (υ, u1 ), (υ ◦ , u2 ) ∈ U


U(υ, u1 ) − U(υ ◦ , u2 )
ν 2 λ2
≤ 0 ,
|λ| ≤ g/2.
log E exp λ
d((υ, u1 ), (υ ◦ , u2 ))
2

48

4ν02 λ2
,
2

λ ≤ g/2.

a bound of the kind

υ∈Υ◦ (r)



log E exp λ

(Ed) For any υ, υ ◦ ∈ U (r)

49

U(υ) −
d(υ, υ ◦ )

U(υ ◦ )


≤
2

ν02 λ2
,

|λ| ≤ g.
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(45)

Corollary 45 Let (U (r))0≤r≤r∗ ⊂ Rp be a sequence of balls around υ ∗ induced by the
metric d(·, ·) . Let a random real valued process U(υ) fulfill that U(υ ∗ ) = 0 and

We derive such a bound in a very similar manner to Theorem E.1 of Andresen and Spokoiny
(2014).
We want to apply Corollary 2.2 of the supplement of Spokoiny (2012). Again we slightly
generalized the formulation but the proof remains the same.

P

∗ ×p∗

!
n
o
∗
kY̆(υ)k ≥ C2 z1 (x, p )r ≤ e−x .
sup

We want to derive for a random process Y̆(υ) ∈ Rp

Appendix C. A Bound for the Spectral Norm of a Random Matrix
Process

≤




U(υ, u1 ) − U(υ, u2 )
log E exp λ
◦
d((υ, u1 ), (υ , u2 ))


U(υ, u1 ) − U(υ ◦ , u1 ) + U(υ ◦ , u1 ) − U(υ ◦ , u2 )
= log E exp λ
d((υ, u1 ), (υ ◦ , u2 ))

 u>
1
1
◦ 
1
1 kD(υ−υ ∗ )k Y̆(υ) − kD(υ ◦ −υ ∗ )k Y̆(υ )
≤ log E exp 2λ
2
kD(υ − υ ◦ )k


>
◦
(u>
1
1 − u2 )Y̆(υ )
+ log E exp 2λ
∗
2
ku1 − u2 kkD(υ − υ )k


u> Y̆(υ) − Y̆(υ ◦ )
1
≤ sup log E exp 2λ
kD(υ − υ ◦ )k
kuk≤1 2


u> Y̆(υ ◦ ) − Y̆(υ ∗ )
1
+ sup log E exp 2λ
kD(υ − υ ∗ )k
kuk≤1 2

Proof Let (υ, u1 ), (υ ◦ , u2 ) ∈ U and w.l.o.g. u1 ≤ kD(υ − υ ∗ )k ≤ kD(υ ◦ − υ ∗ )k . By the
Hölder inequality and (43), we find

Convergence of an Alternating Procedure

def

∗

∗

∗

(47)

∗

This implies

1

sup

sup
50

1 >
u Y̆(υ)u2 .
r2 1

u>
1 Y̆(υ)u2 .

υ∈Υ◦ (r) ku2 k≤r ku2 k≤r

sup kY(υ)k =  sup
υ∈Υ◦ (r)

sup

2
ku1 k≤r ku2 k≤r 2 r

kY(υ)k = 2 sup

Proof In what follows, we use the representation
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Remark 48 Note that the entropy of the original set Υ◦ (r) ⊂ Rp is multiplied by 3. So
in order to control the spectral norm kY(υ)k one only pays with this factor.

with g0 = ν0 g .

υ∈Υ◦ (r)

sup kY(υ)k ≤ 92 ν2 z1 (x, 6p∗ )r,

Theorem 47 Let a random process Y(υ) ∈ Rp ×p fulfill Y(υ ∗ ) = 0 and let condition (47)
be satisfied. Then for each 0 ≤ r ≤ r∗ , on a set of probability greater than 1 − e−x

and condition (47) becomes (ED2 ) from 2.1.

Y(υ) = D−1 ∇2 ζ(υ) − D−1 ∇2 ζ(υ ∗ ),

Remark 46 In the setting of Theorem 14 we have kυ − υ ◦ kY = kD(υ − υ ◦ )k and

sup

 
 >
u Y(υ) − Y(υ ◦ ) u2
ν 2 λ2
≤ 2 .
sup log E exp λ 1
◦
2 kD(υ − υ )k
2
ku1 k≤1 ku2 k≤1

To use this result let Y(υ) be a smooth centered random process with values in Rp ×p
∗
∗
and let D : Rp → Rp be some linear operator. We aim at bounding the maximum of
def
the spectral norm kY(υ)k over a vicinity Υ◦ (r) = {kυ − υ ∗ kY ≤ r} of υ ∗ . Supposethat
Y(υ) satisfies Y(υ ∗ ) = 0 and for each 0 < r < r∗ and for all pairs υ, υ ◦ ∈ Υ◦ (r) = υ ∈
∗
Υ : kυ − υ ∗ kY ≤ r ⊂ Rp

∗

where z1 (x, p∗ ) = Q(U (r∗ )) denotes the entropy of the set U (r∗ ) ⊂ Rp and where with
g0 = ν0 g and for some Q > 0
(p
p
2(x + Q)
if 2(x + Q) ≤ g0 ,
def
z1 (x, Q) =
(46)
−1
g0 (x + Q) + g0 /2 otherwise.

υ∈U (r)

sup U(υ) ≤ 3ν1 z1 (x, p∗ )2 d(υ, υ ∗ ),

Then for each 0 ≤ r ≤ r∗ , on a set of probability greater 1 − e−x

Andresen and Spokoiny

1
u> Y(υ)u2
r2 1

∗

(48)

satisfies condition (Ed) (see (45)) as

Convergence of an Alternating Procedure

def

Due to Lemma 49 the process U(υ) =
process on

def

U (r) = Υ◦ (r) × Br (0) × Br (0) ⊂ R3p .

(υ,u1 ,u2 )∈U (r)

sup


1 >
u Y(υ)u2
r2 1




≤ 92 ν2 z1 x, Q U (r∗ ) r.

This allows to apply Corollary 45 to obtain the desired result. We get on a set of probability
greater 1 − e−x

sup kY(υ)k ≤

υ∈Υ◦ (r)

∗


∗
The constant Q U (r) > 0 quantifies the complexity of the set U (r) ⊂ R3p . We point
∗
out that for compact M ⊂ R3p we have Q(M ) = 6p∗ (see Supplement of Spokoiny (2012),
Lemma 2.10). This gives the claim.

∗

Lemma 49 Suppose that Y(υ) ∈ Rp ×p satisfies Y(υ ∗ ) = 0 and for each ku1 k ≤ 1 ,
ku2 k ≤ 1 and |λ| ≤ g the inequality (47). Then the process
1
U(υ, u1 , u2 ) =
u> Y(υ)> u2
22 r2 1

∗

satisfies (Ed) from (45) with U ⊂ R3p defined in (48), with |λ| ≤ g/3 and with

∈U
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|λ| ≤ g/3.

d((υ, u1 , u2 ), (υ ◦ , u1◦ , u2◦ ))2 = kD(υ − υ ∗ )k2 + ku1 − u1◦ k2 + ku2 − u2◦ k2 ,
i.e. for any

(υ, u1 , u2 ), (υ ◦ , u1◦ , u2◦ )



U(υ, u1 , u2 ) − U(υ ◦ , u1◦ , u2◦ )
9ν 2 λ2
log E exp λ
≤ 2 ,
d((υ, u1 , υ 2 ), (υ ◦ , u1◦ , u2◦ ))
2
51

+

9ν22 λ2
,
2

λ ≤ g/3.

Andresen and Spokoiny

Proof Let (υ, u1 , u2 ), (υ ◦ , u1◦ , u2◦ ) ∈ U . By the Hölder inequality and (47), we find


U(υ, u1 , u2 ) − U(υ ◦ , u1◦ , u2◦ )
log E exp λ
d((υ, u1 , u2 ), (υ ◦ , u1◦ , u2◦ ))
 
U(υ, u1 , u2 ) − U(υ ◦ , u1 , u2 ) U(υ ◦ , u1 , u2 ) − U(υ ◦ , u1◦ , u2 )
= log E exp λ
+
d((υ, u1 , u2 ), (υ ◦ , u1◦ , u2◦ ))
d((υ, u1 , υ 2 ), (υ ◦ , u1◦ , u2◦ ))

U(υ ◦ , u1◦ , u2 ) − U(υ ◦ , u1◦ , u2◦ )
+
d((υ, u1 , u2 ), (υ ◦ , u1◦ , u2◦ ))
 

u> 12 Y̆(υ) − r12 Y̆(υ ◦ ) u2
1
≤ log E exp 3λ 1 r
3
2 kD(υ − υ ◦ )k


1
(u1 − u1◦ )> )Y(υ ◦ )u2
+ log E exp 3λ
3
2 ku1 − u2 kr2


(u◦ )> )Y(υ ◦ )(u2 − u2◦ )
1
+ log E exp 3λ 1
3
2 ku1 − u2 kr2
 

u> Y(υ) − Y(υ ◦ ) u2
1
≤
sup sup log E exp 3λ 1
3 ku1 k≤1 ku2 k≤1
2 kD(υ − υ ◦ )k
 

u> Y(υ ◦ ) − Y(υ ∗ ) u2
2
sup sup log E exp 3λ 1
3 ku1 k≤1 ku2 k≤1
2 kD(υ − υ ∗ )k
≤
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The most common approaches to learning parameters for structured prediction, namely
structured perceptron, structural support vector machine (SSVM) and conditional random
fields (CRF) do not directly minimize the task loss. The structured perceptron (Collins,
2002) solves a feasibility problem, which is independent of the task loss. The surrogate
loss of SSVM (Joachims et al., 2005) is the structured hinge loss, a convex upper bound to
the task loss, which is based on a generalization of the binary SVM hinge loss. However,
while the binary SVM is strongly consistent, namely, converges to the error rate of the
optimal linear predictor in the limit of infinite training data, the structured hinge loss is
not consistent and does not converge to the expected task loss, i.e., the risk, of the optimal
linear predictor even when the task loss is the 0-1 loss (McAllester, 2006). The objective of
CRF is the log loss function, which is independent of the task loss (Lafferty et al., 2001).

Ultimately the objective of discriminative training is to learn the model parameters so as to
optimize a desired measure of performance. In binary classification, the objective is to find
a prediction function that assigns a binary label to a single object, and minimizes the error
rate (0-1 loss) on unseen data. In structured prediction, however, the goal is to predict
a structured label (e.g., a graph, a sequence of words, a human pose, etc.), which often
cannot be evaluated using the binary error rate, but rather with a task-specific measure
of performance, generally called here task loss. There is a voluminous amount of work
on training procedures for maximizing the BLEU score in machine translation, minimizing
word/phone error rate in speech recognition or maximizing NDCG in information retrieval.

1. Introduction

Keywords: structured prediction, structural SVM, CRF, direct loss minimization

Structured tasks are distinctive: each task has its own measure of performance, such as
the word error rate in speech recognition, the BLEU score in machine translation, the
NDCG score in information retrieval, or the intersection-over-union score in visual object
segmentation. This paper presents StructED, a software package for learning structured
prediction models with training methods that aimed at optimizing the task measure of
performance. The package was written in Java and released under the MIT license. It can
be downloaded from http://adiyoss.github.io/StructED/.
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(1)

w

2

w∗ = argmin E(x,y)∼ρ [`(y, ŷw (x))],
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(2)

Ideally, the learning algorithm finds w such that the prediction rule optimizes the expected
desired measure of preference or evaluation metric on unseen data. We define the task loss
function, `(y, ŷw ), to be a non-negative measure of error when predicting ŷw instead of y
as the label of x. Our goal is to find the parameter vector w that minimizes this function.
When the desired evaluation metric is a utility function that needs to be maximized (like
BLEU or NDCG), we define the task loss to be 1 minus the evaluation metric.
Our goal is to set w so as to minimize the expected task loss (i.e., risk) for predicting
ŷw ,

y∈Y

ŷw (x) = argmax w> φ(x, y)

Consider a supervised learning setting with input instances x ∈ X and target labels y ∈ Y,
which refers to a set of objects with an internal structure. We assume a fixed mapping
φ : X × Y → Rd from the set of input objects and target labels to a real vector of length
d, where we call the elements of this mapping feature functions. Also, consider a linear
decoder with parameters w ∈ Rd , such that ŷw is a good approximation to the true label
of x, as follows:

2. Structured Prediction and Risk Minimization

Several structured prediction libraries already exist, such as CRF++ (Kudo, 2005),
CRFsuite (Okazaki, 2007), Dlib (King, 2009), PyStruct (Müller and Behnke, 2014), and
SVM-Struct (Joachims et al., 2009). All provide a general framework for training a model
with either structured perceptron, CRF, or SSVM using several optimization techniques.
Nevertheless, CRF++ and CRFsuite were not designed to support discriminative training
with a task-specific evaluation metric, but rather use the binary error rate as their task loss
function; whereas SVM-Struct, PyStruct, and Dlib support the training of structural SVM
with a user-defined task loss function, but do not include, in their current phase, other
training methods that are directly aimed at minimizing the task loss.
In this work we present StructED , a software package that is focused on training
methods for structured prediction models that are aimed at minimizing a given task loss.
The package provides several interfaces to define and implement a structured task, and
allows the user to estimate the model parameters with several different training methods.
The goal is not to provide several optimization alternatives to the structured hinge loss
or the log loss as was already done in the previous packages, but rather to propose an
implementation of a variety of surrogate loss functions that were designed to minimize the
task loss and were theoretically motivated (McAllester and Keshet, 2011).
Note that most training methods require the task loss function to be decomposable in
the size of the output label. Decomposable task loss functions are required in order to solve
the loss-augmented inference that is used within the training procedure (Ranjbar et al.,
2013), and evaluation metrics like intersection-over-union or word error rate which are not
decomposable need to be approximated when utilized in SSVM, for example. Our package
provides an implementation of methods (structured probit and orbit loss) that do not expect
the task loss to be decomposable and can handle it directly without being approximated.
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m

i=1

1 X¯
λ
`(w, xi , yi ) + kwk2 ,
m
2
(3)

where the expectation is taken over pairs (x, y) drawn from an unknown probability distribution ρ. This objective function is hard to minimize directly. A common practice is to
¯
replace the task loss with a surrogate loss function, denoted `(w,
x, y), which is easier to
minimize; and to replace the expectation with a regularized average with respect to a set
m , where each pair (x , y ) is drawn i.i.d from ρ:
of training examples S = {(xi , yi )}i=1
i i
w

w∗ = argmin
where λ is a trade-off parameter between the loss term and the regularization. Different
training algorithms are defined by different surrogate loss functions, e.g., the surrogate loss
of max-margin Markov model (Taskar et al., 2003) is the structured hinge loss with the
Hamming distance, whereas the one for CRF is the log loss function. These loss functions
are convex in the model parameters, w.
Recently, several works proposed different surrogate loss functions which are closer to
the task loss in some sense: structured ramp-loss (McAllester and Keshet, 2011), structured
probit loss (Keshet et al., 2011), and orbit loss (Karmon and Keshet, 2015). Direct loss
minimization (McAllester et al., 2010) is a perceptron-like method of performing direct
gradient descent on the risk (2) in the case where Y is discrete but X is continuous. All of
the training objectives that were proposed in these works are non-convex functions in the
model parameters, are strongly consistent and perform well in general.

3. Implementation
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Implementation of a structured prediction task involves defining a set of feature functions.
Given a trained model, the prediction is performed by finding the output label that maximizes the weighted sum of those feature functions according to (1). Such maximization
involves the enumeration over all possible output labels, which is often intractable and
handled by dynamic programming or by approximated inference techniques. As a result,
and in contrast to packages for binary classification, here the user has to write code that
implements the feature functions, the decoder and the evaluation metric.
Currently the implemented training methods are structured perceptron (SP), SSVM,
CRF, structured passive-aggressive (SPA; Crammer et al., 2006), direct loss minimization
(DLM), structured ramp loss (SRL), structured probit loss (SPL), and orbit loss (Karmon
and Keshet, 2015).
The package exposes interfaces for task loss functions, feature extractors, decoding algorithms and training algorithms. In order to train a new model the user has to consider four
interfaces, which correspond to: (i) a set of feature functions, φ(x, y); (ii) a task loss function1 , `(y, ŷ); (iii) a decoder to perform the inference in (1), as well as the loss-augmented
inference (needed by SPA, SRL, DLM, SSVM); and (iv) a training algorithm. The user can
either implement those interfaces or use any of the already implemented interfaces.
The objective in (3) is optimized using stochastic gradient descent (SGD) for both the
convex (SSVM and CRF) and non-convex (SRL, SPL, orbit) surrogate losses. DLM cannot
be expressed as a surrogate loss function in objective (3), and is optimized using SGD as
1. BLUE and NDCG are currently not implemented.
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well. SP and SPA are online algorithms and are implemented as batch algorithms with
averaging of the weight vectors as an online-to-batch conversion (Cesa-Bianchi et al., 2004).

4. Experiments

While the library focuses on different training methods for minimizing a given task loss,
it is important to verify that the implemented algorithms run in an acceptable amount of
time. We compared our implementation of SSVM optimized by SGD to the corresponding
implementation in PyStruct on the MNIST data set of handwritten digits. We got similar
accuracy and training times (StructED : 92.6%, 149 sec; PyStruct: 90.2%, 145 sec).

Task loss [msec]
72.5
72.0
70.5
69.0
64.5
64.5
63.5
58.5

Time [sec]
13
13
31
12
25
617
24
13

We conclude the paper by demonstrating the advantage of the package with a simple
structured prediction task of automatic vowel duration measurement. In this task the input
is a speech segment of arbitrary duration that contains a vowel between two consonants (e.g.,
bat, taught, etc.), and the goal is to accurately predict the duration of the vowel. This task is
a required measurement in linguistic studies and is often done manually. The training data
includes speech segments that are labeled with the vowel onset and offset times, denoted yb
and ye , respectively. The task loss is defined as `(y, ŷ) = max{0, |yb − ŷb |−τb }+max{0, |ye −
ŷe |−τe }, where ŷb and ŷe are predicted vowel onset and offset times, respectively, and τb and
τe are parameters (τb =10 msec and τe =15 msec). We had a training set of 90 examples, a
validation set of 20 examples and a test set of 20 examples. We extracted 21 unique acoustic
features every 5 msec, including the confidence of a frame-based phoneme classifier, the first
and the second formants and other acoustic features. We trained all algorithms on this task
and present their performance in terms of task loss (the lower the better) and training
times in Table 1 (training parameters for each of the training methods can be found in the
package’s Examples folder).
Algorithm
SP
SSVM
CRF
SPA
SRL
SPL
DLM
Orbit loss

Table 1: Error rate and training times on vowel duration measurement task.

Results suggest that training methods, which are designed to minimize the task loss,
lead to improved performance compared to SP, SSVM, CRF or SPA. It is also evident that
these methods, except orbit loss, take at least twice as much time to train: DLM and SRL
need two inference operations per training iteration and SPL needs hundreds to thousands
of inferences per training iteration.

JMLR 17(64):1-5

The implementation of the above example is straightforward and is given in the Examples section of the package website http://adiyoss.github.io/StructED/ along with
several other usage examples and further details.
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∗. Jure Žbontar is also with the Courant Institute of Mathematical Sciences, New York University,

z=

Consider the following problem: given two images taken by cameras at different horizontal
positions, we wish to compute the disparity d for each pixel in the left image. Disparity
refers to the difference in horizontal location of an object in the left and right image—an
object at position (x, y) in the left image appears at position (x − d, y) in the right image. If
we know the disparity of an object we can compute its depth z using the following relation:

1. Introduction

We present a method for extracting depth information from a rectified image pair. Our
approach focuses on the first stage of many stereo algorithms: the matching cost computation. We approach the problem by learning a similarity measure on small image patches
using a convolutional neural network. Training is carried out in a supervised manner by
constructing a binary classification data set with examples of similar and dissimilar pairs
of patches. We examine two network architectures for this task: one tuned for speed, the
other for accuracy. The output of the convolutional neural network is used to initialize the
stereo matching cost. A series of post-processing steps follow: cross-based cost aggregation, semiglobal matching, a left-right consistency check, subpixel enhancement, a median
filter, and a bilateral filter. We evaluate our method on the KITTI 2012, KITTI 2015, and
Middlebury stereo data sets and show that it outperforms other approaches on all three
data sets.
Keywords: stereo, matching cost, similarity learning, supervised learning, convolutional
neural networks
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• experiments analyzing the importance of data set size, the error rate compared with
other methods, and the trade-off between accuracy and runtime for different settings
of the hyperparameters.

• a method, accompanied by its source code, with the lowest error rate on the KITTI
2012, KITTI 2015, and Middlebury stereo data sets; and

• a description of two architectures based on convolutional neural networks for computing the stereo matching cost;

where f is the focal length of the camera and B is the distance between the camera centers.
Figure 1 depicts the input to and the output from our method.
The described problem of stereo matching is important in many fields such as autonomous driving, robotics, intermediate view generation, and 3D scene reconstruction.
According to the taxonomy of Scharstein and Szeliski (2002), a typical stereo algorithm
consists of four steps: matching cost computation, cost aggregation, optimization, and disparity refinement. Following Hirschmüller and Scharstein (2009) we refer to the first two
steps as computing the matching cost and the last two steps as the stereo method. The
focus of this work is on computing a good matching cost.
We propose training a convolutional neural network (LeCun et al., 1998) on pairs of
small image patches where the true disparity is known (for example, obtained by LIDAR
or structured light). The output of the network is used to initialize the matching cost. We
proceed with a number of post-processing steps that are not novel, but are necessary to
achieve good results. Matching costs are combined between neighboring pixels with similar
image intensities using cross-based cost aggregation. Smoothness constraints are enforced
by semiglobal matching and a left-right consistency check is used to detect and eliminate
errors in occluded regions. We perform subpixel enhancement and apply a median filter
and a bilateral filter to obtain the final disparity map.
The contributions of this paper are

Figure 1: The input is a pair of images from the left and right camera. The two input images
differ mostly in horizontal locations of objects (other differences are caused by
reflections, occlusions, and perspective distortions). Note that objects closer to
the camera have larger disparities than objects farther away. The output is a
dense disparity map shown on the right, with warmer colors representing larger
values of disparity (and smaller values of depth).

Right input image

Left input image
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This paper extends our previous work (Žbontar and LeCun, 2015) by including a description of a new architecture, results on two new data sets, lower error rates, and more
thorough experiments.

2. Related Work
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Before the introduction of large stereo data sets like KITTI and Middlebury, relatively few
stereo algorithms used ground truth information to learn parameters of their models; in
this section, we review the ones that did. For a general overview of stereo algorithms see
Scharstein and Szeliski (2002).
Kong and Tao (2004) used the sum of squared distances to compute an initial matching
cost. They then trained a model to predict the probability distribution over three classes:
the initial disparity is correct, the initial disparity is incorrect due to fattening of a foreground object, and the initial disparity is incorrect due to other reasons. The predicted
probabilities were used to adjust the initial matching cost. Kong and Tao (2006) later extend
their work by combining predictions obtained by computing normalized cross-correlation
over different window sizes and centers. Peris et al. (2012) initialized the matching cost
with AD-Census (Mei et al., 2011), and used multiclass linear discriminant analysis to learn
a mapping from the computed matching cost to the final disparity.
Ground-truth data was also used to learn parameters of probabilistic graphical models.
Zhang and Seitz (2007) used an alternative optimization algorithm to estimate optimal
values of Markov random field hyperparameters. Scharstein and Pal (2007) constructed a
new data set of 30 stereo pairs and used it to learn parameters of a conditional random
field. Li and Huttenlocher (2008) presented a conditional random field model with a nonparametric cost function and used a structured support vector machine to learn the model
parameters.
Recent work (Haeusler et al., 2013; Spyropoulos et al., 2014) focused on estimating the
confidence of the computed matching cost. Haeusler et al. (2013) used a random forest classifier to combine several confidence measures. Similarly, Spyropoulos et al. (2014) trained
a random forest classifier to predict the confidence of the matching cost and used the predictions as soft constraints in a Markov random field to decrease the error of the stereo
method.
A related problem to computing the matching cost is learning local image descriptors
(Brown et al., 2011; Trzcinski et al., 2012; Simonyan et al., 2014; Revaud et al., 2015;
Paulin et al., 2015; Han et al., 2015; Zagoruyko and Komodakis, 2015). The two problems
share a common subtask: to measure the similarity between image patches. Brown et al.
(2011) introduced a general framework for learning image descriptors and used Powell’s
method to select good hyperparameters. Several methods have been suggested for solving
the problem of learning local image descriptors, such as boosting (Trzcinski et al., 2012),
convex optimization (Simonyan et al., 2014), hierarchical moving-quadrant similarity (Revaud et al., 2015), convolutional kernel networks (Paulin et al., 2015), and convolutional
neural networks (Zagoruyko and Komodakis, 2015; Han et al., 2015). Works of Zagoruyko
and Komodakis (2015) and Han et al. (2015), in particular, are very similar to our own,
differing mostly in the architecture of the network; concretely, the inclusion of pooling and
subsampling to account for larger patch sizes and larger variation in viewpoint.
3

3. Matching Cost
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q∈Np

X

|I L (q) − I R (q − d)|,

(1)

A typical stereo algorithm begins by computing a matching cost at each position p for all
disparities d under consideration. A simple method for computing the matching cost is the
sum of absolute differences:
CSAD (p, d) =

where I L (p) and I R (p) are image intensities at position p in the left and right image and
Np is the set of locations within a fixed rectangular window centered at p.
We use bold lowercase letters p and q to denote image locations. A bold lowercase d
denotes the disparity d cast to a vector, that is, d = (d, 0). We use typewriter font for
the names of hyperparameters. For example, we would use patch size to denote the size
of the neighbourhood area Np .
Equation (1) can be interpreted as measuring the cost associated with matching a patch
from the left image, centered at position p, with a patch from the right image, centered at
position p − d. We want the cost to be low when the two patches are centered around the
image of the same 3D point, and high when they are not.
Since examples of good and bad matches can be constructed from publicly available
data sets (for example, the KITTI and Middlebury stereo data sets), we can attempt to
solve the matching problem by a supervised learning approach. Inspired by the successful
application of convolutional neural networks to vision problems, we used them to assess
how well two small image patches match.
3.1 Constructing the Data Set

We use ground truth disparity maps from either the KITTI or Middlebury stereo data sets
to construct a binary classification data set. At each image position where the true disparity
is known we extract one negative and one positive training example. This ensures that the
data set contains an equal number of positive and negative examples. A positive example
is a pair of patches, one from the left and one from the right image, whose center pixels are
the images of the same 3D point, while a negative example is a pair of patches where this
is not the case. The following section describes the data set construction step in detail.
L
R
L
Let < Pn×n
(p),
P
n×n (q) > denote a pair of patches, where Pn×n (p) is an n × n patch
R (q) is an n × n patch from the
from the left image centered at position p = (x, y), Pn×n
right image centered at position q, and d denotes the correct disparity at position p. A
negative example is obtained by setting the center of the right patch to

q = (x − d + oneg , y),
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where oneg is chosen from either the interval [dataset neg low, dataset neg high] or, its
origin reflected counterpart, [−dataset neg high, −dataset neg low]. The random offset
oneg ensures that the resulting image patches are not centered around the same 3D point.
A positive example is derived by setting

q = (x − d + opos , y),

4

Convolution, ReLU
Convolution, ReLU
Right input patch

Convolution, ReLU

Convolution, ReLU

Left input patch

Convolution, ReLU
Convolution, ReLU
Righ input patch

Convolution, ReLU
Convolution, ReLU
Left input patch
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The second architecture is derived from the first by replacing the cosine similarity measure
with a number of fully-connected layers (see Figure 3). This architectural change increased
the running time, but decreased the error rate. The two sub-networks comprise a number
of convolutional layers, with a rectified linear unit following each layer. The resulting
two vectors are concatenated and forward-propagated through a number of fully-connected

3.2.2 Accurate Architecture

compared using the cosine similarity measure to produce the final output of the network.
Figure 2 provides an overview of the architecture.
The network is trained by minimizing a hinge loss. The loss is computed by considering
pairs of examples centered around the same image position where one example belongs to
the positive and one to the negative class. Let s+ be the output of the network for the
positive example, s− be the output of the network for the negative example, and let m, the
margin, be a positive real number. The hinge loss for that pair of examples is defined as
max(0, m + s− − s+ ). The loss is zero when the similarity of the positive example is greater
than the similarity of the negative example by at least the margin m. We set the margin
to 0.2 in our experiments.
The hyperparameters of this architecture are the number of convolutional layers in each
sub-network (num conv layers), the size of the convolution kernels (conv kernel size),
the number of feature maps in each layer (num conv feature maps), and the size of the
input patch (input patch size).

Figure 3: The accurate architecture begins with two convolutional feature extractors. The
extracted feature vectors are concatenated and compared by a number of fullyconnected layers. The inputs are two image patches and the output is a single real
number between 0 and 1, which we interpret as a measure of similarity between
the input images.

Convolution, ReLU

Convolution, ReLU

Concatenate

Fully-connected, ReLU

Fully-connected, ReLU

Fully-connected, ReLU

The first architecture is a siamese network, that is, two shared-weight sub-networks joined
at the head (Bromley et al., 1993). The sub-networks are composed of a number of convolutional layers with rectified linear units following all but the last layer. Both sub-networks
output a vector capturing the properties of the input patch. The resulting two vectors are

3.2.1 Fast Architecture

We describe two network architectures for learning a similarity measure on image patches.
The first architecture is faster than the second, but produces disparity maps that are slightly
less accurate. In both cases, the input to the network is a pair of small image patches and
the output is a measure of similarity between them. Both architectures contain a trainable
feature extractor that represents each image patch with a feature vector. The similarity
between patches is measured on the feature vectors instead of the raw image intensity
values. The fast architecture uses a fixed similarity measure to compare the two feature
vectors, while the accurate architecture attempts to learn a good similarity measure on
feature vectors.

3.2 Network Architectures

where opos is chosen randomly from the interval [−dataset pos, dataset pos]. The reason
for including opos , instead of setting it to zero, has to do with the stereo method used
later on. In particular, we found that cross-based cost aggregation performs better when
the network assigns low matching costs to good matches as well as near matches. In our
experiments, the hyperparameter dataset pos was never larger than one pixel.

Figure 2: The fast architecture is a siamese network. The two sub-networks consist of
a number of convolutional layers followed by rectified linear units (abbreviated
“ReLU”). The similarity score is obtained by extracting a vector from each of
the two input patches and computing the cosine similarity between them. In
this diagram, as well as in our implementation, the cosine similarity computation
is split in two steps: normalization and dot product. This reduces the running
time because the normalization needs to be performed only once per position (see
Section 3.3).

Convolution

Convolution

Fully-connected, Sigmoid

Dot product
Normalize

Similarity score

Similarity score

Normalize
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To compute the matching cost of a pair of images, we run the sub-networks once on each
image and run the fully-connected layers d times, where d is the maximum disparity under
consideration. This insight was important in designing the architecture of the network.
We could have chosen an architecture where the two images are concatenated before being
presented to the network, but that would imply a large cost at runtime because the whole
network would need to be run d times. This insight also led to the development of the
fast architecture, where the only layer that is run d times is the dot product of the feature
vectors.

Žbontar and LeCun

Ud (p) = {q|q ∈ U L (p), q − d ∈ U R (p − d)}.
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The right, bottom, and top arms are constructed analogously. Once the four arms are
known, we can compute the support region U (p) as the union of horizontal arms of all
positions q laying on p’s vertical arm (see Figure 4).
Zhang et al. (2009) suggest that aggregation should consider the support regions of both
images in a stereo pair. Let U L and U R denote the support regions in the left and right
image. We define the combined support region Ud as

• kp − pl k < cbca distance; the horizontal distance (or vertical distance in case of top
and bottom arms) between positions p and pl is less than cbca distance pixels.

• |I(p) − I(pl )| < cbca intensity; the image intensities at positions p and pl should
be similar, their difference should be less than cbca intensity.

Information from neighboring pixels can be combined by averaging the matching cost over
a fixed window. This approach fails near depth discontinuities, where the assumption of
constant depth within a window is violated. We might prefer a method that adaptively
selects the neighborhood for each pixel, so that support is collected only from pixels of the
same physical object. In cross-based cost aggregation (Zhang et al., 2009) we build a local
neighborhood around each location comprising pixels with similar image intensity values
with the hope that these pixels belong to the same object.
The method begins by constructing an upright cross at each position; this cross is used
to define the local support region. The left arm pl at position p extends left as long as the
following two conditions hold:

4.1 Cross-based Cost Aggregation

The raw outputs of the convolutional neural network are not enough to produce accurate
disparity maps, with errors particularly apparent in low-texture regions and occluded areas.
The quality of the disparity maps can be improved by applying a series of post-processing
steps referred to as the stereo method. The stereo method we used was influenced by Mei
et al. (2011) and comprises cross-based cost aggregation, semiglobal matching, a left-right
consistency check, subpixel enhancement, a median, and a bilateral filter.

4. Stereo Method

layers followed by rectified linear units. The last fully-connected layer produces a single
number which, after being transformed with the sigmoid nonlinearity, is interpreted as the
similarity score between the input patches.
We use the binary cross-entropy loss for training. Let s denote the output of the network
for one training example and t denote the class of that training example; t = 1 if the example
belongs to the positive class and t = 0 if the example belongs to the negative class. The
binary cross-entropy loss for that example is defined as t log(s) + (1 − t) log(1 − s).
The decision to use two different loss functions, one for each architecture, was based on
empirical evidence. While we would have preferred to use the same loss function for both
architectures, experiments showed that the binary cross-entropy loss performed better than
the hinge loss on the accurate architecture. On the other hand, since the last step of the
fast architecture is the cosine similarity computation, a cross-entropy loss was not directly
applicable.
The hyperparameters of the accurate architecture are the number of convolutional layers in each sub-network (num conv layers), the number of feature maps in each layer
(num conv feature maps), the size of the convolution kernels (conv kernel size), the size
of the input patch (input patch size), the number of units in each fully-connected layer
(num fc units), and the number of fully-connected layers (num fc layers).
3.3 Computing the Matching Cost
The output of the network is used to initialize the matching cost:
CCNN (p, d) = −s(< P L (p), P R (p − d) >),
where s(< P L (p), P R (p − d) >) is the output of the network when run on input patches
P L (p) and P R (p − d). The minus sign converts the similarity score to a matching cost.
To compute the entire matching cost tensor CCNN (p, d) we would, naively, have to
perform the forward pass for each image location and each disparity under consideration.
The following three implementation details kept the running time manageable:
• The outputs of the two sub-networks need to be computed only once per location,
and do not need to be recomputed for every disparity under consideration.
• The output of the two sub-networks can be computed for all pixels in a single forward
pass by propagating full-resolution images, instead of small image patches. Performing
a single forward pass on the entire w × h image is faster than performing w · h forward
passes on small patches because many intermediate results can be reused.
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• The output of the fully-connected layers in the accurate architecture can also be
computed in a single forward pass. This is done by replacing each fully-connected
layer with a convolutional layer with 1 × 1 kernels. We still need to perform the
forward pass for each disparity under consideration; the maximum disparity d is 228
for the KITTI data set and 400 for the Middlebury data set. As a result, the fullyconnected part of the network needs to be run d times, and is a bottleneck of the
accurate architecture.
7

bottom arm

p
right arm

horizontal arms of q

p

q∈Np

+
q∈Np

X


P2 · 1{|D(p) − D(q)| > 1} ,

X
X
4
CCBCA
(p, D(p)) +
P1 · 1{|D(p) − D(q)| = 1}
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where 1{·} denotes the indicator function. The first term penalizes disparities with high
matching costs. The second term adds a penalty P1 when the disparity of neighboring pixels
differ by one. The third term adds a larger penalty P2 when the neighboring disparities
differ by more than one.
Rather than minimizing E(D) in all directions simultaneously, we could perform the
minimization in a single direction with dynamic programming. This solution would introduce unwanted streaking effects, since there would be no incentive to make the disparity
image smooth in the directions we are not optimizing over. In semiglobal matching we

E(D) =

We refine the matching cost by enforcing smoothness constraints on the disparity image.
Following Hirschmüller (2008), we define an energy function E(D) that depends on the
disparity image D:

4.2 Semiglobal Matching

where i is the iteration number. We repeat the averaging a number of times. Since the
support regions are overlapping, the results can change at each iteration. We skip crossbased cost aggregation in the fast architecture because it is not crucial for achieving a low
error rate and because it is relatively expensive to compute.

q∈Ud (p)

0
CCBCA
(p, d) = CCNN (p, d),
X
1
i−1
i
CCBCA (p, d) =
CCBCA
(q, d),
|Ud (p)|

The matching cost is averaged over the combined support region:

Figure 4: The support region for position p is the union of horizontal arms of all positions
q on p’s vertical arm.

left arm pl

q

top arm
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1X
Cr (p, d).
4 r

10

d

D(p) = argmin C(p, d).
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The disparity image D(p) is computed by the winner-takes-all strategy, that is, by finding
the disparity d that minimizes C(p, d),

4.3 Computing the Disparity Image

After semiglobal matching we repeat cross-based cost aggregation, as described in the
previous section. Hyperparameters cbca num iterations 1 and cbca num iterations 2
determine the number of cross-based cost aggregation iterations before and after semiglobal
matching.

CSGM (p, d) =

The hyperparameters sgm P1 and sgm P2 set a base penalty for discontinuities in the disparity map. The base penalty is reduced by a factor of sgm Q1 if one of D1 or D2 indicate
a strong image gradient or by a larger factor of sgm Q2 if both D1 and D2 indicate a strong
image gradient. The value of P1 is further reduced by a factor of sgm V when considering
the two vertical directions; in the ground truth, small changes in disparity are much more
frequent in the vertical directions than in the horizontal directions and should be penalised
less.
The final cost CSGM (p, d) is computed by taking the average across all four directions:

P1 = sgm P1,
P2 = sgm P2
if D1 < sgm D, D2 < sgm D;
P1 = sgm P1/sgm Q2, P2 = sgm P2/sgm Q2 if D1 ≥ sgm D, D2 ≥ sgm D;
P1 = sgm P1/sgm Q1, P2 = sgm P2/sgm Q1 otherwise.

The second term is subtracted to prevent values of Cr (p, d) from growing too large and
does not affect the optimal disparity map.
The penalty parameters P1 and P2 are set according to the image gradient so that
jumps in disparity coincide with edges in the image. Let D1 = |I L (p) − I L (p − r)| and
D2 = |I R (p−d)−I R (p−d−r)| be the difference in image intensity between two neighboring
positions in the direction we are optimizing over. We set P1 and P2 according to the following
rules:

k


4
Cr (p, d) = CCBCA
(p, d) − min Cr (p − r, k) + min Cr (p − r, d), Cr (p − r, d − 1) + P1 ,
k

Cr (p − r, d + 1) + P1 , min Cr (p − r, k) + P2 .

minimize the energy in a single direction, repeat for several directions, and average to obtain the final result. Although Hirschmüller (2008) suggested choosing sixteen direction, we
only optimized along the two horizontal and the two vertical directions; adding the diagonal
directions did not improve the accuracy of our system. To minimize E(D) in direction r,
we define a matching cost Cr (p, d) with the following recurrence relation:

Žbontar and LeCun
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4.3.1 Interpolation
The interpolation steps attempt to resolve conflicts between the disparity map predicted
for the left image and the disparity map predicted for the right image. Let DL denote the
disparity map obtained by treating the left image as the reference image—this was the case
so far, that is, DL (p) = D(p)—and let DR denote the disparity map obtained by treating
the right image as the reference image. DL and DR sometimes disagree on what the correct
disparity at a particular position should be. We detect these conflicts by performing a
left-right consistency check. We label each position p by applying the following rules in
turn:
correct
if |d − DR (p − d)| ≤ 1 for d = DL (p),
mismatch if |d − DR (p − d)| ≤ 1 for any other d,
occlusion otherwise.

For positions marked as occlusion, we want the new disparity value to come from the
background. We interpolate by moving left until we find a position labeled correct and
use its value. For positions marked as mismatch, we find the nearest correct pixels in 16
different directions and use the median of their disparities for interpolation. We refer to the
interpolated disparity map as DINT .
4.3.2 Subpixel Enhancement

C+ − C−
,
2(C+ − 2C + C− )

Subpixel enhancement provides an easy way to increase the resolution of a stereo algorithm.
We fit a quadratic curve through the neighboring costs to obtain a new disparity image:
DSE (p) = d −

where d = DINT (p), C− = CSGM (p, d − 1), C = CSGM (p, d), and C+ = CSGM (p, d + 1).
4.3.3 Refinement

q∈Np

X
1
DSE (q) · g(kp − qk) · 1{|I L (p) − I L (q)| < blur threshold},
W (p)

The final steps of the stereo method consist of a 5 × 5 median filter and the following
bilateral filter:
DBF (p) =

where g(x) is the probability density function of a zero mean normal distribution with
standard deviation blur sigma and W (p) is the normalizing constant,
X
g(kp − qk) · 1{|I L (p) − I L (q)| < blur threshold}.
W (p) =

q∈Np

The role of the bilateral filter is to smooth the disparity map without blurring the edges.
DBF is the final output of our stereo method.

5. Experiments
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We used three stereo data sets in our experiments: KITTI 2012, KITTI 2015, and Middlebury. The test set error rates reported in Tables 1, 2, and 4 were obtained by submitting
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Rank
1
2
3
4
5
6
7
8
9
10

Method
MC-CNN-acrt
Displets
MC-CNN
PRSM
MC-CNN-fst
SPS-StFl
VC-SF
Deep Embed
JSOSM
OSF
CoR

Žbontar and LeCun

Accurate architecture
Güney and Geiger (2015)
Žbontar and LeCun (2015)
Vogel et al. (2015)
Fast architecture
Yamaguchi et al. (2014)
Vogel et al. (2014)
Chen et al. (2015)
Unpublished work
Menze and Geiger (2015)
Chakrabarti et al. (2015)

Setting

F, MV

F, MS
F, MV

F

Error

2.43
2.47
2.61
2.78
2.82
2.83
3.05
3.10
3.15
3.28
3.30

Runtime

67
265
100
300
0.8
35
300
3
105
3000
6

Table 1: The highest ranking methods on the KITTI 2012 data set as of October 2015.
The “Setting” column provides insight into how the disparity map is computed:
“F” indicates the use of optical flow, “MV” indicates more than two temporally
adjacent images, and “MS” indicates the use of epipolar geometry for computing
the optical flow. The “Error” column reports the percentage of misclassified pixels
and the “Runtime” column measures the time, in seconds, required to process one
pair of images.

the generated disparity maps to the online evaluation servers. All other error rates were
computed by splitting the data set in two, using one part for training and the other for
validation.

5.1 KITTI Stereo Data Set

The KITTI stereo data set (Geiger et al., 2013; Menze and Geiger, 2015) is a collection of
rectified image pairs taken from two video cameras mounted on the roof of a car, roughly
54 centimeters apart. The images were recorded while driving in and around the city of
Karlsruhe, in sunny and cloudy weather, at daytime. The images were taken at a resolution
of 1240 × 376. A rotating laser scanner mounted behind the left camera recorded ground
truth depth, labeling around 30 % of the image pixels.
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The ground truth disparities for the test set are withheld and an online leaderboard
is provided where researchers can evaluate their method on the test set. Submissions are
allowed once every three days. Error is measured as the percentage of pixels where the
true disparity and the predicted disparity differ by more than three pixels. Translated into
distance, this means that, for example, the error tolerance is 3 centimeters for objects 2
meters from the camera and 80 centimeters for objects 10 meters from the camera.

12

MC-CNN-acrt
MC-CNN-fst
SPS-St
OSF
PR-Sceneflow
SGM+C+NL
SGM+LDOF
SGM+SF
ELAS
OCV-SGBM
SDM

Accurate architecture
Fast architecture
Yamaguchi et al. (2014)
Menze and Geiger (2015)
Vogel et al. (2013)
Hirschmüller (2008); Sun et al. (2014)
Hirschmüller (2008); Brox and Malik (2011)
Hirschmüller (2008); Hornacek et al. (2014)
Geiger et al. (2011)
Hirschmüller (2008)
Kostková and Sára (2003)
F
F
F
F
F

3.89
4.62
5.31
5.79
6.24
6.84
6.84
6.84
9.72
10.86
11.96

67
0.8
2
3000
150
270
86
2700
0.3
1.1
60

Setting Error Runtime

1. The KITTI 2012 scoreboard:
benchmark=stereo
2. The KITTI 2015 scoreboard:
benchmark=stereo
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http://www.cvlibs.net/datasets/kitti/eval_scene_flow.php?

http://www.cvlibs.net/datasets/kitti/eval_stereo_flow.php?

Two KITTI stereo data sets exist: KITTI 20121 and, the newer, KITTI 20152 . For the
task of computing stereo they are nearly identical, with the newer data set improving some
aspects of the optical flow task. The 2012 data set contains 194 training and 195 testing
images, while the 2015 data set contains 200 training and 200 testing images. There is a
subtle but important difference introduced in the newer data set: vehicles in motion are
densely labeled and car glass is included in the evaluation. This emphasizes the method’s
performance on reflective surfaces.
The best performing methods on the KITTI 2012 data set are listed in Table 1. Our
accurate architecture ranks first with an error rate of 2.43 %. Third place on the leaderboard
is held by our previous work (Žbontar and LeCun, 2015) with an error rate of 2.61 %. The
two changes that reduced the error from 2.61 % to 2.43 % were augmenting the data set
(see Section 5.4) and doubling the number of convolution layers while reducing the kernel
size from 5 × 5 to 3 × 3. The method in second place (Güney and Geiger, 2015) uses
the matching cost computed by our previous work (Žbontar and LeCun, 2015). The test
error rate of the fast architecture is 2.82 %, which would be enough for fifth place had the
method been allowed to appear in the public leaderboard. The running time for processing
a single image pair is 67 seconds for the accurate architecture and 0.8 seconds for the fast
architecture. Figure 5 contains a pair of examples from the KITTI 2012 data set, together
with the predictions of our method.
Table 2 presents the frontrunners on the KITTI 2015 data sets. The error rates of
our methods are 3.89 % for the accurate architecture and 4.46 % for the fast architecture,
occupying first and second place on the leaderboard. Since one submission per paper is

Table 2: The leading submission on the KITTI 2015 leaderboard as of October 2015. The
“Setting”, “Error”, and “Runtime” columns have the same meaning as in Table 1.

2
3
4
5
6
7
8
9
10

1

Rank Method

Stereo by Training a Network to Compare Patches

Error: 1.54 %

Error: 1.45 %

Fast architecture

Accurate architecture
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Figure 5: Examples of predicted disparity maps on the KITTI 2012 data set. Note how
some regions of the image (the white wall in the top example, and the asphalt
in the bottom example) cause problems for the census transform. The fast and
the accurate architecture perform better, with the accurate architecture making
fewer mistakes on average.

Error: 14.12 %

Ground truth

Error: 0.91 %

Census

Left input image

Accurate architecture

Error: 1.01 %

Fast architecture

Ground truth

Error: 4.63 %

Right input image

Right input image

Census

Left input image

Žbontar and LeCun

Year
8
2
6
21
23

Number of Image Pairs
380 × 430
1800 × 1500
1400 × 1100
1400 × 1100
3000 × 2000

Resolution
30
220
230
230
800

Maximum Disparity

Stereo by Training a Network to Compare Patches

2001
2003
2005
2006
2014
Table 3: A summary of the five Middlebury stereo data sets. The column “Number of
Image Pairs” counts only the image pairs for which ground truth is available. The
2005 and 2014 data sets additionally contain a number of image pairs with ground
truth disparities withheld; these image pairs constitute the test set.

allowed, only the result of the accurate architecture appears on the public leaderboard. See
Figure 6 for the disparity maps produced by our method on the KITTI 2015 data set.
5.2 Middlebury Stereo Data Set
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The image pairs of the Middlebury stereo data set are indoor scenes taken under controlled
lighting conditions. Structured light was used to measure the true disparities with higher
density and precision than in the KITTI data set. The data sets were published in five
separate works in the years 2001, 2003, 2005, 2006, and 2014 (Scharstein and Szeliski, 2002,
2003; Scharstein and Pal, 2007; Hirschmüller and Scharstein, 2007; Scharstein et al., 2014).
In this paper, we refer to the Middlebury data set as the concatenation of all five data sets;
a summary of each is presented in Table 3.
Each scene in the 2005, 2006, and 2014 data sets was taken under a number of lighting conditions and shutter exposures, with a typical image pair taken under four lighting
conditions and seven exposure settings for a total of 28 images of the same scene.
An online leaderboard3 , similar to the one provided by KITTI, displays a ranked list
of all submitted methods. Participants have only one opportunity to submit their results
on the test set to the public leaderboard. This rule is stricter than the one on the KITTI
data set, where submissions are allowed every three days. The test set contains 15 images
borrowed from the 2005 and 2014 data sets.
The data set is provided in full, half, and quarter resolution. The error is computed at
full resolution; if the method outputs half or quarter resolution disparity maps, they are
upsampled before the error is computed. We chose to run our method on half resolution
images because of the limited size of the graphic card’s memory available.
Rectifying a pair of images using standard calibration procedures, like the ones present in
the OpenCV library, results in vertical disparity errors of up to nine pixels on the Middlebury
data set (Scharstein et al., 2014). Each stereo pair in the 2014 data set is rectified twice:
once using a standard, imperfect approach, and once using precise 2D correspondences for
perfect rectification (Scharstein et al., 2014). We train the network on imperfectly rectified
3. The Middlebury scoreboard: http://vision.middlebury.edu/stereo/eval3/
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Error: 4.58 %

Ground truth

Census

Error: 2.79 %

Right input image

Fast architecture

Error: 2.36 %

Left input image

Accurate architecture

Error: 5.25 %

Ground truth

Census

Error: 3.91 %

Right input image

Fast architecture

Error: 3.73 %

Left input image

Accurate architecture
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Figure 6: Examples of predictions on the KITTI 2015 data set. Observe that vehicles in
motion are labeled densely in the KITTI 2015 data set.
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Method

MC-CNN-acrt
MeshStereo
LCU
TMAP
IDR
SGM
LPS
LPS
SGM
SNCC

Accurate architecture
Zhang et al. (2015)
Unpublished work
Psota et al. (2015)
Kowalczuk et al. (2013)
Hirschmüller (2008)
Sinha et al. (2014)
Sinha et al. (2014)
Hirschmüller (2008)
Einecke and Eggert (2010)

Resolution
Half
Half
Quarter
Half
Half
Half
Half
Full
Quarter
Half

8.29
13.4
17.0
17.1
18.4
18.7
19.4
20.3
21.2
22.2

Error
150
65.3
6567
2435
0.49
9.90
9.52
25.8
1.48
1.38

Runtime

17

JMLR 17(65):1-32

We construct a binary classification data set from all available image pairs in the training
set. The data set contains 25 million examples on the KITTI 2012, 17 million examples on
the KITTI 2015, and 38 million examples on the Middlebury data set.
At training time, the input to the network was a batch of 128 pairs of image patches.
At test time, the input was the entire left and right image. We could have used entire
images during training as well, as it would allow us to implement the speed optimizations
described in Section 3.3. There were several reasons why we preferred to train on image
patches: it was easier to control the batch size, the examples could be shuffled so that one
batch contained patches from several different images, and it was easier to maintain the
same number of positive and negative examples within a batch.
We minimized the loss using mini-batch gradient descent with the momentum term
set to 0.9. We trained for 14 epochs with the learning rate initially set to 0.003 for the
accurate architecture and 0.002 for the fast architecture. The learning rate was decreased

5.3 Details of Learning

image pairs, since only two of the fifteen test images (Australia and Crusade) are rectified
perfectly.
The error is measured as the percentage of pixels where the true disparity and the
predicted disparity differ by more than two pixels; this corresponds to an error tolerance
of one pixel at half resolution. The error on the evaluation server is, by default, computed
only on non-occluded pixels. The final error reported online is the weighted average over
the fifteen test images, with weights set by the authors of the data set.
Table 4 contains a snapshot of the third, and newest, version of the Middlebury leaderboard. Our method ranks first with an error rate of 8.29 % and a substantial lead over the
second placed MeshStereo method, whose error rate is 13.4 %. See Figure 7 for disparity
maps produced by our method on one image pair from the Middlebury data set.

Table 4: The top ten methods on the Middlebury stereo data set as of October 2015. The
“Error” column is the weighted average error after upsampling to full resolution
and “Runtime” is the time, in seconds, required to process one pair of images.

1
2
3
4
5
6
7
8
9
10

Rank

Stereo by Training a Network to Compare Patches

Ground truth
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Figure 7: An example of a particularly difficult image pair from the Middlebury data set; the
white wall in the background is practically textureless. The accurate architecture
is able to classify most of it correctly. The fast architecture doesn’t do as well
but still performs better than census.

Error: 7.25 %

Accurate architecture

Error: 34.65 %

Error: 16.19 %

Census

Right input image

Fast architecture

Left input image

Žbontar and LeCun

9×9
4
64
3

fst

acrt

4
223
3
7.5
1.5
0.02
7.74
5

4
10
1

9×9
4
112
3
4
384
4
10
1
0.13
5
2
0
1.32
32
3
6
2
0.08
6
6

KITTI 2012
fst

acrt
11 × 11
5
64
3

fst

acrt

Middlebury

9×9
4
64
3

2.3
55.9
4
8
1.5
0.08
6
2

1.5
6
0.5

11 × 11
5
112
3
3
384
1.5
18
0.5
0.02
14
2
16
1.3
18.1
4.5
9
2.75
0.13
1.7
2

2.3
42.3
3
6
1.25
0.08
4.64
5

4
10
1

9×9
4
112
3
4
384
4
10
1
0.03
5
2
4
2.3
55.8
3
6
1.75
0.08
6
5

KITTI 2015

Stereo by Training a Network to Compare Patches

Hyperparameter
input patch size
num conv layers
num conv feature maps
conv kernel size
num fc layers
num fc units
dataset neg low
dataset neg high
dataset pos
cbca intensity
cbca distance
cbca num iterations 1
cbca num iterations 2
sgm P1
sgm P2
sgm Q1
sgm Q2
sgm V
sgm D
blur sigma
blur threshold
Table 5: The hyperparameter values we used for the fast and accurate architectures (abbreviated “fst” and “acrt”). Note that hyperparameters concerning image intensity
values (cbca intensity and sgm D) apply to the preprocessed images and not to
raw images with intensity values in the range from 0 to 255.

by a factor of 10 on the 11th epoch. The number of epochs, the initial learning rate, and the
learning rate decrease schedule where treated as hyperparameters and were optimized with
cross-validation. Each image was preprocessed by subtracting the mean and dividing by
the standard deviation of its pixel intensity values. The left and right image of a stereo pair
were preprocessed separately. Our initial experiments suggested that using color information
does not improve the quality of the disparity maps; therefore, we converted all color images
to grayscale.
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The post-processing steps of the stereo method were implemented in CUDA (Nickolls
et al., 2008), the network training was done with the Torch environment (Collobert et al.,
2011) using the convolution routines from the cuDNN library (Chetlur et al., 2014). The
OpenCV library (Bradski, 2000) was used for the affine transformation in the data augmentation step.
19
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The hyperparameters where optimized with manual search and simple scripts that
helped automate the process. The hyperparameters we selected are shown in Table 5.
5.4 Data Set Augmentation

Augmenting the data set by repeatedly transforming the training examples is a commonly
employed technique to reduce the network’s generalization error. The transformations are
applied at training time and do not affect the runtime performance. We randomly rotate,
scale and shear the training patches; we also change their brightness and contrast. Since
the transformations are applied to patches after they have been extracted from the images,
the data augmentation step does not alter the ground truth disparity map or ruin the
rectification.
The parameters of the transformation are chosen randomly for each pair of patches,
and after one epoch of training, when the same example is being presented to the network
for the second time, new random parameters are selected. We choose slightly different
transformation parameters for the left and right image; for example, we would rotate the
left patch by 10 degrees and the right by 14. Different data sets benefited from different
types of transformations and, in some cases, using the wrong transformations increased the
error.
On the Middlebury data set we took advantage of the fact that the images were taken
under different lighting conditions and different shutter exposures by training on all available
images. The same data set augmentation parameters were used for the KITTI 2012 and
KITTI 2015 data sets.
The Middlebury test data sets contains two images worth mentioning: Classroom, where
the right image is underexposed and, therefore, darker than the left; and Djembe, where the
left and right images were taken under different light conditions. To handle these two cases
we train, 20 % of the time, on images where either the shutter exposure or the arrangements
of lights are different for the left and right image.
We combat imperfect rectification on the Middlebury data set by including a small
vertical disparity between the left and right image patches.
Before describing the steps of data augmentation, let us introduce some notation: in the
following, a word in typewriter is used to denote the name of a hyperparameter defining a
set, while the same word in italic is used to denote a number drawn randomly from that set.
For example, rotate is a hyperparameter defining the set of possible rotations and rotate
is a number drawn randomly from that set. The steps of data augmentation are presented
in the following list:

• Rotate the left patch by rotate degrees and the right patch by rotate + rotate diff
degrees.

• Scale the left patch by scale and the right patch by scale · scale diff.

• Scale the left patch in the horizontal direction by horizontal scale and the right patch
by horizontal scale · horizontal scale diff.
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• Shear the left patch in the horizontal direction by horizontal shear and the right patch
by horizontal shear + horizontal shear diff.
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2.62
2.61
2.61
2.63

2.63

[0.9, 1]
[0, 0.1]
[0, 0.7]
[1, 1.3]

[0, 0.3]

[−28, 28]
[0.8, 1]
[0.8, 1]
[0, 0.1]
[0, 1.3]
[1, 1.1]
[0, 1]
[−3, 3]
[0.9, 1]
[0, 0.3]
[0, 0.7]
[1, 1.1]

Range

8.75
7.91

7.99
8.17
8.08
7.91
8.16
7.95
8.05
8.00
7.97
8.05
7.92
8.01

Error

Middlebury
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The “sad”, “cens”, and “ncc” columns of Table 8 contain the results of the sum of absolute
differences, the census transform, and normalized cross-correlation on the KITTI 2012,
KITTI 2015, and Middlebury data sets. The validation errors in the last rows of Table 8

The normalized cross-correlation matching cost computes the cosine similarity between the left and right image patch, when the left and right image patches are
viewed as vectors instead of matrices. This is the same function that is computed
in the last two layers of the fast architecture (normalization and dot product). The
neighbourhood Np was set to a square 11 × 11 window around p.

• Normalized cross-correlation is a window-based method defined with the following
equation:
P
L
R
q∈Np I (q)I (q − d)
CN CC (p, d) = qP
.
P
L
2
R
2
q∈Np I (q)
q∈Np I (q − d)

• The census transform (Zabih and Woodfill, 1994) represents each image position as a
bit vector. The size of this vector is a hyperparameter whose value, after examining
several, we set to 81. The vector is computed by cropping a 9×9 image patch centered
around the position of interest and comparing the intensity values of each pixel in the
patch to the intensity value of the pixel in the center. When the center pixel is brighter
the corresponding bit is set. The matching cost is computed as the hamming distance
between two census transformed vectors.

• The sum of absolute differences computes the matching cost according to Equation (1),
that is, the matching cost between two image patches is computed by summing the
absolute differences in image intensities between corresponding locations. We used
9 × 9 patches.

We argue that the low error rate of our method is due to the convolutional neural network
and not a superior stereo method. We verify this claim by replacing the convolutional neural
network with three standard approaches for computing the matching cost:

5.6 Matching Cost

new, fictitious data set, called Tiny, which we use to demonstrate the performance of our
method on the kind of images typically used for autonomous driving or robotics. The sizes
of images we measured the runtime on were: 1242 × 350 with 228 disparity levels for the
KITTI data set, 1500 × 1000 with 200 disparity levels for the Middlebury data set, and 320
× 240 with 32 disparity levels for the Tiny data set.
Table 7 reveals that the fast architecture is up to 90 times faster than the accurate
architecture. Furthermore, the running times of the fast architecture are 0.78 seconds on
KITTI, 2.03 seconds on Middlebury, and 0.06 seconds on the Tiny data set. We can also
see that the fully-connected layers are responsible for most of the runtime in the accurate
architecture, as the hyperparameters controlling the number of convolutional layer and the
number of feature maps have only a small effect on the runtime.
Training times depended on the size of the data set and the architecture, but never
exceeded two days.

Žbontar and LeCun

We measure the runtime of our implementation on a computer with a NVIDIA Titan X
graphics processor unit. Table 7 contains the runtime measurements across a range of
hyperparameter settings for three data sets: KITTI, Middlebury half resolution, and a

5.5 Runtime

Table 6 contains the hyperparameters used and measures how each data augmentation step
affected the validation error.
Data augmentation reduced the validation error from 2.73 % to 2.61 % on the KITTI
2012 data set and from 8.75 % to 7.91 % on the Middlebury data set.

with addition and multiplication carried out element-wise where appropriate.

P R ← P R · (contrast · contrast diff) + (brightness + brightness diff),

P L ← P L · contrast + brightness and

• Adjust the brightness and contrast by setting the left and right image patches to:

• Translate the right patch in the vertical direction by vertical disparity.

Table 6: The hyperparameters governing data augmentation and how they affect the validation error. The “Error” column reports the validation error when a particular
data augmentation step is not used. The last two rows report validation errors
with and without data augmentation. For example, the validation error on the
KITTI 2012 is 2.73 % if no data augmentation is used, 2.65 % if all steps except
rotation are used, and 2.61 % if all data augmentation steps are used.

2.73
2.61

2.65

[−7, 7]

rotate
scale
horizontal scale
horizontal shear
brightness
contrast
vertical disparity
rotate diff
horizontal scale diff
horizontal shear diff
brightness diff
contrast diff

No data set augmentation
Full data set augmentation

Error

Range

Hyperparameter

KITTI 2012
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fst
66.1
66.2
66.3
66.4
66.5
66.7

acrt
0.70
0.82
0.97
1.11
1.24
1.37

fst
74.9
75.2
75.4
75.6
75.7
76.0

acrt

0.01
0.01
0.02
0.03
0.04
0.04
0.05
0.06

0.01
0.01
0.02
0.03
0.03
0.04

fst

1.6
1.6
1.7
1.7
1.8
1.8
1.8
1.9

1.7
1.8
1.8
1.8
1.9
1.9

acrt

Tiny

0.23
0.26
0.30
0.34
0.38
0.42
64.8
66.2
68.2
70.0
72.0
73.9
75.7
77.8

Middlebury

1
2
3
4
5
6
0.27
0.51
0.94
1.24
1.63
1.93
2.28
2.61

KITTI

Stereo by Training a Network to Compare Patches

Hyperparameter

num conv layers

num conv feature maps

59.4
60.4
61.5
62.7
64.0
65.3
66.4
67.7
0.5
0.9
1.4
1.8
2.3

0.09
0.15
0.25
0.34
0.44
0.53
0.61
0.71
25.3
50.7
75.7
101.2
126.4

16
32
48
64
80
96
112
128

num fc layers

16.3
32.9
49.6
66.4
82.9

1.8
1.9

1
2
3
4
5

0.03
0.06

0.6
1.1
1.8
2.7
75.7
84.8

21.4
44.9
75.7
113.3
1.24
2.03

17.4
38.5
66.4
101.0
66.4
67.1

128
256
384
512
0.34
0.78

num fc units

No stereo method
Full stereo method
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Table 7: The time, in seconds, required to compute the matching cost, that is, the time
spent in the convolutional neural network without any post-processing steps. The
time does include computing the matching cost twice: once when the left image is
taken to be the reference image and once when the right image is taken to be the
reference image. We measure the runtime as a function of four hyperparameters
controlling the network architecture; for example, the first six rows contain the
runtime as the number of convolutional layers in the network increases from one
to six. The last row of the table contains the running time for the entire method,
including the post-processing steps. As before, we abbreviate the fast and accurate
architectures as “fst” and “acrt”.
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should be used to compare the five methods. On all three data sets the accurate architecture
performs best, followed by the fast architecture, which in turn is followed by the census
transform. These are the three best performing methods on all three data sets. Their error
rates are 2.61 %, 3.02 %, and 4.90 % on KITTI 2012; 3.25 %, 3.99 %, and 5.03 % on KITTI
2015; and 7.91 %, 9.87 %, and 16.72 % on Middlebury. The sum of absolute differences and
the normalized cross-correlation matching costs produce disparity maps with larger errors.
For a visual comparison of our method and the census transform see Figures 5, 6, and 7.
5.7 Stereo Method

The stereo method includes a number of post-processing steps: cross-based cost aggregation,
semiglobal matching, interpolation, subpixel enhancement, a median, and a bilateral filter.
We ran a set of experiments in which we excluded each of the aforementioned steps and
recorded the validation error (see Table 8).
The last two rows of Table 8 allude to the importance of the post-processing steps of the
stereo method. We see that, if all post-processing steps are removed, the validation error
of the accurate architecture increases from 2.61 % to 13.49 % on KITTI 2012, from 3.25 %
to 13.38 % on KITTI 2015, and from 7.91 % to 28.33 % on Middlebury.
Out of all post-processing steps of the stereo method, semiglobal matching affects the
validation error the strongest. If we remove it, the validation error increases from 2.61 % to
4.26 % on KITTI 2012, from 3.25 % to 4.51 % on KITTI 2015, and from 7.91 % to 11.99 %
on Middlebury.
We did not use the left-right consistency check to eliminate errors in occluded regions on
the Middlebury data set. The error rate increased from 7.91 % to 8.22 % using the left-right
consistency check on the accurate architecture, which is why we decided to remove it.
5.8 Data Set Size

We used a supervised learning approach to measure the similarity between image patches.
It is, therefore, natural to ask how does the size of the data set affect the quality of the
disparity maps. To answer this question, we retrain our networks on smaller training sets
obtained by selecting a random set of examples (see Table 9).
We observe that the validation error decreases as we increase the number of training
examples. These experiments suggest a simple strategy for improving the results of our
stereo method: collect a larger data set.
5.9 Transfer Learning

JMLR 17(65):1-32

Up to this point the training and validation sets were created from the same stereo data
set, either KITTI 2012, KITTI 2015, or Middlebury. To evaluate the performance of our
method in the transfer learning setting, we run experiments where the validation error is
computed on a different data set than the one used for training. For example, we would
use the Middlebury data set to train the matching cost neural network and evaluate its
performance on the KITTI 2012 data set. These experiments give us some idea of the expected performance in a real-world application, where it isn’t possible to train a specialized
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15.70
3.02

No stereo method
Full stereo method

15.66
3.99

No stereo method
Full stereo method

30.84
9.87

No stereo method
Full stereo method

32.30
8.16

8.22
19.58
9.21
8.16
8.16
8.75
53.55
4.90

5.21
8.84
5.96
4.95
4.92
5.70

cens

30.67
9.44

9.94
19.80
10.39
9.44
9.44
9.95

sad

50.35
5.03

5.20
7.25
5.83
5.03
5.05
5.84

cens

28.33
7.91

10.63
11.99
7.91
8.44
7.91
7.96

acrt

59.57
41.86

43.09
51.25
41.86
42.71
41.90
41.97

sad

64.53
16.72

29.28
19.51
16.72
17.18
16.73
16.96

cens

Middlebury

13.38
3.25

3.39
4.51
3.33
3.28
3.25
3.43

acrt

KITTI 2015

13.49
2.61

2.73
4.26
2.96
2.65
2.63
2.79

sad

KITTI 2012
acrt

39.23
33.89

33.89
35.36
33.89
34.12
34.17
34.43

ncc

18.95
8.89

8.89
9.36
10.98
8.91
8.96
9.77

ncc

22.21
8.93

8.93
10.72
11.16
8.93
9.00
9.76

ncc
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Table 8: The numbers measure validation error when a particular post-processing step is
excluded from the stereo method. The last two rows of the tables should be
interpreted differently: they contain the validation error of the raw convolutional
neural network and the validation error after the complete stereo method. For
example, if we exclude semiglobal matching, the fast architecture achieves an error
rate of 8.78 % on the KITTI 2012 data set and an error rate of 3.02 % after applying
the full stereo method. We abbreviate the method names as “fst” for the fast
architecture, “acrt” for the accurate architecture, “sad” for the sum of absolute
differences, “cens” for the census transform, and “ncc” for the normalized crosscorrelation matching cost.

9.87
25.50
9.87
10.29
10.16
10.39

Cross-based cost aggregation
Semiglobal matching
Interpolation
Subpixel Enhancement
Median filter
Bilateral filter

fst

3.99
8.40
4.47
4.02
4.05
4.20

Cross-based cost aggregation
Semiglobal matching
Interpolation
Subpixel Enhancement
Median filter
Bilateral filter

fst

3.02
8.78
3.48
3.03
3.03
3.26

Cross-based cost aggregation
Semiglobal matching
Interpolation
Subpixel Enhancement
Median filter
Bilateral filter

fst

Stereo by Training a Network to Compare Patches

3.17
3.11
3.09
3.05
3.02

fst
2.84
2.75
2.67
2.65
2.61

acrt

KITTI 2012
4.13
4.10
4.05
4.02
3.99

fst
3.53
3.40
3.34
3.29
3.25

acrt

KITTI 2015
11.14
10.35
10.14
10.09
9.87

fst
9.73
8.71
8.36
8.21
7.91

acrt

Middlebury

fst
3.02
3.60
3.16

acrt
2.61
4.28
3.07

Test Set

4.12
3.99
4.48

fst

3.99
3.25
4.49

acrt

KITTI 2015

12.78
13.70
9.87

fst

11.09
14.19
7.91

acrt

Middlebury
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Searching for a good set of hyperparameters is a daunting task—with the search space
growing exponentially with the number of hyperparameters and no gradient to guide us.
To better understand the effect of each hyperparameter on the validation error, we conduct
a series of experiments where we vary the value of one hyperparameter while keeping the
others fixed to their default values. The results are shown in Table 11 and can be summarized by observing that increasing the size of the network improves the generalization

5.10 Hyperparameters

network because no ground truth is available. The results of these experiments are shown
in Table 10.
Some results in Table 10 were unexpected. For example, the validation error on KITTI
2012 is lower when using the Middlebury training set compared to the KITTI 2015 training
set, even though the KITTI 2012 data set is obviously more similar to KITTI 2015 than
Middlebury. Furthermore, the validation error on KITTI 2012 is lower when using the fast
architecture instead of the accurate architecture when training on KITTI 2015.
The matching cost neural network trained on the Middlebury data set transfers well
to the KITTI data sets. Its validation error is similar to the validation errors obtained by
networks trained on the KITTI data sets.

Table 10: The validation error when the training and test sets differ. For example, the
validation error is 3.16 % when the Middlebury data set is used for training the
fast architecture and the trained network is tested on the KITTI 2012 data set.

Training Set

KITTI 2012
KITTI 2015
Middlebury

KITTI 2012

Table 9: The validation error as a function of training set size.

20
40
60
80
100

Data Set Size (%)

Žbontar and LeCun

fst

acrt
20.74
12.11
10.81
10.26
9.87
9.71

fst
12.37
9.20
8.56
8.21
7.91
8.11

acrt

Middlebury

acrt
4.06
3.45
3.27
3.25
3.30
3.38

KITTI 2015

fst
5.61
4.19
4.04
3.99
3.99
4.01

KITTI 2012
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Hyperparameter

num conv layers

3.97
2.98
2.72
2.61
2.64
2.70

8.52
8.33
8.06
8.00
7.91

5.96
3.52
3.10
3.02
3.03
3.05

8.44
8.03
7.91
7.90

1
2
3
4
5
6

3.50
3.31
3.30
3.25
3.29

8.00
7.91
8.08
8.66
8.86

num conv feature maps

3.36
3.28
3.25
3.23
9.84
9.87
9.98
10.20
10.13

8.59
8.23
8.05
8.11
7.91

10.06
8.67
8.47
8.12
7.95
8.03
7.91
7.92

2.83
2.70
2.62
2.61
2.62

3.35
3.33
3.31
3.25
3.28

9.87
9.97
10.00
9.98
10.16

7.97
7.91
8.04
8.34
8.51

11.79
10.48
10.20
9.87
9.81
9.62
9.59
9.45

2.72
2.65
2.61
2.60
3.97
3.97
3.98
3.99
4.05

3.30
3.25
3.25
3.23
3.24

9.92
9.87
9.86
10.00
10.16

3.51
3.35
3.32
3.30
3.29
3.27
3.25
3.23

num fc layers

1
2
3
4
5

2.76
2.71
2.63
2.61
2.63

3.98
3.99
4.02
4.06
4.05

3.26
3.28
3.25
3.27
3.29

4.32
4.12
4.06
3.99
3.99
3.97
3.96
3.95

num fc units

128
256
384
512
3.00
3.00
2.99
3.02
3.06

2.72
2.61
2.61
2.60
2.61

4.00
3.99
3.99
4.04
4.04

2.84
2.68
2.66
2.64
2.64
2.68
2.61
2.63

dataset neg low

1.0
1.5
2.0
4.0
6.0

3.00
3.02
3.04
3.07
3.07

2.67
2.65
2.61
2.62
2.66

3.33
3.15
3.07
3.02
3.02
2.99
2.98
2.97

dataset neg high

6
10
14
18
22

3.04
3.02
3.02
3.04
3.04

16
32
48
64
80
96
112
128

dataset pos

0.0
0.5
1.0
1.5
2.0
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Table 11: Validation errors computed across a range of hyperparameter settings.
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performance, but only up to a point, when presumably, because of the size of the data set,
the generalization performance starts do decrease.
Note that the num conv layers hyperparameter implicitly controls the size of the image
patches. For example, a network with one convolutional layer with 3 × 3 kernels compares
image patches of size 3 × 3, while a network with five convolutional layers compares patches
of size 11 × 11.

6. Conclusion

We presented two convolutional neural network architectures for learning a similarity measure on image patches and applied them to the problem of stereo matching.
The source code of our implementation is available at https://github.com/jzbontar/
mc-cnn. The online repository contains procedures for computing the disparity map, training the network, as well as the post-processing steps of the stereo method.
The accurate architecture produces disparity maps with lower error rates than any
previously published method on the KITTI 2012, KITTI 2015, and Middlebury data sets.
The fast architecture computes the disparity maps up to 90 times faster than the accurate
architecture with only a small increase in error. These results suggest that convolutional
neural networks are well suited for computing the stereo matching cost even for applications
that require real-time performance.
The fact that a relatively simple convolutional neural network outperformed all previous
methods on the well-studied problem of stereo is a rather important demonstration of the
power of modern machine learning approaches.
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To address this issue, we proceed to supplement our Bayesian policy gradient framework
with a new actor-critic learning model in which a Bayesian class of non-parametric critics,
based on Gaussian process temporal difference learning, is used. Such critics model the
action-value function as a Gaussian process, allowing Bayes’ rule to be used in computing
the posterior distribution over action-value functions, conditioned on the observed data.
Appropriate choices of the policy parameterization and of the prior covariance (kernel)
between action-values allow us to obtain closed-form expressions for the posterior distribution of the gradient of the expected return with respect to the policy parameters. We
perform detailed experimental comparisons of the proposed Bayesian policy gradient and
actor-critic algorithms with classic Monte-Carlo based policy gradient methods, as well as
with each other, on a number of reinforcement learning problems.

Policy gradient methods are reinforcement learning algorithms that adapt a parameterized policy by following a performance gradient estimate. Many conventional policy
gradient methods use Monte-Carlo techniques to estimate this gradient. The policy is
improved by adjusting the parameters in the direction of the gradient estimate. Since
Monte-Carlo methods tend to have high variance, a large number of samples is required
to attain accurate estimates, resulting in slow convergence. In this paper, we first propose a Bayesian framework for policy gradient, based on modeling the policy gradient as
a Gaussian process. This reduces the number of samples needed to obtain accurate gradient estimates. Moreover, estimates of the natural gradient as well as a measure of the
uncertainty in the gradient estimates, namely, the gradient covariance, are provided at
little extra cost. Since the proposed Bayesian framework considers system trajectories as
its basic observable unit, it does not require the dynamics within trajectories to be of any
particular form, and thus, can be easily extended to partially observable problems. On the
downside, it cannot take advantage of the Markov property when the system is Markovian.
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1. The term has been coined in Sutton et al. (2000), but here we use it more liberally to refer to a whole
class of reinforcement learning algorithms.
2. Note that policy gradient methods have been studied in the control community (see e.g., Dyer and
McReynolds 1970, Jacobson and Mayne 1970, Hasdorff 1976) before REINFORCE. However, unlike
REINFORCE that is model-free, they were all based on the exact model of the system (model-based).
3. It is important to note that the pioneering work of Gullapali and colleagues in the early 1990s (Gullapalli,
1990, 1992, Gullapalli et al., 1994) in applying policy gradient methods to robot learning problems had
an important role in popularizing this class of algorithms. In fact policy gradient methods have been
continuously proven to be one of the most effective class of algorithms in learning in robots.

A different approach for speeding-up PG algorithms was proposed by Kakade (2002) and
refined and extended by Bagnell and Schneider (2003) and Peters et al. (2003). The idea
is to replace the policy gradient estimate with an estimate of the so-called natural policy
gradient. This is motivated by the requirement that the policy updates should be invariant
to bijective transformations of the parametrization. Put more simply, a change in the way
the policy is parametrized should not influence the result of the policy update. In terms of
the policy update rule, the move to natural-gradient amounts to linearly transforming the
gradient using the inverse Fisher information matrix of the policy. In empirical evaluations,
natural PG has been shown to significantly outperform conventional PG (e.g., Kakade 2002,
Bagnell and Schneider 2003, Peters et al. 2003, Peters and Schaal 2008).

One solution proposed for this problem was to use an artificial discount factor in these
algorithms (Marbach, 1998, Baxter and Bartlett, 2001), however, this creates another problem by introducing bias into the gradient estimates. Another solution, which does not
involve biasing the gradient estimate, is to subtract a reinforcement baseline from the average reward estimate in the updates of PG algorithms (e.g., Williams, 1992, Marbach, 1998,
Sutton et al., 2000). In Williams (1992) an average reward baseline was used, and in Sutton et al. (2000) it was conjectured that an approximate value function would be a good
choice for a state-dependent baseline. However, it was shown in Weaver and Tao (2001)
and Greensmith et al. (2004), perhaps surprisingly, that the mean reward is in general not
the optimal constant baseline, and that the true value function is generally not the optimal
state-dependent baseline.

Policy gradient (PG) methods1 are reinforcement learning (RL) algorithms that maintain
a parameterized action-selection policy and update the policy parameters by moving them
in the direction of an estimate of the gradient of a performance measure. Early examples
of PG algorithms are the class of REINFORCE algorithms (Williams, 1992),2 which are
suitable for solving problems in which the goal is to optimize the average reward. Subsequent work (e.g., Kimura et al., 1995, Marbach, 1998, Baxter and Bartlett, 2001) extended
these algorithms to the cases of infinite-horizon Markov decision processes (MDPs) and
partially observable MDPs (POMDPs), while also providing much needed theoretical analysis.3 However, both the theoretical results and empirical evaluations have highlighted a
major shortcoming of these algorithms, namely, the high variance of the gradient estimates.
This problem may be traced to the fact that in most interesting cases, the time-average of
the observed rewards is a high-variance (although unbiased) estimator of the true average
reward, resulting in the sample-inefficiency of these algorithms.

1. Introduction
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a discussion). In the case of policy gradient estimation this is exacerbated by the fact that
consistent policy improvement requires multiple gradient estimation steps.
In O’Hagan (1991) a Bayesian
alternative to MC estimation is proposed.5 The idea is
R
to model integrals of the form f (x)g(x)dx as GPs. This is done by treating the first term
f in the integrand as a random function, the randomness of which reflects our subjective
uncertainty concerning its true identity. This allows us to incorporate our prior knowledge
of f into its prior distribution. Observing (possibly noisy) samples of f at a set of points
{x1 , . . . , xM } allows us to employ Bayes’ rule to compute a posterior distribution of f
conditioned on these samples. This, in turn, induces a posterior distribution over the value
of the integral.
In this paper, we first propose a Bayesian framework for policy gradient estimation by
modeling the gradient as a GP. Our Bayesian policy gradient (BPG) algorithms use GPs
to define a prior distribution over the gradient of the expected return, and compute its
posterior conditioned on the observed data. This reduces the number of samples needed
to obtain accurate gradient estimates. Moreover, estimates of the natural gradient as well
as a measure of the uncertainty in the gradient estimates, namely the gradient covariance,
are provided at little extra cost. Additional gains may be attained by learning a transition
model of the environment, allowing knowledge transfer between policies. Since our BPG
models and algorithms consider complete system trajectories as their basic observable unit,
they do not require the dynamics within each trajectory to be of any special form. In
particular, it is not necessary for the dynamics to have the Markov property, allowing
the resulting algorithms to handle partially observable MDPs, Markov games, and other
non-Markovian systems. On the downside, BPG algorithms cannot take advantage of the
Markov property when this property is satisfied. To address this issue, we supplement our
BPG framework with actor-critic methods and propose an AC algorithm that incorporates
GPTD as its critic. However, rather than merely plugging-in our critic into an existing
AC algorithm, we show how the posterior moments returned by the GPTD critic allow us
to obtain closed-form expressions for the posterior moments of the policy gradient. This
is made possible by utilizing the Fisher kernel (Shawe-Taylor and Cristianini, 2004) as
our prior covariance kernel for the GPTD state-action advantage values. Unlike the BPG
methods, the Bayesian actor-critic (BAC) algorithm takes advantage of the Markov property
of the system trajectories and uses individual state-action-reward transitions as its basic
observable unit. This helps reduce variance in the gradient estimates, resulting in steeper
learning curves when compared to BPG and the classic MC approach.
It is important to note that a short version of the two main parts of this paper, Bayesian
policy gradient and Bayesian actor-critic, appeared in Ghavamzadeh and Engel (2006)
and Ghavamzadeh and Engel (2007), respectively. This paper extends these conference
papers in the following ways:
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5. O’Hagan (1991) mentions that this approach may be traced even as far back as Poincaré (1896).

• We have included a discussion on using Bayesian Quadrature (BQ) for estimating
vector-valued integrals to the paper. This is totally relevant to this work because the
gradient of a policy (the quantity that we are interested in estimating using BQ) is
a vector-valued integral when the size of the policy parameter vector is more than
1, which is usually the case. This also helps to better see the difference between

Another approach for reducing the variance of policy gradient estimates, and as a result
making the search in the policy-space more efficient and reliable, is to use an explicit
representation for the value function of the policy. This class of PG algorithms are called
actor-critic algorithms. Actor-critic (AC) algorithms comprise a family of RL methods that
maintain two distinct algorithmic components: An actor, whose role is to maintain and
update an action-selection policy; and a critic, whose role is to estimate the value function
associated with the actor’s policy. Thus, the critic addresses the problem of prediction,
whereas the actor is concerned with control. Actor-critic methods were among the earliest to
be investigated in RL (Barto et al., 1983, Sutton, 1984). They were largely supplanted in the
1990’s by methods, such as SARSA (Rummery and Niranjan, 1994), that estimate actionvalue functions and use them directly to select actions without maintaining an explicit
representation of the policy. This approach was appealing because of its simplicity, but
when combined with function approximation was found to be unreliable, often failing to
converge. These problems led to renewed interest in PG methods.
Actor-critic algorithms (e.g., Sutton et al. 2000, Konda and Tsitsiklis 2000, Peters et al.
2005, Bhatnagar et al. 2007) borrow elements from these two families of RL algorithms. Like
value-function based methods, a critic maintains a value function estimate, while an actor
maintains a separately parameterized stochastic action-selection policy, as in policy based
methods. While the role of the actor is to select actions, the role of the critic is to evaluate
the performance of the actor. This evaluation is used to provide the actor with a feedback
signal that allows it to improve its performance. The actor typically updates its policy
along an estimate of the gradient (or natural gradient) of some measure of performance
with respect to the policy parameters. When the representations used for the actor and
the critic are compatible, in the sense explained in Sutton et al. (2000) and Konda and
Tsitsiklis (2000), the resulting AC algorithm is simple, elegant, and provably convergent
(under appropriate conditions) to a local maximum of the performance measure used by
the critic, plus a measure of the temporal difference (TD) error inherent in the function
approximation scheme (Konda and Tsitsiklis, 2000, Bhatnagar et al., 2009).
Existing AC algorithms are based on parametric critics that are updated to optimize
frequentist fitness criteria. By “frequentist” we mean algorithms that return a point estimate of the value function, rather than a complete posterior distribution computed using
Bayes’ rule. A Bayesian class of critics based on Gaussian processes (GPs) has been proposed by Engel et al. (2003, 2005), called Gaussian process temporal difference (GPTD).
By their Bayesian nature, these algorithms return a full posterior distribution over value
functions. Moreover, while these algorithms may be used to learn a parametric representation for the posterior, they are generally capable of searching for value functions in an
infinite-dimensional Hilbert space of functions, resulting in a non-parametric posterior.
Both conventional and natural policy gradient and actor-critic methods rely on MonteCarlo (MC) techniques in estimating the gradient of the performance measure. MC estimation is a frequentist procedure, and as such violates the likelihood principle (Berger
and Wolpert, 1984).4 Moreover, although MC estimates are unbiased, they tend to suffer
from high variance, or alternatively, require excessive sample sizes (see O’Hagan, 1987 for
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4. The likelihood principle states that in a parametric statistical model, all the information about a data
sample that is required for inferring the model parameters is contained in the likelihood function of that
sample.
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Reinforcement learning (RL) (Bertsekas and Tsitsiklis, 1996, Sutton and Barto, 1998) is
term describing a class of learning problems in which an agent (or controller) interacts
with a dynamic, stochastic, and incompletely known environment (or plant), with the goal
of finding an action-selection strategy, or policy, to optimize some measure of its longterm performance. This interaction is conventionally modeled as a Markov decision process
(MDP) (Puterman, 1994), or if the environmental state is not completely observable, as a
partially observable MDP (POMDP) (Astrom, 1965, Smallwood and Sondik, 1973, Kaelbling et al., 1998). In this work we restrict our attention to the discrete-time MDP setting.
Let P(X ), P(A), and P(R) denote the set of probability distributions on (Borel) subsets
of the sets X , A, and R, respectively. A MDP is a tuple (X , A, q, P, P0 ) where X and A
are the state and action spaces; q(·|x, a) ∈ P(R) and P (·|x, a) ∈ P(X ) are the probability
distributions over rewards and next states when action a is taken at state x (we assume
that q and P are stationary); and P0 (·) ∈ P(X ) is the probability distribution according to
which the initial state is selected. We denote the random variable distributed according to
q(·|x, a) as r(x, a) and its mean as r̄(x, a).
In addition, we need to specify the rule according to which the agent selects an action at each possible state. We assume that this rule is stationary, i.e., does not depend
explicitly on time. A stationary policy µ(·|x) ∈ P(A) is a probability distribution over
actions, conditioned on the current state. A MDP controlled by a policy µ induces a

2. Reinforcement Learning, Policy Gradient, and Actor-Critic Methods

• We apply the BAC algorithm to two new domains: “Mountain Car”, a 2-dimensional
continuous state and 1-dimensional discrete action problem, and “Ship Steering”, a
4-dimensional continuous state and 1-dimensional continuous action problem.

• We include all the proofs in this paper (almost none was reported in the two conference
papers), in particular, the proofs of Propositions 3, 4, 5, and 6. These proofs are
important and the proof techniques are novel and definitely useful for the community.
The importance of these proofs come from the fact that they show how with the right
choice of GP prior (the one that uses the family of Fisher information kernels), we are
able to use BQ and have a Bayesian estimate of the gradient integral, while initially
everything indicates that BQ cannot be used for the estimation of this integral.

• In comparison to Ghavamzadeh and Engel (2006), we report more details of the experiments and more experimental results, especially in using the posterior variance
(covariance) of the gradient to select the step size for updating the policy parameters.

• We describe the BPG and BAC algorithms in more details and show the details of
using online sparsification in these algorithms. Moreover, we show how BPG can
be extended to partially observable Markov decision processes (POMDPs) along the
same lines that the standard PG algorithms can be used in such problems.

the two models we propose for BPG. In Model 1, we place a vector-valued Gaussian
process (GP) over a component of the gradient integrant, while in Model 2, we put a
scalar-valued GP over a different component of the gradient integrant.

Bayesian Policy Gradient and Actor-Critic Algorithms

t=1

T
Y

P µ (z t |z t−1 ) = P0 (x0 )
t=0
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−1

µ(at |xt )P (xt+1 |xt , at ).
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t
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In policy
gradient (PG) methods, we define a class of smoothly parameterized stochastic

policies µ(·|x; θ), x ∈ X , θ ∈ Θ . We estimate the gradient of the expected return, defined

t=0

where
=
is a discounted weighting of state-action pairs encountered
while following policy µ. Integrating a out of π µ (z) = π µ (x, a) results in the corresponding
R
discounted weighting of states encountered by following policy µ: ν µ (x) = A daπ µ (x, a).
µ
µ
µ
µ
Unlike ν and π , (1 − γ)ν and (1 − γ)π are distributions. They are analogous to the
stationary distributions over states and state-action pairs of policy µ in the undiscounted
setting, respectively, since as γ → 1, they tend to these distributions, if they exist.
Our aim is to find a policy µ∗ that maximizes the expected return, i.e., µ∗ = arg maxµ η(µ).
A policy µ is assessed according to the expected cumulative rewards associated with states
x or state-action pairs z. For all states x ∈ X and actions a ∈ A, the action-value function
and the value function of policy µ are defined as
"∞
#
Z
X
µ
t
Q (z) = E
γ r(z t )|z 0 = z
and
V µ (x) =
daµ(a|x)Qµ (x, a).

π µ (z)

It can be shown that under certain regularity conditions (Sutton et al., 2000), the expected
return of policy µ may be written in terms of state-action pairs (rather than in terms of
trajectories as in Equation 2) as
Z
η(µ) =
dzπ µ (z)r̄(z),
(3)

Ptµ (z t ) =

The t-step state-action occupancy density of policy µ is given by

Ξ

PT −1 t
We denote by R(ξ) =
t=0 γ r(xt , at ) the (possibly discounted, γ ∈ [0, 1]) cumulative
return of the path ξ. R(ξ) is a random variable both because the path ξ itself is a random
variable, and because, even for a given path, each of the rewards sampled in it may be
stochastic. The expected value of R(ξ) for a given path ξ is denoted by R̄(ξ). Finally, we
define the expected return of policy µ as
Z


η(µ) = E R(ξ) =
R̄(ξ) Pr(ξ; µ)dξ.
(2)

Pr(ξ; µ) = P0µ (z 0 )

Markov chain over state-action pairs z t = (xt , at ) ∈ Z = X × A, with a transition probability density P µ (z t |z t−1 ) = P (xt |xt−1 , at−1 )µ(at |xt ), and an initial state density P0µ (z 0 ) =
P0 (x0 )µ(a0 |x0 ). We generically denote by ξ = (z 0 , z 1 , . . . , z T ) ∈ Ξ, T ∈ {0, 1, . . . , ∞} a
path generated by this Markov chain. Note that Ξ is the set of all possible trajectories that
can be generated by the Markov chain induced by the current policy µ. The probability
(density) of such a path is given by
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by Equation 2 (or Equation 3), with respect to the policy parameters θ, from the observed
system trajectories. We then improve the policy by adjusting the parameters in the direction
of the gradient (e.g., Williams 1992, Marbach 1998, Baxter and Bartlett 2001). Since in this
setting a policy µ is represented by its parameters θ, policy dependent functions such as
η(µ), Pr ξ; µ), π µ (z), ν µ (x), V µ (x), and Qµ (z) may be written as η(θ), Pr(ξ; θ), π(z; θ),
ν(x; θ), V (x; θ), and Q(z; θ), respectively. We assume
Assumption 1 (Differentiability) For any state-action pair (x, a) and any policy parameter θ ∈ Θ, the policy µ(a|x; θ) is continuously differentiable in the parameters θ.

(4)

The score function or likelihood ratio method has become the most prominent technique for
gradient estimation from simulation. It has been first proposed in the 1960’s (Aleksandrov
et al., 1968, Rubinstein, 1969) for computing performance gradients in i.i.d. (independently
and identically distributed) processes, and was then extended to regenerative processes including MDPs by Glynn (1986, 1990), Reiman and Weiss (1986, 1989), Glynn and L’Ecuyer
(1995), and to episodic MDPs by Williams (1992). This method estimates the gradient of
the expected return with respect to the policy parameters θ, defined by Equation 2, using
the following equation:6
Z
∇η(θ) =

∇ Pr(ξ; θ)
R̄(ξ)
Pr(ξ; θ)dξ.
Pr(ξ; θ)

t=0

t=0

T −1
T −1
∇ Pr(ξ; θ) X ∇µ(at |xt ; θ) X
=
=
∇ log µ(at |xt ; θ).
Pr(ξ; θ)
µ(at |xt ; θ)

(5)

Pr(ξ;θ)
In Equation 4, the quantity ∇Pr(ξ;θ)
= ∇ log Pr(ξ; θ) is called the (Fisher) score function or
likelihood ratio. Since the initial-state distribution P0 and the state-transition distribution
P are independent of the policy parameters θ, we may write the score function for a path
ξ using Equation 1 as7

u(ξ; θ) = ∇ log Pr(ξ; θ) =

i=1

t=0

(6)

Previous work on policy gradient used classical MC to estimate the gradient in Equation 4. These methods generate i.i.d. sample paths ξ1 , . . . , ξM according to Pr(ξ; θ), and
estimate the gradient ∇η(θ) using the MC estimator

i=1

TX
M
M
i −1
1 X
1 X
c
∇η(θ)
=
R(ξi )∇ log Pr(ξi ; θ) =
R(ξi )
∇ log µ(at,i |xt,i ; θ).
M
M

dxda ν(x; θ)∇µ(a|x; θ)Q(x, a; θ).

(7)

c
This is an unbiased estimate, and therefore, by the law of large numbers, ∇η(θ)
→ ∇η(θ)
as M goes to infinity, with probability one.
The policy gradient theorem (Marbach, 1998, Proposition 1; Sutton et al., 2000, Theorem 1; Konda and Tsitsiklis, 2000, Theorem 1) states that the gradient of the expected
return, defined by Equation 3, for parameterized policies satisfying Assumption 1 is given
by
Z
∇η(θ) =
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6. Throughout the paper, we use the notation ∇ to denote ∇θ – the gradient w.r.t. the policy parameters.
7. To simplify notation, we omit u’s dependence on the policy parameters θ, and denote u(ξ; θ) as u(ξ) in
the sequel.
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dxda ν(x; θ)∇µ(a|x; θ)b(x) =

Z

X

dx ν(x; θ)b(x)∇

A

X

Z
 Z
daµ(a|x; θ) =
dx ν(x; θ)b(x)∇(1) = 0,

Observe that if b : X → R is an arbitrary function of x (also called a baseline), then
Z
Z

Z


dxda ν(x; θ)∇µ(a|x; θ) Q(x, a; θ) + b(x) =

Z

Z

(8)


dzπ(z; θ)∇ log µ(a|x; θ) Q(z; θ) + b(x) .

and thus, for any baseline b(x), the gradient of the expected return can be written as
∇η(θ) =

Z

The baseline may be chosen in such a way so as to minimize the variance of the gradient
estimates (Greensmith et al., 2004).
Now consider the actor-critic (AC) framework in which the action-value function for a
fixed policy µ, Qµ , is approximated by a learned function approximator. If the approximation is sufficiently good, we may hope to use it in place of Qµ in Equations 7 and 8, and
still point roughly in the direction of the true gradient. Sutton et al. (2000) and Konda and
Tsitsiklis (2000) showed that if the approximation Q̂µ (·; w) with parameter w is compatible,
i.e., ∇w Q̂µ (x, a; w) = ∇ log µ(a|x; θ), and if it minimizes the mean squared error
Z

2
dzπ µ (z) Qµ (z) − Q̂µ (z; w)
(9)
E µ (w) =

Z

for parameter value w∗ , then we may replace Qµ with Q̂µ (·; w∗ ) in Equations 7 and 8. The
second condition means that Q̂µ (·; w∗ ) is the projection of Qµ onto the space {Q̂µ (·; w)|w ∈
Rn }, with respect to a `2 -norm weighted by π µ .
An approximation for the action-value function, in terms of a linear combination of basis
functions, may be written as Q̂µ (z; w) = w> ψ(z). This approximation is compatible if the
ψ’s are compatible with the policy, i.e., ψ(z; θ) = ∇ log µ(a|x; θ). Note that compatibility
is well defined under Assumption 1. Let E µ (w) denote the mean squared error
Z

2
dzπ µ (z) Qµ (z) − w> ψ(z) − b(x)
(10)

E µ (w) =



1
exp θ > φ(x, a) ,
Zθ (x)
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of our compatible linear approximation w> ψ(z) and an arbitrary baseline b(x). Let w∗ =
arg minw E µ (w) denote the optimal parameter. It can be shown that the value of w∗
does not depend on the baseline b(x). As a result, the mean squared-error problems of
Equations 9 and 10 have the same solutions (see e.g., Bhatnagar et al. 2007, 2009). It can
also be shown that if the parameter w is set to be equal to w∗ , then the resulting mean
squared error E µ (w∗ ), now treated as a function of the baseline b(x), is further minimized
by setting b(x) = V µ (x) (Bhatnagar et al., 2007, 2009). In other words, the variance in
the action-value function estimator is minimized if the baseline is chosen to be the value
function itself.
A convenient and rather flexible choice for a space of policies that ensures compatibility
between the policy and the action-value representation is a parametric exponential family
µ(a|x; θ) =

8

f (x)g(x)dx.

(11)

i=1

M
1 X
f (xi ).
M

(12)



and Cov f (x), f (x0 ) = k(x, x0 ),

∀x, x0 ∈ X ,

(13)
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8. If samples are drawn from some other distribution, importance sampling variants of MC may be used.

respectively. The choice of kernel function k allows us to incorporate prior knowledge on
the smoothness properties of the integrand into the estimation procedure. When we are

 M
provided with a set of samples DM = xi , y(xi ) i=1 , where y(xi ) is a (possibly noisy)
sample of f (xi ), we apply Bayes’ rule to condition the prior on these sampled values. If the
measurement noise is normally distributed, the result is a Normal posterior distribution of



E f (x) = f¯(x)

It is easy to show that ρ̂M C is an unbiased estimate of ρ, with variance that diminishes to
zero as M → ∞. However, as O’Hagan (1987) points out, MC estimation is fundamentally
unsound, as it violates the likelihood principle, and moreover, does not make full use of
the data at hand. The alternative proposed in O’Hagan (1991) is based on the following
reasoning: In the Bayesian approach, f (·) is random simply because it is unknown. We are
therefore uncertain about the value of f (x) until we actually evaluate it. In fact, even then,
our uncertainty is not always completely removed, since measured samples of f (x) may be
corrupted by noise. Modeling f as a Gaussian process (GP) means that our uncertainty is
completely accounted for by specifying a Normal prior distribution over functions. This prior

distribution is specified by its mean and covariance, and is denoted by f (·) ∼ N f¯(·), k(·, ·) .
This is shorthand for the statement that f is a GP with prior mean and covariance

ρ̂M C =

If g(x) is a probability density function, i.e., g(x) = p(x), this becomes the problem of
evaluating the expected value of f (x). A well known frequentist approach to evaluating such
expectations is the Monte-Carlo (MC) method. For MC estimation of such expectations,
it is typically required that samples x1 , x2 , . . . , xM are drawn from p(x).8 The integral in
Equation 11 is then estimated as

ρ=

Bayesian quadrature (BQ) (O’Hagan, 1991) is, as its name suggests, a Bayesian method for
evaluating an integral using samples of its integrand. We consider the problem of evaluating
the integral
Z

3. Bayesian Quadrature


R
where Zθ (x) = A da exp θ > φ(x, a) is a normalizing factor, referred toRas the partition
function. It is easy to show that ψ(z) = φ(z)−Ea|x [φ(z)], where Ea|x [·] = A daµ(a|x; θ)[·],

and as a result, Q̂µ (z; w∗ ) = w∗> φ(z) − Ea|x [φ(z)] + b(x) is a compatible action-value

function for this family of policies. Note that Ea|x [Q̂(z; w∗ )] = b(x), since Ea|x φ(z) −

µ
∗
µ
Ea|x [φ(z)] = 0. This means that if Q̂ (z; w ) approximates Q (z), then b(x) must approximate the value function V µ (x). The term Âµ (z; w∗ ) = Q̂µ (z; w∗ )−b(x) = w∗> φ(z)−
Ea|x [φ(z)] approximates the advantage function Aµ (z) = Qµ (z) − V µ (x) (Baird, 1993).
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(14)

b0 =

ZZ

k(x, x0 )g(x)g(x0 )dxdx0 .

(16)

10
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9. What O’Hagan means by “degenerating into infinite regress” is simply that if we cannot compute the
posterior integrals of Equation 16 analytically, then we have started with estimating one integral (Equation 11) and ended up with three (Equation 16), and if we repeat this process, this can go forever and
leave us with infinite integrals to evaluate. Therefore, for Bayesian MC to work, it is crucial to be able
to analytically calculate the posterior integrals, and this can be achieved through the way we divide the
integrant into two parts and the way we select the kernel function.

Note that ρ0 and b0 are the prior mean and variance of ρ, respectively.
Rasmussen and Ghahramani (2003) experimentally demonstrated how this approach,
when applied to the evaluation of an expectation, can outperform MC estimation by orders
of magnitude in terms of the mean-squared error.
In order to prevent the problem from “degenerating into infinite regress”, as phrased
by O’Hagan (1991),9 we should choose the functions g, k, and f¯ so as to allow us to solve the
integrals in Equation 16 analytically. For example, O’Hagan provides the analysis required
for the case where the integrands in Equation 16 are products of multivariate Gaussians
and polynomials, referred to as Bayes-Hermite quadrature. One of the contributions of our
work is in providing analogous analysis for kernel functions that are based on the Fisher
kernel (Jaakkola and Haussler, 1999, Shawe-Taylor and Cristianini, 2004).
It is important to note that in MC estimation, samples must be drawn from the distribution p(x) = g(x), whereas in the Bayesian approach, samples may be drawn from arbitrary
distributions. This affords us with flexibility in the choice of sample points, allowing us, for
instance, to actively design the samples x1 , . . . , xM so as to maximize information gain.

where we made use of the definitions:
Z
Z
ρ0 = f¯(x)g(x)dx ,
b = k(x)g(x)dx ,

Substituting Equation 14 into Equation 15, we obtain
E[ρ|DM ] = ρ0 + b> C(y − f¯)
and
Var[ρ|DM ] = b0 − b> Cb,

where K is the kernel (or Gram) matrix, and [Σ]i,j is the measurement noise covariance
between the ith and jth samples. It is typically assumed that the measurement noise is
i.i.d., in which case Σ = σ 2 I, where σ 2 is the noise variance and I is the (appropriately
sized - here M × M ) identity matrix.
Since integration is a linear operation, the posterior distribution of the integral in Equation 11 is also Gaussian, and the posterior moments are given by (O’Hagan, 1991)
Z


E[ρ|DM ] = E f (x)|DM g(x)dx,
ZZ


Var[ρ|DM ] =
Cov f (x), f (x0 )|DM g(x)g(x0 )dxdx0 .
(15)

Here and in the sequel, we make use of the definitions:
>
>
f¯ = f¯(x1 ), . . . , f¯(xM ) ,
k(x) = k(x1 , x), . . . , k(xM , x) ,
>
y = y(x1 ), . . . , y(xM ) ,
[K]i,j = k(xi , xj ),
C = (K + Σ)−1 ,

f |DM . The expressions for the posterior mean and covariance are standard:


E f (x)|DM = f¯(x) + k(x)> C(y − f¯),


Cov f (x), f (x0 )|DM = k(x, x0 ) − k(x)> Ck(x0 ).
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3.1 Vector-Valued Integrals



Cov f (x; θ), f (x0 ; θ) = k(x, x0 ; θ),

∀x, x0 ∈ X .

O’Hagan (1991) treated the case where the integral to be estimated is a scalar-valued integral. However, in the context of our PG method, it is useful to consider vector-valued
integrals, such as the gradient of the expected return with respect to the policy parameters,
which we shall study in Section 4. In the BQ framework, an integral of the form in Equation 11 may be vector-valued for one of two possible reasons: either f is a vector-valued
GP and g is a scalar-valued function, or f is a scalar-valued GP and g is a vector-valued
function. These two possibilities correspond to two very different data-generation models.
>
In the first of these, an n-valued function f (·) = f1 (·), . . . , fn (·) is sampled from the GP
distribution of f . This distribution may include correlations between different components
of f . Hence, in general, to specify the GP prior distribution, one needs to specify not only


0
the covariance kernel of each component j of f , kj,j (x, x0 ) = Cov fj (x), fj (x
 ) , but also

cross-covariance kernels for pairs of different components, kj,` (x, x0 ) = Cov fj (x), f` (x0 ) .
Thus, instead of a single kernel function, we now need to specify a matrix of kernel functions.10 Similarly, we also need to specify
a vector of prior means, consisting of a function

for each component: f¯j (x) = E fj (x) . The distribution of the measurement noise added
to f (x) to produce y(x) may also include correlations, requiring us to specify an array of
noise covariance matrices Σj,` . As we show below, the GP posterior distribution is also
specified in similar terms.
In the second model, a scalar-valued function is sampled from the GP prior distribution, which is specified by a single prior mean function and a single prior covariance-kernel
function. Gaussian noise may be added, and the result is then multiplied by each of the
components of the n-valued function g to produce the integrand. This model is significantly
simpler, both conceptually and in terms of the number of parameters required to specify it.
To see how a model of the first kind may arise, consider the following example.
R
Example 1 Let ρ(θ) = f (x; θ)g(x)dx, where f is a scalar GP, parameterized by a vector
of parameters θ. Its prior mean and covariance functions must therefore depend on θ. We
denote these dependencies by writing:


E f (x; θ) = f¯(x; θ),

and



Cov ∂θj f (x; θ), ∂θ` f (x0 ; θ) = ∂θj ∂θ` k(x, x0 ; θ),



We choose f¯(x; θ) and k(x, x0 ; θ) so as to be once and twice differentiable in θ, respectively.
Suppose now that we are not interestedR in estimating ρ(θ), but rather in its gradient with
respect to the parameters θ: ∇θ ρ(θ) = ∇θ f (x; θ)g(x)dx. It may be easily verified that the
mean functions and covariance kernels of the vector-valued GP ∇θ f (x; θ) are given by


E ∇θ f (x; θ) = ∇θ f¯(x; θ)

where ∂θj denotes the jth component of ∇θ .

Propositions 1 and 2 specify the form taken by the mean and covariance functions of
the integral GP under the two models discussed above.
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10. Note that to satisfy the symmetry property of the covariance operator, we require that kj,` (x, x0 ) =
k`,j (x0 , x) = k`,j (x, x0 ), for all x, x0 ∈ X and j, ` ∈ {1, . . . , n}.
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¯
Proposition
1 (Vector-valued GP) Let f be an n-valued
GP with



 mean functions fj (x) =
E fj (x) and covariance functions kj,` (x, x0 ) = Cov fj (x), f` (x0 ) , ∀j, ` ∈ {1, . . . , n}, and
let g be a scalar-valued function. Then, the mean and covariance of ρ defined by Equation 11
are of the following form:
Z
ZZ


f¯j (x)g(x)dx, Cov ρj , ρ` =
kj,` (x, x0 )g(x)g(x0 )dxdx0 , ∀j, ` ∈ {1, . . . , n}.
 
E ρj =

Proposition
GP with
mean function
 2 (Scalar-valued GP) Let f be a scalar-valued


f¯(x) = E f (x) and covariance function k(x, x0 ) = Cov f (x), f (x0 ) , and let g be an
n-valued function. Then, the mean and covariance of ρ defined by Equation 11 are of the
following form:
Z
ZZ


f¯(x)gj (x)dx, Cov ρj , ρ` =
k(x, x0 )gj (x)g` (x0 )dxdx0 , ∀j, ` ∈ {1, . . . , n}.

 
E ρj =

m,m0

X


Cov fj (x), f` (x0 )|DM = kj,` (x, x0 ) −
kj,m (x)> C m,m0 km0 ,` (x0 ),

m,m0

(17)

The proofs of these two propositions follow straightforwardly from the definition of the
covariance operator in terms of expectations, and the order-exchangeability of GP expectations and integration with respect to x.
To wrap things up, we need to describe the form taken by the posterior moments of
f in the vector-valued GP case. Using the standard Gaussian conditioning formulas, it is
straightforward to show that
X


E fj (x)|DM = f¯j (x) +
kj,m (x)> C m,m0 (y m0 − f¯m0 ),

where

>
>
f¯j = f¯j (x1 ), . . . , f¯j (xM ) ,
kj,` (x) = kj,` (x1 , x), . . . , kj,` (xM , x) ,
>
[K j,` ]i,i0 = kj,` (xi , xi0 ),
y ` = y` (x1 ), . . . , y` (xM ) ,




K 1,1 . . . K 1,n
Σ1,1 . . . Σ1,n


 .

.
−1
.
...
K =  ...
 , Σ =  ..
 , C = (K + Σ) ,
.
K n,1 . . . K n,n
Σn,1 . . . Σn,n
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and C j,` is the (j, `)th M ×M block of C. The posterior moments of f , given in Equation 17,
may now be substituted into the expressions for the moments of the integral ρ, given in
Proposition 1, to produce the posterior moments of ρ in the vector-valued GP case.
Clearly, models of the first type (vector-valued GP) are potentially richer and more
complex than models of the second type (scalar-valued GP), as the latter only requires us
to define a single prior mean function, a single prior covariance kernel function, and a single noise covariance matrix; while the former requires us to define n prior mean functions,
and n(n + 1)/2 prior covariance kernel functions and noise covariance matrices. One way to
simplify the first type of models is to define a single prior mean function f¯, a single prior covariance kernel function k, and to postulate that f¯j (x) = f¯(x), kj,` (x, x0 ) = δj,` k(x, x0 ), and

12

13
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11. Although evaluating the posterior distribution of performance is an interesting question in its own right.

12. We
the order of the gradient and the expectation operators
for
∇EηB (θ) =
 may interchange


 the mean,

E ∇ηB (θ) , but the same is not true for the variance, namely, ∇Var ηB (θ) 6= Cov ∇ηB (θ) .

where ηB (θ) is a random variable because of the Bayesian uncertainty. Under the quadratic
loss,
Bayesian performance measure is the posterior expected value of ηB (θ),
 the optimal

E ηB (θ)|DM . However, since we are interested in optimizing the performance rather than
evaluating it,11 we would rather evaluate the posterior distribution of the gradient of ηB (θ)
with respect to the policy parameters θ. The posterior mean of the gradient is 12
Z





∇ Pr(ξ; θ)
∇E ηB (θ)|DM = E ∇ηB (θ)|DM = E
R(ξ)
Pr(ξ; θ)dξ DM .
(20)
Pr(ξ; θ)

In this section, we use vector-valued Bayesian quadrature to estimate the gradient of the
expected return with respect to the policy parameters, allowing us to propose new Bayesian
policy gradient (BPG) algorithms. RIn the frequentist approach to policy gradient, the performance measure used is η(θ) = R̄(ξ) Pr(ξ; θ)dξ (Equation 2). In order to serve as a
useful performance measure, it has to be a deterministic function of the policy parameters
θ. This is achieved by averaging the cumulative return R(ξ) over all possible paths ξ and all
possible returns accumulated in each path. In the Bayesian approach we have an additional
source of randomness, namely, our subjective Bayesian uncertainty concerning the process
generating the cumulative return. Let us denote
Z
ηB (θ) = R̄(ξ) Pr(ξ; θ)dξ,
(19)

4. Bayesian Policy Gradient

where C = (K + Σ)−1 . It should, however, be kept in mind that ignoring correlations
between the components of f , when such correlations exist, may result in suboptimal use
of the available data (see Rasmussen and Williams, 2006, Chapter 9 for references on GP
regression with multiple outputs).

,

f (ξ; θ) = R̄(ξ)

∇ Pr(ξ; θ)
= R̄(ξ)∇ log Pr(ξ; θ).
Pr(ξ; θ)

and

and b0 =

ZZ

(21)

k(ξ, ξ 0 ) Pr(ξ; θ) Pr(ξ 0 ; θ)dξdξ 0 .



 
Cov ∇ηB (θ)|DM = b0 − b> Cb I,

14


2
k(ξi , ξj ) = 1 + u(ξi )> G(θ)−1 u(ξj ) ,

JMLR 17(66):1-53

(23)

(22)
Our choice of kernel, which allows us to derive closed-form expressions for b and b0 , and
as a result for the posterior moments of the gradient, is the quadratic Fisher kernel (Jaakkola
and Haussler, 1999, Shawe-Taylor and Cristianini, 2004)

respectively, where
 > 
y1
Z


Y =  ...  , b = k(ξ) Pr(ξ; θ)dξ ,
y>
n



E ∇ηB (θ)|DM = Y Cb

In this vector-valued GP model, the posterior mean and covariance of ∇ηB (θ) are

>
f j = fj (ξ1 ; θ), . . . , fj (ξM ; θ) ∼ N (0, K),
>
y j = yj (ξ1 ; θ), . . . , yj (ξM ; θ) ∼ N (0, K + Σ).

We place a vector-valued GP prior over f (ξ; θ) which induces a GP prior over the corresponding noisy measurement y(ξ; θ) = R(ξ)∇ log Pr(ξ; θ). We adopt the simplifying
assumptions discussed at the end of Section 3.1: We assume that each component of f (ξ; θ)
may be evaluated independently of all other components, and use the same kernel function
and noise covariance for all components of f (ξ; θ). We therefore omit the component index
j from K j,j , Σj,j and C j,j , denoting them simply as K, Σ and C, respectively. Hence, for
the jth component of f and y we have, a priori

g(ξ; θ) = Pr(ξ; θ)

In our first model, we define g and f as follows:

4.1 Model 1 – Vector-Valued GP

Consequently, in BPG we cast the problem of estimating the gradient of the expected return
(Equation 20) in the form of Equation 11. As described in Section 3, we need to partition
the integrand into two parts, f (ξ; θ) and g(ξ; θ). We will model f as a GP and assume that
g is a function known to us. We will then proceed by calculating the posterior moments
of the gradient ∇ηB (θ) conditioned on the observed data. Because in general, R(ξ) cannot
be known exactly, even for a given ξ (due to the stochasticity of the rewards), R(ξ) should
always belong to the GP part of the model, i.e., f (ξ; θ). Interestingly, in certain cases it
is sufficient to know the Fisher information matrix corresponding to Pr(ξ; θ), rather than
having exact knowledge of Pr(ξ; θ) itself. We make use of this fact in the sequel. In the next
two sections, we investigate two different ways of partitioning the integrand in Equation 20,
resulting in two distinct Bayesian policy gradient models.

Σj,` = δj,` Σ, ∀j, ` ∈ {1, . . . , n}, where δ denotes the Kronecker delta function. Applying
these simplifying assumptions to the expressions for the posterior moments (Equation 17)
results in a complete decoupling between the posterior moments for the different components of f , and consequently a decoupling between the components of the integral ρ as well,
since Equation 17 becomes


E fj (x)|DM = f¯j (x) + kj,j (x)> C j,j (y j − f¯j ),




Cov fj (x), f` (x0 )|DM = δj,` kj,j (x, x0 ) − kj,j (x)> C j,` k`,` (x0 ) ,
(18)

where C j,` = δj,` (K j,` + Σj,` )−1 . Note that all the terms in Equation 18, except y j , do
not depend on the indices j and `. In other words, these simplifying assumptions amount
to assuming that ρ is a vector of n independent integrals, each of which may be estimated
individually as


E fj (x)|DM = f¯(x) + k(x)> C(y j − f¯),




Cov fj (x), f` (x0 )|DM = δj,` k(x, x0 ) − k(x)> Ck(x0 ) ,
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where u(ξ) = ∇ log Pr(ξ; θ) is the Fisher score function of the path ξ defined by Equation 5,
and G(θ) is the corresponding Fisher information matrix defined as13
Z
u(ξ)u(ξ)> Pr(ξ; θ)dξ.
(24)


G(θ) = E u(ξ)u(ξ)> =

b0 = 1 + n.

f (ξ) = R̄(ξ).

and

Proposition 3 Using the quadratic Fisher kernel from Equation 23, the integrals b and b0
in Equation 22 have the following closed form expressions
(b)i = 1 + u(ξi )> G−1 u(ξi )
Proof See Appendix A.

4.2 Model 2 – Scalar-Valued GP
In our second model, we define g and f as follows:
g(ξ; θ) = ∇ Pr(ξ; θ) ,

B=

Z

∇ Pr(ξ; θ)k(ξ)> dξ ,
(26)

Now g is a vector-valued function, while f is a scalar valued GP representing the expected
return of the path given as its argument. The noisy measurement corresponding to f (ξi ) is
y(ξi ) = R(ξi ), namely, the actual return accrued while following the path ξi . In this model,
the posterior mean and covariance of the gradient ∇ηB (θ) are




E ∇ηB (θ)|DM = BCy
and
Cov ∇ηB (θ)|DM = B 0 − BCB > ,
(25)
respectively, where

>
y = R(ξ1 ), . . . , R(ξM ) ,
ZZ
k(ξ, ξ 0 )∇ Pr(ξ; θ)∇ Pr(ξ 0 ; θ)> dξdξ 0 .

B0 =

(27)

Here, our choice of kernel function, which again allows us to derive closed-form expressions for B and B 0 , is the Fisher kernel (Jaakkola and Haussler, 1999, Shawe-Taylor and
Cristianini, 2004)
k(ξ, ξ 0 ) = u(ξ)> G−1 u(ξ 0 ).

and

B 0 = G,

Proposition 4 Using the Fisher kernel from Equation 27, the integrals B and B 0 in Equation 26 have the following closed-form expressions
B=U


where U = u(ξ1 ), . . . , u(ξM ) .
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13. To simplify notation, we omit G’s dependence on the policy parameters θ, and denote G(θ) as G in the
sequel.
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Deter. factor (g)
GP factor (f )
Measurement (y)
Prior mean of f
Prior Cov. of f
Kernel
function

E ∇η
 B (θ)|DM =
Cov ∇ηB (θ)|DM =
b or B
b0 or B 0

Ghavamzadeh, Engel, and Valko

Model 1
g(ξ; θ) = Pr(ξ; θ)
f (ξ; θ) = R̄(ξ)∇ log Pr(ξ; θ)
y(ξ;
log Pr(ξ; θ)
 θ) = R(ξ)∇

E f (ξ; θ) = 0
j


Cov fj (ξ; θ), f` (ξ 0 ; θ) = δj,` k(ξ, ξ 0 )
2
k(ξ, ξ 0 ) = 1 + u(ξ)> G−1 u(ξ 0 )
Y Cb
(b0 − b> Cb)I
(b)i = 1 + u(ξi )> G−1 u(ξi )
b0 = 1 + n

Model 2
g(ξ; θ) = ∇ Pr(ξ; θ)
f (ξ) = R̄(ξ)
y(ξ)
 = R(ξ)
E f (ξ)
 =0

Cov f (ξ), f (ξ 0 ) = k(ξ, ξ 0 )
k(ξ, ξ 0 ) = u(ξ)> G−1 u(ξ 0 )
BCy
B 0 − BCB >
B=U
B0 = G

Table 1: Summary of the Bayesian policy gradient Models 1 and 2.
Proof See Appendix B.

Table 1 summarizes the two BPG models presented in Sections 4.1 and 4.2. Our choice of
Fisher-type kernels was motivated by the notion that a good representation should depend
on the process generating the data (see Jaakkola and Haussler, 1999, Shawe-Taylor and
Cristianini, 2004, for a thorough discussion). Our particular selection of linear and quadratic
Fisher kernels were guided by the desideratum that the posterior moments of the gradient
be analytically tractable as discussed in Section 3.
As described above, in either model, we are restricted in the choice of kernel (quadratic
Fisher kernel in Model 1 and Fisher kernel in Model 2) in order to be able to derive closedform expressions for the posterior mean and covariance of the gradient integral. The loss
due to this restriction depends on the problem at hand and is hard to quantify. This
loss is exactly the loss of selecting an inappropriate prior in any Bayesian algorithm or,
more generally, of choosing a wrong representation (function space) in a machine learning
algorithm (referred to as approximation error in approximation theory). However, the
experimental results of Section 6 indicate that this restriction did not cause a significant
error (especially for Model 1) in our gradient estimates, as those estimated by BPG were
more accurate than the ones estimated by the MC-based method, given the same number
of samples.

4.3 A Bayesian Policy Gradient Evaluation Algorithm
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We can now use our two BPG models to define corresponding algorithms for evaluating
the gradient of the expected return with respect to the policy parameters. Pseudo-code
for these algorithms is shown in Algorithm 1. The generic algorithm (for either model)
takes a set of policy parameters θ and a sample size M as input, and returns an estimate
of the posterior moments of the gradient of the expected return with respect to the policy
parameters. This algorithm generates M sample paths to evaluate the gradient. For each
path ξi , the algorithm first computes its score function u(ξi ) (Line 6). The score function
is needed for computing the kernel function k, the measurement y in Model 1, and b or

16

(Model 2)

(Model 1)

(Model 2)

(Model 2)
(Model 2)

17
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1) Monte-Carlo Estimation: The BPG algorithm generates a number of sample paths
using the current policy parameterized by θ in order to estimate the gradient ∇ηB (θ). We
can use these generated sample paths to estimate the Fisher information matrix G(θ) in
an P
online manner, by replacing the expectation in G with empirical averaging as ĜM (θ) =
M
1
>
i=1 u(ξi )u(ξi ) . It can be shown that ĜM is an unbiased estimator of G. One may
M
obtain this estimate recursively Ĝi+1 = (1− 1i )Ĝi + 1i u(ξi )u(ξi )> , or more generally Ĝi+1 =

The kernel functions used in Models 1 and 2 (Equations 23 and 27) are both based on
the Fisher kernel. Computing the Fisher kernel requires calculating the Fisher information
matrix G(θ) (Equation 24). Consequently, every time we update the policy parameters,
we need to recompute G. In Algorithm 1 we assume that the Fisher information matrix is
known. However, in most practical situations this will not be the case, and consequently the
Fisher information matrix must be estimated. Let us briefly outline two possible approaches
for estimating the Fisher information matrix in an online manner.

Algorithm 1 A Bayesian Policy Gradient Evaluation Algorithm
1: BPG Eval(θ, M )
• sample size M > 0
• a vector of policy parameters θ ∈ Rn
2: Set G = G(θ) , D = ∅
3: for i = 1 to M do
4:
Sample S
a path ξi using the policy µ(θ)
5:
D := D P{ξi }
i −1
6:
u(ξi ) = Tt=0
∇ log µ(at,i |xt,i ; θ)
P i −1
7:
R(ξi ) = Tt=0
r(xt,i , at,i )
8:
Update K using Equation 28
9:
y(ξi ) = R(ξi )u(ξi )
(Model 1)
or
y(ξi ) = R(ξi )
10:
(b)i = 1 + u(ξi )> G−1 u(ξi )
(Model 1)
or
B(:, i) = u(ξi )
11: end for
12: C = (K + Σ)−1
13: b0 = 1 + n
(Model 1)
or
B0 = G
14: Compute the posterior mean and covariance of the policy gradient


E ∇ηB (θ)|D = Y Cb
,
Cov ∇ηB (θ)|D = (b0 − b> Cb)I
or


E ∇ηB (θ)|D = BCy
,
Cov ∇ηB (θ)|D = B 0 − BCB >

15: return E ∇ηB (θ)|D
and Cov ∇ηB (θ)|D

Finally, the algorithm adds the measurement error Σ to the covariance matrix K (Line 12)
and computes the posterior moments of the policy gradient (Line 14). B(:, i) on Line 10
denotes the ith column of the matrix B.

B. The algorithm then computes the return R and the measurement y(ξi ) for the observed
path ξi (Lines 7 and 9), and updates the kernel matrix K (Line 8) using


K
k(ξi )
K := >
.
(28)
k (ξi ) k(ξi , ξi )
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i

"
> #
−1
−1
Ĝi u(ξi ) Ĝi u(ξi )
1
−1
Ĝi − ζi
.
−1
1 − ζi
1 − ζi + ζi u(ξi )> Ĝ u(ξi )

18
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if we add the sample path ξi to the set of sample paths, and be k̃(ξi )> K̃ followed by zeros,
otherwise. Finally, let (b̃)i = 1 + u(ξi )> G−1 u(ξi ) and B̃ = [u(ξ1 ), . . . , u(ξm )] with ξi ∈ D̃.
Then, using the sparsification method described above, the posterior moments of the gradient

Proposition 5 Let K̃ be the m × m sparse kernel matrix, where m ≤ M is the cardinality
of D̃M . Let A be the M ×m matrix, whose ith row is [A]i,|D̃i | = 1 and [A]i,j = 0 ; ∀j 6= |D̃i |,

Algorithm 1 can be made more efficient, both in time and memory, by sparsifying the
solution. Such sparsification may be performed incrementally and helps to numerically
stabilize the algorithm when the kernel matrix is singular, or nearly so. Sparsification may,
in some cases, reduce the accuracy of the solution (the posterior moments of the policy
gradient), but it often makes the algorithms significantly faster, especially for large sample
sizes. Here we use an online sparsification method proposed by Engel et al. (2002) (see
also Csató and Opper, 2002) to selectively add a new observed path to a set of dictionary
paths D̃ used as a basis for representing or approximating the full solution. We only add
−1
a new path ξi to D̃, if k(ξi , ξi ) − k̃(ξi )> K̃ k̃(ξi ) > τ , where k̃ and K̃ are the dictionary
kernel vector and kernel matrix before observing ξi , respectively, and τ is a positive threshold
parameter that determines the level of accuracy in the approximation as well as the level of
sparsity attained. If the new path is added to D̃ the dictionary kernel matrix K̃ is expanded
as shown in Equation 28.

4.4 BPG Online Sparsification

2) Maximum Likelihood Estimation: The Fisher information matrix defined by Equation 24 depends on the probability distribution over paths. This distribution is a product
of two factors, one corresponding to the current policy and the other corresponding to the
MDP’s state-transition probability P (see Equation 1). Thus if P is known, the Fisher information matrix may be evaluated offline. We can model P using a parameterized model and
then estimate the maximum likelihood (ML) model parameters. This approach may lead to
a model-based treatment of policy gradients, which could allow us to transfer information
between different policies. Current policy gradient algorithms, including the algorithms
described in this paper, are extremely wasteful of training data, since they do not have any
disciplined way to use data collected for previous policy updates in computing the update
of the current policy. Model-based policy gradient may help solve this problem.

Ĝi+1 =

−1

P
P
(1−ζi )Ĝi +ζi u(ξi )u(ξi )> , where ζi is a step-size with i ζi = ∞ and i ζi2 < ∞. Using the
Sherman-Morrison matrix inversion lemma, it is possible to directly estimate the inverse of
the Fisher information matrix as
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for Model 2

for Model 1
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 h
−1 i
>
Cov ∇ηB (θ)|DM = (1 + n) − b̃ A> Σ−1 A K̃A> Σ−1 A + I
b̃ I



−1
E ∇ηB (θ)|DM = Y Σ−1 A K̃A> Σ−1 A + I
b̃

are given by

and


−1 > −1
E ∇ηB (θ)|DM = B̃ A> Σ−1 AK̃ + I
A Σ y



−1 > −1
>
Cov ∇ηB (θ)|DM = G − B̃ A> Σ−1 AK̃ + I
A Σ AB̃ .

Proof See Appendix C.

4.5 A Bayesian Policy Gradient Algorithm
So far we were concerned with estimating the gradient of the expected return with respect
to the policy parameters. In this section, we present a Bayesian policy gradient (BPG) algorithm that employs the Bayesian gradient estimation methods proposed in Section 4.3 to
update the policy parameters. The pseudo-code of this algorithm is shown in Algorithm 2.
The algorithm starts with an initial vector of policy parameters θ 0 , and updates the parameters in the direction of the posterior mean of the gradient of the expected return estimated
by Algorithm 1. This is repeated N times, or alternatively, until the gradient estimate is
sufficiently close to zero.
Algorithm 2 A Bayesian Policy Gradient Algorithm
1: BPG(θ 0 , β, N, M )
• initial policy parameters θ 0 ∈ Rn
• learning rates βj , j = 0, . . . , N − 1
• number of policy updates N > 0
• sample size M > 0 for the gradient evaluation algorithm (BPG Eval)
2: for j = 0 to N − 1 do

3:
∆θ j = E ∇ηB (θ j )|DM from BPG Eval(θ j , M )
4:
θ j+1 = θ j + βj ∆θ j
(Conventional Gradient)
or
θ j+1 = θ j + βj G(θ j )−1 ∆θ j
(Natural Gradient)
5: end for
return θ N
6:

5. Extension to Partially Observable Markov Decision Processes
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The Bayesian policy gradient models and algorithms of Section 4 can be extended to partially observable Markov decision processes (POMDPs) along the same lines as in Section 6
19
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t=0

Z TY
−1

Z

T
−1
X

t=0

∇ log µ(at |ot ; θ) do0 da0 . . . doT −1 daT −1 ,

!

Po (ot |xt )µ(at |ot ; θ)P (xt+1 |xt , at )do0 da0 . . . doT −1 daT −1 .

of Baxter and Bartlett (2001). In the partially observable case, the stochastic parameterized
policy µ(·|·; θ) controls a POMDP, i.e., the policy has access to an observation process that
depends on the state, but it may not observe the state itself directly.
Specifically, for each state x ∈ X , an observation o ∈ O is generated independently according to a probability distribution Po over observations in O. We denote the probability of
observation o at state x by Po (o|x). A stationary stochastic parameterized policy µ(·|·; θ)
is a function mapping observations o ∈ O into probability distributions over the actions
µ(·|o; θ) ∈ P(A). In this case, the probability of a path ξ = (x0 , a0 , x1 , a1 , . . . , xT −1 , aT −1 , xT ),
T ∈ {0, 1, . . . , ∞} generated by the Markov chain induced by policy µ(·|·; θ) is given by
Pr(ξ; µ) = Pr(ξ; θ) = P0 (x0 )

∇ Pr(ξ; θ)
=
Pr(ξ; θ)

The Fisher score of this path may be written as
u(ξ; θ) = ∇ log Pr(ξ; θ) =

which is the same as in the observable case (Equation 5), except here the policy is defined
over observations instead of states. As a result, the models and algorithms of Section 4
may be used in the partially observable case with no change, substituting observations for
states.
Moreover, similarly to the gradient estimated by the GPOMDP algorithm in Baxter
and Bartlett (2001), the gradient estimated by Algorithm 1, ∇ηB (θ), may be employed
with the conjugate-gradients and line-search methods of Baxter et al. (2001) for making
better use of gradient information. This allows us to exploit the information contained in
the gradient estimate more aggressively than by simply adjusting the parameters by a small
amount in the direction of ∇ηB (θ). Conjugate-gradients and line-search are two widely used
techniques in non-stochastic optimization that allow us to find better gradient directions
than the pure gradient direction, and to obtain better step sizes, respectively.
Note that in this section, we followed Baxter and Bartlett (2001) (the GPOMDP algorithm) and considered stochastic policies that map observations to actions. However, as
mentioned by Baxter and Bartlett (2001), it is immediate that the same algorithm works
for any finite history of observations. Moreover, along the same way that Aberdeen and
Baxter (2001) showed that GPOMDP can be extended to apply to policies with internal
state, our BPG POMDP algorithm can also be extended to handle such policies.

6. BPG Experimental Results
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In this section, we compare the Bayesian quadrature (BQ) and the plain MC gradient estimates on a simple bandit problem as well as on a continuous state and action linear quadratic
regulator (LQR). We also evaluate the performance of the Bayesian policy gradient (BPG)
algorithm described in Algorithm 2 on the LQR, and compare it with a Monte-Carlo based
policy gradient (MCPG) algorithm.
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Exact
 
1
0
0
2

MC (10) 
0.995 ± 0.438
−0.001 ± 0.977
0.014 ± 1.246
2.034 ± 2.831



BQ (10) 
0.986 ± 0.050
0.001 ± 0.060
0.001 ± 0.082
1.925 ± 0.226



 MC (100) 
1.000 ± 0.140
0.004 ± 0.317
0.005 ± 0.390
1.987 ± 0.857

BQ (100)

1.000 ± 0.000001
0.000 ± 0.000004
0.000 ± 0.000003
2.000 ± 0.000011


Policy:
Actions: at ∼ µ(·|xt ; θ) = N (λxt , σ 2 )
Parameters: θ = (λ , σ)>
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14. What we mean by reward and return in this section is in fact cost and loss, and this is why we are
dealing with a minimization, and not a maximization, problem here. The reason for this is to maintain
consistency in notations and definitions throughout the paper.

6.2 Linear Quadratic Regulator

In this section, we consider the following linear system in which the goal is to minimize the
expected return over 20 steps.14 Thus, it is an episodic problem with paths of length 20.
We run two sets of experiments on this system. We first fix the set of policy parameters
and compare the BQ and MC estimates of the gradient of the expected return using the same
sample. We then proceed to solving the complete policy gradient problem and compare the
performance of the BPG algorithm (with both conventional and natural gradients) with a
Monte-Carlo based policy gradient (MCPG) algorithm.

6.2.1 Gradient Estimation

Figure 1: Results for the LQR problem using Model 1 (top row) and Model 2 (bottom row)
with sparsification. Shown are the MSE (left column) and the mean absolute
angular error (right column) of the MC and BQ estimates as a function of the
number of sample paths M . All results are averaged over 104 runs.
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In this section, we compare the BQ and MC estimates of the gradient of the expected return
for the policy induced by parameters λ = −0.2 and σ = 1. We use several different sample
sizes (number of paths used for gradient estimation) M = 5j , j = 1, . . . , 20 for the BQ
and MC estimates. For each sample size, we compute the MC and BQ estimators using
the same sample, repeat this process 104 times, and then compute the average. The true
gradient is analytically tractable and is used for comparison purposes.
Figure 1 shows the mean squared error (MSE) (left column) and the mean absolute
angular error (right column) of the MC and BQ estimates of the gradient for several different
sample sizes. The absolute angular error is the absolute value of the angle between the true
and estimated gradients. In this figure, the BQ gradient estimates were calculated using
Model 1 (top row) and Model 2 (bottom row) with sparsification. The error bars in the
figures on the right column are the standard errors of the mean absolute angular errors.
We ran another set of experiments in which we added i.i.d. Gaussian noise to the rewards:
rt = x2t + 0.1a2t + nr ; nr ∼ N (0, σr2 ). Note that in Models 1 and 2, y(ξ), the noisy sample

The goal of this example is to compare the BQ and MC estimates of the gradient (for some
fixed set of policy parameters) using the same sample. Our bandit problem has a single state
and a continuous action space A = R, thus, each path ξi consists of a single action ai . The
policy, and therefore also the distribution over the paths is given by a ∼ N (θ1 = 0, θ22 = 1).
The parameters θ1 and θ2 are the mean and the standard deviation of this distribution.
The score function of the path ξ = a and the Fisher information matrix for the policy are
u(ξ) = [a, a2 − 1]> and G = diag(1, 2), respectively.
Table 2 shows the exact gradient of the expected return and its MC and BQ estimates
using 10 and 100 samples for two instances of the bandit problem corresponding to two
different deterministic reward functions r(a) = a and r(a) = a2 . The average over 104 runs
of the MC and BQ estimates and their standard deviations are reported in Table 2. The
true gradient is analytically tractable and is reported as “Exact” in Table 2 for reference.
As shown in Table 2, the variance of the BQ estimates are lower than the variance of
the MC estimates by an order of magnitude for the small sample size (M = 10), and by 6
orders of magnitude for the large sample size (M = 100). The BQ estimate is also more
accurate than the MC estimate for the large sample size, and is roughly the same for the
small sample size.

6.1 A Simple Bandit Problem

System:
Initial State: x0 ∼ N (0.3, 0.001)
Reward: rt = x2t + 0.1a2t
Transition: xt+1 = xt + at + nx ; nx ∼ N (0, 0.01)

Table 2: The true gradient of the expected return and its MC and BQ estimates for two
instances of the bandit problem corresponding to two different reward functions.

r(a) = a2

r(a) = a
Mean Squared Error

Mean Squared Error
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Mean Absolute Angular Error (deg)

Mean Absolute Angular Error (deg)
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2
log p(ξ1 ; θ) , . . . ,

∂
∂θi

log p(ξM ; θ)

of f (ξ), is of the form R(ξ)∇ log Pr(ξ; θ) and R(ξ), respectively (see Sections 4.1 and 4.2).
Moreover,
each reward rt is a Gaussian random variable with variance σr2 , the return
PTsince
−1
2
R(ξ) = t=0
r
t is also a Gaussian random variable with variance T σr . Therefore in this
case, themeasurement noise covariance matrices
for Models 1 and 2 may be written as Σ =
2 
and Σ = T σr2 I, respectively, where T = 20
∂
∂θi
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method, as discussed in Section 4.3. In the ML approach, we model the transition probability function as P (xt+1 |xt , at ) = N (c1 xt + c2 at + c3 , c42 ), and then estimate its parameters
(c1 , c2 , c3 , c4 ) using observing state transitions. Figure 4 shows that the BPG algorithm,
when the Fisher information matrix is estimated using ML and MC, still performs bet-

Table 3: Initial learning rates β0 used by the policy gradient algorithms for the two components of the gradient.

β0
MCPG
BPG
BPNG
BPG-var

Figure 2: Results for the LQR problem in which the rewards are corrupted by i.i.d. Gaussian noise with σr2 = 1. Shown are the MSE (left column) and the mean absolute
angular error (right column) of the BQ estimates with and without noise in the
rewards as a function of the number of sample paths M . The BQ gradient estimates were calculated using Model 1 (top row) and Model 2 (bottom row) with
sparsification. All results are averaged over 104 runs.

10

Mean Absolute Angular Error (deg)

Mean Absolute Angular Error (deg)

T σr2 diag

is the path length.15 We tried two different Gaussian reward noise standard deviations:
σr = 0.1 and 1 in our experiments. Adding noise to the rewards slightly increased the error
of the BQ and MC estimates of the gradient. However, the graphs comparing these estimates
remained quite similar to those shown in Figure 1. Hence in Figure 2, we compare the MSE
(left column) and the mean absolute angular error (right column) of the BQ estimates with
and without noise in the rewards as a function of the number of sample paths M . In this
figure, the noise in the rewards has variance σr2 = 1, and the BQ gradient estimates were
calculated using Model 1 (top row) and Model 2 (bottom row) with sparsification.

6.2.2 Policy Optimization
In this section, we use Bayesian policy gradient (BPG) to optimize the policy parameters
in the LQR problem. Figure 3 shows the performance of the BPG algorithm with the
conventional (BPG) and natural (BPNG) gradient estimates, versus a MC-based policy
gradient (MCPG) algorithm, for sample sizes (number of sample paths used to estimate the
gradient of each policy) M = 5, 10, 20, and 40. We use Algorithm 2 with the number of
updates set to N = 100, and Model 1 with sparsification for the BPG and BPNG methods.
Since Algorithm 2 computes the Fisher information matrix for each set of policy parameters,
the estimate of the natural gradient is provided at little extra cost at each step. The returns
obtained by these methods are averaged over 104 runs. The policy parameters are initialized
randomly at each run. In order to ensure that the learned parameters do not exceed an
acceptable range, the policy parameters are defined as λ = −1.999 + 1.998/(1 + eκ1 ) and
σ = 0.001 + 1/(1 + eκ2 ). The optimal solution is λ∗ ≈ −0.92, σ ∗ = 0.001, ηB (λ∗ , σ ∗ ) =
0.3067, corresponding to κ1∗ ≈ −0.16 and κ2∗ → ∞.
Figure 3 shows that the MCPG algorithm performs better than BPG and BPNG only
for the smallest sample size (M = 5), whereas for larger samples BPG and BPNG dominate
MCPG. The better performance of MCPG for very small sample size is due to the fact that
in this case, the Bayesian estimators, BPG and BPNG, like any other Bayesian estimator or
posterior in such case, rely more on the prior, and thus, are not accurate if the prior is not
very informative. A similar phenomenon was also reported by Rasmussen and Ghahramani
(2003). We used two different learning rates for the two components of the gradient. For a
fixed sample size, BPG and MCPG methods start with
 an initial learning rate and decrease
it according to the schedule βj = β0 20/(20 + j) . The BPNG algorithm uses a fixed
learning rate multiplied by the determinant of the Fisher information matrix. We tried
many values for the initial learning rates used by these algorithms and those in Table 3
yielded the best performance of those we tried.
So far we have assumed that the Fisher information matrix is known. In the next
experiment, we estimate it using both MC and a model-based maximum likelihood (ML)

JMLR 17(66):1-53

∂
15. In Model 1, Σ is the measurement noise covariance matrix for the ith component of the gradient ∂θ
ηB (θ).
i
∂
Note that ∂θ
log p(ξj ; θ) depends only on the policy and can be calculated using Equation 5.
i
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Although the proposed Bayesian policy gradient algorithm (Algorithm 2) uses only the
posterior mean of the gradient in its updates, it can be extended to make judicious use of the

ter than MCPG. Top and bottom rows contain the results for the BPG algorithm with
conventional (BPG-ML and BPG-MC) and natural (BPNG-ML and BPNG-MC) gradient estimates, respectively. Although the BPG-ML (BPNG-ML) outperforms BPG-MC
(BPNG-MC) for small sample sizes, the difference in their performance disappears as we
increase the sample size. One reason for the good performance of BPG-ML is that the form
of the state transition function P (xt+1 |xt , at ) has been selected correctly. Here we used the
same initial learning rates and learning rate schedules as in the experiments of Figure 3 (see
Table 3).

Figure 3: A comparison of the average expected returns of the Bayesian policy gradient algorithm using conventional (BPG) and natural (BPNG) gradient estimates, with
the average expected return of a MC-based policy gradient algorithm (MCPG)
for sample sizes M = 5, 10, 20, and 40. All results are averaged over 104 runs.
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second moment information provided by the Bayesian policy gradient estimation algorithm
(Algorithm 1). In the last experiment of this section, we use the posterior covariance of
the gradient, provided by Algorithm 1, to select the learning rate and the direction of the
updates in Algorithm 2. The idea is to use a small learning rate when the variance of
the gradient estimate is large, and to have a large update when it is small. We refer to
the resulting algorithm by the name hBPG-var. This algorithm uses
a fixed learning rate

i
parameter (see Table 3) multiplied by 1+n I −Cov ∇ηB (θ)|DM /(1+n) in its updates.
Note that n + 1 is b0 in the calculation of the posterior covariance of the gradient in Model
1 (see Proposition 3), and is used here as an upper bound for the posterior covariance of
the gradient. Figure 5 compares the average expected return of BPG-var with BPG and
MCPG for sample sizes M = 5, 10, 20, and 40. The figure shows that BPG-var performs
better than BPG and MCPG for all the sample sizes. It even has a better performance
than MCPG for the smallest sample size (M = 5). Comparing Figures 3 and 5 shows that

Figure 4: A comparison of the average expected returns of the BPG algorithm, when the
Fisher information matrix is estimated using ML and MC, with the average expected return of a MC-based policy gradient algorithm (MCPG). The top and
bottom rows contain the results for the BPG algorithm with conventional (BPGML and BPG-MC) and natural (BPNG-ML and BPNG-MC) gradient estimates,
respectively. All results are averaged over 104 runs.
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The models and algorithms of Section 4 consider complete trajectories as the basic observable unit, and thus, do not require the dynamics within each trajectory to be of any special
form. In particular, it is not necessary for the dynamics to have the Markov property,

7. Bayesian Actor-Critic

BPG-var converges faster than BPNG and has similar final performance. As we expected,
BPG-var and BPG perform more and more alike as we increase the sample size. This is
because by increasing the sample size the estimated gradient (the posterior mean of the
gradient), and as a result, the update direction used by BPG becomes more reliable.
In an approach similar to the one used in the experiments of Figure 5, Vien et al.
(2011) used BQ to estimate the Hessian matrix distribution, and then used its mean as
learning rate schedule to improve the performance of BPG. They empirically showed that
their method performs better than BPG and BPNG in terms of convergence speed.

Figure 5: A comparison of the average expected returns of the BPG algorithm that uses the
posterior covariance in its updates (BPG-var), with the average expected return
of the BPG and a MC-based policy gradient algorithm (MCPG) for sample sizes
M = 5, 10, 20, and 40. All results are averaged over 104 runs.
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Z

dxda ν(x; θ)∇µ(a|x; θ)Q(x, a; θ),

allowing the resulting algorithms to handle partially observable MDPs, Markov games, and
other non-Markovian systems. On the down side, these algorithms cannot take advantage
of the Markov property when operating in Markovian systems. Moreover, since the unit of
observation of these algorithms is the entire trajectory, their gradient estimates have larger
variance than the algorithms that will be discussed in this section, whose unit of observation is (current state, action, next state), since they take advantage of the Markov property,
especially when the size of the trajectories is large.
In this section, we apply the Bayesian quadrature idea to the policy gradient expression
given by Equation 7, i.e.,
∇η(θ) =

and derive a family of Bayesian actor-critic (BAC) algorithms. In this approach, we place
a Gaussian process (GP) prior over action-value
a prior covariance kernel
 functions using

defined on state-action pairs: k(z, z 0 ) = Cov Q(z), Q(z 0 ) . We then compute the GP
posterior conditioned on the sequence of individual observed transitions. In the same vein
as Section 4, by an appropriate choice of a prior on action-value functions, we are able to
derive closed-form expressions for the posterior moments of ∇η(θ). The main questions here
are: 1) how to compute the GP posterior of the action-value function given a sequence of
observed transitions? and 2) how to choose a prior for the action-value function that allows
us to derive closed-form expressions for the posterior moments of ∇η(θ)? Fortunately, well
developed machinery for computing the posterior moments of Q(z) is provided in a series
of papers by Engel et al. (2003, 2005) (for a thorough treatment see Engel, 2005). In the
next two sections, we will first briefly review some of the main results pertaining to the
Gaussian process temporal difference (GPTD) model proposed in Engel et al. (2005), and
then will show how they may be combined with the Bayesian quadrature idea in developing
a family of Bayesian actor-critic algorithms.

7.1 Gaussian Process Temporal Difference Learning

(29)

The Gaussian process temporal difference (GPTD) learning (Engel et al., 2003, 2005) model
is based on a statistical generative model relating the observed reward signal r to the
unobserved action-value function Q

r(z i ) = Q(z i ) − γQ(z i+1 ) + N (z i , z i+1 ),
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where N (z i , z i+1 ) is a zero-mean noise signal that accounts for the discrepancy between
r(z i ) and Q(z i ) − γQ(z i+1 ). Let us define the finite-dimensional processes r t , Qt , Nt , and
the t × (t + 1) matrix H t as follows:
>
>
r t = r(z 0 ), . . . , r(z t ) ,
Qt = Q(z 0 ), . . . , Q(z t ) ,
>
(30)
N = N (z , z ), . . . , N (z t−1 , z t ) ,
t
0
1


1 −γ 0 . . . 0


 0 1 −γ . . . 0 
Ht =  .
(31)
.
... 
 ..
0 0 . . . 1 −γ

28

0

...

−γ 1 + γ 2

(33)

Z2

29
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Substituting the expressions for the posterior moments of Q from Equation 33 into Equation 35, we obtain
Z
E[∇η(θ)|Dt ] =
dzg(z; θ)kt (z)> αt ,
Z
Z


Cov [∇η(θ)|Dt ] =
dzdz 0 g(z; θ) k(z, z 0 ) − kt (z)> C t kt (z 0 ) g(z 0 ; θ)> .

Z2

We are now in a position to describe the main idea behind our BAC approach. Making use
of the linearity of Equation 7 in Q and denoting g(z; θ) = π µ (z)∇ log µ(a|x; θ), we obtain
the following expressions for the posterior moments of the policy gradient (O’Hagan, 1991):
Z
E[∇η(θ)|Dt ] =
dzg(z; θ)Q̂t (z; θ),
ZZ
Cov [∇η(θ)|Dt ] =
dzdz 0 g(z; θ)Ŝt (z, z 0 )g(z 0 ; θ)> .
(35)

7.2 A Family of Bayesian Actor-Critic Algorithms

Note that Q̂t (z) and Ŝt (z, z 0 ) are the posterior mean and covariance functions of the posterior GP, respectively. As more samples are observed, the posterior covariance decreases,
reflecting a growing confidence in the Q-function estimate Q̂t .

where Dt denotes the observed data up to and including time step t. We used here the
following definitions:
>


kt (z) = k(z 0 , z), . . . , k(z t , z) ,
K t = kt (z 0 ), kt (z 1 ), . . . , kt (z t ) ,

−1

−1
αt = H >
H tK tH >
r t−1 ,
Ct = H>
H tK tH >
H t . (34)
t
t + Σt
t
t + Σt

Q̂t (z) = E [Q(z)|Dt ] = kt (z) αt ,


Ŝt (z, z 0 ) = Cov Q(z), Q(z 0 )|Dt = k(z, z 0 ) − kt (z)> C t kt (z 0 ),

>

In episodic tasks, if z t−1 is the last state-action pair in the episode (i.e., xt is a zero-reward
absorbing terminal state), H t becomes a square t × t invertible matrix of the form shown
in Equation 31 with its last column removed. The effect on the noise covariance matrix Σt
is that the bottom-right element becomes 1 instead of 1 + γ 2 .
Placing a GP prior on Q and assuming that Nt is also normally distributed, we may use
Bayes’ rule to obtain the posterior moments of Q:

0

Z

Cov [∇η(θ)|Dt ] = B 0 − B t C t B >
t .

(37)

k(z, z 0 ) = kx (x, x0 ) + kF (z, z 0 ) ,

(38)

(40)

(39)

30
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16. Similar to u(ξ) and G defined by Equations 5 and 24, to simplify the notation, we omit the dependence
of u and G to the policy parameters θ, and replace u(z; θ) and G(θ) with u(z) and G in the sequel.

Although here we have total flexibility in selecting the state kernel, we are restricted to the
Fisher kernel for state-action pairs. This restriction may cause an error in approximating
some action-value functions Q. This error depends on the problem at hand and is hard
to quantify. This is exactly the same as selecting an inaccurate prior in any Bayesian
algorithm or choosing a wrong representation (function space) in any machine learning
algorithm (referred to as approximation error in the approximation theory). However, this
restriction did not cause a significant error in our experiments (see Section 8), as in almost
all of them, the gradients estimated by BAC were more accurate than those estimated by
the MC-based method, given the same number of samples.
Note that in Sections 4 to 6 we used a formulation in which the observable unit is a
system trajectory, and thus, the expected return and its gradient are defined by Equations 2
and 4. In this formulation, the score function and Fisher information matrix are defined
by Equations 5 and 24. However, in the formulation used in this section and in the rest
of the paper, where the observable unit is an individual state-action-reward transition, the
expected return and its gradient are defined by Equations 3 and 7. In this formulation,
the score function and Fisher information matrix are defined by Equations 39 and 40,
respectively.
A nice property of the Fisher kernel is that while kF (z, z 0 ) depends on the policy, it
is invariant to policy reparameterization. In other words, it only depends on the actual
probability mass assigned to each action and not on its explicit dependence on the policy
parameters. As mentioned above, another attractive property of this particular choice of
kernel is that it renders the integrals in Equation 36 analytically tractable, as made explicit
in the following proposition

u(z; θ) = ∇ log µ(a|x; θ),
i
h
i
h
G(θ) = Ex∼ν µ ,a∼µ ∇ log µ(a|x; θ)∇ log µ(a|x; θ)> = Ez∼πµ u(z; θ)u(z; θ)> .

where u(z; θ) and G(θ) are the score function and Fisher information matrix defined as16

kF (z, z 0 ) = u(z; θ)> G(θ)−1 u(z 0 ) ,

In order to render these integrals analytically tractable, we choose our prior covariance
kernel to be the sum of an arbitrary state-kernel kx and the (invariant) Fisher kernel kF
between state-action pairs (see e.g., Shawe-Taylor and Cristianini, 2004, Chapter 12). The
(policy dependent) Fisher information kernel and our overall state-action kernel are then
given by

E[∇η(θ)|Dt ] = B t αt ,

Z2

These equations provide us with the general form of the posterior policy gradient moments.
We are now left with a computational issue, namely, how to compute the integrals appearing
in these expressions? We need to be able to evaluate the following integrals:
Z
Z
Bt =
dzg(z; θ)kt (z)> ,
B0 =
dzdz 0 g(z; θ)k(z, z 0 )g(z 0 ; θ)> .
(36)

The set of Equations 29 for i = 0, . . . , t − 1 may be written as r t−1 = H t Qt + Nt . Under
certain assumptions on the distribution of the discounted return random process (Engel
et al., 2005), the covariance of the noise vector Nt is given by


1 + γ2
−γ
0 ...
0
2
 −γ
1 + γ −γ . . .
0 

2
Σt = σ 2 H t H >
(32)
..
..
..  .
t =σ 
 .
.
. 

Using these definitions, we may write the gradient posterior moments compactly as
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B 0 = G,

(41)

Proposition 6 Let k(z, z 0 ) = kx (x, x0 ) + kF (z, z 0 ) for all (z, z 0 ) ∈ Z 2 , where kx : X 2 → R
is an arbitrary positive definite state-kernel and kF : Z 2 → R is the Fisher information
kernel. Then B t and B 0 from Equation 36 satisfy
Bt = U t ,


where U t = u(z 0 ), u(z 1 ), . . . , u(z t ) .

Proof See Appendix D.

i=0

1 X
1
u(z i )u(z i )> =
U t U t> .
t+1
t+1

t

(42)

An immediate consequence of Proposition 6 is that, in order to compute the posterior
moments of the policy gradient, we only need to be able to evaluate (or estimate) the score
vectors u(z i ), i = 0, . . . , t and the Fisher information matrix G of our policy. Evaluating
the Fisher information matrix G is somewhat more challenging, since on top of taking
the expectation with respect to the policy µ(a|x; θ), computing G involves an additional
expectation over the state-occupancy density ν µ (x), which is not generally known. In most
practical situations we therefore have to resort to estimating G from data. When ν µ in
the definition of the Fisher information matrix (Equation 40) is the stationary distribution
over states under policy µ, one straightforward method to estimate G from a trajectory
z 0 , z 1 , . . . , z t is to use the (unbiased) estimator (see Proposition 6 for the definition of U t ):
Ĝt =

In case ν µ in Equation 40 is a discounted weighting of states encountered by following
policy µ (as it is considered in this paper), a method for estimating G from a number of
trajectories is shown in Algorithm 3. Note that (1 − γ)ν µ corresponds to the distribution
of a Markov chain that starts from a state sampled according to P0 and at each step either
follows the policy µ with probability γ or restarts from a new initial state drawn from P0
with probability 1 − γ. It is easy to show that the average number of steps between two
successive restarts of this distribution is 1/(1 − γ).
Algorithm 4 is a pseudocode sketch of the Bayesian actor-critic algorithm, using either
the conventional gradient or the natural gradient in the policy update, and with G estimated
using either Ĝt in Equation 42 or Ĝ(θ) in Algorithm 3.
7.3 BAC Online Sparsification
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As was done for the BPG algorithms in Section 4.4, Algorithm 4 may be made more efficient, both in time and memory, by sparsifying the solution. Engel et al. (2005) presented
a sparse approximation of the GPTD algorithm by using an online sparsification method
from Engel et al. (2002). This sparsification method incrementally constructs a dictionary
D̃ of representative state-action pairs. Upon observing a new state-action pair z i , the distance between the feature-space image of z i and the span of the images of current dictionary
>
−1
members is computed. If the squared distance δi = k(z i , z i ) − k̃i−1 (z i )K̃ i−1 k̃i−1 (z i ) exceeds some positive threshold τ , z i is added to the dictionary, otherwise, it is left out. In
31
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(conventional gradient)
(natural gradient)

and C t (Equation 34)
matrix Ĝt (Equation 42) or Ĝ(θ)

Algorithm 3 Fisher Information Matrix Estimation Algorithm
1: G-EST(θ, M )
• θ policy parameters
• M > 0 number of episodes used to estimate the Fisher information matrix
2: Ĝ(θ) = 0
3: for i = 1 to M do
4:
done = false,
term = false,
t = −1
5:
Draw x0i ∼ P0 (·)
6:
while not done do
7:
t=t+1
i
8:
Draw ati ∼ µ(·|xti ; θ) and xt+1
∼ P (·|xti , ati )
i
9:
if xt+1
= xterm then done = true
10:
if (done = false ∧ term = false) then
11:
Ĝ(θ) := Ĝ(θ) + u(z ti ; θ)u(z ti ; θ)> and w.p. 1 − γ term = true
12:
end if
13:
end while

14:
if term = false then Ĝ(θ) = Ĝ(θ) + u(z ti ; θ)u(z ti ; θ)> /(1 − γ)
end for
return Ĝ(θ) := Ĝ(θ)/M
15:

16:

Algorithm 4 A Bayesian Actor-Critic Algorithm
1: BAC(θ, M, )
• θ initial policy parameters
• M > 0 episodes for gradient evaluation
•  > 0 termination threshold
2: done = false
3: while not done do
4:
Run GPTD for M episodes. GPTD returns αt
5:
Compute an estimate of the Fisher information
(Algorithm 3)
6:
Compute U t (Proposition 6)
7:
∆θ = U t αt
−1
∆θ = Ĝt U t αt or ∆θ = Ĝ(θ)−1 U t αt
8:
θ := θ + β∆θ
9:
if |∆θ| <  then done = true
end while
return θ
10:

11:

32

>
H̃ t K̃ t H̃ t

+ Σt

−1

r t−1 ,

C̃ t = H̃ t


>
>
H̃ t K̃ t H̃ t

+ Σt

−1
H̃ t .

(43)

followed by zeros otherwise.



>
Cov ∇η(θ)|Dt = G − Ũ t C̃ t Ũ t ,

33
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17. The code for all the experiments of this section is available at https://sequel.lille.inria.fr/
Software/BAC.

In this section, we empirically17 evaluate the performance of the Bayesian actor-critic
method presented in this paper in a 10-state random walk problem as well as in the widely
used continuous-state-space mountain car problem (Sutton and Barto, 1998) and ship steering problem (Miller et al., 1990). In Section 8.1, we first compare BAC, Bayesian quadrature
(BQ), and Monte Carlo (MC) gradient estimates in the 10-state random walk problem. We
then evaluate the performance of the BAC algorithm on the same problem, and compare it
with a Bayesian policy gradient (BPG) algorithm and a MC-based policy gradient (MCPG)
algorithm. In Section 8.2, we compare the performance of the BAC algorithm with a MCPG
algorithm on the mountain car problem. The BPG, BAC, and MCPG algorithms used in
our experiments are Algorithms 2 and 4 presented in this paper, and Algorithm 1 in Baxter
and Bartlett (2001), respectively. In Section 8.3, we compare the performance of the BAC
algorithm with a MCPG algorithm on a problem in the ship steering domain. Similar to
Section 8.2, the BAC, and MCPG algorithms used in our experiments are Algorithm 4
presented in this paper and Algorithm 1 in Baxter and Bartlett (2001), respectively.

8. BAC Experimental Results

Proof The proof is straightforward by plugging the sparsified posterior mean and covariance of Q with α̃t and C̃ t from Equation 43 in Equation 35 and following the steps until
the end of Proposition 6.



where α̃t and C̃ t are given by Equation 43 and Ũ t = u(z 1 ), . . . , u(z |D̃t | ) with z i ∈ D̃t .



E ∇η(θ)|Dt = Ũ t α̃t ,

Proposition 7 Using the sparsification method described above, the posterior moments of
the gradient are approximated as

>
−1
k̃i−1 (z i )K̃ i−1

and [A]i,j = 0 ; ∀j 6= |D̃i |, if we add the state-action pair z i to the dictionary, and is

In Equation 43, H̃ t = H t At , where At is a |Dt | × |D̃t | matrix whose i’th row is [A]i,|D̃i | = 1

α̃t = H̃ t


>

calculating δi , k̃i−1 and K̃ i−1 are the dictionary kernel vector and kernel matrix before observing z i , respectively. Engel et al. (2005) showed that using this sparsification procedure,
>
the posteriors moments of Q may be compactly approximated as Q̂t (z) = k̃t (z)α̃t and
>
Ŝt (z, z 0 ) = k(z, z 0 ) − k̃t (z)C̃ t k̃t (z 0 ), where
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In this section, we consider a 10-state random walk problem, X = {1, 2, . . . , 10}, with states
arranged linearly from state 1 on the left to state 10 on the right. The agent has two actions
to choose from: A = {lef t, right}. The left wall is a retaining barrier, meaning that if the
lef t action is taken at state 1, in the next time-step the state will be 1 again. State 10 is
a zero reward absorbing state. The only stochasticity in the transitions is induced by the
policy, which is defined as µ(right|x) = 1/1 + exp(−θx ) and µ(lef t|x) = 1 − µ(right|x), for
all x ∈ X . Note that each state x has an independent parameter θx . Each episode begins at
state 1 and ends when the agent reaches state 10. The mean reward is 1 for states 1–9 and
is 0 for state 10. The observed rewards for states 1–9 are obtained by corrupting the mean
rewards with a 0.1 standard deviation i.i.d. Gaussian noise. The discount factor is γ = 0.99.
In the BAC experiments, we use the Gaussian state kernel kx (x, x0 ) = exp(−||x−x0 ||2 /(2σk2 ))
with σk = 3 and the state-action kernel 0.01kF (z, z 0 ).
We first compare the MC, BQ, and BAC estimates of ∇η(θ) for the policy induced by
the parameters θx = log(41/9) for all x ∈ X , which is equivalent to µ(right|x) = 0.82. We
use several different sample sizes: M = 5j, j = 1, . . . , 20. Here, by sample size we mean
the number of episodes used to estimate the gradient. For each value of M , we compute
the gradient estimates 103 times. The true gradient is calculated analytically for reference.
Figure 6 shows the mean squared error and the mean absolute angular error of MC, BQ,
and BAC estimates of the gradient for different sample sizes M . The error bars in the right
figure are the standard errors of the mean absolute angular errors. The results depicted
in Figure 6 indicate that the BAC gradient estimates are more accurate and have lower
variance than their MC and BQ counterparts.
Next, we use BAC to optimize the policy parameters and compare its performance with
a BPG algorithm and a MCPG algorithm for M = 1, 25, 50, and 75. The BPG algorithm
uses Model 1 of Section 4.1. We use Algorithm 4 with the number of policy updates set to

8.1 A Random Walk Problem

Figure 6: The mean squared error and the mean absolute angular error of MC, BQ, and
BAC gradient estimations as a function of the number of sample episodes M . All
results are averaged over 103 runs.
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−0.07 ≤ ẋt+1 ≤ 0.07 ,

ẋt+1 = bound ẋt + 0.001at − 0.0025 cos(3xt ) .
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>
The policy feature vector is defined as φ(x, ai ) = φ(x)> δa1 ai , φ(x)> δa2 ai , φ(x)> δa3 ai ,
where δaj ai is 1 if aj = ai , and is 0 otherwise. The state feature vector φ(x) is composed of


exp φ(x, ai )> θ
µ(ai |x) = P3
,
>
j=1 exp φ(x, aj ) θ

When xt+1 reaches the left boundary, ẋt+1 is set to zero and when it reaches the right
boundary, the goal is reached and the episode ends. Each episode starts from a random
position and velocity uniformly sampled from their domains. We use the discount factor
γ = 0.99.
In order to define the policy, we first map the states x = (x, ẋ) to the unit square
[0, 1] × [0, 1]. The policy used in our experiments has the following form:

−1.2 ≤ xt+1 ≤ 0.5
xt+1 = bound[xt + ẋt+1 ]

Figure 7: Results for the policy learning experiment. The graphs depict the performance
of the policies learned by each algorithm during 500 policy updates. From left to
right and top to bottom the number of episodes used to estimate the gradient is
M = 1, 25, 50 and 75. All results are averaged over 103 independent runs.

0

η(θ) − η*

η(θ) − η*

β
MCPG
BPG
BAC
Table 4: Learning rates used by the algorithms in the experiments of Figure 7.
500 and the same kernels as in the previous experiment. The Fisher information matrix is
estimated using Algorithm 3. The returns obtained by these methods are averaged over 103
runs. For a fixed sample size M , we tried many values of the learning rate, β, for MCPG,
BPG, and BAC, and those in Table 4 yielded the best performance. Note that the learning
rate used for each algorithm in each experiment is fixed and does not converge to zero. BAC
showed a very robust performance when we changed the learning rate. By robust we mean
that it never generated a policy for which an episode does not end after 106 steps. This
seems to be due to the fact that BAC gradient estimates are more accurate and have less
variance than their MC and BPG counterparts. The performance of BPG improves as we
increase the sample size M . It performs worse than MCPG for M = 1 and 25, but achieves
a performance similar to BAC for M = 100.
Figure 7 depicts the results of these experiments. From left to right and top to bottom the sub-figures correspond to the experiment in which all the algorithms used M =
1, 25, 50, and 75 trajectories per policy update, respectively. Each curve depicts the difference between the exact average discounted return for the 500 policies that follow each
policy update and η ∗ – the optimal average discounted return. All curves are averaged over
103 repetitions of the experiment. The BAC algorithm clearly learns significantly faster
than the other algorithms (note that the vertical scale is logarithmic).
Remark: Since BQ (and as a result BPG) is based on defining a kernel over system trajectories (quadratic Fisher kernel in Model 1 and Fisher kernel in Model 2), its performance
degrades when the system generates trajectories of different size. This effect can be observed by most kernels that have been used in the literature for the trajectories generated
by dynamical systems. This can be also observed in our experiments: BQ performs much
better than MC in the “Linear Quadratic Regulator” problem (Section 6.2), in which all
the system trajectories are of size 20, while its superiority over MC is less apparent in the
“Random Walk” problem (Section 8.1). This is why we are not going to use BQ and BPG
in the “Mountain Car” (Section 8.2) and “Ship Steering” (Section 8.3) problems, in which
the system trajectories have different lengths.
8.2 Mountain Car
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In this section, we consider the mountain car problem as formulated in Sutton and Barto
(1998), and report the results of applying the BAC and MCPG algorithms to optimize the
policy parameters in this task. The state x consists of the position x and the velocity ẋ of
the car: x = (x, ẋ). The reward is −1 on all time steps until the car reaches its goal at the
top of the hill, which ends the episode. There are three possible actions: forward, reverse,
and zero. The car moves according to the following simplified dynamics:
35

η(θ) − η*

η(θ) − η*

M =5
0.025 , ∞
0.025 , ∞

M = 10
0.1 , 100
0.05 , ∞

M = 20
0.2 , 100
0.1 , ∞

M = 40
0.25 , ∞
0.1 , 250
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where xt and yt represent the position of the ship, θt the angle between the vertical axis and
the ship orientation, and θ̇t the actual turning rate (see the upper-left panel in Figure 9).

xt = (xt , yt , θt , θ̇t ) ∈ [0m, 150m] × [0m, 150m] × [−180◦ , 180◦ ] × [−15◦ /s, 15◦ /s],

Domain Description In this domain, a ship is located in a 150 × 150 meter square water
surface. At any point in time t, the state of the ship is described by four continuous variables
that are defined below along with their range of values

In this section, we perform comparative experiments between BAC and MCPG on a more
challenging problem in the continuous state continuous action ship steering domain (Miller
et al., 1990).

8.3 Ship Steering

where the x̄i ’s are the 16 points of the grid {0, 0.25, 0.5, 1} × {0, 0.25, 0.5, 1} and κ =
1.3 × 0.25.
In Figure 8, we compare the performance of BAC with a MCPG algorithm for M =
5, 10, 20, and 40 episodes used to estimate each gradient. For BAC, we use Algorithm 4
with the number of policy updates set to 500, a Gaussian state kernel kx (x, x0 ) = exp −
||x − x0 ||2 /(2σk2 ) , with σk = 1.3 × 0.25, and the state-action kernel kF (z, z 0 ). The Fisher
information matrix is estimated using Algorithm 3. After every 50 policy updates the
learned policy is evaluated for 103 episodes to estimate accurately the average number of
steps to goal. Each evaluation episode starts from a random position and velocity uniformly
chosen from their ranges, and continues until the car either reaches the goal or a limit of
200 time-steps is exceeded. The experiment is repeated 100 times for the entire horizontal
axis to obtain average results and confidence intervals. The error bars in this figure are the
standard errors of the performance of the algorithms.
For a fixed sample size M , each method starts with an initial learning rate and decreases
it according to the schedule βt = β0 βc /(βc + t). We tried many values of the learning rate
parameters (β0 , βc ) for MCPG and BAC, and those in Table 5 yielded the best performance.
Note that βc = ∞ means that we used a fixed learning rate β0 for that experiment. The
graphs indicate that BAC performs better and has lower variance than MCPG. It is able to
find a good policy with only M = 5 sample size and its performance does not change much
as the sample size is increased. On the other hand, the performance of MCPG improves
and its variance is reduced as we increase the sample size. Note that for M = 40, MCPG
finally achieves a similar performance (still with slower rate) as BAC.

16 Gaussian functions arranged in a 4 × 4 grid over the unit square as follows:


 >
φ(x) = exp − ||x − x̄1 ||2 /(2κ2 ) , . . . , exp − ||x − x̄16 ||2 /(2κ2 )
,

Table 5: Learning rates used by the algorithms in the experiments of Figure 8.
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yt+1 = yt + ∆ V cos θt
∆
θ̇t+1 = θ̇t + (at − θ̇t )
T
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The goal of the ship is to navigate to (x∗ , y∗ ) = (100m, 100m) within 500 times steps. If
this does not happen or the ship moves out of the boundary, the episode terminates as
a failure. The goal of the policy is to maximize the probability of the ship successfully
reaching (x∗ , y∗ ). Thus, we set the discount factor to γ = 1 in this problem.

θt+1 = θt + ∆ θ̇t

xt+1 = xt + ∆ V sin θt

At the beginning of each episode, the ship starts at (x1 , y1 ) = (40m, 40m), with θ1 and
θ̇1 sampled uniformly at random from their ranges. The only available action variable is
at ∈ [−15◦ , 15◦ ], which is the desired turning rate. To model the ship inertia and water
resistance, there is a T = 5 time steps lag for the desired turning rate to become the actual
turning rate. Moreover, the ship moves with the constant speed of V = 3m/s and ∆ = 0.2s
is the sampling interval. The following set of equations summarizes the ship’s dynamics:

Figure 8: The graphs depict the performance of the policies learned by BAC and a MCPG
algorithm during 500 policy updates in the mountain car problem. From left to
right and top to bottom the number of episodes used to estimate the gradient is
M = 5, 10, 20, and 40. All results are averaged over 100 independent runs.
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M =5
0.01
0.5

M = 10
0.01
0.4

M = 20
0.01
0.5
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β
MCPG
BAC
Table 6: Learning rates used by the algorithms in the experiments of Figure 9.

,

Learning For both MCPG and BAC, we used a CMAC function approximator with 9
four dimensional tilings, each of them discretizing the state space into 5 × 5 × 36 × 5 = 4500
tiles. Therefore, each policy parameter w is of size N = 9 × 4500 = 40500. Each state x
is represented by a binary
PN vector φ(x), where φi (x) = 1 if and only if the state x falls in
the ith tile, and thus, i=1
φi (x) ≤ 9. To define a precise mapping from states to actions,
wt : xt = (xt , yt , θt , θ̇t ) → at , we first sample ãt from the Gaussian
!
ãt ∼ N

PN
(i)
i=1 w t φi (xt )
,1
P
N
i=1 φi (xt )

500
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Ship domain
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Number of updates (M = 10)
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MCPG - 100 runs
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MCPG - 100 runs

700

800

900

BAC - 100 runs

Number of updates (M = 20)

300

Number of updates (M = 5)

1000

1000

3000

soon outperformed by BAC. For M = 10 and 20, BAC produces better policies from
the beginning, especially for M = 20. This is consistent with the results of the other
experimental domains reported in the paper. For all values of M , BAC converges to a
policy with a better success ratio than MCPG. Finally, as expected, BAC has usually less
variance in its performance than MCPG.

1
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0
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The algorithms presented in this paper belong to the class of Bayesian model-free RL, as
they do not assume that the system’s dynamic is known and do not explicitly construct
a model of the system. In recent years, Bayesian methodology has been used to develop
algorithms in several other areas of RL. In this section, we provide a brief overview of these
results (for more details, see the survey by Ghavamzadeh et al. 2015).
Another widely-used class of RL algorithms are those that build an explicit model of
the system and use it to find a good (or optimal) policy, thus, are known as model-based RL
algorithms. Recent years have witnessed many applications of the Bayesian methodology
to this class of RL algorithms. The main idea of model-based Bayesian RL is to explicitly

9. Other Advancements in Bayesian Reinforcement Learning

Figure 9: Success rate of the policies learned by BAC and MCPG in the ship steering
problem.

0

success rate

success rate

and then map it to the allowed range [−15◦ , 15◦ ] using the sigmoid transformation


2
π
at = 15◦ · · arctan
· ãt .
π
2

For the BAC experiments, we used the Gaussian state kernel kx (x, x0 ) = exp(−||x −
x0 ||2 /(2σk2 )), with σk = 1 and the state-action kernel kF (z, z 0 ), i.e., the Fisher kernel.
Setup In order to improve the computational efficiency, we use several numerical approximations. First, to calculate the score function for a trajectory (Equation 5) in both MCPG
and BAC, we approximate the gradient of the action distribution in at with the one in ãt ,
i.e.,
∇ log µ(at |xt ; wt ) ≈ ∇ log µ(ãt |xt ; wt ).
Second, we calculate the gradient using the online sparsification procedure described in
Section 4.4. Finaly, we never explicitly calculate the inverse of the Fisher information
−1
matrix Ĝ and instead calculate the product of Ĝ with the score. For the numerical
stability we also add 10−6 to the diagonal of Ĝ.
Similar to the other experiments in the paper, we varied the number of trajectories used
to estimate the gradient of a policy as M = 5, 10, and 20. Table 6 shows the best values of
the learning rate β for both MCPG and BAC for different values of M . To evaluate each
method, we ran 100 independent learning trials. At each trial, we evaluate the performance
of the policy every 100 iterations by executing it 100 (independent) times with θ1 and θ̇1
randomly sampled. For each of these execution, we observe if the ship reached (x∗ , y∗ )
within 500 steps and estimate the policy success ratio. We set the total number of gradient
updates to T = 3000 for M = 5 and 10 and to T = 1000 for M = 20.

JMLR 17(66):1-53

Results The results for all the experiments are presented in Figure 9 along with their
standard deviations. Naturally, using more trajectories for the gradient update improves
both methods. However, this improvement is bigger for the BAC method. In the case
of M = 5, MCPG produces slightly better policies at the beginning of learning, but is
39
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Bayesian learning methods have also been used for regret minimization in multi-armed
bandits. This area that goes back to the seminal work of Gittins (1979), has become very active with the Bayesian version of the upper confidence bound (UCB) algorithm (Kaufmann
et al., 2012a) and the recent advancements in the analysis of Thompson Sampling (Agrawal
and Goyal, 2012, Kaufmann et al., 2012b, Agrawal and Goyal, 2013a,b, Russo and Van Roy,
2014, Gopalan et al., 2014, Guha and Munagala, 2014, Liu and Li, 2015) and its state-ofthe-art empirical performance (Scott, 2010, Chapelle and Li, 2011), which has also led to
its use in several industrial applications (Graepel et al., 2010, Tang et al., 2013).

In this paper, we first proposed an alternative approach to the conventional frequentist
(Monte-Carlo based) policy gradient estimation procedure. Our approach is based on
Bayesian quadrature (O’Hagan, 1991), a Bayesian method for integral evaluation. The
idea is to model the gradient of the expected return with respect to the policy parameters,
which is of the form of an integral, as Gaussian processes (GPs). This is done by dividing
the integrand into two parts, treating one as a random function (or random field), whose
random nature reflects our subjective uncertainty concerning its true identity. This allows
us to incorporate our prior knowledge of this term (part) into its prior distribution. Observing (possibly noisy) samples of this term allows us to employ Bayes’ rule to compute a
posterior distribution of it conditioned on these samples. This in turn induces a posterior
distribution over the value of the integral, which is the gradient of the expected return. By
properly partitioning the integrand and by appropriately selecting a prior distribution, a
closed-form expression for the posterior moments of the gradient of the expected return is
obtained. We proposed two different ways of partitioning the integrand resulting in two
distinct Bayesian models. For each model, we showed how the posterior moments of the
gradient conditioned on the observed data are calculated. In line with previous work on
Bayesian quadrature, our Bayesian approach tends to significantly reduce the number of
samples needed to obtain accurate gradient estimates. Moreover, estimates of the natural
gradient and the gradient covariance are provided at little extra cost. We performed detailed
experimental comparisons of the Bayesian policy gradient (BPG) algorithms presented in
the paper with classic Monte-Carlo based algorithms on a bandit problem as well as on
a linear quadratic regulator problem. The experimental results are encouraging, but we
conjecture that even better gains may be attained using this approach. This calls for additional theoretical and empirical work. It is important to note that the gradient estimated
by Algorithm 1 may be employed in conjunction with conjugate-gradients and line-search
methods for making better use of the gradient information. We also showed that the models
and algorithms presented in this paper can be extended to partially observable problems
without any change along the same lines as Baxter and Bartlett (2001). This is due to the
fact that our BPG framework considers complete system trajectories as its basic observable
unit, and thus, does not require the dynamic within each trajectory to be of any special
form. This generality has the downside that our proposed framework cannot take advantage
of the Markov property when the system is Markovian.

10. Discussion
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To address this issue, we then extended our BPG framework to actor-critic algorithms
and presented a new Bayesian take on the actor-critic architecture. By using GPs and
choosing their prior distributions to make them compatible with a parametric family of
policies, we were able to derive closed-form expressions for the posterior distribution of
the policy gradient updates. The posterior mean is used to update the policy and the
posterior covariance to gauge the reliability of this update. Our Bayesian actor-critic (BAC)
framework uses individual state-action-reward transitions as its basic observable unit, and
thus, is able to take advantage of the Markov property of the system trajectories (when the
system is indeed Markovian). This improvement seems to be borne out in our experiments,
where BAC provides more accurate estimates of the policy gradient than either of the
two BPG models for the same amount of data. Similar to BPG, another feature of BAC

Multi-task RL (MTRL) is another area that has witnessed the application of Bayesian
methodology. All approaches to MTRL assume that the tasks share similarity in some
components of the problem such as dynamics, reward structure, or value function. The
Bayesian MTRL methods assume that the shared components are drawn from a common
generative model (Wilson et al., 2007, Mehta et al., 2008, Lazaric and Ghavamzadeh, 2010).
In Mehta et al. (2008), tasks share the same dynamics and reward features, and only
differ in the weights of the reward function. The proposed method initializes the value
function for a new task using the previously learned value functions as a prior. Wilson et al.
(2007) and Lazaric and Ghavamzadeh (2010) both assume that the distribution over some
components of the tasks is drawn from a hierarchical Bayesian model.

Bayesian techniques have also been used to derive algorithms for the collaborative multiagent RL problem. When dealing with multi-agent systems, the complexity of the decision
problem is increased in the following way: while single-agent BRL requires maintaining
a posterior over the MDP parameters (in the case of model-based methods) or over the
value/policy (in the case of model-free methods), in multi-agent BRL, it is also necessary
to keep a posterior over the policies of the other agents. Chalkiadakis and Boutilier (2013)
showed that this belief can be maintained in a tractable manner subject to certain structural
assumptions on the domain, for example that the strategies of the agents are independent
of each other.

The use of Bayesian methodology has also been explored to solve the inverse RL (IRL)
problem, i.e., learning the underlying model of the decision-making agent (expert) from
its observed behavior and the dynamics of the system (Russell, 1998). The main idea of
Bayesian IRL (BIRL) is to use a prior to encode the reward preference and to formulate
the compatibility with the expert’s policy as a likelihood in order to derive a probability
distribution over the space of reward functions, from which the expert’s reward function
is somehow extracted. The most notable works in the area of BIRL include those by Ramachandran and Amir (2007), Choi and Kim (2011, 2012), Michini and How (2012a,b).

maintain a posterior over the model parameters and to use it to select actions in order
to appropriately balance exploration and exploitation. The class of model-based Bayesian
RL algorithms include those that work with MDPs and those that work with POMDPs
(e.g., Ross et al. 2008, Doshi et al. 2008). The MDP-based algorithms can be further
divided to those that are offline (e.g., Duff 2001, Poupart et al. 2006), those that are online
(e.g., Dearden et al. 1999, Strens 2000, Wang et al. 2005, Ross et al. 2008), and those that
have probably approximately correct (PAC)-guarantees (e.g., Kolter and Ng 2009, Asmuth
et al. 2009, Sorg et al. 2010).
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is that its natural-gradient variant is obtained at little extra cost. For both BPG and
BAC, we derived the sparse form of the algorithms, which would make them significantly
more time and memory efficient. Finally, we performed an experimental evaluation of the
BAC algorithm, comparing it with classic Monte-Carlo based policy gradient algorithms,
as well as our BPG algorithms, on a random walk problem, the widely used mountain car
problem (Sutton and Barto, 1998), and the continuous state and continuous action ship
steering domain (Miller et al., 1990).
Additional experimental work is required to investigate the behavior of BPG and BAC
algorithms in larger and more realistic domains, involving continuous and high-dimensional
state and action spaces. The BPG and BAC algorithms proposed in the paper use only the
posterior mean of the gradient in their updates. We conjecture that the second-order statistics obtained from BPG and BAC (both in the actor and critic) may be used to devise more
efficient algorithms. In one of the experiments in Section 6, we employed the covariance
information provided by Algorithm 1 for risk-aware selection of the step size in the gradient updates, which showed promising performance. Other interesting directions for future
work include 1) investigating other possible partitions of the integrand in the expression for
∇ηB (θ) into a GP term and a deterministic term, 2) using other types of kernel functions
such as sequence kernels, 3) combining our approach with MDP model estimation to allow transfer of learning between different policies (model-based Bayesian policy gradient),
and 4) investigating more efficient methods for estimating the Fisher information matrix.
Another direction is to derive a fully non-parametric actor-critic algorithm. In BAC, the
critic is based on Gaussian process temporal difference learning, which is a non-parametric
method, while the actor uses a family of parameterized policies. The idea here would be to
replace the actor in the BAC algorithm with a non-parametric actor that performs gradient
search in a function space (e.g., a reproducing kernel Hilbert space) of policies.
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Appendix A. Proof of Proposition 3
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Pr(ξ; θ)dξ + 2


>

We start the proof with the M × 1 vector b, whose ith element can be written as
(b)i =
=

(a)

=

(b)

= 1 + u(ξi )> G−1

(c)


 (e)
= 1 + u(ξi )> G−1 G G−1 u(ξi ) = 1 + u(ξi )> G−1 u(ξi )
(d)
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k(ξ, ξ 0 ) Pr(ξ; θ) Pr(ξ 0 ; θ)dξdξ 0
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u(ξ)> G−1 u(ξ 0 ) Pr(ξ; θ) Pr(ξ 0 ; θ)dξdξ 0

Pr(ξ; θ) Pr(ξ 0 ; θ)dξdξ 0 + 2

(44)

(a) substitutes k(ξ,Rξi ) with the quadratic Fisher
kernel from Equation
23, (b) is algebra,
R
R
(c)Rfollows from (i) Pr(ξ;
R θ)dξ = 1, and (ii) u(ξ) Pr(ξ; θ)dξ = ∇ log Pr(ξ; θ) Pr(ξ; θ)dξ
= ∇ Pr(ξ; θ)dξ = ∇ Pr(ξ; θ)dξ = ∇(1) = 0, (d) is the result of replacing the integral
with the Fisher information matrix G, (e) is algebra, and thus, the claim follows.

ZZ

ZZ
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Now the proof for the scalar b0
b0 =
=

(a)
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=
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The Fisher information matrix G is positive definite and symmetric. Thus, it can be
written as G = V ΛV > , where V = [v 1 , . . . , v n ] and Λ = diag[λ1 , . . . , λn ] are the matrix of
orthonormal eigenvectors and the diagonal matrix of eigenvalues of matrix G, respectively.

(a) substitutes k(ξ,RR
ξ 0 ) with the quadratic Fisher kernel from
R Equation 23, (b) is algebra,
(c) follows from (i)
Pr(ξ; θ) Pr(ξ 0 ; θ)dξdξ 0 = 1, and (ii) u(ξ) Pr(ξ; θ)dξ = 0, and finally
(d) is the result of replacing the integral within the parentheses with the Fisher information
matrix G.

= 1+

(d)

Z
>
Z

(c)
= 1+2
u(ξ) Pr(ξ; θ)dξ
G−1
u(ξ 0 ) Pr(ξ 0 ; θ)dξ 0
Z

Z
+ u(ξ)> G−1
u(ξ 0 )u(ξ 0 )> Pr(ξ 0 ; θ)dξ 0 G−1 u(ξ) Pr(ξ; θ)dξ
Z
u(ξ)> G−1 u(ξ) Pr(ξ; θ)dξ

ZZ

+
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Part of the computational experiments was conducted using the Grid’5000 experimental
testbed (https://www.grid5000.fr). Yaakov Engel was supported by an Alberta Ingenuity
fellowship.
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>
u(ξ) Pr(ξ; θ) u(ξ)> G−1 u(ξ 0 ) u(ξ 0 ) Pr(ξ 0 ; θ) dξdξ 0
Z
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(c)
(d)
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u(ξ)u(ξ)> Pr(ξ; θ)dξ G−1
u(ξ 0 )u(ξ 0 )> Pr(ξ 0 ; θ)dξ 0 = GG−1 G = G

=

(a)

B0 =

Now the proof for the n × n matrix B 0

(a) substitutes k(ξ, ξi ) with the Fisher kernel from Equation 27, (b) is algebra, (c) follows
from ∇ Pr(ξ; θ) = u(ξ) Pr(ξ; θ), (d) substitutes the integral within the parentheses with
the Fisher information matrix G, (e) is algebra, and thus, the claim follows.

= GG−1 [u(ξ1 ), . . . , u(ξM )] = [u(ξ1 ), . . . , u(ξM )] = U
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u(ξ)u(ξ)> Pr(ξ; θ)dξ G−1 [u(ξ1 ), . . . , u(ξM )]

B=

We start with the proof of B. This n × M matrix may be written as

Appendix B. Proof of Proposition 4

(a) and (b) are algebra, (c) is the result of switching the sum and the integral, (d) is
algebra, (e) follows from the fact that v >
i u(ξ) is a scalar, and thus, can be replaced by its
transpose, (f ) is algebra, (g) substitutes the integral within the parentheses with the Fisher
information matrix G, (h) replaces Gv i with λi v i , (i) follows from the orthonormality of
v i ’s, and thus, the claim follows.
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V > u(ξ) Λ−1 V > u(ξ) Pr(ξ; θ)dξ = 1 +
= 1+

b0 = 1 +

Z

By replacing G−1 with V Λ−1 V > in Equation 44 we obtain
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(B t )i =

Z

We start the proof with the n × (t + 1) matrix B t , whose ith column may be written as

Appendix D. Proof of Proposition 6

The claim follows using Lemma 1.3.2 in Engel (2005).



−1
−1
E ∇ηB (θ)|DM = Y AK̃A> + Σ
Ab̃ = Y Σ−1 AK̃A> Σ−1 + I
Ab̃,





−1
−1 
>
>
Cov ∇ηB (θ)|DM = b0 − b̃ A> AK̃A> + Σ
Ab̃ I = b0 − b̃ A> Σ−1 AK̃A> Σ−1 + I
Ab̃ I.

R
where b̃ = k̃(ξ) Pr(ξ; θ)dξ is exactly b, only the kernel vector k(·) has been replaced by
the sparse kernel vector k̃(·). Thus using Proposition 3, we have (b̃)i = 1 + u(ξi )> G−1 u(ξi ),
with ξi ∈ D̃. By replacing b with Ab̃ in Equation 45, we obtain

Sparsification does not change b0 and it remains equal to n + 1 (see Proposition 3), however
it modifies b to
Z
Z
Z
b = k(ξ) Pr(ξ; θ)dξ = Ak̃(ξ) Pr(ξ; θ)dξ = A k̃(ξ) Pr(ξ; θ)dξ = Ab̃,

Here we only show the proof for Model 1, the proof for Model 2 is straightforward following
the same arguments. The sparse approximations of the kernel matrix K and kernel vector
k(·) may be written as K ≈ AK̃A> and k(·) ≈ Ak̃(·), respectively (Equations. 2.2.8
and 2.2.9 in Engel, 2005). If we replace K and k(·) in Equation 21 with their sparse
approximations, we obtain


−1
E ∇ηB (θ)|DM = Y AK̃A> + Σ b,
h


−1 i
Cov ∇ηB (θ)|DM = b0 − b> AK̃A> + Σ b I.
(45)

Appendix C. Proof of Proposition 5

(a) follows from the fact that k(ξ, ξ 0 ) is scalar, (b) substitutes k(ξ, ξ 0 ) with the Fisher
information kernel from Equation 27 and ∇ Pr(ξ; θ) with u(ξ) Pr(ξ; θ), (c) is algebra, (d)
is the result of substituting the integrals within the parentheses with the Fisher information
matrix G, and thus, the claim follows.
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The 1st line follows from the definition of matrix B t , function g, and kernel k, the 2nd line
is algebra, the 3rd line follows from the definition of π µ and the Fisher kernel kF , the 4th
line is algebra, the 5th line is the result of replacing the integral in the parentheses with the
Fisher information matrix G, finally the 6th line is algebra, and the claim follows.
Now the proof for the n × n matrix B 0
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(a) follows from the definition of function g and kernel k, (b) is algebra, (c) follows
from
the definition of π µ and the
kernel kF , (c) is algebra, finally (d) follows from
R
R Fisher
µ
>
A da∇µ(a|x; θ) = 0 and G = Z dzπ (z)u(z)u(z) , and the claim follows.
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Kernel-based reinforcement learning (KBRL) stands out among approximate reinforcement
learning algorithms for its strong theoretical guarantees. By casting the learning problem
as a local kernel approximation, KBRL provides a way of computing a decision policy
which converges to a unique solution and is statistically consistent. Unfortunately, the
model constructed by KBRL grows with the number of sample transitions, resulting in a
computational cost that precludes its application to large-scale or on-line domains. In this
paper we introduce an algorithm that turns KBRL into a practical reinforcement learning tool. Kernel-based stochastic factorization (KBSF) builds on a simple idea: when a
transition probability matrix is represented as the product of two stochastic matrices, one
can swap the factors of the multiplication to obtain another transition matrix, potentially
much smaller than the original, which retains some fundamental properties of its precursor.
KBSF exploits such an insight to compress the information contained in KBRL’s model
into an approximator of fixed size. This makes it possible to build an approximation considering both the difficulty of the problem and the associated computational cost. KBSF’s
computational complexity is linear in the number of sample transitions, which is the best
one can do without discarding data. Moreover, the algorithm’s simple mechanics allow for
a fully incremental implementation that makes the amount of memory used independent
of the number of sample transitions. The result is a kernel-based reinforcement learning
algorithm that can be applied to large-scale problems in both off-line and on-line regimes.
We derive upper bounds for the distance between the value functions computed by KBRL
and KBSF using the same data. We also prove that it is possible to control the magnitude
of the variables appearing in our bounds, which means that, given enough computational
resources, we can make KBSF’s value function as close as desired to the value function
that would be computed by KBRL using the same set of sample transitions. The potential
of our algorithm is demonstrated in an extensive empirical study in which KBSF is applied to difficult tasks based on real-world data. Not only does KBSF solve problems that
had never been solved before, but it also significantly outperforms other state-of-the-art
reinforcement learning algorithms on the tasks studied.
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Reinforcement learning provides a conceptual framework with the potential to materialize a
long-sought goal in artificial intelligence: the construction of situated agents that learn how
to behave from direct interaction with the environment (Sutton and Barto, 1998). But such
an endeavor does not come without its challenges; among them, extrapolating the field’s
basic machinery to large-scale domains has been a particularly persistent obstacle.
It has long been recognized that virtually any real-world application of reinforcement
learning must involve some form of approximation. Given the mature stage of the supervisedlearning theory, and considering the multitude of approximation techniques available today,
this realization may not come across as a particularly worrisome issue at first glance. However, it is well known that the sequential nature of the reinforcement learning problem
renders the incorporation of function approximators non-trivial (Bertsekas and Tsitsiklis,
1996).
Despite the difficulties, in the last two decades the collective effort of the reinforcement
learning community has given rise to many reliable approximate algorithms (Szepesvári,
2010). Among them, Ormoneit and Sen’s (2002) kernel-based reinforcement learning (KBRL)
stands out for two reasons. First, unlike other approximation schemes, KBRL always converges to a unique solution. Second, KBRL is consistent in the statistical sense, meaning
that adding more data improves the quality of the resulting policy and eventually leads to
optimal performance.
Unfortunately, the good theoretical properties of KBRL come at a price: since the
model constructed by this algorithm grows with the number of sample transitions, the cost
of computing a decision policy quickly becomes prohibitive as more data become available.
Such a computational burden severely limits the applicability of KBRL. This may help
explain why, in spite of its nice theoretical guarantees, kernel-based learning has not been
widely adopted as a practical reinforcement learning tool.
This paper presents an algorithm that can potentially change this situation. Kernelbased stochastic factorization (KBSF) builds on a simple idea: when a transition probability
matrix is represented as the product of two stochastic matrices, one can swap the factors of
the multiplication to obtain another transition matrix, potentially much smaller than the
original, which retains some fundamental properties of its precursor (Barreto and Fragoso,
2011). KBSF exploits this insight to compress the information contained in KBRL’s model
into an approximator of fixed size. Specifically, KBSF builds a model, whose size is independent of the number of sample transitions, which serves as an approximation of the model
that would be constructed by KBRL. Since the size of the model becomes a parameter of
the algorithm, KBSF essentially detaches the structure of KBRL’s approximator from its
configuration. This extra flexibility makes it possible to build an approximation that takes
into account both the difficulty of the problem and the computational cost of finding a
policy using the constructed model.
KBSF’s computational complexity is linear in the number of sample transitions, which
is the best one can do without throwing data away. Moreover, we show in the paper that
the amount of memory used by our algorithm is independent of the number of sample
transitions. Put together, these two properties make it possible to apply KBSF to largescale problems in both off-line and on-line regimes. To illustrate this possibility in practice,
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we present an extensive empirical study in which KBSF is applied to difficult control tasks
based on real-world data, some of which had never been solved before. KBSF outperforms
least-squares policy iteration and fitted Q-iteration on several off-line problems and SARSA
on a difficult on-line task.
We also show that KBSF is a sound algorithm from a theoretical point of view. Specifically, we derive results bounding the distance between the value function computed by our
algorithm and the one computed by KBRL using the same data. We also prove that it is
possible to control the magnitude of the variables appearing in our bounds, which means
that we can make the difference between KBSF’s and KBRL’s solutions arbitrarily small.
We start the paper presenting some background material in Section 2. Then, in Section 3, we introduce the stochastic-factorization trick, the insight underlying the development of our algorithm. KBSF itself is presented in Section 4. This section is divided
in two parts, one theoretical and one practical. In Section 4.1 we present theoretical results showing that not only is the difference between KBSF’s and KBRL’s value functions
bounded, but it can also be controlled. Section 4.2 brings experiments with KBSF on four
reinforcement-learning problems: single and double pole-balancing, HIV drug schedule domain, and epilepsy suppression task. In Section 5 we introduce the incremental version of
our algorithm, which can be applied to on-line problems. This section follows the same
structure of Section 4, with theoretical results followed by experiments. Specifically, in Section 5.1 we extend the results of Section 4.1 to the on-line scenario, and in Section 5.2 we
present experiments on the triple pole-balancing and helicopter tasks. In Section 6 we take
a closer look at the approximation computed by KBSF and present a practical guide on how
to configure our algorithm to solve a reinforcement learning problem. In Section 7 we summarize related works and situate KBSF in the context of kernel-based learning. Finally, in
Section 8 we present the main conclusions regarding the current research and discuss some
possibilities of future work.
The paper has three appendices. Appendix A has the proofs of our theoretical results.
The details of the experiments that were omitted in the main body of the text are described
in Appendix B. In Appendix C we provide a table with the main symbols used in the paper
that can be used as a reference to facilitate reading.
Parts of the material presented in this article have appeared before in two papers published in the Neural Information Processing Systems conference (NIPS, Barreto et al., 2011,
2012). The current manuscript is a substantial extension of the aforementioned works.

2. Background
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We consider the standard framework of reinforcement learning, in which an agent interacts
with an environment and tries to maximize the amount of reward collected in the long
run (Sutton and Barto, 1998). The interaction between agent and environment happens at
discrete time steps: at each instant t the agent occupies a state s(t) ∈ S and must choose
an action a from a finite set A. The sets S and A are called the state and action spaces,
respectively. The execution of action a in state s(t) moves the agent to a new state s(t+1) ,
where a new action must be selected, and so on. Each transition has a certain probability
of occurrence and is associated with a reward r ∈ R. The goal of the agent is to find a
policy π : S 7→ A, that is, a mapping from states to actions, that maximizes the expected
3
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T
X
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return. Here we define the return from time t as:

R(t) = r(t+1) + γr(t+2) + γ 2 r(t+3) + ... =

γ i−1 r(t+i) ,

(1)

where r(t+1) is the reward received at the transition from state s(t) to state s(t+1) . The
interaction of the agent with the environment may last forever (T = ∞) or until the agent
reaches a terminal state (T < ∞); each sequence of interactions is usually referred to as
an episode. The parameter γ ∈ [0, 1) is the discount factor, which determines the relative
importance of individual rewards depending on how far in the future they are received.
2.1 Markov Decision Processes

As usual, we assume that the interaction between agent and environment can be modeled as a Markov decision process (MDP, Puterman, 1994). An MDP is a tuple M ≡
(S, A, P a , Ra , γ), where P a and Ra describe the dynamics of the task at hand. For each
action a ∈ A, P a (·|s) defines the next-state distribution upon taking action a in state s.
a
The reward received at transition s −
→ s0 is given by Ra (s, s0 ), with |Ra (s, s0 )| ≤ Rmax < ∞.
Usually, one is interested in the expected reward resulting from the execution of action a
in state s, that is, ra (s) = Es0 ∼P a (·|s) {Ra (s, s0 )}.
Once the interaction between agent and environment has been modeled as an MDP, a
natural way of searching for an optimal policy is to resort to dynamic programming (Bellman, 1957). Central to the theory of dynamic-programming is the concept of a value
function. The value of state s under a policy π, denoted by V π (s), is the expected return the agent will receive from s when following π, that is, V π (s) = Eπ {R(t) |s(t) = s}
(here the expectation is over all possible sequences of rewards in (1) when the agent follows π). Similarly, the value of the state-action pair (s, a) under policy π is defined as
Qπ (s, a) = Es0 ∼P a (·|s) {Ra (s, s0 ) + γV π (s0 )} = ra (s) + γEs0 ∼P a (·|s) {V π (s0 )}.
The notion of value function makes it possible to impose a partial ordering over decision
policies. In particular, a policy π 0 is considered to be at least as good as another policy π
0
if V π (s) ≥ V π (s) for all s ∈ S. The goal of dynamic programming is to find an optimal
policy π ∗ that performs no worse than any other. It is well known that there always exists
at least one such policy for a given MDP (Puterman, 1994). When there is more than one
optimal policy, they all share the same value function V ∗ .
When both the state and action spaces are finite, an MDP can be represented in matrix
a = P a (s |s ), and each
form: each function P a becomes a matrix Pa ∈ R|S|×|S| , with pij
j i
function ra becomes a vector ra ∈ R|S| , where ria = ra (si ). Similarly, V π can be represented
as a vector vπ ∈ R|S| and Qπ can be seen as a matrix Qπ ∈ R|S|×|A| . 1
When the MDP is finite, dynamic programming can be used to find an optimal decisionpolicy π ∗ ∈ A|S| in time polynomial in the number of states |S| and actions |A| (Ye, 2011).
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1. Throughout the paper we will use the conventional and matrix notations interchangeably, depending on
the context. When using the latter, vectors will be denoted by small boldface letters and matrices will
be denoted by capital boldface letters. We will also use the same notation for all MDPs and associated
components, distinguishing between them through the use of math accents. So, for example, if M̄ is an
MDP, its transition functions and matrices will be referred to as P̄ a and P̄a , its expect-reward functions
and vectors will be denoted by r̄a and r̄a , its optimal decision policy will be π̄ ∗ , and so on (see Table 2).

4

i=1
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where a, b ∈ A. Similarly, the reward functions of the MDP constructed by KBRL, R̂a :
Ŝ × Ŝ 7→ R, are
 a
ri , if a = b,
R̂a (s, ŝbi ) =
(5)
0, otherwise.

Definition 1 Given a stochastic matrix P ∈ Rn×p , the relation P = DK is called a
stochastic factorization of P if D ∈ Rn×m and K ∈ Rm×p are also stochastic matrices.
The integer m > 0 is the order of the factorization.

KBRL uses (3) to build a finite MDP whose state space Ŝ is composed solely of the n =
P
a
a na states ŝi . We assume without loss of generality that the action space A is ordered and
the sampled states are ordered lexicographically as ŝai < ŝbj ⇐⇒ a < b or (a = b and i < j);
if a given state s ∈ S occurs more than once in the set of sample transitions, each occurrence
will be treated as a distinct state in the finite MDP. The transition functions of KBRL’s
model, P̂ a : Ŝ × Ŝ 7→ [0, 1], are given by:

  κa (s, sb ), if a = b,
τ
i
P̂ a ŝbi |s =
(4)
0, otherwise,

6
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Let P ∈ Rn×n be a transition matrix, that is, a square stochastic matrix, and let P =
DK be an order m stochastic factorization. In this case, one can see the elements of

3.1 Stochastic-Factorization Trick

This mathematical construct has been explored before. For example, Cohen and Rothblum (1991) briefly discuss it as a special case of nonnegative matrix factorization, while Cutler and Breiman (1994) study slightly modified versions of stochastic factorization for statistical data analysis. However, in this paper we will focus on a useful property of this type
of factorization that has only recently been noted (Barreto and Fragoso, 2011).

A stochastic matrix has only nonnegative elements and each of its rows sums to 1. That
said, we can introduce the concept that will serve as a cornerstone for the rest of the paper:

3. Stochastic Factorization

where s ∈ S and a ∈ A. Ormoneit and Sen (2002) have shown that, if na → ∞ for all
a ∈ A and the kernel’s width τ shrink at an “admissible” rate, the probability of choosing
a suboptimal action based on Q̂(s, a) converges to zero (see their Theorem 4).
As discussed, using dynamic programming one can compute the optimal value function
of M̂ in time polynomial in the number of sample transitions n (which is also the number of
states in M̂ ). However, since each application of the Bellman operator T̂ is O(n2 |A|), the
computational cost of such a procedure can easily become prohibitive in practice. Thus, the
use of KBRL leads to a dilemma: on the one hand one wants as much data as possible to
describe the dynamics of the task, but on the other hand the number of transitions should
be small enough to allow for the numerical solution of the resulting model. In the following
sections we describe a practical approach to weigh the relative importance of these two
conflicting objectives.

(3)

kτ (s, sai )
κaτ (s, sai ) = Pna
a .
j=1 kτ (s, sj )

where τ ∈ R and k · k is a norm in RdS (for concreteness, the reader may think of kτ (s, s0 )
as the Gaussian kernel, although the definition also encompasses other functions). Finally,
define the normalized kernel function associated with action a as

Kernel-based reinforcement learning (KBRL) is a batch algorithm that uses a finite model
approximation to solve a continuous MDP M ≡ (S, A, P a , Ra , γ), where S ⊆ [0, 1]dS and dS ∈
a
a a a
N+
∗ is the dimension of the state space (Ormoneit and Sen, 2002). Let S ≡ {(sk , rk , ŝk )|k =
1, 2, ..., na } be sample transitions associated with action a ∈ A, where sak , ŝak ∈ S and rka ∈ R.
R1
Let φ : R+ 7→ R+ be a Lipschitz continuous function satisfying 0 φ(x)dx = 1. Let kτ (s, s0 )
be a kernel function defined as


ks − s0 k
kτ (s, s0 ) = φ
,
(2)
τ

2.2 Kernel-Based Reinforcement Learning

KBRL’s MDP is thus given by M̂ ≡ (Ŝ, A, P̂a , r̂a , γ).
Once M̂ has been defined, one can use dynamic programming to compute its optimal
value function V̂ ∗ . Then, the value of any state-action pair of the continuous MDP can be
determined as:
na
h
i
X
Q̂(s, a) =
κaτ (s, sai ) ria + γ V̂ ∗ (ŝai ) ,
(7)

(6)

Based on (4) and (5) we can define the transition matrices and expected-reward vectors
of KBRL’s MDP. The matrices P̂a are derived directly from the definition of P̂ a (ŝbi |s),
replacing s with the sampled states ŝai (see Figure 2a). The vectors r̂a are computed as
follows. Let r ≡ [(r1 )| , (r2 )| , ..., (r|A| )| ]| ∈ Rn , where ra ∈ Rna are the vectors composed
of the sample rewards, that is, the ith element of ra is ria ∈ S a . Since Ra (s, ŝbi ) does not
depend on the start state s, we can write

Let v ∈ R|S| and let Q ∈ R|S|×|A| . Define the operator Γ : R|S|×|A| 7→ R|S| such that ΓQ = v
if and only if vi = maxj qij for all i. Also, given an MDP M , define ∆ : R|S| 7→ R|S|×|A| such
P|S|
that ∆v = Q if and only if qia = ria + γ j=1 paij vj for all i and all a. The Bellman operator
of the MDP M is given by T ≡ Γ∆. A fundamental result in dynamic programming states
that, starting from v(0) = 0, the expression v(t) = T v(t−1) = ΓQ(t) gives the optimal t-step
value function, and as t → ∞ the vector v(t) approaches v∗ . At any point, the optimal
(t)
(t)
t-step policy can be obtained by selecting πi ∈ argmaxj qij (Puterman, 1994).
In contrast with dynamic programming, in reinforcement learning it is assumed that
the MDP is unknown, and the agent must learn a policy based on transitions sampled from
the environment. If the process of learning a decision policy is based on a fixed set of
sample transitions, we call it batch reinforcement learning. On the other hand, in on-line
reinforcement learning the computation of a decision policy takes place concomitantly with
the collection of data (Sutton and Barto, 1998).
r̂a = P̂a r.
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Figure 1: Reducing the dimension of a transition model from n = 3 states to m = 2 artificial
states. Original states si are represented as big white circles; small black circles
depict artificial states s̄h . The symbol ‘×’ is used to represent nonzero elements.
These figures have appeared before in the article by Barreto and Fragoso (2011).

D and K as probabilities of transitions between the states si and a set of m artificial
states s̄h . Specifically, the elements in each row of D can be interpreted as probabilities
of transitions from the original states to the artificial states, while the rows of K can be
seen as probabilities
transitions in the opposite direction. Under this interpretation,
Pof
m
dih khj is the sum of the probabilities associated with m two-step
each element pij = h=1
transitions: from state si to each artificial state s̄h and from these back to state sj . In other
words, pij is the accumulated probability of all possible paths from si to sj with a stopover
in one of the artificial states s̄h . Following similar reasoning, it is not difficult to see that by
swapping the factors of a stochastic factorization, that is, by switching from DK to KD,
one obtains the transition probabilities between the artificial states s̄h , P̄ = KD. If m < n,
P̄ ∈ Rm×m will be a compact version of P. Figure 1 illustrates this idea for the case in
which n = 3 and m = 2.
The stochasticity of P̄ follows immediately from the same property of D and K. What is
perhaps more surprising is the fact that this matrix shares some fundamental characteristics
with the original matrix P. Specifically, it is possible to show that: (i) for each recurrent
class in P there is a corresponding class in P̄ with the same period and, given some simple
assumptions about the factorization, (ii) P is irreducible if and only if P̄ is irreducible and
(iii) P is regular if and only if P̄ is regular (for details, see the article by Barreto and
Fragoso, 2011). We will refer to this insight as the “stochastic-factorization trick ”:
Given a stochastic factorization of a transition matrix, P = DK, swapping the factors of
the factorization yields another transition matrix P̄ = KD, potentially much smaller than
the original, which retains the basic topology and properties of P.
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Given the strong connection between P ∈ Rn×n and P̄ ∈ Rm×m , the idea of replacing
the former by the latter comes almost inevitably. The motivation for this would be, of
course, to save computational resources when m < n. For example, Barreto and Fragoso
7
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(2011) have shown that it is possible to recover the stationary distribution of P through a
linear transformation of the corresponding distribution of P̄. In this paper we will use the
stochastic-factorization trick to reduce the computational cost of KBRL. The strategy will
be to summarize the information contained in KBRL’s MDP in a model of fixed size.

3.2 Reducing a Markov Decision Process

The idea of using stochastic factorization to reduce dynamic programming’s computational
requirements is straightforward: given factorizations of the transition matrices Pa , we can
apply our trick to obtain a reduced MDP that will be solved in place of the original one.
In the most general scenario, we would have one independent factorization Pa = Da Ka for
each action a ∈ A and then use P̄a = Ka Da instead of Pa . However, in the current work
we will focus on the particular case in which there is a single matrix D, which will prove to
be convenient both mathematically and computationally.
Obviously, in order to apply the stochastic-factorization trick to an MDP, we have to first
compute the matrices involved in the factorization. Unfortunately, such a procedure can
be computationally demanding, exceeding the number of operations necessary to calculate
v∗ (Vavasis, 2009; Barreto et al., 2014). Thus, in practice we may have to replace the exact
factorizations Pa = DKa with approximations Pa ≈ DKa . The following proposition
bounds the error in the value-function approximation resulting from the application of our
trick to approximate stochastic factorizations:

∞

≤ ξv ≡

j

a,i

(9)


1
R̄dif  γ
max kra − Dr̄a k∞ +
max kPa − DKa k∞ + σ(D) , (8)
1−γ a
(1 − γ)2 2 a

Proposition 2 Let M ≡ (S, A, Pa , ra , γ) be a finite MDP with |S| = n and 0 ≤ γ < 1. Let
D ∈ Rn×m be a stochastic matrix and, for each a ∈ A, let Ka ∈ Rm×n be stochastic and let
r̄a be a vector in Rm . Define the MDP M̄ ≡ (S̄, A, P̄a , r̄a , γ), with |S̄| = m and P̄a = Ka D.
Then,
v∗ − ΓDQ̄∗

where

i

σ(D) = max (1 − max dij ),

a,i

k·k∞ is the maximum norm, and R̄dif = max r̄ia − min r̄ia .2

|aij |.

The proofs of most of our theoretical results are in Appendix A.1. We note that Proposition 2 is only valid for the maximum norm; in Appendix A.2 we derive another bound for
the distance between v∗ and ΓDQ̄∗ which is valid for any norm.
Our bound depends on two factors: the quality of the MDP’s factorization, given by
maxa kPa − DKa k∞ and maxa kra − Dr̄a k∞ , and the “level of stochasticity” of D, measured by σ(D). When the MDP factorization is exact, we recover a computable version
of Sorg and Singh’s (2009) bound for soft homomorphisms (see (32)). On the other hand,
when D is deterministic—that is, when all its nonzero elements are 1—expression (8) reduces
to Whitt’s (1978) classical result regarding state aggregation in dynamic programming. Finally, if we have exact deterministic factorizations, the right-hand side of (8) reduces to

j

P
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2. We recall that k·k∞ induces the following norm over the space of matrices: kAk∞ = maxi

8

d˙aij = κ̄τ̄ (ŝai , s̄j ).

(10)
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9

i=1

In Section 2 we presented KBRL, an approximation framework for reinforcement learning
whose main drawback is its high computational complexity. In Section 3 we discussed how
the stochastic-factorization trick can in principle be useful to reduce an MDP, as long as one
circumvents the computational burden imposed by the calculation of the matrices involved
in the process. We now show that by combining these two approaches we get an algorithm
that overcomes the computational limitations of its components. We call it kernel-based
stochastic factorization, or KBSF for short.
KBSF emerges from the application of the stochastic-factorization trick to KBRL’s
MDP M̂ (Barreto et al., 2011). Similarly to Ormoneit and Sen (2002), we start by defining
a “mother kernel” φ̄(x) : R+ 7→ R+ . In Section 4.1 we list our assumptions regarding
φ̄. Here, it suffices to note that, since our assumptions and Ormoneit and Sen’s (2002)
are not mutually exclusive, we can have φ ≡ φ̄ (by using the Gaussian function in both

4. Kernel-Based Stochastic Factorization

Therefore, the formal specification of KBSF’s MDP is given by M̄ ≡ (S̄, A, K̇a Ḋa , K̇a ra , γ) =
(S̄, A, Ka Da , Ka r, γ) = (S̄, A, P̄a , r̄a , γ).
As discussed in Section 2.2, KBRL’s approximation scheme can be interpreted as the
derivation of a finite MDP. In this case, the sample transitions define both the finite state
space Ŝ and the model’s transition and reward functions. This means that the state space
and the dynamics of KBRL’s model are inexorably linked: except maybe for degenerate
cases, changing one also changes the other. By defining a set of representative states,
KBSF decouples the MDP’s structure from its particular instantiation. To see why this
is so, note that, if we fix the representative states, different sets of sample transitions will
give rise to different models. Conversely, the same set of transitions can generate different
MDPs, depending on how the representative states are defined.
A step by step description of KBSF is given in Algorithm 1. As one can see, KBSF
is very simple to understand and to implement. It works as follows: first, the MDP M̄
is built as described above. Then, its action-value function Q̄∗ is determined through any
dynamic programming algorithm. Finally, KBSF returns an approximation of v̂∗ —the
optimal value function of KBRL’s MDP—computed as ṽ = ΓDQ̄∗ . Based on ṽ, one can
compute an approximation of KBRL’s action-value function Q̂(s, a) by simply replacing Ṽ
for V̂ ∗ in (7), that is,
na
h
i
X
Q̃(s, a) =
κaτ (s, sai ) ria + γ Ṽ (ŝai ) ,
(12)

Note that, based on Ḋa , one can easily recover D as D| ≡ [(Ḋ1 )| , (Ḋ2 )| , ...(Ḋ|A| )| ] ∈ Rn×m .
Similarly, if we let K ≡ [K̇1 , K̇2 , ...K̇|A| ] ∈ Rm×n , then Ka ∈ Rm×n is matrix K with all
elements replaced by zeros except for those corresponding to matrix K̇a (see Figures 2b
and 2c for an illustration). It should be thus obvious that P̄a = Ka D = K̇a Ḋa .
In order to conclude the construction of KBSF’s MDP, we have to define the vectors of
expected rewards r̄a . As shown in expression (5), the reward functions of KBRL’s MDP,
R̂a (s, s0 ), only depend on the ending state s0 . Recalling the interpretation of the rows of
Ka as transition probabilities from the representative states to the original ones, illustrated
in Figure 1, it is clear that
r̄a = K̇a ra = Ka r.
(11)

and

cases, for example). Let S̄ ≡ {s̄1 , s̄2 , ..., s̄m } be a set of representative states. Analogously
0
0
to (2) and (3), we define
version
P the kernel k̄τ̄ (s, s ) = φ̄a(ks − s k/τ̄ ) and its normalized
k̄
(s,
s̄
).
We
will
use
κ
to
build
matrices Ka and κ̄τ̄ to build
κ̄τ̄ (s, s̄i ) = k̄τ̄ (s, s̄i )/ m
τ̄
j
τ
j=1
matrix D.
As shown in Figure 2a, KBRL’s matrices P̂a have a very specific structure, since only
transitions ending in states ŝai ∈ S a have a nonzero probability of occurrence. Suppose
that we want to apply the stochastic-factorization trick to KBRL’s MDP. Assuming that
the matrices Ka have the same structure as P̂a , when computing P̄a = Ka D we only have
to look at the sub-matrices of Ka and D corresponding to the na nonzero columns of Ka .
We call these matrices K̇a ∈ Rm×na and Ḋa ∈ Rna ×m . The strategy of KBSF is to fill out
matrices K̇a and Ḋa with elements

zero. This also makes sense, since in this case the stochastic-factorization trick gives rise to
an exact homomorphism (Ravindran, 2004).
Proposition 2 elucidates the basic mechanism through which one can use the stochasticfactorization trick to reduce the number of states in an MDP (and hence the computational
cost of finding a policy using dynamic programming). One possible way to exploit this
result is to see the computation of D, Ka , and r̄a as an optimization problem in which the
objective is to minimize some function of maxa kPa − DKa k∞ , maxa kra − Dr̄a k∞ , and
possibly also σ(D) (Barreto et al., 2014). Note though that addressing the factorization
problem as an optimization may be computationally infeasible when the dimension of the
matrices Pa is large—which is exactly the case we are interested in here. To illustrate this
point, we will draw a connection between the stochastic factorization and a popular problem
known in the literature as nonnegative matrix factorization (Paatero and Tapper, 1994; Lee
and Seung, 1999).
In a nonnegative matrix factorization the elements of D and Ka are greater or equal
to zero, but in general no stochasticity constraint is imposed. Cohen and Rothblum (1991)
have shown that it is always possible to derive a stochastic factorization from a nonnegative
factorization of a stochastic matrix, which formally characterizes the former as a particular
case of the latter. Unfortunately, nonnegative factorization is hard: Vavasis (2009) has
shown that a particular version of the problem is in fact NP-hard.
Instead of solving the problem exactly, one can resort instead to an approximate nonnegative matrix factorization. However, since the number of states n in an MDP determines
both the number of rows and the number of columns of the matrices Pa , even the fast
“linear” approximate methods run in O(n2 ) time, which is infeasible for large n (Barreto
et al., 2014). One can circumvent this computational obstacle by exploiting structure in
the optimization problem or by resorting to heuristics. In another article on the subject we
explore both these alternatives at length (Barreto et al., 2014). However, in this paper we
adopt a different approach. Since the model M̂ built by KBRL is itself an approximation,
instead of insisting in finding a near-optimal factorization for M̂ we apply our trick to avoid
the construction of Pa and ra . As will be seen, this is done by applying KBRL’s own
approximation scheme to M̂ .
a = κa (s̄ , sa )
k̇ij
τ i j
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ŝ1a
ŝ2a
ŝ3a

ŝa
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0

0

0
0

ŝ2a
0
0
0
0
0

ŝa
κa (ŝa1, sa )
τ 1 1
κa (ŝa , sa )
 τ 2 1
κa (ŝa , sa )
κτa (ŝ3b , sa1 )
τ 1 1
κτa (ŝ2b , s1a )
ŝ3a
0
0
0
0
0

K̇a =

K̇b =

s̄1
s̄2

s̄1
s̄2

b

ŝ1b
0
0
0
0
0

ŝ2a
κτa (s̄1 , s2a )
κτa (s̄2 , s2a )

ŝ2b
0
0

0 ,
0
0

b

ŝ3a
κτa (s̄1 , s3a )
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ŝ1b
0
0

ŝ2b 
0
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0

ŝ3a
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ŝ2
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.
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ŝ1b
κτa (s̄1 , s1b )
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ŝ1
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ŝ3a
0
0

ŝ2b
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τ
1
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τ
2
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ŝ2b
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JMLR 17(67):1-70

Figure 2: Matrices built by KBRL and KBSF for the case in which the original MDP has
two actions, a and b, and na = 3, nb = 2, and m = 2.
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where s ∈ S and a ∈ A.PNote that Ṽ (ŝia ) corresponds to one specific entry of vector ṽ,
a−1
nb + i, where we assume that n0 = 0.
whose index is given by b=0
Algorithm 1 Batch KBSF

S a = {(ska , rka , ŝka )|k = 1, 2, ..., na } for all a ∈ A
. Sample transitions
Input:
S̄ = {s̄1 , s̄2 , ..., s̄m }
. Set of representative states
Output: ṽ ≈ v̂∗
for each a ∈ A do
a
a
Compute matrix Ḋa : d˙ij
=
κ̄
τ̄ (ŝi , s̄j )
a
a
a
Compute matrix K̇a : k̇ij
=
κ
(s̄
i, s )
P τa aj
Compute vector r̄a : r̄ia = j k̇ij
rj
Compute matrix P̄a = K̇a Ḋa
Solve M̄ ≡ (S̄, A, P̄a , r̄a , γ)
. i.e., compute Q̄∗
h
i
Return ṽ = ΓDQ̄∗ , where D| = (Ḋ1 )| , (Ḋ2 )| , ...(Ḋ|A| )|

As shown in Algorithm 1, the key point of KBSF’s mechanics is the fact that the matrices P̌a = DKa are never actually computed, but instead we directly solve the MDP
M̄ containing m states only. This results in an efficient algorithm that requires only
O(nm|A|dS + n̂m2 |A|) operations and O(n̂m) bits to build a reduced version of KBRL’s
MDP, where n̂ = maxa na . After the reduced model M̄ has been constructed, KBSF’s computational cost becomes a function of m only. In particular, the cost of solving M̄ through
dynamic programming becomes polynomial in m instead of n: while one application of T̂ ,
the Bellman operator of M̂ , is O(nn̂|A|), the computation of T̄ is O(m2 |A|). Therefore,
KBSF’s time and memory complexities are only linear in n.

We note that, in practice, KBSF’s computational requirements can be reduced even
further if one enforces the kernels κτa and κ̄τ̄ to be sparse. In particular, given a fixed s̄i ,
instead of computing k̄τ̄ (s̄i , sja ) for j = 1, 2, ..., na , one can evaluate the kernel on a prespecified neighborhood of s̄i only. Assuming that k̄τ̄ (s̄i , sja ) is zero for all sja outside this
region, one can avoid not only computing the kernel but also storing the resulting values
(the same reasoning applies to the computation of kτ (ŝia , s̄j ) for a fixed ŝia ).
4.1 Theoretical results

Since KBSF comes down to the solution of a finite MDP, it always converges to the same approximation ṽ, whose distance to KBRL’s optimal value function v̂∗ is bounded by Proposition 2. Once ṽ is available, the value of any state-action pair can be determined through (12).
The following result generalizes Proposition 2 to the entire continuous state space S:
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Proposition 3 Let Q̂ be the value function computed by KBRL through (7) and let Q̃ be
the value function computed by KBSF through (12). Then, for any s ∈ S and any a ∈ A,
|Q̂(s, a) − Q̃(s, a)| ≤ γξv , with ξv defined in (8).

12

i=1

na
X

κaτ (s, sai )ξv ≤ γξv ,

h
i
κaτ (s, sai ) ria + γ Ṽ (ŝai )

dist(s, i) = ks − rs(s, i)k.

dist : S × {1, 2, ..., m} 7→ R

nearest representative state to s.

(14)

(13)
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Lemma 4 For any sai ∈ S a and any  > 0, there is a δ > 0 such that |κaτ (s, sai )−κaτ (s0 , sai )| <
 if ks − s0 k < δ.

We will show that, for any  > 0 and any w ∈ {1, 2, ..., m}, there is a δ > 0 such that, if
maxa,i dist(ŝai , w) < δ, then we can set τ̄ in order to guarantee that ξv < . To show that,
we will need the following two lemmas:

Define

rs(s, i) = s̄k ⇐⇒ s̄k is the i

th

Assumption (ii) implies that the function φ̄ is positive and will eventually decay exponentially. Note that we assume that φ̄ is greater than zero everywhere in order to guarantee
that κ̄τ̄ is well defined for any value of τ̄ . It should be straightforward to generalize our
results for the case in which φ̄ has finite support by ensuring that, given sets of sample
transitions S a and a set of representative states S̄, τ̄ is such that, for any ŝai ∈ S a , with
a ∈ A, there is a s̄j ∈ S̄ for which k̄τ̄ (ŝai , s̄j ) > 0 (note that this assumption is naturally
satisfied by the “sparse kernels” used in some of the experiments—see Appendix B).
Let rs : S×{1, 2, ..., m} 7→ S̄ be a function that orders the representative states according
to their distance to a given state s, that is,

(ii) ∃ Aφ̄ > 0, λφ̄ ≥ 1, Bφ̄ ≥ 0 such that Aφ̄ exp(−x) ≤ φ̄(x) ≤ λφ̄ Aφ̄ exp(−x) if x ≥ Bφ̄ .

(i) φ̄(x) ≥ φ̄(y) if x < y,

We assume that KBSF’s kernel φ̄(x) : R+ 7→ R+ has the following properties:

4.1.1 General results

Proposition 3 makes it clear that the approximation computed by KBSF depends crucially on ξv . In the remainder of this section we will show that, if the distances between
sampled states and the respective nearest representative states are small enough, then we
can make ξv as small as desired by setting τ̄ to a sufficiently small value.

where the second inequality results from the
of Proposition 2 and the third
P aapplication
κaτ (s, sai ) defines a convex combination.
inequality is a consequence of the fact that ni=1

i=1

i=1

na
X

κaτ (s, sai ) V̂ ∗ (ŝai ) − Ṽ (ŝai ) ≤ γ

h
i
κaτ (s, sai ) ria + γ V̂ ∗ (ŝai ) −

i=1
na
X

na
X

≤γ

|Q̂(s, a) − Q̃(s, a)| =

Proof
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Assumption (iii) simply states that the function φ used to construct the kernel κaτ is Lipschitz continuous with constant Cφ . This is actually part of Ormoneit and Sen’s (2002)
Assumption 4, and is explicitly listed here for convenience only.

(iii) |φ(x) − φ(y)| ≤ Cφ |x − y|, with Cφ ≥ 0.

In the previous section we deliberately refrained from making assumptions on the kernel κ̄τ̄
used by KBSF in order to make Proposition 6 as general as possible. In what follows we
show that, by restricting the class of kernels used by our algorithm, we can derive stronger
results regarding its behavior. In particular, we derive an upper bound for ξv that shows
how this approximation error depends on the variables of a given reinforcement learning
problem. Our strategy will be to define an “admissible kernel” whose width is determined
based on data.
We will need the following assumption:

4.1.2 Error rate

Proposition 6 tells us that, regardless of the specific reinforcement learning problem
at hand, if the distances between sampled states ŝai and the respective w nearest representative states are small enough, then we can make KBSF’s approximation of KBRL’s
value function as accurate as desired by setting τ̄ to a sufficiently small value (one can see
how exactly to set τ̄ in the proof of the proposition). How small the maximum distance
maxa,i dist(ŝai , w) should be depends on the particular choice of kernel kτ and on the sets
of sample transitions S a .
Note that a fixed number of representative states m imposes a minimum possible value
for maxa,i dist(ŝai , w), and if this value is not small enough decreasing τ̄ may actually hurt
the approximation (this is easier to see if we consider that w = 1). The optimal value
for τ̄ in this case is again context-dependent. As a positive flip side of this statement, we
note that, even if maxa,i dist(ŝai , w) > δ, it might be possible to make ξv <  by setting
τ̄ appropriately. Therefore, rather than as a practical guide on how to configure KBSF,
Proposition 6 should be seen as a theoretical argument showing that KBSF is a sound
algorithm, in the sense that in the limit it recovers KBRL’s solution.

Proposition 6 Let w ∈ {1, 2, ..., m}. For any  > 0, there is a δ > 0 such that, if
maxa,i dist(ŝai , w) < δ, then we can guarantee that ξv <  by making τ̄ sufficiently small.

Lemma 4 is basically a continuity argument: it shows that, for any fixed sai , |κaτ (s, sai ) −
κaτ (s0 , sai )| → 0 as ks − s0 k → 0. Lemma 5 states that, if we order the representative states
according to their distance to a fixed state s, and then partition them in two subsets, we
can control the relative magnitude of the corresponding kernels’s sums by adjusting the
parameter τ̄ (we redirect the reader to Appendix A.1 for details on how to set τ̄ ). Based
on these two lemmas, we present the main result of this section:

W w (s) ≡ {k | ks − s̄k k ≤ dist(s, w)} and W̄ w (s) ≡ {1, 2, ..., m} − W w (s).
(15)
P
P
Then, for any α > 0, k∈W w (s) κ̄τ̄ (s, s̄k ) < α k∈W̄ w (s) κ̄τ̄ (s, s̄k ) for τ̄ sufficiently small.

Lemma 5 Let s ∈ S, let m > 1, and assume there is a w ∈ {1, 2, ..., m − 1} such that
dist(s, w) < dist(s, w + 1). Define
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κ̄τ̄ (ŝia , s̄k )

na
X

ςka,i,j +
(17)


1
max (1 − κ̄τ̄ (ŝia , rs(ŝia , 1))) ,
2 a,i

(16)

We will now define an auxiliary function which will be used in the definition of our
admissible kernel. To simplify the notation, let
ςka,i,j ≡ |κτa (ŝia , sja ) − κτa (s̄k , sja )|.

X

Based on (15) and (16), we define the following function:

Rmax 
max
(1 − γ)2 a,i
j=1

(18)
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The experiment was carried out as follows: first, we collected a set of n sample transitions
(ska , rka , ŝka ) using a random exploration policy (that is, a policy that selects actions uniformly
at random). In the case of KBRL, this set of sample transitions defined the model used
to approximate the value function. In order to define KBSF’s model, the states ŝka were
grouped by the k-means algorithm into m clusters and a representative state s̄j was placed
at the center of each resulting cluster (Kaufman and Rousseeuw, 1990). As for the kernels’s
widths, we varied both τ and τ̄ in the set {0.01, 0.1, 1} (see Table 1). The results reported
represent the best performance of the algorithms over 50 runs; that is, for each n and
each m we picked the combination of parameters that generated the maximum average
return. We use the following convention to refer to specific instances of each method: the
first number enclosed in parentheses after an algorithm’s name is n, the number of sample
transitions used in the approximation, and the second one is m, the size of the model used
to approximate the value function. Note that for KBRL n and m coincide.

In order to show that KBSF is indeed capable of summarizing the information contained in
KBRL’s model, we use the puddle world task (Sutton, 1996). The puddle world is a simple
two-dimensional problem in which the objective is to reach a goal region avoiding two
“puddles” along the way. We implemented the task exactly as described by Sutton (1996),
except that we used a discount factor of γ = 0.99 and evaluated the decision policies on a
set of pre-defined test states surrounding the puddles (see Appendix B).

4.2.1 Puddle world (proof of concept)

All problems considered in this paper have a continuous state space and a finite number
of actions, and were modeled as discounted tasks. The algorithms’s results correspond to the
performance of the greedy decision policy derived from the final value function computed.
In all cases, the decision policies were evaluated on challenging test states from which the
tasks cannot be easily solved. The details of the experiments are given in Appendix B.

We now present a series of computational experiments designed to illustrate the behavior
of KBSF in a variety of challenging domains. We start with a simple problem, the “puddle
world”, to show that KBSF is indeed capable of compressing the information contained
in KBRL’s model. We then move to more difficult tasks, and compare KBSF with other
state-of-the-art reinforcement-learning algorithms. We start with two classical control tasks,
single and double pole-balancing. Next we study two medically-related problems based on
real data: HIV drug schedule and epilepsy-suppression domains.

4.2 Empirical results

As for the definition of τ , we see that the right-hand side of (18) decreases as τ → ∞.
This means that we can make the value function computed by KBSF arbitrarily close
to the one computed by KBRL. Note though that increasing τ also changes the model
constructed by KBRL, and an excessively large value for this parameter makes the resulting
approximation meaningless (see (4) and (5)). Similarly, we might be tempted to always set
w to 1 in order to minimize the right-hand side of (18). Note however that a kernel κ̄τ̄,w
that is admissible for w > 1 may not be so for w = 1, and in this case the bound would no
longer be valid.

F(τ̄ , w|S a , S̄, κτa , k̄τ̄ ) =
k∈W̄ w (ŝia )

where τ̄ > 0, w ∈ {1, 2, ..., m}, Rmax = maxa,i |ria |, and rs and W̄ w are defined in (13)
and (15), respectively. Note that the definition of F makes it clear its dependency on the
representative states, sets of sample transitions, and kernels adopted.
P
Lemma 5 implies that, as τ̄ → 0, κ̄τ̄ (ŝia , rs(ŝia , 1)) → 1 and k∈W̄ w (ŝa ) κ̄τ̄ (ŝia , s̄k ) → 0
i
for all a, i, and w (see equation (35) in Appendix A.1 for a clear picture). Thus, for any w,
F(τ̄ , w) → 0 as τ̄ → 0. This leads to the following definition:
Definition 7 Given  > 0 and w ∈ {1, 2, ..., m}, an admissible kernel κ̄τ̄,w is any kernel
whose parameter τ̄ is such that F(τ̄ , w) < .

2wCφ Rmax
max dist(ŝia , w) + ,
τ kmin (1 − γ)2 a,i

The definition above allows us to enunciate the following proposition:

√
Proposition 8 Let kmin = φ dS /τ , where τ is the parameter used by KBRL’s kernel
κτa . Given  > 0 and w ∈ {1, 2, ..., m}, suppose that KBSF is adopted with an admissible
kernel κ̄τ̄,w . Then,
ξv ≤

where Cφ is the Lipschitz constant of function φ appearing in Assumption (iii), Rmax =
maxa,i |ria |, and γ ∈ [0, 1) is the discount factor of the underlying MDP.
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Proposition 8 shows that ξv is bounded by the maximum distance between a sampled state
and the wth closest representative state scaled by constants characterizing the MDP and
the kernels used by KBSF.
Assuming that  and w are fixed, among the quantities appearing in (18) we only have
control over τ and maxa,i dist(ŝia , w)—the latter through the definition of the representative
states. Regarding maxa,i dist(ŝia , w), the same observation made above applies here: given
sample transitions S a , a fixed value for m < n imposes a lower bound on this term, and
thus on the right-hand side of (18). As m → n, this lower bound approaches some value
0 , with 0 ≤ 0 < . The fact that (18) is generally greater than zero even when m = n
reflects the fact that ξv depends on σ(D), the level of stochasticity of D (see (8) and (9)).
Since Assumption (ii) implies that k̄τ̄ (s, s0 ) > 0 for all s, s0 ∈ S, matrix D will never become
deterministic, no matter how small τ̄ is (see Figure 2b). If we replace k̄τ̄ by a kernel with
finite support, then we can set  = 0 in Definition 7, and therefore in the right-hand side
of (18). Needless to say, this does not mean that using a kernel with finite support will lead
to better performance in practice.
15
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We now evaluate how KBSF compares to other modern reinforcement learning algorithms
on more difficult tasks. We first contrast our method with Lagoudakis and Parr’s (2003)
least-squares policy iteration algorithm (LSPI). Besides its popularity, LSPI is a natural
candidate for such a comparison for three reasons: it also builds an approximator of fixed
size out of a batch of sample transitions, it has good theoretical guarantees, and it has been
successfully applied to several reinforcement learning tasks.
We compare the performance of LSPI and KBSF on the pole balancing task. Pole
balancing has a long history as a benchmark problem because it represents a rich class of
unstable systems (Michie and Chambers, 1968; Anderson, 1986; Barto et al., 1983). The
objective in this problem is to apply forces to a wheeled cart moving along a limited track
in order to keep one or more poles hinged to the cart from falling over. There are several
variations of the task with different levels of difficulty; among them, balancing two poles
side by side is particularly hard (Wieland, 1991). In this paper we compare LSPI and KBSF
on both the single- and two-poles versions of the problem. We implemented the tasks using
a realistic simulator described by Gomez (2003). We refer the reader to Appendix B for
details on the problems’s configuration.
The experiments were carried out as described in the previous section, with sample
transitions collected by a random policy and then clustered by the k-means algorithm.
In both versions of the pole-balancing task LSPI used the same data and approximation
architectures as KBSF. To make the comparison with LSPI as fair as possible, we fixed the
width of KBSF’s kernel κaτ at τ = 1 and varied τ̄ in {0.01, 0.1, 1} for both algorithms. Also,
policy iteration was used to find a decision policy for the MDPs constructed by KBSF, and
this algorithm was run for a maximum of 30 iterations, the same limit used for LSPI.
Figure 4 shows the results of LSPI and KBSF on the single and double pole-balancing
tasks. We call attention to the fact that the version of the problems used here is significantly
harder than the more commonly-used variants in which the decision policies are evaluated
on a single state close to the origin. This is probably the reason why LSPI achieves a

4.2.2 Single and double pole-balancing (comparison with LSPI)

In Figure 3a and 3b we observe the effect of fixing the number of transitions n and varying
the number of representative states m. As expected, KBSF’s results improve as m → n.
More surprising is the fact that KBSF has essentially the same performance as KBRL
using models one order of magnitude smaller. This indicates that KBSF is summarizing
well the information contained in the data. Depending on the values of n and m, such
a compression may represent a significant reduction on the consumption of computational
resources. For example, by replacing KBRL(8000) with KBSF(8000, 100), we obtain a
decrease of approximately 99.58% on the number of operations performed to find a policy,
as shown in Figure 3b (the cost of constructing KBSF’s MDP is included in all reported
run times).
In Figures 3c and 3d we fix m and vary n. Observe in Figure 3c how KBRL and KBSF
have similar performances, and both improve as n increases. However, since KBSF is using
a model of fixed size, its computational cost depends only linearly on n, whereas KBRL’s
cost grows with n2 n̂, roughly. This explains the huge difference in the algorithms’s run
times shown in Figure 3d.
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Figure 3: Results on the puddle-world task averaged over 50 runs. The algorithms were
evaluated on a set of test states distributed over a region of the state space surrounding the “puddles” (details in Appendix B). The shadowed regions represent
99% confidence intervals.
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Figure 4: Results on the pole-balancing tasks, as a function of the number of representative
states m, averaged over 50 runs. The values correspond to the fraction of episodes
initiated from the test states in which the pole(s) could be balanced for 3000 steps
(one minute of simulated time). The test sets were regular grids defined over the
hypercube centered at the origin and covering 50% of the state-space axes in
each dimension (see Appendix B). Shadowed regions represent 99% confidence
intervals.

(c) Performance on double pole-balancing

500

1.0
0.8
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success rate of no more than 60% on the single pole-balancing task, as shown in Figure 4a.
In contrast, KBSF’s decision policies are able to balance the pole in 90% of the attempts,
on average, using as few as m = 30 representative states.
The results of KBSF on the double pole-balancing task are still more impressive. As
Wieland (1991) rightly points out, this version of the problem is considerably more difficult than its single pole variant, and previous attempts to apply reinforcement-learning
techniques to this domain resulted in disappointing performance (Gomez et al., 2006). As
shown in Figure 4c, KBSF(106 , 200) is able to achieve a success rate of more than 80%.
To put this number in perspective, recall that some of the test states are quite challenging,
with the two poles inclined and falling in opposite directions.
The good performance of KBSF comes at a relatively low computational cost. A conservative estimate reveals that, were KBRL(106 ) run on the same computer used for these
experiments, we would have to wait for more than 6 months to see the results. KBSF(106 ,
200) delivers a decision policy in less than 7 minutes. KBSF’s computational cost also
compares well with that of LSPI, as shown in Figures 4b and 4d. LSPI’s policy evaluation
step involves the update and solution of a linear system of equations, which take O(nm2 )
and O(m3 |A|3 ), respectively. In addition, the policy-update stage requires the definition of
π(ŝka ) for all n states in the set of sample transitions. In contrast, at each iteration KBSF
only performs O(m3 ) operations to evaluate a decision policy and O(m2 |A|) operations to
update it.
4.2.3 HIV drug schedule domain (comparison with fitted Q-iteration)

JMLR 17(67):1-70

We now compare KBSF with the fitted Q-iteration algorithm (Ernst et al., 2005; Antos
et al., 2007; Munos and Szepesvári, 2008). Fitted Q-iteration is a conceptually simple
method that also builds its approximation based solely on sample transitions. Here we
adopt this algorithm with an ensemble of trees generated by Geurts et al.’s (2006) extratrees algorithm. This combination, which we call FQIT, generated the best results on the
extensive empirical evaluation performed by Ernst et al. (2005).
We chose FQIT for our comparisons because it has shown excellent performance on
both benchmark and real-world reinforcement-learning tasks (Ernst et al., 2005, 2006). In
all experiments reported in this paper we used FQIT with ensembles of 30 trees. As detailed
in Appendix B, besides the number of trees, FQIT has three main parameters. Among them,
the minimum number of elements required to split a node in the construction of the trees,
denoted here by ηmin , has a particularly strong effect on both the algorithm’s performance
and computational cost. Thus, in our experiments we fixed FQIT’s parameters at reasonable
values—selected based on preliminary experiments—and only varied ηmin . The respective
instances of the tree-based approach are referred to as FQIT(ηmin ).
We compare FQIT and KBSF on an important medical problem which we will refer to
as the HIV drug schedule domain (Adams et al., 2004; Ernst et al., 2006). Typical HIV
treatments use drug cocktails containing two types of medication: reverse transcriptase
inhibitors (RTI) and protease inhibitors (PI). Despite the success of drug cocktails in maintaining low viral loads, there are several complications associated with their long-term use.
This has attracted the interest of the scientific community to the problem of optimizing
drug-scheduling strategies. One strategy that has been receiving a lot of attention recently
19
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3. As explained by Sutton and Barto (1998), an -greedy policy selects the action with maximum value
with probability 1 − , and with probability  it picks an action uniformly at random.

is structured treatment interruption (STI), in which patients undergo alternate cycles with
and without the drugs. Although many successful STI treatments have been reported in
the literature, as of now there is no consensus regarding the exact protocol that should be
followed (Bajaria et al., 2004).
The scheduling of STI treatments can be seen as a sequential decision problem in
which the actions correspond to the types of cocktail that should be administered to a
patient (Ernst et al., 2006). To simplify the problem’s formulation, it is assumed that RTI
and PI drugs are administered at fixed amounts, reducing the actions to the four possible
combinations of drugs: none, RTI only, PI only, or both. The goal is to minimize the
viral load using as little drugs as possible. Following Ernst et al. (2006), we performed our
experiments using a model that describes the interaction of the immune system with HIV.
This model was developed by Adams et al. (2004) and has been identified and validated
based on real clinical data. The resulting reinforcement learning task has a 6-dimensional
continuous state space whose variables describe the overall patient’s condition.
We formulated the problem exactly as proposed by Ernst et al. (2006, see Appendix B for
details). The strategy used to generate the data also followed the protocol proposed by these
authors, which we now briefly explain. Starting from a batch of 6000 sample transitions
generated by a random policy, each algorithm first computed an initial approximation of
the problem’s optimal value function. Based on this approximation, a 0.15-greedy policy
was used to collect a second batch of 6000 transitions, which was merged with the first.3
This process was repeated for 10 rounds, resulting in a total of 60000 sample transitions.
We varied FQIT’s parameter ηmin in the set {50, 100, 200}. For the experiments with
KBSF, we fixed τ = τ̄ = 1 and varied m in {2000, 4000, ..., 10000} (in the rounds in which
m ≥ n we simply used all states ŝai as representative states). As discussed in the beginning
of this section, it is possible to reduce KBSF’s computational cost with the use of sparse
kernels. In our experiments with the HIV drug schedule task, we only computed the µ = 2
largest values of kτ (s̄i , ·) and the µ̄ = 3 largest values of k̄τ̄ (ŝai , ·) (see Appendix B.2). The
representative states s̄i were selected at random from the set of sampled states ŝai (the
reason for this will become clear shortly). Since in the current experiments the number of
sample transitions n was fixed, we will refer to the particular instances of our algorithm
simply as KBSF(m).
Before discussing the results, we point out that FQIT’s performance on the HIV drug
schedule task is very good, comparable to that of Adams et al.’s (2004) approach, which
uses a model of the task. FQIT’s results, along with KBSF’s, are shown in Figure 5. As
shown in Figure 5a, the performance of FQTI improves when ηmin is decreased, as expected.
In contrast, increasing the number of representative states m does not have a strong impact
on the quality of KBSF’s solutions (in fact, in some cases the average return obtained by
the resulting policies decreases slightly when m grows). Overall, the performance of KBSF
on the HIV drug schedule task is not nearly as impressive as on the previous problems.
For example, even when using m = 10000 representative states, which corresponds to one
sixth of the sampled states, KBSF is unable to reproduce the performance of FQIT with
ηmin = 50.
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Figure 5: Results on the HIV drug schedule task averaged over 50 runs. The STI policies
were evaluated for 5000 days starting from a state representing a patient’s unhealthy state (see Appendix B). The shadowed regions represent 99% confidence
intervals.
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On the other hand, when we look at Figure 5b, it is clear that the difference on the
algorithms’s performance is counterbalanced by a substantial difference on the associated
computational costs. As an illustration, note that KBSF(10000) is 15 times faster than
FQTI(100) and 20 times faster than FQTI(50). This difference on the algorithms’s run
times is expected, since each iteration of FQIT involves the construction (or update) of
an ensemble of trees, each one requiring at least O(n log(n/ηmin )) operations, and the
improvement of the current decision policy, which is O(n|A|) (Geurts et al., 2006). As
discussed before, KBSF’s efficiency comes from the fact that its computational cost per
iteration is independent of the number of sample transitions n.
Note that the fact that FQIT uses an ensemble of trees is both a blessing and a curse.
If on the one hand this reduces the variance of the approximation, on the other hand it
also increases the algorithm’s computational cost (Geurts et al., 2006). Given the big gap
between FQIT’s and KBSF’s time complexities, one may wonder if the latter can also benefit
from averaging over several models. In order to verify this hypothesis, we implemented a
very simple model-averaging strategy with KBSF: we trained several agents independently,
using Algorithm 1 on the same set of sample transitions, and then put them together on
a single “committee”. In order to increase the variability within the committee of agents,
instead of using k-means to determine the representative states s̄j we simply selected them
uniformly at random from the set of sampled states ŝia (note that this has the extra benefit of
reducing the method’s overall computational cost). The actions selected by the committee
of agents were determined through “voting”—that is, we simply picked the action chosen
by the majority of agents, with ties broken randomly.
We do not claim that the approach described above is the best model-averaging strategy
to be used with KBSF. However, it seems to be sufficient to boost the algorithm’s performance considerably, as shown in Figure 5c. Note how KBSF already performs comparably
to FQTI(50) when using only 5 agents in the committee. When this number is increased
to 15, the expected return of KBSF’s agents is considerably larger than that of the best
FQIT’s agent, with only a small overlap between the 99% confidence intervals associated
with the algorithms’s results. The good performance of KBSF is still more impressive when
we look at Figure 5d, which shows that even when using a committee of 30 agents this
algorithm is faster than FQIT(200).
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4.2.4 Epilepsy-suppression domain (comparison with LSPI and fitted
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As clear in the previous section, one characteristic of KBSF that sets it apart from other
methods is its low demand in terms of computational resources. Specifically, both time and
memory complexities of our algorithm are linear in the number of sample transitions n. In

5. Incremental KBSF

(2009) based on real data collected from epileptic rat hippocampus slices. Bush et al.’s
model was shown to reproduce the seizure pattern of the original dynamical system and
was later validated through the deployment of a learned treatment policy on a real brain
slice (Bush and Pineau, 2009). The associated decision problem has a five-dimensional
continuous state space and highly non-linear dynamics. At each time step the agent must
choose whether or not to apply an electrical pulse. The goal is to suppress seizures as much
as possible while minimizing the total amount of stimulation needed to do so.
The experiments were performed as described in Section 4.2.1, with a single batch of
sample transitions collected by a policy that selects actions uniformly at random. Specifically, the random policy was used to collect 50 trajectories of length 10000, resulting in
a total of 500000 sample transitions. We use as a baseline for our comparisons the already mentioned fixed-frequency stimulation policies usually adopted in in vitro clinical
studies (Bush and Pineau, 2009). In particular, we considered policies that apply electrical
pulses at frequencies of 0 Hz, 0.5 Hz, 1 Hz, and 1.5 Hz.
We compare KBSF with LSPI and FQIT. For this task we ran both LSPI and KBSF
with sparse kernels, that is, we only computed the kernels at the 6-nearest neighbors of a
given state (µ = µ̄ = 6; see Appendix B.2 for details). This modification made it possible
to use m = 50000 representative states with KBSF. Since for LSPI the reduction on the
computational cost was not very significant, we fixed m = 50 to keep its run time within
reasonable bounds. Again, KBSF and LSPI used the same approximation architectures,
with representative states defined by the k-means algorithm. We fixed τ = 1 and varied
τ̄ in {0.01, 0.1, 1}. FQIT was configured as described in the previous section, with the
parameter ηmin varying in {20, 30, ..., 200}. In general, we observed that the performance
of the tree-based method improved with smaller values for ηmin , with an expected increase
in the computational cost. Thus, in order to give an overall characterization of FQIT’s
performance, we only report the results obtained with the extreme values of ηmin .
Figure 6 shows the results on the epilepsy-suppression task. In order to obtain different
compromises between the problem’s two conflicting objectives, we varied the relative magnitude of the penalties associated with the occurrence of seizures and with the application
of an electrical pulse (Bush et al., 2009; Bush and Pineau, 2009). Specifically, we fixed the
latter at −1 and varied the former with values in {−10, −20, −40}. This appears in the
plots as subscripts next to the algorithms’s names. As shown in Figure 6a, LSPI’s policies seem to prioritize reduction of stimulation at the expense of higher seizure occurrence,
which is clearly sub-optimal from a clinical point of view. FQIT(200) also performs poorly,
with solutions representing no advance over the fixed-frequency stimulation strategies. In
contrast, FQTI(20) and KBSF are both able to generate decision policies that are superior
to the 1 Hz policy, which is the most efficient stimulation regime known to date in the
clinical literature (Jerger and Schiff, 1995). However, as shown in Figure 6b, KBSF is able
to do it at least 100 times faster than the tree-based method.
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We conclude our empirical evaluation of KBSF by using it to learn a neuro-stimulation
policy for the treatment of epilepsy. It has been shown that the electrical stimulation of
specific structures in the neural system at fixed frequencies can effectively suppress the occurrence of seizures (Durand and Bikson, 2001). Unfortunately, in vitro neuro-stimulation
experiments suggest that fixed-frequency pulses are not equally effective across epileptic
systems. Moreover, the long term use of this treatment may potentially damage the patients’s neural tissues. Therefore, it is desirable to develop neuro-stimulation policies that
replace the fixed-stimulation regime with an adaptive scheme.
The search for efficient neuro-stimulation strategies can be seen as a reinforcement learning problem. Here we study this problem using a generative model developed by Bush et al.
23
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Figure 6: Results on the epilepsy-suppression problem averaged over 50 runs. The decision
policies were evaluated on episodes of 105 transitions starting from a fixed set of
10 test states drawn uniformly at random.

(b) Run times (confidence intervals do not show up in logarithmic scale)
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(a) Performance. The length of the rectangles’s edges represent
99% confidence intervals.
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terms of the number of operations performed by the algorithm, this is the best one can
do without discarding transitions. However, in terms of memory usage, it is possible to do
even better. In this section we show how to build KBSF’s approximation incrementally,
without ever having access to the entire set of sample transitions at once. Besides reducing
the memory complexity of the algorithm, this modification has the additional advantage of
making KBSF suitable for on-line reinforcement learning.
In the batch version of KBSF, described in Section 4, the matrices P̄a and vectors r̄a are
determined using all the transitions in the corresponding sets S a . This has two undesirable
consequences. First, the construction of the MDP M̄ requires an amount of memory of
O(n̂m), where n̂ = maxa na . Although this is a significant improvement over KBRL’s
memory usage, which is lower bounded by (mina na )2 |A|, in more challenging domains even
a linear dependence on n̂ may be impractical. Second, in the batch version of KBSF the
only way to incorporate new data into the model M̄ is to recompute the multiplication
P̄a = K̇a Ḋa for all actions a for which there are new sample transitions available. Even if
we ignore the issue with memory usage, this is clearly inefficient in terms of computation. In
what follows we present an incremental version of KBSF that circumvents these important
limitations (Barreto et al., 2012).
We assume the same scenario considered in Section 4: there is a set of sample transitions
S a = {(sak , rka , ŝak )|k = 1, 2, ..., na } associated with each action a ∈ A, where sak , ŝak ∈ S and
rka ∈ R, and a set of representative states S̄ = {s̄1 , s̄2 , ..., s̄m }, with s̄i ∈ S. Suppose
now that we split the set of sample transitions S a in two subsets S1 and S2 such that
S1 ∩ S2 = ∅ and S1 ∪ S2 = S a (we drop the “a” superscript in the sets S1 and S2 to improve
clarity). Without loss of generality, suppose that the sample transitions are indexed so that
S1 ≡ {(sak , rka , ŝak )|k = 1, 2, ..., n1 } and S2 ≡ {(sak , rka , ŝak )|k = n1 + 1, n1 + 2, ..., n1 + n2 = na }.
Let P̄S1 and r̄S1 be matrix P̄a and vector r̄a computed by KBSF using only the n1 transitions
in S1 (if n1 = 0, we define P̄S1 = 0 ∈ Rm×m and r̄S1 = 0 ∈ Rm for all a ∈ A). We want
to compute P̄S1 ∪S2 and r̄S1 ∪S2 from P̄S1 , r̄S1 , and S2 , without using the set of sample
transitions S1 .
We start with the transition matrices P̄a . We know that
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we have the simple update rule:
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We can apply similar reasoning to derive an update rule for the rewards r̄ia . We know
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Since bij2 , ei 2 , and zi 2 can be computed based on S2 only, we can discard the sample
transitions in S1 after computing P̄S1 and r̄S1 . In order to do that, we only have to keep
S
the variables zi 1 . These variables can be stored in |A| vectors za ∈ Rm , resulting in a
modest memory overhead. Note that we can apply the ideas above recursively, further
splitting the sets S1 and S2 in subsets of smaller size. Thus, we have a fully incremental
way of computing KBSF’s MDP which requires almost no extra memory.
Algorithm 2 shows a step-by-step description of how to update M̄ based on a set of
sample transitions. Using this method to update its model, KBSF’s space complexity drops
from O(n̂m) to O(m2 ). Since the amount of memory used by KBSF is now independent of
n, it can process an arbitrary number of sample transitions (or, more precisely, the limit on
the amount of data it can process is dictated by time only, not space).
Instead of assuming that S1 and S2 are a partition of a fixed data set S a , we can consider
that S2 was generated based on the policy learned by KBSF using the transitions in S1 .
Thus, Algorithm 2 provides a flexible framework for integrating learning and planning within
KBSF. Specifically, our algorithm can cycle between learning a model of the problem based
on sample transitions, using such a model to derive a policy, and resorting to this policy
to collect more data. Algorithm 3 shows a possible implementation of this framework. In
order to distinguish it from its batch counterpart, we will call the incremental version of our
algorithm iKBSF. iKBSF updates the model M̄ and the value function Q̄ at fixed intervals
tm and tv , respectively. When tm = tv = n, we recover the batch version of KBSF; when
tm = tv = 1, we have a fully on-line method which stores no sample transitions.
Algorithm 3 allows for the inclusion of new representative states to the model M̄ . Using
Algorithm 2 this is easy to do: given a new representative state s̄m+1 , it suffices to set
a
a
zm+1
= 0, r̄m+1
= 0, and p̄m+1,j = p̄j,m+1 = 0 for j = 1, 2, ..., m + 1 and all a ∈ A. Then, in
the following applications of update rules (19) and (20), the dynamics of M̄ will naturally
reflect the existence of state s̄m+1 . Note that the inclusion of new representative states
27
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. Update rewards

. Update transition probabilities
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Algorithm 2 Update KBSF’s MDP

P̄a , r̄a , za for all a ∈ A
Input:
S a = {(ska , rka , ŝka )|k = 1, 2, ..., na } for all a ∈ A
Output: Updated M̄ and za

for a ∈ A do
Pm
for t = 1, ..., na do z̄t ← l=1
k̄τ̄ (ŝta , s̄l )
na ← |S a |
for i = 1,P
2, ..., m do
na
kτ (s̄i , sta )
z 0 ← t=1
for j = P
1, 2, ..., m do
na
kτ (s̄i , sta )k̄τ̄ (ŝta , s̄j )/z̄t
b ← t=1
1
p̄ij ← a
(b + p̄ij zia )
zi + z 0
P
e ← na k (s̄i , sta )rta
τ
t=1
1
r̄i ← a
(e + r̄i zia )
zi + z 0
zia ← zia + z 0

Algorithm 3 Incremental KBSF (iKBSF)
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. Discard transitions
. Update value function

. Update model
. This step is optional

S̄ = {s̄1 , s̄2 , ..., s̄m }
. Set of representative states
. Interval to update model
Input: tm
tv
. Interval to update value function
Output: Approximate value function Q̃(s, a)

P̄a ← 0 ∈ Rm×m , r̄a ← 0 ∈ Rm , za ← 0 ∈ Rm , for all a ∈ A
Q̄ ← arbitrary matrix in Rm×|A|
s ← initial state
a ← random action
for t ← 1, 2, ... do
Execute aSin s and observe r and ŝ
S a ← S a {(s, r, ŝ)}
if (t mod tm = 0) then
Add new representative states to M̄ using S a
Update M̄ and za using Algorithm 2 and S a
S a ← ∅ for all a ∈ A
if (t mod tv = 0) update Q̄
s ← ŝ
Pm
Select a based on Q̃(s, a) = i=1
κ̄τ̄ (s, s̄i )q̄ia
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1
γ
max kra − r̃a k∞ +
Rdif max kPa − P̃a k∞ ,
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4. Strehl and Littman’s (2008) Lemma 1 is similar to our result. Their bound is more general than ours,
as it applies to any Qπ , but it is also slightly looser.

Lemma 9 provides an upper bound for the difference in the action-value functions of
any two MDPs having the same state space S, action space A, and discount factor γ.4 Our
strategy will be to use this result to bound the error introduced by the application of the
stochastic-factorization trick in the context of iKBSF.

where Rdif = maxa,i ria − mina,i ria .

|Q∗ (s, a) − Q̃∗ (s, a)| ≤

Lemma 9 Let M ≡ (S, A, Pa , ra , γ) and M̃ ≡ (S, A, P̃a , r̃a , γ) be two finite MDPs. Then,
for any s ∈ S and any a ∈ A,

where Q̄t (s̄i , a) is the action-value function available to iKBSF at the tth iteration (see
Algorithm 3). Note that we do not assume that iKBSF has computed the optimal value
function of its current model M̄t —that is, it may be the case that Q̄t (s̄i , a) 6= Q̄∗t (s̄i , a).
Unfortunately, when we replace (12) with (21) Proposition 3 no longer applies. In this
section we address this issue by deriving an upper bound for the difference between Q̃t (s, a)
and Q̂t (s, a), the action-value function that would be computed by KBRL using all the
transitions processed by iKBSF up to time step t. In order to derive our bound, we assume
that iKBSF uses a fixed set S̄—meaning that no representative states are added to the
model M̄ —and that it never stops refining its model, doing so at every iteration t (i.e.,
tm = 1 in Algorithm 3). We start by showing the following lemma:

Q̃t (s, a) =

As discussed, iKBSF does not need to store sample transitions to build its approximation.
However, the computation of Q̃(s, a) through (12) requires all the tuples (sai , ria , ŝai ) to be
available. In some situations, it may be feasible to keep the transitions in order to compute
Q̃(s, a). However, if we want to use iKBSF to its full extend, we need a way of computing
Q̃(s, a) without using the sample transitions. This is why upon reaching state s at time
step t iKBSF selects the action to be performed based on

5.1 Theoretical results

When tm = 1, at any time step t iKBSF has a model M̄t built based on the t transitions
observed thus far. As shown in the beginning of this section, M̄t exactly matches the
model that would be computed by batch KBSF using the same data and the same set of
representative states. Thus, we can think of matrices P̄at and vectors r̄at available at the tth
iteration of iKBSF as the result of the stochastic-factorization trick applied with matrices
Dt and Kat . Although iKBSF does not explicitly compute such matrices, they serve as a
theoretical foundation to build our result on.

does not destroy the information already in the model. This allows iKBSF to refine its
approximation on the fly, as needed. One can think of several ways of detecting the need
for new representative states. A simple strategy, based on Proposition 6, is to impose a
maximum distance allowed between a sampled state ŝai and the nearest representative state,
dist(ŝai , 1). So, anytime the agent encounters a new state ŝai for which dist(ŝai , 1) is above
a given threshold, ŝai is added to the model as s̄m+1 . In Section 5.2 we report experiments
with iKBSF using this approach. Before that, though, we discuss the theoretical properties
of the incremental version of our algorithm.


1
R̄dif,t  γ
max kr̂at − Dt r̄at k∞ +
max kP̂at − Dt Kat k∞ + σ(Dt ) + Q̄t , (22)
1−γ a
(1 − γ)2 2 a

30

JMLR 17(67):1-70

We use the puddle world problem as a proof of concept (Sutton, 1996). In this first experiment we show that iKBSF is able to recover the model that would be computed by
its batch counterpart. In order to do so, we applied Algorithm 3 to the puddle-world task
using a random policy to select actions.

5.2.1 Puddle world (proof of concept)

We now look at the empirical performance of the incremental version of KBSF. Following
the structure of Section 4.2, we start with the puddle world task to show that iKBSF is
indeed able to match the performance of batch KBSF without storing all sample transitions.
Next we exploit the scalability of iKBSF to solve two difficult control tasks, triple polebalancing and helicopter hovering. We also compare iKBSF’s performance with that of
other reinforcement learning algorithms.

5.2 Empirical results

Proposition 10 shows that, at any time step t, the error in the action-value function
computed by iKBSF is bounded above by the quality and the level of stochasticity of the
stochastic factorization implicitly computed by the algorithm. The term Q̄t accounts for
the possibility that iKBSF has not computed the optimal value function of its model at
step t, either because tm 6= tv or because the update of Q̄ in Algorithm 3 is not done to
completion (for example, one can apply the Bellman operator T̄ a fixed number of times,
stopping short of convergence). The restriction tm = 1 is not strictly necessary if we are
willing to compare Q̃t (s, a) with Q̂t0 (s, a), where t0 = b(t + tm )/tc (the next time step
scheduled for a model update). However, such a result would be somewhat circular, since
the sample transitions used to build Q̂t0 (s, a) may depend on Q̃t (s, a). Finally, we note
that, given the similarity between the right-hand sides of (8) and (22), it should be trivial
to derive results analogous to Propositions 6 and 8 that also apply to iKBSF.

for any a ∈ A, where Q̃t is the value function computed by iKBSF at time step t through (21),
Q̂t is the value function computed by KBRL through (7) based on the same data, R̄dif,t =
a −min
a
∗
maxa,i r̄i,t
a,i r̄i,t , σ(Dt ) = maxi (1 − maxj dij,t ), and Q̄t = maxi,a |Q̄t (s̄i , a)−Q̄t (s̄i , a)|.

|Q̂t (s, a) − Q̃t (s, a)| ≤

Proposition 10 Suppose iKBSF is executed with a fixed set of representative states S̄ using
tm = 1. Let Dt , Kat and r̄at be the matrices and the vector (implicitly) computed by this
algorithm at iteration t. Then, if s is the state encountered by iKBSF at time step t,

Barreto, Precup, and Pineau

Practical Kernel-Based Reinforcement Learning

0

ι = 1000
ι = 2000
ι = 4000
ι = 8000

0

(b) Run times

2000
4000
6000
Number of sample transitions

ι = 1000
ι = 2000
ι = 4000
ι = 8000

Practical Kernel-Based Reinforcement Learning

8000

31

8000

JMLR 17(67):1-70

As discussed in Section 4.2.2, the pole balancing task has been addressed in several different versions, and among them simultaneously balancing two poles is particularly challenging (Wieland, 1991). Figures 4c and 4d show that the batch version of KBSF was able to
satisfactorily solve the double pole-balancing task. In order to show the scalability of the
incremental version of our algorithm, in this section we raise the bar, adding a third pole

5.2.2 Triple pole-balancing (comparison with fitted Q-iteration)

Figure 7 shows the result of the experiment when we vary the parameters tm and tv . Note
that the case in which tm = tv = 8000 corresponds to the batch version of KBSF, whose
results on the puddle world are shown in Figure 3. As expected, the performance of KBSF
policies improves gradually as the algorithm goes through more sample transitions, and in
general the intensity of the improvement is proportional to the amount of data processed.
More important, the performance of the decision policies after all sample transitions have
been processed is essentially the same for all values of tm and tv , which confirms that iKBSF
can be used as an instrument to circumvent KBSF’s memory demand. Thus, if one has a
batch of sample transitions that does not fit in the available memory, it is possible to split
the data in chunks of smaller sizes and still get the same value-function approximation that
would be computed if the entire data set were processed at once. As shown in Figure 7b,
there is only a small computational overhead associated with such a strategy (this results
from unnormalizing and normalizing the elements of P̄a and r̄a multiple times through
update rules (19) and (20)).

Figure 7: Results on the puddle-world task averaged over 50 runs. KBSF used 100 representative states evenly distributed over the state space and tm = tv = ι (see
legends). Sample transitions were collected by a random policy. The agents were
tested on two sets of states surrounding the “puddles” (see Appendix B).
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to the problem. We perform our simulations using the parameters usually adopted with
the two-pole problem, with the extra pole having the same length and mass as the longer
pole (Gomez, 2003, see Appendix B). This results in a difficult control problem with an
8-dimensional state space S.
In our experiments with KBSF on the two-pole task we used 200 representative states
and 106 sample transitions collected by a random policy. Here we start our experiment with
triple pole-balancing using exactly the same configuration, and then we let iKBSF refine its
model M̄ by incorporating more sample transitions through update rules (19) and (20). We
also let iKBSF grow its model if necessary. Specifically, a new representative state is added
to M̄ on-line every time the agent encounters a sample state ŝia for which k̄τ̄ (ŝia , s̄j ) < 0.01
for all j ∈ 1, 2, ..., m. This corresponds to setting a maximum allowed distance from a
sampled state to the closest representative state, maxa,i dist(ŝia , 1).
Given the poor performance of LSPI on the double pole-balancing task, shown in Figures 4c and 4d, on the three-pole version of the problem we only compare KBSF with
FQIT. We used FQIT with the same configuration adopted in Sections 4.2.3 and 4.2.4, with
the parameter ηmin varying in the set {10000, 1000, 100}. As for KBSF, the widths of the
kernels were fixed at τ = 100 and τ̄ = 1 and sparse kernels were used (µ = 50 and µ̄ = 10).
In order to show the benefits provided by the incremental version of our algorithm, we
assumed that both KBSF and FQIT could store at most 106 sample transitions in memory.
In the case of iKBSF, this is not a problem, since we can always split the data in subsets of
smaller size and process them incrementally. Here, we used Algorithm 3 with a 0.3-greedy
policy, tm = tv = 106 , and n = 107 . In the case of FQIT, we have two options to circumvent
the limited amount of memory available. The first one is to use a single batch of 106
sample transitions. The other option is to use the initial batch of transitions to compute
an approximation of the problem’s value function, then use an 0.3-greedy policy induced
by this approximation to collect a second batch, and so on. Here we show the performance
of FQIT using both strategies.
We first compare the performance of iKBSF with that of FQIT using a single batch of
sample transitions. This is shown in Figure 8a and 8b. For reference, we also show the results
of batch KBSF—that is, we show the performance of the policy that would be computed by
our algorithm if we did not have a way of computing its approximation incrementally. As
shown in Figure 8a, both FQIT and batch KBSF perform poorly in the triple pole-balancing
task, with average success rates below 55%. These results suggest that the amount of data
used by these algorithms is insufficient to describe the dynamics of the control task. Of
course, we could give more sample transitions to FQIT and batch KBSF. Note however that,
since they are batch learning methods, there is an inherent limit on the amount of data
that these algorithms can use to construct their approximation. In contrast, the amount
of memory required by iKBSF is independent of the number of sample transitions n. This
fact together with the fact that KBSF’s computational complexity is only linear in n allow
our algorithm to process a large amount of data in reasonable time. This can be clearly
observed in Figure 8b, which shows that iKBSF can build an approximation using 107
sample transitions in under 20 minutes. As a reference for comparison, FQIT(1000) took
an average of 1 hour and 18 minutes to process 10 times less data.
As shown in Figure 8a, iKBSF’s ability to process a large number of sample transitions
allows our algorithm to achieve a success rate of approximately 80%. This is similar to the
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Figure 8: Results on the triple pole-balancing task, as a function of the number of sample
transitions n, averaged over 50 runs. Figures 8a and 8b show results of FQIT
when using a single batch of 106 transitions; in Figures 8c and 8d ten sets of
106 transitions were used in sequence by the algorithm (see text for details).
The values correspond to the fraction of episodes initiated from the test states in
which the 3 poles could be balanced for 3000 steps (one minute of simulated time).
The test sets were regular grids of 256 cells defined over the hypercube centered
at the origin and covering 50% of the state-space axes in each dimension (see
Appendix B for details). Shadowed regions represent 99% confidence intervals.
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In the previous two sections we showed how iKBSF can be used to circumvent the inherent
memory limitations of batch learning. We now show how our algorithm performs in a fully

5.2.3 Helicopter hovering task (comparison with SARSA)

performance of batch KBSF on the two-pole version of the problem (cf. Figure 4). The
good performance of iKBSF on the triple pole-balancing task is especially impressive when
we recall that the decision policies were evaluated on a set of test states representing all
possible directions of inclination of the three poles. In order to achieve the same level of
performance with KBSF, approximately 2 Gb of memory would be necessary, even using
sparse kernels, whereas iKBSF used less than 0.03 Gb of memory.
One may argue that the above comparison between FQIT and KBSF is not fair, since
the latter used ten times the amount of data used by the former. Thus, in Figures 8c
and 8d we show the results of FQIT using 10 batches of 106 transitions—exactly the same
number of transitions processed by iKBSF. Here we cannot compare iKBSF with FQIT(100)
because the computational cost of the tree-based approach is prohibitively large (it would
take over 4 days only to train a single agent, not counting the test phase). When we look
at the other instances of the algorithm, we see two opposite trends. Surprisingly, the extra
sample transitions actually made the performance of FQIT(10000) worse. On the other
hand, FQIT(1000) performs significantly better using more data, though still not as well as
iKBSF (both in terms of performance and computing time).
To conclude, observe in Figure 9 how the number of representative states m grows
as a function of the number of sample transitions processed by KBSF. As expected, in the
beginning of the learning process m grows fast, reflecting the fact that some relevant regions
of the state space have not been visited yet. As more and more data come in, the number
of representative states starts to stabilize.

Figure 9: Number of representative states used by iKBSF on the triple pole-balancing task.
Results were averaged over 50 runs (99% confidence intervals are almost imperceptible in the figure).

2e+06 4e+06 6e+06 8e+06
Number of sample transitions

Barreto, Precup, and Pineau

Number of representative states
1000
2000
3000
4000

on-line regime. For that, we focus on a challenging reinforcement learning task in which
the goal is to control an autonomous helicopter.
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Figure 10 shows the results obtained by SARSA and KBSF on the helicopter hovering
task. Note in Figure 10a how the average episode length increases abruptly at the points
in which the value of  is decreased. This is true for both SARSA and KBSF. Also, since
the number of steps executed per episode increases over time, the interval in between such
abrupt changes decreases in length, as expected. Finally, observe how the performance of
both agents stabilizes after around 70000 episodes, probably because at this point there is
almost no exploration taking place anymore.

Both the value function and the model were updated at fixed intervals of tv = tm = 50000
transitions. We fixed τ = τ̄ = 1 and µ = µ̄ = 4.
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In this section we deepen our discussion about KBSF. We start with an analysis of the
approximation computed by our algorithm, in which we draw interesting connections with
KBRL, and then we proceed to discuss some issues that come up when one uses KBSF in
practice.

6. Discussion

To conclude, we note that our objective in this section was exclusively to show that
KBSF can outperform a well-known on-line algorithm with compatible computational cost.
Therefore, we focused on the comparison of the algorithms rather than on obtaining the
best possible performance on the task. Also, it is important to mention that more difficult
versions of the helicopter task have been addressed in the literature, usually using domain
knowledge in the configuration of the algorithms or to guide the collection of data (Ng et al.,
2003; Abbeel et al., 2007). Since our focus here was on evaluating the on-line performance of
KBSF, we addressed the problem in its purest form, without using any prior information to
help the algorithms solve the task (see Asbah et al.’s paper for experiments on the helicopter
hovering task with a more specialized version of KBSF, 2013).

When we compare KBSF and SARSA, it is clear that the former significantly outperforms the latter. Specifically, after the cut-point of 70000 episodes, the KBSF agent executes
approximately 2.25 times the number of steps performed by the SARSA agent before crashing. Looking at Figures 10a and 10b, one may argue at first that there is nothing surprising
here: being a model-based algorithm, KBSF is more sample efficient than SARSA, but it is
also considerably slower (Atkeson and Santamaria, 1997). Notice though that the difference
between the run times of SARSA and KBSF shown in Figure 10b is in part a consequence
of the good performance of the latter: since KBSF is able to control the helicopter for a
larger number of steps, the corresponding episodes will obviously take longer. A better
measure of the algorithms’s computational cost can be seen in Figure 10c, which shows
the average time taken by each method to perform one transition. Observe how KBSF’s
computing time peaks at the points in which the model and the value function are updated.
In the beginning KBSF’s MDP changes considerably, and as a result the value function
updates take longer. As more data come in, the model starts to stabilize, accelerating the
computation of Q̄∗ (we “warm start” policy iteration with the value function computed in
the previous round). At this point, KBSF’s computational cost per step is only slightly
higher than SARSA’s, even though the former computes a model of the environment while
the latter directly updates the value function approximation.

Helicopters have unique control capabilities, such as low speed flight and in-place hovering, that make them indispensable instruments in many contexts. Such flexibility comes
at a price, though: it is widely recognized that a helicopter is significantly harder to control
than a fixed-wing aircraft (Ng et al., 2003; Abbeel et al., 2007). Part of this difficulty is
due to the complex dynamics of the helicopter, which is not only non-linear, noisy, and
asymmetric, but also counterintuitive in some aspects (Ng et al., 2003).
An additional complication of controlling an autonomous helicopter is the fact that a
wrong action can easily lead to a crash, which is both dangerous and expensive. Thus,
the usual practice is to first develop a model of the helicopter’s dynamics and then use the
model to design a controller (Ng et al., 2003). Here we use the model constructed by Abbeel
et al. (2005) based on data collected on actual flights of an XCell Tempest helicopter (see
Appendix B). The resulting reinforcement learning problem has a 12-dimensional state
space whose variables represent the aircraft’s position, orientation, and the corresponding
velocities and angular velocities along each axis.
In the version of the task considered here the goal is to keep the helicopter hovering as
close as possible to a fixed position. All episodes start at the target location, and at each
time step the agent receives a negative reward proportional to the distance from the current
state to the desired position. Because the tail rotor’s thrust exerts a sideways force on the
helicopter, the aircraft cannot be held stationary in the zero-cost state even in the absence
of wind. The episode ends when the helicopter leaves the hover regime, that is, when any
of the state’s variables exceeds pre-specified thresholds.
The helicopter is controlled via a 4-dimensional continuous vector whose variables represent the longitudinal cyclic pitch, the latitudinal cyclic pitch, the tail rotor collective
pitch, and the main rotor collective pitch. By adjusting the value of these variables the
pilot can rotate the helicopter around its axes and control the thrust generated by the main
rotor. Since KBSF was designed to deal with a finite number of actions, we discretized the
set A using 4 values per dimension, resulting in 256 possible actions. The details of the
discretization process are given below.
Here we compare iKBSF with the SARSA(λ) algorithm using tile coding for value
function approximation (Rummery and Niranjan, 1994, Sutton, 1996—see Appendix B).
We applied SARSA with λ = 0.05, a learning rate of 0.001, and 24 tilings containing 412
tiles each. Except for λ, all the parameters were adjusted in a set of preliminary experiments
in order to improve the performance of the SARSA agent. We also defined the action-space
discretization based on SARSA’s performance. In particular, instead of partitioning each
dimension in equally-sized intervals, we spread the break points unevenly along each axis in
order to maximize the return obtained by the SARSA agent. The result of this process is
described in Appendix B. The interaction of the SARSA agent with the helicopter hovering
task was dictated by an -greedy policy. Initially we set  = 1, and at every 50000 transitions
the value of  was decreased in 30%.
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The iKBSF agent collected sample transitions using the same exploration regime. Based
on the first batch of 50000 transitions, m = 500 representative states were determined by
the k-means algorithm. No representative states were added to iKBSF’s model after that.
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Figure 10: Results on the helicopter hovering task averaged over 50 runs. The learned
controllers were tested from a fixed state (see text for details). The shadowed
regions represent 99% confidence intervals.
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Clearly, full knowledge of the function P̂S a allows for an exact computation of KBRL’s
transition matrix P̂a . Now suppose we do not know P̂S a and we want to compute an approximation of this function in the points ŝai ∈ S a , for all a ∈ A. Suppose further that
we are only given a “training set” composed of m pairs (s̄j , P̂S a (s̄j )). One possible way of
approaching this problem is to resort to kernel smoothing techniques. In this case, a particularly common choice is the so-called Nadaraya-Watson kernel-weighted estimator (Hastie
et al., 2002, Chapter 6):
Pm
m
X
j=1 k̄τ̄ (s, s̄j )P̂S a (s̄j )
Pm
P̄S a (s) =
(24)
=
κ̄τ̄ (s, s̄j )P̂S a (s̄j ).
j=1 k̄τ̄ (s, s̄j )
j=1

P̂S a : S 7→ R1×na
P̂S a (s) = p̂a ⇐⇒ p̂ai = κaτ (s, sai ) for i = 1, 2, ..., na .

We start by looking at how KBRL constructs its model. As shown in Figure 2a, for each
action a ∈ A the state ŝbi has an associated stochastic vector p̂aj ∈ R1×n whose nonzero
entries correspond to the kernel κaτ (ŝbi , ·) evaluated at sak , k = 1, 2, . . . , na . Since we are
dealing with a continuous state space, it is possible to compute an analogous vector for any
s ∈ S and any a ∈ A. Focusing on the nonzero entries of p̂aj , we define the function

6.1.1 Approximating the model

As outlined in Section 2, KBRL defines the probability of a transition from state ŝbi to state
ŝak as being κaτ (ŝbi , sak ), where a, b ∈ A (see Figure 2a). Note that the kernel κaτ is computed
with the initial state sak , and not ŝak itself. The intuition behind this is simple: since we
a
know the transition sak −
→ ŝak has occurred before, the more “similar” ŝbi is to sak , the more
a
b
likely the transition ŝi −
→ ŝak becomes (Ormoneit and Sen, 2002).
From (10), it is clear that the computation of matrices Ka performed by KBSF follows
the same reasoning underlying the computation of KBRL’s matrices P̂a ; in particular,
κaτ (s̄j , sak ) gives the probability of a transition from s̄j to ŝak . However, when we look at
matrix D things are slightly different: here, the probability of a “transition” from ŝbi to
representative state s̄j is given by κ̄τ̄ (ŝbi , s̄j )—a computation that involves s̄j itself. If we
were to strictly adhere to KBRL’s logic when computing the transition probabilities to the
representative states s̄j , the probability of transitioning from ŝbi to s̄j upon executing action
a
a should be a function of ŝbi and a state s0 from which we knew a transition s0 −
→ s̄j had
occurred. In this case we would end up with one matrix Da for each action a ∈ A. Note
though that this formulation of the method is not practical, because the computation of the
a
matrices Da would require a transition (·) −
→ s̄j for each a ∈ A and each s̄j ∈ S̄. Clearly,
such a requirement is hard to fulfill even if we have a generative model available to generate
sample transitions.
In this section we take a closer look at KBSF’s approximation, and provide two interpretations that support the way the matrices involved are built. We argue that KBSF can be
seen as a kernel-based approximation of both the model and the value function computed
by KBRL. Based on these interpretations we later discuss how KBSF can potentially be
beneficial from a statistical point of view.

6.1 A closer look at KBSF’s approximation

Barreto, Precup, and Pineau
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Contrasting the expression above with (10), we see that this is exactly how KBSF computes
its approximation DKa ≈ P̂a , with P̄S a evaluated at the points ŝib ∈ S b , b = 1, 2, ..., |A|. In
this case, κ̄τ̄ (ŝib , s̄j ) are the elements of matrix D, and P̂S a (s̄j ) is the j th row of matrix K̇a .
Thus, in some sense, KBSF uses KBRL’s own kernel approximation principle to compute a
stochastic factorization of M̂ . One can easily extend the reasoning above to also include rewards by defining a function M̂S a : S 7→ R1×na +1 such that M̂S a (s) = [P̂S a (s), P̂S a (s)> ra ].
The exposition above also makes it clear that it is possible to build the matrices Ḋa
using different sets of representative states S̄ a (this corresponds to having |A| training sets
composed of pairs (s̄ja , P̂S a (s̄ja ))). As long as all the sets S̄ a have the same cardinality m, the
stochastic-factorization trick can still be applied. However, in order for the approximation
computed by KBSF to make sense, we would have to have one matrix Da for each action
a ∈ A (see in Figure 2b how matrix D is computed). Unfortunately, when different matrices
Da are used, our “core” theoretical result, Proposition 2, no longer applies. Although
alternative error bounds are possible, as shown by Barreto (2014), they are in general
significantly looser than (8). In any case, the extension of KBSF to use different sets of
representative states S̄ a may be an interesting topic for future research.
6.1.2 Approximating the value function

na
X

j=1

b

We now turn our attention to the way KBRL computes its value function, and show an
intuitive way to derive KBSF’s update equations. Based on (4) and (5), we see that value
ˆ is
iteration’s update rule for KBRL’s MDP, ∆Γ,


κτa (ŝic , sja ) rja + γ max Q̂t (ŝja , b) ,
(25)
Q̂t+1 (ŝic , a) =

na
X

j=1

na
X

j=1

"

na
X
j=1

b

m
X

l=1

l=1

m
X

κ̄τ̄ (ŝja , s̄l )Q̂t0 (s̄l , b).

κ̄τ̄ (ŝja , s̄l )Q̂t0 (s̄l , b)

b

κτa (s̄i , sja ) max

κτa (s̄i , sja ) rja + γ max

κτa (s̄i , sja )rja + γ

(26)

where a, b, c ∈ A. Note that at any time step t the equation above can be used to compute
an approximation of the t-step value function over the entire state space S; after convergence
to Q̂∗ equation (25) gives rise to (7).
From a computational point of view, the potential problem
P with rule (25) is the fact that
updating Q̂ takes O(nn̂|A|) operations (recall that n = a na and n̂ = maxa na ). KBRL
makes it possible to compute an approximate solution for an MDP with continuous state
space S by only updating the value of a finite subset Ŝ ⊂ S. It is reasonable to ask whether
similar strategy can come to the rescue when Ŝ is itself too large. Specifically, if the values
of the states ŝia ∈ Ŝ can be approximated based on the values of a small set of states S̄ ⊂ S,
with |S̄| = m, then only the latter must be updated during dynamic
iterative
Pmprogramming’s
process. Following this reasoning, we can replace Q̂t (ŝja , b) with l=1
κ̄τ̄ (ŝja , s̄l )Q̂t (s̄l , b) and
rewrite (25) as
#
0
Q̂t+1
(s̄i , a) =

=
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Updating Q̂0 through (26) is O(mn̂|A|). This is already an improvement over the computational complexity of (25), but the dependence on n̂ still precludes the use of (26) in
39

na
X
j=1

na
X

j=1
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κτa (s̄i , sja )rja + γ

na
X

j=1

m
X

l=1

b

κ̄τ̄ (ŝja , s̄l ) max Q̄t (s̄l , b)

b

κτa (s̄i , sja )κ̄τ̄ (ŝja , s̄l ) max Q̄t (s̄l , b)

κτa (s̄i , sja )

na
m X
X

l=1 j=1

p̄ila max Q̄t (s̄l , b).
b

κτa (s̄i , sja )rja + γ
m
X

l=1

(27)

scenarios involving many sample transitions, such as on-line problems, for example. Now,
if we swap the positions of the ‘max’ operator and the kernel κ̄τ̄ in (26), we can get rid of
the dependence on the number of transitions, in the following way:
Q̄t+1 (s̄i , a) =
=

= r̄ia + γ

Updating Q̄ through (27) takes only O(m2 |A|) operations. It is not difficult to see that (27)
¯ (see Algorithm 1).
is value iteration’s update rule for the MDP M̄ defined by KBSF, ∆Γ
Summarizing, if we use a local kernel approximation in the update rule of KBRL’s MDP,
potentially introducing some error, we get (26), which is faster to compute than (25). If in
addition we change the order in which the operations are applied, we get KBSF’s update
rule (27), which is in some sense a greater deviation from (25) than (26), but is even faster
to compute. Therefore, KBSF can be interpreted as a computationally efficient way of
applying kernel approximation, the basic principle behind KBRL, to KBRL itself.
6.1.3 Curse of dimensionality
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In this paper we emphasized the role of KBSF as a technique to reduce KBRL’s computational cost. However, it is equally important to ask whether our algorithm provides benefits
from a statistical point of view. In particular, instead of trying to approximate KBRL’s
solution, it may be possible to compute better solutions using the same amount of data.
Ormoneit and Sen (2002) showed that, in general, the number of sample transitions
needed by KBRL to achieve a certain approximation accuracy grows exponentially with
the dimension of the state space—a phenomenon usually referred to as the “curse of dimensionality” (Bellman, 1961). As with other methods, the only way to avoid such an
exponential dependency is to exploit some sort of regularity in the problem’s structure—
paraphrasing Ormoneit and Sen (2002), one can only “break” the curse of dimensionality
by incorporating prior knowledge into the approximation. In this section we argue that
KBSF can be seen as a strategy to do so. In particular, the definition of the representative
states can be seen as a practical mechanism to incorporate additional assumptions about
the continuous MDP besides the sample transitions.
The fact that KBRL’s sample complexity is exponential in dS is not surprising. As noted
by Ernst et al. (2005), KBRL can be seen as a particular case of the fitted Q-iteration algorithm, which solves a reinforcement learning problem by breaking it into a succession
of supervised learning problems. If the MDP defined by KBRL is solved through value
iteration, for example, each iteration of this algorithm can be seen as a non-parametric
kernel-based regression (Barreto, 2014). It is well known that non-parametric kernel methods suffer from the curse of dimensionality (Stone, 1982; Györfi et al., 2002).
As mentioned above, one can circumvent the curse of dimensionality associated with
non-parametric methods by exploiting regularities of the learning problem (Györfi et al.,
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KBSF depends on two basic definitions: the set of representative states and the widths of
the kernels. As discussed in Section 6.1, the former can be seen as the definition of the
“structure” of the approximator, while the latter are parameters of the approximation. In
what follows we discuss the impact of each of them on KBSF’s performance.

6.2.2 KBSF’s configuration

The theoretical guarantees regarding KBRL’s solution assume that the initial states sai
in the transitions (sai , ria , ŝai ) are uniformly sampled from S (Ormoneit and Sen, 2002, see
Assumption 3). This is somewhat restrictive because it precludes the collection of data
through direct interaction with the environment. Ormoneit and Sen conjectured that sampling the states sai from an uniform distribution is not strictly necessary, and indeed later
Ormoneit and Glynn (2002) relaxed this assumption for the case in which KBRL is applied
to an average-reward MDP. In this case, it is only required that the exploration policy used
to collect data chooses all actions with positive probability. As described in Sections 4.2
and 5.2, in our computational experiments we collected data through an -greedy policy
(in many cases with  = 1). The good performance of KBSF corroborates Ormoneit and
Sen’s conjecture and suggests that Ormoneit and Glynn’s results can be generalized to the
discounted reward case, but more theoretical analysis is needed.
Ormoneit and Sen (2002) also make some assumptions regarding the smoothness of the
reward function and the transition kernel of the continuous MDP (Assumptions 1 and 2).
Unfortunately, such assumptions are usually not verifiable in practice. Empirically, we
observed that KBSF indeed performs better in problems with “smooth dynamics”—loosely
speaking, problems in which a small perturbation in sai results in a small perturbation in ŝai ,
such as the pole balancing task. In problems with “rougher” dynamics, like the epilepsysuppression task, it is still possible to get good results with KBSF, but in this case it is
necessary to use more representative states and narrower kernels (that is, smaller values
for τ̄ ). As a result, in problems of this type KBSF is less effective in reducing KBRL’s
computational cost.

6.2.1 KBSF’s applicability

During the execution of our experiments we observed several interesting facts about KBSF
which are not immediate from its conceptual definition. In this section we share some of the
lessons learned with the reader. We start by discussing the impact of deviating from the
theoretical assumptions over the performance of our algorithm. We then present general
guidelines on how to configure KBSF to solve reinforcement learning problems.

Definition of Representative States In order to define the representative states we
must determine their number, m, and their “position” in the state space. Both theory and
practice indicate that KBSF’s performance gets closer to KBRL’s as m increases. Thus,
a “rule of thumb” to define the number of representative states is to simply set m to the
largest value allowed by the available computational resources (but see Section 6.1.3 for an
alternative view).

6.2 Practical issues
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2002). For example, Kveton and Theocharous (2013) showed that, when the dynamics of the
underlying MDP are factored, incorporating this knowledge into KBRL leads to a dramatic
reduction on the number of sample transitions needed for learning a good decision policy.
Another type of regularity arises when the “intrinsic dimension” of the state space is much
smaller than dS —that is, when the data lies close to a low-dimensional manifold. Farahmand
et al. (2007) have shown that simple k-nearest neighborhood regression is manifold-adaptive,
meaning that it naturally exploits this type of regularity in the approximation problem.
Since KBRL’s approximation scheme is very similar to k-nearest neighborhood regression,
it is likely that this algorithm also has such a property.
Another way to avoid the curse of dimensionality is to resort to parametric methods.
Parametric methods circumvent the exponential growth of the number of samples by restricting the space of functions spanned by the approximator—which corresponds to making
assumptions about the target function (Györfi et al., 2002). Since in KBRL the structure
of the approximator is defined by the sampled states ŝai , one has little flexibility in controlling the induced function space (see (25)). Based on the discussions in Sections 6.1.1
and 6.1.2, one can see that KBSF can be cast as a kernel-based approximation in which
the structure of the approximator is defined by the representative states—that is, the representative states play the role of basis functions or “features”(this architecture is similar
to that of radial basis function networks, see Chapter 7 of Györfi et al.’s book, 2002). It
should be clear, then, that when the representative states are fixed KBSF can be seen as a
parametric model—and thus as a potential tool for helping KBRL circumvent the curse of
dimensionality.
Parametric regression methods have a serious drawback, though: if the target function
cannot be well approximated by any function in the space induced by the parametric model,
the approximation error will be large regardless of the data. A popular strategy to overcome
this issue without incurring in unacceptable sample complexity is to resort to adaptive
methods that use the available data to adjust the complexity of the approximator to the
problem at hand (Farahmand and Szepesvári, 2011). In the case of KBRL, the complexity
of the induced function space can be controlled via the kernel’s width τ (Györfi et al., 2002).
KBSF provides an alternative way of controlling the complexity of the approximator through
the parameter m (this is akin to limiting the depth of a regression tree, for example—
see Barreto’s paper for a detailed discussion, 2014). If we think in terms of the classical biasvariance analysis of statistical estimators, intuitively we are decreasing bias and increasing
variance as m → n—assuming that the representative states are systematically defined by
a reasonable method; see Section 6.2.2 (Hastie et al., 2002). Note that, unlike τ , m has a
clear effect on the method’s computational cost.
Therefore, KBSF provides both a way of determining the structure of the approximator
and extra flexibility in controlling the complexity of the resulting model. Of course, this
does not automatically translate into reduced sample complexity. Even if the structural
assumptions induced by KBSF arise in problems of interest, we must develop methods to
configure the parameters of the algorithm appropriately (see Section 6.2.2). New theoretical results regarding the approximation properties of KBSF would probably be needed as
well, since the current results were derived under the interpretation of our algorithm as a
computational device to accelerate KBRL (and thus use its solution as a reference point).
These might be interesting directions for future investigations.
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As for the position of the representative states, looking at expression (24) we see that
ideally s̄j would be such that the rows of the matrices Ka would form a convex hull containing the rows of the corresponding P̂a . However, it is easy to see that when m < n such a
set of states may not exist. Besides, even when it does exist, finding this set is not a trivial
problem.
Instead of insisting on finding representative states that allow for an exact representation
of the matrices P̂a , it sounds more realistic to content oneself with an approximate solution
for this problem. Assuming the dynamics of the underlying MDP are reasonably smooth,
one strategy is to guarantee that every sampled state ŝia is close to at least one representative
state s̄j . Since covering the entire state space is generally impractical, we want s̄j to reflect
the distribution of the data, that is, we want the representative states to be in the regions
of the state space where the data lies. This is why in our experiments we clustered the
states ŝia and used the clusters’s centers as our representative states (this method is also
used in the configuration of radial basis function networks, as discussed by Györfi et al.,
2002). Despite its simplicity, this strategy usually results in good performance, as shown in
Sections 4.2 and 5.2.
In our experiments we clustered the data using the popular k-means algorithm, which
minimizes the average square distance from a given point to the center of the corresponding
cluster. However, Proposition 6 states that KBSF’s approximation error can be controlled
by maxa,i dist(ŝia , w), the maximum distance from a sampled state ŝia to the wth nearest
representative state. It is reasonable to ask whether KBSF’s performance would improve if
we used a clustering method that directly minimizes this quantity.
In the k-center clustering problem one seeks a set of k clusters that minimize the maximum distance from a point to the corresponding cluster center (Gonzales, 1985). Thus, in
this case we would be minimizing maxa,i dist(ŝia , 1). Although finding an exact solution for
this problem is NP hard, there exist fast algorithms that compute good approximations in
time linear in the number of points (Feder and Greene, 1988). In order to provide some
intuition on how k-center clustering compares to k-means, we implemented an algorithm
by Gonzales (1985) which is extremely simple: at each iteration one selects a new cluster
center by simply picking the point whose distance to the closest cluster center is maximal.
Although simple, this method provides a solution for the k-center problem whose cost is
within a factor of two from the optimal solution, which is the best one can hope for in
polynomial time (Feder and Greene, 1988).
Figure 11 shows the performance of KBSF on the puddle-world task using different
strategies to define the representative states. The experiment was carried out exactly as
the one described in Section 4.2.1. In addition to the results provided by k-means and
k-centers, we also show KBSF’s performance when using representative states sampled
uniformly at random and evenly distributed over the state space. As expected, the worst
results correspond to the case in which representative states are picked at random. On
the opposite extreme, representative states evenly distributed over S result in the best
performance. Unfortunately, in more realistic scenarios it is impractical to cover the entire
state space with representative states, and this is precisely why one may have to resort
to strategies like k-means and k-centers. The results shown in Figure 11 suggest that kcenters clustering may indeed be a better choice than k-means, although the difference in the
resulting performance is not very significant. One advantage of k-center clustering is that
43

●

●

●

50

●

●

44

●

●

100
m

●

●

150

●

K−means
K−centers
Evenly distributed
Random

JMLR 17(67):1-70

Definition of Kernels’s Widths Given a well-defined strategy to select representative
states, the use of KBSF requires the definition of two parameters, τ and τ̄ . The kernels’s
widths τ and τ̄ may have a strong effect on KBSF’s performance. To illustrate this point,
we show in Figure 12 the results of this algorithm on the puddle world task when τ and τ̄
are varied in the set {0.01, 0.1, 1} (these were the results used to generate Figure 3).

Clustering methods are a natural choice for defining the representative states because
they summarize the distribution of the data, but of course they are not the only way to solve
the problem. Ideally, we want a set of representative states that summarize the dynamics
of the underlying dynamical system, and this may not reflect the spatial distribution of the
data, regardless of the strategy used to collect transitions. As discussed in Section 6.1, the
problem of defining representative states is in some sense akin to the problem of defining
features in supervised learning (Guyon and Elisseeff, 2003). Such a connection emphasizes
the difficulty of the problem and suggests that the best solution may be domain-dependent.
On the other hand, as with the definition of features, the definition of representative states
can be seen as an opportunity to incorporate prior knowledge about the domain of interest
into the approximation model. For example, if one knows that some regions of the state
space are more important than others, this information can be used to allocate more representative states to those regions. Similar reasoning applies to tasks in which the level of
accuracy required from the decision policy varies across the state space.

it is very simple to implement and is also very fast. Besides, there are algorithms available
that compute an approximation on-line, which allows their use with iKBSF (Charikar et al.,
1997; Beygelzimer et al., 2006).

Figure 11: Comparison of different strategies to define the representative states. Results
on the puddle-world task averaged over 50 runs. The errors around the mean
correspond to the 99% confidence intervals. See Figure 3 for details.
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Alternatively, one can fix τ and τ̄ and define the neighborhood used to compute kτ (s̄j , ·)
and k̄τ̄ (ŝai , ·). As explained in Appendix B.2, in some of our experiments we only computed
kτ (s̄j , ·) for the µ closest sampled states sai from s̄j , and only computed k̄τ̄ (ŝai , ·) for the µ̄
closest representative states from ŝai . When using this approach, a possible way of configuring KBSF is to set τ and τ̄ to sufficiently large values (so as to guarantee a minimum level
of overlap between the kernels) and then adjust µ and µ̄. The advantage is that adjusting
µ and µ̄ may be more intuitive than directly configuring τ and τ̄ (cf. Table 1).

Of course, the best combination of values for τ and τ̄ depends on the specific problem
at hand and on the particular choice of kernels. Here we give some general advice as
to how to set these parameters, based on both theory in practice. Since τ is the same
parameter used by KBRL, it should decrease with the number of sample transitions n at
an “admissible rate” (see Ormoneit and Sen’s Lemma 2, 2002). Analogously, Proposition 6
suggests that τ̄ should get smaller as m → n (details in the proof of the proposition in
Appendix A). Empirically, we found out that a simple strategy that usually facilitates the
configuration of KBSF is to rescale the data so that all the variables have approximately the
same magnitude—which corresponds to using a weighted norm in the computation of the
kernels. Using this strategy we were able to obtain good results with KBSF on all problems
by performing a coarse search in the space of parameters in which we only varied the order
of magnitude of τ and τ̄ (see Table 1).

Figure 12: The impact of the kernels’s widths on the performance of KBSF and KBRL.
Results on the puddle-world task averaged over 50 runs. See Figure 3 for details.
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In our experiments we compared KBSF with KBRL, LSPI, fitted Q-iteration, and SARSA,
both in terms of computational cost and in terms of the quality of the resulting decision
policies. In this section we situate our algorithm in the broader context of approximate
reinforcement learning. Approximation in reinforcement learning is an important topic
that has generated a huge body of literature. For a broad overview of the subject, we
refer the reader to the books by Sutton and Barto (1998), Bertsekas and Tsitsiklis (1996),
and Szepesvári (2010). Here we will narrow our attention to kernel-based approximation
techniques.
We start by noting that the label “kernel based” is used with two different meanings
in the literature. On one side we have kernel smoothing techniques like KBRL and KBSF,
which use local kernels essentially as a device to implement smooth instance-based approximation (Hastie et al., 2002). On the other side we have methods that use reproducing
kernels to implicitly represent an inner product in a high-dimensional state space (Schölkopf
and Smola, 2002). Although these two frameworks can give rise to approximators with similar structures, they rest on different theoretical foundations. Since reproducing-kernels
methods are less directly related to KBSF, we will only describe them briefly. We will then
discuss the kernel smoothing approaches in more detail.
The basic idea of reproducing-kernel methods is to apply the “kernel trick” in the context
of reinforcement learning (Schölkopf and Smola, 2002). Roughly speaking, the approximation problem is rewritten in terms of inner products only, which are then replaced by a
properly-defined kernel. This modification corresponds to mapping the problem to a highdimensional feature space, resulting in more expressiveness of the function approximator.
Perhaps the most natural way of applying the kernel trick in the context of reinforcement
learning is to “kernelize” some formulation of the value-function approximation problem (Xu
et al., 2005; Engel et al., 2005; Farahmand, 2011). Another alternative is to approximate
the dynamics of an MDP using a kernel-based regression method (Rasmussen and Kuss,
2004; Taylor and Parr, 2009). Following a slightly different line of work, Bhat et al. (2012)
propose to kernelize the linear programming formulation of dynamic programming. However, this method is not directly applicable to reinforcement learning, since it is based on
the assumption that one has full knowledge of the MDP. A weaker assumption is to suppose
that only the reward function is known and focus on the approximation of the transition
function. This is the approach taken by Grunewalder et al. (2012), who propose to embed the conditional distributions defining the transitions of an MDP into a Hilbert space
induced by a reproducing kernel.
We now turn our attention to kernel-smoothing techniques, which are more closely
related to KBRL and KBSF. Kroemer and Peters (2011) propose to apply kernel density
estimation to the problem of policy evaluation. They call their method non-parametric
dynamic programming (NPDP). If we use KBRL to compute the value function of a fixed
policy, we see many similarities with NPDP, but also some important differences. Like
KBRL, NPDP is statistically consistent. Unlike KBRL, which assumes a finite action space
A and directly approximates the conditional density functions P a (s0 |s), NPDP assumes
that A is continuous and models the joint density P (s, a, s0 ). Kroemer and Peters (2011)
showed that the value function of NPDP has a Nadaraya-Watson kernel regression form. Not

7. Previous work

Barreto, Precup, and Pineau
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(28)
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a = κ̄ (rs(ŝa , 1), s̄ )
d˙ij
0
j
i

requires recomputing KBRL’s transition probabilities at each new sample, which can be
infeasible in reasonably large problems.
Kveton and Theocharous (2012) propose a more practical algorithm to reduce KBRL’s
computational cost. Their method closely resembles the batch version of KBSF. As with
our algorithm, Kveton and Theocharous’s method defines a set of representative states s̄i
that give rise to a reduced MDP. The main difference in the construction of the models
is that, instead of computing a similarity measure between each sampled state ŝia and all
representative states s̄j , their algorithm associates each ŝia with a single s̄j —which comes
down to computing a hard aggregation of the state space Ŝ. Such an aggregation corresponds to having a matrix D with a single nonzero element per row. In fact, it is possible
to rewrite Kveton and Theocharous’s (2012) algorithm using KBSF’s formalism. In this
case, the elements of Ḋa and K̇a would be defined as:

and
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6. Note that this observation only means that KBSF is closer to KBRL in this strict sense; in particular, it
does not imply that Kveton and Theocharous’s algorithm is not a principled method, nor does it mean
that it will perform worse than KBSF.

This paper presented KBSF, a reinforcement learning algorithm that results from the application of the stochastic-factorization trick to KBRL. KBSF summarizes the information
contained in KBRL’s MDP in a model of fixed size. By doing so, our algorithm decouples
the structure of the model from its configuration. This makes it possible to build an approximation which accounts for both the difficulty of the problem and the computational
resources available.
One of the main strengths of KBSF is its simplicity. As shown in the paper, its uncomplicated mechanics can be unfolded into two update rules that allow for a fully incremental
version of the algorithm. This makes the amount of memory used by KBSF independent of the number of sample transitions. Therefore, with a few lines of code one has
a reinforcement-learning algorithm that can be applied to large-scale problems, in both
off-line and on-line regimes.
KBSF is also a sound method from a theoretical point of view. As discussed, the distance
between the value function computed by this algorithm and the one computed by KBRL

8. Conclusion

where κ̄0 is the normalized kernel induced by an infinitely “narrow kernel k̄0 (s, s0 ) whose
value is greater than zero if and only if s = s0 (recall from Section 4.1 that rs(s, 1) gives
the closest representative state from s). It is easy to see that we can make matrix D
computed by KBSF as close as desired to a hard aggregation by setting τ̄ to a sufficiently
small value (see Lemma 5). More practically, we can simply plug (28) in place of (10)
in Algorithm 1 to exactly recover Kveton and Theocharous’s method. Note though that,
by replacing κτa (s̄i , sja ) with κτa (s̄i , rs(sja , 1)) in the computation of K̇a , we would be in
some sense deviating from KBRL’s framework. To see why this is so, observe that if
the representative states s̄i are sampled from the set of states ŝia , the rows of matrix Ka
computed by KBSF would coincide with a subset of the rows of the corresponding KBRL’s
matrix P̂a (cf. (23)). However, this property is lost if one uses (28) instead of (10).6

a = κa (s̄ , rs(sa , 1)),
k̇ij
τ i
j

surprisingly, this is also the form of KBRL’s solution if we fix the policy being evaluated
(cf. equation (7)). In both cases, the coefficients of the kernel-based approximation are
derived from the value function of the approximate MDP. The key difference is the way
the transition matrices are computed in each algorithm. As shown in (4), the transition
probabilities of KBRL’s model are given by the kernel values themselves. In contrast, the
computation of each element of NDPD’s transition matrix requires an integration over the
continuous state space S. In practice, this is done by numerical integration techniques
that may be very computationally demanding (see for example the experiments performed
by Grunewalder et al., 2012).
We directly compared NPDP with KBRL because both algorithms build a model whose
number of states is dictated by the number of sample transitions n, and neither method
explicitly attempts to keep n small. Since in this case each application of the Bellman
operator is O(n2 ), these methods are not suitable for problems in which a large number of
transitions is required, nor are they applicable to on-line reinforcement learning.5 There
are however kernel-smoothing methods that try to avoid this computational issue by either
keeping n small or by executing a number of operations that grows only linearly with n.
These algorithms are directly comparable with KBSF.
One of the first attempts to adapt KBRL to the on-line scenario was that of Jong and
Stone (2006). Instead of collecting a batch of sample transitions before the learning process
starts, the authors propose to grow such a set incrementally, based on an exploration policy
derived from KBRL’s current model. To avoid running a dynamic-programming algorithm
to completion in between two transitions, which may not be computationally feasible, Jong
and Stone (2006) resort to Moore and Atkeson’s (1993) “prioritized sweeping” method to
propagate the changes in the value function every time the model is modified. The idea
of exploiting the interpretation of KBRL as the derivation of a finite MDP in order to use
tabular exploration methods is insightful. However, it is not clear whether smart exploration
is sufficient to overcome the computational difficulties arising from the fact that the size of
the underlying model is inexorably linked to the number of sample transitions. For example,
even using sparse kernels in their experiments, Jong and Stone (2006) had to fix an upper
limit for the size of KBRL’s model. In this case, once the number of sample transitions has
reached the upper limit, all subsequent data must be ignored.
Following the same line of work, Jong and Stone (2009) later proposed to guide KBRL’s
exploration of the state space using Brafman and Tennenholtz’s (2003) R-MAX algorithm.
In this new paper the authors address the issue with KBRL’s scalability more aggressively.
First, they show how to combine their approach with Dietterich’s (2000) MAX-Q algorithm,
allowing the decomposition of KBRL’s MDP into a hierarchy of simpler models. While this
can potentially reduce the computational burden of finding a policy, such a strategy transfer
to the user the responsibility of identifying a useful decomposition of the task. A more practical approach is to combine KBRL with some stable form of value-function approximation.
For that, Jong and Stone (2009) suggest the use of Gordon’s (1995) averagers. As shown in
Appendix A.2, this setting corresponds to a particular case of KBSF in which representative
states are selected among the set of sampled states ŝia . It should be noted that, even when
using temporal abstraction and function approximation, Jong and Stone’s (2009) approach
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5. We note that, incidentally, all the reproducing-kernel methods discussed in this section also have a
computational complexity super-linear in n.
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notion of similarity. We believe that this general framework can potentially be materialized
into a multitude of useful reinforcement learning algorithms.

is bounded by two factors: the quality and the level of stochasticity of the underlying
stochastic factorization. We showed that both factors can be made arbitrarily small, which
implies that, in theory, we can make KBSF’s solution as close to KBRL’s solution as desired.
Theoretical guarantees do not always translate into good performance in practice, though,
either because they are built upon unrealistic assumptions or because they do not account
for procedural difficulties that arise in practical situations. To ensure that this is not the
case with our algorithm, we presented an extensive empirical study in which KBSF was successfully applied to different problems, some of them quite challenging. We also presented
general guidelines on how to configure KBSF to solve a reinforcement learning problem.
For all the reasons listed above, we believe that KBSF has the potential of becoming
a valuable resource for the solution of reinforcement learning problems. This is not to say
that the subject has been exhausted. There are several possibilities for future research,
some of which we now briefly discuss.
From an algorithmic point of view, perhaps the most pressing demand is for more
principled methods to define the representative states. Incidentally, this also opens up
the possibility of an automated procedure to set the kernel’s widths τ̄ based solely on
data. Taking the idea one step further, one can think of having one distinct τ̄i associated
with each kernel κ̄τ̄ (·, s̄i ) (which would make the similarity between KBSF’s approximation
and radial basis function networks even stronger). Another important advance would be
to endow iKBSF with more elaborate exploration strategies, maybe following the line of
research initiated by Jong and Stone (2006, 2009).
From a theoretical perspective, it may be desirable to “detach” KBSF from KBRL and
analyze the former on its own. In this paper we emphasized the view of our algorithm as
a tool to apply KBRL in practice. This view is clearly reflected in our theoretical results,
which show how KBSF’s solution deviates from KBRL’s and how we can control such a
deviation. But KBRL is itself an approximation, so perhaps it makes sense to analyze
KBSF independently from its precursor. This possibility is particularly appealing when we
look at KBSF as an intermediate approach between fully nonparametric and parametric
models, as discussed in Section 6.1.3.
Looking at KBSF against a broader context, a subject that deserves further investigation is the possibility of building an approximation based on multiple models. Model
averaging is not inherently linked to KBSF, and in principle it can be used with virtually
any reinforcement learning algorithm. However, KBSF’s low computational cost makes it
particularly amenable to this technique. Since our algorithm is significantly faster than any
method whose complexity per iteration is a function of the number of sample transitions,
we can afford to compute several approximations and still have a solution in comparable
time (see Section 4.2.3 and Barreto’s paper, 2014). Understanding how we can randomize
the construction of the individual models and to what extend this can improve the quality
of the resulting decision policy is a matter of interest.
We conclude by noting that KBSF represents one particular way in which the stochasticfactorization trick can be exploited in the context of reinforcement learning. In principle,
any algorithm that builds a model based on sample transitions can resort to the same trick
to leverage the use of the data. The basic idea remains the same: instead of estimating
the transition probabilities between every pair of states, one focuses on a small set of
representative states whose values are propagated throughout the state space based on some
∞

≤ kv∗ − v̌∗ k∞ + v̌∗ − ΓDQ̄∗

∞

,

(29)

(t)

(t)

(t)
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where δ̄i = maxj:dij >0,k q̄jk − minj:dij >0,k q̄jk and q̄jk are elements of Q̄(t) , the optimal
t-step action-value function of M̄ . Since kΓQ̌∗ − ΓDQ̄∗ k∞ ≤ kΓ(Q̌∗ − DQ̄∗ )k∞ and, for all

(t)

where we used the fact that maxa,i řia −mina,i řia ≤ R̄dif . It remains to bound v̌∗ − ΓDQ̄∗ ∞ .
Since řa = Dr̄a and DP̄a = DKa D = P̌a D for all a ∈ A, the stochastic matrix D satisfies Sorg and Singh’s (2009) definition of a soft homomorphism between M̌ and M̄ (see
equations (25)–(28) in their paper). Applying Theorem 1 by the same authors, we know
that
1
(t)
Γ(Q̌∗ − DQ̄∗ ) ∞ ≤
sup(1 − max dij ) δ̄i ,
(31)
j
1 − γ i,t

where v̌∗ is the optimal value function of M̌ . Our strategy will be to bound kv∗ − v̌∗ k∞ and
v̌∗ − ΓDQ̄∗ ∞ . In order to find an upper bound for kv∗ − v̌∗ k∞ , we apply Whitt’s (1978)
Theorem 3.1 and Corollary (b) of his Theorem 6.1, with all mappings between M and M̌
taken to be identities, to obtain


1
γ R̄dif
kv∗ − v̌∗ k∞ ≤
max kra − Dr̄a k∞ +
max kPa − DKa k∞ ,
(30)
a
1−γ
2(1 − γ) a

v∗ − ΓDQ̄∗

Proposition 2
Proof Let M̌ ≡ (S, A, P̌a , řa , γ), with P̌a = DKa and řa = Dr̄a . From the triangle
inequality, we know that

A.1 Proofs

Appendix A. Theoretical Results
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(t)
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∞

≤

R̄dif
R̄dif
max (1 − max dij ) =
σ(D).
j
(1 − γ)2 i
(1 − γ)2

t > 0, δ̄i ≤ (1 − γ)−1 (maxa,k r̄ka − mina,k r̄ka ), we can write
v̌∗ − ΓDQ̄∗

k (s0 , sia )
Pnaτ
a
0
j=1 kτ (s , sj )

=

(32)

φ (ks − sia k/τ )
φ (ks0 − sia k/τ )
 − Pna
 .
a
0
φ ks − sja k/τ
j=1 φ ks − sj k/τ

Pna
j=1

Substituting (30) and (32) back into (29), we obtain (8).

−

Lemma 4
Proof Define the function
a,i 0
ψτ,s
(s ) =

k (s, sia )
Pnaτ
a
j=1 kτ (s, sj )

k∈W w (s)

κ̄τ̄ (s, s̄k )

(33)

a,i 0
(s ) is also continuous in s0 . The property
Since φ is continuous, it is obvious that ψτ,s
a,i 0
(s ) = 0.
follows from the fact that lims0 →s ψτ,s

κ̄τ̄ (s, s̄k ) < α

(34)

Lemma 5† Let s ∈ S, let m > 1, and assume there is a w ∈ {1, 2, ..., m − 1} such that
dist(s, w) < dist(s, w + 1). Define W w (s) ≡ {k | ks − s̄k k ≤ dist(s, w)} and W̄ w (s) ≡
{1, 2, ..., m} − W w (s). Then, for any α > 0, we can guarantee that
X
X
k∈W̄ w (s)

ϕ(s, w, m, α) = min(ϕ1 (s, w), ϕ2 (s, w, m, α))

by making τ̄ < ϕ(s, w, m, α), where

and



ks − s̄k k
τ̄



φ̄

X

k∈W w (s)

X

⇐⇒

<α



k∈W̄ w (s)



.

k̄τ̄ (s, s̄k ) < α

ks − s̄k k
τ̄

X

k∈W w (s)

(36)

(35)

k̄τ̄ (s, s̄k ),



αw
 dist(s, w)
 dist(s, w) − dist(s, w + 1) , if
,
if
B
< 1,
φ̄ > 0,
ϕ1 (s, w) =
ϕ2 (s, w, m, α) =
Bφ̄
ln(αw/(m − w)λφ̄ )
(m − w)λφ̄


∞, otherwise,
∞, otherwise.

<α

φ̄

k∈W w (s) k̄τ̄ (s, s̄k )
Pm
i=1 k̄τ̄ (s, s̄i )

Proof Expression (33) can be rewritten as
P
P
k∈W̄ w (s) k̄τ̄ (s, s̄k )
Pm
i=1 k̄τ̄ (s, s̄i )

which is equivalent to
X

k∈W̄ w (s)
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†. We restate the lemma here showing explicitly how to define τ̄ . This detail was omitted in the main body
of the text to improve clarity.
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dist(s, w + 1)
τ̄

<

αw
φ̄
m−w

dist(s, w)
τ̄

Based on Assumption (i), we know that a sufficient condition for (36) to hold is




.
φ̄

≤

< ln

β
λφ̄

+ δ)/τ̄ )
λφ̄ exp(−(z + δ)/τ̄ )
=
.
Aφ̄ exp(−z/τ̄ )
exp(−z/τ̄ )

λφ̄ Aφ̄ exp(−(z

⇐⇒ τ̄ < −

δ
.
ln(β/λφ̄ )

(37)

(38)

Let β = αw/(m − w). If β > 1, then (37) is always true, regardless of the value of τ̄ . We
now show that, when β ≤ 1, it is always possible to set τ̄ in order to guarantee that (37)
holds. Let z = dist(s, w) and let δ = dist(s, w + 1) − z. From Assumption (ii), we know
that, if Bφ̄ = 0 or τ̄ < z/Bφ̄ ,
φ̄((z + δ)/τ̄ )
φ̄(z/τ̄ )

Thus, in order for the result to follow, it suffices to show that

exp(−(z + δ)/τ̄ )
β
<
.
exp(−z/τ̄ )
λφ̄

β
λφ̄

exp(−(z + δ)/τ̄ )
exp(−z/τ̄ )

We know that, since δ > 0, if β/λφ̄ = 1 inequality (38) is true. Otherwise,
!


δ
< ln
τ̄

exp(−(z + δ)/τ̄ )
β
<
⇐⇒ ln
exp(−z/τ̄ )
λφ̄
!

⇐⇒ −

(39)

Thus, by taking τ̄ < −δ/ ln(β/λφ̄ ) if Bφ̄ > 0, or τ̄ < min(−δ/ ln(β/λφ̄ ), z/Bφ̄ ) otherwise,
the result follows.

Proposition 6
Proof From (6) and (11), we know that

kr̂a − Dr̄a k∞ = kP̂a r − DKa rk∞ = k(P̂a − DKa )rk∞ ≤ kP̂a − DKa k∞ krk∞ .

(40)
a

max kP̂a − DKa k∞ < ν

(41)

Thus, plugging (39) back into (8), it is clear that there is a ν > 0 such that ξv <  if

and
i

j

max (1 − max dij ) < ν.
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We start by showing that there is a δ > 0 and a θ > 0 such that expression (40) is true if
maxa,i dist(ŝia , w) < δ and τ̄ < θ. Let P̌a = DKa and let p̂ia ∈ R1×n and p̌ia ∈ R1×n be the
ith rows of P̂a and P̌a , respectively. Then,
Pna
Pm ˙a a
a −
kp̂ia − p̌ia k∞ = j=1
|p̂ij
k=1 dP
ik k̇kj |
Pna
m
a
a
a
a a a
= j=1
|κ
τ (s̄k , sj )|
τ (ŝi , sj ) −
k=1 κ̄τ̄ (ŝi , s̄k )κ
P
P
P
m
m
= na | k=1
κ̄τ̄ (ŝia , s̄k )κτa (ŝia , sja ) − k=1
κ̄τ̄ (ŝia , s̄k )κτa (s̄k , sja )|
(42)
Pj=1 Pm
= na | k=1
κ̄τ̄ (ŝia , s̄k )[κτa (ŝia , sja ) − κτa (s̄k , sja )]|
j=1
Pna Pm
a
a a a
a
a
j=1
k=1 κ̄τ̄ (ŝi , s̄k ) κτ (ŝi , sj ) − κτ (s̄k , sj ) .
≤

52

κ̄τ̄ (ŝai , s̄k )|κaτ (ŝai , saj ) − κaτ (s̄k , saj )| =
k=1

m
X

κ̄τ̄ (ŝai , s̄k )ςka,i,j <

ν
na
(43)

z
=
ςmin

(

0 otherwise

k∈W

minz

{ςkz |ςkz

k∈W

ςkz

k∈W z

X

> 0} if maxz

κ̄τ̄ (ŝai , s̄k )ςkz =

> 0,

k∈W z

P

k∈W̄ z

if

|W z |

k∈W

0 otherwise.

max

ςkz
< m,

κ̄τ̄ (ŝai , s̄k )ςkz ≤ maxz ςkz < ν/na .

(

κ̄τ̄ (ŝai , s̄k )ςkz .

κ̄τ̄ (ŝai , s̄k )ςkz <

k∈W̄

κ̄τ̄ (ŝai , s̄k ) <

X
ν
ν
1
k̄τ̄ (ŝai , s̄k ) <
⇐⇒ Pm
.
a
z
z
na ς¯max
n
ς
¯
a
max
j=1 k̄τ̄ (ŝi , s̄j )
z

k∈W̄

ν
.
na

(45)

(44)

k̄τ̄ (ŝai , s̄k ) <

k∈W

k∈W̄

k∈W

(46)

X
X
X
ν
ν
k̄τ̄ (ŝai , s̄k ) ⇐⇒
κ̄τ̄ (ŝai , s̄k ).
κ̄τ̄ (ŝai , s̄k ) <
z
z
na ς¯max
na ς¯max
−ν
−ν
z
z
z

k∈W̄

βz =

na

ν
−1
κ̄τ̄ (ŝai , s̄k )ςkz

53

k∈W z

P
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(47)

We can guarantee that (46) is true by applying Lemma 5. Before doing so, though, lets
z
analyze the case in which ςmin
> 0. Define

k∈W̄ z

X

and, after a few algebraic manipulations, we obtain

j∈W

z
Obviously, if ς¯max
≤ ν/na inequality (45) is always true, regardless of the value of τ̄ .
Otherwise, we can rewrite (45) as


X
X
X
ν
a
a
a

k̄τ̄ (ŝi , s̄k ) <
k̄τ̄ (ŝi , s̄j ) +
k̄τ̄ (ŝi , s̄k ) ,
z
na ς¯max
z
z
z

k∈W̄ z

X

A sufficient condition for (44) to be true is

k∈W̄ z

P

z
We now turn to the case in which
> 0. Suppose first that ςmin
= 0. In this case, we
have to show that there is a τ̄ that yields

z
ς¯max

k∈W̄ z

X

z
=
and ς¯max

κ̄τ̄ (ŝai , s̄k )ςkz +

z
= 0, inequality (43) is necessarily true, since
If ς¯max

Let

k=1

m
X

if dist(ŝai , w) < δ a,i,j and τ̄ < θa,i,j (recall that ςka,i,j had already been defined in (16)). To
simplify the notation, we will use the superscript ‘z’ meaning ‘a, i, j’. From Lemma 4 we
know that there is a δ z > 0 such that ςkz < ν/na if kŝai −s̄k k < δ z . Let W z ≡ {k | kŝai −s̄k k <
δ z } and W̄ z ≡ {1, 2, ..., m} − W z . Since we are assuming that dist(ŝai , w) < δ z , we know
that W z 6= ∅. In this case, we can write:

k=1

m
X

Our strategy will be to show that, for any a, i, and j, there is a δ a,i,j > 0 and a θa,i,j > 0
such that
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κ̄τ̄ (ŝai , s̄k ) <

z
P
β z ςmin
a
k∈W z κ̄τ̄ (ŝi , s̄k ).
z
ς¯max

(49)

α2z =



z
z , if ς¯z
z /¯
ςmax
β z ςmin
max > 0 and ςmin > 0,
∞, otherwise.

(1 − ν)

k=2

m
X

k̄τ̄ (ŝai , rs(ŝai , 1))

"

+

k=2

m
X

#
k̄τ̄ (ŝai , rs(ŝai , k))

k̄τ̄ (ŝai , rs(ŝai , k)) < ν k̄τ̄ (ŝai , rs(ŝai , 1)).

> (1 − ν)

j

,

(50)

k̄τ̄ (ŝai , rs(ŝai , k)) <

α=



ν/(1 − ν), if ν < 1,
∞, otherwise.

m
X
ν
ν
k̄τ̄ (ŝai , rs(ŝai , 1)) ⇐⇒
κ̄τ̄ (ŝai , rs(ŝai , k)) <
κ̄τ̄ (ŝai , rs(ŝai , 1)).
1−ν
1−ν
k=2
(51)

54
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Then, if we make ω a,i = ϕ(ŝai , 1, m, α), with ϕ defined in (34), we can resort to Lemma 5 to

Let

k=2

m
X

If ν ≥ 1, inequality (50) is true regardless of the particular choice of τ̄ . Otherwise, we can
rewrite (50) as

which is equivalent to

k̄τ̄ (ŝai , rs(ŝai , 1))

we want to show that

Let αz < min(α1z , α2z ). Then, if we make θz = ϕ(ŝai , |W |, m, αz ), with ϕ defined in (34),
we can apply Lemma 5 to guarantee that (43) holds. Finally, if we let δ = minz δ z =
mina,i,j δ a,i,j and θ = minz θz = mina,i,j θa,i,j , we can guarantee that (43) is true for all a, i,
and j, which implies that (40) is also true (see (42)).
It remains to show that there is a ω > 0 such that (41) is true if τ̄ < ω. Recalling that,
for any i and any a,
max d˙aij = κ̄τ̄ (ŝai , rs(ŝai , 1)),

and

Observe that expressions (46) and (49) only differ in the coefficient multiplying the righthand side of the inequalities. Let

z n − ν), if ς¯z
ν/(¯
ςmax
a
max > ν/na
α1z =
∞, otherwise,

k∈W̄ z

P

A sufficient condition for (48) to hold is

P
(note that β z > 0 because k∈W z κ̄τ̄ (ŝai , s̄k )ςkz < v/na ). In order for (43) to hold, we must
show that there is a τ̄ that guarantees that
P
P
a
z
z
a
z
(48)
k∈W̄ z κ̄τ̄ (ŝi , s̄k )ςk − β
k∈W z κ̄τ̄ (ŝi , s̄k )ςk < 0.
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guarantee that (51) holds. As before, if we let ω = mina,i ω a,i , we can guarantee that (41)
is true. Finally, by making τ̄ = min(θ, ω), the result follows.
Proposition 8
Proof
We start by plugging (39) into the definition of ξv , given in (8), to get:

1
R̄dif  γ
ξv ≤
max kP̂a − DKa k∞ krk∞ +
max kPa − DKa k∞ + σ(D)
1−γ a
(1 − γ)2 2 a


krk∞
R̄dif
γ R̄dif
+ σ(D)
.
= max kPa − DKa k∞
+
a
1 − γ 2(1 − γ)2
(1 − γ)2


Rmax
Rmax
γRmax
≤ max kPa − DKa k∞
+ σ(D)
+
a
1 − γ (1 − γ)2
2(1 − γ)2
Rmax
Rmax
+ σ(D)
,
(52)
(1 − γ)2
2(1 − γ)2
a

= max kPa − DKa k∞

a,i





ξv ≤ max 
a,i

na X
m
X
j=1 k=1

m
X
j=1

ςka,i,j

+






a,i

a,i

X

k∈W̄ w (ŝia )

ςka,i,j  R

κ̄τ̄ (ŝia , s̄k )

j=1

na
X



a,i

R
2
R
2

(53)

ςka,i,j  R + max (1 − κ̄τ̄ (ŝia , rs(ŝia , 1))]

ςka,i,j  R + max [1 − κ̄τ̄ (ŝia , rs(ŝia , 1))]

κ̄τ̄ (ŝia , s̄k )ςka,i,j  R + max [1 − κ̄τ̄ (ŝia , rs(ŝia , 1))]

κ̄τ̄ (ŝia , s̄k )

na
X
j=1

be defined as in (15). Then,

k=1

W̄ w (ŝia )

= max 
and
X

κ̄τ̄ (ŝia , s̄k )

na
X

j=1

{z

F (τ̄ ,w)


na
X
R
κ̄τ̄ (ŝia , s̄k )
ςka,i,j  R + max (1 − κ̄τ̄ (ŝia , rs(ŝia , 1))] .
a,i
2
j=1
}

κ̄τ̄ (ŝia , s̄k )
X

na
X

where we used the fact that R̄dif ≤ Rmax /2, which follows trivially from the observation
that mina,i r̄ia ≥ mina,i ria and maxa,i r̄ia ≤ maxa,i ria . To simplify the notation, let R =
Rmax /(1 − γ)2 . Then, from (42), the definition of ςka,i,j in (16), and the definition of σ(D)
in (9), we can rewrite (52) as


X

k∈W w (ŝia )



k∈W w (ŝia )



W w (ŝia )

a,i

≤ max 

Let

ξv

a,i

≤ max 

a,i

k∈W̄ w (ŝia )

+ max 
|
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We see that the two last terms of (53) coincide with the definition of F(τ̄ , w), given in (17).
Thus, if we make sure that κ̄τ̄ is an admissible kernel κ̄τ̄,w (see Definition 7), we can
55

R
2

l

P




ξv ≤ max 
a,i

a,i

na
X

na
X

j=1





ςka,i,j  R + 

ςka,i,j  R + 



|κτa (ŝia , sja ) − κτa (s̄k , sja )| R + .

kτ (s̄k , sla ). Then, for fixed a, i, j, and k:

j=1

na
X

j=1

κ̄τ̄,w (ŝia , s̄k )
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X

k∈W w (ŝia )

max

k∈W w (ŝia )

k∈W w (ŝi )



≤ max w
a,i

l

P

= w max  max a

kτ (ŝia , sla ) and z̄ka =

rewrite (53) as

Let zia =

kτ (ŝia , sja )

kτ (ŝia , sja )

na
X

j=1

−

z̄ka

kτ (s̄k , sja )

+

kτ (ŝia , sja )|z̄ka − zia |
.
zia z̄ka

na
a
X
− kτ (s̄k , sa )
|z̄
− za|
j
+
κτa (ŝia , sja ) k a i
z̄ka
z̄k
j=1

na
na
a a
a
a a
a
a
X
X
k
k
τ (ŝi , sj ) − kτ (s̄k , sj )
τ (ŝi , sj )|z̄k − zi |
+
z̄ka
zia z̄ka
j=1
j=1

≤

kτ (s̄k , sja )
k (ŝa , sa )
τ
i
j
P
|κτa (ŝia , sja ) − κτa (s̄k , sja )| = P
a
a a −
l kτ (ŝi , sl )
l kτ (s̄k , sl )
kτ (ŝa , sa ) kτ (s̄k , sja )
i
j
=
−
zia
z̄ka
z̄ a kτ (ŝa , sa ) − zia kτ (s̄k , sja )
i
j
k
=
zia z̄ka
z̄ka kτ (ŝia , sja ) − zia kτ (s̄k , sja ) + zia kτ (ŝia , sja ) − zia kτ (ŝia , sja )
=
zia z̄ka
kτ (ŝia , sja ) − kτ (s̄k , sja ) kτ (ŝia , sja )(z̄ka − zia )
=
+
z̄ka
zia z̄ka

|κτa (ŝia , sja ) − κτa (s̄k , sja )| ≤

Thus,
na
X
j=1

=

a
X
2
kτ (ŝia , sja ) − kτ (s̄k , sja ) .
kτ (s̄k , sla ) j=1

n

(54)
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(55)

na
X
kτ (ŝia , sja ) − kτ (s̄k , sja )
|z̄ a − z a |
=
+ k a i
z̄ka
z̄k
j=1


na
na
na
X
X
X
1
a a
a
a
a a 

= Pna
k
k
k
τ (ŝi , sj ) − kτ (s̄k , sj ) +
τ (s̄k , sj ) −
τ (ŝi , sj )
a
l=1 kτ (s̄k , sl )
j=1
j=1
j=1


na
na
X
X
1

kτ (ŝia , sja ) − kτ (s̄k , sja ) +
kτ (s̄k , sja ) − kτ (ŝia , sja ) 
kτ (s̄k , sla ) j=1
j=1
l=1

≤ Pna

l=1

= Pna

56

∞

a

a ∗

a ∗

∞
a ∗

a ∗

∞

∞

∞

+ γ kv∗ − ṽ∗ k∞ ,

+ γ P̃a (v∗ − ṽ∗ )
∞

(57)

57
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where in the last step we used the fact that P̃a is stochastic, and thus kP̃a vk∞ ≤ kvk∞ for
any
aP
bound forPk(Pa − P̃a )v∗ k∞ . Let A = Pa − P̃a . Then, for any i,
P v. WePnowa provide
a
a
a
j aij =
j (pij − p̃ij ) =
j pij −
j p̃ij = 0, that is, the elements in each row of A sum
+
to zero. Let a+
be
the
sum
of
positive
elements
in the ith row of A and let a+
max = maxi ai .
i

≤ kra − r̃a k∞ + γ (Pa − P̃a )v∗

≤ kra − r̃a k∞ + γ (Pa − P̃a )v∗

= kr − r̃ k∞ + γ P v − P̃ v + P̃ v − P̃ ṽ

a

≤ kra − r̃a k∞ + γ Pa v∗ − P̃a ṽ∗

kqa∗ − q̃a∗ k∞ = ra + γPa v∗ − r̃a − γ P̃a ṽ∗

Lemma 9
Proof Let qa∗ , q̃a∗ ∈ R|S| be the ath columns of Q∗ and Q̃∗ , respectively. Then,

Proceeding with the substitution mentioned above, we have


na
X
1
kτ (ŝai , saj ) − kτ (s̄k , saj )  R + 
ξv ≤ 2w max  max a Pna
a
a,i
k∈W w (ŝi )
l=1 kτ (s̄k , sl ) j=1


Cφ
1
a
≤ 2w max
max a Pna
n
kŝ
−
s̄
k
R+
a
k
i
a
a,i
k∈W w (ŝi )
l=1 kτ (s̄k , sl ) τ


2wCφ
na kŝa − s̄k k
R+
=
max
max Pna i
a
a,i
τ
k∈W w (ŝa
)
i
l=1 kτ (s̄k , sl )


a
2wCφ
na kŝi − s̄k k
≤
max
max
R+
a,i
τ
na kmin
k∈W w (ŝa
i)
2wCφ
=
max max kŝa − s̄k kR + .
τ kmin a,i k∈W w (ŝai ) i

In order to derive our result, it suffices to replace (55) in (54). Before doing so, though,
note that Assumption (iii) implies that




ks − s0 k
ks − s00 k
kτ (s, s0 ) − kτ (s, s00 ) = φ
−φ
τ
τ
Cφ
0
00
≤
ks − s k − ks − s k
τ
Cφ
≤
ks − s00 k + ks00 − s0 k − ks − s00 k
τ
Cφ 00
ks − s0 k.
(56)
=
τ
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X

j

≤

aij vj∗ | ≤

X

(j:aij <0)

X

(58)

+ ∗
∗
∗
+
∗
∗
aij vmin
= a+
i vmax − ai vmin ≤ amax (vmax − vmin )

a+
a+ Rdif
Rdif
max
a
a
(rmax
− rmin
) ≤ max
=
kPa − P̃a k∞ ,
1−γ
1−γ
2(1 − γ)

(j:aij >0)

∗
aij vmax
+

1
γ
max kr̂at − Dt r̄at k∞ +
R̄dif,t max kP̂at − Dt Kat k∞ . (60)
a
1−γ a
2(1 − γ)2

58

|Q̌∗t (s, a) − Q̃∗t (s, a)| ≤

R̄dif,t
σ(Dt )
(1 − γ)2
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(61)

In order to bound |Q̌∗t (s, a) − Q̃∗t (s, a)|, we note that, since the information contained in
the
to state s has been incorporated to iKBSF’s model M̄ at time t, Q̃∗t (s, a) =
Pmtransition
∗ (s̄ , a), for any a ∈ A, where d
th
th
d
Q̄
ti,t
i
ti,t is the element in the t row and i column of
t
i=1
∗
∗
Dt (see Figure 2b). In matrix form, we have Q̃t = Dt Q̄t . As Dt is a soft homomorphism
between M̌t and M̄t , we can resort to Sorg and Singh’s (2009) Theorem 1, as done in
Proposition 2, to write:

|Q̂t (s, a)−Q̌∗t (s, a)| ≤

where Q̂t and Q̃t are defined in thePproposition’s statement, Q̌∗t is the optimal action∗
value function of M̌t , and Q̃∗t (s, a) = m
i=1 κ̄τ̄ (s, s̄i )Q̄t (s̄i , a) (the reader will forgive a slight
abuse of notation here, since in general Q̃∗t is not the optimal value function of any MDP).
Our strategy will be to bound each term on the right-hand side of (59). Since M̂t is
the model constructed by KBRL using all the data seen by iKBSF up to time step t,
state s will correspond to one of the states ŝbi in this MDP. Thus, from (7), we see that
Q̂t (s, a) = Q̂∗t (ŝbi , a) for some i and some b. Therefore, applying Lemma 9 to M̂t and M̌t ,
we can write

|Q̂t (s, a) − Q̃t (s, a)| ≤ |Q̂t (s, a) − Q̌∗t (s, a)| + |Q̌∗t (s, a) − Q̃∗t (s, a)| + |Q̃∗t (s, a) − Q̃t (s, a)|, (59)

Proposition 10
Proof Let M̌t ≡ (Ŝt , A, P̌at , řat , γ), with P̌at = Dt Kat and řat = Dt r̄at . From the triangle
inequality, we know that

kqa∗ − q̃a∗ k∞ ≤ kra − r̃a k∞ +



γRdif
γ
γRdif
kPa − P̃a k∞ +
max kPa − P̃a k∞
max kra − r̃a k∞ +
a
2(1 − γ)
1−γ
2(1 − γ) a


γRdif
γ
γRdif
≤ max kra − r̃a k∞ +
max kPa − P̃a k∞ +
max kPa − P̃a k∞ .
max kra − r̃a k∞ +
a
a
2(1 − γ) a
1−γ
2(1 − γ) a

where we used the convention vmax = maxi vi (analogously for vmin ). As done in (30), we
can resort to Whitt’s (1978) Theorem 3.1 and Corollary (b) of his Theorem 6.1 to obtain a
bound for kv∗ − ṽ∗ k∞ . Substituting such a bound and expression (58) in (57), we obtain

|

It should be clear that kAk∞ = 2a+
max . Then, for any i,
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κ̄τ̄ (s, s̄i )Q̄t∗ (s̄i , a) −

m
X
i=1

κ̄τ̄ (s, s̄i )Q̄t (s̄i , a)

κ̄τ̄ (s, s̄i ) Q̄t∗ (s̄i , a) − Q̄t (s̄i , a) ≤ Q̄t ,

m
X

i=1

m
X

i=1
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(see (31) and (32)). Finally,
|Q̃t∗ (s, a) − Q̃t (s, a)| =
≤
(62)

Pm
κ̄τ̄ (s, s̄i ) is a convex combination. Subwhere the last step follows from the fact that i=1
stituting (60), (61), and (62) in (59), we obtain the desired bound.

A.2 Alternative error bound
In Section 3 we derived an upper bound for the approximation error introduced by the
application of the stochastic-factorization trick. In this section we introduce another bound
that has different properties. First, the bound is less applicable, because it depends on
quantities that are usually unavailable in a practical situation (the fixed points of two
contraction mappings). On the bright side, unlike the bound presented in Proposition 2,
the new bound is valid for any norm. Also, it draws an interesting connection with an
important class of approximators known as averagers (Gordon, 1995).
We start by deriving a theoretical result that only applies to stochastic factorizations of
order n. We then generalize this result to the case in which the factorizations are of order
m < n.

2γ
γ(1 + γ) ∗
kv∗ − uk +
kv − v̌∗ k,
1−γ
1−γ

(63)

Lemma 11 Let M ≡ (S, A, Pa , ra , γ) be a finite MDP with |S| = n and 0 ≤ γ < 1. Let
ELa = Pa be |A| stochastic factorizations of order n and let ¯r̄a be vectors in Rn such that
¯ a , ¯r̄a , γ),
¯ ≡ (S, A, P̄
E¯r̄a = ra for all a ∈ A. Define the MDPs M̌ ≡ (S, A, La , ¯r̄a , γ) and M̄
¯ a = La E. Then,
with P̄
¯ ∗ k ≤ ξv0 ≡
kv∗ − T Ev̄

where k · k is a norm in Rn and u is a vector in Rn such that Eu = u.

and

ˇ
T̄¯v = EΓ∆v.

(64)

¯ are given by T = Γ∆, Ť = Γ∆,
ˇ and
Proof The Bellman operators of M , M̌ , and M̄
¯ Note that qa = ra + γPa v = E¯r̄a + γELa v = E(¯r̄a + γLa v), where qa is the
T̄¯ = Γ∆.
ˇ Since E is stochastic, we can think of it as one of
ath column of Q. Thus, ∆ = E∆.
Gordon’s (1995) averagers given by A(v) = Ev, and then resort to Theorem 4.1 by the
same author to conclude that T̄¯ = EŤ . Therefore,7
ˇ
T v = ΓE∆v
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7. Interestingly, the effect of swapping matrices E and La is to also swap the operators Γ and E.
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Using (64), it is easy to obtain the desired upper bound by resorting to the triangle inequality, the definition of a contraction map, and Denardo’s (1967) Theorem 1:

∗
∗
∗
¯∗
¯∗
¯∗
¯ ∗ k)
kv∗ − T Ev̄
k
≤
γkv
−
E
v̄
k
≤
γ(kv
−
uk
+
ku
−
E
v̄
k)
≤
γ(kv
−
uk
+
ku
−
v̄




1
1
∗
ˇ
ˇ
ku − EΓ∆uk
≤
γ
kv
− uk +
ku − Γ∆uk
≤ γ kv∗ − uk +
1−γ
1−γ



1
ˇ
≤ γ kv∗ − uk +
ku − v̌∗ k + kv̌∗ − Γ∆uk
1−γ




1+γ
1
(ku − v̌∗ k + γkv̌∗ − uk) = γ kv∗ − uk +
ku − v̌∗ k
≤ γ kv∗ − uk +
1−γ
1−γ


1+γ
≤ γ kv∗ − uk +
(ku − v∗ k + kv∗ − v̌∗ k)
1−γ
γ(1 + γ) ∗
γ(1 + γ) ∗
kv − uk +
kv − v̌∗ k
= γkv∗ − uk +
1−γ
1−γ
γ − γ2 + γ + γ2 ∗
γ(1 + γ) ∗
kv − uk +
kv − v̌∗ k.
1−γ
1−γ

=

The derived upper bound depends on two fixed points: u, a fixed point of E, and v̌∗ ,
ˇ Since the latter is defined by r̄a and La , the bound is
the unique fixed point of Ť = Γ∆.
essentially a function of the factorization terms, as expected. Notice that the bound is valid
for any norm and any fixed point of E (we may think of u as the closest vector to v∗ in Rn
which satisfies this property). Notice also that the first term on the right-hand side of (63)
is exactly the error bound derived in Gordon’s (1995) Theorem 6.2. When La = Pa and
ra = ¯r̄a for all a ∈ A, the operators T and Ť coincide, and hence the second term of (63)
vanishes. This makes sense, since in this case T̄¯ = ET , that is, the stochastic-factorization
trick reduces to the averager A(v) = Ev.
As mentioned above, one of the assumptions of Lemma 11 is that the factorizations
ELa = Pa are of order n. This is unfortunate, since the whole motivation behind the
stochastic-factorization trick is to create an MDP with m < n states. One way to obtain
such a reduction is to suppose that matrix E has n − m columns with zeros only. Define
E ⊂ {1, 2, ..., n} as the set of columns of E with at least one nonzero element and let H be a
matrix in Rm×n such that hij = 1 if j is the ith smallest element in E and hij = 0 otherwise.
The following proposition generalizes the previous result to a stochastic factorization of
order m:

Proposition 12 Suppose the assumptions of Lemma 11 hold. Let D = EH| , Ka = HLa ,
and r̄a = H¯r̄a , with H defined as described above. Define the MDP M̄ ≡ (S̄, A, P̄a , r̄a , γ),
with |S̄| = m and P̄a = Ka D. Then, kv∗ − ΓDQ̄∗ k ≤ ξv0 , with ξv0 defined in (63).

(65)
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Proof Let q̄∗a ∈ Rm be the ath column of Q̄∗ . Then,

Dq̄∗a = D r̄a + γ P̄a v̄∗ = Dr̄a + γDKa Dv̄∗ = EH| H¯r̄a + γEH| HLa EH| v̄∗


¯ a H| v̄∗ = E¯r̄a + γEP̄
¯ a v̄
¯ a v̄
¯ ∗ = E ¯r̄a + γ P̄
¯ ∗ = Eq̄
¯ ∗a ,
= E¯r̄a + γEP̄
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Puddle World: The puddle-world task was implemented as described by Sutton (1996),
but here the task was modeled as a discounted problem with γ = 0.99. All the transitions
were associated with a zero reward, except those leading to the goal, which resulted in
a reward of +5, and those ending inside one of the puddles, which lead to a penalty of
−10 times the distance to the puddle’s nearest edge. If the agent did not reach the goal
after 300 steps the episode was interrupted and considered as a failure. The algorithms
were evaluated on two sets of states distributed over disjoint regions of the state space
surrounding the puddles. The first set was a 3 × 3 grid defined over [0.1, 0.3] × [0.3, 0.5] and
the second one was composed of four states: {0.1, 0.3} × {0.9, 1.0}.
Pole Balancing: We implemented the simulator of the three versions of the polebalancing task using the equations of motion and parameters given in the appendix of
Gomez’s (2003) PhD thesis. For the integration we used the 4th order Runge-Kutta method
with a time step of 0.01 seconds and actions chosen every 2 time steps. The problem was
modeled as a discounted task with γ = 0.99. We considered the version of the task in
which the angle between the pole and the vertical plane must be kept within [−36o , 36o ].
In this formulation, an episode is interrupted and the agent gets a reward of −1 if the
pole falls past a 36-degree angle or the cart reaches the boundaries of the track, located at
2.4m from its center. At all other steps the agent receives a reward of 0. In all versions
of the problem an episode was considered a success if the pole(s) could be balanced for
3000 steps (one minute of simulated time). The test set was comprised of 81 states equally
spaced in the region defined by ±[1.2m, 1.2/5m, 18o , 75o /s], for the single pole case, and by
±[1.2m, 1.2/5m, 18o , 75o /s, 18o , 150o /s] for the double-pole version of the problem. These
values correspond to a hypercube centered at the origin and covering 50% of the state-space
axes in each dimension (since the velocity of the cart and the angular velocity of the poles
are theoretically not bounded, we defined the limits of these variables based on samples gen-

B.1 Tasks

This appendix describes the details of the experiments omitted in the paper.

Appendix B. Details of the experiments

The derived bound can be generalized to the case of approximate stochastic factorizations through the triangle inequality, as done in (29). However, if one resorts to Whitt’s (1978)
results to bound the distance between v∗ and v̌∗ —where v̌∗ is the optimal value function
of M̌ ≡ (S, A, DKa , Dr̄a , γ)—the compounded bound will no longer be valid for all norms,
since (30) only holds for the infinity norm.

¯ a H| v̄∗ =
where the equality EH| H = E follows from the definition of H. The identity P̄
¯
¯
a
∗
th
a
¯
P̄ v̄ is a consequence of the fact that the i column of P̄ only contains zeros if i ∈
/ E.
¯ is transient, the values of the recurrent states of M̄
¯ , which effectively
Since the ith state of M̄
¯ a v̄
¯ ∗ , will coincide with the values of the states of M̄ . Expresdefine the multiplication P̄
¯ ∗ . Also, since Eq̄
¯ ∗,
¯ ∗ = ra + γPa Ev̄
¯ a∗ = E¯r̄a + γELa Ev̄
sion (65) then leads to DQ̄∗ = EQ̄
¯
∗
∗
∗
∗
¯
we know that EQ̄ = ∆Ev̄ . Putting these results together, we obtain kv − ΓDQ̄ k =
¯ ∗ k = kv∗ − T Ev̄
¯ ∗ k, and Lemma 11 applies.
kv∗ − Γ∆Ev̄
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erated in simple preliminary experiments). For the triple pole-balancing task we performed
our simulations using the parameters usually adopted with the two pole version of the problem, but we added a third pole with the same length and mass as the longer pole (Gomez,
2003). In this case the decision policies were evaluated on a test set containing 256 states
equally distributed in the region ±[1.2m, 1.2/5m, 18o , 75o /s, 18o , 150o /s, 18o , 75o /s].
HIV drug schedule: The HIV drug schedule task was implemented using the system
of ordinary differential equations (ODEs) given by Adams et al. (2004). Integration was
carried out by the Euler method using a step size of 0.001 with actions selected at each 5000
steps (corresponding to 5 days of simulated time). As suggested by Ernst et al. (2006), the
problem was modeled as a discounted task with γ = 0.98. All other parameters of the task,
as well as the protocol used for the numerical simulations, also followed the suggestions
of the same authors. In particular, we assumed the existence of 30 patients who were
monitored for 1000 days. During the monitoring period, the content of the drug cocktail
administered to each patient could be changed at fixed intervals of 5 days. Thus, in a
sample transition (sai , ria , ŝai ): sai is the initial patient condition, a is one of the four types
of cocktails to be administered for the next 5 days, ŝai is the patient condition 5 days later,
and ria is a reward computed based on the amount of drug in the selected cocktail a and on
the difference between the patient’s condition from sai to ŝai (Ernst et al., 2006). The results
reported in Section 4.2.3 correspond to the performance of the greedy policy induced by
the value function computed by the algorithms using all available sample transitions. The
decision policies (in this case STI treatments) were evaluated for 5000 days starting from
an “unhealthy” state corresponding to a basin of attraction of the ODEs describing the
problem’s dynamics (see the papers by Adams et al. and Ernst et al.).
Epilepsy suppression: We used a generative model developed by Bush et al. (2009)
to perform our experiments with the epilepsy suppression task. The model was generated
based on labeled field potential recordings of five rat brain slices electrically stimulated
at frequencies of 0.0 Hz, 0.5 Hz, 1.0 Hz, and 2.0 Hz. The data was used to construct a
manifold embedding which in turn gave rise to the problem’s state space. The objective is
to minimize the occurrence of seizures using as little stimulation as possible, therefore there
is a negative reward associated with both events (see Section 4.2.4). Bush et al.’s generative
model is public available as an environment for the RL-Glue package (Tanner and White,
2009). In our experiments the problem was modeled as a discounted task with γ = 0.99.
The decision policies were evaluated on episodes of 105 transitions starting from a fixed set
of 10 test states drawn uniformly at random from the problem’s state space.
Helicopter hovering: In the experiments with the helicopter hovering task we used
the simulator developed by Abbeel et al. (2005), which is available as an environment for
the RL-Glue package (Tanner and White, 2009). The simulator was built based on data
collected from two separate flights of an XCell Tempest helicopter. The data was used
to adjust the parameters of an “acceleration prediction model”, which is more accurate
than the linear model normally adopted by industry. The objective in the problem is to
keep the helicopter hovering as close as possible to a specific location. Therefore, at each
time step the agent gets a negative reward proportional to the distance from the target
position. Since the problem’s original action space is A ≡ [−1, 1]4 , we discretized each
dimension using 4 break points distributed unevenly over [−1, 1]. We tried several possible
discretizations and picked the one which resulted in the best performance of the SARSA

Barreto, Precup, and Pineau

Practical Kernel-Based Reinforcement Learning

φ(z) ≡ φ̄(z) ≡ exp(−z)

(66)

agent (see Section 5.2.3). After this process, the problem’s action space was redefined as
A ≡ {−0.25, −0.05, +0.05, +0.25}4 . The problem was modeled as a discounted task with
γ = 0.99. The decision policies were evaluated in episodes starting from the target position
and ending when the helicopter crashed.
B.2 Algorithms
In all experiments, we used
to define the kernels used by KBRL, LSPI, and KBSF. In the experiments involving a large
number of sample transitions we used sparse kernels, that is, we only computed the µ largest
values of kτ (s̄i , ·) and the µ̄ largest values of k̄τ̄ (ŝia , ·). In order to implement this feature,
we used a KD-tree to find the µ (µ̄) nearest neighbors of s̄i (ŝia ) and only computed kτ
(k̄τ̄ ) in these states (Bentley, 1975). The value of kτ and k̄τ̄ outside this neighborhood was
truncated to zero (we used specialized data structures to avoid storing those).
We now list a few details regarding the algorithms’s implementations which were not
described in the paper:
• KBRL and KBSF: We used modified policy iteration to compute Q̂∗ (Puterman
and Shin, 1978). The value function of a fixed policy π was approximated through
value iteration using the stop criterion described by Puterman (1994, Proposition
6.6.5) with ε = 10−6 . Table 1 shows the parameters’s values used by KBSF across
the experiments.
• LSPI: As explained above, LSPI used the kernel derived from (66) as its basis function. Following Lagoudakis and Parr (2003), we adopted one block of basis functions
for each action a ∈ A. Singular value decomposition was used to avoid eventual numerical instabilities in the system of linear equations constructed at each iteration of
LSPI (Golub and Loan, 1993).
• Fitted Q-iteration and extra trees: FQIT has four main parameters: the number
of iterations, the number of trees composing the ensemble, the number of candidate
cut-points evaluated during the generation of the trees, and the minimum number of
elements required to split a node, denoted here ηmin . In general, increasing the first
three improves performance, while ηmin has an inverse relation with the quality of
the final value function approximation. Our experiments indicate that the following
configuration of FQIT usually results in good performance on the tasks considered
in this paper: 50 iterations (with the structure of the trees fixed after the 10th one),
an ensemble of 30 trees, and dS candidate cut points, where dS is the dimension of
the state space S. The parameter ηmin has a particularly strong effect on FQIT’s
performance and computational cost, and its correct value seems to be more problemdependent. Therefore, in all of our experiments we fixed the parameters of FQIT as
described above and only varied ηmin .
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• SARSA: We adopted the implementation of SARSA(λ) available in the RL-Glue
package (Tanner and White, 2009). The algorithm uses gradient descent temporaldifference learning to configure a tile coding function approximator.
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Problem
Puddle
Puddle
Single Pole
Double Pole
Triple Pole
HIV
Epilepsy
Helicopter

Section
4.2.1
5.2.1
4.2.2
4.2.2
5.2.2
4.2.3
4.2.4
5.2.3

m
{10, 30, ..., 150}
100
{10, 30, ..., 150}
{20, 40, ..., 200}
on-line
{2000, 4000, ..., 10000}
50000∗
500∗

τ
{0.01, 0.1, 0.1}
{0.01, 0.1, 0.1}
1
1
100∗
1
1
1
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s̄i
k-means
evenly
k-means
k-means
on-line
random
k-means
k-means

τ̄
{0.01, 0.1, 0.1}
{0.01, 0.1, 0.1}
{0.01, 0.1, 0.1}
{0.01, 0.1, 0.1}
1∗
1
{0.01, 0.1, 0.1}
1

µ
∞
∞
∞
∞
50∗
2∗
6∗
4∗

µ̄
∞
∞
∞
∞
10∗
3∗
6∗
4∗

Table 1: Parameters used by KBSF on the computational experiments. The values marked
with an asterisk (∗ ) were determined by trial and error on preliminary tests. The
remaining parameters were kept fixed from the start or were defined based on a
very coarse search.

Appendix C. Table of Symbols

Table 2 shows the main symbols used in the paper. Auxiliary symbols and functions whose
use is restricted to a specific part of the text are not listed in the table.
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Practical Kernel-Based Reinforcement Learning

Abstract

c 2016 Daniel Russo and Benjamin Van Roy.

This paper considers the problem of repeated decision making in the presence of model
uncertainty. A decision-maker repeatedly chooses among a set of possible actions, observes
an outcome, and receives a reward representing the utility derived from this outcome. The
decision-maker is uncertain about the underlying system and is therefore initially unsure of
which action is best. However, as outcomes are observed, she is able to learn over time to
make increasingly effective decisions. Her objective is to choose actions sequentially so as
to maximize the expected cumulative reward.

1. Introduction

Keywords: Thompson sampling, online optimization, mutli–armed bandit, information
theory, regret bounds

We provide an information-theoretic analysis of Thompson sampling that applies across a
broad range of online optimization problems in which a decision-maker must learn from
partial feedback. This analysis inherits the simplicity and elegance of information theory
and leads to regret bounds that scale with the entropy of the optimal-action distribution.
This strengthens preexisting results and yields new insight into how information improves
performance.
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We focus on settings with partial feedback, under which the decision-maker does not
generally observe what the reward would have been had she selected a different action. This
feedback structure leads to an inherent tradeoff between exploration and exploitation: by
experimenting with poorly understood actions one can learn to make more effective decisions
in the future, but focusing on better understood actions may lead to higher rewards in the
short term. The classical multi–armed bandit problem is an important special case of this
formulation. In such problems, the decision–maker only observes rewards she receives, and
rewards from one action provide no information about the reward that can be attained
by selecting other actions. We are interested here primarily in models and algorithms
that accommodate cases where the number of actions is very large and there is a richer
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information structure relating actions and observations. This category of problems is often
referred to as online optimization with partial feedback.
A large and growing literature treats the design and analysis of algorithms for such problems. An online optimization algorithm typically starts with two forms of prior knowledge.
The first – hard knowledge – posits that the mapping from action to outcome distribution
lies within a particular family of mappings. The second – soft knowledge – concerns which
of these mappings are more or less likely to match reality. Soft knowledge evolves with observations and is typically represented in terms of a probability distribution or a confidence
set.
Much recent work concerning online optimization algorithms focuses on establishing
performance guarantees in the form of regret bounds. Surprisingly, virtually all of these
regret bounds depend on hard knowledge but not soft knowledge, a notable exception being
the bounds of Srinivas et al. (2012) which we discuss further in Section 1.2. Regret bounds
that depend on hard knowledge yield insight into how an algorithm’s performance scales
with the complexity of the family of mappings and are useful for delineating algorithms
on that basis, but if a regret bound does not depend on soft knowledge, it does not have
much to say about how future performance should improve as data is collected. The latter
sort of insight should be valuable for designing better ways of trading off between exploration and exploitation, since it is soft knowledge that is refined as a decision-maker learns.
Another important benefit to understanding how performance depends on soft knowledge
arises in practical applications: when designing an online learning algorithm, one may have
access to historical data and want to understand how this prior information benefits future
performance.
In this paper, we establish regret bounds that depend on both hard and soft knowledge
for a simple online learning algorithm alternately known as Thompson sampling, posterior
sampling, or probability matching. The bounds strengthen results from prior work not only
with respect to Thompson sampling but relative to regret bounds for any online optimization
algorithm. Further, the bounds offer new insight into how regret depends on soft knowledge.
Indeed, forthcoming work of ours leverages this to produce an algorithm that outperforms
Thompson sampling.
We found information theory to provide tools ideally suited for deriving our new regret
bounds, and our analysis inherits the simplicity and elegance enjoyed by work in that field.
Our formulation encompasses a broad family of information structures, including as special
cases multi–armed bandit problems with independent arms, online optimization problems
with full information, linear bandit problems, and problems with combinatorial action sets
and “semi–bandit” feedback. We leverage information theory to provide a unified analysis
that applies to each of those special cases.
A novel feature of our bounds is their dependence on the entropy of the optimal-action
distribution. To our knowledge, these are the first bounds on the expected regret of any
algorithm that depend on the magnitude of the agent’s uncertainty about which action
is optimal. The fact that our bounds only depend on uncertainties relevant to optimizing
performance highlights the manner in which Thompson sampling naturally exploits complex
information structures. Further, in practical contexts, a decision-maker may begin with an
understanding that some actions are more likely to be optimal than others. For example,
when dealing with a shortest path problem, one might expect paths that traverse fewer
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edges to generally incur less cost. Our bounds are the first to formalize the performance
benefits afforded by such an understanding.

An Information-Theoretic Analysis of Thompson Sampling

Russo and Van Roy

1.1 Preview of Results

(2)

4
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1. Microsoft (Graepel et al., 2010), Google analytics (Scott, 2014) and Linkedin (Tang et al., 2013) have
used Thompson sampling.

Though Thompson sampling was first proposed in 1933 (Thompson, 1933), until recently it
was largely ignored in the academic literature. Interest in the algorithm grew after empirical
studies (Scott, 2010; Chapelle and Li, 2011) demonstrated performance exceeding state of
the art. Over the past several years, it has also been adopted in industry.1 This has
prompted a surge of interest in providing theoretical guarantees for Thompson sampling.
One of the first theoretical guarantees for Thompson sampling was provided by May et al.
(2012), but they showed only that the algorithm converges asymptotically to optimality.
Agrawal and Goyal (2012); Kauffmann et al. (2012); Agrawal and Goyal (2013a) and Korda
et al. (2013) studied on the classical multi-armed bandit problem, where sampling one action
provides no information about other actions. They provided frequentist regret bounds for
Thompson sampling that are asymptotically optimal in the sense defined by Lai and Robbins
(1985). To attain these bounds, the authors fixed a specific uninformative prior distribution,
and studied the algorithm’s performance assuming this prior is used.
Our interest in Thompson sampling is motivated by its ability to incorporate rich forms
of prior knowledge about the actions and the relationship among them. Accordingly, we
study the algorithm in a very general framework, allowing for an arbitrary prior distribution
over the true outcome distributions p∗ = (pa∗ )a∈A . To accommodate this level of generality
while still focusing on finite–time performance, we study the algorithm’s expected regret
under the prior distribution. This measure is sometimes called Bayes risk or Bayesian
regret.
Our recent work (Russo and Van Roy, 2014) provided the first results in this setting.
That work leverages a close connection between Thompson sampling and upper confidence
bound (UCB) algorithms, as well as existing analyses of several UCB algorithms. This
confidence bound analysis was then extended to a more general setting, leading to a general
regret bound stated in terms of a new notion of model complexity – what we call the eluder
dimension. While the connection with UCB algorithms may be of independent interest,

1.2 Related Work

algorithm is able to learn more rapidly by exploiting the known model, since observations
from selecting one action provide information about rewards that would have been generated
by other actions. Second, the bound depends on the entropy of the prior distribution of A∗
instead of a worst case measure like the logarithm of the number of actions. This highlights
the benefit of prior knowledge that some actions are more likely to be optimal than others.
In particular, this bound exhibits the natural property that as the entropy of the prior
distribution of A∗ goes to zero, expected regret does as well.
Our main result extends beyond the class of linear bandit problems. Instead of depending on the linear dimension of the model, it depends on a more general measure of
the problem’s information complexity: what we call the problem’s information ratio. By
bounding the information ratio in specific settings, we recover the bound (2) as a special
case, along with bounds for problems with full feedback and problems with combinatorial
action sets and “semi–bandit” feedback.

(1)

Our analysis is based on a general probabilistic, or Bayesian, formulation in which uncertain
quantities are modeled as random variables. In principle, the optimal strategy for such a
problem could be calculated via dynamic programing, but for problem classes of practical
interest this would be computationally intractable. Thompson sampling serves as a simple
and elegant heuristic strategy. In this section, we provide a somewhat informal problem
statement, and a preview of our main results about Thompson sampling. In the next
subsection we discuss how these results relate to the existing literature.
A decision maker repeatedly chooses among a finite set of possible actions A and upon
taking action a ∈ A at time t ∈ N she observes a random outcome Yt,a ∈ Y. She associates
a reward with each outcome as specified by a reward function R : Y → R. The outcomes
(Yt,a )t∈N are drawn independently over time from a fixed probability distribution pa∗ over
Y. The decision maker is uncertain about the distribution of outcomes p∗ = (pa∗ )a∈A , which
is itself distributed according to a prior distribution over a family P of such distributions.
However, she is able to learn about p∗ as the outcomes of past decisions are observed, and
this allows her to learn over time to attain improved performance.
We first present a special case of our main result that applies to online linear optimization problems under bandit feedback. This result applies when each action is associated
with a d–dimensional feature vector and the mean reward of each action is the inner product between an unknown parameter vector and the action’s known feature vector. More
precisely, suppose A ⊂ Rd and that for every p ∈ P there is a vector θp ∈ Rd such that
E [R(y)] = aT θp

y∼pa

Entropy(A∗ )dT
,
2

for all a ∈ A. When an action is sampled, a random reward in [0, 1] is received, where the
mean reward is given by (1). Then, our analysis establishes that the expected cumulative
regret of Thompson sampling up to time T is bounded by
r
a∈A

where A∗ ∈ arg max E [R(Yt,a )|p∗ ] denotes the optimal action. This bound depends on the
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time horizon, the entropy of the of the prior distribution of the optimal action A∗ , and the
dimension d of the linear model.
∗
p Because the entropy of A is always less than log |A|, (2) yields a bound of order
log(|A|)dT , and this scaling cannot be improved in general (see Section 6.5). The bound
(2) is stronger than this worst–case bound, since the entropy of A∗ can be much smaller
than log(|A|).
Thompson sampling incorporates prior knowledge in a flexible and coherent way, and
the benefits of this are reflected in two distinct ways by the above bound. First, as in past
work (see e.g. Dani et al., 2008; Rusmevichientong and Tsitsiklis, 2010), the bound depends
on the dimension of the linear model instead of the number of actions. This reflects that the

3

5
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2. They bound regret conditional on the true reward distribution: E Regret(T, π TS )|p∗ .



Another regret bound that to some extent captures dependence on soft knowledge is
that of Srinivas et al. (2012). This excellent work focuses on extending algorithms and
expanding theory to address multi-armed bandit problems with arbitrary reward functions
and possibly an infinite number of actions. In a sense, there is no hard knowledge while soft
knowledge is represented in terms of a Gaussian process over a possibly infinite dimensional
family of functions. An upper-confidence-bound algorithm is proposed and analyzed. Our
earlier work (Russo and Van Roy, 2014) showed similar bounds also apply to Thompson
sampling. Though our results here do not treat infinite action spaces, it should be possible
to extend the analysis in that direction. One substantive difference is that our results apply
to a much broader class of models: distributions are not restricted to Gaussian and more
complex information structures are allowed. Further, the results of Srinivas et al. (2012)
do not capture the benefits of soft knowledge to the extent that ours do. For example,
their regret bounds do not depend on the mean of the reward function distribution, even
though mean rewards heavily influence the chances that each action is optimal. Our regret
bounds, in contrast, establish that regret vanishes as the probability that a particular action
is optimal grows.

it’s desirable to have a simple, self–contained, analysis that does not rely on the–often
complicated–construction of confidence bounds.
Agrawal and Goyal (2013a) provided the first “distribution independent” bound for
Thompson sampling. They showed that when Thompson sampling is executed with an
independent uniform
p prior and rewards are binary the algorithm satisfies a frequentist regret
bound2 of order |A|T log(T ). Russo and Van Roy (2014) showed that, for an arbitrary
prior over bounded reward distributions, the
p expected regret of Thompson sampling under
this prior is bounded by a term of order |A|T log(T ). p
Bubeck and Liu (2013) showed
that this second bound can be improved to one of order |A|T using more sophisticated
confidence bound analysis, and also studied a problem setting where the regret of Thompson
sampling is bounded uniformly
over time. In this paper, we are interested mostly in results
p
that replace the explicit |A| dependence on the number of actions with a more general
measure of the problem’s information complexity. For example, as discussed in the last
section, for the problem of linear optimization under bandit feedback one can provide bounds
that depend on the dimension of the linear model instead of the number of actions.
To our knowledge, Agrawal and Goyal (2013b) are the only other authors to have studied
the application of Thompson sampling to linear bandit problems. They showed that, when
the algorithm is applied with an uncorrelated Gaussian prior over θp∗ , it satisfies frequentist
2√
regret bounds of order d T 1+ (log(T d). Here  is a parameter used by the algorithm to
control how quickly the posterior concentrates. Russo and Van Roy (2014) allowed for an
arbitrary prior√distribution, and provided a bound on expected regret (under this prior) of
order d log(T ) T . Unlike the bound (2), these results hold whenever A is a compact subset
of Rd , but we show in Appendix D.1 that through discretization argument the bound (2)
also yields
p a similar bound whenever A is compact. In the worst case, that bound is of
order d T log(T ).
Other very recent work (Gopalan et al., 2014) provided a general asymptotic guarantee
for Thompson sampling. They studied the growth rate of the cumulative number of times a
suboptimal action is chosen as the time horizon T tends to infinity. One of their asymptotic
results applies to the problem of online linear optimization under “semi–bandit” feedback,
which we study in Section 6.6.
An important aspect of our regret bound is its dependence on soft knowledge through
the entropy of the optimal-action distribution. One of the only other regret bounds that depends on soft–knowledge was provided very recently by Li (2013). Inspired by a connection
between Thompson sampling and exponential weighting schemes, that paper introduced a
family of Thompson sampling like algorithms and studied their application to contextual
bandit problems. While our analysis does not currently treat contextual bandit problems,
we improve upon their regret bound in several other respects. First, their bound depends
on the entropy of the prior distribution of mean rewards, which is never smaller, and can
be much larger, than the entropy of the distribution of the optimal action. In addition,
their bound has an order T 2/3 dependence on the problem’s time horizon, and, in order
to guarantee each action is explored sufficiently often, requires that actions are frequently
selected uniformly at random. In contrast, our focus is on settings where the number of
actions is large and the goal is to learning without sampling each one.
Regret(T ) :=

t=1

T
X

6

[R(Yt,A∗ ) − R(Yt,At )] ,

sequence of actions A1 , .., AT is the random variable,

a∈A
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(3)

The agent associates a reward R(y) with each outcome y ∈ Y, where the reward function
R : Y → R is fixed and known. Uncertainty about p∗ induces uncertainty about the true
optimal action, which we denote by A∗ ∈ arg max E [R(Yt,a )|p∗ ]. The T period regret of the

The decision–maker sequentially chooses actions (At )t∈N from the action set A and observes
the corresponding outcomes (Yt,At )t∈N . To avoid measure-theoretic subtleties, we assume
the space of possible outcomes Y is a subset of a finite dimensional Euclidean space. There is
a random outcome Yt,a ∈ Y associated with each a ∈ A and time t ∈ N. Let Yt ≡ (Yt,a )a∈A
be the vector of outcomes at time t ∈ N. The “true outcome distribution” p∗ is a distribution
over Y |A| that is itself randomly drawn from the family of distributions P. We assume that,
conditioned on p∗ , (Yt )t∈N is an iid sequence with each element Yt distributed according to
p∗ . Let p∗a be the marginal distribution corresponding to Yt,a .

2. Problem Formulation

Our review has discussed the recent literature on Thompson sampling as well as two
papers that have established regret bounds that depend on soft knowledge. There is of
course an immense body of work on alternative approaches to efficient exploration, including
work on the Gittins index approach (Gittins et al., 2011), Knowledge Gradient strategies
(Ryzhov et al., 2012), and upper-confidence bound strategies (Lai and Robbins, 1985; Auer
et al., 2002). In an adversarial framework, authors often study exponential-weighting shemes
or, more generally, strategies based on online stochastic mirror descent. Bubeck and CesaBianchi (2012) provided a general review of upper–confidence strategies and algorithms for
the adversarial multi-armed bandit problem.

Russo and Van Roy

An Information-Theoretic Analysis of Thompson Sampling
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"
T
X
t=1

#

[R(Yt,A∗ ) − R(Yt,At )] ,
(4)

which measures the cumulative difference between the reward earned by an algorithm that
always chooses the optimal action, and actual accumulated reward up to time T . In this
paper we study expected regret
E [Regret(T )] = E
where the expectation is taken over the randomness in the actions At and the outcomes Yt ,
and over the prior distribution over p∗ . This measure of performance is commonly called
Bayesian regret or Bayes risk.
Filtrations and randomized policies: We define all random variables with respect to a probability space (Ω, F, P). Actions are chosen based on the history of past observations and possibly some external source of randomness. To represent this external source of randomness
more formally, we introduce a sequence of random variables (U ) , where for each i ∈ N, Ui
t
t∈N
is jointly independent of {Ut }t6=i , the outcomes {Yt,a }t∈N,a∈A , and p∗ . We fix the filtration

(Ft )t∈N where Ft ⊂ F is the sigma–algebra generated by A1 , Y1,A1 , ..., At−1 , Yt−1,At−1 ) .
The action At is measurable with respect to the sigma–algebra generated by (Ft , Ut ). That
is, given the history of past observations, At is random only through its dependence on Ut .
The objective is to choose actions in a manner that minimizes expected regret. For
this purpose, it’s useful to think of the actions as being chosen by a randomized policy
π, which is an Ft –adapted sequence (πt )t∈N . An action is chosen at time t by randomizing according to πt (·) = P(At ∈ ·|Ft ), which specifies a probability distribution over A.
We explicitly display the dependence of regret on the policy π, letting E [Regret(T, π)] denote the expected value given by (4) when the actions (A1 , .., AT ) are chosen according to π.

y∈Y

Further Assumptions: To simplify the exposition, our main results will be stated under
two further assumptions. The first requires that rewards are uniformly bounded, effectively
controlling the worst-case variance of the reward distribution. In particular, this assumption is used only in proving Fact 9. In the technical appendix, we show that Fact 9 can be
extended to the case where reward distributions are sub-Gaussian, which yields results in
that more general setting.
y∈Y

Assumption 1 supR(y) − inf R(y) ≤ 1.
Our next assumption requires that the action set is finite. In the technical appendix we
show that some cases where A is infinite can be addressed through discretization arguments.
Assumption 2 A is finite.

JMLR 17(68):1-30

Because the Thompson sampling algorithm only chooses actions from the support of A∗ ,
all of our results hold when the finite set A denotes only the actions in the support of A∗ .
This difference can be meaningful. For example, when A is a polytope and the objective
function is linear, the support of A∗ contains only extreme points of the polytope: a finite
set.
7
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3. Basic Measures and Relations in Information Theory

x∈X

Before proceeding, we will define several common information measures – entropy, mutual
information, and Kullback-Leibler divergence — and state several facts about these measures that will be referenced in our analysis. When all random variables are discrete, each
of these facts is shown in chapter 2 of Cover and Thomas (2012). A treatment that applies
to general random variables is provided in chapter 5 of Gray (2011).
Before proceeding, we will define some simple shorthand notation. Let P (X) = P(X ∈ ·)
denote the distribution function of random variable X. Similarly, define P (X|Y ) = P(X ∈
·|Y ) and P (X|Y = y) = P(X ∈ ·|Y = y).
Throughout this section, we will fix random variables X, Y , and Z that are defined on
a joint probability space. We will allow Y and Z to be general random variables, but will
restrict X to be supported on a finite set X . This is sufficient for our purposes, as we will
typically apply these relations when X is A∗ , and is useful, in part, because the entropy of
a general random variable can be infinite.
The Shannon entropy of X is defined as
X
P(X = x) log P(X = x).
H(X) = −

The first fact establishes uniform bounds on the entropy of a probability distribution.
Fact 1 0 ≤ H(X) ≤ log(|X |).

x∈X

If Y is a discrete random variable, the entropy of X conditional on Y = y is
X
P (X = x|Y = y) log P(X = x|Y = y)
H(X|Y = y) =

y

and the conditional entropy is of X given Y is
X
H(X|Y = y)P(Y = y).
H(X|Y ) =

x∈X

For a general random variable Y , the conditional entropy of X given Y is,
"
#
X
P (X = x|Y ) log P(X = x|Y ) ,
H(X|Y ) = EY −

Z

log



dP
dQ



dP

(5)

where this expectation is taken over the marginal distribution of Y . For two probability
measures P and Q, if P is absolutely continuous with respect to Q, the Kullback–Leibler
divergence between them is

D(P ||Q) =

JMLR 17(68):1-30

dP
where dQ
is the Radon–Nikodym derivative of P with respect to Q. This is the expected
value under P of the log-likelihood ratio between P and Q, and is a measure of how different
P and Q are. The next fact establishes the non-negativity of Kullback–Leibler divergence.

8

x∈X

9

I (X; Y ) = EX [D (P (Y |X) || P (Y ))]
X
=
P(X = x)D (P (Y |X = x) || P (Y ))

Fact 6 (KL divergence form of mutual information)

JMLR 17(68):1-30

We provide some details related to the derivation of Fact 6 in the appendix.

I(X; (Z1 , ...ZT )) = I (X; Z1 ) + I (X; Z2 | Z1 ) + ... + I (X; ZT | Z1 , ..., ZT −1 ) .

Fact 5 (Chain Rule of Mutual Information)

The mutual information between a random variable X and a collection of random variables
(Z1 , ..., ZT ) can be expressed elegantly using the following “chain rule.”

Fact 4 If Z is jointly independent of X and Y , then I(X; Y |Z) = I(X; Y ).

The next fact shows that conditioning on a random variable Z that is independent of X
and Y does not affect mutual information.

I(X; Y |Z) = EZ [D (P ((X, Y )|Z) || P (X|Z) P (Y |Z))] .

the expected additional reduction in entropy due to observing Y given that Z is also observed. This definition is also a natural generalization of the one given in (6), since

I(X; Y |Z) = H(X|Z) − H(X|Y, Z),

The mutual information between X and Y , conditional on a third random variable Z is

I (X; Y ) = H(X) − H(X|Y )

Fact 3 (Entropy reduction form of mutual information)

is the Kullback–Leibler divergence between the joint distribution of X and Y and the product of the marginal distributions. From the definition, it’s clear that I(X; Y ) = I(Y ; X),
and Gibbs’ inequality implies that I(X; Y ) ≥ 0 and I(X; Y ) = 0 when X and Y are
independent.
The next fact, which is Lemma 5.5.6 of Gray (2011), states that the mutual information
between X and Y is the expected reduction in the entropy of the posterior distribution of
X due to observing Y .

I(X; Y ) = D (P (X, Y ) || P (X) P (Y ))
(6)

"

x∈X

X

x∈X

X

#
Pt (X = x|Y ) log Pt (X = x|Y )

Pt (X = x) log Pt (X = x)

10

E[Ht (X)] = H(X|A1 , Y1,A1 , ..., At−1 , Yt−1,At−1 )

E[It (X; Y )] = I X; Y |A1 , Y1,A1 , ..., At−1 , Yt−1,At−1 .
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Because these quantities depend on the realizations of A1 , Y1,A1 , ..., At−1 , Yt−1,At−1 , they
are random variables. By taking their expectation, we recover the standard definition of
conditional entropy and conditional mutual information:

It (X; Y ) = Ht (X) − Ht (X|Y ).

Ht (X|Y ) = Et −

Ht (X) = −

and Et [·] = E[·|Ft ]. As before, we will define some simple shorthand notation for the
distribution function of a random variable under Pt . Let Pt (X) = Pt (X ∈ ·), Pt (X|Y ) =
Pt (X ∈ ·|Y ) and Pt (X|Y = y) = Pt (X ∈ ·|Y = y).
The definitions of entropy and mutual information implicitly depend on some base measure over the sample space Ω. We will define special notation to denote entropy and mutual
information under the posterior measure Pt (·). Define

Pt (·) = P(·|Ft ) = P(·| A1 , Y1,A1 , ..., At−1 , Yt−1,At−1 )

As shorthand, we let

3.1 Notation Under Posterior Distributions

Fact 8 For any x ∈ X with P(X = x) > 0, P (Y |X = x) is absolutely continuous with
respect to P (Y ).

We close this section by stating a fact that guarantees D (P (Y |X = x) || P (Y )) is well
defined. It follows from a general property of conditional probability: for any random
variable Z and event E ⊂ Ω, if P (E) = 0 then P (E|Z) = 0 almost surely.

Fact 7 (Weak Version of the Data Processing Inequality) If Z = f (Y ) for a deterministic
function f , then I(X; Y ) ≥ I(X; Z). If f is invertible, so Y is also a deterministic function
of Z, then I(X; Y ) = I(X; Z).

While Facts 1 and 6, are standard properties of mutual information, it’s worth highlighting
their surprising power. It’s useful to think of X as being A∗ , the optimal action, and
Y as being Yt,a , the observation when selecting some action a. Then, combining these
properties, we see that the next observation Y is expected to greatly reduce uncertainty
about the optimal action A∗ if and only if the distribution of Y varies greatly depending on
the realization of A∗ , in the sense that D (P (Y |A∗ = a∗ ) || P (Y )) is large on average. This
fact is crucial to our analysis.
One implication of the next fact is that the expected reduction in entropy from observing
the outcome Yt,a is always at least as large as that from observing the reward R(Yt,a ).

Fact 2 (Gibbs’ inequality) For any probability distributions P and Q such that P is absolutely continuous with respect to Q, D (P ||Q) ≥ 0 with equality if and only if P = Q
P –almost everywhere.

The mutual information between X and Y
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4. Thompson Sampling

a∈A

The Thompson sampling algorithm simply samples actions according to the posterior probability they are optimal. In particular, actions are chosen randomly at time t according
to the sampling distribution πtTS = P(A∗ = ·|Ft ). By definition, this means that for each
a ∈ A, P(At = a|Ft ) = P(A∗ = a|Ft ). This algorithm is sometimes called probability matching because the action selection distribution is matched to the posterior distribution of the
optimal action.
This conceptually elegant probability matching scheme often admits a surprisingly simple and efficient implementation. Consider the case where P = {pθ }θ∈Θ is some parametric
family of distributions. The true outcome distribution p∗ corresponds to a particular random index θ∗ ∈ Θ in the sense that p∗ = pθ∗ almost surely. Practical implementations
of Thompson sampling typically use two simple steps at each time t to randomly generate an action from the distribution αt . First, an index θ̂t ∼ P (θ∗ ∈ ·|Ft ) is sampled from
∗
the posterior distribution
of the
h
i true index θ . Then, the algorithm selects the action
At ∈ arg max E R(Yt,a )|θ∗ = θ̂t that would be optimal if the sampled parameter were actually the true parameter. We next provide an example of a Thompson sampling algorithm
designed to address the problem of online linear optimization under bandit feedback.

4.1 Example of Thompson Sampling
Suppose each action a ∈ A ⊂ Rd is defined by a d-dimensional feature vector, and almost
surely there exists θ∗ ∈ Rd such that for each a ∈ A, E [R(Yt,a )|p∗ ] = aT θ∗ . Assume θ∗ is
drawn from a normal distribution N (µ0 , Σ0 ). When a is selected, only the realized reward
Yt,a = R(Yt,a ) ∈ R is observed. For each action a, reward noise R(Yt,a ) − E [R(Yt,a )|p∗ ]
follows a Gaussian distribution with known variance. One can show that, conditioned on
the history of observed data Ft , θ∗ remains normally distributed. Algorithm 1 provides an
implementation of Thompson sampling for this problem. The expectations in step 3 can be
computed efficiently via Kalman filtering.

Algorithm 1 Linear–Gaussian Thompson Sampling
1: Sample Model:
θ̂t ∼ N (µt−1 , Σt−1 )
2: Select Action:
At ∈ arg maxa∈A ha, θ̂t i
3: Update Statistics:
µt ← E[θ∗ |Ft ]
Σt ← E[(θ∗ − µt )(θ∗ − µt )> |Ft ]
Increment t and Goto Step 1
4:

JMLR 17(68):1-30

Algorithm 1 is efficient as long as the linear objective ha, θ̂t i can be maximized efficiently
over the action set A. For this reason, the algorithm is implementable in important cases
where other popular approaches, like the ConfidenceBall2 algorithm of Dani et al. (2008),
11
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are computationally intractable. Because the posterior distribution of θ∗ has a closed form,
Algorithm 1 is particularly efficient. Even when the posterior distribution is complex, however, one can often generate samples from this distribution using Markov chain Monte Carlo
algorithms, enabling efficient implementations of Thompson sampling. A more detailed discussion of the strengths and potential advantages of Thompson sampling can be found in
earlier work (Scott, 2010; Chapelle and Li, 2011; Russo and Van Roy, 2014; Gopalan et al.,
2014).

5. The Information Ratio and a General Regret Bound

Et [R(Yt,A∗ ) − R(Yt,At )]2
It (A∗ ; (At , Yt,At ))

Our analysis will relate the expected regret of Thompson sampling to its expected information gain: the expected reduction in the entropy of the posterior distribution of A∗ . The
relationship between these quantities is characterized by what we call the information ratio,
Γt :=

which is the ratio between the square of expected regret and information gain in period t.
Recall that, as described in Subsection 3.1, the subscript t on Et and It indicates that these
quantities are evaluated under the posterior measure Pt (·) = P(·|Ft ).
Notice that if the information ratio is small, Thompson sampling can only incur large
regret when it is expected to gain a lot of information about which action is optimal. This
suggests its expected regret is bounded in terms of the maximum amount of information
any algorithm could expect to acquire, which is at most the entropy of the prior distribution
of the optimal action. Our next result shows this formally. We provide a general upper
bound on the expected regret of Thompson sampling that depends on the time horizon T ,
the entropy of the prior distribution of A∗ , H(A∗ ), and any worst–case upper bound on the
information ratio Γt . In the next section, we will provide bounds on Γt for some of the most
widely studied classes of online optimization problems.

Proposition 1 For any T ∈ N, if Γt ≤ Γ almost surely for each t ∈ {1, .., T },


 q
E Regret(T, π TS ) ≤ ΓH(A∗ )T .

Proof Recall that Et [·] = E[·|Ft ] and we use It to denote mutual information evaluated
under the base measure Pt (·) = P(·|Ft ). Then,

t=1

t=1

t=1

!
T q
p
X
Γ E
It (A∗ ; (At , Yt,At ))

t=1
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v
u
T
X
(b) u
≤ tΓT E
It (A∗ ; (At , Yt,At )),

≤

T
T q
X

 (a) X
Et [R(Yt,A∗ ) − R(Yt,At )] = E
E Regret(T, π TS ) = E
Γt It (A∗ ; (At , Yt,At ))
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t=1

It (A∗ ; Zt ) =

t=1

T
X

I (A∗ ; Zt |Z1 , ..., Zt−1 )

≤

(d)

=

=

(c)

H(A∗ ),

H(A∗ ) − H(A∗ |Z1 , ...ZT )

I (A∗ ; (Z1 , ...ZT ))
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P(A∗ = a) (E [R(Ya )|A∗ = a] − E[R(Ya )]

JMLR 17(68):1-30

a∈A

X
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It’s worth pointing out that this form of the information ratio bears a superficial resemblance to fundamental complexity terms in the multi-armed bandit literature. The results
of Lai and Robbins (1985) and Agrawal et al. (1989) show the optimal asymptotic growth
rate of regret is characterized by a ratio where the numerator depends on the difference between means of the reward distributions and the denominator depends on Kullback–Leibler
divergences.

The numerator of the information ratio measures the average difference between rewards
generated from P (Ya ), the posterior predictive distribution at a, and P (Ya |A∗ = a), the
posterior predictive distribution at a conditioned on a being the optimal action. It roughly
captures how much knowing that the selected action is optimal influences the expected
reward observed. The denominator measures how much, on average, knowing which action
is optimal changes the observations at the selected action. Intuitively, the information
ratio tends to be small when knowing which action is optimal significantly influences the
anticipated observations at many other actions.

E [R(YA∗ ) − R(YA )] =

a,a∗ ∈A

P(A∗ = a)P(A∗ = a∗ ) [D (P (Ya |A∗ = a∗ ) || P (Ya ))] .

P(A = a)I(A∗ ; Ya )

X

a∈A

X

Proof Both proofs will use that the action A is selected based on past observations and
independent random noise. Therefore, conditioned on the history, A is jointly independent

and

=

I (A∗ ; (A, YA )) =

Proposition 2

The following proposition expresses the information ratio of Thompson sampling in a form
that facilitates further analysis. The proof uses that Thompson sampling matches the action
selection distribution to the posterior distribution of the optimal action, in the sense that
P (A∗ = a) = P (A = a) for all a ∈ A.

E [R(YA∗ ) − R(YA )]2
.
I (A∗ ; (A, YA ))

Recall that the information ratio is defined to be

6.1 An Alternative Representation of the Information Ratio

Russo and Van Roy

This section establishes upper bounds on the information ratio in several important settings. This yields explicit regret bounds when combined with Proposition 1, and also helps
to clarify the role the information ratio plays in our results: it roughly captures the extent
to which sampling some actions allows the decision maker to make inferences about different
actions. In the worst case, the information ratio depends on the number of actions, reflecting the fact that actions could provide no information about others. For problems with
full information, the information ratio is bounded by a numerical constant, reflecting that
sampling one action perfectly reveals the rewards that would have been earned by selecting any other action. The problems of online linear optimization under “bandit feedback”
and under “semi–bandit feedback” lie between these two extremes, and the information
ratio provides a natural measure of each problem’s information structure. In each case, our
bounds reflect that Thompson sampling is able to automatically exploit this structure.
We will compare our upper bounds on expected regret with known lower bounds. Some
of these lower bounds were developed and stated in an adversarial framework, but were
proved using the probabilistic method; authors fixed a family of distributions P and an
initial distribution over p∗ and lower bounded the expected regret under this environment
of any algorithm. This provides lower bounds on inf π E [Regret(T, π)] in our framework
at least for particular problem instances. Unfortunately, we are not aware of any general
prior-dependent lower bounds, and this remains an important direction for the field.
Our bounds on the information ratio Γt will hold at any time t and under any posterior measure Pt . To simplify notation, in our proofs we will omit the subscript t from
Et , Pt , Pt , At , Yt , Ht , and It .

6. Bounding the Information Ratio

where (c) follows from the chain rule for mutual information (Fact 5), and (d) follows from
the non-negativity of entropy (Fact 1).

E

T
X

and therefore

E [It (A∗ ; Zt )] = I (A∗ ; Zt |Z1 , ..., Zt−1 ) ,

where (a) follows from the tower property of conditional expectation, and (b) follows from
the Cauchy-Schwartz inequality. We complete the proof by showing that expected information gain cannot exceed the entropy of the prior distribution. For the remainder of this
proof, let Zt = (At , Yt,At ). Then, as discussed in Subsection 3.1,
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(c)

=

=

=

(d)

=

=

=

(b)

=

(a)

a∈A

P(A = a)I(A∗ ; YA |A = a)

!

P(A∗ = a∗ )D (P (Ya |A∗ = a∗ ) || P (Ya ))

P(A = a)I(A∗ ; Ya )
X

a∗ ∈A

a)E [R(Ya )|A

a∈A

a)E[R(Ya )|A

P(A∗ = a)P(A∗ = a∗ ) [D (P (Ya |A∗ = a∗ ) || P (Ya ))] ,

P(A = a)

a,a∗ ∈A

X

a∈A

X

a∈A

X

I(A∗ ; YA |A)
X

I(A∗ ; A) + I(A∗ ; YA |A)

of A∗ and the outcome vector Y ≡ (Ya )a∈A .
I(A∗ ; (A, YA ))

−

R(YA )]

X

a∈A

a∈A

P(A∗ = a) (E [R(Ya )|A∗ = a] − E[R(Ya )]) ,

where (a) follows from the chain rule for mutual information (Fact 5), (b) uses that A and
A∗ are independent and the mutual information between independent random variables is
zero (Fact 4), (c) uses Fact 4 and that A is jointly independent of Y and A∗ , and equality
(d) uses Fact 6. Now, the numerator can be rewritten as,
X
X
∗
P(A∗ =
= a] −
P(A =
= a]
E [R(YA∗ )

=

where the second equality uses that P(A = a) = P(A∗ = a) by the definition of Thompson
sampling, and that Y is independent of the chosen action A.

6.2 Preliminaries
Here we state two basic facts that are used in bounding the information ratio. Proofs of
both results are provided in the appendix for completeness.
The first fact lower bounds the Kullback–Leibler divergence between two bounded random variables in terms of the difference between their means. It follows trivially from an
application of Pinsker’s inequality.

1
D (P ||Q),
2

Fact 9 For any distributions P and Q such that that P is absolutely continuous with respect
to Q, any random variable X : Ω → X and any g : X → R such that sup g − inf g ≤ 1,
r
EP [g(X)] − EQ [g(X)] ≤

r
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1
D (P (Ya |A∗ = a∗ ) || P (Ya )).
2

where EP and EQ denote the expectation operators under P and Q.
Because of Assumption 1, this fact shows
E [R(Ya )|A∗ = a∗ ] − E [R(Ya )] ≤
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r
X
i=1

σi ,

kM kF :=

q
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Pm Pn
2
k=1
j=1 Mi,j

=

q

Pr
2
i=1 σi ,

Trace(M ) :=

i=1

n
X

Mii ,

P
√
By the Cauchy–Schwartz inequality, for any vector x ∈ Rn , i xi ≤ nkxk2 . The next
fact provides an analogous result for matrices. For any rank r matrix M ∈ Rn×n with
singular values σ1 , ..., σr , let
kM k∗ :=

p
Rank(M )kM kF .

denote respectively the Nuclear norm, Frobenius norm and trace of M .

Trace (M ) ≤

Fact 10 For any matrix M ∈ Rk×k ,

6.3 Worst Case Bound

The next proposition provides a bound on the information ratio that holds whenever rewards
are bounded, but that has an explicit dependence on the number of actions. This scaling
cannot be improved in general, but we go on to show tighter bounds are possible for problems
with different information structures.

Proposition 3 For any t ∈ N, Γt ≤ |A|/2 almost surely.

=

(a)

!2

P(A∗ = a)P(A∗ = a∗ ) (E [R(Ya )|A∗ = a∗ ] − E[R(Ya )])2

P(A∗ = a)2 (E [R(Ya )|A∗ = a] − E[R(Ya )])2

P(A∗ = a) (E [R(Ya )|A∗ = a] − E[R(Ya )])
X

X

|A|

a∈A

Proof We bound the numerator of the information ratio by |A|/2 times its denominator:
E [R(YA∗ ) − R(YA )]2

≤

(b)

X

a∈A

|A|

|A|I(A∗ ; (A, Y ))
2

a,a ∈A

a,a∗ ∈A

≤

|A| X
P(A∗ = a)P(A∗ = a∗ )D (P (Ya |A∗ = a∗ ) || P (Ya ))
2
∗
(c)

≤

=

(d)
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where (b) follows from the Cauchy–Schwarz inequality, (c) follows from Fact 9, and (a) and
(d) follow from Proposition 2.

 q
Combining Proposition 3 with Proposition 1 shows that E Regret(T, π TS ) ≤ 21 |A|H(A∗ )T .
p


Bubeck and Liu (2013) show E Regret(T, π TS ) ≤ 14 |A|T and that this bound is order
optimal, in the sense that for any time horizon T and numberpof actions |A| there exists a
1
prior distribution over p∗ such that inf π E [Regret(T, π)] ≥ 20
|A|T .
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=

(e)

=

(d)

≤

(c)

≤

(b)

=

(a)

r

s

s

r

a∈A

P(A = a)

∗

1
D (P (Ya |A∗ = a) || P (Ya ))
2

P(A∗ = a) (E [R(Ya )|A∗ = a] − E[R(Ya )])

I(A∗ ; (A, Y ))
,
2

a,a ∈A

1 X
P(A∗ = a)P(A∗ = a∗ )D (P (Ya |A∗ = a∗ ) || P (Ya ))
2 ∗

1X
P(A∗ = a)D (P (Ya |A∗ = a) || P (Ya ))
2

a∈A

X

a∈A

X

p
1/2 times the denominator:
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The stochastic linear bandit problem has been widely studied (e.g Dani et al., 2008; Rusmevichientong and Tsitsiklis, 2010; Abbasi-Yadkori et al., 2011) and is one of the most
important examples of a multi-armed bandit problem with “correlated arms.” In this setting, each action is associated with a finite dimensional feature vector, and the mean reward
generated by an action is the inner product between its known feature vector and some unknown parameter vector. Because of this structure, observations from taking one action
allow the decision–maker to make inferences about other actions. The next proposition

6.5 Linear Optimization Under Bandit Feedback


 q
Combining this result with Proposition 1 shows E Regret(T, π TS ) ≤ 12 H(A∗ )T . Fur
 q
ther, a worst–case bound on the entropy of A∗ shows that E Regret(T, π TS ) ≤ 12 log(|A|)T .
The bound here improves upon this worst case bound since H(A∗ ) can be much smaller
than log(|A|) when the prior distribution is informative.

where again (a) and (e) follow from Proposition 2, (b) follows from Fact 9 and (c) follows from Jensen’s inequality. Equality (d) follows because D (P (Ya |A∗ = a∗ ) || P (Ya )) =
D (P (Z|A∗ = a∗ ) || P (Z)) does not depend on the sampled action a under full information.

E [R(YA∗ ) − R(YA )]

Proof As before we bound the numerator of Γt by

Proposition 4 Suppose for each t ∈ N there is a random variable Zt : Ω → Z such that
for each a ∈ A, Yt,a = (a, Zt ). Then for all t ∈ N, Γt ≤ 1/2 almost surely.

Our focus in this paper is on problems with partial feedback. For such problems, what the
decision maker observes depends on the actions selected, which leads to a tension between
exploration and exploitation. Problems with full information arise as an extreme point of
our formulation where the outcome Yt,a is perfectly revealed by observing Yt,ã for any ã 6= a;
what is learned does not depend on the selected action. The next proposition shows that
under full information, the information ratio is bounded by 1/2.

6.4 Full Information

An Information-Theoretic Analysis of Thompson Sampling

√

αi αj (E[R(Yai )|A∗ = aj ] − E[R(Yai )]) ,

=

≥

(a)

=

i,j

i,j

X

and therefore


M =
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 √

α1 a1 · · ·





√
αi αj ((µj − µ)T ai )
T
α1 µ 1 − µ
..
.
..
.
p
T
α K ) µk − µ

 √

Mi,j =

···

√

µj = E [θp∗ |A∗ = aj ] .
Then, by the linearity of the expectation operator,

µ = E [θp∗ ]

We now show Rank(M ) ≤ d. Define

αK aK

Rank(M )
Trace(M)2
E [R(YA∗ ) − R(YA )]2
≤
≤
.
I(A∗ ; (A, YA ))
2
2kM k2F
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.

αi αj (E[R(Yai )|A∗ = aj ] − E[R(Yai )])2
2kM k2F ,

2

αi αj D (P (Yai |A∗ = aj ) || P (Yai ))

αi (E[R(Yai )|A∗ = ai ] − E[R(Yai )]) = Trace(M).

X

i=1

K
X

where inequality (a) uses Fact 9. This shows, by Fact 10, that

I(A∗ ; (A, YA ))

Similarly, by Proposition 2,

E [R(YA∗ ) − R(YA )] =

for all i, j ∈ {1, .., K}. Then, by Proposition 2,

Mi,j =

Proof Write A = {a1 , ..., aK } and, to reduce notation, for the remainder of this proof let
αi = P(A∗ = ai ). Define M ∈ RK×K by

then for all t ∈ N, Γt ≤ d/2 almost surely.

y∼pa

E [R(y)] = aT θp ,

Proposition 5 If A ⊂ Rd and for each p ∈ P there exists θp ∈ Rd such that for all a ∈ A

bounds the information ratio for such problems. Its proof is essentially a generalization of
the proof of Proposition 3.
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This shows M is the product of a K by d matrix and a d by K matrix, and hence has rank
at most d.
q

 q
This result shows that E Regret(T, π TS ) ≤ 21 H(A∗ )dT ≤ 21 log(|A|)dT for linear bandit problems. Dani et al. (2007) show this bound is order optimal, in the sense that for
any time horizon T and dimension d if the actions set p
is A = {0, 1}d , there exists a prior
distribution over p∗ such that inf π E [Regret(T, π)] ≥ c0 log(|A|)dT where c0 is a constant
the is independent of d and T . The bound here improves upon this worst case bound since
H(A∗ ) can be much smaller than log(|A|) when the prior distribution is informative.
6.6 Combinatorial Action Sets and “Semi–Bandit” Feedback
To motivate the information structure studied here, consider a simple resource allocation
problem. There are d possible projects, but the decision–maker can allocate resources to at
most m ≤ d of them at a time. At time t, project i ∈ {1, .., d} yields a random reward θt,i ,
0
0
and the
P reward from selecting a subset of projects a ∈ A ⊂ {a ⊂ {0, 1, ..., d} : |a | ≤ m} is
m−1 i∈A θt,i . In the linear bandit formulation of this problem,Pupon choosing a subset of
projects a the agent would only observe the overall reward m−1 i∈a θt,i . It may be natural
instead to assume that the outcome of each selected project (θt,i : i ∈ a) is observed. This
type of observation structure is sometimes called “semi–bandit” feedback (Audibert et al.,
2013).
A naive application of Proposition 5 to address this problem would show Γt ≤ d/2. The
next proposition shows that since the entire parameter vector (θt,i : i ∈ a) is observed upon
selecting action a, we can provide an improved bound on the information ratio. The proof
of the proposition is provided in the appendix.

1 X
θt,i .
m

Proposition 6 Suppose A ⊂ {a ⊂ {0, 1, ..., d} : |a| ≤ m}, and that there are random variables (θt,i : t ∈ N, i ∈ {1, ..., d}) such that
Yt,a = (θt,i : i ∈ a) and R (Yt,a ) =

i∈a

Assume that the random variables {θt,i : i ∈ {1, ..., d}} are independent conditioned on Ft
1
d
and θt,i ∈ [ −1
2 , 2 ] almost surely for each (t, i). Then for all t ∈ N, Γt ≤ 2m2 almost surely.

log

d

m
q

so our bound is order optimal up to a

T . As shown by Audibert et al. (2013), the lower bound for this problem is
q
d
log( m
) factor.3 It’s also worth

d
mT,


d
In this problem, there are as many as m
actions,
but
because
Thompson
sampling
exploits the structure relating actions to one another, its regret is only polynomial
in m and


d. In particular, combining Proposition 6 with Proposition 1 shows E Regret(T, π TS ) ≤
p
1
d
dH(A∗ )T . Since H(A∗ ) ≤ log |A| = O(m log( m
)) this also yields a bound of order
m
q

d
m

of order
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P
3. In their formulation, the reward from selecting action a is i∈a θt,i , which is m times larger than in our
√
formulation. The lower bound stated in their paper is therefore of order mdT . They don’t provide
a complete proof of their result, but note that it follows from standard lower bounds in the bandit
literature. In the proof of Theorem 5 in that paper, they construct an example in which the decision
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d
actions, the action selection step
pointing that, although there may be as many as m
of Thompson sampling is computationally efficient whenever the offline decision problem
maxa∈A θT a can be solved efficiently.

7. Conclusion

This paper has provided a new analysis of Thompson sampling based on tools from information theory. As such, our analysis inherits the simplicity and elegance enjoyed by work
in that field. Further, our results apply to a much broader range of information structures
than those studied in prior work on Thompson sampling. Our analysis leads to regret
bounds that highlight the benefits of soft knowledge, quantified in terms of the entropy of
the optimal-action distribution. Such regret bounds yield insight into how future performance depends on past observations. This is key to assessing the benefits of exploration,
and as such, to the design of more effective schemes that trade off between exploration and
exploitation. In forthcoming work, we leverage this insight to produce an algorithm that
outperforms Thompson sampling.
While our focus has been on providing theoretical guarantees for Thompson sampling,
we believe the techniques and quantities used in the analysis may be of broader interest. Our
formulation and notation may be complex, but the proofs themselves essentially follow from
combining known relations in information theory with the tower property of conditional
expectation, Jensen’s inequality, and the Cauchy–Schwartz inequality. In addition, the
information theoretic view taken in this paper may provide a fresh perspective on this class
of problems.
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Appendix A. Proof of Basic Facts
A.1 Proof of Fact 9

(7)

This result is a consequence of Pinsker’s inequality, (see Lemma 5.2.8 of Gray (2011)) which
states that
r

1
D(P ||Q) ≥ kP − QkTV
2
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maker plays m bandit games in parallel, each with d/m actions. Using that example, and the standard
bandit lower bound (see Theorem
3.5 of Bubeck and Cesa-Bianchi (2012)), the agent’s regret from each
q
d
T , and hence her overall expected regret is lower bounded by a term of
m
component must be at least
q
√
d
order m m
T = mdT .
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are the Radon–Nikodym derivatives of P and Q with respect to µ. We now prove Fact

i=1

i=1



 (a)
1
1
1
1
M + MT ≤
M + MT
2
2
2
2
∗

1
1
kM k∗ +
MT ∗
2
2
(d) √
(c)
= kM k∗ ≤ rkM kF .
≤

(b)
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4. This fact is stated, for example, in Appendix A.5 of Boyd and Vandenberghe (2004).

Here (b) follows from the triangle inequality and the fact that norms are homogeneous of
degree one. Inequality (c) uses that the singular values of M and M T are the same, and
inequality (d) follows from equation (8).
To justify inequality (a), we show that for any symmetric matrix W , Trace(W ) ≤ kW k∗ .
To see this, let W be a rank r matrix and let σ̃1 ≥ ... ≥ σ̃r denote its singular values. Since W is symmetric, it has r nonzero real valued eigenvalues λ1 , .., λr . If these
are sorted soPthat |λ1 | P
≥ ... ≥ |λr | then σ̃i = |λi | for each i ∈ {1, .., r}.4 This shows
Trace(M ) = ri=1 λi ≤ ri=1 σ̃i = kM k∗ .

Trace(M ) = Trace

Now, we show

Proof Fix a rank r matrix M ∈ Rk×k with singular values σ1 ≥ ... ≥ σr . By the Cauchy
Shwartz inequality,
v
u r
r
X
X
√ u
Def
Def √
kM k∗ =
σi2 =
rkM kF .
(8)
σi ≤ r t

A.2 Proof of Fact 10

where the first inequality is Pinsker’s inequality.

= EP [g(X)] − EQ [g(X)],

9.
Proof Choose a base measure µ so that P and Q are absolutely continuous with respect to
µ. This is always possible: since P is absolutely continuous with respect to Q by hypothesis,
one could always choose this base measure to be Q. Let f (ω) = g(X(ω)) − inf ω0 g(X(ω 0 )) −
1/2 so that f : Ω → [−1/2, 1/2] and f and g(X) differ only by a constant. Then,
r


Z
Z
1
1
dP
dQ
1
dP
dQ
f dµ
D(P ||Q) ≥
−
dµ ≥
2
−
2
2
dµ
dµ
2
dµ
dµ

Z 
dQ
dP
−
f dµ
≥
dµ
dµ
Z
Z
=
f dP − f dQ

dQ
dµ

where kP − QkP
TV is the total variation distance between P and Q. When Ω is countable,
kP −QkTV = 12 ω |P (ω)−Q(ω)|. More generally, if P and Q are both absolutely continuous
R
dQ
dP
with respect to some base measure µ, then kP − QkTV = 12 Ω | dP
dµ − dµ |dµ, where dµ and
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i∈a

X

P(i ∈ A∗ ) (E [θi |i ∈ A∗ ] − E [θi ])2

≥

(d)

=

(c)

≥

(b)

=

(a)

=

a∗ ∈A

X

2

2

2

i∈a

X

i∈a

X

i∈a

X

i∈a

(E [θi |A∗ = a∗ ] − E [θi ])2 .



E (E [θi |A∗ = a∗ , θ<i ] − E [θi ])2 A∗ = a∗



E (E [θi |A∗ = a∗ , θ<i ] − E [θi |θ<i ])2 A∗ = a∗

D (P ((θi : i ∈ a)|A∗ = a∗ ) || P ((θi : i ∈ a)))

X 
E D (P (θi |A∗ = a∗ , θ<i ) || P (θi |θ<i )) A∗ = a∗

P(A∗ = a∗ )D (P (Ya |A∗ = a∗ ) || P (Ya )) .
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Equality (a) follows from the chain rule of Kullback–Leibler divergence, (b) follows from
Fact 9, (c) follows from the assumption that (θi : 1 ≤ i ≤ d) are independent conditioned on
any history of observations, and (d) follows from Jensen’s inequality and the tower property

D (P (Ya |A∗ = a∗ ) || P (Ya ))

where here,

I(A∗ ; Ya ) =

Proof In the proof of this lemma, for any i ∈ a we let θ<i = (θj : j < i, j ∈ a). Since
a ∈ A is fixed throughout this proof, we do not display the dependence of θ<i on a. Recall
that by Fact 6,

I(A∗ ; Ya ) ≥ 2

Lemma 1 Under the conditions of Proposition 6, for any a ∈ A,

The proof relies on the following lemma, which lower bounds the information gain due to
selecting an action a. The proof is provided below, and relies on the chain–rule of Kullback–
Leibler divergence.

Appendix B. Proof of Proposition 6
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≥
2

X X

i∈a a∗ ∈A

P(i ∈ A∗ )
P(i ∈ A∗ )

a∗ ∈A

a∗ :i∈a∗
a∗ :i∈a∗

!2

P(A∗ = a∗ |i ∈ A∗ ) (E [θi |A∗ = a∗ ] − E [θi ])

P(A∗ = a∗ |i ∈ A∗ ) (E [θi |A∗ = a∗ ] − E [θi ])2

X

a∗ :i∈a∗

P(i ∈ A∗ ) (E [θi |i ∈ A∗ ] − E [θi ])2 ,

P(i ∈ A∗ )

X P(A∗ = a∗ )
(E [θi |A∗ = a∗ ] − E [θi ])2
P(i ∈ A∗ )

P(A∗ = a∗ ) (E [θi |A∗ = a∗ ] − E [θi ])2

of conditional expectation. Now, we can show
I(A∗ ; Ya )
=
i∈a

X

i∈a

X

i∈a

X

i∈a

X
i∈a

X

X
X P(A∗ = a∗ )
2
P(i ∈ A∗ )
(E [θi |A∗ = a∗ ] − E [θi ])2
P(i ∈ A∗ )
2
2

≥
=

2
2

≥

(e)

(f )

=

∈ A∗ ] −

E [θi ])2

#

where (e) and (f) follow from Jensen’s inequality and the tower property of conditional
expectation, respectively.

d
X
i=1

P(i ∈ A∗ )2 (E [θi |i ∈ A∗ ] − E [θi ])2 .

Lemma 2 Under the conditions of Proposition 6,

I(A∗ ; (A, YA )) ≥ 2

) (E [θi |i

Proof By Lemma 1 and the tower property of conditional expectation,

i∈a

P(i ∈ A∗ )2 (E [θi |i ∈ A∗ ] − E [θi ])2 .

i=1 a:i∈a

d
X
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d X


X
P(A∗ = a) P(i ∈ A∗ ) (E [θi |i ∈ A∗ ] − E [θi ])2

a∈A

I(A∗ ; (A; YA )) = P(A∗ = a)I(A∗ ; Ya )
"
X
X
P(A∗ = a)
P(i ∈ A∗
≥ 2

= 2

= 2

i=1

Now, we complete the proof of Proposition 6.
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X

i∈A

θi

P(i ∈ A)E[θi |i ∈ A]

Proof The proof establishes that the numerator of the information ratio is less than d/2m2
times its denominator:
X

θi − E

d
X

i=1

P(i ∈ A∗ ) (E[θi |i ∈ A∗ ] − E[θi ])

P(i ∈ A∗ )E[θi |i ∈ A∗ ] −

i∈A∗

r

dI(A∗ ; (A, YA ))
.
2

i=1

v
u d
√ uX
dt
P(i ∈ A∗ )2 (E[θi |i ∈ A∗ ] − E[θi ])2

i=1

d
X

i=1

d
X

mE[R(YA∗ ) − R(YA )] = E
=

=

≤
≤

Appendix C. Proof of Fact 6

x∈X

We could not find a reference that proves Fact 6 in a general setting, and will therefore
provide a proof here.
Consider random variables X : Ω → X and Y : Ω → Y where X is assumed to be a
finite set but Y is a general random variable. We show
X
P (X = x) D (P (Y ∈ ·|X = x) || P (Y ∈ ·)) .
I(X; Y ) =

(9)

When Y has finite support this result follows easily by using that P(X = x, Y = y) =
P(X = x)P(Y = y|X = x). For an extension to general random variables Y we follow
chapter 5 of Gray (2011).
The extension follows by considering quantized versions of the random variable Y . For
a finite partition Q = {Qi ⊂ Y}i∈I , we denote by YQ the quantization of Y defined so that
YQ (ω) = i if and only if Y (ω) ∈ Qi . As shown in Gray (2011), for two probability measures
P1 and P2 on (Ω, F),

Q

D (P1 (Y ∈ ·)||P2 (Y ∈ ·)) = sup D (P1 (YQ ∈ ·)||P2 (YQ ∈ ·)) ,

where the supremum is taken over all finite partitions of Y, and whenever Q is a refinement
of Q,

(10)
D P1 (YQ ∈ ·)||P2 (YQ ∈ ·) ≥ D (P1 (YQ ∈ ·)||P2 (YQ ∈ ·)) .
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Since I(X; Y ) = D (P(X ∈ ·, Y ∈ ·) || P(X ∈ ·)P(Y ∈ ·)) these properties also apply to I(X; YQ ).
Now, for each x ∈ X we can introduce a sequence of successively refined partitions (Qnx )n∈N

24



lim D P YQxn ∈ ·|X = x || P YQxn ∈ ·

n→∞

{Qxn }x∈X .

n→∞

X

x∈X



P (X = x) D P YQxn ∈ ·|X = x || P YQxn ∈ ·

That is, for

x∈X

X

x∈X

X

x∈X

P (X = x) D (P (YQ ∈ ·|X = x) || P (YQ ∈ ·))

Qx

T
X

t=1
t=1





dT H A∗Q .

r

t=1

T h
T h
i
i
X
X
R(Yt,A∗ ) − R(Yt,A∗Q ) + E
R(Yt,A∗Q ) − R(Yt,At )

≤ T +

[R(Yt,A∗ ) − R(Yt,At )] = E
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almost surely.

Lemma 3 Suppose there is a Ft measurable random variable σ such that for each a ∈ A,
R(Yt,a )) is σ sub-Gaussian conditional on Ft . Then for every a, a∗ ∈ A
q
Et [R(Yt,a )|A∗ = a∗ ] − Et [R(Yt,a )] ≤ σ 2D (Pt (Yt,a |A∗ = a∗ ) || Pt (Yt,a )),

The next lemma extends Fact 9 to sub-Gaussian random variables.

almost surely.

E [exp{λX}|G] ≤ exp{λ2 σ 2 /2}

More generally X is σ sub–Gaussian conditional on a sigma-algebra G ⊂ F if for all λ ∈ R,

E [exp{λX}] ≤ exp{λ2 σ 2 /2}.

Definition 1 Fix a deterministic constant σ ∈ R. A real–valued random variable X is σ
sub–Gaussian if for all λ ∈ R

In this section we relax Assumption 1, which requires that reward distributions are uniformly
bounded. This assumption is required for Fact 9 to hold, but otherwise was never used in
our analysis. Here, we show that an analogue to Fact 9 holds in the more general setting
where reward distributions are sub–Gaussian. This yields more general regret bounds.
A random variable is sub–Gaussian if its moment generating function is dominated by
that of a Gaussian random variable. Gaussian random variables are sub–Gaussian, as are
real-valued random varaibles with bounded support.

D.2 Unbounded Noise

This new bound depends on the time horizon T , the dimension d of the linear model, the
entropy of the prior distribution of the quantized random variable A∗Q and the discretization
error T . Since H(A∗Q ) ≤ log (|A |), by choosing  = (cT )−1 and choosing a finite cover
p
with log (|A |) = O(d log(dcT )) we p
attain a regret bound of order d T log(dcT ). Note that
for d ≤ T , this√bound is of order d T log(cT ), but for d > T ≥ 1, we have a trivial regret
bound of T < dT .
Here, for simplicity, we have considered a variant of Thompson sampling that randomizes
according to the posterior distribution of the quantized random variable A∗Q . However, with
a somewhat more careful analysis, one can provide a similar result for an algorithm that
randomizes according to the posterior distribution of A∗ .

E

Consider a variant of Thompson sampling that 
randomizes 
according to the distribution
of A∗Q . That is, for each a ∈ A , P (At = a|Ft ) = P A∗Q = a|Ft . Then, our analysis shows,

Russo and Van Roy

We assume further that there is a fixed constant c ∈ R such that supa∈A kak2 ≤ c and
supθ∈Θ kθk2 ≤ c. Because A is compact, it can be extremely well approximated by a finite
set. In particular, we can choose a finite cover A ⊂ A with log |A | = O(d log(dc/) such
that for every a ∈ A, minã∈A ka− ãk2 ≤ . By the Cauchy-Schwartz inequality, this implies
that | (a − ã)T θP | ≤ c for every θP .
We introduce a quantization A∗Q of the random variable A∗ . A∗Q is supported only on
the set A , but satisfies kA∗ (ω) − A∗Q (ω)k2 ≤  for each ω ∈ Ω.

y∼pa

E [R(y)] = aT θp .

In this section, we discuss how to extend our results to problems where the action space
is infinite. For concreteness, we will focus on linear optimization problems. Specifically,
throughout this section our focus is on problems where A ⊂ Rd and for each p ∈ P there is
some θp ∈ Θ ⊂ Rd such that for all a ∈ A

D.1 Infinite Action Spaces

Appendix D. Technical Extensions

hence the inequalities above are equalities and our claim is established.

Q

= sup I(X; YQ ) = I(X; Y ),

Q x∈X

X

P (X = x) sup D (P (YQx ∈ ·|X = x) || P (YQx ∈ ·))

P (X = x) D (P (Y ∈ ·|X = x) || P (Y ∈ ·))

n→∞

lim

≥ sup

=

=

≥

lim I(X; YQn )
n→∞
X
= lim
P (X = x) D (P (YQn ∈ ·|X = x) || P (YQn ∈ ·))

I(X; Y ) ≥

Let the finite partition Qn denote the refinement of the partitions
each x, every set in Qxn can be written as the union of sets in Qn . Then,

Q

= sup D (P (YQ ∈ ·|X = x) || P (YQ ∈ ·)) .

D (P (Y ∈ ·|X = x) || P (Y ∈ ·)) =

so that
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Using this Lemma in place of Fact 9 in our analysis leads to the following corollary.
Corollary 1 Fix a deterministic constant σ ∈ R. Suppose that conditioned on Ft , R(Yt,a )−
E [R(Yt,a |Ft ] is σ sub–Gaussian. Then
Γt ≤ 2|A|σ 2

almost surely for each t ∈ N. Furthermore, Γt ≤ 2σ 2 under the conditions of Proposition
2
4, Γt ≤ 2dσ 2 under the conditions of Proposition 5, and Γt ≤ 2dσ
under the conditions of
m2
Proposition 6.
It’s worth highlighting two cases under which the conditions of Corollary 1 are satisfied.
The first is a setting with a Gaussian prior and Guassian reward noise. The second case is
when under any model p ∈ P expected rewards lie in a bounded interval and reward noise
is sub–Gaussian.
1. Suppose that for each a ∈ A, R(Yt,a ) follows a Guassian distribution with variance less than σ 2 , Yt,a = R(Yt,a ) and, reward noise R(Yt,a ) − E[R(Yt,a )|p∗ ] is Gaussian with known variance. Then, the posterior predictive distribution of R(Yt,a ),
P (R(Yt,a ) ∈ ·|Ft ) is Gaussian with variance less than σ 2 for each a ∈ A and t ∈ N.


C
2. Fix constants C ∈ R and σ ∈ R. Suppose that almost surely E [R(Yt,a )|p∗ ] ∈ −C
2 , 2
and reward noise is R(Yt,a ) − E [R(Yt,a√
)|p∗ ] is σ sub–Gaussian. Then, conditioned on
the history, R(Yt,a ) − E [R(Yt,a )|Ft ] is C 2 + σ 2 sub-Gaussian almost surely.

The first case relies on the fact that E[R(Yt,a )|p∗ ] is C–sub-Gaussain, as well as the following
fact about sub-Gaussian random variables.

Fact 11 Consider random variables (X1 , ..., XK ). If for each Xi there is a deterministic
q
PK
PK 2
i=1 Xi is
i=1 σi

Xi } = E

"
K
Y
i=1

#
exp{λXi }

i=1

exp



λ2 σi2
2



= exp

P


λ2 ( i σi2 )
.
2

"

#
K
Y
E exp{λXi } X1 , ..Xi−1
K
Y

= E

σi such that Xi is σi sub–Gaussian conditional on X1 , .., Xi−1 , then
sub-Gaussian.

K
X

Proof For any λ ∈ R,
"
#

E exp{λ

i=1

≤

i=1

The proof of Lemma 3 relies on the following property of Kullback–Leibler divergence.
Fact 12 (Variational form of KL–Divergence given in Theorem 5.2.1 of Gray (2011)) Fix
two probability distributions P and Q such that P is absolutely continuous with respect to
Q. Then,
D(P ||Q) = sup {EP [X] − log EQ [exp{X}]} ,
X

JMLR 17(68):1-30

where EP and EQ denote the expectation operator under P and Q respectively, and the
supremum is taken over all real valued random variables X such that EP [X] is well defined
and EQ [exp{X}] < ∞.
27
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We now show that Lemma 3 follows from the variational form of KL–Divergence.
Proof Define the random variable X = R (Yt,a ) − Et [R (Yt,a )]. Then, for abitrary λ ∈ R,
applying Fact 12 to λX yields

= λ (Et [R (Yt,a ) |A∗ = a∗ ] − Et [R (Yt,a )]) − log E [exp{λX}|Ft ]

D (Pt (Yt,a |A∗ = a∗ ) || Pt (Yt,a )) ≥ λEt [X|A∗ = a∗ ] − log Et [exp{λX}]

≥ λ (Et [R (Yt,a ) |A∗ = a∗ ] − Et [R (Yt,a )]) − (λ2 σ 2 /2).

Maximizing over λ yields the result.
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where x ∈ Rp , µ0 (·) is the unknown regression function and  is a residual. When p is
large, estimating µ0 can lead to a statistical and computational curse of dimensionality.
One strategy for combatting this curse is dimensionality reduction via variable selection or
(more broadly) subspace learning, with the high-dimensional features replaced with their
projection to a d-dimensional subspace or manifold with d  p. In many applications,

y = µ0 (x) + ,  ∼ N (0, σ 2 ),

With recent technological progress, it is now routine in many disciplines to collect data
containing large numbers of features, ranging from thousands to millions. To account
for complex nonlinear relationships between the features and the response, nonparametric
regression models are employed. For example,

1. Introduction

Nonparametric regression for large numbers of features (p) is an increasingly important
problem. If the sample size n is massive, a common strategy is to partition the feature
space, and then separately apply simple models to each partition set. This is not ideal when
n is modest relative to p, and we propose an alternative approach relying on random compression of the feature vector combined with Gaussian process regression. The proposed
approach is particularly motivated by the setting in which the response is conditionally
independent of the features given the projection to a low dimensional manifold. Conditionally on the random compression matrix and a smoothness parameter, the posterior
distribution for the regression surface and posterior predictive distributions are available
analytically. Running the analysis in parallel for many random compression matrices and
smoothness parameters, model averaging is used to combine the results. The algorithm can
be implemented rapidly even in very large p and moderately large n nonparametric regression, has strong theoretical justification, and is found to yield state of the art predictive
performance.
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Compressed regression; Gaussian process; Gaussian random projection;
Large p; Manifold regression.
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the relevant information about the high-dimensional features can be encoded in such low
dimensional coordinates.
There is a vast frequentist literature on subspace learning for regression, typically employing a two stage approach. In the first stage, a dimensionality reduction technique is
used to obtain lower dimensional features that can “faithfully” represent the higher dimensional features. Examples include principal components analysis and more elaborate
methods that accommodate non-linear subspaces, such as isomap (Tenenbaum et al., 2000)
and Laplacian eigenmaps (Belkin and Niyogi, 2003; Guerrero et al., 2011). Once lower dimensional features are obtained, the second stage uses these features in standard regression
and classification procedures as if they were observed initially. Such two stage approaches
rely on learning the manifold structure embedded in the high dimensional features, which
adds unnecessary computational burden when inferential interest lies mainly in prediction.
Another thread of research focuses on prediction using divide-and-conquer techniques.
As the number of features increases, the problem of finding the best splitting attribute
becomes intractable, so that CART (Breiman et al., 1984), MARS and multiple tree models,
such as Random Forest (Breiman, 2001), cannot be efficiently applied. A much simpler
approach is to apply high dimensional clustering techniques, such as metis, cover trees and
spectral clustering. Once the observations are clustered into a few groups, simple models
(glm, Lasso etc) are fitted in each cluster (Zhang et al., 2013). Such methods are sensitive to
clustering, do not characterize predictive uncertainty, and may lack efficiency, an important
consideration outside the n  p setting. There is also a recent literature on scaling up sparse
optimization methods, such as Lasso, to large p and n settings relying on algorithms that
can exploit multiple processors in a distributed manner e.g., (Boyd et al., 2011). However,
such methods are yet to be developed for non-linear manifold regression, which is the central
focus of this article.
This naturally motivates Bayesian models that simultaneously learn the mapping to
the lower-dimensional subspace along with the regression function in the coordinates on
this subspace, providing a characterization of predictive uncertainties. Tokdar et al. (2010)
proposes a logistic Gaussian process approach, while Reich et al. (2011) use finite mixture
models for sufficient dimension reduction. Page et al. (2013) propose a Bayesian nonparametric model for learning of an affine subspace in classification problems. These approaches
have the disadvantages of being limited to linear subspaces, lacking scalability beyond a
few dozen features and having potential sensitivity to features corrupted with noise. There
is also a literature on Bayesian methods that accommodate non-linear subspaces, ranging
from Gaussian process latent variable models (GP-LVMs) (Lawrence, 2005) for probabilistic nonlinear PCA to mixture factor models Chen et al. (2010). However, such methods
similarly face barriers in scaling up to large p and/or n. There is a heavy computational
price for learning the number of latent variables, the distribution of the latent variables,
and the mapping functions while maintaining identifiability restrictions.
Recently, Yang and Dunson (2013) show that this computational burden can be largely
bypassed by using usual Gaussian process (GP) regression without attempting to learn the
mapping to the lower-dimensional subspace. They showed that when the features lie on
a d-dimensional manifold embedded in the p-dimensional feature space with d  p and
the regression function is not highly smooth, the optimal rate can be obtained using GP
regression with a squared exponential covariance in the original high-dimensional feature
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2009; Fard et al., 2012; Guhaniyogi and Dunson, 2013). These earlier approaches differ
from ours in focusing on parametric regression. We independently draw elements {Ψij } of
Ψ from N (0, 1), and then normalize the rows using Gram-Schmidt orthogonalization.
We assume that µ ∈ Hs is a continuous function belonging to Hs , a Holder class with
smoothness s. To allow µ to be unknown, we use a Gaussian process (GP) prior, µ ∼
GP(0, σ 2 κ) with the covariance function chosen to be squared exponential

κ(xi , xj ; λ) = exp −λ||xi − xj ||2 ,
(2)

Guhaniyogi et al.

µ|y ∼

λd ∼ Ga(a0 , b0 ),

4

(3)

(4)
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−1

−1
where a1 = n/2, b1 = y 0 (K 1 + I)−1 y/2, m = I + K 1−1
y, Σ = (2b1 /n) I + K 1−1 ,
and tν (m, Σ) denotes a multivariate-t distribution with ν degrees of freedom, mean m and
covariance Σ.

σ 2 | y ∼ IG(a1 , b1 ),

tn (m, Σ)

leading to a NIG posterior distribution for (µ, σ 2 ) given y, Ψx, λ. In the special case in
which a, b → 0, we obtain Jeffrey’s prior and the posterior distribution is

(µ | σ 2 ) ∼ N (0, σ 2 K 1 ), σ 2 ∼ IG(a, b),

n
Let µ = (µ(Ψx1 ), ..., µ(Ψxn ))0 and K 1 = (κ(Ψxi , Ψxj ; λ))i,j=1
. The prior distribution on
µ, σ 2 induces a normal-inverse gamma (NIG) prior on (µ, σ 2 ),

2.2 Posterior form

with IG() and Ga() denoting the inverse-gamma and gamma densities, respectively. The
powered gamma prior for λ is motivated by the result of van der Vaart and van Zanten
(2009) showing minimax adaptive rates of n−s/(2s+p) for a GP prior with squared exponential
covariance and powered gamma prior. This is the optimal rate for nonparametric regression
in the original p-dimensional ambient space. The rate can be improved to n−s/(2s+d) when
xi ∈ M, with M a d-dimensional manifold. Yang and Dunson (2013) shows that a GP prior
with powered gamma prior on the smoothness can achieve this rate. In practice, replacing
the powered gamma prior for λ with a gamma prior has essentially no impact on the results
in examples we have considered.
In many applications, features may not lie exactly on M due to noise and corruption
in the data. We apply random compression in (1) to de-noise the features, obtaining Ψxi
much more concentrated near a lower-dimensional subspace than the original xi . With
this enhanced concentration, the theory in Yang and Dunson (2013) suggests excellent
performance for an appropriate GP prior. In addition to de-noising, this approach has the
major advantage of bypassing estimation of a geodesic distance along the unknown manifold
M between any two data points xi and xi0 .

σ 2 ∼ IG(a, b),

with λ a smoothness parameter and || · ||2 the Euclidean norm. To additionally allow the
residual variance σ 2 and smoothness λ to be unknown, we let

space. This is an exciting theoretical result, which provides motivation for the approach
in this article, which is focused on scalable Bayesian nonparametric regression in large p
settings. For broader applicability than Yang and Dunson (2013), we accommodate features
that are contaminated by noise and hence do not lie exactly on a low-dimensional manifold.
In addition, we facilitate computational efficiency by bypassing MCMC and reducing matrix
inversion bottlenecks via random projections. Sensitivity to the random projection and to
tuning parameters is reduced through the use of Bayesian model averaging. The proposed
approach that accommodates all these features is coined as the compressed Gaussian process
(CGP).
Snelson and Ghahramani (2012) also considered manifold regression for big data, comprising feature vectors via pre-multiplying with a short and fat projection matrix. Their
approach involves estimating a total of (M + p)m parameters in a feature compression matrix and input points, with M the number of input points, leading to intractability as p
increases. We demonstrate substantial advantages of our random compression approach in
Section 5 in terms of computational scalability and predictive performance. In addition, SG
lacks theory guarantees, while we show that CGP has a minimax optimal adaptive convergence rate dependent only on the true manifold dimension (assumed small). Calandra et al.
(2014) instead use a neural network-like mapping of the input space, requiring non-convex
optimization in high-dimensions. Scaling to moderate n, such as n ∼ 5, 000 − 10, 000, is
problematic. Other manifold regression methods (see Bickel and Li, 2007; Aswani et al.,
2011) either lack scalability even for moderate p and n, or fail to characterize predictive
uncertainties.
Section 2 proposes the model and computational approach in large p settings. Section 3
describes extensions to moderately large n, and Section 4 develops theoretical justification.
Section 5 contains simulation examples relative to state-of-the-art competitors. Section 6
presents an image data application, and Section 7 concludes the paper with a discussion.

2. Compressed Gaussian process regression
This section details out compressed Gaussian process model with the associated prior and
posterior distributions of the parameters.
2.1 Model
For subjects i = 1, . . . , n, let yi ∈ Y denote a response with associated features xi =
(xi1 , . . . , xip )0 = (zi1 , . . . , zip )0 + (δi1 , . . . , δip )0 = z i + δ i , z i ∈ M, δ i ∈ Rp , where M is a
d-dimensional manifold embedded in the ambient space Rp . We assume that the response
y ∈ Y is continuous. The measured features do not fall exactly on the manifold M but are
corrupted by noise. We assume a compressed nonparametric regression model

yi = µ Ψxi + i , i ∼ N (0, σ 2 ),
(1)
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with the residuals modeled as Gaussian with variance σ 2 , though other distributions including heavy-tailed ones can be accommodated. Ψ is an m × p matrix that compresses
p-dimensional features to dimension m. Following a Bayesian approach, we choose a prior
distribution for the regression function µ and residual variance σ 2 , while randomly generating Ψ following precedence in the literature on feature compression (Maillard and Munos,
3

n

2 2 Γ( n2 )
× π(λ),
in √
1 h
|K 1 + I| 2 y 0 (K 1 + I)−1 y 2 ( 2π)n

1

l=1

s
X

f (y ∗ |X ∗ , Ml , D)P (Ml | D),

(6)

P (D | Ml )P (Ml )

5

h=1 P (D | Mh )P (Mh )

P (Ml | D) = Ps
.

JMLR 17(69):1-26

where the predictive density of y ∗ given X ∗ under projection Ml is given in (9) and the
posterior probability weight on projection Ml is

f (y ∗ |X ∗ , D) =

where π(λ) is the prior distribution of λ. Clearly, a discrete approximation of λ|Ψ(l) , y is
(l)
P
given by ki=1 wi δλi , where wi = Pkf (λi |y,Ψ )(l) and δλi is the Dirac Delta function at λi .
j=1 f (λj |y,Ψ )
P
Finally, λ(l) is drawn from ki=1 wi δλi . Although Section 4 shows minimax optimality of
CGP with λd ∼ Gamma(a, b), we use d = 1 in practical implementations with no practical
loss in cases we have considered.
Let M = {M1 , . . . , Ms } denote the set of models corresponding to different random
projections, D = {(yi , xi ), i = 1, . . . , n} denote the observed data, and y ∗ denote the data
for future subjects with features X ∗ . Then, the predictive density of y ∗ given X ∗ is

f (λ|y, Ψ(l) ) ∝

The approach described in the previous section can be used to obtain a posterior distribution
for µ and a predictive distribution for y ∗ = (y1∗ , ..., yn∗ pred ) given X ∗ for a new set of npred
subjects conditionally on the m × p random projection matrix Ψ and the scaling parameter
λ. To accomplish robustness with respect to the choice of (Ψ, λ) and the subspace dimension
m, following Guhaniyogi and Dunson (2013), we propose to generate s random matrices
having different m, s and λ from the marginal posterior distribution, (Ψ(l) , λ(l) ), l = 1, ..., s,
and then use model averaging to combine the results. To make matters more clear, let
Ml , l = 1, . . . , s, represent (1) with ml number of rows. Corresponding to the model Ml ,
we denote Ψ, λ, µ and σ 2 by Ψ(l) , λ(l) , µ(l) and σ 2(l) respectively. Given Ψ(l) , we draw
a few λ1 , ..., λk randomly from U (3/dmax, 3/dmin) where dmax = maxi,j ||xi − xj ||2 and
dmin = mini,j ||xi − xj ||2 . Next we use the fact that the marginal posterior distribution of
λ|Ψ(l) , y is given by

2.3 Model averaging

npred
i=npred ,j=n
where K pred = {κ(x∗i , x∗j ; λ)}i,j=1
, K pred,1 = {κ(x∗i , xj ; λ)}i=1,j=1
, K 1,pred = K 0pred,1 ,
h
i
−1
2
µpred = K pred,1 (I + K 1 ) y, σpred
= (2b1 /n) I + K pred − K pred,1 {I + K 1 }−1 K 1,pred .

|K 1 + I|

1
1
2

h

n

2 2 Γ( n2 )
.
in √
2
y 0 (K 1 + I)−1 y ( 2π)n

1
,
σ2

6
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Fitting (1) using model averaging requires computing inverses and determinants of covariance matrices of the order n × n. In problems with even moderate n, this adds a heavy
computational burden of the order of O(n3 ). Additionally, as dimension increases, matrix
inversion becomes more unstable with the propagation of errors due to finite machine precision. This problem is further exacerbated if the covariance matrix is nearly rank deficient.
To address such issues, existing solutions rely on approximating µ(·) by another process
µ̃(·), which is more tractable computationally. One popular approach constructs µ̃(·) as a
finite basis approximation via kernel convolution (Higdon, 2002) or kalman filtering (Wikle
and Cressie, 1999). Alternatively, one can let µ̃(·) = µ(·)η(·), where η(·) is a Gaussian process having compactly supported correlation function that essentially makes the covariance
matrix of (µ̃(x1 ), ...., µ̃(xn )) sparse (Kaufman et al., 2008), facilitating inversion through
efficient sparse solvers.
Banerjee et al. (2008) proposes a low rank approach that imputes µ(·) conditionally
on a few knot-points, closely related to subset of regressor methods in machine learning
(Smola and Schölkopf, 2000). Subsequently, Finley et al. (2009) in statistics and Snelson
and Ghahramani (2006) in machine learning report bias in both variance and length-scale
parameter estimation which affects predictive estimates for the proposed approaches (Banerjee et al., 2008; Smola and Schölkopf, 2000). They also suggest possible remedies for bias
adjustments. To avoid sensitivity to knot selection in the low rank approaches, Banerjee
et al. (2013) approximates µ(·) using µ̃(·) = E[µ(·) | Φµ(X)] + Φ (·), with Φ an m × n,
m  n random matrix with Φij ∼ N (0, 1). Φ (x) are independent feature specific noises
with Φ (x) ∼ N (0, var(µ(x)) − var(µ̃(x))), which are introduced for bias correction similar
to Finley et al. (2009). There is a parallel literature on nearest neighbor Gaussian processes
which is built upon approximating a multivariate high dimensional Gaussian distribution

3. Scaling to moderately large n

Plugging in the above expressions in (6), one obtains the posterior predictive distribution
as a weighted average of t densities. Given that the computation over different sets of Ψ, λ
are not dependent on each other, the calculations are embarrassingly parallel with a trivial
expense for combining. The main computational expense comes from the inversion of an
n × n matrix under the lth random projection. There is a vast literature on obtaining rapid
approximations to such inversions under low rank assumptions. In the next section, we
describe one such approach for enabling scaling to moderate n. Other recent methods can
be easily substituted to scale to very large or massive n.

P (D | Ml ) =

After a little algebra, one observes that for (1) with (µ | σ 2 ) ∼ N (0, σ 2 K 1 ), π(σ 2 ) ∝

Assuming equal prior weights for each random projection, P (Ml ) = 1/s. In addition, the
marginal likelihood under Ml is
Z
P (D | Ml ) = P (D | Ml , µ(l) , σ 2(l) )π(µ(l) , σ 2(l) ).
(7)

Hence, the exact posterior distribution of (µ, σ 2 ) conditionally
 0on (Ψ,0 λ) is0 available
analytically. The predictive of y ∗ = (y1∗ , ..., yn∗ pred )0 given X ∗ = x∗1 , ..., x∗npred and Ψ, λ

for new npred subjects marginalizing out (µ, σ 2 ) over their posterior distribution is available
analytically as

2
y ∗ |x∗1 , ..., x∗npred , y ∼ tn µpred , σpred
,
(5)
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(8)

by a product of lower dimensional conditional distributions. Such an idea was first pursued
by Vecchia (1988) and Stein et al. (2004), and has recently gained traction in the computer
experiments literature (Gramacy and Apley, 2015) and in spatial geo-statistics (Emery,
2009; Stroud et al., 2014; Datta et al., 2014). Some of the recent versions of the this idea
are found to be amenable to parallel computations as well.
We adapt Banerjee et al. (2013) from usual GP regression to our compressed manifold
regression setting. In particular, let
y = µ̃Φ (Ψx) + Φ (Ψx) + ,  ∼ N (0, σ 2 ),

,j=n

8

(10)
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Theorem 1 Assume M is a d dimensional C r1 compact sub-manifold of Rp . Let G : M →
Rp be the embedding map so that G(M) ' M. Further assume T : Rp → Rm is a
dimensionality reducing map s.t. the restriction TM of T on G(M) is a C r2 -diffeomorphism

Definition: Given two manifolds M and N , a differentiable map f : M → N is called
a diffeomorphism if it is a bijection and its inverse f −1 : N → M is differentiable. If these
functions are r times continuously differentiable, f is called a C r -diffeomorphism.
Our analysis builds on the following result (Theorem 2.3 in Yang and Dunson (2013)).

Π(ρ(µ, µ0 ) > ζn | y1 , ..., yn ) → 0, as n → ∞.

Let µ0 (·) and
the fitted regression functions respectively. Define
Pn µ(·) be the true and
ρ(µ, µ0 )2 = n1 i=1
(µ(xi ) − µ0 (xi ))2 as the distance
between µ, µ0 under a fixed design.
R
When the design is random, let ρ(µ, µ0 )2 = M (µ(x) − µ0 (x))2 F (dx), where F is the
marginal distribution of the features. Denote Π(·|y1 , ..., yn ) to be the posterior distribution
given y1 , ..., yn . Then the interest lies in the rate at which the posterior contracts around
µ0 under the metric ρ(·, ·). This calls for finding a sequence {ζn }n≥1 of lower bounds such
that

(B) Noise compression through Ψ mitigates the deleterious effect of noise in x on the
resulting performance.

(A) When features lie on a manifold a two stage estimation procedure (compression followed
by a Gaussian process regression) leads to optimal convergence properties. This is used
n
to show that using {Ψz i }i=1
as features in the Gaussian process regression yields the
optimal rate of convergence.

This section provides theory supporting the excellent practical performance of the proposed
method. In our context the feature vector x is assumed to be x = z + δ, z ∈ M, δ ∈ Rp .
Compressing the feature vector results in compressing z and the noise followed by their
addition, Ψx = Ψz + Ψδ. The following two directions are used to argue that compression
results in near optimal inference.

4. Convergence analysis

exclusive subsets (Parikh and Boyd, 2011), run computation separately for each subset and
then combine the results; such methods have
applied to GPs (Deisenroth and Ng,
 been
 
n 3
2015) and have complexity that scales as O K
, where K is the number of subsets.
Choosing K large enough, with this approach, one can compute CGP with moderate sized
subset in each processor followed by combining inferences from different subsets. This can
be further reduced by using low rank approximations to the GPs within each subset.
An important question that remains is how much information is lost in compressing
the high-dimensional feature vector to a much lower dimension? In particular, one would
expect to pay a price for the huge computational gains in terms of predictive performance or
other metrics. We address this question in two ways. First we argue satisfactory theoretical
performance in prediction in a large p asymptotic paradigm in Section 4. Then, we will
consider practical performance in finite samples using simulated and real data sets.

0
2
2
where µ̃Φ (Ψx)
h = E[µ(Ψx) | Φµ(XΨ )], Φ (Ψx) | σ ∼ N
i (0, σ (x)),
−1
σ2 (x) = σ 2 κ(Ψx, Ψx; λ) − (Φkx )0 {ΦK 1 Φ0 } (Φkx ) and

kx = (κ(Ψx, Ψx1 ; λ), ...., κ(Ψx, Ψxn ; λ))0 . Denoting H 1 = diag(K 1 −K 1 Φ0 (ΦK 1 Φ0 )−1 ΦK 1 )+
I and H 2 = K 1 Φ0 (ΦK 1 Φ0 )−1 Φ, marginal posterior distributions of µ and σ 2 are available
in analytical forms

µ | y ∼ tn (mRGP , ΣRGP ), σ 2 | y ∼ IG(a2 , b2 ),

i=n

−1 0 −1

H 2 H 1 y,
where a2 = n/2, b2 = y 0 (H 1 + H 2 K 1 )−1 y/2, mRGP = H 20 H 1−1 H 2 + K 1−1
−1

ΣRGP = (2b2 /n) H 20 H 1−1 H 2 + K 1−1 . Owing to the special structure of ΣRGP and
mRGP , n × n matrix inversion can be efficiently achieved by Sherman-Woodbury-Morrison
matrix inversion technique.
Attention now turns to prediction from (8). The predictive of y ∗ = (y1∗ , ..., yn∗ pred )0 given
 0
0
0
X ∗ = x1∗ , ..., xn∗ pred and Ψ, λ for new npred subjects marginalizing out (µ, σ 2 ) over their
posterior distribution is available analytically as

2
, y ∼ tn µpred , σpred
,
(9)
npred

y ∗ |x1∗ , ..., x∗

n

2 2 Γ( n2 )
1
.
in √
1 h
|H 2 K 1 + H 1 | 2 y 0 (H 2 K 1 + H 1 )−1 y 2 ( 2π)n

n

pred
pred
0
where K pred = {κ(xi∗ , xj∗ ; λ)}i,j=1
, K pred,1 = {κ(xi∗ , xj ; λ)}i=1,j=1
, K 1,pred = K pred,1
,
H3 = I+diag(Kpred −Kpred,1 Φ0 (ΦK 1 Φ)−1 ΦK1,pred ), µpred = K pred,1 H 20 (H 1 + H 2 K 1 )−1 y, 
2
= (2b1 /n) H 3 + K pred,1 Φ0 (ΦK 1 Φ0 )−1 ΦK 1,pred − K pred,1 H 20 (H 1 + H 2 K 1 )−1 H 2 K 1,pred .
σpred
Evaluating the above expression requires inverting matrices of order mΦ × mΦ . Model averaging is again employed to limit sensitivity over the choices of Ψ, λ. Following similar
calculations as in Section 2.3, model averaging weights are found to be

P (D | Ml ) =
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Model averaging is performed on a wide interval of possible m values determined by the
“compressed sample size” mΦ and p, analogous to Section 2.3.
Although we focus in this article on using the Banerjee et al. (2013) approach within
CGP for scaling to moderately large n, alternative low rank or scalable approximations to
Gaussian processes can be substituted essentially without complication. For example, there
has been a recent emphasis on methods that break the data into exhaustive and mutually
7
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9

forth, we refer to this procedure as distributed supervised learning (DSL). Along with the
above methods, for large moderately n, we also implement the Bayesian analogue of sparse


• Form the affinity matrix A ∈ Rn×n defined by Aij = exp −||xi − xj ||2 /2σ 2 if i 6= j,
Aii = 0, for some judicious choice of σ 2 .
• Define D to be the diagonal matrix whose (i, i)-th entry is the sum of the elements
in the i-th row of A. Construct L = D −1/2 AD −1/2 .
• Find s1 , ..., sn.clust be the eigenvectors corresponding to the n.clust largest eigenvalues
of L. Form the matrix S = [s1 : · · · : sn.clust ] ∈ Rn×n.clust by stacking the eigenvectors
in column.
• Normalize so that each row of S has unit norm.
• Now treating each row of S as a point in Rn.clust cluster them into n.clust clusters
via K − means clustering.
• Finally assign xi in cluster j if the i th row of S goes to cluster j.

We assess the performance of compressed Gaussian process (CGP) regression in a number
of simulation examples. We consider various numbers of features (p) and level of noise in the
features (τ ) to study their impact on the performance. In all the simulations out of sample
predictive performance of the proposed CGP regression was compared to that of uncompressed Gaussian process (GP), BART (Bayesian Additive Regression Trees) Chipman et al.
(2010), RF (Random Forests) Breiman (2001) and TGP (Treed Gaussian process) Gramacy
and Lee (2008). Unfortunately, with massive number of features, traditional BART, RF
and TGP are computationally prohibitive. Therefore, we consider compressed versions in

5. Simulation Examples

P
Therefore, pj=1 Ψlj z j = Op (p−1/2 ), reducing the magnitude of noise in the original features.
Hence (B) is proved. Thus, even if noise exists, asymptotic performance of {T (xi )}ni=1 will
be similar to {T (z i )}ni=1 in the GP regression (which by (A) has “optimal” asymptotic
performance).

j=1

p
√ X
p
Ψlj z j → N (0, Cov(z 1 )).

On An , T is a diffeomorphism. Therefore, Theorem 1 implies that with features {T (z i )}ni=1
Π(d(µ, µ0 ) > ζn |y1 , ..., yn , An ) → 0. Finally, assuming φn → 0 yields Π(d(µ, µ0 ) > ζn |y1 , ..., yn ) →
0 with features {T (z i )}ni=1 . This proves (A).
Let Ψ(l) be the l-th row of Ψ, l = 1, ..., m. Denote ∆ = [δ 1 : · · · : δ n ] ∈ Rp×n and
assume z i is the i-th row of ∆. Using Lemma 2.9.5 in Van der Vaart and Wellner (1996),
we obtain

< Π(d(µ, µ0 ) > ζn |y1 , ..., yn , An ) + φn .

< Π(d(µ, µ0 ) > ζn |y1 , ..., yn , An ) + P (A0n )

+ Π(d(µ, µ0 ) > ζn |y1 , ..., yn , A0n )P (A0n )

Π(d(µ, µ0 ) > ζn |y1 , ..., yn ) = Π(d(µ, µ0 ) > ζn |y1 , ..., yn , An )P (An )

implying that T is a diffeomorphism onto its image with probability greater than (1 − φn ).
Define An = {Equation 11 holds} so that P (An ) > 1 − φn .

Algorithm 1 Spectral Clustering Algorithm
Input: features x1 , ...., xn and the number of clusters required n.clust.

which we generate a single projection matrix to obtain a single set of compressed features,
running the analysis with compressed features instead of original features. This idea leads
to compressed versions of random forest (CRF), Bayesian additive regression tree (CBART)
and Treed Gaussian process (CTGP). These methods entail faster implementation when the
number of features is massive.
As a default in these analyses, we use m = 60, which seems to be a reasonable choice
of upper bound for the dimension of the linear subspace to compress to. In addition, we
implement two stage GP (2GP) where the p-dimensional features are projected into smaller
dimension by using Laplacian eigenmap (Belkin and Niyogi, 2003; Guerrero et al., 2011) in
the first stage and then a GP with projected features is fitted in the second stage. We also
compared Lasso and partial least square regression (PLSR) to indicate advantages of our
proposed method over linear regularizing methods. However, in presence of strong nonlinear
relationship between the response and the features, Lasso and PLSR perform poorly and
hence results for them are omitted.
When n is moderately large ∼ 5000, to bypass heavy computational price associated
with CGP for inverting an n × n matrix, we employ a low rank approximation of the
compressed Gaussian process as described in Section 3. As an uncompressed competitor of
CGP in settings with moderately large n, efficient Gaussian random projection technique
Banerjee et al. (2013) is implemented. This is also referred to as the GP to avoid needless
confusion. Along with GP, CBART and CRF are included as competitors. CTGP with
moderately large n poses heavy computational burden and is, therefore, omitted.
As a more scalable competitor, we employ the popular two stage technique of clustering
the massive sample into a number of clusters followed by fitting simple model such as Lasso
in each of these clusters. To facilitate clustering of high dimensional features in the first
stage, we use the spectral clustering algorithm (Ng et al., 2001) described in Algorithm 1.
Once observations are clustered, separate Lasso is fitted in each of these clusters. Hence-

onto its image. Then for any µ0 ∈ C s with s ≤ min{2, r1 − 1, r2 − 1}, a Gaussian process
prior on µ with features {T (z i )}ni=1 , z i ∈ M, leads to a posterior contraction rate at least
ζn = n−s/(2s+d) log(n)d+1 .

This is a huge improvement upon the minimax optimal adaptive rate of n−s/(2s+p) without
the manifold structure in the features. We use the above result in our context. Define the
linear transformation T (z) = Ψz. Using properties of random projection matrix, we have
that, given κ ∈ (0, 1), if the projected dimension m > O( κm2 log(Cpκ−1 ) log(φ−1
n )) then with
probability greater than 1 − φn , the following relationship holds for every point z i , z j ∈ M,
r
r
m
m
(1 − κ)
||z i − z j || < ||T (z i ) − T (z j )|| < (1 + κ)
||z i − z j ||,
(11)
p
p
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Gaussian process with dimension reduction (Snelson and Ghahramani, 2012), referred to as
the SG method.
The model averaging step in CGP requires choosing a window over the possible values
of m. When n is small, we adopt the choice suggested in Guhaniyogi and Dunson (2013) to
have a window of [d2log(p)e, min(n, p)], which implies that the number of possible models to
be averaged across is s = min(n, p) − d2log(p)e + 1. When n is moderately large, we choose
the window of [d2log(p)e, min(mΦ , p)]. The number of rows of Φ is fixed at mΦ = 100 for
the simulation study with moderately large n. However, changing mΦ moderately does not
alter the performance of CGP.
5.1 Manifold Regression on Swiss Roll
To provide some intuition for our model, we start with a concrete example where the
distribution of the response is a nonlinear function of the coordinates along a swissroll, which
is embedded in a high dimensional ambient space. To be more specific, we sample manifold
9π
coordinates, t ∼ U ( 3π
2 , 2 ), h ∼ U (0, 3). A high dimensional feature x = (x1 , ..., xp ) is then
sampled following
x1 = t cos(t) + δ1 , x2 = h + δ2 , x3 = t sin(t) + δ3 , xi = δi , i ≥ 4, δ1 , .., δp ∼ N (0, τ 2 ).
Finally responses are simulated to have nonlinear and non-monotonic relationship with the
features
(12)

Simulation
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Predictive MSE for each of the simulation settings averaged over 50 simulated datasets is
shown in Table 2. Subscripted values represent bootstrap standard errors for the averaged

5.1.1 MSPE Results

Figure 1: Simulated features and response on a noisy Swiss Roll, τ = 0.05

x3

yi = sin(5πt) + h2 + i , i ∼ N (0, 0.022 ).

JMLR 17(69):1-26

Clearly, x and y are conditionally independent given θ, h, which is the low-dimensional
signal manifold. In particular, x lives on a (noise corrupted ) swissroll embedded in a pdimensional ambient space (see Figure 1(a)), but y is only a function of coordinates along
the swissroll M (see Figure 1(b)).
The geodesic distance between two points in a swiss roll can be substantially different
from their Euclidean distance in the ambient space Rp . For example, in Figure 1(c) two
points joined by the line segment have much smaller Euclidean distance than geodesic
distance. Theorem 1 in Section 4 guarantees optimal performance when the compact submanifold M is sufficiently smooth, so that the locally Euclidean distance serves as a good
approximation of the geodesic distance. The Swiss roll presents a challenging set up for
CGP, since points on M that are close in a Euclidean sense can be quite far in a geodesic
sense.
To assess the impact of the number of features (p) and noise levels of the features (τ )
on the performance of CGP, a number of simulation scenarios are considered in Table 1.
For each of these simulation scenarios, we generate multiple datasets and present predictive
inference such as mean squared prediction error (MSPE), coverage and lengths of 95%
predictive intervals (PI) averaged over all replicates.
In our experiments, y and X are centered. To implement LASSO, we use glmnet
(Friedman et al., 2009) package in R with the optimal tuning parameter selected through 10
fold cross validation. CRF, CBART and CTGP in R using randomForest (Liaw and Wiener,
2002), BayesTree (Chipman et al., 2009) and tgp (Gramacy, 2007) packages, respectively.
11
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To assess how the relative performance of CGP changes for larger sample size, we implement
manifold regression on swiss roll using methodologies developed in Section 3. For this
simulation example, a data generation scheme similar to Section 5.1 is used. Ideally, larger

5.2 Manifold Regression on Swiss roll for Larger Samples

Figure 2: coverage of 95% PI’s for CGP, GP, CBART, CTGP, CRF, 2GP

(e) n = 100, τ = .10, p = 10, 000

2GP

(c) n = 100, τ = .05, p = 10, 000

2GP

●

●

●

●

●

(a) n = 100, τ = .02, p = 10, 000

2GP

●

on the predictive mean from the regression model with variance equal to the estimated
variance in the residuals. Boxplots for coverage probabilities in all the simulation cases are
presented in Figure 2. Figure 3 presents median lengths of the 95% predictive intervals.
Both these Figures demonstrate that in all the simulation scenarios CGP, uncompressed
GP, 2GP and CBART result in predictive coverage of around 95%, while CRF suffers
from severe under-coverage. The gross under-coverage of CRF is attributed to the overly
narrow predictive intervals. Additionally, CTGP shows some under-coverage, with shorter
predictive intervals than CGP, GP, 2GP or CBART. CGP turns out to be an excellent
choice among all the competitors in fairly broad simulation scenarios. We consider larger
sample sizes and high noise scenarios in the next subsection.

Guhaniyogi et al.

To assess if CGP is well calibrated in terms of uncertainty quantification, we compute coverage and length of 95% predictive intervals (PI) of CGP along with all the competitors.
Although most frequentist methods such as CRF are unable to provide such coverage probabilities in producing point estimates, we present a measure of predictive uncertainty for
those methods following the popular two stage plug-in approach, (i) estimate the regression
function in the first stage; (ii) construct 95% PI based on the normal distribution centered

5.1.2 Coverage and Length of PIs

Table 2: Performance comparisons for competitors in terms of mean squared prediction
errors (MSPE)

p = 20000

p = 10000

Noise in the feature
.02
.05
CGP
4.090.08 5.490.08
GP
4.710.10 5.630.10
CRF
4.130.11 6.230.09
CBART 3.730.13 6.140.10
CTGP
4.240.14 7.130.11
2GP
5.720.15 6.550.13
CGP
4.430.07 6.210.10
GP
4.860.07 6.250.12
CRF
5.060.11 6.810.11
CBART 4.840.15 6.770.11
CTGP
5.590.11 7.400.11
2GP
6.050.10 6.690.13

MSPEs, calculated by generating 50 bootstrap datasets resampled from the MSPE values,
finding the average MSPE of each, and then computing their standard error.
Table 2 shows that feeding randomly compressed features into any of the nonparametric
methods leads to good predictive performance, while Lasso fails to improve much upon the
null model (not shown here). For both p = 10, 000 and 20, 000, when the swiss roll is corrupted with low noise, CGP performs significantly better than GP, while CBART and CRF
provide competitive performance with GP. Increasing noise in the features results in deteriorating performances for all the competitors. CGP is an effective tool to reduce the effect
of noise in the features, but at a tipping point (depending on n) noise distorts the manifold
too much, and CGP starts performing similarly to GP. CRF and CTGP perform much
worse than CGP in high noise scenarios, while CBART produces competitive performance.
Two stage GP (2GP) performs much worse than all the other competitors; perhaps the two
stage procedure is considerably more sensitive to noise. Increasing number of features does
not alter MSPE for CGP significantly in presence of low noise, consistent with asymptotic
results showing posterior convergence rates depend on the intrinsic dimension of M instead
of p when features are concentrated close to M. In the next section, we will study these
aspects with increasing sample size and noise in the features.
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Figure 3: lengths of 95% PI’s for CGP, GP, CBART, CRF, CTGP, 2GP
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sample size should lead to better predictive performance. Therefore, one would expect more
accurate prediction even with higher degree of noise in the features for larger sample size,
as long as there is sufficient signal in the data. To accommodate higher signal than in
9π
Section 5.1, we simulate manifold coordinates as t ∼ U ( 3π
2 , 2 ), h ∼ U (0, 5) and sample
responses as per (12). We also increase noise variability in the features for all the simulation
settings. Simulation scenarios are described in Table 3.
MSPE of all the competing methods are calculated along with their bootstrap standard
errors and presented in Table 4. Results in Table 4 provide more evidence supporting our
conclusion in Section 5.1. With smaller noise variance, CGP along with other compressed
methods outperform uncompressed GP and 2GP. However, when τ exceeds a certain limit,
the manifold structure is more and more distorted, with performance of all the competitors
worsening. In particular with increasing noise, performance of CGP and GP start becoming
more comparable. On the other hand, SG method faces computational issues for p ∼
10000 − 20000 features. Therefore, we select only 500 features without disrupting the noisy
manifold structure. Even with many fewer features, SG performs worse than CGP with
15

Simulation
1
2
3
4
5
6

no. of features (p)
10,000
20,000
10,000
20,000
10,000
20,000

Guhaniyogi et al.

sample size (n)
5,000
5,000
5,000
5,000
5,000
5,000

noise in the features (τ )
.03
.03
.06
.06
.10
.10

Table 3: Different Simulation settings for CGP for large n.

Noise in the feature
.03
.06
0.560.06
1.060.03
2.050.32
2.370.35
1.050.10
2.160.11
0.690.07
1.720.11
0.500.07
0.520.03
3.780.31
3.950.41
1.170.048 2.110.107
1.980.418 2.330.321
1.460.070 2.760.224
1.220.092 2.530.151
0.480.015 0.450.014
3.840.581 4.100.370

.10
2.180.08
3.350.42
3.520.09
2.790.13
0.500.03
4.050.38
2.570.222
2.780.330
3.880.224
3.840.192
0.570.078
4.530.481

MSPE 46.3, 52.2 for τ = 0.03, 0.1 respectively. Our investigation shows that the performance
of SG is quite competitive when p is less than a few dozen. However, as p increases over a few
hundreds, SG starts performing poorly. This is perhaps due to the fact that SG estimates
a large number of poorly identifiable parameters resulting in inaccurate estimation. CGP
with random compression of high dimensional features remarkably reduces the number of
parameters to be estimated. Comparing results from the last section it is quite evident that
with large samples, CGP is able to perform well even with very large number of features and
moderate variance of noise in the features. This shows the effectiveness of CGP for large p
and moderately large n when features are close to lying on a low-dimensional manifold.
In all the simulation scenarios, DSL is the best performer in terms of MSPE, consistent
with the routine use of DSL in large scale settings. However, the performance is extremely
sensitive to the choice of clusters. In real data applications often inaccurate clustering
leads to suboptimal performance, as will be seen in the data analysis. Additionally, we are
not just interested in obtaining a point prediction approach, but want to obtain methods
that provide an accurate characterization of predictive uncertainty. With this in mind, we
additionally examine coverage probabilities and lengths of 95% predictive intervals (PIs).
Boxplots for coverage probabilities of 95% PI’s are presented in Figure 4. Figure 5 presents

p = 10, 000

p = 20, 000

CGP
GP
CRF
CBART
DSL
2GP
CGP
GP
CRF
CBART
DSL
2GP

Table 4: M SP E × 0.1 along with the bootstrap sd × 0.1 for all the competitors
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lengths of 95% prediction intervals for all the competitors. As expected, CGP, GP, 2GP
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Figure 4: coverage of 95% PI’s for CGP, GP, CRF, CBART, 2GP

(e) n = 5, 000, p = 10, 000, τ = 0.10

(f) n = 5, 000, p = 20, 000, τ = 0.10
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One of the major motivations in developing CGP was to improve computational scalability
to large p settings. Clearly, the computational time for nonparametric estimation methods
such as BART, TGP or RF applied to the original data will become notoriously prohibitive
for large p, and hence we focus on comparisons with more scalable methods. The approach
of applying BART, RF and TGP to the compressed features, which is employed in CBART,

CBART

CBART

(b) n = 5, 000, p = 20, 000, τ = 0.03

2GP

2GP
CRF
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CRF and CTGP respectively, is faster to implement. Using R code in a standard server, the
computing time for 2, 000 iterations of CBART for n = 100 and p = 10, 000, 20, 000 are only
7.21, 8.36 seconds, while CGP has run time of 7.48, 8.05 seconds, respectively. Increasing n
moderately, we find CBART and CGP have similar run time. CRF is a bit faster than both
of them, while CTGP has run time 37.64, 38.33 seconds for p = 10, 000, 20, 000 respectively.
For moderate n, 2GP is found to have similar run time as CBART.
With large n, CTGP is impractically slow and hence omitted in the comparison. GP
needs to calculate and store a distance matrix of p features. Apart from the storage bottleneck, the computational complexity is O(n2 p). CGP instead proposes calculating and
storing a distance matrix of m compressed features, with a computational complexity of
O(n2 m). Computation time for CGP additionally depends on a number of factors, (i)
Gram Schmidt orthogonalization of m rows of m × p matrices, (ii) inverting an mΦ × mΦ
matrix, (iii) multiplying n × p and p × m matrices. Along with these three steps, one
requires multiplying mΦ × n matrix Φ with n × n matrix K1 at each MCMC iteration
that incurs a computation complexity of order n2 mΦ . Typically the computation complex-

2GP

(c) n = 5, 000, p = 10, 000, τ = 0.06

2GP

●

GP

(a) n = 5, 000, p = 10, 000, τ = 0.03

2GP

●

●

and CBART demonstrate better performance in terms of coverage. However, in low noise
cases CGP and CBART achieve similar coverage with a two fold reduction in the length
of PIs compared to GP or 2GP. CRF, like in the previous section, shows under-coverage
with narrow predictive intervals. The predictive interval for CGP is found to be marginally
wider than CBART with comparable coverage. With high noise, it becomes intractable to
recover the manifold structure and hence performance is affected for all the competitors. It
is observed that with high noise all approaches tend to have wider predictive intervals. DSL
presents overly narrow predictive intervals (not shown here) yielding severe under-coverage.
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ity is dominated by n2 and hence scaling with sample size is computationally feasible for
about n ∼ 10000 observations. For much larger n, one can resort to distributed GP based
approaches as mentioned in Section 3. On the other hand, SPGP with dimensionality reduction (SG method) introduces exorbitantly large number of parameters even for moderate
p.
Figure 6 shows the computational speed comparison between CGP, GP, CBART and
CRF for various n and p. Computational speed is recorded assuming existence of a number of processors on which parallelization can be executed. As n increases, CGP enjoys
substantial computational advantage over competitors. The computational advantage is
especially notable over CBART and GP. Run times of DSL are also recorded for n = 5, 000
and p = 10, 000, 15, 000, 20, 000, 25, 000, 30, 000 and they are 449, 599, 737, 945, 1158 seconds, respectively. Alternatively, 2GP involves creating adjacency matrices followed by
an eigen-decomposition of an n × n matrix. Both these steps are computationally demanding. We find 2GP takes 602, 723, 856, 983, 1108 seconds to run for n = 5000 and
p = 10000, 15000, 20000, 25000, 30000, respectively. Therefore, CGP can outperform even a
simple two stage estimation procedure such as DSL in terms of computational speed.

6. Application to Face Images

JMLR 17(69):1-26

In our simulation examples, the underlying manifold is three dimensional and can be directly
visualized. In this section we present an application in which both the dimension and the
structure of the underlying manifold is unknown. The dataset consists of 698 images of
an artificial face and is referred to as the Isomap face data (Tenenbaum et al., 2000). A
few such representative images are presented in Figure 7. Each image is labeled with three
different variables: illumination-, horizontal- and vertical-orientation. Two dimensional
projections of the images are presented in the form of 64 × 64 pixel matrices. Intuitively,
a limited number of additional features are needed for different views of the face. This is
confirmed by the recent work of Levina and Bickel (2004); Aswani et al. (2011) where the
intrinsic dimensionality is estimated to be small from these images. More details about the
dataset can be found in http://isomap.stanford.edu/datasets.html.
We apply CGP and all the competitors to the dataset to assess relative performances.
To set up the regression problem, we consider horizontal pose angles (vary in [−750 , 750 ])
of the images, after standardization, as the responses. The features are taken 64 × 64 =
4096 dimensional vectorized images for each sample. To simulate more realistic situations,
N (0, τ 2 ) noise is added to each pixel of the images, with varying τ , to make predictive
inference more challenging from the noisy images. We carry out random splitting of the data
into n = 648 training cases and npred = 50 test cases and run all the competitors to obtain
predictive inference in terms of MSPE, length and coverage of 95% predictive intervals. To
avoid spurious inference due to small validation set, this experiment is repeated 50 times.
Table 5 presents MSPE for all the competing methods averaged over 50 experiments
along with their standard errors computed using 100 bootstrap samples.
Note that,
because of the standardization, the null model yields MSPE 1. It is clear from Table 5 that
CGP along with its compressed competitors explain a lot of variation in the response. DSL
and 2GP are the worst performers in terms of MSPE. This is consistent with our experience
that, in the presence of a complex and unknown manifold structure along with noise, DSL
19
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can be unreliable relative to CGP which tends to be more robust to the type of manifold
and noise level. GP also performs much worse than CGP and other compressed competitors
especially in presence of small amount of noise in the features. As the noise in the features
increases, performance of CGP and GP are found to be comparable. On the other hand

Figure 6: Computational time in seconds for CGP, GP, CBART, CRF against log of the
number of features.
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The overarching goal of this article is to develop nonparametric regression methods that
scale to large/very large p and/or moderately large n ∼ 5000 when features lie on a noise
corrupted manifold. The statistical and machine learning literature is somewhat limited in
robust and flexible methods that can accurately provide predictive inference for large p with
moderately large sample size, while taking into account the geometric structure. We develop a method based on nonparametric low-rank Gaussian process methods combined with
random feature compression to accurately characterize predictive uncertainties quickly, bypassing the need to estimate the underlying manifold. The computational template exploits
model averaging to limit sensitivity of the inference to the specific choices of the random

7. Discussion

Figure 8: Left panel: Boxplot for coverage of 95% predictive intervals over 50 replications;
Right panel: Boxplot for length of 95% predictive intervals over 50 replications
for CGP, GP, 2GP, CBART, CRF. In the left and right panels y-axis corresponds
to the coverage and length respectively.
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To see how well calibrated these methods are, Figure 8 provides coverage probabilities
along with the lengths of predictive intervals for all the competitors. It is evident from the
Figure that CGP, CBART, GP and 2GP yield excellent coverage. However, for CGP and
CBART this coverage is achieved with much narrower predictive intervals compared to GP
and 2GP. On the other hand, both CRF and DSL produce extremely narrow predictive
intervals resulting in severe under-coverage. In fact for τ = 0.03, 0.06, 0.10, length of 95%
predictive intervals for DSL are 0.13, 0.19, 0.21 respectively. Therefore, both in terms of
MSPE and predictive coverage, CGP does a good job. More importantly, these results
serve as a testimony of the robust performance demonstrated by compressed Bayesian nonparametric methods (CGP being one of them) even in the presence of unknown and complex
manifold structure in the features.

SG implemented with only a subset of 500 features yields much worse performance (MSPE
0.97, 0.98 for τ = 0.1, 0.03) respectively.

Table 5: MSPE and standard error (computed using 100 bootstrap samples) for all the
competitors over 50 replications

τ
0.03
0.06
0.10

Figure 7: Representative images from the Isomap face data.
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projection matrix Ψ. The proposed method is also guaranteed to yield minimax optimal
convergence rates.
There are many future directions motivated by our work. For example, the present work
uses Banerjee et al. (2013) that is less suitable for massive n. It is quite straightforward
to extend CGP to massive n by directly applying recently developed approaches for distributed computation in GP models (Deisenroth and Ng, 2015). Also the present work is
not able to estimate the true dimensionality of the noise corrupted manifold. Arguably, a
nonparametric method that can simultaneously estimate the intrinsic dimensionality of the
manifold in the ambient space would improve performance both theoretically and practically. One possibility is to simultaneously learn the marginal distribution of the features,
accounting for the low-dimensional structure. Other possible directions include adapting to
massive streaming data where inference is to be made online. Although random compression both in n and p provides substantial benefit in terms of computation and inference, it
might be worthwhile to learn the matrices Ψ, Φ while attempting to limit the associated
computational burden.
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Accurate classification of multi-class outcomes is essential in a wide range of applications.
To construct an accurate classifier for the outcome C ∈ {1, ..., n} based on a predictor
vector X, the target is often to minimize a misclassification rate, which corresponds to
a 0/1 loss. We assume that the data (C, XT )T is generated from a fixed but unknown
distribution P. Specifically, one would aim to identify f = {f1 (⋅), ..., fn (⋅)} that maximizes

1. Introduction

Keywords: Boosting, Fisher-Consistency, Multiclass Classification, SAMME

Accurate classification of categorical outcomes is essential in a wide range of applications.
Due to computational issues with minimizing the empirical 0/1 loss, Fisher consistent
losses have been proposed as viable proxies. However, even with smooth losses, direct
minimization remains a daunting task. To approximate such a minimizer, various boosting algorithms have been suggested. For example, with exponential loss, the AdaBoost
algorithm (Freund and Schapire, 1995) is widely used for two-class problems and has been
extended to the multi-class setting (Zhu et al., 2009). Alternative loss functions, such as
the logistic and the hinge losses, and their corresponding boosting algorithms have also
been proposed (Zou et al., 2008; Wang, 2012). In this paper we demonstrate that a broad
class of losses, including non-convex functions, achieve Fisher consistency, and in addition
can be used for explicit estimation of the conditional class probabilities. Furthermore, we
provide a generic boosting algorithm that is not loss-specific. Extensive simulation results
suggest that the proposed boosting algorithms could outperform existing methods with
properly chosen losses and bags of weak learners.
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1. Here the expectation and probability are both with respect to the unknown true distribution P.

under the constraint ∑j fj (X) = 0, where 1(⋅) is the indicator function and for any f , cf (X) =
argmaxj fj (X). Obviously, fBayes = {fBayes,j (⋅) = P(C = j ∣ ⋅) − n−1 , j = 1, ..., n} minimizes
(1). In practice, one may approximate the Bayes classifier cfBayes (⋅) by modeling P(C =
j ∣ ⋅) parametrically or non-parametrically. However, due to the curse of dimensionality
and potential model mis-specification, such direct modeling may not work well when the
underlying conditional risk functions are complex. On the other hand, due to both the
discontinuity and the discrete nature of the empirical 0/1 loss, direct minimization is often
computationally undesirable.
To overcome these challenges, many novel statistical procedures have been developed by
replacing the 0/1 loss with a Fisher consistent loss φ such that its corresponding minimizer
can be used to obtain the Bayes classifier. Lin (2004) showed that a class of smooth convex
functions can achieve Fisher consistency (FC) for binary classification problems. Zou et al.
(2008) further extended these results to the multi-class setting. Support vector machine
(SVM) methods have been shown to yield Fisher consistent results for both binary and
multi-class settings (Lin, 2002; Liu, 2007). Relying on these FC results, boosting algorithms
for approximating the minimizers of the loss functions have also been proposed for specific
choices of losses. Boosting algorithms search for the optimal solution by greedily aggregating
a set of “weak-learners” G via minimization of an empirical risk, based on a loss function
φ. The classical AdaBoost algorithm (Freund and Schapire, 1995) for example is based on
the minimization of the exponential loss, φ(x) = e−x , using the forward stagewise additive
modeling (FSAM) approach. Hastie et al. (2009) showed that the population minimizer of
the AdaBoost algorithm corresponds to the Bayes rule cfBayes (⋅) for the two-class setting.
Zhu et al. (2009) extended this algorithm and developed the Stagewise Additive Modeling
using a Multi-class Exponential (SAMME) algorithm for the multi-class case.
Most existing work on Fisher consistent losses focuses on convex functions such as
φ(x) = e−x and φ(x) = ∣1−x∣+ . However, there are important papers advocating the usage of
non-convex loss functions, which we will briefly discuss here. Inspired by Shen et al. (2003),
Collobert et al. (2006) explores SVM type of algorithms with the non-convex “ramp” loss
instead of the typical “hinge” loss in order to speed up computations. Bartlett et al. (2006)
consider the concept of “classification calibration” in the two-class case. Classification
calibration of a loss can be understood as uniform FC, along all possible conditional probabilities on the simplex. They demonstrate that non-convex losses such as 1 − tan(kx), k > 0
can be classification calibrated in the two class case. More generally, Tewari and Bartlett
(2007) extend classification calibration to the multiclass case, and provide elegant characterization theorems. We will draw a link between our work and the work of Tewari and
Bartlett (2007) in Section 2.
Asymptotically, procedures such as the AdaBoost based on FC losses would lead to the
optimal Bayes classifier, provided sufficiently large space of weak learner set G. However, in
finite samples, the estimated classifiers are often far from optimal, and the choice of the loss
φ could greatly impact the accuracy of the resulting classifier. In this paper, we consider

L(f ) = E [1{C ≠ cf (X)}] = P {C ≠ cf (X)} 1 ,

the misclassification rate
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a broad class of loss functions that are potentially non-convex and demonstrate that the
minimizer of these losses can lead to the Bayes rules for multi-category classification, and in
fact can be used to explicitly restore the conditional probabilities. Moreover, we propose a
generic algorithm leading to local minimizers of these potentially non-convex losses, which as
we argue, can also recover the Bayes rule. The last observation has important consequences
in practice, as global minimization of non-convex losses remains a challenging problem. On
the other hand, non-convex losses, although not commonly used in the existing literature,
could be more robust to outliers (Masnadi-Shirazi and Vasconcelos, 2008). The rest of
the paper is organized as follows. In section 2 we detail the conditions for the losses
and their corresponding FC results. In settings where the cost of misclassification may
not be exchangeable between classes, we generalize our FC results to a weighted loss that
accounts for differential costs. In section 3, we propose a generic boosting algorithm for
approximating the minimizers and study some of its numerical convergence aspects. In
section 4 we present simulation results and real data analysis comparing the performance
of our proposed procedures to that of some existing methods including the SAMME. In
addition in Section 4 we apply our proposed algorithms to identify subtypes of diabetic
neuropathy with EMR data from the Partners. These numerical studies suggest that our
proposed methods, with properly chosen losses, could potentially provide more accurate
classification than existing procedures. Additional discussions are given section 5. Proofs
of the theorems are provided in Appendix A.

2. Fisher Consistency for a general class of loss functions
In this section we characterize a broad class of loss functions which we deem relaxed Fisher
consistent. This class encompasses previous classes of loss functions, provided in Zou et al.
(2008), but also admits non-convex loss functions.
2.1 Fisher Consistency for 0/1 Loss

min

P(C = j∣X) > 0 ∶ almost surely in X.

(2)

Suppose the training data available consists of N realizations of (C, XT )T drawn from P,
and let D = {(Ci , XiT )T , i = 1, . . . , N }. Moreover, we assume throughout that:
j∈{1,...,n}

(3)

Assumption (2) states that any class C has a chance to be drawn for all X, except on a
set of measure 0, where determinism in the class assignment is allowed. For a given C,
define a corresponding n × 1 vector YC = (1(C = 1), . . . , 1(C = n))T . Under this notation,
T
clearly YC
f (X) = fC (X). For identifiability the following constraint is commonly used in
the existing literature (Lee et al., 2004; Zou et al., 2008; Zhu et al., 2009, e.g.) :
n

∑ fj (⋅) = 0.

j=1

n

(4)

To identify optimal f (⋅) for classifying C based on f (X), we consider continuous loss
functions φ as alternatives to the 0/1 loss and aim to minimize
j=1
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T
Lφ (f ) = E[φ{YC
f (X)}] = E[φ{fC (X)}] = ∑ E[φ{fj (X)}P(C = j ∣ X)],

3
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fj =0

(5)

under the constraint (3). The loss function φ is deemed Fisher consistent Fisher consistent
if the global minimizer (assuming it exists) fφ = argmin
Lφ (f ) satisfies

f ∶∑j

cfφ (X) = 2 cfBayes (X).

Hence, with a Fisher consistent loss φ, the resulting argmaxj fφ (x) has the nice property
of recovering the optimal Bayes classifier for the 0/1 loss. Clearly, the global minimizer
fφ (x) also minimizes E[φ{fC (X)} ∣ X = x] for almost all x 3 . With a given data D, we may
approximate fφ by minimizing the empirical loss function

N
N
n N
̂φ (f ) = 1 ∑ φ{YT f (Xi )} = 1 ∑ φ(fC (Xi )) = 1 ∑ ∑ φ(fj (Xi ))I(Ci = j),
L
Ci
i
N i=1
N i=1
N j=1 i=1

for all x ∈ R, x′ ∈ S = {z ∈ R ∶ k(z) ≤ 0},

(6)

̂φ (f ).
to obtain ̂
f = argminf ∶∑j fj =0 L
Existing literature on the choice of φ focuses almost entirely on convex losses other than
a few important exceptions (Bartlett et al., 2006; Tewari and Bartlett, 2007, e.g.). Here,
we propose a general class of φ to include non-convex losses and generalize the concept of
FC as we defined in (5). Specifically, we consider all continuous φ satisfying the following
properties:

φ(x) − φ(x′ ) ≥ (g(x) − g(x′ ))k(x′ )

(7)

where g and k are both strictly increasing continuous functions, with g(0) = 1, inf x∈R g(x) =
0, supx∈R g(x) = +∞, k(0) < 0 and supz∈R k(z) ≥ 0. This suggests4 that φ{g −1 (⋅)} is continuously differentiable and convex on the set g(S) = {g(z) ∶ z ∈ S}. However, φ itself
is not required to be convex or differentiable. Extensively studied convex losses such as
φ(x) = e−x and φ(x) = log(1 + e−x ) both satisfy these conditions. For φ(x) = e−x , (6)
would hold if we let g(x) = ex and k(x) = −e−2x . For the logistic loss φ(x) = log(1 + e−x ),
we may let g(x) = ecx and k(x) = −{cecx (1 + ex )}−1 for any positive constant c > 0.
Alternatively, g(x) = ex (1 + ex )/2 and k(x) = −2{ex (1 + ex )(1 + 2ex )}−1 would also satisfy (6) for the logistic loss. Our class of losses also allows non-convex functions. For
example, φ(x) = log(log(e−x + e)) is a non-convex loss and (6) holds if g(x) = ex and
k(x) = −{ex (ex+1 + 1) log(e−x + e)}−1 . On an important note, we would like to mention that
all three examples above can be seen to fall into the general class of classification calibrated
loss functions in the two class case, as defined by Bartlett et al. (2006) and hence are FC
in the two-class case. We will see a more general statement relating condition (6) to the
notion of classification calibration in the two class case (see Remark 2.2 below).
Next, we extend the FC property (5), to allow for more generic classification rules. For
a loss function φ, if there exists a functional H such that the minimizer of (4) has the
property:

argmax H{fφ,j (X)} = cfBayes (X),

j∈{1,...,n}

JMLR 17(70):1-32

2. Formally the“=” in (5) should be understood as “⊆”. For the sake of simplicity, we keep this slight abuse
of notation consistent throughout the paper.
3. Provided that this minimizer of E[φ{fC (X)} ∣ X] exists on a set of probability 1, and E[∣φ{fC (X)}∣] < ∞
so that Fubini’s theorem holds.
4. We provide a formal proof of this fact in Appendix A under Lemma A.1.

4

j∈{1,....,n}

(8)

n

∑ φ(Fj )wj

under the constraint

j=1

n

∏ g(Fj ) = 1.

(9)

for some C < 0.

(10)

5
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This result indicates that Hφ (F̂j ) is inversely proportional to the weight wj . Now, consider
g(x) = exp(x), wj = P(C = j∣X = x), and Fj = fj (x), where we hold x . Then we can
recover cfBayes (x) by classifying C according to argmaxj {−Hφ (F̂j )}−1 = argmaxj Hφ (F̂j ) (the
negative sign comes in because C < 0), which implies that φ is RFC. Note that when Hφ (⋅)
is not increasing, Theorem 2.1 does not immediately imply that φ is a Fisher consistent loss
according to definition (5), because the Bayes classifier need not be recovered by argmaxj F̂j .
Nevertheless, we have the following:

Moreover, if the function Hφ (⋅) is strictly monotone there is a unique point with the property
described above.

Hφ (F̂j )wj = C

̂ = (F̂1 , ..., F̂n )T . Then the minimizer F
̂
Assume that there exists a minimum denoted by F
must satisfy

F=(F1 ,...,Fn )T j=1

min

Theorem 2.1 For a loss φ satisfying (6), consider the optimization problem with some
given wj > 0:

for some functional H. In words, classification calibration ensures that regardless of the
conditional distribution of C∣X, one can recover the Bayes rule. In contrast, RFC requires
this to happen for the distribution at hand C∣X, for (P almost) all X. This subtle but
important distinction makes a difference. Example 4 in Tewari and Bartlett (2007) shows
that if φ is positive and convex the conditions in (8) cannot be met for all vectors w on the
simplex, when we have at least 3 classes. On the contrary, in the present paper we argue
that in fact condition (8) remains plausible for both convex and non-convex losses, provided
that we require that the points w are not allowed to be vertexes of the simplex (i.e. wj > 0
for all j), which relates back to assumption (2).
The next result justifies that the proposed losses satisfying (6) are RFC with H(x) =
Hφ (x) ≡ g(x)k(x). We first present in Theorem 2.1 the property of a general constrained
minimization problem, which is key to establishing the RFC.

F∶∑j Fj =0 i=1

j∈{1,....,n}

̂
F(w)
= argmin ∑ φ(Fj )wj satisfies argmax H(φ(F̂j )) = argmax wj ,

n

{Hφ (F̂j )}−1
.
n
∑j=1 {Hφ (F̂j )}−1

(11)

(12)

6
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Clearly, by Remark 2.1, problem (9) would have a minimum for all three losses suggested
x
earlier — the exponential, logistic (for both g(x) = ecx , and g(x) = ex e 2+1 ), and log-log loss.
Finally we conclude this subsection, by noting that the assumptions in both Theorem 1
and 2 in Zou et al. (2008) can be seen to imply that the assumptions in Theorems 2.1 and
2.3 hold, thus rendering these theorems as consequences of the main result shown above. For
completeness we briefly recall what these conditions are. In Theorem 1, Zou et al. (2008)
require a twice differentiable loss function φ such that φ′ (0) < 0 and φ′′ > 0. In Theorem
2 these conditions are slightly relaxed by allowing for part linear and part constant convex
losses.

Remark 2.2 Take g = exp to match the constraint in (9) with the constraint considered
by Bartlett et al. (2006). It turns out that a loss function obeying (6) and either i. or ii
in Theorem 2.3. is classification calibrated in the two class case. See and Lemma A.2 in
Appendix A for a formal proof of this fact.

Remark 2.1 It follows that in any case, problem (9) has a minimum when the loss function
is bounded from below and unbounded from above.

ii. φ is not decreasing on the whole R.

cφ(g −1 (x)) + φ(g −1 (x1−n )) ↑ +∞, as x ↓ 0,

i. φ is decreasing on the whole R and for all c > 0:

Theorem 2.3 The optimization problem in Theorem 2.1 has a minimum if either of the
following conditions holds:

It is also worth noting here that the constraint in (9), generalizes the typical identifiability
constraint (3), and the two coincide when g(⋅) = exp(⋅). We proceed by formulating a
sufficient condition for the optimization problem in Theorem 2.1 to have a minimum without
requiring the convexity or differentiability of φ.

wj =

The validity of Proposition 2.2 can be deduced from Theorem 2.1 and an application of
Lemma 4 of Tewari and Bartlett (2007), but for completeness we include a simple standalone
proof in Appendix A. While Proposition 2.2 states that φ is FC, Theorem 2.1 suggests that
in addition to classification, one can recover conditional probabilities by calculating:

and hence φ is also FC in the sense of (5).

j∈{1,...,n}

Proposition 2.2 Assume the same conditions as in Theorem 2.1. Then in addition to
(10) we have:
argmax F̂j = argmax wj ,

then we call it relaxed Fisher consistent (RFC). Obviously, the RFC property would still
recover the Bayes classifier. Moreover FC losses are special cases of the RFC losses with an
increasing H.
We will now point out a connection between RFC and multiclass classification calibration as defined by Tewari and Bartlett (2007). Re-casting the definition of multiclass
classification calibration to our framework, it requires that for any vector w on the simplex,
the minimizer (assuming that it exists):
j∈{1,...,n}
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φ

−2

−1

j

0
yf(x)

n

=1

1

2

3

exp
logistic
loglog

cfWBayes (X) = argmin ∑ W (j, )P(C = ∣X).

7

n

∑ `(F )P(C = ∣X),

n
F=(F1 ,...,Fn )T ∶∏=1
g(F )=1 =1

min

JMLR 17(70):1-32

(14)

n
Proposition 2.4 Define the weighted loss `(F ) = ∑j=1
φ(Fj )W (j, ). Then the optimization problem:

Setting W = 1 − I corresponds to the 0/1 loss and cfWBayes = cfBayes , where I is the identity
matrix. Without loss of generality, we assume that W (j, ) ≥ 0. For φ satisfying (6) and
the condition in Theorem 2.3, we next establish the FC results for the weighted 0/1 loss
parallel to those given in Theorems 2.1 and 2.3.

(13)

Although the expected 0/1 loss or equivalently the overall misclassification is an important
summary for the overall performance of a classification, alternative measures may be preferred when the cost of misclassification is not exchangeable across outcome categories. For
such settings, it would be desirable to incorporate the differential cost when evaluating the
classification performance and consider a weighted misclassification rate. Consider a cost
matrix W = [W (j, )]n×n with W (j, ) representing the cost in classifying the th class to
the j th class. Then, the optimal Bayes classifier is

2.2 Fisher Consistency for Weighted 0/1 Loss

−3
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̂W )T which satisfies the property that:
, ..., Fn

Hφ (F̂jW )wjW = C̃ for some C̃ < 0,

n
W (j, )P(C = ∣X) assuming that wjW > 0.
where wjW = ∑=1

n

n

n

(15)

This proposition is a direct consequence of Theorem 2.1, after exchanging summations:

j=1

W
∑ ∑ φ(Fj )W (j, )P(C = ∣X) = ∑ φ(Fj )wj .

=1 j=1

max P(C = j∣X) < 1 ∶ almost surely in X.

Remark 2.3 Note that the above result hints on how one can relax assumption (2) by using
the loss ` constructed with W = 1−I. Using this particular `, Proposition 2.4 simply requires
> 0, which would be satisfied if we required:
wjW

j∈{1,...,n}

n
{Hφ (F̂jW )}−1
∑j=1

{Hφ (F̂jW )}−1

.

This is indeed weaker than (2). If we wanted to recover the conditional probabilities simply
note that P(C = j∣X) = 1 − wjW , and hence:

P(C = j∣X) = 1 −

The result also suggests that using the modified loss `, we can attain the optimal
weighted Bayes classifier cfWBayes (X) based on argmin Hφ (F̂W ).

3. Generic Algorithm for Constructing the Classifier

In this section we provide a generic boosting algorithm, based on the explicit structure (6)
that the RFC loss functions possess, and analyze certain numerical convergence aspects of
the algorithm in the special case when g = exp.
3.1 A Generic Boosting Algorithm

The properties of φ and the results in Theorem 2.1 and 2.3 also lead to a natural iterative
generic boosting algorithm to attain the minimizer.
3.1.1 A Conditional Iteration

In this subsection, we provide an iterative procedure, conditional on X = x, which eventually
leeds to a generic boosting algorithm. The usefulness of this conditional iteration is based
on the following result.

(m)

) − g(Fj )}k(Fj )wj .
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(16)

Theorem 3.1 Assume that φ satisfies (6) and the condition in Theorem 2.3. Starting from
(0)
F(0) ≡ 0, i.e. Fj = 0 for all j, define the following iterative procedure:

n

F∶∏ g(Fj )=1 j=1

F(m+1) = argmax ∑ {g(Fj

8

(17)

∗

9
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̂ Then we update the claŝ and β.
with respect to F ∈ G and β ≥ 0, denoted by F
̂
(m)
(m−1)
sifier coordinate-wise as Fj
= g −1 {g(Fj
)g(F̂j )β )} so that we have the following

T
(m−1)
T
T
T
(Xi )} [1 − g{YCi
F(Xi )}β ] k (g −1 [g{YCi
F(m−1) (Xi )}g{YCi
F(Xi )}β }]) ,
∑ g{YCi F
i=1

N

T
Fb (⋅) =
where C− < 0 and C+ > 0 are chosen such that ∏nj=1 g(Fbj ) = 1. Obviously, YC
C− + 1(Gb (⋅) = C)(C+ − C− ). Let G ∗ = {Fb (⋅), b = 1, ..., B} denote the bag of vectorized
classification functions corresponding to the classifiers in G.
We next propose a generic iterative boosting algorithm that greedily searches for an
optimal weight and for which weak learner to aggregate at each iteration. The loss function
φ is not directly used, and instead we rely on the g(⋅) and k(⋅) functions as specified in (6).
Specifically, we initialize F(0) ∶= 0. Then for m = 1, ..., M with M being the total number of
desired iterations, we obtain the maximizer of

Fbj (X) = C− + 1{Gb (X) = j}(C+ − C− ),

To derive the boosting algorithm, we let G = {Gb (⋅), b = 1, ..., B} denote the bag of weak
learners with G(X) ∈ {1, ..., n} denoting the predicted class based on learner G. For the bth
classifier in G, define a corresponding vectorized version of Gb , Fb = (Fb1 , ..., Fbn ), with

3.1.2 The Boosting Algorithm

T

where recall that YC = (1(C = 1), ..., 1(C = n)) . We next derive a boosting algorithm
iterating based on an empirical version of (17).

T
T
T (m)
F(X)}] k{YC
F(X)}) ,
F (X)} − g{YC
=E ([g{YC

⎛n
⎞
(m)
=E ∑ [g{Fj (X)} − g{Fj (X)}] k{Fj (X)}1(C = j)
⎝j=1
⎠

⎛n
⎞
(m)
E ∑ [g{Fj (X)} − g{Fj (X)}] k{Fj (X)}wj
⎝j=1
⎠

In the theorem above, the iterations are defined conditionally on X = x, and Fj can
be understood as fj (x). If Hφ (⋅) turns out to be monotone, the procedure above will
converge to the global minimum, as we can conclude straight from Theorem 2.1. Even if
the procedure does not converge to a global minimum, because of the property of the point
that it converges to, F∗ can be used to recover the Bayes classifier. This observation is
particularly useful for minimizing a non-convex loss functions as in such cases it is often
hard to arrive at the global minimum. Moreover, as before the point F∗ can be used not
only for classification purposes, but also to recover the exact probabilities wj .
In practice, the procedure described in (16) can be used to derive algorithms for boosting.
However, an unconditional version of (16) is needed since wj are unknown in general. Noting
that the expectation of 1(C = j) given X is wj , we have

g(Fj∗ )k(Fj∗ )wj = Hφ (Fj∗ )wj = C < 0.

This iteration is guaranteed to converge to a point F∗ with the following property:
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N

∑ [g{YCi F

T

(m−1)

T
T
(Xi )} − g{YCi
F(m) (Xi )}] k {YCi
F(m) (Xi )} ,

T

(18)

∗

N

T
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(19)

Definition 3.1 (Looping closure) Let π be a permutation of the numbers {1, . . . , n} into
{π1 , . . . , πn }. Consider the following “loop” functions, such that for all i = 1, . . . , n: l(0) (πi ) =

To this end we formulate the following:

10

∑ φ(YCi F(Xi )).
F∈span G ∗ i=1

inf

In this subsection we illustrate how algorithm 1 performs in finite samples, if we let it run
until convergence (using potentially infinitely many iterations). More specifically, we study
the properties of the iteration above in the case when g(x) = exp(x), or in other words we
are concerned with the iteration given by (18). In addition, we also want to explore the
relationship between iteration (18) and the following optimization problem:

).

3.2 Numerical Convergence of the Algorithm when g(⋅) = exp(⋅)

3. Output F(M ) and classify via argmaxj Hφ (Fj

(M )

T
T
F(Xi )}β }]) }
F(m−1) (Xi )}g{YCi
k (g −1 [g{YCi
̂ and β̂
with respect to F ∈ G , β ≥ 0 to obtain F
̂
(m−1)
(m)
(m)
)g(F̂j )β )}.
(b) Update F
coordinate-wise as Fj = g −1 {g(Fj

(m−1)
T
T
F(Xi )}β ] ×
(a) Maximize ∑N
(Xi )} [1 − g{YCi
i=1 {g{YCi F

2. For m = 1, . . . , M

1. Set F(0) = 0

Algorithm 1: Generic Boosting Algorithm

Note here, the apparent similarity between a coordinate descent (or gradient descent in
a functional space) as proposed in Mason et al. (1999) and Friedman (2001), and the above
iteration. Finally, we summarize the algorithm as follows.

F∈G ∗ , β≥0 i=1

T
T
argmin ∑ −{e−βYCi F(Xi ) − 1}φ̇{YCi
F(m−1) (Xi ) + βYCi
F(Xi )}.

N

which is exactly the empirical version of (17).
For illustration, consider g(x) = ex with φ being differentiable and hence we may let
̂
k(x) = φ̇(x)e−x . In this special case the update of F(m) simplifies to F(m) = F(m−1) + β̂F.
Therefore following the iteration described above we have:

i=1

̂

T (m)
T (m−1)
T̂ β
g{YC
F } = g{YC
F
}g{YC
F} holding for all C. This will ensure that the property
(m)
∏nj=1 g(Fj ) = 1 continues to hold throughout the iterations. Thus at each iteration, we
would be greedily maximizing:
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πi , l(1) (πi ) = πi+1 , l(k) (⋅) = l(1) (l(k−1) (⋅)), where the indexing is mod n, and k = 1, . . . , n−15 .
We say that a classifier bag G is closed under “looping” if there exists a permutation π such
that for all G ∈ G it follows that l(k) ○ G ∈ G for all k = 0, . . . , n − 1.
In practice, closure under looping can easily be achieved if it is not already present, by
adding the missing classifiers to the bag. Similar bag closures have been considered in the
two class case in Mason et al. (1999). We start our discussion with the following proposition,
providing a property of the algorithm at its limiting points.

i=1

T

T

∑ YCi F(Xi )φ̇(YCi F

N
(∞)

(Xi )) = 0,

(20)

Proposition 3.2 Suppose that the loss function φ is decreasing, continuously differentiable,
bounded from below and satisfies (6) with g = exp. Furthermore assume that, the classifier
bag is closed under looping (see Definition 3.1). Then iterating (18), using possibly infinite
amount of iterations until a limiting point F(∞) is reached, guarantees that the following
condition holds:

for all F ∈ G ∗ .

N

T

i=1

(∞)

i=1

N

T
T ̃
F(∞) (Xi )) = 0.
[F(Xi ) − F(∞) (Xi )]φ̇(YCi
(Xi )) ≥ ∑ YCi

Clearly, all examples of loss functions we considered satisfy the assumptions of Proposition 3.2. In the case when φ is convex, (20) shows that by iterating (18) we would arrive
at an infimum of problem (19). This can be easily seen along the following lines. Assume
̃ is a point of infimum of (19) over the span of G ∗ . By convexity of φ we have:
that the F
N

T

̃ i )) − ∑ φ(Y F
∑ φ(YCi F(X
Ci

i=1

̃ − F(∞) is in the span of classifiers.
The last equality follows from (20) and the fact that F
In the case when φ is not convex, condition (20) remains meaningful, though it doesn’t
guarantee convergence to the infimum. In order for us to relate condition (20) to equation
(11) in the general (non-convex loss) case, and make it more intuitive, we consider a simple
and illustrative example. We restrict our attention to the two class case (n = 2), but the
example can be easily generalized.

if x ∈ Xb
,
otherwise

Example 3.1 Consider a (disjoint) partition of the predictor support: X – X1 , . . . , XB .
Construct classifiers based on that partition in the following manner:

⎧
⎪
⎪1,
Gb (x) = ⎨
⎪
⎪2
⎩

(∞)

(∞)

) − (N − Nb )φ̇(Y2T Fb

) = 0,

and close them under looping. It is easily seen that, under this framework the vector F(∞) (x)
(∞)
is constant for x ∈ Xb for a fixed b. Denote the value of this constant with Fb . Plugging
in the bth classifier in equation (20) we obtain: Nb φ̇(Y1T Fb
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5. Note that the loop functions depend on the permutation π, but we suppress this dependence for clarity
of exposition.

11
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)}−1

=

Nb 6
.
N

(21)

where Nb is the number of observations correctly classified by the bth classifier, or in other
words:

(∞)

)}−1 + {φ̇(Y2T Fb

(∞)
{φ̇(Y1T Fb )}−1

(∞)

{φ̇(Y1T Fb

,

The LHS of (21) is an estimate of the probability P(C = 1∣X ∈ Xb ), which in turn is a proxy
to the Bayes classifier. For the RHS of (21), note that our probability recovering rule (11)
with g = exp becomes:

{φ̇(YjT F(∞) (x))}−1

{φ̇(Y1T F(∞) (x))}−1 + {φ̇(Y2T F(∞) (x))}−1

in the two class case. This expression is in complete agreement with the RHS of (21).
3.2.1 Convergence Analysis

(22)

In the convex loss function case, property (20) will be matched by a gradient descent
methods in the function space such as AnyBoost (Mason et al., 1999). This motivates us
to consider the question of the convergence rate of the newly suggested algorithm — is it
slower, faster or the same as a gradient descent in the convex loss function case? At first
glance the rate might appear to be slower as we are not using the “fastest” decrease at
each iteration using simply the exp function. In the end of this subsection we establish a
geometric rate of convergence under certain assumptions, which matches the convergence
rate for gradient descent under similar assumptions.
As we argued in the previous subsection, in the case of a convex loss φ, (20) guarantees
T
F(∞) (Xi ) be the
that iteration (18) converges to the infimum of problem (19). Let YC
i
limiting (allowed to be ±∞) values achieving the infimum above. Before we formalize the
T
F(∞) (Xi ). This question is
convergence rate result, we will characterize the behavior of YC
i
of interest in its own right, as this characterization remains valid regardless of what boosting
algorithm one decides to use to obtain the minimum/infimum.
For what follows we consider a loss function φ which satisfies a mildly strengthened
condition (12). Namely, let φ be decreasing and for any α, c > 0 it satisfies the following
condition:

φ(x) + cφ(−αx) ↑ +∞ as x ↑ +∞

It is worth noting that if condition (12) is satisfied for all n (recall that g = exp here)
this would imply (22). Denote with B the total number of weak learners in the bag. Let
T
D ∶= {YCi
Fj (Xi )}j,i be a B × N matrix each entry of which is either C+ or C− . Again,
we assume that the bag is closed under looping. Let v ∈ RN be a vector. Consider the
B
equation DT α = v for some vector α ∈ R0,+
, where R0,+ = [0, ∞). Note that because of
the looping closure7 the linear equation above has solution iff the equation DT α = v has a
solution with α ∈ RB , since without loss of generality we can add a large positive constant
(∞)
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6. Here we assume that φ̇(YjT Fb ) ≠ 0, j ∈ {1, 2}, which can be ensured if φ is unbounded from above
7. Looping closure (Definition 3.1) implies that the column sums of D are 0.
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B

j=1

N

i=1

T

N

F∈span G ∗

inf

N

i=1

T
∑ φ(YCi F(Xi )) ≤ (N − M )φ(0) + M φ(+∞).

13

8. We allow I = 0, in which case e1 would simply represent the 0 vector.
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Theorem 3.4 Let the convex, decreasing loss function φ be strongly convex with Lipchitz
and bounded derivative on any compact subset of R, and satisfies (22) and (6) with g = exp.
Furthermore, assume that there is a stricly positive vector in row(D)⊥ , and define the

Proposition 3.3 characterizes the cases when one should expect problem (19) to have
a minimum. In fact, in the cases where I > 0, we can simply delete the observations
corresponding to the rows of e1 that are 0, and solve the optimization only on the set of
observations left, as it can be seen from the proof.
Next we formulate the speed of the convergence of the algorithm we suggested, in the case
when the function φ is convex. For simplicity we assume that the matrix of classifier entries,
D, is such that there is a strictly positive vector in the perp of the row space of D. If that is
not the case as argued we can delete observations that will be set to +∞ at the maximum,
and work with the rest. Denote with S = {v ∶ DT α = v with α ≥ 0, ∑N
i=1 φ(vi ) ≤ N φ(0)}.
Proposition 3.3 then implies that, the set S is bounded coordinate-wise. Next we formulate
the result:

T
F(∞) (Xi ) (i will be corresponding to the 0 coordinates
Moreover, exactly M of the values YC
i
of e1 ) will be set to +∞ at the infimum.

(N − M − 1)φ(0) + (M + 1)φ(+∞) <

Proposition 3.3 Let φ be a decreasing loss function satisfying (22). Set M ∶= N − I, where
I ∈ {0, . . . , N }. We have that:

Example 3.2 illustrates that if we want to have a solution smaller than N φ(+∞), D cannot
have rank N . Denote the rank of D with r.
More generally, our next result provides a characterization of how many (and which) of
T
F(∞) (Xi ) are set to +∞ at the infimum of (19). Consider the perp space of
the values YC
i
the row space of the matrix D, E ∶= row(D)⊥ . Out of all possible bases of E including the 0
vector, select the one e1 , . . . , es (s = min(N, B) − r + 1) for which the vector e1 has the most
strictly positive entries at I coordinates and zeros at the rest8 . We have the following:

Take the limit R → ∞, and it is clear that the infimum N φ(+∞) is achieved.

i=1

αj YCi Fj (Xi )) = ∑ φ(Rvi ).
∑ φ( ∑ R̂
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To distinguish the performance of our algorithm to the classical SAMME algorithm we
chose a simulation setting with a complicated decision boundary. We borrow the idea of
this simulation from the celebrated paper by Friedman et al. (2000).
The predictor matrix is generated as follows X ∼ [N (0, I10×10 )]10 . Next for each observation Xi it’s `1 or `2 norms were calculated. The class assignment was then performed

4.1 Simulation Studies

In this section we validate empirically the performance of the generic boosting algorithm
developed in the previous section with various choices of φ, comparing it to popular classification algorithms such as SVM and SAMME on simulated datasets, real benchmark
datasets from the UCI machine learning, as well as an EMR study on diabetic neuropathy
conducted at the Partners Healthcare.
For each dataset, we evaluated our proposed boosting algorithm based on (i) φ(x) =
log(1+e−x ) (Logistic) with g(x) = ex and k(x) = −{ex (1+ex )}−1 ; (ii) φ(x) = log(log(e−x +e))
(LogLog) with g(x) = ex and k(x) = {ex (ex+1 + 1) log(e−x + e)}−1 . We also experimented
with g(x) = ecx for different values of c, and our results (not reported) were robust with
respect to the choice of c. We also compare each of these algorithms to the commonly used
LASSO (Friedman et al., 2010)/Multinomial Logistic Regression and SVM procedures. The
SVM was trained with RBF kernel where the tuning parameter for the kernel function was
chosen via the sigest function of ksvm library. The sigest procedure outputs three quan′
tiles — 0.1, 0.5, 0.9 of the distribution of ∥X − X ′ ∥−2
2 where X and X are two predictors
sampled from the matrix X, and we take the mean of these quantiles as the tunning parameter in the RBF kernel for robustness. The fitting was performed with the kernlab
R package implementation – ksvm which uses the “one-against-one”-approach to deal with
multi-class problems see Hsu and Lin (2002) for example. The LASSO procedure with X
being the predictors was based on an `1 penalized logistic regression through the glmnet
implementation, and the tuning parameter was selected based on 5-fold CV. Throughout,
the bag of classifiers for all boosting algorithms consisted of decision trees and multinomial
logistic regressions weak learners, the predictors in each of which represented a subsample
of the whole predictor set.

4. Numerical Studies and Data Examples

As we can see from Theorem 3.4 if we use this algorithm in the convex loss function
case, we wouldn’t lose convergence speed to gradient descent (see Nesterov (2004) Theorem
2.1.14), but in the non-convex function case which still obeys (6) this algorithm will be
converging to a local minimum. In the latter case we will still be capable of recovering the
Bayes classifier, as indicated by equation (20).

εm+1 ≤ εm K.

set S as above. Let F∗ ∈ span G ∗ achieves the minimum in problem (19). Denote with
T
∗
(m)
T
(m)
is produced iteratively using
(Xi )) − ∑N
εm = ∑ N
i=1 φ(YCi F (Xi )), where F
i=1 φ(YCi F
(18). Then there exists a constant K < 1 depending on the matrix D, the sample size N
and the set S, such that:

to the coordinates of α. It follows that the equation DT α = v has a solution α ∈ RB
0,+ iff
v ∈ row(D).
To see the connection between the linear equation above and optimization problem (19)
consider the following simple example:

B
T
Example 3.2 The function ∑N
i=1 φ(∑j=1 αj YCi Fj (Xi )) cannot have a minimum, if there
̂ ∈ RB
exists a vector v ∈ RN
,
such
that
the
equation
DT α = v has a solution — α
+
0,+ , where
R+ = (0, ∞) . To see this, suppose the contrary, take an arbitrary constant R > 0 and note
that:
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based on:
n

j=1

Ci = ∑ j1(rj ≤ ∥Xi ∥` < rj+1 ),

Fisher Consistent Loss Functions and Applications

17.9%
7.8%
6.9%
6.5%
6.6%

Table 2: Percent misclassification for
n=3
n=4
(0.44) 28.0% (0.78) 36.6%
(11.8) 26.7% (5.70) 31.9%
(0.33) 12.9% (0.46) 19.7%
(23.4) 11.7% (25.3) 17.3%
(33.7) 11.5% (35.6) 17.9%
17.0%
8.7%
8.2%
7.5%
7.7%

`2 Spheres
n=5
(0.83) 44.1%
(19.7) 45.0%
(0.30) 28.9%
(24.6) 25.4%
(35.7) 25.8%

Table 1: Percent misclassification for `1 Spheres
n=3
n=4
n=5
(0.46) 29.4% (0.45) 37.6% (0.81) 46.6%
(11.6) 27.6% (5.00) 30.4% (20.0) 43.9%
(0.31) 10.7% (0.20) 16.4%(0.33) 28.4%
(22.6) 10.0% (16.4) 15.1% (22.3) 25.1%
(32.7)
9.8% (24.0) 15.0% (33.5) 25.2%

n=6
(1.15)
(14.6)
(0.29)
(23.5)
(35.7)

n=6
(1.21)
(15.9)
(0.34)
(23.6)
(34.5)

p
where 0 = r1 ≤ r2 ≤ . . . ≤ rn+1 = ∞, ` ∈ {1, 2} and for X ∈ Rp we have ∥X∥` ∶= (∑i=1
∣Xi ∣` )1/` .
The thresholds rj were selected in such a way so that each class got an approximately
equal number of observations. Geometrically the classes C = {1, . . . , k} for k < n were
observations belonging to a 10 dimensional `1 or `2 sphere. Moreover, the more cutoffs rj ,
the more classes the problem has, and hence the more complicated classification becomes.
We compared 5 algorithms – the SAMME, our algorithm with the logistic and loglog
losses, the SVM and the LASSO logistic regression algorithm. Each simulation, 3200 observations were generated, 200 of which were used for training and 3000 were left out for
testing purposes. We performed in total of 500 simulation for each scenario. The results
are summarized in the tables 1 and 2 below:

SVM
LASSO
SAMME
Logistic
LogLog

SVM
LASSO
SAMME
Logistic
LogLog

As we can see our boosting based procedures dominated in all scenarios with the difference becoming more pronounced the more number of classes we have. We observed that
our algorithms seem to combine classifiers from the bag more efficiently as compared to the
SAMME algorithm in this scenario, especially so when the number of classes was large.
4.2 Experiments with UCI Benchmark Datasets
To present a more comprehensive assessment of our procedure, we analyzed 5 datasets from
the UCI machine learning repository. The summaries of the characteristics of the datasets
we used can be found in Table 3.
We compare results from SAMME, LogLog and Logistic from our proposed methods,
SVM and a multinomial logistic regression (referred to as MLogisticReg). The MLogisticReg
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9. Originally 10 classes; Extreme classes were grouped together for balanced class counts.
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IS
LED
RWQ9
SE
EC
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Table 3: Summary of datasets
Dataset Train Set / Test Set Size # Features
Image Segmentation
210/2100
19
Led Display
200/5000
7
Red Wine Quality
700/899
11
Seeds
100/110
7
Ecoli
100/236
7

IS
(0.44)
(0.08)
(0.17)
(13.6)
(16.9)

29.37%
28.59%
30.14%
27.36%
28.36%

RWQ
(0.28)
(0.09)
(0.74)
(35.3)
(48.8)

8.18%
5.45%
4.55%
3.64%
3.64%

SE
(0.08)
(0.04)
(0.02)
(1.61)
(1.30)

28.64%
28.34%
29.36%
27.02%
27.00%

# Classes
7
10
4
3
8

LED
(1.26)
(0.06)
(0.04)
(1.53)
(2.01)

Table 4: Percent misclassifications (run time in seconds)

16.19%
10.57%
5.09%
5.00%
4.95%

37.28%
41.52%
22.45%
19.49%
19.49%

EC
(0.27)
(0.04)
(0.02)
(1.22)
(1.45)

was used instead of the LASSO procedure, as these datasets have relatively few features, and
the LASSO procedure generally performs worse than the standard. As before all boosting
algorithms were ran for 50 iterations.
For the analysis of all 5 datasets, the bag of weak learners we used consisted of decision
trees and multinomial logistic regressions with subsampled prefixed number of predictors.

SVM
MLogisticReg
SAMME
Logistic
LogLog

We observe that in nearly all cases the newly suggested procedure performed better
than the SAMME procedure, which typically converged too fast failing to include enough
classifiers. The misclassifications rates of both the Logistic and LogLog based boosting
algorithms were also better compared to the SVM and logistic regression in all 4 datasets.

4.3 Summary of Simulation Results and Benchmark Data Analyses
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The results provided above demonstrate that the suggested algorithms can be used in successfully practice, and can outperform existing algorithms in many cases. The proposed
boosting algorithm with LogLog loss appears to perform well across all settings considered
with respect to classification accuracy. The robustness and gained accuracy of our proposed
procedures come at the price of being more computationally intensive than the competitors. The slow speed is mostly due to the optimization with respect to β (see Algorithm 1)
required at each iteration for each classifier in the bag. The SAMME algorithm avoids this
search as an explicit solution to its corresponding optimization problem exists.
Further computational complexity in boosting procedures comes from two sources: one
of them is the complexity of the classifiers in the bag, and the other is the number of
classifiers in the bag. For massive datasets (with both high numbers of observations and of
predictors) the optimization involved in our algorithm might be prohibitive if one decides
to include a lot of weak learners. The methods we suggest could work in a reasonable time,
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Table 5: Percent misclassifications (run time in seconds)
% incorrect
SVM 43.67% (0.26)
LASSO 37.00% (15.8)
SAMME 33.33% (0.21)
Logistic 31.67% (9.55)
LogLog 31.67% (12.5)

To illustrate our proposed generic boosting algorithm and demonstrate the advantage of
having multiple losses, we apply our procedures to an electronic medical record (EMR)
study, conducted at the Partners Healthcare, aiming to identify patients with different subtypes of diabetic neuropathy. Diabetic neuropathy (DN), a serious complication of diabetes,
is the most common neuropathy in industrialized countries with an estimate of about 20-30
million people affected by symptomatic DN worldwide (Said, 2007). Increasing rates of
obesity and type 2 diabetes could potentially double the number of affected individuals by
the year 2030. The prevalence of DN also increases with time and poor glycemic control
(Martin et al., 2006). Although many types of neuropathy can be associated with diabetes,
the most common type is diabetic polyneuropathy and pain can develop as a symptom of diabetic polyneuropathy (Thomas and Eliasson, 1984; Galer et al., 2000). Pain in the feet and
legs was reported to occur in 11.6% of insulin dependent diabetics and 32.1% of noninsulin
dependent diabetics (Ziegler et al., 1992). Unfortunately, risk factors for developing painful
diabetic neuropathy (pDN) are generally poorly understood. pDN has been reported as
more prevalent in patients with type 2 diabetes and women (Abbott et al., 2011). Prior
studies have also reported an association between family history and pDN, suggesting a
potential genetic predisposition to pDN (Galer et al., 2000). To enable a genetic study of
pDN and non-painful DN (npDN), an EMR study was performed to identify patients with
these two subtypes of DN by investigators from the informatics for integrating biology to the
bedside (i2b2), a National Center for Biomedical Computing based at Partners HealthCare
(Murphy et al., 2006, 2010).
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We trained boosting classification algorithms to classify these 3 disease classes. We used
decision stumps as weak learners. They only have two nodes with the first node deciding
between class C1 vs C2 and C3 and the other node deciding between C2 vs C3 , where
{C1 , C2 , C3 } is a permutation of {no DN,pDN,npDN}. In order to illustrate the algorithms
we used 311 observations as a training set and the rest 300 patients we set off as a test set.

To identify such patients, we created a datamart compromising 20,000 patients in the
Partners Healthcare with relevant ICD9 (International Classification of Diseases, version
9) codes. Two sources of information were utilized to classify patients’ DN status and
subtypes: (i) structured clinical data searchable in the EMR such as ICD9 codes; and (ii)
variable identified using natural language processing (NLP) to identify medical concepts in
narrative clinical notes. Algorithm development and validation was performed in a training
set of 611 patients sampled from the datamart. To obtain the gold standard disease status
for these patients, several neurologists performed chart reviews and classified them into no
DN, pDN and npDN. The distribution of the classes was 64%, 14%, 22% respectively. To
train the classification algorithms, we included a total of 85 predictors most of which are
NLP variables, counting mentions of medical concepts such as “pain”,“hypersensitivity”,
and “diabetic neuropathy”.

18

JMLR 17(70):1-32

For multi-category classification problems, we described in this paper a class of loss functions
that attain FC properties and provided theoretical justifications for how such loss functions
can ultimately lead to optimal Bayes classifier. We extended the results to accommodate
differential costs in misclassifying different classes. To approximate the minimizer of the
empirical losses, we demonstrated that a natural iterative procedure can be used to derive generic boosting algorithms for any of the proposed losses. Numerical results suggest
that non-convex losses such as LogLog could potentially lead to algorithms with better
classification performance. Although the LogLog loss appears to perform well across different settings considered in the numerical studies, choosing an optimal loss for a given
dataset warrants further research. Our preliminary studies (results not shown) suggest that
procedures such as the cross-validation can potentially be used for loss selections.
Our proposed algorithm not only depends on the choice of φ but also the associated g(⋅)
and k(⋅) functions as indicated in (6). We can think of g as a positive deformation of the real
line and even with the same φ, changing g could also change the classifiers. Most existing
boosting algorithms correspond to g(x) = ex , in which case the constraint ∏nj=1 g(Fj ) = 1
simplifies to the commonly seen condition ∑j Fj = 0. Moreover if φ is smooth and convex,
one may let k(x) = φ̇(x)/ex . Thus, under convexity, Hφ (x) = φ̇(x) = dφ(x)/dx is an
increasing function and φ is Fisher consistent in the traditional sense. We also saw, that
even when φ is not convex, our suggested losses are Fisher consistent in the standard sense.
Moreover, we argued that loss functions satisfying (6), can be used to recover the exact
conditional probabilities. It would be interesting to develop adaptive boosting procedure
where we use different g functions in the process of boosting adaptively. For example, in
the suggested logistic loss boosting with g(x) = ecx , we can adaptively select the parameter
c, for better convergence results of the algorithm which will potentially result in a better
classification results. We were provided a property of the limiting point of the algorithm in
the case where g = exp. Furthermore, we characterized when the problem has a minimum
in the finite sample case under certain assumptions on φ. The resemblance of the proposed

5. Discussion

We report the percentage mis-classifications in Table 5. The boosting results show some
improvement, as compared to standard methods. We can also see that the generic boosting
algorithm performs slightly better than SAMME in this situation with both the logistic and
the LogLog losses. It warrants further research whether picking richer tree structures as
opposed to using stumps, would yield an even better performance on this dataset.

if one opts for sampling not too many classifiers. A relaxation of the procedure might be
warranted in cases where a lot of classifiers will be used, and such relaxed algorithms are
left for future work.

4.4 Application to an EMR Study of Diabetic Neuropathy

Neykov, Liu and Cai
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generic boosting algorithm with coordinate descent, helped us to establish geometric rate
of convergence in the convex loss function case. The consistency of the algorithm under
conditions such as finite VC dimension of the classifier bag, warrants future research.
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Appendix A. Proofs
Lemma A.1 Assumption (6) implies that the function φ(g −1 (z)) is continuously differentiable and convex for all z ∈ g(S).

(23)

Proof [Proof of Lemma A.1] Set z ∶= g(x), z ′ ∶= g(x′ ) in (6). When x, x′ ∈ S we have
z, z ′ ∈ g(S) and vice versa. Now (6) can be rewritten as:

φ(g −1 (z)) − φ(g −1 (z ′ )) ≥ (z − z ′ )k(g −1 (z ′ )).

Changing the roles of z and z ′ and using the fact that both z, z ′ ∈ g(S) we obtain:
φ(g −1 (z ′ )) − φ(g −1 (z)) ≥ (z ′ − z)k(g −1 (z)).

φ(g −1 (z ′ )) − φ(g −1 (z))
≤ max{k(g −1 (z)), k(g −1 (z ′ ))}. (24)
z′ − z

The above two inequalities, combined with the fact that k and g −1 are increasing, give that
for any z ≠ z ′ , z, z ′ ∈ g(S) we have:
min{k(g −1 (z)), k(g −1 (z ′ ))} ≤

By the continuity of k and g we have that the composition k(g −1 (⋅)) is also continuous.
Taking the limit z ′ → z in (24) shows that the function φ(g −1 (z)) is differentiable on g(S)
with a continuous derivative equal to k(g −1 (z)). Now the convexity of φ(g −1 (z)) follows
from (23).

n

j=1

n

(25)

(26)
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for any F ∈ Ω.

Proof [Proof of Theorem 2.1] To show that Hφ (F̂j )wj = C for some C < 0, define Ω = {F =
(F1 , . . . , Fn ) ∶ Fj ∈ S, j = 1, ..., n}, where recall that S = {z ∈ R ∶ k(z) ≤ 0}. From (6),
n

j=1

(25) implies that

n

j=1

for any F ∈ Ω.

∑ φ(F̂j )wj ≥ ∑ φ(Fj )wj + ∑ {g(F̂j ) − g(Fj )}k(Fj )wj

j=1

̂ minimizes
Since F

n
φ(Fj )wj ,
∑j=1

n

∑ g(Fj )k(Fj )wj ≥ ∑ g(F̂j )k(Fj )wj
j=1
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−1

−1

⎡
⎤n
⎢n
⎥
= n ⎢⎢∏ g(F̂j ){−k(F̃C0 j )}wj ⎥⎥
⎢
⎥
⎣j=1
⎦

= −nC0 ,

For any given constant C < 0, let F̃Cj be the solution to g(F̂j )k(F̃Cj )wj = C or equiṽ C ∈ Ω for all C < 0. We next show that
alently F̃Cj = k −1 [C/{g(F̂j )wj }]. Obviously F
n
n
g(k −1 [C0 /{g(F̂j )wj }]) = 1. Since g and
g(F̃C0 j ) = ∏j=1
there exists C0 < 0 such that ∏j=1
n
k are continuous and strictly increasing functions, it suffices to show that ∏j=1
g(F̃0j ) > 1
n
n
g(F̃0j ) > 1 since g{k −1 (0)} > g(0) = 1.
g(F̃Cj ) ≤ 1 for some C. Obviously ∏j=1
and ∏j=1
Now let C1 = k(0) maxj {g(F̂j )wj } < 0. Then for all j, C1 /{g(F̂j )wj } ≤ k(0) and thus
g(k −1 [C1 /{g(F̂j )wj }]) ≤ g(0) = 1. Then by continuity of g and k, there exists C0 ∈ [C1 , 0)
n
̃
̃
such that ∏j=1
g(
F
C0 j ) = 1. Thus, the constructed FC0 possesses several properties: (i)
n
̃ C ∈ Ω. It then
g(F̃C0 j ) = 1; and (iii) k(F̃C0 j ) < 0 and hence F
g(F̂j )k(F̃C0 j )wj = C0 ; (ii) ∏j=1
0
follows from the AM-GM inequality that

⎡
⎤n
n
⎢n
⎥
∑ g(F̃C0 j ){−k(F̃C0 j )}wj ≥ n ⎢⎢∏ g(F̃C0 j ){−k(F̃C0 j )}wj ⎥⎥
⎢
⎥
⎣j=1
⎦

j=1

n
n
where we used the fact that ∏j=1
g(F̃C0 j ) = ∏j=1
g(F̂j ) = 1. This, together with (26), implies
that
j=1

n

j=1

n

nC0 ≥ ∑ g(F̃C0 j )k(F̃C0 j )wj ≥ ∑ g(F̂j )k(F̃C0 j )wj = nC0

(27)

n
and hence nC0 = ∑j=1
g(F̃C0 j )k(F̃C0 j )wj . Thus, the equality holds in the AM-GM inequality
above, which also implies that g(F̃C0 j )k(F̃C0 j )wj = C0 . Since g(F̂j )k(F̃C0 j )wj = C0 , k(F̃C0 j ) ≠
0 and g is strictly increasing, we have g(F̂j ) = g(F̃C0 j ) and hence F̂j = F̃C0 j . Therefore,

g(F̂j )k(F̂j )wj = Hφ (F̂j )wj = C0 .

Obviously if Hφ (⋅) is strictly monotone then F̂j = Hφ−1 (C0 /wj ) which is unique.

Proof [Proof of Proposition 2.2] The function φ is strictly decreasing on the set S ′ ∶= {z ∶
k(z) < 0}, as from (6) for any x < x′ , x, x′ ∈ S ′ we have:

φ(x) − φ(x′ ) ≥ (g(x) − g(x′ ))k(x′ ) > 0.

Furthermore, it follows from Theorem 2.1, that F̂j ∈ S ′ since by (27) k(F̂j ) < 0 for all j.
Next we show that if w > wj we must have φ(F̂ ) ≤ φ(F̂j ). This observation follows since:

φ(F̂ )w + φ(F̂j )wj ≤ φ(F̂ )wj + φ(F̂j )w ,
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̂ cannot be a minimum of (9), as we can swap F̂ and F̂j to obtain a strictly smaller
or else F
value while still satisfying the constraint. Furthermore by Theorem 2.1, w ≠ wj implies
that F̂ ≠ F̂j because otherwise Hφ (F̂ ) = Hφ (F̂j ) and hence w = wj by (10). Since φ is
strictly decreasing on S ′ it also implies φ(F̂ ) ≠ φ(F̂j ). Hence w > wj implies φ(F̂ ) < φ(F̂j ).
Finally, the last observation gives:

j∈{1,...,n}

argmin φ(F̂j ) = 10 argmax wj .

j∈{1,...,n}

20

(28)

j=1

j=1

j≠j ∗

−1

j≠j ∗

j = 1, ..., n.

10. Recall that “=” should be interpreted as “⊆”.
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Remark A.1 As a useful remark we mention that the same argument shows that given
̂ the vectors F with ∑j φ(Fj )wj ≤ ∑j φ(F̂j )wj are located on a compact
any finite vector F,
set (provided that F̂j < F ∗ for all j in the second case).

1

Now, if φ is not decreasing on the whole R, then there must exist F ∗ < ∞ such that k(F ∗ ) = 0
since φ is strictly decreasing on S ′ = {z ∶ k(z) < 0}.
̂ ∈ Ω ≡ {F = (F1 , . . . , Fn ) ∶ Fj ∈ S, j = 1, . . . , n} as defined in
Now we show that F
Theorem 2.1. To this end, we note that φ is strictly decreasing on S ′ and (−∞, 0] ⊂ S ′ .
We next argue by contradiction that F̂j ∈ S or equivalently F̂j ≤ F ∗ for all j. For any
F > F ∗ , φ(F ) − φ(F ∗ ) ≥ {g(F ) − g(F ∗ )}k(F ∗ ) = 0 by (6). Let A = {j ∶ F̂j > F ∗ } and
F̂j∗ = 1(j ∈ A)F ∗ + 1(j ∉ A)F̂j . If A is not an empty set, then ∑nj=1 φ(F̂j∗ )wj ≤ ∑nj=1 φ(F̂j )wj
and ∏nj=1 g(F̂j∗ ) < 1. Since g(F ∗ ) > 1, there must exist some F̂j∗∗ with F ∗ ≥ F̂j∗∗ ≥ F̂j for
j ∉ A and F̂j∗∗ = F ∗ for j ∈ A such that ∏nj=1 g(F̂j∗∗ ) = 1 and F ∗ ≥ F̂j∗∗ > F̂j for some j ∉ A.
Since φ is strictly decreasing on S, ∑nj=1 φ(F̂j∗∗ )wj < ∑nj=1 φ(F̂j∗ )wj ≤ ∑nj=1 φ(F̂j )wj , which
̂ is the minimum. Therefore, F
̂ ∈ Ω.
contradicts that F
Hence F̂j ≤ F ∗ and g(F̂j ) ≤ g(F ∗ ) = m1 ∈ (0, ∞). On the other hand, since ∏nj=1 g(F̂j ) =
−(n−1)
and thus g(F̂j ) is also bounded away from 0 and finite.
1, we have g(F̂j ) ≥ m

−(n−1)
< ∞,
0 < m0 ≤ g(F̂j ) ≤ m0

̂ must be bounded away
From (28) with c1 = wj ∗ and c2 = ∑j≠j ∗ wj , we conclude that m
̂ → 0. Thus, there exists m0 > 0 such that m
̂ ≥ m0 and
from 0 since ∑nj=1 φ(F̂j )wj → ∞ if m
consequently

−1

̂ + ∑ wj φ{g (m
̂ −(n−1) )}.
≥ wj ∗ φ{g (m)}

n

n

̂ + ∑ wj φ(F̂j )
φ(0) ∑ wj ≥ ∑ φ(F̂j )wj = wj ∗ φ{g −1 (m)}

̂ m
̂ = minj g(F̂j ) = g(F̂j ∗ ) is bounded away from 0,
We next show that at the minimizer F,
̂ n−1 , we have F̂j ≤ g −1 (m
̂ −(n−1) )
where j ∗ = argminj g(F̂j ). Since 1 = ∏nj=1 g(F̂j ) ≥ g(F̂j )m
for j = 1, ..., n. If φ is decreasing over R, then

x↓0

lim c1 φ(g −1 (x)) + c2 φ(g −1 (x−(n−1) )) = +∞ for all c1 , c2 > 0.

̂ exists, it suffices to show
Proof [Proof of Theorem 2.3] To show that a finite minimizer F
that g(F̂j ) is finite and bounded away from 0, for j = 1, ..., n. To this end, we note that the
condition (12) is equivalent to,

The fact that φ is decreasing on S ′ completes the proof.
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inf

x∶x(2w1 −1)≤0

(w1 φ(x) + w2 φ(−x)).

Fj

∗(m)

) − g(Fj

∗(m)

j=1

n

(m−1)

)wj > ∑ (g(Fj

(m−1)

∗(m)

))k(Fj

(m)

) − g(Fj

∗(m)

(m)

) − g(Fj

)wj .

)wj ,
(m)

))k(Fj

(m)

))k(Fj
) > k(F ∗ ) = 0, and hence:

(m−1)

)wj > (g(Fj

(m)

) and k(Fj

∗(m)

))k(Fj

).

. Since F(m−1) ∈ Ω, it follows that F∗(m) ∈ Ω and

∗(m),λ
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∗(m)

∶= [1(j ∈ A) + 1(j ∉ A)1(j ∉ B)]Fj

∗(m)

+ 1(j ∈ B)((1 − λ)Fj
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(m−1)

+ λFj

Define the index set B = {j ∶ Fj
< Fj
}. Since ∏nj=1 g(Fj
) < 1 and F(m−1) ∈ Ω it
follows that B is not empty and A ∩ B = ∅. Next for λ ∈ [0, 1] define for all j:

j=1

(m−1)

(m)

∗(m)

) − g(Fj

) ≤ g(F ∗ ) < g(Fj
∑ (g(Fj

n

(m−1)

as g(Fj

(m−1)

0 = (g(Fj

(m)

+ 1(j ∉ A)Fj

< 1. More importantly, observe that for all j ∈ A we have:

(m−1)

= 1(j ∈ A)Fj

∗(m)
)
∏nj=1 g(Fj

Fj

∗(m)

Proof [Proof of Lemma A.3] If S = R there is nothing to prove. Assume that there
exists F ∗ ∈ R such that k(F ∗ ) = 0. We show the statement by induction. By definition
F(0) ∈ Ω. Assume that F(m−1) ∈ Ω for some m ≥ 1. We now show that F(m) ∈ Ω. To
(m)
arrive at a contradiction, assume the contrary. Let A = {j ∶ Fj
> F ∗ } ≠ ∅. Define

Lemma A.3 Let F(m) be defined as in iteration (16) starting from F(0) = 0. Then we must
have F(m) ∈ Ω for all m, where Ω = {F = (F1 , . . . , Fn ) ∶ Fj ∈ S, j = 1, ..., n}.

we must have F̂1 > 0 and hence φ(0) > φ(F̂1 ). This finishes the proof.

̂ = argminF∶F +F =0 w1 φ(F1 ) + w2 φ(F2 ) = argminF∶F +F =0 φ(F1 ),
F
1
2
1
2

Proof [Proof of Lemma A.2] Denote the two (distinct) class probabilities with w1 + w2 = 1.
Without loss of generality we distinguish two cases: w1 > w2 > 0 and w1 = 1, w2 = 0. First,
consider the case when w1 > w2 > 0. Since the conditions of Theorem 2.3 hold, we know
that the optimization problem (9) has a minimum, and hence by Proposition 2.2 we have
that argmaxj∈{1,2} F̂j ⊆ {1}. Hence it follows that F̂1 > 0, F̂2 < 0 at the minimum. This
implies that inequality in Remark A.2 is strict.
Next assume that w1 = 1, w2 = 0. This case is not covered by our results as we assume
that the probabilities are bounded away from 0. As we argued earlier φ is strictly decreasing
on the set S ′ and by assumption (−∞, 0] ⊊ S ′ . Thus by:

x∈R

inf (w1 φ(x) + w2 φ(−x)) >

Remark A.2 Recall that a loss function φ is classification calibrated in the two class case
if, for any point w1 + w2 = 1 with w1 ≠ 12 and w1 , w2 > 0, we have:

Lemma A.2 Any loss function φ satisfying (6) with g = exp, and either i. or ii. from
Theorem 2.3 is classification calibrated in the two class case.
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(m−1)

∗(m)

) − g(Fj

∗(m)

))k(Fj

)wj . (29)

. Now we show that for any λ ∈ [0, 1] the

∗(m)

≡ Fj

∗(m),0

j=1

n

)wj ≥ ∑ (g(Fj
n
) = ∏j=1
g(Fj

∗(m),1
n
g(Fj
)
∏j=1
∗(m),λ

≥

The last two observa-

) < 1 and

(m−1)
≤ Fj
.
∗(m)

iff j ∈ B. Next note that for any j the function

∗(m),0

an increasing function for x

∗(m),λ

≠ Fj

))k(Fj

∗(m),λ
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∗(m),λ

) − g(Fj

Note that when λ = 0, we have Fj
following inequality holds:
n

(m−1)

∑ (g(Fj

j=1
∗(m),λ
For any λ ∈ (0, 1]: Fj
(m−1)
(g(Fj
) − g(x))k(x)wj is

n
tions imply (29). Finally since ∏j=1
g(Fj

(m−1)

(m)

(m+1)

) − g(Fj

)}k(Fj

(m+1)

)wj ≥ 0.

, the iteration also guarantees that:

n
n
g(Fj
)=
g(Fj
) = 1, by the continuity of g there exists a λ ∈ (0, 1] such that ∏j=1
∏j=1
1. These facts and inequality (29) imply that F(m) would not be a maximum in the iteration
which is a contradiction.

(m+1)

n

lie on a compact set for all j, since for our starting point

j=1

)}wj ≥ ∑ {g(Fj

are viable values for Fj

(m+1)

(m+1)
Fj

) − φ(Fj

Proof [Proof of Theorem 3.1] By construction we have that on the mth iteration the value
(m)
m
F(m) satisfies ∏j=1
g(Fj ) = 1, and Lemma A.3 guarantees that F(m) ∈ Ω for all m. Hence,

(m)

since Fj
n

(m)

∑ {φ(Fj

j=1

Now, from Remark A.1,
(0)

(m`+1 )

(m+1)

0

)wj are

)−

)wj →
(m)

we have Fj ≡ 0 ∈ Ω. Therefore there must exist a subsequence {m` , ` = 1, ...} such that
F(m` ) converges coordinate-wise on this subsequence, and denote with F∗ its limit.
(m )
(m )
n
n
φ(Fj `+1 )wj →
The function φ is continuous and hence we have that ∑j=1
φ(Fj ` )wj −∑j=1
(m)

n
− ∑j=1
φ(Fj

n
0. However by the construction of our iteration, the sequences ∑j=1
φ(Fj

)wj

n
But this implies that ∑j=1
(g(Fj

n
decreasing for all `. Therefore we have that: ∑j=1
φ(Fj

(m+1)

holds for all m, not only on the subsequence.
(m+1)

n

j=1

−1

(30)

g(Fj
))k(Fj
)wj → 0, which again by the construction is non-negative for all m.
Take m` in place of m in the limit above, and let L be the set of all limit points lim`→∞ F(m` +1) .
By our construction we have the following inequality holding for any point Fl ∈ L:
n

j=1

0 = ∑ {g(Fj∗ ) − g(Fjl )}k(Fjl )wj ≥ ∑ {g(Fj∗ ) − g(Fj )}k(Fj )wj ,

−1
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⎡
⎤n
⎥
⎢n
= n ⎢⎢∏ g(Fj∗ ){−k(F̃j )}wj ⎥⎥
⎥
⎢
⎣j=1
⎦

n
̃ so that
for any F ∈ Ω with ∏j=1
g(Fj ) = 1. Just as in the proof of Theorem 2.1 select F
g(Fj∗ )k(F̃j )wj = C for all j for some C < 0. By the AM-GM inequality we get:

n

⎤n
⎡
n
⎥
⎢n
∑ g(F̃j ){−k(F̃j )}wj ≥ n ⎢⎢∏ g(F̃j ){−k(F̃j )}wj ⎥⎥
⎥
⎢
⎦
⎣j=1

j=1

j=1

= ∑ g(Fj∗ ){−k(F̃j )}wj = −nC.
23

n
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−1

⎡
⎤n
⎢n
⎥
≥ n ⎢⎢∏ g(Fj∗ ){−k(Fjl )}wj ⎥⎥
⎢
⎥
⎣j=1
⎦

⎡
⎤n
⎢n
⎥
= n ⎢⎢∏ g(Fjl ){−k(Fjl )}wj ⎥⎥
⎢
⎥
⎣j=1
⎦

−1

Now by (30) it follows that equality must be achieved in the preceding display, which implies
that g(Fj∗ )k(F̃j )wj = C = g(F̃j )k(F̃j )wj and yields F̃j = Fj∗ for all j. Hence g(Fj∗ )k(Fj∗ )wj =
C for all j.
Thus we showed that on subsequences the iteration converges to points satisfying the
equality described above. We are left to show, that all these subsequences converge to the
same point. Next, take equation (30). By what we showed it follows that for any Fl ∈ L,
we have that
= C l for some C l < 0. Then we have:
g(Fjl )k(Fjl )wj

n
∗
l
∑ g(Fj ){−k(Fj )}wj

j=1

j=1

= ∑ g(Fjl ){−k(Fjl )}wj = −nC l .

Equation (30) implies that the above inequality is in fact equality which shows that:

g(Fj∗ )k(Fjl ) = g(Fjl )k(Fjl ) for all j.

Thus since k(Fjl ) ≠ 0 (recall that all values on the iteration F(m) ∈ Ω) we conclude that
g(Fj∗ ) = g(Fjl ), and hence F∗ = Fl . This shows that for any converging subsequence m` the
limiting value coincides with that of the sequence m` + 1, which finishes our proof.

i=1

T

T

∑ YCi F(Xi )φ̇(YCi F

N

(∞)

(Xi )) ≥ 0.

Proof [Proof of Proposition 3.2.] It is sufficient to show that for all F ∈ G ∗ we have:

(m−1)

N

i=1

N

T
T
T
(Xi ))−∑ φ(YC
F(m) (Xi )) ≥ ∑[exp(−βYC
F(Xi ))−1]φ̇(YC
F(m) (Xi )) ≥ 0,
i
i
i
i=1

The condition above is sufficient, because of the looping closure of G. Writing the inequality
for all “looped” versions of F and noting that they sum up to 0, gives us that the inequality
is in fact an equality.
Note that with each iteration (18), we decrease the value of the target function. This
can be seen by the following inequality:
N

T

∑ φ(YCi F

i=1

N

(∞)

i=1

T
T
(Xi )) − ∑ φ(YC
F(∞) (Xi ) + βYC
F(Xi )) ≤ 0.
i
i

N

where F(m) = F(m−1) + βF. As a remark, the inequality in the preceding display holds, since
φ is decreasing and thus by (6) we have S = R.
Take a limiting point11 F(∞) of iteration (18), where it is possible having coordinates
of F(∞) (Xi ) equal to ±∞ for some i. Since φ is bounded from below, by our previous
observation we have that for any β ≥ 0 and F ∈ G ∗ :

T

∑ φ(YCi F

i=1
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11. The existence of a limiting point is guaranteed as any sequence contains a monotone subsequence.

24

T

(∞)

i∈A

T

T
(Xi ) + βYC
F(Xi )) ≤ 0,
i

T

T

(∞)

(Xi ))

T

T

(∞)

(Xi )) ≥ 0.

(31)

N

i

x′

x

25
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12. Observe that since φ is bounded from below the values of φ at infinite points of the iteration i.e. φ(±∞)
have to be bounded.

x′

This gives ε − e k(x) ≥ −φ̇(x) ≥ 0. Taking x′ → −∞ gives that ε ≥ −φ̇(x) ≥ 0 for any x such
that ε ≥ M − φ(x). Since φ is decreasing we are allowed to take the limit x → −∞, and

ε ≥ φ(x ) − φ(x) ≥ (e − e )k(x).

′

T
and hence maxi φ(YC
F(∞) (Xi )) ≤ N φ(0)−(N −1)K. Since φ is decreasing and unbounded
i
T
from above it follows that YC
F(∞) (Xi ) ≠ −∞ for all i. In the second case suppose that φ
i
is bounded from above, and let M = supx∈R φ(x). We show that φ̇(−∞) = 0. For any ε > 0
take x so that ε ≥ M − φ(x). Applying (6) for any x′ ∈ R yields:

i=1

T
T
N φ(0) ≥ ∑ φ(YC
F(∞) (Xi )) ≥ max φ(YC
F(∞) (Xi )) + (N − 1)K,
i
i

′

and thus ε − ex k(x) ≥ −φ̇(x) ≥ 0. Taking the limit x → +∞ and letting ε → 0 shows that
φ̇(+∞) = 0.
Now consider two cases for φ. Suppose that φ is unbounded from above. We argue that
T
YC
F(∞) (Xi ) ≠ −∞ for all i. Since we start form the point 0, and as we argued we are
i
decreasing the target function we have that:

Next we argue that φ̇(+∞) = limx→+∞ φ̇(x) = 0. As stated in the main text φ̇(x) = k(x)ex .
Let K = inf x∈R φ(x). For any ε > 0, take a point x′ such that φ(x′ ) − K ≤ ε. Then for any
x ∈ R, by (6):
′
ε ≥ φ(x′ ) − φ(x) ≥ (ex − ex )k(x),

i∈A

∑ YCi F(Xi )φ̇(YCi F

Letting β → 0, by the continuity of φ̇ we get:

i∈A

T
T
F(Xi )) ≤ 0.
+O(β) ∑ φ̇(YC
F(∞) (Xi ) + βYC
i
i

i∈A

T
T
T
T
+ ∑ −YC
F(Xi )[φ̇(YC
F(∞) (Xi ) + βYC
F(Xi )) − φ̇(YC
F(∞) (Xi ))]
i
i
i
i

i∈A

∑ −YCi F(Xi )φ̇(YCi F

and after a Taylor expansion of the exponent, and division by β ≥ 0 we get:

i∈A

T

∑ [exp(−βYCi F(Xi )) − 1]φ̇(YCi F

(∞)

T
T
(Xi )) − ∑ φ(YC
F(∞) (Xi ) + βYC
F(Xi )) ≤ 0.12
i
i

Applying inequality (6) the above implies:

i∈A

∑ φ(YCi F

T
Let A = {i ∶ ∣YC
F(∞) (Xi )∣ ≠ ∞}. Then the latter inequality also implies that:
i
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N

T

T

(∞)

(Xi )) ≥ 0,

e1 e2 . . . es
e11
⋮
I
eI1
E=
0
̃
N −I ⋮
E
0

26

→

el+2
e1 . . . ̃
el+1 ̃
e11
⋮
G
eI1
0
0
̃
̃
⋮
⋮
E
0
0

⋮
0

0

(32)
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...
...

...

... ̃
es

Proof [Proof of Proposition 3.3] First consider the case when I = N . Denote with e11 , e21 , . . . , eN
1
the positive coordinates of e1 . For any vector v which is a solution to DT α = v we must have
i
∑N
i=1 e1 vi = 0. Clearly then, if v is non-zero some of the vi need to be negative. Let l = min vi .
We know that l < 0. This immediately implies an upper bound on the maximal positive vi
j
i
— maxi vi ≤ ∣l∣[∑N
i=1 e1 / minj e1 − 1]. We now show that ∣l∣ is bounded, for all vectors v such
j
N
N
i
that ∑i=1 φ(vi ) ≤ N φ(0). Note that ∑N
i=1 φ(vi ) ≥ φ(l) + (N − 1)φ(∣l∣[∑i=1 e1 / minj e1 − 1]),
and thus (22) gives that ∣l∣ is bounded. This in turn shows that all vi are bounded as well.
We next consider the case where I < N . Without loss of generality, upon rearrangement,
we can assume that the positive coordinates of e1 are located at the first I places. Let
̃ (N −I)×(s−1) denote the sub-matrix corresponding to the 0 entries
EN ×s = (e1 , . . . , es ). Let E
̃ cannot be of full
of e1 (excluding e1 ) (see (32) for a visualization). Note that the matrix E
column rank, because otherwise we would have that a vector with positive coordinates is
inside the column space which is a contradiction (we can always scale it by a small number
and add to e1 ). Thus we can eliminate all extra columns that do not contribute to the rank
̃ by doing a linear manipulation on the columns of the whole matrix E (see (32)). In
of E,
̃ so that we end up with a E
̃ matrix
doing so, we can eliminate extra columns of the matrix E
where the number of non-zero columns matches the rank, and some columns of E have 0
̃
coefficients on the lower part. Here, observe that the columns of E with 0 sub-columns in E,
are part of the space row(D− )⊥ , where D− corresponds to the matrix D with observations
corresponding to 0’s of e1 removed.
We next note that if we discard the observations corresponding to 0 coordinates in
e1 , and optimize the problem on the rest of the observations we will obtain some optimal
solution v = (v̂1 , . . . , v̂I )T , the entries of which are bounded as argued in the first case.
We next show that we can populate the vector v with positive numbers p1 , . . . , pN −I to
ν = (v̂1 , . . . , v̂I , p1 , . . . , pN −I )T , so that ν is “perpendicular” to the matrix E (i.e. ET ν = 0),
and thus can be written in the form DT α. Moreover, we will show that p1 , . . . , pN −I , can
become arbitrarily large, which will complete the proof.

for all F ∈ G ∗ . As argued in the beginning the looping closure gives us that in fact the “≥”
can be replaced with “=”. This concludes the proof.

i=1

∑ YCi F(Xi )φ̇(YCi F

taking ε → 0 shows that φ̇(−∞) = 0. In any case, all of the above arguments imply that we
can substitute A in (31) to the whole index set {1, . . . , N }, to finally conclude:
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Note that the only part of the matrix E that would be potentially non-zero upon mul̃ because as we
tiplication by ν would be the part corresponding to the non-zero parts of E,
̃ belong to row(D− )⊥ and on the
argued earlier the columns of E with 0 sub-columns in E
̃
̃
̃
other hand v ∈ row(D− ). Denote with E
(N −I)×l the full-rank sub-matrix of E, where l is

̃
̃ and let GI×l be the sub-matrix of E above E
̃ (see (32)). Clearly l < N − I
the rank of E,
as otherwise there is a positive vector in the column space, and we argued previously that
would be a contradiction with the maximality property of e1 . We need to find a positive
̃
T
T
̃
vector p such that (E
(N −I)×l ) p(N −I)×1 = −(GI×l ) vI×1 = Kl×1 . Therefore the proof will
̃
̃ T p = K,
be completed, if we can find arbitrary large positive vectors p solving the system E
̃ T has the property that any non-zero linear combination of its rows
̃
where l < N − I and E
results into a vector with at least one positive and one negative entry.

̃
̃
̃
̃ T p = K has a solution. Consider
Since E
is
full-rank
and
l < N − I, the linear system E
̃
̃ T p = 0. We will show that the homogeneous equation admits
the homogeneous system E
arbitrary large positive solutions, which would complete the proof. Fix the value of the
̃ T p = −̃
̃
̃
ith parameter to be 1. The system then becomes E
ei , where by indexing with
−i −i

̃ T . Next we
̃
̃
−i we mean removing the ith column or element and ̃
ei is the ith column of E
apply Farkas’s lemma to show that the last equation has a non-negative solution. Assume
̃
̃ −i y ≥ 0 (coordinate-wise) and −̃
̃
that there is a vector yl×1 such that E
eiT y < 0. This is

̃
̃ satisfies. Therefore by Farkas’s lemma the
clearly a violation with the property that E
̃
T
̃
̃
equation E
e
i has a non-negative solution. Since we can achieve this for any index
−i p−i = −̃
̃
̃ T p = 0,
i, averaging these solutions yields a positive solution to the homogeneous system E
and thus this system admits arbitrarily large positive solutions.

i

T F(X )
−βYC
i

T
T
− 1}φ̇{YC
F(m) (Xi ) + βYC
F(Xi )}.
i
i

Proof [Proof of Theorem 3.4] Without loss of generality for the purposes of the proof we
will consider C+ = 1 and C− = −1/(n − 1) (it’s equivalent to rescaling the β in the iteration).
By the iteration’s construction we know:
N

β≥0,F∈G i=1

εm − εm+1 ≥ max ∗ ∑{e

i

T F(X )
−βYC
i

T
T
F(m) (Xi ) + βYC
F(Xi )}
− 1}φ̇{YC
i
i

Note that we have the following simple inequality holding for exp(−x) ≤ 1 − x + x2 for values
T
of −1/2 ≤ x ≤ 1/2. Since ∣YC
F(Xi )∣ ≤ C+ = 1 and φ is decreasing, for values of 0 ≤ β ≤ 1/2
i
we have that:
N

∑{e

i=1

N

i=1

T
T
T
≥ − ∑(βYC
F(Xi ) − β 2 )φ̇{YC
F(m) (Xi ) + βYC
F(Xi )}.
i
i
i
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Let L denote the Lipschitz constant of φ̇ on the set S. Consequently we have:
27

N
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N

T
T
T
T
T
− ∑(βYC
F(Xi ) − β 2 )φ̇{YC
F(m) (Xi ) + βYC
F(Xi )} = ∑ −(βYC
F(Xi ) − β 2 )φ̇{YC
F(m) (Xi )}
i
i
i
i
i

i=1

N

i=1

T
T
T
T
− ∑(βYC
F(Xi ) − β 2 )[φ̇{YC
F(m) (Xi ) + βYC
F(Xi )} − φ̇{YC
F(m) (Xi )}] ≥
i
i
i
i

i=1
N

T
2
T
(m)
T
2
T
∑ −(βYCi F(Xi ) − β )φ̇{YCi F (Xi )} − L ∣βYCi F(Xi ) − β ∣ ∣βYCi F(Xi )∣ ≥
i=1

N
3
2
T
2
T
(m)
∑ −(βYCi F(Xi ) − β )φ̇{YCi F (Xi )} − LN β .
2

i=1

Thus we have established:

N
3
T
T
εm − εm+1 ≥ β (∑(−YC
F(Xi ) + β)φ̇{YC
F(m) (Xi )} − LN β) ,
i
i
2
i=1

1
2

N
T F(m) (X )}
− 23 LN + ∑i=1
φ̇{YC
i
i

N
T
T
YC
F(Xi )φ̇{YC
F(m) (Xi )}
∑i=1
i
i

.

for any 0 ≤ β ≤ 1/2. We select β so that we maximize the RHS in the expression above. It
turns out that this happens for:
β0 =

(33)

T
Since φ̇ is always negative and as we mentioned ∣YC
F(Xi )∣ ≤ 1, provided that the
i
numerator is ≤ 0, we have that 0 ≤ β0 ≤ 1/2. Then we would have:

1 N T
T
F(m) (Xi )}.
F(Xi )φ̇{YC
εm − εm+1 ≥ − β0 ∑ YC
i
i
2 i=1

N

i=1
B N

N

T
T
T
T
T
F(m) (Xi )) ≥ ∑[YC
F∗ (Xi ) − YC
F(m) (Xi )]φ̇(YC
F(m) (Xi ))
F∗ (Xi )) − φ(YC
= ∑ φ(YC
i
i
i
i
i
i=1

Next we show that there exists a classifier, such that the above expression is strictly
positive, which will also ensure that 0 ≤ β0 ≤ 1/2 is in the correct range. Denote with B
the total number of classifiers in the bag. Consider the representation F∗ (⋅) − F(m) (⋅) =
B
αj Fj (⋅). Here the α vector is any vector that yields a correct representation (note
∑j=1
that we will have many possible α vectors, in the case when B > N ).
By convexity of φ we have:
−εm

j=1 i=1

T
T
F (Xi )φ̇(YC
F(m) (Xi )).
= ∑ ∑ αj YC
i j
i

By the pigeonhole principle it is clear that there exists an index j ∈ {1, . . . , B} such that:
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N
εm
εm
T
T
≤
≤ − sign(αj ) ∑ YC
F (Xi )φ̇(YC
F(m) (Xi )).
i j
i
B maxj ∣αj ∣ B∣αj ∣
i=1
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1
ε2m
.
T
(m) (X )})
4 B 2 (n − 1)2 maxj αj2 ( 32 LN − ∑N
i
i=1 φ̇{YCi F

ε2m
.
T maxj αj2
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T
(m)
T
T
The expression ∑N
(Xi ) − YC
F∗ (Xi )]φ̇(YC
F∗ (Xi )) is 0, as F∗ is the minii=1 [YCi F
i
i
T
mum, φ is convex and the classifier bag is closed under looping. Let D = {YC
F (Xi )}j,i is
i j
the B ×N matrix, each entry of which is either C+ or C− . Let the rank of D is r ≤ min(N, B).
2
B
T
T
T
We then have ∑N
i=1 (∑j=1 αj YCi Fj (Xi )) = α DD α. Since, all the bounds above are true
for any of the α representations, we could have picked the representation corresponding
to the r × N sub matrix of D, Dr with rank r for which the smallest eigenvalue of Dr DTr

N

N
T
T
F(m) (Xi )) − ∑ φ(YC
F∗ (Xi ))
εm = ∑ φ(YC
i
i
i=1
i=1
N
T
T
T
≥ ∑[YC
F(m) (Xi ) − YC
F∗ (Xi )]φ̇(YC
F∗ (Xi ))
i
i
i
i=1
2
N ⎛B
⎞
T
+ l ∑ ∑ αj Y C
F
(X
)
.
j
i
i
⎠
i=1 ⎝j=1

Here T depends on the number of classifiers, number of classes, and the bound on the
first derivative φ̇ on the set S. We will proceed to bound the maxj αj2 for some of the
representations from above.
Because on the set S, φ is also strongly convex (with a constant say l), we have the
following:

εm − εm+1 ≥

Notice that the derivative is bounded on the set S and therefore collapsing all constants
above into one constant say T we get the following:

≥

1
T
T
F(m) (Xi )}
F(Xi )φ̇{YC
εm − εm+1 ≥ − β0 ∑ YC
i
i
2 i=1

N

We then know from (33) that:

N
εm
T
T
≤ − ∑ YC
F(Xi )φ̇(YC
F(m) (Xi ))
i
i
B(n − 1) maxj ∣αj ∣
i=1

So that in both cases we established the existence of a classifier such that F ∈ G ∗ and:

Since both εm+1 , εm ≥ 0 we must have 1 − lλTr ≥ 0. Furthermore, by construction we have
> 0, which concludes the proof.

lλr
).
T

ε2m
T maxj αj2

≤ εm (1 −

εm+1 ≤ εm −
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We present the path-sum formulation for exact statistical inference of marginals on Gaussian graphical models of arbitrary topology. The path-sum formulation gives the covariance
between each pair of variables as a branched continued fraction of finite depth and breadth.
Our method originates from the closed-form resummation of infinite families of terms of the
walk-sum representation of the covariance matrix. We prove that the path-sum formulation
always exists for models whose covariance matrix is positive definite: i.e. it is valid for both
walk-summable and non-walk-summable graphical models of arbitrary topology. We show
that for graphical models on trees the path-sum formulation is equivalent to Gaussian belief
propagation. We also recover, as a corollary, an existing result that uses determinants to
calculate the covariance matrix. We show that the path-sum formulation formulation is
valid for arbitrary partitions of the inverse covariance matrix. We give detailed examples
demonstrating our results.
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Definition 1 (Definition 2.1, Rue and Held, 2005) A random vector X is called a GMRF
with respect to a graph G = (V, E) with information matrix J and potential vector h if and
only if its density has the form of (1) and Jij 6= 0 ⇔ (i, j) ∈ E, for all i and j.

Then we define a GMRF as follows.

Xi ⊥⊥ Xj |X\ij ⇔ Jij = 0.

where J = Σ−1 , h = Jµ, g(x) = (2π)− 2 and k(µ, Σ) = 21 µT Jµ − 12 ln(det(J)). We call J the
information matrix (or precision matrix) and h the potential vector.
One advantage of using the form of parametrization in (1) is that J admits a graphical
model in the following sense. Let G = (V, E) be an undirected graph with the vertex set V
and the set of edges E. Let X\ij denote the set of variables with Xi and Xj removed from
X. If J = (Jij )i,j∈V is positive definite, then for i, j ∈ V, where i 6= j, we have (Proposition
5.2, Lauritzen, 1996)

n



1
f (x) = g(x) exp − xT Jx + hT x − k(µ, Σ)
2


1 T
∝ exp − x Jx + hT x ,
2

Here Σ is a symmetric and positive definite matrix. We write A  0 to denote that the
matrix A is positive definite. Alternatively the probability density function of X can be
expressed in a canonical form



1
1
f (x) = p
exp − (x − µ)T Σ−1 (x − µ) .
2
(2π)n det(Σ)

Here we use f as a generic symbol for the probability density function of the random
variables corresponding to its arguments. GMRFs have a simple interpretation and find
their applications, for example, in image analysis, spatial statistics, structural time series
analysis and analysis of longitudinal and survival data (Rue and Held, 2005).
Consider a random vector X = (X1 , X2 , . . . , Xn ) following a multivariate normal distribution with mean µ and covariance matrix Σ, denoted X ∼ N (µ, Σ). The probability
density function of X is given as

f (x1 , x2 |x3 ) = f (x1 |x3 )f (x2 |x3 ).

A Gaussian Markov random field (GMRF) is a random vector that follows a multivariate normal (or Gaussian) distribution and satisfies conditional independence assumptions,
hence the Markov property. If X1 , X2 , X3 are random variables with a joint probability
density function (or joint probability mass function in a discrete case), we say that X1 is
conditionally independent of X2 given X3 , denoted X1 ⊥⊥ X2 |X3 , if (Lauritzen, 1996)

1. Introduction
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It is known that X satisfies the Markov property on G (see Theorem 2.4 by Rue and
Held, 2005)1 . Note that by Definition 1, there is a one-to-one correspondence between
the structure of J and the structure of G. Most information matrices J for GMRFs are
sparse, i.e. there are O(n) non-zero entries in J. The sparsity structure of J facilitates the
simulation of GMRFs through J (Rue and Held, 2005).
Another advantage of using the canonical form concerns the estimation of X given noisy
observations Y (Johnson, 2002). Indeed, assume that Y = CX + ε, where C is an n × n
real matrix and ε ∼ N (0, M ). Then the conditional distribution of X|Y is given by

Exact Inference on Gaussian Graphical Models Using Path-Sums
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f (y|x)f (x)
f (x|y) =
f (y)
∝ f (y|x)f (x)


1
˜ + h̃T x ,
∝ exp − xT Jx
2

3. J  0 is equivalent to J being non-singular for a GMRF.

4
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The “most basic result of algebraic graph theory” (as described in Flajolet and Sedgewick,
2009) states that the powers of the adjacency matrix AG of a graph G generate all the walks
on this graph (Biggs, 1993). This result extends to weighted graphs if AG is replaced by a
weighted adjacency matrix R, with Rij the weight of the edge from vertex j to vertex i on
G. Then (R` )ij is the sum of the weights of all the walks of length ` from j to i (Flajolet
and Sedgewick, 2009). The weight of a walk is simply the ordered product of the weight
of the edges it traverses. (Note that the indices of a matrix are written right-to-left, but
correspond to an edge written left-to-right. This is due to unfortunate conventions). We
index the entries of R by the labels of the vertices in G. We write these labels with roman
letters, Greek letters, or numbers, P
as convenient. Now – assuming that the Taylor series
−1
converges – we have (I − R)−1 = ` R` . It follows that (I − R)ij
can be interpreted as
the sum of the weights of all the walks from j to i. This directly implies the walk-sum
interpretation advocated by Malioutov et al. (2006) for J −1 = (I − R)−1 , with R = I − J
and G the graphical model of the GMRF constructed by using Definition 1. Further, it
follows that the calculation of J −1 is susceptible to a particular resummation technique
from graph theory based on the structure of sets of walks, called the method of path-sums.
In its most general form, the method of path-sums stems from a fundamental algebraic
property of the set of all walks on any weighted graph: namely, that any walk factorizes

2.1 Context

2. Path-Sum Representation

are identical and intermediate vertices (from the second to the penultimate) are all distinct
and different from the endpoints. An important consequence of these observations is that
if J is positive definite3 , the path-sum formulation of J −1 is convergent.
Consequently, one does not need the walk-summability of a model, which was devised by
Malioutov et al. (2006) to guarantee the convergence of the infinite walk-sum representation
of the covariance matrix Σ = J −1 . Let R := I − J be the partial correlations matrix and
|R| be the entrywise absolute value of this matrix, i.e. (|R|)ij = |Rij |. The authors showed
that a GMRF is walk-summable if and only if the spectral radius ρ(|R|) is strictly less
than 1, which implies J  0. However, the converse does not hold: that is, there are
positive definite information matrices which are not walk-summable. In contrast to the
walk-summability criterion, our formulation only requires positive definiteness of J. Most
importantly, the path-sum formulation gives the correct marginals when the graph G is
loopy, and is equivalent to BP when G is a tree.
The rest of this article is organized as follows. In §2, we introduce the context and
arguments underlying the path-sum formulation. We present the path-sum result in §2.2
and show its validity for all positive definite matrices, irrespective of the walk-summability
criterion. In the following section, §3, we relate the path-sum representation of a covariance
matrix to existing approaches. In §4 we prove that the path-sum representation can be
applied to arbitrary partitions of the information matrix J. We give an example demonstrating this claim. Finally in §5 we briefly discuss the computational cost of our approach
as well as future prospects. The proof of the path-sum result is deferred to Appendix A.

where J˜ = J + C T M −1 C and h̃ = h + C T M −1 y. Thus given noisy observations, one only
needs to update the information matrix and the potential vector to construct a graphical
model for f (x|y). For simplicity, we use J and h to denote the parameters after absorption
of observations.
Given the canonical form, one needs both the covariance matrix Σ = J −1 and the mean
vector µ = J −1 h to obtain the marginal distributions of X or X|Y. Since knowing J −1
is sufficient to recover µ, we focus our efforts on calculating J −1 . Direct inversion of J
has complexity O(n3 ) and does not exploit the sparsity of J.2 In a simple situation where
the graph G of a GMRF is a tree, belief propagation (BP) efficiently calculates the correct
marginals (Malioutov et al., 2006; Pearl, 1988). For graphs with cycles (also called loopy
graphs), the method of loopy belief propagation (LBP) can be used to efficiently approximate
the marginals. However, it was shown in Weiss and Freeman (2001) that while LBP gives
correct means for the marginals, the estimates of the covariance matrices it provides are
generally incorrect.
In this article, we present a novel approach to the calculation of the marginals of X or
X|Y, which we term method of path-sums. This approach is a generalization and completion
of the walk-sum formulation developed in Malioutov et al. (2006). The method of path-sums
is based on results established by Giscard et al. (2012) concerning the algebraic structure
of walk sets, which permit the systematic resummation of infinite families of walks in any
walk-sum. These resummations transform a walk-sum into a branched continued fraction
comprising only a finite number of terms. Furthermore, these terms have an elementary
interpretation as simple paths and simple cycles on G. A simple path is a walk (i.e. a
trajectory on G) whose vertices are all distinct. A simple cycle is a walk whose endpoints

JMLR 17(71):1-19

1. For a GMRF, the pairwise Markov property, the local Markov property and the global Markov property
are equivalent. This is proven by using Proposition 3.8 of Lauritzen (1996), in conjunction with the
Hammersley-Clifford Theorem (Theorem 3.9, Lauritzen, 1996).
2. Algorithms that compute some entries (either diagonal entries or certain off-diagonal entries) of a symmetric sparse matrix with complexity less than O(n3 ) do exist (see Eastwood and Wan, 2013; Li et al.,
2008; Lin et al., 2011; Tang and Saad, 2012). The path-sum representation achieves this as well, computing the covariance of a pair of variables with complexity O(n) whenever G is a tree: see §5 and Giscard
et al. (2013).

3



j=1

Y

`(p)+1 



−1

Jµj µj−1  ,

−1
Jαα
,

µj µj



−1

Jνj+1 νj

JG\{α,µ2 ,...,µj−1 }

νj νj

−1
(3)

(2)

5
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4. Since path-sums are the prime representations of walk series, they are the graph-theoretic analog of Euler
product formulas for the Riemann zeta function and other totally multiplicative functions in number
theory.

−1 is obtained recursively through Eq. (3). Indeed it is expressed in terms
Note that Jαα
of entries of inverses of submatrices of J, such as (JG\{α,µ2 ,...,µj−1 } )−1
µj µj , which is in turn
obtained through Eq. (3) but on the subgraph G\{α, . . . , µj−1 } of G. The recursion stops
when vertex µj has no neighbor on this subgraph, in which case (JG\{α,µ2 ,...,µj−1 } )−1
µj µj =
−1 is therefore expressed as a
1/Jµj µj (note that Jµj µj 6= 0 since J  0). The entry Jαα
−1 is a finite sum of
branched continued fraction which terminates at a finite depth, and Jαω
such continued fractions.

Q
where the products are right-to-left (i.e. m
i=1 ai = am · · · a1 ), p = (ν1 , ν2 , . . . , ν`(p)+1 )
is a simple path of length `(p) with α ≡ ν1 and ω ≡ ν`(p)+1 for convenience; and γ =
(µ1 , µ2 , . . . , µ`γ , µ1 ) is a simple cycle of length `(γ) from α ≡ µ1 to itself.

j=2

Y

`(γ) 

JG\{α,ν2 ,...,νj−1 }

(−1)`(γ)+1 Jµ1 µ`(γ)

(−1)`(p)

γ∈ΓG; αα

X

p∈ΠG; αω

X

−1
Jαα
=

−1
Jωα
=

Theorem 2 Let J  0 be an information matrix. Let ΠG; αω and ΓG; α be the sets of simple
paths from α to ω on G and the set of simple cycles from α to itself on G, respectively. If G
has finitely many vertices and edges, these two sets are finite.
Then each entry of the covariance matrix Σ = J −1 admits an expression involving only
weighted prime walks, called a path-sum representation. It is explicitly given by

Let G \ {α, β . . . } denote the subgraph of G obtained by deleting from G the vertices
−1
for (J −1 )αβ .
{α, β . . . } ⊂ V and the edges incident to them. For simplicity, we write Jαβ
−1
The path-sum expression for Σ = J is presented in Theorem 2 below. We defer its proof
to Appendix A.

2.2 Path-Sum Formulation of the Covariance Matrix

uniquely into products of prime walks, which are the simple paths and simple cycles of
G (see §1 for the definitions). The path-sum representation of the series of all walks on
the graph G is thus the representation of this series that only involves the prime walks.4
Since a finite graph sustains only finitely many primes, the walk series (which is typically
infinite) thus has an exact representation involving only finitely many terms. An important
consequence of this observation is that the path-sum expression of J −1 is convergent as long
as J  0.
For a full exposition of the algebraic structure of walk sets at the origin of path-sums
and its applications in linear algebra, the interested reader can refer to Giscard et al. (2012)
and Giscard et al. (2013). In §2.2 we give the explicit and universal path-sum formulation
for J −1 . This expression takes the form of a branched continued fraction of finite depth and
breadth.
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r
1
r
0
0

0
r
1
r
0

0
0
r
1
r


r
0

0
.
r
1
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By the symmetry of C5 , all the diagonal entries of J −1 are identical, and we choose to
−1
calculate J11
without loss of generality. There are five simple cycles from vertex 1 to itself
on C5 : i) the self-loop 1 → 1; ii) the two backtracks 1 → 2 → 1 and 1 → 5 → 1; and iii) the
two pentagons 1 → 2 → 3 → 4 → 5 → 1 and 1 → 5 → 4 → 3 → 2 → 1. By symmetry, the

Then J is positive definite for 1−2√5 ≤ r ≤ 1+2√5 (approximately −1.618 ≤ r ≤ 0.618), and
walk-summable if and only if −1/2 ≤ r ≤ 1/2. This example thus provides a test case for
both the walk-summable and non-walk-summable situations, depending on the value of r.
Here we obtain J −1 correctly for all values of r such that J is not singular.


1
r

J =
0
0
r

Example 1 (An illustrative example) To illustrate Theorem 2, we consider an example
taken from Malioutov et al. (2006), where J has the structure of a circle graph on 5 vertices,
denoted C5 , see Figure 1. The information matrix is

Remark 3 Theorem 2 is valid even when G is loopy and/or J is not walk-summable. In
particular there is no restriction on the spectrum of J as long as J  0. An example showing
this is given below.

Figure 1: The circle graph on 5 vertices C5 associated with J in Example 1. The edge-weights
are indicated next to the edges and the vertices are labeled 1 to 5.
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1
|{z}

−
|

2 r2 JC5 \{1}
{z

−1
22
}

−1
−1
−1
JC5 \{1,2,3} 44 JC5 \{1,2} 33 JC5 \{1} 22
{z
}

Backtracks

55

−1
Pentagons

−1
.

two backtracks and the two pentagons have the same weights. Consequently Eq. (3) gives
(J −1 )11 =
Self-loop

+ 2 r5 JC5 \{1,2,3,4}
|

22

−1
=


1
|{z}

−

r2 JC5 \{1,2}
{z
|
Backtrack

33

}

−1

−1

,

−1
−1
,
·
·
·
,
(J
The required entries (JC5 \{1} )22
C5 \{1,2,3,4} )55 remain to be calculated. To this end,
−1
. Since
we use again Eq. (3) of Theorem 2. For example, consider calculating (JC5 \{1} )22
the graph associated with JC5 \{1} is C5 with vertex 1 removed, the only simple cycles from
vertex 2 to itself on C5 \{1} are the self-loop 2 → 2 and the backtrack 2 → 3 → 2. We thus
find

JC5 \{1}
Self-loop


−1 −1
−1 −1
−1
−1
)
= 1−r2 (JC5 \{1,2,3,4} )55
= 1−r2 (JC5 \{1,2,3} )44
, (JC5 \{1,2,3} )44
Similarly we obtain (JC5 \{1,2} )33
−1
= 1. Combining these equations gives
and finally (JC5 \{1,2,3,4} )55
−1
(JC5 \{1,2,3,4} )55

−1
1
=1⇒ J
=
C
5 \{1,2,3} 44
1 − r2
−1
1 − r2
⇒ JC5 \{1,2} 33 =
1 − 2r2
−1
1 − 2r2
⇒ JC5 \{1} 22 =
,
1 − 3r2 + r4
1 − 3r2 + r4
.
1 − 5r2 + 5r4 + 2r5
⇒ (J −1 )11 =

JMLR 17(71):1-19

As noted, the last equation gives the value of every diagonal entry of J −1 . We now consider
the off-diagonal entries. We note again that, by the symmetry of C5 , there are only two
different entries, and we choose to calculate (J −1 )21 and (J −1 )31 without loss of generality.
Following Theorem 2, these two entries are given by a sum over simple paths from vertex
1 to vertex 2, and vertex 1 to vertex 3, respectively. In each case there are only two simple
paths: for example from 1 to 2, we have 1 → 2 and 1 → 5 → 4 → 3 → 2. Then Eq. (2)
7

yields
J −1



21

JC5 \{1,5,4}

{z

33

Simple path

−1

JC5 \{1,5}

44

−1
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22

−1


−1
= − r JC5 \{1} 22 J −1 11
|
{z
}
Simple path

+ r4 JC5 \{1,5,4,3}
|

(J −1 )21 =

r4 + 2r3 − r
,
1 − 5r2 + 5r4 + 2r5

r2 − r3 − r4
.
1 − 5r2 + 5r4 + 2r5

JC5 \{1}

1 + r−1

−1
1 + r−1

−1
−1
1 + r−1

(r−1)r−1
r2

(r−1)r−1
r2

(r−1)r−1
r2

55

−1

(J −1 )11 .
}

(r−1)r−1
r2


1 + r−1


−1 
.
−1 

1 + r−1 

−1
−1
−1
−1
By the symmetry of C5 , we have (JC5 \{1,5,4,3} )22
= (JC5 \{1,2,3,4} )55
, (JC5 \{1,5,4} )33
= (JC5 \{1,2,3} )44
,
−1
−1
−1
−1
(JC5 \{1,5} )44
= (JC5 \{1,2} )33
and (JC5 \{1} )55
= (JC5 \{1} )22
. The previously obtained results
then immediately give

and similarly
(J −1 )31 =



(r−1)r−1
2

1 + r−1
−1

1 + r−1

1 + r−1
−1
−1

Piecing these results together, we finally obtain

J −1

 r −1

1 + r
r2

= 3
 −1
2r + 3r2 − r − 1 
 −1
1 + r−1

We now verify that this expression is correct in both the walk-summable and non-walksummable situations:

(a) Walk-summable and J  0: set r = 0.3. Then to 5 decimal places we have
(J −1 )11 = 1.23975, (J −1 )21 = −0.39959 and (J −1 )31 = 0.09221, so that

J −1



1.23975 −0.39959 0.09221
0.09221 −0.39959


0.09221

−0.39959 1.23975 −0.39959 0.09221
 0.09221 −0.39959 1.23975 −0.39959 0.09221  .
=

 0.09221
0.09221 −0.39959 1.23975 −0.39959
−0.39959 0.09221
0.09221 −0.39959 1.23975
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One can verify that this result obtained by using the path-sum formulation coincides with
the one obtained by direct inversion of J.

8

β∈N (α)

(JT \{α} )−1
ββ =


Jββ +

δ∈N (β)\α

X

−Jβδ (JT \{α,β} )−1
δδ Jδβ

−1
.

satisfies a similar relation on the subtree T \{α},

9
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5. A path-sum result for singular matrices also exists, but it necessitates additional mathematical machinery.
In this case the path-sum formulation yields a pseudo-inverse for the singular matrix, see Giscard et al.
(2013).

The quantity

(JT \{α} )−1
ββ

The recursive structure of the path-sum representation of J −1 is especially simple on trees,
for which we recover the Gaussian belief propagation results of Malioutov et al. (2006).
Let J  0 be an information matrix associated with a tree model T . For any vertex α
of T , let N (α) be the set of neighbors of α on T . Observe that since T is a tree, the only
simple cycles from α to itself are the self-loop α → α with weight Jαα , and the backtracks
to the neighbors of α on T , e.g. α → β → α, β ∈ N (α). Then Eq. (3) of Theorem 2 gives

−1
X
−1
Σαα = Jαα
= Jαα +
−Jαβ (JT \{α} )−1
.
(4a)
ββ Jβα

3.1 Path-Sums on Trees



ij

= (−1)i+j

det Mji
, and in particular
det M

M −1



ii

=

det M i
,
det M

p∈ΠG; αω

10
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with p = (α, ν2 , . . . ν`(p) ω) is a simple path of length `(p). Since all the entries of J commute,
we can reorganize the weights in the above expression to get
X
−1
−1
−1
Jωα
=
(−1)`(p) φ[p] × (JG\{α, ν2 ,...,ν`(p) } )−1
)αα ,
ωω × . . . × (JG\{α} )ν2 ν2 × (J

p∈ΠG; αω

To obtain this result we start with Eq. (2), which gives here
X
−1
−1
−1
(−1)`(p) (JG\{α, ν2 ,...,ν`(p) } )−1
)αα ,
Jωα
=
ωω Jων`(p) . . . Jν3 ν2 (JG\{α} )ν2 ν2 Jν2 α (J

where Mji is the matrix M with its ith column and jth row removed and M i = Mii .

M −1

Proposition 5 (Adjugate formula, Strang, 2005) Let M ∈ Cn×n be a n × n nonsingular complex matrix. Then

We recall the adjugate formula for matrix inverses:

A determinant-based approach to the calculation of the covariance matrix Σ = J −1 was
demonstrated by Jones and West (2005). Here we show that this result follows from Eq. (2)
by using the adjugate formula for the matrix inverse. We then point out the fundamental
limitation of determinant-based approaches. We overcome this limitation using the pathsum formulation in §4.

3.2 An Approach using Determinants

3. Relation to Existing Approaches

Malioutov et al. (2006) provided a walk-sum derivation for Gaussian belief propagation on
trees. Jones and West (2005) presented an expression for the entries of J −1 as a sum of
simple paths. In this section, we show that these results are corollaries of Theorem 2 arising
as special cases.

−1
∆Jδ→β = −Jβδ Jˆδ\β
Jδβ .

δ∈N (β)\α

These are the Gaussian belief propagation equations (Eqs. 7, 8 and 9 in Malioutov et al.,
2006), which immediately imply Propositions 16 and 17 in Malioutov et al. (2006) with the
further definitions rβα := Rβα = −Jβα , γβ\α := (JT \{α} )−1
ββ . Note that rαβ = rβα since J is
symmetric.

with

β∈N (α)

In order to show that Eqs. (4a, 4b) are the Gaussian belief propagation results, we introduce
−1
some notation from Malioutov et al. (2006). Let Jˆα := 1/Σαα and Jˆβ\α
:= (JT \{α} )−1
ββ . With
these notations, Eqs. (4a, 4b) become
X
X
∆Jδ→β ,
∆Jβ→α , and Jˆβ\α = Jββ +
Jˆα = Jαα +

In the following section, we discuss the relations between Theorem 2 and two existing
approaches.

Remark 4 First, one could have calculated everything with numerical values from the
start, as opposed to evaluating the analytic expression of J −1 for a specific value of r as we
did here. This gives the same results, as expected. Second, the analytical formula for J −1
remains valid even when J is not positive definite and only fails for those values of r such
that J is singular. The main mathematical role of the condition J  0 in the path-sum
representation is to guarantee that J is not singular.5

This result is again easily verified through direct inversion of J.

Let CT \{β}; δ be the connected component of T \{β} that contains the vertex δ ∈ N (α).
Similarly define CT \{α,β}; δ to be the connected component of T \{α, β} that contains the
vertex δ. Since T is a tree, these components are identical: CT \{β}; δ = CT \{α,β};δ , and
−1
therefore (JT \{β} )−1
δδ = (JT \{α,β} )δδ . Thus, we have

−1
X
(JT \{α} )−1
−Jβδ (JT \{β} )−1
.
(4b)
ββ = Jββ +
δδ Jδβ

(b) Non walk-summable and J  0: set r = 0.6. Then to 5 decimal places, we
have (J −1 )11 = 14.09091, (J −1 )21 = −10.90909 and (J −1 )31 = 4.09091, and so


14.09091 −10.90909
4.09091
4.09091
−10.90909
−10.90909 14.09091 −10.90909
4.09091
4.09091 


−10.90909 14.09091 −10.90909
4.09091 
J −1 = 
.
 4.09091
 4.09091
4.09091
−10.90909 14.09091 −10.90909
−0.39959
4.09091
4.09091
−0.39959
14.09091
δ∈N (β)\α
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Figure 2: top: the graphical model associated with a 5-banded 30 × 30 positive definite
information matrix. The weights of the edges are the entries of J. Bottom: the graphical
model associated with a partition of J into 5 × 5 blocks. The edge weights are the blocks
constituting J.

p∈ΠG; αω

(−1)`(p) φ[p]

det J α, ν2 ,..., ω
.
det J

(5)

where φ[p] = Jων`(p) . . . Jν3 ν2 Jν2 α is the weight of the simple path p. Using the adjugate
formula in Proposition 5, we have
X
det J α, ν2 ,..., ν`(p) , ω
det J α,ν2
det J α
(−1)`(p) φ[p] ×
× ...
×
,
det J α, ν2 ,..., ν`(p)
det J α
det J

−1
Jωα
=

X

since JG\{α, ν2 ,..., νj } = J α, ν2 ,..., νj . This simplifies to
−1
Jωα
=
p∈ΠG; αω

The last equation is given as Theorem 1 in Jones and West (2005). Note that we only
used Eq. (2) in Theorem 2 to obtain this result. Jones and West (2005) did not give an
expression equivalent to Eq. (3) in Theorem 2, which provides an explicit formula for the
necessary determinants in terms of simple cycles on the graph associated with J.
The requirement that the entries of J be commutative to obtain Eq. (5) from Eq. (2)
may seem trivial, but in fact it excludes the very important case of block matrices. In the
next section, we demonstrate the use of Theorem 2 in the case where J is a block matrix.

4. Path-Sums for Arbitrary Partitions of J

JMLR 17(71):1-19

An information matrix J may have a sparsity structure that is best exploited by partitioning
J into blocks. For example, consider an n × n information matrix J which is banded:
i.e. Jij = 0 if and only if |i − j| > b for some b < n. We say that J is b-banded. Then
J is simply block-tridiagonal when partitioned b × b blocks. Consequently, the graph G
associated with this partition of J is simpler than the graph associated with the full matrix:
see for example Figure 2. It is therefore desirable to develop a method capable of exploiting
these simplifications.
A fundamental impediment to determinant-based approaches to J −1 is that the notion
of determinant itself does not extend to matrices with non-commutative blocks (Silvester,
2000). In contrast, the path-sum formulation for J −1 does not require the commutativity
of the entries of J. For this reason, it continues to hold even when these entries do not
commute, see (Giscard et al., 2012) and (Giscard et al., 2013).
11
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Let J be an n × n information matrix and I1 , . . . , IB for some 1 ≤ B ≤ n be B disjoint
subsets of {1, . . . , n}. Then we write JIi Ij for the minor (i.e. block) of J that corresponds to
the rows indexed by Ii and the columns indexed by Ij . We form a new graph G 0 = (V 0 , E 0 )
associated with this partition of J, such that JIi Ij 6= 0 ⇐⇒ (j, i) ∈ E 0 , where 0 is a
zero matrix. The block JIi Ij is now the weight associated with the edge (j, i). With these
conventions, Theorem 2 extends to block matrices without modification.

(6)

Remark 6 For a GMRF X, the partition of J given above is equivalent to a partition of the
set of random variables X into B > 1 disjoint subsets X1 , . . . , XB . Let X0 = (X1 , . . . , XB )
be a GMRF with respect to a new graph G 0 = (V 0 , E 0 ) with information matrix J 0 . Note
that each
is now a random vector instead of a random variable. Following Definition 1:
Xi

0
Xi ⊥⊥ Xj |X\ij
⇐⇒ Jij0 = 0 ⇐⇒ (j, i) ∈
/ E 0,

0
0
with X\ij
the set of variables with Xi and Xj removed from X0 . Note that Xi ⊥
⊥ Xj |X\ij
implies the global Markov property (GMP), which, for GMRFs, is equivalent to the pairwise
Markov property (PMP) (Lauritzen, 1996). However for a general distribution, the PMP
does not imply the GMP (Lauritzen, 1996). Hence in this case, the partition of X as per
Eq. (6) may not correspond to the partition of J.

Below we give a detailed synthetic example demonstrating the path-sum formulation of
the covariance matrix Σ = J −1 using a partition of J.

−b
0
0
−b
−b
−b
−b
0
a + 5b
−b
−b
a + 5b
−b
0
0
−b
−b
−b

−b
−b
−b
0
0
−b
−b
−b
−b
0
0
−b
a + 5b
−b
−b
a + 5b
0
−b



0
−b 

−b 

0 
,
−b 
−b 

0 

−b
a + 5b

(7)

Example 2 (Non walk-summable block matrix on a loopy graph) Consider the following positive definite information matrix J of a thin membrane model
J=


a + 5b
−b
0
−b
−b
a + 5b
−b
−b
0
−b
a + 5b
0
−b
−b
0
a + 5b
−b
0
−b
−b
0
−b
−b
0
−b
−b
0
−b
−b
0
−b
−b
0
−b
−b
0













where a, b > 0. Recall that walk-summability is equivalent to the condition ρ(|R|) < 1,
where |R| is the entry-wise absolute
value of R := I − J (Malioutov et al., 2006). Here we
√
have ρ(|R|) = |a + 5b − 1| + 19 b + b, and thus—depending on the values of a and b—walksummability does not always hold. For example, when a = b = 1 we have ρ(|R|) ' 10.36,
ρ(J) ' 9.36 and ρ(R) ' 8.36 and J is not walk-summable.
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The graph G associated to J is shown on the left of Figure 3. Instead of working on this
complicated graph, we may partition the matrix into 3 × 3 blocks as follows


L E E
J = E L E  ,
(8)
E E L
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−b −b 0

E := −b 0 −b ,
0 −b −b




a + 5b
−b
0

−b
a + 5b
−b  .
L :=
0
−b
a + 5b



+



Self loop

L
| {z }

−

Backtrack

E . (JK3 \{α} )−1
ββ . E
|
{z
}
−
Backtrack

E . (JK3 \{α} )−1
γγ . E
{z
}
|

Triangle

13

Triangle

−1
,

(9a)
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−1
−1
−1
E . (JK3 \{α,β} )−1
γγ . E . (JK3 \{α} )ββ . E + E . (JK3 \{α,γ} )ββ . E . (JK3 \{α} )γγ . E
|
{z
} |
{z
}

−1
Jαα
=

The only simple cycles from any vertex (say, α) to itself on this graph are the selfloop α → α, the two backtracks α → β → α and α → γ → α and the two triangles
α → β → γ → α and α → γ → β → α. Theorem 2 therefore yields

The graph G 0 associated with this partition of J is a triangle, denoted K3 and shown on the
right of Figure 3. Accordingly, the edge-weights are now the matrices E and L for edges and
self-loops, respectively. Note that these weights do not commute: [E, L] = EL − LE 6= 0.

with

Figure 3: left: graphical model associated with the thin membrane model matrix J of
Eq. (7). Every edge has weight −b and every self-loop has weight a + 5b. Right: triangular
graphical model K3 associated with the partition of J given in Eq. (8). Edges and selfloops have matrix weights E and L, respectively. The vertices are labeled α, β and γ for
convenience.
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L
| {z }

1
3
a
b

+

1
1

12a
5(a+5b)

+

(9b)

.

3
5

a
b

+

a
a+3b




1
.
5a
1
+ 3(a+6b) + 3

3b
a+3b



a

−

3b
a+3b

1

5a
6(a+6b)

+

5
6

1
1

6b
a+5b

a
a+3b

−

Path

5a
6(a+6b)

1

3b
a+3b

+

5
6


.
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We have presented an approach for exact inference of marginals in Gaussian graphical
models, called the path-sum formulation. This approach represents the covariance matrix
Σ of a Gaussian Markov Random Field (GMRF) as a continued fraction of finite depth and
breadth, and which only involves the simple paths and simple cycles on the graphical model
of the GMRF. For GMRFs, we have shown that the path-sum formulation only requires
J  0. It also extends to arbitrary partitions of J, thereby providing the flexibility necessary
to exploit the sparsity structure of the information matrix J = Σ−1 .
From an algorithmic point of view, the computational cost associated with the calculation of any entry of a n×n covariance matrix using a path-sum is known to be O(n) on trees,

5. Conclusion

As long as a, b > 0 (which implies J  0), these results hold regardless of the values of a
and b. For example setting a = b = 1, we obtain the correct covariance matrix even though
J is not walk-summable.

a+3b
b

= 2

a + 8ab − 3b2

Path

−1
−1
−1
)αα − E . (JK3 \{α,γ} )−1
(J −1 )βα = (JK3 \{α} )−1
)αα ,
ββ . E .(J
ββ . E . (JK3 \{α} )γγ . E .(J
|
{z
}
|
{z
}

−1
−1 . The off-diagonal blocks, which are all
By symmetry of J, this gives also Jββ
and Jγγ
identical because of the symmetry of the matrix, now follow easily. For example, we have

3b
a+3b

b
−1
×
Jαα
= 2
a + 8ab − 3b2
a
a
5a
b + a+3b + 3(a+6b) +

1


L−1
| {z }
Self loop

and (JK3 \{α,β} )−1
γγ =

= (JK3 \{α,β} )−1
γγ , Eqs. (9a, 9b) com-

−1

(JK3 \{α,γ} )−1
ββ

Backtrack

− E . (JK3 \{α,β} )−1
γγ . E
|
{z
}

−1
Since (JK3 \{α} )−1
γγ = (JK3 \{α} )ββ and
−1
pletely determine Jαα . Thus, we have

Self loop


(JK3 \{α} )−1
=
ββ

where, by Eq. (3),
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see Giscard et al. (2013). The O(n) complexity is achieved for the most general situation;
if J or G has symmetries, the complexity would be lower. Evaluating the complexity of the
path-sum approach on a graph with an arbitrary topology remains an open problem. In
practice, finding the simple paths and simple cycles required for the computation of a pathsum can be achieved using standard depth-first or breadth-first algorithms (Johnson, 1975).
In addition, we have consistently observed in numerical experiments that the contribution
of a simple cycle/path to any path-sum decays exponentially with its length. The method
we propose is therefore likely to find practical applications on sufficiently sparse yet large
Gaussian graphical models where the increase in the number of simple cycles/paths with
the length ` is offset by the decay of their contributions with `.
Alternatively, path-sums can be used to enhance existing walk-sum calculations. To this
end, we first factorise the walks involved in the walk-sum using an algorithm provided by
Giscard et al. (2012). The typical computational cost of this operation grows linearly, and
at worst quadratically, with the length of the walks. This yields a set of simple cycles/paths,
from which a path-sum can be constructed. This path-sum is guaranteed to contain all the
walks present in the original walk-sum as well as (infinitely) many more walks, all of which
are valid walks on the graphical model. Since the method of path-sums arises from exact
resummations on walk-sums, every problem that has a walk-sum interpretation is susceptible to these resummations and therefore admits a path-sum expression. Consequently,
every algorithm that has a walk-sum interpretation (see e.g. Chandrasekaran et al., 2008)
necessarily has a path-sum formulation.
The interpretation of the entries of the covariance matrix as walk-sums and the existence
of the path-sum formulation opens the door to many more walk-based methods, which are
intermediary between these two approaches. The central idea is to exploit recent results
regarding the algebraic structure of the set of walks on graphs with arbitrary topology
(Thwaite, 2014) to identify certain infinite geometric series of terms appearing in a walksum. These geometric series can then be exactly resummed, thereby reducing the sum of
all walk weights to a sum over the weights of a certain (yet infinite) subset of ‘irreducible’
walks. Each term in this sum is ‘dressed’ so as to exactly include the contributions of the
infinite families of resummed terms. The exact form of both the dressing and the irreducible
terms remaining in the sum depend on the structure of the resummed terms: choosing a
different family of terms produces a different series.

JMLR 17(71):1-19

Viewed in this context, the walk-sum and path-sum formulations of a given problem can
be seen to be the extrema of a hierarchy of possible resummations: a walk-sum corresponds
to the case where no terms are exactly resummed, such that an explicit summation over
all walks remains to be carried out, while the path-sum expression corresponds to the case
where all possible geometric series have been resummed, leaving behind only a (finite) sum
over simple paths. In between these extremes lie many intermediate formulations, whose
mathematical properties such as complexity and convergence are expected to interpolate
between those of walk-sums and path-sums.
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Appendix A.
In this appendix we prove Theorem 2.

Rn



ωα

=

w∈WG; αω

X

φ[w],

(10)

Proof The proof of the theorem is organized in two steps. First, assuming walk-summability,
we obtain the path-sum formulation for J −1 . Second, we show that path-sum expression
thus obtained is the unique analytic continuation of the sum of all walks, and continues
to exist in the absence of walk-summability. Consequently, the path-sum remains a valid
representation of J −1 when walk-summability fails.
Step 1: the path-sum expression for J −1 is a special case of the more general result
concerning the path-sum formulation of the matrix inverse function presented and proved
in Giscard et al. (2013). Below we briefly recount how we obtain result for the specific case
of J −1 . Let R := I − J and |R| be the entry-wise absolute value of R, i.e. |R|ij = |Rij |.
Let ρ(|R|) be the spectral radius of |R|, i.e. the largest eigenvalue of |R|. As established
by Malioutov et al. (2006), ρ(|R|) < 1 is equivalent
P to to walk-summability, and is enough
to guarantee absolute convergence of the series n≥0 Rn = (I − R)−1 = J −1 . This power
series can be seen as a sum of walk weights on the graph G associated with R (Flajolet and
Sedgewick, 2009), that is
X

n≥0

with φ[w] the weight of the walk w, which is defined to be the product of the weights of the
edges traversed by w, where the weight of an edge from α to β is given by
(
−Jβα
if α 6= β,
(11)
1 − Jαα if α = β.

φ[αβ] := Rβα =

Note that since we assumed walk-summability, the right-hand side of Eq. (10) exists. We
then use the result by Giscard et al. (2012), which reduces a series of weighted walks, such
as the one of Eq. (10), to a sum of weighted simple paths and simple cycles. This result is
reproduced here for the sake of completeness:

X

Y

`(p)+1 
p∈ΠG; αω j=1
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φG\{α, ν2 ,..., νj−1 }; νj φ[νj+1 νj ] φG; α ,

Theorem 7 (Path-sum, Giscard et al., 2012)PLet G be a graph and φ[.] be the weight
function of Eq. (11). Suppose that the walk-sum w∈WG;αω φ[w] exists. Then this sum is
given by the weighted path-sum
X

φ[w] =
w∈WG;αω
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By using the edge weights of Eq. (11), we obtain φG; α = Jαα
G\{α, ν2 ,..., νj−1 }; νj =
(JG\{α, ν2 ,..., νj−1 } )−1
and
Theorem
7
yields
Eqs.
(2,
3).
Next
we prove that Eqs. (2, 3) yield
νj νj
J −1 for any matrix J  0, even when walk-summability does not hold and the walk-sum of
Eq. (10) does not converge. Central to our proof is the (well-established) theory of analytic
continuation (Priestley, 2003).
n×n ,
Step 2: we consider the three
P following functions of a complex variable z into C
g1 (z) := (I − zR)−1 , g2 (z) := n≥0 z n Rn and, since g2 (z) is a walk-sum, it has a pathsum expression which we denote g3 (z). (The path-sum expression g3 (z) is obtained from
Theorem 2 on using the edge-weights zRβα for an edge from α to β).
The first function, g1 (z), is analytic on z ∈ C\Sp−1 (R) with Sp−1 (R) the inverse of
the spectrum of R. The second function, g2 (z), is analytic on the disk DR of the complex
plane where z < 1/ρ(|R|). The third function, g3 (z), comprises only a finite number of
terms (since there are finitely many simple paths and simple cycles on a finite graph).
Consequently g3 (z) exists for z ∈ C\Sp−1 (R). Evidently g1 and g2 agree on DR and by
construction g2 and g3 agree on DR as well. It follows that g1 and g3 constitute two direct
analytic continuations of g2 outside of DR (Priestley, 2003) (also called extensions of g2 ,
Kreyszig, 1989). By the Uniqueness Theorem (Theorem 15.9, Priestley, 2003) only one such
analytic continuation exists and g1 (z) = g3 (z) on the domain C\Sp−1 (R).
We conclude the proof by showing that the point z = 1, for which g1 (z) and g3 (z) yield
J −1 , is also in this domain. Indeed, the covariance matrix Σ of a Gaussian distribution must
be positive definite, implying that it is non-singular (Corollary 7.17 in Horn and Johnson,
2013). Consequently, J is not singular: so J −1 exists exists and 1 is not an eigenvalue of
R = I − J, i.e. 1 ∈ C\Sp−1 (R). Then g1 and g3 exist at z = 1, in particular g3 (1) is a valid
representation of J −1 , even though z = 1 may not be in DR (i.e. J is not walk-summable).
This completes the proof of Theorem 2.
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`(γ) from α ≡ µ1 to itself.

γ∈ΓG; αα

P
where φG; α := w∈WG;αα φ[w] is the weighted sum of all walks from α to itself on G and is
explicitly given by


 −1
`(γ) 
X
Y
φG; α = 1 −
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Gestures are naturally performed by humans. Gestures are produced as part of deliberate actions,
signs or signals, or subconsciously revealing intentions or attitude. They may involve the motion of
all parts of the body, but the arms and hands, which are essential for action and communication, are
often the focus of studies. Facial expressions are also considered gestures and provide important
cues in communication.
Gestures are present in most daily human actions or activities, and participate to human communication by either complementing speech or substituting themselves to spoken language in environments requiring silent communication (under water, noisy environments, secret communication,
etc.) or for people with hearing disabilities. The importance of gestures in communication is rooted
in primal behaviors: the gesture-first theory, supported by the analysis of mirror neurons in primates (Hewes, 1973), indicated that the first steps of language phylogenetically were not speech,
nor speech with gesture, but were gestures alone (McNeil, 2012; Hewes, 1973). See examples of
primate communication by means of gestures in Figure 1.
Given the indubitable importance of gestures in human activities, there has been huge interest
by the Computer Vision and Machine Learning communities to analyze human gestures from visual
data in order to offer new non-intrusive technological solutions. For completeness, in this paper we

1. Introduction

This paper surveys the state of the art on multimodal gesture recognition and introduces the JMLR
special topic on gesture recognition 2011-2015. We began right at the start of the KinectT M revolution
when inexpensive infrared cameras providing image depth recordings became available. We published papers using this technology and other more conventional methods, including regular video
cameras, to record data, thus providing a good overview of uses of machine learning and computer
vision using multimodal data in this area of application. Notably, we organized a series of challenges and made available several datasets we recorded for that purpose, including tens of thousands
of videos, which are available to conduct further research. We also overview recent state of the art
works on gesture recognition based on a proposed taxonomy for gesture recognition, discussing
challenges and future lines of research.
Keywords: Gesture Recognition, Time Series Analysis, Multimodal Data Analysis, Computer
Vision, Pattern Recognition, Wearable sensors, Infrared Cameras, KinectT M .
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also review some gesture recognition systems with data acquired from wearable sensors, although
the comprehensive review of papers focus on the analysis of different visual modalities.
Applications are countless, like Human Computer Interaction (HCI), Human Robot Interaction
(HRI) (also named human machine interaction HMI), communication, entertainment, security, art,
semiotics, commerce and sports, while having an important social impact in assistive technologies
for the handicapped and the elderly. Some examples of applications are illustrated in Fig. 2.
In addition to the recent advances in human and gesture recognition from classical RGB visual
data, the automatic analysis of human body from sensor data keeps making rapid progress with the
constant improvement of (i) new published methods that constantly push the state-of-the-art and (ii)
the recent availability of inexpensive 3D video sensors such as KinectT M , providing a complementary source of information, and thus allowing the computation of new discriminative feature vectors
and improved recognition by means of fusion strategies. In section 2 we review the state of the art
in gesture recognition.
In order to push research and analyze the gain of multimodal methods for gesture recognition, in
2011 and 2012, ChaLearn organized a challenge on single user one-shot-learning gesture recognition with data recorded with KinectT M in which 85 teams competed. Starting from baseline methods
making over 50% error (measured in Leveinshtein distance, a metric counting the number of substitutions, insertions and deletions, analogous to an error rate), the winners brought the error rate
below 10%. While there was still some margin of improvement on such tasks to reach human performance (which is below 2% error), we were encouraged to make the task harder to push the state
of the art in computer vision. In our second ChaLearn challenge on Multimodal Gesture Recognition in 2013, we proposed a user-independent task with data recorded with KinectT M , with a larger
vocabulary and continuously performed gestures. Of 60 participating teams, the winner attained an
error rate of 10% on this data set, in terms of Leveinshtein distance. In 2014, we used the same Multimodal Gesture Recognition dataset with the objective of performing gesture spotting. The winner
of the competition, with a deep learning architecture, obtained an overlapping near 0.9. Lastly, in
2014 and 2015 we ran an action spotting challenge with a new dataset consisting of RGB sequences
of actors performing different isolated and collaborative actions in outdoor environments. Future
challenges we are planning include the analysis of gestures taking into account face and contextual
information, involving many modalities in the recognition process. In this paper we also review
other existing international challenges related to gesture recognition.

Figure 1: Example of possible bonobo iconic gestures. (a) Start of swing gesture (or shove); (b)
End of swing gesture (or shove); (c) Start of iconic swing, other bonobo starts to move;
(d) End of iconic swing, other moving. Image from (McNeil, 2012).
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(b)

(e)

(c)

(f)

Figure 2: Some applications of gesture recognition. (a) Gesture recognition for driver assistance,
from (Ohn-Bar and Trivedi, 2014), (b) Sign Language Recognition, (c) action/gesture
recognition for content retrieval and categorization, from (Ma et al., 2013), (d) surveillance, (e) Human Computer/Robot/Machine Interaction, and (f) Assistive technology for
people with reduced autonomy.
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Our first workshop at CVPR from our 2011 challenge emphasized mostly 2D video data meanwhile our second and third workshops at CVPR, ICPR, ICMI, ECCV conferences from our 2012,
2013, and 2014 challenges were focused on affordable 3D sensors for gesture recognition research,
also including audio information. In ECCV 2014 and CVPR 2015 workshops we also promoted
different aspects of looking at people, including pose recovery, activity recognition, and scene understanding where humans are present. In addition to best challenge results, many research papers
devoted to gesture recognition were published and presented in our challenge workshops. We also
invited keynote speakers in diverse areas of pose and gesture research, including sign language
recognition, body posture analysis, action and activity recognition, and facial expression or emotion
recognition.
In this special topic on gesture recognition, extension of best challenge and workshop papers
from previous events have been published. In addition, new description and learning strategies
papers related to gesture recognition have been published. All of them will be shortly reviewed in
the following sections.
The rest of the paper is organized as follows: Section 2 reviews the state of the art on gesture recognition, defining a taxonomy to describe existing works as well as available databases for
gesture and action recognition. Section 3 describes the series of gesture and action recognition
challenges organized by ChaLearn, describing the data, objectives, schedule, and achieved results
by the participants. For completeness we also review other existing gesture challenge organizations. In Section 4 we review the published papers in this gesture recognition topic which are
3
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related to ChaLearn competitions. Section 5 describes special topic published papers related to gesture recognition which are not based on ChaLearn competitions. Finally, Section 6 discusses main
observations about the published papers.

2. Related Work in Gesture Recognition

In this section we present a taxonomy for action/gesture recognition, we review most influential
works in the field, and finally we review existing datasets for action/gesture recognition together
with the performance obtained by state of the art methods.
2.1 Taxonomy for gesture recognition

JMLR 17(72):1-54

Fig. 3 is an attempt to create a taxonomy of the various components involved in conducting research
in action/gesture recognition. We include various aspects relating to the problem setting, the data
acquisition, the tools, the solutions, and the applications.
First, regarding the problem setting, the interpretation of gestures critically depends on a number
of factors, including the environment in which gestures are performed, their span in time and space,
and the intentional meaning in terms of symbolic description and/or the subconscious meaning revealing affective/emotional states. The problem setting also involves different actors who may participate in the execution of gestures and actions: human(s) and/or machine(s) (robot, computer, etc.),
performing with or without tools or interacting or not with objects. Additionally, independently of
the considered modality, for some gestures/actions different parts of the body are involved. While
many gesture recognition systems only focus on arms and hands, full body motion/configuration
and facial expressions can also play a very important role. Another aspect of the problem setting
involves whether recognized gestures are static or dynamic. For the first case, just considering features from an input frame or any other acquisition device describing spatial configuration of body
limbs, a gesture can be recognized. In the second case, the trajectory and pose of body limbs provide the highest discriminative information for gesture recognition. In some settings, gestures are
defined based not only on the pose and motion of the human, but also on the surrounding context,
and more specifically on the objects that the human interacts with. For such settings, one approach
for achieving context awareness is scene analysis, where information is extracted from the scene
around the subject (e.g., Pieropan et al. (2014); Shapovalova et al. (2011)). Another approach is to
have the subject interact with intelligent objects. Such objects use embedded hardware and software
to facilitate object recognition/localization, and in some cases to also monitor interactions between
such objects and their environment (e.g., Czabke et al. (2010))
Second, the data are, of course, of very central importance, as in every machine learning application. The data sources may vary: when recognizing gestures, input data can come from different
modalities, visual (RGB, 3D, or thermal, among others), audio, or wearable sensors (magnetic field
trackers, instrumented (data) gloves, or body suits, among others). In the case of gloves, they can
be active or passive. Active ones make use of a variety of sensors on a glove to measure the flexing
of joints or the acceleration and communicates data to the host device using wired or wireless technology. Passive ones consist only of markers or colored gloves for finger detection by an external
device such as a camera. Although most gestures are recognized by means of ambient intelligent
systems, looking at the person from outside, some gesture recognition approaches are based on
egocentric computing, using wearable sensors or wearable cameras that analyze, for instance, hand
behaviors. Additionally, it is well-known that context provides rich information that can be useful

4

Fourth, gesture recognition has offered many opportunities to algorithm developers to innovate.
The approaches, which essentially can be categorized into appearance-based and model-based methods, are going to be reviewed in the next section. We will mention only the most influential works
for action/gesture recognition illustrating various aspects of the problem setting, data acquisition,
and methodology defined in our taxonomy. Note that although we defined a general taxonomy for
gesture recognition, in this paper, we put special emphasis on computer vision and machine learning
methods for action/gesture recognition.

Third, the field of gesture recognition has shaped up thanks to the adoption of standard methodology. In order to advance in the design of robust action/recognition approaches, several datasets
with different complexity have been published, and several world challenges helped to push the
research in the area. This required the definition of standard evaluation metrics to render methods
comparable. Notably, when one wants to recognize actions/gestures from data, common steps involve pre-processing of the acquired data, feature extraction, segmentation of begin-end of gesture
and its final gesture/action label classification. Many datasets include preprocessed and/or thoroughly annotated data.

(objects with sensors that emit signals related to proximity and interaction). Some examples of
acquisition devices are shown in Figure 4.
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Taxonomy for gesture recognition.

(f)

Figure 4: Some examples of acquisition devices for gesture recognition. (a) left: mobile with GPS
and accelerometer, right: inertial sensor with accelerometer and gyroscope, (b) Google
Glasses for egocentric computing, (c) thermal imagery for action recognition, (d) audioRGB-depth device, (e) active glove, and (f) passive glove.

(e)

(c)

5

Figure 3:

HRI ((Lee, 2006)), HCI (Malik and Laszlo, 2004), HMI (Ohn-Bar and Trivedi, 2014), sign language (Starner and Pentland,
1998), gesture to speech (Fels, 1994), presentations (Licsár and Szirányi, 2004), virtual environments (Wexelblat, 1995), 3d
modeling, multimodal interaction (Rauschert et al., 2002), TV controlling (Freeman and Weissman, 1994)

Recognition: deep learning strategies (Neverova et al., 2014b), DTW (Wang et al., 2010), HMM (Starner and Pentland, 1998;
Vogler and Metaxas, 1999), SVM (Schuldt et al., 2004), RF (Demirdjian and Varri, 2009), HCRF (Quattoni et al., 2007)

Segmentation: sliding windows; eg. (Wan et al., 2013), dynamic programming; eg. (Alon et al., 2009).

Feature extraction: body limbs localization and tracking (distances and angles); eg. (Song et al., 2011a), appearance features of
body parts; eg. (Roussos et al., 2013).

Preprocessing: noise removal, signal smoothing; eg. (Song et al., 2011a).

Classification (sequences containing gestures or segmented gestures): classification accuracy (Ren et al., 2011a), F1 score (or
accuracy related), Levenstein (Guyon et al., 2014)

Spotting: Jaccard (overlap) (Sánchez et al., 2014), F1 score (or accuracy related) (Fothergill et al., 2012).

Individual gestures; eg. (Johnson and Everingham, 2010) / collaborative gestures; eg. (Laptev et al., 2008).

Data modalities; eg. color (Johnson and Everingham, 2010), depth (Ren et al., 2011a), skeletal data (Sadeghipour et al., 2012).
Viewing field: Upper body (Sapp and Taskar, 2013) / full body (Sigal et al., 2010) / egocentric (Fathi et al.).
Occlusions; eg. (Everingham et al., 2010; Sapp and Taskar, 2013).
Frontal view; eg. (Liu and Shao, 2013) / different viewpoints; eg. (Andriluka et al., 2014).
Controlled; eg. (Sigal et al., 2010) / uncontrolled; eg. (Tran and Forsyth, 2010).
Complex background; eg. (Laptev et al., 2008) / homogeneous background; eg. (Neidle et al., 2012)
Ethnic, gender and age variabilities; eg. (Andriluka et al., 2014; Fothergill et al., 2012).
Segmented gestures; eg. (Sadeghipour et al., 2012) / unsegmented gestures; eg. (Bloom et al., 2012).
Amount of data, subjects and gesture categories
Type of gestures: iconic; eg. (Sadeghipour et al., 2012), emblematic; eg. (Song et al., 2011b), sign language; eg. (Neidle
et al., 2012), action; eg. (Sánchez et al., 2014).

ambient; eg. (Bloom et al., 2012; Sadeghipour et al., 2012).
egocentric; eg. (Baraldi et al., 2014; Starner and Pentland, 1998).

(d)

(b)

Finally, our taxonomy would not be complete without the wide array of applications of gesture/action recognition, already mentioned in the introduction.

Applications

Recognition (Appearance / model based)

Gesture challenge
organizations, eg.
(Guyon et al.,
2014; Everingham et al., 2010)

Evaluation metrics

Databases

Depth; eg. (Shotton et al., 2011).

Thermal; eg. (Larson et al., 2011).
Audio; eg. (Escalera et al., 2013b).
Magnetic field trackers, body suits; eg. (Kapur et al., 2005).
Instrumented (data)
Wearable
Active
gloves; eg. (Ma
Passive
et al., 2000).

(a)
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to better infer the meaning of some gestures. Context information can be obtained by means of
computer vision scene analysis, interaction with objects, but also via intelligent objects in the scene

Gesture Recognition

Ambient / egocentric

Data source

RGB; eg. (Lin et al., 2009).

Computer Vision scene analysis; eg. (Pieropan et al., 2014; Shapovalova et al., 2011).
Intelligent Objects; eg. (Czabke et al., 2010).

Context aware

Visual

Static; eg. (Triesch and von der Malsburg, 2001).
Dynamic; eg. (Ruffieux et al., 2013; Shotton et al., 2011).

Hands /arms (1 or 2); eg. (Vogler and Metaxas, 1999).
Body; eg. (Shotton et al., 2011).
Head; eg. (Erdem and Sclaroff, 2002).

Body limbs usage

Static / dynamic gestures

Human machine/robot/computer interaction; eg. (Malik and Laszlo, 2004).
Isolated human gestures; eg. signs in (Vogler and Metaxas, 1999).
Human-human gestures; eg. (Patron-Perez et al., 2010).
Human-object interaction; eg. (Kjellström et al., 2008).

Spatial information: where it occurs; eg. (Malik and Laszlo, 2004).
Pathic information: the path it takes; eg. (Alon et al., 2009).
Symbolic information: the sign it makes; eg. (Vogler and Metaxas, 1999).
Action: the type of action that is being performed; eg. (Schuldt et al., 2004).
Body pose: limb locations and joint angless; eg. (Sapp and Taskar, 2013).
Handshape: the posture of the hand; eg. (Triesch and von der Malsburg, 2001).
Affective information: its emotional quality; eg. (Castellano et al., 2007; Kapur et al., 2005).

Actors involved in
gesture recognition

Aspects of gesture meaning
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2.2 Overview of gesture recognition methods
Different surveys have been published so far reviewing gesture recognition systems (LaViola Jr.,
1999; Mitra and Acharya, 2007; Chaudhary et al., 2011; Ibraheem and Khan, 2012; Avci et al.,
2010; Khan and Ibraheem; Kausar and Javed, 2011). In this section, we present an up-to-date
review of most influential works in the field.
2.2.1 R ECOGNIZING STATIC GESTURES AND HAND POSE
In the case of static gestures, frequently hand shape is the important differentiating feature (Cui and
Weng, 2000; Freeman and Roth, 1996; Kelly et al., 2010; Ren et al., 2011b; Triesch and von der
Malsburg, 2002), although the pose of the rest of the body can also be important, e.g., (Yang et al.,
2010; Van den Bergh et al., 2009). For static hand pose classification, some approaches rely on
visual markers, such as a color glove with a specific color for each finger, e.g., (Wang and Popović,
2009). Other approaches can recognize the hand pose on unadorned hands. Appearance-based
methods, like (Moghaddam and Pentland, 1995; Triesch and von der Malsburg, 2002; Freeman and
Roth, 1996; Wu and Huang, 2000), can be used for recognizing static hand postures observed from
specific viewpoints.
Model-based methods for hand pose estimation (Oikonomidis et al., 2011; de La Gorce et al.,
2011; Oikonomidis et al., 2010; Rehg and Kanade, 1995) typically match visual observations to
instances of a predefined hand model. Single frame pose estimation methods try to solve the hand
pose estimation problem without relying on temporal information (Athitsos and Sclaroff, 2003).
Most recently, due to the advent of commercially available depth sensors, there is an increased
interest in methods relying on depth data (Keskin et al., 2012; Mo and Neumann, 2006; Oikonomidis
et al., 2011; Pugeault and Bowden, 2011; Lopes et al., 2014).
2.2.2 F ROM BODY PART DETECTION TO HOLISTIC PATTERN DETECTION
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Dynamic gestures are characterized by both the pose and the motion of the relevant body parts.
Much effort has traditionally be put into detecting first body parts and then tracking their motion. In
color videos, detecting hands can be quite challenging, although better performance can be achieved
by placing additional constraints on the scene and the relative position of the subject and the hands
with respect to the camera (Cui and Weng, 2000; Isard and Blake, 1998; Kolsch and Turk, 2004; Ong
and Bowden, 2004; Stefanov et al., 2005; Stenger et al., 2003; Sudderth et al., 2004). Commonlyused visual cues for hand detection such as skin color, edges, motion, and background subtraction
(Chen et al., 2003; Martin et al., 1998) may also fail to unambiguously locate the hands when the
face, or other “hand-like” objects are moving in the background.
In (Li and Kitani, 2013) the authors propose a hand segmentation approach from egocentric
RGB data by the combination of color and texture features. In(Baraldi et al., 2014), dense features
are extracted around regions selected by a new hand segmentation technique that integrates superpixel classification, temporal and spatial coherence. Bag of visual words and linear SVM are used
for final representation and classification.
Depth cameras have become widely available in recent years, and hand detection (in tandem
with complete body pose estimation) using such cameras (and also in combination with other visual modalities) can be performed sufficiently reliably for many applications (Shotton et al., 2011;
Hernandez-Vela et al., 2012). The authors of (Ren et al., 2013) propose a part-based hand gesture
recognition system using KinectT M sensor. Finger-EarthMover’s Distance (FEMD) metric is pro7
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posed to measure the dissimilarity between hand shapes. It matches the finger parts while not the
whole hand based on hand segmentation and contour analysis. The method is tested on their own
10-gesture dataset.
Instead of estimating hand position and/or body pose before recognizing the gesture, an alternative is to customize the recognition module so that it does not require the exact knowledge of hand
positions, but rather accepts as input a list of several candidate hand locations (Alon et al., 2009;
Sato and Kobayashi, 2002; Hernandez-Vela et al., 2013b).
Another approach is to use global image/video features. Such global features include motion energy images (Bobick and Davis, 2001), thresholded intensity images and difference images
(Dreuw et al., 2006), 3D shapes extracted by identifying areas of motion in each video frame (Gorelick et al., 2007) and histograms of pairwise distances of edge pixels (Nayak et al., 2005). Gestures
can also be modelled as rigid 3D patterns (Ke et al., 2005), from which features can be extracted
using 3D extensions of rectangle filters (Viola and Jones, 2001). The work of (Kong et al., 2015)
uses pixel-level attributes in a hierarchical architecture of 3D kernel descriptors, and efficient match
kernel is used to recognize gestures from depth data.
Along similar lines, (Ali and Shah, 2010) propose a set of kinematic features that are derived
from the optical flow for human action recognition in videos: divergence, vorticity, symmetric and
antisymmetric flow fields, second and third principal invariants of flow gradient and rate of strain
tensor, and third principal invariant of rate of rotation tensor, which define spatiotemporal patterns.
These kinematic features are computed by Principal Component Analysis (PCA). Then multiple
instance learning (MIL) is applied for recognition in which each action video is represented by a
bag of kinematic modes. The proposal is evaluated on the RGB Weizmann and KTH action data
sets, showing comparable result to state of the art performances.
Much effort has also been put into spatiotemporal invariant features. In (Yuan et al., 2011)
the authors propose a RGB action recognition system based on a pattern matching approach, named
naive Bayes mutual information maximization (NBMIM). Each action is characterized by a collection of spatiotemporal invariant features which are matched with an action class by measuring the
mutual information between them. Based on this matching criterion, action detection is to localize
a subvolume in the volumetric video space that has the maximum mutual information toward a specific action class. A novel spatiotemporal branch-and-bound (STBB) search algorithm is designed
to efficiently find the optimal solution. Results show high recognition results on KTH, CMU, and
MSR data sets, showing speed up inference in comparison with standard 3D branch-and-bound.
Another example is the paper of (Derpanis et al., 2013) in which a compact local descriptor of
video dynamics is proposed for action recognition in RGB data sequences. The descriptor is based
on visual spacetime oriented energy measurements. An associated similarity measure is introduced
that admits efficient exhaustive search for an action template, derived from a single exemplar video,
across candidate video sequences. The method is speeded up by means of a GPU implementation.
Method is evaluated on UCF and KTH data sets, showing comparable results to state of the art
methods.
The work of (Yang and Tian, 2014b) presents a coding scheme to aggregate low-level descriptors
into the super descriptor vector (SDV). In order to incorporate the spatio-temporal information, the
super location vector (SLV) models the space-time locations of local interest points in a compact
way. SDV and SLV are combined as the super sparse coding vector (SSCV) which jointly models
the motion, appearance, and location cues. The approach is tested on HMDB51 and Youtube with
higher performance in comparison to state of the art approaches.

8
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The work of (Liang et al., 2014) presents a depth-based method for hand detection and pose
recognition by segmentation of different hand parts. Authors based on RF for initial multipart hand

In (Yu et al., 2014) the authors propose the orderlets to capture discriminative information for
gesture recognition from depth maps. Orderlet features are discovered looking for frequent sets of
skeleton joints that provide discriminative information. Adaboost is used for orderlets selection.
Results on the ORGBD data set shows a recognition rate of 71.4% mean class average accuracy,
improving by near 5% state of the art results on this data set, and near 20% improvement regarding
frame level classification. However the results showed on the MSR-DailyActivity3D data set are
inferior to the ones reported in (Luo et al., 2014).

The work of (Yang and Tian, 2014a) presents an approach for activity recognition in depth video
sequences. Authors cluster hypersurface normals in a depth sequence to form the polynormal which
is used to jointly characterize the local motion and shape information. In order to globally capture
the spatial and temporal orders, an adaptive spatio-temporal pyramid is introduced to subdivide a
depth video into a set of space-time grids. It is then proposed a scheme of aggregating the lowlevel polynormals into the super normal vector (SNV) which can be seen as a simplified version
of the Fisher kernel representation. Authors validate the proposed approach on MSRAction3D,
MSRDailyActivity3D, MSRGesture3D, and MSRActionPairs3D data sets slightly improving in all
cases state of the art performances.

In (Wang et al., 2014), the authors propose to characterize the human actions with an “actionlet”
ensemble model, which represents the interaction of a subset of human joints. Authors train an
ensemble of SVM classifiers related to actionlet patterns, which includes 3D joint features, Local
Occupancy Patterns, and Fourier Temporal Pyramid. Results on CMU MoCap, MSR-Action3D,
MSR-DailyActivity3D, Cornell Activity, and Multiview 3D data sets show comparable and better
performance than state of the art approaches.

In (Oreifej and Liu, 2013), it is proposed a new descriptor for activity recognition from videos
acquired by a depth sensor. The depth sequence is described using a histogram capturing the distribution of the surface normal orientation in the 4D space of time, depth, and spatial coordinates. To
build the histogram, 4D projectors are created, which quantize the 4D space and represent the possible directions for the 4D normal. Projectors are initialized using the vertices of a regular polychoron.
Projectors are refined using a discriminative density measure, such that additional projectors are induced in the directions where the 4D normals are more dense and discriminative. The proposed
descriptor is tested on MSR Actions 3D, MSR Gesture 3D, and MSR Daily Activity 3D, slightly
improving state of the art results.

The work of (Zanfir et al., 2013) propose the non-parametric Moving Pose (MP) framework
for low-latency human action and activity recognition. The moving pose descriptor considers both
pose information as well as differential quantities (speed and acceleration) of the human body joints
within a short time window around the current frame. The descriptor is used with a modified kNN
classifier that considers both the temporal location of a particular frame within the action sequence
as well as the discrimination power of its moving pose descriptor compared to other frames in the
training set. The method shows comparable results to state of the art methods on MSR-Action3D
and MSR-DailyActivities3D data sets.

in the action graph. The authors propose a projection based sampling scheme to sample the bag
of 3D points from the depth maps. In (Sminchisescu et al., 2006) it is proposed the first conditional/discriminative chain model for action recognition.
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The work of (Li et al., 2010) presents an action graph to model explicitly the dynamics of 3D actions and a bag of 3D points to characterize a set of salient postures that correspond to the nodes

2.2.4 ACTION AND ACTIVITY RECOGNITION

When attempting to recognize unsegmented gestures, a frequently encountered problem is the subgesture problem: false detection of gestures that are similar to parts of other longer gestures. (Lee
and Kim, 1999) address this issue using heuristics to infer the user’s completion intentions, such as
moving the hand out of camera range or freezing the hand for a while. An alternative is proposed
in (Alon et al., 2009), where a learning algorithm explicitly identifies subgesture/supergesture relationships among gesture classes, from training data.
Another common approach for gesture spotting is to first extract features from each frame of
the observed video, and then to provide a sliding window of those features to a recognition module,
which performs the classification of the gesture (Corradini, 2001; Cutler and Turk, 1998; Darrell
et al., 1996; Oka et al., 2002; Starner and Pentland, 1998; Yang et al., 2002)). Oftentimes, the
extracted features describe the position and appearance of the gesturing hand or hands (Cutler and
Turk, 1998; Darrell et al., 1996; Starner and Pentland, 1998; Yang et al., 2002)). This approach can
be integrated with recognition-based segmentation methods.

• Indirect methods (also called recognition-based segmentation) detect gesture boundaries by
finding, in the input sequence, intervals that give good recognition scores when matched with
one of the gesture classes. Most indirect methods (Alon et al., 2009; Lee and Kim, 1999; Oka,
1998) are based on extensions of Dynamic Programming (DP) e.g., Dynamic Time Warping
(DTW) (Darrell et al., 1996; Kruskal and Liberman, 1983), Continuous Dynamic Programming (CDP) (Oka, 1998), various forms of Hidden Markov Models (HMMs) (Brand et al.,
1997; Chen et al., 2003; Stefanov et al., 2005; Lee and Kim, 1999; Starner and Pentland,
1998; Vogler and Metaxas, 1999; Wilson and Bobick, 1999), and most recently, Conditional
Random Fields (Lafferty et al., 2001; Quattoni et al., 2007). Also hybrid probabilistic and dynamic programming approaches have been recently published (Hernandez-Vela et al., 2013a).
In those methods, the gesture endpoint is detected by comparing the recognition likelihood
score to a threshold. The threshold can be fixed or adaptively computed by a non-gesture
garbage model (Lee and Kim, 1999; Yang et al., 2009), equivalent to silence models in speech.

• Direct methods (also called heuristic segmentation) first compute low-level motion parameters such as velocity, acceleration, and trajectory curvature (Kang et al., 2004) or mid-level
motion parameters such as human body activity (Kahol et al., 2004), and then look for abrupt
changes (e.g., zero-crossings) in those parameters to identify candidate gesture boundaries.

Dynamic gesture recognition methods can be further categorized based on whether they make the
assumption that gestures have already been segmented, so that the start frame and end frame of
each gesture is known. Gesture spotting is the task of recognizing gestures in unsegmented video
streams, that may contain an unknown number of gestures, as well as intervals were no gesture is
being performed. Gesture spotting methods can be broadly classified into two general approaches:
the direct approach, where temporal segmentation precedes recognition of the gesture class, and the
indirect approach, where temporal segmentation is intertwined with recognition:

2.2.3 S EGMENTATION OF GESTURES AND GESTURE SPOTTING
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segmentation. Then, a Superpixel-Markov Random Field (SMRF) parsing scheme is used to enforce
the spatial smoothness and the label co-occurrence prior to remove the misclassified regions.
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2.2.5 A PPROACHES USING NON - VIDEO MODALITIES AND MULTIMODAL APPROACHES
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An important application of gesture recognition is sign language recognition. American Sign Language (ASL) is used by 500,000 to two million people in the U.S. (Lane et al., 1996; Schein, 1989).
Overall, national and local sign languages are used all over the world as the natural means of communication in deaf communities.
Several methods exist for recognizing isolated signs, as well as continuous signing. Some researchers have reported results on continuous signing with vocabularies of thousands of signs, using
input from digital gloves, e.g., (Yao et al., 2006). However, glove-based interfaces are typically expensive for adoption by the general public, as well as intrusive, since the user has to wear one or
two gloves connected with wires to a computer.
Computer vision methods for sign language recognition offer hope for cheaper, non-intrusive
interfaces compared to methods using digital gloves. Several such methods have been proposed
(Bauer et al., 2000; Cui and Weng, 2000; Dreuw et al., 2006; Kadir et al., 2004; Starner and Pentland, 1998; Vogler and Metaxas, 1999; Wang et al., 2010; Zieren and Kraiss, 2005). However, computer vision methods typically report lower accuracies compared to methods using digital gloves,
due to the difficulty of extracting accurate information about the articulated pose and motion of the
signer.
An important constraint limiting the accuracy of computer vision methods is the availability of
training data. Using more examples per sign typically improves accuracy (see, e.g., (Kadir et al.,
2004; Zieren and Kraiss, 2005)). However, existing datasets covering large vocabularies have only
a limited number of examples per sign. As an example, the ASLLVD dataset (Athitsos et al., 2008)
includes about 3,000 signs, but only two examples are available for most of the signs. Some interest-

2.3 Sign language recognition

The work of (Escalera et al., 2013b) summarizes a 2013 challenge on multimodal gesture recognition, where in addition to RGB and depth data, audio can be used to identify the performed gestures.
Few works considered context information in order to improve gesture/action recognition systems. In (Wilhelm) it is proposed to adapt gesture recognition based on a dialogue manager as a partially observable Markov decision process (POMDP). In (Caon et al., 2011) two KinectT M devices
and smart objects are used to estimate proximity and adapt the recognition prior of some gestures.
The recent emergence of deep learning systems in computer vision have also been applied to
action/gesture recognition systems. In (Neverova et al., 2014a), it is presented a deep learning based
approach for hand pose estimation, targeting gesture recognition. The method integrates local and
global structural information into the training objective. In (Nagi et al., 2011), deep neural network (NN) combining convolution and max-pooling (MPCNN) is proposed for supervised feature
learning and classification of RGB hand gestures given by humans to mobile robots using colored
gloves. The hand contour is retrieved by color segmentation, then smoothed by morphological image processing which eliminates noisy edges. The system classifies 6 gesture classes with 96%
accuracy, improving performance of several state of the art methods. The work of (Duffner et al.,
2014) presents an approach that classifies 3D gestures using jointly accelerometer and gyroscope
signals from a mobile device using convolutional neural network with a specific structure involving
a combination of 1D convolution. In (Molchanov et al., 2015) convolutional deep neural networks
are used to fuse data from multiple sensors (short-range radar, a color camera, and a depth camera)
and to classify the gestures in a driver assistance scenario.
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In terms of multimodal approaches for gesture recognition, (Luo et al., 2014) propose a sparse
coding-based temporal pyramid matching approach (ScTPM) for feature representation using depth
maps. The authors also propose the Center-Symmetric Motion Local Ternary Pattern (CS-Mltp) descriptor to capture spatial-temporal features from RGB videos. By fusing both RGB and Depth descriptors, the authors improve state of the art results on MSR-Action3D and MSR-DailyActivity3D
data sets, with a 6% and 7% of improvement, respectively.
In (Ionescu et al., 2014), it is presented the Human3.6M data set, consisting of 3.6Million accurate 3D Human poses, acquired by recording the performance of 5 female and 6 male subjects,
under 4 different viewpoints, for training realistic human sensing systems and for evaluating the
next generation of human pose estimation models and algorithms. Authors also provide a set of
large scale statistical models and evaluation baselines for the dataset illustrating its diversity.
In (Xiao et al., 2014) a wearable Immersion CyberGlove II is used to capture the hand posture
and the vision-based Microsoft KinectT M takes charge of capturing the head and arm posture. An
effective and real-time human gesture recognition algorithm is also proposed.
In (Liang et al., 2013) it is proposed to detect and segment different body parts using RGB
and Depth data sequences. The method uses both temporal constraints and spatial features, and
performs hand parsing and 3D fingertip localization for hand pose estimation. The hand parsing
algorithm incorporates a spatial-temporal feature into a Bayesian inference framework to assign
the correct label to each image pixel. The 3D fingertip localization algorithm adapts is based on
geodesic extrema extraction to fingertip detection. The detected 3D fingertip locations are finally
used for hand pose estimation with an inverse kinematics solver. The work of (Joshi et al., 2015)
use random forest for both segmenting and classifying gesture categories from data coming from
different sensors.
Although many works base only on inertial data (Benbasat and Paradiso, 2001; Berlemont et al.,
2015), multimodal approaches are often considered in order to combine trajectory information will
pose analysis based on visual data. The works of (Liu et al., 2014; Pardo et al., 2013) present
approaches for gesture recognition based on the combination of depth and inertial data. In (Liu
et al., 2014) skeleton obtained from depth data and data from inertial sensors are train within HMM
in order to perform hand gesture recognition. A similar approach is presented in (Pardo et al., 2013),
but also recognizing objects present in the scene and using DTW for recognition with the objective
of performing ambient intelligent analysis to support people with reduced autonomy. In (Gowing
et al., 2014), it is presented a comparison of WIMU aWireless/Wearable Inertial Measurement Unit
and KinectT M . However, comparison is performed independently, without considering a fusion
strategy.
The work of (Appenrodt et al., 2009) is one of the few that compare the performance of different
segmentation approaches for gesture recognition comparing RGB, depth, and thermal modalities.
They propose a simple segmentation approach of faces and one hand for recognizing letters and
numbers for HCI. They obtained higher performance by the use of depth maps. Unfortunately no
mutimodal fusion approaches are tested in order to analyze when each modality can complement
the information provided by the rest of modalities.
11
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Tens of gesture recognition datasets have been made available to the research community over the
last several years. A summary of available datasets is provided in Table 1. In that table, for each
data set we mark some important attributes of the dataset, such as the type of gestures it contains,
the data modalities it provides, the viewing field, background, amount of data, and so on. Regarding
the “occlusions” attribute in that table, we should clarify that it only refers to occlusions of the
subject by other objects (or subjects), and not to self occlusions. Self occlusions are quite common
in gestures, and are observed in most datasets. We should also note that, regarding the complexity of
the background, dynamic and/or cluttered backgrounds can make gesture recognition challenging
in color images and video. At the same time, a complex background can be quite easy to segment
if depth or skeletal information is available, as is the case in several datasets on Table 1.
In order to be able to fit Table 1 in a single page, we had to use abbreviations quite heavily.
Table 2 defines the different acronyms and abbreviations used in Table 1.
The datasets we have created for our challenges have certain unique characteristics, that differentiate them from other existing datasets. The CDG2011 dataset (Guyon et al., 2014) has a quite
diverse collection of gesture types, including static, pantomime, dance, signs, and activities. This is
in contrast to other datasets, that typically focus on only one or maybe two gesture types. Furthermore, the CDG2011 dataset uses an evaluation protocol that emphasizes one-shot learning, whereas
existing data sets typically have several training examples for each class. The CDG2013 dataset
introduces audio data to the mix of color and depth that is available in some other data sets, such as
(Sadeghipour et al., 2012; Bloom et al., 2012).

2.4 Data sets for gesture and action recognition

ing research has aimed at enabling automated construction of large datasets. For example, (Cooper
and Bowden, 2009) aim at automatically generating large corpora by automatically segmenting
signs from close-captioned sign language videos. As another example, (Farhadi et al., 2007) propose a method where sign models are learned using avatar-produced data, and then transfer learning
is used to create models adapted for specific human signers.
The recent availability of depth cameras such as KinectT M has changed the methodology and
improved performance. Depth cameras provide valuable 3D information about the position and
trajectory of hands in signing. Furthermore, detection and tracking of articulated human motion
is significantly more accurate in depth video than in color video. Several approaches have been
published in recent years that use depth cameras to improve accuracy in sign language recognition
Conly et al. (2015); Wang et al. (2015a); Zafrulla et al. (2011).
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Dataset
Actors/
Body Static/ ModalitiesViewingOccl. Viewp.ControlledBackgroundVariab. Seg.Amount SubjectsClasses Type Indiv./ Eval.
Objects parts Dynamic
field
Var.
collab.
HUMANEVA (Sigal et al., 2010)
IH
F
SF
MC,ST F
No V
C
SF,C
E,G
SF 40000 F 5
CBP BP I
MPJPE
Human3.6M (Ionescu et al., 2014)
IH,O
F
SF
MC,D,ST F
No V
C
SF,C
G,AU,EUSF 3.6M
11
CBP BP I
Multiple
LEEDS SPORTS (Johnson and Everingham, 2010)IH,O
F
SF
C
F
No V
U
C,SF
AY,E,G SF 2000 F U1
CBP BP I
Fer.
Pascal VOC people (Everingham et al., 2010)
IH,HH,O F
SF
C
F
SomeV
U
C,SF
A,E,G SF 632 F
U1
CBP BP B
Pascal
UIUC People (Tran and Forsyth, 2010)
IH,O
F
SF
C
F
No V
U
C,SF
AY,E,G SF 593 F
U1
CBP BP I
Fer.
Buffy (Ferrari et al., 2008)
IH,HH,O U
SF
C
U
SomeV
U
C,SF
AY,G
SF 748 F
UM
CBP BP B
Fer.
Parse (Ramanan, 2006)
IH,O
F
SF
C
F
No V
U
C,SF
AY,E,G SF 305 F
U1
CBP BP MI Ram.
MPII Pose (Andriluka et al., 2014)
IH,O
F
SF
C
F
Yes V
U
C,SF
A,E,G SF 25000 F U1
CBP BP MI Fer.
FLIC Pose (Sapp and Taskar, 2013)
IH,HH,O U
SF
C
U
SomeV
U
C,SF
AY,E,G SF 5003 F UM
CBP BP MI Sap.
H3D (Bourdev and Malik, 2009)
IH,HH,O U
SF
C
U
SomeV
U
C,SF
A,E,G SF 520 F
US
CBP BP MI Sap.
CDG2011 (Guyon et al., 2014)
IH
MixedMixed C,D
MU
Few Fixed C
ST,C
E,G
No 50000 G 20
CDG11MixedI
L
CDG2013 (Escalera et al., 2013b)
IH
H
DynamicA,C,D,ST U
No F
C
ST,C
G
No 13858 G 27
20
E
I
L
3DIG (Sadeghipour et al., 2012)
IH
H
DynamicC,D,ST U
No F
C
ST,U
AY,E,G Yes 1739 G 29
20
I
I
F
HuPBA8K+ (Sánchez et al., 2014)
IH,HH
F
DynamicC
F
Yes Fixed C
ST,U
G, AY No 8000 F 14
11
A
B
L
HOHA (Laptev et al., 2008)
IH,HH,HOF
DynamicC
F
SomeV
U
SD,C
AY,E,G Yes 475 V UM
8
A
B
CA
KTH (Schuldt et al., 2004)
IH
F
DynamicG
F
No SV
C
ST,U
G
Yes 2391 A 25
6
A
I
CA
MSRC-12 (Fothergill et al., 2012)
IH
F
DynamicST
F
No F
C
N/A
A,E,G No 719359 F30
12
E,I I
F
G3D (Bloom et al., 2012)
IH
F
DynamicC,D,ST F
No Fixed C
ST,C
U
No 80000 F 10
20
A
I
F
ASLLVD (Neidle et al., 2012)
IH
H
DynamicMC
U
No F
C
ST,U
G
Yes 9794 G 6
3314 S
I
RRC
UTA ASL (Conly et al., 2013)
IH
H
DynamicC,D
U
No F
C
ST,U
E,A
Yes 1313 G 2
1113 S
I
RCC
ChAirGest (Ruffieux et al., 2013)
IH
H
DynamicChAir
U
No F
C
ST,C
U
No 1200 G 10
10
I,E I
F,ATSR
SKIG (Liu and Shao, 2013)
IH
H
DynamicC,D
A
No F
C
ST,CU
U
Yes 1080 G 10
6
I,E I
CA
6DMG (Chen et al., 2012)
IH
H
Dynamic6DMG H
No F
C
N/A
G,AU,EUYes 5600 G 28
20
I
I
CA
MSRGesture3D (Kurakin et al., 2012)
IH
H
DynamicB
H
No Fixed C
N/A
U
Yes 336 G 10
12
S
I
CA
NATOPS (Song et al., 2011b)
IH
U
DynamicS,D,B
U
No Fixed C
ST,U
U
Yes 9600 G 20
24
E
I
CA
NTU Dataset (Ren et al., 2011a)
IH
H
Static C,D
U
No F
C
SF,C
G
SF 1000 G 10
10
HS I
CA
Keck Gesture (Lin et al., 2009)
IH
H
DynamicC
F
No F
C
ST,U
No
Yes 294 G 3
14
E
I
CA
Cambridge Gesture (Kim et al., 2007)
IH
H
DynamicC
H
No F
C
ST,U
U
Yes 900 G 2
9
E
I
CA
(Triesch and von der Malsburg, 2001)
IH
H
Static G
H
No Fixed C
SF,CU
U
SF 717 G 24
10
HS I
CA
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Table 1: Datasets. “Occl.” stands for “occlusions”. “View. variab.” stands for “viewpoint variabilities”. “Variab.” stands for “variabilities
in gender, age, ethnicity”. “Seg.” stands for “segmented”. “Indiv/Collab.” stands for “individual or collaborative gestures”. “Type”
stands for “gesture type”. “Eval.” stands for “evaluation”.

Evaluation criteria
Evaluation criteria
Evaluation criteria
Evaluation criteria
Evaluation criteria

Evaluation criteria
Evaluation criteria
Evaluation criteria

Taxonomy Attribute
Actors/Objects
Actors/Objects
Actors/Objects
Body parts
Body parts
Static/Dynamic
Modalities
Modalities
Modalities
Modalities
Modalities
Modalities
Modalities
Modalities
Modalities
Modalities
Viewing field
Viewing field
Viewing field
Viewing field
Viewing field
Occlusions
Viewpoints
Viewpoints
Viewpoints
Viewpoints
Controlled/Uncontrolled
Controlled/Uncontrolled
Background
Background
Background
Background
Background
Background
Background
Variabilities in gender/age/ethnicity
Variabilities in gender/age/ethnicity
Variabilities in gender/age/ethnicity
Variabilities in gender/age/ethnicity
Variabilities in gender/age/ethnicity
Variabilities in gender/age/ethnicity
Variabilities in gender/age/ethnicity
Segmented/Unsegmented
Amount of data
Amount of data
Amount of data
Amount of data
Number of subjects
Number of subjects
Number of subjects
Classes
Classes
Gesture type
Gesture type
Gesture type
Gesture type
Gesture type
Gesture type
Gesture type
Individual or collaborative
Individual or collaborative
Individual or collaborative
Individual or collaborative
Evaluation criteria

Sap.

L
MPJPE
Pascal
Ram.
RCC

CA
F
Fer.

F
Fixed
SV
V
C
U
CU
C
D
SF
SD
ST
U
A
AU
AY
E
EU
G
U
SF
A
F
G
V
U1
UM
US
CBP
CDG11
A
BP
D
E
HS
I
S
B
C
I
MI
ATSR

Acronym/Abbreviation
HH
IH
O
F
H
SF
6DMG
A
B
C
ChAir
D
G
MC
S
ST
A
E
F
MU
U
Frontal
Fixed viewpoint for each class
Fixed viewpoint for some classes, variable for other classes
Variable viewpoint
Controlled
Uncontrolled
some cluttered, some uncluttered
cluttered
dynamic
each frame is individually classified, so background is seen only from a single frame
static in some cases, dynamic in some cases
static
uncluttered
variabilities in age
unspecified whether there are variabilities in age
mostly non-senior adults
variabilities in ethnicity
unspecified whether there are variabilities in ethnicity
variabilities in gender
unspecified
each frame is individually classified
action samples
frames
gesture samples
video clips
Unspecified, but most subjects appear in only one sample
Unspecified, but most subjects appear in several samples
Unspecified, but some subjects appear in more than one sample
continuous space of body
about 300, but broken into subsets of 8-12 classes
action
body pose
deictic
emblematic
handshape
iconic
sign
both individual and collaborative
collaborative
individual
mostly individual
Defined in (Ruffieux et al., 2013), based on difference between detected and
ground truth endpoints, normalized by duration of the gesture
Classification accuracy
F-score
Defined in (Ferrari et al., 2008), checks if detected endpoints are within distance of
half length (of the body part in question) from the ground truth position.
Levenshtein distance
Mean per-joint position error (measured as Euclidean distance).
At least 50% overlap of bounding boxes on all body parts.
Defined in (Ramanan, 2006), average negative log likelihood of correct pose.
Defined in (Wang et al., 2010), based on rank of the correct class for each test sign.
For any R, report percentage of test signs for which the correct class was in the top R classes.
Defined in (Sapp and Taskar, 2013), Accuracy is based on (variable) threshold pixel distance between
joint location and ground truth, scaled so that the torso length in the ground truth is 100 pixels.

Meaning
human-human interactions
isolated human
humans with objects
full body
hands
Subjects are in motion, but each frame is individually classified
WorldViz PPT-X4 (position + 3D orientation) + Wii Remote Plus (acceleration and angular speeds)
audio
binary segmentation mask
RGB (color)
RGB, depth, skeletal, four inertial motion units
depth
grayscale
multiple cameras
stereo images
skeletal tracking
arm and hand
egocentric
full body
upper body in most cases
upper body
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Evaluation criteria
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Table 2: Acronyms and abbreviations used in the table of datasets.
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3. Gesture recognition challenges

In this section we review the series of gesture and action recognition challenges organized by
ChaLearn from 2011 to 2015, as well as other international challenges related to gesture recognition.

3.1 First ChaLearn Gesture Recognition Challenge (2011-2012): One shot learning

ChaLearn launched in 2012 a challenge with prizes donated by Microsoft using datasets described
in (Guyon et al., 2014). We organized two rounds in conjunction with the CVPR conference (Providence, Rhode Island, USA, June 2012) and the ICPR conference (Tsukuba, Japan, November 2012).
Details on the challenge setting and results are found in (Guyon et al., 2013). We briefly summarize
the setting and results.

3.1.1 2011-2012 C HALLENGE P ROTOCOL AND E VALUATION

The task of the challenge was to built a learning system capable of learning a gesture classification
problem from a single training example per class, from dynamic video data complemented by a
depth map obtained with KinectT M . The rationale behind this setting is that, in many computer
interface applications to gesture recognition, users want to customize the interface to use their own
gestures. Therefore they should be able to retrain the interface using a small vocabulary of their
own gestures. We have also experimented with other use cases in gaming and teaching gesture
vocabularies. Additionally, the problem of one-shot-learning is of intrinsic interest in machine
learning and the solutions deviced could carry over to other applications. It is in a certain way an
extreme case of transfer learning.

To implement this setting in the challenge, we collected a large dataset consisting of batches,
each batch corresponding to the video recording of short sequences of gestures performed by the
same person. The gestures in one batch pertained to a small vocabulary of gestures taken from
a variety of application domains (sign language for the deaf, traffic signals, pantomimes, dance
postures, etc.). During the development phase, the participants had access to hundreds of batches of
diverse gesture vocabularies. This played the role of “source domain data” in the transfer learning
task. The goal of the participants was to get ready to receive new batches from different gesture
performers and different gesture vocabularies, playing the role of “transfer domain data”. Their
system would then need to learn from a single example of gesture performed by the particular
performer, before being capable of recognizing the rest of the gestures in that batch. The full dataset
is available from http://gesture.chalearn.org/data.
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More specifically, each batch was split into a training set (of one example for each gesture)
and a test set of short sequences of one to 5 gestures. Each batch contained gestures from a different small vocabulary of 8 to 12 gestures, for instance diving signals, signs of American Sign
Language representing small animals, Italian gestures, etc. The test data labels were provided for
the development data only (source domain data), so the participants could self-evaluate their systems and pre-train parts of it as is expected from transfer learning methods. The data also included
20 validation batches and 20 final evaluation batches as transfer domain data used by the organizers
to evaluate the participants. In those batches, only the labels of the training gestures (one example
each) was provided, the rest of the gesture sequences were unlabelled and the goal of the participants
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1. For round 1: http://www.kaggle.com/c/GestureChallenge.
GestureChallenge2.
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For round 2: http://www.kaggle.com/c/

1. Body language gestures (like scratching your head, crossing your arms).

The datasets are described in details in a companion paper (Guyon et al., 2014). Briefly, the data
are organized in batches: development batches devel01-480, validation batches valid01-20, and
final evaluation batches final01-20 (for round 1) and final21-40 (for round 2). For the development
batches, we provided all the labels. To evaluate the performances on “one-shot-learning” tasks, the
valid and final batches were provided with labels only for one example of each gesture class in
each batch (training examples). The goal was to automatically predict the gesture labels for the
remaining unlabelled gesture sequences (test examples).
Each batch includes 100 recorded gestures grouped in sequences of 1 to 5 gestures performed
by the same user. The gestures are drawn from a small vocabulary of 8 to 12 unique gestures, which
we call a “lexicon”. For instance a gesture vocabulary may consist of the signs to referee volleyball
games or the signs to represent small animals in the sign language for the deaf. We selected lexicons
from nine categories corresponding to various settings or application domains (Figure 5):

3.1.2 2011-2012 C HALLENGE DATA

was to predict those labels. We used the Kaggle platform to manage submissions1 The participants
received immediate feed-back on validation data on a on-line leaderboard. The final evaluation was
carried out on the final evaluation data, and those results were only revealed after the challenge was
over. The participants had a few days to train their systems and upload their predictions. Prior to
the end of the development phase, the participants were invited to submit executable software for
their best learning system to a software vault. This allowed the competition organizers to check
their results and ensure the fairness of the competition.
To compare prediction labels for gesture sequences to the truth values, we used the generalized
Levenshtein distances (each gesture counting as one token). The final evaluation score was computed as the sum of such distances for all test sequences, divided by the total number of gestures in
the test batch. This score is analogous to an error rate. However, it can exceed one. Specifically,
for each video, the participants provided an ordered list of labels R corresponding to the recognized
gestures. We compared this list to the corresponding list of labels T in the prescribed list of gestures that the user had to play. These are the “true” gesture labels (provided that the users did not
make mistakes). We computed the generalized Levenshtein distance L(R, T ), that is the minimum
number of edit operations (substitution, insertion, or deletion) that one has to perform to go from
R to T (or vice versa). The Levenhstein distance is also known as “edit distance”. For example:
L([124], [32]) = 2; L([1], [2]) = 1; L([222], [2]) = 2.
We provided code to browse though the data, a library of computer vision and machine learning
techniques written in Matlab featuring examples drawn from the challenge datasets, and an end-toend baseline system capable of processing challenge data and producing a sample submission. The
competition pushed the state of the art considerably. The participants narrowed down the gap in
performance between the baseline recognition system initially provided (' 60% error) and human
performance (' 2% error) by reaching ' 7% error in the second round of the challenge. There
remains still much room for improvement, particularly to recognize static postures and subtle finger
positions.
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Public score
on validation set
0.1426
0.1797
0.2697
0.2543
0.2714
0.2637
0.2825
0.2930
0.5976

Private score
on final set #1
0.0996
0.1652
0.1685
0.1846
0.2303
0.2314
0.2330
0.2564
0.6251

For comparison score
on final set #2
0.0915
0.1231
0.1819
0.1853
0.2190
0.2679
0.1841
0.2607
0.5646
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The results of the challenge are analyzed in details, based on papers published in this special topic
and on descriptions provided by the top ranking participants in their fact sheets (Guyon et al., 2013).
We briefly summarize notable methods below.

3.1.4 2011-2012 C HALLENGE , S UMMARY OF THE W INNER M ETHODS

The results of the top ranking participants were checked by the organizers who reproduced their
results using the code provided by the participants before they had access to the final evaluation
data. All of them passed successfully the verification process. These results are shown in Tables 3
and 4.

3.1.3 2011-2012 C HALLENGE R ESULTS

During the challenge, we did not disclose the identity of the lexicons and of the users.

9. Dance postures.

8. Pantomimes (gestures made to mimic actions).

7. Actions (like drinking or writing).

6. Signals (like referee signals, diving signals, or Marshalling signals to guide machinery or
vehicle).

5. Signs (from sign languages for the deaf).

4. Emblems (like Indian Mudras).

3. Illustrators (like Italian gestures).

2. Gesticulations performed to accompany speech.

Table 3: Results of round 1. In round 1 the baseline method was a simple template matching method
(see text). For comparison, we show the results on the final set number 2 not available in
round 1.

Alfnie
Pennect
OneMillionMonkeys
Immortals
Zonga
Balazs Godeny
SkyNet
XiaoZhuwWudi
Baseline method 1

Team
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Figure 5: Types of gestures. We created a classification of gesture types according to purpose defined by three complementary axes: communication, expression and action. We selected
85 gesture vocabularies, including Italian gestures, Indian Mudras, Sign language for the
deaf, diving signals, pantomimes, and body language.
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The winner of both rounds (Alfonso Nieto Castañon of Spain, a.k.a. alfnie) used a novel
technique called “Motion Signature analyses”, inspired by the neural mechanisms underlying information processing in the visual system. This is an unpublished method using a sliding window to
perform simultaneously recognition and temporal segmentation, based solely on depth images. The
method, described by the authors as a “Bayesian network”, is similar to a Hidden Markov Model
(HMM). It performs simultaneous recognition and segmentation using the Viterbi algorithm. The
preprocessing steps include Wavelet filtering replacement of missing values and outlier detection.
Notably, this method is one of the fastest despite the fact that he implemented it in Matlab (close to
real time on a regular laptop). The author claims that it has linear complexity in image size, number
of frames, and number of training examples.
The second best ranked participants (team Pennect of Universit of Pennsylvania, USA, in
round 1 and team Turtle Tamers of Slovakia, in round 2) used very similar methods and performed
similarly. The second team published their results in this special topic (Konecny and Hagara, 2014).
19

Team
Alfnie
Turtle Tamers
Joewan
Wayne Zhang
Manavender
HIT CS
Vigilant
Baseline method 2

For comparison score
on final set #1
0.0734
0.1702
0.1680
0.2303
0.2163
0.2825
0.2809
0.2997
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Public score
on validation set
0.0951
0.2001
0.1669
0.2814
0.2310
0.1763
0.3090
0.3814

Private score
on final set #2
0.0710
0.1098
0.1448
0.1846
0.1608
0.2008
0.2235
0.3172

Table 4: Results of round 2. In round 2, the baseline method was the “Principal Motion” method
(see text).

Both methods are based on an HMM-style model using HOG/HOF features to represent movie
frames. They differ in that Pennect used RGB images only while Turtle Tamers used both RGB
and depth. Another difference is that Pennect used HOG/HOF features at 3 different scales while
Turtle Tamers created a bag of features using K-means clustering from only 40x40 resolution and
16 orientation bins. Pennect trained a one-vs-all linear classifier for each frame in every model and
used the discriminant value as a local state score for the HMM while Turtle Tamers used a quadraticchi kernel metric for comparing pairs of frames in the training and test movie. As preprocessing,
Pennect uses mean subtraction and compensates for body translations while Turtle Tamers replaces
the missing values by the median of neighboring values. Both teams claim a linear complexity
in number of frames, number of training examples, and image size. They both provided Matlab
software that processes all the batches of the final test set on a regular laptop in a few hours.

The next best ranked participants (who won third place in round 2), the Joewan team, who
published in this special topic (Wan et al., 2013), used a slightly different approach. They relied
on the motion segmentation method provided by the organizers to pre-segment videos. They then
represented each video as a bag of 3D MOSIFT features (integrating RGB and depth data), and then
used a nearest neighbor classifier. Their algorithm is super-quadratic in image size, linear in number
of frames per video, and linear in number of training examples. The method is rather slow and takes
over a day to process all the batches of the final test set on a regular laptop.
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The third best ranked team in round 1 (OneMillionMonkeys) also used an HMM in which a
state is created for each frame of the gesture exemplars. This data representation is based on edge
detection in each frame. Edges are associated with several attributes including the X/Y coordinates,
their orientation, their sharpness, their depth and location in an area of change. To provide a local
state score to the HMM for test frames, OneMillionMonkeys calculated the joint probability of all
the nearest neighbors in training frames using a Gaussian model. The system works exclusively
from the depth images. The system is one of the slowest proposed. Its processing speed is linear
in number of training examples but quadratic in image size and number of frames per video. The
method is rather slow and takes over a day to process all the batches of the final test set on a regular
laptop.
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2. http://gesture.chalearn.org/
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In all the sequences, a single user is recorded in front of a KinectT M , performing natural communicative gestures and speaking in fluent Italian. The main characteristics of the dataset of gestures
are:
• 13.858 gesture samples recorded with the KinectT M camera, including audio, skeletal model, user
mask, RGB, and depth images.
• RGB video stream, 8-bit VGA resolution (640×480) with a Bayer color filter, and depth sensing
video stream in VGA resolution (640×480) with 11-bit. Both are acquired in 20 fps on average.
• Audio data is captured using KinectT M 20 multiarray microphone.
• A total number of 27 users appear in the data set.

3.2.1 2013 C HALLENGE DATA

The focus of this second challenge was on multiple instance, user independent learning of gestures
from multimodal data, which means learning to recognize gestures from several instances for each
category performed by different users, drawn from a vocabulary of 20 gesture categories(Escalera
et al., 2013b,a). A gesture vocabulary is a set of unique gestures, generally related to a particular task. In this challenge we focus on the recognition of a vocabulary of 20 Italian cultural/anthropological signs (Escalera et al., 2013b), see Figure 6 for one example of each Italian
gesture.

3.2 ChaLearn Multimodal Gesture Recognition Challenge 2013

Methods robust against translation include those of Joewan (Wan et al., 2013) and Immortals/Manavender (this is the same author under two different pseudonyms for round 1 and round
2). The team Immortals/Manavender published their method in this special topic (Malgireddy et al.,
2013). Their representations are based on a bag of visual words, inspired by techniques used in
action recognition (Laptev, 2005). Such representations are inherently shift invariant. The slight
performance loss in translated data may be due to partial occlusions.
Although the team Zonga did not end up ranking among top ranking participants, the authors,
who published their method in this special topic, proposed a very original method and ended up
winning the best paper award. Notably, their outperformed all baseline methods early on in the
challenge by applying their method without tuning it to the tasks of the challenge and remained at
the top of the leaderboard for several weeks. The used a novel technique based on tensor geometry,
which provides a data representation exhibiting desirable invariances and yields a very discriminating structure for action recognition.
ChaLearn also organized demonstration competitions of gesture recognition systems using KinectT M ,
in conjunction with those events. Novel data representations were proposed to tackle with success,
in real time, the problem of hand and finger posture recognition. The demonstration competition
winners showed systems capable of accurately tracking in real time hand postures in application for
touch free exploration of 3D medical images for surgeons in the operating room, finger spelling (sign
language for the deaf), virtual shopping, and game controlling. Combining the methods proposed in
the demonstration competition tackling the problem of hand postures and those of the quantitative
evaluation focusing on the dynamics of hand and arm movements is a promising direction of future
research. For a long lasting impact, the challenge platform, the data and software repositories have
been made available for further research2 .
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(19) Si sono messi
d’accordo

(14) Le vuoi prendere

(9) Cos hai combinato

(4) E un furbo

Data set gesture categories.

(18) Buonissimo

Figure 6:

(17) Tanto tempo fa

(13) Basta

(8) Sei pazzo

(3) Perfetto

(20) Sono stufo

(15) Non ce ne piu

(10) Nonme me friega
niente

(5) Che due palle
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• The data set contains the following number of sequences, development: 393 (7.754 gestures),
validation: 287 (3.362 gestures), and test: 276 (2.742 gestures), each sequence lasts between 1 and
2 minutes and contains between 8 and 20 gesture samples, around 1.800 frames. The total number

(16) Ho fame

(12) Cosa ti farei

(7) Vanno d’accordo

(6) Che vuoi

(11) Ok

(2) Viene qui

(1) Vattene
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Table 5: Easy and challenging aspects of the data.
Easy
Fixed camera
Near frontal view acquisition
Within a sequence the same user
Gestures performed mostly by arms and hands
Camera framing upper body
Several available modalities: audio, skeletal model, user mask, depth,
and RGB
Several instances of each gesture for training
Single person present in the visual field
Challenging
Within each sequence:
Continuous gestures without a resting pose
Many gesture instances are present
Distracter gestures out of the vocabulary may be present in terms of
both gesture and audio
Between sequences:
High inter and intra-class variabilities of gestures in terms of both gesture and audio
Variations in background, clothing, skin color, lighting, temperature,
resolution
Some parts of the body may be occluded
Different Italian dialects

User mask
Different data modalities of the provided data set.

Depth

Skeletal model

of frames of the data set is 1.720.800.
• All the gesture samples belonging to 20 main gesture categories from an Italian gesture dictionary
are annotated at frame level indicating the gesture label.
• 81% of the participants were Italian native speakers, while the remaining 19% of the users were
not Italian, but Italian-speakers.
• All the audio that appears in the data is from the Italian dictionary. In addition, sequences may
contain distractor words and gestures, which are not annotated since they do not belong to the main
dictionary of 20 gestures.
This dataset, available at http://sunai.uoc.edu/chalearn, presents various features of interest as listed in Table 5. Examples of the provided visual modalities are shown in Figure 7.

RGB
Figure 7:

3.2.2 2013 C HALLENGE P ROTOCOL AND E VALUATION
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As in our previous 2011-2012 challenge, it consisted of two main components: a development phase
(April 30th to Aug 1st) and a final evaluation phase (Aug 2nd to Aug 15th). The submission and
23
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evaluation of the challenge entries was via the Kaggle platform 3 . The official participation rules
were provided on the website of the challenge. In addition, publicity and news on the ChaLearn
Multimodal Gesture Recognition Challenge were published in well-known online platforms, such
as LinkedIn, Facebook, Google Groups and the ChaLearn website.
During the development phase, the participants were asked to build a system capable of learning from several gesture samples a vocabulary of 20 Italian sign gesture categories. To that end, the
teams received the development data to train and self-evaluate their systems. In order to monitor
their progress they could use the validation data for which the labels were not provided. The prediction results on validation data could be submitted online to get immediate feed-back. A real-time
leaderboard showed to the participants their current standing based on their validation set predictions.
During the final phase, labels for validation data were published and the participants performed
similar tasks as those performed in previous phase, using the validation data and training data sets in
order to train their system with more gesture instances. The participants had only few days to train
their systems and upload them. The organizers used the final evaluation data in order to generate
the predictions and obtain the final score and rank for each team. At the end, the final evaluation
data was revealed, and authors submitted their own predictions and fact sheets to the platform.
As an evaluation metric we also used the Levenshtein distance described in previous section.
A public score appeared on the leaderboard during the development period and was based on the
validation data. Subsequently, a private score for each team was computed on the final evaluation
data released at the end of the development period, which was not revealed until the challenge was
over. The private score was used to rank the participants and determine the prizes.
3.2.3 2013 C HALLENGE R ESULTS

The challenge attracted high level of participation, with a total of 54 teams and near 300 total
number of entries. This is a good level of participation for a computer vision challenge requiring
very specialized skills. Finally, 17 teams successfully submitted their prediction in final test set,
while providing also their code for verification and summarizing their method by means of a fact
sheet questionnaire.
After verifying the codes and results of the participants, the final scores of the top rank participants on both validation and test sets were made public: these results are shown in Table 6, where
winner results on the final test set are printed in bold. In the end, the final error rate on the test data
set was around 12%.

3.2.4 2013 C HALLENGE S UMMARY OF THE W INNER M ETHODS
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Table 7 shows the summary of the strategies considered by each of the top ranked participants on
the test set. Interestingly, the three top ranked participants agree in the modalities and segmentation
strategy considered, although they differ in the final applied classifier. Next, we briefly describe in
more detail the approach designed by the three winners of the challenge.
The first ranked team IVAMM on the test set used a feature vector based on audio and skeletal information, and applied late fusion to obtain final recognition results. A simple time-domain
end-point detection algorithm based on joint coordinates is applied to segment continuous data
sequences into candidate gesture intervals. A Gaussian Hidden Markov Model is trained with 39-

3. https://www.kaggle.com/c/multimodal-gesture-recognition
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Fusion
None
Late
Late
Late
Late
Early
Late
Late
Early
None
Late
Late
Early
None
None
None
None

Classifier
HMM,DP,KNN
RF,KNN
Tree,RF,ADA
SVM,Fisher,GMM,KNN
GMM,HMM
NN
DGM+LR
HMM,SVM
HMM
RF
DP,RF,HMM
ELM
DNN,HMM
NN
KNN
NN
RF
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Figure 10:

JMLR 17(72):1-54

Deviation of the number of gesture samples for each category by the three winners in relation to the GT data.
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Segmentation
Audio
Audio
Audio
Audio
Sliding windows
Sliding windows
Sliding windows
Audio,Skeleton
Audio
Sliding windows
DP
Skeleton
Sliding windows
Sliding windows
Sliding windows
Sliding windows
Sliding windows
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Modalities
Audio,Skeleton
Audio,Skeleton
Audio,Skeleton
Audio,RGB+Depth
Skeleton,RGB,Depth
Audio,Skeleton,Depth
Audio,Skeleton
Audio,Skeleton,RGB
Audio,Skeleton
Skeleton
Audio,Skeleton,Depth
Skeleton,RGB
Audio,Skeleton
Skeleton
Skeleton
Skeleton
Depth

The third ranked team ET combined the output decisions of two designed approaches. In the
first approach, they look for gesture intervals (unsupervised) using the audio files and extract these
features from intervals (MFCC). Using these features, authors train a random forest and gradient
boosting classifier. The second approch uses simple statistics (median, var, min, max) on the first 40

Rank
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17

Recognition of test sequence by the three challenge winners. Black bin means that the complete list of ordered gestures
has been successfully recognized.

ExtraTreesClassifier Feature Importance.

vectors are then defined using a log-spaced audio spectrogram and the joint positions and orientations above the hips. At each time sample the method subtracts the average 3D position of the left
and right shoulders from each 3D joint position. Data is down-sampled onto a 5 Hz grid considering 1.8 seconds. There were 1593 features total (9 time samples × 177 features per time sample).
Since some of the detected windows can contain distractor gestures, an extra 21st label is introduced, defining the ‘not in the dictionary’ gesture category. Python’s scikit-learn was used to train
two models: an ensemble of randomized decision trees (ExtraTreesClassifier, 100 trees, 40% of
features) and a K-Nearest Neighbor model (7 neighbors, L1 distance). The posteriors from these
models are averaged with equal weight. Finally, a heuristic is used (12 gestures maximum, no
repeats) to convert posteriors to a prediction for the sequence of gestures.
Figure 8 shows the mean feature importance for the windows size of 1.8 seconds for the three
sets of features: joint coordinates, joint orientations, and audio spectogram. One can note that
features from the three sets are selected as discriminative by the classifier, although skeletal features
becomes more useful for the ExtraTreesClassifier. Additionally, the most discriminative features
are those in the middle of the windows size, since begin-end features are shared among different
gestures (transitions) and thus are less discriminative for the classifier.

Figure 9:

Figure 8:
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dimension MFCC features and generates confidence scores for each gesture category. A Dynamic
Time Warping based skeletal feature classifier is applied to provide complementary information.
The confidence scores generated by the two classifiers are firstly normalized and then combined to
produce a weighted sum. A single threshold approach is employed to classify meaningful gesture
intervals from meaningless intervals caused by false detection of speech intervals.
The second ranked team WW EIGHT combined audio and skeletal information, using both
joint spatial distribution and joint orientation. The method first searches for regions of time with
high audio-energy to define 1.8-second-long windows of time that potentially contained a gesture.
This had the effect that the development, validation, and test data were treated uniformly. Feature

Test score
0.12756
0.15387
0.16813
0.17215
0.17325
0.17727
0.24452
0.25841
0.28911
0.31652
0.37281
0.63304
0.74415
0.79313
0.83772
0.87463
0.92069

Team methods and results. Early and late refer to early and late fusion of features/classifier outputs. HMM: Hidden
Markov Models. KNN: Nearest Neighbor. RF: Random Forest. Tree: Decision Trees. ADA: Adaboost variants. SVM:
Support Vector Machines. Fisher: Fisher Linear Discriminant Analysis. GMM: Gaussian Mixture Models. NN: Neural
Networks. DGM: Deep Boltzmann Machines. LR: Logistic Regression. DP: Dynamic Programming. ELM: Extreme
Learning Machines.

TEAM
IVA MM
WWEIGHT
ET
MmM
PPTK
LRS
MMDL
TELEPOINTS
CSI MM
SUMO
GURU
AURINKO
STEVENWUDI
JACKSPARROW
JOEWAN
MILAN KOVAC
IAMKHADER

Table 7:

Top rank results on validation and test sets.
TEAM
Validation score
Test score
IVA MM
0.20137
0.12756
WWEIGHT
0.46163
0.15387
ET
0.33611
0.16813
MmM
0.25996
0.17215
PPTK
0.15199
0.17325
LRS
0.18114
0.17727
MMDL
0.43992
0.24452
TELEPOINTS
0.48543
0.25841
CSI MM
0.32124
0.28911
SUMO
0.49137
0.31652
GURU
0.51844
0.37281
AURINKO
0.31529
0.63304
STEVENWUDI
1.43427
0.74415
JACKSPARROW
0.86050
0.79313
JOEWAN
0.13653
0.83772
MILAN KOVAC
0.87835
0.87463
IAMKHADER
0.93397
0.92069

Table 6:
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frames for each gesture to build the training samples. The prediction phase uses a sliding window.
The authors create a weighted average of the output of these two models. The features considered
were skeleton information and audio signal.
Finally, we extracted some statistics from the results of the three challenge winners in order to
analyze common points and difficult aspects of the challenge. Figure 9 shows the recognition of the
276 test sequences by the winners. Black bin means that the complete list of ordered gestures was
successfully recognized for those sequences. Once can see that there exists some kind of correlation
among methods. Taking into account that consecutive sequences belong to the same user performing
gestures, it means that some some gestures are easier to recognize than others. Since different users
appear in the training and test sequences, it is sometimes difficult for the models to generalize to the
style of new users, based on the gesture instances used for training.
We also investigated the difficulty of the problem by gesture category, within each of the 20 Italian gesture categories. Figure 10 shows for each winner method the deviation between the number
of gesture instances recognized and the total number of gestures, for each category. This was computed for each sequence independently, and adding the deviation for all the sequences. In that case,
a zero value means that the participant method recognized the same number of gesture instances
for a category that was recorded in the ground truth data. Although we cannot guarantee with this
measure that the order of recognized gesture matches with the ground truth, it gives us an idea of
how difficult the gesture sequences were to segment into individual gestures. Additionally, the sum
of total deviation for all the gestures for all the teams was 378, 469, and 504, which correlates with
the final rank of the winners. The figure suggests a correlation between the performance of the
three winners. In particular, categories 6, 7, 8, 9, 16, 17, 18, and 19 were the ones that achieved
most accuracy for all the participants, meanwhile 1, 2, 3, 5, and 12 were the ones that introduced
the highest recognition error. Note that the public data set provides accurate label annotations of
end-begin of gestures, and thus, a more detailed recognition analysis could be performed applying
a different recognition measurement to Leveinstein, such as Jaccard overlapping or sensitivity score
estimation, which will also allow for confusion matrix estimation based on both inter and intra user
and gesture category variability. This is left to future work.
3.3 ChaLearn Multimodal Gesture Spotting Challenge 2014
In ChaLearn LAP 2014 (Escalera et al., 2014) we focused on the user-independent automatic spotting of a vocabulary of 20 Italian cultural/anthropological signs in image sequences, see Figure 6.
3.3.1 2014 G ESTURE C HALLENGE DATA
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This challenge was based on an Italian gesture data set, called Montalbano gesture dataset, an
enhanced version of the ChaLearn 2013 multimodal gesture recognition challenge (Escalera et al.,
2013b,a) with more ground-truth annotations. In all the sequences, a single user is recorded in front
of a KinectT M , performing natural communicative gestures and speaking in fluent Italian. Examples
of the different visual modalities are shown in Figure 7.
The main characteristics of the data set are:
• Largest data set in the literature, with a large duration of each individual performance showing
no resting poses and self-occlusions.
• There is no information about the number of gestures to spot within each sequence, and several
distracter gestures (out of the vocabulary) are present.
27

Validation seq.
287 (3,362 gestures)

Gesture categories
20

Test seq.
276 (2,742 gestures)

Labeled sequences
13,858

Sequence duration
1-2 min

Labeled frames
1,720,800

FPS
20
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Training seq.
393 (7,754 gestures)

Num. of users
27

Table 8: Main characteristics of the Montalbano gesture dataset.

Modalities
RGB, Depth, User mask, Skeleton

• High intra-class variability of gesture samples and low inter-class variability for some gesture
categories.
A list of data attributes for data set used in track 3 is described in Table 8.

3.3.2 2014 G ESTURE C HALLENGE P ROTOCOL AND E VALUATION

As,n Bs,n
S
,
As,n Bs,n

T

(1)

The challenge was managed using the Microsoft Codalab platform4 . We followed a development
(February 9 to May 20 2014) and tests phases (May 20th - June 1st 2014)) as in our previous
challenges.
To evaluate the accuracy of action/interaction recognition, we use the Jaccard Index, For the n
action, interaction, and gesture categories labelled for a RGB/RGBD sequence s, the Jaccard Index
is defined as:

Js,n =

JMLR 17(72):1-54

where As,n is the ground truth of action/interaction/gesture n at sequence s, and Bs,n is the prediction
for such an action at sequence s. As,n and Bs,n are binary vectors where 1-values correspond to
frames in which the n−th action is being performed. The participants were evaluated based on the
mean Jaccard Index among all categories for all sequences, where motion categories are independent
but not mutually exclusive (in a certain frame more than one action, interaction, gesture class can
be active).
In the case of false positives (e.g. inferring an action, interaction or gesture not labelled in the
ground truth), the Jaccard Index is 0 for that particular prediction, and it will not count in the mean
Jaccard Index computation. In other words n is equal to the intersection of action/interaction/gesture
categories appearing in the ground truth and in the predictions.
An example of the calculation for two actions is shown in Figure 11. Note that in the case of
recognition, the ground truth annotations of different categories can overlap (appear at the same time
within the sequence). Also, although different actors appear within the sequence at the same time,
actions/interactions/gestures are labelled in the corresponding periods of time (that may overlap),
there is no need to identify the actors in the scene. The example in Figure 11 shows the mean Jaccard
Index calculation for different instances of actions categories in a sequence (single red lines denote
ground truth annotations and double red lines denote predictions). In the top part of the image one
can see the ground truth annotations for actions walk and fight at sequence s. In the center part
of the image a prediction is evaluated obtaining a Jaccard Index of 0.72. In the bottom part of the
image the same procedure is performed with the action fight and the obtained Jaccard Index is 0.46.
Finally, the mean Jaccard Index is computed obtaining a value of 0.59.
4. https://www.codalab.org/competitions/
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Dimension reduction
PCA
PCA
PCA
PCA

Clustering
Kmeans
Kmeans
-

Classifier
SVM
SVM
SVM
Sparse code
Kmeans
RF
SVM
HMM

3.3.3 2014 G ESTURE C HALLENGE R ESULTS

Features
Improved trajectories (Wang and Schmid, 2013)
Improved trajectories (Wang and Schmid, 2013)
Improved trajectories (Wang and Schmid, 2013)
MHI, STIP
Improved trajectories (Wang and Schmid, 2013)
MBF
IDT
IDT

Table 10 summarizes the methods of the 17 participants that contributed to the test set of track
3. Although DTW and HMM (and variants) were in the last edition of the ChaLearn Multimodal
Gesture competition (Escalera et al., 2013b,a), random forest has been widely applied in this 2014
edition. Also, three participants used deep learning architectures.

Rank
1
2
3
4
5
6
1
2

Figure 11: Example of mean Jacquard Index calculation for gesture and action/interaction spotting.

Accuracy
0.507173
0.501164
0.441405
0.342192
0.121565
0.008383

Team name
CUHK-SWJTU
ADSC
SBUVIS
DonkeyBurger
UC-T2
MindLAB

Temporal coherence
Sliding windows
Sliding windows
Sliding windows
Sliding windows
Sliding windows
Sliding windows
Appearance+Kalman filter
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0.5385
0.5239

MMLAB
FIKIE

Gesture representation
Fisher Vector
Fisher Vector
BoW
Fisher Vector
-

Table 9: Top rows: Action/interaction 2014 recognition results. MHI: Motion History Image; STIP: Spatio-Temporal interest points; MBF:
Multiscale Blob Features; BoW: Bag of Visual Words; RF: Random Forest. Bottom two rows: Action/interaction 2015 recognition
results. IDT: Improved Dense Trajectories (Wang and Schmid, 2013).
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Accuracy
0.849987
0.833904
0.826799
0.791933
0.788804
0.787310
0.746632
0.745449
0.688778
0.648979
0.597177
0.556251
0.539025
0.430709
0.408012
0.391613
0.270600

Rank
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17

Modalities
SK, Depth, RGB
SK, Depth, RGB
SK, RGB
RGB
Depth, RGB
SK, depth
SK
SK
SK, Depth, RGB
SK, Depth, RGB
Skeleton, Depth, mask
Skeleton, RGB, depth
Skeleton
Skeleton, Depth, RGB
Skeleton, Depth, RGB
Skeleton, Depth, RGB, mask
Skeleton

Features
RAW, SK joints
HOG, SK
SK, HOG
Improved trajectories (Wang and Schmid, 2013)
RAW, SK joints
RAW
SK
SK quads
STIPS, SK
STIPS
HOG, Skeleton
Skeleton, HOG
Skeleton
MHI
RAW, skeleton joints
Skeleton, blobs, moments
Skeleton

Fusion
Early
Early
Late
Early
Late
Late
Late
Late
Late
Early
Late
Late
-

Temp. segmentation
Joints motion
Sliding windows
MRF
Joints motion
Sliding windows
Sliding windows
Sliding windows
Sliding windows
Joints motion
Joints motion
Sliding windows
Sliding windows
Sliding windows
DTW
DTW
Sliding windows
Sliding windows

Dimension reduction
PCA
PCA
Max-pooling CNN
Preserving projections
-

Gesture representation
BoW
Fisher Vector, VLAD
Fisher Vector
2DMTM
BoW
Fisher Vector

Classifier
DNN
Adaboost
MRF, KNN
SVM
CNN
HMM, DNN
RF
SVM
SVM
RF, SVM
SVM, HMM
SVM, HMM
RF
SVM, RT
DNN
HMM
HMM, SVM
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Team
LIRIS
CraSPN
JY
CUHK-SWJTU
Lpigou
stevenwudi
Ismar
Quads
Telepoints
TUM-fortiss
CSU-SCM
iva.mm
Terrier
Team Netherlands
VecsRel
Samgest
YNL

Table 10: Multimodal gesture recognition results. SK: Skeleton; DNN: Deep Neural Network; RF: Ranfom Forest; 2DMTM: 2D motion
trail model; RT: Regression Tree.
JMLR 17(72):1-54

Training actions
150

Validation actions
90

Action categories
7

Test actions
95

interaction categories
4

Sequence duration
9× 1-2 min

Labelled sequences
235

FPS
15
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3.3.4 2014 G ESTURE C HALLENGE S UMMARY OF THE W INNER M ETHODS

Num. of users
14

C HALLENGES IN MULTIMODAL GESTURE RECOGNITION

Next, we describe the main characteristics of the three winning methods.
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In this section we summarize the methods proposed by the participants and the winning methods.
Six teams submitted their code and predictions for the test sets. Top rows of Table 9 summarizes the
approaches of the participants who uploaded their models. One can see that most methods are based
on similar approaches. In particular, alternative representations to classical BoW were considered,
as Fisher Vector and VLAD (Jegou et al., 2012). Most methods perform sliding windows and SVM

3.4.3 2014 ACTION C HALLENGE R ESULTS

To evaluate the accuracy of action/interaction recognition, we use the Jaccard Index as defined in
Section 3.3.2.

3.4.2 2014 ACTION C HALLENGE P ROTOCOL AND E VALUATION

We presented a novel fully limb labelled dataset, the Human Pose Recovery and Behavior Analysis
HuPBA 8k+ dataset (Sánchez et al., 2014). This dataset is formed by more than 8000 frames
where 14 limbs are labelled at pixel precision, thus providing 124, 761 annotated human limbs. The
characteristics of the data set are:
• The images are obtained from 9 videos (RGB sequences) and a total of 14 different actors
appear in the sequences. The image sequences have been recorded using a stationary camera with
the same static background.
• Each video (RGB sequence) was recorded at 15 fps rate, and each RGB image was stored with
resolution 480 × 360 in BMP file format.
• For each actor present in an image 14 limbs (if not occluded) were manually tagged: Head,
Torso, R-L Upper-arm, R-L Lower-arm, R-L Hand, R-L Upper-leg, R-L Lower-leg, and R-L Foot.
• Limbs are manually labelled using binary masks and the minimum bounding box containing
each subject is defined.
• The actors appear in a wide range of different poses and performing different actions/gestures
which vary the visual appearance of human limbs. So there is a large variability of human poses,
self-occlusions and many variations in clothing and skin color.
• Several actions and interactions categories are labelled at frame level.
A key frame example for each gesture/action category is shown in Figure 12. The challenges
the participants had to deal with for this new competition are:
• 235 action/interaction samples performed by 14 actors.
• Large difference in length about the performed actions and interactions. Several distracter
actions out of the 11 categories are also present.
• 11 action categories, containing isolated and collaborative actions: Wave, Point, Clap, Crouch,
Jump, Walk, Run, Shake Hands, Hug, Kiss, Fight. There is a high intra-class variability among
action samples.
Table 11 summarizes the data set attributes for the case of action/interaction spotting.

3.4.1 2014 ACTION C HALLENGE DATA

Table 11: Action and interaction data characteristics.

Modalities
RGB

First place: The proposed method was based on a deep learning architecture that iteratively
learned and integrated discriminative data representations from individual channels, modelling crossmodality correlations and short- and long-term temporal dependencies. This framework combined
three data modalities: depth information, grayscale video and skeleton stream (”articulated pose”).
Articulated pose served as an efficient representation of large-scale body motion of the upper body
and arms, while depth and video streams contained complementary information about more subtle hand articulation. The articulated pose was formulated as a set of joint angles and normalized
distances between upper-body joints, augmented with additional information reflecting speed and
acceleration of each joint. For the depth and video streams, the authors did not rely on hand-crafted
descriptors, but on discriminatively learning joint depth-intensity data representations with a set of
convolutional neural layers. Iterative fusion of data channels was performed at output layers of the
neural architecture. The idea of learning at multiple scales was also applied to the temporal dimension, such that a gesture was considered as an ordered set of characteristic motion impulses, or
dynamic poses. Additional skeleton-based binary classifier was applied for accurate gesture localization. Fusing multiple modalities at several spatial and temporal scales led to a significant increase
in recognition rates, allowing the model to compensate for errors of the individual classifiers as well
as noise in the separate channels.
Second place: The approach combined a sliding-window gesture detector with multimodal
features drawn from skeleton data, color imagery, and depth data produced by a first-generation
KinectT M sensor. The gesture detector consisted of a set of boosted classifiers, each tuned to a specific gesture or gesture mode. Each classifier was trained independently on labeled training data,
employing bootstrapping to collect hard examples. At run-time, the gesture classifiers were evaluated in a one-vs-all manner across a sliding window. Features were extracted at multiple temporal
scales to enable recognition of variable-length gestures. Extracted features included descriptive
statistics of normalized skeleton joint positions, rotations, and velocities, as well as HOG descriptors of the hands. The full set of gesture detectors was trained in under two hours on a single
machine, and was extremely efficient at runtime, operating at 1700 fps using skeletal data.
Third place: The proposed method was based on four features: skeletal joint position feature,
skeletal joint distance feature, and histogram of oriented gradients (HOG) features corresponding
to left and right hands. Under the naı̈ve Bayes assumption, likelihood functions were independently
defined for every feature. Such likelihood functions were non-parametrically constructed from the
training data by using kernel density estimation (KDE). For computational efficiency, k-nearest
neighbor (kNN) approximation to the exact density estimator was proposed. Constructed likelihood functions were combined to the multimodal likelihood and this serves as a unary term for our
pairwise Markov random field (MRF) model. For enhancing temporal coherence, a pairwise term
was additionally incorporated to the MRF model. Final gesture labels were obtained via 1D MRF
inference efficiently achieved by dynamic programming.
3.4 ChaLearn Action and Interaction Spotting Challenge 2014
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The goal of this challenge was to perform automatic action and interaction spotting of people appearing in RGB data sequences.
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(e) Jump

(h) Shake hands

(k) Fight

(d) Crouch

(g) Run

(j) Kiss

(l) Idle

(i) Hug

(f) Walk

(c) Clap
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classification. In addition, to refine the tracking of interest points, 4 participants used improved
trajectories (Wang and Schmid, 2013).

Figure 12: Key frames of the HuPBA 8K+ dataset used in the tracks 1 and 2, showing actions ((a)
to (g)), interactions ((h) to (k)) and the idle pose (l).

(b) Point

(a) Wave
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Third place: The framework for detecting actions in video is based on improved dense trajectories applied on a sliding windows fashion. Authors independently trained 11 one-versus-all kernel
SVMs on the labelled training set for 11 different actions. The feature and feature descriptions used
are improved dense trajectories, HOG, HOF, MBHx and MBHy. During training, for each action, a
temporal sliding window is applied without overlapping. For every action, a segment was labelled
0 (negative) for a certain action only if there is no frame in this segment labelled 1. The feature
coding method was bag-of-features. For a certain action, the features associated with those frames
which are labelled 0 (negative) are not counted when we code the features of the action for the
positive segments with bag-of-features. On the basis of the labelled segments and their features, a
kernel SVM was trained for each action. During testing, non-overlap sliding window was applied
for feature coding of the video. Every frame in a segment was consistently labelled as the output
of SVM for each action. The kernel type, sliding window size and penalty of SVMs were selected
during validation. When building the bag-of-features, the clustering method was K-means and the
vocabulary size is 4000. For one trajectory feature in one frame, all the descriptors were connected
to form one description vector. The bag-of-features were built upon this vector.

Second place: a human action detection framework called ”mixture of heterogeneous attribute
analyzer” was proposed. This framework integrated heterogeneous attributes learned from various
types of video features including static and dynamic, local and global features, to boost the action
detection accuracy. The authors first detected a human from the input video by SVM-HOG detector and performed forward-backward tracking. Multiple local human tracks are linked into long
trajectories by spatial-temporal graph based matching. Human key poses and local dense motion
trajectories were then extracted within the tracked human bounding box sequences. Second, the
authors proposed a mining method that learned discriminative attributes from three feature modalities: human trajectory, key pose and local motion trajectory features. The mining framework was
based on the exemplar-SVM discriminative middle level feature detection approach. The learned
discriminative attributes from the three types of visual features were then mixed in a max-margin
learning algorithm which also explores the combined discriminative capability of heterogeneous
feature modalities. The learned mixed analyzer was then applied to the input video sequence for
action detection.

First place: The method was composed of two parts: video representation and temporal segmentation. For the representation of video clip, the authors first extracted improved dense trajectories with HOG, HOF, MBHx, and MBHy descriptors. Then, for each kind of descriptor, the participants trained a GMM and used Fisher vector to transform these descriptors into a high dimensional
super vector space. Finally, sum pooling was used to aggregate these codes in the whole video clip
and normalize them with power L2 norm. For the temporal recognition, the authors resorted to a
temporal sliding method along the time dimension. To speed up the processing of detection, the
authors designed a temporal integration histogram of Fisher Vector, with which the pooled Fisher
Vector was efficiently evaluated at any temporal window. For each sliding window, the authors used
the pooled Fisher Vector as representation and fed it into the SVM classifier for action recognition.

Next, we describe the main characteristics of the three winning methods.

3.4.4 2014 ACTION C HALLENGE S UMMARY OF THE W INNER M ETHODS
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3.5 ChaLearn Action and Interaction Spotting Challenge 2015
The goal of this challenge was to perform automatic action and interaction spotting of people appearing in RGB data sequences. This corresponds to the second round of 2014 Action/Interaction
challenge (Baró et al., 2015). Data, protocol, and evaluation were defined as explained in Section 3.4.
3.5.1 2015 ACTION C HALLENGE R ESULTS
Results of the two top ranked participants are shown in bottom rows of Table 9. One can see that
the methods of the participants are similar to the ones applied in the 2014 challenge for the same
dataset (Top rows of Table 9). Results of this second competition round improved by 2% the results
obtained in the first round of the challenge.
3.5.2 2015 ACTION C HALLENGE S UMMARY OF THE W INNER M ETHODS
First winner: This method is an improvement of the system proposed in (Peng et al., 2015), which
is composed of two parts: video representation and temporal segmentation. For the representation
of video clip, the authors first extracted improved dense trajectories with HOG, HOF, MBHx, and
MBHy descriptors. Then, for each kind of descriptor, the participants trained a GMM and used
Fisher vector to transform these descriptors into a high dimensional super vector space. Finally,
sum pooling was used to aggregate these codes in the whole video clip and normalize them with
power L2 norm. For the temporal recognition, the authors resorted to a temporal sliding method
along the time dimension. To speed up the processing of detection, the authors designed a temporal
integration histogram of Fisher Vector, with which the pooled Fisher Vector was efficiently evaluated
at any temporal window. For each sliding window, the authors used the pooled Fisher Vector as
representation and fed it into the SVM classifier for action recognition. A summary of this method
is shown in Figure 13.
Second winner: The method implements an end-to-end generative approach from feature modelling to activity recognition. The system combines dense trajectories and Fisher Vectors with a
temporally structured model for action recognition based on a simple grammar over action units.
The authors modify the original dense trajectory implementation of (Wang and Schmid, 2013) to
avoid the omission of neighborhood interest points once a trajectory is used (the improvement is
shown in Figure 14). They use an open source speech recognition engine for the parsing and segmentation of video sequences. Because a large data corpus is typically needed for training such systems, images were mirrored to artificially generate more training data. The final result is achieved
by voting over the output of various parameter and grammar configurations.
3.6 Other international competitions for gesture and action recognition

JMLR 17(72):1-54

In addition to the series of ChaLearn Looking at People challenges, different international challenges have also been performed in the field of action/gesture recognition. Some of them are reviewed below.
The ChAirGest challenge (Ruffieux et al., 2013) is a research oriented competition designed to
compare multimodal gesture recognizers. The provided data came from one Kinect camera and 4
Inertial Motion Units (IMU) attached to the right arm and neck of the subject. The dataset contains
10 different gestures, started from 3 different resting postures and recorded in two different lighting
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(b)

Figure 13: Method summary for MMLAB team (Wang et al., 2015b).

(a)

Figure 14: Example of DT feature distribution for the first 200 frames of Seq01 for FKIE team, (a)
shows the distribution of the original implementation, (b) shows the distribution of the
modified version.

JMLR 17(72):1-54

conditions by 10 different subjects. Thus, the total dataset contains 1200 annotated gestures split
in continuous video sequences containing a variable number of gestures. The goal of the challenge
was to promote research on methods using multimodal data to spot and recognize gestures in the
context of close human-computer interaction.
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In this special topic, in addition to the papers that described systems that participated in the ChaLearn
gesture challenges, there are also several papers relating to broader aspects of gesture recognition,
including topics such as sign language recognition, facial expression analysis, and facilitating development of real-world systems.
Three of these papers propose new methods for gesture and action recognition (Malgireddy
et al., 2013; Fanello et al., 2013; Lui, 2012), that were also evaluated on parts of the CDG2011
dataset (Guyon et al., 2014), used in the ChaLearn challenges held in 2011 and 2012. More specifically, (Malgireddy et al., 2013) present an approach for detecting and recognizing activities and
gestures. Hierarchical models are built to describe each activity as a combination of other, more
simple activities. Each video is recursively divided into segments consisting of a fixed number of
frames. The relationship between observed features and latent variables is modelled using a generative model that combines aspects of dynamic Bayesian networks and hierarchical Bayesian models.
(Fanello et al., 2013) describe a system for real-time action recognition using depth video. The
paper proposes specific features that are well adapted to real-time constraints, based on histograms
of oriented gradients and histograms of optical flow. Support vector machines trained on top of such
features perform action segmentation and recognition. (Lui, 2012) propose a method for representing gestures as tensors. These tensors are treated as points on a product manifold. In particular, the
product manifold is factorized into three manifolds, one capturing horizontal motion, one capturing
vertical motion, and one capturing 2D appearance. The difference between gestures is measured
using a geodesic distance on the product manifold.
One paper (Wang et al., 2012) studied an action recognition problem outside the scope of the
ChaLearn contests, namely recognizing poses and actions from a single image. Hierarchical models
are used for modelling body pose. Each model in this hierarchy covers a part of the human body that
can range from the entire body to a specific rigid part. Different levels in this hierarchy correspond
to different degrees of coarseness vs. detail in the models at each level.
Three papers proposed novel methods within the area of sign language recognition (Cooper
et al., 2012; Nayak et al., 2012; Roussos et al., 2013). (Cooper et al., 2012) describe a method for
sign language recognition using linguistic subunits that are learned automatically by the system.
Different types of such subunits are considered, including subunits based on appearance and local
motion of the hand, subunits based on combining tracked 2D hand trajectories and hand shape, and
subunits based on tracked 3D hand trajectories. (Nayak et al., 2012) address the problem of learning
a model for a sign that occurs multiple times in a set of sentences. One benefit from such an approach

4. Summary of Special Topic Papers Not Related to the Challenges

is that it does not require the start and end frame of each sign as training data. Another benefit is
that the method identifies the aspects of a sign that are least affected by movement epenthesis, i.e.,
by signs immediately preceding or following the sign in question. (Roussos et al., 2013) present
a method for classifying handshapes for the purpose of sign language recognition. Cropped hand
images are converted to a normalized representation called “shape-appearance images”, based on
a PCA decomposition of skin pixel colors. Then, active appearance models are used to model the
variation in shape and appearance of the hand.

In 2015, OpenCV ran at CVPR different challenges5 , one of them focusing on gesture recognition, using the ChaLearn gesture recognition data. The winner of the competition was also the work
that won the ChaLearn challenge at ECCV 2014 (Neverova et al., 2014b).
Another recent action recognition competition is the THUMOS challenge (Gorban et al., 2015).
Last round of the competition was ran at CVPR 2015. The last round of the challenge contained a
forward-looking data set with over 430 hours of video data and 45 million frames (70% larger than
THUMOS’14). All videos were collected from YouTube. Two tracks were performed: 1) Action
Classification, for whole-clip action classification on 101 action classes, and 2) Temporal Action
Localization, for action recognition and temporal localization on a subset of 20 action classes.
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Next we briefly review the contributions of the accepted papers for the special topic whose methods
are applied on the data provided by 2011-2012 ChaLearn gesture recognition challenges. Interestingly, none of the methods proposed in these papers uses skeletal tracking. Instead, these methods
use different features based on appearance and/or motion. Where the papers differ is in their choice
of specific features, and also in the choice of gesture models that are built on top of the selected
features.

5. Summary of Special Topic Papers Related to 2011-2012 Challenges

Finally, choosing the gesture vocabulary can be an important implementation parameter. (Kohlsdorf and Starner, 2013) propose a method for choosing a vocabulary of gestures for a humancomputer interface, so that gestures in that vocabulary have a low probability of being confused
with each other. Candidate gestures for the interface can be suggested both by humans and by the
system itself. The system compares examples of each gesture with a large repository of unlabelled
sensor/motion data, to check how often such examples resemble typical session/motion patterns
encountered in that specific application domain.

In designing a real-world system, another important problem is rapid development. (Gillian and
Paradiso, 2014) present a gesture recognition toolkit, a cross-platform open-source C++ library. The
toolkit features a broad range of classification and regression algorithms and has extensive support
for building real-time systems. This includes algorithms for signal processing, feature extraction
and automatic gesture spotting.

Another set of papers contributed methods that address different practical problems, that are
important for building real-world gesture interfaces (Nguyen-Dinh et al., 2014; Gillian and Paradiso,
2014; Kohlsdorf and Starner, 2013). One such problem is obtaining manual annotations and ground
truth for large amounts of training data. Obtaining such manual annotations can be time consuming,
and can be an important bottleneck in building a real system. Crowdsourcing is a potential solution,
but crowdsourced annotations often suffer from noise, in the form of discrepancies in how different
humans annotate the same data. In (Nguyen-Dinh et al., 2014), two template-matching methods
are proposed, called SegmentedLCSS and WarpingLCSS, that explicitly deal with the noise present
in crowdsourced annotations of gestures. These methods are designed for spotting gestures using
wearable motion sensors. The methods quantize signals into strings of characters and then apply
variations of the longest common subsequence algorithm (LCSS) to spot gestures.

One paper focused on the topic of facial expression analysis (Martinez and Du, 2012). The
paper proposes a model for describing how humans perceive facial expressions of emotion. The
proposed model consists of multiple distinct continuous spaces. Emotions can be represented using
linear combinations of these separate spaces. The paper also discusses how the proposed model can
be used to design algorithms for facial expression recognition.
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(Konecny and Hagara, 2014) combine appearance (Histograms of Oriented Gradients) and motion descriptors (Histogram of Optical Flow) from RGB and depth images for parallel temporal
segmentation and recognition. The Quadratic-Chi distance family is used to measure differences
between histograms to capture cross-bin relationships. Authors also propose trimming videos by
removing unimportant frames based on motion information. Finally, proposed descriptors with
different Dynamic Time Warping variants are applied for final recognition.
In contrast to (Konecny and Hagara, 2014), which employes commonly used features, (Wan
et al., 2013) proposes a new multimodal descriptor, as well as a new sparse coding method. The
multimodal descriptor is called 3D EMoSIFT, is invariant to scale and rotation, and has more compact and richer visual representations than other state-of-the-art descriptors. The proposed sparse
coding method is named simulation orthogonal matching pursuit (SOMP), and is a variant of BoW.
Using SOMP, each feature can be represented by some linear combination of a small number of
codewords.
A different approach is taken in (Jiang et al., 2015), which combines three different methods
for classifying gestures. The first method uses an improved principal motion representation. In the
second method, a particle-based descriptor and a weighted dynamic time warping are proposed for
the location component classification. In the third method, the shape of the human subject is used,
extracted from the frame in the gesture that exhibits the least motion. The explicit use of shape in
this paper is in contrast to (Konecny and Hagara, 2014; Wan et al., 2013), where shape information
is implicitly coded in the extracted features.
In (Goussies et al., 2014), the focus is on transfer learning. The proposed method did not do
as well as the previous methods (Konecny and Hagara, 2014; Wan et al., 2013; Jiang et al., 2015)
on the CDG 2011 dataset, but nonetheless it contributes novel ideas for transfer learning, that can
be useful when the number of training examples per class is limited. This is in contrast to the
other papers related to the 2011-2012 challenges, that did not address transfer learning. The paper
introduces two mechanisms into the decision forest framework, in order to transfer knowledge from
the source tasks to a given target task. The first one is mixed information gain, which is a data-based
regularizer. The second one is label propagation, which infers the manifold structure of the feature
space. The proposed approach show improvements over traditional decision forests in the ChaLearn
Gesture Challenge and on the MNIST dataset.

6. Summary of Special Issue Papers Related to 2013 Challenge
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Next we briefly review the contributions of the accepted papers for the special issue whose methods
are applied on the data provided by 2013 ChaLearn multimodal gesture recognition challenge. An
important difference between this challenge and the previous ChaLearn challenges is the multimodal
nature of the data. Thus, a key focus area for methods applied on this data is the problem of fusing
information from multiple modalities.
(Wu and Cheng, 2014) propose a Bayesian Co-Boosting framework for multimodal gesture
recognition. Inspired by boosting learning and co-training method, the system combines multiple
collaboratively trained weak classifiers, Hidden Markov Models in this case, to construct the final
strong classifier. During each iteration round, randomly a number of feature subsets are samples
and weak classifiers parameters for each subset are estimated. The optimal weak classifier and its
corresponding feature subset are retained for strong classifier construction. Authors also define an
upper bound of training error and derive the update rule of instance’s weight, which guarantees the
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error upper bound to be minimized through iterations. This methodology won the ChaLearn 2013
ICMI competition.
(Pitsikalis et al., 2014) present a framework for multimodal gesture recognition that is based on a
multiple hypotheses rescoring fusion scheme. Authors employ multiple modalities, i.e., visual cues,
such as skeleton data, color and depth images, as well as audio, and extract feature descriptors of the
hands movement, handshape, and audio spectral properties. Using a common hidden Markov model
framework authors build single-stream gesture models based on which they can generate multiple
single stream-based hypotheses for an unknown gesture sequence. By multimodally rescoring these
hypotheses via constrained decoding and a weighted combination scheme, authors end up with a
multimodally-selected best hypothesis. This is further refined by means of parallel fusion of the
monomodal gesture models applied at a segmental level. The proposed methodology is tested on
the ChaLearn 2013 ICMI competition data.

7. Discussion
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We reviewed the gesture recognition topic, defining a taxonomy to characterize state of the art works
on gesture recognition. We also reviewed the gesture and action recognition challenges organized
by ChaLearn from 2011 to 2015, as well as other international competitions related to gesture
recognition. Finally, we reviewed the papers submitted to the Special Topic on Gesture Recognition
2011-2014 we organized at Journal of Machine Learning Research.
Regarding the ChaLearn gesture recognition challenges, we began right at the start of the
KinectT M revolution when inexpensive infrared cameras providing image depth recordings became
available. We published papers using this technology and other more conventional methods, including regular video cameras, to record data, thus providing a good overview of uses of machine
learning and computer vision using multimodal data in this area of application. Notably, we organized a series of challenges and made available several datasets we recorded for that purpose,
including tens of thousands of videos, which are available to conduct further research 6 .
Regarding the papers published in the gesture recognition special topic related to 2011-2012
challenges with the objective of performing one-shot learning, most of the authors proposed new
multimodal descriptors taking benefit from both RGB and Depth cues in order to describe human
body features, both static and dynamic ones. As the recognition strategies, common techniques used
were variants of classical well-known Dynamic Time Warping and Hidden Markov Models. In particular, the most efficient techniques so far have used sequences of features processed by graphical
models of the HMM/CRF family, similar to techniques used in speech recognition. Authors also
considered a gesture candidate sliding window and motion-based video-cutting approaches. Last
approach was frequently used since sign language videos included a resting pose. Also interesting
novel classification strategies were proposed, such as multilayered decomposition, where different
length gesture units are recognize at different levels ((Jiang et al., 2015)).
Regarding the papers published in the gesture recognition special topic related to 2013 and
2014 challenges with the objective of performing user independent multiple gesture recognition
from large volumes of multimodal data (RGB, Depth and audio), different classifiers for gesture
recognition were used by the participants. In 2013, the preferred one was Hidden Markov Models
(used by the first ranked team of the challenge), followed by Random Forest (used by the second
and third winners). Although several state of the art learning and testing gesture techniques were
6. http://gesture.chalearn.org/
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applied at the last stage of the methods of the participants, still the feature vector descriptions are
mainly based on MFCC audio features and skeleton joint information. The published paper of the
winner to the special topic presents a novel coboosting strategy, where a set of HMM classifiers and
collaboratively included in a boosting strategy considering random sets of features ((Wu and Cheng,
2014)). In 2014, similar descriptors and classifiers were used, and in particular, three deep learning
architectures were considered, including the method of the winner team (Neverova et al., 2014b).
In the case of the ChaLearn action/interaction challenges organized in 2014 and 2015 most
methods were based on similar approaches. In particular, alternative representations to classical
BoW were considered, as Fisher Vector and VLAD (Jegou et al., 2012). Most methods performed
sliding windows and SVM classification. In addition, to refine the tracking of interest points, several
participants used improved trajectories (Wang and Schmid, 2013).
From the review of the gesture recognition topic, the achieved results in the performed challenges and the rest of papers published in the gesture recognition Special Topic, one can observe
that still it is possible that progress will also be made in feature extraction by making better use
of the multimodal development data for better transfer learning. For instance, we think that structural hand information around hand joint could be useful to discriminate among gesture categories
that may share similar trajectories of hand/arms. Also recent approaches have shown that Random
Forest and Deep Learning, such as considering Convolutional Neural Networks, are powerful alternatives to classical gesture recognition approaches, which still open the door for future the design
of new gesture recognition classifiers.
In the case of action detection or spotting, most of the methods are still based on slidingwindows approaches, which makes recognition a time-consuming task. Thus, the research on methods that can generate gesture/action candidates from data in a different fashion are still an open
issue.
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1. Parametric Temporal-Difference Learning

Keywords: Temporal-difference learning, Off-policy learning, Function approximation,
Stability, Convergence.

Temporal-difference (TD) learning is perhaps the most important idea to come out of the
field of reinforcement learning. The problem it solves is that of efficiently learning to make
a sequence of long-term predictions about how a dynamical system will evolve over time.
The key idea is to use the change (temporal difference) from one prediction to the next as
an error in the earlier prediction. For example, if you are predicting on each day what the
stock-market index will be at the end of the year, and events lead you one day to make a
much lower prediction, then a TD method would infer that the predictions made prior to
the drop were probably too high; it would adjust the parameters of its prediction function
so as to make lower predictions for similar situations in the future. This approach contrasts
with conventional approaches to prediction, which wait until the end of the year when the
final stock-market index is known before adjusting any parameters, or else make only shortterm (e.g., one-day) predictions and then iterate them to produce a year-end prediction.
The TD approach is more convenient computationally because it requires less memory and
because its computations are spread out uniformly over the year (rather than being bunched

Parametric temporal-difference learning was first studied as the key “learning by generalization” algorithm in Samuel’s (1959) checker player. Sutton (1988) introduced the
TD(λ) algorithm and proved convergence in the mean of episodic linear TD(0), the simplest
parametric TD method. The potential power of parametric TD learning was convincingly
demonstrated by Tesauro (1992, 1995) when he applied TD(λ) combined with neural networks and self play to obtain ultimately the world’s best backgammon player. Dayan (1992)
proved convergence in expected value of episodic linear TD(λ) for all λ ∈ [0, 1], and Tsitsiklis and Van Roy (1997) proved convergence with probability one of discounted continuing
linear TD(λ). Watkins (1989) extended TD learning to control in the form of Q-learning
and proved its convergence in the tabular case (without function approximation, Watkins
& Dayan 1992), while Rummery (1995) extended TD learning to control in an on-policy
form as the Sarsa(λ) algorithm. Bradtke and Barto (1996), Boyan (1999), and Nedic and
Bertsekas (2003) extended linear TD learning to a least-squares form called LSTD(λ). Parametric TD methods have also been developed as models of animal learning (e.g., Sutton &
Barto 1990, Klopf 1988, Ludvig, Sutton & Kehoe 2012) and as models of the brain’s reward
systems (Schultz, Dayan & Montague 1997), where they have been particularly influential
(e.g., Niv & Schoenbaum 2008, O’Doherty 2012). Sutton (2009, 2012) has suggested that
parametric TD methods could be key not just to learning about reward, but to the learning
of world knowledge generally, and to perceptual learning. Extensive analysis of parametric
TD learning as stochastic approximation is provided by Bertsekas (2012, Chapter 6) and
Bertsekas and Tsitsiklis (1996).

together all at the end of the year). A less obvious advantage of the TD approach is that
it often produces statistically more accurate answers than conventional approaches (Sutton
1988).
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Within reinforcement learning, TD learning is typically used to learn approximations
to the value function of a Markov decision process (MDP). Here the value of a state s,
denoted vπ (s), is defined as the sum of the expected long-term discounted rewards that
will be received if the process starts in s and subsequently takes actions as specified by the
decision-making policy π, called the target policy. If there are a small number of states,
then it may be practical to approximate the function vπ by a table, but more generally
a parametric form is used, such as a polynomial, multi-layer neural network, or linear
mapping. Also key is the source of the data, in particular, the policy used to interact with
the MDP. If the data is obtained while following the target policy π, then good convergence
results are available for linear function approximation. This case is called on-policy learning
because learning occurs while “on” the policy being learned about. In the alternative, offpolicy case, one seeks to learn about vπ while behaving (selecting actions) according to
a different policy called the behavior policy, which we denote by µ. Baird (1995) showed
definitively that parametric TD learning was much less robust in the off-policy case (for
λ < 1) by exhibiting counterexamples for which both linear TD(0) and linear Q-learning
had unstable expected updates and, as a result, the parameters of their linear function
approximation diverged to infinity. This is a serious limitation, as the off-policy aspect is
key to Q-learning (perhaps the single most popular reinforcement learning algorithm), to
learning from historical data and from demonstrations, and to the idea of using TD learning
for perception and world knowledge.

In this paper we introduce the idea of improving the performance of parametric temporaldifference (TD) learning algorithms by selectively emphasizing or de-emphasizing their
updates on different time steps. In particular, we show that varying the emphasis of linear
TD(λ)’s updates in a particular way causes its expected update to become stable under
off-policy training. The only prior model-free TD methods to achieve this with per-step
computation linear in the number of function approximation parameters are the gradientTD family of methods including TDC, GTD(λ), and GQ(λ). Compared to these methods,
our emphatic TD(λ) is simpler and easier to use; it has only one learned parameter vector
and one step-size parameter. Our treatment includes general state-dependent discounting and bootstrapping functions, and a way of specifying varying degrees of interest in
accurately valuing different states.
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Over the years, several different approaches have been taken to solving the problem of
off-policy learning with TD learning (λ < 1). Baird (1995) proposed an approach based
on gradient descent in the Bellman error for general parametric function approximation
that has the desired computational properties, but which requires access to the MDP for
double sampling and which in practice often learns slowly. Gordon (1995, 1996) proposed
restricting attention to function approximators that are averagers, but this does not seem to
be possible without storing many of the training examples, which would defeat the primary
strength that we seek to obtain from parametric function approximation. The LSTD(λ)
method was always relatively robust to off-policy training (e.g., Lagoudakis & Parr 2003,
Yu 2010, Mahmood, van Hasselt & Sutton 2014), but its per-step computational complexity
is quadratic in the number of parameters of the function approximator, as opposed to the
linear complexity of TD(λ) and the other methods. Perhaps the most successful approach
to date is the gradient-TD approach (e.g., Maei 2011, Sutton et al. 2009, Maei et al. 2010),
including hybrid methods such as HTD (Hackman 2012). Gradient-TD methods are of
linear complexity and guaranteed to converge for appropriately chosen step-size parameters
but are more complex than TD(λ) because they require a second auxiliary set of parameters
with a second step size that must be set in a problem-dependent way for good performance.
The studies by White (2015), Geist and Scherrer (2014), and Dann, Neumann, and Peters
(2014) are the most extensive empirical explorations of gradient-TD and related methods
to date.
In this paper we explore a new approach to solving the problem of off-policy TD learning
with function approximation. The approach has novel elements but is similar to that developed by Precup, Sutton, and Dasgupta in 2001. They proposed to use importance sampling
to reweight the updates of linear TD(λ), emphasizing or de-emphasizing states as they were
encountered, and thereby create a weighting equivalent to the stationary distribution under
the target policy, from which the results of Tsitsiklis and Van Roy (1997) would apply and
guarantee convergence. As we discuss later, this approach has very high variance and was
eventually abandoned in favor of the gradient-TD approach. The new approach we explore
in this paper is similar in that it also varies emphasis so as to reweight the distribution of
linear TD(λ) updates, but to a different goal. The new goal is to create a weighting equivalent to the followon distribution for the target policy started in the stationary distribution
of the behavior policy. The followon distribution weights states according to how often they
would occur prior to termination by discounting if the target policy was followed.
Our main result is to prove that varying emphasis according to the followon distribution
produces a new version of linear TD(λ), called emphatic TD(λ), that is stable under general
off-policy training. By “stable” we mean that the expected update over the ergodic distribution (Tsitsiklis & Van Roy 1997) is a contraction, involving a positive definite matrix. We
concentrate on stability in this paper because it is a prerequisite for full convergence of the
stochastic algorithm. Demonstrations that the linear TD(λ) is not stable under off-policy
training have been the focus of previous counterexamples (Baird 1995, Tsitsiklis & Van
Roy 1996, 1997, see Sutton & Barto 1998). Substantial additional theoretical machinery
would be required for a full convergence proof. Recent work by Yu (2015a,b) builds on our
stability result to prove that the emphatic TD(λ) converges with probability one.
In this paper we first treat the simplest algorithm for which the difficulties of off-policy
temporal-difference (TD) learning arise—the TD(0) algorithm with linear function approx3
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imation. We examine the conditions under which the expected update of on-policy TD(0)
is stable, then why those conditions do not apply under off-policy training, and finally how
they can be recovered for off-policy training using established importance-sampling methods
together with the emphasis idea. After introducing the basic idea of emphatic algorithms
using the special case of TD(0), we then develop the general case. In particular, we consider
a case with general state-dependent discounting and bootstrapping functions, and with a
user-specified allocation of function approximation resources. Our new theoretical results
and the emphatic TD(λ) algorithm are presented fully for this general case. Empirical examples elucidating the main theoretical results are presented in the last section prior to the
conclusion.

2. On-policy Stability of TD(0)

(1)

To begin, let us review the conditions for stability of conventional TD(λ) under on-policy
training with data from a continuing finite Markov decision process. Consider the simplest
function approximation case, that of linear TD(λ) with λ = 0 and constant discount-rate
parameter γ ∈ [0, 1). Conventional linear TD(0) is defined by the following update to the
parameter vector θt ∈ Rn , made at each of a sequence of time steps t = 0, 1, 2, . . ., on
transition from state St ∈ S to state St+1 ∈ S, taking action At ∈ A and receiving reward
Rt+1 ∈ R:



.
θt+1 = θt + α Rt+1 + γθt> φ(St+1 ) − θt> φ(St ) φ(St ),

(2)

where α > 0 is a step-size parameter, and φ(s) ∈ Rn is the feature vector corresponding to
.
state s. The notation “=” indicates an equality by definition rather than one that follows
from previous definitions. In on-policy training, the actions are chosen according to a target
.
policy π : A×S → [0, 1], where π(a|s) = P{At = a|St = s}. The state and action sets S and A
are assumed to be finite, but the number of states is assumed much larger than the number
.
of learned parameters, |S| = N  n, so that function approximation is necessary. We use
linear function approximation, in which the inner product of the parameter vector and the
feature vector for a state is meant to be an approximation to the value of that state:

.
θt> φ(s) ≈ vπ (s) = Eπ [Gt |St = s] ,

(3)

where Eπ [·] denotes an expectation conditional on all actions being selected according to π,
and Gt , the return at time t, is defined by

.
Gt = Rt+1 + γRt+2 + γ 2 Rt+3 + · · · .

At ∈Rn×n
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(4)

The TD(0) update (1) can be rewritten to make the stability issues more transparent:


θt+1 = θt + α Rt+1 φ(St ) − φ(St ) (φ(St ) − γφ(St+1 ))> θt
| {z } |
{z
}
bt ∈Rn

= θt + α(bt − At θt )

= (I − αAt )θt + αbt .

4

(5)

s

X

dπ (s) φ(s) φ(s) − γ
s0

!>
X
[Pπ ]ss0 φ(s0 )
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5

4. Strictly speaking, positive definiteness of the key matrix assures only that A is positive semi-definite,
because it is possible that Φy = 0 for some y 6= 0, in which case y> Ay will be zero as well. To rule
this out, we assume, as is commonly done, that the columns of Φ are linearly independent (i.e., that the
features are not redundant), and thus that Φy = 0 only if y = 0. If this were not true, then convergence
(if it occurs) may not be to a unique θ∞ , but rather to a subspace of parameter vectors all of which
produce the same approximate value function.

(by (5))

1. A real matrix A is defined to be positive definite in this paper iff y>Ay > 0 for any real vector y 6= 0.
2. Here and throughout the paper we use brackets with subscripts to denote the individual elements of
vectors and matrices.
3. To see the latter, let Re(x) denote the real part of a complex number x, and let y∗ denotes the conjugate
transpose of a complex vector y. Then, for any eigenvalue–eigenvector pair λ, y: 0 < Re(y∗ Ay) =
Re(y∗ λy) = Re(λ)y∗ y =⇒ 0 < Re(λ).

= (1 − γ)dπ ,

>
= d>
π − γdπ

>
= d>
π − γdπ Pπ

1> Dπ (I − γPπ ) = d>
π (I − γPπ )

where Φ is the N × n matrix with the φ(s) as its rows, and Dπ is the N × N diagonal
matrix with dπ on its diagonal. This A matrix is typical of those we consider in this paper
in that it consists of Φ> and Φ wrapped around a distinctive N × N matrix that varies
with the algorithm and the setting, and which we call the key matrix. An A matrix of this
form will be positive definite whenever the corresponding key matrix is positive definite.4
In this case the key matrix is Dπ (I − γPπ ).
For a key matrix of this type, positive definiteness is assured if all of its columns sum
to nonnegative numbers. This was shown by Sutton (1988, p. 27) based on two previously
established theorems. One theorem says that any matrix M is positive definite if and only if
the symmetric matrix S = M+M> is positive definite (Sutton 1988, appendix). The second
theorem says that any symmetric real matrix S is positive definite if the absolute values of
its diagonal entries are greater than the sum of the absolute values of the corresponding
off-diagonal entries (Varga 1962, p. 23). For our key matrix, Dπ (I − γPπ ), the diagonal
entries are positive and the off-diagonal entries are negative, so all we have to show is that
each row sum plus the corresponding column sum is positive. The row sums are all positive
because Pπ is a stochastic matrix and γ < 1. Thus it only remains to show that the column
sums are nonnegative.
Note that the row vector of the column sums of any matrix M can be written as 1> M,
where 1 is the column vector with all components equal to 1. The column sums of our key
matrix, then, are:

= Φ> Dπ (I − γPπ )Φ,

=

t→∞

all components of which are positive. Thus, the key matrix and its A matrix are positive
definite, and on-policy TD(0) is stable. Additional conditions and a schedule for reducing
α over time (as in Tsitsiklis and Van Roy 1997) are needed to prove convergence with
probability one, θ∞ = A−1 b, but the analysis above includes the most important steps
that vary from algorithm to algorithm.

(6)

t→∞

Now let us return to analyzing on-policy TD(0). Its A matrix is
h
i
A = lim E[At ] = lim Eπ φ(St ) (φ(St ) − γφ(St+1 ))>
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is convergent to a unique fixed point independent of the initial θ̄0 . This will occur iff the
A matrix has a full set of eigenvalues all of whose real parts are positive. If a stochastic
algorithm is stable and α is reduced according to an appropriate schedule, then its parameter
vector may converge with probability one. However, in this paper we focus only on stability
as a prerequisite for convergence (of the original stochastic algorithm), leaving convergence
itself to future work. If the stochastic algorithm converges, it is to a fixed point θ̄ of the
deterministic algorithm, at which Aθ̄ = b, or θ̄ = A−1 b. (Stability assures existence of
the inverse.) In this paper we focus on establishing stability by proving that A is positive
definite. From definiteness it immediately follows that A has a full set of eigenvectors
(because y> Ay > 0, ∀y 6= 0) and that the corresponding eigenvalues all have real parts.3

.
θ̄t+1 = θ̄t + α(b − Aθ̄t ),

.
Consider any stochastic algorithm of the form (4), and let A = limt→∞ E[At ] and
.
b = limt→∞ E[bt ]. We define the stochastic algorithm to be stable if and only if the
corresponding deterministic algorithm,

P>
π dπ = dπ .

The matrix At multiplies the parameter θt and is thereby critical to the stability of the
iteration. To develop intuition, consider the special case in which At is a diagonal matrix.
If any of the diagonal elements are negative, then the corresponding diagonal element of
I − αAt will be greater than one, and the corresponding component of θt will be amplified,
which will lead to divergence if continued. (The second term (αbt ) does not affect the
stability of the iteration.) On the other hand, if the diagonal elements of At are all positive,
then α can be chosen smaller than one over the largest of them, such that I−αAt is diagonal
with all diagonal elements between 0 and 1. In this case the first term of the update tends
to shrink θt , and stability is assured. In general, θt will be reduced toward zero whenever
At is positive definite.1
In actuality, however, At and bt are random variables that vary from step to step,
in which case stability is determined by the steady-state expectation, limt→∞ E[At ]. In
our setting, after an initial transient, states will be visited according to the steady-state
distribution under π (which we assume exists). We represent this distribution by a vector
dπ , each component of which gives the limiting probability of being in a particular state2
.
.
[dπ ]s = dπ (s) = limt→∞ P{St = s}, which we assume exists and is positive at all states (any
states not visited with nonzero probability can be removed from the problem). The special
property of the steady-state distribution is that once the process is in
it, it remains in it. Let
. P
Pπ denote the N × N matrix of transition probabilities [Pπ ]ij = a π(a|i)p(j|i, a) where
.
p(j|i, a) = P{St+1 = j|St = i, At = a}. Then the special property of dπ is that
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outside the space of representable functions, as suggested by
figure...
tivethe
result
to be obtained for nonlinear function approximators and approximate DP. For
Finally, in our third goal of approximation, we first project
the Bellman
errorthere
and then
the moment,
however,
are no positive theoretical results for approximate DP and
minimize its length. That is, we minimize the error not in nonlinear
the Bellman
equation
(7) but in
function
approximators.
its projected form:
Approximate DP’s limitation to the on-policy distribution appears more fundamental.
v✓ = ⇧B⇡ v✓ ,
Simple counterexamples were(10)
presented by Baird (1995) and by Tsitsiklis and Van Roy

s2S

X
⇥
⇤2
PBE(✓) =
d(s) (⇧(B⇡ v✓ v✓ ))(s) .
3. Instability of Off-policy TD(0)

(11)

min BE ✓1 ✓2

0

and behavior policies:
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. π(At |St )
ρt =
.
µ(At |St )

µ(a|s)

π(a|s) X
=
π(a|s) = 1.
µ(a|s)
a

This quantity is called the importance sampling ratio at time t. Note that its expected
value is one:
X
Eµ [ρt |St = s] =

a

(1997) who also developed a theoretical understanding of the instability. Perhaps the simUnlike the original Bellman equation, for most function approximators
(e.g.,
linear
ones)
plest counterexample, and a good one for understanding the issues, is given by this fragment
the projected Bellman equation can
solved exactly.
it Off-policy
can’t be solved
exactly, you can
Anbe
Emphatic
ApproachIfto
TD Learning
Sutton,
of an MDP:
minimize the mean-squared projected Bellman error :

=0
Before developing the off-policy setting in detail, it is useful to understand informally why
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in (B⇡ v✓t )(s) v✓t (s) r✓t v✓t (s),
X
s
π(a|s)
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system is unstable and the parameter increases without bound—it diverges. We call this
µ(a|s)
a
12
X
the θ → 2θ problem.
=
π(a|s)Zt+1

t→∞

=

=

=

At

dµ (s) φ(s) φ(s) − γ

s0

X

∀s ∈ S.

[Pπ ]ss0 φ(s0 )

h
i
dµ (s)Eπ φk (φk − γφk+1 )> Sk = s

t→∞

s

X

s

X

s

= Φ> Dµ (I − γPπ )Φ,

8

(7)

(by (7))
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!>

.
where here we have used the shorthand φt = φ(St ). Note that if the action taken at time t
is never taken under the target policy in that state, then ρt = 0 and there is no update on
that step, as desired. We call this algorithm off-policy TD(0).
Off-policy TD(0)’s A matrix is
h
i
A = lim E[At ] = lim Eµ ρt φt (φt − γφt+1 )>
h
i
X
dµ (s)Eµ ρk φk (φk − γφk+1 )> Sk = s

bt

We can use this fact to begin to adapt TD(0) for off-policy learning (Precup, Sutton &
Singh 2000). We simply multiply the whole TD(0) update (1) by ρt :


.
θt+1 = θt + ρt α Rt+1 + γθt> φt+1 − θt> φt φt
(8)


= θt + α ρt Rt+1 φt − ρt φt (φt − γφt+1 )> θt ,
| {z } |
{z
}

= Eπ [Zt+1 |St = s] ,

a

by discussing the relative merits of the seco
counterexamples using POMDPs. One sho
DP data, the other shows that the minimum
In on-policy learning, repeatedly experiencing just this single problematic transition
cannot happen, because, after the highly-valued 2θ state has been entered, it must then be
exited. The transition from it will either be to a lesser or equally-valued state, in which
case θ will be significantly decreased, or to an even higher-valued state which in turn must
be followed by an even larger decrease in its estimated value or a still higher-valued state.
Eventually, the promise of high value must be made good in the form of a high reward, or
else estimates will be decreased, and this ultimately constrains θ and forces stability and
convergence. In the off-policy case, however, if there is a deviation from the target policy
then the promise is excused and need never be fulfilled. Later in this section we present a
complete example of how the θ → 2θ problem can cause instability and divergence under
off-policy training.

5

With these intuitions, we now detail our off-policy setting. As in the on-policy case, the
data is a single, infinite-length trajectory of actions, rewards, and feature vectors generated
by a continuing finite Markov decision process. The difference is that the actions are
selected not according to the target policy π, but according to a different behavior policy
µ : A × S → [0, 1], yet still we seek to estimate state values under π (as in (2)). Of course,
it would be impossible to estimate the values under π if the actions that π would take
were never taken by µ and their consequences were never observed. Thus we assume that
µ(a|s) > 0 for every state and action for which π(a|s) > 0. This is called the assumption
of coverage. It is trivially satisfied by any -greedy or soft behavior policy. As before we
.
assume that there is a stationary distribution dµ (s) = limt→∞ P{St = s} > 0, ∀s ∈ S, with
corresponding N -vector dµ .
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Even if there is coverage, the behavior policy will choose actions with proportions different from the target policy. For example, some actions taken by µ might never be chosen
by π. To address this, we use importance sampling to correct for the relative probability of
taking the action actually taken, At , in the state actually encountered, St , under the target
7

=0
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µ(right|·) = 0.5

= 10 +⇤ 2 · 0.1 (0 + 0.9 · 10 · 2 − 10 · 1) 1
v✓ (s) r✓ v✓ (s) = ~0.

(12)

JMLR 17(73):1-29

iscussing the relative merits of t

PBE = 0 = 0.9min BE ✓1 ✓2 2✓
⇡(right|·) = 1
So
we
see
there
is a second
fundamental
ust finish this section by discussing
the
relative
ofstate.
the
and sense in
Figure 1: θ → 2θ
example
withoutmerits
a terminal
function approximation. This is the problem of DP and FA.
This comes down to two counterexamples using POMDPs. One shows that
is athe
special
case
works, where the states are updated with the 10on-policy
JMLR that
17(73):1-29
9 There
t well defined for POMDP data, the other shows
that
minimum
is not
distribution.

s2S

⇥
d(s) (B⇡ v✓ )(s)

min BE ✓1 ✓2

similar to those introduced by Precup et al. (2001) to determine an emphasis weighting that
corrects for the state distribution, only toward a different goal (see also Kolter 2011).
The excursion notion suggests a different weighting of TD(0) updates. We consider that
at every time step we are beginning a new contemplated excursion from the current state.
The excursion thus would begin in a state sampled from dµ . If an excursion started it would
pass through a sequence of subsequent states and actions prior to termination. Some of the
actions that are actually taken (under µ) are relatively likely to occur under the target policy
as compared to the behavior policy, while others are relatively unlikely; the corresponding
states can be appropriately reweighted based on importance sampling ratios. Thus, there
will still be a product of importance sampling ratios, but only since the beginning of the
excursion, and the variance will also be tamped down by the discounting; the variance will
be much
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variable Ft , defined by F0 = 1 and
.
Ft = γρt−1 Ft−1 + 1,

t→∞

t→∞

At

h
i
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f (s)
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f (s)Eπ φk (φk − γφk+1 )> Sk = s

f (s) φ(s) φ(s) − γ

(10)

(by (7))

(11)

which we call the followon trace. Specifically, we define emphatic TD(0) by the following
update:
θt+1

bt



.
= θt + αFt ρt Rt+1 + γθt> φt+1 − θt> φt φt
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(using (13))

(13)

(12)

.
where F is a diagonal matrix with diagonal elements f (s) = dµ (s) limt→∞ Eµ [Ft |St = s],
.
which we assume exists. As we show later, the vector f ∈ RN with components [f ]s = f (s)
can be written as

2
f = dµ + γPπ> dµ + γPπ> dµ + · · ·

−1
= I − γPπ>
dµ .
The key matrix is F (I − γPπ ), and the vector of its column sums is
1> F(I − γPπ ) = f > (I − γPπ )

= dµ> (I − γPπ )−1 (I − γPπ )
= dµ> ,

11
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all components of which are positive. Thus, the key matrix and the A matrix are positive
definite and the algorithm is stable. Emphatic TD(0) is the simplest TD algorithm with
linear function approximation proven to be stable under off-policy training.
The θ → 2θ example presented earlier (Figure 1) provides some insight into how replacing
Dµ by F changes the key matrix to make it positive definite. In general, f is the expected
number of time steps that would be spent in each state during an excursion starting from
the behavior distribution dµ . From (12), it is dµ plus where you would get to in one step
from dµ , plus where you would get to in two steps, etc., with appropriate discounting. In
the example, excursions under the target policy take you to the second state (2θ) and leave
you there. Thus you are only in the first state (θ) if you start there, and only for one step,
so f (1) = dµ (1) = 0.5. For the second state, you can either start there, with probability 0.5,
or you can get there on the second step (certain except for discounting), with probability
0.9, or on the third step, with probability 0.92 , etc, so f (2) = 0.5 + 0.9 + 0.92 + 0.93 + · · · =
0.5 + 0.9 · 10 = 9.5. Thus, the key matrix is now

 
 

0.5 0
1 −0.9
0.5 −0.45
×
=
.
0 9.5
0 0.1
0
0.95
F(I − γPπ ) =

Note that because F is a diagonal matrix, its only effect is to scale the rows. Here it
emphasizes the lower row by more than a factor of 10 compared to the upper row, thereby
causing the key matrix to have positive column sums and be positive definite (cf. (9)). The
F matrix emphasizes the second state, which would occur much more often under the target
policy than it does under the behavior policy.

5. The General Case

(14)

We turn now to a very general case of off-policy learning with linear function approximation.
The objective is still to evaluate a policy π from a single trajectory under a different policy
µ, but now the value of a state is defined not with respect to a constant discount rate
γ ∈ [0, 1], but with respect to a discount rate Q
that varies from state to state according
∞
γ(St+k ) = 0, w.p.1, ∀t. That is, our
to a discount function γ : S → [0, 1] such that k=1
approximation is still defined by (2), but now (3) is replaced by

.
Gt = Rt+1 + γ(St+1 )Rt+2 + γ(St+1 )γ(St+2 )Rt+3 + · · · .
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State-dependent discounting specifies a temporal envelope within which received rewards are
accumulated. If γ(Sk ) = 0, then the time of accumulation is fully terminated at step k > t,
and if γ(Sk ) < 1, then it is partially terminated. We call both of these soft termination
because they are like the termination of an episode, but the actual trajectory is not affected.
Soft termination ends the accumulation of rewards into a return, but the state transitions
continue oblivious to the termination. Soft termination with state-dependent termination
is essential for learning models of options (Sutton et al. 1999) and other applications.
Soft termination is particularly natural in the excursion setting, where it makes it easy
to define excursions of finite and definite duration. For example, consider the deterministic
MDP shown in Figure 2. There are five states, three of which do not discount at all,
γ(s) = 1, and are shown as circles, and two of which cause complete soft termination,
γ(s) = 0, and are shown as squares. The terminating states do not end anything other
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Figure 2: A 5-state chain MDP with soft-termination states at each end.
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than the return; actions are still selected in them and, dependent on the action selected,
they transition to next states indefinitely without end. In this MDP there are two actions,
left and right, which deterministically cause transitions to the left or right except at the
edges, where there may be a self transition. The reward on all transitions is +1. The
behavior policy is to select left 2/3rds of the time in all states, which causes more time to
be spent in states on the left than on the right. The stationary distribution can be shown
to be dµ ≈ (0.52, 0.26, 0.13, 0.06, 0.03)> ; more than half of the time steps are spent in the
leftmost terminating state.
Consider the target policy π that selects the right action from all states. The correct
value vπ (s) of each state s is written above it in the figure. For both of the two rightmost
states, the right action results in a reward of 1 and an immediate termination, so their values
are both 1. For the middle state, following π (selecting right repeatedly) yields two rewards
of 1 prior to termination. There is no discounting (γ = 1) prior to termination, so the middle
state’s value is 2, and similarly the values go up by 1 for each state to its left, as shown.
These are the correct values. The approximate values depend on the parameter vector θt
as suggested by the expressions shown inside each state in the figure. These expressions
use the notation θi to denote the ith component of the current parameter vector θt . In
this example, there are five states and only three parameters, so it is unlikely, and indeed
impossible, to represent vπ exactly. We will return to this example later in the paper.
In addition to enabling definitive termination, as in this example, state-dependent discounting enables a much wider range of predictive questions to be expressed in the form of
a value function (Sutton et al. 2011, Modayil, White & Sutton 2014, Sutton, Rafols & Koop
2006), including option models (Sutton, Precup & Singh 1999, Sutton 1995). For example,
with state-dependent discounting one can formulate questions both about what will happen
during a way of behaving and what will be true at its end. A general representation for
predictions is a key step toward the goal of representing world knowledge in verifiable predictive terms (Sutton 2009, 2012). The general form is also useful just because it enables
us to treat uniformly many of the most important episodic and continuing special cases of
interest.
A second generalization, developed for the first time in this paper, is to explicitly specify
the states at which we are most interested is obtaining accurate estimates of value. Recall
that in parametric function approximation there are typically many more states than parameters (N  n), and thus it is usually not possible for the value estimates at all states
to be exactly correct. Valuing some states more accurately usually means valuing others
less accurately, at least asymptotically. In the tabular case where much of the theory of
reinforcement learning originated, this tradeoff is not an issue because the estimates of each
state are independent of each other, but with function approximation it is necessary to spec-

1

v⇡ = 4
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The λ-return plays a key role in the theoretical understanding of TD methods, in particular,
in their forward views (Sutton & Barto 1998, Sutton, Mahmood, Precup & van Hasselt
2014). In the forward view, Gλt is thought of as the target for the update at time t, even
though it is not available until many steps later (when complete termination γ(Sk ) = 0 has
occurred for the first time for some k > t).
Given these generalizations, we can now specify our final new algorithm, emphatic
TD(λ), by the following four equations, for t ≥ 0:


.
θt+1 = θt + α Rt+1 + γt+1 θt> φt+1 − θt> φt et
(17)
.
.
et = ρt (γt λt et−1 + Mt φt ) , with e−1 = 0
(18)
.
Mt = λt i(St ) + (1 − λt )Ft
(19)
.
.
Ft = ρt−1 γt Ft−1 + i(St ), with F0 = i(S0 ),
(20)

For example, in the 5-state example in Figure 2, we could choose i(s) = 1, ∀s ∈ S, in
which case we would be primarily interested in attaining low error in the states on the left
side, which are visited much more often under the behavior policy. If we want to counter
this, we might chose i(s) larger for states toward the right. Of course, with parametric
function approximation we presumably do not have access to the states as individuals, but
certainly we could set i(s) as a function of the features in s. In this example, choosing
i(s) = 1 + φ2 (s) + 2φ3 (s) (where φi (s) denotes the ith component of φ(s)) would shift the
focus on accuracy to the states on the right, making it substantially more balanced.
The third and final generalization that we introduce in this section is general bootstrapping. Conventional TD(λ) uses a bootstrapping parameter λ ∈ [0, 1]; we generalize this
to a bootstrapping function λ : S → [0, 1] specifying a potentially different degree of bootstrapping, 1 − λ(s), for each state s. General bootstrapping of this form has been partially
developed in several previous works (Sutton 1995, Sutton & Barto 1998, Maei & Sutton
.
2010, Sutton et al. 2014, cf. Yu 2012). As a notational shorthand, let us use λt = λ(St ) and
.
γt = γ(St ). Then we can define a general notion of bootstrapped return, the λ-return with
state-dependent bootstrapping and discounting:
h
i
.
Gλt = Rt+1 + γt+1 (1 − λt+1 )θt> φt+1 + λt+1 Gλt+1 .
(16)

ify relative interest in order to make the problem well defined. Nevertheless, in the function
approximation case little attention has been paid in the literature to specifing the relative
importance of different states (an exception is Thomas 2014), though there are intimations
of this in the initiation set of options (Sutton et al. 1999). In the past it was typically
assumed that we were interested in valuing states in direct proportion to how often they
occur, but this is not always the case. For example, in episodic problems we often care
primarily about the value of the first state, or of earlier states generally (Thomas 2014).
Here we allow the user to specify the relative interest in each state with a nonnegative
interest function i : S → [0, ∞). Formally, our objective is to minimize the Mean Square
Value Error (MSVE) with states weighted both by how often they occur and by our interest
in them:

2
. X
(15)
MSVE(θ) =
dµ (s)i(s) vπ (s) − θ > φ(s) .
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where Ft ≥ 0 is a scalar memory called the followon trace. The quantity Mt ≥ 0 is termed
the emphasis on step t. Note that, if desired, Mt can be removed from the algorithm by
substituting its definition (19) into (18).

6. Off-policy Stability of Emphatic TD(λ)

θt

bt

At

As usual, to analyze the stability of the new algorithm we examine its A matrix. The
stochastic update can be written:


.
θt+1 = θt + α Rt+1 + γt+1 θt> φt+1 − θt> φt et


= + α et Rt+1 − et (φt − γt+1 φt+1 )> θt .
| {z } |
{z
}

s

t→∞

t→∞

t→∞

h
i
X
dµ (s) lim Eµ [(γt λt et−1 + Mt φt )|St = s] Eµ ρt (φt − γt+1 φt+1 )> St = s

s

h
i
X
dµ (s) lim Eµ ρt (γt λt et−1 + Mt φt ) (φt − γt+1 φt+1 )> St = s

s

Thus,
h
i
A = lim E[At ] = lim Eµ et (φt − γt+1 φt+1 )>
t→∞
t→∞
h
i
X
dµ (s) lim Eµ et (φt − γt+1 φt+1 )> St = s
=

=
=

s

X

s

X

e(s)∈Rn

X
[Pπ ]ss0 γ(s0 )φ(s0 )

e(s)Eπ [φk − γk+1 φk+1 |Sk = s]>

e(s) φ(s) −

s0

!>
(21)

(by (7))

(because, given St , et−1 and Mt are independent of ρt (φt − γt+1 φt+1 )> )
h
i
X
dµ (s) lim Eµ [(γt λt et−1 + Mt φt )|St = s] Eµ ρk (φk − γk+1 φk+1 )> Sk = s
t→∞
{z
}
|
=

=

=
s

= E(I − Pπ Γ)Φ,

(assuming this exists)

.
where E is an N × n matrix E> = [e(1), · · · , e(N )], and e(s) ∈ Rn is defined by5 :
t→∞

.
e(s) = dµ (s) lim Eµ [γt λt et−1 + Mt φt |St = s]

m(s)

s̄,ā

X

P{St−1= s̄, At−1= ā|St=s} Eµ [et−1 |St−1= s̄, At−1= ā]

= dµ (s) lim Eµ [Mt |St = s] φ(s) + γ(s)λ(s)dµ (s) lim Eµ [et−1 |St = s]
t→∞
t→∞
{z
}
|
t→∞

= m(s)φ(s)+γ(s)λ(s)dµ (s) lim
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5. Note that this is a slight abuse of notation; et is a vector random variable, one per time step, and e(s)
is a vector expectation, one per state.
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s̄,ā

X
d
µ (s̄)µ(ā|s̄)p(s|s̄, ā)
lim Eµ [et−1 |St−1 = s̄, At−1 = ā]
t→∞
dµ (s)

Sutton, Mahmood and White

= m(s)φ(s) + γ(s)λ(s)dµ (s)

s̄

s̄

π(ā|s̄)p(s|s̄, ā) e(s̄)

X
[Pπ ]s̄s e(s̄).

ā

X X

(using the definition of a conditional probability, a.k.a. Bayes rule)
X
π(ā|s̄)
= m(s)φ(s)+γ(s)λ(s) dµ (s̄)µ(ā|s̄)p(s|s̄, ā)
lim Eµ [γt−1 λt−1 et−2 +Mt−1 φt−1 |St−1=s̄]
µ(ā|s̄) t→∞
s̄,ā
!
= m(s)φ(s) + γ(s)λ(s)

= m(s)φ(s) + γ(s)λ(s)

(23)

(22)

.
We now introduce three N × N diagonal matrices: M, which has the m(s) = dµ (s) limt→∞
Eµ [Mt |St = s] on its diagonal; Γ, which has the γ(s) on its diagonal; and Λ, which has the
λ(s) on its diagonal. With these we can write the equation above entirely in matrix form,
as

= Φ> M + Φ> MPπ ΓΛ + Φ> M(Pπ ΓΛ)2 + · · ·

E> = Φ> M + E> Pπ ΓΛ

= Φ> M(I − Pπ ΓΛ)−1 .

Finally, combining this equation with (21) we obtain

A = Φ> M(I − Pπ ΓΛ)−1 (I − Pπ Γ)Φ,

and through similar steps one can also obtain emphatic TD(λ)’s b vector,

b = Erπ = Φ> M(I − Pπ ΓΛ)−1 rπ ,

JMLR 17(73):1-29

where rπ is the N -vector of expected immediate rewards from each state under π.
Emphatic TD(λ)’s key matrix, then, is M(I − Pπ ΓΛ)−1 (I − Pπ Γ). To prove that it is
positive definite we will follow the same strategy as we did for emphatic TD(0). The first
step will be to write the last part of the key matrix in the form of the identity matrix minus
a probability matrix. To see how this can be done, consider a slightly different setting in
which actions are taken according to π, and in which 1 − γ(s) and 1 − λ(s) are considered
probabilities of ending by terminating and by bootstrapping, respectively. That is, for any
starting state, a trajectory involves a state transition according to Pπ , possibly terminating
according to I − Γ, then possibly ending with a bootstrapping event according to I − Λ, and
then, if neither of these occur, continuing with another state transition and more chances
to end, and so on until an ending of one of the two kinds occurs. For any start state i ∈ S,
consider the probability that the trajectory ends in state j ∈ S with an ending event of the
bootstrapping kind (according to I − Λ). Let Pπλ be the matrix with this probability as its

16

I − Pλπ = (I − Pπ ΓΛ)−1 (I − Pπ Γ).

(I − Pπ Γ),
(24)

X

s̄, ā

dµ (s)

lim Eµ [Ft−1 |St−1 = s̄]
µ(ā|s̄) t→∞

s̄

[Pπ ]s̄s f (s̄).

17

= i + ΓPπ> i + (ΓPπ> )2 i + · · ·

−1
= I − ΓPπ>
i.

f = i + ΓPπ> f

(using (24))

(26)

(using (25))

(by (19))

JMLR 17(73):1-29
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• feature function φ : S → Rn s.t. the matrix Φ ∈ R|S|×n with the φ(s) as its rows has
linearly independent columns,

• interest function i : S → (0, ∞),

• bootstrapping function λ : S → [0, 1],

• target policy π with coverage, i.e., s.t., if π(a|s) > 0, then µ(a|s) > 0,
Q
• discount function γ : S → [0, 1] s.t. ∞
k=1 γ(St+k ) = 0, w.p.1, ∀t > 0,

• behavior policy µ with a stationary invariant distribution dµ (s) > 0, ∀s ∈ S,

• Markov decision process {St , At , Rt+1 }∞
t=0 with finite state and actions sets S and A,

Theorem 1 (Stability of Emphatic TD(λ)) For any

If we further assume that i(s) > 0, ∀s ∈ S, then the column sums are all positive, the key
matrix is positive definite, and emphatic TD(λ) and its expected update are stable. This
result can be summarized in the following theorem, the main result of this paper, which we
have just proved:

= i> .

= i> (I − Pλπ )−1 (I − Pλπ )

1> M(I − Pλπ ) = m> (I − Pλπ )

Now we are ready for the final step of the proof, showing that all the columns of the key
matrix M(I − Pλπ ) sum to a positive number. Using the result above, the vector of column
sums is

m = Λi + (I − Λ)f

−1
= Λi + (I − Λ) I − ΓPπ>
i
h
i
>
= Λ(I − ΓPπ ) + (I − Λ) (I − ΓPπ> )−1 i


−1
= I − ΛΓPπ> I − ΓPπ>
i
−1

>
= I − Pλπ
i.

or, in matrix-vector form, letting m be the N -vector with components m(s),

= dµ (s)λ(s)i(s) + (1 − λ(s)) f (s),

t→∞

= dµ (s) lim Eµ [λt i(St ) + (1 − λt )Ft |St = s]

t→∞

m(s) = dµ (s) lim Eµ [Mt |St = s]

.
.
This proves (13), because there i(s) = 1, ∀s (thus i = dµ ), and γ(s) = γ, ∀s.
We are now ready to analyze M, the diagonal matrix with the m(s) on its diagonal:

Sutton, Mahmood and White

(25)

This equation can be written in matrix-vector form, letting i be the N -vector with compo.
nents [i]s = dµ (s)i(s):

= dµ (s)i(s) + γ(s)

s̄, ā

X

t→∞

(by (20))
π(ā|s̄)
Eµ [Ft−1 |St−1 = s̄]
µ(ā|s̄)

(using the definition of a conditional probability, a.k.a. Bayes rule)
X
= dµ (s)i(s) + γ(s)
π(ā|s̄)p(s|s̄, ā)dµ (s̄) lim Eµ [Ft−1 |St−1 = s̄]

= dµ (s)i(s) + dµ (s)γ(s)

s̄, ā

P{St−1 = s̄, At−1 = ā|St = s}

X dµ (s̄)µ(ā|s̄)p(s|s̄, ā) π(ā|s̄)

t→∞

= dµ (s)i(s) + dµ (s)γ(s) lim

t→∞

= dµ (s) lim Eµ [i(St ) + ρt−1 γt Ft−1 |St = s]

t→∞

f (s) = dµ (s) lim Eµ [Ft |St = s]

It follows then that M(I − Pλπ ) = M(I − Pπ ΓΛ)−1 (I − Pπ Γ) is another way of writing
emphatic TD(λ)’s key matrix (cf. (22)). This gets us considerably closer to our goal of
proving that the key matrix is positive definite. It is now immediate that its diagonal entries
are nonnegative and that its off diagonal entries are nonpositive. It is also immediate that
its row sums are nonnegative.
There remains what is typically the hardest condition to satisfy: that the column sums
of the key matrix are positive. To show this we have to analyze M, and to do that we first
.
analyze the N -vector f with components f (s) = dµ (s) limt→∞ Eµ [Ft |St = s] (we assume that
this limit and expectation exist). Analyzing f will also pay the debt we incurred in Section
4 when we claimed without proof that f (in the special case treated in that section) was as
given by (13). In the general case:

or

= I − (I − Pπ ΓΛ)

−1

= (I − Pπ ΓΛ)−1 (Pπ Γ − I + I − Pπ ΓΛ)

= (I − Pπ ΓΛ)−1 (Pπ Γ − Pπ ΓΛ)

= (I − Pπ ΓΛ)−1 Pπ Γ(I − Λ).

k=0

Pλπ = Pπ Γ(I − Λ) + Pπ ΓΛPπ Γ(I − Λ) + Pπ Γ(ΛPπ Γ)2 (I − Λ) + · · ·
X

∞
=
(Pπ ΓΛ)k Pπ Γ(I − Λ)

ijth component. This matrix can be written

An Emphatic Approach to Off-policy TD Learning

γt (1 − λt ).

Sutton, Mahmood and White

t→∞

(28)

γi λi ρi

An Emphatic Approach to Off-policy TD Learning

t→∞

θ̄ = A−1 b.

i=k+1

t−1
Y

the A matrix of linear emphatic TD(λ) (as given by (17–20), and assuming the existence
of limt→∞ E[Ft |St = s] and limt→∞ E[et |St = s], ∀s ∈ S),
h
i
A = lim Eµ [At ] = lim Eµ et (φt − γt+1 φt+1 )> = Φ> M(I − Pπλ )Φ,
(27)
is positive definite. Thus the algorithm and its expected update are stable.

or

As mentioned at the outset, stability is necessary but not always sufficient to guarantee
convergence of the parameter vector θt . Yu (2015a,b) has recently built on our stability
result to show that in fact emphatic TD(λ) converges with probability one under a variety
of step-size conditions. Convergence as anticipated is to the unique fixed point θ̄ of the
deterministic algorithm (6), in other words, to
Aθ̄ = b

t−1

k=0

X
.
Mt = i(St ) +
Mk ρk

t−2
X

i=k+1

t−1
Y

i=k+1

γi λi ρi

t−1
Y

t−1
Y

i=k+1

t−2
Y

!
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i=k+1

γi λi ρi

ρk Mk

!

t−2
X

k=0

γi λi ρi

ρk Mk

γt (1 − λt )

t−1
X

k=0

t−2
Y

i=k+1

!

ρk Mk

γi λi ρi

t−2
X

i=k+1

= λt i(St ) + (1 − λt )i(St ) + (1 − λt )γt
= λt i(St ) + (1 − λt )Ft ,
which is (19), where

k=0

ρt−1 Mt−1 +

k=0

k=0

λ i(S ) + (1 − λt−1 )Ft−1 +λt−1 γt−1
| t−1 t−1 {z
}
Mt−1

ρt−1 Mt−1 + ρt−1 λt−1 γt−1

ρk Mk

t−1
t−1
Y
X
.
γi λi ρi
Ft = i(St ) + γt
ρk Mk

= i(St ) + γt

= i(St ) + γt

= i(St ) + γt ρt−1

20

γi λi ρi

It follows then that the total emphasis on time t, Mt , should be the sum of this quantity
for all times k < t, each times the emphasis Mk for those earlier times, plus any intrinsic
interest i(St ) in time t:
!

ρk

the latter, we are fully bootstrapping from the value estimate at t+1 and thus we should also
make an update of it with emphasis equal to t’s emphasis. If instead λ(St+1 ) = 0.5, then
the update of the estimate at t + 1 would gain a half unit of emphasis, and the remaining
half would still be available to allocate to the updates of the estimate at t + 2 or later
times depending on their λs. And of course there may be some emphasis allocated directly
updating the estimate at t + 1 if i(St+1 ) > 0. Discounting and importance sampling also
have effects. At each step t, if γ(St ) < 1, then there is some degree of termination and to
that extent there is no longer any chance of bootstrapping from later time steps. Another
way bootstrapping may be cut off is if ρt = 0 (a complete deviation from the target policy).
More generally, if ρ 6= 1, then the opportunity for bootstrapping is scaled up or down
proportionally.
It may seem difficult to work out precisely how each time step’s estimates bootstrap
from which later states’ estimates for all cases. Fortunately, it has already been done.
Equation 6 of the paper by Sutton, Mahmood, Precup, and van Hasselt (2014) specifies
this in their “forward view” of off-policy TD(λ) with general state-dependent discounting
and bootstrapping. From this equation (and their (5)) it is easy to determine the degree to
which the update of the value estimate at time k bootstraps from (multiplicatively depends
on) the value estimates of each subsequent time t. It is
!
(29)

This solution can be characterized as a minimum (in fact, a zero) of the Projected Bellman
Error (PBE, Sutton et al. 2009) using the λ-dependent Bellman operator T (λ) : RN → RN
(Tsitiklis & Van Roy 1997) and the weighting of states according to their emphasis. For our
general case, we need a version of the T (λ) operator extended to state-dependent discounting
and bootstrapping. This operator looks ahead to future states to the extent that they are
bootstrapped from, that is, according to Pπλ , taking into account the reward received along
the way. The appropriate operator, in vector form, is
.
T (λ) v = (I − Pπ ΓΛ)−1 rπ + Pπλ v.

(by (27))

This operator is a contraction with fixed point v = vπ . Recall that our approximate value
function is Φθ, and thus the difference between Φθ and T (λ) (Φθ) is a Bellman-error vector.
The projection of this with respect to the feature matrix and the emphasis weighting is the
emphasis-weighted PBE:


.
PBE(θ) = Π T (λ) (Φθ) − Φθ


.
= Φ(Φ> MΦ)−1 Φ> M T (λ) (Φθ) − Φθ
(see Sutton et al. 2009)


= Φ(Φ> MΦ)−1 Φ> M (I − Pπ ΓΛ)−1 rπ + Pλ Φθ − Φθ
(by (29))
π


= Φ(Φ> MΦ)−1 b + Φ> M(Pπλ − I)Φθ
(by (23))
= Φ(Φ> MΦ)−1 (b − Aθ) .

From (28), it is immediate that this is vector zero at the fixed point θ̄, thus PBE(θ̄) = 0.

7. Derivation of the Emphasis Algorithm

JMLR 17(73):1-29

Emphatic algorithms are based on the idea that if we are updating a state by a TD method,
then we should also update each state that it bootstraps from, in direct proportion. For
example, suppose we decide to update the estimate at time t with unit emphasis, perhaps
because i(St ) = 1, and then at time t + 1 we have γ(St+1 ) = 1 and λ(St+1 ) = 0. Because of
19
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As an example of what can happen, let’s look again at the θ → 2θ problem shown in
12
Figure 1 (and shown again in the upper left of Figure 3). Consider what happens to Ft in
this problem if we have interest only in the first state, and the right action happens to be
which tends to ∞ as t → ∞.
taken on every step (i.e., i(S0 ) = 1 then i(St ) = 0, ∀t > 0, and At = right, ∀t ≥ 0). In this
What does actually happen on this problem? The thin blue lines in Figure 3 (left) show
case, from (20),
the trajectories of the single parameter θ over time in 50 runs with this problem with λ = 0
and α = 0.001, starting at θ = 1.0. We see that most trajectories of emphatic TD(0) rapidly
t−1
Y
approached the correct value of θ = 0, but a few made very large steps away from zero and
Ft = ρt−1 γt Ft−1 + i(St ) =
ρj γ = (2 · 0.9)t ,
then returned. Because the variance of Ft (and thus of Mt and et ) grows to infinity as t
j=0
tends to infinity, there is always a small chance of an extremely large fluxuation taking θ far
which of course goes to infinity as t → ∞. On the other hand, the probability of this
away from zero. Off-policy TD(0), on the other hand, diverged to infinity in all individual
specific infinite action sequence is zero, and in fact Ft will rarely take on very high values.
runs.
In particular, the expected value of Ft remains finite at
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 2
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Figure 4: Twenty learning curves and their analytic expectation on the 5-state problem
from Section 5, in which excursions terminate promptly and both algorithms
converge reliably. Here λ = 0, θ0 = 0, α = 0.001, and i(s) = 1, ∀s. The MSVE
performance measure is defined in (15).
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this example (nevertheless, we do not mean to claim any general empirical advantage for
emphatic TD(λ) at this time).
Also shown in these figures as a thick dark line is the trajectory of the deterministic
algorithm: θ̄t+1 = θ̄t + α(b − Aθ̄t ) (6). Tsitsiklis and Van Roy (1997) argued that, for
small step-size parameters and in the steady-state distribution, on-policy TD(λ) follows
its expected-update algorithm in an “average” sense, and we see much the same here for
emphatic TD(λ).
These examples show that although emphatic TD(λ) is stable for any MDP and all
functions λ, γ and (positive) i, for some problems and functions the parameter vector
continues to fluxuate with a chance of arbitrarily large deviations (for constant α > 0). It
is not clear how great of a problem this is. Certainly it is much less of a problem than
the positive instability (Baird 1995) that can occur with off-policy TD(λ) (stability of the
expected update precludes this). The possibility of large fluxuations may be inherent in any
algorithm for off-policy learning using importance sampling with long eligibility traces. For
example, the updates of GTD(λ) and GQ(λ) (Maei 2011) with λ = 1 will tend to infinite
variance as t → ∞ on Baird’s counterexample and on the example in Figures 1 and 3(left).
And, as mentioned earlier, convergence with probability one can still be guaranteed if α is
reduced appropriately (Yu 2015a,b).
In practice, however, even when asymptotic convergence can be guaranteed, high variance can be problematic as it may require very small step sizes and slow learning. High
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variance frequently arises in off-policy algorithms when they are Monte Carlo algorithms
(no TD learning) or they have eligibility traces with high λ (at λ = 1, TD algorithms become Monte Carlo algorithms). In both cases the root problem is the same: importance
sampling ratios that become very large when multiplied together. For example, in the
θ → 2θ problem discussed at the beginning of this section, the ratio was only two, but the
products of successive twos rapidly produced a very large Ft . Thus, the first way in which
variance can be controlled is to ensure that large products cannot occur. We are actually
concerned with products of both ρt s and γt s. Occasional termination (γt = 0), as in the
5-state problem, is thus one reliable way of preventing high variance. Another is through
choice of the target and behavior policies that together determine the importance sampling
ratios. For example, one could define the target policy to be equal to the behavior policy
whenever the followon or eligibility traces exceed some threshold. These tricks can also be
done prospectively. White (personal communication) has proposed that the learner compute at each step the variance of what GTD(λ)’s traces would be on the following step. If
the variance is in danger of becoming too large, then λt is reduced for that step to prevent
it. For emphatic TD(λ), the same conditions could be used to adjust γt or one of the
policies to prevent the variance from growing too large. Another idea for reducing variance
is to use weighted importance sampling (as suggested by Precup et al. 2001) together with
the ideas of Mahmood et al. (2014, 2015a) for extending weighted importance sampling to
linear function approximation. Finally, a good solution may even be found by something
as simple as bounding the values of Ft or et . This would limit variance at the cost of bias,
which might be a good tradeoff if done properly (e.g., see Hallak, Tamar, Munos & Mannor
2015).

9. Conclusions and Future Work
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We have introduced a way of varying the emphasis or strength of the updates of TD learning
algorithms from step to step, based on importance sampling, that should result in much
lower variance than previous methods (Precup et al. 2001). In particular, we have introduced
the emphatic TD(λ) algorithm and shown that it solves the problem of instability that
plagues conventional TD(λ) when applied in off-policy training situations in conjunction
with linear function approximation. Compared to gradient-TD methods, emphatic TD(λ)
is simpler in that it has a single parameter vector and a single step size rather than two
of each. The per-time-step complexities of gradient-TD and emphatic-TD methods are
both linear in the number of parameters; both are much simpler than quadratic complexity
methods such LSTD(λ) and its off-policy variants. We have also presented a few empirical
examples of emphatic TD(0) compared to conventional TD(0) adapted to off-policy training.
These examples illustrate some of emphatic TD(λ)’s basic strengths and weaknesses, but
a proper empirical comparison with other methods remains for future work. Extensions
of the emphasis idea to action-value and control methods such as Sarsa(λ) and Q(λ), to
true-online forms (van Seijen & Sutton 2014, Sutton 2015), and to weighted importance
sampling (Mahmood et al. 2014, 2015a) are also natural and remain for future work.
Yu (2015a) has recently extended the emphatic idea to a least-squares algorithm and
proved that it and our emphatic TD(λ) are convergent with probability one. She has also
obtained a stronger result that does not require that the interest be positive in all states,
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Over the past few years, advertisement has gradually moved away from the traditional printed promotion
to the more tailored and directed online publicity. The advantages of online advertisement are clear: since
most modern search engine and popular online site companies such as Microsoft, Facebook, Google, eBay, or
Amazon may collect information about the users’ behavior, advertisers can better target the population sector
for which their brand is intended.
More recently, a new method for selling advertisements has gained momentum. Unlike the standard
contracts between publishers and advertisers where some amount of impressions are required to be fulfilled
by the publisher, an Ad Exchange works in a way similar to a financial exchange where advertisers bid and
compete between each other for an ad slot. The winner then pays the publisher and his ad is displayed.
The design of such auctions and their properties are crucial since they generate a large fraction of the
revenue of popular online sites. These questions have motivated extensive research on the topic of auctioning
in the last decade or so, particularly in the theoretical computer science and economic theory communities.
Much of this work has focused on the analysis of mechanism design, either to prove some useful property of
an existing auctioning mechanism, to analyze its computational efficiency, or to search for an optimal revenue
maximization truthful mechanism (see Muthukrishnan (2009) for a good discussion of key research problems
related to Ad Exchange and references to a fast growing literature therein).
One particularly important problem is that of determining an auction mechanism that achieves optimal
revenue (Muthukrishnan, 2009). In the ideal scenario where the valuation of the bidders is drawn i.i.d. from
a given distribution, this is known to be achievable (see for example (Myerson, 1981)). But, even good
approximations of such distributions are not known in practice. Game theoretical approaches to the design of
auctions have given a series of interesting results including (Riley and Samuelson, 1981; Milgrom and Weber,
1982; Myerson, 1981; Nisan et al., 2007), all of them based on some assumptions about the distribution of the
bidders, e.g., the monotone hazard rate assumption.
The results of these publications have set the basis for most Ad Exchanges in practice: the mechanism
widely adopted for selling ad slots is that of a Vickrey auction (Vickrey, 1961) or second-price auction with
reserve price (Easley and Kleinberg, 2010). In such auctions, the winning bidder (if any) pays the maximum
of the second-place bid and the reserve price. The reserve price can be set by the publisher or automatically
by the exchange. The popularity of these auctions relies on the fact that they are incentive-compatible, i.e.,

1. Introduction

Keywords: Learning Theory, Auctions, Revenue Optimization

Second-price auctions with reserve play a critical role in the revenue of modern search engine and popular
online sites since the revenue of these companies often directly depends on the outcome of such auctions. The
choice of the reserve price is the main mechanism through which the auction revenue can be influenced in
these electronic markets. We cast the problem of selecting the reserve price to optimize revenue as a learning
problem and present a full theoretical analysis dealing with the complex properties of the corresponding loss
function. We further give novel algorithms for solving this problem and report the results of several experiments in both synthetic and real-world data demonstrating their effectiveness.
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bidders bid exactly what they are willing to pay. It is clear that the revenue of the publisher depends greatly
on how the reserve price is set: if set too low, the winner of the auction might end up paying only a small
amount, even if his bid was high; on the other hand, if it is set too high, then bidders may not bid higher than
the reserve price and the ad slot will not be sold.
We propose a learning approach to the problem of determining the reserve price to optimize revenue in
such auctions. The general idea is to leverage the information gained from past auctions to predict a beneficial
reserve price. Since every transaction on an Exchange is logged, it is natural to seek to exploit that data. This
could be used to estimate the probability distribution of the bidders, which can then be used indirectly to come
up with the optimal reserve price (Myerson, 1981; Ostrovsky and Schwarz, 2011). Instead, we will seek a
discriminative method making use of the loss function related to the problem and taking advantage of existing
user features.
Learning methods have been used in the past for the related problems of designing incentive-compatible
auction mechanisms (Balcan et al., 2008; Blum et al., 2004), for algorithmic bidding (Langford et al., 2010;
Amin et al., 2012), and even for predicting bid landscapes (Cui et al., 2011). Another closely related problem
for which machine learning solutions have been proposed is that of revenue optimization for sponsored search
ads and click-through rate predictions (Zhu et al., 2009; He et al., 2013; Devanur and Kakade, 2009). But, to
our knowledge, no prior work has used historical data in combination with user features for the sole purpose
of revenue optimization in this context. In fact, the only publications we are aware of that are directly related
to our objective are (Ostrovsky and Schwarz, 2011) and (Cesa-Bianchi et al., 2013), which considers a more
general case than (Ostrovsky and Schwarz, 2011).
The scenario studied by Cesa-Bianchi et al. (2013) is that of censored information, which motivates their
use of a regret minimization algorithm to optimize the revenue of the seller. Our analysis assumes instead
access to full information. We argue that this is a more realistic scenario since most companies do have access
to the full historical data. The learning scenario we consider is also more general since it includes the use
of features, as is standard in supervised learning. Since user information is communicated to advertisers and
bids are made based on that information, it is only natural to include user features in the formulation of the
learning problem. A special case of our analysis coincides with the no-feature scenario considered by CesaBianchi et al. (2013), assuming full information. But, our results further extend those of this paper even in that
scenario. In particular, we present an O(m log m) algorithm for solving a key optimization problem used as
a subroutine by these authors, for which they do not seem to give an algorithm. We also do not assume that
buyers’ bids are sampled i.i.d. from a common distribution. Instead, we only assume that the full outcome of
each auction is independent and identically distributed. This subtle distinction makes our scenario closer to
reality as it is unlikely for all bidders to follow the same underlying value distribution. Moreover, even though
our scenario does not take into account a possible strategic behavior of bidders between rounds, it allows for
bidders to be correlated, which is common in practice.
This paper is organized as follows: in Section 2, we describe the setup and give a formal description
of the learning problem. We discuss the relations between the scenario we consider and previous work on
learning in auctions in Section 3. In particular, we show that, unlike previous work, our problem can be cast
as that of minimizing the expected value of a loss function, which is a standard learning problem. Unlike most
work in this field, however, the loss function naturally associated to this problem does not admit favorable
properties such as convexity or Lipschitz continuity. In fact the loss function is discontinuous. Therefore, the
theoretical and algorithmic analysis of this problem raises several non-trivial technical issues. Nevertheless,
we use a decomposition of the loss to derive generalization bounds for this problem (see Section 4). These
bounds suggest the use of structural risk minimization to determine a learning solution benefiting from strong
guarantees. This, however, poses a new challenge: solving a highly non-convex optimization problem. Similar
algorithmic problems have been of course previously encountered in the learning literature, most notably when
seeking to minimize a regularized empirical 0-1 loss in binary classification. A standard method in machine
learning for dealing with such issues consists of resorting to a convex surrogate loss (such as the hinge loss
commonly used in linear classification). However, we show in Section 4.2 that no convex loss function is
calibrated for the natural loss function for this problem. That is, minimizing a convex surrogate could be
detrimental to learning. This fact is further empirically verified in Section 6.
The impossibility results of Section 4.2 prompt us to search for surrogate loss functions with weaker
regularity properties such as Lipschitz continuity. We describe a loss function with precisely that property
which we further show to be consistent with the original loss. We also provide finite sample learning guarantees for that loss function, which suggest minimizing its empirical value while controlling the complexity

M OHRI AND M U ÑOZ M EDINA
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The problem we consider is an instance of the well known family of supervised learning problems. However,
the loss function L does not admit any of the properties such as convexity or Lipschitz continuity often assumed in the analysis of the generalization error, as shown by Figure 1(a). Furthermore, L is discontinuous
and, unlike the 0-1 loss function whose discontinuity point is independent of the label, its discontinuity depends on the outcome b of the auction. Thus, the problem of learning with the loss function L requires a new
analysis.

4. Learning Guarantees

The main observation of Cesa-Bianchi et al. (2013) was that the quantity q(t) can be estimated from the
observed outcomes of previous auctions. Furthermore, if the buyers’ bids are i.i.d., then, one can express
P[b(1) ≥ r] as a function of the estimated value of q(r). This implies that the right-hand side of (2) can be
accurately estimated and therefore an optimal reserve price can be selected. Their algorithm makes calls to
a procedure that maximizes the empirical revenue. The authors, however, did not describe an algorithm for
that maximization. A by-product of our work is an efficient algorithm for that procedure. The guarantees of
Cesa-Bianchi et al. (2013) are similar to those presented in the next section in the special case of learning
without features. However, our derivation is different since we consider a batch scenario while Cesa-Bianchi
et al. (2013) treated an online setup for which they presented regret guarantees.

=

Zr ∞

Z +∞
=
P[b(2) 1r<b(2) > t] dt + r P[b(2) ≤ r ≤ b(1) ]
Z0 r
Z ∞
=
P[r < b(2) ] dt +
P[b(2) > t]dt + r P[b(2) ≤ r ≤ b(1) ]
r
Z0 ∞
P[b(2) > t] dt + r(P[b(2) > r] + 1 − P[b(2) > r] − P[b(1) < r])

E[Revenue(r, b)] = E [b(2) 1r<b(2) ] + r P[b(2) ≤ r ≤ b(1) ]

of the hypothesis set. This leads to an optimization problem which, albeit non-convex, admits a favorable
decomposition as a difference of two convex functions (DC-programming). Thus, we suggest using the DCprogramming algorithm (DCA) introduced by Tao and An (1998) to solve our optimization problem. This
algorithm admits favorable convergence guarantees to a local minimum. To further improve upon DCA, we
propose a combinatorial algorithm to cycle through different local minima with the guarantee of reducing the
objective function at every iteration. Finally, in Section 6, we show that our algorithm outperforms several
different baselines in various synthetic and real-world revenue optimization tasks.

2. Setup

[Revenue(h(x), b)],

(1)

A step further in the design of optimal pricing strategies was proposed by Balcan et al. (2008). One of
the problems considered by the authors was that of setting prices for n buyers in a posted-price auction as a
function of their public information. Unlike the on-line scenario of Blum et al. (2004), Balcan et al. (2008)
considered a batch scenario where all buyers are known in advance. However, the comparison class considered
was no longer that of simple fixed-price strategies but functions mapping public information to prices. This
makes the problem more challenging and closer to the scenario we consider. The authors showed that finding
a (1 + )-optimal truthful mechanism is equivalent to finding an algorithm to optimize the empirical risk
associated to the loss function we consider (in the case b(2) ≡ 0). There are multiple connections between this
work and our results. In particular, the authors pointed out that the discontinuity and asymmetry of the loss
function presented several challenges to their analysis. We will see that, in fact, the same problems appear in
the derivation of our learning guarantees. But, we will present an algorithm for minimizing the empirical risk
which was a crucial element missing in their results.
A different line of work by Cui et al. (2011) focused on predicting the highest bid of a second-price auction.
To estimate the distribution of the highest bid, the authors partitioned the space of advertisers based on their
campaign objectives and estimated the distribution for each partition. Within each partition, the distribution of
the highest bid was modeled as a mixture of log-normal distributions where the means and standard deviations
of the mixtures were estimated as a function of the data features. While it may seem natural to seek to predict
the highest bid, we show that this is not necessary and that accurate predictions of the highest bid do not
necessarily translate into algorithms achieving large revenue (see Section 6).
As already mentioned, the closest previous work to ours is that of Cesa-Bianchi et al. (2013), who studied
the problem of directly optimizing the revenue under a partial information setting where the learner can only
observe the value of the second-highest bid, if it is higher than the reserve price. In particular, the highest bid
remains unknown to the learner. This is a natural scenario for auctions such as those of eBay where only the
price at which an object is sold is reported. To do so, the authors expressed the expected revenue in terms of
the quantity q(t) = P[b(2) > t]. This can be done as follows:

We start with the description of the problem and our formulation of the learning setup. We study second-price
auctions with reserve, the type of auctions adopted in many Ad Exchanges. In such auctions, the bidders
submit their bids simultaneously and the winner, if any, pays the maximum of the value of the second-place
bid and a reserve price r set by the seller. This type of auctions benefits from the same truthfulness property as
second-price auctions (or Vickrey auctions) Vickrey (1961): truthful bidding can be shown to be a dominant
strategy in such auctions. The choice of the reserve price r is the only mechanism through which the seller can
influence the auction revenue. Its choice is thus critical: if set too low, the amount paid by the winner could be
too small; if set too high, the ad slot could be lost. How can we select the reserve price to optimize revenue?
We consider the problem of learning to set the reserve prices to optimize revenue in second-price auctions
with reserve. The outcome of an auction can be encoded by the highest and second-highest bids which we
2
denote by a vector b = (b(1) , b(2) ) ∈ B ⊂ R+
. We will assume that there exists an upper bound M ∈
(0, +∞) for the bids: supb∈B b(1) = M . For a given reserve price r and bid pair b, by definition, the revenue
of an auction is given by
Revenue(r, b) = b(2) 1r<b(2) + r1b(2) ≤r≤b(1) .

E

We consider the general scenario where a feature vector x ∈ X ⊂ RN is associated with each auction. In
the auction theory literature, this feature vector is commonly referred to as public information. In the context
of online advertisement, this could be for example information about the user’s location, gender or age. The
learning problem can thus be formulated as that of selecting out of a hypothesis set H of functions mapping
X to R a hypothesis h with high expected revenue
(x,b)∼D

where D is an unknown distribution according to which pairs (x, b) are drawn. Instead of the revenue, we will
consider a loss function L defined for all (r, b) by L(r, b) = −Revenue(r, b), and will equivalently seek a
hypothesis h with small expected loss L(h) := E(x,b)∼D [L(h(x), b)]. As in standard supervised learning
scenarios, we assume access to a training sample S = ((x1 , b1 ), . . . , (xm , bm )) of size m ≥ 1 drawn i.i.d.
Pm
1
according to D. We will denote by LbS (h) the empirical loss LbS (h) = m
i=1 L(h(xi , bi )). Notice that
we only assume that the auction outcomes are i.i.d. and not that bidders are independent of each other with
the same underlying bid distribution, as in some previous work (Cesa-Bianchi et al., 2013; Ostrovsky and
Schwarz, 2011). In the next sections, we will present a detailed study of this learning problem, starting with a
review of the related literature.

3. Previous work

JMLR 17(74):1-25

Here, we briefly discuss some previous work related to the study of auctions from a learning standpoint. One of
the earliest contributions in this literature is that of Blum et al. (2004) where the authors studied a posted-price
auction mechanism where a seller offers some good at a certain price and where the buyer decides to either
accept that price or reject it. It is not hard to see that this type of auctions is equivalent to second-price auctions
with reserve with a single buyer. The authors consider a scenario of repeated interactions with different buyers
where the goal is to design an incentive-compatible method of setting prices that is competitive with the best
fixed-priced strategy in hindsight. A fixed-price strategy is one that simply offers the same price to all buyers.
Using a variant of the EXP3 algorithm of Auer et al. (2002), the authors designed a pricing algorithm achieving
a (1 + )-approximation to the best fixed-price strategy. This same scenario was also studied by Kleinberg and
Leighton (2003) who gave an online algorithm whose regret after T rounds is in O(T 2/3 ).
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1. A function f : R → R is said to be quasi-convex if for any α ∈ R the sub-level set {x : f (x) ≤ α} is convex.
2. It is known that, under some separability condition, if a finite sum of quasi-convex functions on an open convex set is quasi-convex,
then all but perhaps one of them is convex (Debreu and Koopmans, 1982).

As previously mentioned, the loss function L does not admit most properties of traditional loss functions
used in machine learning: for any fixed b, L(·, b) is not differentiable (at two points), it is not convex nor
Lipschitz, and in fact it is discontinuous. For any fixed b, L(·, b) is quasi-convex,1 a property that is often
desirable since there exist several solutions for quasi-convex
optimization problems. However, in general, a
P
sum of quasi-convex functions, such as the sum m
i=1 L(·, bi ) appearing in the definition of the empirical
2
loss, is not quasi-convex and a fortiori not convex. In general, such a sum may admit exponentially many
local minima. This leads us to seek a surrogate loss function with more favorable optimization properties.

4.2 Surrogate Loss

This learning bound invites us to consider an algorithm seeking h ∈ H to minimize the empirical loss
LbS (h), while controlling the complexity (Rademacher complexity and pseudo-dimension) of the hypothesis
set H. In the following section, we discuss the computational problem of minimizing the empirical loss and
suggest the use of a surrogate loss leading to a more tractable problem.

Proof By a standard property of the Rademacher complexity, since L = l1 +l2 , the following inequality holds:
Rm (LH ) ≤ Rm (l1H ) + Rm (l2H ). Thus, in view of Propositions 1 and 2, the Rademacher complexity of
LH can be bounded via
r
2d log em
d
Rm (LH ) ≤ Rm (H) + M
.
m
The result then follows by the application of a standard Rademacher complexity bound (Koltchinskii and
Panchenko, 2002).

Theorem 3 For any δ > 0, with probability at least 1 − δ over the draw of an i.i.d. sample S of size m, the following
inequality holds for all h ∈ H:
s
r
2d log em
log 1δ
d
L(h) ≤ LbS (h) + 2Rm (H) + 2M
+M
.
m
2m

Propositions 1 and 2 can be used to derive the following generalization bound for the learning problem we
consider.

where d0 = VCdim({(x, b) 7→ 1h(x)−b(1) >0 : (x, b) ∈ X × B}). Since the second bid component b(2)
plays no role in this definition, d0 coincides with VCdim({(x, b(1) ) 7→ 1h(x)−b(1) >0 : (x, b(1) ) ∈ X × B1 }),
where B1 is the projection of B ⊆ R2 onto its first component, and is upper-bounded by VCdim({(x, t) 7→
1h(x)−t>0 : (x, t) ∈ X × R}), that is, the pseudo-dimension of H.

(1)

where, for all i ∈ [1, m], Ψi is the M -Lipschitz function x 7→ bi x. Thus, by Lemma 14 combined with
Massart’s lemma (see for example Mohri et al. (2012)), we can write
"
#
r
m
X
2d0 log em
d0
b S (l2H ) ≤ M E sup
σi 1h(x )>b(1) ≤ M
,
R
i
m σ h∈H i=1
m
i

Proof By definition of the empirical Rademacher complexity, we can write
"
"
#
#
m
m
X
X
1
(1)
b S (l2H ) = 1 E sup
R
E sup
σi bi 1h(x )>b(1) =
σi Ψi (1h(x )>b(1) ) ,
i
i
m σ h∈H i=1
m σ h∈H i=1
i
i

Proposition 2 Let d = Pdim(H) denote the pseudo-dimension of H, then, for any sample S = ((x1 , b1 ), . . . , (xm , bm )),
the empirical Rademacher complexity of l2H can be bounded as follows:
r
em
b S (l2H ) ≤ M 2d log d .
R
m
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As shown by the following proposition, the complexity of l2H can be bounded in terms of the pseudodimension of H.

which completes the proof.

where, for all i ∈ [1, m], ψi is the function defined by ψi : r 7→ l1 (r, bi ). For any i ∈ [1, m], ψi is
1-Lipschitz, thus, by the contraction lemma of Appendix A (Lemma 14), the following inequality holds:
"
#
m
X
b S (l1H ) ≤ 1 E sup
b S (H),
R
σi h(xi ) = R
m σ h∈H i=1

Proof By definition of the empirical Rademacher complexity, we can write
"
#
"
#
m
m
X
X
1
b S (l1H ) = 1 E sup
R
σi l1 (h(xi ), bi ) =
E sup
σi (ψi ◦ h)(xi ) ,
σ
σ
m
m
h∈H
h∈H
i=1
i=1

Proposition 1 For any sample S = ((x1 , b1 ), . . . , (xm , bm )), the empirical Rademacher complexity of l1H can be
bounded as follows:
b S (l1H ) ≤ R
b S (H).
R

These functions are shown in Figure 1(b). Note that, for a fixed b, the function r 7→ l1 (r, b) is 1-Lipschitz
since the slope of the lines defining the function is at most 1. We will consider the corresponding families of
loss functions: l1H = {(x, b) 7→ l1 (h(x), b) : h ∈ H} and l2H = {(x, b) 7→ l2 (h(x), b) : h ∈ H} and use
the notion of pseudo-dimension as well as those of empirical and average Rademacher complexity to measure
their complexities. The pseudo-dimension is a standard complexity measure (Pollard, 1984) extending the
notion of VC-dimension to real-valued functions (see also Mohri et al. (2012)). For a family of functions G
b S (G) =
andfinite sampleP
S = (z1 , . . . , zm ) of size m, the empirical Rademacher complexity is defined by R
m
>
1
Eσ supg∈G m
i=1 σi g(zi ) , where σ = (σ1 , . . . , σm ) , with σi s independent uniform random variables
b S (G)].
taking values in {−1, +1}. The Rademacher complexity of G is defined as Rm (G) = ES∼Dm [R
To bound the complexity of LH , we will first bound the complexity of the family of loss functions l1H and
l2H . Since l1 is 1-Lipschitz, the complexity of the class l1H can be readily bounded by that of H, as shown
by the following proposition.

l2 (r, b) = b(1) 1r>b(1) .

l1 (r, b) = −b(2) 1r<b(2) − r1b(2) ≤r≤b(1) − b(1) 1r>b(1)

we decompose L as a sum of two loss functions l1 and l2 with more favorable properties than L. We have
L = l1 + l2 with l1 and l2 defined for all (r, b) ∈ R × B by

LH = {(x, b) 7→ L(h(x), b) : h ∈ H},

To analyze the complexity of the family of functions LH mapping X × B to R defined by

4.1 Generalization bound

Figure 1: (a) Plot of the loss function r 7→ L(r, b) for fixed values of b(1) and b(2) ; (b) Functions l1 on the
left and l2 on the right.
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b1
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Figure 2: P
(a) Piecewise linear convex surrogate loss Lp . (b) Comparison of the sum of real losses
m
i=1 L(·, bi ) for m = 500 with the sum of convex surrogate losses. Note that the minimizers
are significantly different.
A standard method in machine learning consists of replacing the loss function L with a convex upper
bound (Bartlett et al., 2006). A natural candidate in our case is the piecewise linear function Lp shown in
Figure 2(a). While this is a convex loss function, and thus convenient for optimization, it is not calibrated.
That is, it is possible for rp ∈ argmin Eb [Lp (r, b)] to have a large expected true loss. Therefore, it does not
provide us with a useful surrogate. The calibrationPproblem is illustrated by Figure 2(b) in dimension one,
m
where the true objective function to be minimized i=1
L(r, bi ) is compared with the sum of the surrogate
losses. The next theorem shows that this problem affects any non-constant convex surrogate. It is expressed
e : R × R+ → R defined by L(r,
e b) = −r1r≤b , which coincides with L when the second
in terms of the loss L
bid is 0.

e if, for any distribution D, there exists
Definition 4 We say that a function Lc : [0, M ] × [0, M ] → R is consistent with L
e b)].
a minimizer r∗ ∈ argminr Eb∼D [Lc (r, b)] such that r∗ ∈ argminr Eb∼D [L(r,

e
Definition 5 We say that a sequence of functions (Ln )n∈N mapping [0, M ] × [0, M ] to R is weakly consistent with L
if there exists a sequence (rn )n∈N in R with rn ∈ argminr Eb∼D [Ln (r, b)] for all n ∈ N such that limn→+∞ rn = r∗
e b)].
with r∗ ∈ argmin Eb∼D [L(r,

Proposition 6 (Convex surrogates) Let Lc : [0, M ] × [0, M ] → R be a bounded function, convex with respect to its
e then Lc (·, b) is constant for any b ∈ [0, M ].
first argument. If Lc is consistent with L,

JMLR 17(74):1-25

Proof The idea behind the proof is the following: for any two bids b1 < b2 , there exists a distribution D with
e b)] is minimized at both r = b1 and r = b2 . We show this implies that
support {b1 , b2 } such that Eb∼D [L(r,
Eb∼D [Lc (r, b)] must attain a minimum at both points too. By convexity of Lc , it follows that Eb∼D [Lc (r, b)]
must be constant on the interval [b1 , b2 ]. The main part of the proof will be showing that this implies that
the function Lc (·, b1 ) must also be constant on the interval [b1 , b2 ]. Finally, since the value of b2 was chosen
arbitrarily, it will follow that Lc (·, b1 ) is constant.
Let 0 < b1 < b2 < M and, for any µ ∈ [0, 1], let Dµ denote the probability distribution with support
included in {b1 , b2 } defined by Dµ (b1 ) = µ and let Eµ denote the expectation with respect to this distribution.
e b)] is given by b2 if µ > b2 −b1 and
A straightforward calculation shows that the unique minimizer of Eµ [L(r,
b2
1
by b1 if µ < b2b−b
.
Therefore,
if
F
µ (r) = Eµ [Lc (r, b)], it must be the case that b2 is a minimizer of Fµ for
2
1
1
µ > b2b−b
and b1 is a minimizer of Fµ for µ < b2b−b
.
2
2
For a convex function f : R → R, we denote by f − its left-derivative and by f + its right-derivative,
which are guaranteed to exist. We will also denote here, for any b ∈ R, by g − (·, b) and g + (·, b) the left- and
right-derivatives of the function g(·, b) and by g 0 (·, b) its derivative, when it exists. Recall that for a convex
function f , if x0 is a minimizer, then f − (x0 ) ≤ 0 ≤ f + (x0 ). In view of that and the minimizing properties

7
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of b1 and b2 , the following inequalities hold:

0 ≥ Fµ− (b2 ) = µLc− (b2 , b1 ) + (1 − µ)Lc− (b2 , b2 )
0 ≤ Fµ+ (b1 ) ≤ Fµ− (b2 )

b2 − b1
for µ >
,
b2
b2 − b1
,
b2

for µ <

1
where the second inequality in (4) holds by convexity of Fµ and the fact that b1 < b2 . By setting µ = b2b−b
,
2
it follows from inequalities (3) and (4) that Fµ− (b2 ) = 0 and Fµ+ (b1 ) = 0. By convexity of Fµ , it follows that
Fµ is constant on the interval (b1 , b2 ). We now show this may only happen if Lc (·, b1 ) is also constant. By
rearranging terms in (3) and plugging in the expression of µ, we obtain the equivalent condition

(b2 − b1 )Lc− (b2 , b1 ) = −b1 Lc− (b2 , b2 ).

Since Lc is a bounded function, it follows that Lc− (b2 , b1 ) is bounded for any b1 , b2 ∈ (0, M ), therefore as
b1 → b2 we must have b2 L− (b2 , b2 ) = 0, which implies Lc− (b2 , b2 ) = 0 for all b2 > 0. In view of this,
c
inequality (3) may only be satisfied if Lc− (b2 , b1 ) ≤ 0. However, the convexity of Lc implies Lc− (b2 , b1 ) ≥
−
L−
c (b1 , b1 ) = 0. Therefore, Lc (b2 , b1 ) = 0 must hold for all b2 > b1 > 0. Similarly, by definition of Fµ ,
the first inequality in (4) implies

µLc+ (b1 , b1 ) + (1 − µ)Lc+ (b1 , b2 ) ≥ 0.

Nevertheless, for any b2 > b1 we have 0 = Lc− (b1 , b1 ) ≤ Lc+ (b1 , b1 ) ≤ Lc− (b2 , b1 ) = 0. Consequently,
Lc+ (b1 , b1 ) = 0 for all b1 > 0. Furthermore, Lc+ (b1 , b2 ) ≤ Lc+ (b2 , b2 ) = 0. Therefore, for inequality (5) to
be satisfied, we must have Lc+ (b1 , b2 ) = 0 for all b1 < b2 .
Thus far, we have shown that for any b > 0, if r ≥ b, then Lc− (r, b) = 0, while Lc+ (r, b) = 0 for r ≤ b.
A simple convexity argument shows that Lc (·, b) is then differentiable and Lc0 (r, b) = 0 for all r ∈ (0, M ),
which in turn implies that Lc (·, b) is a constant function.

The result of the previous proposition can be considerably strengthened, as shown by the following theorem.
As in the proof of the previous proposition, to simplify the notation, for any b ∈ R, we will denote by g 0 (·, b)
the derivative of a differentiable function g(·, b).

0
0
• supb∈[0,M ],n∈N max(|Ln
(0, b)|, |Ln
(M, b)| = K < ∞;


b(2)
(r − b(1) )1
b(1) − b(2)



(1−γ)b(1) ∨b(2) <r≤b(1)

(3)

(4)

(5)

,

Theorem 7 Let (Ln )n∈N denote a sequence of functions mapping [0, M ]×[0, M ] to R that are convex and differentiable
with respect to their first argument and satisfy the following conditions:

• Ln (0, b) = 0 for all n ∈ N and for all b.

e
• (Ln )n is weakly consistent with L;

If the sequence (Ln )n converges pointwise to a function Lc , then Ln (·, b) converges uniformly to Lc (·, b) ≡ 0.



b(2) <r≤ (1−γ)b(1) ∨b(2)

γ

1 − γ

∨

We defer the proof of this theorem to Appendix B and present here only a sketch of the proof. We first show
that the convexity of the functions Ln implies that the convergence to Lc must be uniform and that Lc is
convex with respect to its first argument. This fact and the weak consistency of the sequence Ln will then
e and therefore must be constant by Proposition 6.
imply that Lc is consistent with L
The theorem just presented shows that even a weakly consistent sequence of convex losses is uniformly
close to a constant function and therefore not helpful to tackle the learning task we consider. This suggests
searching for surrogate losses that admit weaker regularity assumptions such as Lipschitz continuity.
Perhaps, the most natural surrogate loss function is then Lγ , an upper bound on L defined for all γ > 0
by:
Lγ (r, b) = −b(2) 1r≤b(2) − r1

+

JMLR 17(74):1-25

where c ∨ d = max(c, d). The plot of this function is shown in Figure 3(a). The max terms ensure that the
function is well defined if (1 − γ)b(1) < b(2) . However, this turns out to be also a poor choice as Lγ is a loose
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1
(r − (1 + γ)b(1) )1b(1) <r≤(1+γ)b(1) ,
γ
(6)

≤

L(h∗γ )
Lγ (h∗γ ) + γM
Lγ (h∗ ) + γM

≤ L(h∗ ) + γM.

I4 = {(x, b)|h∗γ (x) > (1 + γ)b(1) },

I2 = {(x, b)|h∗γ (x) ∈ (b(2) , b(1) ]}
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3. Technically, the theoretical and algorithmic results we present for Lγ could be developed in a somewhat similar way for Lγ .

I3 = {(x, b)|h∗γ (x) ∈ (b(1) , (1 + γ)b(1) ]}

I1 = {(x, b)|h∗γ (x) ≤ b(2) }

By letting γ → 0, we see that L(h∗γ ) → L(h∗ ). This is a remarkable result as it not only provides a
convergence guarantee, but it also gives us an explicit rate of convergence. We will later exploit this fact to
derive an optimal choice for γ.
The proof of Theorem 8 is based on the following partitioning of X × B in four regions where Lγ is
defined as an affine function:

≤

L(h ) ≤

∗

Notice that, since L ≥ Lγ for all γ ≥ 0, the theorem implies that limγ→0 L(h∗γ ) = L(h∗ ). Indeed, let h∗
denote the best-in-class hypothesis for the loss function L. Then, the following straightforward inequalities
hold:

Theorem 8 Let H be a closed, convex subset of a linear space of functions containing 0. Then, the following inequality
holds for all γ ≥ 0:
L(h∗γ ) − Lγ (h∗γ ) ≤ γM.

whose plot is shown in Figure 3(a).3 A comparison between the sum of L-losses and the sum of Lγ -losses
is shown in Figure 3(b). Observe that the fit is considerably better than that of the piecewise linear convex
surrogate loss shown in Figure 2(b). A possible concern associated with the loss function Lγ is that it is a lower
bound for L. One might think then that minimizing it would not lead to an informative solution. However,
we argue that this problem arises significantly with upper bounding losses such as the convex surrogate,
which we showed not to lead to a useful minimizer, or Lγ , which is a poor approximation of L near its
minimum. By matching the original loss L in the region of interest, around the minimal value, the loss
function Lγ leads to more informative solutions for this problem. In fact, we show that that the expected loss
Lγ (h) : = Ex,b [Lγ (h)] admits a minimizer close to the minimizer of L(h). Since Lγ → L as γ → 0, this
result may seem trivial. However, this convergence is not uniform and therefore calibration is not guaranteed.

Lγ (r, b) = −b(2) 1r≤b(2) − r1b(2) <r≤b(1) +

upper bound on L in the most critical region, that is around the minimum of the loss L. Thus, instead, we will
consider, for any γ > 0, the loss function Lγ defined as follows:

Figure 3: (a) Comparison of the true loss L with surrogate loss Lγ on the left and surrogate loss Lγ on the
P500
P500
right, for γ = 0.1. (b) Comparison of i=1 L(r, bi ) and i=1 Lγ (r, bi )
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x,b

= E (L(h∗γ (x), b) − Lγ (h∗γ (x), b))1I3 (x, b)
x,b
i
h1
= E
((1 + γ)b(1) − h∗γ (x))1I3 (x, b)) .
x,b γ

i

using the fact that
≤b

(1)

for (x, b) ∈ I2 .

x,b

x,b

(7)

10

L(b
hγ ) ≤ LbS (b
hγ ) + 2Rm (H) + 2M

r

2d log
m

m
d

+M

Proof By Theorem 3, with probability at least 1 − δ/2, the following holds:

s

log 2δ
.
2m
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(9)

Theorem 10 Let M = supb∈B b(1) and let H be a hypothesis set with pseudo-dimension d = Pdim(H). Then, for any
δ > 0 and a fixed value of γ > 0, with probability at least 1 − δ over the choice of a sample S of size m, the following
inequality holds:
s
r
2d log m
log 2δ
2γ + 2
d
Rm (H) + γM + 2M
+ 2M
.
L∗ ≤ L(b
hγ ) ≤ L ∗ +
γ
m
2m

We conclude this section by showing that Lγ admits a stronger form of consistency. More precisely, we prove
that the generalization error of the best-in-class hypothesis L∗ := L(h∗ ) can be lower bounded in terms of
that of the empirical minimizer of Lγ , b
hγ : = argminh∈H Lbγ (h).

Proof Let Lγ,H denote the family of functions {(x, b) → Lγ (h(x), b) : h ∈ H}. The loss function Lγ is γ1 Lipschitz since the slope of the lines defining it is at most γ1 . Thus, using the contraction lemma (Lemma 14)
as in the proof of Proposition 1, gives Rm (Lγ,H ) ≤ γ1 Rm (H). The application of a standard Rademacher
complexity bound to the family of functions Lγ,H then shows that for any δ > 0, with probability at least
1 − δ, for any h ∈ H, the following holds:
s
log 1δ
2
.
Lγ (h) ≤ Lbγ (h) + Rm (H) + M
γ
2m

Theorem 9 Fix γ ∈ (0, 1] and let S denote a sample of size m. Then, for any δ > 0, with probability at least 1 − δ over
the choice of the sample S, for all h ∈ H, the following holds:
s
log 1δ
2
Lγ (h) ≤ Lbγ (h) + Rm (H) + M
.
(8)
γ
2m

The 1/γ-Lipschitzness of Lγ can be used to prove the following generalization bound.

h∗γ (x)

Furthermore, for (x, b) ∈ I3 , we know that b(1) < h∗γ (x). Thus, we hcan bound (7) by Ex,b [h∗γ (x)1I3 (x, b)],

which, by Lemma 15 in Appendix C, is upper bounded by γ Ex,b h∗γ (x)1I2 (x, b) . Thus, the following
inequalities hold:
i
i
h
h
i
h
i
h
E L(h∗γ (x), b) − E Lγ (h∗γ (x), b) ≤ γ E h∗γ (x)1I2 (x, b) ≤ γ E b(1) 1I2 (x, b) ≤ γM,
x,b

x,b

h

k=1

4
i
h
h
i X
E L(h∗γ (x), b) − Lγ (h∗γ (x), b) =
E (L(h∗γ (x), b) − Lγ (h∗γ (x), b))1Ik (x, b)

x,b

Notice that Lγ and L differ only on I3 . Therefore, we only need to bound the measure of this set which can
be done as in Lemma 15 (see Appendix C).
Proof [Theorem 8]. We can express the difference as
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b(2)

b(1)

a(3) r − a(4)

(1 + η)b(1)

(2)

(2)

(1)

Vi (nk+1 , bi ) = −ai nk+1
(1 + η)bi

(2)

(1)

bi

(b)

= −ai nk

nk+1

Vi (nk , bi )

bi
nk
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−a(1)

−a(2) r

(a)
Figure 4: (a) Prototypical v-function. (b) Illustration of the fact that the definition of Vi (r, bi ) does not
change on an interval [nk , nk+1 ].

log 2δ
.
2m

Applying Lemma 15 with the empirical distribution induced by the sample, we can bound LbS (b
hγ ) by
Lbγ (b
hγ ) + γM . The first term of the previous expression is less than Lbγ (hγ∗ ) by definition of b
hγ . Moreover, the same analysis used in the proof of Theorem 9 shows that with probability 1 − δ/2,
s
2
Lbγ (hγ∗ ) ≤ Lγ (hγ∗ ) + Rm (H) + M
γ

log 2δ
+ γM.
2m

√
m

 qlog log

1
2 γ



. Thus, for

Finally, by definition of hγ∗ and using the fact that L is an upper bound on Lγ , we can write Lγ (hγ∗ ) ≤
Lγ (h∗ ) ≤ L(h∗ ). Thus,
s
2
LbS (b
hγ ) ≤ L(h∗ ) + Rm (H) + M
γ

Replacing this inequality in (9) and applying the union bound yields the result.
This bound can be extended to hold uniformly over all γ at the price of a term in O

appropriate choices of γ as a function of m (for instance γ = 1/m1/4 ) we can guarantee the convergence of
L(b
hγ ) to L∗ , a stronger form of consistency (See Appendix C).
These results are reminiscent of the standard margin bounds with γ playing the role of a margin. The
situation here is however somewhat different. Our learning bounds suggest, for a fixed γ ∈ (0, 1], to seek
a hypothesis h minimizing the empirical loss Lbγ (h) while controlling a complexity term upper bounding
2
for some PSD kernel K. Since
Rm (H), which in the case of a family of linear hypotheses could be khkK
the bound can hold uniformly for all γ, we can use it to select γ out of a finite set of possible grid search
values. Alternatively, γ can be set via cross-validation. In the next section, we present algorithms for solving
this regularized empirical risk minimization problem.

5. Algorithms
In this section, we show how to minimize the empirical risk under two regimes: first we analyze the no-feature
scenario considered in Cesa-Bianchi et al. (2013) and then we present an algorithm to solve the more general
feature-based revenue optimization problem.

5.1 No-Feature Case
We now present a general algorithm to optimize sums of functions similar to Lγ or L in the one-dimensional
case.
Definition 11 We will say that function V : R × B → R is a v-function if it admits the following form:
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V (r, b) = −a(1) 1r≤b(2) − a(2) r1b(2) <r≤b(1) + (a(3) r − a(4) )1b(1) <r<(1+η)b(1) ,
11
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Vi (r, bi ).

(4)

(1)

(10)

with a(1) > 0 and η > 0 constants and a(2) , a(3) , a(4) defined by a(1) = ηa(3) b(2) , a(2) = ηa(3) , and a(4) =
a(3) (1 + η)b(1) .

i=1

m
X

Figure 4(a) illustrates this family of loss functions. A v-function is a generalization of Lγ and L. Indeed, any
v-function V satisfies V (r, b) ≤ 0 and attains its minimum at b(1) . Finally, as can be seen straightforwardly
from Figure 3, Lγ is a v-function for any γ > 0. We consider the following general problem of minimizing a
sum of v-functions:
r≥0

min F (r) :=

(1)

for some i ∈ [1, m].

Observe that this is not a trivial problem since, for any fixed bi , Vi (·, bi ) is non-convex and that, in general,
a sum of m such functions may admit many local minima. Of course, we can seek a solution that is -close to
the optimal reserve via a grid search over points ri = i. However, the guarantees for that algorithm would
depend on the continuity of the function. In particular, this algorithm might fail for the loss L. Instead, we
exploit the particular structure of a v-function to exactly minimize F . The following proposition, which is
proven in Appendix D, shows that the minimum is attained at one of the highest bids, which matches the
intuition. Notice that for the loss function L this is immediate since if r is not a highest bid, one can raise the
reserve price without increasing any of the component losses.

Proposition 12 Problem (10) admits a solution r∗ that satisfies r∗ = bi

Problem (10) can thus be reduced to examining the value of the function for the m arguments bi ,
i ∈ [1, m]. This yields a straightforward method for solving the optimization which consists of comput(1)
(1)
ing F (bi ) for all i and taking the minimum. But, since the computation of each F (bi ) takes O(m), the
overall computational cost is in O(m2 ), which can be prohibitive for even moderately large values of m.
Instead, we present a combinatorial algorithm to solve the optimization problem (10) in O(m log m). Let
S (1) (2)
(1)
N = i {bi , bi , (1 + η)bi } denote the set of all boundary points associated with the functions V (·, bi ).
The algorithm proceeds as follows: first, sort the set N to obtain the ordered sequence (n1 , . . . , n3m ), which
can be achieved in O(m log m) using a comparison-based sorting algorithm. Next, evaluate F (n1 ) and compute F (nk+1 ) from F (nk ) for all k.
The main idea of the algorithm is the following: since the definition of Vi (·, bi ) can only change at
boundary points (see also Figure 4(b)), computing F (nk+1 ) from F (nk ) can be achieved in constant time.
Indeed, since between nk and nk+1 there are only two boundary points, we can compute V (nk+1 , bi ) from
V (nk , bi ) by calculating V for only two values of bi , which can be done in constant time. We now give a
more detailed description and proof of correctness of our algorithm.

(1)

Proposition 13 There exists an algorithm to solve the optimization problem (10) in O(m log m).

X
k6=i

+

(4)
cj+1

=

+

(1)

(1)
cj

(1)

+

(2)

(1)
ai

(2)

(2)
(cj

−

(3)

(3)

(2)
ai )nj+1

+

(4)

(4)

(1)

(3)
cj nj+1

(1)
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− ai nj+1

(2)

+ cj

Vk (nj , bk ) = F (nj ) − V (nj , bi ) = (cj + cj nj + cj nj + cj ) + ai .

+

(3)
cj+1 nj+1

(4)

Proof The pseudocode of the algorithm is given in Algorithm 1, where ai , ..., ai denote the parameters
defining the functions Vi (r, bi ). We will prove that, after running Algorithm 1, we can compute F (nj ) in
constant time using:
(1)
(2)
(3)
(4)
F (nj ) = cj + cj nj + cj nj + cj .
(11)
Pm (1)
(2)
This holds trivially for n1 since by definition n1 ≤ bi for all i and therefore F (n1 ) = − i=1
ai . Now,
(2)
assume that (11) holds for j, we prove that it must also hold for j + 1. Suppose nj = bi for some i (the
(1)
(1)
(1)
cases nj = bi and nj = (1 + η)bi can be handled in the same way). Then Vi (nj , bi ) = −ai and we
can write

+

(2)
cj+1 nj+1

Thus, by construction we would have:
(1)
cj+1

k6=i

= (c + cj nj+1 + cj nj+1 + cj ) + ai
j
X
(2)
Vk (nj+1 , bk ) − ai nj+1 ,
=

12

(2)

(3)

(4)

(2)

(2)

= cj − ai ;

(4)

(4)

some i then

13
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We now present our main algorithm for revenue optimization in the presence of features. This problem
presents new challenges characteristic of non-convex optimization problems in higher dimensions. Therefore, our proposed algorithm can only guarantee convergence to a local minimum. Nevertheless, we provide
a simple method for cycling through these local minima with the guarantee of reducing the objective function
at each time.
We consider the case of a hypothesis set H ⊂ RN of linear functions x 7→ w · x with bounded norm,
kwk ≤ Λ, for some Λ ≥ 0. This can be immediately generalized to non-linear hypotheses by using a positive
definite kernel.
The results of Theorem 9 suggest
P seeking, for a fixed γ ≥ 0, the vector w solution to the following
optimization problem: minkwk≤Λ m
i=1 Lγ (w · xi , bi ). Replacing the original loss L with Lγ helped us
remove the discontinuity of the loss. But, we still face an optimization problem based on a sum of nonconvex functions. This problem can be formulated as a DC-programming (difference of convex functions
programming) problem which is a well studied problem in non-convex optimization. Indeed, Lγ can be
decomposed as follows for all (r, b) ∈ R × B: Lγ (r, b) = u(r, b) − v(r, b), with the convex functions u

5.2 General Case

The algorithm just proposed can be straightforwardly extended to solve the minimization of F over a set of
(1)
r-values bounded by Λ, that is {r : 0 ≤ r ≤ Λ}. Indeed, we need only compute F (bi ) for i ∈ [1, m] such
(1)
that bi < Λ and of course also F (Λ), thus the computational complexity in this regularized case remains in
O(m log m).

where the last equality holds since the definition of Vk (r, bk ) does not change for r ∈ [nj , nj+1 ] and k 6= i.
(1)
(2)
Finally, since nj was a boundary point, the definition of Vi (r, bi ) must change from −ai to −ai r, thus the
(1)
(1)
last equation is indeed equal to F (nj+1 ). A similar argument can be given if nj = bi or nj = (1 + η)bi .
We proceed to analyze the complexity of the algorithm: sorting the set N can be performed in O(m log m)
and each iteration takes only constant time. Thus, the evaluation of all points can be achieved in linear time
and, clearly, the minimum can then also be obtained in linear time. Therefore, the overall time complexity of
the algorithm is in O(m log m).

cj = cj + ai ;
end if
end for

(4)

else
(3)
(3)
(3)
cj = cj − ai ;

(1)
else if nj−1 = bi for
(2)
(2)
(2)
cj = cj + ai ;
(3)
(3)
(3)
cj = cj + ai ;
(4)
(4)
(4)
cj = cj − ai ;

cj

(2)

Set ci := (ci , ci , ci , ci ) = 0 for i = 1, ..., 3m;
Pm (1)
(1)
Set c1 = − i=1 ai ;
for j = 2, ..., 3m do
Set cj = cj−1 ;
(2)
if nj−1 = bi for some i then
(1)
(1)
(1)
cj = cj + ai ;

(1)

Algorithm 1 Sorting
Sm
(1) (2)
(1)
N := i=1 {bi , bi , (1 + η)bi };
n1 , ..., n3m ) = Sort(N );

L EARNING IN S ECOND -P RICE AUCTIONS WITH R ESERVE

r−(1+γ)b(1)
1r>(1+γ)b(1) .
γ

r−(1+γ)b(1)
1r≥b(1)
γ

v(r, b) = (−r + b(2) )1r<b(2) +

u(r, b) = −r1r<b(1) +

subject to kwk ≤ Λ,

i=1

m
X

si − δV (wt−1 ) · w

(13)

(12)

14
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4. Some claims of Horst and Thoai (1999), e.g., Proposition 4.4 used in support of the cutting plane algorithm, are incorrect (Tuy,
2002).

h
i
1
(1) 
subject to (si ≥ −w · xi )∧ si ≥ w · xi −(1 + γ)bi
.
γ

kwk2 ≤Λ2 ,s

min

Pm
P
where U (w) = m
i=1 v(w · xi , bi ), which shows that it can be formulated
i=1 u(w · xi , bi ) and V (w) =
as a DC-programming problem. The global minimum of the optimization problem (12) can be found using a
cutting plane method (Horst and Thoai, 1999), but that method only converges in the limit and does not admit
known algorithmic convergence guarantees.4 There exists also a branch-and-bound algorithm with exponential
convergence for DC-programming (Horst and Thoai, 1999) for finding the global minimum. Nevertheless, in
(Tao and An, 1997), it is pointed out that such combinatorial algorithms fail to solve real-world DC-programs
in high dimensions. In fact, our implementation of this algorithm shows that the convergence of the algorithm
in practice is extremely slow for even moderately high-dimensional problems. Another attractive solution for
finding the global solution of a DC-programming problem over a polyhedral convex set is the combinatorial
solution of Tuy (1964). However, this method requires explicitly specifying the slope and offsets for the
piecewise linear function corresponding to a sum of Lγ losses and incurs an exponential cost in time and
space.
An alternative consists of using the DC algorithm (DCA), a primal-dual sub-differential method of Dinh
Tao and Hoai An Tao and An (1998), (see also Tao and An (1997) for a good survey). This algorithm is
applicable when u and v are proper lower semi-continuous convex functions as in our case. When v is
differentiable, the DC algorithm coincides with the CCCP algorithm of Yuille and Rangarajan (2003), which
has been used in several contexts in machine learning and analyzed by Sriperumbudur and Lanckriet (2012).
The general proof of convergence of the DC algorithm was given by Tao and An (1998). In some special
cases, the DC algorithm can be used to find the global minimum of the problem as in the trust region problem
(Tao and An, 1998), but, in general, the DC algorithm or its special case CCCP are only guaranteed to converge
to a critical point (Tao and An, 1998; Sriperumbudur and Lanckriet, 2012). Nevertheless, the number of
iterations of the DC algorithm is relatively small. Its convergence has been shown to be in fact linear for
DC-programming problems such as ours (Yen et al., 2012). The algorithm we are proposing goes one step
further than that of Tao and An (1998): we use DCA to find a local minimum but then restart our algorithm
with a new seed that is guaranteed to reduce the objective function. Unfortunately, we are not in the same
regime as in the trust region problem of Tao and An (1998) where the number of local minima is linear in the
size of the input. Indeed, here, the number of local minima can be exponential in the number of dimensions
of the feature space and it is not clear to us how the combinatorial structure of the problem could help us rule
out some local minima faster and make the optimization more tractable.
In the following, we describe more in detail the solution we propose for solving the DC-programming
problem (12). The functions v and V are not differentiable in our context but they admit a sub-gradient
at all points. We will denote by δV (w) an arbitrary element of the sub-gradient ∂V (w), which coincides
with ∇V (w) at points w where V is differentiable. The DC algorithm then coincides with CCCP, modulo
the replacement of the gradient of V by δV (w). It consists of starting with a weight vector w0 ≤ Λ and
of iteratively solving a sequence of convex optimization problems obtained by replacing V with its linear
approximation giving wt as a function of wt−1 , for t = 1, . . . , T : wt ∈ argminkwk≤Λ U (w) − δV (wt−1 ) ·
w. This problem can be rewritten in our context as the following:

w∈RN

min U (w) − V (w)

Using the decomposition Lγ = u − v, our optimization problem can be formulated as follows:

and v defined by

M OHRI AND M U ÑOZ M EDINA
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DC Algorithm
w ← w0
. initialization
while v 6= w do
v ← DCA(w) . DC algorithm
v
u ← kvk
P
η ∗ ← min0≤η≤Λ u·xi >0 Lγ (ηu · xi , bi )
w ← η∗ v
end while
Figure 5: Pseudocode of our DC-programming algorithm.

i=1

m
X

si − δV (wt−1 ) · w

The problem is equivalent to a QP (quadratic-programming). Indeed, by convex duality, there exists a λ > 0
such that the above problem is equivalent to
min λkwk2 +

w∈RN

i
h
1
(1) 
subject to (si ≥ −w · xi )∧ si ≥ w · xi −(1 + γ)bi
γ

= ηLγ (r, b).

= −ηb(2) 1ηr<ηb(2) − ηr1ηb(2) ≤ηr≤ηb(1) +

ηr − (1 + γ)ηb(1)
1ηb(1) <ηr<η(1+γ)b(1)
γ

which is a simple QP that can be tackled by one of many off-the-shelf QP solvers. Of course, the value of λ
as a function of Λ does not admit a simple expression. Instead, we select λ through validation which is then
equivalent to choosing the optimal value of Λ through validation.
We now address the problem of the DC algorithm converging to a local minimum. A common practice
is to restart the DC algorithm at a new random point. Instead, we propose an algorithm that iterates along
different local minima, with the guarantee of reducing the function at every change of local minimum. The
algorithm is simple and is based on the observation that the function Lγ is positive homogeneous. Indeed, for
any η > 0 and (r, b),
Lγ (ηr, ηb)

u·xi >0

Minimizing P
the objective function of (12) in a fixed direction u, kuk = 1, can be reformulated as follows:
m
min0≤η≤Λ
i=1 Lγ (ηu · xi , bi ). Since for u · xi ≤ 0 the function η 7→ Lγ (ηu · xi , bi ) is constant and
(2)
equal to −bi , the problem is equivalent to solving
X
Lγ (ηu · xi , bi ).
min

0≤η≤Λ

Furthermore, since Lγ is positive homogeneous, for all i ∈ [1, m] with u · xi > 0, Lγ (ηu · xi , bi ) =
(u · xi )Lγ (η, bi /(u · xi )). But η 7→ (u · xi )Lγ (η, bi /(u · xi )) is a v-function and thus the problem can
efficiently be optimized using the combinatorial algorithm for the no-feature case (Section 5.1). This leads
to the optimization algorithm described in Figure 5. The last step of each iteration of our algorithm can be
viewed as a line search and this is in fact the step that reduces the objective function the most in practice. This
is because we are then precisely minimizing the objective function even though this is for some fixed direction.
Since in general this line search does not find a local minimum (we are likely to decrease the objective value
in other directions that are not the one in which the line search was performed) running DCA helps us find a
better direction for the next iteration of the line search.

6. Experiments

JMLR 17(74):1-25

In this section, we report the results of several experiments with synthetic and real-world data demonstrating
the benefits of our algorithm. Since the use of features for reserve price optimization has not been previously
studied in the literature, we are not aware of any baseline for comparison with our algorithm. Therefore, its
performance is measured against three natural strategies that we now describe.
15
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As mentioned before, a standard solution for solving this problem would be the use of a convex surrogate
loss. In view of that, we compare against the solution of the regularized empirical risk minimization of the
convex surrogate loss Lα shown in Figure 2(a) parametrized by α ∈ [0, 1] and defined by
(
−r
if r < b(1) + α(b(2) − b(1) )
Lα (r, b) =  (1−α)b(1) +αb(2) 
(r − b(1) )
otherwise.
α(b(1) −b(2) )

A second alternative consists of using ridge regression to estimate the first bid and of using its prediction as
the reserve price. A third algorithm
Pn consists of minimizing the loss while ignoring the feature vectors xi , i.e.,
L(r, bi ). It is worth mentioning that this third approach is very similar
solving the problem minr≤Λ i=1
to what advertisement exchanges currently use to suggest reserve prices to publishers. By using the empirical
version of equation (2), we see that this algorithm is equivalent to finding the empirical distribution of bids
and optimizing the expected revenue with respect to this empirical distribution as in (Ostrovsky and Schwarz,
2011) and (Cesa-Bianchi et al., 2013).

6.1 Artificial Data Sets

+

+

We generated 4 different synthetic data sets with different correlation levels between features and bids. For
all our experiments, the feature vectors x ∈ R21 were generated in as follows: x̃ ∈ R20 was sampled
from a standard Gaussian distribution and x = (x̃, 1) was created by adding an offset feature. We now
describe the bid generating process for each of the experiments as a function of the feature vector x. For
our first
three experiments, shown in Figure
second highest bid were set to
 P
 6(a)-(c), thePhighest bid and P
P21 xi
21
21
21 xi
max
+ 2
and min
+ 2
respectively,
i=1 xi + 1 ,
i=1 2
i=1 xi + 1 ,
i=1 2
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where i is a Gaussian random variable with mean 0. The standard deviation of the Gaussian noise was varied
over the set {0, 0.25, 0.5}.
For our last artificial experiment, we used a generative model motivated by previous empirical observations (Ostrovsky and Schwarz, 2011; Lahaie and Pennock, 2007): bids were generated by sampling two values
and standard deviation 0.5, with w a random vector
from a log-normal distribution with means x · w and x·w
2
sampled from a standard Gaussian distribution.
For all our experiments, the parameters λ, γ and α were selected respectively from the sets {2i |i ∈
[−5, 5]}, {0.1, 0.01, 0.001}, and {0.1, 0.2, . . . , 0.9} via validation over a set consisting of the same number
of examples as the training set. Our algorithm was initialized using the best solution of the convex surrogate
optimization problem. The test set consisted of 5,000 examples drawn from the same distribution as the
training set. Each experiment was repeated 10 times and the mean revenue of each algorithm is shown in
Figure 6. The plots are normalized in such a way that the revenue obtained by setting no reserve price is
equal to 0 and the maximum possible revenue (which can be obtained by setting the reserve price equal to the
highest bid) is equal to 1. The performance of the ridge regression algorithm is not included in Figure 6(d) as
it was too inferior to be comparable with the performance of the other algorithms.
By inspecting the results in Figure 6(a), we see that, even in the simplest noiseless scenario, our algorithm
outperforms all other techniques. The reader could argue that these results are not surprising since the bids
were generated by a locally linear function of the feature vectors, thereby ensuring the success of our algorithm. Nevertheless, one would expect this to be the case too for algorithms that leverage the use of features
such as the convex surrogate and ridge regression. But one can see that this is in fact not true even for low
levels of noise. It is also worth noticing that the use of ridge regression is actually worse than setting the
reserve price to 0. This fact can be easily understood by noticing that the square loss used in regression is
symmetric. Therefore, we can expect several reserve prices to be above the highest bid, making the revenue
of these auctions equal to zero. Another notable feature is that as the noise level increases, the performance of
feature-based algorithms decreases. This is true for any learning algorithm: if the features are not relevant to
the prediction task, the performance of the algorithm will suffer. However, for the convex surrogate algorithm,
a more critical issue occurs: the performance of this algorithm actually decreases as the sample size increases,
which shows that in general learning with a convex surrogate is not possible. This is an empirical verification
of the inconsistency result provided in Section 4.2. This lack of calibration can also be seen in Figure 6(d),
where in fact the performance of this algorithm approaches the use of no reserve price.
In order to better understand the reason behind the performance discrepancy between feature-based algorithms, we analyze the reserve prices offered by each algorithm. In Figure 7 we see that the convex surrogate
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algorithm tends to offer lower reserve prices. This should be intuitively clear as high reserve prices are overpenalized by the chosen convex surrogate as shown in Figure 2(b). On the other hand, reserve prices suggested
by the regression algorithm seem to be concentrated and symmetric around their mean. Therefore we can infer
that about 50% of the reserve prices offered will be higher than the highest bid thereby yielding zero revenue.
Finally, our algorithm seems to generally offer higher prices. This suggests that the increase in revenue comes
from auctions where the highest bid is large but the second bid is small. This bidding phenomenon is in fact
commonly observed in practice (Amin et al., 2013).

Figure 7: Distribution of reserve prices for each algorithm. The algorithms were trained on 800 samples
using noisy bids with standard deviation 0.5.
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We presented a comprehensive theoretical and algorithmic analysis of the learning problem of revenue optimization in second-price auctions with reserve. The specific properties of the loss function for this problem
required a new analysis and new learning guarantees. The algorithmic solutions we presented are practically
applicable to revenue optimization problems for this type of auctions in most realistic settings. Our experimental results further demonstrate their effectiveness. Much of the analysis and algorithms presented, in particular
our study of calibration questions, can also be of interest in other learning problems. In particular, they are
relevant to the study of learning problems arising in the study of generalized second-price auctions (Mohri and
Medina, 2015).

7. Conclusion

Due to proprietary data and confidentiality reasons, we cannot present empirical results for AdExchange
data. However, we were able to procure an eBay data set consisting of approximately 70,000 secondprice auctions of collector sport cards. The full data set can be accessed using the following URL: http:
//cims.nyu.edu/˜munoz/data. Some other sources of auction data are accessible (e.g., http:
//modelingonlineauctions.com/datasets), but features are not available for those data sets. To
the best of our knowledge, with the exception of the one used here, there is no publicly available data set
for online auctions including features that could be readily used with our algorithm. The features used here
include information about the seller such as positive feedback percent, seller rating and seller country; as well
as information about the card such as whether the player is in the sport’s Hall of Fame. The final dimension of
the feature vectors is 78. The values of these features are both continuous and categorical. For our experiments
we also included an extra offset feature.
Since the highest bid is not reported by eBay, our algorithm cannot be straightforwardly used on this data
set. In order to generate highest bids, we calculated the mean price of each object (each card was generally
sold more than once) and set the highest bid to be the maximum between this average and the second highest
bid.
Figure 8 shows the revenue gained using different algorithms including our DC algorithm, using a convex surrogate, or the algorithm that ignores features. It also shows the results obtained by using no reserve
price (NR) and the highest possible revenue obtained by setting the reserve price to the highest bid (HB).
We randomly sampled 2,000 examples for training, 2,000 examples for validation and 2,000 examples for
testing. This experiment was repeated 10 times. Figure 8(b) shows the mean revenue for each algorithm and
their standard deviations. The results of this experiment show that the use of features is crucial for revenue
optimization. Indeed, setting an optimal reserve price for all objects seems to achieve the same revenue as
no reserve price. Instead, our algorithm achieves a 22% increase on the revenue obtained by not setting a
reserve price whereas the non-calibrated convex surrogate algorithm only obtains a 3% revenue improvement.
Furthermore, our algorithm is able to obtain as much as 70% of the achievable revenue with knowledge of the
highest bid.

6.2 Real-World Data Sets

Figure 8: Results of the eBay data set. Comparison of our algorithm (DC) against a convex surrogate (CVX),
using no features (NF), setting no reserve (NR) and setting reserve price to highest bid (HB).
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Appendix A. Contraction Lemma

The following is a version of Talagrand’s contraction lemma Ledoux and Talagrand (2011). Since our definition of Rademacher complexity does not use absolute values, we give an explicit proof below.

Lemma 14 Let H be a hypothesis set of functions mapping X to R and Ψ1 , . . . , Ψm , µ-Lipschitz functions for some
µ > 0. Then, for any sample S of m points x1 , . . . , xm ∈ X , the following inequality holds
"
"
#
#
m
m
X
X
1
µ
b S (H).
E sup
E sup
σi (Ψi ◦ h)(xi ) ≤
σi h(xi ) = µ R
m σ h∈H i=1
m σ h∈H i=1

E

σ1 ,...,σm−1

h

E

σm

h

sup um−1 (h) + σm (Ψm ◦ h)(xm )

h∈H

ii

,

Proof The proof is similar to the case where the functions Ψi are all equal. Fix a sample S = (x1 , . . . , xm ).
Then, we can rewrite the empirical Rademacher complexity as follows:

m
i
X
1 h
1
E sup
σi (Ψi ◦ h)(xi ) =
m σ h∈H i=1
m

Pm−1
σi (Ψi ◦ h)(xi ). Assume that the suprema can be attained and let h1 , h2 ∈ H be
where um−1 (h) = i=1
the hypotheses satisfying

h∈H

um−1 (h1 ) + Ψm (h1 (xm )) = sup um−1 (h) + Ψm (h(xm ))

h∈H

um−1 (h2 ) − Ψm (h2 (xm )) = sup um−1 (h) − Ψm (h(xm )).

When the suprema are not reached, a similar argument to what follows can be given by considering instead
hypotheses that are -close to the suprema for any  > 0.
By definition of expectation, since σm uniform distributed over {−1, +1}, we can write
h
i
1
1
E sup um−1 (h) + σm (Ψm ◦ h)(xm ) = sup um−1 (h) + (Ψm ◦ h)(xm ) + sup um−1 (h) − (Ψm ◦ h)(xm )
σm h∈H
2 h∈H
2 h∈H
1
1
[um−1 (h1 ) + (Ψm ◦ h1 )(xm )] + [um−1 (h2 ) − (Ψm ◦ h2 )(xm )].
2
2
=

h∈H

Let s = sgn(h1 (xm ) − h2 (xm )). Then, the previous equality implies
h
i
1
E sup um−1 (h) + σm (Ψm ◦ h)(xm ) ≤ [um−1 (h1 ) + um−1 (h2 ) + sµ(h1 (xm ) − h2 (xm ))]
σm h∈H
2
1
1
= [um−1 (h1 ) + sµh1 (xm )] + [um−1 (h2 ) − sµh2 (xm )]
2
2
1
1
≤ sup [um−1 (h) + sµh(xm )] + sup [um−1 (h) − sµh(xm )]
2 h∈H
2 h∈H
h
i
sup um−1 (h) + σm µh(xm ) ,
σm

= E

M

Kdr = M K,
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where we used the µ−Lipschitzness of Ψm in the first equality and the definition of expectation over σm for
the last equality. Proceeding in the same way for all other σi ’s (i 6= m) proves the lemma.

Appendix B. Proof of Theorem 7

0

Z

0

Proof We first show that the functions Ln are uniformly bounded for any b:
Z r
Z M


0
0
0
Ln
(r, b)dr ≤
max Ln
(0, b) , Ln
(M, b) dr
|Ln (r, b)| =

0

≤

20

L0n (r, b) |r1 − r2 |

n→+∞

min Fn (r) = lim Fn (rn ) = F (r∗ ),

n→+∞ r∈[0,M ]

x,b

x,b

x,b

x,b

21

(17)

(16)

JMLR 17(74):1-25

This gives an upper bound for the left-hand side of inequality (16). We now seek to derive a lower bound on
the right-hand side. To do so, we analyze two different cases:

E(Lγ (λh∗γ (x), b) − Lγ (h∗γ (x), b))1I2 (x, b)) ≤ (1 − λ) E(h∗γ (x)1I2 (x, b))

Notice that if (x, b) ∈ I2 , then Lγ (h∗γ (x), b) = −h∗γ (x). If λh∗γ (x) > b(2) too then Lγ (λh∗γ (x), b) =
−λh∗γ (x). On the other hand if λh∗γ (x) ≤ b(2) then Lγ (λh∗γ (x), b) = −b(2) ≤ −λh∗γ (x). Thus

x,b

Rearranging terms shows that this inequality is equivalent to
h
i
h
i
E (Lγ (λh∗γ (x), b) − Lγ (h∗γ (x), b))1I2 (x, b) ≥ E (Lγ (h∗γ (x), b) − Lγ (λh∗γ (x), b))1I3 (x, b)

x,b

Subtracting (15) from (14) we obtain
h
i
h
i
E Lγ (h∗γ (x), b)(1I2 (x, b) + 1I3 (x, b)) ≤ E Lγ (λh∗γ (x), b)(1I2 (x, b) + 1I3 (x, b)) .

x,b

If h∗γ (x) < 0, then Lγ (h∗γ (x), b) = Lγ (λh∗γ (x)) = −b(2) by definition of Lγ . If on the other hand
h∗γ (x) > 0, since λh∗γ (x) < h∗γ (x), we must have that for (x, b) ∈ I1 Lγ (h∗γ (x), b) = Lγ (λh∗γ (x), b) =
−b(2) too. Moreover, from the fact that Lγ ≤ 0 and Lγ (h∗γ (x), b) = 0 for (x, b) ∈ I4 it follows that
Lγ (h∗γ (x), b) ≥ Lγ (λh∗γ (x), b) for (x, b) ∈ I4 , and therefore the following inequality trivially holds:
i
h
i
h
(15)
E Lγ (h∗γ (x), b)(1I1 (x, b) + 1I4 (x, b)) ≥ E Lγ (λh∗γ (x), b)(1I1 (x, b) + 1I4 (x, b)) .

x,b

Proof Let 0 < λ < 1. Since H is a convex set, it follows that λh∗γ ∈ H. Furthermore, by the definition of
h∗γ , we must have:
h
i
h
i
E Lγ (h∗γ (x), b) ≤ E Lγ (λh∗γ (x), b) .
(14)

Lemma 15 Let H be a closed, convex subset of a linear space of functions containing 0 and let h∗γ = argminh∈H Lγ (h).
Then, the following inequality holds:
h
i
h
i
1
E h∗γ (x)1I2 (x, b) ≥
E h∗γ (x)1I3 (x, b) .
x,b
γ x,b

Appendix C. Consistency of Lγ

where the first and third equalities follow from the uniform convergence of Fn to F . The last equation implies
e Furthermore, the function Lc (·, b) is convex since it is the uniform limit of convex
that Lc is consistent with L.
functions. It then follows by Proposition 6 that Lc (·, b) ≡ Lc (0, b) = 0.

r∈[0,M ]

min F (r) = lim

where, again, the convexity of Ln was used for the first equality. Let Fn (r) = Eb∼D [Ln (r, b)] and F (r) =
Eb∼D [Lc (r, b)]. Fn is a convex function as the expectation of a convex function. By the theorem of ArzelaAscoli, the sequence (Fn )n admits a uniformly convergent subsequence. Furthermore, by the dominated
convergence theorem, we have (Fn (r))n converges pointwise to F (r). Therefore, the uniform limit of Fn
must be F . This implies that

≤ K|r1 − r2 |,


= max L0n (0, b) , L0n (M, b)) |r1 − r2 |

r∈[0,M ]

|Ln (r1 , b) − Ln (r2 , b)| ≤ sup

where the first inequality holds since, by convexity, the derivative of Ln with respect to r is an increasing
function.
Next, we show that the sequence (Ln )n∈N is also equicontinuous. It will follow then by the theorem
of Arzela-Ascoli that the sequence Ln (·, b) converges uniformly to Lc (·, b). Let r1 , r2 ∈ [0, M ], for any
b ∈ [0, M ] we have
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− (1 + γ)b(1) ) > −b(1) (since h∗γ (x) > b(1) for

h∗γ (x)

(1)

γ

x,b

Lγ (h∗γ (x), b) − Lγ (λh∗γ (x), b) > λh∗γ (x) − b(1) > (λ − 1)b(1) ≥ (λ − 1)M,

γ

(18)

h
i
h
i
1−λ
E h∗γ (x)1I3 (x, b)1{λh∗ (x)>b(1) } + (λ − 1)M P h∗γ (x) > b(1) ≥ λh∗γ (x) ,
γ
γ x,b
(19)

x,b

22

JMLR 17(74):1-25

π2
=
exp(−2m2 ) ≤ 2 exp(−2m2 ).
6

k≥1


 X
p


1
P ∃k : Lγk (h) − Lbγk (h) >
Rm (H) + M k ≤
exp − 2m( + (log k)/m)2
γk
k≥1
X

≤
1/k2 exp(−2m2 )

Proof Consider two sequences (γk )k≥1 and (k )k≥1 , with k ∈ (0, 1). By Theorem 9, for any fixed k ≥ 1,


2
P Lγk (h) − Lbγk (h) > Rm (H) + M k ≤ exp(−2m2k ).
γk
q
k
Choose k =  + log
, then, by the union bound,
m

Proposition 16 For any δ > 0, with probability at least 1 − δ over the choice of a sample S of size m, the following
holds for all γ ∈ (0, 1] and h ∈ H:
s
"s
#
log log2 γ1
log 1δ
2
Lγ (h) ≤ Lbγ (h) + Rm (H) + M
+
.
γ
m
2m

Taking the limit inside the expectation is justified by the bounded convergence theorem and P[h∗γ (x) > b(1) ≥
λh∗γ (x)] → 0 holds by the continuity of probability measures.

Finally, taking the limit λ → 1, we obtain
h
i
h
i
1
E h∗γ (x)1I2 (x, b) ≥
E h∗γ (x)1I3 (x, b) .
x,b
γ x,b

where we have used (18) to bound the second summand. Combining inequalities (16), (17) and (19) and
dividing by (1 − λ) we obtain the bound
i
h
i
h
h
i
1
E h∗γ (x)1I2 (x, b) ≥
E h∗γ (x)1I3 (x, b)1{λh∗ (x)>b(1) } − M P h∗γ (x) > b(1) ≥ λh∗γ (x) .
γ
x,b
γ x,b

≥

where we used the fact that
> b for the second inequality and the last inequality holds since λ − 1 <
0.
We analyze the second case now. If λh∗γ (x) > b(1) , then for (x, b) ∈ I3 we have Lγ (h∗γ (x), b) −
Lγ (λh∗γ (x), b) = γ1 (1 − λ)h∗γ (x). Thus, letting ∆(x, b) = Lγ (h∗γ (x), b) − Lγ (λh∗γ (x), b), we can lower
bound the right-hand side of (16) as:
i
i
h
i
h
h
E ∆(x, b)1I3 (x, b) = E ∆(x, b)1I3 (x, b)1{λh∗ (x)>b(1) } + E ∆(x, b)1I3 (x, b)1{λh∗ (x)≤b(1) }

x,b

1
(h∗γ (x)
γ

(x, b) ∈ I3 ). Furthermore, if λh∗γ (x) ≤ b(1) , then, by definition Lγ (λh∗γ (x), b) = min(−b(2),−λh∗γ (x)) ≤
−λh∗γ (x). Thus, we must have:

In the first case, we know that Lγ (h∗γ (x), b) =

2. λh∗γ (x) > b(1) .

1. λh∗γ (x) ≤ b(1) ;
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q

. This concludes the proof.
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1
log log2 γ
m

+2

m

k
For any γ ∈ (0, 1], there p
exists k ≥ 1 such
p) with γk = 1/2 . For such a k,
p that γ ∈ (γk , γk−1
1
≤ γ1 , γk−1 ≤ γ2 , and log(k − 1) = log log2 (1/γk−1 ) ≤ log log2 (1/γ). Since for any h ∈ H,
γk−1
Lγk−1 (h) ≤ Lγ (h), we can write



2
P L(h) − Lbγ (h) > Rm (H) + M K(γ) +  ≤ exp(−2m2 ),
γ

where K(γ) =

m
d

log 2δ
+
2m

Corollary 17 Let H be a hypothesis set with pseudo-dimension d = Pdim(H). Then, for any δ > 0 and any γ > 0,
with probability at least 1 − δ over the choice of a sample S of size m, the following inequality holds:
s
s
#
log log2 γ1
.
" r
2d log
2γ + 2
L(b
hγ ) ≤ L ∗ +
Rm (H) + γM + M 2
γ
m

" r
2d log
1
M +M 2
m
m1/4

m
d

+2

s


. Thus, this shows

#
r
log log2 m1/4
.
m

1
m1/2

log 2δ
+
2m

The proof follows the same steps as Theorem 10 and uses the results of Proposition 16. Notice that, by setting
1
γ = m1/4
, we can guarantee the convergence of L(b
hγ ) to L∗ . Indeed, with this choice, the bound can be
expressed as follows:
L(b
hγ ) ≤ L∗ + (2 + m1/4 )Rm (H) +

1
m1/4

Furthermore, when H has finite pseudo-dimension, it is known that <m (H) is in O

.
that L(b
hγ ) = L ∗ + O

Appendix D. Proof of Proposition 12
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Proof From the definition of v-function, it is immediate that Vi is differentiable everywhere except at the
(j)
(1)
(3)
(1)
(2)
(2)
(1)
three points ni = bi , ni = bi and ni = (1 + η)bi . Let r∗ be a minimizer of F . If r∗ 6= ni
for every j ∈ {1, 2, 3} and i ∈ {1, . . . , m}, then F must be differentiable at r∗ and F 0 (r∗ ) = 0. Now,
(j) (j)
let n∗ = max{ni |ni < r∗ }. Since F is a linear function over the interval (n∗ , r∗ ], we must have
F 0 (r) = F 0 (r∗ ) = 0 for every r ∈ (n∗ , r∗ ]. Thus, F reduces to a constant over this interval and continuity
of F implies that F (n∗ ) = F (r∗ ).
(1)
We conclude the proof by showing that n∗ is equal to bi for some i. Suppose this is not the case and let U
(1)
/ U for all i. It is not hard to verify that Vi is a concave function
be an open interval around n∗ satisfying bi ∈
(1)
over every interval not containing bi . In particular Vi is concave over U for any i and, as a sum of concave
functions, F is concave too over the interval U . Moreover, by definition, n∗ minimizes F restricted to U . This
implies that F is constant over U as a non-constant concave function cannot reach its minimum over an open
(1)
set. Finally, let b∗ = argmini |n∗ − bi |. Since U was an arbitrary open interval, it follows that there exists r
arbitrarily close to b∗ such that F (r) = F (n∗ ). By the continuity of F , we must then have F (b∗ ) = F (n∗ ).
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Randomized coordinate descent methods (CDMs) are increasingly popular in many learning tasks,
including boosting, large scale regression and training linear support vector machines. CDMs update a single randomly chosen coordinate at a time by moving in the direction of the negative
partial derivative (for smooth losses). Methods of this type, in various settings, were studied by
several authors, including Hsieh et al. (2008); Shalev-Shwartz and Tewari (2009); Nesterov (2012);
Richtárik and Takáč (2014); Necoara et al. (2012); Tappenden et al. (2013); Shalev-Shwartz and
Zhang (2013b); Lu and Xiao (2015).
It is clear that in order to utilize modern shared-memory parallel computers, more coordinates
should be updated at each iteration. One way to approach this is via partitioning the coordinates into
blocks, and operating on a single randomly chosen block at a time, utilizing parallel linear algebra
libraries. This approach was pioneered by Nesterov (2012) for smooth losses, and was extended to
regularized problems in (Richtárik and Takáč, 2014). Another popular approach involves working
with a random subset of coordinates (Bradley et al., 2011). These approaches can be combined, and

1. Introduction

Keywords: stochastic methods, parallel coordinate descent, distributed algorithms, boosting

In this paper we develop and analyze Hydra: HYbriD cooRdinAte descent method for solving loss
minimization problems with big data. We initially partition the coordinates (features) and assign
each partition to a different node of a cluster. At every iteration, each node picks a random subset
of the coordinates from those it owns, independently from the other computers, and in parallel
computes and applies updates to the selected coordinates based on a simple closed-form formula.
We give bounds on the number of iterations sufficient to approximately solve the problem with high
probability, and show how it depends on the data and on the partitioning. We perform numerical
experiments with a LASSO instance described by a 3TB matrix.
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1. We like to think of each node of the cluster as one of the many heads of the mythological Hydra.

iterations (we ignore some small details here), where a single iteration corresponds to changing of
τ coordinates by each of the c nodes; β is a stepsize parameter and µ is a strong convexity constant.

theory was developed for methods that update a random subset of blocks of coordinates at a time
Richtárik and Takáč (2015); Fercoq and Richtárik (2013). Further recent works on parallel coordinate descent include (Richtárik and Takáč, 2012; Mukherjee et al., 2013; Fercoq, 2013; Tappenden
et al., 2015; Shalev-Shwartz and Zhang, 2013a).
However, none of these methods are directly scalable to problems of sizes so large that a single
computer is unable to store the data describing the instance, or is unable to do so efficiently (e.g., in
memory). In a big data scenario of this type, it is imperative to split the data across several nodes
(computers) of a cluster, and design efficient methods for this memory-distributed setting.
Hydra. In this work we design and analyze the first distributed coordinate descent method:
Hydra: HYbriD cooRdinAte descent. The method is “hybrid” in the sense that it uses parallelism at
two levels: i) across a number of nodes in a cluster and ii) utilizing the parallel processing power of
individual nodes1 .
Assume we have c nodes (computers) available, each with parallel processing power. In Hydra,
we initially partition the coordinates {1, 2, . . . , d} into c sets, P1 , . . . , Pc , and assign each set to
a single computer. For simplicity, we assume that the partition is balanced: |Pk | = |Pl | for all
k, l. Each computer owns the coordinates belonging to its partition for the duration of the iterative
process. Also, these coordinates are stored locally. The data matrix describing the problem is
partitioned in such a way that all data describing features belonging to Pl is stored at computer l.
Now, at each iteration, each computer, independently from the others, chooses a random subset of
τ coordinates from those they own, and computes and applies updates to these coordinates. Hence,
once all computers are done, cτ coordinates will have been updated. The resulting vector, stored as
c vectors of size s = d/c each, in a distributed way, is the new iterate. This process is repeated until
convergence. It is important that the computations are done locally on each node, with minimum
communication overhead. We comment on this and further details in the text.
The main insight. We show that the parallelization potential of Hydra, that is, its ability to
accelerate as τ is increased, depends on two data-dependent quantities: i) the spectral norm of the
data (σ) and ii) a partition-induced norm of the data (σ 0 ). The first quantity completely describes
the behavior of the method in the c = 1 case. If σ is small, then utilization of more processors (i.e.,
increasing τ ) leads to nearly linear speedup. If σ is large, speedup may be negligible, or there may
be no speedup whatsoever. Hence, the size of σ suggests whether it is worth to use more processors
or not. The second quantity, σ 0 , characterizes the effect of the initial partition on the algorithm,
and as such is relevant in the c > 1 case. Partitions with small σ 0 are preferable. We show that,
surprisingly, that as long as τ ≥ 2, the effect of a bad partitioning is that it most doubles the number
of iterations of Hydra. Hence, data partitioning can be used to optimize for different aspects of the
method, such as reducing communication complexity, if needed.
For all of these quantities we derive easily computable and interpretable estimates (ω for σ and
ω 0 for σ 0 ), which may be used by practitioners to gauge, a-priori, whether their problem of interest
is likely to be a good fit for Hydra or not. We show that for strongly convex losses, Hydra outputs
an -accurate solution with probability at least 1 − ρ after
 
dβ
1
log
cτ µ
ρ
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square loss (SL)

log(1 + exp(−y j Aj: x))

1 j
2 (y

− Aj: x)2

logistic loss (LL)

1
2

max{0, 1 − y j Aj: x}2

square hinge loss (HL)

Table 1: Examples of loss functions ` covered by our analysis.

(2)

(1)

Outline. In Section 2 we describe the structure of the optimization problem we consider in this
paper and state assumptions. We then proceed to Section 3, in which we describe the method. In
Section 4 we prove bounds on the number of iterations sufficient for Hydra to find an approximate
solution with arbitrarily high probability. A discussion of various aspects of our results, as well as a
comparison with existing work, can be found in Section 5. Implementation details of our distributed
communication protocol are laid out in Section 6. Finally, we comment on our computational
experiments with a big data (3TB matrix) L1 regularized least-squares instance in Section 7.

2. The Problem
We study the problem of minimizing regularized loss,
min L(x) := f (x) + R(x),

x∈Rd

where f is a smooth convex loss, and R is a convex (and possibly nonsmooth) regularizer.
2.1 Loss Function f
We assume that there exists a positive definite matrix M ∈ Rd×d such that for all x, h ∈ Rd ,
f (x + h) ≤ f (x) + (f 0 (x))T h + 21 hT Mh,

j=1

n
X

`(x, Aj: , y j ),

(3)

and write M = AT A, where A is some n-by-d matrix.
Example. These assumptions are natural satisfied in many popular problems. A typical loss
function has the form
f (x) =

JMLR 17(75):1-25

where A ∈ Rn×d is a matrix encoding n examples with d features, Aj: denotes j-th row of A, `
is some loss function acting on a single example and y ∈ Rn is a vector of labels. For instance, in
the case of the three losses ` in Table 1, assumption (2) holds with M = AT A for SL and HL, and
M = 41 AT A for LL (Bradley et al., 2011).
3
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2.2 Regularizer R
Pd
We assume that R is separable, i.e., that it can be decomposed as R(x) = i=1
Ri (xi ), where xi
is the i-th coordinate of x, and the functions Ri : R → R ∪ {+∞} are convex and closed.
Example. The choice Ri (t) = 0 for t ∈ [0, 1] and Ri (t) = +∞, otherwise, effectively models
bound constraints, which are relevant for SVM dual. Other popular choices are R(x) = λkxk1
(L1-regularizer) and R(x) = λ2 kxk22 (L2-regularizer).

3. Distributed Coordinate Descent

We consider a setup with c computers (nods) and first partition the d coordinates (features) into
c sets P1 , . . . , Pc of equal cardinality, s := d/c, and assign set Pl to node l. Hydra is described
in Algorithm 1. Hydra’s convergence rate depends on the partition; we comment on this later in
Sections 4 and 5. Here we simply assume that we work with a fixed partition. We now comment on
the steps.

until happy;

Parameters: x0 ∈ Rd ; {P1 , . . . , Pc }; β > 0, τ ; k ← 0;
repeat
xk+1 ← xk ;
for each computer l ∈ {1, . . . , c} in parallel do
Pick a random set of coordinates Ŝl ⊆ Pl , |Ŝl | = τ
for each i ∈ Ŝl in parallel do
hki ← arg mint fi0 (xk )t + M2ii β t2 + Ri (xki + t) ;
i
i
+ hki ;
← xk+1
Apply the update: xk+1

Algorithm 1: Hydra: HYbriD cooRdinAte descent
1
2
3
4
5
6
8

7

9
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Step 3. Here we are just establishing a way of labeling the iterates. Starting with xk , all c
computers modify cτ entries of xk in total, in a distributed way, and the result is called xk+1 .
No computer is allowed to proceed before all computers are done with computing their updates.
The resulting vector, xk+1 , is the new iterate. Note that, due to this, our method is inherently
synchronous. In practice, a carefully designed asynchronous implementation will be faster, and our
experiments in Section 7 are done with such an implementation.
Steps 4–5. At every iteration, each of the c computers picks a random subset of τ features from
those that it owns, uniformly at random, independently of the choice of the other computers. Let Ŝl
denote the set picked by node l . More formally, we require that i) Ŝl ⊆ Pl , ii) Prob(|Ŝl | = τ ) = 1,
where 1 ≤ τ ≤ s, and that iii) all subsets of Pl of cardinality τ are chosen equally likely. In
c Ŝ are
summary, at every iteration of the method, features belonging to the random set Ŝ := ∪l=1
l
updated. Note that Ŝ has size cτ , but that, as a sampling from the set {1, 2, . . . , d}, it does not
choose all cardinality cτ subsets of {1, 2, . . . , d} with equal probability. Hence, the analysis of
parallel coordinate descent methods of Richtárik and Takáč (2015) does not apply. We will say that
Ŝ is a τ -distributed sampling with respect to the partition {P1 , . . . , Pc }.
Step 6. Once computer l has chosen its set of τ coordinates to work on in Step 5, it will in
parallel compute (Step 7) and apply (Step 8) updates to them.

4

TA
l

)−1/2 ∈ Rs×s

5

σ 0 := max{xT Qx : x ∈ Rd , xT B Q x ≤ 1},

for each k, l ∈ {1, 2, . . . , c}. We now define

Qkl := (DAk Ak )−1/2 ATk Al (DAl

T
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(6)

(5)

and notice that, by construction, Q has ones on the diagonal. Since M is positive definite, Q is
as well. For each l ∈ {1, . . . , c}, let Al ∈ Rn×s be the column submatrix of A corresponding to
coordinates i ∈ Pl . The diagonal blocks of B Q are the matrices Qll , l = 1, 2, . . . , c, where

Here we define two quantities, σ 0 and σ, which, as we shall see, play an important role in the
computation of the stepsize parameter β of Algorithm 1, and through it, in understanding its rate
of convergence and potential for speedup by parallelization and distribution. As we shall see, these
quantities might not be easily computable. We therefore also provide each with an easily computable
and interpretable upper bound, ω 0 for σ 0 and ω for σ.
Let
Q := (DM )−1/2 M(DM )−1/2 ,
(4)

4.1 Four Important Quantities: σ 0 , ω 0 , σ, ω

G = G for all i and D G = 0
Notation: For any G ∈ Rd×d , let DG = Diag(G). That is, Dii
ii
ij
for i 6= j. Further, let B G ∈ Rd×d be the block diagonal of G associated with the partition
G = G whenever i, j ∈ P for some l, and B G = 0 otherwise.
{P1 , . . . , Pc }. That is, Bij
ij
l
ij

4. Convergence Rate Analysis

i k
k
.
which is closest to −xik . If Ri (t) = λ2i t2 (weighted L2 regularizer), then hik = − iλi +M
ii β
Choice of β. The choice of the step-size parameter β is of paramount significance for the
performance of the algorithm, as argued for different but related algorithms by Richtárik and Takáč
(2015); Takáč et al. (2013); Fercoq and Richtárik (2013). We will discuss this issue at length in
Sections 4 and 5.
Implementation issues: Note that computer l needs to know the partial derivatives of f at xk for
coordinates i ∈ Ŝl ⊆ Pl . However, xk , as well as the data describing f , is distributed among the
c computers. One thus needs to devise a fast and communication efficient way of computing these
derivatives. This issue will be dealt with in Section 6.
Step 8. Here all the τ updates computed in Step 7 are applied to the iterate. Note that the
updates are local: computer l only updates coordinates it owns, which are stored locally. Hence,
this step is communication-free.

f 0 (x )+λ xi

σ := max{xT Qx : x ∈ Rd , xT x ≤ 1}.

Step 7. This is a critical step where updates to coordinates i ∈ Ŝl are computed. By fi0 (x) we
denote the i-th partial derivative of f at x. Notice that the formula is very simple as it involves one
dimensional optimization.
Closed-form formulas. Often, hik can be computed in closed form. For Ri (t) = λi |t| (weighted
L1 regularizer), hik is the point in the interval


−λi − fi0 (xk ) λi − fi0 (xk )
,
Mii β
Mii β
1≤r≤n

1 ≤ σ ≤ ω ≤ d.

(10)

(9)

(8)

(7)

6
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and s1 = max(1, s − 1).
As we shall see in Theorem 5, fixing c and τ , the number of iterations needed by Hydra find
a solution is proportional to β. Hence, we would wish to use β which is as small as possible, but
not smaller than the safe choice β = β ∗ , for which convergence is guaranteed. In practice, β can
often be chosen smaller than the save but conservative value of β ∗ , leading to larger steps and faster
convergence.
If the quantities σ and σ 0 are hard to compute, then one can replace them by the easily computable upper bounds ω and ω 0 , respectively. However, there are cases when σ can be efficiently
approximated and is much smaller than ω. In some ML data sets with A ∈ {0, 1}n×d , σ is close
to the average number of nonzeros in a row of A, which can be significantly smaller than the maximum, ω. On the other hand, if σ is difficult to compute, ω may provide a good proxy. Similar
remarks apply to σ 0 .
More importantly, if τ ≥ 2 (which covers all interesting uses of Hydra), we may ignore β2∗
altogether, as implied by the following result.

β ∗ := β1∗ + β2∗ ,
(τ − 1)(σ − 1)
β1∗ := 1 +
,
s1

 0
τ
τ
−
1
σ
−
1
β2∗ :=
−
σ,
s
s1
σ0

We analyze Hydra with stepsize parameter β ≥ β ∗ , where

4.2 Choice of the Stepsize Parameter β

The proof can be found in the appendix.

max{1, σs } ≤ σ 0 ≤ ω 0 ≤ c,

Lemma 1. The following relations hold:

where ω(r) is the number of nonzeros in the r-th row of A.

1≤r≤n

ω := max {ω(r) := |{l : l ∈ {1, . . . , c}, Arl 6= 0}|} ,

where ω 0 (r) is the number of matrices Al with a nonzero in row r. Likewise, define

Let arl be the r-th row of Al , and define

ω 0 := max ω 0 (r) := |{l : l ∈ {1, . . . , c}, arl 6= 0}| ,

4.1.1 S PARSITY

xT (Q − B Q )x ≤ (σ 0 − 1)xT B Q x.

A useful consequence of (6) is the inequality
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s
(τ − 1)(σ − 1)
σ ≤1+
.
d
s−1
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Lemma 2. If τ ≥ 2, then β ∗ ≤ 2β1∗ .

1−

Proof. It is enough to argue that β2∗ ≤ β1∗ . Notice that β2∗ is increasing in σ 0 . On the other hand,
from Lemma 1 we know that σ 0 ≤ c = ds . So, it suffices to show that


τ
τ −1
−
s
s−1

After straightforward simplification we observe that this inequality is equivalent to (s − τ ) + (τ −
2)σ + σd (s + τ ) ≥ 0, which clearly holds.

Clearly, β ∗ ≥ β1∗ . Hence, if in Hydra we instead of β = β ∗ (best/smallest value prescribed
by our theory) use β = 2β1∗ —eliminating the need to compute σ 0 —the number of iterations will
at most double. Since σ 0 , present in β2∗ , captures the effect of the initial partition on the iteration
complexity of the algorithm, we conclude that this effect is under control.
4.3 Separable Approximation

τ −1
s1 ,

α3 =

τ
s

−

τ −1
s1 .

(11)

We first establish a useful identity for the expected value of a random quadratic form obtained by
sampling the rows and columns of the underlying matrix via the distributed sampling Ŝ. Note that
the result is a direct generalization of Lemma 1 in (Takáč et al., 2013)
Pto the c > 1 case.
For x ∈ Rd and ∅ 6= S ⊆ [d] := {1, 2, . . . , d}, we write xS := i∈S xi ei , where ei is the i-th
unit coordinate vector. That is, xS is the vector in Rd whose coordinates i ∈ S are identical to those
of x, but are zero elsewhere.

α2 =

Lemma 3. Fix arbitrary G ∈ Rd×d and x ∈ Rd and let s1 = max(1, s − 1). Then

τ
α1 xT DG x + α2 xT Gx + α3 xT (G − B G )x ,
s
τ −1
s1 ,

E[(xŜ )T GxŜ ] =

where α1 = 1 −

i=1 j=1

(12)

Proof. In the s = 1 case the statement is trivially true. Indeed, we must have τ = 1 and thus
Prob(Ŝ = {1, 2, . . . , d}) = 1, hŜ = h, and hence
i
h
E (hŜ )T QhŜ = hT Qh.

i∈Ŝ j∈Ŝ

This finishes the proof since τs−1
= 0.
1
Consider now the s > 1 case. From Lemma 3 in Richtárik and Takáč (2015) we get


d X
d
h
i
XX
X
E (hŜ )T QhŜ = E 
Qij hi hj  =
pij Qij hi hj ,

if i 6= j and i ∈ Pk , j ∈ Pl for k 6= l.

where pij = Prob(i ∈ Ŝ & j ∈ Ŝ). One can easily verify that

if i = j,
τ ,

s
τ (τ −1)
, if i 6= j and i ∈ Pl , j ∈ Pl for some l,

pij =

 s(s−1)

τ2
,
s2
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In particular, the first case follows from Eq (32) and the second from Eq (37) in Richtárik and Takáč
(2015). It only remains to substitute pij into (12) and transform the result into the desired form.
7
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(13)

We now use the above lemma to compute a separable quadratic upper bound on E[(hŜ )T MhŜ ].
Lemma 4. For all h ∈ Rd ,

h
i τ

E (hŜ )T MhŜ ≤ β ∗ hT DM h .
s

σ0 − 1 T
1
x (Q − B Q )x + xT (Q − B Q )x
σ0
σ0
σ0 − 1 T
σ0 − 1 T Q
x (Q − B Q )x +
x B x
σ0
σ0
σ0 − 1 T
x Qx
σ0
σ0 − 1 T
σx x
σ0
σ0 − 1 T M
σh D h.
σ0

Proof. For x := (DM )1/2 h, we have (hŜ )T MhŜ = (xŜ )T QxŜ . Taking expectations on both
sides, and applying Lemma 3, we see that E[(hŜ )T MhŜ ] is equal to (11) for G = Q. It remains to
bound the three quadratics in (11). Since DQ is the identity matrix, xT DQ x = hT DM h. In view
of (7), the 2nd term is bounded as xT Qx ≤ σxT x = σhT DM h. Finally,
xT (Q − B Q )x =
≤

(8)

=
≤

(7)

=

It only remains to plug in these three bounds into (11).

Inequalities of type (13) were first proposed and studied by Richtárik and Takáč (2015)—therein
called Expected Separable Overapproximation (ESO)—and were shown to be important for the
convergence of parallel coordinate descent methods. However, they studied a different class of
loss functions f (convex smooth and partially separable) and different types of random samplings
Ŝ, which did not allow them to propose an efficient distributed sampling protocol leading to a
distributed algorithm. An ESO inequality was recently used by Takáč et al. (2013) to design a
mini-batch stochastic dual coordinate ascent method (parallelizing the original SDCA methods of
Hsieh et al. (2008)) and mini-batch stochastic subgradient descent method (Pegasos of ShalevShwartz et al. (2011)), and give bounds on how mini-batching leads to acceleration. While it was
long observed that mini-batching often accelerates Pegasos in practice, it was only shown with the
help of an ESO inequality that this is so also in theory. Recently, Fercoq and Richtárik (2013)
have derived ESO inequalities for smooth approximations of nonsmooth loss functions and hence
showed that parallel coordinate descent methods can accelerate on their serial counterparts on a
class of structured nonsmooth convex losses. As a special case, they obtain a parallel randomized
coordinate descent method for minimizing the logarithm of the exponential loss. Again, the class
of losses considered in that paper, and the samplings Ŝ, are different from ours. None of the above
methods are distributed.

4.4 Fast Rates for Distributed Learning with Hydra

JMLR 17(75):1-25

Let x0 be the starting point of Algorithm
1, x∗ be an optimal solution of problem (1) and let L∗ =
Pd
2 :=
i 2
d
L(x∗ ). Further, define kxkM
i=1 Mii (x ) (a weighted Euclidean norm on R ) and assume

8

µφ
khk2M ,
2

≥

β + µR
d
×
× log
cτ
µf + µ R

L(x0 ) −
ρ

L∗



,

(14)

(15)

9
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Here we comment in detail on the influence of the various design parameters (c = # computers,
s = # coordinates owned by each computer, and τ = # coordinates updated by each computer in
each iteration), instance-dependent parameters (σ, ω, µR , µf ), and parameters depending both on
the instance and design (σ 0 , ω 0 ), on the stepsize parameter β, and through it, on the convergence rate
described in Theorem 5.

5.1 Insights Into the Convergence Rate

In this section we comment on several aspects of the rate captured in (14) and compare Hydra to
selected methods.

5. Discussion

A similar result, albeit with the weaker rate O( sβ
τ  ), can be established in the case when neither
f nor R are strongly convex. In big data setting, where parallelism and distribution is unavoidable,
it is much more relevant to study the dependence of the rate on parameters such as τ and c. We shall
do so in the next section.

To see this, substitute h ← hŜ into (2), take expectations on both sides and then use Lemma 4
together with the fact that for any vector a, E[aT hŜ ] = E[|dŜ|] = τscc = τs . The rest follows by
following the steps in the proof in (Richtárik and Takáč, 2015, Theorem 20).



h
i
E[|Ŝ|]
β
E f (x + hŜ ) ≤ f (x) +
(f 0 (x))T h + hT DM h .
d
2

Proof. We first claim that for all x, h ∈

Rd ,

Prob(L(xT ) − L∗ ≤ ) ≥ 1 − ρ.

where β ≥ β ∗ and β ∗ is given by (10). If {xk } are the random points generated by Hydra (Algorithm
1), then

T



Theorem 5. Assume L is strongly convex with respect to the norm k · kM , with µf + µR > 0.
Choose x0 ∈ Rd , 0 < ρ < 1, 0 <  < L(x0 ) − L∗ and

where φ0 (x) is a subgradient (or gradient) for φ at x.
We now show that Hydra decreases strongly convex L with an exponential rate in .

φ(x + h) ≥ φ(x) + (φ0 (x))T h +

that f and R are strongly convex with respect to this norm with convexity parameters µf and µR ,
respectively. A function φ is strongly convex with parameter µφ > 0 if for all x, h ∈ Rd ,
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1+

σ

(τ − 1)(σ − 1)
d−1


d
τ


σ0 − 1
σ0



σ



(τ − 1)(σ − 1)
1+
d−1

s+σ

β ∗ /(cτ )

10
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If c = 1, then by Lemma 9, σ 0 = c = 1, and hence β2∗ = 0. However, for c > 1 we may have
β2∗ > 0, which can hence be seen as a price we need to pay for using more nodes. The price depends
on the way the data is partitioned to the nodes, as captured by σ 0 . In favorable circumstances, σ 0 ≈ 1
even if c > 1, leading to β2∗ ≈ 0. However, in general we have the bound σ 0 ≥ cσ
d , which gets
worse as c increases and, in fact, σ 0 can be as large as c. Note also that ξ is decreasing in τ , and that
ξ(s, s) = 0. This means that by choosing τ = s (which effectively removes randomization from
Hydra), the effect of β2∗ is eliminated. This may not be always possible as often one needs to solve
problems with s vastly larger than the number of updates that can be performed on any given node
in parallel. If τ  s, the effect of β2∗ can be controlled, to a certain extent, by choosing a partition

5.4 The Effect of σ 0

As shown by Takáč et al. (2013, Section 4.1), mini-batch SDCA might diverge in the setting with
µf = 0 and R(x) ≡ 0, even for a simple quadratic function with d = 2, provided that β = 1.
Hence, small values of β need to be avoided. However, in view of Theorem 5, it is good if β is as
small as possible. So, there is a need for a “safe” formula for a small β. Our formula (10), β = β ∗ ,
is serving that purpose. For a detailed introduction into the issues related to selecting a good β for
parallel coordinate descent methods, we refer the reader to the first 5 pages of (Fercoq and Richtárik,
2013).

5.3 Search for Small but Safe β

Notice that the size of µR > 0 mitigates the effect of a possibly large β on the bound (14). Indeed,
for large µR , the factor (β + µR )/(µf + µR ) approaches 1, and the bound (14) is dominated by the
term cτd , which means that Hydra enjoys linear speedup in c and τ . In the following comments we
β
will assume that µR = 0, and focus on studying the dependence of the leading term d cτ
on various
0
quantities, including τ, c, σ and σ .

5.2 Strong Convexity

Table 2: Stepsize parameter β = β ∗ and the leading factor in the rate (14) (assuming µR = 0) for
several special cases of Hydra.

τc = d

c=1
any τ

σ0 − 1
σ0



σ
s

any c
τ =1
1+

β∗

special case
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For illustration purposes, consider a problem with d = 105 coordinates. In Figure 1(a) we depict the
dβ ∗
size of cτ1 for c = 1 and several choices of τ , as a function of σ. We see that Hydra works better
for small values of σ and that with increasing σ, the benefit of using updating more coordinates
diminishes. In Figure 1(a) we consider the same scenario, but with c = 100 and s = 1000, and we
d2β ∗
plot cτ 1 on the y axis. Note that the red dotted line in both plots corresponds to a parallel update
of 1600 coordinates. In (a) all are updated on a single node, whereas in (b) we have 100 nodes,
each updating 16 coordinates at a time. Likewise, the dashed blue dashed and solid black lines are
also comparable in both plots. Note that the setup with c = 10 has a slightly weaker performance,
the lines are a bit lower. This is the price we pay for using c nodes as opposed to a single node
(obviously, we are ignoring communication cost here). However, in big data situations one simply
has no other choice but to utilize more nodes.

5.6 Price of Distribution

Let us fix c and compare the quantities γτ := βcτ for τ = 1 and τ = s. We now show that γ1 ≥ γs ,
which means that if all coordinates are updated at every node, as opposed to one only, then Hydra
run with β = β ∗ will take fewer iterations. Comparing the 1st and 3rd row of Table 2, we see that
0
γ1 = s + σ σ σ−1
and γs = σ. By Lemma 1, γ1 − γs = s − σσ0 ≥ 0.
0

5.5 Speedup by Increasing τ

with small σ 0 . Due to the way σ 0 is defined, this may not be an easy task. However, it may be easier
to find partitions that minimize ω 0 , which is often a good proxy for σ 0 . Alternatively, we may ignore
estimating σ 0 altogether by setting β = 2β1∗ , as mentioned before, at the price of at most doubling
the number of iterations.

Figure 1: In terms of the number of iterations, very little is lost by using c > 1 as opposed to c = 1.

β d / (cτ)
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5.7 Comparison with Other Methods

While we are not aware of any other distributed coordinate descent method, Hydra in the c = 1 case
is closely related to several existing parallel coordinate descent methods.
5.7.1 H YDRA VS S HOTGUN

The Shotgun algorithm (parallel coordinate descent) of Bradley et al. (2011) is similar to Hydra for
c = 1. Some of the differences: Bradley et al. (2011) only consider R equal to the L1 norm and
their method works in dimension 2d instead of the native dimension d. Shotgun was not analyzed
for strongly convex f , and convergence in expectation was established. Moreover, Bradley et al.
(2011) analyze the step-size choice β = 1, fixed independently of the number of parallel updates τ ,
and give results that hold only in a “small τ ” regime. In contrast, our analysis works for any choice
of τ .
5.7.2 H YDRA VS PCDM

For c = 1, Hydra reduces to the parallel coordinate descent method (PCDM) of Richtárik and Takáč
(2015), but with a better stepsize parameter β. We were able to achieve smaller β (and hence better
rates) because we analyze a different and more specialized class of loss functions (those satisfying (2)). In comparison, Richtárik and Takáč (2015) look at a general class of partially separable
losses. Indeed, in the c = 1 case, our distributed sampling Ŝ reduces to the sampling considered
in (Richtárik and Takáč, 2015) (τ -nice sampling). Moreover, our formula for β (see Table 2) is
essentially identical to the formula for β provided in (Richtárik and Takáč, 2015, Theorem 14), with
the exception that we have σ where they have ω. By (9), we have σ ≤ ω, and hence our β is smaller.
5.7.3 H YDRA VS SPCDM

SPCDM of Fercoq and Richtárik (2013) is PCDM applied to a smooth approximation of a nonsmooth convex loss; with a special choice of β, similar to β1 . As such, it extends the reach of PCDM
to a large class of nonsmooth losses, obtaining O( 12 ) rates. It is possible to develop accelerated
Hydra with O( 1 ) rates by combining ideas from this paper, Fercoq and Richtárik (2013) with the
APPROX method of Fercoq and Richtárik (2015).
5.7.4 H YDRA VS M INI -BATCH SDCA

Takáč et al. (2013) studied the performance of a mini-batch stochastic dual coordinate ascent for
SVM dual (“mini-batch SDCA”). This is a special case of our setup with c = 1, convex quadratic f
and Ri (t) = 0 for t ∈ [0, 1] and Ri (t) = +∞ otherwise. Our results can thus be seen as a generalization of the results in that paper to a larger class of loss functions f , more general regularizers
R, and most importantly, to the distributed setting (c > 1). Also, we give O(log 1 ) bounds under
strong convexity, whereas (Takáč et al., 2013) give O( 1 ) results without assuming strong convexity.
However, Takáč et al. (2013) perform a primal-dual analysis, whereas we do not.

6. Distributed Computation of the Gradient
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In this section we describe some important elements of our distributed implementation.
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−Dy Axk ,

then by combining (16) and (17), we get

Now, if we let

xk+1 = xk +

If we write hik = 0 if i is not updated in iteration k, then

6.1 Basic Protocol
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(17)

(16)

Note that in Hydra, xk is stored in a distributed way. That is, the values xik for i ∈ Pl are stored
on computer l. Moreover, Hydra partitions A columnwise as A = [A1 , . . . , Ac ], where Al consists
of columns i ∈ Pl of A, and stores Al on computer l. So, A is chopped into smaller pieces with
stored in a distributed way in fast memory (if possible) across the c nodes. Note that this allows the
method to work with large matrices.
At Step 5 of Hydra, node l at iteration k + 1 needs to know the partial derivatives fi0 (xk+1 )
for i ∈ Ŝl ⊆ Pl . We now describe several efficient distributed protocols for the computation of
fi0 (xk+1 ) for functions f of the form (3), in the case of the three losses ` given in Table 1 (SL,
LL, HL). The formulas for fi0 (x) are summarized in Table 3 (Aj: refers to the j-th row of A). Let
Dy := Diag(y).

Table 3: Information needed in Step 5 of Hydra for f given by (3) in the case of the three losses `
from Table 1.

HL

LL

SL

loss function `
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2. Initially, we let δgk,l = δGk,l = 0 for all k ≤ 0.

14

gk+1,l = gk,l + δgk,l + δGk,l− − δgk−c+1,l .

This leads to the update rule

δGk,l = δGk−1,l− − δgk−c,l + δgk,l .
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(18)

We order the nodes into a ring, denoting l− and l+ the two nodes neighboring node l. Node l
only receives data from l− , and sends data to l+ . Let us denote by δGk,l the data sent by node
l to l+ at the end of iteration k. When l starts iteration k, it already knows δGk−1,l− .2 Hence,
data which will be sent at the end of the k-th iteration by node l is given by

• Reduce All (RA): In general, reduce all operations may significantly degrade the performance
of distributed algorithms. Communication taking place only between nodes close to each
other in the network, e.g., nodes directly connected by a cable, is more efficient. Here we
propose the Asynchronous StreamLined (ASL) communication protocol in which each node,
in a given iteration, sends only 1 message (asynchronously) to a nearby computer, and also
receives only one message (asynchronously) from another nearby computer. Communication
hence takes place in an Asynchronous Ring. This communication protocol requires significant
changes in the algorithm. Figure 3 illustrates the flow of messages at the end of the k-th
iteration for c = 4.

• alternating Parallel and Serial regions (PS): The basic protocol alternates between two procedures: i) a computationally heavy one (done in parallel) with no MPI communication, and
ii) MPI communication (serial). An easy fix would be to dedicate 1 thread to deal with communication and the remaining threads within the same computer for computation. We call this
protocol Fully Parallel (FP). Figure 2 compares the basic (left) and FP (right) approaches.

The basic protocol discussed above has obvious drawbacks. Here we identify them and propose
modifications leading to better performance.

6.2 Advanced Protocols

k+1

Note that the value δgk,l can be computed on node l as all the required data is stored locally. Hence,
we let each node compute δgk,l , and then use a reduce all operation to add up the updates to obtain
gk+1 , and pass the sum to all nodes. Knowing gk+1 , node l is then able to compute fi0 (xk+1 ) for
any i ∈ Pl as follows:

Pn
j
T

for SL,
ji gk+1 ,

 A:i gk+1 = j=1 A

j
P
exp(gk+1
)
n
j
,
for
LL,
y
A
fi0 (xk+1 ) =
ji
j
j=1
1+exp(gk+1 )


P
j
j

y Aji (1 + gk+1 ), for HL.
j : g j >−1

Figure 2: Parallel-serial (PS; left) vs Fully Parallel (FP; right) approach.
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Figure 3: ASL protocol with c = 4 nodes. In iteration k, node l computes δgk,l , and sends δGk,l to
l+ .

ASL needs less communication per iteration. On the other hand, information is propagated
more slowly to the nodes through the ring, which may adversely affect the number of iterations till convergence (note that we do not analyze Hydra with this communication protocol).
Indeed, it takes c − 1 iterations to propagate information to all nodes. Also, storage requirements have increased: at iteration k we need to store the vectors δgt,l for k − c ≤ t ≤ k on
computer l.

7. Experiments
In this section we present numerical evidence that Hydra is capable to efficiently solve big data
problems. We have a C++ implementation, using Boost::MPI and OpenMP. Experiments were
executed on a Cray XE6 cluster with 128 nodes; with each node equipped with two AMD Opteron
Interlagos 16-core processors and 32 GB of RAM.
7.1 Performance of Communication Protocols
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In this experiment we consider a LASSO problem, i.e., f given by (3) with ` being the square loss
(SL) and R(x) = kxk1 . In order to to test Hydra under controlled conditions, we adapted the
LASSO generator proposed by Nesterov (2013, Section 6); modifications were necessary as the
generator does not work well in the big data setting.
As discussed in Section 6, the advantage of the RA protocol is the fact that Theorem 5 was
proved in this setting, and hence can be used as a safe benchmark for comparison with the advanced
protocols.
Table 4 compares the average time per iteration for the 3 approaches and 3 choices of τ . We
used 128 nodes, each running 4 MPI processes (hence c = 512). Each MPI process runs 8 OpenMP
threads, giving 4,096 cores in total. The data matrix A has n = 109 rows and d = 5 × 108 columns,
and has 3 TB, double precision. One can observe that in all cases, ASL-FP yields largest gains
compared to the benchmark RA-PS protocol. Note that ASL has some overhead in each iteration,
and hence in cases when computation per node is small (τ = 10), the speedup is only 1.62. When
τ = 102 (in this case the durations of computation and communication were comparable), ASL-FP
15

τ
10
10
10
102
102
102
103
103
103

organization
PS
FP
FP
PS
FP
FP
PS
FP
FP

avg. time
0.040
0.035
0.025
0.100
0.077
0.032
0.321
0.263
0.249
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comm. protocol
RA
RA
ASL
RA
RA
ASL
RA
RA
ASL

speedup
—
1.15
1.62
—
1.30
3.11
—
1.22
1.29

Table 4: Duration of a single Hydra iteration for 3 communication protocols. The basic RA-PS
protocol is always the slowest, but follows the theoretical analysis. ASL-FP can be 3×
faster.

A1loc

0

0
A2loc
.
.
..
..
A1glob A2glob


··· 0


··· 0 
.
..
... 
.

· · · Acglob

(19)

is 3.11 times faster than RA-PS. But the gain becomes again only moderate for τ = 103 ; this is
because computation now takes much longer than communication, and hence the choice of strategy
for updating the auxiliary vector gk is less significant. Let us remark that the use of larger τ requires
larger beta, and hence possibly more iterations (in the worst case).
We now move on to solving an artificial big data LASSO problem with matrix A in block
angular form, depicted in (19).




A=



Such matrices often arise in stochastic optimization. Each Hydra head (=node) l owns two
matrices: Alloc ∈ R1,952,148×976,562 and Alglob ∈ R500,224×976,562 . The average number of nonzero
elements per row in the local part of Al is 175, and 1, 000 for the global part. Optimal solution x∗
has exactly 160, 000 nonzero elements. Figure 4 compares the evolution of L(xk ) − L∗ for ASL-FP
and RA-FP.
Remark: When communicating gkl , only entries corresponding to the global part of Al need to
be communicated, and hence in RA, a reduce all operation is applied to vectors δgglob,l ∈ R500,224 .
In ASL, vectors with the same length are sent.

7.2 Updating All Coordinates on Each Node in Each Iteration Might not be Optimal
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In this section we give an experimental demonstration that it may not be optimal for each node of
Hydra to update all coordinates it owns (in each iteration). That is, we will show that the seemingly
ideal choice τ = s is not necessarily optimal.
In the experiment, we use the astro-ph data set consisting of abstracts of physics papers (see
Shalev-Shwartz et al. (2011)). This data set consists of d = 29, 882 samples with n = 32, 487 fea-
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tures; and hence is a relatively small data set. We have chosen a random partition of the coordinates
(=samples) to c = 32 nodes, with each partition consisting of s = 933 samples (the last partition
consists of 959 samples).
In Figure 5 we depict the evolution of the duality gap as a function of effective passes over
data (epochs) (left plot) and as a function of iterations (right right). In each plot, we depict the
performance of Hydra run with various choices of τ .
With larger τ , i.e., when each node updates more coordinates in a single iteration, more epochs
are needed to obtain a solution of any given accuracy. However, if increasing τ by a fair amount
only leads to a small increase in computation time within a node (say, because, each node utilizes a
multicore processor and τ is proportional to the number of processors), then the increased number
of passes over data will not be matched with a similar increase in compute time. The reverse side

Duality gap

Figure 4: Evolution of L(xk ) − L∗ in time. ASL-FP significantly outperforms RA-FP. The loss L
is pushed down by 25 degrees of magnitude in less than 30 minutes (3TB problem).

L(xk)−L*
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units of time.
In what follows, we will assume, for simplicity, that µR = 0 (i.e., the regularizer is not strongly
convex). The computations simplify with this assumption, but similar computations can be performed in the µR > 0 case.
Focusing on the terms which depend on τ , Theorem 5 says that to obtain an -solution, Hydra
needs O( βτ ) iterations. Combining this with the time it takes to perform a single iteration, the overall

Assume all c nodes of the cluster are identical. Also assume s ≥ 2. Further, assume there is a
constant 1 ≤ K ≤ s such that while each node is able to compute K coordinate updates in time T1 ,
the computation of jK updates, for j = 2, 3, . . . takes jT1 units of time. This will be approximately
true in reality for K sufficiently large, typically a small multiple of the number of cores. It may be
useful to think that K is, in fact, equal to the number of cores of each node. Further, assume that
the time of updating gk to gk+1 is T2 (note that this involves communication).
Bases on this simple model, a single iteration of Hydra run with τ = jK coordinate updates on
each node (for 1 ≤ j ≤ s/K) takes
jT1 + T2
(20)

7.3 A Simple Model for Communication-Computation Trade-Off: Search for Optimal τ

of this situation is depicted in the right plot. That is, as τ increases, one needs fewer iterations to
obtain any given accuracy.
In Figure 6 we depict the theoretical speed-up guarantee, i.e., the fraction βτ∗ . Looking at the
right plot of Figure 5, we see that the choice τ = 256 does not lead to further speedup when
compared to the τ = 128 choice. This phenomenon is also captured in Figure 6, where the line
becomes quite flat above τ ≈ 102 .
.
Remark: We have used 10 iterations of the power method in order to estimate parameters σ and
σ 0 which were used to obtain β ∗ using (10) (note that, in view of Lemma 2, we could have also used
β = 2β1∗ ). Their values are: σ = 440.61 and σ 0 = 29.65.

Figure 6: Evolution of the duality gap for several choices of τ .
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In this section we report on experiments with the WebSpam data set Libsvm. This data set encodes
a binary classification problem with d = 350, 000 samples and n = 16, 609, 143 features. The
total size of the data set describing the problem exceeds 23 GB. We split this data into c = 16
balanced groups, each containing s = 21, 875 samples and applied Hydra to the problem (the
dual of SVM with hinge loss) for various choices of τ . The results are depicted in Figure 9. As
each node in our experiments had an 8-core processor, we have chosen τ in multiples of 8: τ ∈
{8, 80, 160, 320, 640, 1280, 2560, 5120} .
In the plot on the left we have run the RA variant with β := 2β1∗ and in the plot on the right
2β ∗
we have run the RA with β := 1001 . By comparing the plots, we can observe that for this particular
data set, the theoretically safe choice of β (β := 2β1∗ ) is too conservative. Indeed, massive speedups

7.4 Experiments with a Real Data Set in a Real Distributed Environment

In Figure 8 we plot j ∗ as a function of r1,2 for σ = 10, 100, 1000. Recall that smaller σ means
less correlated data. This means that less synchronization is needed, and eventually allows us to
do more coordinate updates in a single iteration (i.e., j ∗ is larger). If communication is relatively
expensive (r1,2 is small), then j ∗ is big. However, as communication gets cheaper, j ∗ gets smaller.

j ∗ := arg min T (j) =

Since T is a simple function of j, it is possible to find j ∗ which minimizes T (j) in closed form
(if we relax the requirement of keeping j integral, which is not very important):
s

As communication becomes more expensive relative to computation, it is optimal for
each node to perform a larger number of coordinate updates in each iteration. That is,
if communication is more expensive, do more computation in each iteration.

Figure 8: Comparison of j ∗ (r1,2 ) for various values of parameter σ (left: semilog plot; right: loglog
plot).
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For small enough r1,2 , however, the optimal point j is strictly larger than 1 and smaller than
s/K. As r1,2 decreases, optimal j increases. This observation is informally summarized as:

If communication is inexpensive relative to computation, it is optimal for each node to
perform a small number of coordinate updates in each iteration. That is, if communication is cheap, do less computation in each iteration.

where
T1
r1,2 :=
.
T2
Note that r1,2 is high if computation is expensive relative to communication, and vice versa. This
ratio can be estimated in any particular distributed system.
In Figure 7 we plot T (j) as a function of j for r1,2 ∈ {10−4 , 10−3 , 10−2 , 10−1 , 100 }, K = 8 and
the rest of the parameters appearing in the definition of T (j) identical to those used in Section 7.2.
For large enough r1,2 , i.e., if communication is relatively cheap, then T is an increasing function
of j. This means that it is optimal to choose j = 1, which means that it is optimal to only update
τ = jK coordinates on each node in each iteration. This observation is informally summarized as
follows:



Figure 7: The dependence of the total “time complexity” T (j) on j for various values of the
computation-communication ratio r1,2 .
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Our results can be extended to the setting where coordinates are replaced by blocks of coordinates,
as in (Nesterov, 2012), and to partially separable losses, as in (Richtárik and Takáč, 2015). We
expect the block setup to potentially lead to further significant speedups in a practical implementation due to the fact that this will allow us to design data-dependent block norms, which will in turn
enable Hydra to use more curvature information the information contained in the diagonal of M . In
such a setup, in Step 7 we will instead have a problem of a larger dimension, and the quadratic term
can involve a submatrix of M .

8. Extensions

can be obtained by using a more aggressive stepsize strategy, i.e., by choosing β hundred times
smaller than the one recommended by theory. While it is to be expected that particular data sets will
tolerate such aggressive stepsize strategies, there are data sets where such stepsizes might lead to a
diverging algorithm. However, it is clear that Hydra would benefit from a line-search procedure for
the selection of β.
One can also observe from Figure 9 that with beyond some point, increasing τ does not bring
much benefit, and only increases the runtime.

Figure 9: The duality gap evolving in time for Hydra run with various levels of parallelism (as given
by τ ) within each node.
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which establishes the inequality σ 0 ≤ ω 0 .

1 T
2 x Qx

=

(22)+(24)

k=1
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c
ω0
ω 0 X kk (k) (k)
hQ x , x i = (xT B Q x),
2
2

kh(k) k(k) .

h(Qkk )−1 Qkk h(k) , Qkk h(k) i

kQkk h(k) k∗(k)

kUTk QUk h(k) k∗(k)

kUTk Q(x + Uk h(k) ) − Uk Qxk∗(k)

This is relevant because then, by Richtárik and Takáč (2015, Theorem 7; see comment 2
following the theorem), it follows that φ0 is Lipschitz with respect to k · kw , where wk = 1
for all k = 1, . . . , c, with Lipschitz constant ω 0 (ω 0 is the degree of partial block separability
of φ with respect to the blocks Pk ). Hence,

kUTk φ0 (x + Uk h(k) ) − UTk φ0 (x)k∗(k)

This means that φ0 is block Lipschitz (with blocks corresponding to variables in Pk ), with
respect to the norm k · k(k) , with Lipschitz constant 1. Indeed, this is, in fact, satisfied with
equality:

kUTk φ0 (x + Uk h(k) ) − UTk φ0 (x)k∗(k) ≤ kh(k) k(i) .

Now, we claim that for each k,

k=1

Moreover, for x ∈ Rd and k ∈ {1, 2, . . . , c}, let x(k) = UTk x and, fixing positive scalars
w1 , . . . , wc , define a norm on Rd as follows:
!1/2
c
X
(k) 2
.
(24)
wk kx k(k)
kxkw :=

(4)

UTk QUk = Qkk .

Let Uk be a column submatrix of the d-by-d identity matrix corresponding to columns i ∈ Pk .
Clearly, Ak = AUk and UTk QUk is the k-th diagonal block of Q, i.e.,

kvk2(k)

For each k = 1, 2, . . . , c, define a pair of conjugate norms on

φ0 (x) = Qx.

2. We now establish that σ 0 ≤ ω 0 . Let φ(x) = 12 xT Qx, x ∈ Rd ; its gradient is

1. The inequality ω 0 ≤ c is obviously true. By considering x with zeroes in all coordinates
except those that belong to Pk (where k is an arbitrary but fixed index), we see that xT Qx =
xT B Q x, and hence σ 0 ≥ 1.

Appendix A. Proof Lemma 1
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3. We now show that σs ≤ σ 0 . If we let θ := max{xT B Q x : xT x ≤ 1}, then xT B Q x ≤ θxT x
and hence {x : xT x ≤ 1} ⊆ {x : xT B Q x ≤ θ}. This implies that
x

σ = max{xT Qx : xT x ≤ 1} ≤ max{xT Qx : xT B Q x ≤ θ} = θσ 0 .
x

k=1

c
X

k=1

n
o
pk max (x(k) )T Qkk x(k) : (x(k) )T x(k) = 1

c n
o
X
max(x(k) )T Qkk x(k) : (x(k) )T x(k) = pk

k=1

( c
)
c
X
X
(x(k) )T Qkk x(k) :
(x(k) )T x(k) ≤ 1

s
It now only remains to argue that θ ≤ s. For x ∈ Rd , let x(k) denote
Pc its subvector in R
corresponding to coordinates i ∈ Pk and ∆ = {p ∈ Rc : p ≥ 0,
k=1 pk = 1}. We can
now write

x

θ = max

p∈∆

= max

p∈∆
k=1

1≤k≤c

n
o
max max (x(k) )T Qkk x(k) : (x(k) )T x(k) = 1

= max
=
≤ s.

In the last step we have used the fact that σ(Q) = σ ≤ c = dim(Q), proved in steps 1 and 2,
applied to the setting Q ← Qkk .

JMLR 17(75):1-25

4. The chain of inequalities 1 ≤ σ ≤ ω ≤ c is obtained as a special case of the chain 1 ≤ σ 0 ≤
ω 0 ≤ d (proved above) when c = d (and hence Pl = {l} for l = 1, . . . , d). Indeed, in this
case B Q = DQ , and so xT B Q x = xT DQ x = xT x, which means that σ 0 = σ and ω 0 = ω.

23

References
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1. Introduction

In classification/regression, empirical risk estimates are sample mean statistics and the theory of Empirical Risk Minimization (ERM) has been originally developed in this context,
see Devroye et al. (1996). The ERM theory essentially relies on the study of maximal deviations between these empirical averages and their expectations, under adequate complexity
assumptions on the set of prediction rule candidates. The relevant tools are mainly concentration inequalities for empirical processes, see Ledoux and Talagrand (1991) for instance.
In a wide variety of problems that received a good deal of attention in the machine
learning literature and ranging from clustering to image recognition through ranking or
learning on graphs, natural estimates of the risk are not basic sample means but take the

form of averages of d-tuples, usually referred to as U-statistics in Probability and Statistics,
see Lee (1990). In Clémençon et al. (2005) for instance, ranking is viewed as pairwise
classification and the empirical ranking error of any given prediction rule is a U-statistic
of order 2, just like the within cluster point scatter in cluster analysis (see Clémençon,
2014) or empirical performance measures in metric learning, refer to Cao et al. (2012) for
instance. Because empirical functionals are computed by averaging over tuples of sampling
observations, they exhibit a complex dependence structure, which appears as the price to be
paid for low variance estimates. Linearization techniques (see Hoeffding, 1948) are the main
ingredient in studying the behavior of empirical risk minimizers in this setting, allowing to
establish probabilistic upper bounds for the maximal deviation of collection of centered Ustatistics under appropriate conditions by reducing the analysis to that of standard empirical
processes. However, while the ERM theory based on minimization of U-statistics is now
consolidated (see Clémençon et al., 2008), putting this approach in practice generally leads
to significant computational difficulties that are not sufficiently well documented in the
machine learning literature. In many concrete cases, the mere computation of the risk
involves a summation over an extremely high number of tuples and runs out of time or
memory on most machines.

Clémençon, Bellet and Colin

Whereas the availability of massive information in the Big Data era, which machine
learning procedures could theoretically now rely on, has motivated the recent development
of parallelized / distributed approaches in order to scale-up certain statistical learning algorithms, see Bekkerman et al. (2011) or Bianchi et al. (2013) and the references therein, the
present paper proposes to use sampling techniques as a remedy to the apparent intractability of learning from data sets of explosive size, in order to break the current computational
barriers. More precisely, it is the major goal of this article to study how a simplistic sampling technique (i.e. drawing with replacement) applied to risk estimation, as originally
proposed by Blom (1976) in the context of asymptotic pointwise estimation, may efficiently
remedy this issue without damaging too much the “reduced variance” property of the estimates, while preserving the learning rates (including certain ”fast-rate” situations). For
this purpose, we investigate to which extent a U-process, that is a collection of U-statistics,
can be accurately approximated by a Monte-Carlo version (which shall be referred to as
an incomplete U-process throughout the paper) involving much less terms, provided it is
indexed by a class of kernels of controlled complexity (in a sense that will be explained
later). A maximal deviation inequality connecting the accuracy of the approximation to
the number of terms involved in the approximant is thus established. This result is the key
to the analysis of the statistical performance of minimizers of risk estimates when they are
in the form of an incomplete U-statistic. In particular, this allows us to show the advantage
of using this specific sampling technique, compared to more naive approaches with exactly
the same computational cost, consisting for instance in first drawing a subsample and then
computing a risk estimate of the form of a (complete) U-statistic based on it. We also
show how to incorporate this sampling strategy into iterative statistical learning techniques
based on stochastic gradient descent (SGD), see Bottou (1998). The variant of the SGD
method we propose involves the computation of an incomplete U-statistic to estimate the
gradient at each step. For the estimator thus produced, rate bounds describing its statistical performance are established under mild assumptions. Beyond theoretical results, we

In a wide range of statistical learning problems such as ranking, clustering or metric learning
among others, the risk is accurately estimated by U-statistics of degree d ≥ 1, i.e. functionals of the training data with low variance that take the form of averages over k-tuples.
From a computational perspective, the calculation of such statistics is highly expensive
even for a moderate sample size n, as it requires averaging O(nd ) terms. This makes
learning procedures relying on the optimization of such data functionals hardly feasible in
practice. It is the major goal of this paper to show that, strikingly, such empirical risks can
be replaced by drastically computationally simpler Monte-Carlo estimates based on O(n)
√
terms only, usually referred to as incomplete U-statistics, without damaging the OP (1/ n)
learning rate of Empirical Risk Minimization (ERM) procedures. For this purpose, we
establish uniform deviation results describing the error made when approximating a Uprocess by its incomplete version under appropriate complexity assumptions. Extensions
to model selection, fast rate situations and various sampling techniques are also considered, as well as an application to stochastic gradient descent for ERM. Finally, numerical
examples are displayed in order to provide strong empirical evidence that the approach we
promote largely surpasses more naive subsampling techniques.
Keywords: big data, empirical risk minimization, U-processes, rate bound analysis,
sampling design, stochastic gradient descent
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(1)

(2)

(K)

H(XI1 , XI2 , . . . , XIK ),

(1)

d

x(K) ∈XK K

tends to infinity, we have:

H(x(1) , . . . , x(K) )dF1⊗d1 (x(1) ) · · · dFK⊗dK (x(K) ) = E [Un (H)] .

4

(4)
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Clustering refers to the unsupervised learning task that consists in partitioning a set of
data points X1 , . . . , Xn in a feature space X into a finite collection of subgroups depending
on their similarity (in a sense that must be specified): roughly, data points in the same
subgroup should be more similar to each other than to those lying in other subgroups.
One may refer to Chapter 14 in Friedman et al. (2009) for an account of state-of-the-art
clustering techniques. Formally, let M ≥ 2 be the number of desired clusters and consider a
symmetric function D : X × X → R+ such that D(x, x) = 0 for any x ∈ X . D measures the

2.2.1 Clustering

In this section, we review important supervised and unsupervised statistical learning problems where the empirical performance/risk measure is of the form of a generalized Ustatistics. They shall serve as running examples throughout the paper.

2.2 Motivating Examples

Asymptotic results and deviation/moment inequalities for K-sample U-statistics can be
classically established by means of specific representations of this class of functionals, see
(15) and (27) introduced in later sections. Significant progress in the analysis of U-statistics
and U-processes has then recently been achieved by means of decoupling theory, see de la
Peña and Giné (1999). For completeness, we point out that the asymptotic behavior of
(multisample) U-statistics has been investigated under weaker integrability assumptions
than that stipulated in Definition 1, see Lee (1990).

nk /n → λk > 0 for k = 1, . . . , K.

Classically, the limit properties of these statistics (law of large numbers, central limit
theorem, etc.) are investigated in an asymptotic framework stipulating that, as the size of
the full pooled sample
def
n = n1 + . . . + nK
(3)

···
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X
IK

d
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...

x(1) ∈X1 1

The above definition generalizes standard sample mean statistics, which correspond to
the case K = 1 = d1 . More generally when K = 1, Un (H) is an average over all d1 -tuples
of observations, while K ≥ 2 corresponds to the multi-sample situation with a dk -tuple for
each sample k ∈ {1, . . . , K}. A U-process is defined as a collection of U-statistics indexed by
a set H of kernels. This concept generalizes the notion of empirical process.
Many statistics used for pointwise estimation or hypothesis testing are actually generalized U-statistics (e.g. the sample variance, the Gini mean difference, the Wilcoxon
Mann-Whitney statistic, Kendall tau). Their popularity mainly arises from their “reduced
variance” property: the statistic Un (H) has minimum variance among all unbiased estimators of the parameter
h
i
(1)
(1)
(K)
(K)
µ(H) = E H(X1 , . . . , Xd1 , . . . , X1 , . . . , XdK )
(2)
Z
Z

X
I1

=

present illustrative numerical experiments on metric learning and clustering with synthetic
and real-world data that support the relevance of our approach.
The rest of the article is organized as follows. In Section 2, we recall basic definitions
and concepts pertaining to the theory of U-statistics/processes and present important examples in machine learning where natural estimates of the performance/risk measure are
U-statistics. We then review the existing results for the empirical minimization of complete
U-statistics. In Section 3, we recall the notion of incomplete U-statistic and we derive maximal deviation inequalities describing the error made when approximating a U-statistic by
its incomplete counterpart uniformly over a class of kernels that fulfills appropriate complexity assumptions. This result is next applied to derive (possibly fast) learning rates for
minimizers of the incomplete version of the empirical risk and to model selection. Extensions to incomplete U-statistics built by means of other sampling schemes than sampling
with replacement are also investigated. In Section 4, estimation by means of incomplete
U-statistics is applied to stochastic gradient descent for iterative ERM. Section 5 presents
some numerical experiments. Finally, Section 6 collects some concluding remarks. Technical
details are deferred to the Appendix.

2. Background and Preliminaries
As a first go, we briefly recall some key notions of the theory of U-statistics (Section 2.1) and
provide several examples of statistical learning problems for which natural estimates of the
performance/risk measure are in the form of U-statistics (Section 2.2). Finally, we review
and extend the existing rate bound analysis for the empirical minimization of (complete)
generalized U-statistics (Section 2.3). Here and throughout, N∗ denotes the set of all strictly
positive integers, R+ the set of nonnegative real numbers.
2.1 U-Statistics/Processes: Definitions and Properties
For clarity, we recall the definition of generalized U-statistics. An excellent account of
properties and asymptotic theory of U-statistics can be found in Lee (1990).



Definition 1 (Generalized U-statistic) Let K ≥ 1 and (d1 , . . . , dK ) ∈ N∗K . Let
(k)
(k)
X{1, ..., nk } = (X1 , . . . , Xnk ), 1 ≤ k ≤ K, be K independent samples of sizes nk ≥ dk and
composed of i.i.d. random variables taking their values in some measurable space Xk with
distribution Fk (dx) respectively. Let H : X1d1 × · · · × XKdK → R be a measurable function,
square integrable with respect to the probability distribution µ = F1⊗d1 ⊗ · · · ⊗ FK⊗dK . Assume
in addition (without loss of generality) that H(x(1) , . . . , x(K) ) is symmetric within each block
of arguments x(k) (valued in Xkdk ), 1 ≤ k ≤ K. The generalized (or K-sample) U-statistic
of degrees (d1 , . . . , dK ) with kernel H, is then defined as
1
nk
k=1 dk

Un (H) = QK

JMLR 17(76):1-36


P
(k)
(k)
(k)
where the symbol Ik refers to summation over all ndkk subsets XIk = (Xi1 , . . . , Xid )
k
related to a set Ik of dk indexes 1 ≤ i1 < . . . < idk ≤ nk and n = (n1 , . . . , nK ).
3

2
n(n − 1)

1≤i<j≤n

X

D(Xi , Xj ) · ΦP (Xi , Xj ),

(7)

(5)

5
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Many problems in machine learning, data mining and pattern recognition (such as the clustering problem described above) rely on a metric to measure the distance between data
points. Choosing an appropriate metric for the problem at hand is crucial to the performance of these methods. Motivated by a variety of applications ranging from computer
vision to information retrieval through bioinformatics, metric learning aims at adapting the
metric to the data and has attracted a lot of interest in recent years (see for instance Bellet
et al., 2013, for an account of metric learning and its applications). As an illustration,
we consider the metric learning problem for supervised classification. In this setting, we
observe independent copies (X1 , Y1 ), . . . , (Xn , Yn ) of a random couple (X, Y), where the r.v.
X takes values in some feature space X and Y in a finite set of labels, Y = {1, . . . , C} with
C ≥ 2 say. Consider a set D of distance measures D : X × X → R+ . Roughly speaking, the
goal of metric learning in this context is to find a metric under which pairs of points with
the same label are close to each other and those with different labels are far away. The risk
of a metric D can be expressed as:


R(D) = E φ (1 − D(X, X 0 ) · (2I{Y = Y 0 } − 1) ,
(8)

2.2.2 Metric Learning

where X 0 is an independent copy of the r.v. X, and is named the clustering risk of the
bn of the
partition P. The statistical analysis of the clustering performance of minimizers P
empirical risk (5) over a class Π of appropriate complexity can be found in Clémençon (2014).
Based on the theory of U-processes, it is shown in particular how to establish rate bounds
bn ) − inf P∈Π W(P) namely,
for the excess of clustering risk of any empirical minimizer, W(P
under appropriate complexity assumptions on the cells forming the partition candidates.



W(P) = E D(X, X 0 ) · ΦP (X, X 0 ) ,

P
0
2
where ΦP (x, x 0 ) =
C∈P I{(x, x ) ∈ C }. Assuming that the data X1 , . . . , Xn are i.i.d.
realizations of a generic random variable X drawn from an unknown probability distribution
cn (P), also known as the intra-cluster similarity or within cluster
F(dx) on X , the quantity W
point scatter, is a one sample U-statistic of degree two (K = 1 and d1 = 2) with kernel given
by:
∀(x, x 0 ) ∈ X 2 , HP (x, x 0 ) = D(x, x 0 ) · ΦP (x, x 0 ),
(6)
RR
2 (x, x 0 ) · Φ (x, x 0 )F(dx)F(dx 0 ) < +∞.
according to Definition 1 provided that
D
P
(x,x 0 )∈X 2
cn (P) is given by
The expectation of the empirical clustering risk W

cn (P) =
W

1≤i<j≤n

X

φ ((D(Xi , Xj ) − 1) · (2I{Yi = Yj } − 1)) ,

(10)

(9)

(k)

i.i.d.

n1
X

...

iK =1

nK
X

(1)

(K)

I{s(Xi1 ) < . . . < s(XiK )}.

(11)

(12)

6
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As illustrated by the examples above, many learning problems can be formulated as finding
a certain rule g in a class G in order to minimize a risk of the same form as (2), µ(Hg ), with

2.3 Empirical Minimization of U-Statistics

Hs (x1 , . . . , xK ) = I{s(x1 ) < . . . < s(xK )}.

The empirical VUS (11) is a K-sample U-statistic of degree (1, . . . , 1) with kernel given by:

k=1 nk i1 =1

1
d
VUS(s)
= QK

Given K independent samples (X1 , . . . , Xnk ) ∼ Fk (dx) for k = 1, . . . , K, the empirical
counterpart of the VUS can be written in the following way:

(k)

VUS(s) = P{s(X1 ) < . . . < s(XK )|Y1 = 1, . . . , YK = K}.

Given objects described by a random vector of attributes/features X ∈ X and the (temporarily hidden) ordinal labels Y ∈ {1, . . . , K} assigned to it, the goal of multipartite ranking
is to rank them in the same order as that induced by the labels, on the basis of a training
set of labeled examples. This statistical learning problem finds many applications in a wide
range of fields (e.g. medicine, finance, search engines, e-commerce). Rankings are generally
defined by means of a scoring function s : X → R, transporting the natural order on the real
line onto the feature space and the gold standard for evaluating the ranking performance
of s(x) is the ROC manifold, or its usual summary the VUS criterion (VUS standing for
Volume Under the ROC Surface), see Clémençon and Robbiano (2014) and the references
therein. In Clémençon et al. (2013), optimal scoring functions have been characterized as
those that are optimal for all bipartite subproblems. In other words, they are increasing
transforms of the likelihood ratio dFk+1 /dFk , where Fk denotes the class-conditional distribution for the k-th class. When the set of optimal scoring functions is non-empty, the
authors also showed that it corresponds to the functions which maximize the volume under
the ROC surface

2.2.3 Multipartite Ranking

The convergence to (8) of a minimizer of (9) has been studied in the frameworks of
algorithmic stability (Jin et al., 2009), algorithmic robustness (Bellet and Habrard, 2015)
and based on the theory of U-processes under appropriate regularization (Cao et al., 2012).

which is a one sample U-statistic of degree two with kernel given by:


HD (x, y), (x 0 , y) = φ (D(x, x 0 ) − 1) · (2I{y = y 0 } − 1) .

2
n(n − 1)

where φ(u) is a convex loss function upper bounding the indicator function I{u ≥ 0}, such
as the hinge loss φ(u) = max(0, 1 − u). The natural empirical estimator of this risk is

dissimilarity between pairs of observations (x, x 0 ) ∈ X 2 : the larger D(x, x 0 ), the less similar
x and x 0 . For instance, if X ⊂ Rd , D could take the form D(x, x 0 ) = Ψ(kx − x 0 kq ), where
P
q ≥ 1, ||a||q = ( di=1 |ai |q )1/q for all a ∈ Rd and Ψ : R+ → R+ is any borelian nondecreasing
function such that Ψ(0) = 0. In this context, the goal of clustering methods is to find a
partition P of the feature space X in a class Π of partition candidates that minimizes the
following empirical clustering risk :
Rn (D) =

Clémençon, Bellet and Colin

Scaling-up Empirical Risk Minimization: Optimization of Incomplete U-statistics

(k)

(k)

(k)

Based on K ≥ 1 independent i.i.d. samples

Scaling-up Empirical Risk Minimization: Optimization of Incomplete U-statistics

kernel H =

Hg .
X{1, ..., nk } = (X1 , . . . , Xnk ) with 1 ≤ k ≤ K,

{Un (Hg ) − µ(Hg ) : g ∈ G} .

(13)

g∈G

(14)

the ERM paradigm in statistical learning suggests to replace the risk by the U-statistic estimation Un (Hg ) in the minimization problem. The study of the performance of minimizers
bn of the empirical estimate Un (Hg ) over the class G of rule candidates naturally leads to
g
analyze the fluctuations of the U-process
Given the bound
g∈G

µ(Hgbn ) − inf µ(Hg ) ≤ 2 sup |Un (Hg ) − µ(Hg )|,

X
···

X

σK ∈SnK



(K)
(1)
VH Xσ1 (1) , . . . , XσK (nK ) ,

(15)

a probabilistic control of the maximal deviation supg∈G |Un (Hg ) − µ(Hg )| naturally provides
bn . As shown
statistical guarantees for the generalization ability of the empirical minimizer g
at length in the case K = 1 and d1 = 2 in Clémençon et al. (2008) and in Clémençon (2014)
for specific problems, this can be achieved under adequate complexity assumptions of the
class HG = {Hg : g ∈ G}. These results rely on the Hoeffding’s representation of U-statistics,
which we recall now for clarity in the general multisample U-statistics setting. Denote by
Sm the symmetric group of order m for any m ≥ 1 and by σ(i) the i-th coordinate of any
permutation σ ∈ Sm for 1 ≤ i ≤ m. Let bzc be the integer part of any real number z and
set
N = min {bn1 /d1 c, . . . , bnK /dK c} .
1

k=1 nk ! σ1 ∈Sn1

Un (H) = QK

Observe that the K-sample U-statistic (1) can be expressed as

where




1h 
(1)
(1)
(K)
(K)
(1)
(1)
(K)
(K)
VH X1 , . . . , Xn1 , . . . , X1 , . . . , XnK =
H X1 , . . . , Xd1 , . . . , X1 , . . . , XdK
N


(K)
(K)
(1)
(1)
+ H Xd1 +1 , . . . , X2d1 , . . . , XdK +1 , . . . , X2dK + . . .

i
(1)
(1)
(K)
(K)
+ H X(N−1)d1 +1 , . . . , XNd1 , . . . , X(N−1)dK +1 , . . . , XNdK .

|H(x)| < +∞.

such that
(16)
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dk
k=1 Xk

QK

This representation, sometimes referred to as the first Hoeffding’s decomposition (see Hoeffding, 1948), allows to reduce a first order analysis to the case of sums of i.i.d. random
variables. The following result extends Corollary 3 in Clémençon et al. (2008) to the multisample situation.

(H,x)∈H×X

sup

Proposition 2 Let H be a collection of bounded symmetric kernels on
def

MH =

7
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sup |Un (H) − µ(H)| ≤ MH

2

2V log(1 + N)
+
N

log(1/δ)
N

,

(17)

Suppose also that H is a VC major class of functions with finite Vapnik-Chervonenkis
dimension V < +∞. For all δ ∈ (0, 1), we have with probability at least 1 − δ,
 r

r
H∈H

where N = min {bn1 /d1 c, . . . , bnK /dK c}.

Observe that, in the usual asymptotic
p framework (4), the bound (17) shows that the learning
rate is, as expected, of order OP ( log n/n), where n denotes the size of the pooled sample.

Remark 3 (Uniform boundedness) We point out that condition (16) is clearly satisfied
for the class of kernels considered in the multipartite ranking situation, whatever the class
of scoring functions considered. In the case of the clustering example, it is fulfilled as
soon as the essential supremum of D(X, X 0 ) · ΦP (X, X 0 ) is uniformly bounded over P ∈ Π,
whereas in the metric learning example, it is satisfied when the essential supremum of the r.v.
φ((D(X, X 0 ) − 1) · (2I{Y = Y 0 } − 1)) is uniformly bounded over D ∈ D. We underline that this
simplifying condition can be easily relaxed and replaced by appropriate tail assumptions for
(1)
(K)
the variables H(X1 , . . . , XdK ), H ∈ H, combining the arguments of the subsequent analysis
with the classical “truncation trick” originally introduced in Fuk and Nagaev (1971).

l=1

N


1 X
(1)
(K)
(K)
(1)
l H X(l−1)d1 +1 , . . . , Xld1 , . . . , X(l−1)dK +1 , . . . , XldK ,
N

(18)

Remark 4 (Complexity assumptions) Following in the footsteps of Clémençon et al.
(2008) which considered 1-sample U-statistics of degree 2, define the Rademacher average

H∈H

RN = sup

2V log(N + 1)
.
N

where 1 , . . . , N are independent Rademacher random variables (random symmetric sign
(k)
variables), independent from the Xi ’s. As can be seen by simply examining the proof of
Proposition 2 (Appendix A), a control of the maximal deviations similar to (17) relying on
this particular complexity measure can be obtained: the first term on the right hand side is
then replaced by the expectation of the Rademacher average E[RN ], up to a constant multiplicative factor. This expected value can be bounded by standard metric entropy techniques
and in the case where H is a VC major class of functions of dimension V, we have:
r

E[RN ] ≤ MH

See Appendix A for further details.

3. Empirical Minimization of Incomplete U-Statistics
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We have seen in thep
last section that the empirical minimization of U-statistics leads to a
learning rate of OP ( log n/n). However, the computational cost required to find the empirical minimizer in practice is generally prohibitive, as the number of terms to be summed
up to compute the U-statistic (1) is equal to:
 
 
n1
nK
× ··· ×
.
d1
dK

8

I=(I1 , ..., IK )∈DB

X

(1)

(K)

H(XI1 , . . . , XIK ) =
I∈DB

1 X
H(XI ),
B

(1)

(K)

(K)

(k)

(k)

(19)

(K)

9
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e B (H)) ≥ Var(Un (H)), and the difference vanishes as
One may easily check that Var(U
B increases. Refer to Lee (1990) for further details (see p. 193 therein). Incidentally,

We stress that the distribution of a complete U-statistic built from subsamples of reduced
sizes nk0 drawn uniformly at random is quite different from that of an incomplete U-statistic
Q
0
based on B = Kk=1 ndk terms sampled with replacement in Λ, although they involve the
k
summation of the same number of terms, as depicted by Fig. 1.
B should be chosen much smaller than the cardinality of Λ, namely #Λ =

QKIn practice,
nk
k=1 dk , in order to overcome the computational issue previously mentioned. We emphasize the fact that the cost related to the computation of the value taken by the kernel
(1)
(K)
H at a given point (xI1 , . . . , xIK ) depending on the form of H is not considered here:
the focus is on the number of terms involved in the summation solely. As an estimator of
e B (H)] = µ(H), but its variance is naturally
µ(H), the statistic (19) is still unbiased, i.e. E[U
larger than that of the complete U-statistic Un (H). Precisely, writing the variance of the
e B (H) as the expectation of its conditional variance given (XI )I∈Λ plus the variance of
r.v. U
its conditional expectation given (XI )I∈Λ , we obtain


e B (H)) = 1 − 1 Var(Un (H)) + 1 Var(H(X(1) , . . . , X(K) )).
Var(U
(21)
1
dK
B
B

and XI = (XI1 , . . . , XIK ) for all I = (I1 , . . . , IK ) ∈ Λ.

(1)

Λ = {((i1 , . . . , id1 ), . . . , (i1 , . . . , idK )) : 1 ≤ i1 < . . . < idk ≤ nk , 1 ≤ k ≤ K}, (20)

(1)

where DB is a set of cardinality B built by sampling with replacement in the set

e B (H) = 1
U
B

Definition 5 (Incomplete Generalized U-statistic) Let B ≥ 1. The incomplete version of the U-statistic (1) based on B terms is defined by:

As a remedy to the computational issue mentioned above, the concept of incomplete generalized U-statistic has been introduced in the seminal contribution of Blom (1976). The
calculation
of such a functional involves a summation over low cardinality subsets of the

nk
dk dk -tuples of indices, 1 ≤ k ≤ K, solely. In the simplest formulation, the subsets of
indices are obtained by sampling independently with replacement, leading to the following
definition.

3.1 Uniform Approximation of Generalized U-Statistics

In the usual asymptotic framework (4), it is of order O(nd1 +...+dK ) as n → +∞. It is the
major purpose of this section to show that, in the minimization problem, the U-statistic
Un (Hg ) can be replaced by a Monte-Carlo estimation, referred to as an incomplete Ustatistic, whose computation requires to average much less terms, without damaging the
learning rate (Section 3.1). We further extend these results to model selection (Section 3.2),
fast rates situations (Section 3.3) and alternative sampling strategies (Section 3.4).

Scaling-up Empirical Risk Minimization: Optimization of Incomplete U-statistics

x6

x5

x3
x7

Set of
B = 6 pairs

(x1,x2) (x2,x3)
(x1,x3) (x6,x7)
(x4,x6) (x3,x4)

Naive sampling
(complete U-statistic)

Pair sampling
(incomplete U-statistic)

(x1,x2) (x2,x4)
(x1,x4) (x2,x6)
(x1,x6) (x4,x6)

x1 x6
x2 x
4

Set of
B = 6 pairs

Subsample of
m = 4 observations

H∈H

10

e B (H) − Un (H) ≤ MH ×
sup U

2

r
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V log(1 + #Λ) + log(2/δ)
B

(i) For all δ ∈ (0, 1), with probability at least 1 − δ, we have: ∀n = (n1 , . . . , nK ) ∈ N∗K ,
∀B ≥ 1,

Theorem
6 (Maximal deviation) Let H be a collection of bounded symmetric kernels
Q
on Kk=1 Xkdk that fulfills the assumptions of Proposition 2. Then, the following assertions
hold true.

we underline that the empirical variance of (19) is not easy to compute either since it
involves summing approximately #Λ terms and bootstrap techniques should be used for
this purpose, as proposed in Bertail and Tressou (2006). The asymptotic properties of
incomplete U-statistics have been investigated in several articles, see Janson (1984); Brown
and Kildea (1978); Enqvist (1978). The angle embraced in the present paper is of very
different nature: the key idea we promote here is to use incomplete versions of collections
of U-statistics in learning problems such as that described in Section 2.2. The result stated
below shows that this approach solves the numerical problem, while not damaging the
learning rates under appropriate complexity assumptions on the collection H of (symmetric)
kernels H considered, the complexity being described here in terms of VC dimension for
simplicity. In particular, it reveals that concentration results established for U-processes
(i.e. collections of U-statistics) such as Proposition 2 may extend to their incomplete
versions, as shown by the following theorem.

Figure 1: Illustration of the difference between an incomplete U-statistic and a complete
U-statistic based on a subsample. For simplicity, we focus on the case K = 1 and
d1 = 2. In this simplistic example, a sample of n = 7 observations is considered.
To construct a complete U-statistic of reduced complexity, we first sample a set
of m = 4 observations and then form all possible pairs from this subsample, i.e.
B = m(m − 1)/2 = 6 pairs in total. In contrast, an incomplete U-statistic with
the same number of terms is obtained by sampling B pairs directly from the set
Λ of all possible pairs based on the original statistical population.

x4

x2

x1

Sample of n=7
observations
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Scaling-up Empirical Risk Minimization: Optimization of Incomplete U-statistics

(ii) For all δ ∈ (0, 1), with probability at least 1 − δ, we have: ∀n ∈ N∗K , ∀B ≥ 1,
r
r
1
e B (H) − µ(H) ≤ 2 2V log(1 + N) + log(2/δ)
sup U
MH H∈H
N
N
r
V log(1 + #Λ) + log(4/δ)
+ 2
,
B
where N = min{bn1 /d1 c, . . . , bnK /dK c}.
Remark 7 (Complexity assumptions continued) We point out that a bound of the
same order as that stated above can be obtained under standard metric entropy conditions
by means of classical chaining arguments, or under the assumption that the Rademacher
average defined by


B
X
X
e B = sup 1
R
b
ζb (I)H(XI )
(22)
H∈H B b=1
I∈Λ
√
has an expectation of the order O(1/ B). The quantity ζb (I) indicates whether the subset
of indexes I has been picked at the b-th draw (ζb (I) = +1) or not (ζb (I) = 0), see the
calculation at the end of Appendix C. Equipped with
P this notation, notice that the ζb ’s
are i.i.d. multinomial random variables such that I∈Λ ζb (I) = +1. This assumption can
be easily shown to be fulfilled in the case where H is a VC major class of finite VC
dimensionP(see the proof of Theorem 6 in Appendix B). Notice however that although the
variables I∈Λ ζb (I)H(XI ), 1 ≤ b ≤ B, are conditionally i.i.d. given (XI )I∈Λ , they are not
independent and the quantity (22) cannot be related to complexity measures of the type (18)
mentioned in Remark 4.
Remark 8 We underline that, whereas supH∈H |Un (H) − µ(H)| can be proved to be of order
OP (1/n) under adequate complexity assumptions in the specific situation where {Un (H) :
H ∈ H} is a collection of degenerate U-statistics (see Section 3.3), the bound (i) in Theorem
6 cannot be improved in the degenerate case. Observe indeed that, conditioned upon the
(k)
observations
Xl , the deviations of the approximation (19) from its mean are of order
√
OP (1/ B), since it is a basic average of B i.i.d. terms.

H∈H

From the theorem stated above, one may straightforwardly deduce a bound on the excess
b B minimizing the incomplete version of the empirical risk based on B terms,
risk of kernels H
i.e. such that
 
eB H
b B = min U
e B (H).
U
(23)

r

2

V log(1 + #Λ) + log(4/δ)
B

(i) We have with probability at least 1 − δ: ∀n ∈ N∗K , ∀B ≥ 1,

r

log(2/δ)
+
N
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.

QK
dk
Corollary 9 Let H be a collection of symmetric kernels on
that satisfies the
k=1 Xk
b B of the statistical
conditions stipulated in Proposition 2. Let δ > 0. For any minimizer H
estimate of the risk (19), the following assertions hold true

2V log(1 + N)
+
N

b B ) − inf µ(H) ≤ 2MH ×
µ(H
H∈H
 r
2

11
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O(nd1 +...+dK )

Nb of terms

O(n)

Empirical risk criterion

Complete U-statistic based on subsamples

O(n)

Complete U-statistic

Incomplete U-statistic (our result)

Rate bound
p
O ( log(n)/n)
P
q

1
log(n)/n d1 +...+dK

OP

p
OP ( log(n)/n)

Table 1: Rate bound for the empirical minimizer of several empirical risk criteria versus the
number of terms involved in the computation of the criterion. For a computational
budget of O(n) terms, the rate bound for the incomplete U-statistic criterion is of
the same order as that of the complete U-statistic, which is a huge improvement
over a complete U-statistic based on a subsample.

(ii) We have: ∀n ∈ N∗K , ∀B ≥ 1,

 r

r


e B (H) − µ(H) ≤ MH 2 2V log(1 + N) + 2(log 2 + V log(1 + #Λ)) .
E sup U
N
B
H∈H

The first assertion of Theorem 6 provides a control of the deviations between the Ustatistic (1) and its incomplete counterpart (19) uniformly over the
√ class H. As the number
of terms B increases, this deviation decreases at a rate of O(1/ B). The second assertion
of Theorem 6 gives a maximal deviation result with respect to µ(H). Observe in particular
that, with the asymptotic settings previously specified, N = O(n) and log(#Λ) = O(log n)
as n → +∞. The bounds stated above thus show that, for a number B = Bn of terms tending
e B (H) − µ(H)| is
to infinity at a rate O(n) as n → +∞, the maximal deviation supH∈H |U
asymptotically of the order OP ((log(n)/n)1/2 ), just like supH∈H |Un (H) − µ(H)|, see bound
(17) in Proposition 2. In short, when considering an incomplete U-statistic (19) with B =
O(n) terms only, the learning rate for the corresponding minimizer is of the same order
as that of the minimizer of the complete risk (1), whose computation requires to average
#Λ = O(nd1 +...+dK ) terms. Minimizing such incomplete U-statistics thus yields a significant
gain in terms of computational cost while fully preserving the learning rate. In contrast, as
implied by Proposition 2, the minimization of a complete U-statistic involving O(n) terms,
0
1/(d1 +...+dK ) ) uniformly at random, leads
obtained by drawing subsamples
p of sizes nk = O(n
to a rate of convergence of O( log(n)/n1/(d1 +...+dK ) ), which is much slower except in the
trivial case where K = 1 and d1 = 1. These striking results are summarized in Table 1.
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The important practical consequence of the above is that when n is too large for the
complete risk (1) to be used, one should instead use the incomplete risk (19) (setting the
number of terms B as large as the computational budget allows).

12

(25)

(24)

(26)

(28)

(27)

13

14
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(29)
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i<j

X
2
I{(Yi − Yj ) · r(Xi , Xj ) < 0}.
n(n − 1)

Equipped with these notations, a statistical version of the excess risk Λ(r) = L(r) − L(r∗ )
is a U-statistic λn (r) with kernel qr = Hr − Hr∗ . The key “noise-condition”, which allows
to exploit the Hoeffding/Hajek decomposition of Λn (r), is stated below.

Ln (r) = Un (Hr ) =

The minimizer of the ranking risk is the ranking rule r∗ (X, X 0 ) = 2I{P{Y > Y 0 | (X, X 0 )} ≥
P{Y < Y 0 | (X, X 0 )} − 1 (see Proposition 1 in Clémençon et al., 2008). The natural empirical
counterpart of (28) based on a sample of independent copies (X1 , Y1 ), . . . , (Xn , Yn ) of the
pair (X, Y) is the 1-sample U-statistic Un (Hr ) of degree two with kernel Hr ((x, y), (x 0 , y 0 )) =
I{(y − y 0 ) · r(x, x 0 ) < 0} for all (x, y) and (x 0 , y 0 )) in X × R given by:

L(r) = P{(Y − Y 0 ) · r(X, X 0 ) < 0}.

We point out that the argument used to obtain the above result can be straightforwardly
extended to other (possibly data-dependent) complexity penalties (cf. Massart, 2006), see
the proof in Appendix D.

Theorem 10 (Oracle inequality) Suppose that Theorem 6’s assumptions are fulfilled
for all m ≥ 1 and that supm≥1 MHm ≤ M < +∞. Then, we have: ∀n ∈ N∗K , ∀B ∈
{1, . . . , #Λ},
p
2π(B + n)
∗
∗
b B,m
µ(H
)
−
µ
≤
inf
inf
µ(H)
−
µ
+
pen(B,
m)
+
M
.
b
k≥1 H∈Hm
B

bm
As revealed by the theorem below, choosing B = O(n), the prediction rule H
b B based on a
penalized criterion involving the summation of O(n) terms solely, achieves a nearly optimal
trade-off between the bias and the distribution free upper bound (25) on the variance term.

m≥1

e B (H
b B,m ) + pen(B, m) .
b B = arg min U
m

As shown in Assertion (ii) of Corollary 9, the quantity above is an upper bound for the
e B (H) − µ(H)|] and is thus a natural penalty canexpected maximal deviation E[supH∈Hm |U
didate to compensate the overfitting within class Hm . We thus propose to select

where the quantity pen(B, m) is a distribution free penalty given by:
r

r
2Vm log(1 + N)
2(log 2 + Vm log(1 + #Λ))
pen(B, m) = 2MHm
+
N
B
r
(B + n) log m
+ 2M
.
B2

e B (H
b B,m ) + pen(B, m),
U

h
i
(k)
E Un (H) | Xi − (n − 1)µ(H),

which is itself a sum of K independent basic sample means based on i.i.d. r.v.’s (of the order
√
OP (1/ n) each, after recentering), plus a possible negligible term. This representation was
used for instance by Grams and Serfling (1973) to refine the CLT in the multisample Ustatistics framework. Although useful as a theoretical tool, it should be noticed that the
b n (H) is not of practical interest, since the conditional expectations involved in
quantity U
the summation are generally unknown.
Although incomplete U-statistics do not share the minimum variance property (see
Section 3.1), we will show that the same fast rate bounds for the excess risk as those reached
by ERM of U-statistics (corresponding to the summation of O(n2 ) pairs of observations)
can be attained by empirical ranking risk minimizers, when estimating the ranking risk by
incomplete U-statistics involving the summation of o(n2 ) terms solely.
For clarity (and comparison purpose), we first recall the statistical learning framework
considered in Clémençon et al. (2008). Let (X, Y) be a pair of random variables defined on the
same probability space, where Y is a real-valued label and X models some input information
taking its values in a measurable space X hopefully useful to predict Y. Denoting by (X 0 , Y 0 )
an independent copy of the pair (X, Y). The goal pursued here is to learn how to rank the
input observations X and X 0 , by means of an antisymmetric ranking rule r : X 2 → {−1, +1}
(i.e. r(x, x 0 ) = −r(x 0 x) for any (x, x 0 ) ∈ X 2 ), so as to minimize the ranking risk

k=1 i=1

nk
K X
X

In Clémençon et al. (2008), it has been proved that, under certain “low-noise” conditions,
the minimum variance property of the U-statistics used to estimate the ranking risk (corre√
sponding to the situation K = 1 and d1 = 2) leads to learning rates faster than OP (1/ n).
These results rely on the Hajek projection, a linearization technique originally introduced in
Hoeffding (1948) for the case of one sample U-statistics and next extended to the analysis
of a much larger class of functionals in Hájek (1968). It consists in writing Un (H) as the
sum of the orthogonal projection

Automatic selection of the model complexity is a crucial issue in machine learning: it includes the number of clusters in cluster analysis (see Clémençon, 2014) or the choice of
the number of possible values taken by a piecewise constant scoring function in multipartite ranking for instance (cf. Clémençon and Vayatis, 2009). In the present situation, this
boils down to choosing the adequate level of complexity of the class of kernels H, measured
through its (supposedly finite) VC dimension for simplicity, in order to minimize the (theoretical) risk of the empirical minimizer. It is the purpose of this subsection to show that the
incomplete U-statistic (19) can be used to define a penalization method to select a prediction rule with nearly minimal risk, avoiding procedures based on data splitting/resampling
and extending the celebrated structural risk minimization
principle, see Vapnik (1999). Let
Q
H be the collection of all symmetric kernels on Kk=1 Xkdk and set µ∗ = inf H∈H µ(H). Let
H1 , H2 , . . . be a sequence of uniformly bounded major subclasses of H, of increasing complexity (VC dimension). For any m ≥ 1, let Vm denote the VC dimension of the class
Hm and set MHm = sup(H,x)∈Hm ×X |H(x)| < +∞. We suppose that there exists M < +∞
such that supm≥1 MHm ≤ M. Given 1 ≤ B ≤ #Λ and m ≥ 1, the complexity penalized
e B,m of the ERM problem (23) with H = Hm is
empirical risk of a solution U
b n (H) =
U

3.3 Fast Rates for ERM of Incomplete U-Statistics

Clémençon, Bellet and Colin

3.2 Model Selection Based on Incomplete U-Statistics
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Scaling-up Empirical Risk Minimization: Optimization of Incomplete U-statistics

Assumption 1 There exist constants c > 0 and α ∈ [0, 1] such that:
∀r ∈ R, Var (hr (X, Y)) ≤ cΛ(r)α ,
where we set hr (x, y) = E[qr ((x, y), (X 0 , Y 0 )].



1
2−α

.

(31)

(30)

Recall incidentally that very general sufficient conditions guaranteeing that this assumption
holds true have been exhibited, see Section 5 in Clémençon et al. (2008) (notice that the
condition is void for α = 0). Since our goal is to explain the main ideas rather than achieving
a high level of generality, we consider a very simple setting, stipulating that the cardinality
of the class of ranking rule candidates R under study is finite, #R = M < +∞, and that the
optimal rule r∗ belongs to R. The following proposition is a simplified version of the fast rate
result proved in Clémençon et al. (2008) for the empirical minimizer brn = arg minr∈R Ln (r).



log(M/δ)
n

Proposition 11 (Clémençon et al. (2008), Corollary 6) Suppose that Assumption 1 is
fulfilled. Then, there exists a universal constant C > 0 such that for all δ ∈ (0, 1), we have:
∀n ≥ 2,
L(brn ) − L(r∗ ) ≤ C

k ((i, j))I{(Yi − Yj ) · r(Xi , Xj ) < 0}

Consider now the minimizer erB of the incomplete U-statistic risk estimate
X

k=1 (i,j):1≤i<j≤n

B
X
e B (Hr ) = 1
U
B

over R, where k ((i, j)) indicates whether the pair (i, j) has been picked at the k-th draw
(k ((i, j)) = 1 in this case, which occurs with probability 1/ n2 ) or not (then, we set
k ((i, j)) = 0). Observe that erB also minimizes the empirical estimate of the excess risk
e B (r) = U
e B (qr ) over R.
Λ



log(M/δ)
n



1
2−α

.

Theorem 12 Let α ∈ [0, 1] and suppose that Assumption 1 is fulfilled. If we set B =
O(n2/(2−α) ), there exists some constant C < +∞ such that, for all δ ∈ (0, 1), we have with
probability at least 1 − δ: ∀n ≥ 2,
L(erB ) − L(r∗ ) ≤ C
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As soon as α < 1, this result shows that the same fast rate of convergence as that reached
by brn can be attained by the ranking rule erB , which minimizes an empirical version of the
ranking risk involving the summation of O(n2/(2−α) ) terms solely. For comparison purpose,
minimization of the criterion (28) computed with a number of terms of the same order leads
2
to a rate bound of order OP (n1/(2−α) ).
Finally, we point out that fast rates for the clustering problem have been also investigated
in Clémençon (2014), see Section 5.2 therein. The present analysis can be extended to the
clustering framework by means of the same arguments.
15
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Figure 2: Illustration of different sampling schemes for approximating a U-statistic. For
simplicity, consider again the case K = 1 and d1 = 2. Here n = 7 and the
expected number of terms is B = 6. Sampling with or without replacement results
in exactly B terms, with possible repetitions when sampling with replacement, e.g.
(x6 , x7 ) in this example. In contrast, Bernoulli sampling with πI = B/#Λ results
in B terms only in expectation, with individual realizations that may exhibit more
or fewer terms.

3.4 Alternative Sampling Schemes

JMLR 17(76):1-36

Sampling with replacement is not the sole way of approximating generalized U-statistics
with a controlled computational cost. As proposed in Janson (1984), other sampling schemes
can be considered, Bernoulli sampling or sampling without replacement in particular (see
Figure 2 for an illustration). We now explain how the results of this paper can be extended
to these situations. The population of interest is the set Λ and a survey sample of (possibly
random) size b ≤ n is any subset s of cardinality b = b(s) less than #Λ in the power set
P(Λ). Here, a general survey scheme without replacement is any conditional probability
distribution R on the set of all possible samples s ∈ P(Λ) given (XI )I∈Λ . For any I ∈ Λ,
the first order inclusion probability πI (R) = PR {I ∈ S}, is the probability that the unit I
belongs to a random sample S drawn from distribution R. We set π(R) = (πI (R))I∈Λ . The
second order inclusion probabilities are denoted by πI,J (R) = PR {(I, J) ∈ S2 } for any I 6= J in
Λ. When no confusion is possible, we omit to mention the dependence in R when writing
the first/second order probabilities of inclusion. The information related to the observed
sample S ⊂ Λ is fully enclosed in the random vector ∆ = (∆(I))I∈Λ , where ∆(I) = I{I ∈ S}
for all I ∈ Λ. The 1-d marginal distributions of the sampling scheme ∆n are the Bernoulli
distributions with parameters πI , I ∈ Λ, and the covariance matrix of the r.v. ∆n is given
by Γ = {πI,J − πI πJ }I,J withP
the convention πI,I = πI for all I ∈ Λ. Observe that, equipped
with the notations above, I∈Λ ∆(I) = b(S).
One of the simplest survey plans is the Poisson scheme (without replacement), for which
the ∆(I)’s are independent Bernoulli random variables with parameters πI , I ∈ Λ, in (0, 1).
The first order inclusion probabilities fully characterize such a plan. Observe in addition
that the sizePb(S) of a sample generated this way is random with expectation B = E[b(S) |
(XI )I∈Λ ] = I∈Λ πI . The situation where the πI ’s are all equal corresponds to the Bernoulli

16

(32)

√

2MH

r
log(2(1 + #Λ)V /δ)
,
B

17

in the case of the sampling without replacement design.

H∈H

sup ŪHT (H) − Un (H) ≤

in the case of the Bernoulli sampling design, and
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Q
Theorem 13 Let H be a collection of bounded symmetric kernels on Kk=1 Xkdk that fulfills
the assumptions involved in Proposition 2. Let B ∈ {1, . . . , #Λ}. Suppose that, for any
H ∈ H, ŪHT (H) is the incomplete U-statistic based on either a Bernoulli sampling scheme
with parameter B/#Λ or else a sampling without replacement scheme of size B. For all
δ ∈ (0, 1), we have with probability at least 1 − δ: ∀n ∈ N∗K , ∀B ∈ {1, . . . , #Λ},
r
log(2(1 + #Λ)V /δ) 2 log(2(1 + #Λ)V /δ)MH
sup ŪHT (H) − Un (H) ≤ 2MH
+
,
B
3B
H∈H

We point out that the computation of P
(32) involves summing over a possibly random number
of terms, equal
I∈Λ πI in average and whose variance is equal to
P to B = E[b(S)]
P=
Var(b(S)) = I∈Λ πI (1 − πI ) + I6=J {πI,J − πI πJ }.
Here, we are interested in the situation where the ∆(I)’s are independent from (XI )I∈Λ ,
and either
 a sample of size B ≤ #Λ fixed in advance is chosen uniformly at random among
the #Λ
possible choices (this survey scheme is sometimes referred to as rejective sampling
B
with equal first order inclusion probabilities), or else it is picked by means of a Bernoulli
sampling with parameter B/#Λ. Observe that, in both cases, we have πI = B/#Λ for all
I ∈ Λ. The following theorem shows that in both cases, similar results as those obtained
for sampling with replacement can be derived for minimizers of the Horvitz-Thompson risk
estimate (32).

I6=J

In the case where the sample size is deterministic, its conditional variance is given by:


1 X H(XI ) H(XJ ) 2
Var(ŪHT (H) | (XI )I∈Λ ) =
−
(πI,J − πI πJ ).
2
πI
πJ

E[ŪHT (H) | (XI )I∈Λ ] = Un (H).

with the convention that 0/0 = 0. Notice that it is an unbiased estimate of (1):

I∈Λ

1 X ∆(I)
H(XI ),
#Λ
πI

(1)

(K)

(K)

(33)

I1

IK

18
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at each iteration (33) is computationally too expensive. Instead, Stochastic Gradient Dee(θ) of the gradient (34) that is cheap to compute. A
scent uses an unbiased estimate g

k

k=1 dk

with
θ0 ∈ Θ and a learning rate (step size) ηt ≥ 0 such that
P+∞an arbitrary initial
P+∞value
2
t=1 ηt = +∞ and
t=1 ηt < +∞.
Here we place ourselves in a large-scale setting, where the sample sizes n1 , . . . , nK of
bn
the training data sets are so large that computing the gradient of L
X X
1
(1)
(2)
(K)
bn (θ) = QK
g
...
∇θ H(XI1 ; XI2 ; . . . ; XIK ; θ)
(34)

n

bn (θt ),
θt+1 = θt − ηt ∇θ L

Gradient descent Many practical machine learning algorithms use variants of the standard gradient descent method, following the iterations:

and consider the risk minimization problem minθ∈Θ L(θ). Based on K independent i.i.d.
(k)
(k)
samples X1 , . . . , Xnk with 1 ≤ k ≤ K, the empirical version of the risk function is
def
bn (θ) = Un (H(·; θ)). Here and throughout, we denote by ∇θ the gradient
θ ∈ Θ 7→ L
operator w.r.t. θ.

L(θ) = E[H(X1 , . . . , Xd1 , . . . , X1 , . . . , XdK ; θ)] = µ(H(·; θ))

(1)

k
1 ≤ k ≤ K, be K independent random vectors with distribution F⊗d
(dx) on Xkdk respectively
k
(1)
(1)
(K)
(K)
such that the random vector H(X1 , . . . , Xd1 , . . . , X1 , . . . , XdK ; θ) is square integrable
for any θ ∈ Θ. For all θ ∈ Θ, set

The theoretical analysis carried out in the preceding sections focused on the properties of
empirical risk minimizers but ignored the issue of finding such a minimizer. In this section,
we show that the sampling technique introduced in Section 3 also provides practical means
of scaling up iterative statistical learning techniques. Indeed, large-scale training of many
machine learning models, such as SVM, Deep Neural Networks or soft K-means
among others, is based on stochastic gradient descent (SGD in abbreviated form), see
Bottou (1998). When the risk is of the form (2), we now investigate the benefit of using,
at each iterative step, a gradient estimate of the form of an incomplete U-statistic, instead
of an estimate of the form of a complete U-statistic with exactly the same number of terms
based on subsamples drawn uniformly at random.
Q
Let Θ ⊂ Rq with q ≥ 1 be some parameter space and H : Kk=1 Xkdk × Θ → R be a
(k)
(k)
loss function which is convex and differentiable in its last argument. Let (X1 , . . . , Xdk ),

4. Application to Stochastic Gradient Descent for ERM

We highlight the fact that, from a computational perspective, sampling with replacement is undoubtedly much more advantageous than Bernoulli sampling or sampling without
replacement. Indeed, although its expected value is equal to B, the size of a Bernoulli sample is stochastic and the related sampling algorithm requires a loop through the elements I
of Λ and the practical implementation of sampling without replacement is generally based
on multiple iterations of sampling with replacement, see Tillé (2006).

sampling scheme: ∀I ∈ Λ, πI = B/#Λ. The Poisson survey scheme plays a crucial role in
sampling theory, inso far as a wide range of survey schemes can be viewed as conditional
Poisson schemes, see Hájek (1964). For instance, one may refer to Cochran (1977) or Deville
(1987) for accounts of survey sampling techniques.
Following in the footsteps of the seminal contribution of Horvitz and Thompson (1951),
an estimate of (1) based on a sample drawn from a survey scheme R with first order inclusion
probabilities (πI )I∈Λ is given by:

ŪHT (H) =

Clémençon, Bellet and Colin

Scaling-up Empirical Risk Minimization: Optimization of Incomplete U-statistics

...
IK

X

(2)

(K)

∇θ H(XI1 ; XI2 ; . . . ; XIK ; θ),

(1)

(35)

Clémençon, Bellet and Colin

X

I1

Scaling-up Empirical Risk Minimization: Optimization of Incomplete U-statistics



(I1 , ..., IK )∈DB



Var[e
gB (θ)] = O  QK

1

nk0 
k=1 dk

,



for nk0  nk , k = 1, . . . , K. In the asymptotic
!

,

2
n(n − 1)

2. See http://yann.lecun.com/exdb/mnist/.

X

1≤i<j≤n

20

[yij (b − DM (xi , xj ))]+ ,

(37)

(38)
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• MNIST data set: a handwritten digit classification data set which has 10 classes
and consists of 60,000 training images and 10,000 test images.2 This data set has
been used extensively to benchmark metric learning (Weinberger and Saul, 2009). As
done by previous authors, we reduce the dimension from 784 to 164 using PCA so as
to retain 95% of the variance, and normalize each sample to unit norm.

• Synthetic data set: some synthetic data that we generated for illustration. X is
a mixture of 10 gaussians in R40 – each one corresponding to a class – such that
all gaussian means are contained in an subspace of dimension 15 and their shared
covariance matrix is proportional to identity with a variance factor such that some
overlap is observed. That is, the solution to the metric learning problem should
be proportional to the linear projection over the subspace containing the gaussians
means. Training and testing sets contain respectively 50,000 and 10,000 observations.

In our experiments, we use the following two data sets:

d
M∈S+

c = arg min Rn (DM ).
M

where [u]+ = max(0, 1 − u) is the hinge loss. This risk estimate is convex and was used for
instance by Jin et al. (2009) and Cao et al. (2012). Our goal is the find the empirical risk
minimizer among our family of distance functions, i.e.:

Rn (DM ) =

d
d
where M ∈ S+
,
and
S
+ is the cone of d × d symmetric positive-semidefinite (PSD) matrices.
n
Given a training sample {(xi , yi )}i=1
where xi ∈ Rd and yi ∈ {1, . . . , C}, let yij = 1 if
yi = yj and 0 otherwise for any pair of samples. Given a threshold b ≥ 0, we define the
empirical risk as follows:

DM (x, x 0 ) = (x − x 0 )M(x − x 0 )T ,

In this section, we focus on the metric learning problem (see Section 2.2.2). As done in much
of the metric learning literature, we restrict our attention to the family of pseudo-distance
functions DM : Rd × Rd → R+ defined as

5.1 Metric Learning

We show the benefits of the sampling approach promoted in this paper on two applications:
metric learning for classification, and model selection in clustering.

5. Numerical Experiments

natural approach consists in replacing (34) by a complete U-statistic constructed from subsamples of reduced sizes nk0 << nk drawn uniformly at random, leading to the following
gradient estimate:
nk0
dk

Proposition 14 shows that the convergence rate of Var[e
gB (θ)] is faster than that of
Var[e
gn 0 (θ)] except when K = 1 and d1 = 1. Thus the expected improvement in objective
function at each SGD step is larger when using a gradient estimate in the form of (36)
instead of (35), although both strategies require to average over the same number of terms.
This is also supported by the experimental results reported in the next section.

1

k=1

en 0 (θ) = Q
g
K

1
B

P
0
(k)
(k)
(k)
where the symbol Ik refers to summation over all ndk subsets XIk = (Xi1 , . . . , Xid )
k
k
related to a set Ik of dk indexes 1 ≤ i1 < . . . < idk ≤ nk0 and n 0 = (n10 , . . . , nK0 ).
We propose an alternative strategy based on the sampling scheme described in Section 3,
i.e. a gradient estimate in the form of an incomplete U-statistic:
X
(K)
(1)
(36)
∇θ H(XI1 , . . . , XIK ; θ),
eB (θ) =
g

where DB is built by sampling with replacement in the set Λ.
It is well-known that the variance of the gradient estimate negatively impacts on the
convergence of SGD. Consider for instance the case where the loss function H is (1/γ)smooth in its last argument, i.e. ∀θ1 , θ2 ∈ Θ:
1
k∇θ H(·; θ1 ) − ∇θ H(·; θ2 )k ≤ kθ1 − θ2 k.
γ

e is the gradient estimate:
Then one can show that if g

bn (θt+1 )] = E[L
bn (θt − ηt g
e(θt ))]
E[L
η2
bn (θt )] − ηt kE[b
≤ E[L
gn (θt )]k2 + t E[ke
g(θt )k2 ]
2γ


η2
bn (θt )] − ηt 1 − ηt E[kb
≤ E[L
gn (θt )k2 ] + t Var[e
g(θt )].
2γ
2γ

QK
k=1

1
0
k=1 nk

PK

nk0
dk

In other words, the smaller the variance of the gradient estimate, the larger the expected
reduction in objective value. Some recent work has focused on variance-reduction strategies
for SGD when the risk estimates are basic sample means (see for instance Le Roux et al.,
2012; Johnson and Zhang, 2013).
In our setting where the risk estimates are of the form of a U-statistic, we are interested in
QK
nk0 
en 0 (θ) and g
eB (θ) when B = k=1
comparing the variance of g
so that their computation
dk
requires to average over the same number of terms and thus have similar computational
cost.1 Our result is summarized in the following proposition.

Proposition 14 Let B =
framework (4), we have:

Var[e
gn 0 (θ)] = O
as n 0 = n10 + . . . + nK0 → +∞.
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1. Note that sampling B sets from Λ to obtain (36) is potentially more efficient than sampling nk0 points
from X{1,...,nk } for each k = 1, . . . , K and then forming all combinations to obtain (35).
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(a) Synthetic data set

(b) MNIST data set
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pairs picked

In this section, we focus on solving the ERM problem (38) using Stochastic Gradient Descent
and compare two approaches (analyzed in Section 4) to construct a mini-batch at each
iteration. The first strategy, SGD-Complete, is to randomly draw (with replacement) a
subsample and use the complete U-statistic associated with the subsample as the gradient
estimate. The second strategy, SGD-Incomplete (the one we promote in this paper), consists
in sampling an incomplete U-statistic with the same number of terms as in SGD-Complete.
For this experiment, we use the MNIST data set. We set the threshold in (37) to b = 2
and the learning rate of SGD at iteration t to ηt = 1/(η0 t) where η0 ∈ {1, 2.5, 5, 10, 25, 50}.
To reduce computational cost, we only project our solution onto the PSD cone at the end
of the algorithm, following the “one projection” principle used by Chechik et al. (2010). We
try several values m for the mini-batch size, namely m ∈ {10, 28, 55, 105, 253}.3 For each
mini-batch size, we run SGD for 10,000 iterations and select the learning rate parameter η0
that achieves the minimum risk on 100,000 pairs randomly sampled from the training set.
We then estimate the generalization risk using 100,000 pairs randomly sampled from the
test set.
For all mini-batch sizes, SGD-Incomplete achieves significantly better test risk than
SGD-Complete. Detailed results are shown in Figure 5 for three mini-batch sizes, where we
plot the evolution of the test risk with respect to the iteration number.4 We make several
comments. First, notice that the best learning rate is often larger for SGD-Incomplete than
for SGD-Complete (m = 10 and m = 253). This confirms that gradient estimates from the

5.1.2 Stochastic Gradient Descent

p). The incomplete U-statistic strategy also has the advantage of having a much smaller
variance between the runs, which makes it more reliable. The same conclusions hold for the
MNIST data set, as can be seen in Figure 3(b) and Figure 4(b).

3. For each m, we can construct a complete U-statistic from n 0 samples with n 0 (n 0 − 1)/2 = m terms.
4. We point out that the figures look the same if we plot the runtime instead of the iteration number. Indeed,
the time spent on computing the gradients (which is the same for both variants) largely dominates the
time spent on the random draws.

p(p−1)
2

(b) MNIST data set

Figure 4: Average training time (in seconds) with respect to the sample size p.

(a) Synthetic data set

Clémençon, Bellet and Colin

For each strategy, we use a projected gradient descent method in order to solve (38),
using several values of p and averaging the results over 50 random trials. As the testing
sets are large, we evaluate the test risk on 100,000 randomly picked pairs.
Figure 3(a) shows the test risk of the ERM with respect to the sample size p for both
sampling strategies on the synthetic data set. As predicted by our theoretical analysis, the
incomplete U-statistic strategy achieves a significantly smaller risk on average. For instance,
it gets within 5% error of the true risk minimizer for p = 50, while the complete U-statistic
needs p > 80 to reach the same performance. This represents twice more computational
time, as shown in Figure 4(a) (as expected, the runtime increases roughly quadratically with

• Incomplete U-statistic: the empirical risk is approximated using
uniformly at random in {1, . . . , n}2 .

• Complete U-statistic: p indices are uniformly picked at random in {1, . . . , n}. The
empirical risk is approximated using any possible pair formed by the p indices, that
is p(p−1)
pairs.
2

We compare two sampling schemes to approximate the empirical risk:

5.1.1 One-Time Sampling

Note that for both data sets, merely computing the empirical risk (37) for a given M
involves averaging over more than 109 pairs.
We conduct two types of experiment. In Section 5.1.1, we subsample the data before
learning and evaluate the performance of the ERM on the subsample. In Section 5.1.2, we
use Stochastic Gradient Descent to find the ERM on the original sample, using subsamples
at each iteration to estimate the gradient.

Figure 3: Test risk with respect to the sample size p of the ERM when the risk is approximated using complete (blue) or incomplete (red) U-statistics. Solid lines represent
means and dashed ones represent standard deviation. For the synthetic data set,
the green dotted line represent the performance of the true risk minimizer.

Test risk
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(c) m = 253

2
D(Xi , Xj ) · I{(Xi , Xj ) ∈ Cm
}.

(39)

JMLR 17(76):1-36

In this experiment, given a set of candidate partitions, we want to perform model selection
by picking the partition which minimizes the risk (39) plus some term penalizing the complexity of the partition. When the number of points n is large, the complete risk is very

cn (P) =
W

In this section, we are interested in the clustering problem described in Section 2.2.1. Specifically, let X1 , . . . , Xn ∈ Rd be the set of points to be clustered. Let the clustering risk
associated with a partition P into M groups C1 , . . . , CM be:

5.2 Model Selection in Clustering

former strategy are generally more reliable. This is further supported by the fact that even
though larger learning rates increase the variance of SGD, in these two cases SGD-Complete
and SGD-Incomplete have similar variance. On the other hand, for m = 55 the learning
rate is the same for both strategies. SGD-Incomplete again performs significantly better
on average and also has smaller variance. Lastly, as one should expect, the gap between
SGD-Complete and SGD-Incomplete reduces as the size of the mini-batch increases. Note
however that in practical implementations, the relatively small mini-batch sizes (in the order
of a few tens or hundreds) are generally those which achieve the best error/time trade-off.

Figure 5: SGD results on the MNIST data set for various mini-batch size m. The top row
shows the means and standard deviations over 50 runs, while the bottom row
shows each run separately.
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5. See https://archive.ics.uci.edu/ml/datasets/Covertype.
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For each partition size, we first compare the value of the complete risk (39) with n(n −
1) = 24, 995, 000 terms with that of an incomplete version with only B = n = 5, 000 pairs
drawn at random. As shown in Figure 6(a), the incomplete U-statistic is a very accurate
approximation of the complete one, despite consisting of 5000 times less terms. It will thus
lead to similar results in model selection. To illustrate, we use a simple penalty term of
the form pen(Pm ) = c · log(m) where c is a scaling constant. Figure 6(b) shows that both
selection criteria choose the same model P8 . Performing this model selection over P1 , . . . , P20

The experimental setup is as follows. We used the forest cover type data set,5 which is
popular to benchmark clustering algorithms (see for instance Kanungo et al., 2004). To be
able to evaluate the complete risk, we work with n = 5, 000 points subsampled at random
from the entire data set of 581,012 points in dimension 54. We then generated a hierarchical
clustering of these points using agglomerative clustering with Ward’s criterion (Ward, 1963)
as implemented in the scikit-learn Python library (Pedregosa et al., 2011). This defines
n partitions P1 , . . . , Pn where Pm consists of m clusters (P1 corresponds to a single cluster
containing all points, while in Pn each point has its own cluster).

expensive to compute. Our strategy is to replace it with an incomplete approximation with
much fewer terms. Like in the approach theoretically investigated in Section 3.2, the goal
here is to show that using the incomplete approximation instead of the complete version as
the goodness-of-fit measure in a complexity penalized criterion does not damage the selection, while reducing the computational cost. For simplicity, the complexity penalty we use
below is not of the same type as the structural VC dimension-based penalty considered in
Theorem 10, but we will see that the incomplete approximation is very accurate and can
thus effectively replace the complete version regardless of the penalty used.

Figure 6: Clustering model selection results on the forest cover type data set. Figure 6(a)
shows the risk (complete and incomplete with B = 5, 000 terms) for the first 20
partitions, while Figure 6(b) shows the penalized risk for c = 1.1.

Penalized risk
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6. The n × n distance matrix was precomputed before running the agglomerative clustering algorithm. The
associated runtime is thus not taken into account in these timing results.

VH



Set N = min{bn1 /d1 c, . . . , bnK /dK c} and let

Appendix A. Proof of Proposition 2
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In a wide variety of statistical learning problems, U-statistics are natural estimates of the
risk measure one seeks to optimize. As the sizes of the samples increase, the computation
of such functionals involves summing a rapidly exploding number of terms and becomes
numerically unfeasible. In this paper, we argue that for such problems, Empirical Risk
Minimization can be implemented using statistical counterparts of the risk based on much
less terms (picked randomly by means of sampling with replacement), referred to as incomplete U-statistics. Using a novel deviation inequality, we have shown that this approximation scheme does not deteriorate the learning rates, even preserving fast rates in certain
situations where they are proved to occur. Furthermore, we have extended these results
to U-statistics based on different sampling schemes (Bernoulli sampling, sampling without
replacement) and shown how such functionals can be used for the purpose of model selection and for implementing ERM iterative procedures based on stochastic gradient descent.
Beyond theoretical rate bounds, the efficiency of the approach we promote is illustrated by
several numerical experiments.

6. Conclusion

took about 66 seconds for the complete U-statistic, compared to only 0.1 seconds for the
incomplete version.6
Finally, we generated 100 incomplete U-statistics with different random seeds ; all of
them correctly identified P8 as the best model. Using B = 5, 000 pairs is thus sufficient
to obtain reliable results with an incomplete U-statistic for this data set. In contrast, the
complete U-statistics based on a subsample (leading to the same number of pairs) selected
the correct model in only 57% of cases.

Scaling-up Empirical Risk Minimization: Optimization of Incomplete U-statistics

1
n1 ! · · · nK !
σ1 ∈Sn1 , ..., σK ∈SnK

X



(1)
(1)
(K)
(K)
VH Xσ1 (1) , . . . , Xσ1 (n1 ) , . . . , XσK (1) , . . . , XσK (nK ) ,

H∈H

l=1

N



1 X
(1)
(K)
(K)
(1)
l H X(l−1)d1 +1 , . . . , Xld1 , . . . , X(l−1)dK +1 , . . . , XldK ,
N
H∈H

RN = sup

H∈H

sup Un (H̄) > η



M2H λ2
≤ exp −λη + 2λE[RN ] +
.
4N
r

2V log(1 + N)
N

(44)

(43)
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and taking λ = 2N(η − 2E[RN ])/M2H in (44), one finally establishes the desired result.

E[RN ] ≤ MH

Using the bound (see Eq. (6) in Boucheron et al. (2005) for instance)

P

Applying Chernoff’s method, one then gets:






M2H λ2
E exp λ sup Un (H̄)
≤ exp 2λE[RN ] +
.
4N
H∈H

is a Rademacher average based on the Rademacher chaos 1 , . . . , N (independent random
(k)
symmetric sign variables), independent from the Xi ’s. We now apply the bounded difference inequality (see McDiarmid (1989)) to the functional RN , seen as a function of the
(1)
(1)
(K)
(K)
i.i.d. random variables (l , X(l−1)d1 +1 , . . . , Xld1 , . . . , X(l−1)dK +1 , . . . , XldK ), 1 ≤ l ≤ N:
changing any of these random variables change the value of RN by at most MH /N. One
thus obtains from (42) with ψ(x) = exp(λx), where λ > 0 is a parameter which shall be
chosen later, that:

where

H∈H

where we set H̄ = H − µ(H) for all H ∈ H. Now, using standard symmetrization and
randomization arguments (see Giné and Zinn (1984) for instance) and (41), we obtain that

 
E ψ sup Un (H̄)
≤ E [ψ (2RN )] ,
(42)

H∈H

(40)
where Sm denotes the symmetric group of order m for any m ≥ 1. This representation as an
average of sums of N independent terms is known as the (first) Hoeffding’s decomposition,
see Hoeffding (1948). Then, using Jensen’s inequality in particular, one may easily show
that, for any nondecreasing convex function ψ : R+ → R, we have:

 

 
(K)
(K)
(1)
(1)
, (41)
E ψ sup Un (H̄)
≤ E ψ sup VH̄ (X1 , . . . , Xn1 , . . . , X1 , . . . , XnK )

Un (H) =

for any H ∈ H Recall that the K-sample U-statistic Un (H) can be expressed as
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Appendix B. Proof of Theorem 6

B

For convenience, we introduce the random sequence ζ = ((ζk (I))I∈Λ )1≤k≤B , where ζk (I) is
equal to 1 if the tuple I = (I1 , . . . , IK ) has been selected at the k-th draw and to 0 otherwise:
the ζk ’s are i.i.d. random vectors and, for all (k, I) ∈ {1, . . . , B} × Λ, the r.v. ζk (I) has a
(K)
(1)
Bernoulli distribution with parameter 1/#Λ. We also set XI = (XI1 , . . . , XIK ) for any I
in Λ. Equipped with these notations, observe first that one may write: ∀B ≥ 1, ∀n ∈ N∗K ,

#{(H(XI ))I∈Λ : H ∈ H} ≤ (1 + #Λ)V .

X
e B (H) − Un (H) = 1
U
Zk (H),
B
k=1
P
where Zk (H) = I∈Λ (ζk (I) − 1/#Λ)H(XI ) for any (k, I) ∈ {1, . . . , B} × Λ. It follows from
the independence between the XI ’s and the ζ(I)’s that, for all H ∈ H, conditioned upon
the XI ’s, the variables Z1 (H), P
. . . , ZB (H) are independent, centered and almost-surely
bounded by 2MH (notice that I∈Λ ζk (I) = 1 for all k ≥ 1). By virtue of Sauer’s lemma,
since H is a VC major class with finite VC dimension V, we have, for fixed XI ’s:

H∈H

e B (H) − Un (H) > η | (XI )I∈Λ
sup U

≤ P

H∈H

sup

1X
Zk (H) > η | (XI )I∈Λ
B

Hence, conditioned upon the XI ’s, using the union bound and next Hoeffding’s inequality
applied to the independent sequence Z1 (H), . . . , ZB (H), for all η > 0, we obtain that:


B
P

k=1

2
2
≤ 2(1 + #Λ)V e−Bη /(2MH ) .

2

V log(1 + #Λ) + log(2/δ)
.
B

Taking the expectation, this proves the first assertion of the theorem. Notice that this can
be formulated: for any δ ∈ (0, 1), we have with probability at least 1 − δ:
r
e B (H) − Un (H) ≤ MH ×
sup U

H∈H

H∈Hm

Turning to the second part of the theorem, it straightforwardly results from the first
part combined with Proposition 2.

Appendix C. Proof of Corollary 9

H∈Hm

H∈Hm

Assertion (i) is a direct application of Assertion (ii) in Theorem 6 combined with the bound
b B ) − inf H∈H µ(H) ≤ 2 sup
e
µ(H
H∈H |UB (H) − µ(H)|.
Turning next to Assertion (ii), observe that by triangle inequality we have:






e B (H) − µ(H)| ≤ E sup |U
e B (H) − Un (H)| + E sup |Un (H) − µ(H)| . (45)
sup |U
E
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The same argument as that used in Theorem 6 (with ψ(u) = u for any u ≥ 0) yields a
bound for the second term on the right hand side of Eq. (45):
r


2V log(1 + N)
.
(46)
E sup |Un (H) − µ(H)| ≤ 2MH
N
H∈H

27
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The first term can be controlled by means of the following lemma, whose proof can be found
for instance in Lugosi (2002, Lemmas 1.2 and 1.3).

Lemma 15 The following assertions hold true.

(i) Hoeffding’s lemma. Let Z be an integrable r.v. with mean zero such that a ≤ Z ≤ b
almost-surely. Then, we have: ∀s > 0



E[exp(sZ)] ≤ exp s2 (b − a)2 /8 .



1≤i≤M


p
max |Zi | ≤ σ 2 log(2M).

#

1

Zk (H)) | (XI )I∈Λ ≤ e 2 Bs

2 M2
H

.

(47)

(ii) Let M ≥ 1 and Z1 , . . . , ZM be real valued random variables. Suppose that there exists
2 2
σ > 0 such that ∀s ∈ R: E[exp(sZi )] ≤ es σ /2 for all i ∈ {1, . . . , M}. Then, we have:
E

B
X
k=1

Assertion (i) shows that, since −MH ≤ Zk (H) ≤ MH almost surely,
"

E exp(s

k=1

#
r
B
1X
2(log 2 + V log(1 + #Λ))
Zk (H) | (XI )I∈Λ ≤ MH
.
B
B

(48)

√
With σ = MH B and M = #{H(XI ) : H ∈ H} ≤ (1 + #Λ)V , conditioning upon (XI )I∈Λ ,
this result yields:
"

H∈H

E sup

Integrating next over (XI )I∈Λ and combining the resulting bound with (45) and (46) leads
to the inequality stated in (ii).

((XI )I∈Λ , ζ),

B

k=1

1X
Zk (H)
B

#

"

"

H∈H

= E sup

 "
E

B

B

##
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1 XX
H(XI ) ζk (I) − ζk0 (I) | (XI )I∈Λ
B
k=1 I∈Λ
#

k=1 I∈Λ


1 XX
H(XI ) ζk (I) − ζk0 (I)
B

.

A bound for thePexpected value. For completeness, we point out that the expected value
B
of supH∈H |(1/B) k=1
Zk (H)| can also be bounded by means of classical symmetrization
and randomization devices. Considering a ”ghost” i.i.d. sample ζ10 , . . . , ζB0 independent
from
distributed as ζ, Jensen’s inequality yields:
"

H∈H

E sup

H∈H

≤ E sup

28

k=1

I∈Λ

B

#
k=1

B

I∈Λ

#
.

H∈Hm

e B (H)| > 2MH
sup |µ(H) − U
m

r
r



2(log 2 + Vm log(1 + #Λ))
+
B



≤ exp −B2 2 / 2(B + n)M2Hm .

2Vm log(1 + N)
+
N

29

j≥1
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h
i
h
i
∗
b B,m
b b) − U
e B (H
b B,m
b
E µ(H
b ) − µm = E µ(HB,m
b ) − pen(B, m)


e B (H
b B,j ) + pen(B, j) − µ∗ ,
+ E inf U
m

Let m ≥ 1 and decompose the expected excess of risk of the rule picked by means of the
complexity regularized incomplete U-statistic criterion as follows:

Proof This is a direct application of the bounded difference inequality (see McDiarmid
e B (H)|, viewed as a function of the (B + n)
(1989)) applied to the quantity supH∈Hm |µ(H) − U
(1)
(K)
independent random variables (X1 , XnK , 1 , . . . , B ) (jumps being bounded by 2MH /B),
combined with Assertion (ii) of Corollary 9.

P



Lemma 16 Under the assumptions stipulated in Theorem 10, we have: ∀m ≥ 1, ∀ > 0,

We start with proving the intermediary result, stated below.

"

1X X
H(XI )ζk (I)
k
≤ 2E sup
B
H∈H

Appendix D. Proof of Theorem 10

k=1

1X
Zk (H)
E sup
B
H∈H

"

We thus obtained:

#
B

1 XX
0
E sup
H(XI ) ζk (I) − ζk (I) | (XI )I∈Λ =
H∈H B k=1 I∈Λ
"
#
B

1X X
E sup
k
H(XI ) ζk (I) − ζk0 (I) | (XI )I∈Λ
H∈H B k=1
I∈Λ
"
#
B
1X X
k
≤ 2E sup
H(XI )ζk (I) | (XI )I∈Λ .
H∈H B

"

Introducing next independent Rademacher variables 1 , . . . , B , independent from ((XI )I∈Λ , ζ, ζ 0 ),
we have:

Scaling-up Empirical Risk Minimization: Optimization of Incomplete U-statistics

j≥1

j≥1

P




b
e
sup |µ(H) − UB (H)| − pen(B, j) > 

H∈Hj



b B,j ) − U
e B (H
b B,j ) − pen(B, j) > 
P µ(H

j≥1
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The same argument as that used to prove Assertion (i) in Theorem 6 (namely, freezing the

Proof The proof is a straightforward application of Theorem A on p. 201 in Serfling
(1980), combined with the union bound and Assumption 1.

Lemma 17 Suppose that the assumptions of Theorem 12 are fulfilled. Then, for all δ ∈
(0, 1), we have with probability larger than 1 − δ: ∀r ∈ R, ∀n ≥ 2,
r
2cΛ(r)α log(#R/δ) 4 log(#R/δ)
0 ≤ Λn (r) − Λ(r) +
+
.
n
3n

We start with proving the following intermediary result, based on the U-statistic version of
the Bernstein exponential inequality.

Appendix E. Proof of Theorem 12

The oracle inequality is thus proved.

p
h
i
2π(B + n)
∗
b B,m
E µ(H
)
≤
µ
+
pen(B,
m)
+
M
.
b
m
B

Combining the bounds, we obtain that: ∀m ≥ 1,

j≥1



h
i
b B,j ) + pen(B, j) − µ∗ ≤ E U
e B (H
b B,m ) + pen(B, m) − µ∗ ≤ pen(B, m).
e B (H
E inf U
m
m

using successively the union bound and Lemma 16. Integrating over [0, +∞), we obtain
that:
p
h
i
2π(B + n)
b
e
b
b
.
(49)
E µ(HB,m
b ) − UB (HB,m
b ) − pen(B, m) ≤ M
B
Considering now the second term, notice that

X

!2 
r
2
−B
(B
+
n)
log
j

≤
exp −
 + 2M
2(B + n)M2
B2
j≥1


X

B2 2
B2 2
2
1/j
≤
2
exp
−
,
≤ exp −
2(B + n)M2
2(B + n)M2

≤

j≥1

X

≤

X





b B,j ) − U
e B (H
b B,j ) − pen(B, j) > 
b B,m
e b b ) − pen(B, m)
b >  ≤ P sup µ(H
P µ(H
b ) − UB (HB,m

where we set µ∗m = inf H∈Hm µ(H). In order to bound the first term on the right hand side
of the equation above, observe that we have: ∀ > 0,

Clémençon, Bellet and Colin

X

(∆(I) − B/#Λ)H(XI ) > t | (XI )I∈Λ



≤ 2 exp −

t2
2 + 2M t/3
4BMH
H



.
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P

sup ŪHT (H) − Un(H) > t | (XI )I∈Λ

H∈H

Solving


δ = 2(1 + #Λ)V exp −

Bt2
2 + 2M t/3
4MH
H



Hence, combining this bound and the union bound, we obtain that: ∀t > 0,


Bt2
.
≤ 2(1 + #Λ)V exp −
2 + 2M t/3
4MH
H

I∈Λ
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r

M + log(2M/δ)
.
B

P

XI ’s, applying Hoeffding inequality and the union bound) shows that, for all δ ∈ (0, 1), we
have with probability at least 1 − δ: ∀r ∈ R,
r

M + log(2M/δ)
.
B

Consider first the case of Bernoulli sampling. By virtue of Bernstein inequality applied
to the independent variables (∆(I) − B/#Λ)H(XI ) conditioned upon (XI )I∈Λ , we have:
∀H ∈ H, ∀t > 0,


e B (qr ) − Un (qr ) +
0≤U

M + log(M/δ)
B

2cΛ(r)α log(2M/δ) 4 log(2M/δ)
+
+
n
3n

for all n ≥ 2 and B ≥ 1 (observe that MH ≤ 1 in this case). Now, combining this bound
with the previous one and using the union bound, one gets that, for all δ ∈ (0, 1), we have
with probability larger than 1 − δ: ∀r ∈ R, ∀n ≥ 2, ∀B ≥ 1,
r
r
e B (qr ) − Λ(r) +
0≤U

r

2cΛ(erB )α log(2M/δ) 4 log(2M/δ)
+
+
n
3n

e B (qer ) ≤ 0 by definition, we thus have with probability at least 1 − δ:
Observing that, U
B
Λ(erB ) ≤

I∈Λ

I∈Λ



!2

i
X
2
B
H(XI ) | (XI )I∈Λ 
| (XI )I∈Λ = E 
∆(I) −
#Λ

I6=J

"

 #


X
B
B 2
B
2
2
+ MH
E ∆(I) −
∆(I) −
∆(J) −
≤ 2BMH
.
#Λ
#Λ
#Λ

i<j

X
2
H(xi , xj ).
n(n − 1)

def

i<j

X
2
H2 (xi , xj ).
n(n − 1)

i=1

1X
H1 (xi ),
n

n

involving centered and decorrelated random variables given by
Tn (H) =
Wn (H) =

32
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Equipped with these notations, the (orthogonal) Hoeffding/Hajek decomposition of Un (H)
can be written as
Un (H) = µ(H) + 2Tn (H) + Wn (H),

H1 (x) = E [H(x, X)] − µ(H) and H2 (x, x 0 ) = H(x, x 0 ) − µ(H) − H1 (x) − H1 (x 0 ).

def

In order to express the variance of Un (H) based on its second Hoeffding decomposition (see
Section 2.1), we first introduce more notations: ∀(x, x 0 ) ∈ X12 ,

Un (H) =

For simplicity, we focus on one sample U-statistics of degree two (K = 1, d1 = 2) since the
argument easily extends to the general case. Let Un (H) be a non-degenerate U-statistic of
degree two:

The proof can be then ended using the union bound, just like above.




Bt2
≤ 2 exp −
.
2
2MH

yields the desired bound.
Consider next the case of the sampling without replacement scheme. Using the exponential inequality tailored to this situation proved in Serfling (1974) (see Corollary 1.1 therein),
we obtain: ∀H ∈ H, ∀t > 0,


Choosing finally B = O(n2/(2−α) ), the desired result is obtained by solving the inequality
above for Λ(erB ).

E
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1 X
(∆(I) − B/#Λ)H(XI ) > t | (XI )I∈Λ
B

Appendix F. Proof of Theorem 13

Appendix G. Proof of Proposition 14

P

As shown by the following lemma, which is a slight modification of Lemma 1 in Janson
(1984), the deviation
between the incomplete U-statistic and its complete version is of
√
order OP )(1/ B) for both sampling schemes.
Lemma 18 Suppose that the assumptions of 13 are fulfilled. Then, we have: ∀H ∈ H,
h
i
2
2
/B.
ŪHT (H) − Un (H) | (XI )I∈Λ ≤ 2MH
E

Proof Observe first that, in both cases (sampling without replacement and Bernoulli
sampling), we have: ∀I 6= J in Λ,
"
 #



B
B
B
1
B
B 2
≤
and E ∆(I) −
∆(J) −
≤
·
.
∆(I) −
#Λ
#Λ
#Λ
#Λ
#Λ #Λ

E

h

X
I∈Λ

ŪHT (H) − Un(H)

Hence, as (∆(I))I∈Λ and (XI )I∈Λ are independent by assumption, we have:
B2 E
2
≤ MH
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S. Clémençon and S. Robbiano. Building confidence regions for the ROC surface. To appear
in Pattern Recognition Letters, 2014.
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Availability of large high-dimensional data sets has motivated an interest in the interplay between statistics and optimization, towards developing new and more efficient learning solutions (Bousquet and Bottou, 2008). Indeed, while much theoretical work has been classically
devoted to study statistical properties of estimators defined by variational schemes (for example Empirical Risk Minimization (Vapnik, 1998) or Tikhonov regularization (Tikhonov
and Arsenin, 1977)), and to the computational properties of optimization procedures to
solve the corresponding minimization problems (see for example Sra et al., 2011), much less
work has considered the integration of statistical and optimization aspects, see for example
Chandrasekaran and Jordan (2013); Wainwright (2014); Orabona (2014).
With the latter objective in mind, in this paper, we focus on iterative regularization.
This class of methods, originated in a series of work in the mid-eighties (Nemirovskii, 1986;

1. Introduction

We consider the problem of supervised learning with convex loss functions and propose a
new form of iterative regularization based on the subgradient method. Unlike other regularization approaches, in iterative regularization no constraint or penalization is considered,
and generalization is achieved by (early) stopping an empirical iteration. We consider a
nonparametric setting, in the framework of reproducing kernel Hilbert spaces, and prove
consistency and finite sample bounds on the excess risk under general regularity conditions.
Our study provides a new class of efficient regularized learning algorithms and gives insights
on the interplay between statistics and optimization in machine learning.
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Polyak, 1987), is based on the observation that early termination of an iterative optimization scheme applied to empirical data has a regularization effect. A critical implication
of this fact is that the number of iterations serves as a regularization parameter, hence
linking modeling and computational aspects: computational resources are directly linked to
the generalization properties in the data, rather than their raw amount. Further, iterative
regularization algorithms have a built-in “warm restart” property which allows to compute
automatically a whole sequence of solutions corresponding to different levels of regularization (the regularization path). This latter property is especially relevant to efficiently
determine the appropriate regularization level via model selection.
Iterative regularization techniques are well known in solving inverse problems, where
several variants have been studied, see Engl et al. (1996); Kaltenbacher et al. (2008) and
references therein. In machine learning, iterative regularization is often simply referred
to as early stopping and is a well known “trick”, for example in training neural networks
(LeCun et al., 1998). Theoretical studies of iterative regularization in machine learning
have mostly focused on the least square loss function (Buhlmann and Yu, 2003; Yao et
al., 2007; Bauer et al., 2007; Blanchard and Nicole, 2010; Raskutti et al., 2014). Indeed,
it is in this latter case that the connection to inverse problems can be made precise (De
Vito et al., 2005). Interestingly, early stopping with the square loss has been shown to be
related to boosting (Buhlmann and Yu, 2003) and also to be a special case of a large class
of regularization approaches based on spectral filtering (Gerfo et al., 2008; Bauer et al.,
2007). The regularizing effect of early stopping for loss functions other than the square loss
has hardly been studied. Indeed, to the best of our knowledge the only papers considering
related ideas are Bartlett and Traskin (2007); Bickel et al. (2006); Jiang (2004); Zhang and
Yu (2005), where early stopping is studied in the context of boosting algorithms.
This paper is a different step towards understanding how early stopping can be employed
with general convex loss functions. Within a statistical learning setting, we consider convex
loss functions and propose a new form of iterative regularization based on the subgradient
method, or the gradient descent if the loss is smooth. The resulting algorithms provide
iterative regularization alternatives to Support Vector Machines or regularized logistic regression, and have built in the property of computing the whole regularization path. Our
primary contribution in this paper is theoretical. By integrating optimization and statistical
results, we establish consistency and non-asymptotic bounds quantifying the generalization
properties of the proposed method under standard regularity assumptions. Interestingly,
our study shows that considering the last iterate leads to essentially the same results as
considering averaging, or selecting of the “best” iterate, as typically done in subgradient
methods (Boyd and Vandenberghe, 2004). From a technical point of view, considering a
general convex loss requires different error decompositions than the square loss. Moreover,
operator theoretic techniques and matrix concentration inequalities need to be replaced by
convex analysis and empirical process results. The error decomposition we consider, accounts for the contribution of both optimization and statistics to the error, and could be
useful also for other methods.
The rest of the paper is organized as follows. We begin in Section 2 by briefly recalling the supervised learning problem, and then introduce our learning algorithm, discussing
its numerical realization. In Section 3, after discussing the assumptions that underlie our
analysis, we present and discuss our main theorems and illustrate the general error decom-
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examples. For classification, i.e., Y = {±1}, other examples of loss functions used include
the hinge loss V (y, a) = max{1 − ya, 0} , the logistic loss V (y, a) = log(1 + e−ya ) and the
exponential loss V (y, a) = e−ya . For all these examples fρV can be characterized, see for
example Steinwart and Christmann (2008), and its measurability is easy to check.
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t=1

m

j=1

1 X 0
V− (yj , ft (xj ))Kxj ,
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ωt = PT

4

,

t = 1, . . . , T.

t = 1, . . . , T.
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In what follows, we will consider the learning algorithms obtained with these different
choices.
We note that, classical results (Bertsekas, 1999; Boyd et al., 2003; Boyd and Vandenberghe, 2004) on the subgradient method focus on how the iteration (1) can be used to
minimize Ez . Different to these studies, in the following we are interested in showing how
iteration (1) can be used to define a statistical estimator, hence a learning algorithm to
minimize the expected risk E, rather than the empirical risk Ez . We add two remarks.

ft :t=1,··· ,T

bT = arg min Ez (ft ).

Alternatively, the best iterate is also often considered, which is defined for T ∈ N by

aT =

The above iteration corresponds to the subgradient method (Bertsekas, 1999; Boyd et al.,
2003) for minimizing the empirical error Ez = EzV with respect to the loss V , which is given
by
m
1 X
V (yj , f (xj )).
Ez (f ) =
m
j=1
1 Pm
0
Indeed, it is easy to see that m
j=1 V− (yj , f (xj ))Kxj ∈ ∂Ez (f ), the subgradient of the
empirical risk for f ∈ HK . In the special case where the loss function is smooth, then
(1) reduces to the gradient descent algorithm. Since the subgradient method is not a
descent algorithm, rather then the last iterate, the so-called Cesáro mean is often considered,
corresponding, for T ∈ N, to the following weighted average

ft+1 = ft − ηt

To present the proposed learning algorithm we need a few preliminary definitions. Consider
a reproducing kernel K : X × X → R, that is a symmetric function, such that the matrix
`
`
(K(ui , uj ))i,j=1
is positive semidefinite for any finite set of points {ui }i=1
in X. Recall that a
reproducing kernel K defines a reproducing kernel Hilbert space (RKHS) (HK , k·kK ) as the
completion of the linear span of the set {Kx (·) := K(x, ·) : x ∈ X} with respect to the inner
product hKx , Ku iK := K(x, u), x, u ∈ X (Aronszajn, 1950). Moreover, assume the loss
function V to be measurable and convex in its second argument, so that the corresponding
left derivative V−0 exists and is non-decreasing at every point.
For a stepsize sequence {ηt > 0}, a stopping iteration T > 2 and an initial value f1 = 0,
we consider the iteration

2.2 Learning via Subgradient Methods with Early Stopping

position which is composed of three error terms: computational, sample and approximation
error. In Section 4, we will estimate the computational error, while in Section 5, we develop
sample error bounds, and finally prove our main results.

2. Learning Algorithm
After briefly recalling the supervised learning problem, we introduce the algorithm we propose and give some comments on its numerical realization.
2.1 Problem Statement
In this paper we consider the problem of supervised learning. Let X be a separable metric
space, Y ⊆ R and let ρ be a Borel probability measure on Z = X × Y. Moreover, let
V : R × R → R+ be a so-called loss function, measuring the local error V (y, f (x)) for
(x, y) ∈ Z and f : X → R. The generalization error (or expected risk) E = E V associated
with V is given by
Z
V (y, f (x))dρ,
E(f ) =
Z

and is well defined for any measurable loss function V and measurable function f . We
assume throughout that there exists a function fρV that minimizes the expected error E(f )
among all measurable functions f : X → Y . Roughly speaking, the goal of learning is
to find an approximation of fρV when the measure ρ is known only through a sample z =
m of size m ∈ N independently and identically drawn according to ρ. More
{zi = (xi , yi )}i=1
precisely, given z the goal is to design a computational procedure to efficiently estimate a
function fz , an estimator, for which it is possible to derive an explicitly probabilistic bound
on the excess expected risk
E(fz ) − E(fρV ).

We end this section with a remark and an example.
Remark 1 For several loss functions, it is possible to show that fρV exists, see the example
below. However, as will be seen in the following, the search for an estimator in practice is
often restricted to some hypothesis space H of measurable functions. In this case one should
replace E(fρV ) by inf f ∈H E(f ). Interestingly, examples of hypothesis spaces are known for
which E(fρV ) = inf f ∈H E(f ), namely universal hypothesis spaces (Steinwart and Christmann,
2008). In the following, we consider E(fρV ), with the understanding that it should be replaced
by the infimum over H, if the latter is not universal.
Example 1 The most classical example of loss function is probably the square loss V (y, a) =
(y − a)2 , y, a ∈ R. In this case, fρV is the regression function, defined at every point as the
expectation of the conditional distribution of y given x (Cucker and Zhou, 2007; Steinwart
and Christmann, 2008). Further examples include the absolute value loss V (y, a) = |y − a|
for which fρV is the median of the conditional distribution and more generally p-loss functions V (y, a) = |y − a|p , p ∈ N 1 . Vapnik’s -insensitive loss V (y, a) = max{|y − a| − , 0},
 > 0 and its generalizations V (y, a) = max{|y − a|p − , 0},  > 0, p > 1 provide yet other
1. We denote the set of positive integers by N.
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t = 1, . . . , T.

m

j=1

1 X 0
V− (yj , wt> xj )xj ,
m
t = 1, . . . , T.
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P
j
Finally, for a general kernel it is easy to prove by induction that ft+1 (x) = m
j=1 ct+1 K(x, xj )
for all x ∈ X, with
1
t = 1, . . . , T,
ct+1 = ct − ηt gt ,
m
P
j
m
m
for c1 = 0m×1 ∈ R and gt ∈ R with its i-th component gti = V−0 (yi , m
j=1 ct K(xi , xj )), ∀i =
> for t ∈ N. Indeed, the base case is straightforward to
1, · · · , m. Here, ct = (c1t , · · · , cm
)
t

j=1

Here, wt ∈ Rd for all t. Beyond the linear kernel, it can be easily seen that given a finite
dictionary
{φi : X → R, i = 1, . . . , p},
p ∈ N,
Pp
0
0
one
In this case, it holds ft+1 (x) =
Pp cani consider the>kernel K(x, x ) = i=1 φi (x )φi (x).
>
i=1 wt+1 φi (x) = wt+1 Φ(x), Φ(x) = (φ1 (x), . . . , φp (x)) for all x ∈ X, with w1 = 0p×1 ∈
Rp and
m
1 X 0
wt+1 = wt − ηt
V− (yj , wt> Φ(xj ))Φ(xj ),
t = 1, . . . , T.
m

wt+1 = wt − ηt

The simplest case to derive a numerical procedure from Algorithm 1 is when X = Rd for
some d ∈ N and K is the associated inner product. In this case it is straightforward to see
> x for all x ∈ X, with w = 0
d
that ft+1 (x) = wt+1
1
d×1 ∈ R and

2.3 Numerical Realization

given some initialization. Compared to (1) in the above expression the “batch” gradient
is replaced by a point-wise gradient. The sequence (jt )t defines the order in which points
are visited and can be stochastic. The obtained iteration is a form of stochastic gradient/subgradient method. When T > n the algorithm visits the point multiple times. Each
full pass over the data is called an epoch, or a cycle, and the obtained iteration corresponds
to a form of incremental gradient/subgradient. The analysis in the paper can be modified
to account for these iterations. However, to keep the paper self-contained we defer such an
analysis to a future paper.

ft+1 = ft − ηt V−0 (yjt , ft (xjt ))Kxjt ,

Remark 3 (Multiple Passes SGD) In practice stochastic/incremental approaches are
often used. The latter correspond to considering the iteration

Remark 2 (Early Stopping SVM and Kernel Perceptron) If we consider the hinge
loss function in (1), the corresponding algorithm is closely related to a batch (kernel) version
of the perceptron (Rosenblatt, 1962; Aizerman et al., 1964), where an entire pass over the
data is done before updating the solution. Such an algorithm can also be seen as an early
stopping version of Support Vector Machines (Cortes and Vapnik, 1995). Interestingly, in
this case the whole regularization path is computed incrementally albeit sparsity could be
lost.
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j=1

m
X

cjt Kxj − ηt

m

m

j=1



1
cjt − ηt V−0 (yj , ft (xj )) .
m
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Assumption 2 always holds true for the square loss with q = τ = 1, the hinge loss with
q = τ = 0, and more generally for Lipschitz loss functions with τ = 0 and cτ depending
on kfρV k∞ . In classification, the above condition can be related to the so-called Tsybakov
margin condition. The latter quantifies the intuition that a classification problem is hard if
the conditional probability of y given x is close to 1/2 for many input points. More precisely
if we denote by ρ(y|x) the conditional probability for all (x, y) ∈ Z and by ρX the marginal

Z

Assumption 2 We assume that there exists an exponent τ ∈ [0, 1] and a positive constant
cτ such that for any R ≥ 1 and f ∈ BR , we have
Z n
2 o

τ
V (y, f (x)) − V (y, fρV (x)
dρ ≤ cτ R2+q−τ E(f ) − E(fρV ) .
(5)

The boundedness conditions on K, fρV and V are fairly common (Cucker and Zhou, 2007;
Steinwart and Christmann, 2008). They could probably be weakened by considering a more
involved analysis which is outside the scope of this paper. Interestingly, the growth condition
on the left derivative of V is weaker than assuming the loss, or its gradient, to be Lipschitz
in its second entry which is standard both in learning theory (Cucker and Zhou, 2007;
Steinwart and Christmann, 2008) and in optimization (Boyd and Vandenberghe, 2004). We
note that the growth condition (4) is implied by the requirement for the loss function to
be Nemitski when Y is bounded, as introduced in De Vito et al. (2004) (see also Steinwart
and Christmann, 2008). This latter condition, which is satisfied by most loss functions, is
natural to provide variational characterizations of the learning problem.
The second assumption refines the above boundedness condition by considering a varianceexpectation bound which quantifies the noise (level) in the measure ρ with respect to balls
in the RKHS BR = {f ∈ HK : kf kK ≤ R}, R > 0 (Cucker and Zhou, 2007; Steinwart and
Christmann, 2008).

Our results will be stated under several conditions on the triplet (ρ, V, K), that we describe
and comment next. We begin with a basic assumption.
p
Assumption 1 We assume the kernel to be bounded, that is κ = supx∈X K(x, x) < ∞.
V
Moreover kfρ k∞ < ∞ and |V |0 := supy∈Y V (y, 0) < ∞. Furthermore, we consider the
following growth condition for the left derivative V−0 (y, ·). For some q ≥ 0 and constant
cq > 0, it holds,
V−0 (y, a) ≤ cq (1 + |a|q ),
∀a ∈ R, y ∈ Y.
(4)

3.1 Assumptions

After presenting our main assumptions, in this section we state and discuss our main results.

j=1

X
1 X 0
V− (yj , ft (xj ))Kxj =
Kxj
m

3. Main Results with Discussions

ft+1 =

check and moreover by the inductive hypothesis
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)1/2

,

f, g ∈ G.

∀  > 0.

(7)

(8)

(9)

ζ

 2

1
n

8

1


,

1
n

n ≥ 1,

 1
1 ζ
,
n

n ≥ 1,
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Our main results, in Theorems 4, 7 and 8, provide general stopping rules and corresponding
upper bounds involving all the parameters defining the problem. These results are then
illustrated and discussed in a series of corollaries considering special cases that allow for
simpler statements, see in particular Corollary 6 in this subsection, Corollaries 9 and 10 in
Subsection 3.3, and Theorems 11 and 12 in Subsection 3.4.
The following is our main result providing a general finite sample bound for the iterative
regularization induced by the subgradient method for convex loss functions considering the
last iterate. Here, dxe denotes the smallest integer greater than or equal to x ∈ R.

3.2 Finite Sample Bounds for General Convex Loss Functions

for some constant aζ . Hence, using the equivalence of covering and entropy numbers,
Ez [log N (B1 , , d2,z ))] can be estimated from the eigenvalue decay of the integral operator LK . Finally, since d2,z (f, g) ≤ kf − gk∞ , one has that for any  > 0, N (B1 , , d2,z ) is
bounded by N (B1 , , k · k∞ ) , the uniform covering number of B1 under the metric k · k∞ .
Thus, the covering number N (B1 , , d2,z ) can be also estimated given the uniform smoothness of the kernel (Zhou, 2003).

Ez [en (B1 , d2,z )] ≤ aζ

for some constants ãζ ≥ 1 and ζ ∈ (0, 2), then the expectation of the random entropy
number Ez [en (B1 , d2,z )] satisfies

λn ≤ ãζ

for some aζ0 > 0. Second, it is shown in Steinwart (2009) that if the eigenvalues of the
integral operator LK satisfy

en (G, d) ≤ aζ0

for some aζ > 0, if and only if the entropy number en (G, d) satisfies
 1
ζ
,

log N (G, , d) ≤ aζ

First, note that the covering and entropy numbers are equivalent (see for example Steinwart
and Christmann, 2008, Lemma 6.21). Indeed, for ζ > 0, the covering number N (G, , d)
satisfies
 ζ
,
∀ > 0,

i=1

probability on X, then we say that ρ satisfies the Tsybakov margin condition with exponent
s if there exists a constant C > 0 such that for all δ > 0
1
ρX ({x ∈ X : |ρ(1|x) − | ≤ δ}) ≤ (Cδ)s .
2

m

,

en (G, d) = inf

other related assumptions. Recall that capacity of the RKHS may be measured by various
concepts: covering numbers of balls BR in HK , (dyadic) entropy numbers
R and decay of the
eigenvalues of the integral operator
LK : Lρ2 → Lρ2 given by LK (f ) = X f (x)Kx dρX (x),
R
where Lρ2 = {f : X → R :
|f (x)|2 dρX (x) < ∞}. For a subset G of a metric space (H, d),
the n-th entropy number is defined by


2n−1


[
ε > 0 : ∃f1 , f2 , · · · , f2n−1 such that G ⊂
{f ∈ G : d(f, fi ) ≤ ε} .



+

2
λkfλ kK
.

(6)

Interestingly, under the Tsybakov margin condition, Assumption 2 holds for the hinge loss
s
with τ = s+1
and cτ depending only on C.
The third condition is about the decay of the approximation error (Smale and Zhou,
2003).
Assumption 3 Let λ > 0 and fλ be a minimizer of:
2
fλ := arg min E(f ) + λkf kK
.
f ∈HK

−

E(fρV )

The approximation error associated with the triplet (ρ, V, K) is defined by
D(λ) =

E(fλ )

∀ λ > 0.

i=1

We assume that for some β ∈ (0, 1] and cβ > 0, the approximation error satisfies
D(λ) ≤ cβ λβ ,

l ∈ N : ∃f1 , f2 , · · · , fl ⊂ H such that G ⊂

The above assumption is standard when analyzing regularized empirical risk minimization
schemes and is related to the definition of interpolation spaces by means of K- functional
(Cucker and Zhou, 2007). Interestingly, we will see in the following that it is also important
when analyzing the approximation properties of the subgradient algorithm (1).
Finally, the last condition characterizes the capacity of a RKHS HK in terms of empirical
covering numbers, and plays an essential role in sample error estimates. Recall that for a
subset G of a metric space (H, d), the covering number N (G, , d) is defined by
(
)
`
[
{f ∈ G : d(f, fi ) ≤ } .
N (G, , d) = inf

(

Assumption 4 Let G be a set of functions on X. The metric d2,z is defined on G by
d2,z (f, g) =

i=1

1 X
(f (zi ) − g(zi ))2
m

1


 ζ

We assume that for some ζ ∈ (0, 2), cζ > 0, the covering number of the unit ball B1 in HK
with respect to d2,z satisfies
Ez [log N (B1 , , d2,z ))] ≤ cζ

The smaller ζ, the more stringent is the capacity assumption. As ζ approaches 2 we are
essentially considering a capacity independent scenario, that is an arbitrary RKHS. In what
follows, we will briefly comment on the connection between the above assumption and
7
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2

2

when θ <

when θ ≥

when θ ≥
when θ <

q+1
q+2 ,

q+1
q+2 ,

(12)

(11)

(

2β
(2β+1)(2−τ +ζτ /2) ,
2θβ
(1−θ+2βθ)(2−τ +ζτ /2) ,

2
(1−θ)(2β+1)(2−τ +ζτ /2) ,
2
(1−θ+2βθ)(2−τ +ζτ /2) ,

when θ < 21 ,

when θ ≥ 12 ,

when θ ≥ 12 ,
when θ < 12 ,

Setting θ = 1/2, we get the following result.
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For Lipschitz loss functions, Assumption 2 always holds true for τ = 0. Also, if fρV ∈ HK ,
then Assumption 3 holds for β = 1 and cβ ≤ kfρV k2K . In this case, γ and α from the above
theorem are given by




1
1
1
θ
γ = max
,
and α = min
,
.
3(1 − θ) 1 + θ
3 1+θ

e is a positive constant independent of m or δ.
and C

α =

γ =

where the power indices γ and α are defined as
(

Corollary 5 Assume (4) with q = 0, (9) with ζ ∈ (0, 2)
(8) with oβ ∈ (0, 1]. Let
n and
√
ηt = η1 t−θ with 0 < θ < 1 and η1 satisfying 0 < η1 ≤ min √2c 1−θ
, 1−θ . If T = dmγ e,
q (κ+1) 4|V |0
then for any 0 < δ < 1, with confidence 1 − δ, we have
(
e −α log 2 ,
Cm
when θ > 21 ,
δ
E(fT ) − E(fρV ) ≤
e −α log m log 2 , when θ ≤ 1 ,
Cm
δ
2

The proof is deferred to Section 5 and is based on a novel error decomposition, discussed
in Section 3.6, integrating statistical and optimization aspects. We begin illustrating the
above result for Lipschitz loss functions, that is considering q = 0, as follows.

e is a positive constant independent of m or δ (given explicitly in the proof ).
and C

θ(1+q)−q

where the power indices γ and α are defined as

1
2
 1−θ
(1+2β)(2−τ +ζτ /2)+q(1+ζ/2) ,
2 
1
γ =
 1−θ 1+ 2β(θ(1+q)−q) (2−τ +ζτ /2)+q(1+ζ/2) ,
1−θ

β

 β(2−τ +ζτ /2)+n 2−τ +ζτ /2 + q(1+ζ/2) o ,
2
2
α =
β

 β(2−τ +ζτ /2)+ 1−θ n 2−τ +ζτ /2 + q(1+ζ/2) o ,
q+1
q+2 ,
q+1
q+2 ,
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where the power indices γ and α are defined as in Theorem 4 and C is a positive constant
independent of m or δ (can be given explicitly).

Theorem 7 Under the assumptions of Theorem 4, if T = dmγ e and gT = aT (or bT ) then
for any 0 < δ < 1, with confidence 1 − δ, we have
(
Cm−α log 2δ ,
when θ 6= q+1
q+2 ,
E(gT ) − E(fρV ) ≤
Cm−α log m log 2δ , when θ = q+1
q+2 ,

Corollary 6 Assume (4) with q = 0, (9) with ζ ∈ (0, 2) and fρV ∈ HK . Let ηt = η1 t−1/2
n
o
1
with η1 satisfying 0 < η1 ≤ min 2cq (κ+1)
, 8|V1 |0 . If T = dm2/3 e, then for any 0 < δ < 1,
with confidence 1 − δ, we have
e −1/3 log m log 2 .
E(fT ) − E(fρV ) ≤ Cm
δ
The above results give finite sample bounds on the excess risk, provided that a suitable
stopping rule is considered. While the stopping rule in the above theorems is distribution
dependent, a data-driven stopping rule can be given by hold-out cross validation and adaptively achieves the same bounds. The proof of this latter result is straightforward using
the techniques in Caponnetto and Yao (2010) and is omitted. The above bounds directly
yield strong consistency (almost sure convergence) using standard arguments. Interestingly,
our analysis suggests that a decaying stepsize needs to be chosen to achieve meaningful error bounds. The stepsize choice can influence both the early stopping rule and the error
bounds. More precisely, if the stepsize decreases fast enough, i.e., θ ≥ q+1
q+2 , the stopping rule
depends on the decay speed but the error bound does not. In √
this case, the best possible
q+1
choice for the early stopping rule is θ = q+2 , that is ηt ∼ 1/ t in the case of Lipschitz
loss functions. With this choice, if for example we take the limit β → 1, τ → 0, we have
that the stopping rule scales as O(m2/3 ) whereas the corresponding finite sample bounds
are of order O(m−1/3 ). A slower stepsize decay given by θ < q+1
q+2 affects both the stopping
rule and the error bounds, but these results are worse. A more detailed discussion of the
obtained bounds in comparison to other learning algorithms is postponed to Section 3.5.
To see how the number of passes and the decaying rate θ of stepsize affects the performances of our algorithms, we carry out simple numerical simulations that complement the
above result. In Fig. 1 we consider simulated data, i.e. simple binary classification problem
where the input space is two dimensional. The training and test error as a function of the
number of iterations are reported for different stepsize values. In Fig. 2 we consider a real
benchmark data-set and again report the training and test error for different stepsize values.
The same qualitative behavior can be observed in simulated and real data. The empirical
error decreases as a function of the number of iterations while the expected (test) error as
a minimum. The effect is more evident when the stepsize choice is more aggressive, that is
for θ close to zero.
Next we discuss the behavior of different variants of the proposed algorithm. As mentioned before, in the subgradient method, when the goal is empirical risk minimization, the
average or best iterates are often considered (see Equations (2), (3)). It is natural to ask
what are the properties of the estimator obtained with these latter choices, that is when
they are used as approximate minimizers of the expected, rather than the empirical risk.
The following theorem provides an answer.

Theorem 4 Assume (4) with q ≥ 0, (5) with τ ∈ [0, 1], (8) with β ∈ (0, 1] and (9) with
q
ζ ∈ (0, 2). Let ηt = η1 t−θ with q+1
< θ < 1 and η1 satisfying
(
)
√
1−θ
1−θ
0 < η1 ≤ min √
,
.
(10)
2cq (κ + 1)q+1 4|V |0

If T = dmγ e, then for any 0 < δ < 1, with confidence 1 − δ, we have
(
e −α log 2 ,
Cm
when θ > q+1
δ
q+2 ,
E(fT ) − E(fρV ) ≤
2
−α
e
Cm log m log δ , when θ ≤ q+1
q+2 ,
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Figure 1: Performance of Algorithm (1) for the last iterates applied to synthetic data in binary classification with different θ, setting η1 = 1, V (y, f ) = max{1 − yf, 0}
and HK = R2 . Samples for two classes are drawn from bivariate Gaussian
distributions. The parameters for the Gaussian distributions are µ1 = [2, 0]> ,
Σ1 = [5, 3; 3, 5]/2 and µ−1 = −µ1 , Σ−1 = Σ1 . For each given θ, we run Algorithm
(1) 100 times for 100 independent training data, and calculate the corresponding test errors for 100 independent test data. In each trial, both of the training
data and the test data are of 100. The errors averaged over these 100 trials are
depicted as the above.

The above result shows, perhaps surprisingly, that the behavior of the average or best
iterates is essentially the same as the last iterate. Indeed, there is only a subtle difference
between the upper bounds in Theorem 7 and those in Theorem 4, since the latter have an
q+1
extra log m factor when θ < q+2
.
In the next section, we consider the case where loss is not only convex but also smooth.
3.3 Finite Sample Bounds for Smooth Loss Functions
In this section, we additionally assume that V (y, ·) is differentiable and V 0 (y, ·) is Lipschitz
continuous with constant L > 0, i.e., for any y ∈ Y and a, b ∈ R,
|V 0 (y, b) − V 0 (y, a)| ≤ L|b − a|.
For the logistic loss in binary classification (see Example 1), it is easy to prove that both
V (y, ·) and V 0 (y, ·) are Lipschitz continuous with L = 1, for all y ∈ Y . With the above
smoothness assumption, we prove the following convergence result.
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Figure 2: Misclassification errors of Algorithm (1) for the last iterates applied to Adult
dataset with different values of θ, setting V (y, f ) = max{1 − yf, 0}, K(x, x0 ) =
kx−x0 k2
exp{− 2σ2 2 } and m = 1500. Here, σ is chosen as the median of the vector that
consists of all Euclidean distances between training input vectors with different
labels (Jaakkola et al., 1999). For each θ, η1 is tuned using a holdout method.

Theorem 8 Assume (4) with q ≥ 0, (5) with τ ∈ [0, 1], (8) with β ∈ (0, 1] and (9) with
ζ ∈ (0, 2). Assume that V (y, ·) is differentiable and V 0 (y, ·) is Lipschitz continuous with
1−θ
2 −1
constant L > 0. Let ηt = η1 t−θ with 0 ≤ θ < 1 and 0 < η1 ≤ min( 2|V
|0 , (Lκ ) ). If
T = dmγ e, then for any 0 < δ < 1, with confidence 1 − δ, we have

e −α log 2 ,
E(fT ) − E(fρV ) ≤ Cm
δ

β(2 − τ + ζτ /2) +

2
1
,
1 − θ (1 + 2β) (2 − τ + ζτ /2) + q(1 + ζ/2)
β
n
o,
2−τ +ζτ /2
+ q(1+ζ/2)
2
2

where the power indices γ and α are defined as
γ =
α =

e is a positive constant independent of m or δ.
and C

1

The proof of this result will be given in Section 5. We can simplify the result by considering
Lipschitz loss function (q = 0) and setting τ = 0.

2
log ,
δ

Corollary 9 Under the assumptions of Theorem 8, let q = 0. If T = dm (1−θ)(2β+1) e, then
for any 0 < δ < 1, with confidence 1 − δ, we have

β
− 2β+1

e
E(fT ) − E(fρV ) ≤ Cm

e is a positive constant independent of m or δ.
where C

The finite sample bound obtained above is essentially the same as the best possible bound
obtained for general convex loss functions. However, the important difference is that for

12
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β
2 -th

power of the positive operator LK .

X

1

e − ζ+2 log 2 .
≤ Cm
δ

(13)

13
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The misclassification loss (13) is neither convex nor smooth and thus leads to computationally intractable problems. In practice, a convex (so-called surrogate) loss function is
typically considered and a classifier is obtained by estimating a real function f and then
taking its sign defined as

1,
if f (x) ≥ 0,
sign(f )(x) =
−1, otherwise.

for b : X → Y and Θ(a) = 1, if a ≥ 0, and Θ(a) = 0 otherwise. The corresponding
generalization error, denoted by R, is called misclassification risk, since it can be shown to be
the probability of the event {(x, y) ∈ Z : y 6= b(x)}. The minimizer of the misclassification
error is the Bayes rule bρ : X → Y given by

1,
if the conditional probability ρ(1|x) ≥ 1/2,
bρ (x) =
−1, otherwise.

V (y, b(x)) = Θ (−yb(x))

We briefly discuss how the above results allow to derive error bounds in binary classification
problems. In this latter case Y = {1, −1} and a natural choice for the loss function is the
misclassification loss given by

3.4 Iterative Regularization for Classification: Surrogate Loss Functions and
Hinge Loss

Before comparing our bounds with obtained with other algorithms we last specialize our
results to a binary classification setting.

kfT −

fρ k2L2ρ

1−θ
−2
(1−θ)(β+1)(ζ+2) e, then for any 0 < δ < 1, with confidence
0 < η1 ≤ min( 2|V
|0 , κ ). If T = dm
1 − δ, we have
2β
e − (β+1)(ζ+2) log 2 .
kfT − fρ k2Lρ2 ≤ Cm
X
δ
In particular, if fρ ∈ HK ,

2

Corollary 10 Let V (y, a) = (y − a)2 and |y| ≤ |V |0 < ∞ almost surely. Assume fρ ∈
β/2
LK (L2ρX ) with β ∈ (0, 1] and (9) with ζ ∈ (0, 2). Let ηt = η1 t−θ with 0 ≤ θ < 1 and

where LK is the

β/2

case, Assumption 2 holds true for τ = 1 and cτ = 1, and condition (8) can be characterized
β/2
by requiring that fρ ∈ LK (L2ρX ) (Smale and Zhou, 2003; Caponnetto and De Vito, 2007),

1−3
1+6

e 4 − 13 log 2 .
R (sign(fT )) − R(fc ) ≤ Cm
δ

14
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As mentioned before iterative regularization has nice computational properties. The algorithm reduces to a simple first order method with low iteration cost and allows to easily
compute the estimators corresponding to different regularization level (the regularization
path), a crucial fact since model selection needs to be performed. In this view, the proposed
procedure can be compared with standard approaches for example based on considering
Support Vector Machines (SVM) or online variants such as Pegasos. In the former case,
in principle a quadratic programming problem need to be solved for each regularization

3.5 Comparison with Other Learning Algorithms

1 − δ, we have

Theorem 12 Let Y = {1, −1} and V be the hinge loss. Let 0 <  < 13 and (8) is
−θ with θ = 4β−1+3(2β+1) and 0 < η ≤
satisfied with 1 > β > 4−3
1
4+6 . Let ηt = η1 t
(2β+1)(2+3)
√

2
2(1−θ) 1−θ
+
min
. If (9) is valid with ζ ∈ (0, 2) and T = dm 3 e, then with confidence
κ+1 , 4

e − 31 log 2 .
R (sign(fT )) − R(fc ) ≤ Cm
δ

with  ∈ (0, 1/3), then with confidence 1 − δ,

(14)

The proof of the above result is given in Section 5, and comments on the obtained rates are
given in the next section.
We end noting that, as illustrated by the next result where the stopping rule is kept
fixed while the stepsize is chosen in a distribution dependent way. This observation is made
precise by the following result.

In particular, if β >

β

e − 2β+1 log 2 .
R (sign(fT )) − R(fc ) ≤ Cm
δ

1

valid with ζ ∈ (0, 2) and T = dm (1−θ)(2β+1) e, then with confidence 1 − δ, we have

Theorem 11 Let Y = {1, −1} and V be the hinge loss. Let 0 < 
 < 31 and (8)be satisfied
√
(1−θ)
−θ
. If (9) is
with β ∈ (0, 1]. Let ηt = η1 t with θ > 1/2 and 0 < η1 ≤ min √2(κ+1) , 1−θ
4

Indeed, the hinge loss satisfies Assumption (4) with q = 0 and, under Tsybakov noise
condition, Assumption (5). Misclassification error bound, for iterative regularization with
the hinge loss, can then be obtained as a corollary of Theorem 4.

R(signf ) − R(bρ ) ≤ E(f ) − E(fρV ).

The question arises of if, and how, error bounds on the excess risk E(f ) − E(fρV ) yields
results on R(signf ) − R(bρ ). Indeed, the so-called comparison results are known relating
these different error measures, see for example Cucker and Zhou (2007); Steinwart and
Christmann (2008) and references therein. We discuss in particular the case of the hinge
loss function (see Example 1). In this case for all measurable functions f it holds that

smooth loss functions, a constant stepsize can be chosen and allows to considerably improve
the stopping rule. Indeed, if for example we can consider the limit β → 1, τ → 0, we have
that the stopping is O(m1/3 ), rather than O(m2/3 ), whereas the corresponding finite sample
bound is again O(m−1/3 ).
A similar simplification can be done for the square loss. Here, as mentioned in Example
1, fρV is the regression function fρ , and there holds E(f ) − E(fρ ) = kf − fρ k2L2 . In this
ρX
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f ∈HK

,



β

β
− 2(β+1)

), whereas the optimal bound is

), which is worse. In the capacity independent limit,

16

(16)

JMLR 17(77):1-38






E(fT ) − E(fρV ) − Ez (fT ) − Ez (fρV ) + Ez (f∗ ) − Ez (fρV ) − E(f∗ ) − E(fρV ) .


E(fT ) − E(fρV ) = (Ez (fT ) − Ez (f∗ )) + (E(fT ) − Ez (fT ) + Ez (f∗ ) − E(f∗ )) + E(f∗ ) − E(fρV ) .
(17)
Inspection of the above expression provides several insights. The first term is a computational error related to optimization. It quantifies the discrepancy between the empirical
errors of the iterate defined by the subgradient method and that of the reference function.
The second term is a sample error and can be studied using empirical process theory, provided that a bound on the norm of the iterates (and of the reference function) is available.
Indeed, to get a sharper concentration estimate recentering can be considered (Cucker and
Zhou, 2007; Steinwart and Christmann, 2008)

The above equation can be further developed by considering

E(fT ) − E(fρV ) = E(fT ) − E(f∗ ) + E(f∗ ) − E(fρV ).

Theorems 4 and 8 rely on a natural error decomposition that we derive next. The goal is
to estimate the excess risk E(fT ) − E(fρV ), and the starting point is to split the error by
introducing a reference function f∗ ∈ HK ,

3.6 Error Decomposition

of order O(m β+1 ). Also, in this case, the reason for the gap appears to be of technical
reason and should be further studied.
Finally, before giving the detailed proofs, in the next subsection, we discuss the general error decomposition underlying our approach, which highlights the interplay between
statistics and optimization and could be also useful in other contexts.

−

the best available bound we obtain is of order O(m

functions but is of order O(m

2β
− (2+ζ)(β+1)

(Engl et al., 1996). The best obtained bounds are of order O(m 2β+ζ ) and can be shown
to be optimal since they match the corresponding minimax lower bound (Caponnetto and
De Vito, 2007). The bound obtained in Corollary 10 holds for all smooth Nemitski loss

2β

parameter values. Our approach can be compared to more sophisticated approaches to
compute the full SVM regularization path. In the latter case, the main difference is that in
iterative regularization the early stopping rule is explicitly linked to the regularization level
and in practice can be chosen by cross validation.
It is natural to compare the obtained statistical bounds with those for other learning
algorithms. For general convex loss functions, the methods for which sharp bounds are
available, are penalized empirical risk minimization (Tikhonov regularization), i.e.

2
fz,λ = arg min Ez (f ) + λkf kK
, λ > 0,

β
β+1

2β
β
,
β + 1 (2 − ζ/2 − τ + τ ζ/2)β + ζ/2

α0 =

2β
,
(2β + 1)(2 − τ + ζτ /2)
β
2β + 1

if yt ft (xt ) > 1,
if yt ft (xt ) ≤ 1.

−

Zhou (2006) are only in expectation. We note that, interestingly, sharp bounds for Lipschitz
loss functions are derived in Orabona (2014), although the obtained results do not take into
account the capacity and variance assumptions that could lead to large improvements.
We next compare with the previous results on iterative regularization. The main results
available thus far have been obtained for the square loss, for which bounds have been first derived for gradient descent in Buhlmann and Yu (2003), but only for a fixed design regression
setting, and in Yao et al. (2007) for a general statistical learning setting. While the bounds
in Yao et al. (2007) are suboptimal, they have later been improved in Bauer et al. (2007);
Caponnetto and Yao (2010); Raskutti et al. (2014). Interestingly, sharp error bounds have
also been proved for iterative regularization induced by other, potentially faster, iterative
techniques, including incremental gradient (Rosasco and Villa, 2014), conjugate gradient
(Blanchard and Nicole, 2010) and the so-called ν-method (Bauer et al., 2007; Caponnetto
and Yao, 2010), an accelerated gradient descent technique related to Chebyshev method

α0 = min

see for example Cucker and Zhou (2007); Steinwart and Christmann (2008) and references
therein. The best error bounds for Tikhonov regularization with Lipschitz loss functions,
0
see for example Steinwart and Christmann (2008, Chapter 7), are of order O(m−α ) with


which reduces to

α=

in the capacity independent limit (ζ → 2). From Corollary 5 for Lipschitz loss functions,
we see that the bounds we obtain are of order O(m−α ) with the exponent

reducing to
α=

(1 − ηt λt )ft ,
(1 − ηt λt )ft + ηt yt Kxt ,

in the capacity independent limit. Hence, the obtained bounds are worse than the best
ones available for Tikhonov regularization. However, the analysis of the latter does not
take into account the optimization error and it is still an open question whether the best
rate is preserved when such an error is incorporated. At this point we believe this gap to
be a byproduct of our analysis rather than a fundamental fact, and addressing this point
should be a subject of further work. Moreover, we note that our analysis allows to derive
error bound for all Nemitski loss functions rather than only Lipschiz loss functions.
Beyond Tikhnov regularization, we can compare with the online regularization scheme
for the hinge loss. The online learning algorithms with a regularization sequence {λt > 0}t
defined by

(15)
ft+1 =

were studied in Ying and Zhou (2006); Ye and Zhou (2007). Our results improve the results
in Ying and Zhou (2006); Ye and Zhou (2007) in two aspects. The bound obtained in
1
Ying and Zhou (2006) is of the form O(T − 4 ) while the bound in Theorem 12 is of type
9
1
2
O(T 8 − 2 ) by substituting the expression m 3 + for T . Moreover, our results are with high
probability and promptly yield almost sure convergence whereas the results in Ying and
15
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Ez (fρV ))
− (E(f∗ ) −

E(fρV )),
0 .

(18)

(19)

G2t =

j=1

m

1 X 0
V− (yj , ft (xj ))Kxj
m

K

2

n
o
≤ c2q (κ + 1)2q+2 max 1, kft k2q
K .

kft+1 −

f k2K

= kft −

f k2K

+

ηt2 G2t

17

2ηt
+
m
j=1

m
X

V−0 (yj , ft (xj ))

K

.

(21)

(20)
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Kxj , f − ft

Proof Computing inner product hft+1 − f, ft+1 − f iK with ft+1 given by (1) yields

where

kft+1 − f k2K ≤ kft − f k2K + ηt2 G2t + 2ηt [Ez (f ) − Ez (ft )],

Lemma 14 For any fixed f ∈ HK and t = 1, . . . , T ,

We introduce the following key lemma, which will be used several times in our analysis.

4.1 Bounds on Iterates

In this section, we will bound the iterates and estimate the computational error from
Lemma 13.

4. Computational Error

In the next sections, we proceed estimating the various error terms in the above error
decomposition. We will first deal with the computational error, the analysis of which is
the main technical contribution of the paper and then proceed to consider the sample and
approximation error terms. The best stopping criterion and corresponding rates are derived
by suitably balancing these different error terms.

E(fT ) − E(fρV )



≤ E(fT ) − E(fρV ) − Ez (fT ) − Ez (fρV ) + Fz (f∗ ) + (Ez (fT ) − Ez (f∗ )) + A(f∗ ).

Lemma 13 For f∗ ∈ HK , we have

by D(λ) given in Assumption 3.
Collecting some of the above observations, we have the following lemma.

Finally the last term suggests that a natural choice for the reference function is an almost
minimizer of the expected risk, having bounded norm, and for which the approximation
level can be quantified. While there is a certain degree of freedom in the latter choice, in
the following we will consider f∗ = fλ , the minimizer of (6). With this latter choice we can
control
A(f∗ ) = E(f∗ ) − E(fρV )

Fz (f∗ ) = max (Ez (f∗ ) −



Note that the second addend can be negative so that we effectively only need to control
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kft+1 − f k2K = kft − f k2K + ηt2 G2t +

j=1

m
2ηt X
[V (yj , f (xj )) − V (yj , ft (xj ))] ,
m

∀a, b ∈ R.

m

K

≤

j=1

m

κ X 0
V− (yj , ft (xj ))
m
j=1

κ X
cq (1 + |ft (xj )|q ) ≤ κcq (1 + κq kft kqK ),
m

m

j=1

1 X 0
V− (yj , ft (xj ))Kxj
m

(24)

(23)

(22)

1−θ
2

18

G2t ≤ c2q (κ + 1)2q+2 (t − 1)(1−θ)q .

with t ≥ 2. Then
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This verifies (25) for the case t = 1 since f1 = 0 and η12 c2q (κ + 1)2q+2 + 2η1 |V |0 ≤ 1.
Assume kft kK ≤ (t − 1)

kft+1 k2K ≤ kft k2K + ηt2 G2t + 2ηt [Ez (0) − Ez (ft )] ≤ kft k2K + ηt2 G2t + 2ηt |V |0 .

Proof We prove our statement by induction. Taking f = 0 in Lemma 14, we know that

q
Lemma 15 Let 0 ≤ θ < 1 satisfying θ ≥ q+1
and ηt = η1 t−θ with η1 satisfying (10). Then
for t = 1, . . . , T ,
1−θ
kft+1 kK ≤ t 2 .
(25)

Using the above lemma, we can bound the iterated sequence as follows.

and the desired bound follows.

≤

Gt =

where the last term is exactly 2ηt [Ez (f ) − Ez (ft )].p
By (4), (23), and the observation kKxj kK = K(xj , xj ) ≤ κ, we find

kft+1 − f k2K ≤ kft − f k2K + ηt2 G2t +

Using this expression to (24) gives

V−0 (yj , a)(b − a) ≤ V (yj , b) − V (yj , a),

j=1

∀f ∈ HK ,

∀f ∈ HK , x ∈ X,

m
2ηt X 0
V− (yj , ft (xj ))(f (xj ) − ft (xj )).
m

kf k∞ ≤ κkf kK ,

Since V (yj , ·) is a convex function, we have

and

and Assumption 1, we get

f (x) = hf, Kx iK ,

Using the reproducing property

Lin, Rosasco and Zhou

Hence,

q
q+1

1 − θ η12 cq2 (κ + 1)2q+2 2η1 |V |0
+
+
t
t
t
.

implies (q + 1)θ + 1 − q ≥ 1, we have
)

≤ (t − 1)1−θ + η12 t−2θ cq2 (κ + 1)2q+2 t(1−θ)q + 2η1 t−θ |V |0
)
(


1 1−θ η12 cq2 (κ + 1)2q+2 2η1 |V |0
+
.
1−
+
t
t
t(q+1)θ+1−q

≤ 1 − 1−θ
t

2
kft+1 kK


1 1−θ
t

≤ t1−θ
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Since 1 −
1−

and the condition θ ≥
(

2
kft+1 kK
≤ t1−θ

2 ≤ t1−θ . This completes the
Finally we use the restriction (10) for η1 and find kft+1 kK
induction procedure and proves our conclusion.

(1−θ)q
−θ
2

.

in Lemma 15 that the power index in (26) satisfies

(26)

By taking f = ft in (20), we see the following estimate for kft+1 − ft kK from Lemmas
14 and 15.

q
q+1

kft+1 − ft kK ≤ η1 cq (κ + 1)q+1 t

Corollary 16 Under the assumptions of Lemma 15, we have for t = 1, . . . , T ,

q
− θ ≤ − 2(q+1)
≤ 0.

Observe from the restriction θ ≥

(1−θ)q
2

4.2 Computational Error for the Last Iterate

k=1

t=T −k+1

In this subsection, we estimate the computational error Ez (fT ) − Ez (f∗ ) for an arbitrary
f∗ ∈ HK . Some ideas for estimating the average error in our proof are taken from Boyd et
al. (2003); Shamir and Zhang (2013).

+

1
−(θ(1+q)−q) ,
(q+1)−(q+2)θ (log T )T

when θ >
when θ =
when θ <

q+1
q+2 ,
q+1
q+2 ,
q+1
q+2 ,

(28)

Lemma 17 Assume (4) with q ≥ 0. Let f∗ ∈ HK . If ηt = η1 t−θ with 0 < θ < 1 satisfying
q
θ > q+1
and
η
1 satisfying (10), then we have


2
kf∗ kK
e1 ΛT,θ
Ez (fT ) − Ez (f∗ ) ≤
+C
2η1
"
#
T −1
T
Tθ X 1
1 X
(27)
2ηt − 2ηT −k {Ez (fT −k ) − Ez (f∗ )} ,
2η1
k+1 k
where ΛT,θ

=




is defined by

1
T −(1−θ) ,
 (q+2)θ−(q+1)

(log T )T −(1−θ) ,
ΛT,θ

e1 is a positive constant depending on q, κ, θ (independent of T, m or f∗ and given
and C
explicitly in the proof ).
19
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(29)

Proof Lemma 14 plays a key role in our proof. In particular, we shall apply the following
equivalent form of inequality (20) from Lemma 14 several times with various choices of
f∈
HK :


2
2
2ηt [Ez (ft ) − Ez (f )] ≤ kft − f kK
− kft+1 − f kK
+ ηt2 Gt2 .

Step 1: Error decomposition. Decompose the weighted empirical error 2ηT Ez (fT ) as

1
2ηT Ez (fT ) =
{2ηT Ez (fT ) + 2ηT −1 Ez (fT −1 )}
2
1
1
+ 2ηT {Ez (fT ) − Ez (fT −1 )} + {2ηT − 2ηT −1 } Ez (fT −1 )
2
2
1
=
{2ηT Ez (fT ) + 2ηT −1 Ez (fT −1 ) + 2ηT −2 Ez (fT −2 )}
3
1
+
{2ηT [Ez (fT ) − Ez (fT −2 )] + 2ηT −1 [Ez (fT −1 ) − Ez (fT −2 )]}
2×3
1
1
+ 2ηT {Ez (fT ) − Ez (fT −1 )} + {2ηT − 2ηT −1 } Ez (fT −1 )
2
2
1
{[2ηT − 2ηT −2 ] + [2ηT −1 − 2ηT −2 ]} Ez (fT −2 ).
2×3
+

j=0

k−1

Repeating the above process by means of the decomposition

k−1

j=0

j=0

X
X
1
1
2ηT −j {Ez (fT −j ) − Ez (fT −k )} +
{2ηT −j − 2ηT −k } Ez (fT −k )
k(k + 1)
k(k + 1)

j=0

k−1
k
1X
1 X
2ηT −j Ez (fT −j ) =
2ηT −j Ez (fT −j )
k
k+1

+

k=1

j=0

k=1

j=0

T −1
k−1
X
X
1
{2ηT −j − 2ηT −k } Ez (fT −k ).
k(k + 1)

j=0

T −1
T −1
k−1
X
X
1
1 X
2ηT −j Ez (fT −j ) +
2ηT −j {Ez (fT −j ) − Ez (fT −k )}
T
k(k + 1)

with k = 3, . . . , T − 1, we know that
2ηT Ez (fT ) =

+

j=0

k=1

j=0

T −1
T
−1
k−1
X
X
1 X
1
2ηT −j Ez (f∗ ) +
{2ηT −j − 2ηT −k } Ez (f∗ ).
T
k(k + 1)

T
Applying the same process to the sequence {2ηt Ez (f∗ )}t=1
yields

2ηT Ez (f∗ ) =

20
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k=1

t=T −k+1

(30)

+
t=1

T
X

η12 c2q (κ
+ 1)

t

t=1

.

ηt2 G2t

2q+2 q(1−θ)−2θ

T
X

+ 1)

2q+2

.

q+1
q+2 ,
q+1
q+2 ,
q+1
q+2 ,

t=T −k+1

T
X

ηt2 G2t

kfT −k+1 − fT −k k2K ≤ η12 c2q (κ + 1)2(q+1) (T − k)(1−θ)q−2θ .

2ηt {Ez (ft ) − Ez (fT −k )} ≤ kfT −k+1 − fT −k k2K +

t=T −k+1

21

t=T −k+1
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This bound is the term with t = T − k + 1 of the following estimate which is a consequence
of Lemma 15
T
T
X
X
ηt2 G2t ≤
η12 c2q (κ + 1)2q+2 tq(1−θ)−2θ .

By Corollary 16,

t=T −k+1

T
X

Step 3: Moving average error in the second term of (30). Let k ∈ {1, . . . , T − 1}.
Choosing f = fT −k in (29) and taking summation over t = T − k + 1, . . . , T yield

Cq,κ =

η12 c2q (κ

T
1X
2ηt {Ez (ft ) − Ez (f∗ )}
T
t=1

 
(2+q)θ−q
2

T −1 ,
when θ >

 kf∗ kK + Cq,κ (2+q)θ−q−1

2
−1
kf∗ kK + 2Cq,κ (log T )T ,
when θ =
≤




2
q−(2+q)θ , when θ <
 kf k2 + C
∗ K
q,κ q+1−(2+q)θ T

The following bound for the first term of (30) then follows

we find −2 < q(1 − θ) − 2θ < 0. Moreover, q(1 − θ) − 2θ < −1 if and

where Cq,κ is the constant given by

only if θ >

q
q+1 ,

≤

kf∗ k2K

2ηt {Ez (ft ) − Ez (f∗ )} ≤ kf1 − f∗ k2K − kfT +1 − f∗ k2K +

q+1
q+2 .

Since 1 > θ >

t=1

T
X

Step 2: Average error in the first term of (30). Choosing f = f∗ in (29) and taking
summation over t = 1, . . . , T together with (21) and Lemma 15 yield

+

T
X
1
2ηt {Ez (ft ) − Ez (fT −k )}
k(k + 1)
k=1
t=T −k+1
"
#
T
−1
T
X
1 X
1
+
2ηt − 2ηT −k {Ez (fT −k ) − Ez (f∗ )} .
k+1 k

T
−1
X

t=1

T
1X
2ηt {Ez (ft ) − Ez (f∗ )}
2ηT {Ez (fT ) − Ez (f∗ )} =
T

Hence the following error decomposition holds true:
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t=T −k+1

T
X

2ηt {Ez (ft ) − Ez (fT −k )} ≤ Cq,κ
t=T −k

T
X

tq(1−θ)−2θ = Cq,κ
t=T −k

T
X

∗

t−q ,

∗

∗

we have q ∗ < 1 and for k ≤

T
2,

T
2,

∗

∗

∗

∗

∗

∗

t=T −k

T
X
1
∗
t−q + Cq,κ
k(k + 1)

T −1≥k>T /2

X

2ηt {Ez (ft ) − Ez (fT −k )}

∗

When θ =

q+1
q+2 ,

log

22



T
k
k 1
= − log 1 −
≤
T −k
T
T 1−

k
T

=

we see from the mean value theorem that

X

t=T −k

∗

k
T

T
X
1
∗
t−q
k(k + 1)

∗

k
.
T −k
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∗
X
T 1−q
1
1
∗
∗
≤ 2Cq,κ
2q T −q k + 2Cq,κ
k(k + 1)
k(k + 1) 1 − q ∗
T −1≥k>T /2
k≤T /2


2
∗
≤ 2Cq,κ 2q +
(log T )T q(1−θ)−2θ .
1 − q∗

k≤T /2

X

T
X

∗

T 1−q − (T − k)1−q
T 1−q
∗
+ (T − k)−q ≤
.
1 − q∗
1 − q∗

∗

t=T −k+1

t−q ≤

1
k(k + 1)
≤ Cq,κ

k=1

T
−1
X

t=T −k

T
X

∗

q+1
q+2 .

we see from the mean value theorem that

t−q ≤ (T − k)−q k + (T − k)−q ≤ 2k(T − k)−q ≤ 2 · 2q T −q k.

It follows that

For k ≥

t=T −k

T
X

which is exactly (T − k)−q k. Thus,

∗

q+1
q+2 ,

k 1−q
k −q
∗
T 1−q − (T − k)1−q
∗ 1 − (1 −
∗ (1 − q )(1 −
T)
T)
= T 1−q
≤ T 1−q
∗
∗
∗
1−q
1−q
1−q

When θ <

where we denote q ∗ = 2θ − q(1 − θ). We know that 0 < q ∗ < 2 and q ∗ = 1 when θ =
So
( 1−q∗
∗
Z T
T
T
−(T −k)1−q
X
∗
∗
, when θ 6= q+1
1−q ∗
q+2 ,
x−q dx ≤
t−q ≤
q+1
T
log
,
when θ = q+2
.
T
−k
T −k
t=T −k+1

Hence
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T
−1
X
k=1

k=1

T
X

t=T −k+1

2ηt {Ez (ft ) − Ez (fT −k )}

T
2,

k=1

∗


T −1 
T
−1
X
1 X 1
1
1
= Cq,κ
+
(T − k)k
T
k T −k

1
k(k + 1)

≤ Cq,κ
log T
≤ 4Cq,κ
.
T
∗

∗

we have q ∗ > 1 and for k ≤
∗

∗

k 1−q
−1
− (T − k)1−q
∗ (1 −
∗
∗
T)
= T 1−q
≤ 2q T −q k.
1 − q∗
q∗ − 1

∗

k=1

≤ 2q
k=1

T
−1
X

T
X

∗

t=T −k+1

Cq,κ T −q

T

2ηt {Ez (ft ) − Ez (fT −k )}

q+1
q+2 ,
q+1
q+2 ,
q+1
q+2 .

1
∗
∗
≤ 2q +1 Cq,κ T −q log T
k+1

1
∗
≤ 2q +1 Cq,κ ∗
T −1 .
e(q − 1)

∗ +1

T
−1
X
1
k(k + 1)

t−q ≤ (k + 1)2q T −q . Then,

T 1−q

t=T −k

PT

q+1
q+2 ,
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It follows that

T
2,

When θ >

For k >

T −1

Thus the second term of (30) can also be bounded as





2
1−q ∗

X
X
1
2ηt {Ez (ft ) − Ez (fT −k )}
k(k + 1)
k=1
t=T −k+1
 q∗ +1
 2 ∗ Cq,κ T −1 ,
when θ >


e(q −1)
4Cq,κ (log T )T −1 ,
when θ =

 ∗
(log T )T q−(2+q)θ , when θ <
2q +

≤
2Cq,κ

Putting all the above estimates for the first two terms into (30), we see that the desired
e1 given by
bound (27) holds true with the constant C


q+1
2q+2
(2+q)θ−q
2

(2
+
q)θ
−
q
+
2
,
when
θ
>
 η1 cq (κ + 1)
q+2 ,
q+1
,
6η1 cq2 (κ + 1)2q+2 ,
when θ = q+2

 η c2 (κ + 1)2q+2 2(2+q)θ−q + 3 ,
when θ < q+1
1 q
q+2 .
e1 =
C

The proof of Lemma 17 is complete.

f ∈BR
e

Lemma 17 is useful and can be used in a stochastic convex optimization problem, other
than learning. In what follows, we shall see that how it can be used in our specified learning
e
problems. For notational simplicity, with R
>
0
we
denote

e = sup max Ez (fρV ) − Ez (f ), 0 .
Mz (R)
(31)
23
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Proposition 18 Under the assumptions of Lemma 17, we have


o
2
1−θ
kf
3 n
∗ kK
e1 ΛT,θ ,
ΛT,θ + C
Mz T 2 + Fz (f∗ ) + A(f∗ ) +
1−θ
2η1
Ez (fT ) − Ez (f∗ ) ≤

e1 are defined in Lemma 17.
where ΛT,θ and C

k=1

"
T −1
Tθ X 1
1
2ηT −k −
2η1
k+1
k

t=T −k+1

T
X

2ηt {Ez (f∗ ) − Ez (fT −k )} .

(32)

Proof Note that by Lemma 17, we have (27). We only need to estimate the second term
of (27) denoted as
#
JT,z :=

1−θ




Ez (f∗ ) − Ez (fρV ) − E(f∗ ) − E(fρV )

+ E(f∗ ) − E(fρV ) + Ez (fρV ) − Ez (fT −k )

e = T 2 . Lemma 15 tells us that fk ∈ B e for each k = 1, · · · , T . It follows that
Denote R
R
for k = 1, · · · , T − 1,
Ez (f∗ ) − Ez (fT −k ) =

k=1

t=T −k+1

e
≤ Fz (f∗ ) + A(f∗ ) + Mz (R).
PT
By the choice of the stepsizes, 2ηT −k − k1 t=T
−k+1 2ηt ≥ 0 for any k ∈ {1, . . . , T − 1}.
Therefore, JT,z can be bounded by
"
#
T
T −1
n
o
1 X
Tθ X 1
e .
2ηT −k −
2ηt Fz (f∗ ) + A(f∗ ) + Mz (R)
2η1
k+1
k
JT,z ≤

1
k

T
X

t=T −k+1

2ηt =

2η1
k

T
X

t=T −k+1




(T − k)−θ − t−θ .

Now we need to bound the above summation. Note that, for each k,

2ηT −k −

Applying the mean value theorem to the function g(x) = −x−θ on [T − k, t] with t ∈
{T − k + 1, . . . , T }, we find that for some c ∈ [T − k, t],

2ηt

#

k≥T /2

X

1
2ηT −k
k+1

(T − k)−θ − t−θ = g(t) − g(T − k) = (t − (T − k))g 0 (c) ≤ (t − (T − k))θ(T − k)−θ−1 .
Hence

T
X

t=T −k+1

T
X

(t − T + k) +

t=T −k+1

"
T −1
X
1
1
2ηT −k −
k+1
k

X (T − k)−θ−1
k(k + 1)

k<T /2

k=1

≤ 2η1 θ

k≥T /2

4η1 X
6η1 −θ
(T − k)−θ ≤
T .
T
1−θ

k≥T /2

X (T − k)−θ−1 k(k + 1)
X 2
+
2ηT −k
k(k + 1)
2
T
k<T /2

X

(T − k)−θ−1 +
k<T /2

≤ 2η1 θ
≤ η1 θ

24
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JT,z ≤

o
3 n
e .
Fz (f∗ ) + A(f∗ ) + Mz (R)
1−θ

1
−(1−θ) ,
when θ >
(2+q)θ−(q+1) T
(log T )T −(1−θ) ,
when θ =


1
−(θ(1+q)−q) , when θ <
(q+1)−(2+q)θ T






2kf∗ k2K
+ C 1 ΛT,θ ,
η1

q+1
q+2 ,
q+1
q+2 ,
q+1
q+2 ,

(33)

≤

t=1

T
X

1

T
X

25

t=1 ηt t=1

Ez (gT ) − Ez (f ) ≤ PT

∗

t=1 ηt t=1

T
X

t=1

T
X

∗

(34)
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ηt Ez (ft ).

ηt (Ez (ft ) − Ez (f )).

ηt (Ez (ft ) − u).

ηt (Ez (ft ) − u)

T
X

t=1

t=1 ηt t=1

1
ωt Ez (fT ) = PT

t=1,...,T

t=1 ηt

We thus get

!

1
Ez (aT ) − u ≤ PT

ωt ft

and

t=1

T
X

t=1

1
Ez (bT ) − u ≤ PT

Therefor, we have

Ez (aT ) = Ez

and by convexity of Ez ,

t=1

Note that there is a subtle difference between ΛT,θ and ΛT,θ defined by (39), where the
q+1
latter term has an extra log T for θ < q+2
.
Proof For any u ∈ R, we have
!
!
T
T
T
X
X
X
ηt (Ez (ft ) − u) ≥
ηt
min Ez (ft ) −
ηt u,

and C 1 is a positive constant depending on q, κ and θ (independent of T, m or f∗ and given
explicitly in the proof.)

ΛT,θ =

where ΛT,θ is given by

Ez (gT ) − Ez (f∗ ) ≤



Lemma 19 Under the assumptions of Lemma 17, let gT = aT (or gT = bT ). Then

4.3 Computational Errors for Weighted Average and Best Iterate

Then the desired bound follows from Lemma 17.

Thus
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q+1
q+2 ,
q+1
q+2 ,
q+1
q+2 .

2kf∗ k2K θ−1
T
.
η1

In particular, if ηt = η1

t−θ

26

kft+1 kK ≤ t

1−θ
2

.

with θ ∈ [0, 1) satisfying η1 ≤

k=1

1−θ
2|V |0 ,

then

JMLR 17(77):1-38

Lemma 21 Under the assumptions of Lemma 20, we have for t = 1, · · · , T,
v
u
t
X
u
kft+1 kK ≤ t2|V |0
ηk .

Using the above lemma, we can bound the iterates as follows.

Ez (fT ) − Ez (f∗ ) ≤

In particular, if ηt = η1 t−θ with θ ∈ [0, 1) satisfying η1 ≤ (Lκ2 )−1 , then

kf∗ k2
Ez (fT ) − Ez (f∗ ) ≤ PT K .
k=1 2ηk

Lemma 20 Assume that V (y, ·) is differentiable and V 0 (y, ·) is Lipschitz continuous with
constant L > 0. Let 0 < ηt ≤ (Lκ2 )−1 for all t ∈ N. Then we have

The following result can be proved by using the fact that V 0 (y, ·) is Lipschitz. Its proof is a
simple modification to RKHS of that in Nesterov (2004, Theorem 2.1.14), where the cases
of Euclidean spaces are studied. For completeness, we provide the proof in Appendix A.

4.4 Iterate Bound and Computational Error for Smooth Loss Functions

While the above proof is shorter and easier than the proof of Lemma 17, it is surprising
that the computational error bounds for the last iterate and the average (or the best one)
are roughly of the same order.

R T +1
P
Introducing the above inequality into (34), and using Tt=1 ηt ≥ η1 t=1 u−θ du ≥ η1 T 1−θ /e,
we get our desired result with C 1 given by

2
2q+2 ((2 + q)θ − q) , when θ > q+1 ,

 3η1 cq (κ + 1)
q+2
2 (κ + 1)2q+2 ,
3η
c
when θ = q+1
C1 =
1 q
q+2 ,

 3η c2 (κ + 1)2q+2 ,
when θ < q+1
1 q
q+2 .

2ηt {Ez (ft ) − Ez (f∗ )}


 
(2+q)θ−q
2

,
when θ >

 kf∗ kK + Cq,κ (2+q)θ−q−1

kf∗ k2K + 2Cq,κ (log T ),
when θ =
≤




2
(1+q)−(2+q)θ , when θ <
 kf k2 + C
∗ K
q,κ q+1−(2+q)θ T

t=1

T
X

Following Step 2 of the proof of Lemma 17, we have

Lin, Rosasco and Zhou
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Proof Choosing f∗ = 0 in (46) (see Appendix A), we get for k = 1, · · · , t,

t
X
k=1

ηk ,

f1

= 0, we get

2
2
2
kfk+1 kK
≤ kfk kK
+ 2ηk (Ez (0) − Ez (fk+1 )) ≤ kfk kK
+ 2ηk |V |0 .

2
kft+1 kK
≤ 2|V |0

Applying this relationship iteratively for k = t, · · · , 1, with

ηk = η1
k=1



t
X
t1−θ − 1
t1−θ
k −θ ≤ η1 1 +
≤ η1
.
1−θ
1−θ

which leads to the first conclusion. The second inequality can be proved by noting that
t
X
k=1

5. Sample Error and Finite Sample Bounds
In this subsection, we will estimate sample errors and then prove our main results.
5.1 Sample Error



R2+q−τ
m

1
 2−τ

, A(f∗ ) ,

)

We first bound the sample error term Fz (f∗ ) for some fixed f∗ ∈ HK as follows. This is
done by applying Bernstein inequality, see Appendix B for the proof.

(

Rq+1
,
m

(35)

Lemma 22 Assume conditions (4) and (5) hold. For any f∗ ∈ HK with kf∗ kK ≤ R, where
R ≥ 1, with confidence at least 1 − 2δ ,
√
2
Fz (f∗ ) ≤ (C10 + 2 cτ ) log max
δ

where C10 is a positive constant independent of T, m, δ, given explicitly in the proof.
e > 0 in the following
We next bound the empirical process over the ball BRe for some R
lemma. It is essentially contained in Wu et al. (2007). We provide a short proof in Appendix
B for the sake of completeness.

m 2+ζ

BRe ,

(36)



E(g) − E(fρV ) − Ez (g) − Ez (fρV )


2
q(2+ζ)+(4−2τ +ζτ ) !
4−2τ
+ζτ
1 
 R
e
eq+1  R
e2+q−τ  2−τ

2
1
2
R
E(g) − E(fρV ) + C30 log max
,
,
2 ,


2
δ
m
m

δ
2,

Lemma 23 Assume (4) with q ≥ 0, (5) with τ ∈ [0, 1], (8) with β ∈ (0, 1] and (9) with
e > 1. Then with confidence at least 1 − there holds for every g ∈
ζ ∈ (0, 2). Let R
≤

27
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and
e ≤ C30 log
Mz (R)
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2
q(2+ζ)+(4−2τ +ζτ ) ! 4−2τ +ζτ
1
 R



2+q−τ
q+1
e
e
e
2
R
2
R
2−τ
,
.
max
2 ,


δ
m
m
m 2+ζ

Here C30 is a positive constant independent of T, m, δ, given explicitly in the proof.

5.2 Deriving the Finite Sample Bounds

We have the following result, which will be used for the proof of Theorem 4.

1−θ

q(1−θ)

−

2

(37)

Proposition 24 Assume (4) with q ≥ 0, (5) with τ ∈ [0, 1], (8) with β ∈ (0, 1] and (9)
q
with ζ ∈ (0, 2). Let ηt = η1 t−θ with 0 < θ < 1 satisfying θ > q+1
and η1 satisfying (10). Let


−(1−θ) ,

when θ >
 T
(log T )T −(1−θ) ,
when θ =
=

 (log T )T −(θ(1+q)−q) , when θ <

q+1
q+2 ,
q+1
q+2 ,
q+1
q+2 ,

. Introducing with (32), we have

 
3
Mz R̃
1−θ

(39)

f∗ ∈ HK be such that kf∗ kK ≤ R, where R ≥ 1. If 1 ≤ R ≤ T 2 and T 2 m 2+ζ ≤ 1,
then with confidence 1 − δ, we have


2
+ζτ )) ! 4−2τ +ζτ
 T (1−θ)(q(2+ζ)+(4−2τ

4
2
max
, R2 ΛT , A(f∗ ) , (38)


δ
m
e3 log
E(fT ) − E(fρV ) ≤ C

where ΛT is defined by

ΛT

1−θ
2

e3 is a positive constant independent of T, m, δ, given explicitly in the proof.
and C



E(fT ) − E(fρV ) − Ez (fT ) − Ez (fρV ) +

Proof Recall Lemma 13. Let R̃ = T



4−θ
R2
e1 ΛT,θ .
(Fz (f∗ ) + A(f∗ )) +
ΛT,θ + C
1−θ
2η1

E(fT ) − E(fρV ) ≤
+

(40)

e and the notation ΛT defined by
Applying Lemmas 22 and 23 with g = fT , with R ∈ [1, R]
(39), we know that with confidence at least 1 − δ,



1
e1 cθ,q .
+C
2η1

 e q(2+ζ)+(4−2τ +ζτ ) ! 4−2τ2+ζτ
eq+1
2
2
R
R
E(fT ) − E(fρV ) ≤ C40 log max
,
2 ,
δ
m
2+ζ
m


1
, R2 ΛT , A(f∗ ) +
E(fT ) − E(fρV ) ,
2

1

2+q−τ
2−τ

m 2−τ

e
R

√ 
4−θ 0 4−θ
C +
1 + C10 + 2 cτ +
1−θ 3 1−θ

where C40 is the constant given by

C40 =

28
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cθ,q =

(

1,

1
|(q+2)θ−(q+1)| ,

when θ 6=
when θ =

e
R

m

q(2+ζ)+(4−2τ +ζτ )
2

m

·

·

m
=
eq+1
R

2
2+ζ

(

m

2
2+ζ

eq
R
ζ

4−2τ +ζτ

) −(1−τ )(2−ζ)
≥ 1,

1



m 2−τ
e2q(1−τ ) mτ (2−τ )(4−2τ +ζτ ) ≥ 1.
R
2+q−τ =
e 2−τ
R

! 4−2τ2+ζτ

! 4−2τ2+ζτ

q(2+ζ)+(4−2τ +ζτ )
2

q+1
q+2 ,
q+1
q+2 .

λ = ΛT ,

T

m

29

(1−θ)(q(2+ζ)+(4−2τ +ζτ ))
4

! 4−2τ2+ζτ
= T −β θ̃ .

(43)

q+1
q+2 ,
q+1
q+2 .
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Then we balance the above main part with the first term of (38) by setting

we find that the last two terms of (38) can be bounded as
(

cβ T −β θ̃ ,
when θ >
max R2 ΛT , A(fλ ) ≤ D(λ) ≤ cβ λβ ≤
cβ T −β θ̃ log T, when θ ≤

which imply kfλ kK
setting

λkfλ k2K

A(fλ ) ≤ D(λ)
and
≤ D(λ),
(42)
p
≤ D(λ)/λ = R. Balancing the orders of the last two terms of (38) by

From the definition of D(λ), we have

Comparing this with the definition (39) for ΛT , we see that
(
q+1
T −θ̃ ,
when θ > q+2
,
ΛT =
q+1
−
θ̃
.
T log T, when θ ≤ q+2

Now we are in a position to prove the probabilistic upper bounds stated in Theorem 4.
Proof of Theorem 4 We use Proposition 24 with f∗ = fλ to prove our result. Define a
power index θ̃ as
(
1 − θ,
when θ ≥ q+1
q+2 ,
θ̃ =
(41)
θ(1 + q) − q, when θ < q+1
q+2 .

1
2


e3 = 2C 0 , we get the
E(fT ) − E(fρV ) from both sides of (40), and setting C
Subtracting
4
desired results.

and

e
R

eq m−2/(2+ζ) ≤ 1, τ ∈ [0, 1] and ζ ∈ (0, 2), one finds
Since R

Here cθ,q is given by
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1−θ
2

2

+ β θ̃ (4 − 2τ + ζτ ) +

β−1

.

(44)

2
1−θ .

q(1−θ)
2

.m

q(1−θ)γ
2

2

. m 2+ζ .

e3
4cβ C
−β θ̃γ
1−θ m

log m log

e3 m−β θ̃γ log 2 ,
2cβ C
δ

2
δ,

when θ ≤

when θ >

2

2

q+1
q+2 ,
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Proof of Theorem 8 With Lemmas 20, 21, and a similar approach as that for Theorem
4, we can prove the convergence results for smooth loss functions. We omit the details.

With the upper bound on aT and Lemma 19, a similar argument as that for Theorem 4,
one can prove the results. We omit the details.

Proof of Theorem 7 We only sketch the proof for the case gT = aT . By applying Lemma
15, it is easy to prove that
1−θ
kaT kK ≤ T 2 .

while the index γ can be expressed by (11). Then our desired learning rates are verified by
e3 when θ > q+1 while C
e = 2cβ C
e = 4cβ Ce3 when θ ≤ q+1 . The proof
setting the constant C
q+2
1−θ
q+2
of Theorem 4 is complete.

θ(1+q)−q

q+1
q+2 ,

q+1
q+2 ,
q+1
q+2 .

Observe that the power index β θ̃γ is

β

when θ ≥
 β(2−τ +ζτ /2)+n 2−τ +ζτ /2 + q(1+ζ/2) o ,
2
2
β θ̃γ =
βn
o , when θ <

 β(2−τ +ζτ /2)+ 1−θ
2−τ +ζτ /2
q(1+ζ/2)
+

(

T

≤ 1 is also satisfied (up to a constant), because

So by Proposition 24, with confidence 1 − δ, we have

2
− 2+ζ

and the restriction for R in Theorem 24 is satisfied up to constants.
m

E(fT ) − E(fρV ) ≤

Observe that γ ≤

1−θ
2

q(1−θ)
2

λβ−1 ≤ ΛT 2 ≤ T

√
Noticing from the definition of θ̃, one can easily prove that θ̃ ≤ 1 − θ. Then R/ cβ ≤

The restriction T

√

q(2+ζ)(1−θ)
2



2
+ζτ )) ! 4−2τ +ζτ
 T (1−θ)(q(2+ζ)+(4−2τ

4
2
max
, R ΛT , A(f∗ )


m
(
q+1
2cβ m−β θ̃γ ,
when θ > q+2 ,
≤
q+1
2γcβ m−β θ̃γ log m, when θ ≤ q+2
.

With this choice, the main part of (38) can be bounded as

dmγ e, where γ := 

This leads us to choose T to be the integer part of
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Proof of Theorem 11 We use Theorem 4 to prove the results. The hinge loss satisfies (4)
with q = 0 and cq = 21 , |V |0 = 1 and kfρV k∞ = 1 where fρV is the Bayes rule fc . Condition
(5) is valid with τ = 0 and cτ = 1. Since θ > 1/2, by simple calculations, one finds that
β
1
γ = (1−θ)(2β+1)
and α = 2β+1
.
Using the comparison theorem from Zhang (2004), we have
R (sign(fT )) − R(fc ) ≤ E(fT ) − E(fρV ).

1
1
β
=
≥ − .
2β + 1
2 + 1/β
3

So the desired probabilistic upper bound (14) for the hinge loss follows from the above
inequality and Theorem 4.
It remains to prove the second part of the theorem. Since 0 <  < 31 , the restriction
1−3
β > 1+6
for the approximation order tells us that
α=
The proof of Theorem 11 is complete.

γ=

1
2
= + .
(1 − θ)(2β + 1)
3

4−3
Proof of Theorem 12 Since 0 <  < 31 , the restriction β > 4+6
for the approximation
order tells us that the parameter θ satisfies 12 < θ < 1 and the index

Finally we find that the index
β
1
1 
α=
=
≥ − .
2β + 1
2 + 1/β
3 4
So the desired probabilistic upper bound follows from the first conclusion of Theorem 11.
The proof of Theorem 12 is complete.

6. Conclusions
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Appendix A. Proof of Lemma 20

Pm
0
j=1 V (yj , ft (xj ))Kxj ,

T
X

t=1

we get

2
2ηt (Ez (ft+1 ) − Ez (f∗ )) ≤ kf∗ kK
,

(46)

(45)

Lκ2
2
kft+1 − ft kK
.
2

Proof Since V 0 (y, ·) is Lipschitz with constant L for any y ∈ Y, we have for any a, b ∈ R,

Proof of Lemma 22 We apply Bernstein inequality which asserts that, for a random
f > 0 and for any  > 0,
variable ξ bounded by M




m
1 X
m2
Prob
(47)
ξ(zi ) − E(ξ) >  ≤ exp −
 .
f
m
2 σ 2 (ξ) + 31 M
i=1

Z

1

T +1

u−θ du ≥ η1

T 1−θ
e

.

Fz (f∗ ) ≤

2M log 2δ
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τ

=
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τ
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(A(f∗ )) 2
√
m

q−τ
2

τ

τ
+ A(f∗ ).
2

(A(f∗ )) 2

1
2−τ

τ
1 #1− 2
 2−τ

∀ τ ∈ [0, 1], x, y ≥ 0,



R2+q−τ

1−

Rq+1 R1+
,
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2 log 2δ
2
σ
(ξ)
m
(

√
2
≤ (C10 + 2 cτ ) log max
δ

q−τ

xτ y 1−τ ≤ τ x + (1 − τ )y,

Applying the elementary inequality

yields
R1+

2 (A(f∗ )) 2
√
m

Then the desired result follows.

Ez [log N (G, , d2,z )] ≤ a−ζ ,

36

∀ > 0,

)

.
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Lemma 25 Let G be a set of measurable functions on Z, and B, c > 0, τ ∈ [0, 1] be constants such that each function f ∈ G satisfies kf k∞ ≤ B and E(f 2 ) ≤ c(Ef )τ . If for some
a ≥ B ζ and ζ ∈ (0, 2),

e > 0, we need the following
To bound the empirical process over the ball BRe for some R
concentration inequality. Its proof is similar to that of Proposition 6 in Wu et al. (2007),
as well as applying Theorem 3.5 from Steinwart (2009) and Exercise 6.8 in Steinwart and
Christmann (2008). We omit the proof.

(49)

Solving the quadratic equation from Bernstein inequality (47), we see that with confidence
at least 1 − 2δ , there holds
s

By condition (5), its variance σ 2 (ξ) is bounded by

τ
cτ R2+q−τ E(f∗ ) − E(fρV ) ≤ cτ R2+q−τ (A(f∗ ))τ .

Here the random variable ξ on Z is given by ξ(x, y) = V (y, f∗ (x)) − V (y, fρV (x)). The
increment condition (4) implies that ξ is bounded by M := C10 Rq+1 , where C10 is the
constant given by

q+1
C10 := cq κ + κq+1 + kfρV k∞ + kfρV k∞
.
(48)

L
V (y, b) ≤ V (y, a) + V 0 (y, a)(b − a) + (b − a)2 .
2
Choosing y = yj , b = ft+1 (xj ) and a = ft (xj ), according to the properties (22) and (23),
we get for j = 1, · · · , m and t ∈ N,

1
m

V (yj , ft+1 (xj )) ≤ V (yj , ft (xj )) + V 0 (yj , ft (xj ))hft+1 − ft , Kxj iK +
Summing up over j = 1, · · · , m, with gt =
Lκ2
2
Ez (ft+1 ) ≤ Ez (ft ) + hft+1 − ft , gt iK +
kft+1 − ft kK
.
2
Introducing with (1) and noting that ηt ≤ (Lκ2 )−1 , we get
ηt
2
kgt kK
.
2
Ez (ft+1 ) ≤ Ez (ft ) −

By the convexity of V (y, ·), it is easy to prove that
Ez (ft ) ≤ Ez (f∗ ) + hft − f∗ , gt iK .

1
2η hf − f , g i − η 2 kg k2
E (f ) ≤ E (f ) +
t
t
∗
t
t
z
t+1
z
∗
K
t
K
2ηt

1
2
2
= Ez (f∗ ) +
kft − f∗ kK
− kft − f∗ − ηt gt kK
2ηt

1
2
2
kft − f∗ kK
− kft+1 − f∗ kK
,
= Ez (f∗ ) +
2ηt

Introducing this inequality into (45), we get

so that,

2
2
2ηt (Ez (ft+1 ) − Ez (f∗ )) ≤ kft − f∗ kK
− kft+1 − f∗ kK
.

2
2
2
2ηt (Ez (ft+1 ) − Ez (f∗ )) ≤ kf1 − f∗ kK
− kfT +1 − f∗ kK
≤ kf∗ kK
.

Summing up over t = 1 · · · , T, with f1 = 0, we have
T
X

t=1

2ηt (Ez (fT +1 ) − Ez (f∗ )) ≤

By (45), we have Ez (fT +1 ) ≤ Ez (ft+1 ) for all t ≤ T. It thus follows that
T
X

t=1

ηt ≥ η1

which leads to the first argument of the lemma. The rest of the proof can be finished by
noting that
T
X
t=1
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m
1
c R
e2+q−τ log 2  2−τ
f log 2
18M
1 X
1
τ
δ
δ
,
f (zi ) ≤ η 1−τ (Ef )τ + c0ζ η + 2
+
m
2
m
m

So we apply Lemma 25 and find that with confidence at least 1 − 2δ , there holds for every
f ∈ G,

e(q+1)ζ ,
Hence, condition (9) yields the covering number condition in Lemma 25 with a = C 00 R
where
C 00 = max{cζ cζq (1 + κq )ζ , (C10 )ζ }

N (G, , d2,z ) ≤ N

there holds

eq |g(x) − g 0 (x)|,
|f (x, y) − f 0 (x, y)| = |V (y, g(x)) − V (y, g 0 (x))| ≤ cq (1 + κq )R

e2+q−τ , each function f ∈ G satisfies E(f 2 ) ≤ c(Ef )τ .
Condition (5) tells us that with c = cτ R
f := C 0 R
eq+1 , with C 0 given
Also, condition (4) implies that kf k∞ is upper bounded by M
1
1
by (48). Noticing from (4) that for f, f 0 ∈ G,

Proof of Lemma 23 We first apply Lemma 25 to the function set

G = f (x, y) = V (y, g(x)) − V (y, fρV (x)) : g ∈ BRe .

Now, we are ready to prove Lemma 23.

where

i=1

m

 cb 1/(2−τ ) 18Bb
1 X
1
+
Ef −
f (zi ) ≤ η 1−τ (Ef )τ + c0ζ η + 2
,
m
2
m
m

then there exists a positive constant c0ζ depending only on ζ such that for any b > 0, with
probability at least 1 − e−b , there holds
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C30 =




1
1
f.
+ c0ζ C20 + 2cτ 2−τ + 18M
2
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e is given by (31), we can derive (37).
with E(g) − E(fρV ) ≥ 0 and by recalling that Mz (R)
The proof is completed.

Now, introducing (36) into the equality




Ez (fρV ) − Ez (g) = E(g) − E(fρV ) − Ez (g) − Ez (fρV ) − E(g) − E(fρV ) ,

which leads to (36) with
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1
1
2 18M
τ
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m

Apply the elementary inequality
(49) which yields η 1−τ (Ef )τ ≤ η + Ef, and notice that
1 Pm
V
E(f ) = E(g) − E(fρV ) while m
i=1 f (zi ) = Ez (g) − Ez (fρ ). We get that with confidence at
least 1 − 2δ , there holds for every g ∈ BRe ,

 2−ζ  2
4−2τ +ζτ
2−ζ
 2
cτ 2 C 00
+ C10 2+ζ C 00 2+ζ .

where C20 is the constant given by
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The rapid growth of the Internet, particularly the explosion of social media, has led to
unprecedented increases in the volume of network data worldwide. Already, the Yahoo web
graph collected in 2002 contains in excess of one billion URLs (Yahoo, 2013), the Facebook social network recently exceeded one billion users (Facebook, 2013), and numerous
other social networks or online communities easily claim memberships in the millions of

1. Introduction

The rise of Internet-scale networks, such as web graphs and social media with hundreds
of millions to billions of nodes, presents new scientific opportunities, such as overlapping
community detection to discover the structure of the Internet, or to analyze trends in online social behavior. However, many existing probabilistic network models are difficult or
impossible to deploy at these massive scales. We propose a scalable approach for modeling and inferring latent spaces in Internet-scale networks, with an eye towards overlapping
community detection as a key application. By applying a succinct representation of networks as a bag of triangular motifs, developing a parsimonious statistical model, deriving
an efficient stochastic variational inference algorithm, and implementing it as a distributed
cluster program via the Petuum parameter server system, we demonstrate overlapping
community detection on real networks with up to 100 million nodes and 1000 communities
on 5 machines in under 40 hours. Compared to other state-of-the-art probabilistic network
approaches, our method is several orders of magnitude faster, with competitive or improved
accuracy at overlapping community detection.
Keywords: probabilistic network models, triangular modeling, stochastic variational
inference, distributed computation, big data
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users (Leskovec and Krevl, 2014). To understand the structural and functional properties of massive networks, one important task in network analysis is unsupervised detection
of community structure—a task that frequently occurs in social media and Internet studies (Palla et al., 2005; Newman, 2006; Prakash et al., 2010; Psorakis et al., 2011; Xie and
Szymanski, 2012; Gopalan and Blei, 2013). Although there is no clear consensus in the
literature on the definition of a network community, it is generally accepted that actors
or nodes from the same community tend to interact more frequently with each other and
share more common characteristics. In a social network, relevant characteristics might be
“(people) going to the same school, social club, or workplace”, while on the Internet, a
characteristic might be “(websites) about a specific topic, such as politics, sports, or technology”. It is well-understood that actors in a network can have multiple characteristics,
resulting in multiple community memberships that usually overlap (Palla et al., 2005; Yang
and Leskovec, 2012b); hence, it is widely accepted that overlapping communities provide a
more accurate picture of network structure than disjoint communities (Xie et al., 2013).
To date, however, only a few overlapping community detection algorithms have been
successfully applied to large graphs in excess of hundreds of millions of nodes (Prakash
et al., 2010; Kang et al., 2011), and, to the best of our knowledge, none of them are based
on a probabilistic formulation. Probabilistic methods are often more flexible in that they
can serve as “building blocks” to more sophisticated models over additional non-network
data sources—particularly text and feature data (Rosen-Zvi et al., 2004; Dietz et al., 2007;
Nallapati et al., 2008; Chang and Blei, 2009; Balasubramanyan and Cohen, 2011; Ho et al.,
2012a). They may also be extended to settings with multiple networks, e.g., the timevarying setting in which we are given snapshots of the same network at multiple time
points (Fu et al., 2009; Ho et al., 2011), or to the nonparametric setting, which provides a
principled way to automatically select the number of communities (Kemp et al., 2006; Ho
et al., 2012a,b).
Despite some recent work showing that probabilistic methods can already be scaled up
to networks with several million nodes (Gopalan and Blei, 2013), there are currently no
probabilistic network models that have been reported to scale to hundreds of millions of
nodes or more. In this paper, we develop a new probabilistic network model and accompanying inference algorithm for these massive scales. We take a latent space approach, in
which each node is associated with an unobserved mixed-membership vector in the latent
space that represents a mixture distribution over the multiple possible characteristics (roles
or properties) it can have. The mixed-membership assumption can naturally capture the
multi-faceted and heterogeneous nature of nodes in real networks—for example, actors in
social networks tend to belong to multiple distinct social groups, depending on whom they
are interacting with. This is in contrast to the single-membership assumption, where each
node can only play a single latent role in its relationship with other nodes. We focus on
probabilistic inference of mixed-membership vectors of individual nodes, taking as input the
observed structural relation of Internet-scale networks with millions to hundreds of millions
of nodes. The inferred mixed-membership position vectors can then be used for overlapping
community detection. We demonstrate that our method can infer 1000 communities from
a 101-million-node web graph in less than 40 hours using a small cluster of 5 machines,
and that, on real-world networks with ground truth, our community recovery accuracy is
competitive with or outperforms other scalable probabilistic models.
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Latent Space Inference of Internet-Scale Networks

1.1 Challenges in Probabilistic Modeling of Large Networks

For a network with N nodes, its dense adjacency matrix representation contains Θ N 2
elements. Although the network data itself can be stored in a sparse format (e.g., edge list or
adjacency list), several popular probabilistic network models—such as mixed-membership
stochastic blockmodels (Airoldi et al., 2008) and latent feature models (Miller et al., 2009)—
associate latent variables to each of the N 2 elements in the adjacency matrix, essentially
treating the network as non-sparse. Consequently, the inference algorithm naively requires
Ω(N 2 ) computational complexity. This may still be acceptable for small networks, but is
untenable for networks with hundreds of millions of nodes, as considered in this work.
A second difficulty is that larger networks have been observed to have more communities (Leskovec et al., 2005), so the number of hidden variables or parameters in the model
often has to grow super-linearly in the number of communities K (in addition to N ). Having
super-linear growth in the state space can quickly render the inference algorithm computationally intractable, even at modest network scales. Such challenges have already been
observed in the mixed-membership stochastic blockmodel (MMSB), which is infeasible for
networks with N ≥ 100 million nodes or K ≥ 100 communities because of its O(N 2 K 2 ) periteration runtime. Recent work by Gopalan and Blei (2013) has brought the per-iteration
inference complexity of MMSB down to O(M K), where M is the number of edges. The
resulting algorithm allows scalability of up to N = 4 million nodes and K = 1000 communities in about 1 week on a single machine. However, even that result remains about 1.4
orders of magnitude below our desired target of N ≥ 100 million nodes.
1.2 Proposed Approach
From a scalability perspective, an ideal large-scale network inference algorithm would require only linear-time work in the number of nodes and communities. Towards this end, we
take a different approach to data representation, model construction, and algorithm design
that avoids the common edge-based representation of a network (e.g., adjacency matrices or
adjacency lists), in favor of viewing the network in terms of triangular motifs (also known
as triads, or subgraphs of size 3).
Our triangular motif representation captures certain edge patterns observed in node
triples (i, j, k), such as the 2-edge triangle i − j − k and the 3-edge triangle i − j − k − i. This
is a hypergraph representation of the network, where every hyperedge is labeled with the
edge pattern over (i, j, k)1 . Hypergraph representations of networks have been studied in
both the social networks (Ghoshal et al., 2009) and statistics (Stasi et al., 2014) literature,
and there is an empirical evidence showing that triangles and higher-order subgraphs can
substantially reveal the structure and communities within a network (Milo et al., 2002; Yang
and Leskovec, 2012b). Moreover, this triangular representation has desirable properties for
large-scale network analysis; in particular, it is possible to subsample triangular motifs in a
manner that approximately preserves important network attributes such as the clustering
coefficient, a popular measure of cluster strength.
In the following sections, we shall discuss how to build a scalable, linear-time network
inference algorithm based on triangular motifs. We begin with the triangular data representation (Section 2), followed by statistical model design (Section 3), and then parallelizable
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1. This is technically a 3-uniform hypergraph, where all hyperedges are associated with 3 nodes.
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inference algorithm construction (Section 4). Finally, we implement the algorithm in the
distributed, multi-machine cluster setting (Section 5), using a large-scale machine learning
platform called Petuum (www.petuum.org). The resulting latent space inference algorithm
can be used for overlapping community detection on networks with more than 100 million
nodes and thousands of communities.
1.3 Related Work

JMLR 17(78):1-41

Understanding network structure is highly important to a number of scientific domains, and
each domain has developed its own unique tools to analyze the global and local properties
of networks. Here, we provide a general overview of network analysis methods from the
computer science and statistics literature, with a focus on how well they scale to very large
networks with hundreds of millions of nodes or more.
In the general computer science literature, there has been an emphasis on achieving fast,
linear-time overlapping community detection on medium-sized networks (usually millions
of nodes). Examples include the GCE (Lee et al., 2010), Link (Ahn et al., 2010) and
SLPA (Xie and Szymanski, 2012) algorithms. Although these algorithms are fast (less than
one hour running time on 1 million nodes), their clustering strategies are not always based
on a clearly defined optimization function or statistical model, and might be considered adhoc in a statistical or machine learning setting. For example, SLPA propagates community
labels through the graph, and does not have an underlying statistical model or objective
function. There is neither consensus on which approach works best nor on generalization
guarantees to networks with different properties. Moreover, compared to a model-based
approach, it is unclear how to incorporate additional network attributes in a principled
manner, such as text or other meta-data associated with each node.
In statistics and machine learning, network algorithms are typically created by defining a formal model of the network, and deriving an inference or optimization algorithm to
learn the model’s parameters. Predominant statistical network models include exponential random graph models (ERGMs) (Morris et al., 2008; Hunter et al., 2008; Guo et al.,
2007), stochastic blockmodels (Bickel et al., 2013; Anandkumar et al., 2014; Airoldi et al.,
2008; Ho et al., 2011; Gopalan et al., 2012) and latent factor models (Miller et al., 2009;
Handcock et al., 2007; Hoff et al., 2002). All of these models are popular for their ease
of interpretability, but their inference algorithms generally require O(N 2 ) time due to how
they model the adjacency matrix, making them patently unscalable to massive networks
with N ≥ 100 million. Exceptions to this trend include assortative MMSB (Gopalan et al.,
2012; Gopalan and Blei, 2013), which applied stochastic gradient techniques to achieve linear runtime on the MMSB (Airoldi et al., 2008), and sparse block model (Parkkinen et al.,
2009) with O(M ) latent variables (M is the number of edges). Although these methods
are scalable in their own right, they still treat network edges as the basis for the task of
community detection. In this paper, we will argue that triangular motifs are a good, if not
better, network representation for this task (Section 3), and design a network model based
on these triangular motifs.
The natural language processing and information retrieval communities have extended
the LDA topic model (Blei et al., 2003) to a variety of text-network models by exploring
the links between documents. Examples include the relational topic model (Chang and
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2. Our approach can also be generalized to directed networks, though the analysis is more involved since
directed networks can have more triangular motifs than undirected networks.

the adjacency matrix, leading to Θ(N 2 ) run-time complexity per iteration. To solve the
representational and computational challenges of large-scale probabilistic network inference,
we advocate the use of triangular motifs (Figures 1 and 2) as a foundation to achieve succinct
yet informative representation of networks. Triangular motifs have historically played an
important role in biological network analysis (Milo et al., 2002) as well as in social network
analysis (Simmel and Wolff, 1950; Granovetter, 1973; Krackhardt and Handcock, 2007).
After describing triangular motifs, we will show in the next few sections how they can be
used to construct a mixed-membership network model with O(CN K) per-iteration inference
cost for a small constant C.
Given an undirected network2 with N vertices, we shall use the term “1-edge” to refer
to edges that exist between two vertices, and the term “0-edge” to refer to missing edges. A
triangular motif Eijk over 3 vertices i < j < k is simply the type of subgraph exhibited by
those 3 vertices. There are four basic classes of triangular motifs (Figure 2), distinguished
by their number of 1-edges: 3-edge triangle ∆3 (three 1-edges), 2-edge triangle ∆2 (two
1-edges), 1-edge triangle ∆1 (one 1-edge), and empty-triangle ∆0 (no 1-edges). The total
number of triangular motifs, over all four classes, is Θ(N 3 ). However, our goal is not to
account for all four classes in a network representation; instead, we will focus on 3-edge and
2-edge triangles (∆3 and ∆2 ) while ignoring 1-edge triangles and empty-triangles (∆1 and
∆0 ). There are two key motivations for this approach:

How$can$we$do$latent$space$modeling$at$100MQ1B$nodes?$
$

$ 2-edge triangle; (c) 1-edge
Figure 2: Four types of triangular motifs: (a) 3-edge triangle; (b)
triangle;
(d) empty-triangle. For latent space inference of Internet-scale networks, we only
$
focus on 3-edge and 2-edge triangles.
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In many real-world problems where computational cost is a bottleneck, transforming the
original raw data into a task-dependent representation might well suffice for subsequent
analyses and save significantly on computational cost. Classical examples include: (1) the
bag-of-words representation of a document, in which the ordering information of words is
discarded—although much grammatical information is lost, this representation has proven
effective in natural language processing tasks such as topic modeling (Blei et al., 2003); (2)
the use of superpixels to represent images, in which adjacent pixels are grouped into larger
superpixels—the resulting image representation is compact, and leads to faster and betterperforming segmentation algorithms in computer vision (Cao and Fei-Fei, 2007; Fulkerson
et al., 2009).
Similarly, in probabilistic modeling of networks, the traditional dense adjacency matrix
representation (Figure 1) is not suitable for the massive scales (N ≥ 100 million) considered
in this work. In particular, many probabilistic network algorithms touch every entry of

2. Data Representation: Triangular Motif Representation of Networks

Blei, 2009), Link-PLSA-LDA (Nallapati et al., 2008), Block-LDA (Balasubramanyan and
Cohen, 2011), the author-topic model (Rosen-Zvi et al., 2004), and the citation influence
model (Dietz et al., 2007). While these models are scalable in that they require O(M )
work on the network data, most of them (except for the Block-LDA model) cannot perform
network inference in the absence of text data because they do not use a stand-alone network
model.
In the data mining and machine learning literature, matrix factorization methods provide a principled framework for decomposing relational data (of which networks are one
type) into simpler “basis” components. Although the basis components are sometimes less
interpretable than the probability distributions that arise from statistical models (e.g., the
basis components may have negative values), the optimization algorithms to perform matrix factorization are usually faster than the inference algorithms for statistical models. In
particular, the HEigen algorithm (Kang et al., 2011) computes the rank-k singular value
decomposition (SVD) on networks with N ≥ 1 billion nodes, given a cluster with hundreds
of Hadoop machines. Furthermore, matrix factorization can be reinterpreted in a probabilistic setting, as seen in the work of Singh and Gordon (2010), who have developed a
probabilistic matrix factorization framework for an arbitrary number of relational matrices.
To incorporate network context into such a coupled matrix factorization framework, one
would require at least two matrices: the adjacency matrix and one or more matrices of
nodes against their features. Whether the resulting algorithm is scalable strongly depends
on how the objective function is constructed. If the objective function is dense in the adjacency matrix (i.e., work is performed even on the zeros) such as in Wang et al. (2011), then
the algorithm requires at least Ω(N 2 ) work. It will not finish in a realistic amount of time
on networks with 100 million nodes, even if a large computer cluster is used. On the other
hand, if the objective function is sparse (i.e., no work performed on the zeros), then one may
take advantage of existing software for distributed, large-scale coupled matrix factorization,
such as FlexiFaCT (Beutel et al., 2014). Another example of coupled matrix factorization
is the linear-time PICS network analysis algorithm (Akoglu et al., 2012), which can analyze
networks with N ≈ 75k nodes in about 1-2 hours.

Latent Space Inference of Internet-Scale Networks

Original)undirected)network)

Triangular)Representation)
Triangular)Representation)
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1. In the network literature, many important network measures and characteristics are
quantified and captured by the three-node connected subgraphs (namely ∆3 and ∆2 ).
To name a few: (1) the network clustering coefficient (Watts and Strogatz, 1998;
Newman and Park, 2003), a common measure of triadic closure in social network theory (Simmel and Wolff, 1950; Granovetter, 1973; Krackhardt and Handcock, 2007),
is defined as the relative number of 3-edge triangles compared to the total number
of connected vertex triplets (i.e., 3-edge and 2-edge triangles); (2) the most significant and recurrent structural patterns in many complex networks, so-called “network
motifs”, are the three-node connected subgraphs (Milo et al., 2002). Therefore, one
naturally expects the classes of 3-edge and 2-edge triangles to capture most of the
informative structure in a large network.
2. The four classes of triangular motifs certainly contain redundant information, because
in principle one needs only Θ(N 2 ) bits to fully describe a network. Though node
triplets with only one or zero 1-edge (namely ∆1 and ∆0 ) are not uncommon in realworld networks (Leskovec et al., 2009), those information might already be contained
in the list of ∆3 and ∆2 triangles. For instance, one can easily conclude from the 2/3edge triangular motif representation of the network in Figure 1 that a 1-edge triangle
∆1 is formed among the node triplet {1, 3, 5}. In fact, almost all network information
found in an adjacency matrix representation is preserved by ∆3 and ∆2 triangles:
every 1-edge that appears in some ∆3 or ∆2 can be identified in the corresponding
triangular motif. The only exception is a set of isolated 1-edges. However, these small
strongly connected components of size 2 can be easily detected and are less interesting
from a large-scale community detection perspective.
One main advantage of characterizing a network in terms of triangular motifs ∆3 and
∆2 is that such representation is typically more compact than the adjacency matrix representation3 , via the following lemma:
P
Lemma 1 The total number of ∆3 ’s and ∆2 ’s is Θ( i Di2 ), where Di is vertex i’s degree.

Proof Let Ni be the neighbor set of vertex i. For each vertex i, form the set Ti of tuples
(i, j, k) where j < k and j, k ∈ Ni , which represents the set of all pairs of neighbors of
i. Because j and k are neighbors of i, the triangular motif formed among every tuple
(i, j, k) ∈ Ti is either a 3-edge triangle ∆3 or a 2-edge triangle ∆2 . It is easy to see that each
∆ is accounted for by exactly one Ti , where i is the center vertex of the ∆2 , and that each
2
∆3 is accounted
for by three sets Ti , Tj and Tk , one for each vertex in the 3-edge triangle.
P
P
Thus, i |Ti | = i 12 (Di )(Di − 1) is an upper bound to the total number of ∆3 ’s and ∆2 ’s.
By modifying the preceding argumentP
slightly, we can also show that the total number of
∆3 ’s and ∆2 ’s is bounded below by 31 i |Ti |.
P
2 ) is typically
For networks with low maximum degree Dmax , Θ( i Di2 ) = O(N Dmax
much smaller than Θ(N 2 ). Even in real-world networks with power-law behavior, the number of ∆3 ’s and ∆2 ’s tends to be still much smaller than the size of adjacency matrix N 2
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3. Recall the size of data (including both 1-edges and 0-edges) in the adjacency matrix representation of a
network is Θ(N 2 ), even if the data can be stored in a sparse manner.
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adj matrix size N 2
1.01 × 1011
1.12 × 1011
1.29 × 1012
1.60 × 1013
1.02 × 1016

Ho, Yin and Xing

Network
# nodes N # edges M
DBLP
317,080
1,049,866
Amazon
334,863
925,872
1,134,890
2,987,624
Youtube
3,997,962
34,681,189
Livejournal
WDC Subdomain/Host 101 million
2 billion

Upper bound of #(∆3 , ∆2 )
2.2 × 107
9.8 × 106
1.5 × 109
4.3 × 109
1.0 × 1013

Table 1: Networks used in this paper: number of 2-edge and 3-edge triangles versus adjacency matrix size. Many (though not all) probabilistic network models use the entire
non-sparse adjacency matrix as input. The 2/3-edge triangular representation provides a
more compact alternative—in all example networks, the upper bound for the number of
∆3 ’s and ∆2 ’s is at least 1000 times smaller than the full adjacency matrix.

(Table 1), and this allows us to construct a more efficient inference algorithm scalable to
larger networks. However, the large number of triangles still poses storage and computational challenges. Our solution is to keep the triangular motifs in an implicit representation,
and subsample a mini-batch of them only when they are needed (and discard them afterwards) in the stochastic variational inference algorithm. We will describe such technique in
Section 5.1, and our results will surprisingly show that the inference algorithm only needs
to touch a small fraction of triangles before converging to an accurate result.

3. Model: Scalable Network Model (STM) Based on Triangular Motifs
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Given a network, now represented by a bag of triangular motifs ∆3 and ∆2 (Figure 1),
the goal is to perform probabilistic inference of mixed-membership vectors of individual
nodes, which can then be used for overlapping community detection. This is as opposed to
traditional single-membership community detection, which assigns each vertex to exactly
one community. By taking a mixed-membership approach, one gains many benefits over
single-membership models, such as outlier detection, improved visualization, and better
interpretability (Blei et al., 2003; Airoldi et al., 2008).
To construct the mixed-membership network model based on the triangular motif representation, which we call STM for scalable triangle model, we first establish some notation
used throughout the paper. Recall that we are concerned only with 3-edge and 2-edge
triangles (∆3 and ∆2 ) in the triangular motif representation of networks. For each triplet
of vertices i, j, k ∈ {1, . . . , N } , i < j < k, if the subgraph on i, j, k is a 2-edge triangle
with i, j, or k at the center, then let Eijk = 1, 2, or 3 respectively; if a 3-edge triangle is
formed among i, j, k, then let Eijk = 4. In other words, Eijk denotes the observed type of
triangular motif on vertices i, j, k. Whenever the subgraph on i, j, k is a 1-edge triangle or
an empty-triangle, we simply discard it (i.e., Eijk is not part of the model) for the reasons
that have been described in Section 2 .
Next, we assume K latent communities, and that each vertex takes a mixture distribution over them. The observed 2-edge and 3-edge triangles {Eijk } are generated according to
a latent space model that defines (1) the mixture distribution over community memberships
at each vertex, and (2) a tensor-like data structure of triangle-generating probabilities. More
formally, each vertex i is associated with a community mixed-membership vector θi ∈ ∆K−1
restricted to the (K − 1)-simplex ∆K−1 . This mixed-membership vector θi is used to gen-
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1. If all three vertices have the same community x, all three 2-edge triangles are equivalent and the induced set of equivalence classes is {{1, 2, 3}, {4}}. The probability
of Eijk is determined by Bxxx ∈ ∆1 , where Bxxx,1 represents the total probability of
sampling an 2-edge triangle from {1, 2, 3} and Bxxx,2 represents the 3-edge triangle
probability. Thus, the probability of a particular 2-edge triangle is Bxxx,1 /3.

For certain configurations of community triplet (si,jk , sj,ik , sk,ij ), some of the triangular
motifs can become indistinguishable. To illustrate, consider the example illustrated in
Figure 4: suppose that nodes i and j take membership in community x (the majority
community), while the node k takes community y—that is, we have x = si,jk = sj,ik 6=
sk,ij = y. Under these assignments, one cannot distinguish the 2-edge triangle with i in the
center (right panel, Eijk = 1) from the triangle with j in the center (left panel, Eijk = 2).
This is because both are 2-edge triangles centered at a vertex with majority community x,
and are thus equivalent with respect to the underlying community configuration x − x − y.
Formally, this x − x − y community configuration induces a set of triangle equivalence
classes {{1, 2}, {3}, {4}} of all possible triangular motifs Eijk ∈ {1, 2, 3, 4}. We treat the
triangular motifs within the same equivalence class as stochastically equivalent; that is, the
conditional probabilities of events Eijk = 1 and Eijk = 2 are assumed to be the same if
x = si,jk = sj,ik 6= sk,ij . All possible cases are enumerated as follows (see also Table 2):

3.2 Equivalence Classes of Triangles

This sharing strategy yields just O(K) parameters B0 , Bxx , Bxxx , x ∈ {1, . . . , K} (since
there are at most four distinct 2-edge and 3-edge triangles), allowing STM to scale to far
more communities than a naive O(K 3 ) parameterization of B tensor.

3. If the three community indices are all distinct, the probability of triangular motifs
depends on B0 , a single parameter independent of the community identities. This is
similar in spirit to the combined off-diagonal blockmatrix parameters used in hierarchical blockmodels (Ho et al., 2012a) and the assortative MMSB (Gopalan et al.,
2012; Gopalan and Blei, 2013).

2. If only two communities indices exhibit the same state x (called the majority community), the probability of triangles is governed by Bxx , no matter what the third,
minority community y is. The intuition is that the identity of the majority community
is the dominant factor in determining the triangle-generating probabilities, regardless
of the minority community. As with any statistical assumption, this is never perfectly
true for real data, but nevertheless turns out to be a good assumption, as our results
will show. There are K such parameters B11 , . . . , BKK .

1. If all three communities are the same x, the triangle-generating probability is determined by Bxxx (this is identical to the diagonal of the O(K 3 ) parameterization of B
tensor). There are K such parameters B111 , . . . , BKKK .

parameters by partitioning the O(K 3 ) community combination space intro several groups,
and then sharing parameters within the same group (Yin et al., 2013). Our parametersharing strategy is based on the number of distinct states in the configuration of the community triplet (x, y, z):

Ho, Yin and Xing

The triangle-generating probability tensor B described above contains O(K 3 ) distributions, one for each possible community combination (x, y, z). This presents challenging
issues in both statistical estimation and computational complexity: (1) the large number of
O(K 3 ) parameters to be estimated leads to a loss of statistical efficiency (particularly when
K ≥ 1000); (2) inference requires O(K 3 ) time per iteration, which is computationally intractable. An elegant solution to this problem is to reduce the number of triangle-generating

3.1 Parsimonious Parameter Structure

erate community indicators si,jk ∈ {1, . . . , K}, each of which represents the community
chosen by vertex i when it is forming a triangle with vertices j and k. The probability of
observing a triangular motif Eijk depends on the community triplet (si,jk , sj,ik , sk,ij ) and a
tensor of triangle-generating parameters B. Each element Bxyz of this tensor contains the
multinomial probabilities of generating the four possible 2-edge and 3-edge triangles, when
three vertices with respective communities x, y, z interact. A schematic of this generative
process is illustrated in Figure 3.

Figure 3: High-level generative process of how the mixed-membership vectors θi , θj , θk and a
“tensor” of triangle-generating probabilities B are used to generate the triangular motif Eijk .
In this example, (si,jk = 1, sj,ik = 3, sk,ij = 2) represents a context-dependent instantiation
of communities for three vertices i, j, k when they are interacting, and the entry B132 is
examined to obtain the multinomial parameter of generating Eijk . All these probabilities
are unobserved and need to be inferred from the observed triangular motifs.
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Figure 4: An example of two indistinguishable, equivalent motifs. Although the edge configuration is different in two motifs (i − j − k on the left versus j − i − k on the right),
the motifs are indistinguishable under the given community combination, because they are
both cases in which the central node (j and i respectively) has the majority community x.
2. If only two vertices have the same community x (majority community), the probability of Eijk is governed by Bxx ∈ ∆2 . Here, Bxx,1 and Bxx,2 represent the 2-edge
triangle probabilities (for 2-edge triangles centered at a vertex in majority and minority community respectively), and Bxx,3 represents the 3-edge triangle probability.
There are two possible 2-edge triangles with a vertex in majority community at the
center, and hence each has probability Bxx,1 /2.
3. If all three vertices have distinct community, the probability of Eijk depends on B0 ∈
∆1 , where B0,1 represents the total probability of sampling an 2-edge triangle from
{1, 2, 3} (regardless of the center vertex’s community) and B0,2 represents the 3-edge
triangle probability.
3.3 Generative Process for Scalable Triangular Model (STM)
We summarize the generative process for a bag of triangular motifs under the STM:
1. Draw B0 ∈ ∆1 , Bxx ∈ ∆2 and Bxxx ∈ ∆1 for each community x ∈ {1, . . . , K},
according to symmetric Dirichlet distributions Dirichlet(λ).
2. For each vertex i ∈ {1, . . . , N }, draw a mixed-membership vector θi ∼ Dirichlet (α).
3. For each triplet of vertices (i, j, k) , i < j < k,
(a) Draw community configuration si,jk ∼ Discrete (θi ), sj,ik ∼ Discrete (θj ), sk,ij ∼
Discrete (θk ).
(b) Draw an equivalence class of triangular motifs {Eijk } based on B0 , Bxx , Bxxx and
the configuration of (si,jk , sj,ik , sk,ij ). See Table 2 for the conditional probabilities
of each equivalence class.
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(c) Draw a triangular motif Eijk uniformly at random from the chosen equivalence
class (this is what we meant by stochastic equivalence earlier).
11

Discrete

Conditional probability of Eijk ∈ {1, 2, 3, 4}


B
xxx,1 Bxxx,1 Bxxx,1
Discrete
, 3 , 3 , Bxxx,2
3
 Bxx,1 Bxx,1

Discrete
2 ,
2 , Bxx,2 , Bxx,3
 Bxx,1

Bxx,1
Discrete
2 , Bxx,2 ,
2 , Bxx,3


B
B
xx,1
Discrete Bxx,2 , xx,1
2 ,
2 , Bxx,3
 B0,1 B0,1 B0,1

3 , 3 , 3 , B0,2
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{1, 2, 3}, {4}

Equivalence classes

{1, 2}, {3}, {4}

(si,jk , sj,ik , sk,ij )

x = si,jk = sj,ik 6= sk,ij

{2, 3}, {1}, {4}

{1, 3}, {2}, {4}

x = si,jk = sj,ik = sk,ij

x = sj,ik = sk,ij 6= si,jk

{1, 2, 3}, {4}

x = si,jk = sk,ij 6= sj,ik
sk,ij 6= si,jk 6= sj,ik

Table 2: Equivalence classes and conditional probabilities of Eijk given si,jk , sj,ik , sk,ij (see
text for details).

It is worth noting that STM is not a generative model of networks since (a) emptytriangles and 1-edge triangles are not modeled, and (b) one can possibly generate a set
of triangles that does not correspond to any network. This is a consequence of using a
bag-of-triangles model in which the generative process does not force overlapping triangles
to have consistent edge values. For example, generating a 2-edge triangle centered at i
for (i, j, k) followed by a 3-edge triangle for (j, k, `) can produce a mismatch on the edge
(j, k). However, given a bag of triangular motifs E extracted from a network, the above
procedure defines a valid probabilistic model p(E | α, λ), and we can use it for performing
posterior inference p(s, θ, B | E, α, λ). We stress that our goal is fast and scalable latent
space inference for overlapping community detection, not network simulation4 .

4. Inference: Efficient Stochastic Variational Inference (SVI) for STM

In this section, we present a stochastic variational inference (SVI) algorithm (Hoffman
et al., 2013) with O(CN K) per-iteration cost for performing approximate inference under
our STM (where C is a small constant). The inferred posterior probability distribution
of the latent variables, in particular the mixed-membership vectors θi , can then be used
for overlapping community discovery. The high-level ideas are to (1) develop a structured
mean-field approximation—a more accurate approximation to the true posterior than the
naive mean-field solution explored in earlier mixed-membership network models (Airoldi
et al., 2008), but requires O(K 3 ) run-time per triangular motif; (2) refine the structured
mean-field approximation to lower the run-time complexity to O(K) while maintaining its
high accuracy, inspired by a careful understanding of the typical structure of the posterior
distribution; (3) apply stochastic variational inference (SVI) to yield a faster approximate
inference algorithm; (4) propose a new stochastic subsampling strategy in the SVI algorithm that empirically achieves high-quality results without having to touch every 2/3-edge
triangle in the network, thus ensuring scalability to very large networks which may have
more than trillions (1012 ) of triangles.
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4. For applications in which simulation is vital, it is possible to design a variant of STM that sequentially
generates motifs so as to have consistent edge values across overlapping triangles. In such model, all
possible triples (i, j, k) are sequentially considered, and a new motif among them is simulated conditioning
on the patterns of other motifs that have already been generated. This non-exchangeable model is,
however, out of the scope of this work.
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i=1

x=1

x=1

(1)
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Rationale for the Structured Approximation. Conditioning on the observed type
of triangular motif Eijk on vertex triplet (i, j, k)—either a 2-edge triangle ∆2 or a 3-edge
triangle ∆3 , the community indicators (si,jk , sj,ik , sk,ij ) are often highly correlated. For
example, suppose that nodes i, j, k form a 3-edge triangle, then it is empirically and sociologically far more likely that they all belong to the same community, as opposed to being a

The posterior q(θi ) is a Dirichlet(γi ), and the posteriors of Bxxx , Bxx , B0 are parameterized
as: q(Bxxx ) = Dirichlet(ηxxx ), q(Bxx ) = Dirichlet(ηxx ), and q(B0 ) = Dirichlet(η0 ).

In particular, we have defined a joint (as opposed to fully factorized) distribution
q(si,jk , sj,ik , sk,ij | φijk ) over the community triplet (si,jk , sj,ik , sk,ij ):
.
q(si,jk = x, sj,ik = y, sk,ij = z) = qijk (x, y, z) = φxyz
x, y, z = 1, . . . , K.
(2)
ijk ,

3. Terms for the triangle-generating distributions, q(Bxxx | ηxxx ), q(Bxx | ηxx ), and
q(B0 | η0 ).

2. Terms for the mixed-membership community distribution for each node, q(θi | γi );

1. Terms for the community triplet distribution for each triangle, q(si,jk , sj,ik , sk,ij | φijk );

where I is the set of all 2/3-edge triangles in the network, i.e., I = {(i, j, k) : i < j <
k, Eijk ∈ {1, 2, 3, 4}}. The factorized distribution q(s, θ, B) contains 3 types of terms:

(i,j,k)∈I

q(s, θ, B) = q(s | φ)q(θ | γ)q(B | η)

"
#" K
#" K
#
N
Y
Y
Y
Y
q(θi | γi )
q(Bxxx | ηxxx )
q(Bxx | ηxx ) [q(B0 | η0 )] ,
=
q(si,jk , sj,ik , sk,ij | φijk )

As with other mixed-membership models, computing the true posterior of the latent variables p(s, θ, B | E, α, λ) under the STM is intractable, and approximate inference must be
employed. There are three common strategies to perform approximate inference in mixedmembership models: Markov chain Monte Carlo (MCMC) (Griffiths and Steyvers, 2004),
variational inference (Blei et al., 2003; Airoldi et al., 2008), and spectral methods (Anandkumar et al., 2014). MCMC methods are typically viewed as the “gold standard” as they
are guaranteed to eventually (but could be slow in practice) converge to the true posterior.
Variational inference provides a fast approximation that can be accurate enough for the
task at hand, provided care has been taken to design an appropriate factorized variational
distribution. Spectral methods have shown much promise in terms of accuracy and scalability, but the O(K 3 ) run-time complexity limits its application to the setting of K ≥ 1000
we are considering.
Based on these considerations, we choose a structured mean-field approximation for the
STM model. The corresponding inference algorithm proceeds via coordinate ascent update
on an objective function known as “variational lower bound” that depends on a set of “variational parameters”. To construct the variational lower bound, we begin by approximating
the true (but intractable) posterior p(s, θ, B | E, α, λ) by a partially factorized distribution
q(s, θ, B),

4.1 Structured Mean-field Approximation

Latent Space Inference of Internet-Scale Networks

(3)

(i,j,k)∈I

X

`(φijk , η, γ).

(4)
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The global term g(η, γ) depends only on the global variational parameters η, which
govern the posterior of the triangle-generating probabilities B, as well as the per-node
mixed-membership parameters γ. Each local term `(φijk , η, γ) depends on per-triangle
variational parameter φijk as well as the global parameters. Our distributed and parallel
implementation strategy will involve splitting the inferential work along disjoint sets of local
variational parameters, as we will show in Algorithm 1.
To understand how an SVI algorithm accelerates approximate inference, let us con.
sider Equation 4 with the local parameters φ being maximized out. Define L(η, γ) =

L(φ, η, γ) = g(η, γ) +

To simplify the notation, we decompose the variational objective L(φ, η, γ) into a
“global” term and a summation of “local” terms, where each local term corresponds to
one 2/3-edge triangle in the network (see Appendix A.1 for their exact forms).

.
log p(E | α, λ) ≥ Eq [log p(E, s, θ, B | α, λ)] − Eq [log q(s, θ, B)] = L(φ, η, γ).

The structured mean-field approximation (Wainwright and Jordan, 2008) aims to minimize the KL divergence KL(q k p) between the approximating distribution q and the true
posterior p; it is equivalent to maximizing a lower bound L(φ, η, γ) of the log marginal likelihood of the triangular motifs (based on Jensen’s inequality) with respect to the variational
parameters {φ, η, γ} defined in Equation 1:

4.2 Stochastic Variational Inference (SVI) Algorithm

mix of different communities. As a result, the true posterior distribution p(si,jk , sj,ik , sk,ij |
θ, B, E, α, λ)—a discrete distribution over K 3 events—tend to concentrate around (some
of) the K “all-the-same-community” events {si,jk = sj,ik = sk,ij = 1, 2, . . . , K}. If we think
of the posterior as a third-order tensor of dimension K × K × K in which each element
(x, y, z) represents the posterior probability p(si,jk = x, sj,ik = y, sk,ij = z | θ, B, E, α, λ),
we see that it is very likely to be a tensor with rank greater than one due to its non-zero
diagonal entries. Therefore, it cannot be accurately approximated by a fully factorized
distribution q(si,jk | φi,jk )q(sj,ik | φj,ik )q(sk,ij | φk,ij ) as used in the naive mean-field approximation, because the outer product yields a rank-1 tensor. A similar argument holds
for 2-edge triangles, whose nodes are likely to be in one or two communities, with a similar
correlation structure as to the 3-edge case. For this reason, we have chosen a joint form
q(si,jk , sj,ik , sk,ij | φijk ) for the variational posterior, in order to capture the correlation
structure of the true posterior p(si,jk , sj,ik , sk,ij | θ, B, E, α, λ).
However, having a structured approximation is computationally more expensive: the
variational parameter φijk used in the variational posterior q(si,jk , sj,ik , sk,ij | φijk ) is a
tensor containing K 3 entries, which would cause an unacceptable O(K 3 ) run-time per
triangular motif if handled naively. In the next section, we will discuss a more refined
approximation strategy that maintains the high accuracy of the structured mean-field approximation but only requires O(K) run-time per triangular motif, thus ensuring scalability
to thousands of communities K.

Ho, Yin and Xing
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φijk

max `(φijk , η, γ).

maxφ L(φ, η, γ), i.e., the variational objective achieved by fixing the global parameters η, γ
and optimizing the local parameters φ:
X
(i,j,k)∈I

X

(i,j,k)∈S

φijk

max `(φijk , η, γ),

(6)

X

(a,b,c)∈A

16

abc
I[x = a, y = b, z = c],
δijk
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1. Find the U0 largest communities in each of q(θi ), q(θj ) and q(θk ), and insert them into
a set Rcore (|Rcore | ≤ 3U0 ). In our experiments, we use U0 = 10 because empirically
most nodes have no more than 10 communities.

STM-ChooseA:

P
abc = 1.
where A is a set containing O(K) strategically chosen triples (a, b, c), and (a,b,c)∈A δijk
In other words, this “mixture-of-deltas” variational distribution is still a discrete probability
distribution over K 3 events, but its probability mass is assumed to fall entirely on the O(K)
randomly chosen entries and community combinations not in A are assumed to have zero
abc are
probability. Conveniently, the update equations for the O(K) free parameters δijk
practically identical to the full O(K 3 ) update equations for φijk (Equations 9, 10 and 11
in Appendix A.2). The only difference is normalization, which is now performed over the
set of O(K) δ’s instead of all K 3 events. Since we subsample CN triangles in each SVI
iteration, the total time complexity of local update is O(CN K) per iteration.
Careful selection of the O(K) entries (a, b, c) ∈ A is critical to the performance of the
O(K) “mixture-of-deltas” approximation. In our implementation, we choose these entries
in A based on the observation that most nodes in real networks belong to just a few
communities (Yang and Leskovec, 2012b), and hence the true mixed-membership vectors
are also concentrated around just a few entries. In fact, more than 90% of nodes in most
real-world networks studied in this paper have no more than 10 ground-truth communities.
This suggests that for any triangle (i, j, k), the number of plausible assignments to its
community triplet (si,jk , sj,ik , sk,ij ) is usually very small compared to K 3 , and we should
focus our choice on triplets (a, b, c) such that the variational posteriors q(θi,a ), q(θj,b ), q(θk,c )
are all large. Furthermore, it is reasonable to add O(K) random community combinations
into consideration so as to enable the SVI algorithm to explore other communities to avoid
becoming stuck in a local optimum. We employ the following procedure to construct A:

qijk (x, y, z | δijk ) =

O(K) Approximation to Local Update. As explained earlier, because there are K 3
xyz
variational parameters φijk
for each sampled triangle (i, j, k), the exact local update rexyz
quires O(K 3 ) work to solve for all φijk
, making it unscalable. We now describe an O(K)
approximation that is almost as accurate as the exact O(K 3 ) update (and is certainly far
more accurate than a fully factorized approximation as in the naive mean-field approach).
To enable a faster local update, we replace qijk (x, y, z | φijk ) in Equation 2 with a simpler, but still structured (as opposed to fully factorized), “mixture-of-deltas” variational
distribution,

xxx and φxxy (x 6= y).
See Appendix A.2 for the update equations of φijk
ijk

n
o
xyz
φijk
∝ exp Eq [log B0,2 ]I[Eijk = 4] + Eq [log(B0,1 /3)]I[Eijk 6= 4] + Eq [log θi,x + log θj,y + log θk,z ] .

Exact Local Update. To obtain the gradient ∇LS (η, γ), one needs to compute the
optimal local variational parameters φijk (keeping η and γ fixed) for each sampled triangle
(i, j, k) in the mini-batch S; these optimal φijk ’s are then used in Equation 6 to compute
xyz
∇LS (η, γ). Taking partial derivatives of Equation 4 with respect to each local term φijk
and setting them to zero, we get for distinct x, y, z ∈ {1, . . . , K},

L(η, γ) = g(η, γ) +

The idea behind SVI (Hoffman et al., 2013) is as follows: instead of computing the
gradient ∇L(η, γ) to perform the variational inference of the global parameters η and γ,
which involves a costly summation over all triangular motifs as in Equation 5, an unbiased
noisy approximation of the gradient can be obtained much more cheaply by summing over a
small subsample of triangles. One can then use this approximate gradient in the stochastic
gradient ascent algorithm (Bottou, 2004) to maximize the variational objective L(η, γ).
With this unbiased estimate of the gradient and a suitable adaptive step size, the algorithm
is guaranteed to converge (in probability) to a stationary point of the variational objective
L(η, γ) (Robbins and Monro, 1951). It should be noted that the subsampling strategy comes
at the cost of introducing a variance in gradient computation, and hence more iterations
might be required for convergence. However, the time taken by each iteration can be
greatly reduced to a small fraction of the original time; for example, if we subsample 10%
of the triangles, then only 10% computation time is required to obtain the approximate
gradient. In fact, there is significant empirical evidence that SVI algorithm can lead to
faster convergence on various problems (Hoffman et al., 2013; Yin et al., 2013).

m
|S|

Subsampling Strategy. In our setting, the most natural way to obtain an unbiased
gradient of L(η, γ) is to sample a “mini-batch” of triangular motifs at each iteration, and
then average the gradient of local terms in Equation 5 only for these sampled triangles.
Formally, let m = |I| be the total number of 2/3-edge triangles5 and define
LS (η, γ) = g(η, γ) +

where S is a mini-batch of triangles sampled uniformly at random. It is easy to verify that
ES [LS (η, γ)] = L(η, γ), hence ∇LS (η, γ) is unbiased: ES [∇LS (η, γ)] = ∇L(η, γ).
In our implementation, we subsample C pairs of neighbors for each node i ∈ {1, . . . , N }
in parallel, where C is a small constant6 , resulting in a mini-batch set S containing CN
triangles in each SVI iteration. Such fast parallel subsampling procedure, however, may
induce a bias in the estimate of the gradient because the CN triangles in S are not necessarily sampled from the space of all triangles uniformly at random. We defer the discussion
of this subtlety to Section 5.1, after the detailed description of our implementation. The
performance on overlapping community detection in Section 6 shows that our SVI algorithm converges to a high-quality result without having to touch all 2/3-edge triangles in
the network, i.e., CN tmax  m, where tmax is the number of iterations until convergence.
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5. The total number of 2/3-edge triangles in large networks may be computationally infeasible to count—in
fact, triangle counting is a hard problem in its own right and an
P area of active research (Low et al., 2012).
In Lemma 1, we have shown that 13 T ≤ m ≤ T where T = i 21 (Di )(Di − 1). In our implementation,
we simply let m ≈ T , thus approximating m to within a factor of 3 of its true value.
6. All our experiments are conducted with the minimum value C = 1, which is shown to be sufficiently
accurate for large-scale networks (Section 6.4).
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˜ γ LS (ηt , γt ),
γt+1 = γt + ρt ∇

7. A similar variational approximation was employed in our earlier development (Yin et al., 2013). The
most salient difference is that the STM-ChooseA uses significantly fewer variational parameters (and is
therefore faster), while still maintaining high experimental accuracy. In particular, for K ≥ 1000, the
choices of U0 = 10 and U1 = K/10 make the SVI algorithm almost 10 times faster than the method
of Yin et al. (2013).

˜ η LS (ηt , γt ),
ηt+1 = ηt + ρt ∇

This procedure requires only linear-time work in the number of edges M , and executes
in less than 10 minutes for all ground-truth networks in our experiments. In addition to
renumbering all nodes in the range [1, N ], STM-CANONIZE often creates many sequences of
contiguous node indices a, a+1, a+2, . . . , a+b such that a is connected to a+1, a+2, . . . , a+b.
The rationale is that nodes with numerically close indices are more likely to be close in
terms of network distance, and thus are likely to be in the same community. This happens
because the input edge list is not randomly ordered in practice, but rather usually groups
adjacent edges together—as an example of how this may happen, when an adjacency matrix
is converted to an edge list by scanning the rows one at a time, edges connecting to same
node are adjacent in the edge list. When STM-CANONIZE encounters adjacent edges whose
nodes have not been seen before, it gives those nodes contiguous indices.
The second step takes advantage of these contiguous sequences, by initializing contiguous blocks of node indices to different communities: the first N/K nodes are seeded to
community 1, the second N/K nodes are seeded to community 2, and so on. Recall that
γi ’s are the variational parameters for the mixed-membership vectors θi ’s; to seed node i to

(a) Output the re-indexed edge (MAP[i], MAP[j]).

3. For each edge (i, j) in the edge list:

(b) If j is not in MAP, then assign MAP[j] = COUNT and COUNT = COUNT + 1.

(a) If i is not in MAP, then assign MAP[i] = COUNT and COUNT = COUNT + 1.

2. For each edge (i, j) in the edge list:

1. Initialize MAP to an empty dictionary and COUNT = 1. When the algorithm terminates,
MAP[i] = a. In other words, we have renumbered the old node index i to the new node
index a.

Global Update. We appeal to stochastic natural gradient ascent (Amari, 1998; Sato,
2001; Hoffman et al., 2013) to optimize the global parameters η and γ, as it greatly simplifies
the update rules while maintaining the same asymptotic convergence properties as classical
˜ S (η, γ) is obtained by a premultiplication of
stochastic gradient. The natural gradient ∇L
the ordinary gradient ∇LS (η, γ) with the inverse of the Fisher information of the variational
posterior q. See Appendix A.3 for the exact forms of the natural gradients with respect
to η and γ. To update the parameters η and γ, we apply the stochastic natural gradient
ascent rule

Note that we do not pick all possible community combinations for Aoff and Aoffoff ,
which are of size O(K 2 ) and O(K 3 ), respectively. This is an intentional trade-off; we
limit the size of A to O(K) to keep the inference feasible7 . Because we re-select A every
time we perform the local variational update for some triangle (i, j, k), the SVI algorithm
still manages to explore the most likely community combinations with reasonably high
probability, thus avoiding any bias due to a single choice of A. In practice, we find that this
O(K) “mixture-of-deltas” approximation works nearly as well as the full parameterization
in Equation 2, while requiring only O(K) work per sampled triangle. Finally, we stress that
the “mixture-of-deltas” variational approximation is theoretically well-justified and not a
heuristic. Standard variational inference theory states that any choice of A yields a valid
lower bound to the log marginal likelihood at the current iteration, and therefore we are
always updating variational parameters to maximize some variational lower bound.

7. Combine all three sets to obtain A = Adiag ∪ Aoff ∪ Aoffoff .

6. Generate 3|R| off-off-diagonal community combinations Aoffoff . Each combination is
generated as follows: first draw a ∈ R uniformly at random, then draw b ∈ R where
b 6= a, and finally draw c ∈ R where c 6= a, c 6= b. Add (a, b, c) to Aoffoff .

5. Generate 3|R| off-diagonal community combinations Aoff . Each combination is generated as follows: first draw a ∈ R uniformly at random, then draw b ∈ R where b 6= a.
Finally, draw o uniformly at random from {1, 2, 3}. If o = 1, add (a, a, b); if o = 2,
add (a, b, a); and if o = 3, add (b, a, a).

STM-CANONIZE:

Initialization. The SVI algorithm described above searches for a local maximum in a
highly non-concave variational objective function (Equation 5). In principle, this makes it
sensitive to the choice of initialization or seeding, a property shared by other overlapping
community detection algorithms (Xie et al., 2013). If the initialization is not too far from
the true community structure, then the algorithm will usually find the correct communities.
However, a completely random initialization will often merge many neighboring communities
into one giant community, which is undesirable.
To address this issue, we conduct the initialization of the SVI algorithm systematically,
which is highly effective on all the ground-truth networks we test on (Section 6.1). It
consists of two steps. First, we renumber all node indices via the following procedure:

4. Generate |R| diagonal community combinations Adiag = {(a, a, a) for all a ∈ R}.

3. Combine both sets: R = Rcore ∪ Rrandom . Note that |R| = O(K).

where the stepPsize is given byPρt = τ0 (τ1 + t)−κ . To ensure convergence, the τ0 , τ1 , κ are
set such that t ρ2t < ∞ and t ρt = ∞. The specific values used in our experiments are
τ0 = 50, τ1 = 10000, and κ = 0.5. The global update only costs O(N K) time per iteration
due to the parsimonious O(K) parameterization of the triangle-generating probability tensor
B (and hence its variational parameter η) in our STM (Section 3.1).

Ho, Yin and Xing

2. Pick U1 communities uniformly at random from {1, . . . , K}, and put them into a set
Rrandom . In our experiments, we use U1 = K/10 so that U1 > U0 for large K, thus
encouraging exploration.
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community k, we initialize γi,k = 10K and the remaining non-seeded elements of γi to be
small, randomly-generated numbers close to 1.
For the variational parameters η corresponding to the triangle-generating probabilities
B, we initialize them as follows: [ηxxx,1 , ηxxx,2 ] = [1, 3], and [ηxx,1 , ηxx,2 , ηxx,3 ] = [2, 1, 1] and
[η0,1 , η0,2 ] = [3, 1]. This reflects the intuition that three nodes with the same community
are likely to form a 3-edge triangle, whereas for other cases (two nodes have the same
community or three nodes have distinct community), it is likely to form a 2-edge triangle.
Note that there is no need to initialize the local variational parameters qijk (x, y, z), as they
are solved through fixed-point iteration given the current values of γ, η (Equations 9, 10
and 11). Finally, we fix the hyperparameters of θ, B to α = λ = 0.1.

5. Distributed Implementation for Internet-Scale Networks
In order to apply our SVI algorithm to massive networks, we turn to its distributed implementation. The specific challenges we are facing include:
1. Big data: given that contemporary server machines only contain between 16GB to
256GB of memory, a massive network and its triangular representation cannot fit into
the memory of a single machine. For example, the 101-million-node, 2-billion-edge
web graph (Section 7) requires over 30GB to simply store it as an adjacency list, and
the full triangular representation would be many orders of magnitude larger (in the
TB range).
2. Big model: similarly, for a massive network, the STM parameters cannot fit into the
memory of a single machine. With N = 100 million nodes and K = 1000 communities,
we would need 400GB just to store the mixed-membership vectors θi ’s.
3. Slow inter-machine communication: typical network speeds range from 1Gbps to
10Gbps, hence inter-machine communication is several orders of magnitude slower
than CPU-to-RAM communication. This means that we cannot synchronize parameters as frequently as in the single machine setting.
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Unfortunately, the existing Hadoop MapReduce framework (Hadoop, 2012) is not wellsuited to implement iterative convergent algorithms such as our SVI, because every mapreduce iteration incurs significant overheads and consequently takes orders of magnitude
longer than other systems (Zaharia et al., 2010; Low et al., 2010). Another concern is that
the map-reduce programming model does not provide a natural way to store model parameters in a persistent and distributed fashion, a challenge which has recently been addressed
by high-performance parameter servers (Li et al., 2013; Ho et al., 2013). Based on these
considerations, we develop our distributed-parallel SVI algorithm for STM (Algorithm 1)
on top of the Petuum parameter server (Ho et al., 2013; Lee et al., 2014; Dai et al., 2015),
a recent framework for general-purpose machine learning on big data and models. The
high-level ideas to tackle challenges outlined above are to (1) keep the triangles in an implicit representation and use disk-based access to save machine memory; (2) partition the
model over worker machines and exploit parameter sparsity to further reduce memory usage; (3) use a bounded-asynchronous communication technique to strike a balance between
parameter accuracy and speed. We now discuss detailed approaches to each idea.
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Algorithm 1 Distributed-parallel Stochastic Variational Inference for STM

1: t = 0. Initialize the global parameters η and γ, and store them in the Petuum parameter server
(www.petuum.org) for global access by any worker thread in the cluster.
2: Repeat the following steps in parallel until convergence. Parallelization is conducted in a data-parallel
fashion: each worker thread in the cluster is responsible for a disjoint set of nodes, and all N nodes are
collectively covered by all workers.

(1) Sample CN triangles to form a mini-batch S. We do this by sampling C pairs of neighbors for
each node i ∈ {1, . . . , N } in parallel (see Section 5.1 for details of implementation).
(2) Optimize the local parameters qijk (x, y, z) for all sampled triangles in parallel by Equations 9, 10
and 11.
(3) Accumulate sufficient statistics for the natural gradients of η, γ, and then discard local parameters
qijk (x, y, z) and the mini-batch S. Since the sufficient statistics are additive, we use the Petuum
parameter server to accumulate them in parallel at each worker thread.
(4) Optimize the global parameters η and γ by the stochastic natural gradient ascent rule (Equations 7), and then distribute the new global parameters to the worker threads.
(5) Update the step size for the next iteration: ρt ← τ0 (τ1 + t)−κ , t ← t + 1.

5.1 Handling Big Network Data and Trillions of Triangles
P
As shown in Lemma 1, the number of 2/3-edge triangles is bounded below by 31 i 21 (Di )(Di −
1). This means even a single node with 1 million neighbors, which can occur in very large
networks (N ≥ 100 million nodes and M ≥ 1 billion edges) with a power-law degree distribution, will contribute half a trillion triangles to the triangular representation and hence
require TBs of storage.

Implicit Triangle Representation and Disk-based Storage. Our solution is to keep
the triangles in an implicit representation, where we leverage the stochastic nature of the SVI
algorithm and only sample triangles only when they are needed in step (1) of Algorithm 1
(and discard them afterwards). Specifically, we represent the original network using the
following three data structures:

1. An adjacency list Adj represented as a dictionary (key-value) data structure. If the
a-th neighbor of i is j, then the dictionary contains Adj[(i, a)] = j. While this keyvalue schema seems unorthodox compared to storing the entire neighbor set Ni as the
value, they are easier to store at large scale and possibly can help improve CPU cache
efficiency because values j are fixed-byte-size scalars whereas sets of neighbors Ni can
have arbitrary byte length.

2. An edge list Edg represented as a set of edge tuples (i, j).

3. A degree list Deg represented as a vector, where Deg[i] contains the degree of node i.
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In order to conserve machine memory, we store these data structures in a disk-based
key-value store—our implementation uses Google leveldb (www.leveldb.org), but any other
disk database should work as well. Although storing the data on hard disks incurs significant
read latencies in principle (around 10 milliseconds per read), we have observed that leveldb’s
memory cache amortizes latencies across multiple reads very well, and therefore disk-based
access is not a bottleneck for our implementation of the SVI algorithm. In our largescale experiments, leveldb could sustain 100s of thousands of reads per second per machine
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Let Di := Deg[i].
Draw two distinct indices a, b ∈ {1, . . . , Di } uniformly at random.
Let j := Adj[(i, a)] and k := Adj[(i, b)].
Check if (i, j) ∈ Edg. If yes, output (i, j, k) as a 3-edge triangle. If no, output
(i, j, k) as a 2-edge triangle centered at node i.
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9. Note that there are only O(K) variational parameters η for the triangle-generating probability tensor
B, which is extremely small compared to the size of γi ’s.

When the SVI algorithm terminates, we also output γi ’s in a sparse format in order
to conserve hard disk space. Experimentally, we have observed that these approximations
incur little impact on community detection accuracy, and they allow us to analyze a 101million-node network with 1000 communities, using only 500GB of memory spread across 5
machines (i.e., 100GB per machine, which is readily available from cloud compute providers
such as Amazon EC2).

2. During the global update for each γi (Equation 7), we only commit the U0 largest
vector elements in the natural gradient of γi and set the rest of elements to be zeros.
We use U0 = 10 in our experiments, because empirically most nodes exhibit no more
than 10 communities and thus it suffices to retain the 10 most significant communities
per node.

1. We delete elements of γi ’s that are already close to zero—defined as being less than
2α = 0.2 in the ground-truth experiments (Section 6). See Section 7.1 for an alternative threshold value used for a 101-million-node web graph.

At first estimation, the variational parameters γi ’s for all the mixed-membership vectors
θi ’s require N K floating point values to be stored. If N = 100 million and K = 1000,
we would need 100 billion 4-byte floating point values (400GB)9 . Although the Petuum
parameter server discussed in the next subsection can evenly distribute the memory load
over all participating machines, it requires additional memory to cache for high performance
because the parameter server is a caching system. Thus, the actual memory requirement of
SVI algorithm for STM is much more than N K × 4 bytes—we have observed that 400GB
of γi ’s would require multiple TBs of memory across all machines.
To reduce memory usage to practical levels, we exploit the observation that most nodes
in real networks belong to just a few communities, as seen in ground-truth data (Yang and
Leskovec, 2012b). In other words, the mixed-membership vectors θi ’s and the corresponding
variational parameters γi ’s are extremely sparse. Therefore, we use dictionary data structures to store γi ’s, and perform two approximations at every iteration of the SVI algorithm
in order to reduce the memory requirement:

8. One reweighting scheme is to divide each triangle’s natural gradient contribution by its actual probability
of being sampled. Similar techniques were employed to reweight the subsampled node pairs in the
assortative MMSB inference algorithm (Gopalan et al., 2012; Gopalan and Blei, 2013).

Discussion of Subsampling Strategy. Our fast parallel procedure to subsample a minibatch S of CN triangles may not provide an unbiased estimate of the natural gradient of the
˜ S (η, γ) (Equation 6). The reason is that the CN triangles in S are not
global parameters ∇L
necessarily sampled from the space of all triangles uniformly at random—one can see that
triangles adjacent to low-degree nodes tend to be more likely to be sampled than triangles
attached to high-degree nodes. However, it is worth emphasizing that since low-degree
neighbors of a high-degree node are very likely to sample triangles involving that high-degree
node, the high-degree nodes are still well represented in the set of subsampled triangles.
While this bias due to nonuniform sampling can be corrected by appropriately reweighting
the subsampled triangles8 , we have counterintuitively observed that community detection
performance is actually more accurate without the correction factor. Our hypothesis is
that, by not reweighting the triangles, low-degree nodes are given more attention because
our subsampling procedure is more likely to select their adjacent triangles, compared to
uniform triangle sampling. This improves community detection accuracy on low-degree

Because there is no need to keep all local variational parameters after accumulating all
natural gradient sufficient statistics for the global parameters η, γ, we discard the minibatch S after step (3) of Algorithm 1 in order to save memory. By combining implicit
triangle representation and subsampling strategy in this manner, our SVI algorithm for
STM avoids having to store trillions of triangles in an explicit form, thus saving TBs (or
more) of disk storage and memory space.

1.
2.
3.
4.

– For c = 1 to C:

• For each node i = 1 to N in parallel:

STM-SUBSAMPLE:
5.2 Handling Big STM Models with Over 100 Billion Parameters

nodes, which in turn improves overall accuracy because the majority of nodes in real-world
scale-free networks are low-degree. For this reason, we choose to not reweight the triangles
in our experiments.
Earlier development on triangular modeling (Ho et al., 2012c; Yin et al., 2013) advocated
a triangle pre-selection technique called δ-subsampling, where a proper subset of all triangles
is subsampled prior to inference. Our distributed-parallel SVI algorithm for STM differs in
that we never pre-select triangles, allowing the inference algorithm to (in principle) access
all triangles—thus eliminating one source of approximation. It also avoids the need to tune
the parameter δ, the number of triangles to pre-select. From a practical standpoint, our new
subsampling strategy is far more memory-efficient, as triangles are immediately discarded
after use.

(using multiple worker threads) on a standard hard drive. This throughput is more than
sufficient for the SVI algorithm for STM. The use of disk-based storage frees up roughly
40GB of memory on each machine, when we run our implementation of the SVI algorithm
on the 101-million-node web graph. Note that converting an edge list of a network with M
edges to these disk-based data structures only costs O(M ) (for hash-based dictionaries) or
O(M log M ) (for tree-based dictionaries) work, and in practice this step takes only a small
fraction of the time required by the SVI algorithm.

Subsampling CN Triangles from the Implicit Representation. We employ the
following procedure to subsample a mini-batch S of CN triangles (step (1) in Algorithm 1),
based on the aforementioned disk-based data structures.
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5.3 Overcoming Slow Network Interfaces
Our distributed-parallel SVI algorithm for STM (Algorithm 1) adopts a data-parallel scheme:
each worker thread in the cluster is responsible for a disjoint set of nodes and all N nodes
are collectively covered by all workers, in order to update a single set of shared global parameters γ and η. This requires workers to frequently synchronize all parameter updates to
each other. However, due to the higher latency and lower bandwidth of computer network
interfaces (e.g., 1Gb or 10Gb Ethernet) compared to internal CPU-to-RAM communication, the workers are often forced to wait for communication to complete, thus wasting as
much as ≥ 80% of CPU power (Ho et al., 2013).
In order to alleviate this communication bottleneck, various bounded-asynchronous parameter synchronization systems have been developed (Ho et al., 2013; Li et al., 2013; Dai
et al., 2015), which essentially reduce the frequency of communication so as to allow for
much higher CPU utilization. The trade-off is that reduced communication leads to staleness (i.e., out-of-date values) in the workers’ view of the model parameters, which could
incur errors in algorithm execution. By using the right “consistency models”, most iterative
optimization and sampling-based algorithms can be made to theoretically and empirically
converge despite staleness. Furthermore, while having stale values of the model parameters could decrease convergence progress per iteration, the increase in CPU utilization more
than makes up by enabling more iterations per minute, thus yielding much faster distributed
machine learning algorithm execution.
These considerations apply to our SVI algorithm for STM as well, because the global
variational parameters γ and η are subject to frequent additive updates from all workers
(Equation 7) due to the relatively small mini-batch sizes being used (CN triangles per
iteration with C = 1 in our experiments). To overcome these challenges, we develop our
C++ implementation of the SVI algorithm on top of the Petuum system for scalable distributed machine learning (Ho et al., 2013; Lee et al., 2014; Dai et al., 2015), using its
bounded-asynchronous parameter server for data-parallel machine learning programming.
Petuum features an machine-learning-specific “consistency model”, Stale Synchronous Parallel (SSP), that exploits the concept of bounded staleness to speed up distributed computation while still providing theoretical guarantees on the convergence of various machine
learning algorithms (e.g., stochastic gradient descent). More formally, a worker reading parameters at iteration c will see the effects of all updates from iteration 0 to c − s − 1, where
s ≥ 0 is a user-controlled staleness threshold. In our experiments, we found that configuring
the SSP staleness setting to either s = 0 or s = 1 yielded very good, near-linear scaling
from 1 through 5 machines (note that 5 machines are sufficient for performing community
detection on a 101-million-node network).

6. Empirical Study on Networks with Ground-truth Communities
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In this section, we evaluate the overlapping community detection performance of the SVI
algorithm for STM, comparing it to both probabilistic and non-probabilistic baseline algorithms. It is also possible to use our algorithm to perform link prediction, although we do
not pursue it in this paper. See Yin et al. (2013) for an appropriate procedure.
23

Ho, Yin and Xing

Network
# nodes N # edges M # communities Edge density M/N 2 Fraction
DBLP
317,080
1,049,866
13,477
1.044 × 10−5
Amazon
334,863
925,872
75,149
8.257 × 10−6
Youtube
1,134,890
2,987,624
8,385
2.320 × 10−6
Livejournal 3,997,962 34,681,189
287,512
2.170 × 10−6

of closed triangles
0.1283
0.07925
0.002081
0.04559

Table 3: Basic statistics of the networks with ground-truth overlapping communities used
in our evaluation. These networks are available at http://snap.stanford.edu/data/.
6.1 Ground-truth Data

Because there has been debate over the appropriateness of simulated networks in the community detection task (Leskovec et al., 2009; Yang and Leskovec, 2012b), we performed all our
experiments on real-world networks with ground-truth communities provided by Yang and
Leskovec (2012b), rather than using synthetic benchmarks such as Lancichinetti-FortunatoRadicchi (LFR) (Lancichinetti and Fortunato, 2009). The ground-truth communities were
constructed based on the publicly available meta-data associated with each network (e.g.,
self-declared interests, hobbies, and affiliations in social networks such as LiveJournal). The
size of these networks ranges from N ≈ 300000 to 65 million, and the number of created
communities ranges from K ≈ 8000 in a 1.1-million-node network to K ≈ 6.3 million in
a 3-million-node network. However, not all of the communities were well-defined. Thus,
Yang and Leskovec (2012b) also provided the top 5000 communities with highest quality
in each network, where the quality of a community is measured by averaging over several
well-known community scoring functions such as conductance, modularity, and triangleparticipation-ratio—the idea being that communities that score well on all functions are
very likely to be of high quality. We do not claim these ground-truth communities are the
only valid way to decompose the network, and acknowledge that there may exist alternative
ways to extract plausible communities from large networks.
Table 3 provides basic statistics that are taken from the original directed form of each
network in this evaluation. When our algorithm loaded a network, it converted the network
to its undirected form via symmetrization because our STM is a probabilistic network model
for undirected triangular motifs. When running those baselines that are able to to exploit
directed form, we always provided the original directed network as input.

6.2 Evaluation by Normalized Mutual Information (NMI)
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We used the normalized mutual information (NMI) (Lancichinetti and Fortunato, 2009),
one of the most widely used measures, for evaluating the quality of discovered overlapping
communities. The NMI is on a scale of 0 to 1, with 1 corresponding to a perfect matching
with the ground-truth communities. In these ground-truth networks, the top 5000 communities were provided by Yang and Leskovec (2012b) as hard assignments of nodes: for
a particular community, each node is either in that community or it is not (i.e., no partial
membership). Two issues must be addressed before the outputs of different algorithms can
be evaluated against the ground truth.
First, because the SVI algorithm for STM outputs the variational parameters γi ’s that
are then normalized to produce continuous-valued mixed-membership vectors to represent
soft community assignments, we must threshold to obtain hard community assignments
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3. SLPA: the speaker-listener label propagation algorithm (SLPA) (Xie and Szymanski,
2012), which can automatically detect the number of communities in the network,

2. PM: the Poisson model (Ball et al., 2011), which requires the number of communities
K to be input as a parameter. We used the single-machine C code provided by the
authors.

1. a-MMSB: the assortative MMSB (Gopalan et al., 2012; Gopalan and Blei, 2013), which
requires the number of communities K to be input as a parameter. We used the
single-machine C code available at https://github.com/premgopalan/svinet, and
applied the “link-sampling” subsampling scheme, as recommended by the user manual.

Baselines. For comparison with the SVI algorithm for STM, we selected baselines that
(1) are able to perform overlapping community detection and (2) are scalable enough to
analyze 1-million-node networks in at most a few days. These two criteria greatly narrow
the list of candidate baselines, and eventually we considered the following four algorithms:

Termination Criterion. We monitored the convergence of the SVI algorithm by computing the variational mini-batch lower bound LS (η, γ) (Equation 6) at each iteration,
which serves as an unbiased approximation to the true variational lower bound L(η, γ)
(Equation 5). We never compute the true lower bound as it involves all triangles in the
network, which would be computationally prohibitive. In our ground-truth experiments, we
terminated the algorithm when LS (η, γ) decreases for the first time. This signifies that the
SVI algorithm is beginning to oscillate, and will not make much further progress. All our
trials on ground-truth networks terminated with high-quality results within 200 iterations
under this criterion (using C = 1 triangle subsampled for each node, per iteration); in other
words, the SVI algorithm only had to process < 200N triangles in total. The intuition is
that node community memberships are empirically sparse—each node is unlikely to participate in more than a few communities, and thus a small number of subsampled adjacent
triangles suffices to determine its community membership.

6.3 Experimental Settings

that can be compared to the ground truth. Based on the observation that more than 90%
of nodes have no more than 10 ground-truth communities,
P we chose the threshold value to
be 0.1, i.e., community k contains node i if θ̂i,k = γi,k / k0 γi,k0 ≥ 0.1. This allows us to
detect up to 10 communities per node. We also applied this thresholding procedure to any
baselines that output soft community assignments; baselines that output hard assignments
were left as it is.
The second issue is that the top 5000 ground-truth communities only cover a small
fraction of the network—in other words, the majority of nodes have missing ground-truth
community assignments. However, all the algorithms being evaluated assign every node
to at least one community, and the NMI cannot handle missing community assignments.
Thus, for every node i without a ground-truth assignment in the top 5000 communities,
we removed node i from its corresponding communities discovered by each algorithm. This
ensures that the NMI is computed only on nodes found within the top 5000 ground-truth
communities. We emphasize that such post-processing is fair because it is performed for all
the algorithms being evaluated.

Latent Space Inference of Internet-Scale Networks

26

JMLR 17(78):1-41

10. The main reason is that high-rank SVD is expensive to compute in MATLAB. The call to svds() alone
took 4 days to complete on the smallest DBLP network (N = 317K) for just K = 5000, despite being a
multithreaded implementation. Furthermore, svds() simply ran out of memory on larger experiments,
despite equipped with 128GB RAM.

NMI Score and Runtime. Table 5 shows NMI scores and runtimes for all the algorithms being evaluated. Performing overlapping community detection at these large scales
is extremely computationally intensive, and our distributed-parallel SVI algorithm for STM
finished execution in far less time than the baselines. None of the baseline algorithms were
able to finish the 4-million-node, 35-million-edge Livejournal network within our experimental limit of 5 days, and the SVD+M algorithm was not able to finish any experiment within
this limit10 . Given a larger compute cluster, we expect our approach to finish more rapidly,

Why Choose C = 1? Table 4 shows NMI scores and time to convergence for running
the SVI algorithm with C = 1 v.s. C = 10 on three networks. Note that using C = 1 is
5-10 times faster than C = 10, while maintaining comparable NMI scores. Accordingly, we
set the mini-batch size to C = 1 triangle per node, resulting in a total of N triangles per
iteration.

We first investigate how the mini-batch size CN influences the performance of the SVI
algorithm for STM. Then we compare it to various baseline algorithms in terms of NMI
score, runtime, and size of detected communities.

6.4 Experimental Results

Machine Configuration. We used server machines equipped with 128GB RAM and 2
Intel Xeon E5-2450 8-core processors, for a total of 16 CPU cores per machine running
at 2.10GHz. We ran the distributed-parallel SVI algorithm using 4 such machines, for a
total of 64 cores/worker threads and 512GB distributed RAM. The baselines a-MMSB, PM,
and SLPA are all single-machine and single-threaded, while SVD+M is single-machine but
multithreaded; we ran all algorithms using one machine with 128GB RAM.

Both a-MMSB and PM are mixed-membership models based on adjacency matrix representation of networks; SLPA is a message-passing algorithm, in which community labels
are propagated along edges until convergence; SVD+M is a matrix factorization algorithm.
We ran all algorithms with their default settings, unless otherwise stated. For algorithms
that require the number of communities K as input (including our SVI algorithm for STM),
we repeated the experiments for different values of K: 5000, 10000, 15000 and 20000.

4. SVD+M: a baseline that first applies a rank-K SVD to the adjacency matrix and then extracts communities from the singular vectors using modularity as a stopping criterion,
as proposed in Prakash et al. (2010) and Kang et al. (2011). As code was unavailable
from the authors, we wrote our own single-machine MATLAB implementation, based
on the multi-threaded svds() sparse low-rank SVD function.

given a threshold r ∈ [0, 1]. We found that the NMI score did not vary significantly
with different choices of r, so we fixed r = 0.25 in all experiments. The single-machine
Java code is available at https://sites.google.com/site/communitydetectionslpa/
ganxis under the name GANXiS.

Ho, Yin and Xing

0.790
0.758
0.743
0.733

0.439
0.506
0.542
0.559

0.434

0.791
0.771
0.752
0.739

0.451
0.505
0.535
0.553

7.6h

38min
18min
24min
31min

15min
18min
26min
30min

93h

3.4h
1.4h
2.2h
3.2h

2.8h
1.5h
2.1h
3.1h

Time to convergence
C=1
C = 10

0.433

NMI
C = 1 C = 10
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Network
DBLP (N = 317K)
K = 5000
K = 10000
K = 15000
K = 20000
Amazon (N = 334K)
K = 5000
K = 10000
K = 15000
K = 20000
Youtube (N = 1.1M)
K = 20000

Table 4: NMI scores and time to convergence for running the SVI algorithm for STM with
C = 1 v.s. C = 10 on three networks. Using C = 1 is nearly as accurate as C = 10, while
requiring much less computational time.
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Network
DBLP (N = 317K)
K = 5000
K = 10000
K = 15000
K = 20000
Amazon (N = 335K)
K = 5000
K = 10000
K = 15000
K = 20000
Youtube (N = 1.1M)
K = 5000
K = 10000
K = 15000
K = 20000
Livejournal (N = 4.0M)
K = 20000

NMI
PM

0.581
(16874 coms)

SLPA

DNF
DNF
OOM
OOM

SVD+M

15min
18min
26min
30min

STM SVI

31h
OOM
OOM
OOM

17.4h
48h
OOM
OOM

4.4h
11h
22h
31h

8.9h
18h
51h
96h

21h

3.2h

2.6h

OOM

OOM
OOM
OOM
OOM

> 5 days
> 5 days
OOM
OOM

> 5 days
> 5 days
OOM
OOM

SVD+M

> 5 days

Time to completion
a-MMSB
PM
SLPA
a-MMSB

0.251
0.294
0.322
0.341

38min
18min
24min
31min

STM SVI

0.379
0.437
OOM
OOM

0.867
(29021 coms)

DNF
DNF
OOM
OOM

0.439
0.506
0.542
0.559

0.483
0.548
0.571
0.576

> 5 days

76h
> 5 days
> 5 days
> 5 days

0.750
OOM
OOM
OOM

OOM
OOM
OOM
OOM

0.790
0.758
0.743
0.733

0.424
(5972 coms)

OOM

0.129
DNF
DNF
DNF

63h

DNF

2.2h
3.2h
3.9h
7.6h

OOM
OOM
OOM
OOM

OOM
OOM
OOM
OOM
OOM

OOM

0.374
0.422
0.456
0.433

DNF

0.743

Table 5: NMI scores and runtimes for all the algorithms being evaluated. “OOM” means the algorithm ran out of memory and
failed, while “DNF” means the algorithm did not finish within a reasonable amount of time (5 days of continuous computation).
Note that the SLPA algorithm can automatically select the number of communities K, thus we report only one NMI score and
runtime per network (with the number of detected communities in parentheses).

Ho, Yin and Xing

JMLR 17(78):1-41

JMLR 17(78):1-41

allowing even larger networks to be analyzed in a matter of hours. The STM SVI algorithm
is also memory-efficient, due to sparse data structures in the Petuum parameter server used
for sharing the global variational parameters γi ’s. In particular, the largest experiment
on the Livejournal network with K = 20000 only required 24GB RAM on each of the 4
machines (for a total of 96GB). The a-MMSB inference algorithm implementation does not
use sparse storage, which caused it to run out of memory on relatively small experiments,
even on a machine with 128GB RAM. We believe this underscores the importance of sparse
memory management for large-scale problems (Section 5.2).
In terms of accuracy of recovering ground-truth overlapping communities, the STM
SVI algorithm outperformed other mixed-membership models a-MMSB and PM, but had
lower NMI scores than SLPA (a message-passing algorithm that is not based on a statistical model). This suggests that mixed-membership network models have some room for
improvement. However, there are still two advantages of the STM SVI algorithm compared
to SLPA: (1) the STM SVI algorithm finishes execution in far less time on a distributed
compute cluster, allowing it to scale to much larger networks; (2) SLPA only outputs hard,
binary community assignments, so it may not be suitable for analyses that require soft,
probabilistic assignments, which the STM SVI algorithm can provide.
Though faster execution of our STM SVI algorithm hinges on the distributed implementation, we would like to point out that even on smaller networks (N ranges from
10000 to 200000) in the absence of distributed computing, our earlier development (Ho
et al., 2012c; Yin et al., 2013) has demonstrated the benefits of triangular modeling over
adjacency-matrix-based modeling in terms of scalability and accuracy. The single-machine
SVI algorithm on these smaller networks usually converges after several passes on all triangles in the network (4-5 passes at most), and achieves competitive or improved accuracy
for latent space recovery and link prediction compared to MMSB (Yin et al., 2013). This
is compatible with our observation that, in the distributed setting, at most 200N triangles
needed to be subsampled and processed to achieve the indicated NMI scores in Table 5.

27

1

10

100

1000

10000

100000

1000000

10000000

1

3

5

7

9

11 13 15 17 19 21 23 25 27 29 31 33 35 37 39 41 43 45 47 49
Community Number

Youtube Network: Size of largest 50 communities from each baseline

Latent Space Inference of Internet-Scale Networks

SLPA

PM

aMMSB

SSTM

29

JMLR 17(78):1-41

Our SVI algorithm for STM is intended for latent space inference in very large, Internetscale networks. In that vein, we conclude with a brief analysis of the 101-million-node, 2billion-edge Subdomain/Host web graph, from the Web Data Commons (available at http:
//webdatacommons.org/hyperlinkgraph/). This web graph was constructed from the
Common Crawl 2012 web corpus, which originally contained 3.5 billion web pages and 128

7. Empirical Study on a 101-million-node Web Graph

Size of Detected Communities. Figure 5 plots the size of the largest 50 detected communities in the Youtube network by STM SVI, a-MMSB, PM, and SLPA, on a logarithmic
scale. For algorithms that require the number of communities K as input, we set K = 1000.
It was necessary for us to use the Youtube network with K = 1000 communities, in order to
obtain a plot of community size for a-MMSB; otherwise, it ran out of memory (see Table 5).
We observed that STM SVI and SLPA were able to detect several very large communities
containing over 50K nodes, whereas a-MMSB and PM could not recover communities with
more than 10K nodes. Furthermore, the vast majority of communities detected by STM SVI
and SLPA are much smaller than the ones discovered by a-MMSB and PM. In other words,
the distributions of STM SVI and SLPA community size are far more skewed (power-lawlike) than a-MMSB’s and PM’s. We hypothesize that the better NMI performance of STM
SVI and SLPA is partly due to their ability to detect very large and very small communities,
which are present in real-world networks with power-law behavior (Leskovec et al., 2009).
We also conjecture that because larger communities in real-world networks are likely to
be edge-sparse, with intra-community edge probability p not much larger than the intercommunity edge probability q (Leskovec et al., 2009), it would be theoretically difficult for
models such as a-MMSB to detect these large communities (Anandkumar et al., 2014).

Figure 5: Youtube network: size of the largest 50 detected communities by STM SVI,
a-MMSB, PM, and SLPA, plotted on a logarithmic scale.

Size of Community

30

11. A subdomain is an Internet host name with 3 or more levels.
www.ml.cmu.edu are considered to be two distinct subdomains.
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For example, www.cmu.edu and

To decide the size of detected communities, we treated the mixed-membership vectors θ̂i,k
as an N × K continuous-valued matrix. The column sum of the kth column accounts for

7.2 Qualitative Analysis

Threshold of γi ’s to Maintain Sparsity. As explained in Section 5.2, this massive web
graph requires 100 billion floating point values for the variational parameters γi ’s, which is
estimated at TBs of memory if stored densely (after accounting for algorithmic overheads).
In order to keep the γi ’s sparse enough to fit on 5 machines with 640GB total RAM,
we zeroed out any element γi,k < 10 at the end of every iteration. Though this is more
aggressive than the threshold 2α = 0.2 used in the ground-truth experiments, it has little
impact on the detected communities because of the way we obtain the final hard community
assignments based on the inferred θ̂i ’s (Section 6.2). When the SVI algorithm
P terminated,
the vast majority of nodes i had an unnormalized “total variational mass” k γi,k > 100.
P
Thus, any zeroed-out element γi,k would have been normalized to θ̂i,k = γi,k /( k0 γi,k0 ) <
0.1, which is below the threshold of being detected as part of community k.

Termination Criterion. On such a large network, the SVI algorithm may take a long
time before the variational mini-batch lower bound starts oscillating, which is the termination criterion used in the ground-truth experiments. For this web graph, we observed that
by iteration t = 50, the lower bound was only changing at the 5th significant figure (relative
to the first few iterations). We thus concluded that the algorithm was no longer making
significant progress, and stopped the algorithm at t = 50 iterations.

Number of Machines. We used 5 machines with 16 CPU cores and 128GB RAM per
machine, configured identically to the 4 machines used in the ground-truth experiments.
The extra machine was required because the algorithm ran out of memory on 4 machines.

We used the experimental settings that were mostly similar to the experiments on groundtruth networks, with the following exceptions:

7.1 Experimental Settings

billion hyperlinks. The 3.5 billion web pages were aggregated by their subdomain11 or host,
resulting in a new graph with 101 million nodes/subdomains. An edge was created between
two subdomains if at least one hyperlink was found between their aggregated pages, resulting
in 2 billion directed edges. When we ran our algorithm, it was treated as an undirected,
unweighted network via symmetrization.
Our primary aim is to demonstrate that the our distributed-parallel SVI algorithm for
STM finished execution on this massive web graph in an acceptable amount of time on
a small cluster—37.3 hours using K = 1000 overlapping communities. This scale is 25
times larger than a recent experiment by Gopalan and Blei (2013), who ran the a-MMSB
inference algorithm on an N ≈ 4M patent network using K = 1000. We also performed
light qualitative analysis to show that the discovered mixed-membership vectors θ̂i ’s reveal
sensible insights about the structure of the web graph.
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all partial memberships in community k, and thus is regarded as the effective number of
nodes in that community.
To identify significant nodes associated with each community k, we computed a score
sk (i) = θ̂i,k × Di for each node i—its partial membership in community k multiplied by
its node degree—and then sorted sk (1), . . . , sk (N ) in descending order. Table 6 shows the
top-scoring 10 nodes from each of the largest 5 communities, as well as the estimated
fraction of 3-edge triangles in each community (i.e., the parameter Bkkk,2 in Table 2). The
largest community is a giant core dominated by well-known websites including youtube.com,
google.com, and twitter.com, with a much lower fraction of 3-edge triangles (0.062) than
the other communities. The 2nd to 5th largest communities are:
• Community 2: mostly “online stores” that focus on specific products (kitchenware,
phones, or cars). However, these are not real online stores as the entries all link to
eBay auction pages. The community memberships θ̂i,k of the top 10 nodes are all
perfect (1.0), which suggests that these sites (1) form a compact community with few
outside links and (2) are probably copies of each other. It is likely that these sites
are meant to increase the visibility of certain eBay auctions—essentially, a form of
search engine optimization (SEO). It is unclear whether the auctions themselves are
fraudulent or not.
• Community 3: dominated by webpages from Lycos/Tripod, two related companies in
the search and website creation business. It also contains w3schools.com, a site that
provides instructions for website creation. The top websites in this community do not
appear suspicious.
• Community 4: Spanish-language websites, particularly Hispavista, an Internet firm
based in Spain. The top websites in this community do not appear suspicious.
• Community 5: dominated by blackmagic.org/com, a website that maintains a large list
of websites crawled from the Internet in 2006. It is likely that blackmagic.org/com
acts as a hub for the other nodes in the community, which all have much smaller
scores sk (i). The extremely high fraction of 3-edge triangles (0.985) suggests that this
community is close to a full clique, or perhaps several cliques connected by one or
two bridge nodes. Previous works have shown that such clique-like patterns in web
graphs are highly indicative of web duplication or fraud (Kang et al., 2009, 2011); a
cursory look at the websites in this community (such as the skimium.* nodes) reveals
that many of them are near-exact copies of each other.

JMLR 17(78):1-41

We also explored significant nodes that are in 2 or more communities in this web graph
(recall that a node i is assigned to community k if θ̂i,k ≥ 0.1). Of these 700K websites, the
one with the highest node degree, wordpress.org, has a partial membership 0.89 in the giant
core and 0.11 in the 25th largest community. By examining the top websites in the 25th
largest community, we found several domains of hostgator.com, a website hosting business.
Further inspection revealed that the wordpress forums frequently recommend hostgator.com
to host wordpress-powered blogs, and similarly, the hostgator support pages explain how to
set up a wordpress blog on hostgator itself.
31

4
(mass 69.7K)

3
(mass 88.7K)

2
(mass 165.7K)

k-th largest community
1
(mass 71038.3K)

0.985

0.695

0.481

0.604

Fraction of 3-edge triangles
0.062
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5
(mass 65.2K)

Website
youtube.com
wordpress.org
en.wikipedia.org
gmpg.org
tumblr.com
twitter.com
flickr.com
serebella.com
google.com
top20directory.com
kitchensnstuff.com
shopping.mia.net
thenichestorebuilder.com
generator.mia.net
phone.mia.net
seekwonder.com
hostinglizard.com
corvette-auction.com
gotomeeting.mia.net
cashadvance.mia.net
tripod.lycos.com
w3schools.com
domains.lycos.com
club.tripod.com
wired.com
search.lycos.com
news.lycos.com
moreover.com
metallica.com
google-pagerank.net
hispavista.com
dominios.hispavista.com
inmobiliaria.hispavista.com
globedia.com
galeon.com
neopolis.com
trabajos.com
horoscopo.hispavista.com
paginasamarillas.hispavista.com
software.hispavista.com
blackmagic.org
blackmagic.com
opera.com
skimium.fr
skimium.co.uk
skimium.es
skimium.nl
skimium.it
skimium.be
inetgiant.com

θ̂i,k
0.96
0.89
0.93
0.92
0.94
0.95
1.00
1.00
0.92
1.00
1.00
1.00
1.00
1.00
1.00
1.00
1.00
1.00
1.00
1.00
0.69
0.99
0.99
0.13
0.37
0.94
0.94
0.15
0.09
0.56
0.80
0.94
0.93
0.87
0.84
0.94
0.89
0.95
0.95
0.94
0.60
0.60
0.04
0.88
0.97
0.97
0.96
0.94
0.94
0.24

sk (i)
2906030.5
2102190.9
1899359.3
1638740.7
1096803.3
1057107.2
931931.7
757930.4
738368.1
691007.1
163675.0
105814.0
57502.3
56772.0
53360.0
44767.9
44496.5
43633.9
43611.0
43587.9
697557.6
499886.4
476899.0
63429.6
46150.2
29350.7
20329.7
613.1
421.4
407.8
156246.8
138596.5
138045.6
134000.4
133910.6
133033.7
132235.4
131548.8
131476.2
131310.0
103660.8
102844.9
2265.0
1289.3
1181.0
1167.6
1140.9
1137.8
1111.3
665.6
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Table 6: Subdomain/Host web graph: the 10 top-scoring nodes in each of the largest 5
communities by mass (the effective number of nodes in the community). The score sk (i) is
computed as θ̂i,k ×Di , i.e., the partial membership of node i in community k multiplied by its
node degree. For each community, we also report the estimated fraction of 3-edge triangles.
A quick look at the top websites in communities 2 and 5 reveals suspicious behavior (see
main text for details).
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Eq [log p(Bxx | λ)] − Eq [log q(Bxx

(8)

(i,j,k)∈I

o
X n
Eq [log p(Eijk | si,jk , sj,ik , sk,ij , B)] − Eq [log q(si,jk , sj,ik , sk,ij | φijk )] .

(i,j,k)∈I

i=1

o
X n
Eq [log p(si,jk | θi ) + log p(sj,ik | θj ) + log p(sk,ij | θk )]

x=1

K n
N n
o X
o
X
Eq [log p(Bxxx | λ)] − Eq [log q(Bxxx | ηxxx )] +
Eq [log p(θi | α)] − Eq [log q(θi | γi )]

x=1

o
| ηxx )]
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33

(9)

34

n
o
φxxx
ijk ∝ exp Eq [log Bxxx,2 ]I[Eijk = 4] + Eq [log(Bxxx,1 /3)]I[Eijk 6= 4] + Eq [log θi,x + log θj,x + log θk,x ] .

1. For x ∈ {1, . . . , K},

The update equations for each category are:

3. φxyz
ijk corresponds to the case that all nodes choose different communities: si,jk = x,
sj,ik = y, sk,ij = z.

xyx
yxx
2. φxxy
ijk (or φijk , or φijk ) corresponds to the case that two nodes choose the same
yxx
community: si,jk = sj,ik = x and sk,ij = y (with similar variations for φxyx
ijk and φijk );

1. φxxx
ijk corresponds to the case that all nodes choose the same community: si,jk = sj,ik =
sk,ij = x;

For each sampled triangle (i, j, k) in a mini-batch, the exact local update algorithm updates
all the K 3 entries of φijk , and then renormalizes them to sum to one. The K 3 entries of
xxy
xyz
φijk can be segregated into three broad categories: φxxx
ijk , φijk , φijk , which correspond to
the following cases:

A.2 Local Update (Exact and Approximate)

The first two lines of Equation 8 represent the global terms g(γ, η) that depend only the
global variational parameters γ and η, whereas the last two lines are a summation of the
local terms `(φijk , γ, η), one for each triangle.

+

+

+

= Eq [log p(B0 | λ)] − Eq [log q(B0 | η0 )] +

K n
X

.
log p(E | α, λ) ≥ Eq [log p(E, s, θ, B | α, λ)] − Eq [log q(s, θ, B)] = L(φ, η, γ)

The variational lower bound (Equation 3) of the log marginal likelihood of the triangular
motifs based on the variational distribution (Equation 1) is

A.1 Exact Form of the Variational Lower Bound

In this section, we provide details of our SVI algorithm, including the exact form the
variational lower bound, the exact and approximate local update equations, and the natural
gradients with respect to the global parameters.

Appendix A. Details of Stochastic Variational Inference
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We would like to end with some directions and open issues for future research. One
limitation of STM is that it only applies to undirected and unweighted networks (and
triangular motifs), although we have demonstrated good community detection NMI scores
relative to baselines. We believe that accounting for edge direction and weights could further
improve accuracy, which are more common in non-social-network domains such as biology
and finance. Sensitivity to initialization is another issue that we would like to address: while
the STM-CANONIZE procedure worked well in our experiments, we believe that there are more
systematic ways to address the issue, such as augmenting the variational inference algorithm
with split-merge-like search moves that can change many node community assignments
at once. Finally, we believe that triangular modeling could also be extended to other
probabilistic network model for overlapping community detection, such as the CommunityAffiliation Graph Model (AGM) by Yang and Leskovec (2012a).

In this work, starting with the mixed-membership class of statistical models as a foundation, we systematically tackle the statistical and computational challenges associated with
Internet-scale network inference. Our major contributions include: (1) characterization of
the network as a more compact—and arguably more salient for community detection—
triangular representation; (2) design of a parsimonious generative model with only O(K)
instead of K 2 or K 3 parameters; (3) construction of an efficient structured stochastic variational inference algorithm; (4) a careful consideration of the distributed implementation
in order to handle big network data, big network model, and slow inter-machine communication. The resulting distributed-parallel STM SVI algorithm is able to detect 1000
communities from a 100-million-node network in 1.5 days on just 5 cluster machines, and
we believe that networks with N > 1 billion nodes can be analyzed with a sufficiently large
cluster, thus opening the door to Facebook-scale social networks and beyond.

Massive Internet-scale networks are technically challenging to explore, manipulate, and visualize. One approach to understanding the structural and functional properties of massive
networks is to perform latent space inference for overlapping community detection. At the
time of writing, there are few inference algorithms that can scale to hundreds of millions of
nodes in order to detect thousands of distinct communities, and almost none of them are
based on a probabilistic model.

8. Conclusion and Discussion
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2. For x, y ∈ {1, . . . , K} and x 6= y,
n
xxy
φijk
∝ exp Eq [log Bxx,3 ]I[Eijk = 4] + Eq [log Bxx,2 ]I[Eijk = 3] + Eq [log(Bxx,1 /2)]I[Eijk = 1 or 2]

o
+ Eq [log θi,x + log θj,x + log θk,y ] .

(10)

(11)

xyx
yxx
xxy
The update equations for φijk
and φijk
are similar to φijk
(up to a trivial rearrangement of variables), thus we omit their details.
3. For distinct x, y, z ∈ {1, . . . , K},
n
o
xyz
φijk
∝ exp Eq [log B0,2 ]I[Eijk = 4] + Eq [log(B0,1 /3)]I[Eijk 6= 4] + Eq [log θi,x + log θj,y + log θk,z ] .

The above are the exact update equations for φijk , and they require O(K 3 ) run-time per
triangle (i, j, k). The update equations for the O(K) “mixture-of-deltas” approximation
(described in Section 4.2) are almost exactly equivalent to the exact O(K 3 ) update procedure, with two minor modifications: (1) we simply zero out entries (a, b, c) that are not in
the chosen set A, and (2) we renormalize the chosen entries (a, b, c) ∈ A amongst themselves
so that they sum to 1. This follows because the “mixture-of-deltas” variational distribution
is essentially a categorical or multinomial distribution with some elements constrained to
be zero.
A.3 Global update

"

X

X

X 

X 
(i,j,k)∈S y:y6=x

X

X 
(i,j,k)∈S y:y6=x

(i,j,k)∈S

− ηxx,1 ,

+


qijk (y, x, x)

(12)

(13)

(14)

(15)

(16)
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I[Eijk

= 4] − ηxx,3 .

qijk (x, x, y)I[Eijk = 1, 2] + qijk (x, y, x)I[Eijk = 1, 3]
#

qijk (x, y, x)

qijk (x, x, y)I[Eijk = 3] + qijk (x, y, x)I[Eijk = 2]
#

+

− ηxx,2 ,
qijk (x, x, y)

#

The global update (Equation 7) in our SVI algorithm requires computing the natural gra˜ S (η, γ). For clarity, we decompose ∇L
˜ S (η, γ) over each part of η, γ. The natural
dient ∇L
gradient with respect to η is:
• For x ∈ {1, . . . , K},

"

(i,j,k)∈S y:y6=x



m  X
˜

∇
q
ηxxx,1 LS (η, γ) = λ +
ijk (x, x, x)I[Eijk 6= 4] − ηxxx,1 ,
|S|
(i,j,k)∈S


m  X
˜η
∇
qijk (x, x, x)I[Eijk = 4] − ηxxx,2 .
xxx,2 LS (η, γ) = λ +
|S|

• For x ∈ {1, . . . , K},

m
=λ+
|S|

+ qijk (y, x, x)I[Eijk = 1]

"

+ qijk (y, x, x)I[Eijk = 2, 3]

m
˜η
∇
xx,1 LS (η, γ) = λ +
|S|

LS (η, γ)

m
˜η
∇
xx,2 LS (η, γ) = λ +
|S|

˜
∇

ηxx,3
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• For the sole η0 parameter:
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(i,j,k)∈S (x,y,z):x6=y6=z



X
X
˜ η LS (η, γ) = λ + m 
∇
qijk (x, y, z)I[Eijk 6= 4] − η0,1 ,
0,1
|S|
(i,j,k)∈S (x,y,z):x6=y6=z


X
X
˜ η LS (η, γ) = λ + m 
∇
qijk (x, y, z)I[Eijk = 4] − η0,2 .
0,2
|S|

"

X

X
(j,k):(j,k,i)∈S y,z

X

X

#

qijk (x, y, z) +

X

X

(j,k):(j,i,k)∈S y,z

qjki (y, z, x) − γi,x .

(j,k):(i,j,k)∈S y,z

qjik (y, x, z)

(17)

(18)

(19)

˜ S (η, γ) with respect to γ is, for each i = 1, . . . , N and x = 1, . . . , K,
The natural gradient ∇L

+

˜ γ LS (η, γ) = α + m
∇
i,x
|S|
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1. Introduction

Over recent years, there has been enormous growth in 1) our capacity to gather clinically
relevant data and 2) the availability of such data sets. The collection of these data, in

Infection with C. difficile is a type of healthcare-associated infection (HAI). HAIs are a
serious problem in healthcare facilities across the world. It is estimated that, on any given
day, HAIs affect approximately 1 in every 25 inpatients in US acute care hospitals (Magill
et al., 2014). In addition to C. difficile, other common HAIs include ventilator-associated
pneumonia, surgical site infection, and infections with methicillin-resistant Staphylococcus
aureus (MRSA) and vancomycin-resistant Enterococcus (VRE). Though many risk factors
are well-known (e.g., healthcare-associated exposure, age, underlying disease, etc.), HAIs
continue to be a significant problem throughout the world (Klevens et al., 2007). In recent
years there have been numerous articles citing our inability to prevent HAIs (Miller et al.,
2011; Umscheid et al., 2011; Sievert et al., 2013). We hypothesize that one of the reasons
HAIs remain so stubbornly prevalent is because we lack an effective clinical tool for accurately measuring patient risk. In this work, we chose to focus on infections with C. difficile,
one of the most prevalent HAIs (Miller et al., 2011).

In recent years, there has been a significant amount of research effort devoted to using
clinical data to predict patient outcomes (Shoeb and Guttag, 2010; Syed and Rubinfeld,
2010; Syed et al., 2011; Chia et al., 2012; Saria et al., 2010; Saeed et al., 2011; Kleinberg and
Hripcsak, 2011; Aboukhalil et al., 2008; Kansagara et al., 2011). We focus on the specific
task of predicting which patients in a hospital will acquire an infection with Clostridium
difficile (C. difficile), a largely preventable adverse outcome (Yokoe et al., 2008). C. difficile
is a type of bacteria that takes over a patient’s gut when normal flora get wiped out (often
from receipt of antimicrobials). C. difficile infection (CDI) can lead to severe diarrhea and
intestinal diseases (e.g., colitis), or even death. The infection is often treated with specific
antimicrobials: oral vancomycin and metronidazole (and less frequently, fidaxomicin). However, it is estimated that approximately 20% of cases relapse within 60 days (Pépin et al.,
2005). The incidence of CDI in the US is estimated at 200,000 cases per year (Dubberke
et al., 2009); this is on par with the number of new cases of invasive breast cancer discovered
each year in the US (DeSantis et al., 2014).

One way in which these data can be leveraged is in the development of accurate datadriven models for predicting potentially avoidable adverse outcomes and using such predictions to guide interventions aimed at reducing the probability of these outcomes. The
hypothesis is that we can extract from the data generalizable information that can help
accurately identify a patient’s future pathological states. If pathologies are predicted far
enough in advance, then it may be possible for healthcare workers to intervene. Such
targeted interventions could, in turn, lead to better patient outcomes.

particular electronic health records (EHRs), holds out the promise of using machine learning
to build models that can be harnessed to improve patient outcomes. Transforming patient
data into actionable knowledge presents a barrage of pragmatic and technical challenges.
But if we are successful in addressing these challenges, the knowledge embedded in these
data has the potential to revolutionize clinical medicine.
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We take a data-centric approach to the problem of developing a model to predict a
patient’s daily risk of acquiring an infection with C. difficile. We leverage the contents of
EHRs from over 50,000 patient admissions from a single hospital. These clinical data contain
information regarding medications, procedures, in-hospital locations, healthcare staff, lab
results, measurements of vitals, patient demographics, patient history and admission details.

Keywords: risk stratification, time-varying coefficients, multitask learning, Clostridium
difficile, healthcare-associated infections

The proliferation of electronic health records (EHRs) frames opportunities for using machine learning to build models that help healthcare providers improve patient outcomes.
However, building useful risk stratification models presents many technical challenges including the large number of factors (both intrinsic and extrinsic) influencing a patient’s
risk of an adverse outcome and the inherent evolution of that risk over time. We address
these challenges in the context of learning a risk stratification model for predicting which
patients are at risk of acquiring a Clostridium difficile infection (CDI). We take a novel
data-centric approach, leveraging the contents of EHRs from nearly 50,000 hospital admissions. We show how, by adapting techniques from multitask learning, we can learn
models for patient risk stratification with unprecedented classification performance. Our
model, based on thousands of variables, both time-varying and time-invariant, changes
over the course of a patient admission. Applied to a held out set of approximately 25,000
patient admissions, we achieve an area under the receiver operating characteristic curve of
0.81 (95% CI 0.78-0.84). The model has been integrated into the health record system at a
large hospital in the US, and can be used to produce daily risk estimates for each inpatient.
While more complex than traditional risk stratification methods, the widespread development and use of such data-driven models could ultimately enable cost-effective, targeted
prevention strategies that lead to better patient outcomes.
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We seek a mapping from this information describing a patient to an estimate of the patient’s
probability of acquiring an infection.
Automated patient risk stratification, based on the contents of the patient’s EHR, can
serve several purposes. Firstly, risk-stratification models can help clinicians match high-risk
patients with the appropriate interventions, monitoring policies, or therapies. In the absence of effective risk stratification, widespread implementation of known interventions (e.g.,
isolating patients or performing specialized analyses of antibiotic regimens) is prohibitively
expensive. Secondly, data-driven models can help generate hypotheses regarding potential
risk factors, in turn improving our understanding of the disease. For example, the model
could identify “hot-spots” within a hospital that could benefit from additional environmental cleanings. The construction of a predictive model can also help to frame new scientific
hypotheses through the identification of discriminatory observations. Such insights can lead
to the pursuit and confirmation of causal relationships. Thirdly, such models could aid in
designing more efficient clinical trials by identifying a study population at higher risk for
disease, increasing the fraction of patients expected to test positive in the trial. This could
significantly reduce the cost of a clinical trial without compromising the statistical power
of the study.
Learning accurate risk-stratification models from EHR data presents a number of technical challenges. Two main issues we focus on in our work include the high dimensionality
of the problem and the complex temporal dependencies among the variables. There can
be thousands of variables representing each day of a patient admission and it is likely that
many of these variables affect a patient’s risk of CDI. Moreover, many of these variables
change over time. These time-varying data suggest that as a patient spends time in the
hospital, his/her actual risk of CDI will vary. Furthermore, how these variables affect risk
is likely to change over time. Recent efforts on building models for identifying patients at
high risk of acquiring a CDI have ignored these issues. Prior work on risk-stratification
models for CDI has centered on the consideration of a small number of risk factors selected
by clinical experts and time-invariant parameters.
Our hospital-specific approach to patient risk stratification for CDI, produces daily estimates of patient risk. The novel aspects of our work and our main contributions are
outlined as follows:
• We move beyond known risk factors to leverage the entire structured contents of the
EHR. Our model is based on thousands of extracted binary variables, many of which
are hospital-specific (e.g., the locations of patient rooms within the hospital).
• We include both time-varying and time-invariant variables and we explicitly consider
the evolution of patient risk during admission, when estimating current risk.
• We develop a novel multitask learning approach to modeling the time-varying effects
of risk factors, based on the domain adaptation techniques presented in Daumé III
(2007).
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• We propose an evaluation scheme that is representative of how the model will be
applied in practice. In contrast to previous work, we do not evaluate how our model
performs at a single point in time, but rather how the model performs when applied
to each day of a patient’s admission.
3
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When tested on a holdout set consisting of 24,399 patient admissions from a single
year, our proposed model achieved an area under the receiver operating characteristic curve
(AUROC) of 0.81 (95%CI 0.78-0.84) and consistently outperformed a baseline model with
time-invariant coefficients, for patients with longer risk periods. We have shown that our
algorithm can be integrated into the health record system of a hospital and can be used to
automatically calculate daily probabilities of risk of CDI for every adult inpatient. These
estimates could in turn be used for the selective targeting of high-risk patients with specific
interventions that could lead to changes in clinical practice and ultimately a reduction
in the incidence of CDI and HAIs. Beyond HAIs, we believe the multitask approach for
learning the time-dependent structure of risk factors is a promising methodology for building
predicting models for other adverse outcomes.

2. Background and Related Work

JMLR 17(79):1-23

In previous work, risk-stratification models for CDI considered no more than a dozen risk
factors identified by experts and many of these risk factors pertained to time-invariant
features (i.e., observations that do not change over the course of the hospitalization) and
researchers ignored changes in patient risk over time (Tanner et al., 2009; Dubberke et al.,
2011; Garey et al., 2008; Krapohl, 2011). In our work, we have shown how leveraging the
entire structured contents of the EHR leads to significantly better predictions compared to
a model based solely on a set of known risk factors easily extracted from the EHR (Wiens
et al., 2014). Moreover, we have incorporated both time-varying (e.g., current medications)
and time-invariant (e.g., gender) risk factors into the model. Dubberke et al. (2011) also
consider a risk prediction model based on both variables collected at the time of admission
and throughout the admission. However, they ignore any trend in patient risk. In contrast,
we have investigated different methods for incorporating the evolution of patient risk into
the current risk estimate, transforming the problem into a time-series classification task
(Wiens et al., 2012a). These extensions lead to significant improvements in patient risk
stratification.
While our previous work has touched on time-varying variables, to date, risk stratification models for CDI have only considered time-invariant model parameters. That is,
although the patient changes over time, and so does the estimate of risk, the models used
to compute patient risk do not. This approach does not allow the relative importance of
risk factors to change over time as the patient spends more time the hospital. Models
to date have not explicitly considered the time-dependence of such factors as a patient’s
susceptibility and exposure over time. We argue that, in addition to changes in patient
state and hospital conditions, the relative importance of risk factors may change during
an admission. For example, the important of evidence drawn from a patient’s history may
diminish as the patient spends more time in the hospital. We propose a methodology that
can capture and represent such rich temporal dynamics of the relevance of risk factors in
real-world healthcare settings.
Models with time-varying parameters have been studied in other contexts like survival
analysis (Fan and Zhang, 2008). Over the years, standard approaches to survival analysis,
like Cox proportional hazards, have been extended to include time-dependent parameters
(Hastie and Tibshirani, 1993). Extensions typically involve the addition of interaction terms

4

1.02
1.11
1.54

47.85
11.98
9.60
8.12
5.4
5.4 (3.8-4.4)

Study Population
(n=49,006)
60 (46-73)
55.25

5

Table 1: Demographics of our study population.

Age, median (IQR)
Female gender, %
Hospital Service (%)
medicine
cardiology
surgery
obstetrics
psychiatry
LOS (days), median (IQR)
CDI (%)
current visit
1-year history
any history
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We considered all adult inpatient admissions to a large private hospital in the US over a
two year period. The statistical analysis of retrospective medical records was approved by
the Institutional Review Board of the Office of Research Integrity of the hospital network’s

3. Study Population

research institute. We considered patients admitted on or after 2011-04-12 and discharged
on or before 2013-04-12 (n=73,454). We exclude admissions in which the patient was
discharged or tested positive for C. difficile before the end of the third day (n=24,389) and
admissions for which the patient had a positive test result for C. difficile within the 14
days preceding the current admission (n=59). This resulted in 49,006 unique admissions.
These criteria exclude many predictable low-risk patients with shorter stays, and focus on
those patients who we believe acquire the infection during the current hospital admission
(as opposed to those who are already infected at the time of admission). Our final study
population is described in Table 1.
CDI cases are typically defined as healthcare-associated if they occur within 48 hours
of the time of admission. In our work, we exclude patients who test positive before the
end of the third calendar day of admission. By defining the cutoff as the end of the third
calendar day, we ensure that the minimum cutoff of 48 hours is achieved, while allowing
for simultaneous predictions for every patient (at the end of the day). A uniform time of
prediction makes sense from a clinical perspective, since it streamlines the risk-stratification
process. Most recently, the Centers for Disease Control and Prevention (CDC) updated their
definition of HAIs to include positive test results that occur on the third calendar day of
admission (CDC, 2015). While we do not consider these cases here, this work could easily
be extended to do so.

between features and time-varying functions (Gray, 1992; Murphy and Sen, 1991; Zucker and
Karr, 1990; Tian et al., 2005; Sun et al., 2009). In many cases, the user must specify these
functions. Researchers have developed non-parametric extensions, but these methods can
be computationally inefficient for large, high-dimensional data sets. In practice, researchers
often end up partitioning time into intervals and analyze each time period with a simple
model. Our proposed approach is similar in the sense that we break the problem up into
multiple tasks. However, instead of learning the models independently, we propose learning
the models jointly using a multitask learning (MTL) framework.
MTL is a popular branch of machine learning that leverages the intrinsic relatedness
among different tasks (Caruana, 1997). It has been studied extensively in many different
applications, including healthcare (Caruana, 1996). As an example, Zhou et al. (2014) employ multitask learning in a patient risk stratification context for handling missing features
values. In other work, (Zhou et al., 2011) employed an MTL framework in their work on
Alzheimer’s disease progression, centering on the prediction of the cognitive functioning
of patients at different times in the future. They consider each time point as a different
regression task and learn the tasks jointly. The authors employ a temporal group LASSO
regularization framework, which ensures that only a small subset of the variables are chosen while penalizing large deviations of predictions at neighboring time points. Similarly,
we treat each time point of prediction as a different task. However, instead of predicting
multiple points into the future based only on the covariates at baseline, we predict risk each
day based on time-varying covariates. In our application, a patient’s risk of CDI is affected
by several external risk factors that can change over the course of the hospitalization e.g.,
exposure to disease. We incorporate these changes at each time point, since ignoring them
is likely to lead to inaccurate predictions.

(i)

6
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For patients who do not test positive, mi is equal to one less than the length of the
visit in calendar days. We do not consider the day of discharge in our analysis since by the

(i)

i
p(i) = {(xt , yt )}m
t=1

The task at hand is to learn a model to accurately predict an inpatient’s risk of acquiring
CDI during the current hospitalization. Predictions are made daily; we consider time at
the granularity of a day, and each day t of an admission is represented by a d dimensional
binary feature vector: xt ∈ {0, 1}d . While we focus on a binary representation of the data,
we incorporate both continuous and discrete variables as discussed in Section 4.2. Since
each admission in our study population consists of multiple days, the ith patient admission is
(i)
(i)
(i)
represented by a series of feature vectors: (x1 , x2 , ..., xmi ), where mi varies across patient
admissions since the length of a visit varies (note: mi ≥ 3 in our study population). We
use boldface notation to denote vectors.
In addition to a series of feature vectors, each patient admission is also associated with a
binary label y ∈ {+1, −1}. Each day of a visit in which the patient eventually tests positive
is labeled +1 and −1 otherwise. Thus each patient admission p(i) consists of mi (feature
vector, label) pairs:

4.1 Problem Setup & Notation

In this section, we begin with the problem setup and define notation that will be used
throughout the paper. We then describe the feature extraction and learning algorithms
used to train the risk prediction model.

4. Methods

Wiens, Guttag, and Horvitz
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developing models based on EHR data. In our work these challenges motivated a simple,
flexible, data-driven approach to extracting and representing EHR data.

Wiens, Guttag, and Horvitz
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From the laboratory data described in Table 2 and the in-hospital location data we
were able to extract information regarding patient exposure to the disease throughout the
hospitalization. Colonization pressure aims to measure the number of patients in a specific
unit of the hospital colonized or infected with a particular disease. We define colonization
pressure as in Wiens et al. (2014) and measure patient exposure over time based on the
patient’s location during the hospital admission. We measure exposure at both the hospitalwide and unit-wide level.

We also consider a small number of continuous and discrete variables (e.g., age and
statistics related to previous hospitalizations). We map all of these data to binary variables
resulting in a high-dimensional feature space. Doing so allows us to later capture some
of the nonlinear relationships that may be present in the data without using a nonlinear
classifier. We discretize all continuous variables (except for age) using cutoffs based on
quintiles from the training data.

The majority of the extracted data pertain to categorical features, e.g., medications or
in-hospital locations. Vitals and laboratory results are also represented using categorical
variables as described in Table 2. This eliminates the need to define our own cutoffs for discretization, since the cutoffs are encoded directly in the database using “reference ranges.”
Data pertaining to diagnoses were coded as ICD-9 codes, a hierarchical classification system with 13,000 unique codes. For our application, we do not expect that this level of
granularity is informative. Diagnostic codes are used largely for billing purposes and are
not timestamped, therefore their utility is limited. Given these limitations we focus on only
diagnostic codes associated with the previous visit, and consider only the highest level of
the codes.

4.2.2 Feature Engineering

Each patient admission (i.e., encounter) is represented by a unique identifier, in addition each patient is associated with a unique identifier. These unique identifiers allow
us to retrieve information across hospital databases for each admission, and across time
for multiple admissions pertaining to the same patient. For each patient admission in our
study population, we extract knowledge pertaining to the EHR data described above. We
augment the data pertaining to the current admission with data extracted from previous
admissions including diagnoses and medications.

We represent each day of a patient’s admission with a single feature vector, xt for t = 1...mi ,
composed of both time-invariant features collected at the time of admission and timevarying features collected over the course of each day. The time-invariant features aim to
capture the baseline state of each patient while the time-varying features capture changes
in patient state during the hospital admission. In the EHR, data are stored across different
tables in several databases. We describe the relevant variables and how they are stored and
extracted from the EHR in Table 2.

4.2.1 Data Extraction

time a patient is discharged the prediction is meaningless. For patients who eventually test
positive, we consider a patient admission up to and including the day before the day of the
positive test result. Finally, our data set is defined as:
n
D = {p(i) }i=1

where n represents the number of unique patient admissions in the data set. Note that a
patient may be represented multiple times in our data set if he/she has multiple admissions
during the time period we consider.
Data
Description
Admission
Admission details (e.g., date and time of admission, date and time of discharge, and type of visit)
details
and other information pertaining to the admission such as the financial class code, the source of the
admission, the hospital service, and the attending doctor are extracted for each patient admission.
Patient de- Information pertaining to patient demographics such as age at the time of admission, gender, race,
mographics marital status, and city of residence are extracted. Aside from age, all data in this table are
categorical.
Laboratory Results pertaining to ordered laboratory tests are extracted. Each entry in the database table
results
is associated with a patient admission, an observation identifier, an observation value, an observation time, a reference range (e.g., 120-200 for cholesterol) and an abnormal flag (e.g., H=high,
L=low, C=critical, or empty=normal). We represent time-stamped laboratory results based on
the observation identifier and the associated flag.
Diagnoses
Patient diagnoses are encoded using ICD-9 codes (NCHS, 2008). Patient visits can be associated
with multiple ICD-9 codes; in our data the average visit (including outpatient visits) is associated
with two distinct ICD-9 codes. ICD-9 codes, widely used for billing purposes, can get coded well
after a patient is discharged (Iezzoni, 1990). For this reason, we do not use the codes associated
with a patient’s current visit in our model. Instead, we consider only the codes from a patient’s
most recent hospital admission.
Medications Orders for medications are associated with an admission identifier, an 8-digit medication identifier,
and a start/stop time. Each medication identifier is associated with a medication, a dosage and a
form (e.g., in solution). Since the dosage and form are encoded in the 8-digit medication identifier,
we represent patient medications using only this identifier.
Locations
For each hospital admission we have time-stamped location data. Location data refer to the
patient’s location within the hospital. Locations are collected at both the unit and the room level.
Using these time-stamped data we can trace a patient’s path through the hospital.
Vitals
Each entry in the vitals table corresponds to a visit, an observation identifier (e.g., “BPSYSTOLIC”
for systolic blood pressure), an observation value, a reference range, an abnormal flag, and an
observation timestamp. When extracting information about vitals for a patient we encode the
observations the same way we encode laboratory results, i.e., as a concatenation of the observation
identifier and an abnormal flag (e.g., “BPSYSTOLIC H” for high systolic blood pressure).
Procedures In the EHR, procedures are encoded using both Current Procedural Terminology (CPT) codes
and ICD-9 procedure codes. Each row in the procedures table records a procedure, an admission
identifier, and a procedure timestamp. Since both coding systems are used to describe procedures,
in our analysis we consider both CPT and ICD-9 codes.

Table 2: Relevant information extracted from the EHR.
4.2 Feature and Label Extraction
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As Paxton et al. (2013) state, there are many challenges that come with working with EHR
data in research. Addressing these challenges requires careful consideration of the data and
the intended application. Moreover, electronic health information systems will continue
to change and therefore it is important that researchers take this into consideration when
7

θ

min

n

m

i=1 t=1

i
XX
(i) T (i)
1 T
θ θ+C
log(1 + e−yt θ xt )
2

(1)

ŷt =

(i)
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1
(2)
T (i)
1 + e(−θ xt )
This formulation simply pools all training examples together and learns a single model,
θ ignoring the index t. As a patient spends additional time in the hospital, we expect the
factors contributing to patient risk to change. Therefore, we extend the learning framework
to produce a model that changes as the patient spends more time in the hospital.

Once we have learned θ we can produce an initial estimate of the ith patient’s risk on
(i)
day t, ŷt ∈ [0, 1]:

regression:

(i) (i)
n
i
Given the set of labeled feature vectors D = {(xt , yt )m
t=1 }i=1 representing each day of a
d
patient admission we can learn a classifier θ ∈ R , linear in x, using L2-regularized logistic

4.3.1 Baseline Approach

We produce daily estimates of patient risk using a two-stage process as in Wiens et al.
(2012a). However, in contrast to our previous work, our model in the first stage is not
static but varies over the course of the hospitalization, incorporating time-varying model
parameters. The first stage produces initial estimates of daily risk and the second stage
incorporates risk estimates on previous days in order to capture the variation in risk over
time. We explain both stages in detail below.

4.3 Learning to Predict Daily Risk

We label each example in our data set as either positive or negative depending on the
laboratory data pertaining to positive stool tests for toxigenic C. difficile, as obtained
during the hospital admission. Patient admissions with a positive test result are labeled
positive in our data and negative otherwise. These laboratory results are time-stamped and
thus we also noted the calendar day in which the patient tested positive. In the data set,
patients are only tested if they exhibit symptoms. Thus, we expect the laboratory results
to be highly sensitive and specific. However, since not all patients are tested every day for
the disease there is a small possibility that some patients may have acquired an infection
and yet were never tested.

4.2.3 Ground Truth

We focus on capturing events at the temporal resolution of a day. Thus, we do not
consider the order of events within a single day. For example, we know which medications
were ordered each day but not the temporal ordering of when the medications were taken.
We handle cases where the same variable, e.g., blood pressure, is observed multiple times
during a day by simply including all relevant values that were observed when building the
daily feature vector. For our particular task this resolution suffices, though it may not be
optimal.

Patient Risk Stratification for CDI with Time-Varying Parameters

for j = 1, 2, 3, ..., T

θj0 = θ0 + θj

(i)

for j = 1, 2, 3, ..., T
(i)

10

In general, we can estimate the risk of a new patient day xt
replacing θ with θj0 , without having to remap the feature vector.

(i)

JMLR 17(79):1-23

using Equation 2, but

By substituting Φ(xt ) for xt in Equation (2), the risk of patient i on day t ∈ τj
(i)
becomes proportional to (θ0 + θj )T xt . Writing the function this way shows how learning
the models jointly results in T different models all with a shared component θ0 .

The new feature vectors consist of two copies of the original feature vector, padded with
zeros 0 = [01 , 02 , 03 , ..., 0d ]. Here the notation h0ik represents k concatenated copies of the
zero vector 0.
We then learn the regression parameters θ ∈ Rd(T +1) using Equation (1) simply replacing
(i)
(i)
xt with Φ(xt ) in the objective function. One can decompose θ into T + 1 vectors each in
Rd , the original dimensionality of the problem, θ = [θ0 , θ1 , θ2 , ..., θT ]. Here, θ0 corresponds
to a vector of shared feature weights since it is based on data from all days, where as θ1 is
based on only data from t ∈ τ1 and so on.

j−1 , x(i) , h0iT −j ] ∀ t ∈ τ
Φ(xt ) = [x(i)
j
t , h0i
t

(i)

We divide the problem into T learning tasks, splitting D into separate tasks: D1 , D2 , D3 , ..., DT .
Where the task Dj is the task associated with the τj time period for j = 1, 2, 3, ..., T . The
data are split into different tasks according to t, the index of the day of the visit, such that
each task contains roughly an equal number of examples.
We could learn a separate model for each task independently of the others, but in doing
so we would be limiting ourselves to using only T1 of the original training data available.
Moreover, the tasks themselves are related in time and thus are not independent. While
the parameters may vary from one day to another, we do not expect large fluctuations in
time. Therefore, we use a multitask learning framework to leverage the inherent relatedness
among the different tasks and take advantage of the entire corpus of the training data.
We extend the L2-regularized logistic regression framework presented above to incorporate multiple tasks. We specifically chose L2 regularization over other regularization
frameworks (e.g., L1) since many factors contributing to the risk of CDI are not well understood and effective interventions and preventative measures for reducing patient risk are
still being studied. Thus we are more interested in capturing/identifying perhaps novel risk
factors, than selecting a sparse subset. Moreover, given the collinearity present in the data,
there’s a risk that L1 regularization could “select-out” such known risk factors. We want
to be careful that we do not exclude known risk factors in the final model. Even if other
factors that are highly correlated with known risk factors remain in the model, clinicians
are unlikely to use or trust a model that does not consider known risk factors. We employ
(i)
domain adaptation techniques from Daumé III (2007), remapping each feature vector xt
(i)
d(T
+1)
to a feature vector ∈ {0, 1}
using the mapping function Φ(xt ):

4.3.2 Proposed Approach
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4.3.3 Temporal Smoothing
Applying the model described above to a patient’s data results in a single estimate of risk
(i)
for each day ŷt of a patient’s visit. This estimate is based on both the baseline state of the
(i)
patient (as captured by the time-invariant features in xt ) and the measured time-varying
variables. In previous work, we showed that this snapshot approach to measuring patient
risk, ignores important information contained in the evolution of patient risk. Thus, we
incorporate risk estimates from previous days using a cumulative moving average. Given
(i)
the initial risk estimates, the predicted risk for patient i on day t is calculated as riskt =
ŷ1 +...+ŷt
. This biases new estimates toward the estimates from previous days; while large
t
fluctuations in patient risk in close temporal proximity are possible, they are unlikely. In
earlier work, we considered a formulation based on a weighted average in which days closer
to the current day receive more weight. However, we found these methods did not yield
better estimates than a simple cumulative average (Wiens et al., 2012b). The approach
considered here is equivalent to the RP+Average approach described in Wiens et al. (2012a),
the simplest of the investigated approaches that significantly outperformed the snapshot
approach.
4.4 Risk Stratification Model Evaluation - Daily Predictions
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In the clinical literature, risk stratification models are often evaluated at a single point in
time e.g., two days before an index event or at the time of admission (Tanner et al., 2009;
Dubberke et al., 2011). Evaluating a model’s ability to risk stratify patients at the time
of admission is fine. However, a patient’s risk is likely to change over the course of the
hospitalization. Evaluating a model at a specific point in time, e.g., n days before an index
event, brings to the fore two additional issues. First, such an evaluation requires you to
define an index event for negative patients. For risk stratification for CDI the index event
is often defined as the first positive test result for patients who test positive and the day
of discharge otherwise. However, the task of distinguishing between patients about to test
positive for CDI and patients about to be discharged from the hospital is relatively easy
since the patients tend to look quite different in the feature space. More importantly, the
ability to distinguish such patients is of little clinical utility. Second, evaluating a model
at a specific point in time does not yield an accurate representation of how the model will
perform in a clinical setting. While such an evaluation scheme is useful for comparing
classifier performance, in practice, clinicians have no way of knowing when a patient is n
days from an index event.
In a clinical setting, we expect to apply the risk stratification model to each day of a
patient’s visit. This results in multiple predictions for each patient admission, one corresponding to each day of the admission. We consider a model evaluation scheme that takes
all of these predictions into consideration, yet still yields a single measure of performance.
One could imagine a validation scheme in which the performance of a classifier is evaluated for each day independently. While complete, this evaluation still lacks relevance from
a clinical perspective since it is not clear how to interpret the utility of a classifier that
correctly classifies a patient m days out of a total of n days. Here, we consider an evaluation scheme that is driven by the use case of the model. We assume that once a patient
is identified as high-risk s/he will receive some form of an intervention (e.g., relocated to
11
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a private room or special stewardship of the patient’s antibiotic protocol) and that this
intervention will last for a certain period of time determined by the physicians treating the
patient (e.g., 10 days or for the remainder of the visit). Thus, while the predicted risk
remains low, we continue making daily predictions, each day deciding whether or not to
intervene. However, once the predicted risk exceeds some threshold, we classify the patient
as high-risk and discontinue making predictions, since the question of whether or not to
intervene becomes irrelevant once physicians have intervened.
Thus, while the model’s daily predictions are allowed to fluctuate (from low to high and
high to low), when evaluating the model we choose a single decision threshold. We apply
this decision threshold to each day of a patient’s visit, up to the day before a positive test
result is observed or the day before the day of discharge. If the patient’s daily estimated
risk ever exceeds the decision threshold they are classified as high risk, otherwise they are
classified as low risk. This mimics the primary way we expect the model to be used in
practice. By taking the maximum prediction for each patient and sweeping over different
values of the decision threshold, we can evaluate the model in terms of the area under
the receiver operating characteristic curve (AUROC). The AUROC alone is not enough to
quantify the performance of the model; since there is high class-imbalance, we also consider
the area under the precision recall curve (AUPR). We estimate 95% confidence intervals for
these performance measures by applying a bootstrap method. Finally, in addition to these
performance metrics, we also evaluate how far in advance we correctly identify positive
cases. This is an important measure of performance that is often overlooked, but has
crucial implication regarding the utility of the model in real-world clinical practice. The
earlier we can identify a patient as high-risk, the earlier we can intervene, with the goal of
reducing the likelihood of an adverse outcome for a patient and also reducing the spread of
the pathogen.

5. Experiments and Results

Employing the methods described in the previous section, we learned and validated a risk
stratification model for identifying inpatients at high-risk of acquiring an infection with C.
difficile throughout their hospital admissions using data from our study population.
5.1 Learning the Risk Model
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Our feature extraction yielded close to 10,000 binary variables for each patient day. To reduce the dimensionality, we filter out features that do not occur in at least 1% of the training
set. This resulted in a lower dimensional feature vector, where each day is represented by a
vector of 905 binary variables. The remaining variables are presented in Table 3. As shown
in Table 3 the majority of the features pertain to laboratory results and medications, both
time-varying variables.
We split the data into a training set and a holdout set based on time, training on data
from the first year, and validating our model on data from the second year. The training
data consisted of patient admissions from 2011-04-12 to 2012-04-11, totaling 190,675 visit
days pertaining to 24,607 unique visits. Within the training data, 258 admissions had a
positive test for C. difficile resulting in 2,608 training days with a positive label. To mitigate
the influence of patients already showing symptoms, we removed patient days corresponding

12

Feature Name
Previous Medications
Previous Diagnoses
Number of Hospital Visits (90 days)
Avg. LOS of Hospital Visits (90 days)
Total LOS of Hospital Visits (90 days)
History of C. diff
1yr History of C. diff
Age
Marital Status
Race
Gender
Financial Class
City of Residence
Admission Month
Admission Year
Admission Type
Hospital Service
Admission Source
Attending Doctor
Expected Surgery
Laboratory Results
Medications
Vitals
Locations Units/Rooms
Procedures
Unit Exposure
Hospital Exposure
Day of Admission

#Binary Features
160
16
3
6
6
1
1
5
5
4
1
8
13
12
3
4
12
7
14
1
267
274
24
38
4
6
5
5

Original Format
Categorical
Categorical
Continuous
Continuous
Continuous
Categorical
Categorical
Continuous
Categorical
Categorical
Categorical
Categorical
Categorical
Categorical
Categorical
Categorical
Categorical
Categorical
Categorical
Categorical
Categorical
Categorical
Categorical
Categorical
Categorical
Continuous
Continuous
Continuous
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We selected the number of tasks T , and the corresponding temporal intervals τj for j =
1, ..., T based on the number of training examples available for each interval. For our data,
this resulted in six distinct tasks, corresponding to six distinct time periods: D1 , D2 , D3 , D4 , D5 , D6 .
We learned a model for each time period using L2-regularized logistic regression and the
multitask learning framework described in Section 4.3.2. To select the hyperparameter C
in (1), we performed repeated five-fold cross validation on the training data, choosing a
setting that maximized the AUROC. The model parameters, i.e., θ, were solved for using
LIBLINEAR (Fan et al., 2008). This resulted in six different models, θt0 ∈ R905 :

to the day of and the day before the positive test result. In addition, when training the
classifier, we randomly subsampled the data such that no patient contributed more than
three days of the data to the training set. This is similar to reweighting samples such that
each patient contributes equally to the overall classifier. If we had not done this, some
patients would have been represented up to 10 times more often than other patients. Given
the small number of positive examples, patients with longer visits could have significantly
biased the classifier. In turn, this could have resulted in overfitting to patients with longer
visits.

Table 3: High-level description of final features included in the model. The final feature
vector consisted of 905 binary features belonging to four different categories.

Daily Admission Details

Admission Details

Patient Demographics

Category
Patient History

Patient Risk Stratification for CDI with Time-Varying Parameters

(b) The top ten features
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Figure 1 (b) shows that, even among the top ten features (from θ10 ), there are changes in
the relative importance of features over time. In Figure 1 (b) the first two features become
less important over time, while the third feature becomes more important. Table 4 lists the
five features with the greatest positive weight in θ10 through θ60 . Note that initially the most
important feature is the patient’s one year history of CDI. As a patient spends more time
in the hospital, this feature loses importance relative to the location of the patient in the
hospital.

Figure 1: The changing relative importance of features over time. For each time period τj
for j = 1...6 (i.e., task), the features are ranked according to the feature weight for
the task associated with τ1 . The color represents the normalized feature weight
for each task.

(a) All features

: t ∈ [1]
: t ∈ [2]
: t ∈ [3]
: t ∈ [4, 5]
: t ∈ [6, 9]
: t ∈ [10, ∞)

θt0 is allowed to deviate from the shared model θ0 based on the data collected during
each time period. Thus, the relative importance of risk factors is allowed to vary over
time. Figure 1 (a) shows the extent to which the weights vary across time. The columns
correspond to the different time periods (i.e., tasks) and the rows correspond to the different
features. The features are sorted in descending order according to their weight on the first
day. The color of each cell is related to the weight of the corresponding feature for the
specified task, normalized by the sum of the absolute value of all weights for that task. All
cells corresponding to features that have high positive weight are red and those with high
negative weight are dark blue. If the relative importance of the weights remains constant
over time, each column would appear identical to the first column (i.e., solid horizontal bands
of color). However, as Figure 1 (a) shows, the relative importance of features changes. Still,
as we expected, we see great deal of continuity in the feature ranking across time periods
as all of the models share a common component.


θ0 + θ1




θ0 + θ2



θ0 + θ3
θt0 =
 θ0 + θ4



 θ0 + θ5


θ0 + θ6
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2
Hist. of CDI
Hist. of CDI
Hist. of CDI
Hist. of CDI
1 Yr. hist. of CDI
1 Yr. Hist. of CDI

3
Daily Units:XX
Daily Units:XX
Daily Units:XX
Daily Units:XX
Daily Units:XX
Temp.:High

4
Temp.:High
Temp.:High
Temp.:High
Temp.:High
Hist. of CDI
Hist. of CDI

5
Prev. Meds:Sevelamer
Service:MED
Prev. Meds:Sevelamer
Mean Platelet Vol.:normal
Mean Platelet Vol.:normal
Service:MED
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1
1 Yr. hist. of CDI
1 Yr. hist. of CDI
1 Yr. hist. of CDI
1 Yr. hist. of CDI
Meds: Pantoprazole
Daily Units:XX

Feature Name
OneYear History
All History
daily units:XX
daily vitals:temporal h
daily meds:63604250
v hospital service:MED
prev meds:63713135
daily meds:63715254
daily labs:wbc h
prev meds:63616924
daily labs:mpv
daily vitals:bgnas
daily labs:bun h
attendingdoctornumber:xxxx
prev meds:63708390
prev meds:63715676
daily vitals:tempax
daily labs:k l
prev meds:63715254
prev meds:63744403
daily vitals:bgpet l
prev meds:63608947
daily meds:63713259
daily labs:phos l
daily meds:63707897

Feature Description
positive test for toxigenic C. diff in past year
positive test for toxigenic C. diff ever in the past
medicine patient care unit
temperature oral high
pantoprazole 40mg Inj
medicine hospital service
sevelamer 800 mg Tab
vitamin B comp w/C, FA Tab
white blood cell count high
vancomycin 1 gm/250 mL NaCl 0.9%
mean platelet volume measured
oxygen flow rate (nasal cannula)
blood urea nitrogen high
attending (anonymized)
lisinopril 10 mg Tab
zolpidem 5 mg Tab
temperature axillary
Potassium Lvl low
vitamin B comp w/C, FA Tab
pharmacy comment
end tidal CO2 low
metroNIDAZOLE 500 mg/100 mL 0.9% NaCl
simvastatin 40 mg Tab
Phosphorus Lvl low
K phos-Na phos Oral Pwdr

Shared Weight
0.2472
0.2314
0.2084
0.1885
0.1508
0.1466
0.1418
0.1321
0.1320
0.1177
0.1175
0.1158
0.1094
0.1088
0.1081
0.1077
0.1075
0.1059
0.1038
0.1037
0.1036
0.1024
0.1007
0.1003
0.0990

5.2 Evaluating the Model
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Sensitivity
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(b) Precision Recall Curve

0.1

0.9

1

In previous work, risk stratification models have been evaluated at a single point in time.
Here, we employ a more realistic evaluation methodology (as described above). We believe
this evaluation provides a more accurate representation of how the model will perform in a
clinical setting.
1
0.9
0.8
0.7
0.6
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1−Specificity

(a) Receiver Operating Characteristic Curve
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We applied the model to the set of patient admissions held out for validation, which
consisted of patient admissions from 2012-04-12 to 2013-04-12 and was composed of 24,399
admissions of which 242 had a positive test result for C. difficile. When validating the
model, we did not subsample the test data as we did with the training data. Each patient
admission in the held out set has at least three daily predictions of risk, since we considered
only patients who were still present in the hospital at the end of the third day. However,
we do not start applying the decision threshold until the end of the third day (given our
exclusion criteria). Also, we do not evaluate the model on the final day of the admission
(the day in which the patient was discharged) as such a prediction would be meaningless for
guiding in-hospital interventions. Recall that the task is to predict a patient’s probability
of acquiring CDI during the current hospitalization and that predictions are made at the
end of the day.
Figure 2 shows the ROC curve, and the precision recall curve for the held out patient
admissions. Applied to the validation data, our model results in an AUROC of 0.81 (95%CI
0.78-0.84) and an area under the precision recall curve (AUPR) of 0.04 (95%CI 0.03-0.05).
Although the AUPR appears low, the performance is significantly better than a baseline
classifier (Precision=0.01), since the incidence of infection is approximately 1% in the study
population.

Figure 2: We plot two performance curves generated by applying the risk stratification
method described in the previous section to the set of held-out patient admissions.
We achieve an AUROC of 0.81 (95%CI 0.78-0.84) and a AUPR of 0.04 (95%CI
0.03-0.05). The 95% CI are represented by the red dashed lines. The performance
of a random classifier is given by the black dashed lines. (A classifier no better
than random achieves an AUROC=0.5 and AUPR=0.01)

Positive Predictive Value

Ranking
θ10
θ20
θ30
θ40
θ50
θ60

Table 4: We show features with greatest weight for tasks 1 through 6, using color to highlight certain trends.

Feature Index
905
904
124
427
867
44
605
674
234
475
269
433
418
74
615
590
434
292
587
591
441
506
719
267
688

In Table 5, we note the 25 features with the greatest weight according to the shared
model i.e., θ0 . We are not surprised that patient history of CDI appears at the top of
this list. The medications that appear in Table 5 include drugs administered to patients
receiving kidney dialysis, drugs for the treatment of high blood pressure and heart disease,
and proton pump inhibitors. When interpreting these weights, it is important to keep in
mind that many of the features in our model are highly correlated. These features may be
directly or indirectly linked with an increased risk of CDI. Further analysis could generate
hypotheses about causal relationships that could be tested in a randomized controlled trial.

Rank
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
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Table 5: Features with greatest “shared” weight. Hospital unit and staff identifiers have
been removed.
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0

5

10

15

20

25

30

35

5

10

15
20
25
Day of Positive Test Result

30

35

Patients who test positive for C. diff
Patients identified (earlier) as high risk (top 10%) who test positive

17

JMLR 17(79):1-23

Finally, in Figure 4, we illustrate the performance of our model (the Multi-Task Joint approach) compared to that of a model learned by simply pooling all the data (the Single-Task
approach), in terms of the AUROC. In addition, we consider a third approach, Multi-Task
Independent, that also learns multiple models, one for each day, but where the optimization is performed independently for each model. Applied to all patients in the held out
set of patient admissions (risk period>3 days), the proposed approach, Multi-Task Joint,
and the Single-Task classifier perform almost identically, with both achieving an AUROC
of 0.81. In contrast, the Multi-Task Independent performs worse, achieving an AUROC of
0.80. We believe this reduction is due to the inability of the method to leverage all of the
data as in the Multi-Task Joint approach. When we divide the patients into subsets based
on their risk period the difference between the Single-Task and Multi-Task approaches be-

Figure 3(a) illustrates how far in advance we can predict positive test results. We note
that in approximately half of the cases correctly identified, we identify cases at least 7 days
in advance of their testing positive for CDI. Figure 3(b) illustrates when patients are testing
positive. While we identify more patients who test positive earlier, the fraction of patients
we correctly identify increases as the length of stay increases.

To evaluate the ability of our model to distinguish high-risk patients from low-risk patients in the held out set set of patient admissions, we selected a decision threshold based
on the 90th percentile. We chose this cutoff to limit the number false positives, since CDI
cases are relatively rare. Given this decision threshold, we correctly identify 103 patients
out of 242 as high risk, and achieve a sensitivity of 0.43, a positive predictive value of
0.04, an F-score 0.08, and an odds ratio of 6.67 (confusion matrix TP=103 TN=21,820
FN=139 FP=2337). Lowering the decision threshold will increase the sensitivity and increase the number of false positives. Ultimately, the choice of decision threshold depends
on the expected costs and benefits of the intervention that one intends to apply to high-risk
patients.

Figure 3: Classification performance resulting from a classifier based on the 90th percentile.

(a) Fraction of correctly identified cases we
can predict at least x days in advance of the (b) Distribution of time to positive test from
admission (in days)
patient testing positive for CDI.

Fraction of Identified Cases

0.9

Number of Admissions
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5
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Multi-Task Classifier Independent
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In summary, we presented a novel data-driven patient risk stratification model for CDI that
utilizes the entire structured contents of the EHR. The main contributions of our work are
a novel approach to learning time-varying parameters and an evaluation scheme that is
representative of how the model will be applied in practice.
The model provides estimates of patient risk daily based on time-varying parameters.
We propose a multitask learning framework to efficiently learn the time-varying model. By
learning the models jointly, we leverage the inherent relatedness among the different tasks.
We observed changes in the ranking of features over time, suggesting that the proposed
method could be used to further investigate the temporal effects of risk factors over the
course of a hospital admission. These findings may shed new light on the relationship
between risk factors and time, and in turn improve our understanding of the disease.
Furthermore, we demonstrated a consistent improvement in the classification performance using our multitask approach over a single-task approach, particularly among patients with longer risk periods. While consistent, the difference was not significant; this
may be due to the fact that the number of cases with longer risk periods is small. We
have approximately 5,000 visits in the heldout set with a risk period greater than 10 days,
and only a small fraction of those patients end up testing positive. Additionally, in our
formulation, we consider the same decision threshold every day. However, use of a variable

6. Discussion and Conclusion

comes apparent. For patients with a longer risk period, the Multi-Task approach results
in an improvement in performance over the Single-Task approach. While the difference is
small, it is consistent. This difference is relevant, since the potential to intervene in a timely
manner is greater for patients who test positive later in a visit. Therefore, the ability to
identify such cases accurately is of considerable practical importance.

Figure 4: We compare a single-task classifier, where the model is time-invariant, to a multitask classifier where the model varies over time. The difference between the
two classifiers is apparent for those patients who test positive later during the
admission. These are the patients we are more interested in.

Classifier Performance (AUROC)
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decision threshold could lead to better results. Furthermore, our results showed a clear
overall improvement when learning the models jointly versus independently. However, on
patients with very long risk periods e.g., greater than 15 days, the independent classifiers
appear to perform slightly better. This may be an indication that the averaging or smoothing effect of the joint optimization approach is perhaps too strong. This may be addressed
by only penalizing differences between successive models. In future work, such models could
be improved by considering additional temporal smoothness constraints.
We proposed a new evaluation scheme motivated by a clinical use case in which the model
is used daily to evaluate patients in the hospital and a decision is made about whether or
not to intervene. Prior to this work, such models have only been evaluated at a single point
in time during a hospital visit (e.g., at the time of admission or n days before the index
event). We argue that evaluating the model over the entire course of the admission is a more
accurate approximation of how the model would be used and would perform in practice.
We also evaluated our final model in terms of how many days in advance we could predict
high-risk cases. In a clinical setting, how far in advance one can predict an infection is as
relevant as traditional performance metrics like sensitivity and specificity. This approach
to evaluation is independent of both the disease and our method of building a classifier.
With the increasing interest in applying machine learning to clinical problems, ensuring
that evaluation criteria are clinically relevant will be of great importance.
In addition, we were careful to split our data temporally, learning on data from one year
and evaluating the model on data from the next year. Over time, hospital populations,
physical layouts, clinical protocols, and staff can change. Furthermore, EHR systems can
change both in terms of what is collected and the precise meanings of variables. Thus, when
evaluating predictive models in medicine, it is important to ensure that all examples in the
training set precede all examples in the set held out for validation. Failure to do this can
produce misleading results since future changes may be captured by the training set. To
this end, we expect the predictive performance of our model will deteriorate over time, if
such changes are not readily incorporated. An important future direction of study is how
such models transfer across time, and best practices for building models that incorporate
not only changes but also take into consideration possible interventions.
The models learned in this work are based on hospital-specific data, and thus may not
generalize to hospitals with very different patient populations or clinical protocols. However,
we expect the methods to generalize beyond this specific hospital. Our data-driven approach
to feature engineering can be applied in straightforward manner to the structured contents
of any hospital database. Such a data-driven approach can readily incorporate hospitalspecific features resulting in more accurate predictive models. Here, we considered only
the structured contents of the electronic health record. Future models, however, could
incorporate features extracted from clinical notes or even genomic data pertaining to the
microbiome of patients.
We focused on developing predictive models for CDI. However, our contributions extend to building models for other types of healthcare-associated infections and other patient populations. Once incorporated into the hospital workflow, risk stratification models,
like the one presented here have the potential to reduce the incidence of adverse patient
outcomes. Widespread development and use of such data-driven models promise to enable
cost-effective, targeted prevention strategies that will ultimately improve patient care.
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We investigate a general framework of multiplicative multitask feature learning which decomposes individual task’s model parameters into a multiplication of two components.
One of the components is used across all tasks and the other component is task-specific.
Several previous methods can be proved to be special cases of our framework. We study
the theoretical properties of this framework when different regularization conditions are
applied to the two decomposed components. We prove that this framework is mathematically equivalent to the widely used multitask feature learning methods that are based on a
joint regularization of all model parameters, but with a more general form of regularizers.
Further, an analytical formula is derived for the across-task component as related to the
task-specific component for all these regularizers, leading to a better understanding of the
shrinkage effects of different regularizers. Study of this framework motivates new multitask
learning algorithms. We propose two new learning formulations by varying the parameters in the proposed framework. An efficient blockwise coordinate descent algorithm is
developed suitable for solving the entire family of formulations with rigorous convergence
analysis. Simulation studies have identified the statistical properties of data that would
be in favor of the new formulations. Extensive empirical studies on various classification
and regression benchmark data sets have revealed the relative advantages of the two new
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Multitask learning (MTL) improves the generalization of the estimated models for multiple related learning tasks by capturing and exploiting the task relationships. It has been
theoretically and empirically shown to be more effective than learning tasks individually.
Especially when single task learning suffers from limited sample size, multitask learning reinforces a single learning process with the transferable knowledge learned from the related
tasks. Multi-task learning has been widely applied in many scientific fields, such as robotics
(Zhang and Yeung, 2010), natural language processing (Ando and Zhang, 2005), computer
aided diagnosis (Bi et al., 2008), and computer vision (Kang et al., 2011).
Research efforts have been devoted to various MultiTask Feature Learning (MTFL) algorithms. One direction of these works directly learns the dependencies among tasks, either
by modeling the correlated regression or classification noise (Greene, 2002), or assuming
that the model parameters share a common prior (Yu et al., 2005; Lee et al., 2007; Xue
et al., 2007; Yu et al., 2007; Jacob et al., 2008), or by examining the tasks’ covariance matrix
(Bonilla et al., 2007; Zhang and Yeung, 2010; Guo et al., 2011; Yang et al., 2013). Another
research direction relies on a basic assumption that the different tasks may share a substructure in the feature space. In order to exploit this shared substructure, Rai and Daume
(2010) project the task parameters to explore the latent common substructure. Kang et al.
(2011) form a shared low-dimensional representation of data by feature learning. More
recent methods explore the latent basis that can be used to characterize the entire set of
tasks and examine the potential clusters of tasks. For instance, Passos et al. (2012) assume
that subsets of features may be shared only between tasks in the same cluster. Kumar and
Daume III (2012) allow overlapping of tasks in different groups by having several bases in
common. Maurer et al. (2013) exploit a dictionary allowing sparse representations of the
tasks. Gong et al. (2012) detect if certain tasks are outliers from the majority of the tasks.
Regularization methods are widely used in MTFL to learn a shared subset of features.
A common strategy is to impose a blockwise joint regularization (Meier et al., 2008; Zhao
et al., 2009) on all task model parameters to shrink the effects of features across the tasks
and simultaneously minimize the regression or classification loss. These methods employ
the so-called `1,p matrix norm (Lee et al., 2010; Liu et al., 2009a; Obozinski and Taskar,
2006; Zhang et al., 2010; Zhou et al., 2010) that is the sum of the `p norms of the rows in
a matrix. As a result, this regularizer encourages sparsity among the rows. If a row of the
parameter matrix corresponds to a feature and a column represents an individual task, the
`1,p regularizer intends to rule out the unrelated features across tasks by shrinking the entire
rows of the matrix to zero. Typical choices for p are 2 (Obozinski and Taskar, 2006; Evgeniou
and Pontil, 2004) and ∞ (Turlach et al., 2005). Effective algorithms have since then been
developed for the `1,2 (Liu et al., 2009a) and `1,∞ (Quattoni et al., 2009) regularization.
Later, the `1,p norm is generalized to include 1 < p ≤ ∞ with a probabilistic interpretation
that the resultant MTFL method solves a relaxed optimization problem with a generalized
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• An efficient blockwise coordinate descent algorithm is derived suitable for solving the
entire family of the methods. Given some of the methods (including the two new
formulations we study) correspond to non-matrix-norm based joint regularizers, our
algorithm provides a powerful alternative to solving the related difficult optimization
problems, allowing us to explore the behaviors and properties of these regularizers in
an effective way. Convergence analysis is thoroughly discussed.

• Two new MTFL formulations are derived from the proposed general framework. Unlike the existing methods (Bi et al., 2008; Lozano and Swirszcz, 2012) where the same
kind of vector norm is applied to both components, the shrinkage of the global and
task-specific parameters differs in the new formulations. We empirically illustrate the
scenarios where the two new formulations are more suitable for solving the MTFL
problems.

• Statistical justification is also derived for this family of formulations. It proves that
the proposed framework is equivalent to maximizing a lower bound of the maximum a
posterior solution under a probabilistic model that assumes generalized normal priors
on model parameters.

• Further analysis reveals that the optimal solution of the across-task component can be
analytically computed by a formula of the optimal task-specific parameters. This analytical result facilitates a better understanding of the shrinkage effects of the different
regularizers applied to the two components.

• Our theoretical analysis has revealed that this family of methods is actually equivalent to the joint regularization based approach but with a more general form of
regularizers, including matrix-norm based and non-matrix-norm based regularizers.
The non-matrix-norm based joint regularizers derived from the proposed framework
have never been considered previously. If they are considered in the joint regularization form, the resultant optimization problems will be difficult to solve. However, our
equivalent multiplicative MTFL framework in this case uses convex regularizers on
the two components, which can be solved efficiently.

• We propose and examine a general framework of the multiplicative decomposition
that enables a variety of regularizers to be applied. The general form corresponds
to a family of MTFL methods, including all early methods that decompose model
parameters as a product of two components (Bi et al., 2008; Lozano and Swirszcz,
2012).

To depict the differences between our approach and previous methods, Table 1 summaries various regularizers used in the joint regularization based and model decomposition
based MTFL methods. There are some fundamental connections among these methods.
As studied in the present work, multiplicative MTFL models can be connected with the
early blockwise joint regularization models. We also attempt to empirically compare the
model behaviors between the multiplicative and additive MTFL methods, and particularly
compare the applicability of the four different choices of regularization listed in Table 1 for
multiplicative MTFL .
JMLR 17(80):1-33

normal prior for all tasks (Zhang et al., 2010). Although the matrix-norm based regularizers
lead to convex learning formulations for MTFL, recent studies show that a convex regularizer
may be too relaxed to approximate the `0 -type regularizer for the shrinkage effects in the
feature space and thus results in suboptimal performance (Gong et al., 2013). To address
this problem, non-convex regularizers, such as the capped-`1 , `1 regularizer (Gong et al.,
2013), have been proposed for the multitask joint regularization. However, using non-convex
regularizers may bring up computational challenges. For instance, non-convex formulations
are usually difficult to solve, and require more complicated optimization algorithms to
guarantee satisfactory performance.
For the existing MTFL methods based on joint regularization, a major limitation is that
it either selects a feature as relevant to all tasks or excludes it from all models, which is very
restrictive in practice where tasks may share some features but may also have their own
specific features that are not relevant to other tasks. To overcome this limitation, one of
the most effective strategies is to decompose the model parameters into either summation
(Jalali et al., 2010; Chen et al., 2011; Gong et al., 2012) or multiplication (Xiong et al., 2006;
Bi et al., 2008; Lozano and Swirszcz, 2012) of two components with separate regularizers
applied to the two components. One regularizer is imposed on the component taking care
of the task-specific model parameters and the other one is imposed on the component
for mining the cross-feature sparsity. Specifically, for the methods that decompose the
parameter matrix into summation of two matrices, the dirty model in (Jalali et al., 2010)
employs `1,1 and `1,∞ regularizers to the two components. A robust MTFL method in
(Chen et al., 2011) uses the trace norm on one component for mining a low-rank structure
shared by tasks and a column-wise `1,2 -norm on the other component for identifying task
outliers. A more recent method applies the `1,2 -norm both row-wisely to one component and
column-wisely to the other (Gong et al., 2012). For these additive decomposition methods,
it requires the corresponding entries in both components to be zero in order to exclude a
feature from a task.
For the methods that work with multiplicative decompositions, the parameter vector
of each task is decomposed into an element-wise product of two vectors where one is used
across tasks and the other is task-specific. To exclude a feature from a task, the multiplicative decomposition only requires one of the components to be zero. Existing methods
of this line apply the same regularization to both of the component vectors, by either the
`2 -norm penalty (Bi et al., 2008), or the sparse `1 -norm (i.e., multi-level LASSO (Lozano
and Swirszcz, 2012)). The multi-level LASSO method has been analytically compared to
the dirty model (Lozano and Swirszcz, 2012), showing that the multiplicative decomposition
creates better shrinkage on the global and task-specific parameters. The across-task component can screen out the features irrelevant to all tasks. An individual task’s component
can further select features from those selected by the cross-task component for use in its
corresponding model. Although there are different ways to regularize the two components
in the product, no systematic work has been done to analyze the algorithmic and statistical properties of the different regularizers. It is insightful to answer the questions such
as how these learning formulations differ from the early methods based on blockwise joint
regularization, how the optimal solutions of the two components intervene, and how the
resultant solutions are compared with those of other methods that also learn both shared
and task-specific features. We highlight the contributions of this paper as follows:
3

A = diag(c) · B

A=P+Q

A

Model

Bi et al. (2008)
Lozano and Swirszcz (2012)
The new formulation 1
The new formulation 2

Methods
Evgeniou and Pontil (2004)
Turlach et al. (2005)
Lee et al. (2010)
Zhang et al. (2010)
Gong et al. (2012)
Jalali et al. (2010)
Gong et al. (2012)
The proposed framework

Norms
`1,2
`1,∞
both `1,1 and `1,2
`1,p , 1 < p ≤ ∞
capped `1,1
`1,1 on P, `1,∞ on Q
`1,2 on P, `1,2 on QT
(`k )k on c, (`p )p on B
k=2, p=2
k=1, p=1
k=1, p=2
k=2, p=1

5

L(αt , Xt , yt ) + λ
j=1

d
X

||αj ||p ,
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(1)

for the best αt:t=1,··· ,T , where L(αt , Xt , yt ) is the loss function of task t which computes
the discrepancy between the observed yt and the model output Xt αt , and λ is a tuning
parameter to balance between the loss and the regularizer. Although any suitable loss
function can be used in the formulation
(1), convex loss functions are the common choices
Pt
t 2
such as the least squares loss `i=1
(yit − α>
t xi ) for regression problems or the logistic loss

t=1

T
X

Given T tasks in total, for each task t, t ∈ {1, · · · , T }, we have sample set (Xt ∈ R`t ×d , yt ∈
R`t ). The data set of Xt has `t examples, where the i-th row corresponds to the i-th example
xti of task t, i ∈ {1, · · · , `t }, and each column represents a feature and there are totally d
features. The vector yt contains yit , the label of the i-th example of task t. We consider
t
d
functions of the linear form yt = α>
t xi where αt ∈ R , which corresponds to computing
Xt αt on the training data as the estimate of yt . We define the parameter matrix or weight
matrix A = [α1 , · · · , αT ] and denote the rows of A by αj , j ∈ {1, · · · , d}.
The joint regularization based MTFL method with the `1,p regularizer minimizes

2. The Proposed Multiplicative MTFL

The rest of the paper is organized as follows. Section 2 defines the mathematical notation and introduces the proposed models in detail. Section 3 discusses several important
theoretical properties of the proposed models including equivalence analysis. Section 4
provides the statistical justification of the multiplicative MTFL models. In Section 5, we
develop an efficient algorithm to solve the optimization problems in the proposed models
with a convergence analysis. Section 6 shows the empirical results, in which simulations
have been designed to examine the various feature sharing patterns for which a specific
choice of regularizer may be preferred. Extensive experiments with a variety of classification and regression benchmark data sets are also described in Section 6. In Section 7, we
conclude this work.

Decomposed
models

Joint regularization
models

Table 1: The regularization terms used in various MTFL methods.
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t=1

T
P

L(c, β t , Xt , yt ) + γ1

t=1

T
P

||β t ||pp + γ2 ||c||kk ,

(2)

β t ,c≥0

min

t=1

T
P

6

L(c, β t , Xt , yt ) + γ1

t=1

T
P

||β t ||22 + γ2 ||c||1 .

(3)
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Formulation 1:
If p = 2 but k = 1 in Problem (2), then we obtain the following optimization problem

used in Eq.(1) but
αt replaced by the
where L(c, β t , Xt , yt ) is the same loss function
Pwith
Pd
d
k
t p
k
new vector of (cj βjt )j=1,··· ,d , ||β t ||pp =
j=1 (cj ) , which are the
j=1 |βj | and ||c||k =
`p -norm of β t to the power of p and the `k -norm of c to the power of k if p and k are
positive integers. The tuning parameters γ1 , γ2 are used to balance the empirical loss and
regularizers. At optimality, if cj = 0, the j-th variable is removed for all tasks, and the
corresponding row vector αj = 0; otherwise the j-th variable is selected for use in at least
one of the α’s. Then, a specific β t can rule out the j-th variable from task t if βjt = 0.
If both p = k = 2, Problem (2) becomes the formulation used in Bi et al. (2008). Since
the `2 -norm regularization is applied on both β t and c, this model does not impose strong
sparsity on the model parameters. According to our empirical study, this model may be
suitable for the scenarios where only a few features can be excluded from all of the tasks,
and the different models (tasks) share a lot features between each other. There could exist
features that, although irrelevant to most of the tasks, cannot be completely excluded only
due to few tasks.
If p = k = 1, Problem (2) becomes the formulation used in Lozano and Swirszcz
(2012), where the `1 -norm regularization is applied on β t and c and thus it induces very
strong sparsity both on task-specific parameters and the across-task component to select
the features. Compared to the model in Bi et al. (2008), this model is more suitable for
learning from the tasks with persistently sparse models. For example, many features are
irrelevant to any of the tasks, and only a few of the features selected by c are used by an
individual task, indicating the sparse pattern in sharing the selected features among tasks.
Besides the above two existing models, any other choices of p and k will derive into
new formulations for MTFL. Note that the two existing methods discussed in Bi et al.
(2008); Lozano and Swirszcz (2012) use p = k in their formulations, which renders βjt and
cj the same amount of shrinkage. To explore other feature sharing patterns among tasks,
we propose two new formulations where p 6= k.

β t ,c≥0

min

for classification problems. These loss functions are strictly convex
with respect to the model parameters αt . The `p norm is computed for each row of the
matrix A corresponding to a feature (rather than a task) so to enforce sparsity on the
features.
A family of multiplicative MTFL methods can be derived by rewriting αt = diag(c)β t
where diag(c) is a diagonal matrix with its diagonal elements composing a vector c. The c
vector is used across all tasks, indicating if a feature is useful for any of the tasks, and the
vector β t is only for task t. Let j index the entries in these vectors. We have αjt = cj βjt .
Typically c comprises binary entries that are equal to 0 or 1, but the integer constraint is
often relaxed to require just non-negativity (c ≥ 0). We minimize a regularized loss function
as follows for the best c and β t:t=1,··· ,T :

t
−yit (α>
t xi ) )
i=1 log(1 + e

P`t

Wang, Bi, Yu, Sun and Song

j p/q

min

Wang, Bi, Yu, Sun and Song

||β t ||1 + γ2 ||c||22 .

j

αt ,σ≥0
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T
P

t=1

d
P

j=1

d
X

j=1

σj−1 ||αj ||pp/q + µ2

1

− 21

Problem (6), then σ̂j = µ12 µ2

− 21

p/q

||αj ||p .

d

j=1

d

X
X
√
σ j ≥ 2 µ1 µ2

j=1

8

− 21

q
p/q
||αj ||p ,

(7)

(8)
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Remark 3 Based on the proof of Lemma 2, we also know that the objective function of (5)
is the lower bound of the objective function of (6) for any given αt (including the optimal
√
α̂t ) when λ = 2 µ1 µ2 , and the lower bound can be attained if and only if σ is set according
to the formula (7). Hence, we can also conclude that if (α̂t , σ̂) is the optimal solution of
q
p/q
||α̂j ||p .

the regularization
term reach its lower bound. Then, we can choose another σ̃ where
q
1
−1
p/q
σ̃j = µ12 µ2 2 ||αj ||p , so σ̃ delivers the lower bound in Eq.(8). Because the lower bound
(the right hand side of Eq.(8)) only depends on α, it is a constant for fixed αt:t=1,··· ,T .
Hence, since the loss function is also fixed for given αt:t=1,··· ,T , σ̃ reaches a lower objective
value of Problem (6) than that of σ ∗ , which contradicts to the optimality of σ ∗ . Therefore,
the optimal σ always takes the form of Eq.(7).

with a given set of αt:t=1,··· ,T , but σj∗ 6= µ12 µ2

1

q
1
−1
p/q
where the equality holds if and only if σj = µ12 µ2 2 ||αj ||p .
Using the method of proof by contradiction, suppose that σ ∗ optimizes Problem (6)
q
p/q
||αj ||p . Thus, σ ∗ does not make

µ1

Proof By the Cauchy-Schwarz inequality, we can derive a lower bound for the sum of the
two regularizers in Problem (6) as follows:

σj = µ12 µ2

1

Lemma 2 For any given αt:t=1,··· ,T , Problem (6) can be optimized with respect to σ by the
following analytical solution
q

Note that when p = 2 and q = 1, the intermediate problem (6) uses a similar regularizer
j 2
to that in Micchelli et al. (2013) where |ασj| + σj is used to approximate |αj | in the `1 -norm
regularizer. Problem (6) extends the discussion in Micchelli et al. (2013) to include more
general regularizers according to p and q.

and the optimal solution of Problem (6) also minimizes Problem (5) when proper values
of λ, µ1 and µ2 are chosen. The second theorem connects Problem (6) to the proposed
formulation (2). We show that the optimal σ̂j is equal to (ĉj )k , and then the optimal α̂ can
be computed as diag(ĉ)β̂ t from the optimal β̂ t .

Proof Theorem 1 can be proved by establishing the following two lemmas and two theorems. The two lemmas provide the basis for the proofs of the two theorems and then
from the first theorem, we conclude that the solution α̂t of Problem (5) also minimizes the
following optimization problem:
PT
Pd
Pd
−1
j p/q
(6)
j=1 σj ||α ||p + µ2
j=1 σj ,
t=1 L(αt , Xt , yt ) + µ1

L(c, β t , Xt , yt ) + γ1

(4)

When there exists a large subset of features irrelevant to any of the tasks, it requires
a sparsity-inducing norm on c. However, within the relevant features selected by c, the
majority of these features are shared between tasks. In other words, the features used in
each task are not sparse relative to the features selected by c, which requires a non-sparsityinducing norm on β. Hence, we use `1 norm on c and `2 norm on each β in our formulation
(2).

T
P

t=1

Formulation 2:
If p = 1 but k = 2 in Problem (2), we obtain the following optimization problem
min

β t ,c≥0

When the union of the features relevant to any given tasks includes many or even all features,
the `2 norm penalty on c may be preferred. However, only a limited number of features are
shared between tasks, i.e., the features used by individual tasks are sparse with respect to
the features selected as useful across tasks by c. We can impose the `1 norm penalty on β.
Clearly, many other choices of P
p and k values can be used, such as those corresponding
d
to higher order polynomials (e.g., j=1
cj3 ). Our theoretical results in the next few sections
apply to all positive value choices of p and k unless otherwise specified. In our empirical
studies, however, we have implemented algorithms for the two existing models and the
two new models for comparison. Some other choices of regularizers may require significant
re-programming of our algorithms and we will leave them for more thorough individual
examinations in the future.

3. Theoretical Analysis

L(αt , Xt , yt ) + λ

We first extend the formulation (1) to allow more choices of regularizers. We introduce a

T
P

t=1

new
qPnotation that is an operator applied to a vector, such as α . The operator ||α ||p =
T
q
t p
t=1 |αj | , p, q ≥ 0, which corresponds to the `p norm if p = q and both are positive
integers. A joint regularized MTFL approach can solve the following optimization problem
with pre-specified values of p, q and λ, for the best parameters αt:t=1,··· ,T :
q
p/q
||αj ||p .
(5)
αt

min

Our main results of this paper include (i) a theorem that establishes the equivalence between
the models derived from solving Problem (2) and Problem (5) for properly chosen values of
λ, q, k, γ1 and γ2 ; (ii) a theorem that delineates the conditions for (2) to impose a convex
(or concave) regularizer on the model parameter matrix A; and (iii) an analytical solution
of Problem (2) for c which shows how the sparsity of the across-task component is relative
to the sparsity of task-specific components.
Theorem 1 (Main Result 1) Let α̂t be the optimal solution to Problem (5) and (β̂ t , ĉ)
q
p
2− p
γ1 kq γ2kq and
JMLR 17(80):1-33

be the optimal solution to Problem (2). Then α̂t = diag(ĉ)β̂ t when λ = 2
p
q = k+p
2k (or equivalently, k = 2q−1 ).

7

t=1

T
P

L(αt , Xt , yt ) + γ1

−p
j p
j=1 cj ||α ||p

Pd

+ γ2

k
j=1 (cj ) .

Pd

(9)

j=1

d
X

j=1

d
X
k

γ2 ckj

p

ckj ≥ 2γ1p+k γ2p+k

j p
γ1 c−p
j ||α ||p

j p
c−p
j ||α ||p + γ2
j=1

d
X
k

(||αj ||pp ) p+k ,
(11)

t=1

1

(αjt )p ) p+k .

−1

p/q

−1

p/q

9
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than that of (Â, σ̂). By Lemma 2, we have that σ̃j = µ12 µ2 2 ||α̃j ||p , and then Problem
(6), at Ã, reaches the lower bound which is formulated as the objective of Problem (5)

1

of (6) for any given A (including the optimal solution Â). When σ̂j = µ12 µ2 2 ||α̂j ||p ,
Problem (6) reaches the lower bound. In this case, Problem (5) at Â and Problem (6) at
(Â, σ̂) have the same objective value. Now, suppose that the pair (Â, σ̂) does not minimize
Problem (6), there exists another pair (Ã, σ̃) 6= (Â, σ̂) that achieves
a lower objective value
q

1

Proof First, if Â = [α̂t:t=1,··· ,T ] minimizes
q Problem (5), we show that the pair (Â, σ̂)
1
−1
p/q
minimizes Problem (6) where σ̂j = µ12 µ2 2 ||α̂j ||p .
By Remark 3, the objective function of (5) is the lower bound of the objective
q function

Theorem 5 The solution sets of Problem (5) and Problem (6) are identical when λ =
√
2 µ 1 µ2 .

Based on Lemma 2, we will prove that Problem (5) is equivalent to Problem (6) in the
sense that an optimal solution of Problem (5) is also an optimal solution of Problem (6)
and vice versa when λ, µ1 , and µ2 satisfy certain conditions.

Through proof by contradiction, we know that the optimal c has to take the above formula.

cj = (γ1 γ2−1

T
X

and the equality holds if and only if
=
(and note that all parameters γ1 ,
γ2 , ||α̂j ||pp and c are non-negative), which yields the following formula

γ1

Proof This lemma can be proved following a similar argument in the proof of Lemma
2. By the Cauchy-Schwarz inequality, the sum of the two regularizers in (9) satisfies the
following inequality

t=1

For any given αt:t=1,··· ,T , Problem (9) can be optimized with respect to c by the following
analytical solution
T
X
1
(10)
cj = (γ1 γ2−1
(αjt )p ) p+k .

αt ,c≥0

min

Lemma 4 Let αjt = cj βjt for all t and j. Replacing β t by αt in Problem (2) yields the
following optimization problem

Multiplicative Multitask Feature Learning

1

−1

p/q

kq−p

t=1

T
X

L(ĉ, β̂ t , Xt , yt ) + µ1

j=1

d
X

j

(p−kq)/q

||β̂ ||p/q
p ĉj

+ µ2

j=1

d
X
(ĉj )k .

(12)

kq−p

J(α̂jt , σ̂j ) =

t=1

T
X

10

L(α̂t , Xt , yt ) + γ1

j=1

d
X

−(p/k)

||α̂j ||pp σ̂j

+ γ2

j=1

d
X

(13)
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σ̂j .

(2) after replacing µ1 and µ2 by γ1 and γ2 with the equations γ1 = µ12kq−p µ22kq−p , γ2 = µ2 .
Therefore, β̂ t and ĉ optimize Problem (2) because otherwise, if any other solution (β, c)
can further reduce the objective value of Problem (2), then the corresponding α and σ will
bring the objective function of Problem (6) to a lower value than α̂ and σ̂.
Next, if β̂jt and ĉj optimize Problem (2), we show that α̂jt = ĉj β̂jt and σ̂j = (ĉj )k optimize
Problem (6).
Substituting α̂jt , σ̂j for β̂jt , ĉj in Problem (2) yields an objective function

kq

Substituting the formula of ĉj into Eq.(12) yields the same objective function of Problem

q
1
p
−1
p/q
By Lemma 2 and Remark 3, the optimal σ̂j = µ12 µ2 2 ||α̂j ||p . Because ĉj = k σ̂j , we
derive that

 q
j p/q 2kq−p
ĉj = µ1 µ−1
.
2 ||β̂ ||p

J(β̂jt , ĉj ) =

p
Proof First, if α̂jt and σ̂j optimize Problem (6), we show that ĉj = k σ̂j and β̂jt = α̂jt /ĉj
optimize Problem (2).
By a change of variables (replacing α̂t and σ̂ by β̂ t and ĉ in Problem (6)), we know
that β̂ t and ĉ minimize the following objective function

lution (B̂, ĉ) of Problem (2) where α̂jt = ĉj β̂jt and σ̂j = (ĉj )k when γ1 = µ12kq−p µ22kq−p ,
p
γ2 = µ2 , and k = 2q−1
.

kq

Theorem 6 The optimal solution (Â, σ̂) of Problem (6) is equivalent to the optimal so-

In order to link Problem (6) to our formulation (2), we let σj = (cj )k , k ∈ R, k 6= 0 and
αjt = cj βjt for all t and j, and derive an equivalent objective function of Problem (6) based
on Lemmas 2 and 4.

µ12 µ2 2 ||α̃j ||p . Then (Ã, σ̃) is an optimal solution of Problem (6) as proved in the first
paragraph, and will bring the objective function of Problem (6) to a lower value than that
of (Â, σ̂), contradicting to the optimality of (Â, σ̂).
√
Therefore, Problems (5) and (6) have identical solution sets when λ = 2 µ1 µ2 .

√
when λ = 2 µ1 µ2 . In other words, the objective values of (6) and (5) are identical at Ã.
Hence, Ã achieves a lower objective value than that of Â for Problem (5), contradicting to
the optimality of Â.
Second, if (Â, σ̂) minimizes Problem (6), we show that Â minimizes Problem (5).
Suppose that Â does not minimize Problem (5), which means that there exists α̃j
(6= α̂j q
for some j) that achieves a lower objective value than that of α̂j . We set σ̃j =
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k

(14)

min

β t ,c≥0

T
X

T
P

t=1

L(αt , Xt , yt ) + λ

t=1

j

v
u T
d u
X
X
t (αt )2 ,

j=1

L(c, β t , Xt , yt ) + γ1

t=1

T
P

||β t ||1 + γ2 ||c||1 ,

Remark 9 For a particular choice of p = 1 and k = 1, Problem (2) is formulated as

2

αt

αt

min

T
X
t=1

T
X
t=1

L(αt , Xt , yt ) + λ

L(αt , Xt , yt ) + λ

12

t=1

j

v
u
d u
T
X
X
t
|αt |,

j=1

t=1

v
u T
d u
X
X
3
t
(αjt )2 ,

j=1

(16)

(18)

(19)
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The proposed formulation (3) imposes stronger sparsity induction on the across-task
component than on the task-specific component. Thus, it has stronger shrinkage effects
to exclude many features for all the tasks. If the jth feature is considered as unrelated to
most of the tasks, the model of p = k = 2 may shrink cj to a small value but not zero,
the new model (3) might shrink cj to zero instead. Therefore this model would be more
favorable to jointly learning from tasks where a large portion of noisy features exist that
may be irrelevant or redundant to all of the tasks. Compared to the method in Lozano and
Swirszcz (2012) where p = k = 1, the new formulation (3) may allow more selected features
to be shared across different tasks.

when λ = 2γ13 γ23 . Problem (19) uses a concave non-matrix-norm regularizer as well but the
concavity is weaker than Problem (18) in the sense that the polynomial order is 32 rather
than 12 .

1

Remark 10 For a particular choice of p = 2 and k = 1, which corresponds to the new
formulation (3). This problem is equivalent to the following joint regularization method

√
when λ = 2 γ1 γ2 . Problem (17) imposes stronger sparsity on β and c (and correspondingly
on α) than (15), which intends to shrink more model parameters to zero. Problem (18) uses
a concave non-matrix-norm regularizer.

min

which is used in Lozano and Swirszcz (2012). This problem is equivalent to the following
joint regularization method

(17)

√
when λ = 2 γ1 γ2 . Problem (16) uses the so called `1,2 -norm to regularize the matrix A.

t=1

Wang, Bi, Yu, Sun and Song

k

j=1

||β t ||22 + γ2 ||c||22 ,

αt
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j=1

d q
d
d
X
X
X
p
kp
p/q
||αj ||p = λ
(||αj ||p ) 2q = λ
(||αj ||p ) k+q .

j=1

T
P

t=1

min

which is used in Bi et al. (2008). This problem is equivalent to the following joint regularization method as used in Obozinski and Taskar (2006); Argyriou et al. (2007).

=

(γ1 γ2−1 ) k+p (||α̂j ||pp ) k+p .
kq−p

We hence know that α̂jt and σ̂j minimize Eq.(13). Similar to the proof of Lemma 4, we can
show that the optimal σ̂ takes the form of
σ̂j
kq

Substituting the formula into Eq.(13) and setting γ1 = µ12kq−p µ22kq−p and γ2 = µ2 transfer
Eq.(13) to the objective function of Problem (6). Thus, α̂jt and σ̂j optimize Problem (6).

Now,
q based on the above two lemmas and two theorems, we can derive that when
p
2− p
λ = 2 γ1 kq γ2kq and q = k+p
2k , the optimal solutions to Problems (2) and (5) are equivalent.
Solving Problem (2) will yield an optimal solution α̂ to Problem (5) and vice versa.
By the equivalence analysis, the proposed framework corresponds to a family of joint
regularization methods as defined by Eq.(5). Assuming a convex loss function is used, this
family includes some convex formulations when convex regularizers are applied to A in
(5) and some other non-convex formulations when non-matrix-norm based regularizers are
applied to A. Particularly, when q = p/2, the regularization term on αj in (5) becomes
the standard `p -norm. Correspondingly, when k = p/(p − 1) which is commonly not an
integer except p = 2, our formulation (2) amounts to imposing a `1,p -norm on A. When
both k and p take positive integers (except p = k = 2), Problem (2) is equivalent to using
a non-matrix-norm regularizer in (5). Combinations of different p and k values will render
the models different algorithmic behaviors.
Theorem 7 (Main Result 2) For any positive k and p, if kp ≥ k+p, then the formulation
(2) imposes a convex regularizer on the model parameter matrix A; or otherwise, it imposes
a concave regularizer on A.

λ

Proof According to Theorem 1, the formulation (2) is equivalent to the formulation (5)
that imposes the following regularizer on A:

kp

q
p
p
2− kq
γ2kq .
where q = k+p
2k and λ = 2 γ1
A function xa is a convex function in terms of x > 0 if a ≥ 1; or otherwise, it is concave.
Hence, if kp ≥ k + p, Eq.(14) is a composite function of two functions: a convex function

L(c, β t , Xt , yt ) + γ1

(15)

x k+p and another convex function which is the `p vector norm of αj . Thus, the overall
regularizer is convex. Otherwise, if kp < k + p, the regularizer becomes a concave function
in terms of α’s.

T
P

t=1
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Remark 8 For a particular choice of p = 2 and k = 2, Problem (2) is formulated as
min

β t ,c≥0

11

1
3

t=1

j=1

t=1

j

p

13
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Remark 13 For particular choices of p and k, the relation between the optimal c and β
can be computed according to Theorem 12. Table 2 summarizes the relation formula for the
common choices when p ∈ {1, 2} and k ∈ {1, 2}.

Substituting these formulas into the formula of c yields ĉj = (γ1 /γ2 ) k ||β̂ || 2kq−p . Moreover, to establish the equivalence between (2) and (5), we require q = k+p
2k , which leads to
qP
p
j
T
k
t
p
2kq−p
k = 2kq − p. Hence, ||β̂ ||
=
t=1 (β̂j ) . We then obtain the formula (21).

1

Proof This analytical formula can be directly derived from Theorem 5 and Theorem
6. When we set σ̂j = (ĉj )k and α̂jt = ĉj β̂jt in the proof of Theorem 6, we obtain ĉj =

 q
2kq−p
p−kq
j p/q 2kq−p
µ1 µ−1
. In the same proof, we also show that µ1 = γ1 kq γ2 kq and µ2 = γ2 .
2 ||β̂ ||p

for all j = 1, · · · , d, is optimal to Problem (2).

t=1

Theorem 12 (Main Result 3) Let β̂ t , t = 1, · · · , T, be the optimal solutions of Problem
j
(2), Let B̂ = [β̂ 1 , · · · , β̂ T ] and β̂ denote the j-th row of the matrix B̂. Then,
v
u T
X
1 u
k
(β̂jt )p ,
(21)
ĉj = (γ1 /γ2 ) k t

The new formulation (4) imposes stronger sparsity induction on task-specific component
than on the across-task vector. This model can be favorable in the cases where few tasks
share a limited number of selected features. As shown in our empirical results, for instance,
when every two or three tasks share a limited subset of selected features but no common
features are used by more than three tasks, this model performs the best among the four
multiplicative MTFL formulations. In comparison to the model in Lozano and Swirszcz
(2012), this model allows more of the features that are only relevant to a few tasks to be
selected. In comparison with the model in Bi et al. (2008), this model can help to remove
a lot of irrelevant or redundant features for individual tasks from the selected features.
We further derive another main result that characterizes the optimal across-task vector
as a formula of the optimal task-specific vectors. This connection can be easily developed
from the above equivalence analysis, and can help us understand the relationship and interaction between the two components.

when λ = 2γ1 γ2 . Problem (20) uses another concave non-matrix-norm regularizer that has
the similar polynomial order of 23 to Problem (19). In comparison with (19), the cross-task
quadratic terms (e.g., |αj1 ||αj2 |, |αj2 ||αj3 |) are allowed inside the cube root in this formulation.

2
3

αt

Remark 11 For a particular choice of p = 1 and k = 2, which corresponds to the new
formulation (4). This problem is equivalent to the following joint regularization method
v
!2
u T
T
d u X
X
X
3
t
t
min
L(αt , Xt , yt ) + λ
|αj | ,
(20)
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t=1

d Y
T
d
 |αt |p  Y
 kαj kp 
Y
1
1
p
j
=
exp −
,
exp − p
T
δj
δ
δjp
δ
j
j=1 t=1
j=1 j

(24)

t=1

T
X

L(αt , Xt , yt ) +

j=1

δjp

d 
X
kαj kpp


+ T ln δj .

δj =

T

14

 p 1/p

kαj kp .

Setting the derivative of J with respect to δj to zero, we obtain:

A,∆

min J =
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(26)

(25)

where k · kp denotes the vector p-norm. With an appropriately chosen likelihood function
p(yt |Xt , αt ) ∝ exp(−L(αt , Xt , yt )), finding the MAP solution is equivalent to solving the
following problem:

p(A|∆) ∝

in which ρ > 0, p > 0, and Γ(·) is the Gamma function (Goodman and Kotz, 1973). Now
let each element of A, αjt , follow a generalized normal prior, αjt ∼ GN (0, δj , p). Then with
the independent and identically distributed assumption, the prior takes the form (also refer
to Zhang et al. (2010) for a similar treatment)

Denote z ∼ GN (µ, ρ, p) the univariate generalized normal distribution, with the density
function


1
|z − µ|p
p(z) =
exp −
,
(23)
p
2ρΓ(1 + 1/p)
ρ

In this section we show that the proposed multiplicative formalism is related to the maximum
a posteriori (MAP) solution of a probabilistic model. Let p(A|∆) be the prior distribution
of the weight matrix A = [α1 , . . . , αT ] = [α1> , . . . , αd> ]> ∈ Rd×T , where ∆ denote the
parameter of the prior. Then the a posteriori distribution of A can be calculated via Bayes
rule as
T
Y
p(A|X, y, ∆) ∝ p(A|∆)
p(yt |Xt , αt ).
(22)

4. Probabilistic Interpretation

Table 2: The shrinkage effect of c with respect to β for four common choices of p and k.
p k
c
q
qP
T
t 2
2 2 ĉj = γ1 γ2−1
t=1 (β̂j )
−1 PT
t
1 1 ĉj = γ1 γ2
t=1 |β̂j |
−1 PT
t
2
2 1 ĉj = γ1 γ2
t=1 (β̂j )
q
qP
T
t
1 2 ĉj = γ1 γ2−1
t=1 |β̂j |
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XT

t=1

d
X

j=1

ln

T
X

t=1

|αjt |

L(αt , Xt , yt ) + T

Xd

j=1

ln kαj kp .

Bringing this back to (25), we have the following equivalent problem:
A

min J =

ln kαj k1 =

=

=

≤

d
X

j=1

d
X

j=1

d
X
j=1

ln

T
X
t=1

!

|cj βjt |
T
X

!

|βjt | − 2d,

t=1

j=1 t=1

d X
T
X

ln |cj | + ln
|cj | +

|βjt |

Now let us look at the multiplicative nature of αjt with different p ∈ [1, ∞).
When p = 1, we have:
!
d
X

j=1

T
X
t=1

L(αt , Xt , yt ) + T

d
X
j=1

|cj | + T

j=1 t=1

d X
T
X

|βjt | − 2dT,

(27)

(28)

where the inequality is because of the fact that ln z ≤ z − 1 for any z > 0. Therefore we
can optimize an upper bound of J in (27),

A

min J1 =

which is equivalent to the multiplicative formulation (2) where {p, k} = {1, 1}. This proves
the following theorem:

t=1

t=1

!

j=1

t=1

!

t=1
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Theorem 14 When {p, k} = {1, 1}, optimizing the multiplicative formulation (2) is equivalent to maximizing a lower bound of the MAP solution under probabilistic model (22) with
p = 1 in the prior definition.
In the general case, we have:

j=1

j=1

d
T
1X
1X
1 1
|cj |k +
kβ t kpp − d( + ).
k
p
k p

j=1

d
d
T
1X X tp
1X
ln |cj |k +
ln
|βj |
k
p

j=1

d
T
X
p
1X
ln (cjk ) k ·
|βjt |p
p

d
T
d
X
X
1X
ln
|cj βjt |p
ln kαj kp =
p
j=1

=

=

≤

15
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T
X

t=1

L(αt , Xt , yt ) +

t=1

T
T
T X
kβ t kpp ,
kckkk +
k
p

(29)

These inequalities lead to an upper bound of J in (27). By minimizing the upper bound,
the problem is formulated as:

A

min Jp,k =

which is equivalent to the general multiplicative formulation in (2). Therefore we have
proved the following theorem:

Theorem 15 Optimizing the multiplicative formulation (2), in the form of (29), is equivalent to maximizing a lower bound of the MAP solution under probabilistic model (22) with
p ∈ (1, ∞) in the prior definition.

5. Optimization Algorithm

Alternating optimization algorithms have been used in both of the early methods (Bi et al.,
2008; Lozano and Swirszcz, 2012) to solve Problem (2) which alternate between solving two
subproblems: solve for β t with fixed c; solve for c with fixed β t . The convergence property
of such an alternating algorithm has been analyzed in Bi et al. (2008); Lozano and Swirszcz
(2012) that it converges to a local minimizer. In these early methods, both of the two
subproblems have to be solved using iterative algorithms such as gradient descent, linear or
quadratic program solvers.
Besides the algorithm that solves for c and β t alternatively and can be applied to our
formulations, we design an alternating optimization algorithm that utilizes the closed-form
solution for c we have derived in Lemma 4 and the property that both Problems (2) and (5)
are equivalent to the intermediate Problem (6) (or Problem (9)). In the algorithm to solve
Problem (2), we start from an initial choice of c. At iteration s, we start from cs , and solve
for β ts with the fixed cs . We then compute the value of αts = diag(cs )β ts , which is used to
update cs to cs+1 according to Eq.(10) in Lemma 4. The overall procedure is summarized
in Algorithm 1. As a central idea in designing this algorithm, at each iteration we update
β to reduce the loss function, and update c to reduce the regularizer while maintaining the
same loss function value. Note that if the value of α is fixed, the loss will remain the same.

To analyze the convergence property of Algorithm 1, we utilize the fact that Problem
(2) and Problem (9) are equivalent. For notational convenience, we denote the objective
function of Problem (2) by g(B, c) that takes inputs β t and c. We denote the objective
function of Problem (9) by f (A, c). Both objective functions comprise the sum of three
parts. For instance, f can be written as follows:

∀b

such that

(32)
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(z + λb) ∈ dom f.

f (A, c) = f0 (A, c) + fA (A) + fc (c),
(31)
P
P
where f0 (A, c) = γ1 d (c−p T (αt )p ) is the part that involves both α and c, fA (A) =
j
j=1
t=1
j
P
Pd
k
t L(αt , Xt , yt ) is the part relying only on α, and fc (c) = µ2
j=1 (cj ) is the part for c
only. Let z be the vector consisting of all variables in Problem (9). Similar to what has been
defined in Tseng (2001), we define that the point z is a stationary point of f if z ∈ dom f
where dom f is the feasible region of f , and
lim [f (z + λb) − f (z)]/λ ≥ 0,
λ→0

16

(30)
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Proof First, note that for each {As , cs }, we accordingly have {Bs , cs } where αst =
diag(cs )β st , ∀t, and we have f (As , cs ) = g(Bs , cs ). Because we start with c so at each
iteration c gets updated first (the order dose not matter actually). At iteration s + 1, we
compute cs+1 based on As according to Eq.(10). According to Lemma 4, cs+1 will reach the
lower bound of f when A is fixed to As . Hence f (As , cs+1 ) ≤ f (As , cs ). Moreover, when c is
s
updated, there is an implicit new value of B̃ that is just computed as (β̃jt )s = (αjt )s /(cj )s+1 ,

Lemma 16 Let the sequence of iterates generated by Algorithm 1 be zs = {As , cs }s=1,2,···
and the function f is defined by (31), then f (As+1 , cs+1 ) ≤ f (As , cs ).

where k indexes the blocks of variables in our algorithm, which include α1 , · · · , αT and c,
so k = {1, · · · , T + 1}, and the (T + 1)-th block is for c, dk is the number of variables in
the kth coordinate block and in our case dk = d. The vector (0, · · · , bk , · · · , 0) is a vector
in Rd×(T +1) and used to only vary z in the k-th block.
We first prove that for the sequence of points generated by Algorithm 1, the objective function f is monotonically non-increasing. Then we prove the sequence of points is
bounded, because of which, the sequence will have accumulation points. We prove that each
accumulation point is a coordinate-wise minimum point. Then according to Tseng (2001),
if f is regular at an accumulation point z∗ , this z∗ is a stationary point.

where b denotes any feasible direction, (which corresponds to 5f (z) = 0 if f is differentiable, or 0 ∈ ∂f (z) if f is non-differentiable where ∂f (z) is the subgradient of f at z). In
our case, f is not differentiable at α = 0 or c = 0 when p is set to an odd number. We also
define that a point z is a coordinate-wise minimum point of f if z ∈ dom f , and ∀bk ∈ Rdk
that makes (0, · · · , bk , · · · , 0) a feasible direction, there exists a small  > 0, such that for
all positive λ ≤ ,
f (z + λ(0, · · · , bk , · · · , 0)) ≥ f (z),
(33)

end for
Compute αst = diag(cs )β st
Set s = s + 1
Compute cs+1 using αst according to Eq.(10)
until maxt,j (|(αjt )s − (αjt )s−1 |) <  (or other proper termination rules)
Output: αt , c and β t , t = 1, · · · , T

βt

min L(β t , X̃t , yt ) +

γ1 ||β t ||pp

Algorithm 1 The blockwise coordinate descent algorithm for multiplicative MTFL
Input: Xt , yt , t = 1, · · · , T , as well as γ1 , γ2 , p and k
Initialize: cj = 1, ∀j = 1, · · · , d, and s = 1
repeat
Compute X̃t = Xt diag(cs ), ∀ t = 1, · · · , T
for t = 1, · · · , T do
Solve the following problem for β st

Multiplicative Multitask Feature Learning
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for small λ values. Hence, z∗ is a coordinate-wise minimum point of f .

f (z∗ + λ(0, · · · , bt , · · · , 0)) ≥ f (z∗ ),

JMLR 17(80):1-33

(34)

Proof According to Lemma 17, the sequence zs is bounded, so there exists at least one
accumulation point z∗ and a subsequence of {zs }s=1,2,··· that converges to z∗ . Without loss
of generality and for notational convenience, let us just assume that {zs }s=1,2,··· converges
to z∗ . Because z∗ is an accumulation point, if it is the iterate at the current iteration s, then
in the next iteration s + 1, the same iterate z∗ will be obtained. Hence, β ∗t is the optimal
solution of Problem (30) when c is set to c∗ (and all other β k6=t = β ∗k ). Correspondingly, c∗
is the optimal solution of Problem (2) when B is set to B∗ . Hence, for any feasible direction
(0, · · · , bt , · · · , 0), ∀t = 1, 2, · · · , T + 1, we have

Theorem 18 The sequence zs = {As , cs }s=1,2,··· generated by Algorithm 1 has at least one
accumulation point. For any accumulation point z∗ = {A∗ , c∗ }, z∗ is a coordinate-wise
minimum point of f .

Proof According to Lemma 16, we know that f (As+1 , cs+1 ) ≤ f (As , cs ), and g(Bs+1 , cs+1 ) ≤
g(Bs , cs ), ∀s = 1, 2, · · · . Hence, g(Bs , cs ) ≤ g(B1 , c1 ), ∀s = 1, 2, · · · . Let g(B1 , c1 ) = C.
Then, g(Bs , cs ) is upper bounded by C.
In our algorithm, we assume that the loss function in g can be either the least squares loss
or the logistic regression loss of all the tasks. Hence, the loss terms are non-negative (actually
most other loss functions, such as the hinge loss, are also non-negative). The two regularizers, one on β t and the other on c, are both non-negative. Thus, we have that ||β st ||pp ≤ C/γ1
and ||cs ||kk ≤ C/γ2 , ∀s = 1, 2, · · · . This shows that the sequence of {Bs , cs }s=1,2,··· is
P
P
bounded. Because αst = diag(cs )β st , ||αst ||pp = dj=1 |(αjt )s |p = dj=1 |(csj (βjt )s |p ≤ ||cs ||2p
2p +
||β st ||2p
2p ≤ C̃ where C̃ is a constant computed from C, γ1 and γ2 . Thus, the sequence of
zs = {As , cs }s=1,2,··· is also bounded.

Lemma 17 The sequence of iterates generated by Algorithm 1, zs = {As , cs }s=1,2,··· , (or
equivalently, {Bs , cs }s=1,2,··· ) is bounded.

Based on the proof of Lemma 16, we can also show that g(Bs+1 , cs+1 ) ≤ g(Bs , cs ) for
the sequence of {Bs , cs }s=1,2,··· that is also created by Algorithm 1.

This proves that f (As+1 , cs+1 ) ≤ f (As , cs ).

f (As+1 , cs+1 ) = g(Bs+1 , cs+1 ) ≤ g(B̃ , cs+1 ) = f (As , cs+1 ) ≤ f (As , cs ).

s

∀j and t. Then, g(B̃ , cs+1 ) = f (As , cs+1 ). Next in Algorithm 1, we obtain Bs+1 by solving Problem (30), i.e., by optimizing g with respect B when c is fixed to cs+1 . Hence,
s
g(Bs+1 , cs+1 ) ≤ g(B̃ , cs+1 ). Then A will be updated by As+1 = diag(cs+1 )Bs+1 , which
s+1 s+1
leads to f (A , c ) = g(Bs+1 , cs+1 ). Overall, we have
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Theorem 19 If both p and k are positive, and k ≥ 1, the accumulation point z∗ is a
stationary point of f .

2

||αj ||pp
φ
= lim
= lim
p
φ→0
φ→0 (γ γ −1 φ) p+k
(cj )p
1
1
k
p
−1 p+k − p+k
φ
p+k (γ1 γ2 )

p

φ→0

= lim

k

(p + k)φ p+k
p

p(γ1 γ2−1 ) p+k

−p||αj ||p

= 0.

Proof Due to Lemma 4, we know that the optimal solution of Problem (9) can only occur
when c and αt satisfy Eq.(10), so any other points can be excluded from discussion. Hence,
1
PT
(αjt )p ) p+k , ∀αjt }. We
we define a new level set Z 0 = {z|f (z) ≤ C} ∩ {z|cj = (γ1 γ2−1 t=1
now prove that f is continuous on this set Z 0 and the gradient of f exists when p is even
(differentiable case), and examine 0 ∈ ∂f at z∗ for non-differentiable cases.
Given the definition of f , f is continuous with respect to αjt , ∀j and t. Because f0 is a
division term that has a divisor based on cj , we have the division-by-0 issue, so f is in general
not continuous with respect to cj at 0 (but continuous and differentiable at other values).
f 0 (φ)
However, using L’Hospital’s rule (i.e., lim f1 (φ) ) = lim 10 ), we show that f is continuous
φ→0 f2 (φ
φ→0 f2 (φ
PT
with respect to cj at cj = 0 in the set Z 0 . When cj = 0, ||αj ||pp = t=1
(αjt )p = 0 due to
Eq.(10). Let φ = ||αj ||pp . Since the function f0 is a ratio of two items both approaching 0
as functions of φ, we can apply L’Hospital’s rule as follows

lim

φ→0

−pφ

p+1

φ→0

= lim

(p +

1)(γ1 γ2−1 )

(p+1)
p+k

−p(p + k)φ p+k

k−1

= 0,

p
0
We then compute the partial derivative of f0 with respect to cj , which is ∂f
∂cj = (cj )p+1 for
cj 6= 0. Now when cj approaches 0, we can prove continuity using L’Hospital’s rule:

∂f0
−p||αj ||pp
= lim
|c →0 = lim
φ→0 (cj )p+1
∂cj j

φ→0
(γ1 γ2−1 φ) p+k

(p+1)

when k > 1. When k = 1, the limit is a finite
−p(p + k)/((p + 1)(γ1 γ2−1 ) p+k ).
P number
|αjt |p is not differentiable at 0. However,
Note that when an odd p is taken, ||αt ||pp =
the above limit exists no matter f is differentiable or not because we take φ as the varying
parameter. With the above conditions, we use the results in Tseng (2001) that when each
subproblem has a unique minimum, which is the case in our algorithm because Subproblem
(30) is strictly convex (for our chosen loss functions) and we have already proved the unique
analytical solution of c, z∗ is a stationary point of f .
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We briefly discuss the computation cost of Algorithm 1. Subproblem (30) is essentially
for single task learning, which can be solved by many existing efficient algorithms, such as
gradient-based optimization methods. The second subproblem has a closed-form solution for
c, which requires only a minimal level of computation. The computation cost of Algorithm
1 only linearly increases with the number of tasks. Due to the nature of Algorithm 1, it can
be easily parallelizable and distributed to multiple processors when optimizing individual
β t . More efficient algorithms may be designed for specific choices of p in the future.
19
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We empirically evaluated the performance of the multiplicative MTFL algorithms on both
synthetic data sets and a variety of real-world data sets, where we solved either classification (using the logistic regression loss) or regression (using the least squares loss) problems.
In the experiments, we implemented and compared Algorithm 1 for four parameter settings: (p, k) = (2, 2), (1, 1), (2, 1), and (1, 2), corresponding to four multiplicative MTFL
(MMTFL) methods as listed in Table 2. Although when the values of (p, k) were (2,2) and
(1,1), the two models corresponded respectively to the same methods in Bi et al. (2008)
and Lozano and Swirszcz (2012), they were solved differently from prior methods using
our Algorithm 1 with higher computational efficiency. When (p, k) = (2, 1) and (1, 2), the
resultant models corresponded to the two new formulations.
In our experiments, the multiplicative MTFL methods were also compared with the
additive MTFL methods that decompose the model parameters into an addition of two
components, such as the Dirty model (DMTL) (Jalali et al., 2010) and the robust MTFL
(rMTFL) (Gong et al., 2012). Single task learning (STL) approaches were also implemented
as baselines and compared with all of the MTFL algorithms in the experiments. We list
the various methods used for comparison in our experiments as follows:

• STL lasso : Learning each task independently with ||αt ||1 as the regularizer.

• STL ridge : Learning each task independently with ||αt ||22 as the regularizer.

• DMTL (Jalali et al., 2010) : The dirty model with regularizers ||P||1,1 and ||Q||1,∞ ,
where A = P + Q.

• rMTFL (Gong et al., 2012) : Robust multitask feature learning with the regularizers
||P||1,2 and ||QT ||1,2 , where A = P + Q.

• MMTFL{2, 2} (Bi et al., 2008) : Multiplicative multitask feature learning with regularizers ||B||F2 and ||c||22 , where A = diag(c)B.

• MMTFL{1, 1} (Lozano and Swirszcz, 2012) : Multiplicative multitask feature learning
with regularizers ||B||1,1 and ||c||1 , where A = diag(c)B.

• MMTFL{2, 1}(New formulation 1) : Multiplicative multitask feature learning with
regularizers ||B||F2 and ||c||1 , where A = diag(c)B.

• MMTFL{1, 2}(New formulation 2) : Multiplicative multitask feature learning with
regularizers ||B||1,1 and ||c||22 , where A = diag(c)B.
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In all experiments, unless otherwise noted, the original data set was partitioned to have
25%, 33% or 50% of the data in a training set and the rest used for testing. For each
specified partition ratio (corresponding to a trial), we randomly partitioned the data 15
times and reported the average performance. The same tuning process was used to tune
the hyperparameters (e.g.,γ1 and γ2 ) of every method in the comparison. In every trial, an
internal three-fold cross validation (CV) was performed within the training data of the first
partition to select a proper hyperparameter value for each of the methods from the choices of

20

21

JMLR 17(80):1-33

Category 1 (C1). In the C1 experiments, 40% of the rows in the matrix A were set to 0.
Since each row corresponded to a feature across the tasks, the zero rows made the features
irrelevant to all tasks. All remaining features received non-zero values in A so that they
were used in every task’s model although with different combination weights. Hence, the
individual models were sparse with respect to all synthesized features, but not sparse with
respect to the selected features. The pre-defined A is demonstrated in Figure 1a(top), where
we transpose A to have columns representing features and a darker spot indicates that the
particular element of A had a larger absolute value. Note that this synthetic data follows
the assumption that has motivated the early block-wise joint regularized methods that
used matrix-norm-based regularizers. Those methods were developed with an assumption
that a subset of features was shared by all tasks. However, we observed that the level of
shrinkage needed would be different for c and β, which corresponded to non-matrix-norm-

6.1.1 Synthetic Datasets

We created three categories of data sets, all of which were designed for regression experiments to evaluate the behaviors of the different methods. The data sets in each category
were created with a pre-specified feature sharing structure. The first two categories were
designed to validate the scenarios that we hypothesized for our two new formulations to
work. We performed sensitivity analyses using these two categories of data sets, i.e., studying how performance was altered when the number of tasks or the number of features varied.
Because we also empirically compared with a few additive decomposition based methods, it
would be interesting to see how multiplicative MTFL behaved in a scenario that was actually in favor of additive MTFL. Hence, in the third category, the feature sharing structure
was generated following the assumption that the robust MTFL method used (Gong et al.,
2012).
In all experiments, we created input examples Xt for each task t using a number of
features randomly drawn from the standard multivariate Gaussian distribution N (0, 1), and
pre-defined A = [α1 , · · · , αT ] across all tasks. The responses for each task was computed
by yt = Xt αt + t where t ∼ N (0, 0.5) was the noise introduced to the model. If an entry
of A was set to non-zero, its value was randomly sampled from a uniform distribution in
the interval [0.5, 1.5]. As a side note, we transposed A in Figure 1 for better illustration.

6.1 Simulation Studies

2k with k = −10, −9, · · · , 7. In the subsequent partitions of each trial, the hyperparameters
were fixed to the values that yielded the best performance in the CV.
The regression performance was measured by the coefficient of determination, denoted
by R2 , which measures the explained variance of the data by the fitted
model. In particular,
Pn
(yi −fi )2
we used the following formula to report performance R2 = 1 − Pi=1
n
2 where ȳ is the
(y
i=1 i −ȳ)
mean of the observed values of y and fi is the prediction of the observed yi . The reported
values in our experiments were the averaged R2 over all tasks. The R2 value ranges from 0 to
1, and a higher value indicates better regression performance. The classification performance
was measured by the F1 score, which is the harmonic mean of precision and recall. The
numbers we reported in each trial was the F1 score averaged over all tasks. Similarly, the F1
score also ranges from 0 to 1 and higher values represent better classification performance.

Multiplicative Multitask Feature Learning

(b) Synthetic data C2

(c) Synthetic data C3
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based regularizers. We hypothesized that the proposed new formulation (3) would produce
better regression performance than existing models on this data category.
To examine how the number of tasks influenced the performance of different methods,
we varied the number of tasks from 1, 5, 10, 50, and 100 to 1000. For each task, we created
200 examples, each represented by 100 features. We also tested the different methods when
increasing the number of features. In this set of experiments, we used 20 tasks and each task
contained 1000 examples. Each example was represented by a number of features ranging
from 200 to 1000 with a step size of 200.
Category 2 (C2). In the C2 experiments, 10% of the rows in A were set to non-zero
and these features were shared by all tasks. We then arranged the tasks to follow six
different sparse structures (the staircases) as shown in Figure 1b(top), where we once again
transpose A. Each of the remaining features except the 10% common features was used
by a comparatively small proportion of the tasks. Consecutive tasks were grouped such
that the neighboring groups of tasks shared 7% of the features besides the 10% common
features, whereas the non-neighboring groups of tasks did not share any features. Therefore,
no feature could be excluded from all tasks, but a majority of individual features (90%) was
only useful for few tasks (i.e., the useful features for one task were sparse). In this case,
the non-sparsity-inducing norm was suitable for regularizing c and sparsity-inducing norm
was more suitable for regularizing β. We hypothesized that the new formulation (4) would
produce better regression performance than the other models on this data set.
We created 20, 50, 100, 500 and 1000 tasks, respectively, to test the algorithms’ sensitivity to the number of tasks. The numbers of tasks were chosen to make sure enough tasks
in each of the six groups. The number of tasks in each group ranged from 3 to 170. We
generated 200 examples and 100 features for each task. We also created another set of C2
data sets with the number of features changing from 200 to 1000 with a step size of 200 for
20 tasks and 1000 examples for each task.
Category 3 (D3). This category was synthesized following the model of the additive decomposition methods. It only contained one data set where 200 examples, each represented

Figure 1: The true parameter matrix versus the parameter matrices constructed by the various methods on synthetic data. The figure shows the results when 200 examples
and 100 features were created for 20 tasks each. Darker color indicates larger
values in magnitude.

(a) Synthetic data C1
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STL lasso
0.32±0.02
0.54±0.03
0.70±0.02
0.42±0.03
0.77±0.02
0.95±0.01
0.28±0.03
0.47±0.01
0.77±0.01
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STL ridge
0.45±0.01
0.62±0.02
0.86±0.01
0.33±0.01
0.63±0.01
0.89±0.01
0.43±0.03
0.56±0.02
0.78±0.01

DMTL
0.60±0.02
0.73±0.01
0.75±0.01
0.36±0.01
0.42±0.02
0.81±0.01
0.50±0.04
0.60±0.02
0.76±0.02

rMTFL
0.58±0.02
0.61±0.02
0.66±0.01
0.46±0.01
0.63±0.03
0.83±0.01
0.55±0.03
0.65±0.02
0.83±0.01

MMTFL(2,2) MMTFL(1,1) MMTFL(2,1) MMTFL(1,2)
0.64±0.02
0.54±0.03
0.73±0.02
0.42±0.04
0.79±0.02
0.76±0.01
0.86±0.01
0.65±0.03
0.86±0.01
0.88±0.01
0.90±0.01
0.84±0.01
0.45±0.01
0.35±0.05
0.46±0.02
0.49±0.02
0.69±0.02
0.75±0.01
0.67±0.03
0.83±0.02
0.91±0
0.95±0
0.92±0.01
0.97±0
0.54±0.03
0.31±0.02
0.43±0.02
0.34±0.02
0.64±0.02
0.45±0.04
0.60±0.04
0.47±0.03
0.81±0.02
0.75±0.01
0.79±0.02
0.76±0.01

Table 3: Comparison of the test R2 values obtained by the different MTFL methods on
synthetic data sets using different partition ratios for training data (where standard
deviation 0 means that it is less than 0.01).
Dataset
25%
C1 33%
50%
25%
C2 33%
50%
25%
33%
50%

C3

by 100 features, were generated for each of 20 tasks. The parameter matrix A = P + Q
where 80 rows in P and 16 columns in Q were set to 0. The component P was used to
indicate the subset of relevant features across all tasks, and the component Q was used to
tell that there were outlier tasks that did not share features with other tasks. Given this
simulation process, this data set would be in favor of the rMTFL model proposed in Gong
et al. (2012). The designed model parameter matrix was shown in Figure 1c(top).
6.1.2 Performance on synthetic data sets

JMLR 17(80):1-33

We first compared the regression performance of the different methods on the three categories of data sets. Table 3 shows the averaged R2 values together with standard deviations
for each method and each trial setting. The best results are shown in bold fonts. The results
in Table 3 were obtained on synthetic data sets that had 20 tasks with 200 examples and
100 features for each task. We reported the test R2 obtained on each data set when 25%,
33% and 50% of the data were used in training. From Table 3, we observe that the proposed formulation (3)(MMTFL(2,1)) consistently outperformed other models on C1 data
sets, whereas the proposed model (4)(MMTFL(1,2)) consistently outperformed on C2 data
sets. The results confirmed our hypotheses that the two proposed models could be more
suitable for learning the type of sharing structures in C1 and C2. As anticipated, rMTFL
model constantly outperformed other models on the C3 data set. Among the multiplicative
MTFL methods, MMTFL(2,2) achieved similar performance to that of rMTFL (off only by
0.01 ∼ 0.02 for average R2 ).
In order to elucidate the different shrinkage effects of the different decomposition strategies and regularizers, we compared the true parameter matrix with the constructed parameter matrices by the six MTFL methods used in our experiments in Figure 1. From
the results on the C1 and C2 data sets, we observe that only MMTFL(2,1), MMTFL(1,2)
and MMTFL(1,1) produced reasonably sparse structures. The two additive decomposition
methods could not yield a sufficient level of sparsity in the models. Although the unused
features did receive smaller weights in general, they were not completely excluded. To evaluate the accuracy of feature selection, we quantitatively measured the discrepancy between
the estimated models and the true model by computing the mean squared error (MSE)
trace((A − Aest )> (A − Aest )) where Aest was the matrix estimated by a method. We
compared MSE values of individual mothods.
On the C1 data, MMTFL(2,1) learned better combination weights (darker areas) for
the relevant features than MMTFL(1,1). MMTFL(1,1) appeared to be unnecessarily too
23
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(a) On C1 data

(b) On C2 data

Figure 2: The regression performance of different models on synthetic data C1 and C2 when
the number of tasks is varied.
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sparse because the useful features received much smaller weights than needed (lighter than
the true model). The smallest MSE was achieved by MMTFL(2,1) with a value of 0.1, and
the second best model, MMTFL(1,1), had MSE = 0.2 whereas the rMTFL model had the
largest MSE = 0.25.
On the C2 data, MMTFL(1,2) learned a model that was most comparable to the true
model. Both MMTFL(1,2) and MMTFL(1,1) eliminated well the irrelevant features. However, if we compared the two rows corresponding to these two models in Figure 1, we could
see that MMTFL(1,1) broke the staircases in several places (e.g., towards the lower right
and the up left corners) by excluding more features than necessary. Note that the feature
sharing patterns (particularly in synthetic data C2) may not be revealed by the recent
methods on clustered multitask learning that cluster tasks into groups (Kang et al., 2011;
Jacob et al., 2008; Zhou et al., 2011) because no cluster structure is present in Figure 1b.
Rather, the sharing pattern in Figure 1b is actually in between the consecutive groups of
tasks. MMTFL(1,2) had the smallest MSE = 0.05, which was smaller than that of the
second best model MMTFL(1,1) by 0.025. DMTL received the largest MSE = 0.19.
Figure 1c shows the results on the C3 data set. MMTFL(2,1), MMTFL(1,2), and
MMTFL(1,1) imposed excessive sparsity on the parameter matrix, which removed some
useful features. The other three models, DMTL, rMTFL and MMTFL(2,2), produced
similar parameter matrices, but rMTFL was originally designed to detect outlier tasks and
thus was more favorable for this data set. The rMTFL model obtained the smallest MSE
(0.03), and MMTFL(2,2) had a similar performance (MSE=0.04), which was the same as
that of DMTL. On this data set, MMTFL(1,1) got the largest MSE (0.09). These results
bring out an interesting observation that for the MTL scenarios that have outlier tasks
but relevant tasks share the same set of features, MMTFL(2,2) (which corresponds to the
very early joint regularized method using the `1,2 matrix norm) is most suitable among the
multiplicative MTFL methods.
Figure 2 compares the performance of different methods when we vary the number of
tasks in the C1 and C2 categories. On each data set, we used 33% of the data in training
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Extensive empirical studies were conducted on benchmark data sets where we tested the
proposed multiplicative MTFL algorithms on ten real-world data sets. Among these data
sets, three were for regression experiments and all others were for classification experiments.
Characteristics of these data sets are summarized in the next section.

6.2 Experiments with Benchmark Data

with 15 trials, and reported here the average R2 values and standard deviation bars. From
Figure 2, MMTFL(2,1) constantly performed the best among all methods on the C1 data
sets (but not in the single task learning) whereas MMTFL(1,2) outperformed the other
models on the C2 data sets. We also observed that on C2 data, MMTFL(1,1) obtained very
similar performance to that of MMTFL(1,2) after the number of tasks reached 50. On this
data category, almost all methods reached a stable level of accuracy after the number of tasks
reached 50 except DMTL. DMTL continued to gain knowledge from more relevant tasks
until it reached 500 tasks but it produced the lowest R2 values among all methods. Overall,
the results indicate that with the fixed dimension and sample size, when the number of tasks
reaches a certain level, the transferable knowledge learned from the tasks can be saturated
for a specific feature sharing structure. On C1 data, we observe that the performance was
not always monotonically improved or non-degraded (for all methods) when more tasks
were included, which may indicate that when an unnecessarily large number of tasks was
used, it could add more uncertainty to the learning process.
Figure 3 compares the performance of different methods when we vary the number
of features in the C1 and C2 categories. Obviously, when the problem dimension was
higher, the learning problem became more difficult (especially when the number of tasks and
sample size remained the same). All methods dropped their performance substantially with
increasing numbers of features although MMTFL(2,1) and MMTFL(1,2) still outperformed
other methods, respectively, on the C1 and C2 data sets. This figure also shows that
MMTFL(1,1) performed well on the C2 data sets but much worse on the C1 data sets.
DMTL produced good performance, close to that of MMTFL(2,1), on the C1 data sets.

Figure 3: The regression performance of different models on synthetic data C1 and C2 when
the number of features is varied.

(a) On C1 data
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Sarcos (Argyriou et al., 2007): Sarcos data were collected for a robotics problem of learning
the inverse dynamics of a 7 degrees-of-freedom SARCOS anthropomorphic robot arm. Each
observation has 21 features corresponding to 7 joint positions and their velocities and accelerations. We needed to map from the 21-dimensional input space to 7 joint torques, which
corresponded to 7 tasks. For each task, we randomly selected 2000 cases for training and the
remaining 5291 cases for test. Readers can consult with http://www.gaussianprocess.org/
gpml/data/ for more details.
CollegeDrinking (Bi et al., 2013): The college drinking data were collected in order
to identify alcohol use patterns of college students and the risk factors associated with
the binge drinking. The data set contained daily responses from 100 college students to
a survey questionnaire measuring various daily measures, such as drinking expectation,
negative affects, and level of stress, every day in a 30 day period. The goal was to predict
the amount of nighttime drinks based on 51 daily measures for each student, corresponding
to 100 regression tasks. Because there were only 30 records for each person, we used 66%,
75% and 80% of the records to form the training set, and the rest for test.
QSAR (Ma et al., 2015): The quantitative structure-activity relationship (QSAR) methods are commonly used to predict biological activities of chemical compounds in the field
of drug discovery. The data sets we used were collected from three different types of drug
activities, including binding to cannabinoid receptor 1 (CB1), inhibition of dipeptidyl peptidase 4 (DPP4) and time dependent 3A4 inhibitions (TDI). For each activity, there were 200
molecule examples represented by 2618 features. Three regression models were constructed
to simultaneously predict the targets −log(IC50)) of the CB1, DPP4 and TDI effectiveness
based on the molecular features.
C.M.S.C. (Lucas et al., 2013): The Climate Model Simulation Crashes (C.M.S.C.) data
set contained records of simulated crashes encountered during climate model uncertainty
quantification ensembles. The data set comprised 3 tasks. There were 180 examples for
each task. Each example was represented by an 18-dimensional feature vector. Each task is
formed by a binary classification problem, which was to predict simulation outcomes (either
fail or succeed) from the input parameter values for a climate model.
Landmine (Xue et al., 2007): The original Landmine data contained 29 data sets where
sets 1-15 corresponded to the geographical regions that were highly foliated and sets 16-29
corresponded to the regions with bare earth or desert. Each data set could be used to
build a binary classifier. We used the data sets 1-10 and 16-25 to form 20 tasks where
each example was represented by 9 features extracted from radar images. The number of
examples varied between individual tasks ranging from 445 to 690.
Alphadigits (Maurer et al., 2013): This data set was composed of binary 20 × 16 images
of the 10 digits and capital letters. We used all the images of digits to form 10 binary
classification tasks. For each digit, there were 39 images in this data set. We labeled the
images of a single digit as positive examples, and randomly selected other 39 images from
other digits and labeled them as negative examples. All the pixels were concatenated to
form a 320-dimensional feature vector for each image.
Underwatermine (Liu et al., 2009b): This data set was originally used in the underwater mine classification problem that aimed to detect mines from non-mines based on the
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synthetic-aperture sonar images. The data set consisted of 8 tasks with sample sizes ranging
from 756 to 3562 for each task, and each task was a binary classification problem. Each
example was represented by 13 features.
Animal recognition (Kang et al., 2011): This data set consisted of images from 20
animal classes. Each image was originally represented by 2000 features extracted using
the bag of word descriptors from the Scale-invariant Feature Transform (SIFT), and then
the dimensionality was reduced to 202 by a principal component analysis, retaining 95%
of the data variance. For each animal class, there were 100 images. We formed 20 binary
classification tasks where for each task, 100 positive examples were from a specific animal
class and 100 negative examples were randomly sampled from other classes.
HWMA base and HWMA peak (Qazi et al., 2007; Bi and Wang, 2015): The heart
wall motion abnormality (HWMA) detection data set was used to analyze and predict
if a heart had abnormal motion based on the image features extracted from stress test
echocardiographs of 220 patients. The images were taken at the base dose and also peak
dose of stress contrast. The wall of left ventricle was medically segmented into 16 segments,
and 25 features were extracted from each segment. Every segment of every heart case was
annotated by radiologists in terms of normal or abnormal motions. Thus, there were 16
binary classification tasks, each corresponding to one of the 16 heart segments, and each
task comprised 220 examples.
6.2.2 Performance on real world data sets
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Three real-world data sets, the Sarcos, CollegeDrinking and QSAR, were used in regression
experiments. The performance of the different methods is summarized in Table 4 depicting
the R2 values averaged over the 15 re-partitions in each trial. MMTFL(2,1) achieved the
best R2 values on the Sarcos data set (in all of the 3 trials) and the CollegeDrinking
data set (in 2 of the 3 trials). The Sarcos data appeared to be in favor of denser models
given MMTFL(2,2) also performed reasonably well on this data set. MMTFL(1,2) models
achieved the best performance on the QSAR data set consistently across all the 3 trial
settings. On this data set, it was obvious that MMTFL(1,2) was more suitable, which
indicated that most of the 2618 features were useful for some tasks, but the tasks shared
few features between each other. The difference between the proposed models and the
additively decomposed models ranged from 1 % to 10%, and most importantly, the trend
was consistent for the proposed models to outperform on these data sets.
The other seven real-world data sets were used in classification experiments. Table 5
summarizes the results where the F1 scores were averaged across the 15 random splits in each
trial together with standard derivations. MMTFL(2,1) models achieved consistently the
best performance on the C.S.M.C. and Landmine data sets in comparison with other models.
In particular, we observed both MMTFL(1,1) and the MMTFL(2,1) models produced the
best F1 scores in the trial with 33% training split whereas MMTFL(2,1) outperformed all
other models in the trial with other partition ratios. These two data sets may prefer acrosstask sparse models, indicating that many irrelevant features may exist in the data. For the
remaining five data sets used in classification experiments, MMTFL(1,2) models showed
generally better performance than all other models. The difference between the best model
and other MMTFL models could reach 4% to 8%.
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Figure 4: The models constructed by MTFL methods for individual digits using the pixels
in hand written digit images. The models can be re-organized back into images.
The pixel in the above images ranges from 0 to 1. The lighter, the closer to 1 for
lucid illustration.
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In particular, for the Alphadigits data set, we used the raw pixels of the hand written
digits as the features to build models. Each task aimed to learn a linear model in the original
pixel dimensions to distinguish a digit from other nine digits. Thus, each model, or equivalently the weight vector of the linear model, could be re-shaped back into an image. Figure
4 compares the constructed models for each digit by each of the six MTFL methods. In the
top of Figure 4, we illustrate some sample images. In the middle, we show the results by the
four MMTFL methods whereas at the bottom we include the constructed additively decomposed models. Clearly, the additively decomposed models were much noisier and selected
many undesirable features. Among the multiplicative MTFL methods, MMTFL(1,1) models were too sparse to trace out the digits. Overall, MMTFL(1,2) models were the closest
to the shapes of the different digits. If we compare MMTFL(2,1) and (1,2), MMTFL(2,1)
excluded too many features from all digits. It indicated that most of the pixels were useful
for predicting a digit but not many pixels were shared by multiple digits.
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Table 5: Comparison of the F1 scores of the different MTFL methods on the benchmark classification data sets.

C.S.M.C.
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Animal

Underwatermine

Alphadigits

Landmine

Dataset

Dataset

STL lasso
0.75±0.02
0.78±0.01
0.82±0.01
0.15±0.05
0.18±0.05
0.11±0.06
0.39±0.03
0.39±0.04
0.44±0.06

STL ridge
0.78±0.02
0.78±0.02
0.83±0.06
0.09±0.02
0.15±0.02
0.09±0.04
0.36±0.01
0.39±0.04
0.41±0.03

DMTL
0.86± 0
0.81±0.11
0.87± 0.1
0.11± 0.07
0.18± 0.08
0.19± 0.06
0.39±0.01
0.40±0.04
0.44±0.03

rMTFL
0.86±0
0.81±0.1
0.87±0.1
0.22±0.02
0.18±0.05
0.16±0.06
0.39±0.01
0.39±0.04
0.44±0.04

MMTFL(2,2) MMTFL(1,1) MMTFL(2,1) MMTFL(1,2)
0.89± 0
0.88± 0
0.89±0.01
0.86±0.01
0.90± 0
0.89± 0
0.90±0.01
0.82±0.01
0.89± 0
0.90± 0.01
0.91±0.01
0.86±0.01
0.23±0.04
0.15± 0.02
0.21±0.01
0.19±0.04
0.14±0.05
0.25± 0.08
0.27±0.05
0.21±0.08
0.19±0.05
0.15± 0.04
0.21±0.04
0.15±0.04
0.34±0.02
0.38±0.03
0.38±0.03
0.40±0.03
0.37±0.04
0.41±0.04
0.40±0.05
0.43±0.03
0.40±0.06
0.44±0.04
0.45±0.05
0.48±0.04

Table 4: Comparison of the R2 values of the different MTFL methods on the benchmark regression data sets.
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HWMA base

CollegeDrinking

SARCOS

25%
33%
50%
66%
75%
80%
25%
33%
50%

QSAR

MMTFL(2,2) MMTFL(1,1) MMTFL(2,1) MMTFL(1,2)
0.40±0
0.39±0.01
0.43±0
0.39±0
0.40±0.01
0.45±0.01
0.45±0.01
0.39±0.01
0.48±0.01
0.46±0.01
0.49±0.01
0.46±0
0.1±0.01
0.17±0.01
0.17±0.01
0.17±0.01
0.1±0.01
0.18±0.01
0.18±0.01
0.12±0.01
0.11±0.01
0.19±0.01
0.23±0.01
0.15±0.01
0.85±0.01
0.84±0.01
0.78±0.01
0.88±0.01
0.87±0.01
0.85±0.01
0.81±0.01
0.91±0.01
0.91±0.01
0.90±0.01
0.85±0.01
0.93±0.01
0.29±0.01
0.24±0.01
0.25±0.01
0.27±0.01
0.3±0.01
0.3±0.01
0.27±0.01
0.32±0.01
0.32±0.01
0.34±0.01
0.35±0.01
0.37±0.01
0.66±0.01
0.64±0.01
0.63±0.01
0.66±0.01
0.67±0.01
0.66±0.01
0.66±0.01
0.68±0.01
0.69±0.01
0.67±0.01
0.68±0.01
0.69±0.01
0.46±0.01
0.36±0.01
0.44±0.01
0.45±0.01
046±0.01
0.44±0.01
0.47±0.01
0.49±0.01
0.51±0.01
0.47±0.01
0.47±0.01
0.55±0.01
0.53±0.01
0.53±0.01
0.51±0.01
0.54±0.01
0.56±0.01
0.55±0.01
0.52±0.01
0.53±0.01
0.56±0.01
0.56±0.01
0.55±0.01
0.58±0.01

rMTFL
0.26±0.01
0.39±0.01
0.44±0.01
0.06±0
0.16±0.01
0.21±0.01
0.86±0
0.90±0.01
0.92±0.01
0.27±0
0.29±0.01
0.34±0.01
0.65±0
0.65±0.01
0.66±0.01
0.4±0
0.47±0.01
0.48±0.01
0.47±0
0.5±0.01
0.51±0.01

DMTL
0.36±0
0.37±0.01
0.37±0.01
0.04±0.01
0.16±0.01
0.18±0.01
0.86±0.01
0.90±0.01
0.91±0.01
0.21±0.01
0.31±0.01
0.32±0.01
0.65±0.01
0.66±0.01
0.68±0.01
0.42±0.01
0.45±0.01
0.48±0.01
0.47±0.01
0.47±0.01
0.49±0.01

STL ridge
0.31±0.03
0.37±0.06
0.46±0.01
0.06±0.01
0.15±0.01
0.15±0.01
0.77±0.01
0.87±0.01
0.87±0.01
0.27±0.02
0.31±0.02
0.28±0.01
0.63±0.01
0.67±0.01
0.68±0.01
0.37±0.01
0.34±0
0.45±0.01
0.48±0.01
0.47±0.01
0.50±0.02

STL lasso
0.30±0.04
0.37±0.02
0.40±0.02
0.14±0.01
0.13±0.01
0.15±0.01
0.86±0.01
0.90±0.01
0.90±0.01
0.24±0.01
0.25±0.01
0.27±0.01
0.63±0.01
0.66±0.01
0.67±0
0.35±0.01
0.38±0.01
0.44±0.01
0.41±0
0.42±0.01
0.44±0.02

25%
33%
50%
25%
33%
50%
25%
33%
50%
25%
33%
50%
25%
33%
50%
25%
33%
50%
25%
33%
50%
HWMA peak
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Closely related to multitask learning but more challenging is the problem of learning-tolearn (LTL), namely learning to perform a new task by exploiting knowledge acquired when
solving previous tasks. Arguably, a solution to this problem would have major impact in

Multitask learning (MTL) can be characterized as the problem of learning multiple tasks
jointly, as opposed to learning each task in isolation. This problem is becoming increasingly important due to its relevance in many applications, ranging from modelling users’
preferences for products, to multiple object classification in computer vision, to patient
healthcare data analysis in health informatics, to mention but a few. Multitask learning
algorithms which exploit structure and similarities across different learning problems have
been studied by the machine learning community since the mid 90’s, initially in connection
to neural network models (see Baxter, 2000; Caruana, 1998; Thrun and Pratt, 1998, and
reference therein). More recent approaches have been based on kernel methods (Evgeniou
et al., 2005), structured sparsity and convex optimization (Argyriou et al., 2008), among
others.

1. Introduction

Keywords:
learning-to-learn, multitask learning, representation learning, statistical
learning theory, transfer learning

We discuss a general method to learn data representations from multiple tasks. We provide
a justification for this method in both settings of multitask learning and learning-to-learn.
The method is illustrated in detail in the special case of linear feature learning. Conditions
on the theoretical advantage offered by multitask representation learning over independent
task learning are established. In particular, focusing on the important example of half-space
learning, we derive the regime in which multitask representation learning is beneficial over
independent task learning, as a function of the sample size, the number of tasks and the
intrinsic data dimensionality. Other potential applications of our results include multitask
feature learning in reproducing kernel Hilbert spaces and multilayer, deep networks.
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Learning-to-learn (also called inductive bias learning or transfer learning) has been proposed by Thrun and Pratt (1998) and theoretically studied by Baxter (2000) where an error analysis is provided, showing that a common representation which performs well on the
training tasks will also generalize to new tasks obtained from the same “environment”. More
recent papers which present dimension independent bounds appear in Maurer (2006a,b);
Maurer and Pontil (2013); Maurer et al. (2013); Pentina and Lampert (2014).

Despite the considerable success of multitask learning and in particular multitask representation learning there are only few theoretical investigations (Ando and Zhang, 2005;
Baxter, 2000; Ben-David and Schuller, 2003). Other statistical learning bounds are restricted to linear multitask learning such as (Cavallanti et al., 2010; Lounici et al., 2011;
Maurer, 2006a,a).

Many papers have proposed multitask learning methods and studied their applications to
specific problems (see Ando and Zhang, 2005; Argyriou et al., 2008; Baxter, 2000; BenDavid and Schuller, 2003; Caruana, 1998; Cavallanti et al., 2010; Kuzborskij and Orabona,
2013; Maurer et al., 2013; Pentina and Lampert, 2014; Widmer et al., 2013, and references
therein). There is a vast literature on these subjects and the list of papers provided here is
necessarily incomplete.

1.1 Previous Work

In this paper we analyze a general method for MTRL and discuss its potential advantage
in both the MTL setting, where the learned representation is applied to the same tasks used
during training, and in the domain of LTL, where the representation is applied to new tasks.
We derive upper bounds on the error of these methods and quantify their advantage over
independent task learning. When the original data representation is high dimensional and
the number of examples provided to solve a regression or classification problem is limited,
any learning algorithm which does not use any sort of prior knowledge will perform poorly
because there is not enough data to reliably estimate the model parameters. We make this
statement precise by considering the example of half space learning.

An influential line of research on multitask and transfer learning is based on the idea
that the tasks are related by means of a common low dimensional representation, which is
learned jointly with the tasks’ parameters. This approach was first advocated in (Baxter,
2000; Caruana, 1998; Thrun and Pratt, 1998) and more recently reconsidered in (Argyriou
et al., 2008) from the perspective of convex optimization and sparsity regularization. Representation learning is also a key problem in AI, and in the past years there has been much
renewed interest in learning nonlinear hierarchical representations from multiple tasks using
multilayer, deep networks. Researchers have shown improved results in a number of empirical domains; the case of computer vision is perhaps most remarkable, (see e.g. Girshick et
al., 2014, and references therein). This success has increased interest in multitask representation learning (MTRL) as it is a core component of deep networks. Still, the understanding
of why this methodology works remains largely unexplored.

Artificial Intelligence as we could build machines which learn from experience to perform
new tasks, similar to what we observe in human behavior.

Maurer, Pontil and Romera-Paredes

The Benefit of Multitask Representation Learning

1.2 Our Contributions
There are two main contributions of this work. First we present bounds to both the MTL
and LTL settings, which apply to a very general MTRL method. Our analysis goes well
beyond linear representation learning considered in most previous works. It improves over
the analysis by Baxter (2000) based on covering numbers. We use more recent techniques of
empirical process theory to achieve bounds which are independent of the input dimension
(hence also valid in reproducing kernel Hilbert spaces) and to avoid logarithmic factors.
Furthermore our analysis can be made fully data dependent. When specialized to subspace
learning (i.e. linear feature learning) we get best bounds valid for infinite dimensional input
spaces.
As the second main contribution of this paper, we explain the advantage of MTRL
in terms of specificity of feature maps and expose conditions when MTRL is beneficial
or when it is not worth the effort. We further specialize our upper bounds to half-space
learning (noiseless binary classification) and compare them to a general lower bound for
learning isolated tasks. We observe that if the number of tasks grows then the performance
of the method (both in the MTL and LTL setting) matches the performance of square
norm regularization with best a priori known representation. This analysis highlights the
advantage of multitask learning over learning the tasks independently. We also present
numerical experiments for half-space learning, which indicate the good agreement between
theory and experiments.
1.3 Organization
The paper is organized as follows. In Section 2, we introduce the problem and present our
main results. In Section 3, we specialize these results to subspace learning and illustrate
the role played by the data covariance matrices in our bounds. In Section 3.1 we further
illustrate our results in the case of half-space learning, rigorously comparing our upper
bounds to a general lower bound for orthogonal equivariant algorithms. In Section 4, we
present the proof of our main results, developing in particular uniform bounds on the
estimation error. Finally, in Section 5 we summarize our findings and suggest directions for
future research.

2. Multitask Representation Learning
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The set of possible observations is denoted by Z = (X , R), where the members of X are
interpreted as inputs and the members of R are interpreted as outputs, or labels. A learning
task is modelled by a probability measure µ on Z where µ (x, y) is the probability to
encounter the input-output pair (x, y) ∈ Z in the context of task µ. We want to learn how
to predict outputs. If we predict y while the true output is y 0 , we suffer a loss ` (y, y 0 ), where
the loss function ` : R × R → [0, 1] is assumed to be 1-Lipschitz in the first argument for
every value of the second argument. Different Lipschitz constants can be absorbed in the
scaling of the predictors and different ranges than [0, 1] can be handled by a simple scaling
of our results.
3
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If g is a real function defined on X , then the values g (x) can be interpreted as predictors
and the expectation E(X,Y )∼µ [` (g (X) , Y )] is the risk associated with hypothesis g on the
task µ.
Multitask learning simultaneously considers many tasks µ1 , . . . , µT and hopes to exploit
some suspected common property of these tasks. For the purpose of this paper this property
is the existence of a representation or common feature-map, which simultaneously simplifies
the learning problem for most, or all of the tasks at hand. We consider predictors g which
factorize
g = f ◦ h,

t=1 i=1

T
n
1 XX
` (ft (h (Xti )) , Yti ) : h ∈ H, (f1 , . . . , fT ) ∈ F T
nT

.

(1)

where “◦” stands for functional composition, that is, (f ◦ h)(x) = f (h (x)), for every x ∈ X .
The function h : X → RK is called the representation, or feature-map, and it is used across
different tasks, while f is a function defined on RK , a predictor specialized to the task at
hand. In the sequel K will always be the dimension of the representation space.
As usual in learning theory the functions h : X → RK and f : RK → R are chosen from
respective hypothesis classes H and F, which we refer to as the class of representations and
the class of specialized predictors, respectively. These classes can be quite general, but we
require that the functions in F have Lipschitz constant at most L, for some positive real
number L.
The choice of representation and specialized predictors is based on the data observed
for all the tasks. This data takes the form of a multi-sample Z̄ = (Z1 , . . . , ZT ), with Zt =
(Zt1 , . . . , Ztn ) ∼ µtn . Here and in the sequel an exponent on a measure indicates a product
measure, so that µtn is a measure on Z n and Zt is an iid sample of n random
 variables
distributed as µt . We also write Zti = (Xti , Yti ), Zt = (Xt , Yt ) and Z̄ = X̄, Ȳ .
Multitask representation learning (MTRL) solves the optimization problem
(
)
min

In this paper, we are not concerned with the algorithmics of this problem, but rather with
the statistical properties of its solutions ĥ and fˆ1 , . . . , fˆT . Note that these are functional
random variables in their dependence on Z̄.
We consider two possible applications of these solutions. One application, which we will
refer to as multitask learning (MTL), retains both the representation ĥ and the specializations fˆ1 , . . . , fˆT to be applied to the tasks at hand. The other, perhaps more important,
application assumes that the tasks µt are related by a probabilistic law, called an environment, and keeps only the representation ĥ to be used when specializing to new tasks
obeying the same law. In this way the parametrization of a learning algorithm is learned,
hence the name “learning-to-learn” (LTL).
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We will give general statistical guarantees in both cases. Our bounds consist of three
terms. The first term can be interpreted as the cost of estimating the representation h and
decreases with the number T of tasks available for training. The second term corresponds to
the cost of estimating task-specific predictors and decreases with the number n of training
examples available for each task. The last term contains the confidence parameter and
typically makes only a very small contribution.

4

t=1

T
1X
E(X,Y )∼µt ` (ft (h (X)) , Y ) .
T

min

h∈H,(f1 ,...,fT )∈F T

Eavg (h, f1 , . . . , fT ) .

5
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It is a fundamental hope underlying our approach that the classes H and F are large enough
for this quantity to be sufficiently small for practical purposes. We use the words “hope”
and “belief” because an “assumption” would imply a statement to be used in analytical

∗
Eavg
=

We want to compare this to the very best we can do using the classes H and F, given
complete knowledge of the distributions µ1 , . . . , µT . The minimal risk is clearly

Eavg (h, f1 , . . . , fT ) =

If we make no further assumptions on the generation of the task-measures µ1 , . . . , µT , a
conceptually simple performance measure for a representation h and specialized predictors
f1 , . . . , fT is the task-averaged risk

2.1 Bounding the Excess Task-averaged Risk (MTL)

or an equivalent distribution-dependent expression. If the feature-maps in H are very
specific, in the sense that their components are appreciably different from zero only for very
√
special data, the quantity in (3) can become much smaller than 1/ n, a phenomenon which
can give a considerable competitive edge to MTRL, in particular if the per-task sample size
n is small. We will demonstrate this in Section 3, where we apply Theorems 1 and 2 to
subspace-learning and show that the above quantity is related to the operator norm of the
data covariance.

kti

where
the γ kti are independent standard normal variables. The Gaussian average is of order
√
nT in T and n for many classes of interest. These include kernel machines with Lipschitz
kernels (e.g. Gaussian RBF) and arbitrarily deep compositions
thereof, see Maurer (2014)
√
for a discussion. As we shall see, this increase of O( nT ) is compensated in our bounds
and the cost of learning the representation vanishes in the multi-task limit T → ∞.
The second term in the bounds is governed by the quantity
s

1
1
1 X
h X̄ = √ sup
sup √
hk (Xti )2
(3)
n h∈H nT
h∈H n T

h∈H kti

≤

c1 L G H X̄
nT


+

r

c2 Q suph∈H h X̄
8 ln (4/δ)
√
+
,
nT
n T

y6=y 0 ∈RKn

sup

n

i=1

X

1
E sup
γ i f (yi ) − f yi0 .
ky − y 0 k f ∈F

(4)

6

µη (A) = Eµ∼η [µ (A)] for A ⊆ Z.
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Now we consider the case where we only retain the representation ĥ obtained from (1) and
specialize it to future, hitherto unknown tasks. This is of course only possible, if there is
some common law underlying the generation of tasks. Following Baxter (2000) we suppose
that the tasks originate in a common environment η, which is by definition a probability
measure on the set of probability measures on Z. The draw of µ ∼ η models the encounter
of a learning task µ in the environment η.
The environment η induces a measure µη on Z by

2.2 Bounding the Excess Risk for Learning-to-learn (LTL)

3. For reasonable classes F one can find a bound on Q, which is independent of n,
because the ky − y 0 k in the denominator balances the Gaussian average depending on
the class F.
√

4. The quantity suph h X̄ is of order nT whenever H is uniformly bounded, a crude
√
bound being nT suph∈H maxti kh (xti )k. The second term is thus typically of order
√
1/ n. As explained in the discussion of Equation (3) above it can be very small if
the representation components in H are very data-specific.

1. The assumptions 0 ∈ H and f (0) = 0 for all f ∈ F are made to give the result a
simpler appearance. They are not essential, as the reader can verify from the proof.
√
2. If G (H (x̄))
√ is of order nT then the first term on the right hand side above is of
order 1/ T n and vanishes in the multi-task limit T → ∞ even for small values of n.

Remarks:

Q ≡ Q(F)

where c1 and c2 are universal constants, G(H(X̄)) is the Gaussian average in Equation (2),
and Q is the quantity

∗
Eavg (ĥ, fˆ1 , . . . , fˆT ) − Eavg

Theorem 1 Let µ1 , . . . , µT , H and F be as above, and assume 0 ∈ H andQf (0) = 0 for all
f ∈ F. Then for δ > 0 with probability at least 1 − δ in the draw of Z̄ ∼ Tt=1 µnt we have
that

reasoning. Instead our approach is agnostic, and our results are valid independent of the
size of the minimal risk above.
Our first result bounds the excess average risk, which measures the difference between
the task-averaged true risk of the solutions to (1) and the theoretical optimum above.

It is not surprising that the complexity of the representation class H (first term in
the bounds) plays a central role. Wemeasure this complexity on the observed input data
X̄ ∈ X T n . Define a random set H X̄ ⊆ RKT n by

H X̄ = {(hk (Xti )) : h ∈ H} .

The complexity measure relevant to estimation of the representation is the Gaussian average
"
#
X

G H X̄ = E sup
(2)
γ kti hk (Xti ) |Xti ,
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f ∈F

EZ∼µn EZ∼µ ` (a (h)Z (X) , Y ) of the empirical risk minimization algorithm a (h), instead of
using knowledge of µ to replace it by minf ∈F EZ∼µ ` (f (h (X)) , Y ). The very best we can
do is thus


Eη∗ = min Eµ∼η min EZ∼µ ` (f (h (X)) , Y ) .

√

2πL G H X̄
√
T n

√



2πL G H X̄
√
T n

+



P

n

t suph∈H kh (Xt )k

+

ln (8/δ)
,
T

8 ln (4/δ)
,
T

r

r

+5

(5)

is the Gaussian average introduced in

n

v
h
i
u
2
u
t E(X,Y )∼µη kh (X)k

2πQ0 (1/T )

h∈H

2πQ0 sup

√

√

+



n

i=1

X
1
E sup
γ i f (yi ) .
kyk f ∈F

where ĥ is solution to the problem (1), G H X̄

sup

y∈RKn \{0}
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1. The constants are now explicit and small. For Theorem 1, uniform estimation had
to be controlled simultaneously in H and F, while for LTL the problem can be more
easily decoupled.
√
n
2. The first term is equivalent to the first term in Theorem √
1 except for n replacing
√
in the denominator. It is therefore typically of order 1/ T instead of 1/ nT . The
different order is due to the estimation of a hitherto unknown task, for which the
sample sizes are irrelevant. To understand this point assume the η has the property
that every µ ∼ η is deterministic, that is supported on a single point zµ ∈ Z. Then
clearly the sample size n is irrelevant, and the problem becomes equivalent to learning
a single task with a sample of size T .

We make some remarks and comparison to the previous result.

Q0 ≡ Q0 (F) =

(2), and Q0 is the quantity

Eη (ĥ) − Eη∗ ≤

and (ii) with the same probability

Eη (ĥ) − Eη∗ ≤

Theorem 2 Let η be an environment on Z and H and F as above. Then: (i) with probability at least 1 − δ in the draw of Z̄ ∼ ρηT

We give the following bound for the excess risk associated with the representation ĥ found
as solution to the optimization problem (1).

Eη (h) − Eη∗ .

The excess risk associated with any representation h is thus

h∈H

This simple mixture plays an important role in the interpretation of our results.
The measure η also induces a measure ρη on Z n which corresponds to the draw of an
n-sample from a random task in the environment. To draw a sample Z ∈Z n from ρη we first
draw a task µ from η and then generate the sample Z = (Z1 , . . . , ZT ) from n independent
draws from µ. Formally
ρη (A) = Eµ∼η [µn (A)] for A ⊆ Z n .
We assume that the tasks µ1 , . . . , µT are drawn independently from η and, consequently,
that the multisample Z̄ = (Z1 , . . . , TT ) is obtained in T independent draws from ρη , that
is, Z̄ ∼ρηT .
The way we plan to use a representation h ∈ H on a new task µ ∼ η is as follows: we
draw a training sample Z = (Z1 , . . . , Zn ) from µn and solve the optimization problem
n

i=1

1X
min
` (f (h (Xi )) , Yi ) .
n
f ∈F

Let fˆh,Z denote the minimizer and mh,Z the corresponding minimum. We will then use the
hypothesis a (h)Z = fˆh,Z ◦ h = fˆh,Z (h(·)) for the new task. In this way any representation
h ∈ H parametrizes a learning algorithm, which is a function a(h) : Z n → F ◦ h, defined,
for every Z ∈Z n , as
a (h)Z = fˆh,Z ◦ h.

In this sense the problem of optimizing such a representation can properly be called “learningto-learn”. It can also be interpreted as “learning a hypothesis space” as in (Baxter,
2000), namely selecting a hypothesis space F ◦ h from the collection of hypothesis spaces
{F ◦ h : h ∈ H}.
We can test the algorithm a (h) on the environment η in the following way:
• we draw a task µ ∼ η,
• we draw a sample Z ∈ Z n from µn ,
• we run the algorithm to obtain a (h)Z = fˆh,Z ◦ h,
• finally, we measure the loss of a (h)Z on a random data-point Z = (X, Y ) ∼ µ.
To define the risk Eη (h) associated with the algorithm a (h) parametrized by h we just
replace all random draws with corresponding expectations, so
Eη (h) = Eµ∼η EZ∼µn E(X,Y )∼µ [` (a (h)Z (X) , Y )] .
The best value for any representation h in a (h) , given complete knowledge of the environment, is then
h∈H

min Eη (h) .
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But, given complete knowledge of the environment, this is still not the best we can do
using the classes F and H, because for given µ and h we still use the expected performance
7

h∈H

k

9
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The first and most important theoretical study of MTL and LTL was carried out by Baxter
(2000), where sample complexity bounds are given for both settings. Instead of a feature
map a hypothesis space is selected from a class of hypothesis spaces. Clearly every feature
map with values in RK defines a hypothesis space while the reverse is not true in general,
so Baxter’s setting is certainly more general than ours. On the other hand the practical
applications discussed in (Baxter, 2000) can be cast in the language of feature learning.
To prove his sample complexity bounds Baxter uses covering numbers. This classical
method requires to cover a (meta-)hypothesis space (or its evaluation on a sample) with a
set of balls in an appropriately chosen metric. The uniform bound is then obtained as a
union bound over the cover and bounds valid on the individual balls. The latter bounds
follow from Lipschitz properties L of the loss function relative to the chosen metric. For
a bound of order  the radius of the balls has to be of order /L. This leads to covering
numbers of order −d , where d is some exponent (see the last inequalities in the proof of
in (Baxter, 2000), and has the consequence that the dominant term in the bound has an
additional factor of ln (1/). This is manifest in Theorem 8, Theorem 12 and Corollary 13
in (Baxter, 2000) and constitutes an essential weakness of the
of covering numbers.
p method p
For bounds on the excess risk it implies that the orders of 1/T
and
1/n obtained
from
p
p
Rademacher or Gaussian complexities have to be replaced by ln (T ) /T and ln (n) /n.
Rademacher and Gaussian complexities make it easy to handle infinite dimensional input
spaces (see our Theorems 4 and 5 below). They also lead to data dependent bounds, which
allows us to explain the benefits of multi-task learning in terms of the spectrum of the data
covariance operator and the effective input dimension. Bounding Gaussian complexities for
linear classes is comparatively simple, see the proof of our Lemma 3. There is a wealth
of recent literature on the Rademacher complexity of matrices with spectral regularizers
(see e.g. Kakade et al., 2012; Maurer and Pontil, 2013, and references therein), while it is
unclear to us how Baxter’s method could be applied if the feature map is constrained by a
bound on, say, the trace norm of the associated matrix. In the case of LTL, our approach
also leads to explicit and small constant factors.
On the other hand it must be admitted, that it is relatively easy to obtain bounds (also
provided by Baxter) of order ln (n) /n or ln (T ) /T with covering numbers in the realizable
case. Such bounds would be more difficult to obtain with our techniques.

2.3 Comparison to Previous Bounds

plays a similar role to (3), which is its empirical counterpart. Again, if the features hk
are very specific, as the dictionary atoms of the next section or the atoms in a radial
basis function network, then the above quantity can become very small.

h∈H

4. The bound in part (i) is not fully data-dependent, but more convenient for our applications below. The quantity
s
q
h
i
X
sup E(X,Y )∼µη kh (X)k2 = sup
E(X,Y )∼µη hk (X)2

3. The quantity Q0 is very much like the quantity Q in Equation (4), and it is uniformly
bounded in n for the classes we consider. For linear classes Q = Q0 .
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k

k

10

hCν v, wi = EX∼ν hv, Xi hX, wi for v, w ∈ H.
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The results can then be re-specialized to subspace learning by setting φ to the identity and
Lφ to one.
When applied to subspace learning, our bounds are expressed in terms of covariances.
If ν is a probability measure on H the corresponding covariance operator Cν is defined by

k

The D’s appearing in the definition of H are also called dictionaries and the individual dk
are called atoms (see Maurer et al., 2013).
It does no harm to our analysis if we immediately generalize the class H so as to
include certain two-layer neural networks by allowing a nonlinear activation function φ
with Lipschitz constant Lφ and satisfying φ (0) = 0, to be applied with each atom. We can
also drop the condition of orthonormality and allow the atoms to trade some of their norms
when needed. The enlarged class of representations is
(
)
X
H = x ∈ H 7→ (φ (hd1 , xi) , . . . , φ (hdK , xi)) ∈ RK : d1 , . . . , dK ∈ H,
kdk k2 ≤ K .

F

H =

H 3 x 7→ (hd1 , xi , . . . , hdK , xi) ∈ RK : D = (d1 , . . . , dK ) ∈ H K orthonormal
(
)
X
X
K
2
2
=
R 3 y 7→
wk yk ∈ R :
wk ≤ B .



We illustrate the general results of the previous section with an important special case. We
assume that the input space X is a bounded subset of a Hilbert space H, which could for
example be a reproducing kernel Hilbert space. We denote by h·, ·i the inner product in H
and by k · k the induced norm. We hope that sufficiently good results can be obtained by
predictors of the form g, where g : H → R is linear with bounded norm. We also suspect
that only few linear features in H suffice for most tasks, so that the vectors defining the
hypotheses g can all be chosen from one and the same, albeit unknown, K-dimensional
subspace M of H.
Consequently we will factorize predictors as f ◦ h, where h is a partial isometry h :
H → RK and f is a linear functional on RK chosen from some ball of bounded radius.
Specifically, we introduce the classes

3. Multi-task Subspace Learning

The work of Ando and Zhang (2005) proposes the use of MTL as a method of semisupervised learning through the creation of artificial tasks from unlabelled data, for example
predicting concealed components of vectors. They analyze a specific algorithm where the
class of feature maps can be seen as a linear mixture of a fixed feature map with subspace
projections as discussed in our paper. The bounds given apply to the task-averaged risk
and not to LTL. The analysis is based on Rademacher averages and is independent of the
input dimension. The bound itself is expressed as an entropy integral as given by Dudley
(see e.g. Van Der Vaart and Wellner, 1996) but it is not very explicit. In particular the role
of the spectrum of the data covariance is not apparent.
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i

D
E
1 X
hv, xi i hxi , wi for v, w ∈ H,
Ĉ (x) v, w =
m

For an environment η we denote the covariance operator corresponding to the data-marginal
of the mixture measure µη simply by C.
If x = (x1 , . . . , xm ) ∈ H m we define the empirical covariance operator Ĉ (x) by

in particular
ti

E
D

1 X
Ĉ X̄ v, w =
hv, Xti i hXti , wi .
nT

The following lemma establishes the necessary ingredients for the application of Theorems 1 and 2 to the case of subspace learning. Recall that if A is a selfadjoint positive linear
operator on H, we denote by kAk∞ and kAk1 its spectral
P and trace norms, respectively.
They are defined as kAk∞ = supkzk≤1 kAzk and kAk1 = i∈N hei , Aei i, where {ei }i∈N is an
orthonormal basis in H. Recall also the definition of Q (F) and Q0 (F) given in Equations
(4) and (5), respectively.

∞

kCk∞ .

Lemma 3 Let x̄ = (xti ) be a T × n matrix with values in a Hilbert space and let φ, H and
F be defined as above. Then
r
(i) G (H (x̄)) ≤ Lφ K nT Ĉ (x̄) .
1
r
KnT Ĉ (x̄) .
(ii) For every h ∈ H, kh (x̄)k ≤ Lφ

kh (X)k2 ≤ Lφ2 K

(iii) For an environment η and every h ∈ H

E(X,Y
)∼µη

(iv) L (F) ≤ B.
(v) Q (F) ≤ B and Q0 (F) ≤ B.

X

ti

X

2

+



1/2

γ kti xti

γ kti hdk , xti i
*

dk ,

ti

!1/2

JMLR 17(81):1-32

r
nT Ĉ (x) .
1

Proof (i) Using the contraction lemma, Corollary 11, in the first inequality and CauchySchwarz and Jensen’s inequality in the second we get
G (H (x̄)) ≤

Lφ E sup
d∈H kti

X

d∈H k

= Lφ E sup

kxti k2

k

X

ti

= Lφ K


X
X
√
≤ Lφ K 
E
γ ti xti
≤ Lφ K

11

(ii) For any D ∈ H

γi

X
kti

X
k

,

hv, xti i2

X

ti

hdk , xti i2

kdk k2

X

∞

kdk k2 E(X,Y )∼µη



2

dk
,X
kdk k

dk
, xti
kdk k
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X

kti

X

k

X

= Lφ2 KnT Ĉ (x̄)

v:kvk≤1 ti

≤ Lφ2 K sup

= Lφ2

φ (hdk , xti i)2 ≤ Lφ2

X

k

kvk≤1

wk2

!1/2

X

k

wk

2

X

γ i (yki − yki )

i

i

y − y0 ≤ B y − y0 ,

≤ Lφ2 K sup E(X,Y )∼µη hv, Xi2

X

w∈F

k

(yki − yki )2 = B y − y 0 ,

k

v
!2
u
uX
X
X
sup t
E
γ i (yki − yki )
wk2

ki

sX

w∈F

≤ B

≤

= E sup

k

= Lφ2 K kCk∞ .

≤

!

)

wk yki

wk yk0

X
k

X

wk yki −

k

φ (hdk , Xi)2 ≤ Lφ2

wk y k −

k

where we used φ (0) = 0 in the first step.
(iii) Similarly, we have that
E(X,Y )∼µη

k

(iv) Let y, y 0 ∈ RK . Then
(
X

sup

w∈F

X
i

so L ≤ B.
(v) Similarly, we have that

w∈F

E sup

so Q ≤ B. The same proof works for Q0 .

Substitution in Theorem 1 immediately gives

v
u

u
t Ĉ X̄

1

+ c2 Lφ B

v
u

u
t K Ĉ X̄

n

∞

+

r

JMLR 17(81):1-32

8 ln (2/δ)
.
nT
(6)

Theorem 4 (subspace MTL) With probability at least 1 − δ in X̄ the excess risk is
bounded by
∗
Eavg (ĥ, fˆ1 , . . . , fˆT ) − Eavg
≤ c1 Lφ BK

nT

12

13
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The two most important common features of Theorems 4 and 5 are the decay to zero
of the first term, as T → ∞, and the occurrence of the operator norm of the empirical or
true covariances in the second term. The first implies that for very large numbers of tasks
the bounds are dominated by the second term.
To understand the second term we must first realize that the ratio of trace and operator
norms of the true covariances can be interpreted as an effective dimension of the distribution.
This is easily seen if the mixture of task-marginals is concentrated and uniform on a ddimensional unit-sphere. In this case kCk1 = 1 and by isotropy all eigenvalues are equal,
so kCk∞ = 1/d, whence kCk1 / kCk∞ = d. In such a case the second term in Theorem 5
above becomes
r
K
B
.
(8)
dn
p
The appropriate standard bound for learning the
p tasks independently would be B 1/n
(see Bartlett and Mendelson, 2002). The ratio K/d of the two bounds in the multitask
limit is the quotient of utilized information (the dimension of the representation space) to
available information (the dimension of the data). This highlights the potential advantages
of MTRL: if the data is already low-dimensional in the order of K then multi-task learning
isn’t worth the extra computational labour. If the data is high dimensional however, then
multi-task learning may be superior.
The expression (8) above might suggest that there really is a benefit of high dimensions
for learning-to-learn. This is of course√not the case, because the regularizer B has to be
chosen large, in fact proportional to d to allow a small empirical error. The correct
interpretation of (8) is that the burden of high dimensions vanishes in the limit T → ∞. In
the next section we will explain this point in more detail.

Theorem 5 (subspace LTL) With probability at least 1 − δ in X̄, the excess risk is
bounded by

 r

r
r
K
Ĉ X̄
√


K
kCk
8 ln (4/δ)
1
∞
√
Eη (ĥ) − Eη∗ ≤ 2πLφ B 
+
.
+


n
T
T

If we disregard the constants this is worsep
than the bound (6) whenever
p K < ln (T n). Its
approach to the multitask limit is slower ( ln (T ) /T as opposed to 1/T ), but of course
it has the advantage of smaller constants. The methods used to obtain (7), however, break
down for nonlinear dictionaries.
For the LTL setting, we use the distribution dependent bound, Theorem 2 (i), and
obtain

We remark that in the linear case the best competing bound for MTL, obtained by
Maurer and Pontil (2013) from noncommutative Bernstein inequalities, is
v
v
u
u
r
u K Ĉ X̄ ln (T n)
u 8K Ĉ X̄
t
t
8 ln (2/δ)
1
∞
2B
+B
+
.
(7)
nT
n
nT
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kwk≤B

sup EX∼σ ξ (B |hu, Xi|) .

kuk≤1

14
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For any unit vector u ∈ H the density of the distribution of |hu, Xi| under σ has maximum
Ad−1 /Ad , where Ad is the volume of Sd in the metric inherited from Rd . This density can

≤

= Eµ∼η [EX∼σ ξ (B |huµ , Xi|)]

Let DM be the partial isometry mapping M onto RK . Then DM ∈ H and for every unit
vector u ∈ H we have DM (Bu) ∈ F. Thus


Eη∗ ≤ Eµ∼η EZ∼µ ξ hDM (Buµ ) , DM Xi sgn (huµ , Xi)

D∈H

This loss is an upper bound of the 0-1-loss, so upper bounds for this loss function are also
upper bounds for the classification error.
Let H and F be as given at the beginning of Section 3 in its linear variant, where H is
defined by orthonormal dictionaries without activation functions. Thus, H can be viewed
as the set of partial isometries D : H → RK .
Recall the definition of the minimal risk for LTL



 
Eη∗ = min Eµ∼η min EZ∼µ ` f h (X) , Y
h∈H
f ∈F



= min Eµ∼η min EZ∼µ ξ hw, DXi sgn (huµ , Xi) .

and T grows. This is the safe regime in which our upper bounds for MTL or LTL (cf.
Theorems 4 and 5) are smaller than a uniform lower bound for independent task learning,
which we discuss below. We need n  d for the lower bound to be large and K  n for
the middle term in our upper bounds to be small. If T is large enough, the second term in
our upper bounds dominates the first (task dependent) term. A safe choice is T  K 2 d,
see Equation (9) below.
The 0-1-loss is unsuited for our bounds because it is not Lipschitz. Instead we will use
the truncated hinge loss with unit margin given by ` (y 0 , y) = ξ (y 0 y), where ξ is the real
function

if t ≤ 0,
 1
1 − t if 0 < t ≤ 1,
ξ (t) =

0
if 1 < t.

Knd

In this section, we illustrate the benefit of MTRL over independent task learning (ITL) in
the case of noiseless linear binary classification (or half-space learning). We compare our
upper bounds for LTL to a general lower bound on the performance of ITL algorithms and
quantify the parameter regimes where LTL is superior to ITL.
We assume that all the input marginals are given by the uniform distribution σ on the
unit sphere Sd in Rd , and the objective is for each task µ to classify membership in the
half-space {x : hx, uµ i > 0} defined by a task-specific (unknown) unit vector uµ . In the
given environment all the vectors uµ are assumed to lie in some (unknown) K-dimensional
subspace M of Rd . We are interested in the regime that

3.1 Learning to Learn Half-spaces
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√
therefore be bounded by d/2. Thus
√
√ Z ∞
d
Eη∗ ≤ d
ξ (B |s|) ds =
= ,
2B
−∞
√
if we set B = d/ (2). This choice is made to ensure that the Lipschitz loss upper bounds
the 0-1-loss.
Now let Z̄ be a multi-sample generated from the environment η and assume that we have
solved the optimization problem (1) to obtain the representation (or feature-map) D̂ ∈ H.
Using the excess risk bound, Theorem 5, and the fact that kCk∞ = 1/d and kCk1 = 1, we
get with probability at least 1 − δ in the draw of Z̄, that
r
r ! r
√
2π
d
K
8 ln (4/δ)
Eη (D̂) ≤  +
K
+
+
2
T
n
T
v
r
r ! r
u
u
√
d
K
8
ln
(4/δ)
≤ t 2π K
+
,
(9)
+
T
n
T
if we optimize . This guarantees the expected performance of future uses of the representation D̂. The high dimension still is a hindrance to the estimation of the representation,
but, as announced, its effect vanishes in the limit T → ∞. The individual samples must
only well outnumber the dimension K, roughly the number of shared features.
We compare this upper bound to a lower bound for a large class of algorithms which
learn the tasks independently.

(10)

Definition 6 An algorithm f : Sd × {−1, 1}n → Sd is called orthogonally equivariant if
f (V x, y) = V f (x, y) , for every orthogonal matrix V ∈ Rd×d .

For data transformed by an orthogonal transformation an orthogonally equivariant algorithm produces a correspondingly transformed hypothesis. Any algorithm which does not
depend on a specific coordinate system is orthogonally equivariant. This class of algorithms
includes all kernel methods, but it excludes the Lasso (L1-norm regularization). If the
known properties of the problem posses a rotation symmetry only equivariant algorithms
make sense.
Below we denote by err(u, v) the misclassification error between the half-spaces associated with unit vectors u and v, that is err(u, v) = Prx∼σ {hu, xihv, xi < 0}. The following
lower error bound is given in (Maurer and Pontil, 2008).

r

d−n
−
d

r

ln (1/δ)
d

!

,
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Theorem 7 Let n < d and suppose that f : Sdn × {−1, 1}n → Sd is an orthogonally
equivariant algorithm. Then for δ > 0 with probability at least 1 − δ in the draw of X ∼ σ n
we have for every u ∈ Sd that
 1
err u, f (X, u(X)) ≥
π
where u (X) = (sgn hu, X1 i , . . . , sgn hu, Xn i).
15

Maurer, Pontil and Romera-Paredes

If we use a union bound to subtract the upper bound (9) from this lower bound we
obtain high probability guarantees for the advantage of representation learning over other
algorithms.
In the following section we plot the phase diagram derived here, namely the difference
between the uniform lower bound and our upper bound, and compare it with empirical
results (see Figure 4).
3.2 Numerical Experiments

i=1

(11)

The purpose of the experiments is to compare MTL and LTL to independent task learning
(ITL) in the simple setting of linear feature learning (or subspace learning)1 . We wish to
study the regime in which MTL/LTL learning is beneficial over ITL as a function of the
number of tasks T and the sample size per task n.
We consider noiseless linear binary classification tasks, namely halfspace learning. We
generated the data in the following way. The ground truth weight vectors u1 , . . . , uT are
obtained by the equation ut = Dct , where ct ∈ RK is sampled from the uniform distribution
on the unit sphere in RK , and the dictionary D ∈ Rd×K is created by first sampling a
d-dimension orthonormal matrix from the Haar measure, and then selecting the first K
columns√(atoms). We create all input marginals by sampling from the uniform distribution
on the d radius sphere in Rd . For each task we sample n instances to build the training
set, and 1000 instances for the test set.
We train the methods with the hinge loss function h(z) := max{0, 1 − z/c}, where c
is the margin. We choose c = 2/, so that the true error relative to the best hypothesis
is of order . We fixed the value of  to be (K/n)1/2 . For ITL we optimize that loss
function constraining the `2 -norm of the weights, for MTL and LTL we constrain D to have
a Frobenius norm less or equal than 1, and each ct is constrained to have an `2 norm less
or equal than 1. During testing we use the 0-1 loss. For example the task-average error is
evaluated as

t=1

T
1000
1X 1 X
1{sign(hut , xi i) 6= sign(hût , xi i)}
T
1000

where ût are the weight vectors learned by the assessed method.
3.3 MTL Experiment

We first discuss the MTL experiment. We let d = 50, and vary T ∈ {5, 10, . . . , 150},
n ∈ {5, 10, . . . , 150} considering the cases K = 2 and K = 5. In Figure 1 we report the
difference between the classification error of the two methods. These results are obtained by
repeating the experiment 10 times, reporting the average difference. In each trial a different
set of input points and underlying weight vectors are generated for each task. In the MTL
case the training error was always below 0.1 and on average it was smaller than 0.04. This
suggests that despite the problem being non-convex, the gradient optimization algorithm
finds a good suboptimal solution.

JMLR 17(81):1-32

1. The code used for the experiments presented in this section is available at http://romera-paredes.
com/multitask-representation.

16

20

40

60

80

100

120

50

n

100

150

−0.05

0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

20

40

60

80

100

120

140

50
n

100

150

−0.05

0

n

100

150

20

40

60

80

100

120

140

50
n

100

150

0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

50
n

100

150

0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

JMLR 17(81):1-32
18

JMLR 17(81):1-32

17

to the previous experiment, we report the average difference between the test error of ITL
and LTL after 10 trials.
In Figure 4 (Bottom) we present the theoretical phase diagram, which was generated
using 1 ≤ T ≤ 1011 , 1 ≤ n ≤ 105 , d = 105 , δ = 0.0001. We also plot as a dark line the
points in which there is no difference in the performances between ITL and LTL.

Figure 3: Difference of test classification error, computed according to eq. (11), between
ITL and MTL, when adding Gaussian noise to the ground truth labels. The
vertical axis represents the number of training tasks, and the horizontal axis the
number of training instances per task.
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In this experiment we test how the dictionary learned at the training stage helps learning
new tasks, and we assess how similar the resultant figure is in comparison to the phase
diagram derived in the previous section.
The data is generated according to the settings given in the MTL experiment. Furthermore, 50 new tasks are sampled following the same scheme previously described for the
purpose of computing the LTL test error. We present the results in Figure 4 (Top). Similar

3.4 LTL Experiment

We have made further experiments to assess the influence of other data settings on the
difference between ITL and MTL. In the first of those experiments we have explored the
cases in which the dictionary size is overestimated and underestimated. The results are
shown in Figure 2. In the left plot the dictionary size is overestimated, in particular the
ground truth number of atoms is 2, and the number of atoms used in the MTL method is
5. We can appreciate a similar pattern as the one we saw in Figure 1, although differences
between ITL and MTL are not as high. The performance is slightly hampered, as expected
due to an overestimation of the number of atoms. On the other hand in Figure 2 (right) we
show the results when the number of atoms in the ground truth dictionary is 5, whereas the
number of atoms used in the MTL approach is 2. In this case we see that the performance
is severely affected by the underestimation of the size of the dictionary, yet we observe that
MTL performs better than ITL in the same regime as in the previous experiments.
In the second of these experiments we study how the results are affected when the data
are noisy. To do so, we have generated the data so that the ground truth label for instance
xi for task t is given by sign(hut , xi i+εti ), where εti ∼ N (0, 1). The dictionary size, for both
the ground truth and the MTL approach, is K = 2. The results are shown in Figure 3, and
we can see a similar behaviour as the one in Figure 1, with somewhat smaller differences
between ITL and MTL.
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Figure 2: Difference of test classification error, computed according to eq. (11), between
ITL and MTL, when the number of atoms of the ground truth dictionary does
not match the number of atoms of the MTL model. The plot in the left shows the
experiment in which the ground truth number of atoms is 2, whereas the number
of atoms used in the MTL approach is 5. The plot in the right shows the opposite
scenario: 5 atoms as ground truth, and 2 atoms in the MTL model. The vertical
axis represents the number of training tasks, and the horizontal axis the number
of training instances per task.
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Figure 1: Difference of test classification error, computed according to eq. (11), between
ITL and MTL. The vertical axis represents the number of training tasks, and
the horizontal axis the number of training instances per task. In the left column
K = 2, and in the right column K = 5.
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The reader may object about the much larger parameter values used to generate the
plots of theoretical differences, in comparison to the experimental settings. These large
parameters are partly a consequence of an accumulation of somewhat loose estimates in the
derivation of both the upper and lower bounds. Another reason is that in applying it to
a noiseless, finite-dimensional problem (for clarity) we have sacrificed two strong points of
our results: independence of input dimension and its agnostic nature. Apart from the large
parameter values the theoretical prediction shown in Figure 4 (Bottom) is in very good
agreement with the experimental results in Figure 4 (Top).
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We have also performed experiments in order to evaluate the influence of noise and
under/overestimation of the dictionary size on the difference between ITL and LTL. We
obtained similar results as the ones reported for MTL in Figures 2 and 3.
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We denote by γ a generic vector of independent standard normal variables, whose dimension
will be clear from context. A central role in this paper is played by the Gaussian average
G(Y ) of a set Y ⊆ Rn , which is defined as

4.1 Tools

In this section we prove our principal results, Theorem 1 and Theorem 2. In preparation
for the proofs we will first present some important auxiliary results.

4. Proofs of the Main Theorems

where k · ktr is the sum of singular values of a matrix. Note that s(D̂, D) = 1 if D̂ and D
are the same matrix up to permutation of columns and changes of sign, as requested. The
results are found in Figure 5.
Figure 5 indicate that the learned dictionary is close to the true dictionary even for small
sample sizes, provide T is large. This supports the results in Figure 1 and the top plots in
Figure 4, where MTL or LTL are found to be superior to ITL in this regime, respectively.

s(D̂, D) =

Finally, we have compared the learned dictionary, D̂, with the ground truth, D, in the
same regime of parameters used for the previous experiments. Note that a dictionary could
be correct up to permutations and changes of sign of its atoms. To overcome this issue we
use the similarity measure

Figure 5: Similarity between the learned dictionary D̂ and the ground truth dictionary D,
according the similarity measure s(D̂, D) in Equation (12). The vertical axis
represents the number of training tasks, and the horizontal axis the number of
training instances per task. Left plot: K = 2. Right plot: K = 5.
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50

n

T

Figure 4: The vertical axis represents the number of training tasks, and the horizontal
axis the number of training instances per task. Plots in the top row show the
difference of test classification error, computed on 50 new tasks, between ITL
and LTL. Plots in the bottom row show the region where the upper bound for
LTL is smaller than the lower bound for any equivariant algorithm for ITL (see
the discussion in Section 3.1, in particular Equation 9) using 1 ≤ T ≤ 1011 ,
1 ≤ n ≤ 105 , d = 105 , and δ = 0.0001. In the left column K = 2, and in the
right column K = 5.

T

is the random set defined by Y = {(ft (Xti )) : f ∈ F} .

ti

Then

s∈S
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s∈S

E sup Ωs ≤ E sup Ξs .

E (Ωs1 − Ωs2 )2 ≤ E (Ξs1 − Ξs2 )2 for all s1 , s2 ∈ S.
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Theorem 10 Let Ω and Ξ be mean zero, separable Gaussian processes indexed by a common
set S, such that

The previous two theorems replace the problem of proving uniform bounds by the problem of bounding Gaussian averages. One key result in the latter direction is known as
Slepian’s Lemma (Slepian (1962), Ledoux and Talagrand (1991)).

where Y ⊂

RT n

T
Theorem 9 Let F be a class of functions
Q f : X → [0, 1] , and let µ1 , ..., µT be probability
measures on X with X̄ = (X1 , ..., XT ) ∼ Tt=1 (µt )n where Xt = (Xt1 , ..., Xtn ). Then with
probability greater than 1 − δ in X̄ for all f ∈ F
! √
r
1X
2πG (Y )
9 ln (2/δ)
1X
+
,
EX∼µt [ft (X)] −
ft (Xti ) ≤
T t
n
nT
2nT

The following theorem is a vector-valued version of the above, is useful for bounds on
the task-averaged estimation error (Ando and Zhang (2005), Maurer (2006b)).

i=1

(ii) if the members of F have values in [0, 1] then with probability greater than 1 − δ in
X for all f ∈ F
r
√
n



1X
2πG (F (X))
9 ln (2/δ)
EX0 f Xi0 − f (Xi ) ≤
+
.
n
n
2n

i=1

Theorem 8 Let F be a real-valued function class on a space X and let X = (X1 , ..., Xn )
be a vector of independent random variables and X0 iid to X. Then
(i)
√
n



1X
2πEX G (F (X))
EX sup
EX0 f Xi0 − f (Xi ) ≤
n
f ∈F n

The reader who is concerned about the measurability of the random variable on the right
hand side should replace Y by a countable dense subset of Y , with similar adjustments
wherever the Gaussian averages occur.
Rademacher averages, where the γ i are replaced by uniform {−1, 1}-distributed variables, are somewhat more popular in the literature. We use Gaussian averages instead,
because in most cases they are just as easy to bound and possess special properties (Theorem 10 and Theorem 12 below) which we need in our analysis.
The first result is a standard tool to prove uniform bounds on the estimation error in
terms of Gaussian averages (Bartlett and Mendelson, 2002).
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2

k=1

m
X



γ k φ (y)k and Ξy = L

2

y∈Y

≤ L2 y − y 0

= E (Ξs1 − Ξs2 )2 ,

γ 0i yi ,

2

i=1

n
X

sup

y,y0 ∈Y, y6=y0

f ∈F

E sup

hγ, f (y) − f (y0 )i
.
ky − y0 k
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We first establish the following uniform bound. It is of some interest in its own right, in
particular since the problem (1) is often non-convex, so that the excess risk bound may not
be meaningful in practice. Recall the definition of Q given in Equation (4).

4.2 Proof of the Excess Risk Bound for the Average Risk

Note that the result allows us to minimize the right hand side in y0 . Analogs of Theorem
10 and Theorem 12 are not available for Rademacher averages. This is the reason why we
use the slightly more exotic Gaussian averages.

Q (F) =

where c1 and c2 are universal constants and

Theorem 12 Let Y ⊆ Rn have (Euclidean) diameter D (Y ) and let F be a class of functions f : Y → Rm , all of which have Lipschitz constant at most L (F). Then for any
y0 ∈ Y
G (F (Y )) ≤ c1 L (F) G (Y ) + c2 D (Y ) Q (F) + G (F (y0 )) ,

In many applications this is applied when n = m and φ is defined by φ (y1 , ..., yn ) =
(φ1 (y1 ) , ..., φn (yn )) where the real functions φ1 , ..., φn have Lipschitz constant L.
At one point we will need a generalization of the above corollary, which allows to select
φ from an entire class of Lipschitz functions. We will use the following result, which is taken
from Maurer (2014). It will play an important role in the proof of Theorem 13 below.

G (φ (Y )) = E sup Ωy ≤ E sup Ξy = LG (Y ) .
y∈Y

= φ (y) − φ y 0

so that, by Slepian’s Lemma,

E Ωy − Ωy 0

with independent γ k and γ 0i . Then for any y, y 0 ∈ Y

Ωy =

Proof Define two Gaussian processes indexed by Y as

Corollary 11 Let Y ⊆ Rn and let φ : Y → Rm be (Euclidean) Lipschitz with Lipschitz
constant L. Then
G (φ (Y )) ≤ LG (Y ) .

The following corollary is the key to our bound for LTL.
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Theorem 13 Let µ1 , . . . , µT be probability measures on Z and let Zt1 , . . . , Ztn be i.i.d.
from µt , for t = 1, . . . , T . Let δ ∈ (0, 1). With probability at least 1 − δ in the draw of a
multisample Z̄, it holds for every h ∈ H and every f1 , . . . , fT ∈ F that

ti

1 X
Eavg (h, f1 , ..., fT ) −
` (ft (h (Xti )) , Yti )
Tn
r

h X̄
Q sup
9 ln (2/δ)
LG(H(X̄))
h∈H
√
+ c2
+
,
≤ c1
nT
2nT
n T

where c1 and c2 are universal constants.

(13)

Proof By Theorem 9, with probability at least 1−δ in Z̄, for all h ∈ H and all f1 , ..., fT ∈ F,
we have that

ti

r
√
1 X
2π
9 ln (2/δ)
Eavg (h, f1 , ..., fT ) −
G (S) +
,
` (ft (h (Xti )) , Yti ) ≤
Tn
nT
2nT

(14)


where S = (` (ft (h (Xti )) , Yti )) : f ∈ F T and h ∈ H ⊆ RT n . By the Lipschitz property of
the loss function ` and the contraction lemma Corollary
11 (recall the remark which follows

its proof) we have G (S) ≤ G (S 0 ), where S 0 = (ft (h (Xti ))) : f ∈ F T and h ∈ H ⊆ RT n .

Recall that H X̄ ⊆ RKT n is defined by

H X̄ = {(hk (Xti )) : h ∈ H} ,

and define a class of functions F 0 : RKT n → RT n by


F 0 = y ∈ RKT n 7→ (ft (yti )) : (f1 , ..., fT ) ∈ F T .


Then S 0 = F 0 H X̄ , and by Theorem 12 for universal constants c10 and c20

y∈Y






G S 0 ≤ c10 L F 0 G H X̄ + c20 D H X̄ Q F 0 + min G (F (y)) .



2

=

X

0
yti − yti

2

2

= L2 y − y 0

0
ft (yti ) − ft yti

X
ti

2

,
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We now proceed by bounding the individual terms in the right hand side above. Let
0 ) with y 0 ∈ RK . Then for
y, y 0 ∈ RKT n , where y = (yti ) with yti ∈ RK and y 0 = (yti
ti
f = (f1 , ..., fT ) ∈ F T
f (y) − f y 0

ti

≤ L2

23

so that L (F 0 ) ≤ L. Also

sup

f ∈F

i

γ ti





0
ft (yti ) − ft yti

0
γ i f (yti ) − f yti

ti

X
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g∈F 0

T

t

X

t

Q2

f ∈F

X

i

i

0
yti − yti

2

!1/2



!
2 1/2
X
X

0

T
E sup
γ i f (yti ) − f yti

E sup

(f1 ,...,fT )∈F T

X

E sup γ, g (y) − g y 0

√

√

t

X

= E
=

≤
≤



G (S) ≤

≤ 2 suph h X̄

c10 LG



and substitution in (13) gives the result.

H X̄

√
=
T Q y − y0 ,
√
whence Q (F 0 ) = T Q. Finally we take y0 = 0 and the last term in (14) vanishes since
f (0) = 0 for all f ∈ F. Substitution in (14) and using G (S) ≤ G (S 0 ) we arrive at
√


+ c20 T D H X̄ Q.
Bounding D H X̄

∗ .
Proof of Theorem 1 Let h∗ and f1∗ , ..., fT∗ be the minimizers in the definition of Eavg
Then

ti

∗
Eavg (ĥ, fˆ1 , ..., fˆT ) − Eavg
!
1 X
=
Eavg (ĥ, fˆ1 , ..., fˆT ) −
`(fˆt (ĥ(Xti )), Yti )
nT
ti
!
1 X
1 X
`(fˆt (ĥ(Xti )), Yti ) −
` (ft∗ (h∗ (Xti )) , Yti )
+
nT
nT
ti
ti
!
1X
1 X
` (ft∗ (h∗ (Xti )) , Yti ) −
E
` (ft∗ (h∗ (X)) , Y ) .
nT
T t (X,Y )∼µt

+

Eavg (h, f1 , ..., fT ) −

ti

1 X
` (ft (h (Xti )) , Yti ) .
Tn

The last term involves only the nT random variables p
` (ft∗ (h∗ (Xti )) , Yti ) with values in
[0, 1]. It can be bounded with probability 1 − δ/2 by ln (2/δ) / (2T n) using Hoeffding’s
inequality. The middle term is non-positive by definition of ĥ, fˆ1 , ..., fˆT being the corresponding minimizers. There remains the first term which we bound by
sup
h∈H,f1 ,...,fT ∈F
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and appeal to Theorem 13 to bound the supremum. A union bound then completes the
proof.

24

1X
m (h)Zt
T t

"

t=1

#
T
1X
+ sup EZ∼ρη [m(h)Z ] −
m(h)Zt .
T
h∈H

h∈H

(15)



≤ sup Eµ∼η EZ∼µn E(X,Y )∼µ ` (a (h)Z (X) , Y ) − m (h)Z

25
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In turn we will bound both terms on the right hand side above. A bound on the second
term means that we can predict the empirical risk on the data of a future task uniformly
in h. A bound on the first term means that we can predict the true risk from the empirical
risk on the future task.
We first bound the second term in the right hand side of (15), and use Theorem 8-(ii)
on the class of functions
{z ∈ Z n 7→ m (h)z : h ∈ H}

h∈H

sup Eη (h) −

Proof The key to the proof is the decomposition bound

1X
Eη (h) −
m (h)Zt ≤
T t
r
√
√
P
2πQ0 t suph∈H kh (Xt )k
2πLG (H (x̄))
16 ln (4/δ)
√
+
.
+
nT
T
T n

(ii) With probability at least 1 − δ in Z̄ ∼ ρTη it holds for every h ∈ H that

Theorem 14 Let δ ∈ (0, 1). (i) With probability at least 1 − δ in Z̄ ∼ ρTη it holds for every
h ∈ H that
1X
m (h)Zt ≤
Eη (h) −
T t
v
h
i
u
r
√
2
uE
√
t (X,Y )∼µη kh (X)k
2πLG (H (x̄))
9 ln (2/δ)
0
√
+
.
+ 2πQ sup
n
2T
T n
h∈H

Also recall the definition of Q0 given in Equation (5). Again we begin with a uniform bound.

µη (A) = Eµ∼η µ (A) for A ⊆ Z and ρη (A) = Eµ∼η µn (A) for A ⊆ Z n .

and the two measures µη and ρη induced by the environment η and defined by

Eη (h) = Eµ∼η EZ∼µn E(X,Y )∼µ ` (a (h)Z (X) , Y )

and the associated minimum m (h)Z . Also recall that

i

1X
a (h)Z = arg min
` (f (h (Xi )) , Yi ) for Z ∈ Z n
f ∈F n

Recall the definition of the algorithm parametrized by h ∈ H

4.3 Proof of the Excess Risk Bound for Learning-to-learn
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t=1

# √
r
T
1X
2π
9 ln (2/δ)
m (h)Zt ≤
G (S) +
,
T
T
2T

t

X

z

 2

≤

≤

≤

=

ki

2
L2 X
hk (xi ) − h0k (xi ) ,
n

i

 
1X
1X
` (f (h (xi )) , yi ) − min
` f h0 (xi ) , yi
f ∈F n
f ∈F n
i
i
!2
X
 
1
` (f (h (xi )) , yi ) − ` f h0 (xi ) , yi
sup
f ∈F n i
X
 2
1
sup
` (f (h (xi )) , yi ) − ` f h0 (xi ) , yi
n f ∈F
min

!2

L
G (S) = E sup Ωh ≤ E sup Ξh = √ G (H (x̄)) .
n
k
k

kti

√

26

2πLG (H (x̄))
√
+
T n

r

9 ln (2/δ)
.
2T
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(16)

The second term in the right hand side of (15) is thus bounded with probability 1 − δ by

so by Theorem 10

≤

2
L (F)2 X
hk (xti ) − h0k (xti ) = E (Ξh − Ξh0 )2 ,
n

t

where in the last step we used the Lipschitz properties of the loss function ` and of the
members in the class F. It follows that
X
 2
E (Ωh − Ωh0 )2 =
m (h)zt − m h0 zt

m (h)z − m h0

kti

L X
γ kti hk (xti ) .
γ t m (h)zt and Ξh = √
n

Now for any z ∈ Z n and representations h, h0 ∈ H

Ωh =

We will bound the Gaussian average of S using Slepian’s inequality (Theorem 10). Define
two Gaussian processes indexed by H as

where S is the subset of RT defined by
n

o
S=
m (h)Z1 , ..., m (h)ZT : h ∈ H .

h∈H

sup EZ∼ρη [m (h)Z ] −

"

to get with probability at least 1 − δ in Z̄ ∼ρTη that
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f ∈F

We now bound the first term on the right hand side of (15) by


sup Eµ∼η EZ∼µn E(X,Y )∼µ ` (a (h)X (X) , Y ) − m (h)Z
h∈H
#
"
1X
` (f (h (Xi )) , Yi ) .
n

h∈H

≤ sup Eµ∼η EZ∼µn sup E(X,Y )∼µ ` (f (h (X)) , Y ) −

For Z = (X, Y) ∈ Z n and h ∈ H denote with ` (F ◦ h (X) , Y) the subset of Rn defined by
` (F (h (X)) , Y) = {(` (f (h (Xi )) , Yi )) : f ∈ F} .

f ∈F

sup Eµ∼η EZ∼µn sup E(X,Y )∼µ ` (f (h (X)) , Y ) −

i

1X
` (f (h (Xi )) , Yi )
n

Using Theorem 8-(i) and the contraction lemma, Corollary 11, we can bound the last
expression above by
#
"
h∈H

√
G (` (F (h (X)) , Y))
≤
2π sup EZ∼ρη
n
h∈H
√
G (F (h (X)))
≤
2π sup EZ∼ρη
n
h∈H
√
2π
G (F (h (X)))
=
sup EZ∼ρη
kh (X)k
n h∈H
kh (X)k
√
2π 0
Q sup EZ∼ρη kh (X)k ,
n
h∈H
≤

i

s
q
X
EZ∼ρη
kh (Xi )k2 = n E(X,Y )∼µη kh (X)k2 ,

using Hoelder’s inequality and the definition of Q0 in the last step. But, using Jensen’s
inequality,
EZ∼ρη kh (X)k ≤

G (` (F (h (X)) , Y))
n

≤

G (` (F (h (X)) , Y))
≤ EX∼ρη sup
(17)
n
h∈H
r
G (` (F (h (Xt )) , Yt ))
ln (4/δ)
1X
sup
+
(18)
T t h∈H
n
2T

since Z ∼ ρη is iid. Inserting this in the previous chain of inequalities and combining with
(16) gives the first part of the theorem.
To obtain the data dependent bound we use the fact that, with probability at least
1 − δ/4,
Z∼ρη

sup E

h∈H

1
Eγ
n

X

i

γ i2

!1/2

f

sup

X

i

i

` (f (h (Xi )) , Yi )2

!1/2
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≤ 1,

X
G (` (F (h (X)) , Y))
1
= Eγ sup
γ i ` (f (h (Xi )) , Yi )
n
n
f

The last inequality follows from Hoeffding’s inequality since for any h ∈ H and any sample
Z ∈ Zn
0 ≤
≤

27
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where we have also used the fact that the loss function ` has range in [0, 1]. Bounding

G (` (F ◦ h (Xt ) , Yt )) ≤ Q0 kh (Xt )k

as above and combining (18) and (16) in (15) with a union bound gives the second inequality
of the theorem.

G (` (F (h (X)) , Y))
n

Remark: In the proof of the fully data-dependent part above the bound on
sup EZ∼ρη
h∈H

is very crude. Instead we could have again invoked Theorem 8 to get a better bound with
a more complicated expression involving nested Gaussian averages. We have chosen the
simpler path for greater clarity.

h∈H

f ∈F

Proof of Theorem 2 Recall that


Eη∗ = min Eµ∼η min E(X,Y )∼µ ` (f (h (X)) , Y ) .

f ∈F

We denote with h∗ the minimizer in H occurring in the definition of Eη∗ . We have the
following decomposition
!
1X
Eη (ĥ) − Eη∗ =
Eη (ĥ) −
m(ĥ)Zt
(19)
T t
!
1X
1X
+
m(ĥ)Zt −
m(h∗ )Zt
(20)
T t
T t
!
1X
m(h∗ )Zt − EZ∼ρη [m (h∗ )Z ]
(21)
+
T
t


+Eµ∼η EZ∼µn [m (h∗ )Z ] − min E(X,Y )∼µ ` (f (h∗ (X)) , Y ) .
(22)

m

i=1

1 X
` (f (h∗ (Xi )) , Yi )
m
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For a fixed distribution µ let fµ∗ be the minimizer in minf ∈F E(X,Y )∼µ ` (f (h∗ (X)) , Y ). By
definition of m (h∗ we have for every µ ∼ η that
)Z

EZ∼µn [m (h∗ )Z ] = EZ∼µn min

m

f ∈F


1 X
≤ EZ∼µn
` fµ∗ (h∗ (Xi )) , Yi
m
i=1

= E(X,Y )∼µ ` fµ∗ (h∗ (X)) , Y ,

since Z is iid. The term in (22) is therefore non-positive.
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• Representations in RKHS. As we already noted the feature maps forming the class
H could be vector-valued functions in a reproducing kernel Hilbert space. Although
kernel methods are more difficult to apply to large datasets required for MTRL and
need additional approximation steps, the representations learned using for example
Gaussian kernels would be very specific and suitable for our bounds.

• Sparse coding. Another interesting case of our framework is obtained when the specialized class F consists of sparse linear predictors. This case has been considered
in Maurer et al. (2013); Ruvolo and Eaton (2014) when the representation class consists of linear functions. Different choices of sparse classes F could lead to interesting
learning methods.

• Deep networks. As we noted our bounds directly apply to multilayer, deep architectures obtained by iteratively composing linear transformations with nonlinear activation functions, such as the rectifier linear unit or the sigmoid functions. The
representations learned by such methods tend to be specific in that only a subset of
components are “active” on each given input, which makes our bounds particularly
attractive for further analysis.

Several works have advocated that sharing features among tasks as a means to learning
representations which capture invariant properties to tasks can be highly beneficial. In
this paper, we studied the statistical properties of a general MTRL method, presenting
bounds on its learning performance in both settings of MTL and LTL. Our work provides a
rigorous justification of the benefit offered by MTRL over learning the tasks independently.
To give the paper a clear focus we have illustrated this advantage in the case of linear
feature learning. Our results however apply to fairly general classes of representations H
and specifications F, and similar conclusions may be derived for other nonlinear MTRL
methods. We conclude by sketching specific cases which deserve a separated study:

5. Conclusion

The term in (21) involves the deviation of the empirical and true averages of the T iid
[0, 1]-valued random variables m (h∗ )Zt . With Hoeffding’s inequality this can be bounded
p
with probability at least 1 − δ/8 by ln (8/δ) / (2T ). The term (20) is non-positive by the
definition of ĥ.
There remains the term (19), which we bound by Theorem 14. The result now follows
by combining this bound with the bound on (21) in a union bound and some numerical
simplifications.
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Variable selection is popular in high-dimensional data analysis to identify the truly informative variables. Many variable selection methods have been developed under various model
assumptions. Whereas success has been widely reported in literature, their performances
largely depend on validity of the assumed models, such as the linear or additive models.
This article introduces a model-free variable selection method via learning the gradient
functions. The idea is based on the equivalence between whether a variable is informative
and whether its corresponding gradient function is substantially non-zero. The proposed
variable selection method is then formulated in a framework of learning gradients in a flexible reproducing kernel Hilbert space. The key advantage of the proposed method is that it
requires no explicit model assumption and allows for general variable effects. Its asymptotic
estimation and selection consistencies are studied, which establish the convergence rate of
the estimated sparse gradients and assure that the truly informative variables are correctly
identified in probability. The effectiveness of the proposed method is also supported by a
variety of simulated examples and two real-life examples.
Keywords: group Lasso, high-dimensional data, kernel regression, learning gradients,
reproducing kernel Hilbert space (RKHS), variable selection
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Yang, Lv and Wang

The rapid advance of technology has led to an increasing demand for modern statistical
techniques, such as high-dimensional data analysis that has attracted tremendous interests
in the past two decades. When analyzing high-dimensional data, it is often believed that
only a small number of variables are truly informative while others are noise. Therefore,
identifying the truly informative variables is regarded as one of the primary goals in highdimensional data analysis as well as many real applications such as health studies.
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In literature, a wide spectrum of variable selection methods have been proposed based
on various model assumptions. For example, under the linear model assumption, regularized regression models are popularly used for variable selection, including the nonnegative
garrote (Breiman and Friedman, 1985), the least absolute shrinkage and selection operator
(Tibshirani, 1996), the smoothly clipped absolute deviation (Fan and Li, 2001), the adaptive Lasso (Zou, 2006), the combined L0 and L1 penalty (Liu and Wu, 2007), the truncated
L1 penalty (Shen et al., 2012), and many others. The main strategy is to associate the least
square loss function with a sparsity-inducing penalty, leading to sparse representation of the
resultant regression function. With the linear regression model, the sparse representation
leads to variable selection based on whether the corresponding regression coefficient is zero.
The aforementioned variable selection methods have demonstrated superior performance
in many real applications. Yet their success largely relies on the validity of the linear
model assumption. To relax the model assumption, attempts have been made to extend
the variable selection methods to a nonparametric regression context. For example, under
the additive regression model assumption, a number of variable selection methods have
been developed (Shively et al., 1999; Huang and Yang, 2004; Xue, 2009; Huang et al.,
2010). Furthermore, higher-order additive models can be considered, allowing each functional component contain more than one variables, such as the component selection and
smoothing operator (Cosso) method (Lin and Zhang, 2006). While this method provides
a more flexible and still interpretable model compared to the classical additive models,
the number of functional components increases exponentially with the dimension. Another
stream of research on variable selection is to conduct screening (Fan et al., 2011; Zhu et
al., 2011; Li et al., 2012), which treats each individual variable separately and assures the
sure screening properties. To overcome the issue of ignoring interaction effects, a higherorder interaction screening method is also developed (Hao and Zhang, 2014). Model-free
variable selection has also been approached in the context of sufficient dimension reduction
(Li et al., 2005; Bondell and Li, 2009). More recently, Stefanski et al. (2014) introduced a
novel measurement-error-model-based variable selection method that can be adapted to a
nonparametric kernel regression.
In this article, we propose a novel model-free variable selection method, which requires
no explicit model assumptions and allows for general variable effects. The method is based
on the idea that a variable is truly informative with respect to the regression function if
the gradient of the regression function along the corresponding coordinate is substantially
different from zero. Thus the proposed variable selection method is formulated in a gradient learning framework equipped with a flexible reproducing kernel Hilbert space (Wahba,
1999). Learning gradients can be traced back to Härdle and Gasser (1985). Some of its
recent developments include Jarrow et al. (2004), Mukherjee and Zhou (2006), Ye and
Xie (2012), and Brabanter et al. (2013), where the main focus is to estimate the gradient
functions.
As opposed to estimating the gradient functions, this article focuses on variable selection
whose primary interest is to identify the truly informative variables corresponding to the
non-zero gradient functions. To attain the sparsity in the estimated gradients, we consider
a learning algorithm generated by a coefficient-based regularization scheme (Scholköpf and
Smola, 2002), and a group Lasso penalty (Yuan and Lin, 2006) is enforced on the coefficients so that the proposed method can conduct gradient learning and variable selection
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simultaneously. Specifically, the proposed variable selection method via gradient learning is
formulated in a regularization form that consists of a pairwise loss function for estimating
the gradient functions and a group Lasso penalty.
One of the main features of the proposed variable selection method is that it does not
require any explicit model assumption and detect informative variables with various effects
on the regression function. This is a major advantage over most existing model-based
variable selection methods which need to pre-specify a working model. If higher-order
variable effects are considered, the model-based methods need to enumerate the possible
components, whose number increases exponentially with the dimension p. In sharp contrast,
our proposed method only needs to estimate p components, while allowing for general
variable effects.
Another interesting feature of the proposed method is the use of coefficient-based representation in estimating the gradient function. It follows directly from the representor
theorem (Wahba, 1999) in a RKHS, and turns out to greatly facilitate variable selection in
the gradient learning framework. With the coefficient-based representation, the group Lasso
penalty can be naturally enforced on all the coefficients associated with the same variable.
This leads to a well-structured optimization task, and can be efficiently solved through a
blockwise coordinate descent algorithm (Yang and Zou, 2015). This is contrast to the existing gradient learning methods such as Ye and Xie (2012), where standard RHKS is used and
a squared RKHS-norm penalty is enforced to attain the sparsity structure in the estimated
gradients, and a forward-backward splitting algorithm is required for computation.
Finally, the effectiveness of the proposed method is supported by a variety of simulated
and real examples. More importantly, its asymptotic estimation and selection consistencies are established, showing that the proposed method shall recover the truly informative
variables with probability tending to one, and estimate the true gradient function at a fast
convergence rate. Note that the variable selection consistency is not established in Ye and
Xie (2012), and the estimation consistency of our method is more challenging due to the
additional hypothesis error arises in the coefficient-based formulation. Also, as in many
nonparametric variable selection methods (Lin and Zhang, 2006; Xue, 2009; Huang et al.,
2010), the results are obtained in the sneario of fixed dimension, which are particlarly interesting given the fact that the variable selection consistency is obtained without assuming
any explicit model.
The rest of the article is organized as follows. Section 2 presents a general framework
of the proposed model-free variable selection method as well as an efficient computing algorithm to tackle the resultant large-scale optimization task. Section 3 establishes the
asymptotic results of the proposed method in terms of both estimation and variable selection. The numerical experiments on the simulated examples and real applications are
contained in Section 4. A brief discussion is provided in Section 5, and the Appendix is
devoted to the technical proofs.

2. Model-free variable selection
2.1 Preambles
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Suppose that a training set consists of (xi , yi ); i = 1, . . . , n, where xi = (xi1 , . . . , xip )T ∈ Rp
and yi ∈ R are independently sampled from some unknown joint distribution. We consider
3

the following regression model,

Yang, Lv and Wang

y = f ∗ (x) + ,

(1)

where E(| x) = 0, Var(| x) = σ 2 , x = (x(1) , . . . , x(p) )T is supported on a compact metric
space X , and f ∗ is the true regression function that is assumed to be twice differentiable
everywhere.
When p is large, it is generally believed that only a small number of variables are truly
informative. In literature, to define the truly informative variables, f ∗ is often assumed to
be of certain form. For instance, if f ∗ (x) = xT β ∗ with β ∗ = (β1∗ , . . . , βp∗ )T , then x(j) is
regarded as truly informative if βj∗ 6= 0. However, this linear model assumption on f ∗ can
be too restrictive in practice, and whether a variable is informative shall not depend on the
assumed model. In this article, a model-free variable selection method is developed without
assuming any explicit form for f ∗ .
Since no explicit form is assumed for f ∗ , we note that if x(l) is non-informative in f ∗ , the
corresponding gradient function ∇fl∗ (x) = ∂f ∗ (x)/∂x(l) ≡ 0 for any x. This fact motivates
the proposed model-free variable selection method in a gradient learning framework. Denote
g∗ (x) = ∇f ∗ (x) = (∇f1∗ (x), . . . , ∇fp∗ (x))T the true gradient function, and the estimation
error as

= 2σs2 + Ex,u w(x, u)(f ∗ (x) − f ∗ (u) − g(x)T (x − u))2 ,

E(g) = E(x,y),(u,v) w(x, u)(y − v − g(x)T (x − u))2

where σ 2 = E
[w(x, u)(y − f ∗ (x))2 ] is independent of g, and w(x, u) is a weight
(x,y),(u,v)
s
function that decreases as k x − u k increases and ensures the local neighborhood of x con2
2
tributes more to estimating g∗ (x). Typically, w(x, u) = e−k x − u k /τn with a pre-specified
positive parameter τn2 , which plays a key role in the asymptotic estimation consistency and
is to be elaborated.
2.2 Coefficient-based formulation

i,j=1

n

2
X
1
wij yi − yj − g(xi )T (xi − xj ) + J(g),
n(n − 1)

(2)

Given the training set (xi , yi ); i = 1, . . . , n, E(g) is approximated by its empirical version,
and then the proposed variable selection method is formulated as

p
g∈HK

argmin s(g) =

t=1

n
X

αtl K(x, xt ); l = 1, . . . , p.

x
where wij =
Ppw(xi , j ), HK denotes a RKHS induced by a pre-specified kernel K(·, ·),
J(g) = λn l=1
πl J(gl ) is a penalty function on the complexity of g, and πl ’s are the
adaptive tuning parameters to be specified. The representor theorem assures that the
minimizer of (2) must be of the following coefficient-based representation,
gl (x) =
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Thanks to the explicit form of gl (x), it is clear that gl (x) ≡ 0 is equivalent to αtl = 0 for all t’s,
or more concisely, kα(l) k2 = 0 with α(l) = (α1l , ..., αnl )T . A similar formulation connecting

4

t=1

(4)

i,j=1 wij Uij ,

Pn

M=

e (s) − (yi − yj )(xil − xjl )Ki
((xi − xj )(xi − xj )T )ls Ki KTi α

!

=

i,j=1

=



e
α

(l)

e
∇l L(α)
−
γ (l)



1−

e (l) − ∇l L(α)k
e 2
kγ (l) α

λn πl

+

.

(7)

3. Asymptotic theory

The proposed algorithm then iteratively updates α(l) for l = 1, . . . , p, 1, . . . until convergence. The algorithm is guaranteed to converge to the global minimum, since the cost
function in (5) is convex and its value is decreased in each updating step. Furthermore, the
computational complexity of the block coordinate descent algorithm is O(n2 p2 D) with D
being the number of iterations until convergence, which can be substantially less than the
complexity of solving (5) with standard optimization packages.

α

(l)

!

n
X
2
wij ((xi − xj )(xi − xj )T )ll Ki KTi ,
n(n − 1)

which is the l-th n × n block diagonal of M.
It is straightforward to show that (6) has an analytical solution,

(l)

M

Mij

5

6
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i,j=1 wij Mij ,

Pn

s=1

p
X
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2
n(n−1)

i,j=1

n
X
2
wij
n(n − 1)

where ((xi − xj )(xi − xj )T )ls is the (l, s)-th entry of (xi − xj )(xi − xj )T . Furthermore,
denote γ (l) the largest eigenvalue of

e =
∇l L(α)

(6)

Ki is the i-th column of K = (K(xi , xj ))n×n , In is a n-dimensional identity matrix, and ⊗
denotes the kronecker product.

= (yi − yj )(xi − xj ) ⊗ Ki ,



=
(xi − xj )(xi − xj )T ⊗ Ki KTi ,

2
n(n−1)

(5)

i,j=1

n
X
2
e − Uij ),
wij (Mij α
n(n − 1)

e denotes the l-th block vector of ∇L(α),
e and
∇l L(α)

e =
∇L(α)

e is the current estimate for α, α
e (l) is the l-th column of α,
e
Here α

T
γ (l) (l)
(l)
e
e (l) ) +
e (l) ) (α(l) − α
e (l) ) + λn πl kα(l) k2 .
argmin ∇l L(α)(α
−α
(α − α
2
(l)
α

To solve the subproblem, a similar approximation as in Yang and Zou (2015) can be employed, where the updated α(l) is obtained by solving

This section presents the asymptotic estimation and variable selection consistencies of the
proposed model-free variable selection method. The estimation consistency assures that the
distance between ĝ and g∗ converges to 0 at a fast rate, and the variable selection consistency assures that the truly informative variables can be exactly recovered with probability

Uij


where αT = (α(1) )T , . . . , (α(p) )T , U =

X
1
argmin − αT U + αT Mα + λn
πl kα(l) k2 ,
2
α
l=1

p

To solve (4), we develop a block coordinate descent algorithm as in Yang and Zou (2015).
First, after dropping the α-unrelated terms, the cost function in (4) can be simplified as

2.3 Computing algorithm

where Ki = (K(xi , x1 ), . . . , K(xi , xn ))T is the i-th column of K = (K(xi , xj ))n×n , and
λn is a tuning parameter. The infimum operator in (3) is absorbed in the minimization
in (4). Clearly, (4) simplifies the original formulation (2) from a functional space to a
finite-dimensional vector space. However, the vector space is of dimension np and thus still
requires an efficient large-scale optimization scheme, which will be developed in the next
section.

p
p
n

2
X
X
X
1
T (l)
argmin
wij yi − yj −
πl kα(l) k2 ,
Ki α (xil − xjl ) + λn
α(1) ,...,α(p) n(n − 1) i,j=1
l=1
l=1

Here the group Lasso type of penalty
attains the effect of pushing all or none of
αtl ’s to be exactly 0 and thus achieves the purpose of variable selection. The infimum is
necessary for defining the penalty as the kernel basis {K(·, xt )}nt=1 may not be linearly
independent and thus the representation of gl in HK may not be unique. This penalty term
differs from that in Ye and Xie (2012) in that our coefficient-based penalty does not rely on
K and usually leads to sparser solutions. On the contrary, the penalty kgl kK in Ye and Xie
(2012) can be sensitive to the choice of K as its minimum eigenvalue can be very small. In
addition, the finite dimensional hypothesis space is more flexible than the standard RHKS,
and particularly the positive definite K is no longer needed. This relaxation can be critical
in scenarios when such kernels are inappropriate.
With the coefficient-based representation and the group Lasso penalty, the proposed
variable selection formulation can be rewritten as

kα(l) k2

(3)

Then we update one α(l) at a time pretending others fixed, and the l-th subproblem
becomes
1
argmin L(α) + λn πl kα(l) k2 = −αT U + αT Mα + λn πl kα(l) k2 ,
2
α(l)

between ridge regression with a coefficient-based representation and support vector machine
(Cortes and Vapnik, 1995) is also established in Scholköpf and Smola (2002).
Furthermore, to exploit the sparse structure in the regression model, we propose to
consider the following sparsity-inducing penalty,

n
n
o
X
J(gl ) = inf kα(l) k2 : gl (·) =
αtl K(·, xt ) .
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(8)

tending to 1. Both consistency results are established for fixed p. For simplicity, we assume only the first p0 variables x(1) , . . . , x(p0 ) are truly informative. The following technical
assumptions are made.
Assumption A1. The support X is a non-degenerate compact subset of Rp , and there
exists a cosntatnt c1 such that supx k H∗ (x)k2 ≤ c1 , where H∗ (x) = ∇2 f ∗ (x). Also,
supx |K(x, x)| = 1, and the largest eigenvalue of K is of order O(nψ ) with 0 ≤ ψ ≤ 1.
Assumption A2. For some constants c2 and θ > 0, the probability density p(x) exists
and satisfies
|p(x) − p(u)| ≤ c2 dX (x, u)θ , for any x, u ∈ X ,

where dX (·, ·) is the Euclidean distance on X .
Assumption A3. There exists some constant c4 and c5 such that c4 ≤ limn→∞ min1≤l≤p πl ≤
lim
max1≤l≤p0 πl ≤ c5 and n−1/2 λn minl>p0 πl → ∞.
n→∞
R
Assumption A4. For any j ≤ p0 , there exists a constant t such that X \Xt kgj∗ (x)k2 dρX (x) >
0, and for any j ≥ p0 + 1, gj∗ (x) ≡ 0 for any x ∈ X , where Xt = {x ∈ X : dX (x, ∂X ) < t}.
In Assumption A1, the compact support is assumed for the technical simplicity, which
has been often used in the literature of nonparametric models (Horowitz and Mammen, 2007;
Ye and Xie, 2012). The non-degenerate X rules out the complete multicollinearity and thus
assures the unique minimizer of (4) and the true gradient function g∗ (x). And k H∗ (x)k2
is a matrix-2 norm of H∗ (x) for any given x, denoting its largest eigenvalue. The bounded
assumption on k H∗ (x)k2 implies that |f ∗ (u) − f ∗ (x) − (g∗ (x))T (u − x)| ≤ c1 k u − x k22 for
any u and x, which is necessary to prevent the loss function from diverging at certain values.
Furthermore, for the Gaussian Kernel, the assumption for its largest eigenvalue can be
verified with ψ = 1. (Gregory et al., 2012). Assumption A2 introduces a Lipschitz condition
on the density function, assuring the smoothness of the distribution of x. Assumption A1
and A2 also imply that the probability density p(x) is bounded. Assumption A3 provides
some guideline on setting the adaptive weights, and is satisfied with πl = k(α̃(l) )T K α̃(l) k2−γ
and some positive γ. For example, the initializer α̃(l) can be obtained by solving (4)
without the Lasso penalty and γ = 3 − 2ψ, which can be verified following Lemma 1
and Theorem 14 in Mukherjee and Zhou (2006). Other consistent estimators can also be
employed to initialize the weights. Assumption A4 requires that the gradient function
along a truly informative variable needs to be substantially different from 0, and that along
a non-informative variable is 0 everywhere.
Lemma 1 Let g0 be the minimizer of E(g) over all functionals. If Assumption A1-A2 are
met, then as τn2 → 0, g0 (x) converges to g∗ (x) in probability, and E(g0 ) − 2σs2 → 0.
Lemma 1 is analogous to the Fisher consistency established for margin-based classification
(Lin, 2004; Liu, 2007). It shows that the error measure E(g) in (1) is reasonable in the sense
that its global minimizer well approximates the true gradient function g∗ as τn2 shrinks to 0.
Note that it may not appropriate to set τn2 to be exactly 0 in the gradient learning framework,
but a sufficient small τn2 is necessary in order to assure the estimation consistency.
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Theorem 2 Suppose Assumptions A1-A4 are met. Then there exists some constant M0
and c6 such that with probability at least 1 − δ,


p
1
2ψ−1
) 2 −4
− 1
−(1− 2(p+2)
λn τn .
log(4/δ) n−1/4 + n 2 λn−2 + τnp+4 + n 2(p+2) + n
E(ĝ) − 2σs2 ≤ c6

7

θ
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2ψ−1
1
+ 4(p+2)
4

Theorem 2 establishes the estimation consistency of ĝ in terms of its estimation error
−

E(ĝ) − 2σs2 , which is governed by the choice of λn and τn . Specifically, let λn = n

2ψ−1
1
+ 4(p+2)
4

and τn = n 4p(p+2)(p+4+3θ) , and we have E(ĝ) − 2σs2 → 0 in probability.
Next, let AT = {1, · · · , p0 } consist of all the truly informative variables, and Ab = {j :
b (j) k2 > 0} consist of all the estimated informative variables, where α
b (j) is the solution of
kα
(4).

Theorem 3 Suppose all the assumptions in Theorem 2 are met. Let λn = n
θ
−
and τn = n 4p(p+2)(p+4+3θ) , then P (Ab = A∗ ) → 1 as n diverges.

Theorem 3 assures that the selected variables by the proposed method can exactly recover
the true active set with probability tending to 1. In fact, P (Ab = A∗ ) can be upper bounded
by 1 − O(n−1/4 ) with an appropriate choice of δ. This result is particularly interesting given
the fact that it is established without assuming any explicit model assumptions.

4. Numerical experiments

This section examines the effectiveness of the proposed model-free variable selection method,
and compares it against some popular model based methods in literature, including variable
selection with the additive model (Xue, 2009), Cosso (Lin and Zhang, 2006), sparse gradient learning (Ye and Xie, 2012) and multivariate adaptive regression splines (Friedman,
1991), denoted as MF, Add, Cosso, SGL and Mars respectively. In all the experiments, the
2
2
Gaussian kernel K(x, u) = e−k x − u k2 /2σn is used, where the scalar parameters σn2 and τn2
in w(x, u) are set as the median over the pairwise distances among all the sample points
(Mukherjee and Zhou, 2006). Other tuning parameters in these competitors, such as the
number of knots in Xue (2009), are set as the default values in the available R and Matlab
packages.
The tuning parameters in each method are determined by the stability-based selection
criterion in Sun et al. (2013). The idea is to conduct a cross-validation-like scheme, and
measure the stability as the agreement between two estimated active sets. It randomly
splits the training set into two subsets, applies the candidate variable selection method to
each subset, and obtains two estimated active sets,
as Ab1b and Ab2b . The variable
PB denoted
selection stability can approximated by sλ = B1 b=1
κ(Ab1b , Ab2b ), where B is the number of
splitting in the cross validation scheme, and κ(·, ·) is the standard Cohen’s kappa statistic
measuring the agreement between two sets. The tuning parameter λ is then selected as the
one maximizing sλ . Finally, the performance of all methods is evaluated by a number of
measures regarding the variable selection accuracy.
4.1 Simulated examples
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Two simulated examples are considered. The first example was used in Xue (2009) and
Huang et al. (2010), where the true regression model is an additive model. The second
example modifies the generating scheme of the first one and includes interaction terms.
Example 1: First generate p-dimensional variables xi = (xi1 , . . . , xip )T with xij =
where Wij and Ui are independently from U (−0.5, 0.5), for i = 1, . . . , n and
Wij +ηUi
1+η ,

8

1.600
1.100
0.220
9.220
3.900
3.500

0.800

3.900

0.160
0.520
2.240

0.120

4.000

4.000

3.800
3.840
3.800
3.500

4.000

0.440
0.600
1.240
0.280

0.000

8.400
0.360
3.800
3.960
3.760
3.600

0.200

3.400

0.280
0.600
2.000
0.500
1.200
1.600

0.040

0.080
0.240
0.420
1.200
0.300

4.000

4.000
4.000
4.000
4.000

3.620

4.000
4.000
4.000
4.000

3.960
3.600

FP
0.000

TP
4.000
4.000

C
50
46
41
12
12
35
48
40
16
10
39
30
31
12
0
33
48
24
24
16
30
36
37
10
8
35
21
26
20
0

U
0
0
1
20
0
0
0
0
18
0
0
0
0
30
0
10
2
8
12
0
10
8
5
20
0
5
0
4
20
0

O
0
4
8
18
38
15
2
10
16
40
11
20
19
8
50
7
0
18
14
34
10
6
8
20
42
10
29
20
10
50

9

10

Table 1: The averaged performance measures of various variable selection methods in Example 1.

4.000
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Size
4.000
4.080
4.200
4.020
5.200
4.040
4.040
4.280
4.220
6.000
4.500
5.200
5.600
3.600
12.400
4.160
3.960
4.200
4.200
5.240
4.080
3.960
3.960
4.020
6.240
4.700
5.600
5.000
3.720
13.220
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Method
MF
Add
Cosso
SGL
Mars
MF
Add
Cosso
SGL
Mars
MF
Add
Cosso
SGL
Mars
MF
Add
Cosso
SGL
Mars
MF
Add
Cosso
SGL
Mars
MF
Add
Cosso
SGL
Mars

(DW), Vandenburg 500 millibar height (VDHT), wind speed (WDSP), humidity (HMDT),
temperature at Sandburg (SBTH), inversion base height (IBHT), Daggett pressure gradient
(DGPG), inversion base temperature (IBTP) and visibility (VSTY). These two datasets
have been widely analyzed in literature, including Breiman and Friedman (1985), Xue
(2009), and Lin and Zhang (2006). For the digit recognition data, each digit is described
by a 8 × 8 gray-scale image with each entry ranging from 0 to 16. We focus on digits 3
and 5 due to their similarity, and the resultant dataset consists of 365 observations and 64
attributes.

(200,50,1)

(100,20,1)

(100,10,1)

(200,50,0)

(100,20,0)

(n, p, η)
(100,10,0)
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The proposed model-free variable selection method is applied to three real data examples,
the Boston housing data, the Ozone concentration data, and the digit recognition data,
all of which are publicly available. The Boston housing data concerns the median value of
owner-occupied homes in each of the 506 census tracts in the Boston Standard Metropolitan
Statistical Area in 1970. It consists of 13 variables, including per capita crime rate by
town (CRIM), proportion of residential land zoned for lots over 25,000 square feet (ZN),
proportion of non-retail business acres per town (INDUS), Charles River dummy variable
(CHAS), nitric oxides concentration (NOX), average number of rooms per dwelling (RM),
proportion of owner-occupied units built prior to 1940 (AGE), weighted distances to five
Boston employment centers (DIS), index of accessibility to radial highways (RAD), fullvalue property-tax rate per $10000 (TAX), pupil-teacher ratio by town (PTRATIO), the
proportion of blacks by town (B), lower status of the population (LSTAT), which may affect
the housing price. The Ozone concentration data concerns the daily measurements of Ozone
concentration in Los Angeles basin in 330 days. The Ozone concertration may be influenced
by 11 meteorological quantities, such as month (M), day of month (DM), day of week

4.2 Real examples

j = 1, . . . , p. When η = 0 all variables are independent, whereas when η = 1 correlation
presents among the variables. Next, set f ∗ (xi ) = 5f1 (xi1 ) + 3f2 (xi2 ) + 4f3 (xi3 ) + 6f4 (xi4 ),
sin(πu)
with f1 (u) = u, f2 (u) = (2u − 1)2 , f3 (u) = 2−sin(πu)
, and f4 (u) = 0.1 sin(πu) + 0.2 cos(πu) +
0.3 sin2 (πu) + 0.4 cos3 (πu) + 0.5 sin3 (πu). Finally, generate yi by yi = f (xi ) + i with
i ∼ N (0, 1.312 ). Clearly, the true underlying regression model is additive.
Example 2: The generating scheme is similar as Example 1, except that f ∗ (xi ) = (2xi1 −
1)(2xi2 − 1), Wij and Ui are independently from N (0, 1) and i ∼ N (0, 1). It is clear that
the underlying regression model includes interaction terms, and thus the additive model
assumption is no longer valid.
For each example, different scenarios are considered with η = 0 or 1, and (n, p) =
(100, 10), (100, 20) or (200, 50). Each scenario is replicated 50 times, and the averaged
performance measures are summarized in Tables 1 and 2. Specifically, Size represents the
averaged number of selected informative variables, TP represents the number of truly informative variables selected, FP represents the number of truly non-informative variables
selected and C, U, O are the times of correct-fitting, under-fitting and over-fitting, respectively.
It is evident that the proposed MF method delivers superior selection performance
against the other three competitors. In Table 1 where the true model is indeed additive,
MF performs similarly as Add and SGL, whereas Cosso and Mars appear more likely to
overfit. In Table 2 where the true model consists of interaction terms, the performance
of MF becomes competitive, but Add tends to under-fit more frequently, and Cosso, Mars
and SGL tend to overfit as the dimension increases. Furthermore, in both examples with
η = 1, it is clear that the correlation among variables increases the difficulty of selecting the
truly informative variables, yet the proposed MF method still outperforms its competitors.
Furthermore, it is also noted that the estimation accuracy of MF outperforms SGL, but it
is omitted here as only MF and SGL estimate the gradient function g, whereas Add, Cosso
and Mars estimate the regression function f .
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Size
1.960
2.140
2.920
2.320
4.000
2.100
2.200
4.320
2.220
4.240
2.100
2.920
2.200
1.800
8.200
2.160
2.360
3.600
2.300
4.240
2.040
2.460
3.240
2.120
6.740
2.160
16.200
2.340
2.460
8.160

TP
1.920
1.760
1.920
1.920
2.000
2.000

1.800
1.920
2.000

1.920
2.000

FP
0.080

0.380
1.000
0.400
2.000
0.100

0.400
2.400
0.220
2.320
0.100
1.000
0.400
0.000

14.400
0.540
0.500
6.240

0.200

0.540
1.440
0.320
4.740

0.120

0.800
1.600
0.300
2.240

6.200

1.920
1.800
1.800
0.160

1.560

2.000
2.000
2.000
2.000
2.000

1.920
1.920
1.800
1.800
2.000
1.960

1.800
1.800
1.960
1.960

C
43
25
15
30
8
45
30
10
42
14
45
28
25
42
0
42
16
10
35
10
40
34
9
28
0
40
17
28
23
0
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(n, p, η)
(100,10,0)

(100,20,0)

(200,50,0)

(100,10,1)

(100,20,1)

(200,50,1)

Method
MF
Add
Cosso
SGL
Mars
MF
Add
Cosso
SGL
Mars
MF
Add
Cosso
SGL
Mars
MF
Add
Cosso
SGL
Mars
MF
Add
Cosso
SGL
Mars
MF
Add
Cosso
SGL
Mars

U
3
9
3
4
0
0
8
3
0
2
0
2
10
8
0
0
12
0
0
0
4
4
10
10
0
2
9
10
2
2

O
4
16
32
16
42
5
12
37
8
34
5
20
15
0
50
8
22
40
15
40
6
12
31
12
50
8
24
22
25
48

Table 2: The averaged performance measures of various variable selection methods in Example 2.
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In our analysis, all the variables and responses are standardized and the selected variables are summarized. The selected informative variables by MF, Add, Cosso and Mars are
summarized in Tables 3 and 4. As the truly informative variables are unknown in real examples, averaged prediction errors with the selected variables are also reported to compare the
performance. To compute the averaged prediction error, each dataset is randomly split into
two parts: m observations for testing and the remaining for training. Specifically, m = 30
for the Boston housing data, m = 50 for the Ozone concentration data, and m = 35 for
11
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√

√
√

Add
√

1.797(0.0924)

√

√

Cosso
√

1.774(0.0931)

√

SGL
√

1.956(0.0939)

√
√
√

√
√

Mars
√

√

√
√

-

1.780(0.0916)

MF
√
√

√
√

1.774(0.0931)

digit recognition data. Each example is replicated 100 times, and the averaged prediction
errors by MF, Add, Cosso and Mars are summarized in Tables 3-5.
Variables
CRIM
ZN
INDUS
CHAS
NOX
RM
AGE
DIS
RAD
TAX
PTRATIO
B
LSTAT
Pred. Err.

MF
√

Add
√

-

Cosso
√

√

SGL
√

√
√
√

-

Mars
√

√
√
√
√
√
√
√
√
-

√

1.768(0.0416)

1.784(0.0463)

√
√
√
√
√

1.769(0.0425)

√
√

√
√
√
1.768(0.0416)

1.776(0.0426)

√
√

Table 3: The selected variables as well as the corresponding prediction errors by various
selection methods in the Boston housing dataset.

Variables
M
DM
DW
VDHT
WDSP
HMDT
SBTH
IBHT
DGPG
IBTP
VSTY
Pred. Err.

MF
2
1.857(0.0316)

Add
48
1.871(0.0310)

Cosso
8
1.878(0.0314)

SGL
4
1.875(0.0324)

Mars
18
1.879(0.0310)

Table 4: The selected variables as well as the corresponding prediction errors by various
selection methods in the Ozone concentration dataset.

No. of variables
Prediction error

Table 5: The number of selected variables and the prediction errors by various selection
methods in the digit recognition dataset.
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For the Boston housing data, MF and SGL select two informative variables, RM and
LSTAT, whereas Add, Cosso and Mars tend to select more variables. However, the corresponding prediction errors of Add, Cosso and Mars appear to be larger than that of MF
and SGL, implying that the additional selected variables by Add, Cosso and Mars may
hinder the prediction performance. For the Ozone concentration data, both MF and Cosso

12

13
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Figure 1: The scatter plots of the responses and the selected variables by MF in the Boston
housing data (first row) and the Ozone concentration data (second and third
rows).

select four variables but Add and Mars select more. One discrepancy is the variable IBTP,
which is selected by MF, Cosso, SGL and Mars but not by Add. As claimed in Gregory et
al. (2012), M, SBTH and IBTP are three most important meteorological variables related
to Ozone concentration as all of them describe the temperature changes. Meanwhile, MF
and Cosso show smaller prediction error than SGL and Mars, which implies that SGL and
Mars may include some non-informative variables. Figure 1 displays scatter plots of the
responses against the selected variables by MF in the Boston housing data and the Ozone
concentration data. It is clear that all the selected variables show moderate to strong relationship with the responses. For digit recognition data, MF selects much less variables
than the other competitors and provides smaller prediction error. Figure 2 shows some
randomly selected digits of 3 and 5 and the two selected informative variables, where the
left informative variable is always contained in digit 5 and the right one is always contained
in digit 3.
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This article proposes a model-free variable selection method, which is in sharp contrast
to most existing methods relying on various model assumptions. The proposed method
makes use of the natural connection between informative variables and sparse gradients,
and formulates the variable selection task in a flexible framework of learning gradients.
Additionally, we introduce a coefficient-based representation to facilitate variable selection
in the learning framework. A block-wise coordinate decent algorithm is developed to make
efficient computation for large-scale problems feasible. More importantly, we establish the
estimation and variable selection consistencies of the proposed method without assuming
any restrictive model assumption. The effectiveness of the proposed method is also supported by numerical experiments on simulated and real examples. It is worth pointing out
that the computational cost of the proposed method can be expensive, as it allows for a more
flexible modeling framework in RKHS. The extension of the proposed method to diverging
dimension is also challenging as a model-free framework with diverging dimension can be
too flexible to analyze. One possible remedy is to pre-screen the non-informative variables
via some model-free screening methods (Li et al., 2012) to shrink the size of candidate
variables.

5. Summary

Figure 2: Some randomly selected digit 3, digit 5 and the two selected informative variables.
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Appendix A. technical proofs

X

Proof of Lemma 1: First, note that under Assumption A1 and A2, the probability
density p(x) is bounded, and thus there exists some constant c7 such that supx∈X p(x) ≤ c7 .
Moreover, denote Xt = {x ∈ X : dX (x, ∂X ) < t}, then we have ρX (Xt ) ≤ c8 t for any t given
a constant c8 , where ∂X is the boundary of the compact support X , ρX is the marginal
distribution and dX (x, ∂X ) = inf u∈∂X dX (x, u).
Since g0 is the minimizer of E(g), the functional derivative of E(g) at g0 yields that for
any arbitrary function vector δ(x),
Z Z

w(x, u) f (x) − f (u) + g0 (x)T (u − x) (u − x)T δ(x)dρX (u)dρX (x) = 0p ,
X

where 0p is a p-dimensional vector with all zeros. As the above equality is true for any
δ(x), it implies that for any given x,
Z

w(x, u) f (x) − f (u) + g0 (x)T (u − x) (u − x)dρX (u) = 0p .

X

−

2
k x − u k2
2
2τn

(u − x)(u − x)T d u = τnp+5/2

Z

k t k2 <1

e−

2
k t k2
2

t tT d t,

R
For simplicity,
denote M(x) = X w(x, u)(u − x)(u − x)T dρX (u) a function matrix,
R
and d(x) = X w(x, u)(u − x) (f (u) − f (x)) dρX (u) a function vector. Then M(x) g0 (x) −
1/2
d(x) = 0 for any given x. Let Xτ = {x : dX (x, ∂X ) ≥ τn , p(x) ≥ c2 τnθ + τn }, then by
Assumption A2,


P (Xτc ) ≤ P (dX (x, ∂X ) < τn ) + P p(x) < c2 τnθ + τn1/2 ≤ c8 τn + (c2 τnθ + τn1/2 )|X |,

Z

dX (x,u)<τn

e

where |X | denotes the Lebesgue measure of X . For any x ∈ Xτ ,
Z
w(x, u)(u − x)(u − x)T p(u)d u

M(x) =

≥ τn1/2

Z

ZX

e−

k t k23 d t .
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2
k t k2
2


w(x, u)(u − x) f (u) − f (x) − g∗ (x)T (u − x) dρX (u)

kg0 (x) − g∗ (x)k2 ≤ k(M(x))−1 k2 kd(x) − M(x)g∗ (x)k2 .

where t = (u − x)/τn . The inequality follows from Assumption A2 and the fact that
1/2
p(u) ≥ p(x) − |p(u) − p(x)| ≥ p(x) − c2 d(x, u)θ ≥ τn on Xτ . As the support X is
2
k t k2
R
non-degenerate by assumption A1, k t k2 <1 e− 2 t tT d t is always positive definite. So its
smallest eigenvalue, denoted as φmin , is positive, and thus the smallest eigenvalue of M(x)
p+5/2
must be larger than φmin τn
, which is also positive.
As M(x) is invertible for any x ∈ Xτ , we have g0 (x) = M(x)−1 d(x), and thus
Furthermore,
kd(x) − M(x)g∗ (x)k2 =
≤

w(x, u)k u − x k23 d u ≤ c1 c8 τnp+3


w(x, u)(u − x) f (u) − f (x) − g∗ (x)T (u − x) p(u)d u
Z
Z
≤ c1 c8

15

Therefore, for any x ∈ Xτ ,
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kg0 (x) − g∗ (x)k2 ≤ kM(x)−1 k2 kd(x) − M(x)g∗ (x)k2 ≤

i,j=1

1/2

c1 c8 τn
φmin

Z

e−

n

2
X
1
ωij yj − yi − g(xi )T (xj − xi ) .
n(n − 1)

2
k t k2
2

k t k23 d t,

which converges to 0 for any x ∈ Xτ . Since P (x ∈ Xτ ) → 1 as τn → 0, the desired result
follows immediately.
Next, as E(g) − 2σs2 > 0 for any g, we have 0 ≤ E(g0 ) − 2σs2 ≤ E(g∗ ) − 2σs2 . By
Proposition 3 in Ye and Xie (2012), E(g∗ ) − 2σs2 ≤ O(τnp+4 ) → 0 as τn → 0. Therefore,

E(g0 ) − 2σs2 → 0 as τn → 0.
To proceed further, we note that the proof of Theorem 2 is substantially different from
conventional error analysis as in Mukerjee and Zhou (2006) and Ye
Pnand Xie (2012). In our
setting, we consider the coefficient-based space Hz = {g : g(x) = i=1
ai K(xi , x), ai ∈ R}
n . One difficulty arises is that g∗
as the candidate functional space, which depends on {xi }i=1
may not be contained in Hzp and thus J(g∗ ) can not be defined. To circumvent this difficulty,
we introduce an intermediate learning algorithm as a bridge for the error analysis, so that
standard empirical process and approximation theories can be used.
p
= {g = (g1 , ..., gp )T , gj ∈ HK }, and
Define a vector-valued functional space as HK
Hzp = {g = (g1 , ..., gp )T , gj ∈ Hz }. Furthermore, denote the empirical error used in our
algorithm as
Ez (g) =

i,j=1

l=1

p
n

2
X
X
1
2
wij yi − yj − g(xi )(xi − xj ) + ρn
πl kgl kK
,
n(n − 1)

(9)

p
Clearly, E(Ez (g)) = E(g) for any g ∈ HK
.
In order to establish the consistency results, we introduce an intermediate learning
algorithm,

p
g∈HK

ḡ = argmin

n
X
t=1

ᾱtl K(x, xt ),

for l = 1, ..., p.

(10)

1
. Note that (9) is a weighted version of the original gradient
where ρn = n−η with η = 4(p+2)
learning in Mukherjee and Zhou (2006). By the representor theorem, each element of ḡ in
(9) has a closed solution with the form

ḡl =

i,j=1

n


X
1
ωij yj − yi − ḡ(xi )T (xj − xi ) (K)iT [xj − xi ]l = 0,
n(n − 1)

Denote ᾱl = (ᾱ1l , ..., ᾱnl )T satisfies the linear system
ρn πl K ᾱl +

n

j=1

(11)

JMLR 17(82):1-24


X 
1
ωtj yj − yt − ḡ(xt )T (xj − xt ) [xj − xt ]l .
n(n − 1)

where (K)i represents the i-th row of K. Without loss of generality, we assume that K is
invertible. In this case, we can solve for ᾱtl as follows:
ρn πl ᾱtl = −

16

l=1

p0
X

ρn πl (kgl∗ k2K − kḡl k2K ) + c2n /ε,

πl J(ĝl ) ≤ ϕ1 (z) + 2ϕ0 (z) + Λn (ε, ρ, K),

Λn (ε, ρ, K) = (1 + ε)E(g∗ ) +

l=1

p
X

(12)

p
c
√x
Ez (ḡ),
ρn πl n − 1

l = 1, ..., p.

l=1

p
X

l=1

l=1
p
X

p
X

ρn πl (kgl∗ k2K − kḡl k2K ) + c2n /ε,

p0
X

≤ E(ĝ) − Ez (ĝ) + (1 + ε)Ez (g∗ ) + 2
l=1

l=1

≤ E(ĝ) − Ez (ĝ) + (1 + ε)Ez (ḡ) + c2n /ε
p
X
≤ E(ĝ) − Ez (ĝ) + (1 + ε)Ez (g∗ ) + 2
ρn πl (kgl∗ k2K − kḡl k2K ) + c2n /ε

1 p
Ez (ḡ)
ρn

p
X

l=1

πl J(ḡl )

πl J(ĝl )

 c λ
x n
≤ E(ĝ) − Ez (ĝ) + Ez (ḡ) + √
n−1

≤ E(ĝ) − Ez (ĝ) + Ez (ḡ) + λn

πl J(ĝl ) = E(ĝ) − Ez (ĝ) + Ez (ĝ) + λn

(13)

17

p
HR
= {g ∈ Hzp , with J(g) ≤ R},
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where the first inequality follows from the definition of ĝ, the second inequality is derived
√
for any ε > 0, the
based on 13, the third inequality follows from the fact xy ≤ εx+y/ε
2
fourth inequality follows from the definition of ḡ, and the last inequality is due to the
assumption that gl∗ = 0 for any l > p0 .

Next, For any given value R > 0, define the functional subspace with bounded J(g) as

E(ĝ) + λn

The above inequality in connection with the definition of ĝ yields that

J(ḡl ) ≤

Proof of Proposition 4: First of all, by the Hölder inequality, it follows from 11 that:

n
with cn = ρ cx√pλ
and cx ≥ supx k x k. In the literature of statistical learning theory, ϕ0 (z),
n n−1
ϕ1 (z) are called the sample error and Λ(λn ) is the approximation error.

where

E(ĝ) + λn

Proposition 4 Let ϕ0 (z) = Ez (g∗ ) − E(g∗ ) and ϕ1 (z) = E(ĝ) − Ez (ĝ). Then the following
inequality holds for any 0 < ε ≤ 1,

With these preparations, we are now in the position to decompose the excess error as
follows.

Model-free Variable Selection in RKHS

p
g∈HR

S(R, λn ) = sup |E(g) − Ez (g)|.



.

8(Mn + cx

4
∗
l=1 kgl kK )

nε2
Pp

!

.

(14)

k6=i,j6=i

z0 ,

j=1

k=1

n
n
n
X
X
X
1
1
1
h(zk , zj ) +
h(zi , zj ) +
h(zk , zi ).
n(n − 1)
n(n − 1)
n(n − 1)

Ez (g)−Ez0 (g) ≤

4(Mn + cx

n

l=1 kgl kK )

Pp

2

≤

18
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ψ/2
P
4(Mn + cxcn4 λn R )2
4(Mn + cx nψ/2 pl=1 kα(l) k2 )2
≤
,
n
n

Note that if z is replaced by
the difference between Ez (g) and Ez0 (g) boils down to
the differences between the second and third components of the above decomposition. By
Assumption A3, we see that πl > c4 for any l. Then it follows that

Ez (g) =

Proof of Lemma 6: It suffices to verify the conditions required by the McDiarmid’s
inequality. For this purpose, we define (x0 , y 0 ) as a sample point drawn from the distribution
ρ(x, y) and independent of (xi , yi ). Denote by z0 the modified training sample which is the
same as z except that the i-th observation (xi , yi ) is replaced with (x0 , y 0 ). Let h(zi , zj ) =
p
ωij (yj − yi − g(xi )T (xj − xi ))2 with any fixed g ∈ HR
, then we decompose Ez (g) as follows,

P (|Ez (g∗ ) − E(g∗ )| ≥ ε) ≤ 2 exp −

In addition, there exists a constant c5 , such that

Lemma 6 If |y| ≤ Mn and Assumptions A1-A3 hold, then for any constant R > 0 and
ε > 0 , there holds
!
nε2
P (|S(R, λn ) − E(S(R, λn ))| ≥ ε) ≤ 2 exp −
.
ψ/2
8(Mn + cxcn4 λn R )4

This result implies that, as soon as one has a function of n independent random variables,
whose variation is bounded when only one variable is modified, the function will satisfy a
Hoeffding-type inequality.


2t2
P{|f (z1 , ..., zn ) − E (f (z1 , ..., zn )) | ≥ t} ≤ 2 exp − Pn

2
i=1 Ci

|f (z1 , ..., zn ) − f (z1 , ..., zi0 , ..., zn )| ≤ Ci ,

for every i ∈ {1, 2, ..., n}. Then, for every t > 0,

z1 ,...,zn ,zi0 ∈Z

sup

Lemma 5 (McDiarmid’s Inequality) Let Z1 , ..., Zn be independent random variables taking
values in a set Z, and assume that f : Z n → R satisfies

Then the quantity S(R, λn ) can be bounded using the McDiarmid’s inequality (McDiarmid,
1989).

and
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4(Mn +

cx nψ/2 R 2
c4 λn )

,

∀g∈

p
HR
.

nε2
cx nψ/2 R 4
c4 λn )

!
.

where the second inequality follows from the Hölder inequality and Assumption A1. Interchanging the roles of z and z0 yields that
|Ez (g) − Ez0 (g)| ≤
n

Then applying the McDiarmid’s inequality, we have
P (|S(R, λn ) − E(S(R, λn ))| ≥ ε) ≤ 2 exp −
8(Mn +

l≤p0

In contrast with the first one, it is easier to obtain the second result in Lemma 6, since
it only involves
function g∗ . As a similar argument to the first one, we can set
Ppthe ∗fixed
4(M +c
kg k )2
n
x
K
l
l=1
Ci =
. Thus plugging Ci into the McDiarmid’s inequality, our desired
n
result follows immediately.

Pn
1
Proposition 7 Assume the assumptions of Theorem 2 are met. If Ez (0) = n(n−1)
i,j=1 (yi −
yj )2 is upper bounded by M0 , then there exists a constant c9 such that for any δ ∈ (0, 1),
with probability at least 1 − δ,


p
2ψ−1
log(4/δ) Mn2 n−1/2 + n 2 M02 λn−2 + ετnp + max ρn πl kgl∗ − ḡl kK + cn2 /ε
J(ĝ) ≤ c9

l≤p0

(15)

where cn is defined as Proposition 4. In addition, there holds


p
2ψ−1
log(4/δ) Mn2 n−1/2 + n 2 λn−2 + ετnp + max ρn πl kgl∗ − ḡl kK + cn2 /ε

E(ĝ) − 2σs2 ≤ c9

(Mn + cxcn4 λn R )2
√
,
n

ψ/2

Proof of Proposition 7: By Lemma 2 of Ye and Xie (2012), we have
E(S(R, λn )) ≤

log(2/δ) 
cx nψ/2 R 2
.
Mn +
n
c4 λn

which, together with Lemma 6, implies that with probability at least 1 − δ,
r
ϕ1 (z) ≤ |S(R, λn )| ≤ 3

By Proposition 4, we recall that

E(g∗ ) −

2σs2

=

O(τn4+p ),
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(16)

J(ĝ) + E(ĝ) ≤ ϕ1 (z) + 2ϕ0 (z) + Λn (ε, ρ, K),
Pp0
2 − kḡ k2 ) + c2 /ε. In addition, note that
where Λn (ε, ρ, K) = (1 + ε)E(g∗ ) + l=1
ρn πl (kgl∗ kK
l K
n
the Hessian matrix H∗ (x) of f ∗ is bounded uniformly on x, it is easy to verify that
which implies that
l≤p0

Λn (ε, ρ, K) − 2σs2 ≤ O(ετnp + max ρn πl kgl∗ − ḡl kK + cn2 /ε),
19
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since σs2 = O(τnp ) by definition.
Thus, combining 14 in Lemma 6, 15 with 16 , for some constant c9 , we have

l≤p0

J(ĝ) + E(ĝ) − 2σs2


p
2ψ−1
log(4/δ) Mn2 n−1/2 + n 2 R2 λn−2 + ετnp + max ρn πl kgl∗ − ḡl kK + cn2 /ε

≤ c9

with probability at least 1 − δ. Finally, we give an explicit bound for R. Following the
definition of ĝ, we have

Ez (ĝ) + J(ĝ) ≤ Ez (0) + J(0) ≤ M0 ,

p
which implies ĝ ∈ HM
, and thus R = M0 . As a consequence, the first and the second
0
desired inequalities follow immediately after the fact that E(ĝ) − 2σs2 ≥ 0 and J(ĝ) ≥ 0. 
Proof of Theorem 2: For given constant c6 > 0, C is denoted to be the following event,
o

n
p
1
2ψ−1
− 1
−(1− 2(p+2)
) 2
λn /ε . .
C = ĝ : E(ĝ)−2σs2 > c6 log(4/δ) n−1/4 +n 2 λn−2 +ετnp +n 2(p+2) +n

Then, we split C into three different events as follows,




P (C) = P C ∩ {|y| ≤ n1/8 , U ≤ M0 }c + P C ∩ {|y| ≤ n1/8 , U ≤ M0 }


≤ P (|y| > n1/8 ) + P (|y| ≤ n1/8 , U > M0 ) + P C ∩ {|y| ≤ n1/8 , U ≤ M0 } ,

Pn
1
2
2
2
where U = n(n−1)
i,j=1 (yi − yj ) and M0 = 4B + 2σ + 1 with B an upper bound of
f ∗ (x). The existence of B is due to the assumptions that x has a compact support and f ∗
is continuous Now we bound these three probabilities one by one.
1
1
1
First, by Chebyshev inequality, P (|y| > n 8 ) = E(P (f ∗ (x) +  > n 8 | x)) ≤ O(n− 4 ),
where the last inequality is due to bounded f ∗ (x). For the second probability, note that U
is a U-statistic with mean E(U ) = E(E(U | xi , xj )) = E(f ∗ (xi )−f ∗ (x0 ))2 +2σ 2 ≤ 4B 2 +2σ 2 .
By Bernstein’s inequality for U-statistic (Janson, 2004),


1
P (|y| ≤ n1/8 , U > M0 ) ≤ P (U > E(U ) + 1||y| ≤ n1/8 ) ≤ exp − n3/4 ,
16

ρl

= n−η with η =

1
4(p+2)

l≤p0

for all l, we have

kgl∗

−

ḡl kK

)

=

1
− 4(p+2)

cx√pλn
ρn n−1

= O(n

where (yi − yj )2 is upper bounded by 4n1/4 , which completes the second term.
Now we turn to the third term. Within the set {|y| ≤ n1/8 , U ≤ M0 }, by Proposition 7,


p
2ψ−1
log(4/δ) n−1/4 + n 2 M02 λn−2 + ετnp + max ρn πl kgl∗ − ḡl kK + cn2 /ε .
E(ĝ) − 2σs2 ≤ c9

With the choice of
1

according to theorems 14, 17, 19 in Mukherjee and Zhou (2006). In addition, cn =
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p
1
2ψ−1
) 2
− 1
−(1− 2(p+2)
λn /ε .
log(4/δ) n−1/4 + n 2 λn−2 + ετnp + n 2(p+2) + n

O(n−( 2 −η) λn ). Thus with probability at least 1 − δ, for some constant c6 ,
E(ĝ) − 2σs2 ≤ c6

20

, τn = n

θ
− 4p(p+2)(p+4+3θ)

(l)



(17)

X

X

.

X̄τ

2
∗
X \Xt kgl (x)k2 dρX (x),
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(18)

which is a positive constant by
≥
As τn → 0,
Assumption A4, and then leads to the contradiction. Combining the above two statements
implies the desired variable selection consistency.


R

Now suppose kα̂(l) k2 = 0 for some l ≤ p0 , which implies
Z
Z
kgl∗ (x)k22 dρX (x).
kĝ(x) − g∗ (x)k22 dρX (x) =

X̄τ

According to Theorem 2, it can be showed that
Z
kĝ(x) − g∗ (x)k22 dρX (x) → 0.

X̄τ

p
ψ−1
−3/8
log(4/δ)(n−Θ/2 + n 2 λ−1
).
n +n

This implies that P (C) ≤ δ/2 + O(n−1/4 ) for any given δ. Then it is clear that the norm of
the left-hand side of (17) divided by n1/2 will converge to 0 in probability, which contradicts
with the fact that the norm of the right-hand side divided by n1/2 diverges to ∞. Therefore,
we have kα̂(l) k2 = 0 for any l > p0 .
Next, we show that kα̂(l) k2 > 0 for any l ≤ p0 . Let X̄τ = {x ∈ X : d(x, ∂X ) > τn , p(x) >
τn + c2 τnθ }. Same as the proof of Theorem 5 in Ye and Xie (2012), for some given constant
c11 , we have
Z


kĝ(x) − g∗ (x)k22 dρX (x) ≤ c11 τn−(p+3) τnp+4 + E(ĝ) − 2σs2 .

|Bz (ĝ)| ≤ c10

we have with probability at least 1 − δ/2 that

Yang, Lv and Wang

The first inequality follows from Hölder inequality, and the second inequality follows from
the fact that w(x, u) ≤ 1 for any x and u. Therefore, within the set {|y| ≤ n1/8 , U ≤ M0 },

=

We then bound |E(Bz (ĝ)| as follows,
Z Z


|E(Bz (ĝ))| =
w(x, u) f ∗ (x) − f ∗ (u) + ĝ(x)T (u − x) dρX (x)dρX (u)
X X
Z Z

1/2
2
≤
w(x, u) f ∗ (x) − f ∗ (u) + ĝ(x)T (u − x) dρX (x)dρX (u)
X X

2
1/2
Z Z
w(x, u) f ∗ (x) − f ∗ (u) + ĝ(x)T (u − x) dρX (x)dρX (u)
≤

where U and M0 are the same as in Theorem 2.
Following the proof of Theorem 2, the first two probabilities
can be bounded as P (|y| >
 1 3/4
n1/8 ) ≤ O(n−1/4 ) and P (|y| ≤ n1/8 , U > M0 ) ≤ exp − 16
n
. To bound the third
probability, a slight modification of the proof of Proposition 7 yields that when |y| ≤ n1/8
and U ≤ M0 , we have J(ĝ) ≤ M0 and with probability at least 1 − δ/2,
r
log(4/δ)  1/8 cx nψ/2 M0 
|Bz (ĝ) − E(Bz (ĝ)| ≤ 3
n +
.
n
c4 λn

Note that the norm of the right-hand side divided by n1/2 is n−1/2 λn πl , which diverges to
∞ by Assumption A3. Then the contradiction can be concluded by showing the norm of
the left-hand side is smaller than O(n1/2 ). P
n
2
T
g
For simplicity, denote Bz (g) = n(n−1)
i,j=1 wij (yi − yj − (xi ) (xi − xj )). As the
ĝ
elements in both x and
it suffices to show
n Kl are boundedpby Assumption A1, ψ−1
o |Bz ( )| is
−Θ/2
−1
−3/8
ĝ
ĝ
2
bounded. Denote C =
: |Bz ( )| > c10 log(4/δ)(n
+n
λn + n
) . As in the
proof of Theorem 2, we decompose P (C) as




P (C) = P C ∩ {|y| ≤ n1/8 , U ≤ M0 }c + P C ∩ {|y| ≤ n1/8 , U ≤ M0 }


≤ P (|y| > n1/8 ) + P (|y| ≤ n1/8 , U > M0 ) + P C ∩ {|y| ≤ n1/8 , U ≤ M0 } .

i,j=1

n
X
2
λn πl α̂(l)
.
wij (yi − yj − ĝ(xi )T (xi − xj ))(xil − xjl )Kl = −
n(n − 1)
kα̂(l) k2

Proof of Theorem 3: First, we show that kα̂ k2 = 0 for any l > p0 by contradiction.
Suppose that kα̂(l) k2 > 0 for some l > p0 . Taking the first derivative of (4) with respect to
α(l) yields that

Specifically, with λn = n

and ε = τn4 , we have
p
E(ĝ) − 2σs2 ≤ c6 log(4/δ)n−Θ ,
n
o
θ(p+4)
p2 (p+4+3θ)−2θ
1
where Θ = min 4p(p+2)(p+4+3θ)
, 2(p+2)
, 2p(p+2)(p+4+3θ)
.

2ψ−1
1
+ 4(p+2)
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CVXPY has been downloaded by thousands of users and used to teach multiple courses
(Boyd, 2015). Many tools have been built on top of CVXPY, such as an extension for
stochastic optimization (Ali et al., 2015).

4. Signed DCP

CVXPY converts problems into a standard form known as conic form (Nesterov and Nemirovsky, 1992), a generalization of a linear program. The conversion is done using graph
implementations of convex functions (Grant and Boyd, 2008). The resulting cone program
is equivalent to the original problem, so by solving it we obtain a solution of the original
problem.
Solvers that handle conic form are known as cone solvers; each one can handle combinations of several types of cones. CVXPY interfaces with the open-source cone solvers
CVXOPT (Andersen et al., 2015), ECOS (Domahidi et al., 2013), and SCS (O’Donoghue
et al., 2016), which are implemented in combinations of Python and C. These solvers have
different characteristics, such as the types of cones they can handle and the type of algorithms employed. CVXOPT and ECOS are interior-point solvers, which reliably attain
high accuracy for small and medium scale problems; SCS is a first-order solver, which uses
OpenMP to target multiple cores and scales to large problems with modest accuracy.

3. Solvers

The variable, objective, and constraints are each constructed separately and combined
in the final problem. In CVX, by contrast, these objects are created within the scope of a
particular problem. Allowing variables and other objects to be created in isolation makes
it easier to write high-level code that constructs problems (see §6).

# The optimal objective is returned by prob.solve().
result = prob.solve()
# The optimal value for x is stored in x.value.
print x.value

# Construct the problem.
x = Variable(n)
objective = Minimize(sum_squares(A*x - b))
constraints = [0 <= x, x <= 1]
prob = Problem(objective, constraints)

CVXPY has a simple, readable syntax inspired by CVX (Grant and Boyd, 2014). The
following code constructs and solves a least squares problem where the variable’s entries
are constrained to be between 0 and 1. The problem data A ∈ Rm×n and b ∈ Rm could
be encoded as NumPy ndarrays or one of several other common matrix representations in
Python.

2. CVXPY Syntax

Diamond and Boyd

Like CVX, CVXPY uses disciplined convex programming (DCP) to verify problem convexity
(Grant et al., 2006). In DCP, problems are constructed from a fixed library of functions
with known curvature and monotonicity properties. Functions must be composed according
to a simple set of rules such that the composition’s curvature is known. For a visualization
of the DCP rules, visit dcp.stanford.edu.

CVXPY is a new DSL for convex optimization. It is based on CVX (Grant and Boyd,
2014), but introduces new features such as signed disciplined convex programming analysis
and parameters. CVXPY is an ordinary Python library, which makes it easy to combine
convex optimization with high-level features of Python such as parallelism and objectoriented design.

Convex optimization has many applications to fields as diverse as machine learning, control,
finance, and signal and image processing (Boyd and Vandenberghe, 2004). Using convex
optimization in an application requires either developing a custom solver or converting
the problem into a standard form. Both of these tasks require expertise, and are timeconsuming and error prone. An alternative is to use a domain-specific language (DSL)
for convex optimization, which allows the user to specify the problem in a natural way
that follows the math; this specification is then automatically converted into the standard
form required by generic solvers. CVX (Grant and Boyd, 2014), YALMIP (Lofberg, 2004),
QCML (Chu et al., 2013), PICOS (Sagnol, 2015), and Convex.jl (Udell et al., 2014) are
examples of such DSLs for convex optimization.

1. Introduction

Keywords: convex optimization, domain-specific languages, Python, conic programming,
convexity verification

CVXPY is a domain-specific language for convex optimization embedded in Python. It
allows the user to express convex optimization problems in a natural syntax that follows
the math, rather than in the restrictive standard form required by solvers. CVXPY makes it
easy to combine convex optimization with high-level features of Python such as parallelism
and object-oriented design. CVXPY is available at http://www.cvxpy.org/ under the
GPL license, along with documentation and examples.
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CVXPY extends the DCP rules used in CVX by keeping track of the signs of expressions. The monotonicity of many functions depends on the sign of their argument, so
keeping track of signs allows more compositions to be verified as convex. For example,
the composition square(square(x)) would not be verified as convex under standard DCP
because the square function is nonmonotonic. But the composition is verified as convex
under signed DCP because square is increasing for nonnegative arguments and square(x)
is nonnegative.

5. Parameters
Another improvement in CVXPY is the introduction of parameters. Parameters are constants whose symbolic properties (e.g., dimensions and sign) are fixed but whose numeric
value can change. A problem involving parameters can be solved repeatedly for different
values of the parameters without redoing computations that do not depend on the parameter values. Parameters are an old idea in DSLs for optimization, appearing in AMPL
(Fourer et al., 2002).
A common use case for parameters is computing a trade-off curve. The following code
constructs a LASSO problem (Boyd and Vandenberghe, 2004) where the positive parameter
γ trades off the sum of squares error and the regularization term. The problem data are
A ∈ Rm×n and b ∈ Rm .
x = Variable(n)
gamma = Parameter(sign="positive") # Must be positive due to DCP rules.
error = sum_squares(A*x - b)
regularization = norm(x, 1)
prob = Problem(Minimize(error + gamma*regularization))
Computing a trade-off curve is trivially parallelizable, since each problem can be solved
independently. CVXPY can be combined with Python multiprocessing (or any other parallelism library) to distribute the trade-off curve computation across many processes.
# Assign a value to gamma and find the optimal x.
def get_x(gamma_value):
gamma.value = gamma_value
result = prob.solve()
return x.value
# Get a range of gamma values with NumPy.
gamma_vals = numpy.logspace(-4, 6)
# Do parallel computation with multiprocessing.
pool = multiprocessing.Pool(processes = N)
x_values = pool.map(get_x, gamma_vals)

6. Object-Oriented Convex Optimization

JMLR 17(83):1-5

CVXPY enables an object-oriented approach to constructing optimization problems. As
an example, consider an optimal flow problem on a directed graph G = (V, E) with vertex
3
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set V and (directed) edge set E. Each edge e ∈ E carries a flow fe ∈ R, and each vertex
v ∈ V has an internal source that generates sv ∈ R flow. (Negative values correspond to
flow in the opposite direction, or a sink at a vertex.) The (single commodity) flow problem
is (with variables fe and sv )
P
P
minimize
φe (fe ) + v∈V
e∈EP
P ψv (sv ),
subject to sv + e∈I(v) fe = e∈O(v) fe , for all v ∈ V,

where the φe and ψv are convex cost functions and I(v) and O(v) give vertex v’s incoming
and outgoing edges, respectively.
To express the problem in CVXPY, we construct vertex and edge objects, which store
local information such as optimization variables, constraints, and an associated objective
term. These are exported as a CVXPY problem for each vertex and each edge.

class Vertex(object):
def __init__(self, cost):
self.source = Variable()
self.cost = cost(self.source)
self.edge_flows = []

def prob(self):
net_flow = sum(self.edge_flows) + self.source
return Problem(Minimize(self.cost), [net_flow == 0])

class Edge(object):
def __init__(self, cost):
self.flow = Variable()
self.cost = cost(self.flow)

def connect(self, in_vertex, out_vertex):
in_vertex.edge_flows.append(-self.flow)
out_vertex.edge_flows.append(self.flow)

def prob(self):
return Problem(Minimize(self.cost))

The vertex and edge objects are composed into a graph using the edges’ connect method.
To construct the single commodity flow problem, we sum the vertices and edges’ local
problems. (Addition of problems is overloaded in CVXPY to add the objectives together
and concatenate the constraints.)

prob = sum([object.prob() for object in vertices + edges])
prob.solve() # Solve the single commodity flow problem.
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In a cooperative game, as we use the term here, some N ≥ 2 players simultaneously choose
an action from among those actions each is permitted to make, and then each receives the
same (potentially stochastic) reward arising from their joint action. It is this equally-shared
reward that makes the game cooperative: agents succeed or fail together. Such cooperative
games are very common in multiagent systems: for example, a group of robots might work
together to map out a room; a swarm of game agents might collaborate to defeat a hardcoded Bad Guy; or a team of wireless beacons might work together to form an optimal
ad-hoc routing network.
We are interested in the situation where the agents in question do not know the reward
function over their joint actions and must learn to collaboratively explore this space and
ultimately adapt to the highest-reward joint action. Furthermore, the agents are independent
learners in the sense that they do not know what actions the other agents are performing
(although they may assume that other agents exist). In a primary alternative, where the

1. Introduction

Keywords: multiagent learning, reinforcement learning, game theory, lenient learning,
independent learner

We introduce the Lenient Multiagent Reinforcement Learning 2 (LMRL2) algorithm for
independent-learner stochastic cooperative games. LMRL2 is designed to overcome a
pathology called relative overgeneralization, and to do so while still performing well in
games with stochastic transitions, stochastic rewards, and miscoordination. We discuss
the existing literature, then compare LMRL2 against other algorithms drawn from the literature which can be used for games of this kind: traditional (“Distributed”) Q-learning,
Hysteretic Q-learning, WoLF-PHC, SOoN, and (for repeated games only) FMQ. The results show that LMRL2 is very effective in both of our measures (complete and correct
policies), and is found in the top rank more often than any other technique. LMRL2 is also
easy to tune: though it has many available parameters, almost all of them stay at default
settings. Generally the algorithm is optimally tuned with a single parameter, if any. We
then examine and discuss a number of side-issues and options for LMRL2.
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As we will show, LMRL2 performs well across a spectrum of stochastic and repeated
games when compared to other algorithms from the literature, and is able to deal robustly
with overgeneralization, miscoordination, and high degrees of stochasticity in the reward
and transition functions with relatively little parameter tuning. In this paper we will discuss
issues in MARL which lenient learning is meant to address, then survey previous work and
alternative approaches. We will then detail LMRL2, compare it to other methods, and
discuss various side issues which arise.

Perhaps because relative overgeneralization as a phenomenon necessitates at least three
actions available per player, and ideally more, it has not shown up much in the small
problems common to the multiagent reinforcement learning (MARL) literature, though it
has been studied at some length in the related field of cooperative co-evolutionary algorithms
(Panait, 2006; Panait et al., 2006a, 2008, 2004), which involve very large numbers of actions.
We are interested in solving both relative overgeneralization and miscoordination. To this
end we present and discuss a lenient learning algorithm meant for independent learning in
stochastic cooperative games (and also repeated cooperative games) with any number N ≥ 2
of agents. We call this algorithm Lenient Multiagent Reinforcement Learning 2, or LMRL2
for short. This is a heavy revision of the original LMRL algorithm, which was originally
meant only for repeated games (Panait et al., 2006b).

There is significant literature in applying multiagent versions of reinforcement learning,
policy search, or similar methods to repeated and stochastic games. Much of the literature
has focused on general-sum or zero-sum learners, and the remainder has focused nearly entirely on the pathology of miscoordination in cooperative scenarios, as discussed later. But
there is another critical pathology which arises specially in cooperative games, known as
relative overgeneralization. Overcoming relative overgeneralization may require a more explorative approach than simple epsilon-greedy action selection: indeed as shown by Wiegand
(2004), relative overgeneralization can cause players to not just hill-climb into local optima
but get actively sucked into them despite action selection with a high degree of randomness.
We discuss these pathologies in more detail in Section 3.

From a game theoretic perspective, there are two common types of games in which such
agents may learn to optimize their actions. First, a game may be repeated, meaning that
the agents play the same game over and over again, potentially choosing new actions each
time. Second, there is the so-called stochastic game, where not only does a joint action affect
the reward received, but it also changes the game played next time. In a stochastic game
there is a set of possible sub-games (or states) for the agents to play, each with potentially
different kinds of actions available to the agents, and each with their own reward function.
Furthermore, each joint action in each state is associated with a transition function which
maps joint actions to distributions over states: from the appropriate distribution the next
state will be selected. There is a distinguished initial state for the game, and there may
optionally be a special end state: the game simply terminates when it reaches this state. The
agents know in which state they are playing, but not its reward function nor its transition
functions. A repeated game is just a stochastic game with only one state.

agents are told the others’ action choices along with the rewards received, the agents are
known as joint-action learners.

Wei and Luke

2. Previous Work

Lenient Learning

Reinforcement Learning is a popular approach to solving multiagent learning problems (Busoniu et al., 2008), because many such problems may be readily cast into normal-form games,
which themselves map straightforwardly into Markov Decision Processes (MDPs) for which
reinforcement learning is well suited. Use of reinforcement learning in the multiagent context
is, not suprisingly, known as Multiagent Reinforcement Learning, or MARL.
Many MARL methods may be organized according to three different characteristics.
First, there is the reward structure involved: MARL algorithms may be designed for zerosum (or constant-sum), cooperative, and general-sum games. Second, there is the type of
information being provided to the algorithms. Here we distinguish between joint action
and independent learner algorithms, following Claus and Boutilier (1998). Third, there is
the game type: some MARL algorithms are meant only for repeated games, while others
are meant for more general stochastic games. LMRL2 itself is an independent learner,
cooperative, stochastic game algorithm.

JMLR 17(84):1-42

Joint Action Learners In a joint action learner scenario, after playing a game, each
agent receives a reward, is told which game is to be played next (the next state), and is also
told what actions were chosen by the other agents. There is significant joint action learner
literature.
Only a small portion of the literature focuses on pure zero-sum games. One of the first
zero-sum joint-action-learning algorithms was Minimax-Q (Littman, 1994), which assumes
that the alternative agent is attempting to minimize one’s own reward. Thus, rather than
select the action which with the maximum reward achievable, Minimax-Q uses a minimax
approach: it selects the highest reward achievable assuming that the alternative agent will
select its action so as to minimize that reward. This solution may be determined by solving
a linear program.
There are many general-sum joint-action learners. However, learning in general-sum
games is very complicated due to the wide variety in reward structure. Even the goal of
learning in this kind of game can be hard to define in some cases (Shoham et al., 2004). To
simplify the issue, much of the literature simply aims to converge to an equilibrium of some
sort during self-play (that is, playing against other agents who use the same algorithm as
yourself). The most well-known algorithm of this kind is called Nash Q-Learning (Hu and
Wellman, 2003), which has been proven to converge to the Q-values in some Nash Equilibrium under very restricted conditions, such as if each state has a global joint optimum.
Other learning algorithms which have been designed to converge to equilibria include Wellman and Hu (1998); Greenwald et al. (2003); Jafari et al. (2001). Rather than convergence,
some work has instead proposed playing a best response against some restricted classes of
opponents (Weinberg and Rosenschein, 2004; Tesauro, 2004). There has also been work in
combining the two, where the learner converges to Nash Equilibrium in self-play, and plays
a best response when not in self-play (Conitzer and Sandholm, 2007).
Like the zero-sum game literature, the pure cooperative game literature is limited.
Littman (2001b) introduced Team Q-learning, but as it is a straightforward extension of
Q-Learning to cooperative games, it fails to handle miscoordination. To address this Wang
and Sandholm proposed OAL (2002), which is guaranteed to converge to the optimal Nash
Equilibrium in cooperative games: but due to necessary constraints on the reward func3
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tion, converging to the optimal policy is not particularly interesting for joint action learners
in cooperative games. Other work has imported techniques from the reinforcement learning community to enhance online performance. Notably Chalkiadakis and Boutilier applied
Bayesian Reinforcement Learning to the multiagent scenario (2003). Here, agents have some
prior knowledge on distributions of the game model and also the possible strategies that can
be used by other learners. Each iteration of the game, an agent chooses a best action with
respect to the distributions it is maintaining, and the distributions are then updated based
on the individual actions of the other agents and the results from the joint action. Typical
of Bayesian Reinforcement Learning methods, a bad prior can make the algorithm converge
to a suboptimal policy in some cases, but Bayesian methods in general may help agents
accumulate more reward while learning. Bayesian methods have also been used with policy
search in a MARL context (Wilson et al., 2010), where the distributions are instead over
policy parameters and possible roles of other agents. Unusually, agents here make decisions
sequentially rather than simultaneously, which is rare in the MARL literature.
Another way to incorporate prior knowledge into learning is to construct the policy as a
hierarchy. Hierarchical reinforcement learning has been shown to accelerate learning in the
single agent case by allowing state abstraction and by reusing learned policy (Dietterich,
2000). This has been extended to the multiagent setting (Makar et al., 2001; Ghavamzadeh
et al., 2006) by manually specifying the cooperation task at a higher level in the task
hierarchy. This allows non-cooperative subtasks to be learned separately, and efficiently
as single-agent learning problems. The authors have further used this idea in a setting
where knowing the actions of other agents incurs a communication cost (Ghavamzadeh and
Mahadevan, 2004).
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Independent Learners An independent learner scenario differs from a joint action
scenario in that, after playing a game, each agent is not told what action was chosen by
each of the other agents. He is only told the reward he received and the game (state) to
be played next time. This is a much more difficult learning problem. Additionally, because
they are designed for a more general scenario, independent learners may participate in joint
action games, but not the other way around.
Perhaps the best-known example of a general-sum independent learner is WoLF-PHC
(Bowling and Veloso, 2001b, 2002). This algorithm is designed to meet two criteria for
learning in general sum games: first, a learner should learn to play optimally against stationary opponents, and second, a learner should converge to a Nash Equilibrium when in
self-play. WoLF-PHC is an independent-learning policy search approach which uses one
of two different learning rates depending on whether the player is in some sense “winning”
or “losing”. This “WoLF” (Win or Learn Fast) principle has since been applied to other
algorithms (Bowling and Veloso, 2001a; Banerjee and Peng, 2003; Bowling, 2005).
Other approaches, based on gradient descent, also try to converge to Nash Equilibria
in self play (Abdallah and Lesser, 2008; Zhang and Lesser, 2010). Additionally, Kaisers
and Tuyls linked evolutionary game theory to reinforcement learning to study the dynamic of Q-learning in multiagent problems. Their proposed algorithm, Frequency Adjusted Q-learning (FAQ), resembles regular Q-learning except that it changes the update method to compensate for the fact that actions are updated at different frequencies
(Kaisers and Tuyls, 2010).

4

j

0.4

M

0.6
0.8
1
0

0.2

iM

0.4

N

i

0.6

0.8

iN

1

6

JMLR 17(84):1-42

5

JMLR 17(84):1-42

The notion of lenient learning, and the pathology it is meant to tackle, did not start in multiagent reinforcement learning research, but rather in an unexpected but surprisingly related
topic: cooperative coevolutionary algorithms (CCEAs) (Potter and De Jong, 1994). CCEAs
are multiagent stochastic optimization procedures and exhibit nearly identical pathologies
to those found in repeated games.

3. Lenient Learning

Relative Overgeneralization Lenient learning was originally designed to combat a
particular pathology in repeated games and CCEAs called relative overgeneralization (Wiegand, 2004). Relative overgeneralization occurs when a suboptimal Nash Equilibrium in the
joint space of actions is preferred over an optimal Nash Equilibrium because each agents’
action in the suboptimal equilibrium is a better choice when matched with arbitrary actions
from the collaborating agents. Consider Figure 1, showing the reward over the joint action
space for a two-agent game for agents Ai and Aj . Here, the joint candidate solution labeled
M should clearly be preferred over another one, N . However if one assessed the quality of
individual actions based on the sum or average reward received when paired with all possible
other actions from the collaborating agent, then agent Ai ’s portion of the joint action N

with different capabilities whose goals and utilities are aligned but which have had no prior
coordination. They give a method to evaluate the performance of an agent in this scenario,
and provide theoretical approaches to building a perfect ad hoc team. Additional follow-on
methods have since been suggested (Stone and Kraus, 2010; Agmon et al., 2014; Genter
et al., 2015; Barrett and Stone, 2015).

Figure 1: The relative overgeneralization pathology in multiagent learning. The axes i
and j are the various actions that agents Ai and Aj may perform, and the axis
reward(i, j) is the joint reward received by the agents from a given joint action
hi, ji. Higher rewards are better. Joint action M has a higher reward than joint
action N . However, the average (or sum) of all possible rewards for action iM ,
of agent Ai is lower than the average of all possible rewards for action iN . To
illustrate this, bold lines show the set of outcomes from pairing iM or iN instead
with other possible actions in j.
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Learners Based on the Nature of the Other Agents Most of the literature discussed so far focuses on learning in a certain kind of game. However, instead of making
assumptions about the nature of a game, some methods are based on the nature of the
other agents. In so-called Friend-or-Foe Q-learning (Littman, 2001a), the learner is essentially a mixture of two different Q-learners: one which updates the Q-table like a regular
Q-learner if the other agent is thought to be a friend, and one which updates the Q-table
using Minimax-Q if the agent is thought to be an opponent. Asymmetric Q-learning (Könönen, 2004), distinguishes between “leaders” and ”followers” in the game, where a “leader”
knows what action a “follower” will choose can guide the action selection of the “follower”
(see also the leader-follower reward shaping in Babes et al. 2008). CMLeS provides different
performance guarantees depending on different set of agents in the game (Chakraborty and
Stone, 2013a,b). Specifically, if the agents are doing self-play, the algorithm will achieve a
Nash Equilibrium joint policy; if the alternative agents are opponents with limited memory,
the algorithm can guarantee a near-optimal response in polynomial time steps; and in other
cases, the algorithm will play similarly to Minimax-Q.
Another area of research has studied adaptation to arbitrary agents of unknown type.
Sullivan et al. (2006) studied FMQ and Lenient Learners in non-self play scenarios, and
showed that while these learners could easily converge to an optimal Nash Equilbrium in
self-play for various games, it was difficult for them to do so when paired with learners from
entirely different algorithms. Stone et al. (2010) consider ad-hoc teams of multiple agents

Cooperative learning presents a variety of special problems for independent learners as
opposed to joint-action learners. Fulda and Ventura (2007) identified three problematic factors — “poor individual behavior”, “action shadowing” (related to relative overgeneralization,
as discussed later), and “equilibrium selection” (miscoordination) — and suggested that optimal performance might be achieved by solving them. However in their survey, Matignon
et al. (2012) identified at least two more problems, and compared several independent learners in several games along with different exploration strategies to overcome these problems.
Some work has been done in cooperative games. Lauer and Riedmiller introduced Distributed Q-learning (2000), which addresses two major problems mentioned in (Fulda and
Ventura, 2007). It tackles relative overgeneralization problem by only updating using the
maximum Q-value — an approach we will develop further with LMRL2 — and it tackles the
miscoordination problem by only changing the policy when the Q-value is updated. However this learner is vulnerable to games with stochastic rewards or transitions. Building
on Distributed Q-learning, Hysteretic Q-learning (Matignon et al., 2007) uses two different learning rates to address stochasticity. One study (Bloembergen et al., 2010) adds our
concept of leniency into FAQ, using a slightly different approach from what we do here.
Leniency seems to help FAQ solve initial miscoordination difficulties in cooperative games.
Instead of changing the update procedure, researchers have also investigated the possibility of using different exploration strategies. Frequency Maximum Q-Value heuristic (FMQ),
meant only for repeated games, used a form version of Boltzmann action selection where the
Q-value was substituted by an expectation (Kapetanakis and Kudenko, 2002). FMQ was
modified by Matignon et al. to handle stochasticity in repeated games (2008) and stochastic
games (2009). The latter version of this algorithm was called Swing between Optimistic or
Neutral, or SOoN.

Lenient Learning
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In (Panait et al., 2006b, 2013) we demonstrated a lenient learning algorithm, LMRL, for
repeated games with independent learners, comparing it favorably to the FMQ algorithm
(Kapetanakis and Kudenko, 2002) for variations of the Climb and Penalty games (Claus
and Boutilier, 1998). We begin here with a slight modification of the algorithm, LMRL2,
which is the degenerate case (for repeated games) of the full LMRL2 algorithm for stochastic
games. We will then extend it to the stochastic game scenario.
LRML2 is a modified version of Q-learning which maintains per-action temperatures
which are slowly decreased throughout the learning process. An action’s temperature affects two things. First, it affects the degree of randomness of action selection: with high
temperatures, action selection is largely random, and with low temperatures, action selection is greedily based on the actions with the highest Q-values. To do this, LRML2 applies
a temperature-based Boltzmann Selection common in other algorithms in the literature.
However, when the average temperature drops below a certain minimum temperature, and
LRML2’s action selection will suddenly become purely greedy. This minimum temperature
was originally added to avoid floating point overflows common in Boltzmann Selection; but
we have found that it also is beneficial for nearly all games.
Second, temperature affects the lenience of the algorithm: high temperatures cause
LRML2 to be lenient, and so only mix rewards into Q-values if they are better than or
equal to the current Q-value. With a low temperature LRML2 mixes all rewards into the

4. The LMRL2 Algorithm

Stochastic Games and Deception Stochastic games add some new wrinkles to the
above pathologies, because, at least for temporal difference learners, Q-values come partly
from accumulated reward and partly from the backed-up rewards from follow-on states. This
means that both miscoordination and relative overgeneralization, among other challenges,
can arrive via backed-up rewards as well as immediate rewards.
The probabilistic transitions common in stochastic games present an additional hurdle
for lenient learners, since such learners may consider only the highest backed-up rewards,
even if they are very unlikely to occur. As was the case for probabilistic rewards, probabilistic
transitions are largely overcome by the learner’s gradual shift from being maximum-based
to being average-based.
This hurdle leads to deception, another pathology which can arise in stochastic games.
A deceptive game is one in which certain states have a high local reward but lead ultimately
to states with poor future rewards: this is also known as the delayed reward problem. This
creates a garden-path scenario where greedy agents are deceptively led away from the truly
high-performing states.

a
10
0

Agent 2
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a
b

example, in the game below, both actions a and b are reasonable for each agent. But if one
agent chooses a while the other agent chooses b, they receive a low reward.
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(called iN ) would
P be preferred over its portion of the
P joint action M (called iM ). That is,
quality(iM ) = j reward(iM , j) < quality(iN ) = j reward(iN , j). We will call such an
approach an average-based algorithm.
This situation can easily arise in cooperative, repeated games for independent learners.
Here is an example of relative overgeneralization in a repeated game:

a
b
c

7

Miscoordination Another common pathology which appears in repeated games is
miscoordination, where two or more equivalent equilibria are offset in such a way that agents,
each selecting what appears to be an optimal action, wind up with poor joint actions. For

Stochastic Rewards and Lenient Learners Some reinforcement learning methods,
so-called optimistic methods (Matignon et al., 2012), are generally maximum-based learners,
or at least prefer superior results, for example, updating superior results with a higher
learning rate. In a repeated game with deterministic rewards, these techniques are likely to
perform very well. However, games with stochastic rewards will mislead such learners, since
the highest rewards they see will often be due to noise. This problem isn’t likely to occur
with average-based learners.
Our approach instead begins with a maximum-reward learner and gradually shifts to
an average-reward learner. The idea here is that early on none of the agents have a good
understanding of their best joint actions, and so each agent must initially be lenient to the
foolish and arbitrary actions being made by its collaborators. Later on, each agent focuses
more on average reward, which helps escape the trap laid by stochastic rewards. We call
this approach a lenient multiagent reinforcement learning algorithm.

In this game, though ha, ai is clearly the best joint move for the two agents, if the agents
sampled their actions randomly and based decisions on the average reward, action a would
have the worst score, action c would have the best score, and b would be in the middle.
Thus the agents would tend to converge to hc, ci.
The obvious alternative this is to base the quality of a solution not on its average reward,
but rather on its best reward when paired with various other actions. That is, quality(iM ) =
maxj reward(iM , j). In this case, a would be the best action, c the next highest, and b the
worst. Thus the agents would tend to converge to the proper equilibrium, ha, ai. We call
this a maximum-based approach.
Relative overgeneralization is a specific and problematic subcase of the slightly more
general notion of action shadowing, occasionally used by the MARL community, but has
only been relatively recently studied (Panait et al., 2006b; Panait, 2006; Fulda and Ventura,
2007; Panait et al., 2008). One possible reason for this might be that common MARL test
problems are relatively low in number of actions, and relative overgeneralization can only
arise if each agent has at least three actions available, ideally many more. In contrast, in
CCEAs the number of “actions”, so to speak, is very high and often infinite, and so the
pathology is a common occurrence there.

Agent 1

lenience moderation factor (by default 1.0)

action selection moderation factor (by default 1.0)

minimum temperature

maximum temperature

temperature decay coefficient

discount for infinite horizon

learning rate

C See discussion below

9

We will by default initialize to the minimum possible reward in the game.
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• Initialize to Minimum ∀a : Q(a) = the minimum possible reward over any action
the game. The disadvantage of this approach is that it requires that LMRL2 know the
minimum reward beforehand.

• Initialize to Infinity ∀a : Q(a) = ∞. This signals to LMRL2 to later reinitialize
each Q value to the first reward received. Furthermore, as long as one or more action
has an infinite Q-value, LRML2 will only select among such actions. This forces the
algorithm to try every action at least once initially in order to initialize them. The
disadvantage of this initialization approach is that if the game has stochastic rewards,
and first reward received is high, LMRL2 will be locked to this high reward early on.

In lenient learning, the choice of initial Q values is important to the operation of the
algorithm. Consider if ∀a : Q(a) = 0 initially. What if a game consisted only of negative
rewards? The lenient learner, at least during its high-temperature period, would refuse to
merge any of them into the Q-values because they are too small. We have two strategies for
initializing Q:

T (a) ← MaxTemp

Q(a) ← initialize(a)

The α and γ parameters are standard parameters found in Q-learning, and their values
here are typical settings from the literature. The parameters MaxTemp, δ, and MinTemp
are also generally constants. The parameter ω determines the degree to which temperature
affects the randomness of the Boltzmann action selection. In all cases but two (discussed
later) we set this to 1.0. Finally and crucially, the θ parameter determines the degree
to which temperature affects the dropoff in lenience. This parameter is the primary, and
usually only, parameter which must be tuned, as different problems require different amounts
of lenience.
LMRL2 maintains two tables: Q, a table of Q-values per action a, and T , a table of
temperatures per-action. Initially ∀a:

θ>0

ω >0

MinTemp ← 2.0

MaxTemp ← 50.0

δ ← 0.995

γ ← 0.9

α ← 0.1

Q(a)
ωT

PWa
i Wi
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Stochastic Games In stochastic games, the agents are at any particular time in some
state s; and after performing their joint action, receive a reward r and transition to some
new state s0 . Accordingly, the extension of LMRL2 to stochastic games is largely the same
as the repeated game version, except that the Q(a) and T (a) tables are modified to include
the current state s: that is, they are now defined as Q(s, a) and T (s, a) respectively.
The iteration is largely the same, except in how Q(s, a) and T (s, a) are updated. First,
Q(s, a) is updated in standard Q-learning style to incorporate both the reward and expectation of future utility, as r + γ maxa0 Q(s0 , a0 ). However, if not all actions have been explored
in s0 , then maxa0 Q(s0 , a0 ) will still be infinite, in which case it is ignored and Q(s, a) just
incorporates r.
Second and more interestingly, not only do we decrease T (s, a), but we also fold into it
some portion τ of the mean temperatures found for s0 . τ is a new constant, fixed like α
to 0.1. The idea is as follows: in many games (particularly episodic ones), early states are
often explored much more than later states, and thus cool down faster. We want to keep

Note that each action has its own separate temperature which is decreased only when
that action is selected. This allows LMRL2 to keep temperatures high for actions which
have not been visited much and still require lenience and exploration, while permitting
other actions to cool down.

5. Go to 1.

T (a) ← δT (a)

Rand ← random real value between 0 and 1

if Q(a) = ∞
(initialization was to infinity)

r
−1
Q(a) ← (1 − α)Q(a) + αr else if Q(a) ≤ r or (Rand < 1 − e θT (a) )


Q(a)
else

4. Update Q(a) and T (a) only for the performed action a as:

3. The agent does action a and receives reward r.

(c) Use the probability distribution P to select action a.

(b) Normalize to the action selection probabilities as: ∀a : Pa ←

(a) Compute the action selection weights as: ∀a : Wa ← e

2. Select a as follows. If T < MinTemp, or if maxa Q(a) = ∞, select argmaxa Q(a),
breaking ties randomly. Otherwise use Boltzmann Selection:

1. Compute the mean temperature as: T ← meana T (a)

LMRL2 then iterates for some n times through the following four steps. First, it computes a mean temperature T . Second, using this mean temperature it selects an action to
perform. Third, it performs the action and receives a reward resulting from the joint actions
of all agents (all agents perform this step simultaneously and synchronously). Fourth, it
updates the Q and T tables. This iteration is:

Q-values no matter what. Unlike action selection, lenience is not affected by the minimum
temperature bound.

Repeated Games LRML2 for repeated games relies on the following parameters. Except
for θ and ω, all of them will be fixed to the defaults shown, and will not be modified:

Wei and Luke
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maximum temperature

temperature decay coefficient

temperature diffusion coefficient

discount for infinite horizon

learning rate

these early states hot long enough that propagation of future rewards from the later states
will inform the Q-values of the early states before they are set in stone as the temperature
falls. To do this, we take some of the temperature s0 of the later state and back it up into s.
Because stochastic games can terminate, we wrap the entire process in an outer loop to
repeatedly play the game:
Parameters:
α ← 0.1
τ ← 0.1

γ ← 0.9

δ ← 0.995

action selection moderation factor (by default 1.0)

minimum temperature
lenience moderation factor (by default 1.0)

MinTemp ← 2.0

MaxTemp ← 50.0

θ>0

C See Previous Discussion

ω>0

T (s, a) ← MaxTemp

Q(s, a) ← initialize(s, a)

Initially ∀s, a:

Repeat:
1. Current state s ← initial state.
2. Repeat until the current state s is the end state (if any):
(a) Compute the mean temperature for current state s as: T (s) ← meana T (s, a)

Q(s,a)

(b) Select a as follows. If T (s) < MinTemp, or if maxa Q(s, a) = ∞, select
argmaxa Q(s, a), breaking ties randomly. Otherwise use Boltzmann Selection:
i. Compute the action selection weights in current state s as: ∀a : Wa ← e ωT (s)

i

ii. Normalize to the action selection probabilities in current state s as:
a
∀a : Pa ← PWW
i
iii. Use the probability distribution P to select action a.

JMLR 17(84):1-42

(c) The agent, in current state s, does action a, receives reward r, and transitions to
new state s0 .
11
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(d) Update Q(s, a) and T (s, a) only for the performed action a as:

Rand ← random real value between 0 and 1
(
r
if maxa0 Q(s0 , a0 ) = ∞
R←
r + γ maxa0 Q(s0 , a0 ) else

if Q(s, a) = ∞ (initialization was to infinity)
R

−1
Q(s, a) ← (1 − α)Q(s, a) + αR else if Q(s, a) ≤ R or (Rand < 1 − e θT (s,a) )


Q(s, a)
else
(
(1 − τ )T (s, a) + τ T (s0 ) if s0 is not the end state (if any)
T (s, a)
else
T (s, a) ← δ ×

(e) s ← s0

If we defined a repeated game as consisting of an initial state s which always transitions
to the end state as s0 , this algorithm degenerates to the repeated version of LMRL2 discussed
earlier.

5. Comparison with Other Methods

We begin with a comparison of LMRL2 against six other independent-learner algorithms
in self-play in several cooperative test problems. The algorithms are standard (classic)
Q-Learning, Distributed Q-Learning, Hysteretic Q-Learning, WoLF-PHC, SOoN (Swing
between Optimistic or Neutral), and FMQ. The different techniques use a variety of parameters and have several action selection methods as options. We note that WoLF-PHC is a
general-sum algorithm rather than strictly a cooperative one, and that FMQ can only be
applied to repeated games. In a MARL context, standard Q-Learning is sometimes known
as Decentralized Q-Learning. We briefly discuss all except for standard Q-Learning below.
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Distributed Q-Learning We believe that Distributed Q-Learning (Lauer and Riedmiller, 2000) was the earliest independent-learner algorithm specifically designed for cooperative multiagent learning scenarios. In Distributed Q-Learning, each learner has a Q-table
and a policy table. Unlike the regular Q-Learning, where a value in the Q-table is updated by
combining it with some portion of the reward and follow-on utility, in Distributed Q-Learning the Q-value is completely replaced by the new reward and follow-on utility (that is, the
learning rate is effectively 1.0), but only if doing so would increase it. This makes Distributed
Q-Learning a maximum-based learner; and it is intended to address relative overgeneralization. Because it is highly optimistic, the algorithm has problems with stochasticity: indeed
Lauer and Riedmiller (2000) acknowledged that this was still an open question.
To deal with miscoordination, Distributed Q-Learning has another trick up its sleeve: its
policy is only updated when the Q-value of the policy’s chosen action is no longer the highest
such value. At this point a new action for the policy is chosen at random among those with
the highest Q-values. The idea here is to cause agents to lock onto the earliest-discovered
good action (and Nash Equilibrium) even when other equivalent Equilibria exist. Through
this implicit agreement among agents, miscoordination can be avoided.

12
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5.1 Test Problems

We tested against twelve games, either from the literature or of our own devising. This
collection was meant to test a diverse array of situations, including: stochastic and repeated
games, recurrent and episodic games, deterministic and stochastic rewards, deterministic
and stochastic state transition functions, deceptive problems, miscoordination, and relative

5.2 Parameters

The remaining games are of our own design. The Gradient 1 game is a deterministic
episodic game designed to be highly deceptive and to cause miscoordination. Gradient 2
is similar, except that it incorporates fully stochastic rewards. The Heaven and Hell game
also causes miscoordination and deception, but is recurrent. This game has a high-reward
state (“heaven”), a low-reward state (“hell”), and two medium (“purgatory”) states of different levels of reward. Choice of a high-reward action will deceptively transition to a
lower-reward future state, and the converse is also true. The Relative Overgeneralization 1
game (or RO 1) causes miscoordination and relative overgeneralization not in local rewards
but in propagated utilities from later states. Relative Overgeneralization 2 (or RO 2) causes
relative overgeneralization in both local rewards and in propagated utilities. Finally Relative Overgeneralization 3 (or RO 3) causes miscoordination and relative overgeneralization
from propagated utilities, but does so entirely through a stochastic transition function. We
summarize the properties of each game in Table 1.

We also tested against several stochastic games. The Boutilier game (Boutilier, 1999)
was a repeated game with deterministic transitions which distributed a miscoordination
situation among several stages. The Common Interest game (Vrancx et al., 2008) is also
recurrent, but with stochastic transitions and some miscoordination. This game is notable
in that its rewards are unusually close to zero compared to other games; this is the reason
that LMRL2 required a modification of its ω parameter to perform well in this game.

All the techniques had a variety of tunable parameters, and many of them could apply different action selection methods. We considered two such methods, epsilon-greedy selection
and Boltzmann selection. Epsilon-greedy selection is characterized by an initial random
action selection probability  which is optionally reduced each timestep by multiplying it
by a cut-down factor ν. The version of Boltzmann selection was the one we employed in
the LMRL2 algorithm, and so was characterized by the MaxTemp, MinTemp, δ, and ω
parameters. Boltzmann selection could be feasibly used by LMRL2, Q-Learning, and Hysteretic Q-Learning, though usually only LMRL2 benefitted from it (other learners generally
worked better with Epsilon-greedy). FMQ used its own algorithmic-specific version of Boltzmann selection. Table 2 shows the default (baseline) parameter settings we set for each of
the techniques.

WoLF-PHC Given its notoriety, we chose WoLF-PHC as our exemplar general-sum
algorithm to compare against. WoLF-PHC is a policy hill-climbing algorithm and so is
somewhat different from the various Q-Learning methods (Bowling and Veloso, 2001b).
WoLF-PHC compares the expected value of current policy with the expected value of the
average policy. If the former is lower, then the agent is “losing”, else it is “winning”. WoLFPHC then uses one of two different learning rates depending on whether it is winning or
losing (the “winning” learning rate is higher). As it is meant for general-sum games, WoLFPHC can be straightforwardly applied to cooperative games: but obviously since it is more
general-purpose, a comparison against it is somewhat unfair.

SOoN SOoN may be thought as a heavily modified FMQ. First, the frequency term
is broken into two terms. The myopic frequency is the the same frequency term in original
FMQ algorithm, and the farsighted frequency is used to deal with deception in games. Both
frequency values are updated using temporal-difference style methods rather than a simple
average. Additionally, the estimated value is computed as a linear interpolation between an
Optimistic Q-value (the Q-value in Distributed Q-Learning) and an Average Q-value (the
classical Q-Learning value). The algorithm introduces two new parameters, αf and αg , to
replace the weighting factor c in FMQ to control the impact of the frequency terms.

FMQ Rather than change the update strategy, as is done in the previous two methods, the Frequency Maximum Q-Value (FMQ) heuristic instead tries changing the actionselection (exploration) strategy (Kapetanakis and Kudenko, 2002). FMQ is only meant for
repeated games. FMQ uses a modified version of Boltzmann exploration, similar to the one
used in LMRL2 as discussed later: the value produced via Boltzmann is sometimes called
the expected reward or estimated value. However, this alone is not sufficiently informative
to deal with relative overgeneralization. Thus, FMQ adds an additional term to its Q-value
when using it during action selection. This additional term is the product of the highest
reward seen so far when selecting that action, the frequency of getting that reward, and a
weighting factor c which controls how much this term affects action selection: that is, how
much action selection is based on the “average” reward versus typical “high” rewards.
FMQ are designed to deal with stochasticity in relative overgeneralization problems, but
its learned policy can still be wrong if the variance of the reward function is high.

overgeneralization. The games are defined in Appendix ??, but their various features are
summarized here.

Hysteretic Learning Matignon et al. (2007) proposed Hysteretic Learning to address
Distributed Q-Learning’s vulnerability to stochasticity. Hysteretic Learning is not a fully
maximum-based learner: rather, if updating the Q-value would reduce it, it is reduced with
a smaller learning rate than when it would be if it were increased. Hysteretic Learning does
not attempt to solve miscoordination explicitly, but experiments suggest that the algorithm
is very robust to miscoordination issues, in part due to the randomization in its exploration
strategy (Matignon et al., 2012).

We tested with four repeated-game test problems from the literature. The widely used
Climb and Penalty games (Claus and Boutilier, 1998) are designed to test some degree of
relative overgeneralization and miscoordination. We also included versions of the Climb
game with partially stochastic and fully stochastic rewards, here designated Climb-PS and
Climb-FS respectively (Kapetanakis and Kudenko, 2002). In these versions, the reward for
a joint action was potentially one of two different values with certain probabilities; though
the expected reward was always the same as in the original Climb game. Stochasticity
greatly complicates the problem: we noticed that no existing algorithm can completely
solve Climb-FS.
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Lenient Learning

Test Problem
Boutilier
Common Interest
Gradient 1
Gradient 2
Heaven and Hell
RO1
RO2
RO3
Climb
Climb-PS
Climb-FS
Penalty

Test Problem
LMRL2
Q
Distributed Q
Hysteretic Q
WoLF-PHC
SOoN
FMQ

×
×
×
×
×
×
×

Lenient Learning

Table 1: Properties of each test problem

×
×

×
×
×
×
×
×

×

Repeated Episodic
Stochastic Stochastic Relative OverGame
Game Deception Transitions Rewards generalization Miscoordination
×
×
×
×
×
×
×
×
×
×
×
×
×
×
×
×
×
×
×
×
×
×
×

γ
γ
γ
γ

Default Parameters
α : 0.1, γ : 0.9, τ : 0.1, δ : 0.995, MaxTemp : 50, MinTemp : 2, ω : 1, θ : 1, Boltzmann
α : 0.1, γ : 0.9,  : 0.1, ν : 1.0, Epsilon-greedy
γ : 0.9,  : 0.1, ν : 1.0, Epsilon-greedy
: 0.9,  : 0.1, ν : 1.0, β : 0.01, Epsilon-greedy
: 0.9,  : 0.1, ν : 1.0, δw : 0.03, δl : 0.06, Epsilon-greedy
: 0.9,  : 0.1, αf : 0.05, αg : 0.3, Epsilon-greedy
: 0.9, c : 10, MaxTemp : 500, MaxMove : 2000, FMQ-specific Boltzmann
α : 0.1,
α : 0.1,
α : 0.1,
α : 0.1,

Table 2: Default Parameter Settings for each technique.
To make the comparison as fair as possible, we then optimized the above parameter
settings and action selection method choices on a per-problem, per-technique basis, through
a combination of manual tuning and automated hill-climbing. Table 3 shows the resulting
optimized parameter changes.
5.3 Comparison

JMLR 17(84):1-42

We compared all the aforementioned techniques using all appropriate test problems (FMQ
was included only for repeated games). We considered two possible measures of successful
convergence on a problem. First, a technique may converge to the correct policy for a given
game, meaning that it is optimal if it follows this policy. Second, a technique may converge
to the more general complete policy, meaning that it determines the correct joint action
for every state, even ones which would never be visited if it followed a correct policy. For
some games (all repeated games, and games with fully stochastic transitions) correct and
complete policies are the same.
One might imagine that the superior technique would be the one which converged to
the complete policy the most often. However what if in doing so it also converged to a
great many entirely wrong policies? Consider the following exaggerated scenario. Technique
A converged to 2 complete policies, 98 correct policies, and no incorrect policies; while
technique B converged to 3 complete policies but 97 incorrect policies. Would we then
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Common
Interest

—

θ : 107

ω : 0.1

α : 0.15
γ : 0.7

α : 0.95
 : 0.3

α : 0.15
γ :1
 : 0.35

LMRL2
—

Gradient 1

θ : 107

Test
Problem
Boutilier

Heaven
and Hell

θ : 103

α : 0.15
γ :1
 : 0.13
 : 0.25

Q-Learning
α : 0.05
γ : 0.8
α : 0.03

RO 1

θ : 103

 : 0.2
ν : 0.9

Distributed Q
—

 : 0.4

β : 0.02

Hysteretic Q
—

—

WoLF-PHC
ν : 0.997

SOoN
—
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 : 0.4

δw : 0.06
δl : 0.12

δl : 0.21
 : 0.01
δl : 0.21
 : 0.01

δl : 0.18
 : 0.01

 : 0.28

αg : 0.2
αf : 0.3
α : 0.03
—

αg : 0.2
αf : 0.05
 : 0.05

α : 0.05
αg : 0.03
αf : 0.03
—

αg : 0.01

αg : 0.02

αg : 0.05
αf : 0.03

αg : 0.1
αf : 0.3
 : 0.05

α : 0.05
αf : 0.3
 : 0.05
αg : 0.05
αf : 0.1
 : 0.3
 : 0.01

β : 0.15
MinTemp : 0.015
MaxTemp : 500
δ : 0.999
Boltzmann
α : 0.15
β : 0.03
γ : 0.7
β : 0.0001
 : 0.2

:0

β : 0.0001

α : 0.2
γ : 0.8
 : 0.2
δw : 0.06
δl : 0.12
 : 0.01
δw : 0.06
δl : 0.12
 : 0.01

α : 0.15
γ :1
δl : 0.05
 : 0.5
α : 0.15
γ :1
 : 0.4
—

 : 0.15

α : 0.13
 : 0.13

 : 0.1

 : 0.4

ω : 0.3

 : 0.0

Gradient 2

RO 2

RO 3

θ : 107

α : 0.3
β : 0.0001
γ :1
 : 0.5
β : 0.0001
 : 0.05
Climb

:0

 : 0.01

β : 0.01
 : 0.12

 : 0.01

α : 0.05
γ : 0.8

 : 0.1

θ : 103

θ : 10

α : 0.05
 : 0.35

Climb-PS

—

β : 0.01
MinTemp : 2
MaxTemp : 40
δ : 0.99
Boltzmann
β : 0.001
ν : 0.99
Climb-FS
Penalty

FMQ

—

—

c : 200

—
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Table 3: Tuned Parameter Settings. Shown are deviations from the default settings (in
Table 2) for each method when tuned to perform best on a given problem.
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Iterations
30000
40000
40000
40000
40000
30000
30000
30000
15000
15000
15000
15000

Complete
L Q D H
H L W Q
D H S Q
W S Q L
D L W H
D H S L
L S H D
L Q S W
D H S L
S L F H
L S F D
D H F S

W
S
L
H
S
Q
Q
H
F
D
H
L

S
D
W
D
Q
W
W
D
Q
Q
Q
Q
W
W
W
W

L
L
L
L
L
L

D
S
D
D
H
Q

S
Q
H
H
S
S

H
W
W
S
D
W

Q
H
S
Q
Q
H

W
D
Q
W
W
D

Correct
L Q D H W S
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• LMRL2 fell in the top statistical significance tier for “complete” eight times, two times
more than the next-best method (Distributed Q-Learning).

Table 4 summarizes the rank order among the methods and statistically significant differences. Table 5 shows the actual results.

5.4 Results

really consider Technique B to be superior? For this reason, we must consider both of these
approaches as comparison measures.
Our interest is not in convergence time so much as quality of the converged result.
As such we ran each technique for until both the value function stabilized and the policy
remained unchanged. We used the largest iteration number required among all learners
for our formal experiments. This often benefitted LMRL2: being based on a temperature
schedule, LMRL2 converges more slowly than other (greedier) techniques. However, it also
benefitted other methods which occasionally needed large numbers of iterations and small
settings of  to produce good results. Not surprisingly, the number of iterations needed was
closely correlated to the maximum path length of the game.
Because the results are from Bernoulli trials, we needed a large number of runs to do
proper statistical comparison. We chose 10,000 iterations up front, and compared differences in complete or correct solution counts. Statistical significance was verified using the
Marasquilo procedure for χ2 . We used p = 0.05 for the entire experiment, Bonferronicorrected to p = 0.0026315789 per problem.

Table 4: Summary of Statistically Significant differences among methods for complete and
correct solution counts on different test problems. Techniques are ordered left
to right in decreasing performance. Overbars group together settings with no
statistically significant differences among them. In the Common Interest, Penalty,
and various Climb games, correct solutions are by definition complete. Also shown
is the number of iterations run on each test problem.

L=LMRL2 Q=Q-Learning D=Distributed Q H=Hysteretic Q W=WoLF-PHC S=SOoN F=FMQ

Test Problem
Boutilier
Common Interest
Gradient 1
Gradient 2
Heaven and Hell
RO 1
RO 2
RO 3
Climb
Climb-PS
Climb-FS
Penalty

Lenient Learning

Hysteretic Q
10000/10000
9990
9925/ 9926
157/ 5609
9848/10000
10000/10000
9897/10000
2737/ 2737
10000
7454
2558
10000

WoLF-PHC
SOoN FMQ
9998/ 9998 9996/ 9996
9968
9896
2329/ 2335 8966/ 9986
5147/ 5897 3329/ 6770
9954/10000 9530/ 9975
1943/ 2280 9877/10000
2/ 512 9924/10000
2769/ 2769 5171/ 5171
387
10000
9956
391
9995
9857
676
8723
3894
9951
10000
10000
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In short, LMRL2 performed very well. It often did not reach 100%, but it was usually
easily close enough to fall in the top statistical significance tier for “complete”, and almost
always in the top tier for “correct”. No other method was as consistent across games.
Furthermore, LMRL2 did so with very few changes to its default parameters: in all cases
at most one parameter needed to be tuned. We are particularly interested in the fact that
while LMRL2 performed very well in RO 2 and RO 3 — games which exhibit the relative
overgeneralization pathology for which LMRL2 was designed — it underperformed in RO 1!

• All methods easily solved the Boutilier game.

• Changing α improved LMRL2 twice, and once statistically significantly, but not by
much.

• The Gradient 2 game proved very challenging to all methods. Yet WoLF-PHC, which
often failed in other games, was statistically significantly best at Gradient 2 in “complete”. LMRL2 underperformed WoLF-PHC on Gradient 2 in “complete”, but outperformed it (and all others) in “correct”.

• SOoN was uniquely statistically significantly best in Climb-PS.

• LMRL2 was uniquely statistically significantly best in RO 1 and Climb-FS.

• LMRL2 fell in the top statistical significance tier for “correct” eleven times, three times
more than the next-best method (Swing between Optimistic or Neutral).

Table 5: Complete/Correct solution counts among methods on various test problems. Boldface values indicate methods which were not statistically significantly different with
the highest-performing method for a given problem. Note that in the Common
Interest, Penalty, and various Climb games, correct solutions are by definition
complete.

* With α = 0.05 this value rose to 9207. This changed the ranking of “complete” results such that
LMRL2 moved from worse than Q-Learning to better than Q-Learning (both statistically significant
differences).
† With α = 0.05 this value rose to 9750, but did not change any ranking.

Test Problem
LMRL2 Q-Learning Distributed Q
Boutilier 10000/10000 10000/10000 10000/10000
Common Interest 9971
9942
2080
Gradient 1 *8407/10000 8609/ 8695 9999/ 9999
Gradient 2
548/ 9997 2430/ 5995
0/ 1266
Heaven and Hell 9991/10000 8289/ 9942 10000/10000
RO 1 †9368/10000 3350/ 3350 10000/10000
RO 2 9999/10000
2/ 514 9258/ 9258
RO 3 7332/ 7332 5337/ 5337 2272/ 2272
Climb 9999
1661
10000
Climb-PS 9930
1820
2821
Climb-FS 9016
1763
3874
Penalty 9999
9997
10000

Wei and Luke

�����������
���
���
���
���
���

��

��
��-�

��
���

��

Lenient Learning

��-�

��
���

�����������

Figure 2: Probability that LMRL2 will accept poor results, by current temperature, for
various θ values.

6. Analysis and Discussion
We have experimented with a number of variations of LMRL2 and have examined different
issues which arise when using it. In the following section, we discuss five of these issues.
First, we discuss the critical issue of initialization of Q-values and its impact on LMRL2’s
success. Second, we discuss how LMRL2 deals with issues in miscoordination. Third, we
examine the disadvantages of Boltzmann selection and compare alternatives. Fourth, we
consider the impact of latching, whereby temperature is propagated to earlier states only
when it is hotter than those states. Finally, we examine what happens when LMRL2 is
paired with other techniques in non-self-play, and so consider if, so to speak, two heads are
better than one.
6.1 Lenience and Q-value Initialization
We first consider how θ affects lenience. LMRL2 (initially), Hysteretic Q-learning, and
Distributed Q-learning are all optimistic learners, meaning that they unilaterally update
the Q-values to more closely reflect new results if the new results are superior: but they are
more conservative when the new results are inferior. That is, they incorporate some portion
of maximum-based learning. More specifically: LMRL2 updates to inferior results only with
a certain probability (which increases over time). Hysteretic Q-learning updates to inferior
results at a fixed, slower rate. And Distributed Q-learning never updates to inferior results.

JMLR 17(84):1-42

In LMRL2, optimism is controlled by θ. Figure 2 shows the probability curves of doing a
Q-value update corresponding to different θ values and different temperatures. We can see
that, with some given initial temperature (perhaps 50), a higher θ value has two effects: a
higher initial probability of doing Q-value updates and a different probability curve shape.
With very high θ, the curve approaches the maximum-learner rule employed by Distributed
Q-learning. On the other hand, with a very low θ value, the curve approaches the averaginglearner rule employed by standard Q-learning. We note that a similar relationship can also
be made with Hysteretic Q-learning. In Hysteretic Q-learning, improved results are updated
19
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Figure 3: Rate of complete solutions for the LMRL2 in the Climb game, by various initial
Q-values. Each point reflects the average of 1000 independent runs.

using α as usual, but worse results are updated using a smaller learning rate β ≤ α. If β = 0,
Hysteretic Q-learning more or less degenerates to regular Q-learning.
As a lenient learner, LMRL2’s optimism is also tempered by the current temperature. As
can be seen in Figure 2, the initial temperature has a significant effect on the progression
of lenience in the system: and indeed if the temperature is infinity, LMRL2 becomes fairly
similar to Distributed Q-learning.
In Section 4 we spent significant time discussing Q-value initialization options: this is
because optimistic learners, and the like, are very sensitive to initialization. If the Q-values
are initialized too high, then these learners have no easy way to adjust them to correct
settings: indeed Distributed Q-learning may be completely unable to learn at all. Because
in traditional average-based Q-learning the initial estimate of Q-value is less of a concern for
proper convergence (Jaakkola et al., 1994), many algorithms simply ignore the discussion of
initialization, setting the initial value to 0.
LMRL2 is initially highly optimistic, and so poor initialization can severely hinder it.
If the Q-value is greater than the actual feedback, initially the lenient learner will largely
refuse to update the Q-value, and so the Q-value won’t change, and LMRL2 will thus just
pick randomly from among actions during action selection. The temperature of all of the
actions then will drop roughly the same rate. Only when the temperature drops enough
that LMRL2 shifts to an average-based mode will it start to properly update the Q-values
at all. Figure 3 shows how strongly the choice of initial Q values can effect performance:
here LMRL2 quickly drops off in performance when the initial value rises to above 10.
6.2 Miscoordination

JMLR 17(84):1-42

To solve the miscoordination problem, an algorithm must break the symmetry among the
various optimal equilibria. One way to do this is to always -greedily select the action
with best Q-value, (crucially) breaking ties by selecting the action used last time. This is
the approach used in Distributed Q-learning: but this method will only work in self-play.
Another way to break symmetry is via different convergence times, which we will talk about
in Section 6.5. LMRL2 at present simply relies on the fact that miscoordination is unstable,
and that with enough random action, it will likely eventually work its way out.

20

����

������ � �� ����� ���

����

(b) Agent Two

������ � �� ����� ���

����

������ � �� ����� ���

����

������ � �� ����� ���

����

(b) Agent Two

������ � �� ����� ���

����

�
���

�
���

�
���

�
���

��

�-�����

JMLR 17(84):1-42

22

JMLR 17(84):1-42

21

A reinforcement learner may be roughly divided into two parts, the learning policy (or action
selection) and the update rule (Singh et al., 2000). When applied to cooperative MARL,
significant effort has been expended in the literature on the update rule, but the learning
policy has received less attention; but coordination among learners involves both parts. Here
we examine LMRL2’s choices of learning policy as part of its exploration strategy.
LMRL2 begins using a modified version of Boltzmann Selection (Kaelbling et al., 1996),
but when the temperature drops below some minimum value, it suddenly jumps to a fully
greedy strategy (that is,  = 0). Our original reason to have LMRL2 do this was that
with low temperatures, Boltzmann Selection is subject to floating-point overflow problems.
However we have found that this scheme also happens to perform quite well compared to a
traditional Boltzmann Selection algorithm. We begin here with an analysis of Boltzmann
Selection as used in LMRL2, and particularly with the use of the ω action-selection tuning
parameter. We then go on to some analysis of why jumping to a fully greedy strategy later
on seems to be an effective mechanism.

6.3 Exploration Strategy

Here is a typical example. Figure 5 shows the Q-values of the agent in the same game
but with extreme lenience level θ = 107 . In this run, both miscoordinated equilibria have
converged to near 10, and stay like this for a long time, but at about 6500 iterations, Agent
1 suddenly collapses to action a. This then forces Agent 2 to collapse to action a about 250
iterations later.

Figure 6: Given two actions A and B, with Q-values QA ≥ QB , the probability of selecting
action A over B using Boltzmann Selection, for various settings of QA . The
different lines reflect the ratio of QA : QB , that is, how much larger QA is compared
to QB .
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Boltzmann Selection Strategy In two of the games, LMRL2 must adjust the parameter ω to achieve good performance. One of the difficulties with Boltzmann Selection is
that when Q-values are close (and importantly, when they are all small), Boltzmann Selection does not distinguish among them well (Kaelbling et al., 1996). For example, Figure 6
shows a simple repeated game with two actions A and B, where the Q value of action A
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Miscoordination is primarily a problem for a lenient learner early on, when miscoordinated actions both appear to have the same Q-values due to the use of maximum-based
learning. However at some point one action will randomly have a slightly higher Q-value
than the other, and as the temperature drops, action selection will increasingly choose that
action. We have found that this tends to create a sudden collapse to one equilibrium or another. What often happens is that one agent starts using a given action more often, which
quickly makes the miscoordinated action a bad deal for the other agent.
Figure 4 shows the Q-value of two LMRL2 agents playing the Penalty game, which has
two miscoordinated equillibria, ha, ai and hc, ci. During the first several hundred iterations,
the Q-value of both actions increases due to lenience, though neither reaches the actual value
of 10, due to a low lenience factor (θ = 0.1). Thereafter, the Q-value of both actions for
both agents start to drop, as lenience starts to wear off. At some point, action a is slightly
preferred by at least one agent, which at this point is sufficient to quickly lock the agents
into the equilibrium ha, ai.
If learners are being lenient for a very long time, this lock-in could also take a long
time: but it will eventually happen. In our experiments, we have found that low lenience
is not necessary: even with a high value of θ, lock-in to a given equilibrium will occur at
some point. We experimented with θ values of 1, 10, 100, 1000, 10,000, and 100,000 on the
Penalty game: in every case, LMRL2 worked around miscoordination and found the correct
policy in 1000 out of 1000 runs.

Figure 5: Q-values of two agents in the Penalty game with θ = 107

(a) Agent One
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Figure 4: Q-values of two agents in the Penalty game with θ = 0.1

(a) Agent One
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Original LMRL2 Results
10000/10000
9971
8407/10000
548/ 9997
9991/10000
9368/10000
9999/10000
7332/ 7332
9999
9930
9016
9999

��

���

�����

LRML2 with Ranked Boltzmann Selection
10000/10000
9968
9983/10000
502/ 9431
9996/ 9997
8593/10000
5267/ 6390
1739/ 1739
9971
9990
9217
9993

Figure 7: Rate of complete solutions for the LMRL2 in the Common Interest game, using
Ranked Boltzmann Selection with values of n ranging from 1 to 100. Each point
reflects the average of 1000 independent runs.
Test Problem
Boutilier
Common Interest
Gradient 1
Gradient 2
Heaven and Hell
RO 1
RO 2
RO 3
Climb
Climb-PS
Climb-FS
Penalty

Table 6: Comparison of original results from Table 5 with Ranked Boltzmann Selection using
w = 10. Boldface values indicate methods which were not statistically significantly
different with the highest-performing method for a given problem.

JMLR 17(84):1-42

is some n times that of B (that is, the ratio between the two is n : 1). We note that even
for large ratio differences between the two actions, as the Q-values become relatively small,
Boltzmann quickly approaches uniform selection (0.5 probability for each). We believe this
explains the necessity to change ω for LMRL2 in the Common Interest game: it has very
small rewards, hence very small Q-values.
To experiment with this, we designed a new version of Boltzmann Selection called Ranked
Boltzmann Selection. Here, when selecting an action, we first rank-ordered the possible actions by their current Q-values, breaking ties arbitrarily. We then stretched the rank orderings uniformly under some maximum value w. For example, if there were four actions, their
values would be set to 1/4w, 1/2w, 3/4w, and w. We then performed Boltzmann Selection
using these resulting values. The point of Ranked Boltzmann Selection is that, given a value
of n, it is insensitive to the exact Q-values in question, and thus to “close” Q-values among
actions. w is essentially a rigorous, tunable replacement for ω in the ranked case.
23

�-������
��

�-������
��

Wei and Luke

���������
����

-��

-�

��

����

��

����

�

����

������ �

�

-�
-��
������ �

(a) Agent One
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Figure 8: Q-values of actions of two agents using Boltzmann Selection in the Fully Stochastic
Climb game, with no minimum temperature. Note that optimal joint action ha, ai
is abandoned at about step 2500 in favor of suboptimal joint action hc, ci.

We tested this procedure on the Common Interest game for various values of w from 1
to 100, with 1000 trials each. Figure 7 shows the average rate of complete policy solutions.
As can be seen, the algorithm performed much better for certain values than others: and
for sufficiently low values of w it performed poorly.
We hoped that Ranked Boltzmann Selection might permit us to eliminate ω entirely as
a parameter, since with a good selection of w it would be insensitive to variations among
Q-values. To this end, we chose the highest-performing setting from the previous experiment
(w = 10) and applied it to every test problem. Table 6 compares this against the original
results from Table 5. Unfortunately, although some games saw an improvement, many others
dropped significantly in performance. Indeed for RO3, which also required a tuned ω value,
Ranked Boltzmann Selection performed quite poorly.

JMLR 17(84):1-42

Uncoordinated Exploration and Greedy Strategies Uncoordinated exploration
in independent learners occurs when one or more agents is selecting an explorative action
while the remaining agents are selecting exploitative (greedy) actions. As a result, exploitative agents may receive misleadingly poor reward due to other agents’ exploration. As the
number of agents increases, this becomes much more likely. For example, with an -greedy
strategy, with n agents in the game, the probability that all agents are exploit is (1 − )n ,
and the probability that all the agents are explore is n . As n increases, these probabilities
become exponentially smaller.
Besides posing a scaling problem, uncoordinated exploration can also cause a difficulty we
call optimal policy destruction. Here, the agents have found and converged to the optimal
policy, but because certain agents then choose to do exploration, the learning process is
destabilized and the agents as a whole wind up re-converging to some inferior solution. This
may be particularly easy in relative overgeneralization scenarios, and in strongly stochastic
games, where optimal solutions can be made to look bad by a single wayward agent or
random reward.
Figure 8 shows a situation like this. Here we used a pure Boltzmann Selection strategy
(that is, no minimum temperature) in the Fully Stochastic Climb game. We can see that at
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Figure 10: Q-values of actions of one LMRL2 agent in the Fully Stochastic Climb game. The
vertical bar indicates where the agent commits to a fully greedy selection strategy.
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around 2000 steps, Action a has the highest Q-value for both agents (ha, ai is the optimal
joint solution). If we switched to fully greedy selection at this point, the agent would stick
with this optimal policy. But in this experimental run, the Q-value then decreases enough
that it can never recover, and the agents reconverge to hc, ci. The only plausible source
of this optimal policy destruction phenomenon is the uncoordinated exploration from the
Boltzmann Selection strategy.
This lock-in would naturally occur when agents are no longer very lenient, but are
still fairly explorative. We believe this is the reason that jumping to fully greedy selection
strategy is effective in LMRL2: it occurs at the point where optimal policy destruction often
shows up. It’s possible to converge to the correct solution even when lock-in has occurred
before discovery of the solution. If the agents lock into suboptimal actions, repeated play may
still bring the Q-values low enough that greedy selection then selects a different joint action.
This “optimism in the face of uncertainty” (Kaelbling et al., 1996) technique is widely used
in many RL algorithms. Figure 9 shows an example run where has this occurred. Action
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Figure 11: Optimal policy destruction and wrong-policy rates (out of 1000 runs) for different
minimum temperature settings. Results shown are the average of ten 1000-run
trials.
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a is the optimal action. After the greedy selection began, only the action with the highest
Q-value is updated (and this is presently not a). Eventually the other actions worsen to the
point that a is then tried.
However, this greedy selection lock-in is not a silver bullet for two reasons. First, agents
will not adopt the greedy strategy simultaneously: one will become greedy while the other is
still exploring. Second, occasionally when the reward function of the optimal Nash Equilibrium has a very large variance, or punishment for uncoordinated behavior is very high, the
Q-value of the optimal action can also accidentally be pulled down irrevocably. Figure 10
shows an example. Here we see that the Q-value of action a drops several times after the
greedy selection begins, eventually causing other actions to be preferred.
However, generally the greedy strategy usually helps to reduce the rate of optimal policy
destruction, particularly when the right minimum temperature is chosen (hence the right
lock-in time). Figure 11 shows the optimal policy destruction and incorrect-policy rates, out
of 1000 runs, for different minimum temperatures. It is clear that the two rates are strongly
linked, and with a suitable minimum temperature (here 2.0), by reducing optimal policy
destruction we think we can also eliminate most incorrect policies.
We also studied optimal policy destruction under different combinations of decay rate
and minimum temperature. Figure 12 shows the resulting optimal policy destruction and
wrong-policy rates. We note that many of the plots form partially bowl-shaped curves, which
suggests that there is reasonable range of temperature decay for various minimum temperatures: often this is somewhere around 0.996 – 0.998. This can be seen as the complement to
Figure 11, where we had a range of good minimum temperatures for a fixed decay. However
with very low minimum temperatures, the “lowest” points on curve simply slide towards the
minimum temperature decay rate. This is expected, since a lower minimum temperature
means later lock-in time, and thus a smaller decay rate is preferred. We also note that the
difference between the optimal policy destruction and wrong-policy rates can become large,
but will rapidly converge after reaching the “lowest” point on the curve. We think the reason
for this is that the lower temperature decay rate drops the temperature too rapidly, thus
the “optimal action” cannot reach its “optimum” given the short lenience period.

�-������
��

Figure 9: Q-values of actions of one LMRL2 agent in the Fully Stochastic Climb game. The
vertical bar indicates where the agent commits to a fully greedy selection strategy,
even though the optimal action (a) has not yet been discovered.
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(b) minimum temperature = 3.0
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(a) minimum temperature = 1.5
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(a) minimum temperature = 2.5
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Figure 12: Optimal policy destruction and wrong-policy rates (out of 1000 runs) for different
minimum temperature settings with different temperature decay rate. Results
shown are the average of ten 1000-run trials.
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Test Problem
Boutilier
Common Interest
Gradient 1
Gradient 2
Heaven and Hell
RO 1
RO 2
RO 3

Wei and Luke

Without Latching
10000/10000
9971
8407/10000
548/ 9997
9991/10000
9368/10000
9999/10000
7332/ 7332

With Latching
10000/10000
9955
7851/ 9834
374/ 8775
10000/10000
9507/10000
9999/10000
767/ 767

Table 7: Learning result of using latching in games with same parameter settings.
6.4 Latching

One of the critical features of LMRL2 is its propagation of temperatures from state to state,
notionally in order to keep earlier states “hot” long enough to be lenient to late propagated
utilities. Given a previous state s, action a, and next state s0 , this is done as:
(
(1 − τ )T (s, a) + τ meana0 T (s0 , a0 ) if s0 is not the end state (if any)
T (s, a)
else
T (s, a) ← δ ×


T (s, a)

else

a

if s0 is not the end state (if any)
and T (s, a) < mean
T (s0 , a0 )
0

This can not only heat up states, but cool them down as well, which would seem to be
an undesirable quality. We have considered an alternative (called latching), where states
can only be heated up:


(1 − τ )T (s, a) + τ meana0 T (s0 , a0 )
T (s, a) ← δ ×

It turns out that this method does not work particularly well. Table 7 compares LMRL2
with and without latching on the various stochastic games from our testbed (latching is
irrelevant to repeated games). This is a very counterintuitive result. Our experiment shows
that latching only does better in two cases, and considerably worse in the Gradient games
and in RO 3. (Note that in Table 7 we purposely maintained the same (difficult) level
of Bonferroni correction to be consistent with other results in the paper). Finer-grained
examination on a per-state basis (not reported here) did not reveal a conclusive reason as
to why.
6.5 Non-self play

JMLR 17(84):1-42

Last, we were interested in knowing how well LMRL2 performed when faced with a learning
method of some other kind (that is, not in self-play). This is a follow-on to similar work we
did using LMRL (Sullivan et al., 2006). To test the performance of LMRL2 when paired
with some other learner, we re-ran all the test problems where LMRL2 was paired with some
other algorithm. As we wanted to see what would happen to LMRL2 if simply faced with a
different kind of learner, and so we did not re-tune the parameters of the other agents, but
rather kept them at their default settings (from Table 2).

28

Alternative Learner
Q-Learning Distributed Q Hysteretic Q
10000/10000 10000/10000 10000/10000
9888
9997
9867
574/ 1387
7458/ 8266
602/ 1383
39/ 691
7/ 1119
46/ 706
9838/ 9999
9981/10000
9830/ 9996
8031/ 9625
9998/ 9998
7970/ 9617
0/
1
6004/10000
0/
0
899/ 899
2817/ 2817
884/ 884
27
9933
7
3
56
6
7
2
24
8475
10000
8514
WoLF-PHC
10000/10000
9977
63/
85
30/ 376
9787/ 9999
6554/ 6931
0/
0
530/ 530
0
1
22
9417

SOoN
10000/10000
9889
1778/ 8601
94/ 2186
9855/10000
5307/ 7786
0/
14
542/ 542
31
26
25
9999

29
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We have introduced LMRL2, a reinforcement learning algorithm for stochastic cooperative
independent-learner games, and which can also be used for repeated games. LMRL2 is

7. Conclusions

As shown in Table 8, for most of the games and most of the learners, LMRL2 performed
best when in self-play. There was one chief exception: for two problems (RO1 and Common
Interest), the combination of LMRL2 and Distributed Q-learning outperformed LMRL2 in
self-play by a statistically significant margin. To understand why Distributed Q-learning
would help LMRL2 in some cases, we plotted the Q-values for the two learners in State 1
of the Common Interest game. State 1 is the state that LMRL2 would normally fail. In
State 1, there are two optimal Nash Equilibria, ha, bi and hb, ai, and the primary difficulty
in avoiding miscoordination, which which our lenient learner sometimes fails at due to the
sensitivity of Boltzmann selection.
The Q-values are shown in Figure 13. It is easy to see that Distributed Q-learning
converges much faster than LMRL2. After it has converged, we are effectively dealing with
single-agent rather than multiagent reinforcement learning: LMRL2 is just trying to get the
best result it can in an essentially fixed environment. This fast convergence doesn’t restrict
LMRL2’s ability to find an optimal Nash Equilibrium, however, since it will converge to
which ever Equilibrium Distributed Q-learning has chosen. Here, Distributed Q-learning
has effectively forced LMRL2 into its decision.
This result reveals another way we might solve miscoordination. The way Distributed
Q-learning normally approaches the miscoordination problem is to make an implicit deal
that agents will stick with the first Nash Equilibrium they have chosen. But an alternative
would be for one learner to converge to a Nash Equilibrium faster than the other learner,
forcing the second learner to adopt its decision.

Table 8: LMRL2 performance when paired with an alternative learning algorithm. Results
shown are Complete/Correct solution counts for various test problems. Note that
in the Common Interest, Penalty, and various Climb games, correct solutions are
by definition complete.

LMRL2
Test Problem
Boutilier 10000/10000
Common Interest 9971
Gradient 1 8407/10000
Gradient 2
548/ 9997
Heaven and Hell 9991/10000
RO 1 9368/10000
RO 2 9999/10000
RO 3 7332/ 7332
Climb 9999
Climb-PS 9930
Climb-FS 9016
Penalty 9999

Lenient Learning

LRML2 (Self Play)
10000/10000
9971
8407/10000
548/ 9997
9991/10000
9368/10000
9999/10000
7332/ 7332
9999
9930
9016
9999

Distributed Q (Self Play)
10000/10000
2080
9999/ 9999
0/ 1266
10000/10000
10000/10000
9258/ 9258
2272/ 2272
10000
2821
3874
10000

LRML2 + Distributed Q
10000/10000
9997
7458/ 8266
7/ 1119
9981/10000
9998/ 9998
6004/10000
2817/ 2817
9933
56
2
10000
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Future Work Because it works on a temperature schedule, LMRL2 is not a particularly fast algorithm. It often takes rather more time to converge than other more greedy
methods. Because we are more interested in the converged result than in the speed of learning, this was not a vital issue for us: but as future work, we wish to examine how to speed up
LMRL2’s convergence without hurting its performance. We also want to investigate other
possible stable exploration methods which achieve coordinated exploration: while LMRL2’s
current exploration strategy is generally fixed, it is nonetheless overcomplicated.
We have also been surprised by our latching results. We would have expected to get
better performance by restricting pushed-back temperature to only those situations where
it would heat up the earlier states, but the results are mixed and disappointing. We intend
to examine this more carefully as future work.

particularly meant to overcome the relative overgeneralization pathology which can appear
in cooperative multiagent games of three or more actions per agent, and to do so successfully
in the face of stochasticity in the reward or transition function. The algorithm is an extension
of an earlier version of ours, LMRL, which was meant only for repeated games.
We compared LMRL2 against several other algorithms which may be applied to cooperative independent-learner games, both stochastic and repeated. This comparison was done
over a collection of test problems drawn from the literature and our own devising, and meant
to test a wide variety of scenarios and pathologies. Our results have shown that LRML2
is an effective and robust learner, generally outperforming the other algorithms on the test
problems in several different ways. LMRL2 placed in the top statistical significance tier
for “complete” policies for eight problems, two more times than other algorithms. Further,
it placed in the top tier for “correct” policies for eleven problems, three more times than
other algorithms. And LMRL2 was uniquely best for two problems. And unlike some other
methods, it did so with only a small amount of tuning: though LMRL2 has many available
parameters, it performs well even when almost all of them are fixed to default values.

Table 9: Comparison of LMRL2 in self play, Distributed Q-Learning in Self-Play, and the
scenario where LMRL2 controls one agent and Distributed Q-Learning controls
the other. Results shown are Complete/Correct solution counts for various test
problems. Note that in the Common Interest, Penalty, and various Climb games,
correct solutions are by definition complete.

Test Problem
Boutilier
Common Interest
Gradient 1
Gradient 2
Heaven and Hell
RO 1
RO 2
RO 3
Climb
Climb-PS
Climb-FS
Penalty
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Figure 13: Q-values of two learners in State 1 of Common Interest game
Finally, we note that while the work in this paper reflects somewhat larger and more
complex games than are found in much of the MARL literature, it does not scale beyond
the literature in important ways. For example, while the algorithm works for any N ≥ 2
number of agents, the test problems presented are for N = 2. In future work, we will extend
the research to more complex and more practical domains, scaling both in terms of agent
numerosity and heterogeneity, and involving continuous state and action spaces. To this
end, we wish to adapt lenience with function approximation and policy gradient methods.
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Appendix A. Game Defintions
Below we provide tables defining each game in this study, accompanied by illustrations.
Each table shows a state S, two agent actions A1 and A2 , a resulting joint reward, and a
resulting transition to new state S 0 .
Actions Actions may be explicitly labeled, such as b or c, or they may have the word
any, meaning “any action”, or (for agent 2) they may have the word same, meaning “the
same action that agent 1 selected”, or they may have the word other, meaning “a different
action than agent 1 selected”. Boldface actions indicate members of a complete policy.
Boldface actions shown in circled states (such as 2 ) indicate members of a correct policy.

JMLR 17(84):1-42

States, Rewards, and Transitions The start state is always state 1. The absorbing
end state (if any) is indicated with the word “end”. All other states are numbered. If
indicated with a single number (or “end”), then rewards and transitions are deterministic.
Otherwise, a distribution is shown. For example, 1 (10%), 2 (90%) means “10% of the time
choose 1, 90% of the time choose 2”.
31

hc, ai hc, bi hc, ci

Wei and Luke

or hb, ai hb, bi hb, ci actions for players hA1 , A2 i respectively. Values in the matrices

ha, aiha, biha, ci

Illustrations Tables are accompanied by illustrations, which show the games as finitestate automata. States are shown by their numbers: the start state is 1. The absorbing state,
if any, is End . Each state has a two-player game reward matrix corresponding to the actions
ha, aiha, bi
hb, ai hb, bi

A2
any
any
same
other
any
any
any
any

A2
a
other
b
a
b
a
b

Reward
0
0
0
0
0
10
-10
5

Reward
0.5
0.6
0.7
0
1.0
0.5
0

S0
2
3
4
5
6
1
1
1

1
1
1
1
1
1
1

(10%),
(10%),
(90%),
(10%),
(10%),
(10%),
(90%),

2
2
1
2
2
2
1

S0
(90%)
(90%)
(10%)
(90%)
(90%)
(90%)
(10%)

1

State

0

0

< a, a >
< a, b >

0

0

1

State

2

State

0

0

< a, a >
< b, b >

0

0

0

0

0

< a, b >
< b, a >

2

State

4

State

5

State

-10

-10

10

10

5

5

-10

-10

10

10

< any, any >

5

0

1

5

0

90%
90%
90%
10%
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< a, a >
< a, b >
< b, a >
< b, b >

0.5

< any, any >

6

0

90%
90%
90%
10%

State

< a, a >
< a, b >
< b, a >
< b, b >

10%
10%
10%
90%

3

< a, a >
< a, b >
< b, a >
< b, b >

State

0.7

0.6

10%
10%
10%
90%

0.5

< a, a >
< a, b >
< b, a >
< b, b >

0.6

< b, a >
< b, b >

indicate rewards for joint actions. If the values are of the form x/y, this indicates that
50% of the time value x is rewarded, and 50% of the time y is rewarded. Boldface values
indicate joint actions which are part of correct policies. Some states have their state number
circled: boldface values in these states are part of complete policies. Directed transition
edges between states are labeled with the joint actions which trigger those transitions. In
some cases a joint action will trigger a transition with a certain probability, else it will trigger
some other transition. Transitions may also be labeled hany, anyi, indicating that all joint
actions trigger that transition.

Boutilier

A1
a
b
any
any
any
any
any
any

From (Boutilier, 1999).
S
1
2
3
4
5
6

Common Interest

A1
a
any
b
a
a
b
b

From (Vrancx et al., 2008).
S
1

2
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A1
a
any
b
a
any
b
a
any
b
a
any
b

A2
a
other
b
a
other
b
a
other
b
a
other
b

Reward
20
10
15
0
-10
-5
10
0
5
-10
-20
-15

S
2
1
3
4
1
2
4
1
2
4
3
2

0

5

4

3

2

1

S

A1
a
a
a
b
b
b
c
c
c
a
b
any
a
b
a
b

A2
a
b
c
a
b
c
a
b
c
other
other
any
other
other
other
other

Reward
0
0
0
0
0
0
0
0
0
5
0
0
3
0
4
0

S
2
3
3
3
4
4
3
4
5
end
end
end
end
end
end
end

0
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1

State

15

10
3

0
0

0
0

< c, c >

0

0

0

0

0

State

2

State

< a, a >

< a, b >
< b, a >

< b, b >

10

< a, b >
< b, a >

< a, a >

20

< a, b >
< b, a >

1

State

Relative Overgeneralization 1 (RO 1)

4

3

2

1

S

Heaven and Hell

Lenient Learning

< b, b >
< b, c >
< c, b >

< a, b >
< a, c >
< c, a >
< c, b >

5

0

5

State

4

State

3

State

2

State

0

4

0

3

0

0

0

5

< a, b >
< b, a >

< b, b >

0

10

-5

< b, b >

-10

0

-10

< b, b >

< any, any >

< any, any >

End

< any, any >
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4

0

3

0

0

0

5

0

< a, a >

-15

-20

< any, any >

-20

< a, a >

4
-10

< a, a >
State

5

4

3

2

1

S

A1
a
a
a
b
b
b
c
c
c
a
a
a
b
b
b
c
c
c
a
a
a
b
b
b
c
c
c
a
a
a
b
b
b
c
c
c
a
a
a
b
b
b
c
c
c

A2
a
b
c
a
b
c
a
b
c
a
b
c
a
b
c
a
b
c
a
b
c
a
b
c
a
b
c
a
b
c
a
b
c
a
b
c
a
b
c
a
b
c
a
b
c

Reward
5
0
0
0
3
3
0
3
4
8
0
0
0
6
6
0
6
7
5
0
0
0
3
3
0
3
4
6
0
0
0
4
4
0
4
5
7
0
0
0
5
5
0
5
6

S0
2
3
3
3
4
4
3
4
5
end
end
end
end
end
end
end
end
end
end
end
end
end
end
end
end
end
end
end
end
end
end
end
end
end
end
end
end
end
end
end
end
end
end
end
end
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1

State

Relative Overgeneralization 2 (RO 2)

0

0

5

Wei and Luke

< c, c >

3

3

0

< a, a >

4

3

0

< b, b >
< b, c >
< c, b >

< a, b >
< a, c >
< c, a >
< c, b >

5

State

4

State

3

State

2

State

0

0

7

0

0

6

0

0

5

5

0

4

4

0

3

3

0

6

0

5

6

0
0

8

< any, any >

< any, any >

End

< any, any >

< any, any >
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6

5

0

5

4

0

4

3

0

7

6

0

A1
a
a
a
b
b
b
c
c
c
a
b
any

A2 Reward
a
0
b
0
c
0
a
0
b
0
c
0
a
0
b
0
c
0
other
10
other
0
any
0
2 (50%), 3

2 (30%), 3
2 (30%), 3
2 (30%), 3
2 (40%), 3

S0
(50%)
3
3
3
(70%)
(70%)
3
(70%)
(60%)
end
end
end
0

0

< a, a > 50%
< a, b > 100%
< a, c > 100%
< b, a > 100%
< b, b > 70%

< a, a > 50%
< a, b > 0%
< a, c > 0%
< b, a > 0%
< b, b > 30%

Lenient Learning

1

State

0

0

0
0

0
0

0

Relative Overgeneralization 3 (RO3 3)
S

1

2
3

Reward
10
0
-10
0
2
0
-10
0
10

S0
end
end
end
end
end
end
end
end
end

Climb
Fully Stochastic
(50%), 12 (50%)
(50%), -65 (50%)
(50%), -8 (50%)
(50%), -65 (50%)
(50%), 0 (50%)
(50%), 0 (50%)
(50%), -5 (50%)
(50%), -5 (50%)
(50%), 0 (50%)
S0
end
end
end
end
end
end
end
end
end

< b, c > 30%
< c, a > 0%
< c, b > 30%
< c, c > 40%

< b, c > 70%
< c, a > 100%
< c, b > 30%
< c, c > 60%

State

1

1

State

State

1

1

State

2

State

State

3

0

0

0

10

0

0

10

0

0

11

0

7

-30

5

6

0

0

11

0

14 / 0

-30

5

6

0

0

10

5 / -5

5 / -65

0

2

0

5 / -5

14 / 0

10 / 12 5 / -65

0

-10

10 / 0

12 / 0

8 / -8

< any, any >

End

< any, any >

< any, any >

< any, any >

< any, any >

< any, any >

End

End

End

End
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10
-10

Climb Fully Stochastic

-30

Climb Partially Stochastic

-30

Climb

Climb, Climb Partially Stochastic, and Climb Fully Stochastic

Reward
Climb
A2 Climb Partially Stochastic
a
11
11 10
b
-30
-30
5
c
0
0
8
a
-30
-30
5
b
7 14 (50%), 0 (50%) 14
c
6
6 12
a
0
0
5
b
0
0
5
c
5
5 10

Climb is from (Claus and Boutilier, 1998). Climb Partially Stochastic and Climb Fully
Stochastic are from (Kapetanakis and Kudenko, 2002).

S

1

A1
a
a
a
b
b
b
c
c
c

Penalty
A2
a
b
c
a
b
c
a
b
c
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Breast cancer is the most common non-skin malignancy affecting women, with approximately 1.67 million cases diagnosed annually worldwide (Ferlay et al., 2013). If an individual’s risk of breast cancer could be predicted, then screening, prevention, and treatment
strategies could be targeted toward those women to maximize survival benefit and minimize
harm. Risk prediction models are important tools to improve breast cancer care by leveraging multi-dimensional electronic health data. Traditional breast cancer risk prediction
models use demographic risk factors to estimate breast cancer risk, but they demonstrate
only limited discriminatory power. In clinical practice, mammography is the most common breast cancer screening test, and the only imaging modality supported by randomized
trials demonstrating reduction in mortality rate. However, its effectiveness is not universally accepted (Freedman et al., 2004). Recent advances in genome-wide association studies
(GWAS) have revitalized the quest for genetic variants (single-nucleotide polymorphisms—
SNPs) in risk prediction. However, the optimism of these studies has been tempered by
disappointment and caution (Gail, 2008, 2009; Wacholder et al., 2010).
Although many breast cancer risk prediction models have been developed, current applications of these models are inadequate in the following respects: (1) due to the rare
occurrence of breast cancer, many seemingly ‘large’ studies have small effective sample size
to adequately model a large number of variables; (2) even for large studies, investigators
often fail to systematically model risk factor interactions to avoid overly complicated models
which are hard to interpret; and (3) they do not take available structure information into
consideration. For example, there are five descriptors for mass margins in mammogram:
circumscribed, microlobulated, obscured, indistinct, and spiculated, with an order of increasing probability of malignancy. However, few models utilize this structure information
(group structure and dependence structure) to improve predictive performance. The quest
for novel breast cancer risk prediction models is motivated to address these shortcomings.
In this paper, we propose to develop novel penalized methods to improve breast cancer
risk prediction by incorporating unique structure information embedded in electronic health
record data. Regularization is a common technique used in regression and classification
problems. The lasso (Tibshirani, 1996) is one of the most popular penalized method and

1. Introduction

Keywords: structure information, breast cancer risk prediction, mammography descriptors, genetic variants, personalized medicine

records. We conducted a retrospective case-control study, garnering 49 mammography descriptors and 77 high-frequency/low-penetrance single-nucleotide polymorphisms (SNPs)
from an existing personalized medicine data repository. Structured mammography reports
and breast imaging features have long been part of a standard electronic health record
(EHR), and genetic markers likely will be in the near future. Lasso and its variants are
widely used approaches to integrated learning and feature selection, and our methodological contribution is to incorporate the dependence structure among the features into these
approaches. More specifically, we propose a new methodology by combining group penalty
and `p (1 ≤ p ≤ 2) fusion penalty to improve breast cancer risk prediction, taking into
account structure information in mammography descriptors and SNPs. We demonstrate
that our method provides benefits that are both statistically significant and potentially
significant to people’s lives.
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Controls

290(39.30%)
424(57.45%)
24(3.25%)
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Cases

126(33.51%)
236(62.77%)
14(3.72%)

history in the case group (45.30%) than in the control group (33.51%), which demonstrated
the family aggregation of breast cancer (Table 1).
Family history

164(45.30%)
188(51.93%)
10(2.77%)
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Mammography features are recorded in the Breast Imaging Reporting and Data System
(BI-RADS) lexicon (BI-RADS, 2014) developed by the American College of Radiology.
The BI-RADS lexicon consists of 49 descriptors, including the characteristics of masses and
microcalcifications, breast composition and other associated findings (Figure 1). In this
study, mammography data was recorded as free text reports in the electronic health record,
from which we used a parser to extract these mammography features (Nassif et al., 2009).

2.1.2 Mammography features

Figure 1: Mammography descriptors described in BI-RADS lexicon.

Table 1: Family aggregation of breast cancer.

Yes
No
N/A

has achieved great success in various fields. However, lasso does not take into account the
prior structure information among features. The group lasso (Yuan and Lin, 2006) is a
natural extension of the lasso by taking advantage of the underlying group structure of
features. It leads to the selection for groups of features and can improve the predictive
performance in many real applications such as microarray data analysis (Ma et al., 2007)
and GWAS (Liu et al., 2013). To incorporate the dependence structure of features, fused
lasso (Tibshirani et al., 2005; Tibshirani and Wang, 2008) is introduced by penalizing the `1
norm of both the coefficients and their successive differences. To the best of our knowledge,
no breast cancer prediction models utilize group penalty and within-group `p fusion penalty
simultaneously to improve risk prediction by leveraging structure information.
The rest of the paper is organized as follows. Section 2 describes our data, proposed
methods, and study design. Section 3 presents the results. The conclusions are described
in Section 4.

2. Materials and Methods
The main purpose of this paper is to take into account both the group structure and the
dependence structure within each group of features by imposing both group penalty and `p
fusion penalty simultaneously.
2.1 Data
The Marshfield Clinic Institutional Review Board approved the use of Marshfield Clinic’s
Personalized Medicine Research Project (PMRP) (McCarty et al., 2005) cohort in our study.

2.1.1 Subjects

JMLR 17(85):1-15

The population-based PMRP cohort, details of which have been previously published (McCarty et al., 2005), was used in this study. Though the details of this population have
been described previously (Burnside et al., 2015), we will summarize here, in brief, for the
convenience of the reader. Women with an available DNA sample, a mammogram, and
a breast biopsy within 12 months after the mammogram were included in the study. For
this case/control study, cases were defined as women having a confirmed diagnosis of breast
cancer obtained from the institutional cancer registry. Controls were confirmed through the
Marshfield Clinic electronic medical records as never having had a breast cancer diagnosis
(and absence from cancer registry).
We identified 362 cases and 376 controls (738 in total) who have both genetics and
mammogram data available. The majority of mammograms were performed between 1993
and 2005 (Burnside et al., 2015). The age range for the subjects in this study was 29 to
90 years of age, with mean 62 and standard deviation 12.8. Among the cases, there were
358 Caucasians, three non-Caucasians and one case whose race information was unknown.
Among the controls, there were 372 Caucasians and four non-Caucasians. These race distributions are consistent with that of the general population in this area. For the family
history of breast cancer, we observed a considerably larger proportion of people with family
3
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Table 2: The 77 SNPs identified to be associated with breast cancer

Chr

SNP

Structure-leveraged methods in breast cancer risk prediction

η(xi )
= xTi β,
1 − η(xi )

i = 1, ..., n,

n

i=1

1X
log(1 + exp(−yi · xTi β)).
n

1 + exp(xTi β̂)

exp(xTi β̂)

=

1
1 + exp(−xTi β̂)

.
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(1)

6

g=1

Note that there exist natural group structure and dependence structure in mammography
features (Figure 1), which allows us to include the structure information into our risk
prediction models directly. For genetic variants, group structures also exist (Liu et al.,
2012, 2013). In this paper, we apply hierarchical clustering to cluster the 77 SNPs based
on their dissimilarity matrix obtained by computing Spearman’s correlation or Hamming
distance among them. More details are provided in Section 2.5.
Suppose that d features are divided into G groups with dg the number of features in
group g. Define βg ∈ Rdg to be the corresponding coefficient vector in group g. The group
lasso logistic regression (Meier et al., 2008) is defined as the following optimization problem


G


X
p
dg kβg k2 ,
min L(β) + λ1
d

β∈R 

2.3 Group Penalty and `p Fusion Penalty

Then we should predict yi = 1 if η̂(xi ) ≥ 0.5 and yi = −1 if η̂(xi ) < 0.5.

η̂(xi ) =

With β̂, we then estimate the conditional probability η(xi ) by

L(β) =

where β = (β1 , ..., βd )T is the slope parameter. And the logistic regression estimator β̂ is
given by the minimizer of the negative log-likelihood function

log

Assume that we have independent and identical distributed subjects {(xi , yi )}ni=1 , where the
explanatory variable X ∈ Rd and the binary response variable Y ∈ {−1, 1}. Note that the
conditional probability η(x) = P(Y = 1|X = x) plays an important role in the classification
problem. Denote xi = (xi1 , ..., xid )T , and linear logistic regression model is defined by

2.2 Logistic Regression

We decided to focus on high-frequency/low-penetrance SNPs that affect breast cancer risk
as opposed to low frequency SNPs with high penetrance or intermediate penetrance. We
consolidated a list of 77 common genetic variants (Table 2) which were identified by recent
large-scale GWAS studies or used to generate published predictive models (Liu et al., 2014).
The list included 41 SNPs identified by COGS through a meta-analysis of 9 GWAS studies
(Michailidou et al., 2013). Recently, a similar set of 77 breast cancer-associated SNPs is
also studied for risk prediction (Mavaddat et al., 2015).

2.1.3 Genetic variants
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g=1



where L(β) is defined by (1) and λ1 ≥ 0 is the tuning parameter. It includes lasso as a
special case with G = d.
The fact that there exist dependence structure within each mammography feature group
and each SNP group encourages us to propose the following novel method by combining
group lasso logistic regression and `p fusion penalty.


G 


X
p
L(β) +
λ1 dg kβg k2 + λ2 kDg βg kpp
,
(2)
min

β∈Rd 

g=1



G1
G

X
X
p
L(β) + λ1
dg kβg k2 + λ2 
g=1

kDg βg kpp11
+

G
X

g=G1 +1



kDg βg kpp22 




,

(3)

where Dg is a (dg − 1) × dg sparse matrix with only D[i, i] = 1 and D[i, i + 1] = −1, λ2 ≥ 0
is the tuning parameter, and 1 ≤ p ≤ 2 is the shrinkage parameter.
Moreover, if the within-group dependence structures are different for groups {1, ..., G1 }
and {G1 + 1, ..., G}, we can split the `p fusion penalty into two parts as

min

β∈Rd 

where 1 ≤ p1 , p2 ≤ 2 are selected based on cross validation.
The novelty of our method compared to previous works is three-fold: First, it includes
within-group fusion penalty in the model and makes the coefficients of features in the
same group close to each other, which reflects the dependence structure of features and
improves the risk prediction; Second, in breast cancer risk prediction, we find that the
dependence structures are different for mammography features and SNPs, which are actually
two different views of the same data. And the utilization of method (3) will improve
the predictive performance further; At last, we find that genetic variants improve risk
prediction on mammography features, which provides some insight regarding personalized
breast cancer diagnosis.
2.4 Computational Algorithms
Many algorithms have been proposed in the literatures to solve the logistic regression with
fused lasso regularization (Lin, 2015; Yu et al., 2015). In this subsection we adopt the fast
iterative shrinkage thresholding algorithm (Beck and Teboulle, 2009) to solve (2) as
β k+1

G

g=1

(4)


X p
τ
= arg min L(β k ) + hβ − β k , ∇L(β k )i + kβ − β k k22 +
λ1 dg kβg k2 + λ2 kDg βg kpp
2
β∈Rd

g=1

JMLR 17(85):1-15

with β = (β1 , · · · , βd )T and τ > 0 the Lipschitz constant of L(·).
And the iteration step is equivalent to solving


!
p
G


X
λ
1
1
λ
1 dg
2
.
kβ − (β k − ∇L(β k ))k22 +
kβg k2 + kDg βg kpp

τ
τ
τ
min

β∈Rd  2
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Therefore, it suffices to solve the following optimization problem within each group


1
min
kβg − zk22 + ρ1 kβg k2 + ρ2 kDg βg kpp ,
2
βg ∈Rdg
√
λ1 d g
and ρ2 = λτ2 .
where z = βgk − τ1 ∇L(βgk ), ρ1 = τ
The proximity operator (Polson et al., 2015) of a function f is defined as


1
kt − zk2 + λf (t) .
2
t

Pf (z) = arg min

(5)

• For f (t) = |t| and z ∈ R, Pf (z) := S1 (z, λ) = sign(z) max{|z| − λ, 0}, which is also
called soft threshold operator.

32 3

λ
kzk2 , 0}

∗ z.

• For f (t) = |t|p with 1 < p ≤ 2 and z ∈ R, Pf (z) := Sp (z, λ) = sign(z)ξ, where
p−1 = |ξ|. In particular, we have
ξ is the unique nonnegative solution to ξ + pλξ
p
z
S2 (z, λ) = 2λ+1
, S3/2 (z, λ) = z +9λ2 sign(z)(1− 1 + 16|z|/(9λ2 ))/8 and S4/3 (z, λ) =
p
z + 4λ1 ((χ − z)1/3 − (χ + z)1/3 ) with χ = z 2 + 256λ3 /729.

• For f (t) = ktk2 and z ∈ Rd , Pf (z) := S2,1 (z, λ) = max{1 −

With the help of these proximity operators and Bregman splitting algorithm (Ye and
Xie, 2011), we can solve (5) by iteratively solving the following procedures:
 k+1
β
= arg min 21 kβg − zk22 + huk , βg − ak i + hv k , Dg βg − bk i


βg




+ µ2 kβg − ak k22 + µ2 kDg βg − bk k22



µ
k+1
k
k+1
k+1
2
a
=
arg
min
ρ
−
ai
+
−
ak
1 kak2 + hu , β
2
2 kβ
a
 k+1 = arg min ρ2 kbkpp + hv k , Dg β k+1 − bi + µ kDg β k+1 − bk2

2
2
 b

b

 k+1 = uk + µ(β k+1 − ak+1 )

 u

v k+1 = v k + µ(Dg β k+1 − bk+1 )

where µ acts like a step size in this algorithm.

Remark 1 The minimization over β, a and b can all be solved in closed form.

• β k+1 = [(µ + 1)I + µDgT Dg ]−1 [z + µ(ak − uk /µ) + µDgT (bk − v k /µ)]
• ak+1 = S2,1 (β k+1 + uk /µ, ρ1 /µ)
• bk+1 = Sp (Dg β k+1 + v k /µ, ρ2 /µ)

Note that (µ + 1)I + µDgT Dg is a tridiagonal positive definite matrix.
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Remark 2 For p = 1, we can solve (5) more efficiently by the algorithm proposed in Zhou
et al. (2012) based on the fact

Pk·k2 +kDg (·)k1 = Pk·k2 ◦ PkDg (·)k1 .

However, we cannot show this equation for 1 < p ≤ 2.
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g=1

2
g=1 kDg βg k2 .

PG

+
g=1

G
X
λ1


p

dg
kβg k2 ,

τ̃

Then we can solve it efficiently

2

2

The result is summarized in Table 3.
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3.1 Performance of Fused Group Lasso
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In this section, we demonstrate the performance of the `p fused group lasso logistic regression method from three aspects: the significant improvement of AUCs by considering the
structure information, the predictive performance under different p (or p1 and p2 ), and the
detected important mammography features and SNPs.

3. Experimental Results

We apply the `p fused group lasso logistic regression algorithm to the Marshfield breast
cancer data set. There are 11 groups for 49 mammography features (Figure 1). For SNPs,
we compute the Hamming distances (Wang et al., 2015) of 77 SNPs to get the dissimilarity
matrix and then apply hierarchical clustering to obtain 10 groups.
We built three prediction models based on different sets of risk factors: the Mammo
model developed by using mammography features only, the SNP77 model developed by using 77 SNPs only, and the Combined model developed by using both mammography features
and 77 SNPs. We furthermore apply five methods for each model: logistic regression (LR),
lasso in logistic regression (LR+Lasso), `p fused lasso logistic regression (LR+fusedLasso),
group lasso logistic regression (LR+groupLasso), and `p fused group lasso logistic regression
(LR+Structure).
The `p fused group lasso logistic regression method has several parameters. For the
tuning parameters λ1 and λ2 , we let them vary among a given set of values, and the
shrinkage parameter p (or p1 and p2 ) among {1, 4/3, 3/2, 2}. Each combination of these
parameters is evaluated using stratified 5-fold cross-validation, and AUC (the area under
the receiver operating characteristic (ROC) curve) is used as the performance measure. All
738 samples are randomly partitioned into five equal sized folds with approximately equal
proportions of cases and controls. In each iteration (totally five iterations), four folds are
used as training set and the rest one as validation set to compute AUC. And the parameters
with the best average AUC are selected. At last we repeat this process ten times and report
the average AUC. We obtain p-value by performing two-tailed-two-sample t-test when we
compare AUCs.

2.5 Study Design and Statistical Analysis

where τ̃ is the Lipschitz constant of L(β)+λ2
via the proximity operator of k · k2 .


G
X
1
k
k
T
k 

β − β − (∇L(β ) + 2λ2
min
Dg Dg β g )
τ̃
β∈Rd  2


1

Remark 3 For p = 2, since k · k22 is Lipschitz continuous, we can rewrite (4) as

Structure-leveraged methods in breast cancer risk prediction

Mammo
SNP77
Combined

0.710
0.598
0.721

Lasso
0.710
0.676
0.754

fusedLasso
0.716
0.614
0.727

groupLasso
0.723
0.684
0.766

Structure

p-value
< 0.001
< 0.001
< 0.001
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4) The third and fourth columns describe the predictive performance of the three prediction
models by considering group structure or dependence structure in the logistic regression method. For the SNP77 model, fused lasso demonstrates a significantly higher
performance than group lasso in terms of AUC (0.676 vs. 0.614, p-value< 0.001). For
the Mammo model, group lasso plays a more important role than fused lasso (0.716
vs. 0.710, p-value=0.0073). Moreover, both fused lasso and group lasso demonstrate
improved prediction performance compared to lasso.

3) The second column describes the predictive performance of the three prediction models by using lasso in the logistic regression method. The predictive performance of
the three prediction models has been improved, compared to those without lasso (using logistic regression method only). Mammography descriptors still demonstrate a
significantly higher predictive performance than 77 SNPs in terms of AUC (0.710
vs. 0.598, p-value< 0.001). However, the Combined model demonstrates modest
improvement of prediction performance, compared to the Mammo model (0.721 vs.
0.710, p-value=0.0057).

2) The first column describes the predictive performance of the three prediction models
by using the logistic regression method. Mammography descriptors demonstrate a
significantly higher predictive performance than 77 SNPs in terms of AUC (0.700
vs. 0.590, p-value< 0.001). We find that the difference of predictive performance
between the Combined model and the Mammo model is negligible (0.697 vs. 0.700,
p-value=0.277).

1) The fifth column describes the predictive performance of the three prediction models by
considering structure information in the logistic regression method. We find that the
predictive performance of the three prediction models has been improved respectively,
compared to those described in the first column. For each prediction model, the
difference of the predictive performance is significant between LR+Structure and LR
(p-value < 0.001), which demonstrates that breast cancer prediction models utilizing
structure information can improve risk prediction significantly. We also find that
mammography descriptors demonstrate a significantly higher predictive performance
than 77 SNPs in terms of AUC (0.723 vs. 0.684, p-value < 0.001). The Combined
model demonstrates significant improvement of the prediction performance, compared
to the Mammo model (0.766 vs. 0.723, p-value < 0.001).

Table 3: Predictive performance of three prediction models by using five different methods.
The p-values represent the differences between AUCs of LR and LR+Structure.

LR
0.700
0.590
0.697

Models/Methods
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(d) Fix p1 = 2

(b) Fix p2 = 2

Figure 2: The AUCs under different values of p by using method (2).

(a) Fix p2 = 1

(c) Fix p1 = 1

Figure 3: The AUCs under different values of p1 and p2 by using method (3).
3.2 Performance under Different Values of p
Figure 2 and Figure 3 describe the the pattern of predictive performance for `p fused group
lasso logistic regression over the shrinkage parameter p (or p1 and p2 ) in terms of AUC.
1)The Combined model demonstrates a higher predictive performance for p = 1 compared
to p = 2 in terms of AUC (0.757 vs. 0.745, p-value< 0.001), see Figure 2.

JMLR 17(85):1-15

2) Figure 3 describes the prediction performance of method (3) under different values of
p1 for mammography descriptors and p2 for 77 SNPs.
11
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• Fix p2 = 1 or p2 = 2, the fused group lasso with p1 = 2 demonstrates higher
predictive performance compared to p1 = 1, see Figure 3(a) and 3(b).

• Fix p1 = 1 or p1 = 2, the predictive performance of the fused group lasso logistic
regression decreases as p2 increases, see Figure 3(c) and 3(d).

• The fused group lasso logistic regression with p1 = 2 and p2 = 1 demonstrates higher predictive performance than p1 = p2 = 1 (0.766 vs. 0.757, pvalue=0.0053) and p1 = p2 = 2 (0.766 vs. 0.745, p-value< 0.001).

3.3 Important Features Detected by Fused Group Lasso

To take into account both group and dependence structure information in mammography
features and SNPs, two penalty terms (group penalty and fusion penalty) are introduced
into the logistic regression model. The idea of group penalty is to force the coefficients
of features in the same group to be all zero or nonzero in order to achieve the goal of
selecting features within a group simultaneously. The idea of fusion penalty is to shrink the
successive difference of coefficients of features in the same group in order to take advantage
of the dependence structure information. Applying fusion penalty with p = 1 tends to
result in zero successive difference of coefficients, while p = 2 tends to small but nonzero
successive difference of coefficients.
From a feature selection point of view, we can get the order of feature groups selected
by fused group lasso via choosing the tuning parameters appropriately. We list below the
feature groups selected from high to low in terms of predictive performance.

1) For mammography descriptors, the following features are predictive of malignancy (from
most to least): “Mass Size”, “Mass Margins”, “Mass Shape”, “Architectural Distortion” and “Mass Palpability”, consistent with the literature (BI-RADS, 2014).

rs2016394 rs1432679, rs13281615, rs4666451
rs981782, rs1292011, rs1436904, rs527616
rs11249433 rs13387042, rs4973768, rs10069690
rs7904519, rs8051542, rs3760982
rs2981579, rs2981582

SNPs

2) For 77 SNPs, three groups are selected in order, see Table 4.

Feature Group
Group 1
Group 2
Group 3

Table 4: SNP groups selected by fused group lasso.
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Remark 4 It verifies that “Mass size”, “Mass Margins” and “Mass Shape” are the most
important mammography descriptors in breast cancer diagnosis. These results are consistent
with previous studies about comparing the importance of mammography features and SNPs
in breast cancer risk prediction(Wu et al., 2013, 2014).
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2.
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4.

Matrix factorization (MF) and its variants cover a wide range of applications including recommender systems, link prediction, image processing, and document clustering. Although
parallel MF has been widely investigated in recent years, it is still not easy to find an
MF package supporting both rich formulations and parallel computation. For example,
the parallel MF algorithm in LIBPMF1 is known to be state of the art, but LIBPMF can
only solve real-valued matrix factorization with a squared loss and L2-norm regularization.
Some packages (e.g., scikit-learn,2 mlpack,3 and nimfa4 ) support a variety of MF problems,
but unfortunately they do not implement parallel MF algorithms published in recent five
years. We thus develop LIBMF for solving a family of MF problems based on the tech-

1. Introduction

Matrix factorization (MF) plays a key role in many applications such as recommender
systems and computer vision, but MF may take long running time for handling large
matrices commonly seen in the big data era. Many parallel techniques have been proposed
to reduce the running time, but few parallel MF packages are available. Therefore, we
present an open source library, LIBMF, based on recent advances of parallel MF for sharedmemory systems. LIBMF includes easy-to-use command-line tools, interfaces to C/C++
languages, and comprehensive documentation. Our experiments demonstrate that LIBMF
outperforms state of the art packages. LIBMF is BSD-licensed, so users can freely use,
modify, and redistribute the code.
Keywords: Matrix factorization, non-negative matrix factorization, binary matrix factorization, logistic matrix factorization, one-class matrix factorization, stochastic gradient
method, adaptive learning rate, parallel computation
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In general, MF is a process to find two factor matrices, P ∈ Rk×m and Q ∈ Rk×n , to describe
a given m-by-n training matrix R in which some entries may be missing. MF can be found
in many applications, but we only use collaborative filtering in recommender systems as
examples. We further assume that the entries of R are the historical users’ preferences for
merchandises, and the task on hand is to predict unobserved user behavior (i.e., missing
entries in R) to make a suitable recommendation. Let u and v stand for row index and
column index, respectively. For rating prediction (e.g., Koren et al., 2009), the entry value
ru,v ∈ R indicates that the vth item was rated ru,v by the uth user. Once P and Q are
learned, a missing rating at the (u0 , v 0 ) entry can be predicted by the inner product of the
u0 th column of P (i.e., pu0 ) and the v 0 th column of Q (i.e., q v0 ). It means that we can
generate the predicted scores on all items for a user, and then the one with highest score
may be recommended. Sometimes, the users preferences recorded may be binary signals
(e.g., “like” or “dislike”); for example, Das et al. (2007). The entry ru,v is positive if we
know that the uth user likes the vth item, and vice versa. In this case, we can use the sign
of pTu0 q v0 as the prediction value of an unobserved signal ru0 ,v0 . As a result, the domain of
the entries in R is allowed to be either real values R or a binary set {−1, 1} to cover the
two scenarios.
LIBMF supports two types of matrix factorization, real-valued matrix factorization
(RVMF) and binary matrix factorization (BMF). RVMF aims to find P and Q to approximate the values of entries as accurate as possible while BMF focuses on learning the correct
signs of entries. Both RVMF and BMF can be formulated as a non-convex optimization

2.1 Problems Solved by LIBMF

LIBMF provides efficient parallel MF solvers with rich documentation for a family of MF
problems. For practical usage, users can directly run LIBMF using command-line instructions, make a C/C++ function call, or use the third-party R interface. LIBMF is portable
by following the C++11 standard and can be complied on Unix-like systems as well as
Microsoft Windows.

2. The Software Package

niques proposed in Chin et al. (2015a) and Chin et al. (2015b) targeting at shared-memory
systems with multi-core CPUs (e.g., mordern PCs). Many computational issues were addressed to make LIBMF efficient. Our experiments show that LIBMF is faster than state
of the art packages. Moreover, LIBMF allows users to use their disk as a buffer to factorize a huge matrix that may not fit into their memory. LIBMF is released under BSD license at
http://www.csie.ntu.edu.tw/~cjlin/libmf/
.
This paper is organized as follows. Section 2 introduces LIBMF in detail. Problems
solved by LIBMF are presented in Section 2.1 and we demonstrate the practical usage in
Section 2.2. The documentation is summarized in Section 2.3. Comparisons of LIBMF and
state of the art packages are shown in Section 3. Finally, we conclude in Section 4. We
provide the implementation details in a supplementary document.5
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We develop LIBMF for fully using the computational power of modern multi-core machines to
solve several MF problems. The newly added features listed below make LIBMF significantly
improved in compared with its previous versions.
1. More loss functions are supported for RVMF.
2. The framework is extended to cover BMF, OCMF, and L1 regularization.
3. For different type of MF problems, we implement suitable evaluation criteria such as
mean percentile rank and area under the curve.
4. LIBMF can use disk to cache the training matrix, so the capability to handle huge matrices
is largely enhanced.

4. Conclusions

We compare LIBMF with state of the art packages, LIBPMF (Yu et al., 2012) and NOMAD
(Yun et al., 2014), for parallel matrix factorization using a squared loss and L2-regularization.
Results in Figure 1 indicate that LIBMF is efficient.

3. Comparisons

training and prediction commands, respectively, are good examples demonstrating the use
of API functions. For the parallel stochastic gradient methods used in LIBMF, details are
in Chin et al. (2015a), Chin et al. (2015b), and the supplementary material.

Figure 1: Comparisons with state of the art packages. The figure is generated from the
results in Chin et al. (2015b). The platform for the experiments is a Linux server
with two Intel Xeon 2620 CPUs and 64GB memory. Twelve threads are used for
all packages.
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problem

P,Q

min
(u,v)∈R

where ru,v is the (u, v) entry of R, f (·) is a non-convex loss function of pu and q v , and µp ,
µq , λp , and λq are regularization coefficients. For RVMF, the loss function can be a squared
loss, an absolute loss, or generalized KL-divergence. If R is a binary matrix, users may
select among logistic loss, hinge loss, and squared hinge loss to perform BMF. Note that,
k×m
k×n
the non-negative constraints, P ∈ R+
and Q ∈ R+
, can be activated for (1). With the
general setting in (1), currently LIBMF can solve more problems than its previous versions.
The newly covered problems include, for example, NMF with generalized KL-divergence
(Lee and Seung, 2001), sparse NMF (Lee et al., 2007), logistic NMF (Tomé et al., 2015),
and maximum-margin MF (Srebro et al., 2005).
A special case of BMF is one-class matrix factorization (OCMF) in which the training
matrix is still binary but contains only positive entries. OCMF is worthy to be considered
as in some online activities (e.g., Pan et al., 2008) only positive feedbacks (i.e., purchase or
click) from users can be monitored. The OCMF model in LIBMF is Bayesian personalized
ranking (BPR) proposed by Rendle et al. (2009).
Refer to the supplementary materials for details of RVMF, BMF, and OCMF.
2.2 Practical Usage
In a sub-directory demo, we prepare three data sets for helping users to understand the data
format and demonstrating RVMF, BMF, and OCMF. Each data set has training and test
files, of which each line is a 3-tuple of row index, column index, and the value. For RVMF,
the value is a real number. For BMF, any value greater than zero would be treated as a
positive label and a negative label otherwise. For OCMF, the training file should contain
only positive entries. A shell script demo.sh contains the training and prediction commands
for different types of MF problems. For example, we may use the following command to
perform RVMF on train file and save the result to a model file model.
$ ./mf-train train file model
The model file contains two parts: the columns of P ∈ Rk×m and then the columns of
Q ∈ Rk×n . To evaluate the model on a test set, users may run
$ ./mf-predict test file model out
The file out contains predictions of the entries specified in test file, and the default
evaluation measure, root mean square error (RMSE), is printed. Users can also choose
absolute error, generalized KL-divergence, logarithmic loss, accuracy, mean percentile rank,
or area under the curve.
2.3 Documentation
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The script demo.sh mentioned in Section 2.2 is a quick start guide. The README file
covers information including an installation guide, a C/C++ API guide, and examples of
command line usages. Users can refer to Chin et al. (2015b) to see how we select parameters
for some representative data sets. The two files mf-train.cpp and mf-predict.cpp for the
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Ana Maria Tomé, Reinhard Schachtner, Vincent Vigneron, Carlos Garcia Puntonet, and
Elmar Wolfgang Lang. A logistic non-negative matrix factorization approach to binary
data sets. Multidimensional Systems and Signal Processing, 26(1):125–143, 2015.

Nathan Srebro, Jason D. M. Rennie, and Tommi S. Jaakola. Maximum-margin matrix
factorization. In Advances in Neural Information Processing Systems, pages 1329–1336,
2005.

Steffen Rendle, Christoph Freudenthaler, Zeno Gantner, and Lars Schmidt-Thieme. BPR:
Bayesian personalized ranking from implicit feedback. In Proceedings of the Twenty-Fifth
Conference on Uncertainty in Artificial Intelligence (UAI), pages 452–461, 2009.

Rong Pan, Yunhong Zhou, Bin Cao, Nathan N Liu, Rajan Lukose, Martin Scholz, and
Qiang Yang. One-class collaborative filtering. In IEEE International Conference on Data
Mining (ICDM), pages 502–511, 2008.

Honglak Lee, Alexis Battle, Rajat Raina, and Andrew Y. Ng. Efficient sparse coding
algorithms. In Advances in Neural Information Processing Systems, pages 801–808. 2007.

Daniel D. Lee and H. Sebastian Seung. Algorithms for non-negative matrix factorization.
In Todd K. Leen, Thomas G. Dietterich, and Volker Tresp, editors, Advances in Neural
Information Processing Systems 13, pages 556–562. MIT Press, 2001.

Yehuda Koren, Robert M. Bell, and Chris Volinsky. Matrix factorization techniques for
recommender systems. Computer, 42:30–37, 2009.

Abhinandan Das, Mayur Datar, Shyam Rajaram, and Ashutosh Garg. Google news personalization: scalable online collaborative filtering. In Proceedings of the 16th international
conference on World Wide Web, pages 271–280, 2007.

Asia Conference on Knowledge Discovery and Data Mining (PAKDD), 2015b. URL
http://www.csie.ntu.edu.tw/~cjlin/papers/libmf/mf_adaptive_pakdd.pdf.

LIBMF: A LIBRARY FOR PARALLEL MATRIX FACTORIZATION IN SHARED-MEMORY SYSTEMS

Submitted 1/16; Revised 5/16; Published 5/16

Abstract

tcai@hsph.harvard.edu

jliu@stat.harvard.edu

mneykov@princeton.edu

c 2016 Matey Neykov, Jun S. Liu and Tianxi Cai.

JMLR 17(87):1-37

Modern data applications often require scientists to deal with high-dimensional problems
in which the sample size n could be much less than the dimensionality of the covariates
p. To handle such challenging problems, structural assumptions on the data generating
mechanism are often imposed. Such assumptions are motivated by the fact that classical
procedures such as linear regression provably fail, unless the ratio p/n converges to 0. However, modern procedures based on regularization may work well under the high dimensional
setting with additional sparsity assumptions. In the sparse high dimensional setting, it is

1. Introduction

Keywords: Single index models, Sparsity, Support recovery, High-dimensional statistics,
LASSO

|
It is known that for a certain class of single index models (SIMs) Y = f (Xp×1
β 0 , ε), support recovery is impossible when X ∼ N (0, Ip×p ) and a model complexity adjusted sample
size is below a critical threshold. Recently, optimal algorithms based on Sliced Inverse
Regression (SIR) were suggested. These algorithms work provably under the assumption
that the design X comes from an i.i.d. Gaussian distribution. In the present paper we
analyze algorithms based on covariance screening and least squares with L1 penalization
(i.e. LASSO) and demonstrate that they can also enjoy optimal (up to a scalar) rescaled
sample size in terms of support recovery, albeit under slightly different assumptions on f
and ε compared to the SIR based algorithms. Furthermore, we show more generally, that
LASSO succeeds in recovering the signed support of β 0 if X ∼ N (0, Σ), and the covariance
Σ satisfies the irrepresentable condition. Our work extends existing results on the support
recovery of LASSO for the linear model, to a more general class of SIMs.
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When the dimension p is small, inference under a SIM has been studied extensively in the
literature (Xia and Li, 1999; Horowitz, 2009; Peng and Huang, 2011; McCullagh and Nelder,

1.1 Overview of Related Work

is sufficiently large. Obviously, for most choices of f , fitting (2) is essentially making
inference under the mis-specified linear regression model.
The least squares LASSO algorithm has been used frequently in practice to perform
variable selection for analyzing genomic data (Cantor et al., 2010; Zhao et al., 2011; Wang
et al., 2013, e.g.). However, the linear model with Gaussian error is unlikely to be the true
model in many such cases. Hence it is of practical importance to theoretically establish that
the LASSO’s support recovery capabilities are in fact robust to mis-specification. In addition
to arguing that LASSO is robust, and perhaps even more surprisingly, we demonstrate that
fitting the mis-specified linear model with LASSO penalty can optimally (up to a scalar)
achieve support recovery with respect to the effective sample size np,s , for certain classes of
Σ and SIMs in a minimax sense. In the special case when Σ = Ip×p , the LASSO algorithm
can be slightly modified into a simple covariance screening procedure which possesses similar
properties as the LASSO procedure.

np,s = n/{s log(p − s)},

can successfully recover the support of β 0 provided standard regularity conditions and that
the model complexity adjusted effective sample size,

i=1

ε⊥
⊥X

where both the link function f and the distribution of ε are left unspecified. Throughout,
we assume that β |0 Σβ 0 = 1 for identifiability and E(X) = 0, where Σ = E(XX | ). We
are specifically interested in the case where X ∈ Rp ∼ N (0, Σ) and β 0 is s-sparse with
s < p. Obviously, the SIM includes many commonly used parametric or semi-parametric
regression models such as the linear regression model as special cases. Under (1) and the
sparsity assumption, we aim to show that the standard least squares LASSO algorithm,
(
)
n
1 X
|
2
b
β = argmin
(Yi − Xi β) + λkβk1 ,
(2)
2n
β∈Rp

Y = f (X | β 0 , ε),

often of interest to uncover the sparsity pattern, or in other words to select the relevant
variables for the model. Under generalized linear models, support recovery can be achieved
by fitting these models with penalized optimization procedures such as LASSO (Tibshirani,
1996) or Dantzig Selector (Candes and Tao, 2007), which are computationally inexpensive
compared to exhaustive search approaches. The LASSO algorithm’s variable selection/support recovery capabilities under generalized linear models, have been extensively studied
(Meinshausen and Bühlmann, 2006; Zhao and Yu, 2006; Wainwright, 2009; Lee et al., 2013,
e.g. among others). However, much less is known under potential mis-specification of these
commonly used models or under more general models.
In this paper, we focus on recovering the support of the regression coefficients β 0 under
a single index model (SIM):

Neykov, Liu and Cai
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1989, e.g.) among many others. In the highly relevant line of work on sufficient dimension
reduction, many seminal insights can be found in Li and Duan (1989); Li (1991); Cook
and Ni (2005). When
PnX ∼ N (0,|Σ),2 results given in Li and Duan (1989) can be used to
show that argminβ { i=1
(Yi − Xi β) } consistently estimates β 0 up to a scalar. When β 0
is sparse, the sparse sliced inverse regression procedure given in Li and Nachtsheim (2006)
can be used to effectively recover β 0 under model (1) although their procedure requires a
consistent estimator of Σ−1/2 .
In the high dimensional setting with diverging p, Alquier and Biau (2013) were the first
to consider the sparse SIM, and proposed an estimation framework using a PAC-Bayesian
approach. Wang and Zhu (2015) and Wang et al. (2012) demonstrated that when support
recovery can be achieved
when p = O(nk ) under
Ppa SIM via optimizations in the form of
|
1 Pn
2
b = argmin
β
p
β∈R
i=1 (Fn (Yi )−1/2−Xi β) + j=1 Jλ (βj ), where Jλ is a penalty function
P2n
n
and Fn (x) = n1 i=1
1(Yi ≤ x). Regularized procedures have also been proposed for specific
choices of f and Y . For example, Yi et al. (2015) study consistent estimation under the
model P(Y = 1|X) = {f (β | X) + 1}/2 with binary Y , where f : R 7→ [−1, 1]. Yang et al.
(2015) consider the model Y = f (X | β) + ε with known f , and develop estimation and
inferential procedures based on the L1 regularized least squares loss.
With p potentially growing with n exponentially and under a general SIM, Radchenko
(2015) proposed a non-parametric least squares with an equality L1 constraint to handle
simultaneous estimation of β as well as f . The support recovery properties of this procedure are not investigated, and in addition the results do not exhibit the optimal scaling
of the triple (n, p, s). Han and Wang (2015) suggest a penalized approach, in which they
use a loss function related to Kendall’s tau correlation coefficient. They also establish the
L2 consistency for the coefficient β but do not consider support recovery. Neykov et al.
(2015) analyzed two algorithms based on Sliced Inverse Regression (Li, 1991) under the
assumption that X ∼ N (0, Ip×p ), and demonstrated that they can uncover the support
optimally in terms of the rescaled sample size. Plan and Vershynin (2015) and Thrampoulidis et al. (2015) demonstrated that a constrained version of LASSO can be used to
obtain an L2 consistent estimator of β 0 . None of these procedures provide results on the
performance of the LASSO algorithm in support recovery, which relates to L2 consistency
but is a fundamentally different theoretical aspect. In addition, no existing work on the
SIM estimation procedures demonstrates that the performance depends on (n, p, s) only
through the effective sample size np,s .
1.2 Organization
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The rest of the paper is organized as follows. Our main results are formulated in section
2. In particular, we show results on the covariance screening algorithm when Σ = Ip×p in
section 2.2 and our main result on the LASSO support recovery in section 2.3. Proof for the
main results are given in section 3. In addition we demonstrate that for a class of SIMs, any
algorithm provably fails to recover the support, unless the rescaled sample size np,s is large
enough. Numerical studies, confirming our main result are shown in section 4. We discuss
potential future directions in section 5. Technical proofs are deferred to the appendixes.

3

2. Main Results

Neykov, Liu and Cai

In this section we formulate our main results, which include the analysis of a simple covariance screening algorithm, and the LASSO algorithm for SIMs. Before we move on to the
algorithms we summarize notation that we use throughout the paper and discuss several
useful definitions and preliminary results.
2.1 Preliminary and Notation

p≥1

kXkψ1 = sup p−1 (E|X|p )1/p .1

For a (sparse) vector v = (v1 , . . . , vp )| , we let S(v) := supp(v) = {j : vj 6= 0} denote its
support, S± (v) := {(sign(vj ), j) : vj 6= 0} be its signed support, kvkp denote the Lp norm,
kvk0 = | supp(v)|, and vmin = mini∈supp(v) |vi |. For a real random variable X, define
p≥1

kXkψ2 = sup p−1/2 (E|X|p )1/p ,

Recall that a random variable is called sub-Gaussian if kXkψ2 < ∞ and sub-exponential
if kXkψ1 < ∞. For any integer k ∈ N we use the shorthand notation [k] = {1, . . . , k}.
j∈S2
For a matrix M ∈ Rd1 ×d2 , sets S1 , S2 ⊆ [d], we let M,S2 = [Mij ]i∈[d
and MS1 ,S2 =
1]

j∈S2
[Mij ]i∈S
. For a vector Z = (Z1 , . . . , Zd )| and set S ⊆ [d], ZS denotes the subvector
1
corresponding to the set S. Furthermore, let kMkp,q = supkvkp =1 kMvkq . In particular, we have kMk2,2 = maxi∈[max(d1 ,d2 )] {si (M)}, where si (M) is the ith singular value of
Pd2
M, and kMk∞,∞ = maxi∈[d1 ] j=1
|Mij |. For a matrix M ∈ Rd×d , we put Dmax (M) =
maxi∈[d] |Mii | for its maximal diagonal element, and diag(M) = [Mii ]i∈[d] for the collection
of diagonal entries of M. We also use standard asymptotic notations. Given two sequences
{an }, {bn } we write an = O(bn ) if there exists a constant C < ∞ such that an ≤ Cbn ;
an = Ω(bn ) if there exists a positive constant c > 0 such that an ≥ cbn , an = o(bn ) if
an /bn → 0, and an  bn if there exists positive constants c and C such that c < an /bn < C.
Throughout, we also assume that there exists a constant 0 < ι < 1 such that s < p − pι ,
which implies that log(p−s)
log(p) ≥ ι.
We assume that data for analysis consists of n independent and identically distributed
(i.i.d.) random vectors D = {(Yi , X | )| , i = 1, . . . , n} and we focus primarily on X ∼
i
j∈[p]
|
N (0, Σ). In matrix form, we let X = [X1 , . . . , Xn ]n×p
= [Xij ]i∈[n] , Y = (Y1 , . . . , Yn )| , and
ε = (ε1 , . . . , εn )| . The recovery of β 0 under SIM often relies on the linearity of expectation
assumption given in Li and Duan (1989) and Li (1991):

Definition 2.1.1 (Linearity of Expectation) A p-dimensional random variable X is
said to satisfy linearity of expectation in the direction β if for any direction b ∈ Rp :

E[X | b|X | β] = cb X | β + ab ,

where ab , cb ∈ R are some real constants which might depend on the direction b.

Remark 2.1.2 Note that if additionally E[X] = 0, then by taking expectation it is evident
that ab ≡ 0. Clearly, linearity of expectation is direction specific by definition. Elliptical
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1. There are multiple equivalent (up to universal constants) definitions of the so-called Orlicz or ψ norms.
See Vershynin (2010) Lemma 5.5 for a succinct formal treatment of this.

4

E(XX | )

i=1

i=1
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In this section, we propose a simple covariance screening procedure for signed support
recovery of β 0 under a SIM with Σ = Ip×p , which relates to the sure independence screening
procedures (Fan and Lv, 2008; Fan et al., 2010) under the linear model. Note that the
LASSO procedure (2) can equivalently be expressed as:
(
)
n
n
X
1 |X
b = argmin − 1
β
Yi Xi| β +
β
Xi Xi| β + λkβk1 .
n
2n
β∈Rp

2.2 Covariance Screening under Σ = Ip×p

In addition, to simplify the presentation we will assume that the above constants are not
scaling with (n, p, s), and belong to a compact set which is bounded away from 0.

c0 = E(Y X | β 0 ), γ = Var(Y X | β 0 ), ξ 2 = E{(Y −c0 X | β 0 )2 }, and θ2 = Var{(Y −c0 X | β 0 )2 }.

where Dϕ is the distributional derivative of ϕ, Z ∼ N (0, 1) and we abused the notation
slightly in the last equality for simplicity.
The remaining of this section is structured as follows — in section 2.2 we study a
simple covariance thresholding algorithm, which is a manifestation of program (2) under
the assumption Σ = Ip×p . In section 2.3 we consider the full-fledged least squares LASSO
algorithm (2) with a general covariance matrix Σ. Throughout, we assume E(X) = 0 and
let σ 2 = E(Y 2 ), η = Var(Y 2 ),

ϕ(Z)

In view of Lemma 2.1.3, under sparsity assumptions, an L1 regularized least square
estimator can recover β 0 proportionally and hence the support of β 0 . Furthermore, when
Σ = Ip×p , the covariance E(Y X) can be directly used to recover β 0 . It is noteworthy to
remark that in the special case X ∼ N (0, Σ), a simple application of Stein’s Lemma (Stein,
1981) can help quantify the constant c0 precisely:
Z
exp(−z 2 /2)
√
c0 = E(Y X | β 0 ) = E(Z [Ef (Z, ε)|Z]) = Dϕ(z)
dz = EDϕ(Z),
|
{z
}
2π

Lemma 2.1.3 Assume that the SIM (1) holds, Σ =
> 0, and X satisfies the
linearity in expectation condition in the direction β 0 such that E[(X | β 0 )2 ] > 0. Then
we have Σ−1 E(Y X) = c0 β 0 , where c0 := E(Y X | β 0 ). Obviously, E(Y X) = c0 β 0 when
Σ = Ip×p .

for some c0 ∈ R. More generally, we have

b

Next, we record a simple but very useful observation, which forms the basis of our work.
From Theorem 2.1 of Li and Duan (1989), we note that under a SIM and normality of X
with covariance Σ > 0,
argmin E(Y − b| X)2 = c0 β 0 ,

distributions (Fang et al., 1990) including multiviariate normal are known to satisfy the
linearity in expectation uniformly in all directions (Cambanis et al., 1981, e.g.).

L1 -Regularized Least Squares for SIM

i=1

+

6
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Assumption 2.2.2 (Spherical Distribution of X and sub-Gaussian of Y ) Let X be
a spherically distributed p dimensional random variable with E[X] = 0, Var[X] = Ip×p ,
whose moment generating function exists, and takes the form E{exp(t| X)} ≡ Ψ(t| t), t ∈
Rp , and in addition Ψ : R 7→ R is such that Ψ(t) ≤ exp(Ct) for some C > 0 for all t ∈ R+ .
In addition, we assume that Y is sub-Gaussian, i.e. kY kψ2 ≤ KY .

The proof of Proposition 2.2.1 can be found in Appendix D. We note that this result
does not require Y to be sub-Gaussian. When sub-Gaussianity is assumed, the convergence
rate of the probability approaching 1 can be improved. Furthermore, under sub-Gaussianity
of Y , we can relax the normality assumption of X. Specifically, one may instead consider
the following assumptions

for a large enough Υ = O(1) (depending on c0 , σ 2 ) Algorithm 1 recovers the signed support
of c0 β 0 with asymptotic probability 1.

np,s ≥ Υ,

Proposition 2.2.1 Assume that X ∼ N (0, Ip×p ), c0 6= 0, E(Y 4 ) < ∞, and β0j ∈ {± √1s , 0}
√
for all j ∈ [p] and some s ∈ N. Set ν = √1s + 2 2σ. Then as long as

The following proposition shows that the algorithm recovers the support with probability
approaching 1 provided that the effective sample size np,s is sufficiently large under the
normality assumption of X ∼ N (0, Ip×p ).

b
3. Output the set {(sign(Vj ), j) : |Vj | ∈ S}.

where x+ = x1(x ≥ 0). Hence, in this special case, the regularization parameter
P can be
equivalently interpreted as a thresholding parameter, filtering all small |n−1 ni=1 Yi Xij |.
Motivated by this, we consider the following simple covariance screening procedure, which
acts as a filter taking covariances and their corresponding signs, only if they pass a critical
threshold:
Algorithm 1: Covariance Screening Algorithm
input: (Yi , Xi )ni=1 : data; tuning parameter ν > 0
P
d
1. Calcluate V := Cov(Y,
X) := n−1 ni=1 Yi Xi ,
q
n
o
2. Set Sb := Vj : |Vj | > ν logn p ;

i=1

n
n



X
X
βbj = sign n−1
Yi Xij
n−1
Yi Xij − λ ,

It is well known that the solution to the above program takes the form:

i=1

P
Under the assumption Σ = Ip×p , we replace n1 ni=1 Xi Xi| with Ip×p and instead consider
(
)
n
X
1
b = argmin − 1
β
Yi Xi| β + β | β + λkβk1 .
n
2
β∈Rp
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Note that (Vershynin, 2010, see Lemma 5.5. e.g.) assumption 2.2.2 implies maxj∈[p] kXj kψ2 <
∞. Let K := maxj∈[p] kXj kψ2 . In parallel to Proposition 2.2.1, we have

(3)

Proposition 2.2.3 In addition to Assumption 2.2.2, we assume that s, c0 6= 0 and β0j ∈
{± √1s , 0} for all j ∈ [p] and some s ∈ N. Set the tuning parameter ν = ωKY K for some
absolute constant ω > 0. Then there exits an absolute constant Υ ∈ R depending on c0 , C, K
and KY such that if:
np,s ≥ Υ,
Algorithm 1 recovers the signed support of c0 β 0 with asymptotic probability 1.
2.3 LASSO Algorithm with General Σ
In this section we consider the LASSO algorithm (2),
b = argmin 1 kY − Xβk2 + λkβk1 ,
β
2
β∈Rp 2n

(4)

under the assumption X ∼ N (0, Σ) with a generic and unknown covariance matrix Σ.
Under certain sufficient conditions our goal is to show that (2) recovers the support of β 0
with asymptotic probability 1 in optimal (up to a scalar) effective sample size. In contrast
to section 2.2, we also no longer require each of the signals of β to be of the same magnitude.
We first summarize a primal dual witness (PDW) construction which we borrow from
Wainwright (2009). The PDW construction lays out steps allowing one to prove sign consistency for L1 constrained quadratic programming (3). We will only provide the sufficient
conditions to show sign-consistency, and the interested reader can check Wainwright (2009)
for the necessary conditions. We note that the validity of the PDW construction is generic,
in that it does not rely on the distribution of the residual w = Y − c0 Xβ 0 , and hence
extends to the current framework. Note that unlike the linear regression case, in our setting
w does not necessarily have mean 0 although E[X| w] = 0.
Recall that a vector z is a subgradient of the L1 norm evaluated at a vector v ∈ Rp
(i.e. z ∈ ∂kvk1 ) if we have zj = sign(vj ), vj 6= 0 and z j ∈ [−1, 1] otherwise. It follows from
b ∈ Rp is optimal for the LASSO problem
Karush-Kuhn-Tucker’s theorem that a vector β
b 1 such that:
(3) iff there exists a subgradient b
z ∈ ∂kβk
1 | b
1
X X(β − c0 β 0 ) − X| w + λb
z = 0.
n
n

β̌ S0

|
Put S0 := S(β 0 ) for brevity. In what follows we will assume that the matrix X,S
X
is
0 ,S0
invertible (which it is with probability 1), even though this is not required by the PDW.
The PDW method constructs a pair (β̌, ž) ∈ Rp × Rp by following the steps:

• Solve:

1
= argmin kY − X,S0 β S0 k22 + λkβ S0 k1 ,
2n
β S0 ∈Rs
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|
where s = |S0 |. This solution is unique under the invertibility of X,S
X since in this
0 ,S0
case the function is strictly convex. Set β̌ S0c = 0.

7

• Choose a

žS0

∈

∂kβ̌ S0 k1 .

Neykov, Liu and Cai

,S0

|
|
X )−1 žS0 + PX⊥
• For j ∈ S0c set Zj := X,j
[X,S0 (X,S
0 ,S0

w
λn

,S0

2
] , where PX⊥

= I−

|
|
is an orthogonal projection. Checking that |Zj | < 1 for all j ∈ S0c
X )−1 X,S
X,S0 (X,S
0
0 ,S0
|
|
ensures that there is a unique solution β̌ = (β̌ S0 , β̌ S0c )| satisfying S(β̌) ⊆ S(c0 β 0 ).

• To check sign consistency we need žS0 = sign(c0 β 0S0 ). For each j ∈ S0 , define:
i
h
|
|
w − λ sign(c0 β 0S0 ) , 3
X )−1 n−1 X,S
∆j := ej| (n−1 X,S
0
0 ,S0

where ej ∈ Rs is a canonical unit vector with 1 at the j th position. Checking žS0 =
sign(c0 β 0S0 ) is equivalent to checking:

sign(c0 β0j + ∆j ) = sign(c0 β0j ), ∀j ∈ S0 .

Σ=

ΣS0 ,S0
ΣS0c ,S0

ΣS0 ,S0c
ΣS0c ,S0c

S0

corresponds to the covariance of X . Furthermore, we let
:=
:=

ΣS0c ,S0c − ΣS0c ,S0 ΣS−1
ΣS0 ,S0c ,
0 ,S0
−1/2
1/2
kΣS0 ,S0 k∞,∞ kΣS0 ,S0 k∞,∞ ,

1/2

(6)

(5)

To this end we require several restrictions on Σ and moment conditions on Y . We partition
the covariance matrix


,
where Σ

S0 ,S0

ΣS0c |S0

1/2
ρ∞ (ΣS0 ,S0 )

for some κ > 0.

be the conditional covariance matrix of XS0c |XS0 , and the condition number of ΣS0 ,S0 with
respect to k · k∞,∞ , respectively. We assume that

Assumption 2.3.1 (Irrepresentable Condition)

kΣS0c ,S0 ΣS−1
k
≤ (1 − κ),
0 ,S0 ∞,∞

Assumption 2.3.2 (Bounded Spectrum) For some fixed 0 < λmin ≤ λmax < ∞,

λmin ≤ ΣS0 ,S0 ≤ λmax .

Assumption 2.3.3 (Bounded 4th Moment) E(Y 4 ) < ∞, and does not scale with (n, p, s).

JMLR 17(87):1-37

Recall that the irrepresentable condition is proved to be necessary for successful support
recovery (Wainwright, 2009, Theorem 4) in the linear model, and hence one should not
expect that Assumption 2.3.1 can be weakened. Assumption 2.3.3 guarantees that σ 2 , η,
c0 , γ, ξ 2 and θ2 are well defined and finite. Finally, successful support recovery will depend
on the strength of the minimal signal of β 0 . Recall that β 0min := minj∈S0 |β0j |, is the
minimal non-zero signal in the vector β 0 . We are now ready to provide sufficient conditions
for the LASSO signed support recovery, in the setting of SIMs

2. Zj are derived by simply plugging in β̌ and žS0 and solving (4) for žS0c .
3. ∆j can be seen to equal β̌j − c0 β0j for j ∈ S0 , when žS0 = sign(c0 β 0 ).

8

κ2


4
λmin

+

ξ 2 +1
λ2 s


,

(7)

(ξ 2 + 1)
κ2

n

16Dmax (ΣS0c |S0 )

(1 − CT−1 )κ2 λmin

.

β min
0

√1 .
s

= O(1),

9
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4. The dependency is inversely proportional to |c0 | and proportional to σ; For more details refer to the
proof.

= O(1), and let

Notice that the space of matrices satisfying assumptions 2.3.1 — 2.3.3 and the latter assumptions is non-empty as one can easily show
that Toeplitz matrices with entries Σkj = ρ|k−j| with |ρ| < 1 satisfy these conditions e.g.
Using the same λ = λT we can clearly achieve the sufficient condition in ii. provided that
the model complexity adjusted sample size np,s is large enough. On the other hand, this

1/2
ρ∞ (ΣS0 ,S0 )

sonable to assume Dmax (ΣS0c |S0 ) = O(1). Assume additionally that

Note that due to positive definiteness: Dmax (ΣS0c |S0 ) ≤ Dmax (ΣS0c ,S0c ), and hence it is rea-

np,s ≥

,

−1/2
kΣS0 ,S0 k∞,∞

4CT Dmax (ΣS0c |S0 ) log(p − s)

for some CT > 1 gives us that the condition from i. is equivalent to:

λ := λT =

s

Remark 2.3.5 Firstly, the slow probability convergence rate
in part ii. is purely
due to the fact we are not willing to assume that Y is coming from a sub-Gaussian distribution. If such an assumption is made the rate reduces to the usual p−1 . Secondly,
−1
min
is of “largest” order when
observe that λ−1
max ≤ kβ 0 k2 ≤ λmin . Hence the value of β 0
β min
 kβ 0 k∞  √1s . Setting
0

(log p)−1

Before we proceed with the proof of our main result, we would like to mention a few remarks
on our sufficient conditions, in particular the ones suggested in ii.

b = S± (c0 β ) with probability at least 1 − O{e−Ω(s∧log(p−s)) + (log p)−1 +
we have S± (β)
0
−1
n }.

ii. Let further, for some positive constant α > 0 we have np,s ≥ α. Then there exist some
positive constants Υ0 , Υ1 , Υ2 > 0 which may depend4 on c0 , σ such that if:


−1/2
r
k
Υ
kΣ
∞,∞
2
s
S
,S
1/2
−1/2
0
0
 n−1/2
√
β min
≥ kΣS0 ,S0 k2∞,∞ λΥ0 + Υ1 ρ∞ (ΣS0 ,S0 )
kβ k∞ +
0
p,s
n log(p − s) 0
s

b ⊂ S(c0 β ), with probability at least 1 − O{p−1 + n−1 + e−Ω(s) }.
then S(β)
0

np,s ≥

4Dmax (ΣS0c |S0 )

(8)

10
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where the inequality is strict since G and h are strictly increasing and X | β 0 ∼ N (0, 1).
In fact, using exactly the same argument, one can show more generally that if r(z) =
E[Y |X | β 0 = z] is a strictly monotone function it follows that E(Y X | β 0 ) 6= 0. We close
this remark by pointing out that the logistic regression model P (Y = 1 | X) = g(X | β 0 ) with
g(x) = ex /(1 + ex ) satisfies the condition since r(z) = g(z) is strictly monotone, and hence
using the LASSO algorithm one can recover the support correctly. This is an example that
even discrete valued Y outcomes can be solved by the least squares LASSO algorithm.

Remark 2.3.7 We will now argue that if we have a model as described in Proposition 2.3.6,
the LASSO will recover the support provided that the the covariance matrix Σ satisfies Assumptions 2.3.1 and 2.3.2, E(Y 4 ) < ∞ and the minimal signal strength is sufficiently strong
as required by Remark 2.3.5. Notice that by Chebyshev’s association inequality (Boucheron
et al., 2013), we have:
E(Y X | β 0 ) > E(Y )E(X | β 0 ) = 0,

Proposition 2.3.6 justifies that the LASSO is sample size optimal even when more generic
covariance matrices than identity are considered, provided that we can show the class of
SIMs defined satisfy the assumptions of this section. We do so in the following Remark.

for some constant C > 0 (depending on P, G, h, Σ) and s is sufficiently large, any algorithm
for support recovery makes errors with probability at least 12 asymptotically.

np,s < C,

where P is any non-zero polynomial with non-negative coefficients such that P (0) = 0. We
n
o
β min
restrict the parameter space to β ∈ Rp : β | Σβ = 1, kβk0 = s,
≥ cΣ , where cΣ > 0
kβ k∞
is a sufficiently small constant depending solely on Σ (see (20) for details). If

pε (x) ∝ exp(−P (x2 )),

Proposition 2.3.6 Consider a special example of a SIM with Y = G{h(X | β 0 ) + ε} for
X ∼ N (0, Σ), and G, h are known strictly increasing continuous functions and in addition
h is an L-Lipschitz function. Assume that there exists a set S ⊂ [p], |S| = s such that
kΣS,S k∞,∞ < R, Assumptions 2.3.1 and 2.3.2 hold on S and 0 < d ≤ diag(ΣS c ,S c ) ≤ D <
∞. In addition, assume that ε is a continuously distributed random variable with density
pε satisfying:

scaling can no longer be guaranteed if β min
 √1s fails to hold. In any case, it is clear that
0
when Σ = Ip×p all conditions required are met, and hence Theorem 2.3.4 shows that the
LASSO algorithm will work optimally (up to a scalar) in terms of the rescaled sample size.
Below we formulate a result which allows us to claim certain optimality for the LASSO
algorithm in the case of a more general Σ matrix whenever we have approximately equally
sized coefficients.

Theorem 2.3.4 Let Assumptions 2.3.1 — 2.3.3 hold. Then for the LASSO estimator given
in (3) under a SIM (1), we have the following sufficient conditions:

i. If

Neykov, Liu and Cai

L1 -Regularized Least Squares for SIM

L1 -Regularized Least Squares for SIM

2.3.1 Outcome Transformations
In this subsection we provide brief comments on possible strategies to transform the data
in view of the results of Theorem 2.3.4. A crucial condition in order for the signed support
recovery of β 0 to hold is c0 6= 0, which should not be expected to hold in general, but
nevertheless naturally occurs in many cases. If this condition does not hold, one can potentially transform the outcome Ye = g(Y ) by a function g in order to achieve E(Ye X | β 0 ) 6= 0
even if E(Y X | β 0 ) = 0. If we use Yei = g(Yi ) instead of Yi then clearly LASSO succeeds
under the assumptions from Theorem 2.3.4, only with assumptions on Yi being replaced by
Yei . The following proposition characterizes when one should expect a correlation inducing
transformation g to exist.
Proposition 2.3.8 There exists a measurable function g : R 7→ R such that E{g(Y )X | β 0 } =
6
0 if and only if Var{E(X | β 0 |Y )} > 0.

(9)

Another potential advantage of performing a transformation is to ensure that Ye = g(Y ) is
sub-Gaussian. For example, if we let g(y) = F (y) = P (Y ≤ y), then the sub-Gaussianity
of Ye is guaranteed, which would improve the rate of support recovery. For many choices
of g such as F , the transformation may be defined at the population level and is unknown
a priori. Thus it would be desirable to employ data dependent estimate gb of g. In other
words we consider fitting the following LASSO to recover the support:
b = argmin 1 kb
β
g (Y ) − Xβk22 + λkβk1 ,
β∈Rp 2n

where gb(Y ) should be understood as element-wise application of gb. The following Corollary
extends Theorem 2.3.4 to allow for data dependent transformations.

(10)

Corollary 2.3.9 Let the assumptions of Theorem 2.3.4 hold for Yei = g(Yi ) in place of Yi
and assume additionally that:

p
kb
g (Y ) − g(Y )k2 ≤ O( log p),

b = S± (c0 β ) with
with probability at least 1 − O(p−1 ), then if (7) holds we have S± (β)
0
probability at least 1 − O{e−Ω(s∧log(p−s)) + (log p)−1 + n−1 }.
Remark 2.3.10 Akin to (2), we do not require an intercept in the model after doing a
transformation in (9). This is possible since X is assumed to have mean 0. In practice if
this were not the case, one would have to either center X or include an intercept which is
not penalized.

3. Proof of Theorem 2.3.4

JMLR 17(87):1-37

Our proof follows similar steps as Theorem 3 of Wainwright (2009) although many critical
modifications are needed, since the error term w = Y − c0 Xβ 0 is no longer independent of
X and is not mean 0.

11
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|
X,j
= Σ{j},S0 ΣS−1
X| + Ej| ,
0 ,S0 ,S0

3.1 Verifying Strict Dual Feasibility
For j ∈ S0c decompose

:=

Ej|

|
X )−1 žS0
X,S0 (X,S
0 ,S0

PX⊥
,S

0

 w i
,
λn

(11)

(13)

where the entries of the prediction error vector Ej = (E1j , . . . , Enj )| ∈ Rn are i.i.d. with
Eij ∼ N (0, [ΣS0c |S0 ]jj ), i ∈ [n]. In addition, observe that by this construction we have that
Ej is independent of X,S0 which can be verified upon multiplication by X,S0 in (11) and
taking expectation. Following the definition of Zj gives us that Zj = Aj + Bj , where:
h
+
(12)
Aj

Bj := Σ{j},S0 (ΣS0 ,S0 )−1 žS0 .

Under the irrepresentable condition, we have that maxj∈S c |Bj | ≤ (1 − κ). Conditional on
X,S0 and ε (which determine w = Y − c0 Xβ 0 ) we have that the gradient žS0 is independent
of the vector Ej because the gradient is deterministic after conditioning on these quantities.
We have that Var(Eij ) ≤ Dmax (ΣS0c |S0 ), and thus conditionally on X,S0 and ε we get:

w 2
|
Var(Aj ) ≤ Dmax (ΣS0c |S0 ) X,S0 (X,S
X )−1 žS0 + PX⊥
0 ,S0
,S0
λn 2

 w  2
|
= Dmax (ΣS0c |S0 ) žS| 0 (X,S
X )−1 žS0 + PX⊥
.
0 ,S0
,S0
λn 2

s
n

≤

1
16 .

Then we have:

Next we need a lemma, which is a slight modification of Lemma 4 in Wainwright (2009).
The reason for this modification is that in our case w is no longer ∼ N (0, σ 2 I).
Lemma 3.1.1 Assume that

M



ξ2 + 1
4s
+ 2
,
max Var(Aj ) ≤ Dmax (ΣS0c |S0 )
λmin n
λ n
|
{z
}
j∈S0c

with probability at least 1 − 2e−s/2 − n−1 θ2 .

κ2

s

Now since conditionally on X,S0 and ε we have Aj ∼ N (0, Var(Aj )), using a standard normal
tail bound and the union bound we conclude:
j∈S0

P(maxc |Aj | ≥ κ) ≤ 2(p − s)e− 2M + 2e− 2 + n−1 θ2 .

κ2

4Dmax (ΣS0c |S0 )

4
λmin

+

ξ 2 +1
λ2 s

.
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We need to select M so that the exponential term is decaying in the above display. A
sufficient condition for this is κ2 /(2M ) ≥ 2 log(p − s). The last is equivalent to:


np,s ≥

12

I2

P(I1 ≥

≤ 4 exp(−C2 (s ∧ log(p − s))),

+

≥

−1/2
λK1 kΣS0 ,S0 k2∞,∞

+

−1/2
1/2
kΣS0 ,S0 k∞,∞ δ(kΣS0 ,S0 k∞,∞ kβ 0 k∞ , s, n, p),
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the LASSO will recover the support with high-probability. This concludes the proof.

|c0 |β min
0

1/2

−1/2
1/2
kΣS0 ,S0 k∞,∞ δ(kΣS0 ,S0 β 0S0 k∞ , s, n, p).

Hence as long as for β min
= min{|β0j | : j ∈ S0 } we have:
0

j∈S

max |∆j | ≤

−1/2
λK1 kΣS0 ,S0 k2∞,∞

−1/2

−1/2
kΣS0 ,S0 [Z| Z]−1 Z| Y − c0 β 0S0 k∞
−1/2
1/2
kΣS0 ,S0 k∞,∞ k[Z| Z]−1 Z| Y − c0 ΣS0 ,S0 β 0S0 k∞

≤ kΣS0 ,S0 k∞,∞ δ(kΣS0 ,S0 β 0S0 k∞ , s, n, p).

≤

− c0 β 0S0 k∞ =

The last two inequalities imply that:

I2 =

k[X|,S0 X,S0 ]−1 X|,S0 Y

While Lemma 3.2.2 is stated in terms of standard multivariate normal distribution
N (0, Is×s ), we can easily adapt it to more general situations where we observe non-standard
normal random variables N (0, ΣS0 ,S0 ). Recall that the rows of X,S0 are distributed as
−1/2
N (0, ΣS0 ,S0 ), Yi = f (Xi| β 0 , ε), and β |0S0 ΣS0 ,S0 β 0S0 = 1. Denote with Z = X,S0 ΣS0 ,S0 .
Then we have the following inequality, with high probability:

with probability at least 1 − O{e−s/2 + (log p)−1 + n−1 + p−1 }. Denote for brevity the RHS
of the inequality as δ(kβ 0S0 k∞ , n, s, p).

Lemma 3.2.2 Let kβ 0 k2 = 1. We have n i.i.d. observations Y = f (XS|0 β 0S0 , ε) from a
SIM, where XS0 ∼ N (0, Is×s ), with s < n and np,s ≥ α > 0 for some positive constant α.
Then there exist some positive constants Υ1 , Υ2 > 0 (depending on σ and |c0 |), such that:
r
 s
log(p − s) 
|
−1 |
.
k[X,S0 X,S0 ] X,S0 Y − c0 β 0S0 k∞ ≤ Υ1 kβ 0S0 k∞ + Υ2
n
n

The proof of this lemma is part of the proof of Theorem 3 in Wainwright (2009) and we omit
the details. Next we turn to bounding the term I2 . Here our proof departs substantially
from the proof in Wainwright (2009), as I2 no longer has a simple structure required in the
original argument. In our case w depends on X,S0 , and it is not mean 0. We will make
usage of the following result, whose proof is provided in the appendix

−1/2
λK1 kΣS0 ,S0 k2∞,∞ )

Lemma 3.2.1 There exist positive constants K1 , C2 > 0, such that the following holds:

To deal with the first term we need the following:

I1

max |∆j | ≤ λ (n−1 X|,S0 X,S0 )−1 sign(c0 β 0S0 )
+ (X|,S0 X,S0 )−1 X|,S0 w
.
j∈S0
∞
∞
|
{z
} |
{z
}

b which satisfies
The first part of the proof shows that the LASSO has a unique solution β
b ⊆ S(c0 β ) with high probability. Now we need to verify the sign-consistency, in order
S(β)
0
to show that the supports coincide. We have the following:

3.2 Verifying Sign Consistency
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(d) Model (17)

●

●

(b) Model (15)

●

●

p, Σ = Ip×p

We use a Toeplitz covariance matrix for the simulations Σ = I and Σkj = 2−|k−j| . The
vector β 0 is selected so that β |0 Σβ 0 = 1, and its entries have equal magnitude, with the
first one having a negative sign, and the remaining being positive. We check whether the
solution path of the LASSO contains an s-sparse vector β 0 whose support coincides with
the support of β 0 . This verifies the validity of one implication of our theory, as it shows
that the solution path indeed contains the true signed support of β 0 .

Y = sinh(X | β 0 ) + N (0, 1).

Y = (X | β 0 )3 + N (0, 1),

Y = 2 atan(X | β 0 ) + N (0, 1),

Y = X | β 0 + sin(X | β 0 ) + N (0, 1),

To support our theoretical claims, and in particular Theorem 2.3.4 we provide brief numeric
analysis in this section. We consider the following models:

4. Numerical Studies
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k
X

j=1

fj (X | β j , εj ),

16

JMLR 17(87):1-37

our method should also be able to recover the support, assuming that k is fixed and the
vectors β j have disjoint supports, and E(Y X | β j ) 6= 0 for all j ∈ [k]. When applied to such
b will include the union of the supports of β , provided that
a model, the LASSO estimate β
j

Y =

In this paper, we demonstrate that under a high dimensional SIM, L1 -regularized least
squares, including a simplified covariance screening procedure under orthogonal design, is
robust in terms of model selection consistency, in that it correctly recovers the support of
the true regression parameter β 0 provided that c0 = E(Y X | β 0 ) 6= 0, the minimal signal
strength is sufficiently large and X ∼ N (0, Σ) under standard assumptions on Σ which are
necessary even in the linear regression case. Thus, our results extend known results on the
support recovery performance of LASSO under linear models to a much broader class of
SIMs. We furthermore demonstrate that the support recovery is achieved in a sample size
optimal np,s manner within a certain class of SIMs.
As we indicated in section 2.3.1, the assumption c0 6= 0 does not always hold, and
in addition it cannot be easily verified. A potential remedy for this approach will be
to transform the Y variable. From theoretical point of view it is of interest to develop
procedures which can adaptively estimate a “good” outcome transformation. Additionally,
a downside of the L1 -regularization is the fact that the irrepresentable condition on the
covariance matrix is unavoidable. This could potentially be remedied by using more general
and non-convex penalties such as the SCAD penalty (Fan and Li, 2001). We focused on
the setting with X ∼ N (0, Σ), however we suspect that the support recovery holds in
more general cases where X comes from an elliptical distribution. It is less clear, however,
whether sample size optimality continues to hold in such situations, as we crucially rely
on the normality of X, in particular when using Lemma A.0.1 which follows by Gordon’s
comparison theorem, and through numerous projection-independence properties which are
characteristic of the Gaussian distribution.
The proposed method focuses on SIMs as the true underlying model. Extensions to
incorporate general multi-index models are not straightforward. For the special case of
multi-index models of the form

5. Discussion
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●
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●

5

(a) Model (14)

●

high-dimensional setting, we estimate Σ−1/2 by the CLIME procedure (Cai et al., 2011) to
b 1/2 under sparsity assumptions. Due to space considerations we only show comparisons
Σ
for models (14) and (17), and the plots are attached in Appendix F. In the majority of cases
LASSO outperforms the SSIR algorithm substantially for small values of np,s , although it
seems that both approaches reach perfect support recovery at similar rescaled sample sizes.
We would like to emphasize that the SSIR algorithm requires solving an extra optimization
problem, and that furthermore, there are no theoretical results ensuring that SSIR in general
recovers the support. On an important note, the SSIR algorithm is designed to estimate
the central space of the more general class of multi-index models, which we do not discuss
in the present paper. For a brief discussion on how our work can be related to multi-index
model please refer to section 5.

● ●

● ●

5

In Figure 1, we show results of signed support recovery for different values of p, in the
√
regime s = p in the case of an identity covariance matrix Σ = Ip×p . Similarly, Figure
2 shows results for the case of Toeplitz covaraince matrix Σkj = 2−|k−j| . As expected,
the support recovery is harder in the presence of correlation between the variables. These
results illustrate different phase transitions occurring for the four different models. We
observe empirically that values of np,s achieving reasonable success probability can be large
in some cases. It could be the case that using a transformed version of Y might lead to
better results for the model complexity adjusted sample size, as suggested in Section 2.3.1.
Figure 2 supports the result of Theorem 2.3.4 as all curves merge when the effective sample
size np,s becomes sufficiently large. In addition, these results suggest that the performance
of the support recovery is largely determined by (n, p, s) through the magnitude of np,s .

0

0

slog(p − s)

1.0
0.8
0.6

1.0
0.8
0.6

In addition to the verification of our theory, we also compare the vanilla least squares
LASSO to a version of the sparse sliced inverse regression (SSIR) algorithm suggested by Li
and Nachtsheim (2006). The SSIR algorithm is also based on a LASSO estimation. In its
original form however, this algorithm is not applicable for high-dimensional settings such
as ours, since it needs an estimate of the matrix Σ−1/2 . To make use of the SSIR under the

(c) Model (16)

^
P(S+−(β) = S+−(β0))
^
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magnitude, we recommend using K-fold cross validation, and setting λ to the value
minimizing the average least squares loss across (i.e. mean squared-error) the K folds.
Notice that according to Lemma 2.1.3, this criteria is very sensible. An important question
is whether one can arrive at a procedure with theoretical guarantees for λ selection, and we
hope to address this problem in our future work.
Finally, under a SIM and proper distributional assumptions on X, one may also recover
β 0 proportionally using other convex loss functions. For example, when Y is binary, the
logistic log-likelihood loss may be more efficient than the L2 loss. Thus, it is of interest
to investigate the support recovery properties of the LASSO (or more general penalization
procedures) with other convex losses — such as the logistic/hinge losses, which could be
less susceptible to outliers.
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sufficiently strong minimal signal (or sufficiently large sample size) and an irrepresantable
condition are present. How to apply the LASSO algorithm for support recovery under the
more general class of multi-index models warrants further research.
A note on the choice of the tuning parameter λ in practice is also in order. According
to Remark 2.3.5 and optimal choice of λ may depend on the unknowable parameter ξ 2 . A
procedure which we found to work well in practice is based on simple cross validation. To
find
q a good tuning parameter λ, from a grid of ` values of λ: {λ1 , . . . , λ` } which are of
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n

(n − s + 1)(1 − 2 +

bounds the above probability by 2s/p2 ≤ 2/p. For values of y < 1/32

√ 
√
we can lump 2 y + 2y < 2 + 42
y. Thus inverting the inequality inside the probability
we conclude that for each i ∈ [s]:

i

√
P(max |1 − ((vi| Dvi + 1)(n − s + 1)/n)−1 | ≥ 2 y + 2y) ≤ 2s exp(−(n − s + 1)y).

where vi| is the ith row vector of the matrix V. To bound maxi |Ui | we deal with these two
terms in turn. First notice that vi| Dvi is the ith diagonal entry of the matrix (n−1 A| A)−1 −
I. By the assumption (A| A)−1 ∼ W −1 (Is×s , n) where W −1 is an inverse Wishart distribution. By the properties of the inverse Wishart distribution we conclude that vi| Dvi ∼
nχ−2 (n − s + 1) − 1, where χ−2 is the inverse χ2 distribution. Hence using Lemma 1 of
Laurent and Massart (2000) and the union bound we have:

j6=i

r

Proof [Proof of Lemma A.0.2] This Lemma is a generalization/modification of Lemma
5 of Wainwright (2009), allowing us to make usage of the L2 norm kzk2 to obtain more
precise bounds. For self-content we spell out the full details of the proof. Using the spectral
theorem, decompose the matrix (n−1 A| A)−1 − I = VDV| , where D is a diagonal matrix
and V is an independent of D unitary matrix. Define the random variables:
X
Ui = e|i VDV| z = zi vi| Dvi + vi| D
zj v j ,

s
P k[(n−1 A| A)−1 − Is×s ]zk∞ ≥ C1 kzk∞ + C2 kzk2
n

Lemma A.0.2 Consider a fixed nonzero vector z ∈ Rs and a random matrix An×s , whose
1
entries are i.i.d. standard normal random variables. If p, s, n are such that s ≥ 2, ns ≤ 64
log p
1
and n−s+1
≤ 32
, there are positive absolute constants C1 and C2 satisfying:

where smin (A) and smax (A) are the smallest and largest singular values of A correspondingly.

Lemma A.0.1 (Corollary 5.35 Vershynin (2010)) Let An×s matrix whose entries are
i.i.d. standard normal random variables. Then for every t ≥ 0, with probability at least
1 − 2 exp(−t2 /2) one has:
√
√
√
√
n − s − t ≤ smin (A) ≤ smax (A) ≤ n + s + t,

In this section, for convenience of the reader, we state couple of lemmas that we use often
in our analysis.

Appendix A. Auxiliary Lemmas
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X

j6=i

zj vj

2

≤9

s
kzk2 ,
n

log(p)
1
It is simple to see that when n−s+1
≤ 32
the above implies:
r
log p
s
max |zi vi| Dvi | < kzk∞ e
c1
+ kzk2 e
c2
,
(18)
i
n−s
n−s+1
√
√
c2 = (2 + 2/4)e
where e
c1 = (1P
− (1/2 + 2/16))−1 and e
pc1 . Next we show that the function
F (vi ) = vi| D j6=i zj vj is Lipschitz with a constant 8 s/nkzk2 . We have:
r

k∇F k2 ≤ kDk2,2

1
. We
with the last inequality holding with probability at least 1 − 2 exp(−s/2) when ns ≤ 64
used that vj are orthonormal, and we bounded the maximum eigenvalue of D, which follows
just as in the proof of Lemma E.0.2 so we omit the details. Since the variables {vj }j6=i are
uniformly distributed on a (s − 1)-dimensional sphere, the proof is completed by invoking
the concentration of Lipschitz functions on the sphere to bound maxi∈[s] |F (vi )|:


t2
P(max |F (vi )| ≥ t) ≤ 2s exp −e
c(s − 1) s
,
81 kzk2
i∈[s]
2
n
q
p
for an absolute constant e
c. Under the assumption s ≥ 2, we can select t = 18kzk2 log
e
cn
and taking into account that p > s completes the proof, after noticing that we can absorb
the second term of (18) to the above expression.

Appendix B. Preliminary Results
Proof [Proof of Lemma 2.1.3] First let Σ = Ip×p (hence by assumption kβ 0 k2 = 1) and
take any b ⊥ β 0 . Note that by the linearity of expectation:
E[X | β 0 X | b|X | β 0 ] = cb (X | β 0 )2 .

= 0. Thus if b ⊥ β 0 , E[X | b|X | β 0 ] = 0. Next, for any b ⊥ β 0 we have:

E[X | β 0 X | b] = b| β 0 = 0,

Taking another expectation above we have E[X | β 0 X | b] = cb E[(X | β 0 )2 ]. However

and hence

E[Y X | b] = E[E[Y X | b|X | β 0 ]] = E[E[Y |X | β 0 ]E[X | b|X | β 0 ]] = 0.

cb

Hence E[Y X] ∝ β 0 . Finally, a projection on β 0 yields

c0 kβ 0 k22 = E[Y X | β 0 ].
This completes the proof in the case when Σ = Ip×p . For the more general case observe
that Y = f (X | β 0 , ε) = f (X | Σ−1/2 Σ1/2 β 0 , ε), and thus by what we just saw we have:
E[Y Σ−1/2 X] = c0 Σ1/2 β 0 ,
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which becomes what we wanted to show after multiplying by Σ−1/2 on the left.
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Appendix C. Lower Bound
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For two probability measures P and Q, which are absolutely continuous with respect to a
measure µ (i.e. P, Q  µ), define their KL divergence by DKL (P kQ) =
Rthird probability
dQ
p log pq dµ, where p = dP
dµ , q = dµ .

(19)

Lemma C.0.1 Assume conditions required in Proposition 2.3.6. In addition, let for any
fixed u, v ∈ R and some positive constant Ξ, f (u, ε) and f (v, ε) satisfy

DKL (p(f (u, ε))kp(f (v, ε))) ≤ exp(Ξ(u − v)2 ) − 1,

Then if
1
, and s ≥ 8Ξ,
np,s <
8Ξ
any algorithm recovering the support of β 0 under (1) will have errors with probability at
least 12 asymptotically.

λmin

√
βkr = γr 1(r ∈ S0 ) + bk 1(r = k + s)/ s,

Proof [Proof of Lemma C.0.1] We start by constructing a set of p − s vectors B =
β min
{β 1 , . . . , β p−s }, belonging to the parameter space {β ∈ Rp : β | Σβ = 1, kβk0 = s,
≥
kβ k∞
cΣ }, for a sufficiently small (to be chosen) cΣ > 0, such that Var(X | (β k − β j )) ≤ 4s for all
k, j ∈ [p − s]. Once this set is constructed we will use standard Fano type of argument to
finish the proof.
Without loss of generality let us assume that S0 = [s]. To construct the set B, first
√
√
focus on the sub-matrix ΣS0 ,S0 . We take the s dimensional vector γ = a(1/ s, . . . , 1/ s, 0)|
where a > 0 is selected so that γ | ΣS0 ,S0 γ = s−1
s . Since ΣS0 ,S0 is assumed to have bounded
eigenvalues we know that such a indeed exists, and can be chosen in the interval a ∈
[ 21 √ 1 , √ 1 ] for s ≥ 2. Next to construct β k we use:
λmax

where bk is chosen so that β k| Σβ k = 1. Below we argue that such bk indeed exists. By
√
√
Hölder’s inequality we have kΣS0 ,S0 γk∞ ≤ akΣS0 ,S0 k∞,∞ / s ≤ aR/ s. Hence using
Assumption 2.3.1 we have:
√
√
k
aR/ s ≤ (1 − κ)aR/ s.
ΣS0 ,S0 γk∞ ≤ kΣS0c ,S0 ΣS−1
kΣS0c ,S0 ΣS−1
0 ,S0 ∞,∞
0 ,S0

Note that due to the last inequality, for any k ∈ [p − s] we have:

bk b2 Σk+s,k+s
s−1
(1 − κ)a|bk |R bk2 Σk+s,k+s
β k| Σβ k = γ | ΣS0 ,S0 γ +2Σ{k+s},S0 γ √ + k
≤
+2
+
,
s
s
s
s
s
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where we remind the reader that k+s ∈ S0c . We chose bk such that sign(bk ) = sign(Σ{k+s},S0 γ).
Hence we also have:
s − 1 bk2 Σk+s,k+s
+
≤ β k| Σβ k .
s
s
Combining the last two inequalities we conclude that there exists:
hp
2
2
2
(1
−
κ)
a
R
+ Σk+s,k+s − (1 − κ)aR −1/2 i
, Σk+s,k+s ,
Σk+s,k+s
|bk | ∈

20

Σk+s,k+s b2k − 2Σk+s,j+s bk bj + Σj+s,j+s b2j
4
≤ .
s
s

(20)

(22)

j

21

I(J ; D) ≤

8Ξn
.
s
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where the second inequality can be obtained by conditioning on Uk , Uj , and we assume that
the value of s is large enough so that s ≥ 16Ξ. We conclude that:

PΣ,{β ,β }⊥ ∈ R(p−2)×p is chosen such that PΣ,{β ,β }⊥ Σβ k = 0 and PΣ,{β ,β }⊥ Σβ j = 0.
k
j
k
j
k
j
Noting that Wkj is independent of Uk , Uj , ε, Uk −Uj ∼ N (0, V ) with V ≤ 4/s, and applying
assumption (19), we have

n−1 I(J ; D) ≤ max DKL p[{f (Uk , ε), Uk , Uj }]kp[{f (Uj , ε), Uk , Uj }]
k,j∈[p−s]
r
s
8Ξ
≤ max E exp(Ξ(Uk − Uj )2 ) − 1 ≤
−1≤
.
s − 8Ξ
s
k,j∈[p−s]

k

where H(·) denotes the marginal entropy, H(· | ·) denotes the conditional entropy, DKL
denotes the KL divergence, the first inequality follows from the chain inequality of entropy
and the second inequality follows from a standard bound. Since the KL divergence is
invariant under change of variables, we let Uk = X | β k and Wkj = PΣ,{β ,β }⊥ X, where

k,j∈[p−s]


≤ n max DKL p[{f (X | β k , ε), X}]kp[{f (X | β j , ε), X}] ,

≤ nH[{f (X | β 0 , ε), X}] − nH[{f (X | β 0 , ε), X}|J ]

I(J ; D) = I(J ; [{f (Xj| β 0 , εj ), Xj }, j = 1, . . . , n])

where I(J ; D) is the mutual information between the sample J and the sample D. Note
now that for the mutual information we have

I(J ; D) + log(2)
P(error) ≥ 1 −
,
log |B|

where by Pβj we are measuring the probability under a dataset generated with β j , and Sb
is an estimate of the true support produced by any (possibly randomized) algorithm. By
Fano’s inequality that:

j∈[p−s]

Next, let J be a uniform distribution on B. Under the 0 − 1 loss the risk equals the
probability of error:
X
1
Pβj {Sb 6= S(β j )},
(21)
p−s

Var(X | (β k − β j )) =

we have that minj∈[p−s]

β min
j
≥ cΣ , and in addition as we promised we have:
kβ j k∞

with the desired properties. One can easily check that when:
!
p
r
(1 − κ)2 R2 + dλmin − (1 − κ)R
1
d
cΣ ≤ min
,
,
2 λmax
D
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∞

log p
n

≤

e
c
2.

Note that the

22
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for any
P R > 2 there will be a gap in the absolute values of the coefficients of Uj =
|n−1 ni=1 Yi Xij | for j ∈ S0 and j 6∈ S0 . The latter happens because:
r
r
r
|c0 |
2 log p
2 log p
2 log p
√ −K
≥ (R − 1)K
>K
.
e
cn
e
cn
e
cn
s

with probability at least 1 − 2p−1 for values of n, p such that
inequality in the preceding display implies that if:
r
2 log p
|c0 |
√ > RK
,
e
cn
s

i=1

where e
c > 0 is some absolute constant. This inequality then implies:
r
n
1X
2 log p
sup
Yi Xij − E(Y Xj ) ≤ K
,
n
e
cn
j∈[p]

i=1

Proof [Proof of Proposition 2.2.3] Using the fact that for any two random variables R, T we
have kRT kψ1 ≤ 2kRkψ2 kT kψ2 we can conclude that the random vector Y X is coordinatewise sub-exponentially distributed since supj∈[p] kY Xj kψ1 ≤ K := 2KY K. An application
of Proposition 5.16 of Vershynin (2010) and the union bound then gives us that:
!

 2

n
nt nt
1X
P
c min
,
,
Yi Xi − E[Y X]
≥ t ≤ 2p exp −e
2
n
K K

Appendix D. Covariance Thresholding

The last can be clearly dominated by exp(C(u − v)2 ) − 1 for a large enough constant C.

DKL [p{f (u, ε)}kp{f (v, ε)}] ≤ Pe(L2 (u − v)2 ).

where ξ has a density pξ (x) ∝ exp(−P (x2 )), and Pe is another non-zero polynomial with
nonnegative coefficients, with Pe(0) = 0 of the same degree as P . The last observation
follows from the fact that all odd moments of ξ are 0, since ξ is a symmetric about 0
distribution. Since h is L-Lipschitz we conclude that:

DKL [p{f (u, ε)}kp{f (v, ε)}] = E[P ((ξ + h(u) − h(v))2 ) − P (ξ 2 )] = Pe((h(u) − h(v))2 ),

Proof [Proof of Proposition 2.3.6] Note that all moments of the random variable ε exist.
Next we verify that condition (19) of Lemma C.0.1 holds in this setup. Since G is 1-1 and
KL divergence is invariant under changes of variables WLOG we can assume our model is
simply Y = h(X | β 0 ) + ε or in other words f (u, ε) = h(u) + ε. This is a location family for
u ∈ R and thus the normalizing constant of the densities will stay the same regardless of
the value of u. Direct calculation yields:

Consequently by (22) if np,s < 1/(8Ξ) we will have errors with probability at least 21 , asymptotically. This is what we wanted to show.
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2

2
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This also shows that the coefficients will achieve the correct sign. Thus, as long as

n
s log p

≥ Υ,

K
signed support recovery happens with asymptotic probability 1. Under our
for Υ = 2R
c02 e
c2
assumption the latter is implied by np,s > Υ/ι which completes the proof.

Proof [Proof of Proposition 2.2.1] We follow the same steps as the proof of Proposition
2.2.3. We will use the following Lemma which we justify after the proof:

r

√1 ,
s

we have that if:


r
√
log
p
≤ kβ 0 k∞ + 2 2σ 2
.
n

r

s log p
|c0 | 1
√
<
n
2
s

and that kβ 0 k∞ =

√
log p
1
≤ (1 + 2 2σ) √
n
s

c0 β 0 ,

∞

Lemma D.0.1 Let us observe n data points from the model described in Proposition 2.2.1
with β being an arbitrary unit vector. Then with probability at least 1 − nση 4 − logγ p − p2 the
following event holds:
n

i=1

1X
Yi Xi − E(Y X)
n


√
kβ 0 k∞ + 2 2σ 2

Using the fact that in our case E(Y X) =


there will be a gap between the coefficients corresponding to j ∈ S0 := S(β 0 ) and j 6∈ S0 .
c02
p
< 4(1+2√
.
Note that the last inequality holds if s log
n
2σ)2

Remark D.0.2 The slow convergence in probability rate (log p)−1 observed in Lemma
D.0.1 is due to the fact that we are not requiring that Y is sub-Gaussian. If we do require it, the convergence rate of the probability can be seen to reduce to the usual p−1 level.

n

i=1

1X
Yi (I − β 0 β 0| )Xi
n

∞

≥tY

!


nt2
≤ 2p exp −
,
2Y 2

Proof [Proof of Lemma D.0.1] Note that, sub-exponential concentration bounds do not apply in this case. However, observe that by the properties of the multivariate normal distribution the random variable (I−β 0 β 0| )X is independent of X | β 0 and hence is independent of Y .
|
that conFurthermore it is clear that the random
Pnvariable Y (I −| β 0 β 0 )X has mean
Pn0. Note
ditional on Yi , i ∈ [n] we have that n1 i=1
Yi (I − β 0 β 0 )Xi ∼ N (0, n−2 i=1
Yi2 (I − β 0 β 0| )).
Thus by a standard Gaussian tail bound:
P
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Pn
where Y 2 = n−1 i=1
Yi2 , and we used that kI − β 0 β 0| k2,2 ≤ 1. By Chebyshev’s inequality
P(|Y 2 − σ 2 | ≥ r) ≤ nrη 2 . Hence selecting r = σ 2 will keep the above probability going to 1
at rate n1 and moreover for large n we have Y 2 ≤ 2σ 2 . Using this bound in the tail bound
q
2σ 2 logn p the tail bound will go to 0 at rate 2p−1 as
above yields that for a choice of t = 2
claimed.

23

n

i=1

∞

≥t

!

=P

n

i=1

1X
Yi Xi| β 0 − c0 ≥ t/kβ 0 k∞
n
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1X
Yi β 0 β 0| Xi − c0 β 0
n

Next consider controlling:
P

∞

≤ kβ 0 k∞

log p
+2
n

2σ 2

log p
.
n

!

,

where recall that E(Y X) = c0 β 0 , and c0 is defined
q in the main text. Applying Chebyshev’s
inequality once again we get that t = kβ 0 k∞ logn p suffices to keep the above probability
going to 0. By the triangle inequality we conclude that, with probability going to 1:
r
r
n
i=1

1X
Yi Xi − E(Y X)
n

This is what we claimed.

Appendix E. LASSO Support Recovery

kwk22
− ξ2 ≥ t
n

≤

θ2
.
nt2

Next:

Proof [Proof of Lemma 3.1.1] Note that since PX⊥ is an orthogonal projection matrix it
,S
0
contracts length and hence:
 
2
2
w
kwk
PX⊥
≤ 2 22 .
,S0
λn 2
λ n
Next observe that w = Y −c0 Xβ 0 is a vector with non-zero mean. However, by Chebyshev’s
inequality we have:


P

θ2
n.

kž k2
1
s
1
S
0
2
p
p
≤
,
λmin (1 − 2 ns )2 n
λmin (1 − 2 ns )2 n

Then setting t = 1 brings the above probability to 0 at a rate
|
n−1 žS| 0 (n−1 X,S
X )−1 žS0 ≤
0 ,S0

with probability at least 1 − 2 exp(−s/2), where we used Lemma A.0.1. This completes the
proof.

Proof [Proof of Lemma 3.2.2] First, we note the following decomposition:

|
|
|
|
|
[X,S
X ]−1 X,S
Y − c0 β 0S0 = (n[X,S
X ]−1 − I)n−1 X,S
Y + (n−1 X,S
Y − c0 β 0S0 ).
0 ,S0
0
0 ,S0
0
0
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Note that the second term is mean 0. Applying Lemma D.0.1 gives us a bound on the
second term. We next move on to consider the first term.
e | = (I−β 0S β | )X| +
Consider a “symmetrization” transformation of the predictor matrix X
,S0
,S0
0 0S0
|
∗|
∗ ]
β 0 β 0S
X
,
where
[X,S
is an i.i.d. copy of X,S0 , or in other words the columns of
0S
0 n×s
0 ,S0
∗ : X ∗ ∼ N (0, I
X,S
n×n ), j = 1, . . . , s and are independent of X,S0 . Note that in doing this
j
0

24

I1

σ2

log p
.
n

s
n

≤

1
16 .

with probability at least 1 − 4 exp(−s/2) −
same constants as in (23).

log p
n

!

,

(24)

(23)
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e2 = C2 + 4 are the
− n4 , where C1 > 0 and C

25

12
p

r

The following bound holds:

√
s
e| X
e −1
e
k[n−1 X|,S0 X,S0 ]−1 − [n−1 X
,S0 ,S0 ] k∞,∞ ≤ 40 s C1 kβ 0S0 k∞ + C2
n

Lemma E.0.1 Suppose that s, n satisfy

To deal with the first term we make usage of the following result:

|
−1 |
e| X
e −1
kI2 k∞ ≤ kn([X|,S0 X,S0 ]−1 − [X
,S0 ,S0 ] )k∞,∞ k(I − β 0S0 β 0S0 )n X,S0 Y k∞ .

To deal with the term I2 first note that by Hölder’s inequality we have:

Hence, combining the above results we obtain:
!
r
r
r
 s
log p 
log p
log p
kI1 k∞ + kI4 k∞ ≤ C1 kβ 0S0 k∞ + C2
|c0 | +
+ 2 σ2
.
n
n
n
n

|n−1 β |0S0 X∗|
,S0 Y | ≤ 2

r

we have that with probability at least 1 − logγ p we have |β |0S0 X|,S0 Y /n| ≤ |c0 | + logn p .
Furthermore, notice that n−1 β |0S0 X∗|
,S0 Y is a mean 0 random variable. Conditionally on
P
Y it has a N (0, n−2 Yi2 ) distribution. With exactly the same argument as in the proof
of Lemma D.0.1 we conclude that with probability at least 1 − nση 4 − p2 :

kβ 0S0 k2 = 1 we have that k([n−1 X|,S0 X,S0 ]−1 − I)β 0S0 k∞ ≤ C1 ns kβ 0S0 k∞ + C2 logn p and
q
e| X
e −1 − I)β 0S k∞ ≤ C1 s kβ 0S k∞ + C2 log p . Furthermore, β | X| Y /n is a
k([n−1 X
,S0 ,S0 ]
0S0 ,S0
0
0
n
n
mean c0 random variable. Just as in the proof of Lemma D.0.1 by Chebyshev’sq
inequality

We next deal with each of these terms separately. For the first and last terms we can directly
apply Lemma A.0.2. Under the same event as in Lemma E.0.1, taking into account
that
q

I4

e −1 − I)β 0S β | n−1 X∗| Y .
e| X
− (n[X
,S0
,S0 ,S0 ]
0 0S0
|
{z
}

I3

e| Y
e −1 − I)n−1 X
e| X
+ (n[X
,S0
,S0 ,S0 ]
|
{z
}

I2

|
−1 |
e −1
e| X
+ n([X|,S0 X,S0 ]−1 − [X
,S0 ,S0 ] )(I − β 0S0 β 0S0 )n X,S0 Y
|
{z
}
,S0

0

,S0

0

s
n
1
64 .

−

η
nσ 4

− 2 exp(−s/2).

1 − β |0S0 M[n−1 X|,S0 X,S0 ]−1 β 0S0

[n−1 X|,S0 X,S0 ]−1 β 0S0 β |0S0 M[n−1 X|,S0 X,S0 ]−1

0

0

0S0

,

26
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5. Here we are recognizing the fact that the events of some probability bounds we derived above, in fact
coincide.

−1 |
−1
kβ |0S0 M[n−1 X|,S0 X,S0 ]−1 k∞ ≤ kβ |0S0 ([n−1 X|,S0 X,S0 ]−1 −I)k∞ +kβ |0S0 n−1 X∗|
,S0 X,S0 [n X,S0 X,S0 ] k∞ .

and the inverse satisfies the above identity. As we argue below the right hand side is
well defined (i.e. the denominator is non-zero) with high probability hence the proof goes
through. Next we handle the term β |0S0 M[n−1 X|,S0 X,S0 ]−1 . By the triangle inequality have:

,S0

where M = n−1 X|,S0 X,S0 − I − n−1 X∗|
,S0 X,S0 . Note that whenever the right hand side of
e | X,S + β 0S β | is indeed invertible,
Woodbury’s identity is well defined, the matrix n−1 X

e | X,S +β 0S β | ]−1 −[n−1 X| X,S ]−1 =
[n−1 X
0
0
,S0
,S0
0 0S0

e | X,S +β 0S β | ]−1 .
Proof [Proof of Lemma E.0.1] We first compare [n−1 X|,S0 X,S0 ]−1 to [n−1 X
0
,S0
0 0S0
The latter matrix might happen to be non-invertible but this is irrelevant for our proof as
we argue below. Using Woodbury’s matrix identity we have:

η
γ 5
with probability at least 1 − 4 exp(−s/2) − n4 − 18
p − 2 nσ 4 − 2 log p , which finishes the proof,
after grouping terms and recalling the fact that log(p − s)  log p.

Applying Lemma E.0.2 we have in conjunction with our previous bounds (23) and (24)
we get:
!
r
r
r
 s
log p 
log p
log p
|
−1 |
2
k[X,S0 X,S0 ] X,S0 Y − c0 β 0S0 k∞ ≤ C1 kβ 0S0 k∞ + C2
|c0 | +
+2 σ
n
n
n
n
!r
r
√
s
log p
e2 log p
2σ 2
+ 80 s C1 kβ 0S0 k∞ + C
n
n
n
r
r
r
log p
log p
log p
+ kβ 0S0 k∞
+ 2 σ2
,
+Υ
n
n
n

2
p

Then there exists a constant Υ  σ > 0, such that the term:
r
e ,S ]−1 − I)n−1 X
e | Y k∞ ≤ Υ log p ,
e| X
k(n[X
0
,S0
,S0
n

≤

with probability at least 1 −

Lemma E.0.2 Let

fices to control the term I2 .
Finally, to deal with the term I4 we will make use of the following:

Note that the second term is a mean 0 random variable since (I − β 0S0 β |0S0 )X,S0 is independent of Y . Just as in Lemma D.0.1 we can show that k(I − β 0S0 β |0S0 )n−1 X|,S0 Y k∞ ≤
q
2 2σ 2 logn p with probability at least 1 − p2s2 ≥ 1 − p2 (this event is in fact a sub-event
of the bounds of the first term n−1 X|,S0 Y − c0 β 0S0 ). Lemma E.0.1 gives us a bound on
e ,S ]−1 )k∞,∞ which in conjunction with the previous inequality sufe| X
kn([X| X,S ]−1 − [X

e ,S is independent of X| β 0S . Now we further decompose
construction, we guarantee that X
0
,S0
0
the first term as follows:

(n[X|,S0 X,S0 ]−1 − I)n−1 X|,S0 Y = (n[X|,S0 X,S0 ]−1 − I)β 0S0 β |0S0 n−1 X|,S0 Y
|
{z
}
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)2

with probability

n

1
√
s

(1−2

(where we used

|
X ]−1 β 0S0 k1 ≤
k[n−1 X,S
0 ,S0

4

(1−2

n

)

|
X ]−1 β 0S0 k2 ≤
sk[n−1 X,S
0 ,S0
√
s
ps 2.
n)

(1 − 2

28

√
5 s
p
(1 − 2 ns )2

,

log p
n

|
−1 e | e
−1
e| X
e −1 f
[n−1 X
,S0 ,S0 ] Mβ 0S0 β 0S0 [n X,S0 X,S0 ]

|
e| X
e −1 f
1 − β 0S
[n−1 X
,S0 ,S0 ] Mβ 0S0
0

−1/2
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where vi| is the ith row of the matrix V. Condition on the vector n−1/2 U| Y . Since vi
is independent of n−1/2 U| Y it follows that the distribution of vi is uniform on the unit

Since every random variable in the above display is independent from W, the distributions
of V, U and Y stay unchanged under this conditioning. Let ei be a unit vector with 1
on the ith position. Since we are interested in bounding the k · k∞ we will start with the
following:
e| X
e −1 − I)n−1 X
e | Y = v| W[n−1/2 U| Y ],
ei| (n[X
i
,S0 ,S0 ]
,S0

event kWk2,2 ≤

can be bounded in a simple manner. We have kWk2,2 ≤ k(nD − I)k2,2 kn
Dk
√ 2,2 , and
s
4 n
1
√
√ s 2 and
by Lemma A.0.1, as before we have: k(nD−2 − I)k2,2 ≤
s 2 − 1 ≤
(1−2 n
(1−2 n
)
)
p
kn−1/2 Dk2,2 ≤ 1 + 2 ns with probability at least 1 − 2 exp(−s/2). We will condition on the
√s
p
p
p
√ns 2 (1 + 2 ns ) < 9 ns , with the last inequality holding for ns ≤ 81 .

−2

e ,S is independent of Y . The elements of the matrix W
We recall that by construction X
0

W

e| X
e −1 − I)n−1 X
e | Y = V (nD−2 − I)n−1/2 D n−1/2 U| Y .
(n[X
,S0 ,S0 ]
,S0
{z
}
|

Proof [Proof of Lemma E.0.2] We first perform a singular value decomposition on the
e ,S = Un×s Ds×s V| matrix. Note that since multiplying X
e ,S by a unitary s × s matrix
X
0
0
s×s
on the right, or by a unitary n × n matrix on the left doesn’t change the distribution of
e
X
,S0 we conclude that the matrices U, D and V are independent. This representation gives
−1 − I = V(nD−2 − I)V| . With this notation we can rewrite:
e| X
e
us that (n−1 X
,S0 ,S0 )

−1 e |
e| X
e
e | ⊥ X,S β 0S , the same arf = n−1 X
where M
0
,S0 ,S0 − I − n X,S0 X,S0 . Note that since X,S0 ⊥
0
gument as before goes through.pCombining the bounds with a triangle inequality completes
the proof, using the fact that ns ≤ 41 .

e | X,S +β 0S β | ]−1 −[n−1 X
e| X
e −1 =
[n−1 X
0
,S0
,S0 ,S0 ]
0 0S0

e −1
e| X
e | X,S + β 0S β | ]−1 is also close to [n−1 X
Next we show that [n−1 X
0
,S0 ,S0 ] . Another
,S0
0 0S0
usage of Woodbury’s matrix identity yields:

e | X,S +β 0S β | ]−1 −[n−1 X| X,S ]−1 k∞,∞ ≤
k[n−1 X
0
0
,S0
,S0
0 0S0

Combining this inequality with our previous bound we get:

≤
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log p
,
n
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k∞

s
≤ C1 kβ 0S0 k∞ + C2
n

2
p

r

For the first term, by the definition of matrix k · k2,2 norm we further have:
√
√
|
X ]−1 k2,2
skβ 0S0 k2 k[n−1 X,S
0 ,S0

− I)β

0S0

√1

≤

s
e2
C1 kβ 0S0 k∞ + C
n

For the first term Lemma A.0.2 is directly applicable. Applying this lemma gives us the
existence of constants C1 and C2 such that:
r
|
X ]−1
k([n−1 X,S
0 ,S0

1−

|
X )−1 k2,2 ≤
gives us that kn(X,S
0 ,S0

s
−t
n

with probability at least 1 − 4p−1 . For the second term, we have that conditionally on X,S0
|
X )−1 ). Since X,S0 is standard normal, we
it has a normal distribution: N (0, n−1 (n−1 X,S
0 ,S0

2
s
n

|
X )−1 k2,2 ≤
can apply Lemma A.0.1 to claim that kn(X,S
0 ,S0
p

at least 1 − 2 exp(−nt2 /2). Taking t =

2s
p2

with probability at least 1 − 2 exp(−s/2). Thus conditioning on this event, by a standard
normal tail bound and a union bound we have:
r 2 !

s
|
∗|
|
P(kβ 0S
n−1 X,S
X [n−1 X,S
X ]−1 k∞ ≥ t) ≤ 2s exp −t2 n 1 − 2
/2 .
0
0 ,S0
0 ,S0
n

n

p sn

q
Selecting t = 4 log p , we get the probability above is bounded by
the assumption

log p
,
n

≤ 41 ). So finally on the intersection event we have:
r

s
|
|
e2
kβ 0S
M[n−1 X,S
X ]−1 k∞ ≤ C1 kβ 0S0 k∞ + C
0
0 ,S0
n

e2 = C2 + 4. Let us now consider
with probability at least 1 − 6p−1 − 2 exp(−s/2) where C
the denominator:
|
|
1 − β 0S
M[n−1 X,S
X ]−1 β 0S0
0
0 ,S0

|
|
|
|
=1 − β 0S
(I − [n−1 X,S
X ]−1 )β 0S0 + n−1 β 0S
X∗| X [n−1 X,S
X ]−1 β 0S0
0
0 ,S0
0 ,S0 ,S0
0 ,S0

second term just as

with the last bound

|
|
|
|
=β 0S
[n−1 X,S
X ]−1 β 0S0 + n−1 β 0S
X∗| X [n−1 X,S
X ]−1 β 0S0 .
0
0 ,S0
0 ,S0 ,S0
0 ,S0

|
Using Lemma A.0.1 we have λmin ([n−1 X,S
X ]−1 ) ≥
0 ,S0

1
1
√
s 2 > 4
(1+2 n
)
1
4 . For the

|
|
holding since ns < 41 . Hence β 0S
[n−1 X,S
X ]−1 β 0S0 ≥
0
0 ,S0
before, conditionally on X,S0 we have

|
|
|
|
n−1 β 0S
X∗| X [n−1 X,S
X ]−1 β 0S0 ∼ N (0, n−1 β 0S
[n−1 X,S
X ]−1 β 0S0 ).
0 ,S0 ,S0
0 ,S0
0
0 ,S0

1
5
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r
1
log n
.
X,S0 ]−1 β 0S0 ≥ − 4
4
n
for large enough values of n. Hence we conclude

|
1
√
Then (given that kn(X,S
X )−1 k2,2 ≤
s 2 ) by a standard tail bound we have that
0 ,S0
(1−2 n
)
q
the second term is ≤ 4 logn n with probability at least 1 − n2 . Putting everything together
we have:
,S0

1 − β | M[n−1 X|
0S0

The last expression is clearly bigger than
that with high probability we have:

e | X,S + β 0S β | ]−1 − [n−1 X| X,S ]−1 k∞,∞
k[n−1 X
0
0
,S0
,S0
0 0S0

|
|
|
≤ 5k[n−1 X,S
X ]−1 β 0S0 k1 kβ 0S
M[n−1 X,S
X ]−1 k∞
0 ,S0
0
0 ,S0
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Proof [Proof of Corollary 2.3.9] Tracing the proof of Theorem 2.3.4 we realize that it suffices
to show the following two quantities remain well controlled under the usage of gb:
p
P
i. |n−1 ni=1 Xi| β 0 gb(Yi ) − c0 | ≤ O( log p/n),
P
ii. n−1 ni=1 gb2 (Yi ) = O(1),

for some absolute constant e
c > 0. Taking a union bound the above becomes:


t2 n
.
P(max |F (vi )| ≥ tσ) ≤ 2s exp −e
c
162
i∈[s]
q
p
2
Selecting t = 18 log
e
cn , keeps the probability vanishing at a rate faster than 2s/p ≤ 2/p
and completes the proof.

Selecting t = σ 2 is sufficient to keep the above probability going to 0, and furthermore
√
for n large enough guarantees that n−1 kY k22 ≤ 2σ 2 and hence n−1/2 kY k2 ≤ √
2σ. Thus
p
conditional on this event the function F is Lipschitz with a constant equal to 29σ ns .
Since the expectation of the function F is 0, by concentration of measure for Lipschitz
functions on the sphere (Ledoux, 2005; Ledoux and Talagrand, 2013), for any t > 0 we
have:


t2
P(|F (vi )| ≥ tσ) ≤ 2 exp −e
cs
,
s
162 n

where the last inequality follows from the fact that the vectors ui are orthonormal and hence
P
|
s
2
2
i=1 (ui Y ) ≤ kY k2 . Since Yi are assumed to have finite second moment, by Chebyshev’s
inequality we have that:
η
P(|n−1 kY k22 − σ 2 | ≥ t) ≤ 2 .
nt

sphere in Rs . We next show that the function F (vi ) = vi| W[n−1/2 U| Y ] is Lipschitz. We
have:
v
u s
r
X
s −1/2 u
−1/2 |
t (u| Y )2
k∇F k2 ≤ kWk2,2 kn
U Y k2 ≤ 9
n
i
n
i=1
r
s −1/2
≤9
n
kY k2 ,
n
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i=1

n
X
i=1

i=1

i=1

n
X

n
X

I1

{z

Xi| β 0 g(Yi )
}

− c0

i=1

Xi| β 0 g(Yi ) − c0 + n−1
i=1

n
X

}

Xi| β 0 (g(Yi ) − gb(Yi ))

|

I2

{z

n
n
n
o1/2 n
o1/2
X
X
.
+ n−1
(Xi| β 0 )2
n−1
(b
g (Yi ) − g(Yi ))2

|

≤ n

−1

Xi| β 0 gb(Yi ) − c0 ≤ n−1

i=1

i=1
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and therefore Var{E(X | β 0 |Y )} > 0. In the reverse case put g(Y ) = E{X | β 0 |Y } and apply
conditional expectation to obtain E{g(Y )X | β 0 } = Var{E(X | β 0 |Y )} > 0.

0 < [E{g(Y )X | β 0 }]2 = (E[g(Y )E{X | β 0 |Y }])2 ≤ Var{g(Y )} Var{E(X | β 0 |Y )},

Proof [Proof of Proposition 2.3.8] First let g be such that E{g(Y )X | β 0 } =
6 0. Recall that
E(X | β 0 ) = 0. Hence by Cauchy-Schwartz we have:

The first term is well controlled as before
and is O(1) with probability at least 1 − O(n−1 )
p
and the second term is at most O( log p/n) with probability at least 1 − O(p−1 ) by assumption which concludes the proof.

i=1

with probability at least 1 − O(p−1 ), where we used the assumption on gb and the fact that
the random variables (Xi| β 0 )2 ∼ χ21 and hence concentrate exponentially about their mean
— 1, by a standard tail bound (Boucheron et al., 2013).
Next, for ii., by the triangle inequality we have:
v
v
v
u
u
u
n
n
n
X
X
X
u
u
u
2
−1
2
t
tn−1
gb (Yi ) ≤ n
g (Yi ) + tn−1
(b
g (Yi ) − g(Yi ))2 .

The term I1 remains controlled by the proof of Theorem 2.3.4, while for the term I2 we
have:
p
I2 ≤ O( log p/n),

n−1

with probability at least 1−O(p−1 ) and 1−O(n−1 ) correspondingly. To deal with i. observe
that:
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We study the problem of ranking a set of n items given pairwise comparisons between these
items1 . The problem of aggregating binary relations has been formulated more than two
centuries ago, in the context of emerging social sciences and voting theories (de Borda, 1781;
de Condorcet, 1785). The setting we study here goes back at least to (Zermelo, 1929; Kendall
and Smith, 1940) and seeks to reconstruct a ranking of items from pairwise comparisons
reflecting a total ordering. In this case, the directed graph of all pairwise comparisons,
where every pair of vertices is connected by exactly one of two possible directed edges, is
usually called a tournament graph in the theoretical computer science literature or a “round

1. Introduction

We describe a seriation algorithm for ranking a set of items given pairwise comparisons
between these items. Intuitively, the algorithm assigns similar rankings to items that compare similarly with all others. It does so by constructing a similarity matrix from pairwise
comparisons, using seriation methods to reorder this matrix and construct a ranking. We
first show that this spectral seriation algorithm recovers the true ranking when all pairwise
comparisons are observed and consistent with a total order. We then show that ranking
reconstruction is still exact when some pairwise comparisons are corrupted or missing, and
that seriation based spectral ranking is more robust to noise than classical scoring methods. Finally, we bound the ranking error when only a random subset of the comparions
are observed. An additional benefit of the seriation formulation is that it allows us to
solve semi-supervised ranking problems. Experiments on both synthetic and real datasets
demonstrate that seriation based spectral ranking achieves competitive and in some cases
superior performance compared to classical ranking methods.
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robin” in sports, where every player plays every other player once and each preference marks
victory or defeat. The motivation for this formulation often stems from the fact that in
many applications, e.g. music, images, and movies, preferences are easier to express in
relative terms (e.g. a is better than b) rather than absolute ones (e.g. a should be ranked
fourth, and b seventh). In practice, the information about pairwise comparisons is usually
incomplete, especially in the case of a large set of items, and the data may also be noisy,
that is some pairwise comparisons could be incorrectly measured and inconsistent with a
total order.
Ranking is a classical problem but its formulations vary widely. In particular, assumptions about how the pairwise preference information is obtained vary a lot from one reference
to another. A subset of preferences is measured adaptively in (Ailon, 2011; Jamieson and
Nowak, 2011), while (Freund et al., 2003; Negahban et al., 2012) extract them at random.
In other settings, the full preference matrix is observed, but is perturbed by noise: in e.g.
(Bradley and Terry, 1952; Luce, 1959; Herbrich et al., 2006), a parametric model is assumed
over the set of permutations, which reformulates ranking as a maximum likelihood problem.
Loss functions, performance metrics and algorithmic approaches vary as well. KenyonMathieu and Schudy (2007), for example, derive a PTAS for the minimum feedback arc set
problem on tournaments, i.e. the problem of finding a ranking that minimizes the number
of upsets (a pair of players where the player ranked lower on the ranking beats the player
ranked higher). In practice, the complexity of this method is relatively high, and other
authors (see e.g. Keener, 1993; Negahban et al., 2012) have been using spectral methods
to produce more efficient algorithms (each pairwise comparison is understood as a link
pointing to the preferred item). In other cases, such as the classical Analytic Hierarchy
Process (AHP) (Saaty, 1980; Barbeau, 1986) preference information is encoded in a “reciprocal” matrix whose Perron-Frobenius eigenvector provides the global ranking. Simple
scoring methods such as the point difference rule (Huber, 1963; Wauthier et al., 2013) produce efficient estimates at very low computational cost. Website ranking methods such as
PageRank (Page et al., 1998) and HITS (Kleinberg, 1999) seek to rank web pages based on
the hyperlink structure of the web, where links do not necessarily express consistent preference relationships (e.g. a can link to b and b can link c, and c can link to a). (Negahban et al.,
2012) adapt the PageRank argument to the ranking from pairwise comparisons and Vigna
(2009) provides a review of ranking algorithms given pairwise comparisons, in particular
those involving the estimation of the stationary distribution of a Markov chain. Ranking
has also been approached as a prediction problem, i.e. learning to rank (Schapire et al.,
1998; Rajkumar and Agarwal, 2014), with (Joachims, 2002) for example using support vector machines to learn a score function. Finally, in the Bradley-Terry-Luce framework, where
multiple observations on pairwise preferences are observed and assumed to be generated by
a generalized linear model, the maximum likelihood problem is usually solved using fixed
point algorithms or EM-like majorization-minimization techniques (Hunter, 2004). Jiang
et al. (2011) describes the HodgeRank algorithm, which formulates ranking given pairwise
comparisons as a least-square problem. This formulation is based on Hodge theory and provides tools to measure the consistency of a set of pairwise comparisons with the existence
of a global ranking. Duchi et al. (2010, 2013) analyze the consistency of various ranking
algorithms given pairwise comparisons and a query. Preferences are aggregated through
standard procedures, e.g., computing the mean of comparisons from different users, then
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ranking are derived using classical algorithms, e.g., Borda Count, Bradley-Terry-Model
maximum likelihood estimation, least squares, odd-ratios (Saaty, 2003).
Here, we show that the ranking problem is directly related to another classical ordering
problem, namely seriation. Given a similarity matrix between a set of n items and assuming
that the items can be ordered along a chain (path) such that the similarity between items
decreases with their distance within this chain (i.e. a total order exists), the seriation
problem seeks to reconstruct the underlying linear ordering based on unsorted, possibly
noisy, pairwise similarity information. Atkins et al. (1998) produced a spectral algorithm
that exactly solves the seriation problem in the noiseless case, by showing that for similarity
matrices computed from serial variables, the ordering of the eigenvector corresponding to
the second smallest eigenvalue of the Laplacian matrix (a.k.a. the Fiedler vector) matches
that of the variables. In practice, this means that performing spectral ordering on the
similarity matrix exactly reconstructs the correct ordering provided items are organized in
a chain.
We adapt these results to ranking to produce a very efficient spectral ranking algorithm
with provable recovery and robustness guarantees. Furthermore, the seriation formulation
allows us to handle semi-supervised ranking problems. Fogel et al. (2013) show that seriation
is equivalent to the 2-SUM problem and study convex relaxations to seriation in a semisupervised setting, where additional structural constraints are imposed on the solution.
Several authors (Blum et al., 2000; Feige and Lee, 2007) have also focused on the directly
related Minimum Linear Arrangement (MLA) problem, for which excellent approximation
guarantees exist in the noisy case, albeit with very high polynomial complexity.
The main contributions of this paper can be summarized as follows. We link seriation
and ranking by showing how to construct a consistent similarity matrix based on consistent
pairwise comparisons. We then recover the true ranking by applying the spectral seriation
algorithm in (Atkins et al., 1998) to this similarity matrix (we call this method SerialRank in
what follows). In the noisy case, we then show that spectral seriation can perfectly recover
the true ranking even when some of the pairwise comparisons are either corrupted or missing,
provided that the pattern of errors is somewhat unstructured. We show in particular that,
in a regime where a high proportion of comparisons are observed, some incorrectly, the
spectral solution is more robust to noise than classical scoring based methods. On the other
hand, when only few comparisons are observed, we show that for Erdös-Rényi graphs, i.e.,
when pairwise comparisons are observed independently with a given probability, Ω(n log4 n)
comparisons suffice for `2 consistency of the Fiedler vector and hence `2 consistency of the
retreived ranking w.h.p. On the other hand we need Ω(n3/2 log4 n) comparisons to retrieve
a ranking whose local perturbations are bounded in `∞ norm. Since for Erdös-Rényi graphs
the induced graph of comparisons is connected with high probability only when the total
number of pairs sampled scales as Ω(n log n) (aka the coupon collector effect), we need at
least that many comparisons in order to retrieve a ranking, therefore the `2 consistency
result can be seen as optimal up to a polylogarithmic factor. Finally, we use the seriation
results in (Fogel et al., 2013) to produce semi-supervised ranking solutions.
The paper is organized as follows. In Section 2 we recall definitions related to seriation,
and link ranking and seriation by showing how to construct well ordered similarity matrices
from well ranked items. In Section 3 we apply the spectral algorithm of (Atkins et al., 1998)
to reorder these similarity matrices and reconstruct the true ranking in the noiseless case.
3
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In Section 4 we then show that this spectral solution remains exact in a noisy regime where
a random subset of comparisons is corrupted. In Section 5 we analyze ranking perturbation
results when only few comparisons are given following an Erdös-Rényi graph. Finally, in
Section 6 we illustrate our results on both synthetic and real datasets, and compare ranking
performance with classical MLE, spectral and scoring based approaches.

2. Seriation, Similarities & Ranking

In this section we first introduce the seriation problem, i.e. reordering items based on
pairwise similarities. We then show how to write the problem of ranking given pairwise
comparisons as a seriation problem.
2.1 The Seriation Problem

The seriation problem seeks to reorder n items given a similarity matrix between these items,
such that the more similar two items are, the closer they should be. This is equivalent to
supposing that items can be placed on a chain where the similarity between two items
decreases with the distance between these items in the chain. We formalize this below,
following (Atkins et al., 1998).

Definition 1 We say that a matrix A ∈ Sn is an R-matrix (or Robinson matrix) if and
only if it is symmetric and Ai,j ≤ Ai,j+1 and Ai+1,j ≤ Ai,j in the lower triangle, where
1 ≤ j < i ≤ n.

Another way to formulate R-matrix conditions is to impose Aij ≥ Akl if |i − j| ≤ |k − l|
off-diagonal, i.e. the coefficients of A decrease as we move away from the diagonal. We
also introduce a definition for strict R-matrices A, whose rows and columns cannot be
permuted without breaking the R-matrix monotonicity conditions. We call reverse identity
permutation the permutation that puts rows and columns 1, 2, . . . , n of a matrix A in reverse
order n, n − 1, . . . , 1.

Definition 2 An R-matrix A ∈ Sn is called strict-R if and only if the identity and reverse
identity permutations of A are the only permutations reordering A as an R-matrix.

Any R-matrix with only strict R-constraints is a strict R-matrix. Following (Atkins
et al., 1998), we will say that A is pre-R if there is a permutation matrix Π such that
ΠAΠT is an R-matrix. Given a pre-R matrix A, the seriation problem consists in finding a
permutation Π such that ΠAΠT is an R-matrix. Note that there might be several solutions
to this problem. In particular, if a permutation Π is a solution, then the reverse permutation
is also a solution. When only two permutations of A produce R-matrices, A will be called
pre-strict-R.

2.2 Constructing Similarity Matrices from Pairwise Comparisons

JMLR 17(88):1-45

Given an ordered input pairwise comparison matrix, we now show how to construct a
similarity matrix which is strict-R when all comparisons are given and consistent with the
identity ranking (i.e., items are ranked in increasing order of indices). This means that the
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k=1
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1 + Ci,k Cj,k
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for all i, j = 1, . . . , n.

5

match
Si,j
= n − |i − j|
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(4)

Proposition 3 Given all pairwise comparisons between items ranked according to the identity permutation (with no ties), the similarity matrix S match constructed in (2) is a strict
R-matrix and

The intuition behind the similarity S match is easy to understand in a tournament setting:
players that beat the same players and are beaten by the same players should have a similar
ranking.
The next result shows that when all comparisons are given and consistent with the
identity ranking, then the similarity matrix S match is a strict R-matrix. Without loss of
generality, we assume that items are ranked in increasing order of their indices. In the
general case, we can simply replace the strict-R property by the pre-strict-R property.

S match =

Since Ci,k Cj,k = 1, if Ci,k and Cj,k have matching signs, and Ci,k Cj,k = −1 if they have
match counts the number of matching comparisons between i and j with
opposite signs, Si,j
other reference items k. If i or j is not compared with k, then Ci,k Cj,k = 0 and the term
(1 + Ci,k Cj,k )/2 has an neutral effect on the similarity of 1/2. Note that we also have

match
Si,j
=

setting Ci,i = 1 for all i ∈ {1, . . . , n}. We define the pairwise similarity matrix S match as

Ci,j


 1 if i is ranked higher than j
0 if i and j are not compared or in a draw
=

−1 if j is ranked higher than i

Suppose we are given a matrix of pairwise comparisons C ∈ {−1, 0, 1}n×n such that Ci,j =
−Cj,i for every i 6= j and

2.2.1 Similarities from Pairwise Comparisons

1+1
2


+
k=min(i,j)

X

max(i,j)−1 

1−1
2


+

k=max(i,j)

n
X



1+1
2



(5)

6

JMLR 17(88):1-45

Proposition 4 If items are ordered according to the order in decreasing values of the skill
parameters, the similarity matrix S glm is a strict R matrix with high probability as the
number of observations goes to infinity.

The result below shows that this limit similarity matrix is a strict R-matrix when items are
properly ordered.

k=1

Since the comparison observations are independent we have that Qi,j converges to Pi,j as
glm
mi,j goes to infinity and the central limit theorem implies that Si,j
converges to a Gaussian
variable with mean
n
X
(1 − |Pi,k − Pj,k |) .

k=1

and Qi,j = 1/2 in case mi,j = 0. We define the similarity matrix S glm from the observations
Q as
n
X
1{mi,k mj,k =0}
glm
Si,j
=
.
(6)
1{mi,k mj,k >0} (1 − |Qi,k − Qj,k |) +
2

s=1

Pi,j = H(νi − νj )

where ν ∈
is a vector of skill parameters and H : R → [0, 1] is a function that is
increasing on R and such that H(−x) = 1 − H(x) for all x ∈ R, and limx→−∞ H(x) = 0
and limx→∞ H(x) = 1. A well known special instance of the generalized linear model is the
Bradley-Terry-Luce model for which H(x) = 1/(1 + e−x ), for x ∈ R.
s ∈ {−1, 1} be the
Let mi,j be the number of times items i and j were compared, Ci,j
outcome of comparison s and Q be the matrix of corresponding sample probabilities, i.e. if
mi,j > 0 we have
mi,j
s +1
1 X Ci,j
Qi,j =
mi,j
2

Rn

Suppose that paired comparisons are generated according to a generalized linear model
(GLM), i.e., we assume that the outcomes of paired comparisons are independent and for
any pair of distinct items, item i is observed ranked higher than item j with probability

2.2.2 Similarities in the Generalized Linear Model

This means in particular that S match is strictly positive and its coefficients are strictly decreasing when moving away from the diagonal, hence S match is a strict R-matrix.

= n − |i − j|

= n − (max(i, j) − min(i, j))

k=1

X

min(i,j)−1 

Proof Since items are ranked as 1, 2, . . . , n with no ties and all comparisons given, Ci,j = −1
if i < j and Ci,j = 1 otherwise. Therefore we obtain from definition (2)

similarity between two items decreases with the distance between their ranks. We will then
be able to use the spectral seriation algorithm by (Atkins et al., 1998) described in Section 3
to reconstruct the true ranking from a disordered similarity matrix.
We first show how to compute a pairwise similarity from pairwise comparisons between
items by counting the number of matching comparisons. Another formulation allows us to
handle the generalized linear model. These two examples are only two particular instances of
a broader class of ranking algorithms derived here. Any method which produces R-matrices
from pairwise preferences yields a valid ranking algorithm.
match
Si,j
=
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Proof Without loss of generality, we suppose the true order is 1, 2, . . . , n, with ν(1) > . . . >
ν(n). For any i, j, k such that i > j, using the GLM assumption (i) we get
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n
X

|Qi,k − Qj,k |
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Proof Let A ∈ Sn an R-matrix. Let us first suppose there are no distinct indices r < s
such that for any k 6∈ [r, s], Ar,k = Ar+1,k = . . . = As,k . By Lemma 8 the Fiedler value of
A is simple and its Fiedler vector is strictly monotonic. Hence by Proposition 6, only the
identity and reverse identity permutations of A produce R-matrices. Now suppose there
exist two distinct indices r < s such that for any k 6∈ [r, s], Ar,k = Ar+1,k = . . . = As,k . In
addition to the identity and reverse identity permutations, we can locally reverse the order
of rows and columns from r to s, since the sub matrix Ar:s,r:s is an R-matrix and for any

Lemma 9 An irreducible R-matrix A ∈ Sn is strictly R if and only if there are no distinct
indices r < s such that for any k 6∈ [r, s], Ar,k = Ar+1,k = . . . = As,k .

In fact, we only need a small portion of the R-constraints to be strict for the previous
lemma to hold. We now show that the main assumption on A in Lemma 8 is equivalent to
A being strict-R.

Proof By Lemma 7, the Fiedler value of A is simple (up to a uniform shift of A). Let
x be the corresponding Fiedler vector of A, x is monotonic by Lemma 7. Suppose [r, s]
is a nontrivial maximal interval such that xr = xr+1 = . . . = xs , then by (Atkins et al.,
1998, lemma 4.3), for any k 6∈ [r, s], Ar,k = Ar+1,k = . . . = As,k , which contradicts the initial
assumption. Therefore x is strictly monotonic.

Lemma 8 Let A ∈ Sn be an irreducible R-matrix. Suppose there are no distinct indices
r < s such that for any k 6∈ [r, s], Ar,k = Ar+1,k = . . . = As,k , then, up to a uniform shift,
the Fiedler value of A is simple and its Fiedler vector is strictly monotonic.

The next lemma shows that the Fiedler vector is strictly monotonic if A is a strict
R-matrix.

Proof We use (Atkins et al., 1998, Th. 4.6) which states that if A is an irreducible R-matrix
with An,1 = 0, then the Fiedler value of A is a simple eigenvalue. Since A is an R-matrix,
An,1 is among its minimal elements. Subtracting it from A does not affect the nonnegativity
of A and we can apply (Atkins et al., 1998, Th. 4.6). Monotonicity of the Fiedler vector
then follows from (Atkins et al., 1998, Th. 3.2).

Lemma 7 If A is an irreducible R-matrix, up to a uniform shift of its coefficients, A has
a simple Fiedler value and a monotonic Fiedler vector.

The next technical lemmas extend the results in Atkins et al. (1998) to strict R-matrices
and will be used to prove Theorem 10 in next section. The first one shows that without
loss of generality, the Fiedler value is simple.

Proposition 6 (Atkins et al., 1998, Th. 3.3) Let A ∈ Sn be an irreducible pre-R-matrix
with a simple Fiedler value and a Fiedler vector v with no repeated values. Let Π1 ∈ P
(respectively, Π2 ) be the permutation such that the permuted Fiedler vector Π1 v is strictly
increasing (decreasing). Then Π1 AΠ1T and Π2 AΠ2T are R-matrices, and no other permutations of A produce R-matrices.

Pi,k = H(ν(i) − ν(k)) < H(ν(j) − ν(k)) = Pj,k .

n
X
k=1

(Qi+1,k − Qj,k ) − (Qi,k − Qj,k )

k=1

n
X
k=1

n
X

Qi+1,k − Qi,k < 0.

< 0, so S glm is a strict R-matrix.

k=1

|Qi+1,k − Qj,k | +

Since empirical probabilities Qi,j converge to Pi,j , when the number of observations is large
enough, we also have Qi,k < Qj,k for any i, j, k such that i > j (we focus w.l.o.g. on the
glm
lower triangle), and we can therefore remove the absolute value in the expression of Si,j
for i > j. Hence for any i > j we have

−

glm
Si,j

=

=

glm
glm
Si+1,j
− Si,j
= −

Similarly for any i > j,

glm
Si,j−1

Notice that we recover the original definition of S match in the case of binary comparisons,
though it does not fit in the Generalized Linear Model. Note also that these definitions can
be directly extended to the setting where multiple comparisons are available for each pair
and aggregated in comparisons that take fractional values (e.g., a tournament setting where
participants play several times against each other).

3. Spectral Algorithms
We first recall how spectral ordering can be used to recover the true ordering in seriation
problems. We then apply this method to the ranking problem.
3.1 Spectral Seriation Algorithm
We use the spectral computation method originally introduced in (Atkins et al., 1998) to
solve the seriation problem based on the similarity matrices defined in the previous section.
We first recall the definition of the Fiedler vector (which is shown to be unique in our setting
in Lemma 7).
Definition 5 The Fiedler value of a symmetric, nonnegative and irreducible matrix A is
the smallest non-zero eigenvalue of its Laplacian matrix LA = diag(A1) − A. The corresponding eigenvector is called Fiedler vector and is the optimal solution to min{y T LA y :
y ∈ Rn , y T 1 = 0, kyk2 = 1}.
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The main result from (Atkins et al., 1998), detailed below, shows how to reorder pre-R
matrices in a noise free case.
7

(SerialRank)
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Similar results apply for S glm given enough comparisons in the Generalized Linear
Model. This last result guarantees recovery of the true ranking of items in the noiseless case. In the next section, we will study the impact of corrupted or missing comparisons
on the inferred ranking of items.

Proof From Proposition 3, under assumptions of the proposition S match is a pre-strict
R-matrix. Now combining the definition of strict-R matrices in Lemma 9 with Lemma 8,
we deduce that Fiedler value of S match is simple and its Fiedler vector has no repeated
values. Hence by Proposition 6, only the two permutations that sort the Fiedler vector
in increasing and decreasing order produce strict R-matrices and are candidate rankings
(by Proposition 3 S match is a strict R-matrix when ordered according to the true ranking).
Finally we can choose between the two candidate rankings (increasing and decreasing) by
picking the one with the least upsets.

Theorem 10 Given all pairwise comparisons for a set of totally ordered items and assuming there are no ties between items, algorithm SerialRank, i.e., sorting the Fiedler vector of
the matrix S match defined in (3), recovers the true ranking of items.

In Section 2, we showed that similarities S match and S glm are pre-strict-R when all comparisons are available and consistent with an underlying ranking of items. We now use
the spectral seriation method in (Atkins et al., 1998) to reorder these matrices and produce a ranking. Spectral ordering requires computing an extremal eigenvector, at a cost of
O(n2 log n) flops (Kuczynski and Wozniakowski, 1992). We call this algorithm SerialRank
and prove the following result.

3.2 SerialRank: a Spectral Ranking Algorithm

k 6∈ [r, s], Ar,k = Ar+1,k = . . . = As,k . Therefore at least four different permutations of A
produce R-matrices, which means that A is not strictly R.

3: Compute the Fiedler vector of S.
Output: A ranking induced by sorting the Fiedler vector of S (choose either increasing or
decreasing order to minimize the number of upsets).

LS = diag(S1) − S

Algorithm 1 (SerialRank)
Input: A set of pairwise comparisons Ci,j ∈ {−1, 0, 1} or [−1, 1].
1: Compute a similarity matrix S as in §2.2
2: Compute the Laplacian matrix

Spectral Ranking using Seriation

all pairwise comparisons Cs,t ∈ {−1, 1} between items ranked acsuppose the sign of one comparison Ci,j (and its counterpart Cj,i )
If j − i > 2 then S match defined in (3) remains strict-R, whereas
has ties between items i and i + 1 and items j and j − 1.

k=1

n
X

Ĉk,i =

k=1

n
X

Ck,i + Ĉj,i − Cj,i = wi − 2 = wi+1 ,

Ŝi,t =



Si,t − 1 if t < j
Si,t + 1 if t > j,

k6=j

10
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(remember there is a factor 1/2 in the definition of S). Similarly we get for any t 6= i, j

Sj,t + 1 if t < i
Ŝj,t =
Sj,t − 1 if t > i.

Thus we obtain

k6=j

similarly ŵj = wj−1 , whereas wˆk = wk for k 6= i, j. Hence, the incorrect comparison induces
two ties in the point score vector w. Now we show that the similarity matrix defined in (3)
breaks these ties, by showing that it is a strict R-matrix. Writing Ŝ in terms of S, we get
for any t 6= i, j


X
X
[CC T ]i,t − 2 if t < j
[Ĉ Ĉ T ]i,t =
Ĉi,k Ĉt,k + Ĉi,j Ĉt,j =
(Ci,k Ct,k ) + Ĉi,j Ct,j = 
CC T i,t + 2 if t > j.

ŵi =

Proof We give some intuition for the result in Figure 1. We write the true score and
comparison matrix w and C, while the observations are written ŵ and Ĉ respectively. This
means in particular that Ĉi,j = −Ci,j = 1 and Ĉj,i = −Cj,i = −1. To simplify notations we
denote by S the similarity matrix S match (respectively Ŝ when the similarity is computed
from observations). We first study the impact of a corrupted comparison Ci,j for i < j on
the point score vector ŵ. We have

Proposition 12 Given
cording to their indices,
is switched, with i < j.
the point score vector w

In the following we will denote by w the point score vector.

Definition 11 ThePpoint score wi of an item i, also known as point-difference, or row-sum
is defined as wi = nk=1 Ck,i , which corresponds to the number of wins minus the number
of losses in a tournament setting.

In this section we study the robustness of SerialRank using S match with respect to noisy
and missing pairwise comparisons. We will see that noisy comparisons cause ranking ambiguities for the point score method and that such ambiguities are to be lifted by the spectral
ranking algorithm. We show in particular that the SerialRank algorithm recovers the exact
ranking when the pattern of errors is random and errors are not too numerous. We first
study the impact of one corrupted comparison on SerialRank, then extend the result to
multiple corrupted comparisons. A similar analysis is provided for missing comparisons as
Corollary 27. in the Appendix. Finally, Proposition 14 provides an estimate of the number
of randomly corrupted entries that can be tolerated for perfect recovery of the true ranking.
We begin by recalling the definition of the point score of an item.

4. Exact Recovery with Corrupted and Missing Comparisons
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k6=i,j

k=1

Pn

Ĉi,k Ĉi,k



= n. For all other

Finally, for the single corrupted index pair (i, j), we get



X
1
Ĉi,k Ĉj,k + Ĉi,i Ĉj,i + Ĉi,j Ĉj,j  = Si,j − 1 + 1 = Si,j .
n+
2
Ŝi,j =

The diagonal of S is not impacted since [Ĉ Ĉ T ]i,i =

≤
Ŝs+1,t

and

Ŝs,t+1

≤
Ŝs,t ,

for s < t

coefficients (s, t) such that s, t 6= i, j, we also have Ŝs,t = Ss,t , which means that all rows
or columns outside of i, j are left unchanged. We first observe that these last equations,
together with our assumption that j − i > 2 and the fact that the elements of the exact S
in (4) differ by at least one, imply that
Ŝs,t

so Ŝ remains an R-matrix. Note that this result remains true even when j − i = 2, but
we need some strict inequalities to show uniqueness of the retrieved order. Indeed, because
j − i > 2 all these R constraints are strict except between elements of rows i and i + 1, and
rows j − 1 and j (and similarly for columns). These ties can be broken using the fact that
Ŝi,j−1 = Si,j−1 − 1 < Si+1,j−1 − 1 = Ŝi+1,j−1 − 1 < Ŝi+1,j−1
which means that Ŝ is still a strict R-matrix (see Figure 1) since j −1 > i+1 by assumption.

We now extend this result to multiple errors.

(7)

Proposition 13 Given all pairwise comparisons Cs,t ∈ {−1, 1} between items ranked according to their indices, suppose the signs of m comparisons indexed (i1 , j1 ), . . . , (im , jm )
are switched. If the following condition (7) holds true,
|s − t| > 2, for all s, t ∈ {i1 , . . . , im , j1 , . . . , jm } with s 6= t,

then S match defined in (3) remains strict-R, whereas the point score vector w has 2m ties.

Si,t + 1 if t < j
Si,t − 1 if t > j,

JMLR 17(88):1-45

Proof We write the true score and comparison matrix w and C, while the observations
are written ŵ and Ĉ respectively, and without loss of generality we suppose il < jl . This
implies that Ĉil ,jl = −Cil ,jl = 1 and Ĉjl ,il = −Cjl ,il = −1 for all l in {1, . . . , m}. To simplify
notations, we denote by S the similarity matrix S match (respectively Ŝ when the similarity
is computed from observations).
As in the proof of Proposition 12, corrupted comparisons indexed (il , jl ) induce shifts
of ±1 on columns and rows il and jl of the similarity matrix S match , while Simatch
values
l ,jl
remain the same. Since there are several corrupted comparisons, we also need to check the
values of Ŝ at the intersections of rows and columns with indices of corrupted comparisons.
Formally, for any (i, j) ∈ {(i1 , j1 ), . . . (im , jm )} and t 6∈ {i1 , . . . , im , j1 , . . . , jm }

Ŝi,t =

11

Ŝj,t =



Sj,t − 1 if t < i
Sj,t + 1 if t > i.
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Similarly for t 6∈ {i1 , . . . , im , j1 , . . . , jm }

=



n+

n+




Ĉs,k Ĉt,k + Ĉs,s0 Ĉt,s0 + Ĉs,t0 Ĉt,t0


(Cs,k Ct,k ) − Cs,s0 Ct,s0 − Cs,t0 Ct,t0
k6=s0 ,t0

P

k6=s0 ,t0

P

Let (s, s0 ) and (t, t0 ) ∈ {(i1 , j1 ), . . . (im , jm )}, we have
Ŝs,t

1
2
1
2

Ss,t
if t > s0
Ss,t + 2 if t < s0 .

Without loss of generality we suppose s < t, and since s < s0 and t < t0 , we obtain


=

Ŝs,t =

and Ŝs,t+1 ≤ Ŝs,t ,

for any s < t

Similar results apply for other intersections of rows and columns with indices of corrupted
comparisons (i.e., shifts of 0, +2, or −2). For all other coefficients (s, t) such that s, t 6∈
{i1 , . . . , im , j1 , . . . , jm }, we have Ŝs,t = Ss,t . We first observe that these last equations,
together with our assumption that jl − il > 2, mean that
Ŝs,t ≤ Ŝs+1,t

so Ŝ remains an R-matrix. Moreover, since jl − il > 2 all these R constraints are strict
except between elements of rows il and il + 1, and rows jl − 1 and jl (similar for columns).
These ties can be broken using the fact that for k = jl − 1

Ŝil ,k = Sil ,k − 1 < Sil +1,k − 1 = Ŝil +1,k − 1 < Ŝil +1,k

which means that Ŝ is still a strict R-matrix since k = jl − 1 > il + 1. Moreover, using the
same argument as in the proof of Proposition 12, corrupted comparisons induces 2m ties in
the point score vector w.

For the case of one corrupted comparison, note that the separation condition on the pair
of items (i, j) is necessary. When the comparison Ci,j between two adjacent items is corrupted, no ranking method can break the resulting tie. For the case of arbitrary number of
corrupted comparisons, condition (7) is a sufficient condition only. We study exact ranking
recovery conditions with missing comparisons in the Appendix, using similar arguments.
We now estimate the number of randomly corrupted entries that can be tolerated while
maintaining exact recovery of the true ranking.

JMLR 17(88):1-45

Proposition 14 Given a comparison matrix for a set of n items with m corrupted comparisons selected uniformly at random from the set of all possible item pairs. Algorithm SerialRank guarantees√that the probability of recovery p(n, m) satisfies p(n, m) ≥ 1 − δ, provided that m = O( δn). In particular, this implies that p(n, m) = 1 − o(1) provided that
√
m = o( n).

12

m−1
Y

2

1 − n



a(n, m) =

i=1

n
2



!

!
15n
(m − 1) Prob(Xm−1 ∈ X ).
− (m − 1)

m−1
Y


n

, we have

15n
i
p(n, m) ≥
−
(i − 1)
2
i=1

m−1
Y
i
≥
1−
a(n, m)

1−



n
2

i
a(n, m)

∼

i=1

m−1
Y



15m2
exp(−30i/n) ∼ exp −
for large n.
n

13
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√
Hence, given δ > 0, p(n, m) ≥ 1 − δ provided that m = O( nδ). If δ = o(1), the condition
√
is m = o( n).

i=1

1−

− (m − 1)
.
15n


i
Notice that when m = o(n) we have 1 − a(n,m)
∼ exp(−30i/n) and

where

From this it follows

Prob(Xm ∈ X ) ≥

Combining this with (8) and the fact that |P| =

|T (x)| ≤ 15n|x|.

Note that every selected pair from P contributes at most 15n non-admissible pairs. Indeed,
given a selected pair (i, j), a non-admissible pair (s, t) should respect one of the following
conditions |s − i| ≤ 2, |s − j| ≤ 2, |t − i| ≤ 2, |t − j| ≤ 2 or |s − t| ≤ 2. Given any item s,
there are 15 possible choice of t to output a non-admissible pair (s, t), resulting in at most
15n non-admissible pairs for the selected pair (i, j).
Hence, for every x ∈ X we have

x∈X :|x|=m−1

Proof Let P be the set of all distinct pairs of items from the set {1, 2, . . . , n}. Let X be the
set of all admissible sets of pairs of items, i.e. containing each X ⊆ P such that X satisfies
condition (7). We consider the case of m ≥ 1 distinct pairs of items sampled from the set
P uniformly at random without replacement. Let Xi denote the set of sampled pairs given
that i pairs are sampled. We seek to bound p(n, m) = Prob(Xm ∈ X ). Given a set of pairs
X ∈ X , let T (X) be the set of non-admissible pairs, i.e. containing (i, j) ∈ P \ X such that
X ∪ (i, j) ∈
/ X . We have


X
|T (x)|
1−
Prob(Xm ∈ X ) =
Prob(Xm−1 = x).
(8)
|P| − (m − 1)
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In this section we analyze how SerialRank performs when only a small fraction of pairwise
comparisons are given. We show that for Erdös-Rényi graphs, i.e., when pairwise comparisons are observed independently with a given probability, Ω(n log4 n) comparisons suffice
for `2 consistency of the Fiedler vector and hence `2 consistency of the retreived ranking
w.h.p. On the other hand we need Ω(n3/2 log4 n) comparisons to retrieve a ranking whose
local perturbations are bounded in `∞ norm. Since Erdös-Rényi graphs are connected with
high probability only when the total number of pairs sampled scales as Ω(n log n), we need
at least that many comparisons in order to retrieve a ranking, therefore the `2 consistency
result can be seen as optimal up to a polylogarithmic factor.
Our bounds are mostly related to the work of (Wauthier et al., 2013). In its simplified
version (Theorem 4.2 Wauthier et al., 2013) shows that when ranking items according to
their point score,
any precision parameter µ ∈ (0, 1), sampling independently with fixed
 for 
n
probability Ω n log
comparisons guarantees that the maximum displacement between
µ2
the retrieved ranking and the true ranking, i.e., the `∞ distance to the true ranking, is
bounded by µn with high probability for n large enough.
Sample complexity bounds have also been studied for the Rank Centrality algorithm
(Dwork et al., 2001; Negahban et al., 2012). In their analysis, (Negahban et al., 2012)
suppose that some pairs are sampled independently with fixed probability, and then k
comparisons are generated for each sampled pair, under a Bradley-Terry-Luce model (BTL).
When ranking items according to the stationary distribution of a transition matrix estimated
from comparisons, sampling Ω(n·polylog(n)) pairs are enough to bound the relative `2 norm
perturbation of the stationary distribution. However, as pointed out by (Wauthier et al.,
2013), repeated measurements are not practical, e.g., if comparisons are derived from the
outcomes of sports games or the purchasing behavior of a customer (a customer typically
wants to purchase a product only once). Moreover, (Negahban et al., 2012) do not provide
bounds on the relative `∞ norm perturbation of the ranking.
We also refer the reader to the recent work of Rajkumar and Agarwal (2014), who provide
a survey of sample complexity bounds for Rank Centrality, maximum likelihood estimation,
least-square ranking and an SVM based ranking, under a more flexible sampling model.
However, those bounds only give the sampling complexity for exact recovery of ranking,
which is usually prohibitive when n is large, and are more difficult to interpret.
Finally, we refer the interested reader to (Huang et al., 2008; Shamir and Tishby, 2011)
for sampling complexity bounds in the context of spectral clustering.
Limitations. We emphasize that sampling models based on Erdös-Rényi graphs are not
the most realistic, though they have been studied widely in the literature (see for instance
Feige et al., 1994; Braverman and Mossel, 2008; Wauthier et al., 2013). Indeed, pairs are
not likely to be sampled independently. For instance, when ranking movies, popular movies
in the top ranks are more likely to be compared. Corrupted comparisons are also more
likely between items that have close rankings. We hope to extend our perturbation analysis
to more general models in future work.
A second limitation of our perturbation analysis comes from the setting of ordinal comparisons, i.e., binary comparisons, since in many applications, several comparisons are provided for each sampled pair. Nevertheless, the setting of ordinal comparisons is interesting

5. Spectral Perturbation Analysis
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for the analysis of SerialRank, since numerical experiments suggest that it is the setting for
which SerialRank provides the best results compared to other methods. Note that in practice, we can easily get rid of this limitation (see Section 2.2.2 and 6). We refer the reader to
numerical experiments in Section 6, as well as a recent paper by Cucuringu (2015), which
introduces another ranking algorithm called SyncRank, and provides extensive numerical
experiments on state-of-the-art ranking algorithms, including SerialRank.
Choice of Laplacian: normalized vs. unnormalized. In the spectral clustering
literature, several constructions for the Laplacian operators are suggested, namely the unnormalized Laplacian (used in SerialRank), the symmetric normalized Laplacian, and the
non-symmetric normalized Laplacian. Von Luxburg et al. (2008) show stronger consistency
results for spectral clustering by using the non-symmetric normalized Laplacian. Here, we
show that the Fiedler vector of the normalized Laplacian is an affine function of the ranking, hence sorting the Fiedler vector still guarantees exact recovery of the ranking, when all
comparisons are observed and consistent with a global ranking. In contrast, we only get an
asymptotic expression for the unnormalized Laplacian (cf. section A). This motivated us
to provide an analysis of SerialRank robustness based on the normalized Laplacian, though
in practice the use of the unnormalized Laplacian is valid and seems to give better results
(cf. Figures 2 and 5).
Notations. Throughout this section, we only focus on the similarity S match in (3)
and write it S to simplify notations. W.l.o.g. we assume in the following that the true
ranking is the identity, hence S is an R-matrix. We write k · k2 the operator norm of
a matrix, which corresponds to the maximal absolute eigenvalue for symmetric matrices.
k · kF denotes the Frobenius norm. We refer to the eigenvalues of the Laplacian as λi , with
λ1 = 0 ≤ λ2 ≤ . . . ≤ λn . For any quantity x, we denote by x̃ its perturbed analogue.
We define the residual matrix R = S̃ − S and write f the normalized Fiedler vector of the
Laplacian matrix LS . We define the degree matrix DS = diag(D1) the diagonal matrix
whose elements are the row-sums of matrix S. Whenever we use the abreviation w.h.p.,
this means that the inequality is true with probability greater than 1 − 2/n. Finally, we
will use c > 0 for absolute constants, whose values are allowed to vary from one equation
to another.
We assume that our information on preferences is both incomplete and corrupted.
Specifically, pairwise comparisons are independently sampled with probability q and these
sampled comparisons are consistent with the underlying total ranking with probability p.
Let us define C̃ = B ◦C the matrix of observed comparisons, where C is the true comparison
matrix defined in (1), ◦ is the Hadamard product and B is a symmetric matrix with entries

 0 with probability 1 − q
1 with probability qp
Bi,j =

−1 with probability q(1 − p).
In order to obtain an unbiased estimator of the comparison matrix defined in (1), we
normalize C̃ by its mean value q(2p − 1) and redefine S̃ as
1
C̃ C̃ T + n11T .
q 2 (2p − 1)2

S̃ =

JMLR 17(88):1-45

For ease of notations we have dropped the factor 1/2 in (3) w.l.o.g. (positive multiplicative
factors of the Laplacian do not affect its eigenvectors).
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5.1 Results

log4 n
,
µ2 (2p−1)4 n

then

We now state our main results. The first one bounds `2 perturbations of the Fiedler vector
f with both missing and corrupted comparisons. Note that f and f˜ are normalized.

µ
log n

Theorem 21 For every µ ∈ (0, 1) and n large enough, if q >

kf˜ − f k2 ≤ c √

with probability at least 1 − 2/n, where c > 0 is an absolute constant.

log4 n √
,
µ2 (2p−1)4 n

then

As n goes to infinity the perturbation of the Fiedler vector goes to zero, and we can
retrieve the “true” ranking by reordering the Fiedler vector. Hence this bounds provides `2
consistency of the ranking, with an optimal sampling complexity (up to a polylogarithmic
factor).
The second result bounds local perturbations of the ranking with π referring to the
“true” ranking and π̃ to the ranking retrieved by SerialRank.

Theorem 24 For every µ ∈ (0, 1) and n large enough, if q >

kπ̃ − πk∞ ≤ cµn

with probability at least 1 − 2/n, where c > 0 is an absolute constant.

This bound quantifies the maximum displacement of any item’s ranking. µ can be
seen a “precision” parameter. For instance, if we set µ = 0.1, Theorem 24 means that we
can expect the maximum displacement of any item’s ranking to be less than 0.1 · n when
√
observing c2 · 100 · n n · log4 n comparisons (with p = 1).
√
We conjecture Theorem 24 still holds true if the condition q > log4 n/µ2 (2p − 1)4 n is
replaced by the weaker condition q > log4 n/µ2 (2p − 1)4 n.
5.2 Sketch of the proof.

The proof of these results relies on classical perturbation arguments and is structured as
follows.

• Step 1: Bound kD̃S − DS k2 , kS̃ − Sk2 with high probability using concentration
inequalities on quadratic forms of Bernoulli variables and results from (Achlioptas
and McSherry, 2007).

• Step 2. Show that the normalized Laplacian L = I−D−1 S has a linear Fiedler vector
and bound the eigengap between the Fiedler value and other eigenvalues.

• Step 3. Bound kf˜ − f k2 using Davis-Kahan theorem and bounds of steps 1 and 2.
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• Step 4. Use the linearity of the Fiedler vector to translate this result into a bound
on the maximum displacement of the retrieved ranking kπ̃ − πk∞ .
We now turn to the proof itself.
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k=1

then

δi =

j=1

n
X

Rij =

j=1 k=1

n X
n
X

Cik Cjk


Bik Bjk
q 2 (2p − 1)2


−1 .

Let Xjk = Cjk

1
q(2p−1) Bjk

E(Xjk ) = Cjk

− 1 . We have



17

qp−q(1−p)
q(2p−1)


− 1 = 0,
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The first term (denoted Quad in the following) is quadratic with respect to the Bjk
while the second term (denoted Lin in the following) is linear. Both terms have mean zero
since the Bik are
 independent of
 the Bjk . We begin by bounding the quadratic term Quad.

Notice that we can arbitrarily fix the diagonal values of R to zeros. Indeed, the similarity
between an element and itself should be a constant by convention, which leads to Rii =
S̃ii − Sii = 0 for all items i. Hence we could take j 6= i in the definition of δi , and we can
consider Bik independent of Bjk in the associated summation.
We first seek a concentration inequality for each δi . Notice that


n X
n
X
Bik Bjk
δi =
Cik Cjk
−
1
q 2 (2p − 1)2
j=1 k=1






n
n
n X
n
X
X
Bjk
Cik Bik X
Bik

=
Cjk
− 1 +
Cik Cjk
−1 .
q(2p − 1)
q(2p − 1)
q(2p − 1)
j=1
k=1
k=1 j=1
{z
}
|
{z
} |
Lin
Quad

Hence

Proof Let R = S̃ − S and δ = diag DR = diag((S̃ − S)1). Since DS and D̃S are diagonal
matrices, kD̃S − DS k2 = max |δi |. We first seek a concentration inequality for each δi and
then derive a bound on kD̃S − DS k2 .
By definition of the similarity matrix S and its perturbed analogue S̃ we have


n
X
Bik Bjk
Rij =
Cik Cjk
−1 .
2
2
q (2p − 1)

with probability at least 1 − 1/n.

log4 n
µ2 (2p−1)4 n

3µn2
kD̃S − DS k2 ≤ √
log n

Lemma 15 For every µ ∈ (0, 1) and n ≥ 100, if q ≥

We first bound perturbations of the degree matrix with both missing and corrupted comparisons.

5.3.1 Bounding the norm of the degree matrix

Here, we seek to bound kD̃S − DS k2 and kS̃ − Sk2 with high probability using concentration
inequalities.

5.3 Step 1: Bounding kD̃S − DS k2 and kS̃ − Sk2
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n
X

Cik



j=1

k

k=1

j=1

n
X
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≤ Prob max |



j=1



Xjk | > t/n ,

l
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√
log4 n
t ≤ n and we
Taking t = µ2 (2p − 1)2 n2 / log n and q ≥ µ2 (2p−1)
4 n , with µ ≤ 1, we have
deduce that




2µn2
log3 n
Prob |Quad| > √
≤ (2n + 1) exp −
.
(10)
4
log n
We now bound the linear term Lin.




n X
n
X
Bik

Prob(|Lin| > t) = Prob
Cik Cjk
− 1 > t
q(2p − 1)
j=1 k=1


n
n
X
X
≤ Prob 
|Cik | max |
Xjl | > t

We deduce from these last three inequalities that for any t > 0


−tq(2p − 1)2
√
Prob(|Quad| > t) ≤ (2n + 1) exp
.
2(n + t)

Moreover, since E |Bik | = q we also get from Bernstein’s inequality that for any t > 0
!


n
X
√
−tq(2p − 1)2
|Bik |
n
√
>
+ t ≤ exp
.
Prob
q(2p − 1)
2p − 1
2(n + t)
k=1

By applying a union bound to the first Bernstein inequality (9), for any t > 0




n
X
√
−tq(2p − 1)2
√
Prob max
Xjl > t ≤ 2n exp
.
l
2(n + t)
j=1

k=1



n
X
Bik

Xjk
> t
q(2p − 1)
j=1
k=1



n 
n
X
X
|B
|
ik
≤ Prob 
max |
Xjl | > t .
l
q(2p − 1)



Prob(|Quad| > t) = Prob 

Now notice that

j=1

|Xjk | =

(9)

var(Bjk )
1
1
1
= 2
(q − q 2 (2p − 1)2 ) =
−1≤
,
q 2 (2p − 1)2
q (2p − 1)2
q(2p − 1)2
q(2p − 1)2

Bjk
1
2
2
−1 ≤1+
≤
≤
.
q(2p − 1)
q(2p − 1)
q(2p − 1)
q(2p − 1)2
By applying Bernstein’s inequality for any t > 0






n
X
−q(2p − 1)2 t2
−q(2p − 1)2 t2
≤ 2 exp
.
Prob 
Xjk > t ≤ 2 exp
2(n + 2t/3)
2(n + t)

and

var(Xjk ) =
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hence



.

with µ ≤ 1

(11)

with µ ≤ 1, we have t ≤ n2 and we deduce

−t2 q(2p − 1)2
2n2 (n + t/n)
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log4 n
,
µ2 (2p−1)4 n

Prob(|Lin| > t) ≤ 2n exp
Taking t = µn2 /(log n)1/2 and q ≥
that

log4 n
,
µ2 (2p−1)4 n



log3 n
.
Prob(|Lin| > t) ≤ 2n exp −
4

Finally, combining equations (10) and (11), we obtain for q ≥

log4 n
,
µ2 (2p−1)4 n





3µn2
log3 n
Prob |δi | > √
≤ (4n + 1) exp −
.
4
log n

Now, using a union bound, this shows that for q ≥

2

√

√
2n
,
q(2p − 1)

1
,
q(2p−1)2

and |Xij | ≤
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log(1 + )
2 log(2n)

we have (cf. proof of Lemma 15) E(Xij ) = 0, var(Xij ) ≤
Hence for a given  > 0 such that
4
≤
q(2p − 1)

2
q(2p−1) .

(13)

for any θ > 0 and n ≥ 76,




√
1
θ2
Prob kXk2 ≥ 2(1 +  + θ) √
2n < 2 exp −16 log3 n .
(14)
q(2p − 1)
4
p
p
√
3
For q ≥ (logn2n) and taking  ≥ exp( (16/ (2))) − 1 (so log(1 + )2 ≥ 16/ 2) means
inequality (13) holds. Taking (14) with  = 30 and θ = 30 we get
√
r !

2 2(1 + 30 + 30) n
< 2 exp −10−2 log3 n .
(15)
2p − 1
q
Prob kXk2 ≥

Hence for n ≥ 104, we have log3 n > 100 and

r 
173
n
Prob kXk2 ≥
< 2/n.
2p − 1 q





log3 n
3µn2
≤ n(4n + 1) exp −
Prob max |δi | > √
,
4
log n

which is less than 1/n for n ≥ 100.

r

n
,
q

(12)

log4 n
,
µ2 (2p−1)2 n

We now seek to bound kS̃ − Sk with high probability.

Lemma 17 For every µ ∈ (0, 1), n ≥ 104, if q >

µn2
,
kS̃ − Sk2 ≤ c √
log n

C̃ C̃ T = (C + X)(C + X)T = CC T + XX T + XC T + CX T ,

S̃ − S = XX T + XC T + CX T ,

4

kS̃ − Sk2 ≤ kXX T k2 + kXC T k2 + kCX T k2 ≤ kXk22 + 2kXk2 kCk2 .

kS̃ − Sk2 ≤

c2 n
2c
+
q(2p − 1)2 2p − 1

20

n
kCk2 .
q
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From Lemma 16 we deduce that for n ≥ 104 and q ≥ logn n , with probability at least 1 − 2/n
r
(16)

and

hence

Proof Let X = C̃ − C. We have

with probability at least 1 − 2/n, where c is an absolute constant.

then

5.3.3 Bounding the perturbation of the similarity matrix kSk.

Noting that log
√ 2n ≤ 1.15 log n for n ≥ 104, we obtain the desired result by choosing
c = 2 × 173 × 1.15 ≤ 371.
kS̃ − Sk2 .

5.3.2 Bounding perturbations of the comparison matrix C

log3 n
n ,

c
2p − 1

Here, we adapt results in (Achlioptas and McSherry, 2007) to bound perturbations of the
comparison matrix. We will then use bounds on the perturbations of C to bound
Lemma 16 For n ≥ 104 and q ≥
kC − C̃k2 ≤

with probability at least 1 − 2/n, where c is an absolute constant.
Proof The main argument of the proof is to use the independence of the Cij for i < j in
√
order to bound kC̃ − Ck2 by a constant times σ n, where σ is the standard deviation of
Cij . To isolate independent entries in the perturbation matrix, we first need to break the
anti-symmetry of C̃ − C by decomposing X = C̃ − C into its upper triangular part and
T (diagonal entries
its lower triangular part, i.e., C̃ − C = Xup + Xlow , with Xup = −Xlow
of C̃ − C can be arbitrarily set to 0). Entries of Xup are all independent, with variance
less than the variance of C̃ij . Indeed, lower entries of Xup are equal to 0 and hence have
variance 0. Notice that
kC̃ − Ck2 = kXup + Xlow k2 ≤ kXup k2 + kXlow k2 ≤ 2kXup k2 ,



Bij
−1 ,
q(2p − 1)
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so bounding kXup k2 will give us a bound on kXk2 . In the rest of the proof we write Xup
instead of X to simplify notations. We can now apply (Achlioptas and McSherry, 2007,
Th. 3.1) to X. Since
Xij = C̃ij − Cij = Cij
19

+

2cn
2p − 1
n
.
q

kS̃ − Sk2 ≤

log4 n

c2 µ2 n2
+
log2 n

2cµn2
.

we get for n ≥ 104 with probability at least 1 − 2/n

q(2p −

1)2

r
(17)

D−1 S

n(n + 1)
k=
,
2

n
X

2

k=1

n
X

=

kSi,k =

k=i

n
X

k=i

n
X

Si,k

(n − i + k) +

Si,k +

(n − k + i)

k(n − k + i)

21
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+ 1) i(i − 1)(2i − 1) n(n + 1)(2n + 1)
n(n + 1)
+
−
− i2 (i − 1) + i
.
2
3
6
2

k=i

n
X

n(n − 1)
+ i(n − i + 1).
2

k=1

k=1
i−1
X

i−1
X

k(n − i + k) +

k=1
n2 (n

i−1
X

Similarly we have

=

=

di =

n(n + 1)(2n + 1)
Si,j = n − |j − i|,
k =
.
6
k=1
k=1
P
We first get an expression for the degree of S, defined by d = S1 = ni=1 Si,k , with

n
X

norm x = λ x
Proof Let xi = i − n+1
2
2 (x is linear with mean zero). We want to show that L
or equivalently Sx = (1 − λ2 )Dx. We develop both sides of the last equation, and use the
following facts

Proposition 18 Let
=I−
be the non-symmetric normalized Laplacian of S.
Lnorm has a linear Fiedler vector, and its Fiedler value is equal to 2/3.

Lnorm

In the following proposition we show that the normalized Laplacian of the similarity matrix
S has a constant Fiedler value and a linear Fiedler vector. We then deduce bounds on the
eigengap between the first, second and third smallest eigenvalues of the Laplacian.

5.4 Step 2: Controlling the eigengap

with probability at least 1 − 2/n, which is the desired result.

µn2
kS̃ − Sk2 ≤ c √
log n

Hence setting a new constant c with c = max(c2 (log 104)−7/2 , 2c(log 104)−3/2 ) ≤ 270,

By taking q >

log4 n
,
µ2 (2p−1)2 n

kS̃ − Sk2 ≤

c2 n

Notice that kCk22 ≤ Tr(CC T ) = n2 , hence kCk2 ≤ n and
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k=1

k=1

n
X

n
X

kSi,k −

n+1
di
2



n+1
Si,k k −
2

kf k∞

k=0

X

k2 =

2n−1
6 2



3
2
≤ √ for n ≥ 5.
n−1
n

22
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We can now compile results from previous sections to get a first perturbation bound and
show `2 consistency of the Fiedler vector when comparisons are both missing and corrupted.

5.5 Step 3: Bounding the perturbation of the Fiedler vector kf˜ − f k2

Numerical experiments show that λ3 converges to 0.93 . . . very fast when n grows towards
infinity.

Proof The first eigenvalue of the Laplacian is always 0, so we have for any n, λ2 −λ1 = λ2 =
2/3. Moreover, using results from (Von Luxburg et al., 2008), we know that eigenvalues of
the normalized Laplacian that are different from one converge to an asymptotic spectrum,
and that the limit eigenvalues are “isolated”. Hence there exists n0 > 0 and c > 0 such
that for any n ≥ n0 we have λ3 − λ2 > c.

Lemma 20 The minimum eigengap between the Fiedler value and other eigenvalues is
bounded below by a constant for n sufficiently large.

r


n−1
n3 − n
+ 1 ((n − 1) + 1) =
.
2
12
n−1
= fn =
≤
2an

(n−1)/2

A similar reasoning applies for n even.

Hence

a2n = 2

Proof We use the fact that f is collinear to the vector x defined by xi = i − n+1
2 and verifies
kf k2 = 1. Let us consider the case of n odd. The Fiedler vector verifies fi = i−(n+1)/2
, with
an

√
Corollary 19 The Fiedler vector f of the unperturbed Laplacian satisfies kf k∞ ≤ 2/ n.

The next corollary will be useful in following proofs.

which shows that Sx = (1 − λ2 )Dx.

=




n+1
1 n(n − 1)
+ i(n − i + 1)
i−
3
2
2
= (1 − λ2 )di xi ,

=

[Sx]i =

Finally, setting λ2 = 2/3, notice that
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log4 n
,
µ2 (2p−1)4 n
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µ
kf˜ − f k2 ≤ c √
,
log n

Theorem 21 For every µ ∈ (0, 1) and n large enough, if q >

with probability at least 1 − 2/n.

then

Proof In order to use Davis-Kahan theorem, we need to relate perturbations of the normalized Laplacian matrix to perturbations of the similarity and degree matrices. To simplify
notations, we write L = I − D−1 S and L̃ = I − D̃−1 S̃.
Since the normalized Laplacian is not symmetric, we will actually apply Davis-Kahan
theorem to the symmetric normalized Laplacian Lsym = I − D−1/2 SD−1/2 . It is easy to see
that Lsym and L have the same Fiedler value, and that the Fiedler vector fsym of Lsym is
equal to D1/2 f (up to normalization). Indeed, if v is the eigenvector associated to the ith
eigenvalue of L (denoted by λi ), then
Lsym D1/2 v = D−1/2 (D − S)D−1/2 D1/2 v = D−1/2 (D − S)v = D1/2 (I − D−1 S)v = λi D1/2 v.
Hence perturbations of the Fiedler vector of Lsym are directly related to perturbations of
the Fiedler vector of L.
The proof relies mainly on Lemma 15, which states that for n ≥ 100, denoting by d the
vector of diagonal elements of DS ,
3µn2
kDR k2 = max |d˜i − di | ≤ √
log n
+ i(n − i + 1)
with probability at least 1 − n2 . Combined with the fact that di = n(n−1)
2
(cf. proof of Proposition 18), this guarantees that di and d˜i are strictly positive. Hence
D−1/2 and D̃−1/2 are well defined. We now decompose the perturbation of the Laplacian
matrix. Let ∆ = D−1/2 , we have
˜ S̃ ∆
˜ − ∆S∆k2
kL̃sym − Lsym k2 = k∆

˜ S̃ ∆
˜ − ∆S
˜ ∆
˜ + ∆S
˜ ∆
˜ − ∆S∆k2
= k∆
˜ S̃ − S)∆
˜ + ∆S
˜ ∆
˜ − ∆S ∆
˜ + ∆S ∆
˜ − ∆S∆k2
= k∆(
˜ S̃ − S)∆
˜ + (∆
˜ − ∆)S ∆
˜ + ∆S(∆
˜ − ∆)k2
= k∆(

−1/2

−1/2

− di

|,

˜ 2 kS̃ − Sk2 + kSk2 (k∆k
˜ 2 + k∆k2 )k∆
˜ − ∆k2 .
≤ k∆k
2
˜ − ∆k2 . Notice that
We first bound k∆
i

˜ − ∆k2 = max |d˜
k∆
i

p
√
d˜i − di
d˜i − di
p
p
= max p
√ .
i
d˜i di
d˜i di ( d˜i + di )
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where di (respectively d˜i ) is the sum of elements of the ith row of S (respectively S̃). Hence

i

˜ − ∆k2 = max
k∆

23

di (di −

+ di

3µn2
√
log n

3µn2
√
)
log n

q
di −

3µn2
√
log n

,

i = 1, . . . , n, w.h.p.
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Using Lemma 15 we obtain

i

˜ − ∆k2 ≤ max
k∆
√

k∆k2 ≤

c
w.h.p.
n

c
w.h.p,
n

(20)

(19)

(21)

˜ 2≤
k∆k

˜ − ∆k2 ≤ √cµ
k∆
w.h.p.
n log n

Since d = n(n−1) +i(n−i+1) (cf. proof of Proposition 18), for µ < 1 there exists a constant
i
2
2
> cn2 . We deduce that there exists an absolute constant c such
c such that di > di − √3µn
log n
that
(18)
Similarly we obtain that
and

cµ
w.h.p,
log n

kSk2 = kCC T + n11T k2 ≤ kCk22 + nk11T k2 ≤ 2n2 .

Moreover, we have

Hence,

˜ 2 + k∆k2 )k∆
˜ − ∆k2 ≤ √
kSk2 (k∆k

cµ
w.h.p,
log n

˜ 2 kS̃ − Sk2 and obtain
where c := 4c2 . Using Lemma 17, we can similarly bound k∆k
2

kL̃sym − Lsym k2 ≤ √

cµ
w.h.p.
log n

(22)

where c is an absolute constant. Finally, for small µ, Weyl’s inequality, equation (21)
together with Lemma 20 ensure that for n large enough with high probability |λ̃3 − λ2 | >
|λ3 −λ2 |/2 and |λ̃1 −λ2 | > |λ1 −λ2 |/2. Hence we can apply Davis-Kahan theorem. Compiling
all constants into c we obtain

kf˜sym − fsym k2 ≤ √

letting αn = kD1/2 f k, we deduce that

Finally we relate the perturbations of fsym to the perturbations of f . Since fsym =
D1/2 f
,
kD1/2 f k2

˜˜
kf˜ − f k2 = kα̃n ∆
f
sym − αn ∆fsym k2
˜ − ∆)f˜sym k2
= k∆(α̃n f˜sym − αn fsym ) + α̃n (∆

˜ − ∆k2 .
≤ k∆k2 kα̃n f˜sym − αn fsym k2 + kα̃n k2 k∆
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Similarly as for inequality (18), we can show that kD̃1/2 k and kD1/2 k are of the same order
O(n). Since kf k2 = kf˜k2 = 1, this is also true for kαn k2 and kα̃n k2 . We conclude the proof
using inequalities (18), (19) and (22).

24

log4 n
,
µ2 (2p−1)4 n

then

µ
n log n

then

f˜ − f

=

=

25

L̃f˜
−f
λ̃2
L̃f˜ − Lf
(λ2 − λ̃2 )f
+
.
λ̃2
λ̃2
JMLR 17(88):1-45

Proof Notice that by definition L̃f˜ = λ̃2 f˜ and Lf = λ2 f . Hence for λ̃2 > 0

with probability at least 1 − 2/n, where c is an absolute constant.

kf˜ − f k∞ ≤ c √

Lemma 23 For every µ ∈ (0, 1) and n large enough, if q >

log4 n √
,
µ2 (2p−1)4 n

We now prove the main result of this section, bounding kf˜ − f k∞ with high probability
when roughly O(n3/2 ) comparisons are sampled.

Proof The proof is very much similar to the proof of Lemma 15 and can be found the
Appendix (section A.2).

with probability at least 1 − 2/n.

3µn3/2
k(S̃ − S)f k∞ ≤ √
log n

Lemma 22 Let r > 0, for every µ ∈ (0, 1) and n large enough, if q >

We start by a technical lemma bounding k(S̃ − S)f k∞ .

5.6.1 Bounding the `∞ norm of the Fiedler vector perturbation

SerialRank’s ranking is derived by sorting the Fiedler vector. While the consistency result
in Theorem 21 shows the `2 estimation error going to zero as n goes to infinity, this is not
sufficient to quantify the maximum displacement of the ranking. To quantify the maximum
displacement of the ranking, as in (Wauthier et al., 2013), we need to bound kπ̃ − πk∞
instead.
√
We bound the maximum displacement of the ranking here with an extra factor n
compared to the sampling rate in (Wauthier et al., 2013). We would only need a better
√
component-wise bound on S̃ − S to get rid of this extra factor n, and we hope to achieve
it in future work.
The proof is in two parts: we first bound the `∞ norm of the perturbation of the Fiedler
vector, then translate this perturbation of the Fiedler vector into a perturbation of the
ranking.

5.6 Bounding ranking perturbations kπ̃ − πk∞

Spectral Ranking using Seriation

= (f˜ − f ) + D−1 Sf − D̃−1 S̃f + D̃−1 S̃f − D̃−1 S̃ f˜
= (f˜ − f ) + (D−1 S − D̃−1 S̃)f + D̃−1 S̃(f − f˜)

= (I − D̃−1 S̃)f˜ − (I − D−1 S)f
= (f˜ − f ) + D−1 Sf − D̃−1 S̃ f˜

(I(λ̃2 − 1) + D̃−1 S̃)(f˜ − f ) = (D−1 S − D̃−1 S̃ + (λ2 − λ̃2 )I)f.

L̃f˜ − Lf

(23)

j>i

log4 n √
,
µ2 (2p−1)2 n

then

26

f˜j − f˜i = (f˜j − fj ) + (fj − fi ) + (fi − f˜i ).
JMLR 17(88):1-45

Proof We assume w.l.o.g. in the following that the true ranking is the identity, hence the
unperturbed Fiedler vector f is strictly increasing. We first notice that for any j > i

with probability at least 1 − 2/n, where c is an absolute constant.

kπ̃ − πk∞ ≤ cµn,

Theorem 24 For every µ ∈ (0, 1) and n large enough, if q >

will have the same sign as j − i. Indeed |f˜j − fj | and |f˜i − fi | can be bounded with high
probability by a quantity less than |fj − fi |/2 for i and j sufficiently “far apart”. Hence,
|π̃i −πi | is bounded by the number of pairs that are not sufficiently “far apart”. We quantify
the term “far apart” in the following proposition.

f˜j − f˜i = (f˜j − fj ) + (fj − fi ) + (fi − f˜i )

Now we will argue that when i and j are far apart, with high probability

j<i

First note that the `∞ -norm of the ranking perturbation is equal to the number of pairwise
disagreements between the true ranking and the retrieved one, i.e., for any i
X
X
|π̃i − πi | =
1f˜j >f˜i +
1f˜j <f˜i .

5.6.2 Bounding the `∞ norm of the ranking perturbation

It remains to bound each term separately, using Weyl’s inequality for the denominator
and previous lemmas for numerator terms, which is detailed in the Appendix (section A.2).

Writing Si the ith row of S and di the degree of row i, using the triangle inequality, we
deduce that


1
˜−1
˜−1
˜
|f˜i − fi | ≤
|(d−1
(24)
i Si − di S̃i )f | + |λ2 − λ̃2 ||fi | + |di S̃i (f − f )| .
|λ̃2 − 1|

Hence

Moreover
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Hence for any j > i

1

X

j>i0

kf˜−f k∞ >

1

kf˜−f k∞ >

≤
j>i0

X
1

.

|fj −fi |
0
√ cµ
>
2
n log n

µ
n log n

|fj −fi |
0
2

|fj − fi |
=⇒ f˜j ≥ f˜i .
2
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0

kf˜ − f k∞ ≤

j>i0

|fj −fi |
0
2

kf˜ − f k∞ ≤ c √

log4 n √
µ2 (2p−1)2 n

1f˜j <f˜i ≤

Consequently, fixing an index i0 ,
X
j>i0

X

Now recall that by Lemma 23, for q >

0

1f˜j <f˜i ≤

with probability at least 1 − 2/n. Hence
X

j>i0

(n−1)/2
X
k=0

0

k2 =

1f˜j <f˜i ≤

X
j>i0

2n−1
6 2

log n

w.h.p.



n−1
n3 − n
+ 1 ((n − 1) + 1) =
.
2
12

>|j−i0 |

w.h.p.

w.h.p.,



cµn
cµn
= √
≤√
log n
log n
w.h.p.

X
cµn
1f˜j <f˜i ≤ √
0
log n

cµn
1f˜j >f˜i ≤ √
0
log n

1 √cµn
X

j<i0

X

0

1f˜j >f˜i +

j>i0

it

We now consider the case of n odd (a similar reasoning applies for n even). We have
fj = j−(n+1)/2
for all j, with
an
an2 = 2

X

j>i0

Therefore
√
|fj − fi0 |
cµ
cµ
|j − i0 | 3
cµn
√
>
⇐⇒ √
>
⇐⇒ √
> |j − i0 |.
2
n log n
n log n
3 log n
n3/2
√
3, we deduce that
Dividing c by

Similarly

Finally, we obtain
|π̃i0 − πi0 | =

j<i0

√ cµ
,
n log n
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where c is an absolute constant. Since the last inequality relies on kf˜ − f k∞ ≤
is true for all i0 with probabilty 1 − 2/n, which concludes the proof.

27
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6. Numerical Experiments

We now describe numerical experiments using both synthetic and real datasets to compare
the performance of SerialRank with several classical ranking methods.
6.1 Synthetic Datasets

The first synthetic dataset consists of a matrix of pairwise comparisons derived from a
given ranking of n items with uniform, randomly distributed corrupted or missing entries.
A second synthetic dataset consists of a full matrix of pairwise comparisons derived from a
given ranking of n items, with added “local” noise on the similarity between nearby items.
Specifically, given a positive integer m, we let Ci,j = 1 if i < j − m, Ci,j ∼ Unif[−1, 1] if
|i − j| ≤ m, and Ci,j = −1 if i > j + m. In Figure 2, we measure the Kendall τ correlation
coefficient between the true ranking and the retrieved ranking, when varying either the
percentage of corrupted comparisons or the percentage of missing comparisons. Kendall’s τ
counts the number of agreeing pairs minus the number of disagreeing pairs between two
rankings, scaled by the total number of pairs, so that it takes values between -1 and 1.
Experiments were performed with n = 100 and reported Kendall τ values were averaged
over 50 experiments, with standard deviation less than 0.02 for points of interest (i.e., with
Kendall τ > 0.8).
Results suggest that SerialRank (SR, full red line) produces more accurate rankings
than point score (PS, (Wauthier et al., 2013) dashed blue line), Rank Centrality (RC (Negahban et al., 2012) dashed green line), and maximum likelihood (BTL (Bradley and Terry,
1952), dashed magenta line) in regimes with limited amount of corrupted and missing comparisons. In particular SerialRank seems more robust to corrupted comparisons. On the
other hand, the performance deteriorates more rapidly in regimes with very high number
of corrupted/missing comparisons. For a more exhaustive comparison of SerialRank to
state-of-the art ranking algorithms, we refer the interested reader to a recent paper by Cucuringu (2015), which introduces another ranking algorithm called SyncRank, and provides
extensive numerical experiments.
6.2 Real Datasets

i,j∈Ck

1 X
1r(i)>r(j) 1Ci,j <0 ,
|Ck |
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(25)

The first real dataset consists of pairwise comparisons derived from outcomes in the TopCoder algorithm competitions. We collected data from 103 competitions among 2742 coders
over a period of about one year. Pairwise comparisons are extracted from the ranking of
each competition and then averaged for each pair. TopCoder maintains ratings for each
participant, updated in an online scheme after each competition, which were also included
in the benchmarks. To measure performance in Figure 3, we compute the percentage of
upsets (i.e. comparisons disagreeing with the computed ranking), which is closely related
to the Kendall τ (by an affine transformation if comparisons were coming from a consistent
ranking). We refine this metric by considering only the participants appearing in the top
k, for various values of k, i.e. computing
lk =

28

Row-sum
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29

30

Proposition 25 Given pairwise comparisons Cs,t ∈ {−1, 0, 1} between items ranked according to their indices, suppose only one comparison Ci,j is missing, with j − i > 1 (i.e.,
Ci,j = 0), then S match defined in (3) remains strict-R and the point score vector remains
strictly monotonic.

Here, as in Section 4, we study the impact of one missing comparison on SerialRank, then
extend the result to multiple missing comparisons.

A.1 Exact recovery results with missing entries

We now detail several complementary technical results.

Appendix A.

JMLR 17(88):1-45

Semi-Supervised
Man City
Chelsea
Liverpool
Everton
Arsenal
Tottenham
Man United
Southampton
Newcastle
Stoke
West Brom
Swansea
Crystal Palace
Hull
West Ham
Fulham
Norwich
Sunderland
Aston Villa
Cardiff

JMLR 17(88):1-45

SerialRank
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Tottenham
Southampton
Man United
Stoke
Swansea
Newcastle
West Brom
Hull
West Ham
Cardiff
Crystal Palace
Fulham
Norwich
Sunderland
Aston Villa

Proof We use the same proof technique as in Proposition 12. We write the true score and
comparison matrix w and C, while the observations are written ŵ and Ĉ respectively. This
means in particular that Ĉi,j = 0. To simplify notations we denote by S the similarity

BTL
Man City
Liverpool
Chelsea
Arsenal
Everton
Tottenham
Man United
Southampton
Stoke
Newcastle
Crystal Palace
Swansea
West Brom
West Ham
Aston Villa
Sunderland
Hull
Norwich
Fulham
Cardiff

We have formulated the problem of ranking from pairwise comparisons as a seriation problem, i.e. the problem of ordering from similarity information. By constructing an adequate
similarity matrix, we applied a spectral relaxation for seriation to a variety of synthetic and
real ranking datasets, showing competitive and in some cases superior performance compared to classical methods, especially in low noise environments. We derived performance
bounds for this algorithm in the presence of corrupted and missing (ordinal) comparisons
showing that SerialRank produces state-of-the art results for ranking based on ordinal com√
parisons, e.g. showing exact reconstruction w.h.p. when only O( n) comparisons are
missing. On the other hand, performance deteriorates when only a small fraction of comparisons are observed, or in the presence of very high noise. In this scenario, we showed that
local ordering errors can be bounded if the number of samples is of order O(n1.5 polylog(n))
which is significantly above the optimal bound of O(n log n).
A few questions thus remain open, which we pose as future research directions. First of
all, from a theoretical perspective, is it possible to obtain an `∞ bound on local perturbations
of the ranking using only O(n polylog(n)) sampled pairs? Or, on the contrary, can we find
a lower bound for spectral algorithms (i.e. perturbation arguments) imposing more than
Ω(n polylog(n)) sampled pairs? Note that those questions hold for all current spectral
ranking algorithms.
Another line of research concerns the generalization of spectral ordering methods to more
flexible settings, e.g., enforcing structural or a priori constraints on the ranking. Hierarchical
ranking, i.e. running the spectral algorithm on increasingly refined subsets of the original
data should be explored too. Early experiments suggests this works quite well, but no
bounds are available at this point.
Finally, it would be interesting to investigate how similarity measures could be tuned for
specific applications in order to improve SerialRank predictive power, for instance to take
into account more information than win/loss in sports tournaments. Additional experiments
in this vein can be found in Cucuringu (2015).

7. Conclusion
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We illustrate here how, in a semi-supervised setting, one can interactively enforce some
constraints on the retrieved ranking, using e.g. the semi-supervised seriation algorithm
in (Fogel et al., 2013). We compute rankings of England Football Premier League teams
for season 2013-2014 (cf. figure 4 for seasons 2011-2012 and 2012-2013). Comparisons are
defined as the averaged outcome (win, loss, or tie) of home and away games for each pair
of teams. As shown in Table 1, the top half of SerialRank ranking is very close to the
official ranking calculated by sorting the sum of points for each team (3 points for a win,
1 point for a tie). However, there are significant variations in the bottom half, though the
number of upsets is roughly the same as for the official ranking. To test semi-supervised
ranking, suppose for example that we are not satisfied with the ranking of Aston Villa (last
team when ranked by the spectral algorithm), we can explicitly enforce that Aston Villa
appears before Cardiff, as in the official ranking. In the ranking based on the corresponding
semi-supervised seriation problem, Aston Villa is not last anymore, though the number of
disagreeing comparisons remains just as low (cf. Figure 3, right).

6.3 Semi-Supervised Ranking

Official
Man City (86)
Liverpool (84)
Chelsea (82)
Arsenal (79)
Everton (72)
Tottenham (69)
Man United (64)
Southampton (56)
Stoke (50)
Newcastle (49)
Crystal Palace (45)
Swansea (42)
West Ham (40)
Aston Villa (38)
Sunderland (38)
Hull (37)
West Brom (36)
Norwich (33)
Fulham (32)
Cardiff (30)

Table 1: Ranking of teams in the England premier league season 2013-2014.

This experiment shows that SerialRank gives competitive results with other ranking
algorithms. Notice that rankings could probably be refined by designing a similarity matrix
taking into account the specific nature of the data.

where C are the pairs (i, j) that are compared and such that i, j are both ranked in the top
k, and r(i) is the rank of i. Up to scaling, this is the loss considered in (Kenyon-Mathieu
and Schudy, 2007).
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Ck,i + Ĉj,i − Cj,i = wi + 1,

k6=j

1
2
1
2

if t < i
if t > i.

if t < j
if t > j,

for any s < t

2kÃ − Ak2
.
min(λj − λj−1 , λj+1 − λj )

√
2 2kÃ − Ak2
.
min(λj − λj−1 , λj+1 − λj )

kf˜ − f k2 ≤

√
2 2kL̃ − Lk2
.
min(λ2 − λ1 , λ3 − λ2 )

3µn3/2
k(S̃ − S)f k∞ ≤ √
log n

Lemma 30 Let r > 0, for every µ ∈ (0, 1) and n large enough, if q >

with probability at least 1 − 2/n.
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then
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log4 n
,
µ2 (2p−1)4 n

When analyzing the perturbation of the Fiedler vector f , we may always reverse the sign
of f˜ such that f˜T f ≥ 0 and obtain

kṽ − vk2 ≤

Moreover, if ṽ T v ≥ 0, then

sin Θ(ṽ, v) ≤

Theorem 29 (Variant of Davis-Kahan theorem (Corollary 3 Yu et al., 2015)) Let
A, Ã ∈ Rn be symmetric, with eigenvalues λ1 ≤ . . . ≤ λn and λ̃1 ≤ . . . ≤ λ̃n respectively.
Fix j ∈ {1, . . . , n}, and assume that min(λj − λj−1 , λj+1 − λj ) > 0, where λn+1 := ∞ and
λ0 := −∞. If v, ṽ ∈ Rn satisfy Av = λj v and Ãṽ = λ̃j ṽ, then

i

max |λ̃i − λi | ≤ kÃ − Ak2 .

Theorem 28 (Weyl’s inequality) Consider a symmetric matrix A with eigenvalues λ1 ,
. . . , λn and Ã a symmetric perturbation of A with eigenvalues λ̃1 , . . . , λ̃n ,

We first recall Weyl’s inequality and a simplified version of Davis-Kahan theorem which can
be found in (Stewart and Sun, 1990; Stewart, 2001; Yu et al., 2015).

A.2 Standard theorems and technical lemmas used in spectral perturbation
analysis (section 5)

Proof Proceed similarly as the proof of Proposition 13, except that shifts are divided by
two for missing comparisons.

Corollary 27 Given pairwise comparisons Cs,t ∈ {−1, 0, 1} between items ranked according
to their indices, suppose m comparisons indexed (i1 , j1 ), . . . , (im , jm ) are either corrupted
or missing. If condition (7) holds true then S match defined in (3) remains strict-R.

We also get the following corollary.
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k=1

n
X
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n
X

k=1

Ĉk,i =

Proof Proceed similarly as in the proof of Proposition 13, except that shifts are divided by
two.

ŵi =

matrix S match (respectively Ŝ when the similarity is computed from observations). We first
study the impact of the missing comparison Ci,j for i < j on the point score vector ŵ. We
have

k6=j


Si,t −
Si,t +

Sj,t +
Sj,t −

1
2
1
2



X
X
[CC T ]i,t − 1 if t < j
Ĉi,k Ĉt,k + Ĉi,j Ĉt,j =
(Ci,k Ct,k ) = 
CC T i,t + 1 if t > j.

similarly ŵj = wj − 1, whereas for k 6= i, j, wˆk = wk . Hence, w is still strictly increasing
if j > i + 1. If j = i + 1 there is a tie between wi and wi+1 . Now we show that the similarity
matrix defined in (3) is an R-matrix. Writing Ŝ in terms of S, we get
[Ĉ Ĉ T ]i,t =
We thus get
Ŝi,t =

Ŝj,t =

(remember there is a factor 1/2 in the definition of S). Similarly we get for any t 6= i


k6=i,j

Finally, for the single corrupted index pair (i, j), we get



X
1
n+
Ĉi,k Ĉj,k + Ĉi,i Ĉj,i + Ĉi,j Ĉj,j  = Si,j − 0 + 0 = Si,j .
2
Ŝi,j =

and Ŝs,t+1 ≥ Ŝs,t ,

For all other coefficients (s, t) such that s, t 6= i, j, we have Ŝs,t = Ss,t . Meaning all rows
or columns outside of i, j are left unchanged. We first observe that these last equations,
together with our assumption that j − i > 2, mean that
Ŝs,t ≥ Ŝs+1,t

so Ŝ remains an R-matrix. To show uniqueness of the retrieved order, we need j − i > 1.
Indeed, when j − i > 1 all these R constraints are strict, which means that Ŝ is still a strict
R-matrix, hence the desired result.
We can extend this result to the case where multiple comparisons are missing.

(26)

Proposition 26 Given pairwise comparisons Cs,t ∈ {−1, 0, 1} between items ranked according to their indices, suppose m comparisons indexed (i1 , j1 ), . . . , (im , jm ) are missing,
i.e., Cil ,jj = 0 for i = l, . . . , m. If the following condition (26) holds true,
|s − t| > 1 for all s 6= t ∈ {i1 , . . . , im , j1 , . . . , jm }
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then S match defined in (3) remains strict-R and the point score vector remains strictly
monotonic.
31

j=1

n
X

Rij fj =

j=1 k=1






−1 .


Bik Bjk
−
1
fj .
q 2 (2p − 1)2

Bik Bjk
q 2 (2p − 1)2

Cik Cjk

Cik Cjk

n X
n
X

k=1

n
X

k=1

n
X

Cik Cjk

j=1

n


k=1 j=1





n X
n
X
Bjk
Bik
− 1 fj  +
− 1 fj .
Cik Cjk
q(2p − 1)
q(2p − 1)


Bik Bjk
−
1
fj
q 2 (2p − 1)2

X
 Cik Bik
Cjk
q(2p − 1)



j=1 k=1



fj2
fj2
fj2 var(Bjk )
= 2
(q − q 2 (2p − 1)2 ) ≤
,
2
2
2
q (2p − 1)
q (2p − 1)
q(2p − 1)2

− 1) = 0,
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The rest of the proof is identical to the proof of Lemma 15, replacing t by

j=1

|Xjk | = |fj ||

nt.
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√

Bjk
2|fj |
2kf k∞
− 1| ≤
≤
.
q(2p − 1)
q(2p − 1)
q(2p − 1)2
P
√
From corollary 19 kf k∞ ≤ 2/ n. Moreover nj=0 fj2 = 1 since f is an eigenvector. Hence,
by applying Bernstein inequality we get for any t > 0






n
X
−q(2p − 1)2 t2
−q(2p − 1)2 t2 n

√
√
Prob |
Xjk | > t ≤ 2 exp
≤ 2 exp
. (27)
2(1 + 2t/(3 n))
2(n + nt)

var(Xjk ) =

E(Xjk ) =

fj Cjk ( qp−q(1−p)
q(2p−1)

The first term is quadratic while the second is linear, both terms have mean zero since
the Bik are independent of the Bjk . We begin by bounding the quadratic term. Let
1
Xjk = Cjk ( q(2p−1)
Bjk − 1)fj . We have

=

δi =

n X
n
X

Notice that we can arbitrarily fix the diagonal values of R to zeros. Indeed, the similarity
between an element and itself should be a constant by convention, which leads to Rii =
S̃ii − Sii = 0 for all items i. Hence we could take j 6= i in the definition of di , and we can
consider Bik independent of Bjk in the associated summation.
We first obtain a concentration inequality for each δi . We will then use a union bound
to bound kδk∞ = max |δi |. Notice that

δi =

Therefore, let δ = Rf

Rij =

Proof The proof is very much similar to the proof of Lemma 15. Let R = S̃ − S. We have
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µ
n log n

log4 n √
,
µ2 (2p−1)4 n

then

= (f˜ − f ) + D−1 Sf − D̃−1 S̃f + D̃−1 S̃f − D̃−1 S̃ f˜
= (f˜ − f ) + (D−1 S − D̃−1 S̃)f + D̃−1 S̃(f − f˜)

= (I − D̃−1 S̃)f˜ − (I − D−1 S)f
= (f˜ − f ) + D−1 Sf − D̃−1 S̃ f˜

L̃f˜
−f
λ̃2
(λ2 − λ̃2 )f
L̃f˜ − Lf
+
.
λ̃2
λ̃2

(I(λ̃2 − 1) + D̃−1 S̃)(f˜ − f ) = (D−1 S − D̃−1 S̃ + (λ2 − λ̃2 )I)f.

L̃f˜ − Lf

=

=

(28)

where c is an absolute constant.
34

|λ2 − λ̃2 ||fi || ≤ √

cµ
,
n log n
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Bounding Num2 Using Weyl’s inequality, corollary 19 and equation (21) (cf. proof of
Theorem 21), we deduce that w.h.p.

We now proceed with the numerator terms.

|λ̃2 − 1| > c.

Bounding Denom First notice that using Weyl’s inequality and equation (21) (cf. proof
cµ
of Theorem 21), we have with probability at least 1 − 2/n |λ̃2 − λ2 | ≤ kLR k2 ≤ √log
.
n
Therefore there exists an absolute constant c such that with probability at least 1 − 2/n

Denom = |λ̃2 − 1|,
˜−1
Num1 = |(d−1
i Si − di S̃i )f |,
Num2 = |λ2 − λ̃2 ||fi |,
˜
Num3 = |d˜−1
i S̃i (f − f )|.

We will now bound each term separately. Define

Writing Si the ith row of S and di the degree of row i, using the triangle inequality, we
deduce that


1
˜−1
˜−1
˜
|f˜i − fi | ≤
|(d−1
(29)
i Si − di S̃i )f | + |λ2 − λ̃2 ||fi | + |di S̃i (f − f )| .
|λ̃2 − 1|

Hence

Moreover

f˜ − f

Proof Notice that by definition L̃f˜ = λ̃2 f˜ and Lf = λ2 f . Hence for λ̃2 > 0

with probability at least 1 − 2/n, where c is an absolute constant.

kf˜ − f k∞ ≤ c √

Lemma 31 For every µ ∈ (0, 1) and n large enough, if q >
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Bounding Num1
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We now bound |di−1 Si − d˜i−1 S̃i |. We have

|(d˜i−1 S̃i − di−1 Si )f | = |(d˜i−1 S̃i − d˜i−1 Si + d˜i−1 Si − di−1 Si )f |
≤ |d˜i−1 ||(S̃i − Si )f | + |(d˜i−1 − di−1 )Si f |.
cµ
√
.
n2 log n

Using equation (18) from the proof of Theorem 21, we have w.h.p.
|d˜i−1 − di−1 | ≤

c
cµ
√
|Si f | + 2 |(S̃i − Si )f | w.h.p.
n
n2 log n

Moreover
c2
c
c1 µ
+
|d˜i−1 | ≤ |d˜i−1 − di−1 | + |di−1 | ≤ 2 √
≤ 2
n
n log n n2
w.h.p., where c is an absolute constant. Therefore
|(d˜i−1 S̃i − di−1 Si )f | ≤

i

n

X
n2
Sij max |fi | ≤ c √ ≤ cn3/2 ,

n

Using the definition of S and corollary 19, we get
|Si f | ≤
j=1

where c is an absolute constant. Using Lemma 22, we get
3µn3/2
w.h.p.
|(S̃i − Si )f | ≤ √
log n
cµ
w.h.p.
n log n

Combining (30), (31) and (32) we deduce that there exists a constant c such that
|(d˜i−1 S̃i − di−1 Si )f | ≤ √

|d˜i−1 S̃i (f˜ − f )| ≤ |d˜i−1 |kS̃i k2 kf˜ − f k2 .

(30)

(31)

(32)

Bounding Num3 Finally we bound the remaining term |d˜i−1 S̃i (f˜ − f )|. By CauchySchwartz inequality we have,

Notice that
kS̃i k2 ≤ kSi k2 + kS̃i − Si k2 ≤ kSi k2 + kS̃ − Sk2 .

cµ
cµ2 n7/4
≤√
w.h.p.,
n log n
n2 n1/4 (log n)

log4 n √
Since kSi k22 ≤ kS1 k22 ≤ n(n+1)(2n+1)
and q > µ2 (2p−1)
2 n we deduce from Lemma 17 that
6
7/4
√
, where c is an absolute constant, for n large enough. Moreover, as
w.h.p. kS̃i k2 ≤ cµn
log
n
c
√
and we also get from Theorem 21 that kf˜− f k2 ≤ n1/4cµ
w.h.p.
n2
log n

shown above, |d˜i−1 | ≤
Hence we have

|d˜i−1 S̃i (f˜ − f )| ≤
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where c is an absolute constant. Combining bounds on the denominator and numerator
terms yields the desired result.

35

Fajwel Fogel, Milan Vojnovic and Alexandre d’Aspremont

A.3 Numerical experiments with normalized Laplacian

As shown in figure 5, results are very similar to those of SerialRank with unnormalized
Laplacian. We lose a bit of performance in terms of robustness to corrupted comparisons.

A.4 Spectrum of the unnormalized Laplacian matrix

A.4.1 Asymptotic Fiedler value and Fiedler vector

Z

0

1

k(x, y)d Prob(y) =

0

Z

1

k(x, y)d(y)

We use results on the convergence of Laplacian operators to provide a description of the
spectrum of the unnormalized Laplacian in SerialRank. Following the same analysis as in
(Von Luxburg et al., 2008) we can prove that asymptotically, once normalized by n2 , apart
from the first and second eigenvalue, the spectrum of the Laplacian matrix is contained in the
interval [0.5, 0.75]. Moreover, we can characterize the eigenfunctions of the limit Laplacian
operator by a differential equation, enabling to have an asymptotic approximation for the
Fiedler vector.
Taking the same notations as in (Von Luxburg et al., 2008) we have here k(x, y) =
1 − |x − y|. The degree function is
d(x) =

(samples are uniformly ranked). Simple calculations give

d(x) = −x2 + x + 1/2.

(33)

We deduce that the range of d is [0.5, 0.75]. Interesting eigenvectors (i.e., here the second
eigenvector) are not in this range. We can also characterize eigenfunctions f and corresponding eigenvalues λ by

U f (x) = λf (x) ∀x ∈ [0, 1]

0

⇔ M df (x) − Sf (x) = λf (x)
Z 1

⇔ d(x)f (x) −

0

k(x, y)f (y)d(y) = λf (x)
Z 1
(1 − |x − y|)f (y)d(y) = λf (x)

⇔ f (x)(−x2 + x + 1/2) −
Differentiating twice we get

f 00 (x)(1/2 − λ + x − x2 ) + 2f 0 (x)(1 − 2x) = 0.

A
(x − γ1 )2 (x − γ2 )2
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The asymptotic expression for the Fiedler vector is then a solution to this differential equation, with λ < 0.5. Let γ1 and γ2 be the roots of (1/2 − λ + x − x2 ) (with γ1 < γ2 ). We
can suppose that x ∈ (γ1 , γ2 ) since the degree function is nonnegative. Simple calculations
show that
f 0 (x) =

36

=

1
1
+
(γ1 − γ2 )2 (γ2 − x)2 (γ1 − γ2 )2 (γ1 − x)2
2
2
−
+
.
(γ1 − γ2 )3 (γ2 − x) (γ1 − γ2 )3 (γ1 − x)

Proof Check that Lv = λv.
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Proposition 33 Given all comparisons indexed by their true ranking, the vector v =
[α, −β, . . . , −β, α]T where α and β are such that v T 1 = 0 and kvk2 = 1 is an eigenvector of the Laplacian matrix L of S match The corresponding eigenvalue is λ = n(n + 1)/2.

Numerically the bound is very close to the true Fiedler value: λ2 /n2 ≈ 0.39 and 2/5 =
0.4.

Simple calculations give xT Lx = 25 (n2 + 1).

Proof Consider the vector x whose elements are uniformly spaced and such that xT 1 = 0
and kxk2 = 1. x is a feasible solution to the Fiedler eigenvalue minimization problem.
Therefore,
λ2 ≤ xT Lx.

Proposition 32 Given all comparisons indexed by their true ranking, let λ2 be the Fiedler
value of S match , we have
2
λ2 ≤ (n2 + 1).
5

We now give two simple propositions on the Fiedler value and the third eigenvalue of the
Laplacian matrix, which enable us to bound the eigengap between the second and the third
eigenvalues.

A.4.2 Bounding the eigengap

where A and B are two constants. Since f is orthogonal to the unitary
function for x ∈√(0, 1),
√
we must have f (1/2) = 0, hence B=0 (we use the fact that γ1 = 1− 21+4α and γ2 = 1+ 21+4α ,
where α = 1/2 − λ).
As shown in figure 6 , the asymptotic expression for the Fiedler vector is very accurate
numerically, even for small values of n. The asymptotic Fiedler value is also very accurate
(2 digits precision for n = 10, once normalized by n2 ).

We deduce that the solution f to (33) satisfies


1
1
2A
A
+
−
(log(x − γ1 ) − log(γ2 − x)) ,
f (x) = B +
2
(γ1 − γ2 )
γ1 − x γ2 − x
(γ1 − γ2 )3

1
(x − γ1 )2 (x − γ2 )2

is solution to (33), where A is a constant. Now we note that
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In a large dataset, the goal may be to rank only a subset of top items. In this case, we can
first perform spectral ranking, then refine the ranking of the top set of items using either
the SerialRank algorithm on the top comparison submatrix, or another seriation algorithm
such as the convex relaxation in (Fogel et al., 2013). This last method also allows us to
solve semi-supervised ranking problems, given additional information on the structure of
the solution.

A.6 Hierarchical Ranking

This construction gives slightly better results in terms of robustness to noise on synthetic
datasets.

contrast
match α
Si,j
= (Si,j
) .

Instead of providing S match to SerialRank, we can change the “contrast” of the similarity,
i.e., take the similarity whose elements are powers of the elements of S match .

A.5.2 Adjusting contrast in S match

When input comparisons take continuous values between -1 and 1, several choice of similarities can be made. First possibility is to use S glm . An other option is to directly provide
1 − abs(C) as a similarity to SerialRank. This option has a much better computational cost.

A.5.1 Cardinal comparisons

The results in this paper shows that forming a similarity matrix (R-matrix) from pairwise
preferences will produce a valid ranking algorithm. In what follows, we detail a few options
extending the results of Section 2.2.

A.5 Other choices of similarities
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Figure 2: Kendall τ (higher is better) for SerialRank (SR, full red line), point score (PS,
(Wauthier et al., 2013) dashed blue line), Rank Centrality (RC (Negahban et al.,
2012) dashed green line), and maximum likelihood (BTL (Bradley and Terry,
1952), dashed magenta line). In the first synthetic dataset, we vary the proportion
of corrupted comparisons (top left), the proportion of observed comparisons (top
right) and the proportion of observed comparisons, with 20% of comparisons being
corrupted (bottom left). We also vary the parameter m in the second synthetic
dataset (bottom right).

0.6
0

0.7

0.8

0.9

1

0.6
0

0.7

0.8

0.9

1

Figure 1: The matrix of pairwise comparisons C (far left) when the rows are ordered according to the true ranking. The corresponding similarity matrix S match is a strict
R-matrix (center left). The same S match similarity matrix with comparison (3,8)
corrupted (center right). With one corrupted comparison, S match keeps enough
strict R-constraints to recover the right permutation. In the noiseless case, the
difference between all coefficients is at least one and after introducing an error,
the coefficients inside the green rectangles still enforce strict R-constraints (far
right).
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Figure 5: Kendall τ (higher is better) for SerialRank with normalized Laplacian (SR, full
red line), row-sum (PS, (Wauthier et al., 2013) dashed blue line), rank centrality
(RC (Negahban et al., 2012) dashed green line), and maximum likelihood (BTL
(Bradley and Terry, 1952), dashed magenta line). In the first synthetic dataset,
we vary the proportion of corrupted comparisons (top left), the proportion of observed comparisons (top right) and the proportion of observed comparisons, with
20% of comparisons being corrupted (bottom left). We also vary the parameter
m in the second synthetic dataset (bottom right).
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Figure 4: Percentage of upsets (i.e. disagreeing comparisons, lower is better) defined in (25),
for various values of k and ranking methods, on England Premier League 20112012 season (left) and 2012-2013 season (right).
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Figure 3: Percentage of upsets (i.e. disagreeing comparisons, lower is better) defined in (25),
for various values of k and ranking methods, on TopCoder (left) and football data
(right).
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Figure 6: Comparison between the asymptotic analytical expression of the Fiedler vector
and the numeric values obtained from eigenvalue decomposition, for n = 10 (left)
and n = 100 (right).
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Kernel methods provide efficient learning algorithms for analyzing nonlinear features, processing complex data, and studying data structures or relations. One may use a (unknown)
probability measure ρX to model the distribution and structures of data on a compact
metric space X (input space) and a Mercer kernel K : X × X → R to quantify by its
value K(x, u) similarities between two data points x and u. Then some ideas of kernel
methods may be understood (Cristianini and Shawe-Taylor, R2000) in terms of eigenfunctions {φi } of the integral operator LK defined by LK (f ) = X K(·, x)f (x)dρX (x) on the
reproducing kernel Hilbert space (RKHS) (HK , k · kK ) of functions on X induced by the

1. Introduction

We consider a learning algorithm generated by a regularization scheme with a concave
regularizer for the purpose of achieving sparsity and good learning rates in a least squares
regression setting. The regularization is induced for linear combinations of empirical features, constructed in the literatures of kernel principal component analysis and kernel
projection machines, based on kernels and samples. In addition to the separability of the
involved optimization problem caused by the empirical features, we carry out sparsity and
error analysis, giving bounds in the norm of the reproducing kernel Hilbert space, based on
a priori conditions which do not require assumptions on sparsity in terms of any basis or
system. In particular, we show that as the concave exponent q of the concave regularizer
increases to 1, the learning ability of the algorithm improves. Some numerical simulations
for both artificial and real MHC-peptide binding data involving the `q regularizer and the
SCAD penalty are presented to demonstrate the sparsity and error analysis.
Keywords: Sparsity, concave regularizer, reproducing kernel Hilbert space, regularization
with empirical features, `q -penalty, SCAD penalty.

Editor: Francis Bach

Department of Mathematics
City University of Hong Kong
Tat Chee Avenue, Kowloon, Hong Kong, China

Ding-Xuan Zhou

Department of Statistics
University of Wisconsin-Madison
1300 University Avenue, Madison, WI53706, USA

Jun Fan

Department of Applied Mathematics
The Hong Kong Polytechnic University
Hung Hom, Kowloon, Hong Kong, China

Xin Guo

Sparsity and Error Analysis of Empirical Feature-Based
Regularization Schemes

Journal of Machine Learning Research 17 (2016) 1-34

m

i=1

1 X
f (xi )Kxi ,
m

f ∈ HK ,
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(2)
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where γ > 0 is a regularization parameter and Ω : [0, ∞) → [0, ∞) is a nonzero concave
function satisfying Ω(0) = 0. We shall show under some regularity assumptions that the
above learning algorithm has strong sparsity in the sense that with confidence, the number
of nonzero coefficients in the expression (2) is of order O(mθsp ) with 0 < θsp < 1, much
smaller than the sample size m.
The scheme (3) with special forms of regularizers can be found in the literature of kernel
methods. When the regularization on the sequence c = (cj )j is replaced by the restriction
cj = 0 for j > N , the scheme is the kernel principal component regression (Schölkopf et al.,
1998) or spectral cut-off algorithm (Lo Gerfo et al., 2008; Caponnetto and Yao, 2010) where
detailed error analysis can be found. The case Ω(|c|) = |c|2 corresponds to the kernel ridge
regression (Cristianini and Shawe-Taylor, 2000; Hastie et al., 2001) with error analysis well
conducted in a large literature (Caponnetto and De Vito, 2007; Bauer et al., 2007; Smale

z




2
m
∞
∞
1 X

X
X
x


c = arg min
cj φj (xi ) − yi
+γ
Ω(|cj |) ,

c∈`2  m

is given in terms of its coefficient sequence cz = (czi )∞
i=1 by the regularization scheme

fz =

where Kx := K(·, x) is a function in HK for x ∈ X. It can be seen from the reproducing
property f (xi ) = hf, Kxi iK that the operator LxK is symmetric, positive and of rank at most
m. Denote {(λxi , φxi )}i the normalized eigenpairs of LxK with (possibly multiple) eigenvalues
λx1 ≥ λx2 ≥ · · · ≥ λxm ≥ 0 = λxm+1 = · · ·, then the eigenfunctions {φxi }i form an orthonormal
basis of HK and they are called empirical features.
In this paper we consider some empirical feature-based regularization schemes in a regression setting and study sparsity of these learning algorithms when the regularizer is a conm
cave function. Here the output space is Y = R. With a sample z = {(xi , yi )}m
i=1 ∈ (X ×Y ) ,
the learning algorithm producing the output function

LxK f =

kernel K. These eigenfunctions can be used to represent a feature map and provide insightful, generally nonlinear, features regarding a particular learning problem. As the data
distribution ρX is unknown, one needs to learn or approximate the features from a data set
x = {xi }m
i=1 ⊂ X and then carries out learning tasks based on the learned data dependent
approximate features.
Here we are interested in a class of data dependent features {φxi }∞
i=1 on X, called empirical features, constructed from the data set x and the kernel K. They have been used in
kernel principal component analysis (Schölkopf et al., 1998), kernel ridge regression (Cristianini and Shawe-Taylor, 2000; Hastie et al., 2001), kernel projection machines (Blanchard
et al., 2004), and spectral algorithms (Lo Gerfo et al., 2008; Caponnetto and Yao, 2010).
They are defined by means of an empirical integral operator LxK on HK expressed as
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(

1
mλix

x
j=1 yj φi (xj ),

Pm

m

(4)

and Zhou, 2007). The kernel projection machines can be expressed
(Blanchard et al., 2004)
P
by taking Ω to be the indicator function of the set (0, ∞) and
Ω(|cj |) to be the number of
nonzero terms in the sequence c, hence correspond to the classical variable subset selection
method. These algorithms were applied and analyzed for classification and regression in
(Zwald, 2005; Zwald and Blanchard, 2006; Blanchard and Zwald, 2008).
A main choice of the regularizer in scheme (3) is Ω(|c|) = |c|q with 0 < q < 2. It
can be viewed as a kernel version of the classical bridge regression (Frank and Friedman,
1993) which has advantages in some applications. To describe more details, we express
the empirical features explicitly in terms of eigenpairs of the kernel (Gramian) matrix
m
bx > 0 is
K := (K(xi , xj ))i,j=1
(see e.g. Schölkopf et al. (1998); Guo and Zhou (2012)): if λ
i

=

0,

if λix > 0,
otherwise.

the i-th largest eigenvalue of K with aqcorresponding normalized eigenvector µ
bi ∈ R , then
n
bx /m and φx = Pm (b
bx
λix = λ
i
i
j=1 µi )j Kxj / λi . In particular, when X ⊂ R and K is the linear
kernel K(x, y) = x · y, we know that φix is exactly the i-th principal component of the data
matrix Ax = [x1 , . . . , xm ]T ∈ Rm×n and K is the kernel matrix K = Ax AxT . So the scheme
(3) may be viewed as regularized kernel principal component analysis (RKPCA). Moreover,
a large statistical literature with the linear kernel on Rn reveals advantages of various
methods (Frank and Friedman, 1993): principal component regression and ridge regression
perform well in reducing variances when many variables together collectively effect the
response with no small variable subset standing out. In particular, ridge regression (with
q = 2 in Ω(|c|) = |c|q ) has the best performance when a prior distribution of the regression
vector in a Bayesian framework is Gaussian or rotationally invariant setting no preference
for any particular directions. A Gaussian process interpretation can be used to understand
some advantages of the kernel ridge regression. On the other hand, the variable subset
selection method (with q = 0) has an optimal performance when the prior distribution puts
the entire probability mass on the variable axes, only a few variables have influences on
the response, but no information as to which ones is available. Bridge regression may have
advantages when the prior distribution is concentrated along some favored directions. It
also provides ways for automatic variable selection, for optimizing the power index q ∈ (0, 2)
and expanding the model selection criterion by estimating jointly the optimal values of q
and γ. As an extension to deal with nonlinear features in RKHSs, it is expected that the
kernel bridge regression included in (3) has the same flexibility and some advantages, which
will be simulated for real MHC-peptide binding data in subsection 5.2 and discussed in our
sparsity and error analysis.
A crucialPproperty of empiricalP
features is their orthogonality with respect to the discrete
measure 1 m δx stated as 1 m φx (xi )φx (xi ) = δj,l λx . This is a classical fact and
i
j
j
i=1
i=1
l
m
m
P
2 P
∞
m
1 Pm
x
simplifies the empirical error term in (3) as m
= i=1
λix ci2 −
i=1
j=1 cj φj (xi ) − yi
Pm x z
1 Pm
2
z
i=1 yi , where Si is a number defined in terms of the sample z as
i=1 λi Si ci + m
2

Siz
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This simplification easily implies that the optimization problem (3) can be solved separately
for each coefficient ci , and ciz = 0 for i ≥ m + 1. So we may replace the summations in (2)
and (3) by those up to m (we keep them for the convenience of the proofs).
3
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c ∈ R.

(5)

Theorem 1 Let Ω : [0, ∞) → [0, ∞), γ > 0 and z ∈ (X × Y )m . Then a sequence cz =
∞ is a solution to (3) if and only if for each i, cz is a minimizer of the univariate
(ciz )i=1
i
function defined by

hi (c) = hλix ,Siz ,γ,Ω (c) = λix (c − Siz )2 + γΩ(|c|),

2. Main Results on Sparsity and Error Analysis

The main purpose of this paper is to show that both strong sparsity and fast learning
rate can be achieved by the learning algorithm (2) when the regularizing function Ω in (3)
is concave. We describe the main ideas in this section and will provide detailed general
analysis in Section 4 while some numerical simulations for both artificial and real data will
be presented in Section 5.
2.1 Concave regularizing functions

The concavity of regularizing functions plays a central role in achieving sparsity in this
paper. It has the following nice property.

Ω(c) ≤ Ω(1)c,

Ω(c) ≥ Ω(1)c,

∀c ∈ [1, ∞).

∀c ∈ (0, 1]

(7)

(6)

Theorem 2 If Ω : [0, ∞) → [0, ∞) is a nonzero continuous concave function satisfying
Ω(0) = 0, then Ω(1) > 0, and that

and

Theorem 2 is part of Proposition 10 in Section 3 which will give more properties for
concave regularizing functions.
Note that (6) is a lower bound for Ω on (0, 1]. Our error bounds will be presented by
means of the asymptotic behavior of the concave regularizing function Ω near the origin,
which is characterized by a concave exponent q ∈ [0, 1].

∀c ∈ (0, 1].

(8)

Definition 3 We say that a concave regularizing function Ω has a concave exponent q ∈
[0, 1] if there is a positive constant CΩ∗ such that

Ω(c) ≤ CΩ∗ cq ,

Theorem 2 tells us that the concave exponent q in (8) is at most 1. We also know from
Proposition 10 in Section 3 that (8) is always true with q = 0 and CΩ∗ = Ω(1). Sharper
error bounds with better q are possible. The following are two such families of concave
regularizing functions: `q -regularizer (0 < q ≤ 1) which is well studied for bridge regression
(Frank and Friedman, 1993; Fu and Knight, 2000; Liu et al., 2007; Xu et al., 2012), and
SCAD penalties (Fan and Li, 2001).
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Example 1 Let 0 < q ≤ 1 and Ω : [0, ∞) → [0, ∞) be the `q -regularizer given by Ω(c) = cq .
Then (8) is satisfied with CΩ∗ = 1.

4

∈ (b, ∞).

for every

Y

ydρ(y|x),

x ∈ X,

for some r > 0 and gρ ∈ HK .
(9)

∀i ∈ N

5

with 2α max {r, 1} > 1. Let 0 < δ < 1. If we choose


1+r
4m 1+2r − 1+2r
γ = C1 (D2 /λ1 )r+1 log
m
,
δ

D1 i−α ≤ λi ≤ D2 i−α ,

∀ mθsp + 1 ≤ i ≤ m

θrate =

1
<1
α(1 + 2r)

α min{4r, 4r(2 − q)} − 2(2 − q)
,
4(2r + 1)(2 − q)α

with θsp =

(12)

1
1 1
= − .
s
q 2

(13)

2
.
2αr + 1

(14)

α(2r+1)

). Error estimates

6

JMLR 17(89):1-34

− α(2r+1)+1
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= O(m
(11)

ρX

achieves these rates in probability as kf z − fρ k2L2

i=1

Thus the concave exponent q is tailored to the regularity assumption and the eigenvalue
decay, and a larger regularity index r leads to a wider range of the concave exponent q.
Combining the regularity assumption (9) and the eigenvalue decay condition (10) has
been an approach for error analysis of learning algorithms. In particular, the minimax rates
of convergence in the L2ρX metric was derived in (Caponnetto and De Vito, 2007) under
these conditions with the restrictions α > 1 and 0 < r ≤ 21 . Moreover, the well-known
regularized least squares regression (RLS) scheme
(
)
m
1 X
(f (xi ) − yi )2 + γkf k2K
(15)
f z = arg min
f ∈HK
m

q>

Under the eigenvalue decay assumption (10), the characterization condition (13) is equivaP∞ − 2αrq
P
−αrs =
2−q < ∞, which can be stated as
lent to ∞
i=1 i
i=1 i

(λri )i ∈ `s with

The eigenvalue decay condition (10) is typical for Sobolev smooth kernels on domains
in Euclidean spaces, with the power index α depending on the smoothness of the kernel
(Reade, 1984).
The regularity assumptions (9) and
P (10) impose restrictions on the concavePexponent
q ∈ [0, 1]. To see this, we express gρ = i di φi with (di )i ∈ `2 and fρ = LrK (gρ ) = i λri di φi .
A natural requirement for fρ corresponding to the `q -regularizer is (λri di )i ∈ `q . Imposing
this uniformly with respect to the coefficient sequence (di )i is the same as the boundedness
from `2 to `q of the diagonal operator Dλr associated with the fixed non-indreasing sequence
(λri )i . This problem together with asymptotic behaviors of the entropy numbers of Dλr has
been widely studied in the literature of function spaces and approximation theory (Edmunds
and Triebel, 1996; Kühn, 2008) and the boundedness can be characterized by the condition

where C1 and C2 are constants independent of m or δ (to be specified in the proof ).



4m 1+2r −θrate
kf z − fρ kK ≤ C2 log
m
,
δ

and

czi = 0,

then with confidence 1 − δ we have
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in the HK metric provide error analysis for the distribution mismatch problem (where
the distribution for predictions might be different from the sampling distribution ρX ) and

(10)

Theorem 4 Assume (9) with r > 12 , and that Ω has a concave exponent q ∈ [0, 1] with (8)
valid. Suppose that for some positive constants D1 , D2 and α, the eigenvalues {λi } of LK
decay polynomially as

Here LK is a compact, self-adjoint and positive operator on HK having eigenpairs {(λi , φi )}i
with the eigenvalues {λi } forming a nonincreasing sequence tending to 0 and P
and eigenr is given by Lr (
functions
{φ
}
an
orthonormal
basis
of
H
.
Its
r-th
power
L
i
K
i ci φi ) =
K
K
P
P
r
r
2
i ci λi φi and
Passumption (9) means fρ = i di λi φi for some sequence {di } ∈ ` representing gρ = i di φi . The exponent r in (9) measures the decay of the coefficients {di λri }
of fρ with respect to the orthonormal basis {φi } of HK , and thereby the regularity of the
regression function fρ .
Let us illustrate our general analysis for strong sparsity and learning rates by two special
cases, derived from Corollary 16 (with α1 = α2 = α) and Corollary 17 (with β1 = β2 = β)
in Section 4, for which the eigenvalues of the integral operator LK decay polynomially or
exponentially.

fρ = LrK (gρ )

where ρ(·|x) is the conditional measure induced by ρ at x ∈ X. The regularity assumption
we shall take for the regression function is

fρ (x) =

Throughout the paper, we assume that the sample set z is drawn independently according
to a Borel probability measure ρ on X × Y and that for some constant M > 0, |y| ≤ M
almost surely. The regression function in our regression setting is defined as a function fρ
on X given by
Z

2.2 Sparsity and learning rates

In our results for sparsity and error analysis, we shall use a general power index q ∈ [0, 1]
instead of the universal choice of q = 0.

Hence (8) is satisfied with q = 1
c ∈ [1, ∞).

Then Ω(c) = c for c ∈ [0, 1], Ω(c) =

(c−b)2
1+b
1+b
2 − 2(b−1) for c ∈ (1, b] and Ω(c) = 2 for c
∗
and CΩ = 1. Moreover, we have Ω(c) ≤ 1+b
2

Example 2 Let b > 2 and Ω : [0, ∞) → [0, ∞) be a SCAD penalty given as a concave
continuous function by Ω(0) = 0 and

for 0 < c < 1,
 1,
0
c−b
,
for 1 < c < b,
Ω (c) =
 1−b
0,
for c > b.
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2rα − 2 + q
2(2r + 1)(2 − q)α

for sampling processes with nonidentical distributions (Smale and Zhou, 2009; Zhou, 2003).
Such estimates for the RLS algorithm (15) were conducted in (Smale and Zhou, 2007; Bauer
r
et al., 2007) where the learning rates are kf z −fρ kK = O(m− 2r+2 ) under the same restriction
0 < r ≤ 12 and the maximum exponent is 16 when r = 21 . The maximum exponent for the
RLS algorithm (15) cannot be improved further for r > 21 and this is called a saturation
effect in the theory of inverse problems (Bauer et al., 2007).
As pointed out in (Bauer et al., 2007; Lo Gerfo et al., 2008), spectral cut-off algorithms
do not suffer from the saturation phenomenon. Theorem 4 confirms this advantage for the
algorithm (2) in the range r > 21 (the range 0 < r ≤ 21 is covered by Corollary 16 in Section
1
4). To be specific, let 21 < q ≤ 1 and r ≥ 4q−2
. Then the power index θrate for the learning
rate in Theorem 4 is
(16)
θrate =

which becomes larger as the regularity index r increases, and can be arbitrarily close to 21
when r is large enough (fρ is smooth enough) and q = 1. This applied to the case when Ω
is the SCAD penalty given in Example 2. Even in the range 0 < q ≤ 21 , for a sufficiently
1
large r, the power index θrate in Theorem 4 can be arbitrarily close to 2(2−q)
.
The estimate
for sparsity in Theorem 4 tells us that with confidence, the output
P (12)
function f z =
ciz φiz has at most mθsp nonzero coefficients with a sparsity exponent θsp < 1,
a small proportion of the m coefficients in the expression (2). Moreover, θsp decreases,
leading to better sparsity, as r increases. Note that by our analysis, the restriction (14) is
the only influence of the concave exponent q for the sparsity.

∀i ∈ N.





(18)

r
(2 − q)r
,
(2 − q)(1 + 2r) (2 − q)(1 + 2r)

log(m + 1)
+1≤i≤m
(1 + 2r) log β

θrate = min

(17)

Theorem 5 Assume (9) with r > 12 , and that Ω has a concave exponent q ∈ [0, 1] with (8)
valid. Suppose that for some positive constants D1 , D2 and β, the eigenvalues {λi } of LK
decay exponentially as
D1 β −i ≤ λi ≤ D2 β −i ,

∀

Let 0 < δ < 1. If we choose γ as (11), then with confidence 1 − δ we have
ciz = 0,

and


4m 2r+1 −θrate
kf z − fρ kK ≤ C2 log
m
,
δ

where C2 is a constant independent of m or δ (to be specified in the proof ).
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Remark 6 The eigenvalue decay condition (17) is typical for analytic kernels on domains
in Euclidean spaces (Reade, 1984). When the regularity index r is large enough, the power
1
index θrate for the learning rate is 2(2−q)
−  with an arbitrarily small  > 0. So the learning
rate depends on the concave exponent q, better as q increases. On the other hand, (18) tells
P z z
log(m+1)
us that with confidence, the output function f z =
ci φi has at most (1+2r)
log β nonzero
coefficients, a logarithmic proportion of the m coefficients in the expression (2).
7

,

2.3 Minimax lower bound

Guo, Fan and Zhou

The learning rate stated in Theorem 4 is close to be optimal when r is large. One might use
some existing methods for dealing with the Lρ2X error in the literature (Yang and Barron,
1999; Bauer et al., 2007; Caponnetto and De Vito, 2007; DeVore et al., 2004; Suzuki et al.,
2012; Raskutti et al., 2012; Steinwart et al., 2009) to give lower bounds. Here we focus
p on the
error in the HK -metric and present a minimax lower bound. Denote κ = maxx∈X K(x, x).

1

Definition 7 Let P(α, r, M, R, D1 , D2 ) be the set of all Borel probability measures ρ on
X × Y such that the regularity assumption (9) is satisfied with kgρ kK ≤ R, (10) holds true,
and the conditional measure ρ(·|x) is supported on [−M, M ] for almost all x ∈ X.

sup

Theorem 8 Let α, r, R, D1 , D2 be positive constants and M ≥ 4κr+ 2 R. Let f z ∈ HK be
m . Then
the output of an arbitrary learning algorithm based on the sample z = {(xi , yi )}i=1
for every 0 < δ < 1, there exists a positive constant Cδ,α,r,M,R,D ,D such that
1
2
o
n
αr
−
Pz∼ρm kf z − fρ kK ≥ Cδ,α,r,M,R,D1 ,D2 m α(1+2r)+1 ≥ 1 − δ.
lim inf

m→∞ f z ρ∈P(α,r,M,R,D ,D )
1
2

The proof of Theorem 8 follows from a more general result to be given in Appendix B.
αr
The power index α(2r+1)+1
for the minimax lower bound stated in Theorem 8 corresponds to

the upper bound index (16) in Theorem 4 for a smoother regularity class with r0 = r + 2−q
2α .
This shows the gap between our upper bound and the minimax lower bound. It would be
interesting to derive minimax rates of convergence in the HK -metric which can be achieved
by the learning algorithm (2) with Ω(c) = cq for 0 < q ≤ 1.

2.4 Connections to ridge regression and some other learning algorithms

K

The classical RLS algorithm (15) can be stated as the scheme (2) by taking the regularizer
Ω(c) = c2 corresponding to the ridge regression. This follows from a representer theorem
2
P∞
P∞
x
|cj |2 .
= j=1
j=1 cj φj

m = span{φx }m and
for (15), the identities span{Kxj }j=1
j j=1

The regularizer Ω(c) = cq with 0 < q ≤ 2 correspond to the bridge regression. When
1 < q ≤ 2, this regularizer is convex instead of being concave. It has the special property
0 (0) = 0 where Ω0 (c) denotes the right-side derivative of Ω at c ∈ [0, ∞). This leads
that Ω+
+
to the observation that sparsity is hardly achieved for the learning algorithm (2) associated
with such a convex regularizer.

0 (0) = 0, then for each i,
Theorem 9 Let Ω : [0, ∞) → [0, ∞), γ > 0 and Ω(0) = 0. If Ω+
ciz vanishes if and only if either λix = 0 or Siz = 0.

An elastic net learning algorithm (Zou and Hastie, 2005) can be introduced by taking
the regularizer in (3) as
Ωen (c) = c + ζc2 ,
(19)
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where ζ > 0 is an elastic net parameter controlling the proportion of the `2 -norm square in
the regularizer Ωen . Though the regularizer Ωen is strictly convex, it does not satisfy the
0 (0) = 0 in Theorem 9. When ζ is small, this regularizer is actually close to
assumption Ω+

8

i=1

λx
i )
γ
λx
2 γi

(20)

= +∞ to

= 0.

Ω(c)
c

=

defined on (0, ∞) is continuous and strictly decreasing from

defined on (0, ∞) is nonincreasing and satisfies limc→0+

limc→∞ Ω(c)
c2

Ω(c)
c2

Ω(c)
c

9

e : (0, ∞) → (0, ∞) as
Define another auxiliary function Ω


Ω(c)
e
Ω(λ)
= arg sup c ∈ (0, ∞) : 2 ≥ λ ,
c

λ ∈ (0, ∞).
JMLR 17(89):1-34

Definition 11 Define an auxiliary function
: (0, ∞) → (0, ∞) of a positive function Ω
as


Ω(c)
Ω∗ (λ) = inf
+ λc ,
λ ∈ (0, ∞).
c
c∈(0,∞)

Ω∗

Proposition 10 will be proved in Appendix C.
For our analysis, we need the following two auxiliary functions.

limc→0+

Ω(c)
c2

(e) The positive function

(d) The positive function
Ω0+ (0).

(c) There holds Ω(a + b) ≤ Ω(a) + Ω(b) for any a, b > 0.

(b) We have Ω(c) ≥ Ω(1)c for c ∈ [0, 1], and Ω(c) ≤ Ω(1)c for c ∈ [1, ∞).

λx
i )
γ
λx
2 γi

Ω∗ (

gi (c) := γ

Ω(c)
+ λxi c − 2λxi Siz .
c

(21)
, then inf c>0 gi (c) > 0 which implies hi (c) − hi (0) = cgi (c) > 0 for every

where

i
γ

10
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hi (czi ) = λxi (czi − Siz )2 + γΩ(czi ) ≤ hi (Siz ) = λxi (Siz − Siz )2 + γΩ(Siz ) = γΩ(Siz ).

It follows that a minimizer c∗ of the function gi on (0, ∞) satisfies gi (c∗ ) < 0. Hence
hi (c∗ ) − hi (0) = c∗ gi (c∗ ) < 0. So 0 is not a minimizer of hi .
Since Ω is nondecreasing on [0, ∞), we know that hi is strictly increasing on (Siz , ∞).
Hence the minimizer czi of hi satisfies 0 < czi ≤ Siz . We also know from hi (czi ) ≤ hi (Siz ) that

2

c > 0. Hence in this case hi has the only minimizer at 0 = czi .
λx
n
o
Ω∗ ( γi )
λx
i
If |Siz | >
, then γ inf c>0 Ω(c)
< 2λxi Siz meaning that inf c>0 gi (c) < 0.
λx
c + γ c

If |Siz | <

hi (c) − hi (0) = cgi (c),

Proof (a) The first statement follows easily from the definitions of the auxiliary functions
and Proposition 10.
(b) Since γ > 0, when λxi = 0 or Siz = 0, our statement follows from Theorem 1. So
we consider the case that λxi > 0 and Siz 6= 0. By symmetry we only need to prove our
statement for the case Siz > 0.
With λxi > 0 and Siz > 0, we find that the left-side derivative of the function hi is
(hi )0− (c) = 2λxi (c − Siz ) − γΩ0+ (|c|) < 0 for c ∈ (−∞, 0], hence all its possible minimizers
are achieved on [0, ∞). Let us consider the difference function hi (c) − hi (0) for c > 0 and
factorize it as

, then czi has the same sign as Siz and satisfies |Siz | −

<

λx
i
γ )
,
λx
2 γi

Ω∗ (

(a) The function Ω is nondecreasing on [0, ∞), and Ω(c) > 0 for c ∈ (0, ∞). The righthand derivative Ω0+ is well defined, nonincreasing, finite, and nonnegative on (0, ∞).
At the origin, Ω0+ (0) ∈ (0, ∞].

Ω∗ (

|Siz |

(c) Let dx ≤ m be the rank of the Gramian matrix K. Then λxi = 0 if and only if i > dx .
Hence czi = 0 for i > dx .

then czi = 0. If |Siz | >
 x
e λi ≤ |cz | ≤ |S z |.
Ω
i
i
γ

(b) Let i ∈ N. If

e are well-defined and positive on (0, ∞). The function Ω∗ is
(a) Both functions Ω∗ and Ω
e is non-increasing.
nondecreasing while Ω

Theorem 13 Let γ > 0 and Ω : [0, ∞) → [0, ∞) be a nonzero continuous concave function
satisfying Ω(0) = 0.

Proposition 10 Let Ω : [0, ∞) → [0, ∞) be a nonzero continuous concave function satisfying Ω(0) = 0. Then it has the following properties.

In this section we give some properties of concave regularizing functions, and then estimate
the solution cz to (3) by means of the explicit expression stated in Theorem 1.

3. Properties of Concave Regularizing Functions

where {(mλxj , µ
bj )} are the normalized eigenpairs of the kernel matrix K.
Our analysis relies heavily on the special form of the least squares loss, as seen from
Theorem 1. It would be interesting to establish similar analysis for schemes associated with
other loss functions such as those in the minimum error entropy principle, at least when
the scaling parameter is large (Hu et al., 2015).

j=1

Remark 12 The value −Ω∗ (λ) is exactly equal to the value at the point −λ of the conjugate
function of Ω(c)
c defined in the literature of optimization.

the `1 -penalty. Hence we would expect that the corresponding learning algorithm with a
strictly convex regularizer has strong sparsity. This is beyond the discussion in this paper.
Let us mention that the learning scheme (2) is closely related to spectral algorithms (Lo
Gerfo et al., 2008; Caponnetto and Yao, 2010) which can be stated in terms of the empirical
features {φxj }m
j=1 and a filter function gγ : [0, 1] → R as
!
m q
m
X
X
fz =
λxj /m
(b
µj )i yi gγ (λxj )φxj ,

We can now estimate the solution cz to (3) in terms of Siz , λxi and γ, by means of the
explicit expression stated in Theorem 1.

Guo, Fan and Zhou
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Express Siz as Siz − ciz + ciz . Proposition 10 (c) yields Ω(Siz ) = Ω(Siz − ciz + ciz ) ≤ Ω(ciz ) +
Ω(Siz − ciz ). It follows that
λix (ciz − Siz )2 ≤ γΩ(Siz − ciz ).
Therefore,
λx
Ω(Siz − ciz )
≥ i.
γ
(Siz − ciz )2
 x
e this implies that S z − cz ≤ Ω
e λi . This proves the
By the definition of the function Ω,
i
i
γ
range of ciz and verifies out second statement.
(c) It is well-known (e. g. Guo and Zhou (2012)) that the first dx eigenvalues of the
dx while λx = 0 for i ≥ dx + 1. So λx = 0 if and only if
matrix K are given by {mλix }i=1
i
i
i > dx . In this case, condition (20) is satisfied and by the conclusion in part (b), ciz = 0.
The proof of Theorem 13 is thus complete.

4. General Analysis for Sparsity and Error Bounds
In this section we present a general result on sparsity and error bounds for the learning
algorithm (2) generated by the regularization scheme (3) based on empirical features and
concave regularizing functions. To this end, we need the following bounds for the auxiliary
e
functions Ω∗ and Ω.
Lemma 14 If Ω : [0, ∞) → [0, ∞) is a nonzero continuous concave function satisfying
Ω(0) = 0, then there exists a positive constant CΩ,1 such that
√
Ω∗ (λ) ≥ CΩ,1 min{ λ, 1},
∀λ > 0.
(22)

e
Ω(λ)
≤ CΩ,2 max

( 
1/(2−q)
1
λ

,

1
λ

)

∀λ > 0.

(23)

If moreover, Ω has a concave exponent q ∈ [0, 1] with (8) valid, then there exists a positive
constant CΩ,2 such that

Guo, Fan and Zhou

When c∗ > 1, we apply (7) in Theorem 2 to c∗ and obtain λ ≤

Ω(c∗ )
(c∗ )2

≤

Ω(1)c∗
(c∗ )2

≤

Ω(1)
c∗

and thereby c∗ ≤ Ω(1)
λ . Combing the above two cases, we know that (23) is valid with
CΩ,2 = max{(CΩ∗ )1/(2−q) , Ω(1)}. This proves the lemma.

1+2r

 C1 log 4m
max
δ

√

p





1
2−q

ciz = 0,
(

2γ
λp

)

,

+ kgρ kK λpr + C3

1/2

2 max{r,1} 

λi

2γ
λp

∀i = p + 1, . . . , m

+

∞
X

i=p+1

√

(25)

p log 4m
√ δ λpmin{−1/2,r−1}
m

n
or+1
1+2r 
λ
log 4m
max λp1 , √1m
,
if 0 < r ≤ 21 ,
δ


 r+ 1

n
o 1
2
2
λp
λ
, √1m
, if r > 21 ,
max λp1 , √1m
λ1

Theorem 15 Assume (9) with r > 0, and that Ω has a concave exponent q ∈ [0, 1] with
(8) valid. If 0 < δ ≤ 1 and for some 1 ≤ p ≤ m, the regularization parameter γ satisfies


 C1
(24)
γ≥

≤

CΩ,2

then with confidence 1 − δ we have

and
kf z −

fρ kK

+C4 λpmin{r−1,0} 

where C1 ≥ 1, C3 and C4 are constants independent of γ, p, δ, or m.

The detailed proof of Theorem 15 will be given in Appendix A where the constants C1 ,
C3 and C4 will be specified explicitly. Here we outline the ideas of the proof by referring
to three lemmas, Lemmas
18, 19 and 20 to bepgiven in Appendix A, for estimating three
p
quantities |λix − λi |, λix |Siz − hfρ , φix iK | and λix |hfρ , φix iK |.
Step 1. To achieve the desired sparsity, we apply (22) in Lemma 14 and know that for
verifying condition (20) in Theorem 13, it is sufficient to show that for i ≥ p + 1,
p
CΩ,1 min{ λix /γ, 1}
2
λix /γ

12

λix ≤ |λix − λi | + λi

or equivalently,
n√
p
p o
C
Ω,1
min
λix |Siz | <
γ, γ/ λix .
2
Step 2. Our desired bound (26) is verified by estimating

|Siz | <

Proof For c ∈ (0, 1], we apply Proposition 10 (d) and find

by Lemma 18 and the decay of {λi }, and estimating
p
p
p
λix |Siz | ≤ λix |Siz − hfρ , φix iK | + λix | hfρ , φix iK |
JMLR 17(89):1-34
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(26)

√
Ω(c)
+ λc ≥ Ω(1) + λc ≥ Ω(1) ≥ Ω(1) min{ λ, 1}.
c
p
Ω(1)
For c ∈ (1, ∞), we have Ω(c) ≥ Ω(1). Then Ω(c)
c + λc ≥ p c + λc ≥ 2 Ω(1)λ ≥
p
√
2 Ω(1) min{ λ, 1}. Thus (22) holds with CΩ,1 = max{Ω(1), 2 Ω(1)}.
e
To prove (23), we let λ ∈ (0, ∞). Denote Ω(λ)
as c∗ . We know from the definition of
∗)
e
Ω(λ)
that Ω(c
≥ λ.
(c∗ )2
When c∗ ≤ 1, we use condition (8) and find Ω(c∗ ) ≤ CΩ∗ (c∗ )q . But Ω(c∗ ) ≥ λ(c∗ )2 . So

1 1/(2−q)
.
λ
CΩ∗ (c∗ )q ≥ λ(c∗ )2 and c∗ ≤ (CΩ∗ )1/(2−q)

11

czi

−

hfρ , φxi iK

i∈N

=

{czi

−

Siz }



Siz

i∈N

hfρ , φxi iK

∀i ∈ N

if r > 1/2,

2α2 r − 1 − 2(α1 − α2 ) max 1 − r, 12
,
2α2 max{2, 1 + 2r}

if 0 < r ≤ 1/2,



4m 1+2r −θrate
≤ C2 log
m
,
δ

13

(29)

(28)

(27)
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and C1 and C2 are constants independent of m or δ (given explicitly in the proof ).

θ2 =

θ1 =

1

∀ m α2 max{2,1+2r} + 1 ≤ i ≤ m

2(r+1)α2 −2α1 −2+q
,
4(2−q)α2
2(2r+2)α2 −4α1 −2(2−q)
,
4(2r+1)(2−q)α2

kf − fρ kK

z

where θrate = min{θ1 , θ2 } with
(

and

czi = 0

then with confidence 1 − δ we have

with 2α2 max {r, 1} > 1. Let 0 < δ < 1. If we choose


1+r
4m 1+2r − min{ 1+r
, 1+2r
}
2
m
,
γ = C1 (D2 /λ1 )r+1 log
δ

D1 i−α1 ≤ λi ≤ D2 i−α2 ,

Corollary 16 Assume (9) with r > 0, and that Ω has a concave exponent q ∈ [0, 1] with
(8) valid. Suppose that for some positive constants D1 , D2 , α1 ≥ α2 , the eigenvalues {λi }
of LK decay polynomially as

Step 4. We can control the denominator of the above expression by introducing a set
with large λxi as S := {i ∈ {1, . . . , p}, λxi > λp /2}, and then bound the expression by Lemma
19. This together with our previous estimate Guo and Zhou (2012) for the terms involving
i ∈ N \ S finally yields the desired error bound.
Let us demonstrate how to apply our general analysis in Theorem 15 by two special cases
where the eigenvalues of the integral operator LK decay polynomially and exponentially.

+
−
.
 x
λi
z
z
e
While the term |ci − Si | can be bounded by Ω γ according to Theorem 13, the other
term will be expressed as
p x z
λi |Si − hfρ , φxi iK |
p x
|Siz − hfρ , φxi iK | =
.
λi

Split

by Lemma 19 and Lemma 20.
Step 3. To prove the error bound (25), we expand the error function f z −fρ with respect
to the orthonormal basis {φxi } of HK and express the norm as
X
2 X z
2
kf z − fρ k2K =
hf z − fρ , φxi iK =
ci − hfρ , φxi iK .
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equal to m

. Then we have

1

λp
λ1

≤

1
D2 − µ
λ1 m

≤

D2 √1
λ1 m
1
2

2

α
1
−µ

= D2 m

and for r >

− α 2µ

for 0 < r ≤

λp ≤ D2 p−α2 ≤ D2 m
.

1
2,

1

there holds (λp /λ1 )r+ 2 ≤



2γ
+
λp

)

if 0 < r ≤ 1/2,
if r > 1/2.



√
C1
4m 1+2r −θ1
m ,
≤ CΩ,2 22α1 +2
(D2 /λ1 )r+1 log
D1
δ
(r+1)α2 −α1
2(r+1)α2 −2α1 −2+q
1
,
2(2−q)α2 − 4α2 =
4(2−q)α2
2(2r+2)α2 −4α1 −2(2−q)
,
4(2r+1)(2−q)α2

1
2−q

if 0 < r ≤ 1/2,
if r > 1/2.

kgρ kK λrp ≤ kgρ kK D2r p−α2 r ≤ kgρ kK D2r m

2

2α r

− 2α 2µ

≤ kgρ kK D2r m−θ2 ,

The second term of (25) can be estimated by the choice of γ and the upper bound of λp

(

2γ
λp

θ1 =

(

(r+1)α2 −α1
α1
1+r
,
2 − 2α2 =
2α2
2(2r+2)α2 −4α1
α1
1+r
−
=
1+2r
(2r+1)α2
4(2r+1)α2 ,

14
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where θ2 is the power index defined in the statement of the theorem.
The third term of (25) can be estimated by the choice of p and the lower bound of λp as
√
p log 4m
C3 √ δ λmin{−1/2,r−1}
p
m


4m
min{−1/2,r−1} 1 −α1 min{−1/2,r−1}
≤ C3 D 1
p2
log
m−1/2
δ


√
min{−1/2,r−1}
4m
− 1 + 1 1 −α min − 1 ,r−1})
≤ C3 2 2−α1 D1
log
m 2 α2 µ ( 2 1 { 2
.
δ

as

where

√

CΩ,2 p

Therefore,

Observe that
(


1+r 1+r
α1
min
,
−
=
2
1 + 2r
α2 µ

(D2 /λ1 )r+ 2 √1m . Note that (27) implies λ1 ≤ D2 . Then (24) is satisfied if we choose γ by
(28). Hence the conclusion of Theorem 15 holds true. In particular, the statement (29)
about the sparsity follows from the choice of p. What is left is to bound the right-hand side
of (25) by estimating the four terms separately.
The first term of (25) can be estimated by bounding λ2γp from the choice of γ and the
lower bound of λp as



1 α1
1+r
2γ
2C1
4m 1+2r − min{ 1+r
, 1+2r
}
2
≤
(D2 /λ1 )r+1 log
m
2m α2 µ
.
λp
D1
δ

1

It follows that

and by (27),

1

m α2 µ ≤ p ≤ 2m α2 µ

1

Proof Denote µ = max {2, 1 + 2r}. Take p = dm α2 µ e, the smallest integer greater than or
1
α2 µ

Guo, Fan and Zhou
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i

2 max{r,1} −2α2 max{r,1}

D2

∀

log(m + 1)
+1≤i≤m
max {2, 1 + 2r} log β2



4m 2r+1 −θrate
kf z − fρ kK ≤ C2 log
m
,
δ

ciz = 0,

Let 0 < δ < 1. If we choose γ as (28), then with confidence 1 − δ we have

and

where
θrate =

1

λp
λ1

≤

≤

D2 √1
λ1 m


log β
1
1
min 1 + r −
,
(2 − q) max{2, 1 + 2r}
log β2


1
(2 − q) log (β1 /β2 )
max 1 − r,
log β2
2
(2 − q)r −

log β1

D2 −p
λ1 β 2

and C2 is a constant independent of m or δ (specified in the proof ).

1

log(m + 1)
log(m + 1)
≤p<1+
,
µ log β2
µ log β2

Proof Take µ = max {2, 1 + 2r} and p = d log(m+1)
µ log β2 e. Then

2γ
λp

1
2−q

+

2γ
λp

≤ CΩ,2 C5

So the first term can be bounded as
)
( 
√
CΩ,2 p

where C5 is the constant given by
r


log β1
1
2C1
1
max
(D2 /λ1 )r+1 β1 2 µ log β2 , 1 .
C5 = 2
+
log 2 µ log β2
D1

16

1
2

(31)

for 0 < r ≤
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log β1
p
1+r
1
4m 1+2r − 2−q
min{ 1+r
, 1+2r
}+ (2−q)µ log
2
β2 ,
m
log(2m) log
δ

and for r > 21 , there holds (λp /λ1 )r+ 2 ≤ (D2 /λ1 )r+ 2 √1m . Then (24) is satisfied and the
conclusion of Theorem 15 holds true. The statement (31) about the sparsity follows from
the choice of p, and the next step is to estimate the four summing terms of the error bound
(25).
For the first term, we notice


log β1
1+r
2γ
2C1
4m 1+2r − min{ 1+r
, 1+2r
}
2
β1 (2m) µ log β2 .
≤
(D2 /λ1 )r+1 log
m
λp
D1
δ

which implies m1/µ ≤ β2p ≤ β1p ≤ β1 (2m) µ log β2 . Hence

(30)
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∞
X

∀i ∈ N.

Corollary 17 Assume (9) with r > 0, and that Ω has a concave exponent q ∈ [0, 1] with
(8) valid. Suppose that for some positive constants D1 , D2 , β1 ≥ β2 , the eigenvalues {λi }
of LK decay exponentially as

≤
Z

.

∞
D
p1−2α2 max{r,1}
x−2α2 max{r,1} dx = 2
.
2α2 max {r, 1} − 1

1/2

(1−2α2 max{r,1}−2α1 min{r−1,0})

2 max{r,1} 

λi
1

m 2α2 µ

D1 β1−i ≤ λi ≤ D2 β2−i ,

From the identity µ − 2r = max {2, 2r + 1} − 2r = 2 max {1 − r, 1/2}, we see that the power
index of m equals

2α2 µ




1
1
1
1
− +
+ α1 max
,1 − r
2 α2 µ 2
2
1
(2α2 r − 1 + α2 (µ − 2r) − 2α1 max {1/2, 1 − r})
=−
2α µ
2
1
(2rα2 − 1 − 2(α1 − α2 ) max {1/2, 1 − r})
=−

2 max{r,1}

λi
i=p+1

p

2 max{r,1}

which is exactly −θ2 .
Turn to the last term of (25). By the restriction 2α2 max {r, 1} > 1, we can bound the
series as
∞
X

i=p+1
2 max{r,1}

≤ D2


∞
X

i=p+1

−1

max{r,1}

D2

2α2 max {r, 1}

min{r−1,0}


C4 λmin{r−1,0}
p
≤

C4 D 1
p

This combining with the choice of p and the lower bound of λp yields

But

1
(1 − 2α2 max {r, 1} − 2α1 min {r − 1, 0})
2α µ
2
1
(2rα2 − 1 − 2(α1 − α2 ) max {0, 1 − r}) ≤ −θ2 .
2α2 µ

=−

So we can combine this bound with the above estimates for the first three terms of (25) and
verify the learning rate stated in the theorem by taking
C2 =
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√
C1
CΩ,2 22α1 +2
(D2 /λ1 )r+1 + kgρ kK D2r
D1
min{r−1,0} max{r,1}
√

C D
D2
min{−1/2,r−1}
4
+ p1
+C3 2 2−α1 D1
.
2α2 max {r, 1} − 1
The proof of Corollary 16 is complete.
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≤ kgρ kK D2r m−r/µ .

C6 = C3

r


max{1/2,1−r}
log β1
1
1
min{−1/2,r−1}
D1
β1 2 µ log β2
.
+
log 2 µ log β2

log ββ12
r
+
max {1/2, 1 − r} .
µ µ log β2

µ
2



log β1

β1
D1



max{1−r,0}

max{1−r,0}

q

2 max{r,1}

β2

m

max{r,1}
µ

.

The proof of Corollary 17 is complete.

C2 = CΩ,2 C5 + kgρ kK D2r + C6 + C4
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β1
β1 µlog
2 log β2
D1

max{1−r,0}
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D
q 2
.
2 max{r,1}
β2
−1

max{r,1}

1+r
Then the desired learning rate is verified by observing min{ 1+r
2 , 1+2r }µ = 1 + r and taking

max {1 − r, 0} log(β1 /β2 ) − r log β2
max {1 − r, 0} log β1 max {r, 1}
−
=
.
µ log β2
µ
µ log β2

−1

max{1−r,0}(log β1 )
µ log β2

1

−2i max{r,1} 

β2

−

i=p+1

∞
X

−p max{r,1}
β
max{r,1}
q 2
D2
2 max{r,1}
β2
−

max{r,1} 

D2

(2m)

max{1−r,0}

max{1−r,0}

max{r,1}

log β1
µ log β2

D2

(2m)

Note that the power index of m is

≤ C4

≤ C4

β1
D1



≤ C4 (β1 /D1 )max{1−r,0} (2m) µ log β2

i=p+1

1/2

log β2 + µ2 log β1 − r log β1
µ log β2

Finally, we bound the series in the last term of (25) and find

1/2
∞
X
2 max{r,1} 
min{r−1,0} 
C4 λ p
λi

=−

r log β2 −
log β1
r
1
max {1/2, 1 − r} = − +
− +
2 µ log β2
µ

Observe that max {1/2, 1 − r} + r = µ/2. The power index of m equals

where

The third term of (25) can be estimated by the choice of p and the lower bound of λp as


√
log β1
p
p log 4m
4m
−1+
max{1/2,1−r}
C3 √ δ λmin{−1/2,r−1}
log(2m)
log
m 2 µ log β2
,
≤
C
6
p
δ
m

kgρ kK λrp ≤

kgρ kK D2r β2−pr

The second term of (25) is easy to handle:
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j=1 (x,y)∈z\zj

2

0
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The simulation is summarized in Table 2, from which we have the following observations:

0

The regression function is set as fρ (x) = |2x − 1|τ . The marginal and conditional probabilities ρX and ρ(·|x) are defined as above. We use τ = 1, 1.5, 2.5, and 4.5. Note that in
addition to ERMSE,fρ , the RKHS norm is now also easy to compute as another measurement.
In fact, one has for f, g ∈ HKS ,
Z 1
Z 1
2 hf, giKS = f (0)g(0) + f (1)g(1) +
f (t)g(t) dt +
f 0 (t)g 0 (t) dt.

KS (x, y) = e−|x−y| .

We use the regression model fρ (x) = e−(x−1/3) /0.7 . Let ρX be the uniform distribution on
[0, 1], and ρ(·|x) be the uniform distribution on [fρ (x) − 0.1, fρ (x) + 0.1]. The simulation
is summarized in Table 1. We find that the behavior of the SCAD penalty is comparable
on this data set with the penalty Ω(|c|) = |c|, and despite of very strong sparsity, RKPCA
achieves comparable precision with that of RLS.
Next, we simulate with the Sobolev kernel

2

where the integral is computed with 1000 equispaced points.
First, we simulate with the Gaussian kernel


(x − y)2
KG = exp −
.
0.62

0

Then RKPCA is trained with
on z and outputs f z . Sparsity is evaluated by the percentage of the non-zero coefficients in (2). The prediction performance is evaluated with
the oracle RMSE defined by
Z 1
1/2
ERMSE,fρ (f z ) =
(f z (x) − fρ (x))2 dx
,
(33)

γ∗

We start with a simulation on artificial data. For simplicity we take X = [0, 1]. Let ρ be a
Borel probability measure on X ×Y to be specified later and z = {(xi , yi )}m
i=1 be a sample of
size m divisible by 5. We divide z evenly into five disjoint subsets z = ∪5j=1 zj , and do 5-fold
cross-validation to select the parameter γ ∗ from a geometric sequence {10−10 , · · · , 10−2 } of
length 60, to minimize the root-mean-square error (RMSE). Here, with a fixed γ the RMSE
score is defined by

1/2
5
X
X
2
zj

ERMSE,z (γ) =
fγ (x) − y  .
(32)

5.1 Simulation on artificial data

In this section we give some simulations for both artificial and real data. We demonstrate
that with either the `q -regularizer or the SCAD penalty, RKPCA is comparable with the
regularized least squares in learning error, and achieves satisfactory sparsity.

5. Simulations

Guo, Fan and Zhou

q=1
3.5(2.0)%
0.013(0.006)
1.4(1.2)%
0.007(0.004)
0.4(0.4)%
0.004(0.002)

RKPCA
q = 2/3
q = 1/3
3.2(1.7)%
3.2(1.9)%
0.012(0.005) 0.012(0.007)
1.2(1.4)%
1.1(0.7)%
0.007(0.006) 0.007(0.003)
0.4(0.3)%
0.3(0.2)%
0.004(0.002) 0.004(0.002)
SCAD
3.3(1.5)%
0.011(0.005)
1.1(0.5)%
0.006(0.002)
0.4(0.2)%
0.004(0.001)
100(0)%
0.012(0.005)
100(0)%
0.007(0.003)
100(0)%
0.004(0.002)

RLS
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100

sample
size

300
1000

Table 1: A simulation with Gaussian kernel. Here SCAD and q = 1, 2/3, and 1/3 stand for
RKPCA with penalty SCAD (as defined in Example 2, and we set b = 2.5) and Ω(|c|) =
|c|q respectively. The scores of RLS are also listed for comparison. In each cell, the
top percentage gives the proportion of the non-zero coefficients, and the bottom score is
ERMSE,fρ as defined in (33). Each simulation is repeated 100 times. We present the mean
scores in the table, and give the sample standard deviation in parentheses.

(a) The sparsity and learning error of RKPCA with the SCAD penalty is again comparable
on this data set to that with the penalty Ω(|c|) = |c|. This shows that the expression of
the SCAD penalty near the origin (the same as that for Ω(|c|) = |c|) and the concave
exponent q play a crucial role in its performance.
(b) Compared with RLS, RKPCA achieves very strong sparsity while its approximation
ability with Ω(|c|) = |c| in terms of the RKHS metric is consistently better. This
might be caused by the orthogonality of the empirical features in the RKHS. The
learning ability in terms of the root-mean-square error defined by (33) is comparable.

5.2 Simulation on MHC-peptide binding data

JMLR 17(89):1-34

We apply RKPCA to the quantitative Immune Epitope Database (IEDB) benchmark data
of human leukocyte antigen (HLA)–peptide binding affinities, introduced in (Nielsen et al.,
2008). Nielsen and Lund (2009) developed an artificial neural network-based algorithm
called NN-align, which gave on this data set the state-of-the-art prediction in 2009. Later,
Shen et al. (2012) designed a string kernel denoted in their paper by K̂ 3 , and applied it
with the regularized least squares (RLS), which produced better prediction than NN-align
on the same data set. We use this K̂ 3 in RKPCA, and show that RKPCA achieves some
sparsity in addition to the precision comparable with that in (Shen et al., 2012).
Here are more details of our simulation. The quantitative IEDB benchmark data set
in (Nielsen et al., 2008) as mentioned above, consists of 14 groups, each containing the
affinities of a set of peptides to a specific HLA allele. We use the 14 groups separately. Now
fix an allele a and denote X = Pa the set of peptides given in the data set. For p ∈ Pa ,
the affinity yp ∈ [0, 1] ⊂ Y = R is a real number (see Nielsen and Lund (2009); Shen et al.
5 P j , following exactly the division
(2012)). We divide Pa into 5 disjoint subsets Pa = ∪j=1
a
in (Nielsen and Lund, 2009) and (Shen et al., 2012), for a 5-fold cross-validation. In the jth
cross-validation round (j = 1, · · · , 5), we take Paj as testing data and Pa \Paj as training
data. Within the training data, another 5-fold cross-validation is employed to select the
19
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(34)

parameter γj∗ in (3), from a geometric sequence {10−8 , · · · , 10−2 } of length 60 to minimize
the RMSE score defined in (32). Then RKPCA is trained on Pa \Paj with γj∗ to predict
the affinities on Paj . After all the five rounds, each peptide p ∈ Pa has a predicted affinity
ỹp obtained during the jth round where Paj 3 p. Note that ỹp may not always fall in [0, 1],
and might be projected back onto [0, 1] to increase precision. However we do not adopt the
projection, for being consistent and comparable with (Shen et al., 2012) where they did not
either. Since there is no oracle information, we use

p∈Pa

1/2

1 X
(ỹp − yp )2 
#Pa

ERMSE,a = 

as the RMSE score. A lower RMSE score indicates a better performance.
The area under the receiver operating characteristic (ROC) curve (AUC), defined as

# (p, p0 ) : p ∈ Pa,B , p0 ∈ Pa,N , ỹp > ỹp0
∈ [0, 1],
(35)
(#Pa,B ) (#Pa,N )
EAUC,a =

is another performance index. Here Pa,B = {p ∈ Pa : yp > 0.426} and Pa,N = Pa \Pa,B
are the sets of binding peptides and non-binding ones respectively, with the threshold 0.426
used in (Nielsen and Lund, 2009). A higher AUC score indicates a better performance.
The above scores (34) and (35) are used in (Shen et al., 2012). See also (Nielsen and Lund,
2009) for details.
We test the RKPCA with Ω(c) = |c|q , where q is set to be 1, 2/3, and 1/3 in three
separated tests, and with the SCAD penalty. For defining K̂ 3 , the Hadamard power index
is fixed to be 0.11387 for simplicity, as suggested in (Shen et al., 2012).
The simulation is summarized in Table 3, from which we have the following observations:

(a) In terms of AUC on this real data set, RLS (Shen et al., 2012) has better performance
than NN-align (Nielsen and Lund, 2009). The improvement is 0.55% on average, with
better AUC scores for 9 out of 14 test groups while the score difference is always
at the second significant figure. RKPCA with Ω(c) = |c| has even slightly better
performance, giving an improvement of 0.11% on average, and better AUC scores for
8 out of 14 test groups with the score difference always at the third significant figure
only. Improvements in (Shen et al., 2012) and in our simulation seem to be small, but
we regard the results to be valuable because this data set has been well investigated
in the immunological literature and any improvement is difficult. In particular, the
dissimilarity metric BLOSUM62-2 among the 20 basic amino-acids, based on which
the string kernel K̂ 3 is constructed in (Shen et al., 2012), was obtained in a very
tight form after long-term effort and a vast biological literature (see, e.g., Henikoff
and Henikoff (1992)).

JMLR 17(89):1-34

(b) Sparsity and error bounds in terms of both AUC and root-mean-square error for the
simulation with the SCAD penalty is almost the same on this real data set as that
with Ω(|c|) = |c|, verifying again the role of the concave exponent q = 1.
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4.5

2.5

1.5

1.0

4.5

2.5

1.5

1.0

4.5

2.5

1.5

1.0

τ

q=1
14.2(7.5)%
0.026(0.007)
0.685(0.318)
16.9(8.7)%
0.026(0.007)
0.780(0.384)
22.5(10.3)%
0.028(0.007)
1.086(0.545)
26.6(10.6)%
0.033(0.007)
1.483(0.515)
5.4(1.6)%
0.015(0.003)
0.503(0.073)
6.4(2.3)%
0.016(0.003)
0.589(0.164)
7.7(2.5)%
0.018(0.004)
0.802(0.166)
10.2(2.7)%
0.020(0.004)
1.142(0.218)
2.0(0.6)%
0.009(0.001)
0.434(0.085)
2.3(0.7)%
0.010(0.001)
0.467(0.068)
2.8(0.6)%
0.011(0.001)
0.642(0.090)
3.8(0.9)%
0.012(0.002)
0.950(0.155)

RKPCA
q = 2/3
q = 1/3
9.7(4.4)%
8.1(3.7)%
0.026(0.006) 0.029(0.006)
0.761(0.401) 1.033(0.772)
11.2(6.9)%
9.2(6.4)%
0.027(0.005) 0.030(0.006)
0.885(0.653) 1.006(0.966)
14.2(6.7)% 13.1(11.7)%
0.031(0.008) 0.033(0.007)
1.217(0.678) 1.601(1.653)
17.8(8.1)% 17.8(11.6)%
0.036(0.010) 0.039(0.010)
1.758(0.814) 2.488(1.979)
3.8(1.3)%
3.0(1.6)%
0.016(0.003) 0.018(0.003)
0.604(0.264) 0.865(1.084)
4.1(1.4)%
3.2(1.2)%
0.017(0.003) 0.019(0.004)
0.666(0.242) 0.824(0.687)
5.2(1.9)%
4.0(1.2)%
0.019(0.003) 0.021(0.003)
0.946(0.463) 1.044(0.683)
6.9(2.0)%
5.2(1.2)%
0.022(0.003) 0.024(0.003)
1.372(0.475) 1.495(0.768)
1.4(0.5)%
1.0(0.3)%
0.010(0.001) 0.011(0.002)
0.484(0.180) 0.533(0.368)
1.5(0.4)%
1.2(0.3)%
0.010(0.002) 0.011(0.002)
0.516(0.122) 0.583(0.325)
1.8(0.4)%
1.4(0.3)%
0.012(0.001) 0.013(0.002)
0.711(0.207) 0.846(0.533)
2.4(0.4)%
1.9(0.4)%
0.013(0.001) 0.015(0.002)
0.998(0.184) 1.254(0.912)
SCAD
16.0(8.0)%
0.025(0.005)
0.738(0.378)
17.7(8.4)%
0.026(0.006)
0.805(0.378)
20.4(8.8)%
0.029(0.007)
1.124(1.235)
26.2(9.8)%
0.036(0.011)
1.623(0.882)
6.1(2.8)%
0.016(0.002)
0.568(0.207)
6.0(2.1)%
0.016(0.003)
0.578(0.148)
7.3(2.2)%
0.018(0.003)
0.759(0.139)
9.8(3.1)%
0.020(0.004)
1.164(0.537)
2.0(0.5)%
0.009(0.001)
0.421(0.039)
2.4(0.6)%
0.010(0.001)
0.477(0.066)
3.0(0.7)%
0.011(0.001)
0.647(0.085)
3.7(0.8)%
0.012(0.002)
0.931(0.108)
100(0)%
0.025(0.005)
0.801(0.185)
100(0)%
0.027(0.008)
0.908(0.228)
100(0)%
0.029(0.006)
1.195(0.380)
100(0)%
0.035(0.010)
1.685(0.385)
100(0)%
0.016(0.002)
0.652(0.104)
100(0)%
0.016(0.003)
0.708(0.117)
100(0)%
0.018(0.002)
0.966(0.152)
100(0)%
0.021(0.003)
1.382(0.223)
100(0)%
0.010(0.001)
0.570(0.114)
100(0)%
0.010(0.001)
0.612(0.103)
100(0)%
0.011(0.001)
0.781(0.085)
100(0)%
0.013(0.001)
1.163(0.119)

RLS
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with penalty SCAD (as defined in Example 2, and we set b = 2.5) and Ω(|c|) = |c|q
respectively. The scores of RLS are also listed for comparison. In each cell, the top
percentage gives the proportion of the non-zero coefficients, the middle score is ERMSE,fρ
as defined in (33), and the bottom score gives the RKHS distance of f z to fρ . Each
simulation is repeated 100 times. We present the mean scores in the table, and give the
sample standard deviation in parentheses.

Table 2: A simulation with Sobolev kernel. Here SCAD and q = 1, 2/3, and 1/3 stand for RKPCA

1000

300

100

sample
size

Sparsity of Empirical Feature-Based Regularization Schemes

924

446

549

934

498

950

530

420

853

630

663

1024

1020

5166

#Pa
–
–
0.836
–
–
0.816
–
–
0.771
–
–
0.818
–
–
0.781
–
–
0.841
–
–
0.832
–
–
0.616
–
–
0.823
–
–
0.831
–
–
0.758
–
–
0.844
–
–
0.811
–
–
0.797
–
–
0.7982

NN-align
–
0.18660
0.85707
–
0.18497
0.82813
–
0.24055
0.78431
–
0.20702
0.81425
–
0.20069
0.79296
–
0.21944
0.83440
–
0.19666
0.83538
–
0.25398
0.66591
–
0.20776
0.83703
–
0.22569
0.80410
–
0.23268
0.76436
–
0.15945
0.80228
–
0.20809
0.81057
–
0.23038
0.80568
–
0.21100
0.80260

RLS
q=1
74.65%
0.18690
0.85651
88.04%
0.18476
0.82995
72.39%
0.24089
0.78023
70.55%
0.20797
0.81695
81.47%
0.20037
0.79837
98.65%
0.21826
0.83883
96.85%
0.19555
0.83968
73.11%
0.25563
0.66293
94.61%
0.20799
0.83679
84.99%
0.22518
0.80479
75.80%
0.23318
0.76258
92.94%
0.15932
0.80504
96.75%
0.20765
0.81096
100.00%
0.23045
0.80549
85.77%
0.21101
0.80351

RKPCA
q = 2/3 q = 1/3
59.30% 60.81%
0.18746 0.18830
0.85512 0.85306
71.84% 56.47%
0.18495 0.18551
0.82950 0.82714
60.16% 61.40%
0.24202 0.24277
0.77697 0.77505
57.84% 57.88%
0.20918 0.20878
0.81134 0.80801
69.56% 63.06%
0.20017 0.20076
0.79929 0.79791
91.76% 86.96%
0.21840 0.21849
0.83918 0.83916
93.75% 87.98%
0.19557 0.19572
0.83938 0.83749
53.35% 50.94%
0.25653 0.25784
0.66273 0.66163
83.82% 80.21%
0.20802 0.20780
0.83680 0.83706
72.64% 62.25%
0.22540 0.22578
0.80439 0.80303
64.94% 74.79%
0.23401 0.23419
0.76086 0.76058
89.57% 87.52%
0.15916 0.15911
0.80546 0.80622
81.28% 76.18%
0.20838 0.20834
0.80791 0.80713
99.95% 98.76%
0.23045 0.23046
0.80550 0.80557
74.98% 71.80%
0.21141 0.21170
0.80246 0.80136

SCAD
74.66%
0.18694
0.85637
86.00%
0.18483
0.83008
73.36%
0.24152
0.77839
71.12%
0.20796
0.81701
78.85%
0.20048
0.79799
98.65%
0.21826
0.83883
96.90%
0.19557
0.83968
74.15%
0.25593
0.66177
94.61%
0.20799
0.83678
81.28%
0.22496
0.80533
77.89%
0.23313
0.76219
92.49%
0.15934
0.80509
96.75%
0.20765
0.81098
100.00%
0.23045
0.80549
85.48%
0.21107
0.80328

non-zero coefficients in the five rounds of test (the top percentage), RMSE defined by (34)
(the middle number), and AUC defined by (35) (the bottom number). We cite the scores
of NN-align from (Nielsen and Lund, 2009) and that of RLS from (Shen et al., 2012).
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Table 3: Comparison of sparsity and error. Each cell consists of the average of proportions of the

Average
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Appendix A. Proof of Theorem 15

∞
X

(λi −

λix )2
≤ kLK −

x 2
LK
kHS .

(37)

(36)

In this appendix, we prove our general result on sparsity and error bounds stated in Theorem
15.
The following three lemmas are needed for proving Theorem 15. The first one is cited
from (Zwald and Blanchard, 2006). See also (Koltchinskii and Giné, 2000; Guo and Zhou,
2012).
Lemma 18 (a) We have

i=1

4κ2 log 2δ
√
.
m

(b) For any 0 < δ < 1, with confidence 1 − δ we have
x
kLK − LK
kHS ≤

8M κ log

2

The second lemma needed for proving Theorem 15 improves our previous estimate

(38)

δ
√
k{λix |Siz − hfρ , φix iK |}k`2 ≤
given in (Guo and Zhou, 2012) for the case of `1 m
penalty. The significant improvement we make here is to reduce the power of λix from 1 to
1
2 . Hence a different method for the proof is needed.

Lemma 19 Let fρ ∈ HK . For 0 < δ < 1, with confident 1 − δ we have
r
√
2 2M
2m
λix Siz − hfρ , φix iK ≤ √
log
,
∀ i ∈ N.
δ
m
p

x is not
Proof When λix = 0, (38) is obvious. When i ≥ m + 1, λix = 0 since the rank of LK
greater than m. For any fixed λix > 0, denote



j=1

aj ηj ≥ ε





mε2
.
≤ 2 exp −
8M 2
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φx (xj )
y − f (x )
j
ρ
j
√
,
aj = pi
.
ηj =
m
mλix

p x z
Pm
Pm 2
λi Si − hfρ , φix iK =
η a . Also,
Then by the definition of Siz ,
j=1 aj = 1.
√ j=1 j j
Since |y| ≤ M almost surely, we have |aj ηj | ≤ 2M |aj |/ m almost surely. By Hoeffding’s
inequality, we have for any ε > 0,

m
X
P

23

max

i=1,...,m
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Taking the union of the above at most m events, we know that




p

mε2
.
λix Siz − hfρ , φix iK ≥ ε ≤ 2m exp −
8M 2

P

One completes the proof by taking ε > 0 to be the positive solution to the equation
mε2
2m exp(− 8M
2 ) = δ.

!1/2

!1/2

,

√

r− 12

2λ1

(1+2r)/2

!1/2

x
kgρ kK kLK − LK
kHS

X
(λix )1+2r

i∈I

.

x
≤ 2r kgρ kK (#I)(1−2r)/4 kLK − LK
kHS

(λix )1+2r

!1/2

≤

+2r kgρ kK

(40)

(39)

r g for some g ∈ H , then when
Lemma 20 Let I ⊂ N be a finite index set. If fρ = LK
ρ
ρ
K
0 < r < 1/2,

X

i∈I

Xp
( λix hfρ , φix iK )2
i∈I

+2r kgρ kK
and when r ≥ 1/2,

Xp
( λix hfρ , φix iK )2
i∈I

j:λj ≥2λix

j:λj <2λix

P∞ r
P
λj dj φj .
Proof Let g = ∞ d φj with {dj } ∈ `2 . Then k{dj }k`2 = kgρ kK and fρ = j=1
j
ρ
j=1
p
For i ∈ I, since whenever p
λix = 0, λix hfρ , φix iK = 0, without loss of generality we assume
λix > 0. Then we expand λix hfρ , φix iK as


X
X
p
p
 λx λjr dj hφj , φix i .
λix hfρ , φix iK = 
+
(41)
i
K
p
λix λjr dj hφj , φix iK

≤

√

2λ1

r− 12

j:λj ≥2λix

X

λj

2 (λj − λix ) hφj , φix iK dj

kgρ kK 

j=1
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1/2
∞
X
2 
. (43)
(λj − λix )2 hφj , φix iK

r− 21 √

= 2r kgρ kK (λix )(1+2r)/2 .
(42)
√
p x
λ
λi λj ≤ √j2 ≤ 2(λj − λix ), the first sum in (41)

j=1

The second sum in (41) is easy to handle:

1/2
∞
X
X
2 
≤ 2r (λix )(1+2r)/2 k{dj }k`2 
hφj , φix iK

j:λj <2λix

p
λix λjr dj hφj , φix iK

When r ≥ 1/2 and λj ≥ 2λix , since
can be bounded as
X

j:λj ≥2λix

≤

24

1

≤
1

√
/ 2

(λj /2)r+ 2

r+ 12

λj
=2 .

r

p
λxi λrj dj hφj , φxi iK ≤

j:λj ≥2λx
i

X

j

i∈I

X

!1/2

.

i∈I

j:λj ≥2λx
i



X
X

≤

(λxi )1+2r

!1/2

2
r+ 1
2

( 21 −r)

2 1/2
p
r
x
x
λi λj dj hφj , φi iK  

j

 r+ 12 
2
X


hφj , φxi iK


=

X

k(LK −

√

r− 12

2λ1

i∈I j=1

(λj −

i,j=1

λxi )2 hφxi , φj i2K

1/2

∞
XX
2
x
2
x

(λj − λi ) hφj , φi iK 

=

∞
X

kgρ kK kLK − LxK kHS ,

r− 1
2λ1 2 kgρ kK

LxK )φxi k2K
.

i∈I

j=1

25


(1+2r)/2 1/2
∞
X
X


 (λj − λxi )2 hφj , φxi i2 
Υ ≤ 2r kgρ kK 

K



(46)
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which proves (40). When 0 < r < 1/2, by (44), (46) and Hölder’s inequality, we have

≤

Υ ≤

√

So when r ≥ 1/2, (43) and (46) give

kLK −

LxK k2HS

(44)

2

 21 −r

(45)

2
1 −r
2

We denote the first term of the right-hand side of (45) as Υ. The definition of the HilbertSchmidt norm tells us that

+2r kgρ kK

i∈I

X p
| λxi hfρ , φxi iK |2

By (41), (42), and the triangle inequality,

j=1


(1+2r)/4
∞
X
r
x 2
x 2 

= 2 kgρ kK
(λj − λi ) hφj , φi iK
.

j

(r+ 12 )

1

2r |λj − λxi |r+ 2 dj hφj , φxi iK


1/2 
X
X
≤ 2r 
d2j  
(λj − λxi ) hφj , φxi iK

j:λj ≥2λx
i

X

So in this case the first sum in (41) can also be bounded as

|λj − λxi |r+ 2

p x r
λi λj

When 0 < r < 1/2 and λj ≥ 2λxi , we observe that
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i∈I j=1

∞
XX
i∈I

X
1

2
1−2r

!(1−2r)/4

C10 =



√ max{r− 1 ,0}
1
2
2r + 2λ1
(2κ)min{1+2r,2} kgρ kK + 22r+ 2 kgρ kK (2κ + 1)1+2r .

26

q
p
p
λxi ≤ λi + |λi − λxi | ≤ (2κ + 1)

Then we estimate λxi by Lemma 18 as
log

r

2
δ

(48)
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 1
2
1
max λp , √
.
m

p
√
C
It follows that the first inequality λxi |Siz | < Ω,1
γ of (26) is valid if γ satisfies
2
!2 
(
)
√


2r+1
4 2M + 4C10
2m 1+2r
1
1
γ>
log
max
max λp , √
,
.
CΩ,1
δ
m
m

This together with (38) in Lemma 19 gives
p
p
p
λxi |Siz | ≤ λxi |Siz − hfρ , φxi iK | + λxi | hfρ , φxi iK |


 √
2m (1+2r)/2 − min{1/2,(1+2r)/4}
r+ 1
log
≤ C10 λi 2 + 2 2M + C10
m
δ
(
)



r+ 1
 √

2
2m (1+2r)/2
1
1
≤ 2 2M + 2C10
log
max
max λp , √
,√
. (47)
δ
m
m

where

Proof of Theorem 15. By Lemmas 18 and 19, we know that for any 0 < δ < 12 there exists
a subset Zδ of Z m of measure at least 1 − 2δ such that both (37) and (38) hold for each
z ∈ Zδ .
Let z ∈ Zδ .
To prove czi = 0 for i = p + 1, . . . , m, we show that condition (50) for γ, to be defined
below which is the same as condition (24) in the statement of the theorem after scaling δ
to δ/2, implies (26) and
p in Theorem
p 13, according to (22) in Lemma 14. To
p thereby (20)
this end, we estimate λxi |Siz | and λxi |Siz | · λxi .
We first apply Lemma 20 to the set I = {i} ⊂ {p + 1, . . . , m} and Lemma 18 and see
that in either case of 0 < r < 1/2 and r ≥ 1/2, there holds


√ max{r− 1 ,0}
p
1+2r
min{ 1+2r ,1}
2
λxi | hfρ , φxi iK | ≤
2r + 2λ1
kgρ kK kLK − LxK kHS 2
+ 2r kgρ kK (λxi ) 2
!


2 (1+2r)/2 − min{1/2,(1+2r)/4}
(1+2r)/2
≤ C10 λi
+ log
m
,
δ

We are now in a position to prove Theorem 15.

which verifies (39). The proof of the lemma is complete.

(#I)(1−2r)/4 ,

(1+2r)/4

λxi )2 hφj , φxi i2K 

(1+2r)/2

(λj −

≤ 2r kgρ kK kLK − LxK kHS



≤ 2 kgρ kK 
r
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p x z p x
λi |Si | · λi <
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1
√
m

√




r+1
2m 1+r
1
4 2M + 4C10
(2κ + 1) log
max max λp , √
,
CΩ,1
δ
m


 1 
2
1
.
max λp , √
m

Combining this with (47), we know that the second inequality
(26) is valid if γ satisfies
γ>



log


2m 1+2r
δ

√1
m

or+1

n
λ
max p , √1
,
 λ1  m1

n
r+ 2
,
max

max

λp
λ1
λp
√1
λ1 , m
2

o 1

.

, if r >

2

1
2,

if 0 < r ≤ 21 ,

CΩ,1
2 γ

of

(49)

(51)

(50)

Now we can choose the constant C1 from (48) and (49) by


!2
√
 √

0
0
4
2M
+
4C
4
2M
+
4C
1
1
C1 = max
(2κ + 1) (1 + λ1 )2r+1 , 1 .
(1 + λ1 )2r+1 ,

CΩ,1
CΩ,1





2m 1+2r
δ

With this choice, we know that for γ satisfying

 C1 log

γ≥

C1

i∈N\S

hfρ , φix iK

2

+

ciz − hfρ , φix iK

p
λix |Siz − hfρ , φix iK |
p
.
λp /2

i∈S

both (48) and (49) are valid, which implies (26). Then by (22) in Lemma 14, we see that
condition (20) in Theorem 13 is valid and hence ciz = 0 for i = p + 1, . . . , m.
Now we turn to the desired error bound. Assume (50) for γ. Define an index set S by
S = {i ∈ {1, · · · , p} : λix > λp /2}.
When i ∈ {1, · · · , p} but λix ≤ λp /2, we check the process in proving (47) and see from
the restriction λix ≤ λp /2 that condition (50) for γ ensures (26). Then by (22) in Lemma
14, we see that condition (20) is valid for i. Hence ciz = 0 for i ∈ N\S. So we can expand
kfρ − f z kK with respect to the orthonormal basis {φix } of HK as
X
X
2
kfρ − f z kK
=

For any i ∈ S, we have λix > λp /2 > 0 and
|ciz − hfρ , φix iK | ≤ |ciz − Siz | +

(

2γ
λp

2γ
λp



,

1
2−q

1
2−q

+

2γ
λp

2γ
λp
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)
r
√
4 pM
2m
+p
log
.
δ
mλp

mλp /2

)
r
√
2 2M
2m
+p
log
.
δ

Applying Theorem 13 (b), Lemma 14 and Lemma 19 gives
( 

2
√
≤ CΩ,2 p

|ciz − hfρ , φix iK | ≤ CΩ,2 max

ciz − hfρ , φix iK

It follows that
sX
i∈S
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cr,λ1 =



max{2r,2}

λi

21+r λr−1
1 , if r ≥ 1,
2,
if r < 1.

i=p+1

∞
X

x
kHS  ,
) 2 + cr,λ1 kLK − LK

1

To estimate the first sum in (51) we cite an estimate from Guo and Zhou (2012) for the
P
1/2
x
2
quantity
which is independent of the regularizing function Ω and
i∈N\S (hfρ , φi iK )
know that it can be bounded by


(



r
kgρ kK λp+1
+ 2max{r,1} kgρ kK λpmin{r−1,0} (

≤

p

2γ
λp



1
2−q



+

2γ
λp

∞
X

i=p+1

)

i=p+1

,

r
+ kgρ kK λp+1
+ C3

1/2

max{2r,2} 

λi

√

p log 2m
min{− 21 ,r−1}
√ δ λp
m

max{r− 21 ,0}

+ 2max{r,1}+2 kgρ kK cr,λ1 κ2 λ1

+C4 λpmin{r−1,0} 

CΩ,2

(  1
)
r
√
2 pM
2γ 2−q
2γ
2m
√
r
p
+
+ kgρ kK λp+1
+
≤ CΩ,2 p
log
λp
λp
δ
mλp


1/2
∞
4cr,λ1 κ2 log 2δ 
 X max{2r,2} 
√
+2max{r,1} kgρ kK λpmin{r−1,0} 
λi
+

m
√

where cr,λ1 is the constant given by

Therefore
kf z − fρ kK

where

max{ 12 −r,0}

C3 = 2M λ1

and C4 = 2max{r,1} kgρ kK . After scaling δ to δ/2, the proof of Theorem 15 is completed.

Appendix B. Minimax Lower Bounds

In this appendix, we derive a general minimax lower bound which includes Theorem 8 as a
special case. First we define two sets of Borel probability measures.
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Definition 21 Let P(α1 , α2 , r, M, R, D1 , D2 ) be the set of all Borel probability measures ρ
on X × Y satisfying the following three conditions:
1. |y| ≤ M almost surely,

r (g ) for some g ∈ H
2. fρ = LK
ρ
ρ
K with kgρ kK ≤ R,

3. D1 i−α1 ≤ λi ≤ D2 i−α2 for each i.

28

lim inf

sup

m→∞ f z ρ∈P(β ,β ,r)
1 2

ρ∈P(α1 ,α2 ,r)

n
o
1
1p
Pz∼ρm kf z − fρ kK ≥ τ2 δ 2 m− 2 log m ≥ 1 − 2δ.
(53)

k=γ+1

1

29
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For 0 < δ < 81 , let γ be the smallest integer greater than or equal to cδ m α2 (2r+1)+1 with
a constant cδ > 0 to be specified later. For wi = (wiγ+1 , ..., wi2γ ) ∈ Θ with i ∈ {0, . . . , N },
define fi = LrK gi with
2γ
X
1
gi =
wik Rγ − 2 φk .

3. N ≥

2γ/8 .

2. For any i 6= j, H(wi , wj ) > γ/8, where H(·, ·) is the Hamming distance.

1. w0 = (0, ..., 0).

where B = 4κ2r+1 R and dδξ denotes the Dirac delta with unit mass at ξ. By the reproducing
property, kf k∞ ≤ κkLrK gkK ≤ κ2r+1 R = B4 . It follows that ρf is a probability measure on
X × Y with µ being the marginal distribution and f the regression function. Moreover,
M ≥ 4κ2r+1 R ensures |y| ≤ M almost surely. Hence ρf ∈ P(α1 , α2 , r).
Then we construct a finite sequence f0 , ..., fN in the set {LrK g : g ∈ HK , kgkK ≤ R}
based on the Varshamov-Gilbert bound (Lemma 2.9 in (Tsybakov, 2009)) which asserts
that for any integer γ ≥ 8, there exists a set Θ = {w0 , w1 , ..., wN } ⊂ {0, 1}γ such that

Proof First, we associate a probability measure ρf ∈ P(α1 , α2 , r) to a pair (µ, f ) where µ
is a Borel measure on Y such that the eigenvalues of the associated integral operator LK
satisfy D1 i−α1 ≤ λi ≤ D2 i−α2 , and f = LrK g for some g ∈ HK with kgkK ≤ R. Define a
probability measure ρf by


B + f (x)
B − f (x)
dρf (x, y) =
dδB (y) +
dδ−B (y) dµ(x),
2B
2B

and

m→∞ f

Theorem 22 Assume R > 0 and M ≥ 4κ2r+1 R. Let f z ∈ HK be the output of an arbitrary
1
learning algorithm based on the sample z = {(xi , yi )}m
i=1 . Then for every 0 < δ < 8 , there
exist positive constants τ1 , τ2 , independent of δ or m, such that
o
n
α1 r
α1 r
−
lim infz
sup
Pz∼ρm kf z − fρ kK ≥ τ1 δ α2 (2r+1)+1 m α2 (2r+1)+1 ≥ 1 − 2δ
(52)

For simplicity, we abbreviate these two sets as P(α1 , α2 , r) and P(β1 , β2 , r), respectively.
Now we state the general minimax lower bound for the error in the HK -metric following
the idea of (Caponnetto and De Vito, 2007). Our proof is mainly based on Lemma 2.9,
Theorem 2.5 and the approach from (Tsybakov, 2009).

Let P(β1 , β2 , r, M, R, D1 , D2 ) be the same as P(α1 , α2 , r, M, R, D1 , D2 ) except that the last
condition is replaced by D1 β1−i ≤ λi ≤ D2 β2−i for each i.
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{LrK g

k=γ+1

2γ
X
1

wik Rγ − 2 φk
K

2

=

(wik )2 γ −1 R2 kφk k2K ≤ R2 .

k=γ+1

2γ
X

cδ =



1+α2 (2r+1)

D22r+1

1/(α2 (2r+1)+1)

15κ4r+2 cδ
8D22r+1
15κ4r+2 log 2

≤

kfi − fj k2K

k=γ+1

2γ
X

2α1 r

−α

30

≥ 2τ12 δ α2 (2r+1)+1 m

≥

2α1 r
2 (2r+1)+1

R2 λ2r
2γ
8
≥ 2−(2α1 r+3) R2 D12r γ −2α1 r

= R2 γ −1 λ2r
2γ H(wi , wj )

(wik − wjk )2
k=γ+1

2γ
X

k
k 2
R2 γ −1 λ2r
k (wi − wj )

≥ R2 γ −1 λ2r
2γ

=

= kLrK (gi − gj )k2K

δ −1/(α2 (2r+1)+1) .
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γ = δ log 2γ/8 ≤ δ log N

1
D22r+1
D22r+1 −α2 (2r+1) α (2r+1)+1
mγ −α2 (2r+1) ≤
c
m 2
15κ4r+2
15κ4r+2 δ

On the other hand, for any 0 ≤ i < j ≤ N .

by taking

i=1

N
1 X
DKL ((ρfi )m k(ρf0 )m ) ≤
N

k=γ+1

2γ
D22r+1 −α2 (2r+1)
16 2r+1 2 −1 X
λγ R γ
(wik − wjk )2 ≤
γ
,
2
15B
15κ4r+2

which implies

≤

DKL (ρfi kρfj )




Z 
fi (x) − fj (x)
fi (x) − fj (x)
B − fi (x)
B + fi (x)
+
dµ(x)
ln 1 +
ln 1 −
=
2B
B + fj (x)
2B
B − fj (x)
X


fi (x) − fj (x) B + fi (x)
B − fi (x)
≤
−
2B
B + fj (x) B − fj (x)

Hence {f0 , ..., fN } ⊂
: g ∈ HK , kgkK ≤ R}, which implies {ρf0 , ..., ρfN } ⊂ P(α1 , α2 , r).
Now we adopt Theorem 2.5 in (Tsybakov, 2009) to establish our desired lower bound.
Observe that for 0 ≤ i < j ≤ N , the Kullback-Leibler distance DKL (ρfi kρfj ) between
ρfi and ρfj satisfies

kgi k2K =

Note that gi ∈ HK and
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s

!
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sup

1 − 2δ −

ρ∈P(α1 ,α2 ,r)

√
N
N +1

2δ
log N
.

for some constant τ1 > 0.
Therefore, as shown in (Tsybakov, 2009) we have
n
o
α1 r
α1 r
−
Pz∼ρm kf z − fρ kK ≥ τ1 δ α2 (2r+1)+1 m α2 (2r+1)+1
f

infz

≥√

(55)

(54)

This completes the proof for the statement about P(α1 , α2 , r). The proof for the statement
about P (β1 , β2 , r) is similar. The proof of the theorem is complete.

Appendix C. Proof of Proposition 10

(ξi+1 − ξi )Ω(ξi−1 ) (ξi − ξi−1 )Ω(ξi+1 )
+
.
ξi+1 − ξi−1
ξi+1 − ξi−1

(a). Let 0 ≤ ξ1 < ξ2 < ξ3 < ξ4 . For i = 2 or 3, one has
Ω(ξi ) ≥
Let i = 2 in (54) to give
(ξ2 − ξ1 )Ω(ξ3 ) ≤ (ξ3 − ξ1 )Ω(ξ2 ) − (ξ3 − ξ2 )Ω(ξ1 )

= ξ3 [Ω(ξ2 ) − Ω(ξ1 )] − ξ1 Ω(ξ2 ) + ξ2 Ω(ξ1 ).

(56)

If Ω(ξ2 ) < Ω(ξ1 ), let ξ3 → ∞ to give Ω(ξ3 ) → −∞, which contradicts Ω([0, ∞)) ⊂ [0, ∞). So
Ω is nondecreasing. Similarly we have (ξ3 −ξ1 )Ω(ξ2 ) ≥ (ξ3 −ξ1 +ξ1 −ξ2 )Ω(ξ1 )+(ξ2 −ξ1 )Ω(ξ3 ),
so
Ω(ξ2 ) − Ω(ξ1 )
Ω(ξ3 ) − Ω(ξ1 )
≥
≥ 0.
ξ2 − ξ1
ξ3 − ξ1

Ω(ξ2 ) − Ω(ξ1 )
Ω(ξ3 ) − Ω(ξ2 )
≥
.
ξ2 − ξ1
ξ3 − ξ2

(57)

If Ω(ξ2 ) = 0, since Ω is nondecreasing, Ω(ξ1 ) = 0 for all 0 ≤ ξ1 < ξ2 , and (56) gives
Ω(ξ3 ) = 0 for all ξ3 > ξ2 , so we have Ω = 0, a contradiction. Therefore Ω(c) > 0 for c > 0.
From (56), the function [Ω(c) − Ω(ξ1 )]/(c − ξ1 ) of c is nonincreasing when c > ξ1 , so
0 is well-defined on [0, ∞), taking values in [0, ∞]. We get from
the right-hand derivative Ω+
(55) that
∞>

(58)

0 (ξ ) < ∞. Therefore Ω0 (c) is finite for c ∈ (0, ∞). Let i = 3. We
Let ξ3 → ξ2+ to give Ω+
2
+
have the analogue of (57),

Ω(ξ3 ) − Ω(ξ2 )
Ω(ξ4 ) − Ω(ξ3 )
≥
,
ξ3 − ξ2
ξ4 − ξ3
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0 (ξ ) ≥ Ω0 (ξ ). This
which, together with (57), gives that as ξ2 → ξ1+ and ξ4 → ξ3+ , Ω+
1
+ 3
0 is nonincreasing on [0, ∞). If Ω0 (0) = 0, since 0 ≤ Ω(c)−Ω(0) is nonincreasing
proves that Ω+
+
c−0
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≥ limc→0+ Ω(1)c
= +∞. By
c2

≤ limc→∞ Ω(1)c
= 0. The proof of Proposition 10 is complete.
c2

Ω(c)
c2

for c > 0 as we proved before, we have Ω(c) = 0 for all c > 0, a contradiction again. So
0
Ω+
(0)
∈ (0, ∞].
(b). Let ξ1 = 0 and ξ3 = 1, then (55) gives Ω(ξ2 ) ≥ ξ2 Ω(1), so for all c ∈ (0, 1],
Ω(c) ≥ cΩ(1). In (55) let ξ1 = 0 and ξ2 = 1 to give Ω(ξ3 ) ≤ ξ3 Ω(1), so for any c ∈ [1, ∞),
Ω(c) ≤ Ω(1)c.
The properties stated in (c) and (d) follow immediately from the concavity of the function Ω.
1
(e). Write the function Ω(c)
as Ω(c)
c · c . We see from (d) that this function is strictly
c2
Ω(c)
c2

decreasing on (0, ∞). By (a), we obtain the limit limc→0+

(b), limc→∞
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1.1 Overview of results

Diffusion of information, behaviors, diseases, or irrepresentabilitymore generally, contagions
can be naturally modeled as a stochastic process that occur over the edges of an underlying
network (Rogers, 1995). In this scenario, we often observe the temporal traces that the
diffusion generates, called cascades, but the edges of the network that gave rise to the diffusion remain unobservable (Adar and Adamic, 2005). For example, blogs or media sites
often publish a new piece of information without explicitly citing their sources. Marketers
may note when a social media user decides to adopt a new behavior but cannot tell which
neighbor in the social network influenced them to do so. Epidemiologist observe when a
person gets sick but usually cannot tell who infected her. In all these cases, given a set
of cascades and a diffusion model, the network inference problem consists of inferring the
edges (and model parameters) of the unobserved underlying network (Gomez-Rodriguez,
2013).
The network inference problem has attracted significant attention in recent years (Saito
et al., 2009; Gomez-Rodriguez et al., 2010, 2011, 2013b, 2014; Snowsill et al., 2011; Du
et al., 2012a, 2013; Zhou et al., 2013), since it is essential to reconstruct and predict the
paths over which information can spread, and to maximize sales of a product or stop infections. Most previous work has focused on developing network inference algorithms and
evaluating their performance experimentally on different synthetic and real networks, and a
rigorous theoretical analysis of the problem has been missing. However, such analysis is of
outstanding interest since it would enable us to answer many fundamental open questions.
For example, which conditions are sufficient to guarantee that we can recover a network
given a large number of cascades? If these conditions are satisfied, how many cascades are
sufficient to infer the network with high probability? Until recently, there has been only two
pieces of work along this direction (Netrapalli and Sanghavi, 2012; Abrahao et al., 2013),
which leverage less realistic diffusion models. Moreover, none of them is able to identify a
recovery condition relating the interaction between the network structure and the cascade
sampling process, which we make precise in our paper.

1. Introduction

which demonstrate the match between our theoretical prediction and empirical results. In
practice, this new algorithm also outperforms other alternatives in terms of the accuracy
of recovering hidden diffusion networks.

Gomez-Rodriguez, Song, Daneshmand, Daneshmand and Schölkopf

We consider the network inference problem under the continuous-time diffusion model recently introduced by Gomez-Rodriguez et al. (2011), which has been extensively validated in
real diffusion data, and, due to its flexibility, has been extended to support textual information (Wang et al., 2012), nonparametric pairwise likelihoods (Du et al., 2012a), topic modeling (Du et al., 2012b), dynamic networks (Gomez-Rodriguez et al., 2013a). We identify
a natural irrepresentability condition for such a model which depends on both the network
structure, the diffusion parameters and the sampling process of the cascades. This condition captures the intuition that we can recover the network structure if the co-occurrence
of a node and its non-parent nodes is small in the cascades. Furthermore, we show that,
if this condition holds for the population case, we can recover the network structure using

Information spreads across social and technological networks, but often the network structures are hidden from us and we only observe the traces left by the diffusion processes,
called cascades. Can we recover the hidden network structures from these observed cascades? What kind of cascades and how many cascades do we need? Are there some network
structures which are more difficult than others to recover? Can we design efficient inference
algorithms with provable guarantees?
Despite the increasing availability of cascade data and methods for inferring networks
from these data, a thorough theoretical understanding of the above questions remains
largely unexplored in the literature. In this paper, we investigate the network structure
inference problem for a general family of continuous-time diffusion models using an `1 regularized likelihood maximization framework. We show that, as long as the cascade
sampling process satisfies a natural incoherence condition, our framework can recover the
correct network structure with high probability if we observe O(d3 log N ) cascades, where
d is the maximum number of parents of a node and N is the total number of nodes.
Moreover, we develop a simple and efficient soft-thresholding network inference algorithm
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an `1 -regularized maximum likelihood estimator and O(d3 log N ) cascades, where N is the
number of nodes in the network and d is the maximum number of parents of a node, with
the probability of success approaching 1 in a rate exponential in the number of cascades.
Importantly, if this condition also holds for the finite sample case, then the guarantee can
be improved to O(d2 log N ) cascades. Beyond theoretical results, we also propose a new,
efficient and simple proximal gradient algorithm to solve the `1 -regularized maximum likelihood estimation. The algorithm is especially well-suited for our problem since it is highly
scalable and naturally finds sparse estimators, as desired, by using soft-thresholding. Using this algorithm, we perform various experiments illustrating the consequences of our
theoretical results and demonstrating that it typically outperforms other state-of-the-art
algorithms.
1.2 Related work
Netrapalli and Sanghavi (2012) propose a maximum likelihood network inference method
for a variation of the discrete-time independent cascade model (Kempe et al., 2003) and
show that, for general networks satisfying a correlation decay, the estimator recovers the
network structure given O(d2 log N ) cascades, and the probability of success is approaching
1 in a rate exponential in the number of cascades. The rate they obtained is on a par with
our results. However, their discrete diffusion model is less realistic in practice, and the
correlation decay condition implies that, on average, each node can only infect one single
node per cascade. Instead, we use a general continuous-time diffusion model (GomezRodriguez et al., 2011), which has been extensively validated in real diffusion data and
extended in various ways by different authors (Wang et al., 2012; Du et al., 2012a,b).
Abrahao et al. (2013) propose a simple network inference method, First-Edge, for a
slightly different continuous-time independent cascade model (Gomez-Rodriguez et al.,
2010), and show that, for general networks, if the cascade sources are chosen uniformly
at random, the algorithm needs O(N d log N ) cascades to recover the network structure
and the probability of success is approaching 1 in a rate polynomial in the number of cascades. Additionally, they study trees and bounded-degree networks and show that, if the
cascade sources are chosen uniformly at random, the error decreases polynomially as long
as O(log N ) and Ω(d9 log2 d log N ) cascades are recorded respectively. In our work, we show
that, for general networks satisfying a natural irrepresentability condition, our method outperforms the First-Edge algorithm and the algorithm for bounded-degree networks in terms
of rate and sample complexity.
Gripon and Rabbat (2013) propose a network inference method for unordered cascades,
in which nodes that are infected together in the same cascade are connected by a path
containing exactly the nodes in the trace, and give necessary and sufficient conditions for
network inference. However, they consider a restrictive scenario in which cascades are all
three nodes long.

2. Continuous-Time Diffusion Model
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In this section, we revisit the continuous-time generative model for cascade data introduced
by Gomez-Rodriguez et al. (2011). The model associates each edge j → i with a transmission function, f (ti |tj ; αji ) = f (ti − tj ; αji ), a density over time parameterized by αji . This is
3
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Figure 1: The diffusion network structure (left) is unknown and we only observe cascades,
which are N -dimensional vectors recording the times when nodes get infected by
contagions that spread (right). Cascade 1 is (ta , tb , tc , ∞, ∞, ∞), where ta < tc <
tb , and cascade 2 is (∞, tb , ∞, td , te , tf ), where tb < td < te < tf . Each cascade
contains a source node (dark red), drawn from a source distribution P(s), as well
as infected (light red) and uninfected (white) nodes, and it provides information
on black and dark gray edges but does not on light gray edges.

in contrast to previous discrete-time models which associate each edge with a fixed infection
probability (Kempe et al., 2003). Moreover, it also differs from discrete-time models in the
sense that events in a cascade are not generated iteratively in rounds, but event timings are
sampled directly from the transmission functions in the continuous-time model.
2.1 Cascade generative process

Given a directed contact network, G = (V, E) with N nodes, the process begins with an
infected source node, s, initially adopting certain contagion (idea, meme or product) at
time zero, which we draw from a source distribution P(s). The contagion is transmitted
from the source along her out-going edges to her direct neighbors. Each transmission
through an edge entails a random transmission time, τ , drawn from an associated pairwise
transmission likelihood f (τ ; αji ). We assume transmission times are independent, possibly
distributed differently across edges, and, in some cases, can be arbitrarily large, τ → ∞.
Then, the infected neighbors transmit the contagion to their respective neighbors, and the
process continues. We assume that an infected node remains infected for the entire diffusion
process. Thus, if a node i is infected by multiple neighbors, only the neighbor that first
infects node i will be the true parent. As a result, although the contact network can be
an arbitrary directed network, each contagion induces a Directed Acyclic Graph (DAG).
Figure 1 illustrates the process and Table 1 gives several examples of well-known parametric
transmission likelihoods (Gomez-Rodriguez et al., 2011, 2013a, 2014).
2.2 Cascade data

JMLR 17(90):1-29

Observations from the model are recorded as a set C n of cascades {t1 , . . . , tn }. Each
c ) recording when nodes are infected,
cascade tc is an N -dimensional vector tc := (t1c , . . . , tN
tkc ∈ [0, T c ] ∪ {∞}. Symbol ∞ labels nodes that are not infected during observation window
[0, T c ] – it does not imply they are never infected. The ‘clock’ is reset to 0 at the start of each

4
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Table 1: Pairwise transmission models

−αj,i τ2

τ
δ

αj,i τ

αj,i
τ

αj,i

−αj,i τ
−αj,i log

H(t + τ |t; αji )

y(t + τ |t; αji ) = log S(t + τ |t; αji )

f (τ ; αji )
αj,i · e−αj,i τ if τ ≥ 0
0
otherwise
 αj,i τ −1−αj,i
if τ ≥ δ
δ
δ
otherwise
0

− 21 αj,i τ 2 if τ ≥ 0
αj,i τ e
otherwise
0



Hazard

Log survival

Transmission functions

k:tk <ti

j:tj <ti
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∗ > 0} with cardinality d = |N − (i)| and the minimum
node i as N − (i) = {j ∈ V ∗ : αji
i
∗
∗ . Let C n be a set of n cascades sampled
positive transmission rate as αmin,i
= minj : α∗ji >0 αji
from the model, where the source s ∈ V ∗ of each cascade is drawn from a source distribution

Consider an instance of the continuous-time diffusion
defined above with a contact
n model
o
∗ . We denote the set of parents of
network G ∗ = (V ∗ , E ∗ ) and associated parameters αji

3. Network Inference Problem

Rt
where A = {αji } denotes the collection of parameters, S(ti |tj ; αji ) = 1 − tji f (t − tj ; αji ) dt
is the survival function and H(ti |tj ; αji ) = f (ti − tj ; αji )/S(ti |tj ; αji ) is the hazard function.
The survival terms in the first line account for the probability that uninfected nodes survive
to all infected nodes in the cascade up to T and the survival and hazard terms in the second
line account for the likelihood of the infected nodes. The survival and hazard functions
are simple for several well-known parametric transmission likelihoods, as shown in Table 1.
Then, assuming cascades are sampled independently, the likelihood of a set of cascades is the
product of the likelihoods of individual cascades given byPEq. 1. For notational simplicity,
we define y(ti |tk ; αki ) := log S(ti |tk ; αki ), and h(t; αi ) := k:tk ≤ti H(ti |tk ; αki ) if ti ≤ T and
0 otherwise.

ti ≤T tm >T

Gomez-Rodriguez et al. (2011) showed that the likelihood of a cascade t under the continuoustime independent cascade model is
Y Y
Y
X
f (t; A) =
S(T |ti ; αim ) ×
S(ti |tk ; αki )
H(ti |tj ; αji ),
(1)

2.3 Likelihood of a cascade

cascade. We assume T c = T for all cascades; the results generalize trivially. Contagions
often propagate simultaneously (Myers and Leskovec, 2012; Prakash et al., 2012) over the
same network but we assume each contagion to propagate independently of each other.
Finally, we also assume that all activated nodes except the first one are activated by network
diffusion, i.e., by previously activated nodes, ignoring external influences (Myers et al.,
2012). Refer to Figure 1 for an example.

Ray

Pow

Exp

Model

Estimating Diffusion Network Structures

InfectedP
node (ti < T )
log h(t; α) + j:tj <ti y(ti |tj ; αj )
−y 0 (ti |tk ; αk )
−y 00 (ti |tk ; αk ) − h(t; α)−1 H 00 (ti |tk ; αk )

Uninfected
node (ti > T )
P
j:tj <T y(T |tj ; αj )
−y 0 (T |tk ; αk )
−y 00 (T |tk ; αk )

j:tj <ti

6
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Below, we show that, as n → ∞, the solution, α̂i , of the problem in Eq. 3 is a consistent
estimator of the true parameter α∗i . However, it is not clear whether it is possible to

j:tj <ti

P
for an infected node and gi (t; αi ) = − j:tj <T αji (T − tj ) for an uninfected node. Refer
to Table 2 for a general definition of g( · ; αi ). Moreover, in this subproblem, we only need
to consider a super-neighborhood Vi = Ri ∪ Ui of i, with cardinality pi = |Vi | ≤ N , where
Ri is the set of upstream nodes from which i is reachable, Ui is the set of nodes which
are reachable from at least one node j ∈ Ri . Here, we consider a node i to be reachable
from a node j if and only if there is a directed path from j to i. We can skip all nodes in
V\Vi from our analysis because they will never be infected in a cascade before i, and thus,
the maximum likelihood estimation of the associated transmission rates will always be zero
(and correct).

In fact, the problem in Eq. 2 decouples into a set of independent smaller subproblems,
one per node, where we infer the parents of each node and the parameters associated with
these incoming edges. Without loss of generality, for a particular node i, we solve the
problem
minimizeαi `n (αi )
(3)
subject to αji ≥ 0, j = 1, . . . , N, i 6= j,
where the parameters
αi := {αji | j = 1, . . . , N, i 6= j} are the relevant variables, and
P
`n (αi ) = − n1 c∈C n gi (tc ; αi ) corresponds to the terms in Eq. 2 involving αi . The function
g( · ; αi ) is simple for several well-known parametric transmission likelihoods, including those
described in Table 1. For example, for an exponential transmission likelihood,


X
X
gi (t; αi ) = log 
αji  −
αji (ti − tj )

where the inferred edges in the network correspond to those pairs of nodes with non-zero
parameters, i.e. α̂ji > 0.

This problem has been cast as a maximum likelihood estimation problem (GomezRodriguez et al., 2011)
P
minimizeA − n1 c∈C n log f (tc ; A)
(2)
subject to αji ≥ 0, i, j = 1, . . . , N, i 6= j,

P(s). Then, the network inference problem consists of finding the directed edges and the
associated parameters using only the temporal information from the set of cascades C n .

Table 2: Functions. gi (t; α) is node i’s log-likelihood in a cascade t, yi (t; α) is the logarithm
of node i’s survivals in a cascade t, D(t; α) is a diagonal matrix defined in Eq. 5,
H(ti |tk ; αk ) is the hazard function, and h(t; α) denotes the sum of node i’s hazard
functions in a cascade t.

Function
gi (t; α)
[∇yi (t; α)]k
[D(t; α)]kk

Gomez-Rodriguez, Song, Daneshmand, Daneshmand and Schölkopf

Gomez-Rodriguez, Song, Daneshmand, Daneshmand and Schölkopf

kX(tc ; β) − X(tc ; α)k2 ≤ k1 kβ − αk2 ,
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The answers to these questions are intertwined. The difficulty of finite-sample recovery
depends crucially on an irrepresentability condition which is a function of both network
structure, parameters of the diffusion model and the cascade sampling process. Intuitively,
the sources of the cascades in a diffusion network have to be chosen in such a way that
nodes without parent-child relation should co-occur less often compared to nodes with such
relation. Many commonly used diffusion models and network structures can be naturally
made to satisfy this condition.
More specifically, we first place two conditions on the Hessian of the population loglikelihood, Ec [`n (α)] = Ec [log g(tc ; α)], where the expectation here is taken over the distribution P(s) of the source nodes, and the density f (tc |s) of the cascades tc given a source
node s. In this case, we will further denote the Hessian of Ec [log g(tc ; α)] evaluated at the
true model parameter α∗ as Q∗ . Then, we place two conditions on the Lipschitz continuity
of X(tc ; α), and the boundedness of X(tc ; α∗ ) and ∇g(tc ; α∗ ) at the true model parameter
α∗ . For simplicity, we will denote the subset of indexes associated to node i’s true parents
∗ to denote the sub-matrix of Q∗ indexed
as S, and its complement as S c . Then, we use QSS
by S and αS∗ the set of parameters indexed by S. Note that αS∗ c = 0.
Condition 1 (Dependency condition): There exists constants Cmin > 0 and Cmax >
∗ )≥C
∗
0 such that Λmin (QSS
min and Λmax (QSS ) ≤ Cmax where Λmin (·) and Λmax (·) return
the leading and the bottom eigenvalue of its argument respectively. This assumption ensures that two connected nodes co-occur reasonably frequently in the cascades but are not
deterministically related.
Condition 2 (Irrepresentability condition): There exists
P a constant ε ∈ (0, 1]
∗ )−1 |||
such that |||QS∗ c S (QSS
∞ ≤ 1 − ε, where |||A|||∞ = maxj
k |Ajk |. This assumption
captures the intuition that, node i and any of its neighbors should get infected together in
a cascade more often than node i and any of its non-neighbors. A similar irrepresentability
condition has been proposed on model selection consistency of Lasso (Zhao and Yu, 2006).
Condition 3 (Lipschitz Continuity): For any feasible cascade tc , the Hazard vector
∗ /2},
X(tc ; α) is Lipschitz continuous in the domain {α : αS ≥ αmin

• What kind of cascades are needed for the network structure recovery?

• Are there some network structures which are more difficult than others to recover?

In this section, we will find a set of sufficient conditions on the diffusion model and the
cascade sampling process under which we can recover the network structure from finite
samples. These results allow us to address two questions:

5. Recovery Conditions

Estimating Diffusion Network Structures

(4)

Appendices 12.1 and 12.2), which establish that X n (α) has full row rank as n → ∞, and
hence Qn is positive definite.

`n (αi ) + λn ||αi ||1
αji ≥ 0, j = 1, . . . , N, i 6= j,

recover the true network structure with this approach given a finite amount of cascades
and, if so, how many cascades are needed. We will show that by adding an `1 -regularizer
to the objective function and solving instead the following optimization problem
minimizeαi
subject to
we can provide finite sample guarantees for recovering the network structure (and parameters). Our analysis also shows that by selecting an appropriate value for the regularization
parameter λn , the solution of Eq. 4 successfully recovers the network structure with probability approaching 1 exponentially fast in n.
In the remainder of the paper, we will focus on estimating the parent nodes of a particular
node i. For simplicity, we will use α = αi , αj = αji , N − = N − (i), R = Ri , U = Ui , d = di ,
∗
∗
pi = p and αmin
= αmin,i
.

4. Consistency
Can we recover the hidden network structures from the observed cascades? The answer
is yes. We will show this by proving that the estimator provided by Eq. 3 is consistent,
meaning that as the number of cascades goes to infinity, we can always recover the true
network structure.
More specifically, Gomez-Rodriguez et al. (2011) showed that the network inference
problem defined in Eq. 3 is convex in α if the survival functions are log-concave and the
hazard functions are concave in α. Under these conditions, the Hessian matrix, Qn =
∇2 `n (α), can be expressed as the sum of a nonnegative diagonal matrix D n and the outer
product of a matrix X n (α) with itself, i.e.,
(5)
Qn = D n (α) + n1 X n (α)[X n (α)]> .
P
Here the diagonal matrix D n (α) = n1 c D(tc ; α) is a sum over a set of diagonal matrices
D(tc ; α), one for each cascade c (see Table 2 for the definition of its entries); and X n (α)
is the Hazard matrix


X n (α) = X(t1 ; α) | X(t2 ; α) | . . . | X(tn ; α) ,
(6)

with each column X(tc ; α) := h(tc ; α)−1 ∇α h(tc ; α). Intuitively, the Hessian matrix captures the co-occurrence information of nodes in cascades. Both D(tc ; α) and X n (α) are
simple for several well-known transmission likelihoods, including those described in Table 1. For example, for an exponential transmission likelihood, [D(tc ; α)]kk = 0 and
−1
P
if tj < ti and 0 otherwise. Then, we can prove the following
[X n (α)]j =
k:tk <ti αki
consistency result:

Theorem 1 If the source probability P(s) is strictly positive for all s ∈ R, then, the maximum likelihood estimator α̂ given by the solution of Eq. 3 is consistent.
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Proof We check the three criteria for consistency: continuity, compactness and identification of the objective function (Newey and McFadden, 1994). Continuity is obvious.
For compactness, since L → −∞ for both αij → 0 and αij → ∞ for all i, j so we lose
nothing imposing upper and lower bounds thus restricting to a compact subset. For the
identification condition, α 6= α∗ ⇒ `n (α) 6= `n (α∗ ), we use Lemma 9 and 10 (refer to
7
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Remarks. The above sample complexity is proved for each node separately for recovering its parents. Using a union bound, we can provide the sample complexity for recovering
the entire network structure by joining these parent-child relations together. The resulting
sample complexity and the choice of regularization parameters will remain largely the same,

then the following properties hold with probability at least 1 − 2 exp(−Kλ2n n):
1. For each node i ∈ V, the `1 -regularized network inference problem defined in Eq. 4 has
a unique solution, and so uniquely specifies a set of incoming edges of node i.
2. For each node i ∈ V, the estimated set of incoming edges does not include any false
edges and include all true edges.
Furthermore, suppose that the finite sample Hessian matrix Qn satisfies conditions 1 and 2.
Then there exist positive constants L and K, independent of (n, p, d), such that the sample
complexity can be improved to n > Ld2 log p with other statements remain the same.

n > Ld3 log p,

Theorem 2 Consider an instance of the continuous-time diffusion model with parameters
∗ and associated edges E ∗ such that the model satisfies condition 1-4, and let C n be a
αji
set of n cascades drawn from the model. Suppose that the regularization parameter λn is
selected to satisfy
r
2 − ε log p
λn ≥ 8k3
.
(8)
ε
n
Then, there exist positive constants L and K, independent of (n, p, d), such that if

How many cascades do we need to recover the network structure? We will answer this
question by providing a sample complexity analysis of the optimization in Eq. 4. Given the
conditions spelled out in Section 5, we can show that the number of cascades needs to grow
polynomially in the number of true parents of a node, and depends only logarithmically on
the size of the network. This is a positive result, since the network size can be very large
(millions or billions), but the number of parents of a node is usually small compared the
network size. More specifically, for each individual node, we have the following result:

6. Sample Complexity

Finally, consider the star graph in Fig. 2(c), with exponential edge transmission functions, and assume that we would like to find the incoming edges to a leave node i when
T < ∞. Then, as long as the root node has a nonzero probability P0 > 0 of being the
source of a 
cascade, it can
 be shown that the irrepresentability condition reduces to the
α0j
α0j
inequalities 1 − α0i +α
e−(α0i +α0j )T + α0i +α
< 1 − ε(1 + e−α0i T ), j = 1, . . . , p : j 6= i,
0j
0j
which always holds for some ε > 0. If T → ∞, then the condition holds whenever
ε < α0i /(α0i + maxj:j6=i α0j ). Here, the larger the ratio maxj:j6=i α0j /α0i is, the smaller
the maximum value of ε for which the irrepresentability condition holds. To summarize, as
long as P0 > 0, there is always some ε > 0 for which the condition holds, and such ε value
depends on the time window and the parameters α0j .
Remarks for conditions 3 and 4 Well-known pairwise transmission likelihoods such
as exponential, Rayleigh or Power-law, used in previous work Gomez-Rodriguez et al. (2011),
satisfy conditions 3 and 4.

Gomez-Rodriguez, Song, Daneshmand, Daneshmand and Schölkopf

Second, consider the directed tree in Fig. 2(b) and assume that we would like to find the
incoming edges to node 0 when T → ∞. Then, it can be shown that the irrepresentability
condition is satisfied as long as (1) P1 > 0, (2) (P2 > 0) or (P5 > 0 and P6 > 0), and (3)
P3 > 0. As in the chain, the condition depends on the source node distribution.

First, consider the chain graph in Fig. 2(a) and assume that we would like to find the
incoming edges to node 3 when T → ∞. Then, it is easy to show that the irrepresentability
condition is satisfied if (P0 +P1 )/(P0 +P1 +P2 ) < 1−ε and P0 /(P0 +P1 +P2 ) < 1−ε, where
Pi denotes the probability of a node i to be the source of a cascade. Thus, for example, if
the source of each cascade is chosen uniformly at random, the inequality is satisfied. Here,
the irrepresentability condition depends on the source node distribution.

Remarks for condition 2 The irrepresentability condition depends, in a non-trivial
way, on the network structure, diffusion parameters, observation window and source node
distribution. Here, we give some intuition by studying three small canonical examples.

Remarks for condition 1 As stated in Theorem 1, as long as the source probability
P(s) is strictly positive for all s ∈ R, the maximum likelihood formulation is strictly convex
and thus there exists Cmin > 0 such that Λmin (Q∗ ) ≥ Cmin . Moreover, condition 4 implies
that there exists Cmax > 0 such that Λmax (Q∗ ) ≤ Cmax .

where k3 and k4 are positive constants. Then the absolute value of each entry in the Hessian
matrix Q∗ , is also bounded |||Q∗ |||∞ ≤ k5 .

k∇g(tc ; α∗ )k∞ ≤ k3 ,

Condition 4 (Boundedness): For any feasible cascade tc , the absolute value of each
entry in the gradient of its log-likelihood and in the Hazard vector, as evaluated at the true
model parameter α∗ , is bounded,

where k2 is some positive constant.

|D(tc ; β)jj − D(tc ; α)jj | ≤ k2 kβ − αk2 ,

Furthermore, for any feasible cascade tc , D(α)jj is Lipschitz continuous for all j ∈ V,

where k1 is some positive constant. As a consequence, the spectral norm of the difference,
n−1/2 (X n (β) − X n (α)), is also bounded (refer to appendix 12.3), i.e.,

|||n−1/2 X n (β) − X n (α) |||2 ≤ k1 kβ − αk2 .
(7)

(a) Chain
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except that the dependency on d will change from d to dmax (the largest number of parents
of a node), and the dependency on p will change from log p to 2 log N (N the number of
nodes in the network).
6.1 Outline of Analysis
The proof of Theorem 2 uses a technique called primal-dual witness method, previously
used in the proof of sparsistency of Lasso (Wainwright, 2009) and high-dimensional Ising
model selection (Ravikumar et al., 2010). To the best of our knowledge, the present work
is the first that uses this technique in the context of diffusion network inference. First, we
show that the optimal solutions to Eq. 4 have shared sparsity pattern, and under a further
condition, the solution is unique (proven in Appendix 12.4):
Lemma 3 Suppose that there exists an optimal primal-dual solution (α̂, µ̂) to Eq. 4 with an
associated subgradient vector ẑ such that ||ẑS c ||∞ < 1. Then, any optimal primal solution
n is strictly positive definite,
α̃ must have α̃S c = 0. Moreover, if the Hessian sub-matrix QSS
then α̂ is the unique optimal solution.

(11)

(10)

Next, we will construct a primal-dual vector (α̂, µ̂) along with an associated subgradient
vector ẑ. Furthermore, we will show that, under the assumptions on (n, p, d) stated in
Theorem 2, our constructed solution satisfies the KKT optimality conditions to Eq. 4, and
the primal vector has the same sparsity pattern as the true parameter α∗ , i.e.,
α̂j > 0, ∀j : αj∗ > 0,

α̂j = 0, ∀j : αj∗ = 0.

(15)

(14)

(13)

(12)

Then, based on Lemma 3, we can deduce that the optimal solution to Eq. 4 correctly
recovers the sparsisty pattern of α∗ , and thus the incoming edges to node i.
More specifically, we start by realizing that a primal-dual optimal solution (α̃, µ̃) to
Eq. 4 must satisfy the generalized Karush-Kuhn-Tucker (KKT) conditions Boyd and Vandenberghe (2004):
µ̃j α̃j = 0,

0 ∈ ∇`n (α̃) + λn z̃ − µ̃,
µ̃j ≥ 0,
z̃j = 1, ∀α̃j > 0,

|z̃j | ≤ 1, ∀α̃j = 0,
(16)
P
where `n (α̃) = − n1 c∈C n log g(tc ; α̃) and z̃ denotes the subgradient of the `1 -norm.
Suppose the true set of parent of node i is S. We construct the primal-dual vector (α̂, µ̂)
and the associated subgradient vector ẑ in the following way

α̂S =

argmin

{`n (α) + λn ||αS ||1 }.

(17)

1. We set α̂S as the solution to the partial regularized maximum likelihood problem
(αS ,0),αS ≥0
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Then, we set µ̂S ≥ 0 as the dual solution associated to the primal solution α̂S .
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(18)

2. We set α̂S c = 0, so that condition (11) holds, and µ̂S c = µS∗ c ≥ 0, where µ∗ is the
optimal dual solution to the following problem:

minimizeα Ec [`n (α)]
subject to αj ≥ 0, j = 1, . . . , N, i 6= j.

Thus, our construction satisfies condition (14).

3. We obtain ẑS c from (12) by substituting in the constructed α̂, µ̂ and ẑS .

Then, we only need to prove that, under the stated scalings of (n, p, d), with high-probability,
the remaining KKT conditions (10), (13), (15) and (16) hold.
For simplicity of exposition, we first assume that the dependency and irrepresentability
conditions hold for the finite sample Hessian matrix Qn . Later we will lift this restriction
and only place these conditions on the population Hessian matrix Q∗ . The following lemma
(proven in Appendix 12.5) show that our constructed solution satisfies condition (10):

Lemma 4 Under condition 3, if the regularization parameter is selected to satisfy
2
√
Cmin
√
,
dλn ≤
6(k2 + 2k1 Cmax )

and k∇s `n (α∗ )k∞ ≤ λ4n , then,
√
α∗
3 dλn
kα̂S − αS∗ k2 ≤
≤ min ,
Cmin
2
√
∗
as long as αmin
≥ 6 dλn /Cmin .

Qn (α̂ − α∗ ) = −∇`n (α∗ ) − λn ẑ + µ̂ − Rn ,

(19)

Based on this lemma, we can then further show that the KKT conditions (13) and (15)
also hold for the constructed solution. This can be trivially deduced from condition (10) and
(11), and our construction steps (a) and (b). Note that it also implies that µ̂S = µS∗ = 0,
and hence µ̂ = µ∗ .
Proving condition (16) is more challenging. We first provide more details on how to
construct ẑS c mentioned in step (c). We start by using a Taylor expansion of Eq. 12,

where Rn is a remainder term with its j-th entry

T
Rjn = ∇2 `n (ᾱj ) − ∇2 `n (α∗ ) j (α̂ − α∗ ),

and ᾱj = θj α̂ + (1 − θj )α∗ with θj ∈ [0, 1] according to the mean value theorem. Rewriting
Eq. 19 using block matrices





  
  n
α̂ − α∗
∇ `n (α∗ )
ẑ
µ̂
RS
S
S
S
S
S
=−
− λn
+
−
(20)
α̂Sc − αS∗ c
∇S c `n (α∗ )
ẑS c
µ̂S c
RSn c
n
n
QSS
QSS
c
QSn c S QSn c S c

and, after some algebraic manipulation, we have

n −1
λẑS c = −∇S c `n (α∗ ) + µ̂S c − RSn c − QSn c S (QSS
)
− ∇s `n (α∗ ) − λẑS + µ̂S − RSn . (21)
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Next, we upper bound kẑ c k using the triangle inequality
∞
S

n −1
kẑS c k∞ ≤ λn−1 kµS∗ c − ∇S c `n (α∗ )k∞ + λn−1 kRSn c k∞ + kQSn c S (QSS
) k∞ × 1 + λn−1 kRSn k∞

+λn−1 kµS∗ − ∇S `n (α∗ )k∞ ,

12

(22)

x

∞
0

if ∃i : yi > λn
otherwise

(23)
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In this section, we first illustrate some consequences of Th. 2 by applying our algorithm
to several types of networks, parameters (n, p, d), and regularization parameter λn . Then,
we compare our algorithm to two different state-of-the-art algorithms: NetRate GomezRodriguez et al. (2011) and First-Edge Abrahao et al. (2013).

8. Experiments

In summary, the proximal operator for our particular function g(·) is a soft-thresholding
operator, (v − λn Lk )+ , which leads to a sparse optimal solution α̂, as desired.

y

proxg∗ /Lk (v/Lk ) = argmin{g ∗ (y) +



Lk
ky − v/Lk k22 } = (v − λn Lk )+
2


g ∗ (y) = sup (y − λn 1)T x − 1(x ≥ 0) =
is the conjugate function of g. Then,

where

proxLk g (v) = v − Lk proxg∗ /Lk (v/Lk ),

where the non-smooth convex function g(α) = λn ||α||1 if α ≥ 0 and +∞ otherwise. By
rewriting both problems as a sum of a smooth convex function `n (α) and a non-smooth
convex function g(α), the general recipe from Parikh and Boyd (2013) for designing proximal
gradient algorithm can be applied directly.
Algorithm 1 summarizes the resulting algorithm. In each iteration of the algorithm,
we need to compute ∇`n (Table 2) and the proximal operator proxLk g (v), where Lk is a
step size that we can set to a constant value L or find using a simple line search Beck and
Teboulle (2009). Using Moreau’s decomposition, we have

minimizeα `n (α) + g(α),

Can we design efficient algorithms to solve Eq. (4) for network recovery? Here, we will
design a proximal gradient algorithm which is well suited for solving non-smooth, constrained, large-scale or high-dimensional convex optimization problems Parikh and Boyd
(2013). Moreover, they are easy to understand, derive, and implement. We first rewrite
Eq. 4 as an unconstrained optimization problem:

7. Efficient soft-thresholding algorithm

Algorithm 1 `1 -regularized network inference
Require: C n , λn , K, L
for all i ∈ V do
k=0
while k < K do

αk+1
= αki − L∇αi `n (αki ) − λn L +
i
k =k+1
end while
α̂i = αK−1
i
end for
return {α̂i }i∈V

Gomez-Rodriguez, Song, Daneshmand, Daneshmand and Schölkopf

Note in this case the cascade set size need to increase to n > Ld3 log p, where L is a
sufficiently large positive constant independent of (n, p, d), for the error probabilities on
these last two lemmas to converge to zero.



n
P kQnS c S (QnSS )−1 k∞ ≥ 1 − ε/2 ≤ p exp −K 3 ,
d
where K is a constant independent of (n, p, d).

Lemma 8 If |||Q∗S c S (Q∗SS )−1 |||∞ ≤ 1 − ε, then,

Lemma 7 If condition 1 holds for Q∗ , then, for any δ > 0,


δ2n
P (Λmin (QnSS ) ≤ Cmin − δ) ≤ 2dB1 exp −A1 2 ,
d


2n
δ
P (Λmax (QnSS ) ≥ Cmax + δ) ≤ 2dB2 exp −A2 2 ,
d
where A1 , A2 , B1 and B2 are constants independent of (n, p, d).

and thus condition (16) holds.
A possible choice of the regularization parameter λn and cascade p
set size n such that
the conditions of the Lemmas 4-6 are satisfied is λn = 8k3 (2 − ε)ε−1 n−1 log p and n >

−4 −4 2
−1
∗ )−1 ε−1 2 d log p.
2882 k32 (2 − ε)4 Cmin
ε d log p + 48k3 (2 − ε)Cmin
(αmin
Last, we lift the dependency and irrepresentability conditions imposed on the finite
sample Hessian matrix Qn . We show that if we only impose these conditions in the corresponding population matrix Q∗ , then they will also hold for Qn with high probability (proven
in Appendices 12.8 and 12.9).

≤ (1 − ε) + 0.25ε + 0.25ε = 1 − 0.5ε,

n
−1
∗
n
∗
kẑS c k∞ ≤ (1 − ε) + λ−1
n (2 − ε)kR k∞ + λn (2 − ε)kµ − ∇` (α )k∞

Now, applying both lemmas and the irrepresentability condition on the finite sample Hessian
matrix Qn , we have

Lemma 6 Given ε ∈ (0, 1] from the irrepresentability condition, if conditions 3 and 4 holds,
λn is selected to satisfy
ε
2
λn d ≤ Cmin
,
36K(2 − ε)
√
n
ε
n
∗
2
where K = k1 + k4 k1 + k1 + k1 Cmax , and k∇s ` (α )k∞ ≤ λ4n , then, kRλnk∞ ≤ 4(2−ε)
, as
√
∗
long as αmin ≥ 6 dλn /Cmin .

Lemma 5 Given ε ∈ (0, 1] from the irrepresentability condition, we have,
!


2−ε
nλ2n ε2
n
∗
∗
−1
,
P
k∇` (α ) − µ k∞ ≥ 4 ε ≤ 2p exp −
λn
32k32 (2 − ε)2
q
log p
which converges to zero at rate exp(−cλ2n n) as long as λn ≥ 8k3 2−ε
ε
n .

and we want to prove that this upper bound is smaller than 1. This can be done with the
help of the following two lemmas (proven in Appendices 12.6 and 12.7):
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Parameters (n, p, d) According to Th. 2, the number of cascades that are necessary
to successfully infer the incoming edges of a node will increase polynomially to the node’s
neighborhood size di and logarithmically to the super-neighborhood size pi . Here, we first
infer the incoming links of nodes on the same type of canonical networks as depicted in
Fig. 2. We choose nodes the same in-degree but different super-neighboorhod set sizes pi
and experiment with different scalings β of the number of cascades
n = 10βd log p. We
p
set the regularization parameter λn as a constant factor of log(p)/n as suggested by
Theorem 2 and, for each node, we used cascades which contained at least one node in the
super-neighborhood of the node under study. We used an exponential transmission model
and time window T = 10. As predicted by Theorem 2, very different p values lead to curves
that line up with each other quite well.

JMLR 17(90):1-29

Our results can be extended in multiple directions. First, our novel formulation of the
diffusion network recovery problem as a `1 -regularized convex optimization problem establishes a connection between the literature on information diffusion and a vast literature
on high dimension sparse recovery problem from machine learning and statistics literature.
This connection allows us to borrow analysis frameworks for graphical model structure estimation to analyze information diffusion. In terms of diffusion models, we can extend the
current independent cascade model to deal with nonparametric transmission functions (Du
15

Next, we infer the incoming links of nodes of a larger hierarchical Kronecker network.
Again, we choose nodes with the same in-degree (di = 3) but different super-neighboorhod
set sizes pi under different scalings β of the number of cascades n = 10βd log p. We used
an exponential transmission model and T = 5. Fig. 3(a) summarizes the results, where, for
each node, we used cascades which contained at least one node in the super-neighborhood
of the node under study. Similarly as in the case of the canonical networks, very different
p values lead to curves that line up with each other quite well.

Figure 4: Success probability vs. # of cascades. Different super-neighborhood sizes pi .

Success Probability

Figure 3: Success probability vs. # of cascades.

Success Probability

Experimental Setup We focus on synthetic networks that mimic the structure of
real-world diffusion networks – in particular, social networks. We consider two models of
directed real-world social networks: the Forest Fire model (Barabási and Albert, 1999) and
the Kronecker Graph model (Leskovec et al., 2010), and use simple pairwise transmission
models such as exponential, power-law or Rayleigh. We use networks with 128 nodes and, for
each edge, we draw its associated transmission rate from a uniform distribution U (0.5, 1.5).
In general, we proceed as follows: we generate a network G ∗ and transmission rates A∗ ,
simulate a set of cascades and, for each cascade, record the node infection times. Then,
given the infection times, we infer a network Ĝ. Finally, when we illustrate the consequences
of Th. 2, we evaluate the accuracy of the inferred neighborhood of a node N̂ − (i) using
probability of success P (Ê = E ∗ ), estimated by running our method of 100 independent
cascade sets. When we compare our algorithm to NetRate and First-Edge, we use the F1
score, which is defined as 2P R/(P + R), where precision (P) is the fraction of edges in the
inferred network Ĝ present in the true network G ∗ , and recall (R) is the fraction of edges of
the true network G ∗ present in the inferred network Ĝ.

Source Probability

Finally, we infer the incoming links of nodes of a hierarchical Kronecker network with
equal super neighborhood size (pi = 70) but different in-degree (di ) under different scalings
β of the number of cascades
n = 10βd log p and choose the regularization parameter λn
p
as a constant factor of log(p)/n as suggested by Theorem 2. We used an exponential
transmission model and time window T = 5. Figure 3(b) summarizes the results, where
we observe that, as predicted by Theorem 2, different d values lead to noticeably different
curves.
Regularization parameter λn Our mainpresult indicates that the regularization
parameter λn should be a constant factor of
log(p)/n. Fig. 3(c) shows the success
probability
p of our algorithm against different scalings K of the regularization parameter
λn = K log(p)/n for different types of networks using 150 cascades and T = 5. We find
that for sufficiently large λn , the success probability flattens, as expected from Th. 2. It
flattens at values smaller than one because we used a fixed number of cascades n, which
may not satisfy the conditions of Th. 2.
Comparison with NetRate and First-Edge Fig. 5 compares the accuracy of our
algorithm, NetRate and First-Edge against number of cascades for three hierarchical
Kronecker network and three Forest Fire networks, with power-law (Pow), exponential
(Exp) and rayleigh (Ray) transmission models, and an observation window T = 10. Our
method outperforms both competitive methods, finding especially striking the competitive
advantage with respect to First-Edge, however, this may be explained by comparing the
sample complexity results for both methods: First-Edge needs O(N d log N ) cascades to
achieve a probability of success approaching 1 in a rate polynomial in the number of cascades
while our method needs O(d3 log N ) to achieve a probability of success approaching 1 in a
rate exponential in the number of cascades.

Success Probability
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Lemma 9 Given log-concave survival functions and concave hazard functions in the parameter(s) of the pairwise transmission likelihoods, then, a sufficient condition for the Hessian
matrix Qn to be positive definite is that the hazard matrix X n (α) is non-singular.

12.1 Proof of Lemma 9

Proof Using Eq. 5, the Hessian matrix can be expressed as a sum of two matrices, Dn (α)
and Xn (α)Xn (α)> . The matrix Dn (α) is trivially positive semidefinite by log-concavity of
the survival functions and concavity of the hazard functions. The matrix Xn (α)Xn (α)> is
positive definite matrix since Xn (α) is full rank by assumption. Then, the Hessian matrix
is positive definite since it is a sum a positive semidefinite matrix and a positive definite
matrix.
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Our work contributes towards establishing a theoretical foundation of the network inference
problem. Specifically, we proposed a `1 -regularized maximum likelihood inference method
for a well-known continuous-time diffusion model and an efficient proximal gradient implementation, and then show that, for general networks satisfying a natural irrepresentability
condition, our method achieves an exponentially decreasing error with respect to the number
of cascades as long as O(d3 log N ) cascades are recorded.
Our work also opens many interesting venues for future work. For example, given a fixed
number of cascades, it would be useful to provide confidence intervals on the inferred edges.
Further, a detailed theoretical analysis of the irrepresentability condition on large synthetic
networks that mimic the structure of real-world diffusion networks, such as Kronecker or
Forest-Fire networks, is still missing. Given a network with arbitrary pairwise likelihoods,
it is an open question whether there always exists at least one source distribution and time
window value such that the irrepresentability condition is satisfied, and, and if so, whether
there is an efficient way of finding this distribution. Finally, our work assumes all activations
occur due to network diffusion and are recorded. It would be interesting to allow for missing
observations, as well as activations due to exogenous factors.

10. Conclusions

Suppose there exists an unknown P(s) where the irrepresentability conditions hold
for the diffusion model. Under what conditions, can we design an “active” algorithm
which samples the source location intelligently and achieves the sample complexity in
Theorem 2, or even better sample complexity, e.g., o(d3i log N )?

the source locations to sample from may be determined actively in a sequential manner,
potentially based on the information gathered from previous source locations. Thus an
interesting open question is:

Gomez-Rodriguez, Song, Daneshmand, Daneshmand and Schölkopf

Our results also bring out interesting further open problems on diffusion network estimations. For instance, the success of the network inference algorithm in Equation (2)
relies on the fulfillment of the above mentioned irrepresentability condition on the Hessian,
Q∗ , of the population log-likelihood E[`n ], where the expectation here is taken over the
distribution P(s) of the source nodes and the random generative process of the diffusion
model given a source node s. This condition captures the intuition that, node i and any of
its neighbors should get infected together in a cascade more often than node i and any of
its non-neighbors. Unfortunately, the irrepresentability condition depends, in a non-trivial
way, on the network structure, diffusion parameters, and the source distribution P(s), which
are all unknown during the network inference stage. Previous work has typically assumed
the network structure, diffusion parameters, observation window and source distribution to
be fixed, and source locations are sampled passively from the latter. However, in practice,

et al., 2012a), transmission function conditioned on additional features (Du et al., 2013),
diffusion models which allows for multiple events (Zhou et al., 2013). All three models will
result in convex loss function; and for the former two models, we can employ grouped lasso
regularization (Yuan and Lin, 2006), while for the latter model, we can employ a nuclear
norm regularization (Recht et al., 2010). These models are more complicated than the
independent cascade model we studied in the paper, but analysis for these models can be
carried out using a general M-estimation analysis framework (Negahban et al., 2009), since
these regularizers are decomposable and one needs to check the restricted strong convexity of the loss function. In terms of the estimation algorithms, we can employ proximal
algorithms (Parikh and Boyd, 2013) or the conditional gradient algorithm (Jaggi, 2013) to
deal with different type of diffusion models and regularizers. When the data is large, one
can consider distributed (Boyd et al., 2011) and online estimation (Nemirovski et al., 2009)
procedures.
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12.2 Proof of Lemma 10
Lemma 10 If the source probability P(s) is strictly positive for all s ∈ R, then, for an
arbitrarily large number of cascades n → ∞, there exists an ordering of the nodes and
cascades within the cascade set such that the hazard matrix X n (α) is non-singular.
Proof In this proof, we find a labeling of the nodes (row indices in Xn (α)) and ordering
of the cascades (column indices in Xn (α)), such that, for an arbitrary large number of
cascades, we can express the matrix Xn (α) as [T B], where T ∈ Rp×p is an upper triangular
with nonzero diagonal elements and B ∈ Rp×n−p . And, therefore, Xn (α) has full rank
(rank p). We proceed first by sorting nodes in R and then continue by sorting nodes in U:
• Nodes in R: For each node u ∈ R, consider the set of cascades Cu in which u was a
source and i got infected. Then, rank each node u according to the earliest position
in which node i got infected across all cascades in Cu in decreasing order, breaking
ties at random. For example, if a node u was, at least once, the source of a cascade in
which node i got infected just after the source, but in contrast, node v was never the
source of a cascade in which node i got infected the second, then node u will have a
lower index than node v. Then, assign row k in the matrix Xn (α) to node in position
k and assign the first d columns to the corresponding cascades in which node i got
infected earlier. In such ordering, Xn (α)mk = 0 for all m < k and Xn (α)kk 6= 0.

∗
αmin
2 },

• Nodes in U: Similarly as in the first step, and assign them the rows d + 1 to p.
Moreover, we assign the columns d + 1 to p to the corresponding cascades in which
node i got infected earlier. Again, this ordering satisfies that Xn (α)mk = 0 for all
m < k and Xn (α)kk 6= 0. Finally, the remaining columns n − p can be assigned to
the remaining cascades at random.
This ordering leads to the desired structure [T B], and thus it is non-singular.

12.3 Proof of Eq 7.
kX(tc ; β) − X(tc ; α)k2 ≤ k1 kβ − αk2 ,

2

some positive constant. Then, we can bound the spectral norm of the difference,
α∗
− X n (α)), in the domain {α : αS ≥ min } as follows:

If the Hazard vector X(tc ; α) is Lipschitz continuous in the domain {α : αS ≥
where k1 is
√1 (X n (β)
n
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1
1
|k √ Xn (β) − Xn (α) k|2 = max √ ku Xn (β) − Xn (α) k2
n
n
kuk2 =1
v
u n
q
1 uX
1
= max √ t hu, X(tc ; β) − X(tc ; α)i2 ≤ √
k12 nkuk22 kβ − αk22 ≤ k1 kβ − αk2 .
n c=1
n
kuk2 =1
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12.4 Proof of Lemma 3

`n (αi )
αji ≥ 0, j = 1, . . . , N, i 6= j,
||αi ||1 ≤ C(λn )

(24)

By Lagrangian duality, the regularized network inference problem defined in Eq. 4 is equivalent to the following constrained optimization problem:
minimizeαi
subject to

where C(λn ) < ∞ is a positive constant. In this alternative formulation, λn is the Lagrange
multiplier for the second constraint. Since λn is strictly positive, the constraint is active at
any optimal solution, and thus ||αi ||1 is constant across all optimal solutions.
Using that `n (αi ) is a differentiable convex function by assumption and {α : αji ≥
0, ||αi ||1 ≤ C(λn )} is a convex set, we have that ∇`n (αi ) is constant across optimal primal
solutions Mangasarian (1988). Moreover, any optimal primal-dual solution in the original
problem must satisfy the KKT conditions in the alternative formulation defined by Eq. 24,
in particular,
∇`n (αi ) = −λn z + µ,
where µ ≥ 0 are the Lagrange multipliers associated to the non negativity constraints and
z denotes the subgradient of the `1-norm.
Consider the solution α̂ such that ||ẑSc ||∞ < 1 and thus ∇αSc `n (α̂i ) = −λn ẑSc + µ̂S c .
Now, assume there is an optimal primal solution α̃ such that α̃ji > 0 for some j ∈ S c ,
then, using that the gradient must be constant across optimal solutions, it should hold
that −λn ẑj + µ̂j = −λn , where µ̃ji = 0 by complementary slackness, which implies µ̂j =
−λn (1 − ẑj ) < 0. Since µ̂j ≥ 0 by assumption, this leads to a contradiction. Then, any
primal solution α̃ must satisfy α̃S c = 0 for the gradient to be constant across optimal
solutions.
Finally, since αS c = 0 for all optimal solutions, we can consider the restricted optimization problem defined in Eq. 17. If the Hessian sub-matrix [∇2 L(α̂)]SS is strictly positive
definite, then this restricted optimization problem is strictly convex and the optimal solution
must be unique.
12.5 Proof of Lemma 4

To prove this lemma, we will first construct a function

G(uS ) := `n (αS∗ + uS ) − `n (αS∗ ) + λn (kαS∗ + uS k1 − kαS∗ k1 ).

whose domain is restricted to the convex set U = {uS : αS∗ + uS ≥ 0}. By construction,
G(uS ) has the following properties
1. It is convex with respect to uS .

2. Its minimum is obtained at ûS := α̂S − αS∗ . That is G(ûS ) ≤ G(uS ), ∀uS 6= ûS .
3. G(ûS ) ≤ G(0) = 0.
ũS

tûS

G(ũS ) = G(tûS + (1 − t)0) ≤ tG(ûS ) + (1 − t)G(0) ≤ 0.
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Based on the properties 1 and 3 above, we deduce that any point in the segment, L :=
:
=
+ (1 − t)0, t ∈ [0, 1]}, connecting ûS and 0 has G(ũS ) ≤ 0. That is
{ũS

20

(25)

=

DnSS (α∗S

+ buS ) −

DnSS (α∗S )

and

∆XnS
=

XnS (α∗S
+ buS ) −

XnS (α∗S ),

T2

k∈S

21

k∈S
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and proceed to bound T1 and T2 separately. First, we bound T1 using the Lipschitz condition,
X
X
|T1 | = |
u2k [Dnk (α∗S + buS ) − Dnk (α∗S )]| ≤
u2k k2 kbuS k2 ≤ k2 B 3 .

T1

n
∗
>
n
q ≥ Cmin B 2 − max | u>
∆Dn u | − max 2| n−1 hu>
S XS (αS ), uS ∆XS i |,
uS
uS
| S {zSS S}
|
{z
}

Next, we use dependency condition,

and rewrite q as

n
∗
−1
> n
∗ 2
−1
>
n 2
>
n
q = min u>
S DSS (αS )uS + n kuS XS (αS )k2 + n kuS ∆XS k2 + uS ∆DSS uS
uS

n
∗
>
n
+ 2n−1 hu>
S XS (αS ), uS ∆XS i .

∆DnSS

Now, we introduce two additional quantities,

uS

n
∗
> n
∗
2
= min u>
S DSS (αS + buS )uS + kuS XS (αS + buS )k2 .

uS

n
∗
−1 > n
∗
n
∗
>
q = min u>
S DSS (αS + buS )uS + n uS XS (αS + buS )XS (αS + buS ) uS

Bounding the remaining middle term is more challenging. We start by rewriting the
Hessian as a sum of two matrices, using Eq. 5,

We bound the absolute value of the last term using the reverse triangle inequality.
√
λn |kα∗S + uS k1 − kα∗S k1 | ≤ λn kuS k1 ≤ λn dkuS k2 .
(27)

We bound the absolute value of the first term using the assumption on the gradient,
∇S `(·),
√
√
(26)
|∇S `n (α∗S )> uS | ≤ k∇S `k∞ kuS k1 ≤ k∇S `k∞ dkuS k2 ≤ 4−1 λn B d.

where b ∈ [0, 1]. We will show that G(uS ) > 0 by bounding below each term of above
equation separately.

2
n
∗
∗
∗
G(uS ) = ∇S `n (α∗S )> uS + u>
S ∇SS ` (αS + buS )uS + λn (kαS + uS k1 − kαS k1 ),

2
Cmin
√
6(k2 + 2k1 Cmax )
√
6λn d
≥
.
Cmin

dλn ≤
∗
αmin

√

and then,


P kz − µ∗ k∞ >

λn ε
4(2 − ε)



22
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!
nλ2n ε2
≤ 2 exp −
+ log p .
32k32 (2 − ε))2

P
Define zjc = [∇g(tc ; α∗ )]j and zj = n1 c zjc . Now, using the KKT conditions and condition
∗
4 (Boundedness), we have that µj = Ec {zjc } and |zjc | ≤ k3 , respectively. Thus, Hoeffding’s
inequality yields
!


λn ε
nλ2n ε2
P |zj − µ∗j | >
≤ 2 exp −
,
4(2 − ε)
32k32 (2 − ε)2

12.6 Proof of Lemma 5

√
α∗
kα̂S − α∗S k2 ≤ 3λn d/Cmin ≤ min .
2

Finally, convexity of G(uS ) yields

as long as

−1
In the last step, we set the constant K = 3Cmin
, and we have
√
G(uS ) ≥ 0.25λn d > 0,

where we note that applying the Lipschitz condition implies assuming B < αmin
2 . Next, we
incorporate the bounds of T1 and T2 to lower bound q,
p
q ≥ Cmin B 2 − (k2 + 2k1 Cmax )B 3 .
(28)
√
Now, we set B = Kλn d, where K is a constant that we will set later in the proof, and
select the regularization parameter λn to satisfy
√
Cmin
p
λn d ≤
.
(29)
2K(k2 + 2k1 Cmax )
Then,
√
√
√
G(uS ) ≥ −4−1 λn dB + 0.5Cmin B 2 − λn dB ≥ B(0.5Cmin B − 1.25λn d)
√
√
≥ B(0.5Cmin Kλn d − 1.25λn d).

Then, we use the dependency condition, the Lipschitz condition and the Cauchy-Schwartz
inequality to bound T2 ,
p
1
1
1
T2 ≤ √ ku>
Xn (α∗ )k2 √ ku>
∆XnS k2 ≤ Cmax B √ ku>
∆XnS k2
n S S S
n S
n S
p
p
1
≤ Cmax BkuS k2 √ |k∆XnS k|2 ≤ Cmax B 2 k1 kbuS k2
n
p
≤ k1 Cmax B 3 ,

Next, we will find a sphere centered at 0 with strictly positive radius B, S(B) :=
{uS : kuS k2 = B}, such that function G(uS ) > 0 (strictly positive) on S(B). We note
that this sphere S(B) can not intersect with the segment L since the two sets have strictly
different function values. Furthermore, the only possible configuration is that the segment is
contained inside the sphere entirely, leading us to conclude that the end point ûS := α̂S −α∗S
is also within the sphere. That is kα̂S − α∗S k2 ≤ B.

In the following, we will provide details on finding such a suitable B which will be a
function of the regularization parameter λn and the neighborhood size d. More specifically,
we will start by applying a Taylor series expansion and the mean value theorem,

Gomez-Rodriguez, Song, Daneshmand, Daneshmand and Schölkopf
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12.7 Proof of Lemma 6

1
δjn = Vjn (α̂ − α∗ )
n
Vjn = [Xn (ᾱj )]j Xn (ᾱj )> − [Xn (α∗ )]j Xn (α∗ )> .


>
ωjn = Dn (ᾱj ) − Dn (α∗ ) j (α̂ − α∗ )

We start by factorizing the Hessian matrix, using Eq. 5,

>
Rjn = ∇2 `n (ᾱj ) − ∇2 `n (α∗ ) j (α̂ − α∗ ) = ωjn + δjn ,
where,

≤

k1 kᾱj

− α∗
k2 kα̂

− α∗
k2

≤

k1 θj kα̂

−

α∗ k22
≤

k1 kα̂

−

α∗ k22 .

Next, we proceed to bound each term separately. Since [ᾱj ]S = θj α̂S +(1−θj )αS∗ where
∗
αmin
α∗
θj ∈ [0, 1], and kα̂S − αS∗ k∞ ≤ min
2 (Lemma 4), it holds that [ᾱj ]S ≥ 2 . Then, we can
use condition 3 (Lipschitz Continuity) to bound ωjn .
|ωjn |

Λ1 = [Xn (α∗ )]j (Xn (ᾱj )> − Xn (α∗ )> )

δjn = (Λ1 + Λ2 + Λ3 ) (α̂ − α∗ ),

However, bounding term δjn is more difficult. Let us start by rewriting δjn as follows.
where,

Λ2 = {[Xn (ᾱj )]j − [Xn (α∗ )]j }(Xn (ᾱj )> − Xn (α∗ )> )

Λ3 = [Xn (ᾱj )]j − [Xn (α∗ )]j Xn (α∗ )> .

|Λ1 (α̂ − α∗ )| ≤ nk4 k1 kᾱj − α∗ k2 kα̂ − α∗ k2 ≤ nk4 k1 kα̂ − α∗ k22 .

Next, we bound each term separately. For the first term, we first apply Cauchy inequality,
|Λ1 (α̂ − α∗ )| ≤ k[Xn (α∗ )]j k2 × |kXn (ᾱj )> − Xn (α∗ )> k|2 kα̂ − α∗ k2 ,
and then use condition 3 (Lipschtiz Continuity) and 4 (Boundedness),

For the second term, we also start by applying Cauchy inequality,
|Λ2 (α̂ − α∗ )| ≤ k[Xn (ᾱj )]j − [Xn (α∗ )]j k2 × |kXn (ᾱj )> − Xn (α∗ )> k|2 kα̂ − α∗ k2 ,

and then use condition 3 (Lipschtiz Continuity),

|Λ2 (α̂ − α∗ )| ≤ nk12 kα̂ − α∗ k22 .
|Λ3 (α̂ − α∗ )| ≤ k[Xn (ᾱj )]j − [Xn (α∗ )]j k2 × |kXn (α∗ )> k|2 kα̂ − α∗ k2 ,

Last, for third term, once more we start by applying Cauchy inequality,

p
Cmax .
JMLR 17(90):1-29

and then apply condition 1 (Dependency Condition) and condition 3 (Lipschitz Continuity),
p
Cmax kα̂ − α∗ k22
|Λ3 (α̂ − α∗ )| ≤ nk1

K = k1 + k4 k1 + k12 + k1

kRn k∞ ≤ Kkα̂ − α∗ k22 ,

Now, we combine the bounds,

where
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3Kλn d
kRn k∞
ε
≤
≤
2
λn
4(2 − ε)
Cmin

Finally, using Lemma 4 and selecting the regularization parameter λn to satisfy λn d ≤
ε
2
Cmin
36K(2−ε) yields:

12.8 Proof of Lemma 7

j=1 k=1

We will first bound the difference in terms of nuclear norm between the population Fisher
n . Define z c =
information matrix QSS and the sample mean cascade log-likelihood QSS
jk
P
n
c . Then, we can express the difference
zjk
[∇2 g(tc ; α∗ ) − ∇2 `n (α∗ )]jk and zjk = n1 c=1
between the population Fisher information matrix QSS and the sample mean cascade logn as:
likelihood QSS
v
u d d
X
uX
n
∗
n
∗
|kQSS
(α∗ ) − QSS
(α∗ )k|2 ≤ |kQSS
(α∗ ) − QSS
(α∗ )k|F = t
(zik )2 .
(c)

Since |zjk | ≤ 2k5 by condition 4, we can apply Hoeffding’s inequality to each zjk ,


β2n
(30)
P (|zjk | ≥ β) ≤ 2 exp − 2 ,
8k5
and further,

δ2n
n
∗
P (|kQSS
(α∗ ) − QSS
(α∗ )k|2 ≥ δ) ≤ 2 exp − K
+ 2 log d
(31)
2
d
n as follows:
where β 2 = δ 2 /d2 . Now, we bound the maximum eigenvalue of QSS
kxk2 =1

kxk2 =1

n
n
∗
n
∗
Λmax (QSS
) = max x> QSS
x = max {x> QSS
x + x> (QSS
− QSS
)x}

∗
n
∗
≤ y > QSS
y + y > (QSS
− QSS
)y,

n
∗
n
∗
Λmax (QSS
) ≤ Λmax (QSS
) + |kQSS
− QSS
k|2 ,

∗ . Therefore,
where y is unit-norm maximal eigenvector of QSS

and thus,




δ2n
n
P Λmax (QSS
) ≥ Cmax + δ ≤ exp −K 2 + 2 log d .
d

JMLR 17(90):1-29

n :
Reasoning in a similar way, we bound the minimum eigenvalue of QSS



δ2n
n
P Λmin (QSS
) ≤ Cmin − δ ≤ exp −K 2 + 2 log d
d

12.9 Proof of Lemma 8

We start by decomposing QSn c S (α∗ )(QSn c S (α∗ ))−1 as follows:

QSn c S (α∗ )(QSn c S (α∗ ))−1 = A1 + A2 + A3 + A4 ,

24

A4 = Q∗S c S (Q∗SS )−1 ,
Qn = Qn (α∗ ). Now, we bound

A3 = [QnS c S − Q∗S c S ](Q∗SS )−1 ,

A2 = [QnS c S − Q∗S c S ][(QnS c S )−1 − (Q∗S c S )−1 ]

A1 = Q∗S c S [(QnS c S )−1 − (Q∗S c S )−1 ],

(34)

(33)

(32)

Q∗ ]jk

j∈S

k∈S

k∈S
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|k(QnSS )−1 − (Q∗SS )−1 k|∞ = |k(QnSS )−1 [QnSS − Q∗SS ](Q∗SS )−1 k|∞
√
≤ d|k(QnSS )−1 [QnSS − Q∗SS ](Q∗SS )−1 k|2
√
≤ d|k(QnSS )−1 k|2 |kQnSS − Q∗SS k|2 |k(Q∗SS )−1 k|2
√
d
≤
|kQnSS − Q∗SS k|2 |k(QnSS )−1 k|2 .
Cmin
Next, we bound each term of the final expression in the above equation separately. The
first term can be bounded using Eq. 31:




C2 δ
nδ 2
√
P |kQnSS − Q∗SS k|2 ≥ min
≤ 2 exp −K 3 + 2 log d ,
d
2 d

P [|kQnS c S − Q∗S c S k|∞ ≥ δ] ≤ (p − d)dP [|zjk | ≥ δ/d].
At this point, we can obtain the first confidence bound by using Eq. 30 with β = δ/d in
the above equation. The proof of the second confidence bound is very similar and we omit
it for brevity. To prove the last confidence bound, we proceed as follows:

Thus,

k∈S

where zjk =
−
and, for the last inequality, we used the union bound and the fact
that |S c | ≤ p − d. Furthermore,
X

P
|zjk | ≥ δ ≤ P [∃k ∈ S||zjk | ≥ δ/d] ≤ dP [|zjk | ≥ δ/d].

[Qn

Proof We start by proving the first confidence interval. By definition of infinity norm of
a matrix, we have:
X


X

P [|kQnS c S − Q∗S c S k|∞ ≥ δ] = P maxc
|zjk | ≥ δ ≤ (p − d)P
|zjk | ≥ δ ,

Lemma 11 For any δ ≥ 0 and constants K and K 0 , the following bounds hold:


nδ 2
P [|kQnS c S − Q∗S c S k|∞ ≥ δ] ≤ 2 exp −K 2 + log d + log(p − d)
d


nδ 2
P [|kQnSS − Q∗SS k|∞ ≥ δ] ≤ 2 exp −K 2 + 2 log d
d


nδ
P [|k(QnSS )−1 − (Q∗SS )−1 k|∞ ≥ δ] ≤ 4 exp −K 3 − K 0 log d
d

To bound the other terms, we need the following lemma:

|kA4 k|∞ ≤ 1 − ε.

Q∗ = Q∗ (α∗ ) and
each term separately. The fourth term,
A4 , is the easiest to bound, using simply the incoherence condition:

where,

Estimating Diffusion Network Structures

√

d|k(QnSS )−1 k|2
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min
√
to conclude that
We then apply Eq. 32 with δ = εC
6 d
h
i


ε
n
P |kA3 k|∞ ≥
≤ exp −K 3 + log(p − d) ,
6
d
and thus,


h
εi
n
P |kQnS c S (QnSS )−1 k|∞ ≥ 1 −
= O exp(−K 3 + log p) .
2
d

|kA2 k|∞ ≤ |kQnS c S − Q∗S c S k|∞ |k(QnSS )−1 − (Q∗SS )−1 k|∞ ,
p
and then use Eqs. 32 and 33 with δ = ε/6 to conclude that
h
i


n
ε
≤ 4 exp −K 3 + log(p − d) + K 0 log p .
P |kA2 k|∞ ≥
6
d
Control of A3 . We rewrite the term A3 as
√
√
d
|kA3 k|∞ = d|k(Q∗SS )−1 k|2 |kQnS c S − Q∗S c S k|∞ ≤
|kQnS c S − Q∗S c S k|∞ .
Cmin

2
Now, we apply Lemma 6 with δ = Cmin /2 to have that |k(QnSS )−1 k|2 ≤ Cmin
with
2
0
min
√
probability greater than 1 − exp(−Kn/d + K log d), and then use Eq. 34 with δ = εC
12 d
to conclude that


h
εi
n
≤ 2 exp −K 3 + K 0 log d .
P |kA1 k|∞ ≥
6
d
Control of A2 . We rewrite the term A2 as

|kA1 k|∞ ≤ (1 − ε)|k(Q∗SS ) − (QnSS )k|∞ ×

Next, using the incoherence condition easily yields:

|kA1 k|∞ ≤ |kQ∗S c S (Q∗SS )−1 k|∞ × |k(Q∗SS ) − (QnSS )k|∞ |k(QnSS )−1 k|∞ .

and further,

A1 = Q∗S c S (Q∗SS )−1 [(Q∗SS ) − (QnSS )](QnSS )−1 ,

Control of A1 . We start by rewriting the term A1 as

Then, the third confidence bound follows.

The second term can be bounded using Lemma 6:






Cmin
n
2
≤ exp −K 2 + B log d .
P |k(QnSS )−1 k|2 ≥
= P Λmin (QnSS ) ≤
Cmin
2
d
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A Markov random field (MRF) is a graph whose vertices are random variables, and whose edges
specify a neighborhood over the random variables. Each random variable can be assigned a value
from a set of labels, resulting in a labeling of the MRF. The putative labelings of an MRF are
quantitatively distinguished from each other by an energy function, which is the sum of potential
functions that depend on the cliques of the graph. An important optimization problem associate with
the MRF framework is energy minimization, that is, finding a labeling with the minimum energy.
Semi-metric labeling is a special case of energy minimization, which models several useful
low-level vision tasks (Boykov et al., 1998, 1999; Szeliski et al., 2008). It is characterized by a finite,
discrete label set and a semi-metric distance function over the labels. The energy function in semi-

1. Introduction

Keywords: semi-metric labeling, move-making algorithms, linear programming relaxation, multiplicative bounds

Semi-metric labeling is a special case of energy minimization for pairwise Markov random fields.
The energy function consists of arbitrary unary potentials, and pairwise potentials that are proportional to a given semi-metric distance function over the label set. Popular methods for solving
semi-metric labeling include (i) move-making algorithms, which iteratively solve a minimum st-cut
problem; and (ii) the linear programming (LP) relaxation based approach. In order to convert the fractional solution of the LP relaxation to an integer solution, several randomized rounding procedures
have been developed in the literature. We consider a large class of parallel rounding procedures,
and design move-making algorithms that closely mimic them. We prove that the multiplicative
bound of a move-making algorithm exactly matches the approximation factor of the corresponding
rounding procedure for any arbitrary distance function. Our analysis includes all known results for
move-making algorithms as special cases.
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92295 Châtenay-Malabry
France

Puneet K. Dokania

Department of Engineering Science
University of Oxford
Parks Road OX1 3PJ
United Kingdom

M. Pawan Kumar

Rounding-based Moves for Semi-Metric Labeling

Journal of Machine Learning Research 17 (2016) 1-42

2

JMLR 17(91):1-42

As our work is concerned with only semi-metric labeling, we will focus on the related work for
this special case of energy minimization. For a more general survey, we refer the reader to (Wang
et al., 2013), and for a thorough empirical comparison of the various algorithms we refer the reader
to (Kappes et al., 2015; Szeliski et al., 2008).
The earliest known theoretical guarantee of a move-making algorithm was provided by Veksler
(1999), who presented an analysis of the popular expansion move-making algorithm. The analysis
showed that the expansion algorithm and the parallel rounding procedure of Kleinberg and Tardos
(1999) provide matching guarantees for the uniform distance function. Komodakis et al. (2008)
also proposed a move-making algorithm based on the primal-dual scheme of optimizing the LP
relaxation. The resulting algorithm is similar to the expansion algorithm in terms of its theoretical
guarantees, but provides a principled formulation for improving its efficiency in dynamic settings.
Despite the existing analysis of expansion-like algorithms, parallel rounding procedures (Chekuri
et al., 2001; Kleinberg and Tardos, 1999) are known to perform better for several distance functions of
interest such as the truncated linear distance, the truncated quadratic distance, and the hierarchically
well-separated tree (HST) metric.
Kumar and Torr (2008) proposed the range expansion move-making algorithm that matches the
guarantees of the rounding procedure of Chekuri et al. (2001) for the truncated linear and quadratic
distance. Kumar and Koller (2009) proposed a hierarchical move-making algorithm that matches the
guarantees of the rounding procedure of Kleinberg and Tardos (1999) for the HST metric. However,
their analysis is restricted to special cases of semi-metric labeling, whereas our work does not make

2. Related Work

metric labeling consists of arbitrary unary potentials and pairwise potentials that are proportional
to the distance between the labels assigned to them. The problem is known to be NP-hard (Veksler,
1999). Two popular approaches for semi-metric labeling are: (i) move-making algorithms (Boykov
et al., 1999; Gupta and Tardos, 2000; Kumar and Koller, 2009; Kumar and Torr, 2008; Veksler,
2007), which iteratively improve the labeling by solving a minimum st-cut problem; and (ii) linear
programming (LP) relaxation (Chekuri et al., 2001; Koster et al., 1998; Schlesinger, 1976; Wainwright
et al., 2005), which is obtained by dropping the integral constraints in the corresponding integer
programming formulation. Move-making algorithms are very efficient due to the availability of fast
minimum st-cut solvers (Boykov and Kolmogorov, 2004) and are very popular in the computer vision
community. In contrast, the LP relaxation is significantly slower, despite the development of several
specialized solvers (Globerson and Jaakkola, 2007; Hazan and Shashua, 2008; Kolmogorov, 2006;
Komodakis et al., 2007; Ravikumar et al., 2008; Tarlow et al., 2011; Wainwright et al., 2005; Weiss
et al., 2007; Werner, 2007, 2010). However, when used in conjunction with randomized rounding
algorithms, the LP relaxation provides the best known polynomial-time theoretical guarantees for
semi-metric labeling (Archer et al., 2004; Chekuri et al., 2001; Kleinberg and Tardos, 1999).
At first sight, the difference between move-making algorithms and the LP relaxation appears
to be the standard accuracy vs. speed trade-off. However, we prove that, for any arbitrary semimetric distance function, it is possible to design move-making algorithms that match the theoretical
guarantees of a large class of randomized rounding procedures, which we call parallel rounding.
Our proofs are constructive, which allows us to test the rounding-based move-making algorithms
empirically. Our experimental results confirm that rounding-based moves provide similar accuracy
to the LP relaxation while being significantly faster.

K UMAR AND D OKANIA

ROUNDING - BASED M OVES FOR S EMI -M ETRIC L ABELING

The problem of semi-metric labeling is defined over an undirected graph G = (X, E). The vertices
X = {X1 , X2 , · · · , Xn } are random variables, and the edges E specify a neighborhood relationship
over the random variables. Each random variable can be assigned a value from the label set
L = {l1 , l2 , · · · , lh }. We assume that we are also provided with a semi-metric distance function
d : L × L → R+ over the labels. Recall that a semi-metric distance function satisfies the following
properties: d(li , lj ) ≥ 0 for all li , lj ∈ L, and d(li , lj ) = 0 if and only if i = j. Furthermore,
a distance function is said to be metric if, in addition to the above condition, it also satisfies the
triangular inequality, that is, d(li , lj ) + d(lj , lk ) ≥ d(li , lk ) for all li , lj , lk ∈ L.
We refer to an assignment of values to all the random variables as a labeling. In other words, a
labeling is a vector x ∈ Ln , which specifies the label xa assigned to each random variable Xa . The
hn different labelings are quantitatively distinguished from each other by an energy function Q(x),
which is defined as follows:

K UMAR AND D OKANIA

4. Preliminaries

Q(x) =

4.1 Semi-metric Labeling

θa (x̂a ) +

(Xa ,Xb )∈E

X

θa (xa ) +

wab d(x̂a , x̂b ) ≤

X

(Xa ,Xb )∈E

Xa ∈X

4

wab d(xa , xb ).

θa (xa∗ ) + B

(Xa ,Xb )∈E
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An overcomplete representation of a labeling can be specified using the following variables: (i) unary
variables ya (i) ∈ {0, 1} for all Xa ∈ X and li ∈ L such that ya (i) = 1 if and only if Xa is assigned
the label li ; and (ii) pairwise variables yab (i, j) ∈ {0, 1} for all (Xa , Xb ) ∈ E and li , lj ∈ L such

4.3 Linear Programming Relaxation

Here, x̂ is the labeling estimated by the algorithm for the given values of unary potentials and edge
weights, and x∗ is an optimal labeling. Multiplicative bounds are greater than or equal to 1, and are
invariant to reparameterizations of the unary potentials. A multiplicative bound B is said to be tight
if the above inequality holds as an equality for some value of unary potentials and edge weights.

Xa ∈X

As semi-metric labeling plays a central role in low-level vision, several approximate algorithms
have been proposed in the literature. A common theoretical measure of accuracy for an approximate
algorithm is the multiplicative bound. In this work, we are interested in the multiplicative bound of an
algorithm with respect to a distance function. Formally, given a distance function d, the multiplicative
bound of an algorithm is said to be B if the following condition is satisfied for all possible values of
unary potentials θa (·) and non-negative edge weights wab :
X
X
X
X
wab d(xa∗ , xb∗ ).
(1)

4.2 Multiplicative Bound

Here, the unary potentials θa (·) are arbitrary, and the edge weights wab are non-negative. Semi-metric
labeling requires us to find a labeling with the minimum energy. It is known to be NP-hard.

Xa ∈X

interval move-making algorithm for truncated max-of-convex potentials (Pansari and Kumar, 2015)
and the hierarchical move-making algorithm for parsimonious labeling (Dokania and Kumar, 2015).

any assumptions on the form of the semi-metric distance function. We note that, recently, a more
general algorithm has also been proposed for non-convex priors (Ajanthan et al., 2014). However,
this generalized algorithm does not provide any strong theoretical gurantees on the quality of the
solution, which is the key focus of our work.
While our analysis focuses on parallel rounding, it is also worth noting that Archer et al. (2004)
have proposed a serial rounding procedure for metric labeling (which is a special case of semi-metric
labeling where the distance function also satisfies the triangular inequality property). The theoretical
guarantee of serial rounding depends on the tree decomposibility of a distance function. Given an
MRF with n random variables, the tree decomposibility for any metric distance function is guaranteed
to be less than or equal to O(log n). This worst-case theoretical guarantee of O(log n) over all metric
distance functions can be matched by a mixture-of-tree algorithm that can be derived form the work
of Andrew et al. (2011). Specifically, Andrew et al. (2011) describe an approximate algorithm for
capacitated metric labeling that builds on the cut-based decomposition method of Racke (2008).
Ignoring the capacity constraints, which are not present in the standard metric labeling problem,
results in an approximation of the original MRF using an O(m log n) mixture of tree-structured MRFs.
Here, m is the number of edges in the MRF, and n is the number of random variables. Solving the
metric labeling problem over each tree-structured MRF optimally using belief propagation (Pearl,
1998), and choosing the best labeling in terms of the original problem, provides the O(log n)
guarantee. We refer the reader to (Andrew et al., 2011) for details.
Note that while the mixture-of-tree algorithm provides matching worst-case guarantees to serial
rounding, it does not provide a matching guarantee for a given distance function. In other words,
the guarantee of the mixture-of-tree algorithm does not depend on the tree decomposibility of the
distance function. The existence or the impossibility of a matching combinatorial algorithm for serial
rounding remains an open question.

3. Our Contributions
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Our paper can be thought of as a generalization of (Kumar and Koller, 2009; Kumar and Torr, 2008;
Veksler, 1999). Indeed, the move-making algorithms proposed in this paper are simple extensions of
the expansion, the range expansion and the hierarchical move-making algorithms. The novelty of our
work lies in our analysis, which improves on the state of the art in two significant aspects. First, we do
not place any assumptions on the form of the distance function except that it is a semi-metric distance.
This is in contrast to previous works that only focus on special cases such as the uniform metric, the
truncated convex models or the HST metric. Second, we show that the matching guarantees provided
by our move-making algorithms and the parallel rounding procedures are tight, that is, they cannot
be improved through a more careful analysis.
A preliminary version of this article has appeared as (Kumar, 2014). There are two significant
differences between the preliminary version and the current paper. First, we provide detailed proofs
of all the theorems, which were omitted from the preliminary version due to a lack of space. Second,
we provide an experimental comparison of the rounding-based move-making algorithms with the
state of the art methods for semi-metric labeling, including those that are directly related to the
LP relaxation such as TRW- S (Kolmogorov, 2006), and those that are indirectly related to the LP
relaxation such as (Andrew et al., 2011).
Finally, we note that since the publication of the preliminary version, we have also extended
rounding-based move-making algorithms to special cases of high-order potentials. This includes the
3

(Xa ,Xb )∈E li ,lj ∈L

yab (i, j) = yb (j), ∀(Xa , Xb ) ∈ E, lj ∈ L,

yab (i, j) = ya (i), ∀(Xa , Xb ) ∈ E, li ∈ L,

ya (i) = 1, ∀Xa ∈ X,

ya (i) ∈ {0, 1}, yab (i, j) ∈ {0, 1}, ∀Xa ∈ X, (Xa , Xb ) ∈ E, li , lj ∈ L.

li ∈L

X

lj ∈L

X

li ∈L

X

li ,lj ∈L
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Here, ŷ refers to the integer solution, and the expectation is taken with respect to the randomized
rounding procedure applied to the feasible solution y.

li ,lj ∈L

Given a distance function d, the approximation factor for a rounding procedure is said to be F if the
following condition is satisfied for all feasible fractional solutions y:


X
X
E
d(li , lj )ŷa (i)ŷb (j) ≤ F
d(li , lj )yab (i, j).
(3)

4.5 Approximation Factor

We will describe the various rounding procedures in detail in Sections 5-7. For now, we would like
to note that our reason for focusing on the parallel rounding of Chekuri et al. (2001) and Kleinberg
and Tardos (1999) is that they provide the best known polynomial-time theoretical guarantees for
semi-metric labeling. Specifically, we are interested in their approximation factor, which is defined
next.

In order to prove theoretical guarantees of the LP relaxation, it is common to use a rounding procedure
that can covert a feasible fractional solution y of the LP relaxation to a feasible integer solution ŷ
of the integer linear program. Several rounding procedures have been proposed in the literature.
In this work, we focus on the randomized parallel rounding procedures proposed by Chekuri et al.
(2001) and Kleinberg and Tardos (1999). These procedures have the property that, given a fractional
solution y, the probability of assigning a label li ∈ L to a random variable Xa ∈ X is equal to ya (i),
that is,
Pr(ŷa (i) = 1) = ya (i).
(2)

4.4 Rounding Procedure

The first set of constraints ensures that each random variables is assigned exactly one label. The
second and third sets of constraints ensure that, for binary optimization variables, yab (i, j) =
ya (i)yb (j). By relaxing the final set of constraints such that the optimization variables can take any
value between 0 and 1 inclusive, we obtain a linear program (LP). The computational complexity of
solving the LP relaxation is polynomial in the size of the problem.

s.t.

Xa ∈X li ∈L

Xa ∈X li ∈L

θa (li )ya∗ (i) + F

Xa ∈X li ∈L

X X

X

(Xa ,Xb )∈E li ,lj ∈L

X

∗
wab d(li , lj )yab
(i, j).

(Xa ,Xb )∈E li ,lj ∈L
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We start with a simple rounding scheme, which we call complete rounding. While complete rounding
is not very accurate, it would help illustrate the flavor of our results. We will subsequently consider
its generalizations, which have been useful in obtaining the best-known approximation factors for
various special cases of semi-metric labeling.
The complete rounding procedure consists of a single stage where we use the set of all unary
variables to obtain a labeling (as opposed to other rounding procedures discussed subsequently).
Algorithm 1 describes its main steps. Intuitively, it treats the value of the unary variable ya (i) as the
probability of assigning the label li to the random variable Xa . It obtains a labeling by sampling from
all the distributions ya = [ya (i), ∀li ∈ L] simultaneously using the same random number r ∈ [0, 1].
It can be shown that using a different random number to sample the distributions ya and yb of
two neighboring random variables (Xa , Xb ) ∈ E results in an infinite approximation factor. For
example, let y a (i) = y b (i) = 1/h for all li ∈ L, where h is the number of labels. The pairwise
variables yab that minimize the energy function are y ab (i, i) = 1/h and y ab (i, j) = 0 when i 6= j.

5. Complete Rounding and Complete Move

We will use the following important fact throughout this paper. Given an energy function defined
using arbitrary unary potentials, non-negative edge weights and a submodular distance function, an
optimal labeling can be computed in polynomial time by solving an equivalent minimum st-cut
problem (Flach and Schlesinger, 2006). Recall that a submodular distance function d0 over a label
set L = {l1 , l2 , · · · , lh } satisfies the following properties: (i) d0 (li , lj ) ≥ 0 for all li , lj ∈ L, and
d0 (li , lj ) = 0 if and only if i = j; and (ii) d0 (li , lj ) + d0 (li+1 , lj+1 ) ≤ d0 (li , lj+1 ) + d0 (li+1 , lj ) for
all li , lj ∈ L\{lh } (where \ refers to set difference).

4.6 Submodular Energy Function

The above inequality follows directly from properties (2) and (3). Similar to multiplicative bounds,
approximation factors are always greater than or equal to 1, and are invariant to reparameterizations
of the unary potentials. An approximation factor F is said to be tight if the above inequality holds as
an equality for some value of unary potentials and edge weights.
Approximation factors are closely linked to the integrality gap of the LP relaxation (roughly
speaking, the ratio of the optimal value of the integer linear program to the optimal value of the
relaxation), which in turn is related to the computational hardness of the semi-metric labeling
problem (Manokaran et al., 2008). However, establishing the integrality gap of the LP relaxation
for a given distance function is beyond the scope of this work. We are only interested in designing
move-making algorithms whose multiplicative bounds match the approximation factors of the parallel
rounding procedures.

≤

Given a rounding procedure with an approximation factor of F , an optimal fractional solution y∗
of the LP relaxation can be rounded to a labeling ŷ that satisfies the following condition:


X X
X
X
E
θa (li )ŷa (i) +
wab d(li , lj )ŷa (i)ŷb (j)

that yab (i, j) = 1 if and only if Xa and Xb are assigned labels li and lj respectively. This allows us
to formulate semi-metric labeling as follows:
X X
X
X
min
θa (li )ya (i) +
wab d(li , lj )yab (i, j),

y
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(Xa ,Xb )∈E

K UMAR AND D OKANIA

θa (xa ) +

ROUNDING - BASED M OVES FOR S EMI -M ETRIC L ABELING

Xa ∈X
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Here, M is a user specified parameter that determines the maximum distance. The tightest submodular
overestimation of the above distance function is the linear distance function, that is, d(li , lj ) = |i − j|.
This implies that the submodular distortion of the truncated linear metric is (h − 1)/M , and therefore,
the approximation factor for the complete rounding procedure is also (h − 1)/M . In order to avoid
this large approximation factor, Chekuri et al. (2001) proposed an interval rounding procedure, which
captures the intuition that it is beneficial to assign similar labels to as many random variables as
possible.
Algorithm 3 provides a description of interval rounding. The rounding procedure chooses an
interval of at most q consecutive labels (step 2). It generates a random number r (step 3), and uses it
to attempt to assign labels to previously unlabeled random variables from the selected interval (steps
4-7). It can be shown that the overall procedure converges in a polynomial number of iterations
with a probability of 1 (Chekuri et al., 2001). Note that if we fix q = h and z = 1, interval

d(li , lj ) = min{|i − j|, M }.

Theorem 1 implies that the approximation factor of the complete rounding procedure is very large
for distance functions that are highly non-submodular. For example, consider the truncated linear
distance function defined as follows over a label set L = {l1 , l2 , · · · , lh }:

6. Interval Rounding and Interval Moves

In terms of computational complexities, complete move-making is significantly faster than
solving the LP relaxation. Specifically, given an MRF with n random variables and m edges, and
a label set with h labels, the LP relaxation requires at least O(m3 h3 log(m2 h3 )) time, since it
consists of O(mh2 ) optimization variables and O(mh) constraints. In contrast, complete movemaking requires O(nmh3 log(m)) time, since the graph constructed using the method of Flach and
Schlesinger (2006) consists of O(nh) nodes and O(mh2 ) arcs. Note that complete move-making
also requires us to solve the linear program (4). However, since problem (4) is independent of the
unary potentials and the edge weights, it only needs to be solved once beforehand in order to compute
the approximate solution for any semi-metric labeling problem defined using the distance function d.

Corollary 2 The complete rounding procedure is tight for submodular distance functions, that is, its
approximation factor is equal to 1.

The proof of Theorem 1 is given in Appendix A. The following corollary of the above theorem was
previously stated by Chekuri et al. (2001) without a formal proof.

x∈Ln

For the above feasible solution of the LP relaxation, the RHS of inequality (3) is 0 for any finite F ,
while the LHS of inequality (3) is strictly greater than 0 if h > 1. However, we will shortly show that
using the same random number r for all random variables provides a finite approximation factor.

.

x̂ = argmin

Algorithm 2 The complete move-making algorithm.
input Unary potentials θa (·), edge weights wab , distance function d.
1: Compute a submodular overestimation of d by solving problem (4).
2: Using the approach of Flach and Schlesinger (2006), solve the following problem via an
equivalent minimum st-cut problem:
X
X
wab d(xa , xb ).

Algorithm 1 The complete rounding procedure.
input A feasible solution y of the LP relaxation.
1: Pick a real number r uniformly from [0, 1].
2: for all Xa ∈ X do
Pi
3:
Define Ya (0) = 0 and Ya (i) = j=1
ya (j) for all li ∈ L.
Assign the label li ∈ L to the random variable Xa if Ya (i − 1) < r ≤ Ya (i).
end for
4:

5:

argmin t

(4)

We now turn our attention to designing a move-making algorithm whose multiplicative bound
matches the approximation factor of the complete rounding procedure. To this end, we modify
the range expansion algorithm proposed by Kumar and Torr (2008) for truncated convex pairwise
potentials to a general semi-metric distance function. Our method, which we refer to as the complete
move-making algorithm, considers all putative labels of all random variables, and provides an
approximate solution in a single iteration. Algorithm 2 describes its two main steps. First, it
computes a submodular overestimation of the given semi-metric distance function by solving the
following optimization problem:
d=
d0 (li , lj ) ≤ td(li , lj ), ∀li , lj ∈ L,

d0

s.t.
d0 (li , lj ) ≥ d(li , lj ), ∀li , lj ∈ L,

d0 (li , lj ) + d0 (li+1 , lj+1 ) ≤ d0 (li , lj+1 ) + d0 (li+1 , lj ), ∀li , lj ∈ L\{lh }.

d0 (li , lj )

The above problem minimizes the maximum ratio of the estimated distance to the original distance
over all pairs of labels, that is,
i6=j

max

d(li , lj )

We will refer to the optimal value of problem (4) as the submodular distortion of the distance
function d. Second, it replaces the original distance function by the submodular overestimation and
computes an approximate solution to the original semi-metric labeling problem by solving a single
minimum st-cut problem. Note that, unlike the range expansion algorithm (Kumar and Torr, 2008)
that uses the readily available submodular overestimation of a truncated convex distance (namely,
the corresponding convex distance function), our approach estimates the submodular overestimation
via the LP (4). Since the LP (4) can be solved for any arbitrary distance function, it makes complete
move-making more generally applicable.
The following theorem establishes the theoretical guarantees of the complete move-making
algorithm and the complete rounding procedure.
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Theorem 1 The tight multiplicative bound of the complete move-making algorithm is equal to the
submodular distortion of the distance function. Furthermore, the tight approximation factor of the
complete rounding procedure is also equal to the submodular distortion of the distance function.
7

d0

0

0

0

wab dx̂a ,x̂b (xa , xb )
(6)

d0 (le , le ) + d(x̂a , x̂b ) ≤ d0 (le , x̂b ) + d0 (x̂a , le ).

JMLR 17(91):1-42
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Theorem 3 The tight multiplicative bound of the interval move-making algorithm is equal to the
tight approximation factor of the interval rounding procedure.

The following theorem establishes the theoretical guarantees of the interval move-making algorithm and the interval rounding procedure.

Algorithm 4 The interval move-making algorithm.
input Unary potentials θa (·), edge weights wab , distance function d, initial labeling x0 .
1: Set current labeling to initial labeling, that is, x̂ = x0 .
2: repeat
3:
for all z ∈ [−q + 2, h] do
4:
Define an interval of labels I = {ls , · · · , le }, where s = max{z, 1} is the start index and
e = min{z + qS− 1, h} is the end index.
5:
Define Ia = I {x̂a } for all random variables Xa ∈ X.
Obtain submodular overestimates dx̂a ,x̂b for each pair of neighboring random variables
6:
(Xa , Xb ) ∈ E by solving problem (5).
7:
Obtain a new labeling x by solving problem (6).
8:
if Energy of x is less than energy of x̂ then
9:
Update x̂ = x.
10:
end if
11:
end for
12: until Energy cannot be decreased further.

9

(5)

(Xa ,Xb )∈E

X

Similar to problem (4), the above problem minimizes the maximum ratio of the estimated distance
to the original distance. However, instead of introducing constraints for all pairs of labels, it only
considers pairs of labels li and lj where li ∈ Ia and lj ∈ Ib . Furthermore, it does not modify the
distance between the current labels x̂a and x̂b (as can be seen in the last constraint of problem (5)).
Given the submodular distance functions dx̂a ,x̂b , we can compute a new labeling x by solving
the following optimization problem via minimum st-cut using the method of Flach and Schlesinger

d (le , lj ) + d (x̂a , lj+1 ) ≤ d (le , lj+1 ) + d (x̂a , lj ), ∀lj ∈ I\{le },

0

d0 (li , le ) + d0 (li+1 , x̂b ) ≤ d0 (li , x̂b ) + d0 (li+1 , le ), ∀li ∈ I\{le },

d0 (li , lj ) + d0 (li+1 , lj+1 ) ≤ d0 (li , lj+1 ) + d0 (li+1 , lj ), ∀li , lj ∈ I\{le },

d0 (li , lj ) ≥ d(li , lj ), ∀li ∈ Ia , lj ∈ Ib ,

d (li , lj ) ≤ td(li , lj ), ∀li ∈ Ia , lj ∈ Ib ,

0

argmin t

xa ∈ Ia , ∀Xa ∈ X.

Xa ∈X

θa (xa ) +

s.t.

x

X

argmin

x=

If the energy of the new labeling x is less than that of the current labeling x̂, then we update our
labeling to x (steps 8-10). Otherwise, we retain the current estimate of the labeling and consider
another interval. The algorithm converges when the energy does not decrease for any interval of
length at most q. Note that, once again, the main difference between interval move-making and the
range expansion algorithm is the use of an appropriate optimization problem, namely the LP (5), to
obtain a submodular overestimation of the given distance function. This allows us to use the interval
move-making algorithm for the general semi-metric labeling problem, instead of focusing on only
truncated convex models.

(2006) (step 7):
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The proof of Theorem 3 is given in Appendix B. While Algorithms 3 and 4 use intervals of consecutive
labels, they can easily be modified to use subsets of (potentially non-consecutive) labels. Our analysis
could be extended to show that the multiplicative bound of the resulting subset move-making
algorithm matches the approximation factor of the subset rounding procedure. However, our reason
for focusing on intervals of consecutive labels is that several special cases of Theorem 3 have
previously been considered separately in the literature (Gupta and Tardos, 2000; Kumar and Koller,
2009; Kumar and Torr, 2008; Veksler, 1999). Specifically, the following known results are corollaries
of the above theorem. Note that, while the following corollaries have been previously proved in the
literature, our work is the first to establish the tightness of the theoretical guarantees.

s.t.

dx̂a ,x̂b =

Our goal is to design a move-making algorithm whose multiplicative bound matches the approximation factor of interval rounding for any choice of q. To this end, we propose the interval
move-making algorithm that generalizes the range expansion algorithm (Kumar and Torr, 2008),
originally proposed for truncated convex distances, to arbitrary distance functions. Algorithm 4
provides its main steps. The central idea of the method is to improve a given labeling x̂ by allowing
each random variable Xa to either retain its current label x̂a or to choose a new label from an interval
of consecutive labels. In more detail, let I = {ls , · · · , le } ⊆ L be an interval of labels of length at
most q (step 4). For
/ I for any random variable Xa .
S the sake of simplicity, let us assume that x̂a ∈
We define Ia = I {x̂a } (step 5). For each pair of neighboring random variables (Xa , Xb ) ∈ E,
we compute a submodular distance function dx̂a ,x̂b : Ia × Ib → R+ by solving the following linear
program (step 6):

Algorithm 3 The interval rounding procedure.
input A feasible solution y of the LP relaxation.
1: repeat
2:
Pick an integer z uniformly from [−q + 2, h]. Define an interval of labels I = {ls , · · · , le },
where s = max{z, 1} is the start index and e = min{z + q − 1, h} is the end index.
3:
Pick a real number r uniformly from [0, 1].
4:
for all Unlabeled random variables
PXa do
5:
Define Ya (0) = 0 and Ya (i) = s+i−1
ya (j) for all i ∈ {1, · · · , e − s + 1}.
j=s
6:
Assign the label ls+i−1 ∈ I to the Xa if Ya (i − 1) < r ≤ Ya (i).
7:
end for
8: until All random variables have been assigned a label.

rounding becomes equivalent to complete rounding. However, the analyses of Chekuri et al. (2001)
and Kleinberg and Tardos (1999) shows that other values of q provide better approximation factors
for various special cases.
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Corollary 4 When q = 1, the multiplicative bound of the interval move-making algorithm (which is
equivalent to the expansion algorithm) for the uniform metric distance is 2.
The above corollary follows from the approximation factor of the interval rounding procedure proved
by Kleinberg and Tardos (1999), but it was independently proved by Veksler (1999).
Corollary 5 When q = M , the multiplicative bound of the interval move-making algorithm for the
truncated linear distance function is 4.
The above corollary follows from the approximation factor of the interval rounding procedure proved
by Chekuri et al. (2001), but it was independently proved by Gupta and Tardos (2000).
√
Corollary 6 When q = 2M , the multiplicative
√ bound of the interval move-making algorithm for
the truncated linear distance function is 2 + 2.
The above corollary follows from the approximation factor of the interval rounding procedure proved
by Chekuri et al. (2001), but it was independently proved by Kumar and Torr (2008). Finally, since
our analysis does not use the triangular inequality of metric distance functions, we can also state the
following corollary for the truncated quadratic distance.
√
Corollary 7 When q = M , the multiplicative√bound of the interval move-making algorithm for
the truncated quadratic distance function is O( M ).
The above corollary follows from the approximation factor of the interval rounding procedure proved
by Chekuri et al. (2001), but it was independently proved by Kumar and Torr (2008).
An interval move-making algorithm that uses an interval length of q runs for at most O(h/q) iterations. This follows from a simple modification of the result by Gupta and Tardos (2000) (specifically,
theorem 3.7). Hence, the total time complexity of interval move-making is O(nmhq 2 log(m)), since
each iteration solves a minimum st-cut problem of a graph with O(nq) nodes and O(mq 2 ) arcs. In
other words, interval move-making is at most as computationally complex as complete move-making,
which in turn is significantly less complex than solving the LP relaxation. Note that problem (5),
which is required for interval move-making, is independent of the unary potentials and the edge
weights. Hence, it only needs to be solved once beforehand for all pairs of labels (x̂a , x̂b ) ∈ L × L in
order to obtain a solution for any semi-metric labeling problem defined using the distance function d.

7. Hierarchical Rounding and Hierarchical Moves
We now consider the most general form of parallel rounding that has been proposed in the literature,
namely the hierarchical rounding procedure (Kleinberg and Tardos, 1999). The rounding relies on a
hierarchical clustering of the labels. Formally, we denote a hierarchical clustering of m levels for the
label set L by C = {C(i), i = 1, · · · , m}. At each level i, the clustering C(i) = {C(i, j) ⊆ L, j =
1, · · · , hi } is mutually exclusive and collectively exhaustive, that is,
[
C(i, j) = L, C(i, j) ∩ C(i, j 0 ) = ∅, ∀j 6= j 0 .
j

JMLR 17(91):1-42

Furthermore, for each cluster C(i, j) at the level i > 2, there exists a unique cluster C(i − 1, j 0 ) in
the level i − 1 such that C(i, j) ⊆ C(i − 1, j 0 ). We call the cluster C(i − 1, j 0 ) the parent of the
11

zai (j) =
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s.t.

0

lk ∈C(i,j) ya (k)

if p(i, j) = fai−1 ,
otherwise.

JMLR 17(91):1-42

end for
Using a rounding procedure (complete or interval) on yi = [yai (j), ∀Xa ∈ X, j ∈
{1, · · · , hi }], obtain an integer solution ŷi .
for all Xa ∈ X do
Let ka ∈ {1, · · · , hi } such that ŷ i (ka ) = 1. Define fai = ka .
end for
end for
for all Xa ∈ X do
Let lk be the unique label present in the cluster C(m, fam ). Assign lk to Xa .
end for

z i (j)
yai (j) = Phi a
i 0
j 0 =1 za (j )

Define yai (j) for all j ∈ {1, · · · , hi } as follows:

k

Algorithm 5 The hierarchical rounding procedure.
input A feasible solution y of the LP relaxation.
1: Define fa1 = 1 for all Xa ∈ X.
2: for all i ∈ {2, · · · , m} do
3:
for all Xa ∈ X do
Define zai (j) for all j ∈ {1, · · · , hi } as follows:
 P
4:

5:

6:
7:
8:
9:
10:
11:
12:
13:
14:

12

14
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8.1.1 DATA

8.1 Synthetic Experiments
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We demonstrate the efficacy of rounding-based moves by comparing them to several state of the art
methods using both synthetic and real data.

8. Experiments

We generated two synthetic data sets to conduct our experiments. The first data set consists of random
grid MRFs of size 100 × 100, where each random variable can take one of 10 labels. The unary

The above corollary follows from the approximation factor of the hierarchical rounding procedure
proved by Kleinberg and Tardos (1999), but it was independently proved by Kumar and Koller
(2009). It is worth noting that the above result was also used to obtain an approximation factor of
O(log h) for the general metric labeling problem by Kleinberg and Tardos (1999) and a matching
multiplicative bound of O(log h) by Kumar and Koller (2009).
The time complexity of the hierarchical move-making algorithm depends on two factors: (i)
the hierarchy, which defines the subproblems; and (ii) whether we use a complete or an interval
move-making algorithm to solve the subproblems. In what follows, we analyze its worst case time
complexity over all possible hierarchies. Clearly, since complete move-making is more expensive
than interval move-making, the worst case complexity of hierarchical move-making will be achieved
when we use complete move-making to solve each subproblem. We begin by noting that each
problem is defined using a smaller label set. For simplicitly, let us assume that the clusters of the
hierarchy are balanced, and that each subproblem is solved over h0 ≤ h labels. It follows that the
0
total number of subproblems that we would be required to solve is O((h/h0 )(log(h)/ log(h ))−1 ). Next,
observe that the complexity of the complete move-making algorithms is cubic in the number of labels.
Thus, it follows that in order to maximize the total time complexity of hierarchical move-making, we
need to set h0 = h. In other words, hierarchical move-making algorithm is at most as computationally
complex as the complete move-making algorithm. Recall that the complete move-making complexity
is O(nmh3 log(m)). Hence, hierarchical move-making is significantly faster than solving the LP
relaxation.

Corollary 9 The multiplicative bound of the hierarchical move-making algorithm is O(1) for an
HST metric distance.

The proof of the above theorem is given in Appendix C. The following known result is its corollary.

Our goal is to design a move-making algorithm whose multiplicative bound matches the approximation factor of the hierarchical rounding procedure for any choice of hierarchical clustering C. To
this end, we propose the hierarchical move-making algorithm, which extends the hierarchical graph
cuts approach for hierarchically well-separated tree (HST) metrics proposed by Kumar and Koller
(2009). Algorithm 6 provides its main steps. In contrast to hierarchical rounding, the move-making
algorithm traverses the hierarchy in a bottom-up fashion while computing a labeling for each cluster
in the current level. Let xi,j be the labeling corresponding to the cluster C(i, j). At the first step,
when considering the level m of the clustering, all the random variables are assigned the same
label. Specifically, xm,j
is equal to the unique label contained in the cluster C(m, j) (steps 1-3). At
a
step i, it computes the labeling xm−i+1,j for each cluster C(m − i + 1, j) by using the labelings
computed in the previous step. Specifically, it restricts the label assigned to a random variable Xa in
the labeling xm−i+1,j to the subset of labels that were assigned to it by the labelings corresponding
to the children of C(m − i + 1, j) (step 6). Under this restriction, the labeling xm−i+1,j is computed

Algorithm 6 The hierarchical move-making algorithm.
input Unary potentials θa (·), edge weights wab , distance function d.
1: for all j ∈ {1, · · · , h} do
2:
Let lk be the unique label in the cluster C(m, j). Define xm,j
= lk for all Xa ∈ X.
a
3: end for
4: for all i ∈ {2, · · · , m} do
5:
for all j ∈ {1, · · · , hm−i+1 } do
0
6:
Define Lm−i+1,j
= {xm−i+2,j
, p(m − i + 2, j 0 ) = j, j 0 ∈ {1, · · · , hm−i+2 }}.
a
a
7:
Using a move-making algorithm (complete or interval), compute the labeling xm−i+1,j
under the constraint xm−i+1,j
∈ Lm−i+1,j
.
a
a
8:
end for
9: end for
10: The final solution is x1,1 .

by approximately minimizing the energy using a move-making algorithm (step 7). Implicit in our
description is the assumption that that we will use a move-making algorithm (complete or interval) in
step 7 of Algorithm 6 whose multiplicative bound matches the approximation factor of the rounding
procedure (complete or interval) used in step 7 of Algorithm 5. Note that, unlike the hierarchical
graph cuts approach (Kumar and Koller, 2009), the hierarchical move-making algorithm can be used
for any arbitrary clustering and not just the one specified by an HST metric.
The following theorem establishes the theoretical guarantees of the hierarchical move-making
algorithm and the hierarchical rounding procedure.

cluster C(i, j) and define p(i, j) = j 0 . Similarly, we call C(i, j) a child of C(i − 1, j 0 ). Without
loss of generality, we assume that there exists a single cluster at level 1 that contains all the labels,
and that each cluster at level m contains a single label.
Algorithm 5 describes the hierarchical rounding procedure. Given a clustering C, it proceeds in
a top-down fashion through the hierarchy while assigning each random variable to a cluster in the
current level. Let fai be the index of the cluster assigned to the random variable Xa in the level i. In
the first step, the rounding procedure assigns all the random variables to the unique cluster C(1, 1)
(step 1). At each step i, it assigns each random variable to a unique cluster in the level i by computing
a conditional probability distribution as follows. The conditional
probability yai (j) of assigning the
P
random variable Xa to the cluster C(i, j) is proportional to lk ∈C(i,j) ya (k) if p(i, j) = fai−1 (steps
3-6). The conditional probability yai (j) = 0 if p(i, j) 6= fai−1 , that is, a random variable cannot be
assigned to a cluster C(i, j) if it wasn’t assigned to its parent in the previous step. Using a rounding
procedure (complete or interval) for yi , we obtain an assignment of random variables to the clusters
at level i (step 7). Once such an assignment is obtained, the values fai are computed for all random
variables Xa (steps 8-10). At the end of step m, hierarchical rounding would have assigned each
random variable to a unique cluster in the level m. Since each cluster at level m consists of a single
label, this provides us with a labeling of the MRF (steps 12-14).

Theorem 8 The tight multiplicative bound of the hierarchical move-making algorithm is equal to
the tight approximation factor of the hierarchical rounding procedure.
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it is not obvious how to obtain the optimal interval length. The HIER method is more generally
applicable as there exist standard methods to approximate a semi-metric with a mixture of r-HST
metrics (Fakcharoenphol et al., 2003). It provides very accurate labelings (comparable to TRW),
and is efficient in practice as it relies on solving each subproblem using an iterative move-making
algorithm.
Figure 2 shows the results for the second data set. The results of all the methods are similar to
the first data set. However, the additional MOT algorithm performs very poorly compared to all other
methods. This may be explained by the fact that, while MOT provides the same worst-case guarantees
as serial rounding over all possible metric distance functions, it does not match the accuracy of serial
rounding for a given distance function.

Figure 1: Results for the first synthetic data set. The x-axis shows the time in seconds, while the
y-axis shows the energy value. The dashed line shows the value of the dual of the LP
obtained by TRW. Best viewed in color.

Metric

Energy

Energy
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potentials were sampled from a uniform distribution over [0, 10]. The edge weights were sampled
from a uniform distribution over [0, 3]. We considered four types of pairwise potentials: (i) truncated
linear metric, where the truncation is sampled from a uniform distribution over [1, 5]; (ii) truncated
quadratic semi-metric, where the truncation is sampled from a uniform distribution over [1, 25]; (iii)
random metrics, generated by computing the shortest path on graphs whose vertices correspond to
the labels and whose edge lengths are uniformly distributed over [1, 10]; (iv) random semi-metrics,
where the distance between two labels is sampled from a uniform distribution over [1, 10]. For each
type of pairwise potentials, we generated 500 different MRFs.
The second data set is similar to the first one, except that it is defined on a smaller grid of size
20 × 20. The smaller grid size allows us to test the mixture-of-tree algorithm (Andrew et al., 2011)
that is closely related to the serial rounding procedure of Archer et al. (2004). We generated 5
different grids by sampling their edge weights from a uniform distribution over [5, 100]. For each
set of edge weights, we use the cut-based decomposition method of Racke (2008) to approximate
the original grid graph using a mixture of tree-structured graphs. We generated three types of unary
potentials by uniformly sampling from the range [0, 100], [100, 1000] and [1000, 10000] respectively.
Similar to the first data set, we considered four types of pairwise potentials. For each pair of unary
potential type and pairwise potential type, we generated 100 different MRFs. This provided us with
1200 MRFs for each set of edge weights, and a total of 6000 MRFs to perform our experiments.
8.1.2 M ETHODS
We report results obtained by the following state of the art methods using the first data set: (i) belief
propagation (BP) (Pearl, 1998); (ii) sequential tree-reweighted message passing (TRW) (Kolmogorov,
2006), which optimizes the dual of the LP relaxation, and provides comparable results to other LP
relaxation based approaches; (iii) expansion algorithm (EXP) (Boykov et al., 1999); and (iv) swap
algorithm (SWAP) (Boykov et al., 1998). We compare the above methods to a hierarchy move-making
algorithm (HIER), where a set of hierarchies is obtained by approximating a given semi-metric as a
mixture of r-HST metrics using the method proposed by Fakcharoenphol et al. (2003). We refer the
reader to (Fakcharoenphol et al., 2003; Kumar and Koller, 2009) for details. Each subproblem of the
hierarchical move-making algorithm is solved by interval move-making with interval length q = 1
(which corresponds to the expansion algorithm). In addition, for the truncated linear and truncated
quadratic cases, we present results of interval move-making (INT) using the optimal interval length
reported by Kumar and Torr (2008).
For the second data set, we report the results for all the above methods, as well as the mixtureof-tree (MOT) algorithm. The smaller size of the grid in the second data set allows us to obtain a
mixture of tree-structured MRFs using the method of Racke (2008), which was not possible for the
larger 100 × 100 grid used in the first data set.
8.1.3 R ESULTS
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Figure 1 shows the results for the first data set. In terms of the energy, TRW is the most accurate.
However, it is slow as it optimizes the dual of the LP relaxation. The labelings obtained by BP
have high energy values. The standard move-making algorithms, EXP and SWAP, are fast due to
the use of efficient minimum st-cut solvers. However, they are not as accurate as TRW. For the
truncated linear and quadratic pairwise potentials, INT provides labelings with comparable energy to
those of TRW, and is also computationally efficient. However, for general metrics and semi-metrics,
15
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Figure 2: Results for the second synthetic data set. The x-axis shows the time in seconds, while
the y-axis shows the energy value. The dashed line shows the value of the dual of the LP
obtained by TRW. Best viewed in color.
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Several natural questions arise. What is the exact characterization of the rounding procedures for
which it is possible to design matching move-making algorithms? Can we design rounding-based
move-making algorithms for other combinatorial optimization problems? Answering these questions

For any general distance function that can be used to specify the semi-metric labeling problem, we
proved that the approximation factor of a large family of parallel rounding procedures is matched by
the multiplicative bound of move-making algorithms. This generalizes previously known results on
the guarantees of move-making algorithms in two ways: (i) in contrast to previous results (Kumar
and Koller, 2009; Kumar and Torr, 2008; Veksler, 1999) that focused on special cases of distance
functions, our results are applicable to arbitrary semi-metric distance functions; and (ii) the guarantees
provided by our theorems are tight. Our experiments confirm that the rounding-based move-making
algorithms provide similar accuracy to the LP relaxation, while being significantly faster due to the
use of efficient minimum st-cut solvers.

9. Discussion

Figure 3-Figure 8 shows the results for various standard pairs of images. Note that, similar to
the synthetic experiments, TRW is the most accurate in terms of energy, but it is computationally
inefficient. The results obtained by BP are not accurate. The standard move-making algorithms, EXP
and SWAP, are fast but not as accurate as TRW. Among the rounding-based move-making algorithms
INT is slower as it solves a minimum st-cut problem on a large graph at each iteration. In contrast,
HIER uses an interval length of 1 for each subproblem and is therefore more efficient. The energy
obtained by HIER is comparable to TRW.

8.2.3 R ESULTS

We report results on all the baseline methods that were used in the synthetic experiments, namely, BP,
TRW , EXP, and SWAP. Since the pairwise potentials are either truncated linear or truncated quadratic,
we report results for the interval move-making algorithm INT, which uses the optimal value of the
interval length. We also show the results obtained by the hierarchical move-making algorithm (HIER),
where once again the hierarchies are obtained by approximating the semi-metric as a mixture of
r-HST metrics.

8.2.2 M ETHODS

Given two epipolar rectified images of the same scene, the problem of dense stereo correspondence
requires us to obtain a correspondence between the pixels of the images. This problem can be
modeled as semi-metric labeling, where the random variables represent the pixels of one of the
images, and the labels represent the disparity values. A disparity label li for a random variable
Xa representing a pixel (ua , va ) of an image indicates that its corresponding pixel lies in location
(ua + i, va ). For the above problem, we use the unary potentials and edge weights that are specified
by Szeliski et al. (2008). We use two types of pairwise potentials: (i) truncated linear with the
truncation set at 4; and (ii) truncated quadratic with the truncation set at 16.
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Figure 4: Results for the ‘tsukuba’ image pair with truncated quadratic pairwise potentials.
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Figure 3: Results for the ‘tsukuba’ image pair with truncated linear pairwise potentials.
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Figure 5: Results for the ‘venus’ image pair with truncated linear pairwise potentials.

Time=105.7s, Energy=2946177

Ground Truth

Image 2

Image 1

ROUNDING - BASED M OVES FOR S EMI -M ETRIC L ABELING

BP

Image 1

INT

Time=317.7s, Energy=1605057

TRW

Image 2

Time=313.7s, Energy=1596279

HIER

Time=35.2s, Energy=1606891

SWAP

Ground Truth

Time=41.9s, Energy=1911774

EXP

Time=178.6s, Energy=4595612

BP

Image 1

Time=2108.6s, Energy=1890418

INT

Time=512.0s, Energy=1851648

TRW

Image 2

Time=363.2s, Energy=1873082

HIER

Time=48.5s, Energy=1914655

SWAP

Ground Truth

K UMAR AND D OKANIA

Time=47.5s, Energy=1771965

Time=878.5s, Energy=1606558

ROUNDING - BASED M OVES FOR S EMI -M ETRIC L ABELING

EXP

24

JMLR 17(91):1-42

Figure 8: Results for the ‘teddy’ image pair with truncated quadratic pairwise potentials.
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Figure 7: Results for the ‘teddy’ image pair with truncated linear pairwise potentials.
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We first establish the theoretical property of the complete move-making algorithm using the following
lemma.

(7)

Xa ∈X

X

θa (xa ) +

(Xa ,Xb )∈E

X
wab d(xa , xb ).

(9)

(8)

x∈Ln

x̂ = argmin

Xa ∈X

X

25

θa (xa ) +

(Xa ,Xb )∈E

X

wab d(xa , xb ).
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(10)

As the semi-metric labeling problem is NP-hard, an optimal labeling x∗ cannot be computed efficiently
using any known algorithm. In order to obtain an approximate solution x̂, the complete move-making
algorithm replaces the original distance function d by its submodular overestimation d, that is,

x∈Ln

x∗ = argmin

We denote an optimal labeling of the original semi-metric labeling problem as x∗ , that is,

d(li , lj ) ≤ d(li , lj ) ≤ Bd(li , lj ), ∀li , lj ∈ L.

A simple proof for the above claim can be found in (Flach and Schlesinger, 2006).
We denote the submodular distortion of d by B. By definition, it follows that

d(li , lj ) + d(li0 , lj 0 ) ≤ d(li , lj 0 ) + d(li0 , lj ), ∀i0 > i, j 0 > j.

In order to prove the theorem, it is important to note that the definition of submodular distance
function implies the following:

d0 (li , lj ) + d0 (li+1 , lj+1 ) ≤ d0 (li , lj+1 ) + d0 (li+1 , lj ), ∀li , lj ∈ L\{lh }.

d0 (li , lj ) ≥ d(li , lj ), ∀li , lj ∈ L,

d0 (li , lj ) ≤ td(li , lj ), ∀li , lj ∈ L,

s.t.

d0

argmin t

d=

Proof The submodular distortion of a distance function d is obtained by computing its tightest
submodular overestimation as follows:

Xa ∈X

X

Xa ∈X

X

Xa ∈X

X

wab d(x∗a , x∗b ).

wab d(x∗a , x∗b )

wab d(x̂a , x̂b )

(Xa ,Xb )∈E

X

(Xa ,Xb )∈E

X

X

(Xa ,Xb )∈E

θa (x∗a ) + B

θa (x∗a ) +

θa (x̂a ) +

(Xa ,Xb )∈E

(11)

Xa ∈X

(Xa ,Xb )∈E

26

Xa ∈X

(Xa ,Xb )∈E
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For the above semi-metric labeling problem, it can be verified that an optimal solution x∗ of
problem (9) is the following: x∗a = lk and x∗b = lk0 . Furthermore, using inequality (11), it can be
shown that the following is an optimal solution of problem (10): x̂a = lj and x̂b = lj . In other words,
x̂ is a valid approximate labeling provided by the complete move-making algorithm. The labelings
x∗ and x̂ satisfy the following equality:
X
X
X
X
θa (x̂a ) +
wab d(x̂a , x̂b ) =
θa (x∗a ) + B
wab d(x∗a , x∗b ).

We define a semi-metric labeling problem over two random variables Xa and Xb connected by an
edge with weight wab = 1. The unary potentials are defined as follows:


0,
if i = k,

d(lk ,lk0 )+d(lk ,lj )−d(lj ,lk0 )
θa (i) =
,
if i = j,
2


∞
otherwise,


0,
if i = k 0 ,

d(l
,l
0 )−d(lk ,lj )+d(lj ,lk0 )
k
k
θb (i) =
, if i = j,
2


∞
otherwise.

d(lk , lj ) + d(lj , lk0 ) ≥ d(lk , lk0 ).

Since B is the minimum possible value of the maximum ratio of the estimated distance d to the
original distance d, such a pair of labels must exist (otherwise, the submodular distortion can be
reduced further). Let us assume that there exists an lj ∈ L such that j < k. Other cases (where
j > k 0 or k < j < k 0 ) can be handled similarly. Note that since d is submodular, it follows that

d(lk , lk0 )
= B.
d(lk , lk0 )

The above inequality proves that the multiplicative bound of the complete move-making algorithm is
at most B. In order to prove that it is exactly equal to B, we need to construct an example for which
the bound is tight. To this end, let lk and lk0 be two labels in the set L such that k < k 0 and

≤

Appendix A. Proof of Theorem 1

Lemma 10 The tight multiplicative bound of the complete move-making algorithm is equal to the
submodular distortion of the distance function.

≤

This work is partially funded by the European Research Council under the European Community’s
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Xa ∈X

Since the pairwise potentials in the above problem are submodular, the approximate solution x̂ can
be obtained by solving a single minimum st-cut problem using the method of Flach and Schlesinger
(2006). Using inequality (8), it follows that
X
X
θa (x̂a ) +
wab d(x̂a , x̂b )

will not only expand our theoretical understanding, but also result in the development of efficient and
accurate algorithms.
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1 if j ≤ fˆb ,
0 otherwise.
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E(za (i)) = Ya (i).

h−1
X

j=1

zb (j)D1 (j) +

h−1 X
h−1
X

i=1 j=1

zab (i, j)D2 (i, j).

1 if min{i, j} ≥ min{fˆa , fˆb } and max{i, j} < max{fˆa , fˆb },
0 otherwise.

za (i)D1 (i) +

E(zab (i, j)) = |Ya (i) − Yb (j)|.

For complete rounding, it can be verified that

h−1
X

i=1

Using the result of Flach and Schlesinger (2006), we know that
ˆ a , ŷb ) =
d(ŷ

h
X
j=1

h
X

i=1

0
yab
(i, j) = ya (i), ∀i ∈ {1, 2, · · · , h},

0
yab
(i, j) = yb (i), ∀j ∈ {1, 2, · · · , h},

0
yab
(i, j) ≥ 0, ∀i, j ∈ {1, 2, · · · , h},

0
0
min{yab
(i, j 0 ), yab
(i0 , j)} = 0, ∀i, j, i0 , j 0 ∈ {1, 2, · · · , h}, i < i0 , j < j 0 .

ˆ a , ŷb )) =
E(d(ŷ

h X
h
X

i=1 j=1

28

0
d(li , lj )yab
(i, j).
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Lemma 12 Let y be a feasible solution of the LP relaxation, and ŷ be the integer solution obtained
0 be uncrossing pairwise variables
by the complete rounding procedure for y. Furthermore, let yab
with respect to ya and yb . Then, the following equation holds true:

The following lemma establishes a connection between the expected distance between the labels
assigned by complete rounding and the pairwise cost specified by uncrossing pairwise variables.

(17)

In order to state the next lemma, we require the definition of uncrossing pairwise variables. Given
0 is called uncrossing with respect to y
unary variables ya and yb , the pairwise variable vector yab
a
and yb if it satisfies the following properties:

The proof of the lemma follows by taking the expectation of the LHS and the RHS of the above
equation and simplifying the RHS using the linearity of expectation and equations (15) and (16).

(16)

Furthermore, we also define binary variables zab (i, j) that indicate whether i and j are contained
within the interval defined by fˆa and fˆb . Formally,

zab (i, j) =

For complete rounding, it can be verified that

1 if i ≤ fˆa ,
zb (j) =
0 otherwise,
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h−1 X
h−1
X

|Ya (i) − Yb (j)|D2 (i, j).

za (i) =

Therefore, the tight multiplicative bound of the complete move-making algorithm is exactly equal to
the submodular distortion of the distance function d.

h−1
X

Yb (j)D1 (j) +

i=1 j=1

JMLR 17(91):1-42

(15)

Proof We define fˆa and fˆb to be the indices of the labels assigned to Xa and Xb by the rounded
integer solution ŷ. In other words, ŷa (i) = 1 if and only if i = fˆa and ŷb (j) = 1 if and only if
j = fˆb . We define binary variables za (i) and zb (j) as follows:



(12)

We now turn our attention to the complete rounding procedure for the LP relaxation. Before we
can establish its tight approximation factor, we need to compute the expected distance between the
labels assigned to a pair of neighboring random variables. Recall that, in our notation, we denote a
feasible solution of the LP relaxation by y. For any feasible solution y, we define ya as the vector
whose elements are the unary variables of y for the random variable Xa ∈ X, that is,
ya = [ya (i), ∀li ∈ L].

ya (j).

(13)

Similarly, we define yab as the vector whose elements are the pairwise variables of y for the
neighboring random variables (Xa , Xb ) ∈ E, that is,

i
X
j=1

yab = [yab (i, j), ∀li , lj ∈ L].
Furthermore, using ya , we define Ya as
Ya (i) =

(14)

1
(d(li , lj+1 ) + d(li+1 , lj ) − d(li , lj ) − d(li+1 , lj+1 )) , ∀i, j ∈ {1, · · · , h − 1}.
2

1
(d(li , l1 ) + d(li , lh ) − d(li+1 , l1 ) − d(li+1 , lh )) , ∀i ∈ {1, · · · , h − 1},
2

In other words, if ya is interpreted as the probability distribution over the labels of Xa , then Ya is
the corresponding cumulative distribution.
Given a feasible solution y, we denote the integer solution obtained using the complete rounding
procedure as ŷ. The distance between the two labels encoded by vectors ŷa and ŷb will be denoted
ˆ , ŷ ). In other words, if fˆ and fˆ are the indices of the labels assigned to Xa and Xb (that is,
by d(ŷ
a
a
b
b
ˆ a , ŷb ) = d(l ˆ , l ˆ ).
ŷa (fˆa ) = 1 and ŷb (fˆb ) = 1), then d(ŷ
fa fb
The following shorthand notation would be useful for our analysis.
D1 (i) =
D2 (i, j) =

Using the above notation, we can state the following lemma on the expected distance of the
rounded solution for two neighboring random variables.

h−1
X

Ya (i)D1 (i) +

j=1

Lemma 11 Let y be a feasible solution of the LP relaxation, Ya and Yb be cumulative distributions
of ya and yb , and ŷ be the integer solution obtained by the complete rounding procedure for y. Then,
the following equation holds true:
ˆ a , ŷb )) =
E(d(ŷ

i=1

27

(i0 )

(j 0 ).

0
yab
(i, j) = min{Ya (i0 ), Yb (j 0 )}, ∀i0 , j 0 ∈ {1, · · · , h}.

(18)

0
yab
(i, j) = Ya (i0 ).

0
yab
(i, j) = Yb (j 0 ),

(19)

0

i=i0 +1 j=1

j
h
X
X

0
d(li , lj )yab
(i, j) =

i=1

h−1
X
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Lemma 14 The tight approximation factor of the complete rounding procedure is equal to the
submodular distortion of the distance function.

Using the above lemmas, we will now obtain the tight approximation factor of the complete
rounding procedure.

0 are an optimal
The resulting contradiction proves our claim that the uncrossing pairwise variables yab
solution of problem (21).

00
00
00 0 0
00 0 0
yab
(i, j) ← yab
(i, j) + λ, yab
(i , j ) ← yab
(i , j ) + λ.

00
00
00 0
00 0
yab
(i, j 0 ) ← yab
(i, j 0 ) − λ, yab
(i , j) ← yab
(i , j) − λ,

Therefore the objective function of problem (21) can be reduced further by the following modification:

d(li , lj ) + d(li0 , lj 0 ) ≤ d(li , lj 0 ) + d(li0 , lj ).

where i < i0 and j < j 0 . Since d is submodular, it implies that

00
00 0
min{yab
(i, j 0 ), yab
(i , j)} = λ 6= 0,

29

0
d(li , lj )yab
(i, j).

i=1 j=1

|Ya (i) − Yb (j)|D2 (i, j).

y ab (i, j) = yb (j), ∀j ∈ {1, · · · , h},

(21)

Proof We denote a feasible fractional solution of the LP relaxation by y and the rounded solution by
ŷ. Consider a pair of neighboring random variables (Xa , Xb ) ∈ X. We define uncrossing pairwise
0 with respect to y and y . Using Lemmas 12 and 13, the approximation factor of the
variables yab
a
b

i=1 j=1

Yb (j)D1 (j) +

d(i, j)y ab (i, j),

y ab (i, j) = ya (i), ∀i ∈ {1, · · · , h},

i=1 j=1

h X
h
X

y ab (i, j) ≥ 0, ∀i, j ∈ {1, · · · , h}.

i=1

h
X

j=1

h
X

yab

argmin

Proof We prove the lemma by contradiction. Suppose that the optimal solution to the above problem
00 , which is not uncrossing. Let
is yab

s.t.

0
yab
=

Our next lemma establishes that uncrossing pairwise variables are optimal for submodular
distance functions.

ˆ a , ŷb )) =
E(d(ŷ

j=1

h−1
X

h X
h
X

Ya (i)D1 (i) +

h−1 X
h−1
X

0
yab
(i, j) = |Ya (i) − Yb (j)|, ∀i0 , j 0 ∈ {1, · · · , h}.

using the above equations, we get

0
yab
(i, j) +

Using the previous lemma, this proves that

i=1 j=1

h X
h
X

By solving for

0
yab

i=1 j=j 0 +1

i
h
X
X

0

0 (k, k 0 ) 6= 0. Otherwise, the LHS
Therefore, there must exist a k > i0 and k 0 ≤ j 0 such that yab
in the above inequality will be exactly equal to Yb (j 0 ), which would result in a contradiction. By
0 (i, j), y 0 (k, k 0 )} = 0 if i ≤ i0 and j > j 0 .
the uncrossing property (17), we know that min{yab
ab
0 (i, j) = 0 for all i ≤ i0 and j > j 0 , which proves the claim.
Therefore, yab
Combining equations (19) and (20), we get the following:

i=1 j=1

Since the LHS of equality (18) is less than or equal to the LHS of both the above equations, it follows
that
j0
i0 X
X
0
yab
(i, j) ≤ min{Ya (i0 ), Yb (j 0 )}.
(20)

i=1 j=1

i X
h
X

0

i=1 j=1

h X
X

j0

To prove this claim, assume that Ya
< Yb
The other cases can be handled similarly. Since
0 satisfies the constraints of the LP relaxation, it follows that:
yab

i=1 j=1

j
i X
X

0

0 be the uncrossing pairwise variables with respect to the unary variables y and
Lemma 13 Let yab
a
yb . Let d : L × L → R+ be a submodular distance function. Then the following condition holds
true:

Proof We define Ya and Yb to be the cumulative distributions corresponding to ya and yb respectively. We claim that the uncrossing property (17) implies the following condition:

0
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B

0
d(li , lj )yab
(i, j)

0
d(li , lj )yab
(i, j)

d(li , lj )yab (i, j).

d(li , lj )yab (i, j)

i=1 j=1

h X
h
X

i=1 j=1

h X
h
X

i=1 j=1

h X
h
X

i=1 j=1

h X
h
X

complete rounding procedure can be shown to be at most B as follows:
ˆ a , ŷb )) =
E(d(ŷ
≤
≤
≤

d(li , lj )β(i, j)

d(li , lj )α(i, j) = 1,

(22)

In order to prove that the approximation factor of the complete rounding is exactly B, we need an
example where the above inequality holds as an equality. The key to obtaining a tight example lies in
the Lagrangian dual of problem (7). In order to specify its dual, we need three types of dual variables.
The first type, denoted by α(i, j), corresponds to the constraint
d0 (li , lj ) ≤ td(li , lj ).
The second type, denoted by β(i, j), corresponds to the constraint
d0 (li , lj ) ≥ d(li , lj ).
The third type, denoted by γ(i, j), corresponds to the constraint
d0 (li , lj ) + d0 (li+1 , lj+1 ) ≤ d0 (li , lj+1 ) + d0 (li+1 , lj ).
h X
h
X

i=1 j=1

h X
h
X

i=1 j=1

Using the above variables, the dual of problem (7) is given by
max
s.t.

β(i, j) = α(i, j) − γ(i, j − 1) − γ(i − 1, j) + γ(i − 1, j − 1) + γ(i, j),
∀i, j ∈ {1, · · · , h},

α(i, j) ≥ 0, β(i, j) ≥ 0, γ(i, j) ≥ 0, ∀i, j ∈ {1, · · · , h}.
We claim that the above dual problem has an optimal solution (α∗ , β ∗ , γ ∗ ) that satisfies the following
property:
min{β ∗ (i, j 0 ), β ∗ (i0 , j)} = 0, ∀i, i0 , j, j 0 ∈ {1, · · · , h}, i < i0 , j < j 0 .
(23)
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We refer to the optimal dual solution β ∗ that satisfies the above property as uncrossing dual variables
as it is analogous to uncrossing pairwise variables. The above claim, namely, the existence of an
uncrossing optimal dual solution, can be proved by contradiction as follows. Suppose there exists no
31

i=1 j=1

h X
h
X

i=1 j=1

h X
h
X
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d(li , lj )α(i, j) = 1,

d(li , lj )β(i, j)

(24)

optimal solution that satisfies the above property. Then consider the following problem, which is the
dual of the problem of finding the tightest submodular overestimate of the submodular function d:

max
s.t.

∀i, j ∈ {1, · · · , h},

β(i, j) = α(i, j) − γ(i, j − 1) − γ(i − 1, j) + γ(i − 1, j − 1) + γ(i, j),

α(i, j) ≥ 0, β(i, j) ≥ 0, γ(i, j) ≥ 0, ∀i, j ∈ {1, · · · , h}.

By strong duality, problem (24) has an optimal value of 1. However, the optimal solution of
problem (22), which is also a feasible solution for problem (24), provides a value strictly greater than
1. This results in a contradiction that proves our claim.

α∗ (i, j)
, ∀i, j ∈ {1, · · · , h},
Ph
∗ 0 0
j 0 =1 α (i , j )

y ab (i, j), ∀j ∈ {1, · · · , h}.

y ab (i, j), ∀i ∈ {1, · · · , h},

i0 =1

The optimal dual variables that satisfy property (23) allow us to construct an example that proves
that the approximation factor B of the complete rounding procedure is tight. Specifically, we define

h
X

i=1

h
X

j=1

y ab (i, j) = Ph
y a (i) =

y b (j) =

X

li ,lj ∈L

d(li , lj )yab (i, j)

yab (i, j) = y b (j), ∀lj ∈ L

yab (i, j) = y a (i), ∀li ∈ L

yab

X

argmin

(25)

Note that the pairwise variables yab must minimize the pairwise potential corresponding to the unary
variables ya and yb , that is,
yab =
s.t.

lj ∈L

X

yab (i, j) ≥ 0, ∀li , lj ∈ L.

li ∈L
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If the above statement was not true, then the value of the dual problem (22) could be increased
further.

32

, ∀i, j ∈ {1, · · · , h},

0
yab
(i, j), ∀j ∈ {1, · · · , h}.

ya0 (i) = y a (i), yb0 (j) = y b (j), ∀i, j ∈ {1, · · · , h}.

i=1

h
X

j=1

∗ (i0 , j 0 )

0
yab
(i, j), ∀i ∈ {1, · · · , h},

j 0 =1 β

Ph

s.t.

dx̂a ,x̂b =

d0

33

d0 (le , le ) + d(x̂a , x̂b ) ≤ d0 (le , x̂b ) + d0 (x̂a , le ).

(27)
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d0 (le , lj ) + d0 (x̂a , lj+1 ) ≤ d0 (le , lj+1 ) + d0 (x̂a , lj ), ∀lj ∈ I\{le },

d0 (li , le ) + d0 (li+1 , x̂b ) ≤ d0 (li , x̂b ) + d0 (li+1 , le ), ∀li ∈ I\{le },

d0 (li , lj ) + d0 (li+1 , lj+1 ) ≤ d0 (li , lj+1 ) + d0 (li+1 , lj ), ∀li , lj ∈ I\{le },

d0 (li , lj ) ≥ d(li , lj ), ∀li ∈ Ia , lj ∈ Ib ,

d (li , lj ) ≤ td(li , lj ), ∀li ∈ Ia , lj ∈ Ib ,

0

argmin t

We begin by establishing the theoretical properties of the interval-move making algorithm. Recall
that, given an interval of labels I = {ls , · · · , le } of at most q consecutive labels and a labeling x̂, we
define Ia = I ∪ {x̂a } for all random variables Xa ∈ X. In order to use the interval move-making
algorithm, we compute a submodular distance function dx̂a ,x̂b : Ia × Ib → R+ for all pairs of
neighboring random variables (Xa , Xb ) ∈ E as follows:

Appendix B. Proof of Theorem 3

Lemmas 10 and 14 together prove Theorem 1.

The existence of an example that satisfies properties (25) and (26) implies that the tight approximation
factor of the complete rounding procedure is B.

i=1 j=1

where ŷa and ŷb are integer solutions obtained by the complete rounding procedure. By strong
duality, it follows that
h X
h
X
ˆ a , ŷb )) = B
E(d(ŷ
d(li , lj )y ab (i, j).
(26)

i=1 j=1

The above condition follows from the constraints of problem (22). Due to the uncrossing property of
0 are uncrossing with respect to y and y . By Lemma 12, this implies
β ∗ , the pairwise variables yab
a
b
that
h
h
XX
0
ˆ a , ŷb )) =
E(d(ŷ
d(li , lj )yab
(i, j),

It can be verified that

yb0 (j) =

ya0 (i) =

h
X

i0 =1

0
yab
(i, j) = Ph

β ∗ (i, j)

We also define the following pairwise variables:
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+

+

I∈I,B2 (x,I)3(Xa ,Xb )

X

dx̂a ,x̂b (x̂a , xb ).

dx̂a ,x̂b (xa , x̂b )

dx̂a ,x̂b (xa , xb )

I∈I,B1 (x,I)3(Xa ,Xb )

X

I∈I,A(x,I)3(Xa ,Xb )

X



x∗a if x∗a ∈ I,
x̂a otherwise.

Xa ∈X

X

θa (x̂a ) +

(Xa ,Xb )∈E

X

34

wab dx̂a ,x̂b (x̂a , x̂b ) ≤

Xa ∈X

X

θa (xIa ) +

(Xa ,Xb )∈E

X
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wab dx̂a ,x̂b (xIa , xIb ).

Since x̂ is the labeling obtained after the interval move-making algorithm converges, it follows that

xIa =

For each interval I ∈ It , we define a labeling xI as follows:

Proof We denote an optimal labeling by x∗ and the estimated labeling by x̂. Let t ∈ [1, q] be
a uniformly distributed random integer. Using t, we define the following set of non-overlapping
intervals:
It = {[1, t], [t + 1, t + q], · · · , [., h]}.

1
D(xa , xb ; x̂a , x̂b )
max
.
q xa ,xb ,x̂a ,x̂b ∈L,xa 6=xb
d(xa , xb )

Lemma 15 The tight multiplicative bound of the interval move-making algorithm is equal to

Using the above notation, we are ready to state the following lemma on the theoretical guarantee
of the interval move-making algorithm.

D(xa , xb ; x̂a , x̂b ) =

In other words, V(x, I) is the set of all random variables whose label belongs to the interval I.
Similarly, A(x, I) is the set of all neighboring random variables such that the labels assigned to both
the random variables belong to the interval I. The set B(x, I) contains the set of all neighboring
random variables such that only one of the two labels assigned to the two random variables belongs
to the interval I. Given the set of all intervals I and a labeling x̂, we define the following for all
xa , xb ∈ L:

B(x, I) = B1 (x) ∪ B2 (x).

B2 (x, I) = {(Xa , Xb )|(Xa , Xb ) ∈ E, xa ∈
/ I, xb ∈ I},

B1 (x, I) = {(Xa , Xb )|(Xa , Xb ) ∈ E, xa ∈ I, xb ∈
/ I},

A(x, I) = {(Xa , Xb )|(Xa , Xb ) ∈ E, xa ∈ I, xb ∈ I},

V(x, I) = {Xa |Xa ∈ X, xa ∈ I},

For any interval I and labeling x, we define the following sets:
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X

X

θa (xa∗ )
(xa∗ , xb∗ )

wab dx̂a ,x̂b (x̂a , xb∗ ).

wab dx̂a ,x̂b (xa∗ , x̂b )

x̂a ,x̂b

wab dx̂a ,x̂b (x̂a , x̂b )

wab dx̂a ,x̂b (x̂a , x̂b )

wab dx̂a ,x̂b (x̂a , x̂b )

∗ ,I)

wab d

(Xa ,Xb )∈B2 (x∗ ,I)

X

(Xa ,Xb )∈B1 (x∗ ,I)

(Xa ,Xb )∈A(x∗ ,I)

Xa ∈V(x∗ ,I)

+
+
+

X

By canceling out the common terms, we can simplify the above inequality as
X
θa (x̂a )

≤

X

(Xa ,Xb )∈E

(Xa ,Xb )∈B2 (x∗ ,I)

(Xa ,Xb )∈B1 (x

(Xa ,Xb )∈A(x∗ ,I)

X

X

Xa ∈V(x∗ ,I)

+
+
+

X

Xa ∈X

θa (x̂a ) +

wab dx̂a ,x̂b (x̂a , xb∗ ).

wab dx̂a ,x̂b (xa∗ , x̂b )

wab dx̂a ,x̂b (xa∗ , xb∗ )

We now sum the above inequality over all the intervals I ∈ It . Note that the resulting LHS is at
least equal to the energy of the labeling x̂ when the distance function between the random variables
(Xa , Xb ) is dx̂a ,x̂b . This implies that
X
X
wab dx̂a ,x̂b (x̂a , x̂b )
≤

X

X

θa (xa∗ )

X

I∈It (Xa ,Xb )∈B1 (x∗ ,I)

X

X

I∈It (Xa ,Xb )∈A(x∗ ,I)

X

Xa ∈X

+
+
+

I∈It (Xa ,Xb )∈B2 (x∗ ,I)

Taking the expectation on both sides of the above inequality with respect to the uniformly distributed
random integer t ∈ [1, q] proves that the multiplicative bound of the interval move-making algorithm
is at most equal to
1
D(xa , xb ; x̂a , x̂b )
max
.
q xa ,xb ,x̂a ,x̂b ∈L,xa 6=xb
d(xa , xb )
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A tight example with two random variables Xa and Xb with wab = 1 can be constructed similar to
the one shown in Lemma 10.
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j=s

s+i−1
X

ya (j), ∀i ∈ {1, · · · , e − s + 1}.

We now turn our attention to the interval rounding procedure. Let y be a feasible solution of the
LP relaxation, and ŷ be the integer solution obtained using interval rounding. Once again, we define
the unary variable vector ya and the pairwise variable vector yab as specified in equations (12) and
(13) respectively. Similar to the previous appendix, we denote the expected distance between ŷa and
ˆ a , ŷb ).
ŷb as d(ŷ
Given an interval I = {ls , · · · , le } of at most q consecutive labels, we define a vector YaI for
each random variable Xa as follows:
YaI (i) =

In other words, YaI is the cumulative distribution of ya within the interval I. Furthermore, for each
pair of neighboring random variables (Xa , Xb ) ∈ E we define

ZaI (i) = min{YaI (i), YbI (e − s + 1)}, ∀i ∈ {1, · · · , e − s + 1},

I
Zab
= max{YaI (e − s + 1), YbI (e − s + 1)} − min{YaI (e − s + 1), YbI (e − s + 1)},

ZbI (j) = min{YbI (j), YaI (e − s + 1)}, ∀j ∈ {1, · · · , e − s + 1}.

max

d(li , lj ),

1
(d(ls+i−1 , ls ) + d(ls+i−1 , le ) − d(ls+i , ls ) − d(ls+i , le )) , ∀i ∈ {1, · · · , e − s},
2
1
(d(ls+i−1 , ls+j ) + d(ls+i , ls+j−1 ) − d(ls+i−1 , ls+j−1 ) − d(ls+i , ls+j )) ,
2
∀i, j ∈ {1, · · · , e − s}.

li ,lj ,|{li ,lj }∩I|=1

ˆ a , ŷb ).
The following shorthand notation would be useful to concisely specify the exact form of d(ŷ
D0I =
D1I (i) =
D2I (i, j) =

In other words, D0I is the maximum distance between two labels such that only one of the two labels
lies in the interval I. The terms D1I and D2I are analogous to the terms defined in equation (14).
Using the above notation, we can state the following lemma on the expected distance of the rounded
solution for two neighboring random variables.

I
Zab
D0I +

e−s
X



ZaI (i)D1I (i) +

X

j=1

e−s
X

ZbI (j)D1I (j)+

Lemma 16 Let y be a feasible solution of the LP relaxation, and ŷ be the integer solution obtained
by the interval rounding procedure for y using the set of intervals I. Then, the following inequality
holds true:
ˆ a , ŷb )) ≤
E(d(ŷ

i=1


1
q

|ZaI (i) − ZbI (j)|D2I (i, j) .

e−s X
e−s
X

I={ls ,··· ,le }∈I

i=1 j=1
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Proof We begin the proof by establishing the probability of a random variable Xa being assigned
a label in an iteration of the interval rounding procedure. The total number of intervals in the set

36

ZaI (i)D1I (i) +

j=1

e−s
X

ZbI (j)D1I (j) +

i=1 j=1

e−s X
e−s
X

|ZaI (i) − ZbI (j)|D2I (i, j).

37

1
D(xa , xb ; x̂a , x̂b )
max
.
q xa ,xb ,x̂a ,x̂b ∈L,xa 6=xb
d(xa , xb )
JMLR 17(91):1-42

Lemma 17 The tight approximation factor of the interval rounding procedure is equal to

Using the above lemma, we can now establish the theoretical property of the interval rounding
procedure.

i=1 j=1

where the term 1/(h + q − 1) corresponds to the probability of choosing an interval from the set I.
ˆ a , ŷb ), we need to divide the above term with the probability of at least one
In order to compute d(ŷ
of the two random variables getting assigned a label in the current iteration. Since the two cumulative
distributions YaI and YbI can be arbitrarily close to each other without being exactly equal, we can
only lower bound the probability of at least one of Xa and Xb being assigned a label at the current
iteration by the probability of Xa being assigned a label in the current iteration. Since the probability
of Xa being assigned a label is q/(h + q − 1), it follows that

e−s
e−s
X
X
X
1
I
ˆ
E(d(ŷa , ŷb )) ≤
Zab
D0I +
ZaI (i)D1I (i) +
ZbI (j)D1I (j)+
q
i=1
j=1
I={ls ,··· ,le }∈I

e−s X
e−s
X
I
I
I
|Za (i) − Zb (j)|D2 (i, j) .

i=1 j=1

Thus, the expected distance between the labels of Xa and Xb conditioned on at least one of the two
random variables getting assigned in an iteration is equal to

e−s
e−s
X
X
X
1
I

D0I +
ZaI (i)D1I (i) +
ZbI (j)D1I (j)+
Zab
(h + q − 1)
i=1
j=1
I={ls ,··· ,le }∈I

e−s X
e−s
X
I
I
I
|Za (i) − Zb (j)|D2 (i, j) ,

i=1

e−s
X

Proof Similar to Lemma 14, the key to proving the above lemma lies in the dual of problem (27).
Given the current labels x̂a and x̂b of the random variables Xa and Xb respectively, as well as an
interval I = {ls , · · · , le }, problem (27) computes the tightest submodular overestimation dx̂a ,x̂b :
Ia × Ib → R+ where Ia = I ∪ {x̂a } and Ib = I ∪ {x̂b }. Similar to problem (22), the dual of
problem (27) consists of three types of dual variables. The first type, denoted by α(i, j; x̂a , x̂b , I)
corresponds to the constraint

I is h + q − 1. Out of all the intervals, each label li is present in q intervals. Thus, the probability
of choosing an interval that contains the label li is q/(h + q − 1). Once an interval containing li is
chosen, the probability of assigning the label li to Xa is ya (i). Thus, the probability of assigning a
label li to Xa is ya (i)q/(h + q − 1). Summing over all labels li , we observe that the probability of
assigning a label to Xa in an iteration of the interval rounding procedure is q/(h + q − 1).
Now we consider two neighboring random variables (Xa , Xb ) ∈ E. In the current iteration of
interval rounding, given an interval I, the probability of exactly one of the two random variables
I . In this case, we have to assume that the expected
getting assigned a label in I is exactly equal to Zab
distance between the two variables will be the maximum possible, that is, D0I . If both the variables
are assigned a label in I, then a slight modification of Lemma 11 gives us the expected distance as

i=1

h
X

j=1

h
X

i=1

h
X

j=1

h
X

0
yab
(i, j; x̂a , x̂b ), ∀j ∈ {1, · · · , h}.

0
yab
(i, j; x̂a , x̂b ), ∀i ∈ {1, · · · , h},

38

y b (j; x̂a , x̂b ) = yb0 (j; x̂a , x̂b ), ∀j ∈ {1, · · · , h}.

y a (i; x̂a , x̂b ) = ya0 (i; x̂a , x̂b ), ∀i ∈ {1, · · · , h},

The constraints of the dual of problem (27) ensure that

yb0 (j; x̂a , x̂b ) =

ya0 (i; x̂a , x̂b ) =

JMLR 17(91):1-42

P
∗
I∈I β (i, j; x̂a , x̂b , I)
P
, ∀i, j ∈ {1, · · · , h},
∗ 0 0
0
0
i ,j
I∈I β (i , j ; x̂a , x̂b , I)

y ab (i, j; x̂a , x̂b ), ∀j ∈ {1, · · · , h},

y ab (i, j; x̂a , x̂b ), ∀i ∈ {1, · · · , h},

0
(i, j; x̂a , x̂b ) = P
yab

y b (j; x̂a , x̂b ) =

y a (i; x̂a , x̂b ) =

y ab (i, j; x̂a , x̂b ) = P

P
∗
I∈I α (i, j; x̂a , x̂b , I)
P
, ∀i, j ∈ {1, · · · , h},
∗ 0 0
0
0
i ,j
I∈I α (i , j ; x̂a , x̂b , I)

Let (α∗ (x̂a , x̂b , I), β ∗ (x̂a , x̂b , I), γ ∗ (x̂a , x̂b , I)) denote an optimal solution of the dual. A modification of Lemma 14 can be used to show that there must exist an optimal solution such that β ∗ (x̂a , x̂b , I)
is uncrossing.
We consider the values of x̂a and x̂b for which we obtain the tight multiplicative bound of the
interval move-making algorithm. For these values of x̂a and x̂b , we define

d0 (li , lj ) + d0 (li+1 , lj+1 ) ≤ d0 (li , lj+1 ) + d0 (li+1 , lj ).

The third type, denoted by γ(i, j; x̂a , x̂b , I), corresponds to the constraint

d0 (li , lj ) ≥ d(li , lj ).

The second type, denoted by β(i, j; x̂b , x̂b , I), corresponds to the constraint

d0 (li , lj ) ≤ td(li , lj ).

K UMAR AND D OKANIA
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li ,lj ∈L

d(li , lj )yab (i, j)

ROUNDING - BASED M OVES FOR S EMI -M ETRIC L ABELING

yab

argmin

X

lj ∈L

yab (i, j) = y b (j; x̂a , x̂b ), ∀lj ∈ L

yab (i, j) = y a (i; x̂a , x̂b ), ∀li ∈ L

Given the distributions ya (x̂a , x̂b ) and yb (x̂a , x̂b ), we claim that the pairwise variables yab (x̂a , x̂b )
must minimize the pairwise potentials corresponding to these distributions, that is,
X
yab (x̂a , x̂b ) =

s.t.
X

li ∈L

yab (i, j) ≥ 0, ∀li , lj ∈ L.

li ,lj ∈L

If the above claim was not true, then we could further increase the value of at least one of the duals of
0 (x̂ , x̂ ) is constructed using
problem (27) corresponding to some interval I. Furthermore, since yab
a b
β ∗ (x̂a , x̂b , I), which is uncrossing, a modification of Lemma 12 can be used to show that
X
0
d(li , lj )yab
(i, j; x̂a , x̂b ).
ˆ a (x̂a , x̂b ), ŷb (x̂a , x̂b )) =
d(ŷ

≤

1
D(xa , xb ; x̂a , x̂b )
max
.
q xa ,xb ,x̂a ,x̂b ∈L,xa 6=xb
d(xa , xb )

Here ŷa (x̂a , x̂b ) and ŷb (x̂a , x̂b ) are the rounded solutions obtained by the interval rounding procedure
applied to ya (x̂a , x̂b ) and yb (x̂a , x̂b ).
By duality, it follows that
P
0
l ,lj ∈L d(li , lj )yab (i, j; x̂a , x̂b )

li ,lj ∈L d(li , lj )y ab (i, j; x̂a , x̂b )

Pi

Strong duality implies that there must exist a set of variables for which the above inequality holds as
an equality. This proves the lemma.
Lemmas 15 and 17 together prove Theorem 3.

Appendix C. Proof of Theorem 8

JMLR 17(91):1-42

Proof The proof of the above theorem proceeds in a similar fashion to the previous two theorems,
namely, by computing the dual of the problems that are used to obtain the tightest submodular
overestimation of the given distance function. In what follows, we provide a brief sketch of the proof
and omit the details.
We start with the hierarchical move-making algorithm. Recall that this algorithm computes a
labeling xi,j for each cluster C(i, j) ⊆ L, where C(i, j) denotes the j-th cluster at the i-th level.
In order to obtain a labeling xi,j it makes use of the labelings computed at the (i + 1)-th level.
0
Specifically, let Lai,j = {xai+1,j , p(i + 1, j 0 ) = j, j 0 ∈ {1, · · · , hi+1 }}. In other words, Lai,j is the set
of labels that were assigned to the random variable Xa by the labelings corresponding to the children
of the current cluster C(i, j). In order to compute the labeling xi,j , the algorithm has to choose one
label from the set Lai,j . This is achieved either using the complete move-making algorithm or the
interval move-making algorithm. The algorithm is initialized by define xam,j = k for all Xa ∈ X
where k is the unique label in the cluster C(m, j) The algorithm terminates by computing x1,1 ,
which is the final labeling.
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.

Let the multiplicative bound corresponding to the computation of xi,j be denoted by B i,j . From
the arguments of Theorems 1 and 3, it follows that there must exist dual variables (α∗ (i, j), β ∗ (i, j), γ ∗ (i, j))
that provide an approximation factor that is exactly equal to B i,j and β ∗ (i, j) is uncrossing. For each
cluster C(i, j), we define variables δa (k; i, j) for k ∈ Lai,j as follows:
P

α∗ (l, l0 ; i, j)

α∗ (k, k 0 ; i, j)

l0 ∈Lbi,j

Pb

k0 ∈Li,j

i,j
l∈La

δa (k; i, j) = P

Using the above variables we define unary variables ya (k; i, j) for each k ∈ Li,j as follows:

ya (k; 1, 1) = δa (k; 1, 1),

.

ya (k; i, j) = ya (xai−1,p(i,j) ; i − 1, p(i, j))δa (k; i, j).

α∗ (l, l0 ; i, j)

α∗ (k, k 0 ; i, j)

Similarly, we define variables δb (k 0 ; i, j) for each k 0 ∈ Lbi,j as follows:
P

i,j

l0 ∈Lbi,j

k∈La
P

i,j
l∈La

δb (k 0 ; i, j) = P

Using the above variables, we define unary variables yb (k 0 ; i, j) for each k 0 ∈ Lbi,j as follows:

yb (k 0 ; 1, 1) = δb (k 0 ; 1, 1),

yb (k 0 ; i, j) = ya (xai−1,p(i,j) ; i − 1, p(i, j))δb (k 0 ; i, j).

Since each cluster in the m-th level contains a single unique label, it follows that

yb = [yb (xbm,j ; m, j), ∀j = 1, · · · , h],

ya = [ya (xam,j ; m, j), ∀j = 1, · · · , h],

are valid unary variables for the LP relaxation. It can be shown that applying the hierarchical rounding
procedure on the variables ya and yb provides an approximation factor that is exactly equal to the
multiplicative bound of the hierarchical move-making algorithm.
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The primary interest lies in the matrix M that is sparse in the sense that nonzero entries are
assumed to be confined on a k × l block, which is not necessarily consecutive. In addition
to being sparse, the rank of M, denoted by r, is assumed to be low. Thus, M can be
regarded as simultaneously structured as opposed to those simply structured cases where
M is assumed to be either only sparse or only of low rank. To be concrete, we assume
that Z consists of i.i.d. additive Gaussian white noise with variance σ 2 . In the literature,
the problem has also been referred to as the sparse SVD (singular value decomposition)
problem. See, for instance, Yang et al. (2014) and the references therein.

X = M + Z.

In recent years, there has been a surge of interest in estimating and denoising structured
large matrices. Leading examples include denoising low rank matrices (Donoho and Gavish,
2014), recovering low rank matrices from a small number of entries, i.e., matrix completion
(Candès and Recht, 2009; Candès and Plan, 2010; Keshavan et al., 2010; Koltchinskii et al.,
2011; Negahban and Wainwright, 2011), reduced rank regression (Bunea et al., 2011), group
sparse regression (Yuan and Lin, 2006; Lounici et al., 2011), among others.
In the present paper, we study the problem of denoising an m × n data matrix

1. Introduction

We study minimax rates for denoising simultaneously sparse and low rank matrices in high
dimensions. We show that an iterative thresholding algorithm achieves (near) optimal
rates adaptively under mild conditions for a large class of loss functions. Numerical experiments on synthetic datasets also demonstrate the competitive performance of the proposed
method.
Keywords: Denoising, High dimensionality, Low rank matrices, Minimax rates, Simultaneously structured matrices, Sparse SVD, Sparsity.
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Notation For any a, b ∈ R, let a ∧ b = min(a, b) and a ∨ b = max(a, b). For any two
sequences of positive numbers {an } and {bn }, we write an = O(bn ) if an ≤ Cbn for some

2. Problem Formulation and Denoising Method

The main contribution of the present paper includes the following: i) We provide
information-theoretic lower bounds for the estimation error of M under squared Schatten-q
norm losses for all q ∈ [1, 2]; ii) We propose a computationally efficient estimator that, under mild conditions, attains high probability upper bounds that match the minimax lower
bounds within a multiplicative log factor (and sometimes even within a constant factor)
simultaneously for all q ∈ [1, 2]. The theoretical results are further validated and supported
by numerical experiments on synthetic data.
The rest of the paper is organized as follows. In Section 2, we precisely formulate
the denoising problem and propose a denoising algorithm based on the idea of iterative
thresholding. Section 3 establishes minimax risk lower bounds and high probability upper
bounds that match the lower bounds within a multiplicative log factor for all squared
Schatten-q norm losses with q ∈ [1, 2]. Section 4 presents several numerical experiments
which demonstrate the competitive finite sample performance of the proposed denoising
algorithm. Section 5 discusses several additional issues related to the present paper. The
proofs of the main results are presented in Section 6, with some technical details relegated
to Appendix A.

3. Sparse reduced rank regression. The denoising problem is also closely connected to prediction in reduced rank regression where the coefficient matrix is also sparse. Indeed,
let n = l, then problem (1) reduces to sparse reduced rank regression with orthogonal
design. See Bunea et al. (2012) and Ma and Sun (2014) for more discussion.

2. Recovery of simultaneously structured matrices with compressive measurements. There
has been emerging interest in the signal processing community in recovering such simultaneously structured matrices based on compressive measurements, partly motivated by problems such as sparse vector recovery from quadratic measurements and
sparse phase retrieval. See, e.g., Shechtman et al. (2011); Li and Voroninski (2013);
Lee et al. (2013); Oymak et al. (2013); Cai et al. (2015) and the references therein.
The connection between the recovery problem and the denoising problem considered
here is partially explored in Oymak and Hassibi (2013). An interesting phenomenon in
the recovery setting is that convex relaxation approach no longer works well (Oymak
et al., 2015) as it does in the simply structured cases.

1. Biclustering. It provides an ideal model for studying biclustering of microarray data.
Let the rows of X correspond to cancer patients and the columns correspond to gene
expression levels measured with microarrays. A subset of k patients can be clustered
together as a subtype of the same cancer, which in turn is determined by a subset of
l genes. Moreover, the gene expression levels on such a bicluster can be captured by
a low rank matrix. See, e.g., Shabalin et al. (2009); Lee et al. (2010); Butucea and
Ingster (2013); Sun and Nobel (2013); Chen et al. (2013); Gao et al. (2015).

The interest in this problem is motivated by a number of related problems:

Yang, Ma, and Buja
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Ui∗

kUi∗
(t)

=

k

η(kUi∗

(t),mul

(t),mul

Vi∗

kVi∗
(t)

k

η(kVi∗

(t),mul

k, γv ).

k, γu ).

it is natural to utilize the idea of thresholding in the above calculation. Motivated by
the above observation and also by an iterative thresholding idea previously used in solving
sparse PCA problem (Ma, 2013; Yuan and Zhang, 2013), we propose the denoising scheme
in Algorithm 1 via two-way iterative thresholding.

(t),thr

), with Ui∗

repeat
Right-to-Left Multiplication: U(t),mul = XV(t−1) .

(t),thr

Left Thresholding: U(t),thr = (uij

(t),thr

Right Thresholding: V(t),thr = (vij

Left Orthonormalization with QR Decomposition: U(t) Ru = U(t),thr .
Left-to-Right Multiplication: V(t),mul = X0 U(t) .

=

Algorithm 1: Matrix Denoising via Two-Way Iterative Thresholding
Input:
1. Observed data matrix X.
2. Thresholding function η and thresholds γu and γv .
3. Rank r and noise standard deviation σ.
4. Initial orthonormal matrix V(0) ∈ Rn×r .
c
Output: Denoised matrix M.
1

2
3
4
5
6

7

Right Orthonormalization with QR Decomposition: V(t) Rv = V(t),thr .
until Convergence;
bu = U
bU
b 0 and P
bv = V
bV
b 0 , where U
b and V
b are U(t)
Compute projection matrices P
and V(t) at convergence.
c=P
b u XP
b v.
Compute denoised matrix M

η(x, t) = 0,

for any t > 0, x ∈ [0, t].

for any x ≥ 0, t > 0,

4

(4)
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Examples of such thresholding functions include the usual soft and hard thresholding, the
SCAD (Fan and Li, 2001), the MCP (Zhang, 2010), etc. Thus, for instance, when thresholding U(t),mul , if η is the hard thresholding function, then we are going to keep all the rows
whose norms are greater than γu and kill all the rows whose norms are smaller than γu . For
other thresholding function, we shrink the norms according to η while keeping the phases of
the row vectors. Throughout the iterations, the threshold levels γu and γv are pre-specified

|η(x, t) − x| ≤ t,

Without the two thresholding steps, the iterative part of the algorithm computes the
leading singular vectors of any rectangular matrix, and can be viewed as a two-way generalization of the power iteration (Golub and Van Loan, 1996).
In the thresholding steps, we apply row-wise thresholding to the matrix U(t),mul (resp. V(t),mul )
obtained after the multiplication step. In the thresholding function η(x, t), the second argument t > 0 is called the threshold level. In Algorithm 1, the first argument x is always
non-negative. In order for the later theoretical results to work, we impose the following
minimal assumption on the thresholding function η:

8

(t),mul

absolute positive constant C and all n. For any matrix A ∈ Rm×n , denote its successive
singular values by σ1 (A) ≥ · · · ≥P
σm∧n (A) ≥ 0. For any q ∈ [1, ∞), the Schatten-q
m∧n q
σi (A))1/q . Thus, kAkS1 is the nuclear norm of
norm of A is defined as kAksq = ( i=1
A and kAkS2 = kAkF is the Frobenius norm. In addition, the Schatten-∞ norm of A is
kAkS∞ = σ1 (A) = kAkop , where k · kop stands for the operator norm. The rank of A is
denoted by rank(A). For any vector a, we denote its Euclidean norm by kak. For any
integer m, [m] stands for the set {1, . . . , m}. For any subset I ⊂ [m] and J ⊂ [n], we use
AIJ to denote the submatrix of A with rows indexed by I and columns by J. When either
I or J is the whole set, we replace it with ∗. For instance, AI∗ = AI[n] . Moreover, we use
supp(A) to denote the set of nonzero rows of A. For any set A, |A| denotes its cardinality
and Ac denotes its complement. A matrix A is called orthonormal, if the column vectors
are of unit length and mutually orthogonal. For any event E, we use 1E to denote the
indicator function on E, and E c denotes its complement.
2.1 Problem Formulation

(2)

We now put the denoising problem in a decision-theoretic framework. Recall model (1). We
are interested in estimating M based on the noisy observation X, where M is simultaneously
sparse and low rank. Let the singular value decomposition (SVD) of M = UDV0 , where U
is m × r orthonormal, V is n × r orthonormal and D = diag(d1 , . . . , dr ) is r × r diagonal
with d1 ≥ · · · ≥ dr > 0. In addition, since the nonzero entries on M concentrate on a k × l
block, U has at most k nonzero rows and V at most l. Therefore, the parameter space of
interest can be written as
F(m, n, k, l, r, d, κ) = {M = UDV0 ∈ Rm×n : rank(M) = r,
|supp(U)| ≤ k, |supp(V)| ≤ l,

d ≤ dr ≤ · · · ≤ d1 ≤ κd}.

Mks2q ,

We will focus on understanding the dependence of the minimax estimation error on the key
model parameters (m, n, k, l, r, d), while κ > 1 is treated as an unknown universal constant.
Without loss of generality, we assume m ≥ n here and after. Note that it is implicitly
assumed in (2) that m ≥ k ≥ r and n ≥ l ≥ r.
To measure the estimation accuracy, we use the following squared Schatten-q norm loss
functions:
c = kM
c−
q ∈ [1, 2].
(3)
Lq (M, M)

The model (1), the parameter space (2) and the loss functions (3) give a precise formulation
of the denoising problem.

2.2 Approach

JMLR 17(92):1-27

From a matrix computation viewpoint, if one seeks a rank r approximation to a matrix X,
then one can first find its left and the right r leading singular vectors. If we organize these
vectors as columns of the left and the right singular vector matrices U and V, then the
matrix (UU0 )X(VV0 ) has the minimum Frobenius reconstruction error for X among all
rank r matrices, since U0 XV will be a diagonal matrix consisting of the r leading singular
values of X. On the other hand, if one wants to enforce sparsity in the resulting matrix,
3

(5)

(6)

(0)

(0)

(7b)

(7a)

2

2

−1


en
k log em
k + l log l .

(9)

(12)

5

6
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d2
1.01 log m
+ log 2 r 2 .
2
log 2
kγu ∨ lγv
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T =

We propose to stop the iteration in Algorithm 1 after Tb steps. Last but not least, we need
the following technical condition.

and

For Theorem 4 to hold, it suffices to choose any β ≥ 4. In addition, we specify the stopping
(0)
(convergence) rule for the loop in Algorithm 1. For X(0) defined in Algorithm 2, let dr be
th
its r largest singular value. Define
"
#
(0)
1.1 log m
(dr )2
b
T =
+ log
,
(11)
2
log 2
γ2

To state the upper bounds, we first specify the threshold levels used in Algorithm 1. In
particular, for some sufficiently large constant β > 0, set
p
γu2 = γv2 = γ 2 = 1.01(r + 2 rβ log m + 2β log m).
(10)

3.2 Minimax Upper Bounds

In this case, the first term in the lower bound (8) dominates, and the rate is achieved by
simply estimating M by 0 ∈ Rm×n .
The second scenario is when (9) does not hold. In this case, the second term in (8)
dominates. We note this term is expressed as the sum of two terms. As to be revealed by
the proof, the first summand is an “oracle” error term which occurs even when the indices
of the nonzero rows and columns of M are given by an oracle. In contrast, the second
summand results from the combinatorial uncertainty about the locations of these nonzero
rows and columns.

d2 ≤ σ 2 Ψ2 (m, n, k, l, r).

Remark 3 Regardless of the value of q, the lower bounds reflect two different scenarios.
The first scenario is the “low signal” case where

A proof of the theorem is given in Section 6.1.

where the rate function Ψq (m, n, k, l, r) = r q (k + l) + r q

Theorem 2 Let F = F(m, n, k, l, r, d, κ) with κ > 1 and k ∧ l ≥ 2r. There exists a
positive constant c that depends only on κ, such that for any q ∈ [1, 2], the minimax risk
for estimating M under the squared Schatten-q error loss (3) satisfies



2
2
c ≥ cσ 2 r q −1 d
(8)
inf sup ELq (M, M)
∧ Ψq (m, n, k, l, r)
2
σ
c F
M

3.1 Minimax Lower Bounds

Yang, Ma, and Buja

In this section, we present a minimax theory underlying the denoising/estimation problem
formulated in Section 2.1.

3. Theoretical Results

Remark 1 In practice, Algorithms 1 and 2 are not restricted to the denoising of matrices
with Gaussian noise. With proper modification and robustification, they can be used together
to deal with other noise distributions and/or outliers. See, e.g., Yang et al. (2014).

where uν (vν ) is the

p
I 0 = {i : kXi∗ k2 ≥ σ 2 (n + α n log n)},
p
J 0 = {j : kX∗j k2 ≥ σ 2 (m + α m log m)}.

Select the subset I0 of rows and the subset J0 of columns as

(0)
(0)
2 Compute X(0) = (xij ), where xij = xij 1i∈I 0 1j∈J 0 .
(0)
(0)
(0)
(0)
3 Compute U(0) = [u1 , . . . , ur ] and V(0) = [v1 , . . . , vr ],
th
(0)
ν leading left (right) singular vector of X .

1

Algorithm 2: Initialization for Algorithm 1
Input:
1. Observed data matrix X.
2. Tuning parameter α.
3. Rank r and noise standard deviation σ.
b = U(0) and V
b = V(0) .
Output: Estimators U

Finally, to obtain a reasonable initial orthonormal matrix V(0) , we propose to use Algorithm 2 for the case of Gaussian noise.

σ
b = 1.4826 · MAD({Mij : i ∈ [m], j ∈ [n]}).

Initialization To initialize Algorithm 1, we need to further specify the rank r, the noise
standard deviation σ and a starting point V(0) for the iteration. For the ease of exposition,
we assume that r is known. Otherwise, it can be estimated by methods such as those
described in Yang et al. (2014). When we have Gaussian noise and kl < 12 mn, the noise
standard deviation can be estimated by

where  is a pre-specified tolerance level.

kU(t) (U(t) )0 − U(t−1) (U(t−1) )0 k2F ∨ kV(t) (V(t) )0 − V(t−1) (V(t−1) )0 k2F ≤ ,

and remain unchanged. In order for the theorem to work, these levels can be chosen as in
(10) below.
To determine the convergence of the iterative part, we could either run a pre-specified
number of iterations or stop after the difference between successive iterates are sufficiently
small, e.g.,
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Condition 1 There exists a sufficiently small absolute constant c, such that m ≥ n,
log d ≤ cm, c ≤ log m/ log n ≤ 1/c, log m ≤ c[(m − k) ∧ (n − l)], k ∨ l ≤ c(m ∧ n).
In addition,
small constant c0 that depends only on κ, such that

√ there exists
√ a sufficiently
(σ/d)2 r k n log m + l m log m ≤ c0 .
With the above definition, the following theorem establishes high probability upper
bounds of the proposed estimator.

Theorem 4 Let Condition 1 be satisfied. In Algorithm 1, let V(0) be obtained by Algorithm 2 with α ≥ 4 in (7). Let γu and γv be defined as in (10) with β ≥ 4. Moreover, we stop
b = U(Tb) and V
b = V(Tb) in subthe iteration after Tb steps with Tb defined in (11), and use U
sequent steps. For sufficiently large values of m and n, uniformly over F(m, n, k, l, r, d, κ),
with probability at least 1 − O(m−2 ), Tb ∈ [T, 3T ] and
h 2
i
2
c − Mk2 ≤ Cσ 2 r q (k + l + log m) + r q −1 (k + l) log m
kM
sq
where C is a positive constant that depends only on κ and β.

The proof of the theorem is given in Section 6.2.
Remark 5 Under Condition 1, for sufficient large values of m and n, (9) cannot hold, and
so the relevant lower bound is cσ 2 Ψq (m, n, k, l, r). In comparison, when k ∧ l ≥ (1 + )r
for any universal small constant  > 0, the upper bounds in Theorem 4 always matches
the lower bounds for all q ∈ [1, 2] up to a multiplicative log factor. If in addition, log m =
O(k ∨ l) and k = O(ma ) and l = O(na ) for some constant a ∈ (0, 1), then the rates in
the lower and upper bounds match exactly for all q ∈ [1, 2]. We note that Condition 1 can
essentially be √
interpreted as
√ a minimum signal-to-noise ratio condition where we require
d2 /σ 2 ≥ Cr(k n log m + l m log m). The condition is needed in guaranteeing the success
of the initialization method in Algorithm 2 and the rank selection method to be introduced
below.
Remark 6 The proposed estimator is adaptive since it does not depend on the knowledge
of k, l and q. Its dependence on r can also be removed, as we explain in the next subsection.
3.3 Rank Selection
We now turn to data-based selection of the rank r. Recall the sets I 0 and J 0 defined in (7).
We propose to use the following data-based choice of r:

rb = max s : σ (X 0 0 ) ≥ σ δ 0 0 ,
(13)
s
I
J
|I
||J
|
q
√
√
en
i + j + 2i log em
i + 2j log j + 8 log m. Here,

where for any i ∈ [m] and j ∈ [n], δij =

JMLR 17(92):1-27

the threshold σδ|I 0 ||J 0 | used in rank selection (13) is motivated by the Davidson–Szarek
bound (Davidson and Szarek, 2001) and the union bound. Basically, σδ|I 0 ||J 0 | bounds the
largest singular value of any submatrix of Z of size |I 0 | by |J 0 | and any singular value larger
than the threshold has to come from the signal part. We note that it is straightforward
to incorporate this rank selection step into Algorithm 2. Indeed, we can compute rb right
after step 1 and replace all r in the subsequent steps by rb. The following result justifies our
proposal.
7
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Proposition 7 Under the condition of Theorem 4, rb = r holds with probability at least
1 − O(m−2 ).

A proof of the proposition is given in Section 6.3. According to Proposition 7, we can
use rb as the input for rank in Algorithm 1 and the conclusion of Theorem 4 continues to
hold.

4. Simulation

JMLR 17(92):1-27

In this section, we demonstrate the performance of the proposed denoising method on
synthetic datasets.
In the first numerical experiment, we study the effect of the signal-to-noise ratio. To
this end, we fix m = 2000, n = 1000, k = l = 50, r = 10, and set the singular values of
M as (d1 , . . . , d10 ) = (200, 190, . . . , 120, 110). The signal-to-noise ratio is varied by varying
noise standard deviation σ on ten equally spaced values between 0.2 and 2. The U matrix
is obtained by orthonormalizing a m × r matrix the ith row of which is filled i.i.d. N (0, i4 )
entries for any i ∈ [k] and zeros otherwise. The V matrix is obtained in the same way with
c for q = 1 and 2 for the
m and k replaced by n and l. Fig. 1 shows the boxplots of Lq (M, M)
varying values of σ out of 100 repetitions for each of the ten values of σ. Throughout this
section, we use (6) to estimate σ, Algorithm 2 with α = 4 to compute V(0) and (13) to select
the rank. In Algorithm 1, we set β = 3 and we terminate the iteration once (5) holds with
 = 10−10 . The thresholding function η is fixed to be hard thresholding η(x, t) = x1|x|>t .
In all the repetitions, the proposed rb in (13) consistently yields the right rank r = 10. From
Fig. 1, we conclude that the denoising error grows quadratically with the value of σ, which
agrees well with the theoretical results in Theorem 4.
In the second experiment, we study the effect of the rank r on denoising error. To this
end, we fix m = 2000, n = 1000, k = l = 50, σ = 1 and all the nonzero singular values
of M as d1 = · · · = dr = 200. We vary r between 1 and 10. For each value of r, the U
and V matrices are generated in the same way as in the first experiment. Fig. 2 shows the
c for q = 1 and 2 for the varying values of r out of 100 repetitions for
boxplots of Lq (M, M)
each of the ten values of r. It is noticeable that for the L1 loss, the denoising error grows
quadratically as the rank r grows, while the trend is linear for the L2 loss. Both cases agree
with Theorem 4.
In the third experiment, we study the effect of the parameter q used in the loss function.
To this end, we generated datasets in the same way as in the first experiment while fixing
σ = 1. We take eleven different values of q ∈ [1, 2] such that their reciprocals are equally
spaced between 0.5 and 1. As Fig. 3 shows, the logarithm of the loss function scales linearly
with 1/q. Again, this is in accordance with the error bound in Theorem 4.
In the fourth experiment, we study the effect of sparsity levels. To this end, we fix m =
2000, n = 1000, r = 10 and the singular values of M are (d1 , . . . , d10 ) = (200, 190, . . . , 120, 110).
On the other hand, we consider four different combinations of sparsity parameters: (k, l) =
(50, 50), (50, 200), (100, 200) and (100, 50). For each (k, l) pair, the way we generate U, V
and X is the same as that in the first experiment. Moreover, the tuning parameter values
used in denoising are also the same as before. In all the repetitions, rb in (13) consistently
c for q = 2 and 1 and
select r = 10. In Table 1, we report the average values of Lq (M, M)
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Figure 2: Loss vs. rank: boxplots of 100 repetitions. Left panel: L1 loss. Right panel: L2
loss.
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Figure 1: Loss vs. σ: boxplots of 100 repetitions. Left panel: L1 loss. Right panel: L2 loss.
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for i = 1, . . . , k,
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for a grid of twenty equally spaced s values in {0.1, 0.2, . . . , 2}. Here, for any given s, Cs is
the normalizing constant ensuring kUk = 1. The smaller the s value, the faster the nonzero

Ui1 = Cs i−1/s ,

their standard errors over 100 repetitions. Moreover, we report the rescaled average loss
2
−1
where the rescaling constant is chosen to be r q (r + log m)(k + l), the rate derived in Theorem 4. By the results reported in Table 1, we see that for either loss function, the rescaled
average losses are stable with respect to different sparsity levels specified by different values
of k and l. Again, this agrees well with the earlier theoretical results.
In the last experiment, we study the effect of “spikiness”, i.e., how the concentration of
energy of the nonzero entries in M affects denoising. To this end, we fix m = 2000, n =
1000, k = l = 50, r = 1, d1 = 200 and σ = 1. In this case, U and V are both vectors. To
vary the “spikiness”, we set all nonzero entries of V to be equal and the nonzero entries of
U as

c out of
Table 1: Average losses (with its standard error) and average rescaled losses of M
100 repetitions for different sparsity levels.

c
Average(L1 (M, M))
Standard
error


c
L1 (M,M)
Average (r2 +r
log m)(k+l)

c
L2 (M,M)
(r+log m)(k+l)

(50, 200)

(50, 50)

Figure 3: Loss vs. q: boxplots of 100 repetitions.
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Sparse PCA The present paper is closely related to the sparse PCA problem where the
interest is in estimating the sparse leading eigenvectors of the covariance matrix of the
observed random vectors. Although the proposed algorithm in the present paper is partly
motivated by the sparse PCA estimation schemes in Ma (2013) and Yuan and Zhang (2013),
there are several important differences between the denoising model (1) and the sparse PCA
model. First, we aim to recover the mean matrix in model (1) while sparse PCA is interested

In this section, we discuss two additional issues related to the present work.

5. Discussion

entries in U decay to zero and the more concentrated the energy of the nonzero entries in
c for q = 1 and 2 for the varying
U and hence in M. Fig. 4 shows the boxplots of Lq (M, M)
values of s out of 100 repetitions for each of the twenty values of s. A somewhat surprising
phenomenon is that the error is not monotone in “spikiness”. For both L1 and L2 losses,
the errors first increase as s increases until they reach the peak when s = 1.1 and then the
errors decay as s further increases. Finally, they stabilize after s becomes 1.6 or larger. We
feel that this intriguing phenomenon might be explained intuitively as the following. For
small to medium values of s, both the bias and the variance in the estimator increases with
s. However, due to the additional l0 sparsity of U, the bias starts to decrease after s grows
larger than some critical value (1.1 in this simulation). Furthermore, when s grows larger
than another critical value (1.6 in this simulation), the estimator essentially estimates the
entire nonzero block in M and the bias term vanishes, which explains the stabilization near
the end of the curves in Fig. 4.

Figure 4: Loss vs. “spikiness”: boxplots of 100 repetitions. Left panel: L1 loss. Right panel:
L2 loss.
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in functionals (leading eigenvectors) of the covariance matrix. In addition, sparse PCA only
deals with one set of sparse eigenvectors while the denoising problem studied here needs
to deal with both left and right sparse singular vectors. In particular, even in the case
of Schatten-2 (Frobenius) norm loss, the theoretical results of the present paper cannot
be obtained directly from those for sparse PCA, such as those in Ma (2013), Cai et al.
(2013a,b), etc.

Loss function In the present paper, we have considered the collection of squared Schattenq norm for q ∈ [1, 2] as possible loss functions. One of the referees raised the question
whether it is possible to extend the results to the case of q < 1, where the loss function
becomes a squared quasinorm1 . This could serve as an interesting topic for future research.
However, when q < 1, the quasinorm is no longer convex and so the technique for establishing estimation lower bounds which was first laid out in Ma and Wu (2015) no longer
applies directly.

6. Proofs
6.1 Proof of Theorem 2

The proof of Theorem 2 relies on the following theorem, which is quoted without proof.

Theorem 8 (Theorem 2 in Ma and Sun (2014)) Let the observed X ∈ Rn×p , Y ∈
Rn×m be generated by the model Y = XA+Z with Z having i.i.d. N (0, σ 2 ) entries. Suppose
for some absolute constant γ > 1, the coefficient matrix A ∈ Rp×m belongs to

Θ(s, r, d, γ) = {A : rank(A) = r, γd ≥ σ1 (A) ≥ · · · ≥ σr (A) ≥ d > 0, |supp(A)| ≤ s}.

Moreover, suppose the (2s)-sparse Riesz constants of the design matrix X satisfy K −1 ≤
κ− (2s) ≤ κ+ (2s) ≤ K for some absolute constant K > 1. Then there exists a positive
constant c depending only on γ and κ+ (2s) such that for all q ∈ [1, 2],



h
d2
ep i
r2/q−1 2 ∧ r2/q (s + m) + r2/q−1 s log
.
σ
s

b
A

Θ

b ≥ cσ 2
inf sup ELq (A, A)
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Proof [Proof of Theorem 2] To establish the lower bound, first consider the subset F1 ⊂
F(m, n, k, l, r, d, κ) where we further require supp(V) = [r]. Thus, except for the first r
columns, all columns of M are zeros. So, by a simple sufficiency argument, we may assume
that n = l = r. In this case, the problem of estimating (the first r columns of) M under
model (1) can be viewed as a special case of sparse reduced rank regression where the design
matrix is the identity matrix Im . Note that the sparse Riesz constants for Im are all equal
to one. Therefore, Theorem 8 implies that
 2
i
h 2
2
c ≥ inf sup ELq (M, M)
c ≥ c r q −1 d2 ∧ r q k + r q −1 k log em .
inf sup ELq (M, M)
k
c F
c F1
M
M

By symmetry, we also have
h

i
2
2
2
c ≥ c r q −1 d2 ∧ r q l + r q −1 l log en .
inf sup ELq (M, M)
l
c F
M

1. A function satisfying all norm axioms except for the triangle inequality.

12

· · · ≥ φu,r ≥ 0, and define

(t)

13

(t)
sin Φ(t)
u = diag(sin φu,1 , . . . , sin φu,r ).

(t)
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(16)

To investigate the properties of the oracle sequence, we will trace the evolution of the
e (t),mul , U
e (t) , V
e (t),mul and V
e (t) . To this end, denote the r canonical
columns subspaces of U
e (t),mul ) and span(U)
e by π/2 ≥ φ(t) ≥
angles (Golub and Van Loan, 1996) between span(U
u,1

e (t),thr ) = supp(U
e (t) ) ⊂ I,
supp(U
(t),thr
e
e (t) ) ⊂ J.
supp(V
) = supp(V

e D,
e V
e consist of the first r singular triples of X,
e and U
e ⊥, D
e ⊥, V
e ⊥ contain the
where U,
remaining n − r triples (recall that we have assumed m ≥ n). In particular, the successive
e are denoted by de1 ≥ de2 ≥ · · · ≥ den ≥ 0.
singular values of X
With the oracle knowledge of I and J, we can define oracle versions of Algorithm 2
and Algorithm 1. In the oracle version of Algorithm 2, we replace the subsets I 0 and
e (0) and
J 0 by Ie0 = I 0 ∩ I and Je0 = J 0 ∩ J, and the output matrices are denoted by U
e (0) . In the oracle version of Algorithm 1, X is replaced by X
e and V(0) is replaced by
V
e (0) . The intermediate matrices obtained after each step within the loop are denoted by
V
e (t),mul , U
e (t),thr , U
e (t) and V
e (t),mul , V
e (t),thr , V
e (t) , respectively. We note that for any t, it is
U
guaranteed that

With appropriate rearrangement of rows and columns, the I × J submatrix concentrates on
the top-left corner. From now on, we assume that this is the case. We denote the singular
value decomposition of X by
"
#"
#
h
i D
e
e0
0
V
e
e
e
X = U U⊥
(15)
e ⊥ (V
e ⊥ )0 ,
0 D

Preliminaries We first introduce some notation. For any matrix A, span(A) stands for
the subspace spanned by the column vectors of A. If we were given the oracle knowledge
of I = supp(U) and J = supp(V), then we can define an oracle version of the observed
matrix as
e = (xij 1i∈I 1j∈J ) ∈ Rm×n .
X
(14)

To prove Theorem 4, we follow the oracle sequence approach developed in Ma (2013).
Throughout the proof, we assume that σ = 1 is known. The case of general σ > 0 comes
from obvious scaling arguments. In what follows, we first define the oracle sequence and
introduce some preliminaries. Then we give an overview of the proof, which is divided into
three steps. After the overview, the three steps are carried out in order, which then leads
to the final proof of the theorem. Due to the space limit, proofs of intermediate results are
omitted.

6.2 Proof of Theorem 4
(t)

(t)

(t)

(t)

(t)
sin Θ(t)
u = diag(sin θu,1 , . . . , sin θu,r ).

(17)

|dei − di | ≤

√

k+

√

l+2

(20)

(19)

14
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Proof By symmetry, we only need to spell out the arguments for U in (19).
 By definition,

ZIJ 0
0
e
e
e
X = UDV + Z where (after reordering of the rows and the columns) Z =
. Thus,
0 0
we have
√
√
eU
e 0 kop ≤ 2r kZk
e op .
eU
e 0 kF ≤ 2rkUU0 − U
kUU0 − U
dr

p
log m = o(dr ),


p
√
2r √
k + l + 2 log m ,
dr

√

where the last equality holds under Condition 1.

and for any i ∈ [n],

e Uk
e F , kVV − V
e Vk
e F≤
kUU − U

Lemma 9 With probability at least 1 − m−2 ,

e Ie0 , Je0 and V
e (0) .
Initialization We first investigate the properties of X,
Note that for any orthonormal matrix W, WW0 gives the projection matrix onto
span(W). The following lemma quantifies the difference between the leading singular structures of X and M.

Overview Given the oracle sequence defined as above, we divide the proof into three
steps. First, we show that the output of the oracle version of Algorithm 2 gives a good
initial value for the oracle version of Algorithm 1. Next, we prove two recursive inequalities
e (t) and V
e (t) , and show that
that characterize the evolution of the column subspaces of U
after T iterates, the output of the oracle version of Algorithm 1 estimates M well. Last
but not least, we show that with high probability the oracle estimating sequence and the
actual estimating sequence are identical up to 3T iterates and that Tb ∈ [T, 3T ]. Therefore,
the actual estimating sequence inherits all the nice properties that can be claimed for the
oracle sequence.
In what follows, we carry out the three steps in order.

(t)

≥ 0, and let

The quantities φv,i , sin Φv , θv,i and sin Θv are defined analogously. For any pair of m×r orthonormal matrices W1 and W2 , let the canonical angles between span(W1 ) and span(W2 )
be π/2 ≥ θ1 ≥ · · · ≥ θr ≥ 0 and sin Θ = diag(sin θ1 , . . . , sin θr ), then (Stewart and Sun,
1990)
1
k sin ΘkF = √ kW1 W10 − W2 W20 kF ,
2
(18)
k sin Θkop = kW1 W10 − W2 W20 kop .

··· ≥

(t)

e (t) ) and span(U)
e by π/2 ≥ θ ≥
Moreover, denote the canonical angles between span(U
u,1

We complete the proof by noting that for any a, b, c > 0, (a∧b)∨(a∧c) = a∧(b∨c)  a∧(b+c).
(t)
θu,r
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eU
e 0 ) ≤ 2r and the last inequality is due
Here, the first inequality holds since rank(UU0 − U
to Wedin’s sinθ theorem (Wedin, 1972). By the Davidson-Szarek bound
(Davidson
and
√
√
e op = kZIJ kop ≤ k + l + 2√log m.
Szarek, 2001), with probability at least 1 − m−2 , kZk
This completes the proof of (19).
On the other hand, Corollary 8.6.2 of Golub and Van Loan (1996) implies that |dei −di | ≤
kZIJ kop . Together with the above discussion, we obtain the first inequality in (20). The
second inequality is a direct consequence of Condition 1. This completes the proof.

Denoising of Sparse and Low Rank Matrices

Lemma 11 Let Condition 1 be satisfied, and let α ≥ 4 and a+ ≥ 2 be fixed constants. For
sufficiently large values of m and n, uniformly over F(m, n, k, l, r, d, κ), with probability at
least 1 − O(m−2 ), for a positive constant C that depends only on κ, a+ and α,

1
Here, the fourth inequality holds for fixed α ≥√
4, a− ≤ 20
, and all sufficiently large (m, n)
√
2
such that n + 2a− n log m ≥ 0.21
(1 − a− )2 α n√log m. The last inequality holds when,
in addition, 0.952 · 16 · n ≥ 3 · (2.1)2 · (n + 2a− n log m), which is again guaranteed by
Condition 1.
Finally, when I− ⊆ Ie0 ⊆ I+ , we have I 0 = Ie0 since I+ ⊂ I.

Yang, Ma, and Buja

−



X
p
P kXi∗ k2 > n + α n log m

0 )c
i∈(I+

1/4
1/4 i 1
Ch 2 2
r k n log m
+ r2 l2 m log m
≤ .
d
6

≤

d1
(a+ α)1/2 (l2 m log m)1/4 .
dr

16

d1
(a+ α)1/2 (k 2 n log m)1/4 .
dr
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kUIe0 ∗ D(VJ\Je0 ∗ )0 kop ≤ kUIe0 ∗ kop kDkop kVJ\Je0 ∗ kop ≤ d1 kUkop kVJ\Je0 ∗ kF

0 ⊂ Ie0 , the definition of I 0 in (21), and the facts that
Here, the last inequality is due to I−
−
kMi∗ k ≥ dr kUi∗ k for all i ∈ [m] and that |I\Ie0 | ≤ |I| ≤ k. By similar argument, on the
event such that the conclusion of Lemma 10 holds, we can bound the second term in (22)
as

kUI\Ie0 ,∗ DVJ0 kop ≤ kDkop kVJ∗ kop kUI\Ie0 ,∗ kop ≤ d1 kUI\Ie0 ,∗ kF ≤

We now bound each of the four terms in (22) separately. For the first term, on the event
such that the conclusion of Lemma 10 holds, we have

(22)

≤ kUI\Ie0 ,∗ D(VJ∗ )0 kop + kUIe0 ∗ D(VJ\Je0 ∗ )0 kop + kZI\Ie0 ,J kop + kZIe0 ,J\Je0 kop .

e −X
e (0) kop ≤ kX
e e0 kop + kX
e e0 e0 kop
kX
I\I ,J
I ,J\J

e (0) V
e (0) −
Here, the first equality is from (18). The second inequality holds since rank(V
eV
e 0 ) ≤ 2r, and the last inequality is due to Wedin’s sinθ theorem (Wedin, 1972).
V
e (0) and X
e are supported on Ie0 × Je0
To further bound the rightmost side, we note that X
and I × J respectively, with Ie0 × Je0 ⊂ I × J. In addition, (I × J)\(Ie0 × Je0 ) is the union of
two disjoint subsets (I\Ie0 ) × J and Ie0 × (J\Je0 ). Thus, the triangle inequality leads to

Proof Let X(0) be the matrix defined in Step 2 of Algorithm 2, but with I 0 and J 0 replaced
by Ie0 and Je0 . Then we have
√
√
e (0) V
e (0) − V
eV
e 0 kF ≤ √2r kV
e (0) V
e (0) − V
eV
e 0 kop ≤ r kX
e −X
e (0) kop .
e (0) kF = √1 kV
k sin Θ
v
2
2
der

e v(0) kF ≤
k sin Θ

e (0) for the oracle version
The next lemma estimates the accuracy of the starting point V
of Algorithm 1.

Next, we investigate the properties of the sets selected in Algorithm 2. For some universal constants 0 < a− < 1 < a+ , define the following two deterministic sets
n
o
n
o
p
p
0
0
I±
= i ∈ [m] : kMi∗ k2 ≥ a∓ α n log m , J±
= j ∈ [n] : kM∗j k2 ≥ a∓ α m log m .
(21)

1
Lemma 10 Let Condition 1 be satisfied, and let α ≥ 4, a− ≤ 20
and a+ ≥ 2 be fixed
constants. For sufficiently large values of m and n, with probability at least 1 − O(m−2 ), we
have I− ⊆ Ie0 ⊆ I+ and J− ⊆ Je0 ⊆ J+ , and so I 0 = Ie0 and J 0 = Je0 .



p
P kXi∗ k2 < n + α n log m

Proof By symmetry, we only show the proof for Ie0 here. The arguments for Je0 are similar.
On the one hand, we have
X

0
i∈I−



p
p
≤ m P χn2 (a+ α n log m) < n + α n log m


(a+ − 1)2 α2 n log m
√
≤ m exp −
4n + 8a+ α n log m
≤ m exp(−3 log m) = m−2 .

0
P(I−
* Ie0 ) ≤

≤

Here, the last
√ inequality holds for fixed a+ ≥ 2, α ≥ 4 and all sufficiently large (m, n) such
that 2a+ α n log m ≤ n/3, which is guaranteed by Condition 1.
(1−a− )2 α2 n log m
√
On the other hand, for x = (2.1)
, we have
2 (n+2a
n log m)
P(Ie0 *
0
I+
)
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p
p
≤ m P χn2 (a− α n log m) > n + α n log m


q
p
p
≤ m P χn2 (a− α n log m) > n + 2.1 (n + 2α− n log m) x


q
p
p
≤ m P χn2 (a− α n log m) > n + 2 (n + 2α− n log m)x + 2x
≤ m exp (−x)

≤ m exp(−3 log m) = m−2 .
15

−1

ωv = (2der )

=

yt

=
p
lγv2 ,

(t)
k sin Θu kF ,

(24)

Moreover, define

ω = ωu ∨ ωv .

(t)
k sin Θv kF .

1.01 ω
,
(1 − a)(1 − ρ)

p
1 − (xt )2 ≤ ρxt + ωv .

xt ≤ y t−1 [1 − a(1 − ρ)].

y t−1 ≤

yt

(27)

(26)

(25)

17

ρy t−1
ut ≤ p
.
1 − (y t−1 )2
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(28)

Proof 1) In what follows, we focus on showing the first inequality in (25). The second
inequality follows from essentially the same argument.
(t)
Let ut = k sin Φu kF . We first show that

The same conclusions hold with the ordered pair (y t−1 , xt ) replaced by (xt , y t ) in (26)–
(27).

then so is xt . Otherwise,

2) For any a ∈ (0, 1/2], if

1) For any t ≥ 1, if y t−1 < 1, then
p
xt 1 − (y t−1 )2 ≤ ρy t−1 + ωu ,

Let Condition 1 be satisfied. Then for sufficiently large values of (m, n), on the event such
that the conclusions of Lemmas 9–11 hold,

Proposition 12 For any t ≥ 1, let
p
ωu = (2der )−1 kγu2 ,

xt

e
where dei denotes the ith singular value of X.

e (t) and V
e (t) evolve over iteraEvolution We now study how the column subspaces of U
tions. To this end, let
ρ = der+1 /der ,
(23)

Assembling the last five displays and observe that der ≥ 0.9dr for sufficiently large values of
(m, n) on the event such that the conclusion of Lemma 9, we obtain the first inequality in
the conclusion. The second inequality is a direct consequence of Condition 1. This completes the proof.

To bound the last two terms, we first note that on the event such that the conclusion of
Lemma 10 holds, both terms are upper bounded by kZIJ kop . Together with the Davidson–
Szarek bound (Davidson and Szarek, 2001), this implies that with probability at least
1 − m−2 ,
√

p
√
kZI\Ie0 ,J kop + kZIe0 ,J\Je0 kop ≤ 2kZIJ kop ≤ 2
k + l + 2 log m .
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"
e
D

0
e⊥
D

#"

"
# 

e 0Q
e (t)
U
O(t)
=
.
(t)
0
(t)
e
e
W
(U⊥ ) Q

e ⊥ kop k(V
e ⊥ )0 V
e (t−1) kF k[V
e 0V
e (t−1) ]−1 kop kD
e −1 kop kUk
e op kQ
e (t) kop .
kW(t) kF ≤ kD

e (t),mul − U
e (t) kF
kU
.
e (t),mul )
σr (U

kxk=1

18
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p
e (t),mul has at most k nonzero rows, and so kU
e (t),mul − U
e (t) kF ≤ kγ 2 .
In the oracle version, U
u
e (t−1) ), decompose y = y0 + y1 where y0 ∈ span(V)
e and
For any unit vector y ∈ span(V
p
e ⊥ ). Then by definition, ky0 k ≥ cos θ(t−1) ≥ 1 − (y t−1 )2 . Thus, for any
y1 ∈ span(V
v,1
e (t),mul xk2 = kXV
e (t−1) xk2 = kXyk
e 2 = kXy
e 0 k2 + kXy
e 1 k2 ≥ kXy
e 0 k2 =
unit vector x, kU
eV
eV
e 0 y0 k2 ≥ (der )2 ky0 k2 ≥ (der )2 [1 − (y t−1 )2 ]. Hence,
kX
p
e (t),mul ) ≥ inf kU
e (t),mul xk ≥ der 1 − (y t−1 )2 .
σr (U

wt ≤

To bound wt , note that Wedin’s sinθ theorem (Wedin, 1972) implies

e (t) (Q
e (t) )0 − U
e (t) (U
e (t) )0 kF . Then, by (18) and the triangle inequality,
To this end, let wt = kQ
we obtain
1
xt ≤ ut + √ wt .
2

e ⊥ )0 V
e (t−1) kF = y t−1 . MoreBy Corollary 5.5.4 of Stewart and Sun (1990), kW(t) kF = ut , k(V
(t−1)
0
(t−1)
e
e
over,
Golub and Van Loan (1996), k[V V
]−1 kop = 1/ cos θv,r =
q by Section 12.4.3 of p
(t−1) 2
t−1
< 1.
1/ 1 − (sin θv,r ) ≤ 1/ 1 − (y t−1 )2 . Here we have used the assumption that y
e ⊥ kop = der+1 , kD
e −1 kop = de−1 , kUk
e op = kQ
e (t) kop = 1, this
Together with the facts that kD
r
leads to (28).
Next, we show that
ωu
xt ≤ ut + p
.
(29)
1 − (y t−1 )2

Thus,

h
ih
i−1
h
i
e ⊥ )0 V
e (t−1) V
e −1 U
e ⊥ (V
e ⊥ )0 V
e (t−1) (R
e (t),mul )−1 = D
e ⊥ (V
e 0V
e (t−1)
e 0Q
e (t) .
D
W(t) = D

By the last two displays, we have

In addition, let

0

# "
#
e 0V
e (t−1)
e 0Q
e (t)
V
U
e (t),mul .
=
e ⊥ )0 V
e (t−1)
e ⊥ )0 Q
e (t) R
(V
(U

e in (15). In addition, let the QR factorization of U
e (t),mul = Q
e (t) R
e (t),mul .
Recall the SVD of X
h
i0
e (t),mul = X
eV
e (t−1) . Premultiplying both sides by U
e U
e ⊥ , we obtain
By definition, U
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(1),mul

o
n
e (1) k < γv , ∀j ∈ J c .
Ev(1) = k(Z∗j )0 U

20

(1),mul
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e (0) . Thus, kU
On E (0) ∩ Eu , for any i ∈ I c , Ui∗
= Xi∗ V(0) = Zi∗ V
k < γu and so
i∗
(1),thr
(1)
e (1) . Further define
Ui∗
= 0 for all i ∈ I c . This further implies UI c ∗ = 0 and U(1) = U
event

(1)

Proof First of all, by Lemma 10, with probability at least 1 − O(m−2 ), J 0 = Je0 ⊂ J+ ⊂ J,
e (0) = V(0) . Define event E (0) = {V(0) = V
e (0) }.
and so V
We now focus on the first iteration. Define event
n
o
e (0) k < γu , ∀i ∈ I c .
Eu(1) = kZi∗ V

Lemma 15 Let γu and γv be defined as in (10) with some fixed constant β ≥ 4 and let
Condition 1 be satisfied. For sufficiently large m and n, with probability at least 1−O(m−2 ),
(t)
(t)
e (t) and V(t) = V
e (t) .
for all 1 ≤ t ≤ 3T , UI c ∗ = 0, VJ c ∗ = 0, and so U(t) = U

Proof of Upper Bounds We are now in the position to prove Theorem 4. To this end,
we need to establish the equivalence between the oracle and the actual estimating sequences.
The following lemma shows that with high probability, the oracle sequence and the actual
sequence are identical up to 3T iterates.

Remark 14 It is worth noting that the conclusions of Proposition 12 and Proposition 13
hold for any γu > 0 and γv > 0, though they will be used later with the specific choice of γu
and γv in (10).

e u, P
e v and the fact that U,
e D
e and
Here, the equality (32) is due to the definitions of P
e consist of the first r singular values and vectors of X.
e The equality (33) holds since
V
e
e k = kP
e (t) k = 1 as both are projection matrices. Finally, the inkXk
= de and kP
v
op
1
u
op
op
√
√
e u(t) − P
e u kF = 2xt and kP
e v(t) − P
e v kF = 2y t due to (18), the
equality (34) holds since kP
definitions in (24) and (30), and the fact that on the event such that (20) holds, de1 /der ≤ 2κ
when m and n are sufficiently large. This completes the proof.

≤C

e (t) − P
e u )X
eP
e (t) kF + kP
e u X(
e P
e (t) − P
e v )kF
≤ k(P
u
v
v
e (t) e
e
e (t)
e (t) e
e
e
≤ kP
u − Pu kF kXkop kPv kop + kPv − Pv kF kXkop kPu kop


e (t) − P
e u kF + kP
e (t) − P
e v kF
= de1 kP
(33)
u
v
p
p 
kγu2 + lγv2 .
(34)

(32)

then xt ∨ y t ≤ 1.01ω/[(1 − m−1 )(1 − ρ)] for all t ≥ tν . We complete the proof of the first
claim by noting that T ≥ tν for sufficiently large m, n under Condition 1.
eu = U
eU
e 0 and P
ev = V
eV
e 0 . Then we have
To prove the second claim, let P

dr2
kγu2 ∨ lγv2

e (t) X
eP
e (t) − U
eD
e Vk
e F = kP
e (t) X
eP
e (t) − P
e uX
eP
e v kF
kP
u
v
u
v

Assembling the last three display, we obtain (29). Finally, the first inequality in (25) comes
from (28), (29) and the triangle inequality.
2) Given (25), we have
ρy t−1 + ω
xt ≤ p
,
1 − (y t−1 )2

We say that the oracle sequence has converged if

is the smallest possible value for xt

(30)

and that y 0 ≤ 61 ≤ 51 (1 − ρ)2 for sufficiently large values of (m, n) due to Condition 1 and
Lemma 9. The proof of part (2) then follows from the same argument as in the proof of
Proposition 6.1 in Ma (2013).

Convergence

1.01ω
1−ρ

1.01ω
xt ∨ y t ≤
.
(1 − m−1 )(1 − ρ)
This choice is motivated by the observation that
and y t that Proposition 12 can lead to.

Proposition 13 Let Condition 1 be satisfied and T be defined in (12). For sufficiently
large values of (m, n), on the event such that the conclusions of Lemmas 9–11 hold, it takes
at most T steps for the oracle sequence to converge in the sense of (30). For any t, let
e u(t) = U
e (t) (U
e (t) )0 and P
e v(t) = V
e (t) (V
e (t) )0 . Then there exists a constant C that depends only
P
on κ, such that for all t ≥ T ,

e (t) X
eP
e (t) − U
eD
e Vk
e 2 ≤ C kγ 2 + lγ 2 .
kP
u
v
F
u
v
1.01ω
.
(1− 21 )(1−ρ)

xt ≤ xt−1 [1 − a(1 − ρ)]2 .

i.e., 2t1 | log(1 − 21 (1 − ρ))| ≥ log(1 −

(31)

Proof To prove the first claim, we rely on claim (2) of Proposition 12. Without loss of
generality, assume that m = 2ν for some integer ν ≥ 1. So ν = log m/ log 2. Let t1 be the
number of iterations needed to ensure that xt ∨ y t ≤
Note that when (26) does
not hold, (27) ensures that

y t ≤ y t−1 [1 − a(1 − ρ)]2 ,

2t
Thus, it suffices to have 1 − 12 (1 − ρ) 1 ≥

1.01ω
,
(1− 21 )(1−ρ)

1
(1
−
ρ)
1
1
+
o(1)
log 2
=
log
1−ρ
1.01ω
2

1
2 )(1 − ρ)/(1.01ω). Since | log(1 − x)| ≥ x for all x ∈ (0, 1), it suffices to set


.

t1 =

i=1
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ν
i
ν + 1/2
(1 + o(1)) log m X 2i−1 h
=
≥
log(1 − 2−i ) − log(1 − 2−(i−1) ) ,
2(1 − ρ)
2 log 2
1−ρ

Next, let t2 −t1 be the number of additional iterations needed to achieve xt ∨y t ≤ 1.01ω/[(1−
1
1
1
2
4 )(1−ρ)] . Before this is achieved, (31) is satisfied with a = 4 . So it suffices to have [1− 4 (1−
2
ρ)]2(t2 −t1 ) ≤ (1 − 21 )/(1 − 14 ), which is guaranteed if t2 − t1 ≥ 1−ρ
[log(1 − 41 ) − log(1 − 12 )].
Recursively, we define ti for i = 3, . . . , ν, such that xti , y ti ≤ 1.01ω/[(1 − 2−i )(1 − ρ)].
i−1
Repeating the above argument shows that it suffices to have ti − ti−1 = 21−ρ [log(1 − 2−i ) −
log(1 − 2−(i−1) )] for i = 3, . . . , ν. Therefore, if we let
tν − t1 =

19

Zij
,
kZI c j k

p
βr log m + 2β log m.

Yj
−1 .
kZI c j k

21
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since Condition 1 ensures that l/k 0 = o(1). Assembling the last six displays, we obtain that
for any β > 1, with probability at least 1 − O(m−β ),
q
p
p
e (0) k ≤ r + 2 βr log m + 2β log m + 0.01 log m ≤ γv .
kZi∗ V

Here, the last inequality holds for sufficient large values of m and n, since Condition 1
implies that (log m)/k 0 = o(1). By the union bound, with probability at least 1 − O(m−β ),
for sufficient large values of m and n,
p
kŽi[l] − Zi[l] k ≤ 0.01 log m ,

By Lemma 18, for any j ∈ [l], with probability at least 1 − O(m−(β+1) ),
r
Yj2
Yj
(β + 1) log m
−1 ≤
− 1 ≤ 4 · 1.01 ·
.
kZI c j k
kZI c j k2
k0

By Lemma 17, with probability at least 1 − O(m−β ),
p
kZi[l] k2 ≤ l + 2 βl log m + 2β log m.

j∈[l]

kŽi[l] − Zi[l] k ≤ kZi[l] k max

e (0) kop = 1 since it has orthonormal columns.
For the second term, we first note that kV
[l]∗


Moreover, Ži[l] − Zi[l] = Zi[l] diag kZYI1c 1 k − 1, . . . , kZYI1c l k − 1 . Thus,

e k2 ≤ r + 2
kŽi[l] V
[l]∗

(0)

and so by Lemma 17, with probability at least 1 − O(m−β ),

e (0) , kŽi[l] V
e k2 ∼ χ2 ,
For the first term on the rightmost side, since Ži[l] is independent of V
r
[l]∗

(0)

e (0) k ≤ kŽi[l] V
e (0) k + k(Zi[l] − Ži[l] )V
e (0) k ≤ kŽi[l] V
e (0) k + kZi[l] − Ži[l] kkV
e (0) kop .
kZi∗ V
[l]∗
[l]∗
[l]∗
[l]∗

e (0) ) ⊂ J ⊂ [l] on the event E (0) , we obtain
and Ži[l] = (Ži1 , . . . , Žil ) ∈ R1×l . Since supp(V
c
(0)
(0)
e
e
e (0) + (Zi[l] − Ži[l] )V
e (0) . Thus,
that for any i ∈ I , Zi∗ V = Zi[l] V = Ži[l] V

Žij = Yj

(1)
(1)
(1)
e (1) .
Then by similar argument, on the event E 0 ∩Eu ∩Ev , we have VJ c ∗ = 0 and V(1) = V
(1) c
We now bound the probability of (Eu ) . Without loss of generality, let J ⊂ [l]. Note
e (0) depends on Zij only through kZI c j k2 in the selection of Je0
that for any j ∈ J, i ∈ I c , V
e (0) is independent of Zij . Let k 0 = |I c |
in the oracle version of Algorithm 2. Therefore, V
kZI c j k
and Y1 , . . . Yl be i.i.d. χk0 random variables independent of Z. For any i ∈ I c and j ∈ [l], let

Denoising of Sparse and Low Rank Matrices

(t)

(35)

22

We are now in the position to prove Theorem 4.
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Hence for sufficiently large values of m and n, log γ 2 > 1 and with probability at least
(0)
1 − O(m−2 ), | log(dr )2 / log d2r − 1| ≤ 0.01. When the above inequalities all hold, we obtain
Tb ∈ [T, 3T ].

= o(dr ).

e (0) − Xk
e op + o(dr )
≤ kX

r

(0)
e
e
|d(0)
r − dr | ≤ |dr − dr | + |dr − dr |
(0)
e
e
e
= |d − dr | + |dr − dr |

On the other hand, on the event such that the conclusions of Lemmas 9–11 hold, we have

On the other hand, note that 1/ log 2 ≥ 1.44 and that log(k ∨ l) ≤ log m under the assumption that m ≥ n, and hence




1.01 log m
d2
1.01
d2
T ≥
− log m + log r2 ≥
0.44 log m + log r2 .
2
log 2
γ
2
γ

Proof By definition (10) and (12), we have


1.01 log m
d2
T ≤
+ log r2 .
2
log 2
γ

Lemma 16 Let Tb be defined in (11). With probability at least 1 − O(m−2 ), T ≤ Tb ≤ 3T .

This completes the proof.

(t)

3T
Iterating the above arguments, we obtain that on the event E (0) ∩ (∩3T
t=1 Eu ) ∩ (∩t=1 Ev ),
(t)
(t)
e (t) and V(t) = V
e (t) . Moreover, by similar argument to
UI c ∗ = 0, VJ c ∗ = 0, and so U(t) = U
(t)
(t)
that for (35), we can bound each P{(Eu )c } and P{(Ev )c } by O(m−3 ) for all t = 2, . . . , 3T
with any fixed β ≥ 4 in (10). Finally, under Condition 1, T = O(m), and so
n
o
(t)
3T
(t)
−2
P E (0) ∩ (∩3T
t=1 Eu ) ∩ (∩t=1 Ev ) = 1 − O(m ).

e (1) depends on Zij only through kZiJ c k. Therefore, by analogous
Similarly, for any j ∈ J c , U
arguments, we also obtain (35) for (Ev1 )c with any fixed β ≥ 4.
Turn to subsequent iterations, we further define events
n
o
n
o
e (t−1) k < γu , ∀i ∈ I c , E (t) = k(Z∗j )0 U
e (t) k < γv , ∀j ∈ J c , t = 2, . . . , 3T.
Eu(t) = kZi∗ V
v

Applying the union bound again, we obtain that when β ≥ 4 in (10),
n
o
P (Eu(1) )c ≤ O(m−3 ).
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eD
eV
e 0 kF + kU
eD
eV
e 0 − UDV0 kF
−U

− UDV0 kF

Proof [Proof of Theorem 4] Note that on the events such that the conclusions of Lemmas
9–16 hold, we have
c − MkF
kM
=

≤
b

b (Tb) XP
b (Tb)
kP
u
v
b (Tb) XP
b (Tb)
kP
u
v
b
b

b

e (T ) X
eP
e (T ) − P
e uX
eP
e v kF + kP
e uX
eP
e v − Pu MPv kF
= kP
u
v

e (T ) X
eP
e (T ) − P
e uX
eP
e v kF + kP
e uX
eP
ev − P
e u MP
e v kF
≤ kP
u
v

e u MP
e v − Pu MPv kF .
+ kP

Here, the first and the second inequalities are both due to the triangle inequality. The
e (t) ) ⊂ I, supp(V
e (t) ) ⊂ J and
second equality is due to Lemma 16 and the facts that supp(U
e and V
e collect the first r left and right singular vectors of X.
e
that U

b

p

kγu2 + lγv2 .

We now bound each of the three terms on the rightmost side of the last display. First,
on the event such that the conclusions of Proposition 13 and Lemma 16 hold, we have
b

e (T ) X
eP
e (T ) − P
e uX
eP
e v kF ≤ C
kP
u
v

e uX
eP
ev − P
e u MP
e v kF ≤ kX
e − MkF = kZIJ kF
kP
√
≤ rkZIJ kop
p
√
√ √
r( k + l + 2 log m).
≤

Next, by similar argument to that leading to the conclusion of Lemma 11, with probability
at least 1 − O(m−2 )

Last but not least,
e u MP
e v − Pu MPv kF
kP

e u − Pu )MP
e v kF + kPu M(P
e v − Pv )kF
≤ k(P
e u − Pu kF + kP
e v − Pv kF )
≤ d1 (kP
p
√
√ √
≤ κ r( k + l + 2 log m).
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Assembling the last four displays, we complete the proof for the case of Frobenius norm,
i.e., q = 2. To obtain the result for all q ∈ [1, 2), simply note that for any matrix A,
1
−1
f − M) ≤ 2r. This completes the proof.
kAksq ≤ (rank(A)) q 2 kAkF and that rank(M
23

6.3 Proof of Proposition 7
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P



|A|=i,|B|=j

|A|=|I 0 |,|B|=|J 0 |

i=r+1 j=r+1

m
n
X
X

≤P

≤

max

σr+1 (XAB ) > δij



.

Proof [Proof of Proposition 7] Without loss of generality, assume that σ = 1. We first
show that rb ≤ r with probability at least 1 − O(m−2 ). To this end, note that

P {b
r > r} = P σr+1 (XI 0 J 0 ) > δ|I 0 ||J 0 |


max
σr+1 (XAB ) > δ|A||B|

max

|A|=i,|B|=j

st

σr+1 (XAB ) <

max

|A|=i−r,|B|=j−r

σ1 (ZAB ) <

st

max

|A|=i,|B|=j

σ1 (ZAB ),

By the interlacing property of singular values, we know that for Z, a m × n standard
Gaussian random matrix,

st

where < means stochastically smaller. Together with the union bound, this implies

   
m n
P
max σr+1 (XAB ) > δij ≤
P {σ1 (ZAB ) > δij }
i
j
|A|=i,|B|=j


 em i  en j
em
em
exp −i log
− j log
− 4 log m
i
j
i
j

≤

i=r+1 j=r+1

m
n
X
X

m−4 ≤ m−2 .

= m−4 .

Here, the second inequality is due to kp ≤ (ep/k)k for any k ∈ [p] and the Davidson-Szarek
bound (Davidson and Szarek, 2001). As n ≤ m under Condition 1, we obtain
P {b
r > r} ≤

To show that rb ≥ r with probability at least 1 − O(m−2 ), we note that on the event such
e 0 ) = der(0) . So by the triangle
that the conclusions of Lemmas 9–11 hold, σr (XI 0 J 0 ) = σr (X
inequality, the conclusion of Lemma 9 and the proof of Lemma 11, we obtain that

e op − kX
e −X
e 0 kop ≥ dr /4 > δkl ,
σr (XI 0 J 0 ) = der(0) ≥ dr − kX − Xk

where the second last and the last inequalities hold under Condition 1 for sufficiently large
values of m and n. Note that on the event such that the conclusion of Lemma 10 holds, we
have |I 0 | ≤ k and |J 0 | ≤ l and so δ|I 0 ||J 0 | ≤ δkl . This completes the proof.
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Employing robots in unpredictable environments, such as in hospitals, disaster sites or households,
requires robotic agents to autonomously learn new tasks and adapt to new environments. Such
robots will need to acquire new skills through trial and error, also known as reinforcement learning (Sutton and Barto, 1998), as well as being able to generalize their skills to solve a large variety
of tasks. However, successful implementation of reinforcement learning (RL) methods on real robot

1. Introduction

Many reinforcement learning (RL) tasks, especially in robotics, consist of multiple sub-tasks that
are strongly structured. Such task structures can be exploited by incorporating hierarchical policies
that consist of gating networks and sub-policies. However, this concept has only been partially explored for real world settings and complete methods, derived from first principles, are needed. Real
world settings are challenging due to large and continuous state-action spaces that are prohibitive
for exhaustive sampling methods. We define the problem of learning sub-policies in continuous
state action spaces as finding a hierarchical policy that is composed of a high-level gating policy to
select the low-level sub-policies for execution by the agent. In order to efficiently share experience
with all sub-policies, also called inter-policy learning, we treat these sub-policies as latent variables
which allows for distribution of the update information between the sub-policies. We present three
different variants of our algorithm, designed to be suitable for a wide variety of real world robot
learning tasks and evaluate our algorithms in two real robot learning scenarios as well as several
simulations and comparisons.
Keywords: Reinforcement Learning, Policy Search, Hierarchical Learning, Robot Learning, Motor Skill Learning, Robust Learning, Structured Learning, Temporal Correlation, HiREPS, REPS
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tasks is challenging for multiple reasons. Most importantly, real robots have high dimensional and
continuous state-action spaces which is difficult to deal with for many RL methods. Furthermore,
evaluations on real robots are resource intensive and, hence, the methods need to be sample efficient.
Methods should also not fully explore the state-action space due to the risk of damaging the robot
or its environment. Finally, real robot RL does not allow resetting of the state to arbitrary initial
conditions as is required for many RL methods.
While presenting additional challenges, robot tasks also offer some advantages over traditional
RL settings as many real world motor tasks are heavily structured. Exploiting the environment’s
structure can drastically simplify the learning problem. First, the solutions of many tasks lie within
a tube of the solution space (Peters and Schaal, 2006), such that learning can be given a head
start by demonstrating a sub-optimal solution. Local RL methods can, subsequently, be used to
improve upon this demonstration. Second, the motor commands for many motor tasks exhibit strong
temporal correlations. Such correlations allow for a hierarchical decomposition of the task into a
sequence of elemental movements, often also referred to movement primitives (Schaal et al., 2003;
Ijspeert and Schaal, 2003), options (Sutton et al., 1999b) or motor templates (Neumann and Peters,
2009). For example, a tennis game can be decomposed into a sequence of single strokes, e.g.,
a backhand strokes, forehand strokes, lobs, volleys and a serve. Finally, many motor tasks can
be solved in multiple, often incompatible, ways. Identifying and representing such solutions as
separate sub-policies to be used by the agent increases the versatility as well as the robustness of the
learned policy. Additionally, it simplifies the use of local learning methods. In this paper, we extend
our work on a robot learning framework (Daniel et al., 2012a,b), (Daniel et al., 2013) that can take
advantage of such structured environments by identifying multiple sub-policies for a given task and
learning to adapt, sequence and combine these sub-policies.
We base our learning algorithm on the Relative Entropy Policy Search (REPS) algorithm (Peters
et al., 2010). In REPS, the exploitation-exploration trade-off is balanced by bounding the loss of
information between policy updates. Such a bound results in a smoother and more stable learning
process that avoids wild exploration of the state action space, as required by the robotics domain. We
extend the REPS algorithm such that we can use sub-policies as building blocks of a hierarchical
policy to exploit the temporal correlations inherent to many tasks. We formulate the problem of
inferring such a hierarchical policy as a latent variable estimation problem, where the index of the
sub-policy that has generated a given action is modeled as a latent variable. The policy update is
now performed in two steps. In the Expectation step, we compute the responsibilities of the latent
variables, i.e., the probabilities that the individual sub-policies have generated the observed state
action pairs. The sub-policies are kept fixed in the E-step. Subsequently, the responsibilities are
used to update the hierarchical policy containing the sub-policies with the REPS algorithm in the
Maximization step. We show that such an Expectation-Maximization (EM) algorithm (Dempster
et al., 1977) improves a lower bound of the original REPS optimization problem and that the lower
bound is tight after each expectation step.
Our algorithm also allows for using prior knowledge to constrain the structure of the estimated
hierarchical policy. For example, we often want the sub-policies to represent individual, distinct
solutions. In many cases, these solutions may be incompatible, i.e., the solution space may not
be convex. Therefore, the set of sub-policies should be separable in the solution space. Adding
a constraint that avoids such an overlap ensures that the policy search algorithm does not average
over multiple modes of the solution space, which may result in a poor performance of the resulting
policy (Neumann, 2011).
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We will discuss different variants of the Hierarchical REPS (HiREPS) approach with increasing complexity. We start our discussion with the contextual, continuous-armed bandit case where
the episode ends after executing all actions belonging to one sub-policy. sub-policies are selected
according to a gating policy π(o|s) and define a distribution over the action given the state for a
predetermined time horizon. Subsequently, we show how to extend this framework to the finite
horizon setting, where the agent sequences multiple sub-policies to achieve his goal. Finally, we
present the infinite horizon formulation of HiREPS, where the agent keeps executing sub-policies
until either the task is fulfilled or a random reset occurs.
1.1 Related Work

4

which defines the probability of terminating an option in a given state. Typically, options extend the
action space of the agent, i.e., the agent can still take the primitive actions which are active for one
time step, and, in addition, the agent can choose the options as temporally extended actions. The
use of options can significantly improve the learning speed as the options can be used to connect
parts of the state space that are otherwise only reachable with a long action sequence (Sutton et al.,
1999a). Consequently, the state space becomes easier to explore and, hence, the learning problem
gets simplified. Formally, learning with options can be formulated as learning a Semi-Markov
Decision Process (SMDP). SMDPs are not fully Markovian, as the selected option does not only
depend on the current state, but also on the active option in the previous time step.
Unlike in the simplest setup where the set of options is given and fixed during learning, it is often
also desirable to learn useful options for a given task. In this case, the data efficiency for learning the
options can be significantly improved by leveraging all information collected during the execution
of one option, also denoted as intra-option learning (Sutton et al., 1998). The state transitions
generated by a certain option can also be used to update other options in an off-policy learning
setup. Levy and Shimkin (2012) proposed a different view of intra-option learning by augmenting
the state space with the option-termination probability. In that augmented state space, the option
selection policy and termination condition may be represented by orthogonal basis functions and is
optimized individually by standard policy gradient methods.
Options are also used in many hierarchical RL approaches where they are often extended to subtasks. A sub-task also contains an individual reward function such that we can learn the policy of the
subtask. Dietterich (2000) proposed the MAXQ framework that uses several layers of subtasks. In
contrast to the traditional option framework, the policies of the subtasks can also choose to execute a
new subtask instead of just a primitive action. The subtasks are given by an individual reward function per subtask, a termination condition and a set of actions or other subtasks that can be executed.
The policy of the subtasks is learned by the MAXQ-Q learning algorithm that learns the optimal
value function for each subtask. However, the structure of the subtasks, i.e., the individual reward
functions, must be specified by the user. How to define such subtasks for complex robot motor
tasks or even learn the structure from data remains an open question. Additionally, value function
methods are less applicable in continuous state action domains and not well suited for robotic tasks.
Barto et al. (2004) used an ‘intrinsic motivation’ mechanism to define the reward signal of each
subtask. A naturally curious agent is exploring its environment and whenever it discovers an unexpected change in its environment, it creates a new subtask in its internal representation that tries to
reproduce this unexpected event. Hence, the agent incrementally builds up a set of skills that help
the agent to explore its environment more efficiently. After this exploration phase, new tasks can be
learned more efficiently by using the learned set of skills.
The notion of subtasks has also been used in continuous environments. Morimoto and Doya
(2001) proposed a hierarchical RL setup where the subtask is defined by reaching a specific joint
configuration of the robot. In this work, the set of subtasks, i.e., desired joint configurations, is given
and the robot learns to reach the individual joint configurations as well as to choose a reachable next
desired joint configuration. Ghavamzadeh and Mahadevan (2003) used a policy gradient approach
to learn the policies for the individual subtasks while a value based method is used to select the
next subtask. Policy gradient approaches work well in continuous environments but often converge
slowly. In both approaches, the subtasks have been specified by the user and could not be modified
by the learning algorithm. Hence, both approaches are limited to simpler robots where appropriate
subtasks can be hand-tuned. In Konidaris and Barto (2009), the structure of the subtasks is also
JMLR 17(93):1-50

Policy search (PS) is a class of RL methods which have been shown to fulfill the requirements of
robot RL and is widely used in real robot learning. In applications, PS methods are often preferred
over other traditional RL methods such as value-based methods, since they do not require the explicit
estimation of a value function. Estimating a value function often requires the agent to fill the state
and action space with samples, which is infeasible in robot RL. Therefore, most PS methods are
commonly local methods and improve only locally on an initial, sub-optimal solution.
Particular properties of PS methods have been highlighted by several papers. Bagnell and
Schneider (2003) show their strong convergence guarantees, Sutton et al. (1999a) discuss their application in combination with function approximators and Stone (2001) improved the possibilities
of incorporating domain knowledge. Backing up the theoretical strength of policy search methods,
several authors have demonstrated impressive application results. Bagnell and Schneider (2001) use
policy search methods to autonomously control helicopters, Rosenstein (2001) learns robot weightlifting, Kohl and Stone (2003) demonstrates learning of a quadrupedal walking behavior and Kober
et al. (2008) successfully learn the ball in a cup (also known as Kendama) game. Endo et al. (2008)
show the application of PS methods on a biped locomotion and Kormushev et al. (2010) PS to learn
how to flip a pan-cake with a robot arm.
Important advances in the area of policy search methods have included pair-wise policy comparisons (Strens, 2003), policy gradient methods (Baxter and Bartlett, 2001; Sutton et al., 1999a)
and natural policy gradient methods (Bagnell and Schneider, 2003; Peters and Schaal, 2006). More
recently, Kober et al. (2008) presented probabilistic policy search approaches based on expectation
maximization. Using EM like methods for reinforcement learning was initially pioneered by Dayan
and Hinton (1997). Toussaint et al. (2006) showed how an EM like method can be used not only
for MDPs but also partially observed MDPs. Deisenroth (2010) developed a model-based policy
search method based on probabilistic modeling. Theodorou et al. (2010) showed a policy improvement algorithm inspired by path integrals and Peters et al. (2010) proposed a PS method that limits
the loss of information between policy updates. Recently, Levine and Abbeel (2014) and Schulman et al. (2015) have shown how policy search methods can be combined with neural networks to
learn complicated tasks in high dimensional domains. As these results show, current methods are
well suited to learn single tasks in isolation. Nevertheless, they frequently fail to scale up to more
complex motor tasks as they cannot exploit the hierarchical structure inherent to many tasks.
A common way of representing a hierarchical task structure is to use the concept of options.
Options are temporally extended actions and were first introduced by Sutton et al. (1999a) as a
way of reducing task complexity. They consist of three components, an action-selection policy,
an initiation set that defines in which states an option can be initiated and a termination condition
3

For example, if we use all linear and squared terms of s in our feature vector φ(s), we match
the mean and the variance under both distributions. Additionally, we require the joint probability
6
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retic regularization of the REPS algorithm in order to get a lower bound of the original optimization
problem which can, subsequently, be optimized in closed form. Furthermore, we introduce an
additional constraint into the optimization problem that bounds the uncertainty of identifying a subpolicy given an action. As a consequence, the sub-policies are separated in the action space, which
results in finding more versatile solutions and also alleviates the problem of averaging over several
modes in the solution space, which is present in many current policy search algorithms as shown
in Neumann (2011). In the evaluation section, we compare our algorithm to other state-of-the-art
methods on benchmark problems and evaluate our algorithm on real world robotic applications.

learned by discovering the initiation set, the termination set and the option policy for new options.
The options are then be chained together to solve the overall task. However, the option discovery
algorithm is to date still limited to rather simple agents, such as a ball navigating in a maze.
The approach which is probably most closely related to ours is Bayesian policy search with
hierarchical policy priors (Wingate et al., 2011). In this approach, the probabilistic formulation of
policy search (Kober et al., 2008) is used and a hierarchical Bayesian prior is used for the policy
parameters. Similarly to our approach, the activations of options are modeled as latent variables in
their model that are estimated by MCMC sampling methods. While the use of hierarchical Bayesian
priors is a promising idea, the approach is restricted to directly learn on the trajectory data instead of
state actions pairs, which might lead to inefficient policy updates. In addition, the approach cannot
be extended straightforwardly to complex high dimensional robots as the structure of the options is
limited.
Another approach to simplifying the hierarchical RL problem in continuous action spaces is to
restrict the space of possible trajectories by using parametrized policies, often also called movement
primitives (Schaal et al., 2003), motion templates (Neumann and Peters, 2009) or parametrized
skills (Da Silva et al., 2012). Learning the option policy now reduces to learning an appropriate
parameter vector for the option. In Neumann and Peters (2009), the agent learned to sequence such
parametrized policies, i.e., it learned the correct order of the parametrized policy as well as the
single parameter vectors of the policy. In total, the agent has to learn fewer decisions as opposed to
directly learning with primitive actions. However, learning is often also more difficult as the effect
of an inaccurate decision can be much more costly than for primitive actions. While Neumann and
Peters (2009) used value function approximation to evaluate the quality of the chosen parameter
vectors of the options, Stulp and Schaal (2012) directly used the reward to come as evaluation. This
reward to come was subsequently used by the Policy Improvement by Path Integrals (PI2 ) algorithm
(Theodorou et al., 2010) to learn the option policy.
Parametrized options or skills were also used for skill transfer, i.e., generalizing the parameters
of the options to new tasks (Kupcsik et al., 2014). Thomas and Barto (2012) showed how the
structure of motor primitives for continuous state action tasks can be learned and later be used to
accelerate learning of a similar task. Da Silva et al. (2012) as well as Kober et al. (2010b) generalized
parametrized skills for reasonably similar tasks drawn from a task distribution. They do not only
use the concept of an option for a single policy, but instead allow each option to adapt to a subset of
the task space by smoothly changing the parameter vector of the option. Hence, individual options
are responsible for areas of the task space that are locally smooth. Multiple options together span
discontinuous areas of the task space. The proposed framework consists of a pipeline of machine
learning tools to identify the individual smooth lower dimensional manifolds as well as to generalize
and improve the policy parameters. Alternative approaches for task generalization of parametrized
options include learning a mixture of experts (Mülling et al., 2013) and Gaussian processes (Ude
et al., 2010). The method presented in this paper is applicable to both primitive actions as well as
movement primitives.
In the remainder of the paper we will explain how to obtain at a hierarchical formulation of
the relative entropy policy search (REPS) method. We treat the problem of learning a hierarchical
policy as a latent variable estimation problem. For the policy update, we assume that we can only
observe the resulting actions of the old policy. The underlying hierarchy is unknown and, therefore,
unobserved. The resulting algorithm is closely related to expectation maximization (EM) for latent
variable models. We prove that such EM mechanisms can be incorporated in the information theo-

R

s,a

Z

a
µπ (s)π(a|s)Pss
0 ds da.
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However, direct matching of the state probabilities is not feasible in continuous state spaces. Instead,
we introduce state features φ(s) and only match the feature averages
Z
ZZZ
a
0
0
φ(s0 )µπ (s0 ) ds0 =
µπ (s)π(a|s)Pss
(2)
0 φ(s ) ds da ds .

∀s0 : µπ (s0 ) =

Constraints for the State Distribution. The objective of our optimization problem is given in
Equation (1) which is supposed to be maximized with respect to µπ (s)π(a|s). The agent can not
freely choose the state distribution µπ (s) of the policy, since µπ (s) needs to comply with the policy
a , i.e.,
π(a|s) and the system dynamics Pss
0

where µπ (s) is the state visit distribution of policy π.
Information-theoretic policy search was introduced with the relative entropy policy search
(REPS) algorithm (Peters et al., 2010). We will start by defining a constrained optimization problem
for solving the discussed average reward reinforcement learning setting and, subsequently, add an
information-theoretic constraint to make the optimization problem feasible.

A

As our algorithm is based on information theoretic policy search (Peters et al., 2010; Daniel et al.,
2012a), we will quickly review the most relevant concepts of information theoretic policy search in
the non-hierarchical learning setup. In policy search, an agent tries to maximize the expected return
by adapting a parametrized policy. Formally, in a Markov decision process setting, the agent is in a
state s ∈ S and chooses an action a ∈ to execute. Given state s and action a, the agent transfers
a . For each
to a next state s0 in accordance with a transition probability distribution p(s0 |s, a) = Pss
0
transition, the agent also receives a reward r ∈
that depends on s and a, which we also write
as Rsa . The agent chooses actions a in the current state s according to a policy π(a|s). We will
consider an average reward setting where the goal of the agent is to find an optimal policy that will
maximize the average reward
ZZ
J(π) = E[Rsa ] =
µπ (s)π(a|s)Rsa ds da,
(1)

2. Background on Information Theoretic Policy Search
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action dimension 1

action dimension 2

(b) Update not greedy enough

action dimension 2

action dimension 1

(d) Balanced Exploration

p(s, a) = µπ (s)π(a|s) to define a probability distribution, i.e., its integral has to evaluate to
ZZ
µπ (s)π(a|s) ds da.

7
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Staying Close to the Data by Information Theoretic Constraints. As motivated by Peters et al.
(2010), one key feature of effective PS methods is to limit the loss of information between policy
updates, i.e., while we want to maximize the average reward of the new policy, we also want to stay
close to the ‘data’, i.e., the state action distribution q(s, a) of the old policy. Staying close to the

While the optimization criterion given in Equation (1) with constraints in Equations (2,3) describes
the general average reward reinforcement learning problem, it does not consider that we have typa from a limited amount of data. Hence, we do not want the agent
ically estimated Rsa and Pss
0
to ‘jump’ to the optimum of this problem but instead balance exploitation versus exploration. In
REPS (Peters et al., 2010), this exploitation-exploration trade off is balanced by the insight that the
loss of information in the policy updates should be limited. Independently, such regularization was
also suggested and motivated from different perspectives by other authors. Still and Precup (2011)
showed that the policy update with maximum information gain results in a similar solution and Azar
et al. (2012) motivated a similar update as punishing the distance between the controlled system and
the uncontrolled one. Finally, Rawlik et al. (2012) showed that even previous probabilistic policy
search approaches are closely related. All these arguments have lead to similar solutions despite
their different motivations and the resulting algorithms work well on benchmark problems.

1=

Figure 1: Schematic sketch of the behavior of policy updates. Solid lines show the contours of
a quadratic reward function. The orange shaded area delimited by the dashed lines illustrates the
area within two times the standard deviation of the sampling policy and the orange dots represent
samples from the original policy. The darker shaded area delimited by the dotted line indicates the
the possible policy update. The policy update needs to be balanced, such that it converges quickly
to the local optimum, while not converging too fast to miss it. Such a balance is chosen by the user
by specifying the relative entropy bound. Due to the relative entropy bound, the step size of the
update is invariant to the task, the reward function or the parametrization of the policy. a) Learning
curves corresponding to illustrations b-c. b) The update is not greedy enough, the policy will take
too long to converge. c) The update is too greedy, the policy will not find the optimal solution. d)
The update balances exploration and exploitation such that the policy quickly converges to a local
optimum.

Average Reward
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ZZ

µπ (s)π(a|s) log

µ(s)π(a|s)
ds da.
q(s, a)

(4)

data can be achieved by limiting the Kullback-Leibler (KL) divergence between the observed data
q(s, a) and the next policy, i.e.,

 ≥ DKL (µπ (s)π(a|s) || q(s, a)) =

Rsa + E[V (s0 )] − V (s)
η

!


Rsa + E θ T φ(s0 )|s, a − θ T φ(s)
,
η

(6)

(5)

Maximizing Equation (1) under the constraints of Equations (2, 3, 4) yields the optimization problem that defines the REPS method (Peters et al., 2010) which is the basis for our hierarchical
policy search algorithm. The REPS optimization problem allows for a closed form solution for
µπ (s)π(a|s) that can be derived by the method of Lagrangian multipliers. It is given by
µπ (s)π(a|s) ∝ q(s, a) exp

q(s, a) exp

where η and θ are Lagrangian parameters that are obtained by optimizing the dual function


ZZ
ds da + η,
g(η, θ) =η log

of the original optimization problem. If we interpret the term V (s) = θ T φ(s) as value function
linear in the parameters θ, the term Rsa + E [V (s0 )] − V (s) can be viewed as advantage function.
The Lagrangian parameter η is a scaling factor for the advantage. It becomes the temperature of the
soft-max distribution defined in Equation (5) such that the KL-bound from Equation (4) is met.

β

arg min

β

= arg min

β

i

Z

q(si , ai )

π(a|s)
da ds
π̃(a|s; β)

wi log π̃(ai |si ; β),

log π̃(ai |si ; β) + const

π(a|s) log

p(s)DKL (π(a|s) ||π̃(a|s; β) ) ds

p(s)

X

X p(si , ai )

Z

≈ arg max
β

!

r(si , ai ) + E θ T φ(s0 ) si , ai ] − θ T φ(si )
.
η

= arg max

i
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(8)

(7)

Sample-Based REPS. As the reward function and the old distribution q(s, a) can have an arbitrary structure, the integral contained in the dual function can typically not be obtained in closed
form. However, the reward function can typically be evaluated on samples from q(s, a) and these
samples can be used to approximate the dual function g. As a result, we can only evaluate the
distribution µπ (s)π(a|s) on a finite set of samples si and ai with i = 1 . . . N .
In order to sample new actions a in the next iteration of the algorithm, we need to find a parametric representation π̃(a|s; β) of the policy that approximates the distribution π(ai |si ), where β
denotes the parameter vector of the policy. To do so, we aim to minimize the expected KullbackLeibler divergence between π(ai |si ) and the next parametric policy π̃(a|s; β), i.e.,
Z

with
wi = exp

8

9
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Options as Latent Variables. Sharing of experience between sub-policies, known as inter-option
learning, is an important property of a hierarchical learning algorithm for data-efficient learning. To
realize inter-option learning, we treat the problem of learning sub-policies as a latent variable problem, i.e., we assume to observe only state-action samples {s, a}, but not the index of the generating
sub-policy o. Instead, we infer the latent structure of the hierarchical policy that has generated the
re-weighted samples. Expectation-maximization based methods can be used to iteratively estimate
the responsibilities p(o|s, a) of the sub-policies for each sample {s, a} and, subsequently, update

In order to determine the action a in state s, we first sample a sub-policy from the gating network
π(o|s) and, subsequently, sample the action a from the specific sub-policy π(a|s, o). The benefit
of representing multiple solutions has already been made evident in recent research results (Calinon
et al., 2013; Daniel et al., 2012a).

o∈O

Hierarchical Policies. More complex tasks often require multiple sub-policies, such as a forehand
stroke, backhand stroke, smash or lob in tennis. Different sub-policies are appropriate in different
states of the environment. In order to model a policy consisting of several sub-policies, we use a
hierarchical policy π(a|s) which consists of a set of sub-policies π(a|s, o) and a gating network
π(o|s) that selects the currently active sub-policy. Thus, the hierarchical policy can be represented
as
X
π(a|s) =
π(o|s)π(a|s, o).
(9)

In this section, we will extend the REPS optimization problem to the hierarchical case, where the
agent learns a hierarchical policy that is based on both a gating network and sub-policies. In order
to obtain an efficient update rule for the hierarchical policy, we will rely on several insights detailed
below. We will use these insights to derive three different learning algorithms that can be employed
in different scenarios.

3. Learning Hierarchical Policies for Real Robot Reinforcement Learning

Illustration of Information Theoretic Policy Search. We illustrate the concept of information
theoretic policy search on a two-dimensional toy problem with a quadratic reward function in Figure 1(a). Here, the algorithm typically starts with a broad explorative policy. Given a set of samples
generated using this policy, we update the policy such that the exploitation-exploration trade-off is
well balanced. This trade-off is chosen by the relative entropy bound of the REPS algorithm. Due to
the relative entropy bound, the step-size of the policy update is largely independent of the task, the
reward function, or the representation of the policy. Changing the policy only by a small step leads
to further exploration as we stay close to the old exploration policy as illustrated in Figure 1(b).
In contrast, a large KL divergence for the policy update greedily jumps to the best observed samples with very little further exploration, see Figure 1(c). This trade-off has to be chosen by the
user by specifying the bound  for the KL-divergence. Typically, we want to achieve a moderate
exploration-exploitation trade-off as illustrated in Figure 1(d).

Since the available samples are drawn from the distribution q(s, a), and not p(s, a), we need to perform importance sampling and divide by the sampling distribution q(s, a). Equation (7) is equivalent to computing the weighted maximum likelihood
estimator for β. In Section 4.3 we discuss

how to compute the expectation over next states E θ T φ(s0 ) si , ai ].
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Iteration = 0

action dimension 1

Iteration = 3

Iteration = 6

Iteration = 9

HiREPS
= 0.8

Naive
HiREPS

REPS

Figure 2:
Schematic sketch
of the behavior of REPS, and
HiREPS with (κ̃ = 0.8) and
without (κ̃ = ∞) bounding
of the gating’s entropy.
A
two-dimensional, bi-modal reward function is shown in the contour plot lines. Two sub-policies
are shown in dashed and dotted outlines respectively (outlines
show 95% confidence boundaries). REPS and naive HiREPS
average over both modes. Constrained HiREPS separates the
sub-policies and is therefore able
to find both modes.
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A high entropy of the responsibility p(o|s, a) indicates a high uncertainty in deciding which subpolicy has generated the state action pair, which implies that several sub-policies do overlap in the
parameter space. By limiting the entropy, such overlapping is avoided and we ensure that different
sub-policies concentrate on different and separate solutions.
We will discuss three settings for Hierarchical REPS (HiREPS). In the episodic setup, a single
sub-policy is executed per episode, but the algorithm can choose between multiple sub-policies and
adapt these to the current context. Subsequently, we will show how to sequence a fixed number of
sub-policies with a finite horizon MDP formulation. Finally, we will use a infinite horizon MDP
formulation to learn how to sequence a possibly infinite number of skills.

o∈O

Learning Versatile Solutions. Being able to represent multiple solutions does not force the learning algorithm to find different solutions. Thus, without further constraints, we are likely to find multiple sub-policies that concentrate on the same mode of the solution space. Versatility of sub-policies
can be achieved if the sub-policies are clearly separated in the state-action space. To enforce this
separation of the sub-policies, we limit the expected change in the entropy H of the responsibilities
of the sub-policies, i.e.,

RR π
P
Es,a [H p(o|s, a) ]
µ (s)π(a|s) o∈O p(o|s, a) log p(o|s, a) ds da
RR
 =
P
κ≥
,
(10)
q(s, a) o∈O q(o|s, a) log q(o|s, a) ds da
Eq(s,a) [H q(o|s, a) ]


where Eq(s,a) [H q(o|s, a) ] is a constant and we write κ̃ = Eq(s,a) [H q(o|s, a) ]κ to simplify the
notation, such that the constraint reads
ZZ
X

κ̃ ≥ Es,a [H p(o|s, a) ] = −
µπ (s)π(a|s)
p(o|s, a) log p(o|s, a) ds da.
(11)

the sub-policies where the influence of each sample {s, a} for the update of the sub-policy π(a|s, o)
is weighted by the responsibility p(oj |s, a). Hence, the generated experience can be shared between
the sub-policies. In Section 3.1, we integrate such an expectation-maximization mechanism into the
REPS algorithm.

action dimension 2
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s. t.

π,µ

 ≥ DKL (µπ (s)π(a|s, o)π(o|s)|| q(s, a)p(o|s, a)) ,

π,µ

max J(π) = max
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g i )T

Resulting Optimization Problem. For the resulting optimization problem, we combine the insights from the previous section on hierarchical policies with the contextual episodic learning constraint in Eq. (12). The episodic learning problem of multiple sub-policies is then given as
X ZZ
µπ (s)π(o|s)π(a|s, o)Rsa ds da,

g i )Σr (a

X ZZ

o∈O

X ZZ

µπ (s)π(o|s)π(a|s, o)dsda.

µπ (s)π(a|s, o)π(o|s)φ(s) ds da,



κ̃ ≥ Es,a H p(o|s, a) ,

φ̂ =

1=

µπ (s)π(a|s, o)π(o|s)
,
µπ (s)π(a|s, o)π(o|s)

o∈O

p(o|s, a) = P

In this optimization problem, the responsibilities

π,µ

 ≥ DKL (µπ (s)π(a|s, o)π(o|s)|| q(s, a)p̃(o|s, a)) ,

π,µ

max J(π) = max Es,a,o [Rsa ] ,
s. t.

µπ (s)π(a|s, o)π(o|s) log p̃(o|s, a) ds da,

µπ (s)π(a|s, o)π(o|s) ds da.

µπ (s)π(a|s, o)π(o|s)φ(s) ds da,

X ZZ

o∈O

o∈O

X ZZ

o∈O

X ZZ

κ̃ ≥ −
φ̂ =

1=

1+ ηξ

µπ (s)π(a|s, o)π(o|s) ∝ q(s, a)p̃(o|s, a)

12
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The above optimization problem can be solved by the method of Lagrange multipliers. The Lagrangian also allows for a closed form of µπ (s)π(a|s, o)π(o|s) which is given as


,
(16)

Rsa − V (s)
η

(15)

occur inside the log-term of the KL-divergence. As the responsibilities contain a sum in
the denominator, we also obtain the sum inside the log-term, preventing us from solving for
µπ (s)π(a|s, o)π(o|s) in closed form. However, we can resort to an iterative, expectation maximization (EM) update strategy shown in Daniel et al. (2012a). In the expectation step, we first fix
the sub-policies and compute the responsibilities p̃(o|s, a). In the maximization step, we replace
p(o|s, a) in our optimization problem with the pre-computed responsibilities p̃(o|s, a) and, therefore, neglect that the responsibilities will change once we change the sub-policies. In Appendix A
we show that the EM-step maximizes a lower bound of the original optimization problem. We use
this iterative update strategy in all further algorithms. The adapted optimization problem reads as

(14)

Illustration of Hierarchical Learning. We illustrate the advantage of learning with multiple subpolicies on a toy task with a two dimensional action space and a bi-modal reward function (see
Figure 2). In this task, the reward function consists of two attractors g 1 , g 2 and a reward scaling
matrix Σr , such that the reward function is given by

r(a) = − min (a −
−
,
i

and has two local optima at g 1 and g 2 , respectively. The illustration in Figure 2 demonstrates two
key insights into PS methods. First, many standard policy search methods such as Policy Improvement with Path Integrals (Theodorou et al., 2010) or EM-based policy search methods (Kober et al.,
2008) will be attracted to multiple optima in a multi-modal solution space and, therefore, converge
slowly due to averaging over several modes (Neumann, 2011). Second, we would like to represent
a versatile solution space by learning all modes of the reward function. Figure 2 shows a qualitative
comparison of HiREPS to the standard REPS algorithm which can only use one sub-policy and to
the naive implementation of HiREPS that does not bound the sub-policies’ entropy (i.e., κ̃ = ∞).
The single sub-policy algorithm tries to average over both modes and, takes a long time to converge. The naive HiREPS exhibits similar behavior. Both sub-policies are attracted by both modes.
In most cases, both sub-policies will find the same mode and convergence will be slower. Thus,
only introducing hierarchical policies without additional constraints cannot take full advantage of
the increased flexibility. When limiting the entropy, however, the sub-policies quickly separate and
concentrate on the two individual modes, allowing for a fast improvement of the policy without
getting stuck between two modes.

3.1 Episodic Selection of Sub-Policies
We start our discussion of HiREPS with the continuous multi-armed contextual bandit setting. In
this setting, the agent is presented with an initial state according to an initial state distribution p0 (s)
and has to select a sub-policy o as well as an action a according to this state. In this setting, an
episode consists of executing exactly one sub-policy, afterwards the episode is terminated and the
environment is reset. Thus, no state transition is modeled, as the whole episode consists of only one
step, i.e., executing one sub-policy until it terminates.

(13)

Contextual Optimization of the Policy. While we do not need to use the state distribution constraint from REPS, as we do not have to incorporate state transitions, the agent can still not freely
choose its state action distribution p(s, a) = µπ (s)π(a|s) as the initial state distribution p0 (s)
is specified by the learning task. Hence, the estimated state distribution µπ (s) has to satisfy
µπ (s) = p0 (s) for all s. As this requirement would result in an infinite number of constraints,
we need to resort to matching feature averages, i.e.,
X ZZ
µπ (s)π(a|s, o)π(o|s)φ(s) ds da
(12)
φ̂ =

o∈O

where φ̂ denotes the average observed feature vector for the initial state
ZZ
q(s, a)φ(s) ds da.

φ̂ =
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This constraint enforces that the learned state action distribution does not concentrate only on contexts where the task is easy to achieve, but considers all contexts sampled from the initial state
distribution.
11

µπK+1 (s)rK+1 (s)ds +

k=1

µπk (s)πk (a|s)rk (s, a) ds da,

k=1

ZZ X
K
(17)

o∈O

13
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where µπk (s) are the state distributions at for each decision step. The function rK+1 (sK+1 ) denotes
the final reward for reaching state sK+1 and rk (sk , ak ) denotes the reward for executing an action
ak in state sk . In the tennis example, the individual rewards could, for example, describe the energy
efficiency of the movements, while the overall reward signal carries information about winning or
losing the point. The sub-policy is given by
X
πk (a|s) =
πk (o|s)πk (a|s, o).
(18)

=

Z



XK
J = Ea1:K ,s1:K+1 rK+1 (sK+1 ) +
rk (sk , ak )

Many real world tasks require not only one, but multiple sequential interactions. For example, in
a game of tennis, we need to perform several tennis strokes in sequence in order to win the game.
Just learning to return a ball is insufficient to win a game. Instead, the ball has to returned in such a
way that future strokes can lead to situations where the opponent is unable to return the ball. Hence,
tasks like tennis can be learned more efficiently if we learn a sequence of tennis strokes against an
opponent. We will model the skill sequencing case with a limited number K of sequential decisions.
We will denote the individual action selection problems as stages of the decision problem. Our goal
is to maximize the sum of the expected reward over all stages, i.e.,

3.2 Sequencing of Skills

for each sample and each sub-policy. These weights can be used to update the policy. HiREPS does
not make any assumptions on the form of the policy and many different representations could be
considered. In Section 4, we show the details of the policy model we chose to implement for the
evaluations, i.e., a soft-max gating policy and linear Gaussian sub-policies.
Since HiREPS does not assume knowledge of which sub-policy generated a sample, it can use
all samples to update all sub-policies, also known as inter-option learning. The weights wi,o are
then used to update the sub-policies π(a|s, o) and the gating policy π(o|s).

which depends on the Lagrangian parameters ξ, η and θ with V (s) = θ T φ(s). The Lagrangian
parameter ξ is associated to the overlapping constraint in Eq. (11). In this update equation, the
parameter ξ controls the spreading of the sub-policies. A higher value of ξ will force the sub-policies
to spread further apart and reduce overlapping of sub-policies as the influence of state-action pairs
with a high entropy of p(o|s, a) is weakened. The derivation of the dual formulation is given in the
appendix.
In Table 3, we give the algorithmic form of episodic HiREPS. The new parametric policy
π̃(a|s, o; β o ) has to be computed from the weighted samples by performing a weighted maximum
likelihood estimate for the single sub-policy parameters β o as well as the parameter vector for the
gating policy. In HiREPS, we obtain a weight


Rsa − V (si )
1+ ξ
wi,o = p̃(o|si , ai ) η exp
,
η
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P

exp



Ri −V ∗ (si )
η∗

for all i.



.

14

1. Except for the first stroke, as it is supposed to be the serve.

o∈O
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Connecting the Decision Stages. The state distributions µπk (s) are now connected through the
a yielding
transition dynamics Pss
0
Z
X ZZZ
a
π
0
0
φ(s0 )µπk+1 (s0 ) ds0 =
Pss
(19)
0 µk (s)πk (a|s, o)πk (o|s)φ(s ) ds ds da.

This formulation allows for reusing experience between the stages. Whether this property is useful
depends on the task at hand. For example in tennis, the strokes at the decision stages can taken from
the same skill library1 . In the case of skill sequencing, we have one latent variable oi,k per rollout i
and per decision stage k.

o∈O

Alternatively, we can also share the sub-policies for all decision stages and only make the gating
policy time dependent, i.e.,
X
πk (a|s) =
πk (o|s)π(a|s, o).

Table 1: Episodic HiREPS. In each iteration the algorithm starts by sampling an sub-policy o from
the gating policy π(a|s) given the initial state s and an action a from π(a|s, o) from the sub-policy.
Subsequently, the action is executed to generate the reward r(s, a). The parameters η, ξ and θ are
determined by minimizing the dual-function g.

Output: Policies π(a, o|s)

Estimate policies
π(o|s) and π(a|s, o) for all o = 1 . . . O by weighted ML estimates.

µπ (si )π(ai |si oi )π(o|si ) ∝ p̃(o|si , ai )1+ξ

Policy update:
Compute model distribution
∗ /η ∗

µπ
old (si )πold (ai |si oi )πold (o|si )
µπ
old (si )πold (ai |si oi )πold (o|si )

o∈O

Minimize the dual function
[θ ∗ , η ∗ , ξ ∗ ] = arg min[θ,η,ξ] g (θ, η, ξ).

Compute Responsibilities:
p̃(o|si , ai ) = pold (o|si , ai ) =

Input: Information loss tolerance , Entropy tolerance κ̃, Number of sub-policies O, number of
Iterations L, number of episodes per iteration M .
Initialize all π(a|s, o) and π(o|s).
for l = 1 to L . . . # iterations
Collect samples
for i = 1, . . . , M
(# episodes)
Sample initial state s1,i from environment.
P
Sample action: ai ∼ q(a|si ) = o∈O πold (o|si )πold (a|si , o).
Execute action ai and observe reward r(ai , si ).
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In addition, the agent cannot freely choose the initial state distribution µ1π (s), but needs to match
the given initial state distribution p1 (s), which is implemented in the same way as for the episodic
a of a task are not known and need to be estimated from data.
case. Typically the dynamics Pss
0

k=1



XK
rk (sk , ak ) ,
max Ea1:K ,s1:K+1 rK+1 (sK+1 ) +
Z

φ(s0 )µ1π (s0 ) ds0 ,


π
 ≥ DKL µK+1
(s)|| qK+1 (s) ,

πk ,µkπ

s. t.
φ̂1 =
∀k ≤ K :  ≥

o∈O

X ZZ

µkπ (s)πk (a|s, o)πk (o|s) log p̃k (o|s, a) ds da,

DKL (µkπ (s)πk (a|s, o)πk (o|s)|| qk (s, a)p̃k (o|s, a)) ,

κ̃ ≥ −

,

0
0
a
π
Pss
0 µk (s)πk (a|s, o)πk (o|s)φ(s ) ds ds da,

µkπ (s)πk (a|s, o)πk (o|s).

X ZZZ

s,a,o

o∈O

X



(21)

(20)

Skill Sequencing Optimization Problem. After including the overlapping constraints from the
previous section, the optimization problem reads

Z
π
(s0 ) ds0 =
φ(s0 )µk+1

1=



rk (s, a) + E[Vk+1 (s0 )|s, a] − Vk (s)
ηk

The resulting policy update rules are given by

exp

µkπ (s)πk (a|s, o)πk (o|s) ∝
ξ

k

1+ ηk

qk (s, a)p̃k (o|s, a)

where one set of Lagrangian parameters ξk , ηt , θ k is computed for each stage. As we observe, we
now obtain an individual value function Vk (sk ) for each decision stage. As in the standard REPS
algorithm, the value functions are connected by the advantage function term that occurs inside the
exponent in the policy. The skill sequencing algorithm is given in Table 2. The derivations of the
dual function and the update rules are given in Appendix A.2. In Section 4.3, we discuss how to
compute the expectation over next states E[Vk+1 (s0 )|s, a].
3.3 Infinite Horizon

JMLR 17(93):1-50

An infinite horizon setting is needed for all repetitive tasks where we sequence an unknown, possibly
infinite amount of sub-policies to fulfill the task. For example, when bouncing a ball on a paddle,
the repetitive paddling movements induce a clear structure in the motion that suggests the use of
sub-policies. In addition, we want to bounce the ball on the paddle for an infinite amount of time.
In this setting, the agent needs to consider the state of the environment before each stroke.
15
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Input: Information loss tolerance , entropy tolerance κ̃, number of sub-policies n, number of time
steps K, number of iterations L.
Initialize all πk (a|s, o) and πk (o|s).
for l = 1 to L . . . # iterations
Collect samples
for i = 1, . . . , M
(# episodes)
Sample initial state s1,i from environment.

for k = 1, . . . , K
(# motor primitives)
P
Sample action: ak,i ∼ qk (a|sk,i ) = o∈O πk,old (o|sk,i )πk,old (a|sk,i , o).
Execute action ak,i , observe next state sk+1,i and reward r(ak,i , sk,i ).
Observe Final Reward: r(sK+1,i ).

Compute Responsibilities:
p̃k (o|sk,i , ak,i ) = pk,old (o|sk,i , ak,i ) for all k and i.

Minimize the dual function
[θ 1:K+1 ∗ , η1:K+1 ∗ , ξ1:K+1 ∗ ] = arg min[θ1:K+1 ,η1:K+1 ,ξ1:K+1 ] g (θ 1:K+1 , η1:K+1 , ξ1:K+1 ).
Policy update:
for k = 1, . . . , K
Compute model distribution

µπ (sk,i )πk (ak,i |sk,i , o)πk (o|sk,i ) ∝
k


∗
0
∗
∗
/ηk ∗ exp Rk,i +E[Vk+1 (s )]−Vk (sk,i ) .
ηk ∗
p̃k (o|sk,i , ak,i )1+ξk

Estimate policies
πk (o|s) and πk (a|s, o) by weighted ML estimates.

Output: Policies πk (a, o|s) for all k = 1, . . . , K

Table 2: Time-indexed HiREPS. In each iteration the algorithm starts by sampling from the policy
π1 given the initial state s1 and executes the sampled action to generate the next state s2 . From this
state, the next action is sampled with policy π2 . This procedure is repeated until the final time-step
is reached. The algorithm observes state transitions and rewards for each step k and the final reward
signal r(s). The parameters η1:K+1 , ξ1:K+1 and θ 1:K+1 are determined by minimizing the dualfunction g, where η1:K+1 and ξ1:K+1 are vectors containing the Lagrangian parameters ηk and ξk
for each decision step.

t=0

∞
X

γ t rt ,

The traditional objective in an infinite horizon MDP is to use the discounted accumulated future
rewards, i.e.,

R=

JMLR 17(93):1-50

where γ < 1 is a discount factor. Such an objective can be easily transferred to the average reward
setting by introducing a reset probability γ, where the agent jumps to a state sampled from the initial
state distribution µ0 (s) with probability γ and transitions to the next state with probability (1 − γ)

16

(22)

φ(s0 )µπ (s0 ) ds0 =

o∈O

X ZZZ

a
π
0
0
P̃ss
0 µ (s)π(a|s, o)π(o|s)φ(s ) ds ds da.

π,µ

1=

φ(s0 )µπ (s0 ) ds0 =

o∈O

o∈O

X ZZ

o∈O

a
0
0
γPss
0 φ(s ) ds +

(1 − γ)µ0 (s)φ(s0 ) ds0 .



Rsa + E[V (s0 )|s, a] − V (s)
η

Z



,

(25)

(24)

exp



Ri,t +E[V (s0 )]−V ∗ (si,t )
η∗

for all i, t.



.
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where β G,1...O are the parameter vectors defining the influence of the sub-policies and φG are the
feature representations of the state used for the gating network. While this model itself is relatively
simple, the complexity and expressiveness of the resulting policy depends largely on the feature
transformations employed for the individual components of the hierarchical policy. In HiREPS, we
are free to choose different feature transformations for the sub-policies, the gating and the value

We implemented the hierarchical policy using a soft-max gating network π(o|s) and linear Gaussian
sub-policies π(a|s, o). The gating network π(o|s) chooses which option to activate according to
the model

exp φG (s)T β G,k
π(o = k|s) = PO
,
T
i exp φG (s) β G,i

4.1 Policy Representation

Table 3: Infinite Horizon HiREPS. The algorithm follows the form of the episodic implementation,
however one iteration produces state, action, reward triples for each time step in each rollout of an
a is required to compute E[V (s0 )].
iteration. In the infinite horizon case, a model Pss
0

Output: Policies π(a, o|s)

Estimate policies
π(o|s) and π(a|s, o) for all o = 1 . . . O by weighted ML estimates.

p(si,t , ai,t , o) ∝ p̃(o|si,t , ai,t )1+ξ

Policy update:
Compute model distribution
∗ /η ∗

P pold (si,t ,ai,t ,o)
o∈O pold (si,t ,ai,t ,o)

Minimize the dual function
[θ ∗ , η ∗ , ξ ∗ ] = arg min[θ,η,ξ] g (θ, η, ξ).

Compute Responsibilities:
p̃(o|si,t , ai,t ) = pold (o|si,t , ai,t ) =

Input: Information loss tolerance , Entropy tolerance κ̃, Number of sub-policies O, number of
Iterations L, number of rollouts per iteration M , reset probability γ.
Initialize all π(a|s, o) and π(o|s).
for l = 1 to L . . . # iterations
Collect samples
for i = 1, . . . , M
(# rollouts)
t = 1; reset = 0;
Sample initial state si,t from environment.
while reset < γ
P
Sample action ai,t ∼ q(a|si,t ) = o∈O πold (o|si,t )πold (a|si,t , o).
Execute action ai,t and observe reward ri,t (ai,t , si,t ).
Observe reward ri,t (ai,t , si,t ) and next state si,t+1 .
Sample reset value.
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Having shown the theoretical foundation of HiREPS, we use this Section to explain implementation
details concerning the policy representation and parametrizations as well as feature representations
and model learning. The choices detailed in this Section represent only some of the possible implementations and are design choices. The HiREPS framework as specified in the previous Section is
independent of these design choices and can be used with arbitrary representations for the gating,
the sub-policies as well as arbitrary feature representations. HiREPS only requires that the policy
representation can be updated using weighted samples.

4. Algorithmic Design Choices

In contrast to the finite horizon case, the value function, the policy and the state distributions are
now stationary instead of time dependent.

E[V (s0 )|s, a] = θ T

Z

µπ (s)π(a|s, o)π(o|s) ∝ q(s, a)p̃(o|s, a)1+ξ/η exp

where

(23)

a
π
0
0
0
0
γPss
0 µ (s)π(a|s, o)π(o|s)φ(s ) + (1 − γ)µ (s)φ(s ) ds ds da,

µπ (s)π(a|s, o)π(o|s) log p̃(o|s, a) ds da,

µπ (s)π(a|s, o)π(o|s) ds da,

X ZZZ

κ̃ ≥ −

X ZZ

 ≥ DKL (µπ (s)π(a|s, o)π(o|s)|| q(s, a)p̃(o|s, a)) ,

with the resulting policy update

Z

s. t.

π,µ

Es,a,o [Rsa ] ,
J(π) = max
max
π
π

The optimization problem for the infinite horizon case reads as

Z

where γ is the reset probability. Thus, the discount factor is considered as a termination probability.
The constraint ensuring the state transition probabilities are satisfied reads as

p̃(s0 |s, a) = γp(s0 |s, a) + (1 − γ)µ0 (s),

(van Hoof et al., 2015). Thus, we obtain a transformed transition probability distribution given by

H IERARCHICAL R ELATIVE E NTROPY P OLICY S EARCH

function, where the value function features are the features in the primal optimization problem. In
the presented experiments, the sub-policies themselves are represented by linear Gaussian policies,
i.e.,
π(a|s, o; β o ) = N (a|µo + F o s, Σo ) ,

H IERARCHICAL R ELATIVE E NTROPY P OLICY S EARCH
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For the results of this paper, we often rely on movement primitives that inherently encode temporal correlations, such that each sub-policy π(a|s, o) describes the parametrization of one movement primitives. We are using the extended version of DMPs by Kober et al. (2010a), that
parametrizes trajectories using a combination of weighted basis functions as well as the end point

4.5 Parametrized Trajectories

One of the important trade-offs when using iterative policy update methods is the number of rollouts
performed per iteration. More rollouts per iteration result in more stable policy updates but also
increase the number of overall rollouts required to learn a task. When using sample based policy
update techniques in high dimensional action spaces, the number of samples is crucial. Using fewer
samples than action dimensions will lead to an underestimate of the variance or the variance might
even collapse, as the new policy is just based on the available samples. In HiREPS, we are not
restricted to using only samples from the previous iteration of rollouts when computing the sample
weights. By considering samples from M multiple past iterations, we can stabilize the policy update
while retaining a fast learning speed. As a general rule of thumb, keeping three times as many
samples as used per rollout can stabilize the algorithm against aggressive choices in the number of
rollouts per iteration (lower than number of parameters) or high  (≥ 1.5). When keeping samples
from previous iterations, we usually define our current state-action distribution q(s, a) to be given
by the collection of these samples. Alternatively, importance weighting schemes can be employed
to incorporate samples from previous iterations. However, in our experience, these importance
weighting schemes are often prone to destabilizing the learning algorithm.

4.4 Sample Efficiency

For the finite horizon, as well as the for the infinite horizon formulation, HiREPS requires a trana . In this paper, we use a sample based transition model, which reproduces previsition model Pss
0
ously observed state transitions and does not necessarily generalize. Using a sample based transition
model effectively results in computing V (s0 ) directly based on one single observed state transition
instead of computing the expectation E[V (s0 )|s, a] in the update, Equation (25), as well as in the
corresponding dual function in Eq. (51) as given in Appendix A.3. Replacing the expectation in
such a manner is only feasible if the controlled system has limited stochasticity. However, it is
indeed still sufficiently robust to solve the real robot tasks as presented in the experimental Section.
For systems with more stochasticity, van Hoof et al. (2015) show how to learn a better model that is
able to generalize if sufficient data is available.

4.3 Model Learning

Choosing sufficiently expressive features for the representation of the value function is crucial
to the success of the learning algorithm. As an example, we can consider a contextual bandit task,
where the robot has to select the number of steps to take to walk to a goal position. The context in
this task is given by the robot’s initial distance to the goal. If the robot has access to insufficient
features, e.g., only a constant feature, it cannot differentiate between the different starting positions,
and, hence, cannot learn to adapt its policy to the initial position. This effect is compounded in the
infinite horizon setting, were successful policies often depend on reaching intermediate states with
potentially low rewards on the path to the goal states.

where β o = [µo , F o , Σo ] is the parameter tuple describing sub-policy o. The sub-policies could
also be defined on a feature transformation of the state. Equally well, non-linear sub-policies instead
of the linear Gaussians could be used. However, since HiREPS performs a piecewise linear approximation in the state space using multiple sub-policies, linear sub-policies are usually sufficient. Both,
the gating policy as well as the sub-policies can easily be updated using the sample weights computed by HiREPS. The update equations, as shown in the appendix, yield a weight matrix with one
row per sample and cone column per sub-policy. The gating requires the full weight matrix as well
as the responsibilities to be updated whereas each sub-policy is updated independently using the
respective column of the weight matrix to weigh all state-action samples.
Generally, HiREPS can be initialized with many more sub-policies than solutions are expected
to be available for the problem at hand. The gating network π(o|s) will reduce the probability of
selecting options that are not concentrated on good solutions to zero and effectively ignore these
unnecessary sub-policies. Options can also be pruned throughout the learning process as in the
first series of experiments described in Section 5.1.2.RThere, we report the number of actual solutions found. In this case, whenever the prior p(o) = π(o|s)µ(s)ds of sub-policy activation gets
too small (i.e., p(o) < 10−4 ) we delete the sub-policy. However, in order to avoid sub-policies
getting deleted too quickly, we assure that each sub-policy gets a minimum amount of samples in
the sampling process. We also bound the minimum variance of our Gaussian sub-policies to small
values in order to avoid singularities. After the sampling process, we evaluate the quality of the
exploration-free policy (i.e., without variance) found so far.
4.2 Feature Based State Representation
We use feature transformations for representing the value function as well as achieving a higher
flexibility in the gating policy. Different feature representations can be used for the gating and the
value function. In the presented experiments, the gating network π(o|s) is constructed on squared
expansion of the state space. Thus, the squared features are constructed as the vector of all linear
and squared combinations of the state dimensions. For example, for a two-dimensional state space
the feature vector would be given by
φ([s1 , s2 ]) = [1, s1 , s2 , s12 , s22 , s1 s2 ].
While the squared expansion of the state space can also be used as feature representation for the
value function, more complex tasks often benefit from a more flexible representation, such as a
kernel based feature transformation. In our experiments we used either kernel based features or
features based on a Fourier transformation as shown by (Konidaris et al., 2011). The kernel based
features used a squared exponential kernel, i.e.,


1
[φV ]i (s) = exp − (s − si )T Λ−1 (s − si ) ,
2
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where Λ is a diagonal matrix denoting the bandwidth of the kernel and the index i iterates over the
reference set of observed states.
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We start by presenting results for the episodic formulation of HiREPS. In the contextual setting,
as well as for the skill sequencing setting in the next part, we start by presenting results of simpler
experiments that allow a more in-depth analysis of the algorithms and then proceed to more complex
tasks.

5.1 Episodic Skill Based Tasks

We validated the different presented formulations of HiREPS on both simulated and real robot tasks.
We compare our algorithm to the non-hierarchical counterpart, REPS (Peters et al., 2010). Evaluating against REPS is interesting, as the two algorithms share the same basis. In effect, REPS is
equivalent to our algorithm with just one sub-policy. This similarity allows us to directly investigate
the influence of adding a hierarchical policy representation without additional confounders. The
experimental section is structured analogously to the structure of Section 3, i.e., we first report results on the contextual episodic settings, subsequently the skill sequencing problem and finally the
infinite horizon setting. For the contextual setting as well as for the skill sequencing, we report real
robot results. In both cases, we start by presenting results on related simulated experiments to better
investigate the properties of the presented algorithms as well as to compare to the REPS algorithm.
For all presented results, we have optimized the parameters of the algorithms to deliver the best
performance and both algorithms receive the same number of samples per iteration. For all experiments, if not noted otherwise, the experiments were repeated ten times to produce the errorbars
reported in the results.

5. Experimental Validation

The presented method exposes three main hyperparameters to be set by the practitioner. These
are the number of options O, the entropy bound κ as well as the relative entropy bound . The
number of options can usually be chosen generously, i.e., around 20 seems to be reasonable for a
wide range of problems. The algorithm will prioritize more promising options such that even if
too many options are initialized, only options which yield high rewards will be sampled from after
the first few iterations. The entropy bound κ is probably the most important parameter to consider
since it does not have a clear equivalent in existing approaches. However, our experiments showed
that a value of 0.9 seems to work well in almost all cases and no major tuning was necessary.
The parameter  is probably the parameter that is the most tuning-intensive in the proposed method,
especially if the total number of episodes is crucial, e.g., in real robot experiments. In our experience
values for  between 0.5 and 1.5 are reasonable and, most often, we would start a new task with
 = 1. Changing these parameters certainly influences the learning speed of the proposed method.
However, while sub-optimal settings may lead to slower convergence, they usually do not prevent
successful learning. Thus, in our experience, the algorithm is generally robust in that even suboptimal settings will lead to convergence.

Finally, the sub-policies have to be fitted. Given the gating, the sub-policies are independent
and each sub-policy can be fitted individually using a weighted maximum-likelihood estimate. In
the case of linear Gaussians, the complexity of this operation is governed by a linear regression
operation which depends on the dimensionality of the sub-policy feature representation. However,

Fitting a gating policy based on the weights computed through the HiREPS optimization problem yields a multiclass classification problem. For example, multiclass logistic regression can be
used. As before, a solution can be found through the use of third party optimization software.
However, the number of open parameters scales multiplicative with the dimensionality of the gating
feature representation and the number of options. Thus, for high dimensional gating features and a
large number of options, the gating optimization problem can become computationally expensive.

The presented algorithm depends on the three key computations: solving the dual function for
HiREPS, fitting a gating policy and fitting the individual sub-policies. The optimization of the dual
problem can be performed using existing optimizers such as, for example, the Broyden-FletcherGoldfarb-Shannon algorithm. The optimization can often be accelerated by providing the first and
second derivative of the dual function. While the actual complexity depends on which algorithm
is used, we can analyze the problem itself. The number of open parameters in this optimization
problem stays constant with the number of options. However, the number of open parameters
depends directly on the dimensionality of the features φV (s) for the value function. Thus, the
complexity of the optimization problem depends on the feature representation rather than on the
number of options.

4.6 Computational Complexity

If a demonstration trajectory, for example from kinesthetic teach-in, exists, basis function
weights v that reproduce the shape of that motion as well as the goal position and velocity can
be computed to initialize the learning process. After initialization, the basis function weights as
well as the desired goal position and velocity are the parameters that the reinforcement learner optimizes over. In the presented robot learning experiments we learn one DMP per degree of freedom.
It is important to note that the output of the DMPs only represents the desired trajectories, which
are then usually tracked by an internal controller of the robot itself. This distinction is important
because even if the robot is unable to track trajectories, e.g., due to gain or torque limitations, the
RL agent can adapt the DMP such that the resulting trajectory still solves the task. When using
DMPs, each sub-policy lasts until the DMP has finished execution.

since these optimizations are performed individually per option, the computational effort for this
last step is usually negligible.

g and final velocity ġ of the trajectory. DMPs are based on a simulated spring damper system
ẍ = α (ġ − ẋ) + β (g − x) with damping factor α and spring stiffness β. The spring damper system will result in a trajectory that reaches the desired goal and goal velocity in a direct manner.
However, the spring damper system alone is insufficient to encode arbitrary shapes along the trajectory. To represent arbitrary shapes, DMPs modulate the dynamical system with a forcing function
f (z, v) = Φ(z)T v that depends on the phase z of the movement, the basis functions Φ(z) and
the basis functions weights v. Using the forcing function to deviate from the direct path of the
spring damper system allows DMPs to generate complicated trajectory shapes. To ensure that the
desired final goal position and velocity constraints are met, the forcing function depends on the exponentially decaying phase variable z, such that the forcing function does not influence the system
towards the end of the trajectory.
4.7 Hyperparameter Tuning
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In Figure 3b, we evaluate the performance of REPS and HiREPS with and without bounding
the sub-policies’ entropy. For HiREPS, just two sub-policies were used. REPS takes a longer
time to reliably find good solutions, as the algorithm averages over both modes. HiREPS without
bounded entropy performs slightly better than REPS. However, the advantage of HiREPS is much
more pronounced when also bounding the expected entropy of the responsibilities. Furthermore, if
we limit the entropy, the algorithm is able to reliably find both modes. The results also show that

In a first toy task, we test HiREPS on a variation of the puddle world (Sutton, 1996). While this
task is of limited difficulty it is interesting as it is a well known setting which exhibits the averaging
problem of interest to us. Additionally, the simplicity of the problem allows us to thoroughly assess
the quality of the solutions found by the RL agent, which is often difficult in real robot tasks. Our
version differs from the standard version by having a continuous action space instead of a discrete
one. While the agent proceeds with a constant velocity along the x-dimension of the environment,
it has to learn the DMPs shape parameters such that the puddle is avoided. Thus, the actions a
of our sub-policies are five-dimensional vectors. The reward of the task is given by the negative
length of the line segments, which encourages shorter solutions. An additional punishment occurs
for passing through the puddles. The arrangement of the puddles can be seen in Figure 3a. The
presented puddle world has two solutions which are located close to each other. Still, the mean of
both solutions leads through a puddle and, therefore, yields lower rewards.

5.1.1 P UDDLE W ORLD E XPERIMENT

Figure 3: (a) The puddle world task. Sub-policies are represented as two-dimensional DMPs with
fixed end points. The DMPs have five basis functions per dimension and we learn the weights of the
basis functions for the y dimension while leaving the weights for the x dimension fixed. The plot
shows trajectories sampled from two sub-policies found after 80 iterations (using 10 samples per
iteration) of HiREPS. Start and end points of the trajectory are pre-defined, the agent may choose
the path in between those points. The puddle world has two solutions. The plot shows samples
from both modes acquired by HiREPS after 30 iterations. (b) Performance of HiREPS and REPS
on the puddle world task. As HiREPS can represent both solutions, it does not get stuck averaging
over both modes. Note, that this effect is much more pronounced if we bound the entropy of the
sub-policies.

(a) Puddle World

Reward

(b) Left and right swings
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(a) Top View

Figure 4: (a) Top view of the setup of robot tetherball. The ball is hung on a string from the ceiling
in front of the pole. (b) Time series overlay of two swings in simulation, one left swing and one
right swing. The two solutions use different sub-policies of the same hierarchical policy. HiREPS
can also keep more sub-policies representing additional solutions to a task.

even after 80 iterations (using ten samples per iteration), the REPS learning curve still exhibits some
variance, showing that the algorithm has not fully converged.
5.1.2 T ETHERBALL

Our aim is to adapt the game ‘Tetherball’ for a robotic player, as shown in Figure 4b. Specifically,
the task consists of a ball, a rope, an obstacle (i.e., a pole) and a target. The ball is hung in front
of the pole, in a line with the robot, the pole and the target. This setup requires the robot to induce
a circular trajectory to be able to wind the ball around the pole. In the planar simulation, the
robot can induce this angular velocity through the elasticity of the rope. In the physically accurate
simulation as well as on the real robot, a pre-strike is necessary to achieve similar results. This task
presents a versatile solution space, as many different strategies successfully hit the target. Our goal
is to model this versatile solution space with HiREPS. In order to thoroughly assess the proposed
method, we split our investigation of the tetherball task into three parts of ascending difficulty. In a
first evaluation, we implement a planar simulation of the task in which we abstract the robot into a
force, i.e., we do not simulate a robotic arm but instead allow the agent to directly exert a force onto
the ball. We use this simplified setup to compare HiREPS to its non-hierarchical counterpart as well
as to investigate the effect of different settings. In a second evaluation, we use a detailed physical
simulation of the task including the robot arm, in which we evaluate the benefits of a hierarchical
policy in a more realistic setting. Finally, we present the results of the actual robotic task which
show that HiREPS finds multiple solutions within one learning scenario.

JMLR 17(93):1-50

Planar Simulation. For the purpose of testing the HiREPS method, we use a strongly simplified
setup where the tetherball task is implemented in a planar simulation. We initialize HiREPS with 30
randomly located sub-policies and use ten samples per iteration. The agent can accelerate the ball
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Figure 6: Results of the physically accurate tetherball simulation. Both REPS and HiREPS
reach the same asymptotic reward. However, since HiREPS
can differentiate between the
multiple local optima and assign
different options to these optima,
it exhibits faster learning speed.
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with a two dimensional impulse {Fx , Fy }. The reward is given by the negative minimum squared
distance of the ball to the target throughout the ball’s trajectory. The initial state of the agent is
given by the initial position of the ball before hitting it. We only vary the x-position of the ball
and learn different solutions to hit the target. As before, we compare HiREPS with and without
bounding the overlap of the sub-policies to the standard REPS approach. In Figure 5a, we evaluate
the average reward of all three approaches. The results show that HiREPS with the bound on the
overlap outperforms the two other methods. The HiREPS approach already without the additional
bound is better than the REPS approach, as REPS only uses one sub-policy to cover the whole

state space. Thus, REPS needs to approximate the optimal policy using a single linear model.
Therefore, in order to have a fair comparison to REPS, we also compare HiREPS and REPS on the
tetherball task without states, i.e., we always start from the same initial state in the middle. This
comparison can be found in Figure 5b. We can observe that REPS is impaired by the multi-modality
of the solution space as it tries to average over several modes, but finally learns a solution that is
equally good as the solutions found by HiREPS. However, while REPS only learns one solutions,
Figure 5d shows that HiREPS learns multiple solutions at the same time. In order to compute the
number of modes, we divide each dimension of the state action space into 5 partitions and count
the number of partitions which contain at least one sub-policy with an average reward larger than
−1. The plot shows that, as the sub-policies distribute more uniformly in the state-action space due
to the bounding, we can find more modes. Thus, the bound of the overlap also helps us to find
more versatile solutions as it avoids situations where multiple sub-policies concentrate on the same
solution. In Figure 5c, we show the number of sub-policies used for different bounds of the overlap
κ̃. By bounding the overlap, the gating network can learn to select individual sub-policies more
decisively, explaining the faster learning speed in the experiments when using the bound.

-600

-500

-400

-300

-200

-100

0

C HRISTIAN DANIEL , G ERHARD N EUMANN , O LIVER K ROEMER AND JAN P ETERS

Physically Accurate Simulation. Having compared the properties of (Hi)REPS on the simpler
simulation, we proceed to presenting the results of the physically accurate simulation as shown in
Figure 4a, which also serves as a stepping stone to the real robot results. As described, the pole is
placed on a line between the ball’s resting position and the target location, such that it is impossible
to hit the target with a single strike of the ball in direction of the target. In order to evoke a circular
trajectory that arcs the ball around the ball, displacing the ball from its resting pose is necessary.
Thus, we decompose our movement into a swing-in motion and a hitting motion. However, the
parameters for both motions are combined into one parameter vector that is learned jointly. A more
powerful approach would be to respect the natural separation of the successful trajectories and use
the skill sequencing approach as presented in Section 3.2. The reward is determined by the speed of
the ball when the ball winds around the pole. We define winding around the pole as the ball passing
the pole on the opposite side of the pole. We run the algorithms with 50 samples per iteration and
always keep the last 400 samples. We initialize our algorithm with 30 sub-policies and stop deleting
sub-policies if only 5 sub-policies are left. The resulting learning curve in the simulation can is
shown in Figure 6. After 100 iterations the robot has learned to wind the ball around the pole in
5/5 trials. In all trials, we were able to observe sub-policies for the left and for the right mode. The
resulting movements are shown in Figure 4b and illustrate that the resulting movement of the two
solutions are easily differentiated. The results show, that albeit HiREPS uses the same amount of

Figure 5: (a) Average reward gathered by the REPS and the HiREPS with and without bounding the
entropy of the sub-policies in the tetherball task including states. As REPS only uses a single subpolicy and thus a linear model as policy, it cannot represent the complicated structure of the solution.
The HiREPS approach benefits from bounding the entropy of the sub-policies. (b) Average reward
in the tetherball task without states. While REPS also finds one of the optimal solutions, HiREPS
benefits from its structured policy representation and outperforms REPS in learning speed. At the
same time, HiREPS finds both solutions. (c) Number of sub-policies used by the HiREPS approach
with and without bounding the entropy. If the prior p(o) of a sub-policy becomes too small it
gets deleted. By bounding the overlap of the sub-policies, less sub-policies are used while the
performance of the algorithm is increased. (d) Number of modes found by HiREPS with and without
bounding the overlap of the sub-policies. We can see that, despite that HiREPS with bounding the
overlap uses less sub-policies, it can find more modes. Without bounding the overlap of the subpolicies, many sub-policies concentrate on the same mode, which attenuates the advantages of the
structured policy representation.
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Figure 7: Time series of a successful swing of the robot. The robot first has to swing the ball to the
pole and can, once the ball has swung backwards, arc the ball around the pole.
total samples per iteration as REPS, it can use those samples to learn multiple solutions while being
faster than REPS can learn a single solution.
Real Robot Tetherball. After presenting the results on the two simulated tetherball settings, we
proceed to show the results of the real robot experiment. For the robot experiment, we mounted a
table-tennis paddle to the end-effector of the robot arm. The real-robot setup is depicted in Figure
8a and two successful hitting movements of the real robot are shown in Figure 7. In order to track
the ball, a Kinect RGBD camera was setup to look at the robot from the opposite side of the pole.
The vision data was used to compute the reward signal. As in the physically accurate simulation,
the robot needed to perform a pre-swing as well as the actual swing. However, the real robot can
easily be bootstrapped through imitation learning. Thus, we extract the shape parameters v by
kinesthetic teach-in (Ijspeert and Schaal, 2003) for both motions. Subsequently, the robot learns
the final positions and velocities of all seven joints through the presented approach. Additionally,
we learn the waiting time between both movements. This task setup results in a 2 × 2 × 7 +
1 = 29-dimensional action space. We initialized the algorithm with 15 sub-policies and sampled
15 trajectories per iteration. While this scheme amounts to considerably fewer samples than in
simulation, it is sufficient to learn multiple solutions, given the initial demonstrations. We performed
three trials to produce the errorbars reported in the results. The learning curve is shown in Figure
8b. The noisy reward signal is mostly due to the vision system and partly also due to real world
effects such as friction which lead to a non-repeatability of rollouts. Two resulting movements of
the robot are shown in Figures 7 and 4b.
5.2 Planar Reaching Task
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To further evaluate the properties of the proposed algorithm, we present a series of experiments on
a planar reaching task. In this simulated task, the agent controls the joint trajectories of a three-link
27
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Initialization of the Algorithm. Since the presented algorithm is based on the availability of
multiple sub-policies, these options have to be initialized to sensible values. In the presented experiments linear Gaussians were usually used as sub-policies, i.e., π(a|s, o) = N (a|µo + F o s, Σo ).
To initialize each linear Gaussian, we can keep F o = 0 and Σo = cI, where the constant c is a task
specific variable set by the experimenter. While Fo and Σo are initially identical for all sub-policies,
the means µo have to be different to allow for later separation of the sub-policies based on the responsibilities. To that effect, we usually sampled the individual sub-policy means µo from a normal
distribution, i.e., µo ∼ N (·|0, Σµ ).
Figure 10a shows the results of varying Σµ relative to the admissible range of parameters. The
results show that while a larger initial separation seems to help bootstrapping the learning process,

Comparison to Baseline Methods. Most of the presented experiments compare the performance
of HiREPS to its natural competitor, REPS. To better analyze the performance levels of HiREPS, we
also performed an experiment comparing HiREPS to other state of the art methods. Specifically, we
compared to the PIBB algorithm (Stulp and Sigaud, 2013), the CMA-ES algorithm (Hansen et al.,
2003) as well as the NES algorithm (Wierstra et al., 2014). To compare HiREPS against these baselines we performed an empirical optimization of the open parameters these methods perform. For
example, Fig. 9b shows the effects of the initial variance of CMA-ES. The results in Fig. 9a show
that HiREPS converges faster than the alternative algorithms we compared to. Furthermore, the
alternative algorithms are designed to represent a single solution. In this experiment, all algorithms
used 10 samples per iteration. Both HiREPS and PIBB used a higher initial variance than CMA-ES
and NES in this experiment since the latter methods’ performance decreases using higher initial
variances as shown in Fig. 9b. Due to this higher initial variance, PIBB and HiREPS start with a
higher initial reward.

robotic arm using DMPs with two basis functions per joint. The robot starts from a fixed initial
position and executes a trajectory for 100 time steps. At time steps 40 and 100 the robot is rewarded
for passing through via points. While the robot is controlled in joint space, these via points are given
in task space. Furthermore, for both time steps two possible via points exist.

Figure 8: (a) The real robot tetherball setup. (b) Average rewards of HiREPS on the real robot
Tetherball setup. Mean and standard deviation of three trials are shown. In all three trials, the robot
has found solutions to wind the ball around the pole on either side after 50 iterations.

(a) Tetherball

Average Reward

Average Return

0

200 300
Episodes

(a) Comparison To Baselines

100

400

PIBB

CMA-ES

NES

HiREPS

500

0

100

200 300
Episodes

400

Σ0 0.001
Σ0 0.01
Σ0 0.1
Σ0 0.5
Σ0 1

(b) Influence of Initial Variance in CMA-ES

−30

−20

−10

0

500

Reaching Task CMA-ES Initial Variance

0

100

:
:
:
:
:

0.0001
0.001
0.01
0.1
0.5

200
300
Episodes

Σµ
Σµ
Σµ
Σµ
Σµ

Reaching Task InitSigma

(a) Effect of Different Initializations

−10

−8

−6

−4

−2

0

400

0

100

200
300
Episodes

Soft Assignments
Hard Assignments

400

Reaching Task Hard Assignments

(b) Effect of Probabilistic Responsibilities

−10

−8

−6

−4

−2

0

C HRISTIAN DANIEL , G ERHARD N EUMANN , O LIVER K ROEMER AND JAN P ETERS

JMLR 17(93):1-50

30

29

JMLR 17(93):1-50

Robustness to Changing Environments. One main contribution of the proposed algorithm is to
learn multiple solutions for the same task. Learning multiple solutions can be interesting if, for

results of evaluating a wide range of possible parameter values for κ̃ in the reaching task. The
results show that values for κ̃ ≥ 1 yield slower convergence speeds while the options still overlap
and aim to explain multiple solutions. As in most other experiments presented in this paper, a value
of κ̃ = 0.9 seems to yield the best learning speeds. While even lower values of κ̃ do not noticeably
decrease the learning speed in the presented experiment, our experience shows that lower values
may prevent successfully learning multiple solutions. Since lower values of κ̃ force options apart,
only few options may actually be fully developed while the probability of sampling from most other
options will diminish.
The results reported for this experiment and the puddle world experiment regarding the entropy
bound mirror our experience with the remaining experiments reported in this paper. In all experiments a bound of κ = 0.9 seems to give good results and much higher (> 0.95) or much lower
(< 0.8) values usually deteriorate performance. Thus, for the remaining experiments, we chose
κ = 0.9 and do not present further evaluations.

Figure 10: (a) Investigation of different initial distributions of sub-policies. Using a low initial variance of the distribution over option means, all options share similar responsibilities for all samples
and the entropy bound forces a separation of the options. Using a higher initial variance for this
distribution, the individual sub-policies will be responsible for different regions of the action space
from the beginning. While the results show that such an initial separation can improve learning
speed initially, it can also lead to sub-optimal asymptotic performance. (b) Using hard assignments,
i.e., not sharing information between options, leads to high initial learning speed. However, using
the hard assignments, the algorithm did not always find the optimal solution. In our experiments,
the non-probabilistic (hard assignments) version of the algorithm would usually require more samples per iteration to consistently find equally good solutions as the proposed probabilistic approach.
However, our experience shows that when using more samples per iteration, the learning speed of
the hard assignment approach will actually decrease relative to the speed of the probabilistic approach. This effect can be explained by the fact that each option is drawn to all local optima more
uniformly if more samples are used.

Average Return

Evaluation of the Entropy Bound. One of the main parameters to be considered in the proposed
algorithm is the desired bound on the entropy of the responsibilities, κ̃. The lower the value for
κ̃, the more aggressively the algorithm will separate the individual options. Figure 11a shows the

The Influence of Probabilistic Option Assignments. The presented algorithm allows for interoption learning, i.e., the sharing of information between options during learning which is expected
to improve learning. To test this hypothesis, we performed an experiment comparing the proposed
formulation of the algorithm to an alternative formulation based on hard assignments. In the alternative formulation, every option was effectively limited to using it’s own samples to update its
policy. This behavior was achieved by assigning a responsibility of 1 to the option that generated a
sample while all other options had zero responsibility for the same sample. Using soft assignments
allows the gating to shift responsibilities such that options can specialize on distinct sub-tasks. The
results in Figure 10b show that using soft assignments did indeed improve asymptotic learning performance but was slower in the early stages. However, in our experiments we observed that the
importance of this effect would diminish with an increasing number of options. As the number
of options increases, HiREPS can implement a more effective divide and conquer strategy. Sharing of information can becomes less important after the division of the state-action space has been
successfully performed.

the overall effect of changing this parameter is negligible. In this experiment, a total of 20 options
were available to the algorithm. While the comparison to the base-line methods was performed
using ten samples per iteration, for the following experiments 20 samples per iteration were used.
Using more samples per iteration allowed us to observe the effects under investigation more clearly,
while the comparison to other baselines was optimized for the CMA-ES and NES algorithms.

Figure 9: (a) Comparison of HiREPS to popular baselines. HiREPS and PIBB start at higher initial
rewards because CMA-ES as well as NES have to be initiated with a much lower variance. While
HiREPS and PiBB start with a high-variance initial policy (or sub-policies) and keep contracting it
until convergence. CMA-ES and NES on the other hand work best with a smaller initial variance
that is kept for longer. (b) Effects of different initial variances on CMA-ES. We chose the best initial
variance for the comparative experiments.
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example, the environment changes in a way that makes some solutions inaccessible. To evaluate
the behavior of the proposed algorithm in such a scenario, we let the algorithm learn a solution for
the reaching task as described above. After 30 iterations HiREPS typically converged to a good
solution. At that point, the via points on either the lower or upper path were randomly disabled,
which simulated blocking one of the paths. Figure 11b show the effects of learning multiple solutions. With only one option, the agent cannot recover in about half the trials. Using more options
increases the likelihood that the agent has learned sufficiently versatile solutions to successfully
perform the task even after cutting off of the paths.
5.3 Sequencing of Skills

JMLR 17(93):1-50

As evident from the tetherball experiment, many real world tasks require multiple steps to be solved.
To evaluate the skill sequencing implementation of HiREPS presented in Section 3.2, we present
a second set of experiments. Before testing skill sequencing on a real robot task, we evaluated
the time-indexed HiREPS algorithm on a via-point task in order to illustrate the properties of the
approach. In this task, we modeled a second-order dynamical system. The state of the agent is
given by its position x and velocity ẋ. The actions u control the accelerations ẍ. The task of the
agent is to reach specified via-points at four different points in time. For each of these time points,
different via-points exist. The reward at the time points is given by the negative squared distance
to the closest via-point. In addition to the deviation to the via-points at the four specified time
31
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The comparison of the episodic and the sequential learning methods can be seen in Figure 12b
and shows the advantage of the sequencing approach in learning speed as well as in the quality of
the learned solution. Additionally, the episodic formulation will also require more options in total

In order to demonstrate sequencing of skills, we decomposed the task into two DMPs which
were executed sequentially. We used five shape parameters for both DMPs. In addition, we also
learn the goal-parameter of the DMP, resulting in 6 parameters per movement primitive. To compare
our sequencing method to the commonly used episodic policy search setup, we also solve this task
with the episodic version of HiREPS. In this case, we only used one DMP with ten shape parameters
and the additional goal-parameter. For both scenarios, the agent could choose between four distinct
sub-policies oi at each decision time-point. As we can see from Figure 12a, the agent learned to
select these primitives according to the state at the decision time-points as well as to adapt the
primitives such the task can be solved. Our approach was able to learn multiple solutions for the
task as can be seen from Figure 12a. However, only a subset of all possible solutions was found.

points, the reward function contains a squared punishment term for taking high accelerations. As
we defined multiple via-points for each of the four time-points, this task has multiple solutions per
construction. The agent used 20 samples per iteration for this task. The exact setting of the task
including its via-points is depicted in Figure 12a.

Figure 12: (a) We use this via-point task to illustrate our algorithm.The agent has to reach one of the
via-points (denoted by red circles) at each of four specified times [0.25, 0.5, 0.75, 1.0]s. The reward
is given by the negative squared distance to the closest via-point. The last via-point has to be reached
with zero velocity. The initial positions and velocities are sampled from a Gaussian distribution with
zero mean and a standard deviation of 0.25 for the position and 0.1 for the velocity. In this task, we
learn to sequence two motor primitives, with the second primitive starting at t = 0.5s (shaded region
in which the line colors change). This task is per construction multi-modal and illustrates how our
algorithm learns distinct motor primitives. The mean and variance are indicated by shaded error
bars. The agent learned several but not all possible solutions to solve the task. (b) The multi-modal
via-point task learned with episodic and sequential motor primitive learning where the movement
was decomposed into two primitives, see Figure 12a for a more detailed description. As we can
see, our algorithm could exploit this decomposition resulting in increased learning speed and higher
quality final policies.
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Figure 11: (a) Comparison of different relative values κ for the entropy bound. The results show that
higher values for the entropy bound slow down learning, as the options are not forced to separate.
Thus, multiple options will compete for the same local optimum for longer. Very low values for
κ will also slow down learning and can potentially lead to sub-optimal asymptotic performance
when the entropy bound ‘overpowers’ the reward maximization criterion. (b) Investigation of a
task which requires multi-modal solutions. After learning a solution, some of the via points were
randomly disabled and the agent had to rely on the availability of alternative solutions. The results
show that increasing the number of options allowed for a robust policy which could recover from
the change in the environment because the agent had previously learned multiple solutions.
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As before, after using a simpler task to investigate the properties of the proposed algorithm, we now
present the results of a more sophisticated task. Similar to the structure of the tetherball experiments,

5.3.1 E VALUATION ON THE ROBOT H OCKEY TASK

in order to find all possible solutions than the sequential formulation. However, in the presented
experiment we only rewarded the agent for finding at least one solution such that this effect did not
alter the resulting performance analysis.

Figure 13: (a) The robot hockey task. The robot has two pucks, the pink control puck and the
yellow target puck. The task is to shoot the yellow target puck into one of the colored reward zones.
Since the best reward zone is too far away from the robot to be reached with only one shot, each
episode consists of three strikes. After each strike the control puck is returned to the robot, but the
target puck is only reset after one episode is concluded. Concluding an episode with the target puck
in one of the reward zones yields rewards from one to three as indicated in the picture. However, if
the robot shoots the target puck too far, the reward is zero. (b-d) One episode of the Hockey task,
consisting of three strikes. Each picture shows the initial and final position of control and target
puck. The movement of the pucks is indicated by arrows. The robot can shoot the pink control puck
to move the target puck and tries to place the yellow target puck in one of the marked target zones
while not overshooting. In the depicted episode the robot only needed two strikes to place the target
puck into the highest reward zone. With the last strike the robot taps the target puck only slightly
without actually moving it to avoid negative reward for missing it.

(b) First strike

(a) Hockey Setup
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Figure 14: Comparison of sequential motor primitive learning to the episodic learning
setup on the simulated robot
hockey task.
The sequential motor primitive learning
framework was able to find a
good strategy to place the puck
in the third reward zone in most
of the cases while the episodic
learning scenario failed to learn
such a strategy.
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Simulation Results. We first implemented a realistic simulation of the robot hockey task. In
simulation, we varied the initial position of the puck by sampling the position from a normal distribution with standard deviation of 10cm. The agent used 30 samples per iteration. We compared
our sequential motor primitive learning method with its episodic variant. For the episodic variant,
we encoded the policy-parameters of all three shots into one policy, resulting in 42 parameters.
The episodic variant cannot use state-feedback except for the information of the initial position of
the puck. To make the comparison as fair as possible we did not use any noise in our simulation

we first present a comparative analysis on a physically accurate simulation and then proceed to show
the results of the real robot task. In the robot hockey task, the robot has to move a target puck into
one of three target areas. This target puck can only be moved by shooting a control puck at it. The
target areas are defined by a specified distance to the robot. The first zone is defined as distance
from 1.4 to 1.8m, the second zone from 1.8 to 2.2m and the last zone from 2.2 to 2.6m. The robot
gets rewards of 1, 2, and 3 for reaching zone 1, 2 or 3, respectively, with the target puck. If the robot
overshoots the last target zone, the reward drops to zero. The reward is only given after each episode
which consists of three shots of the control puck. After each shot, the control puck is returned to
the robot. The target puck, however, is only reset after each episode. The setup of the robot hockey
task is shown in Figure 13a.
The 2-dimensional position of the target puck defines the state of the environment as perceived
by the agent. After performing one shot, the agent observes the new position of the target puck to
plan the subsequent shot. In order to give the agent an incentive to shoot at the target puck, we
punished the agent with the negative minimum distance of the control puck to the target puck after
each shot. While this reward was given after every step, the zone reward was only given at the end
of the episode (every third step) as r(sK+1 ).
We used a DLR-Kuka lightweight arm with 7 degrees of freedom as depicted in Figure 15a.
We used DMPs to represent single motor primitives where we only adapted the goal positions and
velocities of the primitives. This setup resulted in 14 parameters per primitive per shot. Thus, the
episodic version of HiREPS has to optimize one 42-dimensional parameter vector while the time
indexed version of HiREPS that we use for skill sequencing has to optimize three policies with
14-dimensional parameter spaces each. Both, the episodic as well as the time-indexed version of
HiREPS had access to five options. The shape parameters v of the single primitives were learned
from imitation by collecting trajectory data via kinesthetic teach-in.
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Figure 15: (a) The real robot Hockey setup. The robot first has to shoot the pink puck on the orange
puck, to move the orange puck into a target zone. (b) One trial of of the real robot hockey tasks.
The robot starts with a negative initial reward and learns to achieve an average reward of 2.5 after
300 episodes. The optimal theoretical reward of the presented task is 3.0. However, learning has
not yet converged and had to be stopped prematurely due to time constraints.
and, hence, the initial position of the puck is sufficient to solve the task. The comparison of both
methods can be seen in Figure 14. The episodic learning setup failed to learn a proper policy while
our sequential motor primitive learning framework could steadily increase the average reward. Our
method reached an average reward of 2.3 after learning for 1500 episodes. Note that an optimal
strategy would have reached a reward value of 3, however, this is still a clear improvement in comparison to the episodic setup, which reached a final reward value of 1.4.
Real Robot Results We used a Kinect RGB-D camera to observe the state of target puck. For the
real robot hockey task, the initial position was not varied. On the real robot, we could reproduce
the simulation results. The robot learned a strategy which could move the target puck to the highest
reward zone in most of the cases after 300 episodes, where the robot used ten samples per iteration.
One episode of robot hockey is depicted in Figure 13. In the final trials, the robot tended to prefer
using a soft hit in the first shot and to shoot the target puck to the last reward zone with the remaining
two shots. This behavior yielded higher average reward, since it is easier to only tap the target
puck without moving it too much while it is still closer to the robot. During learning the robot
steadily adapted his strategy when it mastered the necessary motor skills to achieve higher rewards
by placing the target puck in the highest reward zones.
5.4 Infinite Horizon Formulation for Sequencing Skills
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We evaluated the infinite horizon formulation of HiREPS on the pendulum swing-up task in simulation. In this task, the pendulum starts hanging down with a random perturbation. The goal of
the robot is to find a solution that first swings up the pendulum and then stabilizes the pendulum
at the top. Instead of directly choosing motor commands in each time step, the robot chooses a
desired joint value which is tracked with a PD-controller that is active over multiple time steps d
(in the standard setting d = 5). While using direct motor commands is generally feasible as well,
using a PD-control scheme is often beneficial from a robotics point of view. Real systems are often
35
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controlled at very high frequencies internally, however, policy signals are usually only necessary at
lower frequencies. Reducing the control frequency of the policy will increase the signal to noise
ratio, especially in real systems. Furthermore, even in simulated systems, the temporal extension of
the actions can benefit the learning process. Since this task is highly non-linear in nature, it cannot
be solved with a single linear policy. However, since HiREPS is able to represent a piecewise linear
policy, it can be used to solve the pendulum swing-up task with multiple linear sub-policies. In this

Figure 16: Evaluations of the pendulum swingup task. The task starts with the pendulum hanging
down and the robot has to swing up and stabilize the pendulum. (a) The results show that one linear
sub-policy is insufficient to learn this task. With five sub-policies the robot is able to learn the task,
with ten sub-policies the asymptotic performance does not improve anymore. (b) The number of
time steps d each sub-policy stays active. The results show that activating a sub-policy for multiple
time steps increases the speed of learning. If a sub-policy stays active for more than five time
steps, the performance decreases. (c) One rollout of the pendulum swingup task. The pendulum
starts at the bottom and requires a pre-swing to be brought to the upright position. (d) Pendulum
Swingup-Policy learned by HiREPS. Colors indicate the mean value of the policy.
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Evaluation of a Constant Gating. In the pendulum swing-up task, a good gating policy is essential if the task is to be solved using simple sub-policies. To evaluate the effect of a learned gating
versus a constant pre-determined gating, we compared the proposed approach to an alternative formulation where the individual action policies can be learned, but the gating stays constant. To find
a such a constant gating, we divided the state space using K-Means clustering and kept the resulting
gating constant afterwards. To perform K-Means clustering we sampled 1000 data points uniformly
within ±[π, 50], where π in this case is the numerical value. The results show that the performance
of such a constant gating strongly depended on the number of options available. However, even
with 100 options the constant gating did not allow to learn this task successfully.

5.5 Infinite Horizon Real Robot Experiment

Comparison to a Non-linear Flat Policy. While the proposed approach can learn the pendulum
swing-up task using a combination of linear sub-policies, the task can also be solved using a single
non-linear policy. To evaluate the effects of the proposed approach, we compared to a non-linear flat
policy which was based on the same features as the gating in HiREPS. The results in Figure 18 show
that while the non-linear flat policy initially learned faster than the HiREPS, the average asymptotic
performance of the HiREPS was higher. Initially, HiREPS requires some iterations to learn a good
gating policy. However, once a good gating policy was available, having different options that
specialize on sub-tasks such as high accelerations vs. stabilization yielded better policies.
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To evaluate the practical applicability of the proposed infinite horizon approach, we performed a
real robot evaluation on the ‘ball on a beam’ task as shown in Fig. 19a. In this task, the robot has to
guide a ball to a prescribed position on a beam and balance it at this position. In our experiments,
the robot had to choose between two possible goal positions, 10cm to the left or right of the beam
center. To learn the task, the robot learned a policy which set a new desired end effector angle every
0.5s. Every policy was evaluated for 20s and in each iteration the agent collected three episodes
before updating the policy. In this task, the state space was given by the ball’s position and velocity
as well as the current beam angle. The sub-policies were linear Gaussian policies. The gating
operated on squared features of the state space and the value function was based on a Fourier feature
transformation of the state space using five basis functions. The reward function in this task was
given as the summed negative squared distance and velocity of the ball (to the closest goal position)
in every control step. The ball’s position and velocity were determined using a Microsoft Kinect
which was mounted above the robot. The results in Fig. 19b show that the robot was able to learn
this task within 30 episodes in all three trials performed.

task, the pendulum has a mass of 10kg, a length of 0.5m and a friction coefficient of 0.2. The robot
can exert at most 30nm of torque and uses 20 samples per learning iteration. The internal robot control runs at 100Hz and the restart probability in the base setting is given as (1 − γ) = 0.02/d, where
d determines the control frequency of the learned policy. The primitive actions wich are chosen
by the sub-policies are the desired joint angles of the pendulum. The robot can typically perform
a swing-up within 1.5s. To represent the value function, we used the Fourier transform based feature transformation of the states using five Fourier bases, see Section 4. The gating uses a squared
expansion of the states as feature representation. The reward function punishes deviation from the
desired upright position with a factor of 500 and punishes velocities with a factor of 10. These
punishments are subtracted from a base value of 500. The results of the experiments show that a
single linear policy is insufficient for swinging up and stabilizing, however, HiREPS successfully
combines multiple linear policies to solve the task, a resulting policy is shown in Fig 16.

Figure 17: (a) Evaluation of a pre-defined constant gating vs. a learned gating. In the constant
gating approach, the gating was pre-determined by performing a K-Means clustering of the state
space. The results show that the pre-defined constant gating does not allow the agent to successfully
learn the task. (b) Effect of the number of options when using a constant gating. The results show
that the constant gating depends strongly on the number of options used, which related directly to
the resolution with which the state-action space is parceled. Even with 100 options the constant
gating approach is outperformed by the learned approach which uses only five options.
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In this paper, we present a novel method, derived from first principles, to represent multiple solutions
to a task. The representation of multiple versatile solutions is achieved though a hierarchical policy,
which consists of a gating network and multiple sub-policies. We show that a naive implementation
of a hierarchical policy is insufficient as it does not find distinct solutions. To address this problem,
we introduce an entropy-based constraint which ensures that the agent finds distinct solutions with
different sub-policies. Having a hierarchical policy based on multiple sub-policies additionally
allows us to solve tasks that are non-linear using multiple linear sub-policies.
We evaluated the proposed method on two real robot tasks and several simulated tasks. The
evaluations showed that our framework can be used to learn temporally extended sub-policies, also
called options, and to sequence these sub-policies to learn complicated tasks on real systems.
The results show, that HiREPS is able to learn multiple solutions for complicated tasks and
that HiREPS is able to learn piecewise linear solutions for non-linear tasks. The comparison to
the non-hierarchical REPS method shows that HiREPS additionally often learns faster than REPS.
This effect is especially intriguing as HiREPS does not only aim to learn one solution but multiple
solutions at the same time and effectively uses fewer samples per sub-policy.
While the presented approach is able to learn a multi-modal policy using weights generated by
solving one optimization problem, alternative solutions are possible. In the presented approach,

6. Conclusion & Discussion

Figure 19: (a) The experimental setup for the ‘ball on a beam’ task. A beam of 1m length is attached
as the robot’s end effector. The robot has to balance a ball in one of two goal positions, ±10cm from
the center of the beam. The ball is initialized alternating on the right and left end of the beam. (b)
Results of three trials on the real robot. In all trials the robot was able to learn the task within 30
episodes. In the second trial performance dropped slightly at the end of the trial before recovering
again. This drop was most likely due to noise in the vision system.
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computing the lower bound and, subsequently, solving the optimization problem and fitting the subpolicies is equivalent to an EM approach with only one iteration. While EM approaches typically
benefit from multiple iterations, we observed no further benefit from applying multiple passes in our
experiments. The observation that one EM iteration is sufficient can be explained by the fact that we
start with a distribution which is highly similar to the target distribution. Thus, using HiREPS with
κ  1 results in a version of the REPS algorithm which works on a mixture model. Furthermore,
alternative mixture model fitting approaches could be used to incorporate the entropy bound which
is integrated into the optimization problem in the proposed approach. For example, Graça et al.
(2007, 2009) show how EM can be performed with additional constraints such as, for example, the
entropy constraint presented in this paper.
In this paper we focus on learning multiple sub-policies and do not solve the temporal extension
aspect of the options framework directly. Temporal extension is inherently achieved in many of
the presented experiments through the use of movement primitives. Using movement primitives,
the time horizon is usually pre-determined. However, this time horizon could be made adaptive by
including the duration of the movement primitive into the set of parameters that is learned by the
agent. Learning both when to terminate options as well as learning how to construct options from
atomic state-action pairs in a unified framework is an important aspect for future work. Equally,
extending the framework to not only allow pruning of sub-policies, but also generating new subpolicies during the learning process could be an important addition to the versatility of the presented
framework. In the presented version, options might be separated in the state-action space in the
beginning of learning when actually multi-modalities exist on a smaller scale than can initially be
detected. In such cases, it would be helpful to split one sub-policy into two sub-policies that can
adapt to the individual modes.
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K. Mülling, J. Kober, O. Kroemer, and J. Peters. Learning to select and generalize striking movements in robot table tennis. International Journal of Robotics Research, (3):263–279, 2013.
G. Neumann. Variational Inference for Policy Search in Changing Situations. In Proceedings of the
28th International Conference on Machine Learning (ICML), 2011.
G. Neumann and J. Peters. Fitted Q-Iteration by Advantage Weighted Regression. In Advances in
Neural Information Processing Systems (NIPS). MA: MIT Press, 2009.
J. Peters and S. Schaal. Policy Gradient methods for Robotics. In Proceedings of the IEEE/RSJ
International Conference on Intelligent Robotics Systems (IROS), Beijing, China, 2006.
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R. S. Sutton, D. Precup, and S. Singh. Intra-option learning about temporally abstract actions. In
Proccedings of the International Conference on Machine Learning (ICML), 1998.

JMLR 17(93):1-50

R. S. Sutton, D. McAllester, S. Singh, and Y. Mansour. Policy Gradient Methods for Reinforcement
Learning with Function Approximation. In Advances in Neural Information Processing Systems
(NIPS), 1999a.
43

o∈O

ZZ

o∈O

o∈O

X ZZ


µπ (s)π(a|s, o)π(o|s) Rsa −η log
(27)

(26)


p(s, a, o)
ds da + η + ξκ̃.
1+ξ/η
q(s, a)p(o|s, a)

p(o|s, a) log p(o|s, a) ds da .

µπ (s)π(a|s, o)π(o|s)
ds da
q(s, a)p(o|s, a)
!

!

p(s, a)

|

{z

p(o|s, a) log
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After the Expectation step, the lower bound is tight, i.e., maxp̃ L(p, η, ξ, p̃) = F (p, η, ξ). In the
Maximization step, we fix p̃ and maximize L w.r.t p, η and ξ. This combination defines our constraint optimization problem.

L = F − (η + ξ)

ZZ

However, determining a closed form solution for p(s, a, o) is infeasible as the conditional p(o|s, a)
is inside the log. Yet, we can determine a lower bound L(p, η, ξ, p̃) by using a proposal distribution
p̃(o|s, a) for p(o|s, a) which we can iteratively maximize in an Expectation-Maximization like
manner. We need to verify that L is a lower bound on F and that maximizing L w.r.t p̃ is equivalent
to setting p̃(o|s, a) = p(o|s, a), both of which follows from the relation

F (π, η, ξ) =

o∈O

X

µπ (s)π(a|s, o)π(o|s) log

p(s, a)

X ZZ

µπ (s)π(a|s, o)π(o|s)Rsa ds da

Simplifying the terms, we obtain

+ ξ κ̃+

+η −

F (π, η, ξ) =

X ZZ
1=

φ̂ =

o∈O

X ZZ

o∈O

X ZZ

o∈O

µπ (s)π(a|s, o)π(o|s)
ds da,
q(s, a)p̃(o|s, a)

µπ (s)π(a|s, o)π(o|s) ds da,

µπ (s)π(a|s, o)π(o|s)φ(s) ds da,

µπ (s)π(a|s, o)p(o|s, a) log p̃(o|s, a) ds da,

µπ (s)π(a|s, o)π(o|s) log

X ZZ

o∈O

κ̃ ≥ −

≥

(28)

ξ
ξ
1
.
ξ log p̃(o|s, a) = η log p̃(o|s, a) = η log p̃(o|s, a) η = −η log
η
p̃(o|s, a)ξ/η

Here, we use the fact that

o∈O

X ZZ

46

µπ (s)π(a|s, o)π(o|s) ds da = 1,

(32)

(31)
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We set the derivative to zero and write V (s) = θ T φ(s) to solve for the update rule




λ
Rsa − V (s)
µπ (s)π(a|s, o)π(o|s) = q(s, a)p̃(o|s, a)1+ξ/η exp
exp −1 −
.
η
η

with

dL
µπ (s)π(a|s, o)π(o|s)
=Rsa − η log
+ ξ log p̃(o|s, a) − θ T φ(s) − λ − η,
dµπ (s)π(a|s, o)π(o|s)
q(s, a)p̃(o|s, a)
µπ (s)π(a|s, o)π(o|s)
=Rsa − η log
− θ T φ(s) − λ − η,
(30)
q(s, a)p̃(o|s, a)1+ξ/η

where η , θ , ξ and λ are Lagrangian parameters. To arrive at a closed form update rule for
µπ (s)π(a|s, o)π(o|s), we differentiate L

which includes an additional constraint to represent prior knowledge about the desired behavior of
sub-policies, i.e., that sub-policies should spread out and not overlap. In the entropy constraint,
we replace only the responsibility term inside the log with the approximation p̃(o|s, a), as we can
combine the expectation over the entropy into Eµπ (s)π(a|s,o)π(o|s) log p̃(o|s, a).
The Lagrangian formulation reads
h
XZ Z
µπ (s)π(a|s, o)π(o|s)
L=
µπ (s)π(a|s, o)π(o|s) Rsa −ηlog
q(s, a)p̃(o|s, a)
o∈O
i
(29)
+ξ log p̃(o|s, a)−θ T φ(s)−λ ds da + η + λ + θ T φ̂ + ξκ̃,

s. t.

o∈O

X ZZ

π,µ

We first reiterate the complete optimization problem, i.e.,
X ZZ
J(π) = max
µπ (s)π(a|s, o)π(o|s)Rsa ds da,
max
π
π

Consider the optimization problem in Equation (14) with the real conditional p(o|s, a) instead of
the responsibilities p̃(o|s, a). For simplicity, we do not introduce the steady-state distribution and
the normalization constraint as, our results are not affected by these constraints. The Lagrangian of
this problem is then given by
π,µ

A.1 Derivation of Contextual HiREPS
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o∈O

and, thus,




ZZ
λ −1 X
Rsa − V (s)
exp −1 −
=
q(s, a)p̃(o|s, a)1+ξ/η exp
ds da.
η
η


q(s, a)p̃(o|s, a)1+ξ/η exp Rsa −V (s)
η


.
RR
(s)
q(s, a)p̃(o|s, a)1+ξ/η exp Rsa −V
ds da
η

(33)

(34)

Hence, the term exp (−1 − λ/η) acts as a normalization constant and µπ (s)π(a|s, o)π(o|s) can be
written as

o∈O

µπ (s)π(a|s, o)π(o|s) = P

Rsa − V (s)
η

,

However, for improved clarity, we resort to writing the update equation in the proportional formulation


µπ (s)π(a|s, o)π(o|s) ∝ q(s, a)p̃(o|s, a)1+ξ/η exp

XZ Z

h
µπ (s)π(a|s, o)π(o|s) Rsa

ds da,

µπ (s)π(a|s, o)π(o|s)η ds da,



(38)

(37)

(36)

(35)

which depends only on the Lagrangian parameters ξ, η and θ with V (s) = θ T φ(s), but not on the
parameter λ. The values for these Lagrangian parameters can be calculated by optimizing the dual
problem. The dual formulation can be obtained by inserting Eq. (31) into the original Lagrangian
formulation, i.e.,

g(η, θ, ξ, λ) =
o∈O

XZ Z





(s)
q(s, a)p̃(o|s, a)1+ξ/η exp Rsa −V
exp −1 − λη
η
−ηlog
q(s, a)p̃(o|s, a)1+ξ/η
i
−θ T φ(s)−λ ds da + η + λ + θ T φ̂ + ξκ̃,

which can easily be simplified to

g(η, θ, ξ, λ) = η + λ + θ T φ̂ + ξκ̃ +

o∈O

where we again use Eq. (32) to simplify further to



Rsa − V (s)
η

Rsa − V (s)
η

q(s, a)p̃(o|s, a)1+ξ/η exp

q(s, a)p̃(o|s, a)1+ξ/η exp

g(η, θ, ξ, λ) = η + λ + θ T φ̂ + ξκ̃ + η.
X ZZ
o∈O

At this point we rewrite Eq. (33) as
η + λ = η log

X ZZ
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(39)

where we used log(a−1 ) = − log(a) and multiplied by η. We insert Eq. (38) back into Eq. (36)
and get


g(η, θ, ξ) =η log

o∈O

+ η + θ T φ̂ + ξκ̃.
47
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The dual function g(η, θ, ξ) is formulated in such a way that it does not depend on the Lagrangian
parameter λ, which acts as a normalization factor.

Z

π
µK+1
(s)RsK+1 ds,



N
1 XX
Ri − V (si )
p̃(o|si , ai )1+ξ/η exp
N
η

k
Rsa
πk (a|s)πk (o|s)µkπ (s) ds da+

π
µK+1
(s)
ds,
qK+1 (s)

µkπ (s)πk (a|s, o)πk (o|s)
ds da,
qk (s, a)p̃k (o|s, a)

(41)

µkπ (s)πk (a|s, o)πk (o|s)

0
0
π
a
Pss
0 µk (s)πk (a|s, o)πk (o|s)φ(s ) ds ds da,

o∈O

XZ Z

µkπ (s)πk (a, o|s) ds da.

T
θ k+1
φ(s)µkπ (s) ds + ξk κ̃ +

(40)

If we work on samples {s, a}i with i = 1, 2, . . . N , we have to divide by the generating distribution q(s, a) and obtain

g(η, θ, ξ) =η log

o∈O i=1

+ η + θ T φ̂ + ξκ̃,

which we can optimize using standard optimization libraries.
A.2 Derivation of Skill Sequencing

K X ZZ
X

Z

Z

µkπ (s)πk (a|s, o)pk (s, a)πk (o|s) log p̃k (o|s, a) ds da,

µkπ (s)πk (a|s, o)πk (o|s) log

φ(s0 )µ1π (s0 ) ds0 ,

π
µK+1
(s) log

k=1 o∈O

As above, we first reiterate the complete optimization problem, i.e.,

π,µk

Z

X ZZ

o∈O

X ZZ
o∈O

ηk  + λk +

ZZ

X ZZZ

o∈O

o∈O

X

κ̃ ≥ −

∀k ≤ K :  ≥

φ̂0 =

s. t. :  ≥

max J(π1:K ) = max
π
πk ,µkπ

Z

π
(s0 ) ds0 =
φ(s0 )µk+1

∀k : 1 =

K
X

k=1

The Lagrangian formulation reads

L = θ 1T φ̂0 +
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Z
µπ (s)πk (a|s, o)πk (o|s)
k
a
T
0
0
Rsa
−ηk log k
+ξk log p̃k (o|s, a)− Pss
ds da
0 θ k+1 φ(s ) ds −λk
qk (s, a)p̃k (o|s, a)
Z
π
h
i
µ
(s)
π
µK+1
(s) RsK+1 − ηK+1 log K+1
− λK+1 ds + ηK+1  + λK+1 ,
(42)
qK+1 (s)
+

48

qk (s, a)p̃(o|s, a)1+ξk /ηk

a
T
0
0
T
Pss
0 θ k+1 φ(s ) ds − θ k φ(s) − λk − ηk ,

− ηk log
(43)

R

a θ T φ(s0 )
Pss
0 k+1

0

ds da.

(48)

qk (s, a)p̃k (o|s, a)1+ξk /ηk

o∈O

X ZZ
+ η + ξκ̃.

g(η, θ, ξ) =η log

q(s, a)p̃(o|s, a)1+ξ/η exp

,




Rsa + E[V (s0 )] − V (s)
η

Rsa + E[V (s0 )] − V (s)
η




(51)

(50)
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As for the other cases we can find the minimum of the dual function using standard optimization
libraries.

and

µπ (s)π(a|s, o)π(o|s) ∝ q(s, a)p̃(o|s, a)1+ξ/η exp

(45)
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o∈O

X ZZ

The derivation of the infinite horizon case follows the derivations given above, where the Lagrangian
is given by
h
XZ Z
µπ (s)π(a|s, o)π(o|s)
L=
µπ (s)π(a|s, o)π(o|s) Rsa −ηlog
q(s, a)p̃(o|s, a)
o∈O
Z
i
+ξ log p̃(o|s, a)−θ T φ(s)−λ ds da + η + λ + θ T φ(s0 ) ds0 + ξκ̃,
(49)

A.3 Derivation of Infinite Horizon HiREPS

and the resulting update rule and dual function are given as

For improved clarity, we resort to writing the update equation in the proportional formulation
 k

Rsa + E[Vk+1 (s0 )] − Vk (s)
µπk (s)πk (a|s, o)πk (o|s) ∝ qk (s, a)p̃k (o|s, a)1+ξk /ηk exp
, (47)
η

49

ηk  + ξk κ̃ + ηk log

Rksa + E[Vk+1 (s0 )] − Vk (s)
ηk

k=1

K+1
X

Now, the dual function g(η1:K+1 , θ 1:K+1 , ξ1:K+1 ) is formulated in such a way that it does not
depend on the Lagrangian parameters λk , which acts as a normalization factor.

exp



g(η1:K+1 , θ 1:K+1 , ξ1:K+1 ) =θ T1 φ̂0 +

As

θ Tk φ(s).



ZZ
λk −1 X
exp −1 −
=
qk (s, a)p̃k (o|s, a)1+ξk /ηk
ηk
o∈O
 k

Rsa + E[Vk+1 (s0 )] − Vk (s)
exp
ds da.
(46)
ηk


Hence, the term exp −1 − ληkk acts as a normalization constant and µπk (s)πk (a|s, o)πk (o|s) can
be written as
 k

Rsa +E[Vk+1 (s0 )]−Vk (s)
qk (s, a)p̃k (o|s, a)1+ξk /ηk exp
ηk
π

 k
µk (s)πk (a|s, o)πk (o|s) = P
.
RR
Rsa +E[Vk+1 (s0 )]−Vk (s)
qk (s, a)p̃k (o|s, a)1+ξk /ηk exp
ds da
o∈O
ηk

and, thus, obtain

o∈O

For improved readability we write E[Vk+1
=
ds and Vk (s) =
before, we use
Z
Z
X
µπk (s)πk (a, o|s)πk (o|s) ds da = 1,

(s0 )]

µπk (s)πk (a|s, o)πk (o|s) =qk (s, a)p̃k (o|s, a)1+ξk /ηk
!
R a T


0
T
0
Rksa + Pss
λk
0 θ k+1 φ(s ) ds − θ k φ(s)
exp
exp −1 −
.
ηk
ηk
(44)

ξk
1
log p̃k (o|s, a) = ηk log p̃k (o|s, a)ξk /ηk = −ηk log
ηk
p̃k (o|s, a)ξk /ηk

+

Z

=Rksa

µπk (s)πk (a|s, o)πk (o|s)

and set the derivative to zero to solve for the update rule

ξk log p̃k (o|s, a) = ηk

with

dµπk (s)πk (a|s, o)πk (o|s)

µπ (s)πk (a|s, o)πk (o|s)
=Rksa − ηk log k
+ ξk log p̃k (o|s, a)
qk (s, a)p̃k (o|s, a)
Z
a
T
0
0
T
+ Pss
0 θ k+1 φ(s ) ds − θ k φ(s) − λk − ηk ,

which depends only on the Lagrangian parameters ξ, η and θ with V (s) = θ T φ(s), but not on the
parameter λ. The values for these Lagrangian parameters can be calculated by optimizing the dual
problem.
As before, we set the solution for µπk (s)πk (a|s, o)πk (o|s) back into the Lagrangian and simplify
to get a dual function that does not depend on the Lagrangian parameters λk , i.e.,

where ηk , θ k , ξk and λk are Lagrangian parameters. To arrive at a closed form update rule for
µπk (s)πk (a|s, o)πk (o|s), we differentiate L

dL
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Classification and regression trees (CART) are immensely popular for flexible and nonadditive predictive modeling, despite the fact that they date back more than thirty years
(Breiman et al., 1984). The trees are fit using a two-stage process in which the tree is
first greedily “grown” to some maximum size, and then “pruned” to avoid overfitting. The
final tree with K terminal nodes can be visually displayed as a decision tree with K − 1
splits, or equivalently as K disjoint boxes that completely partition the covariate space.
CART has stood the test of time, because its output is highly interpretable and it can
easily incorporate complex non-additive relationships between features. However, it is a
greedy procedure, and a small perturbation of the data can produce a very different tree.
The high variability of the fitted values can compromise the scientific utility of the tree,
as well as the tree’s prediction accuracy on test data. While an ensemble approach, like
random forests, can reduce CART’s variability, this comes at the expense of interpretability
(Breiman, 2001).
Two other well-known methods for flexible and non-additive predictive modeling are
multivariate adaptive regression splines (MARS) (Friedman, 1991) and thin-plate splines
(TPS) (Duchon, 1977). The MARS fit is a weighted sum of basis functions, which are

1. Introduction

We consider the problem of predicting an outcome variable on the basis of a small number
of covariates, using an interpretable yet non-additive model. We propose convex regression
with interpretable sharp partitions (CRISP) for this task. CRISP partitions the covariate
space into blocks in a data-adaptive way, and fits a mean model within each block. Unlike
other partitioning methods, CRISP is fit using a non-greedy approach by solving a convex
optimization problem, resulting in low-variance fits. We explore the properties of CRISP,
and evaluate its performance in a simulation study and on a housing price data set.
Keywords: convex optimization, interpretability, non-additivity, non-parametric regression, prediction
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i=1

n
X

[yi − f (x1i , x2i )]2 + λ

Z Z
R2

k∇2 f (x1 , x2 )k2F dx1 dx2 .

2
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Throughout most of this paper, for ease of exposition, we focus on the case of p = 2 features.
An extension to the case of p > 2 is given in Section 7.
We first present an overview of the CRISP approach. We wish to predict a random
variable y ∈ R using x1 , x2 ∈ R. We assume that y = f (x1 , x2 ) + , where  is a mean-zero

2. Convex Regression with Interpretable Sharp Partitions

The remainder of this paper is organized as follows. In Section 2, we introduce our
method and present an algorithm to implement it. We compare our method to existing
approaches using simulated data in Section 3. In Section 4, we derive some properties of
the method. In Section 5, we discuss connections between our method and other work. We
illustrate our method on a housing price data set in Section 6. We consider a modification
to our proposal in Section 7, and close with the discussion in Section 8. Proofs are in the
Appendix.

• CRISP is formulated as a convex optimization problem. Thus we can solve for the
global optimum, and can derive an expression for CRISP’s degrees of freedom.

• CRISP fits a piecewise constant model, which is easily interpreted by even those with
limited statistical background.

• CRISP can accommodate interactions between pairs of covariates in a flexible way.
This is useful when the impact of one covariate may depend on the value of another
covariate, but there is not strong a priori knowledge about the form of the interaction.

The fits from MARS and TPS are incredibly flexible, but can be less interpretable than the
fits from CART.
In recent years, the statistical community has been very interested in formulating predictive models as solutions to convex optimization problems. However, to the best of our
knowledge, no proposals have been made for flexible, non-additive, and interpretable modeling via convex optimization. To close this gap, we propose a non-greedy procedure whose
fits have a block structure reminiscent of CART. Our proposal, convex regression with interpretable sharp partitions (CRISP), is the solution to a convex optimization problem with
predictions that are much less variable than those of CART. Also unlike CART, CRISP borrows information across the blocks, and is able to adequately model the data when the mean
model is smooth. Thus our method provides a compromise between the interpretability of
CART and the flexibility of MARS and TPS. In this paper, we consider the low-dimensional
setting in which there are a small number of covariates of interest (p  n). We leave an
extension to the p > n setting to future work.
CRISP has a number of attractive properties:

f

minimize

greedily chosen and some of which involve pairs of features. TPS fits the observed data,
regularized by smoothness penalties. In the case of two covariates x1 and x2 and a response
y, the TPS fit is the solution to
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Figure 1: In (a), the mean model f (x1 , x2 ) used to generate data. In (b), each of the 50
squares represents an observation (x1 , x2 , y) with y = f (x1 , x2 ) +  with  ∼
N (0, 1). In (c), there are q 2 = 64 bins of (x1 , x2 ) values, whose boundaries
coincide with the octiles (
) of x1 and x2 . In (d), CRISP estimates f (x1 , x2 )
to be constant within each bin, and furthermore encourages adjacent bins to take
on the same value. When applied to the data in (b) with q = 8, this leads to an
estimated f (x1 , x2 ) with four blocks. In (e), we show the heat scale legend.

error term, and f is an unknown function that we wish to estimate. An example of f (x1 , x2 )
is displayed in Figure 1(a). Figure 1(b) displays a training set of n i.i.d. observations of
(x1 , x2 , y). We first partition the feature space into q 2 bins, as shown in Figure 1(c) with
q = 8. The CRISP approach estimates f (x1 , x2 ) to be constant within each bin, and further
encourages f to take on the same value at adjacent bins; this leads to constant-valued blocks.
The CRISP output is shown in Figure 1(d); there are four estimated blocks. More details
about this simulation set-up are provided in Section 3.
2.1 Notation and Goal of CRISP

JMLR 17(94):1-31

We now introduce some new notation, and provide further intuition for CRISP, before
presenting the optimization problem for CRISP in Section 2.2.
As is shown in Figure 1(c), we wish to estimate the mean model f (x1 , x2 ) for a q × q grid
of bins, where f (x1 , x2 ) is estimated to be constant within each bin. Let M ∈ Rq×q denote
a mean matrix whose element M(i)(j) contains the mean for pairs of covariate values within
a quantile range of the observed predictors x1 , x2 ∈ Rn . For example, M(1)(2) represents the
mean of the observations with x1 less than the 1q -quantile of x1 , and x2 between the 1q - and
2
q -quantiles of x2 . In Figure 1(c), the corner grid bins correspond to M(1)(1) , M(8)(1) , M(8)(8) ,
and M(1)(8) , starting at the top-left corner of the grid and moving counter-clockwise. In
CRISP, our goal is to estimate the q × q matrix M on the basis of y ∈ Rn , which contains
n noisy observations from various bins of M .
In the example shown in Figure 1, we partition the feature space into an 8 × 8 grid
(shown in Figure 1(c)), which translates to estimating an 8 × 8 matrix M . Therefore,
instead of estimating f (x1 , x2 ) over the entire joint range of x1 and x2 , we need only
estimate the 64 elements of M . Furthermore, CRISP borrows information across bins of
the grid by encouraging pairs of neighboring rows and columns of M ∗ to be equal, leading
3
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to an estimated mean model with a block structure. For instance, in Figure 1(d), M is
estimated to have four blocks, or regions of feature space over which f (x1 , x2 ) is constant.
Consequently, the CRISP solution M ∗ shown in Figure 1(d) only has 4 unique elements,
while M is an 8 × 8 matrix. If we examined the estimate M ∗ , we would see that all pairs
of neighboring rows and neighboring columns of M ∗ are identical, except for one pair of
columns and one pair of rows.
While the true mean model in this example has a block structure (as seen in Figure 1(a)),
we will show in Section 3 that CRISP can perform well even when the true mean model
is smooth. The data in this example were uniformly distributed in the covariate space.
CRISP is most suitable for data applications where observations are distributed throughout
the covariate space. Highly correlated covariates will lead to an insufficient amount of data
to estimate the mean model over the entire covariate space.
2.2 The Optimization Problem

i=1

1X
(yi − Ω(M , x1i , x2i ))2 + λP (M ).
2

n

(1)

The CRISP optimization problem balances the trade-off between fitting the data and encouraging a block structure. We estimate M by solving the convex optimization problem

M ∈Rq×q

minimize

q−1 h
X
i=1

Mi· − M(i+1)·

2

+ M·i − M·(i+1)

2

i

,

(2)

In (1), the function Ω extracts the element of M corresponding to the bin to which the
observation (x1i , x2i ) belongs. For instance, in Figure 1(c), Ω(M , 0, −1) = M(4)(2) . Note
that Ω is explicitly defined in Appendix A. Furthermore, λ ≥ 0 is a tuning parameter, and
the penalty P is defined as
P (M ) =

i=1

X
1
ky − Qmk22 + λ
[kRi mk2 + kCi mk2 ] ,
2

q−1

(3)

where Mi· and M·i denote the ith row and column of M , respectively. The sum of squared
errors in (1) encourages the estimate of M to fit the data, while the group lasso penalty
(Yuan and Lin, 2006) in (2) encourages pairs of neighboring rows (or columns) to be exactly
identical. This leads to the formation of constant-valued blocks, which are comprised of
multiple bins of the q × q grid. Appendix B discusses other possible penalties that could be
used in (1).
We now rewrite (1) in a way that will be useful later. We introduce a vectorized form
T
of M , which is denoted by m = vec(M ) = (M·1 )T , (M·2 )T , · · · , (M·q )T
where M·i
is the ith column of M . The correspondence between M and m is shown in Figure 10
of Appendix A. In what follows, we will switch between using the matrix M and the
vectorized m. Then (1) can be rewritten as

m∈Rq2

minimize

2
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where each row of Q ∈ Rn×q contains q 2 − 1 elements that equal 0, and a single 1, such
that Qi· m = Ω(M , x1i , x2i ), where Qi· indicates the ith row of Q. (Though Q is a function

4

q−1

i=1

X
1
ky − Qmk22 + λ
[kz1i k2 + kz2i k2 ]
2

subject to Am = z,

(4)

T
denote the scaled dual

(k−1)

(k−1)
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5

For each scenario, we generate 200 data sets and estimate M using CRISP (with
q = 100) and several competitors: FLAM (implemented with the R package flam (Petersen, 2014)); CART (implemented with the R package rpart (Therneau et al., 2014));
TPS (implemented with the R package fields (Nychka et al., 2014)); a linear model with
predictors x1 , x2 , and their interaction; and an “oracle” linear model based on knowing a
priori which regions of the mean model take on a constant value.

We consider four mean models for f (x1 , x2 ); these are displayed in the top panel of
Figure 2, and defined in detail in Appendix D. In Scenario 1, the mean model is additive
in x1 and x2 . Scenario 2 is similar to Scenario 1, but the mean model is non-additive. The
mean model in Scenario 3 is piecewise constant, with the cut points for x2 depending on
x1 . Finally, Scenario 4 is a smooth mean model.

We generate data with either n = 100 or n = 10, 000, and p = 2. We independently
sample each element of x1 and x2 from a Unif[−2.5, 2.5] distribution, and then take y =
f (x1 , x2 ) + , where  ∼ MVN(0, σ 2 In ) with σ = 1 for n = 100 and σ = 10 for n = 10, 000.
Note that we use the notation MVN to indicate a multivariate normal distribution.

3.1 Methods

In this section, we compare the performance of CRISP to CART, TPS, and competing
methods. We consider a variety of mean models, as well as smaller (n = 100) and larger
(n = 10, 000) training set sample sizes.

3. Simulations

The value of λ can be chosen using K-fold cross-validation. Alternatively, λ can be
selected using approaches based on Akaike’s information criterion (AIC; Akaike, 1973) or
Bayesian information criterion (BIC; Schwarz, 1978) using the degrees of freedom estimator
proposed in Section 4.1. The roles of λ and q in controlling the granularity of the model
are further characterized in Sections 4.2 and 4.3.

In Algorithm 1, the computational bottleneck occurs in Step 2(a). Evaluating the qbanded matrix QT Q+ρAT A has a one-time cost of O(n+q 4 ) operations, and computing its
LU factorization requires an additional O(q 4 ) operations. Then Step 2(a) can be performed
in O(q 3 ) operations (Boyd and Vandenberghe, 2004). Therefore, Algorithm 1 requires an
initial step of O(n + q 4 ) operations, followed by a per-iteration complexity of O(q 3 ).
On a Macbook Pro with a 2.0 GHz Intel Sandy Bridge Core i7 processor, our Python
implementation of CRISP with n = q = 50 takes 20.1 seconds for a sequence of 20 λ values.
For n = q = 100 and n = q = 200, the run times are 84.7 and 383.6 seconds, respectively.
Increasing n while holding q constant has little effect on the run times; this is consistent with
the discussion in the previous paragraph. Thus even for very large n, the computational
time is reasonable.

(c) u(k) := u(k−1) + Am(k) − z (k)

(b) z1i := (Ri m(k) + u1i )(1 − λ/(ρkRi m(k) + u1i k2 ))+ ,
(k)
(k−1)
(k−1)
z2i := (Ci m(k) + u2i )(1 − λ/(ρkCi m(k) + u2i k2 ))+ for i = 1, . . . , q − 1

(k)

2. For k = 1, 2, . . ., until the primal and dual residuals satisfy a stopping criterion:

−1  T

(a) m(k) := QT Q + ρAT A
Q y + ρAT (z (k−1) − u(k−1) )

1. Let u = (u11 )T , . . . , (u1(q−1) )T , (u21 )T , . . . , (u2(q−1) )T
variables. Initialize m(0) := 0, z (0) := 0, and u(0) := 0.

Algorithm 1 — Alternating Directions Method of Multipliers for Equation (4)

We solve for the global optimum of the convex optimization problem (4) using the alternating
directions method of multipliers (ADMM) algorithm (Boyd et al., 2011). This is summarized
in Algorithm 1. Additional details are in Appendix C.

2.3 An Algorithm for CRISP

T
where z = (z11 )T , · · · , (z1(q−1) )T , (z21 )T , · · · , (z2(q−1) )T
with z1i , z2i ∈ Rq .
While (1), (3), and (4) have the same solution, it is most convenient to derive an
algorithm to solve CRISP using the parameterization in (4). Throughout this paper, we
will alternate between using the notation M ∗ and m∗ , where m∗ = vec(M ∗ ), to represent
the CRISP solution to (4). The training set predictions for CRISP are given by ŷ = Qm∗ .

m∈Rq2 ,z∈R2q(q−1)

minimize

We chose to solve CRISP using an ADMM algorithm, as ADMM works well in related
problems. For example, in the context of trend filtering, Ramdas and Tibshirani (forthcoming) found that their ADMM implementation converged more reliably across a variety
of tuning parameter values and sample sizes than the primal-dual interior point method of
Kim et al. (2009). In our setting, an interior point algorithm for CRISP involves solving
a dense system of equations at each iteration, which has a computational complexity of
O(q 6 ). Additionally, an interior point method would not recover the exact block structure
(any strictly feasible solution would have no zero row or column differences). In contrast,
we directly recover the block structure of our estimated mean model from the z variables
of our ADMM algorithm. Furthermore, ADMM algorithms typically converge to moderate accuracy within only tens of iterations (Boyd et al., 2011), which is acceptable in our
setting.

of x1 and x2 , we suppress this to simplify the notation.) In (3), Ri , Ci ∈ Rq×q extract
differences between neighboring rows and columns of M (i.e., Ri m = Mi· − M(i+1)· and
Ci m = M·i − M·(i+1) ). An example of Q and explicit definitions of Q, Ri , and Ci are
T
2
T , CT , · · · , CT
in Appendix A. We let A = R1T , · · · , Rq−1
∈ R2q(q−1)×q , and then
1
q−1
rewrite (3) as

2
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For each of the four scenarios, we plot mean squared prediction error1 versus degrees
of freedom (a notion that will be discussed extensively in Section 4.1). CRISP and FLAM
are fit over a sequence of exponentially decreasing λ values, with the degrees of freedom
estimated using (6) and a result from Petersen et al. (forthcoming), respectively. TPS is fit
over a sequence of degrees of freedom. For CART, we vary the number of terminal nodes in
the tree, and average the estimator (7) over the replicates in order to estimate the degrees
of freedom for each number of terminal nodes. Note that the number of degrees of freedom
of CART is non-monotonic for small numbers of terminal nodes (as seen in Figure 3).
3.2 Results for n = 100
Results are shown in Figure 3. We see that both CRISP and TPS perform reasonably well
in terms of prediction error in all scenarios, regardless of the true mean model. FLAM
outperforms the other methods in Scenario 1, which is unsurprising as the mean model is
truly additive, and FLAM boils down to CRISP with an additivity constraint (Section 5.2).
However, FLAM performs poorly for mean models with substantial non-additivity (Scenarios 2 and 4). Outside of Scenario 1, CART performs worse than TPS and CRISP. CRISP,
TPS, and CART all perform better than a linear model with an interaction in Scenarios
1–3. However, in Scenario 4, the mean model is well-approximated using a linear model.
We also fit MARS for all scenarios; however, performance was poor and the results are
omitted.
While CRISP and TPS have comparable prediction error, their fits are quite different.
In Figure 2, we show the estimated mean models for CRISP, TPS, and CART for a single
replicate of data in each scenario. CRISP provides fits that reflect the true mean model
well, even when the true mean model is smooth. While TPS has low prediction error, the
smooth fits from TPS are not easily interpreted and are far from the true mean model
in some scenarios. While the fits from CART reflect the mean model reasonably well in
Scenarios 1 and 2, the fits from CART in all scenarios are highly variable. CART fits from
different replicates of Scenario 4 are shown in Figure 4. The average variance of an element
of M ∗ across the 200 replicates for Scenario 4 was 0.843 for CART, compared to 0.0935 for
CRISP and 0.0653 for TPS. The variance of CART’s fitted values is similarly inflated for
the other scenarios. Small perturbations of the data can produce very different qualitative
conclusions when examining CART’s fits.
3.3 Results for n = 10, 000
We compare CRISP to TPS and CART. Results are in Figures 2 and 5. Again, CRISP
performs well in all scenarios, and the CART fits are much more variable than those of
CRISP and TPS. The average variance of an element of M ∗ across the 200 replicates
for Scenario 1 was 0.111 for CART, compared to 0.051 for CRISP and 0.083 for TPS. For
Scenario 2, the average variance was 1.42 for CART, compared to 0.056 for CRISP and 0.083
for TPS. For Scenario 3, the average variance was 0.692 for CART, compared to 0.077 for
CRISP and 0.129 for TPS. And finally, for Scenario 4, the average variance was 1.89 for

JMLR 17(94):1-31

2
1. Mean squared prediction error is defined as q12 kM −M ∗ kF
, where M ∈ Rq×q is the true mean matrix and
M ∗ ∈ Rq×q is the estimate from a given method. For methods other than CRISP, M ∗ was constructed
using the mean model estimate at the midpoint of each bin of the q × q grid.
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Figure 2: The mean models for Scenarios 1–4, as well as estimated mean models from
CRISP, CART, and TPS for the simulations considered in Section 3. Each fit is
from a single replicate of data, with the number of degrees of freedom indicated
in Figures 3 and 5 for n = 100 and n = 10, 000, respectively. The heat scale
legend is in Figure 1(e).
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Figure 4: Fits for CART in Scenario 4 with n = 100 (as also shown in Figure 2) corresponding to five additional replicates of data. The heat scale legend is in Figure 1(e).

Figure 3: Mean squared prediction error, as a function of the degrees of freedom, for the four
scenarios considered in the simulations of Section 3.2. The methods displayed are
CRISP ( ), FLAM ( ), TPS ( ), CART ( ), linear model with an interaction
( ), and the oracle linear model ( ). The oracle linear model is only fit for
Scenarios 1–3, for which the mean models have constant regions. Shaded bands
(only visible for CART) indicate point-wise 95% confidence intervals over the 200
replicate data sets. The linear models have a fixed number of degrees of freedom,
but are shown as horizontal lines. Asterisks indicate the degrees of freedom used
for the fits shown in Figure 2.
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with γ = 0. In the rest of this section, we take γ to be a small positive constant, which
ensures strong convexity and enforces uniqueness of the solution.

m

minimize

Suppose that Var(y) = σ 2 I, and let g(y) = ŷ denote the fit correspondingP
to some modelfitting procedure g. Then the degrees of freedom of g is defined as σ12 ni=1 Cov(yi , ŷi )
(Hastie and Tibshirani, 1990; Efron, 1986).
The concept of degrees of freedom provides a common framework for comparing the
complexities of various models; this is particularly useful when the models under consideration are complex or unrelated. Ye (1998) proposed a computationally-burdensome Monte
Carlo approach for estimating the degrees of freedom of a model-fitting procedure. In recent
years, unbiased estimators for the degrees of freedom have been derived for the lasso and
generalized lasso (Zou et al., 2007; Tibshirani and Taylor, 2012), among other methods.
These estimators allow us to characterize a model’s complexity, and also can be used in
order to develop an approach for tuning parameter selection based on Akaike’s information
criterion (AIC; Akaike, 1973) or Bayesian information criterion (BIC; Schwarz, 1978).
Problem (3) is equivalent to the problem

4.1 Degrees of Freedom

In this section, we provide an unbiased estimator for CRISP’s degrees of freedom. We
also derive an analytical expression
for the range of λ for which the solution to (4) takes a

constant value, m∗ = n1 1T y 1. Lastly, we discuss the role of q and λ in controlling the
granularity of CRISP. Throughout this section, we use A+ to denote the Moore-Penrose
pseudoinverse of a matrix A.

4. Properties of CRISP

CART, compared to 0.096 for CRISP and 0.061 for TPS. Notably, a large sample size is not
sufficient for producing stable CART fits, unless the signal-to-noise ratio is suitably large.

Figure 5: Results for n = 10, 000 for CRISP ( ), TPS ( ), and CART ( ) in the simulations of Section 3.3. Details are as given in Figure 3.
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d
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n
o
Recall that the matrix Q was defined in (3). Taking λ = max1≤i≤q−1 kd˜1i k2 , kd˜2i k2 for

any feasible vector d˜ for (8) will give a value of λ sufficiently
large so m∗ is constant. For
 
example, we can choose d˜ = (AT )+ QT y − n1 1T y 1 . However, choosing λ in accordance
with Lemma 3 will give the minimum value of λ such that m∗ = n1 1T y 1. The optimization problem (8) can be solved using a standard convex solver, such as SDPT3 via
CVX in MATLAB (Grant and Boyd, 2008, 2014). An illustration of Lemma 3 is provided in
Figure 6(b).

JMLR 17(94):1-31

1) if and only if

In 100 replicate data sets with yi ∼ N (µi , σ 2 ), we compare the mean of (6) to the mean
of
n
1 X
(ŷi − µi ) (yi − µi ) ,
(7)
σ2
i=1
Pn
which provides a Monte Carlo estimate of σ12 i=1
Cov(yi , ŷi ), the true degrees of freedom
of CRISP. The results in Figure 6(a) empirically validate Proposition 1, showing that (6) is
an unbiased estimator of CRISP’s degrees of freedom. Note that the proofs of Proposition 1
and Corollary 2 can be found in Appendices E and F, respectively.



4.3 Controlling the Granularity of CRISP

1 T
n1 y

4.2 Range of λ that Yields a Constant Solution

1≤i≤q−1

11

∗
∗
λ ≥ max {kd1i
k2 , kd2i
k2 } ,

Lemma 3 The solution to (4) is constant (i.e., m∗ =

CRISP has a single tuning parameter λ, which we typically will select via cross-validation

or a related approach. Here, we derive the minimum value of λ such that m∗ = n1 1T y 1,
corresponding to a fit in which all elements of m∗ are equal.

minimize

∗T
T
. . . d2(q−1)
)
is
the
solution
to


 
1 T
y−
1 y 1 = AT d.
n

Figure 6: In (a), we compare the degrees of freedom calculated using our estimator (7)
(y-axis) from Section 4.1 to the unbiased, Monte Carlo estimator (6) (x-axis).
Varying λ gives the solid line, and the dashed line indicates y = x. In (b), we
plot the value of the objective of (4) at m∗ (λ), the minimizer of (4) at λ, for a
replicate of data as λ varies.
 We compare two ways of finding a λ large enough
such that m∗ (λ) = n1 1T y 1, which results in the objective shown as
. We
take λ = max1≤i≤q−1 {kd1i k2 , kd2i k2 } with
 either d being the solution to (8)
) or d = (AT )+ QT y − n1 1T y 1 (
). The former (
) matches
(
the result of Lemma 3 in Section 4.2.
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X

i:Ai ∈C
/

We now introduce some notation. First, we define C, the set of difference matrices
corresponding to equal neighboring rows or columns in the solution m∗ to (5). That is,
C = {A : kA m∗ k = 0} where A = R , A = R , . . . , A
= R , A = C1 , Aq+1 =
i
i
2
1
1
2
2
q−1
q−1
q
C2 , . . . , A2q−2 = Cq−1 . Then we define A∗ to be the submatrix of A obtained by retaining
2
only the rows of A corresponding to matrices Ai ∈ C. Note that A∗ ∈ Rq|C|×q . We propose
to estimate the degrees of freedom of CRISP as


ˆ
 
df
CRISP = Tr Q D + λP
AT A

where P = Iq2 − A∗+ A∗ , S2 (Ai , m∗ ) = kAiim∗ik2 − i ikA m∗ k3 i i , and Q was defined in
i
2
(3). Recall that M ∗ will tend to contain
row-column blocks
of constant value, as shown


in Figure 1(d). We define D = diag h(m1∗ ), · · · , h(mq∗2 ) , where h(mi∗ ) is the ratio of the
number of observations in the block of M ∗ that contains mi∗ to the number of elements
of M ∗ in the block of M ∗ that contains mi∗ . We use the notation MVN to indicate a
multivariate normal distribution.
ˆ
Proposition 1 Assume y ∼ MVN(µ, σ 2 I). Then df
CRISP is an unbiased estimator of the
degrees of freedom of CRISP.
The following corollary indicates that the estimator (6) simplifies substantially when the
CRISP solution takes a particular form.

Objective Value at m*(λ)

Both q and λ control the granularity of the final CRISP model: q controls the size of the
grid used to construct M , and λ controls the number of blocks in the final fitted CRISP
model. For a range of very small λ values, there will be q 2 blocks; for larger λ values, the
CRISP solution will have a smaller number of blocks.
Given that q and λ both influence the number of blocks in the final fitted CRISP model,
one might wonder whether it is necessary to have both q and λ. We illustrate the value of
both q and λ through some simple examples.

Corollary 2 Assume y ∼ MVN(µ, σ 2 I). If either all rows or all columns of M ∗ are equal,
then the total number of blocks of M ∗ is an unbiased estimator of the degrees of freedom.

Estimated Degrees of Freedom
0
5 10 15 20 25
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Before presenting Lemma 4, we introduce some notation. Define D = [I(q−1)×(q−1) 0(q−1)×1 ]−
[0(q−1)×1 I(q−1)×(q−1) ] to be the first difference matrix. Define ỹ ∈ Rq such that ỹi is the
mean outcome value of the observations in the ith row of the q × q grid used to construct
M . Let ni denote the number of observations in the ith row of the q × q grid used to
√ √
√
construct M . Define W ∈ Rq×q to be the diagonal matrix with entries n1 , n2 , . . . , nq .

Suppose that for a given value of λ, the CRISP fit involves only one covariate: that is,
M ∗ = m̃1Tq or M ∗ = 1q m̃T for some m̃ ∈ Rq . We will now show that in this setting,
the CRISP solution can be recovered by solving a one-dimensional fused lasso problem
(Tibshirani et al., 2005).

5.1 Connection to One-Dimensional Fused Lasso

In this section, we establish connections between CRISP and two previous proposals.

5. Connections to Other Methods

For the mean models shown in Figure 2, we compare CRISP to (3) with λ = 0 and
q chosen adaptively. We focus on the general findings here, but detailed results are given
in Appendix H. When the true mean model is piecewise constant with boundaries that
are well-approximated by a grid of bins (as in Scenarios 1–3), CRISP and (3) with λ = 0
and variable q perform similarly. However, CRISP is clearly superior at estimating the
smooth mean model of Scenario 4 (Figure 12), as it is able to borrow information across
bins, instead of simply fitting the mean of observations within each bin. CRISP also allows
the granularity of the fitted model to vary adaptively over the covariate space, as shown
in Figure 13(a) of Appendix H. The blocks of this mean model perfectly align with a grid
that has q = 3, but the mean model only has 4 blocks. While (3) with λ = 0 and q = 3 fits
9 blocks, CRISP correctly identifies 4 blocks (Figures 13(b) and 13(c) of Appendix H).

To illustrate the role of λ, consider taking λ = 0 in (3), and treating q as a tuning parameter
rather than a fixed value. When λ = 0, (3) contains only a sum of squared errors term, so
the estimate within each bin is the mean value of the observations in that bin. For bins
without any observations, we estimate the corresponding element of M to be the overall
mean of y.

4.3.2 Choice of λ

In our analyses, we choose to treat q as a fixed parameter that is chosen prior to fitting
CRISP. However, if desired, q could be chosen by K-fold cross validation.

In principle, q may be chosen to equal n. This means that each bin of the q × q grid would
contain at most one observation. However, when n is large, choosing q = n can lead to
excessive computational time, memory burden, and variance in the fit. Instead, we aim to
choose q to be large enough to allow for adequate granularity, but not excessively large.
What constitutes adequate granularity will depend on the context of the problem.

4.3.1 Choice of q

Convex Regression with Interpretable Sharp Partitions

with 1T θ1 = 1T θ2 = 0.

(11)
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The proof of Lemma 6 follows from algebraic manipulation.
CRISP (1)–(2) with the additivity constraint (11) is also equivalent to FLAM when the
`2 norms in the penalty (2) are changed to `1 or `∞ norms. These alternative penalties are
discussed further in Appendix B.
Lemma 6 can be generalized in order to establish that CRISP with q < n is equivalent
to a version of FLAM that re-weights the loss function in (12) appropriately.

where λ ≥ 0 is a tuning parameter, Pj is the permutation matrix that orders the elements
of xj from least to greatest, and D = [I(n−1)×(n−1) 0(n−1)×1 ] − [0(n−1)×1 I(n−1)×(n−1) ] is
the first difference matrix.

Lemma 6 CRISP (1)–(2) with q = n and with the additional additivity constraint (11) is
equivalent to FLAM with p = 2, which is the solution to the optimization problem
1
minimize
ky − (θ0 1 + θ1 + θ2 )k22 + λ (kDP1 θ1 k1 + kDP2 θ2 k1 )
θ0 ∈R,θ1 ,θ2 ∈Rn
2
(12)
subject to 1T θ1 = 1T θ2 = 0,

M(i)(j) = θ0 + θ1i + θ2j for i = 1, . . . , n; j = 1, . . . , n

In this subsection, we will establish that CRISP is a generalization of the fused lasso additive
model (FLAM) proposal of Petersen et al. (forthcoming). FLAM fits an additive model in
which each covariate’s fit is estimated to be piecewise constant with adaptively-chosen knots.
For simplicity, assume that q = n. Consider a modification of CRISP in which we impose
additivity on the mean matrix M . That is, we assume f (x1 , x2 ) = θ0 + f1 (x1 ) + f2 (x2 ),
where θ0 is an overall mean, and f1 and f2 are mean-zero over the training observations. We
introduce the n-vectors θ1 and θ2 , where f1 (xi1 ) = θ1i and f2 (xi2 ) = θ2i for all i = 1, . . . , n.
Thus the additivity constraint for the (i, j) element of M , M(i)(j) , can be expressed as

5.2 Connection to Fused Lasso Additive Model

If instead M ∗ = 1n m̃T , then Corollary 5 holds with P defined to be the permutation
matrix that orders the elements of x2 from least to greatest.

Corollary 5 If q = n and M ∗ = m̃1Tn , then m̃ is the solution to the one-dimensional
fused lasso problem
√
1
kP y − m̃k22 + λ n kD m̃k1 ,
(10)
minimize
m̃∈Rn
2
where P is the permutation matrix that orders the elements of x1 from least to greatest.

If instead M ∗ = 1q m̃T , then a result similar to Lemma 4 holds, with modifications to the
definitions of W and ỹ.
Equation 9 is a weighted fused lasso problem with response vector ỹ and weights
√ √
√
n1 , n2 , . . . , nq . When q = n, (9) simplifies to a standard one-dimensional fused lasso
problem.

Lemma 4 Suppose that, for some value of λ, the CRISP solution is of the form M ∗ = m̃1Tq
for some m̃ ∈ Rq . Then m̃ is the solution to the problem
1
√
(9)
minimize
kW (ỹ − m̃)k22 + λ q kD m̃k1 .
m̃∈Rq
2
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6. Data Application
We consider predicting median house value on the basis of median income and average
occupancy, measured for 20,640 neighborhoods in California. The data set was originally
considered in Pace and Barry (1997) and is publicly available from the Carnegie Mellon
StatLib data repository (lib.stat.cmu.edu).
For this analysis, we focus on predicting median house value for the central area of
the covariate space. In particular, we filter the neighborhoods to select those with median
incomes and average occupancies that both fall within the central 95% of the covariate
distribution, which results in 18,662 neighborhoods to be analyzed. Further details are
provided in Appendix I. To illustrate the impact that the size of the data set may have on
the preferred analysis approach, we consider five different training set sizes: 100, 500, 1000,
5000, and 11,198 (which corresponds to 60% of the observations). We use the observations
not selected for the training set as the test set. For each training set size, we consider 10
different data samples. We compare the performance of CRISP (with q = 100) to CART
and TPS.
Figure 7 shows that income is positively associated with house value. Occupancy is
not strongly associated with house value in low-income neighborhoods. However, among
neighborhoods with median incomes exceeding around $50,000, neighborhoods with mostly
single or double occupancy tend to have more expensive homes than those with higher
occupancies and the same income. This is perhaps because single people and couples without
children have more disposable income to spend on housing than families at the same income
level.
In Figure 7, we show estimated mean models from CRISP for two different values of
λ. The larger value of λ has slightly worse prediction performance, but has a simple block
structure reminiscent of CART. The smaller value of λ gives better prediction performance
with a more complex fit structure that resembles the fits from TPS. This illustrates how
CRISP’s tuning parameter, λ, balances the trade-off between interpretability and prediction
performance.

JMLR 17(94):1-31

While the fit from CART in Figure 7 is quite interpretable, CART gives highly-variable
fits across different splits of the data. This is illustrated in Figure 8. The average variance
of predictions from CART across the 10 splits of data is more than three times that of
CRISP and TPS. For larger training sets, the variance decreases, though the variability
of the CART predictions remains much larger than that of CRISP and TPS. In Figure 8,
we also see that CART’s performance in terms of test set mean squared error (MSE) is
worse than CRISP and TPS, but becomes increasingly similar with larger sample sizes. For
example, in Figure 9, we show the results for the largest training set sample considered
(n = 11, 198). We see that all three methods perform very similarly in terms of test set
MSE, and provide qualitatively similar estimated mean models. As the available sample
size increases, the differences between CRISP, TPS, and CART in terms of prediction
performance and interpretability of fits become less pronounced.
15
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Figure 7: We consider predicting median house value on the basis of median income and
average occupancy using a training set of size n = 100, as considered in Section 6.
We plot the average value for 10 data samples of test set MSE divided by the
variance of the training set outcome. We plot this scaled test set MSE versus λ
for CRISP ( ), and show the minimum scaled test set MSE achieved by CART
), TPS (
), and an intercept-only model (
). Estimated mean
(
models for CRISP are shown for a larger value of λ (indicated by
) and a
smaller value (indicated by ). The estimated mean models shown for CART
and TPS correspond to the tuning parameter with the minimum test set MSE.
The heat scale legend for the median house value is shown.
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k=1

K
X

Figure 9: Results using median income and average occupancy as predictors of median
house value using a training set of size n = 11, 198, as considered in Section 6.
Details are as in Figure 7.

subject to Amk = zk , 1T mk = 0,

m0 ,mk ,zk :k=1,...,K

minimize

where m0 ∈ R is an intercept, mk ∈ Rq is the vectorized mean matrix for the pair of
2
features indexed by k, and Qk ∈ Rn×q selects the elements of mk corresponding to the
covariate bins for the pair of covariates indexed by k. We include the intercept m0 ∈ R in
our model, and assume that m1 , . . . , mK are mean-zero, to ensure identifiability.
When p > 2, we extend the CRISP optimization problem (4) as follows:

2

E[y | x1 , . . . , xp ] = m0 1 +

We have assumed thus far that p = 2. In this case, the estimated mean model for the entire
covariate space can be summarized in a single plot, as in Figure 2.
We extend CRISP to the setting of p > 2 by constructing an additive model of bivariate
fits. That is, we estimate the fit for each of the p(p−1)
pairs of features, giving a bivariate fit
2
for each pair of covariates like those obtained in the setting of p = 2 and shown in Figure 2.
We assume that the mean model is additive in these fits. We restrict the model to pairwise
interactions between covariates for a couple of reasons. First, only considering pairwise
interactions increases interpretability and reduces model complexity. Our model fit with
pairwise interactions can be summarized using p(p−1)
plots, like those shown in Figure 2.
2
There is no analogous way to easily summarize the model if we were to include higher-order
interactions. Second, considering higher-order interactions would cause our model to suffer
from the curse of dimensionality. That is, as the number of covariates increases, the data
in any region of the p-dimensional space will become sparser and sparser: there would be an
insufficient density of data throughout the covariate space to reasonably estimate a mean
model with higher-order interactions.
We now present the details of our proposal for CRISP with p > 2. We consider interactions between each pair of features, {(j, j 0 ) : 1 ≤ j < j 0 ≤ p}. For ease of notation, we refer
to the elements of this set using the index k ∈ (1, . . . , K) where K = p(p−1)
. Recall that for
2
2
p = 2, the mean model for CRISP is E[y | x1 , x2 ] = Qm, where m ∈ Rq is the vectorized
mean matrix and Q selects the elements of m corresponding to the covariate bins of the
elements of y. Recall that Q is a function of x1 and x2 , though we suppress this to simplify
the notation. For p > 2, we consider the mean model

7. Extension to p > 2

Petersen, Simon, and Witten

P
∗
∗
∗
∗
where A is as defined in Section 2.2. Thus ŷ = m∗0 1+ K
k=1 Qk mk , where (m0 , m1 , . . . , mK )
is the solution to (13).
Problem (13) can be solved using block coordinate descent (Tseng, 2001), which gives
Algorithm 2. We iterate through the pairs of covariates, and perform a partial minimization
(using Algorithm 1) for each mk , while keeping the others fixed. Using an argument similar
to that in Section 2.3, the computational complexity of Algorithm 2 is O(K(n + q 4 )) for

Figure 8: We plot the average variance of predictions and the minimum scaled test set
MSE (as defined in Figure 7) as a function of training set sample size for CRISP
( ), CART (
), and TPS (
) applied to the housing data considered
in Section 6.
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Before formally defining the function Ω and matrices Q, Ri for i = 1, . . . , q − 1, and
C for i = 1, . . . , q − 1 introduced in Section 2.2, we define a quantile function. We use
i
quantile(·) to denote the quantile range into which an element falls: quantile(x1i ) = k if x1i
k
T
is between the k−1
q - and q -quantiles of x1 . For example, if n = q = 4 and x1 = (9 3 5 2) ,
then quantile(x11 ) = 4. Similarly, if n = 6, q = 3, and x1 = (7 2 3 8 1 5)T , then
quantile(x16 ) = 2.

We first give an intuitive explanation of our vectorization scheme. Recall that each row of
2
Q ∈ Rn×q contains q 2 − 1 elements that equal 0, and a single 1 that extracts an element
of m according to the covariate values for that observation. For example, consider the ith
row of Q for (x1i , x2i ) = (0.4, 0.8) in Figure 10(a). These covariate values fall within the
2nd row and 3rd column of the 4 × 4 grid, meaning that M(2)(3) provides an estimate for yi .
After vectorizing M , M(2)(3) is m10 , the 10th element of the mean vector. Note that we
can convert between the matrix and vector notation by taking the column number minus
one multiplied by q and adding the row number (e.g., (3 − 1) × 4 + 2). The correspondence
between M and m is illustrated in Figures 10(b) and 10(c). Thus the ith row of Q would
contains all zeros, except a single 1 for the 10th element. Finally, (Qm)i = m10 .

Appendix A. Notational Details
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Figure 10: In (a), each of the 20 squares represents an observation (x1 , x2 , y). There are
q 2 = 16 bins of (x1 , x2 ) values, whose boundaries coincide with the quartiles
(
) of x1 and x2 . In (b) and (c), we label the elements of M and m,
respectively, corresponding to each bin of (x1 , x2 ) values. Additionally, in (b)
and (c), we show (x1i , x2i ) = (0.4, 0.8), which is used in Appendix A to describe
the construction of Q.
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an initial step and O(q 3 ) for each iteration of Step 2(b) of Algorithm 2. In practice, the
number of iterations needed to achieve convergence in Step 2(b) of Algorithm 2 is relatively
small.
We present a block coordinate descent algorithm, since it is a natural extension of
Algorithm 1 to the p > 2 setting. However, CRISP with p  2 can alternatively be fit
using generalized gradient descent, which allows the updates for each bivariate fit to be run
in parallel on a cluster.
Algorithm 2 — Block Coordinate Descent for CRISP with p > 2 (Equation (13))
1. Initialize m0∗ = 0 and mk∗ = 0 for all k = 1, . . . , K.

subject to Amk = zk .

2. For k = 1, . . . , K, 1, . . . , K, . . ., until convergence of the objective of (13):


P
(a) Compute the residual rk = y − m0∗ 1 + k0 6=k Qk0 mk∗ 0 .
q−1

X

1
2
krk − Qk mk k2 + λ
kzk,1i k2 + kzk,2i k2
2
i=1

(b) Using Algorithm 1, solve

mk ,zk

minimize

Let mk∗ denote the solution.

(c) Compute the intercept, m0∗ ← m0∗ + mean(mk∗ ), and center, mk∗ ← mk∗ −
mean(mk∗ ).

8. Discussion

JMLR 17(94):1-31

We have presented CRISP, a method for fitting interpretable, flexible, and non-additive
predictive models. CRISP fits have an easily-interpreted block structure, which is somewhat
reminiscent of the fits from CART. But the fits from CRISP result from a non-greedy
procedure, and are much less variable than those of CART. In our numerical studies, the
prediction performance of CRISP is similar to TPS, and in many cases CRISP provides a
simpler and more interpretable fit.
Future work could consider an alternative penalization scheme. Recall that CRISP first
divides the covariate space into a q × q grid of bins. Our proposal only uses the information
about the bin into which each of the n observations falls, which is used to construct Q in
(4). Thus CRISP only makes use of the rankings of the observations for each covariate,
rather than the actual values of the covariates. A modification to (4) could allow us to more
heavily penalize the differences between pairs of neighboring rows or columns corresponding
to observations with similar values in a given covariate. This modification is not very
important when the covariate pairs are distributed uniformly over the covariate space, as
in our simulation study in Section 3.
In this paper, we have only considered the setting of p  n. An extension of CRISP to
larger p is left to future work.
19

2

2

q−1
n
X

1X
2
(yi − Ω(M , x1i , x2i )) + λ
Mi· − M(i+1)·
2 i=1
i=1

t

+ M·i − M·(i+1)
t



,

(14)

n

i=1


1X
(yi − Ω(M , x1i , x2i ))2 + λ kM T D T kt,1 + kM D T kt,1 ,
2

(15)

M ∈Rq×q

minimize

21

(16)
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1X
2
(yi − Ω(M , x1i , x2i )) + λ kM T D T k1,1 + kM D T k1,1 + kDM D T k1,1 .
2 i=1

n

where D = [I(q−1)×(q−1) 0(q−1)×1 ] − [0(q−1)×1 I(q−1)×(q−1) ]. Motivated by a proposal from
van de Geer (2000), we add an additional penalty to (15) with t = 1,

M ∈Rq×q

minimize

which is equivalent to (1) for t = 2. One might consider solving (14) for t = ∞, which (like
t = 2) encourages pairs of neighboring rows or columns of M to be identical. We compare
the fit for t = 2 to that for t = ∞ in Figure 11(a)–(b). While t = ∞ gives desirable fits
similar to t = 2, the computational time required is much higher than that for t = 2. This
is because when adapted to t = ∞, Step 2(b) of Algorithm 1 no longer has a closed-form
solution (Duchi and Singer, 2009).
We also consider the use of t = 1 in (14); this encourages each element of M to equal
its four adjacent elements. However, using t = 1 gives very poor results: the bins of M
containing observations are estimated to be shrunken versions of their observed values, while
the bins of M without observations are estimated to be a common value (Figure 11(c)).
In a sense, the penalization for t = 1 is too local given the data sparsity (e.g., only q of q 2
elements observed when q = n).
The results for t = 1 improve if an additional penalty is added to the objective function.
First, note that (14) can also be written as

M ∈R

minimize
q×q

A more general formulation of our proposal in (1) is

Appendix B. Alternative Penalties

and Ci ∈ Rq×q for i = 1, . . . , q − 1 such that


if k = j + q × (i − 1)
1
.
[Ci ]jk = −1 if k = j + q × i


0
otherwise

Ri ∈ Rq×q for i = 1, . . . , q − 1 such that


if k = i + q × (j − 1)
1
[Ri ]jk = −1 if k = i + 1 + q × (j − 1) ,


0
otherwise

2

We define the function Ω as Ω(M , x1i , x2i ) = M(a)(b) where a = quantile(x1i ) and
b = quantile(x2i ).
2
We construct Q ∈ Rn×q such that
(
1 if k = quantile(x1j ) + q × (quantile(x2j ) − 1)
[Q]jk =
,
0 otherwise

Convex Regression with Interpretable Sharp Partitions

q−1

q−1

i=1

X
1
ky − Qmk22 + λ
[kz1i k2 + kz2i k2 ]
2

(17)

Step 3.

(k)
u1i
(k)
u2i

:=
:=

(k−1)
u1i
(k−1)
u2i

z

(k)

22

+ Ri m(k) − z1i for i = 1, . . . , q − 1
(k)
+ Ci m(k) − z2i for i = 1, . . . , q − 1



Step 2. z (k) := argmin Lρ m(k) , z (k−1) , u(k−1)

m
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T
where u = (u11 )T . . . (u1(q−1) )T (u21 )T . . . (u2(q−1) )T
is the scaled dual variable. Solving
(4) using ADMM relies on initializing estimates m(0) := 0, z (0) := 0, and u(0) := 0 and
then iterating over three steps until convergence. At iteration k, the updates are


Step 1. m(k) := argmin Lρ m(k−1) , z (k−1) , u(k−1)

i=1

i
ρ Xh
+
kRi m − z1i + u1i k22 + kCi m − z2i + u2i k22
2

Lρ (m, z, u) =

The scaled augmented Lagrangian of (4) is

C.1 Derivation of Algorithm 1

Appendix C. Details of Algorithm 1

The penalty kDM D T k1,1 encourages |M(i)(j) + M(i−1)(j−1) − M(i−1)j − Mi(j−1) | to equal
zero, which results in a block structure as shown in Figure 11(d). While (16) outperforms
(14) with t = 1, CRISP with t = 2 yields better results.

Figure 11: The estimated mean model from solving (14) for (a) t = 2 (CRISP), (b) t = ∞,
and (c) t = 1, as well as (d) the estimated mean model from solving (16). The
methods are described in detail in Appendix B. Note that q = n was used
for all methods. Data was generated for n = 50 from Scenario 2 (described in
Section 3). The locations of the 50 observations are outlined in each plot. The
heat scale legend is in Figure 1(e).
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Proof Using the dual problem of (5) and Lemma 1 of Tibshirani and Taylor (2012), it can
be shown that g : Rn → Rn with ŷ = g(y) = (g (y), . . . , g (y))T is continuous
and almost
1
n
h

i
differentiable. Thus, Stein’s lemma implies that df(ŷ) = E Tr ∂g(y)
. At the optimum
∂y

Appendix E. Proof Sketch of Proposition 1

of the mean models f (x1 , x2 ) defined
and scaled such that
REach
R 2.5 above
R 2.5 is centered
2.5 R 2.5
1
2
−2.5 −2.5 f (x1 , x2 ) dx1 dx2 = 0 and 25 −2.5 −2.5 f (x1 , x2 ) dx1 dx2 = 2.

1

Scenario 1: f (x1 , x2 ) = sign(x1 ) × 1[0,∞) (x1 × x2 )
Scenario 2: f (x1 , x2 ) = −sign(x1 × x2 )
Scenario 3: f (x1 , x2 ) = −3 × 1[−2.5,−0.83) (x1 ) × 1[−2.5,−1.25) (x2 ) + 1[−2.5,−0.83) (x1 ) ×
1[−1.25,2.5] (x2 )−2×1[−0.83,0.83] (x1 )×1[−2.5,0) (x2 )+2×1[−0.83,0.83] (x1 )×1[0,2.5] (x2 )−1(0.83,2.5] (x1 )×
1[−2.5,1.25) (x2 ) + 3 × 1(0.83,2.5] (x1 ) × 1[1.25,2.5] (x2 )




Scenario 4: f (x1 , x2 ) =  x −2.5 2 10
+  x +2.5 2 10
x −2.5 2
x +2.5 2

indicator function 1A (x) =

The mean models f (x1 , x2 ) used to generate data for Scenarios 1–4 in Section 3 are defined
as follows. Note that x1 and x2 are sampled uniformly from [−2.5, 2.5]. We define the
(
1 if x ∈ A
.
0 otherwise

Appendix D. Details of Simulations in Section 3

∗ and z ∗ in Algorithm 1 indicates that the ADMM algorithm
Inspection of the updates for z1i
2i
∗ and z ∗ , but not necessarily exact equality of the rows and columns
yields sparsity in z1i
2i
of M ∗ . This is in effect a numerical issue: our algorithm might yield z1i = 0, but kMi·∗ −
∗
M(i+1)·
k2 = 1 × 10−8 . To resolve this issue, we first determine the “blocks” of m∗ using
an initial run of Algorithm 1, and then solve (4) once more with constraints on the rows
and columns of M to enforce equality of the appropriate rows and columns. This second
optimization is performed simply to yield an estimate of M for which elements are exactly
equal within each block.

C.4 Modification to Provide Sparsity

where δ, τ incr , τ decr > 1. We choose δ = 10 and τ incr = τ decr = 2. Updating ρ keeps the
norms of the residuals r (k) and s(k) within a factor of δ of one another. While convergence
of ADMM has only been proven for fixed ρ, varying ρ has been shown to work well in
practice (Boyd et al., 2011).


(τ incr ρ(k) , u(k) /τ incr ) if kr (k) k2 > δks(k) k2

(ρ(k) /τ decr , τ decr u(k) ) if ks(k) k2 > δkr (k) k2


(ρ(k) , u(k) )
otherwise

be updated in conjunction with the updating of ρ. At the end of each iteration, we apply
the updates

!

+

(ρ(k+1) , u(k+1) ) :=

Note that Step 3 can equivalently be written as u(k) := u(k−1) + Am(k) − z (k) . We provide
details regarding Steps 1 and 2 below.
Details of Step 1

q−1

The optimality condition of (17) for m is

i=1

X

∂Lρ
= −QT (y − Qm) + ρ
RiT (Ri m − z1i + u1i ) + CiT (Ci m − z2i + u2i ) = 0
∂m

1
2λ kx

or equivalently, −QT (y − Qm) + ρAT (Am + u − z) = 0. Therefore the update for Step 1

−1  T

is m(k) := QT Q + ρAT A
Q y + ρAT (z (k−1) − u(k−1) ) .

Details of Step 2
x

The proximal operator proxλf of λf is defined by proxλf (v) = argmin f (x) +

2

2



 .
+

2

The minimization for Step 2 is separable in the z1i and z2i for i = 1, . . . , q − 1. The minimization for z1i is

(k)
z1i

2

λ
(k−1)
ρ Ci m(k) +u2i

(k−1)
u1i


ρ
(k−1)
:= argmin λ kz1i k +
Ri m(k) − z1i + u1i
2
2
z1i


(k−1)
= prox λ
Ri m(k) + u1i
k·k
2
ρ



λ
(k−1) 
= Ri m(k) + u1i
1−
ρ
+
Ri m(k)



(k)
(k−1)
Similarly, the update for z2i is z2i := Ci m(k) + u2i
1−
C.2 Stopping Criterion

We use the stopping criterion for Algorithm 1 suggested in Boyd et al. (2011), stopping
when the primal residual r (k) = Am(k) − z (k) and dual residual s(k) = ρAT z (k−1) − z (k)
are sufficiently small. Specifically, we check if
p
2q(q − 1)abs +rel max{kAm(k) k2 , kz (k) k2 } and ks(k) k2 ≤ qabs +rel kρAT u(k) k2
kr (k) k2 ≤

with abs , rel > 0. We use abs = 10−4 and rel = 10−2 in order to obtain the results
presented in Sections 3 and 6.

C.3 Varying Penalty Parameter
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We can vary ρ from iteration to iteration in order to achieve better convergence and reduce
the dependence of performance on the initially chosen ρ. We adopt the scheme for varying
ρ that is reviewed in Boyd et al. (2011). Since we use the scaled dual variable, u must also
23

Ai m∗
kAi m∗ k2

i=1

if kAi m∗ k2 6= 0

q−1
X
[RiT S1 (Ri , m∗ ) + CiT S1 (Ci , m∗ )] + γm∗ ,

(18)

(19)

i:Ai ∈C
/

X AT Ai P m∗
i
+ γm∗ .
kAi m∗ k2
(20)

i:Ai ∈C
/

X AT Ai P m∗
i
+ γm∗ .
kAi m∗ k2
(21)


∂m∗
,
∂y

i:Ai ∈C
/

25

∂m∗
∂y

(22)
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Recall ŷ = Qm∗ , so solving (22) for

∗

S2 (Ai , m )P + γI 

∗
∗T AT A
AT
i
i Ai m m
i
.
kAi m∗ k32

i:Ai ∈C
/

X


−1
X
∂ ŷ
∗
= Q D + λP
S2 (Ai , m )P + γI  P QT ,
∂y

where S2 (Ai , m∗ ) = kAiim∗ik2 −
and left-multiplying by Q gives

AT A

T

P Q = D + λP



We conjecture that there is a neighborhood around almost every y such that the blocks
of m∗ do not change. That is, C and P in (21) are constant with respect to y, and the
derivative of (21) with respect to y is

P QT y = Dm∗ + λP



We let D = diag h(m∗1 ), · · · , h(m∗q2 ) , where h(m∗i ) is defined to be the ratio of the number
of observations in the block of M ∗ that contains m∗i to the number of elements of M ∗ in the
block of M ∗ that contains m∗i . Note that P QT QP = DP . Thus P QT QP m∗ = Dm∗ ,
and (20) is equivalent to

P QT (y − QP m∗ ) = λP

since P ATi S1 (Ai , m∗ ) = 0 if Ai ∈ C (i.e., kAi m∗ k2 = 0). Because P m∗ = m∗ , (19) can
be rewritten as

i:Ai ∈C
/

X AT Ai m∗
i
P QT (y − Qm∗ ) = λP
+ γP m∗ ,
kAi m∗ k2

.
∈ {g : kgk2 ≤ 1} if kAi m∗ k2 = 0
∗
We define C = {Ai : kAi m k2 = 0} where A1 = R1 , A2 = R2 , . . . , Aq−1 = Rq−1 , Aq =
C1 , Aq+1 = C2 , . . . , A2q−2 = Cq−1 . We define A∗ to be the submatrix of A with the rows
corresponding to Ai ∈
/ C removed, and let P = Iq2 − A+
∗ A∗ , the projection onto the space
orthogonal to the row space of A∗ . We left-multiply (18) by P to give

where S1 (Ai , m∗ ) =

(

QT (y − Qm∗ ) = λ

of (5), we have

Convex Regression with Interpretable Sharp Partitions


i:Ai ∈C
/

X

P QT  .



(vi 1Tq )(ci 1q )(ci 1Tq )Ai
P ATi Ai
−
kAi m∗ k2
c2i qkAi m∗ k2

P ATi Ai
P ATi Ai m∗ m∗T ATi Ai
−
kAi m∗ k2
kAi m∗ k32

i=1

2

Dii

q
X
(P QT Q)ii

=

i:m∗i observed

X

Ni n0i
=
Ni0 Ni

i:m∗i observed

X

n0i
,
Ni0
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which equals the total number of blocks of M ∗ since the n0i ’s for a block sum to Ni0 .

Tr[D −1 P QT Q] =

Therefore, the estimator (6) with γ = 0 simplifies to Tr[QD −1 P QT ] = Tr[D −1 P QT Q].
Recall that D is a diagonal matrix with Dii = h(m∗i ) = Ni0 /Ni , where Ni0 and Ni are
the number of observations and the number of elements, respectively, in the block of M ∗
containing m∗i . Note that (P QT Q)ii equals n0i /Ni , where n0i is the number of observations
corresponding to m∗i . Thus

=

vi 1Tq Ai
P ATi Ai
−
kAi m∗ k2 kAi m∗ k2
P ATi Ai
P ATi Ai
=
−
kAi m∗ k2 kAi m∗ k2
= 0.

=

P S2 (Ai , m∗ ) =

Proof This corollary pertains to the setting in which either all rows of M ∗ are equal (i.e.,
Ri ∈ C for all i) or all columns of M ∗ are equal (i.e., Ci ∈ C for all i). In this setting,
we will show P S2 (Ai , m∗ ) = 0 for any Ai ∈
/ C using two facts: (1) Ai m∗ = ci 1q for some
2
ci ∈ R and (2) P ATi = vi 1Tq for some vi ∈ Rq . These facts follow from the assumption
∗
that either all rows or all columns of M are equal. Consider some Ai ∈
/ C. We have

Appendix F. Proof of Corollary 2

−1

S2 (Ai , m∗ )P + γI 

This establishes the unbiasedness of the estimator (6).



E Tr Q D + λP




P
P
∗
∗
where D + λP i:Ai ∈C
/ S2 (Ai , m )P + γI is invertible as both D and λP
i:Ai ∈C
/ S2 (Ai , m )P
are positive semi-definite. Therefore, the degrees of freedom is
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Appendix G. Proof of Lemma 3



y−
(23)

i=1


  X
q−1
 T

1 T
Ri d1i + CiT d2i ,
1 y 1q =
n n

(24)


Proof If m∗ = n1 1nT y 1q2 solves (3), then there exist q-vectors d1i , d2i with kd1i k2 ≤ λ
and kd2i k2 ≤ λ such that
QT

 
1 T
1 y 1q = AT d.
n n

QT



y−



T · · · dT
T
T
T
since Q1q2 = 1q . Let d = (d11
1(q−1) d21 . . . d2(q−1) ) . Then (23) can be rewritten
as

1≤i≤q−1

1 T
n 1n y



subject to QT

y−

∗ k , kd∗ k } .
1q2 if and only if λ ≥ max1≤i≤q−1 {kd1i
2
2i 2

max {kd1i k2 , kd2i k2 }


Note that m∗ = n1 1nT y 1q2 for a certain λ if and only if (24) is satisfied for some d for
which kd1i k2 ≤ λ, kd2i k2 ≤ λ for i = 1, . . . , q − 1. We find the d∗ corresponding to the
minimum λ for which m∗ = n1 1nT y 1q2 by solving the convex optimization problem


 
1 T
1 y 1q = AT d.
n n
d

minimize

Thus m∗ =

Appendix H. Simulations Illustrating Performance of (3) with λ = 0 and
Variable q
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We illustrate how (3) with λ = 0 over a range of q values performs compared to CRISP
for a variety of scenarios. We generate data with n = 100 by independently sampling each
element of x1 and x2 from a Unif[−2.5, 2.5] distribution, and then taking y = f (x1 , x2 ) + ,
where  ∼ MVN(0, In ). The four mean models f (x1 , x2 ) we consider are shown in Figure 12.
Note that these are the same mean models we consider extensively in Section 3.
For each mean model, we generate 1000 replicates of data and estimate the mean model
using (3) with λ = 0 and various q. We plot the MSE, squared bias, and variance of the
mean model estimate as a function of q in Figure 12. In Scenarios 1 and 2, q = 2 has
the best performance, which is unsurprising given the mean model structure. Using q = 2,
there will be four bins whose boundaries roughly coincide with the true boundaries of the
mean model. As q increases, the bias increases in an oscillating fashion where even values
of q give better performance than odd ones. This is because odd values of q will not tend
to have bins with boundaries that coincide with the true boundaries the mean model. As q
increases, most of the q 2 bins will not have observations in them, and their estimates will
be the mean of y. Thus the variance decreases as many bins take on the same value, but
the squared bias continues to increase. In Scenarios 3 and 4, the minimum MSE occurs at
q = 4, not q = 2 as in Scenarios 1 and 2. This is because the mean models in Scenarios 3
and 4 are more complex and not well-estimated using only 2 × 2 grid of bins.
We also consider the performance for an additional mean model, shown in Figure 13(a).
The same simulation set-up was used as for Scenarios 1–4 above. Though the blocks of the
true mean model perfectly align with a grid that has q = 3, there are only 4 distinct blocks.
27
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Figure 12: The top row of figures shows the mean models f (x1 , x2 ) used to generate data
in each of the four scenarios in Appendix H. The bottom row of figures shows
the performance of the method of (3) with λ = 0 as a function of q in terms of
MSE ( ), squared bias ( ), and variance ( ). The MSE for CRISP with
q = n and optimal λ is shown (
) for comparison.
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In the last decade, the study of problems which contain a small number of labelled examples
and a large number of unlabelled examples at the same time have received special attention.
Currently, there are two main areas that research the learning of models from labelled
and unlabelled data, namely Semi-Supervised Learning and Active Learning (AL). AL is

1. Introduction

Keywords: active learning, framework, java language, object-oriented design

Active Learning has become an important area of research owing to the increasing
number of real-world problems which contain labelled and unlabelled examples at the same
time. JCLAL is a Java Class Library for Active Learning which has an architecture that
follows strong principles of object-oriented design. It is easy to use, and it allows the
developers to adapt, modify and extend the framework according to their needs. The
library offers a variety of active learning methods that have been proposed in the literature.
The software is available under the GPL license.
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• Elegant. The use of the XML file format provides a common ground for tools development and to integrate the framework with other systems.

• Portable. The library has been coded in the Java programming language. This ensures
its portability between all platforms that implement a Java Virtual Machine.

• User friendly. The library has several mechanisms that offer a user friendly programming interface. It allows users to execute an experiment through an XML configuration file.

• Generic. Through a flexible class structure, the library provides the possibility of
including new AL methods, as well as the ability to adapt, modify or extend the
framework according to developer’s needs.

JCLAL is inspired by the architecture of JCLEC (Ventura et al., 2007; Cano et al., 2014)
which is a framework for evolutionary computation. JCLAL provides a high-level software
environment to perform any kind of AL method. It has an architecture that follows strong
principles of object-oriented programming, where it is common and easy to reuse code. The
main features of the library are the following:

2. The JCLAL Framework

concerned with learning accurate classifiers by choosing which instances will be labelled,
reducing the labelling effort and the cost of training an accurate model (Settles, 2012).
Currently, there are several software tools which assist the experimentation process and
development of new algorithms in the data mining and machine learning areas, such as
Rapid Miner, WEKA, Scikit-learn, Orange and KEEL. However, these tools are focused to
Supervised and Unsupervised Learning problems.
Some libraries and independent code that implement AL methods can be found on the
Internet, such as Vowpal Wabbit, DUALIST, Active-Learning-Scala, TexNLP and LibAct.
The Active-Learning-Scala and LibAct libraries are mainly focused to AL, they implement
several AL strategies that have been proposed in the literature. On the other hand, Vowpal
Wabbit, DUALIST and TexNLP have been designed for a different purpose, but they also
include some AL methods.
To date, and in our opinion, there has been insufficient effort towards the creation of
a computational tool mainly focused to AL. In our view, a good computational tool is not
only a tool which includes the most relevant AL strategies, but also one that is extensible,
user-friendly, interoperable, portable, etc.
The above situation motivated the development of the JCLAL framework. JCLAL is an
open source software for researchers and end-users to develop AL methods. It includes the
most relevant strategies that have been proposed in single-label and multi-label learning
paradigms. It provides the necessary interfaces, classes and methods to develop any AL
method.
This paper is arranged as follows: Section 2 provides a general description of the JCLAL
framework. The Section 3 presents an example for using the software. Finally, the documentation and the requirements of this software are outlined in Section 4.
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JCLAL: A JAVA FRAMEWORK FOR ACTIVE LEARNING

• Open Source. The source code is free and available under the GNU General Public
License (GPL). It is hosted at SourceForge, GitHub, OSSRH repository provided by
Sonatype, and Maven Central Repository.
JCLAL aims to bring the benefits of machine learning open source software (Sönnenburg
et al., 2007) to people working in the area of AL. The library offers several state-of-theart AL strategies for single-label and multi-label learning paradigms. It uses the WEKA
(Hall et al., 2009) and MULAN (Tsoumakas et al., 2011) libraries. WEKA is one of the
most popular libraries which has several resources on supervised learning algorithms. On the
other hand, MULAN is a Java library which includes several multi-label learning algorithms.
For future versions, we hope to provide AL strategies related with multi-instance and multilabel-multi-instance learning paradigms.
Currently, the library provides the following single-label AL strategies: Entropy Sampling, Least Confident and Margin Sampling which belong to the Uncertainty Sampling
category. Together with the Vote Entropy and Kullback Leibler Divergence strategies which
belong to the Query By Committee category. In the Expected Error Reduction category,
the Expected 0/1-loss and Expected Log-Loss strategies are included. One AL strategy
belongs to the Variance Reduction family. The Information Density framework is also
provided. More information about all of these single-label strategies can be found in (Settles, 2012). On the other hand, the following multi-label AL strategies are provided: Binary
Minimum (Brinker, 2006), Max Loss (Li et al., 2004), Mean Max Loss (Li et al., 2004), Maximal Loss Reduction with Maximal Confidence (Yang et al., 2009), Confidence-MinimunNonWeighted (Esuli and Sebastiani, 2009), Confidence-Average-NonWeighted (Esuli and
Sebastiani, 2009), Max-Margin Prediction Uncertainty (Li and Guo, 2013) and Label Cardinality Inconsistency (Li and Guo, 2013).
The Stream-Based Selective Sampling and Pool-Based Sampling scenarios are supported. JCLAL provides the interfaces and abstract classes for implementing batch-mode
AL methods and other types of oracle. Furthermore, the library has a simple manner of
defining new stopping criteria which may change according to the problem. The library contains a structure which allows a set of listeners to simply define the events of an algorithm.
The AL methods can be tested using the following evaluation methods: Hold-Out, k-fold
cross validation, 5X2 cross validation and Leave-One Out. A method for actual deployment
is also provided.
The library contains a set of utilities, e.g. algorithms for random number generation,
sort algorithms, sampling methods and methods to compute, for example, AUC. A plug-in
which permits the integration of the library with WEKA’s explorer is also provided.

3. Using JCLAL

JMLR 17(95):1-5

The library allows the users to execute an experiment through an XML configuration file
as well as directly from Java code. A configuration file comprises a series of parameters
required to run an algorithm. Below, an example of a configuration file is shown, which we
call MarginSampling.cfg.
In this example, a 10-fold cross validation evaluation method is used on the data set
ecoli located in the folder datasets. For each fold, 5% of the training set is selected to
3
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construct the labelled set and the rest of the instances form the unlabelled set. A pool-based
sampling scenario with the Margin Sampling strategy is used. The Naive Bayes algorithm
is used as a base classifier.

<experiment>
<process evaluation-method-type="net.sf.jclal.evaluation.method.kFoldCrossValidation">
<rand-gen-factory seed="9871234" type="net.sf.jclal.util.random.RanecuFactory"/>
<file-dataset>datasets/ecoli.arff</file-dataset>
<stratify>true</stratify>
<num-folds>10</num-folds>
<sampling-method type="net.sf.jclal.sampling.unsupervised.Resample">
<percentage-to-select>5.0</percentage-to-select>
</sampling-method>
<algorithm type="net.sf.jclal.activelearning.algorithm.ClassicalALAlgorithm">
<stop-criterion type="net.sf.jclal.activelearning.stopcriteria.MaxIteration">
<max-iteration>50</max-iteration>
</stop-criterion>
<stop-criterion type="net.sf.jclal.activelearning.stopcriteria.UnlabeledSetEmpty"/>
<listener type="net.sf.jclal.listener.ClassicalReporterListener">
<report-title>Margin-Sampling</report-title>
<report-frequency>1</report-frequency>
<report-directory>reports/ecoli</report-directory>
<report-on-file>true</report-on-file>
</listener>
<scenario type="net.sf.jclal.activelearning.scenario.PoolBasedSamplingScenario">
<batch-mode type="net.sf.jclal.activelearning.batchmode.QBestBatchMode">
<batch-size>1</batch-size>
</batch-mode>
<oracle type="net.sf.jclal.activelearning.oracle.SimulatedOracle"/>
<query-strategy type="net.sf.jclal.activelearning.singlelabel.querystrategy.
MarginSamplingQueryStrategy">
<wrapper-classifier type="net.sf.jclal.classifier.WekaClassifier">
<classifier type="weka.classifiers.bayes.NaiveBayes"/>
</wrapper-classifier>
</query-strategy>
</scenario>
</algorithm>
</process>
</experiment>

java -jar jclal-1.0.jar -cfg "examples/MarginSampling.cfg"

There are several ways to execute an experiment. One way is using the JAR file. For
running the experiment just type:

After the experiment is run, a summary report which comprises information about the
induced classifier and several performance measures is created.

4. Documentation, Requirements and Availability

JMLR 17(95):1-5

The library is available under the GNU GPL license. A user manual and developer documentation which describes the software packages, examples, information to include new
methods, API reference and running tests, is provided.
The software requires Java 1.7, Apache commons logging 1.1, Apache commons collections 3.2, Apache commons configuration 1.5, Apache commons lang 2.4, JFreeChart 1.0,
WEKA 3.7, MULAN 1.4 and JUnit 4.10 (for running tests). There is also a mailing list
and a discussion forum for requesting support on using or extending the framework.
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We will aim to learn the dynamics (and observation model) of a factored Partially
Observed Markov Decision Process (POMDP) with partial but noiseless observations. Pre-

Exploration often captures the essence of the kind of “needle in a haystack” search
task that is necessarily slow: Even exploring environments described by very simple rules
can force algorithms to suffer a complexity that is linear in the number of environment
states, such as “combination lock” environments (Kakade, 2003, Section 8.6). And yet,
the formulation of, for example, the standard reinforcement learning task combines the
exploration task with the tasks of learning and planning, denying the possibility of any
analysis establishing reasonable bounds on the time or number of samples required for most
standard environment classes. By shifting our attention to settings where exploration is
either solved for us or guaranteed to be possible, we will be able to obtain algorithms of
polynomial complexity in the number of attributes describing the states, as opposed to the
number of actual states (which is of course exponentially larger). This complexity bound
is similar to what is achieved by the relaxation of Kakade and Langford (2002) for fully
observed environments with a value function (as opposed to goal satisfaction), but using a
different assumption.

Naturally, the task of developing algorithms to address the hard instances of intractable
problems is inherently hopeless; as both learning and planning feature many hard instances,
we can only hope to guarantee good performance by carefully formulating the theoretical
problem to avoid these hopeless instances. Indeed, perhaps the main contribution of this
work is the formulation of the integrated learning and planning problem that “factors out”
the difficult task of exploring the environment: We avoid the exploration problem by assuming that an exploration policy has been fixed, and only seeking to plan using actions this
reference policy explores with non-negligible probability. Naturally, we will also restrict the
policies we consider—this is the analogue of the usual restrictions on the representations
we consider in standard machine learning problems. For the concrete families of policies we
consider, then, the polynomial-time algorithms we present for learning and planning thus
establish that the only inherent difficulty in the task is exploring the environment.

1.1 Formulation of the Integrated Learning and Planning Problem

may be intractable even when the overall problem has efficient algorithms: Khardon and
Roth (1997) famously presented an efficient algorithm for an NP-hard reasoning task over
a learned DNF representation, for example. And, both learning models of interactive environments and planning in them directly is indeed usually infeasible if, e.g., one is learning
a model that can express DFAs (Kearns and Valiant, 1994), or one is attempting to plan
in a model that captures propositional STRIPS domains with a bounded time horizon (Bylander, 1994; Erol et al., 1995). Although it is feasible to learn and plan in environments
that are generated by extremely simple models, the problem becomes much harder when
we are trying to utilize incomplete state information, when simple models do not perfectly
capture the environment’s dynamics, and when the state space is large—indeed, any one of
these alone poses a challenge that current work seeks to address, but for most interesting
applications, we must confront all three. In this work, we propose an approach to formulating plans using integrated learning and reasoning that provably simultaneously addresses
all three challenges.
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A central problem in artificial intelligence, first considered by McCarthy (1959) concerns
how to enable a machine to autonomously operate in an environment. The dominant
approach to this problem has been to first build a model of the environment, and then use
the model representation to generate plans. While these models were originally built by
hand, modern advances across AI have been powered by the substitution of learning for
hand-crafted knowledge representations, and we will likewise here consider the problem of
learning an environment in order to support planning.
Although such separation of concerns is generally considered good engineering practice,
such a decomposition of the problem mediated by an explicit intermediate representation

1. Introduction

We formulate a new variant of the problem of planning in an unknown environment, for
which we can provide algorithms with reasonable theoretical guarantees in spite of large
state spaces and time horizons, partial observability, and complex dynamics. In this variant, an agent is given a collection of example traces produced by a reference policy, which
may, for example, capture the agent’s past behavior. The agent is (only) asked to find
policies that are supported by regularities in the dynamics that are observable on these example traces. We describe an efficient algorithm that uses such “common sense” knowledge
reflected in the example traces to construct decision tree policies for goal-oriented factored
POMDPs. More precisely, our algorithm (provably) succeeds at finding a policy for a given
input goal when (1) there is a CNF that is almost always observed satisfied on the traces
of the POMDP, capturing a sufficient approximation of its dynamics and (2) for a decision
tree policy of bounded complexity, there exist small-space resolution proofs that the goal
is achieved on each branch using the aforementioned CNF capturing the “common sense
rules.” Such a CNF always exists for noisy STRIPS domains, for example. Our results thus
essentially establish that the possession of a suitable exploration policy for collecting the
necessary examples is the fundamental obstacle to learning to act in such environments.
Keywords: Partially Observed Markov Decision Process, Decision Tree Policies, PACSemantics, Noisy STRIPS, Non-monontonic Reasoning
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cisely, the state space we consider will be described by vectors of n Boolean attributes
(“fluents” in the planning literature), and the agent’s observations will be of the settings
of a subset of these attributes. In our model, the agent may have access to some arbitrary
background knowledge about the environment’s dynamics. This knowledge is given to the
agent as a collection of Boolean formulas over the state attributes that are assumed to be
simultaneously true (with probability close to 1) on sequences of states generated by the
environment. The agent also has access to a collection of observation histories that have
been generated by the (arbitrary) exploration policy. The agent is then provided with a
goal, represented by another Boolean formula over the attributes of the environment’s state.
The agent wishes to choose actions that guide the environment to a state satisfying this
goal formula. We wish to use the background knowledge and example histories generated
by the reference exploration policy to inform these choices of actions in the POMDP in
order to achieve this new goal. That is, we are only seeking to learn the dynamics of the
POMDP from this background knowledge and these example histories to the extent that it
enables the agent to reach a goal state.
A naı̈ve approach might directly estimate the dynamics of (“belief”) distributions over
n
the 2n states produced by the model, but notice that the dynamics can require 2Ω(2 ) bits
to represent. We note that unlike the full-information task, the history of past observations
may provide additional information about the current state of a POMDP, and hence it
is important to be able to construct a stateful policy. Following the spirit of McCarthy’s
approach, we propose to focus on cases where based on “common sense knowledge” that
can be learned from the exploration policy’s observations of the POMDP, there exists a
proof that a given goal is satisfied on the actual, underlying trajectory generated by the
policy and the POMDP.
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Technically, the proofs serve to provide evaluations of the agent’s performance under
partial information: our “reward function” is given as an input formula that may refer
to the unobserved portions of the state, separate from the domain examples. In order
to determine that the reward function is satisfied when some information is missing, it
is inherently necessary that we establish that none of the missing values could prevent
the satisfaction of the goal—each setting of the missing data is either inconsistent with
some background knowledge we have, or the goal condition is satisfied on it anyway. In
particular, we do not assume that we have any model for the distribution for the missing
values; these values are missing from the very data we use for learning. Addressing all of
the possible values of such missing information is the essence of theorem-proving, and the
existence of a simple proof gives us a potential means to efficiently consider all of these
possible values for the missing data. In particular, we will assume that the goal is given
as a DNF formula, and we will use treelike resolution proofs of bounded Strahler numbers
(aka pebble number or clause space, cf. Section 2.2.1). This is a class of proofs that, even
for Strahler number two, captures the kind of reasoning needed to verify the correctness
of STRIPS plans, for example. Moreover, the reasoning problem for any constant Strahler
number can furthermore be solved in polynomial time with the exponent depending on the
Strahler number, cf. Kullmann (1999).
3

1.2 Techniques and Results

Juba

We propose here to use algorithms for reasoning over such common sense knowledge learned
from partial information, as described by Juba (2013) for most known tractable proof systems, to encapsulate the learning of the POMDP’s dynamics in planning. Indeed, we
reduce the planning problem to answering such queries, establishing that such solutions
to the integrated learning and reasoning problem are sufficient to solve our POMDP planning problem. This is analogous to Kautz and Selman’s SATPLAN (Kautz and Selman,
1992), but for stochastic domains, with richer policy representations, and with the domain
encoding learned from the partially observed traces; this learning is provided by the aforementioned algorithm from prior work by Juba, that stands in for the SAT-solver in this
analogy.

Specifically, we will leverage the integrated learning and reasoning algorithm to find decision tree policies of bounded Strahler number for achieving the given goal in the POMDP
(when they exist). A restriction to the space of decision tree policies was first considered for
MDPs by Chapman and Kaelbling (1991) and essentially for POMDPs in the work of McCallum (1995, 1996); decision list policies (an example of bounded Strahler number decision
tree policies) were considered by Khardon (1999). The restriction of the space of policies to
more general bounded Strahler number trees is also natural: it encompasses bounded-fault
tolerant policies (Jensen et al., 2004), for example. Such policy-space restrictions serve two
relatively well-understood purposes: as with restrictions on the class of representations in
learning theory, a restriction on the space of policies enables us to statistically distinguish
good policies from bad policies (Kearns et al., 2002), and moreover enables us to design
algorithms to find policies efficiently (e.g., as in the reduction of Mansour, 1999).

Our reduction adapts the algorithm of Ehrenfeucht and Haussler (1989) for supervised
learning of decision tree classifiers of bounded Strahler number to search for policies. (Just
like Ehrenfeucht and Haussler (1989), we can also search through all decision trees of a given
size in quasipolynomial time, i.e., time 2poly log n .) This algorithm proceeds by recursively
building a tree below a candidate branch, using the ability to test when a branch is consistent
with the input examples, terminating successfully when such a consistent branch is found.
The key insight of Ehrenfeucht and Haussler was that a Strahler-number restriction enables
the algorithm to control the amount of branching performed during this recursive search,
by allowing us to search over the smaller (lower Strahler-number) subtrees first.
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In our setting, deciding whether or not a branch is “consistent” means deciding whether
or not the goal is achieved on the (example) traces that are consistent with the tests and
actions selected on the branch. Such a test is thus naturally accomplished by a query to
the integrated learning and reasoning algorithm of Juba (2013). The decision tree search
algorithm also must be extended to search over actions, as opposed to just branches on
settings of the observed attributes, which are all that the original decision trees use. We
control this search indirectly, by partitioning the set of example traces according to the
mutually exclusive choice of next action, and only passing the corresponding subset of the
examples to the recursive call; the amount of work performed by the algorithm can be shown
to be linear in the number of examples, so it is easy to bound the total work performed by
these branches. We give an analysis of the overall algorithm showing in particular that only
polynomially many traces are needed to learn the POMDP well enough to find policies.

4
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For any fixed sequence of actions a(1) , a(2) , . . . from A, the distributions {D(a,s) }(a,s)∈A×S
give rise to a (non-stationary) Markov process on S: given an initial state s(1) , s(2) is drawn
from D(a(1) ,s(1) ) , and generally thereafter, s(i+1) is drawn from D(a(i) ,s(i) ) . For a sequence
of states so generated, the distributions {Ds }s∈S now give rise to the POMDP distribution
over observations: the ith observation o(i) is drawn from Ds(i) . We normally think of the
agent choosing a(i) on the basis of the history of interaction with the environment somehow,

Definition 3 (Masking process) A mask is a function m : {0, 1}n → {0, 1, ∗}n , with the
property that for any s ∈ {0, 1}n , m(s) is consistent with s. A masking process M is a
mask-valued random variable (i.e., a random function).

The observations will consist of partial states produced by a fixed masking process
applied to the current state of the POMDP (Michael, 2010):

Notice, which attributes are hidden can depend arbitrarily on the underlying state. Masking
leads to a kind of perceptual aliasing if the distinguishing attributes in two distinct states
are masked; indeed, there may even be propositional variables that the masking process
never reveals, that have an arbitrary effect on the dynamics (as they correspond to distinct
states). In such a case, we cannot learn about the relationship of these missing variables to
the larger dynamics of the POMDP using the observations alone. We may have background
knowledge that mentions these variables though, thereby permitting us to reason about
their contents. We shall discuss this further shortly.

Definition 1 (POMDP) A Partially Observed Markov Decision Process (POMDP) is
given by collections of distributions on a state space S and an observation space O as
follows: there is an action set A such that for each action a ∈ A and s ∈ S, there is a
distribution D(a,s) over S, and for each s ∈ S there is a distribution Ds over O.

Informally, a POMDP is a state-based model of an environment for an agent that evolves
probabilistically and only provides the agent with partial information about its states.

2.1 Factored POMDPs

Before stating the problem we address, we must describe the relevant models of environments, approximate reasoning, policies, and typical experiences.

Definition 2 (Partial states) A partial state ρ is an element of {0, 1, ∗}n . We say that
a partial state ρ is consistent with a state s ∈ {0, 1}n if whenever ρi 6= ∗, ρi = si .

i.e., with knowledge of o(1) , . . . , o(i) and a(1) , . . . , a(i−1) . We refer to the agent’s strategy for
choosing such actions as a policy. One normally also fixes some kind of a reward (or loss)
function over the states S to quantify how “good” or “bad” an agent’s policy for acting in
the environment is (we will elaborate on this shortly). For a fixed policy, a sample from the
joint distribution over the actions and observations generated by the interaction between
the POMDP and the policy is called a trace or history; a sample from the distribution over
the actual underlying states, actions, and observations is a trajectory. Naturally, a history
can be obtained from a trajectory by dropping the actual states.
We will not use the most general definition of a POMDP; we will instead use the following natural special case featuring most of the key features of a POMDP. We will assume
that the state space is factored, that is, described by n propositional variables (“fluents,” in
the usual language of planning), taking S = {0, 1}n (we will continue to denote the indices
of these propositional variables in S by subscripts, hence our use of superscripts to denote
the sequence of states). We choose to use propositional representations because they are
sufficient to capture the only cases of first-order representations (to our knowledge) that
have tractable learning and inference algorithms—note that Haussler (1989) shows that
fitting first-order expressions even in very simple domains is intractable. By contrast, following Valiant (2000a) for example, we could consider relational representations of small
arity and a polynomial size universe of objects, and take the atomic formulas obtained by
various bindings of our relations over these objects as our propositional variables. But,
as the propositional case is surely simpler and suffices for the current work, we will not
consider first-order representations further. Thus, in particular, we will fix a (possibly polynomially related to n) horizon bound T , and for each tth step (of a candidate plan) and ith
(t)
component of the state of the POMDP, we will have a separate propositional variable si .
The observations will then have the form of state vectors with some of their entries
masked. More precisely:

This in turn crucially exploits the problem formulation: we only promise to find policies
using actions that the reference exploration policy is likely to consider.
As promised, we note that this system finds plans even when the domain’s dynamics
are only partially, approximately captured by a small CNF formula (and hence, by the
premises in a small resolution proof). For example, logical encodings of planning problems
typically use “frame axioms” that assert that nothing changes unless it is the effect of an
action. In a real world setting, these axioms are not strictly true, but such rules still provide
a useful approximation. It is therefore crucial that we can learn to utilize such imperfect
logical encodings. We will more generally be able to learn to plan in noisy versions of
STRIPS instances (Fikes and Nilsson, 1971) (a standard test domain of interest) which are
approximated well but imperfectly by their noiseless versions. Also, as a consequence of our
adoption of PAC-Semantics (Valiant, 2000a) for our logic, we will also be able to soundly
incorporate explicitly specified background knowledge into our algorithms, even when this
knowledge may likewise only hold in an approximate sense.
In order to support some more interesting cases of planning under partial information,
we also extend the PAC-Semantics slightly to non-monotonic logics using the Well-Founded
Semantics (van Gelder et al., 1991) for negation-as-failure. The Well-Founded Semantics for
propositional logics is a relatively clean semantics that features polynomial-time reasoning,
and allows us to formulate, for example, “generic” frame axioms as explicit background
knowledge; that is, frame axioms that do not depend on the unknown dynamics of the
environment. These explicit frame axioms in turn allow the agent to reason about attributes
of the environment that are unobserved in the traces collected by the exploration policy. The
agent can then, for example, plan to achieve goals that refer to portions of the environment
that cannot be simultaneously observed.

2. Preliminaries

Juba
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In contrast to the most typical set-up, our reward function is not fixed with the POMDP,
and in particular its value may not be determined by the partially observed example traces.
It will be specified to the algorithm by a goal predicate G given by a DNF over the propositional state variables. Along these lines, an agent’s policy is considered good if it manages
to (quickly) reach a state in which G is satisfied (as opposed to demanding a policy that
maintains a high average reward over time).

Integrated Common Sense Learning and Planning

Juba

Noise. This model assumes that there is no noise in the observations themselves. Although as given this does not accurately reflect robotics problems (for example), it is a reasonable model for agents that interact with computer systems, for example a web-crawling
agent.1 In such applications, only a portion of the environment’s state, such as a single
web-page, single directory, etc. is visible at a time, but perception of this state is not at
issue; the actions available to the agent then would correspond to the interface elements
(e.g., links, buttons, etc.). In any case, it happens that noise in the observations will only
affect our approach by possibly leading us to evaluate the goal predicate incorrectly, and
therefore leading the policy to terminate prematurely. Otherwise there is not much difference between noise (stochasticity) in the dynamics—which we do consider, cf. Section 2.3.2
for an illustration—and noise in the observations.
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As we noted earlier, the special case of a factored POMDP that we consider here is naturally
captured by a propositional logic in which there is a propositional variable for each ith fluent
of the POMDP on each tth step of the trajectory. In this way, we can use propositional
logic to reason about the actual, underlying state that the POMDP could be in on each
step, and thus cope with our missing observations. In general, we will have a collection
of propositional formulas (i.e., formed by the usual Boolean connectives over propositional

2.1.2 Knowledge Representations and STRIPS Domains

We stress that algorithms that achieve a sample complexity m for learning and planning
in the POMDP under most conventional models can be used as an exploration policy
for producing traces in which the (significant) actions of the plan are 1/poly(m)-typical.
Otherwise, the algorithm would not have an adequate estimate of the quality of the traces
to produce a reliable plan.
Another definition that similarly evaluates policies with respect to some fixed (reset)
distribution was proposed previously by Kakade and Langford (2002) for learning in fully
observed MDPs. The assumption is of course quite different, and their setting attempts to
optimize a value function (with respect to this reset distribution) rather than achieving a
goal. Nevertheless, much like in Kakade and Langford’s work, we will be able to avoid an
exponential dependence on the time horizon or number of attributes in the time and sample
complexity of our algorithm as a result of our definition. A related assumption for POMDPs
was introduced by Bagnell et al. (2004), which assumes that the fixed distribution is close
to that induced by the target policy in statistical distance.

Definition 4 (µ-typical) If Π∗ produces the sequence of actions (α(1) , . . . , α(t) ) with probability at least µ in a POMDP, then we say that the sequence of actions is µ-typical for Π∗
in the POMDP.

We further suppose that the agent’s histories using Π∗ are given together with the probabilities that Π∗ chose its actions on each step in the history. These probabilities, although
a somewhat nonstandard addition, are usually easy to generate (or at least estimate) while
an algorithm computes a policy, and provide a convenient way to re-use the traces to estimate the quality of alternative policies via importance weighting, an observation due to
Precup et al. (2000, 2001) for POMDPs. (The technique is discussed for full-information
MDPs by Sutton and Barto, 1998, Chapter 5.)
Formally now, we will only hope for the agent to choose a policy consisting of sequences
of actions α(1) , α(2) , . . . , α(t) such that Π∗ takes the sequence of actions from the initial state
of the POMDP with probability at least µ for some µ > 0. For example, if Π∗ is a random
walk policy and the space of possible actions is small, then every short sequence of actions
will be “typical” and we will expect the agent to be able to find any suitable short plan in
such a case. But, Π∗ may also describe some more sophisticated policy for exploring the
relevant portions of the POMDP, or may be simply the time-average of the various policies
used by the agent in the past (in which case such an estimator was considered by Shelton,
2001). We remark that the distribution over the initial states of the POMDP could be taken
to be a “typical state” initial distribution such as the long-run state distribution under Π∗ .
Regardless of the details of this policy, we then reach the following definition of a typical
sequence of actions:

2.1.1 Typical Actions
Our objective is to enable the agent to utilize knowledge that it may learn from its experiences. This means that the agent reasons about knowledge drawn from its particular
experiences, which consist of a fixed collection of traces. We suppose that the agent’s histories are generated by some arbitrary policy Π∗ . In a fixed sample, we can only hope
to evaluate actions that Π∗ takes with probability polynomially related to the size of the
sample, which are then explored reasonably well; conversely, we can also guarantee that
all of the actions that Π∗ takes with some minimum probability µ are well-explored in a
sample of size polynomially related to 1/µ. So, the probability that Π∗ explores a sequence
of actions approximately characterizes the sequences that are well-represented in a sample
of traces of a given size. In particular, since distinct sequences of actions refer to disjoint
events, there are at most 1/µ distinct sequences of actions that are taken with probability
µ. A lower bound on this probability therefore bounds the number of sequences of actions
we have to consider, and so the policy Π∗ does all of the work in “exploring” the POMDP.
Conceptually, the policy Π∗ will serve as a reference point that defines “typical” actions
in the POMDP, and we will only expect the agent to understand the dynamics of the
POMDP so far as it concerns traces that have some non-negligible weight under Π∗ . Such
settings reasonably capture everyday cases where the agent has been taught or has learned
relevant sub-policies, or where the relevant plan is merely very simple. Some such guarantee
seems to be necessary in order to obtain algorithms of reasonable complexity: Kakade (2003,
Section 2.5) shows that even very simple fully-observed environments can be hard to learn,
depending linearly on the number of possible states, which may be exponential in the
number of fluents, or exponentially on the time horizon.
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1. Indeed, the original motivation for considering this model arose from the desire to develop devices and
distributed/networked software that featured “universal” (or at least broad) compatibility (Goldreich
et al., 2012; Juba, 2011).
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STRIPS domains. A class of simple domains that are sufficiently general to provide a
variety of excellent examples of propositional domains were first introduced for the STRIPS
planner of Fikes and Nilsson (1971). In a (propositionalized) STRIPS domain, the actions
are described by lists of literals capturing the action’s preconditions and effects. The intention is that the preconditions must be satisfied at time t in order for the action to be
available to the agent. Once the action is taken, the state of the environment is updated
so that at time t + 1, the literals capturing the effects are all satisfied. All other literals
are unchanged. We will take the convention that if the preconditions of an action are not
satisfied at time t but the agent tries to “take the action at time t,” the action fails—as
opposed to being unassertable, as traditionally required; this will be useful in partial information settings where the agent may not be certain whether or not the preconditions hold.
Finally, the goals are given by a conjunction of literals.
The encoding of the action rules into clauses is then very natural. Supposing the action
α has preconditions p1 , . . . , pr and effects e1 , . . . , es , for each time t, we have for each effect
(t)
(t)
(t)
(t+1)
ei a clause [p1 ∧ · · · ∧ pr ∧ aα ] ⇒ ei
. The convention that the attributes of the state
are only changed by actions is encoded by “frame axioms” like so. For each literal ` over
some state of the environment and each action α1 . . . , αk that has an effect that falsifies `,
(t)
(t)
i.e., has some ei = ¬`, we have a clause [`(t) ∧ ¬aα1 ∧ · · · ∧ ¬aαk ] ⇒ `(t+1) .
Note that our DNF goals generalize the STRIPS-style “conjunctive goals.” Likewise,
although the actions are not necessarily captured by STRIPS actions, and the evolution of
our environment is generally not deterministic (and our approach does not require it to be
so, cf. Section 2.3.2), such examples are helpful to keep in mind as examples of POMDPs
for which the dynamics can be concisely described by a CNF. We stress that in spite of
our focus on STRIPS-like examples, our approach will extend to the kind of environments
that can be expressed by, e.g., grounded PPDDL (Younes and Littman, 2004), provided

that there exists a sufficiently simple policy (for a given goal) that is “fault-tolerant” or
otherwise reasonably reliable overall.

variables) capturing basic knowledge about our encoding of the POMDP, or specific to the
actual POMDP under consideration. The entire collection is referred to as the “background
knowledge” or “knowledge base” (abbreviated as “KB”). We will generally assume that the
formulas in the knowledge base hold simultaneously with probability close to 1 over the
distribution of sequences of states generated by the reference policy and POMDP.
It will be helpful for us to distinguish between the partial state as an observation and
as a state of knowledge. In particular, looking ahead, our decision-tree policies will produce
actions based on the three-valued observation vectors, not the actual state—so for example,
it is meaningful for the policy to branch on whether or not an attribute’s value is observed.
(t)
Supposing we denote our observation in the tth step by o(t) , we will encode [oi = b] for
(t)
(t)
(t)
(t)
(t)
(t)
b ∈ {0, 1, ∗} as variables xi,b ; we will add the clauses xi,0 ∨ xi,1 ∨ xi,∗ and ¬xib ∨ ¬xi,b0 for
all i and b 6= b0 to the background knowledge thus asserting that xi takes exactly one of the
three values.
When reasoning about plans for the POMDP, we will naturally likewise use a propositional representation: for each possible action α and action taken by the agent a(t) , we will
(t)
have a vector of propositional variables aα encoding [a(t) = α]. Naturally, these propositional variables should be mutually exclusive. Typically, we will add a list of clauses to our
background knowledge for every pair of actions α 6= α0 asserting that only one is taken, i.e.,
(t)
(t)
¬aα ∨ ¬aα0 .

(t)

(t)

(t+1)

(t)

(t)
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2. Strictly speaking, conditional effects are not supported by STRIPS, so this is a (standard) extension.

The actual POMDP and validity of the STRIPS-style rules. As we hinted at
above, the deterministic STRIPS-style rules will only approximate the true environment,
which is actually a Markov decision process. In this Markov decision process, we will model
an agent whose actions are not flawlessly performed: suppose that the pick-up actions fail
1% of the time, and that when carrying a ball from one room to another, the agent has a
1% chance of dropping the ball in each of the rooms (for a 2% chance overall of ending up

for b0 6= b. Here xb,r and xr are again the preconditions
r and b, and clauses ¬ab ∨ ¬xb0
for (conditional effects of) the action (they must jointly hold for some room r, or at the end
the agent fails to hold b). Finally, if the agent executes a0 , it simply ceases to hold any balls
(t)
(t+1)
at all, that is, ¬a0 ∨ ¬xb
for all b. Now, we also require frame axioms indicating that
the state does not change unless it is the effect of one of these actions as described above.
Actually, these are elegantly stated using negation-as-failure, as we describe in Section 4,
so we will not list out the classical form of these rules here.

(t)

ar with the precondition xb .2 Now, if the agent is in room r and ball b is also in room r,
then the agent may pick up b with its gripper; when this happens, the agent also drops any
(t)
(t)
(t)
(t+1)
other balls it was holding. This is captured by clauses ¬xb,r ∨ ¬xr ∨ ¬ab ∨ xb
for each

The rules. The state variables and actions are related by the following clauses, and these
are the STRIPS-style rules that will approximate the dynamics of the POMDP. First, if
the agent executes action ar , then the xr is set to 1 and for r0 6= r, xr0 is set to 0, that
(t)
(t+1)
(t)
(t+1)
is for each time index t, we have rules ¬ar ∨ xr
and ¬ar ∨ ¬xr0 . In the usual
(t+1)
(t+1)
language of STRIPS, xr
and ¬xr0
are the effects of ar at t. Furthermore, if the agent
is holding ball b, then xb,r is also set to 1 and xb,r0 is set to 0. These correspond to clauses
(t)
(t)
(t+1)
(t)
(t)
(t+1)
¬xb ∨ ¬ar ∨ xb,r and ¬xb ∨ ¬ar ∨ ¬xb,r0 (for r0 6= r). These are conditional effects of

The states. We can describe the environment (POMDP) with a vector of Boolean attributes as follows: We will index the rooms by r ∈ {1, 2}, and the balls by b ∈ B (for some
other set B). We will let the variables xr indicate whether the agent is in room r, which
are mutually exclusive; the variables xr,b indicate whether ball b is in room r, and for each
fixed b the xr,b are mutually exclusive; and the variables xb indicate whether the agent is
holding ball b, and these are also mutually exclusive. The agent’s actions are ar , meaning
“go to room r”; ab , meaning “pick up ball b”; and a0 , meaning “drop.”

We can illustrate (STRIPS) rules, POMDPs, and their relationship with an example of a
simple domain based on the Gripper problem from the first International Planning Competition (IPC 1998). Informally, the problem captures an environment consisting of two
rooms, which may contain several balls. The agent is a robot that can pick up and put
down the balls and carry then between rooms. The goal is usually to carry all of the balls
to a given room.

2.1.3 An Example

Juba
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in the destination without holding the ball). That is, in states where the pick-up action ab
should have set xb to 1, the agent only enters such a state with probability .99, and enters a
state where xb is (still) 0 instead with probability .01. Likewise, in states where xb is 1, xr is
1, and the agent takes action ar0 , then with probability .98 the agent enters the state where
xb is still 1, xr,b and xr are 0, and xr0 ,b and xr0 are 1; but, with probability .01, xb switches
to 0 (the agent drops the ball upon arrival in room r0 ), and with probability .01, not only
does xb become 0, but moreover xr,b is still 1 and xr0 ,b is still 0 (that is, the ball didn’t
get carried). We could also further envision an environment in which the balls may switch
rooms without our agent’s intervention, because they were moved by some other agent, for
example. We will assume that the other effects (in particular, the room-switching effect
of ar ) occur with probability 1, and thus the corresponding rules are actually “1-valid” in
the language of PAC-Semantics that we will discuss next; the rules for ar described above
turn out to be “.99-valid” except for the frame axiom that asserts that xb should remain 1
(unless a0 or ab0 are executed), which is only “.98-valid.”
In a POMDP, the agent does not observe the complete states of these underlying Markov
decision processes in general. In our case, partial states are generated by the following simple
masking process: when xr is 1 and xr,b is not 1, the variables xr0 ,b for r0 6= r are masked
(always set to ∗ in the partial states appearing in the example traces and the partial states
provided to the agent’s policy when it is executed). Intuitively, this means that the agent
does not “see” the balls in room r0 , but may know that a ball b is in room r and not r0 . In
this simple environment, we will assume that all of the other attributes remain unmasked.
Therefore, all of the rules that do not mention the xr,b variables are always “witnessed true”
(i.e., they always have a satisfied literal—we will define this formally later); it turns out that
the rules that do mention xr,b —namely, the rules capturing the effects of ar and ab —also
each have a satisfied literal and are therefore “witnessed true” with probability .99. Notice,
xr,b (in the effects of ar and ar0 ) is only not “witnessed true” when both ¬xr and ¬xb are
0, and in this case, after ar , xr,b and ¬xr0 ,b are both guaranteed to be witnessed true unless
the ball was dropped in room r0 , which occurs with probability .01. Similarly, in the rules
describing the effect of ab , either ¬xr or ¬xr,b is witnessed true (if the ball is absent), or else
xb is witnessed true unless the action fails, which occurs with probability .01. Since these
STRIPS-style rules are all “witnessed true” with high probability, it will turn out that they
are therefore guaranteed to be learnable in pursuit of policy construction, as we will see.
2.2 PAC-Semantics

JMLR 17(96):1-37

Valiant (2000a) introduced PAC-Semantics in order to capture the property satisfied by the
outputs of PAC-learning algorithms when formulated in a logic. For our purposes, PACSemantics will capture the extent to which a propositional formula holds on trajectories
sampled according to the POMDP and some policy. We remark that Valiant’s original motivation for formulating this semantics for a logic was to provide semantics for the representations created in the neuroidal cognitive model (Valiant, 2000b), and it is further proposed
to capture certain kinds of learned “common sense” knowledge in general (Valiant, 2006).
This roughly means that the agent possesses a large knowledge base without having been
explicitly given most of its contents, as in the sense in which McCarthy (1959) used “common sense” when introducing the problem that we aim to address in this work. But, it also
11
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so happens that this semantics features other hallmarks of “common sense” reasoning as
identified in the AI literature, such as defaults and nonmonotonicity under conditioning, cf.
Valiant (1995, 2000b) and Roth (1995). (We will not dwell on such aspects further in this
work.) We note that systems using learning and logical reasoning based on PAC-Semantics
have been successfully built and, for example, demonstrated to improve the accuracy with
which a missing word in a sentence can be guessed (Michael and Valiant, 2008).
The key definition, capturing the notion of “approximation” in PAC-learning is:

Definition 5 ((1 − )-valid) Given a distribution D, we say that a relation R is (1 − )valid w.r.t. D if Prx∈D [R(x) = 1] ≥ 1 − .

Naturally, our relations will be given by formulas of propositional logic over the literals
describing the observations over the n state attributes and the agent’s actions for each time
step t = 1, . . . , T over a trace of a policy in the POMDP. The distribution D we consider will
generally be the distribution over actual states of the POMDP (and actions of the policy)
given by the interaction between some policy and the POMDP, either the reference policy
or else some (partial) policy under consideration by the algorithm.
Of course, since learning is impossible when all entries of our examples are hidden by
a masking process, we must restrict our attention to settings where it is possible to learn
something about D. We will consider formulas that can be evaluated in the straightforward
way from the partial states with high probability:

Definition 6 (Witnessed and testable CNFs) We say that a CNF ϕ is witnessed to
evaluate to true on a partial state ρ if every clause of ϕ contains a literal ` such that `(ρ) = 1.
If ϕ is witnessed true with probability at least p on partial states from some distribution over
masked states M (D) (usually given by a masking process M on a distribution D), we say
that ϕ is p-testable with respect to M (D).

With respect to the individual clauses of the CNF, it is easy to see that only clauses that
are witnessed to evaluate to true are known to be true in an example, and thus only clauses
that are testable under D can possibly be learned from random examples.3
As we will only be able to learn the rules governing the POMDP’s dynamics when they
are witnessed true with high probability, it is important to note when rules are witnessed.
In particular, consider the clause encoding a STRIPS action rule. In our model, the literals
capturing the action are always observed. Thus, the rule is witnessed if either the effect
of the action is observed or if some unsatisfied precondition is observed when the action
fails. Likewise, a frame axiom expressing that the setting of a fluent ` persists at time t is
witnessed when either an action is taken that changes the fluent `, `(t−1) is observed to be
false, or when `(t) is observed to be true.
2.2.1 Reasoning

We introduced the notions of propositional knowledge representations and PAC-Semantics
in order to capture the process of reasoning about missing information. In this work, we
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3. NB: these simple rules will only serve as the “base case” for reasoning, since our algorithms will further
carry out reasoning based on them. Thus, in some sense, we also will “learn” knowledge that can be
derived (easily enough) from these empirically observed rules.
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A resolution proof might proceed as follows: since we know xr,b , our background knowledge
that b is in at most one room, ¬xr,b ∨¬xr0 ,b and ¬xr,b ∨¬xr00 ,b allows us to derive respectively
¬xr0 ,b and ¬xr00 ,b . In the second and third clauses of the negation of the goal, these allow us
to derive ¬xr0 ,b0 and ¬xr00 ,b0 . But now, our background knowledge that b0 is in some room,
xr,b0 ∨ xr0 ,b0 ∨ xr00 ,b0 allows us to derive xr,b0 . But, we are given that b0 is not in room r, i.e.,
¬xr,b0 . So we can use this to arrive at the empty clause, a contradiction.
There is a natural graph associated with a proof: the clauses used in the proof appear
as nodes of the graph, and for each derived clause in the proof, there is a directed edge
from each of the clauses used in the derivation to the result. The sources of this graph are
JMLR 17(96):1-37

14

So, for example, our example treelike resolution proof given in Figure 1 has Strahler number
three. Kullmann (1999) was the first to consider resolution proofs of bounded Strahler
number, and showed that they can be found in polynomial time (where the polynomial
depends on the Strahler number).
A significant property, noted by Ansótegui et al. (2008), is that derivations of Strahler
number 2 correspond precisely to derivations using the well-known unit propagation rule,
which in turn naturally simulates chaining with, e.g., Horn rules. In particular, our earlier example essentially followed from applications of the unit propagation rule, and the
corresponding Strahler-2 derivation appears in Figure 2. (In general the Strahler-2 resolution proof follows the opposite derivation order from the unit propagation or chaining
derivation.)

[xr,b ∨ ¬xr,b0 ] ∧ [xr0 ,b ∨ ¬xr0 ,b0 ] ∧ [xr0 ,b ∨ ¬xr00 ,b0 ].
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Definition 7 (Strahler number) The Strahler number (aka rank or pebble number) of
the nodes of a rooted binary tree are inductively defined as follows:
• all leaves have Strahler number one,
• nodes with two children of equal Strahler number s have Strahler number s + 1, and
• nodes otherwise have Strahler number equal to the maximum of the Strahler numbers
of their children.
Finally, the Strahler number of the tree is the Strahler number of its root.

A measure of tree complexity for proofs and policies. The main notion of “complexity” of a tree (either treelike resolution proof or decision tree) that we use is:

labeled by premises of the proof, and the sink should be labeled by the empty clause. If
this graph is a tree (we allow the same premise to label multiple leaves) then the proof is
said to be treelike. Equivalently, a treelike proof is one that does not re-use intermediate
derivations. The proof we just gave is treelike for example, cf. Figure 1. Any proof can
be made treelike by simply repeating any intermediate steps; this comes at the price of
increasing the number of steps, perhaps by up to a factor of two. Thus, the property of
having a small treelike resolution proof (in terms of the number of steps) is a significant
restriction. This restriction can be exploited to give efficient algorithms that guarantee that
they find conclusions whenever such proofs exist. Again, we stress that without some such
restriction, the problem of propositional reasoning is (co-)NP-complete.

Recall that we supposed that we had background knowledge capturing the fact that each
ball is in exactly one room—in particular, for each of b and b0 , exactly one of xr,b , xr0 ,b and
xr00 ,b is true. We would encode this by the clauses xr,b ∨ xr0 ,b ∨ xr00 ,b (so at least one is true)
and ¬xr,b ∨ ¬xr0 ,b , ¬xr,b ∨ ¬xr00 ,b , and ¬xr0 ,b ∨ ¬xr00 ,b (so at most one is true), and similarly
for b0 . Now, if we are in room r and we know that the ball b is in room r but the ball b0 is
not, then there is a resolution proof that the goal is satisfied as follows. We are now seeking
to refute the negation of the goal,

[¬xr,b ∧ xr,b0 ] ∨ [¬xr0 ,b ∧ xr0 ,b0 ] ∨ [¬xr0 ,b ∧ xr00 ,b0 ].

xr,b

¬xr',b

Figure 1: An example (treelike) resolution proof of [¬xr,b ∧ xr,b0 ] ∨ [¬xr0 ,b ∧ xr0 ,b0 ] ∨ [¬xr0 ,b ∧
xr00 ,b0 ] from xr,b , ¬xr,b0 , and the background knowledge.



¬xr,b





are seeking algorithms for which we can provide theoretical guarantees of their performance. However, propositional reasoning was the original example of a (co-)NP-complete
task (Cook, 1971). We will eventually recall a theorem due to Juba (2013) capturing a
situation in which such reasoning is tractable. But, this theorem requires that we restrict
the family of reasoning problems under consideration.
Although there are a variety of examples of families of reasoning problems for which
algorithms exist, for our purposes the most natural family is described in terms of the
resolution proof system. This is because resolution is one of the simplest propositional proof
systems, and it simultaneously captures the capabilities of the most effective algorithms for
reasoning in practice, cf. Beame et al. (2004). Recall, resolution is a proof system that
operates on clauses. There is a single rule of inference in resolution called cut that allows
one to derive new clauses: given a pair of clauses, x∨y ∨· · · and ¬x∨z ∨· · · that respectively
contain an attribute x and its negation, cut allows one to derive the clause obained by taking
the OR of the rest of the clauses, (y ∨ · · · ) ∨ (z ∨ · · · ).
Resolution is typically used to prove a DNF formula using a proof by contradiction:
since the cut rule is sound, if we can derive the unsatisfiable, empty clause from an initial
set of clauses, then the initial set must also have been unsatisfiable. If we are given that our
background knowledge is true and we wish to prove that a DNF (say representing our goal)
is satisfied, then by taking the negation of that DNF, we obtain a CNF via de Morgan’s law;
by showing that this CNF cannot be satisfied together with the background knowledge, we
establish that the original DNF cannot be falsified, so it must be true.
For example, in our running example of the Gripper problem, suppose there are three
rooms r, r0 , and r00 , and two balls, b and b0 . Suppose our goal for the moment is simply to
not have the balls in the same room. This may be encoded by the DNF
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Figure 2: A Strahler-2 resolution proof of [¬xr,b ∧ xr,b0 ] ∨ [¬xr0 ,b ∧ xr0 ,b0 ] ∨ [¬xr0 ,b ∧ xr00 ,b0 ]
from xr,b , ¬xr,b0 , and the background knowledge.

We also note that the Strahler number of a treelike resolution proof is always one
less than the clause space of the proof, as defined by Esteban and Torán (2001): that
is, the number of clauses that need to be remembered simultaneously to carry out the
corresponding derivation. Indeed, if we consider derivations using a constant number of
“registers” in which the registers’ contents are deleted or overwritten upon their use in a
derivation, then we obtain an alternative characterization of treelike proofs with bounded
Strahler number.
These characterizations of bounded Strahler number proofs help clarify when such simple
derivations exist. For example, plans (given by a set of action literals) in STRIPS domains
can be proved to achieve their goals by chaining the action and initial state literals through
the relevant clauses, and hence have derivations of Strahler number 2. Thus, it will be
helpful to think of this work as giving a family of algorithms, parameterized by the Strahler
numbers they use, as fixed Strahler numbers encompass natural syntactic classes of proofs
and decision trees. (We will discuss the interpretation of bounded Strahler number decision
trees later.)
We also briefly remark that Ansótegui et al. (2008) report experiments indicating that
“industrial” instances of SAT that are easy in practice actually have (cf. the connection
between modern SAT-solvers and resolution refutations from Beame et al., 2004) resolution
(sub-)refutations with Strahler numbers that are significantly lower than those of random
formulas of the same size and clause density. They propose that the property of having
bounded Strahler number derivations might be what distinguishes instances that are easy
in practice from those that are not.
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Complex goals. We note that this environment model and class of proofs encompasses
goals defined by arbitrary polynomial-size circuits, and not merely DNFs by a standard
transformation: given a circuit defining a goal predicate, conceptually, we replace the
POMDP we wish to solve with a new POMDP in which the states are extended with
new propositional attributes that are always masked for each of the wires of the circuit, and
the clausal (SAT) encoding of the constraints imposed by the circuit’s gates is included as
explicit background knowledge. Reasoning with resolution proofs of Strahler number two
or greater will then use the background knowledge to evaluate the goal circuit: That is,
once a setting for the inputs to a circuit has been guessed or fixed in some way, the unit
propagation rule (which corresponds to a Strahler-2 proof) fills in the remaining, forced
values of the circuit, much as it fills out the effects of a plan in an environment described
by STRIPS rules. The propositional formula that we give to the algorithm then ultimately
15

Juba

consists only of the propositional variable encoding the output wire of the circuit, which
then indeed indicates whether or not the goal is achieved.

2.2.2 Algorithms for Integrated Learning and Reasoning in PAC-Semantics

We now recall some efficient (but incomplete) algorithms for verifying the (1−)-validity of a
query DNF using a sample of partial assignments from our masked background distribution.
Specifically, we recall an algorithm of Juba (2013) for verifying the (1 − )-validity of a
formula when a Strahler-s treelike resolution proof of the formula from a (1 − )-testable
CNF (and the KB, given as a CNF) exists.

Theorem 8 (cf. Theorem 13 of Juba 2013) Let a KB CNF Φ and DNF query ϕ be
given, and suppose that partial assignments are drawn from a masking process for an underlying distribution D0 and are given together with weights w such that for the underlying
example x, w = D(x)/D0 (x) with w ≤ W ; suppose further that for γ > 0 either
1. There exists some CNF ψ such that ψ is (1 −  + γ)-testable under M (D) and there
is a Strahler-s treelike refutation of Φ ∧ ¬ϕ ∧ ψ or else
2. [Φ ⇒ ϕ] is at most (1 −  − γ)-valid w.r.t. D
2
Then, there is an algorithm running in time O( W (|Φ|+|ϕ|)
n2(s−1) log 1δ ) (where | · | refers
γ2
to the representation size in bits) that distinguishes these cases with probability 1 − δ when
2
log 1δ ) partial assignments.
given ϕ, Φ, , γ, and a sample of O( W
γ2

The cited result of Juba (2013) is for a sample of assignments from D directly without
weights. Given that the algorithm simply computes an empirical estimate of an expectation
over examples from M (D), by reweighting each example from M (D0 ) by w, we obtain an
unbiased estimate over M (D) (at a cost of needing to scale γ by W to obtain our guarantee,
yielding the quoted change to the sample complexity and running time).
As suggested earlier, works such as Precup et al. (2001) showed how such weights enable
us to use importance weighting to use the traces produced by the exploration policy Π∗ to
estimate the probability with which a new, candidate policy Π achieves a goal. Since our goal
predicate G will be given by a DNF, Theorem 8 allows us to check that a sequence of actions
α(1) , . . . , α(T ) results in the satisfaction of the goal predicate G in s(T ) , and hence test if a
(1)
(T )
sequence of actions leads to the goal being achieved: the formula [aα(1) ∧· · ·∧aα(T ) ] ⇒ G(s(T ) )
is also a DNF, and hence Theorem 8 can be applied. Theorem 8 guarantees that if the
algorithm reports that the formula is valid, then with probability 1 − δ over the examples,
G will be satisfied on s(T ) after these actions with probability 1 −  − γ over the dynamics of
the POMDP. At the same time, Theorem 8 guarantees that the algorithm reports that the
formula is valid when some appropriate testable CNF exists, under which G can be proved
(1)
(T )
from aα(1) ∧ · · · ∧ aα(T ) , e.g., a CNF encoding STRIPS rules for the environment if we are
using Strahler-2 treelike resolution as our proof system.
2.3 Decision Tree Policies

JMLR 17(96):1-37

The approach as described in the previous section—i.e., guaranteeing that the goal is satisfied given only the sequence of actions—is oblivious to the state of the environment, and
hence only captures “conformant” planning (Goldman and Boddy, 1996). Such an approach
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2.3.1 Strahler-s Decision Tree Policies

As hinted at in the previous section, we will also consider the Strahler number as a measure
of decision tree complexity, specifying a restriction on the space of policies we consider.
For a fixed Strahler number, the trees will indeed have a fixed polynomial bound on their
size, and hence we can establish their quality leaf-by-leaf as discussed above. Moreover, a
Strahler number bound will enable polynomial-time algorithms to find a policy when such
“simple,” provably good policies exist, and will guarantee the existence of quasipolynomialtime algorithms for general decision trees.
Much as with resolution proofs, the Strahler number of decision tree policies has a
natural interpretation as follows. First, observe that “decision trees” of Strahler number 1
(i.e., a single branch) are precisely conformant plans. More generally, a policy of Strahler

2.3.2 Example Decision Tree Policies

number s can be viewed as a decision list over Strahler number s − 1 policies. That is,
we have a hierarchically structured family of policies in which a sth level policy selects
from among the members of level s − 1 by testing a series of literals. (The policy may
also take some actions amidst these tests, before selecting a lower-level policy to invoke.)
We remark that, by testing the effects of each action after taking it, this captures a class
of partial-information s-fault tolerant plans (cf. Jensen et al., 2004), where each fault is
signaled by the first literal that did not end up satisfied. We note that Strahler-s policies
can capture all such plans. We briefly remark that Strahler-s decision trees and the more
popular OBDDs (Bryant, 1992) are of incomparable strength, depending on the variable
ordering.
Alternatively, we can also characterize these policies in terms of the depth of nesting of
the conditional branching: in a Strahler-s policy, at each conditional branch, there must be
some sequence of branches such that the policy tests at most s−1 literals before terminating.
Of course, this means that a policy that always tests k attributes to decide what action(s)
to take has Strahler number k. Such a policy is a decision tree of size 2k , and so may be
very complex if k is even moderately large.

Figure 3: A Strahler-2 decision tree policy for the simple Gripper problem.
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Returning to our running example based on the Gripper domain, we now describe a simple
Strahler-2 decision tree policy for the goal xr,b , i.e., carrying ball b to room r, that only
fails on any given branch with probability at most .01. The policy is depicted in Figure 3.
It first executes ar , and branches on xr,b ; if xr,b = 1, the agent terminates the execution
(and the goal is satisfied w.p. 1 on this branch). Otherwise, the agent executes ar0 for the
other room r0 , and executes ab . The agent then executes ar , and branches on xr,b . Again,
if it is 1, the agent terminates and the goal is satisfied w.p. 1. Otherwise, the agent again
executes ar0 , ab , and ar , and finally terminates. Notice, this final branch is only taken with
probability .01 + .01 · .99 = .0199, and conditioned on it having been taken, it only fails
with probability .0199 again, so the overall probability of the branch ending in failure is
(.0199)2 < .01 (it is actually less than 0.04%), and it turns out that this is the total failure
probability of this policy. The policy can be seen to have Strahler number 2 since at each
test, (at least) one branch terminates with no further tests.
We note that a union bound over the failure probabilities of the two STRIPS-style rules
only gives .98-validity for the conclusion that the ball should be in room r after the action
sequence ab , ar , and the actual validity is .9801 since these failures are independent. This
is (still) too high for the policy to safely terminate after executing it just once. The more

A small decision tree policy is “coarser” in the sense that the actions of the policy only
depend on the observed state (or lack of observation) of the attributes examined on a
branch of the tree, which in general must contain far less than all of the attributes. We
note that when the decision tree has some fixed polynomial size (in n), it has a polynomial
number of leaves with polynomial length branches—and hence, if on each branch labeled
by the literals `1 , . . . , `k , the formula [`1 ∧ · · · ∧ `k ] ⇒ G is (1 − )-valid, then by a union
bound, the policy will achieve G with probability at least 1 − 0 for some 0 polynomially
related to . Such a guarantee of (1 − )-validity can, in turn, be provided by the algorithm
of Theorem 8 if a proof of [`1 ∧ · · · ∧ `k ] ⇒ G (from some witnessed CNF) exists for each
branch of the tree.

Definition 9 (Decision tree policy) A decision tree policy is a rooted tree of degree ≤ 2
in which
• nodes of degree 2 are labeled by an attribute and an observed value for the attribute
from the set of observable values {0, 1, ∗}, and one edge to a child node is labeled true,
and the other false,
• other nodes (of degree zero or one) may be labeled with actions
with the interpretation that given an observation o ∈ {0, 1, ∗}n , the agent takes the action
(possibly, “no action”) labeling the next such node on the branch starting from the previous
action (or the root, if no such action exists) on which the true edge at each intermediate
node is taken precisely when the attributes take the values on given node’s label.
If at most T action nodes appear on any path, then we say that the policy is a T -horizon
decision tree.

side-steps issues of partial information when it is possible, but of course such plans with
high probability of success are unlikely to exist in most situations. On the other hand, introducing the entire sequence of observations (as a conjunction) is problematic as the space
of possible observations is large, and under many natural environments it is unlikely that
we would ever encounter a consistent sequence of observations even twice. It would then be
infeasible to collect a large enough sample to learn the dynamics sufficiently well for such
an approach to be effective. A natural alternative that incorporates some knowledge about
the state of the environment at a “coarser” level is to use a policy that is computed by a
(small) decision tree, as proposed by Chapman and Kaelbling (1991) in the context of fully
observed MDPs, and essentially applied to POMDPs in McCallum (1995, 1996).
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on the other hand, actually not only has validity 1 − (.0199)2 (it is satisfied if either xr,b
is 1 or xr,b is 1), but is also witnessed true with that probability in our environment
(conditioned on that action sequence). Since this same conjunction of literals is asserted on
the aforementioned branch of the policy, there is a Strahler-2 (chaining) derivation of the
goal, xr,b , using this witnessed rule.
Stochastic environments, iteration, and Strahler numbers. It should be evident
that even if the failure probabilities were much higher than 1%—say it was p—by repeating
the action sequence ar0 , ab , ar k times, we can drive the probability of failure overall down
to pk ; so, we can reach a desired  failure probability in 3 logp 1 steps (assuming the time
horizon T is sufficiently large), and that such a policy still has Strahler number 2: it simply
has a longer list of tests. In such a way, even if the environment is highly stochastic and
is not well described by STRIPS rules, e.g., a more general PPDDL domain (Younes and
Littman, 2004), there may still be rules referring to multiple states (e.g., repetitions of a
faulty action) that are witnessed true with high probability and that guarantee that the goal
is achieved. We stress that Theorem 8 (and hence our ultimate algorithm) only requires
that such a rule exists to (implicitly) make use of it. We do not need to ever explicitly
construct the rule, so it does not matter if the rule is complex, and it does not matter if all
of the simple (STRIPS) rules are unreliable.
One change to the POMDP that would require a policy with a larger Strahler number
would be if the number of rooms increased from 2 to R (since then it does not suffice from
testing room r to determine that the ball is in the other room; more tests are needed). But,
in this case there is a Strahler-3 decision tree policy: consider a decision list that iterates
over the R rooms by invoking ar0 for each room r0 , then branching on xb,r0 , moving on if
xb,r0 is not 1, but otherwise executing the Strahler-2 policy above for the room r0 where
xb,r0 was 1. By our decision list characterization of the Strahler number, this is a Strahler-3
decision tree policy. By an essentially similar argument, it achieves the goal with similar
reliability.
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The role of reasoning. Back in the two-room environment, a more complicated goal is
xr,b ∧ xr0 ,b0 (where r 6= r0 and b 6= b0 ), that is, placing ball b in room r and ball r0 in room b0 .
There is a natural Strahler-3 policy for this goal: the agent executes the Strahler-2 policy
for xr,b until it would terminate, it then executes a0 (dropping b in room r) and invokes the
Strahler-2 policy for xr0 ,b0 . (Since at every branch, at least one branch leads to a Strahler-2
policy, the overall policy is again guaranteed to have Strahler number 3.) It is easily verified
that for this policy, we can bound the probability that each branch is taken and leads to
failure by 2 · (.0199)2 − (.0199)4 which is less than 0.08%, and the overall probability of the
policy failing is likewise less than 0.08%.
The verification of this goal is not trivial, however, since xr,b and xr0 ,b0 are never simultaneously unmasked. In the absence of any further knowledge about the environment,
this would pose a problem. But, by providing the agent with explicit frame axioms as we
describe in Section 4, we will see how the agent can still identify a successful policy. As
19
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we noted above, for every branch of the initial policy for r and b, we have a proof that
xr,b is satisfied. Now, after a0 is executed, xb is set to 0, and then none of the actions
taken in the policy for r0 and b0 would ever falsify xr,b . Therefore, the frame axioms for the
literal xr,b can be invoked—and these are 1-valid here—and so by chaining xr,b across the
subsequent steps, we obtain that xr,b is satisfied at the final step of the plan. Together with
the derivation of xr0 ,b0 on the branch in question (variously described above for the simple
one-ball policy) this allows us to refute ¬xr,b ∨ ¬xr0 ,b0 with a chaining proof, and hence we
have a Strahler-2 derivation of xr,b ∧ xr0 ,b0 .

3. Learning and Planning

Algorithms for simultaneously learning and reasoning in PAC-Semantics (as captured in
Theorem 8) turn out to provide a bridge between learning dynamics from examples and
logic-based approaches to planning. Intuitively, Theorem 8 describes an algorithm that can
verify when we have found a good branch of a policy by finding a proof (using knowledge
learned from example traces) that the branch achieves the goal sufficiently well. Our algorithm is then based on the work of Ehrenfeucht and Haussler (1989) on learning decision
trees with low Strahler number: once we can verify that individual branches are suitable,
their analysis shows that the entire policy can be found efficiently via an algorithm that
recursively searches for a decision tree policy that achieves the goal with high probability
below a given, candidate branch.

Theorem 10 (Finding decision tree policies) There is an algorithm that, when given
a time horizon T , Strahler number bound s, µ, γ, δ,  > 0, KB CNF Φ, goal DNF G and
action set A for an n attribute POMDP, runs in time O(m|Φ|(nT )4(s−1) ) using at most
1
∗
m = O( µ21γ 2 (nT + log |A|
µ + log δ )) weighted traces of an arbitrary policy Π . (Again, |Φ|
refers to the representation size of Φ in bits, while |A| refers to the cardinality of A.)
Suppose there is a Strahler-s T -horizon decision tree policy Π taking µ-typical actions
with respect to Π∗ such that for each branch, there is a Strahler-s treelike resolution proof
of “this branch is taken ⇒ G” from the KB and some CNF ψ that is (1 −  + γ)-testable
over traces of the POMDP with Π. Then with probability 1 − δ, the algorithm finds a
Strahler-s T -horizon decision tree policy that achieves G in the POMDP with probability
1 − O((nT )s−1 ( + γ)).

We stress that our focus is primarily on policies and proofs with small Strahler numbers,
say s = 2, s = 4, etc., so that this algorithm is polynomial-time and obtains a polynomially
bounded increase of the failure probability.
We require the following combinatorial lemma:

Lemma 11
1. The number of branches k in a T -horizon decision tree policy over n
fluents of Strahler number s with n ≥ s ≥ 1 is 2s−1 ≤ k ≤ (3enT /(s − 1))(s−1) where
e is the base of the natural logarithm.
2. At most 33nT Tµ distinct sets of literals and actions label branches of any T -horizon
decision tree policy over n fluents with µ-typical actions.
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Proof Note that our T -horizon decision tree policy can be written as a decision tree over
(t)
3nT variables, xi,b for i = 1, . . . , n, b ∈ {0, 1, ∗}, and t = 1, . . . , T ; therefore, the first part
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follows immediately from the first part of Lemma 1 of Ehrenfeucht and Haussler (1989).
For the second part, we simply note that there are at most µ1 possible maximal sequences of
µ-typical actions (i.e., that are not prefixes of one another). These sequences have at most
T prefixes each, and for each of the 3nT variables, the branch may either omit the variable
or check that the variable is true or false. The bound is now immediate.

Algorithm 1 Find-DT()
PAC-refute(ϕ, R) decides if ϕ ∧ ψ is at most -valid given some testable ψ over weighted
partial examples in R (taken out of m) (cf. Theorem 8).
Input: DNF goal G, CNF KB Φ, Strahler number s, policy branch Π taking t − 1 actions,
horizon bound T , sample of traces with stepwise weights R
Output: A Strahler-s decision tree or ⊥
if Π takes more than T actions then
return ⊥
end if
t−1
(i) (i)
(t)
(i) (i)
T
(T +1) ) ∈ R, Πt−1 w ≤ 4 }
Rt ← {(×t−1
i=1 (o , a ) × o , Πi=1 wi ) : ((o , a , wi )i=1 , o
i=1 i
µ
(t)
t
if PAC-Refute(¬G ∧ Φ ∧ Π taken, R ) then
return Π.
end if
if s > 1 then
for all ` s.t. `(t) and ¬`(t) not in Π do
Π` ← Π with a final test for `(t)
Π1 ←Find-DT(G, Φ, s − 1, Π` , T, R)
if Π1 6= ⊥ then
Π0 ←Find-DT(G, Φ, s, Π¬` , T, R)
if Π0 6= ⊥ then
return Policy following Πb if `(t) = b
else
return ⊥
end if
end if
end for
end if
for all α s.t. #{ρ ∈ R : a(t) = α} ≥ (µ/2)m do
Πα ← Π with a(t) = α
Rα ← {ρ ∈ R : a(t) = α}
Π0 ←Find-DT(G, Φ, s, Πα , T, Rα )
if Π0 6= ⊥ then
return a(t) = α followed by Π0
end if
end for
return ⊥
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8
(3nT
µ2

ln 3 + ln 4Tµ|A| + ln 3δ ) example traces, the fraction of times a sequence
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of actions appears approximates its probability under Π̃∗ to within an additive µ/4 with
probability 1−δ/(3|A|M ) where M is the number of distinct events corresponding to taking
branches appearing in T -horizon decision tree policies labeled by µ/4-typical actions, as
given in part 2 of Lemma 11. In particular, since there are at most |A|M action sequences
that are either µ/4-typical or not µ/4-typical and minimally so, this guarantees that with
probability 1 − δ/3, all of the action sequences which appear in a µ/2-fraction of the traces
are at least µ/4-typical under Π̃∗ , and that the (3/4)µ-typical actions under Π̃∗ all appear in
at least a µ/2-fraction of the traces. In particular, since all of the µ-typical action sequences
of Π∗ are at least (3/4)µ-typical under Π̃∗ , all of these appear.

In m ≥

Proof (of Theorem 10) The algorithm, given as Algorithm 1, recursively searches for a
sub-policy in which each leaf, with probability at least (1 −  − γ), either achieves G or
is not reached (see Figure 4). Intuitively, we are filtering our samples so that we obtain
samples from a policy Π̃∗ that simulates Π∗ until Π∗ takes an action such that the action
sequence would have overall probability less than µ/4, and then takes a distinct “abort”
actionQinstead. Note that t-step traces in which Π̃∗ does not abort are precisely those
with ti=1 wi ≤ 4/µ. At each node, our learning and reasoning algorithm is invoked on the
example traces to test if either G is satisfied or that branch is not taken with a 1 −  fraction
of the m examples (with examples off the branch removed from the sample since they are
guaranteed to satisfy our target condition). If so, we have found a suitable leaf.

Figure 4: A snapshot of the execution of Algorithm 1: Find-DT is invoked at the indicated
point at the end of the branch Π. Find-DT returns a subtree (shown in dashes)
rooted at the end of Π such that the overall policy achieves the input goal G with
high probability at all of the leaves of the subtree.
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(i)

I[aα(i) |Π followed for 1, . . . , i − 1]

(i)
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will recursively consider the sequences that begin with ar0 and ab , and are empirically
(4)
µ/2-typical; ar should be an option. Now, on this call, PAC-refute should find that xr,b

(1)

searches over actions at t = 2; since we are only considering traces in which ar0 = 1,
strictly fewer actions produce a sequence (following ar0 at t = 1) that is empirically µ/2typical; perhaps few of these traces try to move to room r0 again, or few traces try to
move immediately back to room r. The algorithm then does not make a recursive call for
those actions. Since we have supposed that the overall policy is µ-typical, the action “pick
up ball b” in particular will still be considered, so we consider the recursive call on this
(1)
(2)
branch that now asserts ar0 = 1 and ab = 1, and only considers the traces satisfying
(3)
these conditions. On this call, we should still not find that xr,b is provable, and so we

(1)

We return once again to our running example of the simple goal in the Gripper domain
to illustrate the behavior of our algorithm; recall that in Section 2.3.2 we described a
Strahler-2 decision tree policy for the goal xr,b (carrying the ball b to room r in a two-room
environment), that had a Strahler-2 proof from a witnessed CNF that the goal was achieved
with probability greater than 99% on each branch (it actually had probability greater than
99.96%). The policy itself appeared in Figure 3.
There is actually a conformant (Strahler-1) policy that achieves the goal with similar
probability. Indeed, the policy we discussed in Section 2.3.2 does not need to examine the
state of the environment. Our analysis of the plan could be applied about as well to the
plan that simply applies the sequence of actions “move to room r0 , try to pick up the ball,
move to room r, drop the ball” twice. In this case, when the plan is successful, the goal
xr,b is actually witnessed satisfied on the final step (the attribute is unmasked in room
r), and hence is “proved” by a trivial, Strahler-1 proof. Let’s suppose that this policy
involves a µ-typical sequence of actions for the exploration policy Π∗ , and first consider
what Algorithm 1 does when invoked on Strahler number s = 1.
The algorithm first checks to see if the goal, xr,b can be proved satisfied in the initial
environment configuration with probability 99% using PAC-refute. Let’s suppose not.
Then, since the algorithm is invoked on Strahler number s = 1, it skips the first loop that
searches for literals to branch on, and moves directly to a search over actions. It partitions
the examples according to the first action taken, invoking a recursive call along a branch
taking each possible action that is empirically at least µ/2-typical. Let us consider the
recursive call on a branch that starts with the action, “move to room r0 ” that we know
(1)
may lead to a successful policy. This branch consists of a literal asserting ar0 = 1, and
the recursive call only receives the subset of traces in which this action was taken. Again,
(2)
PAC-refute should determine that xr,b is not provable on these traces. Now, the algorithm

3.1 An Illustration of the Algorithm

It follows from Theorem 10 that we can find general decision tree policies taking µ-typical
actions in quasipolynomial time since if a policy has B branches, Lemma 11 guarantees it
has Strahler number at most s = log B + 1.

We now merely observe that the work by the learning and reasoning algorithm per node is
W · m = O(|Φ|(nT )2(s−1) m), giving the claimed time bound.

wi =
PrΠ̃∗ [aα(i) |Π followed for 1, . . . , i − 1]

PrΠ [Π followed for 1, . . . , t]
PrΠ̃∗ [Π followed for 1, . . . , t]

i=1

Soundness. We first note that as a consequence of our filtering the examples to be consistent with the branch Π, the weights we compute for our queries are
t
Y
i=1

=
where these weights are bounded by 4/µ. Therefore m examples are sufficient to bound
the probability of queries being satisfied over traces of Π by an additive γ with probability
δ
1 − 3M
. By a union bound over the M possible queries, every query is answered correctly
w.p. 1 − δ/3.
As Theorem 8 guarantees that for each branch the formula asserting that either the leaf
is not reached or the policy succeeds is (1 −  − γ)-valid, the probability that the policy fails
on each branch is at most  + γ. So, when a decision tree policy is returned, a union bound
over the O((nT )s−1 ) branches (by part 1 of Lemma 11) yields the claimed performance. So
the algorithm only fails by returning a bad policy when some query is answered incorrectly,
which occurs w.p. at most δ/3.
Completeness. We already saw that the algorithm considers all sequences of µ-typical
actions under Π∗ with probability 1 − δ/3. Now, if the algorithm does not find a policy in
which a branch with lower Strahler number takes no action, then if there is a policy with
the given Strahler number bound, it must take some action at the next step, and otherwise,
(t)
(i.e., if a sub-policy was found) there is no harm in asserting the opposite setting of xi,b ,
since adding this literal to the formula for the branches of the target policy only increases
the probability of the branch not being taken (and thus improves the success probability
for that branch). In particular, the original Strahler-s tree is still a candidate. Theorem 8
also guarantees that for the quoted number of examples, all of the branches of the target
policy will be accepted w.p. at least 1 − δ/3 as needed. Thus overall the algorithm succeeds
at returning a good policy when it exists w.p. 1 − δ.
Time complexity. Finally, the work per recursive call of our algorithm involves partitioning the examples and running PAC-refute on the sample, which is linear in the sample
size |R|. So, given W · m work per node with |R| = m, the running time bound for the
algorithm of O(W ·m(nT )2(s−1) ) is easily established by considering the following recurrence
with boundary conditions f (0, m, s) = 0, f (n0 , m, 0) = W · m over n0 = (3n + 1)T , counting
the possible remaining literals plus one action for each time step: the bound is a solution
to the recurrence
f (n0 , m, s) ≤ f (n0 − 1, m, s) + 2n0 f (n0 − 1, m, s − 1) + W · m.
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The running time of the algorithm also satisfies
this recurrence since for such an f linear in
P
m, if we take mα = |Rα | in Algorithm 1, α∈A f (n0 − 1, mα , s) ≤ f (n0 − 1, m, s), and indeed
our algorithm only iterates over actions (in which it partitions the example set among the
recursive calls) if it does not make a Strahler-s recursive call while searching for a branch
over the literals. Thus the running time satisfies the given bound satisfying the recurrence.
23
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4. Intuitively, such branches that only lead to failure are undesirable. But, in general sometimes we may
need to take a branch with a high conditional failure probability in order to capture a few traces where
the policy succeeds.

It is also instructive to consider the behavior of Algorithm 1 in this example, when
invoked with Strahler number s = 2. This may find a rather different policy than the one
(1)
illustrated in Figure 3. As before, we suppose that xr,b is not provable with sufficiently high
probability. The s = 2 case then searches for tests of a single literal such that Strahler-1
branches suffice to achieve the goal, given that the test is satisfied. Naturally, the goal
(1)
itself, xr,b is such a test, the leaf of the branch on which xr,b = 1 trivially satisfies the
goal w.p. 1. So, the algorithm will generally construct such a branch when it considers the
literal xr,b , and continues recursively searching for a Straher-2 policy on the subtree where
(1)
xr,b ∈ {0, ∗}. But, on any other literal, we also know that there is a Strahler-1 policy that
achieves the goal with probability greater than 99%. For such literals, depending on how
many traces are consistent with the sequence of conditions on x(1) that have been imposed
thus far, a branch featuring some appropriate Strahler-1 plan will be added. Relatedly, we
may also find that some branches are added that use, e.g., the policy we discussed that only
achieves the goal with probability 98%, as long as at least 1% of the traces that would end
in failure do not reach that branch, so that overall only at most 1% of the traces actually
fail on the branch. Finally, some conditions on x(1) may simply be satisfied by fewer than
1% of the traces. Since our algorithm tolerates branches with a 1% failure probability in
general, the algorithm will also add such branches to the tree, terminating immediately with
leaves.4 In general, the algorithm continues until either (1) less than 1% of the traces remain
consistent with all of the conditions on the traces imposed by the main, Strahler-2 branch,
in which case the algorithm will consider the remaining leaf to be adequate or (2) the main,
(t)
Strahler-2 branch adds a successful sequence of actions, allowing xr,b to be proved to hold
with probability 99% (as in the Strahler-1 case described above). Actually, in this example,
once the algorithm considers branches for each of the three possible observed settings of
any single attribute, every example trace is consistent with one of these three branches,
and hence less than 1% (actually, 0%) will remain consistent with the main branch. The
algorithm will therefore terminate before moving on to consider a single action on the
main, Strahler-2 branch. In any case, depending on the order in which the attributes are
considered, the final decision tree policy that is returned may have up to ∼ n branches,
each either containing some suitable conformant plan or reached by fewer than 1% of the
traces (and may not achieve the goal). This possible inclusion of extra branches that are
each allowed a 1% failure probability is the reason for the ∼ nT increase in the total failure
probability in the guarantee provided by Theorem 10.

is at least 98%-valid. Unfortunately, this is not high enough, so the algorithm continues;
(1)
(2)
(3)
(4)
(5)
(6)
(7)
but, we know that on the branch ar0 , ab , ar , a0 , ar0 , ab , ar , then in more than 99%
(8)
of the traces, xr,b = 1, so this branch will be returned. Of course, there is no guarantee
that this policy will be the one that is found. For example, if the sequence of actions that
starts with dropping any balls, and then moving to room r, and then continuing with the
above sequence is empirically µ/2-typical under Π∗ for some reason, then it may be that
(1) (2) (3) (4) (5) (6)
the algorithm returns a policy a0 , ar , ar0 , ab , ar , a0 , . . ..
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The main quantitative downside of this algorithm is the potential ∼ (nT )s−1 increase
of the failure probability of the policy found by the algorithm over the best-possible policy.
Unfortunately, this is roughly in accordance with what we hope to achieve with the current
state of the art. We again draw an analogy to supervised classification, in which even very
simple tasks seem to lead to a similarly large increase in the error in the related “agnostic”
noise model. The trouble is that the task of finding representations that optimize the error
appears to be intractable under various plausible assumptions, even for very simple classes of
representations such as halfspaces (Shalev-Shwartz et al., 2011) or even disjunctions (Kearns
et al., 1994; Daniely et al., 2014; Daniely and Shalev-Shwartz, 2014). We still do not know
how tight an approximation of the optimal error can be achieved, but an approximation
factor that depends polynomially on the number of attributes reflects the current state of the
art: consider for example, the relatively simple task of learning a disjunctive classifier (an

Likewise, the time complexity for finding a Strahler-s policy is comparable to the time
taken by the algorithm of Ehrenfeucht and Haussler (1989) for finding decision tree classifiers, which remains the fastest known algorithm for this task. Our running time is slightly
greater since we need to use theorem-proving techniques to determine whether or not a
branch of our policies are suitable, and we test each branch individually. It is an interesting question whether or not, for example, some intermediate results can be cached across
invocations of our theorem-proving algorithms, possibly leading to a reduced total running
time.

The complexity of Algorithm 1, as established by Theorem 10 is roughly what one would
hope to achieve given the current state of knowledge in learning theory. Our task is very
similar to supervised learning in the sense that we are using examples from a fixed distribution over trajectories generated by the reference policy Π∗ to estimate the probability
with which policies achieve the goal. Our sample complexity depends logarithmically on
the number of possible branches (that is, linearly in their representation size), and quadratically on µγ. Note that a branch of a decision tree computes a conjunction, i.e., the AND
of the literals that lead to that branch; the former quantity is the VC-dimension (Vapnik and Chervonenkis, 1971) of the class of conjunctions, which characterizes the number
of examples needed to estimate their fit (Vapnik and Chervonenkis, 1971; Blumer et al.,
1989; Ehrenfeucht et al., 1989). We are exploiting the fact that the VC-dimension actually
characterizes the number of examples needed in order to obtain a uniform bound on the
estimates of the error for the entire class of conjunctions—that is, the set of all possible
branches, here. As we have seen (in the algorithm of Ehrenfeucht and Haussler, 1989), one
only needs to know which branches have low error in order to identify a good tree. The
latter, quadratic dependence on µγ arises because we are trying to estimate the probability
that a sequence of actions (that only is taken with probability µ) fails up to an accuracy
of γ; since we are essentially conditioning on an event of probability ∼ µ, this means that
we are essentially seeking to estimate the probability that the sequence of actions leads to
failure up to an accuracy of µγ in the original distribution. It is well-known that this latter
task requires ∼ 1/(µγ)2 samples. In any case, we stress that if we had not separated out
the task of exploration, a ∼ |A| · 2n or 2T lower bound on the sample complexity holds for
even very simple environments (Kakade, 2003, Section 2.5).

3.2 Discussion
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Strahler-s proof from ϕ and ` ∈ L− iff for the CNF ϕ0 in which all occurrences of the `˜
variables have been deleted, there is no Strahler-s proof of ` from ϕ0 .
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(i+1)

(i)

(i+1)
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Proof Convergence will follow from the observation that L ⊆ L
and L− ⊆ L− .
+
+
For i = 0, the statement is trivial.
(i)
(i+1)
(i−1)
(i−1)
To see L+ ⊆ L+
for i ≥ 1, consider the proof of ` from ϕ/(L+ , L− ) witnessing
(i)
` ∈ L+ . By induction on the structure of the proof of `, we construct a new proof as follows:
(i)
(i)
if this clause was obtained by a cut rule on one of the `˜0 variables and `0 ∈ L+ ∪ L− , in
(i)
(i)
which case, one of the clauses survives in ϕ/(L+ , L− ) with the occurrence of `˜0 eliminated,
(i)
(i)
and hence the clause may be obtained by weakening the clause of ϕ/(L+ , L− ) from which
`˜0 was eliminated; otherwise, by our induction hypothesis, we can derive subclauses of the
(i)
(i)
two clauses involved in this final step from ϕ/(L+ , L− ). (The base case is trivial.)

(i)

Proposition 14 (Semantics of Strahler-s NAF) For any CNF ϕ over literals possibly
(0)
(0)
(i+1)
(i+1)
using ∼, the sequence of pairs of sets of literals (L+ , L− ) = (∅, ∅), (L+ , L− ) =
(i)
(i)
∗ , L∗ ) s.t. for every literal `
LP Ss (ϕ/(L+ , L− )) converges to a pair of sets of literals (L+
−
(without ∼),
∗
∗
∗
1. if there is a Strahler-s proof of ` from ϕ/(L+
,
L
− ), then ` ∈ L+
∗ then there is no Strahler-s proof of ` from ϕ/(L∗ , L∗ )
2. if ` ∈ L−
+
−
∗ , L∗ ) given ϕ in time O(|ϕ|n2s )
Furthermore, there is an algorithm that computes (L+
−

This definition is analogous to a construction of the (unique) “least partial models” for
normal logic programs from Przymusinski (1991), in which the name has a more meaningful
interpretation in terms of the partial models of logic programs. The name “least” partial
state comes from considerations like the following. The pair of sets of literals (L+ , L− ) is a
partial state in the sense that all literals ` ∈ L+ under a ∼ are set to 1, ` ∈ L− under ∼ are
set to 0, and otherwise ∼` is set to 1/2. We suppose we are trying to (pointwise) minimize
the truth values of the literals of ϕ while respecting the Strahler-s conclusions that can be
derived from it, possibly given some further settings of the ∼ literals. That is, the existence
of a Strahler-s derivation of ` requires that the ` be true in the partial state, and if for
some substitution of the different occurrences of ∼ literals for truth values there exists a
Strahler-s derivation of `, then that prevents setting ` to false. Then we assign each literal
the least possible value subject to these constraints.
We will finally obtain our “well-founded” Strahler-s semantics for negation-as-failure
by taking the least defined fixed-point of the quotient and least partial state operators: the
quotient incorporates the settings for ∼ literals that have been derived, and the least partial
state operator obtains the consequences for Strahler-s provability. That is, it can be shown
(moreover) that literals are only marked as “provable” (placed in L+ ) or “unprovable”
(placed in L− ) precisely when they are provable or unprovable, respectively, in every partial
state that is a fixed-point under the composition of the quotient and least partial state
operators. Much as in the original conception of the Well-Founded Semantics in van Gelder
et al. (1991), this definition also conforms to the desirable intuition that literals are only
marked as “provable” or “unprovable” if this can be ultimately derived from ϕ itself (with
no additional knowledge or assumptions about what else is provable), ruling out consistent
but circular negation-as-failure settings.

OR of the attributes). The best known algorithm for this task in the agnostic noise model
suffers an increase of ∼ n1/3 in its error probability when there are n attributes (Awasthi
et al., 2010).
Thus, in practice, this algorithm is only useful in situations when a highly fault-tolerant
policy exists. As we noted in Section 2.3.2, such policies may exist, even if the environment
is highly stochastic. Our algorithm is relatively tolerant of a long time horizon, and by
repeating actions, it may be possible to decrease the failure probability of the overall plan
exponentially with T (whereas the dependence of the overhead on T only grows linearly).
This depends on repetitions of such actions being “typical” under Π∗ , of course, but if Π∗
is produced by (for example) solving other, smaller instances of planning problems, such
sequences of repeated actions in a stochastic environment may well be typical.

4. Extension to Non-monotonic Reasoning
One weakness of the result of the previous section in learning STRIPS domains is that the
frame axioms can only be learned under partial information when they are not needed:
in order for them to be witnessed, the corresponding attributes of the POMDP must be
observed. At the same time, we cannot supply generic frame axioms to the algorithm since
the standard formulation of the frame axioms depends on the preconditions and effects of the
actions, which are what we hope the agent to learn in each domain. Generic non-monotonic
formulations of the frame axioms do exist, however: the clause [`(t) ∧ ∼(¬`(t+1) )] ⇒ `(t+1) ,
where ∼ ` roughly means “` cannot be proved,” nicely captures the frame axiom whenever
we have learned the effects and preconditions of the actions. In this section, we will describe
a semantics for ∼` that is suitable for these purposes with respect to Strahler-s resolution
and can be evaluated in polynomial time; we can then extend the algorithm of Theorem 8
to answer queries containing such literals, and thus we can add these generic frame axioms
to the KB when invoking Algorithm 1.
We will use a variant of the Well-Founded Semantics (van Gelder et al., 1991) (WFS)
for logic programs. More specifically, we will modify the iterated quotient definition of
Przymusinski (1994) to obtain, for each s, an analogue of WFS for Strahler-s resolution. In
particular, since Strahler-2 resolution corresponds precisely to chaining, our generalization
for Strahler-2 resolution coincides with WFS over all (appropriate) directed versions of our
original, undirected set of clauses.
Definition 12 (Quotient operator) For any CNF ϕ over literals possibly using ∼ and
any pair of sets of literals (L+ , L− ), the quotient of ϕ modulo (L+ , L− ), denoted ϕ/(L+ , L− ),
is the CNF obtained by substituting 1 for occurrences of ∼` s.t. ` ∈ L− , substituting 0 for
occurrences of ∼` s.t. ` ∈ L+ , substituting other occurrences of ∼` with occurrences of
˜ and simplifying the resulting formula by deleting satisfied
a corresponding new variable `,
clauses and falsified literals.
The intuition behind the quotient is that the sets L+ and L− consist of the literals that
we know, respectively, can and can’t be proved from ϕ. We will see how to obtain a pair
(L+ , L− ) conservatively respecting this intuition for any formula.
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Definition 13 (Least partial state) The Strahler-s least partial state LP Ss of a CNF
ϕ is a pair of sets of literals (L+ , L− ) (not over the `˜ variables) s.t. ` ∈ L+ iff ` has a
27

(i)

(i−1)

(i)
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Our ability to learn descriptions of the dynamics that are simple but imperfect already
distinguishes our work from some others that attempt to learn explicit descriptions of an
environment’s rules from examples, e.g., (Otero, 2005; Amir and Chang, 2008). Others
attempt to construct a model that accounts for the imperfection (Garcı́a-Martı́nez and
Borrajo, 2000; Schmill et al., 2000; Pasula et al., 2007; Yoon and Kambhampati, 2007;

5. Relationship to Other Work

We can answer queries in this extended PAC-Semantics by an easy modification of the
algorithm underlying Theorem 8 wherein, for each example, we first compute (L∗+ , L∗− ) for
the KB Φ, and then for a query ϕ, check for a refutation of ϕ ∧ (Φ/(L∗+ , L∗− )). Such an
algorithm simply replaces the existing subroutine in Algorithm 1. For s ≥ 2, we can then
verify that the generic frame axioms [`(t) ∧ ∼(¬`(t+1) )] ⇒ `(t+1) are (1 −  − ν)-valid under
the Strahler-s NAF semantics in a noisy STRIPS instance with noise rate ν and (1 − )testable actions. We are therefore free to include them in the KB at a small cost in validity.
Crucially, it may also be verified that they allow the values of hidden state attributes to be
propagated forward, at least when they are the only clauses in the KB containing the state
attributes.

Definition 15 We say that a formula ϕ (possibly using ∼) is (1−)-valid w.r.t. a distribution D and masking process M if, for m drawn from M , x drawn from D, and the formula
ψ consisting of the conjunction of literals satisfied on m(x), putting (L∗+ , L∗− ) equal to the
fixed point obtained from ϕ ∧ ψ, the probability (over m and x) that x satisfies ϕ/(L∗+ , L∗− )
is at least 1 − .

Naturally, the interpretation of ϕ is given by the classical propositional formula ϕ/(L∗+ , L∗− ).
In particular, we can now extend our PAC-Semantics to incorporate negation-as-failure like
so:

(i−1)

30
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Lang and Toussaint, 2009; Mourão et al., 2012), but cannot provide a formal analysis. This
lack of theoretical grounding seems inherent due to the difficulties posed by agnostic learning; moreover, the negative results of Michael (2011) speak to the advantages of attempting
to answer queries without producing an explicit action model. Work on applying logic programming to learning for planning (Thon et al., 2009) features algorithms with theoretical
grounding for several tasks, but similarly encounters the structure learning problem when
learning rule sets, and indicates that it (together with dealing with hidden information)
remains a frontier problem for that approach. Work on Predictive State Representations
by Boots et al. (2011) only establishes consistency, not fast convergence under any clear
conditions—some kind of assumption on the condition number of the matrices seems essential, but neither the details nor the significance of this requirement seem to be understood.
The use of a limited class of policies to approximate optimal behavior has a long history
in the reinforcement learning literature, see Sutton and Barto (1998, Chapter 8) for a review;
in particular, techniques that used neural nets or other kinds of linear approximators to
choose a good action are examples of such techniques. Chapman and Kaelbling (1991) seem
to be the first to limit their policies to decision trees. The Utile Suffix Memory of McCallum
(1995) similarly builds a coarsened approximation of the state space itself by classifying
histories in partial information environments. Both of these works viewed the decision trees
as dynamically refined estimates of the environments in which (approximately) optimal
actions may be selected directly, rather than simply as policy representations to optimize;
this latter view emerged only somewhat later (Kearns et al., 2002; Meuleau et al., 1999).
We note that McCallum (1995) did not consider factored state and observation spaces, and
so Utile Suffix Memory differs from our decision trees in that it does not branch along the
propositional factors of the observations as we use here; this was later considered in the
U-Tree algorithm of McCallum (1996). In any case, both Utile Suffix Memory and U-Tree
are still viewed as classifying a partial trace, indexed by offsets from the current observation
(e.g., branching on the observation from t steps prior) by a choice of action. Conceptually,
this is more like a reactive policy, but applied to a longer history; by contrast, “states” of
our decision tree policies are captured by a node of the tree, so the behavior of the policy
is “non-uniform” with respect to time. The representation is still thus not equivalent once
complexity measures such as the size come into consideration; our objective is also different,
in that we merely seek for our trees to reach a goal state, whereas McCallum’s policies are in
the usual utility-maximization framework in which one seeks a high discounted utility over
time. The algorithm we use thus also ends up being rather different from those proposed
by McCallum. Finally, McCallum focuses strictly on empirical evaluation of his strategies,
whereas our focus is strictly on a theoretical evaluation.
Our setting is related to a setting considered previously by Khardon (1999), apprenticeship learning (Syed and Schapire, 2010) and reductions to classification (Langford and
Zadrozny, 2005): These works aim to learn a policy using example traces, even for sophisticated policy representations. The distinction is that we don’t assume that Π∗ is our desired
policy, just that there exists a good policy that Π∗ agrees with at least a µ-fraction of the
time. (If the number of actions is small, Π∗ could even be a random walk.)
Reinforcement learning techniques such as Kearns et al. (2002) can learn from a poor
initial policy such as a random walk. But, these works often face the exploration problem
by using repeated experience with the environment model, in particular with an explicitly

(i+1)

As for L− ⊆ L−
for i ≥ 1, we assume inductively that L+
⊆ L+ and L−
⊆ L− .
(i+1)
(i)
(i)
We note that when ` ∈
/ L− , there is a proof of ` from (ϕ/(L+ , L− ))0 , which is constructed
(i)
from ϕ ultimately by deleting clauses that either contain ∼`0 for `0 ∈ L− or ¬(∼`0 ) for
(i)
`0 ∈ L+ , and eliminating the rest of the `˜0 literals from the remaining clauses. Thus,
(i)
(i)
(i−1)
(i−1)
(i−1)
(i)
(i−1)
(i)
(ϕ/(L+ , L− ))0 is a subformula of (ϕ/(L+ , L− ))0 since L+
⊆ L+ and L−
⊆ L−
(i)
by our inductive hypothesis. Therefore, the same proof establishes ` ∈
/ L− , completing the
inductive step.
Since we add at least one literal on each iteration until convergence, if we compute
(L∗+ , L∗− ) using the iterative definition, the algorithm terminates in at most n iterations.
Since each iteration can be computed by at most 2n applications of the Strahler-s proof
search algorithm on a formula of size at most |ϕ| (which runs in time O(|ϕ|n2(s−1) ), the
running time bound follows.
For our fixed-point, we have a pair of sets of literals (L∗+ , L∗− ) such that (L∗+ , L∗− ) =
LP Ss (ϕ/(L∗+ , L∗− )), and hence the two claimed properties are immediate from the definition of the Strahler-s least partial state.

(i)
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provided reward function – i.e., goal – at hand to guide their search for a policy. Largely
as a consequence of the inherent difficulties of exploration in general environments, the
theoretical analyses provided by such works exhibit an undesirable dependence on either
the size of the state space or, in the particular case of Kearns et al., on the time horizon. (We
note that a discount factor of 1 − 1/T is roughly equivalent to a time horizon of T .) Along
somewhat similar lines, work by Fern et al. (2006) and Lazaric et al. (2010) consider learning
from a poor initial policy in a full-information model by using a reduction to classification;
the full-information setting is quite different in that the history of observations is no longer
relevant (and so there is no need to consider a stateful policy like our decision trees).
Theoretically, Fern et al. showed how to solve the MDP if the best action at each state is
substantially better than the second best, and if the resulting deterministic optimal policy
for a fixed horizon is expressed by an efficiently learnable class. Naturally, these assumptions
may easily be violated, in particular if the actions in a plan can be reordered. Lazaric et
al. extended the analysis of Fern et al., but assume that a policy minimizing the (nonzero,
in general) loss can be found somehow. It is not clear what kind of policies Lazaric et
al. have in mind, but in Boolean classification, this is essentially the problem of agnostic
learning (Kearns et al., 1994); recent evidence suggests that this is intractable for all but
the simplest kinds of classifiers (Daniely et al., 2014; Daniely and Shalev-Shwartz, 2014).5
Work by Walsh (2010) touches on all of the above areas; he constructs complete relational domain models with a full theoretical analysis, but under the assumption of constant
arity expressions and numbers of effects (and/or in an apprenticeship learning setup). The
assumptions of bounded arity mean that these relational expressions can be expressed by
moderate size propositional representations, so the main trade-off between Walsh’s work
and ours is that Walsh produces explicit rules unlike us, but at the cost of exponential
scaling when these arities and numbers of possible effects is large.
Learning from exercises (Natarajan, 1989; Tadepalli, 2008) is similar, except that the
learner is provided sequences of examples that gradually increase in difficulty. The difference
with our work is that we don’t assume that the current goal can be reduced to subproblems
of “lower difficulty” (but nor do we guarantee success when this is the case). Later, Joshi
et al. (2010) took a similar approach in which example policies (generated either by simple
strategies or by other planning algorithms) were used to obtain a fast model-checking policy
search algorithm for relational planning in a fully observed setting. Their setting was thus
quite different from ours—we are seeking to cope with missing information, as opposed to
gaining a speed-up in a full-information setting.
We noted that the use of importance sampling to enable off-policy learning in POMDPs
was first considered by Precup et al. (2000, 2001), building on earlier work on off-policy
learning in MDPs (Sutton and Barto, 1998, Chapter 5). Precup et al. used a secondmoment bound in their analysis of importance sampling since in general, the likelihood
ratios may be large. Indeed, the issue that generally plagues importance sampling is that
this variance may be high (Shelton, 2001; Peshkin and Shelton, 2002), and a variety of
techniques (e.g., Hachiya et al., 2009, 2011) have been proposed to control the variance in
more general settings. This problem actually does not arise in our setting, as a consequence

JMLR 17(96):1-37

5. And, approximate agnostic learning generally incurs an increase in the loss of a similar magnitude as we
obtain in Theorem 10—cf., the best known polynomial time algorithm for learning disjunctive classifiers
on n attributes increases the loss by a factor of n1/3 (Awasthi et al., 2010).
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of our exclusive focus on µ-typical sequences of actions under the sampling distribution,
which thus translates into an absolute 1/µ bound on the likelihood ratio. We note that
some other works (Uchibe and Doya, 2004; Wawrzyński, 2009) have simply capped the
likelihood ratios in an importance sampling computation; here, we achieve such a bound by
disregarding policies that have a large likelihood ratio, instead of altering it. Our analysis of
importance sampling then follows a standard learning theory paradigm, most similar to that
of Peshkin and Mukherjee (2001), except that the bound on the likelihood ratios allows us
to get away with the use of Hoeffding’s inequality rather than Bernstein’s inequality (which
considers the variance).6

6. Future Directions

One natural direction concerns improving Theorem 10: One of the main insights underlying
Theorem 8 is that the main barrier to agnostic learning is finding an explicit representation,
and yet Algorithm 1 proceeds by constructing an explicit policy. It is conceivable that the
O((nT )s−1 )-factor blow-up in the policy failure probability  could be eliminated if we could
similarly identify a good action on-line, without going so far as to construct an entire policy.
Our set-up of learning policies that take typical actions with respect to a reference
policy naturally suggests a bootstrapping approach to learning complex policies; another
immediate direction is then to investigate what can be proved learnable by bootstrapping (in
contrast to the empirical work of Fern et al., 2006). In a related direction, Ross and Bagnell
(2012) essentially showed that a penalty for atypicality similar to what our algorithm suffers
can be eliminated in the standard (discounted, fixed cost-function, full-information) MDP
setting by iteratively constructing a policy, collecting new data, retraining the policy, and
repeating. In this way, the training data is shaped so that the actions of the policy become
highly “typical” and well-estimated. It is likely that a similar strategy will also work in our
partial information setting, although it may rely on the goal remaining fixed during this
process.
More generally, our work side-steps the entire problem of exploration of POMDPs; it can
be viewed as finding a policy, given that the POMDP has been sufficiently well explored. So,
one might try to address the exploration problem in the context of such planning algorithms
by showing that a class of environments can be efficiently explored sufficiently well to permit
good policies to be found.
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Since the last decade, artificial neural networks (NN) became state-of-the-art in many fields
of machine learning, for example they can be applied to pattern recognition. Typical NN
are feedforward NN (FFNN) or recurrent NN (RNN), whereas the latter contain recurrent
connections. When nearby inputs depend on each other, providing these inputs as additional
information to the NN can improve its recognition result. FFNNs obtain these dependencies by making this nearby inputs accessible. If RNNs are used, the recurrent connections
can be used to learn if the surrounding input is relevant, but these connections result in
a vanishing dependency over time. In S. Hochreiter, J. Schmidhuber (1997) the authors
develop the long short-term memory (LSTM) which is able to have a long term dependency.
This LSTM is extended in A. Graves, S. Fernandez andJ. Schmidhuber (2007) to the multidimensional (MD) case and is used in a hierarchical multi-dimensional RNN (MDRNN)
which performed best in three competitions at the International Conference on Document
Analysis and Recognition (ICDAR) in 2009 without any feature extraction and knowledge
of the recognized language model.
In this paper we analyse these MD LSTM regarding the ability to provide long term depen-

1. Introduction

The transcription of handwritten text on images is one task in machine learning and one
solution to solve it is using multi-dimensional recurrent neural networks (MDRNN) with
connectionist temporal classification (CTC). The RNNs can contain special units, the long
short-term memory (LSTM) cells. They are able to learn long term dependencies but they
get unstable when the dimension is chosen greater than one. We defined some useful and
necessary properties for the one-dimensional LSTM cell and extend them in the multidimensional case. Thereby we introduce several new cells with better stability. We present
a method to design cells using the theory of linear shift invariant systems. The new cells are
compared to the LSTM cell on the IFN/ENIT and Rimes database, where we can improve
the recognition rate compared to the LSTM cell. So each application where the LSTM cells
in MDRNNs are used could be improved by substituting them by the new developed cells.
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In this section we briefly want to introduce a recurrent neural network (RNN) and the
development of the LSTM cell. In previous literature there are various notation to describe
the update equations of RNNs an LSTMs. To unify the notations we will refer to their
notation using “,” (F. A. Gers, J. Schmidhuber andF. Cummins, 1999; S. Hochreiter, J.
Schmidhuber, 1997; A. Graves andJ. Schmidhuber, 2008). Therefore we concentrate on a
simple hierarchical RNN with one input layer with the set of neurons I, one recurrent hidden
layer with the set of neurons H and one output layer with the set of neurons O. For each
time step t ∈ N the layers are updated asynchronously in the order I, H, O. In one specific
layer all neurons can be updated synchronously. In the hidden layer for one neuron c ∈ H

2. Previous Work

dencies in MDRNNs and show that it can easily have an unwanted growing dependency for
higher dimensions. We define a more general description of an LSTM—a cell—and change
the LSTM architecture which leads to new MD cell types, which also can provide long term
dependencies. In two experiments we show that substituting the LSTM in MDRNNs by
these cells works well. Due to this we assume that substituting the LSTM cell by the best
performing cell, the LeakyLP cell, will improve the performance of an MDRNN also in other
scenarios. Furthermore the new cell types could also be used for the one-dimensional (1D)
case, so using them in a bidirectional RNN with LSTMs (BLSTM) could lead to better
recognition rates.
In Section 2 we introduce the reader to the development of the LSTM cells (S. Hochreiter, J.
Schmidhuber, 1997) and its extension (F. A. Gers, J. Schmidhuber andF. Cummins, 1999).
Based on that in Section 3 we define two properties that probably lead to the good performance of the 1D LSTM cells. Both together guarantee that the cell can have a long term
dependency. A third property ensures that gradient cannot explode over time. In Section
4 we show that the MD version of the LSTM is still able to provide long term dependency
whereas the gradient can explode easily for dimension greater than 1. In Section 5 we change
the architecture of the MD LSTM cell and reduce it to the 1D LSTM cell so that the cell
fulfills the two properties for any dimension. Nevertheless the internal cell state can linearly
grow over time. This problem is solved in Section 6 using a trainable convex combination
of the input and the previous internal cell states. The new cell type can provide long term
dependencies and does not suffer from exploding gradients. Motivated by the last sections
we introduce a more general way to define MD cells in Section 7. Using the theory of linear
shift-invariant systems and their frequency analysis we are able to get a new interpretation
of the cells and we create 5 new cell types. To test the performance of the cells in Section 8
we take two data sets from the ICDAR 2009 competitions, where the MDRNNs with LSTM
cell won. On these data sets we compare the recognition results of the MDRNNs when we
substitute the LSTM cells by the new developed cells. On both data sets, the IFN/ENIT
data set and the RIMES data set we can improve the recognition rate using the new developed cells.
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:=

i∈I

wc,i yi (t)

h∈H

P
netγ (t)

wc,h yh (t

− 1).

fγ
yγ (t)

(1)

Figure 1: Schematic diagram of a unit: The unit
 γ ∈ H is a simple neuron with the network’s
feed forward input yI (t) = yi (t) i∈I and recurrent input yH (t − 1) = yh (t −

1) h∈H and an output activation yγ (t). Right: A unit has an input activation
netγ (t), which is a linear combination of the source activations yI (t), yH (t − 1).
The output activation yγ (t) is computed by applying the activation function fγ
to the input activation. Left: The short notation of a unit.

netc (t)

at time t ∈ N we calculate the neuron’s input activation netc by


X
X
,
=
+
ac (t)

with weights w[target neuron],[source neuron] . A bias in (1) can be added by extending the set
I := I ∪ {bias} with ybias (t) = 1∀t ∈ N and hence we will not write the bias in the equations,
but we use them in our RNNs in Section 8. The neuron’s output activation is calculated by


y c (t), bc (t) ,
yc (t) = fc (netc (t))

i∈I

wι,i yi (t) +

h∈H

with a differentiable sigmoid activation function fc . To make (1) suitable for t ≤ 0 we
define ∀h ∈ H, ∀t ∈ Z \ N : yh (t) = 0. This simple neuron with a linear function of
activations as input and one activation function we call unit (compare to Figure 1). In (1)
the activation of the unit is dependent on the current activations of the layer below and
the previous activations of the units from the same layer. When there are no recurrent
connections (∀c, h ∈ H : wc,h = 0), the layer is called feed-forward layer, otherwise recurrent
layer.
2.1 The Long Short-Term Memory


y inc (t), bι (t) ,

netι (t) =

yι (t) = flog (netι (t))
JMLR 17(97):1-37

A standard LSTM cell c has one input with an input activation ycin (t) a set of gates, one
internal state sc and one output(-activation) yc (, y c ). The gates are also units and their
task is to learn whether a signal should pass the gate or not. They almost always have the
1
logistic activation function flog (x) := 1+exp(−x)
(, f1 (x)). The input of the standard LSTM
cell is calculated from a unit with an odd activation function with a slope of 1 at x = 0.
We use fc (x) = tanh (x) in this paper, another solution could be fc (x) = 2 tanh x2 (see S.
Hochreiter, J. Schmidhuber, 1997). The standard LSTM has two gates: The input gate (IG
or ι) and the output gate (OG or ω). These both gates are calculated like a unit, so that
X
X
wι,h yh (t − 1)


3

and



X

i∈I

wω,i yi (t) +

yω (t) = flog (netω (t)) .

netω (t) =
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y outc (t), bω (t) ,


g (netc (t)) , f2 (netc (t)) ,

X

h∈H

ycin (t) = fc (netcin (t)) .

i∈I

wω,h yh (t − 1)

h∈H

The input of an LSTM is defined like in (1) by


X
X
wc,h yh (t − 1),
netc (t) ,
netcin (t) =
wc,i yi (t) +


The internal state sc (t) is calculated by

sc (t) = ycin (t) · yι (t) + sc (t − 1),

the output activation yc (t) of the LSTM is calculated from


y c (t), bc (t) ,
yc (t) = hc (sc (t)) · yω (t)

(2)

(3)

with hc (x) := tanh(x) (, f3 (x)). The LSTM can be interpreted as a kind of memory module where the internal state stores the information. For a given input ycin (t) ∈ (−1, 1) the
IG “decides” if the new input is relevant for the internal state. If so, the input is added to
the internal state. The information of the input is now saved in the activation of the internal
state. The OG determines whether or not the internal activation should be displayed to the
rest of the network. So the information, stored in the LSTM is just “readable” when the OG
is active. To sum up, an open IG can be seen as a “write”-operation into the memory and
an open OG as a “read”-operation of the memory.

Another way to understand the LSTM is to take a look at the gradient propagated
through it. To analyse the LSTM properly, we have to ignore gradients comming from
recurrent weights. We define the truncated gradient similar to S. Hochreiter, J. Schmidhuber
(1997) and F. A. Gers, J. Schmidhuber andF. Cummins (1999).

Definition 1 (truncated gradient) Let γ ∈ {cin , ι, ω} be any input or gate unit and yc (t−
1) any previous output activation. The truncated gradient differs from the exact gradient
∂netγ (t)
only by setting recurrent weighted gradient propagation ∂yc (t−1)
to zero. We write


∂netγ (t) 
= wγ,c = 0.
tr
∂yc (t − 1)

∈(0,1)

JMLR 17(97):1-37

∂E(t)
Now, let E be an arbitrary error which is used to train the RNN and ∂y
the resulting
c (t)
derivative at the output of the LSTM. The OG can eliminate the gradient coming from the
output, because

∈(0,1]

∂yc (t)
= h0 (sc (t)) · yω (t),
∂sc (t) | c {z } | {z }

4

tr

(4)

t =0
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6

5

2.2 Learning to Forget

All in all, this LSTM is able to store information and learn long-term dependencies, but it
has one drawback which will be discussed in 2.2.

∂sc (t)
≈ yι (t).
∂netcin (t)

For long time series the internal state is unbounded (compare with F. A. Gers, J. Schmidhuber andF. Cummins, 1999, 2.1). Assuming a positive or negative input and a non zero

τY
−1
∂sc (t)
=
yφ (t − t0 ).
tr
∂sc (t − τ )
0

and for longer time series we get ∀τ ∈ N

tr

∂sc (t)
∂yι (t)
∂ycin (t)
= ycin (t) ·
+ yι (t) ·
+ yφ (t)
∂sc (t − 1)
∂sc (t − 1)
∂sc (t − 1)
= yφ (t)

so that the truncated gradient in (4) is changed to

sc (t) = ycin (t) · yι (t) + sc (t − 1) · yφ (t),

which can be interpreted that the OG is not able to propagate back the gradient into the
LSTM. Some solutions to solve the linear growing state problem are introduced in F. A.
Gers, J. Schmidhuber andF. Cummins (1999). They tried to stabilize the LSTM with a
“state decay” by multiplying the internal state in each time step with a value ∈ (0, 1), which
did not improve the performance. Another solution was to add an additional gate, the forget
gate (FG or φ). The last state sc (t − 1) is multiplied by the activation of the FG before it
is added to the current state sc (t). So we can substitute (2) by

∂yc (t)
= h0c ((sc (t)) · yω (t) ≈ 0,
∂sc (t)

Thus, for great activations of sc (t) the whole LSTM works like a unit with a logistic activation
function. A similar problem can be observed for the gradient. The gradient coming from
the output is multiplied by the activation of the OG and the derivative of hc . For great
values of sc (t) we get h0c (sc (t)) → 0 and we can estimate the partial derivative

→1

Now, the Extended LSTM is able to learn to forget its previous state. However, an Extended
LSTM is still able to work like an standard LSTM without FG by having an activation
yφ (t) ≈ 1. In this paper we denote the Extended LSTM as LSTM
Another point of view was introduce in Bengio et al. (1994): To learn long-term dependencies
a system must have an architecture to that an input can be saved over long time and does
not suffer from the “vanishing gradient” problem. On the other hand the system should avoid
an “exploding gradient”, which means that a small disturbance has a growing influence over
time. In this paper we do not want to solve the problem of vanishing and exploding gradient
for a whole system, we want to solve this problem only for one single cell. But we think
that it is an necessary condition to provide long time dependencies of a system.

If there is a small input |netcin (t)|  1, we get fc0 (netcin (t)) ≈ 1 and can estimate

∂sc (t)
∂sc (t) ∂ycin (t)
=
= yι (t)fc0 (netcin (t)) .
∂netcin (t)
∂ycin (t) ∂netcin (t)

So, once having a gradient at the internal state we can use the chain rule and get ∀τ ∈ N :
∂sc (t)
1. This is called constant error carousel.
∂sc (t−τ ) =
tr
Like the OG can eliminate the gradient coming from the LSTM output, the IG can do
the same with the gradient coming from the internal state, that means it decides when the
gradient should be injected to the source activations. This can be seen by taking a look at
the partial derivative

∂sc (t)
⇒
=1.
∂sc (t − 1) tr

=0

∂ycin (t) ∂netcin (t) ∂yc (t − 1)
+ yι (t) ·
+1
∂netcin (t) ∂yc (t − 1) ∂sc (t − 1)
| {z }

tr

=0

∂sc (t)
∂yι (t)
∂ycin (t)
=ycin (t) ·
+ yι (t) ·
+1
∂sc (t − 1)
∂sc (t − 1)
∂sc (t − 1)
∂yι (t) ∂yc (t − 1)
∂ycin (t) ∂yc (t − 1)
=ycin (t) ·
+ yι (t) ·
+1
∂yc (t − 1) ∂sc (t − 1)
∂yc (t − 1) ∂sc (t − 1)
∂yι (t) ∂netι (t) ∂yc (t − 1)
=ycin (t) ·
∂netι (t) ∂yc (t − 1) ∂sc (t − 1)
| {z }

The key idea of the LSTMs is that an error that occurs at the internal state neither explode
c (t)
nor vanish over time. Therefore, we take a look at the partial derivative ∂s∂sc (t−1)
, which
is also known as error carousel (for more details see S. Hochreiter, J. Schmidhuber, 1997).
Using the truncated gradient of Definition 1 for this derivative, we get

yc (t) = hc (sc (t)) yω (t) ≈ yω (t).
| {z }

activation of the IG, the absolute activation of the internal state grows over time. Using the
weight-space symmetries in a network with at least one hidden layer (Bishop, 2006, 5.1.1)
t→∞
we assume without loss of generality ycin (t) ≥ 0, so sc (t) −−−→ ∞. Hence, the activation
function hc saturates and (3) can be simplified to

so the OG decides when the gradient should go into the internal state. Especially for
|sc (t)|  1 we get

∂yc (t)
≈ yω (t).
∂sc (t)
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gout (·)

γ|Γ|

yI (t) yH (t − 1)

memory
sc (t−1),...,sc (t−k)

yc (t)

JMLR 17(97):1-37

Figure 2: Schematic diagram of a cell: The function gint calculates the internal state sc (t)
from the previous internal states sc (t − 1), . . . , sc (t − k) and the cell input ycin (t)
using the gate activations yΓ (t). The function gout calculates the output yc (t) of
the cell from the actual and previous internal states sc (t), . . . , sc (t − k), the cell
input ycin (t) also using the gate activations yΓ (t).
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3. Cells and Their Properties

In this section we want to introduce a general cell and figure out properties for these cells
which probably lead to the good performance observed by LSTM cells.

Definition 2 (Cell, cf. Fig. 2) A cell, c, of order k consists of

• one designated input unit, cin , with sigmoid activation function fc (typically fc = tanh
unless specified otherwise);

• a set Γ (not containing cin ) of units called gates γ1 , γ2 , . . . with sigmoid activation
functions fγi , i = 1, . . . (typically logistic fγi = flog unless specified otherwise);

• an arbitrary function, gint , and a cell activation function, gout , mapping into [−1, 1].

Each unit of Γ ∪ {cin } receives the same set of input activations. The cell update in time
step t ∈ N is performed in three subsequent phases:

1. Following the classical update scheme of neurons (see Section 2), all units in Γ ∪ {c
 in }
calculate synchronously their activations, which will be denoted by y Γ (t) := yγ (t) γ∈Γ
and ycin (t). Furthermore, we call ycin (t) the input activation of the cell.

2. Then, the cell computes it’s so-called internal state

sc (t) := gint (yy Γ (t), ycin (t), sc (t − 1), . . . , sc (t − k)) .

3. Finally, the cell computes it’s so-called output activation

yc (t) := gout (yy Γ (t), ycin (t), sc (t), sc (t − 1), . . . , sc (t − k)) .

In this paper we concentrate on first order cells (k = 1). Now, we use Definition 2 to
re-introduce the (Extended) LSTM cell.

Remark 3 (LSTM cell) An LSTM cell is a cell of order 1 where hc = tanh and
• Γ = {ι, φ, ω}

• sc (t) := gint (yy Γ (t), ycin (t), sc (t − 1)) := ycin (t)yι (t) + sc (t − 1)yφ (t)

• yc (t) := gout (yy Γ (t), sc (t)) := hc (sc (t)) yω (t)

JMLR 17(97):1-37

Properties of cells. Developing the 1D LSTM cells, the main idea is to save exactly one
piece of information over a long time series and to propagate the gradient back over this long
time, so that the system can learn precise storage of this piece of information. In instance a
given input ycin (which represent the information) at time tin should be stored into the cell
state sc until the information is required at time tout .
To be able to prove the following properties, we will assume the truncated gradient defined
in Definition 1. Nevertheless we will use the full gradient in our Experiments, because it
turned out that it works much better. The next two properties of a cell ensure the ability
to work as such a memory.

8

cin

Γ

×

ι

memory
sc (t−1)

+

×

φ

sc (t)

ω

×
yc (t)

9
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Figure 3: Schematic diagram of a one-dimensional LSTM cell: The input (cin ) is multiplied
by the IG (ι). The previous state sc (t − 1) is gated by the FG (φ) and added
to the activation coming from the IG and input. The output of the cell is the
squashed internal state (squashed by hc (x) = tanh(x)) and gated by the OG (ω).

yI (t)

yH (t − 1)

c

yI (t) yH (t − 1) yI (t) yH (t − 1) yI (t) yH (t − 1)
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(7)

(6)

10

∂sc (t)
∈ [0, 1] .
∂sc (tin ) tr
JMLR 17(97):1-37

Definition 6 (Not exploding gradient (NEG)) A cell c has an NEG :⇔
For any time steps tin , t ∈ N, tin < t and any gate activations y Γ (t) the truncated gradient
in bounded by

The third property is a kind of stability criterion. An unwanted case is that a small change
(caused by any noisy signal) at time step tin has a growing influence at later time steps.
This is equivalent to an exploding gradient over time. Controlling the gradient of the whole
system and avoiding him not to explode is a hard problem. But we can at least avoid the
exploding gradient in one cell. This should be prohibited for any gate activations.

∂yc (t)
∈ [0, δ2 ] .
∂sc (t)

and there exists another gate vector y Γ (t) leading to a closed output dependency

∂yc (t)
∈ [δ1 , 1]
∂sc (t)

Definition 5 (Controllable output dependency (COD)) A cell c of order k allows an
COD :⇔
There exist δ1 , δ2 ∈ (0, 1), δ2 < δ1 so that for any time t ∈ N there exists a gate vector y Γ (t)
leading to open output dependency

The next definition guaranties that at any time t ∈ N the gate activations can (the cell
output is open) or not (the cell output is closed) distribute the piece of information saved
in sc to the network. This is an important property because the piece of information can
be memorized in the cell without presenting it to the network. Note that the decision is
just dependent on gate activations at time t and there are no constraints to previous gate
activations. In Definition 2 we require yc (t) ∈ [−1, 1] whereas sc (t) ∈ R. So we cannot have
arbitrarily small intervals of the derivative as in (5), but we can ensure two distinct intervals
for open and closed cell output. When we take Definition 4 and 5 together, a cell is able
to save an input over long term series, can decide at each time step whether or not it is
presented to the network and can forget the saved input.

holds.

Definition 4 (Not vanishing gradient (NVG)) A cell c allows an NVG :⇔
For arbitrary tin , tout ∈ N, tin ≤ tout , ∀δ > 0 there exist gate activations y Γ (t) such that for
any t1 , t2 ∈ N

∂sc (t2 )
[1 − δ, 1]
for
t1 = tin and tin ≤ t2 ≤ tout
∈
(5)
[0, δ]
otherwise
∂ycin (t1 ) tr

The first property should ensure that an input ycin at time tin can be memorized (the cell
input is open) in the internal activation sc until tout (the cell memorizes) and has a negligibly
influence on the internal activation for t > tout (the cell forgets). In addition, the cell is able
to prevent influence of other inputs at time steps t 6= tin (the cell input is closed).
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We think that a cell fulfilling these three properties can work as stable memory. To be able
to prove these properties for the LSTM cell we have to considerate the gate activations.
In general, the activation function of the gates does not have to be the logistic activation
function flog , whereas for this paper we set ∀γ ∈ Γ : fγ := flog . So the activation of gates
can never be exactly 0 or 1, because of a finite input activation netγ (t) to the gate activation
function. But a gate can have an activation yγ (t) ∈ [1 − ε, 1) if it is opened or yγ (t) ∈ (0, ε]
if it is closed, because for a realistic large input activation netγ (t) ≥ 7 (low input activation
netγ (t) < −7) we get an activation within the interval yγ (t) ∈ [1 − ε, 1) (yγ (t) ∈ (0, ε])
1
with ε < 1000
. Handling with these activation intervals we can prove the definitions for the
LSTM cell. Now we can prove whether or not the LSTM cell has these properties.
Theorem 7 (Properties of the LSTM cell) The 1D LSTM cell allows NVG and has an
NEG, but does not allow COD.
Proof see A.1 in appendix.

4. Expanding to More Dimensions
In A. Graves, S. Fernandez andJ. Schmidhuber (2007) the 1D LSTM cell is extended to an
arbitrary number of dimensions; this is solved by using one FG for each dimension. In many
publications using the MD LSTM cell in MDRNNs outperform state-of-the-art recognition
systems (for example see A. Graves andJ. Schmidhuber, 2008).
But by expanding the cell to the MD case, the absolute value of the internal state |sc | can
grow faster than linear over time. When spc → ∞ and there are peephole connections
(for peephole connection details see F. A. Gers, N. Schraudolph andJ. Schmidhuber, 2002),
the cells have an output activation of ycp ∈ {−1, 0, 1}: The internal state multiplied by the
peephole weight overlays the other activation-weight-products
 and this leads to an activation
of the OG yωp ∈ {0, 1} and a squashed internal state hc spc ∈ {−1, 1}. So the output of the
cell is yωp hc spc = ycp ∈ {−1, 0, 1}.
 But also without peephole connections the internal state
can grow, which leads to hc spc ∈ {−1, 1} and the cell works like a conventional unit with
a logistic activation function yc (t) ≈ ±yω (t).
Our goal is to transfer the Definitions 4, 5 and 6 defined in Section 3 into the MD case and
we will see that the MD LSTM cell has an exploding gradient. In the next sections we will
provide alternative cell types, that fulfill two or all of these definitions.
In the 1D case it is clear, that there is just one way to come from date t1 to date t2 , when
t1 < t2 , by incrementing t1 as long as t2 is reached. For the MD case the number of paths
depends on the number of dimensions and the distance between these two dates. An MD
path is defined as follows.

JMLR 17(97):1-37

Definition 8 (MD path) Let p , q ∈ ND be two dates. A p -qq -path π of length k ≥ 0 is a
sequence
π := {pp = p 0 , p 1 , . . . , p k = q }
with ∀i ∈ {1, . . . , k}∃!d ∈ {1, . . . , D} : (ppi )d− = p i−1 . Further, let πi := p i .
11
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We can define the distance vector

 − 
q 1 − p1
p→
q
1
  .. 
..
−q := q − p = 
p→
=




.
.
−q
q D − pD
p→
D

−q has at least one negative component, there exists no
between the dates p and q . When p→
p -qq -path. Otherwise there exist exactly

 P
 P
D
→
−
D
→
−
i=1 pq i !
i=1 pq i
−q } := 
= Q
#{p→
D →
−
−q , . . . , p→
−q
p→
i=1 pq i !
1
D

−q } ≥ 1 and
p -qq -paths (compare with the multinomial coefficient). We write p < q when #{p→
p ≤ q when p = q ∨ p < q . Now we can extend the definitions of the 1D case to the MD
case, whereas we concentrate on the MD cells of order 1.

Definition 9 (MD cell) An MD cell, c, of order 1 and dimension D consists of the same
parts as a 1D cell of order 1. The cell update in date p ∈ ND is performed in three subsequent
phases:

1. Following the classical update scheme of neurons (see Section 2), all units in Γ ∪
{cin } synchronously calculate their activations, which will be denoted by y pΓ = yγp γ∈Γ .
Furthermore, we call ycpin the input activation of the cell.

2. Then, the cell computes it’s so-called internal state


p−
p−
spc := gint y pΓ , ycpin , sc 1 , . . . , sc D .

3. Finally, the cell computes it’s so-called output activation


p−
p−
ycp := gout y pΓ , ycpin , spc , sc 1 , . . . , sc D .

Using this, we can reintroduce the LSTM cell as well as Definition 4, 5 and 6 for the MD
case:
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Definition 10 (MD LSTM cell) An MD LSTM cell is a cell of dimension D and order
1 where hc = tanh and

d=1

• Γ = {ι, (φ, 1) , . . . , (φ, D) , ω}


D p−
P
p−
p−
p
• spc = gint y pΓ , ycpin , sc 1 , . . . , sc D = yιp ycpin +
sc d yφ,d


• ycp = gout y pΓ , spc = hc spc yωp

12



[1 − δ, 1]
for
p 1 = p in and p in ≤ p 2 ≤ p out
[0, δ]
otherwise
(8)

∈ [0, δ2 ] .

(10)

(9)

p

∂spc
p
∂sc in

can grow over time:

13

JMLR 17(97):1-37

The MD LSTM cell does not allow the COD, because the 1D case is a special case of the
MD case.
Our idea for the next section is to change the MD LSTM layout, so that it has an NEG.

Proof see A.3 in appendix.

Theorem 15 (NEG of MD LSTM cells) An MD LSTM cell can have an exploding gradient, when D ≥ 2.

For arbitrary activations of FGs the partial derivative

Proof see A.2 in appendix

Theorem 14 (NVG of MD LSTM cells) An MD LSTM cell allows an NVG.

We can now consider these definitions for the MD LSTM cell.

∂spc
∈ [0, 1]
p
∂sc in tr

p

Definition 13 (MD Not exploding gradient (NEG)) An MD cell c has an NEG :⇔
For any time steps p in , p ∈ ND , p in < p and any gate activations y pΓ the truncated gradient
in bounded by

∂ycp
∂spc

and there exists another gate vector y pΓ leading to a closed output dependency

∂ycp
∈ [δ1 , 1]
∂spc

p

Definition 12 (MD Controllable output dependency (COD)) An MD cell c allows
an COD :⇔
There exist δ1 , δ2 ∈ (0, 1), δ2 < δ1 so that for any time t ∈ N there exists a gate vector y pΓ
leading to open output dependency

holds.

∂sc 2
p1 ∈
tr
∂ycin

p

Definition 11 (MD Not vanishing gradient (NVG)) An MD cell c allows an NVG
:⇔
For arbitrary p in , p out ∈ ND , p in ≤ p out , ∀δ > 0 there exist ∀pp ∈ ND gate activations y pΓ such
that for any p 1 , p 2 ∈ ND

Cells in MDRNNs

p−

d=1

d=1

 X

D
D
X
p−
p−
p−
λpd sc d , ∀d = 1, . . . , D : λpd ≥ 0,
λpd = 1
sc 1 , . . . , s c D =

(11)

• Γ = {ι, (λ, 1) , . . . , (λ, D) , φ, ω}
14
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Definition 16 (MD LSTM Stable cell) An MD LSTM Stable cell is a cell of dimension
D and order 1 where hc = tanh and

of all states satisfies these both points (see Theorems 17 and 18). To calculate these D
coefficients we want to use the activation of D gates and we call them lambda gates (LG or
λ).

−

spc = f

The convex combination

2. The MD LSTM Stable cell allows NVG.

1. The MD LSTM Stable cell has an NEG

is needed, so that the following two benefits of the 1D LSTM cell remain:

but in the MD case it does. Our idea is to combine the previous states sc d at date p to one
−
previous state spc and take the 1D form of the LSTM cell. For this reason we call this cell
LSTM Stable cell.
Therefore, a function


−
p−
p−
spc = f sc 1 , . . . , sc D

In Section 3 we realized that 1D LSTM cells work good and the gradient does not explode,

5.1 MD LSTM Stable Cell

with p = {1, 2, 3, 4} and different learning rates ε does not work. So we tried to change the
layout of the MD LSTM cell.

Lossstate = ε kspc kp

large internal states. This also does not make a significant difference. Also forcing the cell
to learn to stabilize itself by adding an error

In the last section, we showed that the MD LSTM cell can have an exploding gradient.
We tried different ways to solve this problem. For example we divided the activation of
the FG by the number of dimensions. Then the gradient cannot explode over time, but
the gradient vanishes along some paths rapidly. Another approach was to give the cells the
opportunity to learn to stabilize itself, when the internal state starts diverging. Therefore
we add an additional peephole connection between the square value of the previous internal
 − 2
p
states sc d
and the FGs so that the cell is able to learn that it has to close the FG for

5. Reducing the MD LSTM Cell to One Dimension

Gundram Leifert et al.

•

−
spc

=

gconv


−
p−
, . . . , sc D

p
y pΓ , sc 1

Cells in MDRNNs


=
d0 =1

D p−
P
yp
λ,d
sc d P
D
ypλ,d0

d=1



−
−
• spc = gint y pΓ , ycpin , spc
= yιp ycpin + spc yφp



• ycp = gout y pΓ , spc = yωp hc spc

Using these equations we can test the cell for its properties. The MD LSTM Stable cell
does not have the COD, because the 1D LSTM cell also does not have this property. For
the other propertiese we get:
Theorem 17 (LTD of MD LSTM Stable cells) An MD LSTM Stable cell allows NVG.
Proof See A.4 in appendix.

Theorem 18 (NEG of MD LSTM Stable cells) An MD LSTM Stable cell has an NEG.
Proof See A.5 in appendix.

d∈{1,...,D}\{d0 }

Reducing the number of gates by one. When D ≥ 2 an MD LSTM Stable cell has
one more gate than a classical MD LSTM (for D = 1 the both cells are equivalent). But it
is possible to reduce the number of LGs by one. One solution is to choose one dimension
d0 ∈ {1, . . . , D} which does not get an LG. Its activation is calculated by


Y
p
p
.
1 − yλ,d
p
yλ,d
0 =

P
In the special case of D = 2 we can choose d0 = 2 and we get d20 =1 yλ,d0 = yλ,1 +(1 − yλ,1 ) =
1 and the update equation of the internal state can be simplified to



 −
p− p−
p−
p
p
p
p
spc = gint yιp , yλ,1
, yφp , sc 1 , sc 2 = yιp ycpin + yλ,1
sc 1 + 1 − yλ,1
sc 2 .

Gundram Leifert et al.

the cell allows NVG defined in Definition 11, but actually we have

p

∂yc out
p in
∂ycin

|spc out |→∞
−−−−−−−→ 0 for

arbitrary gate activations. Again, ideas like state decay, additional peephole connections or
additional loss functions like mentioned in Section 4 either do not work or destroy the NVG
of the LSTM and LSTM Stable cell. So, our solution is to change the architecture of the
MD LSTM Stable cell, so that it fulfills has an NEG and allows NVG and COD. The key
idea is to bound the internal state, so that for all inputs ycpin ≤ 1, p ∈ ND the internal
state is bounded by spc ≤ 1.
Note that this is comparable with the well-known Bounded-Input-Bounded-Output-Stability
(BIBO-Stability). To create an MD cell that has an NEG, allows NVG and has a bounded
internal state, we take the MD LSTM Stable cell proposed in the last section and change
its layout. Therefore we calculate the activation of the IG as function of the FG, so that
we achieve spc ≤ 1 by choosing yιp := 1 − yφp . So the activation of the FG controls how
much leaks from the previous states. The activation of the FG can also be interpreted as
switch, if the internal activation, the new activation or a convex combination of these both
activations should be stored in the cell. So the sc can be seen as time-dependent exponential
moving average of ycin .

d0 =1

D
P

ypλ,d0

p

ypλ,d

p

Definition 19 (MD Leaky cell) An MD Leaky cell is a cell of dimension D and order 1
where hc = tanh and

d=1

• Γ = {(λ, 1) , . . . , (λ, D) , φ, ω}


D p−
P
−
p−
p−
• spc = gconv y pΓ , sc 1 , . . . , sc D =
sc d


 

−
−
= 1 − yφp ycpin + spc yφp
• spc = gint y pΓ , ycpin , spc


• ycp = gout y pΓ , spc = yωp hc spc

Now we can prove that the resulting cell has all benefits.

Theorem 20 The MD Leaky cell has an NEG and allows NVG and COD.
Proof See A.6 in appendix.

The MD Leaky cell can have one gate less than the MD LSTM cell and the MD LSTM
Stable cell and because of this, the update path requires less computations.

7. General Derivation of Leaky Cells

JMLR 17(97):1-37

6. Bounding the Internal State

p

|spc |→∞
hc0 (spc ) −−−−−→ 0

16

In the last sections we discussed the growing of the EC over time and we found a solution to
have a NGEC for higher dimensions. Nevertheless it is possible that the internal state grows
linearly over time. When we take
 a look at Definition 10, we see that the partial derivative
for p = p out depends on hc0 spc . So having the inequality
with

JMLR 17(97):1-37

So far we proposed cells for the MD case, which are able to provide long term memory. But
especially in MDRNNs with more than one MD layer it is hard to measure if and how much
long term dependencies are used and even if it is useful. Another way to interpret the cell
is to consider them as kind of MD feature extractor like “feature maps” in Convolutional
Neural Networks (Bengio and LeCun, 1995). Then the aim is to construct an MD cell which
is able to generate useful features. Having a hierarchical Neural Network like in Bengio and
LeCun (1995) and A. Graves andJ. Schmidhuber (2008) over the hierarchies the number of
∂ycp
≤ hc0 (spc )
∂spc

15

ypλ,d
D
P
ypλ,d0
d0 =1

INPUT LAYER

2D LAYER 1

0D LAYER 2

2D LAYER 2

0D LAYER 3

2D LAYER 3

OUTPUT LAYER
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greater effect on the performance of the network. Second, in lower layers there are longer
time series so having an unstable cell in such a layer, it has time to saturate. So our first
experiment compares the recognition results when we substitute the LSTM cells in the lowest
layer (which is “2D layer 1” in Figure 4) by the newly developed cells.
In the second experiment we compare the LSTM cell and the LeakyLP cell also in the higher
MD layers (“2D layer 2 and 3 in Figure 4), to evaluate if the LeakyLP cell work better also

Figure 4: Architecture of the hierarchical MDRNN used for the experiments: It is equivalent
to A. Graves andJ. Schmidhuber (2008, Figure 2). A 2D layer contains 22 distinct
layers (for each combination of scanning direction left/right and up/down one
layer). To reduce the number of weights between two 2D layers, a 0D layer
is inserted, which contains units with tanh as activation function. They have
dimension 0 because they have no recurrent connections. These layers can be seen
as feed-forward or convolutional layer. Each 2D layer (or its allocated 0D layer)
reduces its size in in x and y dimension using a two-dimensional subsampling.
Simultaneously the number of feature maps (z-dimension) increases to have no
bottleneck between input and output layer.

Subsample 1

Subsample 2

Subsample 3

Gundram Leifert et al.

RNNs with 1D LSTM cells are well studied. In some experiments the activations of the gates
and the internal state are observed and one can see that the cell can really learn, when to
“forget” information and when the internal state should be accessible for the network (see F.
A. Gers, N. Schraudolph andJ. Schmidhuber, 2002). However, we did not find experiments
like these for the MD case and we do not want to transfer these experiments into the MD
case. Instead we compare the different cell types with each other in two scenarios where the
MD RNNs with LSTM cells perform very well. In both benchmarks the task is to transcribe
a handwritten text on an image, so we have a 2D RNN. In this case we compare the cells
on the IFN/ENIT (Pechwitz, M. and Maddouri, S. and Märgner, V. and Ellouze, N. and
Amiri, H. and others, 2002) and the Rimes database (Augustin, E. and Brodin, J.-M and
Carré, M. and Geoffrois, E. and Grosicki, E. and Prêteux, F., 2006). Both tasks are solved
with the MD RNN layout described in A. Graves andJ. Schmidhuber (2008) and shown in
Figure 4. All networks are trained with Backpropagation through time (BPTT) .
To
compare the different cell types in RNNs with each other we take 10 RNNs with different
weight initializations of each cell type and calculate the minimum, the maximum and the
median of the best label error rate (LER) on a validation set of these 10 RNNs. In all tables
we present these three LERs to compare the cell types.
We think it is more important to have stable cells in the lower MD layers because of two
reasons: First, when we have just a few cells in a layer, the saturation of one cell has a

8. Experiments

Setting the second OG (yωp 1 ) to zero, the LeakyLP cell corresponds to the Leaky cell, hence
it fulfills all three properties, but has one more gate, which is as much gates as the LSTM
cell.

p





−
−
• ycp = gout y pΓ , spc , spc
= hc spc yωp 0 + spc yωp 1

 


−
−
= 1 − yφp ycpin + spc yφp
• spc = gint y pΓ , ycpin , spc

d=1

• Γ = {(λ, 1) , . . . , (λ, D) , φ, ω0 , ω1 }


D p−
P
−
p−
p−
• spc = gconv y pΓ , sc 1 , . . . , sc D =
sc d

Definition 21 (MD LeakyLP cell) An MD LeakyLP cell is a cell of dimension D and
order 1 where hc = tanh and

features increases with a simultaneously decreasing feature resolution. Features in a layer
with low resolution can be seen as low frequency features in comparison to features in a layer
with high resolution. So it would be useful to construct a cell as feature extractor which
produces a low frequency output in comparison to its input. In appendix B we take a closer
look at the theory of linear shift invariant (LSI)-systems and their frequency analysis and
analyse a first order LSI-system regarding its free selectable parameters using the F- and
Z-transform. There, we derive the MD LeakyLP cell (see Definition 21) and 5 additional
first order MD cells, which we do not test in Section 8.

Cells in MDRNNs

Celltype
LSTM
Stable
Leaky
LeakyLP

Cells in MDRNNs

Label-Error-Rate in Percent
min
max
median
8,58% 14,73%
10,58%
8,78% 11,75%
9,55%
8,87% 10,47%
9,10%
8,24%
9,40%
8,93%

Table 1: Different cell types in the lowest MD layer
in long time series.
In Bengio (2012, 3.1.1) it is mentioned, that an important hyper parameter for a training
is the learning rate, so another experiment
 is to train all networks with stochastic gradient
decent with different learning rates δ ∈ 1 · 10−3 , 5 · 10−4 , 2 · 10−4 , 1 · 10−4 and compare
the best LER according a fixed learning rate.
8.1 The IFN/ENIT Database

Label-Error-Rate in Percent
min
max
median
8,58% 14,73%
10,58%
8,24%
9,40%
8,93%
8,35% 11,27%
8,91%
8,92% 11,69%
9,74%

Gundram Leifert et al.

Celltype in 2D layer
1
2
3
LSTM
LSTM
LSTM
LeakyLP
LSTM
LSTM
LeakyLP LeakyLP
LSTM
LeakyLP LeakyLP LeakyLP

BP-delta
1 · 10−4
2 · 10−4
5 · 10−4
1 · 10−3
1 · 10−4
2 · 10−4
5 · 10−4
1 · 10−3
2 · 10−3

Label-Error-Rate in Percent
min
max
median
8,58% 14,73%
10,58%
9,15% 16,86%
10,51%
9,03% 21,77%
11,44%
10,21% 30,20%
11,44%
8,92% 11,69%
9,74%
8,38%
9,09%
8,81%
8,25%
8,95%
8,78%
8,29%
9,20%
8,88%
8,95% 12,81%
9,55%

Table 2: Different cells in other layers
Celltype
LSTM
LSTM
LSTM
LSTM
LeakyLP
LeakyLP
LeakyLP
LeakyLP
LeakyLP

Table 3: Performance of cells regarding learning-rate

cells instead. This fits to our intuition mentioned before that the LSTM cells perform better
when they do not have a too long time series and when there are enough cells in one layer
which do not saturate.

This database contains handwritten names of towns and villages of Tunisia. The set is
divided into 7 (a-f,s) sets, where 5 (a-e) are available for training and validation (for details
see Pechwitz, M. and Maddouri, S. and Märgner, V. and Ellouze, N. and Amiri, H. and
others, 2002). With all information we got from A. Graves, we were able to get comparable
results to A. Graves andJ. Schmidhuber (2008). Therefor we divide the sets a-e into 30000
training samples and 2493 validation samples. All network are trained 100 epochs with a
fixed learning rate δ = 1 · 10−4 . The LER is calculated on the validation set.
8.1.1 Different Cells in the Lowest MD Layer

8.2 The Rimes Database
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One task of the Rimes database is the handwritten word recognition (for more details see E.
Grosicki, M. Carré, J.-M. Brodin andE. Geoffrois, 2008; E. Grosicki andH. El-Abed, 2011).
It contains 59292 images of french single words. It is divided into distinct subsets; a training
set of 44196 samples, a validation set of 7542 samples and a test set of 7464 samples. We
train the MD RNNs by using the training set for training and calculate the LER over the
validation set, so the network is trained on 44196 training samples each epoch. The network
used in this section differs only in the subsampling rate between two layers from the network
used in A. Graves andJ. Schmidhuber (2008). When there is a subsampling between layers,

When we take a look at the update equations and the proofs of the NEG it can be assumed,
that the gradient going through the cells is lower for LeakyLP cells in contrast to LSTM
cells. So we think the learning rate have to be larger for LeakyLP cells. In Table 3 we
compare the networks with either only LSTM or LeakyLP cells. There we can see that the
learning rate have to be much higher for the LeakyLP cells. In addition, the RNNs with
LeakyLP cells are more robust to the choice of the learning rate.

8.1.3 Performance of Cells Regarding Learning-Rate

In our first experiment we substitute the LSTM cell in the lowest MD layer. We take some of
the cells described in this paper. In Table 1 the results are shown. The first row is the same
RNN layout used in A. Graves andJ. Schmidhuber (2008). We can see, that the LeakyLP
cell performs the best. Nevertheless the worst RNN with LeakyLP cells in the lowest MD
layer performs worth than the best RNN with LSTM cells. So we cannot say, that LeakyLP
is always better. But it can be observed that the variance of the RNN performance is
very high with LSTM cells in the lowest MD layer. Our interpretation is that LSTM cells
have a comparable performance like the LeakyLP cells in the lowest layer, when they do
not saturate. Note, that the Leaky cell has one gate less, so they are faster and have less
trainable weights.
8.1.2 Different Cells in Other MD Layers
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Now we want to compare the best new developed cell—the LeakyLP cell—with the LSTM
cell in the other MD layers. So we also substitute the LSTM cell in the upper MD layers. We
enumerate the 2D layers like shown in Figure 4. In Table 2 we can see that substituting the
LSTM cells only in the lowest or in the both lowest layer perform slightly better. The best
results can be achieved when we use LeakyLP cells in 2D layer 1 and LSTM cells in 2D layer
3. Using LSTM in the middle layer seems to work slightly better than using the LeakyLP
19

Label-Error-Rate in Percent
min
max
median
14,96% 17,63%
16,50%
14,45% 16,02%
15,11%
14,77% 16,39%
15,85%
14,63% 15,78%
15,30%

Label-Error-Rate in Percent
min
max
median
14,96% 17,63%
16,50%
14,63% 15,78%
15,30%
14,21% 15,57%
14,92%
14,94% 16,18%
15,52%
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In this paper we took a look at the one-dimensional LSTM cell and discussed the benefits
of this cell. We found two properties, that probably make these cells so powerful in the
one dimensional case. Expanding these properties to the multi dimensional case, we saw
that the LSTM does not fulfill one of these properties any more. We solved this problem
by changing the architecture of the cell. In addition we presented a more general idea how
to create one dimensional or multi dimensional cells. We compare some newly developed
cells with the LSTM cell on two data sets and we can improve the performance using the

9. Conclusion

Performance of Cells Regarding Learning-Rate. Using different learning rates we
can see that the RNN with LeakyLP cells in the both lowest layers and the LSTM cells in
the top layer can significantly improve the performance . Even the maximal LER of this
RNN works better than the best network with LSTM cells in each layer.

We want to see the effect of the substitution of the LSTM cell by the LeakyLP cell in the
upper MD layers. In Table 5 we can see that using LeakyLP cells in both lowest layers
perform very well. So we also take this setup to try different learning rates.

8.2.2 Different Cells in Other MD Layers

In Table 4 we can see that substituting the LSTM in the lowest layer by one of the three
cells improves the performance of the network, even the Leaky cell with one gate less.

8.2.1 Different Cells in the Lowest MD Layer

the factors are 3 × 2 instead of 4 × 3 or 4 × 2. The rest of the experiment is the same like
described in Section 8.1.

Table 5: Different cells in other layers

Celltype in 2D layer
1
2
3
LSTM
LSTM
LSTM
LeakyLP
LSTM
LSTM
LeakyLP LeakyLP
LSTM
LeakyLP LeakyLP LeakyLP

Table 4: Different cell types in the lowest MD layer

Celltype
LSTM
Stable
Leaky
LeakyLP

Cells in MDRNNs

BP-delta
1 · 10−4
2 · 10−4
5 · 10−4
1 · 10−4
5 · 10−4
2 · 10−4
5 · 10−4

Label-Error-Rate in Percent
min
max
median
14,96% 17,63%
16,50%
14,41% 16,88%
15,61%
15,05% 16,27%
15,47%
14,94% 16,18%
15,52%
12,68% 13,95%
13,57%
13,26% 14,04%
13,65%
12,08% 13,42%
12,87%

tr

t=t1 +1

and

∂yc (t)
= h0c (sc (t)) yω (t).
∂sc (t)

tr

=0

(14)

(13)

(12)

∂sc (t)
=
∂sc (tin ) tr

22

t0 =tin +1

t
Y

yφ (t0 ) ∈ (0, 1)
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We will prove the properties successively.
NEG: For the LSTM cell the FG fφ = flog ensures yφ (t) ∈ (0, 1), so using these bounds in
(13) with

∂sc (t)
= yι (t)
∂ycin (t)

In addition, ∀t ∈ N we have

tr

∂sc (t2 − 1)
=
yφ (t2 )
tr
∂sc (t1 )
t
2
Y
=
yφ (t)

=0

∂sc (t2 )
∂gint (yy Γ (t2 ), ycin (t2 ), sc (t2 − 1))
=
∂sc (t1 )
∂sc (t1 )
∂yφ (t2 )
∂ (ycin (t2 )yι (t2 )) ∂sc (t2 − 1)
+
yφ (t2 ) + sc (t2 − 1)
=
∂sc (t1 )
∂sc (t1 )
∂sc (t1 )
|
{z
}
| {z }

∂sc (t2 )
Proof Let c be a 1D LSTM cell. To get the derivative ∂s
according the truncated
c (t1 )
gradient between two time steps t1 , t2 ∈ N we have to take a look at gint .

A.1 Proof of 7

Appendix A. Proofs

new cell types. Due to this we think that substituting the multi-dimensional LSTM cells by
the multi-dimensional LeakyLP cell could improve the performance of many system working
with a multi-dimensional space.

Table 6: Performance of cells regarding learning-rate

Celltype
LSTM
LSTM
LSTM
LeakyLP
LeakyLP
LeakyLP in 2D layer 1 & 2
LeakyLP in 2D layer 1 & 2
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the LSTM cell has an NEG.
NVG: Therefore, we choose
yι (t) ∈
yφ (t) ∈
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[1 − ε, 1)
if
t = tin
,
(0, ε]
otherwise
[1 − ε, 1)
if
tin < t ≤ tout
,
(0, ε]
otherwise

t

t2
Y

t=t1 +1

(1 − ε) , 1

!
⊆

"

!

(1 − ε)tout −tin +1 , 1 .

with a later chosen ε > 0. Let t1 , t2 ∈ N, t1 ≤ t2 be two arbitrary dates, where we want to
calculate the gradient ∂y∂sc c (t(t2 1) ) . First, we want to show that the LSTM cell allows NVG for
in
t1 = tin and tin ≤ t2 ≤ tout :
We have yι (t1 ) ∈ [1 − ε, 1) and ∀t = tin + 1, . . . , tout : yφ (t) ∈ [1 − ε, 1). Then, we can
estimate the derivative from (12) and (14) by

(1 − ε)

2
Y
∂sc (t2 )
∂sc (t2 ) ∂sc (t1 )
=
= yι (t1 )
yφ (t)
∂ycin (t1 )
∂sc (t1 ) ∂ycin (t1 ) tr
t=t1 +1
"

∈

tr

To fulfill the equation for NVG we choose ε depending on δ such that

ε ≤ 1 − (1 − δ) tout −tin +1

1

1 − δ ≤ (1 − ε)tout −tin +1
⇔

∈(0,ε]

holds. Second, we have to show, that the derivative is in [0, δ], when t1 = tin and tin ≤ t2 ≤
tout is not fulfilled.
In the case of t1 6= tin when ε ≤ δ we can use the NEG which leads to

∈ [0,1]

tr

∂s (t )
∂s (t ) ∂s (t1 )
c
2
c
2
c
=
⊆ [0, ε] ⊆ [0, δ].
∂y (t1 )
∂s (t ) ∂y (t1 )
| c{z 1 } | cin
{z }
cin

t

t

When t1 = tin we have two cases: t2 < tin or t2 > tout . For the case t2 < tin the derivative
is zero (⊂ [0, δ]), because the cell is causal. For t2 > tout we can split the derivative at tout
and get

∈(0,1)

out
2
Y
Y
∂sc (t2 )
= yι (t1 )
yφ (t)
yφ (t)
∂ycin (t1 ) tr
| {z }
t=t1 +1
t=tout +1
∈(0,ε]
|
{z
}

tr


∈ 0, εt2 −tout ⊂ [0, ε] ⊆ [0, δ].

JMLR 17(97):1-37

o
n
1
For ε ≤ min δ, 1 − (1 − δ) tout −tin +1 the LSTM cell allows NVG.
COD: To prove that the LSTM cell has no COD, we show that there are gate activations
23
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(15)

such that in Definition 5 we get δ2 > δ1 . Therefore, we assume that all gate activations are
arbitrary (yγ (t) ∈ (0, 1)), closed (yγ (t) ∈ (0, ε]) or opened (yγ (t) ∈ [1 − ε, 1)) with a later
chosen ε > 0. We take a look at the right side of (14). For sc (t) = 0 we get hc0 (sc (t)) = 1.
c (t)
In Definition 5 we have to satisfy ∃yy Γ (t) : ∂y
∂sc (t) ∈ [0, δ2 ] an choose the OG yω (t) ∈ (0, ε]
with

ε ≤ δ2 .

But then for t0 = 1, . . . , t − 1 we can choose the IG and FG open with the same ε so that

yφ (t0 ), yι (t0 ) ∈ [1 − ε, 1) .

(18)

(17)

(16)

When for all time steps t0 = 1, . . . , t there is a positive input ycin (t0 ) ∈ [c, 1), c ∈ (0, 1) ⊂ R
and an internal state sc (t0 − 1) < c (1−ε)
ε , the internal state is growing over time, because

≥ c(1 − ε) + sc (t0 − 1)(1 − ε)

sc (t0 ) = ycin (t0 )yι (t0 ) + sc (t0 − 1)yφ (t0 )

≥ sc (t0 − 1) + c(1 − ε) − sc (t0 − 1)ε
(1 − ε)
ε
ε

> sc (t0 − 1) + c(1 − ε) − c

> sc (t0 − 1).

For large sc (t) ≥ c (1−ε)
 1 we can estimate
ε


(1 − ε)
.
tanh(s (t)) ≤ exp (−sc (t)) ≤ exp −c
| {zc }
ε
≈exp(−2sc (t))

∂y (t)
c
= hc0 (sc (t)) yω (t)
∂sc (t)


(1 − ε)
≤ exp −c
ε

This yields in (14) to the bound

so in Definition 5 we get



(1 − ε)
.
δ1 ≤ exp −c
ε

But when we combine (15), (18) and the restriction in Definition 5, we have


(1 − ε)
ε ≤ δ2 < δ1 ≤ exp −c
,
ε
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but there exist ε, c, such that the inequality is not fulfilled, which is a contradiction.
Summarized, the 1D LSTM cell allows an NVG and has an NEG, but does not allow COD.

24

(22)

(21)

(20)

cin

yιp ∈
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[1 − ε, 1)
if
p = p in
(0, ε]
otherwise
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(24)

and (19) is fulfilled.
In the second step let p 1 ≤ p 2 be the date, for which we want to calculate the truncated
p
∂sc 2
gradient ∂y
p 1 . We choose the IG activation as

so (19) is fulfilled for p in ≤ p ≤ p out .
If we have p < p in in (19), the derivative is 0, because we have a causal system.
p
1
c
≤ |P1p | in (21) to ensure ∀pp ∈ ND : ∂s∂spin
For p > p out in (19), we choose ε ≤ D
≤ 1 (see
c
(22)) and we get


−
p−
d
X ∂spc d p
∂s
∂spc
c
 ⊆ (0, Dε] ,
=
∈ 0, Dε max
(23)
p
p y
p
d=1,...,D ∂sc in
∂sc in tr d=1,...,D ∂sc in φ,d

Then we can estimate the derivative for p in ≤ p ≤ p out using (20) and (21) to


−
−
−
X ∂spc d p
X ∂spc d 1 − ε X ∂spc d 1
∂spc

,
=
∈
p
p y
p
p
∂sc in tr d∈P ∂sc in φ,d
∂sc in |Pp | d∈P ∂sc in |Pp |
d∈Pp
p
p


∂spc
1−ε
1
⇒ p in ∈ |Pp | (1 − ε)k−1
, |Pp |
|Pp |
|Pp |
∂sc tr
h

∂spc
p−p
pin k1
kp
,1 ,
⇔ p in ∈ (1 − ε)
∂sc tr

Then we choose the activations of the FG to be

( h
1−ε
, |P1p |
for
d ∈ Pp and p in < p ≤ p out
p
|P
|
p
yφ,d ∈
.
[0, ε]
otherwise

p−
h
i h
i
∂sc d
p
kp −
d −p in k1 , 1 = (1 − ε)k−1 , 1 .
p in ∈ (1 − ε)
∂sc tr

the set of dimensions d, in which are p in -pp−
d -paths. Note, that this set cannot be empty,
because p > pin for k ≥ 1. When we have a dimension d ∈ Pp then p−
d − p in 1 = k − 1 and
we assume

is fulfilled. The prove is done using induction over k = kpp − p in k1 with p ≥ p in . The base
k = 0 is clear. Let be k ≥ 1. We define

Pp := d ∈ {1, . . . , D} | p −
d ≥ p in

Proof Let c be an MD LSTM cell of dimension D, p , p 1 , p 2 , p in , p out ∈ ND , p in ≤ p out
arbitrary dates and hc = tanh the sigmoid function. Besides ε > 0 is a later chosen value.
In the first step we want to show that there are activations of the forget gates, so that

 
∂spc
(1 − ε)kpp−ppin k1 , 1
for
p in ≤ p ≤ p out
(19)
p in ∈
[0, Dε]
otherwise
∂sc tr

A.2 Proof of 14
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p

∂spc
∂ypcin
p

p

p

= yιp . Using (22), (23) and (24), we can estimate the partial derivative by

ε := min



1
δ
, 1 − (1 − δ) kp in −ppout k1 +1
D



p

26

h
i
∂sc k
Dk
−→
−→
∈ εDk #{p−−
#{p−−
p
inp k }, (1 − ε)
inp k }
∂sc in tr
" √
#
√
D
D
k1
Dk
Dk
⇒ ∈ √
(Dε) , √
(D (1 − ε))
.
D−1
D−1
tr
2πk
2πk
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(25)

When we combine it with the FG activations we can estimate the derivative for great k with
the Stirling’s approximation and get

i=1

For D = 1 we get |Π| = 1 and the cell has a NGEC. When D ≥ 2 we can count the number
of paths using the Stirling’s approximation and we can estimate the number of paths with
D

P −−−→
√
Dk
√
p inp k i !
2πDk Dk
(Dk)! k1
DDDk
i=1
−→
e
#{p−−
=
−
−
−
→
=
.


√
inp k } =
D
D
D−1
√

D

k
Q
(k!)
−→
2πk
2πk ke
p−−
inp k i !

tr

k
p
XY
∂sc k
y πi
p in =
∂sc tr π∈Π i=1 φ,d
h
i
k
−→
−−−→
∈ εk #{p−−
in p k }, (1 − ε) #{p in p k } .

with ε ∈ (0, 0.5) and we can estimate the partial derivative, using the truncated gradient,
with

p
∈ [ε, 1 − ε]
yφ,d

p

Proof Let c be an MD cell of dimension D with the internal state sc and p in , p k ∈ ND , p in ≤
pk two dates. Let pk be a date k steps further in each dimension than a fixed date pin . So
the distance between them is kppin − p k k1 = Dk. Let Π be the set of all p in -ppk -paths, then
−→
there exist |Π| = #{p−−
inp k } paths (see Definition 8). We assume

A.3 Proof of 15

the conditions of Definition 11 are fulfilled.

and setting

∂sc 2
∂sc 2 ∂sc 1
p1 =
p
p1
∂ycin
∂sc 1 ∂ycin

 
p2
∂sc
(1 − ε)(1 − ε)kpp2 −ppin k1 , 1
for
p 1 = p in and p in ≤ p 2 ≤ p out
⇒ p1 ∈
.
[0, Dε]
otherwise
∂sc tr

p

and we get
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√
p
1−D
∂s k
D
c
≈ √ D−1 k 2 (D)Dk .
p
∂sc in
2π

The upper bound of this interval can grow for great k, if [D (1 − ε)] > 1 and this is the case
for D ≥ 2. So the MD LSTM cell can have an exploding gradient for D ≥ 2. When the
p
weights to the FGs are initialized with small values, we have yφ,d
≈ 0.5. Then we have an
exploding gradient when D ≥ 3, when the training is starting. In the worst case we have
≈ 1 and the derivative in (25) goes for great k to
p
yφ,d

A.4 Proof of 17


 
(1 − (D − 1)ε)2kpp−ppin k1 , 1
for
p in ≤ p ≤ p out
[0, ε]
otherwise

(26)

Proof Let c be an MD LSTM Stable cell of dimension D ≥ 2 (for D = 1 the proof is
equivalent to the 1D case of the LSTM cell), p , p 1 , p 2 , p in , p out ∈ ND , p in ≤ p out arbitrary
dates and hc = tanh the sigmoid function. Besides ε > 0 is a later chosen value.
In the first step we want to show that there are activations of the forget gates, so that
p

∂spc
∈
p
∂sc in tr

is fulfilled. The prove is done using induction over k = kpp−p in k1 . The base k = 0 is clear.
Let be k ≥ 1. We define

Pp := d ∈ {1, . . . , D} | p d− ≥ p in

(27)

the set of dimensions d, in which are p in -ppd− -paths. Note, that this set cannot be empty,
because p > p in for k ≥ 1. When we have a dimension d ∈ Pp then p d− − p in 1 = k − 1 and
we assume
p−
h
i h
i
−
∂sc d
∈ (1 − (D − 1)ε)2kp d −ppin k1 , 1 = (1 − (D − 1)ε)2(k−1) , 1 .
p
∂sc in tr
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[1 − ε, 1)
for
d ∈ Pp and p in < p ≤ p out
,
(0, ε]
otherwise

When we choose the activations of the LGs to be
p

p
yλ,d
∈

27

we can estimate

ypλ,d

p

ypλ,d0

p

d∈Pp

P

d0 =1

PD
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d∈Pp

=P

|Pp | (1

p

p
yλ,d

d∈{1,...,D}\Pp

P

d∈Pp

P

p
yλ,d
+

≤D−1

|Pp | (1 − ε)
− ε) + (D − |Pp |) ε
| {z }

≥ (1 − (D − 1)ε).

≥ (1 − (D − 1)ε)

p

p
yλ,d
0

|Pp | (1 − (D − 1)ε)
≥
|Pp | (1 − (D − 1)ε) + (D − 1) ε
|Pp |
|Pp | − ε(D − 1) (|Pp | − 1)

≥

∈ (1 − (D − 1)ε, 1], because



[1 − ε, 1)
for
p in < p ≤ p out
(0, ε]
otherwise

P
p
d∈Pp yλ,d
p
d0 =1 yλ,d0

p

yφp ∈

1 ≥ PD

Setting the FG to

p

∂spc
p
∂sc in



∂spc
∈ (1 − (D − 1)ε)2k , 1
p
∂sc in tr

tr



−
−


p
p
p
d
X
yλ,d
y
 X ∂spc d

∂s
c
λ,d

= yp 
+
P
P
p
p

p
p
D
in
tr φ 
∂sc in dD0 =1 yλ,d
0
d∈Pp ∂sc
d0 =1 yλ,d0
d∈{1,...,D}\Pp
{z
}
|
=0


∈ (1 − ε) (1 − (D − 1)ε)2(k−1) (1 − (D − 1)ε), 1

we can estimate the derivative for p in ≤ p ≤ p out using (27),(28) and (29) to


⇒

tr

∈ (0, ε]



p
p d−
D
X
y
∂spc
∂s
c
λ,d

= yp 
p
p P
p
∂sc in tr φ d=1 ∂sc in dD0 =1 yλ,d
0

(28)

(29)

(30)

(31)

so (26) is fulfilled for p in ≤ p ≤ p out .
If we have p < p in in (26), the derivative is 0, because we have a causal system.
For p > p out the FG is closed (see (29)), and using the upper bounds of (27) and (28) we
get

cin



[1 − ε, 1)
if
p = p in
(0, ε]
otherwise
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(32)

and (26) is fulfilled.
In the second step let p 1 ≤ p 2 be the date, for which we want to calculate the truncated
p
∂sc 2
gradient ∂y
p 1 . We choose the IG activation as
yιp ∈

28

p

p

p

= yιp . Using (30), (31) and (32), we can estimate the partial derivative by


 
1
ε := min δ, 1 − (1 − δ) 2kp in −ppout k1 +1
1
D−1



p−

∂sc d
∈
p
∂sc in tr

tr

∈ [0, 1] ,

which gives us the desired interval.

≤1

= 1.

p−

∂sc d
p
∂sc in

=0

29

JMLR 17(97):1-37

Proof
NEG: The cell has an NEG, because all gates have the same bounds as the MD Stable cell.
NVG: To prove the NVG, we use the proof of Theorem 17. The difference between the MD
Stable cell and the MD Leaky cell is that the activations of the FG and IG are dependent

A.6 Proof of 20

=

p
∂sc in
p
∂sc in

(33)

= k − 1 and

p−
[0, 1]. If p −
d -path and we have
d  p in then there is no p in -p

for this dimension. Then we can calculate the derivative
"
( p−
)#
p
p
p−
D
X
yλ,d
yλ,d
∂sc d
∂spc
∂sc d
∈
0,
max
0 p in = yφp
p
p
D
D
d∈Pp
∂sc tr
∂sc in P
∂sc in P
p
p
d=1
yλ,d
yλ,d
0
0
d0 =1
d0 =1
| {z }

this leads to

1

p
∂sc
p
∂sc in

−
Let (33) be fulfilled for k − 1. That means if p −
d ≥ p in we have p d − p in

is fulfilled ∀k ∈ N using induction over k. For the base case k = 0 we get

∂spc
∈ [0, 1]
p
∂sc in tr

p

Proof Let c be a MD LSTM Stable cell of dimension D with the internal state sc and
p in , p ∈ ND , p in ≤ p two arbitrary dates and kppin − p k1 = k. Let all gate activations be
arbitrary in [0, 1]. We show that

A.5 Proof of 18

the conditions of Definition 11 are fulfilled.

and setting

∂sc 2
∂sc 2 ∂sc 1
p1 =
p
p1
∂ycin
∂sc 1 ∂ycin

 
p2
∂sc
p1 = pin and pin ≤ p2 ≤ pout
(1 − ε)(1 − (D − 1)ε)2kpp2 −ppin k1 , 1
for
⇒ p1 ∈
.
[0, ε]
otherwise
∂sc tr

p

p

∂spc
∂ypcin

and we get
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i=1,...,D

≤ max

p−

sc d .
p



p
q <p

p





−
p−
p−
1 − yφp ycpin + yφp spc ≤ max ycpin , sc 1 , . . . , sc D ≤ max ycqin

≤1

p

sc

1
h0 (1)
< 0 c
4
hc (1) + 1

1
3

and with

(35)

(34)

30
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If one wants to take a closer look at the theory of linear shift invariant (LSI)-systems and
their frequency analysis and analyse a first order LSI-system regarding its free selectable parameters using the F- and Z-transform, it is highly recommended to be familar with these
theories (for a good overview and more details see Poularikas, 2000; Schlichthärle, 2000).
Adding the knowledge of reducing the MD case to the 1D case (see Section 5) we create new
cell types for the MD case.

Appendix B. Theory to Create First Order MD Cells

the COD is proven.

⇒ε≤

ε ≤ δ2 < δ1 ≤ h0c (1) (1 − ε)

To fulfill the derivatives in Definition 12 we use (34), (35) and h0c (1) >

 0 p
δ2 ≥ max
hc (sc ) ε = ε.
p

For δ2 we choose yωp ∈ (0, ε] and get

sc

 0 p
δ1 ≤ min
hc (sc ) (1 − ε) = h0c (1) (1 − ε).
p

and get spc ∈ [−1, 1]. To fulfill the derivatives in Definition 12, for δ1 we choose yωp ∈ [1 − ε, 1)
and get

p

|spc | =

Now we can estimate the internal state using the ranges ycpin ∈ [−1, 1], recursion over p

−

spc

on each other for the Leaky cell. Let p in , p ∈ ND , p in ≤ p be two arbitrary dates like in
Theorem 17. The IG has just the a restriction that for p = p in it has to hold yιp ∈ [1 − ε, 1)
. Here, the FG can have an arbitrary activation, so we chose yφp = 1 − yιp . For all p > p in the
FG have to be in the ranges, shown in (29), while the IG has no restriction and we choose
yιp = 1 − yφp , so the MD Leaky cell has the NVG.
COD: The proof that the MD Leaky cell allows COD can be done by estimating the bounds
of spc . From the update equations of the cell we get
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B.1 Analysing a First Order LSI-System

(37)

(36)

The update equations of a first order LSI-system with one input u, one internal state x and
one output y can be written as
x[n] = h1 (u[n], x[n − 1]) = α0 u[n] + α1 x[n − 1],
y[n] = h2 (x[n], x[n − 1]) = b0 x[n] + b1 x[n − 1]

with the free selectable coefficients α0 , α1 , b0 , b1 ∈ R. Let U (z) = Z {u[n]} be the Ztransformed signal of u[n] and X(z), Y (z) respectively. Then we can write the so called
transfer functions
X(z)
α0
,
H1 (z) :=
=
U (z)
1 − α1 z −1
Y (z)
H2 (z) :=
= b0 + b1 z −1 ,
X(z)
Y (z)
= H2 (z)H1 (z).
U (z)
H(z) :=

To analyse (36) and (37) according their frequency response we use the relationship between
the F-transform and the Z-transform:
Remark 22 Let u[n] = ejωn be a harmonic input sequence with the imaginary number
(z)
j 2 = −1 and H(z) = YU (z)
be a transfer functions of an LSI-system. When the poles of H(z)
are inside the circle |z| = 1, we can change from Z- to F-transform using the substitution
H(ω) = H(z)
z=ejω

with the harmonic sequence y[n] = H(ω)u[n] = H(ω)ejωn with the same frequency ω but
with a different amplitude and a different phase dependent on the frequency ω.
We only want to analyse the amplitude of this harmonic sequence
|y[n]| = H(z)ejωn = |H(z)| = |H2 (z)| |H1 (z)|
and do that by analysing both transfer functions H1 (z) and H2 (z) separately.
The amplitude of H1 (ω) = H1 (z)|z=ejω is calculated by
|α0 |
.
|H1 (ω)| = q
(1 − α1 cos(ω))2 + α12 sin2 (ω)
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Like mentioned before, in many tasks, the information signal has a low frequency. To have
the largest amplitude at ω = 0 we have to choose α1 ≥ 0. As mentioned in Remark 22
zα0
the poles of H1 (z) = 1−αα10z −1 = z−α
have to be in the circle |z| = 1, so we have the
1
additional constraint |α1 | < 1. This leads to the bounds α1 ∈ [0, 1). But for α1 → 1 we
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Figure 5: Schematic diagram of a one-dimensional LeakyLP cell: The internal state is a
convex combination of the new input cin and the previous state sc (t − 1). The
previous state sc (t − 1) and the current state sc (t) are gated (ω0 and ω1 ) and
accumulated afterwards. The output is squashed by tanh into the interval [−1, 1].

ω

q
(b0 + b1 cos(ω))2 + b12 sin2 (ω)

|α0 | ≤ 1 − α1 .

(38)

have H1 (0) → ∞, so we have to choose α0 dependent on α1 . We set a maximum gain of
max |H1 (ω)| = |H1 (0)| = 1, so we get the constraint

In the same way we analyse H2 (z):

|H2 (ω)| = b0 + b1 e−jω =

To get the maximal gain at low frequency the parameters b0 and b1 must have the same
sign.
B.2 Creating a First Order Cell
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With these constraints for the parameters we now can define a new cell type. The parameters α0 , α1 , b0 , b1 should be activations of gates like in LSTM cells. We have to find the right
activation functions to fulfill the inequalities above. Using the weight-space symmetries in
a network with at least one hidden layer (Bishop, 2006, 5.1.1), without loss of generality we
set α0 , α1 , b0 , b1 ≥ 0. To fulfill the bounds for H1 , we set α1 as activation of a gate with
activation function flog . So we have α1 ∈ (0, 1). This is comparable with the FG in the
previous sections. To select the α0 we choose α0 := 1 − α1 (see (38)). So the value of α0 is
comparable with the activation of the IG. For H2 we set both values b0 , b1 as activations of
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1 − yφ
α0
=
,
=
1 − α1 z −1
1 − yφp z −1

p

(z) =

1 − yφp

−

⇔ ycp = yωp 0 spc + yωp 1 spc .

p

p

−

⇔ spc = (1 − yφp )ycpin + yφp spc ,


−1
.

(40)
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p

(41)

0

0

0.4

H10.9

0.4

H20.5;0.5

0.2 0.3
frequency f
H10.5
H 0.5;0.5;0.5

0.1

H10.5

0.2 0.3
frequency f

H10.1

0.1

0.5

0.5

0

0.5

0

0

1

0

0.5

1

0.5

0.4

0.5

H20.5;0.5

0.4

H20.8;0.2

0.2 0.3
frequency f

H20.8;0.2

0.2 0.3
frequency f

H10.1
H 0.1;0.8;0.2

0.1

H20.9;0.1

0.1

JMLR 17(97):1-37

JMLR 17(97):1-37

34

p

33

p

The cell of type B is a special case of the LeakyLP cell. When we set yωp 0 = yωp 1 = 0.5 there
is a direct relation between the cutoff frequency of a discrete Butterworth lowpass filter and
the activation of yφp : Let fcutoff be the frequency, where amplitude response is reduced to

B.3.1 The MD Butterworth Lowpass Filter

Figure 6: Frequency response of H1 (dashed), H2 (dotted) and H (solid) for special parameters. Top-left: The frequency response of an IIR filter is able to block even low
frequency signals, but it cannot be zero at f = 0.5. Top-right: The frequency
response of an FIR filter cannot be lower than the lightgray dotted line, but for
f = 0.5 it can be zero. Bottom: When these both filters are concatenated, the
resulting frequency response can combine the benefits of each filter.

0

0.5

1

0

0.5

1
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With the theory of this section we can easily create new cell types. In general, a cell has a
p−
number of gates γ1 , γ2 , . . . ∈ Γc . For D = 1 a previous state sc is given directly. Otherwise
the previous state is calculated as trainable convex combination of D previous states, like
described in Section 5. In Table 7 cell layouts are depicted whereby type A is the cell
developed in Section 7 (compare to (39)). For the other types we briefly want to describe
the main ideas.

B.3 General First Order MD Cells

with hc = tanh to ensure ycp ∈ [−1, 1]. This additional non-linearity is not necessary but
leads to a better performance. This new cell type called MD Leaky lowpass (LeakyLP) cell
is defined in Definition 21. A block diagram of a 1D LeakyLP cell is shown in Figure 5 and
different frequency responses in Figure 6.



−
ycp = hc yωp 0 spc + yωp 1 spc

The output of the cell is already bounded in [−2, 2], but to fulfill Definition 9 we change
(40) to

y[n] =b0 x[n] + b1 x[n − 1]

x[n] =α0 u[n] + α1 x[n − 1]

b0 + b1
Y (z)
= α0
=
yp + yωp 1 z
U (z)
1 − α1 z −1
1 − yφp z −1 ω0

z −1

p

IG
FG
OG
OG of the previous internal state

(z) = b0 + b1 z −1 = yωp 0 + yωp 1 z −1 ,

and the update equations

H(z) = H

p

ypφ ;ypω0 ;ypω1

H2

ypω0 ;ypω1

p

yp
H1 φ (z)

p

which leads to the transfer functions

α0 := 1 − yφp = yιp
α1 := yφp
b0 := yωp 0
b1 := yωp 1

p

With these bounds we can define a cell with a cell input ycpin = u[n], a previous internal
−
state spc = x[n − 1], an internal state spc = x[n] and a cell output ycp = y[n]. We substitute
the coefficients by time dependent gate activations

p

a gate with activation function flog which leads to max |H2 (ω)| = max {b0 + b1 } = 2, so the
ω
amplitude response is bounded by 2.
frequency response
frequency response
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frequency response
frequency response

√1
2
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1−

yφp
p

1 + yφp

of the maximal gain. We can calculate fcutoff by
1
arctan
π

1 + tan(πfcutoff )
=
1 − tan(πfcutoff )

fcutoff =
⇔

yφp
p

!
(42)

with the bounds fcutoff ∈ (0, 0.5) and yφp ∈ (−1, 1) (for more details see Schlichthärle, 2000,
2.2;6.4.2). For yφp ∈ (0, 1) we get fcutoff ∈ (0, 0.25). In Figure 7 (left) we can see, that even
for a negative value of yφp and a highpass characteristic of H1 (z) the impulse response H(z)
has a lowpass characteristic.

Type
B
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C
D
E

gint (·)
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−
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−
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H(z) for hc (x) = x
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Table 7: Update equations and transfer function for different cell layouts. The column spc
contains the update equations to calculate the internal state and column ycp contains
the update equation for the output. These equations lead to the transfer function
p p
H(z) = H γ1 ,γ2 ,... (z).

3
2.5
2
1.5
1
0.5
0

0

H1−0.5
H −0.5;0.5;0.5

1
π

arctan

1+0.5
1−0.5

≈ 0.3976. Right (type E): Different frequency responses
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of a PID controller. Having a fixed γ0p = 0.5 the frequency response is dependent
on the activations of γ1p and γ2p and can have lowpass (black), allpass (gray) and
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Figure 7: Frequency response of H1 (dashed), H2 (dotted) and H (solid) for special layouts and parameters of Table 7. Left (type B): A butterworth lowpass filp
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 activation γ0 = −0.5 leads to the cutoff frequency
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B.3.2 Adding an Additional State Gate
In B.2 we fulfilled (38) for the MD LeakyLP cell by setting α0 := 1 − α1 , so α0 is directly
connected with α1 . Another solution would be to add an additional value γ ∈ (0, 1) and
choose α0 := γ (1 − α1 ). So we can extend the MD LeakyLP cell by adding an additional
gate γ4 for the previous state (see type C). Unfortunately this does not lead to a better
performance and one more gate has to be calculated.
B.3.3 Another Solution for the Output
The cell of type D is another solution to choose b0 and b1 in Section B.2. For the LeakyLP

cell we calculate the output as described in (41). Now we set b0 = γ2p γ3p and b1 = 1 − γ2p γ3p ,
and get

 −
ycp = γ3p γ2p spc + 1 − γ2p spc .

This cell actually works as well as the MD LeakyLP cell and has the same number of gates.
In this case we do not need a squashing function hc , because we already have ycp ∈ [−1, 1].
B.3.4 An MD Cell as MD PID-Controller

JMLR 17(97):1-37

Type E has a completely different interpretation: In controlling engineering a PID-controller
gets an error as input. In our case the gate activations have to decide, if the proportional
(P), the integral (I) or the derivative (D) term of the error is important for the output.
When γ1p ≈ 0 we have ycpin ≈ spc so the internal state is proportional to the input. Then
γ2p gates the proportional part (P) of the input. The second gate γ3p gates the difference
between the last and the current input, which can be seen as a discrete derivative (D). If
γ1p ≈ 1 the internal state is an exponential moving average of ycpin which is an integral term.
So γ2p gates a mainly integral part of the input (I), whereas γ3p gates a mainly proportional
part of the input (P). Dependent on γ1p type E can be a PD-controller, a PI-controller or
a mix of these both. In Figure 7(right) can be seen the frequency response of this cell for
different gate activations.
35
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With the rapid surge of digital data in the form of text and images, the scale of problems
being addressed by machine learning practitioners is no longer restricted to the size of
training and feature sets, but is also being quantified by the number of target classes.
Classification of textual and visual data into a large number of target classes has attained
significance particularly in the context of Big Data. This is due to the tremendous growth in
data from various sources such as social networks, web-directories and digital encyclopedia.
Directory Mozilla, DMOZ (www.dmoz.org), Wikipedia and Yahoo! Directory (www.dir.
yahoo.com) are instances of such large scale textual datasets which consist of millions of

1. Introduction

In this paper, we study flat and hierarchical classification strategies in the context of largescale taxonomies. Addressing the problem from a learning-theoretic point of view, we
first propose a multi-class, hierarchical data dependent bound on the generalization error
of classifiers deployed in large-scale taxonomies. This bound provides an explanation to
several empirical results reported in the literature, related to the performance of flat and
hierarchical classifiers. Based on this bound, we also propose a technique for modifying
a given taxonomy through pruning, that leads to a lower value of the upper bound as
compared to the original taxonomy. We then present another method for hierarchy pruning
by studying approximation error of a family of classifiers, and derive from it features used
in a meta-classifier to decide which nodes to prune. We finally illustrate the theoretical
developments through several experiments conducted on two widely used taxonomies.
Keywords: Large-scale classification, Hierarchical classification, Taxonomy adaptation,
Rademacher complexity, Meta-learning

Editor: Samy Bengio

LIG, Université Grenoble Alpes - CNRS
Grenoble, cedex 9, France, 38041

Eric Gaussier
Massih-Reza Amini
Cécile Amblard

Viseo Research Center
Grenoble, France

Ioannis Partalas

Max-Planck Institute for Intelligent Systems
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In large-scale classification involving tens of thousand of target categories, the goal of a
machine learning practitioner is to achieve the best trade-off among the various metrics

• Using the taxonomy information for an appropriate loss-function design such as by
considering the distance between the true and predicted target class label.

• Ignoring the hierarchy information altogether and using flat classification that is,
training one classifier for each target class, and

• Hierarchical top-down strategy on a simplified hierarchy, such as by partially flattening
the hierarchy,

• Hierarchical top-down strategy with independent classification problems at each node,

documents that are distributed among hundreds of thousand target categories. Directory
Mozilla, for instance, lists over 5 million websites distributed among close to 1 million
categories, and is maintained by close to 100,000 editors. In the more commonly used
Wikipedia, which consists of over 30 million pages, documents are typically assigned to
multiple categories which are shown at the bottom of each page. The Medical Subject
Heading (MESH) 1 hierarchy of the National Library of Medicine is another instance of a
large-scale classification system in the domain of life sciences. The target classes in such
large-scale scenarios typically have an inherent hierarchical structure among themselves.
DMOZ is in the form of a rooted tree where a traversal of path from root-to-leaf depicts
transformation of semantics from generalization to specialization. More generally parentchild relationship can exist in the form of directed acyclic graphs, as found in taxonomies
such as Wikipedia. The tree and DAG relationship among categories is illustrated for
DMOZ and Wikipedia taxonomies in Figure 1.
Due to the sheer scale of the task of classifying data into target categories, there is a
definite need to automate the process of classification of websites in DMOZ, encyclopedia
pages in Wikipedia and medical abstracts in the MESH hierarchy. However, the scale of
the data also poses challenges for the classical techniques that need to be adapted in order
to tackle large-scale classification problems. In this context, one can exploit the taxonomy
of classes as in the divide-and-conquer paradigm in order to partition the input space.
Various classification techniques have been proposed for deploying classifiers in such largescale scenarios, which differ in the way they exploit the given taxonomy. These can be
broadly divided into four main categories :

Movies

Arts

Root
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of interest. Flat and top-down hierarchical classification perform significantly differently
on these metrics of interest which primarily include prediction accuracy, computational
complexity of training, space complexity of the trained model and complexity of prediction.

Learning Taxonomy Adaptation in Large-scale Classification
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One of the research challenges we address in this work is the study of flat versus hierarchical
classification in large-scale taxonomies from a learning-theoretic point of view, and the
consistency of the empirical risk minimization principle for the Pachinko-machine based
methods. This theoretical analysis naturally leads to a model selection problem. We extend
and elaborate further on our recent work Babbar et al. (2013a) to address the problem of
choosing between the two strategies. We introduce bounds based on Rademacher complexity
for the generalization errors of classifiers deployed in large-scale taxonomies. These bounds
explicitly demonstrate the trade-off that both flat and hierarchical classifiers face in largescale taxonomies.
Even though the given human-built taxonomies such as DMOZ and Yahoo! Directory
provide a good starting point to capture the underlying semantics of the target categories,
these may not be optimal, especially in the presence of large number of power-law distributed
categories. In the second part of our contributions, we then propose a strategy for taxonomy
adaptation which modifies the given taxonomy by pruning nodes in the tree to output a new
taxonomy which is better suited for the classification problem. In this part, we exploit the
generalization error bound developed earlier to build a criterion for Support Vector Machine
classifier, so as to choose the nodes to prune in a computationally efficient manner. We also
empirically show that adapting a given taxonomy leads to better generalization performance
as compared to the original taxonomy and the ones obtained by taxonomy construction
methods (Beygelzimer et al., 2009b; Choromanska and Langford, 2014). This difference is
particularly magnified in category systems in which categories are power-law distributed. As
discussed extensively in the work of Liu et al. (2005), power-law distribution of documents
among categories is a common phenomenon in most naturally occurring category systems
such as Yahoo! directory and Directory Mozilla.
In the third part, we present a more comprehensive approach for pruning the given
hierarchy that is applicable to both discriminative and generative classifiers. Towards this
end, we cover the Logistic Regression and Naive Bayes classifiers and present approximation error based bounds for their multi-class versions. Based on these bounds, we then
propose a meta-learning strategy for hierarchy pruning applicable for both discriminative
and generative classifiers. We perform a three-step procedure towards achieving hierarchy
pruning, (i) we make classifier specific theoretical analysis to identify the key features which
determine the variation in classification accuracy upon flattening, (ii) based on the features
obtained in the step above, we train a meta-classifier on a validation set, and finally, (iii)
the meta-classifier when presented with an unseen hierarchy and the corresponding training
data modifies it to output the desired hierarchy which leads to better classification accuracy.
Contrary to Dekel (2009) that reweighs the edges in a taxonomy through a cost sensitive

2.1 Contributions

2. Contributions and Related Work

as compared to flat method, we do not focus on these aspects explicitly in this paper.
Furthermore, in our recent work Babbar et al. (2014a), we present a quantitative analysis
of the fit to power-law distribution of documents among categories in large-scale category
systems, and show that space complexity of top-down classification methods is lower than
that of flat methods under conditions that typically hold in practice.

1.1 Prediction Accuracy
Our focus in this work is primarily on the prediction accuracy when dealing with largescale category systems. Hierarchical models for large scale classification, such as top-down
Pachinko-machine based methods, suffer from the drawback that they have to make many
decisions prior to reaching a final category, which leads to the error propagation phenomenon
causing a decrease in accuracy. This is mainly due to the fact that the top level classes in
large scale taxonomies are quite general. For example, Business and Shopping categories
in DMOZ (not shown in Figure 1 above) are likely to be confused while classifying a new
document. Moreover, since the classification is not recoverable, it leads to the phenomenon
of error propagation and hence degrades accuracy at the leaf level. On the other hand, flat
classifiers rely on a single decision including all the final categories, a single decision that is
however difficult to make as it involves many categories, which are potentially unbalanced.
It is thus very difficult to assess which strategy is better and there is no consensus, at the
time being, on to which approach, flat or hierarchical, should be preferred on a particular
category system. Furthermore, we explore the methods which learn to adapt the given
hierarchy of categories such that the resulting hierarchy leads to better classification in the
top-down Pachinko-machine based method. We also show that when dealing with large
number of power-law distributed categories, taxonomy adaptation by pruning some nodes
leads to better classification than building taxonomies from scratch.
1.2 Computational Complexity of Training and Prediction

JMLR 17(98):1-37

When dealing with large-scale category systems, flat and hierarchical classification techniques exhibit significant difference in their performance when compared on the basis of
computational complexity of training and prediction. In the pioneering work of Liu et al.
(2005), an extensive comparison of training time complexity for flat and hierarchical classification has been studied. Using the power-law distribution of documents among categories,
the authors analytically and empirically demonstrate that the training time of top-down
Pachinko machine classification strategy is orders of magnitude better than that for flat
classification.
In terms of complexity of prediction for flat classification when dealing with K target
categories, for every test instance one needs to evaluate the inner-product with O(K) weight
vectors in . This is much higher than the logarithmic computational complexity of prediction
in a top-down Pachinko-machine where only O(log(K)) weight-vectors need to be evaluated.
In view of this advantage for tree-based classifiers, there has been a surge in research works
on the techniques for automatically building taxonomy of target categories (Bengio et al.,
2010; Gao and Koller, 2011; Deng et al., 2011; Agrawal et al., 2013). The focus in these
works is to show that by building such tree-based taxonomy of categories, one can reduce
the complexity of prediction, while still maintaining good rates for accuracy of prediction.
Since the computational complexity of training and prediction has been studied in the
above works, and it has been already shown that top-down methods are more favorable
3
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5

Large-scale classification, involving tens of thousand target categories, has assumed significance in the era of Big data. Many approaches for classification of data in large number of
target categories have been proposed in the context of text and image classification. These
approaches differ in the manner in which they exploit the semantic relationship among categories. In similar vein, open challenges such as Large-scale Hierarchical Text Classification
(LSHTC) (Partalas et al., 2015) and Large Scale Visual Recognition Challenge (ILSVRC)2
(Russakovsky et al., 2014) have been organized in recent years.
Some of the earlier works on exploiting hierarchy among target classes for the purpose
of text classification has been studied by Koller and Sahami (1997) and Dumais and Chen
(2000). These techniques use the taxonomy to train independent classifiers at each node in
the top-down Pachinko Machine manner. Parameter smoothing for Naive Bayes classifier
along the root to leaf path was explored by McCallum et al. (1998). The work by Liu et al.
(2005) is one of first studies to apply hierarchical SVM to the scale with over 100,000 categories in Yahoo! directory. More recently, other techniques for large scale hierarchical text
classification have been proposed. Prevention of error propagation by applying Refined Experts trained on a validation was proposed by Bennett and Nguyen (2009). In this approach,
bottom-up information propagation is performed by utilizing the output of the lower level
classifiers in order to improve the classification of top-level classifiers. Another approach
to control the propagation of error in tree-based classifiers is to explore multiple root-toleaf paths as in beam-search (Norvig, 1992). In this respect, Fleuret and Geman (2001);
Sun et al. (2013) proposed such approaches. However, this increases the computationally
complexity of prediction especially in the presence of large-number of target categories and
hence these methods may not scale well for tens of thousand target categories. Deep Classification by Xue et al. (2008) proposes hierarchy pruning to first identify a much smaller
subset of target classes. Prediction of a test instance is then performed by re-training a
Naive Bayes classifier on the subset of target classes identified from the first step.
Using the taxonomy in the design of loss function for maximum-margin based approaches
have been proposed by Cai and Hofmann (2004); Dekel et al. (2004), where the degree of
penalization in mis-classification depends on the distance between the true and predicted
class in the hierarchy tree. Another recent approach by Dekel (2009) which proposes to make
the loss function design robust to class-imbalance and arbitrariness problems in taxonomy

6

structure. However, these approaches were applied to the datasets in which the number
of categories were limited to a few hundreds. Bayesian modeling of large scale hierarchical
classification has been proposed by Gopal et al. (2012) in which hierarchical dependencies
between the parent-child nodes are modeled by centering the prior of the child node at
the parameter values of its parent. Recursive-regularization based strategy for large-scale
classification has been proposed by Gopal and Yang (2013). The approaches presented in
the two studies above attempt to solve the problem wherein the number of categories are
in the range of tens of thousands. In both these works, the authors employ the intuition
that the weight vectors of a parent-child pair of nodes should be close to each other. This
can be enforced in the form of a prior in the Bayesian approach (Gopal et al., 2012) and
as a regularizer in the recursive regularization approach (Gopal and Yang, 2013). However,
on most of the large-scale datasets used in these papers, the accuracy performance (MicroF1) of the proposed approaches is close to the flat classification scheme for which ready
to use packages such as Liblinear are available. Another study related to our work is the
one of Narasimhan et al. (2015) that studies the consistency of hierarchical classification
algorithms with respect to the tree distance metric on the hierarchy tree of class labels.
Hierarchy simplification by flattening entire layer in the hierarchy has been studied
from an empirical view-point by Wang and Lu (2010); Malik (2009). These strategies
do not provide any theoretical justification for applying this procedure. Moreover, they
offer no clear guidelines regarding which layer in the hierarchy one should flatten. In
contrast, our strategy presented in this paper for taxonomy adaptation has the advantage
that, (i) it is based on a well-founded theoretical criteria, and (ii) it is applied in a nodespecific sense rather than to an entire layer. This strategy is also similar in spirit to the
approach presented in our another recent study Babbar et al. (2013b) which is motivated
from Perceptron Decision Trees (Bennett et al., 2000). The study by Weinberger and
Chapelle (2008) introduces a slightly different simplification of the hierarchy of classes, and
it achieves this by an embedding the classes and documents into a common space. Our
recent work Babbar et al. (2013b) for hierarchy simplification by pruning nodes in a largescale taxonomy is similar in spirit to the approach presented in this paper. Semi-supervised
approach for hierarchical classification in incomplete hierarchies has been presented in the
recent work of Dalvi and Cohen (2014). A post-processing approach for improving rare
categories detection in large-scale power-law distributed category systems is discussed in
the work by Babbar et al. (2014b).
Apart from accuracy, other important factors while evaluating the classification strategies for large scale classification are training and prediction speed. Learning the hierarchy
tree from large number of classes in order to make faster prediction has also attained significance as explored in the recent works by Bengio et al. (2010); Beygelzimer et al. (2009a);
Gao and Koller (2011); Choromanska and Langford (2014). The aim in these approaches
is to achieve better prediction speed while maintaining the same classification accuracy as
flat classification. On the other end of the spectrum are flat classification techniques such
as employed by Perronnin et al. (2012) which ignore the hierarchy structure altogether.
These strategies are likely to perform well for balanced hierarchies with sufficient training instances per target class and not so well in truly large-scale taxonomies which suffer
from the problem of rare categories. In this respect, our work is unique in the sense that
by performing selective hierarchy pruning we improve accuracy over the fully hierarchical

loss function to achieve this goal, our simple pruning strategy modifies the taxonomy in an
explicit way.
Lastly, we empirically demonstrate and verify the theoretical findings for flat and hierarchical classification on several large-scale taxonomies extracted from DMOZ and the
International Patent Classification (IPC) collections. The experimental results are in line
with results reported in previous studies, as well as with our theoretical developments. Secondly, we also study the impact of the two methods proposed for taxonomy adaptation by
pruning the hierarchy. Lastly, these strategies are also empirically compared against those
that build taxonomies from scratch such as LOMTree (Choromanska and Langford, 2014)
and FilterTree (Beygelzimer et al., 2009b).

2.2 Related Work
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strategy. Furthermore, since the proposed pruning method maintains the overall hierarchical structure, it enjoys the computational advantages of better training and prediction
speed.
The remainder of the paper is organized as follows: In Section 2.2 we review the recently
proposed approaches in the context of large-scale hierarchical text classification. We introduce the notations used in Section 3 and then study flat versus hierarchical strategies by
studying the generalization error bounds for classification in large-scale taxonomies. Taxonomy adaptation by pruning the hierarchy using the developed generalization error analyses
is given in Section 4. Approximation error for multi-class versions of Naive Bayes and Logistic Regression classifiers are presented in Section 5.1 and Section 5.2 respectively, and
the meta-learning based hierarchy pruning method is presented in Section 5.3. Section 6
illustrates these developments via experiments and finally, Section 7 concludes this study.

3. Flat versus Hierarchical Classification
In this section, we present the generalization error analysis for top-down hierarchical classification using the notion of Rademacher complexity for measuring the complexity of a
function class. This will motivate a criterion for choosing between flat and hierarchical
classification for a given category system. More importantly, the criterion will be based on
quantities that can computed from the training data.
3.1 A hierarchical Rademacher data-dependent bound
Let X ⊆ Rd be the input space and let V be a finite set of class labels. We further assume
that examples are pairs (x, v) drawn according to a fixed but unknown distribution D over
X ×V . In the case of hierarchical classification, the hierarchy of classes H = (V, E) is defined
in the form of a rooted tree, with a root ⊥ and a parent relationship π : V \ {⊥} → V
where π(v) is the parent of node v ∈ V \ {⊥}, and E denotes the set of edges with parent
to child orientation. For each node v ∈ V \ {⊥}, we further define the set of its siblings
S(v) = {v 0 ∈ V \ {⊥}; v 6= v 0 ∧ π(v) = π(v 0 )} and its children D(v) = {v 0 ∈ V \ {⊥}; π(v 0 ) =
v}. The nodes at the intermediary levels of the hierarchy define general class labels while
the specialized nodes at the leaf level, denoted by Y = {y ∈ V : @v ∈ V, (y, v) ∈ E} ⊂ V ,
constitute the set of target classes. Finally for each class y in Y we define the set of its
ancestors P(y) defined as
y
P(y) = {v1y , . . . , vkyy ; v1y = π(y) ∧ ∀l ∈ {1, . . . , ky − 1}, vl+1
= π(vly ) ∧ π(vkyy ) =⊥}

JMLR 17(98):1-37

For classifying an example x, we consider a top-down classifier making decisions at each
level of the hierarchy, this process sometimes referred to as the Pachinko machine selects
the best class at each level of the hierarchy and iteratively proceeds down the hierarchy. In
the case of flat classification, the hierarchy H is ignored, Y = V , and the problem reduces
to the classical supervised multi-class classification problem.
Our main result is the following theorem which provides a data-dependent bound on
the generalization error of a top-down multi-class hierarchical classifier. We consider here
kernel-based hypotheses, with K : X × X → R a PDS (positive definite symmetric) kernel
7
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and Φ : X → H its associated feature mapping function, defined as :

FB = {f : (x, v) ∈ X × V 7→ hΦ(x), wv i | W = (w1 . . . , w|V | ), ||W||H ≤ B}

where W = (w1 . . . , w|V | ) is the matrix formed by the |V | weight vectors defining the kernel
P
2 1/2 is the L2
based hypotheses, h., .i denotes the dot product, and ||W||H =
v∈V ||wv ||
H
group norm of W. We further define the following associated function class:

v∈P(y)

v 0 ∈S(v)

GFB = {gf : (x, y) ∈ X × Y 7→ min (f (x, v) − max f (x, v 0 )) | f ∈ FB }

For a given hypothesis f ∈ FB , the sign of its associated function gf ∈ GFB directly
defines a hierarchical classification rule for f as the top-down classification scheme outlined
before simply amounts to: assign x to y iff gf (x, y) > 0. The learning problem we address

is then to find a hhypothesisi f from FB such that the generalization error of gf ∈ GFB ,
E(gf ) = E(x,y)∼D 1gf (x,y)≤0 , is minimal (1gf (x,y)≤0 is the 0/1 loss, equal to 1 if gf (x, y) ≤ 0
and 0 otherwise).
The following theorem sheds light on the trade-off between flat versus hierarchical classification. The notion of function class capacity used here is the empirical Rademacher
complexity (Bartlett and Mendelson, 2002; Meir and Zhang, 2003).

i=1

v∈V \Y

m
1 X
8BRL X
|D(v)|(|D(v)| − 1) + 3
A(gf (x(i) , y (i) )) + √
m
m

r

ln(2/δ)
2m

(1)

m be a dataset of m examples drawn i.i.d. according to
Theorem 1 Let S = ((x(i) , y (i) ))i=1
a probability distribution D over X × Y, and let A be a Lipschitz function with constant L
dominating the 0/1 loss; further let K : X × X → R be a PSD (positive semi-definite) kernel
and let Φ : X → H be the associated feature mapping function. Assume that there exists
R > 0 such that K(x, x) ≤ R2 for all x ∈ X . Then, for all 1 > δ > 0, with probability at
least (1 − δ) the following hierarchical multi-class classification generalization bound holds
for all gf ∈ GFB :

E(gf ) ≤

where |D(v)| denotes the number of children of node v.

1gf (x,y)≤0 − 1

m

≤ E(x,y)∼D [A ◦ gf (x, y) − 1]

i=1

1 X
(A(gf (x(i) , y (i) )) − 1) + R̂m ((A − 1) ◦ GFB , S) + 3
m

r

ln(2/δ)
2m

Proof Exploiting the fact that A dominates the 0/1 loss and using the Rademacher datadependent generalization bound presented in Theorem 4.9 of (Shawe-Taylor and Cristianini,
2004), one has:
h
i
E(x,y)∼D

≤
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where R̂m denotes the empirical Rademacher complexity of (A−1)◦GFB on S. As x 7→ A(x)
is a Lipschtiz function with constant L and (A − 1)(0) = 0, we further have:

R̂m ((A − 1) ◦ GFB , S) ≤ 2LR̂m (GFB , S)

8

= Eσ

R̂m (GFB , S) = Eσ

"

"

sup

f ∈FB

sup

2
m

gf ∈GFB

i=1

σi

i=1
m
X

m

#
v 0 ∈S(v)

v∈P(y (i) )

min (f (x(i) , v) − max f (x(i) , v 0 ))

2 X
σi gf (x(i) , y (i) )
m
#

u0 ∈S(u)

X

(v,v 0 )∈V 2 ,v 0 ∈S(v) i:c(f,x(i) ,y (i) )=(v,v 0 )

X
(i)

0



σi (f (x , v) − f (x , v )) 
(i)

≤

≤

R̂m (GFB , S) ≤

(v,v )∈V ,v ∈S(v)

9

i:c(f,x

,y

)=(v,v )

H
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X
X
2
(i)

hwv − wv0 ,
σi Φ(x )i 
Eσ
sup
m
||W||H ≤B
(i)
(i)
0
(v,v 0 )∈V 2 ,v 0 ∈S(v)
i:c(f,x ,y )=(v,v )


X
X
2
(i)

σi Φ(x ) 
Eσ
sup
kwv − wv0 kH
m
||W||H ≤B
(i)
(i)
0
(v,v 0 )∈V 2 ,v 0 ∈S(v)
i:c(f,x ,y )=(v,v )
H


X
X
4B
Eσ 
σi Φ(x(i) ) 
m
0
2 0
(i) (i)
0

By definition, f (x(i) , v) − f (x(i) , v 0 ) = hwv − wv0 , Φ(x(i) )i and using Cauchy-Schwartz inequality:


2
R̂m (GFB , S) ≤ Eσ  sup
m
f ∈FB

This definition is similar to the one given by Guermeur (2010) for flat multi-class classification. Then, by construction of c:

u∈P(y)

∧ (f (x, v) − f (x, v 0 ) = min (f (x, u) − max f (x, u0 )))

v 00 ∈S(v)

c(f, x, y) = (v, v 0 ) ⇒ (f (x, v 0 ) = max f (x, v 00 ))

Let us define the mapping c from FB × X × Y into V × V as:

where σi s are independent uniform random variables which take value in {−1, +1} and are
known as Rademacher variables.

with:
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X

1/2

i:c(f,x(i) ,y (i) )=(v,v 0 )

X

v∈V \Y

(i)

K x ,x









H

2



1/2

1/2

1/2
(i)

H

2

σi Φ(x(i) )

Φ(x(i) )

i:c(f,x(i) ,y (i) )=(v,v 0 )

X

i:c(f,x(i) ,y (i) )=(v,v 0 )

mR2











Eσ 



4BR X
√
|D(v)|(|D(v)| − 1)
m

(v,v 0 )∈V 2 ,v 0 ∈S(v)

X

4B
m
4B
m

X

4B
m

(v,v 0 )∈V 2 ,v 0 ∈S(v)

X

(v,v 0 )∈V 2 ,v 0 ∈S(v)

(v,v 0 )∈V 2 ,v 0 ∈S(v)

X
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Plugging this bound into the first inequality yields the desired result. 
This generalization bound proves the consistency of the ERM principle for the Pachinkomachine based method. Further, for flat multiclass classification, we recover the bounds by
Guermeur (2010) by considering a hierarchy containing a root node with as many children as
there are categories. Note that the definition of functions in GFB subsumes the definition of
the margin function used for the flat multiclass classification problems by Guermeur (2010),
and that the factor 8L in the complexity term of the bound, instead of 4 by Guermeur (2010),
is due to the fact that we are using an L-Lipschitz loss function dominating the 0/1 loss in
the empirical Rademacher complexity. Krishnapuram et al. (2005) they provide PAC-Bayes
bounds, different to ours, for Bayes Voting classifiers and Gibbs classifier under a PAC-Bayes
setup (McAllester, 1998; Seeger, 2003). Lastly, Bartlett et al. (2005) have proposed tighter
bounds using local Rademacher complexities. Using such bounds would lead to replace
the term involving the complexity of the hierarchy in Theorem 1 by a term involving the
fixed point of a sub-root function that upper bounds local Rademacher averages. Such
a replacement, if it can lead to tighter bounds under some additional conditions, would
however miss the explanation provided below on the behaviors of flat and hierarchical
classifiers, an explanation that will be confirmed experimentally.
Flat vs hierarchical classification in large-scale taxonomies. The generalization
error is controlled in inequality (1) by a trade-off between the empirical error and the
Rademacher complexity of the class of classifiers. The Rademacher complexity term favors
hierarchical classifiers
over flat ones, as any
P
P split of a set of category of size K in p parts
K1 , · · · , Kp ( pi=1 Ki = K) is such that pi=1 Ki2 ≤ K 2 . On the other hand, the empirical
error term is likely to favor flat classifiers vs hierarchical ones, as the latter rely on a series
of decisions (as many as the length of the path from the root to the chosen category in Y)
and are thus more likely to make mistakes. This fact is often referred to as the propagation
error problem in hierarchical classification.

=

≤

=

=

R̂m (GFB , S) ≤

4B
m

Using Jensen’s inequality, and as, ∀i, j ∈ {l|c(f, x(l) , y (l) ) = (v, v 0 )}2 , i 6= j, Eσ [σi σj ] = 0, we
get:
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On the contrary, flat classifiers rely on a single decision and are not prone to this
problem (even though the decision to be made is harder). When the classification problem
in Y is highly unbalanced, then the decision that a flat classifier has to make is difficult;
hierarchical classifiers still have to make several decisions, but the imbalance problem is less
severe on each of them. So, in this case, even though the empirical error of hierarchical
classifiers may be higher than the one of flat ones, the difference can be counterbalanced by
the Rademacher complexity term, and the bound in Theorem 1 suggests that hierarchical
classifiers should be preferred over flat ones.
On the other hand, when the data is well balanced, the Rademacher complexity term
may not be sufficient to overcome the difference in empirical errors due to the propagation
error in hierarchical classifiers; in this case, Theorem 1 suggests that flat classifiers should
be preferred to hierarchical ones. These results have been empirically observed in different
studies on classification in large-scale taxonomies and are further discussed in Section 6.
Similarly, one way to improve the accuracy of classifiers deployed in large-scale taxonomies is to modify the taxonomy by pruning (sets of) nodes (Wang and Lu, 2010). By
doing so, one is flattening part of the taxonomy and is once again trading-off the two terms
in inequality (1): pruning nodes leads to reduce the number of decisions made by the hierarchical classifier while maintaining a reasonable Rademacher complexity. Motivated from
the Rademacher-based generalization error bound presented in Theorem 1, we now propose
a method for pruning nodes of the given taxonomy. The output of this procedure is a new
taxonomy which leads to improvement in classification accuracy when used for top-down
classification.

4. Hierarchy Pruning
In this section, we present a strategy aiming at adapting the given hierarchy of classes by
pruning some nodes in the hierarchy. An example of node pruning is shown in Figure 2.
The rationale and motivation behind adapting the given hierarchy H = (V, E) to the set of
input/output pair (x, y) is that
• Large-scale taxonomies, such as DMOZ and Yahoo! Directory, are designed with an
intent of better user-experience and navigability, and not necessarily for the goal of
classification,
• Taxonomy design is subject to certain degree of arbitrariness based on personal choices
and preferences of the editors. Therefore, many competing taxonomies may exist, and
• The large-scale nature of such taxonomies poses difficulties in manually designing
good taxonomies for classification.
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The problem of pruning a hierarchy can be seen as a structure learning problem, where
one wants to learn a simplified structure from a given one. The main difficulty in solving
this problem is to identify the important features on which to base the decision to prune
a node or not. We first present in this section a straightforward strategy that behaves
well in practice but is nevertheless computationally expensive, prior to propose a ”lighter”
strategy based on the previous results. We will, in the next section (Section 5), introduce
new theoretical results that will help us identify important features for node pruning, and
11

...
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Pruning

...

Figure 2: The pruning procedure; the node in black is replaced by its children. In the figure
on the left, the gray nodes represent the siblings or sisters of node in black.

on which we will develop a greedy procedure to simplify a given hierarchy. The rationale
for a greedy approach here is that optimal pruning would require evaluations of 2k possible
prunings for k siblings, which is infeasible in practice.

4.1 Hierarchy Pruning based on validation estimate



Yes
No

If classification improves on the validation set
otherwise

The challenge in the pruning procedure is to identify promising nodes which when pruned
lead to improvement in classification accuracy. One of the simplest methods to identify
such nodes is by using a validation set to check if pruning a node improves classification
accuracy on that set by comparing it with accuracy obtained on the original taxonomy.
This can also be interpreted as follows:
Whether to prune a node v? =

Algorithm 1 Hierarchy pruning based on validation estimate
Require: A hierarchy G, Training set S and a validation set S 0
1: Train SVM classifier at each node of the tree G using the training set S
2: Evaluate the accuracy of the classifier-cascade G on the validation set
3: for v ∈ V do
4:
Prune the node v and replace it by its children
5:
Re-train SVM classifier at the impacted node of the tree G 0
6:
Evaluate the accuracy of the classifier-cascade G 0 on the validation set
7:
if Cross-validation accuracy is higher on G 0 as compared to G then
8:
Prune the node v
9:
else
10:
Do not prune the node v
11:
end if
end for
return Pruned taxonomy G 0
12:

13:

JMLR 17(98):1-37

This simple strategy is algorithmically presented in Algorithm 1. In terms of prediction
accuracy, this method for pruning works reasonably well, however its main disadvantages
are the computational complexity and lack of generalizability to new but somewhat related

12

13
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In this section, we present a strategy for pruning which is theoretically well motivated and
is based on the generalization error bound for understanding the trade-off for flat and hierarchical classification. In view of the generalization error bound derived in Theorem 1,
adapting the given taxonomy of classes aims at achieving a better trade-off between the empirical error and the error attributed to Rademacher complexity. In other words, adapting
the given taxonomy H to the set of input output pairs (x, v) aims at achieving a lower value

4.2 Hierarchy Pruning based on generalization-error

We now turn to another method for taxonomy adaptation by pruning which is based
on the generalization error analysis derived in Section 3.1. This method is computationally
efficient compared to that presented in Algorithm 1 and only requires a cascade of topdown classifiers. Essentially, the criterion for pruning, which is related to the margin at
each node, can be computed while training the top-down cascade. This corresponds to only
the first step in Algorithm 1, and rest of the steps of evaluating on validation set are no
longer required. Therefore, in terms of computational complexity, the method proposed in
the next section has complexity of Ctd−cas .

• This process needs to be repeated for each taxonomy encountered, and information
gained from taxonomy cannot be leveraged for newer taxonomies with similar characteristics.

• This method does not amount to a learning-based strategy for pruning, and ignores
data-dependent information available at the nodes of the taxonomy, and

• This is a computationally expensive process to re-train the classifier at the pruned
nodes and then test the performance on the validation set. As a result, this may not
be applicable for large-scale taxonomies consisting of large number of internal nodes,

,y

)=(v,v )

H

(3)
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• This is also shown in the plot in Figure 3 for the average confusion of the nodes Cvavg
for the different levels for two of the taxonomies used in our experiments. It shows

• The categories in these levels represent generic concepts, such as Entertainment and
Sports in Yahoo! Directory, which are typically over-lapping in nature, and

As one can note, the right hand side of the inequality (2) above provides an upper bound on
R̂m (GFB , S) and one can meaningfully compare only the sibling nodes since these nodes have
the same training set. Thus, the explicit computation of expectation Eσ (.) with respect to
the Rademacher random variables and the computation of the inner product in the feature
space can be avoided. This motivates the definition of C(v) in equation (3), that can be
efficiently and effectively computed from the training data, and that represents a distance
of node v to its sibling nodes. It must be noted that C(v 0 ), for a set of siblings {v 0 }, as
computed using equation 3 is different for each node v 0 .
C(v) is higher when wv is larger than wv0 (when measured in terms of L2-distance),
for all siblings v 0 of v, or when wv is far away from wv0 (implying that the L2-norm of the
difference is large), or both. The first and last cases correspond to unbalanced classes, v
being the dominant class. In such cases, pruning v by replacing it by its children leads to a
more balanced problem, less prone to classification errors. Furthermore, as children of v are
based on the features in v, most of them will likely be far away from the siblings of v, and
the pruning, even though increasing the Rademacher complexity term, will decrease the
empirical error term and, likely, the generalization error. In the second case, pruning v will
lead to children that will again be, very likely, far away from the siblings of v. This pruning
thus does not introduce confusion between categories and reduces the problem related to
error propagations.
This suggests that an effective pruning algorithm must prune the nodes v in the taxonomy for which C(v) is maximal. In practice, we focus on pruning the nodes in the top-two
layers of the taxonomy. This is due to the following reasons:

(v,v 0 )∈V 2 ,v 0 ∈S(v)

From the above bound, we define a quantity C(v) for each node v
X
C(v) =
kwv − wv0 kH

i:c(f,x

of the bound as compared to that attained by using the original hierarchy. For a node v with
parent π(v), pruning v and replacing it by its children will increase the number of children
of π(v) and hence the associated Rademacher complexity but will decrease the empirical
error along that path from root to leaf. Therefore, we need to identify those nodes in the
taxonomy for which increase in the Rademacher complexity is among the lowest so that a
better trade-off between the two error terms is achieved than in the original hierarchy. For
this purpose, we turn to the bound on the empirical Rademacher complexity of the function
class GFB .
In the derivation of Theorem 1, the empirical Rademacher complexity was upper bounded
as follows:


X
X
2
(i)
R̂m (GFB , S) ≤ Eσ  sup
kwv − wv0 kH
σi Φ(x )  (2)
m
||W||H ≤B
0
2 0
(i) (i)
0

taxonomies. In section 6, we also present experimental results obtained by this pruning
strategy vis-à-vis other pruning methods presented later in this paper.
Computationally, this method requires (i) a trained cascade of top-down classifiers, (ii)
for every pruned node, re-training the parent of the pruned node, and (iii) for every such
node, evaluating the top-down performance on the validation set, which involves traversing
the root-to-leaf path of classifier evaluation along the taxonomy. Furthermore, the steps (ii)
and (iii) are to be repeated for every pruned node. Let Ctd−cas denotes the computational
complexity for training the cascade, Cv denotes the complexity for re-training of the parent
node after pruning the node v, and Cval denotes the complexity of evaluating the validation
set. Let |V |p denote the number of pruned nodes, then the complexity of the Algorithm
1 is Ctd−cas + |V |p × (Cv + Cval ). Due to the linear dependence on the number of pruned
nodes, it becomes computationally expensive to prune a reasonably large number of nodes
and check if this would result in improvement in classification accuracy of the top-down
cascade. Furthermore, this process does not amount to a learning-based method for pruning
and hence needs to be employed from scratch for newer taxonomies, even though these
taxonomies may have similar characteristics to those encountered already.
To summarize, though quite simple, the above pruning method has the following disadvantages:
(v,v )∈V ,v ∈S(v)
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that the confusion among the top-level nodes is much higher as compared to those in
the lower levels.
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The pruning process as an algorithmic procedure is shown in Algorithm 2, where the
variable ∆ is used to stop the pruning process in an inner iteration.

Algorithm 2 The proposed method for hierarchy pruning based on Generalization Bound
Require: a hierarchy G, Training set S consisting of (x, y) pairs, x ∈ X and y ∈ Y
Train SVM classifier at each node of the tree
∆←0
for v ∈ V do
Sort its child nodes v 0 ∈ D(v) in decreasing order of C(v 0 )
Flatten 1st and 2nd ranked child nodes, say v10 and v20
∆ = C(v10 ) − C(v20 )
vprev ← v20
. Set the previous flattened node to v20
for v 0 ∈ V − {v10 , v20 }, (v, v 0 ) ∈ E do
if C(vprev ) − C(v 0 ) < ∆ then
Flatten v 0
∆ ← C(vprev ) − C(v 0 )
vprev ← v 0
. Set the previous flattened node to v 0
else
break
end if
end for
end for
return Pruned taxonomy G 0

Figure 3: Cvavg plotted for various levels in the hierarchy Level 1 corresponds to
the top-most level.

Cavg(v)
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The above criterion for pruning the nodes in a large-scale taxonomy is also similar in
spirit to the method introduced by Babbar et al. (2013b) which is motivated from the
generalization error analysis of Perceptron Decision Trees. As shown in the experiments on
large-scale datasets by using SVM and Logistic Regression classifiers, applying this strategy
outputs a new taxonomy which leads to better classification accuracy as compared to the
original taxonomy.
It may be noted that the pruning procedure adopts a conservative approach to avoid
excessive flattening of the taxonomy. It can be modified to prune the nodes more aggressively by scaling the parameter ∆ after pruning of every node, and hence allow more
nodes to be pruned. However, irrespective of such design choice, this method based on the
generalization bound for pruning the hierarchy has two following disadvantages :

• Higher computational complexity since one needs to learn the weight vector wv for
each node v in the given taxonomy. As a result, the process of identifying these nodes
can be computationally expensive for large-scale taxonomies;

• It is restricted only to discriminative classifiers such as Support Vector Machines and
Logistic Regression.

Therefore, we next present a meta-learning based pruning strategy for hierarchy pruning which avoids this initial training of the entire taxonomy, and is applicable to both
discriminative and generative classifiers.

5. Meta-learning based pruning strategy

In this section, we present a meta-learning based generic pruning strategy which is applicable
to both discriminative and generative classifiers. The meta-features for the instances are
derived from the analysis of the approximation error for multi-class versions of the two wellknown generative and discriminative classifiers: Naive Bayes and Logistic Regression. We
then show how this generalization error analysis of the classifier at each node is combined
when deployed in a typical top-down cascade of the hierarchy tree. Based on these analyses,
we identify the important features that control the variation of the generalization error and
determine whether a particular node should be flattened or not. We finally train a metaclassifier based on these meta-features, which predicts whether replacing a node in the
hierarchy by its children (Figure 2) will improve the classification accuracy or not.
The remainder of this section is organized as follows:

1. In Section 5.1, we present asymptotic error bounds for Naive Bayes classifiers;

2. Asymptotic error bounds for Multinomial Logistic Regression classifiers are given in
Section 5.2;
3. We then develop in Section 5.3:

(a) A pruning bound for both types of classifiers;
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(b) A meta-classifier for pruning nodes of a taxonomy, based on features derived
from both asymptotic error and pruning bounds.
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The proof of this lemma directly derives from Hoeffding’s inequality and the union bound,
and is a direct extension of the proof of Lemma 3 given by Ng and Jordan (2001).
Let us now denote the joint log-likelihood of the vector representation of (a document)
x in class yk by l(x, yk ) :
"
#
d
Y
xi
b
b
l(x, yk ) = log P (yk )
P (wi |yk )
(5)

Lemma 1 ∀yk ∈ Y, let Pb(yk ) be the estimated class probability and P (yk ) its asymptotic
version obtained with a training set of infinite size. Similarly, ∀yk ∈ Y and ∀i, 1 ≤ i ≤ d, let
Pb(wi |yk ) be the estimated class conditional feature probability and P (wi |yk ) its asymptotic
version (wi denotes the ith word of the vocabulary). Then, ∀ > 0, with probability at least
(1 − δ) we have :
|Pb(yk ) − P (yk )| < , |Pb(wi |yk ) − P (wi |yk )| < 
PK
with δ = Kδ0 +d k=1 δk , where δ0 = 2 exp(−2m2 ) and δk = 2d exp(−2dk 2 ). dk represents
the length of class yk , that is the sum of lengths (in number of occurrences) of all the
documents in class k.

We extend here this result to the multinomial, multiclass Naive Bayes classifier, for a K
class classification problem with Y = {y1 , . . . yK }. To do so, we first introduce the following
lemma, that parallels Lemma 3 of (Ng and Jordan, 2001):

where G(τ ) represents the probability that the asymptotic classifier predicts correctly and
has scores lying in the interval (−dτ, dτ ).

Theorem 2 For a two class classification problem in d dimensional feature space with m
training examples {(xi , yi )}m
i=1 sampled from distribution D, let h and h∞ denote the classifiers learned from the training set of finite size m and its asymptotic version respectively.
Then, with high probability, the bound on misclassification error of h is given by
!!
r
1
E(h) ≤ E(h∞ ) + G O
log d
(4)
m

Let us first consider a multinomial, multiclass Naive Bayes classifier in which the predicted
class is the one with maximum posterior probability. The parameters of this model are
estimated by maximum likelihood and we assume here that Laplace smoothing is used to
avoid null probabilities. Our goal here is to derive a generalization error bound for this
classifier. To do so, we recall the bound for the binomial version (directly based on the
presence/absence of each feature in each document) of the Naive Bayes classifier for two
target classes (Theorem 4 of (Ng and Jordan, 2001)).

5.1 Asymptotic approximation error bounds for Naive Bayes
yk ∈Y

(7)

δY = 2K exp



−22 m
C(d + dmax )2



+ 2d exp



−22 dmin
C(d + dmax )2



(8)
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Proof Using Lemma 1 and a Taylor expansion of the log function, one gets, ∀ > 0, ∀x ∈ X ,
∀k ∈ Y:


√ 
>1−δ
P |l(x, yk ) − l∞ (x, yk )| < C
ρ0

where dmax (resp. dmin ) represents the length (in number of occurrences) of the longest
(resp. shortest) class in Y, and C is a constant related to the longest document in X .

with:

E(h) ≤ E(h∞ ) + GY ()

Theorem 3 For a K class classification problem in d dimensional feature space with a
(i) ∈ X , y (i) ∈ Y, sampled from distribution D, let h
training set of size m, {x(i) , y (i) }m
i=1 , x
and h∞ denote the Naive Bayes classifiers learned from a training set of finite size m and
its asymptotic version respectively, and let E(h) and E(h∞ ) be their generalization errors.
Then, ∀ > 0, one has, with probability at least (1 − δY ):

We are now in position to formulate a relationship between the generalization error of the
multinomial, multiclass Naive Bayes classifier and its asymptotic version.

for τ > 0.

1
2
GY (τ ) = P(x,y)∼D (|l∞
(x) − l∞
(x)| < 2τ )

1 (x) = max
Definition 1 Let l∞
yk ∈Y l∞ (x, yk ) be the best log-likelihood score obtained for x
2 (x) = max
by the asymptotic Naive Bayes classifier, and let l∞
yk ∈Y\h∞ (x) l∞ (x, yk ) be the
second best log-likelihood score for x. We define the confusion of the asymptotic Naive Bayes
classifier for a category set Y as:

Lemma 1 suggests that the predicted and asymptotic log-likelihoods are close to each other,
as the quantities they are based on are close to each other. Thus, provided that the asymptotic log-likehoods between the best two classes, for any given x, are not too close to each
other, the generalization error of the Naive Bayes classifier and the one of its asymptotic
version are close to each other. Theorem 3 below states such a relationship, using the following function that measures the confusion between the best two classes for the asymptotic
Naive Bayes classifier.

h∞ (x) = argmax l∞ (x, yk )

and the one for its asymptotic version by:

yk ∈Y

(6)

where xi represents the number of times word wi appears in x. The decision of the Naive
Bayes classifier for an instance x is given by:

Theorem 2 below is recalled by Ng and Jordan (2001). Theorems 3 and 4 provide
multi-class versions of the bounds proposed by Ng and Jordan (2001) for the Naive Bayes
and Logistic Regression classifiers respectively. Lastly, Theorem 5 provides a hierarchical
generalization of these bounds for both classifiers. The features we are using to learn the
meta-classifier are derived from Theorem 5.
h(x) = argmax l(x, yk )
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√
where δ is the same as in Lemma 1, C equals to the maximum length of a document
and ρ0 = mini,k {P (yk ), P (wi |yk )}. The use of Laplace smoothing is important for the
quantities p(w |y ), which may be null if word wi is not observed in class yk . The Laplace
i
k
smoother in this case leads to ρ0 = d+d1 . The log-likelihood functions of the multinomial,
max
multiclass Naive Bayes classifier and the one of its asymptotic version are thus close to each
other with high probability. The decision made by the trained Naive Bayes classifier and its
asymptotic version on a given x only differ if the distance between the first two classes of the
asymptotic classifier is less than two times the distance between the log-likelihood functions
of the trained and asymptotic classifiers. Thus, using the union bound, one obtains, with
probability at least (1 − δ):
 √

E(h) ≤ E(h∞ ) + GY  C(d + dmax )
√
P
K
Using a change of variable (0 =  C(d + dmax )) and approximating k=1
exp(−2dk 2 ) by
exp(−2dmin 2 ), the dominating term in the sum, leads to the desired result.


5.2 Asymptotic approximation error bounds for Multinomial Logistic
Regression

=

1+

y 0 ∈Y,y 0 6=y ?

P

0

exp(β0y +

y0
j=1 βj xj )

Pd

P
exp(β y + d β y xj )
0
j=1
j
P
Pd
0
0
1 + y0 ∈Y,y0 6=y? exp(β0y + j=1
βjy xj )
1

We now propose an asymptotic approximation error bound for a multiclass logistic regression (MLR) classifier. We first consider the flat, multiclass case (V = Y), and then show how
the bounds can be combined in a typical top-down cascade, leading to the identification of
important features that control the variation of these bounds.
Considering a pivot class y ? ∈ Y, a MLR classifier, with parameters β = {β0y , βjy ; y ∈
Y \ {y ? }, j ∈ {1, . . . , d}}, models the class posterior probabilities via a linear function in
d
x = (xj )j=1
((see for example Hastie et al., 2001, p. 96)) :

P (y|x; β)y6=y?
P (y ? |x; β) =

(9)

The parameters β are usually fit by maximum likelihood over a training set S of size m
b in the following) and the decision rule for this classifier consists in choosing
(denoted by β
m
the class with the highest class posterior probability :
y∈Y

b )
hm (x) = argmax P (y|x, β
m

The following lemma states to which extent the posterior probabilities with maximum likeb
lihood estimates β
m may deviate from their asymptotic values obtained with maximum
b ).
likelihood estimates when the training size m tends to infinity (denoted by β
∞
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b be the maximum likelihood estiLemma 2 Let S be a training set of size m and let β
m
b be the maximum likelihood estimates of
mates of the MLR classifier over S. Further, let β
∞
parameters of MLR when m tends to infinity. For all examples x, let R > 0 be the bound
19

y
j=1 βj xj )

Pd

<

√

r

R|Y|σ0
δm

R; then for all 1 > δ > 0, with probability
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such that ∀y ∈ Y\{y ? }, exp(β0y +
at least (1 − δ) we have:

b ) − P (y|x, β
b ) <d
∀y ∈ Y, P (y|x, β
m
∞

where σ0 = maxj,y σjy and (σjy )y,j represent the components of the inverse (diagonal) Fisher
b and are different from σi used in Section 3 wherein these repreinformation matrix at β
∞
sented Rademacher random variables.

b = {β̂ y ; j ∈ {0, . . . , d}, y ∈ Y \ {y ? }}, and
Proof By denoting the sets of parameters β
m
j

b = {β y ; j ∈ {0, . . . , d}, y ∈ Y \{y ? }}, and using the independence assumption and the
β
∞
j
asymptotic normality of maximum likelihood estimates ((see for example Schervish, 1995,
√ by
p. 421)), we have, for 0 ≤ j ≤ d and ∀y ∈ Y \ {y ? }:
m(βj − βjy ) ∼ N (0, σjy ) where
the (σ y ) represent the components of the inverse (diagonal) Fisher information matrix
y,i
j
b . Let σ0 = maxj,y σ y . Then using Chebyshev’s inequality, for 0 ≤ j ≤ d and
at β
∞
j
Pd
y
j=1 βj xj )
−1

<

∀y ∈ Y \ {y ? } we have with probability at least 1 − σ0 /2 , |βbjy − βjy | < √m . Further ∀x
√
R; using a Taylor development of the functions

and ∀y ∈ Y\{y ? }, exp(β0y +

(10)

exp(x + ) and (1 + x + x) and the union bound, one obtains that, ∀ > 0 and y ∈ Y
q
0
0
b ) − P (y|x, β
b ) < d R . Setting |Y|σ
with probability at least 1 − |Y|σ
: P (y|x, β
to δ,
m
∞
m
2
2
and solving for  gives the result. 
Lemma 2 suggests that the predicted and asymptotic posterior probabilities are close
to each other, as the quantities they are based on are close to each other. Thus, provided
that the asymptotic posterior probabilities between the best two classes, for any given x,
are not too close to each other, the generalization error of the MLR classifier and the one
of its asymptotic version should be similar. Theorem 4 below states such a relationship,
using the following function that measures the confusion between the best two classes for
the asymptotic MLR classifier defined as :

y∈Y

b )
h∞ (x) = argmax P (y|x, β
∞

For any given x ∈ X , the confusion between the best two classes is defined as follows.

1
2
GY (τ ) = P(x,y)∼D (|f∞
(x) − f∞
(x)| < 2τ )

1
b
Definition 2 Let f∞
(x)
=
max
y∈Y P (y|x, β ∞ ) be the best class posterior probability for x
2 (x) = max
b
by the asymptotic MLR classifier, and let f∞
y∈Y\h∞ (x) P (y|x, β ∞ ) be the second
best class posterior probability for x. We define the confusion of the asymptotic MLR classifier
for a category set Y as:

for a given τ > 0.
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The following theorem states a relationship between the generalization error of a trained
MLR classifier and its asymptotic version.
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Let us now consider a hierarchy of classes and a top-down classifier making decisions at
each level of the hierarchy. A node-based pruning strategy can be easily derived from the
approximation bounds above. Indeed, any node v in the hierarchy H = (V, E) is associated
with three category sets: its sibling categories with the node itself S0 (v) = S(v) ∪ {v},
its children categories, D(v), and the union of its siblings and children categories, denoted
F(v) = S(v) ∪ D(v).
These three sets of categories are the ones involved before and after the pruning of node
S0
v. Let us now denote by hmv a classifier learned from a set of sibling categories of node v
v
and the node itself, and by hD
m a classifier learned from the set of children categories of
S0v
D
v
node v (h∞ and h∞ respectively denote their asymptotic versions). The following theorem
is a direct extension of Theorems 3 and 4 to this setting.

5.3 A learning based node pruning strategy

bounds E(hm ) − E(h∞ ). 
Note that the quantity σ0 in Theorem 4 represents the largest value of the inverse (diagonal) Fisher information matrix ((Schervish, 1995)), and thus corresponds to the inverse
of the smallest value of the (diagonal) Fisher information matrix, which corresponds to
the smallest amount of information one has on the estimation of each parameter βbjk . This
smallest amount of information is in turn related to the length (in number of occurrences)
of the longest (resp. shortest) class in Y denoted respectively by dmax and dmin as, the
smaller they are, the larger σ0 is likely to be.

Thus, the decision made by the trained MLR and its asymptotic version on an example (x, y)
differs only if the distance between the two predicted classes of the asymptotic classifier is
b
less than two times the distance between the posterior probabilities
 qobtained
 with β m and
R|Y|σ
0
b on that example; and the probability of this is exactly GY d
β
, which upper∞
δm

Proof The difference E(hm )−E(h∞ ) is bounded by the probability that the asymptotic MLR
classifier h∞ correctly classifies an example (x, y) ∈ X × Y randomly chosen from D, while
hm misclassifies it. Using Lemma 2, for all δ ∈ (0, 1), ∀x ∈ X , ∀y ∈ Y, with probability at
least 1 − δ, we have:
r
b ) − P (y|x, β
b ) < d R|Y|σ0
P (y|x, β
m
∞
δm

√
P
where R is a bound on the function exp(β0y + dj=1 βjy xj ), ∀x ∈ X and ∀y ∈ Y, and σ0 is
a constant.

Theorem 4 For a multi-class classification problem in d dimensional feature space with a
(i) ∈ X , y (i) ∈ Y, sampled i.i.d. from a probability
training set of size m, {x(i) , y (i) }m
i=1 , x
distribution D, let hm and h∞ denote the multiclass logistic regression classifiers learned
from a training set of finite size m and its asymptotic version respectively, and let E(hm )
and E(h∞ ) be their generalization errors. Then, for all 1 > δ > 0, with probability at least
(1 − δ) we have:
!
r
R|Y|σ0
(11)
E(hm ) ≤ E(h∞ ) + GY d
δm
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Pruning
...

Y F(v)
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p
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0

S0 (v)



Rd2 |S0 (v)|σ0
mS0 (v) 2

+

D(v)

Rd2 |D(v)|σ0
mD(v) 2



for MLR classifiers and with

≤

S0 (v)

|S0 (v)|σ0
mS0 (v)

+

D(v)

|D(v)|σ0
mD(v)

(12c)

(12b)
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where g corresponds to the best log-likelihood for Naive Bayes classifiers or the best class
posterior for MLR classifiers. As it relies on the unknown distribution D and asymptotic
log-likelihood g∞ (), GY (.) cannot be computed directly. It however measures the confusion

GY () = P(x,y)∼D (|g∞ (x) − g∞ (x)| < 2)

The above conditions for pruning a node v rely on the union bound and thus are not
likely to be exploitable in practice. They nevertheless exhibit the factors that play an
important role in assessing whether a particular trained classifier is close or not to its
asymptotic version. Following Definitions 1 and 2, GY () is of the form:

δF(v) ≤ δS0 (v) + δD(v)

F(v)

|F(v)|σ0
mF(v)
or, for Naive Bayes classifiers:

and, for MLR classifiers:

GF(v) () ≤ GS0 (v) () + GD(v) ()

{|Y ` |, mY ` , σ0Y , d`max , d`min ; Y ` ∈ {S0 (v), D(v)}; } are constants related to the set of categories Y ` ∈ {S0 (v), D(v)} and involved in the respective bounds stated in Theorem 3 and
4. Denoting by hFmv the classifier trained on the set F(v) and by hF∞v its asymptotic version,
Theorem 5 suggests that one should prune node v if:

`

probability at least 1 − δS0 (v) + δD(v) for Naive Bayes classifiers, with δY defined in Theorem 3.

with probability at least 1 −

Dv
Sv
Dv
v
E(hS
m ) + E(hm ) ≤ E(h∞ ) + E(h∞ ) + GS0 (v) () + GD(v) ()

0

Theorem 5 Using notations from both Theorems 3 and 4, ∀ > 0, v ∈ V \ Y, one has:

Figure 4: The pruning procedure for a candidate class node u (in black). After replacing
the candidate node by its children, the new category set Y F(v) contains the classes
from both the daughter and the sister category sets of v.

Y D(v)

Y S(v)

p
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8. cosinter (`)

max
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k

K
X̀

K
X̀

k=1 k0 =1k0 6=k

k

k

mu` mv` 0 cos(uk` , vk` 0 )

k

p(w|u)
p(w|v)

k

k

16:

Features for node v ∈ V
1. # of classes in level `, K ` 2. Vocabulary size, d`
`
3. # of docs m`
4. dmin
`
5.
6. (d` +dm` )2
`
dmax
d`

7. (d` +dmin
`
2
max )
9. KLinter (`)
Table 1: Features involved in the vector representation of a node v ∈ H = (V, E). As
` ∈ {F(v), D(v), S(v)}, we have in total 27 features associated with the different
category sets considered for flattening node u.

1
k

mu` mv` 0

k

KL(Qu` ||Qv` 0 ) + KL(Qv` 0 ||Qu` ),

p(w|u) log

3. http://www.wipo.int/classifications/ipc/en/support/
4. http://lshtc.iit.demokritos.gr/
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We start our discussion by presenting results on different hierarchical datasets with different
characteristics using MLR and SVM classifiers. The datasets we used in these experiments are
two large datasets extracted from the International Patent Classification (IPC) dataset3
and the publicly available DMOZ dataset from the second LSHTC challenge (LSHTC2)4 .
Both datasets are multi-class; IPC is single-label and LSHTC2 multi-label with an average
of 1.02 categories per class. We created 5 datasets from LSHTC2 by splitting randomly
the first layer nodes (11 in total) of the original hierarchy in disjoint subsets. The classes

6. Experimental Analysis

nodes should be pruned. A simple strategy to adopt is then to prune nodes in sequence:
starting from the root node, the algorithm checks which children of a given node v should
be pruned (lines 6-13) by creating the corresponding meta-instance and feeding the metaclassifier; the child that maximizes the probability of the positive class is then pruned; as
the set of categories has changed, we recalculate which children of v can be pruned, prune
the best one (as above) and iterate this process till no more children of v can be pruned;
we then proceed to the children of v and repeat the process. The function MERGE takes
as arguments the parent, the candidate children to be merged as well as the meta-classifier.
It returns the index of the child that should be merged. In case where the meta-classifier
does not identify any child eligible for merging then the pruning procedure continues with
the next parent in the list. The meta-classifier tries to predict whether pruning a specific
node will lead to an increase of the performance over 10%. That means that the classifier
may identify several candidate nodes and one of them will be selected for pruning.

17:

Algorithm 3 The pruning strategy.
1: procedure Prune Hierarchy(a hierarchy H, a meta-classifier Cm )
2:
clist[] ← H.root;
. Initialize with root node
3:
while !clist.isEmpty() do
4:
parent ← clist.getN ext()
5:
list[] ← Ch(parent);
. Candidate children to merge
6:
while !list.isEmpty() do
7:
index ← MERGE(parent,list,Cm );
. Index of children to be merged
8:
if index == −1 then
9:
break;
10:
end if
11:
list.add(Ch(list[index]))
. Move up the children of node list[index]
12:
list.remove(index);
. This node has been merged
13:
end while
14:
clist.add(Ch(clist[j]));
. Adds next level parents
15:
end while
export new hierarchy;
end procedure

K
X̀

between categories and can thus be approximated by measures of the similarity between
classes. We propose here to estimate this confusion with two simple quantities: the average
cosine similarity of all the pairs of classes in Y, and the average symmetric KullbackLeibler divergences between all the pairs in Y according to class conditional multinomial
distributions. Each node v ∈ V when deployed with MLR and Naive Bayes classifiers can
then be characterized by factors shown in Table 1, which are involved in the estimation of
inequality (12) above.
The average cosine similarity and the average symmetric KL divergence are calculated
as follows for each pair of nodes (u, v) in level l:

K
X̀
K

k=1 k0 =1k0 6=k

K
X̀

k=1 k0 =1k0 6=k

X̀
1
K ` (K ` − 1)

cosinter (`) =

KLinter (`) =

w∈u,v

X

where KL(Qu ||Qv ) denotes the Kullback-Leibler divergence between the class conditional
probability distributions of the features present in the two classes u and v:
KL(Qu ||Qv ) =

JMLR 17(98):1-37

where p(w|u) denotes the probability of word/feature w in class u, taking smoothing
into account.
Algorithm 3 presents the process of learning the hierarchy pruning by learning a metaclassifier from the meta-features as mentioned above. The procedure for collecting training
data associates a positive (resp. negative) class to a node if the pruning of that node leads
to a final performance increase (resp. decrease). A meta-classifier is then trained on these
features using a training set from a selected class hierarchy. After the learning phase, the
meta-classifier is applied to each node of a new hierarchy of classes so as to identify which
23

25,310
50,558
38,725
27,924
68,367
46,324

LSHTC2-1
LSHTC2-2
LSHTC2-3
LSHTC2-4
LSHTC2-5
IPC

6,441
13,057
10,102
7,026
17,561
28,926

# Test

1,789
4,787
3,956
2,544
7,212
451

# Classes

145,859
271,557
145,354
123,953
192,259
1,123,497

# Feat.
6
6
6
6
6
4

Depth
0.008
0.003
0.004
0.005
0.002
0.02

CR
1.24
1.32
2.65
1.8
2.12
12.27

Error ratio

0.737
0.980

TP rate

0.020
0.263

FP rate
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6.1 Flat versus Hierarchical classification
The classification error results on the test set of LSHTC2-3,4,5 and IPC are reported in
Table 4. On all LSHTC datasets flat classification performs worse than the fully hierarchy
top-down classification, for all classifiers. These results are in line with complexity and
empirical error ratios for SVM estimated on different collections and shown in table 2 as well
as with the results obtained in Liu et al. (2005); Dumais and Chen (2000) over the same type

We consider three different classifiers which include Multinomial Naive Bayes (MNB),
Multi-class Logistic Regression (MLR) and Support Vector Machine (SVM) classifiers. The
configurations of the taxonomy that we consider are fully flat classifier (FL), fully hierarchical (FH) top-down Pachinko machine, a random pruning (RN), and the two proposed
pruning methods which include (i) Bound-based pruning strategy (PR-B) given in Section
4 and (ii) Meta-learning based pruning strategy (PR-M) proposed in Algorithm 3. For
the PR-M pruning method, our experimental setup involves two scenarios: (i) The metaclassifier is trained over one kind of DMOZ hierarchy (LSHTC2-1, and LSHTC-2) and
tested over another DMOZ hierarchy (LSHTC-3, LSHTC-4 and LSHTC-5), such that both
sets have similar characteristics, and secondly, (ii) The meta-classifier is trained over one
set of DMOZ hierarchy (LSHTC2-1, and LSHTC-2) and tested over IPC hierarchy which
is derived from a different domain (patent classification) such that both sets have much
less common characteristics. In this sense, our meta-classifier could learn to learn over one
doamin and apply the learnt knowledge to another domain. For the random pruning we
restrict the procedure to the first two levels and perform randomly prune 4 nodes (this is
the average number of nodes that are pruned in the PR-M and PR-B strategies). We also
present results for another pruning strategy proposed in our earlier work (Babbar et al.,
2013b) which is based on error analysis of Perceptron Decision Trees (Bennett et al., 2000),
and is referred to as PR-P. The results for the naive pruning method based on estimate on
a validation set (as described in Section 4.1) are also presented, and referred to as PR-V.
For each dataset we perform 5 independent runs for the random pruning and we record the
best performance. For MLR and SVM, we use the LibLinear library (Fan et al., 2008) and
use squared hinge-loss with L2-regularized versions, setting the penalty parameter C by
cross-validation.

Table 3: True positive and false positive rates for the MLR meta-daset (119 examples).

Prune (+1)
Do not prune (-1)

Class

of trees ({10, 20, 50, 100 and 200}), the depth of the trees ({unrestricted, 5, 10, 15, 30,
60}), as well as the number of iterations in AdaBoost ({10, 20, 30}). The final values were
selected by cross-validation on the training set (LSHTC2-1 and LSHTC2-2) as the ones
that maximized accuracy and minimized false-positive rate in order to prevent degradation
of accuracy. For example, Table 6 presents the true positive and false positive rates for the
two classes for the meta-dataset of MLR.
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for the IPC and LSHTC2 datasets are organized in a hierarchy in which the documents
are assigned to the leaf categories only. Table 2 presents the characteristics of the datasets.
CR denotes the complexity ratio between hierarchical
and flat classification,
given by the
P

Rademacher complexity term in Theorem 1:
|D(v)|(|D(v)|
−
1)
/
(|Y|(|Y|
− 1));
v∈V \Y
the same constants B, R and L are used in the two cases. As one can note, this complexity
ratio always goes in favor of the hierarchical strategy, although it is 2 to 10 times higher
on the IPC dataset, compared to LSHTC2-1,2,3,4,5. On the other hand, the ratio of
empirical errors (last column of Table 2) obtained with top-down hierarchical classification
over flat classification when using SVM with a linear kernel is this time higher than 1,
suggesting the opposite conclusion. The error ratio is furthermore really important on IPC
compared to LSHTC2-1,2,3,4,5. The comparison of the complexity and error ratios on
all the datasets thus suggests that the flat classification strategy may be preferred on IPC,
whereas the hierarchical one is more likely to be efficient on the LSHTC datasets. This is
indeed the case, as is shown below.
To test our simple node pruning strategy, we learned binary classifiers aiming at deciding
whether to prune a node, based on the node features described in the previous section. The
label associated to each node in this training set is defined as +1 if pruning the node
increases the accuracy of the hierarchical classifier by at least 0.1, and -1 if pruning the
node decreases the accuracy by more than 0.1. The threshold at 0.1 is used to avoid too
much noise in the training set. The meta-classifier is then trained to learn a mapping from
the vector representation of a node (based on the above features) and the labels {+1; −1}.
We used the first two datasets of LSHTC2 to extract the training data while LSHTC2-3,
4, 5 and IPC were employed for testing.
The procedure for collecting training data is repeated for the MNB, MLR and SVM classifiers
resulting in three meta-datasets of 119 (19 positive and 100 negative), 89 (34 positive and
55 negative) and 94 (32 positive and 62 negative) examples respectively. For the binary
classifiers, we used AdaBoost with random forest as a base classifier, setting the number
of trees to 20, 50 and 50 for the MNB, MLR and SVM classifiers respectively and leaving the
other parameters at their default values. Several values have been tested for the number

Table 2: Datasets used in our experiments along with the properties: number of training examples, test examples, classes and the size of the feature space, the
depth
P of the hierarchy and the complexity ratio of hierarchical over the flat case
( v∈V \Y |D(v)|(|D(v)| − 1)/|Y|(|Y| − 1)), the ratio of empirical error for hierarchical and flat models.

# Tr.

Dataset

Learning Taxonomy Adaptation in Large-scale Classification

Learning Taxonomy Adaptation in Large-scale Classification

MNB
49.7↓↓
47.8↓↓
47.3↓↓
46.7
46.6
46.9
46.6

MLR
50.1↓↓
48.4↓↓
47.6↓
46.6
46.5
47.2
46.8

SVM
83.9↓↓
69.0↓↓
65.6↓
67.7
67.8
-

MNB
54.2↓↓
53.2↓↓
52.6↓
52.3
52.2
52.2
52.4

MLR
54.7↓↓
53.6↓
52.7
52.2
52.2
52.3
52.3

SVM
67.2↓↓
64.3↓↓
64.4↓
63.7
63.9
-

MNB

LSHTC2-5

SVM
84.9↓↓
70.5↓↓
68.3↓
65.9
65.4
-

LSHTC2-4

MLR
53.5↓↓
51.7↓↓
49.8↓↓
49.5
49.5
49.3
49.6

LSHTC2-3
MNB
52.8↓↓
49.3↓↓
48.4↓↓
48.2
48.1
48.0
48.3

MLR
46.6
50.2↓↓
51.3↓↓
50.3
50.5
50.7
50.9

SVM

IPC
54.6
54.7↓
55.2↓
54.6
54.5
54.4
54.5

MNB

MLR

32.9↓↓
33.2↓↓
33.7↓
34.3
34.4
34.3
34.3

SVM

15.0↓↓
18.1↓
18.9↓
19.4
19.3
-

MNB

29.2↓↓
29.9↓↓
30.5↓
31.7
31.8
31.7
31.6

MLR

MNB

29.1↓↓ 25.8 ↓↓
29.9↓↓ 26.1 ↓
30.7 26.2 ↓
31.7 26.4
31.9
31.8 26.5
31.5
-

SVM

LSHTC2-5

33.1 ↓↓
33.6 ↓
34.1↓
34.6
34.7
34.8
34.4

LSHTC2-4
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SVM

31.1↓↓ 31.6 ↓↓ 15.1↓↓
32.2↓↓ 31.9↓ 19.2↓
32.8↓ 32.2 20.1↓
33.0 32.1 21.2
33.1 32.3
33.2 32.4 21.2
33.0 32.2
-

MLR

LSHTC2-3
MNB
17.1↓↓
20.2↓↓
22.1↓
22.3
22.4
-

MLR

51.2
47.8↓↓
46.5↓
48.1
47.9
48.7
47.6

SVM

IPC

47.9
45.2↓↓
44.2↓
48.1
48.1
48.2
48.0

FL
RN
FH
PR-V
PR-B
PR-M
PR-P

73.0↓↓
61.9↓↓
62.0↓↓
61.7
61.3
-

FL
RN
FH
PR-V
PR-B
PR-M
PR-P

LSHTC2-3
IPC

100

1000

Table 5: Macro-F1 results across all datasets. Bold typeface is used for the best results.
Statistical significance (using macro-level t-test as proposed in (Yang and Liu,
1999)) is denoted with ↓ for p-value<0.05 and with ↓↓ for p-value<0.01.
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The proposed hierarchy pruning strategies aim to adapt the given taxonomy structure
for better classification while maintaining the ancestor-descendant relationship between a
given pair of nodes. We compare the four pruning strategies, (i) first, based on estimation

6.2 Effect of pruning

and do not suffer from the rare categories phenomenon, flat classification performs at par or
even better than hierarchical classification. The difference in the distribution of data among
leaf-level categories for the LSHTC datasets and IPC dataset is illustrated in Figure 5
on log-log scale. As one can note, in most categories IPC have a lot (from tens to few
hundreds) of documents which belong to them as denoted by the triangles. On the other
hand, LSHTC2-3 dataset has a lot of classes with a small number (1 or 2) of documents
as shown by the high concentration of solid dots near the Y-axis. In this respect, the fit to
power-law distribution of documents among categories in large-scale taxonomies has also
been studied recently (Babbar et al., 2014a). The relative performance between the flat
and top-down approaches on the two kinds of datasets is in agreement with the conclusions
obtained in recent studies in which the datasets considered do not have rare categories and
are more well-balanced (Bengio et al., 2010; Gao and Koller, 2011; Perronnin et al., 2012;
Deng et al., 2011).
We would also like to mention that using the top-down classification for mono-label
prediction, we obtained an accuracy of 36.6% on the original LSHTC2 dataset. On the
other hand, the top approach was a neural network based approach which used the echostate network, and achieved an accuracy of 38.8%. Unlike the participants in LSHTC
whose goal was to maximize the accuracy by using techniques such as ensemble methods
and feature engineering, our goal in this work is to theoretical analyze flat versus hierarchical
classification and extend the framework for performing taxonomy adaptation. Furthermore,
the original LSHTC2 dataset was mildly multi-label, and since our top-down prediction
algorithm predicts only a single label, we would loose some performance as compared to
algorithms which are aimed towards making multi-label predictions.

Table 4: Error results across all datasets. Bold typeface is used for the best results. Statistical significance (using micro sign test (s-test) as proposed in (Yang and Liu,
1999)) is denoted with ↓ for p-value<0.05 and with ↓↓ for p-value<0.01.

10000

1000

100

10

1
1

27

of taxonomies. Further, the work by Liu et al. (2005) demonstrated that class hierarchies
on LSHTC datasets suffer from rare categories problem, i.e., 80% of the target categories
in such hierarchies have less than 5 documents assigned to them. The value for Macro-F1
measure which weighs all leaf-level classes equally (in contrast to Micro-F1 which weighs
each example in the test set equally) is given in Table 5. Macro-F1 measure is particularly
interesting when dealing with datasets consisting of rare-categories, which is typically the
case in most naturally occurring category systems such as DMOZ and Wikipedia.
As a result, flat methods on such datasets face unbalanced classification problems which
results in smaller error ratios; hierarchical classification should be preferred in this case. On
the other hand, for hierarchies such as the one of IPC, which are relatively well balanced

Figure 5: Number of classes (on X-axis) which have the specified number of documents (on
Y-axis) for LSHTC2-3 dataset and IPC dataset
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6.3 Effect of number of pruned nodes for meta-learning based pruning
strategy

Figure 6: Accuracy performance with respect to the number of pruned nodes for MNB on
different test sets.
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For studying how the performance changes according to the number of pruned nodes, we
record the accuracy of the proposed pruning method for 1 to 4 number of prunings. Note
that pruning of nodes is done in sequence and is not independent. The results for both

all possible subsets of children nodes (say K 0 ) would require considering all possible 2K
subsets. Furthermore, considering all possible orders to pick the nodes one-by-one would
require considering all possible permutations of ordering. Both of these have exponential
computational complexity in the number of children nodes.
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on a validation set (PR-V) as given in Section 4.1, (ii) second, based on minimizing the
Rademacher-based generalization error bound (PR-B) as given in Section 4.2, (iii) third,
based on meta-learning (PR-M) as described in Section 5, and (iv) fourth, based on a
method presented by Babbar et al. (2013b) (PR-P) against the random pruning (RN) and
fully hierarchical (FH) classification. As shown in Table 4, the proposed pruning strategies
lead to statistically significant better results for all three classifiers compared to both the
original taxonomy and a randomly pruned one. Since Rademacher-bound based pruning
strategy, PR-B, is similar to PR-P proposed by Babbar et al. (2013b), they have almost
similar performance on most datasets. A similar result is reported by Wang and Lu (2010)
through a pruning of an entire layer of the hierarchy, which can be seen as a generalization,
even though empirical in nature, of the pruning strategy retained here. Another interesting
approach to modify the original taxonomy is presented by Zhang et al. (2006). In this study,
three other elementary modification operations are considered, again with an increase of
performance. It is also worth noticing that the pruning strategy based on estimation on a
validation set also leads to improvement in classification accuracy. However, as discussed
earlier, the method is computationally expensive and unlike the meta-learning based pruning
method, this does not amount to a learning algorithm which can be applied to unseen but
similar taxonomies.
For MNB classifier, one can notice that the proposed pruning method (PR-M) based on
meta-learning has the best performance in all datasets achieving significantly better results
compared to its rivals. This shows that flattening the hierarchy can boost the performance,
even in situations where the fully hierarchical classifier is better than its flat version (this
is the case for all the datasets considered for MNB). The random pruning achieves slightly
better accuracies than FH in LSHTC2-3 and IPC datasets, but is in general in between
the performance of the flat classifier and its fully hierarchical version. Statistical significance
tests report significant differences in favor of the proposed approach for pruning. We also
observe that all hierarchical methods consistently outperform the flat case. This is an
expected result as the flat MNB classifier suffers from the problem of unbalanced data. The
difference between the performance of the flat MNB classifier and its hierarchical versions is
less marked for the IPC dataset.
For MLR and SVM classifiers, both pruning approaches have better performance in all
datasets compared to its rivals, the difference being significant in all cases but with the flat
classifier on IPC. One can also notice that due to the balanced nature of the IPC dataset,
the performance of the flat classifier is close to that of hierarchical methods. For the same
reason, random pruning is also more effective in the IPC dataset as compared to other
datasets. Comparing the respective behaviors of the MLR and SVM against MNB, one can
note that MLR and SVM are more robust to variations in the taxonomy as compared to MNB.
This is reflected in much lesser variation in the accuracy for these classifiers under different
configurations of the hierarchy. Lastly, and not surprisingly, the performance of MLR and
SVM are much better than that of MNB on all the datasets considered here.
Here we would like to stress that we follow a greedy strategy in both the pruning methods
(PR-B and PR-M) which rank the sibling nodes in the order these should be pruned. In
case of PR-B, this is measured using the confusion C(v) for each node and for PR-M,
this is given by the confidence of the meta-classifier which return this as a probability
estimate. This is due to the fact that picking up the optimal subset of nodes to prune from
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Interestingly, across all datasets, the proposed method has better performance than FH
for all number of pruning nodes for both MNB and MLR. This shows that the proposed method
is able to select appropriate nodes in the hierarchy for pruning. Additionally, we note that
in the majority of cases the first pruned node provides a higher increase in accuracy than the
following nodes. This is an expected behavior as the first prunings are typically performed
at the upper level and thus tend to have a higher impact (as they will be used in more in
the classification of more documents) than the nodes pruned done at lower levels. We want
to stress here the fact that the performance with respect to the number of pruned nodes is
affected by several factors, as the accuracy of the meta-classifier, the level of the hierarchy

MNB and MLR are depicted in Figures 6 and 7, with a comparison to the FH method. The
comparison with SVM is not explicitly shown as its behavior is similar to MLR classifier.

Figure 7: Accuracy performance with respect to the number of pruned nodes for MLR (down)
on different test sets.

MLR

Dataset
LSHTC2-3
LSHTC2-4
LSHTC2-5
IPC
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LOMTree

60.3
73.6
72.7
65.1

FilterTree

49.3
47.2
52.3
50.7

PR-M

60.2
72.7
70.5
68.8

LOMTree

59.8
72.6
71.0
67.1

FilterTree

Hinge
PR-M

60.6
72.7
72.0
73.9

Logistic
48.1
46.9
52.2
54.4

Table 6: Comparison of classification errors for the proposed pruning method (PR-M) with
approaches that build the hierarchical structure.

where the nodes are pruned and their sequence. For example, in dataset LSHTC2-4
(Figure 6), there is a drop of performance after the first flattening which we believe is due
to false positives provided by the meta-classifier. As shown for MLR in Figure 7 and across
all datasets that the behavior of the pruning method is more stable without decrease in the
final performance.
6.4 Building Taxonomy

We also compare the proposed method with approaches that construct a hierarchy with
logarithmic depth over the labels of the problem. Such methods are extremely useful in
cases where there is no hierarchical structured information available. More specifically, we
compare with LOMTree (Choromanska and Langford, 2014) and FilterTree (Beygelzimer
et al., 2009b), both implemented in the Vowpal Wabbit open source system.5 LOMTree
creates binary trees assigning each time the examples to the two respective children of a
parent node. When the algorithm decides to create a leaf node it assigns the target label
from Y that corresponds to the most frequent one amongst the examples reaching that node.
On the other hand FilterTree follows a bottom-up partition process. For both methods we
experiment with hinge and logistic loss functions using different step sizes ({0.15, 0.25, 0.5,
0.75, 1, 2, 4, 8}) and up to 32 passes through the data. For the LOMTree we use different
settings for final number of non-leaf nodes and for the swap resistance. Finally, for both
methods we use bit precision of 30.
Table 6.4 presents the error rate for the pruning algorithm PR-M and the tree approaches
LOMTree and FilterTree across all the datasets for logistic and hinge loss functions. In all
cases PR-M which is based on the provided hierarchy outperforms the tree construction
approaches having a large difference in their errors. The results strongly indicate that
in the cases where the hierarchy is provided it is preferable to use in order to perform
logarithmic prediction rather than constructing it as it leads to loss of accuracy.

7. Conclusion
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We have studied in this paper flat and hierarchical classification strategies from a learningtheoretic view point in the context of large-scale taxonomies, through error generalization
5. http://hunch.net/vw
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bounds of multiclass, hierarchical classifiers. The first theorem we have introduced provides
an explanation to several empirical results related to the performance of such classifiers. We
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(i) by exploiting the bound developed in the first theorem, and (ii) by designing a metalearning technique which is based on the features derived from the approximation-error
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Langford (2014)). We plan to explore this in future work.

Learning Taxonomy Adaptation in Large-scale Classification

34

JMLR 17(98):1-37

Alina Beygelzimer, John Langford, and Pradeep D. Ravikumar. Error-correcting tournaments. In Algorithmic Learning Theory, 20th International Conference, ALT 2009, Porto,
Portugal, October 3-5, 2009. Proceedings, pages 247–262, 2009b.

Alina Beygelzimer, John Langford, Yuri Lifshits, Gregory Sorkin, and Alexander Strehl.
Conditional probability tree estimation analysis and algorithms. In Proceedings of the
Twenty-Fifth Conference Annual Conference on Uncertainty in Artificial Intelligence
(UAI-09), pages 51–58, Corvallis, Oregon, 2009a. AUAI Press.

Paul N. Bennett and Nam Nguyen. Refined experts: improving classification in large taxonomies. In Proceedings of the 32nd Annual International ACM SIGIR Conference on
Research and Development in Information Retrieval, pages 11–18, 2009.

Kristin P Bennett, Nello Cristianini, John Shawe-Taylor, and Donghui Wu. Enlarging the
margins in perceptron decision trees. Machine Learning, 41(3):295–313, 2000.

Samy Bengio, Jason Weston, and David Grangier. Label embedding trees for large multiclass tasks. In Advances in Neural Information Processing Systems 23, pages 163–171,
2010.

Peter L. Bartlett, Olivier Bousquet, and Shahar Mendelson. Local Rademacher complexities. Annals of Statistics, 33(4):1497–1537, 2005.

Peter L. Bartlett and Shahar Mendelson. Rademacher and Gaussian complexities: Risk
bounds and structural results. Journal of Machine Learning Research, 3:463–482, 2002.

Rohit Babbar, Ioannis Partalas, Eric Gaussier, and Massih-Reza Amini. Re-ranking approach to classification in large-scale power-law distributed category systems. In Proceedings of the 37th international ACM SIGIR conference on Research & development in
information retrieval, pages 1059–1062. ACM, 2014b.

Rohit Babbar, Cornelia Metzig, Ioannis Partalas, Eric Gaussier, and Massih-Reza Amini.
On power law distributions in large-scale taxonomies. ACM SIGKDD Explorations
Newsletter, 16(1):47–56, 2014a.

Rohit Babbar, Ioannis Partalas, Eric Gaussier, and Massih-Reza Amini. Maximum-margin
framework for training data synchronization in large-scale hierarchical classification. In
Neural Information Processing, pages 336–343. Springer, 2013b.

Rohit Babbar, Ioannis Partalas, Eric Gaussier, and Massih-Reza Amini. On flat versus
hierarchical classification in large-scale taxonomies. In Advances in Neural Information
Processing Systems, pages 1824–1832, 2013a.

Rahul Agrawal, Archit Gupta, Yashoteja Prabhu, and Manik Varma. Multi-label learning
with millions of labels: Recommending advertiser bid phrases for web pages. In Proceedings of the 22nd international conference on World Wide Web, pages 13–24. International
World Wide Web Conferences Steering Committee, 2013.

References

Babbar, Partalas, Gaussier, Amini and Amblard

Lijuan Cai and Thomas Hofmann. Hierarchical document categorization with support vector machines. In Proceedings 13th ACM International Conference on Information and
Knowledge Management (CIKM), pages 78–87. ACM, 2004.

Learning Taxonomy Adaptation in Large-scale Classification

Balaji Krishnapuram, Lawrence Carin, Mario AT Figueiredo, and Alexander J Hartemink.
Sparse multinomial logistic regression: Fast algorithms and generalization bounds. Pattern Analysis and Machine Intelligence, IEEE Transactions on, 27(6):957–968, 2005.

Daphne Koller and Mehran Sahami. Hierarchically classifying documents using very few
words. In Proceedings of the Fourteenth International Conference on Machine Learning,
ICML ’97, 1997.

Babbar, Partalas, Gaussier, Amini and Amblard

36

JMLR 17(98):1-37

Olga Russakovsky, Jia Deng, Hao Su, Jonathan Krause, Sanjeev Satheesh, Sean Ma, Zhiheng Huang, Andrej Karpathy, Aditya Khosla, Michael Bernstein, Alexander C. Berg,
and Li Fei-Fei. ImageNet Large Scale Visual Recognition Challenge, 2014.

Florent Perronnin, Zeynep Akata, Zaı̈d Harchaoui, and Cordelia Schmid. Towards good
practice in large-scale learning for image classification. In Computer Vision and Pattern
Recognition, pages 3482–3489, 2012.

Ioannis Partalas, Aris Kosmopoulos, Nicolas Baskiotis, Thierry Artières, George Paliouras,
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1. Note that changing the model such that the mean of the visible variables is removed is not equivalent
to just removing the mean of the data.

Log-Likelihood (LL) of the model parameters given the training data. Since the gradient
is intractable, it is often approximated using Gibbs sampling with only a few steps (Hinton
et al., 2006; Tieleman, 2008; Tieleman and Hinton, 2009). Two major problems have been
reported when training RBMs.
Firstly, the bias of the gradient approximation introduced by using only a few steps of
Gibbs sampling may lead to a divergence of the LL during training (Fischer and Igel, 2010;
Schulz et al., 2010; Fischer and Igel, 2011). To overcome the divergence problem Desjardins
et al. (2010) and Cho et al. (2010) have proposed to use parallel tempering (Swendsen and
Wang, 1986), which is an advanced sampling method that leads to a faster mixing Markov
chain and thus to a better approximation of the LL gradient.
Secondly, the learning process is not invariant to the data representation. For example
training an RBM on the MNIST data set leads to a better model than training it on 1MNIST (the data set generated by flipping each bit in MNIST ). This is due to missing
invariance properties of the gradient with respect to these flip transformations and not due
to the model’s capacity, since an RBM trained on MNIST can be transformed in such a way
that it models 1-MNIST with the same LL. Recently, two approaches have been introduced
that address this invariance problem. The enhanced gradient (Cho et al., 2011, 2013b) has
been designed as an invariant alternative to the true LL gradient of binary RBMs and has
been derived by calculating a weighted average over the gradients one gets by applying any
possible bit flip combination on the data set. Empirical results suggest that the enhanced
gradient leads to more distinct features and thus to better classification results based on the
learned hidden representation of the data. Furthermore, in combination with an adaptive
learning rate the enhanced gradient leads to more stable training in the sense that good LL
values are reached independently of the initial learning rate. Tang and Sutskever (2011)
on the other hand have shown empirically that subtracting the data mean from the visible
variables leads to a model that can reach similar LL values on the MNIST and the 1-MNIST
data set and comparable results to those of the enhanced gradient.1 Removing the mean
from all variables is known as the ‘centering trick’, which was originally proposed for feed
forward neural networks (LeCun et al., 1998; Schraudolph, 1998). It has recently also been
applied to the visible and hidden variables of Deep Boltzmann Machines (DBM) (Montavon
and Müller, 2012) where it has been shown to lead to a better conditioned optimization
problem. Furthermore, the learned features have shown better discriminative properties
and centering has improved the generative properties of locally connected DBMs. A related
approach applicable to multi-layer perceptrons where the activation functions of the neurons
are transformed to have zero mean and zero slope on average has been proposed by Raiko
et al. (2012). The authors could show that the gradient under this transformation gets closer
to the natural gradient, which is desirable since the natural gradient follows the direction
of steepest ascent in the manifold of probability distributions. Furthermore, the natural
gradient is independent of the concrete parameterization of the distributions and is thus
clearly the update direction of choice (Amari, 1998). Since the exact natural gradient is
intractable already for rather small RBMs, Schwehn (2010) and Ollivier et al. (2011) have
trained binary RBMs and Desjardins et al. (2013) binary DBMs using approximations of
the natural gradient obtained by Markov chain Monte Carlo methods. However, due to
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In the last decade Restricted Boltzmann Machines (RBMs) got into the focus of attention
because they can be considered as building blocks of deep neural networks (Hinton et al.,
2006; Bengio, 2009). RBM training methods are usually based on gradient ascent on the

1. Introduction

Keywords: centering, restricted Boltzmann machine, deep Boltzmann machine, generative model, artificial neural network, auto encoder, enhanced gradient, natural gradient,
stochastic maximum likelihood, contrastive divergence, parallel tempering

This work analyzes centered Restricted Boltzmann Machines (RBMs) and centered Deep
Boltzmann Machines (DBMs), where centering is done by subtracting offset values from
visible and hidden variables. We show analytically that (i) centered and normal Boltzmann Machines (BMs) and thus RBMs and DBMs are different parameterizations of the
same model class, such that any normal BM/RBM/DBM can be transformed to an equivalent centered BM/RBM/DBM and vice versa, and that this equivalence generalizes to
artificial neural networks in general, (ii) the expected performance of centered binary
BMs/RBMs/DBMs is invariant under simultaneous flip of data and offsets, for any offset value in the range of zero to one, (iii) centering can be reformulated as a different
update rule for normal BMs/RBMs/DBMs, and (iv) using the enhanced gradient is equivalent to setting the offset values to the average over model and data mean. Furthermore,
we present numerical simulations suggesting that (i) optimal generative performance is
achieved by subtracting mean values from visible as well as hidden variables, (ii) centered
binary RBMs/DBMs reach significantly higher log-likelihood values than normal binary
RBMs/DBMs, (iii) centering variants whose offsets depend on the model mean, like the
enhanced gradient, suffer from severe divergence problems, (iv) learning is stabilized if an
exponentially moving average over the batch means is used for the offset values instead of
the current batch mean, which also prevents the enhanced gradient from severe divergence,
(v) on a similar level of log-likelihood values centered binary RBMs/DBMs have smaller
weights and bigger bias parameters than normal binary RBMs/DBMs, (vi) centering leads
to an update direction that is closer to the natural gradient, which is extremely efficient for
training as we show for small binary RBMs, (vii) centering eliminates the need for greedy
layer-wise pre-training of DBMs, which often even deteriorates the results independently
of whether centering is used or not, and (ix) centering is also beneficial for auto encoders.
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the computational overhead the practical relevance of the natural gradient for RBM/DBM
training remains questionable. Another approach related to the centering trick is batch
normalization, which has recently been proposed by Ioffe and Szegedy (2015) and aims at
removing first and second order statistics of the pre synaptic activation in a feed forward
network.
In this article2 we give a unified view on centering, revealing that the methods proposed
by Cho et al. (2011), Tang and Sutskever (2011), and Montavon and Müller (2012) can
all be considered as different ways of applying the centering trick to RBMs and DBMs.
Furthermore, we analyze the properties and performance of different centering variants.
In Section 2, we begin with a brief overview over binary RBMs, the standard learning
algorithms, the natural gradient of the LL of RBMs, and the basic ideas used to construct
the enhanced gradient. In Section 3, we discuss the theoretical properties of centered RBMs,
show that centering can be reformulated as a different update rule for normal RBMs, that
the enhanced gradient is a particular form of centering, and finally that centering and
its properties naturally extend to DBMs and BMs. Furthermore, in Section 4, we show
that centering is an alternative parameterization for arbitrary Artificial Neural Networks
(ANNs) in general and we discuss how the parameters of centered and normal ANNs should
be initialized. Our experimental setups are described in Section 5 before we empirically
analyze the performance of centered RBMs with different initializations, offset parameters,
sampling methods, and learning rates in Section 6. This empirical analysis includes a
comparison of the centered gradient with the natural gradient and extensive experiments
on 10 real world data sets. In addition we have also performed experiments with DBMs
and Auto encoders (AEs) on the 10 real work data sets. Finally our work is concluded in
Section 7.

2. Restricted Boltzmann Machines

1 −E(x,h)
e
,
Z

An RBM (Smolensky, 1986) is a bipartite undirected graphical model with a set of N visible
and M hidden variables taking values x = (x1 , ..., xN ) and h = (h1 , ..., hM ), respectively.
Since an RBM is a Markov random field, its joint probability distribution is given by a
Gibbs distribution
p (x, h) =

with partition function Z and energy E(x, h). For binary RBMs, x ∈ {0, 1}N , h ∈ {0, 1}M ,
the energy, which defines the bipartite structure, is given by
E (x, h) = −xT b − cT h − xT Wh ,

x

h

where the weight matrix W, the visible bias vector b, and the hidden bias vector c are the
parameters of the model, jointly denoted by θ. The partition function, which sums over all
possible visible and hidden states, is given by
XX
e−E(x,h) .
Z =
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2. Previous versions of this work have been published as an eprint (Melchior et al., 2013) and as part of
the PhD thesis by Fischer (2014).
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∂ hlog (p(x|θ))id
=−
∂θ

∂E(x, h)
∂θ

d

+

∂E(x, h)
∂θ

m

RBM training is usually based on gradient ascent using approximations of the LL gradient




,
∇θ =

where h·im is the expectation under p(x, h) and h·id is the expectation under p(h|x)pe (x)
with empirical distribution pe . We use the notation ∇θ for the derivative of the LL with
respect to θ in order to be consistent with the notation used by Cho et al. (2011). For
binary RBMs the gradient becomes

∇W = hxhT id − hxhT im ,

∇c = hhid − hhim .

∇b = hxid − hxim ,

Common RBM training methods approximate h·im by samples gained by different Markov
chain Monte Carlo methods. Sampling k (usually k = 1) steps from a Gibbs chain initialized with a data sample yields Contrastive Divergence (CD) (Hinton et al., 2006). In
stochastic maximum likelihood (Younes, 1991), in the context of RBMs also known as Persistent Contrastive Divergence (PCD) (Tieleman, 2008), the chain is not reinitialized with
a data sample after parameter updates. This has been reported to lead to better gradient
approximations if the learning rate is chosen sufficiently small. Fast Persistent Contrastive
Divergence (FPCD) (Tieleman and Hinton, 2009) tries to further speed up learning by
introducing an additional set of parameters, that is only used for Gibbs sampling during
learning. The advanced sampling method Parallel Tempering (PT) (Swendsen and Wang,
1986) introduces additional ‘tempered’ Gibbs chains corresponding to smoothed versions
of p(x, h). The energy of these distributions is multiplied by T1 , where T is referred to
as temperature. The higher the temperature of a chain, the ‘smoother’ the corresponding distribution and the faster the chain mixes. Samples may swap between chains with
a probability given by the Metropolis Hastings ratio, which leads to better mixing of the
original chain with temperature T = 1 (a first theoretical analysis of the mixing rate of PT
for sampling in RBMs has been given by Fischer and Igel, 2015). We use PTc to denote the
RBM training algorithm that uses Parallel Tempering with c tempered chains as a sampling
method. Usually only one step of Gibbs sampling is performed in each tempered chain before allowing samples to swap, and a deterministic even odd algorithm (Lingenheil et al.,
2009) is used as a swapping schedule. PTc increases the mixing rate and has been reported
to achieve better gradient approximations than CD and (F)PCD (Desjardins et al., 2010;
Cho et al., 2010) with the drawback of having a higher computational cost.
See the introductory paper of Fischer and Igel (2014) for a recent review of RBMs and
their training algorithms.
2.1 Enhanced Gradient

JMLR 17(99):1-61

Cho et al. (2011) have proposed a different way to update parameters during training of
binary RBMs, which is invariant to the data representation.
When transforming the state (x, h) of a binary RBM by flipping some of its variables
(that is x̃i = 1 − xi , and h˜j = 1 − hj for some i, j), yielding a new state (x̃, h̃), one can

4

(3)

(2)

(1)

∂ log (p(x|θ))
∂θk


∂ log (p(x|θ))
∂θl
m


,

5
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The inverse Fisher information matrix corrects the direction and length of the standard gradient to achieve the largest change of the objective function (here the LL) for an infinitesimal
small step δθ from p(x|θ) to p(x|θ+δθ) in terms of the Kullback-Leibler divergence (Amari,
1998). This makes the natural gradient independent of the parameterization leading to an
invariance to arbitrary coordinate transformations such as flipping variables, which makes
it clearly the update direction of choice.

∇n θ = I (θ)−1 ∇θ .

where h·im denotes the expectation under p(x|θ). The gradient associated with the Fisher
metric is called the natural gradient and is given by

I kl (θ) =



Following the direction of steepest ascent in the Euclidean parameter space (as given by the
standard gradient) does not necessarily correspond to the direction of steepest ascent in the
manifold of probability distributions {p(x|θ), θ ∈ Θ}, which we are actually interested in.
To account for the local geometry of the manifold, the Euclidean
metric should be replaced
pP
by the Fisher information metric defined by ||θ||I(θ) =
θk Ikl (θ) θl , where I(θ) is the
Fisher information matrix (Amari, 1998). The kl-th entry of the Fisher information matrix
for a parameterized distribution p(x|θ) is given by

2.2 Natural Gradient

It has been shown that the enhanced gradient is invariant to arbitrary bit flips of the variables and therefore invariant under the data representation, which has been demonstrated
on the MNIST and 1-MNIST data set. Furthermore, the authors have reported more stable
training under various settings in terms of the LL estimate and classification accuracy.

∇e W = h(x − hxid )(h − hhid )T id − h(x − hxim )(h − hhim )T im ,
1
∇e b = hxid − hxim − ∇e W (hhid + hhim ) ,
2
1
∇e c = hhid − hhim − ∇e WT (hxid + hxim ) .
2

For binary RBMs the entries of the Fisher information matrix (Amari et al., 1992;
Desjardins et al., 2013; Ollivier et al., 2011) are given by

transform the parameters θ of the RBM to θ̃ such that E(x, h|θ) = E(x̃, h̃|θ̃) + const and
thus p(x, h|θ) = p(x̃, h̃|θ̃). However, if we update the parameters of the transformed model
0
based on the corresponding LL gradient to θ̃ = θ̃ + η∇θ̃ and apply the inverse parameter
0
transformation to θ̃ , the result differs from θ 0 = θ + η∇θ. The described procedure
of transforming, updating, and transforming back can be regarded as a different way to
update θ.
Following this line of thought there exist 2N +M different parameter updates corresponding to the 2N +M possible binary flips of (x, h). Cho et al. (2011) have proposed the enhanced gradient as a weighted sum of these 2N +M parameter updates, which for their choice
of weighting is given by

(4)

(6)

(5)

6

∇c = hh − λid − hh − λim = hhid − hhim .

∇b = hx − µid − hx − µim = hxid − hxim ,

∇W = h(x − µ)(h − λ)T id − h(x − µ)(h − λ)T im ,
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(9)

(8)

(7)

where σ (·) is the sigmoid function, wi∗ represents the ith row, and w∗j the jth column of
the weight matrix W. The LL gradient now takes the form

p (hj = 1|x) = σ((x − µ)T w∗j + cj ) ,

p (xi = 1|h) = σ(wi∗ (h − λ) + bi ) ,

By setting both offsets to zero one retains the normal binary RBM. Setting µ = hxid and
λ = 0 leads to the model introduced by Tang and Sutskever (2011), and by setting µ = hxid
and λ = hhid we get a shallow variant of the centered DBM analyzed by Montavon and
Müller (2012).
The conditional probabilities for a variable taking the value one are given by

E (x, h) = − (x − µ)T b − cT (h − λ) − (x − µ)T W (h − λ) .

Inspired by the centering trick proposed by LeCun et al. (1998), Tang and Sutskever (2011)
have addressed the problem that RBMs perform differently on the MNIST and 1-MNIST
data set by changing the energy of the RBM in a way that the mean of the input data is
removed. Montavon and Müller (2012) have extended the idea of centering to the visible and
hidden variables of DBMs and have shown that centering improves the conditioning of the
underlying optimization problem, leading to models with better discriminative properties
for DBMs in general and better generative properties in the case of locally connected DBMs.
Following their line of thought, the energy for a centered binary RBM where the
visible and hidden variables are shifted by the offset parameters µ = (µ1 , . . . , µN ) and
λ = (λ1 , . . . , λM ), respectively, can be formulated as

3. Centered Restricted Boltzmann Machines

where Covm (·, ·) denotes the covariance under the model distribution. Since these expressions involve expectations under the model distribution they are not tractable in general,
but can be approximated using MCMC methods (Ollivier et al., 2011; Desjardins et al.,
2013). Furthermore, a diagonal approximation of the Fisher information matrix could be
used. However, the approximation of the natural gradient for RBMs and DBMs is still computationally very expensive so that the practical usability remains questionable (Schwehn,
2010; Ollivier et al., 2011; Desjardins et al., 2013).

I cj ,cv (θ) = I cv ,cj (θ) = Covm (hj , hv ) ,

I bi ,bu (θ) = I bu ,bi (θ) = Covm (xi , xu ) ,

I wij ,cv (θ) = I cv ,wij (θ) = Covm (xi hj , hv ) ,

I wij ,bu (θ) = I bu ,wij (θ) = Covm (xi hj , xu ) ,

= Covm (xi hj , xu hv ) ,

I wij ,wuv (θ) = I ,wuv ,wij (θ) = hxi hj xu hv im − hxu hv im hxu hv im
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(12)

(11)

(10)
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c̃ = c + WT (µ̃ − µ) ,

8
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3. This can be proven analogously to the proof of proposition 1 in the work of Swersky et al. (2010).

such that E(x, h|θ, µ, λ) = E(x, h|θ̃, µ̃, λ̃) + const, is guaranteed (see Appendix B for a
derivation for a more general BM). Obviously, this can also be used to transform a centered
RBM to a normal RBM and vice versa, highlighting that centered and normal RBMs are
just different parameterizations of the same model class.
If the intractable model mean is used for an offset, it has to be approximated by samples.
Furthermore, when λ is chosen to be hhid or hhim or when µ is chosen to be hxim one
could approximate the mean values either using the sampled states or the corresponding
conditional probabilities. But due to the Rao-Blackwell theorem an estimation based on
the probabilities has lower variance and therefore is the approximation of choice.3
Algorithm 1 shows pseudo code for training a centered binary RBM, where we use h·i
to denote the average over samples from the current batch. Thus, for example, we write
hxd i for the average value of data samples xd in the current batch, which is used as an
approximation for the expectation of x under the data distribution, that is hxid . Similarly,
hhd i = hp (h = 1|xd )i approximates hhid , where p (x = 1|h) denotes the vector containing
the elements p (xi = 1|h). Note that in Algorithm 1 the update of the offsets is performed
before the gradient is calculated, such that gradient and reparameterization both use the
current samples. This is in contrast to the algorithm for centered DBMs proposed by
Montavon and Müller (2012), where the update of the offsets and the reparameterization
follows after the gradient update. Thus, while the gradient still uses the current samples
the reparameterization is based on samples gained from the model of the previous iteration.
However, the proposed DBM algorithm smooths the offset estimations by an exponentially
moving average over the sample means from many iterations, so that the choice of the
sample set used for the offset estimation should be less relevant.
In Algorithm 1 an exponentially moving average for the approximation of µ is obtained
if the corresponding sliding factor νµ is set to 0 < νµ < 1 or prevented if νµ = 1 and equivalently for λ and νλ . The effects of using an exponentially moving average are empirically
analyzed in Section 6.5.

W̃ = W ,


b̃ = b + W λ̃ − λ ,

∇b and ∇c are independent of the choice of µ and λ and thus centering only affects ∇W.
It can be shown (see Appendix A) that the gradient of a centered BM is invariant to flip
transformations if a flip of xi to 1 − xi implies a change of µi to 1 − µi , and in the case of
RBMs a flip hj to 1−hj implies a change of λj to 1−λj . This holds for µi = 0.5, λj = 0.5 but
remarkably also for the expectation values over xi and hj under any distribution. Moreover,
if the offsets are set to the expectation values, centered RBMs get also invariant to shifts

*/
*/
*/
*/

of variables (see Section 4). Note that these properties of centered RBMs naturally extend
to centered BMs and DBMs (see Section 3.2, Appendix A and B).
If we set µ and λ to the expectation values of the variables, these values may depend
on the RBM parameters (think for example about hhid ) and thus they might change during training. Consequently, a learning algorithm for centered RBMs needs to update the
offset values to match the expectations under the distribution that has changed through a
parameter update. When updating the offsets one needs to transform the RBM parameters
such that the modeled probability distribution stays the same. An RBM with offsets µ and
λ can be transformed to an RBM with offsets µ̃ and λ̃ by

/* i.e., W ← N (0, 0.01)N ×M
/* i.e., µ ← hdatai, λ ← 0.5
/* i.e., b ← σ −1 (µ), c ← σ −1 (λ)
/* i. e., η, νµ , νλ ∈ {0.001, ..., 0.1}

/* . Eq. (6) */
/* i.e., PCD-1, . Eqs. (5), (6) */
/* . Eq. (6) */

JMLR 17(99):1-61

until stopping criteria is met;
/* Transform network to a normal binary RBM if desired
*/
b ← b − Wλ ;
/* . Eq. (11) */
c ← c − WT µ ;
/* . Eq. (12) */
µ←0
λ←0

Estimate µbatch ;
/* i.e. µbatch ← hxd i */
Estimate λbatch ;
/* i.e. λbatch ← hhd i */
/* Transform parameters with respect to the new offsets
*/
b ← b + νλ W (λbatch − λ) ;
/* . Eq. (11), λ̃ = (1 − νλ )λ + νλ λbatch */
c ← c + νµ WT (µbatch − µ) ; /* . Eq. (12), µ̃ = (1 − νµ )µ + νµ µbatch */
/* Update offsets using exp. moving average with sliding factors
νµ and νλ
*/
µ ← (1 − νµ )µ + νµ µbatch
λ ← (1 − νλ )λ + νλ λbatch
/* Update parameters using the gradient with learning rate η
*/
∇W ← h(xd − µ)(hd − λ)T i − h(xm − µ)(hm − λ)T i ;
/* . Eq. (7) */
∇b ← hxd i − hxm i ;
/* . Eq. (8) */
∇c ← hhd i − hhm i ;
/* . Eq. (9) */
W ← W + η∇W
b ← b + η∇b
c ← c + η∇c

Initialize W ;
Initialize µ, λ ;
Initialize b, c ;
Initialize η, νµ , νλ ;
repeat
foreach batch in data do
foreach sample xd in batch do
Calculate hd = p(h = 1|xd ) ;
Sample xm f rom RBM ;
Calculate hm = p(h = 1|xm ) ;
Store xm , hd , hm

Algorithm 1: Training centered RBMs
1
2
4

3
5
6
7
8
9
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13
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20

19
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28
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(15)

(14)

(13)

22

21

20

19

18

17

16

15

14

13

12

11

10

9

8

7

6

5

4

3

2

1

*/
*/
*/
*/

/* . Eq. (6) */
/* i.e., PCD-1, . Eqs. (5), (6) */
/* . Eq. (6) */

/* i.e. W ←
/* i.e. µ ← hdatai, λ ← 0.5
/* i.e. b ← σ −1 (µ), c ← σ −1 (λ)
/* i.e. η, νµ , νλ ∈ {0.001, ..., 0.1}

N (0, 0.01)N ×M

until stopping criteria is met;

9
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Estimate µbatch ;
/* i.e. µbatch ← hxd i */
Estimate λbatch ;
/* i.e. λbatch ← hhd i */
/* Update offsets using exp. moving averages with sliding factors
νµ and νλ
*/
µ ← (1 − νµ )µ + νµ µbatch
λ ← (1 − νλ )λ + νλ λbatch
/* Update parameters using the centered gradient with learning
rate η
*/
∇c W ← h(xd − µ)(hd − λ)T i − h(xm − µ)(hm − λ)T i ;
/* . Eq. (13) */
∇c b ← hxd i − hxm i − ∇c Wλ ;
/* . Eq. (14) */
∇c c ← hhd i − hhm i − ∇c WT µ ;
/* . Eq. (15) */
W ← W + η∇c W
b ← b + η∇c b
c ← c + η∇c c

Initialize W ;
Initialize µ, λ ;
Initialize b, c ;
Initialize η, νµ , νλ ;
repeat
foreach batch in data do
foreach sample xd in batch do
Calculate hd = p(h = 1|xd ) ;
Sample xm f rom RBM ;
Calculate hm = p(h = 1|xm ) ;
Store xm , hd , hm

Algorithm 2: Training RBMs using the centered gradient

Note that by setting µ = 12 (hxid + hxim ) and λ = 12 (hhid + hhim ) the centered gradient
becomes equal to the enhanced gradient (see Appendix C). Thus, it becomes clear that the
enhanced gradient is a special case of centering. This can also be concluded from the
derivation of the enhanced gradient for Gaussian visible variables in (Cho et al., 2013a).

∇c c = hhid − hhim − ∇c WT µ .

∇c b = hxid − hxim − ∇c Wλ ,

∇c W = h(x − µ)(h − λ)T id − h(x − µ)(h − λ)T im ,

We now use the centering trick to derive a centered parameter update, which can replace
the gradient during the training of normal RBMs. Similar to the derivation of the enhanced
gradient we can transform a normal RBM to a centered RBM, perform a gradient update,
and transform the RBM back (see Appendix B for a derivation for the more general BM).
This yields the following parameter updates, which we refer to as centered gradient

3.1 Centered Gradient

How to Center Deep Boltzmann Machines


= −
l=0

L
X

h(l) − λ(l)

T

b(l) −

l=0

L−1
X

h(l) − λ(l)

T


W(l) h(l+1) − λ(l+1) ,

(b) Shallow network version.
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Figure 1: Example for (a) a DBM or an ANN with four layers h(0) , · · · , h(3) and (b) the
equivalent two layer shallow version of the same network with restricted connections and unknown input h(2) .

(a) Deep network version.

where each layer l has a bias b(l) , an offset λ(l) and is connected to layer l + 1 by weight
matrix Wl .
The derivations, proofs and algorithms given in this work for RBMs/BMs automatically
extend to DBMs since each DBM can be transformed to an RBM with restricted connections
and partially unknown input data. This is illustrated for a DBM with four layers in Figure 1.
As a consequence of this relation DBMs can essentially be trained in the same way as RBMs
but also suffer from the same problems as described before. The major difference in DBM

E h(0) , · · · , h(L)

A DBM (Salakhutdinov and Hinton, 2009) is a deep undirected graphical model with several
hidden layers where successive layers have a bipartite connectivity structure. Therefore, a
DBM can be seen as a jointly trained stack of several RBMs and thus as a natural extension
of RBMs. A centered binary DBM with L layers h(0) , · · · , h(L) (where h(0) corresponds to
the visible layer) represents a Gibbs distribution with energy

3.2 Centered Deep Boltzmann Machines

The enhanced gradient has been designed such that the weight updates become the
difference of the covariances between one visible and one hidden variable under the data
and the model distribution. Interestingly, one gets the same weight update for two other
choices of offset parameters, either µ = hxid and λ = hhim or µ = hxim and λ = hhid .
However, these offsets result in different update rules for the bias parameters.
Algorithm 2 shows pseudo code for training a normal binary RBM using the centered
gradient, which is equivalent to training a centered binary RBM using Algorithm 1. Both
algorithms can easily be extended to RBMs with other types of units, DBMs and BMs.

melchior, fischer and wiskott

training compared to RBM training is that the expectation under the data distribution in
the LL gradient of DBMs gets intractable. Due to the partially missing input data the
factorization trick used for the calculation of expectation under the data distribution in
RBMs cannot be applied anymore. Instead the term is approximated by running a mean
field estimation until convergence (Salakhutdinov and Hinton, 2009), which corresponds to
approximating the gradient of the variational lower bound of the LL. Furthermore, it is
common to pre-train DBMs in a greedy layer wise fashion using RBMs (Salakhutdinov and
Hinton, 2009; Hinton and Salakhutdinov, 2012).

How to Center Deep Boltzmann Machines
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= φj

wij (ai − µ̃i ) + cj

X

i

= φj

wij (ai − µi ) + cj

X

i

,

i

X

wij ∇µi

wij (ai − (µi + ∇µi )) + cj

wij (ai − µi ) + cj −

,

(16)

12



= h,

= x̃,
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with encoder matrix W0 , decoder matrix W, encoder bias c, decoder bias b, encoder
offset µ, decoder offset λ, encoder activation function φenc and decoder activation function
φdec . It is common to assume tied weights, which means that the encoder matrix is just
the transpose of the decoder matrix (W0 = WT ). Although this reduces the number of
free parameters AEs can still learn trivial representations if the number of hidden units is
not chosen to be much smaller than the number of input dimensions or if the network is
not regularized. Common regularized variants of AEs are denoising AEs (Vincent et al.,
2008), sparse AEs (Olshausen et al., 1996; Poultney et al., 2006; Ng, 2011) and contractive
AEs (Bishop, 1995; Rifai et al., 2011).
When choosing the activation functions for the encoder and decoder (that are sigmoid,
tangens-hyperbolicus, radial-basis, linear, linear-rectifier, ... ), we have to ensure that the
encoder activation function is appropriate for the input data (for example a sigmoid cannot
represent negative values). It is worth mentioning that when using the sigmoid function

decode(h) = φdec (W (h − λ) + b)

encode(x) = φenc W0 (x − µ) + c

An AE or auto-associator (Rumelhart et al., 1986b) is a type of ANN (and can thus be
centered) that has originally been proposed for unsupervised dimensionality reduction. Like
RBMs, AEs have also been used for unsupervised feature extraction and greedy layer-wise
pre-training of deep neural networks (Bengio et al., 2007), and therefore fit well in this
study for analyzing centering in ANNs.
In general, an AE consists of a deterministic encoder encode(x), which maps the input
x = (x1 , ..., xN ) to a hidden representation h = (h1 , ..., hM ) and a deterministic decoder
decode(h), which maps the hidden representation to the reconstructed input representation
x̃. The network is optimized such that the reconstructed input x̃ gets as close as possible
to the original input x measured
by a chosen loss L(x, x̃). Common choices for the loss are
PN
(xi − x̃i )2 id for arbitrary input and the average cross entropy
the mean squared error h i=1
PN
h− i=1
xi log x̃i + (1 − xi ) log(1 − x̃i )id for binary data. AEs are usually trained via backpropagation (Kelley, 1960; Rumelhart et al., 1986a) and they can be seen as feed-forward
neural networks where the input patterns are also the desired output patterns. We can
therefore define a centered AE by centering the encoder and decoder, which for a centered
three layer AE corresponds to

4.1 Auto Encoders

activation functions, loss function and connection types including directed, undirected and
recurrent connections.
Moreover, if we guarantee that a shift of ai implies a shift of µi by the same value (that
is, a shift of ai to ai + δi implies a shift of µi to µi + δi ) the neuron’s output oj gets invariant
to shifts of ai . This is easy to see since δi cancels out in Equation (16) if the same shift is
applied to both ai and µi , which holds for example if we set the offsets to the mean values
of the corresponding variables since hai + δi i = hai i + δi .
Note that, the original centering algorithm (LeCun et al., 1998; Schraudolph, 1998) did
not reparameterize the network, which can cause instabilities especially if the learning rate
is large.

4. Centering in Artificial Neural Networks in General

oj

Removing the mean from visible and hidden units was originally proposed for feed forward
neural networks (LeCun et al., 1998; Schraudolph, 1998). When this idea was applied to
the visible units of RBMs (Tang and Sutskever, 2011) the model was reparameterized such
that the probability distribution defined by the normal and centered RBM stayed the same.
In this section we generalize this concept to show that centering is an alternative parameterization for arbitrary ANN architectures in general, if the network is reparameterized
accordingly. Consider the centered artificial neuron model
!

X

i

X

i

!

where the output oj of the jth neuron depends on its activation function φj , bias term cj
and weights wij with associated inputs ai and their corresponding offsets µi . Such neurons
can be used to construct arbitrary network architectures using undirected, directed and
recurrent connections, which can then be optimized with respect to a chosen loss.
Two different ANNs that represent exactly the same functional input-output mapping
can be considered as different parameterizations of the same model. Thus, a centered
ANN is just a different parameterization of an uncentered ANN if we can show that their
functional input-output mappings are the same. This can be guaranteed in general if all
corresponding units in a centered and an uncentered ANN have the same mapping from
inputs to outputs. If the offset µi is changed to µ̃i = µi + ∇µi then the output of the
centered artificial neuron (16) becomes
!
!
φj

= φj
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showing that the unit’s output does not change when changing
the offset µi to µ̃i if the
P
unit’s bias parameter cj is reparameterized to c̃j = cj + i wij ∇µi . This generalizes the
reparameterization for RBMs given by Equations (10) – (12) to ANNs. Now, by setting µi
or µ̃i to zero it follows that for each normal ANN there exists a centered ANN and vice
versa such that the output of each neuron and thus the functional mapping from input
to output of the whole network stays the same. This holds independently of the chosen
11
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As shown in Section 3 the algorithms described by Cho et al. (2011), Tang and Sutskever
(2011) and Montavon and Müller (2012) can all be viewed as different ways of applying

5. Methods

where σ −1 is the inverse sigmoid function. Note that the MLE of the visible bias for an
RBM with zero weights is the same whether the RBM is centered or not. The conditional
probability of the visible variables of an RBM with this initialization is then given by
p (x = 1|h) = σ(σ −1 (hxid )) = hxid , where p (x = 1|h) denotes the vector containing the
elements p (xi = 1|h). Thus, the mean of the data is initially modeled only by the bias values
and the weights are free to model higher order statistics in the beginning of training. For the
unknown hidden variables it is reasonable to assume an initial mean of 0.5 so that the MLE
of the hidden bias for an RBM with zero weights is given by c∗ = σ −1 (0.5) = 0.0. These
considerations still hold approximately if the weights are not zero but initialized to small
random values. For bigger initial weight values the model can be initially centered by using
the inverse sigmoid of the average hidden activity given the data (c∗ = σ −1 (hp (h = 1|x)id ))
for the hidden biases.
Montavon and Müller (2012) have suggested to initialize the bias parameters of centered
DBMs to the inverse sigmoid of the initial offset parameters. They have argued that this
initialization leads to a good starting point, because it guarantees that the Boltzmann
machine is initially centered. Actually, if the initial offsets are set to µi = hxi id and λj = 0.5
the initialization suggested by Montavon and Müller (2012) is equal to the initialization to
the MLEs as follows from Equation (17).
Note that this initialization is not restricted to RBMs or the sigmoid activation function.
Independently of the initial weight matrix we can always set the bias in ANNs to the inverse
activation function of the corresponding mean value.

It is a common way to initialize the weight matrix of ANNs to small random values to break
the symmetry. The bias parameters are often initialized to zero. However, we argue that
there exists a more reasonable initialization for the bias parameters.
Hinton (2010) has proposed to initialize the RBM’s visible bias parameter bi to ln(pi /(1−
pi )), where pi is the proportion of the data points in which unit i is on (that is pi = hxi id ).
He has stated that if this is not done, the hidden units are used to activate the ith visible
unit with a probability of approximately pi in the early stage of training.
We argue that this initialization is in fact reasonable since it corresponds to the Maximum Likelihood Estimate (MLE) of the visible bias given the data for an RBM with zero
weight matrix, given by




hxid
1
b∗ = ln
= − ln
− 1 = σ −1 (hxid ) ,
(17)
1 − hxid
hxid

hxid

0.5 (hxid + hxim )

hxid

hxim

hxid

ddls

aab

ddbs

mmbs

dmbs

hhim

hhim

hhid

0.5 (hhid + hhim )

hhid

0

0

λ

Centering using the data mean
for the visible and the model mean
for hidden units,
reparam. before gradient update,
use of an exp. moving average

reparam. before gradient update,
use of an exp. moving average

Centering using the model mean,

reparam. before gradient update,
use of an exp. moving average

Centering using the data mean,

(Cho et al., 2011)
reparam. before gradient update,
no use of an exp. moving average

Enhanced gradient RBM

(Montavon and Müller, 2012)
reparam. after gradient update,
use of an exp. moving average

Original Centered RBM

(Tang and Sutskever, 2011)

Data Normalization RBM

Normal binary RBM
(Smolensky, 1986)

Description
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Table 1: Look-up table: Abbreviations for the most frequently used algorithms.

hxid

0

00
d0

µ

Abbr.

the centering trick. They differ in the choice of the offset parameters and in the way of
approximating them, either based on the samples gained from the model in the previous
learning step or from the current one, using an exponentially moving average or not. The
question arises, how RBMs should be centered to achieve the best performance in terms of
the LL. In Section 5 we therefore empirically analyze the different ways of centering and
try to achieve a deeper understanding of why centering is beneficial.
For simplicity we introduce the following shorthand notation. The letter d denotes
the data mean h·id , m denotes the model mean h·im , a denotes the average of the means
1
1
2 h·id + 2 h·im , and 0 is used if the offsets are set to zero. We indicate the choice of µ in
the first and the choice of λ in the second place, for example dm translates to µ = hxid
and λ = hhim . We add a superscribed b (before) or l (later/after) to denote whether the
reparameterization is performed before or after the gradient update. If the sliding factor
in Algorithm 1 or 2 is set to a value smaller than one and thus an exponentially moving
average is used, a subscript s (sliding) is added. Thus, we represent the variant of Cho

for φenc and φdec and tied weights, the encoder becomes equivalent to Equation (5) and
the decoder becomes equivalent to Equation (6). The network structure therefore becomes
equivalent to an RBM such that the only difference is the training objective (that is the
loss function).

4.2 Initialization of the Model Parameters

melchior, fischer and wiskott
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et al. (2011) by aab , the one of Montavon and Müller (2012) by ddsl , the data normalization
of Tang and Sutskever (2011) by d0, and the normal binary RBM simply by 00. Table 1
summarizes the abbreviations most frequently used in this paper.
We begin our analysis with experiments on RBMs, where one layer is small enough to
guarantee that the exact LL is still tractable. In a first set of experiments we analyze the four
algorithms described above in terms of the evolution of the LL during training. In a second
set of experiments we analyze the effect of the initializations described in Section 4.2. We
proceed with a comparison of the effects of estimating offset values and reparameterizing the
parameters before or after the gradient update. Afterwards we analyze the effects of using
an exponentially moving average to approximate the offset values in the different algorithms
and of choosing other offset values. We then compare the normal and the centered gradient
with the natural gradient. Finally, to verify whether the results scale to more realistic
problem sizes we compare RBMs, DBMs and AE on ten large data sets.
5.1 Benchmark Problems
We consider twelve different benchmark problems in our detailed analysis, see also Figure 2.
The Bars & Stripes (MacKay, 2003) data set consists of patterns of size D × D that can
be generated as follows. First, for each row of a pattern all corresponding pixels are either
set to zero or to one with equal probability. Second, with a probability of 0.5 the pattern
is rotated by 90 degrees. This leads to N = 2D+1 patterns where the completely uniform
patterns occur twice as often as the others. The data set is symmetric in terms of the
amount of zeros and ones and thus the flipped and
 unflipped
 problems are equivalent. An
upper bound of the LL is given by (N − 4) ln N1 + 4 ln N2 . For our experiments we used
D = 3 or D = 2 (only in Section 6.9) leading to an upper bound of −41.59 and −13.86,
respectively.
The Shifting Bar data set is an artificial benchmark problem we have designed to be
asymmetric in terms of the amount of zeros and ones in the data. The data set consists of
vectors of size N where a set of B successive pixels with cyclic boundary conditions are set
to one, the ’bar’, and the others are set to zero. More formally the data set can be generated
as follows, beginning with a vector where all pixels are set to zero, an index 0 ≤ i < N is
chosen uniformly at random. The pixel with index i and the following B − 1 pixels, which
underly cyclic boundary conditions are set to one (that is the pixels with indices {i, (i + 1)
mod N , . . . , (i + B − 1) mod N } are set to one). This leads to N different patterns with
equal probability, and an upper bound of the LL of N ln N1 , the percentage of ones in
B
. For our experiments we used N = 9, B = 1 and its flipped version
the data set is N
Flipped Shifting Bar , which we get for N = 9, B = 8, both having an upper LL bound
of −19.78.
The MNIST (LeCun et al., 1998) data set of handwritten digits has become a standard
benchmark problem for RBMs. It consists of 60, 000 training and 10, 000 testing examples
of gray value handwritten digits of size 28 × 28. Usually, in a first preprocessing step the
values are normalized to lie in [0, 1]. Across different studies the normalized values are
then either used directly as input, or the data set is binarized using a threshold of 0.5 or by
sampling according to the normalized values that are treated as probabilities.4 In this study

JMLR 17(99):1-61

4. In Appendix D we give a an comparison of normal and centered RBMs on the different MNIST versions.
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(a) 8 out of 16 patterns from the Bars & Stripes data set.

(b) All patterns of the Shifting Bar data set with N = 9 and B = 1.

(c) Example patterns from the MNIST data set after binarization.

(d) Example patterns from the Caltech 101 Silhouette data set.

Figure 2: Some patterns from the different benchmark problems.

we binarized MNIST with a threshold of 0.5. The data set contains 13.3% ones, similar to
the Shifting Bar problem, which for our choice of N and B contains 11.1% ones. We refer
to the data set where each bit of MNIST is flipped (that is each one is replaced by a zero
and vice versa) as 1-MNIST .

The CalTech 101 Silhouettes (Marlin et al., 2010) data set consists of 4100 training,
2307 validation, and 2264 testing examples of binary object silhouettes of size 28 × 28. The
data set contains 55.1% ones, and thus (like in the Bars & Stripes problem) the amount of
zeros and ones is almost the same. The background pixels take the value one, which is in
contrast to MNIST where the background pixels are set to zero.

JMLR 17(99):1-61

In some experiments we also considered the eight UCI binary (Larochelle et al., 2010;
Larochelle and Murray, 2011) data sets from different domains comprising biological, image, text and game-related data. The data sets differ in dimensionality (112 to 500) and
size (a few hundred to several thousand examples) and have been separated into training,
validation, and test sets. All UCI binary data sets contain less ones than zeros, where the
percentage of ones lies between 3.9% and 36.8%.
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The comparison of the learning performance of the previously described algorithms ddls , aab ,
d0, and 00 (using their originally proposed initializations) shows that training a centered
RBM leads to significantly higher LL values than training a normal binary RBM (see Table 2
for the results on Bars & Stripes and MNIST and Table 3 for the results on Shifting Bar
and Flipped Shifting Bar ).
Figure 3 illustrates on the Bars & Stripes data set that centering (aab , ddls , and d0)
leads to faster learning and higher LL values than normal RBMs (00 ). This differs from
the observations made for DBMs by Montavon and Müller (2012), who have found a better
generative performance of centering only in the case of locally connected DBMs. Furthermore, Figure 3 shows that centering both the visible and the hidden variables (ddls and aab )
compared to centering only the visible variables (d0 ) accelerates learning and leads to a
higher LL. This is different from the observations made for RBMs by Tang and Sutskever
(2011), who have stated that centering only the visible variables leads to a performance
similar to that of the enhanced gradient. Thus centered RBMs where visible and hidden
variables are centered can form more accurate models of the data distribution than normal
RBMs and centered RBMs where only the visible variables are centered.
It can also be seen from Figure 3 that all methods show divergence in combination with
CD and PCD (as described before by Fischer and Igel, 2010, for normal RBMs), which

6.1 Comparison of the Standard Methods

For all models in this work the weight matrices were initialized with random values sampled
from a Gaussian with zero mean and a standard deviation of 0.01. If not stated otherwise
the visible biases, hidden biases, and offsets were initialized as described in Section 4.2.
We began our analysis with experiments on small RBMs where the LL can be calculated
exactly, where we used 4 hidden units when modeling Bars & Stripes and Shifting Bar and
16 hidden units when modeling MNIST. For training we used CD-1, PCD-1 and PTc (with
c = 10 or c = 20) where the c temperatures were distributed uniformly from 0 to 1. For
Bars & Stripes and Shifting Bar full-batch training was performed for 50, 000 gradient
updates, where the LL was evaluated every 50th gradient update. For modeling MNIST
mini-batch training with a batch size of 100 was performed for 100 epochs, each consisting
of 600 gradient updates and the exact LL was evaluated after each epoch. Note that in
order to get an unbiased comparison of the different models, we did not use any additional
modifications of the update rule like a momentum term, weight decay or an annealing
learning rate.
The tables in this work show the maximum average LL and the corresponding standard
deviation reached during training averaged over 25 trials. In addition the final average LL
reached at the end of training is given in parenthesis to indicate a potential divergence of
the LL. For some computational expensive experiments we used only 10 trials, which will
be mentioned explicitly. For reasons of readability, the LL values for the big data sets were
normalized to the number of training samples. In order to check if the result of the best
method within one row differs significantly from the others we performed pairwise signed
Wilcoxon rank-sum tests (with p = 0.05). The best results are highlighted in bold. This
can be more than one value if the significance test between these values was negative.

6. Results
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Figure 3: Evolution of the average LL on the training data for models with 4 hidden units
on the Bars & Stripes data set for the standard centering methods. (a) CD-1
with a learning rate of η = 0.05, (b) PT10 with a learning rate of η = 0.05, (c)
PCD-1 with a learning rate of η = 0.05, and (d) PCD-1 with a learning rate of
η = 0.01.
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is prevented for ddls , d0, and 00 when using PT as shown in Figure 3(b). This can be
explained by the fact that PT leads to faster mixing Markov chains and thus less biased
gradient approximations. The aa algorithm however suffers from severe divergence of the
LL when PCD or PT is used, which is even worse than with CD. This divergence problem
does occur independently of the choice of the learning rate as indicated by the LL values
reached at the end of training (given in parentheses) in Table 2 and Table 3, and which can

log-likelihood
log-likelihood

log-likelihood
log-likelihood

Algorithm-η
Bars & Stripes
CD-1-0.1
CD-1-0.05
CD-1-0.01
PCD-1-0.1
PCD-1-0.05
PCD-1-0.01
PT10 -0.1
PT10 -0.05
PT10 -0.01
MNIST
CD-1-0.1
CD-1-0.05
CD-1-0.01
PCD-1-0.1
PCD-1-0.05
PCD-1-0.01
PT10 -0.01

-61.33
-60.82
-61.31
-58.93
-57.01
-56.80
-51.99
-52.21
-56.76

aab

±1.71 (-69.1)
±1.89 (-65.0)
±1.60 (-61.1)
±2.07 (-360.6)
±1.51 (-167.4)
±0.98 (-55.3)
±3.43 (-202.5)
±0.99 (-70.7)
±1.25 (-53.8)
-153.46
-152.78
-152.42
-144.10
-141.93
-140.43
-142.00

-61.66
-61.09
-61.08
-59.05
-57.25
-54.86
-54.67
-53.34
-53.63

-153.01 ±2.32 (-158.0)
-153.07 ±1.51 (-156.0)
-152.90 ±1.38 (-152.9)
-150.78 ±1.95 (-174.9)
-146.83 ±1.54 (-163.4)
-143.36 ±0.74 (-144.1)
-259.50 ±17.54 (<-999)

±4.19
±3.70
±3.02
±4.65
±5.19
±3.74
±5.32
±5.82
±4.58
(-155.0)
(-155.4)
(-153.8)
(-156.6)
(-147.5)
(-141.9)
(-147.4)

(-70.9)
(-65.1)
(-63.3)
(-97.3)
(-72.5)
(-61.0)
(-56.7)
(-56.6)
(-61.3)

-170.29
-169.43
-172.70
-183.11
-185.78
-193.60
-152.38

-66.53
-66.35
-68.56
-63.28
-62.29
-64.61
-54.89
-56.46
-64.71

±2.45
±2.95
±1.86
±8.62
±6.78
±4.56
±3.05

±3.47
±4.24
±2.94
±5.61
±4.84
±2.95
±3.66
±4.43
±3.52

(-170.6)
(-169.7)
(-172.8)
(-183.2)
(-185.8)
(-193.6)
(-152.4)

(-78.1)
(-71.2)
(-68.6)
(-84.3)
(-70.6)
(-64.6)
(-55.3)
(-56.8)
(-64.7)

00

-61.73
-61.23
-63.30
-62.46
-60.42
-61.03
-56.18
-56.54
-61.26

±2.91
±2.80
±2.54
±3.14
±2.08
±1.02
±2.49

d0

±1.89 (-69.1)
±2.31 (-64.2)
±1.55 (-61.3)
±2.24 (-102.7)
±1.61 (-65.4)
±0.73 (-56.8)
±1.13 (-52.2)
±1.06 (-52.5)
±0.79 (-56.8)
-153.89
-153.01
-153.77
-154.64
-146.86
-141.88
-145.84

ddsl

(-155.5)
(-153.8)
(-152.4)
(-144.7)
(-142.9)
(-140.7)
(-142.3)

±2.45
±3.57
±2.15
±1.67
±1.25
±0.62
±1.04
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Algorithm-η
Shifting Bar
CD-1-0.2
CD-1-0.1
CD-1-0.05
PCD-1-0.2
PCD-1-0.1
PCD-1-0.05
PT10 -0.2
PT10 -0.1
PT10 -0.05

-21.04
-21.29
-21.16
-23.07
-22.14
-21.71
-21.30
-20.84
-20.78

-20.82
-20.85
-21.18
-22.73
-22.15
-21.72
-21.13
-21.03
-21.01

Flipped Shifting Bar
CD-1-0.2
CD-1-0.1
CD-1-0.05
PCD-1-0.2
PCD-1-0.1
PCD-1-0.05
PT10 -0.2
PT10 -0.1
PT10 -0.05

(-20.4)
(-20.8)
(-22.7)
(-33.6)
(-24.0)
(-22.5)
(-20.8)
(-20.6)
(-22.4)

-22.04
-21.17
-26.85
-23.48
-22.38
-26.90
-21.14
-21.26
-26.87

-22.15
-21.35
-26.89
-23.15
-22.75
-26.84
-21.47
-21.34
-26.96

±1.62
±0.84
±0.34
±0.84
±0.88
±0.34
±0.84
±0.72
±0.35

±1.38
±0.95
±0.29
±1.01
±0.84
±0.36
±1.13
±0.90
±0.30

(-22.3)
(-21.2)
(-26.9)
(-32.6)
(-23.2)
(-26.9)
(-21.4)
(-21.3)
(-26.9)

(-22.5)
(-21.4)
(-26.9)
(-31.9)
(-23.7)
(-26.8)
(-21.6)
(-21.4)
(-27.0)

-28.14
-28.35
-28.31
-28.19
-28.35
-28.31
-28.17
-28.35
-28.31

-22.32
-21.56
-26.11
-23.34
-22.64
-26.06
-22.12
-21.21
-26.18

±0.27
±0.04
±0.02
±0.28
±0.04
±0.02
±0.26
±0.04
±0.02

±1.46
±0.94
±0.40
±0.75
±1.15
±0.48
±1.17
±0.93
±0.38

(-28.2)
(-28.4)
(-28.3)
(-28.3)
(-28.4)
(-28.3)
(-28.2)
(-28.4)
(-28.3)

(-22.6)
(-21.6)
(-26.1)
(-31.7)
(-23.3)
(-26.1)
(-22.3)
(-21.2)
(-26.2)

00

±0.85
±0.80
±0.65
±0.85
±0.66
±0.55
±0.67
±0.56
±0.69

(-20.8)
(-20.9)
(-22.6)
(-29.1)
(-22.6)
(-22.3)
(-20.6)
(-20.8)
(-22.5)

d0

-20.42
-20.76
-22.74
-22.48
-21.92
-22.53
-20.66
-20.57
-22.42

±1.06
±0.83
±0.65
±0.91
±0.72
±0.60
±0.63
±0.74
±0.73

ddsl

±1.41 (-21.9)
±1.18 (-21.5)
±0.84 (-21.2)
±0.78 (-237.2)
±0.70 (-87.4)
±0.73 (-26.0)
±0.81 (-31.9)
±0.62 (-21.5)
±0.88 (-20.8)

-20.73
-20.90
-22.64
-22.35
-21.64
-22.34
-20.57
-20.73
-22.48

aab

±1.15 (-21.3)
±1.05 (-20.9)
±0.82 (-21.2)
±0.88 (-310.8)
±0.71 (-88.3)
±0.86 (-25.6)
±0.72 (-32.4)
±0.81 (-21.6)
±0.86 (-21.1)

Table 3: Maximum average LL on the training data for centered and normal RBMs with 4 hidden units on (top) the Shifting Bar
data set and (bottom) the Flipped Shifting Bar data set using different sampling methods and learning rates η. Each
LL value is followed by the corresponding standard deviation of the 25 trials and the average LL at the end of training
is given in parenthesis.

melchior, fischer and wiskott

Table 2: Maximum average LL on the training data for centered and normal RBMs (top) with 4 hidden units on the Bars &
Stripes data set and (bottom) with 16 hidden units on the MNIST data set using different sampling methods and
learning rates η. Each LL value is followed by the corresponding standard deviation of the 25 trials and the average LL
at the end of training is given in parenthesis.
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-169.62
-171.12
-169.97
-164.68
-156.93
-144.28
-148.79

-22.08
-21.40
-24.90
-25.17
-23.71
-24.99
-22.83
-21.52
-24.87

±4.45
±3.05
±2.02
±3.27
±4.10
±0.93
±2.44

±1.49
±1.21
±0.47
±1.32
±0.98
±0.57
±1.41
±0.88
±0.50
(-169.8)
(-171.2)
(-172.3)
(-189.7)
(-158.3)
(-144.3)
(-150.7)

(-22.5)
(-21.6)
(-24.9)
(-42.3)
(-26.7)
(-25.0)
(-23.5)
(-21.8)
(-24.9)

-20.73
-20.90
-22.64
-22.35
-21.64
-22.34
-20.57
-20.73
-22.48

±1.06
±0.83
±0.65
±0.91
±0.72
±0.60
±0.63
±0.74
±0.73

(-20.8)
(-20.9)
(-22.6)
(-29.1)
(-22.6)
(-22.3)
(-20.6)
(-20.8)
(-22.5)

6.3 Reparameterization

to the ‘difficulty’ of the data representation. However, the results are not as good as the
results of the centered RBMs shown in Table 3. The same observations can be made when
training RBMs on the MNIST data set (see Table 4 bottom). The RBMs with inverse
sigmoid initialization achieved significantly better results than RBMs initialized to zero in
the case of PCD and PT, but still worse compared to the centered RBMs. Furthermore,
using the inverse sigmoid initialization allows us to achieve similar performance on MNIST
and 1-MNIST, while the RBM with zero initialization failed to learn the distribution for
1-MNIST at all (results not shown). A visual comparison of the filters of normal RBMs
trained on MNIST and 1-MNIST has already been given by Cho et al. (2011) and Tang
and Sutskever (2011).
We then trained models using the centering versions dd, aa, and d0 comparing the
initialization suggested in Section 4.2 against the initialization to zero. In most cases the
results showed no significant difference in terms of the maximum LL reached in trials with
different initializations, or slightly better results were found when using the inverse sigmoid
in combination with a small learning rate. This can be explained by the better starting point
yielded by this initialization. See Table 5 for the results for ddls on the Flipped Shifting Bar
data set as an example. We therefore used the inverse sigmoid initialization in the following
experiments since it was beneficial for normal RBMs.
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(-170.6)
(-169.7)
(-172.8)
(-183.2)
(-185.8)
(-193.6)
(-152.4)

(-28.2)
(-28.4)
(-28.3)
(-28.3)
(-28.4)
(-28.3)
(-28.2)
(-28.4)
(-28.3)

(-20.8)
(-20.8)
(-23.0)
(-31.8)
(-22.6)
(-22.8)
(-20.6)
(-20.8)
(-22.9)
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±2.45
±2.95
±1.86
±8.62
±6.78
±4.56
±3.05

±0.27
±0.04
±0.02
±0.28
±0.04
±0.02
±0.26
±0.04
±0.02

00 init σ −1

±0.95
±0.88
±0.73
±0.82
±0.60
±0.64
±0.36
±0.75
±0.70

ddls init σ −1

To investigate the effects of performing the reparameterization before or after the gradient
update during training of centered RBMs , we analyzed the learning behavior of ddbs (the
algorithm suggested here) and ddls (the algorithm suggested by Montavon and Müller, 2012)
on all data sets. The results for RBMs trained on the Bars & Stripes data set and the
MNIST data set are given in Table 6 (top). No significant difference between the two
versions can be observed and the same result (not shown) was obtained for the Shifting Bar

-170.29
-169.43
-172.70
-183.11
-185.78
-193.60
-152.38

-28.14
-28.35
-28.31
-28.19
-28.35
-28.31
-28.17
-28.35
-28.31

00 init zero

-20.76
-20.82
-22.98
-22.32
-21.75
-22.79
-20.37
-20.74
-22.95

ddls init zero

Table 5: Maximum average LL on the training data for centered RBMs (ddls ) with 4 hidden
units on the Flipped Shifting Bar data set, where the visible bias is initialized to
zero or to the inverse sigmoid of the data mean.

CD-1-0.2
CD-1-0.1
CD-1-0.05
PCD-1-0.2
PCD-1-0.1
PCD-1-0.05
PT10 -0.2
PT10 -0.1
PT10 -0.05

Flipped Shifting Bar

Algorithm-η

melchior, fischer and wiskott

Table 4: Maximum average LL on the training data for normal RBMs (top) with 4 hidden
units on the Flipped Shifting Bar data set and (bottom) with 16 hidden units on
the MNIST data set, where the visible bias is initialized to zero or to the inverse
sigmoid of the data mean.

CD-1-0.1
CD-1-0.05
CD-1-0.01
PCD-1-0.1
PCD-1-0.05
PCD-1-0.01
PT10 -0.01

MNIST

CD-1-0.2
CD-1-0.1
CD-1-0.05
PCD-1-0.2
PCD-1-0.1
PCD-1-0.05
PT10 -0.2
PT10 -0.1
PT10 -0.05

Flipped Shifting Bar

Algorithm-η

The experiments in this section were done to analyze the effects of different initializations
of the parameters as discussed in Section 4.2. First, we trained normal binary RBMs (that
is 00 ) where the visible bias was initialized to zero or to the inverse sigmoid of the data
mean. In both cases the hidden bias was initialized to zero. Table 4 shows the results
for normal binary RBMs trained on the Flipped Shifting Bar data set, where RBMs with
zero initialization failed to learn the distribution accurately. The RBMs using the inverse
sigmoid initialization achieved better performance and therefore seem to be less sensitive

6.2 Initialization

also be seen by comparing Figure 3(c) and Figure 3(d). The divergence occurs earlier and
is more severe for bigger learning rates, while for the other algorithms we never observed
divergence in combination with PT even for very big learning rates and long training time.
The reasons for this divergence are discussed in detail in Section 6.4.
The results in Table 3 also demonstrate the flip invariance of the centered RBMs on the
Shifting Bar data set empirically. Whereas 00 fails to model the flipped version of the data
set correctly, ddls , aab , and d0 have approximately the same performance on the flipped and
unflipped data set.

How to Center Deep Boltzmann Machines

±1.87
±2.26
±1.55
±1.53
±1.74
±0.75
±1.29
±1.15
±0.77
(-154.9)
(-153.1)
(-152.2)
(-145.2)
(-142.2)
(-140.7)
(-142.5)

(-69.1)
(-64.2)
(-61.3)
(-94.5)
(-64.3)
(-56.9)
(-52.5)
(-52.5)
(-56.8)

-153.46
-152.78
-152.42
-144.10
-141.93
-140.43
-142.00

-61.33
-60.82
-61.31
-58.93
-57.01
-56.80
-51.99
-52.21
-56.76

ddsb

-61.32
-60.82
-61.31
-59.08
-56.97
-56.88
-51.99
-52.34
-56.76

±2.57
±3.61
±2.03
±2.12
±1.28
±0.66
±1.22

ddsl

(-155.5)
(-153.8)
(-152.4)
(-144.7)
(-142.9)
(-140.7)
(-142.3)

±1.89 (-69.1)
±2.31 (-64.2)
±1.55 (-61.3)
±2.24 (-102.7)
±1.61 (-65.4)
±0.73 (-56.8)
±1.13 (-52.2)
±1.06 (-52.5)
±0.79 (-56.8)
±2.45
±3.57
±2.15
±1.67
±1.25
±0.62
±1.04
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Thus, the divergence behavior must be induced by approximating both, gradient and offsets.
The fact that the mean under the data distribution can always be calculated exactly might
explain why we do not observe divergence for dd in combination with PT.
To further deepen the understanding of the divergence effect we investigated the parameter evolution during training of RBMs with different offsets. We observed that the change
of the offset values between two gradient updates gets extremely large during training when
using the model mean. Figure 5(a) shows in an exemplary manner the evolution of the first
hidden offset λ1 for a single trial, where the approximated offset for ddb is almost constant
while it is rather large for aab and even bigger for mmb (the centering variant that uses
the mean of hidden and visible variables under the model distribution as offsets). In each
iteration we calculated the exact offsets to estimate the approximation error shown in Figure 5(b). Obviously, there is no approximation error for dd while the error for aa quickly
gets large and the error for mm gets even twice as big. In combination with the gradient
approximation error this causes the weight matrices for aa and mm to grow extremely big
as shown in Figure 5(c). Consistent with the even larger approximation error for the offset
estimate of mm, the divergence for mm becomes even worse than that for aa, as shown in
Figure 6.
To further confirm that the divergence is not just caused by the additional sampling
noise introduced by approximating the offsets, we trained a centered RBM using PT for
the gradient approximation while we set the offsets to uniform random values between zero
and one in each iteration. The results are shown in Figure 6(a) and demonstrate that even
random offset values do not lead to the divergence problems. Thus, the divergence cannot

Figure 4: Evolution of the average LL on the training data for RBMs with 4 hidden units
on the Bars & Stripes data set for the standard centering methods. (a) When
the exact gradient is used but the offsets are estimated using PT10 and (b) when
PT10 is used for estimating the gradient but the offsets are calculated exactly. In
both cases the learning rate was η = 0.05.

(a) Exact gradient with approximated offsets

log-likelihood
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Algorithm-η

-153.16
-152.34
-152.23
-144.12
-141.88
-140.40
-141.95

Bars & Stripes
CD-1-0.1
CD-1-0.05
CD-1-0.01
PCD-1-0.1
PCD-1-0.05
PCD-1-0.01
PT10 -0.1
PT10 -0.05
PT10 -0.01
MNIST
CD-1-0.1
CD-1-0.05
CD-1-0.01
PCD-1-0.1
PCD-1-0.05
PCD-1-0.01
PT10 -0.01

Table 6: Maximum average LL on the training data for RBMs (top) with 4 hidden units
on the Bars & Stripes data set and (bottom) with 16 hidden units on the MNIST
data set, using the reparameterization before (ddsb ) and after (ddsl ) the gradient
update.

and the Flipped Shifting Bar data set. We therefore reparameterize the RBMs before the
gradient update in the remainder of this work. This is also motivated by the fact that the
enhanced gradient is only equivalent to centering using the average of model and data mean
for visible and hidden offsets if the model is reparameterized before it is updated (that is,
the enhanced gradient is equivalent to aab but not to aal ).
6.4 Analyzing the Model-Mean-Related Divergence Effect

JMLR 17(99):1-61

The severe divergence problem observed when using the enhanced gradient in combination
with PCD or PT raises the question whether the problem is induced by setting the offsets
to 0.5(hxid + hxim ) and 0.5(hhid + hhim ) or by bad sampling based estimates of gradient
and offsets. We therefore trained centered RBMs with 9 visible and 4 hidden units on the
Bars & Stripes data set using either the exact gradient where only hxim and hhim were
approximated by samples or using PT10 estimates of the gradient while hxim and hhim were
calculated exactly. Figure 4(a) shows that if the exact gradient is used but the offsets are
estimated, no divergence for aa in combination with PT is observed and the performance of
aa and dd become almost equivalent. Interestingly, the divergence is also prevented if the
gradient is estimated using PT but the offsets are calculated exactly as shown in Figure 4(b).
23
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Figure 5: Evolution of the offsets and weights of different centered variants for RBMs with
4 hidden units during training on Bars & Stripes using PT10 . For clearness a
single trial is shown, but the experiments were repeated 25 times and all trials
showed qualitatively the same results. (a) Close up of the evolution of offset λ1
over 500 gradient updates. (b) The evolution of the absolute difference between
exact and approximated hidden offset averaged over all hidden units. (c) The
evolution of the Frobenius norm of the weight matrices.

0

100

200

300

400

500

600

(a) Close up of the offset evolution for λ1

10200

(b) Evolution of the offset approximation error

Average hidden offset approximation error

λ1

be caused by additional sampling noise but rather by the correlated errors of gradient and
offset approximations. To test this hypothesis we investigated mmb where the samples for
offset and gradient approximations were taken from different PT sampling processes. The
results are shown in Figure 6(b) where no divergence can be observed anymore. While
creating two sets of samples for gradient and offset approximations prevents the LL from
diverging it almost doubles the computational cost and can therefore not be considered as
a reasonable solution in practice. Moreover, using the model mean as offset still leads to

How to Center Deep Boltzmann Machines
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Note, that divergence can either be caused by using the expectation under the model
distribution for the offset approximations as described in this section or by the bias of the
gradient approximation introduced by using only a few steps of Gibbs sampling (Fischer
and Igel, 2010; Schulz et al., 2010; Fischer and Igel, 2011). The latter can occur for all
methods when CD or PCD is used for training. Furthermore, the LL can also decrease on
the test data due to overfitting to the training data, which is not divergence in the proper
sense.

Interestingly, the observed initially faster learning speed of mm and aa, which can be
seen in Figure 6(a), does not occur anymore when offset and gradient approximation are
based on different sample sets. This observation can also be made when the exact gradient
is used (see Figure 4a). Thus, the initially faster learning speed seems also be caused by
the correlated approximations of gradient and offsets and could be explained by the rapidly
growing norm of the weight matrix shown in Figure 5(c), which effectively leads to a bigger
step size in the parameter updates.

slightly worse final LL values than using the mean under the data distribution. This might
be explained by the fact that the additional approximation of the model mean introduces
noise while the data mean can be estimated exactly. Note, that the divergence also occurs
if either only visible or hidden offsets are set to the PT-approximated model mean, which
can be seen for example for dm in Figure 7(b).

Figure 6: Evolution of the average LL on the training data for RBMs with 4 hidden units
on the Shifting Bars data set using PT10 with a learning rate of η = 0.1. (a)
Normal RBMs, centered RBMs, and centered RBMs with random offset values
(denoted by Random meansb ). (b) Centered RBMs when the samples for the
offset approximations come from a different Markov chain than the samples used
for the gradient approximation.
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The approximation of the mean values of the variables using just a few samples might be
too inaccurate or biased by the samples in the current batch. This is in particular the case
when the model mean is used as shown in Section 6.4, but also when the data mean is
used with a small batch size. Therefore, an exponentially moving average can be used to
smooth the approximation of the offsets between parameter updates, which stabilizes the
approximations when small batch sizes are used as well as when the model mean is used for
the offsets.
We analyzed the impact of using an exponentially moving average with a sliding factor
of 0.01 for the estimation of the offset parameters. Figure 7(a) illustrates on the Bars&
Stripes data set that the learning curves of the different models become almost equivalent
and that the divergence problem when using the model mean does not occur anymore when
an exponentially moving average is used. However, the maximum LL values reached are
the same whether an exponentially moving average is used or not. This can be seen by
comparing Figure 7(a) and Figure 7(b) and also by comparing the results in Table 2 and
Table 3 with those in Table 7. As discussed in Section 6.4, this problem is caused by
the correlation between the approximation error of gradient and offsets. When using an
exponential moving average the current offsets contain only a small fraction of the current
mean such that the correlation is highly reduced.
In our experiments, dd does not suffer from the divergence problem when PT is used
for sampling, even without exponentially moving average as can be seen in Figure 7(b) for

6.5 Usage of an Exponentially Moving Average

Figure 7: Evolution of the average LL on the training data for RBMs with 4 hidden units
on Bars & Stripes with different centering variants, using PT10 and a learning
rate of η = 0.05. (a) Using an exponentially moving average with a sliding factor
of 0.01 (the curves are almost equivalent) and (b) without exponentially moving
average (see also Figure 3b for aab )

log-likelihood

melchior, fischer and wiskott

example or in the case of mini-batch learning (results not shown). Thus, dd seems to be
generally more stable than the other centering variants, which is also true for big models
as will be shown at the end of Section 6.7.
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(-140.7)
(-145.8)

(-20.7)
(-21.0)
(-22.6)
(-37.8)
(-23.8)
(-22.4)
(-20.7)
(-20.7)
(-22.3)

(-68.8)
(-64.2)
(-61.3)
(-177.3)
(-83.3)
(-56.6)
(-52.5)
(-52.4)
(-56.7)

dmsb

±2.14
±2.62
±1.31
±3.03
±2.07
±1.34
±1.92
±1.62
±1.34

(-20.8)
(-21.1)
(-22.5)
(-38.3)
(-23.9)
(-22.5)
(-20.7)
(-20.7)
(-22.4)

-153.16
-152.34
-152.23
-144.12
-141.88
-140.40
-141.95

ddsb

±1.11
±0.91
±0.61
±0.62
±0.65
±0.59
±0.56
±0.64
±0.65

(-155.5)
(-153.2)
(-153.2)
(-144.5)
(-143.2)
(-140.7)
(-153.0)

aasb

-20.79
-21.07
-22.52
-22.29
-21.88
-22.50
-20.57
-20.61
-22.37

±2.34
±2.04
±1.89
±1.54
±1.62
±0.91
±1.53

-60.90
-60.25
-60.87
-58.80
-57.52
-57.31
-52.79
-52.80
-57.23

In the previous experiments an exponentially moving average was used for the approximation of visible and hidden offsets as originally suggested by Montavon and Müller (2012).
Note however, that in batch learning when hxid is used for the visible offsets, these values
stay constant such that an exponentially moving average has no effect. More generally

Algorithm-η
Bars & Stripes
CD-1-0.1
CD-1-0.05
CD-1-0.01
PCD-1-0.1
PCD-1-0.05
PCD-1-0.01
PT10 -0.1
PT10 -0.05
PT10 -0.01

-152.81
-152.01
-153.20
-144.07
-142.19
-140.58
-143.68

Flipped Shifting Bar
CD-1-0.2
CD-1-0.1
CD-1-0.05
PCD-1-0.2
PCD-1-0.1
PCD-1-0.05
PT10 -0.2
PT10 -0.1
PT10 -0.05
MNIST
CD-1-0.1
CD-1-0.05
CD-1-0.01
PCD-1-0.1
PCD-1-0.05
PCD-1-0.01
PT10 -0.01
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Table 7: Maximum average LL on the training data for RBMs with 4 hidden units on (top)
Bars & Stripes, and (middle) Flipped Shifting Bar, and (bottom) RBMs with 16
hidden units on MNIST when using an exponentially moving average with a sliding
factor of 0.01.
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The control experiments confirm our findings that centering both visible and hidden
units is important and that the performance of dd, aa, and mm become similar when an
exponentially moving average is used.

Interestingly, if the exact gradient and offsets are used for training, no significant difference can be observed in terms of the LL evolution whether data mean, model mean or the
average of both is used for the offsets, as shown in Figure 8. But centering both visible and
hidden units still leads to better results than centering only one. Furthermore, the results
illustrate that centered RBMs outperform normal binary RBMs also if the exact gradient
is used for training both models. This further emphasizes that the worse performance of
normal binary RBMs is caused by the properties of the gradient rather than by the gradient
approximation.

We further tried variants like mm, m0, 0d, m0, etc., but did not find better performance
than that of dd. The variants that subtract an offset from both, visible and hidden variables
outperformed or achieved the same performance as the variants that only subtract an offset
from either visible or hidden variables. When the model expectation was used without an
exponentially moving average either for µ or λ, or for both offsets we always observed the
divergence when PTc was used for sampling (results not shown).

In Section 3.1, we mentioned that using either µ = hxid and λ = hhim or µ = hxim and
λ = hhid as offsets both lead to the same updates for the weights as the enhanced gradient.
Using µ = hxid and λ = hhim seems reasonable since the data mean is usually known in
advance. As mentioned above we refer to centering with this choice of offsets as dm. We
trained RBMs with dmbs using a sliding factor of 0.01. The results are shown in Table 7 and
suggest that there is no significant difference between dmbs , aabs , and ddbs . However, without
an exponentially moving average dmb has the same divergence problems as aab when PTc
is used for sampling, as shown in Figure 7(b).

As discussed in Section 3, any offset value between 0 and 1 guarantees the flip invariance
property as long as it is flipped simultaneously with the data. An intuitive and constant
choice is to set the offsets to 0.5, which has also been proposed by Ollivier et al. (2011) and
results in a symmetric variant of the energy of RBMs. This leads to comparable LL values
on flipped and unflipped data sets. However, if the data set is unbalanced in the amount
of zeros and ones like MNIST, we found that the performance is always worse compared
to that of a normal RBM on the version of the data set that has fewer ones than zeros.
Therefore, fixing the offset values to 0.5 cannot be considered as an alternative for centering
using expectation values over the data or model distribution.

6.6 Control Experiments: Other Choices for the Offsets

if the training data and thus hxid is known in advance the visible offsets should be fixed
to this value independent of whether batch or mini-batch learning is used. However, the
use of an exponentially moving average for approximating hxid is reasonable if the training
data is not known in advance, as well as for the approximation of the mean of the hidden
representation hhid . We therefore used an exponentially moving average for the following
experiments on the big data sets.

How to Center Deep Boltzmann Machines

log-likelihood
0

30000

gradient update

20000

40000

(a) Visible and hidden units centered

10000

aab
ddb
mmb
00
50000

−100

−90

−80

−70

−60

−50

0

30000

gradient update

20000

40000

(b) Visible or hidden units centered

10000

a0b
d0b
m0b
0ab
0db
0mb
50000

30

JMLR 17(99):1-61

For the experiments in Section 6.1-6.6 we trained small models in order to be able to run
many experiments and to evaluate the LL exactly. In this section we want to show that the
results we observed on the toy problems and MNIST with RBMs having 16 hidden units
carry over to more realistic settings. Furthermore, we want to investigate the generalization
performance of the different models. In a first set of experiments we therefore trained the
models 00, d0, ddbs , and aabs with 500 hidden units on MNIST and Caltech. The weight
matrices were initialized with random values sampled from a Gaussian with zero mean
and a standard deviation of 0.01, and visible and hidden biases and offsets were initialized
as described in Section 4.2. The LL was estimated using Annealed Importance Sampling
(AIS), where we used the same setup as described in the analysis of Salakhutdinov and
Murray (2008).
Figure 9 shows the evolution of the average LL on the test data of MNIST over 25
trials for PCD-1 and PT20 for different centering versions. The models were trained for 200
epochs, each consisting of 600 gradient updates with a batch size of 100 and the LL was
estimated every 10th epoch using AIS. Both variants ddbs and aabs reach significantly higher
LL values than 00 and d0. Also the standard deviation over the 25 trials indicated by the
error bars is smaller for ddbs and aabs than for 00 and d0, especially when PT20 is used for
sampling. Furthermore, 00 and d0 show divergence already after 30000 gradient updates
when PCD-1 is used, while no divergence can be observed for ddbs and aabs up to 120000

6.7 Experiments with Big RBMs

Figure 8: Evolution of the average LL on the training data for RBMs with 4 hidden units
on the Bars & Stripes data set for the various centering methods when the exact
gradient is used with the exact offsets and a learning rate of η = 0.05. The plots
for aab , ddb and mmb overlay each other and so do a0b , d0b , m0b , and also 0ab ,
0db and 0mb . In (b) the plots for a0b , d0b , m0b can be distinguished from the
plots for a0b , d0b , m0b in that they are initially slower and later lower.
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Figure 9: Evolution of the average LL on the test data of MNIST during training of different
centering variants with 500 hidden units, using a learning rate of η = 0.01, and
a sliding factor of 0.01. (a) When using PCD-1 and (b) when using P T20 for
training. The error bars indicate the standard deviation of the LL over the 25
trials.

gradient updates. The evolution of the LL on the training data is not shown, since it is
almost equivalent to the evolution on the test data. The superiority of centering over normal
RBMs can also be observed for the other variants of MNIST as shown in Appendix D.
Figure 10 shows the evolution of the average LL on training and test data of the Caltech
data set over 25 trials for different centering versions using PCD-1 with a batch size of 100
and either a learning rate of 0.001 or 0.01. The LL was estimated every 5000th gradient
update using AIS. The results show that ddsb , aasb and d0 reach higher LL values than 00 for
both learning rates and on training and test data. While ddsb and aasb perform only slightly
better than d0 when a small learning rate is used, the difference becomes more prominent
for a big learning rate. Figure 10(c) and (d) show that all models overfit to the training
data. Nevertheless, ddsb and aasb reach higher LL values on the test data and thus lead to
a better generalization. The final average LL on the test data for ddsb and aasb shown in
Figure 10(b) is around -118. This is consistent with the reported performance of -120.0 for
a normal RBM with 500 hidden units trained with PCD-1 (Marlin et al., 2010) and -114.75
when PT sampling is used in combination with the enhanced gradient (Cho et al., 2013b).
In a second set of experiments we extended our analysis to the eight UCI binary data
sets used by Larochelle et al. (2010). The four different models 00, d0, ddsb , and aasb were
trained with the same setup as before using PCD-1, a learning rate of 0.01, a batch size of
100 and a total number of 5000 epochs. All experiments were repeated 25 times and we
trained either RBMs with 16 hidden units and calculated the LL exactly or RBMs with
200 hidden units using AIS for estimating the LL. Additionally we trained RBMs with 200
hidden variables with a smaller learning rate of 0.001 for 30000 epochs. Due to the long
JMLR 17(99):1-61
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training time these experiments were repeated only 10 times. The maximum average LL for
the test data is shown in Table 8. On seven out of eight data sets ddsb or aasb reached the best
result independent of whether 16 or 200 hidden units, or a learning rate of 0.01 or 0.001 were
used. Whenever aasb reached the highest value it was not significantly different from that of
ddsb . Note that when training RBMs with 16 hidden units d0 reached comparable results to
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Figure 10: Evolution of the average LL on Caltech data set with different centering variants
with 500 hidden units. The results on training and test data for a learning
rate of η = 0.001 are shown in sub-figures (a) and (b), respectively, and for a
learning rate of η = 0.01 in sub-figures (c) and (d), respectively. In both cases a
sliding factor of 0.01 and PCD-1 was used. The error bars indicate the standard
deviation of the LL over the 25 trials.

(c) Training data - learning rate 0.01

log-likelihood

log-likelihood

log-likelihood
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log-likelihood
log-likelihood

log-likelihood

aabs

-18.09
-20.07
-96.97
-16.83
-276.37
-45.81
-49.57
-29.99

±0.62
±0.19
±0.05
±0.57
±0.16
±0.13
±0.04
±0.05

(-18.18)
(-20.52)
(-97.26)
(-17.11)
(-279.13)
(-45.81)
(-49.57)
(-29.99)

33

-15.98
-14.85
-90.15
-15.45
-270.81
-29.75
-47.13
-28.27

±0.37
±0.24
±0.09
±1.35
±0.05
±0.50
±0.12
±0.19

(-17.80)
(-23.31)
(-95.17)
(-20.11)
(-291.82)
(-30.18)
(-47.13)
(-28.47)

-15.51
-13.73
-90.17
-13.44
-270.71
-27.92
-47.09
-28.13

±0.17
±0.17
±0.07
±0.75
±0.03
±0.34
±0.05
±0.02

(-17.14)
(-15.95)
(-90.17)
(-13.96)
(-313.30)
(-27.92)
(-47.09)
(-28.17)

-14.90
-13.13
-90.15
-13.17
-270.70
-27.70
-47.10
-28.11

-15.55
-14.70
-90.12
-15.61
-270.81
-29.53
-47.14
-28.27

-17.70
-19.89
-96.97
-16.53
-276.38
-45.82
-49.58
-29.98

±0.07
±0.10
±0.07
±1.15
±0.03
±0.15
±0.03
±0.06

±0.25
±0.20
±0.10
±1.23
±0.07
±0.52
±0.12
±0.19

±0.25
±0.21
±0.04
±0.64
±0.16
±0.12
±0.05
±0.05

ddbs

(-14.90)
(-13.25)
(-90.15)
(-13.94)
(-313.16)
(-27.75)
(-47.11)
(-28.11)

(-16.22)
(-17.71)
(-94.13)
(-19.93)
(-291.77)
(-29.97)
(-47.16)
(-28.58)

(-17.74)
(-19.90)
(-97.25)
(-16.53)
(-279.11)
(-45.83)
(-49.58)
(-29.98)

-15.27
-13.86
-90.45
-13.47
-270.84
-28.24
-46.93
-28.16

-16.65
-16.14
-90.78
-16.28
-271.38
-30.66
-47.14
-28.50

-17.90
-20.14
-97.01
-16.76
-276.53
-45.84
-49.59
-30.20

±0.22
±0.29
±0.09
±0.73
±0.04
±0.21
±0.07
±0.05

±0.61
±0.50
±0.10
±0.88
±0.28
±0.65
±0.10
±0.51

±0.21
±0.24
±0.04
±0.56
±0.21
±0.12
±0.05
±0.70

d0

(-15.48)
(-14.79)
(-90.45)
(-14.51)
(-315.96)
(-28.34)
(-46.93)
(-28.20)

(-18.96)
(-23.14)
(-95.93)
(-21.59)
(-294.28)
(-30.66)
(-47.19)
(-29.16)

(-17.97)
(-20.16)
(-97.21)
(-17.11)
(-278.97)
(-45.86)
(-49.59)
(-30.86)

-15.16
-14.47
-90.73
-13.68
-271.91
-28.04
-46.56
-28.13

-16.91
-17.88
-91.13
-16.42
-272.88
-30.08
-46.70
-28.35

-17.94
-20.59
-97.03
-17.05
-278.04
-45.97
-49.53
-30.75

±0.21
±0.38
±0.13
±0.77
±0.12
±0.39
±0.07
±0.05

±0.78
±0.78
±0.12
±1.61
±0.44
±0.52
±0.11
±0.14

±0.22
±0.29
±0.05
±0.59
±0.27
±0.17
±0.04
±0.11

00

(-15.39)
(-16.04)
(-90.73)
(-14.77)
(-309.03)
(-28.29)
(-46.56)
(-28.15)

(-19.24)
(-30.41)
(-97.62)
(-21.90)
(-290.02)
(-30.25)
(-46.72)
(-28.71)

(-17.98)
(-20.74)
(-97.19)
(-17.44)
(-279.95)
(-45.99)
(-49.53)
(-38.82)
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Table 8: Maximum average LL for the test data of the eight UCI binary data sets during training RBMs with (top) 16 hidden
units and a learning rate of 0.01, (middle) 200 hidden units and a learning rate of 0.01 and (bottom) 200 hidden units and
learning rate of 0.001 (since 10 trials are are not enough to perform a statistical significance test we simply underlined
the best result). All models were trained using PCD-1 with a batch size of 100.

Adult
CONNECT-4
DNA
Mushroom
NIPS
OCR
RCV1
Web

200 hidden units - learning rate 0.001

Adult
CONNECT-4
DNA
Mushroom
NIPS
OCR
RCV1
Web

200 hidden units - learning rate 0.01

Adult
CONNECT-4
DNA
Mushroom
NIPS
OCR
RCV1
Web

16 hidden units - learning rate 0.01

Data set

aabs

-17.93
-19.94
-94.33
-16.55
-255.03
-45.88
-49.42
-29.79

±0.61
±0.19
±0.05
±0.56
±0.25
±0.12
±0.04
±0.05
(-18.01)
(-20.38)
(-94.33)
(-16.82)
(-255.05)
(-45.88)
(-49.42)
(-29.79)

-15.19
-14.39
-60.19
-14.90
-180.48
-28.97
-45.83
-26.22

±0.62
±0.24
±1.20
±1.34
±0.24
±0.49
±0.12
±0.67

(-16.29)
(-22.50)
(-60.69)
(-19.14)
(-180.48)
(-29.39)
(-45.83)
(-26.22)

-14.61
-13.15
-70.22
-12.76
-148.14
-27.06
-45.83
-26.44

±0.52
±0.17
±0.08
±0.75
±0.30
±0.33
±0.04
±0.06

(-15.96)
(-15.20)
(-70.22)
(-13.21)
(-148.14)
(-27.06)
(-45.83)
(-26.45)

-13.85
-12.54
-70.24
-12.43
-148.30
-26.90
-45.85
-26.36

-14.51
-14.22
-59.75
-15.06
-180.51
-28.76
-45.85
-26.28

-17.54
-19.75
-94.33
-16.25
-255.02
-45.90
-49.43
-29.78

±0.06
±0.11
±0.08
±1.18
±0.31
±0.14
±0.05
±0.07

±0.43
±0.20
±1.45
±2.09
±0.31
±0.52
±0.11
±0.20

±0.25
±0.25
±0.06
±0.64
±0.23
±0.11
±0.05
±0.05

ddbs

(-13.85)
(-12.62)
(-70.24)
(-13.21)
(-148.30)
(-26.95)
(-45.85)
(-26.36)

(-14.80)
(-17.02)
(-59.75)
(-19.00)
(-180.51)
(-29.20)
(-45.87)
(-26.32)

(-17.58)
(-19.77)
(-94.33)
(-16.25)
(-255.04)
(-45.90)
(-49.43)
(-29.78)

-14.07
-13.28
-69.66
-12.69
-147.33
-27.41
-45.73
-26.32

-15.83
-15.74
-60.31
-15.70
-180.29
-29.84
-45.92
-26.57

-17.73
-20.01
-94.44
-16.46
-255.88
-45.90
-49.44
-29.97

±0.22
±0.29
±0.06
±0.72
±0.30
±0.20
±0.07
±0.05

±0.61
±0.49
±1.64
±2.88
±0.54
±0.63
±0.18
±0.66

±0.20
±0.24
±0.04
±0.56
±0.28
±0.12
±0.05
±0.70

d0

(-14.17)
(-14.10)
(-69.66)
(-13.68)
(-147.33)
(-27.52)
(-45.73)
(-26.33)

(-17.17)
(-22.32)
(-60.31)
(-20.52)
(-180.29)
(-29.84)
(-45.97)
(-26.75)

(-17.80)
(-20.03)
(-94.44)
(-16.80)
(-255.88)
(-45.93)
(-49.44)
(-30.62)

-14.03
-13.98
-69.40
-13.05
-150.91
-27.28
-45.47
-26.35

-16.00
-17.58
-61.11
-15.87
-184.84
-29.34
-45.60
-26.34

-17.78
-20.46
-94.42
-16.75
-258.57
-46.03
-49.38
-30.64

±0.21
±0.38
±0.08
±0.76
±0.30
±0.39
±0.06
±0.10

±0.79
±0.76
±1.54
±1.63
±0.62
±0.51
±0.11
±0.38

±0.23
±0.28
±0.05
±0.60
±0.29
±0.16
±0.04
±0.11

00

(-14.11)
(-15.39)
(-69.40)
-13.92)
(-150.91)
(-27.53)
(-45.47)
(-26.35)

(-17.51)
(-29.55)
(-61.71)
(-20.87)
(-184.84)
(-29.49)
(-45.61)
(-26.39)

(-17.81)
(-20.61)
(-94.42)
(-17.15)
(-258.57)
(-46.05)
(-49.38)
(-38.61)
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Table 9: Maximum average LL for the training data on the eight UCI binary data sets during training RBMs, with (top) 16
hidden units and a learning rate of 0.01, (middle) 200 hidden units and a learning rate of 0.01 and (bottom) 200 hidden
units and a learning rate of 0.001 (since 10 trials are are not enough to perform a statistical significance test we simply
underlined the best result). All models were trained using PCD-1 with a batch size of 100

Adult
CONNECT-4
DNA
Mushroom
NIPS
OCR
RCV1
Web

200 hidden units - learning rate 0.001

Adult
CONNECT-4
DNA
Mushroom
NIPS
OCR
RCV1
Web

200 hidden units - learning rate 0.01

Adult
CONNECT-4
DNA
Mushroom
NIPS
OCR
RCV1
Web

16 hidden units - learning rate 0.01

Data set
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aasb (mini batch, η = 0.001)

aab (mini batch, η = 0.001)
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gradient update

(a) MNIST LL on test data
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Figure 11: Evolution of the LL of exemplary trials for the different centering variants aab ,
ddb , aasb and ddsb on (a) MNIST and (b) Caltech during training using PT20 with
a batch size of 100, 500 hidden units and a learning rate of 0.001. For Caltech
aab and ddb were also trained in full batch mode with PT20 and a learning rate
of 0.01.

ddsb on some data sets. Only on the RCV1 data set, 00 lead to better LL values than the
centered RBMs for both 16 and 200 hidden units. It seems that the convergence rate on the
RCV1, OCR and WEB data set is rather low for all models since the difference between the
highest and the final LL values is rather small, indicating that no divergence or overfitting
has happened so far. This can also be observed on the training data shown in Table 9. The
DNA data set and the NIPS data set overfitted to the training data as indicated by the
fact that the LL only decreased for the test data. In contrast, on the remaining three data
sets ADULT, CONNECT-4 and MUSHROOM the divergence can be observed on training
and test data. Finally note that all eight data sets contain more zeros than ones in the
current representation as mentioned in Section 5.1. Thus, the performance of the normal
RBM would be even worse on the flipped data sets while for the centering variants it would
stay the same (results not shown). Consistent with the experiments on small models, the
results from nine of the ten real world data sets clearly support the superiority of centered
over normal RBMs, show that centering visible and hidden units in RBMs is important for
yielding good models and that averaged over all data sets ddsb performs better than aasb .
To emphasize that the divergence problems induced by using the model means as offsets
also occurs for big models when no moving average is used, we trained RBMs with 500
hidden units on MNIST and Caltech using PT20 with a learning rate of 0.001 and a batch
size of 100. In addition, we trained aab and ddb on Caltech using full batch learning and a
learning rate of 0.01. Figure 11 shows that aab diverges while ddb and the corresponding
centering versions using a moving average, aasb and ddsb , show no divergence. The divergence
for aab even occurs in full batch training as shown in Figure 11(b).
JMLR 17(99):1-61
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6.8 Investigating the Effect of Centering on the Model Parameters
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One explanation why centering works has already been given by Montavon and Müller
(2012), who found that centering leads to a better conditioned optimization problem. Furthermore, Cho et al. (2011) have shown that when the enhanced gradient is used for training
the update directions for the weights are less correlated than when the standard gradient
is used, which allows to learn more meaningful features. From our analysis in Section 3 we
know that centered RBMs and normal RBMs belong to the same model class and therefore
the reason why centered RBMs outperform normal RBMs can indeed only be due to the
optimization procedure. Furthermore, one has to keep in mind that in centered RBMs
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Figure 12: Evolution of the average Euclidean norm of the parameters of the RBMs with
500 hidden units trained on MNIST.
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To verify this hypothesis empirically, we trained small RBMs with 4 visible and 4 hidden
units using the exact natural gradient on the 2×2 Bars & Stripes data set. After each
gradient update the different exact gradients were calculated and the angle between the
centered and the natural gradient as well as the angle between the standard and the natural
gradient were calculated. The results are shown in Figure 13 where Figure 13(a) shows the
evolution of the average LL when the exact natural gradient is used for training with different
learning rates. Figure 13(b) shows the average angles between the different gradients during
training when the natural gradient is used for training with a learning rate of 0.1. The angle
between centered and natural gradient is consistently much smaller than the angle between
standard and natural gradient. Comparable results can also be observed for the Shifting
Bar data set and when the standard or centered gradient is used for training (results not
shown).

The results in Section 6.7 indicate that one explanation for the better performance of centering and thus the centered gradient compared to the standard gradient is the decoupling
of the bias and weight parameters. As described in Section 2.2 the natural gradient is
independent of the parameterization of the model distribution. Thus, it is also independent of how the mean information is stored in the parameters and should not suffer from
the described bias-weight coupling problem. For the same reason it is also invariant under
changes of the representation of the data distribution (for example variable flipping). That
is why we expect the direction of the centered gradient to be closer to the direction of the
natural gradient than the direction of the standard gradient.

6.9 Comparision with the Natural Gradient

the variables mean values are explicitly stored in the corresponding offset parameters, or
if the centered gradient is used for training normal RBMs the mean values are transferred
to the corresponding bias parameters. This allows the weights to model second and higher
order statistics right from the start, which is in contrast to normal binary RBMs where
weights usually capture parts of the mean values. To support this statement empirically,
we calculated the average weight and bias norms during training of the RBMs with 500
hidden units on MNIST using the standard and the centered gradient. The results are
shown in Figure 12, where it can be seen that the row and column norms (see Figure 12a
and 12b) of the weight matrix for ddbs , aabs , and d0 are consistently smaller than for 00.
At the same time the bias values (see Figure 12c and 12d) for ddbs , aabs , and d0 are much
bigger than for 00, indicating that the weight vectors of 00 model information that could
potentially be modeled by the bias values. Interestingly, the curves for all parameters of
ddbs and aabs show the same logarithmic shape, while for d0 and 00 the visible bias norm
does not change significantly. It seems that the bias values did not adapt properly during
training. Comparing, d0 with ddbs and aabs , the weight norms are slightly bigger and the
visible bias is much smaller for d0, indicating that it is not sufficient to center only the
visible variables and that visible and hidden bias influence each other. This dependence
between the mean of the hidden variables and the bias of the visible variables can also be
seen from Equation (11) where the transformation of the visible bias depends on the offset
of the hidden variables.
log-likelihood
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Figure 13: Comparison of the centered gradient, standard gradient, and natural gradient
for RBMs with 4 visible and 4 hidden units trained on Bars & Stripes 2×2.
(a) The average LL evolution on the training data over 25 trials when the natural
gradient is used for training with different learning rates, (b) the average angle
over 25 trials between the natural and standard gradient as well as natural
and centered gradient when a learning rate of 0.1 is used, and (c) average LL
evolution on the training data over 25 trials when either the natural gradient,
standard gradient, or centered gradient is used for training.

log-likelihood

How to Center Deep Boltzmann Machines
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pre-training we used the same learning rate and the same offset type as in the final DBM
models. Note that we keep using the term “average LL” although it is precisely speaking
only the lower bound of the average LL, which has been shown to be rather tied (Salakhutdinov and Hinton, 2009). For the estimation of the partition function we again used AIS
where we doubled the number of intermediate temperatures compared to the setting in
the RBM experiments to 29.000. We continue using the shorthand notations introduced
for RBMs also for DBMs with the only difference that we add a third letter to indicate
the offset used in the second hidden layer, such that 000 corresponds to the normal binary
DBM, and dddsb and aaasb correspond to the centered DBMs using the data mean and the
average of data and model mean as offset, respectively. Due to the large number of experiments and the high computational cost (especially for estimating the LL) the experiments
were repeated only 10 times and we focused our analysis on normal DBMs (000) and fully
centered DBMs (dddsb , aaasb ) only.
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Figure 14: Evolution of the average LL on the test data of the MNIST data set for DBMs
with 500 hidden units on the first and second layer. The different variants aaasb ,
dddsb and 000 were either trained (a) without pre-training or (b) with pre-training
each DBM layer for 120000 gradient updates (200 epochs). In both cases PCD-1
with a learning rate of η = 0.001 and for centering a sliding factor of 0.01 was
used. The error bars indicate the standard deviation of the average LL over the
10 trials. We skipped evaluating the initial model in (a) and started the LL
evaluation in (b) after the 200 epochs of pre-training to roughly account for the
computation overhead of pre-training

(a) Without pre-training

log-likelihood

Again, we begin our analysis with the MNIST data set on which we trained normal and
centered DBMs with 500 hidden units in the first and 500 units in the second hidden layer.
Training was done using PCD-1 with a batch size of 100, a learning rate of 0.001 and in
case of centering a sliding factor of 0.01 for the extensive amount of 1.000 epochs (600000

Note how fast the natural gradient reached a value very close to the theoretical LL upper
bound of −13.86 even for a learning rate of 0.1. This verifies empirically the theoretical
statement that the natural gradient is clearly the update direction of choice, which should
be used if it is tractable. To further emphasize how quickly the natural gradient converges,
we compared the average LL evolution for the standard, centered and natural gradient,
as shown in Figure 13(c). Although much slower than the natural gradient, the centered
gradient reached the theoretical upper bound of the LL. The standard gradient seems to
saturate on a much smaller value, showing again the inferiority of the standard gradient
even if it is calculated exactly and not only approximated.
To verify that the better performance of natural and centered gradient is not only due
to larger gradients resulting in bigger step sizes, we also analyzed the LL evolution for the
natural and centered gradient when they are scaled to the norm of the standard gradient
before updating the parameters. The results are shown in Figure 13(c). The natural gradient
still outperforms the other methods but it becomes significantly slower than when used with
its original norm. The reason why the norm of the natural gradient is somehow optimal
can be explained by the fact that it ensures constant progress regardless of the curvature
of the manifold of probability distributions as explained in (Desjardins et al., 2013). Like
a Newton step the Fisher metric results in an automatic local step size adaption such that
even a learning rate of 1.0 can be used as illustrated in Figure 13(a).
Interestingly, if the length of the natural gradient and the centered gradient are normalized to the length of the standard gradient and therefore the optimal step size is ignored,
the centered gradient becomes almost as fast as the natural gradient. The fact that the
normalization of the centered gradient increases the resulting learning speed shows that the
norm of the centered gradient is smaller than the norm of the standard gradient. Therefore,
the worse performance of the standard gradient does not result from the length but the
direction of the gradient.
To conclude, these results support our assumption that the centered gradient is closer
to the natural gradient and that it is therefore preferable over the standard gradient (Melchior et al., 2013; Fischer, 2014), which has recently also been confirmed by Grosse and
Salakhudinov (2015).
6.10 Experiments with DBMs
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When centering was first applied to DBMs by Montavon and Müller (2012) the authors have
only seen an improvement via centering for locally connected DBMs. Due to our observations for RBMs and the structural similarity between RBMs and DBMs (a DBM is an RBM
with restricted connections and partially unknown input data as discussed in Section 3.2)
we expect that the observed benefit of centering also carries over to fully connected DBMs.
To verify this assumption and empirically investigate the different centering variants for
DBMs we performed extensive experiments on the big data sets listed in Section 5.1.
Training the models and evaluating the lower bound of the LL was performed as originally proposed for normal DBMs by Salakhutdinov and Hinton (2009). The authors have
also proposed to pre-train DBMs in a layer-wise fashion based on RBMs (Hinton and
Salakhutdinov, 2012). In our experiments we trained all models with and without pretraining to investigate the effect of pre-training in both normal and centered DBMs. For
39
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The higher layer representations in DBMs highly depend on the data driven lower layer
representations. Therefore, we expect to see a qualitative difference between the second
layer receptive fields or filters, given by the columns of the weight matrices in centered and
normal DBMs. We did not visualize the filters of the first layer since all models showed
the well known stroke like structure, which can be seen for RBMs in the review paper by
Fischer and Igel (2014) for example. We visualized the receptive fields of the second layer
by the linear back-projection of the second layer filters into the input space given by the
matrix product of first and second layer weight matrix. The corresponding back projected
second layer filters of 000 and dddbs are shown Figure 15(a) and (b), respectively. It can be
seen that many second layer filters of 000 are roughly the same and thus highly correlated.
Moreover, they seem to represent some kind of mean information. Whereas the filters for
dddbs have much more diverse and less correlated structures than the filters of the normal
DBM. When pre-training is used the filters of 000 become more diverse and the filters of
both 000 and dddbs become more selective as can be seen in Figure 15(c) and (d), respectively.
The differences in selectivity of the filters between the different DBM variants can also be
seen from the average mean field activation of the variables in the second hidden layer. As
shown in Figure 16(a) without pre-training the average activation given the training data is
approximately 0.5 for all hidden units of dddbs while for aaabs it is a bit less balanced and for
000 the units tend to be either active or inactive all the time. The results in Figure 16(b)
illustrate that the average activities for all models become less balanced when pre-training
is used, which also reflects the higher selectivity of the filters as shown in Figure 15(c) and
(d). While the second layer hidden activities of dddbs and aaabs stay in a reasonable range,
they become extremely selective for 000 where 300 out of 500 units are inactive most of
the time. Therefore, the filters, the average activation and the evolution of the LL indicate
that normal RBMs have difficulties in making use of the second hidden layer.

gradient updates). The evolution of the average LL on the test data without pre-training
is shown in Figure 14(a), while the evolution of the average LL on the training data is
not shown since it is almost equivalent. Both centered DBMs reach significantly higher LL
values with a much smaller standard deviation between the trials than normal DBMs (as
indicated by the error bars) and dddbs performs slightly better than aaabs . These findings are
different to the observations of Montavon and Müller (2012) who reported an improvement
of the model quality in terms of LL through centering only for locally connected DBMs.
This might be due to the different training setup (for example a different learning rate,
batch size, shorter training time, using dddls instead of dddbs , or approximation of the data
dependent part of the LL gradient by Gibbs sampling instead of optimizing the lower bound
of the LL). Figure 14(b) shows the evolution of the average LL on the test data for the same
models with pre-training for 120000 gradient updates (200 epochs). The evolution of the
average LL on the training data was again almost equivalent and is thus not shown. It can
be seen that dddbs has approximately the same performance with and without pre-training
but the performance of aaabs improves by pre-training such that a similar LL level as for dddbs
is reached. Pre-training allows 000 to reach better LL than without pre-training, however it
is still significantly worse compared to the centered DBMs with or without pre-training. By
comparing these results with the results for RBMs with 500 hidden units trained on MNIST
shown in Figure 9(a) we see that all DBMs reach higher LL values than the corresponding
RBM models.

How to Center Deep Boltzmann Machines

Figure 15: Random selection of
(a) 000 and (b) dddb
epochs pre-training.
the structure can be

(d) dddb with pre-training

(b) dddb without pre-training
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100 linearly projected filters of the second hidden layer for
without pre-training and (c) 000 and (d) dddb without 200
The filters have been normalized independently such that
seen better.

(c) 000 with pre-training

(a) 000 without pre-training
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Figure 17: Evolution of the average LL on the Caltech data set for different DBMs (aaasb ,
dddsb , and 000) with 500 units in the first and 500 units in second hidden layer.
LL on (a) the training data and (c) the test data without pre-training and
the LL on (b) the training data and (d) the test data with 500 epochs (20500
gradients updates) of pre-training. The models were trained using PCD-1 with
a batch size of 100, a sliding factor of 0.01 and a learning rate of η = 0.001.
The error bars indicate the standard deviation of the LL over the 10 trials. We
skipped evaluating the initial model and (a) and (c) start after the 500 epochs
of pre-training to roughly account for the computation overhead of pre-training.

(c) LL on the test data without pre-training

log-likelihood

log-likelihood

0.4

0
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We continue our analysis with experiments on the Caltech data set on which we again
trained normal and centered DBMs with 500 hidden units on the first and 500 hidden
units on the second hidden layer. Training was also done using PCD-1 with a batch size
of 100, a learning rate of 0.001 and in case of centering a sliding factor of 0.01. Since
the training data has only 41 batches the models were trained for the extensive amount of
10000 epochs (410000 gradient updates). Figure 17 shows the average LL on the test data
(c) without and (d) with 500 epochs pre-training. In addition, Figure 17(a) and (b) show
the corresponding average LL on the training data demonstrating that all models overfitted
to the training data of the Caltech data set. The results are consistent with the results
on MNIST. 000 performs worse than centering on training and test data independently of
whether pre-training is used or not. Furthermore, aaasb seems to perform slightly worse
than dddsb without pre-training, while the performance becomes equivalent if pre-training is
used. But in contrast to the results for MNIST, on the Caltech data set all methods perform
worse with pre-training. This negative effect of pre-training becomes even worse when the
number of pre-training epochs is increased. In the case of 2.000 epochs of pre-training for
example, dddsb and aaasb still perform better than 000 but the maximal average LL among
all models, which was reached by dddsb was only -98.1 for the training data and -141.4 for
the test data, compared to -90.4 and -124.0 when 500 epochs of pre-training were used, and
-87.3 and -118.8 when no pre-training was used. Without pre-training the LL values are
comparable to the results when an RBM with 500 hidden units is trained on Caltech as
shown in Figure 10, illustrating that in terms of the LL a DBM does not necessarily perform
better than an RBM. We also examined the filters and the average hidden activities for the
43
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Figure 16: Ordered average mean field activation of the 500 hidden units in the second
layer of the different DBMs given the training data (a) without pre-training and
(b) with pre-training. Sampling the states or using the conditional probabilities of the variables instead of taking the mean field activation leads to almost
equivalent results.
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Table 10: Maximum average LL on test data of the eight UCI binary data sets for DBMs
with 200 units in the first and second hidden layer. For training (top) without
pre-training and (bottom) with 200 epochs of pre-training. PCD-1 with a learning
rate of 0.01 and a batch size of 100 was used. (The best result is underlined.)

adult
connect4
dna
mushrooms
nips
ocr letters
rcv1
web

With pre-training

adult
connect4
dna
mushrooms
nips
ocr letters
rcv1
web

No pre-training

Data set

Finally, we also performed experiments on the eight UCI binary data sets described in
Section 5.1 using the same training setup as for the corresponding RBM experiments. That
is, the DBMs with 200 hidden units on the first and 200 hidden units on the second hidden
layer were trained for 5.000 epochs with PCD-1, a batch size of 100, a learning rate of 0.01,
and in the case of centering a sliding factor of 0.01. The LL was evaluated every 50th epoch
and in the case of pre-training the models were pre-trained for 200 epochs. Table 10 shows
the maximum average LL on the test data with and without pre-training. Without pretraining the results are consistent with the findings for RBMs. dddb performs better than
000 on all data sets except for RCV1 where 000 performs slightly better. The LL values
for the DBMs are comparable but not necessarily better than the corresponding LL values
for RBMs, which are shown in Table 8. In the case of the WEB data set for example the
DBMs even perform worse than the RBMs . When pre-training is used the performance of
all models, centered or normal, is worse than the performance of the corresponding DBMs
without pre-training. For completeness Table 11 shows the maximum average LL on the
training data leading to the same conclusions as the results on test data.

training data of Caltech. Both led to the same conclusions as the results for MNIST and
are therefore not shown here.
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±1.45 (-44.42)

±1.16 (-23.04)
±0.63 (-42.78)
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±0.90 (-31.57)
±0.82 (-47.17)
±1.18 (-77.11)
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The benefit of centering in feed forward neural networks for supervised tasks has already
been shown by Schraudolph (1998). In this section we analyze centering in a special kind
of unsupervised feed forward neural networks, namely centered AEs as introduced in Section 4.1. We therefore trained normal and centered three layer AEs on the ten big data sets
described in Section 5.1. To avoid trivial solutions we used tied weights and the number
of output dimensions was 50 percent of the number of input/data dimensions. Since the
data sets are binary we used the sigmoid non-linearity in encoder and decoder and the cross
entropy cost function. Training was done using standard back propagation for 5000 epochs
without any further modification. As for the RBM and DBM experiments, the weight matrices were initialized with random values sampled from a Gaussian with zero mean and
standard deviation 0.01, and the biases and offsets were initialized as described in Section 4.2. The batch size was 100, the sliding factor 0.01 and we used a default learning rate

6.11 Experiments with Auto Encoders

To summarize, the experiments described in this section show that centered DBMs reach
higher LL values than normal DBMs. While pre-training leads to more selective filters in
general, it is often even harmful for the model performance in terms of the LL.

Table 11: Maximum average LL on training data on the eight UCI binary data sets for
DBMs with 200 hidden units on the first and second layer. For training (top)
without pre-training and (bottom) with 200 epochs pre-training PCD-1, with a
learning rate of 0.01, batch size of 100 was used. (The best result is underlined).

adult
connect4
dna
mushrooms
nips
ocr letters
rcv1
web

With pre-training

adult
connect4
dna
mushrooms
nips
ocr letters
rcv1
web

No pre-training

Data set
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±0.0256
±0.0316
±0.2257
±0.1620
±0.0229
±0.0220
±0.0025
±0.0019
±0.1242
±0.1245
±0.0117
±0.0167
±0.6355
±0.6081
±0.1994
±0.1715
±0.1562
±0.3296
±0.0174
(5000)
(5000)
(5000)
(5000)
(5000)
(1526)
(5000)
(1431)
(5000)
(5000)
(5000)
(3173)
(5000)
(5000)
(5000)
(3703)
(5000)
(4953)
(5000)

(5000)
(5000)
(2500)
(246)
(5000)
(1526)
(5000)
(1431)
(2161)
(216)
(5000)
(3173)
(2261)
(226)
(5000)
(3703)
(5000)
(4953)
(1425)
50.06083
55.89110
6.42052
0.62426
0.03677
0.04053
0.01187
0.00914
18.08306
12.08309
0.05136
0.01768
21.94275
2.06286
5.00803
4.88637
11.62695
11.27664
0.05554

50.24859
56.36068
49.21274
48.59724
0.47460
0.46086
0.03467
0.02856
34.77299
34.80547
0.14226
0.09960
188.65301
189.10982
5.46969
5.30343
12.55443
12.16340
1.22756
±0.0167
±0.7516
±0.0392
±0.0119
±0.0024
±0.0051
±0.0006
±0.0004
±0.0665
±0.0995
±0.0026
±0.0013
±0.0509
±0.0054
±0.2078
±0.2677
±0.2792
±1.1136
±0.0003

±0.0200
±0.7578
±0.2119
±0.3964
±0.0181
±0.0155
±0.0040
±0.0032
±0.1948
±0.1823
±0.0081
±0.0169
±0.7262
±0.6674
±0.2138
±0.2737
±0.3097
±1.2188
±0.0121
(5000)
(22)
(5000)
(5000)
(5000)
(894)
(5000)
(1349)
(5000)
(5000)
(5000)
(2936)
(5000)
(5000)
(5000)
(1945)
(5000)
(2947)
(5000)

(5000)
(22)
(1968)
(206)
(4676)
(884)
(5000)
(1349)
(2105)
(210)
(5000)
(2936)
(2107)
(212)
(5000)
(1945)
(5000)
(2946)
(944)

00

50.21472
50.01338
44.38403
44.45882
0.38837
0.36825
0.03015
0.02357
34.34353
34.35117
0.14355
0.08555
183.21045
183.31413
5.41182
4.91528
12.93456
12.32545
1.07535
±0.0224
±0.0253
±0.0235
±0.0030
±0.0024
±0.0030
±0.0007
±0.0002
±0.0812
±0.1018
±0.0022
±0.0007
±0.0614
±0.0067
±0.1865
±0.1642
±0.1226
±0.2974
±0.0007

ddsb

50.03172
49.84428
5.71437
0.57507
0.04687
0.03221
0.01465
0.01022
17.80686
11.70726
0.06362
0.01995
21.45218
2.05141
4.97384
4.51704
11.95633
11.36861
0.06872

Data set - Learning rate
Test data
mnist - 0.1
mnist - 0.5
caltech - 0.01
caltech - 0.1
adult - 0.1
adult - 0.5
connect4 - 0.1
connect4 - 0.5
dna - 0.01
dna - 0.1
mushrooms - 0.1
mushrooms - 0.5
nips - 0.01
nips - 0.1
ocr letters - 0.1
ocr letters - 0.5
rcv1 - 0.1
rcv1 - 0.5
web - 0.1
Training data
mnist - 0.1
mnist - 0.5
caltech - 0.01
caltech - 0.1
adult - 0.1
adult - 0.5
connect4 - 0.1
connect4 - 0.5
dna - 0.01
dna - 0.1
mushrooms - 0.1
mushrooms - 0.5
nips - 0.01
nips - 0.1
ocr letters - 0.1
ocr letters - 0.5
rcv1 - 0.1
rcv1 - 0.5
web - 0.1
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Table 12: Average minimal reached cost value with standard deviation on test and training
data of MNIST, Caltech and the eightUCI binary data sets for centered and
normal three layer AEs with sigmoid units, cross entropy cost function, and the
number of hidden units set to 50 percent of the number of input units (data
dimensions). The average number of epochs needed to reach the minimal cost
value is given in brackets, and (5000) indicates that convergence was not achieved
during training.
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of 0.1 for all experiments. Each experiment was repeated 10 times and we calculated the
average minimal cost value, the corresponding standard deviation and the average number
of epochs needed to reach the minimal cost value. A second set of experiments was performed with a learning rate of 0.5 when the average number of epochs needed to reach the
minimal cost value on the test data was close or equal to 5000 epochs, or with a learning
rate of 0.01 when the average number of epochs needed to reach the minimal cost value on
the test data was less than 500 epochs. The results are given by Table 12, showing that
(except for the RCV1 data set) centered AEs perform clearly better in terms of the average
minimal cost value on the test data than normal AEs. On the training data normal AEs
only perform slightly better on data sets where both models reached very small cost values
anyway. We did not show the results for the validation sets since they are almost equivalent
to the results for test data.
Interestingly, the result that centering only performs worse on the RCV1 data set is
fully consistent with the findings for RBMs and DBMs. We inspected the RCV1 data set
and its first and second order statistics but did not find anything conspicuous compared to
the other data sets that might have explained why for this particular data set centering is
not beneficial. However, learning is much slower for this data set when centering is used,
which can also be seen by comparing the results for learning rate 0.1 an 0.5 in Table 12.

7. Conclusion

This work discussed centering in RBMs and DBMs, where centering is done by subtracting
offset parameters from visible and hidden variables. Our theoretical analysis has yielded
the following results:

1. Centered BMs/RBMs/DBMs and normal BMs/RBMs/DBMs are different parameterizations of the same model class (Section 3), such that any normal BM/RBM/DBM
can be transformed to an equivalent centered BM/RBM/DBM an vice versa. This
equivalence generalizes to ANNs in general, which justifies the use of centering in
arbitrary ANNs (Section 4).

2. The LL gradient of centered binary BMs and thus of centered binary RBMs/DBMs
is invariant under simultaneous flip of data and offsets, for any offset value in the
range of zero to one. This leads to the desired invariance of the LL performance of
the model under changes of data representation (Section 3 and Appendix A).

3. Training a centered BM/RBM/DBM can be reformulated as training a normal BM/
RBM/DBM with a new parameter update, which we refer to as centered gradient
(Section 3.1 and Appendix B).
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4. From this new formulation follows that the enhanced gradient is a particular form of
centering. That is, the centered gradient becomes equivalent to the enhanced gradient
by setting the visible and hidden offsets to the average over model and data mean of
the corresponding variable (Section 3.1 and Appendix C).

Our numerical analysis has yielded the following results:
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11. Centering also improves the performance in terms of the optimized loss for AEs, which
supports our assumption that centering is beneficial not only for probabilistic models
like RBMs and DBMs but also for ANNs in general (Section 6.11).

10. The visual inspection of the learned filters, the average second hidden layer activities
and the reached LL values suggest that normal binary DBMs have difficulties in
making use of the third and higher layers (Section 6.10).

9. While pre-training slightly helps normal binary DBMs on MNIST we did not observe
an improvement through pre-training for centered binary DBMs. Furthermore, on
all data sets other than MNIST pre-training led to lower LL values and the results
became worse as longer pre-training was performed for normal and centered binary
DBMs (Section 6.10).

8. Centered binary DBMs reach higher LL values than normal binary DBMs independently of whether pre-training is used or not. Thus pre-training cannot be considered
as an alternative to centering (Section 6.10).

7. The direction of the centered gradient is closer to the natural gradient than that of the
standard gradient and the natural gradient is extremely efficient for training RBMs if
tractable (Section 6.9).

6. Training centered binary RBMs/DBMs leads to smaller weight norms and larger bias
norms compared to normal binary RBMs/DBMs. This supports the hypothesis that
when using the standard gradient the mean value is modeled by both weights and
biases, while when using the centered gradient the mean values are explicitly modeled
by the bias parameters (Section 6.9).

5. The divergence can be prevented when an exponentially moving average for the approximations of the offset values is used (Section 6.5), which also stabilizes the training
for other centering variants especially when the mini batch size is small.

4. Using the model expectation (as for the enhanced gradient for example) can lead to
a severe divergence of the LL when PCD or PTc is used for sampling. This is caused
by the correlation of offset and gradient approximation (Section 6.4).

3. Initializing the bias parameters such that the RBM/DBM/AE is initially centered
(that is bi = σ −1 (hxi i)) can already improve the performance of a normal binary RBM.
However, this initialization leads to a performance still worse than the performance
of a centered binary RBM (Section 6.2) and is therefore no alternative to centering.

2. Centered binary RBMs/DBMs reach significantly higher LL values than normal binary
RBMs/DBMs (Section 6.7 and 6.10). As an example, centered binary RBMs with 500
hidden units achieved an average LL on the test data of MNIST around -75 compared
to -88 for normal binary RBMs (Figure 9).

1. Optimal performance of centered binary RBMs/DBMs is achieved when both, visible
and hidden variables, are centered and the offsets are set to the expectations of the
corresponding variable under data or model distribution (Section 6.1, 6.6 and 6.7).
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i,j>i

= h(xi − µi )(xj − µj )id − h(xi − µi )(xj − µj )im ,

(20)

(19)
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Definition 1 Let there be a binary random variable Xi . The variable Xi0 is called ’flipped’
or ’flip of Xi ’ if it takes the values x0i = 1 − xi for any given state xi of Xi .

In the following θ and ∇θ is used to jointly denote all parameters wij and bi and their
derivatives ∇wij and ∇bi , respectively .
We begin by formalizing the invariance property for the energy.

∇bi = h(xi − µi )id − h(xi − µi )im = hxi id − hxi im .

∇wij

and the corresponding LL gradient w.r.t. the parameters wij and bi is given by

i

In the following we show that the LL gradient of centered binary BMs and thus the LL
gradient for centered binary RBMs and DBMs is invariant to flips of the variables if the
corresponding offset parameters flip as well (see Melchior et al., 2013, for a proof specifically
for RBMs). Since training a normal binary BM using the centered gradient (see Appendix B)
is equivalent to training a centered binary BM, the proof also holds for the centered gradient.
In contrast to an RBM or DBM a BM is a fully connected graphical model and the
energy for a centered BM and binary values x = (x1 , ..., xN ) is given by
X
X
E (x) = −
(xi − µi ) bi −
(xi − µi ) wij (xj − µj ) ,
(18)

Appendix A. Proof of Invariance for the Centered Gradient
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Based on our results we recommend to center all units in the network using the data
mean and to use an exponentially moving average if the mini-batch size is rather small
(< 100 for stochastic models and < 10 for deterministic models). Furthermore, we do not
recommend to use pre-training for DBMs since it often deteriorates the results.
All results clearly support the superiority of centered RBMs/DBMs and AEs, which
we believe will also extend to other models. Future work might focus on centering in
BMs and also other probabilistic models such as the neural auto-regressive distribution
estimator (Larochelle and Murray, 2011) or in recurrent neural networks such as long shortterm memory (Hochreiter and Schmidhuber, 1997). An extension to also normalizing the
variance of the units and a comparison to the recently proposed batch normalization (Ioffe
and Szegedy, 2015) would also be of interest.
The implementation of the algorithms proposed and analyzed in this work are part of
the Python library PyDeep publicly available at https://github.com/MelJan/PyDeep.
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Definition 2 Let there be a centered binary BM with parameters θ, offsets µ, binary random variables X = (X1 , . . . , XN ), and energy E(x), and a second centered binary BM with
parameters θ̃, offsets µ̃, binary random variables X̃ = (X̃1 , . . . , X̃N ) and energy Ẽ(x̃), where
in the latter BM an arbitrary number of variables have been flipped. The energies E(x) and
Ẽ(x̃) are called ‘flip-invariant’ or ‘invariant to flips of variables’ if E(x) = Ẽ(x̃) holds.

x̃i =
µ̃i =

1 − fi
+ fi xi ,
2
1 − fi
+ fi µi ,
2

X

=

=
=

w̃ij

=

fi wij fj

b̃i = fi bi .

X

i,j>i

,

(xi

−

µi )

=1

=1

fi fi wij fj fj (xj − µj )
|{z}
|{z}

(x̃i − µ̃i ) w̃ij (x̃j − µ̃j )


 

1 − fi
1 − fi
+ fi xi −
+ fi µi
2
2
1 − fi
1 − fi
+ fi xi −
− fi µi
2
2
(xi − µi )fi = fi (xi − µi ) ,
X

i,j>i

fi fi bi −
|{z}
=1

(x̃i − µ̃i ) b̃i −
−

µi )

(25)

(24)

(23)

(22)

(21)

Theorem 3 Let the binary parameter fi take the value -1 if the corresponding variable Xi ,
has been flipped and 1 otherwise. The energies E(x) and Ẽ(x̃) are ‘flip-invariant’ according
to Definition 2 if the offsets flip simultaneously with the variables, compactly denoted by

−
i

(xi

X
i

E (x) .

−

(21,22)

and if the parameters of the models are related in the following way

=

(18)

(x̃i − µ̃i )

Proof First note that

so that
Ẽ (x̃)
=

(23,24,25)

=

(18)
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Definition 4 Let there be two BMs with ‘flip-invariant’ energies according to Definition 2.
The gradient of the LL (∇θ or ∇θ̃ respectively) are called ‘flip-invariant’ or ‘invariant to
flips of variables’ if E(x) = Ẽ(x̃) still holds after updating θ and θ̃ to θ +η∇θ and θ̃ +η∇θ̃,
respectively, for any learning rate η.
We can now state the following theorem for the parameter updates.
51

melchior, fischer and wiskott

=

=

=

=

hfi (xi − µi )id − hfi (xi − µi )im ,

h(x̃i − µ̃i )id − h(x̃i − µ̃i )im

fi ∇wij fj ,

hfi (xi − µi )(xj − µj )fj id − hfi (xi − µi )(xj − µj )fj im

h(x̃i − µ̃i )(x̃j − µ̃j )id − h(x̃i − µ̃i )(x̃j − µ̃j )im

(25)

(20)

(19)

(25)

=

fi ∇bi .

(19)

Theorem 5 The gradient of centered binary BMs with flip invariant energies according
to Definition 2, is also invariant to flips of arbitrary variables if the corresponding offset
parameters flip as well, that is if a flipped variable x̃i = 1 − xi implies µ̃i = 1 − µi .
Proof
∇w̃ij

∇b̃i

=

(20)

= fi (wij + η∇wij ) fj ,

Comparing these results with Equations (23) – (24) shows that the gradient underlies the
same sign changes under variable flips as the parameters. Thus, it holds for the updated
parameters θ̃ + η∇θ̃ and θ + η∇θ that
+ η∇w̃ij

b̃i + η∇b̃i = fi (bi + η∇bi ) ,

w̃ij

showing that E(x) = Ẽ(x̃) is still guaranteed as follows from Theorem 3 and thus that the
gradient of centered RBMs is flip-invariant according to Definition 4.

Theorem 3 and Theorem 5 hold for any value from zero to one for µi , if it is guaranteed
that the offsets flip simultaneously with the corresponding variables. In practice one wants
the model to perform equivalently on any flipped version of the data set without knowing
which version is presented. This holds if we set the offsets to the expectation
value of
P
the corresponding variables
p∗ (xi ), since when µi = xi p∗ (xi ) xi ,
P under any distribution P
flipping Xi leads to µ̃i = xi p∗ (xi ) (1 − xi ) = 1 − xi p∗ (xi ) xi = 1 − µi .

Appendix B. Derivation of the Centered Gradient

= ŵij

,
X

j6=i

ŵij µj ,

(27)

(26)

In the following we show that the gradient of centered BMs can be reformulated as an
alternative update for the parameters of a normal binary BM, which we name ‘centered
gradient’.
We first show that the parameter transformation
wij

bi = b̂i +
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P
P
allows to transform a normal binary BM with energy
Ê(x) = −P i xi bˆi − i,j>i xi ŵij xj into
P
a centered binary BM with energy E(x) = − i (xi − µi ) bi − i,j>i (xi − µi ) wij (xj − µj )
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X

X

Ê(x) + const −

Ê(x) + const .

=

j6=i

i

i

X

X

xi

i

X

j6=i

j6=i

X

i,j>i

X

ŵij µj +

ŵij µj +

i,j6=i

X

i,j>i

{z

µi ŵij xj

xi ŵij µj

j,i>j

X

}

µi ŵij µj

µj ŵij xi

i,j>i

X

µi ŵij µj

ŵij µj −

const

j6=i

X

i,j>i

X

ŵij µj

xi ŵij µj +

i,j>i

X

X

µi b̂i + µi

i,j>i

µi ŵij xj −

j6=i

X

(xi − µi ) ŵij (xj − µj )

µi b̂i + µi

X

i

xi ŵij µj +

X

i,j>i

X

xi

ŵij µj +

=

xi

Ê(x)

}|

xi ŵij xj +

i,j>i

ŵij µj +

X

ŵij µj  −

xi ŵij µj +

j6=i

X

X

xi

i,j>i

X

{z

xi b̂i −

Ê(x) + const −

i

i

−

|

X

i

xi ŵij xj +

xi b̂i −

X

j6=i



(xi − µi ) wij (xj − µj )

X

i,j>i

(xi − µi ) b̂i +



(xi − µi ) bi −

i,j>i

X

i

X

i

X

i

−

−

−

−

−

=

=

=

=

(26,27)

=

X

=

(20)

=

(19)

bi + η(hxi id − hxi im ) .

wij + η(h(xi − µi )(xj − µj )id − h(xi − µi )(xj − µj )im ) ,
(29)

(28)

0
ŵij

=

(26,28)

=

(26)
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=∇c ŵij

(30)
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ŵij + η (h(xi − µi )(xj − µj )id − h(xi − µi )(xj − µj )im ) ,
{z
}
|

0
wij

One can now transform the updated centered BM back to a normal BM by applying the
inverse transformation to the updated parameters, which finally leads to the centered gradient.

b0i

0
wij

Updating the parameters of the centered BM according to Equations (19) – (20) with a
0 , b0 , given by
learning rate η leads to an updated set of parameters wij
i

E(x)

X

and vice versa such that E(x) = Ê(x) + const is guaranteed for all x ∈ {0, 1}n and thus
that the modeled distribution stays the same.
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=

=

(27)

=

(29,30)

=

(27)
j6=i

X
0
ŵij
µj

j6=i

X
|

j6=i

X

{z

= ∇c b̂i

(14)

j6=i

X
}

∇c ŵij µj ) .

j6=i

X
ŵij µj −

(ŵij + η∇c ŵij )µj

ŵij µj + η(hxi id − hxi im ) −

b̂i + η(hxi id − hxi im −

b̂i +

bi + η(hxi id − hxi im ) −

b0i −

j6=i

X

η∇c ŵij µj
(31)

=

(1)

=

=

=

=

=

=

(13)

∇e W ,

h(x − hxid )(h − hhid )T id − h(x − hxim )(h − hhim )T im

∇c b

=

(2)

=

=

(14,32)

∇e b ,
54

hxid − hxim − ∇e Wλ
1
hxid − hxim − ∇e W (hhid + hhim )
2
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(32)

hxhT id − hxid λT − µhhT id + µλT − hxhT im + hxim λT + µhhT im − µλT
1
1
hxhT id − hxid (hhid + hhim )T − (hxid + hxim ) hhT id
2
2
1
1
−hxhT im + hxim (hhid + hhim )T + (hxid + hxim ) hhT im
2
2
1
1
1
1
hxhT id − hxid hhT id − hxid hhT im − hxid hhT id − hxim hhT id
2
2
2
2
1
1
1
1
T
T
T
T
−hxh im + hxim hh id + hxim hh im + hxid hh im + hxim hhT im
2
2
2
2
hxhT id − hxid hhT id − hxhT im + hxim hhT im

h(x − µ)(h − λ)T id − h(x − µ)(h − λ)T im

and for the derivatives with respect to the bias parameters follows directly that

∇c W

In the following we show that the enhanced gradient can be derived as a special case of
the centered gradient. We show the equivalence for RBMs since the enhanced gradient was
originally proposed for RBMs. However, the derivations for BMs and DBMs are analogous.
By setting µ = 12 (hxid + hxim ) and λ = 12 (hhid + hhim ) we get

Appendix C. Enhanced Gradient as a Special Case of the Centered
Gradient

In case of an RBM the visible units are only connected to hidden units and vice versa such
that the sum in Equation (31) either sums over all visible units or all hidden units leading
to the centered gradient for RBMs given by Equations (13) – (15) (see Melchior et al., 2013,
for a detailed derivation for RBMs).

b̂0i
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Algorithm-η
MNIST-Probabilities

=

(15,32)
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∇c c
hhid − hhim − ∇e WT

hhid − hhim − ∇e WT µ
1
(hxid + hxim )
2

=

PCD-1-0.01
PCD-1-0.005
PT20 -0.01

(3)

∇e c .

-156.46
-155.60
-155.40
-147.42
-145.42
-144.78
-144.92

±1.63
±2.01
±1.96
±1.13
±1.16
±0.63
±0.63

±2.48
±2.31
±2.24
±1.06
±1.24
±0.43
±0.57

(-154.0)
(-152.5)
(-151.5)
(-144.8)
(-142.0)
(-139.8)
(-140.3)

(-157.8)
(-156.2)
(-155.0)
(-146.0)
(-144.1)
(-143.9)
(-144.2)

(-157.1)
(-157.0)
(-155.4)
(-148.3)
(-145.7)
(-144.8)
(-144.9)

-168.96
-170.39
-169.15
-164.34
-156.87
-143.70
-146.75

-169.95
-170.84
-171.90
-151.04
-147.53
-146.89
-149.18

-168.54
-172.34
-171.66
-166.70
-160.54
-148.85
-150.97

±4.42
±3.01
±2.01
±3.30
±4.15
±0.95
±1.96

±2.61
±2.92
±2.23
±3.73
±1.61
±0.66
±1.51

±3.99
±2.53
±1.85
±3.00
±4.76
±0.99
±2.45

(-169.2)
(-170.5)
(-171.7)
(-187.2)
(-160.3)
(-143.8)
(-147.0)

(-170.1)
(-171.0)
(-173.6)
(-152.3)
(-147.9)
(-147.0)
(-149.2)

(-168.5)
(-172.4)
(-173.3)
(-183.1)
(-162.5)
(-149.0)
(-151.1)
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00

(-97.8)
(-94.3)
(-99.8)

-101.06 ±3.37 (-107.1)
-94.72 ±2.07 (-97.8)
-87.79 ±5.02 (-87.8)

-94.95 ±1.19
-94.29 ±1.29
-98.35 ±2.68

ddsb

(-92.0)
(-91.4)
(-90.1)

-111.47 ±1.76 (-111.5)
-108.76 ±1.13 (-109.8)
-105.93 ±3.31 (-106.5)

-92.00 ±1.79
-90.85 ±0.61
-90.13 ±0.74

(-80.1)
(-75.9)
(-75.2)

-100.32 ±1.10 (-100.3)
-100.04 ±0.98 (-100.0)
-97.80 ±0.40 (-97.8)

-78.69 ±1.22
-75.93 ±0.69
-74.77 ±1.08
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Since the data set is not binary it has to be preprocessed when used with binary RBMs. In a
first step the values are usually normalized to lie in [0, 1]. In different studies the normalized
values are then either used directly as input, or the data set is binarized using a threshold of
0.5 or by sampling according to the normalized values (which are treated as the probabilities
for the variables being in state 1). Here, we refer to these three different binarized variants
of MNIST as MNIST-Probabilities, MNIST-Threshold, and MNIST-Sampled, respectively.
Since it is often not mentioned how the data set is binarized it is hard to compare the LL
values reported for MNIST experiments across studies. Furthermore, since the results are
mainly given for big models the LL is usually approximated using AIS, which easily overestimates the LL if the setup is not chosen properly. In our experience using a reasonable
base partition function such as one that is based on the MLE for zero weights (Salakhutdinov and Murray, 2008) is crucial for AIS not to dramatically overestimate the LL for
RBMs/DBMs. In this work, we ensured that when given the same pseudo random number
generator, our AIS implementation and the MNIST-Sampled data set were the same as
used by Salakhutdinov and Murray (2008).
As a baseline we trained normal and centered RBMs with 16 hidden units on the three
different MNIST variants for 100 epochs using the setup described in Section 6. The
maximum average of the exact LL values for the test data for ddsb and 00 are given in
Table 13. Although the maximum reached values are quite different for the different MNIST
variants, centered RBMs outperformed normal RBMs on all three data sets.
We continued by training normal and centered RBMs with 500 hidden units on the three
different data sets for 200 epochs. The setup for training and evaluating the models was

Table 14: Maximum average LL on the test data for centered and normal RBMs with 500
hidden units trained on the three different variants of MNIST averaged over 10
trials. The models were trained for 200 epochs with a batch size of 100 and in
the case of ddsb a sliding factor of 0.01 was used.

PCD-1-0.01
PCD-1-0.005
PT20 -0.01

MNIST-Threshold

PCD-1-0.01
PCD-1-0.005
PT20 -0.01

MNIST-Sampled

=

Appendix D. Comparison of the Different MNIST Variants

-155.21
-154.84
-154.95
-145.03
-144.10
-143.86
-144.01

±2.38
±3.72
±2.17
±2.43
±1.54
±0.91
±1.08

00

-151.94
-151.84
-151.53
-143.56
-141.00
-139.61
-140.20

ddsb

In this section we compare the performance of normal and centered RBMs on different variants of the MNIST data set (LeCun et al., 1998). The data set is provided at
http://yann.lecun.com/exdb/mnist/ and consists of pixel values in the range of 0 to 255.

Algorithm-η
MNIST-Probabilities
CD-1-0.1
CD-1-0.05
CD-1-0.01
PCD-1-0.1
PCD-1-0.05
PCD-1-0.01
PT20 -0.01
MNIST-Sampled
CD-1-0.1
CD-1-0.05
CD-1-0.01
PCD-1-0.1
PCD-1-0.05
PCD-1-0.01
PT20 -0.01
MNIST-Threshold
CD-1-0.1
CD-1-0.05
CD-1-0.01
PCD-1-0.1
PCD-1-0.05
PCD-1-0.01
PT20 -0.01
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Table 13: Maximum average LL on the test data for centered and normal RBMs with 16
hidden units trained on the three different variants of MNIST averaged over 25
trials. The models were trained for 100 epochs with a batch size of 100 and in
the case of ddsb a sliding factor of 0.01 was used.
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The average LL on the test data of MNIST-Sampled for single trials are shown in
Figure 18(a). It can be seen that a decaying learning rate is crucial for 00, which only
reaches a value of −88.0 without decaying learning rate but −85.9 with a learning rate that
decayed from 0.01 to 0.001. ddbs reaches a LL value of −86.2 without and −85.5 with a
learning rate that decayed from 0.01 to 0.001. Although the difference between normal and
centered RBMs become smaller with weight decay, ddbs still reaches a higher LL, seems to
be less depended on the learning rate schedule and allows faster learning. We performed
the same experiments also for the MNIST-Threshold data set. The results are shown in
Figure 18(b), which show qualitatively the same results. The difference between 00 and ddbs
is more prominent on the MNIST-Threshold where 00 reaches a LL value of −67.5 and ddbs
reaches −65.0, which can also be seen from Table 14.

In our experience the use of weight decay, momentum and an annealing learning rate is
crucial to reach a LL that is comparable to the value of -86.34 reported by Salakhutdinov
and Murray (2008). We therefore trained centered RBMs (ddbs ) and normal RBMs (00) using
PCD-25 for the extensive amount of 1000 epochs (600000 gradient updates). In addition
a weight decay of 0.0002, and a momentum of 0.9 that was set to 0.5 after 5 epochs was
used. The learning rate was fixed to 0.01 or either decayed from 0.01 to 0.001 or from 0.01
to 0.0001 over 1000 epochs.

the same as described in Section 6. The maximum average LL values are given in Table 14,
showing again that the reached LL on the different MNIST variants is quite different and
that centered RBMs reach better values than normal RBMs on all three data sets.

Figure 18: Evolution of the LL of single trials on the test data of (a) MNIST-Sampled and
(b) MNIST-Threshold for ddbs and 00 with 500 hidden units. The models were
trained for 1000 epochs with a weight decay of 0.0002 and a momentum of 0.9
that was reduced to 0.5 after 5 epochs. The learning rate was either fixed to
0.01, decayed from 0.01 to 0.001 or from 0.01 to 0.0001 over 1000 epochs.
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1. Introduction

Keywords: Causal Inference, Control Function Estimator,Endogenous Variable, Instrumental Variable Method, Two Stage Least Squares Estimator, Pretest Estimator.

Randomized controlled studies are the gold standard to estimate the treatment effect. Unfortunately, randomized controlled studies are often not feasible because of cost or ethical
constraints. When randomized studies are not feasible, observational studies provide an
alternative source of data for estimating the treatment effect. Since treatments were not
randomly assigned, a major concern in observational studies is the possible presence of un-

measured confounders that affect both the treatment and the outcome. The instrumental
variable method is designed to estimate the effects of treatments when there are unmeasured
confounders. The method requires a valid instrumental variable which is a variable that (1)
is associated with the treatment conditioning on the measured covariates; (2) is independent
of the unmeasured confounders conditioning on the measured covariates; (3) has no direct
effect on the outcome beyond its effect on the treatment. The definition of an instrumental
variable is illustrated in Figure 1, where the arrows represent the causal relationship. The
lack of an arrow between the instrumental variable and unmeasured confounding represents
assumption (2); The lack of an arrow between the instrumental variable and outcome represents assumption (3). The existence of an arrow between the treatment and instruments
represents assumption (1) when the instrumental variable causes the treatment. Note that
assumption (1) is also satisfied when the instrumental variable is associated with the treatment, but does not cause the treatment, see Hernan & Robins (2006). See Holland (1988),
Angrist et al. (1996), Tan (2006), Cheng et al. (2009), Brookhart et al. (2009), Baiocchi
et al. (2014) and Imbens (2014) for good discussions of instrumental variable methods.

Figure 1: The directed acyclic graph for the relationship between the instrumental variable,
treatment, unmeasured confounders and outcome.

Instrumental
variable

Treatment
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Two commonly used methods for using an instrumental variable to estimate the treatment effect are the two stage least squares method and the control function method. Both
of these methods are implemented in two stages. In the first stage of the two stage least
squares method, we regress the treatment on the instruments and baseline covariates. In
the second stage, the outcome is regressed on the predicted value from the first stage and
baseline covariates and the coefficients of the second stage regression are taken as the two
stage least squares estimates. Compared to the ordinary least squares method, the second
stage of the two stage least squares method replaces the treatment with the corresponding
predicted value from the first stage. The basic idea of the two stage least squares method is
to extract variation in the treatment that is independent of the unmeasured confounders and
use this variation to estimate the treatment effect. In contrast to two stage least squares, the
control function method uses the instrumental variable to split the unmeasured confounders
into two parts: one part that is correlated with the treatment and the other part that is
uncorrelated with the treatment. The first stage of the control function method is similar

The instrumental variable method consistently estimates the effect of a treatment when
there is unmeasured confounding and a valid instrumental variable. A valid instrumental
variable is a variable that is independent of unmeasured confounders and affects the treatment but does not have a direct effect on the outcome beyond its effect on the treatment.
Two commonly used estimators for using an instrumental variable to estimate a treatment
effect are the two stage least squares estimator and the control function estimator. For
linear causal effect models, these two estimators are equivalent, but for nonlinear causal
effect models, the estimators are different. We provide a systematic comparison of these
two estimators for nonlinear causal effect models and develop an approach to combing the
two estimators that generally performs better than either one alone. We show that the
control function estimator is a two stage least squares estimator with an augmented set
of instrumental variables. If these augmented instrumental variables are valid, then the
control function estimator can be much more efficient than usual two stage least squares
without the augmented instrumental variables while if the augmented instrumental variables are not valid, then the control function estimator may be inconsistent while the usual
two stage least squares remains consistent. We apply the Hausman test to test whether the
augmented instrumental variables are valid and construct a pretest estimator based on this
test. The pretest estimator is shown to work well in a simulation study. An application to
the effect of exposure to violence on time preference is considered.
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2.1 Set up of model

(y2∗ )

= y1 + β1 g1 (y2∗ ) + β2 g2 (y2∗ ) + · · · + βk gk (y2∗ ),

4

y2 = α0 + α1T J (z1 ) + α2T H (z2 ) + v2 ,

(1)

(2)
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(3)

where y2 is the observed value of the treatment variable and g1 (y2 ) = y2 . For identifiability,
we assume that gi (0) = 0 for 2 ≤ i ≤ k. We also assume that y2 ’s expectation given z1 and
z2 is linear in parameters but possibly nonlinear in z1 and z2 ,i.e.,

y1 = β0 + β1 g1 (y2 ) + β2 g2 (y2 ) + · · · + βk gk (y2 ) + βk+1 z1 + u1 ,

We assume
 that the pretreatment covariate z1 has a linear effect on potential outcomes,
(0)
(0)
(0)
E y1 |z1 = β0 + βk+1 z1 and denote the residual by u1 = y1 − E(y1 |z1 ). The model for
the observed data is

(β1 (y2∗ + 1) + β2 g2 (y2∗ + 1) + · · · + βk gk (y2∗ + 1)) − (β1 y2∗ + β2 g2 (y2∗ ) + · · · + βk gk (y2∗ )) .

where g1 (y2∗ ) = y2∗ and g1 , · · · , gk are linearly independent functions. Since g1 is linear,
g2 , · · · , gk are non-linear functions. The causal effect of increasing y2 from y2∗ to y2∗ + 1 is

y1

(0)

In this section, we introduce the model and describe the control function and the two stage
least squares method. In Section 2.1, the model is introduced; In Section 2.2 and 2.3, we
describe the two stage least squares method and the control function method, respectively.
In Section 2.4, we discuss the assumptions for the control function method.

2. Set up of model and description of methods

squares with an augmented set of instrumental variables. In section 4, we describe the
Hausman test for the validity of the augmented instrumental variables and formulate a
pretest estimator. In section 5 , we present simulation studies comparing the control function
method to the usual two stage least squares method. In section 6, we apply our methods
to a study of the effect of exposure of violence on time preference. In section 7, we present
discussions about more generalized models. In section 8, we conclude the paper. The proof
of theorems, more simulation studies and two additional data analysis are presented in the
Appendix.

In this paper, our focus is on a model where the outcome variable is a non-linear function
of the treatment variable. Let y1 denote the outcome variable and y2 denote the treatment
variable. Let z1 denote a vector of measured pre-treatment covariates and z2 denote a vector
of instrumental variables and z = (z1 , z2 ). In the following discussion, we assume both z1
and z2 are one dimensional. In section 3.4, we will extend the method to allow z1 and z2
to be vectors.
For defining the causal effect of the treatment, we use the potential outcome approach
(y∗ )
(Rubin (1974) and Neyman (1923)). Let y1 2 denote the outcome that would be observed
if the unit is assigned treatment level y2 = y2∗ . An additive, non-linear causal effect model
for the potential outcomes (similar to the linear causal effect model in Holland (1988)) is

JMLR 17(100):1-35

to that of the two stage least square method. In the second stage of the control function
method, the outcome is regressed on the treatment, baseline covariates and the residual of
the first stage regression and the coefficients of the second stage regression are taken as the
control function estimates. Intuitively, the residual of the first stage regression accounts for
the unmeasured confounders. The method is called the control function method because
the effect of the unmeasured confounders is controlled for via the inclusion of the control
function (residual of the first stage regression) in the second stage regression. The control
function method has been developed in econometrics (Heckman (1976); Ahn & Powell
(2004); Andrews & Schafgans (1998); Blundell & Powell (2004); Imbens & Wooldridge
(2007)) and also in biostatistics and health services research (Nagelkerke et al (2000) and
Terza et al. (2008)), where the method has been called the two stage residual inclusion
method.
When the treatment has a linear effect on the outcome, then the control function method
and two stage least squares produce identical estimates. However, when the treatment has
a nonlinear effect on the outcome, then the methods produce different estimates. Settings
in which the treatment is thought to have a nonlinear effect on the outcome are common;
examples include the effect of the concentration of a drug in a person’s body on the body’s
response (Nedelman et al, 2007), the effect of education on earnings (Card, 1994), the effect
of a bank’s financial capital on its costs (Hughes & Mester, 1998) and the effect of industry
lobbying on government tariff policy (Gawande & Bandyopadhyay , 2000).
Imbens & Wooldridge (2007) conjectured that the control function estimator, while
less robust than two stage least squares, might be much more precise because it keeps the
treatment variables in the second stage. However, Imbens and Wooldridge note that a
systematic comparison had not been done between the two estimators. The goal of this
paper is to provide such a systematic comparison of the control function method to two
stage least squares for nonlinear causal effect models.
We illuminate the relationship between control function and two stage least squares
estimators by showing that the control function estimator is equivalent to a two stage least
squares estimator with an augmented set of instrumental variables. When these augmented
instrumental variables are valid, the control function method is more efficient than usual
two stage least squares. For example, in the setting (1) of Table 1, the control function
estimator is considerably more efficient than two stage least squares, sometimes more than
10 times more efficient. However, when the augmented instrumental variables are invalid,
the control function method is inconsistent. Thus, the key issue for deciding whether to use
the control function estimator vs. usual two stage least squares is whether the augmented
instrumental variables are valid. The validity of the augmented instrumental variables
can be tested using the Hausman test (Hausman, 1978). We develop a pretest estimator
based on this test and show that it performs well in simulation studies, being close to
the control function estimator when the augmented instrumental variables are valid and
close to two stage least squares when the augmented instrumental variable are invalid. The
pretest estimator combines the strengths of the control function and two stage least squares
estimators.
Our paper is organized as follows. In section 2, we describe the set up of our model and
how to implement the two stage least squares method and the control function method.
In section 3, we describe how the control function method is equivalent to two stage least
3

(4)

estimates

are

i=1

k
X

coefficient

estimates

βi L (gi (y2 )|Z) + βk+1 z1 .

the

on

(6)

(5)

5

JMLR 17(100):1-35

The consistency of control function estimators requires stronger assumptions than I(z2 ) satisfying Assumptions 1 and 2, that is, stronger than I(z2 ) being valid instrumental variables.
The control function method is consistent under the following additional assumptions in
addition to Assumptions 1 and 2 (Imbens & Wooldridge , 2007):

In the following, we will describe the two stage least squares (2SLS) method briefly. Let
y ∼ x1 + x2 denote linear regression of y on x1 , x2 and an intercept. Following Kelejian
(1971), the usual two stage least squares estimator is introduced as Algorithm 1.
We will refer to this as the usual two stage least squares method as we will show in
section 3 that the control function method can be viewed as a two stage least squares
method with an augmented set of instruments.

Let L(y|x) denote the best linear projection γ T x of y onto x where γ = arg minτ E (y − τ T x)2 .
Let Z = {1, z1 , z2 , h2 (z2 ), · · · , hk (z2 )} denote the exogenous variables. The linear projection

6

Assumption 4 E(u1 |v2 ) = L(u1 |v2 ) where L(u1 |v2 ) = ρv2 and ρ =

Assumption 3 u1 and v2 are independent of z = (z1 , z2 ).
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E(u1 v2 )
.
E(v22 )

2.4 Additional assumptions of control function

2.2 Description of two stage least squares method

2.3 Description of the control function method
We introduce the control function (CF) method in Algorithm 2.

Thus, if we know L = {L (g1 (y2 )|Z) , · · · , L (gk (y2 )|Z)}, then the least squares estimate of y
on 1, L (g1 (y2 )|Z) , · · · , L (gk (y2 )|Z) , z1 will provide an unbiased estimate of β. Even though
L is unknown, we can obtain a consistent estimate of L. Substituting this estimate into the
second stage regression provides a consistent estimate of β under regularity conditions. See
White (1984)(p21, p32) for the details.

L (y1 |1, L (g1 (y2 )|Z) , · · · , L (gk (y2 )|Z) , z1 ) = β0 +

of y1 onto 1, L (g1 (y2 )|Z) , · · · , L (gk (y2 )|Z) , z1 is

The two stage least squares
y2 , g2 (y2 ), · · · , gk (y2 ) from (6).

y1 ∼ yb2 + · · · + g\
k (y2 ) + z1 .



\
and obtain the corresponding predicted values as yb2 , g\
2 (y2 ), · · · , gk (y2 ) .
2: Implement the regression:

gk (y2 ) ∼ z1 + z2 + h2 (z2 ) + · · · + hk (z2 ),

y2 ∼ z1 + z2 + h2 (z2 ) + · · · + hk (z2 ),
..
.

Input: i.i.d observations of pre-treatment covariates z1 , instrumental variables
(z2 , h2 (z2 ) · · · , hk (z2 )), the treatment variable y2 and outcome variable y1 .
Output: The two stage least squares estimator βb2SLS of treatment effects β =
(β1 , β2 , · · · , βk ) in (2).
1: Implement the regression

Algorithm 1 Two stage least squares estimator (2SLS)

Guo and Small

Remark 2 Sufficient conditions for Assumption 2 to hold are that (i) I is independent
(0)
of the potential outcome y1 after controlling for the measured confounders z1 , that is I is
independent of unmeasured confounders and (ii) I has no direct effect on y1 and only affects
y1 through y2 . These conditions are discussed by Holland (1988).

Remark 1 In econometric terminology, y2 is called an endogenous variable, z1 are called
included exogenous variables and I(z2 ) = (z2 , h2 (z2 ) · · · , hk (z2 )) is called an excluded exogenous variable. Sometimes z1 , z2 , h2 (z2 ), · · · , hk (z2 ) together are referred to as the instrumental variables (i.e., both the included and excluded exogenous variables), but we will
just refer to I(z2 ) = (z2 , h2 (z2 ) · · · , hk (z2 )) (the excluded exogenous variable) as the instruments. Assumption 1 is called the rank condition in the econometric literature while r ≥ k
is called the order condition. As discussed in Wooldridge (2010)(p.99), the order condition
is necessary for the rank condition.

To ensure assumption 1, we need to have at least k valid instrument variables for g1 (y2 ), · · · , gk (y2 ).
This requires that the instrument z2 has at least k different values. Otherwise, we cannot
construct k linearly independent functions of z2 to be instruments for g1 (y2 ), · · · , gk (y2 ).

Assumption 2 (Exogeneity) The instruments are uncorrelated with the error in (2), that
is,
E(I(z2 )u1 ) = 0.

Assumption 1 (Relevance) The instruments
 are correlated
 with the endogenous variables
W = (g1 (y2 ), · · · , gk (y2 )) given z1 , that is, E W I(z2 )T |z1 is of full column rank.

We say that I(z2 ) = (z2 , h2 (z2 ) · · · , hk (z2 )) are valid instrumental variables if I(z2 )
satisfies the following two assumptions (Stock (2002), White (1984)(p.8) and Wooldridge
(2010)(p.99)):

y2 = α0 + α1 z1 + α2T H (z2 ) + v2 ,

where α2 6= 0, z1 and z2 are independent of u1 and v2 , u1 and v2 are potentially correlated,
and H = (z2 , h2 (z2 ) , · · · , hk (z2 )) is a known vector of linearly independent functions of
z2 . J is a known vector of functions, which can be a nonlinear function, for simplicity of
notation, we will assume a linear effect of z1 henceforth,

CF Estimation of Nonlinear Causal Effect Models
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Algorithm 2 Control function estimator (CF)

y2 ∼ z1 + z2 + h2 (z2 ) + · · · + hk (z2 )
(7)

and obtain the predicted value yb2 and the residual e1 = y2 − yb2 .
Implement the regression
(8)

Input: i.i.d observations of pre-treatment covariates z1 , instrumental variables
(z2 , h2 (z2 ) · · · , hk (z2 )), the treatment variable y2 and outcome variable y1 .
Output: The control function estimator βbCF of treatment effects β = (β1 , β2 , · · · , βk ) in
(2).
Implement the regression
1:

2:

y1 ∼ y2 + · · · + gk (y2 ) + z1 + e1 .

The control function estimates are the coefficient estimates on y2 , g2 (y2 ), · · · , gk (y2 )
from the above regression (8).

(9)

Remark 3 We only assume z = (z1 , I(z2 )) is uncorrelated with u1 in Assumption 2. Two
stage least squares does not make assumptions about v2 but the control function method
relies on assumptions about v2 . If (u1 , v2 ) follow bivariate normal distribution, Assumption
4 is satisfied automatically.

Model (29) is an example where I(z2 ) = z2 , z22 are valid instrumental variables that
satisfy Assumptions 1 and 2 but not Assumption 3 and 4. The simulation results in Table
1 show that the control function estimate for model (29) is biased.
Assumptions 3 and 4 are sufficient but not necessary conditions for the control function
method to be consistent. To investigate the consistency of the control function method, we
can express (2) as
y1 = β0 + β1 g1 (y2 ) + β2 g2 (y2 ) + · · · + βk gk (y2 ) + βk+1 z1 + ρv1 + e,

for

i = 1, · · · , k.

(10)

where e is u1 − ρv2 . Under some regularity conditions (Wooldridge (2010) p.56), one sufficient condition for the control function method to be consistent is that the new error e in
(9) is uncorrelated with gi (y2 ):
E (gi (y2 )e) = 0

Assumptions 1,2, 3 and 4 lead to E (f (y2 )e) = 0 for all f, which is stronger than the
sufficient condition (10). In Section 4, we develop a test for the consistency of the control
function method that can help to decide whether the control function estimator should be
used.

3. Relation between control function and two stage least squares

JMLR 17(100):1-35

In this section, we compare the control function and the two stage least squares estimator.
To better understand the control function method, we will first focus on the case k = 2
y1 = β0 + β1 y2 + β2 g2 (y2 ) + β3 z1 + u1 ;
7

Guo and Small

y2 = α0 + α1 z1 + α2 z2 + α3 h2 (z2 ) + v2 .

For example, a common model has g2 (y2 ) = y22 and h2 (z2 ) = z22 .

3.1 Loss of information for the control function method and comparison to
two stage least squares

Two stage least squares regresses y1 on yb2 = LS (y2 |1, z1 , z2 , h2 (z2 )), g\
2 (y2 ) = LS (g2 (y2 ) |1, z1 , z2 , h2 (z2 ))
and z1 where LS(A|B) denotes the least square estimate of the linear projection of A onto
span (B). The control function estimator regresses y1 on y2 , g2 (y2 ) , z1 and e1 = y2 − yb2 .
Intuitively, it seems that the control function method is better than two stage least squares
since it keeps y2 and g2 (y2 ) in the second stage regression rather than losing information
by replacing y2 and g2 (y2 ) by projections as two stage least squares does. However, the
control function method also loses information as explained in the following theorem.
Theorem 1 The following regression

y1 ∼ z1 + ye2 + g^
2 (y2 ),

will have the same estimates of the corresponding coefficients as the second stage regression
of the control function method:

y1 ∼ z1 + y2 + g2 (y2 ) + e1 ,

where e is the residual of the regression y2 ∼ z1 + z2 + h2 (z2 ) and ye2 is the residual of the
1
regression y2 ∼ e1 and g^
2 (y2 ) is the residual of the regression g2 (y2 ) ∼ e1 . By the property
of OLS, ye2 differs from ŷ2 only by a constant.

Proof In appendix B.

From Theorem 1, the control function method can be viewed as a two stage estimator
similar to two stage least squares: in the first stage, the exogenous part of the endogenous
variables, ye2 and g^
2 (y2 ), are obtained by taking residuals from regressing y2 and g2 (y2 )
on the variable e1 respectively and in the second stage, the endogenous variables in the
regression are replaced by the exogenous parts.
Although both the control function method and two stage least squares lose information
by projecting g2 (y2 ) and y2 to subspaces, the control function method does preserve more information. Let (span {e1 })⊥ denote the orthogonal complement of the space spanned by the
vector e1 and span {1, z1 , z2 , h2 (z2 )} denote the space spanned by the vectors 1, z1 , z2 , h2 (z2 ).
The control function method projects g2 (y2 ) and y2 to (span {e1 })⊥ while two stage least
squares projects g2 (y2 ) and y2 to span {1, z1 , z2 , h2 (z2 )}, which is a subspace of (span {e1 })⊥ .
We will now show that the control function method is equivalent to two stage least squares
with an augmented set of instrumental variables.

3.2 Equivalence of control function to two stage least squares with an
augmented set of instrumental variables
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In section 3.1, we showed that the first stage projection space of the control function estimator is larger than that of the two stage least squares estimator. One natural question

8

g2(y2)

S1

(11)

9

(12)
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= γc + γe1 + γ0 + γ1 z1 + γ2 z2 + γ3 h2 (z2 ) + error.iv

g2 (y2 ) = γc + γe1 + g^
2 (y2 )

represents the extra part of the control function projection.
Since g^
2 (y2 ) is the residual of the regression g2 (y2 ) ∼ e1 , the first stage regression of
control function estimation can be written as

The decomposition is shown in Figure 2. Let S1 = span{1, z1 , z2 , h2 (z2 )} and S2 =
span{error.iv}. The projection of g2 (y2 ) to the space S1 ∪ S2 is the control function first
stage predicted value g^
2 (y2 ) while the projection of g2 (y2 ) to the space S1 is the two stage
least squares first stage predicted value g\
2 (y2 ). The projection along the direction of error.iv

error.iv = g^
2 (y2 ) − (γ0 + γ1 z1 + γ2 z2 + γ3 h2 (z2 )) .

Theorem 2 implies that regressing the control function first stage estimate of g2 (y2 ), g^
2 (y2 )
on {1, z1 , z2 , h2 (z2 )} produces the same predicted value for g2 (y2 ) as that of the first stage
of two stage least squares. Consequently, the control function method first stage estimate
g^
2 (y2 ) can be decomposed into two orthogonal parts: one part is the same with the two
stage least squares first stage estimate and the other part is denoted as error.iv. Letting
γ0 , γ1 , γ2 , γ3 denote the coefficients in g2 (y2 ) ∼ z1 + z2 + h2 (z2 ), we define

Proof In appendix B.

g^
2 (y2 ) ∼ z1 + z2 + h2 (z2 ) .

g2 (y2 ) ∼ z1 + z2 + h2 (z2 ) ;

Theorem 2 The following two regressions give the same estimates of corresponding coefficients

is what is the extra part of the control function first stage projection space. The following
theorem explains the extra part.

Figure 2: Projection and Decomposition of the control function Estimator. S1 =
span{1, z1 , z2 , h2 (z2 )} and S2 = span{error.iv} is defined as the orthogonal complement
of S1 in the subspace span{e1 }⊥ .

S2

error.iv

e1
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and treat the residual of this regression as error.iv2 .

error.iv2 .prime ∼ error.iv1 ,
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Let I = {z2 , h2 (z2 ) , h3 (z2 )} be valid instrumental variables for y2 , g2 (y2 ), g3 (y2 ). As in the
case of k = 2, we can find the extra instrument error.iv1 for g2 (y2 ). If we do the same thing
for g3 (y2 ), we will obtain the extra instrumental variable, error.iv2 .prime. However, there
exists the problem that the error instrument error.iv2 .prime is not orthogonal to error.iv1 .
This will make error.iv2 .prime have a non-zero coefficient when we treat error.iv2 .prime
as one of the instrumental variables for g2 (y2 ). The non-zero coefficient will lead to the
estimate of g2 (y2 ) being different from what is used in the second stage of control function.
To remove the correlation, we do the regression

y1 = β0 + β1 y2 + β2 g2 (y2 ) + β3 g3 (y2 ) + β4 z1 + u1 .

In the last section, we showed the equivalence of control function with two stage least
squares for k = 2. In this section, we will show the results hold for k ≥ 3 and present an
algorithm to find the augmented set of instrumental variables for the general model. This
will help us understand the control function estimator’s properties since two stage least
squares’ properties are well understood (See Remarks 2 and section 3.5 below).
We will first consider k = 3 in our general model (2) and then it will be straightforward
to generalize to k > 3. The model for k = 3 is

3.3 Equivalence of control function with two stage least squares with
augmented instruments for general nonlinear model

E(error.iv × e) = E ((g2 (y2 ) − L (g2 (y2 ) |v2 , z1 , , h2 (z2 ))) e) = 0.

where L means the linear projection. Since v2 and z1 , z2 , h2 (z2 ) are uncorrelated with e,

We now show that if Assumptions 3 and 4 do hold, the extra instrument error.iv is
a valid instrumental variable, that is, error.iv satisfies Assumptions 1 and 2. Recall the
definition e = u1 − ρv2 . By Assumptions 3 and 4, E (g2 (y2 ) e) = 0 and the population
version of error.iv is
g2 (y2 ) − L (g2 (y2 ) |v2 , z1 , z2 , h2 (z2 ))

Proof In appendix B.

Theorem 3 The control function estimator with instruments z1 , z2 , h2 (z2 ) in the first stage
is equivalent to the two stage least squares estimator with instruments z1 , z2 , h2 (z2 ), error.iv
in the first stage.

where the column vector e1 is orthogonal to the column vectors z2 , h2 (z2 ), error.iv and
error.iv is orthogonal to z1 , z2 and h2 (z2 ) by the property of OLS. The following theorem
shows the equivalence of the control function estimator to the two stage least squares method
with an augmented set of instruments.

Guo and Small

Theorem 4 If we regress y2 on z1 , z2 , h2 (z2 ) , h3 (z2 ) in the first stage, then the control
function estimator is equivalent to two stage least squares with the augmented set of instrumental variables z1 , z2 , h2 (z2 ) , h3 (z2 ) , error.iv1 , error.iv2 .

CF Estimation of Nonlinear Causal Effect Models

Guo and Small

The first stage of the control function method is

y2 ∼ J (z1 ) + z2 + h2 (z2 ) + · · · + hk (z2 );
e1 = y2 − yb2 .

In the second stage, we do the following linear regression:

y1 ∼ y2 + · · · + gk (y2 ) + z1 + e1 .

(17)

y1 = β0 + β1 g1 (y2 ) + · · · + βk gk (y2 ) + βk+1 z1 + u1

(18)
we could write u1 as

JMLR 17(100):1-35

(19)
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u1 = LP (u1 |Z) + u1 − LP (u1 |Z)

To ensure consistency of the control function estimation, the Assumptions 1 and 2 of
z2 , h2 (z2 ), · · · , hk (z2 ) being valid instruments are not enough and extra assumptions are
needed, such as Assumptions 3 and 4. We will present a formula for the asymptotic bias of
the control function method when the extra assumptions of control function are not satisfied. Since we have shown that the control function estimator is a two stage least squares
estimator with augmented instrumental variables (Sections 3.2 and 3.3), we could make use
of the bias formula of two stage least squares with invalid instrumental variables given in
Small (2007).
Let YN denote the vector of the outcome variable y1 , WN denote the matrix whose
columns are the endogenous variable y2 , g2 (y2 ), · · · , gk (y2 ), XN denote the matrix whose
columns are the included exogenous variables z1 and ZN denote the matrix whose columns
are the instrumental variables z2 , h2 (z2 ), · · · , hk (z2 ) for WN . Let CN = [WN , XN ] and DN =
d
[ZN , XN ]. In the second stage, we will replace CN by the first stage predicted values C
N =
 T
−1
−1 T
T
TD
d
d
d
C
DN CN . The two stage least squares estimator is C
DN DN
N YN .
N CN
N
When the instrumental variables are not valid, there exists asymptotic bias for the estimator given in the second stage. For the model

3.5 Control function bias formula

The proof of Theorem 4 applies to this generalized theorem.

Theorem 6 If we regress y2 on J(z1 ), z2 , h2 (z2 ) , · · · , hk (z2 ) in the first stage, then the
control function estimator is equivalent to two stage least squares with the augmented set of
instrumental variables J(z1 ), z2 , h2 (z2 ) , · · · , hk (z2 ) , error.iv1 , error.iv2 , · · · , error.ivk−1 .

The generalization of Theorem 4 and Theorem 5 is as follows:

(16)

where the notation y ∼ x, where x = (x , x , · · · , x ) denotes linear regression of y on
1
2
s
x1 , x2 , · · · , xs and an intercept. From
we obtain the predicted
 these k first stage regression,

\
values of k first stage regressions as yb2 , g\
2 (y2 ), · · · , gk (y2 ) . In the second stage, we do the
following regression:
y1 ∼ yb2 + · · · + g\
(15)
k (y2 ) + z1 .

Proof In appendix B.

Remark 4 Since the control function method is the same as two stage least squares with
an augmented set of instrumental variables, we can calculate the variance of control function estimators with the help of the known variance formula for two stage least squares (
Wooldridge (2010), page 102).
This generalizes to the general k > 3 model. The following is an algorithm to identify the augmented set of instrumental variables for which the control function estimator is equivalent to two stage least squares with the augmented set of instrumental variables. Recall that e1 denotes the residual of the regression y2 ∼ z1 + z2 + h2 (z2 ) +
h3 (z2 ) and g^
i (y2 ) = resid(gi (y2 ) ∼ e1 ). Set the control function projection space S1 =
span{z1 , z2 , h2 (z2 ) , h3 (z2 )} for y2 . Regress g^
2 (y2 ) on the space S1 to obtain the residual
error.iv1 and set the control function projection space S2 = S1 ⊕ span {error.iv1 }, where

⊕ denotes the direct sum of two subspaces. For gj (y2 ), j = 3, · · · , k, regress g^
j (y2 ) on
Sj−1 to obtain the extra instrument error.ivj , and set the control function projection space
Sj = Sj−1 ⊕ span {error.ivj }. This algorithm will produce the corresponding set of instrumental variables for the control function method. Each nonlinear function of endogenous
variables will contribute one extra instrumental variable.
We can generalize Theorem 4 to models with k > 3.

Theorem 5 If we regress y2 on z1 , z2 , h2 (z2 ) , · · · , hk (z2 ) in the first stage, then the control function estimator is equivalent to two stage least squares with the augmented set of
instrumental variables z1 , z2 , h2 (z2 ) , · · · , hk (z2 ) , error.iv1 , error.iv2 , · · · , error.ivk−1 .
The proof of Theorem 4 applies to this generalized theorem.
3.4 General nonlinear model of multidimensional instruments z2

(13)

In this section, we extend our results to allow z1 and z2 to be vectors. In the vector case,
the first stage model is extended as
y2 = α0 + α1T J (z1 ) + α2T H (z2 ) + v2 ,
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(14)

where J is a known vector of functions of z1 and H = (z2 , h2 (z2 ) , · · · , hk (z2 )) is a known
vector of linearly independent functions of z2 .
The first stage of two stage least squares is extended as
y2 ∼ J (z1 ) + z2 + h2 (z2 ) + · · · + hk (z2 ),
.
..
gk (y2 ) ∼ J (z1 ) + z2 + h2 (z2 ) + · · · + hk (z2 ),
11

(20)

T
d
d
C
N CN

−1

T
d
C
N LP (UN |ZN )

(21)

which uses the control function estimator if there is not evidence that it is inconsistent and
otherwise uses the usual two stage least squares estimator.

13

14
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(22)
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almost surely,

For the rest of the paper, we will use α = 0.05 in Algorithm 3. If the p-value of the test
statistic H(βbCF , βb2SLS ) is less than 0.05, then there is evidence that the control function
estimator is inconsistent and the usual two stage least squares estimator is used; otherwise,
the control function estimator is used.

1, e1 , z1 , z2 and h2 (z2 )

(23)




where Cov βbCF and Cov βb2SLS are the covariance matrices of βbCF and βb2SLS and A−
denote the Moore-Penrose pseudoinverse. Under the null hypothesis where the augmented
instrument error.iv is valid, the test statistic H(βbCF , βb2SLS ) is asymptotically χ21 .
Based on the statistic H(βbCF , βb2SLS ), we introduce a pretest estimator in Algorithm 3,


T h



i− 

H(βbCF , βb2SLS ) = βbCF − βb2SLS
Cov βb2SLS − Cov βbCF
βbCF − βb2SLS ,

The Hausman test (Hausman (1978)) provides a test for the validity of the augmented
instrumental variable error.iv. The test statistic H(βbCF , βb2SLS ) is defined as

estimator with the augmented set of instruments Z. Under the null hypothesis that the
augmented instrumental variable error.iv is valid, the two estimators are consistent and
βbCF is efficient. Under the alternative hypothesis that the augmented instrumental variable
error.iv is invalid, βb2SLS is consistent while βbCF is not consistent.

We will explain how to test the validity of the augmented instrumental variables the control function method uses for k = 2; it is straightforward to extend the test to the more
general model. Recall the instruments for the usual two stage least squares estimator:
Z1 = (1, z1 , z2 , h2 (z2 )); As we have shown (Sections 3.2 and 3.3), the control function estimator is a two-stage estimator with the instruments Z = (Z1 , error.iv), where error.iv
is the augmented instrumental variable. We use βb2SLS to denote the usual two stage least
squares estimator with instruments Z1 and use βbCF to denote the two stage least squares

4. A pretest estimator

e 6= 0 and E(error.iv2 X)
e 6= 0. Hence, it
we have E(error.iv12 ) > 0 and E(error.iv1 X)
follows that the control function estimator is strictly better than two stage least squares
under the assumptions 1 and 2 of valid instruments, the additional assumptions 3 and 4
of the control function method and the functional assumption (22). Since e1 is a linear
function of y2 , the functional assumption (22) is saying that the nonlinear functional g2 (y2 )
cannot be expressed as a linear combination of linear functions of y2 and the other variables

g2 (y2 ) is not a linear combination of

In this section, we compare usual two stage least squares (i.e., without any augmented
instruments) to the control function method under the assumptions 1 and 2 of valid instruments and the additional assumptions 3 and 4 of the control function method. For k = 3,
X = (y2 , g2 (y2 ) , g3 (y2 )) denote the endogenous variables and Z1 = (z1 , z2 , h2 (z2 ) , h3 (z2 ))
denote the instrumental variables. Z2 = (error.iv1 , error.iv2 ) denote the augmented ine = (e1 , δ0 e1 + error.iv1 , δ1 e1 + δ2 error.iv1 + error.iv2 ) denote the residstruments and X
ual of regressing X on Z1 . According to White (1984), the asymptotic variance of a
two stage least squares estimator will not increase when adding extra valid instruments
and will decrease as long as the extra valid instruments are correlated with the endogenous variables given the current instruments. In our setting, adding Z2 to the list of
e
instrumental variables will decrease the asymptotic variance if Z2 is correlated with
 X.
e = 0, E(error.iv 2 ), δ2 E(error.iv 2 ) and
Since E(e1 × error.iv) = 0, we have E(error.iv1 X)
1
1

e = 0, 0, E(error.iv 2 ) . Assume
E(error.iv2 X)
1

3.6 Comparison between usual two stage least squares and control function

The control function bias formula (21) shows that in order for the control function
estimator to be asymptotically unbiased, all augmented instruments are required to be uncorrelated with the error of the second stage. It is possible that the augmented instruments
are correlated with the second stage error even when ZN are valid instrumental variables.
See the simulation study in section 5.3 for an example. In Section 4, we develop a test for
whether the augmented instruments are correlated with the error of the second stage.



where UN denotes the vector of error u1 in the second stage. Hence a consistent estimator
of the asymptotic bias from using the control function method is

For (20), we could make use of the two stage least squares method with the outcome variable
 T
−1
T
d
d
d
y1 − LP (u1 |Z) to obtain the consistent estimate C
C
N CN
N [YN − LP (UN |ZN )] ,

y1 − LP (u1 |Z) = β0 + β1 y2 + β2 y22 + β3 z1 + u1 − LP (u1 |Z)

We have shown that the control function estimator is equivalent to the two stage least
squares estimator with an augmented set of instrumental variables and certain assumptions
will make the control function estimator consistent and more efficient than the two stage
least squares estimator. Just as we can view the control function estimator as one type of
two stage least squares estimator, we can view the usual two stage least squares estimator
without the augmented instruments as one type of control function estimator. For k = 3,
if we include e1 , e2 and e3 , which are the residuals of the regression y2 ∼ z1 + z2 + h2 (z2 ) +
h3 (z2 ), g2 (y2 ) ∼ z1 +z2 +h2 (z2 )+h3 (z2 ) and g3 (y2 ) ∼ z1 +z2 +h2 (z2 )+h3 (z2 ) respectively,
in the second stage regression, this control function estimator is the same as the usual two
stage least squares estimator without the augmented instruments.

1, z1 , z2 , h2 (z2 ). For example, assuming the first stage model (13) and g2 (y2 ) = y22 and
h2 (z2 ) = z22 , the functional assumption (22) is automatically satisfied.

where Z denote the instrumental variables and and u1 − LP (u1 |Z) is uncorrelated with Z
by the property of OLS. Plugging (19) into (18):

y1 = β0 + β1 y2 + β2 y22 + β3 z1 + LP (u1 |Z) + u1 − LP (u1 |Z)

Guo and Small
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(

βbCF
βb2SLS

if p > α
if p ≤ α .
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βbPretest =

(24)

Algorithm 3 Pretest estimator
Input: i.i.d observations of pre-treatment covariates z1 , instrumental variables
(z2 , h2 (z2 ) · · · , hk (z2 )), the treatment variable y2 , outcome variable y1 and level α.
Output: The pretest estimator of treatment effects β = (β1 , β2 , · · · , βk ) in (2).
b2SLS and the corresponding covari1: Implement Algorithm
 1 and
 obtain the estimator β
ance structure Cov βb2SLS . Implement Algorithm 2 and obtain the estimator βbCF and


the corresponding covariance structure Cov βbCF .
bCF b2SLS ) as (23) and define the p-value p =
2: Calculate
the test statistic

 H(β , β
P χ2 (1) ≥ H(βbCF , βb2SLS ) . The level α pretest estimator is defined as

5. Simulation study

(25)

Our simulation study compares the usual two stage least squares (2SLS) estimator, the
control function (CF) estimator and the pretest estimator. We will consider several different model settings where the assumptions of the control function estimator are satisfied,
moderately violated (two settings) and drastically violated and we will also investigate the
sensitivity of the control function estimator to different joint distributions of errors. The
sample size is 10,000 and we implement 10,000 simulations for each setting. We report the
winsorized sample mean of the estimators (WMEAN) and the winsorized root mean square
error (WRMSE). The non-winsorized sample mean of the estimators (NWEAN) and the
non-winsorized root mean square error (NRMSE) are reported in the appendix C. The winsorized statistics are implemented as setting the 95-100 percentile as the 95-th percentile
and the 0-5 percentile as the 5-th percentile and using the winsorized data to calculate the
mean and root mean square error. The winsorized statistics are less sensitive to outliers
(Wilcox & Keselman , 2003). The non-winsorized results summarized in the appendix C
have similar patterns as the winsorized results reported in the following discussion. The
outcome model that we are considering is
y1 = β0 + β1 z1 + β2 y2 + β3 y22 + u1 ;
In the following subsections, we will generate y2 according to different models.
5.1 Setting where the assumptions of the control function estimator are
satisfied

JMLR 17(100):1-35

(26)

For the setting where the assumptions of control function estimator are satisfied, the model
we consider is:
y1 = 1 + z1 + 10y2 + 10y22 + u1 ;
1
1
1
y2 = 1 + z1 + z2 + z22 + v2 ;
8
3
8
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u1
0
1 0.5
where z1 ∼ N (0, 1) and z2 ∼ N (0, 1) and
∼ N
,
. Setting
v2
0
0.5 1
(1) of Table 1 presents the absolute value of ratio of bias of the sample winsorized mean
to the true value and the ratio of the sample winsorized root mean square error to the
sample winsorized root mean square error of the two stage least squares estimator, where
the columns under WMEAN present absolute value of the ratio of the bias and the columns
under the WRMSE present the ratio of the root mean square error. Since the ratio of the
sample winsorized root mean square error is using the sample winsorized root mean square
error of the two stage least squares estimator as the basis, we only report the ratio of the
ratio of the sample winsorized root mean square error for the control function estimator and
the pretest estimator. ERR represents the empirical rejection rate of the null hypothesis
that the extra instrumental variable given by the control function method is valid. The
ERR is around 0.05 since the assumptions of CF estimator is satisfied in this model. The
usual two stage least squares, control function and pretest estimator all have small bias.
The WRMSE of control function estimator is consistently smaller than the WRMSE of the
usual two stage least squares estimator. For β2 and β3 , the WRMSE are more than 7 times
smaller than that of the usual two stage least squares estimator. The pretest estimator also
gains substantially over the two stage least squares estimator.

5.2 Setting where the assumptions of the control function estimator are
moderately violated

(27)

We consider two models where the assumptions of the control function estimator are moderately violated,

1. y2 is involved with a cubic function of z2

y1 = 1 + z1 + 10y2 + 10y22 + u1 ;

1 + 81 z1 + 31 z2 + 81 z22 + z23
1
 + v2 ;
y2 = ×
2 sd 1 + 81 z1 + 31 z2 + 81 z22 + z23

where sd 1 + 81 z1 + 31 z2 + 81 z22 + z23

is the standard deviation of1+ 1 z + 1 z2 + 81 z22 +z23


   8 1 3 
u1
0
1 0.5
∼N
,
.
v2
0
0.5 1

and z1 ∼ N (0, 1) and z2 ∼ N (0, 1) and

and z1 ∼ N (0, 1) and z2 ∼ N (0, 1) and
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In these simulation settings, since the terms 1 + 81 z1 + 31 z2 + 81 z22 + z23 or 1 + 81 z1 +
+ 81 z22 + exp(z2 ) involved in the y2 model tend to be much larger than the error v2 ,

1 2
8 z2 +exp(z2 )

y1 = 1 + z1 + 10y2 + 10y22 + u1

(28)
1 + 81 z1 + 31 z2 + 81 z22 + exp(z2 )
1
 + v2 ;
y2 = ×
2 sd 1 + 81 z1 + 31 z2 + 18 z22 + exp(z2 )

where sd 1 + 1 z1 + 1 z2 + 1 z22 + exp(z2 ) is the standard deviation of1 + 1 z1 + 1 z2 +
8
3
8
8
3






u1
0
1 0.5
∼N
,
.
v2
0
0.5 1

2. y2 is involved with an exponential function of z2 .

1
3 z2

16

 

0
1 0
,
and β2 = 1, β3 = 0.2, β4 = 1 and
0
0 1

+ β4 w + u1

(29)
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γ1 = 1, γ2 = 0.2 and δ = 0.5.
Setting (4) of Table 1 presents the absolute value of ratio of bias of the sample winsorized
mean to the true value of the model (29) and the ratio of the sample winsorized root mean
square error to the sample winsorized root mean square error of the two stage least squares
estimator.
The ratio of bias of the WMEAN of usual two stage least squares and pretest estimators
to the true value are close to zero while the ratio of the bias for the control function estimator
is far away from zero. The WRMSE of the control function estimator is much larger than
that of the usual two stage least squares estimator. The pretest estimator performs well in
terms of sample mean and mean square error because the pretest hypothesis testing rejects
most of the control function estimators.

where z2 ∼ N (0, 1) and u1 , v2 ∼ N



y1 = β2 y2 +

β3 y22

w = δv22 + N (0, 1)

y2 = −γ2 + γ1 z2 + γ2 z22 + v2

We now consider a setting in which the control function assumptions are drastically violated.
The model setting is as follows:

5.3 Setting where the assumptions of the control function estimator are
drastically violated

we standardize these by their standard deviation. The assumptions of the control function
estimator are moderately violated in models (27) and (28) since we use a quadratic model
of z2 to fit the endogenous variable y2 , whose conditional mean has a cubic (exponential)
term of z2 .
Setting (2) of Table 1 presents the absolute value of ratio of bias of the sample winsorized
mean to the true value of the model (27) and the ratio of the sample winsorized root mean
square error to the sample winsorized root mean square error of the two stage least squares
estimator. The ratio of bias of two stage least squares, control function and pretest estimator
to the true value are small. The empirical rejection rate is around 0.10 and the WRMSE of
the control function estimator and the pretest estimator are smaller than WRSME of the
two stage least squares estimator.
Setting (3) of Table 1 presents the WMEAN and WRMSE results for the exponential
model (28). The ratio of the bias of two stage least squares, control function and pretest
estimators to the true value are small. The empirical rejection rate is low and the WRMSE
of the control function estimator and the pretest estimator are smaller than WRSME of
the two stage least squares estimator. For β3 , the WRMSE of the CF estimator and the
pretest estimator are around 5% of WRMSE of the usual two stage least squares estimator.
Even though the assumption 3 of the control function method is violated for the models
(27) and (28), the CF estimator is still approximately unbiased and more efficient than the
2SLS estimator. For these settings, the pretest estimator generally uses the CF estimator
and is considerably more efficient than the 2SLS estimator.

CF Estimation of Nonlinear Causal Effect Models

0.000
0.000

0.001
0.001

0.000
0.000

0.001
0.000

WMEAN
WRMSE
Control Function Pretest Control Function Pretest
Satisfied Model (26)(ERR=0.0510)
0.000
0.000
0.139
0.155
0.000
0.000
0.070
0.079
Cubic Model (27)(ERR=0.1073)
0.000
0.000
0.994
0.996
0.000
0.000
0.635
0.736
Exp Model (28) (ERR=0.0515)
0.001
0.000
0.275
0.311
0.000
0.000
0.049
0.053
Drastically Violated Model (29)(ERR=1.0000)
0.128
0.000
6.900
1.000
0.546
0.000
10.275
1.000

(30)
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3. Bivariate absolutely
normal distribution:
u1 = |1 | − E|1 | and v2 = |2 | − E|2 | where
  

0
1 0.5
1 , 2 ∼ N
,
.
0
0.5 1

2. Bivariate
distribution:
u1 = exp (1 ) and v2 = exp (2 ) where 1 , 2 ∼
 log-normal


0
1 0.5
N
,
.
0
0.5 1

1. Double exponential distribution: u1 = 1 and v2 = 12 1 + 23 2 where 1 and 2 are
independent double exponential distribution with mean 0 and variance 1.

√

where z1 ∼ N (0, 1) and z2 ∼ N (0, 1), but u1 and v2 are not bivariate normal. We generate
u1 and v2 in the following three ways

y1 = 1 + z1 + 10y2 + 10y22 + u1 ;
1
1
1
y2 = 1 + z1 + z2 + z22 + v2 ;
8
3
8

In this section, we investigate how sensitive the control function estimator is to different
joint distributions of (u1 , v2 ); in particular, we consider settings where Assumption 3 is
satisfied but Assumption 4 is not satisfied. Assume that we use a quadratic model in z2 to
fit the first stage and the true first stage model is quadratic in z2 ,

5.4 Sensitivity of joint distribution of errors

Table 1: The ratio of the bias of the sample winsorized mean (WMEAN) to the true value
and the ratio of the Winsorized RMSE (WRMSE) of the control function(Pretest) estimator
to WRMSE of the two stage least squares estimator for Satisfied Model (26), Cubic Model
(27) with SD = 0.5, Exponential Model (28) with SD = 0.5 and Drastically Violated
Model (29). The Empirical Rejection Rate (ERR) stands for the proportion (out of 10,000
simulations) of rejection of the null hypothesis that the extra instrumental variable given
by the control function method is valid.

(1)
β2
β3
(2)
β2
β3
(3)
β2
β3
(4)
β2
β3

2SLS

Guo and Small

(1)
β2
β3
(2)
β2
β3
(3)
β2
β3

WMEAN
WRMSE
Control Function Pretest Control Function
Double exponential distribution (ERR=0.0520)
0.000
0.000
0.154
0.000
0.000
0.099
Log normal distribution(ERR=0.0509)
0.006
0.006
0.077
0.001
0.001
0.060
Absolute normal distribution(ERR=0.1455)
0.017
0.011
0.964
0.004
0.002
0.968
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2SLS
0.001
0.000
0.006
0.001
0.000
0.000

Pretest
0.174
0.112
0.079
0.059
1.063
1.065

Table 2: The ratio of the bias of the sample winsorized mean (WMEAN) to the true value
and the ratio of the Winsorized RMSE (WRMSE) of the control function(Pretest) estimator
to WRMSE of the two stage least squares estimator for the model (30) and different joint
distributions of errors. For this model, the assumption 4 of the control function estimator
to be consistent is violated.

For these settings, Assumption 3 is satisfied but Assumption 4 is not satisfied. Table
2 presents the ratio of the bias of the sample winsorized mean (WMEAN) to the true
value and the ratio of the Winsorized RMSE (WRMSE) of the control function(Pretest)
estimator to WRMSE of the two stage least squares estimator for the model (30) and
different joint distributions of errors. For the double exponential distribution and the log
normal distribution, the ratio of the bias of the usual two stage least squares, the control
function and the pretest estimator are small; the WRMSE of the control function and the
pretest estimator are much smaller than that of the usual two stage least squares estimator.
For the absolute normal distribution, the ratio of the bias of the control function and the
pretest estimator are slightly larger than that of the usual two stage least squares; the
WRMSE of the control function estimator is slightly smaller than that of the usual two
stage least squares estimator and that of the pretest estimator is slightly larger than that
of the usual two stage least squares estimator. In summary, the control function estimator
is robust to the violations of Assumption 4 considered in this section.

6. Application to a field experiment in Burundi

JMLR 17(100):1-35

In this section, we apply the control function method and usual two stage least squares to
estimate the effect of exposure to violence on a person’s patience (conflict on time preference). The data set consists of 302 observations from a field experiment in Burundi (Voors
et al (2012)). Burundi underwent a civil war from 1993-2005, where the intensity of the
conflict varied in different parts of the country. Voors et al (2012) sought to access whether
the exposure to violence that a person experienced, as measured by the percentage dead
in attacks in the area the person lived (yi2 ) affected a person’s patience (yi1 ), as measured
by a person’s discount rate for willingness to receive larger amounts of money in the future
compared to smaller amounts of money now. A smaller value of the discount rate yi1 means
19

β2
(SD)
β3
(SD)

Guo and Small

two stage least squares
-1.282
(7.033)
0.2360
(0.451)

control function
2.101
(3.479)
0.017
(0.217)

Table 3: Estimates and Standard Error of Coefficients before Endogenous Variables

2
2
y2i = α0 + α1 zi1 + α2 zi2 + α3 zi1
+ α4 zi2
+ α5 zi1 × zi2 + α6| xi + v,

the person is more patient. The exogenous variables xi that are available are whether the
respondent is literate, the respondent’s age, the respondent’s sex, the total land holding
per capita, land Gini coefficient, distance to market, conflict over land, ethnic homogeneity,
socioeconomic homogeneity, population density and per capita total expenditure. As discussed in Voors et al (2012), it is possible that the exposure to violence (yi2 ) is endogenous
because violence may be targeted in a non-random way that is related to patience of the
community; for example, violence may be targeted to extract “economic profit”, i.e., steal
the assets of others, where communities which are more vulnerable to having their assets
stolen may also differ in their patience levels from less vulnerable communities. Due to
possibility of endogeneity, the OLS estimator of regressing the outcome on the observed
covariates maybe a biased estimate of the effect of exposure to violence on time preference.
We follow the discussion in the paper Voors et al (2012) and use the following instrumental
variables, distance to Bujumbura (the capital of Burundi) and altitude. Fighting was more
intense near Bujumbura (the capital of Burundi) and at higher altitudes. The assumption
for distance to Bujumbura and altitude to be valid instruments is that they only affect
the distribution of violence and are not associated with the patience level of a community.
Voors et al (2012) defend this assumption by discussing that most plausible concern with
its validity is that distance to the capital and altitude might be associated with distance to
market which might be associated with patience, but that in Burundi, since most farmers
operate at a substance level, selling goods to nearby market, there are local markets in all
communities, reducing the possibility of geography being correlated with preference. See
more detailed discussion in page 956 in Voors et al (2012). We are able to express our model
as
2
y1i = β0 + β1T xi + β2 y2i + β3 y2i
+ u,
and

where zi1 represents the distance to Bujumbura and zi2 represents the altitude for the i-th
subject.
Table 3 presents the control function estimate and two stage least squares estimate of β2
and β3 . Rather than focus directly on β2 and β3 , we focus on a more interpretable quantity,
the increase of discount rate when percentage dead in attacks increase from y2 to y2 + 1,
which we denote by δ(y2 ),

δ(y2 ) = y1y2 +1 − y1y2 = β2 + β3 (1 + 2y2 ) .

JMLR 17(100):1-35

In Figure 3(a)/(b), we plot usual two stage least squares/control function point estimates
and corresponding confidence intervals of δ(y2 ) respectively. The middle curve represents

20

is independent of

y2,i , z1,i , z2,i , u1,i ,

(32)

21
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2
2
E u1,i + (β1,i − β1 ) y2,i + (β2,i − β2 ) y2,i
z1,i = E (u1,i z1,i )+E (β1,i − β1 ) y2,i z1,i +E (β2,i − β2 ) y2,i
z1,i = 0

which is a special case of assumption A.3 in Wooldridge (1997) by setting ρ1 = 0. As
discussed in Wooldridge (1997) and Small (2007), the assumption (32) states that the
2 ) based on the gains that they would
units do not select their treatment levels (y2,i and y2,i
experience from the treatment (β1,i and β2,i ). The heterogenous effect model (31) can be
expressed as

2
2
y1,i = β0 +β1 y2,i +β2 y2,i
+β3 z1,i + u1,i + (β1,i − β1 ) y2,i + (β2,i − β2 ) y2,i
, for i = 1, · · · , n.


2
The new error u1,i + (β1,i − β1 ) y2,i + (β2,i − β2 ) y2,i
has the following property

(β1,i , β2,i )

2 are valid instruments for y
2
and assume that z2,i and z2,i
2,i and y2,i . We introduce the
following notation β1 = Eβ1,i and β2 = Eβ2,i and assume that

The model (2) assumes constant treatment effect. The comparison between the CF estimator and the 2SLS estimator presented in this paper can be extended to more general class
of models that allows for heterogeneous treatment effects model, as discussed in section 5 of
Small (2007). Without loss of generality, we consider the outcome model to be a quadratic
model.
2
y1,i = β0 + β1,i y2,i + β2,i y2,i
+ β3 z1,i + u1,i , for i = 1, · · · , n,
(31)

7. Discussion

where V ar.2SLS (δ(y2 )) represents the variance of δ(y2 ) given by usual two stage least
squares and V ar.CF (δ(y2 )) represents the variance of δ(y2 ) given by control function.
Figure 3(c) illustrates that the ratio of variance is always larger than one and shows that the
control function estimate is more efficient than the usual two stage least squares estimate.
We apply the Hausman test to this real data and the corresponding pvalue is around 0.579 so
that the validity of the extra instrumental variable is not rejected and the pretest estimator
is equal to the control function estimator.
Figure 3(d) demonstrates the predicted causal relationship between the discount rate
and percentage dead in attacks. All the other covariates are set at the sample mean level
and we plug in the estimates of the coefficients by the control function method and the two
stage least square method. As illustrated, we see that the exposure to violence (measured
by percentage dead in attacks) decreases patience (measured by a smaller discount rate).
We present two additional applications of the control function method to estimate the
effect of household income on food demand in Appendix D and the effect of smoking during
pregnancy on birthweight on Appendix E.

the point estimate of δ(y2 ), and the higher curve and lower curve represent the upper and
lower bound of 95% confidence interval of δ(y2 ) respectively. In Figure 3(c), we compare the
variance of δ(y2 ) provided by control function and usual two stage least squares by plotting
the ratio:
V ar.2SLS (δ(y2 ))
,
V ar.CF (δ(y2 ))
20
10
0
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10

Percentage dead in attacks

5
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0
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Percentage dead in attacks

5

Upper
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Figure 3: (a) plots the two stage least squares estimate and 95% confidence interval for
the increase of discount rate δ(y2 ) with respect to different percentage dead in attacks;(b)
plots the control function estimate and 95% confidence interval for the increase of discount
rate δ(y2 ) with respect to different percentage dead in attacks;(c) plots the ratio of the
variance of two stage least squares to the variance of the control function method with
respect to different percentage dead in attacks;(d) plots the discount rate as a function of
the percentage dead in attacks with the CF estimate and the 2SLS estimate.
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E

E
 2 
2
u1,i + (β1,i − β1 ) y2,i + (β2,i − β2 ) y2,i
z2,i = 0.



2
u1,i + (β1,i − β1 ) y2,i + (β2,i − β2 ) y2,i
z2,i = 0,

where the first part follows from that z1,i is exogenous and the last two part follows from
the assumption (32) . Similarly, we can also show that

and

log E (y1 |y2 , z) = β0 + β1 y2 + β2 z1 + β3 u.

(33)

Hence, the instrumental variables are valid for the new error. Our theory for the homogeneous model (2) can be extended to the general (31) under the assumption (32) (it can also
be extended under the weaker assumptions than (32) found in Wooldridge (1997)). The
pretest estimator provides a consistent estimator and is close to the more efficient estimator
between 2SLS and the CF estimator.
We focus on the continuous outcome model in this paper. For a count outcome that
follows a log linear model,

where
y = α0 + α1 z1 + α2 z2 + δ,

y1 |c, z ∼ N (fc (z) + λc , σ 2 ).

and z1 is the included exogenous variable and z2 is the instrumental variable and δ is normal
variable with zero mean and variance σ 2 , Mullahy (1997) shows that the 2SLS estimator
is inconsistent while the CF estimator is consistent in this count outcome model. For a
binary outcome that follows a logistic regression model, comparison of the CF estimator
and the 2SLS estimator for the logistic second stage model can be a further research topic,
discussion is found in Cai et al. (2011) and Clarke & Windmeijer (2012).
Imbens & Rubin (1997) formulated the potential outcome model for binary instrumental
variable and binary treatment, which can be extended to continuous instrumental variable
and treatment as follows: The treatment y2 = fc (z) is an increasing function in z given the
compliance class c, where c ∈ {1, · · · , M }. We also assume the monotonicity assumption of
the compliance class
fc0 (z) ≤ fc (z) for c0 ≤ c.
The outcome model is

JMLR 17(100):1-35

As discussed in Imbens & Rubin (1997), the MLE and Bayesian estimator is more efficient
than the instrumental variable based method since the instrumental variable method does
not take into account the non-negativity of the density function. However, the estimator
might be inconsistent if the model is wrong. In this paper, we focus on the semi-parametric
model (2), which is robust to the outcome distribution. In the semi-parametric model (2),
we show that the CF estimator is equivalent to a 2SLS estimator with an augmented set of
instrumental variables. When the extra instrumental variables are valid, we demonstrate
by theoretical results and simulation results that the CF estimator is more efficient than
the usual 2SLS estimator.
23

8. Conclusion

Guo and Small

JMLR 17(100):1-35

This paper compares the control function estimator (Algorithm 2) and the usual two stage
least squares estimator (Algorithm 1) for nonlinear causal effect models. Theoretically, we
show that the control function estimator is equivalent to a two stage least squares estimator
with an augmented set of instrumental variables. When the augmented instrumental variables are valid, the control function method will have a larger set of instrumental variables
than the usual two stage least squares estimator and hence the control function estimator
will have a smaller variance and root mean square error.
Methodologically, we develop a pretest estimator (Algorithm 3) which tests the validity
of the augmented instrumental variables and combines the strength of the control function
estimator and the usual two sage least squares estimator. In the simulation study, the
pretest estimator provides large gains over two stage least squares in some settings while
never being much worse than two stage least squares. Such phenomenon is also observed
in the real data analysis.
For practical application, we suggest to use the pretest estimator which means implementing both the two stage least squares estimator and the control function estimator and
calculating the Hausman test statistics based on these two estimates. If the Hausman test
leads to the rejection of the null, the two stage least squares estimator is more trustworthy;
otherwise, we use the control function estimator because it is more efficient and there is no
evidence of it being biased.
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(34)

Lemma 7 (Adjustment Lemma)
For the linear model

25

y = β1 x1 + β2 x2 + ,

Appendix B. Proof of the theorems
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Assumption i is the same as condition (a). Assumption ii is the second part of condition (b).
For the first part of condition (b), since v2 = f (α, Z) is a linear function of the parameters
α, f is twice continuously differentiable. For condition (c), by assuming iii that the true
model of the first stage is (4), the first stage regression coefficients α̂ of the standard control
function estimator (7) are consistent estimates of α.

iii The true model of the first stage is (4).

ii limn→∞ AT Z = Q1 .

i limn→∞ AT A = Q0 where A = (X, V2 ) and Q0 is positive definite matrix.

We will show that under the following three regularity assumptions, the conditions (a), (b), (c)
of Theorem 1 in Murphy et al (2002) are satisfied.

(c) The first stage estimate α̂ is a consistent estimator of α.

(b) v2 = f (α, Z) = y2 − (α0 + α1 z1 + α2 H(z2 )) is twice continuously differentiable in α
for each Z and limn→∞ AT Z = Q1 .

(a) limn→∞ AT A = Q0 where A = (X, V2 ) and Q0 is positive definite matrix.

Since e is uncorrelated with z1 and v2 , it suffices to show that the new error e is uncorrelated with gi (y2 ). By the law of iterated expectation and the one-to-one correspondence between y2 and v2 , E(gi (y2 )e) = E [E(gi (y2 )e|y2 , z)] = E [gi (y2 )E(e|v2 , z)] . By Assumption 3, E(e|v2 , z) = E(u1 − ρv2 |v2 , z) = E(u1 − ρv2 |v2 ). By Assumption 4, E(u1 −
ρv2 |v2 ) = E(u1 |v2 ) − ρv2 = 0. Hence, E(gi (y2 )e) = 0. and the new error e is uncorrelated with gi (y2 ). If we estimate v2 by its estimate v̂2 , the residual of the first stage
y2 ∼ z1 + z2 + h2 (z2 ) + · · · + hk (z2 ), the consistency of the control function estimate follows
if we can verify the regularity conditions in Theorem 1 in Murphy et al (2002), which says
that if we obtain the consistent estimates of first stage coefficients, we estimate the second
stage coefficients consistently by replacing the residual with its estimate from the first stage.
Let Z denote the data matrix where each row is an i.i.d sample of {z1 , z2 , h2 (z2 ), · · · , hk (z2 )},
X denote the data matrix where each row is an i.i.d sample of {z1 , y2 , g2 (y2 ), · · · , gk (y2 )}
and V2 denote the data matrix where each row is an i.i.d sample of {v̂2 }. The regularity
conditions for Theorem 1 in Murphy et al (2002) are the following:

y1 = β0 + β1 y2 + · · · + βk gk (y2 ) + βk+1 z1 + ρv2 + e.

We now investigate why the control function method works under assumptions 1,2,3 and 4.
Define e = u1 − ρv2 . Since e is the residual of regressing u1 on v2 , e and v2 are uncorrelated.
By plugging in u1 = e + ρv2 , we have

Appendix A. Consistency of the control function estimator
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y2 ∼ z1 + z2 + h2 (z2 ),

−1

Z T g2 (y2 ) − Z T Z

−1

T
Z T g^
2 (y2 ) = Z Z

−1

Z T e1 = 0

(35)
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regression g2 (y2 ) ∼ z1 + z2 + h2 (z2 ) + error.iv. Since error.iv is orthogonal to z1 , z2 , h2 (z2 )
and e1 , error.iv is orthogonal to y2 = α0 + α1 z1 + α2 z2 + α3 h2 (z2 ) + e1 and hence the

where the column vector e1 is orthogonal to the column vectors z2 , h2 (z2 ) and error.iv and
error.iv is orthogonal to z1 , z2 and h2 (z2 ) by the property of OLS. By the decomposition
(35), we conclude that except for a constant, g^
2 (y2 ) is equal to the predicted value of the

= γc + γe1 + γ1 z1 + γ2 z2 + γ3 h2 (z2 ) + error.iv.

g2 (y2 ) = γc + γe1 + g^
2 (y2 )

By the discussion after theorem 2, we have the following decomposition

(2) g^
2 (y2 ) is equal to the predicted value of the regression g2 (y2 ) ∼ z1 + z2 + h2 (z2 ) +
error.iv.

(1) ye2 is equal to the predicted value of the regression y2 ∼ z1 + z2 + h2 (z2 ) + error.iv.

Proof [Proof of Theorem 3] It is sufficient to show that except for a constant difference,

we come to the conclusion that the regression g2 (y2 ) ∼ z1 + z2 + h2 (z2 ) and g^
2 (y2 ) ∼
z1 + z2 + h2 (z2 ) give the same estimates of coefficients on 1, z1 , z2 , h2 (z2 ).

ZT Z

it follows from the property of OLS that Z T e1 = 04×1 . The coefficients given by regression
−1 T
g2 (y2 ) ∼ z1 + z2 + h2 (z2 ) are Z T Z
Z g2 (y2 ) and those given by regression g^
2 (y2 ) ∼

−1
z1 + z2 + h2 (z2 ) are Z T Z
Z T g^
(y
).
Since
2 2

2

Proof [Proof of Theorem 2] Let Z = (1, z1 , z2 , h2 (z2 )) denote the matrix of observed values
of instrumental variables. y 2 = γc + γe1 + g^
2 (y2 ) Since e1 is the residual of the regression

where x
e is the residual of the regression x ∼ e1 . Since z1 is orthogonal to e1 by the property
of OLS, ze1 = z1 . The theorem follows by replacing ze1 with z1 .

This lemma is called Adjustment Lemma since we adjust x1 to x2 to obtain x1.2 .
Proof [Proof of Theorem 1] By the adjustment lemma, the coefficients of the regression
y1 ∼ ze1 + ye2 + g^
2 (y2 ) are the same with corresponding coefficients in y1 ∼ z1 +y2 +g2 (y2 )+e1

where x1.2 is the residual of the regression x1 ∼ x2 .

y ∼ x1.2 ;

y ∼ x1 + x2 ,

the following two regression give us the same estimate of β1 :

Guo and Small
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(36)

predicted value of the regression y2 ∼ z1 + z2 + h2 (z2 ) + error.iv is the same with yb2 , which
is the same with ye2 .
Proof [Proof of Theorem 4]
It is sufficient to show that except for a constant difference,
(1) ye2 is equal to the predicted value of the regression
y2 ∼ z1 + z2 + h2 (z2 ) + h3 (z2 ) + error.iv1 + error.iv2 .

(2) ^ is equal to the predicted value of the regression
g2 (y2 )

g2 (y2 ) ∼ z1 + z2 + h2 (z2 ) + h3 (z2 ) + error.iv1 + error.iv2 .
(3) g^
3 (y2 ) is equal to the predicted value of the regression
g3 (y2 ) ∼ z1 + z2 + h2 (z2 ) + h3 (z2 ) + error.iv1 + error.iv2 .
We start with a decomposition of g3 (y2 )
g3 (y2 ) = γc + γe1 + g^
3 (y2 )
= γc + γe1 + γ1 z1 + γ2 z2 + γ3 h2 (z2 ) + γ4 h3 (z2 ) + γ 0 error.iv1 + error.iv2 .

= γc + γe1 + γ1 z1 + γ2 z2 + γ3 h2 (z2 ) + γ4 h3 (z2 ) + error.iv2 .prime

z1 + z2 + h2 (z2 ) + h3 (z2 ) + error.iv1 + error.iv2

Since e1 is orthogonal to error.iv1 , error.iv2 and z1 , z2 , h2 (z2 ), h3 (z2 ), the predicted value
given by the regression
∼
is the same
g3 (y2 )

(37)

with g^
3 (y2 ).
Since error.iv2 is orthogonal to e1 , z1 , z2 , h2 (z2 ), h3 (z2 ), error.iv1 , error.iv2 is orthogonal
to g2 (y2 ), hence the coefficient of error.iv2 given by the following regression

g2 (y2 ) ∼ z1 + z2 + h2 (z2 ) + h3 (z2 ) + error.iv1 + error.iv2

is vanishing, which leads to the predicted value of regression (37) is the same with the
predicted value of g2 (y2 ) ∼ z1 + z2 + h2 (z2 ) + h3 (z2 ) + error.iv1 and by the decomposition
(35) and same argument in proof of theorem 3, we obtain (2).
Since error.iv1 and error.iv2 are orthogonal to e1 , z1 , z2 , h2 (z2 ), h3 (z2 ), then error.iv1
and error.iv2 are orthogonal to y2 and (1) follows.

Appendix C. Further results from the simulation study
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All the corresponding non-winsorized results are presented in Tables 4 and 5. The observations are similar to the counter part of winsorized results.
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(1)
β2
β3
(2)
β2
β3
(3)
β2
β3
(4)
β2
β3

2SLS
0.001
0.000
0.000
0.000
0.002
0.001
0.000
0.000

2SLS
0.001
0.000
0.002
0.000
0.000
0.000

Guo and Small

NMEAN
NRMSE
control function Pretest control function Pretest
Satisfied Model (26)(ERR=0.0510)
0.000
0.000
0.136
0.543
0.000
0.000
0.069
0.535
Cubic Model (27) (ERR=0.1073)
0.000
0.000
0.993
0.995
0.000
0.000
0.619
0.808
Exp Model (28) (ERR=0.0515)
0.000
0.000
0.236
0.602
0.000
0.000
0.040
0.546
Drastically Violated Model (29)(ERR=1.0000)
0.128
0.000
6.278
1.000
0.546
0.000
9.357
1.000

WMEAN
WRMSE
Control Function Pretest Control Function Pretest
Double exponential distribution(ERR=0.0520)
0.000
0.000
0.150
0.554
0.000
0.000
0.096
0.546
Log normal distribution(ERR=0.0509)
0.006
0.009
0.003
0.310
0.001
0.001
0.002
0.299
Absolute normal distribution(ERR=0.1455)
0.017
0.010
0.881
1.027
0.004
0.002
0.883
1.029

Table 4: The ratio of the bias of the sample non-winsorized mean(NMEAN)to the true
value and the ratio of the Non-winsorized RMSE(NRMSE) of the control function(Pretest)
estimator to NRMSE of the two stage least squares estimator for Satisfied Model (26), Cubic
Model (27) with SD = 0.5, Exponential Model (28) with SD = 0.5 and Drastically Violated
Model (29). The Empirical Rejection Rate (ERR) stands for the proportion (out of 10,000
simulations) of rejection of the null hypothesis that the extra instrumental variable given
by the control function method is valid.

(1)
β2
β3
(2)
β2
β3
(3)
β2
β3
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Table 5: The ratio of the bias of the sample non-winsorized mean(NMEAN)to the true
value and the ratio of the Non-winsorized RMSE(NRMSE) of the control function(Pretest)
estimator to NRMSE of the two stage least squares estimator for the model (30) and different
joint distributions of errors. For this model, the assumption 4 of the control function
estimator to be consistent is violated.
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two stage least squares
39.993
( 22.353)
-2.397
(2.730)

control function
7.389
(3.728)
1.592
(0.431)
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3

4

4

5

5
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6

0

0

1

1

Upper Bound of CI
Point Estimate of Increase
Lower Bound of CI

2

2

4

ln(income)

3

4

Ratio of Variance of 2SLS to CF

ln(income)

3

2SLS Estimate of Increase

5

5

6

6
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Appendix E. Application to smoking data

where V ar.2SLS (η(y2 )) represents the variance of η(y2 ) given by usual two stage least
squares and V ar.CF (η(y2 )) represents the variance of η(y2 ) given by control function.
Figure 4(b) shows that two stage least squares leads to negative estimate of the non-negative
valued Income Elasticity of Food Demand; in contrast, Figure 4(c) shows that the control
function estimate of the non-negative valued Income Elasticity of Food Demand is always
positive. Figure 4(d) illustrates that the ratio of variance is always larger than one and
shows that the control function estimate is more efficient than the usual two stage least
squares estimate. We apply the Hausman test to this real data and the corresponding
pvalue is around 0.14 so that the validity of the extra instrumental variables is not rejected
and the pretest estimator is equal to the control function estimator.

V ar.2SLS (η(y2 ))
,
V ar.CF (η(y2 ))

of η(y2 ) respectively. In Figure 4(d), we compare the variance of η(y2 ) provided by control
function and usual two stage least squares by plotting the ratio:

In this section, we apply the control function method and usual two stage least squares to
estimate the effect of maternal smoking during pregnancy on birth weight. The data set
consists of 1388 observations from the Child Health Supplement to the 1998 National Health


100
β̂2 log(1.01) + β̂3 2 log(1.01)y2 + log(1.01)2 .
31.14

1

Upper Bound of CI
Point Estimate of Increase
Lower Bound of CI

1

OLS Estimate of Increase

Figure 4: (a) plots the OLS estimate and 95% confidence interval for the income elasticity
with respect to different log(income);(b) plots the two stage least squares estimate and 95%
confidence interval for the income elasticity with respect to different log(income);(c) plots
the control function estimate and 95% confidence interval for the income elasticity with
respect to different log(income);(d) plots the ratio of the variance of two stage least squares
to the variance of the control function method with respect to different log(income).

0

0

Upper
Point Estimate
Lower

Guo and Small

In Figure 4(a), we plot OLS point estimates and corresponding confidence intervals of
η(y2 ) with respect to different levels of log income y2 . The middle curve represents the
point estimate of η(y2 ), and the higher curve and lower curve represent the upper and lower
bound of 95% confidence interval of η(y2 ) respectively. In Figure 4(b)/(c), we plot usual two
stage least squares/control function point estimates and corresponding confidence intervals

η(y2 ) =

In this section, we apply the control function method and usual two stage least squares
to estimate the effect of income on food demand and compare these two methods. The
data set is from Bouis & Haddad (1990) and comes from a survey of farm households in
the Bukidnon Province of Philippines. Following Bouis & Haddad (1990), we assume that
food expenditure is a quadratic function of log income. Here, y1i is the expenditure on
food of the i-th household, y2i is the log of income of the i-th household and xi represents
the included exogenous variables of the i-th household, which consist of mother’s education, father’s education, mother’s age, father’s age, mother’s nutritional knowledge, corn
price, rice price , population density of the municipality, number of household members
expressed in adult equivalents, and dummy variables for the round of the survey. Then we
2 + u. Bouis & Haddad
are able to express our model as y1i = β0 + β1 xi + β2 y2i + β3 y2i
(1990) were concerned that regression of y1 on y2 (log income) and x would not provide
an unbiased estimate of β because of unmeasured confounding variables. In particular,
because farm households make production and consumption decisions simultaneously and
there are multiple incomplete markets in the study area, the households’ production decisions (which affect their log income y2 ) are associated with their preferences according to
microeconomic theory (Bardhan & Udry (1999), chap. 2). To solve the problem, Bouis &
Haddad (1990) proposed cultivated area per capita as an instrumental variable. Bouis and
Haddad’s reasoning for why cultivated area per capita is an instrumental variable is that
“land availability is assumed to be a constraint in the short run, and therefore exogenous
to the household decision making process.”
Table 6 presents the control function estimate and two stage least squares estimate of
β2 and β3 . Rather than focus directly on β2 and β3 , we focus on a more interpretable
quantity, the income elasticity of food demand at the mean level of food expenditure. This
is the percent change in food expenditure caused by a 1% increase in income for households
currently spending at the mean food expenditure level, and we denote it by η(y2 ). The
mean food expenditure of households is 31.14 pesos per capita per week and

Appendix D. Application to demand for food

Table 6: Estimates and Standard Error of Coefficients before Endogenous Variables

β2
(SD)
β3
(SD)
60
40
20
0

60
40
20
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Food Expenditure Increase
Food Expenditure Increase

−20
−40
60
40
20
0
−20
−40

Food Expenditure Increase
Ratio

0
−20
−40
35
30
25
20
15
10
5
0

two stage least squares
-12.535
(7.463)
0.266
(0.284)

control function
-8.956
(3.040)
0.121
(0.068)
0

Upper
Point Estimate
Lower

10

30
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20
Number of cigs

40

0

10
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30

Ratio of Variance of 2SLS to CF

20

40

50

0

0

CF
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Upper
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50

0.06

0.04
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Table 7: Estimates and Standard Error of Coefficients before Endogenous Variables

y2i = αT zi + v.

2
y1i = β0 + β1T xi + β2 y2i + β3 y2i
+ u,

Interview Survey. The goal is to estimate the effect of maternal smoking (during pregnancy)
on the birth weight. For the i-th observation, the outcome yi1 represents the log birth weight,
yi2 represents the typical number of cigarettes smoked per day during pregnancy and xi
represents the other exogenous variables: birth order, race and child’s sex. As discussed
in Wehby et al. (2011), it is possible that mothers who smoke during pregnancy self-select
into smoking based on their preferences for health and risk taking and their perceptions of
fetal health endowments. These factors, which are typically unobserved in available data
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,
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where V ar.2SLS (δ(y2 )) represents the variance of δ(y2 ) given by usual two stage least
squares and V ar.CF (δ(y2 )) represents the variance of δ(y2 ) given by control function.
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Bayesian networks are graphical representations of multivariate joint probability distributions and
have been widely used in various data-mining tasks for probabilistic inference and causal modeling (Pearl, 2000; Spirtes et al., 2001). The core of a Bayesian network (BN) representation is its
Bayesian network structure. A Bayesian network structure is a DAG (directed acyclic graph) whose
nodes represent the random variables X1 , X2 , · · · , Xn in the problem domain and whose edges
correspond to the direct probabilistic dependencies. Semantically, a Bayesian network structure G
encodes a set of conditional independence assumptions: for each variable (node) Xi , Xi is conditionally independent of its non-descendants given its parents. With the above semantics, a Bayesian
network structure provides a compact representation for joint distributions and supports efficient
algorithms for answering probabilistic queries. Furthermore, with its semantics, a Bayesian network structure can often provide a deep insight into the problem domain and open the door to the
cause-and-effect analysis.

1. Introduction

Keywords: Bayesian model averaging, Bayesian networks, DAG sampling, dynamic programming, order sampling, structure learning

We study the Bayesian model averaging approach to learning Bayesian network structures (DAGs)
from data. We develop new algorithms including the first algorithm that is able to efficiently sample
DAGs of a moderate size (with up to about 25 variables) according to the exact structure posterior.
The DAG samples can then be used to construct estimators for the posterior of any feature. We
theoretically prove good properties of our estimators and empirically show that our estimators considerably outperform the estimators from the previous state-of-the-art methods.
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In the last two decades, there have been a large number of research articles focusing on the
problem of learning Bayesian network structure(s) from the data. These articles deal with a common
real situation where the underlying Bayesian network is typically unknown so that it has to be
learned from the observed data. One motivation for the structure learning is to use the learned
structure for inference or decision making. For example, we can use the learned model to predict or
classify a new instance of data. Another structure-learning motivation, which is more closely related
to the semantics of Bayesian network structures, is for discovering the structure of the problem
domain. For example, in the context of biological expression data, the discovery of the causal and
dependence relation among different genes is often of primary interests. With the semantics of
a Bayesian network structure G, the existence of an edge from node X to node Y in G can be
interpreted as the fact that variable X directly influences variable Y ; the existence of a directed path
from node X to node Y can be interpreted as the fact that X eventually influences Y . Furthermore,
under certain assumptions (Heckerman et al., 1999; Spirtes et al., 2001), the existence of a directed
path from node X to node Y indicates that X causes Y . Thus, with the learned Bayesian network
structure, we can answer interesting questions such as whether gene X controls gene Y which in
turn controls gene Z by examining whether there is a directed path from node X via node Y to node
Z in the learned structure. Just as mentioned by Friedman and Koller (2003), the extraction of these
kinds of interesting structural features is often the primary goal in the discovery task.
There are several general approaches to learning BN structures. One approach is to treat learning
BN structures as a model-selection problem. This approach defines a scoring criterion that measures
how well a BN structure (DAG) fits the data and finds the DAG (or a set of equivalent DAGs) with the
optimal score (Silander and Myllymaki, 2006; Jaakkola et al., 2010; Yuan et al., 2011; Malone et al.,
2011a,b; Cussens, 2011; Yuan and Malone, 2012; Malone and Yuan, 2013; Cussens and Bartlett,
2013; Yuan and Malone, 2013). (In Bayesian approach, the score of a DAG G is simply the posterior
p(G|D) of G given data D.) When the data size is small as compared with the number of variables,
however, the posterior p(G|D) often gives significant support to a number of DAGs, and using a
single maximum-a-posteriori (MAP) model could lead to unwarranted conclusions (Friedman and
Koller, 2003). It is therefore desirable to use the Bayesian model averaging approach by which the
posterior probability of any feature of interest is computed by averaging over all the possible DAGs
(Heckerman et al., 1999).
Bayesian model averaging is, however, computationally challenging because the number of possible network structures is between 2n(n−1)/2 and n!2n(n−1)/2 , super-exponential in the number of
variables n. Tractable algorithms have been developed for special cases of averaging over trees
(Meila and Jaakkola, 2006) and averaging over DAGs given a node ordering (Dash and Cooper,
2004). Since 2004, dynamic programming (DP) algorithms have been developed for computing
exact posterior probabilities of structural features such as edges or subnetworks (Koivisto and Sood,
2004; Koivisto, 2006; Tian and He, 2009). These algorithms have exponential time and space complexity and are capable of handling Bayesian networks of a moderate size with up to around 25
variables (mainly because of their space cost O(n2n )). A big limitation of these algorithms is that
they can only compute posteriors of modular features such as an edge but cannot compute nonmodular features such as a path (“is there a path from node X to node Y ”), a combined path (“is
there a path from node X via node Y to node Z” or “is there a path from node X to node Y and no
path from node X to node Z”), or a limited-length path (“is there a path of length at most 3 from
node X to node Y ”). Recently, Parviainen and Koivisto (2011) developed a DP algorithm that can
compute the exact posterior probability of a path feature under a certain assumption. (The assump-
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1. A uniform prior over the DAG space can be represented in another form of the structure prior, termed as the structuremodular prior. The definition of the structure-modular prior will be given in Eq. (2) in Section 2.
2. Although a lot of discussions are about the comparison of these two kinds of priors (the order-modular prior and the
structure-modular prior), there exist other kinds of priors such as a uniform prior over Markov equivalence classes.
Our paper, however, will focus on learning structural features under either the order-modular prior or the structuremodular prior, because these are the two most commonly used priors in applications.

modular prior (Friedman and Koller, 2003; Koivisto and Sood, 2004), for computational convenience. (Please refer to the beginning of Section 2.1 for the definition of the order-modular prior.)
Under the assumption of the order-modular prior, however, the corresponding prior p(G) cannot
represent some desirable priors such as a uniform prior over the DAG space 1 ; the computed posterior probabilities are biased because a DAG that has a larger number of topological orders will
be assigned a larger prior probability. Whether a computed posterior with the bias from the ordermodular prior is inferior to its counterpart without such a bias depends on the application scenario
and is beyond the scope of this paper. For the detailed discussion about this issue, please see
the related papers (Friedman and Koller, 2003; Grzegorczyk and Husmeier, 2008; Parviainen and
Koivisto, 2011) 2 . One method that helps the Order MCMC (Friedman and Koller, 2003) to correct
this bias was proposed by Ellis and Wong (2008).
In this paper, first we develop a new algorithm that uses the results of the DP algorithm of
Koivisto and Sood (2004) to efficiently sample orders according to the exact order posterior under
the assumption of the order-modular prior. Next, we develop a time-saving strategy for the process of sampling DAGs consistent with given orders. (Such a DAG-sampling process is based on
sampling parents for each node as described by Friedman and Koller, 2003 by assuming a bounded
node in-degree.) The resulting algorithm (called DDS) is the first algorithm that is able to sample
DAGs according to the exact DAG posterior with the same order-modular prior assumption. We empirically show that our DDS algorithm is both considerably more accurate and considerably more
efficient than the Order MCMC and the Partial Order MCMC when n is moderate so that our DDS
algorithm is applicable. Moreover, the estimator based on our DDS algorithm has several desirable
properties; for example, unlike the existing MCMC algorithms, the quality of our estimator can be
guaranteed by controlling the number of DAGs sampled by our DDS algorithm. The main application of our DDS algorithm is to address the limitation of the exact DP algorithms (Koivisto and
Sood, 2004; Koivisto, 2006; Parviainen and Koivisto, 2011) (whose usage is restricted to modular
features or path features) in order to estimate the posteriors of various non-modular features arbitrarily specified by users. Additionally our DDS algorithm can also be used to efficiently perform
data prediction tasks in estimating p(x|D) for a large number of data cases (while the exact DP
algorithm has to be re-run for each data case x). Finally, we develop an algorithm (called IW-DDS)
to correct the bias (due to the order-modular prior) in the DDS algorithm by extending the idea of
Ellis and Wong (2008). We theoretically prove that the estimator based on our IW-DDS has several desirable properties; then we empirically show that our estimator is superior to the estimators
based on the Hybrid MCMC method (Eaton and Murphy, 2007) and the K-best algorithm (Tian
et al., 2010), two state-of-the-art algorithms that can estimate the posterior of any feature without
the order-modular prior assumption. Analogously, our IW-DDS algorithm mainly addresses the
limitation of the exact DP algorithm of Tian and He (2009) (whose usage is restricted to modular
features) in order to estimate the posteriors of arbitrary non-modular features and can additionally
be used to efficiently perform data prediction tasks when an application situation prefers to avoid
the bias from the order-modular prior.
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tion, called the order-modular assumption, will be discussed in details soon.) This DP algorithm has
(even higher) exponential time and space complexity and can only handle a Bayesian network with
fewer than 20 variables (mainly because of its space cost O(3n )). Because this DP algorithm can
only deal with a path feature, all the other non-modular features (such as a combined path) which
would interest various users still cannot be computed by any DP algorithm proposed so far. Note
that generally the posterior p(f |D) of a combined feature f = (f1 , f2 , . . . , fJ ) cannot be obtained
only from the posterior of each individual feature p(fj |D) (j ∈ {1, 2, . . . , J}), because the independence among these features does not hold generally. Actually, by comparing p(f2 |f1 , D) with
p(f2 |D), a user can know the effect of the feature f1 upon the feature f2 ; but to obtain p(f2 |f1 , D)
(= p(f1 , f2 |D)/p(f1 |D)), the user typically needs to obtain p(f1 , f2 |D) first. Another limitation of
all these DP algorithms is that it is very expensive for them to perform data prediction tasks. They
can compute the exact posterior of a new observational data case p(x|D) but the algorithms have to
be re-run for each new data case x.
One solution to computing the posterior of an arbitrary non-modular feature is drawing DAG
samples {G1 , . . . , GT } from the posterior p(G|D), which can then be used to approximate the
full Bayesian
model averaging by estimating the posterior of an arbitrary
PT
PT feature f as p(f |D)
≈ T1 i=1
f (Gi ), or the posterior predictive distribution as p(x|D) ≈ T1 i=1
p(x|Gi ). A number
of algorithms have been developed for drawing sample DAGs using the bootstrap technique (Friedman et al., 1999) or the Markov chain Monte Carlo (MCMC) techniques (Madigan and York, 1995;
Friedman and Koller, 2003; Eaton and Murphy, 2007; Grzegorczyk and Husmeier, 2008; Niinimaki
et al., 2011; Niinimaki and Koivisto, 2013). Madigan and York (1995) developed the Structure
MCMC algorithm that uses the Metropolis-Hastings algorithm in the space of DAGs. Friedman
and Koller (2003) developed the Order MCMC procedure that operates in the space of orders. The
Order MCMC was shown to be able to considerably improve over the Structure MCMC the mixing and convergence of the Markov chain and to outperform the bootstrap approach of Friedman
et al. (1999) as well. Eaton and Murphy (2007) developed the Hybrid MCMC method (that is,
DP+MCMC method) that first runs the DP algorithm of Koivisto (2006) to develop a global proposal distribution and then runs the MCMC phase in the DAG space. Their experiments showed
that the Hybrid MCMC converged faster than both the Structure MCMC and the Order MCMC,
so that the Hybrid MCMC resulted in more accurate structure-learning performance. An improved
MCMC algorithm (often denoted as REV-MCMC) traversing in the DAG space with the addition of
a new edge-reversal move was developed by Grzegorczyk and Husmeier (2008) and was shown to
be superior to the Structure MCMC and nearly as efficient as the Order MCMC in the mixing and
convergence. Recently, Niinimaki et al. (2011) proposed the Partial Order MCMC method which
operates in the space of partial orders. The Partial Order MCMC includes the Order MCMC as its
special case (by setting the parameter bucket size b to be 1) and has been shown to be superior to the
Order MCMC in terms of the mixing and the structure-learning performance when a more appropriate bucket size b > 1 is set. One common drawback of these MCMC algorithms is that there is
no guarantee on the quality of the approximation in finite runs. The approach to approximating the
full Bayesian model averaging using the K-best Bayesian network structures was studied by Tian
et al. (2010) and was shown to be competitive with the Hybrid MCMC.
Several of these state-of-the-art algorithms work in the order space, including the exact algorithms (Koivisto and Sood, 2004; Koivisto, 2006; Parviainen and Koivisto, 2011) and the approximate algorithms: the Order MCMC (Friedman and Koller, 2003) and the Partial Order MCMC
(Niinimaki et al., 2011). They all assume a special form of the structure prior, termed as the order3

p(D|G)p(G)
p(D|G)p(G)
.
=P
p(D)
G p(D|G)p(G)

i=1

n
Y

p(Xi |XP ai : D) :=
i=1

n
Y

scorei (P ai : D),

(1)

i=1

n
Y

pi (P ai ),

5

p⊀ (G, D) = p(D|G)p⊀ (G) =

i=1

n
Y

scorei (P ai : D)pi (P ai ).

where pi is some nonnegative function over the subsets of V − {i}.
Combining Eq. (1) and Eq. (2), we have

p(G) =
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(3)

(2)

where, with appropriate parameter priors, scorei (P ai : D) (the local score for a family (i, P ai ))
has a closed-form solution. In this paper we will assume that these local scores can be computed
efficiently from data. The standard assumption for the structure prior p(G) is the structure-modular
prior (Friedman and Koller, 2003)

p(D|G) =

Assuming global and local parameter independence, and parameter modularity, we can decompose
p(D|G) into a product of local marginal likelihoods (often called local scores) as (Cooper and
Herskovits, 1992; Heckerman et al., 1995)

p(G|D) =

A Bayesian network structure is a DAG G that provides the skeleton for compactly encoding a
joint probability distribution over a set X = {X1 , . . . , Xn } of random variables with each node
of the DAG representing a variable in X. For convenience we typically work on the index set
V = {1, . . . , n} and represent a variable Xi by its index i. We use XP ai ⊆ X to represent the
parent set of Xi in a DAG G and use P ai ⊆ V to represent the corresponding index set. (A pair
(i, P ai ) is often called a family.) Thus, a DAG G can be represented as a vector (P a1 , . . . , P an ).
Assume that we are given a training data set D = {x1 , x2 , . . . , xm }, where each xi is a particular
instantiation over the set of variables X. We only consider situations where the data are complete,
that is, every variable in X is assigned a value. In the Bayesian approach to learning Bayesian
networks from the training data D, we compute the posterior probability of a DAG G as

n
Y

i=1

T
1X
f (Gi ).
T

(5)

i=1

qi (Ui )ρi (P ai ),

(6)

i=1

n
Y

fi (P ai ),
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where fi (P ai ) is an indicator function returning a 0/1 value. For example, an edge feature j → i
can be represented by always setting fl (P al ) = 1 for each l 6= i and by setting fi (P ai ) = 1 if and
only if j ∈ P ai .

f (G) =

where each qi and ρi is some function from the subsets of V − {i} to the nonnegative real numbers.
(If G is not consistent with ≺, then p(≺, G) = 0.)
A modular feature is defined as

p(≺, G) =

The DP algorithms (Koivisto and Sood, 2004; Koivisto, 2006) work in the order space rather than
the DAG space. We define an order ≺ of variables as a total order (a linear order) on V represented
as a vector (U1 , . . . , Un ), where Ui is the set of predecessors of i in the order ≺. To be more clear
we may use Ui≺ . We say that a DAG G = (P a1 , . . . , P an ) is consistent with an order (U1 , . . . , Un ),
denoted by G ⊆≺, if P ai ⊆ Ui for each i. If S is a subset of V , we let L(S) denote the set of linear
orders on S. In the following we will largely follow the notation from Koivisto (2006).
The algorithms working in the order space assume the order-modular prior defined as follows:
if G is consistent with ≺, then

2.1 The DP Algorithms

p̂(f |D) =

Note that p⊀ (f |D) will be obtained if p(G|D) in Eq. (4) is p⊀ (G|D); p≺ (f |D) will be obtained
if p(G|D) in Eq. (4) is p≺ (G|D). This difference is the key to understanding the bias issue which
will be described in details later.
Because directly summing over all the possible DAGs by brute force is generally infeasible for
any problem with n > 6 using a contemporary computer, one approach to computing the posterior
of f is to draw DAG samples {G1 , . . . , GT } from the posterior p⊀ (G|D) or p≺ (G|D), which can
then be used to estimate the posterior p⊀ (f |D) or p≺ (f |D) as

G

Note that the subscript ⊀ is intentionally added by us to mean that each correspondingly marked
probability is the one obtained under the structure-modular prior instead of the order-modular prior.
This is different from the probability obtained under the order-modular prior, which will be marked
by the subscript ≺ for the distinction.
We can compute the posterior probability of any feature of interest by averaging over all the
possible DAGs. For example, we are often interested in computing the posteriors of structural
features. Let f be a structural feature represented by an indicator function such that f (G) is 1 if the
feature is present in G and 0 otherwise. By the full Bayesian model averaging, we have the posterior
of f as
X
p(f |D) =
f (G)p(G|D).
(4)

The rest of the paper is organized as follows. In Section 2 we briefly review the Bayesian
approach to learning Bayesian networks from data, the related DP algorithms (Koivisto and Sood,
2004; Koivisto, 2006), and the Order MCMC algorithm (Friedman and Koller, 2003). In Section 3
we present our order sampling algorithm, DDS algorithm, and IW-DDS algorithm, and prove good
properties of the estimators based on our algorithms. We empirically demonstrate the advantages of
our algorithms in Section 4 and conclude the paper in Section 5. Finally, Appendix A provides the
proofs of all the conclusions including the propositions, theorems, and corollary referenced in the
paper.

2. Bayesian Learning of Bayesian Network Structures

H E , T IAN , AND W U

S TRUCTURE L EARNING IN BN S OF A M ODERATE S IZE BY E FFICIENT S AMPLING

Y

p(≺, D) =

0

αi ((V − T ) ∪ Ui≺ ).

n
Y

i=1

αi0 (Ui≺ ),

p≺ (D) = L0 (V ).

i=1

No
1 X
p(f | ≺i , D).
No

The Order MCMC can estimate the posterior of a modular feature as
p̂≺ (f |D) =

8

p((i, P ai )| ≺, D) =

βi0 (P ai )
,
αi0 (Ui≺ )/qi (Ui≺ )

(12)

(13)

(14)

(15)
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(16)

For example, from Propositions 3.1 and 3.2 stated by Friedman and Koller (2003) as well as the
definitions of βi0 and αi0 , the posterior of a particular choice of parent set P ai ⊆ Ui≺ for node i given
an order is

and

The idea of the Order MCMC is to use the Metropolis-Hastings algorithm to draw order samples
{≺1 , . . . , ≺No } that have p(≺ |D) as the invariant distribution, where No is the number of sampled
orders. For this purpose we need to be able to compute p(≺, D), which can be obtained from Eq. (7)
by setting f ≡ 1. Let βi0 (P ai ) denote βi (P ai ) resulted from setting each fi (P ai ) to be the constant
1. Similarly, we define αi0 (S) and L0 (S) as the special cases of αi (S) and L(S) by setting each
fi (P ai ) to be the constant 1. Then from Eq. (7) and Eq. (11) we have

2.2 Order MCMC

Essentially, R(T ) represents the contribution of the variables in T when they are the last |T | elements in the unknown linear order on V . Like L(S), R(T ) can also be computed recursively
using some DP technique. Please refer to the paper of Koivisto (2006) for further details of the two
additional steps.
Although the DP algorithms (Koivisto and Sood, 2004; Koivisto, 2006) make significant contributions to the structure learning of Bayesian networks, they have one fundamental limitation: they
can only compute the posteriors of modular features. In the next section, we will show how to use
the results of the DP algorithm of Koivisto and Sood (2004) to efficiently draw DAG samples, which
can then be used to compute the posteriors of arbitrary features.

≺0 ∈L(T ) i∈T

X
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n
Y

αi (Ui≺ ),

αi (Ui≺ ),

(10)

(11)

R(T ) =

As the extended work of Koivisto and Sood (2004), Koivisto (2006) included the DP algorithm
of Koivisto and Sood (2004) as its first three steps and appended two additional steps so that all
the n(n − 1) edges can be computed in O(nk+1 C(m) + kn2n ) time and O(n2n ) space. The
foundation of the two additional steps is the introduction of the following function (called backward
contribution) for each T ⊆ V :

p(f, ≺, D) =
i=1

n
XY
≺ i=1

αi (Ui≺ ),

With the order-modular prior, we are interested in the posterior p≺ (f |D) = p≺ (f, D)/p≺ (D).
Note that p≺ (f |D) can be obtained if the joint probability p≺ (f, D) can be computed, because
p≺ (D) = p≺ (f ≡ 1, D) where f ≡ 1, meaning that f always equals 1, can be easily achieved by
setting each fi (P ai ) to be the constant 1. Koivisto and Sood (2004) showed that

and
p≺ (f, D) =

P ai ⊆S

where the function αi is defined for each i ∈ V and each S ⊆ V − {i} as
X
βi (P ai ),
αi (S) = qi (S)

in which the function βi is defined for each i ∈ V and each P ai ⊆ V − {i} as
βi (P ai ) = fi (P ai )ρi (P ai )scorei (P ai : D).

≺∈L(S) i∈S

Accordingly, the DP algorithm of Koivisto and Sood (2004) consists of the following three steps.
The first step computes βi (P ai ) for each i ∈ V and each P ai ⊆ V − {i}. The time complexity of
this step is O(nk+1 C(m)) under the assumption of the maximum in-degree k, where n is the number
of variables, and C(m) is the cost of computing a single local marginal likelihood scorei (P ai : D)
for m data instances. The second step computes αi (S) for each i ∈ V and each S ⊆ V − {i}. With
the assumed maximum in-degree k, this step takes O(kn2n ) time by using the truncated Möbius
transform technique (Koivisto and Sood, 2004), which was extended from the standard fast Möbius
transform algorithm (Kennes and Smets, 1991). The third step computes p≺ (f, D) by defining the
following function (called forward contribution) for each S ⊆ V :
X Y
L(S) =

αi (S − {i})L(S − {i}),

where Ui≺ is the set of variables in S ahead of i in the order ≺∈ L(S). It can be shown that for
every S ⊆ V , L(S) can be computed recursively using the DP technique according to the following
equation (Koivisto and Sood, 2004; Koivisto, 2006):
X
L(S) =

i∈S

starting with L(∅) = 1 and ending with L(V ). From Eq. (8) and Eq. (9), we have
p≺ (f, D) = L(V ).
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The third step takes O(n2n ) time when L(V ) is computed using the above DP technique. In summary, the whole DP algorithm of Koivisto and Sood (2004) can compute the posterior of any modular feature (such as an edge feature) in O(nk+1 C(m) + kn2n ) time and O(n2n ) space, where its
O(n2n ) space cost limits its application to Bayesian networks with up to around 25 variables.
7

αi0 (Ui≺ − {j})/qi (Ui≺ − {j})
.
αi0 (Ui≺ )/qi (Ui≺ )
(17)

L0 (Uσ≺k )ασ0 k (Uσ≺k )
,
L0 (Uσ≺k+1 )
(18)

k+1

L0 (V − {i})αi0 (V − {i})
,
L0 (V )
(19)
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• For each k from n − 1 down to 1: given the sampled (σk+1 , . . . , σn ), sample σk , the kth
element of the order ≺, according to Eq. (18).

• Sample σn , the last element of the order ≺, according to Eq. (19).

Eq. (10) and Uσ≺k = Uσ≺k+1 − {σk }. Thus, p(σk |σk+1 , . . . , σn , D) is a probability mass function
(pmf) with k possible σk values from Uσ≺k+1 .
Based on Proposition 1, we propose the following order sampling algorithm to sample an order
≺:

Note that all the proofs in this paper are provided in Appendix A.
P
It is clear that for each k ∈ {1, . . . , n}, i∈Uσ≺ p(σk = i|σk+1 , . . . , σn , D) = 1 because of

where i ∈ V .

p(σn = i|D) =

where σk ∈ V − {σk+1 , . . . , σn }, and Uσ≺i = V − {σi , σi+1 , . . . , σn } so that Uσ≺i denotes the set of
predecessors of σi in the order ≺.
Specifically for k = n, we essentially have

p(σk |σk+1 , . . . , σn , D) =

Proposition 1 The conditional probability that the kth (1 ≤ k ≤ n) element in the order is σk
given that the n − k elements after it along the order are σk+1 , . . . , σn respectively is as follows:

In this subsection, we show that using the results including αi0 (S) (for each i ∈ V and each S ⊆
V − {i}) and L0 (S) (for each S ⊆ V ) computed from the DP algorithm of Koivisto and Sood
(2004), we can draw an order sample efficiently by drawing each element in the order one by one.
Let an order ≺ be represented as (σ1 , . . . , σn ), where σi is the ith element in the order.

3.1 Order Sampling Algorithm

In this section we present our order sampling algorithm, DDS algorithm, and IW-DDS algorithm.
We also prove good properties of the estimators based on our algorithms.

3. Order Sampling Algorithm and DAG Sampling Algorithms

In order to compute arbitrary non-modular features, we further draw DAG samples after drawing
No order samples. Given an order, a DAG can be sampled by drawing parents for each node according to Eq. (16). Given DAG samples {G1 , . . . , GT }, we can then estimate any feature posterior
p≺ (f |D) using p̂≺ (f |D) shown in Eq. (5).

p(j → i| ≺, D) = 1 −

and the posterior of the edge feature j → i given an order is
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p(σk |σk+1 , . . . , σn , D) = p(≺ |D).

(20)
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Theorem 3 The No DAGs sampled according to the DDS algorithm are independent and identically distributed (iid) with the pmf equal to the exact posterior p≺ (G|D) under the order-modular
prior.

The correctness of our DDS algorithm is guaranteed by the following theorem.

• Step 3 (DAG sampling step): For each sampled order ≺, one DAG is independently sampled
by drawing a parent set for each node of the DAG according to Eq. (16).

• Step 2 (Order sampling step): Sample No orders such that each order ≺ is independently
sampled according to our order sampling algorithm.

• Step 1: Run the DP algorithm of Koivisto and Sood (2004) with each fi (P ai ) set to be the
constant 1.

After drawing an order sample, we can then easily sample a DAG by drawing parents for each node
according to Eq. (16) as described by Friedman and Koller (2003) (assuming a maximum in-degree
k). This naturally leads to our algorithm, termed direct DAG sampling (DDS), as follows:

3.2 DDS Algorithm

The key to our order sampling algorithm is our realization that the results including αi0 (S)
and L0 (S) computed from the DP algorithm of Koivisto and Sood (2004) are already sufficient to
guide the order sampling process. In an abstract point of view, the results computed from the DP
algorithm of Koivisto and Sood (2004) are analogous to the answers provided by the #P-oracle
stated in Theorem 3.3 of Jerrum et al. (1986). This theorem states that with the aid of a #Poracle that is always able to provide the exact counting information (the exact number) of accepting configurations from a currently given configuration, a probabilistic Turing machine can serve
as a uniform generator so that every accepting configuration will be reached with an equal positive probability. In our situation, instead of providing the exact counting information, the results
computed from the DP algorithm of Koivisto and Sood (2004) are able to provide the exact joint
probability p(σk , σk+1 , . . . , σn , D) for a subsequence (σk , σk+1 , . . . , σn ) of any order ≺ for any
k ∈ {1, 2, . . . , n}, which is shown in the proof of Proposition 1 in Appendix A.1. As a result, the
order sampling can be efficiently performed based on the definition of the conditional probability
distribution.

k=1

n
Y

Proposition 2 An order ≺ sampled according to our order sampling algorithm has its pmf equal to
the exact posterior p(≺ |D) under the order-modular prior, because

Provided that αi0 (S) (for each i ∈ V and each S ⊆ V − {i}) and L0 (S) (for each S ⊆ V )
have been computed, sampling an order using the above algorithm takes only O(n2 ) time because
sampling each element σk (k ∈ {1, . . . , n}) in the order takes O(n) time.
The following proposition guarantees the correctness of our order sampling algorithm.

H E , T IAN , AND W U

S TRUCTURE L EARNING IN BN S OF A M ODERATE S IZE BY E FFICIENT S AMPLING

The time complexity of the DDS algorithm is as follows. Step 1 takes O(nk+1 C(m) + kn2n )
time (Koivisto and Sood, 2004), as discussed in Section 2.1. In Step 2, sampling each order takes
O(n2 ) time. In Step 3, sampling each DAG takes O(nk+1 ) time. Thus, the overall time complexity
of our DDS algorithm is O(nk+1 C(m) + kn2n + n2 No + nk+1 No ). Because typically we assume
k ≥ 1, the order sampling process (Step 2) does not affect the overall time complexity of the DDS
algorithm because of its efficiency.
The time complexity of our DDS algorithm depends on the assumption of the maximum indegree k. Such an assumption is fairly innocuous, as discussed on page 101 of Friedman and Koller
(2003), because DAGs with very large families tend to have low scores. (The maximum-in-degree
assumption is also justified in the context of biological expression data on page 270 of Grzegorczyk
and Husmeier, 2008.) Accordingly, this assumption has been widely used in the literature (Friedman
and Koller, 2003; Koivisto and Sood, 2004; Ellis and Wong, 2008; Grzegorczyk and Husmeier,
2008; Niinimaki et al., 2011; Parviainen and Koivisto, 2011) and the maximum in-degree k has
been set to be no greater than 6 in all of their experiments.
Note that the DAG sampling step of the DDS algorithm takes O(nk+1 No ) time. This will
dominate the overall running time of the DDS algorithm (even if k is assumed to be 3 or 4), when
n is moderate (n ≤ 25) and the sample size No reaches several thousands. Therefore, for the
efficiency of our DDS algorithm, we have developed a time-saving strategy for the DAG sampling
step, which will be described in details in Section 3.2.1.
Given DAG samples, p̂≺ (f |D), an estimator of the exact posterior of any arbitrary feature f ,
can be constructed by Eq. (5). Let Cn,f denote the time cost of determining the structural feature
f in a DAG of n nodes. Then constructing p̂≺ (f |D) takes O(Cn,f No ) time. (For example, Cn,fe
= O(1) for an edge feature fe ; Cn,fp = O(n2 ) for a path feature fp .) If we only need order samples,
the algorithm consisting of Steps 1 and 2 will be called direct order sampling (DOS). Given order
samples, for some modular feature f such as a parent-set feature or an edge feature, p(f | ≺i , D)
can be computed by Eq. (16) or (17), and then p≺ (f |D) can be estimated by Eq. (15). (Because
computing a parent-set feature or an edge feature by Eq. (16) or (17) takes O(1) time, estimating
p≺ (f |D) by Eq. (15) only takes O(No ) time for these two features.)
As for the space cost of our DDS algorithm, note that Step 1 of our DDS takes O(n2n ) memory
space, which limits the application of our DDS to Bayesian networks with up to around 25 variables.
Because a total order can be represented as a vector (U1 , . . . , Un ) and a DAG can be represented
as a vector (P a1 , . . . , P an ), both a total order and a DAG can be represented in O(n2 ) space
3 . Therefore, Steps 2 and 3 of our DDS take O(n2 N ) memory space, and the overall memory
o
requirement of our DDS algorithm is O(n2n + n2 No ).
Because of Theorem 3, the estimator p̂≺ (f |D) based on our DDS algorithm has the following
desirable properties.
Corollary 4 For any structural feature f , with respect to the exact posterior p≺ (f |D), the estimator
p̂≺ (f |D) based on the No DAG samples from the DDS algorithm using Eq. (5) has the following
properties:
(i) p̂≺ (f |D) is an unbiased estimator of p≺ (f |D).
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3. When n ≤ 32, in the vector representation (P a1 , . . . , P an ) of a DAG, each parent set P ai can be represented by
a 32-bit integer whose jth bit indicates whether or not node Xj is a parent of node Xi . Thus, a DAG of a moderate
size n can be represented by n 32-bit integers. Similarly, when n ≤ 32, in the vector representation (U1 , . . . , Un )
of a total order, each Ui can be represented by a 32-bit integer whose jth bit indicates whether or not node Xj is a
predecessor of node Xi . Thus, a total order of a moderate size n can also be represented by n 32-bit integers.
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(ii) p̂≺ (f |D) converges almost surely to p≺ (f |D).
(iii) If 0 < p≺ (f |D) < 1, then the random variable

√
N (p̂ (f |D) − p≺ (f |D))
po ≺
p̂≺ (f |D)(1 − p̂≺ (f |D))

has a limiting standard normal distribution.
(iv) For any  > 0 and any 0 < δ < 1, if No ≥ (ln(2/δ))/(22 ), then P (|p̂≺ (f |D) −
p≺ (f |D)| < ) ≥ 1 − δ.

In particular, Corollary 4 (iv), which is essentially from the Hoeffding bound (Hoeffding, 1963;
Koller and Friedman, 2009), ensures the probability that the error of the estimator p̂≺ (f |D) from the
DDS algorithm is bounded by  to be at least 1−δ, as long as the sample size No ≥ (ln(2/δ))/(22 ).
This property, which the existing MCMC algorithms (Friedman and Koller, 2003; Niinimaki et al.,
2011) do not have, can be used to obtain quality guarantee for the estimator from our DDS algorithm.

3.2.1 T IME -S AVING S TRATEGY FOR THE DAG S AMPLING S TEP OF THE DDS

(σj ,Uσj )≺i

as

= βσ0 j (P aσj z )/[ασ0 j (Uσ≺ji )/qσj (Uσ≺ji )],

= P ((σj , P aσj z )| ≺i , D) = P ((σj , P aσj z )|(σj , Uσj )≺i , D)

The running time of the DAG sampling step (Step 3) of the DDS algorithm is O(nk+1 No ), which
will dominate the overall running time of the DDS algorithm when n is moderate and the sample size
No reaches several thousands. Thus, in this sub-subsection we introduce our strategy for effectively
reducing the running time of the DAG sampling step so that the efficiency of the overall DDS
algorithm can be achieved.
In the DAG sampling step, each sampled order ≺i = (σ1 , . . . , σn )≺i (1 ≤ i ≤ No ) can be
represented as {(σ1 , Uσ1 )≺i , . . . , (σn , Uσn )≺i }, where Uσj denotes the set of predecessors of σj in
the order. For each sampled order ≺i , for each (σj , Uσj )≺i (1 ≤ j ≤ n), we need to sample one
σ
P aσj of σj (one parent set of σj ) from a list {P aσj z }z j including every parent set P aσj z ⊆ Uσ≺ji .
Pmin{k,j−1} j−1
Let Zj be the length of such a list. Because Zj = i=0
= O(nk ), sampling one P aσj
i
for σj takes O(nk ) time and sampling one DAG takes O(nk+1 ) time. Note that Zj is an increasing
function of j but in the following we will use the notation Z instead of Zj for notational convenience
when the context is clear. In the following we also will not use the plural for mathematical symbols
to avoid notational confusion by ending “s”. The reader should assume the correct singular or plural
case when reading.
When No > 1, the overall running time of the DAG sampling step can be reduced as follows.
Define θz

(σj ,Uσj )≺i
θz

(σj ,Uσj )≺i
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, a sequence of Z probability

for z ∈ {1, . . . , Z}. First, using the common strategy of sampling from a discrete distribution

(Koller and Friedman, 2009), for (σj , Uσj )≺i we can create SI
intervals with the following form:
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,

z=1

,

,

(21)

(σj ,Uσj

(σj ,Uσj )≺i0

. Thus, by

(σj ,Uσ )

can be avoided and sampling one P aσj for σj takes only O(log Z) time.
On one hand, our strategy will definitely save the running time for these j such that n


n−1
j−1

(the

in the memory, once (σj , Uσj )≺i = (σj , Uσj )≺i0 for i0 > i, creating

= SI

(σj ,Uσ )

(σj ,Uσ )
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3.3 IW-DDS Algorithm
In this subsection we present our DAG sampling algorithm under the general structure-modular
prior (Eq. 2) by effectively correcting the bias due to the use of the order-modular prior.
As mentioned in Section 1, p≺ (f |D) has the bias due to the assumption of the order-modular
prior. This is essentially because p≺ (G|D) based on the order-modular prior (Eq. 6) is different
from p⊀ (G|D) based on the structure-modular prior (Eq. 2).

j
after the sorting, the probability of reusing SI
before its reclamation will also increase. As a
result, the benefit of our time-saving strategy will typically increase when No increases.
The experimental results show that our time-saving strategy for the DAG sampling step of the
DDS is very effective. Please see the discussion in Section 4 about µ̂(TDAG ) and σ̂(TDAG ), the
sample mean and the sample standard deviation of the running time of the DAG sampling step of
the DDS, which are reported in Tables 2 and 4.

(σj ,Uσ )

j
SI
will be used before the reclamation. Furthermore, as No increases, the probability that two
orders (out of the No sampled orders) share some (σj , Uσj ) component(s) increases. Accordingly,

(σj ,Uσ )

j
before it possibly gets reclaimed, we sort the No sampled orders according
of each created SI
to the posterior p(≺ |D) just before executing the DAG sampling step of the DDS. The underlying
rationale is that if p(≺i |D) is relatively close to p(≺i0 |D), which indicates p(≺i , D) is relatively
close to p(≺i0 , D) (because p≺ (D) is a constant), it is likely that ≺i and ≺i0 share some (σj , Uσj )
component(s) because of Eq. (13). (The extreme situation is that if p(≺i |D) equals p(≺i0 |D), it is
very likely that ≺i equals ≺i0 so that ≺i and ≺i0 share every (σj , Uσj ).) Thus, ≺i and ≺i0 having
similar posteriors tend to be close to each other after the sorting, so that it is likely that the common

(σj ,Uσ )

j
will be reclaimed to ensure that at least a pre-specified number
for each infrequently used SI
of probability intervals will be recycled from the memory. In addition, in order to have a better use

(σj ,Uσ )

j
j
a large amount of memory has been used to store SI
, we recycle the currently stored SI
according to their usage frequencies which serve as the estimates of P ((σj , Uσj )|D). The memory

SI

, especially when n is not small but m is small. (The space complexity of storing all

P
(σj ,Uσj )
k+1 2n−1 ).) For this paper, we use a simple recycling
is O( nj=1 n n−1
the SI
j−1 Zj ) = O(n
method as follows. Some upper limit for the total number of the probability intervals (representing
 Pl−1 (σj ,Uσj )≺i Pl
(σj ,Uσj )≺i 
, z=1 θz
) is pre-specified based on the memory of the computer used.
z=1 θz
Each time such an upper limit is reached during the DAG sampling step of the DDS, which indicates

(σj ,Uσj )

j
Note that we also include the policy of recycling the created SI
for our strategy because
it is possible that all the memory in a computer will be exhausted in order to store all the created

(σj ,Uσ )

samples is (pΣ )No . Accordingly, with the probability (pΣ )No , the running time of sampling P aσj
for σj is O(log Zj ) in at least No − rj samples. As a result, the expected running time of sampling
the No (σj , P aσj ) families is below O([rj Zj + No log Zj ](pΣ )NoP
+ No (Zj + log Zj )(1 − (pΣ )No ));
the expected running time of sampling the No DAGs is below O( nj=1 {[rj Zj +No log Zj ](pΣ )No +
No (Zj + log Zj )(1 − (pΣ )No )}). Typically, when m is not small, the local score scorei (P ai : D)
will not be uniform at all. Correspondingly, it is likely that the multinomial probability mass function P ((σj , Uσj )|D) will concentrate dominant probability mass on a small number of (σj , Uσj )
candidates that these (σj , P aσj ) having large local scores are consistent with. As a result, our
time-saving strategy will usually become more effective when m is not small.
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j
samples out of the overall No samples. (In the worst case, SI
will be created for each possible
(σj , Uσj ).) For example, when j = n, the number of all the possible values of (σj , Uσj ) is only n,
σ
and Zj (the length of the list {P aσj z }z j ) achieves its maximum among all the j, so that sampling one
P aσn for σn takes O(log Zn ) time in at least No − n samples. Accordingly, when j = n, the worstcase running time of sampling the No (σn , P aσn ) families is O(n(Zn + log Zn ) + (No − n) log Zn )
= O(nZn + No log Zn ).
On the other hand, our strategy usually can also save the running time even for these j such that
the number of all the possible values of (σj , Uσj ) is larger than No . This is because the probability
mass usually is not uniformly distributed among the set of all the possible values of (σj , Uσj ). Once
the majority of the probability mass pΣ is concentrated on rj values of (σj , Uσj ), where rj is a number smaller than No , the probability that only these rj values of (σj , Uσj ) appear in all the No order

(σj ,Uσ )

j
number of all the possible values of (σj , Uσj )) is smaller than No if every created SI
is stored.

This is because the running time of sampling P aσj of σj is only O(log Z) in at least No − n n−1
j−1

SI

(σj ,Uσj )≺i0

storing the created SI

)≺i

Appendix A.5 Note that (σj , Uσj )≺i = (σj , Uσj )≺i0 implies SI

(σj ,Uσj )≺i

where R0 (.) is the special case of R(.) by setting f ≡ 1 and R(.) is defined in Eq. (12). The
proof of Eq. (21) is very similar to the derivation shown by Koivisto (2006) and is provided in

P ((σj , Uσj )|D) ∝ ασ0 j (Uσj )L0 (Uσj )R0 (V − Uσj − {σj }),

j
binary search in time O(log Z) based on SI
. Then the following observation is the key
reason that the running time of the DAG sampling step can be reduced. For two sampled orders ≺i
and ≺i0 (1 ≤ i, i0 ≤ No ), even if ≺i 6=≺i0 , it is possible that (σj , Uσj )≺i = (σj , Uσj )≺i0 for some
j ∈ {1, . . . , n}. This is because for each j, (σj , Uσj ) essentially has a multinomial distribution with

No trials and a set of n n−1
j−1 cell probabilities {P ((σj , Uσj )|D)}. Actually, for any j, the following
relation holds for each cell probability:

(σj ,Uσ )≺i

where the lth interval is
in time O(Z) and sampling one P aσj for σj from a list

,

(σj ,Uσj )≺i
Note that SI
can be created
σj
{P aσj z }z can then be achieved using

(σj ,Uσj )≺i 

θz

!

z=1

Z−1
X

(σj ,Uσj )≺i 
θz
,1

(σj ,Uσj )≺i

θz

(σj ,Uσj )≺i Pl
(σj ,Uσj )≺i 
, z=1 θz
.
z=1 θz

 Pl−1



z=1
Z−1
X

X
 Z−2

...,

 (σj ,Uσj )≺i (σj ,Uσj )≺i
(σj ,Uσj )≺i 
,
+ θ2
, θ1
θ1

 (σj ,Uσj
0, θ1

)≺i
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p≺ (G|D) =

p⊀ (D)
· | ≺G | · p⊀ (G|D),
p≺ (D)
(22)

In fact, with the common setting that qi (Ui ) always equals 1 (qi (Ui ) ≡ 1), if ρi (P ai ) in Eq. (6)
is set to be always equal to pi (P ai ) in Eq. (2) (ρi (P ai ) ≡ pi (P ai )), the following relation holds:

G

f (G)p⊀ (G|D) =

G

f (G)

p≺ (D)
1
·
p≺ (G|D).
p⊀ (D) | ≺G |

where | ≺G | is the number of orders that G is consistent with. (The proof of Eq. 22 is given in
Appendix A.6.) Accordingly,
X
X
p⊀ (f |D) =

i=1

No
1 X
p≺ (D)
1
,
·
f (Gi )
No
p⊀ (D) | ≺Gi |

(23)

Note that p≺ (D) can be computed by the DP algorithm of Koivisto and Sood (2004) in O(nk+1 C(m)
+kn2n ) time, and p⊀ (D) can be computed by the DP algorithm of Tian and He (2009) in O(
nk+1 C(m) + kn2n + 3n ) time. Thus, if | ≺Gi | is known for each sampled Gi (i ∈ {1, 2, . . . , No }),
we can use importance sampling to obtain a good estimator
p̃⊀ (f |D) =

X

G∈G

f (G)p̂⊀ (G|D),
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(24)

Given G, p̂⊀ (f |D), the estimator of the exact posterior of any feature f , can then be constructed

• Step 2 (Bias correction step): Make the union set G of all the sampled DAGs by eliminating
the duplicate DAGs.

• Step 1 (DDS step): Run the DDS algorithm to draw No DAG samples with the setting that
qi (Ui ) ≡ 1 and ρi (P ai ) ≡ pi (P ai ).

where each Gi is sampled from our DDS algorithm. Unfortunately, | ≺Gi | is #P-hard to compute
for each Gi (Brightwell and Winkler, 1991); the state-of-the-art DP algorithm proposed by Niinimaki and Koivisto (2013) for computing | ≺Gi | takes O(n2n ) time. Therefore, in the following
we propose an estimator that can be much more efficiently computed than the estimator shown in
Eq. (23).
Because p≺ (f |D) has the bias with respect to p⊀ (f |D), a good estimator p̂≺ (f |D) of p≺ (f |D)
typically is not appropriate to be directly used to estimate p⊀ (f |D). Noticing this problem, Ellis
and Wong (2008) proposed to correct this bias for the Order MCMC method as follows: first run the
Order MCMC to draw order samples; then for each unique order ≺ out of the sampled orders, keep
drawing DAGs consistent with ≺ (but only keep unique DAGs) until the sum of joint probabilities of
P
these unique DAGs,
i p(≺, Gi , D), is no less than a pre-specified large proportion (such as 95%)
P
of p(≺, D) = G⊆≺ p(≺, G, D); finally the resulting union of all the DAG samples is treated as
an importance-weighted sample for the structural discovery.
Inspired by the idea of Ellis and Wong (2008), we develop our own bias-correction strategy
which is computationally more efficient and can theoretically ensure the resulting estimator to have
desirable properties. (Please refer to Section 3.3.1 for detailed discussion.) Our bias-corrected
algorithm, termed IW-DDS (importance-weighted DDS), is as follows:

as

p̂⊀ (f |D) =

15

where
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p⊀ (G, D)
,
p⊀ (G, D)

G∈G

p̂⊀ (G|D) = P

(25)

and p⊀ (G, D) is given in Eq. (3).
Because checking the equality of two DAGs takes O(n2 ) time 4 , with the use of a hash table, both the expected time cost and the space cost of the bias-correction step of the IW-DDS are
O(n2 No ). Therefore, the expected time cost of our IW-DDS algorithm is O(nk+1 C(m) + kn2n +
n2 No + nk+1 No ), and the required memory space of our IW-DDS algorithm is O(n2n + n2 No ).
Note that when each Gi gets sampled, the corresponding joint probability p⊀ (Gi , D) can be
easily computed and stored with Gi . Therefore, just as constructing the estimator from the DDS,
constructing the estimator p̂⊀ (f |D) from the IW-DDS also takes O(Cn,f No ) time, where Cn,f
denotes the time cost of determining the structural feature f in a DAG of n nodes.
While Ellis and Wong (2008) showed the effectiveness of their method in correcting the bias
merely by the experiments, we first theoretically prove that our estimator has desirable properties as
follows.

(26)

Theorem 5 For any structural feature f , with respect to the exact posterior p⊀ (f |D), the estimator
p̂⊀ (f |D) based on the DAG samples from the IW-DDS algorithm using Eq. (24) has the following
properties:
(i) p̂⊀ (f |D) is an asymptotically unbiased estimator of p⊀ (f |D).
(ii) p̂ (f |D) converges almost surely to p⊀ (f |D).
⊀
(iii) The convergence rate of p̂⊀ (f |D) is o(aNo ) for any 0 < a < 1.
P
(iv) Define the quantity ∆ = G∈G p⊀ (G|D). Then

∆ · p̂⊀ (f |D) ≤ p⊀ (f |D) ≤ ∆ · p̂⊀ (f |D) + 1 − ∆.

(27)

P
Note that the introduced quantity ∆ =
G∈G p⊀ (G, D)/p⊀ (D) and ∆ ∈ [0, 1] essentially
represents the cumulative posterior probability mass of the DAGs in G. Eq. (26) provides a sound
interval [∆ · p̂⊀ (f |D), ∆ · p̂⊀ (f |D) + 1 − ∆] in which p⊀ (f |D) must reside. (The “sound interval”
is stronger than the “confidence interval” because there is no probability that p⊀ (f |D) is outside the
sound interval.) The width of the sound interval is (1 − ∆), where ∆ is a nondecreasing function of
No (because if we increase the original No to a larger No0 and sample additional No0 − No DAGs in
the DDS step, the resulting G 0 is always a superset of the original G). Thus, in the situations where
m (the number of data instances) is not very small, it is possible for ∆ to approach 1 by a tractable
number No of DAG samples so that a desired small-width interval for p⊀ (f |D) can be obtained.
(Please refer to Section 4 for the corresponding experimental results.) Also note that Eq. (26) can
be expressed in the following equivalent form:

−(1 − ∆)p̂⊀ (f |D) ≤ p⊀ (f |D) − p̂⊀ (f |D) ≤ (1 − ∆)(1 − p̂⊀ (f |D)),

which gives the bound for the estimation error p⊀ (f |D) − p̂⊀ (f |D).
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4. As described in the footnote in Section 3.2, for the vector representation (P a1 , . . . , P an ) of a DAG of a size n ≤ 32,
each parent set P ai can be represented by a 32-bit integer. Accordingly, for two DAGs of a moderate size n, checking
their equality takes at most n comparisons by comparing each integer component in their vector representations.
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Because in the Order MCMC, sampling an order is much more computationally expensive than
sampling a DAG given an order, the strategy of Ellis and Wong (2008) emphasizes making the full
use of each sampled order ≺, that is, keeping drawing DAGsPconsistent with each sampled ≺ until
the sum of joint probabilities for the unique sampled DAGs, i p(≺, Gi , D), is no less than a large

Our bias-correction strategy used in the IW-DDS solves the computation problem existing in the
idea of Ellis and Wong (2008) and ensures the desirable properties of our estimator p̂⊀ (f |D) stated
in Theorem 5.

3.3.1 C OMPARISON BETWEEN O UR B IAS -C ORRECTION S TRATEGY AND T HAT OF E LLIS AND
W ONG (2008)
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We have implemented our algorithms in a C++ language tool called “BNLearner” and run several experiments to demonstrate its capabilities. (BNLearner is available at http://www.cs.
iastate.edu/˜jtian/Software/BNLearner/BNLearner.htm.) Our tested data sets
include ten real data sets from the UCI Machine Learning Repository (Asuncion and Newman,
2007): “Tic-Tac-Toe,” (which is also simply called “T-T-T,”) “Glass,” “Wine,” “Housing,” “Credit,”
“Zoo,” “Letter,” “Tumor,” “Vehicle,” and “German.” Our tested data sets also include three syn-

4. Experimental Results

proportion (such as 95%) of p(≺, D). Unfortunately, such a strategy has a computational problem
when the number of variables n is not small and the number of data instances m is small. Because
there are a super-exponential number (2Θ(kn log(n)) ) of DAGs (with the maximum in-degree k) consistent with each order (Friedman and Koller, 2003), it is possible that a non-negligible portion
of probability mass p(≺, D) will be distributed almost uniformly to a majority of these consistent
DAGs when m is small. Consequently, NG≺ , the required number of DAGs sampled per each sampled order ≺, will be extremely large, leading to large computation cost. For sampling NG≺ DAGs
consistent with each sampled order ≺, its expected time cost is O(nk+1 + nk log(n)NG≺ ) (even
if a time-saving strategy as that described in Section 3.2.1 is used) and its memory requirement
is O(n2 NG≺ ). If the memory requirement exceeds the memory of the running computer, the hard
disk has to be used to temporarily store the sampled DAGs in some way. (We notice that Ellis and
Wong, 2008, limited their experiments to the data sets with at most 14 variables.) If we take the
data set “Child” (Tsamardinos et al., 2006) with n = 20 and m = 100 for example, for an order
≺ randomly sampled by our order sampling algorithm, our experiment shows
that 1 × 107 DAGs
P
(which contain 932,137 unique DAGs) need to be sampled to let the ratio i p(≺, Gi , D) /p(≺, D)
reach 94.071%;
1.5 × 107 DAGs (which contain 1,204,262 unique DAGs) need to be sampled to let
P
the ratio i p(≺, Gi , D) /p(≺, D) reach 94.952%. To solve this problem, based on the efficiency
of our order sampling algorithm, our strategy samples only one DAG from each sampled order in
the DDS step, so that the large computation cost per each sampled order is avoided for any data set.
Meanwhile, unlike the strategy of Ellis and Wong (2008), our strategy does not delete the duplicate
order samples. Therefore, if an order ≺ gets sampled j (≥ 1) times in the order sampling step,
essentially j DAGs will be sampled for such a unique order in the DAG sampling step. Thus, j, the
number of occurrences, implicitly serves as an importance indicator for ≺ among the orders.
Furthermore, the strategy of Ellis and Wong (2008) cannot guarantee that the sampled DAGs are
independent, even if large computation cost is spent in sampling a huge number of DAGs per each
sampled order. This is essentially because multiple DAGs sampled from a fixed order according to
the strategy of Ellis and Wong (2008) are not independent. For example, given that a DAG G with
an edge X → Y gets sampled from an order ≺ , which implies that node X precedes node Y in the
given order ≺, then the conditional probability that any DAG G0 with a reverse edge Y → X gets
sampled under the fixed order ≺ becomes zero, so that G and G0 are not independent. In general,
once the number of sampled orders is fixed, even if the number of sampled DAGs per each sampled
order keeps increasing, every DAG that is consistent with none of the sampled orders will still have
no chance of getting sampled. In contrast, the sampling strategy in our IW-DDS is able to guarantee
the property that all the DAGs sampled from the DDS step are independent, which has been stated
in Theorem 3. Such a property is a key to ensuring the good properties of our estimator p̂⊀ (f |D)
stated in Theorem 5.

The competing state-of-the-art algorithms that are also applicable to BNs of a moderate size are
the Hybrid MCMC method (Eaton and Murphy, 2007) and the K-best algorithm (Tian et al., 2010).
The first competing method, the Hybrid MCMC, includes the DP algorithm of Koivisto (2006)
(with time complexity O(nk+1 C(m)+ kn2n ) and space complexity O(n2n )) as its first phase and
then uses the computed posteriors of all the edges to make the global proposal for its second phase
(MCMC phase). When its MCMC phase eventually converges, the Hybrid MCMC will correct
the bias coming from the order-prior assumption and provide DAG samples according to the DAG
posterior so that the estimator p̂⊀ (f |D) can be constructed using Eq. (5) for any feature f . The
Hybrid MCMC has been empirically shown to converge faster than both the Structure MCMC and
the Order MCMC, so that more accurate structure-learning performance can be obtained (Eaton and
Murphy, 2007). Note that because the REV-MCMC method (Grzegorczyk and Husmeier, 2008) is
shown to be only nearly as efficient as the Order MCMC in the mixing and convergence, the Hybrid
MCMC is expected to converge faster than the REV-MCMC method as long as n is moderate so that
the Hybrid MCMC is applicable. (But the REV-MCMC method has its own value in learning large
BNs since all these methods using some DP technique, including the Hybrid MCMC, the K-best
algorithm, and our IW-DDS method, are infeasible for a large n because of the space cost.) One
limitation of the Hybrid MCMC is that it cannot obtain the interval for p⊀ (f |D) as specified by
Theorem 5 (iv). Additionally, the convergence rate of the estimator from the Hybrid MCMC is not
theoretically provided by its authors.

The second competing method, the K-best algorithm, applies some DP technique to obtain a
collection G of DAGs with the K best scores and then uses these DAGs to construct the estimator
p̂⊀ (f |D) by Eq. (24) and Eq. (25). One advantage of the K-best algorithm is that its estimator
also has the property specified by Theorem 5 (iv) so that it can provide the sound interval for
p⊀ (f |D) just as our IW-DDS. However, the K-best algorithm has time complexity O(nk+1 C(m)+
T 0 (K)n2n−1 ) and space complexity O(Kn2n ), where T 0 (K) is the time spent on the best-first
search for K solutions and T 0 (K) has been shown to be O(K log K) by Flerova et al. (2012).
Thus, the increase in K will dramatically increase the computation cost of the K-best algorithm
when n is not small. As a result, to obtain an interval width similar to that from our IW-DDS, much
more time and space cost is required for the K-best. In our experiments using an ordinary desktop
PC, the computation problem becomes severe for n ≥ 19 because K can only take some small
values (such as no more than 40) before the K-best algorithm exhausts the memory. Accordingly,
∆ obtained from the K-best is usually smaller than that from our IW-DDS (so that the interval from
the K-best is usually wider) even if K is set to reach the memory limit of a computer. (Please refer
to Section 4.2 for detailed discussion.)
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thetic data sets: the first one is a synthetic data set “Syn15” generated from a gold-standard 15-node
Bayesian network built by us; the second one is a synthetic data set “Insur19” generated from a 19node subnetwork of “Insurance” Bayesian network (Binder et al., 1997); the third one is a synthetic
data set “Child” from a 20-node “Child” Bayesian network used by Tsamardinos et al. (2006). All
the data sets contain only discrete variables (or are discretized) and have no missing values (or have
their missing values filled in). For the four data sets (“Syn15,” “Letter,” “Insur19,” and “Child”),
because a large number of data instances are available, we also vary m (the number of instances)
to see the corresponding learning performance. (All the data cases are also included in the tool of
BNLearner.) All the experiments in this section were run under Linux on one ordinary desktop PC
with a 3.0 GHz Intel Pentium processor and 2.0 GB memory if no extra specification is provided.
In addition, the maximum in-degree k was assumed to be 5 for all the experiments.
4.1 Experimental Results for the DDS

f

X

|p(f |D) − p̂(f |D)|,

In this subsection, we compare our DDS algorithm with the Partial Order MCMC method (Niinimaki et al., 2011), the state-of-the-art learning method under the order-modular prior.
The Partial Order MCMC (PO-MCMC) method is implemented in BEANDisco, a C++ language tool provided by Niinimaki et al. (2011). (BEANDisco is available at http://www.cs.
helsinki.fi/u/tzniinim/BEANDisco/.) The current version of BEANDisco can only
estimate the posterior of an edge feature, but as Niinimaki et al. (2011) stated, the PO-MCMC readily enables estimating the posterior of any structural feature by further sampling DAGs consistent
with an order.
Because n (the number of the variables) in each investigated data case is moderate, we are
able to use REBEL, a C++ language implementation of the DP algorithm of Koivisto (2006), to
get the exact posterior of every edge under the assumption of the order-modular prior. (REBEL
is available at http://www.cs.helsinki.fi/u/mkhkoivi/REBEL/.) Therefore, we can
use the criterion of the sum of the absolute differences (SAD) (Eaton and Murphy, 2007) to measure
the feature-learning performance for each data case:
SAD =
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where p(f |D) is the exact posterior of the investigated
feature f , and p̂(f |D) is the corresponding
P
estimator. In this subsection, SAD is essentially ij |p≺ (i → j|D) − p̂≺ (i → j|D)|, because the
investigated feature is the edge feature i → j under the order-modular prior. A smaller SAD will
indicate a better performance in structure discovery. Note that the criterion SAD is closely related
to another criterion MAD (the mean of the absolute differences), because MAD = SAD/(n(n − 1)).
Thus, for each data case the conclusion based on the comparison of SAD values is the same as that
based on the comparison of MAD values, because n(n − 1) is just a constant for each data case.
For fair comparison, in our algorithms
we used the K2 score (Heckerman et al., 1995) and set

n−1
qi (Ui ) = 1 and ρi (P ai ) = 1/ |P
ai | for each i, Ui , and P ai , where |P ai | is the size of the set P ai ,
because such a setting is used in both BEANDisco and REBEL.
For the setting of the PO-MCMC, according to the suggestion for the optimal setting from
Niinimaki et al. (2011), we set the bucket size b to be 10 for all the data cases except Tic-Tac-Toe.
The bucket size b was set to be 9 for the data case Tic-Tac-Toe, because Tic-Tac-Toe has only 10
variables and the setting b = 10 will cause the tool BEANDisco to throw a run-time error. We
19

Child

Insur19

Letter

T-T-T (Tic-Tac-Toe)
Glass
Wine
Housing
Credit
Zoo
Tumor
Vehicle
German
Syn15

Name

20

19

17

10
11
13
14
16
17
18
19
21
15

n

958
214
178
506
690
101
339
846
1,000
100
200
500
1,000
2,000
5,000
100
200
500
1,000
2,000
5,000
100
200
500
1,000
2,000
5,000
100
200
500
1,000
2,000
5,000

m

DOS
µ̂(SAD) σ̂(SAD)
0.1350
0.0257
0.0230
0.0067
0.0400
0.0097
0.0650
0.0155
0.0581
0.0221
0.1030
0.0127
0.0877
0.0226
0.0200
0.0042
0.1014
0.0208
0.1299
0.0191
0.0999
0.0119
0.0801
0.0183
0.0550
0.0094
0.0350
0.0089
0.0226
0.0073
0.1526
0.0181
0.0794
0.0210
0.0732
0.0115
0.0561
0.0134
0.1014
0.0373
0.0199
0.0037
0.0977
0.0202
0.0655
0.0126
0.0462
0.0132
0.0362
0.0134
0.0067
0.0037
0.0095
0.0046
0.0779
0.0143
0.0419
0.0102
0.0405
0.0066
0.0284
0.0069
0.0216
0.0073
0.0194
0.0058
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PO-MCMC
µ̂(SAD) σ̂(SAD)
0.5174
0.1280
0.0696
0.0249
0.1616
0.0403
0.3205
0.1303
0.4549
0.2495
0.6079
0.1809
0.6059
0.1849
6.9774
8.7960
2.8802
2.0191
0.9024
0.2258
0.6449
0.1569
0.3424
0.1214
0.1558
0.0496
0.0465
0.0209
0.0217
0.0144
0.9530
0.1285
0.3854
0.0825
0.4369
0.1529
0.3007
0.1254
1.3740
0.9177
0.0669
0.0139
0.6150
0.1995
0.4428
0.1319
0.2757
0.1127
0.4539
0.3031
0.0100
0.0073
0.0110
0.0100
0.4997
0.1153
0.1896
0.0528
0.2385
0.0702
0.1079
0.0525
0.0864
0.0521
0.0938
0.0539

DDS
µ̂(SAD) σ̂(SAD)
0.1547
0.0378
0.0529
0.0076
0.0839
0.0137
0.1150
0.0117
0.1071
0.0165
0.2756
0.0137
0.2050
0.0180
0.0547
0.0096
0.1298
0.0338
0.2622
0.0190
0.2228
0.0172
0.1116
0.0126
0.0724
0.0118
0.0473
0.0071
0.0247
0.0086
0.2948
0.0229
0.1758
0.0142
0.1326
0.0107
0.0828
0.0171
0.1386
0.0288
0.0292
0.0088
0.1575
0.0213
0.1024
0.0162
0.0594
0.0099
0.0422
0.0134
0.0079
0.0029
0.0116
0.0043
0.1772
0.0146
0.0982
0.0101
0.0816
0.0123
0.0406
0.0080
0.0275
0.0083
0.0246
0.0066

Table 1: Comparison of the PO-MCMC, the DOS, and the DDS in Terms of SAD
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ran the first 10,000 iterations for “burn-in,” and then took 200 partial-order samples at intervals
of 50 iterations. Thus, there were 20,000 iterations in total. (The time cost of each iteration in
the PO-MCMC is O(nk+1 + n2 2b n/b).) In the PO-MCMC, for each sampled partial order Pi ,
p(fP
|D, Pi )P
is obtained by p(D, f, Pi )/p(D, Pi ) = p(D,P
f, Pi )/p(D, f ≡ 1, Pi ), where p(D, f, Pi )
= ≺⊇Pi G⊆≺ f (G) p(≺, G)p(D|G). The notation ≺⊇Pi means that all the total orders (≺’s)
that are linear extensions of the sampled partial order Pi will be included to obtain p(D, f, Pi ). For
example, for a data set with n = 20, because our bucket size b = 10, there are 20!/(10!10!) =
184,756 total orders that will be included for each sampled partial order Pi . The inclusion of the
information of a large number of total orders consistent with each sampled partial order gives great
learning power to the PO-MCMC method; such an inclusion can be efficiently computed by the
algorithm of Parviainen and Koivisto (2010) with the assumptions of the order-modular prior and
the maximum in-degree k. Finally,Pfor the PO-MCMC, the estimated posterior of each edge is
T
computed using p̂≺ (f |D) = (1/T ) i=1
p(f |D, Pi ).
Because the to-be-learned feature is the edge feature, we can also use our DOS algorithm for
the comparison. For both the DOS algorithm and the DDS algorithm, we set No = 20,000, that

20

17

19

20

T-T-T
Glass
Wine
Housing
Credit
Zoo
Tumor
Vehicle
German
Syn15

Letter

Insur19

Child

m

958
214
178
506
690
101
339
846
1,000
100
200
500
1,000
2,000
5,000
100
200
500
1,000
2,000
5,000
100
200
500
1,000
2,000
5,000
100
200
500
1,000
2,000
5,000

PO-MCMC
µ̂(Tt )
104.30
222.02
374.17
510.65
962.97
1,331.80
1,856.03
2,683.91
4,887.33
677.29
677.47
686.51
716.31
731.50
731.05
1,322.43
1,315.01
1,338.33
1,343.88
1,358.29
1,610.37
2,616.56
2,633.44
2,680.85
2,734.10
2,915.60
3,445.84
3,710.49
3,717.10
3,757.76
3,799.47
4,018.03
4,531.20

DOS
µ̂(Tt )
1.96
1.52
2.56
4.92
30.90
13.75
44.99
149.08
333.43
4.82
5.91
8.56
13.01
21.70
48.01
16.35
19.74
27.97
39.45
61.75
126.53
53.39
62.12
80.70
106.37
155.05
297.31
102.42
112.68
136.98
174.18
241.48
443.54

DDS
µ̂(Tt )
1.73
1.25
2.53
4.54
30.93
21.90
60.21
149.23
356.17
7.13
8.91
8.44
12.52
21.24
47.26
21.91
20.46
28.21
39.03
61.44
126.49
86.06
77.44
85.03
109.39
158.31
300.51
181.38
168.48
193.11
186.15
254.26
455.30

µ̂(TDP )
1.42
0.89
1.63
3.88
29.57
12.05
43.33
147.35
330.64
3.49
4.59
7.41
11.78
20.58
46.63
14.64
18.14
26.35
38.11
60.52
125.67
51.06
59.95
77.89
104.63
154.26
297.41
99.71
110.05
134.32
171.54
238.37
441.64

σ̂(TDP )
0.0159
0.0136
0.0121
0.0143
0.2118
0.0837
1.0763
1.2863
1.3304
0.0824
0.0473
0.1911
0.0927
0.5310
0.4110
0.2160
0.0809
0.0489
0.3011
0.5109
0.7967
0.2520
0.3025
0.7618
1.0958
3.7703
4.7737
0.3497
0.1793
0.4652
1.9832
2.4952
4.8785

µ̂(Tord )
0.24
0.25
0.35
0.40
0.44
0.62
0.72
0.65
0.97
0.50
0.47
0.48
0.48
0.49
0.47
0.64
0.55
0.51
0.47
0.47
0.52
0.86
0.84
0.79
0.89
0.90
0.96
1.07
1.04
1.07
1.08
1.15
1.16

DDS
σ̂(Tord )
0.0066
0.0076
0.0039
0.0033
0.0055
0.0039
0.0052
0.0079
0.0087
0.0021
0.0044
0.0100
0.0115
0.0086
0.0031
0.0036
0.0026
0.0066
0.0051
0.0078
0.0058
0.0091
0.0083
0.0082
0.0122
0.0154
0.0090
0.0109
0.0078
0.0111
0.0104
0.0214
0.0068
µ̂(TDAG )
0.06
0.09
0.53
0.23
0.90
9.20
16.12
1.20
24.52
3.12
3.83
0.53
0.24
0.15
0.14
6.60
1.74
1.32
0.43
0.42
0.27
34.11
16.61
6.32
3.85
3.13
2.11
80.56
57.36
57.69
13.50
14.71
12.47

σ̂(TDAG )
0.0017
0.0013
0.0024
0.0020
0.0122
0.1156
0.2941
0.0219
0.4441
0.0337
0.0258
0.0050
0.0022
0.0016
0.0008
0.0497
0.0234
0.0130
0.0089
0.0063
0.0053
0.9630
0.2278
0.0535
0.0296
0.0155
0.0091
1.1980
0.5335
0.7276
0.9244
0.4833
0.4113

21
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is, 20,000 (total) orders were sampled. Theoretically, we expect that the learning performance
of the DOS should be better than that of the DDS because the additional approximation coming
from the DAG sampling step is avoided by the DOS. By listing the performance of the DOS, we
mainly intend to examine how much the performance of the DDS decreases because of the additional
approximation from sampling one DAG per order. Nevertheless, because the DDS but not the DOS
is capable of learning non-modular features, the comparison between the PO-MCMC method and
the DDS method is our main task.
Table 1 shows the experimental results in terms of SAD for each data case with n variables and
m instances, and Table 2 lists the running-time cost corresponding to Table 1. For each of the three
methods, we performed 15 independent runs for each data case. The sample mean and the sample
standard deviation of the 15 SAD values of each method, denoted by µ̂(SAD) and σ̂(SAD), are
listed in Table 1. Correspondingly, the sample mean of the total running time Tt of each method,
denoted by µ̂(Tt ), is shown in Table 2. (Precisely speaking, the reported total running time Tt of
the DDS method includes both the time of running the three steps of the DDS and the relatively
tiny O(No ) time cost of computing p̂≺ (f |D) for each edge f using Eq. 5 at the end. Similarly,

Table 2: Comparison of the PO-MCMC, the DOS, and the DDS in Terms of Time (in Seconds)

n

10
11
13
14
16
17
18
19
21
15

Name
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In terms of the total running time of the DDS algorithm, Table 2 shows that the running time
of the DP step always accounts for the largest portion. The running time of the DAG sampling
step is less than 81 seconds to get 20,000 DAG samples for all the 33 cases. Though both the
order sampling step and the DAG sampling step involve randomness, the variability of their running
time is actually small. This can be seen from the ratio of σ̂(Tord ) to µ̂(Tord ) (which is always less
than 3.04% for all the 33 cases) and the ratio of σ̂(TDAG ) to µ̂(TDAG ) (which is always less than
6.85% for all the 33 cases). The ratio of µ̂(TDAG ) to µ̂(Tord ) ranges from 0.25 to 75.29 across
the 33 cases, which is much smaller than the upper bound of the ratio of O(nk+1 No ) to O(n2 No ).
This indicates that our time-saving strategy introduced in Section 3.2.1 can effectively reduce the
running time of the DAG sampling step. In addition, the running time of the DAG sampling step
often decreases further when m increases, which can be clearly seen from all the four data sets
(Syn15, Letter, Insur19, and Child) with different values of m. Take the data set Letter for example,
when m increases from 100 to 1,000, the corresponding µ̂(TDAG ) decreases from 6.60 to 0.43

Tables 1 and 2 clearly illustrate the performance advantage of our DDS method over the POMCMC method. The overall time cost of our DDS based on 20,000 DAG samples is much smaller
than the corresponding cost of the PO-MCMC method based on 20,000 MCMC iterations in the
partial-order space. Using much shorter time, our DDS method has its µ̂(SAD) much smaller than
µ̂(SAD) from the PO-MCMC method for 28 out of all the 33 data cases. The five exceptional cases
are Glass, Syn15 with m = 2,000, Syn15 with m = 5,000, Insur19 with m = 2,000, and Insur19
with m = 5,000. (In both Glass and Insur19 with m = 2,000, µ̂(SAD) using our DDS method
is still smaller than that using the PO-MCMC method, but their difference is not large compared
with σ̂(SAD) from the PO-MCMC method.) Furthermore, because both µ̂(SAD) and σ̂(SAD) are
given in Table 1, by the two-sample t test with unequal variances (Casella and Berger, 2002), we
can conclude with strong evidence (at the significance level 5 × 10−3 ) that the real mean of SAD
using our DDS method is smaller than the real mean of SAD using the PO-MCMC method for each
of the 28 data cases. For the exceptional data case Glass, the p-value of the t test is 0.012, so that
we can conclude at the significance level 0.05 that the real mean of SAD using our DDS method is
smaller than that using the PO-MCMC method. For each of the other four exceptions, by the same
t test we cannot reject (with the p-value > 0.2) the null hypothesis that there is no difference in
the real means of SAD from the two methods. (Corresponding to Table 1, the comparison is also
re-demonstrated using boxplots in the supplementary material for all the 33 data cases.) Thus, the
advantage of our DDS algorithm over the PO-MCMC method in learning Bayesian networks of a
moderate n can be clearly seen, though the value of the PO-MCMC method still remains for larger
n for which our DDS algorithm is infeasible.

the reported total running time Tt of the DOS method also includes the relatively tiny O(No ) time
cost of computing p̂≺ (f |D) for each edge f using Eq. 17 and Eq. 15 at the end.) In addition, the
sample mean and the sample standard deviation of the running time of the three steps of the DDS
(including the DP step, the order sampling step, and the DAG sampling step), denoted by µ̂(TDP ),
σ̂(TDP ), µ̂(Tord ), σ̂(Tord ), µ̂(TDAG ), and σ̂(TDAG ) respectively, are listed in the last six columns
of Table 2. Note that we still show µ̂(TDP ), the mean running time of the DP step of the DDS in the
15 independent runs, though the DP step is not a random algorithm at all. The running time of the
DP step is not exactly the same in each run because of the randomness from uncontrolled factors
such as the internal status of the computer. By showing µ̂(TDP ), we can clearly see the percentage
of the total running time that the DP step typically takes by comparing µ̂(TDP ) and µ̂(Tt ).
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5. The original BDAGL was found to get an out-of-memory error for any data case with more than 19 variables
in our experiments. This is because the original BDAGL intends to pre-compute the local scores of all the
n2n−1 possible families and store them in an array for the later usage in both the DP phase and the MCMC

In this subsection, we compare our IW-DDS algorithm with the Hybrid MCMC (that is, DP+MCMC)
method (Eaton and Murphy, 2007) and the K-best algorithm (Tian et al., 2010), two state-of-the-art
methods that can estimate the posteriors of any features without the order-modular prior assumption. The implementation of the Hybrid MCMC (called BDAGL) and the implementation of the
K-best (called KBest) are both made available online by their corresponding authors. (BDAGL is
available at http://www.cs.ubc.ca/˜murphyk/Software/BDAGL/; KBest is available
at http://www.cs.iastate.edu/˜jtian/Software/UAI-10/KBest.htm.)
Because n in each investigated data case is moderate, we are able to use POSTER, a C++
language implementation of the DP algorithm of Tian and He (2009), to get p⊀ (i → j|D), the exact
posterior of each edge i → j under the structure-modular prior. (POSTER is available at http://
www.cs.iastate.edu/
P ˜jtian/Software/UAI-09/Poster.htm.) Therefore, we can
use the SAD criterion ( ij |p⊀ (i → j|D) −p̂⊀ (i → j|D)|) to measure the performance of these
three methods in the structure learning for each data case.
For fair comparison, in our algorithm we used the BDeu score (Heckerman et al., 1995) with
equivalent sample size 1 and set pi (P ai )(≡ ρi (P ai )) ≡ 1, because these settings are also used in
POSTER and the implementation of the K-best algorithm.
As for the DP+MCMC, we note that most part of its implementation in BDAGL tool is written
in Matlab, whereas both the K-best and the IW-DDS are implemented in C++. In order to make
relatively fair comparison in terms of the running time, we used REBEL tool, a C++ implementation of the DP algorithm of Koivisto (2006), to perform the computation in the DP phase of the
DP+MCMC; but for fair comparison we changed its scoring criterion into the BDeu score with
equivalent sample size 1 and set qi (Ui ) ≡ 1 and ρi (P ai ) ≡ 1. To perform the computation in the
MCMC phase, we used the Matlab implementation of BDAGL 5 and ran it under Windows 7 on

4.2 Experimental Results for the IW-DDS

Mean of Tt

Mean of Tt

second, a 93.48% of decrease. In summary, the effectiveness of our time-saving strategy introduced
in Section 3.2.1 has been clearly shown in Table 2.
In addition, Table 1 clearly shows that the learning performance of the DOS is better than that
of the DDS, as expected theoretically. Note that µ̂(SAD) from the DOS is significantly smaller than
µ̂(SAD) from the DDS for 28 out of the 33 data cases. The five other cases are Tic-Tac-Toe, Syn15
with m = 5,000, and Insur19 with m = 1,000, 2,000, and 5,000. For each of these 28 data cases,
by the two-sample t test with unequal variances (Casella and Berger, 2002), we can conclude (at
the significance level 0.05) that the real mean of SAD using the DOS is smaller than that using the
DDS. This shows that the additional approximation from the DAG sampling step will usually make
the DDS perform worse than the DOS in learning modular features. Nevertheless, the DDS but not
the DOS has the ability of learning arbitrary non-modular features, which is the main goal of this
paper.
Finally, we present the experimental results for the DDS by varying the sample size. We first
choose the data case Letter with m = 500 as an example. For the DDS, we tried the sample size
No = 5,000 ·i, where i ∈ {1, 2, . . . , 10}. For each i, we independently ran the DDS 15 times to
get the sample mean and the sample standard deviation of SAD for the (directed) edge features.
For the PO-MCMC, with the bucket size b = 10, we ran totally 5,000 ·i MCMC iterations in the
partial-order space, where i ∈ {1, 2, . . . , 10}. For each i, we discarded the first 2,500 ·i MCMC
iterations for “burn-in” and set the thinning parameter to be 50, so that 50 · i partial orders finally
got sampled. Again, for each i, we independently ran the PO-MCMC 15 times to get the sample
mean and the sample standard deviation of SAD for the edge features.
Figure 1 shows the SAD performance of the two methods with each i in terms of the edge
features, where an error bar represents one sample standard deviation σ̂(SAD) across 15 runs from
a method (the PO-MCMC or the DDS) at each i. For example, Figure 1 shows that when i = 4,
µ̂(SAD) = 0.1326 and σ̂(SAD) = 0.0107 from our DDS algorithm; µ̂(SAD) = 0.4369 and σ̂(SAD)
= 0.1529 from the PO-MCMC method. This exactly matches the results previously shown in Table
1. Correspondingly, Figure 2 shows µ̂(Tt ) (the sample mean of the total running time) of the POMCMC and the DDS with each i, where the running time is in seconds. The advantage of our DDS
can be clearly seen from Figures 1 and 2. For each i ∈ {1, 2, . . . , 10}, the real mean of SAD from
the DDS is significantly smaller than that from the PO-MCMC with the p-value < 5×10−3 returned
by the two-sample t test (with unequal variances). Meanwhile, the total running time of the DDS is
much shorter than that of the PO-MCMC. For example, µ̂(Tt ) of the DDS increases with respect to
i and reaches only 29.55 seconds at i = 10. This is shorter than 9% of µ̂(Tt ) of the PO-MCMC at
i = 1, which is 336.09 seconds. Therefore, the learning performance of the DDS with each sample
size is significantly better than that of the PO-MCMC for the data case Letter with m = 500.
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We also performed the experiment with the same experimental settings for the data cases TicTac-Toe, Wine, Child with m = 500, and German. Please refer to the supplementary material for the
experimental results. (The supplementary material is available at http://www.cs.iastate.
edu/˜jtian/Software/BNLearner/BN_Learning_Sampling_Supplement.pdf. )
The same conclusion about the learning performance can be clearly drawn by examining the figures
shown in the supplementary material.
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SAD

17

19

20

T-T-T
Glass
Wine
Housing
Credit
Zoo
Tumor
Vehicle
German
Syn15

Letter

Insur19

Child

m

958
214
178
506
690
101
339
846
1,000
100
200
500
1,000
2,000
5,000
100
200
500
1,000
2,000
5,000
100
200
500
1,000
2,000
5,000
100
200
500
1,000
2,000
5,000

DP
SAD
0.1651
1.5444
1.4786
5.6478
4.0580
8.2142
5.1536
3.5759
3.7261
4.9321
3.2557
6.9798
1.3000
1.7192
1.9473
9.2140
7.2855
6.0961
0.6394
2.3913
0.8407
5.3356
5.9844
1.8274
1.7386
1.2737
1.9511
6.9783
3.2826
2.5580
2.4708
2.3330
2.0365

DP+MCMC
µ̂(SAD) σ̂(SAD)
15.0079
2.9877
0.3587
0.4599
0.4605
0.2968
8.0000
3.3408
5.0261
2.3482
32.4189 10.0953
17.5104
7.9198
3.8234
0.4011
5.0207
3.2223
12.8705
7.6384
4.5090
2.5875
5.5466
1.9175
0.3974
0.3299
1.8263
1.7095
0.0304
0.0094
27.1507
4.0940
15.1587
3.5615
3.4637
4.6789
0.1761
0.0166
3.5085
3.1132
0.1182
0.0442
9.4318
3.9576
5.5465
2.7295
0.3605
0.2287
0.2186
0.0762
0.1217
0.0380
0.1765
0.0594
11.8987
3.1086
4.7066
4.3749
2.4716
1.3489
2.6061
2.2909
1.4286
1.2290
1.2533
1.7313

K-best
SAD
1.4194
0.0904
0.2011
9.1179
5.1492
35.1215
20.5793
3.3683
5.5902
11.8685
7.5232
4.4379
0.0848
0.3701
8.89E-04
24.4313
9.4512
1.7237
0.0837
2.0976
0.0160
11.7779
2.2572
0.4970
0.7498
0.0174
0.0103
11.6189
5.0729
1.5304
0.7066
1.5279
0.8783

IW-DDS
µ̂(SAD) σ̂(SAD)
0.0227
0.0102
0.0381
0.0019
0.1041
0.0075
4.8276
0.0624
2.9148
0.0336
19.7025
4.0767
10.3139
0.6950
0.4648
0.0194
0.9891
0.0449
10.1341
0.1495
4.9079
0.0583
4.2965
0.1619
0.0498
0.0048
0.1081
0.0147
0.0022
0.0002
15.8780
0.2764
6.7936
0.1191
0.6347
0.0119
0.0766
0.0039
0.1338
0.0213
0.0072
0.0005
6.5062
0.0891
1.4630
0.0557
0.1328
0.0105
0.0623
0.0111
0.0062
0.0012
0.0092
0.0010
7.0304
0.0909
2.8510
0.0192
0.5416
0.0305
0.1499
0.0198
0.0662
0.0161
0.0150
0.0013
K-best
∆
6.943E-01
9.780E-01
9.023E-01
2.880E-02
5.010E-02
3.815E-08
2.940E-05
5.387E-01
7.800E-02
1.604E-04
2.700E-03
1.526E-01
9.699E-01
8.521E-01
9.998E-01
2.908E-04
7.800E-03
6.948E-01
9.834E-01
6.859E-01
9.948E-01
6.000E-03
4.495E-01
7.464E-01
5.866E-01
9.900E-01
9.970E-01
7.848E-04
4.800E-03
3.582E-01
7.013E-01
6.509E-01
8.209E-01

IW-DDS
µ̂(∆)
σ̂(∆)
9.935E-01 8.636E-04
9.901E-01 6.368E-04
9.670E-01 1.700E-03
1.096E-01 1.200E-03
1.793E-01 1.700E-03
1.652E-11 1.211E-11
3.619E-06 3.586E-07
9.432E-01 2.600E-03
7.422E-01 7.200E-03
1.183E-04 4.664E-06
7.300E-03 1.265E-04
2.388E-01 4.900E-03
9.843E-01 8.909E-04
9.703E-01 3.300E-03
9.994E-01 9.821E-05
1.621E-04 5.336E-06
1.220E-02 3.341E-04
8.808E-01 3.000E-03
9.864E-01 8.678E-04
9.756E-01 2.700E-03
9.972E-01 2.077E-04
2.010E-02 4.767E-04
7.049E-01 1.120E-02
9.379E-01 3.000E-03
9.785E-01 2.600E-03
9.976E-01 4.864E-04
9.973E-01 2.086E-04
2.700E-03 1.066E-04
1.506E-01 1.200E-03
8.222E-01 5.100E-03
9.545E-01 3.400E-03
9.828E-01 2.800E-03
9.940E-01 4.696E-04
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phase. To solve this out-of-memory problem, we have updated the original Matlab code in BDAGL and provided
the BDAGL-New package which is also available at http://www.cs.iastate.edu/˜jtian/Software/
BNLearner/BNLearner.htm. The main update is that, with the assumed maximum in-degree, only the local
scores of all the families whose sizes are no more than the assumed maximum in-degree are pre-computed and stored
in a hash table. With BDAGL-New, the experiments for all the data cases in this paper can be performed without any
error.

an ordinary laptop with 2.40 GHz Intel Core i5 CPU and 4.0 GB memory. The MCMC used the
pure global proposal (with the local proposal choice β = 0), because such a setting was reported
by Eaton and Murphy (2007) to have the best performance for edge discovery when up to about
190,000 MCMC iterations were performed in their experimental results. We ran totally 190,000
MCMC iterations each time and discarded the first 100,000 iterations as the burn-in period. Then
we set the thinning parameter to be 3 to get the final 30,000 DAG samples. As a result, the time
statistics of the DP phase (the numbers before the + sign in Table 4) but not the MCMC phase (the
numbers after the + sign) can be directly compared with those of the other two methods. For each
data case, we performed 20 independent MCMC runs based on the DP outcome from REBEL to get
the results.

Table 3: Comparison of the DP+MCMC, the K-best, and the IW-DDS in Terms of SAD

n

10
11
13
14
16
17
18
19
21
15

Name

S TRUCTURE L EARNING IN BN S OF A M ODERATE S IZE BY E FFICIENT S AMPLING

17

19

20

T-T-T
Glass
Wine
Housing
Credit
Zoo
Tumor
Vehicle
German
Syn15

Letter

Insur19

Child

m
958
214
178
506
690
101
339
846
1,000
100
200
500
1,000
2,000
5,000
100
200
500
1,000
2,000
5,000
100
200
500
1,000
2,000
5,000
100
200
500
1,000
2,000
5,000

DP+MCMC
µ̂(Tt )
1.29 + 1,032.40
1.04 + 1,037.26
2.44 + 1,127.80
4.83 + 1,421.00
33.73 + 1,476.90
22.33 + 2,107.50
60.86 + 1,799.99
207.27 + 1,886.10
600.19 + 1,849.90
5.21 + 1,284.00
6.28 + 1,286.20
9.64 + 1,336.80
13.69 + 1,364.60
22.64 + 1,372.10
54.79 + 1,356.70
25.53 + 1,572.60
30.01 + 1,576.80
39.58 + 1,598.90
52.85 + 1,575.60
77.48 + 1,591.00
157.69 + 1,636.40
101.47 + 1,828.00
113.79 + 1,896.10
137.18 + 1,864.40
168.55 + 1,862.30
226.36 + 1,781.70
380.78 + 1,814.80
203.44 + 1,785.10
215.70 + 1,760.80
248.17 + 1,818.70
292.40 + 1,817.20
371.12 + 1,841.40
589.99 + 1,846.40
K-best
Tt
8.37
18.13
141.20
323.37
2,073.41
5,531.81
18,640.09
17,126.45
10,981.29
889.97
901.23
899.42
910.76
907.02
932.96
7,639.02
7,966.25
8,257.60
8,380.57
7,619.29
8,134.85
6,745.41
6,783.76
6,894.15
6,966.90
7,277.60
7,061.76
15,085.86
14,222.86
14,016.94
15,504.82
16,109.91
15,372.61

IW-DDS
µ̂(Tt )
3.28
1.72
3.52
5.67
35.20
26.16
87.35
171.75
540.61
9.41
10.29
9.59
13.35
21.98
52.07
20.27
25.87
31.88
44.48
69.14
136.95
112.28
82.52
98.96
133.87
185.02
336.03
223.62
225.76
214.91
232.11
306.42
524.63
µ̂(TDP )
1.27
0.98
2.15
4.21
29.30
12.49
39.49
160.55
392.25
3.56
4.76
7.50
12.15
20.81
47.80
15.83
20.22
29.84
42.93
66.34
134.94
55.85
68.12
91.44
123.42
177.66
329.78
106.01
119.82
149.73
193.18
268.78
483.90

σ̂(TDP )
0.0060
0.0210
0.0199
0.0813
0.3322
0.1853
0.4419
0.9310
2.8656
0.0667
0.2090
0.0821
0.7578
0.5200
1.0887
0.0601
0.1769
0.1575
0.4835
0.5184
1.6127
0.1540
0.4187
0.4547
0.8007
1.3165
4.5841
0.3976
1.8604
0.8344
1.1041
2.3209
6.7403

IW-DDS
µ̂(Tord ) σ̂(Tord )
1.57
0.0109
0.50
0.0054
0.63
0.0061
0.63
0.0042
0.81
0.0055
1.11
0.0048
1.19
0.0184
1.49
0.0175
1.68
0.0207
0.81
0.0048
0.80
0.0111
0.85
0.0051
0.85
0.0156
0.85
0.0061
3.99
0.0235
1.15
0.0062
1.09
0.0069
0.95
0.0055
0.98
0.0093
2.01
0.0241
1.36
0.0097
1.41
0.0117
1.45
0.0120
1.43
0.0128
1.44
0.0157
3.30
0.0483
1.89
0.0220
1.67
0.0176
1.69
0.0107
1.67
0.0183
1.72
0.0135
1.82
0.0165
1.93
0.0160
µ̂(TDAG )
0.44
0.24
0.74
0.52
4.94
12.05
46.31
9.67
146.65
4.80
4.53
1.08
0.33
0.30
0.28
2.83
4.21
1.01
0.56
0.78
0.65
54.71
12.90
6.07
9.00
4.06
4.34
115.60
104.09
63.48
37.20
35.81
38.80

σ̂(TDAG )
0.0128
0.0018
0.0057
0.0043
1.6191
0.1898
0.2937
0.0665
1.4290
0.0273
0.0256
0.0128
0.0038
0.0019
0.0023
0.0292
0.0304
0.0123
0.0100
0.0068
0.0067
0.5438
0.1329
0.0358
0.0601
0.0356
0.0713
1.3183
0.9659
0.5783
0.3176
0.3680
0.5411

26

JMLR 17(101):1-54

For our IW-DDS, we set No = 30,000. We performed 20 independent runs for each data case
to get the results. For the K-best, note that its SAD is fixed because there is no randomness in the
computed results. So we only ran it once to get the result. We set K to be 100 for Tic-Tac-Toe,
Glass, Wine, Housing, Credit, Zoo, Syn15, and Letter, that is, we got the 100 best DAGs from
Tic-Tac-Toe, Glass, Wine, Housing, Credit, Zoo, each of the six cases of Syn15, and each of the six
cases of Letter. We set K to be only 80 for Tumor because our experiments showed that for Tumor
the K-best program ran out of memory with K > 80. Because of the same out-of-memory issue,
we set K to be only 40 for Vehicle and Insur19; we set K to be only 20 for Child and 9 for German.
The fact that K can only take a value no greater than 40 for n ≥ 19 in our experiments confirms our
claim about the computation problem of the K-best algorithm in terms of its space cost.
Table 3 shows the experimental results in terms of SAD for each data case, and Table 4 shows
the
P running-time cost corresponding to Table 3. The column named DP in Table 3 shows the SAD
( ij |p⊀ (i → j|D) −p≺ (i → j|D)|), where each edge posterior p⊀ (i → j|D) is computed by
the exact DP method of Tian and He (2009), and each edge posterior p≺ (i → j|D) is computed by

Table 4: Comparison of the DP+MCMC, the K-best, and the IW-DDS in Terms of Time (in Seconds)

n
10
11
13
14
16
17
18
19
21
15

Name

H E , T IAN , AND W U

H E , T IAN , AND W U
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of the DP algorithm of Koivisto (2006). For example, for the data case Child with m = 5,000,
µ̂(Tt ) of the IW-DDS is 524.63 seconds while the corresponding running time of the DP phase of
the DP+MCMC method is 589.99 seconds. Actually, Table 4 shows that there are 21 out of the 33
cases where µ̂(Tt ) of the IW-DDS is less than the running time of the DP phase of the DP+MCMC
method. In addition, just as shown in Section 4.1, the effectiveness of our time-saving strategy can
also be clearly seen from Table 4. For example, the ratio of µ̂(TDAG ) to µ̂(Tord ) ranges from 0.07
to 87.29 across the 33 cases, which is much smaller than the upper bound of the ratio of O(nk+1 No )
to O(n2 No ).
Table 3 also shows the resulting cumulative probability mass ∆ fromPthe K-best and our IWDDS for all the data cases. (Note that ∆ is computed by the formula ∆ = G∈G p⊀ (G, D)/p⊀ (D),
where p⊀ (D) is computed using POSTER tool.) In the table, µ̂(∆) from our IW-DDS is greater than
∆ from the K-best for 28 out of the 33 data cases. The five exceptional cases are Zoo, Tumor, Syn15
with m = 100, Syn15 with m = 5,000, and Letter with m = 100. Interestingly, for four out of the
five exceptional cases (as well as the other 28 cases), µ̂(SAD) from our IW-DDS is significantly
smaller than SAD from the K-best. One possible reason is that the K best DAGs tend to have the
same or similar local structures (families (i, P ai )’s) that have relatively large local scores, but a
large number of DAGs sampled from our IW-DDS include various local structures for each node
i. When ∆ is far below 1, the inclusion of various local structures seems to be more effective in
improving the structure-learning performance.
In addition, Table 3 shows that when m is not very small (such as no smaller than 1,000), ∆
from our IW-DDS with No = 30,000 can reach a large percentage (such as greater than 90%) in
most of our data cases. As a result, we can obtain a sound interval for p⊀ (f |D) with a small width
(such as less than 0.1) for any feature f .
To further demonstrate that our IW-DDS can obtain a large ∆ efficiently when m is not very
small, we increased No from 100,000 to 600,000 with each increment 100,000 to see its performance
for the data cases Letter with m = 500, Child with m = 500, and German. Again, we performed
20 independent runs for each data case to get the results. Figures 3, 5, and 7 show the increase
in ∆ with respect to the increase in No for these three data cases. Correspondingly, Figures 4, 6,
and 8 indicate the increase in µ̂(Tt ), µ̂(Tord ) and µ̂(TDAG ) with respect to the increase in No for
these three data cases, where the running time is in seconds. These figures clearly show that our
IW-DDS can efficiently achieve a large ∆. Take the data case German for example, with the time
cost µ̂(Tt ) = 1,493.02 seconds, our IW-DDS can collect No = 600,000 DAG samples so that the
corresponding mean of ∆ can reach 91.74%. Therefore, for any feature f in the data case German,
our IW-DDS can provide a sound interval for p⊀ (f |D) with a width of 0.0826. Note that the K-best
can only provide a meaningless sound interval for p⊀ (f |D) with a huge width of 0.922 because its
∆ can only reach 0.078 in the data case German before running out of the memory. Also note that
the ratio of µ̂(TDAG ) to µ̂(Tord ) decreases from 56.45 to 30.95 when No increases from 100,000 to
600,000. (The rate of increase of µ̂(Tord ) is a constant with respect to No , but the rate of increase
of µ̂(TDAG ) actually decreases as No increases.) This confirms our statement in Section 3.2.1 that
the benefit from our time-saving strategy will typically increase when No increases.
Finally, we present the experimental results for the IW-DDS by varying the sample size. As in
Section 4.1, the experiments were performed for the five data cases Tic-Tac-Toe, Wine, Letter with
m = 500, Child with m = 500, and German. For the IW-DDS, we tried the sample size No =
5,000 ·i, where i ∈ {1, 2, . . . , 10}. For each i, we independently ran the IW-DDS 20 times to get
the sample mean and the sample standard deviation of SAD for the (directed) edge features. For
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the exact DP method of Koivisto (2006). The SAD values reported in this column indicate the bias
due to the assumption of the order-modular prior. Next to the DP column, the SAD values of the
three methods are listed in Table 3. Because the DP+MCMC method and the IW-DDS method are
random, both the sample mean µ̂(SAD) and the sample standard deviation σ̂(SAD) of the 20 SAD
values are shown for these two methods. The outcome of the K-best algorithm is not random, so
that only its SAD is shown. Finally Table 3 also shows the cumulative posterior probability mass
∆ for both the K-best algorithm and the IW-DDS method. Again, because the IW-DDS method
is random, both the sample mean and the sample standard deviation of the 20 ∆ values, denoted
by µ̂(∆) and σ̂(∆), are listed for the IW-DDS method in Table 3. As for Table 4, its presentation
format is very similar to that of Table 2. Table 4 first shows the sample mean of the total running
time Tt (denoted by µ̂(Tt )) of both the DP+MCMC method and the IW-DDS method as well as the
total running time Tt of the K-best algorithm. The last six columns of Table 4, similar to the last
six columns of Table 2, list the sample mean and the sample standard deviation of the running time
of the three steps of the DDS in the IW-DDS algorithm.
Tables 3 and 4 clearly demonstrate the advantage of our method over the other two methods.
With much shorter computation time, our method has its µ̂(SAD) less than that from the DP+MCMC
for 32 out of the 33 data cases. The only exceptional case is Syn15 with m = 200. Furthermore,
based on the two-sample t test with unequal variances, we can conclude at the significance level
0.05 that the real mean of SAD using our method is less than that using the DP+MCMC for each of
the 31 cases; the two exceptional cases are Syn15 with m = 100 and Syn15 with m = 200. (For 30
out of these 31 cases, the p-value of the two-sample t test is less than 0.01.) Meanwhile, σ̂(SAD)
using our method is always much smaller than that using the DP+MCMC for each of the 33 cases,
which indicates higher stability of the performance of our method. Similarly, with much shorter
computation time, our method has its µ̂(SAD) less than the SAD from the K-best for 32 out of the
33 cases. The only exception is Syn15 with m = 5,000. Furthermore, based on the one-sample t
test (Casella and Berger, 2002), we can conclude at the significance level 5 × 10−4 that the real
mean of SAD using our method is less than the SAD using the K-best for each of these 32 cases.
(Corresponding to Table 3, the comparison of the three methods is also re-illustrated using boxplots
in the supplementary material for all the 33 data cases.)
There are several other interesting things shown in Tables 3 and 4. In terms of the SAD, for
very small m, µ̂(SAD) using the DP+MCMC method is even larger than the SAD from the DP
phase (Koivisto, 2006) itself. For example, for the data case Zoo, the SAD from the DP phase is
8.2142, but µ̂(SAD) obtained after the MCMC phase of the DP+MCMC method is 32.4189. Similar
situations also occur in Syn15, Letter, Insur19, and Child when m = 100. This indicates that for
very small m, the MCMC phase of the DP+MCMC method is unable to reduce the bias from the
DP method of Koivisto (2006) for all these cases based on 190,000 MCMC iterations. As for the
running time, note that µ̂(TDP ) of our IW-DDS is always less than the running time of the DP phase
of the DP+MCMC method. This is because the DP step of our method uses the DP algorithm of
Koivisto and Sood (2004), that is, the first three steps of the DP algorithm of Koivisto (2006); while
the DP phase of the DP+MCMC method uses all the five steps of the DP algorithm of Koivisto
(2006). In other words, compared with the DP algorithm of Koivisto and Sood (2004), the DP
algorithm of Koivisto (2006) includes a larger constant factor hidden in the O(nk+1 C(m) + kn2n )
notation though these two DP algorithms have the same time complexity. This difference will
make the total running time of our IW-DDS even less than the running time of the DP phase of
the DP+MCMC method when the remaining steps of the IW-DDS run faster than the last two steps
27
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Figure 8: Plot of the Running Time versus
No for German
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the DP+MCMC, we ran totally 50,000 ·i MCMC iterations, where i ∈ {1, 2, . . . , 10}. For each
i, we discarded the first 25,000 ·i MCMC iterations for “burn-in” and set the thinning parameter
to be 5, so that 5,000 ·i DAGs got sampled. Again, for each i, we independently ran the MCMC
20 times to get the sample mean and the sample standard deviation of SAD for the edge features.
As for the K-best, different experimental settings were used for different data cases because of the
out-of-memory issue. For the two data cases Tic-Tac-Toe and Wine, we ran the K-best program
with K = 20 · i, where i ∈ {1, 2, . . . , 10}. (The setting of K = 20 · i guarantees that for these two
data cases the running time of the K-best is longer than the running time of the IW-DDS at each i,
which will be demonstrated soon.) For the data case Letter with m = 500, we only ran the K-best
with K = 162 because the K-best program will run out of memory when K > 162 because of its
expensive space cost. The corresponding result of the K-best would be compared with the result
of the IW-DDS at i = 10 (that is, the IW-DDS with No = 50,000). For the same out-of-memory
issue, we only set K = 20 for Child with m = 500 and set K = 9 for German when running the
K-best program. Note that because there is no randomness in the outcome of the K-best algorithm,
we always ran the K-best program only once to get its fixed SAD for the edge features.
The experimental results of comparing the three methods based on the data case Tic-Tac-Toe
are shown in Figures 9 and 10. Figure 9 shows the SAD performance of the three methods with
each i ∈ {1, 2, . . . , 10} in terms of the edge features, where an error bar represents one sample
standard deviation σ̂(SAD) across 20 runs from the DP+MCMC or the IW-DDS at each i. Figure
10 shows µ̂(Tt ) (the sample mean of the total running time) of the DP+MCMC and the IW-DDS as
well as Tt (the total running time) of the K-best with each i, where the running time is in seconds.
The advantage of our IW-DDS can be clearly seen from Figures 9 and 10. Comparing with the
DP+MCMC, for each i ∈ {1, 2, . . . , 10}, the IW-DDS uses shorter running time but has its real
mean of SAD significantly smaller than that from the DP+MCMC, with the p-value < 1 × 10−10
from the two-sample t test with unequal variances. Comparing with the K-best, for each i ∈
{1, 2, . . . , 10}, the IW-DDS uses shorter running time but has its real mean of SAD significantly
smaller than the SAD from the K-best, with the p-value < 1 × 10−35 from the one-sample t test.
Therefore, the learning performance of the IW-DDS is significantly better than that of the other two
methods at each i for the data case Tic-Tac-Toe.
The experimental results based on the data case Letter with m = 500 are shown in Figures 11
and 12. Just as the description for Figures 9 and 10, Figure 11 shows the SAD performance of the
three methods in terms of the edge features, and Figure 12 shows the corresponding time cost of
the three methods. The only difference is that in both Figure 11 and Figure 12, the corresponding
result of the K-best with K = 162 is marked as a star and compared with that of the IW-DDS at
i = 10. The advantage of our IW-DDS can be clearly seen from Figures 11 and 12. Comparing
with the DP+MCMC, for each i ∈ {1, 2, . . . , 10}, the IW-DDS uses much shorter running time
but has its real mean of SAD significantly smaller than that from the DP+MCMC, with the p-value
< 0.013 from the two-sample t test with unequal variances. (µ̂(Tt ) of the IW-DDS at i = 10
is only 33.00 seconds, which is even less than the running time 39.58 seconds of the DP phase
of the DP+MCMC method.) Note that σ̂(SAD) from the DP+MCMC is shown to be very large.
The DP+MCMC has its σ̂(SAD) even larger than its µ̂(SAD) (the sample mean of SAD) when
i ≥ 8, which indicates that the performance of the DP+MCMC is not stable based on the 500,000
MCMC iterations. Comparing with the K-best, the IW-DDS with No = 50,000 uses much shorter
running time but has its real mean of SAD significantly smaller than the SAD from the K-best with
K = 162, because the p-value from the corresponding one-sample t test is less than 1 × 10−35 .
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The experimental results for the other three data cases Wine, Child with m = 500, and German
are represented similarly in the supplementary material. The same conclusion about the learning
performance can be clearly drawn by examining the figures shown in the supplementary material.

Therefore, the learning performance of the IW-DDS is also significantly better than that of the other
two methods for the data case Letter with m = 500.

Figure 11: Plot of the SAD Performance of
the DP+MCMC, the K-best, and
the IW-DDS for Letter (m = 500)
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4.3 Learning Performance on Non-modular Features

In Sections 4.1 and 4.2 we did not provide experimental results on the learning performance on nonmodular features. We did not do so in Section 4.2 because there is no known method to compute
the true/exact posterior probability of any non-modular feature p⊀ (f |D) except by the brute-force
enumeration over all the (super-exponential number of) DAGs so that the quality of the corresponding p̂⊀ (f |D) learned from any approximate method cannot be precisely measured. We did not do
so in Section 4.1 because the current PO-MCMC tool (BEANDisco) only supports the estimation
of the posterior of an edge feature so that the comparison of our method and the PO-MCMC can
only be made for the edge feature. (Thus, we did not make the comparison for the path feature,
which is one particular non-modular feature, though the DP algorithm of Parviainen and Koivisto,
2011 can compute the exact posterior of a path feature p≺ (f |D).) Our idea is that by showing that
our algorithms have significantly better performance in computing fundamental structural features
(directed edge features), which should be due to the better quality of our DAG samples with respect
to the corresponding p⊀ (G|D) or p≺ (G|D), we expect that our algorithms will also be superior in
computing other complicated structural features using the same set of DAG samples.
To verify our expectation, we performed the experiments on the real data set “Iris” (with n = 5)
from the UCI Machine Learning Repository (Asuncion and Newman, 2007) and the well-studied
data set “Coronary” (coronary heart disease) (with n = 6) (Edwards, 2000). Because n is small, by
enumerating all the DAGs, we were able to compute p⊀ (f |D), the true posterior probability for any
interesting non-modular feature f . For demonstration, we investigated the following five interesting
non-modular features. Feature f1 , a directed path feature from node x to node y, denoted by x ∼>
y, represents the situation that variable x eventually influences variable y. Feature f2 , a limitedlength directed path feature x ∼> y that has its path length no more than 2, represents that variable
x can influence variable y via at most one intermediate variable. Feature f3 , a combined path feature
x ∼> y ∼> z, can be interpreted as the situation that variable x eventually influences variable y
which in turn eventually influences variable z. Feature f4 , a combined path feature y <∼ x ∼> z
with y 6= z, means that variable x eventually influences both variable y and variable z. Feature
f5 , a combined path feature y <∼ x > z with x 6= z, represents that variable x eventually
influences variable y but not variable z. Please see Figures 13 to 18 for the example features in the
data set Coronary. Then we compared the SAD performance on the (directed) edge feature with the
corresponding SAD performance 6 on each feature fj (j ∈ {1, 2, 3, 4, 5}) from the DP+MCMC,
the K-best, and the IW-DDS. The experimental results on both data sets show that if the SAD of
the IW-DDS is significantly smaller than the SAD of the competing method (the DP+MCMC or the
K-best) for the edge feature, then the SAD of the IW-DDS will also be significantly smaller than
the SAD of the competing method for each investigated non-modular feature fj using the same set
of DAG samples. Thus, our expectation is supported by the experiments. The detailed experimental
results are as follows.
The following is our experimental design for the data set Coronary with n = 6 and m = 1841.
For the IW-DDS, we tried the sample size No = 2,500 ·i, where i ∈ {1, 2, . . . , 20}. For each i, we
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P
6. More
P specifically, SAD = ( xy |p⊀ (x ∼> y|D) − p̂⊀ (x ∼> y|D)|) for the path feature x ∼> y; SAD =
( P
xy |p⊀ (x ∼> y|D) − p̂⊀ (x ∼> y|D)|) for the path feature x ∼> y whose length is no more than 2; SAD
=P
( xyz |p⊀ (x ∼> y ∼> z|D) − p̂⊀ (x ∼> y ∼> z|D)|) for the combined feature x ∼> y ∼> z; SAD =
( xyz,y6P
=z |p⊀ (y <∼ x ∼> z|D) − p̂⊀ (y <∼ x ∼> z|D)|) for the combined feature y <∼ x ∼> z with y 6= z;
SAD = ( xyz,x6=z |p⊀ (y <∼ x > z|D) − p̂⊀ (y <∼ x > z|D)|) for the combined feature y <∼ x > z with
x 6= z.

32

X1
X2

(Pressure)

X4

(M. Work)

X3
(P. Work)

(Pressure)

X4

(M. Work)

X2

X3
(P. Work)

33

JMLR 17(101):1-54

Figure 15: Example f2 Feature in Coronary
Figure 16: Example f3 Feature in Coronary
Figure 15 shows the limited-length directed path feature X2 ∼> X5 , which has the largest true
posterior 0.8348 among all the possible f2 features. The limited-length directed path feature
X2 ∼> X5 includes many possible ways going from X2 to X5 . For clarity, only two possible
ways that have every constituent edge with true posterior > 0.5 are shown in Figure 15. These two
possible ways are X2 → X5 , and X2 → X1 → X5 . Figure 16 shows the combined path feature
X3 ∼> X1 ∼> X4 , which has the largest true posterior 0.5044 among all the possible f3 features.
The combined path feature X3 ∼> X1 ∼> X4 includes many possible ways going from X3 via
X1 to X4 . For clarity, only one possible way (X3 → X1 → X4 ) that has every constituent edge
with true posterior > 0.5 is shown in Figure 16.
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Figure 13: Example Edges in Coronary
Figure 14: Example f1 Feature in Coronary
Figure 13 shows every (directed) edge feature e with its true posterior p⊀ (e|D) > 0.5. Figure 14
shows the directed path feature X2 ∼> X5 , which has the largest true posterior 0.8348 among
all the possible f1 features. The directed path feature X2 ∼> X5 includes many possible ways
going from X2 to X5 . For clarity, only three possible ways that have every constituent edge
with true posterior > 0.5 are shown in Figure 14. These three possible ways are X2 → X5 ,
X2 → X1 → X5 , and X2 → X3 → X1 → X5 . The figure is best viewed in color.
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7. The purpose of the experimental setting for the DP+MCMC and the K-best is merely to testify the claimed “if-then”
conditional statement: if the SAD performance from the IW-DDS is significantly better than the SAD performance
from the competing method for an edge feature, then the SAD performance from the IW-DDS will also be significantly better than that from the competing method for each investigated non-modular feature using the same set of
DAG samples.

independently ran the IW-DDS 20 times to get the sample mean and the sample standard deviation
of SAD for the (directed) edge feature and the five non-modular features (f1 , f2 , f3 , f4 , and f5 ).
For the DP+MCMC, we ran 25,000 ·i MCMC iterations, where i ∈ {1, 2, . . . , 20}. For each i, we
discarded the first 12,500 ·i MCMC iterations for “burn-in” and set the thinning parameter to be 5,
so that 2,500 ·i DAGs got sampled. For each i, we independently ran the MCMC 20 times to get
the sample mean and the sample standard deviation of SAD for the edge feature, f1 , f2 , f3 , f4 , and
f5 . For the K-best, we ran the K-best program with K = 10 · i, where i ∈ {1, 2, . . . , 20}. For each
i, we ran the K-best just once to get SAD for the edge feature, f1 , f2 , f3 , f4 , and f5 , because there
is no randomness in the outcome of the K-best algorithm. 7
The experimental results for the data set Coronary are demonstrated in Figures 19 to 24. Figure
19 shows the SAD performance of the three methods with each i for the edge feature, where an
error bar represents one sample standard deviation across 20 runs for the DP+MCMC or the IWDDS at each i. Correspondingly, Figures 20 to 24 show the SAD performance of the three methods
with each i for the five investigated non-modular features (f1 , f2 , f3 , f4 , and f5 ) respectively.
From Figure 19 and each of Figures 20 to 24, one can clearly see that if the SAD of the IWDDS is significantly smaller than the SAD of the competing method (the DP+MCMC or the Kbest) for the edge feature, then the SAD of the IW-DDS will also be significantly smaller than
the SAD of the competing method for each of the five investigated non-modular features. More

Figure 17: Example f4 Feature in Coronary
Figure 18: Example f5 Feature in Coronary
Figure 17 shows the combined path feature X5 <∼ X2 ∼> X6 , which has the largest true posterior
0.6020 among all the possible f4 features. The combined path feature X5 <∼ X2 ∼> X6 includes
many possible ways. For clarity, only three possible ways that have every constituent edge with
true posterior > 0.5 are shown in Figure 17. These three possible ways are X6 ← X2 → X5 ,
X6 ← X2 → X1 → X5 , and X6 ← X2 → X3 → X1 → X5 . The figure is best viewed in
color. Figure 18 shows the combined path feature X4 <∼ X1 > X6 , which has the largest true
posterior 0.5139 among all the possible f5 features. The combined path feature X4 <∼ X1 > X6
excludes any possible way going from X1 to X6 but includes many possible ways going from X1
to X4 . For clarity, only one possible way (X1 → X4 ) that has every constituent edge with true
posterior > 0.5 is shown in Figure 18.
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Figure 24: SAD of the Learned f5 Features
for Coronary
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Figure 30: SAD of the Learned f5 Features
for Iris
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For the first set of experiments, we choose the data case Letter with m = 100, which has the
largest µ̂(SAD) (= 0.2948) from the DDS among all the 33 data cases shown in Table 1. We first
consider the setting of the parameters specified as  = 0.02 and δ = 0.05, which serves as our performance requirement. By setting the DAG sample size No = d(ln(2/δ))/(22 )e = 4612, we intend
to show that the estimator p̂≺ (f |D) coming from our DDS has the performance guarantee such that
the Hoeffding inequality P (|p̂≺ (f |D) − p≺ (f |D)| ≥ ) ≤ δ holds. Each directed edge feature f
is investigated here because the posterior of each edge p≺ (f |D) can be easily obtained by the DP
algorithm of Koivisto (2006). For each edge f , we call the event of |p̂≺ (f |D) − p≺ (f |D)| ≥ 
as the event of violation (of the pre-specified estimation error bound) in the learning of f . Define
the indicator variable W for the event of violation in the learning of f . Thus, W is a Bernoulli
random variable with the success probability pvio = P (|p̂≺ (f |D) − p≺ (f |D)| ≥ ). We independently repeat the DDS algorithm (with the same No ) R = 400 times and use the average of W
as the estimator p̂vio for each edge. Note that the mean of p̂vio is pvio and the variance of p̂vio is
pvio (1 − pvio )/R because Rp̂vio has a binomial distribution with the trial number R and the success
probability pvio . Because we expect that pvio will be small so that pvio (1 − pvio ) will be large as

To testify the quality guarantee from Corollary 4 (iv) for the estimator based on the DDS algorithm,
we performed experiments based on two data cases (Letter with m = 100 and Tic-Tac-Toe), which
have relatively large µ̂(SAD) or µ̂(MAD) ( = µ̂(SAD) /(n(n − 1)) ) from the DDS algorithm
shown in Table 1. Based on hypothesis testing, we can conclude with very strong evidence that the
performance guarantee for our estimator holds for both data cases. The details of the experiments
are as follows.

4.4 Performance Guarantee for the DDS Algorithm

We also performed the same kind of experiments for the data set Iris with n = 5 and m = 150.
The results are demonstrated in Figures 25 to 30. Comparing with the DP+MCMC, at each i ∈
{1, 2, . . . 20}, just as the comparison result for the edge feature, for each investigated fj , the real
mean of SAD from the IW-DDS is significantly smaller than that from the DP+MCMC with the pvalue < 1×10−5 from the two-sample t test with unequal variances. Comparing with the K-best, at
each i ∈ {1, 2, . . . 20}, just as the comparison result for the edge feature, for each investigated fj , the
real mean of SAD from the IW-DDS is also significantly smaller than the SAD from the K-best with
the p-value < 1×10−9 from the one-sample t test. Thus, a conclusion similar to that from Coronary
can be drawn: if the SAD of the IW-DDS is significantly smaller than the SAD of the competing
method for the edge feature, then the SAD of the IW-DDS will also be significantly smaller than
the SAD of the competing method for each of the five investigated non-modular features.

compared with pvio , we choose large R = 400 to make the variance of p̂vio relatively small with
respect to the mean of p̂vio . Figure 31 shows the histogram of p̂vio for each of all the n(n−1) = 272
directed edges. For each of the 272 edges, it can be clearly seen that the corresponding p̂vio is much
smaller than δ = 0.05 marked by the vertical bar. For 240 out of the 272 edges, the corresponding
p̂vio ’s are exactly equal to 0. Even for the largest p̂vio = 0.015, corresponding to 6 successes among
400 trials, we can use the one-sided hypothesis testing to reject the null hypothesis that pvio ≥ 0.05
and to conclude that pvio < 0.05 with the p-value less than 2 × 10−4 . Therefore, the Hoeffding
inequality holds for the learning of each edge in this parameter setting.

specifically, comparing with the DP+MCMC, at each i ∈ {1, 2, . . . 20}, for the edge feature, the
real mean of SAD from the IW-DDS is significantly smaller than that from the DP+MCMC with
the p-value < 0.01 from the two-sample t test with unequal variances. Consistently, at each i ∈
{1, 2, . . . 20}, for each investigated non-modular feature fj , the real mean of SAD from the IWDDS is also significantly smaller than that from the DP+MCMC with the p-value < 0.01 from the
same t test. Comparing with the K-best, at each i ∈ {1, 2, . . . 20}, for the edge feature, the real
mean of SAD from the IW-DDS is significantly smaller than the SAD from the K-best with the
p-value < 1 × 10−20 from the one-sample t test. Consistently, at each i ∈ {1, 2, . . . 20}, for each
investigated non-modular feature fj , the real mean of SAD from the IW-DDS is also significantly
smaller than the SAD from the K-best with the p-value < 1 × 10−20 from the same t test.
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Finally, for the data case Tic-Tac-Toe, we fix  = 0.02 but increase No from 2,000 to 10,000
2
by an increment of 1,000 each time. For each No , we plot the Hoeffding bound 2e−2No  for the
probability of violation pvio = P (|p̂≺ (f |D)−p≺ (f |D)| ≥ ) in Figure 35. (Note that the Hoeffding
bound decreases at an exponential rate as No increases.) Then for each No , we also plot both the
maximum and the mean of all the n(n − 1) p̂vio ’s in Figure 35. Again p̂vio for each edge is the
average of W by independently running the DDS algorithm (with the same No ) R times. We set
2
R = max{400, d10/(e−2No  )e} and use larger R for larger No because we expect that p̂vio will be
smaller for larger No . From Figure 35, we can clearly see that p̂∗vio , the maximum of all the n(n−1)
p̂vio ’s, is always far below the Hoeffding bound for each No . Furthermore, for each No we can use
2
the one-sided hypothesis testing to reject the null hypothesis that pvio ≥ 2e−2No  and to conclude
2
−2N

−4
o
that pvio < 2e
with the p-value less than 3 × 10 . Therefore, the Hoeffding inequality holds
for each No .

For the second set of experiments, we choose the data case Tic-Tac-Toe, which has the largest
µ̂(MAD) (= µ̂(SAD) /(n(n − 1)) = 0.1547/90) from the DDS among all the 33 data cases shown
in Table 1. The same kind of experiments are performed for this data case. For the parameter
setting with  = 0.02 and δ = 0.05, the corresponding result is shown in Figure 33. For each of
the 90 edges, the corresponding p̂vio is clearly much smaller than δ = 0.05. Even for the largest
p̂vio = 0.0125, corresponding to 5 successes among 400 trials, we can use the one-sided hypothesis
testing to conclude that pvio < 0.05 with the p-value less than 6 × 10−5 . For the parameter setting
with  = 0.01 and δ = 0.02, the corresponding result is shown in Figure 34. For each edge, it can
be clearly seen that the corresponding p̂vio is much smaller than δ = 0.02. Even for the largest p̂vio
= 0.0056, corresponding to 7 successes among 1250 trials, we can use the one-sided hypothesis
testing to conclude that pvio < 0.02 with the p-value less than 3 × 10−5 . Thus, the Hoeffding
inequality also holds in the set of experiments for this data case.

Next, we consider another setting of the parameters with  = 0.01 and δ = 0.02, which has a
more demanding performance requirement. By setting the DAG sample size No = d(ln(2/δ))/(22 )e
= 23026, we want to show that the estimator p̂≺ (f |D) coming from our DDS has the performance
guarantee satisfying the Hoeffding inequality. With the same logic, we independently repeat the
DDS algorithm (with the same No ) R = 1250 times and use the average of W as the estimator p̂vio
for each edge. (Here we choose even larger R because we expect that pvio will be smaller in this
parameter setting.) Figure 32 shows the histogram of p̂vio for each of all the 272 directed edges.
For each edge, it can be clearly seen that the corresponding p̂vio is much smaller than δ = 0.02.
Even for the largest p̂vio = 0.004, corresponding to 5 successes among 1250 trials, we can use the
one-sided hypothesis testing to reject the null hypothesis that pvio ≥ 0.02 and to conclude that pvio
< 0.02 with the p-value less than 2 × 10−6 . Therefore, the Hoeffding inequality also holds in this
parameter setting.
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Figure 34: Histogram of Estimated Probabilities of Violation in Edge Learning for Tic-Tac-Toe with  =
0.01, δ = 0.02, and No = 23026

0

Figure 32: Histogram of Estimated Probabilities of Violation in Edge Learning for Letter (m = 100) with  =
0.01, δ = 0.02, and No = 23026
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Figure 31: Histogram of Estimated Probabilities of Violation in Edge Learning for Letter (m = 100) with  =
0.02, δ = 0.05, and No = 4612
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Figure 33: Histogram of Estimated Probabilities of Violation in Edge Learning for Tic-Tac-Toe with  =
0.02, δ = 0.05, and No = 4612
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We develop new algorithms for efficiently sampling Bayesian network structures (DAGs). The
sampled DAGs can then be used to build estimators for the posteriors of any features of interests.
Theoretically we show that our estimators have several desirable properties. For example, unlike
the existing MCMC algorithms, the estimators based on the DDS algorithm satisfy the Hoeffding
bound and therefore enjoy the quality guarantee of the estimation with the given number of samples. Empirically we show that our estimators considerably outperform the previous state-of-the-art
estimators with or without assuming the order-modular prior.
Our algorithms are capable of estimating the posteriors of arbitrary (non-modular) features (the
DDS under the order-modular prior, and the IW-DDS under the structure-modular prior); while the
exact algorithms are available for computing modular features under the order-modular prior with
time O(nk+1 C(m) + kn2n ) and space O(n2n ) (Koivisto and Sood, 2004; Koivisto, 2006); computing path features under the order-modular prior with time O(nk+1 C(m) + n3n ) and space O(3n )
(Parviainen and Koivisto, 2011); and computing modular features under the structure-modular prior
with time O(nk+1 C(m) + kn2n + 3n ) and space O(n2n ) (Tian and He, 2009). The bottleneck of
our algorithms is their first computation step, the DP algorithm of Koivisto and Sood (2004) whose
space cost is O(n2n ). Therefore, the application of our algorithms is limited to the data sets on
which the DP algorithm of Koivisto and Sood (2004) is able to run—up to around 25 variables in
current desktops, while a parallel implementation of the DP algorithm has been demonstrated on a
data set with 33 variables using a cluster including totally 2,048 processors and 8,192 GB memory
(Chen et al., 2014).

5. Conclusion

Probability of Violation

i=k

i=k

n
Y

i=k

n
Y

(from Eq. 9).

αi0 (Ui≺ )

ασ0 i (Uσ≺i )

i∈Uσ≺k

≺0 ∈L(Uσ≺k )

X

Y

ασ0 i (Uσ≺i )

= L0 (Uσ≺k )

=

≺0 ∈L(Uσ≺k )

p(σk , σk+1 , . . . , σn , D)
X
=
p(≺0 , σk , σk+1 , . . . , σn , D)

= V − {σi , σi+1 , . . . , σn }.

(Uσ≺k )

(from Eq. 13)

ασ0 i (Uσ≺i ),

n
Y

which proves Eq. (20).

0
≺
i=1 ασi (Uσi )
0
L (V )

Qn

p(σk |σk+1 , . . . , σn , D)

=
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p(≺, D)
(from Eq. 13 and Eq. 14 )
p≺ (D)
= p(≺ |D),

=

k=1

Proof
From Proposition 1 and L0 (Uσ≺1 = ∅) = 1, we have

A.2 Proof of Proposition 2
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Proposition 1 can be directly proved by the conclusion of Lemma 6 according to the definition
of the conditional probability.

Proof

where

Uσ≺i

p(σk , σk+1 , . . . , σn , D) = L

0

n
Y

Lemma 6 The probability that the last n − k + 1 elements along the order are σk , σk+1 , . . . , σn
respectively is given by

We first prove a lemma for Proposition 1.
Let an order ≺ be represented as (σ1 , . . . , σn ), where σi is the ith element in the order.

G

X

f (G)

≺ G⊆≺

G⊆≺

X

f (G)p(G| ≺, D)

≺s.t.G⊆≺

X

p(≺, G|D).

f (G)p(≺, G|D)

p(≺ |D)

XX

≺

≺

X

(28)
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Thus, f (G1 ), f (G2 ), . . . , f (GNo ) are iid with Bernoulli(p≺ (f |D)). In other words, f (G1 ),
f (G2 ), . . . , f (GNo ) are independent; and for each Gi , P (f (Gi ) = 1) = p≺ (f |D) and P (f (Gi ) =
0) = 1 − p≺ (f |D).

= p≺ (f |D).

G

E(f (Gi ))
X
=
f (G)p≺ (G|D)

Proof
For each Gi in the DAG set {G1 , G2 , . . . , GNo } sampled from the DDS algorithm, f (Gi ) ∈
{0, 1}. Because G1 , G2 , . . . , GNo are iid with pmf p≺ (G|D) (by Theorem 3), f (G1 ), f (G2 ), . . . ,
f (GNo ) are iid with Bernoulli pmf.
For each Gi , the following is true for E(f (Gi )), the expectation of f (Gi ):

A.4 Proof of Corollary 4

Thus, for each possible DAG Gi , by setting f (G) to be the
Pindicator function I[G = Gi ] and then
relating Eq. (28) with Eq. (4), we know that p≺ (Gi |D) = ≺s.t.Gi ⊆≺ p(≺, Gi |D) for each Gi .
On the other hand, the event that a DAG G gets sampled according to our DDS algorithm occurs
if and only if one of the orders that G is consistent with gets sampled in Step 2 of the DDS algorithm
and then G gets sampled from the sampled
Porder in Step 3 of the DDS algorithm.
P Therefore, based
on the total probability formula, ps (G) = ≺s.t.G⊆≺ p(≺ |D)p(G| ≺, D) = ≺s.t.G⊆≺ p(≺, G|D)
= p≺ (G|D).
Second, because No orders are sampled independently
samQ o P and each DAG per sampled order isQ
No
pled independently, ps (G1 , G2 , . . . , GNo |D) = N
i=1
i=1 [ ≺s.t.G⊆≺ p(≺ |D)p(Gi | ≺, D)] =
p≺ (Gi |D).
Therefore, Theorem 3 is proved.

=

=

=

p≺ (f |D)
X
p(≺ |D)p(f | ≺, D)
=

Proof
First, we show that each DAG G sampled according to our DDS algorithm has its pmf ps (G)
equal to the exact posterior p≺ (G|D) by assuming the order-modular prior.
On one hand, from the following derivation, we can get the exact form for p≺ (G|D):

This appendix provides the proofs of the propositions, theorems, and corollary in the paper.

A.1 Proof of Proposition 1

A.3 Proof of Theorem 3
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(i) Proof that p̂≺ (f |D) is an unbiased estimator of p≺ (f |D), that is, E(p̂≺ (f |D)) = p≺ (f |D).

i=1

E (p̂≺ (f |D))
!
No
1 X
f (Gi )
No
=E

i=1

No
1 X
=
E (f (Gi ))
No

1
=
No p≺ (f |D)
No
= p≺ (f |D).
(ii) Proof that p̂≺ (f |D) converges almost surely to p≺ (f |D).
Because f (G1 ), f (G2 ), . . . , f (GNo ) are iid with E(f (Gi )) = p≺ (f |D) < ∞ and

i=1

No
1 X
f (Gi ),
p̂≺ (f |D) =
No

based on the strong law of large numbers (Theorem 5.5.9 of Casella and Berger, 2002), p̂≺ (f |D)
converges almost surely to p≺ (f |D) (as No → ∞).
Note that, by Theorem 2.5.1 of Athreya and Lahiri (2006), the property that p̂≺ (f |D) converges almost surely to p≺ (f |D) implies that p̂≺ (f |D) converges in probability to p≺ (f |D), that
is, p̂≺ (f |D) is a consistent estimator of p≺ (f |D).
(iii) Proof that if 0 < p≺ (f |D) < 1, then the random variable
√
N (p̂ (f |D) − p≺ (f |D))
po ≺
p̂≺ (f |D)(1 − p̂≺ (f |D))
has a limiting standard normal distribution, denoted by
√
N (p̂ (f |D) − p≺ (f |D))
po ≺
−→d N (0, 1).
p̂≺ (f |D)(1 − p̂≺ (f |D))

Because f (G1 ), f (G2 ), . . . , f (GNo ) are iid with Bernoulli(p≺ (f |D)), for each Gi , the following is true for Var(f (Gi )), the variance of f (Gi ):
Var(f (Gi ))
= E(f (Gi ))(1 − E(f (Gi )))
= p≺ (f |D)(1 − p≺ (f |D))

< ∞.
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Because 0 < p≺ (f |D) < 1, Var(f (Gi )) is also strictly greater than 0.
Again, we have already known that E(f (Gi )) = p≺ (f |D) < ∞.
Thus, by the central limit theorem (Theorem 5.5.15 of Casella and Berger, 2002),
43
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√
No (p̂≺ (f |D) − E(f (G)))
p
−→d N (0, 1),
Var(f (G))
that is,
√
N (p̂ (f |D) − p≺ (f |D))
po ≺
−→d N (0, 1).
p≺ (f |D)(1 − p≺ (f |D))
Because p̂ (f |D) converges in probability to p (f |D), denoted by p̂≺ (f |D) −→p p≺ (f |D),
≺
≺
by the continuous mapping theorem (Theorem 5.5.4 of Casella and Berger, 2002),
p
p
p̂≺ (f |D)(1 − p̂≺ (f |D)) −→p p≺ (f |D)(1 − p≺ (f |D)).

Finally, by Slutsky’s theorem (Theorem 5.5.17 of Casella and Berger, 2002),
√
N (p̂ (f |D) − p≺ (f |D))
po ≺
−→d N (0, 1).
p̂≺ (f |D)(1 − p̂≺ (f |D))

2

P (|p̂≺ (f |D) − p≺ (f |D)| ≥ ) ≤ 2e−2No  .

2

(iv) Proof that for any  > 0, any 0 < δ < 1, if No ≥ (ln(2/δ))/(22 ), then P (|p̂≺ (f |D) −
p≺ (f |D)| < ) ≥ 1 − δ.
Because f (G1 ), f (G2 ), . . . , f (GNo ) are iid with Bernoulli(p≺ (f |D)), the Hoeffding bound
(Hoeffding, 1963; Koller and Friedman, 2009) holds:
This is equivalent to

X

n
Y

ασ0 i (Uσi )
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P (σ1 , . . . , σj−1 , σj , σj+1 , . . . , σn , D)

P (|p̂≺ (f |D) − p≺ (f |D)| < ) ≥ 1 − 2e−2No  ≥ 1 − δ
for No ≥ (ln(2/δ))/(22 ).

A.5 Proof of Equation (21)
Proof For any j ∈ {1, . . . , n},
P ((σj , Uσj )|D)

X

(σ1 ,...,σj−1 )
(σj+1 ,...,σn )
∈L(Uσj ) ∈L(V −Uσj −{σj })

∝ P ((σj , Uσj ), D)
X
X
=

=

i=1
(σ1 ,...,σj−1 )
(σj+1 ,...,σn )
∈L(Uσj ) ∈L(V −Uσj −{σj })

= ασ0 j (Uσj )L0 (Uσj )R0 (V − Uσj − {σj }).
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1
p≺ (D)

1
p≺ (D)

1
p≺ (D)

1
p≺ (D)

X

≺s.t.G⊆≺

X

≺s.t.G⊆≺

X

≺s.t.G⊆≺

X

≺s.t.G⊆≺

X

≺s.t.G⊆≺

!

pi (P ai ) p(D|G)

!

qi (Ui )ρi (P ai ) p(D|G)

p⊀ (G)p(D|G)

i=1

n
Y

i=1

n
Y

p(≺, G)p(D|G)

p(≺, G, D)

1
=
· | ≺G | · p⊀ (G, D)
p≺ (D)
p⊀ (D)
=
· | ≺G | · p⊀ (G|D).
p≺ (D)

1
=
p≺ (D)

=

=

=

=

≺s.t.G⊆≺

p≺ (G|D)
X
=
p(≺, G|D)
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Proof
Let Ω denote the set of all the DAGs. Define U + = {G ∈ Ω : p⊀ (G, D) > 0}. U + will
equal Ω if the user chooses a prior such that p⊀ (G) > 0 for every DAG G (such as a uniform
DAG prior p⊀ (G) ≡ 1). If the user, however, has some additional domain knowledge so that he
+
or she sets some prior to exclude some DAGs a priori,
P U will be a proper
Psubset of Ω. Note that
p⊀ (f |D) = p⊀ (f, D)/p⊀ (D), where
p
(f,
D)
=
f
(G)p
(G,
D)
=
⊀
⊀
G
G∈U + f (G)p⊀ (G, D),
P
P
and p⊀ (D) = p⊀ (f ≡ 1, D) = G p⊀ (G, D) = G∈U + p⊀ (G, D).
Let I[·] denote
p̂⊀ (f, D)/p̂⊀ (D), where
P the indicator function.
P Rewrite p̂⊀ (f |D) in Eq. (24) asP
p̂⊀ (f, D) = G∈G f (G)p⊀ (G, D) = GPf (G) p⊀ (G, D)I[GP∈ G] = G∈U + f (G)p⊀ (G,
P D)I[
G ∈ G], and p̂⊀ (D) = p̂⊀ (f ≡ 1, D) = G∈G p⊀ (G, D) = G p⊀ (G, D)I[G ∈ G] = G∈U +
p⊀ (G, D)I[G ∈ G].
Note that by Theorem 3, P (G ∈ G) = 1 − (1 − p≺ (G|D))No , where p≺ (G|D) is the exact
posterior of G under the order-modular prior assumption. Also note that by Eq. (22), for any G ∈ Ω,
p⊀ (G, D) > 0 implies p≺ (G|D) > 0.

A.7 Proof of Theorem 5

Because both p⊀ (D) > 0 and p≺ (D) > 0, p≺ (G|D) ∝ | ≺G | · p⊀ (G|D), which also was
shown by Ellis and Wong (2008).

Proof

A.6 Proof of Equation (22)
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(29)

and

G∈U +

X

G∈U +

X

f (G)p⊀ (G, D)

No →∞

G∈U +
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lim E(τ ) = p⊀ (D).
No →∞

= E(p̂⊀ (D))
X
=
p⊀ (G, D)(1 − (1 − p≺ (G|D))No ),

E(τ )


f (G)p⊀ (G, D)(1 − (1 − p≺ (G|D))No )
f (G)p⊀ (G, D) lim (1 − (1 − p≺ (G|D))No )

G∈U +

f (G)p⊀ (G, D)(1 − (1 − p≺ (G|D))No ).

f (G)p⊀ (G, D)P (G ∈ G)

E(f (G)p⊀ (G, D)I[G ∈ G])

X

= p⊀ (f, D).

=

=

No →∞

= lim 

lim E(γ)

No →∞

G∈U +

X

G∈U +

X

G∈U +

Similarly, by setting f ≡ 1, we have

Thus,

=

=

=

G∈U +

X

= E(p̂⊀ (f, D))


X

=E
f (G)p⊀ (G, D)I[G ∈ G]

E(γ)
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For notational convenience, let γ denote p̂⊀ (f, D) and τ denote p̂⊀ (D). Define g(γ, τ ) = γ/τ
so that g(γ, τ ) is p̂⊀ (f |D).
Note that

No →∞

lim E(p̂⊀ (f |D)) = p⊀ (f |D).

(i) Proof that p̂⊀ (f |D) is an asymptotically unbiased estimator of p⊀ (f |D), that is,
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γ=E(γ),τ =E(τ )

∂g(γ, τ )
∂γ


(τ ∗ − E(τ )),

γ=E(γ),τ =E(τ )

(γ ∗ − E(γ))

Next, by Taylor’s theorem (with the Lagrange form of the remainder),
g(γ, τ )


∂g(γ, τ )
∂τ

= g(E(γ), E(τ )) +
+
where γ ∗ = E(γ) + θ(γ − E(γ)), τ ∗ = E(τ ) + θ(τ − E(τ )), and θ is a random variable such
that 0 < θ < 1.
Examine the components separately:
g(E(γ), E(τ )) = E(γ)/E(τ );


∂g(γ, τ )
∂γ
γ=E(γ),τ =E(τ )


= τ −1 γ=E(γ),τ =E(τ )
= (E(τ ))−1 ;



∂g(γ, τ )
∂τ
γ=E(γ),τ =E(τ )


= −γ(τ )−2 γ=E(γ),τ =E(τ )
= −E(γ)(E(τ ))−2 .

Because neither E(γ) nor E(τ ) is random,
E (g(γ, τ ))
= E(γ)/E(τ ) + (E(τ ))−1 E(θ(γ − E(γ))) − E(γ)(E(τ ))−2 E(θ(τ − E(τ ))).

No →∞
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= E(γ)/E(τ ) + (E(τ ))−1 E(γ ∗ − E(γ)) − E(γ)(E(τ ))−2 E(τ ∗ − E(τ ))

Consider the limit of each component separately:

No →∞

lim (E(γ)/E(τ ))
N →∞
o

 

lim E(γ) / lim E(τ )
=

= p⊀ (f, D)/p⊀ (D)

= p⊀ (f |D);
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No →∞

lim (E(τ ))−1
No →∞

−1
lim E(τ )
=

= (p⊀ (D))−1 ;

No →∞

No →∞

lim −E(γ)(E(τ ))−2
No →∞


−2
lim E(γ)
lim E(τ )
=−

= −p⊀ (f, D)(p⊀ (D))−2 .

lim E(θ(γ − E(γ))) = 0,

(31)

(30)

No →∞

(32)

lim E(θ(τ − E(τ ))) = 0.

No →∞

No →∞

No →∞


−E(γ)(E(τ ))−2 · 0

Note that both (p⊀ (D))−1 and −p⊀ (f, D)(p⊀ (D))−2 are constant real numbers.
Finally, we intend to prove the following two equalities:

Once this is done,
lim E (g(γ, τ ))
No →∞

No →∞

= lim (E(γ)/E(τ )) + lim (E(τ ))−1 · 0 + lim
= p⊀ (f |D).

lim |E(θ(γ − E(γ)))| = 0.
No →∞

(because 0 < θ < 1 ),

(33)
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The whole proof of Eq. (29) will then be done.
The proof of Eq. (30) is as follows.
Based on the definition of the limit, proving Eq. (30) is equivalent to proving

Because

≤ E (|θ(γ − E(γ))|)

|E(θ(γ − E(γ)))|

≤ E (|γ − E(γ)|)

= E (|θ| · |γ − E(γ)|)

and |E(θ(γ − E(γ)))| ≥ 0, to prove Eq. (32), it is sufficient to prove

lim E (|γ − E(γ)|) = 0.
No →∞
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G∈U +

G∈U +

G∈U +

X

G∈U +

X



f (G)p⊀ (G, D) |I[G ∈ G] − P (G ∈ G)|



f (G)p⊀ (G, D)(I[G ∈ G] − P (G ∈ G)) 

f (G)p⊀ (G, D)[(1 − P (G ∈ G))P (G ∈ G)

f (G)p⊀ (G, D)E (|I[G ∈ G] − P (G ∈ G)|)

G∈U +

X

G∈U +

G∈U +

X

f (G)p⊀ (G, D)[2(1 − (1 − p≺ (G|D))No ) × (1 − p≺ (G|D))No ].

G∈U +

X

G∈U +

f (G)p⊀ (G, D) · 0

No →∞

f (G)p⊀ (G, D) lim [2(1 − (1 − p≺ (G|D))No ) × (1 − p≺ (G|D))No ]
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Eq. (33) is proved, and the proof of Eq. (30) is done.
Setting f ≡ 1 in Eq. (30) leads to Eq. (31).
Thus, the whole proof of Eq. (29) is done.
(ii) Proof that p̂⊀ (f |D) converges almost surely to p⊀ (f |D), denoted by p̂⊀ (f |D) −→a.s.
p⊀ (f |D).
Recall that Ω denotes the set of all the DAGs, that is, Ω = {G1 , G2 , . . . , GW ∗ }, where W ∗ is |Ω|,
the number of all the DAGs. Note that W ∗ is a finite positive integer though it is super-exponential
in the number of variables n.
Let F be P(Ω), the power P
set of Ω. Thus, F is a σ-algebra on Ω (Athreya and Lahiri, 2006).
Define for any A ∈ F, µ(A) = Gj ∈A p≺ (Gj |D). It is well-known that µ is a probability measure
on F so that (Ω, F, µ) is a probability space (Athreya and Lahiri, 2006).

= 0.

=

=

G∈U +

X

No →∞

Because for any G ∈ U + , p≺ (G|D) > 0, we have
X
lim
f (G)p⊀ (G, D)[2(1 − (1 − p≺ (G|D))No ) × (1 − p≺ (G|D))No ]

=

G∈U +

+ (P (G ∈ G) − 0)(1 − P (G ∈ G))]
X
=
f (G)p⊀ (G, D)[2P (G ∈ G)(1 − P (G ∈ G))]

=

=

≤E



=E

X

E (|γ − E(γ)|)


X
X
f (G)p⊀ (G, D)P (G ∈ G) 
f (G)p⊀ (G, D)I[G ∈ G] −
=E

Note that
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f (G)p⊀ (G, D)I[G ∈ G No (ω ∞ )]
,
No (ω ∞ )]
G∈U + p⊀ (G, D)I[G ∈ G

P

G∈U +

P

(35)

(34)
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∈ Ω, let Ω∞,0,G = {(G(1) , G(2) ,P
. . .) ∈ Ω∞ : for any i ≥ 1, G(i) 6= G}. Thus, Ω∞,0
SFor any G
∞,0,G
∞
∞,0
= G∈U + Ω
. Accordingly, µ (Ω ) ≤ G∈U + µ∞ (Ω∞,0,G ).
For each j ≥ 1, let Ω∞,0,G,j = {(G(1) , G(2) , . . .) ∈ Ω∞ : for any i ∈ {1, . . . , j}, G(i) 6= G}.
∞,0,G,1 ⊇ Ω∞,0,G,2 ⊇ . . . ⊇ Ω∞,0,G,j−1 ⊇ Ω∞,0,G,j for each j ≥ 1. Thus, Ω∞,0,G
Note
T that Ω
∞,0,G,j .
= ∞
Ω
j=1

µ∞ (Ω∞,0 ) = 0.

Once this is done, the whole proof that p̂⊀ (f |D) −→a.s. p⊀ (f |D) is done.
Proving Eq. (34) is equivalent to proving

µ∞ (Ω∞,1 ) = 1.

∞
∞ ∈ Ω∞,1 .
o
This implies that limNo →∞ p̂N
⊀ (ω ) = p⊀ (f |D) for each ω
Finally, we intend to prove the following equality:

= p⊀ (f |D).

∞
o
p̂N
⊀ (ω )
P
+ f (G)p⊀ (G, D)
P
= G∈U
G∈U + p⊀ (G, D)

where G No (ω ∞ ) is the DAG set that includes the first No coordinates of ω ∞ . By the definition, we
∞
o
know that p̂N
⊀ (ω ) = p̂⊀ (f |D).
For each ω ∞ ∈ Ω∞,1 , for each G ∈ U + , let N (G, ω ∞ ) be the smallest integer such that
∞
G(N (G,ω )) = G. Let N (ω ∞ ) = maxG∈U + N (G, ω ∞ ). Then for each No ≥ N (ω ∞ ), for each
+
G ∈ U , I[G ∈ G No (ω ∞ )] = 1.
Accordingly, for each ω ∞ ∈ Ω∞,1 , there exists N (ω ∞ ) such that for each No ≥ N (ω ∞ ),

∞
o
p̂N
⊀ (ω ) =

} >, that is, F ∞ is a σ-algebra generated by the set of all the A
’s. F ∞ is a σ-algebra on Ω∞ and is
:
called a product σ-algebra.
Define, for each (A1 , A2 , . . . , Ak , Ωk+1 , Ωk+2 , . . .) ∈ F ∞ , µ∞ (A1 , A2 , . . . , Ak , Ωk+1 , Ωk+2 ,
. . .) = µ1 (A1 ) × µ2 (A2 ) × · · · × µk (Ak ). By Kolmogorov’s consistency theorem, (Ω∞ , F ∞ , µ∞ )
is a probability space (Athreya and Lahiri, 2006).
Let Ω∞,0 = {(G(1) , G(2) , . . .) ∈ Ω∞ : there exists G ∈ U + such that for any i ≥ 1, G(i) 6= G}.
Let Ω∞,1 = Ω∞ −Ω∞,0 . Thus, Ω∞,1 = {(G(1) , G(2) , . . .) ∈ Ω∞ : for any G ∈ U + , there exists i ≥
1 such that G(i) = G}.
Define, for each ω ∞ ∈ Ω∞ ,

such that Ai ∈ Fi for 1 ≤ i ≤ k and Ai = Ωi for i > k. Let F ∞ = σ < {A
:A
is a cylinder set
:
:

For each i ≥ 1, let Ωi = Ω, Fi = F, and µi = µ. Let Ω∞ = {(G(1) , G(2) , . . .) : G(i) ∈ Ωi , i ≥
1}. Let a cylinder set A
= A1 × A2 × · · · × Ak × Ωk+1 × Ωk+2 × · · · , where there exists 1 ≤ k < ∞
:
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Ω∞,0,G,j )

S TRUCTURE L EARNING IN BN S OF A M ODERATE S IZE BY E FFICIENT S AMPLING

Finally, for any G ∈ U + ,

j=1

µ∞ (Ω∞,0,G )
∞
\
= µ∞ (

= lim µ∞ (Ω∞,0,G,j )

j→∞

j→∞

p⊀ (f |D).

= lim µ1 (Ω − {G}) × µ2 (Ω − {G}) × · · · × µj (Ω − {G})
j→∞

= lim [1 − µ({G})]j
j→∞

= lim [1 − p≺ (G|D)]j
= 0.

No
p̂⊀
(ω ∞ )

P
Thus, G∈U + µ∞ (Ω∞,0,G ) = 0, so that Eq. (35) is proved. The whole proof is done.
Note that, by Theorem 2.5.1 of Athreya and Lahiri (2006), the property that p̂⊀ (f |D) converges almost surely to p⊀ (f |D) implies that p̂⊀ (f |D) converges in probability to p⊀ (f |D), that is,
p̂⊀ (f |D) is a consistent estimator of p⊀ (f |D).
(iii) Proof that the convergence rate of p̂⊀ (f |D) is o(aNo ) for any 0 < a < 1.
In the proof of (ii), we have shown that for each ω ∞ ∈ Ω∞,1 , there exists N (ω ∞ ) such
that for each
≥ N (ω ∞ ),
=
This means that for any 0 < a < 1,

No

No
No
(aNo )−1 [p̂⊀
(ω ∞ ) − p⊀ (f |D)] = 0. Thus, limNo →∞ (aNo )−1 [p̂⊀
(ω ∞ ) − p⊀ (f |D)] = 0 so that
the proof is done.
P
(iv) Proof that if the quantity ∆ =
G∈G p⊀ (G|D), then ∆ · p̂⊀ (f |D) ≤ p⊀ (f |D) ≤ ∆ ·
p̂⊀ (f |D) + 1 − ∆.
The proof is essentially the same as the proof of Proposition 1 of Tian et al. (2010) which
proves Eq. (27), an equivalent form of Eq. (26). The direct proof of Eq. (26) is also provided in the
supplementary material.
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With the advent of online services such as Amazon Mechanical Turk, crowdsourcing has
become an efficient and inexpensive way to collect labels for large-scale data. However,
labels collected from the crowd can be of low quality since crowdsourcing workers are often
non-experts and sometimes unreliable. As a remedy, most crowdsourcing services resort to
labeling redundancy, collecting multiple labels from different workers for each item. Such
a strategy raises a fundamental problem in crowdsourcing: how to infer true labels from
noisy but redundant worker labels?

1. Introduction

Crowdsourcing is a popular paradigm for effectively collecting labels at low cost. The
Dawid-Skene estimator has been widely used for inferring the true labels from the noisy
labels provided by non-expert crowdsourcing workers. However, since the estimator maximizes a non-convex log-likelihood function, it is hard to theoretically justify its performance.
In this paper, we propose a two-stage efficient algorithm for multi-class crowd labeling problems. The first stage uses the spectral method to obtain an initial estimate of parameters.
Then the second stage refines the estimation by optimizing the objective function of the
Dawid-Skene estimator via the EM algorithm. We show that our algorithm achieves the
optimal convergence rate up to a logarithmic factor. We conduct extensive experiments on
synthetic and real datasets. Experimental results demonstrate that the proposed algorithm
is comparable to the most accurate empirical approach, while outperforming several other
recently proposed methods.
Keywords: crowdsourcing, spectral methods, EM, Dawid-Skene model, non-convex optimization, minimax rate
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For labeling tasks with k different categories, Dawid and Skene (1979) develop a maximum likelihood approach to this problem based on the EM algorithm. They assume that
each worker is associated with a k × k confusion matrix, where the (l, c)-th entry represents
the probability that a random chosen item in class l is labeled as class c by the worker. The
true labels and worker confusion matrices are jointly estimated by maximizing the likelihood
of the observed labels, where the unobserved true labels are treated as latent variables.
Although this EM-based approach has had empirical success (Snow et al., 2008; Raykar
et al., 2010; Liu et al., 2012; Zhou et al., 2012; Chen et al., 2013; Zhou et al., 2014), there is as
yet no theoretical guarantee for its performance. A recent theoretical study (Gao and Zhou,
2014) shows that the global optimal solutions of the Dawid-Skene estimator can achieve
minimax rates of convergence in a simplified scenario, where the labeling task is binary and
each worker has a single parameter to represent her labeling accuracy (referred to as the
“one-coin” model in what follows). However, since the likelihood function is nonconvex, this
guarantee is not operational because the EM algorithm can get trapped in a local optimum.
Several alternative approaches have been developed that aim to circumvent the theoretical
deficiencies of the EM algorithm, still the context of the one-coin model (Karger et al., 2013,
2014; Ghosh et al., 2011; Dalvi et al., 2013), but, as we survey in Section 2, they either fail
to achieve an optimal rate or make restrictive assumptions that can be hard to justify in
practice.
We propose a computationally efficient and provably optimal algorithm to simultaneously estimate true labels and worker confusion matrices for multi-class labeling problems.
Our approach is a two-stage procedure, in which we first compute an initial estimate of
worker confusion matrices using a spectral method, and then in the second stage we turn
to the EM algorithm. Under some mild conditions, we show that this two-stage procedure
achieves minimax rates of convergence up to a logarithmic factor, even after only one iteration of EM. In particular, given any δ ∈ (0, 1), we provide an upper bound on the number
of workers and the number of items so that our method can correctly estimate labels for all
items with probability at least 1 − δ. We also establish a matching lower bound. Further,
we provide both upper and lower bounds for estimating the confusion matrix of each worker
and show that our algorithm achieves the optimal accuracy.
This work not only provides an optimal algorithm for crowdsourcing but provides new
general insight into the method of moments. Empirical studies show that when the spectral
method is used as an initialization for the EM algorithm, it outperforms EM with random
initialization (Liang, 2013; Chaganty and Liang, 2013). This work provides a concrete way
to justify such observations theoretically. It is also known that starting from a root-n
consistent estimator obtained by the spectral method, one Newton-Raphson step leads to
an asymptotically optimal estimator (Lehmann and Casella, 2003). However, obtaining
a root-n consistent estimator and performing a Newton-Raphson step can be demanding
computationally. In contrast, our initialization doesn’t need to be root-n consistent, thus
a small portion of data suffices to initialize. Moreover, performing one iteration of EM is
computationally more attractive and numerically more robust than a Newton-Raphson step
especially for high-dimensional problems.
The paper is organized as follows. In Section 2, we provide background on crowdsourcing
and the method of moments for latent variables models. In Section 3, we describe our
crowdsourcing problem. Our provably optimal algorithm is presented in Section 4. Section

Zhang, Chen, Zhou and Jordan

5 is devoted to theoretical analysis (with the proofs gathered in the Appendix). In Section
6, we consider the special case of the one-coin model. A simpler algorithm is introduced
together with a sharper rate. Numerical results on both synthetic and real datasets are
reported in Section 7, followed by our conclusions in Section 8.

Spectral Methods meet EM: A Provably Optimal Algorithmfor Crowdsourcing

Zhang, Chen, Zhou and Jordan

2. Related Work
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Throughout this paper, [a] denotes the integer set {1, 2, . . . , a} and σb (A) denotes the b-th
largest singular value of matrix A. Suppose that there are m workers, n items and k classes.
The true label yj of item j ∈ [n] is assumed to be sampled from a probability distribution
Pk
P[yj = l] = wl where {wl : l ∈ [k]} are positive values satisfying l=1
wl = 1. Denote by a
vector zij ∈ Rk the label that worker i assigns to item j. When the assigned label is c, we
write zij = ec , where ec represents the c-th canonical basis vector in Rk in which the c-th
entry is 1 and all other entries are 0. A worker may not label every item. Let πi indicate the
probability that worker i labels a randomly chosen item. If item j is not labeled by worker
i, we write zij = 0. Our goal is to estimate the true labels {yj : j ∈ [n]} from the observed
labels {zij : i ∈ [m], j ∈ [n]}.
For this estimation purpose, we need to make assumptions on the process of generating
observed labels. Following the work of Dawid and Skene (1979), we assume that the probability that worker i labels an item in class l as class c is independent of any particular chosen
item, that is, it is a constant over j ∈ [n]. Let us denote the constant probability by µilc . Let
µil = [µil1 µil2 · · · µilk ]T . The matrix Ci = [µi1 µi2 . . . µik ] ∈ Rk×k is called the confusion

3. Problem Setting

when the radius of the ball is small enough to satisfy certain gradient stability condition
and sample deviation condition, EM has a geometric convergence rate. Although this is an
insightful theoretical result, Balakrishnan et al. (2016) fail to provide a practical approach
to constructing such an initialization.
Other related work is by Dasgupta and Schulman (2007), who study an EM algorithm for
learning mixture of Gaussians under certain initialization. They establish a nearly optimal
estimation precision when using a two-round EM algorithm to learn the parameters from a
mixture of k well-separated spherical Gaussians in the high-dimensional space. The space
dimension d is assumed to be much greater than log(k). Although the high-level idea is
quite similar to ours (i.e., constructing a good initializer and running one or two steps of
EM), our work is different from this work in several respects. First, while Dasgupta and
Schulman (2007) require the Gaussian means to be well separated, we do not assume the
workers’ labeling distributions for different true labels to be separated. In fact, for any
worker, we allow his/her labeling distributions for two classes to be arbitrarily close or even
identical. We only assume that there is a partitioning of the workers into three groups,
such that the averaged confusion matrix of each group has full rank. Second, Dasgupta and
Schulman (2007) consider the high-dimensional case where the dimension of the parameter
space is d  log(k). In crowdsourcing, the labeling distribution lies in a k-dimensional
space where k is the number of classes. Typically k is a small integer (below 10). Finally,
in terms of analysis technique, Dasgupta and Schulman (2007) heavily rely on Gaussian
concentration results. Our work uses a variety of techniques for different theorems. In
particular, for Theorem 3, we repeatedly use matrix perturbation and matrix concentration
results to establish the sample complexity for the spectral method. For Theorem 4, we create
three random events in equation (33) (that holds with high probability), then establish
both a prediction error bound and a confusion matrix estimation error bound for the EM
algorithm. We use Le Cam’s method (Yu, 1997) to establish the minimax lower bound
result in Theorem 5.
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Many methods have been proposed to address the problem of estimating true labels in
crowdsourcing (Whitehill et al., 2009; Raykar et al., 2010; Welinder et al., 2010; Ghosh
et al., 2011; Liu et al., 2012; Zhou et al., 2012; Dalvi et al., 2013; Karger et al., 2014, 2013;
Parisi et al., 2014; Zhou et al., 2014). The methods in Raykar et al. (2010); Ghosh et al.
(2011); Karger et al. (2014); Liu et al. (2012); Karger et al. (2013); Dalvi et al. (2013) are
based on the generative model proposed by Dawid and Skene (1979). In particular, Ghosh
et al. (2011) propose a method based on Singular Value Decomposition (SVD) which addresses binary labeling problems under the one-coin model. The analysis in Ghosh et al.
(2011) assumes that the labeling matrix is full, that is, each worker labels all items. To relax
this assumption, Dalvi et al. (2013) propose another SVD-based algorithm which explicitly
considers the sparsity of the labeling matrix in both algorithm design and theoretical analysis. Karger et al. (2014) propose an iterative algorithm for binary labeling problems under
the one-coin model and extended it to multi-class labeling tasks by converting a k-class
problem into k − 1 binary problems (Karger et al., 2013). This line of work assumes that
tasks are assigned to workers according to a random regular graph, thus imposes specific
constraints on the number of workers and the number of items. In Section 5, we compare our
theoretical results with that of existing approaches (Ghosh et al., 2011; Dalvi et al., 2013;
Karger et al., 2014, 2013). The methods in Raykar et al. (2010); Liu et al. (2012); Chen
et al. (2013) incorporate Bayesian inference into the Dawid-Skene estimator by assuming a
prior over confusion matrices. Zhou et al. (2012, 2014) propose a minimax entropy principle
for crowdsourcing which leads to an exponential family model parameterized with worker
ability and item difficulty. When all items have zero difficulty, the exponential family model
reduces to the generative model suggested by Dawid and Skene (1979).
Our method for initializing the EM algorithm in crowdsourcing is inspired by recent
work using spectral methods to estimate latent variable models (Anandkumar et al., 2014,
2015, 2012, 2013; Chaganty and Liang, 2013; Zou et al., 2013; Hsu et al., 2012; Jain and Oh,
2014). The basic idea in this line of work is to compute third-order empirical moments from
the data and then to estimate parameters by computing a certain orthogonal decomposition
of tensor derived from the moments. Given the special symmetric structure of the moments,
the tensor factorization can be computed efficiently using the robust tensor power method
(Anandkumar et al., 2014). A problem with this approach is that the estimation error can
have a poor dependence on the condition number of the second-order moment matrix and
thus empirically it sometimes performs worse than EM with multiple random initializations.
Our method, by contrast, requires only a rough initialization from the moment of moments;
we show that the estimation error does not depend on the condition number (see Theorem
4 (b)).
Recently, Balakrishnan et al. (2016) study the convergence rate of EM algorithm under a
good initialization, which belongs to a ball centered at the true parameter. They show that
3

Zgj :=

5

i∈Gg

1 X
zij .
|Gg |

[µg1 , µg2 , . . . , µgk ]

i∈Gg

1 X
πi µil ,
|Gg |

M2 =

l=1

k
X

wl µcl ⊗ µcl

and

M3 =

l=1

k
X

wl µcl ⊗ µcl ⊗ µcl .

j=1

j=1
n
X

Zbj ⊗ Zaj

Zaj ⊗ Zbj

Zbj ,

Zaj ,
−1

−1

(2d)

(2c)

(2b)

(2a)
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0
0
baj
Z
⊗ Zbbj
⊗ Zcj .

0
0
baj
Z
⊗ Zbbj
,

n

 1

n

n
 1 X
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j=1

j=1
n
X

Zcj ⊗ Zaj

Zcj ⊗ Zbj

The statement of Proposition 1 suggests that we can recover the columns of Cc and
c2 and M
c3 . This is implemented
the diagonal entries of W by operating on the moments M
by the tensor factorization method in Algorithm 1. In particular, the tensor factorization
algorithm returns a set of vectors {(b
µh , w
bh ) : h = 1, . . . , k}, where each (b
µh , w
bh ) estimates a
particular column of Cc (for some µcl ) and a particular diagonal entry of W (for some wl ).

c3 := 1
M
n

j=1
n
X
j=1
n
X

n

1

n

n
1 X

c2 := 1
M
n

b0 :=
Z
bj

0
Zbaj
:=

Since we only have finite samples, the expectations in Proposition 1 must be approximated by empirical moments. In particular, they are computed by averaging over indices
j = 1, 2, . . . , n. For each permutation (a, b, c) ∈ {(2, 3, 1), (3, 1, 2), (1, 2, 3)}, we compute

Then,

0
0
⊗ Zcj ].
M3 := E[Zaj
⊗ Zbj

0
0
],
M2 := E[Zaj
⊗ Zbj

0
Zbj
:= E[Zcj ⊗ Zaj ] (E[Zbj ⊗ Zaj ])−1 Zbj ,

0
Zaj
:= E[Zcj ⊗ Zbj ] (E[Zaj ⊗ Zbj ])−1 Zaj ,

Proposition 1 (Anandkumar et al. (2015)) Assume that the vectors {µg1 , µg2 , . . . , µgk }
are linearly independent for each g ∈ {1, 2, 3}. Let (a, b, c) be a permutation of {1, 2, 3}.
Define

our first step is to estimate
:=
and to estimate the distribution of true
labels W := diag(w1 , w2 , . . . , wk ). The following proposition shows that we can solve for Cg
and W from the moments of {Zgj }.

Cg

µgl := E(Zgj |yj = l) =

Denoting the aggregated confusion matrix columns by

Zhang, Chen, Zhou and Jordan

(1)

Partitioning the workers into three disjoint and non-empty groups G1 , G2 and G3 , the
outline of this stage is the following: we use the method of moments to estimate the averaged
confusion matrices for the three groups, then utilize this intermediate estimate to obtain
the confusion matrix of each individual worker. In particular, for g ∈ {1, 2, 3} and j ∈ [n],
we calculate the averaged labeling within each group by

4.1 Stage 1: Estimating confusion matrices

In this section, we present an algorithm to estimate the confusion matrices and true labels.
Our algorithm consists of two stages. In the first stage, we compute an initial estimate for
the confusion matrices via the method of moments. In the second stage, we perform the
standard EM algorithm by taking the result of the Stage 1 as an initialization.

4. Our Algorithm

matrix of worker i. In the special case of the one-coin model, all the diagonal elements of
Ci are equal to a constant while all the off-diagonal elements are equal to another constant
such that each column of Ci sums to 1.

bi by Eq. (5).
(3) Compute C

(b) Compute eigenvalue-eigenvector pairs {(b
αh , vbh )}kh=1 of the whitened tensor
c
b
b
b
M3 (Q, Q, Q) by using the robust tensor power method. Then compute w
bh = α
bh−2
b T )−1 (b
αh vbh ).
and µ
bh = (Q
b  by some µ
(c) For l = 1, . . . , k, set the l-th column of C
bh whose l-th coordinate has
c
c by w
the greatest component, then set the l-th diagonal entry of W
bh .

b = I) using SVD.
b ∈ Rk×k (such that Q
bT M
c2 Q
(a) Compute whitening matrix Q

(2) For (a, b, c) ∈ {(2, 3, 1), (3, 1, 2), (1, 2, 3)}, compute the second and the third order
c2 ∈ Rk×k , M
c3 ∈ Rk×k×k by Eq. (2a)-(2d), then compute C
b  ∈ Rk×k and
moments M
c
c ∈ Rk×k by tensor decomposition:
W

(1) Partition the workers into three disjoint and non-empty group G1 , G2 and G3 .
Compute the group aggregated labels Zgj by Eq. (1).

Input: integer k, observed labels zij ∈
for i ∈ [m] and j ∈ [n].
bi ∈ Rk×k for i ∈ [m].
Output: confusion matrix estimates C

Rk

Algorithm 1: Estimating confusion matrices
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It is important to note that the tensor factorization algorithm doesn’t provide a one-to-one
correspondence between the recovered column and the true columns of Cc . Thus, µ
b1 , . . . , µ
bk
represents an arbitrary permutation of the true columns.
To discover the index correspondence, we take each µ
bh and examine its greatest component. We assume that within each group, the probability of assigning a correct label
is always greater than the probability of assigning any specific incorrect label. This assumption will be made precise in the next section. As a consequence, if µ
bh corresponds
to the l-th column of Cc , then its l-th coordinate is expected to be greater than other
bc to some vector µ
coordinates. Thus, we set the l-th column of C
bh whose l-th coordinate
has the greatest component (if there are multiple such vectors, then randomly select one
of them; if there is no such vector, then randomly select a µ
bh ). Then, we set the l-th
c
diagonal entry of W
to
the
scalar
w
b
bh . Note that by iterating over
h associated with µ
b  for c = 1, 2, 3 respectively. There will
(a, b, c) ∈ {(2, 3, 1), (3, 1, 2), (1, 2, 3)}, we obtain C
c
c estimating the same matrix W —we average them for the best accuracy.
be three copies of W
In the second step, we estimate each individual confusion matrix Ci . The following
proposition shows that we can recover Ci from the moments of {zij }.

T
πi Ci W (Ca )T = E[zij Zaj
].

 T
) = πi Ci W (Ca )T .
wl µil (µal

(4)

(3)

Proposition 2 For any g ∈ {1, 2, 3} and any i ∈ Gg , let a ∈ {1, 2, 3}\{g} be one of the
remaining group index. Then

Proof First, notice that
k

 X


T
T
T
E[zij Zaj
] = E E[zij Zaj
|yj ] =
wl E zij Zaj
|yj = l .

l=1

Since z for 1 ≤ i ≤ m are conditionally independent given y , we can write
ij
j


 T

T
 T
) .
E zij Zaj
|yj = l = E [zij |yj = l] E Zaj
|yj = l = (πi µil )(µal

l=1

k
X

Combining (3) and (4) implies the desired result,

T
E[zij Zaj
] = πi

j=1

bi using the empirical
Proposition 2 suggests a plug-in estimator for Ci . We compute C
b , C
b , W
c obtained in the first step.
approximation of E[z Z T ] and using the matrices C
ij
a
aj
b
Concretely, we calculate


 n

 
X
−1
1
T
b := normalize
c (C
b  )T
zij Zaj
W
,
(5)
a
 n

Ci
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where the normalization operator rescales the matrix columns, making sure that each column sums to 1. The overall procedure for Stage 1 is summarized in Algorithm 1.

7
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4.2 Stage 2: EM algorithm

n Y
m Y
k
Y

(µiyj c )I(zij =ec ) .

j=1 i=1 c=1

L(µ; y, z) .

(6)

The second stage is devoted to refining the initial estimate provided by Stage 1. The joint
likelihood of true label yj and observed labels zij , as a function of confusion matrices µi ,
can be written as
L(µ; y, z) :=

y∈[k]n

X

By assuming a uniform prior over y, we maximize the marginal log-likelihood function



`(µ) := log 

We refine the initial estimate of Stage 1 by maximizing the objective function (6), which
is implemented by the Expectation Maximization (EM) algorithm. The EM algorithm
takes as initialization the values {b
µilc } provided as output by Stage 1, and then executes
the following E-step and M-step for at least one round.

(8)

(7)

[n], l ∈ [k].

,

E-step Calculate the expected value of the log-likelihood function, with respect to the
conditional distribution of y given z under the current estimate of µ:
(
!)

n
k
m Y
k
X
X
Y
Q(µ) := Ey|z,bµ [log(L(µ; y, z))] =
qbjl log
(µilc )I(zij =ec )
j=1
i=1 c=1
l=1

Pm Pk
µ
exp
ilc )
c=1 I(zij = ec ) log(b
i=1
for j ∈
where qbjl ←

Pm Pk
µil0 c )
i=1
c=1 I(zij = ec ) log(b

Pk
l0 =1 exp

for i ∈ [m], l ∈ [k], c ∈ [k].

M-step Find the estimate µ
b that maximizes the function Q(µ):

Pn
b I(zij = ec )
jl
j=1 q
Pn
bjl I(zij = ec0 )
j=1 q

c0 =1

µ
bilc ← Pk

In practice, we alternatively execute the updates (7) and (8), for one iteration or until
convergence. Each update increases the objective function `(µ). Since `(µ) is not concave,
the EM update doesn’t guarantee converging to the global maximum. It may converge to
distinct local stationary points for different initializations. Nevertheless, as we prove in
the next section, it is guaranteed that the EM algorithm will output statistically optimal
estimates of true labels and worker confusion matrices if it is initialized by Algorithm 1.

5. Convergence Analysis

m
and πmin := min{πi }i=1
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To state our main theoretical results, we first need to introduce some notation and assumptions. Let
k
wmin := min{wl }l=1

8

l=1

k
X

wl µal ⊗ µbl = Ca W (Cb )T

and Tabc :=
l=1

k
X

wl µal ⊗ µbl ⊗ µcl ,

min min min {µgll − µglc }

g∈{1,2,3} l∈[k] c∈[k]\{l}

1
m

i=1

πi DKL (µil , µil0 ) .
(9)

for all i ∈ [m],

n
36κk
πmin wmin σL , 2

o
, if

9
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with probability at least 1 − δ. Here, k · k∞ denotes the element-wise `∞ -norm of a matrix.

bi − Ci k∞ ≤ 
kC

then the confusion matrices returned by Algorithm 1 are bounded as

Theorem 3 For any scalar δ > 0 and any scalar  satisfying  ≤ min
the number of items n satisfies
 5

k log((k + m)/δ)
n=Ω
,
2 w 2 σ 13
2 πmin
min L

The following two theorems characterize the performance of our algorithm. We split
the convergence analysis into two parts. Theorem 3 characterizes the performance of Algorithm 1, providing sufficient conditions for achieving an arbitrarily accurate initialization.
We provide the proof of Theorem 3 in Appendix A.

The quantity D lower bounds the averaged KL-divergence between two columns. If D is
strictly positive, it means that every pair of labels can be distinguished by at least one
subset of workers. As the last assumption, we assume that D is strictly positive.

l6=l

D = min0

m
X

indicating the smallest gap between diagonal entries and non-diagonal entries in the confusion matrix. The assumption requires that κ is strictly positive. Note that this assumption
is group-based, thus doesn’t assume the accuracy of any individual worker.
Finally, we introduce a quantity that measures the average ability of workers
P in identifying distinct labels. For two discrete distributions P and Q, let DKL (P, Q) := i P (i) log(P (i)/Q(i))
represent the KL-divergence between P and Q. Since each column of the confusion matrix
represents a discrete distribution, we can define the following quantity:

κ :=

then there will be a positive scalar σL such that σk (Sab ) ≥ σL > 0.
Our third assumption assumes that within each group, the average probability of assigning a correct label is always higher than the average probability of assigning any incorrect
label. To make this statement rigorous, we define a quantity

Sab :=

Theorem 4 characterizes the error rate in Stage 2. It states that when a sufficiently
accurate initialization is taken, the updates (7) and (8) refine the estimates µ
b and yb to the
optimal accuracy. See Appendix B for the proof.

be the smallest portion of true labels and the most extreme sparsity level of workers. Our
first assumption assumes that both wmin and πmin are strictly positive, that is, every class
and every worker contributes to the dataset.
Our second assumption assumes that the confusion matrices for each of the three groups,
namely C1 , C2 and C3 , are nonsingular. As a consequence, if we define matrices Sab and
tensors Tabc for any a, b, c ∈ {1, 2, 3} as

48 log(8mk/δ)
πi wl n

holds for all (i, l) ∈ [m] × [k].

10

Theorem 5 There are universal constants c1 > 0 and c2 > 0 such that:
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that is, if both m and n are lower bounded by a problem-specific constant and logarithmic
terms, then with high probability, the predictor yb will be perfectly accurate, and the estie
mator µ
b will be bounded as kb
µil − µil k22 ≤ O(1/(π
i wl n)). To show the optimality of this
convergence rate, we present the following minimax lower bounds. See Appendix C for the
proof.

In Theorem 4, the assumption that all confusion matrix entries are lower bounded by
ρ > 0 is somewhat restrictive. For datasets violating this assumption, we enforce positive
confusion matrix entries by adding random noise: Given any observed label zij , we replace
it by a random label in {1, ..., k} with probability kρ. In this modified model, every entry
of the confusion matrix is lower bounded by ρ, so that Theorem 4 holds. The random noise
makes the constant D smaller than its original value, but the change is minor for small ρ.
To see the consequence of the convergence analysis, we take error rate  in Theorem 3
equal to the constant α defined in Theorem 4. Then we combine the statements of the two
theorems. This shows that if we choose the number of workers m and the number of items
n such that
!
 
k5
e 1
e
m=Ω
and n = Ω
;
(11)
2 w 2 σ 13 min{ρ2 , (ρD)2 }
D
πmin
min L

(b) kb
µil − µil k22 ≤

(a) Let ybj = arg maxl∈[k] qbjl , then ybj = yj holds for all j ∈ [n].

then, for µ
b and qb obtained by iterating (7) and (8) (for at least one round), with probability
at least 1 − δ,

and the number of workers m and the number of items n satisfy




log(mk/δ)
log(1/ρ) log(kn/δ)
and n = Ω
,
m=Ω
πmin wmin α2
D

Theorem 4 Assume that µilc ≥ ρ holds for all (i, l, c) ∈ [m] × [k]2 . For any scalar δ > 0,
bi are initialized in a way such that
if confusion matrices C


bi − Ci k∞ ≤ α := min ρ , ρD
kC
for all i ∈ [m]
(10)
2 16
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(a) For any {µilc }, {πi } and any number of items n, if the number of workers m ≤ 1/(4D),
then

Spectral Methods meet EM: A Provably Optimal Algorithmfor Crowdsourcing

Zhang, Chen, Zhou and Jordan

yb v∈[k]n

j=1

n
hX
i
inf sup E
I(b
yj 6= yj ) {µilc }, {πi }, y = v ≥ c1 n.


h
i
E kb
µil − µil k22 {wl }, {πi } ≥ c2 min 1,
1
πi wl n


.

(b) For any {wl }, {πi }, any worker-item pair (m, n) and any pair of indices (i, l) ∈ [m]×[k],
we have
sup

µ
b µ∈Rm×k×k

inf

12
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1. An anonymous reviewer pointed out that if the system designer has the control over how to assign
tasks to the workers, our result can be applied to sparse sampling regime via a grouping technique. In
particular, one can partition the items into groups of small size and assign different workers to each
groups of items so that the each subgroups of items and workers form a dense sub-matrix.

Theorem 4 shows that it is sufficient to set the target error of Theorem 3 equal to  := α.
Thus, the constant nspectral also depends on α. Due to the additional dependence on σL ,
the condition on nspectral is more restrictive than that on nEM .
The result of Balakrishnan et al. (2016) provides conditions (e.g., gradient stability condition and certain sample deviation condition) under which the EM method has geometric
convergence rate. Assuming that these conditions are weaker than ours in Theorem 4,
b
then instead of requiring the initialization condition kC
i − Ci k∞ ≤ α for all i ∈ [m] as in
bi k∞ ≤ α0 ensures
equation (10), we may have another constant α0 > α, such that kCi − C
the linear convergence of EM. (It might be difficult to find the largest α0 that makes the
conditions of Balakrishnan et al. (2016) hold). The best possible value of α0 is 1 since any
bi and Ci is bounded by 1. This means that we can potentially improve nspectral by
entry of C

2. The lower bound in the condition of Theorem 4 (denoted by nEM ). It establishes the
performance guarantee for EM. This lower bound relies on the initialization accuracy
α and the minimum prior probabilities πmin , wmin .

1. The lower bound in the condition of Theorem 3 (denoted by nspectral ). It relies on the
target error , the minimum singular value σL and the minimum prior probabilities
πmin , wmin .

In both Theorem 3 and 4, we require lower bounds on the number of times. It is interesting
to see whether these bounds can be improved. One idea is to improve those lower bounds
using the technique from Balakrishnan et al. (2016) discussed in Section 2. Nevertheless,
as we explain below, such improvement is up to a multiplicative factor 1/α, which doesn’t
depend on σL , wmin and πmin . We recall that there are two lower bounds on the number of
items n in our theoretical results.

5.1.2 Lower bound on the number of items

regime, the high-probability recovery of all true labels might be impossible. However, it is
still of great interest to establish the upper bound on the prediction error as a function of
the average number of labels per item. Karger et al. (2014, 2013) show that if worker labels
are organized by a random regular bipartite graph, then the number of labels on each item
should scale as log(1/δ), where δ is the label prediction error. Their analysis assumes that
the limit of number of items goes to infinity, or that the number of workers is many times
of the number of items. Dalvi et al. (2013) provide algorithms that improve the theoretical
guarantee for the one-coin model. Their algorithms succeed without the regular bipartite
graph assumption, and without the requirement that the limit of number of items goes to
infinity.
Although our theoretical analysis does not fully cover the sparse sampling regime, the
algorithm sill applies to the sparse regime and achieves reasonably good performance (see,
e.g., the experiment with TREC data in Section 7.2). Empirically, spectral-initialized EM
is rather robust for both dense and sparse sampling regimes.1

In part (a) of Theorem 5, we see that the number of workers should be at least 1/D,
otherwise any predictor will make many mistakes. This lower bound matches our sufficient
condition on the number of workers m (see Eq. (11)). In part (b), we see that the best
possible estimate for µil has 1/(πi wl n) mean-squared error. It verifies the optimality of our
estimator µ
bil . It is also worth noting that the constraint on the number of items n (see
Eq. (11)) depends on problem-specific constants, which might be improvable. Nevertheless,
the constraint scales logarithmically with m and 1/δ, thus is easy to satisfy for reasonably
large datasets.
5.1 Discussion of theoretical results
In this section, we present a discussion of the foregoing theoretical results. In particular,
we compare Theorem 3 and Theorem 4 to existing theoretical results on crowdsourcing and
the EM method.
5.1.1 Sparse sampling regime vs. dense sampling regime
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In our theoretical analysis, we make the assumption that the minimum labeling frequency
πmin is bounded away from zero, i.e., πmin = Ω(1). This corresponds to the dense sampling
regime where the average number of labels for each item should be Θ(m). According to
Theorem 4, to guarantee perfect label predictionwith probability
1 − δ, we require the

min
average number of samples for each item to be Ω log(1/δ)π
. Two related works in the
D̄
dense sampling regime include Ghosh et al. (2011) and Gao and Zhou (2014). Ghosh et al.
(2011) studied the one-coin model for binary labeling. To attain a δ prediction error, their
algorithm requires m and n to scale with 1/δ 2 , while our algorithm allows m and n to scale
with log(1/δ). Gao and Zhou (2014) studied the minimax rate of the prediction error and
showed that maximizing likelihood is statistically optimal. However, they didn’t provide a
polynomial-time algorithm to achieve the minimax rate.
Another sampling regime is the sparse sampling regime, where the labeling frequency
πmin goes to zero as the number of items n goes to infinity. In fact, this is a practical
regime for large-scale datasets when workers complete only a vanishing fraction of the total
tasks. As can be seen in condition (11), our theoretical result doesn’t apply to the very
√
sparse regime when π = o(1/ n). Several work have been devoted to investigate the sparse
sampling regime (Karger et al., 2014, 2013; Dalvi et al., 2013). Under the sparse sampling
11

13
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The algorithm contains two separate stages. First, we initialize pbi by an estimator based on
the method of moments. In contrast with the algorithm for the general model, the estimator

(a,b)

(ai , bi ) = arg max{|Nab | : a 6= b 6= i}.

For every worker i, let workers ai , bi be defined as

To simplify our presentation, we consider the case where πi ≡ 1; noting that with proper
normalization, the algorithm can be easily adapted to the case where πi < 1. The statement
of the algorithm relies on the following notation: For every two workers a and b, let the
quantity Nab be defined as
!
Pn
k−1
1
j=1 I(zaj = zbj )
Nab :=
−
.
k
n
k

In other words, the worker i uses a single coin flip to decide her assignment. No matter what the true label is, the worker has pi probability to assign the correct label, and
has 1 − pi probability to randomly assign an incorrect label. For the one-coin model, it
suffices to estimate pi for every worker i and estimate yj for every item j. Because of its
simplicity, the one-coin model is easier to estimate and enjoys better convergence properties.

In this section, we consider a simpler crowdsourcing model that is usually referred to as the
“one-coin model.” For the one-coin model, the confusion matrix Ci is parameterized by a
single parameter pi . More concretely, its entries are defined as

pi
if l = c,
µilc =
(12)
1−pi
if l 6= c.
k−1

6. One-Coin Model

It is also interesting to compare our algorithm with the majority voting estimator, where
the true label is simply estimated by a majority vote among workers. Gao and Zhou (2014)
show that if there are many spammers and few experts, the majority voting estimator gives
almost a random guess. In contrast, our algorithm requires a sufficiently large mD to
guarantee good performance. Since mD is the aggregated KL-divergence, a small number
of experts suffices to ensure it is large enough.

5.1.3 Discussion of simple majority voting estimator

a factor of 1/α. Note that α is a constant that doesn’t depend on σL . Thus, this potential
improvement doesn’t affect the lower bound’s dependence on the condition number of the
confusion matrix.
The result of Balakrishnan et al. (2016) provides conditions for EM to work but it
doesn’t show how to initialize EM to satisfy these conditions. Our paper uses the spectral
method to do the initialization. As a consequence, the restriction on nspectral is a premise
for the spectral method to work. In order to improve the dependence on the condition
number, one has to invent a better initialization scheme, which is out of the scope of this
paper.
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1
m

bi
i=1 p

Pm

≥

1
k

does not hold, then set pbi ←

2
k

1
pbi ← + sign(Nia1 )
k

s

n

k

i=1

m
X

bjl
l=1 q

Pk

= 1 hold for all j ∈ [n].

k−1

i

 1 − pb 

(15)

(14)

14

(a) ybj = yj holds for all j ∈ [n];
q
(b) |b
pi − pi | ≤ 2 3 log(6m/δ)
holds for all i ∈ [m].
n

then, for pb and yb returned by Algorithm 2, with probability at least 1 − δ,
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Theorem 6 Assume that ρ ≤ pi ≤ 1 − ρ holds for all i ∈ [m]. For any scalar δ > 0, if the
number of workers m and the number of items n satisfy




log(mk/δ)
log(1/ρ) log(kn/δ)
m=Ω
and n = Ω
,
(16)
D
κ63 min{κ2 , ρ2 , (ρD)2 }

To theoretically characterize the performance of Algorithm 2, we need some additional
notation.
Let κi be the i-th largest element in {|pi − 1/k|}m
i=1 . In addition, let κ :=
P
m
1
(p
−
1/k)
be
the
average
gap
between
all
accuracies
and
1/k. We assume that κ is
i
i=1
m
strictly positive. We follow the definition of D in Eq. (9). The following theorem is proved
in Appendix D.

for the one-coin model doesn’t need third-order moments. Instead, it only relies on pairwise
statistics Nab . Second, an EM algorithm is employed to iteratively maximize the objective
function (6). See Algorithm 2 for a detailed description.

(4) Output {b
pi } and ybj := arg maxl∈[k] {b
qjl }.

where update (14) normalizes qbjl , making

j=1 l=1

for i ∈ [m],

I(zij = el ) log(b
pi ) + I(zij 6= el ) log

1 XX
qbjl I(zij = el )
pbi ←
n

qbjl ∝ exp

(13)

for j ∈ [n], l ∈ [k],

− pbi for all i ∈ [m].

Niai Nibi
Nai bi

(3) Iteratively execute the following two steps for at least one round:

(2) If

(1) Initialize pbi by

Input: integer k, observed labels zij ∈ Rk for i ∈ [m] and j ∈ [n].
Output: Estimator pbi for i ∈ [m] and ybj for j ∈ [n].

Algorithm 2: Estimating one-coin model
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Opt-D&S
7.64
0.84
0.01

MV-D&S
7.65
0.84
0.01

Majority Voting
18.85
7.97
1.57

KOS
8.34
1.04
0.02

Ghosh-SVD
12.35
4.52
0.15

EigenRatio
10.49
4.52
0.15
0.18
0.16
0.14
0.12
0.1
0.08
1

4

(a)

Opt−D&S
MV−D&S

10

6

5

4

3

2

1

1
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7

Number of iterations

16

4

(b)

7

Number of iterations

Opt−D&S
MV−D&S

10
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methods are consistently worse. It is not surprising that the Opt-D&S algorithm and the
MV-D&S estimator yield similar accuracies, since they optimize the same log-likelihood
objective. It is also meaningful to look at the convergence speed of both methods, as
they employ distinct initialization strategies. Figure 1 shows that the Opt-D&S algorithm
converges faster than the MV-D&S estimator, both in estimating the true labels and in
estimating confusion matrices. This can be explained by the general theoretical guarantee
associated with Opt-D&S (recall Theorem 3).
The first and the second iteration of the Opt-D&S curve in Figure 1(b) correspond to the
confusion matrix estimation error achieved by 1) the spectral method and 2) the spectral
method with one iteration of EM, respectively. In Table 2, we provide a more detailed
comparison, where the errors are compared with π ∈ {0.2, 0.5, 1.0} and at different stages
of the iteration. We found that for dense data (π = 1), the spectral method alone provides
a reasonably good estimate on the confusion matrix, but its performance degenerates as
the data becomes sparser. For both dense and sparse data, the spectral method with one
iteration of EM achieves the nearly optimal error rate, which coincides with our theoretical
prediction. In contrast, if the algorithm is initialized by majority voting, then one iteration
of EM fails to provide a good estimate. Table 2 shows that its error rate is an orderof-magnitude higher than the spectral method initialized EM. This supports our concern
that majority-voting initialization can be far from optimal—a principal motivation for this
paper. Nevertheless, both initializations converge to the same error rate after ten iterations.
Given the robustness of the EM method, deriving a sufficient and necessary condition under
which the majority-voting initialization converges to an optimal solution remains an open
problem.

Figure 1: Comparing the convergence rate of the Opt-D&S algorithm and the MV-D&S estimator on synthetic dataset with π = 0.2:
of the prediction error.
Pm (a) bconvergence
(b) convergence of the squared error i=1
kCi − Ci kF2 for estimating confusion
matrices.

Confusion matrix error
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π = 0.2
π = 0.5
π = 1.0
Table 1: Prediction error (%) on the synthetic dataset. The parameter π indicates the
sparsity of data—it is the probability that the worker labels each task.

It is worth contrasting condition (11) with condition (16), namely the sufficient conditions for the general model and for the one-coin model. It turns out that the one-coin
model requires much milder conditions on the number of items. In particular, κ3 will be
close to 1 if among all the workers there are three experts giving high-quality answers. As
a consequence, the one-coin model is more robust than the general model. By contrasting
the convergence rate of µ
bil (by Theorem 4) and pbi (by Theorem 6), the convergence rate of
k . This is additional evidence that the one-coin model enjoys
pbi does not depend on {wl }l=1
a better convergence rate because of its simplicity.

7. Experiments
In this section, we report the results of empirical studies comparing the algorithm we propose
in Section 4 (referred to as Opt-D&S) with a variety of other methods. We compare to the
Dawid & Skene estimator initialized by majority voting (refereed to as MV-D&S), the pure
majority voting estimator, the multi-class labeling algorithm proposed by Karger et al.
(2013) (referred to as KOS), the SVD-based algorithm proposed by Ghosh et al. (2011)
(referred to as Ghost-SVD) and the “Eigenvalues of Ratio” algorithm proposed by Dalvi
et al. (2013) (referred to as EigenRatio). The evaluation is made on three synthetic datasets
and five real datasets.
7.1 Synthetic data
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For synthetic data, we generate m = 100 workers and n = 1000 binary tasks. The true
label of each task is uniformly sampled from {1, 2}. For each worker, the 2-by-2 confusion
matrix is generated as follow: the two diagonal entries are independently and uniformly
sampled from the interval [0.3, 0.9], then the non-diagonal entries are determined to make
the confusion matrix columns sum to 1. To simulate a sparse dataset, we make each worker
label a task with probability π. With the choice π ∈ {0.2, 0.5, 1.0}, we obtain three different
datasets.
We execute every algorithm independently ten times and average the outcomes. For the
Opt-D&S algorithm and the MV-D&S estimator, the estimation is outputted after ten EM
iterates. For the group partitioning step involved in the Opt-D&S algorithm, the workers
are randomly and evenly partitioned into three groups.
The main evaluation metric is the error of predicting the true label of items. The
performance of various methods are reported in Table 1. On all sparsity levels, the OptD&S algorithm achieves the best accuracy, followed by the MV-D&S estimator. All other

15

Label prediction error

π = 0.2
2.084
0.972
0.962
5.912
0.962

π = 0.5
0.583
0.352
0.343
6.191
0.343

π = 1.0
0.164
0.143
0.143
6.618
0.143

# classes
2
2
2
4
5

# items
108
800
19,033
807
2,665

# workers
39
164
762
52
177

# worker labels
4,212
8,000
88,385
7,354
15,567
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For real data experiments, we compare crowdsourcing algorithms on five datasets: three
binary tasks and two multi-class tasks. Binary tasks include labeling bird species (Welinder et al., 2010) (Bird dataset), recognizing textual entailment (Snow et al., 2008) (RTE
dataset) and assessing the quality of documents in TREC 2011 crowdsourcing track (Lease
and Kazai, 2011) (TREC dataset). Multi-class tasks include labeling the bread of dogs
from ImageNet (Deng et al., 2009) (Dog dataset) and judging the relevance of web search
results (Zhou et al., 2012) (Web dataset). The statistics for the five datasets are summarized in Table 3. Since the Ghost-SVD algorithm and the EigenRatio algorithm work on
binary tasks, they are evaluated on the Bird, RTE and TREC dataset. For the MV-D&S
estimator and the Opt-D&S algorithm, we iterate their EM steps until convergence.
Since entries of the confusion matrix are positive, we find it helpful to incorporate this
prior knowledge into the initialization stage of the Opt-D&S algorithm. In particular, when
estimating the confusion matrix entries by equation (5), we add an extra checking step
before the normalization, examining if the matrix components are greater than or equal
to a small threshold ∆. For components that are smaller than ∆, they are reset to ∆.
The default choice of the thresholding parameter is ∆ = 10−6 . Later, we will compare the
Opt-D&S algorithm with respect to different choices of ∆. It is important to note that this
modification doesn’t change our theoretical result, since the thresholding step doesn’t take
effect if the initialization error is bounded by Theorem 3.
Table 4 summarizes the performance of each method. The MV-D&S estimator and the
Opt-D&S algorithm consistently outperform the other methods in predicting the true label
of items. The KOS algorithm, the Ghost-SVD algorithm and the EigenRatio algorithm yield

7.2 Real data

Table 3: The summary of datasets used in the real data experiment.

Dataset name
Bird
RTE
TREC
Dog
Web

Table 2: Squared error for estimating the confusion matrix. The table compares (1) spectral
method; (2) spectral initialization + one iteration of EM; (3) spectral initialization
+ 10 iterations of EM; (4) majority voting initialization + one iteration of EM;
and (5) majority voting initialization + 10 iterations of EM.

Spectral Method
Opt-D&S (1st iteration)
Opt-D&S (10th iteration)
MV-D&S (1st iteration)
MV-D&S (10st iteration)

−6

Label prediction error

−5

(a) RTE

−3

10

Threshold

−4

10

Opt−D&S: 1st iteration
Opt−D&S: 50th iteration
MV−D&S: 1st iteration
MV−D&S: 50th iteration

10

MV-D&S
11.11
7.12
30.02
16.66
15.74

Majority Voting
24.07
10.31
34.86
19.58
26.93

KOS
11.11
39.75
51.96
31.72
42.93

Ghosh-SVD
27.78
49.13
42.99
–
–

−2

10

−1

10

−6

10

0.15

0.16

0.17

0.18

0.19

0.2

0.21

10

−5

10

−3

(b) Dog

Threshold

−4

10

Opt−D&S: 1st iteration
Opt−D&S: 50th iteration
MV−D&S: 1st iteration
MV−D&S: 50th iteration

−2

10

10

−1

10

0.15

0.2

0.25

0.3

0.35

−6

−5

10

−4

−3

(c) Web

Threshold

10

Opt−D&S: 1st iteration
Opt−D&S: 50th iteration
MV−D&S: 1st iteration
MV−D&S: 50th iteration

10

−2

10

EigenRatio
27.78
9.00
43.96
–
–

Table 4: Error rate (%) in predicting the true labels on real data.

Opt-D&S
10.09
7.12
29.80
16.89
15.86

−1

10
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Under the generative model proposed by Dawid and Skene (1979), we propose an optimal
algorithm for inferring true labels in the multi-class crowd labeling setting. Our approach
utilizes the method of moments to construct an initial estimator for the EM algorithm.
We proved that our method achieves the optimal rate with only one iteration of the EM
algorithm.
To the best of our knowledge, this work provides the first instance of provable convergence for a latent variable model in which EM is initialized with the method of moments.

8. Conclusions

poorer performance, presumably due to the fact that they rely on idealized assumptions
that are not met by the real data. In Figure 2, we compare the Opt-D&S algorithm with
respect to different thresholding parameters ∆ ∈ {10−i }6i=1 . We plot results for three
datasets (RET, Dog, Web), where the performance of the MV-D&S estimator is equal to or
slightly better than that of Opt-D&S. The plot shows that the performance of the Opt-D&S
algorithm is stable after convergence. But when only using the spectral method with just
one E-step for the label prediction (i.e., the red curve Opt-D&S: 1st iteration in Figure 2),
the error rates are more sensitive to the choice of ∆. A proper choice of ∆ makes the OptD&S algorithm perform better than MV-D&S. The result suggests that a proper spectral
initialization with just an E-step is good enough for the purposes of prediction. In practice,
the best choice of ∆ can be obtained by cross validation.

Figure 2: Comparing the MV-D&S estimator the Opt-D&S algorithm with different thresholding parameter ∆. The predict error is plotted after the 1st EM update and
after convergence.

10

0.08

0.1

0.12

0.14

0.16

0.18

0.2

0.22

Bird
RTE
TREC
Dog
Web
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One-step EM initialized by the method of moments not only leads to better estimation error
in terms of the dependence on the condition number of the second-order moment matrix but
it also computationally more attractive than the standard one-step estimator obtained via
a Newton-Raphson step. It is interesting to explore whether a properly initialized one-step
EM algorithm can achieve the optimal rate for other latent variable models such as latent
Dirichlet allocation or other mixed membership models.
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Appendix A. Proof of Theorem 3

k
X
l=1



wl kµal
k2 kµbl
k2 ≤

l=1

k
X



wl kµal
k1 kµbl
k1 ≤ 1.

If a 6= b, it is easy to verify that Sab = Ca W (Cb )T = E[Zaj ⊗ Zbj ]. Furthermore, we can
upper bound the spectral norm of Sab , namely
kSab kop ≤

For the same reason, it can be shown that kTabc kop ≤ 1.
Our proof strategy is briefly described as follows: we upper bound the estimation error
for computing empirical moments (2a)-(2d) in Lemma 7, and upper bound the estimation
error for tensor decomposition in Lemma 8. Then, we combine both lemmas to upper bound
the error of formula (5).

(17)

Lemma 7 Given a permutation (a, b, c) of (1, 2, 3), for any scalar  ≤ σL /2, the second
c2 and M
c3 computed by equation (2c) and (2d) are bounded as
and the third moments M

c2 − M2 kop , kM
c3 − M3 kop } ≤ 31/σ 3
max{kM
L

p
√
with probability at least 1 − δ, where δ = 6 exp(−( n − 1)2 ) + k exp(−( n/k − 1)2 ).

H := min

and

3/2

c − W kop ≤ .
kW

)

(18)

(19)

(20)
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2σ
σL
1
L
√ , p
,
√
2 15k(24σL−1 + 2 2) 4 3/2σ 1/2 + 8k(24/σL + 2 2)
L

c2 − M2 kop , kM
c3 − M3 kop } ≤ H
max{kM
(
3/2

Lemma 8 Suppose that (a, b, c) is permutation of (1, 2, 3). For any scalar  ≤ κ/2, if the
c3 satisfy
c2 and M
empirical moments M
for

c are bounded as
bc and W
then the estimates C
√
k
and

b  − C  kop ≤
kC
c
c

with probability at least 1 − δ, where δ is defined in Lemma 7.

Combining Lemma 7, Lemma 8, if we choose a scalar 1 satisfying

k1

c − W kop ≤ 1 .
kW

1 ≤ min{κ/2, πmin wmin σL /(36k)},
√

b  (for g = 1, 2, 3) and W
c satisfy
then the estimates C
g
bg − Cg kop ≤
kC

with probability at least 1 − 6δ, where


p
δ = (6 + k) exp − ( n/k1 HσL3 /31 − 1)2 .

20

√



cC
b
W
a

−1
op

≤

j=1

T
T
zij Zaj
− E[zij Zaj
]
op

≤ 1

|

n

j=1

n
1 X

≤

b
G



cC
b
W
a

1
wmin σL

{z

T
zij Zaj

op

}

−1
op

≤

op

≤ 1,

√
18 k1
.
wmin σL



T
E zij Zaj

−πi Ci

and

(21)

b l − πi µil k1 ≤
kG
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√
√
b l − πi µil k2 ≤ kkG
b − πi Ci kop ≤ 18k1 ,
kkG
wmin σL

b ∈ Rk×k be the first term on the left hand side of inequality (21). Each column of G,
b
Let G
√
b l , is an estimate of πi µil . The `2 -norm estimation error is bounded by 18 k1 .
denoted by G
wmin σL
Hence, we have

we have

(W Ca )−1

√
holds with probability at least 1 − m exp(−( n1 − 1)2 ). Combining the above two inequalities with Proposition 2, then applying Lemma 18 with preconditions

1
n

n
X

√
8 k1
.
wmin σL

wmin σL /2 ≤ σk (W Ca )/2

− (W Ca )−1

√

op

√
≤ 4 k1 ,

By Lemma 19, for any i ∈ [m], the concentration bound

Lemma 17 yields that

cC
b  − W C  kop ≤ 4 k1 ≤
kW
a
a

Since condition (19) implies

cC
ba − W Ca
W

op

ba − Ca kop ≤
Assuming inequality (20), for any a ∈ {1, 2, 3}, since kCa kop ≤ k, kC
c−W
≤ 1 , Lemma 18 (the preconditions are satisfied by
k1 and kW kop ≤ 1, W

inequality (19)) implies that

√

√

To be more precise, we obtain the bound (20) by plugging  := 1 HσL3 /31 into Lemma 7,
then plugging  := 1 into Lemma 8. The high probability statement is obtained by applying a union bound.
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2

πi +
c=1

Pk

b
G
 l
 − µil
b lc − πi µilc
G

= 1, we have

2

72k1
πmin wmin σL

5/2

σL
230k .

Thus, the above expression is lower bounded by

(24)

n≥

13/2
πmin wmin σL

72 × 31 × 230 · k 5/2 

1+
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p
log((36 + 6k + m)/δ) .
Squaring both sides of the inequality completes the proof.

√

πmin wmin σL
(25)
72k
n
o
for small , that is  ≤ min πmin36κk
wmin σL , 2 . According to equation (24), the condition (25)
will be satisfied if
1 ≤

This condition can be further simplified to


p
31 × 230 · k 3/2 
1 + log((36 + 6k + m)/δ) .
√ 11/2
nσL

b − Ck∞ bounded by
Combining condition (19) and inequality (23), we find that to make kC
, it is sufficient to choose 1 such that
n π w σ κ π w σ o
min min L
min min L
1 ≤ min
, ,
72k
2
36k

1 =

If we represent this probability in the form of 1 − δ, then

  √n σ 11/2
2 
1 L
1 − (36 + 6k + m) exp −
−1
,
3/2
31 × 230 · k

It can be verified that H ≥

(23)
≤ πi /2 from

Note that inequality (23) holds with probability at least


p
√
1 − (36 + 6k) exp − ( n/k1 HσL3 /31 − 1)2 − m exp(−( n1 − 1)2 ).

18k1
wmin σL

b l − πi µil k2 + kG
b l − πi µil k1 kµil k2
kG
≤
b l − πi µil k1
πi − k G
≤

=

c=1 µilc

Pk

where the last step combines inequalities (21), (22) with the bound
condition (19), and uses the fact that kµil k2 ≤ 1.

b l ) − µil
normalize(G

and consequently, using the fact that
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A.1 Proof of Lemma 7

op

≤ .
(26)

Throughout the proof, we assume that the following concentration bound holds: for any
distinct indices (a0 , b0 ) ∈ {1, 2, 3}, we have
n

1X
Za0 j ⊗ Zb0 j − E[Za0 j ⊗ Zb0 j ]
n
j=1

n

j=1

1X
Zcj ⊗ Zbj − E[Zcj ⊗ Zbj ]
n
op

op

(E[Zaj ⊗ Zbj ])−1

2
σk2 (Sab )

≤  and

≤

op

1
≤
,
σk (Sab )

op

(28)

≤ 6/σL2

(27)

By Lemma 19 and the union bound, this event happens with probability at least 1 −
√
6 exp(−( n − 1)2 ). By the assumption that  ≤ σL /2 ≤ σk (Sab )/2 and Lemma 17, we
have

j=1



≤ 6/σL2

and


−1
n
X
1
Zaj ⊗ Zbj  − (E[Zaj ⊗ Zbj ])−1
n

Under the preconditions

j=1

kE[Zcj ⊗ Zbj ]kop ≤ 1

j=1

op


−1
n
1X
Zaj ⊗ Zbj  − E[Zcj ⊗ Zbj ](E[Zaj ⊗ Zbj ])−1
n

2

+
σk (Sab ) σk2 (Sab )

Zcj ⊗ Zbj  



n
X

j=1

≤2

Lemma 18 implies that

1
n

j=1

and for the same reason, we have


−1
n
n
X
1X
1
Zcj ⊗ Zaj  
Zbj ⊗ Zaj  − E[Zcj ⊗ Zaj ](E[Zbj ⊗ Zaj ])−1
n
n
Now, let matrices F2 and F3 be defined as
F2 := E[Zcj ⊗ Zbj ](E[Zaj ⊗ Zbj ])−1 ,

F3 := E[Zcj ⊗ Zaj ](E[Zbj ⊗ Zaj ])−1 ,

op

=




T
F2 + ∆2 (Zaj ⊗ Zbj ) F3 + ∆3 − F2 (Zaj ⊗ Zbj ) F3T

and let the matrix on the left hand side of inequalities (27) and (28) be denoted by ∆2 and
∆3 , we have
0
0
baj
Z
⊗ Zbbj
− F2 (Zaj ⊗ Zbj ) F3T
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≤ kZaj ⊗ Zbj kop k∆2 kop kF3 + ∆2 kop + kF2 kop k∆3 kop ≤ 30 kZaj ⊗ Zbj kop /σL3 .
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op
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≤ 30/σL3 .

(29)

where the last steps uses inequality (27), (28) and the fact that max{kF2 kop , kF3 kop } ≤ 1/σL
and

kF3 + ∆2 kop ≤ kF3 kop + k∆2 kop ≤ 1/σL + 6/σL2 ≤ 4/σL .

To upper bound the norm kZaj ⊗ Zbj kop , notice that

op

op

kZaj ⊗ Zbj kop ≤ kZaj k2 kZbj k2 ≤ kZaj k1 kZbj k1 ≤ 1.
Consequently, we have

b0 ⊗ Zb0 − F2 (Zaj ⊗ Zbj ) F T
Z
aj
3
bj

j=1

j=1

0
Zbaj

b0
Z
bj

Zbj ) F3T

(31)

kZcj k2

(30)

c2 and M
c3 . For the second
For the rest of the proof, we use inequality (29) to bound M
moment, we have


n
n
1X
1X
0
0
c2 − M2
M
≤
− F2 (Zaj ⊗ Zbj ) F3T
+ F2 
Zaj ⊗ Zbj  F3T − M2
Zbaj
⊗ Zbbj
n
n
op
op
j=1
j=1


n
1X
≤ 30/σL3 + F2 
Zaj ⊗ Zbj − E[Zaj ⊗ Zbj ] F3T
n

≤ 30/σL3 + /σL2 ≤ 31/σL3 .

For the third moment, we have

+

Zbj ) F3T

≤ 30/σL3 .

op



n


1X
F2 (Zaj ⊗ Zbj ) F3T ⊗ Zcj − E F2 (Zaj ⊗ Zbj ) F3T ⊗ Zcj  .
n

j=1

n 

X
c3 − M3 = 1
b0 ⊗ Z
b0 − F2 (Zaj ⊗ Zbj ) F T ⊗ Zcj
Z
M
aj
3
bj
n

0
Zbbj

We examine the right hand side of equation (30). The first term is bounded as


⊗
− F2 (Zaj ⊗
⊗ Zcj
≤
⊗
− F2 (Zaj ⊗
b0
Z
aj

op

op

≤ /σL2

(32)

For the second term, since kF2 Zaj k2 ≤ 1/σL , kF3 Zbj k2 ≤ 1/σL and kZcj k2 ≤ 1, Lemma 19
implies that
n

j=1



1X
F2 (Zaj ⊗ Zbj ) F3T ⊗ Zcj − E F2 (Zaj ⊗ Zbj ) F3T ⊗ Zcj
n

op

≤ 30/σL3 + /σL2 ≤ 31/σL3 .

p
with probability at least 1 − k exp(−( n/k − 1)2 ). Combining inequalities (31) and (32),
we have
c3 − M3
M
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Applying a union bound to all high-probability events completes the proof.

24

op

and

w
bh − wπ(h)

∞

≤ .

j=1

j=1

n
X

I(yj = l)I(zij 6= 0) − nwl πi ≤
for all (i, l, c) ∈ [m] × [k]2 .

for all (i, l, c) ∈ [m] × [k]2 .

I(yj = l)I(zij = ec ) − nwl πi µilc ≤ ntilc

ntilc
µilc

for all j ∈ [n] and l ∈ [k]\{yj }.

i=1 c=1
n
X

I(zij = ec ) log(µiyj c /µilc ) ≥ mD/2

m X
k
X

(33)

l∈[k]

25

|b
µilc − µilc | ≤ 4tilc /(πi wl ).

max{|b
qjl − I(yj = l)|} ≤ exp −mD/4 + log(k)

for all j ∈ [n].
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for all i ∈ [m], l ∈ [k], c ∈ [k].

b and qb are
Then by alternating updates (7) and (8) for at least one round, the estimates C
bounded as

Lemma 9 Assume that E1 ∩ E2 holds. Also assume that µilc ≥ ρ for all (i, l, c) ∈ [m] × [k]2 .
b is initialized such that inequality (10) holds, and scalars tilc satisfy
If C




ρ ρD
2 exp − mD/4 + log(k) ≤ tilc ≤ πmin wmin min
,
.
(34)
8 64

where tilc > 0 are scalars to be specified later. We define tmin to be the smallest element
among {tilc }. Assuming that E1 ∩ E2 holds, the following lemma shows that performing
updates (7) and (8) attains the desired level of accuracy. See Section B.1 for the proof.

E3 :

E2 :

E1 :

We define three random events that will be shown holding with high probability:

Appendix B. Proof of Theorem 4

Note that the constant H in Lemma 8 is obtained by plugging upper bounds kM2 kop ≤ 1
and kM3 kop ≤ 1 into Lemma 4 of Chaganty and Liang (2013).
The π(h)-th component of µcπ(h) is greater than other components of µcπ(h) , by a margin
of κ. Assuming  ≤ κ/2, the greatest component of µ
bh is its π(h)-th component. Thus,
b  by the vector µ
Algorithm 1 is able to correctly estimate the π(h)-th column of C
bh .
c

b
Consequently, for every column of
√ Cc , the `2 -norm error is bounded by . Thus, the spectralb  is bounded by k. Since W is a diagonal matrix and w
norm error of C
bh − wπ(h) ∞ ≤ ,
c
c − W kop ≤ .
we have kW

kb
µh − µcπ(h) k2 ≤ 

Chaganty and Liang (2013) (Lemma 4) prove that when condition (18) holds, the tensor
decomposition method of Algorithm 1 outputs {b
µh , w
bh }kh=1 , such that with probability at
least 1 − δ, a permutation π satisfies

A.2 Proof of Lemma 8
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i=1


2 log(1/ρ)
πi DKL µiyj , µil .
1−ρ

i=1

1−ρ

D



1
2
2 (D/2)
,
1
+ 3 (2 log(1/ρ))(D/2)

j=1 I(yj

Pn

= l)I(zij 6= ec ) is the sum of n i.i.d. Bernoulli

26

i=1 l=1
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Summarizing the probability bounds on E1 , E2 and E3 , we conclude that E1 ∩ E2 ∩ E3
holds with probability at least

 X


m X
k
nt2ilc
mD
1 − kn exp −
−
4 exp −
.
(36)
33 log(1/ρ)
3πi wl µilc

j=1

random variables with mean q := πi wl . Since µtilc
≤ πmin wρmin ρ/8 ≤ q, using a Chernoff
ilc
bound yields




n
2
2
X
t
ilc
 ≤ 2 exp(− ntilc ) ≤ 2 exp − ntilc
P
I(yj = l)I(zij 6= 0) − nq ≥ n
,
µilc
3πi wl µilc
3qµ2ilc

For measuring P[E3 ], note that

j=1

Since ρ ≤ 1/2 and D ≥ mD, combining the above inequality with the union bound, we
have


mD
.
(35)
P[E1 ] ≥ 1 − kn exp −
33 log(1/ρ)
Pn
For measuring P[E2 ], we observe that j=1 I(yj = l)I(zij = ec ) is the sum of n i.i.d. Bernoulli
random variables with mean p := πi wl µilc . Since tilc ≤ πmin wmin ρ/8 ≤ p, applying the Chernoff bound implies




n
X
nt2ilc
P
I(yj = l)I(zij = ec ) − np ≥ ntilc  ≤ 2 exp(−nt2ilc /(3p)) = 2 exp −
,
3πi wl µilc

i=1

Thus, applying the Bernstein inequality, we have

hX
i
P
si ≥ D/2|yi ≥ 1 − exp − 2 log(1/ρ)

i=1

According to Lemma 10, the aggregated second moment of si is bounded by
"m
#
m
X
 2 log(1/ρ)
2 log(1/ρ) X
πi DKL µiyj c , µilc =
D
E
s2i yi ≤
1−ρ
1−ρ

E[s2i |yi ] ≤

Lemma 10 Conditioning on any value of yj , we have

We denote the right hand side of the above equation by D. The following lemma shows
that the second moment of si is bounded by the KL-divergence between labels.

i=1

Next, we characterize the probability
P that events E1 , E2 and E3 hold. For measuring P[E1 ],
we define auxiliary variable si := kc=1 I(zij = ec ) log(µiyj c /µilc ). It is straightforward to
see that s1 , s2 , . . . , sm are mutually independent on any value of yj , and each si belongs to
the interval [0, log(1/ρ)]. it is easy to verify that
"m
#
m
X
X

E
s i yi =
πi DKL µiyj , µil .
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m > 4 log(2k)/D.

(37)

Proof of Part (a) According to Lemma 9, for ybj = yj being true, it sufficient to have
exp(−mD/4 + log(k)) < 1/2, or equivalently

m≥
r

33 log(1/ρ) log(2kn/δ)
D
and n ≥

3π w µ log(8mk/δ)
i
l
ilc
2
tilc

(39)

(38)

To ensure that this bound holds with probability at least 1 − δ, expression (36) needs to be
lower bounded by δ. It is achieved if we have

If we choose
tilc :=

3πi wl µilc log(8mk/δ)
.
n

(41)

(40)

then the second part of condition (38) is guaranteed. To ensure that tilc satisfies condition (34). We need to have
r


3πi wl µilc log(8mk/δ)
≥ 2 exp − mD/4 + log(k)
and
n
r
3πi wl µilc log(8mk/δ)
≤ πmin wmin α/4.
n

4 log(2k

48 log(8mk/δ)
πmin wmin α2

The above two conditions require that m and n satisfy
p
n/(3πmin wmin ρ log(8mk/δ)))
D
m≥

n≥

and

The four conditions (37), (38), (40) and (41) are simultaneously satisfied if we have
33 log(1/ρ) log(2kn/δ)
m≥
D
48 log(8mk/δ)
.
πmin wmin α2
n≥

If tilc is set by equation (39), combining Lemma 9 with this assignment,
48µilc log(8mk/δ)
π i wl n

Under this setup, ybj = yj holds for all j ∈ [n] with probability at least 1 − δ.
Proof of Part (b)
we have

(b
µilc − µilc )2 ≤
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with probability at least 1 − δ. Summing both sides of the inequality over c = 1, 2, . . . , k
completes the proof.

27

B.1 Proof of Lemma 9
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|b
µilc − µilc | ≤ δ1

µiyj , µil
2

i=1 c=1

m X
k
X

!

for all j ∈ [n].

for all i ∈ [m], l ∈ [k], c ∈ [k],

I(zij = ec ) log(b
µiyj c /b
µilc )

− 2m log

i=1 c=1

 ρ 
≥m
ρ − δ1



2δ1
D
−
2
ρ − δ1



.




D
2δ1
−
.
qbjl ≥ 1 − k exp −m
2
ρ − δ1

holds. If qb satisfies

for all j ∈ [n],

(45)

(46)
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for all i ∈ [m], l ∈ [k], c ∈ [k].

(44)

 

m X
k

µ
X
µ
b
bilc 
iy
jc
I(zij = ec ) log
− log
µiyj c
µilc

(43)

(42)

To prove Lemma 9, we study the consequences of update (7) and update (8). We prove
two important lemmas, which show that both updates provide good estimates if they are
properly initialized.

and

Lemma 11 Assume that event E1 holds. If µ and its estimate µ
b satisfy
µilc ≥ ρ

and qb is updated by formula (7), then qb is bounded as:




D
2δ1
max{|b
qjl − I(yj = l)|} ≤ exp −m
+ log(k)
−
2
ρ − δ1
l∈[k]

Al :=

Proof
For an arbitrary index l 6= yj , we consider the quantity

m X
k
X

πi DKL

i=1 c=1

m
X

i=1

I(zij = ec ) log(µiyj c /µilc ) +

By the assumption that E1 and inequality (42) holds, we obtain that
Al =
≥

qbjl ≤

X
l6=yj

Thus, for every index l 6= yj , combining formula (7) and inequality (44) implies that



1
D
2δ1
≤ exp −m
−
.
exp(Al )
2
ρ − δ1
Consequently, we have

qbjyj ≥ 1 −

E2

Combining the above two inequalities completes the proof.

Lemma 12 Assume that event
l∈[k]

max{|b
qjl − I(yj = l)|} ≤ δ2

2ntilc + 2nδ2
.
(7/8)nπi wl − nδ2

and µ
b is updated by formula (8), then µ
b is bounded as:
|b
µilc − µilc | ≤

28

j=1

n
X

qbjl I(zij = ec )

and B :=

c0 =1

j=1

k X
n
X

qbjl I(zij = ec0 ) =

j=1

n
X

qbjl I(zij 6= 0).

j=1

n
X

I(qjl = yj )I(zij = ec ) − nπi wl µilc +
j=1

n
X

qbjl I(zij = ec ) −
j=1

n
X

I(qjl = yj )I(zij = ec )

I(qjl = yj )I(zij 6= 0) − nπi wl +

ntilc
+ nδ2 .
µilc

j=1

j=1

n
X

qbjl I(zij 6= 0) −
j=1

n
X

I(qjl = yj )I(zij 6= 0)

(47)

29
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We claim that at any step in the update, the preconditions (42) and (45) always hold.
We prove the claim by induction. Before the iteration begins, µ
b is initialized such
that the accuracy bound (10) holds. Thus, condition (42) is satisfied at the beginning. We
assume by induction that condition (42) is satisfied at time 1, 2, . . . , τ −1 and condition (45)
is satisfied at time 2, 3, . . . , τ − 1. At time τ , either update (7) or update (8) is performed.
If update (7) is performed, then by the inductive hypothesis, condition (42) holds before
the update. Thus, Lemma 11 implies that




D
2δ1
max{|b
qjl − I(yj = l)|} ≤ exp −m
−
+ log(k) .
2
ρ − δ1
l∈[k]

To proceed with the proof, we assign specific values to δ1 and δ2 . Let


ρ ρD
δ1 := min
,
and δ2 := tmin /2.
2 16

tilc
πmin wmin ρ
πmin wmin
tilc
≤
≤
=
,
µilc
ρ
8ρ
8
lower bounding the denominator. Plugging in this bound completes the proof.

Condition (34) implies

|b
µilc − µilc | =

nπi wl µilc + (A − nπi wl µilc )
(A − nπi wl µilc ) − µilc (B − nπi wl )
− µilc =
nπi wl + (B − nπi wl )
nπi wl + (B − nπi wl )
2ntilc + 2nδ2
≤
.
nπi wl − n(tilc /µilc ) − nδ2

Combining the bound for A and B, we obtain that

≤

|B − nπi wl | ≤

n
X

Similarly, using the assumption that event E3 and inequality (45) hold, we have

≤ ntilc + nδ2 .

|A − nπi wl µilc | ≤

Combining this definition with the assumption that event E2 and inequality (45) hold, we
find that

A :=

Proof By formula (8), we can write µ
bilc = A/B, where
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−

2δ1
ρ−δ1

≥

D
4,

which yields that

2ntilc + 2nδ2
2ntilc + ntmin
3ntilc
=
≤
,
(7/8)nπi wl − nδ2
(7/8)nπi wl − ntmin /2
(7/8)nπi wl − ntmin /2

c=1

k
X

µiyj c (log(µiyj c /µilc ))2 = πi

c=1

k
X

µiyj c (log(µilc /µiyj c ))2

c=1

2 log(1/ρ)
(x − 1 − log(x)).
1−ρ

(48)

f 0 (x) =

30

2(log(x) −

x

log(1/ρ)
1−ρ (x

− 1))

.
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It remains to prove the claim (48). Let f (x) := log2 (x) − 2 log(1/ρ)
1−ρ (x − 1 − log(x)). It
suffices to show that f (x) ≤ 0 for x ≥ ρ. First, we have f (1) = 0 and

We defer the proof of inequality (48), focusing on its consequence. Let x := µilc /µiyj c , then
inequality (48) yields that
!
k
X

2 log(1/ρ)
2 log(1/ρ)
E[s2i ] ≤
πi
µilc − µiyj c − µiyj c log(µilc /µiyj c ) =
πi DKL µiyj , µil .
1−ρ
1−ρ

log2 (x) ≤

We claim that for any x ≥ ρ and ρ < 1, the following inequality holds:

E[s2i ] = πi

By the definition of si , we have

B.2 Proof of Lemma 10

Since preconditions (42) and (45) hold for any time τ ≥ 2, Lemma 11 and Lemma 12
implies that the concentration bounds (43) and (46) always hold. These two concentration
bounds establish the lemma’s conclusion.

which verifies that condition (42) holds after the update. This completes the induction.

where the last step follows since tmin ≤ tilc . Noticing ρ ≤ 1, condition (34) implies that tmin ≤
πmin wmin /8. Thus, the right hand side of the above inequality is bounded by 4tilc /(πi wl ).
Using condition (34) again, we find


4tilc
4tilc
ρ ρD
≤
≤ min
,
= δ1 ,
πi wl
πmin wmin
2 16

|b
µilc − µilc | ≤

where the last inequality follows from condition (34). It suggests that condition (45) holds
after the update.
On the other hand, we assume that update (8) is performed at time τ . Since update (8)
follows update (7), we have τ ≥ 2. By the inductive hypothesis, condition (45) holds before
the update, so Lemma 12 implies

l∈[k]

D
2

max{|b
qjl − I(yj = l)|} ≤ exp(−mD/4 + log(k)) ≤ tmin /2 = δ2 ,

The assignment (47) implies

Zhang, Chen, Zhou and Jordan

log(1/ρ)
(x − 1)
1−ρ

Spectral Methods meet EM: A Provably Optimal Algorithmfor Crowdsourcing

For any x > 1, we have
log(x) < x − 1 ≤
where the last inequality holds since log(1/ρ) ≥ 1 − ρ. Hence, we have f 0 (x) < 0 and
consequently f (x) < 0 for x > 1.
For any ρ ≤ x < 1, notice that log(x) − log(1/ρ)
1−ρ (x − 1) is a concave function of x, and
equals zero at two points x = 1 and x = ρ. Thus, f 0 (x) ≥ 0 at any point x ∈ [ρ, 1), which
implies f (x) ≤ 0.

Appendix C. Proof of Theorem 5
In this section we prove Theorem 5. The proof separates into two parts.
C.1 Proof of Part (a)

I(b
yj

6=

m

i=1

1 X
D=
πi DKL (µil , µil0 ) .
m

yj )

i
y=v ≥

X

v∈{l,l0 }n

I(b
yj

6=

yj )

y=v

i

h
i
Q(v) E I(b
yj 6= yj ) y = v .

j=1

n
hX
Q(v) E

n
X
X

(49)

Throughout the proof, probabilities are implicitly conditioning on {πi } and {µilc }. We
assume that (l, l0 ) are the pair of labels such that

j=1

Let Q be a uniform distribution over the set {l, l0 }n . For any predictor yb, we have
n
hX
max E

v∈[k]n

=

j=1 v∈{l,l0 }n

(50)

Thus, it is sufficient to lower bound the right hand side ofPinequality (49).
yj 6= yj )|y] for
For the rest of the proof, we lower bound the quantity y∈{l,l0 }n Q(v) E[I(b
every item j. Let Z := {zij : i ∈ [m], j ∈ [n]} be the set of all observations. We define two
probability measures P0 and P1 , such that P0 is the measure of Z conditioning on yj = l,
while P1 is the measure of Z conditioning on yj = l0 . By applying Le Cam’s method (Yu,
1997) and Pinsker’s inequality, we have
h
i
Q(v) E I(b
yj 6= yj ) y = v = Q(yj = l)P0 (b
yj 6= l) + Q(yj = l0 )P1 (b
yj 6= l0 )
X

v∈{l,l0 }n

1 1
≥ − kP0 − P1 kTV
2 2
1 1p
−
DKL (P0 , P1 ).
2 4

≥
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The remaining arguments upper bound the KL-divergence between P0 and P1 . Conditioning
on yj , the set of random variables Zj := {zij : i ∈ [m]} are independent of Z\Zj for both
31
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P0 and P1 . Letting the distribution of X with respect to probability measure P be denoted
by P(X), we have

DKL (P0 , P1 ) = DKL (P0 (Zj ), P1 (Zj )) + DKL (P0 (Z\Zj ), P1 (Z\Zj )) = DKL (P0 (Zj ), P1 (Zj )) ,
(51)

m
X
i=1

m
X

i=1





DKL (P0 (zij ), P1 (zij ))
"

1 − πi
1 − πi

+

k
X

c=1

πi DKL (µilc , µil0 c ) = mD.

(1 − πi ) log
m X
k
X
i=1 c=1

πi µilc log



πi µilc
πi µil0 c

#

(52)

where the last step follows since P0 (Z\Zj ) = P1 (Z\Zj ). Next, we observe that z1j , z2j , . . . , zmj
are mutually independent given yj , which implies
DKL (P0 (Zj ), P1 (Zj )) =
=

=

Combining inequality (50) with equations (51) and (52), we have
h
i 1 1p
Q(v) E I(b
yj 6= yj ) y = v ≥ −
mD.
2 4
X

v∈{l,l0 }n

Thus, if m ≤ 1/(4D), then the above inequality is lower bounded by 3/8. Plugging this
lower bound into inequality (49) completes the proof.
C.2 Proof of Part (b)

1 1
, , 0, . . . , 0
2 2

∈ Rk

and

u1 :=


T
1
1
+ δ, − δ, 0, . . . , 0
∈ Rk ,
2
2

Throughout the proof, probabilities are implicitly conditioning on {πi } and {wl }. We define
two vectors
T

u0 :=

v∈[k]n

V

!
h
i
h
i
X
X
P(y = v)
P(V ) E kb
µīl̄ − µīl̄ k22 µ = uV , y = v .
E kb
µīl̄ − µīl̄ k22 ≥

where δ ≤ 1/4 is a scalar to be specified. Consider a m-by-k random matrix V whose entries
are uniformly sampled from {0, 1}. We define a random tensor uV ∈ Rm×k×k , such that
(uV )il := uVil for all (i, l) ∈ [m] × [k]. Givan an estimator µ
b and a pair of indices (ī, ¯l), we
have
sup
µ∈Rm×k×k

0 if kb
µīl̄ − u0 k2 ≤ kb
µīl̄ − u1 k2 .
1 otherwise.
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(53)
P
For the rest of the proof, we lower bound the term V P(V ) E[kb
µīl̄ − µīl̄ k22 |µ = uV , y =
v] for every v ∈ [k]n . Let Vb be an estimator defined as

Vb =

32

δ2 b
P[V 6= Vīl̄ |y = v].
2

Consequently, we have

P(V ) E[kb
µīl̄ − µīl̄ k22 |µ = uV , y = v] ≥

2
2 δ.

√

(54)

(55)

i=1

DKL (P0 (Zi ), P1 (Zi )) = DKL (P0 (Zī ), P1 (Zī )) ,
(56)

(57)

33

(58)
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Combining the lower bound (55) with upper bounds (56), (57) and (58), we find


3
5
1
P[Vbil 6= Vil |y = v] ≥ I
|J| πī δ 2 ≤
.
8
2
4

Here, we have used the fact that log(1/(1 − 4x2 )) ≤ 5x2 holds for any x ∈ [0, 1/4].

5
≤ |J| πī δ 2 .
2

j∈J

where the last step follows since P0 (Zī \ZīJ ) = P1 (Zī \ZīJ ). Finally, since µīl̄ is explicitly
given in both P0 and P1 , the random variables contained in ZīJ are mutually independent.
Consequently, we have


X

1
1
DKL (P0 (ZīJ ), P1 (ZīJ )) =
DKL P0 (zīj ), P1 (zīj ) = |J| πī log
2
1 − 4δ 2

= DKL (P0 (ZīJ ), P1 (ZīJ )) ,

DKL (P0 (Zī ), P1 (Zī )) = DKL (P0 (ZīJ ), P1 (ZīJ )) + DKL (P0 (Zī \ZīJ ), P1 (Zī \ZīJ ))

where the last step follows since P0 (Zi ) = P1 (Zi ) for all i 6= ī. Next, we let J := {j : vj = ¯l}
and define a set of random variables ZiJ := {zij : j ∈ J}. It is straightforward to see that
ZiJ is independent of Zi \ZiJ for both P0 and P1 . Hence, we have

DKL (P0 , P1 ) =

m
X

Conditioning on y = v, the set of random variables Zi := {zij : j ∈ [n]} are mutually
independent for both P0 and P1 . Letting the distribution of X with respect to probability
measure P be denoted by P(X), we have

P[Vb 6= Vīl̄ |y = v] ≥

1 1
− kP0 − P1 kTV
2 2
1 1p
DKL (P0 , P1 ).
≥ −
2 4

Let Z := {zij : i ∈ [m], j ∈ [n]} be the set of all observations. We define two probability
measures P0 and P1 , such that P0 is the measure of Z conditioning on y = v and µīl̄ = u0 ,
and P1 is the measure of Z conditioning on y = v and µīl̄ = u1 . For any other pair of
indices (i, l) 6= (ī, ¯l), µil = uVil for both P0 and P1 . By this definition, the distribution of
Z conditioning on y = v and µ = uV is a mixture of distributions Q := 12 P0 + 12 P1 . By
applying Le Cam’s method (Yu, 1997) and Pinsker’s inequality, we have

V

X

If µ = uV , then Vb 6= Vīl̄ ⇒ kb
µīl̄ − µīl̄ k2 ≥
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1
10πī δ 2

sup



h
i
3
3
E kb
µīl̄ − µīl̄ k22 ≥ min
,
,
512 320πī wl̄ n
µ∈Rm×k×k

is greater than or equal to the median of |{j : yj = ¯l}|, and consequently,

18t
κ33

(59)

j=1

for all j ∈ [n] and l ∈ [k]\{yj }.
for all i ∈ [m].

I(zij = ec ) log(µiyj c /µilc ) ≥ mD/2
I(zij = eyj ) − npi ≤ nti

i=1 c=1
n
X

m X
k
X
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Lemma 14 Assume that E1 ∩ E2 holds. Also assume that ρ ≤ pi ≤ 1 − ρ for all i ∈ [m]. If
pb is initialized such that


κ ρ ρD
|b
pi − pi | ≤ α := min
, ,
for all i ∈ [m]
(60)
2 2 16

E2 :

E1 :

The rest of the proof upper bounds the error of Step (3). The proof follows very similar
steps as in the proof of Theorem 4. We first define two events that will be shown holding
with high probability.

holds with probability at least 1 − m2 exp(−nt2 /2).

i∈[m]

max{|b
pi − pi |} ≤

Lemma 13 Assume that κ3 > 0. Let pbi be initialized by Step (1)-(2). For any scalar
κκ3
0 < t < 183 , the upper bound

Our proof strategy is briefly described as follow: We first upper bound the error of Step
(1)-(2) in Algorithm 2. This upper bound is presented as lemma 13. Then, we analyze the
performance of Step (3), taking the guarantee obtained from the previous two steps.

Appendix D. Proof of Theorem 6

which establishes the theorem.

then

Note than |{j : yj = ¯l}| ∼ Binomial(n, wl̄ ). Thus, if we set


1
1
δ 2 := min
,
,
16 10πī wl̄ n

Plugging the above lower bound into inequalities (53) and (54) implies that

h
i 3δ 2 
1
.
sup E kb
µīl̄ − µīl̄ k22 ≥
P |{j : yj = ¯l}| ≤
16
10πī δ 2
µ∈Rm×k×k
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(62)

(61)
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and scalars ti satisfy




ρ ρD
,
exp − mD/4 + log(k) ≤ ti ≤ min
4 32

for all j ∈ [n].

for all i ∈ [m].

Then the estimates pb and qb obtained by alternating updates (14) and (15) satisfy:
l∈[k]

|b
pi − pi | ≤ 2ti .

max{|b
qjl − I(yj = l)|} ≤ exp −mD/4 + log(k)


P[E1 ∩ E2 ] ≥ 1 − kn exp −

mD
33 log(1/ρ)

−



m
2
X
nt
2 exp − i .
3pi

As in the proof of Theorem 4, we can lower bound the probability of the event E1 ∩ E2 by
applying Bernstein’s inequality and the Chernoff bound. In particular, the following bound
holds:

i=1

The proof of inequality (62) precisely follows the proof of Theorem 4.

648 log(3m2 /δ)
.
α2 κ36

(64)

(63)

Proof of upper bounds (a) and (b) in Theorem 6 To apply Lemma 14, we need to
ensure that condition (60) holds. If we assign t := ακ33 /18 in Lemma 13, then condition (60)
holds with probability at least 1 − m2 exp(−nα2 κ36 /648). To ensure that this event holds
with probability at least 1 − δ/3, we need to have
n≥

m > 4 log(2k)/D

By Lemma 14, for ybj = yj being true, it suffices to have

m≥

r

and n ≥

3 log(6m/δ)
.
n

33 log(1/ρ) log(3kn/δ)
D

3p log(6m/δ)
i
ti2

(66)

(65)

To ensure that E1 ∩ E2 holds with probability at least 1 − 2δ/3, expression (62) needs to be
lower bounded by 1 − 2δ/3. It is achieved by

If we choose
ti :=
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then the second part of condition (65) is guaranteed. To ensure that tilc satisfies condition (61). We need to have
r


3 log(6m/δ)
≥ exp − mD/4 + log(k)
and
n
r
3 log(6m/δ)
≤ α/2.
n
35
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The above two conditions requires that m and n satisfy
p
4 log(k n/(3 log(6m/δ)))
m≥
D
12 log(6m/δ)
.
α2
n≥

and

(67)

(68)

The five conditions (63), (64), (65), (67) and (68) are simultaneously satisfied if we have

33 log(1/ρ) log(3kn/δ)
m≥
D
648 log(3m2 /δ)
.
α2 κ36
n≥

3 log(6m/δ)
n

(69)

Under this setup, ybj = yj holds for all j ∈ [n] with probability at least 1 − δ. Combining
equation (66) with Lemma 14, the bound
r

|b
pi − pi | ≤ 2

holds with probability at least 1 − δ.
D.1 Proof of Lemma 13

We claim that after initializing pb via formula (13), it satisfies


18t
min max{|b
pi − pi |}, max{|b
pi − (2/k − pi )|} ≤ 3
κ3
i∈[m]
i∈[m]

i=1

1
−κ
k

1 X
pbi −
m

1
−
k





18t
.
κ33

i=1

2
1 X
−
pi
k m

=κ>

(70)

with probability at least 1−m2 exp(−nt2 /2). Assuming inequality (69), it is straightforward
to see that this bound is preserved by the algorithm’s step (2). In addition, step (2) ensures
1
1 Pm
b
that m
i ≥ k , which implies
i=1 p
!
m
m

max{|b
pi − (2/k − pi )|} ≥

i∈[m]

≥

Combining inequalities (69) and (70) establishes the lemma.

1 − pa 1 − pb
k
1
=
(pa − 1/k)(pb − 1/k) +
k−1 k−1
k−1
k

We turn to prove claim (69). For any worker a and worker b, it is obvious that I(zaj =
zbj ) are independent random variables for j = 1, 2, . . . , n. Since
E[I(zaj = zbj )] = pa pb + (k − 1)

JMLR 17(102):1-44

for any t > 0.

1
and k−1
k (I(zaj = zbj ) − k ) belongs to the interval [−1, 1], applying Hoeffding’s inequality
implies that

P(|Nab − (pa − 1/k)(pb − 1/k)| ≤ t) ≥ 1 − exp(−nt2 /2)

36

(71)

(72)

i

(73)

37
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|δ1 |
|δ2 |
|δ1 δ2 |
≤p
+p
+ p
|βai /βbi |
|βbi /βai | t |βai βbi |
√
≤ 3 2t/κ3 .

If |βi | > t, using the fact that |βai |, |βbi | ∈ [κ3 /2, 1] and |βai βbi | ≥ κ23 /2, we have
q
q
|βi βbi δ1 | + |βi βai δ2 | + |δ1 δ2 |
q
|Niai Nibi | − |βi2 βai βbi | ≤
|βi2 βai βbi |

where the last step relies on the inequality |βai βbi | − t ≥ κ23 /4 obtained
q by inequality (73).
p
Secondly, we upper bound the difference between |Niai Nibi | and |βi2 βai βbi |. If |βi | ≤ t,
using the fact that |βai |, |βbi | ≤ 1, we have
q
q
q
q
√
√
|Niai Nibi | − |βi2 βai βbi | ≤ |Niai Nibi | + |βi2 βai βbi | ≤ 4t2 + t2 ≤ 3t.

where |δ1 |, |δ2 |, |δ3 | ≤ t. Firstly, notice that Niai , Nibi ∈ [−1, 1], thus,
s
s
|Niai Nibi |
|Niai Nibi |
1
1
t
t
−
≤ p
−p
≤
≤ 2 3/2 ,
|Nai bi |
|βai βbi |
2(|βai βbi | − t)3/2
(κ3 /4)
|Nai bi |
|βai βbi |
(74)

|Nai bi | = |βai βbi | + δ3 ,

|Nibi | = |βi βbi | + δ2

|Niai | = |βi βai | + δ1

≥ κ3 /2. By the same argument, we obtain |βbi | ≥ |βb∗ |/2 ≥ κ3 /2. To upper bound the
estimation error, we write |Niai |, |Nibi |, |Nai bi | in the form of

|βb∗ |
2

where the last step follows since 2t ≤ κ23 /2 ≤ |βa∗ βb∗ |/2. Note that |βbi | ≤ |βa∗ | (since
b∗ βa∗ |
|βa∗ | is the largest entry by its definition), inequality (73) implies that |βai | ≥ |β2|β
≥
b |

|βai βbi | ≥ |Nai bi | − t ≥ |Na∗ b∗ | − t ≥ |βa∗ βb∗ | − 2t ≥ |βa∗ βb∗ |/2,

We consider another two indices (a∗ , b∗ ) such that |pa∗ − 1/k| and |pb∗ − 1/k| are the two
greatest elements in {|pa − 1/k| : a ∈ [m]\{i}}. Let βi := pi − 1/k be a shorthand notation,
then inequality (71) and equation (72) yields that

(a,b)

(ai , bi ) = arg max{|Nab | : a 6= b 6= i}.

Given an arbitrary index i, we take indices (ai , bi ) such that

holds for all (a, b) ∈ [m]2 with probability at least 1 − m2 exp(−nt2 /2). For the rest of the
proof, we assume that this high-probability event holds.

|Nab − (pa − 1/k)(pb − 1/k)| ≤ t

By applying the union bound, the inequality
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|Niai Nibi |
−
|βai βbi |

s
|βi2 βai βbi |
=
|βai βbi |

q
p
|Niai Nibi | − |βi2 βai βbi |
6t
p
≤ 2.
κ3
|βai βbi |

(76)

(75)

which establishes claim (69).
38

Combining inequalities (77), (78) and (79), we find that


18t
min max{|b
pi − pi |}, max{|b
pi − (2/k − pi )|} ≤ 3 .
κ3
i∈[m]
i∈[m]

(79)
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If sign(βa1 ) = −1, then sign(βi ) = −sign(Nia1 ), which yields that
s
|Niai Nibi |
14t
|b
pi − (2/k − pi )| = sign(Nia1 )
+ sign(βi )|βi | ≤ 3 .
|Nai bi |
κ3

Otherwise, we have sign(Nia1 ) = sign(βi βa1 ) and consequently sign(βi ) = sign(Nia1 )sign(βa1 ).
If sign(βa1 ) = 1, then sign(βi ) = sign(Nia1 ), which yields that
s
|Niai Nibi |
14t
|b
pi − pi | = sign(Nia1 )
− sign(βi )|βi | ≤ 3 .
(78)
|Nai bi |
κ3

If sign(Nia1 ) 6= sign(βi βa1 ), then |βi βa1 | ≤ |δ4 | ≤ t. Thus, |βi | ≤ t/|βai | ≤ 2t/κ3 , and
consequently,
s
|Niai Nibi |
+ |pi − 1/k|
max{|b
pi − pi |, |b
pi − (2/k − pi )|} ≤
|Nai bi |
s
|Niai Nibi |
18t
≤
− |pi − 1/k| + 2|pi − 1/k| ≤ 3
(77)
|Nai bi |
κ3

where |δ4 | ≤ t. Following the same argument for βai and βbi , it was shown that |βa1 | ≥ κ3 /2.
We combine inequality (76) with a case study of sign(Nia1 ) to complete the proof. Let
s
|Niai Nibi |
1
.
pbi := + sign(Nia1 )
k
|Nai bi |

Nia1 = βi βa1 + δ4 ,

Finally, we turn to analyzing the sign of Nia1 . According to inequality (71), we have

Combining inequalities (74) and (75), we obtain
s
|Niai Nibi |
14t
− |βi | ≤ 3 .
|Nai bi |
κ3

s

Combining the above two upper bounds implies
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D.2 Proof of Lemma 14

|b
pi − pi | ≤ δ1

for all i ∈ [m],

for all j ∈ [n].

(81)

(80)

The proof follows the argument in the proof of Lemma 9. We present two lemmas upper
bounding the error of update (14) and update (15), assuming proper initialization.

and

Lemma 15 Assume that event E1 holds. If p and its estimate pb satisfies
ρ ≤ pi ≤ 1 − ρ

and qb is updated by formula (14), then qb is bounded as:




D
2δ1
+ log(k)
max{|b
qjl − I(yj = l)|} ≤ exp −m
−
2
ρ − δ1
l∈[k]

= l)|} ≤

δ2

for all j ∈ [n],

for all i ∈ [m].

j=1 l=1

(83)

(82)

Proof Following the proof of Lemma 11, the lemma is established since both | log(b
pi /pi )|
and | log((1 − pbi )/(1 − pi ))| are bounded by log(ρ/(ρ − δ1 )).

−

I(yj

Lemma 16 Assume that event E2 holds. If qb satisfies
max{|b
qjl

l∈[k]

|b
pi − pi | ≤ ti + δ2 .

and pb is updated by formula (15), then pb is bounded as:

j=1

Proof By formula (15), we have


n
n
k
1 X
1 XX
(b
qil − I(yj = l))I(zij = el ).
I(zij = eyi ) − npi  +
n
n
pbi − pi =

i∈[m]

and δ2 := min {ti }.

Combining inequality (82) with the inequality implied by event E2 completes the proof.

ρ ρD
,
2 16

Following the steps in the proof of Lemma 9, we assign specific values to δ1 and δ2 . Let


δ1 := min
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By the same inductive argument for proving Lemma 9, we can show that the upper
bounds (81) and (83) always hold after the first iteration. Plugging the assignments of
δ1 and δ2 into upper bounds (81) and (83) completes the proof.

39
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Appendix E. Basic Lemmas

In this section, we prove some standard lemmas that we use for proving technical results.

2kEkop
.
σk2 (A)

Lemma 17 (Matrix Inversion) Let A, E ∈ Rk×k be given, where A is invertible and E
satisfies that kEkop ≤ σk (A)/2. Then

k(A + E)−1 − A−1 kop ≤

kEkop
.
σk (A)σk (A + E)

(A + E)−1 − A−1 = (A + E)−1 EA−1 .

Proof A little bit of algebra reveals that

Thus, we have

k(A + E)−1 − A−1 kop ≤

We can lower bound the eigenvalues of A + E by σk (A) and kEkop . More concretely, since

k(A + E)θk2 ≥ kAθk2 − kEθk2 ≥ σk (A) − kEkop

holds for any kθk2 = 1, we have σk (A + E) ≥ σk (A) − kEkop . By the assumption that
kEkop ≤ σk (A)/2, we have σk (A + E) ≥ σk (A)/2. Then the desired bound follows.

=

≤
≤

n
X

op





Aj 



≤ 2n−1

i−1
Y

j=1

i−1
Y

j=1

kEi kop 

n



!

i=1

n
Y

k=i+1

!
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kAk + Ek kop

(Ak + Ek ) Ei

X
kE
i kop
Ki

i=1

n
Y

k=i+1

Ki

kAj kop 

i=1

n
Y

n
kEi kop Y
Ki
Ki
i=1
!

n

i=1

X
kE
i kop
Ki

2n−i

i=1

n
X
i=1

n
X

i=1

= 2n−1

op

Lemma 18 (Matrix Multiplication) Let Ai , Ei ∈ Rk×k be given for i = 1, . . . , n, where
the matrix Ai and the perturbation matrix Ei satisfy kAi kop ≤ Ki , kEi kop ≤ Ki . Then
! n
Y
Ki .
i=1

n
n
Y
Y
(Ai + Ei ) −
Ai

i=1

op

Proof By the triangle inequality, we have

i=1

n
n
Y
Y
(Ai + Ei ) −
Ai

i=1

which completes the proof.
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n

F

F

≤

≤
1+

1+
p
log(k/δ)
p
.
n/k

p
log(1/δ)
√
.
n
(85)

(84)

n

j=1

1 X (i)
(i)
(Zj Xj ) ⊗ Yj − E[(Zj X1 ) ⊗ Y1 ]
n

Setting δ 0 = δ/k completes the proof.

j=1

41

1X
Xj ⊗ Yj ⊗ Zj − E[X1 ⊗ Y1 ⊗ Z1 ]
n

n

F

2

≤k

1+
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!2
p
log(1/δ 0 )
√
.
n

By applying the result of inequality (84), we find that with probability at least 1 − kδ 0 , we
have

Ti =

Proof Inequality (84) is proved in Lemma D.1 of Anandkumar et al. (2015). To prove
inequality (85), we note that for any tensor T ∈ Rk×k×k , we canPdefine k-by-k matrices
T1 , . . . , Tk such that (Ti )jk := Tijk . As a result, we have kT k2F = ki=1 kTi k2F . If we set T
to be the tensor on the left hand side of inequality (85), then

j=1

1X
Xj ⊗ Yj ⊗ Zj − E[X1 ⊗ Y1 ⊗ Z1 ]
n

j=1

1X
Xj ⊗ Yj − E[X1 ⊗ Y1 ]
n

n

Lemma 19 (Matrix and Tensor Concentration) Let {Xj }nj=1 , {Yj }nj=1 and {Zj }nj=1
be i.i.d. samples from some distribution over Rk with bounded support (kXk2 ≤ 1, kY k2 ≤ 1
and kZk2 ≤ 1 with probability 1). Then with probability at least 1 − δ,
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p(yi |fi , φ).
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i=1

n
Y

Bayesian cross-validation can be used to assess predictive performance. Vehtari and Ojanen
(2012) provide an extensive review of theory and methods in Bayesian predictive performance
assessment including decision theoretical assumptions made in Bayesian cross-validation.
Gelman et al. (2014) provide further details on theoretical properties of leave-one-out
cross-validation and information criteria, and Vehtari et al. (2016) provide practical fast
computation in the case of Monte Carlo posterior inference. In this article, we present
the properties of several Bayesian leave-one-out (LOO) cross-validation approximations for
Gaussian latent variable models (GLVM) with factorizing likelihoods. Integration over the

p(f |D, θ, φ) ∝ p(f |x, θ)

latent variables is performed with either the Laplace method or expectation propagation
(EP). We show that for these methods leave-one-out cross-validation can be computed
accurately with zero or a negligible additional cost after forming the full data posterior
approximation.
Global (Gaussian) and factorizing variational approximations for latent variable inference
are not considered in this paper. They have the same order computational complexity as
Laplace and EP but with a larger pre-factor on the dominating O(n3 ) term, where n is the
number of observations (Nickisch and Rasmussen, 2008). EP may be expected to be the
most accurate method (e.g. Nickisch and Rasmussen, 2008; Vanhatalo and Vehtari, 2010;
Jylänki et al., 2011; Riihimäki et al., 2013) and Laplace to have the smallest computational
overhead. So EP and Laplace may be considered the methods of choice for accuracy and
speed, respectively. We expect that our overall results and conclusions for Laplace and
EP carry over to Gaussian variational. For non-GLVM models such as generalized linear
and deep generative models, the (factorized) Gaussian variational approximations scale to
large data sets (Challis and Barber, 2013; Ranganath et al., 2014; Kingma and Welling,
2014; Rezende et al., 2014). It is of interest to derive approximate LOO estimators for these
models, but that is outside the scope of this paper.
We consider a prediction problem with an explanatory variable x and an outcome variable
y. The same notation is used interchangeably for scalar and vector-valued quantities. The
observed data are denoted by D = {(xi , yi )}ni=1 and future observations by (x̃, ỹ). We
focus on GLVMs, where the observation model p(yi |fi , φ) depends on a local latent value
fi and possibly on some global parameters φ, such as the scale of the measurement error
process. Latent values f = (f1 , . . . , fn ) have a joint Gaussian prior p(f |x, θ) which depends
on covariates x and hyperparameters θ (e.g., covariance function parameters for a Gaussian
process). The posterior of the latent f is then
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As a specific example we use Gaussian process (GP) models (reviewed, e.g., by Rasmussen
and Williams, 2006), but the methods are applicable also for other GLVMs which have
the same factorizing form (e.g. Gaussian Markov random field models used in the R-INLA
software (Lindgren and Rue, 2015)). Some of the presented methods are applicable more
generally, requiring only a factorizing likelihood with terms p(yi |fi , φ) and a method to
integrate over the marginal posteriors p(fi |D, θ, φ). The results presented in this paper can
be generalized to the cases where a likelihood term depends upon more than one latent
variable (e.g. Tolvanen et al., 2014) or the latent value prior is non-Gaussian (e.g. Seeger,
2008; Hernández-Lobato et al., 2008; Hernáandez-Lobato et al., 2010). For clarity we restrict
our treatment to the case of one likelihood term with one latent value.
We are interested in assessing the predictive performance of our models to report this to
application experts or to perform model selection. For simplicity, in this paper we use only
the logarithmic score, but the methods can be also be used with application specific utilities
such as classification error. Logarithmic score is the standard scoring rule in Bayesian
cross-validation (see Geisser and Eddy (1979)) and it has desirable properties for scientific
inference (Bernardo and Smith, 1994; Gneiting and Raftery, 2007).

The future predictive performance of a Bayesian model can be estimated using Bayesian
cross-validation. In this article, we consider Gaussian latent variable models where the
integration over the latent values is approximated using the Laplace method or expectation
propagation (EP). We study the properties of several Bayesian leave-one-out (LOO) crossvalidation approximations that in most cases can be computed with a small additional
cost after forming the posterior approximation given the full data. Our main objective is
to assess the accuracy of the approximative LOO cross-validation estimators. That is, for
each method (Laplace and EP) we compare the approximate fast computation with the
exact brute force LOO computation. Secondarily, we evaluate the accuracy of the Laplace
and EP approximations themselves against a ground truth established through extensive
Markov chain Monte Carlo simulation. Our empirical results show that the approach based
upon a Gaussian approximation to the LOO marginal distribution (the so-called cavity
distribution) gives the most accurate and reliable results among the fast methods.

Editor: Kevin Murphy

Technical University of Denmark
DK-2800 Lyngby, Denmark

Ole Winther

Helsinki Institute of Information Technology HIIT,
Department of Computer Science, Aalto University
P.O.Box 15400, 00076 Aalto, Finland

Aki Vehtari
Tommi Mononen
Ville Tolvanen
Tuomas Sivula

Bayesian Leave-One-Out Cross-Validation Approximations
for Gaussian Latent Variable Models

Journal of Machine Learning Research 17 (2016) 1-38

Bayesian LOO Approximations for GLVMs

The predictive distribution for a future observation ỹ given future covariate values x̃ is
Z
p(ỹ|f˜, φ)p(f˜|x̃, D, θ)p(φ, θ|D)df˜dφdθ.
(2)
p(ỹ|x̃, D) =

The expected predictive performance using the log score and unknown true distribution of
the future observation pt (x̃, ỹ) is
Z
pt (x̃, ỹ) log p(ỹ|x̃, D)dx̃dỹ.
(3)

i=1

1X
log p(yi |xi , D−i ),
n

n

(4)

This expectation can be approximated by re-using the observations and computing the
leave-one-out Bayesian cross-validation estimate
LOO =

where D−i is all other observations except (xi , yi ). Here we consider only cases with random
x̃ from the same distribution as x. See Vehtari and Ojanen (2012) for discussion of fixed,
shifted, deterministic, or constrained x̃.
In addition to estimating the expected log predictive density, it may be interesting
to look at a single value, log p(yi |xi , D−i ). These terms, also called conditional predictive
ordinates (CPOi ), may reveal observations which are highly influential or not well explained
by the model (see, e.g., Gelfand, 1996). The probability integral transform (PIT) values
F (yi |xi , D−i ), where F is the predictive CDF, can be used to assess the calibration of the
predictions (see, e.g., Gneiting et al., 2007).
The straightforward brute force implementation of leave-one-out cross-validation requires
recomputing the posterior distribution n times. Often leave-one-out cross-validation is
replaced with k-fold cross-validation requiring only k recomputations of the posterior, with
k usually 10 or less. Although k-fold-CV is robust and would often be computationally
feasible, there are several fast approximations for computing LOO with a negligible additional
computational cost after forming the posterior with the full data.
Several studies have shown that the Laplace method and EP perform well (compared to
the gold standard Markov chain Monte Carlo inference) for GLVMs with many log-concave
likelihoods (e.g. Rue et al., 2009; Vanhatalo et al., 2010; Martins et al., 2013; Riihimäki and
Vehtari, 2014). EP has also been shown to be close to Markov chain Monte Carlo inference
for classification models (log-concave likelihood, but potentially highly skewed posterior)
and non-log-concave likelihoods (e.g. Nickisch and Rasmussen, 2008; Vanhatalo and Vehtari,
2010; Jylänki et al., 2011; Cseke and Heskes, 2011; Riihimäki et al., 2013; Vanhatalo et al.,
2013; Tolvanen et al., 2014). In this paper we also consider the accuracy of approximative
LOO with standard Markov chain Monte Carlo inference for LOO as our benchmark.
In practical data analysis work, it is useful to start with fast approximations and step by
step check whether a computationally more expensive approach can improve the predictive
accuracy. We propose the following three step approach:
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1. Find the MAP estimate (φ̂, θ̂) using the Laplace method to approximately integrate
over the latent values f .
3
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2. Using (φ̂, θ̂) obtained in the previous step, use EP to integrate over the latent values
and check whether the predictive performance improves substantially compared to
using the Laplace method (we may also re-estimate φ̂ and θ̂).

3. Integrate over φ and θ and check whether integration over the parameters improves
predictive performance.

Details of the computations involved are given in Sections 2 and 3. Based on these steps
we can continue with the model that has the best predictive performance or the one that
makes predictions fastest, or both. Often we also need to re-estimate models when data
are updated or additional covariates become available, and then again a fast and accurate
posterior approximation is useful. To follow the above approach, we need accurate predictive
performance estimates for the Laplace method and EP.
The main contributions of this paper are:

• A unified presentation and thorough empirical comparison of methods for approximate
LOO for Gaussian latent variable models with both log-concave and non-log-concave
likelihoods and MAP and hierarchical approaches for handling hyperparameter inference
(Section 3).

• The main conclusion from the empirical investigation (Section 4) is the observed
superior accuracy/complexity tradeoff of Gaussian latent cavity distribution based
LOO estimators. Although there are more accurate non-Gaussian approximations of
the marginal posteriors, their use does not translate into substantial improvements in
terms of LOO cross-validation accuracy and also introduces considerable instability.
Using the widely applicable information criterion (WAIC) in the computation does
not provide any benefits.

• The Laplace Gaussian cavity distribution (LA-LOO) (Section 3.5), although mentioned
by Cseke and Heskes (2011), has not been used previously for LOO estimation. LOO
consistency of LA-LOO using linear response theory is proved (Appendix A).

• Truncated weights quadrature integration (Section 3.7) inspired by truncated importance sampling is a novel way to stabilize the quadrature used in some LOO
computations.

2. Gaussian Latent Variable Models

i=1

n
1 Y
p(yi |fi , φ)p(f |X, θ),
Z
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(5)

In this section, we briefly review the notation and methods for Gaussian latent variable
models used in the rest of the article. We focus on Gaussian processes (see, e.g., Rasmussen
and Williams, 2006), but most of the discussion also holds for other factorizing GLVMs.
We consider models with a Gaussian prior p(f |x, θ) on latent values f = (f1 , . . . , fn ) and
factorizing likelihood
p(f |D, θ, φ) =

4

(6)

Σ = (K −1 + σ −2 I)−1 = K − K(K + σ 2 I)−1 K.

µ = K(K + σ 2 I)−1 y
(7)

n

i=1

Y
1
p(f |X, θ)
t̃i (fi ),
Z
(8)

5

p(yi |fi ) ' t̃i (fi |Z̃i , µ̃i , Σ̃i ) = Z̃i N(fi |µ̃i , Σ̃i ),
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(9)

Expectation propagation (Opper and Winther, 2000; Minka, 2001) approximates independent
non-Gaussian likelihood terms by unnormalized Gaussian form site approximations (aka
pseudo-observations),

2.3 Expectation Propagation

where the t̃i are (unnormalized) Gaussian approximations of the likelihood contributions.
We use q to denote approximative joint and marginal distributions in general, or the specific
approximation used in each case can be inferred from the context.

q(f |D, θ, φ) =

In the case of a non-Gaussian likelihood, the conditional posterior p(f |D, θ, φ) needs to be
approximated. In this paper, we focus on expectation propagation (EP) and the Laplace
method (LA), which form a multivariate Gaussian approximation of the joint latent posterior

2.2 Non-Gaussian Observation Model

The marginal posterior is simply p(fi |D, θ, σ 2 ) = N(µi , Σii ) and the marginal likelihood
p(y|X, θ, σ 2 ) can be computed analytically using properties of the multivariate Gaussian
(see, e.g., Rasmussen and Williams, 2006).

and

where

p(f |D, θ, φ) = N(f |µ, Σ),

where φ = σ 2 is the noise variance, the conditional posterior of the latent variables is a
multivariate Gaussian

p(yi |fi , σ 2 ) = N(yi |fi , σ 2 ),

With a Gaussian observation model,

2.1 Gaussian Observation Model

where
R Qn Z is a normalization factor and equal to the marginal likelihood p(y|X, θ, φ) =
i=1 p(yi |fi , φ)p(f |X, θ)df . For example, in the Gaussian process framework the multivariate Gaussian prior on latent values is p(f |x, θ) = N(f |µ0 , K), where µ0 is the prior mean
and K is a covariance matrix constructed by a covariance function Ki,j = k(xi , xj ; θ), which
characterizes the correlation between two points. In this paper, we assume that the prior
mean µ0 is zero, but the results generalize to nonzero prior means as well.
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i

(10)

(11)

(12)

(13)

Σ̃i = −

6

1
.
∇i ∇i log p(yi |fi , φ)|fi =fˆi
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(14)

where Σ̂ = (K −1 + Σ̃−1 )−1 is the inverse of the Hessian at the mode with Σ̃ being a diagonal
matrix with elements (e.g., Rasmussen and Williams, 2006; Gelman et al., 2013),

q(f |D, θ, φ) = N(f |fˆ, Σ̂) ≈ p(f |D, θ, φ),

The Laplace approximation is constructed from the second-order Taylor expansion of
log p(f |y, θ, φ) around the mode fˆ, which gives a Gaussian approximation to the conditional
posterior,

2.4 Laplace Approximation

Minimization of Kullback-Leibler divergence from the tilted distribution to the marginal
approximation corresponds to matching the moments of the distributions. Hence for
Gaussian approximation, the zeroth, first and second moments of this tilted distribution are
computed, for example, using one-dimensional numerical integration. The site parameters
are updated so that moments of the marginal approximation q(fi |D) match the moments of
the tilted distribution q−i (fi )p(yi |fi , φ). The new q(f ) can be computed after a single site
approximation has been updated (sequential EP) or after all the site approximations have
been updated (parallel EP).

q−i (fi )p(yi |fi , φ).

where the marginal q(fi |D) is obtained analytically using properties of the multivariate
Gaussian.
The cavity distribution is combined with the original likelihood term to form a more
accurate marginal distribution called the tilted distribution:

q−i (fi ) ∝ q(fi |D)/t̃i (fi ),

where Z is the normalization constant or the marginal likelihood, ZEP is the EP approximation to the marginal likelihood and q(f |D) is a multivariate Gaussian posterior
approximation.
EP updates the site approximations by iteratively improving accuracy of the marginals.
To update the ith site approximation, it is first removed from the marginal approximation
to form a cavity distribution,

p(f |D, φ, θ) =

Y
1
p(f |X, θ)
p(yi |fi , φ)
Z
i
Y
1
p(f |X, θ)
t̃i (fi ) = q(f |D, φ, θ),
≈
ZEP

R
where Z̃i = p(yi |fi ) N(fi |µ̃i , Σ̃i )dfi , and µ̃i and Σ̃i are the parameters of the site approximations, or site parameters. The joint latent posterior approximation is then
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n

i=1

Y
1
p(f |X, θ)
t̃i (fi ),
Z

(16)

(15)

From this joint Gaussian approximation we can analytically compute an approximation of
the marginal posterior p(fi |D, θ, φ) and the marginal likelihood p(y|x, θ, φ). The Laplace
approximation can also be written as
q(f |D, θ, φ) =
where t̃i (fi ) are Gaussian terms N(fi |µ̃i , Σ̃i ) with
µ̃i = fˆ + Σ̃i ∇i log p(yi |fi , φ)|fi =fˆi .
2.5 Marginal Posterior Approximations

i

Y
i (fi )

with i (fi ) = p(yi |fi , φ)/t̃i (fi ),

(17)

Many leave-one-out approximation methods require explicit computation of full posterior
marginal approximations. We thus review alternative Gaussian and non-Gaussian approximations of the marginal posteriors p(fi |D, θ, φ) following the article by Cseke and Heskes
(2011). The exact joint posterior can be written as (dropping θ, φ and D for brevity)
p(f ) ∝ q(f )

Z

Y
j6=i

{z

ci (fi )

q(f−i |fi )

}

j (fj )df−i ,

(18)

where i (fi ) is the ratio of the exact likelihood and the site term approximating the likelihood.
By integrating over the other latent variables, the marginal posterior can be written as
p(fi ) ∝ q(fi )i (fi )
|

where f−i represents all other latent variables except fi . Local methods use i (fi ) which
depends locally only on fi . Global methods additionally use an approximation of ci (fi )
which depends globally on all latent variables. Next we briefly review different marginal
posterior approximations of this exact marginal (see Table 1 for a summary).
2.5.1 Gaussian Approximations

and

Σ = (K −1 + Σ̃−1 )−1 ,

(19)

The simplest approximation is to use the Gaussian marginals q(fi ), which are easily obtained
from the joint Gaussian obtained by the Laplace approximation or expectation propagation;
we call these LA-G and EP-G. By denoting the mean and variance of the pseudo observations
(defined by the site terms) by µ̃i and σ̃i2 respectively, the joint approximation has the same
form as in the Gaussian case:

with µ = ΣΣ̃−1 µ̃,

q(f |D, θ, φ) = N(µ, Σ)
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where Σ̃ is diagonal matrix with Σ̃ii = σ̃ 2 . Then the marginal is simply q(fi ) = N(µi , Σii ).
7

-

Improvement

tilted distribution q(fi )t̃i (fi )−1 p(yi |fi , φ)

Gaussian marginal q(fi ) from the joint distribution

Explanation
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Method

local

q(fi )t̃i (fi )−1 p(yi |fi , φ)ci (fi ), where ci (fi ) is approximated using the Laplace approximation

LA-L

global

LA-G
LA-TK

-

tilted distribution q−i (fi )p(yi |fi , φ), where q−i (fi ) is obtained as a part of EP method

global

EP-G

local

q−i (fi )p(yi |fi , φ)ci (fi ), where ci (fi ) is approximated using EP

LA-CM/CM2/FACT

EP-L

global

q−i (fi )p(yi |fi , φ)ci (fi ), where ci (fi ) is approximated using EP with simplifications

Gaussian marginal q(fi ) from the joint distribution

EP-FULL

global

q(fi )t̃i (fi )−1 p(yi |fi , φ)ci (fi ), where ci (fi ) is approximated using the Laplace approximation with simplifications

EP-1STEP/FACT

Table 1: Summary of the methods
approximate marginal posteriors. In
R for computing
Q
global methods ci (fi ) = q(f−i |fi ) j6=i j (fj )df−i is a multivariate integral and
j (fj ) = p(yj |fj , φ)/t̃j (fj ).

2.5.2 Non-Gaussian Approximations Using a Local Correction

The simplest improvement to Gaussian marginals is to include the local term i (fi ), and
assume that the global term ci (fi ) ≈ 1. For EP the result is the tilted distribution
q(fi )i (fi ) = q−i (fi )p(yi |fi , φ) which is obtained as a part of the EP algorithm (Opper and
Winther, 2000). As only the local terms are used to compute the improvement, Cseke and
Heskes (2011) refer to it as the local improvement and denote the locally improved EP
marginal as EP-L.

For the Laplace approximation, Cseke and Heskes (2011) propose a similar local improvement LA-L which can be written as q(fi )t̃i (fi )−1 p(yi |fi , φ), where the site approximation
t̃i (fi ) is based on the second order approximation of log p(yi |fi , φ) (see Section 2.4). In
Section 3.5, we propose an alternative way to compute the equivalent marginal improvement
using a tilted distribution q−i (fi )p(yi |fi , φ), where the cavity distribution q−i (fi ) is based
on a leave-one-out formula derived using linear response theory (Appendix A). The local
methods EP-L and LA-L can improve the marginal posterior approximation only at the
observed x, and the marginal posterior at new x̃ is the usual Gaussian predictive distribution.

2.5.3 Non-Gaussian Approximations Using a Global Correction
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Global approximations also take into account the global term ci (fi ) by approximating
the multidimensional integral in Equation (18), again using Laplace or EP. To obtain an
approximation for the marginal distribution, the integral ci (fi ) has to be evaluated with
several fi values and the computations can be time consuming unless some simplifications are

8

(20)

s=1

S
X

p(f |D, φs , θs )ws ,

(21)

9
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where ws is a weight for the sample (φs , θs ).
If the marginal posterior distribution p(θ, φ|D) is narrow, which can happen if n is large
and the dimensionality of (θ, φ) is small, then the effect of the integration over the parameters
may be negligible and we can use Type II MAP, that is, choose (φ̂, θ̂) = arg maxφ,θ p(φ, θ|D).

p(f |D) ≈

and use numerical integration to integrate over θ and φ. Commonly used methods include
various Monte Carlo algorithms (see list of references in Vanhatalo et al., 2013) as well
as deterministic procedures, such as the central composite design (CCD) method by Rue
et al. (2009). Using stochastic or deterministic samples, the marginal posterior can be
approximated as

p(θ, φ|D) ∝ p(y|X, θ, φ)p(θ, φ),

To marginalize out the parameters θ and φ from the previously mentioned conditional
posteriors, we can use the exact or approximated marginal likelihood p(y|x, θ, φ) to form
the marginal posterior for the parameters

2.6 Integration Over the Parameters

used. Global methods can be used to obtain an improved non-Gaussian posterior marginal
approximation also at the not yet observed x̃.
Using the Laplace approximation to evaluate ci (fi ) corresponds to an approach proposed
by Tierney and Kadane (1986), and so we label the marginal improvement as LA-TK.
Rue et al. (2009) proposed an approach that can be seen as a compromise between the
computationally intensive LA-TK and the local approximation LA-L. Instead of finding the
mode for each fi , they evaluate the Taylor expansion around the conditional mean obtained
from the joint approximation q(f ). The method is referred to as LA-CM. Cseke and Heskes
(2011) propose the improvement LA-CM2 which adds a correction to take into account that
the Taylor expansion is not done at the mode. To further reduce the computational effort,
Rue et al. (2009) propose additional approximations with performance somewhere between
LA-CM and LA-L. Rue et al. (2009) also discuss computationally efficient schemes for
selecting values of fi and interpolation or parametric model fitting to estimate the marginal
density for other values of fi . Cseke and Heskes (2011) propose similar approaches for EP,
with EP-FULL corresponding to LA-TK, and EP-1STEP corresponding to LA-CM/LACM2. Cseke and Heskes (2011) also propose EP-FACT and LA-FACT which use factorized
approximation to speed up the computation of the normalization terms.
The local improvements EP-L and LA-L are obtained practically for free and all global
approximations are significantly slower. See Appendix B for the computational complexities
of the global approximations. Based on the results by Cseke and Heskes (2011), EP-L is
inferior to global approximations, but the difference is often small, and LA-L is often worse
than the global approximations. Also based on the results by Cseke and Heskes (2011) and
our own experiments, we chose to use LA-CM2 and EP-FACT as the global corrections in
the experiments.

Bayesian LOO Approximations for GLVMs

importance sampling / importance weighting, Section 3.6
quadrature integration, Section 3.7
truncated quadrature integration, Section 3.7
same as Q-LOO with LA-L, Section 3.5
same as Q-LOO with EP-L, obtained as byproduct of EP, Section 3.4
matches the first two terms of the Taylor series expansion of LOO, Section 3.8
matches the first three terms of the Taylor series expansion of LOO, Section 3.8

IS-LOO
Q-LOO
TQ-LOO
LA-LOO
EP-LOO
WAICG
WAICV

p(yi |fi )p(fi |xi , D−i )
,
p(yi |xi , D−i )

(22)

p(fi |D)p(yi |xi , D−i )
p(yi |fi )

(24)

(23)

10
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In theory this gives the exact LOO result, but in practice we usually need to approximate
p(fi |D) and the integral over fi . In the following sections we first discuss the hierarchical
approach, then the analytic, Monte Carlo, quadrature, WAIC, and Taylor series approaches
for computing the conditional version of Equation (24). We then consider how the different
marginal posterior approximations affect the result.
In some cases, we can compute p(fi |xi , D−i ) exactly or approximate it efficiently and
then we can compute the LOO predictive density for yi ,
Z
p(yi |xi , D−i ) = p(yi |fi )p(fi |xi , D−i )dfi .
(25)

If we now integrate both sides over fi and rearrange the terms we get
Z
p(fi |D)
p(yi |xi , D−i ) = 1/
dfi .
p(yi |fi )

p(fi |xi , D−i ) =

again dropping φ and θ for brevity. Correspondingly we can remove the effect of the ith
observation from the full posterior:

p(fi |D) =

Consider the case where we have not yet seen the ith observation. Then using Bayes’ rule
we can add information from the ith observation:

3.1 LOO from the Full Posterior

We start by reviewing the generic exact LOO equations, which are then used to provide a
unifying view of the different approximations in the subsequent sections. We first review
some special cases and then more generic approximations. The LOO approximations and
their abbreviations are listed in Table 2. The computational complexities of the LOO
approximations have been collected in Appendix B.

3. Leave-One-Out Cross-Validation Approximations

Table 2: Summary of the leave-one-out (LOO) cross-validation approximations reviewed.

Based on

Method
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=

−

−1
c̄ii
gi

(33)

(32)



gi = (K + σ 2 I)−1 y i


c̄ii = (K + σ 2 I)−1 ii .

(34)

12

(35)

(36)
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is the same as the zeroth moment of the tilted distribution. Hence we obtain an approximation
for p(fi |xi , D−i , θ, φ) and p(yi |xi , D−i , θ, φ) as a free by-product of the EP algorithm. We
denote this approach as EP-LOO. For certain likelihoods (36) can be computed analytically,
but otherwise quadrature methods with a controllable error tolerance are usually used.
The EP algorithm uses all observations when converging to its fixed point and thus the
cavity distribution q−i (fi ) technically depends on the observation yi . Opper and Winther
(2000) showed using linear response theory that the cavity distribution is up to first order
leave-one-out consistent. Opper and Winther (2000) also showed experimentally in one case
that the cavity distribution approximation is accurate. Cseke and Heskes (2011) did not
consider LOO, but compared visually the tilted distribution marginal approximation EP-L
to many global marginal posterior improvements. Based on these results, EP-L has some
error on the shape of the marginal approximation if there is a strong prior correlation, but
even then the zeroth moment — the LOO predictive density — is accurate. Our experiments
provide much more evidence of the excellent accuracy of the EP-LOO approximation.

p(yi |xi , D−i , θ, φ) ≈

The approximation for the LOO predictive density
Z
p(yi |fi )q−i (fi )dfi

p(fi |xi , D−i , θ, φ) ≈ q−i (fi ).

In EP, the leave-one-out marginal posterior of the latent variable is computed explicitly as a
part of the algorithm. The cavity distribution (11) is formed from the marginal posterior
approximation by removing the site approximation (pseudo observation) using (31) and can
be used to approximate the LOO posterior

3.4 LOO with Expectation Propagation

Instead of integrating over the parameters, Sundararajan and Keerthi (2001) used the result
(and its gradient) to find a point estimate for the parameters maximizing the LOO log
predictive density.

Sundararajan and Keerthi (2001) also provided the equation for the LOO log predictive
density

1
1
1 gi2
log p(yi |xi , D−i , θ, φ) = − log(2π) − log c̄ii −
.
2
2
2 c̄ii

−1
v−i = c̄ii
− σ2,

yi
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(30)

(31)

µ−i
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(26)

partitioned matrices. This gives a numerically alternative but mathematically equivalent
way to compute the leave-one-out posterior mean and variance:

Z
p(ỹi |fi )p(fi |xi , D−i )dfi ,

− σ −2 yi )
−1
.

where

Or, if we are interested in the predictive distribution for a new observation ỹi , we can
compute
p(ỹi |xi , D−i ) =
which is evaluated with different values of ỹi as it is not fixed like yi .
3.2 Hierarchical Approximations
Instead of approximating the leave-one-out predictive density p(yi |xi , D−i ) directly, for
hierarchical models such as GLVMs it is often easier to first compute the leave-one-out
predictive density conditional on the parameters p(yi |xi , D−i , θ, φ), then compute the leaveone-out posteriors for the parameters p(θ, φ|D−i ) and combine the results
Z
p(yi |xi , D−i , θ, φ)p(θ, φ|D−i )dθdφ.
(27)
p(yi |xi , D−i ) =

Sometimes the leave-one-out posterior of the hyperparameters is close to the full posterior,
that is, p(θ, φ|D−i ) ≈ p(θ, φ|D). The joint leave-one-out posterior can be then approximated
as
Z
p(fi |xi , D−i ) ≈ p(fi |xi , D−i , θ, φ)p(θ, φ|D)dθdφ
(28)

(29)

(see, e.g., Marshall and Spiegelhalter, 2003). This approximation is a reasonable alternative
if removing (xi , yi ) has only a small impact on p(θ, φ|D) but a larger impact on p(fi |D, φ, θ).
Furthermore, if the posterior p(θ, φ|D) is narrow, a Type II MAP point estimate of the
parameters φ̂, θ̂ may produce similar predictions as integrating over the parameters,
p(fi |xi , D−i ) ≈ p(fi |xi , D−i , θ̂, φ̂).
3.3 LOO with Gaussian Likelihood

=

−1
v−i (Σii
µi

p(fi |D, θ)
p(fi |xi , D−i , θ, φ) ∝
p(yi |fi , φ)
= N(fi |µ−i , v−i ),

If both p(yi |fi , φ) and p(f |θ) are Gaussian, then we can compute p(fi |xi , D−i ) analytically.
Starting from the marginal posterior we can remove the contribution of the ith factor in the
likelihood:

where
µ−i

−1
v−i = Σii
− σ −2
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These equations correspond to the cavity distribution equations in EP.
Sundararajan and Keerthi (2001) derived the leave-one-out predictive distribution
p(yi |xi , D−i ) directly from the joint posterior using prediction equations and properties of
11

(38)

1
S

1

1
s=1 p(yi |fis ,φs )

PS

,

(40)

wis =

13

1
p(fis |xi , D−i )
∝
.
p(fis |D)
p(yi |fis , φs )

where wis are importance weights and
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(42)

where θs drops out since yi is independent of θs given fis and φs . This approach was first
proposed by Gelfand et al. (1992) (see also, Gelfand, 1996) and it corresponds to importance
sampling (IS) where the full posterior is used as the proposal distribution. We refer to this
approach as IS-LOO.
A more general importance sampling form is
PS
p(ỹi |f s , φs )wis
p(ỹi |xi , D−i ) ≈ s=1PS i
,
(41)
s
s=1 wi

p(yi |xi , D−i ) ≈

A generic approach not restricted to GLVMs is based on obtaining Monte Carlo samples
(fis , φs , θs ) from the full posterior p(fi , φ, θ|D) and approximating (24) as

3.6 Importance Sampling and Weighting

resemble the exact LOO equations for a Gaussian likelihood given in Section 3.3.

where fˆ is the posterior mode, ĝi = ∇i log p(yi |fi )|fi =fˆi is the derivative of the log likelihood
at the mode, and


1
1 −1
v−i =
.
(39)
−
Σii Σ̃i
If we consider having pseudo observations with means fˆi and variances 1/ĥi , then these

p(fi |xi , D−i , θ, φ) ≈ N(fi |fˆi − v−i ĝi , v−i ),

An alternative way to compute the Laplace LOO derived using linear response theory is

Using linear response theory, which was used by Opper and Winther (2000) to prove LOO
consistency of EP, we also prove the LOO consistency of Laplace approximation (derivation
in Appendix A). Hence, we obtain a good approximation for p(fi |xi , D−i , θ, φ) also as a
free by-product of the Laplace method. Linear response theory can be used to derive two
alternative ways to compute the cavity distribution q−i (fi ).
The Laplace approximation can be written in terms of the Gaussian prior times the
product of (unnormalized) Gaussian form site approximations. Cseke and Heskes (2011)
define the LA-L marginal approximation as q(fi )t̃i (fi )−1 p(yi |fi , φ), from which the cavity
distribution, that is the leave-one-out distribution, follows as q−i (fi ) = q(fi )t̃i (fi )−1 . It can
be computed using (31). We refer to this approach as LA-LOO. The LOO predictive density
can be obtained by numerical integration
Z
p(yi |xi , D−i , θ, φ) ≈ q−i (fi )p(yi |fi , φ)dfi .
(37)

3.5 LOO with Laplace Approximation

Bayesian LOO Approximations for GLVMs

.

(44)

(43)
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The variance of the estimate (40) depends on the variance of the importance weights. The
full posterior marginal p(fis |D) is likely to be narrower and have thinner tails than the
leave-one-out distribution p(fis |xi , D−i ). This may cause the importance weights to have
high or infinite variance (Peruggia, 1997; Epifani et al., 2008) as rare samples from the low
density region in the tails of p(fis |D) may have very large weights.
If the variance of the importance weights is finite, the central limit theorem holds (Epifani
et al., 2008), and the corresponding estimates converge quickly. If the variance of the raw
importance ratios is infinite but the mean exists, the generalized central limit theorem
for stable distributions holds, and the convergence of the estimate is slower (Vehtari and
Gelman, 2015).

3.6.2 The Variance of Importance Weights

The same marginalization approach can be used in the case of non-Gaussian observation
models. Held et al. (2010) used the Laplace approximation, marginal improvements, and
numerical integration to obtain an approximation for p(yi |xi , D−i , θs , φs ) (see more in Section
3.7). Vanhatalo et al. (2013) use EP and the Laplace method for the marginalisation in
the GPstuff toolbox. Li et al. (2014) considered generic latent variable models using Monte
Carlo inference, and propose to marginalise fi by obtaining additional Monte Carlo samples
from the posterior p(fi |xi , D−i , θ, φ). Li et al. (2014) also proposed the name integrated
IS and provided useful results illustrating the benefits of the marginalization. As we are
focusing on EP and Laplace approximations for the latent inference, in our experiments we
use IS only for hyperparameters.

1
s=1 p(yi |xi ,D−i ,θs ,φs )

1

1
,
p(yi |xi , D−i , θs , φs )

p(yi |xi , D−i ) ≈ PS

and the LOO predictive density is

wis ∝

For the Gaussian observation model, Vehtari (2001) and Vehtari and Lampinen (2002) used
exact computation for p(yi |xi , D−i , θ, φ) and importance sampling only for p(θ, φ|D−i ). The
integrated importance weights are then

3.6.1 Integrated Importance Sampling

This form shows the importance weights explicitly and allows the computation of other
leave-one-out quantities like the LOO predictive distribution. If the predictive density
p(ỹi |fis , φs ) is evaluated with the observed value ỹi = yi , Equation (41) reduces to (40).
The approximation (40) has the form of the harmonic mean, which is notoriously unstable
(see, e.g., Newton & Raftery 1994). However the leave-one-out version is not as unstable as
the
mean estimator of the marginal likelihood, which uses the harmonic mean of
Qn harmonic
s s
i=1 p(yi |fi , φ ) and corresponds to using the joint posterior as the importance sampling
proposal distribution for the joint prior.
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S
X
s=1

(w̃s )2 ,
(45)

If the variance of the weights is finite, then an effective sample size estimate can be
estimated as
Seff = 1/
where w̃s are normalized weights (with a sum equal to one) (Kong et al., 1994). This
estimate is noisy if the variance is large, but with smaller variances it provides an easily
interpretable estimate of the efficiency of the importance sampling.
3.6.3 Pareto Smoothed Importance Sampling
Vehtari et al. (2016) propose to use Pareto smoothed importance sampling (PSIS) by Vehtari
and Gelman (2015) for diagnostics and to regularize the importance weights in IS-LOO.
Pareto smoothed importance sampling uses the empirical Bayes estimate of Zhang and
Stephens (2009) to fit a generalized Pareto distribution to the tail. By examining the
estimated shape parameter k̂ of the Pareto distribution, we are able to obtain sample based
estimates of the existence of the moments (Koopman et al., 2009). When the tail of the
weight distribution is long, a direct use of importance sampling is sensitive to one or few
largest values. To stabilize the estimates, Vehtari et al. (2016) propose to replace the M
largest weights by the expected values of the order statistics of the fitted generalized Pareto
distribution. Vehtari et al. (2016) also apply optional truncation for very large weights
following truncated importance sampling by Ionides (2008) to guarantee finite and reduced
variance of the estimate in all cases. Even if the raw importance weights do not have finite
variance, the PSIS-LOO estimate still has a finite variance, although at the cost of additional
bias. Vehtari et al. (2016) demonstrate that this bias is likely to be small when the estimated
Pareto shape parameter k̂ < 0.7.
3.6.4 Importance Weighting of Deterministic Points
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Importance weighting can also be used with deterministic evaluation points (φs , θs ) obtained
from, for example, grid or CCD by re-weighting the weights ws in (21); see Held et al.
(2010) and Vanhatalo et al. (2013). As the deterministic points are usually used in the
low dimensional case and the evaluation points are not far in the tails, the variance of the
observed weights is usually smaller than with Monte Carlo. If the full posterior p(θ, φ|D) is
a poor fit to each LOO posterior p(θ, φ|D−i ), then the problem remains that the tails are
not well approximated and LOO is biased towards the hierarchical approximation (28) that
uses the full posterior of the parameters p(θ, φ|D).
In the ideal case, the CCD evaluation points except the modal point would have equal
weights. The CCD approach adjusts these weights based on the actual density and importance
weighting will further adjust them, making it possible that a small number of evaluation points
have large weights. Although the CCD evaluation points have been chosen deterministically,
we can diagnose the reliability of CCD by investigating the distribution of the weights.
If there is a small number of CCD points, we examine the effective sample size, and in
cases where the number of points exceed 280 (which happens when there are more than 11
parameters), we also estimate the Pareto shape parameter k̂.
15
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3.7 Quadrature LOO

q(fi |D, θ, φ)
dfi .
p(yi |fi , φ)

Held et al. (2010) proposed to use numerical integration to approximate
Z

p(yi |xi , D−i , θ, φ) ≈ 1/

(46)

We call this quadrature LOO (Q-LOO), as one-dimensional numerical integration methods
are usually called quadrature. Given exact p(fi |D, θ, φ) and accurate quadrature, this would
provide an accurate result (e.g., if the true posterior is Gaussian, quadrature should give a
result similar to the analytic solution apart from numerical inaccuracies). However, some
error will be introduced when the latent posterior is approximated with q(fi |D, θ, φ). The
numerical integration of the ratio expression may also be numerically unstable if the tail of
the likelihood term p(yi |fi , φ) decays faster than the tail of the approximation q(fi |D, θ, φ).
For example, the probit likelihood, which has a tail that goes as exp(−f 2 /2)/f , will be
numerically unstable if q(fi |D, θ, φ) is Gaussian with a variance below one.
Held et al. (2010) tested the Gaussian marginal approximation (LA-G) and two nonGaussian improved marginal approximations (LA-CM and simplified LA-CM, see Section
2.5). All had problems with the tails, although less so with the more accurate approximations.
Held et al. proposed to rerun the failed LOO cases with actual removal of the data. As
Held et al. had 13 to 56 failures in their experiments, the proposed approach would make
LOO relatively expensive. In our experiments with Gaussian marginal approximations
LA-G/EP-G, we also had several severe failures with some data sets. However with the
non-Gaussian approximations LA-CM2/EP-FACT, we did not observe severe failures (see
Section 4).
If we use marginal approximations EP-L or LA-L based on the tilted distribution
q−i (fi )p(yi |fi , φ) (see Table 1), we can see that the tail problem vanishes. Inserting the
normalized tilted distribution from (46), the equation reduces to
Z
q−i (fi )p(yi |fi , φ)dfi ,
(47)

p(yi |xi , D−i , θ, φ) ≈

which is the EP-LOO or LA-LOO predictive density estimate depending on which approximation is used.

3.7.1 Alternative Form for Quadrature LOO

(48)

We also present an alternative form of (46), which gives additional insight about the numerical
stability when the global marginal improvements are used. As discussed in Section 2.5, we
can write the marginal approximation with a global improvement as

Zq
q(fi )t̃(fi )−1 p(yi |fi , φ)ci (fi ),
Zp
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(49)

where ci (fi ) is a global correction term (see Eq. (18)). Replacing q(fi )t̃(fi )−1 with the cavity
distribution from EP-L or LA-L gives

Zq
q−i (fi )p(yi |fi , φ)ci (fi ),
Zp

16

R

p(yi |fi , φ)q−i (fi )ci (fi )dfi
R
.
q−i (fi )ci (fi )dfi

(50)

w̃(fi ) =

1
,
max(p(yi |fi , φ), c)

(53)
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and c is a small positive constant. When c = 0, we get the original equation. When c is
larger than the maximum value of p(yi |fi , φ), we get the posterior predictive density p(yi |D).
With larger values of p(yi |fi , φ) and c we avoid the possibility that the ratio explodes.
In easy cases, where the numerator gets close to zero before c is used, we get a negligible
bias. In difficult cases, we have a bias towards the full posterior predictive density.

where

As the quadrature approach may also be applied beyond simple GLVMs, we propose an
approach for stabilizing the general form. Inspired by truncated importance sampling by
Ionides (2008), we propose a modification of the quadrature approach, which makes it more
robust to approximation errors in tails:
R
p(yi |fi , φ) p(fi |D, θ, φ)w̃(fi )dfi
R
p(yi |xi , D−i , θ, φ) ≈
,
(52)
p(fi |D, θ, φ)w̃(fi )dfi

3.7.2 Truncated Weights Quadrature

If the integration over θ and φ is made using Monte Carlo or deterministic sampling (e.g.
CCD), then this is equivalent to using quadrature for conditional terms and importance
weighting of the parameter samples.

Here q−i (fi )ci (fi ) is a global corrected leave-one-out posterior, and we can see that the
stability will depend on ci (fi ). The correction term ci (fi ) may have increasing tails, which
is usually not a problem in q−i (fi )p(yi |fi , φ)ci (fi ), but may be a problem in q−i (fi )ci (fi ). In
addition, the evaluation of ci (fi ) at a small number of points and using interpolation for the
quadrature (as proposed
by Rue et al., 2009) is sometimes unstable, which may increase
R
the instability of q−i (fi )ci (fi )dfi . Depending on the details of the computation, (46) and
(50) can produce the same result up to numerical accuracy, if the relevant terms cancel out
numerically in Equation (46). This happens in our implementation with global marginal
posterior improvements, and thus in Section 4 we do not report the results separately for
(46) and (50).
Held et al. (2010) and Vanhatalo et al. (2013) use quadrature LOO in a hierarchical
approximation, where the parameter level is handled using importance weighting (Section
3.6). Our experiments also use this approach. Alternatively, we could approximate by
integrating over the parameters in the marginal and likelihood separately and approximate
LOO as
Z
q(fi |D)
p(yi |xi , D−i ) ≈ 1/
dfi .
(51)
p(yi |fi , D)

p(yi |xi , D−i , θ, φ) ≈

which we can insert into (46) to obtain
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i=1

n

i=1

n

X

1X
log p(yi |D) − 2
log Efi |D [p(yi |fi )] − Efi |D [log p(yi |fi )] ,
n

(54)

n

n

i=1

i=1

1X
1X
log p(yi |D) −
Varfi |D [log p(yi |fi )].
n
n

(55)

−

i=1
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1X
log Efi |D [p(yi |fi )−1 ].
n

n
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(56)

Both of these criteria are easy to compute using Monte Carlo samples from the joint posterior
p(f |D), or marginal posterior approximation of p(fi |D) and quadrature integration.
Watanabe (2010b) used a Taylor series expansion to prove the asymptotic equivalence to
Bayesian LOO with error term Op (n−2 ). To examine this relation we write the LOO log
predictive density using condensed notation for (24)

WAICV =

where the Gibbs utility differs from the mean training log predictive density by the changed
order of the logarithm and the expectation over the posterior.
The correction term in WAICV is based on the functional variance which describes the
fluctuation of the posterior distribution:

WAICG =

Watanabe (2010a,b) showed that the widely applicable information criterion (WAIC) is
asymptotically equivalent to Bayesian LOO. Watanabe (2010a,b) provided two forms for
WAIC, which we refer to as WAICG and WAICV following Vehtari and Ojanen (2012). WAIC
was originally defined on the scale of mean negative log density, but for better cohesion
within this paper we use the scale of mean log density. In the following discussion we drop
the dependence on φ and θ and return to this point towards the end
P of the section. Both
WAIC forms consist of the mean training log predictive density n1 ni=1 log p(yi |D) and a
second term to correct for its optimistic bias. These correction terms may be interpreted as
the complexity of the model or the effective number of parameters in the model, but the
interpretation does not always seem to be clear.
The correction term
P inRWAICG is based on the difference between the training utility
and Gibbs utility ( n1 ni=1 log p(yi |fi )p(fi |D)dfi ) giving

3.8 Widely Applicable Information Criterion

In truncated importance sampling, the truncation level is based on the average raw
weight size and the number of samples (see details in Ionides, 2008). Following this idea we
choose
Z b
p(fi |D, θ, φ)
c−1 = c−1
dfi .
0
p(yi |fi , φ)
a
By limiting the integral to interval (a, b), we avoid tail problems while capturing information
about the average level of the weights. Based on experiments not reported here, we choose
c0 = 10−4 and the interval (a, b) to extend 6 standard deviations from the mode of the
marginal posterior in each direction. A case-specific c0 could further improve results, but
a fixed c0 already shows the usefulness of the truncation. We refer to truncated weights
quadrature LOO by TQ-LOO. In the experiments we show that TQ-LOO can provide more
stable results than Q-LOO.
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i=1

1X
log Efi |D [p(yi |fi )α ],
n

n

By defining a generating function of functional cumulants,
F (α) =

∞

i=4

(57)

(62)

(61)

(60)

(59)

(58)

and applying a Taylor expansion of F (α) around 0 with α = −1, we obtain an expansion of
the leave-one-out predictive density:

n

X (−1)i F (i) (0)
1
1
LOO = F 0 (0) − F 00 (0) + F (3) (0) −
.
2
6
i!
From the definition of F (α) we get
F (0) = 0

i=1

1X
Varfi |D [log p(yi |fi )].
n

i=1
n

1X
Efi |D [log p(yi |fi )]
n

i=1
n

1X
log Efi |D [p(yi |fi )]
F (1) =
n
F 0 (0) =
F 00 (0) =

∞

Furthermore, the expansion for the mean training log predictive density is

i=4

X F (i) (0)
1
1
F (1) = F 0 (0) + F 00 (0) + F (3) (0) +
,
2
6
i!
the expansion for WAICG is

i=4

WAICG (n) = F (1) − 2[F (1) − F 0 (0)] = −F (1) + 2F 0 (0)
∞

X F (i) (0)
1
1
= F 0 (0) − F 00 (0) − F (3) (0) −
,
2
6
i!

and the expansion for WAICV is
WAICV (n) = F (1) − F 00 (0)

∞

i=4

X (i) (0)
F
1
1
.
= F 0 (0) − F 00 (0) + F (3) (0) +
2
6
i!
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The first two terms of the expansion of WAICG and the first three terms of the expansion of
WAICV match with the expansion of LOO. Based on the expansion we may assume that
WAICV is the more accurate approximation for LOO.
Watanabe (2010b) shows that the error of WAICV is Op (n−2 ) and argues that asymptotically further terms have negligible contribution. However, the error can be significant in
the case of finite n and weak prior information, as shown by Gelman et al. (2014), and for
19
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hierarchical models, as demonstrated by Vehtari et al. (2016). For example, with Gaussian
processes, if xi is far from all other xj , then fi has a low correlation with any other fj and
the effective number of observations affecting the posterior of fi is close to 1. In such cases,
the higher order terms of the expansion are significant. The higher order terms of WAICV
match the higher order terms of the mean training log predictive density and thus WAICV
will be biased towards that. This is also evident from our experiments (see Section 4). It is
not as clear what happens with WAICG , but experimentally the behavior is similar but with
higher variance than with WAICV . The performance of both WAICs clearly also depend on
the accuracy of the marginal approximation q(fi |D).
Instead of WAIC, we could directly compute a desired number of terms from the series
expansion of LOO. In theory, we could approximate the exact result with a desired accuracy
if enough higher order functional cumulants exist. This does not always work (e.g., if the
posterior is Cauchy and the observation model is Gaussian), but it is true with a Gaussian
prior on latent variables and a log-concave likelihood (An, 1998). In practice, the accuracy
is limited by the computational precision of the higher cumulants, which is limited by the
number of Monte Carlo samples or by the distributional approximation q(fi |D). If the
cumulants are computed using q(fi |D) and quadrature, then the approximation based on
Taylor series expansion converges eventually to Q-LOO (within numerical accuracy).
In the above equations we had dropped dependency on φ and θ. Like in other LOO-CV
approximations, the parameter level can be handled using importance weighting. Alternatively we can handle the parameter level in full WAIC style by computing the cumulants of
the marginal posteriors, where φ and θ have been integrated out, and using these cumulants
to compute WAIC.
WAIC is related to the deviance information criterion (DIC). We do not review DIC here
and instead refer to Gelman et al. (2014) for the reasons we prefer WAIC to DIC. Indeed, in
our experiments not reported here, DIC had larger error than WAIC.

4. Results
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Using several real data sets we present results illustrating the properties of the reviewed
LOO-CV approximations. Table 3 lists the basic properties of four classification data sets
(Ripley, Australian, Ionosphere, Sonar), one survival data set with censoring (Leukemia),
and one data set for a Student’s t regression (Boston). All data sets are available from
the internet. Several classification data sets were selected as the posterior is likely to be
skewed and there are often differences in performance between Laplace approximation and
expectation propagation. The classification data sets have different numbers of covariates so
we can investigate to what degree this affects the accuracy of the LOO-CV approximations.
The leukemia survival data set was selected as we often analyze survival data with censoring.
The Boston data set for a regression with a Student’s t observation model was selected to
illustrate the performance in the case of a non-log-concave likelihood, which may produce
multimodal latent posterior. Similar results were obtained with other data sets not reported
here.
For all data sets we fit Gaussian processes with constant, linear, and squared exponential
covariance functions. When using the squared exponential covariance function, we use a
separate length scale for each covariate except with the Ionosphere and Sonar data sets,
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n
250
690
351
208
1043
506

d
2
14
33
60
4
13

#(φ, θ)
5
17
4
4
7
17

observation model
probit
probit
probit
probit
log-logistic with censoring
Student’s t

i=1

i=1
n
X

n
X

[ i − LOOi − Bias)2 .
(LOO

[ i − LOOi )
(LOO
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1. GPstuff is available at http://research.cs.aalto.fi/pml/software/gpstuff/

Std2 =

Bias =
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(64)

(63)

where we use one common length scale. For the classification data sets we use a Bernoulli
observation model with probit link. For the Leukemia data set we use a log-logistic model
with censoring (as in Gelman et al., 2013, p. 511). For the Boston data set we use a
Student’s t observation model with ν = 4 degrees of freedom. A fixed ν was chosen as the
Laplace approximation (Vanhatalo et al., 2009) had occasional problems when integrating
over an unknown ν. Robust-EP by Jylänki et al. (2011) works well also with ν unknown.
All the experiments were done using GPstuff toolbox1 (Vanhatalo et al., 2013). The Laplace
method is implemented as described in Vanhatalo et al. (2010). The Laplace-EM method for
Student’s t model is implemented as described in Vanhatalo et al. (2009). Parallel EP for
other data sets than Boston and parallel robust-EP for Student’s t models are implemented
as described in Jylänki et al. (2011). CCD is implemented as described in Vanhatalo et al.
(2010). Markov chain Monte Carlo (MCMC) sampling is based on elliptical slice sampling for
latent values (Murray et al., 2010) and surrogate slice sampling (Murray and Adams, 2010)
for jointly sampling latent values and hyperparameters. The practical speed comparisons of
the posterior and LOO approximation methods are shown in Appendix C.
Although in the review we described the estimation of the expected performance LOO =
1 Pn
i=1 log p(yi |xi , D−i ), below we report n × LOO. For these data sets this puts the
n
approximation errors for all sets on the same scale. This scale has two other interpretations.
First, the difference between the sum training log predictive density and n × LOO can be
interpreted sometimes as the effective number of parameters measuring the model complexity
(Vehtari and Ojanen, 2012; Gelman et al., 2014). Second, the significance of the difference
between two models can be approximately calibrated if n × LOO is interpreted as a pseudo
log Bayes factor and if a similar calibration scale is used as for the Bayes factor (Vehtari and
Ojanen, 2012). As a rule of thumb, based upon asymptotic theory and experience we would
like the approximation error for nLOO to be smaller than 1. See the additional discussion
of using Bayesian cross-validation in model selection in Vehtari and Lampinen (2002) and
[ i be the corresponding
Vehtari and Ojanen (2012). We let LOOi ≡ log p(yi |xi , D−i ) and LOO
approximate quantity. In the tables we report a bias and deviation of individual terms as

Table 3: Summary of data sets and models in our examples.

Data set
Ripley
Australian
Ionosphere
Sonar
Leukemia
Boston
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The ground truth exact LOO results were obtained by brute force computation of each
p(yi |xi , D−i ) separately by leaving out the ith observation. We do that for each method:
Laplace, EP and MCMC. MCMC serves as the golden standard for the posterior inference to
which we compare Laplace and EP. We show results separately for estimating the predictive
performance with and without a global correction (CM2/FACT). As discussed in Section
2.5, only the global corrections produce non-Gaussian predictive distributions for the latent
variable f˜ at a new point x̃. Our main interest is in approximating p(yi |xi , D−i ), but we
also show exact LOO results for the conditional p(yi |xi , D−i , φ, θ) with fixed parameters
θ, φ, which were obtained by optimizing the marginal posterior p(θ, φ|D) (type II MAP).
In this case, LOO-CV is unbiased only conditionally as it does not take into account the
effect of the fitting of the parameters θ, φ. However, it is useful to first evaluate the accuracy
of approximations for p(yi |xi , D−i , θ, φ), as these can be used with integrated importance
sampling (see Section 3.6) for hierarchical computation of p(yi |xi , D−i ).
The first part of Table 4 shows the exact LOO results with hyperparameters fixed to
Laplace Type II MAP. LA has similar performance to MCMC for all data sets except
Ionosphere and Sonar, for which LA is significantly inferior. LA-CM2 is able to improve
the predictive performance for the Sonar data set to be similar with MCMC, and for the
Ionosphere, the performance is even better than for MCMC.
The second part of Table 4 shows the exact LOO results with hyperparameters fixed to
EP Type II MAP. EP has similar performance to MCMC for all data sets and EP-FACT is
not able improve the performance. The small differences between MCMC results conditional
on either LA-MAP or EP-MAP fixed hyperparameters are due to differences in the marginal
likelihood approximations of LA and EP leading to different MAP estimates. However, this
difference between LA-MAP and EP-MAP results is less interesting than differences with
full integration.
The third part of Table 4 shows the exact LOO results with hyperparameters integrated
with MCMC or CCD. LA+CCD is as good as MCMC for the Ripley, Australian and
Leukemia data sets. LA-CM2+CCD improves the predictive performance for Ionosphere
and Sonar. The performance of LA-CM2+CCD for Sonar is even better than MCMC and
EP(-FACT)+CCD. LA-CM2+CCD failed to produce an answer in about 9% of leave-one-out
rounds (the LA-CM2 method failing with some hyperparameter values) and thus no result
is shown. EP is as good as MCMC for all data sets other than Boston and EP+FACT is
not able to improve the performance at all.
Overall, when integrating over the hyperparameters, the difference between the predictive
performance of LA and EP is small except for the Ionosphere and Sonar data sets. LA(CM2)+CCD and EP(-FACT)+CCD have significantly worse predictive performance than
MCMC for the Student’s t regression with the Boston data. Since LA(-CM2) and EP(-FACT)
performed as well as MCMC with fixed hyperparameters, the worse performance of CCD is
due to error in the approximation of the marginal likelihood (see Jylänki et al., 2011) and

4.1 Exact LOO Comparison to MCMC

The acronyms used in the following are MCMC=Markov chain Monte Carlo, CCD=central
composite design, MAP=Type II maximum a posteriori, PSIS=Pareto smoothed importance
sampling, and those listed in Tables 1 and 2.
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Method
θ, φ fixed to LA-MAP
MCMC
LA
LA-CM2
θ, φ fixed to EP-MAP
MCMC
EP
EP-FACT
θ, φ integrated
MCMC
LA+CCD
LA-CM2+CCD
EP+CCD
EP-FACT+CCD
-68
-70 (0.6)
-68 (0.1)

Ripley

-211
-211 (0.5)
-211 (0.4)

-217
-220 (2.8)
-217 (0.6)

Australian

-54
-54 (0.3)
-54 (0.3)

-54
-72 (2.4)
-49 (0.7)

Ionosphere

-64
-64 (0.2)
-64 (0.2)

-68
-77 (1.7)
-67 (0.9)

Sonar

-1631
-1631
-1631
-1631
-1631
(0.5)
(0.5)
(0.5)
(0.5)

-1626
-1627 (0.3)
-1627 (0.3)

-1627
-1626 (0.3)
-1626 (0.2)

Leukemia

-1063
-1116 (6.3)
NA (NA)
-1113 (5.1)
-1113 (5.1)

-1098
-1095 (3.3)
-1094 (3.2)

-1097
-1098 (3.0)
-1098 (2.8)

Boston
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-69
-68 (0.1)
-68 (0.1)
-66
-79 (1.4)
-69 (1.6)
-65 (0.3)
-65 (0.3)

-228
-230
-228
-226
-226

-56
-74 (2.9)
-51 (1.5)
-57 (0.5)
-57 (0.5)

(0.5)
(0.2)
(0.2)
(0.2)

(2.7)
(1.2)
(3.0)
(3.1)

-70
-71
-69
-70
-70

Table 4: Exact LOO (with brute force computation) using MCMC, Laplace (LA), Laplace
with CM2 marginal corrections (LA-CM2), EP or EP with FACT marginal corrections (EP-FACT) for the latent values f , and fixed hyperparameters φ, θ (type II
MAP) or integration over the hyperparameters with MCMC or CCD. The values
in the parentheses are standard deviations of the pairwise differences from the
corresponding MCMC result. Bolded values are not significantly different from the
best accuracy in the corresponding category. NA indicates failed computation.

full MCMC is able to find better hyperparameters during the joint sampling of the latent
values and hyperparameters.
4.2 Approximate LOO Comparison to Exact LOO – Fixed Hyperparameters
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As discussed in Section 3.2, we compute LOO densities p(yi |xi , D−i ) hierarchically by first
computing the conditional LOO densities p(yi |xi , D−i , θ, φ). As the accuracy of the full
LOO densities depends crucially on the conditional LOO densities, we first analyze the LOO
approximations conditional on fixed hyperparameters. The ground truth in this section are
the LA, LA-CM2, EP, and EP-FACT results shown in Table 4.
Table 5 shows results when the ground truth is exact LOO with fixed parameters and
Laplace approximation without a global correction (LA in Table 4). LA-LOO gives the
best accuracy for all data sets by a significant margin. Quadrature LOO with Gaussian
approximation of the latent marginals (Q-LOO-LA-G) produces bad results for the classification data sets and sometimes completely fails. The posterior marginals in the case
of the Leukemia model are so close to Gaussian that Q-LOO-LA-G also provides a useful
result. Truncated quadrature (TQ-LA-LOO-G) is more stable, but it cannot fix the whole
problem. Using more accurate marginal approximation improves WAICs. WAICV with the
LA-L marginal approximation gives useful results for the two simplest data sets.
Table 6 shows results when the ground truth is exact LOO with fixed parameters and
expectation propagation without a global correction (EP in Table 4). EP-LOO gives the best
accuracy for all data sets by a significant margin. Other results are similar to the Laplace
case, that is, all methods except EP-LOO fail badly for several data sets. Only the Ripley
23

Method
LA-LOO
Q-LOO-LA-G
TQ-LOO-LA-G
WAICG -LA-G
WAICV -LA-G
WAICG -LA-L
WAICV -LA-L

Australian
0.1 (0.04)
NA (NA)
-10 (1)
11 (2)
-9.4 (5.4)
21 (2)
6.9 (0.8)

Ionosphere
-0.2 (0.05)
NA (NA)
-5.6 (2.4)
-81 (10)
-616 (91)
23 (2)
16 (2)

Sonar
-0.2 (0.03)
-6732 (747)
-22 (3)
-11 (3)
-75 (11)
26 (2)
17 (2)

Leukemia
-0.0 (0.001)
0.38 (0.02)
2.0 (0.3)
1.2 (0.05)
0.40 (0.02)
0.8 (0.04)
0.02 (0.002)
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Ripley
0.01 (0.02)
-1379 (431)
-1.2 (0.4)
-1.5 (1.1)
-8.5 (6.6)
0.8 (0.2)
0.3 (0.1)

Ripley
0.2 (0.1)
-352 (171)
-0.2 (0.2)
0.7 (0.2)
-0.2 (0.4)
0.7 (0.2)
0.4 (0.1)

Australian
1.6 (0.5)
NA (NA)
14 (8)
59 (8)
-4.3 (7)
81 (8)
54 (6)

Ionosphere
0.3 (0.4)
NA (NA)
20 (4)
0.5 (3)
-94 (11)
23 (3)
17 (2)

Sonar
-0.5 (0.1)
NA (NA)
NA (NA)
-42 (4)
-804 (64)
48 (4)
42 (4)

Leukemia
-0.0 (0.003)
0.02 (0.003)
1.7 (0.4)
0.8 (0.04)
0.03 (0.004)
0.8 (0.04)
0.02 (0.003)

Boston
-2.7 (1.0)
79 (6)
87 (6)
101 (7)
81 (7)
54 (4)
15 (3)

Boston
-1.1 (0.9)
33 (3)
44 (4)
76 (5)
37 (3)
81 (5)
26 (3)

Table 5: Bias and standard deviation when the ground truth is exact LOO with Laplace
and fixed full posterior MAP hyperparameters (LA in Table 4). Bolded values have
significantly smaller absolute value than the values from the other methods for the
same data set. NA indicates that computation failed.

Method
EP-LOO
Q-LOO-EP-G
TQ-LOO-EP-G
WAICG -EP-G
WAICV -EP-G
WAICG -EP-L
WAICV -EP-L

Table 6: Bias and standard deviation when the ground truth is exact LOO with EP and
fixed full posterior MAP hyperparameters (EP in Table 4). Bolded values have
significantly smaller absolute values than the values from the other methods for
the same data set. NA indicates that computation failed.

and Leukemia data sets are easy enough for most of the methods to produce useful accuracy.
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Table 7 shows results when the ground truth is exact LOO with fixed parameters and
Laplace approximation with LA-CM2 global correction (LA-CM2 in Table 4). Quadrature
LOO with LA-CM2 approximation of the latent marginals (Q-LOO-LA-CM2) has the
best accuracy for all data sets except for Boston, but the accuracy is satisfactory only
for the Ripley and Leukemia data sets. Here LA-LOO has a negative bias as the global
correction LA-CM2 can improve the marginal approximation and therefore also the expected
performance estimated with exact LOO. The results for truncated quadrature (TQ-LOOLA-CM2) are not reported in the table as with adaptive truncation it produced the same
results as quadrature LOO (Q-LOO-LA-CM2). WAICV performs better than WAICG , but
worse than Q-LOO-LA-CM2.
Table 8 shows results when the ground truth is exact LOO with fixed parameters and
expectation propagation with EP-FACT global correction (EP-FACT in Table 4). EP-LOO
provides significantly better accuracy for the Sonar and Leukemia data sets than the other
methods. EP-LOO also gives the best accuracy for the other data sets, but not significantly
better than quadrature with EP-FACT approximation of the latent marginals (Q-LOOEP-FACT). In addition, for the Ripley data set all methods except WAICG provide good
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Ripley
-1.4 (0.6)
0.3 (0.1)
1.0 (0.2)
0.5 (0.1)

Australian
-3.3 (3.3)
3.1 (0.5)
25 (3)
11 (2)

Ionosphere
-23 (3)
9.0 (1.8)
16 (3)
13 (2)

Sonar
-11 (2)
7.4 (0.9)
27 (3)
20 (3)

Leukemia
0.00 (0.1)
0.01 (0.0004)
0.8 (0.04)
0.02 (0.002)

Boston
-2.6 (2.2)
11 (2)
61 (4)
22 (3)

Ripley
0.13 (0.08)
0.15 (0.04)
0.86 (0.22)
0.31 (0.10)

Australian
1.8 (0.6)
3.2 (0.8)
82 (8)
54 (6)

Ionosphere
0.1 (0.5)
0.9 (0.3)
24 (3)
17 (2)

Sonar
-0.64 (0.08)
1.1 (0.3)
48 (4)
42 (4)

Leukemia
-0.0 (0.002)
4.3 (1.3)
5.1 (1.3)
4.4 (1.3)

Boston
-1.4 (0.7)
4.8 (1.1)
81 (5)
27 (3)
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As CCD integration provided good results for exact LOO (Table 4), the larger errors of
CCD+IS for the Australian and Boston data is not due to CCD itself failing, but importance
weighting failing. As an additional check we sampled the hyperparameters with MCMC
(6000 samples with slice sampling) and computed Pareto smoothed importance sampling
estimates (MCMC+PSIS) shown also in Tables 9 and 10. Due to larger number of samples,
the errors are slightly reduced, but still for the Australian and Boston data sets the errors
are larger. The PSIS diagnostics (maximum of Pareto shape parameters k̂ for Laplace:
Ripley=0.4, Australian=1.2, Ionosphere=0.4, Sonar=0.4, Leukemia=0.2, Boston=1.3; for
EP: Ripley=0.3, Australian=1.6, Ionosphere=0.3, Sonar=0.3, Leukemia=0.2, Boston=0.7)
correctly indicate the problematic cases (k̂ > 0.7).

Table 10 shows the corresponding results when the ground truth is exact LOO with CCD
used to integrate over the parameter posterior and expectation propagation used to integrate
over the latent values (EP+CCD in Table 4). EP with the unweighted CCD or MAP
gives a small error only if the number of parameters (θ, φ) is small. Importance weighting
of CCD works well for all data sets except Australian and Boston. Again the minimum
relative effective sample sizes (Ripley=60%, Australian=12%, Ionosphere=36%, Sonar=65%,
Leukemia=35%, Boston=9%) correctly indicate that importance weighting for Australian
and Boston is unreliable.

Table 9 shows the results when the ground truth is exact LOO with CCD used to integrate
over the parameter posterior and the Laplace method is used to integrate over the latent values
(LA+CCD in Table 4). The Laplace approximation combined with type II MAP parameter
estimates or CCD integration but no importance weighting has an error size related to the
number of hyperparameters (θ, φ). The unweighted CCD or MAP gives a small error only
if the number of parameters (θ, φ) is small. Importance weighting of CCD works well for
all data sets except Australian and Boston. These data sets have more parameters (17)
than the others (4-8), making the inference more difficult. The minimum relative effective
sample sizes (Ripley=60%, Australian=16%, Ionosphere=59%, Sonar=70%, Leukemia=36%,
Boston=0.3%) correctly indicate that importance weighting for Australian and Boston data
sets is unreliable.

Next we examine the accuracy of hierarchical LOO approximation of p(yi |xi , D−i ) (see
Section 3.2), where the conditional LOO densities p(yi |xi , D−i , θ, φ) are approximated with
LA-LOO or EP-LOO, which we found performed best for conditional densities (see previous
section).

4.4 Approximate LOO Comparison to Exact LOO – Hierarchical Model

Figures 1–4 also show for Boston data how the degrees of freedom ν in the Student’s t
observation model affects the accuracy. When ν increases, the observation model is closer
to Gaussian and the latent posterior is more likely to be unimodal. Although the latent
posterior is easier to approximate with a Gaussian when ν is large, the posterior is less
robust to influential observations (“outliers”) and the error made by the methods other than
LA-LOO and EP-LOO increases.

rule of thumb, methods other than LA-LOO and EP-LOO start to fail when the relative
effective number of parameters (peff /n) is larger than 2%–5%.
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Above we saw that the methods other than LA-LOO and EP-LOO had more difficulties with
most of the data sets and especially with data sets with a large number of covariates. Figures
1–4 illustrate how the flexibility of the Gaussian process models affects the performance of
the approximations. We took the models with MAP parameter values and re-ran the models
and LOO tests, varying the length scales for all data sets except Boston (see later). With a
smaller length scale, the GPs are more flexible and more non-linear. With a larger length
scale GPs approach the linear model. We measure the flexibility by the difference between
the mean training log predictive density and LOO, which can be interpreted as the degree to
which the model has fit to the data or the relative effective number of parameters (peff /n).
When the length scale gets smaller, there will be more such fi s that have a low correlation
with any other fj . In this case the full marginal posterior and LOO marginal posterior
are likely to be more different and most LOO approximations become less accurate. This
phenomenon will also occur more easily in the case of many covariates, because more data
points will tend to be located at the corners of the data. Figures 1–4 show that LA-LOO and
EP-LOO work well with different flexibilities. All the other methods have difficulties when
the model flexibility increases and the marginal distribution and the cavity distribution are
more different. If we look at the accuracy for each i, the methods other than LA-LOO and
EP-LOO start to fail when the estimated peff,i is larger than 10%–20%. As a quick overall

4.3 LOO and WAIC with Varying Model Flexibility

results. The EP-LOO using the EP-L tilted distribution approximation is already good
and the global correction does not change the result much. Small errors in the quadrature
integration cumulate and Q-LOO-EP-FACT produces slightly worse results than EP-LOO.

Table 8: Bias and standard deviation when the ground truth is exact LOO with EP-FACT
and fixed full posterior MAP hyperparameters (EP+FACT in Table 4). Bolded
values have significantly smaller absolute values than the values from the other
methods for the same data set.

Method
EP-LOO
Q-LOO-EP-FACT
WAICG -EP-FACT
WAICV -EP-FACT

Table 7: Bias and standard deviation when the ground truth is exact LOO with LaplaceCM2 and fixed full posterior MAP hyperparameters (LA+CM2 in Table 4). Bolded
values have significantly smaller absolute values than the values from the other
methods for the same data set.

Method
LA-LOO
Q-LOO-LA-CM2
WAICG -LA-CM2
WAICV -LA-CM2
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Ripley

Ripley

0.2

0.4

80
60
40
20
0
-20

80
60
40
0

20
-20

0

0

0

0

0.2

Australian

0.1

pe, =n
Leukemia

0.1

pe, =n

0.05

0.2

Australian

0.1

pe, =n
Leukemia

0.1

pe, =n

0.05

80
60
40
0

20
-20

100
50
0

80
60
40
20
0
-20

100
50
0

4

16

0.2

Ionosphere

0.1

pe, =n

8

12

Boston

8

16

0.2

Ionosphere

0.1

pe, =n

8

12

Boston

8

20

20

LA-LOO
TQ-LOO-LA-G
WAIC G-LA-L
WAIC V -LA-L

G

EP-LOO
TQ-LOO-EP-G
WAIC -EP-L
WAIC V -EP-L

Bias

50

0
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50

0

50

0

-50

50

0

-50

0

0
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0.4
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0

-50

50

0

-50

0

0
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0.1

pe, =n

0.05

50

0
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0

0

4

16

0.2
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0.1

8
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8
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Ripley

0.2
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0.3
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0.2
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0.3
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0
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0
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0

0
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0.1
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0.05
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G
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Figure 4: Bias when the ground truth is exact LOO with EP-FACT (EP-FACT in Table4)
and varying flexibility of the model, or degrees of freedom in the Student’s t model
for the Boston data. Model flexibility was varied by rescaling the length scale(s)
in the GP model. Model flexibility is measured by the relative effective number
of parameters peff /n. The flexibility of the MAP model is shown with a vertical
dashed line. For the Student’s t the vertical dashed line is at ν = 4.

0.2

Figure 3: Bias when the ground truth is exact LOO with Laplace-CM2 (LA-CM2 in Table4)
and varying flexibility of the model, or degrees of freedom in the Student’s t model
for the Boston data. Model flexibility was varied by rescaling the length scale(s)
in the GP model. Model flexibility is measured by the relative effective number
of parameters peff /n. The flexibility of the MAP model is shown with a vertical
dashed line. For the Student’s t the vertical dashed line is at ν = 4.
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Figure 1: Bias when the ground truth is exact LOO with Laplace (LA in Table4) and
varying flexibility of the model, or degrees of freedom in the Student’s t model
for the Boston data. Model flexibility was varied by rescaling the length scale(s)
in the GP model. Model flexibility is measured by the relative effective number
of parameters peff /n. The flexibility of the MAP model is shown with a vertical
dashed line. For the Student’s t model the vertical dashed line is at ν = 4.
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Figure 2: Bias when the ground truth is exact LOO with EP (EP in Table4) and varying
flexibility of the model, or degrees of freedom in the Student’s t model for the
Boston data. Model flexibility was varied by rescaling the length scale(s) in the GP
model. Model flexibility is measured by the relative effective number of parameters
peff /n. The flexibility of the MAP model is shown with a vertical dashed line. For
the Student’s t the vertical dashed line is at ν = 4.
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Bias

Bias

Bias

Bias

Bias
Bias
Bias
Bias

Bias
Bias
Bias

Bias
Bias
Bias
Bias

Bias
Bias
Bias

Bias
Bias
Bias
Bias

Ripley
0.08 (0.15)
0.18 (0.10)
0.8 (0.2)
1.0 (0.2)

Australian
-1.1 (2.3)
3.4 (0.4)
7.2 (0.9)
9.2 (1.8)

Ionosphere
0.2 (0.1)
-0.1 (0.1)
0.6 (0.2)
1.3 (0.2)

Sonar
0.1 (0.2)
-0.13 (0.06)
0.5 (0.2)
1.3 (0.3)

Leukemia
-0.04 (0.19)
0.56 (0.05)
4.8 (0.2)
4.9 (0.6)

Boston
-6.1 (2.4)
-5.2 (5.0)
17 (3)
15 (3)

Ripley
0.38 (0.17)
0.42 (0.14)
1.3 (0.4)
1.4 (0.3)

Australian
-2.4 (3.4)
7.3 (1.4)
15 (2)
17 (2)

Ionosphere
0.8 (0.5)
0.8 (0.6)
2.8 (1.3)
2.8 (0.7)

Sonar
-0.23 (0.22)
-0.24 (0.14)
0.6 (0.3)
0.9 (0.3)

Leukemia
-0.16 (0.23)
0.49 (0.04)
4.8 (0.2)
4.9 (0.6)

Boston
-0.9 (1.0)
2.2 (1.0)
20 (2)
17 (2)
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In this paper, we have concentrated on how well exact LOO can be estimated with fast
approximations. LOO is useful for estimating the predictive performance of of a model or in
model comparison, but it should not be used to select a single model among a large number
of models due to a selection induced bias as demonstrated by Piironen and Vehtari (2016).

Here we have considered fully factorizing likelihoods, but the methods can be extended
for use with likelihoods with grouped factorization, such as in multi-class classification,
multi-output regression, and some hierarchical models with lowest level grouping. We assume
that the accuracy using Laplace-LOO and EP-LOO would also be good in these cases.

If other methods than LA-LOO or EP-LOO are used, we propose the following rule of
thumb for diagnostics: The methods other than LA-LOO and EP-LOO start to fail when
the relative effective number of parameters (peff /n) is larger than 2%–5%.

We have shown that LA-LOO and EP-LOO provide fast and accurate conditional LOO results
when the predictions at new points are made using the Gaussian latent value distribution. If
the predictions at new points are made using non-Gaussian distributions obtained from the
global correction, then quadrature LOO gives useful results, but it would be faster and more
accurate to just use EP without the global correction. Both Laplace-LOO and EP-LOO
can be combined with importance sampling or importance weighted CCD to get fast and
accurate full Bayesian leave-one-out cross-validation results.

5. Discussion

If the minimum relative effective sample size or PSIS diagnostics warn about potential
problems, depending on the application it may be necessary to run, for example, k-fold
cross-validation.

Table 10: Bias and standard deviation when the ground truth is exact LOO with EP and
CCD (EP+CCD in Table 4). Bolded values have significantly smaller absolute
error than the values from the other methods for the same data set.

EP-LOO+CCD+IS
EP-LOO+CCD
EP-LOO+MAP

EP-LOO+MCMC+PSIS

Method

Table 9: Bias and standard deviation when the ground truth is exact LOO with Laplace
and CCD (LA+CCD in Table 4). Bolded values have significantly smaller absolute
error than the values from the other methods for the same data set.

LA-LOO+CCD+IS
LA-LOO+CCD
LA-LOO+MAP

LA-LOO+MCMC+PSIS

Method
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(65)

1
t̃i (fi )

1
t̃i (fi )

Z

t̃j (fj )p(f |X, θ)df−i
N(fi |fˆi , Σ̂ii )
N(f |fˆ, Σ̂)df−i =
.
t̃i (fi )

j

Z Y

j6=i

(67)
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K −1 fˆ = ĝ ,
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(68)

This result shows that in a self-consistent second order approximation, where we take into
account both the explicit removal of likelihood term i and the implicit effect on the remaining
variables, the leave one out posterior is obtained simply by dividing by the Gaussian factor
for i. Finally we complete the square and obtain the result in Equation (38).
Next we show how the same result can be obtained by a linear response argument. The
equation for the mode is

∝

p(fi |D−i , θ, φ) ≈ q−i (fi ) ∝

and the marginal as

where Σ̃j is defined in Equation (14). We collect the first and second order contributions of
the expansion to give the Gaussian type leave i out factors for the likelihood terms j 6= i. We
recognize that these approximate factors coincide with those introduced in the full Laplace
approximation in Equation (8). We can now write the approximate leave one out posterior
as
Y
q(f |D−i , θ, φ) ∝
t̃j (fj )p(f |X, θ)
(66)

(fj − fˆj )2
log p(yj |fj , φ) ≈ log p(yj |fˆj , φ) + (fj − fˆj )∇j log p(yj |fj , φ)|fj =fˆj −
,
2Σ̃j

Using linear response theory, used by Opper and Winther (2000) to prove LOO consistency
of EP, we here derive approximative Laplace leave-one-out equations.
The idea is to express the posterior mode solution for the LOO problem in terms of
the solution for the full problem. The computationally cheap solution can be obtained by
making the assumption that the difference between these two solutions is small such that
their difference may be treated as a second order Taylor expansion. We will give two different
derivations of the result stated in Section 3.5; One is based on a second order expansion of
the log likelihood and the second on a classical linear response argument.
In the expansion approach we make the approximation that when example i is removed
we can treat the change in the mode for the remaining variables to second order. The log
prior is already quadratic so it is only the non-linearity in the log likelihood terms j 6= i
that we expand to second order:

A. Linear Response Laplace Leave-One-Out
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K −1 δ fˆ = δĝ

(70)

(69)

where ĝ = ∇ log p(y|fˆ, φ) is the vector of derivatives of the terms in the log likelihood
(depending non-linearly on fˆ). Because this defines an equation for the mode, we only need
to make a variation to first order in this case to recover the result we obtained above. When
we remove likelihood term i the change in the mode can be written as

with the change in ĝ to first order
δĝ ≈ −Σ̃−1 δ fˆ + ei Σ̃i−1 δ fˆi − ei ĝi ,

δ fˆi = Σii (Σ̃i−1 δ fˆi − ĝi )

δ fˆ = Σei (Σ̃i−1 δ fˆi − ĝi ).

(72)

(71)

where we have used ∂ĝˆi = −ĥi = −Σ̃i−1 and ei is a unit vector in the ith direction. The first
∂ fi
two terms on the right hand side are the indirect change of the equation due to the removal
of term i and the last is the direct contribution. We can now solve the linearized equation
with respect to δ fˆ using the definition of the Laplace covariance Σ = (K −1 + Σ̃−1 )−1

Specializing to δ fˆi we get

which can be solved with respect to δ fˆi to give δ fˆi = −v−i ĝi . This is in agreement with the
change in the mode equation (38) we found above. The variance term can be derived with a
related linear response argument (Opper and Winther, 2000).

B. Computational Complexities

JMLR 17(103):1-38

We summarize here the computational complexities of different methods in the paper.
We first summarize the computational complexities of the Laplace method, expectation
propagation, and marginal approximations used to obtain the full data posterior and its
marginals. Then we summarize the additional computational complexities of the LOO
methods. The related practical speed comparison results are shown in Appendix C.
The computational complexity for both the Laplace method and EP for GLVMs is
dominated by matrix computations related to the covariance or precision matrix. We denote
this basic cost as cbasic . For GLVMs with a full rank dense covariance matrix (such as
Gaussian processes used in Section 4), cbasic scales with n3 . For reduced rank approximations
in Gaussian processes such as FITC (Quiñonero-Candela and Rasmussen, 2005), cbasic scales
with m2 n, where m  n is the reduced rank (affecting the flexibility of GP). For sparse
precision (in Gaussian Markov random field models (see, e.g., Rue et al., 2009)) or covariance
matrices (in compact support covariance function GPs (see, e.g., Vanhatalo and Vehtari,
2
2008)), cbasic scales with nnonzeros
, where n < nnonzeros < n2 /2 is the number of non-zeros in
the precision, covariance, or Cholesky matrix (see more detailed analysis of sparse GLVMs
in Cseke and Heskes, 2011).
For fixed φ and θ, the computation of the conditional posterior and marginal likelihoods
Newton ×c
EP
scales for the Laplace method with nsteps
basic and for EP with nsteps ×(cbasic +n×nquad ),
where nquad is the number of potential quadrature evaluations to compute moments (for a
probit classification model the moments can be computed in closed form).
31

Additional computational complexity
0
n × nquad
n × nquad
n × nquad
n2 × nquad,1 × nquad,2
n2 × nquad,1 × nquad,2
n × cbasic × nquad
n × cbasic × nquad
EP
n × (nsteps
× (cbasic + n × nquad ))
Newton
n × (nsteps
× cbasic + nquad )
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Method
EP-LOO
LA-LOO
(T)Q-LOO-LA/EP-G
WAICG/V -LA/EP-G/L
(T)Q-LOO-EP-FACT
WAICG/V -EP-FACT
(T)Q-LOO-LA-CM2
WAICG/V -LA-CM2
Exact brute force LOO EP
Exact brute force LOO Laplace

Table 11: Additional computational complexity of LOO methods for fixed θ and φ after
obtaining the full posterior approximation with the Laplace method or EP.

After the last step of the Newton or EP algorithm, the additional computational
complexities for different LOO methods are shown in Table 11. EP-LOO has zero additional
complexity as the LOO log predictive density is computed as part of the algorithm. LALOO and methods using Gaussian marginals require n quadrature integrals to obtain log
predictive densities and thus have negligible additional complexity. EP-FACT and LA-CM2
based methods have significantly larger additional complexity. The additional complexity of
EP-FACT based methods scale with n2 × nquad,1 × nquad,2 , where nquad,1 and nquad,2 refer
to two different quadratures in the method. The additional complexity of LA-CM based
methods scale with n × cbasic × nquad > n3 × nquad , which can be more than the complexity
for the conditional posterior.
The computational complexity for the Type II MAP solution is the computational
complexity of forming the conditional posterior given θ and φ times the number of marginal
posterior evaluations in optimisation. The additional computation to obtain LOO after
Type II MAP is the computation of LOO with fixed θ and φ.
The computational complexity for integration over the marginal posterior of θ and φ
is the computational complexity of forming the conditional posterior given θ and φ times
the number of marginal posterior evaluations in the (deterministic or stochastic) algorithm
forming the posterior approximation. The additional computation for LOO requires the
computation of LOO with fixed θ and φ for each point in the final marginal posterior
approximation and computation of importance weights which has a negligible additional
cost.

C. Practical Speed Comparison

JMLR 17(103):1-38

To further give some idea of the practical speed differences between the different algorithm
implementations we show examples of computation times for computing the marginal
likelihood and LOO given fixed θ and φ. The speed comparisons were run with a laptop
(Intel Core i5-4300U CPU @ 1.90GHz x 4 + 8GB memory). As one of the reviewers was
interested in comparison to global Gaussian variational method, we have included it in this
speed comparison, verifying the previous results that it is much slower than EP (Nickisch and
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n
250
690
351
208
1043
506

d
2
14
33
60
4
13

lik
probit
probit
probit
probit
log-logistic w. cens.
Student’s t

GPstuff
LA
EP1
0.02 0.04
0.13 0.40
0.05 0.13
0.03 0.04
0.18
3.5
1.14
1.1
LA
0.06
0.26
0.08
0.06
NA3
NA5

GPML
EP2
KL
0.71
155
10
704
1.7
516
0.47
233
3
NA
NA3
NA6
397
LA-LOO
0.01
0.11
0.03
0.02
0.89
0.47

EP-LOO
0.005
0.005
0.005
0.005
0.005
0.005

Q-LOOLA-CM2
30
672
91
19
2547
237

Q-LOOEP-FACT
3.7
15
6.1
3.0
11876
7.5

Exact LOO
Laplace
6.3
90
19
7.2
198
583

Exact LOO
EP
13
323
47
12
3762
587
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1. Introduction

Keywords: multi-objective optimization, active learning, pareto optimality, Bayesian
optimization, design space exploration

In many fields one encounters the challenge of identifying out of a pool of possible designs
those that simultaneously optimize multiple objectives. In many applications an exhaustive
search for the Pareto-optimal set is infeasible. To address this challenge, we propose the
-Pareto Active Learning (-PAL) algorithm which adaptively samples the design space
to predict a set of Pareto-optimal solutions that cover the true Pareto front of the design
space with some granularity regulated by a parameter . Key features of -PAL include (1)
modeling the objectives as draws from a Gaussian process distribution to capture structure
and accommodate noisy evaluation; (2) a method to carefully choose the next design to
evaluate to maximize progress; and (3) the ability to control prediction accuracy and sampling cost. We provide theoretical bounds on -PAL’s sampling cost required to achieve a
desired accuracy. Further, we perform an experimental evaluation on three real-world data
sets that demonstrate -PAL’s effectiveness; in comparison to the state-of-the-art active
learning algorithm PAL, -PAL reduces the amount of computations and the number of
samples from the design space required to meet the user’s desired level of accuracy. In
addition, we show that -PAL improves significantly over a state-of-the-art multi-objective
optimization method, saving in most cases 30% to 70% evaluations to achieve the same
accuracy.

Editor: Kevin Murphy

JMLR 17(104):1-32

Figure 1: Assume that two objective functions are to be maximized simultaneously. This
figure shows an example of the true Pareto front of a design space contrasted with
an -accurate Pareto front, with  = (3, 3).
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A fundamental challenge in many problems in engineering and other domains is to find
the right balance amongst several objectives. As a concrete example, in hardware design,
one often has to choose between different candidate designs that trade multiple objectives
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such as energy consumption, throughput, or chip area. Usually there is not a single design
that excels in all objectives, and therefore one may be interested in identifying all (Pareto)optimal designs. Furthermore, often in these domains, evaluating the objective functions is
expensive and noisy. In hardware design, for example, synthesis of only one design can take
hours or even days. The fundamental problem addressed in this paper is how to predict a
Pareto-optimal set at low cost, i.e., by evaluating as few designs as possible.
In this paper we propose a solution for finite design spaces that we call the -Pareto
Active Learning (-PAL) algorithm. The parameter  allows users to control the accuracy
of the prediction produced by the algorithm. This accuracy is defined in terms of the density
or granularity of the estimated Pareto front that is returned. Decreasing granularity means
the algorithm can discard more points along its execution. Fewer Pareto points are returned,
but spread to offer a wide range of trade-offs in the objective space.
More specifically, the granularity is controlled by a vector , containing one value per
objective, which is given in the same units as the corresponding objective function. It
specifies that for the user a difference of  in the objective space is negligible. Accordingly,
an -accurate Pareto front might have fewer points than the true Pareto front. Fig. 1
visualizes this idea for two objective functions that are to be maximized simultaneously.
The true Pareto-front is shown in red, and an -accurate Pareto front, which contains fewer
points, is shown in grey. While the true Pareto front of a design space is unique, there can
be many -accurate Pareto fronts; finding one of them efficiently is our goal.
-PAL has several key features. In the spirit of Bayesian optimization, it captures
domain knowledge about the regularity of the design space by using Gaussian process (GP)
models to predict objective values for designs that have not been evaluated yet. Further,
it uses the predictive uncertainty associated with these nonparametric models in order to
guide the iterative sampling. Specifically, -PAL’s sampling strategy aims to maximize
progress on designs that are likely to be Pareto-optimal. -PAL iteratively discards points
that are either redundant or suboptimal, and it terminates when no more points can be
removed in order to guarantee that, with high probability, the remaining points define an
-accurate Pareto set of the given design space.
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Section 4, we present the theoretical analysis of the algorithm and provide upper bounds
for the number of samples needed before -PAL terminates, when the target functions
have bounded RKHS norm. Section 5 discusses some implementation issues that might
arise in practice when using our algorithm. Section 6 reviews related work in the areas of
multi-objective optimization, Bayesian optimization and evolutionary algorithms. Section 7
shows the effectiveness of -PAL in comparison with state-of-the-art alternative algorithms,
using three data sets obtained from real applications. In the Appendix, we prove our main
Theorem, which is stated in Section 4.

Zuluaga, Krause and Püschel
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1. Scalars and functions that return scalars are written unbolded; tuples and vectors are boldfaced.
2. Note that one may also approach multi-objective optimization via scalarization, see, e.g., Roijers et al.
(2013). In our approach, we focus on retrieving an approximate Pareto-frontier, so that we do not have
to commit to a particular family of scalarization functions.

In words, Π(E) is any set of designs that yields all optimal objectives. It is not unique since
 on E is not antisymmetric.

f (Π(E)) = Π(f (E))).

Definition 1 (Pareto set) The Pareto set Π(f (E))) in the objective space f (E) ⊂ Rm
is, as usual, the set of maximal points. Further, we call any set Π(E) ⊆ E a Pareto set of
E if it satisfies

The goal in multi-objective optimization is to identify2 the Pareto set of E. Formally, we
consider the canonical partial order in Rm : y  y 0 iff yi ≥ yi0 , 1 ≤ i ≤ m, and define the
induced relation on E: x  x0 iff f (x)  f (x0 ). We say that x dominates x0 in this case.
Note that  on E is not a partial order, but only a preorder, since it lacks antisymmetry
(i.e., two different designs can have the same objectives).

2.2 Pareto Optimality

We consider a multi-objective optimization problem over a finite set E (called the design space). This means that we wish to simultaneously optimize m objective functions
f1 , . . . , fm : E → R. In our analysis, we assume that f1 (x), . . . , fm (x) are to be maximized, however our results straightforwardly generalize to a minimization or a combined
minimization/maximization problem. We use the notation f (x) = (f1 (x), . . . , fm (x)) to
refer to the vector of all objectives evaluated on the input x. The objective space is the
image f (E) ⊂ Rm .1

2.1 Multi-Objective Optimization

In this section, we review multi-objective optimization and Pareto optimality, and introduce
the terminology and notation used in the rest of the paper. At the end of the section, we
formally define the problem addresses by -PAL.

2. Background and Problem Statement

A main contribution of this paper is the theoretical performance analysis of -PAL,
that provides bounds on the sampling cost required to achieve a desired accuracy. These
bounds depend on the parameter  and on the characteristics of the covariance function
used for the GP models. Finally, we carry out an extensive empirical evaluation, where
we demonstrate -PAL’s effectiveness on several real-world multi-objective optimization
problems. Two cases are from different applications in the domain of hardware design, in
which it is very expensive to run low level synthesis to obtain the exact cost and performance
of a single design (Zuluaga et al., 2012b; Almer et al., 2011). The third application is from
software optimization, where different compilation settings are evaluated for performance
and memory footprint size (Siegmund et al., 2012).
We compare the performance of -PAL against PAL, a predecessor of -PAL proposed
by Zuluaga et al. (2013), and with another state-of-the-art multi-objective optimization
method called ParEGO, proposed by Knowles (2006). Across all data sets and almost all
desired accuracies, -PAL outperforms ParEGO, requiring in most cases 30% to 70% less
function evaluations. In comparison to PAL, our experiments show that -PAL reduces the
runtime by one to two orders of magnitude, while also reducing the number of evaluations
and offering more flexibility in the desired error.
1.1 Main Contributions
Our main contributions are summarized as follows.
• We propose -PAL, an active learning approach towards identifying a set of optimal
solutions in a given multi-objective optimization problem in which function evaluations are expensive. This includes sampling strategy and stopping criteria. -PAL
allows users to specify the desired level of granularity through the parameter , and
guarantees that with high probability an -accurate Pareto front is returned.
• We theoretically analyze -PAL when the design space is a finite set, and the objective
functions satisfy regularity assumptions as specified via a positive definite kernel. We
provide bounds on the number of iterations required by the algorithm to achieve a
desired target accuracy.
• In comparison to the state-of-the-art algorithm PAL, -PAL reduces the asymptotic
complexity of the number of computations performed in each iteration, making it
more suitable for larger design spaces.
• We perform an extensive experimental evaluation to demonstrate -PAL’s effectiveness and superiority over PAL and ParEGO on three real-world multi-objective optimization problems.
1.2 Organization
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In Section 2, we introduce background concepts such as multi-objective optimization, Pareto
optimality, -accurate Pareto optimality, and Gaussian processes. In addition, we formally
define the problem tackled in this paper. Section 3 presents the proposed algorithm PAL, explains the stages that take place during its execution, and analyzes run time. In
3

Pareto Set ¦(f(E))

(d)

(b)

(1)

0

00

00
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: y  y for some y ∈ Z(E) and y  y for some y ∈ Z(E)}

0

Fig. 2(b) shows the -Pareto front associated with Fig. 2(a).

Z (E) = {y ∈ R

m

Definition 3 (-Pareto front) We define the -Pareto front Z (E) of E as the set of
points between Z(E) and Z(E) − , including the boundaries. Formally,

We now relax the relation  in Rm and E for the purpose of our algorithm by adding a
small tolerance. Consider a vector  = (1 , . . . , d ), with i ≥ 0, 1 ≤ i ≤ m. We say that
a point y ∈ Rm -dominates y 0 , written as y  y 0 , if y +   y 0 . As before, we pull the
relation to E: x  x0 iff f (x)  f (x0 ). Note that this relation is neither a partial order
nor a preorder: antiysmmetry and transitivity do not hold.
We use this relation next to define an appropriate notion of -accurate Pareto set. To
do so we first need two auxiliary definitions.

2.3 -Pareto Optimality

Hereby, the operator ∂ applied to a set Y denotes the boundary of Y .
Fig. 2(a) visualizes the concepts of Pareto set and Pareto front for m = 2.

Z(E) = ∂{y ∈ Rm : there is an x ∈ E with f (x)  y)}.

Definition 2 (Pareto front) We define the Pareto front Z(E) as the set of points in Rm
that constitutes the surface of the space dominated by the Pareto set Π(f (E)). Formally,

Figure 2: (a) Example of Pareto set and Pareto front for m = 2. (b) Example of an -Pareto
front for m = 2. (c) Example of a predicted Pareto set that is not -accurate. (d)
Example of a predicted Pareto set that is -accurate.

(c)

(a)
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(4)

(3)

(2)

6

JMLR 17(104):1-32

3. Note that dependence amongst the outputs could be captured as well; e.g., Bonilla et al. (2008).
4. We use the term “sampling” to refer to evaluating a design via a noisy measurement.

Using Gaussian processes to model the target functions fi assumes that we know the prior
from which they have been generated. This is rarely the case in practice. Therefore, for

2.5 Reproducing Kernel Hilbert Spaces (RKHS)

where x, x0 ∈ E, kT,i (x) = (ki (x, xt ))1≤t≤T and K T,i = (ki (xj , x` ))1≤j,`≤T . Note that this
posterior distribution captures our uncertainty about f (x) for all points x ∈ E.

2
σT,i
(x) = kT,i (x, x),

kT,i (x, x0 ) = ki (x, x0 ) − kT,i (x)T (K T,i + σ 2 I)−1 kT,i (x0 ),

µT,i (x) = kT,i (x)T (K T,i + σ 2 I)−1 y T,i ,

-PAL models f as a draw from an m-variate Gaussian process (GP) distribution. A GP
distribution over a real function f (x) is fully specified by its mean function µ(x) and its
covariance function k(x, x0 ) (Rasmussen and Williams, 2006). The kernel or covariance
function k captures regularity in the form of the correlation of the marginal distributions
f (x) and f (x0 ).
In our multi-objective setting, we model each objective function fi (x) as a draw from
an independent3 GP distribution.
On every iteration t in our algorithm we choose a design xt to evaluate, which yields a
noisy sample4 yt,i = fi (xt ) + νt,i ; after T iterations we have a vector y T,i = (y1,i , . . . , yT,i ).
Assuming νt,i ∼ N (0, σ 2 ) (i.i.d. Gaussian noise), the posterior distribution of fi is a Gaussian
2 (x):
process with mean µT,i (x), covariance kT,i (x, x0 ), and variance σT,i

2.4 Gaussian Processes (GP)

In words, for an -accurate Pareto set, the associated front is contained in the -Pareto
front Z (E) and it contains no suboptimal designs. As examples, the set with objectives P̂
in Fig. 2(c) does not satisfy this property, but in Fig. 2(d) it does. Note that the -accurate
Pareto set may have fewer points than the actual Pareto set.
An -accurate Pareto set Π (E) is a natural approximate substitute of the original set
E. Having access to it, one can rest assured that for any point on the Pareto front Z(E)
associated with E, there is some element x ∈ Π (E) which is at most  worse according
to all of the objectives. The high level goal of our algorithm -PAL is to find, with few
evaluations f (x), a small -accurate Pareto set of E.

Definition 5 (-Accurate Pareto set) We call a set of points Π (E) ⊆ E an -accurate
Pareto set of E, if f (Π (E)) covers Z (E).

In words, Definition 4 requires that the Pareto front spanned by Π(C) is contained in Z (E).

Definition 4 (-Pareto front covering) We say that a nonempty set C ⊆ Z (E) covers
Z (E), if for every point y ∈ Z (E) there is at least one point y 0 ∈ C s.t. y 0  y.

Zuluaga, Krause and Püschel

our theoretical analysis we take a more agnostic approach in which we assume that fi are
arbitrary functions from the RKHS associated with kernel k.
The RKHS Hk (E) is a Hilbert space consisting of functions f on the domain E, endowed
with an inner product h·, ·ik that satisfies the following properties with respect to a positive
definite function k:

Active Learning for Multi-Objective Optimization
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• For every x ∈ E, k(x, x0 ) as a function of x0 belongs to Hk (E).

In this case, x can be discarded, i.e., removed from Ut .

8

(6)
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The goal of this stage is to discard points in Ut that with high probability are -dominated
by another point in E, while making sure that at least one of such dominating points ends
up in PT .
Under uncertainty, a point x is -dominated by another point x0 , with high probability,
if the pessimistic outcome of x0 (min(Rt (x0 ))) -dominates the optimistic outcome of x
(max(Rt (x))):
max(Rt (x))  min(Rt (x0 )).

3.3 Discarding

where βt+1 is a positive value that defines how large this region is in proportion to σ t . In
Section 4 we will suggest a value for this parameter. The iterative intersection ensures that
all uncertainty regions are non-increasing with t. Intuitively, for a point x ∈ E that has not
been evaluated yet, we can say that with high probability f (x) ∈ Rt (x).
Within Rt (x), the pessimistic and optimistic outcomes are min(Rt (x)) and max(Rt (x)),
respectively, both taken in the partial order  and unique. Fig. 3(a) shows this with an
example. Notice that points that have been evaluated also have an uncertainty region, since
we only have access to noisy samples on those points.

Rt (x) = Rt−1 (x) ∩ Qµt ,σt ,βt+1 (x),

-PAL uses Gaussian process inference to predict the mean vector µt (x) and the standard
deviation vector σ t (x) of any point x ∈ E that has not been discarded yet. This prediction
is generated based on the noisy samples obtained. Each point x ∈ Pt ∪ Ut is then assigned
its uncertainty region, which is the hyperrectangle

3.2 Modeling

On the first iteration (t = 0), all points in E are copied to a set U0 . Subsequently, on any
iteration t, a point to be sampled is chosen from Ut or Pt . Points in Ut that with high
probability are -dominated by another point are discarded, i.e., removed from Ut , and
points that are determined to belong to Z (E) are moved from Ut to set Pt . The algorithm
terminates at some iteration T when UT is empty. Then P̂ = PT is returned. -PAL
guarantees that with high probability P̂ is an -accurate Pareto set of E.

• Pt : points predicted to be members of an -accurate Pareto set of E, P0 = ∅.

• Ut : undecided points, U0 = E,

probabilistically, it is guaranteed to cover Z (E), i.e., with high probability, all points in E
are -dominated by a point in P̂ .
-PAL iterates over four stages: modeling, discarding, -Pareto front covering, and
sampling. It stops when all remaining points have been either sampled, discarded or determined to belong to Z (E) with high probability. The following sections explain each of
these stages, and Alg. 1 presents the corresponding pseudocode.
The algorithm maintains two working sets, indexed by the iteration number t, starting
at 0:

• The reproducing property holds for k, i.e., hf, k(x, ·)ik = f (x).
The p
smoothness of the functions f ∈ Hk (E) with respect to k is encoded by the norm
||f ||k = hf, f ik . Functions with low norm are usually relatively smooth. In our case, as
E is a finite set, any f is guaranteed to have bounded norm, i.e., ||f ||k < ∞, as long as the
kernel is universal (such as the Gaussian kernel).
2.6 Problem Statement
Let E be a finite set with a positive definite kernel. We wish to simultaneously optimize m
objective functions f1 , . . . , fm : E → R, considering that evaluating f (x) for any x ∈ E is
expensive. We wish to identify an -accurate Pareto set Π (E) ⊆ E while minimizing the
number of evaluations f (x).
In the following, we develop an active learning algorithm that iteratively and adaptively
selects a sequence of designs x1 , x2 , . . . to be evaluated, and that uses these evaluations
along with the model’s predictive uncertainty to predict an -accurate Pareto set of E. This
iterative algorithm terminates when, with high probability, an -accurate Pareto set of E
has been found, and therefore no more evaluations are needed. In addition, we theoretically
analyze our algorithm and provide a bound on the number of evaluations required by the
algorithm to generate an -accurate prediction.

3. -PAL Algorithm
In this section we describe our algorithm: -Pareto Active Learning (-PAL).
3.1 Overview

(5)

Our approach to predicting an -accurate Pareto set of E trains GP models on a small
subset of E. The models predict the objective functions fi , 1 ≤ i ≤ m, allowing us to
make statistical inferences about the Pareto-optimality of every point in E. The true value
of f (x) is approximated by the models as f̂ (x) = µ(x) = (µi (x))16i6m . Additionally
σ(x) = (σi (x))16i6m is interpreted as the uncertainty of this prediction. We capture this
uncertainty through the hyper-rectangle5
Qµ,σ,β (x)={y : µ(x)−β 1/2 σ(x)  y  µ(x)+β 1/2 σ(x)},
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where β is a scaling parameter to be chosen later.
The goal of the algorithm is to return a set P̂ ⊆ E such that, with high probability,
P̂ is an -accurate Pareto set of E. P̂ may contain points that are not sampled yet, but
5. conservatively bounding the ellipsoid with radii σi .

7

f1 (x)

min(RT (x))

max(RT (x))

f1 (x)

Pessimistic Pareto points
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The goal of -PAL is to empty Ut as fast as possible, i.e., with the least amount of points
sampled and with the least amount of points in Pt needed to cover the -Pareto front of
E. As previously stated, a point is moved to Pt if it can be determined that with high
probability it belongs to Z (E).
Therefore, care must be taken not to sample when all points in Ut can be either discarded
or moved to Pt . If there is at least one point in Ut that cannot be discarded or moved to
Pt , we proceed with sampling.

3.4 -Pareto Front Covering

Fig. 3(b) illustrates this situation.
We discard any point x ∈ Ut \ ppess (Pt ∪ Ut ) if x  x0 for some x0 ∈ ppess (Pt ∪ Ut ). This
ensures that no element in ppess (St ∪ Pt ∪ Ut ) is discarded and therefore, for every point that
is discarded there will always be a point in the working sets that -dominates it.
A point in ppess (Pt ∪ Ut ) is only discarded if it is -dominated by any point in Pt , since
all points in Pt are already guaranteed to belong to the returned set P̂ . Points in Pt are
never discarded.

Definition 6 (Pessimistic Pareto set) For a subset D ⊆ E, we define ppess (D), or the
pessimistic Pareto set of D, as the set of points x ∈ D for which there is no other point
x0 ∈ D such that
min(Rt (x))  min(Rt (x0 )).

If this relationship does not hold, either the uncertainty regions are still too large to
draw any conclusions, or x and x0 are not comparable.
To check if a point is -dominated by another one in E, -PAL compares its relationship
with all pessimistic Pareto points.

Figure 3: (a) Example of min(Rt (x)) and max(Rt (x)) for m = 2. (b) Example of a set of
pessimistic Pareto points for m = 2.

min(RT (x))

d
max(RT (x))

x$

f2 (x)

f2 (x)

Sampled
d point
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y,y 0 ∈Rt (x)

||y − y 0 ||2 ,
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In this section, we review the most time consuming subroutines of -PAL and analyze
their computational cost, which depends on the number of points in the working sets:
nt = |Ut | + |Pt |. While n0 = |E| in the first iteration, discarded points are removed from
the working sets and thus the number of computations is reduced as t increases. As it is
not possible to make conclusions in how nt decreases with t, we assume the upper bound
n = |E|. In practice, the number of computations is much lower for most iterations of the
algorithm. On the other hand, we assume that the number m of objective functions is a
small constant.
In the modeling stage, -PAL updates Gaussian process models and evaluates the prediction µ and the uncertainty σ for every point. Let s be the number of points that have
been sampled, the complexity of this step is O(s3 + ns2 ) (Rasmussen and Williams, 2006).
Note that typically s  n.
In the discarding stage, -PAL first finds the Pareto pessimistic points of a set. The
problem of efficiently determining the Pareto points (or maxima) of a set of vectors is

3.7 Analysis of Execution Time

The iterations terminate at t = T when UT = ∅, i.e., all points have been either moved to
PT or have been discarded. The predicted set P̂ = PT is guaranteed to be an -accurate
Pareto set of E. Termination occurs at the latest when wt ≤ . In this case, dominated
points can be discarded in one pass.

3.6 Stopping Criteria

which is the diameter of its uncertainty region Rt (x). Amongst these points, the one with
the largest wt (x) (i.e., most uncertain) is chosen as the next sample xt to be evaluated. We
refer to wt (xt ) as wt . Note that our approach does not simply pick the most uncertain point
over the whole space E, but only over the set Ut ∪ Pt , i.e., the points that (in a statistically
plausible manner) might be useful in constructing an -accurate Pareto set. This is similar
to exploration–exploitation tradeoffs commonly encountered in Bayesian optimization.

wt (x) =

As long as Ut 6= ∅, on each iteration, a new point xt is selected for sampling with the
following selection rule. Each point x ∈ Ut ∪ Pt is assigned a value

3.5 Sampling

In this stage we attempt to update the set Pt , to make progress in covering the -Pareto
front of E, until we find a point in Ut that cannot be moved to Pt . After a point is moved
to Pt , we check what points in Ut are -dominated by it, and therefore can be discarded.
Details on this procedure can be found in Alg. 1.

max(Rt (x0 ))  min(Rt (x)).

Definition 7 (x belongs to Z (E) with high probability) We can determine that with
high probability x ∈ E belongs to Z (E) if there is no other point x0 ∈ Pt ∪ Ut such that

Zuluaga, Krause and Püschel
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Algorithm 1 The -PAL algorithm
Input: design space E (|E| = n); GP prior µ0,i , σ0 , ki for all 1 ≤ i ≤ n; ; βt for t ∈ N
Output: predicted Pareto set P̂
1: P0 = ∅ {predicted set}, U0 = E {undecided set}
2: R0 (x) = Rn for all x ∈ E, t = 1
3: repeat
4:
Pt = Pt−1 , Ut = Ut−1
5:
Modeling
6:
Obtain µt (x) and σ t (x) for all x ∈ Pt ∪ Ut
7:
Rt (x) = Rt−1 (x) ∩ Qµt ,σt ,βt+1 (x) for all x ∈ Pt ∪ Ut
8:
Discard
9:
ppess (Pt ) = Pareto pessimistic set of Pt
10:
discard points x in Ut that are -dominated by some point x0 in ppess (Pt ), i.e., where max(Rt (x)) 
min(Rt (x0 )) (See Alg. 2 for m = 2)
11:
ppess (Pt ∪ Ut ) = Pareto pessimistic set of Pt and Ut
12:
discard points x in Ut \ ppess (Pt ∪ Ut ) that are -dominated by some point x0 in ppess (Pt ∪ Ut ), i.e.,
where max(Rt (x))  min(Rt (x0 )). (See Alg. 2 for m = 2)
-Pareto Front Covering
13:
14:
repeat
15:
Choose x0 = arg maxx∈Ut {wt (x)}
16:
if for all x ∈ Pt ∪ Ut \ {x0 } it holds that max(Rt (x))  min(Rt (x0 )) then
17:
Pt = Pt ∪ {x0 }, Ut = Ut \ {x0 }
18:
else
19:
break
20:
end if
21:
until Ut = ∅
22:
Sampling
23:
Choose xt = arg maxx∈Ut ∪Pt {wt (x)}
24:
Sample y t (xt ) = f (xt ) + ν t
25:
t=t+1
26: until Ut = ∅
27: return P̂ = Pt

Algorithm 2 Discard points in U that are -dominated by ppess for m = 2.
Input: set U ; Pareto pessimistic set ppess ; 
Output: updated set U
1: U 0 = {(x, min(Rt (x)) + ) : x ∈ ppess } ∪ {(x, max(Rt (x))) : x ∈ U \ ppess } {U 0 is a set of (x, (fˆ1 , fˆ2 ))
pairs}
sortU = sort U 0 with respect to fˆ1 in ascending order
currentM ax = −∞
for (x, (fˆ1 , fˆ2 )) in sortU do
if x ∈ ppess then
currentM ax = fˆ2
else
if fˆ2 ≤ currentM ax then
U = U \ {x} {discard x}
end if
end if
end for
2:
3:
4:
5:
6:
7:
8:
9:
10:
11:
12:
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addressed by Kung et al. (1975). For m = 2, their algorithm starts by ordering the list
of vectors in the first dimension f1 . Then, the list is traversed in ascending order while
discarding the vectors for which the second dimension f2 is smaller than the greatest value
11
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of f2 seen so far. This procedure exhibits computational complexity of O(n log n) for m = 2.
The same computational complexity is achieved by a similar implementation for m = 3.
For m > 3, Kung et al. (1975) presents a divide and conquer algorithm with worst case
asymptotic complexity of O(n(log n)m−2 ) + O(n log n).
In the discarding stage, -PAL also discards points in a set U that are -dominated
by a set ppess . This means that, if done naively, every point max(x) with x ∈ U must be
compared with every min(x0 ) +  with x0 ∈ ppess . However, this can be done by adapting
the above mentioned implementations to compute the Pareto points of a set of vectors to
substantially reduce the runtime of the algorithm. Alg. 2 shows the pseudocode for this
adaptation. A joined set U 0 is created from points max(x) with x ∈ U and min(x0 ) +  with
x0 ∈ ppess . This joint list is ordered with respect to the first dimension f1 . Then, the list
is traversed in ascending order, but the maximum value of f2 is only updated by a point
that belongs to ppess , and only points that belong to U can be discarded. For m ≥ 3 the
adaptation of the algorithm by Kung et al. (1975) is analogous.
In the -Pareto front covering stage, -PAL checks if a point x can be guaranteed to
belong to Z (E) according to Definition 7. This is done by comparing x with the rest of the
points x0 in the working sets, until a case in which min(Rt (x0 )) +   max(Rt (x)) is found.
The number of computations for this step is O(n); in practice, however, it is much smaller
than n for most iterations. This operation might be done several times per iteration, until
no more points in Ut can be moved to Pt or Ut = ∅. The number of times is assumed to be
much smaller than n.
The computational complexity of an iteration is therefore dependent on m and s. For
m = 2 and m = 3 it is O(ns2 + s3 + n log n), and for m > 3 it is O(n(log n)m−2 ) + O(ns2 +
s3 + n log n).

4. Correctness and Sample Complexity

So far we have left the parameter βt undefined. In this section, we will choose a βt that
guarantees the correctness of the algorithm, and the number of iterations required to meet
our bounds.
Of key importance in the convergence analysis is the effect of the regularity imposed by
the kernel function k. In our analysis, this effect is quantified by the maximum information
gain associated with the GP prior. Formally, we consider the information gain

I(y 1 . . . y T ; f ) = H(f ) − H(f | y 1 . . . y T ),

i.e, the reduction of uncertainty on f caused by (noisy) observations of f on the T first
sampled points. The crucial quantity governing the convergence rate is

y 1 ...y T

γT = max I(y 1 . . . y T ; f ),
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i.e., the maximal reduction of uncertainty achievable by sampling T points. Intuitively, if
the kernel k imposes strong regularity (smoothness) on f , few samples suffice to gather
much information about f , and as a consequence γT grows sub-linearly (exhibits a strong
diminishing returns effect). In contrast, if k imposes little regularity (e.g., is close to diagonal), γT grows almost linearly with T . Srinivas et al. (2010, 2012) established γT as
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6. While in practice this might not be possible, a standard guess-and-doubling approach can be applied.

Rt (x) = Qµ0 ,σ0 ,β1 (x) ∩ · · · ∩ Qµt ,σt ,βt+1 (x),

The first step of the proof is to show that with probability at least 1 − δ, f (x) lies for all
x ∈ E within the uncertainty region (see (5) and (6)):

4.2 Reduction in Uncertainty

The above theorem implies that by specifying δ and a target accuracy , -PAL automatically stops when the target error is achieved with confidence 1−δ. Additionally, the theorem
bounds the number of iterations T required to obtain this result.
Our strategy for the proof consists of four parts. First, Lemma 1 shows that |fi (x) −
1/2
µt−1,i (x)| ≤ βt σt−1,i (x) for 1 ≤ i ≤ m, t ≥ 1, and for all x ∈ E. Then, we analyze how
wt decreases with t. Subsequently, we relate  and wt to ensure the termination of the
algorithm. The last two parts are analyzed in Section 4.2. Finally, Lemma 8 supports the
accuracy of the -PAL, given that the proper βt value is used on every iteration t.

4.1 Proof Outline

Here, C1 = 8/ log(1 + σ −2 ),  = ||||∞ , and γT depends on the type of kernel used.
√
√
This means that, with high probability, wt is bounded by O∗ ((B γT + γT )/ T ). Note that
in practice one might want to, in addition to identifying an -accurate Pareto front, seek
to be sufficiently confident such that for all predicted Pareto points (i.e., points x in PT
in Algorithm 1) it holds that wT (x) ≤ . This requirement can be added to the stopping
condition in Line 26 of Algorithm 1, and the same sample complexity of Theorem 1 holds.

14
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These results suggests that, under both scenarios,  increases as T decreases in the following
1
manner: Asymptotically, for any ρ > 0, as well as fixed m, n and d, we have T = O( 2+ρ
).

Corollary 1 Let ki be the squared exponential kernel used by -PAL, and assume fi lies
in the RKHS with its norm bounded by ||fi ||2k ≤ B, for all 1 ≤ i ≤ m. When choosing
δ ∈ (0, 1), a target accuracy specified by , the following holds with probability 1 − δ. -PAL
terminates after at most T iterations, where T is the smallest number satisfying
q
16B 2 K 2 m logd+1 T + 2400K 2 m2 log2(d+1) T log3 (m|E|T /δ)
p
≥ .
T log(1 + σ −2 )

and hence the following corollary to Theorem 1.

γt ≤ Km logd+1 t

For m > 1, since we assume i.i.d. GPs, we thus get

γt ≤ K logd+1 t for all t > 1.

Theorem 1 holds for general covariance functions k(x, x0 ). Srinivas et al. (2010) derived
bounds for γT depending on the choice of kernel. These can be used to specialize Theorem 1.
We illustrate this using the squared exponential kernel as example, i.e., k(x, x0 ) =
exp l−2 kx − x0 k22 for some l > 0.
Let E ⊂ Rd be compact and convex, d ∈ N. According to Srinivas et al. (2010), for
m = 1, there exists a constant K such that

4.3 Explicit Bounds for the Squared Exponential Kernel

where  = ||||∞ = max(i )1≤i≤m . This is proved in Lemma 7.

where C1 = 8/ log(1 + σ −2 ) and βt is as before.
The proof is supported by Lemmas 1 to 5 found in the appendix of this paper. Key
challenges and differences in comparison to Srinivas et al. (2010) include (1) dealing with
multiple objectives; (2) the use of a different sampling criterion; and (3) incorporating the
monotonic classification scheme.
We also show that, with probability 1 − δ, the algorithm terminates with no further
sampling at iteration T if
wT ≤ ,
(9)

which is achieved by choosing βt = 2B 2 + 300γt log3 (m|E|t/δ).
Srinivas et al. (2010) showed that information gain canPbe expressed in terms of the predicted variances. Similarly, we show how the cumulative tk=1 wk can also be expressed in
terms of maximum information gain γt . Since the sampling rules used by -PAL guarantee
that wt decreases with t, we get the following bound for wt . With probability ≥ 1 − δ,
r
C1 β t γ t
wt ≤
for all t ≥ 1,
(8)
t

key quantity in bounding the regret in single-objective GP optimization. Here, we show
that this quantity more broadly governs convergence in the much more general problem of
predicting the Pareto-optimal set in multi-criterion optimization.
We obtain bounds on the number of iterations required when assuming that the target
functions fi , 0 ≤ i ≤ m, lie in the RKHS Hk (E) corresponding to kernel k(x, x0 ), and
that the noise νt is an arbitrary martingale difference sequence which has zero mean and
is uniformly bounded by σ. Furthermore, in order to obtain the bounds, it is necessary to
specify an upper bound6 B on all ||fi ||k .
The following theorem constitutes our main theoretical result.

Theorem 1 Assume that the true functions fi lie in the RKHS Hk (E) corresponding to
kernel k(x, x0 ), and that the noise νt has zero mean conditioned on the history and is
bounded by σ almost surely. Let δ ∈ (0, 1) and ||fi ||2k ≤ B. Running -PAL with βt =
2B 2 + 300γt log3 (m|E|t/δ), prior GP (0, k(x, x0 )) and noise N (0, σ 2 ), the following holds
with probability 1 − δ.
An -accurate Pareto set can be obtained after at most T iterations, where T is the
smallest number satisfying
r
C1 βT γT
≥ .
(7)
T
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5. Discussion and Implementation Details
We now discuss some of the limitations, choices made, and other aspects that arose when
implementing and using our -PAL algorithm.
5.1 Sampling Strategy
After clearly non-competitive designs are removed in the discarding phase, our sampling
strategy (Section 3.5) chooses the one with the highest uncertainty. Other choices would
be possible, e.g, chosing the one that maximizes the expected gain in hypervolume. Our
choice aims at reducing time to termination, which is achieved by reducing uncertainty in
the model as fast as possible.
5.2 Parameterization
For practical usage, two parameters, namely  and δ, need to be specified. These parameters
relate to the desired level of accuracy of the prediction. Our theoretical bounds are likely
to be loose in practice; thus, it may be useful to choose more “aggressive” values than
recommended by the theory. The choice of δ impacts the value of βt and therefore the
convergence rate of the algorithm, since the latter scales the uncertainty regions Rt (x).
Since the analysis is conservative, scaling down βt , possibly to be constant, is a viable
option.
In contrast, the choice of  should pose no problem. One only may consider scaling the
objective functions so that all i components of  have comparable values.
5.3 Kernel Hyper-Parameters
So far, we have assumed that the kernel function is given. Usually, its parameters need
to be chosen. Therefore, prior to running -PAL, it may be practical to randomly sample
a small fraction of the design space and to optimize the parameters (e.g., by maximizing
the marginal likelihood). One may also consider maintaining uncertainty in the hyperparameters by placing and updating priors on them. These can then be marginalized
to obtain suitable hyper-rectangles to capture the uncertainty about the designs. This
extension poses new challenges in computational efficiency (i.e., using approximate Bayesian
inference), and we defer it to future work.
5.4 Scalability

JMLR 17(104):1-32

The computational complexity of our algorithm depends on our ability to perform efficient
inference in Gaussian processes. In general, this complexity grows cubically with the number
of samples (function evaluations), which can pose a challenge in large design spaces. This
is a general issue in Bayesian optimization, and not specific to our approach. Fortunately,
there are many techniques available for scaling up Gaussian process inference that our
approach can immediately benefit from (see, e.g., Rasmussen and Williams (2006)).
15
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5.5 Continuous vs. discrete domains

In our approach, we have focused on finite, discrete domains E, which often naturally arise
in design-space exploration problems as those considered in our experiments. For Lipschitzcontinuous objectives (which are commonly assumed in Bayesian optimization), it is be
possible to handle continuous compact domains E via standard covering arguments. Given
the allowed tolerances  and Lipschitz constants, one can construct a discretization Ê such
that for any point x ∈ E in the domain, there is one in the discretization x0 ∈ Ê such that
f (x0 )  f (x). It can be seen that any -accurate Pareto set of Ê is a 2-accurate Pareto
set of E. This discretization-based approach becomes impractical with higher dimensions.
Developing a variant of our approach that does not require an explicit discretization is an
interesting direction for future work.
5.6 Current Implementation

For our experimental evaluation, we implemented a prototype that is restricted to m = 2
objectives. The code is available at Zuluaga et al. (2015).

6. Related Work

We now discuss different lines of related work.
6.1 Evolutionary Algorithms

One class of approaches uses evolutionary algorithms to approximate the Pareto frontier via
a population of evaluated designs that is iteratively evolved (Künzli et al., 2005; Coello et al.,
2006; Zitzler et al., 2002). Most of these approaches do not use models for the objectives,
and consequently cannot make predictions about unevaluated designs. As a consequence, a
large number of evaluations are typically needed for convergence with reasonable accuracy.
To overcome this challenge, model-based (or “response surface”) approaches approximate
the objectives by models, which are fast to evaluate. A concrete example is the algorithm
presented by Emmerich et al. (2006), which uses Gaussian random fields metamodels to
predict the objective functions. These models are used to screen each generation of the
population and to extract promising individuals. On the other hand, Laumanns and Ocenasek (2002) and Buche et al. (2005) investigate the use of Gaussian models to maintain
and improve the diversity of the population during the offspring-generation phase.
We will compare against ParEGO (Knowles, 2006) (explained in Section 6.6 below),
which improves on the above work by combining the evolutionary approach with optimization to reduce the number of evaluations needed.

6.2 Scalarization to the Single-Objective Setting

JMLR 17(104):1-32

An alternative approach to multi-objective optimization problems is the reduction to a
single-objective problem (for which a wealth of methods are available). This is commonly
done via scalarization, for example by considering convex combinations of the objective functions (Boyd and Vandenberghe, 2004). Some evolutionary algorithms use this approach to
tackle multiple objectives. For example, the approach presented by Zhang and Li (2007)
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Multi-objective Bayesian optimization is also related to several other variants of Bayesian
optimization studied in the literature. For example, there has been work on contextual
(Krause and Ong, 2011), multi-task (Swersky et al., 2013) and collaborative (Bardenet et al.,
2013) Bayesian optimization. These approaches can be viewed as carrying out Bayesian
optimization for multiple related objectives, exploiting dependencies between them in order
to share statistical strength. While also considering multiple objectives, the goal is to find
separate optimizers for each of them, rather than identifying a Pareto frontier. Lastly Multiobjective Bayesian optimization is also related to Bayesian optimization under unknown
constraints (Gelbart et al., 2014), since one way to obtain Pareto-optimal solutions is to
optimize one objective under constraints on the others. The approach of (Gelbart et al.,
2014) however only aims to identify a (single) optimal feasible solution as opposed to an
entire Pareto frontier.

There have been recent approaches that simplify to some extent the PAL algorithm.
Campigotto et al. (2014) proposes an active learning algorithm that also uses Gaussian
process modeling to predict the objective function. It iteratively samples the most uncertain
point in the design space until a threshold in information gain is reached. On the other
hand, Steponavice et al. (2014) propose an algorithm that probabilistically classifies points
as Pareto-optimal or not. This probability is used to provide flexibility on the accuracy
of the prediction. This algorithm does not use Gaussian process modeling with the goal
of improving runtime. Neither of these two approaches provides an approximation to the
Pareto front with some granularity as -PAL does. Also, they do not provide any theoretical
support on the convergence of the algorithm.

The other advantage is the asymptotic improvement in the number of computations
required per iteration, which is independent to the improvements just mentioned above. As
analyzed in Section 3.7, for problems with two or three objective functions, -PAL requires
O(n log n) computations on every iteration, whereas PAL requires O(n2 log n). For problems
with more than two objective functions, -PAL requires O(n(log n)m−2 ) + O(n log n) computations on every iteration, whereas PAL requires O(n2 (log n)m−2 ) + O(n log n). Here, n
is the number of elements in the design space. This is very important since it allows -PAL
to handle larger design spaces.

There are two main advantages of -PAL over PAL. The more effective use of  is one of
them. This not only allows it to generate an -accurate Pareto set, but it also reduces the
runtime of the algorithm, as it attempts to remove redundancy and discards points more
efficiently along the execution of the algorithm. In addition, the convergence bounds are
also defined in terms of , which is intuitive. In contrast, PAL uses the hypervolume error,
a concept that is more difficult to reason about.

The algorithm PAL by Zuluaga et al. (2013), is an earlier version of -PAL. It also requires
a parameter  that allows the user to set different levels of prediction accuracy. PAL
attempts to classify points as Pareto optimal or not Pareto-optimal until all points have
been classified; it uses  to ease this classification. However, it fails to generate an -accurate
Pareto set. It only uses  to stop the algorithm in different stages of training, and as a
result, less accuracy is achieved when the value of  is increased.

6.5 Multi-Objective Bayesian Optimization and Active Learning

Zuluaga, Krause and Püschel

In the single-objective setting, there has been much work on active learning, in particular
for classification (see, e.g., Settles (2010) for an overview). For optimization, model-based
approaches are used to address settings where the objective is noisy and expensive to evaluate. In particular in Bayesian optimization (see the survey by Brochu et al. (2010)), the
objective is modeled as a draw from a stochastic process (often a Gaussian process), as originally proposed by Mockus et al. (1978). The advantage of this approach is the flexibility in
encoding prior assumptions (e.g., via choice of the kernel and likelihood functions), as well
as the ability to guide sampling: several different (usually greedy) heuristic criteria have
been proposed to pick the next sample based on the predictive uncertainty of the Bayesian
model. A common example is the EGO approach of Jones et al. (1998), which uses the expected improvement. In recent years, there have been considerable theoretical advances in
Bayesian optimization. Several analyses focus on the case of deterministic (i.e., noise-free)
observations. Vazquez and Bect (2010) prove that under some conditions the EGO approach
produces a dense sequence of samples in the domain, i.e., asymptotically getting arbitrarily
close to the optimum. Bull (2011) go further in providing convergence rates for this setting.
Srinivas et al. (2010) analyzed the GP-UCB criterion (Cox and John, 1997), and proved
global convergence guarantees and rates for Bayesian optimization allowing noisy observations. We build on their results to establish guarantees about our -PAL algorithm in the
multi-objective setting. de Freitas et al. (2012) improve the results of Srinivas et al. (2010)
using a UCB-like algorithm under deterministic observations to obtain exponential regret
bounds.

6.4 Single-Objective Bayesian Optimization and Active Learning

Instead of weighted combinations, numerous domain-specific heuristics have been proposed
that aim at identifying Pareto-optimal solutions. These approaches typically combine search
algorithms to suit the nature of the problem (Deng et al., 2008; Palermo et al., 2009; Zuluaga
et al., 2012a) and defy theoretical analysis to provide bounds on the sampling cost. With
this work we aim at creating a method that generalizes across a large range of applications
and target scenarios and that is analyzable, i.e., comes with theoretical guarantees.

6.3 Heuristics-based Methods

A major disadvantage of the scalarization approach is that without further assumptions
(e.g., convexity) on the objectives, not all Pareto-optimal solutions can be recovered (Boyd
and Vandenberghe, 2004). Therefore, we avoid scalarization in our approach.

A number of global optimization algorithms are also conditioned to the multi-objective
setting by using scalarization. As a concrete example, Zhang et al. (2010) and Knowles
(2006) extend the single-objective efficient global optimization (EGO) approach of Jones
et al. (1998) by decomposing the optimization problem into several single-objective subproblems. A GP model is built for every subproblem, and sample candidates are selected
based on their expected improvement.

optimizes simultaneously several single-objective subproblems that are created using different scalarization criteria. The diversity amongst the subproblems will lead to diversity in
the approximated Pareto front.
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3.6
3.4
3.2
3.0
2.8
2.6
2.4
2.2
2.0
1.8

SNW
NoC
SW-LLVM

Data set

3
4
11

d

2
2
2

m

206
259
1023

|E|

7.4

7.3

7.2

7.1

7.0

6.9

6.8

6.7
0.05

Table 1: Data sets used in our experiments.
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which is the value suggested in Zuluaga et al. (2013) scaled by 1/3. This factor is empirical
and used because the theoretical analysis is too conservative. In Srinivas et al. (2010) 1/5
is used.
All of the experiments were repeated 200 times and the median of the outcomes is
shown in the plots. Additionally, several values of  = (i )1≤i≤2 were evaluated, where i is
proportional to the range ri = maxx∈E {fi (x)}−minx∈E {fi (x)}. We start with i = 0.01×ri
and increase it up to i = 0.3 × ri . When we say  = 1%, we mean that i is 1% of the range
ri .
Prior to running -PAL, a subset of the design space was evaluated in order to initialize
the training set and optimize the kernel parameters used by the model. For SNW and NoC,

βt

Our implementation of -PAL uses the Gaussian Process Regression and Classification Toolbox for Matlab (Rasmussen and Nickisch, 2013). In our experiments we used the squared
exponential covariance function with automatic relevance determination. The standard
deviation of the noise ν is fixed to 0.1. We use

7.2 Experimental Setup

The main characteristics of the data sets are summarized in Table 1; note that in all
cases m = 2. To obtain the ground truth, we completely evaluated all data sets to determine
P in each case. This was very costly, most notably, it took 20 days for NoC alone. The
evaluations are plotted in log scale in Fig. 4; the Pareto fronts are emphasized. All the data
is normalized such that all objectives are to be maximized.

2

log(f2 )

Figure 4: Objective space of the input sets use in our experiments.

log(f2 )
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6.6 Multi-Objective Global Optimization and Evolutionary Algorithms
Global optimization algorithms have been paired with evolutionary algorithms to find the
solution that maximizes an acquisition function, for example expected improvement. The
best amongst these appears to be ParEGO (Knowles, 2006), which also uses GP models of
the objective functions. On every iteration, the problem is scalarized using a different weight
vector, and the solution that maximizes the expected improvement, based on the current
single-objective function, is chosen for evaluation. An evolutionary algorithm performs the
search using the GP models to asses the expected improvement of each solution. A similar
approach, presented by Zhang et al. (2010), generates several populations per iteration
to take advantage of a parallel implementation. As a result, several points are sampled
on every iteration. We will compare our approach against ParEGO, as it also generates
serialized function evaluations; this method might be preferred when the objective functions
are expensive to evaluate.

7. Experiments
In this section we evaluate -PAL on three real world data sets obtained from different
applications in computer science and engineering. We assess the prediction error versus the
number of evaluations required to obtain it, for different settings of the accuracy parameter
. Further, we compare with PAL (Zuluaga et al. (2013)) and ParEGO (Knowles, 2006),
a state-of-the-art multi-objective optimization method based on evolutionary algorithms,
using an implementation provided by the authors and adapted to run with our data sets.
ParEGO also uses GP modeling to aid convergence.
Before presenting the results we introduce the data sets, and explain the experimental
setup.
7.1 Data Sets

JMLR 17(104):1-32

The first data set, called SNW, is taken from Zuluaga et al. (2012b). The design space
consists of 206 different hardware implementations of a sorting network for 256 inputs.
Each design is characterized by d = 3 parameters. The objectives are area and throughput
when synthesized for a field-programmable gate array (FPGA) platform. This synthesis is
very costly and can take up to many hours for large designs.
The second data set, called NoC, is taken from Almer et al. (2011). The design space consists of 259 different implementations of a tree-based network-on-chip, targeting applicationspecific circuits (ASICs) and multi-processor system-on-chip designs. Each design is defined
by d = 4 parameters. The objectives are energy and runtime for the synthesized designs
run on the Coremark benchmark workload. Again, the evaluation of each design is very
costly.
The third data set, called SW-LLVM, is taken from Siegmund et al. (2012). The design
space consists of 1023 different compiler settings for the LLVM compiler framework. Each
setting is specified by d = 11 binary flags. The objectives are performance and memory
footprint for a given suite of software programs when compiled with these settings. Note
that the Pareto-optimal set consists of two points only.
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Fig. 6 shows a set of experiments in which we do both, exploring the effect of choosing 
and comparing against PAL and ParEGO (Knowles, 2006). Every plot in Fig. 6 corresponds
to one data set in Table 1. In each case, the x-axis shows the number of evaluations
(sampling cost) of f . For -PAL and PAL this is T (the total number of iterations) plus
the evaluations of designs in P̂ that have not been evaluated yet while running the algorithm.
On the y-axis, we show the average percentage error e(P, P̂ ) as defined above. We measure
the error at each iteration, and plot (t, e(P, P̂ )). As expected, the error in all cases decreases
with increasing numbers of evaluations.
-PAL provides a wide range of accuracy-cost trade-offs as an effect of choosing different
 configurations. When  = 30%, only a few iterations are made by the algorithm, returning
an error of less than 7% with less than 30 function evaluations in all cases. On the other
hand, for  = 1%, -PAL yields an error of less than 0.7% with less than 50 function
evaluations in all cases.

Figure 5: The first row shows the -accurate Pareto fronts (black line) of the SNW design
space obtained with -PAL for  ∈ {1%, 12%, 30%}. The second row shows equivalent plots for PAL in which the prediction P̂ is composed of the sampled points
and the points classified as Pareto optimal at the termination of the algorithm.
The red shaded line in each plots is the true Pareto front of the design space.
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The first row of Fig. 5 shows the -accurate Pareto front Z(P̂ ) obtained with -PAL for
three different configurations of , using the first data set. The red shaded line is the true
Pareto front found by exhaustive evaluation. The gray points are the ones that have been
either sampled during the execution of -PAL or selected to be part of the -Pareto front.
We can see that, as intended, with larger values of , a less accurate Pareto front is obtained,
but also fewer points are evaluated. The rest of the points are discarded by -PAL during
its execution.
The second row of Fig. 5 shows equivalent plots obtained with PAL. PAL attempts to
classify points as Pareto optimal or not Pareto-optimal until all points have been classified;
it uses  to ease this classification. Therefore, as  increases, more points are selected
as Pareto optimal. The gray points in the plots correspond to solutions that are either
evaluated during the execution of PAL or classified as Pareto optimal. It is clear that PAL
does not generate an -accurate Pareto set, but simply uses a parameter  to make the
algorithm terminate at different stages. The prediction can be as precise as the models
for fi generated with the samples gathered by the termination of the algorithm. For small
values of , the resulting Pareto front is close to the true Pareto front because more samples
have been taken and a more accurate classification can be made. On the other hand, for
large values of , this happens because most points are classified as Pareto optimal, even
though they are far from the true Pareto front. In all cases, the returned Pareto front
attempts to be as close as possible to the true Pareto front.

7.4 Quality of Pareto Front Prediction

The distance is expressed as a percentage of the range ri , in order to compare the results
between the two dimensions and amongst the different data sets.

e(P, P̂ ) = avgx∈P minx0 ∈P̂ max1≤i≤2

(x0 ))

After running -PAL with any of the data sets, a prediction P̂ ⊂ E of the true Pareto set
is returned. Some of the points in P̂ are then already evaluated, i.e., f is already known;
for the others the exact value of f was not necessary to generate the prediction. For such
points, the objective functions are evaluated after running -PAL to determine their values
and thus all of f (P̂ ). We compare the prediction P̂ with the true Pareto set P , where f (P )
is obtained through exhaustive evaluation. The comparison uses a percentage prediction
error e(P, P̂ ) based on the concept of -dominance. It is the average maximum distance
found between a point in f (P ) and the closest point in f (P̂ ).
When considering two objective functions, i.e., m = 2, f (x) = (f1 (x), f2 (x)). In this
case, the prediction error is calculated as

7.3 Prediction Error

15 points were chosen uniformly at random. For LLVM-SW, as the dimensionality of the
design space is much larger, 30 points were taken.
All of the experiments were run on a machine equipped with two 6-Core Intel Xeon
X5680 (3.06GHz) and 144GB (1333MHz) of memory.
log(f2 )
log(f2 )
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We observe that -PAL and PAL in all cases significantly improve over ParEGO. In
particular, the gains on SW-LLVM were considerable. Overall, the number of evaluations
was reduced by 1/3 to 2/3 in all cases when comparing against ParEGO. -PAL overall
compares favorably to PAL except for SW-LLVM, where PAL wins for a small range in the
error/performance tradeoff space.

PAL (purple line) generates a more constrained set of trade-offs using the same  configurations that were used for -PAL. The actual P̂ reported in (Zuluaga et al., 2013)
corresponds to the Pareto-optimal points amongst all pairs (µ1 (x), µ2 (x)) for x ∈ E. On
the other hand, ParEGO (gray line) does not provide a methodology to stop the algorithm
in different stages of accuracy and cost. We then plot a continuous line that shows the
error obtained by the set St of sampled points on every iteration of the algorithm t, i.e.,
we plot points (|St |, e(P, St )). ParEGO uses a heuristic to find the number of samples of
the starting population depending on the characteristics of the design space. Hence the line
always starts with a certain minimum number of evaluations.

The plots in Fig. 6 also show a point in which -PAL achieves an error of 0. This is
obtained with  = 0, δ = 0.05 and βt having the exact value suggested by Theorem 1. Under
these configurations, -PAL yields a perfect prediction with less than 115 evaluations in all
cases.

The measured error e(P, P̂ ) is comparable with  as they both measure how far the
predicted Pareto front is from the true Pareto front.  measures the desired accuracy, and
e(P, P̂ ) measures what is obtained. We can then say that -PAL meets the expectations
on the prediction for all  configurations and in all cases.

Figure 6: Prediction error e(P, P̂ ) vs. number of evaluations. For -PAL and PAL the
values  ∈ {30%, 20%, 16%, 12%, 8%, 4%, 2%, 1%} are used. The corresponding
points are consecutive in the lines for -PAL and PAL.

e(P, P̂ )[%]
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As explained above, -PAL returns an -accurate Pareto set and PAL returns a more
dense Pareto set, therefore, the prediction error in PAL is always fairly small and in most
of the cases it requires more function evaluations. In the case of SW-LLVM, there are
some trade-offs obtained with -PAL that yield slightly higher errors than those obtained
with PAL. This is because -PAL eliminates solutions along its execution and as the corresponding design space has only one Pareto point, when this is removed, the error obtained
increases considerably. However the error is within the expected range, i.e., below that
indicated by . Additionally, if the design space is not too large, after the termination of
the algorithm, all points that were discarded can be again predicted by the model to find a
more accurate Pareto set similar to what PAL returns.
In conclusion, -PAL in most cases produces better trade-offs than PAL and ParEGO.
In comparison to PAL, it uses more effectively the fact that the users, by setting , are
expressing their desire to generate only -accurate Pareto fronts in exchange for a smaller
number of function evaluations. This means that it can offer a wider range of trade-offs
between accuracy and number of evaluations. Moreover, the resulting Pareto fronts contain
a variety of trade-offs between the underlying multi-objective design space, that are spread
evenly along the range of possibilities.
7.5 Execution Time
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A drawback of PAL is the high number of computations required per iteration, which
constrains it to small design spaces. As explained in Section 6, -PAL reduces the number
of computations per iteration by a factor of n while achieving better results than PAL. In
this section, we compare the runtime of executing PAL and -PAL with our three data sets.
Another advantage of -PAL that helps improving its computational efficiency is that it
uses  to discard more points from the design space as its value increases. In PAL on the
other hand, as  increases, the number of points classified as Pareto optimal increases, and
thus those points require computations on every iteration until the algorithm terminates.
The first plot in Fig. 7 shows runtime speedups, obtained with the three data sets and
all the values of  considered before. We measured for each value of  the runtime for
-PAL and PAL and divide them to obtain the speedups. Here we assume that the cost of
evaluating f is 0. The plot shows that, as expected, the speedups improve as n increases.
Therefore, LLVM-SW, which has the largest design space of all data sets, obtains the largest
speedups, from 45× with  = 1% up to 420× with  = 30%. Better speedups are obtained
with larger values of  since more points can be discarded during the first iterations.
The second plot in Fig. 7 shows equivalent results but this time assuming that evaluating
f takes 30 minutes. In this case, the speedups are smaller, going up to almost 3× for
 = 30%. This is because the data sets are relatively small and thus the gains in runtime
are offset by the high cost of evaluating f . In other words, the speedups that we observed
here are speedups on function evaluations and are related to the improvements that can
be visualized in Fig. 6. These improvements come from the fact that -PAL requires less
function evaluations than PAL to achieve an error equivalent to the requested . As a result,
the denser the true Pareto front of the design space, the better the speedups obtained by
using -PAL. For this reason, LLVM-SW does not generate important speedups on function
evaluations, since the true Pareto front is composed of only one point. The best speedups
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In this paper, we proposed a novel algorithm for efficiently localizing an -accurate Paretofrontier in multi-objective optimization. In the spirit of Bayesian optimization, it uses
Gaussian processes to exploit prior information about the objective functions’ regularity to
predict the objective functions, to guide the sampling process, and to make inferences about
the optimality of designs without directly evaluating them. We presented an extensive
theoretical analysis including bounds for the number of samples required to achieve the
desired target accuracy.
The algorithm described in this paper presents major improvements from its predecessor
PAL. First, it returns an -accurate Pareto front instead of a dense approximation of the
true Pareto front. It is often the case that a small difference in the objective function,
conveyed to the algorithm with the parameter , does not affect the quality of a design
significantly. Thus, it is preferable to reduce the number of evaluations made and to obtain
a set of close-to-optimal solutions well distributed in the objective space.
A second improvement over PAL is that -PAL reduces the asymptotic runtime, which
facilitates the exploration of larger design spaces, in which perhaps the function evaluation
is less expensive.
Finally, we demonstrated the effectiveness of our approach on three case studies obtained
from real engineering applications. Our results show that we offer better cost-performance
trade-offs in comparison to ParEGO and PAL. Across all data sets and almost all desired
accuracies, -PAL outperforms ParEGO, requiring in most cases 30% to 70% less function

8. Conclusions

are obtained with SNW, followed by NoC, tha same order as the densities of their true
Pareto curves.

Figure 7: Speedups obtained by using -PAL against using PAL. The plot of the left shows
the speedups on the runtime of -PAL, assuming that function evaluations are
free. The plot on the right shows speedups assuming that one function evaluation
takes 30 minutes.
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evaluations. Moreover, we showed that our parameterization strategy provides a wide range
of cost-performance trade-offs. In comparison to PAL, our experiments show that -PAL
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design space required to meet the user’s desired level of accuracy by up to 2.9×.
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Appendix A. Theoretical Analysis and Asymptotic Bounds
This section provides the proofs of Theorem 1, which follows from Lemmas 1 to 8.

(10)

Lemma 1 Assume that the target functions fi , 0 ≤ i ≤ m, are bounded on their RKHS
norm ||fi ||k . Given δ ∈ (0, 1) and βt = 2||fi ||k2 + 300γt log3 (m|E|t/δ), the following holds
with probability ≥ 1 − δ:
1/2

|fi (x) − µt−1,i (x)| ≤ βt σt−1,i (x)

for all 1 ≤ i ≤ m, x ∈ E, for all t ≥ 1.
In other words, with probability ≥ 1 − δ:
f (x) ∈ Rt (x) for all x ∈ E, for all t ≥ 1
Proof According to Theorem 6 in (Srinivas et al., 2012), the following inequality holds:
n
o
1/2
P r |fi (x) − µt−1,i (x)| > βt σt−1,i (x) ≤ δ 0 ,

(11)

with βt = 2||fi ||k2 + 300γt log3 (t/δ 0 ). Applying the union bound for i, t ∈ N, we obtain that
the following holds with probability ≥ 1 − m|E|δ 0 :

1/2

for all 1 ≤ i ≤ m, for all x ∈ E,

|fi (x) − µt−1,i (x)| ≤ βt σt−1,i (x)

with βt = 2||fi ||k2 + 300γt log3 (t/δ 0 ). The lemma holds by choosing δ = m|E|δ 0 .

T

t=1

1X
2
log(1 + σ −2 σt−1
(xt )).
2

Lemma 2 If m = 1 and f T = (f (xt ))1≤t≤T , then
I(y T ; f T ) =

This is directly taken from Lemma 5.3 in (Srinivas et al., 2010). Hereby I(y T ; f T ) =
H(f T ) − H(f T | (x1 , y 1 ), . . . , (xT , y T )) is the mutual information between the function
values f T and the noisy observations y T = f T + νT where where νT ∼ N (0, σ 2 I). This
relation holds no matter in what sequence the samples xt are picked by -PAL, and no
matter what values y t are being observed. Latter statement is true since for Gaussian
processes the posterior variance over f only depends on where it is evaluated, i.e., xT , not
on the actual values y T observed (Srinivas et al., 2010).

wt2 ≤ βT C1 I(y T ; f T ) ≤ C1 βT γT for all T ≥ 1,
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Lemma 3 Given δ ∈ (0, 1) and βt = 2 log(m|E|πt /δ), the following holds:
T
X
t=1

where C1 = 8/ log(1 + σ −2 ).
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2
log(1 + σ −2 σt−1,i
(xt ))

2
σ −2 σt−1,i
(xt )

i=1

m
X

i=1

m
X

wt2 ≤ 4βt kσ t−1 (xt )k22 .

Proof One of the rectangles of which Rt (xt ) is the intersection has a diagonal length of
1/2
2βt kσ t−1 (xt )k2 : as a consequence,
As βt is increasing, we have that
wt2 ≤ 4βT σ 2

≤ 4βT σ 2 C2

m
X

i=1

I(y T ; fT,i )

≤ βT C1 I(y T ; f T )

wt2 ≤ βT C1

with C2 = σ −2 / log(1 + σ −2 ) ≥ 1, since s2 ≤ C2 log(1 + s2 ) for 0 ≤ s ≤ σ −2 , and
2
σ −2 σt−1,i
(xt ) ≤ σ −2 ki (xt , xt ) ≤ σ −2 .
Using C1 = 8σ 2 C2 and Lemma 2 we have that
T
X
t=1

wt ≤

p
C1 T βT γT for all T ≥ 1

Lemma 4 Given δ ∈ (0, 1) and βt = 2 log(m|E|πt /δ), the following holds with probability
≥ 1 − δ:
T
X

t=1

P
PT
Proof This follows from Lemma 3, since ( tT wt )2 ≤ T t=1
wt2 by the Cauchy-Schwarz
inequality.

Lemma 5 Running -PAL with a monotonic classification, it holds that wt decreases with
t.

Proof As a direct consequence of the sample selection rule, wt−1 (xt ) ≤ wt−1 . On the other
hand, wt (x) ≤ wt−1 (x) and thus, wt ≤ wt−1 (xt ). The lemma follows.
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Lemma 6 Running -PAL with δ ∈ (0, 1) and βt = 2 log(m|E|πt /δ), the following holds:
(
)
r
C1 β T γ T
for all T ≥ 1 ≥ 1 − δ,
(12)
T
P r wT ≤

where C1 = 8/ log(1 + σ −2 ) and πt = π 2 t2 /6.

28

t=1 w t /T

PT
≥ wT .

max(Rt (x))  min(Rt (x0 )) + ,

29
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Proof According to Definition 5, an -accurate Pareto set of E requires every point of E
to have an -dominator in P̂ . In the discarding stage of -PAL, points in Ut are discarded
if they are -dominated by a pessimistic Pareto point. If a point is -dominated in E, it
is -dominated by a point in the pessimistic Pareto set of E. Therefore, the discarding
stage of -PAL ensures that there will be always be a point in the remaining sets that
-dominates the points that are discarded. Pessimistic Pareto points are only discarded
if they are -dominated by any point in Pt . Hence, all discarding decisions are “safe”, in
the sense that for every discarded point, there is always at least one -dominating point
remaining. They are also “complete”, i.e., only points that belong to Z (E) are moved to
Pt . Hence, at termination, since Ut is empty, all remaining points Pt form an -accurate
Pareto set of E.

Lemma 8 If -PAL is run until its termination with some  and confidence parameter δ,
then with probability at least 1 − δ it holds that Π(P̂ ) is an -accurate Pareto set of E.

which is the condition that ensures that x  x0 . This means that there is a point x0 ∈ Ut ∪Pt
that dominates x, and therefore x will be discarded.

It follows that

min(Rt (x)) + w  min(Rt (x0 )) + .

Since w  , this is equivalent to

min(Rt (x)) +   min(Rt (x0 )) + w.

Using max(Rt (x0 )) = min(Rt (x0 )) + w, we can rewrite

max(Rt (x0 ))  min(Rt (x)) + .

Proof Since wt is un upper bound of || max(Rt (x)) − min(Rt (x))||2 , it is enough to show
(1)
(m)
that the statement is true if w = max(Rt (xi )) − min(Rt (xi )) = (wt , . . . , wt ) for all
xi ∈ Ut ∪ Pt . Therefore, wt ≤ ||||∞ implies w  .
We show that if w  , in the same iteration of -PAL all points in Ut will be either
moved to Pt or discarded.
If a point x does not belong to Z (E), then there is a point x0 such that

Lemma 7 If when running -PAL, wt ≤ ||||∞ holds at iteration t, then the algorithm
terminates without further sampling.

Proof This is derived from Lemmas 4 and 5, since
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3. Analysis regularization: the graph trend filtering problem directly penalizes (possibly higher
order) differences in the fitted signal across nodes. Therefore graph trend filtering falls into
what is called the analysis framework for defining estimators. Alternatively, in the synthesis
framework, we would first construct a suitable basis over the graph, and then regress the

2. Computational efficiency: graph trend filtering is defined by a regularized least squares
problem, in which the penalty term is nonsmooth, but convex and structured enough to permit
efficient large-scale computation.

1. Local adaptivity: graph trend filtering can adapt to inhomogeneity in the level of smoothness
of an observed signal across nodes. This stands in contrast to the usual `2 -based methods,
e.g., Laplacian regularization (Smola and Kondor, 2003), which enforce smoothness globally
with a much heavier hand, and tends to yield estimates that are either smooth or else wiggly
throughout.

Nonparametric regression has a rich history in statistics, carrying well over 50 years of associated
literature. The goal of this paper is to port a successful idea in univariate nonparametric regression,
trend filtering (Steidl et al., 2006; Kim et al., 2009; Tibshirani, 2014; Wang et al., 2014), to the
setting of estimation on graphs. The proposed estimator, graph trend filtering, shares three key
properties of trend filtering in the univariate setting.

1. Introduction

Keywords: trend filtering, graph smoothing, total variation denoising, fused lasso, local adaptivity

We introduce a family of adaptive estimators on graphs, based on penalizing the `1 norm of discrete
graph differences. This generalizes the idea of trend filtering (Kim et al., 2009; Tibshirani, 2014),
used for univariate nonparametric regression, to graphs. Analogous to the univariate case, graph
trend filtering exhibits a level of local adaptivity unmatched by the usual `2 -based graph smoothers.
It is also defined by a convex minimization problem that is readily solved (e.g., by fast ADMM or
Newton algorithms). We demonstrate the merits of graph trend filtering through both examples and
theory.
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ky − W θk22 + λkθk1 (wavelet smoothing),
2

2
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where y ∈ Rn the vector of observations measured over the n = 402 nodes in the graph, L ∈ Rn×n
is the graph Laplacian matrix, and W ∈ Rn×n is a wavelet basis built over the graph. The
wavelet smoothing problem displayed above is really an oversimplified representation of the class
of wavelets methods, since it only encapsulates estimators that employ an orthogonal wavelet basis W (and soft-threshold the wavelet coefficients). For the present experiment, we constructed
W according to the spanning tree wavelet design of Sharpnack et al. (2013a); we found this construction performed best among the graph wavelet designs we considered for the data at hand. For
completeness, the results from alternative wavelet designs are given in the Appendix.
Graph trend filtering, Laplacian smoothing, and wavelet smoothing each have their own regularization parameters λ, and these parameters are not generally on the same scale. Therefore, in our
comparisons we use effective degrees of freedom (df) as a common measure for the complexities of
the fitted models. The top right panel of Figure 1 shows the graph trend filtering estimate with 68
df. We see that it adaptively fits the sharp peaks in the center of the graph, and smooths out the surrounding regions appropriately. The graph Laplacian estimate with 68 df (bottom left), substantially
oversmooths the high peaks in the center, while at 132 df (bottom middle), it begins to detect the
high peaks in the center, but undersmooths neighboring regions. Wavelet smoothing performs quite
poorly across all df values—it appears to be most affected by the level of noise in the observations.
As a more quantitative assessment, Figure 2 shows the mean squared errors between the estimates and the true underlying signal. The differences in performance here are analogous to the
univariate case, when comparing trend filtering to smoothing splines (Tibshirani, 2014). At smaller
df values, Laplacian smoothing, due to its global considerations, fails to adapt to local differences
across nodes. Trend filtering performs much better at low df values, and yet it matches Laplacian
smoothing when both are sufficiently complex, i.e., in the overfitting regime. This demonstrates that
the local flexibility of trend filtering estimates is a key attribute.
Here is an outline for the rest of this article. Section 2 defines graph trend filtering and gives
underlying motivation and intuition. Section 3 covers basic properties and extensions of the graph

θ∈Rn

min

β∈Rn

min ky − βk22 + λβ > Lβ (Laplacian smoothing),

As a motivating example, consider a denoising problem on 402 census tracts of Allegheny
County, PA, arranged into a graph with 402 vertices and 2382 edges obtained by connecting spatially adjacent tracts. To illustrate the adaptive property of graph trend filtering we generated an
artificial signal with inhomogeneous smoothness across the nodes, and two sharp peaks near the
center of the graph, as can be seen in the top left panel of Figure 1. (The signal was formed using
a mixture of five Gaussians, in the underlying spatial coordinates.) We drew noisy observations
around this signal, shown in the top right panel of the figure, and we fit graph trend filtering, graph
Laplacian smoothing, and wavelet smoothing to these observations. Graph trend filtering is to be
defined in Section 2 (here we used k = 2, quadratic order); the latter two, recall, are defined by the
optimization problems

observed signal over this basis; e.g., Shuman et al. (2013) survey a number of such approaches
using wavelets; likewise, kernel methods regularize in terms of the eigenfunctions of the
graph Laplacian (Kondor and Lafferty, 2002). An advantage of analysis regularization is that
it easily yields complex extensions of the basic estimator by mixing penalties.
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Figure 2: Mean squared errors for the Allegheny County example. Results were averaged over 10
simulations; the bars denote ±1 standard errors.

Mean Squared Error

Figure 1: Color maps for the Allegheny County example.
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trend filtering estimator. Section 4 examines computational approaches, and Section 5 looks at a
number of both real and simulated data examples. Section 6 presents asymptotic error bounds for
graph trend filtering. Section 7 concludes with a discussion. As for notation, we write XA to extract
the rows of a matrix X ∈ Rm×n that correspond to a subset A ⊆ {1, . . . m}, and X−A to extract the
complementary rows. We use a similar convention for vectors: xA and x−A denote the components
of a vector x ∈ Rm that correspond to the set A and its complement, respectively. We write row(X)
and null(X) for the row and null spaces of X, respectively, and X † for the pseudoinverse of X,
with X † = (X > X)† X > when X is rectangular.

2. Trend Filtering on Graphs

In this section, we motivate and formally define graph trend filtering.
2.1 Review: Univariate Trend Filtering

1
ky − βk22 + λkD(k+1) βk1 ,
2

(1)

We begin by reviewing trend filtering in the univariate setting, where discrete difference operators
play a central role. Suppose that we observe y = (y1 , . . . yn ) ∈ Rn across input locations x =
(x1 , . . . xn ) ∈ Rn ; for simplicity, suppose that the inputs are evenly spaced, say, x = (1, . . . n).
Given an integer k ≥ 0, the kth order trend filtering estimate β̂ = (β̂1 , . . . β̂n ) is defined as
β∈Rn

β̂ = argmin

(3)

where λ ≥ 0 is a tuning parameter, and D(k+1) is the discrete difference operator of order k + 1.
When k = 0, problem (1) employs the first difference operator,


−1
1
0 ... 0


1
.
.
.
0
 0 −1

D(1) =  .
(2)
.
..
..
 ..

.
.
0
0 . . . −1 1
Pn−1
|βi+1 − βi |, and the 0th order trend filtering estimate in (1) reduces
Therefore kD(1) βk1 = i=1
to the 1-dimensional fused lasso estimator (Tibshirani et al., 2005), also called 1-dimensional total
variation denoising (Rudin et al., 1992). For k ≥ 1 the operator D(k+1) is defined recursively by

D(k+1) = D(1) D(k) ,

with D(1) above denoting the (n − k − 1) × (n − k) version of the first difference operator in (2). In
words, D(k+1) is given by taking first differences of kth differences. The interpretation is hence that
problem (1) penalizes the changes in the kth discrete differences of the fitted trend. The estimated
components β̂1 , . . . β̂n exhibit the form of a kth order piecewise polynomial function, evaluated over
the input locations x1 , . . . xn . This can be formally verified (Tibshirani, 2014; Wang et al., 2014) by
examining a continuous-time analog of (1).
2.2 Trend Filtering over Graphs
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Let G = (V, E) be an graph, with vertices V = {1, . . . n} and undirected edges E = {e1 , . . . em },
and suppose that we observe y = (y1 , . . . yn ) ∈ Rn over the nodes. Following the univariate

4

(4)

↑
i

↑
j

(5)

5
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We give some insight for our definition of graph difference operators (5), (6), based on the idea of
piecewise polynomials over graphs. In the univariate case, as described in Section 2.1, sparsity of β
under the difference operator D(k+1) implies a specific kth order piecewise polynomial structure for

2.3 Piecewise Polynomials over Graphs

Above, we abbreviated the oriented incidence matrix ∆(1) by D of G, and exploited the fact that
L = D> D is one representation for the graph Laplacian matrix. Note that ∆(k+1) ∈ Rn×n for odd
k, and ∆(k+1) ∈ Rm×n for even k.
An important point is that our defined graph difference operators (5), (6) reduce to the univariate
ones (2), (3) in the case of a chain graph (in which V = {1, . . . n} and E = {(i, i + 1) : i =
1, . . . n − 1}), modulo boundary terms. That is, when k is even, if one removes the first k/2 rows
and last k/2 rows of ∆(k+1) for the chain graph, then one recovers D(k+1) ; when k is odd, if one
removes the first and last (k + 1)/2 rows of ∆(k+1) for the chain graph, then one recovers D(k+1) .
Further intuition for our graph difference operators is given next.

where the orientations of signs are arbitrary. Like trend filtering in the 1d setting, the 0th order graph
trend filtering estimate coincides with the fused lasso (total variation regularized) estimate over G
(Hoefling, 2010; Tibshirani and Taylor, 2011; Sharpnack et al., 2012).
For k ≥ 1, we use a recursion to define the higher order graph difference operators, in a manner
similar to the univariate case. The recursion alternates in multiplying by the first difference operator
∆(1) and its transpose (taking into account that this matrix not square):
(
k+1
(∆(1) )> ∆(k) = L 2
for odd k
(k+1)
∆
=
(6)
k
∆(1) ∆(k) = DL 2
for even k.

∆` = (0, . . . −1, . . . 1, . . . 0),

(1)

so that the penalty term in (4) sums the absolute differences across connected nodes in G. To achieve
this, we let ∆(1) ∈ {−1, 0, 1}m×n be the oriented incidence matrix of the graph G, containing one
row for each edge in the graph; specifically, if e` = (i, j), then ∆(1) has `th row

(i,j)∈E

In broad terms, this problem (like univariate trend filtering) is a type of generalized lasso problem
(Tibshirani and Taylor, 2011), in which the penalty matrix ∆(k+1) is a suitably defined graph difference operator, of order k + 1. In fact, the novelty in our proposal lies entirely within the definition
of this operator.
When k = 0, we define first order graph difference operator ∆(1) in such a way it yields the
graph-equivalent of a penalty on local differences:
X
|βi − βj |.
k∆(1) βk1 =

β∈Rn

1
ky − βk22 + λk∆(k+1) βk1 .
2

β∈Rn

6
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It is instructive to compare the graph trend filtering estimator, as defined in (4), (5), (6) to Laplacian
smoothing (Smola and Kondor, 2003). Standard Laplacian smoothing uses the same least squares
loss as in (4), but replaces the penalty term with β > Lβ. A natural generalization would be to allow
for a power of the Laplacian matrix L, and define kth order graph Laplacian smoothing according
to
β̂ = argmin ky − βk22 + λβ > Lk+1 β.
(7)

2.4 `1 versus `2 Regularization

In Figure 3, we illustrate the graph trend filtering estimator on a 2d grid graph of dimension
20 × 20, i.e., a grid graph with 400 nodes and 740 edges. For each of the cases k = 0, 1, 2, we
generated synthetic measurements over the grid, and computed a GTF estimate of the corresponding
order. We chose the 2d grid setting so that the piecewise polynomial nature of GTF estimates could
be visualized. Below each plot, the utilized graph trend filtering penalty is displayed in more explicit
detail.

• Piecewise polynomial (k ≥ 2): We say that β has a piecewise quadratic structure over G if
the first differences αi − αj of the second differences α = ∆(2) β are mostly zero, over edges
(i, j) ∈ P
E. Likewise, β has a piecewise cubic structure over G if the second differences
αi − n1i (i,j)∈E αj of the second differences α = ∆(2) β are mostly zero, over nodes i ∈ V .
This argument extends, alternating between leading first and second differences for even and
odd k. Sparsity of ∆(k+1) β in either case exactly corresponds to many of these differences
being zero, by construction.

for many nodes i ∈ V , where ni is the number of nodes adjacent to i. In words, we are
requiring that the signal components can be linearly interpolated from its neighboring values
at many nodes in the graph. This is quite a natural notion of (piecewise) linearity: requiring
that βi be equal to the average of its neighboring values would enforce linearity at βi under
an appropriate embedding of the points in Euclidean space. Again, this is precisely the same
as requiring ∆(2) β to be sparse, since ∆(2) = L, the graph Laplacian.

(i,j)∈E

• Piecewise linear (k = 1): we say that a signal β has a piecewise linear structure over G if β
satisfies
1 X
βi −
βj = 0,
ni

• Piecewise constant (k = 0): we say that a signal β is piecewise constant over a graph G if
many of the differences βi − βj are zero across edges (i, j) ∈ E in G. Note that this is exactly
the property associated with sparsity of ∆(1) β, since ∆(1) = D, the oriented incidence matrix
of G.

the components of β (Tibshirani, 2014; Wang et al., 2014). Since the components of β correspond to
(real-valued) input locations x = (x1 , . . . xn ), the interpretation of a piecewise polynomial here is
unambiguous. But for a graph, one might ask: does sparsity of ∆(k+1) β mean that the components
of β are piecewise polynomial? And what does the latter even mean, as the components of β are
defined over the nodes? To address these questions, we intuitively define a piecewise polynomial
over a graph, and show that it implies sparsity under our constructed graph difference operators.

definition in (1), we define the kth order graph trend filtering (GTF) estimate β̂ = (β̂1 , . . . β̂n ) by

β̂ = argmin
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Figure 3: Graph trend filtering estimates of orders k = 0, 1, 2 on a 2d grid. The utilized `1 graph
difference penalties are shown in elementwise detail below each plot (first, second, and third order
graph differences).
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The above penalty term can be written as kL(k+1)/2 βk22 for odd k, and kDLk/2 βk22 for even k; i.e.,
this penalty is exactly k∆(k+1) βk22 for the graph difference operator ∆(k+1) defined previously.
As we can see, the critical difference between graph Laplacian smoothing (7) and graph trend
filtering (4) lies in the choice of penalty norm: `2 in the former, and `1 in the latter. The effect of the
`1 penalty is that the GTF program can set many (higher order) graph differences to zero exactly,
and leave others at large nonzero values; i.e., the GTF estimate can simultaneously be smooth in
some parts of the graph and wiggly in others. On the other hand, due to the (squared) `2 penalty, the
graph Laplacian smoother cannot set any graph differences to zero exactly, and roughly speaking,
must choose between making all graph differences small or large. The relevant analogy here is
the comparison between the lasso and ridge regression, or univariate trend filtering and smoothing
splines (Tibshirani, 2014), and the suggestion is that GTF can adapt to the proper local degree of
smoothness, while Laplacian smoothing cannot. This is strongly supported by the examples given
throughout this paper.
2.5 Related Work

Some authors from the signal processing community, e.g., Bredies et al. (2010); Setzer et al. (2011),
have studied total generalized variation (TGV), a higher order variant of total variation regularization. Moreover, several discrete versions of these operators have been proposed. They are often
similar to the construction that we have. However, the focus of these works is mostly on how well
a discrete functional approximates its continuous counterpart. This is quite different from our concern, as a signal on a graph (say a social network) may not have any meaningful continuous-space
embedding at all. In addition, we are not aware of any study on the statistical properties of these
regularizers. In fact, our theoretical analysis in Section 6 may be extended to these methods too.

3. Properties and Extensions

We first study the structure of graph trend filtering estimates, then discuss interpretations and extensions.

3.1 Basic Structure and Degrees of Freedom

We describe the basic structure of graph trend filtering estimates and present an unbiased estimate
for their degrees of freedom. Let the tuning parameter λ be arbitrary but fixed. By virtue of the `1
penalty in (4), the solution β̂ satisfies supp(∆(k+1) β̂) = A for some active set A (typically A is
(k+1)
(k+1)
smaller when λ is larger). Trivially, we can reexpress this as ∆−A β̂ = 0, or β̂ ∈ null(∆−A ).
Therefore, the basic structure of GTF estimates is revealed by analyzing the null space of the sub(k+1)
operator ∆−A .

(k+1)

k

JMLR 17(105):1-41

Lemma 1 Assume without a loss of generality that G is connected (otherwise the results apply to
each connected component of G). Let D, L be the oriented incidence matrix and Laplacian matrix
of G. For even k, let A ⊆ {1, . . . m}, and let G−A denote the subgraph induced by removing the
edges indexed by A (i.e., removing edges e` , ` ∈ A). Let C1 , . . . Cs be the connected components of
G−A . Then

null(∆−A ) = span{1} + (L† ) 2 span{1C1 , . . . 1Cs },

8

v : v−A = 0}.

(k+1)

JMLR 17(105):1-41
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10

4.1 A Fast ADMM Algorithm

9

v : v−A = 0}.

Graph trend filtering is defined by a convex optimization problem (4). In principle this means
that, at least for small or moderately sized problems, its solutions can be reliably computed using a
variety of standard algorithms. In order to handle larger scale problems, we describe two specialized
algorithms that improve on generic procedures by taking advantage of the structure of ∆(k+1) .

4. Computation

Several extensions of the proposed graph trend filtering model are possible. Trend filtering over
a weighted graph, for example, could be performed by using a properly weighted version of the
edge incidence matrix in (5), and carrying forward the same recursion in (6) for the higher order
difference operators. As another example, the Gaussian regression loss in (4) could be changed to
another suitable likelihood-derived losses in order to accommodate a different data type for y, say,
logistic regression loss for binary data, or Poisson regression loss for count data.
In Section 5.2, we explore a modest extension of GTF, where we add a strongly convex prior
term to the criterion in (4) to assist in performing graph-based imputation from partially observed
data over the nodes. In Section 5.3, we investigate a modification of the proposed regularization
scheme, where we add a pure `1 penalty on β in (4), hence forming a sparse variant of GTF. Other
potentially interesting penalty extensions include: mixing graph difference penalties of various orders, and tying together several denoising tasks with a group penalty. Extensions such as these are
easily built, recall, as a result of the analysis framework used by the GTF program, wherein the estimate defined through direct regularization via an analyzing operator, the `1 -based graph difference
penalty k∆(k+1) βk1 .

3.3 Extensions

We reparametrize (4) by introducing auxiliary variables, so that we can apply ADMM. For even k,
we use a special transformation that is critical for fast computation (following Ramdas and Tibshirani (2015) in univariate trend filtering); for odd k, this is not possible. The reparametrizations for

k+1
2

k

For k = 2, this result says that GTF estimates are given by choosing a partition C1 , . . . Cs of the
nodes, and assigning a constant input voltage to each element of the partition. We then solve for the
induced current (and potentially shift this by an overall constant amount). The process is iterated
for k = 4, 6, . . . by relabeling the induced current as input voltage.
The comparison between the structure of estimates for k = 2 and k = 3 is informative: in a
sense, the above tells us that 2nd order GTF estimates will be smoother than 3rd order estimates,
as a sparse input voltage vector need not induce a current that is piecewise constant over nodes in
the graph. For example, an input voltage vector that has only a few nodes with very large nonzero
values will induce a current that is peaked around these nodes, but not piecewise constant.

(k+1)

null(∆−A ) = span{1} + (L† ) 2 span{1C1 , . . . 1Cs }.

For k = 1, this says that GTF estimates are formed by assigning a sparse number of nodes in the
graph a nonzero voltage v, then solving for the induced current L† v (and shifting this entire current

null(∆−A ) = span{1} + {(L† )

(k+1)

Lemma 1 reveals a mathematical structure for GTF estimates β̂, which satisfy β̂ ∈ null(∆−A )
for some set A. It is interesting to interpret the results using the electrical network perspective for
graphs (Vishnoi, 2012). In this perspective, we imagine replacing each edge in the graph with a
resistor of value 1. If u ∈ Rn describes how much current is going in at each node in the graph,
then v = Lu describes the induced voltage at each node. Provided that 1> c = 0, which means that
the total accumulation of current in the network is 0, we can solve for the current values from the
voltage values: u = L† v.
The odd case in Lemma 1 asserts that

3.2 Electrical Network Interpretation

As a result of Lemma 2, we can form simple unbiased estimate for df(β̂); for k odd, this is
max{|A|, 1}, and for k even, this is the number of connected components of G−A , where A is the
support of ∆(k+1) β̂. When reporting degrees of freedom for graph trend filtering (as in the example
in the introduction), we use these unbiased estimates.

Here A = supp(∆(k+1) β̂) denotes the active set of β̂.

Lemma 2 Assume that G is connected. Let β̂ denote the GTF estimate at a fixed but arbitrary value
of λ. Under the normal error model y ∼ N (β0 , σ 2 I), the GTF estimate β̂ has degrees of freedom
given by
(
E [max {|A|, 1}]
odd k,
df(β̂) =
E [number of connected components of G−A ] even k.

The proof of Lemma 1 appears in the Appendix. The lemma is useful for a few reasons. First,
as motivated above, it describes the coarse structure of GTF solutions. When k = 0, we can
see (as (L† )0/2 = I) that β̂ will indeed be piecewise constant over groups of nodes C1 , . . . Cs of
G. For k = 2, 4, . . ., this structure is smoothed by multiplying such piecewise constant levels by
(L† )k/2 . Meanwhile, for k = 1, 3 . . ., the structure of the GTF estimate is based on assigning
nonzero values to a subset A of nodes, and then smoothing through multiplication by (L† )(k+1)/2 .
Both of these smoothing operations, which depend on L† , have interesting interpretations in terms
of to the electrical network perspective for graphs. This is developed in the next subsection.
A second use of Lemma 1 is that it leads to a simple expression for the degrees of freedom, i.e.,
the effective number of parameters, of the GTF estimate β̂. From results on generalized lasso prob(k+1)
lems (Tibshirani and Taylor, 2011, 2012), we have df(β̂) = E[nullity(∆−A )], with A denoting
the support of ∆(k+1) β̂, and nullity(X) the dimension of the null space of a matrix X. Applying
Lemma 1 then gives the following.

null(∆−A ) = span{1} + {(L† )

k+1
2

vector by a constant amount). For k = 3, we assign a sparse number of nodes a nonzero voltage,
solve for the induced current, and then repeat this: we relabel the induced current as input voltages
to the nodes, and compute the new induced current. This process is again iterated for k = 5, 7, . . ..
The even case in Lemma 1 asserts that

where 1 = (1, . . . 1) ∈ Rn , and 1C1 , . . . 1Cs ∈ Rn are the indicator vectors over connected
components. For odd k, let A ⊆ {1, . . . n}. Then

(k+1)
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even and odd k are
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k
1
min
ky − βk2 + λkDzk s.t. z = L 2 x,
1
2
β,z∈Rn 2
k+1
1
ky − βk22 + λkzk1 s.t. z = L 2 x,
2

min

β,z∈Rn

respectively. Recall that D is the oriented incidence matrix and L is the graph Laplacian. The
augmented Lagrangian is
1
ρ
ρ
ky − βk22 + λkSzk1 + kz − Lq β + uk22 − kuk22 ,
2
2
2

(9)

(8)

where S = D or S = I depending on whether k is even or odd, and likewise q = k/2 or q =
(k + 1)/2. ADMM then proceeds by iteratively minimizing the augmented Lagrangian over β,
minimizing over z, and performing a dual update over u. The β and z updates are of the form, for
some b,
β ← (I + ρL2q )−1 b,
1
λ
kb − xk22 + kSxk1 ,
2
ρ
x∈Rn

z ← argmin

The linear system in (8) is well-conditioned, sparse, and can be solved efficiently using the preconditioned conjugate gradient method. This involves only multiplication with Laplacian matrices.
For a small enough choices of ρ > 0 (the augmented Lagrangian parameter), the system in (8) is
diagonally dominant, special Laplacian/SDD solvers can be applied, which run in almost linear time
(Spielman and Teng, 2004; Koutis et al., 2011; Kelner et al., 2013).
For S = I, the update in (9) is simply given by soft-thresholding, and for S = D, it is given by
graph TV denoising, i.e., given by solving a graph fused lasso problem. Note that this subproblem
has the exact structure of the graph trend filtering problem (4) with k = 0. A direct approach for
graph TV denoising is available based on parametric max-flow (Chambolle and Darbon, 2009), and
this algorithm is empirically much faster than its worst-case complexity (Boykov and Kolmogorov,
2004). In the special case that the underlying graph is a grid, a promising alternative method employs proximal stacking techniques (Barbero and Sra, 2014).
4.2 A Fast Newton Method
As an alternative to ADMM, a projected Newton-type method (Bertsekas, 1982; Barbero and Sra,
2011) can be used to solve (4) via its dual problem:
v∈Rr

v̂ = argmin ky − (∆(k+1) )> vk22 s.t. kvk∞ ≤ λ.
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The solution of (4) is then given by β̂ = y − (∆(k+1) )> v̂. (For univariate trend filtering, Kim et al.
(2009) adopt a similar strategy, but instead use an interior point method.) The projected Newton
method performs updates using a reduced Hessian, so abbreviating ∆ = ∆(k+1) , each iteration
boils down to
v ← a + (∆I> )† b,
(10)
11
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for some a, b and set of indices I. The linear system in (10) is always sparse, but conditioning
becomes an issue as k grows (note that the same problem does not occur in (8) because of the addition of the identity matrix I). We have found empirically that a preconditioned conjugate gradient
method works quite well for (10) for k = 1, but struggles for larger k.
4.3 Computation Summary

Algorithm
Parametric max-flow
Projected Newton method
ADMM with parametric max-flow
ADMM with soft-thresholding

In our experience, the following algorithms work well for the various order k of graph trend filtering.
We remark that orders k = 0, 1, 2 are of most practical interest (and solutions of polynomial order
k ≥ 3 are less likely to be sought in practice).1
Order
k=0
k=1
k = 2, 4, . . .
k = 3, 5, . . .

Figure 4 compares performances of the described algorithms on a moderately large simulated
example, using a 2d grid graph. We see that when k = 1, the projected Newton method converges
faster than ADMM (superlinear versus at best linear convergence). When k = 2, the story is
reversed, as the projected Newton iterations quickly become stagnant, and the ADMM enjoys better
convergence.

5. Examples

In this section, we present a variety of examples of running graph trend filtering on real graphs.

5.1 Trend Filtering over the Facebook Graph

In the Introduction, we examined the denoising power of graph trend filtering in a spatial setting.
Here we examine the behavior of graph trend filtering on a nonplanar graph: the Facebook graph
from the Stanford Network Analysis Project (http://snap.stanford.edu). This is composed of 4039 nodes representing Facebook users, and 88,234 edges representing friendships, collected from real survey participants; the graph has one connected component, but the observed
degree sequence is very mixed, ranging from 1 to 1045 (refer to McAuley and Leskovec (2012) for
more details).
We generated synthetic measurements over the Facebook nodes (users) based on three different
ground truth models, so that we can precisely evaluate and compare the estimation accuracy of
GTF, Laplacian smoothing, and wavelet smoothing. For the latter, we again used the spanning
tree wavelet design of Sharpnack et al. (2013a), because it performed among the best of wavelets
designs in all data settings considered here. Results from other wavelet designs are presented in
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1. Loosely speaking, each order k = 0, 1, 2 provides solutions that exhibit a different class of structure: k = 0 gives
piecewise constant solutions, k = 1 gives piecewise linear, and k = 2 gives piecewise smooth. All orders k ≥ 3
continue to give piecewise smooth fits, with less and less transparent differences (the practical differences between
piecewise quadratic versus piecewise linear fits is greater than piecewise cubic versus piecewise quadratic, etc.). Since
the conditioning of the graph trend filtering operator ∆(k+1) worsens as k increases, which makes computation more
difficult, it makes most practical sense to simply choose k = 2 whenever a piecewise smooth fit is desired.

12
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In each case, the synthetic measurements were formed by adding noise to x. We note that model
1 is designed to be favorable for Laplace smoothing; model 2 is designed to be favorable for GTF;
and in the inhomogeneity in model 3 is designed to be challenging for Laplacian smoothing, and
favorable for the more adaptive GTF and wavelet methods.
Figure 5 shows the performance of the three estimation methods, over a wide range of noise
levels in the synthetic measurements; performance here is measured by the best achieved mean
squared error, allowing each method to be tuned optimally at each noise level. The summary: GTF
estimates are (expectedly) superior when the Laplacian-based sparsity pattern is in effect (model 2),
but are nonetheless highly competitive in both other settings—the dense case, in which Laplacian
smoothing thrives, and the inhomogeneous random walk case, in which wavelets thrive.

3. Inhomogeneous random walk: we ran a set of decaying random walks at different starter
nodes in the graph, and recorded in x the total number of visits at each node. Specifically, we
chose 10 nodes as starter nodes, and assigned each starter node a decay probability uniformly
at random between 0 and 1 (this is the probability that the walk terminates at each step instead
of travelling to a neighboring node). At each starter node, we also sent out a varying number
of random walks, chosen uniformly between 0 and 1000.

2. Sparse Poisson equation: we solved the Poisson equation Lx = b for x, where b is sparse
and has 30 nonzero entries (again i.i.d. normal draws).

1. Dense Poisson equation: we solved the Poisson equation Lx = b for x, where b is arbitrary
and dense (its entries were i.i.d. normal draws).

the Appendix. The three ground truth models represent very different scenarios for the underlying
signal x, each one favorable to different estimation methods. These are:

Figure 4: Convergence plots for projected Newton method and ADMM for solving GTF with k = 1
and k = 2. The algorithms are all run on a 2d grid graph (an 512 × 512 image) with 262,144 nodes
and 523,264 edges. For projected Newton, we plot the duality gap across iterations; for ADMM, we
plot the average of the primal and dual residuals (which also serves as a valid suboptimality bound
in the ADMM framework).
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Figure 5: Performance of GTF and others for three generative models on the Facebook graph. The
x-axis shows the negative SnR: 10 log10 (nσ 2 /kxk22 ), where n = 4039, x is the underlying signal,
and σ 2 is the noise variance. Hence the noise level is increasing from left to right. The y-axis shows
the denoised negative SnR: 10 log10 (MSE/kxk22 ), where MSE denotes mean squared error, so the
achieved MSE is increasing from bottom to top.
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5.2 Graph-Based Transductive Learning over UCI Data

j=1

(11)

Graph trend filtering can used for graph-based transductive learning, as motivated by the work of
Talukdar and Crammer (2009); Talukdar and Pereira (2010), who rely on Laplacian regularization. Consider a semi-supervised learning setting, where we are given only a small number of
seed labels over nodes of a graph, and the goal is to impute the labels on the remaining nodes.
Write O ⊆ {1, . . . n} for the set of observed nodes, and assume that each observed label falls
into {1, . . . K}. Then we can define the modified absorption problem under graph trend filtering
regularization (MAD-GTF) by

j=1

K X
K
K
X
X
X
(Yij − Bij )2 + λ
k∆(k+1) Bj k1 + 
kRj − Bj k22 .

B∈Rn×K j=1 i∈O

B̂ = argmin

MAD−GTF k=0
MAD−GTF k=1
MAD−GTF k=2
MAD−Laplacian

r
r
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The matrix Y ∈ Rn×K is an indicator matrix: each observed row i ∈ O is described by Yij = 1
if class j is observed and Yij = 0 otherwise. The matrix B ∈ Rn×K contains fitted probabilities,
with Bij giving the probability that node i is of class j. We write Bj for its jth column, and hence
the middle term in the above criterion encourages each set of class probabilities to behave smoothly
over the graph. The last term in the above criterion ties the fitted probabilities to some given prior
weights R ∈ Rn×K . In principle  could act as a second tuning parameter, but for simplicity we
take  to be small and fixed, with any  > 0 guaranteeing that the criterion in (11) is strictly convex,
and thus has a unique solution B̂. The entries of B̂ need not be probabilites in any strict sense, but
we can still interpret them as relative probabilities, and imputation can be performed by assigning
each unobserved node i ∈
/ O a class label j such that B̂ij is largest.

1.2
1.1
1
0.9
0.8
0.7
t
iris adul wine
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Our specification of MAD-GTF only deviates from the MAD proposalPof Talukdar and CramK
mer (2009) in that these authors used the Laplacian regularization term j=1
Bj> LBj , in place
of `1 -based graph difference regularizer in (11). If the underlying class probabilities are thought

Figure 6: Ratio of the misclassification rate of MAD-GTF to MAD-Laplacian, for graph-based
imputation, on the 11 most popular UCI classification data sets.

MCR Ratio: MAD−GTF / MAD−Laplacian

# of classes
# of samples
Laplacian
GTF, k = 0
p-value
GTF, k = 1
p-value
GTF, k = 2
p-value

iris
3
150
0.085
0.102
0.254
0.087
0.443
0.084
0.798

wine
3
178
0.060
0.055
0.406
0.055
0.025
0.052
0.024

car
4
1,728
0.316
0.294
0.091
0.293
0.012
0.309
0.523

breast
2
569
0.064
0.500
0.000
0.063
0.498
0.059
0.073

abalone
29
4,177
0.872
0.888
0.090
0.874
0.699
0.865
0.144

wine-qual.
6
1,599
0.712
0.709
0.953
0.713
0.920
0.738
0.479

poker
10
3,000
0.814
0.801
0.732
0.813
0.801
0.774
0.138
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adult
2
32,561
0.270
0.293
0.648
0.275
0.413
0.259
0.482

heart
2
303
0.208
0.472
0.000
0.175
0.134
0.175
0.301

ads
2
3,279
0.306
0.212
0.006
0.218
0.054
0.244
0.212

yeast
10
1,484
0.566
0.726
0.000
0.563
0.636
0.552
0.100

Table 1: Misclassification rates of MAD-Laplacian and MAD-GTF for imputation in the UCI data
sets. We also compute p-values over the 10 repetitions for each data set (10 draws of nodes to serve
as seed labels) via paired t-tests. Cases where MAD-GTF achieves significantly better misclassification rate, at the 0.1 level, are highlighted in green; cases where MAD-GTF achieves a significantly
worse miclassification rate, at the 0.1 level, are highlighted in red.

to have heterogeneous smoothness over the graph, then replacing the Laplacian regularizer with
the GTF-designed one might lead to better performance. As a broad comparison of the two methods, we ran them on the 11 most popular classification data sets from the UCI Machine Learning
repository (http://archive.ics.uci.edu/ml/).2 For each data set, we constructed a 5nearest-neighbor graph based on the Euclidean distance between provided features, and randomly
selected 5 seeds per class to serve as the observed class labels. Then we set  = 0.01, used prior
weights Rij = 1/K for all i and j, and chose the tuning parameter λ over a wide grid of values
to represent the best achievable performance by each method, on each experiment. Figure 6 and
Table 1 summarize the misclassification rates from imputation using MAD-Laplacian and MADGTF, averaged over 10 repetitions of the randomly selected seed labels. We see that MAD-GTF
with k = 0 (basically a graph partition akin to MRF-based graph cut, using an Ising model) does
not seem to work as well as the smoother alternatives. Importantly, MAD-GTF with k = 1 and
k = 2 both perform at least as well, and sometimes better, than MAD-Laplacian on each one of the
UCI data sets. Recall that these data sets were selected entirely based on their popularity, and not
at all on the belief that they might represent favorable scenarios for GTF (i.e., not on the prospect
that they might exhibit some heterogeneity in the distribution of class labels over their respective
graphs). Therefore, the fact that MAD-GTF nonetheless performs competitively in such a broad
range of experiments is convincing evidence for the utility of the GTF regularizer.

5.3 Event Detection with NYC Taxi Trips Data

1
ky − βk22 + λ1 k∆(k+1) βk1 + λ2 kβk1 .
2

(12)

We illustrate a sparse variant of our proposed regularizers, given by adding a pure `1 penalty to the
coefficients in (4), as in
β∈Rn

β̂ = argmin

We call this sparse graph trend filtering, now with two tuning parameters λ1 , λ2 ≥ 0. Under the
proper tuning, the sparse GTF estimate will be zero at many nodes in the graph, and will otherwise
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2. We used all data sets here, except the “forest-fires” data set, which is a regression problem. Also, we zero-filled the
missing data in “internet-ads” data set and used a random one third of the data in the “poker” data set.

16

1
ky − βk22 + λk∆βk1 ,
2

(13)

17
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3. These authors also considered event detection, but their topological definition of an “event” is very different from
what we considered here, and hence our results not directly comparable.

β∈Rn

β̂ = argmin

In this section, we assume that y ∼ N (β0 , σ 2 I), and study asymptotic error rates for graph trend
filtering. (The assumption of a normal error model could be relaxed, but is used for simplicity). Our
analysis actually focuses more broadly on the generalized lasso problem

6. Estimation Error Bounds

In the bottom two panels of Figure 7, we compare sparse GTF with k = 0 (i.e., the sparse
graph fused lasso) and a sparse variant of Laplacian smoothing, obtained by replacing the first
regularization term in (12) by β > Lβ. For a qualitative visual comparison, the smoothing parameter
λ1 was chosen so that both methods have 200 degrees of freedom (without any sparsity imposed).
The sparsity parameter was then set as λ2 = 0.2. Similar to what we have seen already, GTF is able
to better localize its estimates around strong inhomogenous spikes in the measurements, and is able
to better capture the event of interest. The result of sparse Laplacian smoothing is far from localized
around the ground truth event, and displays many nonzero node estimates throughout distant regions
of the graph. If we were to decrease its flexibility (increase the smoothing parameter λ1 in its
problem formulation), then the sparse Laplacian output would display more smoothness over the
graph, but the node estimates around the ground truth region would also be grossly shrunken.

Note that the nonzero node estimates from sparse GTF applied to y, after proper tuning, mark
events of interest, because they convey substantial differences between the observed and expected
taxi counts. According to descriptions in the news, we know that the Gay Pride parade was a
giant march down at noon from 36th St. and Fifth Ave. all the way to Christopher St. in Greenwich
Village, and traffic was blocked over the entire route for two hours (meaning no pickups and dropoffs
could occur). We therefore hand-labeled this route as a crude “ground truth” for the event of interest,
illustrated in the left panel of Figure 7.

deviate smoothly from zero. This can be useful in situations where the observed signal represents
a difference between two smooth processes that are mostly similar, but exhibit (perhaps significant)
differences over a few regions of the graph. Here we apply it to the problem of detecting events
based on abnormalities in the number of taxi trips at different locations of New York city. This
data set was kindly provided by authors of Doraiswamy et al. (2014), who obtained the data from
NYC Taxi & Limosine Commission.3 Specifically, we consider the graph to be the road network of
Manhattan, which contains 3874 nodes (junctions) and 7070 edges (sections of roads that connect
two junctions). For measurements over the nodes, we used the number of taxi pickups and dropoffs
over a particular time period of interest: 12:00–2:00 pm on June 26, 2011, corresponding to the
Gay Pride parade. As pickups and dropoffs do not generically occur at road junctions, we used
interpolation to form counts over the graph nodes. A baseline seasonal average was calculated by
considering data from the same time block 12:00–2:00 pm on the same day of the week across the
nearest eight weeks. Thus the measurements y were then taken to be the difference between the
counts observed during the Gay Pride parade and the seasonal averages.
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Sparse Laplacian smoothing

Unfiltered signal
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Figure 7: Comparison of sparse GTF and sparse Laplacian smoothing. We can see qualitatively
that sparse GTF delivers better event detection with fewer false positives (zoomed-in, the sparse
Laplacian plot shows a scattering of many non-zero colors).

Sparse trend filtering

True parade route
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where ∆ ∈ Rr×n is an arbitrary linear operator, and r denotes its number of rows. Throughout,
we specialize the derived results to the graph difference operator ∆ = ∆(k+1) , to obtain concrete
statements about GTF over particular graphs. All proofs are deferred to the Appendix.
6.1 Basic Error Bounds
Using similar arguments to the basic inequality for the lasso (Buhlmann and van de Geer, 2011), we
have the following preliminary bound.
Theorem 3 Let √
M denote the maximum `2 norm of the columns of ∆† . Then for a tuning parameter
value λ = Θ(M log r), the generalized lasso estimate β̂ in (13) has average squared error
√


nullity(∆) M log r
+
· k∆β0 k1 .
n
n
kβ̂ − β0 k22
= OP
n

Recall that nullity(∆) denotes the dimension of the null space of ∆. For the GTF operator
∆(k+1) of any order k, note that nullity(∆(k+1) ) is the number of connected components in the
underlying graph.
When both k∆β0 k1 = O(1) and nullity(∆)√= O(1), Theorem 3 says that the estimate β̂
converges in average squared error at the rate M log r/n, in probability. This theorem is quite
general, as it applies to any linear operator ∆, and one might therefore think that it cannot yield fast
rates. Still, as we show next, it does imply consistency for graph trend filtering in certain cases.

;

;

Corollary 4 Consider the trend filtering estimator β̂ of order k, and the choice of the tuning parameter λ as in Theorem 3. Then:

log n k (k+1)
· n kD
β 0 k1
n

1. for univariate trend filtering (i.e., essentially GTF on a chain graph),
!
r
kβ̂ − β0 k22
= OP
n

nd

k+1
2

p
log(nd)

· k∆(k+1) β0 k1

2. for GTF on an Erdos-Renyi random graph, with edge probability p, and expected degree
d = np ≥ 1,
!
kβ̂ − β0 k22
= OP
n

nd

2

3. for GTF on a Ramanujan d-regular graph, and d ≥ 1,
!
p
log(nd)
· k∆(k+1) β0 k1 .
k+1
kβ̂ − β0 k22
= OP
n

Cases 2 and 3 of Corollary 4 stem from the simple inequality M ≤ k∆† k2 , the largest singular
value of ∆† . When ∆ = ∆(k+1) , the GTF operator of order k + 1, we have
k(∆(k+1) )† k2 ≤ 1/λmin (L)(k+1)/2 ,
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where λmin (L) is the smallest nonzero eigenvalue of the Laplacian L (also known as the Fiedler
eigenvalue (Fiedler, 1973)). In general, λmin (L) can be very small, leading to loose error bounds,
19
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(14)

but for the particular graphs in question, it is well-controlled. When k∆(k+1) β0 k1 is bounded,
cases 2 and 3 of the corollary show that the average squared error of GTF converges at the rate
p
log(nd)/(nd(k+1)/2 ). As k increases, this rate is stronger, but so is the assumption that k∆(k+1) β0 k1
is bounded.
Case 1 in Corollary 4 covers univariate trend filtering (which, recall, is basically the same as
GTF over a chain graph; the only differences between the two are boundary terms in the construction
of the difference operators). The result in case 1 is based on direct calculation of M , using specific
facts that are known about the univariate difference operators. It is natural in the univariate setting to
assume that nk kD(k+1) β0 k1 is bounded (this is the scaling that would link β0 to the evaluations of a
(k)
piecewise polynomial function f0 over [0, 1], withp
TV(f0 ) bounded). Under such an assumption,
the above corollary yields a convergence rate of log n/n for univariate trend filtering, which is
not tight. A more refined analysis shows the univariate trend filtering estimator to converge at the
minimax optimal rate n−(2k+2)/(2k+3) , proved in Tibshirani (2014) by using a connection between
univariate trend filtering and locally adaptive regression splines, and relying on sharp entropy-based
rates for locally adaptive regression splines from Mammen and van de Geer (1997). We note that in
a pure graph-centric setting, the latter strategy is not generally applicable, as the notion of a spline
function does not obviously extend to the nodes of an arbitrary graph structure.
In the next subsections, we develop more advanced strategies for deriving fast GTF error rates,
based on incoherence, and entropy. These can provide substantial improvements over the basic error
bound established in this subsection, but are only applicable to certain graph models. Fortunately,
this includes common graphs of interest, such as regular grids. To verify the sharpness of these
alternative strategies, we will show that they can be used to recover optimal rates of convergence
for trend filtering in the 1d setting.

6.2 Strong Error Bounds Based on Incoherence

A key step in the proof of Theorem 3 argues, roughly speaking, that
p
log rk∆xk1 ),

> ∆† ∆x ≤ k(∆† )> k∞ k∆xk1 = OP (M

(15)

where  ∼ N (0, σ 2 I). The second bound holds by a standard result on maxima of Gaussians (recall
that M is largest `2 norm of the columns of ∆† ). The first bound above uses Holder’s inequality;
note that this applies to any , ∆, i.e., it does not use any information about the distribution of , or
the properties of ∆. The next lemma reveals a potential advantage that can be gained from replacing
the bound (14), stemming from Holder’s inequality, with a “linearized” bound.

> x − A
= OP (B),
kxk2

Lemma 5 Denote  ∼ N (0, σ 2 I), and assume that
max

x∈S∆ (1)



nullity(∆) B 2 A
+
+ · k∆β0 k1 .
n
n
n

where S∆ (1) = {x ∈ row(∆) : k∆xk1 ≤ 1}. With λ = Θ(A), the generalized lasso estimate β̂
satisfies
kβ̂ − β0 k22
= OP
n

JMLR 17(105):1-41

The inequality in (15) is referred to as a “linearized” bound because it implies that for x ∈
S∆ (1),
> x = OP (A + Bkxk2 ),
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the estimator β̂ (here, essentially, the univariate trend filtering estimator) satisfies


 2 
2k+2
1
kβ̂ − β0 k22
2k+3
= OP n− 2k+3 (log n) 2k+3 · nk k∆(k+1) β0 k1
.
n

Corollary 7 Consider the GTF estimator β̂ of order k, over a chain graph, i.e., a 1d grid graph.
Letting


2k+1
1
− 2k+1
λ = Θ n 2k+3 (log n) 2k+3 k∆(k+1) β0 k1 2k+3 ,

Theorem 6 is proved by leveraging the linearized bound (15), which holds under the incoherence
condition on the singular vectors of ∆. Compared to the basic result in Theorem 3, the result in
Theorem 6 is clearly stronger as it allows us to replace M —which can grow like the reciprocal
of the minimum nonzero singular value of ∆—with something akin to the average reciprocal of
larger singular values. But it does, of course, also make
Pstronger assumptions (incoherence). It is
interesting to note that the functional in the theorem, qi=i0 +1 ξi−2 , was also determined to play
a leading role in error bounds for a graph Fourier based scan statistic in the hypothesis testing
framework (Sharpnack et al., 2013b).
Applying the above theorem to the GTF estimator requires knowledge of the singular vectors of
∆ = ∆(k+1) , the (k + 1)st order graph difference operator. The validity of an incoherence assumption on these singular vectors depend on the graph G in question. When k is odd, these singular
vectors are eigenvectors of the Laplacian L; when k is even, they are left singular vectors of the
edge incidence matrix D. Loosely speaking, these vectors will be incoherent when neighborhoods
of different vertices look roughly the same. Most social networks will have this property for the bulk
of their vertices (i.e., with the exception of a small number of high degree vertices). Grid graphs
also have this property. First, we consider trend filtering over a 1d grid, i.e., a chain (which, recall,
is essentially equivalent to univariate trend filtering).

Then the generalized lasso estimate β̂ has average squared error
v


u
q
u log r X
nullity(∆)
i
µ
1
kβ̂ − β0 k22
0
= OP 
+ + t
· k∆β0 k1  .
n
n
n
n
n
ξ2
i=i +1 i

0

for some constant µ ≥ 1. For i0 ∈ {1, . . . q}, let
 v

u
q
u log r X
1
.
λ = Θ µt
n
ξ2
i=i +1 i

Theorem 6 Let q = rank(∆), and let ξ1 ≤ . . . ≤ ξq denote the singular values of ∆, in increasing
order. Also let u1 , . . . uq be the corresponding left singular vectors. Assume that these vectors are
incoherent:
√
kui k∞ ≤ µ/ n, i = 1, . . . q,

√
and the right-hand side is a linear function of kxk2 . Indeed, for A = M 2 log r and B = 0,
this encompasses the bound in (14) as a special case, and the result of Lemma 5 reduces to that of
Theorem 3. But√the result in Lemma 5 can be much stronger, if A, B can be adjusted so that A is
smaller than M 2 log r, and B is also small. Such an arrangement is possible for certain operators
∆; e.g., it is possible under an incoherence-type assumption on ∆.

T REND F ILTERING ON G RAPHS

√
√
n × n.

kxk2

1−w/2

> x

= OP (K),

22

(16)
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√
4. This is because 1/ n is the distance between adjacent 2d grid points, when viewed as a 2d lattice over [0, 1]2 .


1−w/2 
2
−
λ = Θ K 1+w/2 · k∆β0 k1 1+w/2 ,

where recall S∆ (1) = {x ∈ row(∆) : k∆xk1 ≤ 1}. Then with

x∈S∆ (1)

max

Lemma 9 Denote  ∼ N (0, σ 2 I), and assume that for a constant w < 2,

A different “fractional” bound on the Gaussian contrast > x, over x ∈ S∆ (1), provides an alternate
route to deriving sharper rates. This style of bound is inspired by the seminal work of van de Geer
(1990).

6.3 Strong Error Bounds Based on Entropy

The 2d result in Corollary 8 is written in a form that mimics the 1d result in Corollary 7, as we
claim that the analog of boundedness of nk k∆(k+1) β0 k1 in 1d is boundedness of nk/2 k∆(k+1) β0 k1
in 2d.4 Thus, under the appropriate boundedness condition, the 2d rate shows improvement over
the 1d rate, which makes sense, since regularization here is being enforced in a richer manner. It is
worthwhile highlighting the result for k = 0 in particular: this says that, when the sum of absolute
discrete differences k∆(1) β0 k1 is bounded over a 2d grid, the 2d fused lasso (i.e., 2d total variation
denoising) has error rate n−4/5 . This is faster than the n−2/3 rate for the 1d fused lasso, when the
sum of absolute differences kD(1) β0 k1 is bounded. Rates for higher dimensional grid graphs (for
all k) follow from analogous arguments, but we omit the details.


 k
 4 
2k+4
1
kβ̂ − β0 k22
2k+5
= OP n− 2k+5 (log n) 2k+5 · n 2 k∆(k+1) β0 k1
.
n

the estimator β̂ satisfies

Corollary 8 Consider the GTF estimator β̂ of order k, over a 2d grid graph, of size
Letting


2k+1
1
− 2k+1
λ = Θ n 2k+5 (log n) 2k+5 k∆(k+1) β0 k1 2k+5 ,

We note that the above corollary essentially recovers the optimal rate of convergence for the
univariate trend filtering estimator, for all orders k. (To be precise, it studies GTF on a chain graph
instead, but this is basically the same problem.) When nk k∆(k+1) β0 k1 is assumed to be bounded,
a natural assumption in the univariate setting, the corollary shows the estimator to converge at the
rate n−(2k+2)/(2k+3) (log n)1/(2k+3) . Ignoring the log factor, this matches the minimax optimal
rate as established in Tibshirani (2014); Wang et al. (2014). Importantly, the proof of Corollary 7,
unlike that used in previous works, is free from any dependence on univariate spline functions; it is
completely graph-theoretic, and only uses on the incoherence properties of the 1d grid graph. The
strength of this approach is its wider applicability, which we demonstrate by moving up to 2d grids.
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2

w
nullity(∆) K 1+w/2
+
· k∆β0 k11+w/2
n
n

the generalized lasso estimate β̂ satisfies
kβ̂ − β0 k22
= OP
n

!
.

The main motivation for bounds of the form (16) is that they follow from entropy bounds on
the set S∆ (1). Recall that for a set S, the covering number N (δ, S, k · k) is the fewest number of
balls of radius δ that cover S, with respect to the norm k · k. The log covering or entropy number is
log N (δ, S, k·k). In the next result, we make the connection between between entropy and fractional
bounds precise; this follows closely from Lemma 3.5 of van de Geer (1990).



.

Theorem 10 Suppose that there exist a constant w < 2 such that for n large enough,
 √n  w
log N (δ, S∆ (1), k · k2 ) ≤ E
,
(17)
δ
√
for δ > 0, where E can depend on n. Then the fractional bound in (16) holds with K = Enw/4 ,
and as a result, for

1−w/2 
w/2
1
−
λ = Θ E 1+w/2 n 1+w/2 k∆β0 k1 1+w/2 ,

w
1
nullity(∆)
− 1
+ E 1+w/2 n 1+w/2 · k∆β0 k11+w/2
n

the generalized lasso estimate β̂ has average squared error

kβ̂ − β0 k22
= OP
n

To make use of the result in Theorem 10, we must obtain an entropy bound as in (17), on the
set S∆ (1). The literature on entropy numbers is rich, and there are various methods for computing
entropy bounds, any of which can be used for these purposes as long as the bounds fit the form
of (17), as required by the theorem. For bounding the entropy of a set like S∆ (1), two common
techniques are to use a characterization of the spectral decay of ∆† , or an analysis of the correlations
between columns of ∆† . For a nice review of such strategies and their applications, we refer the
reader to Section 6 of van de Geer and Lederer (2013) and Section 14.12 of Buhlmann and van de
Geer (2011). We do not pursue either of these two strategies in the current paper. We instead
consider a third, somewhat more transparent strategy, based on a covering number bound of the
columns of ∆† .
Lemma 11 Let g1 , . . . gr denote the “atoms” associated with the operator ∆, i.e., the columns of
∆† , and let G = {±gi : i = 1, . . . r} denote the symmetrized set of atoms. Suppose that there exists
constants ζ, C0 with the following property: for each j = 1, . . . 2r, there is an arrangement of j
balls having radius at most
√
C0 nj −1/ζ ,



ζ
nullity(∆)
− 2+ζ
+ n 2+2ζ · k∆β0 k11+ζ
n



.
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with respect to the norm k · k2 , that covers G. Then the entropy bound in (17) is met with w =
2ζ/(2 + ζ) and E = O(1). Therefore, the generalized lasso estimate β̂, with


ζ
− 1
λ = Θ n 2+2ζ k∆β0 k1 1+ζ ,
satisfies

kβ̂ − β0 k22
= OP
n
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The entropy-based results in this subsection (Lemma 9, Theorem 10, and Lemma 11) may
appear more complex than those involving incoherence in the previous subsection (Lemma 5 and
Theorem 6). Indeed, the same can be said of their proofs, which can be found in the Appendix. But
after all this entropy machinery has all been established, it can actually be remarkably easy to use,
say, Lemma 11 to produce sharp results. We conclude by giving an example.

Corollary 12 Consider the 1d fused lasso, i.e., the GTF estimator with k = 0 over a chain graph.
In this case, we have ∆ = D(1) , the univariate difference
operator, and the symmetrized set G of
p
atoms can be covered by j balls with radius at most 2n/j, for j = 1, . . . 2(n − 1). Hence, with
−1/3
λ = Θ(n1/3 kD(1) β0 k1 ), the 1d fused lasso estimate β̂ satisfies



kβ̂ − β0 k22
2/3
= OP n−2/3 · kD(1) β0 k1
.
n

This corollary rederives the optimal convergence rate of n−2/3 for the univariate fused lasso,
assuming boundedness of kD(1) β0 k1 , as has been already shown in Mammen and van de Geer
(1997); Tibshirani (2014). Like Corollary 7 (but unlike previous works), its proof does not rely on
any special facts about 1d functions of bounded variation. It only uses a covering number bound
on the columns of the operator (D(1) )+ , a strategy that, in principle, extends to many other settings
(graphs). It is worth emphasizing just how simple this covering number construction is, compared
to the incoherence-based arguments that lead to the same result; we invite the curious reader to
compare the proofs of Corollaries 7 and 12.

7. Discussion

In this work, we proposed graph trend filtering as a useful alternative to Laplacian and wavelet
smoothers on graphs. This is analogous to the usefulness of univariate trend filtering in nonparametric regression, as an alternative to smoothing splines and wavelets (Tibshirani, 2014). We have
documented empirical evidence for the superior local adaptivity of the `1 -based GTF over the `2 based graph Laplacian smoother, and the superior robustness of GTF over wavelet smoothing in
high-noise scenarios. Our theoretical analysis provides a basis for a deeper understanding of the
estimation properties of GTF. More precise theoretical characterizations involving entropy will be
the topic of future work, as will comparisons between the error rates achieved by GTF and other
common estimators, such as Laplacian smoothing. These extensions, and many others, are well
within reach.
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In the left panel of Figure 8, we plot the mean squared errors for these new wavelet methods
over the same 10 simulations from the Allegheny County example in Figure 2 of Section A.1. The
middle and right panels of the figure show the denoised signals from the new methods fit to the
data in Figure 1, at their optimal degrees of freedom (df) values (in terms of the achieved MSE).
We can see that the spanning tree wavelet design of Sharpnack et al. (2013a) is the best performer
among the three candidate wavelet designs. In a rough sense, the construction of Irion (2015)
seems to perform similarly to that of Sharpnack et al. (2013a), in that the MSE is best for larger df
values (corresponding to more nonzero wavelet coefficients, i.e., complex fitted models), whereas
the construction of Coiman and Maggioni (2006) performs best for smaller df values (fewer nonzero
wavelet coefficients, i.e., simpler fitted models).

In our experiments, we used the wavelet implementations released by the authors of Coiman and
Maggioni (2006); Irion (2015) with their default settings. In particular, the former implementation
of Coiman and Maggioni (2006) builds wavelets from a diffusion operator constructed from the
adjacency matrix of a graph, and the cost function for the best basis is defined by the `1 norm of
the wavelet coefficients. The latter implementation of Irion (2015) uses a more exhaustive search,
building wavelet packets through a hierarchical partitioning and eigentransform of three different
Laplacian matrices and a fourth generalized Haar-Walsh transform (GHWT), then choosing the
best basis from all four collections by optimizing a meta cost function of the `p norm of wavelet
coefficients over p ∈ {0.1, 0.2, . . . 2}. This is the “cumulative relative error” defined in equation
(7.5) of Irion (2015).

In addition to considering the wavelet design of Sharpnack et al. (2013a) for the Allegheny County
example, we also considered designs of Coiman and Maggioni (2006)—a classic method that builds
diffusion wavelets on a graph, and Irion (2015)—a more recent graph wavelet construction. In contrast to Sharpnack et al. (2013a), which produces a single signal-independent orthogonal basis for
a graph, both Coiman and Maggioni (2006); Irion (2015) build wavelet packets from a given graph
structure. A wavelet packet is an overcomplete basis indexed by a hierarchical data structure that
can be used to generate an exponential number of orthogonal bases. This construction is computationally expensive as it typically involves computing eigendecompositions of large matrices. Once
the wavelet packet has been constructed, for each input signal that one observes over the graph in
question, one runs a “best basis” algorithm to choose a particular orthogonal basis from the wavelet
packet by optimizing a particular cost function of the eventual wavelet coefficients. This is based
on a message-passing-like dynamic programming algorithm, and can be quite efficient. Lastly, the
denoising procedure is defined as usual (e.g., as in Donoho and Johnstone (1995)), namely, one
performs the basis transformation, soft-thresholds (or hard-thresholds) the coefficients, and then
reconstructs the denoised signal.

A.1 Allegheny County Example

We provide detailed comparisons to a few recently proposed wavelet approaches for graph smoothing.

Appendix A. Additional Analysis from Alternative Wavelet Designs
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Figure 8: Additional wavelet analysis of the Allegheny County example.
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(k+1)
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null(∆(k+1) ) = span{1} + span{1}⊥ ∩ {u : DL 2 u = 0}.

k
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For even k, we have ∆(k+1) = DLk/2 , so if A denotes a subset of edges, then ∆−A = D−A Lk/2 .
Recall that for a connected graph, null(L) = span{1}, and the same is true for any power of L.
This means that we can write

B.1 Proof of Lemma 1

Here we present proofs of our theoretical results presented in Sections 3 and 6.

Appendix B. Proofs of Theoretical Results

Figure 9 shows the results for the two new wavelet methods on the Facebook graph simulation,
using the same setup as in Figure 5. Once again, we find that the spanning tree wavelets of Sharpnack et al. (2013a) perform better or on par with the other two wavelet methods across essentially
all scenarios.

Again, we consider the designs of Coiman and Maggioni (2006); Irion (2015) for the Facebook
graph example of Section 5.1. Due to practical reasons, we had to change some of the default
settings in the implementations provided by the authors of these wavelet methods; in the wavelet
implementation of Coiman and Maggioni (2006), we took the power of the diffusion operator to
be 1 instead of 4 (since the latter choice threw an error in the provided code); and in the wavelet
implementation of Irion (2015), we used another “best basis” algorithm that only searches within
the basis collection from the GHWT eigendecomposition, as the original algorithm was too slow
due to the larger scale considered in this example. (In most examples in Irion (2015), the chosen
bases come from the GHWT eigendecomposition.) We view these changes as minor, because when
the same changes were applied to the methods of Coiman and Maggioni (2006); Irion (2015) on the
smaller Allegheny County example, there are no obvious differences in the results.

A.2 Facebook Graph Example
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 ∼ N (0, σ 2 I).

k

Figure 9: Additional wavelet analysis of the Facebook graph example.
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Note that if 1> u = 0, then v = L 2 u ⇐⇒ u = (L† ) 2 u. Moreover, if G−A has connected components C1 , . . . Cs , then null(D−A ) = span{1C1 , . . . 1Cs }. Putting these statements together proves
the result for even k. For k odd, the arguments are similar.

Denoised Negative SnR in dB
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Denote R = row(∆), the row space of ∆, and R⊥ = null(∆), the null space of ∆. Also let PR be
the projection onto R, and PR⊥ the projection onto R⊥ . Consider

1
β̂ = argmin ky − βk22 + λk∆βk1 ,
β∈Rn 2
1
kPR y − βk22 + λk∆βk1 .
2
β∈Rn

β̃ = argmin

The first quantity β̂ ∈ Rn is the estimate of interest, the second one β̃ ∈ R is easier to analyze. Note
that
β̂ = PR⊥ y + β̃,

and write kxkR = kPR xk2 , kxkR⊥ = kPR⊥ xk2 . Then

2
2
kβ̂ − β0 k22 = kkR
⊥ + kβ̃ − β0 kR .

(18)

The first term is on the order dim(R⊥ ) = nullity(∆), and it suffices to bound the second term.
Now we establish a basic inequality for β̃. By optimality of β̃, we have

1
1
2
2
ky − β̃kR
+ λk∆β̃k1 ≤ ky − β0 kR
+ λk∆β0 k1 ,
2
2
and after rearranging terms,

2
kβ̃ − β0 kR
≤ 2> PR (β̃ − β0 ) + 2λk∆β0 k1 − 2λk∆β̃k1 .

This is our basic inequality. In the first term above, we use PR = ∆† ∆, and apply Holder’s inequality:
> ∆† ∆(β̃ − β0 ) ≤ k(∆† )> k∞ k∆(β̃ − β0 )k1 .
(19)

If λ ≥ k(∆† )> k∞ , then from (18), (19), and the triangle inequality, we see that

2
kβ̃ − β0 kR
≤ 4λk∆β0 k1 .

2
kβ̃ − β0 kR
= OP M

√
Well, k(∆† )> k∞ = OP (M log r) by a standard result on the maximum of Gaussians (derived
using the union bound, and Mills’ bound on the Gaussian
tail), where recall M is the maximum `2
√
norm of the columns of ∆† . Thus with λ = Θ(M log r), we have from the above that
p

log rk∆β0 k1 ,
as desired.

B.3 Proof of Corollary 4
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Case 1. When β̂ is the univariate trend filtering estimator of order k, we are considering a penalty
matrix ∆ = D(k+1) , the univariate difference operator of order k + 1. Note that D(k+1) ∈
R(n−k−1)×n , and its null space has constant dimension k + 1. We show in Lemma 13 of Appendix
(k)
(k)
B.4 that (D(k+1) )† = PR H2 /k!, where R = row(D(k+1) ), and H2 ∈ Rn×(n−k−1) contains the
last n − k − 1 columns of the order k falling factorial basis matrix (Wang et al., 2014), evaluated

28

(k)

kxk2 ≤1

†

†

,

As ∆ =

∆(k+1) ,
(20)

the graph difference

)=

min

x∈R:kxk2 ≤1

kL

k+1
2

 k+1
xk2 ≥ σmin (L) 2 ,

x∈R:kxk2 ≤1

min

kDL

k+1
2

k
xk2 ≥ σmin (D) σmin (L) 2 ,

where we denote R = row(D(k+1) ), and H2
order falling factorial basis matrix.

(k)
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∈ Rn×(n−k−1) the last n − k − 1 columns of the kth

(D(k+1) )† =

(k)
PR H2 /k!,

Lemma 13 The (k + 1)st order discrete difference operator has pseudoinverse

B.4 Calculation of (D(k+1) )†

e.g., see Lubotzky et al. (1988); Marcus et al. (2014) for the Ramanujan graph and Feige and Ofek
(2005); Chung and Radcliffe (2011) for the Erdos-Renyi graph. This completes the proof.

p
where σmin (D) = λmin (L), since D> D = L. This verifies the claim.
Having established (20), it suffices to lower bound λmin (L) for the two graphs in question.
Indeed, for both graphs, we have the lower bound
√
λmin (L) = Ω(d − d).

σmin (DL 2 ) =

k

and σmin (L) = λmin (L), since L is symmetric. Above, R denotes the row space of L (the space
orthogonal to the vector 1 of all 1s). For even k, we have ∆(k+1) = DLk/2 , and again

σmin (L

k+1
2

where λmin (L) denotes the smallest nonzero eigenvalue of the graph Laplacian L. To see this, note
first that k∆† k2 = 1/σmin (∆), where the denominator is the smallest nonzero singular value of ∆.
Now for odd k, we have ∆(k+1) = L(k+1)/2 , and the claim follows as

k+1
2

∆† .

k∆† k2 ≤ 1/λmin (L)

the right-hand side being the maximum singular value of
operator of order k + 1, we claim that

i=1,...r

M = max ∆ ei ≤ max ∆ x = k∆ k2 ,

†

Cases 2 and 3. When G is the Ramanujan d-regular graph, the number of edges in the graph is
O(nd). The operator ∆ = ∆(k+1) has number of rows r = n when k is odd and r = O(nd) when k
is even; overall this is O(nd). The dimension of the null space of ∆ is constant (it is in fact 1, since
the graph is connected). When G is the Erdos-Renyi random graph, the same bounds apply to the
number of rows and the dimension of the null space, except that the bounds become probabilistic
ones.
Now we apply the crude inequality, with ei , i = 1, . . . r denoting the standard basis vectors,

over the input points x1 = 1, . . . xn = n. The largest column norm of PR H2 /k! is on the order of
nk+1/2 , which proves the result.

T REND F ILTERING ON G RAPHS

(DD> )−1 D>

=

(D† )> b,

and this

(21)

DC > w + DD> x = Db,

a = CD> x = CD> (DD> )−1 Db = CPR b,

w = (CC > )−1 (a − CD> x).



w
x



= H > PR b/k!.

30
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Remark. The above proof did not rely on the input points x1 , . . . xn ; indeed, the result holds true
for any sequence of inputs used to define the discrete difference matrix and falling factorial basis
matrix.

Finally, writing H2 for the last n − k − 1 columns of H, we have x = H2> PR b/k!, as desired.

and, using D̃−1 = H/k!,

where PR is the projection onto row space of D. Thus we can reexpress (22) as

 

w
CPR b
D̃D̃>
=
= D̃PR b
x
Db

That is, we want to choose

i.e.,

CC > w + CD> x = a,

and so if we can choose a in (22) so that at the solution we have w = 0, then x is the solution in
(21). The first equation in (22) reads

The second equation reads

where H = H (k) is falling factorial basis matrix of order k, evaluated over x1 , . . . xn . With this in
mind, consider the expanded linear system


 

CC > CD>
w
a
=
.
(22)
>
>
x
Db
DC
DD

D̃−1 = H/k!,

where C ∈ R(k+1)×n is the matrix that collects the first row of each lower order difference operator,
defined in Lemma 2 of Wang et al. (2014). From this same lemma, we know that

in x, where b ∈
is arbitrary. We seek an expression for x =
will tell us the form of D† . Define


C
D̃ =
∈ Rn×n ,
D
Rn

DD> x = Db

Proof We abbreviate D = D(k+1) , and consider the linear system
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B.5 Proof of Lemma 5

T REND F ILTERING ON G RAPHS

We follow the proof of Theorem 3, up until the application of Holder’s inequality in (19). In place
of this step, we use the linearized bound in (15), which we claim implies that
> PR (β̃ − β0 ) ≤ B̃kβ̃ − β0 kR + Ak∆(β̃ − β0 )k1 ,
where B̃ = OP (B). This simply follows from applying (15) to x = PR (β̃ − β0 )/k∆(β̃ − β0 )k1 ,
which is easily seen to be an element of S∆ (1). Hence we can take take λ = Θ(A), and argue as in
the proof of Theorem 3 to arrive at
2
kβ̃ − β0 kR
≤ B̃kβ̃ − β0 kR + Ãk∆β0 k1 ,

where Ã = OP (A). Note that the above is a quadratic inequality of the form ax2 − bx − c ≤ 0
with √
x = kβ̃ − β0 kR . As a > p
0, the larger of its two roots serves as a bound for x, i.e., x ≤
(b + b2 + 4ac)/(2a) ≤ b/a + c/a, or x2 ≤ 2b2 /a2 + 2c/a, which means that

2
kβ̃ − β0 kR
≤ 2B̃ 2 + 2Ãk∆β0 k1 = OP B 2 + Ak∆β0 k1 ,
completing the proof.

B.6 Proof of Theorem 6
For an index i0 ∈ {1, . . . q}, let

0

v
u
q
u 2 log 2r X
1
C = µt
.
n
ξ2
i=i +1 i

We will show that
√
> x − 1.001σC
max
= OP ( i0 ).
kxk2
x∈S∆ (1)
√
Invoking Lemma 5 with A = 1.001σC and b = i0 would then give the result.
Henceforth we denote [i] = {1, . . . i}. Recall that q = rank(∆). Let the singular value decomposition of ∆ be
∆ = U ΣV > ,
where U ∈ Rr×q , V ∈ Rn×q are orthogonal, and Σ ∈ Rq×q has diagonal elements (Σ)ii = ξi > 0
for i ∈ [q]. First, let us establish that
∆† = V Σ−1 U > .

JMLR 17(105):1-41

Consider an arbitrary point x = PR z ∈ S∆ (1). Denote the projection P[i0 ] = V[i0 ] V[i>0 ] where V[i0 ]
contains the first i0 right singular vectors. We can decompose
> PR z = > P[i0 ] PR z + > (I − P[i0 ] )PR z.
The first term can be bounded by
√
> P[i0 ] PR z ≤ kP[i0 ] k2 kzkR = OP ( i0 kzkR ),
31

2
i=1 i .

Pi0

We can bound the second term by
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d

using the fact that kP[i0 ] k22 =

> (I − P[i0 ] )PR z = > (I − P[i0 ] )∆† ∆z ≤ k(∆† )> (I − P[i0 ] )k∞ ,

0

q
µ2 X 1
,
n
ξ2
i=i +1 i

using PR = ∆† ∆, Holder’s inequality, and the fact that k∆zk1 ≤ 1. Define gj = (I − P[i0 ] )∆† ej
for j ∈ [r] with ej the jth canonical basis vector. So,

kgj k22 = k[ 0 V[n]\[i0 ] ] · Σ−1 U > ej k22 ≤

0

by rotational invariance of k·k2 and the incoherence assumption on the columns of U . By a standard
result on maxima of Gaussians,
v
u
q
2 X
u
µ
1
k(∆† )> (I − P[i0 ] )k∞ = max |gj> | ≤ 1.001σ t2 log(2r)
= 1.001σC,
n
ξ2
j∈[r]
i=i +1 i

with probability approaching 1. Putting these two terms together completes the proof, as we have
shown that

√
> PR z − 1.001σC
= OP ( i0 ),
kzkR

with the probability bound on the right-hand side not depending on z.
B.7 Proof of Corollary 7

We focus on the k odd and k even cases separately.

Case for k odd. When k is odd, we have ∆ = ∆(k+1) = L(k+1)/2 , where L the graph Laplacian of
a chain graph (i.e., 1d grid graph), to be perfectly explicit,



1 −1
0 ...
0
0


2 −1 . . .
0
0 
 −1


2
.
.
.
0
0
 0 −1

L= .
.
..
..
..
 .

.
.
.
 .

 0
0 . . . −1
2 −1 
0
0 ...
0 −1
1
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 π(i − 1) 
, for i = 1, . . . n,
ξi = 4 sin2
2n

 √1
if i = 1
n
q


, for i, j = 1, . . . n.
 2 cos π(i−1)(j−1/2)
otherwise
n
n

In numerical methods for differential equations, this matrix L is called the finite difference operator
for the 1d Laplace equation with Neumann boundary conditions (e.g., Conte and de Boor, 1980;
Godunov and Ryabenkii, 1987), and is known to have eigenvalues and eigenvectors

uij =

32

1

(i0 −1)/n

Z

1
2 cot(πi0 /(2n))
1
dx = k+1
≤ k+1
4 π
sin2 (πx/2)
4 π sin2k (πi0 /(2n))


2n
πi0

2k+1
,

1

2

2 −1
0 ...
0
0
−1
2 −1 . . .
0
0
0 −1
2 ...
0
0
..
..
..
..
.
.
.
.
0
0 . . . −1
2 −1
0
0 ...
0 −1
2




,
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Again we treat the k odd and even cases separately.

B.8 Proof of Corollary 8

uij =

JMLR 17(105):1-41

 πij 
2
sin
, for i, j = 1, . . . n − 1.
n
n
√
It is evident that these vectors are incoherent, with constant µ = 2. Furthermore, the singular
k/2
values of DL are exactly the eigenvalues of L raised to the power of (k +1)/2, and the remainder
of the proof goes through as in the k odd case.

r

which is called the finite difference operator associated with the 1d Laplace equation under Dirichlet
boundary conditions in numerical methods (e.g., Conte and de Boor, 1980; Godunov and Ryabenkii,
1987), and is known to have eigenvectors





>
DD = 






Case for k even. When k is even, we instead have ∆ = ∆(k+1) = DLk/2 , where D is the edge
incidence matrix of a 1d chain, and L = D> D. It is clear that the left singular vectors of DLk/2
are simply the left singular vectors of D, or equivalently, the eigenvectors of DD> . To be explicit,

and applying Theorem 6 gives the result for k odd.

i0 = n 2k+3 (log n) 2k+3 k∆(k+1) β0 k12k+3 ,

2k+1

the last step using a Taylor expansion p
around 0. Hence to choose a tight a bound as possible in
Theorem 6, we seek to balance i0 with (n/i0 )2k+1 log n · k∆(k+1) β0 k1 . This is accomplished by
choosing

1
4k+1 sin2k (πi0 /(2n))

where we have used the fact that the right-endpoint Riemann sum, for a monotone nonincreasing
function, is an underestimate of its integral. Continuing on, the above integral can be bounded by

max{j1 j2 }>j0

X

1
1
2 X̀ X̀ 1
2 X̀
.
≤
≤
k+1
k+1 sin2k+2 (π(j − 1)/(2`))
n
`
4
ξjk+1
ξ
1
j1 =j0 +1 j2 =1 j1 ,j2
j1 =j0 +1
1 ,j2

2k+1

2
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Case for k even. For k even, we have the GTF operator being ∆ = ∆(k+1) = DLk/2 , where D is
the edge incidence matrix of a 2d grid, and L = D> D. It will be helpful to write


I ⊗ D1d
D=
,
D1d ⊗ I
√
where D1d ∈ R(`−1)×` is the difference operator for a 1d grid of size ` = n (and I ∈ R`×` is the
identity matrix). It suffices to check the incoherence of the left singular vectors of DLk/2 , since the
eigenvalues of DLk/2 are those of L raised to the power of (k + 1)/2, and so the rest of the proof
then follows precisely as in the case when k is odd. The left singular vectors of DLk/2 are the same
as the left singular vectors of D, which are the eigenvectors of DD> . Observe that
"
#
>
> ⊗D
I ⊗ D1d D1d
D1d
1d
>
DD =
.
>
> ⊗I
D1d ⊗ D1d
D1d D1d

4

2

i0 = n 2k+5 (log n) 2k+5 k∆(k+1) β0 k12k+5 ,

1

and applying Theorem 6 gives the result for k odd.

i.e.,

2k+1

j0 = ` 2k+5 (log n) 2k+5 k∆(k+1) β0 k12k+5 ,

Just as we argued in the 1d case (for k odd), the above is bounded by


2
2` 2k+1
,
4k+1 π πj0
p
and thus we seek to balance i0 = j02 with (`/j0 )2k+1 log n · k∆(k+1) β0 k1 . This yields

1
n

Eigenvalues of L(k+1)/2 are just given by raising the above to the power of (k + 1)/2, and for
j0 ∈ {1, . . . `}, we let i0 = j02 , and compute the sum

i.e., the 2d grid Laplacian L is the Kronecker sum of the 1d grid Laplacian L1d , so its eigenvectors
are given by all pairwise Kronecker products of eigenvectors of L1d , of the form ui ⊗ uj . Moreover,
√
it is not hard to see that each ui ⊗ uj has unit norm (since ui , uj do) and kui ⊗ uj k∞ ≤ 2/ n. This
allows us to conclude that the eigenvectors of L obey the incoherence property with µ = 2.
The eigenvalues of L are given by all pairwise sums of eigenvalues in the 1d case. Indexing by
2d grid coordinates, we may write these as
 π(j − 1) 
 π(j − 1) 
1
2
ξj1 ,j2 = 4 sin2
+ 4 sin2
, for j1 , j2 = 1, . . . `.
2`
2`

L = I ⊗ L1d + L1d ⊗ I,

Case for k odd. As k is odd, the GTF operator is ∆ = ∆(k+1) = L(k+1)/2 , where the L is the
Laplacian matrix of a 2d grid graph. Writing L1d ∈ R`×` for the Laplacian matrix over a 1d grid of
√
size ` = n (and I ∈ R`×` for the identity matrix), we note that

√
Therefore, the eigenvectors of L are incoherent with constant µ = 2. This of course implies the
(k+1)/2
same of L
, which shares the eigenvectors of L. Meanwhile, the eigenvalues of L(k+1)/2 are
just given by raising those of L to the power of (k + 1)/2, and for i0 ∈ {1, . . . n}, we compute the
partial sum of their squared reciprocals, as in

Z (n−2)/n
n
n
1 X
1
1
1 X
1
≤
dx,
=
k+1
k+1 sin2k+2 (π(i − 1)/(2n))
k+1 sin2k+2 (πx/2)
n
n
4
4
ξ
(i0 −1)/n
i=i0 +1 i
i=i0 +1
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DD>

⊗ uj +

DD>





T REND F ILTERING ON G RAPHS

e ⊗ ui
0

0
ui ⊗ e





= λi

= λi



e ⊗ ui
0

0
ui ⊗ e



, for i = 1, . . . ` − 1.

> , corresponding to eigenvalues λ , i =
Let ui , i = 1, . . . ` − 1 be the √eigenvectors of D1d D1d
i
√
> u / λ , i = 1, . . . ` − 1, and e = 1/ `, where 1 = (1, . . . 1) ∈ R` is
1, . . . ` − 1. Define vi = D1d
i
i
the vector of all 1s. A straightforward calculation verifies that




vi ⊗ ui
vi ⊗ ui
, for i = 1, . . . ` − 1,
DD>
= 2λi
ui ⊗ vi
ui ⊗ vi


, for i = 1, . . . ` − 1,

λj
λi v i

ui ⊗ vj + uj ⊗ vi

λi
λj v j

Hence we have derived 3(` − 1) eigenvectors of DD> . Note that the vectors vi , i = 1, . . . ` − 1 are
>D
actually the eigenvectors of L1d = D1d
1d (corresponding to the ` − 1 nonzero eigenvalues), and
from our work in the 1d case, recall, both vi , i = 1, . . . `−1 (studied for k odd) and u√
i , i = 1, . . . `−1
(studied for k even) are unit vectors satisfying the incoherence property with µ = 2. This means
that the above eigenvectors are all unit norm, and are also incoherent, with constant µ = 2.
There are (` − 1)(` − 2) more eigenvectors of DD> , as the rank of DD> is n − 1 = `2 − 1. A
somewhat longer but still straightforward calculation verifies that




vi ⊗ uj + vj ⊗ ui
vi ⊗ uj + vj ⊗ ui
q
q
 = (λi + λj )  q
 , for i < j,
DD>  q
λ
λ
λi
λ
j
j
i
λ ui ⊗ vj +
λ uj ⊗ vi
λ ui ⊗ vj +
λi uj ⊗ vi
j
i
j
 q

 q

q
q
λj
λi
⊗ ui 
λi vi ⊗ uj +
λj vj ⊗ ui  , for i < j.
= (λi + λj ) 
ui ⊗ vj + uj ⊗ vi
DD> 

λj

λi

vi ⊗ uj +


vj ⊗ ui 

ui ⊗ vj + uj ⊗ vi

λi
λj

2

λi

ui ⊗ vj

 q

λj
vi ⊗ uj 

= 

2

+ 

λi
λj v j

⊗ ui

uj ⊗ vi



2

.

Modulo the appropriate normalization, we have derived the remaining (` − 1)(` − 2) eigenvectors of
DD> . It remains to check their incoherence, once we have normalized them (to have unit norm). As
the eigenvectors in the first and second expressions above are simply (block) rearrangements of each
other, it does not matter which form we study; consider, say, those in the second expression,
and fix
p
√
i < j. The entrywise absolute maximum of the eigenvector in question is at most λj /λip
(4/ n).
Thus it suffices show that the normalization constant for this eigenvector is on the order of λj /λi .
Observe that
 q
 q
 2
q
2
2



as vi> vj = 0 and ui> uj = 0. This
)(ui> uj ) = 0,p
Here the cross-term is (vi> ⊗ uj> )(vj ⊗ ui ) = (vi> vjp
means that the normalization constant lies within [ λj /λi + 2, 2λj /λi + 2]. In particular, the
lower bound shows that the incoherence property holds with µ = 4. This completes the proof.
B.9 Proof of Lemma 9

(k∆β̃k1 + k∆β0 k1 )w/2 ,
JMLR 17(105):1-41

As before, we follow the proof of Theorem 3 up until the application of Holder’s inequality in (19),
but we use the fractional bound in (16) instead. We claim that this implies
1−w/2

> PR (β̃ − β0 ) ≤ K̃kβ̃ − β0 kR

35

WANG , S HARPNACK , S MOLA AND T IBSHIRANI

(k∆β̃k1 + k∆β0 k1 )w/2 + 2λ(k∆β0 k1 − k∆β̃k1 ),

(23)

where K̃ = OP (K). This is verified by noting that x = PR (β̃ − β0 )/(k∆β̃k1 + k∆β0 k1 ) ∈ S∆ (1),
applying (16) to x, and then rearranging. Therefore, as in the proof of Theorem 3, we have
1−w/2
2
kβ̃ − β0 kR
≤ 2K̃kβ̃ − β0 kR

We now set


1−w/2 
2
−
λ = Θ K 1+w/2 k∆β0 k1 1+w/2 ,

w/2

k∆β̃k1

,

− λk∆β̃k1 ,

(24)

and in the spirit of van de Geer (1990); Mammen and van de Geer (1997), we proceed to argue in
cases.

2

w/2

k∆β̃k1

 3 w/2

1−w/2

λk∆β̃k1 ≤ K̃kβ̃ − β0 kR

2
0 ≤ kβ̃ − β0 kR
≤ K̃kβ̃ − β0 kR

1−w/2

Case 1. Suppose that 21 k∆β̃k1 ≥ k∆β0 k1 . Then we see that (23) implies

so that

λ

1

λ

kβ̃ − β0 kR .

w/2


w/2 
1
= OP K 1+w/2 k∆β0 k11+w/2 ,

w/2

 
K̃
1−w/2
w/2
kβ̃ − β0 kR ,
λ

1
1−w/2

w/2
1−w/2

1−w/2

 K̃ 

where for simplicity have absorbed a constant factor 2(3/2)w/2 into K̃ (since this does not change
the fact that K̃ = OP (K)), and thus
k∆β̃k1 ≤

1

1−w/2

≤ k∆β0 k1 . Then from (23),

kβ̃ − β0 kR ≤ K̃ 1+w/2

2
kβ̃ − β0 kR
≤ K̃kβ̃ − β0 kR

Plugging this back into (24) gives

or

as desired.
Case 2. Suppose that

1
2 k∆β̃k1

a

b

2
kβ̃ − β0 kR
≤ 2λk∆β0 k1 + 2K̃kβ̃ − β0 kR
3w/2 k∆β0 k1 ,
| {z } |
{z
}


w/2 
p
1
λk∆β0 k1 = OP K 1+w/2 k∆β0 k11+w/2 ,
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(26)

(25)

2 ≤ 2a, or kβ̃ − β k2 ≤ 2b, and a ≤ b. The first subcase is straightforand hence either kβ̃ − β0 kR
0 R
ward and leads to

kβ̃ − β0 kR ≤ 2

≤ 2K̃kβ̃ −

1−w/2
w/2
β0 k
k∆β0 k1 ,
R
1−w/2
w/2
k∆β0 k1 ,

as desired. In the second subcase, we have by assumption
kβ̃ −

2
β 0 kR

2λk∆β0 k1 ≤ K̃kβ̃ − β0 kR

36

1

kβ̃ − β0 kR ≤ 2K̃ 1+w/2

λ

1

w/2
1−w/2

w/2


w/2 
1
= OP K 1+w/2 k∆β0 k11+w/2 .

kβ̃ − β0 kR ,

as desired.

and finally,

that is,

x∈S̃

max

x∈S

max

kxk2

1−w/2
kxk2


√

 √ n w

37

E

√ w/2 
n
,


√
√ w/2  n w/2
n
,
M

√

E

= OP

= OP

> x

1−w/2

> x

log N (δ, S̃, k · kn ) ≤ E
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δ −w .
M
Now we apply Lemma 3.5 of van de Geer (1990): in the scaled metric used by this author,


√
√  n w/2
> x
,
max √
=
O
E
P
1−w/2
M
x∈S̃
nkxkn

that is,

√
so that maxx∈S kxk2 ≤ M , and maxx∈S̃ kxk2 ≤ n. This is important because Lemma 3.5 of
√
van de Geer (1990) concerns a form of “local” entropy that allows for deviations on the order of n
√
in the norm k · k2 , or equivalently, constant order in the scaled metric k · kn = k · k2 / n. Hence,
the entropy bound in (17) translates into
 √n w  √n w
log N (δ, S̃, k · k2 ) ≤ E
,
M
δ

S = {x ∈ row(∆) : k∆xk1 ≤ 1} = ∆† {α ∈ col(∆) : kαk1 ≤ 1},

The proof follows closely from Lemma 3.5 of van de Geer (1990). However, this author uses a
different problem scaling than ours, so some care must be taken in applying the lemma. First we
√
abbreviate S = S∆ (1), and define S̃ = S · n/M , where recall M is the maximum column norm
†
of ∆ . Now it is not hard to check that

B.10 Proof of Theorem 10

This completes the second case, and the proof.

and finally

2λ

w/2
1−w/2

kβ̃ − β0 kR ,

 K̃ 

1
1−w/2

1−w/2

2λ

kβ̃ − β0 k2R ≤ 2K̃kβ̃ − β0 kR

and plugging this back into (25), we see

k∆β0 k1 ≤

 K̃ 

where again we have absorbed a constant factor 2(3w/2 ) into K̃. Working from (26), we derive
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for a constant C000 , as needed. This proves the lemma.

√
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1. Clusters are used for different purposes, and statistics such as the kinds of jobs submitted, their resource
requirements and the frequency at which they are submitted vary depending upon the usage. We call
one such distribution of jobs a workload. Section 3.2 explains the notion of workloads in further detail.

sequence of such a parallel execution model is that the slow-running tasks, commonly called
stragglers, potentially delay overall job completion. In a recent study, Ananthanarayanan
et al. (2013) show that straggler tasks are on an average 6 to 8 times slower than the median
task of the corresponding job, despite existing mitigation techniques. Suri and Vassilvitskii
(2011) describe the intensity of straggler problem as the “curse of the last reducer”, causing
the last 1% of the computation to take much longer to finish execution. Mitigating stragglers thus remains an important problem. In this paper, our focus is on machine learning
approaches for predicting and avoiding these stragglers.
Existing approaches to straggler mitigation, whether reactive or proactive, fall short in
multiple ways. Commonly used reactive approaches such as speculative execution (Dean
and Ghemawat, 2004), act after the tasks have already slowed down. Proactive approaches
that launch redundant copies of a task in a hope that at least one of them will finish in a
timely manner (Ananthanarayanan et al., 2013), waste resources. It is hard to, a priori,
identify which factors, and configurations lead to stragglers, motivating a data driven machine learning approach to straggler prediction. Bortnikov et al. (2012) explored predictive
models for predicting slowdown for tasks. But they learn a single model for a cluster of
nodes, ignoring the variability caused due to the heterogeneity across nodes and across jobs
from different workloads. Moreover, they built models but did not show if these models
could indeed improve job completion times, which is what matters ultimately. Gupta et al.
(2013) explored learning based job scheduling by matching node capabilities to job requirements. However, their approach is not designed to deal with stragglers effectively because
it does not model the time-varying state of the nodes (for instance, how busy they are).
Moreover, the effectiveness of these methods in reducing job-completion times in real world
clusters hasn’t been shown. To this end, we built Wrangler (Yadwadkar et al., 2014), a
system that builds predictive models of straggler behavior and incorporates this model in
the scheduler, improving the 99th percentile job completion time by up to 61% as compared to speculative execution for real world production level workloads1 from Facebook
and Cloudera’s customers.
Proactive model based approaches including Wrangler, have previously treated each
workload and even compute node as a separate straggler estimation task with independent
models. The decision to model each workload and node independently is motivated by
the observation that the resource contention patterns that cause stragglers can vary from
node to node and workload to workload. For a detailed analysis about causes of stragglers
across nodes and workloads, see Section 4.2.2. of Wrangler, Yadwadkar et al. (2014). To
address such heterogeneity in the nodes and changing workload patterns, training separate models for each workload being run on each node, is considered necessary. However,
such independent models pose two critical challenges: (1) each new node and workload requires new training data which can take hours to collect, delaying the application of model
based scheduling, and (2) clusters with many nodes may only have limited data for a given
workload on each node leading to lower quality models.
These shortcomings can be addressed if each classifier is able to leverage information
gleaned at other nodes and from other workloads. For instance, when there is not enough
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Distributed processing frameworks, such as (Dean and Ghemawat, 2004; Isard et al., 2007;
Li, 2009), split a data intensive computation job into multiple smaller tasks, which are then
executed in parallel on commodity clusters to achieve faster job completion. A natural con-

1. Introduction

Parallel processing frameworks (Dean and Ghemawat, 2004) accelerate jobs by breaking
them into tasks that execute in parallel. However, slow running or straggler tasks can run
up to 8 times slower than the median task on a production cluster (Ananthanarayanan
et al., 2013), leading to delayed job completion and inefficient use of resources. Existing
straggler mitigation techniques wait to detect stragglers and then relaunch them, delaying
straggler detection and wasting resources. We built Wrangler (Yadwadkar et al., 2014), a
system that predicts when stragglers are going to occur and makes scheduling decisions to
avoid such situations. To capture node and workload variability, Wrangler built separate
models for every node and workload, requiring the time-consuming collection of substantial
training data. In this paper, we propose multi-task learning formulations that share information between the various models, allowing us to use less training data and bring training
time down from 4 hours to 40 minutes. Unlike naive multi-task learning formulations,
our formulations capture the shared structure in our data, improving generalization performance on limited data. Finally, we extend these formulations using group sparsity inducing
norms to automatically discover the similarities between tasks and improve interpretability.
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data at a node for a workload, we can gain from the data collected at that node while
it was executing other workloads, or from other nodes running the same workload. Such
information sharing falls in the ambit of multi-task learning (MTL), where the learner is
embedded in an environment of related tasks, and the learner’s aim is to leverage similarities
between the tasks to improve performance of all tasks.
In this paper, we propose an MTL formulation for learning predictors that are more
accurate and generalize better than existing straggler predicting models. Basic MTL formulations often assume only limited correlation structure between learning tasks. However,
our application has an additional overlapping group structure: models built on the same
node for different workloads can be grouped together, as can be the models corresponding to the same workload running on different nodes. We propose a new formulation that
leverages this overlapping group structure, and show that doing so significantly reduces the
number of parameters and improves generalization to tasks with very little data.
In applications such as ours, high accuracy is not the only objective: we also want to
be able to gain some insight into what is causing these stragglers. Such insight can aid in
debugging root causes of stragglers and system performance degradation. Automatically
learned classifiers can be opaque and hard to interpret. To this end, we propose group
sparsity inducing mixed-norm regularization on top of our basic MTL formulation to automatically reveal the group structure that exists in the data, and hopefully provide insights
into how straggler behavior is related across nodes and workloads. We also explore sparsityinducing formulations based on feature selection that attempt to reveal the characteristics
of straggler behavior.
For our experimental evaluation, we use a collection of real-world workloads from Facebook and Cloudera’s customers. We evaluate not only the prediction accuracy but also the
improvement in job completion times, which is the metric that directly impacts the end user.
We show that our formulation to predict stragglers allows us to reduce job completion times
by up to 59% over the previous state-of-the-art learning base system, Wrangler (Yadwadkar
et al. (2014)). This large reduction arises from a 7 point increase in prediction accuracy.
Further, we can get equal or better accuracy than Wrangler (Yadwadkar et al. (2014)) using
a sixth of the training data, thus bringing the training time down from 4 hours to about
40 minutes. We also provide empirical evidence that compared to naive MTL formulations,
our formulation indeed generalizes to new tasks, i.e, it is significantly better at predicting
straggler behavior for nodes for which we have not collected enough data.
Finally, while our initial motivation and experimental validation focus on the straggler
avoidance problem, our learning formulations are general and can be applied to other systems that train node or workload dependent classifiers (Gupta et al., 2013; Delimitrou and
Kozyrakis, 2014). For instance, ThroughputScheduler (Gupta et al., 2013) uses such classifiers to allot resources to tasks, and can benefit from such multitask reasoning. We leave
these extensions to future work.
To summarize, our key contributions are:
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1. An MTL formulation of the straggler estimation problem that allows us to use less
data and reduce parameters, improving generalization (Section 4.1).
3
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2. A mixed-norm group sparsity inducing formulation, that automatically detects group
structure (Section 4.3) facilitating interpretability.

3. An efficient optimization technique based on a reduction to the standard SVM (Cortes
and Vapnik (1995)) formulation (Section 4.2).

4. A comprehensive evaluation as part of a complete system for predicting and avoiding
stragglers in real world production cluster traces (Section 5). We show that, compared
to existing approaches, our formulations

(a) avoid stragglers better with 7% improved prediction accuracy, improving job
completion times significantly with up to 57.8% improvement in the 99th percentile, and reducing net resource usage by up to 40%, and

(b) can work even with a sixth of the training data and thus a much shorter training
period, reducing the training data collection time significantly from 4 hours to
40 minutes.

In what follows, we first give some background on stragglers in Section 2. We then
describe Wrangler and discuss its shortcomings in Section 3. In Section 4, we describe our
multi-task learning formulations. In Section 5, we empirically evaluate our formulations on
real world production level traces from Facebook and Cloudera’s customers. We end with
a discussion of related work.

2. Background and Motivation

JMLR 17(106):1-37

The growing popularity of Internet-based applications, in addition to reduced costs of storage media, has resulted in generation of data at an unprecedented scale. Analytics on such
huge datasets has become a driving factor for business. Parallel processing on commodity
clusters has emerged as the de-facto way of dealing with the scale and complexity of such
data-intensive applications. Dean and Ghemawat (2004) originally proposed the MapReduce framework at Google to process enormous amounts of data. MapReduce is highly
scalable to large clusters of inexpensive commodity computers. Hadoop (White, 2009), an
open source implementation of MapReduce, has been widely adopted by industry over the
last decade.
A data intensive application is submitted to a cluster of commodity computers as a
MapReduce job. To accelerate completion, MapReduce divides a job into multiple tasks. A
cluster scheduler assigns these to machines (nodes), where they are executed in parallel. A
job finishes when all its tasks have finished execution. A key benefit of such frameworks
is that they automatically handle failures (which are more likely to occur on a cluster of
commodity computers) without needing extra efforts from the programmer. Two basic
modes of failures are the failure of a node and the failure of a task. If a node crashes,
MapReduce re-runs all the tasks it was executing on a different node. If a task fails,
MapReduce automatically re-launches it.
However, a tricky situation arises when a node is available, but is performing poorly.
This causes the tasks scheduled on that node to execute slower than other tasks of the same
job scheduled on other nodes in the cluster. Since a job finishes execution only when all its

4
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2. Please see Chen et al. (2012) for details on the faithful replay of production level traces.

tasks have finished execution, such slow-running tasks, called stragglers, extend the job’s
completion time. This, in turn, leads to increased user costs.
Stragglers abound in the real world. According to Ananthanarayanan et al. (2013), if
stragglers did not exist in real-world production clusters, the average job completion times
would have been improved by 47%, 29% and 36% in the Facebook, Bing and Yahoo traces
respectively. We observed that 22-28% of the total tasks are stragglers in a replay2 of
Facebook and Cloudera’s customers’ Hadoop production cluster traces. Thus, stragglers
are a major hurdle in achieving faster job completions.
It is challenging to deal with stragglers (Dean and Ghemawat, 2004; Zaharia et al., 2008;
Ananthanarayanan et al., 2010). Dean and Ghemawat (2004) mentioned that stragglers
could arise due to various reasons, such as competition for resources, problematic hardware,
and mis-configurations. Ananthanarayanan et al. (2010) report that consistently slow
nodes are rarely the reason behind stragglers; the majority are caused by transient node
behavior. The reason is simple: cluster schedulers assign multiple tasks, belonging to
the same or different jobs, to be executed simultaneously on a node. Depending on the
node’s characteristics and current load, as well as the characteristics of the workloads, these
jobs may result in counterproductive resource contention patterns. Moreover, this gives
rise to dynamically changing task execution environments, causing large variations in task
execution times. We cannot simply look at the initial configuration of the node and decide
if it will cause stragglers. We must track the continuously changing state of the node (its
memory usage, cpu usage etc.) and use that to predict straggler behavior.
Above and beyond this temporal variability is the variability across nodes and workloads.
If the scheduler assigns memory hungry tasks on a memory-constrained node, stragglers
could occur due to contention for memory. While for another node that has slower disk,
straggler behavior will primarily depend on how many I/O-intensive tasks are being run.
To predict straggler behavior, we need to consider both the current state of each node and
tailor the decision to the node type (its resource capabilities) and particular kind of tasks
being executed (their resource requirements). In our experiments, we find that models that
do not take this into account do about 6-7% worse than models that do (see Table 5 in
Section 5.3).
Due to these difficulties in understanding the causes behind stragglers, and the challenges involved in predicting stragglers, initial attempts at mitigating stragglers have been
reactive (Dean and Ghemawat, 2004; Zaharia et al., 2008; Ananthanarayanan et al., 2010).
Dean and Ghemawat (2004) suggested speculative execution as a mitigation mechanism for
stragglers. This is a reactive scheme that is dominantly used on production clusters including those at Facebook and Microsoft Bing (Ananthanarayanan et al., 2014). It operates
in two steps: (1) wait-and-speculate if a task is executing slower than other tasks of the
same job, and (2) replicate or spawn multiple redundant copies of such tasks hoping a copy
will reach completion before the original. As soon as one of the copies or the original task
finishes execution, the rest are killed.
The benefits of Speculative execution, in terms of improved job completion times at the
cost of resources consumed, are unclear. Due to the wait-and-speculate step, this scheme
is inefficient in time, leading to a delay before speculation begins. Also, due to the second
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% of speculatively executed
tasks that were killed
77.9%
88.6%
74.4%
48.8%
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Wrangler is a system that predicts stragglers based on cluster resource usage counters and
uses these predictions to inform scheduling decisions. Wrangler achieves this by adding two
main components to the scheduling system of data intensive computational frameworks: (i)
model-builder, and (ii) predictive scheduler. Figure 1 summarizes Wrangler’s architecture.
The model-builder learns to predict stragglers using cluster resource usage counters. We
explain this component in more detail in the following Sections 3.1, 3.2, and 3.3. Then,
every time a task is scheduled to run on a particular node, Wrangler makes a prediction

3. Wrangler

step that replicates tasks, such mechanisms lead to increased resource consumption without
necessarily gaining performance benefits. Moreover, we observed that the original task, that
was marked as a straggler in the wait-and-speculate step, often finishes execution before
any of the redundant copies launched in the second step. Thus, a significant number of
such redundant copies end up getting killed, resulting in wastage of resources and perhaps
additional unnecessary contention. Table 1 shows that about 48% to 88% of the speculatively executed copies were killed in our replay of Facebook and Cloudera’s customers’
production cluster traces. LATE (Zaharia et al., 2008) improves over speculative execution
using a notion of progress scores, but still results in resource wastage due to replication.
Since reactive mechanisms fall short of efficiently mitigating stragglers, some proactive
approaches have been proposed. Dolly (Ananthanarayanan et al., 2013) is a cloning mechanism that avoids the wait-and-speculate phase of speculative execution and immediately
launches redundant copies of tasks belonging to small jobs. However, being replicationbased, it also incurs resource overhead.
Machine learning has shown promise in dealing with the challenges of estimating task
completion times and predicting stragglers in parallel processing environments (Bortnikov
et al., 2012; Gupta et al., 2013). We built Wrangler (Yadwadkar et al., 2014) (see Section 3),
a system that learns to predict nodes that might create stragglers and uses these predictions
as hints to the scheduler so as to avoid creating stragglers by rejecting bad placement
decisions. Thus, being proactive, Wrangler is time efficient. Also, by smarter scheduling,
we avoid replication of straggler tasks. Thus, Wrangler is also efficient in terms of reducing
the resources consumed. Wrangler was the first complete system that demonstrated the
utility of learning methods in reducing job-completion times in real world clusters.
In the following sections, we review Wrangler, describe its architecture, discuss its limitations and avenues for improvements. Then in Section 4, we present our multi-task learning
based approach that improves upon Wrangler by resolving its limitations.

Table 1: Majority of the speculatively executed tasks eventually get killed since the original task finishes
execution before them.

Facebook 2009 (FB2009)
Facebook 2010 (FB2010)
Cloudera’s Customer b (CC b)
Cloudera’s Customer e (CC e)

Trace
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using these models, for whether the task will become a straggler. It then uses this prediction
to modify the scheduling decisions if straggler behavior is predicted. Section 3.4 provides a
brief explanation of the predictive scheduler.
3.1 Features and labels
To predict whether scheduling a task at a particular node will lead to straggler behavior, Wrangler uses the resource usage counters at the node. Dean and Ghemawat (2004)
mentioned that stragglers could arise due to various reasons such as competition for CPU,
memory, local disk, network bandwidth. Zaharia et al. (2008) further suggest that stragglers could be caused due to faulty hardware and misconfiguration. Ananthanarayanan et al.
(2010) report that the dynamically changing resource contention patterns on an underlying
node could give rise to stragglers. Based on these findings, we collected the performance
counters for CPU, memory, disk, network, and other operating system level counters describing the degree of concurrency before launching a task on a node. The counters we
collected span multiple broad categories as follows:
1. CPU utilization: CPU idle time, system and user time and speed of the CPU, etc.
2. Network utilization: Number of bytes sent and received, statistics of remote read and
write, statistics of RPCs, etc.
3. Disk utilization: The local read and write statistics from the datanodes, amount of
free space, etc.
4. Memory utilization: Amount of virtual, physical memory available, amount of buffer
space, cache space, shared memory space available, etc.
5. System-level features: Number of threads in different states (waiting, running, terminated, blocked, etc.), memory statistics at the system level.

JMLR 17(106):1-37

(1)

In total, we collect 107 distinct features characterizing the state of the machine. See Section 5.1 for details of our dataset.
Features: Multiple tasks from jobs of each workload may be run on each node. Therefore to simplify notation, we index the execution of a particular task by i and define Sn,l
as the set of tasks corresponding to workload l executed on node n. Before executing task
i ∈ Sn,l corresponding to workload l on node n we collect the resource usage counters described above on node n to form the feature vector xi ∈ R107 . For each feature described
above we subtract the minimum across the entire dataset and rescale so that it lies between
0 and 1 for the entire dataset.
Labels: After running task i we measure the normalized task duration nd(i) which is
the ratio of task execution time to the amount of work done (bytes read/written) by task
i. From the normalized duration, we determine whether a task has straggled using the
following definition:
Definition 1 A task i of a job J is called a straggler if
∀j∈J

nd(i) > β × median{nd(j)}
7
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where nd(i) is the normalized duration of task i computed as the ratio of task execution time
to the amount of work done (bytes read/written) by task i.

In this paper, as in Wrangler, we set β to 1.3. Given the definition of a straggler, for task
i we define yi ∈ {0, 1} as a binary label indicating whether the corresponding task i ended
up being a straggler relative to other tasks in the same job.
3.2 Prediction Task

While the resource usage counters do track the time-varying state of the node, they do not
model the variability across nodes, or the properties of the particular task we are executing.
To deal with the variability of nodes, Wrangler builds a separate predictor for each node.
Modeling the variability across tasks is harder since it would require understanding the
code that the task is executing. Instead, Wrangler uses the notion of “workloads”, which
we define next. Companies such as Facebook, Google, use compute clusters for various
computational purposes. The specific pattern of execution of jobs on these clusters is called
a workload. These workloads are specified using various statistics, such as submission times
of multiple jobs, number of their constituent tasks along with their input data sizes, shuffle
sizes, and output sizes. Wrangler assumes that all tasks in a particular workload have
similar properties in terms of resource requirements etc., and it captures the variability
across workloads by building separate predictors for each workload. Thus Wrangler builds
separate predictors for each node and for every workload.
Putting it all together, we can state the binary classification problem for predicting
straggler tasks more formally as follows. A datapoint in our setting corresponds to a task
i of job J from a particular workload l that is executed on a node n in our cluster. Before
running task i we collect the features xi which characterize the state of node n. After
running task i we then measure the normalized duration and determine whether the task
straggled with respect to other tasks of job J (see Definition 1). Our goal is to learn a
function:
fn,l : x −→ y,

for each node n and workload l that maps the current characteristics x ∈ Rd of that node
(e.g., current CPU utilization) to the binary variable y ∈ {0, 1} indicating whether that
task will straggle (i.e., run longer than β times the median runtime).

3.3 Training

For any workload l, Wrangler first collects data and ground truth labels for training and
validation. In particular, for every task i launched on node n, Wrangler records both the
resource usage counters xi and the label yi which indicates if the task straggles or not.
Since there is a separate predictor for each node and workload, Wrangler produces separate
datasets for each node and workload. Let Sn,l be the set of tasks of jobs corresponding to
workload l, executed on node n. Thus, we record the dataset for node n, workload l as:

Dn,l = {(xi , yi ) : i ∈ Sn,l }.
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Then Wrangler divides each dataset into a training set and test set temporally, i.e, the
first few jobs constitute the train set and the rest form the validation. The predictors are
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3.5 Shortcomings of Wrangler and avenues for improvements

Due to the heterogeneity of nodes in a cluster, the model builder trains a separate classifier
for each node. Note that to build a training set per node, every node should have executed
sufficient number of tasks. Wrangler takes a few hours (approximately 2-4 hours, depending
on the workload) for this process. Additionally, because each workload might be different,
these models are retrained for every new workload. Thus, for every new workload that
is executed on the cluster, there is a 2-4 hour model building period. In typical large

As described in the previous section, Wrangler builds separate models for each workload
and for every node. Thus, every {node, workload} tuple is a separate learning problem.
However, learning problems corresponding to different workloads executed on the same node
clearly have something in common, as do learning tasks corresponding to different nodes
executing the same workload. We want to use this shared structure between the learning
problems to reduce data collection time.

4. Multi-task learning for straggler avoidance

These observations suggest that our modeling framework needs to be robust to limited
and potentially skewed data. Thus, there is a need for straggler prediction models (1) that
can be trained using minimum available data, and (2) that generalize to unseen nodes or
workloads. In the following section, we describe our multi-task learning based approach
with these goals for avoiding stragglers. We evaluate it using real world production level
traces from Facebook and Cloudera’s customers, and compare the gains with Wrangler.

Alternatively, large clusters with locality aware scheduling can lead to poor sample
coverage. Recall that, in our case, each task of a workload executed on a node amounts to
a training data point. The placement of input data on nodes in a cluster is managed by the
underlying distributed file system (Ghemawat et al., 2003). To achieve locality for faster
reading of input data, sophisticated locality-aware schedulers (Zaharia et al., 2008, 2010)
try to assign tasks to nodes already having the appropriate data. Based on the popularity
of the data, number of tasks assigned to a node could vary. Hence, we may not get uniform
number of training data points, i.e., tasks executed, across all the nodes in a cluster. There
could be other reasons behind skewed assignment of tasks to nodes (Kwon et al., 2012):
even when every map task has the same amount of data, a task may take longer depending
on the code path it takes based on the data it processes. Hence, the node slots will be busy
due to such long running tasks. This could lead to some nodes executing fewer tasks than
others.

production clusters with tens of thousands of nodes, it might be a long time before a node
collects enough data to train a classifier. (In Table 5 we show that the prediction accuracy
of Wrangler rapidly degrades as the amount of training data is reduced). In some cases,
workloads may only be run a few times in total, limiting the ability of systems like Wrangler
to make meaningful predictions.
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Concretely, a task executing on a node will be a straggler because of a combination of
factors. Some of these factors involve the properties of the node where the task is executing
(for instance, the node may be memory-constrained) and some others involve particular
requirements that the tasks might have in terms of resources (for instance, the task may
require a lot of memory). These are workload-related factors. When collecting data for a
new workload executing on a given node, one must be able to use information about the
workload collected while it executed on other nodes, and information collected about the
node collected while it executed other workloads.

Job scheduling in Hadoop is handled by a master, which controls the workers. The master
assigns tasks to the worker nodes. The assignments depend upon the number of available
slots as well as data-locality. Wrangler modifies this scheduler to incorporate its predictions.
Before launching a task i of a job coming from a workload l, on a node n, the scheduler
collects the node’s resource usage counters xi and runs the classifier fn,l . If the classifier
predicts that the task will be a straggler with high enough “confidence” (Wrangler uses
SVMs with scaling by Platt (1999) to produce a confidence), the scheduler does not assign
the task to that node. It is later assigned to a node that is not predicted to create a
straggler. See Yadwadkar et al. (2014) for details on the algorithm and implementation.

3.4 Model-aware scheduling

then trained on these datasets. Stragglers, by definition are fewer than the non-straggler
tasks. Therefore for training, Wrangler statistically oversampled the class of stragglers to
avoid the skew in the strengths of the two classes. This gets the two classes represented
equally.
After this initial training phase, the classifiers are frozen, and the trained classifiers
are incorporated into the job scheduler as described above. They are then tested on the
next Ttest = 10 hours by measuring the impact of these classifiers on job completion times.
Further details about the train and test splits are in Section 5.

Figure 1: Architecture of Wrangler.
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(10)

PP PGp
2
Then, it can be seen that λkw̃k2 = p=1
g=1 λp,g kwp,g k . Thus, with this change of
variables, the regularizer in our optimization problem resembles a standard SVM. Next, we
transform the data points xit into φ(xit ) such that we can replace the scoring function with
w̃T φ(xit ). This transformation is as follows. Again, define:
s

T
T
T
w̃ = [w̃1,1
, . . . , w̃p,g
, . . . , w̃P,G
]T
P

Now concatenate these vectors into one large weight vector w̃ :

w̃p,g =

One advantage of the formulation we use is that it can be reduced to a standard SVM (Cortes
and Vapnik, 1995), allowing the usage of off-the-shelf SVM solvers. Below, we show how
this reduction can be achieved. Given λ, for every group g of every partition p, define:
r

4.2 Reduction to a standard SVM

Here, the regularizer coefficient λp,g = p T , where #(p, g) denotes the number of
λ #(p,g)
learning-tasks assigned to the g-th group of the p-th partitioning. The scaling factor p T
interpolates smoothly between λ0 , when all learning-tasks belong to a single group, and λT1 ,
when each learning-task is its own group. Lowering λp for a particular partition will reduce
the penalty on the weights of the p-th partition and thus cause the model to rely more on
the p-th partitioning. For the base partition p = 0, setting λp = 0 would thus favor as much
parameter sharing as feasible.

p=1 g=1

Intuitively, at test time, we get the classifier for the t-th learning-task by summing weight
vectors corresponding to each group to which t belongs.
As in Equation 3, the learning problem involves minimizing the sum of l2 regularizers on
each of the weight vectors and the hinge loss:

(6)
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(2)

(3)

(4)

wp,gp (t)
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+

wg(t)

(5)

P
X

Finally, note that w0 and vt can also be seen as weight vectors corresponding to trivial
partitions: w0 corresponds to the partition where all learning-tasks belong to a single group,
and vt corresponds to the partition where each learning-task is its own group. Thus, we
can include w0 and vt in our partitions and write Equation 5 as:

t=1 i=1

+

vt

wp,gp (t)

wt =

We turn to multi-task learning to leverage this shared structure. In the terminology of
multi-task learning, each {node, workload} pair forms a separate learning-task3 and these
learning problems have a shared structure between them. However, unlike typical MTL
formulations, our learning-tasks are not simply correlated with each other; they share a
specific structure, clustering along node- or workload-dependent axes. In what follows, we
first describe a general MTL formulation that can capture such learning-task grouping. We
then detail how we apply this formulation to our application of straggler avoidance.
4.1 Partitioning tasks into groups

wt = w0 + vt

Suppose there are T learning tasks, with the training set for the t-th learning-task denoted
by Dt = {(xit , yit ) : i = 1, . . . , kt }, with xit ∈ Rd . We begin with the formulation proposed
by Evgeniou and Pontil (2004). Evgeniou, et al. proposed a basic hierarchical regression
formulation with the linear model, wt , for learning-task t as:

t=1

kt
T
T X


X
λ1 X
kvt k2 +
LHinge yit , (w0 + vt )T xit + b
T

The intuition here is that w0 captures properties common to all learning-tasks, while vt
captures how the individual learning-tasks deviate from w0 .
We then frame learning in the context of empirical loss minimization. Given the variability in node behavior and the need for robust predictions we adopt the hinge-loss and
apply l2 regularization to both the base w0 and learning-task specific weights vt :
min λ0 kw0 k2 +

w0 ,vt ,b

=

w0

where LHinge (yit , sit ) = max(0, 1 − yit sit ) is the hinge loss.
In the above formulation, all learning-tasks are treated equivalently. However, as discussed above, in our application some learning-tasks naturally cluster together. Suppose
that the learning-tasks cluster into G non-overlapping groups, with the t-th learning-task belonging to the g(t)-th group. Note that while we derive our formulations for non-overlapping
groups, which is true in our application, the modification for overlapping groups is trivial.
Using the same intuition as Equation 2, we can write the classifier wt as:
wt

p=1

P
X

In general, there may be more than one way of dividing our learning-tasks into groups.
In our application, one may split learning-tasks into groups based on workload or based on
nodes. We call one particular way of dividing learning-tasks into groups a partition. The
p-th partition has Gp groups, and the learning-task t belongs to the gp (t) group under this
partition. Now, we also have a separate set of weight vectors for each partition p, and the
weight vector of the g-th group of the p-th partition is denoted by wp,g . Then, we can write
the classifier wt as:
wt = w0 + vt +
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3. The machine learning notion of a “task” as a learning problem differs from the cloud computing notion
of a “task” as a part of a job that is run in parallel. The intended meaning should be clear from the
context.
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T T

p=1

T

P
X

wp,gp (t)  xit
w̃ φ(xit ) =

T

(12)

(11)

t=1 i=1

kt
T X
X

LHinge (yit , w̃T φ(xit ) + b)
(13)

Ωf s1 (w̃) =

b=1

B
X

kw̃(b) k2

!2

(17)

13
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(14)

1. One can concatenate corresponding feature blocks from all the weight vectors to get
w̃(1) , . . . , w̃(B) . Then a mixed l1 and l2 regularizer using these weight blocks can be
written as:

Mixed norms can also be used to select a sparse set of feature blocks that are most useful
for classification. This is again useful for interpretability. In our application, features are
resource counters at a node. Some of these features are related to memory, others to cpu
usage, etc. If our model is able to predict straggler behavior solely on the basis of memory
usage counters, for instance, then it might indicate that the cluster or the workload is
memory constrained.
In our multi-task setting, such feature selection can also interact with the different
groups and partitions of learning-tasks. Suppose each feature vector x is made up of blocks
corresponding to different kinds of features, denoted by x(1) , x(2) , . . . x(B) . We can similarly
(1)
(2)
divide each weight vector w̃p,g into blocks denoted by w̃p,g , w̃p,g and so on. Then we have
two alternatives.

4.4 Automatically selecting features
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kwm k2

(16)

This regularizer will tend to select a small set of groups which are needed to get a
good performance.

p=1 g=1


2
P X
G
X
Ωgs (w̃) = 
kw̃p,g k2 

2. We can put the weight vector of each group of each partition in separate blocks. Then
the regularizer becomes:

Such a regularizer will encourage the model to select a sparse set of feature blocks on
which to base its decision, setting all weights corresponding to all the other feature
blocks to 0.

m=1

!2

(15)

T , . . . , w̃T
T
where w̃p = [w̃p,1
p,Gp ] concatenates all weight vectors corresponding to the
p-th partition. This regularizer will thus tend to kill entire partitions. In other words,
it will uncover notions of grouping, or learning-task similarity, that are the most
important.

p=1


2
P
X
Ωps (w̃) = 
kw̃p k2 

1. We can put all the weight vectors corresponding to a single partition in the same
block. Then, the regularizer becomes:
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This can be considered as an l1 norm on a vector with elements kwm k2 . When Ω(·) is used
as a regularizer, the l1 norm will force some elements of this vector to be set to 0, which in
turn would force the corresponding block of weights wm to be set to 0. It thus encourages
entire blocks of the weight vector to be set to 0, a sparsity pattern that is often called
“group sparsity”.
In our context, our weight vector w̃ is made up of w̃p,g . We consider two alternatives:

Ω(w) =

M
X

In many real world applications including our own, good classification accuracy is not an
end in itself. Model interpretability is of critical importance. A large powerful classifier
working on tons of features may do a very good job of classification, but will not provide
any insight to an engineer trying to identify the root causes of a problem. It will also be
difficult to debug such a classifier if and when it fails. In the absence of sufficient training
data, large models may also overfit. Thus, interpretability and simplicity of the model are
important goals. In the context of the formulation above, this means that we want to keep
only a minimal set of groups/partitions while maintaining high classification accuracy.
We can use mixed l1 and l2 norms to induce a sparse selection of groups or partitions (Bach et al., 2011). Briefly, suppose we are given a long weight vector w divided into
M blocks, with the m-th block denoted by wm . Then the squared mixed l1 and l2 norm is:

4.3 Automatically selecting groups or partitions

which corresponds to a standard SVM. In practice, we use this transformation and change
of variables, both at train time and at test time.

w̃,b

min λkw̃k2 +

Intuitively, w̃ concatenates all our parameters with their appropriate scalings into one long
weight vector, with one block for every group of every partitioning. φ(xit ) transforms a data
point into an equally long feature vector, by placing scaled copies of xit in the appropriate
blocks and zeros everywhere else.
With these transformations, we can now write our learning problem as :

It is easy to see that:

T

φ(x) = [φ1,1 (x) , . . . , φp,g (x) , . . . , φP,GP (x) ]

T

Here, δgp (t),g is a kronecker delta, which is 1 if gp (t) = g (i.e. , if the learning-task t belongs
to group g in the p-th partitioning) and 0 otherwise. Our feature transformation is then
the concatenation of all these vectors:
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B
XX
p,g b=1

(b)
kw̃p,g
k2

!2
(18)

2. An alternative would be to let each group vector choose its own sparse set of feature
blocks. This can be achieved with the following regularizer:

Ωf s2 (w̃) =

4.5 Kernelizing the formulation

λ
K(xit , xjt )
λp,g

(19)

We have till now described our formulation in primal space. However, kernelizing this
formulation is simple. First, note that if we use a simple squared l2 regularizer, then
our formulation is equivalent to a standard SVM in a transformed feature space. This
transformed feature space corresponds to a new kernel:

p,g

X

p,g

δgp (t),g δgp (u),g

Knew (xit , xju ) = hφ(xit ), φ(xju )i
X
hφp,g (xit ), φp,g (xju )i
=

=

kwm k2

!2
=

min

0≤η≤1,kηk1 ≤1

m=1

ηm

M
X
kwm k22

(21)

(20)

Thus, the transformed kernel corresponds to the linear combination of a set of kernels,
one for each group. Each group kernel is zero unless both data points belong to the group,
in which case it equals a scaled version of the kernel in the original feature space.
When using the mixed-norm regularizers, the derivation is a bit more involved. We first
note that (Aflalo et al., 2011):
M
X

m=1

i,t

M
2
X
X
kw
m k2
+
L(xit , yit , w)
ηm
m=1

Using this transformation leads to the following primal objective:
min

w,b,0≤η≤1,kηk1 ≤1

where L(xit , yit , w) is the hinge loss. This corresponds to a 1-norm multiple kernel learning
formulation (Kloft et al., 2011) where each block of feature weights corresponds to a separate
kernel. We refer the reader to Kloft et al. (2011) for a description of the dual of this
formulation.
We note that these kernelized versions are very similar to the ones derived in (Widmer
et al., 2010; Blanchard et al., 2011). However, the group and partition structure and the
application domain are unique to ours.
4.6 Application to straggler avoidance
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We apply this formulation to straggler avoidance as follows. Suppose there are N nodes and
L workloads. Then there are N × L learning-tasks, and Wrangler trains as many models,
one for each {node, workload} tuple. For our proposal, we consider four different partitions:
15

Node 1	


v1 ⌃

Node 2	


v2 ⌃

Node 3	


v3 ⌃

wf b09
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FB2009	


v5 ⌃
v6 ⌃
v4 ⌃
FB2010	

v7 ⌃
v8 ⌃
v9 ⌃
CC_e	

w0
wnode1
w1 = w0 + wnode1 + wf b09 + v1

Figure 2: In our context of straggler avoidance, the learning-tasks naturally cluster into various groups in
multiple partitions. When a particular learning- task, for example, node 1 and workload FB2009 (v1 ), has
limited training data available, we learn its weight vector, w1 , by adding the weight vectors of groups it
belongs to from different partitions.

1. A single group consisting of all nodes and workloads. This gives us the single weight
vector w0 .

2. One group for each node, consisting of all L learning-tasks belonging to that node.
This gives us one weight vector for each node wn , n = 1, . . . , N , that captures the
heterogeneity of nodes.

3. One group for each workload, consisting of all N learning-tasks belonging to that
workload. This gives us one weight vector for each workload wl , l = 1, . . . , L, that
captures peculiarities of particular workloads.

4. Each {node, workload} tuple as its own group. Since there are N × L such pairs, we
get N × L weight vectors, which we denote as vt , following the notation considered
in Evgeniou and Pontil (2004).

Thus, if we use all four partitions, the weight vector wt for a given workload lt and a
given node nt is:
(22)
wt = w0 + wnt + wlt + vt
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(23)

Figure 2 shows an example. The learning problem for the FB20094 workload running on
node 1 belongs to one group from each of the four partitions mentioned above: (1) the global
partition, denoted by the weight vector, w0 , (2) the group corresponding to node 1 from
the node-wise partition, denoted by the weight vector wnode1 , (3) the group corresponding
to the FB2009 workload from the workload-wise partition, denoted by the weight vector
wf b09 , and (4) the group containing just this individual learning problem, denoted by the
weight vector v1 . Thus, we can learn the weight vector w1 as:

w1 = w0 + wnode1 + wf b09 + v1

The corresponding training problem is then:

4. See Section 5.1 for details about the workloads we use.
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t=1 i=1
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t=1


LHinge yit , (w0 + wnt + wlt + vt )T xit + b

n=1

(24)

(26)

min

kw̃0 k2 +

n=1

+C

i,t

X

l=1

kw̃l k2 +
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T
X

kṽt k2

!2


LHinge yit , w̃T φ (xit ) + b

kw̃n k2 +

L
X

(27)
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This formulation can set some individual node or workload models to 0. This would
mean that straggler behavior on some nodes or workloads can be predicted by generic
models, but others require more node-specific or workload-specific reasoning.
We can also use mixed norms for feature selection. The features in our feature vector
correspond to resource usage counters, and we divide them into 5 categories, as explained

w̃,b,ξ≥0

N
X

This model will learn which notion of grouping is most important. For instance if w̃L
is set to 0, then we might conclude that straggler behaviour doesn’t depend that much on
the particular workload being executed.
To select individual groups, we solve the optimization problem:

i,t

min (kw̃0 k2 + kw̃N k2 + kw̃L k2 + kṽT k2 )2
w̃,b
X

+C
LHinge yit , w̃T φ (xit ) + b

w̃mem = [w̃0memT , w̃nmemT
, . . . , w̃nmemT
, w̃lmemT
, . . . , w̃lmemT
]T
1
1
N
L

This decomposition will change depending on which partitions we use.
As described in the previous section, we can also use mixed l1 and l2 norms to automatically select groups or partitions. To select partitions, we combine all the node-related
weight vectors w̃n1 , . . . , w̃nN into one long vector w̃N , all workload vectors w̃l1 , . . . , w̃lL
into w̃L and all ṽ1 , . . . , ṽT into ṽT . We then solve the following optimization:

(30)

l=1

n=1

l=1

N
L
ωX
ν X
kwn k2 +
kwl k2
N
L

+

t=1 i=1

t=1
kt
T X
X

t=1 i=1
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αit 1 − ξit − yit wtT xit + b

t=1 i=1

kt
kt
T
T X
T X
X
X
τ X
+
kvt k2 +
ξit −
γit ξit
T

L(w, b, α, γ) = λ0 kw0 k2 +

ξit ≥ 0 ∀i, t

kt
T
T X
X
τ X
+
kvt k2 +
ξit
T
t=1
t=1 i=1

+ wlt + vt )T xit + b ≥ 1 − ξit ∀i, t

n=1

N
L
ν X
ωX
kwn k2 +
kwl k2
N
L

The Lagrangian of the formulation in Equation 31 is:

s.t. yit (w0 + wnt



w,b,ξ

min λ0 kw0 k2 +
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(32)

(31)

Before getting into the experiments, we can get some insights on what our formulation will
learn by looking at the KKT conditions. Equation 24 can equivalently be written as:

4.7 Exploring the relationships between the weight vectors

w̃cpu , w̃disk etc. are defined similarly.

where w̃mem concatenates all memory related weights from all models,


2
Ω(w̃) = kw̃mem k2 + kw̃cpu k2 + kw̃disk k2 + kw̃network k2 + kw̃system k2

(29)

= (kw̃0mem k2 + kw̃0disk k2 + kw̃0cpu k2 + kw̃0network k2 + kw̃0system k2 +
P
mem k + kw̃disk k + kw̃cpu k + kw̃network k + kw̃system k ]
+ N
n
n
2
2
2
2
2
n
n
n=1 [kw̃n
PL
mem
k2 + kw̃ldisk k2 + kw̃lcpu k2 + kw̃lnetwork k2 + kw̃lsystem k2 ]
+ l=1 [kw̃l
P
+ Tt=1 [kṽtmem k2 + kṽtdisk k2 + kṽtcpu k2 + kṽtnetwork k2 + kṽtsystem k2 ])2 (28)

or choose a single set of features globally using this regularizer:

Ω(w̃)

in Section 3.1: counters based on cpu, those based on network, those based on disk, those
based on memory, and other system-level counters. Then each w̃n , w̃l and ṽt gets similarly
split up. As described before, we can either let each model choose its own set of features
using this regularizer:
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(25)

w̃ = [w̃0T , w̃nT1 , . . . , w̃nTN , w̃lT1 , . . . , w̃lTL , ṽtT1 , . . . , ṽtTT ]T

where λ0 , ν, ω, τ are hyperparameters. We ran an initial grid search on a validation
set to fix these hyperparameters and found that prediction accuracy was not very sensitive
to these settings: several settings gave very close to optimal results. We used λ0 = ν =
ω = τ = 1, which was one of the highest performing settings, for all our experiments.
Appendix A provides the details of this grid search experiment along with the sensitivity
of these hyperparameters to a set of values. As described in Section 4.2, we work in a
transformed space in which the above problem reduces to a standard SVM. In this space
the weight vector is

+

kt
T X
X

N
L
T
ν X
ωX
τ X
min λ0 kw0 k2 +
kwn k2 +
kwl k2 +
kvt k2
w,b
N
L
T
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#Machines
600
3000
300
100
≈ 4000

Length
6 month
1.5 months
9 days
9 days
≈ 8.5 months

Date
2009
2010
2011
2011
-

#Jobs
1129193
1169184
22974
10790
2332141

Yadwadkar, Hariharan, Gonzalez and Katz

Trace
FB2009
FB2010
CC b
CC e
Total

sufficient data and also when sufficient data is not available, and second, improvement in
overall job completion times, and third, reduction in resources consumed.

Table 2: Dataset. FB : Facebook, CC : Cloudera Customer.

(36)

5.1 Datasets

20
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Each data point is represented by a 107 dimensional feature vector comprising the
node’s resource usage counters at the time of launching a task on it. We optimize all our
formulations using Liblinear (Fan et al., 2008) for the l2 regularized variants and using the
algorithm proposed by Aflalo et al. (2011) (modified to work in the primal) for the mixed
norm variants.

To measure job completion times, we then incorporate the trained models into the job
scheduler (as in Wrangler). We then run the replay for the workload again, but with a fresh
set of tasks. These fresh set of tasks form our test set, and this test set is only used to
measure job completion times. Table 3 shows the sizes of the datasets.

For each workload, we need data with ground-truth labels for training and validating
our models. We collect this data by running tasks from the workload as described above
and recording the resource usage counters xi at a node at the time a task i is launched,
and the ground truth label yi by checking if it ends up becoming a straggler. Then we
divide this dataset temporally into a training set and a validation set. In other words, the
first few tasks that were executed form the train set and the rest of the tasks form the
validation set. In the experiments below, we vary the percentage of data that is used for
training, and compute the prediction accuracy on the validation set. We train our final
model using two-thirds of this dataset and proceed to evaluate it on our ultimate metric,
i.e., job completion times.

The set of real-world workloads considered in this paper are collected from the production
compute clusters at Facebook and Cloudera’s customers, which we denote as F B2009,
F B2010, CC b and CC e. Table 2 provides details about these workloads in terms of the
number of machines in the actual clusters, the length and date of data capture, total number
of jobs in those workloads. Chen, et al., explain the data in further details in (Chen et al.,
2012). Together, the dataset consists of traces from over about 4000 machines captured
over almost eight months. For faithfully replaying these real-world production traces on
our 20 node EC2 cluster, we used a statistical workload replay tool, SWIM (Chen et al.,
2011) that synthesizes a workload with representative job submission rates and patterns,
shuffle/input data size and output/shuffle data ratios (see Chen et al. (2011) for details of
replay methodology). SWIM scales the workload to the number of nodes in the experimental
cluster.

(37)

(35)

(34)

(33)

Taking derivatives w.r.t the primal variables and setting to 0 gives us relationships between
w0 , vt , wn and wl :
τ X ∗
λ0 w0∗ =
vt
T
t
X
τ
νwn∗ =
v∗
T /N t:n =n t
t
τ X ∗
vt
T /L
ωwl∗ =

t:lt =l

l

ν X ∗
λ0 w0∗ =
w
N n n
ωX ∗
wl
L

λ0 w0∗ =

Evgeniou and Pontil (2004) also obtain Equation 33 in their formulation, but the other
relationships are specific to ours. These relationships imply that these variables shouldn’t
be considered independent. wn , wl and w0 are scaled means of the vt ’s of the group they
capture.
4.8 Generalizing to unseen nodes and workloads
Consider what happens when we remove the partition corresponding to individual {node,
workload} tuples, i.e., vt , from our formulations. We now do not have any parameters
specific to a node-workload combination, but can still capture both node- and workloaddependent properties of the learning problem. Such formulations are thus similar to factorized models where the node and workload dependent factors are grouped into separate
blocks. We end up with only (N + L)d parameters, whereas a formulation like that of (Evgeniou and Pontil, 2004; Evgeniou et al., 2005; Jacob et al., 2009) will still have N Ld
parameters (here d is the input dimensionality). Thus, we can reduce the number of parameters while still capturing the essential properties of the learning problems.
In addition, since we no longer have a separate weight vector for each {node, workload}
tuple, we can generalize to node-workload pairs that are completely unseen at train time:
the classifier for such an unseen combination t will simply be w0 + wnt + wlt . We thus
explicitly use knowledge gleaned from prior workloads run on this node (through wnt ) and
other nodes running this workload (through wlt ). This is especially useful in our application
where there may be a large number of nodes and workloads. In such cases, collecting data for
each node-workload pair will be time consuming, and generalizing to unseen combinations
will be a significant advantage.
In most of our experiments, therefore, we remove the partition corresponding to individual {node, workload} tuples. We explicitly evaluate how well we generalize by doing so
in Section 5.4.

5. Empirical Evaluation
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In this section, we describe our dataset, provide variants to our proposed formulation and
then evaluate them using the following metrics: first, classification accuracy when there is
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No of tasks
(Training+Validation)
4885
3843
5991
39014

No of tasks
Test
13632
38158
30203
94550
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• f0,t,l : This formulation extends the formulation in f0,t by additionally adding the
partition based on workloads. It learns w0 , wl and vt .

• f0,t : This is the formulation proposed by Evgeniou and Pontil (2004), and corresponds
to using the global partition where all learning-tasks belong to one group, and the
partition where each learning-task is its own group. This learns w0 and vt . Note that
this formulation still has to learn on the order of N Ld different parameters, and has
to collect enough data to learn a separate weight vector for each {node, workload}
combination.

The above three formulations either discard the node information, the workload information, or both. We now consider multi-task variants that capture both, node and workload
properties:

• fl : Here we consider only the partition based on workloads. This means we only learn
wl , i.e., a workload dependent model across nodes executing a particular workload.
This model learns to predict stragglers based on the resource usage pattern caused
due to a workload across nodes, but ignores the characteristics of a specific node.

• fn : Here we consider only the partition based on nodes. This corresponds to only
learning a wn , that is, one model for each node. This model learns to predict stragglers
based on a node’s resource usage counters across different workloads, but it cannot
capture any properties that are specific to a particular workload.

• f0 : In this formulation, we consider only the global partition in which all learning
problems belong to a single group. This corresponds to removing vt , wn and wl .
This formulation thus learns a single global weight vector, w0 , for all the nodes and
all the workloads.

We consider several variants of the general formulation described in Section 4. Using a
simple squared l2 regularizer, we first consider w0 , wn and wl , individually:

5.2 Variants of proposed formulation

Below, we describe (1) how we use different MTL formulations and prediction accuracy
achieved by these formulations, (2) how we learn a classifier for previously unseen node
and/or workload and the prediction accuracy it achieves, (3) the improvement in overall
job completion times achieved by our formulation and Wrangler over speculative execution,
and (4) reduction in resources consumed using our formulation compared to Wrangler.

Table 3: Number of tasks we use for each workload in the train+val and test sets.

F B2009
F B2010
CC b
CC e

Workload
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T
w̃L

(38)
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• ff s2 : This formulation, as given in Equation 29, selects a category of features across
all the weight vectors of nodes and workloads. This formulation can learn if stragglers
in a cluster are caused due to contention for a specific resource.

• ff s1 : As explained in Equation 28, we divide our features into five categories corresponding to cpu, memory, disk, network and other system-level counters. Then each
weight vector gets similarly split up into these categories. This formulation learns
which categories of features are more important for some nodes or workloads than
others.

Finally, we also try the following two mixed norms formulations for feature selection.
As before, both these formulations remove the partition corresponding to individual {node,
workload} tuples, i.e., remove vt .

• fgs : This is the formulation where we use mixed l1 and l2 norms to automatically
select groups within a partition. Again, we only consider the global, node-based and
workload-based formulations. This formulation can set individual node or workload
models to zero, unlike fps , that can set a complete partition, i.e. in our case, a
combined model of all the nodes or all the workloads to zero. This would mean that
predicting straggler behavior on some nodes or workloads does not need reasoning
that is specific to those nodes or workloads; instead a generic model would work.

Thus our weight vector w̃ is split up into blocks corresponding to node, workload and
global models.

T
w̃N

w̃ = [w̃0T , w̃nT1 , . . . , w̃nTN , w̃lT1 , . . . , w̃lTL ]T
|
{z
} |
{z
}

• fps : We use the global, node-based and workload-based formulations thus removing
vt entirely as in f0,n,l and use mixed l1 and l2 norms to automatically select the useful
partitions from among these. This model will learn the notion of grouping that is
most important. To select partitions, we combine all the node-related weight vectors
w̃n1 , . . . , w̃nN into one long vector w̃N and all workload vectors into w̃L as shown
below:

For all these formulations, the hyperparameters λ0 , ν, ω and τ were set to 1 wherever
applicable. We found this setting to be close to optimal in our initial cross-validation
experiments (see Appendix A).
In addition to these, we also consider sparsity-inducing formulations for automatically
selecting partitions or groups or blocks of features, as explained in Sections 4.3, 4.4, and 4.6.

• f0,n,l : We remove the partition corresponding to individual {node, workload} tuples,
removing vt entirely and only learning w0 , wl and wn . As described in Section 4.8,
this formulation reduces the total number of parameters to (N + L)d and can also
generalize to unseen {node, workload} tuples.
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5.3 Prediction accuracy
In this section, we evaluate the formulations described in the previous section for their
straggler prediction accuracy. In the following subsection 5.3.1, we evaluate formulations
that use l2 regularizers, viz., f0 , fn , fl , f0,n,l , f0,t , and f0,t,l . Then, in Section 5.3.2, we
evaluate the mixed norm formulations (a) that automatically selects partitions, fps , (b)
that automatically selects groups, fgs , and then the formulations (c) ff s1 , and (d) ff s2
that can automatically select features. We list our formulations with a brief description in
Table 4.
5.3.1 Formulations with l2 regularizers
We aim at learning to predict stragglers using as small amount of data as feasible, as this
means shorter data capture time. Note that stragglers are fewer than non-stragglers, so
we oversample from the stragglers’ class to represent the two classes equally in both, the
training and validation sets5 . Table 5 shows the percentage accuracy of predicting stragglers
with varying amount of training data. We observe that:
• With very small amounts of data, all MTL variants outperform Wrangler. In fact, all
of f0 to f0,t,l need only one sixth of the training data to achieve the same or better
accuracy.
• It is important to capture both node- and workload-dependent aspects of the problem:
f0,n,l , f0,t and f0,t,l consistently outperform f0 , fn and fl .
• f0,t and f0,t,l perform up to 7 percentage points better than Wrangler with the same
amount of training data, with f0,n,l not far behind.
For a better visualization, Figure 3 shows the comparison of prediction accuracy of these
formulations, in terms of percentage true positives and percentage false positives when 50%
of total data is available.
Next, we evaluate and discuss the sparsity-inducing formulations, fps (Equation 26), fgs
(Equation 27), ff s1 (Equation 28), and ff s2 (Equation 29).
5.3.2 Formulations with mixed l1 and l2 norms
Automatically selecting partitions or groups: In this Section, we evaluate fps and
fgs . Table 6 shows the prediction accuracy of these formulations compared to f0 , fn , fl and
f0,n,l . fps and fgs show comparable prediction accuracy to f0,n,l . We also found interesting
sparsity patterns in the learnt weight vectors.
• fps : Recall that fps attempts to set the weights of entire partitions to 0. In our case
we have a global partition, a node-based partition and a workload-based partition. We
observed that only w̃0 is zero in the resulting weight vector learned. This means that
given node-specific and workload-specific factors, the global factors that are common
across all the nodes and workloads do not contribute to the prediction. In other
words, similar accuracy could be achieved without using w̃0 . However, both nodeand workload-dependent weights are necessary.

JMLR 17(106):1-37

5. An alternative to statistical oversampling would be to use class-sensitive miss-classification penalties.
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Formulation
f0
fn
fl
f0,n,l
f0,t
f0,t,l
fps
fgs
ff s1
ff s2
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Wrangler
Yadwadkar et al. (2014)
Insufficient data
Insufficient Data
Insufficient Data
63.9
67.2
68.5
69.7
70.1

66.9
67.1
67.5
67.8
68.0
68.5
68.2
68.5

f0

63.5
63.3
68.1
70.9
72.6
73.2
73.9
74.1

fn

66.5
67.7
69.1
69.4
70.1
70.3
70.5
70.4

fl

65.5
67.5
69.8
72.3
72.9
74.1
74.3
75.3

f0,n,l

63.7
64.3
69.6
73.1
74.7
75.9
76.4
77.1

f0,t

66.2
67.7
69.1
72.9
74.8
75.8
76.4
77.2

f0,t,l

Table 4: Brief description of all our formulations.

Description
uses a single, global weight vector
uses only node-specific weights
uses only workload-specific weights
uses global, node- and workload-specific weights
uses global weights and weights specific to {node, workload} tuples
uses global and workload-specific weights and weights specific to {node, workload} tuples
selects partitions automatically
selects groups automatically
selects feature-blocks automatically for individual groups
selects feature-blocks automatically across all the groups

%Training
Data
1
2
5
10
20
30
40
50

Table 5: Prediction accuracies (in %) of various MTL formulations for straggler prediction with varying
amount of training data. See Section 5.3.1 for details.

• fgs : In fgs , we encourage individual nodes-specific or individual workloads-specific
weight vectors separately to be set to zero. We observed that some of the nodes’
weight vectors and some of the workload-specific weight vectors were zero, indicating
that in some cases we do not need node or workload specific reasoning. (One can use
the learnt sparsity pattern and attempt to correlate it with some node and workload
characteristics; however we have not explored this in this paper.)

We also note that our mixed-norm formulations automatically learn a grouping that achieves
comparable accuracy with lesser total number of groups, and thus fewer parameters.
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Automatically selecting features: In this section, we evaluate the remaining formulations ff s1 and ff s2 . These two formulations group sets of features based on resources. We
divide the features in five different categories viz., features measuring (1) CPU utilization,
(2) memory utilization, (3) network usage, (5) disk utilization, (6) other system level performance counters. We evaluate their straggler prediction accuracy and then discuss their
interpretability in terms of understanding the causes behind stragglers.
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Straggler Prediction Accuracy
68.5
74.1
70.4
75.3
74.4
73.8
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• ff s1 : Because this formulation divides each group weight vector further into blocks
based on the kind of features, it can potentially provide fine-grained insight into what
kinds of features are most important for each group weight vector. Indeed, we found
that some node models assign zero weight to features from the network category, while
others assign a zero weight to the disk category. However, no global patterns emerge.

Table 7 shows the percentage prediction accuracies of these formulations on our test set.
Note that these formulations show comparable prediction accuracy. Next, we discuss the
impact of ff s1 and ff s2 on understanding the straggler behavior.

Table 6: Straggler prediction accuracies (in %) using the four mixed-norm formulations fps and fgs compared
with formulations that use l2 regularizers. Note that fps and fgs perform with comparable accuracy with
f0,n,l , however, use lesser number of groups and parameters, resulting in simpler models.

Formulation
f0
fn
fl
f0,n,l
fps
fgs

Figure 3: Classification accuracy of various MTL formulations as compared to Wrangler using 50% of the
total data. This plot shows the percentage of true positives and the percentage of false positives in each of
the cases. These quantities are computed as: % True Positive = (fraction of stragglers predicted correctly as
stragglers) × 100, and % False Positive = (fraction of non-stragglers predicted incorrectly to be stragglers)
× 100.
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Straggler Prediction Accuracy (in %)
74.9
74.9

FB2010
f0,n,l f0,t
46.7 48.3
57.3 58.7
50.0 48.8
60.6 57.4
51.4 56.2

CC
f0,n,l
50.2
61.0
59.4
55.7
50.8

b
f0,t
49.4
53.5
53.4
49.5
44.6

CC
f0,n,l
52.8
64.4
48.9
47.3
71.2

e
f0,t
68.2
48.9
65.1
73.9
59.9
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• For workloads F B2009 and CC b, we see f0,n,l performs better consistently.

• For 13 out of 20 classification experiments, f0,n,l performs better than f0,t . For 10 out
of these 13 cases, the difference in performance is more than 5 percentage points.

One of our goals in this work is to reduce the amount of training data required to get a
straggler prediction model up and running. When a new workload begins to execute on a
node, we want to learn a model as quickly as possible. Recall that (Section 5.3) with enough
training data available we found that f0,n,l , f0,t and f0,t,l seem to perform similarly, with
f0,n,l performing slightly worse. However, as mentioned in Section 4.8, formulation f0,n,l
has fewer parameters and, because it has no weight vector specific to a particular {node,
workload} tuple, can generalize to new {node, workload} tuples unseen at train time. This
is in contrast to f0,t which has to fall back on w0 in such a situation, and thus may not
generalize as well. In this section, we see if this is indeed true.
We trained classifiers based on f0,n,l and f0,t leaving out 95% of the data of one nodeworkload pair every time. We then test the models on the left-out data. Table 8 shows the
percentage classification accuracy from 20 such runs. We note the following:

5.4 Prediction accuracy for a {node, workload} tuple with insufficient data

• ff s2 : This formulation considers these feature categories across the various nodes and
workloads and provides a way of knowing if there are certain dominating factors causing stragglers in a cluster. However, we observed that none of the feature categories
had zero weights in the weight vector learned for our dataset. Again, this means
that there is no single, easily discoverable reason for straggler behavior, and provides
evidence to the claim made by Ananthanarayanan et al. (2013, 2014) that the causes
behind stragglers are hard to figure out.

This reinforces our belief that the causes of stragglers vary quite a bit from node to
node or workload to workload.

Table 8: Straggler Prediction accuracies (in %) of f0,n,l and f0,t on test data from an unseen node-workload
pair. See Section 5.4 for details.

FB2009
f0,n,l f0,t
73.1 45.3
56.2 57.5
63.9 55.5
63.2 47.7
50.7 42.4

Table 7: Straggler prediction accuracies (in %) using ff s1 and ff s2 that encourage sparsity across bocks of
features.

Formulation
ff s1
ff s2
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Figure 4: Improvement in the overall job completion times achieved by f0,n,l and Wrangler over speculative
execution.

• f0,n,l sometimes performs worse, but in only 3 of these cases is it significantly worse
(worse by more than 5 percentage points). All 3 of these instances are in case of the
CC e workload. In general, for this workload, we also notice a huge variance in the
numbers obtained across multiple nodes. See Yadwadkar et al. (2014), for a discussion
of some of the issues in this workload.
This shows that f0,n,l works better in real-world settings where one cannot expect enough
data for all node-workload pairs. Therefore, we evaluate f0,n,l in our next experiment
(Section 5.5) to see if it improves job completion times.
5.5 Improvement in overall job completion time

JMLR 17(106):1-37

We now evaluate our formulation, f0,n,l , using the second metric, improvement in the overall
job completion times over speculative execution. We compare these improvements to that
achieved by Wrangler (Figure 4). Improvement at the 99th percentile is a strong indicator of the effectiveness of straggler mitigation techniques. We see that f0,n,l significantly
27

% Reduction in total task-seconds
(MTL with f0,n,l )
(Wrangler)
73.33
55.09
8.9
24.77
64.12
40.15
13.04
8.24

Yadwadkar, Hariharan, Gonzalez and Katz

Workload
FB-2009
FB-2010
CC b
CC e

Table 9: Resource utilization with f0,n,l and with Wrangler over speculative execution, in terms of total
task execution times (in seconds) across all the jobs. f0,n,l reduces resources consumed over Wrangler for
F B2009, CC b and CC e.

improves over Wrangler, reflecting the improvements in prediction accuracy. At the 99th
percentile, we improve Wrangler’s job completion times by 57.8%, 35.8%, 58.9% and 5.7%
for F B2009, F B2010, CC b and CC e respectively. Note that Wrangler is already a strong
baseline. Hence, the improvement in job completion times on top of the improvement
achieved by Wrangler is significant.

5.6 Reduction in resources consumed

When a job is launched on a cluster, it will be broken into small tasks and these tasks will be
run in a distributed fashion. Thus, to calculate the resources used, we can sum the resources
used by all the tasks. As in Yadwadkar et al. (2014), we use the time taken by each task as
a measure of the resources used by the task. Note that, because these tasks will likely be
executing in parallel, the total time taken by the tasks will be much larger than the time
taken for the whole job to finish, which is what job completion time measures (shown in
Figure 4). Ideally, straggler prediction will prevent tasks from becoming stragglers. Fewer
stragglers means fewer tasks that need to be replicated by straggler mitigation mechanisms
(like speculative execution) and thus lower resource consumption. Thus, improved straggler
prediction should also reduce the total task-seconds i.e., resources consumed.
Table 9 compares the percentage reduction in resources consumed in terms of total
task-seconds achieved by f0,n,l and Wrangler over speculative execution. We see that the
improved predictions of f0,n,l reduce resource consumption significantly more than Wrangler
for 3 out of 4 workloads, thus supporting our intuitions. In particular, for F B2009 and
CC b, f0,n,l reduces Wrangler’s resource consumption by about 40%, while for CC e the
reduction is about 5%.

6. Related Work on Multi-task Learning
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The idea that multiple learning problems might be related and can gain from each other
dates back to Thrun (1996) and Caruana (1993). They pointed out that humans do not
learn a new task from scratch but instead reuse knowledge gleaned from other learning
tasks. This notion was formalized by, among others, Baxter (2000) and Ando and Zhang
(2005), who quantified this gain. Much of this early work relied on neural networks as
a means of learning these shared representations. However, contemporary work has also
focused on SVMs and kernel machines.
Our work is an extension of the work of Evgeniou and Pontil (2004), who proposed an
additive model for MTL that decomposes classifiers into a shared component and a task-
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Our formulation reduces the number of hyperparameters to just one per partitioning, which
makes it much easier to cross-validate to set their values. In particular, our formulation
in the context of straggler avoidance, Equation (24), has four hyperparameters: λ0 , ν, ω,
τ . To tune these parameters we used a simple grid search with cross-validation (results are
shown in Tables 10, 11, 12, and 13). In general we found that the model formulation is
relatively robust to the choice of hyperparameters so long as they are within the correct
order of magnitude.

Through this work, we have shown the utility of multitask learning in solving the real-world
problem of avoiding stragglers in distributed data processing. We have presented a novel
MTL formulation that captures the structure of our learning-tasks and reduces job completion times by up to 59% over prior work (Yadwadkar et al., 2014). This reduction comes
from a 7 percentage point increase in prediction accuracy. Our formulation can achieve
better accuracy with only a sixth of the training data and can generalize better than other
MTL approaches for learning-tasks with little or no data. We have also presented extensions

7. Conclusion

to our formulation using group sparsity inducing mixed norms that automatically discover
the structure of our learning tasks and make the final model more interpretable. Finally,
we note that, although we use straggler avoidance as the motivation, our formulation is
more generally applicable, especially for other prediction problems in distributed computing frameworks, such as resource allocation (Gupta et al., 2013; Delimitrou and Kozyrakis,
2014).

specific component. In later work, Evgeniou et al. (2005) propose an MTL framework that
uses a general quadratic form as a regularizer. They show that if the tasks can be grouped
into clusters, they can use a regularizer that encourages all the weight vectors of the group to
be closer to each other. Jacob et al. (2009) extend this formulation when the group structure
is not known a priori. Xue et al. (2007) infer the group structure using a Bayesian approach.
The approach of Widmer et al. (2010) is similar to ours and groups tasks into “meta-tasks”,
and tries to automatically figure out the meta-tasks required to get good performance. The
formulation we propose is also designed to handle group structure, but allows us to dispense
with task-specific classifiers entirely, reducing the number of parameters drastically. This
allows us to handle tasks that have very little training data by transferring parameters learnt
on other tasks. Our formulation shares this property with that of Blanchard et al. (2011),
and indeed our basic formulation can be written down in the kernel-based framework they
describe for learning to generalize onto a completely unseen task. Other ways of controlling
parameters include learning a distance metric (Parameswaran and Weinberger, 2010), and
using low rank regularizers (Pong et al., 2010).
Our setting is an example of multilinear multitask learning where each learning problem
is indexed by two indices: the node and the workload. Previous work on this subfield of
multitask learning has typically used low-rank regularizers on the weight matrix represented
as tensors (Romera-Paredes et al., 2013; Wimalawarne et al., 2014). It is also possible to
define a similarity between tasks based on how many indices they share (Signoretto et al.,
2014). Our formulation captures some of the same intuitions, but has the added advantage
of simplicity and ease of implementation.
Using mixed norms for inducing sparsity has a rich history. Donoho (2006) showed that
minimizing the l1 norm recovers sparse solutions when solving linear systems. When used
as a regularizer, the l1 norm learns sparse models, where most weights are 0. The most
well known of such sparse formulations is the lasso (Tibshirani, 1996), which uses the l1
norm to select features in regression. Yuan and Lin (2006) extend the lasso to group lasso,
where they use a mixed l1 and l2 norm to select a sparse set of groups of features. Bach
(2008) study the theoretical properties of group lasso. Since these initial papers, mixed
norms have found use in a variety of applications. For instance , Quattoni et al. (2008)
use a mixed l∞ and l1 norm for feature selection. Such mixed norms also show up in the
literature on kernel learning, where they are used to select a sparse set of kernels (Varma
and Ray, 2007; Kloft et al., 2011) or a sparse set of groups of kernels (Aflalo et al., 2011).
Bach et al. (2011) provides an accessible review of mixed norms and their optimization, and
we direct the interested reader to that article for more details.

Appendix A. Cross-validating hyperparameter settings
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λ0
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1

ω
1
1
1
1
10
10
10
10
100
100
100
100
1000
1000
1000
1000
1
1
1
1
10
10
10
10
100
100
100
100
1000
1000
1000
1000

τ
1
10
100
1000
1
10
100
1000
1
10
100
1000
1
10
100
1000
1
10
100
1000
1
10
100
1000
1
10
100
1000
1
10
100
1000

Accuracy (%)
75.38
75.57
75.24
74.39
74.93
75.51
75.05
74.38
74.84
74.84
73.95
73.04
73.03
72.60
72.11
71.17
74.95
75.17
74.34
74.05
75.42
75.05
74.69
75.00
74.84
74.77
74.42
73.53
72.88
72.23
72.07
71.16

λ0
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1

ν
100
100
100
100
100
100
100
100
100
100
100
100
100
100
100
100
1000
1000
1000
1000
1000
1000
1000
1000
1000
1000
1000
1000
1000
1000
1000
1000

ω
1
1
1
1
10
10
10
10
100
100
100
100
1000
1000
1000
1000
1
1
1
1
10
10
10
10
100
100
100
100
1000
1000
1000
1000

τ
1
10
100
1000
1
10
100
1000
1
10
100
1000
1
10
100
1000
1
10
100
1000
1
10
100
1000
1
10
100
1000
1
10
100
1000

Accuracy (%)
75.39
74.95
74.42
74.00
75.58
75.14
74.92
73.90
74.87
74.72
74.09
72.95
73.08
72.15
72.47
70.72
75.47
75.37
74.73
74.49
75.78
74.73
74.87
74.40
74.97
75.06
73.68
72.51
72.29
72.02
71.94
70.34

Multi-Task Learning for Straggler Avoiding Predictive Job Scheduling

ν
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
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Table 10: Tuning the hyperparameters λ0 , ν, ω and τ using grid search.

31

λ0
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10

ν
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10

ω
1
1
1
1
10
10
10
10
100
100
100
100
1000
1000
1000
1000
1
1
1
1
10
10
10
10
100
100
100
100
1000
1000
1000
1000

Accuracy (%)
65.93
67.67
63.99
64.67
69.97
74.92
75.13
74.52
61.19
75.85
75.44
75.30
68.35
74.20
74.45
73.90
64.50
66.59
64.90
61.98
69.95
75.61
75.02
74.63
73.26
75.19
74.77
74.68
58.03
74.83
74.95
73.83

λ0
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10

ν
100
100
100
100
100
100
100
100
100
100
100
100
100
100
100
100
1000
1000
1000
1000
1000
1000
1000
1000
1000
1000
1000
1000
1000
1000
1000
1000

ω
1
1
1
1
10
10
10
10
100
100
100
100
1000
1000
1000
1000
1
1
1
1
10
10
10
10
100
100
100
100
1000
1000
1000
1000

Yadwadkar, Hariharan, Gonzalez and Katz

τ
1
10
100
1000
1
10
100
1000
1
10
100
1000
1
10
100
1000
1
10
100
1000
1
10
100
1000
1
10
100
1000
1
10
100
1000

τ
1
10
100
1000
1
10
100
1000
1
10
100
1000
1
10
100
1000
1
10
100
1000
1
10
100
1000
1
10
100
1000
1
10
100
1000

Accuracy (%)
66.44
64.54
64.98
62.97
68.87
75.84
75.09
75.41
69.45
75.41
75.74
75.30
72.66
75.19
74.30
74.03
67.33
63.73
61.84
60.44
67.40
75.60
75.26
75.30
72.45
75.44
75.30
75.03
66.71
75.00
75.07
74.42
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Table 11: Tuning the hyperparameters λ0 , ν, ω and τ using grid search.

32

λ0
100
100
100
100
100
100
100
100
100
100
100
100
100
100
100
100
100
100
100
100
100
100
100
100
100
100
100
100
100
100
100
100

ν
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10

τ
1
10
100
1000
1
10
100
1000
1
10
100
1000
1
10
100
1000
1
10
100
1000
1
10
100
1000
1
10
100
1000
1
10
100
1000

Accuracy (%)
67.36
66.39
63.79
65.24
65.46
67.84
64.63
60.97
72.27
56.05
66.44
70.18
52.14
71.03
65.30
73.16
65.87
65.94
67.53
64.05
69.18
62.42
62.87
63.63
56.48
66.43
75.18
75.57
53.74
69.14
75.5
75.24

λ0
100
100
100
100
100
100
100
100
100
100
100
100
100
100
100
100
100
100
100
100
100
100
100
100
100
100
100
100
100
100
100
100

ν
100
100
100
100
100
100
100
100
100
100
100
100
100
100
100
100
1000
1000
1000
1000
1000
1000
1000
1000
1000
1000
1000
1000
1000
1000
1000
1000

ω
1
1
1
1
10
10
10
10
100
100
100
100
1000
1000
1000
1000
1
1
1
1
10
10
10
10
100
100
100
100
1000
1000
1000
1000

τ
1
10
100
1000
1
10
100
1000
1
10
100
1000
1
10
100
1000
1
10
100
1000
1
10
100
1000
1
10
100
1000
1
10
100
1000
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Accuracy (%)
64.43
65.58
65.06
63.42
57.59
65.14
67.08
68.03
72.68
65.14
75.01
75.26
64.70
55.27
75.24
74.79
65.79
65.15
60.47
61.25
67.20
63.50
66.72
61.48
67.65
66.88
75.71
75.40
57.90
69.47
75.91
75.49
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Table 12: Tuning the hyperparameters λ0 , ν, ω and τ using grid search.

ω
1
1
1
1
10
10
10
10
100
100
100
100
1000
1000
1000
1000
1
1
1
1
10
10
10
10
100
100
100
100
1000
1000
1000
1000
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λ0
1000
1000
1000
1000
1000
1000
1000
1000
1000
1000
1000
1000
1000
1000
1000
1000
1000
1000
1000
1000
1000
1000
1000
1000
1000
1000
1000
1000
1000
1000
1000
1000

ν
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10

τ
1
10
100
1000
1
10
100
1000
1
10
100
1000
1
10
100
1000
1
10
100
1000
1
10
100
1000
1
10
100
1000
1
10
100
1000

Accuracy (%)
64.42
62.57
65.63
62.00
64.62
65.87
65.36
65.51
71.64
65.88
61.27
71.41
66.75
74.07
54.60
71.88
63.93
63.35
63.68
64.02
71.02
65.37
66.78
64.47
56.41
60.10
68.24
61.10
55.50
66.23
65.71
72.19

λ0
1000
1000
1000
1000
1000
1000
1000
1000
1000
1000
1000
1000
1000
1000
1000
1000
1000
1000
1000
1000
1000
1000
1000
1000
1000
1000
1000
1000
1000
1000
1000
1000

ν
100
100
100
100
100
100
100
100
100
100
100
100
100
100
100
100
1000
1000
1000
1000
1000
1000
1000
1000
1000
1000
1000
1000
1000
1000
1000
1000

ω
1
1
1
1
10
10
10
10
100
100
100
100
1000
1000
1000
1000
1
1
1
1
10
10
10
10
100
100
100
100
1000
1000
1000
1000

τ
1
10
100
1000
1
10
100
1000
1
10
100
1000
1
10
100
1000
1
10
100
1000
1
10
100
1000
1
10
100
1000
1
10
100
1000

34

Accuracy (%)
63.52
66.93
65.36
64.37
55.54
62.08
64.24
62.66
63.72
69.01
61.42
64.31
60.21
71.92
67.46
75.28
63.09
68.08
63.58
59.18
69.81
68.01
67.49
66.57
59.24
61.69
66.04
61.54
71.65
58.39
71.65
75.59
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Table 13: Tuning the hyperparameters λ0 , ν, ω and τ using grid search.

ω
1
1
1
1
10
10
10
10
100
100
100
100
1000
1000
1000
1000
1
1
1
1
10
10
10
10
100
100
100
100
1000
1000
1000
1000
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1. Introduction

The ImageNet Large Scale Visual Recognition Challenge by Deng et al. (2009) provides
more than one million labeled images of 1,000 object categories. The accessibility of a huge
amount of well-annotated image data in computer vision rekindled deep convolutional neural networks (CNNs) as the premier learning tool to solve the visual object class recognition
tasks, as shown by Krizhevsky et al. (2012); Simonyan and Zisserman (2015); Szegedy et al.
(2015). Deep CNNs can perform significantly better than traditional shallow learning methods but usually require much more training data as was shown by Krizhevsky et al. (2012);

Our work has been inspired by the works of Deng et al. (2009); Russakovsky et al.
(2015) building very large-scale image databases and the works establishing semantic connections of texts and images by Kulkarni et al. (2013). Please note that there has not yet
been much comparable development on large-scale medical imaging interpretation. Kulkarni et al. (2013) have spearheaded the efforts of learning the semantic connections between
image contents and the sentences describing them, such as image captions. Detecting objects of interest, attributes and prepositions and applying contextual regularization with a
conditional random field (CRF) is a feasible approach as shown by Kulkarni et al. (2013),
and many useful tools for image annotation using it are available in computer vision.

The Radiology reports are text documents describing patient history, symptoms, image
observations and impressions written by board-certified radiologists. However, the reports
do not contain specific image labels to be trained by a machine learning algorithm. Building the ImageNet database (Deng et al., 2009) was mainly a manual process: harvesting
images returned from Google image search engine according to the WordNet (Miller, 1995)
ontology hierarchy and pruning falsely tagged images using crowd-sourcing such as Amazon
Mechanical Turk (AMT). This does not meet our data collection and labeling needs due to
the demanding difficulties of medical annotation tasks and the need for data privacy. Thus,
we first propose to mine categorical semantic labels using a non-parametric topic modeling
method—latent Dirichlet Allocation (LDA) by Blei et al. (2003)—to provide a semantic
interpretation of a patient image in three levels. While this provides a first-level interpretation of a patient image, labeling based on categorization can be nonspecific. To alleviate
the issue of non-specificity, we further mine specific disease words in the reports mentioning
the images. Feed-forward CNNs were then used to train and predict the presence/absence
of the specific disease categories.

Russakovsky et al. (2015). In the medical domain, however, there are no similar large-scale
labeled image data sets available. On the other hand, large collections of radiology images
and reports are stored in many modern hospitals’ Picture Archiving and Communication
Systems (PACS). The invaluable semantic diagnostic knowledge inhabiting the mapping
between hundreds of thousands of clinician-created high-quality text reports and linked
image volumes remains largely unexplored. One of our primary goals is to extract and
associate radiology images with clinically semantic labels via interleaved text/image data
mining and deep learning on a large-scale PACS database (∼780K imaging examinations).
To the best of our knowledge, this is the first reported work performing automated mining
and prediction on a hospital PACS database at a very large scale.

Hoo-Chang Shin, Le Lu, Lauren Kim, Ari Seff, Jianhua Yao, and Ronald M. Summers

In this work, both deep feed-forward CNNs of Krizhevsky et al. (2012); Simonyan and
Zisserman (2015) and word-embedding networks of Mikolov et al. (2013a,b) are used to
model image and text. Also, the CNN parameters pre-trained on ImageNet are used to
initialize CNNs for medical image analysis. We show the benefit of this transfer learning
and domain adaptation in Section 4.2. The fact that deep learning requires no handcrafted image features is very desirable since significant adaptation would be needed to
apply conventional image features, (for example, HOG, SIFT) to medical images. The
large-scale data sets of extracted representative images (referred to as “key images” in this
paper) and their categorization, vector labels, and describing sentences can be harnessed to
alleviate deep learning’s “data-hungry” challenge in the medical domain.

Despite tremendous progress in computer vision, there has not been an attempt to apply
machine learning on very large-scale medical image databases. We present an interleaved
text/image deep learning system to extract and mine the semantic interactions of radiology
images and reports from a national research hospital’s Picture Archiving and Communication System. With natural language processing, we mine a collection of ∼216K representative two-dimensional images selected by clinicians for diagnostic reference and match the
images with their descriptions in an automated manner. We then employ a weakly supervised approach using all of our available data to build models for generating approximate
interpretations of patient images. Finally, we demonstrate a more strictly supervised approach to detect the presence and absence of a number of frequent disease types, providing
more specific interpretations of patient scans. A relatively small amount of data is used
for this part, due to the challenge in gathering quality labels from large raw text data.
Our work shows the feasibility of large-scale learning and prediction in electronic patient
records available in most modern clinical institutions. It also demonstrates the trade-offs
to consider in designing machine learning systems for analyzing large medical data.
Keywords: Deep learning, Convolutional Neural Networks, Topic Models, Natural Language Processing, Medical Imaging
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Text/Image Mining on a Large-Scale Radiology Database

1.1 Related Work
The ImageCLEF medical image annotation tasks of 2005-2007 by Deselaers and Ney (2008)
have 9,000 training and 1,000 test images, converted to 32 × 32 pixel thumbnails with
57 labels. Local image descriptors and intensity histograms are used as a bag-of-features
approach for this scene-recognition-like problem. However, the data set is limited to radiographs (for example, chest and bone x-rays), and it is difficult to detect any disease from
32 × 32 size images. Unsupervised LDA-based matching from lung disease words (for example, fibrosis, emphysema) to two-dimensional image blocks from axial CT chest scans is
studied by Carrivick et al. (2005) where data were collected from a relatively small number
(24) of patients. The works of Barnard et al. (2003); Blei and Jordan (2003) using generative models of combining words and images under a very limited word/image vocabulary
has also motivated this study.
Socher et al. (2013); Frome et al. (2013) first map words into vector space using recurrent
neural networks and then project images into the label-associated word-vector embeddings
by minimizing the L2 (Socher et al., 2013) or hinge rank losses (Frome et al., 2013) between
the visual and label manifolds. The language model is trained on the texts of Wikipedia and
tested on label-associated images from the CIFAR (Krizhevsky and Hinton, 2009; Socher
et al., 2013) and ImageNet data sets (Deng et al., 2009; Frome et al., 2013). Image-tolanguage correspondence was learned from the ImageNet data set and reasonably high
quality image description data sets (Pascal1K (Rashtchian et al., 2010), Flickr8K (Hodosh
et al., 2013), Flickr30K (Young et al., 2014), MS-COCO Lin et al. (2014)) by Karpathy
et al. (2014); Vinyals et al. (2015); Donahue et al. (2015); Xu et al. (2015); Mao et al.
(2015), where such caption data sets are not available in the medical domain.
The tasks of mining and labeling images from a data set of blog posts with user photos
and related texts and retrieving them with query words were demonstrated in Kim et al.
(2015b,a, 2014). Similarly, a noisy image-text data set consisting of product photos (such
as bags, clothing and shoes) and their associated text description (Berg et al., 2010) was
used to demonstrate image retrieval with text queries and image description generation.
Nonetheless, they all require pre-trained models either from the large ImageNet data set or
a large text data set (for example, word representations trained on Wikipedia or Reuters
news data sets (Turian et al., 2010)). Still there exists no such large data set of images and
texts in the medical domain.
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Graphical models have been employed to predict image attributes by Lampert et al.
(2014); Scheirer et al. (2012), or to describe images by Kulkarni et al. (2013) using manually
annotated data sets. Automatic label mining on large, unlabeled data sets is presented by
Ordonez et al. (2011); Jaderberg et al. (2014), however, the variety of the label-space is
limited to image text annotations. In this work, we demonstrate the automatic generation
of descriptive attributes of patient images as well as the detection of frequent disease types
with associated confidences. A large data set of patient images and radiologist text reports
from a hospital is used for the demonstration, and we highlight the key issues to consider
when analyzing large-scale medical data with minimal annotation.
3

total number of
documents
∼780k
images
∼216k
words
∼1 billion
vocabulary
∼29k

# words in documents
mean
131.13
std
95.72
max
1502
min
2

# image modalities
CT
∼169k
MR
∼46k
PET
67
others
34
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#
#
#
#

Table 1: Some statistics of the data set. “Others” include computed radiography, and
ultrasound.

2. Data

To gain the most comprehensive interpretation of diagnostic semantics, we use all available
radiology reports of around 780,000 imaging examinations, stored in the PACS of National
Institutes of Health Clinical Center since the year 2000. Around 216,000 two-dimensional
representative image slices referred by doctors are studied here, instead of using all threedimensional image volumes. Within three-dimensional patient scans, most of the imaging
information represented are normal anatomy, therefore they are often not the focus of the
radiology reports. The two-dimensional “key images” referenced by radiologists manually
during radiology report writing provide a visual reference to pathologies or other notable
findings (Figure 1). Therefore, the two-dimensional key images are more correlated with
the diagnostic semantics in the reports than the whole three-dimensional scans, but not all
reports have referenced key images (215,786 images from about 61,845 unique patients).
Table 1 provides some statistics of the extracted database, and Table 2 shows examples
of the most frequently occurring words in the radiology reports collected. Leveraging our
deep learning models exploited in this paper will make it possible to automatically select
key images from three-dimensional patient scans to avoid mis-referencing.
Finding and extracting key images from radiology reports is done by natural language
processing (NLP), that is, finding a sentence mentioning a referenced image. For example,
“There may be mild fat stranding of the right parapharyngeal soft tissues (series 1001, image
32)” is listed in Figure 1. The NLP steps are sentence tokenization, word/number matching
and stemming, and rule-based information extraction (for example, translating “image 101378” to “images 1013-1078”). A total of ∼187K images are retrieved and matched this way,
whereas the rest of ∼28K key images were extracted according to their reference accession
numbers in PACS. The image-text matching is accurate as we use exact annotations from
the sentences in reports in retrieving the images, however, it is possible we missed some
image-text pairs due to limitations in our NLP pipelines. We do not evaluate the recall-rate
of our method in this study, but it can be considered as a future work. The software package
of Bird et al. (2009) is used for the basic NLP pipelines.

3. Document Topic Learning with Latent Dirichlet Allocation
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It is difficult to annotate the ∼216K images and the sentences referring to them. Unlike the
images of ImageNet (Deng et al., 2009; Russakovsky et al., 2015) which often have a dominant object appearing in the center, our key images are mostly CT and MRI slices showing
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several organs usually with pathologies. There is a high amount of intrinsic ambiguity
in defining and assigning a semantic label set to images, even for experienced clinicians.
We therefore propose to mine image categorization labels using the non-parametric topicmodeling algorithm of Blei et al. (2003) on the ∼780K radiology text reports in PACS. Our

Table 2: Examples of the most frequently occurring words in the radiology report documents.

right
left
impression
evidence
findings
CT

Figure 1: Two examples of radiology reports and the referenced “key images” (providing a
visual reference to pathologies or other notable findings).

0001 Report: CHEST, ABDOMEN, PELVIS CT: Multidetector helical (5 mm, quad) images following, and
abdomen images prior to vascular contrast infusion (45 s delay, 2 cc/s, 130 cc Isovue) obtained
without apparent complication. History: renal cell pt on Medarex protocol here for end of course
evaluation.
CHEST: Multiple right, and at least one left lung masses minimally-moderately increasing since
xx/xx/xxxx, compatible with metastases despite moderate decrease in at least one right mid-lung
mass (e.g. series 4 image 30). Minimal pretracheal and subcarinal adenopathy increasing. Spine
osteophytes. Enlargement thyroid on right side, and thyroid heterogeneity unchanged, possibly due
to goiter. No evidence of pleural or pericardial effusion, axilla or left hilum adenopathy.
ABDOMEN, PELVIS: Few right and left liver foci, left periaortic and left adrenal fossa, and right sacrum
mass and lytic lesion (series 3 image 88-95) increasing minimally, compatible with metastases.
Scattered lumbar vertebra and bilateral ilium foci (e.g. series 3 image 55, 60, 80, 84-7, 96) foci
possibly due to bone metastases. Uterine fundus focus (series 3 image 95) increasing in density since
xx/xx/xxxx, possibly due to fibroid, metastasis. No evidence of splenomegaly, hydronephrosis,
gallbladder calcification, or bulky mesenteric adenopathy.

0001 REPORT : REASON FOR EXAM (Entered by ordering clinician into CRIS): hx of head and neck
cancer. needs scan CT of the nasopharynx.
HISTORY: Head and neck cancer.
TECHNIQUE: Contiguous 2.5 mm axial images of the nasopharynx were performed without IV
contrast. COMPARISON: xx/xx/xxxx.
FINDINGS: No soft tissue masses are seen within the soft tissues of the neck. The parotid and
submandibular glands are predominantly fatty-replaced. Soft tissues of the Naso, oropharynx are
unremarkable. There may be mild fat stranding of the right parapharyngeal soft tissues (series 1001,
image 32). No abnormal masses are seen at that site. No bulky lymphadenopathy is seen. There is a
fusiform aneurysm of the basilar artery as previously described. It appears to the mildly increased in
size and currently measures 2.0 cm in transverse dimensions and previously measured 1.8 cm. It
measured 1.5 cm in transverse dimensions on xx/xx/xxxx. Atherosclerotic calcifications are also seen
within the carotid arteries bilaterally. There is near-complete opacification of the maxillary sinuses
bilaterally. This has increased predominantly within the left maxillary sinus and mildly within the right
maxillary sinus. The ethmoidal air cells are clear. Sphenoidal and frontal sinuses are clear.
Degenerative changes of the cervical spine are noted.
IMPRESSIONS: 1. No soft tissue masses however, mild right parapharyngeal fat stranding is seen it
may be postoperative or post radiation in nature. 2. Basilar artery aneurysm that has gradually
increased in size when compared to prior examinations. 3. Atherosclerotic disease of the coronary
arteries bilaterally..
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A lower perplexity score generally implies a better fit of the model for a given document
set (Blei et al., 2003).
Based on the perplexity score evaluated on 80% of the total documents used for training
and 20% used for validation, the number of topics chosen is 80 for the document-level model
using perplexity scores for model selection (Figure 2). Although the document distribution
in the topic space is approximately balanced, the distribution of image counts for the topics
is more unbalanced (Figure 3). Specifically, topic #77 (non-primary metastasis spreading
across a variety of body parts) contains nearly half of the ∼216K key images. To address
this data bias, sub-topics are obtained for each of the first document-level topics, resulting
in 800 topics, where the number of the sub-topics is also chosen based on the average
perplexity scores evaluated on each document-level topic. Lastly, to compare the method of
using the whole report with using only the sentence directly describing the key images for
latent topic mining, sentence-level LDA topics are obtained based on three sentences only:
the sentence mentioning the key-image (Figure 1) and its adjacent sentences as proximal
context. The perplexity scores keep decreasing with an increasing number of topics; we
choose the topic count to be 1000 as the rate of the perplexity score decrease is very small
beyond that point (Figure 2).
We observe that LDA-generated image categorization labels are valid, demonstrating
good semantic coherence among clinician observers. Some examples of document-level topics
with their corresponding images and topic key words are shown in Figure 4. All reports
and sentences referring to the images have associated topics, and images are sampled from
the sentences belonging to the multi-level topics. The lists of key words and sampled
images per topic label are subjected to a board-certified radiologist’s review and validation.

perplexity(Dval ) = exp −

( P
M

hypothesis is that the large collection of radiology reports statistically defines the categories
meaningful for topic-mining and visual correspondence learning for these topics.
Latent Dirichlet Allocation (LDA) was originally proposed by Blei et al. (2003) to find
latent topics for a collection of text documents such as newspaper articles. There are some
other popular methods for document topic modeling, such as Probabilistic Latent Semantic
Analysis (pLSA) by Hofmann (1999) and Non-negative Matrix Factorization (NMF) by
Lee and Seung (1999). In a study done by Stevens et al. (2012) LDA showed the most
favorable results overall in human evaluations of the generated topics compared to other
popular methods. Furthermore, pLSA can be regarded as a special case of LDA (Girolami
and Kabán, 2003) and NMF as a semi-equivalent model of pLSA (Gaussier and Goutte,
2005; Ding et al., 2006).
LDA offers a hierarchy of extracted topics and the number of topics can be chosen by
evaluating each model’s perplexity score (Equation 1), which is a common way to measure
how well a probabilistic model generalizes by evaluating the log-likelihood of the model on a
held-out validation set. For an unseen document set Dval , the perplexity score is defined as
in Equation 1, where M is the number of documents in the validation set, wd the words in
the unseen document d, Nd the number of words in document d, with Φ the topic matrix,
and α the hyper-parameter for topic distribution of the documents.
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Figure 4: Examples of LDA generated document-level topics with corresponding images and
key words. Topic #4 is MRI of brain tumor; topic #17: breast imaging; topic
#31: degenerative spine disc disease; and topic #78: bone metastases. These are
verified by a radiologist.

‘chest port catheter’, ‘chest imaging with disease or pathology’, and ‘degenerative disease
in bone’.
We also obtained LDA topics on the reports having associated images only, resulting in
20 topics according to perplexity score. However, these did not add any more meaningful
semantics in addition to the already obtained topics in three levels, so that we do not include
the topics. For more details and the image-topic associations, refer to Figures 4, 5, and
the supplementary material. Even though LDA labels are computed with text information
only, we next investigate the plausibility of mapping images to the topic labels of different
levels via deep CNN models.

4. Image to Document Topic Mapping with Deep Convolutional Neural
Networks

JMLR 17(107):1-31

For each level of topics discussed in Section 3, we train deep CNNs to map the images into
document categories using the Caffe framework of Jia et al. (2014). We split our whole key
image data set as follows: 85% used as the training data set, 5% as the validation, and 10% as
the test data set. If a topic has too few images to be divided into training/validation/test
for deep CNN learning, then that topic is neglected for the CNN training. These cases
are normally the topics of rare imaging protocols, for example: topic #5 - Abdominal
ultrasound; topic #28& #49 - DEXA scans of different usages. In total, 60 topics were
used for the document-level topic mapping, 385 for the document-level sub-topic mapping,
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For the image to topic mapping, we change the numbers of output nodes in the last
softmax classification layer, that is, 60, 385 and 717 for the document-level, document-level

(d)$

Figure 6: Systematic diagrams for training CNNs to learn to classify images into (a)
document-level topics (b) document-level sub-topics, (c) sentence-level topics.
A systematic diagram for image-to-word model (in Section 5.3) is shown in (d).
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All our CNN network settings are similar or the same as the ImageNet Challenge “AlexNet”
(Krizhevsky et al., 2012), and “VGG-16 & 19” (Simonyan and Zisserman, 2015) models. For
“AlexNet” we use the Caffe reference network of Jia et al. (2014), which is a slight modification to the “AlexNet” by Krizhevsky et al. (2012). The AlexNet model by Krizhevsky et al.
(2012) has about 60 million parameters (650,000 neurons) and consists of five convolutional
layers (1st, 2nd and 5th followed by max-pooling layers), and three fully-connected (FC)
layers with a final classification layer. The VGG variations of CNN models by Simonyan
and Zisserman (2015) are significantly deeper by having 16-19 convolutional layers and 133144 million parameters. The top-1 error rates on ImageNet data set of these models are
AlexNet: 15.3% (Krizhevsky et al., 2012); VGG-16: 7.4%; and VGG-19: 7.3% (Simonyan
and Zisserman, 2015), respectively.

4.1 Implementation
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and 717 for the sentence-level mapping. Systematic diagrams showing how each level of
semantic topics are learned, assigned to images, and trained to map from images to topics
are shown in Figure 6.
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Figure 5: Examples of some sub-topics of document-level topic #77, with corresponding
images and topic key-words. The key-words and the images for the documentlevel topic (#77) indicates metastatic disease. The key-words for topic #77 are:
[abdomen,pelvis,chest,contrast,performed,oral,was,present,masses,stable,intravenous,adenopathy,
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We find that transfer learning from the ImageNet pre-trained CNN parameters on natural
images to our medical image modalities (mostly CT, MRI) significantly helps the image
classification performance. Additionally, transfer learning from a CNN trained for a more
related task (for example, from CNN trained on the image-to-document-level-topic models
to train CNN for the image-to-document-level-sub-topic model) is found to be more effective
than from a CNN trained for a less related task (for example, from CNN trained on ImageNet
to train CNN for image-to-document-level-sub-topic model). Examples of classification
accuracy traces during training using CNNs from random initialization, transfer learning
from CNN trained on ImageNet and transfer learning from higher level image-to-topic model
to lower level image-to-topic models are shown in Figure 7. Similar findings that deep CNN
features can be generalized across different image modalities have been reported by Gupta
et al. (2014, 2013) but are empirically verified with only much smaller data sets than ours.
Our key image data set is about one-fifth the size of ImageNet (Russakovsky et al., 2015)
and is the largest annotated medical image data set to date.
From Figure 7 we can see that: (1) CNN testing accuracy quickly increases from ∼0%
to 50+% in roughly 1600 iterations due to the unbalanced data distribution among classes
in document-level; (2) A more complex, deeper CNN model (VGG-Net) performs better
than the model which already is a good benchmark (AlexNet), but only when starting from
a good initialization (that is, pre-training via ImageNet models); (3) Fine-tuning from a

4.2 Transfer Learning and Domain Adaptation

sub-topics, and sentence-level respectively. The networks for first-level semantic labels are
fine-tuned from the pre-trained ImageNet models, where the networks for the lower-level
semantic labels are fine-tuned from the models of the higher-level semantic labels.

Figure 7: Traces of classification accuracies during training, showing the benefits of using ImageNet data set as pre-training for this task with medical images and
improvements of fine-tuning from CNN neural networks of similar tasks (for example, from document-level (h1) CNN model to document-level sub-topic (h2)
CNN model). (a) Image-to-document-level-topic (h1) classification, (b) image-todocument-level-sub-topic (h2) classification, and (c) image-to-sentence-level-topic
(h3) classification.

Test(accuracy(
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more closely related task CNN model is even better than fine-tuning from less related task
model (alexnet tp80 h2 start tp80h1 > alexnet tp80 h2 start imagenet).
With these findings, we train our CNN models with transfer-learning by default for
the remaining parts of our study. All the CNN layers except the newly modified ones are
initialized with the weights of a previously trained related model and trained with a new
task with a low learning rate of 0.001. The modified layers with a new number of classes
are initialized randomly, and their learning rates are set with a higher learning rate of 0.01.
All the key images are re-sampled to a spatial resolution of 256 × 256 pixels. Then we follow
the approach of Simonyan and Zisserman (2015) to crop the input images from 256 × 256
to 227 × 227 for training.

4.3 Classification Results and Discussion

JMLR 17(107):1-31

We would expect that the level of difficulties for learning and classifying the images into the
LDA-induced topics will be different for each semantic level. Low-level semantic classes can
have key images of axial/sagittal/coronal slices with position variations and across MRI/CT
modalities. Mid- to high-level concepts all demonstrate much larger within-class variations
in their visual appearance since they are diseases occurring within different organs and
are only coherent at high-level semantics. Table 3 provides the top-1 and top-5 testing
in classification accuracies for each level of topic models using AlexNet (Krizhevsky et al.,
2012), and VGG-16&19 Simonyan and Zisserman (2015) based deep CNN models.
All top-5 accuracy scores are significantly higher than top-1 values, for example, increasing from 0.658 to 0.946 using VGG-19, or 0.607 to 0.929 via AlexNet in document-level. This
indicates that the classification errors or fusions are not uniformly distributed among other
false classes. Latent “blocky subspace of classes” may exist in our discovered label space,
where several topic classes form a tightly correlated subgroup. The confusion matrices in
Figure 8 verify this finding.
It is shown that the deeper models (VGG-16&19) perform consistently better than the
shallower 8-layer model (AlexNet) in classification accuracy, especially for document-level
sub-topics. While the images of some topic categories and some body parts are easily
distinguishable as shown in Figure 4, the visual differences in abdominal parts are rather
subtle as in Figure 5. Distinguishing the subtleties and high-level concept categories in
the images could benefit from a more complex model so that the model can handle these
subtleties.
It is also noticeable that VGG-16&19 models require significantly more computational
resource and time to train than the shallower model. Table 4 shows the memory consumption and time required to train the CNN models for the image-to-sentence-level-topic model
with up to 70,000 iterations using the NVidia Tesla K40 GPU. However, comparing VGG-16
and VGG-19, three additional convolutional layers seem to have contributed to raise the
top-5 accuracies by a small amount (∼2%), which is coherent with the results reported by
Simonyan and Zisserman (2015) for object recognition task on the ImageNet data set.
Compared with the ImageNet 2014 results, top-1 error rates are moderately higher (34%
versus 30%) and top-5 test errors (6% − 8%) are comparable. In summary, our quantitative
results are very encouraging, but there also exist some uncertainties in annotations because labels stem from an unsupervised learning algorithm. Multi-level semantic concepts
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5. Generating Image-to-Text Description

The image-to-topic mapping in Section 4 is a promising first step towards large-scale automated medical image interpretation. However, generating image descriptions as in Lampert
et al. (2014); Scheirer et al. (2012); Kulkarni et al. (2013) will be more readily interpretable
and descriptive.In addition, key words in the topics can help to understand the content
of a given image with more semantic meaning. We therefore propose to generate relevant
key-word text descriptions similarly to Kulkarni et al. (2013), using deep language/image
CNN models.

5.1 Word-to-Vector Modeling and Removing Word-Level Ambiguity

Figure 9: Example words embedded in the vector space using word-to-vector modeling
(https://code.google.com/p/word2vec/) visualized on a two-dimensional space,
showing (clinical) words with similar meanings are located nearby in the vector
space (colors are used to highlight these in visualization).
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Table 4: Training times for the CNN models used to reach 70,000 iterations, and their
memory consumption, using Caffe framework (Jia et al., 2014) on NVidia Tesla
K40 GPU.

time
memory

In radiology reports, there exist many recurring word morphisms in text identification, for
example, [mr, mri, t1-/t2-weighted] (natural language expressions for imaging modalities of
magnetic resonance imaging (MRI)), [cyst, cystic, cysts], [tumor, tumour, tumors, metastasis, metastatic], etc. We train the word-to-vector embedding model of Mikolov et al.
(2013c,b,a) to address this word-level labeling space ambiguity while also transforming the
words to vectors. A total of 1.2 billion words from our radiology reports as well as from
biomedical research articles obtained from OpenI (ope: http://openi.nlm.nih.gov) are
used. Words with similar meaning are mapped or projected to closer locations in the
vector space than dissimilar ones. An example visualization of the word vectors on a twodimensional space using principal component analysis is shown in Figure 9.

show good image learnability by deep CNN models which shed light on the feasibility of
automatically parsing very large-scale radiology image databases.

level-h2), and (c) sentence- level classification Simonyan and Zisserman (2015) ((b) and
(c) can be viewed best in electronic version of this document).

Figure 8: Confusion matrices of (a) document-level topic, (b) document-level sub-topic (document-

Table 3: Top-1, top-5 test classification accuracies for image to document-level topics,
document-level sub-topics (document-level-h2) and sentence-level topics, using
AlexNet (Krizhevsky et al., 2012), and VGG-16&19 (Simonyan and Zisserman,
2015) deep CNN models.

document-level
document-level-h2
sentence-level

AlexNet
top-1
0.61
0.33
0.48
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Figure 10: Word-to-vector models trained on a collection of biomedical research articles
(from OpenI ope) and radiology reports, and radiology reports only. Search
words (with quotes) and their closest words in vector-space cosine similarity
(higher the better) are listed in a descending order.
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A skip-gram model of Mikolov et al. (2013a,b) is employed with the mapping vector
dimension of R256×1 per word, trained using the hierarchical softmax cost function, the
sliding-window size of 10 and frequent words sub-sampled in the frequency of 0.01. It is
found that combining an additional, more diverse set of related documents such as OpenI
biomedical research articles, is helpful for the model to learn a better vector representation
while keeping all the hyper-parameters the same. Similar findings on unsupervised feature
learning models, that robust features can be learned from a slightly noisy and diverse set of
input, were reported by Vincent et al. (2010, 2008); Shin et al. (2013). Some examples of
query words and their corresponding closest words with respect to cosine similarity for the
word-to-vector models (Mikolov et al., 2013c), which are trained on radiology reports only
(total of ∼1 billion words) and with additional OpenI articles (total of 1.2 billion words),
are shown in Figure 10.
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#words/sentence
reports-wide
image references
image references, no stopwords no digits
image references, disease terms only

Table 5: Some statistics about number of words per sentence—across the radiology reports
(reports-wide), across the sentences identifying the key images and its two adjacent
ones (image references) and these not counting stop-words and digits as well as
counting disease related words only.

5.2 Image-to-Description Relation Mining and Matching

The sentence referring to a key image and its adjacent sentences may contain a variety of
words, but we are mostly interested in the disease-related terms which are highly correlated
to diagnostic semantics. To obtain only the disease-related terms, we exploit the human
disease terms and their synonyms from the Disease-Ontology (DO; Schriml et al. (2012)), a
collection of 8,707 unique disease-related terms. While the sentences referring to an image
and their adjacent sentences have 50.08 words on average, the number of disease-related
terms in the three consecutive sentences is 5.17 on average with a standard deviation of 2.5.
Therefore, we chose to use bi-grams for the image descriptions, to achieve a good trade-off
between the medium level complexity without neglecting too many text-image pairs. Some
statistics about the number of words in the documents are shown in Table 5.

Bi-gram disease terms are extracted so that we can train a deep CNN model in Section
5.3 to predict the vector-/word- level image representation of R256×2 . If multiple bi-grams
can be extracted per image from the sentence referring the image and the two adjacent
ones, the image is trained as many times as the number of different bi-grams with different
target vectors (R256×2 ). If a disease term cannot form a bi-gram, then the term is ignored,
where the process is illustrated in Figure 11. This is a challenging weakly annotated learning
problem using referring sentences for labels. The bi-grams of DO disease-related terms in
the vector representation of R256×2 are somewhat analogous to the work of Kulkarni et al.
(2013) detecting multiple objects of interest and describing their spatial configurations in
the image caption. A deep regression CNN model is employed here, to map an image to
a continuous output word-vector space from an image. The resulting bi-gram vector can
be matched against a reference disease-related vocabulary in the word-vector space using
cosine similarity.

5.3 Image-to-Words Deep CNN Regression
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To learn the image-to-text representation, we map the images to the vectors of word sequences describing the image. This can be formulated as a regression CNN, replacing the
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6. Predicting Presence or Absence of Frequent Disease Types
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(2)

While the key-words generation in Section 5 can aid the interpretation of a patient scan, the
generated key-words, for example, “spine”, “lung”, are not very specific to a disease in an
image. Nonetheless, one of the ultimate goals for large-scale radiology image/text analysis

n=1

1X
[g(z)n ĝ(z̄n ) + (1 − g(zn )) log(1 − g(ẑn ))],
n

Generating key-words for images by CNN regression shows good feasibility for automated
interpretation of patient images. The generated key-words describe what to expect from
the given image, although sometimes unrelated words can be generated too. Finding and
understanding the relations between the generated words will be the next step to explore,
for example via more thorough text mining using sophisticated NLP parsing as by Li et al.
(2011) and combining them with the specific frequent disease prediction in the next section.

5.4.1 Discussion

For any key image in testing, first, we predict its topics at three levels (document-level,
document-level sub-topics, sentence-level) using the three deep CNN models of Simonyan
and Zisserman (2015) in Section 4. Based on each word’s probability of appearing in the
LDA document topic, the fifty key-words with highest probability are mapped into the
word-to-vector space of multivariate variables in R256×1 (Section 5.1). Then, the image is
mapped to a R256×2 output vector using the bi-gram CNN model in Section 5.3. Lastly, we
match each of the 50 topic key-word vectors of R256×1 against the first and second half of
the R256×2 output vector using cosine similarity. The closest key-words at three levels of
topics (with the highest cosine similarity against either of the bi-gram words) are kept per
image.
The rate of predicted disease-related words matching the actual words in the report
sentences of test set (recall-at-K, K=1 (R@1 score)) is 0.56. Two examples of key-word
generation are shown in Figure 12, with three key-words from three categorization levels
per image. We only report R@1 score on disease-related words compared to the previous
works of Karpathy et al. (2014); Frome et al. (2013), where they report from R@1 up to
R@20 on the entire image caption words (for example, R@1=0.16 on Flickr30K data set by
Karpathy et al. (2014)). As we use NLP to parse and extract image-describing sentences
from the radiology reports, our ground-truth image-to-text associations are much noisier
than the caption data set used by Frome et al. (2013); Karpathy et al. (2014). Also for
that reason, our generated image-to-text associations are not as exact as the generated
descriptions by Frome et al. (2013); Karpathy et al. (2014).

5.4 Key-Word Generation from Images and Discussion

We adopt the CNN model of Simonyan and Zisserman (2015) for the image-to-text
representation since it works consistently better than the other relatively simpler model of
Krizhevsky et al. (2012) in our image-to-topic mapping tasks. We fine-tune the parameters
of the CNNs for predicting the topic-level labels in Section 4 with the modified cost function,
to model the image-to-text representation instead of classifying images into categories. The
newly modified output layer has 512 nodes for bi-grams as 256 nodes for each word in a
bi-gram.
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where zn or ẑn is any uni-element of the target word vectors Zn or optimized output vectors
Ẑn , g(x) is the sigmoid function (g(x) = 1/(1 + e−x )), and n is the number of samples in
the database.

E=−

softmax cost in Section 4 with the cross-entropy cost function for the last output layer of
VGG-19 CNN model (Simonyan and Zisserman, 2015):

Figure 11: Illustration of how word sequences are learned for an image. Bi-grams are
selected from the image’s reference sentences containing disease-related terms
from the disease ontology (DO; Schriml et al. (2012)). Each bi-gram is converted to a vector of Z ∈ R256×2 to learn from an image. Image input vectors as {X ∈ R256×256 } are learned through a CNN by minimizing the crossentropy loss between the target vector and output vector. The words “nodes”
and “hepatis” in the second line are DO terms but are ignored since they
can not form a bi-gram. The DO logo is reproduced with permission from
http://disease-ontology.org.
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Output text

Original text
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Input image

Figure 12: Examples of text key-word generation results, and average cosine distances between the generated words from the disease-related words in the original texts.
The word “diameter” appears in the original radiology report of the first image,
but not much can be derived by the word only. The rate of predicted diseaserelated words matching the actual words in the report sentences (recall-at-K,
K=1 (R@1 score)) on test set is 0.56.

would be to automatically diagnose disease from a patient scan. In order to achieve the goal
of automated disease detection, we add an additional pipeline of mining disease words rather
than disease-related words using radiology semantics and predicting these in an image using
CNNs with softmax cost-function.
6.1 Mining Presence/Absence of Frequent Disease Terms
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The disease names in Disease Ontology (DO) contain not only disease terms but also nondisease terms describing a disease. Some examples of disease names in DO containing
non-disease terms are “occlusion of gallbladder” (DOID: 9714), “acute diarrhea” (DOID:
0050140), “strawberry gallbladder” (DOID: 10254), and “exocrine pancreatic insufficiency”
(DOID: 13316). Nonetheless, it is rare that “occlusion of gallbladder” or “exocrine pancreatic insufficiency” is described in radiology reports exactly that way, making it difficult to
mine specific disease terms with presence or absence.
The Unified Medical Language System (UMLS) of Lindberg et al. (1993); Humphreys
et al. (1998) integrates and distributes key terminology, classification and coding standards, and associated resources to promote the creation of more effective and inter-operable
biomedical information systems and services, including electronic health records. It is a
compendium of many controlled vocabularies in the biomedical sciences, created in 1986
and maintained by the National Library of Medicine.
The Metathesaurus (Schuyler et al., 1993) forms the base of the UMLS and comprises
over 1 million biomedical concepts and 5 million concept names, where all of them are
19
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collected from over 100 incorporated controlled vocabularies and classification systems. The
Metathesaurus is organized by concept, where each concept has specific attributes defining
its meaning and is linked to the corresponding concept names. The Metathesaurus has 133
semantic types that provide a consistent categorization of all concepts represented in it.
Among the 133 semantic types we chose to focus on “T033: finding” and “T047: disease
or syndrome”, as they seemed most relevant to be disease specific. Examples of some other
semantic types we do not focus on this study are: “T017: anatomical structure”, “T074:
medical device”, and “T184: sign or symptom”.
RadLex (Langlotz, 2006) is a unified language to organize and retrieve radiology imaging
reports and medical records. While the Metathesaurus has a vast resource of biomedical
concepts, we also use RadLex to confine our disease-term-mining more specifically to radiology related terms. The mined words are one-word terms appearing in the “T033: finding”
and “T047: disease or syndrome” of the UMLS Metathesaurus appearing also in RadLex
(RadLex is not a subset of Metathesaurus).
We are not only interested in disease terms associated with an image, but also whether
the disease mentioned is present or absent. After detecting semantic terms of “T033: finding” and “T047: disease or syndrome”, we use the assertion/negation detection algorithm of
Chapman et al. (2001, 2013) to detect presence and absence of disease terms. The algorithm
of Chapman et al. (2001, 2013) locates trigger terms which can indicate a clinical condition
as negated or possible and determines which text falls within the scope of the trigger terms.
The number of occurrences “T033: finding” and “T047: disease or syndrome” detected as
assertion or negations in radiology reports are shown in Figure 13.
While the assertion/negation detection of “T047: disease or syndrome” seemed specific
enough, the detection of “T033: finding” was not. For example, it seemed difficult to derive
any specific disease information from 43,219 occurrences of possible “unchanged” and 422
occurrences of negated “unchanged”. Some other similar examples are: 10,236 occurrences
of possible “finding” and 1,129 occurrences of negated “finding”; 3,781 occurrences of possible “t2” (an MRI image modality) and 661 occurrences of negated “t2”. We therefore
decided to focus on “T047: disease or syndrome” terms only, and further ignored the terms
which occurred less than 10 times in the radiology reports. The total number of “T047:
disease or syndrome” terms for detecting their presence are 59, and the total number of the
terms for detecting their absence are 18.

6.2 Predicting Disease in Images using CNN
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Similarly to the object detection task in the ImageNet challenge, we match and detect
disease terms found in the sentences of radiology reports referring to an image using a CNN
and softmax cost function.
In addition to assigning disease terms to images, we also assign negated disease terms
as the absence of the diseases in the images. The total number of labels is 77 (59 present,
18 absent). If more than one disease term is mentioned for an image, we simply assign the
terms multiple times for an image. Some statistics on the number of assertion/negation
occurrences per image are shown in Table 6.
As we found in Section 4.2 that transfer learning from the most related model is helpful,
we fine-tune the image-to-topic CNN model for the disease prediction model. For this task,
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6.3 Prediction Result and Discussion

we fine-tune from the image to sentence-level-topic (h3) model in Section 4, as the image-tosentence-level-topic seems to be most closely related to the image-to-disease-specific-terms
model. Similarly to Section 4, 85% of image-label pairs are used for training, 5% for
validation, and 10% for testing.

With the CNN trained to model image to disease presence/absence prediction, the top1 test accuracy achieved is 0.71, and top-5 accuracy is 0.88. We combine this with the

6.3.1 Discussion

previous image-to-topic mapping and key-word generation (Section 5.4) to generate the
final output for comprehensive image interpretation. Some examples of test cases where
top-1 probability output matches the originally assigned disease labels are shown in Figure
14. It is noticeable that specific disease words are detected with high probability when
there is one disease word per image, but with relatively lower top-1 probability for one
disease word and other words within the top-5 probabilities (Figure 14 (b)—“ ... infection
abscess”).
We also observe that automatic label assignment to images can sometimes be challenging. In Figure 14 (d) “cyst” is assigned as the correct label based on the original statement
“... possibly due to cyst ...”, but it would be unclear whether cyst will be present in the
image (and the cyst is not visibly apparent). It applies similarly to Figure 14 (e) where the
presence of “osteophyte” is not clear from the referring sentence but is assigned as the correct label (and osteophyte is not visibly apparent on the image). In Figure 14 (f) “no cyst”
is labeled and predicted correctly, but it is not obvious what to derive from this prediction
that indicates an absence of a disease versus a presence.
Some examples of test cases where top-1 probability does not match the originally
assigned labels are shown in Figure 15. Four ((a),(c),(e),(f)) of the six examples, however,
contain the originally assigned label in the top-5 probability predictions, which is coherent
with the relatively high (88%) top-5 prediction accuracy.
Here again, Figure 15 (a) is automatically labeled as “cyst”, but the cyst is not clearly
visible on the image where the original statement “... too small to definitely characterize cyst
...” supports this. The example of Figure 15 (b) shows a failed case of assertion/negation
algorithm, where “cyst” is detected as negated based on the statement “... small cyst”.
Nonetheless, true label (“cyst”) is detected as its top-1 probability. For Figure 15 (c)
“cyst” is predicted where the true label assigned was “abscess”; however cyst and abscess
are sometimes visibly similar. Similarly to Figure 14 (d), it is unclear whether we should
expect to find emphysema in the image from the statement such as “ ... possibly due to
emphysema” (and emphysema is not visibly present). Therefore, it would be challenging
to correctly interpret such statement for label assignment. Figure 15 (e) shows a disease
which can be bronchiectasis, but it is also unclear from the image. However, bronchiectasis
is predicted with the second highest probability. Bronchiectasis is visible in Figure 15 (f),
and it was predicted with second highest probability too.
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Automated mining of disease-specific terms with semantics enables us to predict disease
more specifically with promising results. However, compared to image-to-topic modeling in
Section 4 where image labeling was based on topic modeling and loose coupling of imageto-keyword pairs, by matching the images to more specific disease words we lose about 90%
of the images for the analysis due to nonspecific original statements. The proportion of the
cases where radiologists indicate a disease as strongly positive or negative is often much
less than the cases where they describe a finding rather vaguely. Mining and assigning
the semantic label “T033: finding” will yield more images for specific disease-label pairs.
However, it is probably less specific to model an image with a generic term as “mass” (which
is a more vague indication of a specific disease such as “cyst” or “tumor”) and detecting

Table 6: Some statistics of images-to-disease presence/absence label matching.

# images
total matching
total not matching
with assertions
with negations

Figure 13: Number of occurrences (frequencies) of semantic terms “T033: finding” and
“T047: disease or syndrome” in UMLS Metathesaurus and also appearing in
RadLex, detected as (a) assertion and (b) negation in the radiology reports.
Frequencies are shown in log10 scale.

volvulus
varix
tenosynovitis
telangiectasia
synovitis
syndrome
spondylosis
sinusitis
sarcoidosis
pyelonephritis
prostatitis
prolapse
pneumothorax
pneumoperitoneum
pneumonitis
pneumonia
pancreatitis
osteoporosis
osteophyte
osteomyelitis
osteochondromatosis
osteitis
nephrocalcinosis
myositis
mycetoma
lymphocele
lymphedema
ischemia
intussusception
infection
hypertension
hydronephrosis
hydrocele
gynecomastia
granulomatosis
goiter
ganglion
gallstone
fasciitis
esophagitis
enterocolitis
enteritis
emphysema
disease
decubitus
cyst
colitis
cirrhosis
bronchitis
bronchiolitis
bronchiectasis
atherosclerosis
arthropathy
arthritis
appendicitis
aneurysm
anemia
alkaptonuria
abscess
worsening
unrelated
unchanged
thickening
thickened
t2
t1
stress
sign
shunt
sensitivity
retraction
resonance
related
plaque
perforation
perforating
patch
opacity
mass
margin
lymphadenopathy
lesion
finding
fever
embolism
diagnosis
collapse
bulging
bulge
ascites
adenopathy

term
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disease or syndrome

(a)

(b)

(c)

(d)

(e)

(f)

Input image

no cyst: 0.488
cyst: 0.425
no hydronephrosis: 0.048
spondylosis: 0.003
aneurysm: 0.003

label: no cyst

osteophyte: 0.472
disease: 0.207
gynecomastia: 0.098
no hydronephrosis: 0.034
pneumothorax: 0.028

label: osteophyte

cyst: 0.709
lymphocele: 0.120
no gallstone: 0.050
syndrome: 0.020
pyelonephritis: 0.016

label: cyst

myositis: 0.996
fasciitis: 0.002
tenosynovitis: 0.002
lymphedema: 1.30e-05
no myositis: 2.84e-06

label: myositis

synovitis: 0.032
cyst: 0.026

osteochondromatosis: 0.037

abscess: 0.663
infection: 0.103

label: abscess

cyst: 0.999
no cyst: 2.24e-05
disease: 1.54e-05
gallstone: 5.32e-07
hydronephrosis: 3.48e-07

label: cyst

Disease
detection

the left kidney is essentially unchanged the right kidney
however shows two new approximately 2 cm masses series 2
image 69 and series 2 image 74 these are not obviously cysts
and given the patient s diagnosis lymphoma involving right
kidney is suggested the liver shows several metallic sutures
along the right lobe

history lymphoma restaging chest subcentimeter right apex
lung cavity series 921780 image 11 unchanged since xx/xx/
xxxx spine osteophytes no evidence of pleural or pericardial
effusion bulky axilla mediastinum or hilum adenopathy or
lung mass or infiltrate

adrenal glands 1.2 mm lower right kidney focus e.g series 3
image 63 possibly due to cyst no evidence of pleural effusion
splenomegaly hydronephrosis calcification in gallbladder or
kidneys or definite adrenal mass or calcification

images were obtained of both thighs including stir scans
findings include 1 areas of slight increase in signal intensity in
some muscles on the stir scan more apparent on the left than
the right for example series 4 image 13 the left hamstrings
and vastus medialis consistent with myositis 2 no evidence of
gross fatty infiltration of the muscles

… for example series 701 image 12 and series 401 image 27
with findings suggesting minimally enhancing rim laterally for
example series 1101 image 21 may … the findings suggest a
fluid collection with … the location suggests possibility of a
synovial collection synovial thickening as the appearance is
nonspecific correlation with clinical findings is recommended
regarding the possibility of an infection abscess

2 multiple clip artifacts indicative of previous surgery in the
left abdominal wall and left retroperitoneum about the kidney
3 in the upper abdomen non enhancing well defined foci of
high signal intensity on t2 weighted images consistent with
cysts one about a centimeter at the left renal splenic interface
series 501 image 19 the other less than 5 mm in the periphery
of the right kidney series 501 image 12 4 multiple gallstones

Original text
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Generated
key-words
originating
effusion
upper
avg distance
0.14
susceptibility
findings
tibialis
avg distance
0.20
basal
fasciitis
findings
avg distance
0.31
anterior
effusion
renal
avg distance
0.34
subclavian
effusion
hairy
avg distance
0.20
subclavian
effusion
upper
avg distance
0.36
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Figure 14: Some examples of final outputs for automated image interpretation, where top-1
probability matches the originally assigned label. Generated key-words appearing in the original text in radiology reports mentioning the image are shown in
bold brown, specific disease words assigned as label mentioned in the reports
are shown in bold red, and disease words predicted with top-5 probability in
the reports are shown in bold blue. The probability assigned to the originally
assigned label is shown with a red bar, and the other top-5 probabilities are
shown with blue bars. Disease region identified in an image is pointed by arrow.
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Input image

avg distance
0.20

bronchopulmonary
effusion
one

avg distance
0.31

node
effusion
upper

avg distance
0.32

concomitant
from
findings

avg distance
0.27

development
pelvic
luxation

avg distance
0.40

pelvic
nodules
punctate

Generated
key-words

disease: 0.700
bronchiectasis: 0.287
cyst: 0.007
infection: 0.002
no cyst: 0.001

label: bronchiectasis

cyst: 0.441
bronchiectasis: 0.138
infection: 0.075
aneurysm: 0.068
disease: 0.044

label: disease

disease: 0.973
no gallstone: 0.013
osteophyte: 0.005
arthritis: 0.005
no cyst: 0.001

label: emphysema

abscess: 5.25e-06
no cyst: 3.81e-06

no pneumothorax: 7.06e-06

cyst: 0.999
disease: 4.60e-05

label: abscess

cyst: 0.995
ischemia: 0.001
gallstone: 0.001
cirrhosis: 0.001
no hydronephrosis: 0.001

label: no cyst

pneumoperitoneum: 0.023

abscess: 0.489
disease: 0.295
cyst: 0.078
aneurysm: 0.051

label: cyst

Disease
detection

there remains right upper lobe bronchiectasis and residual
mild nodular airspace disease series 2 image 19 anterior right
upper lobe lung nodule again noted series 2 image 23 as well
as additional middle lobe lingular and bilateral lower lobe
bronchiectasis and nodular air space disease no pleural or
pericardial effusion

there is a small right pericardial effusion that is grossly stable
there is increased airspace disease with air bronchograms
within the posterior medial aspect of the right upper lung
series 4 image 26 this has increased compared to the prior
study and may represent infectious etiology or increasing
scarring

chest minimal left supraclavicular fossa adenopathy or small
lymph node e.g series 2 image 7 probably unchanged since
xx/xx/xxxx poorly defined bilateral upper lung radiolucencies
unchanged possibly due to emphysema spine degenerative
change

findings the uterus and adnexae are within normal limits
again seen is a small right perirectal abscess and fistula
extending to the right perineum with slight decrease size of a
component of this fistulous tract at the level of the perineum
that previously measured approximately 1.6 cm

2.9 cm right adrenal mass left adrenal atrophy 2 no evidence
of renal lesion save for a 5 mm focus of bright signal intensity
at the cortical surface of the upper pole of the left kidney on
the t2 weighted scan image 12 series 5 consistent with small
cyst

4 evidence of splenectomy with postoperative changes
including clips 5 subcentimeter low attenuation liver focus too
small to definitively characterize cyst series 2 image 66 6 no
evidence of developing noncalcified pulmonary nodule renal
mass

Original text
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(a)

(b)

(c)

(d)

(e)

(f)

multifocal
upper
effusion
avg distance
0.57
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Figure 15: Some examples of final outputs for automated image interpretation where top1 probability does not match the originally assigned label. One of the top-5
probabilities match the originally assigned labels in the examples of images (a),
(c), (d), and (f). None of the top-5 probabilities match the originally assigned
labels in the examples of image (b) and (d). However, label assignment of
second row example is incorrect, as a failed case of assertion/negation detection
algorithm used. Nonetheless, the CNN predicted “true” label correctly (“cyst”).
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It has been unclear how to extend the significant success in image classification using deep
convolutional neural networks from computer vision to medical imaging. What are the
clinically relevant image labels to be defined, how to annotate the huge amount of medical
images required by deep learning models, and to what extent and scale the deep CNN
architecture is generalizable to medical image analysis are open questions.
In this paper, we present an interleaved text/image deep mining system to extract the
semantic interactions of radiology reports and diagnostic key images at a very large, unprecedented scale in the medical domain. Images are classified into hierarchies of topics
according to their associated documents, and a neural language model is learned to assign
disease terms to predict the image interpretation. However, by generating the “attributes”
of patient images, the generated descriptions are not disease-specific, whereas one of the
primary goals for medical image analysis is to automatically diagnose diseases. In order to
address this issue, we mine and match frequent disease types using disease ontology and
semantics, and demonstrate prediction of the presence/absence of disease with probability
outputs. Yet, only about 10% of the entire data set could be used for this study due to the
challenge of more precisely matching the disease words with semantics. This raises interesting questions regarding the trade-offs in designing a machine learning system analyzing
large medical data.
To the best of our knowledge, this is the first study performing a large-scale image/text
analysis on a hospital picture archiving and communication system database. Our database
is the largest one ever reported and is highly representative of the huge collection of radiology
diagnostic semantics over the last decade. Exploring effective deep learning models on this
database opens new ways to parse and understand large-scale radiology image data sets.

7. Conclusion

We hope that this study will inspire and encourage other institutions in mining other
large unannotated clinical databases, to achieve the goal of establishing a central training
resource and performance benchmark for large-scale medical image research, similar to the
ImageNet of Deng et al. (2009) for computer vision.

it than modeling and detecting an image with a more specific term as “cyst” (similarly to
“finding” or “unchanged”).
It is a compromise between whether to go for big data and loose labels or to go for
smaller data and more accurate labels. The key-word generation from the rather loose
labeling scheme enables us to use most of the available 216K images. While the generated
key-words can help understand the contents of the image, sometimes they are not specific
and can also be irrelevant. More specific mining and assignment of specific disease labels
to images could provide more accurate and precise disease prediction; however, only about
10% of the total images are made available by this scheme. Another alternative is to obtain
annotation by radiologists to be even more specific, but the amount of data available will
be even smaller due to the time and cost limitations.
Consequently, utilizing bigger data will enable us to make a more generalizable model,
but labeling will become more challenging as the amount of data gets bigger and becomes
more heterogeneous. The compromise between the amount of data and the quality of labels
seems to be a recurring dilemma in the majority of automated mining in big data applications. More advanced NLP techniques and comprehensive analysis of hospital discharge
summaries, progress notes, and patient histories might address the need to obtain more
specific information relating to an image even when the original image descriptions are not
very specific.
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As evidenced by the recent surge of interest in domain adaptation (Saenko et al., 2010; Jain and
Learned-Miller, 2011; Gong et al., 2012; Gopalan et al., 2011), domain shift is a fundamental problem for visual recognition. This problem typically occurs when the training and test images are
acquired with different cameras, or in very different conditions (e.g., commercial website versus
home environment, images taken under different illuminations). As a consequence, the training
(source) and test (target) samples follow different distributions. As demonstrated in, e.g., (Saenko
et al., 2010; Gopalan et al., 2011; Gong et al., 2012, 2013), failing to model this distribution shift
in the hope that the image features will be robust enough often yields poor recognition accuracy.

1. Introduction

Domain-invariant representations are key to addressing the domain shift problem where the
training and test examples follow different distributions. Existing techniques that have attempted
to match the distributions of the source and target domains typically compare these distributions in
the original feature space. This space, however, may not be directly suitable for such a comparison,
since some of the features may have been distorted by the domain shift, or may be domain specific. In this paper, we introduce a Distribution-Matching Embedding approach: An unsupervised
domain adaptation method that overcomes this issue by mapping the data to a latent space where
the distance between the empirical distributions of the source and target examples is minimized. In
other words, we seek to extract the information that is invariant across the source and target data.
In particular, we study two different distances to compare the source and target distributions: the
Maximum Mean Discrepancy and the Hellinger distance. Furthermore, we show that our approach
allows us to learn either a linear embedding, or a nonlinear one. We demonstrate the benefits of our
approach on the tasks of visual object recognition, text categorization, and WiFi localization.
Keywords: Domain Adaptation, Maximum Mean Discrepancy, Hellinger Distance, Distribution
Matching, Domain Invariant Representations
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While labeling sufficiently many images from the target domain to train a discriminative classifier
specific to this domain could alleviate this problem, it typically is prohibitively time-consuming and
impractical in realistic scenarios. Domain adaptation therefore seeks to prevent this by explicitly
modeling the domain shift.
Existing domain adaptation methods can be divided into two categories: Semi-supervised approaches that assume that a small number of labeled examples from the target domain are available
during training, and unsupervised approaches that do not require any labels from the target domain. In the former category, modifications of existing classifiers have been proposed to exploit
the availability of labeled and unlabeled data from the target domain (Daumé III and Marcu, 2006;
Duan et al., 2009b; Bergamo and Torresani, 2010; Tommasi and Caputo, 2013). Co-regularization
and adaptive regularization of similar classifiers was also introduced to utilize unlabeled target data
during training (Daumé III et al., 2010; Rückert and Kloft, 2011). Multi-Model knowledge transfer was proposed to select and weigh prior knowledge coming from different categories (Jie et al.,
2011; Tommasi et al., 2014, 2010). For visual recognition, metric learning (Saenko et al., 2010)
and transformation learning (Kulis et al., 2011) were shown to be effective at making use of the
labeled target examples. Furthermore, semi-supervised methods have also been employed to tackle
the case where multiple source domains are available (Duan et al., 2009a; Hoffman et al., 2012).
While semi-supervised methods are often effective, in many applications, labeled target examples
are not available and cannot easily be acquired.
By contrast, unsupervised domain adaptation approaches rely on purely unsupervised target
data (Xing et al., 2007; Bruzzone and Marconcini, 2010; Chen et al., 2011; Kuzborskij and Orabona,
2013). In particular, two types of methods have proven quite successful at the task of visual object
recognition: Subspace-based approaches and sample re-weighting techniques. Subspace-based approaches (Blitzer et al., 2011; Gong et al., 2012; Gopalan et al., 2011) typically model each domain
with a subspace, and attempt to relate the source and target representations via intermediate subspaces. While these methods have proven effective in practice, they suffer from the fact that they
do not explicitly try to match the probability distributions of the source and target data. Therefore,
they may easily yield sub-optimal representations for classification. By contrast, sample selection,
or re-weighting, approaches (Huang et al., 2006; Gretton et al., 2009; Gong et al., 2013) explicitly
attempt to match the source and target distributions by finding the most appropriate source examples for the target data. However, these methods fail to account for the fact that the image features
themselves may have been distorted by the domain shift, and that some of these features may be
specific to one domain and thus irrelevant for classification in the other one.
In light of the above discussion, we propose to tackle the problem of domain shift by discovering
the information that is invariant across the source and target domains. To this end, we introduce a
Distribution-Matching Embedding (DME) approach, which aims to learn a latent space where the
source and target distributions are similar. Learning such a projection allows us to account for the
potential distortions induced by the domain shift, as well as for the presence of domain-specific
image features. Furthermore, since the distributions of the source and target data in the latent space
are similar, we expect a classifier trained on the source samples to perform well on the target domain.
More specifically, here, we study two different distances to compare the source and target distributions in the latent space. First, we make use of the Maximum Mean Discrepancy (MMD) (Gretton et al., 2012a), which compares the means of two empirical distributions in a reproducing kernel
Hilbert space. While the MMD is endowed with nice properties (Gretton et al., 2012a), it does not
truly consider the geometry of the space of probability distributions. From information geometry,
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Figure 1: Illustration of our approach. Our goal is to learn a latent space, via either a linear
mapping or a nonlinear one, such that the source and target distributions in this latent
space are as similar as possible.
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we know that probability distributions lie on a Riemannian manifold named the statistical manifold. In computer vision, it has been consistently demonstrated that exploiting the Riemannian
metric of the manifold to compare manifold-values entities, such as covariance descriptors (Tuzel
et al., 2008), linear subspaces (Harandi et al., 2013), or rotation matrices (Hartley et al., 2013), was
beneficial for the task at hand. Therefore, we follow a similar intuition here and make use of the Riemannian metric on the statistical manifold as a second distance measure to compare the source and
target distributions. Since the true Riemmannian metric, i.e., the Fisher-Rao metric, is difficult to
use with general, non-parametric distributions, such as those obtained by kernel density estimation,
we propose to rely on the Hellinger distance, which we show to be closely related to the Fisher-Rao
Riemannian metric.
Given these two distances, we first introduce algorithms to learn a linear mapping to a lowdimensional latent space where the source and target distributions are similar. By exploiting the
Riesz representer theorem (Schölkopf and Smola, 2002), we then show that, for both distances, our
approach also allows us to learn a nonlinear embedding to a distribution-matching latent space. In
the linear and the nonlinear scenarios, learning our Distribution-Matching Embeddings can then be
formulated as an optimization problem on a Grassmann manifold. This lets us utilize Grassmannian
geometry to effectively obtain our latent representations. Fig. 1 illustrates our approach, both for
linear and nonlinear mappings. In essence, our approach consists of two main components: (i)
a mapping to a latent space, which in the nonlinear case is achieved via a mapping to a highdimensional Hilbert space; and (ii) a distance to compare the source and target distributions in the
latent space. While, here, we rely on either the MMD or the Hellinger distance, our approach is
general and could potentially be extended to other distance measures.
In short, we introduce the idea of finding a distribution-matching representation of the source
and target data, and propose several effective algorithms to learn such a representation. We demon3
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strate the benefits of our approach on the tasks of visual object recognition, text categorization and
Wifi localization using standard domain adaptation data sets. This article is an extended version
of our ICCV 2013 (Baktashmotlagh et al., 2013) and CVPR 2014 (Baktashmotlagh et al., 2014)
papers. Compared to the conference papers, it contains additional details about the linear formulations, as well as new results. Furthermore, it introduces the nonlinear formulations of our previous
methods.

2. Preliminaries

In this section, we provide the background theory and groundwork for the techniques described in
the following sections. In particular, we discuss the idea of Maximum Mean Discrepancy and review
the derivation of the Hellinger distance on statistical manifolds, as well as study its relationship with
the Fisher-Rao Riemannian metric. We then introduce some notions of Grassmannian geometry, as
well as discuss the conjugate gradient (CG) algorithm that will be used in our optimization process.
2.1 Maximum Mean Discrepancy (MMD)

In this work, we are interested in measuring the distance between two probability distributions s and
t. Rather than restricting these distributions to take a specific parametric form, we opt for a nonparametric approach to compare s and t. Non-parametric representations are very well-suited to
visual data, which typically exhibits complex probability distributions in high-dimensional spaces.
To this end, here, we employ the Maximum Mean Discrepancy (Gretton et al., 2012a). The
MMD is an effective non-parametric criterion that compares the distributions of two sets of data by
mapping the data to RKHS. Given two distributions s and t, the MMD between s and t is defined
as
f ∈F


D0 (F, s, t) = sup Exs ∼s [f (xs )] − Ext ∼t [f (xt )] ,

i=1

j=1

n
m
1X
1 X
φ(xis ) −
φ(xjt )
n
m

H

where Ex∼s [·] is the expectation under distribution s. By defining F as the set of functions in the
unit ball in a universal RKHS H, it was shown that D0 (F, s, t) = 0 if and only if s = t (Gretton
et al., 2012a).
t } be two sets of observations drawn i.i.d.
Let Xs = {x1s , · · · , xns } and Xt = {x1t , · · · , xm
from s and t, respectively. An empirical estimate of the MMD can be computed as

D̂M (X̃ s , X̃ t ) =

i,j=1

i,j=1


1
2
n,m
n
m
s
s
t
t
t
s
X
X
X
k(x
k(x
k(x
i , xj )
i , xj )
i , xj ) 
+
−2
,
n2
m2
nm
i,j=1

= 
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where φ(·) is the mapping to the RKHS H, and k(·, ·) = hφ(·), φ(·)i is the universal kernel associated with this mapping. In short, the MMD between the distributions of two sets of observations is
equivalent to the distance between the sample means in a high-dimensional feature space.
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5

i=1

Theorem 4 (Hartley et al., 2013) If the intrinsic metrics induced by two metrics d1 and d2 are
identical to scale ξ, then the length of any given curve is the same under both metrics up to ξ.

i=1

Since the two terms in Eq. 3 are expectations, and following the strong law of large numbers, given
our two sets of samples {xsi } and {xti }, an empirical estimate of the Hellinger distance can be
obtained as (Carter, 2009)
2
2
q
q
n q
m q
1X
1 X
2
D̂H
=
T̂ (xsi ) − 1 − T̂ (xsi ) +
T̂ (xti ) − 1 − T̂ (xti )
,
(4)
n
m

In a practical scenario, our goal is to compute the Hellinger distance between the distributions s
and t when discrete observations are provided. In other words, we are interested in estimating Eq. 1
given n samples {xsi } drawn from s and m samples {xti } drawn from t.
To have a symmetric and bounded estimate of the Hellinger distance with respect to a single
s(x)
density, we begin by defining T (x) = s(x)+t(x)
. The Hellinger distance can then be defined in
terms of T (x) as
Z p
p
DH =
( s(x) − t(x))2 dx
s
!2
Z s
s(x)
t(x)
=
−
(s(x) + t(x)) dx
s(x) + t(x)
s(x) + t(x)
Z
Z p
p
p
p
(3)
=
( T (x) − 1 − T (x))2 s(x)dx + ( T (x) − 1 − T (x))2 t(x)dx .

2.2.1 E MPIRICAL E STIMATE OF THE H ELLINGER D ISTANCE

In (Kass and Vos, 2011), it was shown that lims→t DH (skt) = 0.5DF R (skt). The asymptotic
behavior of the Hellinger distance and the Fisher-Rao metric can be expressed as DH (s, t) = 0.5 ∗
DF R (s, t) + O(DF R (s, t)3 ) as s → t. This guarantees uniform convergence since the higher order
terms are bounded and vanish rapidly independently of the path between s and t. It therefore directly
follows from Theorems 5 and 4 that the length of a curve under DH and DF R is the same up to a
scale of 2, which concludes the proof.

Proof We refer the reader to (Hartley et al., 2013) for the proof of this theorem.

uniformly (with respect to s and t), then their intrinsic metrics are identical.

Theorem 5 (Hartley et al., 2013) If d1 (s, t) and d2 (s, t) are two metrics defined on a space M such
that
d2 (s, t)
lim
=1
(2)
d1 (s,t)→0 d1 (s, t)

Proof We refer the reader to (Hartley et al., 2013) for the proof of this theorem.
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where T̂ (x) = ŝ(x)/ ŝ(x) + t̂(x) , with ŝ(x) and t̂(x) the empirical estimates of s(x) and t(x),
respectively. Importantly, this numerical approximation respects some of the properties of the true
Hellinger distance (Carter, 2009). In particular, it is symmetric and bounded from above by 2.

Definition 3 The intrinsic metric δ̂(x, y) between two points x and y on a metric space M is defined
as the infimum of the lengths of all paths from x to y.

Definition 2 The length of a curve γ is the supremum ofP
`(γ; αi ) over all possible partitions αi
such that 0 = α0 < α1 < ... < αn = 1, where `(γ; αi ) = i d(γ(αi ), γ(αi−1 )).

Proof We start with the definition of intrinsic metric and curve length. Without any assumption on
differentiability, let (M, d) be a metric space. A curve in M is a continuous function γ : [0, 1] → M
and joins the starting point γ(0) = p to the end point γ(1) = q. Our proof then relies on two
theorems from (Hartley et al., 2013) stated below. To state and exploit these two theorems, we first
need the following two definitions coming from (Hartley et al., 2013):

Theorem 1 The length of any curve γ is the same under the Fisher-Rao metric DF R and the
Hellinger distance DH up to a scale of 2.

which is symmetric, satisfies the triangle inequality and is bounded from above by 2.
More importantly, in the following theorem, we show an interesting relationship between the
Hellinger distance and the Fisher-Rao Riemannian metric.

The (squared) Hellinger distance is a special case of f -divergences, obtained by taking f (y) =
√
( y − 1)2 . The (squared) Hellinger distance can thus be written as
Z p
2
p
2
DH
(skt) =
s(x) − t(x) dx ,
(1)

In this section, we review some concepts of Riemannian geometry on statistical manifolds. In
particular, we focus on the derivation of the Hellinger distance, which will be used in our algorithms.
Statistical manifolds are Riemannian manifolds whose elements are probability distributions.
Loosely speaking, given a non-empty set X and a family of probability density functions p(x|θ)
parametrized by θ on X , the space M = {p(x|θ)|θ ∈ Rd } forms a Riemannian manifold. The
Fisher-Rao Riemannian metric on M is a function of θ and induces geodesics, i.e., curves with
minimum length on M.
While the Fisher-Rao metric can be computed for specific parametric distributions, such as a
Gaussian or a Gaussian mixture (Peter and Rangarajan, 2006), for other parametric forms, it does
not even have a closed form solution. More importantly, in general, the parametrization of the PDFs
of the data at hand is unknown, and choosing a specific distribution may not reflect the reality.
Unfortunately, the Fisher-Rao metric is ill-suited to handle non-parametric distributions, which are
of interest for our purpose. Therefore, several studies have opted for approximations of the FisherRao metric. For instance, (Srivastava et al., 2007) proposed to map distributions to the hyper-sphere
and use geodesics on this different type of manifold. By contrast, here, we make use of another
class of approximations relying on f -divergences, which can be expressed as
Z
s(x)
Df (skt) = f (
)t(x)dx .
t(x)

2.2 Hellinger Distance on Statistical Manifolds
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Figure 2: Parallel transport of a tangent vector ∆ from a point W to point V on the manifold.
2.3 Grassmann Manifolds
The Grassmann manifold G(d, D) consists of the set of all linear d-dimensional subspaces of RD .
In particular, for W ∈ G(d, D), this lets us handle constraints of the form W T W = I. As will be
shown in Section 3, our mappings to latent space involve nonlinear optimization on the Grassmann
manifold. Below, we therefore review some useful notions of differential geometry.
In differential geometry, the shortest path between two points on a manifold is a curve called a
geodesic. The tangent space at a point on a manifold is a vector space that consists of the tangent
vectors of all possible curves passing through this point. Parallel transport is the action of transferring a tangent vector between two points on a manifold. As illustrated in Fig. 2, unlike in flat
spaces, this cannot be achieved by simple translation, but requires subtracting a normal component
at the end point (Edelman et al., 1998).
On a Grassmann manifold, the above-mentioned operations have efficient numerical forms and
can thus be used to perform optimization on the manifold. In particular, we make use of a conjugate
gradient (CG) algorithm on the Grassmann manifold (Edelman et al., 1998). CG techniques are popular nonlinear optimization methods with fast convergence rates. These methods iteratively optimize
the objective function in linearly independent directions called conjugate directions (Ruszczynski,
2006). CG on a Grassmann manifold can be summarized by the following steps:
(i) Compute the gradient ∇fW of the objective function f on the manifold at the current estimate
W as
∇fW = ∂fW − W W T ∂fW ,
(5)
with ∂fW the matrix of usual partial derivatives.

(ii) Determine the search direction H by parallel transporting the previous search direction and
combining it with ∇fW .
(iii) Perform a line search along the geodesic at W in the direction H.
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These steps are repeated until convergence to a local minimum, or until a maximum number of
iterations is reached.
Note that, while we rely on a conjugate gradient method, other optimization strategies have been
studied on Grassmann manifolds, such as (i) Stochastic-gradient flow, where a stochastic component
is added to the gradient to construct a stochastic gradient process such that the solution converges
to a global optimum in the limit; (ii) Acceptance-rejection methods, where the stochastic gradient
part provides candidates to update the estimate, that are accepted/rejected according to a probability
density function (Metropolis-Hastings type acceptance-rejection step); and (iii) Simulated annealing, where instead of sampling from a probability distribution, an annealing procedure is applied
to find the optimal points of the function f (Srivastava and Liu, 2005). A complete study of these
Grassmannian optimization strategies goes beyond the scope of this paper.
7
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3. Distribution-Matching Embedding (DME)

(6)

In this section, we introduce our approach to unsupervised domain adaptation, which relies on
mapping the data to a low-dimensional latent space such that the distance between the source and
target distributions is minimized. Intuitively, with such a latent representation, a classifier trained on
the source domain should perform equally well on the target domain. In particular, here, we make
use of a linear mapping of the form

y = WTx ,

(7)

where x ∈ RD is the original data (e.g., image features), y ∈ Rd is the resulting low-dimensional
representation, and W ∈ RD×d is the parameter matrix that we seek to learn. Furthermore, we
enforce orthogonality constraints on W , such that

WTW = I .

These constraints typically avoid degeneracies, such as having all samples collapsing to the origin,
and have proven effective in many dimensionality reduction methods, such as Principal Component
Analysis (PCA) and Canonical Correlation Analysis (CCA).
In the remainder of this section, we denote by s(x) and t(x) the probability
density
functions


t , respectively,
of the source samples Xs = [x1s , · · · , xns ] and target samples Xt = x1t , · · · , xm
where each xi∗ ∈ RD . We first derive our MMD-based algorithm (DME-MMD), and then discuss
our formulation based on the Hellinger distance (DME-H).
3.1 DME with the MMD (DME-MMD)

T

Xs , W

T

Xt )

i=1

j=1

H

n
m
1X
1 X
=
φ(W T xis ) −
φ(W T xjt ) ,
n
m

(8)

To derive our first approach to learning a distribution-matching representation, we make use of the
MMD to measure the distance between the source and target distributions. Following the derivations
provided in Section 2, and by making use of the linear mapping defined in Eq. 6, the MMD in the
latent space can be expressed as

D̂M (W

=

argmin D2 (W T Xs , W T Xt )
W

WTW = I .

(9)

with φ(·) the mapping from RD to the high-dimensional RKHS H. Note that, here, W appears
inside φ(·) in order to measure the MMD of the projected samples.
Using the MMD, in conjunction with the constraints described in Eq. 7, learning W can be
expressed as the optimization problem
W∗

s.t.
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As shown in Section 2, the MMD can be expressed in terms of a kernel function k(·, ·). Here,
we first propose to exploit the Gaussian kernel function, which is known to be universal (Steinwart,

8

1
m2

(xti

−

xtj )T W W T (xti

exp −

exp −

−

(xsi
−

σ

σ

xtj )T W W T (xsi

!

!

− xtj )

xtj )

!

,

(10)

2
mn

1
m2

i=1 j=1

(1 + xsi T W W T xtj )2 .

T

(1 + xti W W T xtj )2

i=1 j=1
n X
m
X

i=1 j=1
m X
m
X

n
n
1 XX
(1 + xsi T W W T xsj )2
n2

(11)

Lij

KW



K s,s K s,t
∈ R(n+m)×(n+m) , and
K t,s K t,t

i, j ∈ S
 1/n2
1/m2
i, j ∈ T ,
=

−1/(nm) otherwise

=

9
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with S and T the sets of source and target indices, respectively. Each element in K W is computed
using the kernel function (either Gaussian, or polynomial), and thus depends on W . Note that,

where

The two variants of the MMD introduced in Eqs. 10 and 11 can be computed efficiently in
matrix form as
2
D̂M
(W T Xs , W T Xt ) = T r(K W L) ,
(12)

−

+

2
D̂M
(W T Xs , W T Xt ) =

where, in practice, we take σ to be the median squared distance between all the source examples.
Since the Gaussian kernel satisfies the universality condition of the MMD, it is a natural choice
for our approach. However, it was shown that, in practice, choices of non-universal kernels may
be more appropriate to measure the MMD (Borgwardt et al., 2006). In particular, the more general
class of characteristic kernels can also be employed. This class incorporates all strictly positive
definite kernels, such as the well-known polynomial kernel. Therefore, here, we also consider the
polynomial kernel of degree two. The fact that this kernel yields a distribution distance that only
compares the first and second moment of the two distributions (Gretton et al., 2012a) will be shown
to have little impact on our experimental results, thus showing the robustness of our approach to the
choice of kernel.
Replacing the Gaussian kernel with this polynomial kernel in our objective function yields

i,j=1

i,j=1
n,m
X

m
X

i,j=1

n
(xsi − xsj )T W W T (xsi − xsj )
1 X
exp −
2
n
σ

2
−
mn

+

2
D̂M
(W T Xs , W T Xt ) =

2002). This lets us rewrite our objective function as
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W

argmin T r (K W L)

s.t. W T W = I ,

=

(13)

10
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where H s is a diagonal matrix. In practice, we take H s = σs I, where σs is computed using the
maximal smoothing principle (Terrell, 1990) and kept constant. A similar estimate t̂(W T x) can be
obtained from the m projected target samples {W T xtj }. As such, we can write T̂ (W T x) as:
T
T s
1 Pn
j=1 k(W x, W xj )
n
T̂ (W T x) = 1 Pn
,
(16)
P
m
T
T s
T
T t
1
j=1 k(W x, W xj ) + m
j=1 k(W x, W xj )
n

j=1

This distance depends on the function T̂ (W T x), which, as mentioned in Section 2.2.1, is derived
from the empirical estimates of the source and target distributions, ŝ(W T x) and t̂(W T x), respectively.
In this work, we make use of kernel density estimation (KDE) with a Gaussian kernel to model
these distributions. This lets us write
!
n
T
s
(x − xsj )T W H −1
1
1X
s W (x − xj )
T
p
exp −
,
(15)
ŝ(W x) =
n
2
|2πH s |

i=1

While the MMD has nice properties (Gretton et al., 2012a), it does not truly consider the geometry
of the space of probability distributions. Furthermore, according to (Gretton et al., 2012b), nonoptimal choices of kernel and kernel parameters can lead to poor estimates of the distance between
two distributions. This therefore motivates the use of the Hellinger distance instead of the MMD,
since, as shown in Section 2.2, the Hellinger distance is related to the geodesic distance on the
statistical manifold.
Given the linear mapping in Eq. 6 and the definition of the empirical estimate of the Hellinger
distance in Eq. 4, we can express the (squared) distance between the source and target distributions
as
2
q
n q
1X
2
D̂H
(W T Xs , W T Xt ) =
T̂ (W T xsi ) − 1 − T̂ (W T xsi )
n
i=1
2
q
m q
1 X
+
T̂ (W T xti ) − 1 − T̂ (W T xti )
.
(14)
m

3.2 DME with the Hellinger Distance (DME-H)

which is a nonlinear constrained problem. Due to the constraints, this problem can be solved either
on the Stiefel manifold, or on the Grassmann manifold. The main difference between these two
manifolds lies in the fact that, on the Grassmannian, two subspaces that are identical up to a ddimensional rotation are identified as the same point on the manifold. In other words, a point on the
Grassmann manifold is an equivalence class. It can easily be verified that, with our two kernels, a
rotation of W would yield exactly the same objective function value. Therefore, our problem can
be solved on the Grassmann manifold. The details of the optimization scheme and the resulting
algorithm will be discussed in Section 3.3.

W∗

with both kernels, K W can be computed efficiently in matrix form (i.e., without looping over its
elements). This yields the optimization problem
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(17)

where k(·, ·) is the Gaussian kernel function.
Finding a mapping that minimizes the Hellinger distance between the source and target distributions can then be expressed as

WTW = I .

W

2
W ∗ = min D̂H
(W T Xs , W T Xt )

s.t.
As with the MMD, this is a nonlinear, constrained optimization problem, which, because of the form
of the constraints, can be modeled as an optimization problem on either the Stiefel manifold or the
Grassmannian. As before, it can easily be verified that the objective function will be unaffected by
a rotation of W . Therefore, this corresponds to a problem on the Grassmann manifold.
3.3 Learning the Mapping

(18)

As mentioned in the previous two sections, both DME-MMD and DME-H correspond to optimization problems on the Grassmann manifold. Optimization on Grassmann manifolds has proven
effective at avoiding bad local minima (Absil et al., 2008). More precisely, manifold optimization
methods often have better convergence behavior than iterative projection methods, which can be
crucial with a nonlinear objective function (Absil et al., 2008).
By expressing W as a point on a Grassmann manifold, we can rewrite our constrained optimization problems as unconstrained problems on the manifold G(d, D). More specifically, we can
generally express Problems (13) and (17) as
W ∗ = argmin f (W ) ,
W ∈G(d,D)

where f (W ) represents either the MMD-based objective function, or the Hellinger-based one.
While the optimization problem above has become unconstrained, it remains nonlinear. To
effectively address this, we make use of a conjugate gradient method on the manifold. Recall from
Section 2.3 that CG on a Grassmann manifold involves (i) computing the gradient on the manifold
∇fW , (ii) estimating the search direction H, and (iii) performing a line search along a geodesic.
Our general approach to learning W can then be summarized by Algorithm 1, where we denote by
τ (∆, W , V ) the parallel transport of tangent vector ∆ from W to V . In practice, we initialize W
to the truncated identity matrix. We observed that learning W typically converges in only a few
iterations.
Note that Eq. 5 shows that the gradient on the manifold depends on the partial derivatives of
the objective function w.r.t. W , i.e., ∂f /∂W . These derivatives depend on the specific form of the
objective function, and are thus different for DME-MMD and DME-H.
For DME-MMD, the general form of ∂f /∂W can be expressed as

i,j=1

i,j=1

i,j=1

n,m
n
m
X
X
X
∂f
Gss (i, j)
Gtt (i, j)
Gst (i, j)
=
+
−2
,
∂W
n2
m2
mn
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where Gss (·, ·), Gtt (·, ·) and Gst (·, ·) are matrices of size D × d. With the definition of the MMD
in Eq. 10 based on the Gaussian kernel kG (·, ·), the matrix, e.g., Gss (i, j) has the form
2
Gss (i, j) = − kG (xsi , xsj )(xsi − xsj )(xsi − xsj )T W ,
σ
11
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Algorithm 1 : Learning on a Grassmann Manifold
Input:
Xs : the source examples
Xt : the target examples
d: the dimensionality of the subspace

W prev ← I D×d (i.e., truncated identity matrix)
W cur ← W prev
H prev ← 0
repeat
D cur ← ∇fW i
H cur ← −D cur + ητ (H prev , W prev , W cur )
Line search to find W ∗ that minimizes f (W ) along the geodesic at W cur in the direction
H cur
H prev ← H cur
W prev ← W cur
W cur ← W ∗
until convergence

Output:
W ∗ ∈ RD×d , such that W ∗T W ∗ = I
1:
2:
3:
4:
5:
6:
7:
8:
9:
10:
11:

T

T

and similarly for Gtt (·, ·) and Gst (·, ·). With the MMD of Eq. 11 based on the degree 2 polynomial
kernel kP (·, ·), Gss (i, j) becomes

Gss (i, j) = 2kP (xsi , xsj )(xsi xsj + xsj xsi )W ,

=

1
n

i

Pn

Pm
i

(v
u
u
t

T W T xis





1−T W T xis



1−T W T xit

2T W T xit −1

T W T xit

∂T W T xit
∂W

)

,

(19)

and similarly for Gtt (·, ·) and Gst (·, ·). Similarly to the objective function itself, these derivatives
can be efficiently computed in matrix form.
For DME-H, the derivatives can be written as
(v

)
u
2T W T xis −1
∂T W T xis
u
t


∂W
∂f
∂W

1
+m

s(W T x) + t(W T x)

1

where

∂T W T x
∂
s(W T x)
=
∂W
∂W s(W T x) + t(W T x)


∂s(W T x)
∂t(W T x)
T
− s(W T x)
. (20)
2 t(W x)
∂W
∂W

=
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This lets us learn a linear mapping to a low-dimensional subspace that minimizes either the
MMD or the Hellinger distance between the source and target data in a completely unsupervised

12

(21)

(22)

m

2

β

(24)



where L is defined as in (12),
K 0β =

β

can be written as

(25)

i=1

(27)

n
(k̃(Xs+t , x) − k̃(Xs+t , xsj ))T αH −1 αT (k̃(Xs+t , x) − k̃(Xs+t , xsj ))
1X
1
p
exp −
n j=1 |2πH|
2

(28)
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14

α

αT Kα = I .

13

s.t.

2
α∗ = min D̂H
(αT ϕ(Xs+t )T ϕ(Xs ), αT ϕ(Xs+t )T ϕ(Xt ))

and similarly for the target distribution. Note that, here again, this only depends on kernel values.
This lets us write NL-DME-H as the optimization problem

ŝ(W T ϕ(x)) =

Using KDE, the distribution of the source data in the latent space can then be expressed as

2
D̂H
(W T ϕ(Xs ), W T ϕ(Xt )) =
(26)
2
q
n q
1X
T̂ (αT ϕ(Xs+t )T ϕ(xsi )) − 1 − T̂ (αT ϕ(Xs+t )T ϕ(xsi ))
n
i=1
2
q
m q
1 X
+
.
T̂ (αT ϕ(Xs+t )T ϕ(xti )) − 1 − T̂ (αT ϕ(Xs+t )T ϕ(xti ))
m

Similarly, from the definition of our nonlinear mapping, the Hellinger distance can be written as

4.2 NL-DME with the Hellinger Distance (NL-DME-H)

and we defined a new variable β = K 1/2 α. This new variable β can be represented as a point on
a Grassmann manifold. Therefore, it allows us to make use of the same conjugate gradient method
on the manifold as before. The original variable α can then be obtained as α = K −1/2 β.


K(K̃ s,s+t , K̃ s,s+t ) K(K̃ s,s+t , K̃ t,s+t )
,
K(K̃ t,s+t , K̃ s,s+t ) K(K̃ t,s+t , K̃ t,s+t )

K0

s.t. β T β = I ,

As with the MMD, this problem can be re-written in terms of a new variable β = K 1/2 α, and
solved using a conjugate gradient method on the Grassmann manifold.

(23)

α

αT Kα = I ,

2
argmin D̂M
(αT ϕ(Xs+t )T ϕ(Xs ), αT ϕ(Xs+t )T ϕ(Xt ))

As in the linear case, the objective function can be computed efficiently in matrix form, thus
yielding the optimization problem

β ∗ = argmin T r K 0 β L

s.t.

=

where k̃(·, ·) is the kernel function corresponding to the mapping to H̃. Note that the MMD then
only depends on kernel values and not on the high-dimensional representation ϕ(x). It can easily
be verified that this remains true when expressing the MMD with the degree 2 polynomial kernel,
as in Eq. 11.

i,j=1

2
D̂M
(W T ϕ(Xs ), W T ϕ(Xt ))

1X
1 X
=
φ(αT ϕ(Xs+t )T ϕ(xsi )) −
φ(αT ϕ(Xs+t )T ϕ(xtj ))
n
m
i=1
j=1
! H
n
(k̃(Xs+t , xsi ) − k̃(Xs+t , xsj ))T ααT (k̃(Xs+t , xsi ) − k̃(Xs+t , xsj ))
1 X
exp −
= 2
n
σ
i,j=1
!
m
t
t
T
X
(k̃(Xs+t , xi ) − k̃(Xs+t , xj )) ααT (k̃(Xs+t , xti ) − k̃(Xs+t , xtj ))
1
+ 2
exp −
m
σ
i,j=1
!
n,m
s
t
T
X
(k̃(Xs+t , xi ) − k̃(Xs+t , xj )) ααT (k̃(Xs+t , xsi ) − k̃(Xs+t , xtj ))
2
−
exp −
,
mn
σ

n

Given the definition of the mapping above, we can write the Gaussian-kernel-based MMD as

4.1 NL-DME with the MMD (NL-DME-MMD)

where ϕ(Xs+t ) is the matrix containing all samples (i.e., source and target) mapped to H̃, and
α ∈ R(n+m)×d corresponds to the new parameters of the mapping.

W = ϕ(Xs+t )α ,

Since, in theory, H̃ can be infinite-dimensional, learning the matrix W directly is not practical.
Therefore, here, we make use of the Riesz representer theorem (Schölkopf and Smola, 2002; Canu
and Smola, 2006) to express W as a linear combination of the examples in H̃. In other words, we
write

y = W T ϕ(x) .

The Distribution-Matching Embedding methods introduced in the previous section make use of a
linear mapping. As such, they have limited power to represent complex transformations between
the source and target domains. To overcome this limitation, we introduce a nonlinear version of
DME, which, as is often the case with nonlinear embedding techniques, boils down to applying a
linear method after mapping the data to a high-dimensional Reproducing Kernel Hilbert Space.
More specifically, let ϕ : RD → H̃ be the function mapping an input vector x to a highdimensional RKHS. Our goal is to learn an embedding of the form

α∗

Learning a nonlinear distribution-matching embedding with the MMD can then be expressed as
the optimization problem

manner. A classifier can then be learned from the labeled source samples projected to this latent
space, and directly applied to the projected target samples.

4. Nonlinear DME (NL-DME)
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5. Related Work
We now discuss the domain adaptation methods that are most related to our approach. In particular,
we focus on sample selection, or re-weighting, techniques and subspace-based methods.
Similarly to our approach, sample selection methods focus on comparing the distributions of
the source and target data. In particular, in (Huang et al., 2006; Gretton et al., 2009), the source
examples are re-weighted so as to minimize the MMD between the source and target distributions.
More recently, an approach to selecting landmarks among the source examples based on the MMD
was introduced (Gong et al., 2013). This sample selection approach was shown to be very effective,
especially for the task of visual object recognition, to the point that it outperforms state-of-the-art
semi-supervised approaches. Despite their success, it is important to note that sample re-weighting
and selection methods compare the source and target distributions directly in the original feature
space. More precisely, these techniques place a weight outside the mapping to Hilbert space φ(·)
performed in the MMD. Unfortunately, the original feature space may not be well-suited to compare
the distributions, since the features may have been distorted by the domain shift, and since some of
the features may only be relevant to one specific domain. By contrast, in this work, we compare the
source and target distributions in a low-dimensional latent space where these effects are removed,
or reduced.
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Importantly, while the above-mentioned approaches have indeed also followed the idea of comparing distributions, they are all confined to using the MMD. In our experiments, we will show
that in many cases the Hellinger distance yields better performance. Furthermore, to the best of
our knowledge, no existing method has proposed to learn a nonlinear transformation of the data to
account for the domain shift. As evidenced by our results, this again can yield to significant gains
in accuracy.

6. Experiments

We evaluated our approach on the tasks of visual object recognition, cross-domain text categorization, and cross-domain WiFi localization, and compare its performance against the state-of-the art
methods in each task.
In all our experiments, we used the subspace disagreement measure of (Gong et al., 2012) to
automatically determine the dimensionality of the projection matrix W . This method can be summarized as follows: We extracted PCA subspaces for the source data, the target data, and their combination. Intuitively, the similarity of the source and target domains should be directly proportional
to the distance between these three subspaces on the Grassmann manifold. Therefore, the dimensionality d is taken as the one minimizing the sum of the minimum correlation distances (Hamm
and Lee, 2008) between the source and combination subspaces and the target and combination
subspaces, respectively. The same dimensionality was used for all dimensionality-reduction-based
methods, which makes the comparison fair, since the dimensionality was not tuned for our approach
either.
For recognition, we employed either a kernel SVM classifier with a degree 2 polynomial kernel,
or a linear SVM classifier. These classifiers were trained on the projected source samples. The same
types of classifiers were trained for all the baselines that do not inherently include a classifier (i.e.,
all the baselines except SVMA and DAM). The only parameter of such classifiers is the regularizer
weight C. For each method, we tested with C ∈ {10−5 , 10−3 , 10−2 , 10−1 , 100 , 101 , 102 }, and
report the best result. Note that the parameters for SVMA, DAM and KMM were chosen using the
code provided by the authors of these methods.
As mentioned earlier, the two hyperparameters of our approach were set as follows: The bandwidth of the Gaussian RBF kernel used in MMD was taken as the median distance computed over
all pairwise data points; the value σs , such that H s = σs I in Eq. 15, was computed using the
maximal smoothing principle (Terrell, 1990) .
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Several techniques have also proposed to rely on subspaces to address the problem of domain
adaptation. A popular approach in this class of methods differs significantly from our work in that,
instead of learning a projection of the data, it seeks to directly represent the data with multiple
subspaces (Blitzer et al., 2011; Gopalan et al., 2011; Gong et al., 2012). In particular, in (Blitzer
et al., 2011), coupled subspaces are learned using Canonical Correlation Analysis (CCA). Rather
than limiting the representation to one source and one target subspaces, several techniques exploit
intermediate subspaces, which link the source data to the target data. This idea was originally
introduced in (Gopalan et al., 2011), where the subspaces were modeled as points on a Grassmann
manifold, and intermediate subspaces were obtained by sampling points along the geodesic between
the source and target subspaces. This method was extended in (Gong et al., 2012), which showed
that all intermediate subspaces could be taken into account by integrating along the geodesic. While
this formulation nicely characterizes the change between the source and target data, it is not clear
why all the subspaces along this path should yield meaningful representations. More importantly,
these subspace-based methods do not explicitly exploit the statistical properties of the data.

6.1 Visual Object Recognition

16

We first evaluated our approach on the task of visual object recognition using the benchmark domain
adaptation data set introduced in (Saenko et al., 2010). This data set contains images from four
different domains: Amazon, DSLR, Webcam, and Caltech. The Amazon domain consists of images
acquired in a highly-controlled environment with studio lighting conditions. These images capture
the large intra-class variations of 31 classes, but typically show the objects only from one canonical
viewpoint. The DSLR domain consists of high resolution images of 31 categories that were taken
with a digital SLR camera in a home environment under natural lighting. The Webcam images were
acquired in a similar environment as the DSLR ones, but have much lower resolution and contain
significant noise, as well as color and white balance artifacts. The last domain, Caltech (Griffin et al.,
2007), consists of images of 256 object classes downloaded from Google images. Following (Gong
JMLR 17(108):1-30

By contrast, and similarly to our goal, a few methods have proposed to learn linear transformations of the data by considering the distributions of the different domains (Pan et al., 2011; Muandet
et al., 2013). In particular, Transfer Component Analysis (TCA) (Pan et al., 2011) makes use of an
MMD-based criterion to learn a subspace. However, in TCA, the linear transformation is applied
outside the mapping to Hilbert space φ(·) performed by the MMD. In other words, the distance
between the sample means is measured in a lower-dimensional space rather than in RKHS, which
somewhat contradicts the intuition behind the use of kernels. Domain-Invariant Component Analysis (DICA) (Muandet et al., 2013) is closely related to TCA in the sense that it is a kernel-based
optimization algorithm that learns an invariant transformation of the data by minimizing the dissimilarity across domains. Moreover, it preserves the functional relationship between input and output
variables based on the assumption that the functional relationship is stable or varies smoothly across
domains.
15
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1. www-scf.usc.edu/˜boqinggo/domainadaptation.html
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et al., 2012), we used the 10 object classes common to all four data sets. This yields 2533 images
in total, with 8 to 151 images per category and per domain. Fig. 3 depicts sample images from the
four domains.
For our evaluation, we used two different types of image features. First, we employed the features provided by (Gong et al., 2012), which were obtained using the protocol described in (Saenko
et al., 2010). More specifically, all images were converted to grayscale and resized to have the same
width. Local scale-invariant interest points were detected by the SURF detector (Bay et al., 2006),
and a 64-dimensional rotation invariant SURF descriptor was extracted from the image patch around
each interest point. A codebook of size 800 was then generated from a subset of the Amazon data
set using k-means clustering on the SURF descriptors. The final feature vector for each image is
the normalized histogram of visual words obtained from this codebook. As a second feature type,
we used the deep learning features of (Donahue et al., 2014) which have shown promising results
for object recognition. Specifically, as visual features, we used the outputs derived from the activation of the 6th, 7th, and 8th layers of a deep convolutional network (CNN) with weights trained
on the ImageNet data set (Deng et al., 2009), leading to 4096-dimensional DeCAF6 and DeCAF7
features, as well as 1000-dimensional DeCAF8 features (Tommasi and Tuytelaars, 2014).
We used the conventional evaluation protocol introduced in (Saenko et al., 2010), which consists
of splitting the data into multiple partitions. For each source/target pair, we report the average
recognition accuracy and standard deviation over the 20 partitions provided with GFK1 . With this
protocol, we evaluated all possible combinations of source and target domains. For all the methods
based on dimensionality reduction, we used the dimensionalities provided in the GFK code (i.e.,

Figure 3: Sample images from the object categories monitor, helmet, mug and keyboard in the
four domains Amazon, Webcam, DSLR, and Caltech.
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A→C
38.7 ± 1.6
34.77 ± 1.43
34.92 ± 1.46
37.2 ± 1.9
40 ± 1.3
41 ± 1.8
40.7 ± 2.1
43.3 ± 1.4
43.1 ± 1.3
44.5 ± 1.7
43.1 ± 1.9
44.3 ± 1.3

A→D
36.7 ± 2.3
34.14 ± 3.70
34.27 ± 3.58
37.7 ± 3.3
39.1 ± 1.5
41.2 ± 5.0
39.8 ± 1.9
42.8 ± 2.5
41.3 ± 2.7
43.2 ± 0.9
44.4 ± 3.8
47.2 ± 2.1

A→W
37.2 ± 2.8
32.47 ± 2.85
32.54 ± 2.72
38.9 ± 3.1
40.1 ± 1.2
42 ± 3.5
39.0 ± 3.7
46.7 ± 2.7
45.6 ± 2.4
48.6 ± 2.3
45.4 ± 4.0
47.7 ± 2.8

C→A
44.3 ± 2.4
39.13 ± 2.02
39.20 ± 2.07
46.6 ± 2.7
46.7 ± 1.1
48.2 ± 3.1
48.6 ± 2.8
50 ± 3.2
50.6 ± 2.9
51.9 ± 1.4
50.4 ± 2.3
52.1 ± 3.2

C→D
41.1 ± 3.9
34.52 ± 3.54
34.65 ± 3.53
36.8 ± 1.8
41.4 ± 1.2
50.3 ± 4.2
46.6 ± 3.3
49 ± 2.9
47.8 ± 3.1
52.5 ± 2.9
50.9 ± 3.1
52.6 ± 2.8

D→A
33.6 ± 1.7
33.43 ± 1.24
33.50 ± 1.29
37.7 ± 1.8
39.6 ± 1.2
41.1 ± 1.6
38 ± 1.8
40.5 ± 1
40.8 ± 0.9
39.1 ± 0.6
40.1 ± 2.2
41.6 ± 1.3

D→C
31.1 ± 0.9
31.40 ± 0.87
31.52 ± 0.88
33.3 ± 1.3
34 ± 1.1
35.4 ± 1.8
34.3 ± 1.2
39 ± 0.5
39.1 ± 0.6
38.9 ± 0.4
37.6 ± 0.6
36.4 ± 0.4

D→W
75.2 ± 2.6
74.44 ± 2.21
74.68 ± 2.14
79.9 ± 2.8
80.4 ± 2.6
84.4 ± 2.4
82.0 ± 1.7
86.7 ± 1.2
87.1 ± 1.0
88.6 ± 1.0
87.3 ± 1.0
87.5 ± 1.1

W →A
36.9 ± 1.2
36.63 ± 1.08
34.73 ± 1.14
41.5 ± 1.8
40.2 ± 1.1
38.2 ± 1.4
39.0 ± 1.2
42.5 ± 1.5
41.3 ± 1.3
44.1 ± 0.8
41.02 ± 1.3
44.3 ± 1.1

W →C
33.4 ± 1.1
33.52 ± 0.77
31.18 ± 1.25
34.5 ± 0.9
33.7 ± 1.1
33.3 ± 1.2
35.3 ± 1.0
37 ± 0.9
36.8 ± 0.9
39.9 ± 0.7
36.7 ± 2.4
38 ± 0.7

W →D
80.2 ± 2.5
74.97 ± 2.65
68.34 ± 3.16
76.7 ± 1.4
77.5 ± 2.5
83.3 ± 1.6
86.8 ± 2.0
86.4 ± 1.8
85.8 ± 2.2
89.3 ± 0.5
86.7 ± 2.2
88.8 ± 1.6
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W-D: 10, D-A: 20, W-A: 10, C-W: 20, C-D: 10, C-A: 20. Note that the dimensionality for X-Y is
the same as for Y-X).
For the kernel SVM classifier, we report the results of our algorithms and several baselines on
all source and target pairs in Tables 1 and 2 for the SURF features, in Tables 3 and 4 for the DeCAF6
features, in Tables 5 and 6 for the DeCAF7 features, and in Tables 7 and 8 for the DeCAF8 features.
Similar results using a linear SVM classifier are provided in Tables 9 to 16. In the last column of
every other table, we report the average accuracy over all the source-target pairs. Note that, with
SURF features, all our algorithms clearly outperform the baselines, with the best average accuracy

Table 2: Recognition accuracies on the remaining 6 pairs of source/target domains using the evaluation protocol of (Saenko et al., 2010) and using SURF features with Kernel SVM.
C: Caltech, A: Amazon, W : Webcam, D: DSLR. As shown by the average accuracy
over all pairs in the last columns, our approach clearly outperforms the baselines, with best
performance for NL-DME-H.

Method
NO ADAPT-SVM
SVMA (Duan et al., 2012)
DAM (Duan et al., 2012)
GFK (Gong et al., 2012)
TCA (Pan et al., 2011)
SA (Fernando et al., 2013)
KMM (Huang et al., 2006)
DME-MMD
DME-MMD (Poly)
DME-H
NL-DME-MMD
NL-DME-H

Avg.
44
41.1
40.2
44.8
42.8
48.7
47.7
50.9
50.4
52.3
51.1
52.5

C→W
39.9 ± 3.2
32.88 ± 2.27
33.05 ± 2.27
37.2 ± 4.0
36.2 ± 1.0
46.5 ± 4.9
42.2 ± 4.3
47.6 ± 3.5
46.1 ± 3.1
47.3 ± 4.6
49.6 ± 3.3
48.8 ± 3.0

Table 1: Recognition accuracies on 6 pairs of source/target domains using the evaluation protocol of (Saenko et al., 2010) and using SURF features with Kernel SVM. C: Caltech,
A: Amazon, W : Webcam, D: DSLR. The remaining pairs and the average accuracy
over all pairs are shown in Table 2.

Method
NO ADAPT-SVM
SVMA (Duan et al., 2012)
DAM (Duan et al., 2012)
GFK (Gong et al., 2012)
TCA (Pan et al., 2011)
SA (Fernando et al., 2013)
KMM (Huang et al., 2006)
DME-MMD
DME-MMD (Poly)
DME-H
NL-DME-MMD
NL-DME-H
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A→C
81.6 ± 1.4
83.54
84.73
84.8 ± 1.0
82.9 ± 0.9
86.1 ± 0.9
83.7 ± 1.4
84.3 ± 1.0
85.1 ± 1.4
85.3 ± 1.0
85.3 ± 1.1

A→D
82.6 ± 3.4
81.72
82.48
89.3 ± 2.4
89 ± 2.0
80.1 ± 1.0
86.7 ± 2.8
89.2 ± 3.7
89.5 ± 2.5
89.3 ± 3.0
91.1 ± 2.1

A→W
74.6 ± 3.3
74.58
78.14
84.6 ± 2.1
77.8 ± 3.9
75.3 ± 0.8
75.4 ± 4.6
81.5 ± 4.3
80.9 ± 3.4
79.8 ± 3.1
83.8 ± 3.6

C→A
89.8 ± 1.5
91.00
91.8
90.9 ± 1.0
89.9 ± 1.7
91.5 ± 0.7
90.4 ± 1.3
90.3 ± 0.6
90.9 ± 1.1
91.4 ± 0.7
91.6 ± 0.9

C→D
84.3 ± 2.6
83.89
84.59
87.1 ± 1.5
87.8 ± 2.1
85.6 ± 4.1
85.03 ± 3.1
87.3 ± 2.3
88.1 ± 2.1
87.9 ± 2.3
86.8 ± 3.3
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Method
NO ADAPT-SVM
SVMA (Duan et al., 2012)
DAM (Duan et al., 2012)
GFK (Gong et al., 2012)
TCA(Pan et al., 2011)
SA (Fernando et al., 2013)
KMM (Huang et al., 2006)
DME-MMD
DME-H
NL-DME-MMD
NL-DME-H

D→A
79.2 ± 2.3
85.37
87.88
84.2 ± 2.3
84.1 ± 1.6
90.1 ± 0.9
84.3 ± 2.4
82.9 ± 2.9
84.5 ± 2.5
86.4 ± 2.2
86.3 ± 2.6

D→C
73.4 ± 2.0
78.14
81.27
77.5 ± 2.0
77.7 ± 1.9
83.9 ± 1.6
77.4 ± 1.1
77.5 ± 2.7
79.6 ± 1.8
76.01 ± 2.9
82.2 ± 2.6

D→W
95.6 ± 1.1
96.71
96.31
96.4 ± 1.1
95.9 ± 0.8
96.8 ± 1.6
96.2 ± 1.8
96.4 ± 1.2
97 ± 0.9
97.7 ± 1.3
98.1 ± 1.4

W →A
75.3 ± 1.5
74.36
76.6
85.4 ± 1.7
83.8 ± 1.0
85.0 ± 3.3
75.5 ± 3.2
82.1 ± 1.9
83.9 ± 1.1
84.3 ± 1.4
86.1 ± 1.6

W →C
69.5 ± 1.1
70.58
74.32
77.1 ± 0.5
76.5 ± 0.9
78.7 ± 2.8
72.8 ± 1.9
78.6 ± 1.4
77.9 ± 1.4
77.3 ± 1.5
78.1 ± 1.6

C→W
77.8 ± 1.7
76.61
79.39
85.2 ± 1.5
82.9 ± 2.0
85.1 ± 0.9
78 ± 3.3
84.7 ± 3.4
83.2 ± 2.7
82.2 ± 2.7
85.2 ± 2.9

W →D
99.4 ± 0.6
96.6
93.8
99.5 ± 0.3
98.6 ± 0.9
99.3 ± 0.7
97.9 ± 0.9
98.8 ± 0.3
99.7 ± 0.4
98.6 ± 0.7
99.3 ± 1.0

Avg.
81.9
82.7
84.2
86.8
85.6
86.5
83.6
86.2
86.7
86.4
87.9

Table 3: Recognition accuracies on 6 pairs of source/target domains using the evaluation protocol of (Saenko et al., 2010) and using Decaf6 features with Kernel SVM. C: Caltech,
A: Amazon, W : Webcam, D: DSLR. The remaining pairs and the average accuracy
over all pairs are shown in Table 4.
Method
NO ADAPT-SVM
SVMA (Duan et al., 2012)
DAM (Duan et al., 2012)
GFK (Gong et al., 2012)
TCA (Pan et al., 2011)
SA (Fernando et al., 2013)
KMM (Huang et al., 2006)
DME-MMD
DME-H
NL-DME-MMD
NL-DME-H

Table 4: Recognition accuracies on the remaining 6 pairs of source/target domains using the evaluation protocol of (Saenko et al., 2010) and using Decaf6 features with Kernel SVM.
C: Caltech, A: Amazon, W : Webcam, D: DSLR. As shown by the average accuracy
over all pairs in the last columns, NL-DME-H still yields the best accuracy.
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achieved by NL-DME-H. To the best of our knowledge, this represents the state-of-the-art result
on this data. With deep learning features, our algorithms yield accuracies that are on par with the
state-of-the-art results. Note that, among our algorithms, the best results are achieved using Decaf7
features with NL-DME-H. In Fig. 4, we illustrate the behavior of our algorithms on the mug class.
As shown in the bottom-right panel, even humans would have a hard time to correctly label some
of the misclassified examples.
We then further compare the results of our approach and the previous baselines with two recent
deep learning DA methods, Deep Domain Confusion (DDC) (Tzeng et al., 2014) and Reverse Gradient (RG) (Ganin and Lempitsky, 2015). Table 17 was computed from the Office-Caltech data set
with 10 classes, as in the previous experiments. In this setting, only the results of DDC for 6 pairs
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Method
NO ADAPT-SVM
SVMA (Duan et al., 2012)
DAM (Duan et al., 2012)
GFK (Gong et al., 2012)
SA (Fernando et al., 2013)
TCA(Pan et al., 2011)
KMM(Huang et al., 2006)
DME-MMD
DME-H
NL-DME-MMD
NL-DME-H

A→D
87.9 ± 1.8
84.9 ± 3.2
84.0 ± 5.0
91 ± 2.2
91.4 ± 3.2
89.6 ± 2.8
86.8 ± 1.4
91.1 ± 1.3
89.3 ± 2.2
89.2 ± 2.5
89.4 ± 2.0

A→W
77.5 ± 1.5
74.8 ± 4.41
77.4 ± 4.55
83.7 ± 2.4
87.8 ± 2.5
82.3 ± 4.2
76.5 ± 1.6
81.5 ± 1.6
80 ± 2.2
83.6 ± 2.3
79.7 ± 2.5

C→A
89.9 ± 1.2
91.8 ± 0.70
92.2 ± 0.6
91.3 ± 0.9
92.2 ± 0.7
89.8 ± 1.2
91.3 ± 0.6
91.4 ± 0.4
91.8 ± 0.6
91.6 ± 0.3
91.8 ± 0.5
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A→C
84.2 ± 0.8
84.5 ± 1.3
85.5 ± 1.2
85.8 ± 0.5
86.4 ± 0.8
84.6 ± 0.8
85.7 ± 0.7
85.4 ± 0.7
85.6 ± 0.9
85.7 ± 0.6
86.7 ± 0.9

D→A
84.0 ± 1.9
87.6 ± 1.1
90.1 ± 1.1
85.9 ± 1.9
89.8 ± 0.7
86.0 ± 1.6
87.9 ± 1.2
85.6 ± 1.8
88.3 ± 1.6
86.2 ± 1.1
89.5 ± 0.8

D→C
77.9 ± 1.1
80.8 ± 0.9
83.1 ± 1.2
80.7 ± 1.3
83.7 ± 1.8
80.5 ± 1.1
81.5 ± 1.1
80.8 ± 2.8
78.9 ± 2.1
82.5 ± 0.9
82.8 ± 2.3

D→W
96.6 ± 1.6
96.0 ± 1.5
95.3 ± 1.3
96.6 ± 1.3
97.1 ± 0.8
95.6 ± 1.8
96.7 ± 1.2
96.5 ± 0.7
97 ± 1.7
96.7 ± 1.3
97.3 ± 1

W →A
82.9 ± 1.1
81.0 ± 1.6
81.7 ± 3.4
89.2 ± 1.0
88.3 ± 2.2
90.1 ± 0.8
83.9 ± 1.9
83.6 ± 2.2
85.1 ± 2.3
89 ± 0.8
90.1 ± 3.1

C→D
84.9 ± 3.5
83.5 ± 2.3
83.5 ± 2.7
88.3 ± 1.7
89.0 ± 3.2
87.3 ± 3.5
85.3 ± 2.8
88.03 ± 1.9
86.4 ± 2.7
88.9 ± 2.7
89.6 ± 2.3

W →C
74.4 ± 0.7
77.0 ± 0.7
77.8 ± 2.4
78.8 ± 0.6
83.4 ± 0.7
78.7 ± 1.0
77.8 ± 1.2
77.3 ± 2.5
78.9 ± 1.6
78.3 ± 0.6
79.8 ± 2.0

C→W
78.9 ± 2.6
78.5 ± 4.0
81.1 ± 3.9
85.7 ± 2.4
88.9 ± 2.1
83.7 ± 3.6
79.8 ± 4.1
82.6 ± 2.3
83.6 ± 3.01
85.6 ± 2.3
83.8 ± 2.04

W →D
99.1 ± 0.6
98.4 ± 1.0
95.6 ± 2.2
99.6 ± 0.5
99.6 ± 0.3
98.3 ± 0.7
98.4 ± 0.8
99.4 ± 0.4
99.3 ± 0.4
99.6 ± 0.3
99.2 ± 0.7

Avg.
84.8
84.9
85.6
88.1
89.8
87.2
86.0
86.9
87.01
88.1
88.3

Table 5: Recognition accuracies on 6 pairs of source/target domains using the evaluation protocol of (Saenko et al., 2010) and using Decaf7 features with Kernel SVM. C: Caltech,
A: Amazon, W : Webcam, D: DSLR. The remaining pairs and the average accuracy
over all pairs are shown in Table 6.

Method
NO ADAPT-SVM
SVMA (Duan et al., 2012)
DAM (Duan et al., 2012)
GFK (Gong et al., 2012)
SA (Fernando et al., 2013)
TCA(Pan et al., 2011)
KMM(Huang et al., 2006)
DME-MMD
DME-H
NL-DME-MMD
NL-DME-H

Table 6: Recognition accuracies on the remaining 6 pairs of source/target domains using the evaluation protocol of (Saenko et al., 2010) and using Decaf7 features with Kernel SVM.
C: Caltech, A: Amazon, W : Webcam, D: DSLR. As shown by the average accuracy
over all pairs in the last columns, NL-DME-H still yields competitive accuracy.
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were available. Note that our approach yields slightly better accuracies than DDC. In Table 18, we
compare our results with both deep learning baselines using the 31 classes of the original Office data
set, and for the 3 pairs that were reported in (Ganin and Lempitsky, 2015). Note that, here, while
our approach is among the top performer non-deep-learning methods, the two works that jointly
learn the features and perform domain adaptation tend to perform better. This suggests an interesting avenue for future research by incorporating our Hellinger-based metric within a deep learning
framework.
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A→C
75.3 ± 1.4
76.3 ± 0.8
77.1 ± 1.1
76.1 ± 2.0
77.2 ± 1.4
75.9 ± 1.6
77.3 ± 1.1
75.6 ± 0.8
77.5 ± 1.0
76.5 ± 1.2
78.9 ± 1.2

A→D
83.5 ± 2.2
85.1 ± 1.1
85.4 ± 1.2
86.4 ± 1.9
84.6 ± 1.2
86.7 ± 1.7
83.1 ± 1.6
86.2 ± 2.1
87.6 ± 1.9
86.9 ± 2.6
87.4 ± 1.7

A→W
75.6 ± 2.1
75.8 ± 2.3
77.8 ± 2.5
78.9 ± 2.4
78.8 ± 1.5
75.7 ± 1.5
75.8 ± 2.2
75.4 ± 1.9
75.8 ± 2.8
78.2 ± 2.5
79.3 ± 2.4

C→A
77.6 ± 1.3
79.5 ± 0.6
79.9 ± 0.6
79.4 ± 0.9
78.9 ± 1.2
79.7 ± 0.8
79.9 ± 1.0
78.9 ± 1.0
79.4 ± 0.8
80.3 ± 1.2
81 ± 0.9

C→D
81.3 ± 1.3
82.1 ± 1.3
84.2 ± 1.0
82.4 ± 1.1
85.1 ± 1.4
82.5 ± 1.0
81.4 ± 2.1
81.8 ± 1.3
83.5 ± 1.0
81.9 ± 1.7
82.4 ± 0.8

C→W
73.1 ± 1.4
73.3 ± 3.1
75.4 ± 2.7
76.3 ± 2.2
73.7 ± 2.2
75.6 ± 2.3
77.3 ± 1.7
73.5 ±1.5
74.5 ± 3.1
77.9 ± 1.5
77.3 ± 1.6

D→A
80.3 ± 0.9
81.8 ± 2.1
82.1 ± 2.1
81.7 ± 0.6
82.4 ± 0.8
79.7 ± 2.4
79.5 ± 2.0
82.6 ± 0.5
80.7 ± 1.5
83.3 ± 0.9
82.9 ± 0.9

D→C
73.6 ± 0.8
75.0 ± 1.1
75.7 ± 1.1
74.9 ± 1.4
77.9 ± 1.7
74.4 ± 1.7
74.5 ± 1.8
74.5 ± 1.7
75.4 ± 1.1
75.6 ± 1.5
76.7 ± 1.7

D→W
81.4 ± 1.6
83.1 ± 1.0
83.5 ± 0.8
82.3 ± 1.5
83.4 ± 1.3
81.1 ± 1.9
82.3 ± 1.9
80.2 ± 1.5
82.8 ± 1.3
81.4 ± 1.0
84.9 ± 1.6

W →A
84.1 ± 0.5
83.5 ± 0.4
82.0 ± 1.7
83.1 ± 0.4
82.3 ± 0.5
82.9 ± 0.6
84.3 ± 0.6
83.3 ± 0.7
83.6 ± 1.2
82.8 ± 0.5
83.2 ± 0.9

W →C
78.3 ± 1.2
77.4 ± 0.6
78.8 ± 1.8
80.2 ± 1.6
81.0 ± 1.6
78.9 ± 1.0
78.8 ± 1.1
78.4 ± 1.0
79.6 ± 1.2
78.3 ± 1.3
79.9 ± 1.3

W →D
93.3 ± 0.8
93.5 ± 1.0
90.2 ± 1.5
93.6 ± 1.1
90.7 ± 2.1
93.6 ± 1.4
93.4 ± 0.9
95.2 ± 1.1
95.3 ± 0.5
93.7 ±1.5
94.6 ± 0.8

Avg.
79.7
80.5
81.1
81.3
81.3
80.6
80.6
80.5
81.3
81.4
82.4

A→C
38.3 ± 1.8
34.77 ± 1.43
34.92 ± 1.46
41.1 ± 1.2
37 ± 2.5
40.6 ± 1.7
38.3 ± 1.8
43.1 ± 1.9
42.7 ± 1.9
42.1 ± 1.3
41.5 ± 1.6

A→D
35.9 ± 2.6
34.14 ± 3.70
34.27 ± 3.58
40.5 ± 4.3
36.6 ± 3.2
39.2 ± 2.6
36 ± 2.6
39.9 ± 4.0
40.3 ± 3.8
41.5 ± 3.5
41.7 ± 3.4

A→W
38.1 ± 2.4
32.47 ± 2.85
32.54 ± 2.72
42.5 ± 4.7
33.2 ± 4.4
37.6 ± 4.5
38.1 ± 2.4
41.7 ± 3.2
42 ± 2.7
40.8 ± 3.8
40.5 ± 3.0

C→A
44.7 ± 2.1
39.13 ± 2.02
39.20 ± 2.07
47.9 ± 3.5
42.9 ± 2.7
49.4 ± 3.1
44.7 ± 2.1
45.9 ± 3.1
46.7 ± 2.4
48.5 ± 2.3
49.4 ± 3.4

C→D
40.7 ± 3.3
34.52 ± 3.54
34.65 ± 3.53
47.8 ± 2.0
39.5 ± 3.2
48.7 ± 3.6
40.7 ± 3.3
43.7 ± 3.8
44.1 ± 2.6
45 ± 4.5
46.1 ± 3.8

C→W
37.4 ± 1.9
32.88 ± 2.27
33.05 ± 2.27
44.4 ± 3.8
36.03 ± 4.3
43.4 ± 2.9
37.4 ± 1.9
45.7 ± 3.6
45.2 ± 3.1
47.3 ± 4.5
47.1 ± 3.8

D→A
33.8 ± 2.0
33.4 ± 1.2
33.5 ± 1.3
36.9 ± 2.9
34.4 ± 1.9
37.7 ± 2.2
33.8 ± 2.0
38.1 ± 2.7
37.4 ± 1.9
36.9 ± 2.2
38.5 ± 1.6

D→C
31.4 ± 1.3
31.4 ± 0.9
31.5 ± 0.9
34.3 ± 1.7
33.2 ± 1.7
33.9 ± 1.3
31.4 ± 1.3
32.8 ± 1.1
34.6 ± 1.7
32.5 ± 1.3
34.8 ± 1.7

D→W
75.5 ± 2.2
74.4 ± 2.2
74.6 ± 2.1
77.3 ± 2.2
76.4 ± 2.3
74.8 ± 4.5
75.5 ± 2.2
74.9 ± 1.9
74.3 ± 1.4
76.8 ± 3.1
73.6 ± 2.0

W →A
36.6 ± 1.1
36.6 ± 1.1
34.7 ± 1.1
41 ± 1.7
38.3 ± 2.2
39.4 ± 1.2
36.6 ± 1.1
42.3 ± 2.8
41.3 ± 0.9
40.4 ± 1.9
42.1 ± 1.1

W →C
32 ± 1.1
33.5 ± 0.8
31.1 ± 1.3
34.3 ± 1.1
33.8 ± 1.6
35.3 ± 1.6
32.1 ± 1.1
35.2 ± 1.2
35 ± 1.4
35.7 ± 0.7
35.8 ± 0.8

W →D
80.5 ± 1.4
74.9 ± 2.7
68.3 ± 3.2
75.8 ± 2.8
57.8 ± 5.2
76.6 ± 3.9
80.5 ± 1.4
74.5 ± 2.1
73.9 ± 2.2
79.5 ± 3.2
78.4 ± 3.0

Avg.
43.7
41.1
40.2
47
41.6
46.4
43.8
46.4
46.5
47.2
47.5
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In Table 20, we report the mean recognition accuracies of our algorithms and of state-of-the-art
baselines. For all the baselines, we employed a kernel SVM classifier with a degree 2 polynomial
kernel, we tested with the regularizer weight C ∈ {10−5 , 10−3 , 10−2 , 10−1 , 100 , 101 , 102 }, and
report the best result. For all the baselines based on dimensionality reduction, we set the dimen-

subcategory was selected as the target domain. We considered the largest category ”comp” as the
positive class and one of the three other categories as the negative class for each setting. Table 19
provides detailed information about the three settings. We used word-frequency features to represent
each document. To construct the training set, we used 1000 randomly selected samples (evenly
distributed positive and negative samples) from the source domain, and repeated this procedure 5
times. For each such partition, our mappings were then learned using this training data and the
unlabeled samples from the target domain.

Table 10: Recognition accuracies on the remaining 6 pairs of source/target domains using the evaluation protocol of (Saenko et al., 2010) and using SURF features with Linear SVM.
C: Caltech, A: Amazon, W : Webcam, D: DSLR. As shown by the average accuracy
over all pairs in the last columns, our approach outperforms the baselines, with best performance for NL-DME-H.

Method
NO ADAPT-SVM
SVMA (Duan et al., 2012)
DAM (Duan et al., 2012)
GFK (Gong et al., 2012)
TCA (Pan et al., 2011)
SA (Fernando et al., 2013)
KMM (Huang et al., 2006)
DME-MMD
DME-H
NL-DME-MMD
NL-DME-H

Table 9: Recognition accuracies on 6 pairs of source/target domains using the evaluation protocol of (Saenko et al., 2010) and using SURF features with Linear SVM. C: Caltech,
A: Amazon, W : Webcam, D: DSLR. The remaining pairs and the average accuracy
over all pairs are shown in Table 10.

Method
NO ADAPT-SVM
SVMA (Duan et al., 2012)
DAM (Duan et al., 2012)
GFK (Gong et al., 2012)
TCA (Pan et al., 2011)
SA (Fernando et al., 2013)
KMM (Huang et al., 2006)
DME-MMD
DME-H
NL-DME-MMD
NL-DME-H
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As a second type of experiment, we made use of the 20 Newsgroups data set, which has become
popular in the machine learning community to evaluate methods tackling problems such as text
classification and text clustering. The 20 Newsgroups data set is a collection of 18,774 newsgroup
documents organized in a hierarchical structure of six main categories and 20 subcategories, each
corresponding to a different topic. Some of the newsgroups (from the same category) are very
closely related to each other (e.g., comp.sys.ibm.pc.hardware / comp.sys.mac.hardware), while others are highly unrelated (e.g., misc.forsale / soc.religion.christian), making this data set well-suited
to evaluate cross-domain learning algorithms.
For this experiment, we used the protocol of (Duan et al., 2012): The four largest main categories
(comp, rec, sci, and talk) were chosen for evaluation. Specifically, for each main category, the largest

6.2 Cross-domain Text Categorization

Table 8: Recognition accuracies on the remaining 6 pairs of source/target domains using the evaluation protocol of (Saenko et al., 2010) and using Decaf8 features with Kernel SVM.
C: Caltech, A: Amazon, W : Webcam, D: DSLR. As shown by the average accuracy
over all pairs in the last columns, NL-DME-H still yields the best accuracy.

Method
NO ADAPT-SVM
SVMA (Duan et al., 2012)
DAM (Duan et al., 2012)
GFK (Gong et al., 2012)
SA (Fernando et al., 2013)
TCA(Pan et al., 2011)
KMM(Huang et al., 2006)
DME-MMD
DME-H
NL-DME-MMD
NL-DME-H

Table 7: Recognition accuracies on 6 pairs of source/target domains using the evaluation protocol of (Saenko et al., 2010) and using Decaf8 features with Kernel SVM. C: Caltech,
A: Amazon, W : Webcam, D: DSLR. The remaining pairs and the average accuracy
over all pairs are shown in Table 8.

Method
NO ADAPT-SVM
SVMA (Duan et al., 2012)
DAM (Duan et al., 2012)
GFK (Gong et al., 2012)
SA (Fernando et al., 2013)
TCA(Pan et al., 2011)
KMM(Huang et al., 2006)
DME-MMD
DME-H
NL-DME-MMD
NL-DME-H

D ISTRIBUTION -M ATCHING E MBEDDING FOR V ISUAL D OMAIN A DAPTATION

A→C
83.4 ± 0.8
83.54
84.73
85.2 ± 0.9
85.5 ± 1.2
84.9 ± 0.7
83.6 ± 0.7
84.3 ± 0.8
84.7 ± 0.8
84.8 ± 0.9
83.6 ± 1.2

A→D
85.4 ± 3.0
81.72
82.48
86.8 ± 1.0
87.4 ± 3.6
87.0 ± 3.9
85.2 ± 3.0
83.6 ± 3.7
86.1 ± 1.1
86.2 ± 0.8
83.4 ± 4.4

A→W
77.1 ± 2.5
74.58
78.14
80.8 ± 1.8
80.6 ± 1.8
79.6 ± 5.7
75.7 ± 2.9
76.4 ± 1.5
77.6 ± 2.5
78 ± 5.2
77.03 ± 2.7

C→A
90.5 ± 1.2
91.00
91.8
91.3 ± 1.2
91.2 ± 1.2
91.6 ± 1.0
90.5 ± 1.2
88 ± 1.9
91.3 ± 1.7
91.5 ± 1.0
90.4 ± 1.6

C→D
84.2 ± 2.9
83.89
84.59
84.7 ± 1.7
84.9 ± 2.1
86.6 ± 2.7
84.5 ± 3.1
84.4 ± 3.4
85.2 ± 3.3
85.9 ± 2.3
85 ± 2.5

D ISTRIBUTION -M ATCHING E MBEDDING FOR V ISUAL D OMAIN A DAPTATION

Method
NO ADAPT-SVM
SVMA (Duan et al., 2012)
DAM (Duan et al., 2012)
GFK (Gong et al., 2012)
TCA(Pan et al., 2011)
SA (Fernando et al., 2013)
KMM (Huang et al., 2006)
DME-MMD
DME-H
NL-DME-MMD
NL-DME-H

D→A
85.5 ± 2.4
85.37
87.88
88.2 ± 1.2
89.9 ± 0.9
91.2 ± 0.4
85.6 ± 1.5
88.2 ± 1.1
86.4 ± 1.7
86.8 ± 1.5
91.7 ± 0.8

D→C
77.1 ± 2.0
78.14
81.27
80.7 ± 1.9
82.7 ± 2.1
84.2 ± 1.2
77.4 ± 2.3
85.2 ± 2.1
85.6 ± 0.6
84.2 ± 1.1
85 ± 1.3

D→W
94.1 ± 1.7
96.71
96.31
97.4 ± 1.5
95.9 ± 1.5
97.4 ± 1.2
97.1 ± 1.7
95.5 ± 0.9
95.1 ± 1.3
97.2 ± 1.1
96.1 ± 1.1

W →A
76.6 ± 2.8
74.36
76.6
88 ± 0.9
86.7 ± 1.5
89.6 ± 0.6
76.0 ± 2.5
87.6 ± 1.8
87.3 ± 1.3
86.8 ± 2.4
90.6 ± 2.2

W →C
70.5 ± 1.2
70.58
74.32
79.5 ± 1.4
77.8 ± 2.8
79.9 ± 1.1
72.2 ± 1.4
74.9 ± 1.4
73.5 ± 0.9
77.2 ± 1.5
82.5 ± 1.7

C→W
77.4 ± 2.8
76.61
79.39
82.8 ± 2.4
81.0 ± 1.9
84 ± 1.8
77.0 ± 2.2
77.4 ± 6.4
77.8 ± 3.3
78.6 ± 3.9
81.3 ± 3.6

W →D
98.9 ± 0.8
96.6
93.8
98.9 ± 0.8
99.2 ± 0.4
99.5 ± 0.4
98.4 ± 1.0
98.8 ± 0.8
98 ± 1.0
99.4 ± 0.7
99.0 ± 0.9

Avg.
83.3
82.7
84.2
87
86.9
87.9
83.6
85.4
85.7
86.3
87.1

Table 11: Recognition accuracies on 6 pairs of source/target domains using the evaluation protocol of (Saenko et al., 2010) and using Decaf6 features with Linear SVM. C: Caltech,
A: Amazon, W : Webcam, D: DSLR. The remaining pairs and the average accuracy
over all pairs are shown in Table 12.
Method
NO ADAPT-SVM
SVMA (Duan et al., 2012)
DAM (Duan et al., 2012)
GFK (Gong et al., 2012)
TCA (Pan et al., 2011)
SA (Fernando et al., 2013)
KMM (Huang et al., 2006)
DME-MMD
DME-H
NL-DME-MMD
NL-DME-H

Table 12: Recognition accuracies on the remaining 6 pairs of source/target domains using the evaluation protocol of (Saenko et al., 2010) and using Decaf6 features with Linear SVM.
C: Caltech, A: Amazon, W : Webcam, D: DSLR. As shown by the average accuracy
over all pairs in the last columns, NL-DME-H still yields competitive accuracy.

sionalities based on the Subspace Disagreement Measure (SDM) (Gong et al., 2012)2 (i.e., comp
vs. rec: 10, comp vs. sci: 27, comp vs. talk: 47). Similarly to the visual recognition task, our
algorithms achieve state-of-the-art results. Again, NL-DME-H yields the best average accuracy of
all methods.
6.3 Cross-domain WiFi Localization
To evaluate our approach on a different domain adaptation task, we used the WiFi data set published
in the 2007 IEEE ICDM Contest for domain adaptation (Yang et al., 2008). The goal here is to
estimate the location of mobile devices based on the received signal strength (RSS) values from
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2. The code can be downloaded from: http://users.cecs.anu.edu.au/˜basura/DA_SA/getGFKDim.m
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A→C
85.4 ± 0.8
84.5 ± 1.3
85.5 ± 1.2
86.2 ± 0.8
86.3 ± 0.7
86.5 ± 0.8
85.5 ± 0.7
85.6 ± 0.8
86.1 ± 1.1
86.2 ± 0.9
85.3 ± 1.0

A→D
87.3 ± 1.6
84.9 ± 3.2
84.0 ± 5.0
89.6 ± 2.1
90.2 ± 3.1
90.1 ± 3.0
87.1 ± 2.4
89.2 ± 2.9
88.5 ± 2.0
88.3 ± 3.2
89.4 ± 3.8

A→W
76.8 ± 3.2
74.8 ± 4.41
77.4 ± 4.55
81.1 ± 2.5
87.9 ± 2.2
80.5 ± 3.0
76.5 ± 4.1
78.1 ± 3.2
78.9 ± 4.3
79.9 ± 5.3
83.3 ± 3.5

C→A
90.9 ± 0.9
91.8 ± 0.70
92.2 ± 0.6
91.2 ± 0.8
91.4 ± 0.6
91.7 ± 0.5
91.4 ± 0.7
91.1 ± 0.8
92.2 ± 0.5
91.7 ± 0.53
91.3 ± 0.8
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Method
NO ADAPT-SVM
SVMA (Duan et al., 2012)
DAM (Duan et al., 2012)
GFK (Gong et al., 2012)
SA (Fernando et al., 2013)
TCA(Pan et al., 2011)
KMM(Huang et al., 2006)
DME-MMD
DME-H
NL-DME-MMD
NL-DME-H

D→A
88.3 ± 1.2
87.6 ± 1.1
90.1 ± 1.1
89.4 ± 0.9
90 ± 0.4
91.7 ± 0.4
87.9 ± 1.4
88.5 ± 1.1
89 ± 1.1
88.5 ± 1.3
91.3 ± 1.0

D→C
80.4 ± 1.0
80.8 ± 0.9
83.1 ± 1.2
81.6 ± 1.1
82.9 ± 1.2
84 ± 0.9
80.3 ± 0.8
83.1 ± 2.6
82.4 ± 2.4
84.8 ± 0.9
85.8 ± 1.0

D→W
97.3 ± 1.2
96.0 ± 1.5
95.3 ± 1.3
97.3 ± 1.0
97.0 ± 0.9
97 ± 0.9
97 ± 1.4
96.6 ± 1.6
96.8 ± 1.0
97.4 ± 0.8
96.8 ± 1.5

W →A
82.1 ± 1.1
81.0 ± 1.6
81.7 ± 3.4
89 ± 0.9
88.2 ± 1.7
90.6 ± 1.6
82.4 ± 1.9
86.1 ± 3.1
89.7 ± 3.1
89.5 ± 0.7
90.9 ± 1.3

C→D
86.1 ± 3.2
83.5 ± 2.3
83.5 ± 2.7
89.5 ± 2.3
88.4 ± 4.3
86.3 ± 3.8
86.3 ± 2.7
88.2 ± 2.3
88.6 ± 2.9
87.5 ± 2.8
88.4 ± 2.9

W →C
76.1 ± 0.6
77.0 ± 0.7
77.8 ± 2.4
83.6 ± 1.1
82.7 ± 0.8
81.1 ± 0.8
77.5 ± 1.4
79.3 ± 0.9
79.5 ± 2.0
78.7 ± 1.0
79.6 ± 1.7

C→W
77.5 ± 4.3
78.5 ± 4.0
81.1 ± 3.9
84.6 ± 1.8
85.8 ± 3.1
84.6 ± 2.9
78.2 ± 4.9
82.5 ± 2.9
82 ± 3.4
82.5 ± 2.1
83 ± 0.4

W →D
95.2 ± 0.9
98.4 ± 1.0
95.6 ± 2.2
99.0 ± 0.5
98.7 ± 1.6
98.6 ± 0.9
98.5 ± 0.9
98.3 ± 0.9
98.1 ± 1.0
98.9 ± 0.4
98.2 ± 1.0

Avg.
85.2
84.9
85.6
88.5
89.1
88.5
85.7
87.2
87.7
87.8
88.6

Table 13: Recognition accuracies on 6 pairs of source/target domains using the evaluation protocol of (Saenko et al., 2010) and using Decaf7 features with Linear SVM. C: Caltech,
A: Amazon, W : Webcam, D: DSLR. The remaining pairs and the average accuracy
over all pairs are shown in Table 14.

Method
NO ADAPT-SVM
SVMA (Duan et al., 2012)
DAM (Duan et al., 2012)
GFK (Gong et al., 2012)
SA (Fernando et al., 2013)
TCA(Pan et al., 2011)
KMM(Huang et al., 2006)
DME-MMD
DME-H
NL-DME-MMD
NL-DME-H

Table 14: Recognition accuracies on the remaining 6 pairs of source/target domains using the evaluation protocol of (Saenko et al., 2010) and using Decaf7 features with Linear SVM.
C: Caltech, A: Amazon, W : Webcam, D: DSLR. As shown by the average accuracy
over all pairs in the last columns, NL-DME-H still yields competitive accuracy.

different access points. The different domains represent two different time periods during which the
collected RSS values may have different distributions. The data set contains 621 labeled examples
collected during time period A (i.e., the source) and 3128 unlabeled examples collected during time
period B (i.e., the target). We followed the transductive setting of Pan et al. (2011), which uses all
the samples from the source and 400 random samples from the target.
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In this case, we report the mean Average ErrorPDistance (AED) over 10 random selections of
l(x )−y
target samples. The AED is computed as AED = i Ni i , where xi is a vector of RSS values,
l(xi ) is the predicted location and yi the corresponding ground-truth location. Note that, here, all
results were obtained with a nearest-neighbor classifier to follow the procedure of (Pan et al., 2011).
Fig. 5 depicts the accuracy as a function of the dimensionality of the learned subspace for several
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A→C
73 ± 1.4
76.3 ± 0.8
77.1 ± 1.1
73.9 ± 1.3
75.6 ± 1
72.7 ± 1.5
75.1 ± 1.8
76.4 ± 1.6
75.3 ± 1.3
74.9 ± 1.3
74.4 ± 1.2

A→D
83.9 ± 1.9
85.1 ± 1.1
85.4 ± 1.2
85.2 ± 2.1
83.7 ± 1.1
85.3 ± 1.2
83.1 ± 1.5
85.4 ± 2.8
83.8 ± 1.9
86 ± 2.1
84.4 ± 1.6

A→W
71.5 ± 2.6
75.8 ± 2.3
77.8 ± 2.5
70.1 ± 1.7
72.8 ± 2.3
71.7 ± 1.4
74.3 ± 2.2
76.6 ± 3.4
74.4 ± 1.2
78 ± 1.7
75.2 ± 3.0

C→A
77 ± 0.5
79.5 ± 0.6
79.9 ± 0.6
79.2 ± 0.7
78.6 ± 1.0
79.1 ± 1.0
78.6 ± 1.7
78.5 ± 0.7
78.9 ± 1.2
79.4 ± 1.4
79.6 ± 1.3

C→D
80.7 ± 1.8
82.1 ± 1.3
84.2 ± 1.0
80.2 ± 1.9
78.5 ± 1.4
80.7 ± 1.6
81 ± 1.8
79.9 ± 2.1
78.3 ± 1.9
81.2 ± 2.0
78.9 ± 4.3

C→W
71.8 ± 1.3
73.3 ± 3.1
75.4 ± 2.7
70.5 ± 2.0
69.2 ± 2.3
71.3 ± 1.7
74.2 ± 2.7
71.9 ± 2.4
73.6 ± 1.9
73.4 ± 1.9
74 ± 2.5

D→A
80.6 ± 0.9
81.8 ± 2.1
82.1 ± 2.1
82.5 ± 0.7
82.4 ± 1.1
80.2 ± 0.9
80.8 ± 1.6
82.7 ± 0.9
82.2 ± 1.4
81.9 ± 0.7
82.6 ± 1.1

D→C
72.7 ± 1.1
75.0 ± 1.1
75.7 ± 1.1
73.7 ± 1.7
74.9 ± 1.7
69.4 ± 1.2
75.5 ± 2.5
72.6 ± 2.5
74.1 ± 1.2
73.7 ± 1.3
74.8 ± 1.5

D→W
71.4 ± 1.7
83.1 ± 1.0
83.5 ± 0.8
78.1 ± 1.8
76.3 ± 2.3
72.8 ± 1.0
81.5 ± 2.8
78.2 ± 1.4
79 ± 1.1
78.8 ± 2.2
79.6 ± 1.9

W →A
81.4 ± 1.3
83.5 ± 0.4
82.0 ± 1.7
81.9 ± 1.3
81.2 ± 1.3
81.2 ± 1.1
83.5 ± 1.6
81.8 ± 1.3
81.8 ± 0.9
82.8 ± 1.3
81.3 ± 3.4

W →C
76.1 ± 0.6
77.4 ± 0.6
78.8 ± 1.8
80.6 ± 1.1
82.7 ± 0.8
83.1 ± 0.8
77.5 ± 1.4
76.8 ± 1.5
78 ± 1.1
77.2 ± 1.0
77.5 ± 1.0

W →D
91.8 ± 0.9
93.5 ± 1.0
90.2 ± 1.5
91.2 ± 1.5
86.9 ± 3.3
89.9 ± 1.9
89.5 ± 1.7
88.2 ± 1.5
87.8 ± 2.6
94.1 ± 1.7
90.1 ± 2.4

Avg.
77.6
80.5
81.1
78.9
78.5
78.1
79.5
79
78.9
80.1
79.3

A→C
85.4 ± 0.8
84.5 ± 1.3
85.5 ± 1.2
86.2 ± 0.8
86.3 ± 0.7
86.5 ± 0.8
85.5 ± 0.7
84.3 ± 0.5
85.6 ± 0.8
86.1 ± 1.1
86.2 ± 0.9
85.3 ± 1.0

C→A
90.9 ± 0.9
91.8 ± 0.70
92.2 ± 0.6
91.2 ± 0.8
91.4 ± 0.6
91.7 ± 0.5
91.4 ± 0.7
91.3 ± 0.3
91.1 ± 0.8
92.2 ± 0.5
91.7 ± 0.53
91.3 ± 0.8

C→D
86.1 ± 3.2
83.5 ± 2.3
83.5 ± 2.7
89.5 ± 2.3
88.4 ± 4.3
86.3 ± 3.8
86.3 ± 2.7
89.1 ± 0.3
88.2 ± 2.3
88.6 ± 2.9
87.5 ± 2.8
88.4 ± 2.9

C→W
77.5 ± 4.3
78.5 ± 4.0
81.1 ± 3.9
84.6 ± 1.8
85.8 ± 3.1
84.6 ± 2.9
78.2 ± 4.9
85.5 ± 0.3
82.5 ± 2.9
82 ± 3.4
82.5 ± 2.1
83 ± 0.4

D→C
80.4 ± 1.0
80.8 ± 0.9
83.1 ± 1.2
81.6 ± 1.1
82.9 ± 1.2
84 ± 0.9
80.3 ± 0.8
80.5 ± 0.2
83.1 ± 2.6
82.4 ± 2.4
84.8 ± 0.9
85.8 ± 1.0

W →D
76.1 ± 0.6
77.4 ± 0.6
78.8 ± 1.8
80.6 ± 1.1
82.7 ± 0.8
83.1 ± 0.8
77.5 ± 1.4
76.9 ± 0.4
76.8 ± 1.5
78 ± 1.1
77.2 ± 1.0
77.5 ± 1.0

Avg.
82.7
82.8
84.0
85.6
86.3
86.0
83.2
84.6
84.6
84.8
84.9
85.2
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performance achieved by NL-DME-H. A current limitation of our approach is the non-convexity
of the optimization problems. Although, in practice, optimization on the Grassmann manifold has
proven well-behaved, we intend to study if the use of other characteristic kernels in conjunction
with different optimization strategies, such as the convex-concave procedure, could yield theoretical convergence guarantees within our formalism. Finally, we also plan to study the performance
of other metrics, such as the KL-divergence and the Bhattacharyya distance, to compare the source
and target distributions.

Table 17: Recognition accuracies on 6 pairs of source/target domains using the evaluation protocol of (Saenko et al., 2010) and using Decaf7 features (Comparison with Domain Deep
Confusion). C: Caltech, A: Amazon, W : Webcam, D: DSLR.

Method
NO ADAPT-SVM
SVMA (Duan et al., 2012)
DAM (Duan et al., 2012)
GFK (Gong et al., 2012)
SA (Fernando et al., 2013)
TCA(Pan et al., 2011)
KMM(Huang et al., 2006)
DDC(Tzeng et al., 2014)
DME-MMD
DME-H
NL-DME-MMD
NL-DME-H

Figure 4: Misclassification examples for our algorithms when using Decaf7 features: Webcam as
source, Amazon as target.
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In this paper, we have introduced an approach to unsupervised domain adaptation that focuses on
extracting a domain-invariant representation of the source and target data. To this end, we have
proposed to match the source and target distributions in a low-dimensional latent space, rather than
in the original feature space. In particular, we have studied two different metrics to compare the distributions and have introduced linear and nonlinear techniques to map the data to latent spaces. Our
experiments have evidenced the importance of exploiting distribution invariance for domain adaptation by revealing that our algorithms yield state-of-the-art results on several problems, with best

7. Conclusion and Future Work

subspace-based methods. As before, NL-DME-H yields the best average accuracy of all methods.
Note that all our algorithms are quite robust to the choice of subspace dimension.

Table 16: Recognition accuracies on the remaining 6 pairs of source/target domains using the evaluation protocol of (Saenko et al., 2010) and using Decaf8 features with Linear SVM.
C: Caltech, A: Amazon, W : Webcam, D: DSLR.

Method
NO ADAPT-SVM
SVMA (Duan et al., 2012)
DAM (Duan et al., 2012)
GFK (Gong et al., 2012)
SA (Fernando et al., 2013)
TCA(Pan et al., 2011)
KMM(Huang et al., 2006)
DME-MMD
DME-H
NL-DME-MMD
NL-DME-H

Table 15: Recognition accuracies on 6 pairs of source/target domains using the evaluation protocol of (Saenko et al., 2010) and using Decaf8 features with Linear SVM. C: Caltech,
A: Amazon, W : Webcam, D: DSLR. The remaining pairs and the average accuracy
over all pairs are shown in Table 16.

Method
NO ADAPT-SVM
SVMA (Duan et al., 2012)
DAM (Duan et al., 2012)
GFK (Gong et al., 2012)
SA (Fernando et al., 2013)
TCA(Pan et al., 2011)
KMM(Huang et al., 2006)
DME-MMD
DME-H
NL-DME-MMD
NL-DME-H
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A→D
50.5 ± 2.5
56.7 ± 2.6
54.9 ± 3.2
51.2 ± 3.1
50.1 ± 3.1
43.7 ± 2.8
51.8 ± 3.1
67.3 ± 1.7
59.4 ± 0.8
53.2 ± 2.3
51.6 ± 2.0
53.5 ± 3.1
52.2 ± 2.4

D→W
87.1 ± 1.9
88.3 ± 1.5
86.9 ± 1.4
85.2 ± 2.3
82.7 ± 1.9
83.9 ± 2.3
88.4 ± 1.8
94.0 ± 0.8
92.5 ± 0.3
86.3 ± 1.8
87.4 ± 1.3
87.8 ± 1.2
88.3 ± 1.9

W →D
93.7 ± 0.8
95.2 ± 0.8
84.2 ± 1.4
93.2 ± 1.2
91.6 ± 2.4
93.3 ± 1.2
96.5 ± 0.8
93.7 ± 1.0
91.7 ± 0.8
93.7 ± 1.5
92.9 ± 1.3
95.6 ± 2.4
94.7 ± 2.1
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Method
NO ADAPT-SVM
SVMA (Duan et al., 2012)
DAM (Duan et al., 2012)
GFK (Gong et al., 2012)
TCA (Pan et al., 2011)
KMM (Huang et al., 2006)
SA (Fernando et al., 2013)
RG(Ganin and Lempitsky, 2015)
DDC(Tzeng et al., 2014)
DME-MMD
DME-H
NL-DME-MMD
NL-DME-H

comp vs. rec
79.9 ± 2.4
87.8 ± 2.1
85.5 ± 1.7
80.4 ± 2.8
87.2 ± 1.7
87.1 ± 1.4
88.3 ± 1.8
88.7 ± 1.6

comp vs. talk
80.6 ± 1.1
92.4 ± 0.9
91.9 ± 0.7
90.1 ± 1.1
91.7 ± 0.7
91.6 ± 0.7
89.8 ± 0.9
89.3 ± 0.8

Avg.
76.9
84.9
84.4
80.6
85.3
84.3
85.2
85.7

Target Domain
comp.sys.ibm.pc.hardware & rec.motorcycles
comp.sys.ibm.pc.hardware & sci.med
comp.sys.ibm.pc.hardware & talk.politics.guns

comp vs. sci
70.2 ± 1.6
74.5 ± 1.1
75.9 ± 1.0
71.2 ± 2.1
77 ± 1.0
74.2 ± 1.9
77.3 ± 1.0
79.0 ± 2.7

Table 19: Experimental setting for the 20 Newsgroups data set.

Source Domain
comp.windows.x & rec.sport.hockey
comp.windows.x & sci.crypt
comp.windows.x & talk.politics.mideast

Table 18: Recognition accuracies on the 3 pairs of source/target domains on Office31 data set using
the evaluation protocol of (Saenko et al., 2010) and using Decaf7 features with Linear
SVM. A: Amazon, W : Webcam, D: DSLR.
Setting
comp vs. rec
comp vs. sci
comp vs. talk

Method
NO ADAPT-SVM
DTMKL (Duan et al., 2012)
TCA (Pan et al., 2011)
SA (Fernando et al., 2013)
DME-MMD
DME-H
NL-DME-MMD
NL-DME-H

Table 20: Recognition accuracies for the 3 source/target pairs on the 20 Newsgroups data set.
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Figure 5: Comparison of the our algorithms with TCA on the task of WiFi localization. Note that
NL-DME-H yields the best results, and that, in general, our algorithms are robust to the
choice of subspace dimension.
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used car to never increase as the number of km driven increases. But a model learned from
a small set of noisy samples may not, in fact, respect this prior knowledge.
In this paper, we propose learning monotonic, efficient, and flexible functions by constraining and calibrating interpolated look-up tables in a structural risk minimization framework. Learning monotonic functions is difficult, and previously published work has only
been illustrated on small problems (see Table 1). Our experimental results demonstrate
learning flexible, guaranteed monotonic functions on more features and data than prior
work, and that these functions achieve state-of-the-art performance on real-world problems.
The parameters of an interpolated look-up table are simply values of the function,
regularly spaced in the input space, and these values are interpolated to compute f (x) for
any x. See Figures 1 and 2 for examples of 2 × 2 and 2 × 3 look-up tables and the functions
produced by interpolating them. Each parameter has a clear meaning: it is the value of the
function for a particular input, for a set of inputs on a regular grid. These parameters can
be individually read and checked to understand the learned function’s behavior.
Interpolating look-up tables is a classic strategy for representing low-dimensional functions. For example, backs of old textbooks have pages of look-up tables for one-dimensional
functions like sin(x), and interpolating look-up tables is standardized by the ICC Profile for
the three and four dimensional nonlinear transformations needed to color manage printers
(Sharma and Bala, 2002). In this paper we interpolate look-up tables defined over much

Figure 1: Example 2 × 2 interpolated look-up table functions over a unit square, with color
scale shown in (a). Each function is defined by a 2×2 lattice with four parameters,
which are the values of the function in the four corners (shown). The function is
linearly interpolated from its parameters (see Figure 2 for a pictorial description
of linear interpolation). The function in (b) is strictly monotonically increasing
in both features, which can be verified by checking that each upper parameter
is larger than the parameter below it, and that each parameter on the right is
larger than the parameter to its left. The function in (c) is strictly monotonically
increasing in the first feature, and monotonically increasing in the second feature
(but not strictly so since the parameters on the left are both zero). The function
in (d) is monotonically increasing in the first feature (one verifies this by noting
that 1 ≥ 0 and 0.4 ≥ 0.4), but non-monotonic in the second feature: on the
left side the function increases from 0 → 0.4, but on the right side the function
decreases from 1 → 0.4. The function in (e) is a saddle function interpolating an
exclusive-OR, and is non-monotonic in both features.

Scale
(a)

Θ[1] = 1.0

Θ[3] = 0.4
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Many challenging issues arise when making machine learning useful in practice. Evaluation
of the trained model may need to be fast. Features may be categorical, missing, or poorly
calibrated. A blackbox model may be unacceptable: users may require guarantees that
the function will behave sensibly for all samples, and prefer functions that are easier to
understand and debug. In this paper we address these practical issues, without trading-off
for accuracy.
We have found that a key interpretability issue in practice is whether the learned model
can be guaranteed to be monotonic with respect to some features. For example, suppose
the goal is to estimate the value of a used car, and one of the features is the number of km
it has been driven. If all the other feature values are held fixed, we expect the value of the

1. Introduction

Real-world machine learning applications may have requirements beyond accuracy, such as
fast evaluation times and interpretability. In particular, guaranteed monotonicity of the
learned function with respect to some of the inputs can be critical for user confidence.
We propose meeting these goals for low-dimensional machine learning problems by learning flexible, monotonic functions using calibrated interpolated look-up tables. We extend
the structural risk minimization framework of lattice regression to monotonic functions by
adding linear inequality constraints. In addition, we propose jointly learning interpretable
calibrations of each feature to normalize continuous features and handle categorical or missing data, at the cost of making the objective non-convex. We address large-scale learning
through parallelization, mini-batching, and random sampling of additive regularizer terms.
Case studies on real-world problems with up to sixteen features and up to hundreds of
millions of training samples demonstrate the proposed monotonic functions can achieve
state-of-the-art accuracy in practice while providing greater transparency to users.
Keywords: interpretability, interpolation, look-up tables, monotonicity
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Figure 2: Figure illustrates a 3 × 2 lattice function and multilinear interpolation, with color
scale given by (a) and parameters as shown. The lattice function shown is continuous everywhere, and differentiable everywhere except at the boundary between
lattice cells, which is the vertical edge joining the middle parameters 5 and 8. As
shown in (b), to evaluate f (x), any x that falls in the left cell of the lattice is
linearly interpolated from the parameters at the vertices of the left cell, here 6,
3, 5 and 8. Linear interpolation is linear not in x but in the lattice parameters,
that is f (x) is a weighted combination of the parameter values 6, 3, 5, and 8. The
weights on the parameters are the areas of the four boxes formed by the dotted
lines drawn orthogonally through x, with each parameter weighted by the area
of the box farthest from it, so that as x moves closer to a parameter the weight
on that parameter gets bigger. Because the dotted lines partition a unit square
cell, the sum of these linear interpolation weights is always one. As shown in (c),
samples like the marked x that fall in the right cell of the lattice are interpolated
from that cell’s parameters: 8, 5, 6 and 8.

larger feature spaces. Using an efficient linear interpolation method we refer to as simplex interpolation, the interpolation of a D-dimensional look-up table can be computed in
O(D log D) time. For example, we found that interpolating a look-up table defined over
D = 20 features takes only 2 microseconds on a standard CPU. The number of parameters
in the look-up table scales as 2D , which limits the size of D, but still enables us to learn
higher-dimensional flexible monotonic functions than ever before.

JMLR 17(109):1-47

Estimating the parameters of an interpolated look-up table using structural risk minimization was proposed by Garcia and Gupta (2009) and called lattice regression. Lattice
regression can be viewed as a kernel method that uses the explicit nonlinear feature transformation formed by mapping an input x ∈ [0, 1]D to a vector of linear interpolation weights
D
φ(x) ∈ ∆2 over the 2D vertices of the look-up table cell that contains x, where ∆ denotes the standard simplex. Then the function is linear in these transformed features:
f (x) = θT φ(x). We will refer to the look-up table parameters θ as the lattice, and to the
interpolated look-up table f (x) as the lattice function. Earlier work in lattice regression
focused on learning highly nonlinear functions over 2 to 4 features with fine-grained lattices,
such as a 17 × 17 × 17 lattice for modeling a color printer or super-resolution of spherical
3
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images (Garcia et al., 2010, 2012). In this paper, we apply lattice regression to more generic
machine learning problems with D = 5 to 16 features, and show that 2D lattices work well
for many real-world classification and ranking problems, especially when paired with jointly
trained one-dimensional pre-processing functions.
We begin with a survey of related work in machine learning of interpretable and monotonic functions. Then we review lattice regression in Section 3. The main contribution is
learning monotonic lattices in Section 4. We discuss efficient linear interpolation in Section
5. We propose an interpretable torsion lattice regularizer in Section 6. We propose jointly
learning one-dimensional calibration functions in Section 7, and consider two strategies for
supervised handling of missing data for lattice regression in Section 8. In Section 9, we
consider strategies for speeding up training and handling large-scale problems and largescale constraint-handling. A series of case studies in Section 10 experimentally explore the
paper’s proposals, and demonstrate that monotonic lattice regression achieves similar accuracy as a random forest, and that monotonicity is a common issue that arises in many
different applications. The paper ends with conclusions and open questions in Section 11.

2. Related Work

We give a brief overview of related work in interpretable machine learning, then survey
related work in learning monotonic functions.

2.1 Related Work in Interpretable Machine Learning

Two key themes of the prior work on interpretable machine learning are (i) interpretable
function classes, and (ii) preferring simpler functions within a function class.

2.1.1 Interpretable Function Classes

The function classes of decision trees and rules are generally regarded as relatively interpretable. Naı̈ve Bayes classifiers can be interpreted in terms of weights of evidence (Good,
1965; Spiegelhalter and Knill-Jones, 1984). Similarly, linear models form an interpretable
function class in that the parameters dictate the relative importance of each feature. Linear approaches can be generalized to sum nonlinear components, as in generalized additive
models (Hastie and Tibshirani, 1990) and some kernel methods, while still retaining some
of their interpretable aspects.
The function class of interpolated look-up tables is interpretable in that the function’s
parameters are the look-up table values, and so are semantically meaningful: they are simply
examples of the function’s output, regularly spaced in the domain. Given two look-up tables
with the same structure and the same features, one can analyze how their functions differ
by analyzing how the look-up table parameters differ. Analyzing which parameters change
by how much can help answer questions like “If I add training examples and re-train, what
changes about the model?”
2.1.2 Prefer Simpler Functions

JMLR 17(109):1-47

Another body of work focuses on choosing simpler functions within a function class, optimizing an objective of the form: minimize empirical error and maximize simplicity, where
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2.2.1 Monotonic Linear and Polynomial Functions

4. Re-label samples to be monotonic before training.

3. Penalize monotonicity violations by pairs of samples or sample derivatives when training.

Linear functions can be easily constrained to be monotonic in certain inputs by requiring
the corresponding slope coefficients to be non-negative, but linear functions are not suf-

2.2.3 Monotonic Decision Trees and Forests:

In this paper we extend lattice regression, which is a spline method with fixed knots on
a regular grid and a linear kernel (Garcia et al., 2012), to be monotonic. There have
been a number of proposals to learn monotonic one-dimensional splines. For example,
building on Ramsay (1998), Shively et al. (2009) parameterize the set of all smooth and
strictly
R x monotonic one-dimensional functions using an integrated exponential form f (x) =
a + 0 eb+u(t) dt, and showed better performance than the monotone functions estimators of
Neelon and Dunson (2004) and Holmes and Heard (2003) for smooth functions. In other
related spline work, Villalobos and Wahba (1987) considered smoothing splines with linear
inequality constraints, but did not address monotonicity.

2.2.2 Monotonic Splines

Stumps and forests of stumps are easily constrained to be monotonic. However, for deeper
or broader trees, all pairs of leaves must be checked to verify monotonicity (Potharst and
Feelders, 2002b). Non-monotonic trees can be pruned to be monotonic using various strategies that iteratively reduce the non-monotonic branches (Ben-David, 1992; Potharst and
Feelders, 2002b). Monontonicity can also be encouraged during tree construction by penalizing the splitting criterion to reduce the number of non-monotonic leaves a split would
create (Ben-David, 1995). Potharst and Feelders (2002a) achieved completely flexible monotonic trees using a strategy akin to bogosort (Gruber et al., 2007): train many trees on
different random subsets of the training samples, then select one that is monotonic.

2. Post-process by pruning or reducing monotonicity violations after training.

1. Constrain a more flexible function class to be monotonic, such as linear functions with
positive coefficients, or a sigmoidal neural network with positive weights.

We detail the related work in the following sections organized by the type of machine
learning, but these methods could instead be organized by strategy, which mostly falls into
one of four categories:

A function f (x) is monotonically increasing with respect to feature d if f (xi ) ≥ f (xj ) for
any two feature vectors xi , xj ∈ RD where xi [d] ≥ xj [d] and xi [m] = xj [m] for m 6= d.
A number of approaches have been proposed for enforcing and encouraging monotonicity
in machine learning. The computational complexity of these algorthims tends to be high,
and most methods scale poorly in the number of features D and samples n, as summarized
in Table 1.

2.2 Related Work in Monotonic Functions

a2 > 0
a2 + a3 > 0.

The general problem of checking whether a particular choice of polynomial coefficients
produces a monotonic function requires checking whether the polynomial’s derivative (also
a polynomial) is positive everywhere, which is equivalent to checking if the derivative has
any real roots, which can be computationally challenging (see, for example, Sturm’s theorem
for details).
Functions of the form (1) can be equivalently expressed as a 2 × 2 lattice interpolated
with multilinear interpolation, but as we will show in Section 4, with this alternate parameterization it is easier to check and enforce the complete set of monotonic functions.

a1 > 0
a1 + a3 > 0

Restricting the function to a bounded domain the domain x ∈
and forcing the derivative to be positive over that domain, one sees that the complete set of monotonic functions
of the form (1) on the unit square is described by four linear inequalities:

[0, 1]2

(1)

ficiently flexible for many problems. Polynomial functions (equivalently, linear functions
with pre-defined crosses of features) can also be easily forced to be monotonic by requiring
all coefficients to be positive. However, this is only a sufficient and not necessary condition:
there are monotonic polynomials whose coefficients are not all positive. For example, consider the simple case of second degree multilinear polynomials defined over the unit square
f : [0, 1]2 → R such that:

simplicity is usually defined as some manifestation of Occam’s Razor or variant of Kolmogorov complexity. For example, Ishibuchi and Nojima (2007) minimize the number of
fuzzy rules in a rule set, Osei-Bryson (2007) prunes a decision tree for interpretability,
Rätsch et al. (2006) finds a sparse convex combination of kernels for a multi-kernel support vector machine, and Nock (2002) prefers smaller committees of ensemble classifiers.
Similarly, Garcia et al. (2009) measure the interpretability of rule-based classifiers in terms
of the number of rules and number of features used. More generally, this category of interpretability includes model selection criteria like the Bayesian information criterion and
Akaike information criterion (Hastie et al., 2001), sparsity regularizers like sparse linear regression models, and feature selection methods. Other approaches to simplicity may include
simplified structure in graphical models or neural nets, such as the structured neural nets
of Strannegaard (2012).
While sparsity-based approaches to interpretability can provide regularization that reduces over-fitting and hence increases accuracy, it has also been noted that such strategies
may create a trade-off between interpretability and accuracy (Casillas et al., 2002; Nock,
2002; Yu and Xiao, 2012; Shukla and Tripathi, 2012). We hypothesize this occurs when the
assumed simpler structure is a poor model of the true function.
Monotonicity is another way to choose a semantically simpler function to increase interpretability (and regularize). Our case studies in Section 10 illustrate that when applied
to problems where monotonicity is warranted true, we do not see a trade-off with accuracy.
f (x) = a0 + a1 x[0] + a2 x[1] + a3 x[0]x[1].
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Archer and Wang (1993)
Wang (1994)
Mukarjee and Stern (1994)
Ben-David (1995)
Sill and Abu-Mostafa (1997)
Sill (1998)
Kay and Ungar (2000)
Potharst and Feelders (2002a)
Potharst and Feelders (2002b)
Spouge et al. (2003)
Duivesteijn and Feelders (2008)
Lauer and Bloch (2008)
Dugas et al. (2000, 2009)
Shively et al. (2009)
Kotlowski and Slowinski (2009)
Daniels and Velikova (2010)
Riihimäki and Vehtari (2010)
Qu and Hu (2011)
Neumann et al. (2013)

Method
neural net
neural net
kernel estimate
tree
neural net
neural net
neural net
tree
tree
isotonic regression
k-NN
svm
neural net
spline
rule-based
neural net
Gaussian process
neural net
neural net

Monotonicity Strategy
constrain function
constrain function
post-process
penalize splits
penalize pairs
constrain function
constrain function
randomize
prune
constrain
re-label samples
sample derivatives
constrain function
constrain function
re-label samples
constrain function
sample derivatives
derivatives / constrain
sample derivatives

Guaranteed Monotonic?
yes
yes
yes
yes
no
yes
yes
yes
yes
yes
no
no
yes
yes
yes
yes
no
yes
no

Max D
2
1
2
8
6
10
1
8
11
2
12
none
4
1
11
6
7
1
3

Max n
50
150
2447
125
550
196
100
60
1090
100,000
768
none
3434
100
1728
174
1222
30
625

7

Table 1: Some related work in learning monotonic functions. Many of these methods guarantee a monotonic solution, but some
only encourage monotonicity. The last two columns gives the largest number of features D and the largest number of
samples n used in any of the experiments in that paper (generally not the same experiment).

Gupta, Cotter, Pfeifer, Voevodski, Canini, Mangylov, Moczydlowski, et al.

2.2.4 Monotonic Support Vector Machines

With a linear kernel, it may be easy to check and enforce monotonicity of support vector
machines, but for nonlinear kernels it will be more challenging. Lauer and Bloch (2008)
encouraged support vector machines to be more monotonic by constraining the derivative of
the function at the training samples. Riihimäki and Vehtari (2010) used the same strategy
to encourage more monotonic Gaussian processes.
2.2.5 Monotonic Neural Networks

In perhaps the earliest work on monotonic neural networks, Archer and Wang (1993) adaptively down-weighted samples during training whose gradient updates would violate monotonicity, to produce a positive weighted neural net. Other researchers explicitly proposed
constraining the weights to be positive in a single hidden-layer neural network with the
sigmoid or other monotonic nonlinear transformation (Wang, 1994; Kay and Ungar, 2000;
Dugas et al., 2000, 2009; Minin et al., 2010). Dugas et al. (2009) showed with simulations
of four features and 400 training samples that both bias and variance were reduced by enforcing monotonicity. However, Daniels and Velikova (2010) showed this approach requires
D hidden layers to arbitrarily approximate any D-dimensional monotonic function. In addition to a general proof, they provide a simple and realistic example of a two-dimensional
monotonic function that cannot be fit with one hidden layer and positive weights.

Abu-Mostafa (1993) and Sill and Abu-Mostafa (1997) proposed regularizing a function
to be more monotonic by penalizing squared deviations in monotonicity for virtual pairs
of input samples that are added for this purpose. Unfortunately, it generally does not
guarantee monotonicity everywhere, only with respect to those virtual input pairs. (And in
fact, to guarantee monotonicity for the sampled pairs, an exact penalty function would be
needed with a sufficiently large regularization parameter to ensure the regularization was
equivalent to a constraint).

Lauer and Bloch (2008), Riihimäki and Vehtari (2010), and Neumann et al. (2013)
encouraged extreme learning machines to be more monotonic by constraining the derivative
of the function to be positive for a set of sampled points.

Qu and Hu (2011) did a small-scale comparison of encouraging monotonicity by constraining input pairs to be monotonic, versus encouraging monotonic neural nets by constraining the function’s derivatives at a subset of samples (analogous to Lauer and Bloch
(2008)), versus using a sigmoidal function with positive weights. They concluded the
positive-weight sigmoidal function is best.

JMLR 17(109):1-47

Sill (1998) proposed a guaranteed monotonic neural network with two hidden layers
by requiring the first linear layer’s weights to be positive, using hidden nodes that take
the maximum of groups of first layer variables, and a second hidden layer that takes the
minimum of the maxima. The resulting surface is piecewise linear, and as such can represent
any continuous differentiable function arbitrarily well. The resulting objective function
is not strictly convex, but the authors propose training such monotonic networks using
gradient descent where samples are associated with one active hyperplane at each iteration.
Daniels and Velikova (2010) generalized this approach to handle the “partially monotonic”
case that the function is only monotonic with respect to some features.
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hyper-rectangle M = [0, M1 − 1] × [0, M2 − 1] × . . . [0, MD − 1]. See Figure 1 for examples
of 2 × 2 lattices, and Figure 2 for an example 3 × 2 lattice. For machine learning problems
we find Md = 2 for all d to often work well in practice, as detailed in the case studies in
Section 10. For image processing applications with only two to four features, much larger
values of Md were needed (Garcia et al., 2012).

4

table (that is, lattice) for the dth feature. Then the lattice is a regular grid of M =
M1 × M2 × . . . MD parameters placed at natural numbers so that the lattice spans the

Before proposing monotonic lattice regression, we review lattice regression (Garcia and
Gupta, 2009; Garcia et al., 2012). Key notation is listed in Table 2.
Let Md ∈ N be a hyperparameter specifying the number of vertices in the look-up

3. Review of Lattice Regression

Isotonic regression re-labels the input samples with values that are monotonic and close to
the original labels. These monotonically re-labeled samples can then be used, for example,
to define a monotonic piecewise constant or piecewise linear surface. This is an old approach;
see Barlow et al. (1972) for an early survey. Isotonic regression can be solved in O(n) time
if monotonicity implies a total ordering of the n samples. But for usual multi-dimensional
machine learning problems, monotonicity implies only a partial order, and solving the nparameter quadratic program is generally O(n4 ), and O(n3 ) for two-dimensional samples
(Spouge et al., 2003). Also problematic for large n is the O(n) evaluation time for new
samples.
Mukarjee and Stern (1994) proposed a suboptimal monotonic kernel regression that is
computationally easier to train than isotonic regression. It computes a standard kernel
estimate, then locally upper and lower bounds it to enforce monotonicity.
The isotonic separation method of Chandrasekaran et al. (2005) is like the work of AbuMostafa (1993) in that it penalizes violations of monotonicity by pairs of training samples.
Like isotonic regression, the output is a re-labeling of the original samples, the solution is
at least O(n3 ) in the general case, and evaluation time is O(n).
Ben-David et al. (1989); Ben-David (1992) constructed a monotonic rule-based classifier
by sequentially adding training examples (each of which defines a rule) that do not violate
monotonicity restrictions.
Duivesteijn and Feelders (2008) proposed re-labeling samples before applying nearest
neighbors based on a monotonicity violation graph with the training examples at the vertices. Coupled with a proposed modified version of k-NN, they can enforce monotonic
outputs. Similar pre-processing of samples can be used to encourage any subsequently
trained classifier to be more monotonic (Feelders, 2010).
Similarly, Kotlowski and Slowinski (2009) try to solve the isotonic regression problem to
re-label the dataset to be monotonic, then fit a monotonic ensemble of rules to the re-labeled
data, requiring zero training error. They showed overall better performance than the ordinal
learning model of Ben-David et al. (1989) and isotonic separation (Chandrasekaran et al.,
2005).

2.2.6 Isotonic Regression and Monotonic Nearest Neighbors

Monotonic Look-Up Tables

Table 2: Key Notation

number of features
number of samples
number of vertices in the lattice along the dth
Q feature
total number of vertices in the lattice: M = d Md
hyper-rectangular span of the lattice: [0, M1 − 1] × . . . × [0, MD − 1]
ith training sample with D components. Domain depends on section.
ith training sample label
dth component of feature vector x
linear interpolation weights for x
lattice values (parameters)
jth vertex of a 2D lattice

d=0

D−1
Y

x[d]vk [d] (1 − x[d])1−vk [d] .

(2)

10
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Note the exponents in (2) are vk and 1 − vk [d], which either equal 0 and 1, or equal 1
and 0, so these exponents act like selectors that multiply in either x[d] or 1 − x[d] for each

φk (x) =

Multilinear interpolation is the multi-dimensional generalization of the familiar bilinear
interpolation that is commonly used to up-sample images. See Figure 2 for a pictorial
explanation.
For notational simplicity, we assume a 2D lattice such that x ∈ [0, 1]D . For multi-cell
lattices, the same math and logic is applied to the lattice cell containing the x. Denote the
kth component of φ(x) as φk (x). Let vk ∈ {0, 1}D be the kth vertex of the unit hypercube.
The multilinear interpolation weight on the vertex vk is

3.1 Multilinear Interpolation

The feature values are assumed to be bounded and linearly scaled to fit the lattice, so
that the dth feature vector value x[d] lies in [0, Md − 1]. (We propose learning non-linear
scalings of features jointly with the lattice parameters in Section 7.)
Lattice regression is a kernel method that maps x ∈ M to a transformed feature vector
φ(x) ∈ [0, 1]M . The values of φ(x) are the interpolation weights for x for the 2D indices
corresponding to the 2D vertices of the hypercube surrounding x; for all other indices,
φ(x) = 0.
The function f (x) is linear in φ(x) such that f (x) = θT φ(x). That is, the function
parameters θ each correspond to a vertex in the lattice, and f (x) linearly interpolates the
θ for the lattice cell containing x.
Before reviewing the lattice regression objective for learning the parameters θ, we review
standard multilinear interpolation to define φ(x).

D
n
Md ∈ N
M ∈N
M
xi
yi ∈ R
x[d]
φ(x) ∈ [0, 1]M
θ ∈ RM
vj ∈ {0, 1}D
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D−1
Y

((1 − bit[i, k]) (1 − x[i]) + bit[i, k]x[i]) ,

dimension d. Equivalently, one can write
φk (x) =
i=0

(3)

where bit[i, k] ∈ {0, 1} denotes the ith bit of vertex vk , and can be computed bit[i, k] =
(k  i) &1 using bitwise arithmetic.
The resulting f (x) = θT φ(x) is a multilinear polynomial over each lattice cell. For
example, a 2 × 2 lattice interpolated with multilinear interpolation gives:
f (x) = θ[0](1 − x[0])(1 − x[1]) + θ[1]x[0](1 − x[1]) + θ[2](1 − x[0])x[1] + θ[3]x[0]x[1]. (4)

φk (x)vk = x and

k=0

2
X

D

φk (x) = 1.

(5)

Expanding (4), one sees it is a different parameterization of the multilinear function given
in (1), where the parameter vectors are related by a linear matrix transform: a = T θ
for T ∈ R4×4 . But the θ parameterization has the advantage that each parameter is the
function value for a feature vector at the vertex of the lattice (see Figure 1), and as we show
in Section 4, makes it easier to learn the complete set of monotonic functions.
The linear interpolation is applied per lattice cell. At lattice cell boundaries the resulting
function is continuous, but not differentiable. The overall function is piecewise polynomial,
and hence a spline, and can be equivalently formulated using a linear basis function. Higherorder basis functions like the popular cubic spline will lead to smoother and potentially
slightly more accurate functions (Garcia et al., 2012). However, higher-order basis functions
destroy the interpretable localized effect of the parameters, and increase the computational
complexity.
The multilinear interpolation weights are just one type of linear interpolation. In general,
linear interpolation weights are defined as solutions to the system of D + 1 equations:
D

2
X
k=0

This system of equations is under-determined and has many solutions for an x in the
convex hull of a lattice cell. The multilinear interpolation weights given in (2) are the
maximum entropy solution to (5) (Gupta et al., 2006), and thus have good noise averaging
and smoothness properties compared to other solutions. We discuss a more efficient linear
interpolation in Sec. 5.2.
3.2 The Lattice Regression Objective

JMLR 17(109):1-47

Consider the standard supervised machine learning set-up of a training set of randomly
sampled pairs {(xi , yi )} pairs, where xi ∈ M and yi ∈ R, for i = 1, . . . , n. Historically,
people created look-up tables by first fitting a function h(x) to the {xi , yi } using a regression
algorithm such as a neural net or local linear regression, and then evaluating h(x) on a
regular grid to produce the look-up table values (Sharma and Bala, 2002). However, even
if they fit the function to minimize empirical risk on the training samples, they did not
minimize the actual empirical risk because these approaches did not take into account that
the trained look-up table would be interpolated at run-time, and this interpolation changes
the error on the training samples.
11

Gupta, Cotter, Pfeifer, Voevodski, Canini, Mangylov, Moczydlowski, et al.

i=1

n
X

`(yi , θT φ(xi )) + R(θ),

(6)

Garcia and Gupta (2009) proposed directly optimizing the look-up table parameters
θ to minimize the actual empirical error between the training labels and the interpolated
look-up table:

θ∈RM

arg min

where ` is a loss function such as squared error, φ(xi ) ∈ [0, 1]M is the vector of linear
interpolation weights over the lattice for training sample xi (detailed in Section 3.1 and Sec.
5.2), f (xi ) = θT φ(xi ) is the linear interpolation of xi from the look-up table parameters θ,
and R(θ) is a regularizer on the lattice parameters. In general, we assume the loss ` and
regularizer R are convex functions of θ so that solving (6) is a convex optimization. Prior
work focused on squared error loss, and used graph regularizers R(θ) of the form θT Kθ for
some PSD matrix K, in which case (6) has a closed-form solution which can be computed
with sparse matrix inversions (Garcia and Gupta, 2009; Garcia et al., 2010, 2012).

4. Monotonic Lattices

In this section we propose constraining lattice regression to learn monotonic functions.

4.1 Monotonicity Constraints For a Lattice

In general, simply checking whether a nonlinear function is monotonic can be quite difficult
(see the related work in Section 2.2). But for a linearly interpolated look-up table, checking
for monotonicity is relatively easy: if the lattice values increase in a given direction, then
the function increases in that direction. See Figure 1 for examples. Specifically, one must
check that θs > θr for each pair of adjacent look-up table parameters θr and θs . If all
features are specified to be monotonic for a 2D lattice, this results in D2D−1 pairwise linear
inequality constraints to check.
These same pairwise linear inequality constraints can be imposed when learning the
parameters θ to ensure a monotonic function is learned. The following result establishes
these constraints are sufficient and necessary for a 2D lattice to be monotonically increasing
in the dth feature (the result extends trivially to larger lattices):

Lemma 1 (Monotonicity Constraints) Let f (x) = θT φ(x) for x ∈ [0, 1]D and φ(x)
given in (2). The partial derivative ∂f (x)/∂x[d] > 0 for fixed d and any x iff θk0 > θk for
all k, k 0 such that vk [d] = 0, vk0 [d] = 1 and vk [m] = vk0 [m] for all m 6= d.

JMLR 17(109):1-47

Proof First we show the constraints are necessary to ensure monotonicity. Consider
the function values f (vk ) and f (vk0 ) for some adjacent pair of vertices vk , vk0 that differ
only in the dth feature. For f (vk ) and f (vk0 ), all of the interpolation weight falls on θk
or θk0 respectively, such that f (vk ) = θk and f (vk0 ) = θk0 . So θk0 > θk is necessary for
∂f (x)/∂x[d] > 0 everywhere.
Next we show the constraints are sufficient to ensure monotonicity. Pair the terms in
the interpolation f (x) = θT φ(x) corresponding to adjacent parameters θk , θk0 so that for

12

k,k0



αk θk x[d]vk [d] (1 − x[d])(1−vk [d]) + θk0 x[d]vk0 [d] (1 − x[d])(1−vk0 [d]) ,

i=1

i=1

`(1, θ

T

φ(x+
i )

−θ

T

φ(x−
i ))
+ R(θ), s.t. Aθ ≤ b.

(9)
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Interpolating a look-up table has long been considered an efficient way to specify and
evaluate a low-dimensional non-linear function (Sharma and Bala, 2002; Garcia et al., 2012).

5. Faster Linear Interpolation

The loss functions in (6), (8) and (9) all have the same form, for example, squared loss
`(y, z) = (y − z)2 , hinge loss `(y, z) = max(0, 1 − yz), or logistic loss `(y, z) = log(1 +
exp(y − z)).

θ

arg min

n
X

Additional linear constraints can be included in Aθ ≤ b to also constrain the fitted function
in other practical ways, such as f (x) ∈ [0, 1] or f (x) ≥ 0.
The approach extends to the standard learning to rank from pairs problem (Liu, 2011),
−
where the training data is pairs of samples x+
i and xi and the goal is to learn a function
−
such that f (x+
i ) ≥ f (xi ) for as many pairs as possible. For this case, the monotonic lattice
regression objective is:

θ

We relax strict monotonicity to monotonicity by allowing equality in the adjacent parameter
constraints (for an example, see the second function from the left in Figure 1). Then the set
of pairwise constraints can be expressed as Aθ ≤ 0 for the appropriate sparse matrix A with
one 1 and −1 per row of A, and one row per constraint. Each feature can independently
be left unconstrained, or constrained to be either monotonically increasing or decreasing by
the specification of A.
Thus the proposed monotonic lattice regression objective is convex with linear inequality
constraints:
n
X
arg min
`(yi , θT φ(xi )) + R(θ), s.t. Aθ ≤ b.
(8)

4.2 Monotonic Lattice Regression Objective

P
(x)
The partial derivative of (7) is ∂f
k,k0 αk (θk0 − θk ). Because each αk ∈ [0, 1], it is
∂x[d] =
0
sufficient that θk0 > θk for each k, k pair to guarantee this partial is positive for all x.

k,k0

where αk is the product of the m 6= d terms in (2) that are the same for k and k 0 ,
X
=
αk (θk (1 − x[d]) + θk0 x[d]) by the definition of vk and vk0 .
(7)

=

X

k,k0

each k, k 0 it holds that vk [d] = 0, vk0 [d] = 1, vk [m] = vk0 [m] for m 6= d:
X
f (x) =
θk φk (x) + θk0 φk0 (x), then expand φk (x) and φk0 (x) using (2) :

Monotonic Look-Up Tables

weights[k] =

indices[k] =

0

d=0

D
Y

0

d=0

D
X

14

JMLR 17(109):1-47

((1 − bitd (k)) (1 − (x[d] − bxd c)) + bitd (k)(x[d] − bxd c)) .

(bx[d]c + bitd (k)) sd

0

size (indices) = size (weights) = 2D +1

Proof At the end of the D0 th iteration over the dimension in Algorithm 1:

and the corresponding 2D multilinear interpolation weights given by (3).

d=0

The following lemma establishes the correctness of Algorithm 1.

CalculateMultilinearInterpolationWeightsAndParameterIndices(x)
Initialize indices[] = [0], weights[] = [1]
For d = 0 to D − 1:
For k = 0 to 2d − 1:
Append sd + indices[k] to indices
Append x[d] × weights[k] to weights
Update weights[k] = (1 − (x[d])) × weights[k]
Return indices and weights

Lemma 2 (Fast Multilinear Interpolation) Under its assumptions, Algorithm 1 returns the indices of the 2D parameters corresponding to the vertices of the lattice cell containing x:
D−1
X
indices[k] =
(bx[d]c + biti (k)) sd , for k = 1, 2, . . . , 2D
(10)

1
2
3
4
5
6
7

Algorithm 1 Computes the multilinear interpolation weights and corresponding vertex
indices for a unit lattice cell [0, 1]D and an x ∈ [0, 1]D . Let the lattice parameters be
indexed such that sd = 2d is the difference in the indices of the parameters corresponding to
any two vertices that are adjacent in the dth dimension, for example, for the 2 × 2 lattice,
order the vertices [0 0], [1 0], [0 1], [1 1] and index the corresponding lattice parameters in
that order.

Much of the computation in (3) can be shared between the different weights. In Algorithm
1 we give a dynamic programming
solution that loops D times, where the dth loop takes
P
d
D
2d time, so in total there are D−1
d=0 2 = O(2 ) operations.

5.1 Fast Multilinear Interpolation

But computing linear interpolation weights with (3) requires O(D) operations for each of
the 2D interpolation weights, for a total cost of O(D2D ) to evaluate a sample. In Section 5.1,
we show the multilinear interpolation weights of (3) can be computed in O(2D ) operations.
Then, in Section 5.2, we review and analyze a different linear interpolation that we refer to
as simplex interpolation that takes only O(D log D) operations.
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Θ[3] = 0.4

Θ[1] = 1.0
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Monotonic Look-Up Tables

0

0

Multilinear Interpolation

0.5

Simplex Interpolation

0

Figure 3: Illustration of two different linear interpolations of the same 2 × 2 look-up table
with parameters 0, 0, 0.5 and 1. The simplex interpolation splits the unit square
into two simplices (the upper and lower triangle) and interpolates within each.
The function is continuous because the points along the diagonal are interpolated
from only the two corner vertices, and the interpolated function is linear over each
simplex. Both interpolations produce monotonic functions over both features.

The above holds for the D0 = 1 case by the initialization and inspection of the loop. It is
straightforward to verify that if the above hold for D0 , then they also hold for D0 + 1. Then
by induction it holds for D0 = D − 1, as claimed.

5.2 Simplex Linear Interpolation
For speed, we propose using a more efficient linear interpolation for lattice regression that
linearly interpolates each x from only D + 1 of the 2D surrounding vertices. Many different
linear interpolation strategies have been proposed to interpolate look-up tables using only
a subset of the 2D vertices (for a review, see Kang (1997)). However, most such strategies
suffer from being too computationally expensive to determine the subset of vertices needed
to interpolate a given x. The wonder of simplex interpolation is that it takes only O(D log D)
operations to determine the D + 1 vertices needed to interpolate any given x, and then only
O(D) operations to interpolate the identified D + 1 vertices. An illustrative comparison of
simplex and multilinear interpolation is given in Figure 3 for the same lattice parameters.
Simplex interpolation was proposed in the color management literature by Kasson et al.
(1993), and independently later by Rovatti et al. (1998). Simplex interpolation is also known
as the Lovasz extension in submodular optimization, where it is used to extend a function
defined on the vertices of a unit hypercube to be defined on its interior (Bach, 2013).

JMLR 17(109):1-47

After reviewing how simplex interpolation works, we show in Section 5.2.3 that it requires the same constraints for monotonicity as multilinear interpolation, and then we
discuss how its rotational dependence impacts its use for machine learning in Section 5.2.4.
We give example runtime comparisons in Section 10.7.
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Figure 4: Simplex interpolation decomposes the D-dimensional unit hypercube into D! simplices. Left: For the unit square, there are two simplices, one is defined by the
three vertices [0 0], [0 1], and [1 1], and the other is defined by the three vertices
[0 0], [1 0], and [1 1]. Right: For the unit cube there are 3! = 6 simplices, each
defined by four vertices. The first has vertices: [0 0 0], [0 0 1], [0 1 1] , [1 1 1]. The
second has vertices: [0 0 0], [0 0 1], [1 0 1], [1 1 1]. And so on. All six simplices
have vertices [0 0 0] and [1 1 1], and thus share the diagonal between those two
vertices.

5.2.1 Partitioning of the Unit Hypercube Into Simplices

Simplex interpolation implicitly partitions the hypercube into the set of D! congruent simplices that satisfy the following: each simplex includes the all 0’s vertex, one vertex is all
zeros but has a single 1, one vertex is all zeros but has two 1’s, and so on, ending with
one vertex that is all 1’s, for a total of D + 1 vertices in each simplex. Figure 4 shows the
partitioning for the D = 2 and D = 3 unit hypercubes.
This decomposition can also be described by the hyperplanes xk = xr for 1 ≤ k ≤ r ≤ D
(Schimdt and Simon, 2007). Knop (1973) discussed this decomposition as a special case
of Eulerian partitioning of the hypercube, and Mead (1979) showed this is the smallest
possible equivolume decomposition of the unit hypercube.
5.2.2 Simplex Interpolation

JMLR 17(109):1-47

Given x ∈ [0, 1]D , the D + 1 vertices that specify the simplex that contains x can be
computed in O(D log D) operations by sorting the D values of the feature vector x, and
then the dth simplex vertex has ones in the first d sorted components of x. For example, if
x =[.8 .2 .3], the D + 1 vertices of its simplex are [0 0 0], [1 0 0], [1 0 1], [1 1 1].
Let V be the D+1 by D matrix whose dth row is the dth vertex of the simplex containing
x. Then the simplex interpolation weights ψ(x) must satisfy the linear interpolation equa 
 
 −1  
VT
x
VT
x
tions given in (5) such that
ψ(x) =
. Thus ψ(x) =
, where because
1T
1
1T
1
of the highly structured nature of the simplex decomposition the required inverse always
exists, and has a simple form such that ψ(x) is the vector of differences of sequential sorted
components of x. For example, for a 2 × 2 × 2 lattice, and an x such that x[0] > x[1] > x[2],
the simplex interpolation weights ψ(x) = [1−x[0], x[0]−x[1], x[1]−x[2], x[2]] on the vertices

16

CalculateSimplexInterpolationWeightsAndParameterIndices(x)
Compute the sorted order π of the components of x such that x[π[k]] is the kth largest value of x,
that is, x[π[1]] is the largest value of x, etc.
Initialize index = 0, z = 1, indices[] = [], weights[] = []
For d = 0 to D − 1:
Append index to indices
Append z − x[π[d]] to weights
Update index = index + sπ[d]
Update z = x[π[d]]
Append index to indices
Append z to weights
Return indices and weights

17
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Proof Simplex interpolation linearly interpolates from D + 1 vertices at a time, and thus
the resulting function is linear over each simplex. Thus to prove that the function is monotonic everywhere, we need only to show that each locally linear function is monotonically
increasing in dimension d, and that the function is continuous everywhere. Each simplex
only has one pair of vertices vk and vk0 that differ in dimension d such that vk [d] = 0,
vk0 [d] = 1, and vk [m] = vk0 [m] for all m 6= d. In addition, we can verify that for the linear
function over this simplex, ∂f (x)/∂x[d] = θk0 − θk , where θk and θk0 are the parameters
corresponding to these vertices. Therefore if θk0 > θk , then the linear function over that
simplex must be increasing with respect to d. Conversely, if it does not hold that θk0 > θk ,
then the linear function over that simplex must have non-positive slope with respect to d.
Further, f (x) is continuous for all x, because any x on a boundary between simplices only
has nonzero interpolation weight on the vertices defining that boundary. In conclusion, the
function is piecewise monotonic and continuous, and thus monotonic everywhere.

Lemma 3 (Monotonic Constraints with Simplex Interpolation) Let f (x) = θT φ(x)
for φ(x) given in Algorithm 2. The partial derivative ∂f (x)/∂x[d] > 0 iff θk0 > θk for all
k, k 0 such that vk [d] = 0, vk0 [d] = 1, and vk [m] = vk0 [m] for all m 6= d.

We show that the same linear inequality constraints that guarantee monotonicity for multilinear interpolation also guarantee monotonicity with simplex interpolation:

5.2.3 Simplex Interpolation and Monotonicity

1
2
3
4
5
6
7
8
9
10
11

Algorithm 2 Computes the simplex interpolation weights and corresponding vertex indices
for a unit lattice cell [0, 1]D and an x ∈ [0, 1]D . Let the lattice parameters be indexed such
that sd = 2d is the difference in the indices of the parameters corresponding to any two
vertices that are adjacent in the dth dimension, for example, for the 2 × 2 lattice, order the
vertices [0 0], [1 0], [0 1], [1 1] and index the corresponding lattice parameters in that order.

[0, 0, 0], [1, 0, 0], [1, 1, 0], [1, 1, 1], respectively. The general formula is detailed in Algorithm
2; for more mathematical details see Rovatti et al. (1998).

Monotonic Look-Up Tables
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Simplex interpolation produces a locally linear continuous function made-up of D! hyperplanes oriented around the main diagonal axis of the unit hypercube. Compared to multilinear interpolation, simplex interpolation is not as smooth (though continuous), and it is
rotationally-dependent.
For low-dimensional regression problems using a look-up table with many cells, performance of the two interpolation methods has been found to be similar, particularly if one is
using a fine-grained lattice with many cells. For example, in a comparison by Sun and Zhou
(2012) for the three-dimensional regression problem of color managing an LCD monitor,
multilinear interpolation of a 9 × 9 × 9 look-up table (also called trilinear interpolation in
the special case of three-dimensions) produced around 1% worse average error than simplex
interpolation, but the maximum error with multilinear interpolation was only 60% of the
maximum simplex interpolation error. Another study by Kang (1995) using simulations
concluded that the interpolation errors of these methods was “about the same.”
However, when using a coarser lattice like 2D , as we have found useful in practice for
machine learning, the rotational dependence of simplex interpolation can cause problems
because the flexibility of the interpolated function f (x) differs in different parts of the
feature space. Figure 5 illustrates this for a binary classifier on two features.
To address the rotational dependence, we recommend using prior knowledge to define
the features positively or negatively in a way that aligns the simplices’ shared diagonal axis
along the assumed slope of f (x). If there are monotonicity constraints, this is done by
specifying each feature so that it is monotonically increasing, rather than monotonically

5.2.4 Using Simplex Interpolation for Machine Learning

Figure 5: Illustrates rotational dependence of simplex interpolation for a 2 × 2 lattice and
its impact on a binary classification problem. Green thick line denotes the true
decision boundary of a binary classification problem. Red thin lines denote the
piecewise linear decision boundary fit by lattice regression using simplex interpolation. Dotted gray line separates the two simplices; the function is locally linear
over each simplex. Left: The true decision boundary (green) crosses the two simplices. The simplex decision boundary (red) has two linear pieces and can fit the
green boundary well. Right: The same green boundary has been rotated ninety
degrees, and now lies entirely in one simplex. The simplex decision boundary (in
red) is linear within each simplex, and hence has less flexibility to fit the true
green decision boundary.
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decreasing. For binary classification, features should be specified so that the feature vector
for the most prototypical example of the negative class is the all-zeros feature vector, and
the feature vector for the most prototypical example of a positive class is the all-ones feature
vector. This should put the decision boundary as orthogonal to the shared diagonal axis
as possible, providing the interpolated function the most flexibility to model that decision
boundary. In addition, for low-dimensional problems, using a finer-grained lattice will
produce more flexibility overall, so that the flexibility within each lattice cell is less of an
issue.
Following these guidelines, we surprisingly and consistently find that simplex interpolation of 2D lattices is roughly as accurate as multilinear interpolation, and much faster for
D ≥ 8. This is demonstrated in the case studies of Section 10 (runtime comparisons given
in Section 10.7).

6. Regularizing the Lattice Regression To Be More Linear

D X
D
X

((θr − θs ) − (θt − θu ))2 .

r,s,t,u such that
vr and vs adjacent in dimension d,
vt and vu adjacent in dimension d,
vr and vt adjacent in dimension d˜

X

(11)

We propose a new regularizer that takes advantage of the lattice structure and encourages
the fitted function to be more linear by penalizing differences in parallel edges:
Rtorsion (θ) =
˜
d=1 d=1
d6˜=d

This regularizer penalizes how much the lattice function twists from side-to-side, and
hence we refer to this as the torsion regularizer. The larger the weight on the torsion
regularizer in the objective function, the more linear the lattice function will be over each
2D lattice cell.
Figure 6 illustrates the torsion regularizer and compares it to previously proposed lattice
regularizers, the standard graph Laplacian (Garcia and Gupta, 2009) and graph Hessian
(Garcia et al., 2012). As shown in the figure, for multi-cell lattices, the torsion and graph
Hessian regularizers make the function more linear in different ways, and may both be
needed to closely approximate a linear function. Like the graph Laplacian and graph Hessian
regularizers, the proposed torsion regularizer is convex but not strictly convex, and can be
expressed in quadratic form as θT Kθ, where K is a positive semidefinite matrix.

7. Jointly Learning Feature Calibrations

JMLR 17(109):1-47

One can learn arbitrary bounded functions with a sufficiently fine-grained lattice, but increasing the number of lattice vertices
Md for the dth feature multiplicatively grows the
Q
total number of parameters M = d Md . However, we find in practice that if the features
are first each transformed appropriately, then many problems require only a 2D lattice to
capture the feature interactions. For example, a feature that measures distance might be
better specified as log of the distance. Instead of relying on a user to determine how to
best transform each feature, we automate this feature pre-processing by augmenting our
function class with D one-dimensional transformations cd (x[d]) that we learn jointly with
the lattice, as shown in Figure 7.
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A
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B

D

Torsion Regularizer:
more linear function

C

Graph Hessian:
more linear function

D

F

Graph Laplacian:
flatter function

E
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BD

Penalizes:
((A-C) - (B-D))2 + ((A-B) - (C-D))2
= ( AC - BD)2 + ( AB - CD)2

D

BD

AC

B

AC

Penalizes:
((A-C) - (C-E))2 + ((B-D) - (D-F))2
= ( AC - CE)2 + ( BD - DF)2

CD

AB

B

DF

Penalizes:
(A-C)2 + (A-B)2 + (C-D)2 + (B-D)2
2
2
2
= AC2 +
+
+
AB
CD
BD

C
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A

A

Figure 6: Comparison of lattice regularizers. The lattice parameters are denoted by
A, B, C, D, E, and F . The deltas indicate the differences between adjacent parameters along each edge, and thus each delta is the slope of the function along
its edge. Each color corresponds to a different additive term in a regularizer. The
graph Laplacian regularizer (left) minimizes the sum of the squared slopes, producing a flatter function. The graph Hessian regularizer (middle) minimizes the
change in slope in each direction of a multi-cell lattice, keeping the function from
bending too much between lattice cells. The proposed torsion regularizer (right)
minimizes the change in slope between sides of the lattice, for each direction,
minimizing the twisting of the function.

7.1 Calibrating Continuous Features

We calibrate each continuous feature with a one-dimensional monotonic piecewise linear
function, as illustrated in Figure 8. Our approach is similar to the work of Howard and
Jebara (2007), which jointly learns monotonic piecewise linear one-dimensional transformations and a linear function.
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This joint estimation makes the objective non-convex, discussed further in Section 9.3.
To simplify estimating the parameters, we treat the number of changepoints Cd for the dth
feature as a hyperparameter, and fix the Cd changepoint locations (also called knots) at
equally-spaced quantiles of the feature values. The changepoint values are then optimized
jointly with the lattice parameters, detailed in Section 9.3.
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We propose two supervised approaches to handle missing values in the training or test set.
First, one can do a supervised imputation of missing data values by calibrating a missing
data value for each feature. This is the same approach proposed for calibrating categorical

8. Calibrating Missing Data and Using Missing Data Vertices

If the dth feature is categorical, we propose using a calibration function cd (·) to map each
category to a real value in [0, Md − 1]. That is, let the set of possible categories for the
dth feature be denoted Gd , then cd : Gd → [0, Md − 1], adding |Gd | additional parameters
to the model. Figure 9 shows an example lattice with a categorical country feature that
has been calibrated to lie on [0, 2]. If prior knowledge is given about the ordering of the
original discrete values or categories, then partial or full pairwise constraints can be added
on the mapped values to respect the known ordering information. These can be expressed
as additional sparse linear constraints on pairs of parameters.

7.2 Calibrating Categorical Features

Figure 8: Learned one-dimensional piecewise linear calibration functions for a distance and
address-similarity feature for the business-matching case study in Section 10.2.
Left: The raw distance is measured in meters, and its calibration has a loglike effect. Right: The raw address feature is calibrated with a sigmoid-like
transformation.

Distance Calibration

Figure 7: Block diagram showing one-dimensional calibration functions {cd (·)} to preprocess each feature before the lattice f (·) fuses the features together nonlinearly.

c 2 (¢)

x (1) 2 R
x (2) 2 R
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.
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values in Section 7.2: learn the numeric value in [0, Md − 1] to impute if the dth feature is
missing that minimizes the structural risk minimization obejctive. In this approach, missing
data is handled by a calibration function cd (·), and like the other calibration function parameters. Other researchers have also considered joint training of classifiers and imputations
for missing data, for example van Esbroeck et al. (2014) and Liao et al. (2007).
Second, a more flexible option is to give missing data its own missing data vertices in
the lattice, as shown in Figure 10. This is similar to a decision tree handling a missing
data value by splitting a node on whether that feature is missing. For example, the non-

Figure 9: A 2 × 2 × 3 lattice illustrating calibrating a categorical feature. In this example,
each sample is a pair of business listings, and the problem is to classify whether
the two listings are about the same business, based on the similarity of their street
names, titles, and the country. A score f (x) is interpolated from the parameters
corresponding to the vertices of the 2 × 2 × 2 lattice cell in which x lies, then
thresholded at 0.5. The red parameter values are below the matching threshold
of 0.50, and the green parameters are above the matching threshold. The blue
arrows denote that the lattice was constrained to be monotonically increasing in
the street name similarity and the title similarity. In this toy example, we only
show the calibrated values for a few countries: US maps to 0, Great Britain maps
to .3, Brazil to .4, Netherlands to .9, Germany to 1, Argentina to 1.5, and Canada
to 2. One can interpret this lattice as modeling three classifiers, sliced along the
country vertices: a classifier for country = 0, one for country = 1, and one for
country = 2. Samples from Argentina (AR) are interpolated equally from the
parameters where country = 1 and country = 2. Samples from Great Britain,
and Netherlands are interpolated from the two classifiers specified at country = 0
and 1, with Netherlands putting the most weight on the classifier where country
= 1. The lattice parameters can be interpreted as showing that both the street
name and title features are stronger positive evidence in the US than in Canada.
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Lattice with Missing Data Vertices

Figure 10: Illustration of handling missing data by assigning missing data to its own slice
of vertices in the lattice. In this example, one feature is a title similarity and
is always given, and the other feature is a street name similarity that can be
missing. The lattice has 3 × 2 = 6 parameters, with the parameter values
shown. For example, given a feature vector x with title similarity 0.5 and missing
street name similarity, the two parameters corresponding to the missing street
name slice of the lattice would be interpolated with equal weights, producing
the output f (x) = 0.25.

missing feature values can be scaled to [0, Md − 2], and if the data is missing is it mapped
to Md − 1. This increases the number of parameters but gives the model the flexibility
to handle missing data differently than non-missing data. For example, missing the street
number in a business description may correlate with lower quality information for all the
features.
To regularize the lattice parameters corresponding to missing data vertices, we apply the
graph regularizers detailed in Section 6. These could be use to tie any of the parameters to
the missing data parameters. In our experiments, for the purposes of graph regularization,
we treat the missing data vertices as though they were adjacent to the minimum and
maximum vertices of that feature in the lattice.
With either of these two proposed strategies, linear inequalities can be added on the
appropriate parameters (the calibrator parameters in the first proposal, or the missing data
vertex parameters in the second proposal) to ensure that the function value for missing data
is bounded by the minimum and maximum function values, that is, that missing x[d] never
produces a smaller f (x) than x[d] = 0, nor a larger f (x) than x[d] = Md .

9. Large-Scale Training
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For convex loss functions `(θ) and convex regularizers R(θ), any solver for convex problems
with linear inequality constraints can be used to optimize the lattice parameters θ in (8).
However, for large n and for even relatively small D, training the proposed calibrated monotonic lattices is challenging due to the number of linear inequality constraints, the number
23
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of terms in the graph-regularizers, and the non-convexity created by using calibration functions.
In this section we discuss various standard and new strategies we found useful in practice: our use of stochastic gradient descent (SGD), stochastic handling of the regularizers,
parallelizing-and-averaging for distributed training, handling the large number of constraints
in the context of SGD, and finally some details on how we optimize the non-convex problem
of training the calibrator functions and the lattice parameters. Throughout this section, we
assume the standard setting of (8); the generalization to the pairwise ranking problem of
(9) is straightforward.

9.1 SGD and Reducing Variance of the Subgradients

To scale to a large number of samples n, we used SGD for all our experiments. For each SGD
iteration t, a labeled training sample (xi , yi ) is sampled uniformly from the set of training
sample pairs. One finds the corresponding subgradient of (8), and takes a tiny step in its
negative gradient direction. (The resulting parameters may then violate the constraints,
which we discuss in Section 9.4.)
A straightforward SGD implementation for (8) would use the subgradient:

∆ = ∇θ ` θT φ (xi ) , yi + ∇θ R (θ) ,
(12)

where the ∇θ operator finds an arbitrary subgradient of its argument w.r.t. θ. Ideally, these
subgradients should be cheap-to-compute, so each iteration is fast. The computational cost
is dominated by computing the regularizer, if using any of the graph regularizers discussed
in Section 6.
Because the training example (xi , yi ) in (12) is randomly sampled, the above subgradient
is a realization of a stochastic subgradient whose expectation is equal to the true gradient.
The number of iterations needed for the SGD to converge depends on the squared Euclidean
norms of the stochastic subgradients (Nemirovski et al., 2009), with larger norms resulting
in slower convergence. The expected squared norm of the stochastic subgradient can be
decomposed into the sum of two terms: the squared expected subgradient magnitude, and
the variance. We can do little about the expected magnitude, but we can improve the tradeoff between the computational cost of each subgradient and the variance of the stochastic
subgradients. In the next two sub-sections, we describe two such strategies.
9.1.1 Mini-Batching

i∈S`


1 X
∇θ ` θT φ (xi ) , yi + ∇θ R (θ) .
k`

(13)

We reduce the variance of the stochastic subgradient’s loss term by mini-batching over
multiple random samples (Dekel et al., 2012). Let S` denote a set of k` training indices
sampled uniformly with replacement from 1, . . . , n, then the mini-batched subgradient is:
∆=
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This simultaneously reduces the variance and increases the computational cost of the loss
term by a factor of k` . For sufficiently small k` , this is a net win because differentiating the
regularizer is the dominant computational term.
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To learn a calibrated monotonic lattice, we jointly optimize the calibration functions and the
lattice parameters. Let x denote a feature vector with D components, each of which is either
a continuous or categorical value (discrete features can be modeled either as continuous
features or categorical as the user sees fit). Let cd (x[d]; α(d) ) be a calibration function that
acts on the dth component of x and has parameters α(d) .
If the dth feature is continuous, we assume it has a bounded domain such that x[d] ∈
[ld , ud ] for finite ld , ud ∈ R. Then the dth calibration function cd (x[d]; α(d) ) is a monotonic

9.3 Jointly Optimizing Lattice and Calibration Functions

For a large number of training samples n, one can split the n training samples into K sets,
then independently and in-parallel train a lattice on each of the K sets. Once trained, the
vector lattice parameters for the K lattices can simply be averaged. This parallelize-andaverage approach was investigated for large-scale training of linear models by Mann et al.
(2009). Their results showed similar accuracies to distributed gradient descent, but 1000×
less network traffic and reduced wall-clock time for large datasets. In our implementation
of the parallelize-and-average approach we do multiple syncs: averaging the lattices, then
sending out the averaged lattice to parallelized workers to keep improving with further
training. We illustrate the performance and speed-up of this simple parallelize-and-average
for learning monotonic lattices in Section 10.6 and Section 10.7. A more complicated implementation of this strategy would use the alternating direction method of multipliers with
a consensus constraint (Boyd et al., 2010), but that requires an additional regularization
towards a local copy of the most recent consensus parameters.
Note that if calibration functions are used, they must be held fixed during the parallelization of the lattice training, as it does not make mathematical sense to average differently
calibrated lattices.

9.2 Parallelizing and Averaging

While this makes the subgradient’s regularizer term stochastic, and hence increases the
subgradient variance, we find that good choices of k` and kR in (14) can produce a useful
tradeoff between the computational cost of computing each subgradient and the number of
SGD iterations needed for acceptable converge. For example, in one real-world application
using torsion regularization, the choice of kR = 1024 and k` = 1 led to a 150× speed-up in
training and produced statistically indistinguishable accuracy on a held-out test set.

i∈S`

We propose to reduce the computational cost of each SGD iteration by randomly sampling
the additive terms
that can be expressed as a sum of
P of the regularizer, for regularizers
D lattice, each calculation of the graph
terms: R(θ) = m
j=1 rj (θ). For example, for a 2
Laplacian regularizer subgradient sums over m = D2D−1 terms, and the graph torsion
regularizer subgradient sums over m = D(D − 1)2D−3 terms.
Let SR denote a set of kR indices sampled uniformly with replacement from 1, l . . . , m,
then define the subgradient:
 m X
1 X
∆=
∇θ ` θT φ (Xi ) , Yi +
∇θ rj (θ) .
(14)
k`
kR

9.1.2 Stochastic Subgradients for Regularizers

Monotonic Look-Up Tables

d=1

D
X

ed cd (eTd x; α(d) ),

(15)

i=1

n
X

`(yi , θT φ(c(xi , α)) + R(θ) s.t. Aθ ≤ b and Ãα ≤ b̃,

(16)

(17)
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If the dth feature is continuous, then the parameters α(j) [d] are the values of the calibration function at the knots of the piecewise linear function. If xi [d] lies between the kth

∂c(xi , α)
= 1 if xi [d] is the kth category and 0 otherwise.
∂α(d) [k]

If the dth feature is categorical, the partial derivative is 1 for the calibration mapping
parameter corresponding to the category of xi [d] and zero otherwise:

∂θT φ(c(xi , α))
∂θT φ(c(xi , α)) ∂c(xi , α)
=
.
∂c(xi , α)
∂α(d)
∂α(d)

where each row of A specifies a monotonicity constraint for a pair of adjacent lattice parameters (as before), and each row of Ã similarly specifies a monotonicity constraint for a
pair of adjacent calibration parameters for one of the piecewise linear calibration functions.
This turns the convex optimization problem (8) into a non-convex problem that is
marginally convex in the lattice parameters θ for fixed α, but not necessarily convex with
respect to α even if θ is fixed. Despite the non-convexity of the objective, in our experiments
we found sensible and effective solutions by using projected SGD, updating θ and α with the
appropriate stochastic subgradient for each xi . Calculate the subgradient w.r.t. θ holding
α constant, essentially the same as before. Calculate the subgradient w.r.t α by holding θ
constant and using the chain rule:

θ,α

arg min

Then the proposed calibrated monotonic lattice regression objective expands the monotonic lattice regression objective (8) to:

c(x; α) =

piecewise linear transform with fixed knots at ld , ud , and the Cd −2 equally-spaced quantiles
of dth feature over the training set. Let the first and last knots of the piecewise linear
function map to the lattice bounds 0 and Md − 1 respectively (as shown in Figure 8),
that is, if Cd = 2 then cd (x[d]; α(d) ) simply linearly scales the raw range [ld , ud ] to the
lattice domain [0, Md − 1] and there are no parameters α(d) . For Cd > 2, the parameters
α(d) ∈ [0, Md − 1]Cd −2 are the Cd − 2 output values of the piecewise linear function for the
middle Cd − 2 knots.
If the dth feature is categorical with finite category set Gd such that x[d] ∈ Gd , then
the dth calibration function maps the categories to the lattice span such that cd (x[d]; α(d) ) :
Gd → [0, Md −1] and the parameters are the |Gd | categorical mappings such that cd (x[d]; α(d) ) =
α(d) [k] if x[d] belongs to category k and α(d) ∈ [0, Md − 1]|Gd | .
Let c(x; α) denote the vector function with dth component function cd (x[d]; α(d) ), and
note c(x; α) maps a feature vector x to the domain M of the lattice function. Use ed to
denote the standard unit basis vector that is one for the dth component and zero elsewhere
with length D, then one can write:
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and (k + 1)th knots at (fixed) positions βk and βk+1 , then
∂c(xi , α)
(βk+1 − xi [d])
=
(βk+1 − βk )
∂α(d) [k]
∂c(xi , α)
(xi [d] − βk )
=
,
(βk+1 − βk )
∂α(d) [k + 1]
and the partial derviative is zero for all other components of α(d) . After taking an SGD
step that updates α(d) [k] and α(d) [k + 1], the α(d) may violate the monotonicity constraints
that ensure a monotonic calibration function, which can be fixed with a projection onto the
constraints (see Section 9.4 for details).
A standard strategy with nonconvex gradient descent is to try multiple random initializations of the parameters. We did not explore this avenue; instead we simply try to
initialize sensibly. Each lattice parameter is initialized to be the sum of its monotonically
increasing components (multiply by -1 for any monotonically decreasing components) so
that the lattice initialization respects the monotonicity constraints and is a linear function.
The piecewise linear calibration functions are initialized to scale linearly to [0, Md − 1]. The
categorical calibration parameters are ordered by their mean label, then spaced uniformly
on [0, Md − 1] in that order.
9.4 Large-Scale Projection Handling
Standard projected stochastic gradient descent projects the parameters onto the constraints
after each stochastic gradient update. Given the extremely large number of linear inequality
constraints needed to enforce monotonicity for even small D, we found a full projection each
iteration impractical and un-necessary. We avoid the full projection at each iterate by using
one of two strategies.
9.4.1 Suboptimal Projections
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We found that modifying the SGD update to approximate the projection worked well.
Specifically, for each new stochastic subgradient η∆, we create a set of active constraints
initialized to ∅, and, starting from the last parameter values, move along the portion of
η∆ that is orthogonal to the current active set until we encounter a constraint, add this
constraint to the active set, and then continue until the update η∆ is exhausted or it is not
possible to move orthogonal to the current active set. At all times, the parameters satisfy
the constraints. It can be particularly fast because it is possible to exploit the sparsity
of the monotonicity constraints (each of which depends on only two parameters) and the
sparsity of ∆ (when using simplex interpolation) to optimize the implementation.
But, this strategy is sub-optimal because we do not remove any constraints from the
active set during each iteration, and thus parameters can “get stuck” at a corner of the
feasible set, as illustrated in Figure 11. In practice, we found such problems resolve themselves because the stochasticity of the subsequent stochastic gradients eventually jiggles the
parameters free. Experimentally, we found this suboptimal strategy to be very effective and
to produce statistically similar objective function values and test accuracies more optimal
approaches. All of the experimental results reported in this paper used this strategy. See
Section 10.7 for example runtimes.
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Figure 11: Four examples of the suboptimal projection stochastic gradient descent step described in Section 9.4. In each case, the constraints are marked by thin solid
lines, the black dot represents the parameters at the end of the last SGD iteration, and the new full stochastic gradient descent update is marked by the dashed
line, ending in a star. The optimal projection of the star onto the constraints
is marked by the dotted line. The stochastic gradient is followed until it hits
a constraint, and then the component of the remaining gradient orthogonal to
the active constraint is applied. The update ends at the light gray dot. In cases
(a) and (b), the resulting light dot is the optimal projection of the star onto the
constraints. But in case (c), first one constraint is hit, and then another constraint is hit, and the update gets stuck at the corner of the feasible set without
being able to apply all of the stochastic gradient. The resulting light gray dot is
not the projection of the star onto the constraints, hence the projection for this
iteration is suboptimal. However, it is likely that a future stochastic gradient
will jiggle the optimization loose, as pictured in (d), producing an update that
is again an optimal projection of the latest stochastic gradient.

9.4.2 Stochastic Constraints with LightTouch
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An optimal approach we compared with for handling large-scale constraints is called LightTouch (Cotter et al., 2015). At each iteration, LightTouch does not project onto any
constraints, but rather moves the constraints into the objective, and applies a random sub-
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# Training
Samples
8,000
235,996
20,000
1.6 million
400 million

# Test
Samples
4,000
58,224
2,500
390k
25 million
# Features
9
5
16
12
12

# Lattice
Parameters
1728
32
65,536
24,576
531,441
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10.2 Case Study: Business Entity Resolution
In this case study, we compare the relative impact of several of our proposed extensions to
lattice regression. The business entity resolution problem is to determine if two business
descriptions refer to the same real-world business. This problem is also treated by Dalvi
et al. (2014), where they focus on defining a good title similarity. Here, we consider only
the problem of fusing different similarities (such as a title similarity and phone similarity)
into one score that predicts whether a pair of businesses are the same business. The learned
function is required to be monotonically increasing in seven attribute similarities, such as

We used ten-fold cross-validation on each training set to choose hyperparameters, including:
whether to use graph Laplacian regularization or torsion regularization, how much regularization (in powers of ten), whether to calibrate missing data or use a missing data vertex, the
number of change-points if feature calibration was used from the choices: {2, 3, 5, 10, 20, 50},
and the number of vertices for each feature was started at 2 and increased by 1 as long as
cross-validation accuracy increased. The step size was tuned using ten-fold cross-validation
and choices were powers of 10; it was usually chosen to be one of {.01, .1, 1}. If calibration
functions were used, a hyperparameter was used to scale the step size for the calibration
function gradients compared to the lattice function gradients; this calibration step size scale
was also chosen using ten-fold cross-validation and powers of 10, and was usually chosen to
be one of {.01, .1, 1, 10}. Multilinear interpolation was used unless it is noted that simplex
interpolation was used. The loss function was squared error, unless noted that logistic loss
was used.
Comparisons were made to random forests (Breiman, 2001), and to linear models, with
either the logistic loss (logistic regression) or squared error loss (linear regression), and a
ridge regularizer on the linear coefficients, with any categorical or missing features converted to Boolean features. All comparisons were trained on the same training set, hyperparameters were tuned using cross-validation, and tested on the same test set. Statistical
significance was measured using a binomial statistical significance test with a p-value of .05
on the test samples rated differently by two models.

10.1 General Experimental Details

been demonstrated to scale to the number of training samples and the number of features
treated in our case studies is linear regression with non-negative coefficients (see Table 1).

Table 3: Summary of datasets used in the case studies.

Dataset
Business Matching
Ad–Query Matching
Rendering Classifier
Fusing Pipelines
Video Ranking
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We present a series of experimental case studies on real world problems to demonstrate
different aspects of the proposed methods, followed by some example runtimes for interpolation and training in Section 10.7, and some observations about the practical value of
imposing monotonicity in Section 10.8.
Previous datasets used to evaluate monotonic algorithms have been small, both in the
number of samples and the number of dimensions, as detailed in Table 1. In order to produce
statistically significant experimental results, and to better demonstrate the practical need
for monotonicity constraints, we use real-world case studies with relatively large datasets,
and for which the application engineers have confirmed that they expect or want the learned
function to be monotonic with respect to some subset of features. The datasets used are
detailed in Table 3, and include datasets with eight thousand to 400 million samples, and
nine to sixteen features, most of which are constrained to be monotonic.
The case studies demonstrate that for problems where the monotonicity assumption is
warranted, the proposed calibrated monotonic lattice regression produces similar accuracy
to random forests. Random forests is an unconstrained method that consistently provides
competitive results on benchmark datasets, compared to many other types of machine
learning methods (Fernandez-Delgado et al., 2014)).
Because any bounded function can be expressed using a sufficiently fine-grained interpolation look-up table, we expect that with appropriate use of regularizers, monotonic lattice
regression will perform similarly to other guaranteed monotonic methods that use a flexible function class and are appropriately regularized, such as monotonic neural nets (see
2.2.5). However, of guaranteed monotonic methods, the only monotonic strategy that has

10. Case Studies

One can generally improve the speed of SGD with adagrad (Duchi et al., 2011), even for
nonconvex problems (Gupta et al., 2014). Adagrad decays the step-size adaptively for each
parameter, so that parameters updated more often or with larger magnitude gradients have
a smaller step size. We found adagrad did speed up convergence slightly, but required
a complicated implementation to correctly handle the constraints because the projections
must be with respect to the adagrad norm rather than the Euclidean norm. We experimented with approximating the adagrad norm projection with the Euclidean projection,
but found this approximation resulted in poor convergence. The experimental results did
not make use of adagrad.

9.4.3 Adapting Stepsizes with Adagrad

set of constraints each iteration as stochastic gradient updates to the parameters, where the
distribution over the constraints is learned as the optimization proceeds to focus on constraints that are more likely to be active. This replaces the per-iteration projections with
cheap gradient updates. Intermediate solutions may not satisfy all the constraints, but one
full projection is performed at the very end to ensure final satisfaction of the constraints.
Experimentally, we found LightTouch generally converged faster (see Cotter et al. (2015) for
its theoretical convergence rate), while producing similar experimental results to the above
approximate projected SGD. LightTouch does require a more complicated implementation
to effectively learn the distribution over the constraints.

Monotonic Look-Up Tables
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the similarity between the two business titles and the similarity between the street names.
There are two other features with no monotonicity constraints, such as the geographic
region, which takes on one of 14 categorical values. Each sample is derived from a pair of
business descriptions, and a label provided by an expert human rater indicating whether that
pair of business descriptions describe the same real-world business. We measure accuracy
in terms of whether a predicted label matches the ground truth label, but in actual usage,
the learned function is also used to rank multiple matches that pass the decision threshold,
and thus a strictly monotonic function is preferred to a piecewise constant function. The
training and test sets, detailed in Table 3, were randomly split from the complete labeled
set. Most of the samples were drawn using active sampling, so most of the samples are
difficult to classify correctly.
Table 4 reports results. The linear model performed poorly, because there are many
important high-order interactions between the features. For example, the pair of businesses
might describe two pizza places at the same location, one of which recently closed, and the
other recently opened. In this case, location-based features will be strongly positive, but the
classifier must be sensitive to low title similarity to determine the businesses are different.
On the other hand, high title similarity is not sufficient to classify the pair as the same, for
example, two Starbucks cafes across the street from each other in downtown London.
The lattice regression model was first optimized using cross-validation, and then we
made the series of minor changes (with all else held constant) listed in Table 4 to illustrate
the impact of these changes on accuracy. First, removing the monotonicity constraints resulted in a statistically significant drop in accuracy of half a percent. Thus it appears the
monotonicity constraints are successfully regularizing given the small amount of training
data and the known high Bayes error in some parts of the feature space. Lattice regression without the monotonicity constraints performed similarly to random forests (and not
statistically significantly better), as expected due to the similar modeling abilities of the
methods.
The cross-validated lattice was 3 × 3 × 3 × 26 , where the first three features used a
missing data vertex (so the non-missing data is interpolated from a 29 lattice). Calibrating
the missing values for those three features instead of using missing data vertices statistically
significantly dropped the accuracy from 81.9% to 80.7%. (However, if one subsamples the
training set down to 3000 samples, then the less flexible option of calibrating the missing
values works better than using missing data vertices.)
The cross-validated calibration used five changepoints for two of the four continuous
features, and no calibration for the two other continuous features. Figure 8 shows the
calibrations learned in the optimized lattice regression. Removing the continuous signal
calibration resulted in a statistically significant drop in accuracy.
Another important proposal of this paper is calibrating categorical features to realvalued features. For this problem, this is applied to a feature specifying which of 14 possible
geographical categories the businesses are in. Removing this geographic feature statistically
significantly reduced the accuracy by half a percent.
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The amount of torsion regularization was cross-validated to be 10−4 . Changing to graph
Laplacian and re-optimizing the amount of regularization decreased accuracy slightly, but
not statistically significantly so. This is consistent with what we often find: torsion is
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Test Set Accuracy
66.6%
81.2%
81.9%
81.4%
80.7%
81.1%
81.4%
81.7%
81.6%

Monotonic Guarantee?
yes
no
yes
no
yes
yes
yes
yes
yes
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Linear Model
Random Forest
Lattice Regression, Optimized
... Remove Monotonicity Constraints
... Calibrate All Missing Data
... Remove Calibration
... Remove the Geographic Feature
... Change to Graph Laplacian
... Change to Simplex Interpolation

Table 4: Comparison on a business entity resolution problem.

often slightly better, but often not statistically significantly so, than the graph Laplacian
regularizer.
Changing the multilinear interpolation to simplex interpolation (see Section 5.2) dropped
the accuracy slightly, but not statistically significantly. For some problems we even see
simplex interpolation provide slightly better results, but generally the accuracy difference
between simplex and multilinear interpolation is negligible.

10.3 Case Study: Scoring Ad–Query Pairs
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In this case study, we demonstrate the potential of the calibration functions. The goal is to
score how well an ad matches a web search query, based on five different features that each
measure a different notion of a good match. The score is required to be monotonic with
respect to all five features. The labels are binary, so this is trained and tested as a classification problem. The train and test sets were independently and identically distributed,
and are detailed in Table 3.
Results are shown in Table 5. The cross-validated lattice size was 2 × 2 × 2 × 2 × 2, and
the calibration functions each used 5 changepoints. Removing the calibration functions and
re-cross-validating the lattice size resulted in a larger lattice sized 4×4×4×4×4, and slightly
worse (but not statistically significantly worse) accuracy. In total, the uncalibrated lattice
model used 1024 parameters, whereas the calibrated lattice model used only 57 parameters.
We hypothesize that the smaller calibrated lattice will be more robust to feature noise and
drift in the test sample distribution than the larger uncalibrated lattice model. In general,
we find that the one-dimensional calibration functions are a very efficient way to capture
the flexibility needed, and that in conjunction with good one-dimensional calibrations, only
coarse-grained (e.g. 2D ) lattices are needed.
Both with and without calibration functions, the lattice regression models were statistically significantly better than the linear model. The random forest performed well, but
was not statistically significantly better than the lattice regression.
A boosted stumps model was also trained for this problem. See Fig. 12 for a comparison
of two-dimensional slices of the boosted stumps and lattice functions. The boosted stumps’
test set accuracy was relatively low at 75.4%. In practice, the goal of this problem is to have
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Monotonic Guarantee?
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no
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Boosted Stumps

Lattice Regression

Test Set Accuracy
54.6%
61.3%
63.0%

Monotonic Guarantee?
yes
no
yes
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10.6 Case Study: Video Ranking and Large-Scale Learning
This case study demonstrates large-scale training of a large monotonic lattice and learning
from ranked pairs. The goal is to learn a function to rank videos a user might like to watch,

While this paper focuses on learning monotonic functions, we believe it is also the first
paper to propose applying lattice regression to classification problems, rather than only
regression problems. With that in mind, we include this case study demonstrating that
lattice regression without constraints also performs similarly to random forests on a realworld large-scale multi-class problem.
The goal in this case study is to fuse the predictions from two pipelines, each of which
makes a prediction about the likelihood of seven user categories based on a different set of
high-dimensional features. Because each pipeline’s probability estimates sum to one, only
the first six probability estimates from each pipeline are needed as features to the fusion,
for a total of twelve features. The training and test set were split by time, with the older
1.6 million samples used for training, and the newest 390,000 samples used as a test set.
The lattice was trained with a multi-class logistic loss, and used simplex interpolation
for speed. The cross-validated model was a 212 lattice for six of the output classes (with the
probability of the seventh class being subtracted from one) and no calibration functions,
resulting in a total of 212 × 6 = 24, 576 parameters.
The results are reported in Table 7. Even though Pipeline 2 alone is 6.5% more accurate
than Pipeline 1 alone, the test set accuracy can be increased by fusing the estimates from
both pipelines, with a small improvement in accuracy by lattice regression over the random
forest classifier, logistic regression, or simply averaging the two pipeline estimates.

10.5 Case Study: Fusing Pipelines

rameters were optimized for this case study. Simplex interpolation was used for speed. A
single training loop through the 20,000 training samples took around five minutes on a
Xeon-type Intel desktop using a single-threaded C++ implementation with sparse vectors,
with the training time dominated by the constraint handling. Training in total took around
five hours.
Results in Table 6 show substantial gains over the linear model, while still producing a
monotonic, smooth function. The lattice regression was also statistically significantly better
than random forests, we hypothesize due to the regularization provided by the monotonicity
constraints which is important in this case due to the difficulty of the problem on the given
examples and the relatively small number of training samples.

Table 6: Comparison on a rendering classifier.

Linear Model
Random Forest
Lattice Regression
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This case study demonstrates training a flexible function (using a lattice) that is monotonic
with respect to fifteen features. The goal is to score whether a particular display element
should be rendered on a webpage. The score is required to be monotonic in fifteen of the
features, and there is a sixteenth Boolean feature that is not constrained. The training and
test sets (detailed in Table 3) consisted almost entirely of samples known to be difficult to
correctly classify (hence the rather low accuracies).
We used a fixed 216 lattice size, a fixed 5 changepoints per feature for the six continuous
signals (the other ten signals were Boolean), and no graph regularization, so no hyperpa-

10.4 Case Study: Rendering Classifier

a score useful for ranking candidates as well as determining if they are a sufficiently good
match. Even with many trees, this model produces many ties due its piecewise-constant
surface. In addition, the live experiments with the boosted stumps showed that the output
was problematically sensitive to feature noise, which would cause samples near the boundary
of two piecewise constant surfaces to experience fluctuating scores.

Figure 12: Slices of the learned ad-query matching functions for boosted stumps and a 2 ×
2×2×2×2 lattice regression, plotted as a function of two of the five features, with
median values chosen for the other three features. The boosted stumps required
hundreds of stumps to approximate the function, and the resulting function is
piecewise constant, creating frequent ties when ranking a large number of ads
for a given query, despite a priori knowledge that the output should be strictly
monotonic in each of the features.

Θ[1] = 1.0

Θ[3] = 0.4

1.0

Test Set Accuracy
77.2%
78.8%
78.7%
78.4%

Table 5: Comparison on an ad-query scoring problem.

Linear Model
Random Forests
Lattice Regression
... Remove Continuous Signal Calibration

Monotonic Look-Up Tables

Test Set Accuracy Gain
on top of Pipeline 1 Accuracy
6.5%
7.4%
8.5%
9.3%
9.7%

Monotonic Look-Up Tables

Pipeline 2 Only
Average the Two Pipeline Estimates
Fuse with Linear Model
Fuse with Random Forest
Fuse with Lattice Regression
Table 7: Comparison on fusing user category prediction pipelines.

based on the video they have just watched. Experiments were performed on anonymized
data from YouTube.
Each feature vector xi is a vector of features about a pair of videos, xi = h(vj , vk ), where
vj is the watched video, vk is a candidate video to watch next, and h is a function that
takes a pair of videos and outputs a twelve-dimensional feature vector xi . For example, a
feature might be the number of times that video vj and video vk were watched in the same
session.
Each of the twelve features was specified to be positively correlated with users viewing
preference, and thus we constrained the model to be monotonically increasing with respect
to each. Of course, human preference is complicated and these monotonicity constraints
cannot fully model human judgement. For example, knowing that a video that has been
watched many times is generally a very good indicator that it is good to suggest, and yet
a very popular video at some point will flare out and become less popular.
Monotonicity constraints can also be useful to enforce secondary objectives. For example, all other features equal, one might prefer to serve fresher videos. While users in
the long-run want to see fresh videos, they may preferentially click on familiar videos, thus
click data may not capture this desire. This secondary goal can be enforced by constraining the learned function to be monotonic in a feature that measures video freshness. This
achieves a multi-objective function without overly-complicating or distorting the training
label definition.
There are billions of videos in YouTube, and thus many many pairs of watched-andcandidate videos to score and re-score as the underlying feature values change over time.
Thus it is important the learned ranking functions to be cheap to evaluate, and so we use
simplex interpolation for its evaluation speed; see Section 10.7 for comparison of evaluation
speeds.
We trained to minimize the ranked pairs objective from (9), such that the learned
function f is trained for the goal of minimizing pairwise ranking errors,
f (h(vj , vk+ )) > f (h(vj , vk− )),
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for each training event consisting of a watched video vj , and a pair of candidate videos vk+
and vk− where there is information that a user who has just watched video vj prefers to
watch vk+ next over vk− .
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10.6.1 Which Pairs of Candidate Videos?

A key question is which sample pairs of candidate videos vk+ and vk− should be used as the
preferred and unpreferred videos for a given watched video vj . We used anonymized click
data from YouTube’s current video-suggestion system. For each watched video vj , if a user
clicked a suggested video in the second position or below, then we took the clicked video
as the preferred video vk+ , and the video suggested right above the clicked video as the
unpreferred video vj− . We call this choice of vk+ and vk− a bottom-clicked pair. This choice
is consistent with the findings of Joachims et al. (2005), whose eye-tracking experiments on
webpage search results showed that users on average look at least at one result above the
clicked result, and that these pairs of preferred/unpreferred samples correlated strongly with
explicit relevance judgements. Also, using bottom-clicked pairs removes the trust bias that
users know they are being presented with a ranked list and prefer samples that are rankedhigher (Joachims et al., 2005). In a set of preliminary experiments, we also tried training
using either a randomly sampled video as vk− , or the video just after the clicked video, and
then tested on bottom-clicked pairs. Those results showed test accuracy on bottom-clicked
pairs was up to 1% more accurate if the training set only included the bottom-clicked pairs,
even though that meant fewer training pairs.
An additional goal (and one that is common in commercial large-scale machine learning
systems for various practical reasons) is for the learned ranking function to be as similar
to the current ranking function as possible. That is, we wish to minimize changes to the
current scoring if they do not improve accuracy; such accuracy-neutral changes are referred
to as churn. To reduce churn, we added in additional pairs that reflect the decisions of the
current ranking function. Each of these pairs also takes the clicked video as the preferred
vk+ , but sets the unpreferred video vk− to be the video that the current system ranked ten
candidates lower than the clicked video. The dataset is a 50-50 mix of these churn-reducing
pairs and bottom-clicked pairs.
10.6.2 More Experimental Details
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The dataset was randomly split into mutually exclusive training, test, and validation sets of
size 400 million, 25 million, and 25 million pairs, respectively. To ensure privacy, the dataset
only contained the feature vector, and no information identifying the video or user. The
disadvantage of that is the train, test and validation sets are likely to have some samples
from the same videos and same users. However, in total the datasets capture millions of
unique users and unique watched videos.
We used a fixed 312 lattice, for a total of 531,441 parameters. The pre-processing
functions were fixed in this case, so no calibration functions were learned. We compared
training on increasingly-larger randomly-sampled subsets of the 400 million training set (see
Figure 13 for training set sizes). We compared training on a single worker to the parallelizeand-average strategy explained in Section 9.2. Parallel results were parallelized over 100
workers. The stepsize was chosen independently for each training set based on accuracy on
the validation set.
We report results with and without monotonicity constraints. For the unconstrained
results, each training (single or parallel) touched each sample in the training set once.
For the monotonic results (single or parallelized), each sample was touched ten times, and
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10.8 Interpretability in Practice
It is difficult to quantify interpretability, but we summarize our observations from working
with around 50 different users on around a dozen different real-world machine learning
problems where there are a relatively small number of semantically meaningful features.

We give some timing examples for the different interpolations and for training.
Figure 14 shows average evaluation times for multilinear and simplex interpolation of
one sample from a 2D lattice for D = 4 to D = 20 using a single-threaded 3.5GHz Intel Ivy
Bridge processor. Note the multilinear evaluation times are reported on a log-scale, and
on a log scale the evaluation time increases roughly linearly in D, matching the theoretical
O(2D ) complexity given in Section 5.1. The simplex evaluation times scale roughly linearly
with D, consistent with the theoretical O(D log D) complexity. For D = 6 features, simplex
interpolation is already three times faster than multilinear. With D = 20 features, the
simplex interpolation is still only 750 nanoseconds, but the multilinear interpolation is
about 15, 000 times slower, at around 12 milliseconds.
Training times are difficult to report in an accurate or meaningful way due to the
high-variance of running on a large, shared, distributed cluster. Here is one example:
with every feature constrained to be monotonic, a single worker training one loop of a 212
lattice on 4 million samples usually takes around 15 minutes, whereas with 100 parallelized
workers one loop through 400 million samples (4 million samples for each worker) usually
takes around 20 minutes. Large step-sizes can take much longer than smaller stepsizes,
because larger updates tend to violate more monotonicity constraints and thus require more
expensive projections. Minibatching is particularly effective at speeding up training because
the averaged batch of stochastic gradients reduces the number of monotonicity violations
and the need for projections. Without monotonicity constraints, training is generally 10×
to 1000× faster, depending on how non-monotonic the data is.

On the click data test set, not using monotonicity constraints (the dark lines) is about
.5% better at pairwise accuracy than if we constrain the function to be monotonic. However,
in live experiments that required ranking all videos (not only ones that had been top-ranked
in the past, and hence included in the click data sets), models trained with monotonicity
constraints showed better performance on the actual measures of user-engagement (as opposed to the training metric of pairwise accuracy). This discrepancy appears to be due to
the biased sampling of the click data, as the click-data has a biased distribution over the
feature space compared to the distribution of all videos which must get ranked in practice.
The biased distribution of the click data appears to cause parameters in sparser regions of
the feature space to be non-monotonic in an effort to increase the flexibility (and accuracy)
of the function in the denser regions, thus increasing the accuracy on the click data. Enforcing monotonicity helps address this sampling bias problem by not allowing the training
to ignore the accuracy in sparser regions that are important in practice to accurately rank
all videos.
Even though there are 500k parameters to train, the click-data accuracy is already very
good with only 500k training samples, and test accuracy increases only slightly when trained
on 400 million samples compared to 10 million samples. This is largely because the click-

Figure 13: Comparison of training with a single worker versus 100 workers in parallel, as a
function of training set size.

Figure 13 compares test set accuracy for single and parallelized training for different amounts
of training data, with and without monotonicity constraints. For each dataset, the single
and parallel training saw the same total number of training samples and were allowed the
same total number of stochastic gradient updates.

10.7 Run Times

data samples are densely clustered in the feature space, and with simplex interpolation,
only a small fraction of the 500k parameters control the function over the dense part of the
feature space.
The darker lines of Figure 13 show the parallelization versus single-machine results
without monotonicity constraints. Unconstrained, the parallelized runs appear to perform
slightly better to the single-machine training given the same number of training samples
(and the same total number of gradient updates). We hypothesize this slight improvement
is due to some noise-averaging across the 100 parallelized trained lattices. The lighter lines
of Figure 13 show the parallelization versus single-machine results with monotonicity constraints. Trained on 500k pairs, the parallelized training and single-machine monotonic
training produce the same test accuracy. However, as the training set size increases, the
parallelized training takes more data to achieve the same accuracy as the single-machine
training. We believe this is because averaging the 100 monotonic lattices is a convex combination of lattices likely on the edge of the monotonicity constraint set, producing an average
lattice in the interior of the constraint set, that is, the averaged lattice is over-constrained.

minibatching was used with a minibatch size of 32 stochastic gradients. Logistic loss was
used.

10.6.3 Results
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Monotonic Look-Up Tables

(b) Simplex Interpolation

Monotonic Look-Up Tables

(a) Multilinear Interpolation

Figure 14: Average evaluation time to interpolate a sample from a 2D lattice. Figure (a)
shows the multilinear interpolation time on a log2 scale in nanoseconds. Figure
(b) shows the much faster simplex interpolation time in nanoseconds. Simplex
interpolation is 10× faster than multilinear for D = 9 features, about 100×
faster for D = 13 features, and over 1, 000× faster for D = 17 features.
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First, we do find that being able to summarize a model as being a positive or negative
function with respect to each input feature does help users feel that they understand and can
predict the model’s behavior better than a comparable unconstrained model. In particular,
while aggregate measures like accuracy, precision, or recall over a test set provide summary
statistics over that particular test set, we find that users in some cases do worry about
the unknown unknowns of using a machine learning model, and that adding monotonicity
constraints gives these users more confidence that the model can be trusted not to behave
unreasonably for any examples. And this confidence is well-founded: as discussed in the
video ranking case study in Section 10.6, monotonicity constraints do in practice guard
against potentially strange behavior of highly nonlinear functions in rarer parts of the
feature space.
We have also found that monotonicity constraints make debugging highly nonlinear
models easier. We find that one particularly useful debugging tool is sensitivity plots like
the one shown in Figure 15, which show how f (x) relates to each feature value of x, for
a particular sample x. Monotonicity constraints make these sensitivity plots monotonic,
which we find makes it easier to identify problems with signals and training data.
Apart from the issue of monotonicity, we expected that using one-dimensional calibration functions and interpolated look-up tables would produce parameters that were interpretable. These expectations were half-right. We do find it helpful and common for users to
check and analyze the signals’ calibration functions, and that the calibrations provide useful information to users about what the model has learned, and helps identify unexpected
behavior or problems with features. But, we do not find that users examine the lattice
parameters directly very often, and that the readability of the lattice parameters becomes
generally less useful as D increases. Users are more likely to utilize other analytics, such as
how correlated the output is with each calibrated feature. While this information does not
39
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control for between-feature correlations (so a feature might be highly correlated with the
output but not needed if it correlates with another feature), users can conclude the model
behaves a lot like highly-correlated features, and this aids model understanding. Low correlation between a calibrated feature and the output either indicates an unimportant feature,
or, if the feature is known to be important (because dropping it hurts accuracy), that it
plays an important role interacting or conditioning other features.
To understand feature interactions, again we find that rather than analyze the lattice
parameters explicitly, users generally prefer to analyze two-dimensional visualizations of
the model over pairs of features (averaged or sliced over the other features), or to examine
examples to check their hypotheses about expected higher-order interactions.
Another common problem is to understand how two similar models are different (for
example, one might have been trained with more training data, or one might use an additional feature). For this purpose, we find it is again rare that users want to directly
analyze differences in model parameters except for very tiny models, preferring instead to
look at examples that are scored differently by the two models, and analyzing these example
samples in their raw form (for example, looking at the videos that have been promoted or
demoted by a new model, in conjunction with the features used by the model).
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Figure 15: Illustration of a sensitivity plot for a calibrated monotonic lattice with respect
to one of the D features. The blue line shows how the output f (x) (y-axis) of a
calibrated monotonic lattice changes if only this one feature value of x (x-axis) is
changed, but all other components of x are kept fixed. The green dot marks the
current input and output. The yellow line shows the model output if the first
feature is missing. The red dotted line shows the binary classification threshold. This plot is piecewise linear because the calibrator function is piecewise
linear and the simplex interpolation is also piecewise linear, and monotonically
increasing because the function was constrained to be monotonic with respect to
this feature. In this example, one sees that to change the classification decision
without changing any other features, this feature would have to be increased
from its current value of 0.67 to at least 0.84 at which point it would cross the
red line marking the decision threshold.
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O(D log D) computational complexity does result in practice in orders of magnitude faster
interpolation than multilinear interpolation as D increases.
A common practical issue in machine learning is handling categorical data. We proposed
to learn a mapping from mutually exclusive categories to feature values, jointly with the
other model parameters. We found categorical-mapping to be interpretable, flexible, and
accurate. The proposed categorical mapping can be viewed as learning a one-dimensional
embedding of the categories. Though we generally only needed two vertices in the lattice
for continuous features, for categorical features we often find it helpful to use more vertices
(a finer-grained lattice) for more flexibility. Some preliminary experiments learning twodimensional embeddings of categories (that is, mapping one category to [0, 1]2 ) showed
promise, but we found this required more careful initialization and handling of the increased
non-convexity.
Learning the monotonic lattice is a convex problem, but composing the lattice and the
one-dimensional calibration functions creates a non-convex objective. We used only one
initialization of the lattice and calibrators for all our experiments, but tuned the stepsize
of the stochastic gradient descent separately for the set of lattice parameters and the set
of calibration parameters. In some cases we saw a substantial sensitivity of the accuracy
to the initial SGD stepsizes. We hypothesize that this is caused by some interplay of the
relative stepsizes and the relative size of the local optima.
We employed a number of strategies to speed up training. One of the biggest speed-ups
comes from randomly sampling the additive terms of the graph regularizers, analogous to the
random sampling of the additive terms of the empirical loss that SGD uses. We showed that
a parallelize-and-average strategy works for training the lattices. The largest computational
bottleneck remains the projections onto the monotonicity constraints. Mini-batching the
samples reduces the number of projections and provides speed-ups, but a faster approach
to optimization given possibly hundreds of thousands of constraints would be valuable.
Lastly, this work leaves open a number of theoretical questions for the function class of
interpolated look-up tables, for example how monotonicity constraints theoretically affect
convergence speed.
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A second surprise was that simplex interpolation provides similar accuracy to multilinear interpolation. The rotational dependence of simplex interpolation seemed at first
troubling, but the proposed approach of aligning the shared axis of the simplices with the
main increasing axis of the function appears to solve this problem in practice. The geometry of the simplices at first seemed odd in that it produces a locally linear surface over
elongated simplices. However, this partitioning turns out to work well because it provides
a very flexible piecewise linear decision boundary. Lastly, we found that the theoretical

For a large number of features D, the exponential model size of a 2D lattice is a memory
issue. On a single machine, training and evaluating with a few million parameters is viable,
but this still limits this approach to not much more than D = 20 features. An open question
is how such large models could be sparsified, and if useful sparsification approaches could
also provide additional useful regularization.

For some cases, a 2D lattice is too flexible. We reduced lattice flexibility with new
regularizers: monotonicity, and the torsion regularizer that encourages a more linear model.
While good for interpretability and accuracy, these regularization strategies do not reduce
the model size.

One surprise was that for practical machine learning problems like those of Section 10,
we found a simple 2D lattice is often sufficient to capture the interactions of D features,
especially if we jointly optimized D one-dimensional feature calibration functions. When
we began this work, we expected to have to use much more fine-grained lattices with many
vertices in each feature, or perhaps irregular lattices to achieve state-of-the-art accuracy.
In fact, calibration functions help approximately linearize each feature with respect to the
label, making a 2D lattice sufficiently flexible for most of the real-world problems we have
encountered.

For classifiers, requiring the entire function to be monotonic is a stronger requirement
than needed to simply guarantee that the decision boundary (and hence classifier) is monotonic. It is an open question how to enforce only the thresholded function to be monotonic,
and whether that would be more useful in practice.

Practical experience has shown us that being able to check and ensure monotonicity helps
users trust the model, and leads to models that generalize better. For us, the monotonicity
constraints have come from engineers who believe the output should be monotonic in the
feature. In the absence of clear prior information about monotonicity, it may be tempting to
use the direction of a linear fit to specify a monotonic direction and then use monotonicity
as a regularizer. Magdon-Ismail and Sill (2008) point out that using the linear regression
coefficients for this purpose can be misleading if features are correlated and not jointly
Gaussian.

We have proposed using constrained interpolated look-up tables to effectively learn flexible,
monotonic functions for low-dimensional machine learning problems of classification, ranking, and regression. We addressed a number of practical issues, including interpretability,
evaluation speed, automated pre-processing of features, missing data, and categorical features. Experimental results show state-of-the-art performance on the largest training sets
and largest number of features published for monotonic methods.
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The conclusion that “The random forest is clearly the best family of classifiers” is flawed.
The paper gives three arguments for why random forests are the best family: “The eight
random forest classifiers are included among the 25 best classifiers having all of them low
ranks”, “The family RF has the lowest minimum rank (32.9) and mean (46.7), and also a
narrow interval (up to 60.5), which means that all the RF classifiers work very well”, and “3
out of [the] 5” best classifiers are random forests.
The problem with the first two arguments is that the notion of a “best family” is not
well defined, and is sensitive to the choice of classifiers included in each family. For instance,

2. Flawed Conclusions

While hyperparameter tuning and testing do technically use different sets of examples, since
one is a subset of the other, the two sets must be disjoint to avoid bias.
Further, the authors did not follow the stated procedure: the test evaluation does not
use cross-validation since the 4 test sets1 are not independent. For instance, trains, the
smallest benchmark with 10 examples, has two examples in each test set, with the following
indices: {2, 9}, {4, 9}, {4, 9}, and {4, 7}. This means that examples 4 and 9 are given three
times the weight of examples 2 and 7 when calculating the test accuracy, and the other six
examples are ignored. This negates the purpose of cross-validation, which is to give equal
importance to every example.
The results are also biased by the exclusion of trials with errors. If a classifier is
unable to run a particular benchmark, that benchmark is excluded when calculating the
classifier’s mean percent accuracy—but it is not excluded for classifiers that ran it successfully.
Effectively, each classifier is evaluated on a slightly different set of benchmarks, so the mean
percent accuracies are not directly comparable. We re-evaluated the mean percent accuracy
of the top 8 classifiers on only the benchmarks successfully run by all 8, and found that a
neural network, elm kernel matlab, was competitive with random forests (Table 1), even
having the highest mean accuracy (albeit by a very small, insignificant, margin). Still, this
neural network also had the highest number of failures (which did not count toward mean
accuracy).

“We must emphasize that, since parameter tuning and testing use different data
sets, the final result can not be biased by parameter optimization, because the
set of parameter values selected in the tuning stage is not necessarily the best
on the test set.”

perparameters (based on the descriptions in the original paper, these include rrlda R,
sda t, PenalizedLDA t, sparseLDA R, fda t, mda t, pda t, rda R, hdda R, rbf m, rbf t,
rbfDDA t, mlp m, mlp C, mlp t, avNNet t, mlpWeightDecay t, nnet t, pcaNNet t, pnn m,
elm m, elm kernel m, lvq R, lvq t, dkp C, svm C, svmlight C, LibSVM w, svmRadial t,
svmRadialCost t, svmLinear t, svmPoly t, lssvmRadial t, rpart t, rpart2 t, ctree t,
ctree2 t, JRip t, C5.0 t, MultiBoostAB LibSVM w, Bagging LibSVM w, rf t, RRF t, cforest t, parRF t, RRFglobal t, MultiScheme w, knn R, knn t, IBk w, pls t, spls R, multinom t, CVParameterSelection w, gaussprRadial t and possibly others). The authors
justify the procedure by stating that:

Wainberg, Alipanahi and Frey

This procedure is incorrect because it does not use a held-out test set. Since half
the test examples are also used as a validation set for hyperparameter tuning, selecting hyperparameters which maximize accuracy on the validation set will by definition
inflate performance on half the test examples. This error has likely inflated the reported performance of at least some of the benchmarked classifiers with tunable hy-

“One training and one test set are generated randomly (each with 50% of the
available patterns) [...]. This couple of sets is used only for parameter tuning (in
those classifiers which have tunable parameters), selecting the parameter values
which provide the best accuracy on the test set. [...] Then, using the selected
values for the tunable parameters, a 4-fold cross validation is developed using the
whole available data. [...] The test results is the average over the 4 test sets.”

The authors state that they used the following training procedure for 102 of the 121
benchmarked data sets, which were not already divided into training and test sets:

1. Errors in Results

The JMLR study Do we need hundreds of classifiers to solve real world classification
problems? benchmarks 179 classifiers in 17 families on 121 data sets from the UCI repository
and claims that “the random forest is clearly the best family of classifier”. In this response,
we show that the study’s results are biased by the lack of a held-out test set and the exclusion
of trials with errors. Further, the study’s own statistical tests indicate that random forests
do not have significantly higher percent accuracy than support vector machines and neural
networks, calling into question the conclusion that random forests are the best classifiers.
Keywords: classification, benchmarking, random forests, support vector machines, neural
networks
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Rank
elm kernel matlab
rf caret
rforest R
parRF caret
svm C
svmRadialCost caret
svmPoly caret
svmRadial caret

Classifier

Mean % accuracy
Original Corrected
81.96
81.84
82.30
81.78
81.93
81.58
81.96
81.32
81.81
81.30
81.43
81.17
81.19
81.06
81.04
80.82
7
1
1
0
2
6
6
6

# failed

Are Random Forests Truly the Best Classifiers?

1
2
3
4
5
6
7
8
Table 1: Mean percent accuracy of the top 8 classifiers reported in Fernández-Delgado et al.
(“Original”) and when re-evaluated on only the benchmarks successfully run by all
8 (“Corrected”). The number of benchmarks which failed to run for each classifier
is also shown. A neural network, elm kernel m, has the highest mean percent
accuracy, followed by three random forest models and then four support vector
machine models.
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the worst-performing neural network is the direct parallel perceptron (Fernandez-Delgado
et al. (2011)), developed by the authors of the original paper and designed to favour extreme
computational efficiency over accuracy. Similarly, the worst rule-based classifier, ZeroR w, is
a baseline that always predicts the majority class. Mean accuracy conflates these classifiers
with others in the same family that are designed to favour accuracy. Also, larger families
will tend to have greater variance, with a lower minimum rank and a higher maximum rank.
The argument that “3 out of [the] 5” best classifiers are random forests is also questionable.
The three best random forest classifiers are actually a single classifier (randomForest in R)
with different wrappers (parRF t is parallelized; parRF t and rf t use caret) and settings
for mtry, the number of features in each tree (parRF t uses a grid search √
of 2 to 8 in steps
of 2; rf t searches from 2 to 29 in steps of 3, and rforest R sets mtry = #f eatures), so
it would be more correct (but still not fully correct) to say that one out of the three best
classifiers is a random forest and two are support vector machines.
Most importantly, the results do not show that the best random forests perform any
better than the best support vector machines and neural networks. The authors conducted
paired t-tests showing that the differences in accuracy between the top-ranked random
forest parRF t and the other top eight models, including support vector machines, neural
networks and other random forests, are not statistically significant (left panel of Fig. 4 in
Fernández-Delgado et al.). This calls into question the conclusion that random forests are
the best classifiers.
The use of a paired t-test is itself incorrect, since the test assumes that the difference
between the two distributions under comparison is normally distributed, yet none of the
differences between parRF t and the other top 10 classifiers are normally distributed according
to a χ2 goodness-of-fit test for normality (Table 2). Also, before calculating the p values in
Fig. 4, missing values were imputed by setting accuracies for benchmarks with errors to 82%,
the mean accuracy of parRF t across all benchmarks. This biases the results because 82% is
an average over many benchmarks, some of which are so simple that every classifier achieves
3

Normality p
1e-29
2e-43
1e-36
2e-15
7e-13
5e-09
4e-14
6e-10
1e-21
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Classifier
elm kernel matlab
rf caret
rforest R
svm C
svmRadialCost caret
svmPoly caret
svmRadial caret
avNNet caret
C5.0 caret

Paired t-test p,
errors set to 82%
(Fig. 4 in
original paper)
1
0.4
1
0.8
0.5
0.3
0.1
0.03
0.001

0.5
0.3
0.9
1
0.6
0.4
0.2
0.03
0.001

Paired t-test p,
excluding errors

0.4
1
0.1
0.8
0.6
0.4
0.1
0.02
0.0001

Wilcoxon signedrank p,
excluding errors

Table 2: p values that the differences between parRF t and each of the other top 10 classifiers,
across all benchmarks where both classifiers ran without errors, are not normally
distributed. All p values are significant, indicating that none of the differences are
normally distributed.

Classifier
elm kernel matlab
rf caret
rforest R
svm C
svmRadialCost caret
svmPoly caret
svmRadial caret
avNNet caret
C5.0 caret

Table 3: Using a Wilcoxon signed-rank test instead of a paired t-test, and removing missing
values rather than incorrectly imputing them, results in the same conclusions about
the significance of the differences between parRF t and each of the other top 10
classifiers.

100% accuracy and others of which are so difficult that most classifiers achieves below 30%
accuracy, so it is unreasonable to assume that a classifier would achieve 82% accuracy on
every failed benchmark. A hypothetical classifier that failed to run every benchmark would
be considered as good as parRF t according to this imputation method! However, using the
Wilcoxon signed-rank test, which does not make the same assumption of normality, and
removing benchmarks where either classifier gave an error rather than imputing to 82%,
results in the same conclusions about significance (Table 3).

JMLR 17(110):1-5

To support the conclusion that parRF t is better than the second-ranked classifier
svm C, even though the paired t-test showed them to be statistically indistinguishable,
Fernández-Delgado et al. states that:

4
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Manuel Fernández-Delgado, Eva Cernadas, Senén Barro, and Dinani Amorim. Do we need
hundreds of classifiers to solve real world classification problems? The Journal of Machine
Learning Research, 15(1):3133–3181, 2014.

Manuel Fernandez-Delgado, Jorge Ribeiro, Eva Cernadas, and Senén Barro Ameneiro. Direct
parallel perceptrons (DPPs): fast analytical calculation of the parallel perceptrons weights
with margin control for classification tasks. Neural Networks, IEEE Transactions on, 22
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parRF t and svm C are only equal for 8 benchmarks, not 10: the two benchmarks where
svm C gave an error are erroneously counted towards this total. Also, the quoted figures
are for rf t, not parRF t: the true figures, based on the online results, are 220.4 and 219.6.
The above statement does not imply that the difference between parRF t and svm C is
significant, since it is equivalent to saying that the difference in mean percent accuracy
between the two classifiers, across the 119 benchmarks where both ran without errors, is
220.4−219.6
119 benchmarks ≈ 0.007, a difference that the paired t-test already showed to be insignificant
(p = 0.834 in Fig. 4 of the original paper, or p = 0.8 using a Wilcoxon signed-rank test).
(Note that 0.007 does not exactly equal 82.0 − 81.8, the difference between the reported
mean percent accuracies of parRF t and svm C, because these accuracies are biased by the
exclusion of trials with errors as discussed in Section 1.) Notably, the difference between
rf t and svm C (193.8 vs 139.8), while larger, is also insignificant (Wilcoxon signed-rank p
= 0.8).

“Although parRF t is better than svm C in 56 of 121 data sets, worse than svm C
in 55 sets, and equal in 10 sets, [...] svm C is never much better than parRF t:
when svm C outperforms parRF t, the difference is small, but when parRF t
outperforms svm C, the difference is higher [...]. In fact, calculating for each
data set the difference between the accuracies of parRF t and svm C, the sum of
positive differences (parRF is better) is 193.8, while the negative ones (svm C
better) sum [to] 139.8.”
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Finite state space hidden Markov models (HMMs for short) are widely used to model data
evolving in time and coming from heterogeneous populations. They seem to be reliable tools
to model practical situations in a variety of applications such as economics, genomics, signal
processing and image analysis, ecology, environment, speech recognition, to name but a few.
From a statistical view point, finite state space HMMs are stochastic processes (Xj , Yj )j≥1
where (Xj )j≥1 is a Markov chain with finite state space and conditionally on (Xj )j≥1 the
Yj ’s are independent with a distribution depending only on Xj . The observations are
Y1:N = (Y1 , . . . , YN ) and the associated states X1:N = (X1 , . . . , XN ) are unobserved. The
parameters of the model are the initial distribution, the transition matrix of the hidden
chain, and the emission distributions of the observations, that is the probability distributions
of the Yj ’s conditionally to Xj = x for all possible x’s. In this paper we shall consider

1.1 Context and Motivations

1. Introduction

We consider stationary hidden Markov models with finite state space and nonparametric
modeling of the emission distributions. It has remained unknown until very recently that
such models are identifiable. In this paper, we propose a new penalized least-squares estimator for the emission distributions which is statistically optimal and practically tractable.
We prove a non asymptotic oracle inequality for our nonparametric estimator of the emission distributions. A consequence is that this new estimator is rate minimax adaptive up
to a logarithmic term. Our methodology is based on projections of the emission distributions onto nested subspaces of increasing complexity. The popular spectral estimators
are unable to achieve the optimal rate but may be used as initial points in our procedure.
Simulations are given that show the improvement obtained when applying the least-squares
minimization consecutively to the spectral estimation.
Keywords: nonparametric estimation, hidden Markov models, minimax adaptive estimation, oracle inequality, penalized least-squares.
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The aim of our paper is to propose a new approach to estimate nonparametric HMMs with
a statistically optimal and practically tractable method. We obtain this way nonparametric
estimators of the emission distributions that achieve the minimax rate of estimation in an
adaptive setting.
Our perspective is based on estimating the projections of the emission laws onto nested
subspaces of increasing complexity. Our analysis encompasses any family of nested subspaces of Hilbert spaces and works with a large variety of models. In this framework one
could think to use the spectral estimators as proposed by Hsu et al. (2012); Anandkumar et al. (2012) in the parametric framework, by extending them to the nonparametric
framework. But a careful analysis of the tradeoff between sampling size and approximation
complexity shows that they do not lead to rate optimal estimators of the emission densities,
see De Castro et al. (2015) for a formal statement and proof. This can be easily understood.
Indeed, the spectral estimators of the emission densities are computed as functions of the
empirical estimator of the marginal distribution of three consecutive observations on Y 3
(where Y is the observation space), for which, roughly speaking, when Y is a subset of R,
the optimal rate is N −s/(2s+3) , N being the number of observations and s the smoothness
of the emission densities. Thus the rate obtained this way for the emission densities is also
N −s/(2s+3) . But since those emission densities describe one dimensional random variables
on Y, one could hope to be able to obtain the sharper rate N −s/(2s+1) . This is the rate we
obtain, up to a log N term, with our new method. Let us explain how it works.
Using the HMM modeling, and using sieves for the emission densities on Y, we propose
a penalized least squares estimator in the model selection framework. We prove an oracle
inequality for the L2 -risk of the estimator of the density of (Y1 , Y2 , Y3 ), see Theorem 4.
Since the complexity of the model is that given by the sieves for the emission densities, this
leads, up to a log N term, to the adaptive minimax rate computed as for the density of only

1.2 Contribution

stationary ergodic HMMs so that the initial distribution is the stationary distribution of
the (ergodic) hidden Markov chain.
Until very recently, asymptotic performances of estimators were proved only in the parametric setting (that is, with finitely many unknown parameters). Though, nonparametric
methods for HMMs have been considered in applied papers, but with no theoretical guarantees, see for instance Couvreur and Couvreur (2000) for voice activity detection, Lambert
et al. (2003) for climate state identification, Lefèvre (2003) for automatic speech recognition,
Shang and Chan (2009) for facial expression recognition, Volant et al. (2014) for methylation comparison of proteins, Yau et al. (2011) for copy number variants identification in
DNA analysis.
The preliminary obstacle to obtain theoretical results on general finite state space nonparametric HMMs was to understand when such models are indeed identifiable. Marginal
distributions of finitely many observations are finite mixtures of products of the emission
distributions. It is clear that identifiability can not be obtained based on the marginal
distribution of only one observation. It is needed, and it is enough, to consider the marginal
distribution of at least three consecutive observations to get identifiability, see Gassiat et al.
(2016), following Allman et al. (2009) and Hsu et al. (2012).
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one observation Y1 though we estimate the density of (Y1 , Y2 , Y3 ). Roughly speaking, when
the observations are one dimensional, that is when Y is a subset of R, the obtained rate for
the density of (Y1 , Y2 , Y3 ) is of order N −s/(2s+1) up to a log N term, N being the number
of observations and s the smoothness of the emission densities.
The key point is then to be able to go back to the emission densities. This is the
cornerstone of our main result. We prove in Theorem 6 that, under the assumption [HD]
defined in Section 4.2, the quadratic risk for the density of (Y1 , Y2 , Y3 ) is lower bounded
by some positive constant multiplied by the quadratic risk for the emission densities. This
technical assumption is generically satisfied in the sense that it holds for all possible emission
densities for which the L2 -norms and Hilbert dot products do not lie on a particular algebraic
surface with coefficients depending on the transition matrix of the hidden chain. Moreover,
we prove that, when the number of hidden states equals two, this assumption is always
verified when the two emission densities are distinct, see Lemma 5.
Our methodology requires that we have a preliminary estimator of the transition matrix.
To get such an estimator, it is possible to use spectral methods. Thus our approach is the
following. First, get a preliminary estimator of the initial distribution and the transition
matrix of the hidden chain. Second, apply penalized least squares estimation on the density
of three consecutive observations, using HMM modeling, model selection on the emission
densities, and initial distribution and stationary matrix of the hidden chain set at the
estimated value. This gives emission density estimators which have minimax adaptive rate,
as our main result states, see Theorem 7. A simplified version of this theorem can be given
as follows.
Theorem 1 Assume (Yj )j≥1 is a hidden Markov model on R, with latent Markov chain
(Xj )j≥1 with K possible values and true transition matrix Q? . Denote fk? the density of
Yn given Xn = k, for k = 1, . . . , K. Assume the true transition matrix Q? is full rank and
the true emission densities fk? , k = 1, . . . , K are linearly independent, with smoothness s.
Assume that [HD] holds true. Then, up to label switching, for N the number of observations
large enough, the estimators Q̂, fˆk , k = 1, . . . , K built in Section 3 and 5 satisfy
h
i


h
i

s 

log
N
log
N  2s+1
E kQ? − Q̂k2 = O
and E kfk? − fˆk k22 = O
, k = 1, . . . , K.
N
N
Moreover, since the family of sieves we consider is that given by finite dimensional spaces
described by an orthonormal basis, we are able to use the spectral estimators of the coefficients of the densities as initial points in the least squares minimization. This is important
since, in the HMM framework, least squares minimization does not have an explicit solution
and may lead to several local minima. However, since the spectral estimates are proved to
be consistent, we may be confident that their use as initial point is enough. Simulations
indeed confirm this point.
To conclude we claim that our results support a powerful new approach to estimate, for
the first time, nonparametric HMMs with a statistically optimal and practically tractable
method.
1.3 Related Works
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The papers Allman et al. (2009), Hsu et al. (2012) and Anandkumar et al. (2012) paved the
way to obtain identifiability under reasonable assumptions. In Anandkumar et al. (2012)
3
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the authors point out a structural link between multivariate mixtures with conditionally
independent observations and finite state space HMMs. In Hsu et al. (2012) the authors
propose a spectral method to estimate all parameters for finite state space HMMs (with
finitely many observations), under the assumption that the transition matrix of the hidden chain is non singular, and that the (finitely valued) emission distributions are linearly
independent. Extension to emission distributions on any space, under the linear independence assumptions (and keeping the assumption of non singularity of the transition matrix),
allowed to prove the general identifiability result for finite state space HMMs, see Gassiat
et al. (2016), where also model selection likelihood methods and nonparametric kernel methods are proposed to get nonparametric estimators. Let us notice also Vernet (2015) that
proves theoretical consistency of the posterior in nonparametric Bayesian methods for finite
state space HMMs with adequate assumptions. Later, Alexandrovich et al. (2016) obtained
identifiability when the emission distributions are all distinct (not necessarily linearly independent) and still when the transition matrix of the hidden chain is full rank. In the
nonparametric multivariate mixture model, Song et al. (2014) prove that any linear functional of the emission distributions may be estimated with parametric rate of convergence in
the context of reproducing kernel Hilbert spaces. The latter uses spectral methods, not the
same but similar to the ones proposed in Hsu et al. (2012) and Anandkumar et al. (2012).

Recent papers that contain theoretical results on different kinds of nonparametric HMMs
are Gassiat and Rousseau (2016), where the emitted distributions are translated versions
of each other, and Dumont and Le Corff (2017) in which the authors consider regression
models with hidden regressor variables that can be Markovian on a continuous state space.
Parallel to our work, the article Bonhomme et al. (2016) introduces a non-adaptive spectral
method to estimate hidden parameters in latent-structure models.
1.4 Outline of the paper

JMLR 17(111):1-43

In Section 2, we set the notations, the model we tudy, and the assumptions we consider.
We then state an identifiability lemma (see Lemma 3) that will be useful for our estimation
method. In Sections 3 and 4 we give our main results. We explain the penalized least-squares
estimation method in Section 3, and we prove in Section 4 that, when the transition matrix
is irreducible and aperiodic, when the emission distributions are linearly independent and
the penalty is adequately chosen, then, under a technical assumption, the penalized least
squares estimator is asymptotically minimax adaptive up to a log N term, see Theorem 7
and Corollary 10. For this, we first prove an oracle inequality for the estimation of the
density of (Y1 , Y2 , Y3 ), see Theorem 4, then we prove the key result relating the risk of the
density of (Y1 , Y2 , Y3 ) to that of the emission densities, see Theorem 6. The latter holds
under a technical assumption which we prove to be always verified in case K = 2, see
Lemma 5. Finally, we need the performances of the spectral estimator of the transition
matrix and of the stationary distribution which are given in Section 5, see Theorem 11,
proved in De Castro et al. (2015). We finally present simulations in Section 6 to illustrate our
theoretical results. Those simulations show in particular the improvement obtained when
applying the least-squares minimization consecutively to the spectral estimation. Detailed
proofs are given in Section 8.

4

RD .

dµ?k

=

fk? dLD
.

π ? (k1 )Q? (k1 , k2 ) . . . Q? (kn−1 , kn )fk?1 (y1 ) . . . fk?n (yn ).

(s)

(s)

(s)

(Y1 , Y2 , Y3 ) := (Ys , Ys+1 , Ys+2 ) .

lim

hf, ϕm iϕm = f ,

m=1

(1)

?
fM,k
:=

hfk? , ϕm iϕm .

m=1

M
X

5
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? := (f ? , . . . , f ?
?
?
?
We shall write fM
M,1
M,K ) and f := (f1 , . . . , fK ) throughout this paper.

∀k ∈ X ,

in L2 (Y, LD ). Note that changing Mr may change all functions ϕm , 1 ≤ m ≤ Mr in the
basis ΦMr , which we shall not indicate in the notation for sake of readability. Also, we drop
the dependence on r and write M instead of Mr . Define the projection of the emission laws
onto PM by

r→∞

Mr
X

Denote by (L2 (Y, LD ), k· k2 ) the Hilbert space of square integrable functions on Y with
respect to the Lebesgue measure LD equipped with the usual inner product h· , · i on
L2 (Y, LD ). Assume F? ⊂ L2 (Y, LD ).
Let (Mr )r≥1 be an increasing sequence of integers, and let (PMr )r≥1 be a sequence
of nested subspaces with dimension Mr such that their union is dense in L2 (Y, LD ). Let
ΦMr := {ϕ1 , . . . , ϕMr } be an orthonormal basis of PMr . Recall that for all f ∈ L2 (Y, LD ),

2.2 Projections of the population joint laws

∀s ∈ {1, . . . , N },

We shall denote g ? the density of (Y1 , Y2 , Y3 ).
In this paper we shall address two observations schemes. We shall consider N i.i.d.
(s)
(s)
(s)
samples (Y1 , Y2 , Y3 )N
s=1 of three consecutive observations (Scenario A) or consecutive
observations of the same chain (Scenario B):

k1 ,...,kn =1

K
X

? } the set of emission densities with respect to the Lebesgue
Denote by F? := {f1? , . . . , fK
measure. Then, for any integer n, the distribution of (Y1 , . . . , Yn ) has density with respect
to (LD )⊗n

∀k ∈ X ,

LD

Let K, D be positive integers and let
be the Lebesgue measure on
Denote by X
the set {1, . . . , K} of hidden states, Y ⊂ RD the observation space, and ∆K the space of
probability measures on X identified to the (K − 1)-dimensional simplex. Let (Xn )n≥1 be
a Markov chain on X with K × K transition matrix Q? and initial distribution π ? ∈ ∆K .
Let (Yn )n≥1 be a sequence of observed random variables on Y. Assume that, conditional on
(Xn )n≥1 , the observations (Yn )n≥1 are independent and, for all n ∈ N, the distribution of
Yn depends only on Xn . Denote by µ?k the conditional law of Yn conditional on {Xn = k},
and assume that µ?k has density fk? with respect to the measure LD on Y:

2.1 Nonparametric Hidden Markov Model

2. Notations and Assumptions

Estimation of Nonparametric HMMs

k1 ,k2 ,k3 =1

K
X

π(k1 )Q(k1 , k2 )Q(k2 , k3 )fk1 (y1 )fk2 (y2 )fk3 (y3 ),
?

?

(2)

6
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where π is the stationary distribution of Q. When Q = Q? and f = f ? , we get g Q ,f = g ? .
When f1 , . . . , fK are probability densities on Y, g Q,f is the probability distribution of three
consecutive observations of a stationary HMM. We now state a lemma that gathers all what
we need about identifiability.
For any transition matrix Q, let TQ be the set of permutations τ such that for all i and j,
Q(τ (i), τ (j)) = Q(i, j). The permutations in TQ describe how the states of the Markov chain
may be permuted without changing the distribution of the whole chain: for any τ in TQ ,
(τ (Xn ))n≥1 has the same distribution as (Xn )n≥1 . Since the hidden chain is not observed,
if the emission distributions are permuted using τ , we get the same HMM. In other words,
τ
if f τ = (fτ (1) , . . . , fτ (K) ), then g Q,f = g Q,f . Since identifiability up to permutation of the
hidden states is obtained from the marginal distribution of three consecutive observations,
we get the following lemma whose detailed proof is given in Section 8.1.

g Q,f (y1 , y2 , y3 ) =

For any f = (f1 , . . . , fK ) ∈ (L2 (Y, LD ))K and any transition matrix Q, denote by g Q,f :
Y 3 → R the function given by

2.4 Identifiability Lemma

Those assumptions appear in spectral methods, see for instance Hsu et al. (2012); Anandkumar et al. (2012), and in identifiability issues, see for instance Allman et al. (2009); Gassiat
et al. (2016).

? } is linearly independent.
[H4] The family of emission densities F? := {f1? , . . . , fK

?
Notice that under [H1], [H2] and [H3], one has for all k ∈ X , πk? ≥ πmin
> 0. We shall
use the following assumption on the emission densities.

? ) is the stationary distribution.
[H3] The initial distribution π ? = (π1? , . . . , πK

[H2] The Markov chain (Xn )n≥1 is irreducible and aperiodic,

[H1] The transition matrix Q? has full rank,

We shall use the following assumptions on the hidden chain.

2.3 Assumptions

(Wav.) A wavelet basis ΦMr of scale r on Y = [0, 1]D , see Meyer (1992). In this case, it holds
that Mr = 2(r+1)D .

(Trig.) The space of real trigonometric polynomials on Y = [0, 1]D with degree less than r. It
holds that Mr = (2r + 1)D .

(Spline) The space of piecewise polynomials of degree bounded by dr based on the regular parD
D D
tition with pD
r regular pieces on Y = [0, 1] . It holds that Mr = (dr + 1) pr .

Remark 2 One can consider the following standard examples:

De Castro, Gassiat and Lacour

De Castro, Gassiat and Lacour

?

Estimation of Nonparametric HMMs

? +h

Lemma 3 Assume that Q is a transition matrix for which [H1] and [H2] hold. Assume
that [H4] holds. Then for any h ∈ (L2 (Y, LD ))K ,
?

= g Q,f ⇐⇒ h = (0, . . . , 0).

= g Q,f ⇐⇒ ∃τ ∈ TQ such that hj = fτ?(j) − fj? , j = 1, . . . , K.

? +h

N
2 X
t (Zs ) ,
N s=1

am,k ϕm .

{γN (ĝM ) + pen(N, M )} .

kĝ − g ? k22

8

M log N
N

R

f dLD = 1, kf k2 ≤ CF ,2
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The problem is now to deduce from Theorem 4 a result on kfk? − fˆk k22 , k = 1, . . . , K. This is
the cornerstone of our work: we prove that, under a technical assumption on the parameters
PK
of the unknown HMM, a direct lower bound links kĝ − g ? k22 to k=1
kf1? − fˆk k22 , up to some
positive constant. Let us now describe the assumption and comment on its genericity.
For any f ∈ F K , define G(f ) the K × K matrix with coefficients G(f )i,j = hfi , fj i,
i, j = 1, . . . , K. Notice that under the assumption [H4], G(f ? ) is positive definite. Let Q

4.2 Main Result

The important fact in this oracle inequality is that the minimal possible penalty is of
order M/N (up to logarithmic terms) and not M 3 /N as is usually the case when estimating
a joint density of three random variables, so that we get a minimax rate adaptive estimator
of the joint density g ? .

Here, Pτ is the permutation matrix associated to τ .

o
n
x
? ?
≤ 6 inf kg ? − g Q ,fM k22 + pen(N, M ) + A1?
M
N

+18CF6 ,2 2kQ? − Pτ Q̂N Pτ> kF2 + kπ ? − Pτ π̂k22 .

then for all x > 0, for all N ≥ N0 , one has with probability 1 − (e − 1)−1 e−x , for any
permutation τ ∈ SK ,

pen(N, M ) ≥ ρ?

? ∈ FK.
Theorem 4 Assume [H1]-[H4] and [HF]. Assume also f ? ∈ F K , and for all M , fM
Then, there exists positive constants N0 , ρ? and A1? (depending on CF ,2 and CF ,∞ (Scenario
B) or on Q? , CF ,2 and CF ,∞ (Scenario A)) such that, if

Our first main result is an oracle inequality for the estimation of g ? which is stated below
and proved in Section 8.2. We denote by SK the set of permutations of {1, . . . , K}. When
a is a vector, kak2 denotes its Euclidian norm, and when A is a matrix, kAkF denotes its
Frobenius norm.

[HF] F is a closed subset of L2 (Y, LD ) such that: for any f ∈ F,
and kf k∞ ≤ CF ,∞ for some fixed positive CF ,2 and CF ,∞ .

We now fix a subset F of L2 (Y, LD ), and we shall use the following assumption:

4.1 Oracle Inequality for the Estimation of g ?

4. Adaptive Estimation of the Emission Distributions

The least squares estimator does not have an explicit form such as in usual nonparametric estimation, so that one has to use numerical minimization algorithms. As initial point
of the minimization algorithm, we shall use the spectral estimator, see Section 6 for more
details. Since the spectral estimator is consistent, see De Castro et al. (2015), the algorithm
does not suffer from initialization problems.

g Q,f

In particular, if TQ reduces to the identity permutation, g Q,f

(s)

γN (t) = ktk22 −

3. The Penalized Least-Squares Estimator

(s)

In this section we shall estimate the emission densities using the so-called penalized least
squares method. Here, the least squares adjustment is made on the density
g ? of (Y1 , Y2 , Y3 ).
R
Starting from the operator Γ : t 7→ kt − g ? k22 − kg ? k22 = ktk22 − 2 tg ? which is minimal
for the target g ? , we introduce the corresponding empirical contrast γN . Namely, for any
⊗3
t ∈ L2 (Y 3 , LD ), set

(s)

m=1

M
X

with Zs := (Y1 , Y2 , Y3 ) (Scenario A) or Zs := (Ys , Ys+1 , Ys+2 ) (Scenario B). As
N tends to infinity, γN (t) − γN (g ? ) converges almost surely to kt − g ? k22 , thus the name
least squares contrast function. A natural estimator is then a function t such that γN (t)
is minimal over a judicious approximation space which is a set of functions of form g Q,f ,
Q a transition matrix and f ∈ F K , for F a subset of L2 (Y, LD ). We thus define a whole
collection of estimates ĝM , each M indexing an approximation subspace (also called model).
Considering (2) we shall introduce a collection of model of functions by projection of possible
f ’s on the subspaces (PM )M . Thus, for any irreducible transition matrix Q with stationary
distribution π, we define S(Q, M ) as the set of functions g Q,f such that f ∈ F K and, for
each k = 1, . . . , K, there exists (am,k )1≤m≤M ∈ RM such that
fk =

min

M =1,...,N

We now assume that we have in hand an estimator Q̂ of Q? . For instance, one can use
a spectral estimator, we recall such a construction in Section 5. Then, (S(Q̂, M ))M is
the collection of models we use for the least squares minimization. For any M , define
ĝM as a minimizer of γN (t) for t ∈ S(Q̂, M ). Then ĝM can be written as ĝM = g Q̂,f̂M
PM
with f̂M ∈ F K and fˆM,k = m=1
âm,k ϕm (k = 1, . . . , K) for some (âm,k )1≤m≤M ∈ RM ,
k = 1, . . . , K. It then remains to select the best model, that is to choose M which minimizes
kĝM − g ? k22 − kg ? k22 . This quantity is close to γN (ĝM ), but we need to take into account
the deviations of the process Γ − γN . Then we rather minimize γN (ĝM ) + pen(N, M ) where
pen(N, M ) is a penalty term to be specified. Our final estimator will be a penalized least
squares estimator. For this purpose we choose a penalty function pen(N, M ) and we let
M̂ = arg

JMLR 17(111):1-43

Notice that, with N observations, we consider N subspaces as candidates for model selection. Then the estimator of g ? is ĝ = ĝM̂ , and the estimator of f ? is f̂ := f̂M̂ so that ĝ = g Q̂,f̂ .
7
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xi
.
N

, define khk2Q := minτ ∈TQ {

k=1 khk

PK

+ fk? − fτ?(k) k22 }. Denote



∀h ∈ K, ∀Q ∈ V,

kg

This theorem is proved in Section 8.3.

Q,f ? +h

9

−g

Q,f ?
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k2 ≥ c(K, V, F )khkQ? .
?

such that if h ∈ K, then hi dLD = 0, i = 1, . . . , K. Let V be a compact neighborhood of Q?
such that, for all Q ∈ V, H(Q, G(f ? )) 6= 0, [H1]-[H3] holds for Q and TQ ⊂ TQ? . Then
there exists a positive constant c(K, V, F? ) such that

R

K

We may now state the theorem which is the cornerstone of our

K

Theorem 6 Assume [H1]-[H4] and [HD]. Let K be a closed bounded subset of L2 (Y, LD )

2
k=1 khk k2 }.

PK

:= {
main result.

khk22

For any h ∈ L2 (Y, LD )



Notice now that, when [HD] and [H1]-[H3] hold, it is possible to define a compact neighborhood V of Q? such that, for all Q ∈ V, H(Q, G(f ? )) 6= 0, [H1]-[H3] hold for Q and
TQ ⊂ TQ? .

k=1

"K
X

#

M

kfk? − fˆτN (k) k22 = O inf0

k=1

(K
X

)

?
2
0
kfk? − fM
+
0 ,k k2 + pen(N, M )

log N
N

!

.

10
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Thus, choosing pen(N, M ) = ρM log N/N for a large ρ leads to the minimax asymptotic
rate of convergence up to a power of log N . Indeed, standard results in approximation
theory (see DeVore and Lorentz (1993) for instance) show that one can upper bound the
s
? k by O(M − D
approximation error kfk? − fM,k
) where s > 0 denotes a regularity parameter.
2

E

Corollary 10 With this choice of Q̂, under the assumptions of Theorem 7 , there exists a
sequence of permutations τN ∈ SK such that as N tends to infinity,

To apply Theorem 7 one has to choose an estimator Q̂ with controlled behavior, to be
able to evaluate the probability of the event {PτN Q̂PτN ∈ V} and the rate of convergence
of PτN Q̂PτN and PτN π̂. One possibility is to use the spectral estimator described in Section
5. To get the following result (proved in Section 8.6), we propose to use the spectral

estimator with, for each N , the dimension MN chosen such that η3 (ΦMN ) = O (log N )1/4 ,
see Section 5 for a definition of η3 .

Lemma 5 Assume K = 2. Then for all Q? and f ? such that [H1]-[H4] hold, one has
H(Q? , G(f ? )) > 0.

6= 0.

)

?
kfk? − fM,k
k22 + pen(N, M )

Remark 9 An important consequence of the theorem is that a right choice of the penalty
leads to a rate minimax adaptive estimator up to a log N term, see Corollary 10 below.
For this purpose, one has to choose an estimator Q̂ of Q? which is, up to label switching,
consistent with controlled rate. One possible choice is a spectral estimator.

[HD]

k=1

(K
X

2
?
2
+ kQ? − PτN Q̂P>
τN kF +kπ − PτN π̂k2 +

M

kfτ?(k) − fˆτN (k) k22 ≤ A? inf

Remark 8 As usual in HMM or mixture model, it is only possible to estimate the model
up to label switching of the hidden states, this is the meaning of the permutation τN .

k=1

K
X

h

M log N
N

then for all x > 0, for all N ≥ N0 , for any
 permutation τN ∈ SK , with probability larger
than 1 − (e − 1)−1 e−x − P PτN Q̂PTτN ∈
/ V , there exists τ ∈ TQ? such that

pen(N, M ) ≥ ρ?

Theorem 7 (Adaptive estimation) Assume [H1]-[H4], [HF] and [HD]. Assume also
? ∈ F K . Let V be a compact neighborhood of Q? such that, for all Q ∈ V,
that for all M , fM
H(Q, G(f ? )) 6= 0 and [H1]-[H3] holds for Q. Then, there exists a positive constant A?
(depending on V, f ? , CF ,2 and CF ,∞ ) and positive constants N0 and ρ? (depending on CF ,2
and CF ,∞ (Scenario A) or on Q? , CF ,2 and CF ,∞ (Scenario B)) such that, if

Since H is a polynomial function of Q?i,j , i = 1, . . . , K, j = 1, . . . , K − 1, and hfi? , fj? i,
i, j = 1, . . . , K, the assumption [HD] is generically satisfied. We have been able to prove
that [HD] always holds in the case K = 2. We were only able to prove this result by direct
computation, it is given in Section 8.4.

H(Q? , G(f ? ))

defines a semidefinite positive quadratic form D in the coefficients Ui,j , i = 1, . . . , K, j =
1, . . . , K − 1. The determinant of this quadratic form is a polynomial in the coefficients
of the matrices Q, AQ and G(f ). Since the coefficients of AQ are rational functions of the
coefficients of the matrix Q, this determinant is also a rational function of the coefficients
of the matrices Q and G(f ). Define H(Q, G(f )) the numerator of the determinant. Then
H(Q, G(f )) is a polynomial in the coefficients of the matrices Q and G(f ). Our assumption
will be:

+2

i,j=1

K n
X

We are now ready to prove our main result on the penalized least squares estimator of
the emission densities. The following theorem gives an oracle inequality for the estimators
of the emission distributions provided the penalty is adequately chosen. It is proved in
Section 8.5.

be a transition matrix verifying [H1]-[H2] and let AQ be the diagonal matrix having the
stationary distribution π of Q on the diagonal. We shall now define a quadratic form with
coefficients depending on Q and G(f ). If U is a K × K matrix such that U 1K = 0,

D :=

De Castro, Gassiat and Lacour

Estimation of Nonparametric HMMs

1

Estimation of Nonparametric HMMs

1

Then the trade-off is obtained for M D ∼ (N/ log N ) 2s+D , which leads to the quasi-optimal
s
rate (N/ log N )− 2s+D for the nonparametric estimation when the minimal smoothness of
the emission densities is s. Notice that the algorithm automatically selects the best M
leading to this rate.
To implement the estimator, it remains to choose a value for ρ in the penalty. The
calibration of this parameter is a classical issue and could be the subject of a full paper. In
practice one can use the slope heuristic as in Baudry et al. (2012).

5. Nonparametric Spectral Method

(ϕa (y1 )ϕb (y2 )ϕc (y3 ) − ϕa (y10 )ϕb (y20 )ϕc (y30 ))2 .

This section is devoted to a short description of the nonparametric spectral method for sake
of completeness: we describe the algorithm, and give the results we need to support the use
of spectral estimators to initialize our algorithm. A detailed study of the nonparametric
spectral method is given in De Castro et al. (2015).
The following procedure (see Algorithm 1) describes a tractable approach to estimate the
transition matrix in a way that can be used for the penalized least squares estimator of the
emission densities, and also for the estimation of the projections of the emission densities
that may be used to initialize the least squares algorithm. The procedure is based on
recent developments in parametric estimation of HMMs. For each fixed M , we estimate the
projection of the emission distributions on the basis ΦM using the spectral method proposed
in Anandkumar et al. (2012). As the authors of the latter paper explain, this allows further
to estimate the transition matrix (we use a modified version of their estimator), and we set
the estimator of the stationary distribution as the stationary distribution of the estimator
of the transition matrix. The computation of those estimators is particularly simple: it
is based on one SVD, some matrix inversions and one diagonalization. One can prove,
with overwhelming probability, all matrix inversions and the diagonalization can be done
rightfully, see De Castro et al. (2015). In the following, when A is a (p × q) matrix with
p ≥ q, A> denotes the transpose matrix of A, A(k, l) its (k, l)th entry, A(. , l) its lth column
and A(k, . ) its kth line. When v is a vector of size p, we denote by Diag[v] the diagonal
matrix with diagonal entries vi and, by abuse of notation, Diag[v] = Diag[v > ].
We now state a result which allows to derive the asymptotic properties of the spectral
estimators. Let us define:
M
X

y,y 0 ∈Y 3 a,b,c=1

η32 (ΦM ) := sup

Note that in the examples (Spline), (Trig.) and (Wav.) we have
3

η3 (ΦM ) ≤ Cη M 2

JMLR 17(111):1-43

where Cη > 0 is a constant. The following theorem is proved in De Castro et al. (2015).
Its statement concerns (Scenario B) (same chain sampling) and the interested reader may
consult De Castro et al. (2015) for its statement under (Scenario A).
11
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Algorithm 1: Nonparametric spectral estimation of HMMs
Data: An observed chain (Y1 , . . . , YN ) and a number of hidden states K.
Result: Spectral estimators π̂, Q̂ and (fˆM,k )k∈X .

1
N

PN

PN
PN
(s)
(s)
(s)
(s)
), M̂M (a, b, c) := 1 s=1
ϕa (Y1 )ϕb (Y2 )ϕc (Y3 ),
s=1 ϕa (Y
1
N
(s)
(s)
(s)
(s)
1 PN
s=1 ϕa (Y1 )ϕb (Y2 ), P̂M (a, c) := N
s=1 ϕa (Y1 )ϕc (Y3 ).

[Step 1] Consider the following empirical estimators: For any a, b, c in {1, . . . , M },
L̂M (a) :=
1
N

N̂M (a, b) :=

[Step 2] Let Û be the M × K matrix of orthonormal right singular vectors of P̂M
corresponding to its top K singular values.

[Step 3] Form the matrices for all b ∈ {1, . . . , M },
B̂(b) := (Û> P̂M Û)−1 Û> M̂M (. , b, . )Û.

[Step 4] Set Θ a (K × K) random unitary matrix uniformly drawn and form the
PM
(ÛΘ)(b, k)B̂(b).
matrices for all k ∈ {1, . . . , K}, Ĉ(k) := b=1

[Step 5] Compute R̂ a (K × K) unit Euclidean norm columns matrix that diagonalizes
the matrix Ĉ(1): R̂−1 Ĉ(1)R̂ = Diag[(Λ̂(1, 1), . . . , Λ̂(1, K))].

[Step 6] Set for all k, k 0 ∈ X , Λ̂(k, k 0 ) := (R̂−1 Ĉ(k)R̂)(k 0 , k 0 ) and ÔM := ÛΘΛ̂.

−1

Û> L̂M .

−1

Û> ÔM Diag[π̃]

>
Û> N̂M Û ÔM
Û

−1 

,

[Step 7] Consider the emission laws estimator f̃ := (f˜M,k )k∈X defined by for all k ∈ X ,
PM
fˆM,k := m=1
ÔM (m, k)ϕm .
[Step 8] Set π̃ := Û> ÔM



[Step 9] Consider the transition matrix estimator:
Q̂ := ΠTM

where ΠTM denotes the projection onto the convex set of transition matrices,
and define π̂ as the stationary distribution of Q̂.
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Theorem 11 (Spectral estimators) Assume that [H1]-[H4] hold. Then, there exist
positive constant numbers MF? , x(Q? ), C(Q? , F? ) and N(Q? , F? ) such that the following
holds. For any x ≥ x(Q? ), for any δ ∈ (0, 1), for any M ≥ MF? , there exists a permutation τM ∈ SK such that the spectral method estimators fˆM,k , π̂ and Q̂ satisfy: For any
N ≥ N(Q? , F? )η3 (ΦM )2 x(− log δ)/δ 2 , with probability greater than 1 − 2δ − 4e−x ,
√
− log δ η3 (ΦM ) √
?
√
kfM,k
− fˆM,τM (k) k2 ≤ C(Q? , F? )
x,
δ
N
√
− log δ η3 (ΦM ) √
√
kπ ? − PτM π̂k2 ≤ C(Q? , F? )
x,
δ
N
√
− log δ η3 (ΦM ) √
√
x.
δ
N

kQ? − PτM Q̂Pτ>M k ≤ C(Q? , F? )

12

M =1,...,Mmax

min



γN (ĝM ) + ρ

M log N
N



,

(3)

13

4. Return the emission laws of the solution of point (2) for M = M̂ .
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3. Tune the penalty term using the slope heuristic procedure and select M̂ .

2. For all M ≤ Mmax , compute a minimum ĝM of the empirical contrast function γN
using “Covariance Matrix Adaptation Evolution Strategy”, see Hansen (2006). Use
the estimation f̃ of the spectral method as a starting point of CMAES.

1. For all M ≤ Mmax , compute the spectral estimations (Q̂, π̂) of the transition matrix
and its stationary distribution and the spectral estimation f̃ of the emission laws.
This is straightforward using the procedure described by [Step1-9] in Section 5.

where the penalty term ρ has to be tuned and the maximum size of the model Mmax can
be set by the experimenter in a data-driven procedure.
Indeed, we shall apply the slope heuristic to adjust the penalty term and to choose
Mmax . As presented in Baudry et al. (2012), the minimum contrast function M 7→ γN (ĝM )
should have a linear behavior for large values of M . The experimenter has to consider
Mmax large enough in order to observe this linear stabilization, as depicted in Figure 2.
The slope of the linear interpolation is then (ρ̂/2) log N/N (recall that the sample size N
is fixed here) where ρ̂ is the slope heuristic choice on how ρ should be tuned. Another
procedure (theoretically equivalent) consists in plotting the function ρ 7→ M̂ (ρ) which is a
non-increasing piecewise constant function. The estimated ρ̂ is such that the largest drop
(called “dimension jump”) of this function occurs at point ρ̂/2. We illustrate this procedure
in Figure 3 where one can clearly point the jump and deduce the size M̂ .
To summarize, our procedure reads as follows.

M̂ (ρ) ∈ arg

In this section we present the numerical performances of our method. We recall that the
experimenter knows nothing about the underlying hidden Markov model but the number
of hidden states K. In this set of experiments, we consider the regular histogram basis or
the trigonometric basis for estimating emission laws given by beta laws from a single chain
observation of length N = 50,000.
Our procedure is based on the computation of the empirical least squares estimators
ĝM defined as minimizers of the empirical contrast γN on the space S(Q̂, M ) where Q̂ is
an estimator of the transition matrix (for instance the spectral estimation of the transition
matrix). Since the function γN is non-convex, we use a second order approach estimating
a positive definite matrix (using a covariance matrix) within an iterative procedure called
CMAES for Covariance Matrix Adaptation Evolution Strategy, see Hansen (2006). Using
this latter algorithm, we search for the minimum of γN with starting point the spectral
estimation of the emission laws.
Then, we estimate the size of the model thanks to

6.1 General description

6. Numerical experiments

Estimation of Nonparametric HMMs



14

Complexity = O N 1+ 2s+D ,

4D
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We have to compute the minimal contrast value for all models of size M = 1, . . . , Mmax
where Mmax has to be chosen so that one can apply the slope heuristic.
We deduce that

4
the overall complexity of our algorithm is O (f (Mmax , K)K 3 ∨N )Mmax
where f (Mmax , K)
is the number of evaluations of γN while minimizing the empirical contrast. Since we use
the spectral estimator as a starting point of the minimization of the empirical contrast,
we believe that f (Mmax , K) can be considered as constant, say 1e4. Note that the upper
bound Mmax has to be large enough in order to observe a linear stabilization of M 7→ ĝM ,
see Baudry et al. (2012) for instance. Moreover, recall that the trade-off between the
approximation bias and the penalty term (accounting for the standard error of the empirical
D
law) is obtained for M ∼ (N/ log N ) 2s+D where s > 0 denotes the minimal smoothness
parameter of the emission laws. In order to properly apply the slope heuristic, it is enough
D
to consider models with this order of magnitude, so that Mmax = O((N/ log N ) 2s+D ). It
follows that the overall complexity of our procedure can be expressed in terms of the minimal
smoothness parameter s of the emission laws as

• The computation of the minimum of the empirical contrast function: cost of one
evaluation of the empirical contrast function O(K 3 M 3 ) = O(M 3 ) times the number
f (M, K) of evaluations while minimizing the empirical contrast. Recall that we start
from the spectral estimator solution to get the minimum so a constant number of
evaluation is enough in practice, say stopeval =1e4 using CMAES.

• The singular value decomposition of P̂M in the spectral method (complexity: O(M 3 )),

• The computation of the tensor M̂M of the empirical law of three consecutive observations where we use three loops of size M and one loop of size N so the complexity
is O(N M 3 ),

A crucial step of our method lies in computing the empirical least squares estimators ĝM .
One may struggle to compute ĝM since the function γN is non-convex. It follows that
an acceptable procedure must start from a good approximation of ĝM . This is done by
the spectral method. Observe that the key leitmotiv throughout this paper is a two steps
estimation procedure that starts by the spectral estimator. This latter has rate of convergence of the order of N −s/(2s+3) and seems to be a good candidate to initialize an iterative
scheme that will converge towards ĝM . It follows that the main consuming operations in
our algorithm are the following steps.

6.2 Complexity

Note that the size M of the projection space for the spectral estimator has been set as the
one chosen by the slope heuristic for the empirical least squares estimators.
All the codes of the numerical experiments are available at https://mycore.core-cloud.
net/public.php?service=files&t=44459ccb178a3240cfb8712f27a28d75. We shall indicate that the slope heuristic has been done using CAPUSHE, the Matlab graphical user
interface presented in Baudry et al. (2012).
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Figure 2: Slope heuristic to choose M : the experimenter may observe a linear stabilization
of the empirical contrast γN for estimating beta emission laws of parameters (2, 5)
and (4, 2). We have K = 2 hidden states and N = 5e4 samples along a single
chain. On the left panel we have used the trigonometric basis as approximation
space, the stabilization occurs on the points M = 30 to M = 50 and the interpolation of the slope leads to M̂ = 23. On the right panel we have considered the
trigonometric basis, the stabilization occurs on the points M = 20 to M = 50
and it leads to M̂ = 21.
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An illustrative example of our method can be given using the histogram basis (regular basis
with M bins) or the trigonometric basis. In the following experiments, we have K = 2

6.4 Histogram Basis and Trigonometric Basis as Approximation Spaces

the spectral method. Indeed, even for small values of M , one may see in Figure 1 that the
variance term is divided by a constant factor.

Figure 3: Slope heuristic to choose M : the experimenter observes the largest drop of the
function ρ 7→ M̂ (ρ) at 1.1 so that ρ̂ = 2.2 and M̂ = 23. We have K = 2 hidden
states and a single chain of length N = 5e4. We have used the histogram basis
as approximation space.

0

5

M̂

Figure 1: Variance comparison of the spectral and empirical least squares estimators. The
upper curve (in red) present the performance (median value of the variance over 40
iterations) of the spectral method while the lower curve (in blue) the performance
of the empirical least squares estimator. For each curve, we have plotted a shaded
box plot representing the first and third quartiles.

as soon as K = O(N 1/3 ) which is a reasonable assumption. Nevertheless, this theoretical
bound is unknown for the practitioner since it involves the unknown minimal smoothness
parameter s > 0. For chains of length O(1e5), we have witnessed that one can afford a
maximal model size Mmax ≤ 50 and this allows to consider problems where typical sizes of
M ranges between 1 and 50. All numerical experiments of this paper fall in this frame.
6.3 Comparison of the Variances
?
?
kfk? − fˆk k22 = kfˆk − fM,k
k22 + kfk? − fM,k
k22

The quadratic loss can be expressed as a variance term and a bias term as follows
∀1 ≤ k ≤ K, ∀M ≥ 0,

?
?
ˆ
ˆ
where fM,k
is
the
orthogonal
projection
of
f
k on PM and fk is any estimator such that fk
? k does not depend on the estimator fˆ .
belongs to PM . Note that the bias term kfk? − fM,k
2
k
Hence, the variance term
τ ∈SK 1≤k≤K

?
2
VarianceM (fˆ) := min max kfˆk − fM,τ
(k) k2 ,
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accounts for the performances of the estimator fˆk .
As depicted in Figure 1, we have compared, for each M , the variance terms obtained
by the spectral method and the empirical least squares method over 40 iterations on chains
of length N = 5e4. We have considered K = 2 hidden states whose emission variables
are distributed with respect to beta laws of parameters (2, 5) and (4, 2). This numerical
experiment consolidates the idea that the least squares method significantly improves upon
15

M̂
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Furthermore, one can see on Figure 4 that our method also qualitatively improves upon
the spectral method in both the histogram and the trigonometric case.

We begin with the computation of the minimum contrast function M 7→ γ(ĝM ), as
depicted in Figure 2. Observe that the slope of this function unquestionably stabilizes at a
critical value refer to as ρ̂/2 in both the histogram and the trigonometric case. This leads
to an adaptive choice of M̂ = 23 for the histogram basis and M̂ = 21 for the trigonometric
basis, see Figures 2 and 3.

hidden states and emission laws given by beta laws of parameters (2, 5) and (4, 2). Recall
we observe a single chain of length N = 5e4.

Figure 4: Estimators of the emissions densities (beta laws of parameters (2, 5) and (4, 2))
from the observation of a single chain of length N = 5e4. On the top panels,
we have used the histogram basis (M̂ = 23). On the bottom panels, we have
considered the trigonometric basis (M̂ = 21).
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We have proposed a penalized least squares method to estimate the emission densities of
the hidden chain when the transition matrix of the hidden chain is full rank and the emission probability distributions are linearly independent. The algorithm may be initialized
using spectral estimators. The obtained estimators are adaptive rate optimal up to a log
factor, where adaptivity is upon the family of emission densities. The results hold under an
assumption on the parameter that holds generically. We have proved that this assumption
is always verified when there are two hidden states. We did not find a general argument to
prove that the assumption always holds when K > 2, and a natural question is to ask if,
when the number of hidden states is K > 2, this assumption is also always verified.
? are
It is proved in Alexandrovich et al. (2016) that identifiability holds as soon as f1? , . . . , fK
distinct densities. The identifiability is obtained in that case using the marginal distribution
of dimension 2K + 1, that is the marginal distribution of Y1 , . . . , Y2K+1 . Thus, to get consistent estimators, one needs to use the joint distribution of 2K + 1 consecutive observations.

7. Discussion

Our method can be performed for K > 2 as illustrated in Figure 5. In this example
K = 3, the sample size is N = 5e4 and the emission laws are three beta distributions with
parameters (1.5, 5), (6, 6) and (7, 2). Note that the number of hidden states K does not
really impact on the complexity of the algorithm as we have seen in Section 6.2.
In this example, we were able to observe a linear stabilization of the minimum contrast
function. The slope heuristic procedure led to an adaptive choice M̂ = 25.

6.5 Three States

Figure 5: Estimation of three densities given by beta laws of parameters (1.5, 5), (6, 6) and
(7, 2) from a single chain of length N = 5e4. We have used the histogram basis
and we have found M̂ = 25 using the slope heuristic.
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Though linear independence is generically satisfied, one may wonder what happens when
emission densities are not far to be linearly dependent. Simulations in Lehéricy (2015) show
that estimation becomes harder. In those practical situations where estimation becomes dif? has an eigenvalue close to 0. On
ficult, it is observed that the Gram matrix of f1? , . . . , fK
the theoretical side, the proof of Theorem 6 uses the linear independence of the emission
densities by using that Gram matrices are positive. An interesting problem would be to
investigate if it is possible to estimate the emission densities with the classical adaptive
rate for density estimation when the emission densities are linearly dependent (though all
distinct). It is possible using model selection to get the classical rate for the estimation of
the density of 2K + 1 consecutive observations, but it does not seem obvious to see whether
this rate can be transferred to the estimators of the emission densities. This is the subject
of further work, see Lehéricy (2016).
Another question arising from our work is whether it is possible to adapt to different smoothnesses of the emission densities.

8. Proofs
8.1 Proof of lemma 3
In Hsu et al. (2012) it is proved that when [H1], [H2], [H3] hold and when the rank of
the matrix OM := (hϕm , fk? )1≤m≤M,1≤k≤K is K, the knowledge of the tensor MM given by
M (a, b, c) = E(ϕa (Y1 )ϕb (Y2 )ϕc (Y3 )) for all a, b, c in {1, . . . , M } allows to recover OM and
M
Q up to relabelling of the hidden states. Thus, when [H1], [H2], [H3] and [H4] hold, the
?
knowledge of g Q,f is equivalent to the knowledge of the sequence (MM )M , which allows
to recover Q and the sequence (OM )M , up to relabelling of the hidden states, which allows
? ) up to relabelling of the hidden states, thanks to (1). See also
to recover f ? = (f1? , . . . , fK
Gassiat et al. (2016).
8.2 Proof of Theorem 4
Throughout the proof N is fixed, and we write γ (instead of γN ) for the contrast function.
8.2.1 Beginning of the proof: algebraic manipulations

M,τ −1

Q̂,f ?

) + pen(N, M ) ,

Let us fix some M and some permutation τ . Using the definitions of ĝM and M̂ , we can
write
γ(ĝM̂ ) + pen(N, M̂ ) ≤ γ(ĝM ) + pen(N, M ) ≤ γ(g
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?
?
?
?
K ). But we can
where fM,τ
−1 = (fM,τ −1 (1) , . . . , fM,τ −1 (K) ) (here we use that fM,τ −1 ∈ F
compute for all functions t1 , t2 ,

γ(t1 ) − γ(t2 ) = kt1 − g ? k22 −kt2 − g ? k22 −2ν(t1 − t2 ) ,
Z
N
1 X
(s)
(s)
(s)
t(Y , Y2 , Y3 ) − tg ? .
N s=1 1

where ν is the centered empirical process

ν(t) =

19

This gives
kĝM̂ − g ? k22 ≤ kg

M,τ −1

Q̂,f ?

M,τ −1

Q̂,f ?

−

K
X

2

?



hfk?1 , ϕm1 ihfk?2 , ϕm2 ihfk?3 , ϕm3 i



k22 +2kg Q

? ,f ?
M

k22 +2BM .

#

)

M,τ −1

Q̂,f ?

− g ? k22



M,τ −1

(4)

=

(5)
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2
− g ? k22 +xM
).

− g ? k22 ≤ 6K 3 CF6 ,2 kPτ π̂ − π ? k22 +2kPτ Q̂Pτ> − Q? kF2 + 2BM .



(π1 (k1 )Q1 (k1 , k2 )Q1 (k2 , k3 ) − π2 (k1 )Q2 (k1 , k2 )Q2 (k2 , k3 ))2 

2

(π1 (k1 )Q1 (k1 , k2 )Q1 (k2 , k3 ) − π2 (k1 )Q2 (k1 , k2 )Q2 (k2 , k3 ))

?

Q̂,f ?

) + pen(N, M ) − pen(N, M̂ )
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M,τ −1

Q̂,f ?

?

? ,f ?
M

? ,f ?
M

− gQ

− g ? k22 a bias term and we notice that g

M,τ −1

Q̂,f ?

>

≤ 2kg Pτ Q̂Pτ ,fM − g Q

≤ 2kg

? ,f ?
M

− g ? k22 +2ν(ĝM̂ − g

g ? k22

Now, we denote by BM = kg Q
> ?
g Pτ Q̂Pτ ,fM . Then
kg

K
X

But, using Schwarz inequality, kg Q1 ,fM − g Q2 ,fM k22 can be bounded by
M
X

K
X

hfk?1 , ϕm1 ihfk?2 , ϕm2 ihfk?3 , ϕm3 i

m1 ,m2 ,m3 =1 k1 ,k2 ,k3 =1



≤

k1 ,k2 ,k3 =1
M
X



m1 ,m2 ,m3 =1 k1 ,k2 ,k3 =1

M,τ −1

Q̂,f ?

≤ 3K 3 CF6 ,2 kπ1 − π2 k22 +2kQ1 − Q2 kF2
so that
kg

"

M,τ −1

Q̂,f ?

|ν(t − g ? )|
2
kt − g ? k22 +xM

) = ν(ĝM̂ − g ? ) + ν(g ? − g

t∈SM

ZM = sup

Next we set SM = ∪Q S(Q, M ) and

M,τ −1

Q̂,f ?

for xM to be determined later. Then
ν(ĝM̂ − g

2
≤ ZM̂ (kĝM̂ − g ? k22 +xM̂
) + ZM (kg

20









− pen(N, M )) .



1
4

and

M0

sup(2ZM 0 x2M 0 − pen(N, M 0 )) ≤ A

x
,
N

+9CF6 ,2



x
N

? 2
kPτ π̂ − π ? k22 +2kPτ Q̂P>
τ − Q kF

≤ 3BM + 2pen(N, M ) + 2A

and

√
z
z
+ 2 2c? kuM − g ? k∞ .
N
N

kuM − tk2 ≤ 2kt − g ? k2 .

#

|ν(uM − g ? )|
kuM − g ? k22 +x2M

≤ 2 2c? kg ? k∞

q

21

1
2xM

r
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√ kuM k∞ +kg ? k∞ z
z
+ 2 2c?
.
N
N
x2M

Then, using a2 + b2 ≥ 2ab, with probability larger than 1 − e−z :

|ν(uM − g ? )| ≤ 2 2c? kuM − g ? k22 kg ? k∞

r

Bernstein’s inequality (24) for HMMs (see Appendix A) gives, with probability larger than
1 − e−z :

8.2.2 Deviation inequality for ZM,2

kuM − g ? k2 ≤ kt − g ? k2

Indeed uM verifies: for all t ∈ SM ,




ZM,2

|ν(t − uM )|
2
2
t∈SM kt − uM k2 +4xM
|ν(uM − g ? )|
=
kuM − g ? k22 +x2M

"




Z
=
sup
 M,1

which is the announced result.
The heart of the proof is then the study of ZM . We introduce uM a projection of g ? on
SM and we split ZM into two terms: ZM ≤ 4ZM,1 + ZM,2 with

1
R
2 M̂

with A a constant depending only on Q? and f ? and not on N, M, x. Thus we will have,
for any M , with probability larger than 1 − (e − 1)−1 e−x ,

M0

sup ZM 0 ≤

To conclude it is then sufficient to establish that, with probability larger than 1 − (e −
1)−1 e−x , it holds

+2 sup(2ZM 0 x2M 0
M0

? 2
+(1 + 2ZM )6K 3 CF6 ,2 kPτ π̂ − π ? k22 +2kPτ Q̂P>
τ − Q kF
0

+2pen(N, M ) − pen(N, M̂ ) − pen(N, M ) ,



? 2
2
+2ZM 6K 3 CF6 ,2 kPτ π̂ − π ? k22 +2kPτ Q̂P>
τ − Q kF + 2BM + xM



2
? 2
≤ 6K 3 CF6 ,2 kPτ π̂ − π ? k22 +2kPτ Q̂P>
τ − Q kF + 2BM + 2ZM̂ (RM̂ + xM̂ )

RM̂ (1 − 2ZM̂ ) ≤ (2 + 4ZM )BM + 2pen(N, M )

RM̂



Denoting by RM̂ = kĝM̂ − g ? k22 the squared risk, (4) becomes
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k1 ,k2 ,k3 =1

K
X

q

2c? kg ? k∞

√
zM + z
zM + z
+ 4 2c? CF3 ,∞ 2
.
x2M N
xM N

k1 ,k2 ,k3 =1

K
X

π 2 (k1 )Q2 (k1 , k2 )Q2 (k2 , k3 )

k1 ,k2 ,k3 =1

K
X

CF2 ,2 CF2 ,2 CF2 ,2 ≤ K 3 CF6 ,2 .

(6)

E=

√

N

0

Z σq

E
+σ
N

s



1
1
log
N
P(A)



+



2CF3 ,∞
1
log
N
P(A)
H(u) ∧ N du + (2CF3 ,∞ + 2K 3/2 CF3 ,2 )H(σ) .

"

#

,

(7)

t∈SM

sup

"

|ν(t − uM )|
kt − uM k22 +4x2M

#!

≤

"

C?
ϕ(2xM )
C √
+ 2xM
x2M
N

s



1
1
log
N
P(A)



+

t∈SM

ZM,1 = sup

"

|ν(t − uM )|
kt − uM k22 +4x2M

#

"

≤ C? C

22

ϕ(2xM )
√ +2
x2M N

s

#

(8)
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zM + z
zM + z
.
+ 2CF3 ,∞ 2
x2M N
xM N



2CF3 ,∞
1
log
N
P(A)
Finally, Lemma 2.4 in Massart (2007) ensures that, with probability 1 − e−zM −z :

EA

(see Section 8.2.4). We then use Lemma 4.23 in Massart (2007) to write (for xM ≥ σM )

Here, for any integrable random variable Z, E A [Z] denotes E[Z1A ]/P(A).
We shall compute E later and find σM and ϕ such that
√
∀σ ≥ σM
E ≤ (1 + 2CF3 ,∞ + 2K 3/2 CF3 ,2 )ϕ(σ) N .

and

t∈Bσ

EA ( sup |ν(t − uM )|) ≤ C ?

Then, if t ∈ Bσ , kt − uM k2 ≤ σ ∧ 2K 3/2 CF3 ,2 . Notice also that for all t ∈ SM , kt − uM k∞ ≤
2CF3 ,∞ . Now Proposition 13 in Appendix A (applied to a countable dense set in Bσ ) gives
that for any measurable set A such that P(A) > 0,

ktk22 ≤

Remark that, for all t ∈ S(Q, M ),

Bσ = {t ∈ SM , kt − uM k2 ≤ σ}.

We shall first study the term supt∈Bσ |ν(t − uM )| where

8.2.3 Deviation inequality for ZM,1

ZM,2 ≤

s

π(k1 )Q(k1 , k2 )Q(k2 , k3 )fk1 ⊗ fk2 ⊗ fk3 ,

with fk ∈ F for k = 1, . . . , K, so that supt∈SM ktk∞ ≤ CF3 ,∞ . Then, with probability larger
than 1 − e−zM −z

t=

But any function t in SM can be written
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8.2.4 Computation of the entropy and function ϕ

X

⊗

⊗

f3 , fi

∈F∩

µ(k)fk1 ⊗ fk2 ⊗ fk3 , µ ≥ 0,

A=

f2

X

µ(k) = 1,

Span(ϕ1 , . . . , ϕM ),

i = 1, 2, 3}.

fki ∈ F ∩ Span(ϕ1 , . . . , ϕM ), i = 1, 2, 3} .

k∈{1,...,K}3

The definition of H given in Proposition 13 shows that H(δ) is bounded by the classical
bracketing entropy for L2 distance at point δ/CF3 ,∞ (where CF3 ,∞ bounds the sup norm
2
of g ? ): H(δ) ≤ H(δ/CF3 ,∞ , SM , L2 ). We denote by N (u, S, L2 ) = eH(u,S,L ) the minimal
number of brackets of radius u to cover S. Recall that when t1 and t2 are real valued
functions, the bracket [t1 , t2 ] is the set of real valued functions t such that t1 (·) ≤ t(·) ≤ t2 (·),
and the radius of the bracket is kt2 − t1 k2 . Now, observe that SM = ∪Q S(Q, M ) is a set of
mixtures of parametric functions. Denoting k = (k1 , k2 , k3 ), SM is included in


k∈{1,...,K}3



Set
{f1



C1
ε
N

K 3 −1 



ε
, A, L2
3

K 3

.

(9)

Then following the proof in Appendix A of Bontemps and Toussile (2013), we can prove
N (ε, SM , L2 ) ≤

(

um (y)ϕm (y) ≤

am
bm

M
X

m=1

if ϕm (y) ≥ 0
otherwise

M
X

ak22

M
X

m=1

2
vm (y)ϕm (y) = Ua,b
(y).

|bm − am |.|ϕm |k22

cm ϕm (y) ≤

∈ RM is such that for all m = 1, . . . , M , am ≤ cm ≤ bm , then

vm (y) = am + bm − um (y).

um (y) =

where C1 depends on K and CF ,2 . Denote B = F∩Span(ϕ1 , . . . , ϕM ). Let a = (am )1≤m≤M ∈
RM and b = (bm )1≤m≤M ∈ RM such that am < bm , m = 1, . . . , M . For each m = 1, . . . , M
and y ∈ Y, let

Then, if
M
X

m=1

(cm )1≤m≤M
1
Ua,b
(y) :=

Moreover,

2
1 2
kUa,b
− Ua,b
k2 = k

m=1

≤ M kb −

M
X

|bm + am |.|ϕm |k22
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1 , U 2 ].
using Cauchy-Schwarz inequality. Thus, one may cover B with brackets of form [Ua,b
a,b
Also, for i = 1, 2,
i
k22 ≤ k
kUa,b

mi =1

≤ 2M (kak22 + kbk22 ).
23
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Ua21 ,b1 − Ua11 ,b1

−

Uaj11 ,b1 . Uaj32 ,b3

Uaj21 ,b2 . Uaj32 ,b3

max

.

max

j1 ,j2 ∈{1,2}

j1 ,j2 ∈{1,2}

Ua1j ,bj

2





+ Ua2j ,bj

Ua1j ,bj + Ua2j ,bj

Uaj22 ,b2

Uaj11 ,b1

j1 ,j2 ∈{1,2}

+ Ua22 ,b2 − Ua12 ,b2
+

Ua13 ,b3

Y

Y

2

kaj k22 + kbj k22

j6=i

j6=i

2

2

Y

j6=i

kbi − ai k22 .

kbi − ai k22

Ua2i ,bi − Ua1i ,bi

Ua2i ,bi − Ua1i ,bi

Ua23 ,b3
3
X
i=1

3
X

3
X
i=1

3
X

i=1

max

W = max{Uai11 ,b1 Uai22 ,b2 Uai33 ,b3 , i1 , i2 , i3 ∈ {1, 2}},

V = min{Uai11 ,b1 Uai22 ,b2 Uai33 ,b3 , i1 , i2 , i3 ∈ {1, 2}}

f1 ⊗ f2 ⊗ f3 ∈ [V, W ]

If now for some ai , bi in RM , fi ∈ [Ua1i ,bi , Ua2i ,bi ], i = 1, 2, 3, then

with
and

≤

|W − V | ≤

pointwise. Moreover, one can see that

so that
kW − V k22 ≤ 12

i=1

≤ 48M 3

≤ 192M 3 CF4 ,2



C2 M 3/2
u

√
!3M K 3
48 3M 3/2 CF3 ,2
,
u

√
!3M
48 3M 3/2 CF3 ,2
.
u

K 3 −1

C1
) + 3M K 3 log
u

,

2

2



(10)
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!

Thus one may cover A by covering the ball of radius CF ,2 in RM with hypercubes [a, b],
for which kak2 , kbk2 are less than CF ,2 . To get a bracket with radius u, it is enough that
kbi − ai k22 ≤ u2 /(576M 3 CF4 ,2 ), i = 1, 2, 3. We finally obtain that




C1
u

N u, A, L2 ≤

N (u, SM , L2 ) ≤

We deduce from (9) and (10) that

and then

H(u, SM , L2 ) ≤ (K 3 − 1) log(

24

log

1
σ

 

0

Rσ

r

log

0

Z σq

x

M 3/2


!

!

M 3/2 
,
σ

√
dx ≤ σ( π +

√
N x2 .

ZM ≤ C ??

"

σM
+
xM

s

zM + z zM + z
+ 2
x2M N
xM N

#

,
q

∀M

−zM
M ≥1 e

P

25

1
,
4
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= (e − 1)−1 . Then, with probability

ZM ≤ C ?? (2θ + θ2 ) ≤

We now choose zM = M which implies
1 − (e − 1)−1 e−z ,

ZM ≤ C ?? (θ + θ + θ2 ).

2 + zM +z with
where C ?? depends on K, CF ,2 , CF ,∞ , Q? . Now let us choose xM = θ−1 σM
N
θ such that 2θ + θ2 ≤ (C ?? )−1 /4. This choice entails: xM ≥ θ−1 σM and x2M ≥ θ−2 zMN+z .
Then with probability 1 − e−zM −z :

probability 1 − e−zM −z :

M

which was required in (7).
√M ) ≤ 2σM as soon as xM ≥ σM . Combining (8) and (6), we obtain, with
Moreover ϕ(2x
x
N

As soon as N ≥ C32 /M 2 := N0 , we may define σM as the solution of equation ϕ(x) =
Then, for all σ ≥ σM ,
ϕ(σ)2
ϕ(σ) √
H(σ) ≤
≤
σ N.
σ2
σ
This yields, for all σ ≥ σM ,
√
E ≤ (1 + 2CF3 ,∞ + 2K 3/2 CF3 ,2 )ϕ(σ) N ,

8.2.5 End of the proof, choice of parameters

The
function ϕ is increasing on ]0, M 3/2 ], and ϕ(x)/x is decreasing. Moreover ϕ(σ) ≥
Rσ p
H(u)du and ϕ2 (σ) ≥ σ 2 H(σ).
0



v
u
√
u
ϕ(x) = C3 M x 1 + tlog



v
u
u

H(u)du ≤ C3 M σ 1 + tlog

√

1
x

 

), see Baudry et al. (2012). Finally we can write for σ ≤ M 3/2 :

where C3 depends on K, CF ,2 and CF ,∞ . Set

r

with C2 depending on K and CF ,2 . To conclude we use that
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ZM x2M
≤ C ?? θ−1 σM +

"

r

r





M
N





.

(11)

i

k1 ,k2 ,k3 ,k10 ,k20 ,k30 =1

K
X

inf

Q∈V,h∈KK ,khk2 6=0

? +h

N (Q, h)
> 0.
khk2Q

?

i

hfk?i + hki , fk?0 i −
i=1

3
Y

i

hfk?i , fk?0 + hki0 i .
i=1

3
Y

26

N (Q, h) = N (Q, u) + M (Q, u, h − u)
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(12)

Let u = (u1 , . . . , uK ) be such that ui , i = 1, . . . , K, is the orthogonal projection of hi on
? . Then
the subspace of L2 (Y, LD ) spanned by f1? . . . , fK

i

hfk?i , fk?0 i −
i=1

3
Y

!

− g Q,f k22 . What we want to prove

π(k1 )Q(k1 , k2 )Q(k2 , k3 )π(k10 )Q(k10 , k20 )Q(k20 , k30 )
hfk?i + hki , fk?0 + hki0 i +
i=1

3
Y

N (Q, h) =

One can compute:

c := c(K, V, F? )2 :=

For any h ∈ KK and Q ∈ V, denote N (Q, h) = kg Q,f
is that

8.3 Proof of Theorem 6

M log(N )
N
and CF ,∞ (Scenario A) or on Q? , CF ,2 and CF ,∞

q
M
(1 + log(N )) ,
N

pen(N, M ) ≥ ρ?

for some constant ρ? depending on CF ,2
(Scenario B).

and (11) holds as soon as

σ M ≤ C4

s

It remains to get an upper
bound for σM . Recall that σM is defined as the solution of
r
 3
√
√
equation C3 M x(1 + log Mx ) = N x2 . Then we obtain that for some C4

M
N

z
.
N

zM + z
.
N

#

≤ C ?? (2θ−1 + 1)

+ C ??

2
pen(N, M ) ≥ 2C ?? 2θ−1 σM
+ (2θ−1 + 1)

Then the result is proved as soon as

2
ZM x2M − C ?? 2θ−1 σM
+ (2θ−1 + 1)

!2

zM + z zM + z
+
N
N

zM + z
N

≤ C ?? σM xM + xM

Then, with probability 1 − (e − 1)−1 e−z , for all M ,

and for all M ,
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haki , aki0 i +
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K
X

haki , aki0 i

Y

j6=i

j

hfk?j + ukj , fk?0 + ukj0 i +

k1 ,k2 ,k3 ,k10 ,k20 ,k30 =1
3
X
i=1

3
X
i=1

i

hfk?i + uki , fk?0 + uki0 i

Y

j6=i

π(k1 )Q(k1 , k2 )Q(k2 , k3 )π(k10 )Q(k10 , k20 )Q(k20 , k30 )

where, for any a = (a1 , . . . , aK ) ∈ L2 (Y, LD )K ,

3
Y

M (Q, u, a) =



i=1

i,j=1

PK

h(QT Aa)i , (QT Aa)j ihai , aj ih(Qa)i , (Qa)j i



hakj , akj0 i .

Let A = Diag[π] with π the stationary distribution of Q. Then M (Q, u, a) may be rewritten
as:
M (Q, u, a) =

+h(QT Aa)i , (QT Aa)j ih(f ? + ui ), (f ? + u)j ih(Q(f ? + u))i , (Q(f ? + u))j i

+h(QT A(f ? + u))i , (QT A(f ? + u))j ihai , aj ih(Q(f ? + u))i , (Q(f ? + u))j i

+h(QT A(f ? + u))i , (QT A(f ? + u))j ih(f ? + u)i , (f ? + u)j ih(Qa)i , (Qa)j i
+h(QT Aa)i , (QT Aa)j ih(f ? + u)i , (f ? + u)j ih(Qa)i , (Qa)j i

+h(QT A(f ? + u))i , (QT A(f ? + u))j ihai , aj ih(Qa)i , (Qa)j i

+h(QT Aa)i , (QT Aa)j ihai , aj ih(Q(f ? + u))i , (Q(f ? + u))j i.

i, j = 1, . . . , K.

All terms in this sum are non negative. Let us prove it for the first one, the argument for
the others is similar. Define V the K × K matrix given by
Vi,j = h(QT Aa)i , (QT Aa)j ih(Qa)i , (Qa)j i,

K
X

i,j=1

Vi,j hai , aj i =

h(QT A(f ? +

T

Z

a(y)T V a(y)dy ≥ 0.

A(f ? +

u))j ihai , aj ih(Q(f

?

+

u))i , (Q(f

?

+

u))j i.

V is the Hadamard product of two Gram matrices which are non negative, thus V is itself
non negative by the Schur product Theorem, see Schur (1911), and

K
X

u))i , (Q

Thus we have that M (Q, u, a) is lower bounded by one term of the sum so that
M (Q, u, a) ≥
i,j=1





min λi (Q(f ? + u)) kak22
i=1,...,K



min λi (QT A(f ? + u))
i=1,...,K

(13)

The minimal eigenvalue of the Hadamard product of two non negative matrices is lower
bounded by the product of the minimal eigenvalues of each matrix, and we get
M (Q, u, a) ≥
P
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k
where kak22 = k=1
kak k22 , and where, if h ∈ L2 (Y, LD )K , λ1 (h), . . . , λK (h) are the (non
negative) eigenvalues of the Gram matrix of h1 , . . . , hK .
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Let now (Qn , hn )n be a sequence in V × K such that c = limn

N (Qn ,hn )
.
2
khn kQ
?

Let un be the

vector of the orthogonal projections of the coordinate functions of hn on the subspace of
? . Notice that
L2 (Y, LD ) spanned by f1? . . . , fK

2
2
2
khn kQ
? = kun kQ? + khn − un k2 .

2
2
kun kQ
? ≤ K(CK,2 + 2CF ,2 ) .

2
2
khn kQ
? ≤ K(CK,2 + 2CF ,2 )

Let CK,2 be the upper bound of the norm of elements of K. We have, for any n ≥ 1,
so that for any n ≥ 1,

N (Qn , un )
N (Q, u)
=
.
K(CK,2 + 2CF ,2 )2
K(CK,2 + 2CF ,2 )2

Since (Qn , un )n is a bounded sequence in a finite dimensional space it has a limit point
(Q, u). Now, using (12) and the non negativity of M (Qn , un , hn − un ), we get on the
converging subsequence
n→+∞

c ≥ lim

Since Q ∈ V, TQ ⊂ TQ? so that kukQ ≥ kukQ? . Thus if kukQ? 6= 0, kukQ 6= 0, and using
Lemma 3, N (Q, u) 6= 0 so that c > 0 in this case.



N (Qn , un )
kun k22 +khn − un k22



min λi (QT Af ? )
i=1,...,K



n→+∞

min λi (Qf ? ) lim inf

i=1,...,K

khn − un k22
.
kun k22 +khn − un k22

Consider now the situation where kukQ? = 0. Since limn→+∞ kun kQ? = 0, there exists n1
?
?
2
2 = PK ku
and τ ∈ TQ? such that for all n ≥ n1 , one has kun kQ
?
n,k + fk − fτ (k) k2 , and it
k=1
is possible to exchange the states in the transition matrix using τ so that we just have to
2 = ku k2 for large enough n.
consider the situation where kun kQ
?
n 2
Eigenvalues of Gram matrices of functions are continuous in the functions so that using
(12) and (13) we get

n→+∞

c ≥ lim

+



min λi (Qf ? ) > 0.

i=1,...,K



kh −u k2

> 0 we obtain c > 0.

min λi (QT Af ? )
i=1,...,K

khn −un k22
kun k22 +khn −un k22



Under assumptions [H1] and [H4], QT Af ? is a vector of linearly independent functions
and Qf ? also, so that

Thus, if lim inf n→+∞

(14)
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N (Qn , un )
kun k22
N (Qn , un )
= lim
kun k22 kun k22 +khn − un k22 n→+∞ kun k22

n
n 2
On a subsequence it holds that
If now it holds that lim inf n→+∞ ku k2 +kh
2 = 0.
n 2
n −un k2
khn − un k2 = o(kun k2 ) and we have

n→+∞

c ≥ lim

28

R

n→+∞

lim

Z

(un )i (y)
dy = 0
kun k2
(15)

i=1

j6=i

Y

j

hfk?j , fk?0 i + 2

i=1

i



hfk?i , fk?0 i

3
X



j6=j 0 6=i

Y
j



hfk?j , h̃kj0 ihh̃kj 0 , fk?0 0 i .(16)

π̃(k1 )Q̃(k1 , k2 )Q̃(k2 , k3 )π̃(k10 )Q̃(k10 , k20 )Q̃(k20 , k30 )

N (Q̃, h̃) = D(Q̃, h̃) + O kh̃k32

hh̃ki , h̃ki0 i

3
X

k1 ,k2 ,k3 ,k10 ,k20 ,k30 =1

K
X

D(Q̃, h̃)
+ O(kh̃k2 ) ≥ 0,
kh̃k22

n→+∞

c ≥ lim inf D Qn ,

un 
.
kun k2

Now, using (15) we get that

Z

29

bk dLD = 0, k = 1, . . . , K.

c ≥ D (Q, b) .

(17)
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Let b = (b1 , . . . , bK ) be a limit point of the sequence ( kuunnk2 )n . We then have

Then we obtain from (14)

∀Q̃ ∈ V, ∀h̃ ∈ (L2 (Y, LD ))K , D(Q̃, h̃) ≥ 0.

so that, since for all λ ∈ R, D(Q̃, λh̃) = λ2 D(Q̃, h̃),

∀Q̃ ∈ V, ∀h̃ ∈ (L2 (Y, LD ))K ,

where the O(·) depends only on f ? . Let us first notice that D(·, ·) is always non negative.
Indeed, since for all Q̃ ∈ V and all h̃ ∈ (L2 (Y, LD ))K one has N (Q̃, h̃) ≥ 0, it holds

One gets

D(Q̃, h̃) =

n )i (y)
n k2
since for all n and all i = 1, . . . , K, (hn −unkh)in+(u
dy = 0, and it holds that kh
k2
kun k2 → 1
and khn − un k2 /kun k2 = o(1).
Let us return to general considerations on the function N (·, ·). As it may be seen from
its formula, N (Q̃, h̃) is polynomial in the variables Q̃i,j , hfi? , fj? i, hh̃i , fj? i, hh̃i , h̃j i, i, j =
1, . . . , K. Let D(Q̃, h̃) denote the part of N (Q̃, h̃) which is homogeneous of degree 2 with
respect to the variable h̃, that is

it follows that for i = 1, . . . , K,






QU G? QT


j,i

i,j








j,i



i,j



QG? QT



i,j

 

QT AG? AQ

i,j





.

1 − p?
p?
q?
1 − q?

!

α −α
β −β

!



30
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+ 4ph(1 − p)f1? + pf2? , f1? − f2? ihf2? , f1? − f2? ih(1 − p)f1? + pf2? , qf1? + (1 − q)f2? i,

+ 4(1 − p)h(1 − p)f1? + pf2? , f1? − f2? ihf1? , f1? − f2? ik(1 − p)f1? + pf2? k2

+ 4p(1 − p)hqf1? + (1 − q)f2? , f1? − f2? ih(1 − p)f1? + pf2? , f1? − f2? ihf1? , f2? i

+ 2p2 (hqf1? + (1 − q)f2? , f1? − f2? i)2 kf2? k2

+ 2(1 − p)2 (h(1 − p)f1? + pf2? , f1? − f2? i)2 kf1? k2

+ 2p2 kf1? − f2? k2 kf2? k2 kqf1? + (1 − q)f2? k2

(p + q)2 D1,1
=2(1 − p)2 kf1? − f2? k2 kf1? k2 k(1 − p)f1? + pf2? k2 +k(1 − p)f1? + pf2? k4 kf1? − f2? k2
q2
+ 4p(1 − p) (h(1 − p)f1? + pf2? , qf1? + (1 − q)f2? i) hf1? , f2? ikf1? − f2? k2

for some real numbers α and β, and brute force computation gives D Q, b = D1,1 α2 +
2D1,2 αβ + D2,2 β 2 with, denoting p = Q(1, 2) and q = Q(2, 1):

U=

for some p? , q ? in [0, 1] for which 0 < p? < 1, 0 < q ? < 1, p? 6= 1 − q ? . Now

Q? =

Here we specialize to the situation where K = 2. In such a case, f ? = (f1? , f2? ), and

8.4 Proof of Lemma 5

i,j



i,j

(U G? )j,i QG? QT

U G? U T

QT AU G? AQ

i,j



(G? )i,j + (U G? )i,j QU G? QT

i,j

X 



+ QT AG? AQ

+2

i,j

with G? the K × K Gram matrix such that (G? )i,j = hfi? , fj? i, i = 1, . . . , K.
This is the quadratic form D in Ui,j , i = 1, . . . , K, j = 1, . . . , K − 1 defined in Section 4.2.
This quadratic form is non negative, and as soon as it is positive, we get that c > 0. But
the quadratic form D is positive as soon as its determinant is non zero, that is if and only
if H(Q, G(f ? )) 6= 0.

i,j





 

(G? )i,j QG? QT



i,j

(G? )i,j QU G? U T QT



i,j

+ QT AU G? AQ



+ QT AG? AQ

i,j



QT AU G? U T AQ

D(Q, b) =

X 

Thus there exists a K × K matrix U such that bT = U (f ? )T and U 1k = 0, and equation
(16) leads to

with (un )n a sequence of vectors of functions in the finite dimensional space spanned by
? . Writing
f1? , . . . , fK

khn k2 (un )i (y)
khn k2 h (hn − un )i + (un )i (y) (hn − un )i i
(un )i (y)
=
=
−
,
kun k2
kun k2 khn k2
kun k2
khn k2
khn k2
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+ 4(1 − q)hqf1? + (1 − q)f2? , f1? − f2? ihf2? , f1? − f2? ikqf1? + (1 − q)f2? k2 ,

+ 4qhqf1? + (1 − q)f2? , f1? − f2? ihf1? , f1? − f2? ih(1 − p)f1? + pf2? , qf1? + (1 − q)f2? i

+ 4q(1 − q)hqf1? + (1 − q)f2? , f1? − f2? ih(1 − p)f1? + pf2? , f1? − f2? ihf1? , f2? i

+ 2(1 − q)2 (hqf1? + (1 − q)f2? , f1? − f2? i)2 kf2 k2

+ 2q 2 (h(1 − p)f1? + pf2? , f1? − f2? i)2 kf1? k2

+ 2(1 − q)2 kf1? − f2? k2 kf2? k2 kqf1? + (1 − q)f2? k2

+ 4(1 − q)q (h(1 − p)f1? + pf2? , qf1? + (1 − q)f2? i) hf1? , f2? ikf1? − f2? k2

(p + q)2 D2,2
=2q 2 kf1? − f2? k2 kf1? k2 k(1 − p)f1? + pf2? k2 +kqf1? + (1 − q)f2? k4 kf1? − f2? k2
p2

and:

hf1? , f2? i
,
kf1? k2 kf2? k2

2
H(Q, G(f ? )) = D1,1 D2,2 − D1,2
.

+ 2phqf1? + (1 − q)f2? , f1? − f2? ihf2? , f1? − f2? ikqf1? + (1 − q)f2? k2 .

+ 2(1 − q)h(1 − p)f1? + pf2? , f1? − f2? ihf2? , f1? − f2? ih(1 − p)f1? + pf2? , qf1? + (1 − q)f2? i

+ 2(1 − p)hqf1? + (1 − q)f2? , f1? − f2? ihf1? , f1? − f2? ih(1 − p)f1? + pf2? , qf1? + (1 − q)f2? i

+ qh(1 − p)f1? + pf2? , f1? − f2? ihf1? , f1? − f2? ik(1 − p)f1? + pf2? k2

+ 2(1 − p)(1 − q)hqf1? + (1 − q)f2? , f1 − f2? ih(1 − p)f1? + pf2? , f1? − f2? ihf1? , f2? i

+ 2pqhqf1? + (1 − q)f2? , f1? − f2? ih(1 − p)f1? + pf2? , f1 − f2? ihf1? , f2? i

+ 2p(1 − q) (hqf1? + (1 − q)f2? , f1? − f2? i)2 kf2? k2

+ 2q(1 − p) (h(1 − p)f1? + pf2? , f1? − f2? i)2 kf1? k2

+ 2p(1 − q)kf1? − f2? k2 kf2? k2 kqf1? + (1 − q)f2? k2

+ (h(1 − p)f1? + pf2? , qf1? + (1 − q)f2? i)2 kf1? − f2? k2

(p + q)2 D1,2
=2(1 − p)qkf1? − f2? k2 kf1? k2 k(1 − p)f1? + pf2? k2
pq
+ 2[pq + (1 − p)(1 − q)] (h(1 − p)f1? + pf2? , qf1? + (1 − q)f2? i) hf1? , f2? ikf1? − f2? k2

We have:

We shall now write H(Q, G(f ? )) using

n1 = kf1? k2 , n2 = kf2? k2 , a =

for which the range is [1, ∞[2 ×[0, 1[. Doing so, we obtain a polynomial P1 in the variables
n1 , n2 , a, p and q.
First observe that, by symmetry,
P1 (n1 , n2 , a, p, q) = P1 (n2 , n1 , a, q, p) ,

(18)
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so that it is sufficient to prove that the polynomial P1 is positive on the domain
1 ≤ n2 ≤ n 1 ,
31
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and 0 ≤ a < 1 and 0 < p 6= q < 1.
Furthermore, consider the change of variable

q =1−p+d

p2 (1 − a2 )d2 n12 n22 (1 + d − p)2
.
(1 + d)4

then we have a polynomial P2 in the variables n1 , n2 , a, p and d which factorizes with

1
,
1 + x2

a=

y2
,
1 + y2

p=

z2
,
1 + z2

and

d=

(tz)2 − 1
,
(1 + t2 )(1 + z 2 )

Dividing by this factor, one gets a polynomial P3 which is homogeneous of degree 8 in n1
and n2 , so that one may set n1 = 1 and keep b = n2 ∈]0, 1] (observe that we have used
(18) to reduce the problem to the domain n2 /n1 ≤ 1) and obtain a polynomial P4 in the
variables b, a, p and d. It remains to prove that P4 is positive on D4 = {b ∈]0, 1], a ∈
[0, 1[, p ∈]0, 1[, d ∈]p − 1, 0[∪]0, p[}.
Consider now the following change of variables
b=

mapping (x, y, z, t) ∈ R4 onto (b, a, p, d) ∈ D5 = {b ∈]0, 1], a ∈ [0, 1[, p ∈ [0, 1[, d ∈]p − 1, p[}
which contains D4 . This change of variables maps P4 onto a rational fraction with positive
denominator, namely
(1 + t2 )4 (1 + y 2 )4 (1 + z 2 )4 (1 + x2 )8

So it remains to prove that its numerator P5 , which is polynomial, is positive on R4 . An
expression of P5 can be found in Appendix B. Observe that P5 is polynomial in x2 , y 2 , z 2
and t2 and there are only three monomials with negative coefficients. These monomials can
be expressed as sum of squares using others monomials, namely:

• −18x12 t2 + 27x12 + 1979x12 t4 = 18x12 + 9(x6 − x6 t2 )2 + 1970x12 t4 ,

• −108x10 t2 + 1970x12 t4 + 495x8 = 439x8 + 56(x4 − x6 t2 )2 + 1914x12 t4 + 4t2 x10 ,

• and −114x8 t2 + 972x4 + 1914x12 t4 = 915x4 + 57(x2 − x6 t2 )2 + 1857x12 t4 .

Thus P5 is equal to 144 more a sum of squares, hence it is positive. This proves that
H(Q, G(f ? )) is always positive.
8.5 Proof of Theorem 7

(19)

Let K = {h = f − f ? , f ∈ F K }. Using Theorem 4 we get that for all x > 0, for all N ≥ N0 ,
with probability 1 − (e − 1)−1 e−x , one has for any permutation τN ,
kĝ − g ? k22
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n
o
x
? ?
≤ 6 inf kg ? − g Q ,fM k22 + pen(N, M ) + A1?
M
N


+18CF6 ,2 kQ? − PτN Q̂N Pτ>N kF2 + kπ ? − PτN π̂k22 .
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PτN Q̂P>
τN

× fˆτN (k1 ) (y1 )fˆτN (k2 ) (y2 )fˆτN (k3 ) (y3 ) ,

>
(PτN π̂)(k1 )(PτN Q̂P>
τN )(k1 , k2 )(PτN Q̂PτN )(k2 , k3 )

k1 ,k2 ,k3 =1

K
X

? ,f ?

>

?

− g PτN Q̂PτN ,f k2 .

?
Q? ,fM



(y1 , y2 , y3 ) =

>



? ,f ?
M

kg ? − g Q

i



(22)

(21)

s

we get Theorem 7.

and

?

?

33

?
?
kQ? − PτN Q̂P>
τN k≤ C(Q , F )

?

kπ − PτN π̂k2 ≤ C(Q , F )
s

log N √
x.
N

log N √
x
N
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2 :=
We shall apply Theorem 11 where, for each N , we define δN such that (− log δN )/δN
(log N )1/2 . Notice first that δN goes to 0 and that MN tends to infinity as N tends to
infinity, so that for large enough N , MN ≥ MF? . By denoting τN the τMN given by
Theorem 11 we get that for all x ≥ x(Q? ), for all N ≥ N(Q? , F? )x log N , with probability
1 − [4 + (e − 1)−1 ]e−x − 2δN ,

8.6 Proof of Corollary 10

A?

?
k22 ≤ 3K 3 CF4 ,2 max{kfk? − fM,k
k22 , k = 1, . . . , K}.

Thus collecting (19), (20), (21), (22) and with an appropriate choice of

so that

k1 ,k2 ,k3 =1

h

? ,f ?

?
?
?
π ? (k1 )Q? (k1 , k2 )Q? (k2 , k3 ) fk?1 (y1 )fk?2 (y2 )fk?3 (y3 ) − fM,k
(y1 )fM,k
(y2 )fM,k
(y3 )
1
2
3

g? − g

K
X



?

?

2
− g PτN Q̂PτN ,f k22 ≤ 3K 3 CF6 ,2 kπ ? − PτN π̂k22 + 2kQ? − PτN Q̂P>
τN k F .

In the same way,

kg Q

Similarly to (5), we have

>

kĝ − g PτN Q̂PτN ,f k2 ≤ kĝ − g ? k2 + kg Q

Now by the triangular inequality

and applying Theorem 6 we get that, on the event
∈ V, there exists τ ∈ TQ? such
that
K
X
?
>
1
(20)
kĝ − g PτN Q̂PτN ,f k22 .
kfτ?(k) − fˆτN (k) k22 ≤
c(K, V, F? )2
k=1

ĝ (y1 , y2 , y3 ) =

Notice that writing
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? 2



0

Z +∞

√

Z +∞

!

h


2




i

E kQ? − PτN Q̂PTτN k2 = O



C(Q? , F? )2 x(Q? ) + C(Q? , F? )2



.

[4 + (e − 1)−1 ]e−x dx < +∞

log N
N

x(Q? )

√
N
√
lim sup P
kQ? − PτN Q̂PTτN k≥ x dx ≤
C(Q? , F? ) log N
N →+∞

N
kQ? − PτN Q̂PTτN k2 ≤
log N

"

k=1

(K
X



x
≥ x ≤ (e − 1)−1 e−x .
N
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)
?
kfk? − fM,k
k22 + pen(N, M )
2
?
2
−kQ? − PτN Q̂P>
τN kF −kπ − PτN π̂k2 +

K
N X
kf ? − fˆτ −1 ◦τN (k) k22 − inf
?
M
A k=1 k

Thus, by integration and the previous results, Corollary 10 follows.

N →+∞

lim sup P

N →+∞

so that, using Theorem 7, we get for some τ ∈ TQ? ,

Similarly, one has E kπ ? − PτN π̂k = O logNN . We also obtain, by taking x = N/(log N )1/4 ,
that


lim sup P PτN Q̂PTτN ∈
/ V = 0,

so that

?



C(Q , F )

N →+∞

lim sup E

We first obtain that
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Appendix A. Concentration Inequalities
We first recall results that hold both for (Scenario A) (where we consider N i.i.d. samples
(s)
(s)
(s) N
(Y1 , Y2 , Y3 )s=1
of three consecutive observations) and for (Scenario B) (where we
consider consecutive observations of the same chain).
The following proposition is the classical Bernstein’s inequality for (Scenario A) and
is proved in Paulin (2015), Theorem 2.4, for (Scenario B).

N
X

#

(t(Zs ) − Et(Zs )) ≤

!

≤ e−x .

2N c? V λ2
√
1 − 2 2c? ktk∞ λ

(24)

(23)

Proposition 12 Let t be a real valued and measurable bounded function on Y 3 . Let V =
E[t2 (Z1 )].√ There exists a positive constant c? depending only on Q? such that for all 0 ≤
λ ≤ 1/(2 2c? ktk∞ ) :
"

s=1

√
√
(t(Zs ) − Et(Zs )) ≥ 2 2N c? V x + 2 2c? ktk∞ x

log E exp λ

s=1

N
X

so that for all x ≥ 0,
P

We now state a deviation inequality, which comes from Massart (2007) Theorem 6.8 and
Corollary 6.9 for (Scenario A). For (Scenario B) the proof of the following proposition
follows mutatis mutandis from the proof of Theorem 6.8 (and then Corollary 6.9) in Massart
(2007) the early first step being equation (23). Recall that when t1 and t2 are real valued
functions, the bracket [t1 , t2 ] is the set of real valued functions t such that t1 (·) ≤ t(·) ≤ t2 (·).
For any measurable set A such that P(A) > 0, and any integrable random variable Z, denote
E A [Z] = E[Z1A ]/P(A).

√

N

Z

0

σ

"

s

≤ C ? E + σ N log



1
P(A)

+ b log



1
P(A)

#
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≤ exp(−x),



!

H(u) ∧ N du + (b + σ)H(σ).

q

√
(t(Zs ) − Et(Zs )) ≥ C ? [E + σ N x + bx]

!

(t(Zs ) − Et(Zs ))

Proposition 13 Let T be some countable class of real valued and measurable functions
on Y 3 . Assume that there exists some positive numbers σ and b such that for all t ∈ T ,
ktk∞ ≤ b and E[t2 (Z1 )] ≤ σ 2 .
Assume furthermore that for any positive number δ, there exists some finite set Bδ of brackets covering F such that for any bracket [t1 , t2 ] ∈ Bδ , kt1 − t2 k∞ ≤ b and E[(t1 − t2 )2 (Z1 )] ≤
δ 2 . Let eH(δ) denote the minimal cardinality of such a covering. Then, there exists a positive
constant C ? depending only on Q? such that: for any measurable set A,
N
X
t∈T s=1

EA sup

N
X

t∈T s=1

P sup

and for all positive number x

where
E=
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Appendix B. Expression of Polynomial P5

Computer assisted computations (available at https://mycore.core-cloud.net/public.
php?service=files&t=db7b8c1a2bcbcca157dcda5ecab84374) give that:
P5 =

JMLR 17(111):1-43

144 - 114 t^2 x^8 - 108 t^2 x^10 - 18 t^2 x^12 +
192 t^2 + 128 t^4 + 256 t^6 + 176 t^8 + 576 x^2 + 624 t^2 x^2 +
672 t^4 x^2 + 1776 t^6 x^2 + 1152 t^8 x^2 + 972 x^4 + 720 t^2 x^4 +
1884 t^4 x^4 + 5496 t^6 x^4 + 3360 t^8 x^4 + 900 x^6 + 264 t^2 x^6 +
3556 t^4 x^6 + 9920 t^6 x^6 + 5728 t^8 x^6 + 495 x^8 +
4551 t^4 x^8 + 11424 t^6 x^8 + 6264 t^8 x^8 + 162 x^10 +
3810 t^4 x^10 + 8592 t^6 x^10 + 4512 t^8 x^10 +
27 x^12 + 1979 t^4 x^12 + 4120 t^6 x^12 +
2096 t^8 x^12 + 576 t^4 x^14 + 1152 t^6 x^14 + 576 t^8 x^14 +
72 t^4 x^16 + 144 t^6 x^16 + 72 t^8 x^16 + 144 y^2 + 480 t^2 y^2 +
784 t^4 y^2 + 704 t^6 y^2 + 256 t^8 y^2 + 576 x^2 y^2 +
2064 t^2 x^2 y^2 + 4192 t^4 x^2 y^2 + 4496 t^6 x^2 y^2 +
1792 t^8 x^2 y^2 + 1080 x^4 y^2 + 4104 t^2 x^4 y^2 +
10760 t^4 x^4 y^2 + 13528 t^6 x^4 y^2 + 5792 t^8 x^4 y^2 +
1224 x^6 y^2 + 5016 t^2 x^6 y^2 + 17592 t^4 x^6 y^2 +
25032 t^6 x^6 y^2 + 11232 t^8 x^6 y^2 + 900 x^8 y^2 +
4224 t^2 x^8 y^2 + 19924 t^4 x^8 y^2 + 30776 t^6 x^8 y^2 +
14176 t^8 x^8 y^2 + 432 x^10 y^2 + 2520 t^2 x^10 y^2 +
15584 t^4 x^10 y^2 + 25336 t^6 x^10 y^2 + 11840 t^8 x^10 y^2 +
108 x^12 y^2 + 936 t^2 x^12 y^2 + 7916 t^4 x^12 y^2 +
13456 t^6 x^12 y^2 + 6368 t^8 x^12 y^2 + 144 t^2 x^14 y^2 +
2304 t^4 x^14 y^2 + 4176 t^6 x^14 y^2 + 2016 t^8 x^14 y^2 +
288 t^4 x^16 y^2 + 576 t^6 x^16 y^2 + 288 t^8 x^16 y^2 + 144 y^4 +
480 t^2 y^4 + 624 t^4 y^4 + 384 t^6 y^4 + 96 t^8 y^4 + 576 x^2 y^4 +
2208 t^2 x^2 y^4 + 3392 t^4 x^2 y^4 + 2464 t^6 x^2 y^4 +
704 t^8 x^2 y^4 + 1188 x^4 y^4 + 5256 t^2 x^4 y^4 +
9636 t^4 x^4 y^4 + 8256 t^6 x^4 y^4 + 2688 t^8 x^4 y^4 +
1548 x^6 y^4 + 8112 t^2 x^6 y^4 + 18076 t^4 x^6 y^4 +
18008 t^6 x^6 y^4 + 6496 t^8 x^6 y^4 + 1359 x^8 y^4 +
8598 t^2 x^8 y^4 + 23375 t^4 x^8 y^4 + 26392 t^6 x^8 y^4 +
10256 t^8 x^8 y^4 + 810 x^10 y^4 + 6156 t^2 x^10 y^4 +
20442 t^4 x^10 y^4 + 25656 t^6 x^10 y^4 + 10560 t^8 x^10 y^4 +
243 x^12 y^4 + 2574 t^2 x^12 y^4 + 11299 t^4 x^12 y^4 +
15848 t^6 x^12 y^4 + 6880 t^8 x^12 y^4 + 432 t^2 x^14 y^4 +
3456 t^4 x^14 y^4 + 5616 t^6 x^14 y^4 + 2592 t^8 x^14 y^4 +
432 t^4 x^16 y^4 + 864 t^6 x^16 y^4 + 432 t^8 x^16 y^4 +
216 x^4 y^6 + 720 t^2 x^4 y^6 + 952 t^4 x^4 y^6 + 608 t^6 x^4 y^6 +
160 t^8 x^4 y^6 + 648 x^6 y^6 + 2592 t^2 x^6 y^6 +
4168 t^4 x^6 y^6 + 3152 t^6 x^6 y^6 + 928 t^8 x^6 y^6 +
918 x^8 y^6 + 4428 t^2 x^8 y^6 + 8502 t^4 x^8 y^6 +
7392 t^6 x^8 y^6 + 2400 t^8 x^8 y^6 + 756 x^10 y^6 +
4392 t^2 x^10 y^6 + 10036 t^4 x^10 y^6 + 9920 t^6 x^10 y^6 +
3520 t^8 x^10 y^6 + 270 x^12 y^6 + 2268 t^2 x^12 y^6 +
6766 t^4 x^12 y^6 + 7808 t^6 x^12 y^6 + 3040 t^8 x^12 y^6 +
432 t^2 x^14 y^6 + 2304 t^4 x^14 y^6 + 3312 t^6 x^14 y^6 +

36
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1440 t^8 x^14 y^6 + 288 t^4 x^16 y^6 + 576 t^6 x^16 y^6 +
288 t^8 x^16 y^6 + 108 x^8 y^8 + 360 t^2 x^8 y^8 + 468 t^4 x^8 y^8 +
288 t^6 x^8 y^8 + 72 t^8 x^8 y^8 + 216 x^10 y^8 + 864 t^2 x^10 y^8 +
1368 t^4 x^10 y^8 + 1008 t^6 x^10 y^8 + 288 t^8 x^10 y^8 +
108 x^12 y^8 + 648 t^2 x^12 y^8 + 1404 t^4 x^12 y^8 +
1296 t^6 x^12 y^8 + 432 t^8 x^12 y^8 + 144 t^2 x^14 y^8 +
576 t^4 x^14 y^8 + 720 t^6 x^14 y^8 + 288 t^8 x^14 y^8 +
72 t^4 x^16 y^8 + 144 t^6 x^16 y^8 + 72 t^8 x^16 y^8 + 192 z^2 +
416 t^2 z^2 + 288 t^4 z^2 + 320 t^6 z^2 + 256 t^8 z^2 +
912 x^2 z^2 + 1664 t^2 x^2 z^2 + 1248 t^4 x^2 z^2 +
2304 t^6 x^2 z^2 + 1808 t^8 x^2 z^2 + 1728 x^4 z^2 +
2520 t^2 x^4 z^2 + 2776 t^4 x^4 z^2 + 7624 t^6 x^4 z^2 +
5640 t^8 x^4 z^2 + 1704 x^6 z^2 + 1736 t^2 x^6 z^2 +
4664 t^4 x^6 z^2 + 14808 t^6 x^6 z^2 + 10176 t^8 x^6 z^2 +
966 x^8 z^2 + 494 t^2 x^8 z^2 + 6098 t^4 x^8 z^2 +
18218 t^6 x^8 z^2 + 11648 t^8 x^8 z^2 + 324 x^10 z^2 +
36 t^2 x^10 z^2 + 5468 t^4 x^10 z^2 + 14444 t^6 x^10 z^2 +
8688 t^8 x^10 z^2 + 54 x^12 z^2 + 6 t^2 x^12 z^2 +
3002 t^4 x^12 z^2 + 7186 t^6 x^12 z^2 + 4136 t^8 x^12 z^2 +
896 t^4 x^14 z^2 + 2048 t^6 x^14 z^2 + 1152 t^8 x^14 z^2 +
112 t^4 x^16 z^2 + 256 t^6 x^16 z^2 + 144 t^8 x^16 z^2 +
480 y^2 z^2 + 1312 t^2 y^2 z^2 + 1888 t^4 y^2 z^2 +
1760 t^6 y^2 z^2 + 704 t^8 y^2 z^2 + 1776 x^2 y^2 z^2 +
5248 t^2 x^2 y^2 z^2 + 9504 t^4 x^2 y^2 z^2 +
10624 t^6 x^2 y^2 z^2 + 4592 t^8 x^2 y^2 z^2 + 3096 x^4 y^2 z^2 +
9904 t^2 x^4 y^2 z^2 + 23104 t^4 x^4 y^2 z^2 +
30288 t^6 x^4 y^2 z^2 + 13992 t^8 x^4 y^2 z^2 + 3144 x^6 y^2 z^2 +
11344 t^2 x^6 y^2 z^2 + 35712 t^4 x^6 y^2 z^2 +
53424 t^6 x^6 y^2 z^2 + 25912 t^8 x^6 y^2 z^2 + 2064 x^8 y^2 z^2 +
9016 t^2 x^8 y^2 z^2 + 38552 t^4 x^8 y^2 z^2 +
63192 t^6 x^8 y^2 z^2 + 31592 t^8 x^8 y^2 z^2 + 936 x^10 y^2 z^2 +
5248 t^2 x^10 y^2 z^2 + 29072 t^4 x^10 y^2 z^2 +
50464 t^6 x^10 y^2 z^2 + 25704 t^8 x^10 y^2 z^2 + 216 x^12 y^2 z^2 +
1872 t^2 x^12 y^2 z^2 + 14192 t^4 x^12 y^2 z^2 +
26056 t^6 x^12 y^2 z^2 + 13520 t^8 x^12 y^2 z^2 +
264 t^2 x^14 y^2 z^2 + 3896 t^4 x^14 y^2 z^2 +
7808 t^6 x^14 y^2 z^2 + 4176 t^8 x^14 y^2 z^2 +
448 t^4 x^16 y^2 z^2 + 1024 t^6 x^16 y^2 z^2 +
576 t^8 x^16 y^2 z^2 + 480 y^4 z^2 + 1632 t^2 y^4 z^2 +
2208 t^4 y^4 z^2 + 1440 t^6 y^4 z^2 + 384 t^8 y^4 z^2 +
1632 x^2 y^4 z^2 + 6528 t^2 x^2 y^4 z^2 + 10688 t^4 x^2 y^4 z^2 +
8320 t^6 x^2 y^4 z^2 + 2528 t^8 x^2 y^4 z^2 + 3240 x^4 y^4 z^2 +
14280 t^2 x^4 y^4 z^2 + 27448 t^4 x^4 y^4 z^2 +
25048 t^6 x^4 y^4 z^2 + 8640 t^8 x^4 y^4 z^2 + 3936 x^6 y^4 z^2 +
19992 t^2 x^6 y^4 z^2 + 46552 t^4 x^6 y^4 z^2 +
49352 t^6 x^6 y^4 z^2 + 18856 t^8 x^6 y^4 z^2 + 3198 x^8 y^4 z^2 +
19518 t^2 x^8 y^4 z^2 + 55218 t^4 x^8 y^4 z^2 +
66170 t^6 x^8 y^4 z^2 + 27272 t^8 x^8 y^4 z^2 + 1836 x^10 y^4 z^2 +
13332 t^2 x^10 y^4 z^2 + 44988 t^4 x^10 y^4 z^2 +
59580 t^6 x^10 y^4 z^2 + 26088 t^8 x^10 y^4 z^2 + 486 x^12 y^4 z^2 +
5214 t^2 x^12 y^4 z^2 + 22994 t^4 x^12 y^4 z^2 +
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34194 t^6 x^12 y^4 z^2 + 15928 t^8 x^12 y^4 z^2 +
792 t^2 x^14 y^4 z^2 + 6312 t^4 x^14 y^4 z^2 +
11136 t^6 x^14 y^4 z^2 + 5616 t^8 x^14 y^4 z^2 +
672 t^4 x^16 y^4 z^2 + 1536 t^6 x^16 y^4 z^2 +
864 t^8 x^16 y^4 z^2 + 720 x^4 y^6 z^2 + 2480 t^2 x^4 y^6 z^2 +
3472 t^4 x^4 y^6 z^2 + 2384 t^6 x^4 y^6 z^2 + 672 t^8 x^4 y^6 z^2 +
1728 x^6 y^6 z^2 + 7440 t^2 x^6 y^6 z^2 + 13072 t^4 x^6 y^6 z^2 +
10736 t^6 x^6 y^6 z^2 + 3376 t^8 x^6 y^6 z^2 + 2268 x^8 y^6 z^2 +
11484 t^2 x^8 y^6 z^2 + 23812 t^4 x^8 y^6 z^2 +
22276 t^6 x^8 y^6 z^2 + 7680 t^8 x^8 y^6 z^2 + 1800 x^10 y^6 z^2 +
10568 t^2 x^10 y^6 z^2 + 25560 t^4 x^10 y^6 z^2 +
26872 t^6 x^10 y^6 z^2 + 10080 t^8 x^10 y^6 z^2 + 540 x^12 y^6 z^2 +
4836 t^2 x^12 y^6 z^2 + 15420 t^4 x^12 y^6 z^2 +
18964 t^6 x^12 y^6 z^2 + 7840 t^8 x^12 y^6 z^2 +
792 t^2 x^14 y^6 z^2 + 4520 t^4 x^14 y^6 z^2 +
7040 t^6 x^14 y^6 z^2 + 3312 t^8 x^14 y^6 z^2 +
448 t^4 x^16 y^6 z^2 + 1024 t^6 x^16 y^6 z^2 +
576 t^8 x^16 y^6 z^2 + 360 x^8 y^8 z^2 + 1224 t^2 x^8 y^8 z^2 +
1656 t^4 x^8 y^8 z^2 + 1080 t^6 x^8 y^8 z^2 + 288 t^8 x^8 y^8 z^2 +
576 x^10 y^8 z^2 + 2448 t^2 x^10 y^8 z^2 + 4176 t^4 x^10 y^8 z^2 +
3312 t^6 x^10 y^8 z^2 + 1008 t^8 x^10 y^8 z^2 + 216 x^12 y^8 z^2 +
1488 t^2 x^12 y^8 z^2 + 3616 t^4 x^12 y^8 z^2 +
3640 t^6 x^12 y^8 z^2 + 1296 t^8 x^12 y^8 z^2 +
264 t^2 x^14 y^8 z^2 + 1208 t^4 x^14 y^8 z^2 +
1664 t^6 x^14 y^8 z^2 + 720 t^8 x^14 y^8 z^2 +
112 t^4 x^16 y^8 z^2 + 256 t^6 x^16 y^8 z^2 + 144 t^8 x^16 y^8 z^2 +
128 z^4 + 288 t^2 z^4 + 352 t^4 z^4 + 384 t^6 z^4 + 256 t^8 z^4 +
352 x^2 z^4 + 1056 t^2 x^2 z^4 + 1408 t^4 x^2 z^4 +
1952 t^6 x^2 z^4 + 1504 t^8 x^2 z^4 + 764 x^4 z^4 +
2104 t^2 x^4 z^4 + 2616 t^4 x^4 z^4 + 5016 t^6 x^4 z^4 +
4252 t^8 x^4 z^4 + 804 x^6 z^4 + 1912 t^2 x^6 z^4 +
2920 t^4 x^6 z^4 + 8536 t^6 x^6 z^4 + 7364 t^8 x^6 z^4 +
471 x^8 z^4 + 898 t^2 x^8 z^4 + 2694 t^4 x^8 z^4 +
10058 t^6 x^8 z^4 + 8335 t^8 x^8 z^4 + 162 x^10 z^4 +
252 t^2 x^10 z^4 + 2164 t^4 x^10 z^4 + 7980 t^6 x^10 z^4 +
6226 t^8 x^10 z^4 + 27 x^12 z^4 + 42 t^2 x^12 z^4 +
1182 t^4 x^12 z^4 + 4018 t^6 x^12 z^4 + 2979 t^8 x^12 z^4 +
352 t^4 x^14 z^4 + 1152 t^6 x^14 z^4 + 832 t^8 x^14 z^4 +
44 t^4 x^16 z^4 + 144 t^6 x^16 z^4 + 104 t^8 x^16 z^4 +
784 y^2 z^4 + 1888 t^2 y^2 z^4 + 2208 t^4 y^2 z^4 +
1888 t^6 y^2 z^4 + 784 t^8 y^2 z^4 + 2080 x^2 y^2 z^4 +
5600 t^2 x^2 y^2 z^4 + 8832 t^4 x^2 y^2 z^4 + 9952 t^6 x^2 y^2 z^4 +
4640 t^8 x^2 y^2 z^4 + 3368 x^4 y^2 z^4 + 9440 t^2 x^4 y^2 z^4 +
18928 t^4 x^4 y^2 z^4 + 25952 t^6 x^4 y^2 z^4 +
13224 t^8 x^4 y^2 z^4 + 2840 x^6 y^2 z^4 + 9056 t^2 x^6 y^2 z^4 +
25872 t^4 x^6 y^2 z^4 + 42464 t^6 x^6 y^2 z^4 +
23192 t^8 x^6 y^2 z^4 + 1524 x^8 y^2 z^4 + 6072 t^2 x^8 y^2 z^4 +
25016 t^4 x^8 y^2 z^4 + 46792 t^6 x^8 y^2 z^4 +
26900 t^8 x^8 y^2 z^4 + 576 x^10 y^2 z^4 + 3184 t^2 x^10 y^2 z^4 +
17216 t^4 x^10 y^2 z^4 + 35024 t^6 x^10 y^2 z^4 +
20928 t^8 x^10 y^2 z^4 + 108 x^12 y^2 z^4 + 1008 t^2 x^12 y^2 z^4 +
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7584 t^4 x^12 y^2 z^4 + 16968 t^6 x^12 y^2 z^4 +
10572 t^8 x^12 y^2 z^4 + 120 t^2 x^14 y^2 z^4 +
1816 t^4 x^14 y^2 z^4 + 4736 t^6 x^14 y^2 z^4 +
3136 t^8 x^14 y^2 z^4 + 176 t^4 x^16 y^2 z^4 +
576 t^6 x^16 y^2 z^4 + 416 t^8 x^16 y^2 z^4 + 624 y^4 z^4 +
2208 t^2 y^4 z^4 + 3168 t^4 y^4 z^4 + 2208 t^6 y^4 z^4 +
624 t^8 y^4 z^4 + 1600 x^2 y^4 z^4 + 6976 t^2 x^2 y^4 z^4 +
12672 t^4 x^2 y^4 z^4 + 10816 t^6 x^2 y^4 z^4 +
3520 t^8 x^2 y^4 z^4 + 3364 x^4 y^4 z^4 + 14456 t^2 x^4 y^4 z^4 +
29416 t^4 x^4 y^4 z^4 + 29016 t^6 x^4 y^4 z^4 +
10692 t^8 x^4 y^4 z^4 + 3452 x^6 y^4 z^4 + 17336 t^2 x^6 y^4 z^4 +
43896 t^4 x^6 y^4 z^4 + 51032 t^6 x^6 y^4 z^4 +
21020 t^8 x^6 y^4 z^4 + 2495 x^8 y^4 z^4 + 14658 t^2 x^8 y^4 z^4 +
45814 t^4 x^8 y^4 z^4 + 61162 t^6 x^8 y^4 z^4 +
27607 t^8 x^8 y^4 z^4 + 1242 x^10 y^4 z^4 + 8892 t^2 x^10 y^4 z^4 +
33252 t^4 x^10 y^4 z^4 + 49644 t^6 x^10 y^4 z^4 +
24234 t^8 x^10 y^4 z^4 + 243 x^12 y^4 z^4 + 2914 t^2 x^12 y^4 z^4 +
14758 t^4 x^12 y^4 z^4 + 25538 t^6 x^12 y^4 z^4 +
13643 t^8 x^12 y^4 z^4 + 360 t^2 x^14 y^4 z^4 +
3336 t^4 x^14 y^4 z^4 + 7296 t^6 x^14 y^4 z^4 +
4416 t^8 x^14 y^4 z^4 + 264 t^4 x^16 y^4 z^4 +
864 t^6 x^16 y^4 z^4 + 624 t^8 x^16 y^4 z^4 + 952 x^4 y^6 z^4 +
3472 t^2 x^4 y^6 z^4 + 5232 t^4 x^4 y^6 z^4 + 3856 t^6 x^4 y^6 z^4 +
1144 t^8 x^4 y^6 z^4 + 1544 x^6 y^6 z^4 + 7760 t^2 x^6 y^6 z^4 +
15696 t^4 x^6 y^6 z^4 + 14288 t^6 x^6 y^6 z^4 +
4808 t^8 x^6 y^6 z^4 + 1942 x^8 y^6 z^4 + 10532 t^2 x^8 y^6 z^4 +
24556 t^4 x^8 y^6 z^4 + 25380 t^6 x^8 y^6 z^4 +
9414 t^8 x^8 y^6 z^4 + 1332 x^10 y^6 z^4 + 8408 t^2 x^10 y^6 z^4 +
22952 t^4 x^10 y^6 z^4 + 26776 t^6 x^10 y^6 z^4 +
10900 t^8 x^10 y^6 z^4 + 270 x^12 y^6 z^4 + 2972 t^2 x^12 y^6 z^4 +
11492 t^4 x^12 y^6 z^4 + 16244 t^6 x^12 y^6 z^4 +
7486 t^8 x^12 y^6 z^4 + 360 t^2 x^14 y^6 z^4 +
2632 t^4 x^14 y^6 z^4 + 4992 t^6 x^14 y^6 z^4 +
2752 t^8 x^14 y^6 z^4 + 176 t^4 x^16 y^6 z^4 +
576 t^6 x^16 y^6 z^4 + 416 t^8 x^16 y^6 z^4 + 468 x^8 y^8 z^4 +
1656 t^2 x^8 y^8 z^4 + 2376 t^4 x^8 y^8 z^4 + 1656 t^6 x^8 y^8 z^4 +
468 t^8 x^8 y^8 z^4 + 504 x^10 y^8 z^4 + 2448 t^2 x^10 y^8 z^4 +
4752 t^4 x^10 y^8 z^4 + 4176 t^6 x^10 y^8 z^4 +
1368 t^8 x^10 y^8 z^4 + 108 x^12 y^8 z^4 + 1024 t^2 x^12 y^8 z^4 +
3136 t^4 x^12 y^8 z^4 + 3656 t^6 x^12 y^8 z^4 +
1436 t^8 x^12 y^8 z^4 + 120 t^2 x^14 y^8 z^4 +
760 t^4 x^14 y^8 z^4 + 1280 t^6 x^14 y^8 z^4 +
640 t^8 x^14 y^8 z^4 + 44 t^4 x^16 y^8 z^4 + 144 t^6 x^16 y^8 z^4 +
104 t^8 x^16 y^8 z^4 + 256 z^6 + 320 t^2 z^6 + 384 t^4 z^6 +
352 t^6 z^6 + 160 t^8 z^6 + 272 x^2 z^6 + 256 t^2 x^2 z^6 +
1120 t^4 x^2 z^6 + 1408 t^6 x^2 z^6 + 784 t^8 x^2 z^6 +
232 x^4 z^6 + 456 t^2 x^4 z^6 + 2104 t^4 x^4 z^6 +
2712 t^6 x^4 z^6 + 1856 t^8 x^4 z^6 + 96 x^6 z^6 + 472 t^2 x^6 z^6 +
2072 t^4 x^6 z^6 + 3208 t^6 x^6 z^6 + 2792 t^8 x^6 z^6 +
24 x^8 z^6 + 298 t^2 x^8 z^6 + 1178 t^4 x^8 z^6 + 2686 t^6 x^8 z^6 +
2870 t^8 x^8 z^6 + 108 t^2 x^10 z^6 + 396 t^4 x^10 z^6 +
39
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1668 t^6 x^10 z^6 + 2020 t^8 x^10 z^6 + 18 t^2 x^12 z^6 +
66 t^4 x^12 z^6 + 726 t^6 x^12 z^6 + 934 t^8 x^12 z^6 +
192 t^6 x^14 z^6 + 256 t^8 x^14 z^6 + 24 t^6 x^16 z^6 +
32 t^8 x^16 z^6 + 704 y^2 z^6 + 1760 t^2 y^2 z^6 +
1888 t^4 y^2 z^6 + 1312 t^6 y^2 z^6 + 480 t^8 y^2 z^6 +
1136 x^2 y^2 z^6 + 3456 t^2 x^2 y^2 z^6 + 5152 t^4 x^2 y^2 z^6 +
5248 t^6 x^2 y^2 z^6 + 2416 t^8 x^2 y^2 z^6 + 1768 x^4 y^2 z^6 +
5200 t^2 x^4 y^2 z^6 + 9152 t^4 x^4 y^2 z^6 +
11696 t^6 x^4 y^2 z^6 + 6232 t^8 x^4 y^2 z^6 + 1144 x^6 y^2 z^6 +
3760 t^2 x^6 y^2 z^6 + 9984 t^4 x^6 y^2 z^6 +
16720 t^6 x^6 y^2 z^6 + 10120 t^8 x^6 y^2 z^6 + 456 x^8 y^2 z^6 +
1752 t^2 x^8 y^2 z^6 + 7592 t^4 x^8 y^2 z^6 +
16024 t^6 x^8 y^2 z^6 + 10880 t^8 x^8 y^2 z^6 + 72 x^10 y^2 z^6 +
544 t^2 x^10 y^2 z^6 + 3952 t^4 x^10 y^2 z^6 +
10304 t^6 x^10 y^2 z^6 + 7848 t^8 x^10 y^2 z^6 +
72 t^2 x^12 y^2 z^6 + 1160 t^4 x^12 y^2 z^6 +
4192 t^6 x^12 y^2 z^6 + 3680 t^8 x^12 y^2 z^6 +
128 t^4 x^14 y^2 z^6 + 952 t^6 x^14 y^2 z^6 +
1016 t^8 x^14 y^2 z^6 + 96 t^6 x^16 y^2 z^6 + 128 t^8 x^16 y^2 z^6
384 y^4 z^6 + 1440 t^2 y^4 z^6 + 2208 t^4 y^4 z^6 +
1632 t^6 y^4 z^6 + 480 t^8 y^4 z^6 + 608 x^2 y^4 z^6 +
3200 t^2 x^2 y^4 z^6 + 6848 t^4 x^2 y^4 z^6 + 6528 t^6 x^2 y^4 z^6
2272 t^8 x^2 y^4 z^6 + 1760 x^4 y^4 z^6 + 7128 t^2 x^4 y^4 z^6 +
15128 t^4 x^4 y^4 z^6 + 16008 t^6 x^4 y^4 z^6 +
6248 t^8 x^4 y^4 z^6 + 1288 x^6 y^4 z^6 + 6856 t^2 x^6 y^4 z^6 +
19576 t^4 x^6 y^4 z^6 + 25176 t^6 x^6 y^4 z^6 +
11168 t^8 x^6 y^4 z^6 + 832 x^8 y^4 z^6 + 4730 t^2 x^8 y^4 z^6 +
17242 t^4 x^8 y^4 z^6 + 26382 t^6 x^8 y^4 z^6 +
13230 t^8 x^8 y^4 z^6 + 216 x^10 y^4 z^6 + 1980 t^2 x^10 y^4 z^6 +
10092 t^4 x^10 y^4 z^6 + 18420 t^6 x^10 y^4 z^6 +
10476 t^8 x^10 y^4 z^6 + 274 t^2 x^12 y^4 z^6 +
3186 t^4 x^12 y^4 z^6 + 7806 t^6 x^12 y^4 z^6 +
5278 t^8 x^12 y^4 z^6 + 384 t^4 x^14 y^4 z^6 +
1704 t^6 x^14 y^4 z^6 + 1512 t^8 x^14 y^4 z^6 +
144 t^6 x^16 y^4 z^6 + 192 t^8 x^16 y^4 z^6 + 608 x^4 y^6 z^6 +
2384 t^2 x^4 y^6 z^6 + 3856 t^4 x^4 y^6 z^6 + 2992 t^6 x^4 y^6 z^6
912 t^8 x^4 y^6 z^6 + 496 x^6 y^6 z^6 + 3568 t^2 x^6 y^6 z^6 +
8848 t^4 x^6 y^6 z^6 + 8976 t^6 x^6 y^6 z^6 + 3200 t^8 x^6 y^6 z^6
752 x^8 y^6 z^6 + 4356 t^2 x^8 y^6 z^6 + 11780 t^4 x^8 y^6 z^6 +
13596 t^6 x^8 y^6 z^6 + 5420 t^8 x^8 y^6 z^6 + 288 x^10 y^6 z^6 +
2552 t^2 x^10 y^6 z^6 + 8984 t^4 x^10 y^6 z^6 +
12232 t^6 x^10 y^6 z^6 + 5512 t^8 x^10 y^6 z^6 +
404 t^2 x^12 y^6 z^6 + 3156 t^4 x^12 y^6 z^6 +
5940 t^6 x^12 y^6 z^6 + 3252 t^8 x^12 y^6 z^6 +
384 t^4 x^14 y^6 z^6 + 1320 t^6 x^14 y^6 z^6 +
1000 t^8 x^14 y^6 z^6 + 96 t^6 x^16 y^6 z^6 + 128 t^8 x^16 y^6 z^6
288 x^8 y^8 z^6 + 1080 t^2 x^8 y^8 z^6 + 1656 t^4 x^8 y^8 z^6 +
1224 t^6 x^8 y^8 z^6 + 360 t^8 x^8 y^8 z^6 + 144 x^10 y^8 z^6 +
1008 t^2 x^10 y^8 z^6 + 2448 t^4 x^10 y^8 z^6 +
2448 t^6 x^10 y^8 z^6 + 864 t^8 x^10 y^8 z^6 +
184 t^2 x^12 y^8 z^6 + 1064 t^4 x^12 y^8 z^6 +
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1600 t^6 x^12 y^8 z^6 + 720 t^8 x^12 y^8 z^6 +
128 t^4 x^14 y^8 z^6 + 376 t^6 x^14 y^8 z^6 + 248 t^8 x^14 y^8 z^6 +
24 t^6 x^16 y^8 z^6 + 32 t^8 x^16 y^8 z^6 + 176 z^8 + 256 t^2 z^8 +
256 t^4 z^8 + 160 t^6 z^8 + 48 t^8 z^8 + 256 x^2 z^8 +
240 t^2 x^2 z^8 + 544 t^4 x^2 z^8 + 496 t^6 x^2 z^8 +
192 t^8 x^2 z^8 + 224 x^4 z^8 + 152 t^2 x^4 z^8 + 892 t^4 x^4 z^8 +
848 t^6 x^4 z^8 + 396 t^8 x^4 z^8 + 96 x^6 z^8 + 32 t^2 x^6 z^8 +
900 t^4 x^6 z^8 + 840 t^6 x^6 z^8 + 516 t^8 x^6 z^8 + 24 x^8 z^8 +
8 t^2 x^8 z^8 + 575 t^4 x^8 z^8 + 510 t^6 x^8 z^8 +
463 t^8 x^8 z^8 + 210 t^4 x^10 z^8 + 180 t^6 x^10 z^8 +
290 t^8 x^10 z^8 + 35 t^4 x^12 z^8 + 30 t^6 x^12 z^8 +
123 t^8 x^12 z^8 + 32 t^8 x^14 z^8 + 4 t^8 x^16 z^8 + 256 y^2 z^8 +
704 t^2 y^2 z^8 + 784 t^4 y^2 z^8 + 480 t^6 y^2 z^8 +
144 t^8 y^2 z^8 + 256 x^2 y^2 z^8 + 1040 t^2 x^2 y^2 z^8 +
1632 t^4 x^2 y^2 z^8 + 1424 t^6 x^2 y^2 z^8 + 576 t^8 x^2 y^2 z^8 +
416 x^4 y^2 z^8 + 1560 t^2 x^4 y^2 z^8 + 2696 t^4 x^4 y^2 z^8 +
2760 t^6 x^4 y^2 z^8 + 1336 t^8 x^4 y^2 z^8 + 224 x^6 y^2 z^8 +
1032 t^2 x^6 y^2 z^8 + 2616 t^4 x^6 y^2 z^8 + 3416 t^6 x^6 y^2 z^8 +
1992 t^8 x^6 y^2 z^8 + 96 x^8 y^2 z^8 + 472 t^2 x^8 y^2 z^8 +
1780 t^4 x^8 y^2 z^8 + 2800 t^6 x^8 y^2 z^8 + 1972 t^8 x^8 y^2 z^8 +
88 t^2 x^10 y^2 z^8 + 736 t^4 x^10 y^2 z^8 + 1432 t^6 x^10 y^2 z^8 +
1296 t^8 x^10 y^2 z^8 + 140 t^4 x^12 y^2 z^8 +
400 t^6 x^12 y^2 z^8 + 548 t^8 x^12 y^2 z^8 + 40 t^6 x^14 y^2 z^8 +
136 t^8 x^14 y^2 z^8 + 16 t^8 x^16 y^2 z^8 + 96 y^4 z^8 +
384 t^2 y^4 z^8 + 624 t^4 y^4 z^8 + 480 t^6 y^4 z^8 +
144 t^8 y^4 z^8 + 64 x^2 y^4 z^8 + 544 t^2 x^2 y^4 z^8 +
1472 t^4 x^2 y^4 z^8 + 1568 t^6 x^2 y^4 z^8 + 576 t^8 x^2 y^4 z^8 +
448 x^4 y^4 z^8 + 16t96 t^2 x^4 y^4 z^8 + 3524 t^4 x^4 y^4 z^8 +
3784 t^6 x^4 y^4 z^8 + 1508 t^8 x^4 y^4 z^8 + 224 x^6 y^4 z^8 +
1400 t^2 x^6 y^4 z^8 + 4156 t^4 x^6 y^4 z^8 + 5488 t^6 x^6 y^4 z^8 +
2508 t^8 x^6 y^4 z^8 + 176 x^8 y^4 z^8 + 992 t^2 x^8 y^4 z^8 +
3367 t^4 x^8 y^4 z^8 + 5190 t^6 x^8 y^4 z^8 + 2735 t^8 x^8 y^4 z^8 +
264 t^2 x^10 y^4 z^8 + 1578 t^4 x^10 y^4 z^8 +
3084 t^6 x^10 y^4 z^8 + 1962 t^8 x^10 y^4 z^8 +
315 t^4 x^12 y^4 z^8 + 998 t^6 x^12 y^4 z^8 + 875 t^8 x^12 y^4 z^8 +
120 t^6 x^14 y^4 z^8 + 216 t^8 x^14 y^4 z^8 + 24 t^8 x^16 y^4 z^8 +
160 x^4 y^6 z^8 + 672 t^2 x^4 y^6 z^8 + 1144 t^4 x^4 y^6 z^8 +
912 t^6 x^4 y^6 z^8 + 280 t^8 x^4 y^6 z^8 + 32 x^6 y^6 z^8 +
656 t^2 x^6 y^6 z^8 + 2056 t^4 x^6 y^6 z^8 + 2272 t^6 x^6 y^6 z^8 +
840 t^8 x^6 y^6 z^8 + 160 x^8 y^6 z^8 + 880 t^2 x^8 y^6 z^8 +
2534 t^4 x^8 y^6 z^8 + 3100 t^6 x^8 y^6 z^8 + 1286 t^8 x^8 y^6 z^8 +
320 t^2 x^10 y^6 z^8 + 1556 t^4 x^10 y^6 z^8 +
2408 t^6 x^10 y^6 z^8 + 1172 t^8 x^10 y^6 z^8 +
350 t^4 x^12 y^6 z^8 + 916 t^6 x^12 y^6 z^8 + 598 t^8 x^12 y^6 z^8 +
120 t^6 x^14 y^6 z^8 + 152 t^8 x^14 y^6 z^8 + 16 t^8 x^16 y^6 z^8 +
72 x^8 y^8 z^8 + 288 t^2 x^8 y^8 z^8 + 468 t^4 x^8 y^8 z^8 +
360 t^6 x^8 y^8 z^8 + 108 t^8 x^8 y^8 z^8 + 144 t^2 x^10 y^8 z^8 +
504 t^4 x^10 y^8 z^8 + 576 t^6 x^10 y^8 z^8 + 216 t^8 x^10 y^8 z^8 +
140 t^4 x^12 y^8 z^8 + 288 t^6 x^12 y^8 z^8 + 148 t^8 x^12 y^8 z^8 +
40 t^6 x^14 y^8 z^8 + 40 t^8 x^14 y^8 z^8 + 4 t^8 x^16 y^8 z^8
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Focal cortical dysplasia (FCD) is the most common cause of pediatric epilepsy and the
third most common cause in adults with treatment-resistant epilepsy. Surgical resection
of the lesion is the most effective treatment to stop seizures. Technical advances in MRI
have revolutionized the diagnosis of FCD, leading to high success rates for resective surgery.
However, 45% of histologically confirmed FCD patients have normal MRIs (MRI-negative).
Without a visible lesion, the success rate of surgery drops from 66% to 29%. In this work,
we cast the problem of detecting potential FCD lesions using MRI scans of MRI-negative
patients in an image segmentation framework based on hierarchical conditional random
fields (HCRF). We use surface based morphometry to model the cortical surface as a twodimensional surface which is then segmented at multiple scales to extract superpixels of
different sizes. Each superpixel is assigned an outlier score by comparing it to a control
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Epilepsy is a common neurological disorder, affecting approximately 1% of the world’s population (Hauser and Hesdorffer, 1990). It is characterized by profound abnormal neural
activity during seizures and inter-ictal periods. Uncontrolled epilepsy can have harmful
effects on the brain and has increased risk of injuries and sudden death (Bernasconi et al.,
2011). About one third of epilepsy patients suffer from treatment-resistant epilepsy (TRE);
their seizures cannot be managed by medicine (Kwan and Brodie, 2000). Cortical malformations, particularly focal cortical dysplasia (FCD) is recognized as the most common source
of pediatric epilepsy and the third most common source in adults with TRE (Kuzniecky
and Barkovich, 2001; Lerner et al., 2009).
Early detection and subsequent surgical removal of the FCD lesion is the most effective
treatment to stop seizures and is often the last hope for TRE patients. A growing number of
studies demonstrate that surgery is highly effective for FCD patients (Benbadis et al., 2003).
However, the surgical procedure remains underutilized. One of the main reasons for this
is that about 45% of histologically-verified FCD patients have normal MRIs (Wang et al.,
2013). The chance of success for the surgical resection based on a visually detected lesion
(MRI-positive) is 66%, which drops to 29% when the MRI is read as normal (MRI-negative)
(Bell et al., 2009). Therefore patients who lack an MRI-visible lesion are less likely to be
referred to specialized epilepsy centers by neurologists (Benbadis et al., 2003) likely because
epilepsy specialists are reluctant to operate without a well-defined lesion (Tllez-Zenteno
et al., 2005).
In this paper, we present an automated method for detecting FCD lesions using surfacebased morphometry (SBM) (Dale et al., 1999) to extract the cortical surface from the
T1-weighted structural MRI scans. The key advantage of using SBM is that the cortical sufaces of different individuals can be registered to an average surface allowing for point-wise
comparisons between different individuals. The proposed method first applies a multiscale
segmentation of the cortical surface and then combines the results via a hierarchical conditional random field (HCRF) (Reynolds and Murphy, 2007). Because we do not have
accurately labeled training data, we cast the problem as a semi-supervised outlier detection
task and thus we extend the HRCF framework proposed in (Reynolds and Murphy, 2007)
to perform semi-supervised outlier detection. The resulting outlier regions (lesions), sorted
by their probability and surface area, are shown to a team of radiologists and neurosurgeons who can combine the MRI lesion-detection results with other information such as the
pattern of seizure onset and the patient’s intracranial EEG (iEEG) data to determine the
final candidate resection zone.
HCRFs have been effectively applied in computer vision for semantic image labeling
(Plath et al., 2009), figure-ground segmentation (Reynolds and Murphy, 2007) and object
detection (Awasthi et al., 2007). To train the HCRF, previous applications required either

1. Introduction
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population. The lesion is detected by fusing the outlier probabilities across multiple scales
using a tree-structured HCRF. The proposed method achieves a higher detection rate,
with superior recall and precision on a sample of twenty MRI-negative FCD patients as
compared to a baseline across four morphological features and their combinations.
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that each pixel in the image have a label or that a bounding box around the object(s)
of interest is provided. Consequently, the accuracy of the labels directly impacts the final
performance of the HCRF. In this paper, we propose an extension of the HCRF-based image
segmentation and object detection framework for problems in which pixel-level labels are
not available. For our task, we are given the MRIs of patients and of normal controls,
but information about which pixels form a lesion in the patient MRIs is either missing or
highly noisy (Ahmed et al., 2015). Thus, we have a global label for each image indicating
either that the image contains no lesions (healthy control) or that it contains one or more
lesions (FCD patient). In Section 2 we explain in more detail why we cannot use the
lesions/resection zones of previously treated patients as labels during training.
In a preliminary version of this work (Ahmed et al., 2014), we applied the proposed
HCRF framework to both MRI-positive and MRI-negative patients using only cortical thickness as the feature of interest. Our preliminary findings showed that HCRF was able to
achieve a higher detection rate with significantly higher precision and recall as compared to
a recently reported semi-supervised approach (Thesen et al., 2011) and a human expert.1
The current work extends that body of work by evaluating the proposed method on three
new morphological features. In addition we investigate different mechanisms of combining
the detections produced by the different features to achieve higher detection rates. In our
experiments we observed that it is not straightforward to combine the detections of individual features, because some of the features are noisier than others i.e., have a higher false
positive rate than others. We show that this issue can be overcome by either using feature
selection or changing the cluster ranking criterion. We provide extensive results on a larger
set of patients2 as compared to our previous work, showing that feature selection can be
used to achieve a high detection rate by appropriately tuning the ranking criterion.
The remainder of this paper is organized as follows. In Section 2 we briefly introduce
SBM, the different morphological features that can be extracted within the SBM framework, and describe the current state of the art in lesion detection using SBM and its
shortcomings. In Section 3 we detail how we pose the lesion detection task within the object detection/segmentation framework, where the saliency of the target object is defined
based on its “outlier-ness”. We present different methods for combining the results of using
four different morphological features in our proposed lesion detection framework. Section 4,
provides the details of our ranking and evaluation methodology and it also provides an empirical comparison of our approach and a baseline approach across different morphological
features and their combinations.
This work makes a significant contribution toward the detection of FCD lesions. Our
empirical evaluation demonstrates that the proposed method was able to detect abnormal
regions within the resection zones in a higher number of MRI-negative patients as compared
to a baseline approach across four morphological features and their combinations. Not only
was our method able to achieve a higher detection rate, it did so while achieving significantly
higher precision and recall. Indeed, our 75% detection rate on the MRI-Negative patients
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1. We omit the results of the blind comparison to a human expert in this paper. Interested readers can
refer to (Ahmed et al., 2014).
2. The current sample has twenty patients, fourteen of which are retained from the previous study. In
Section 4 we exlain that the twenty patients comprise the entire set of MRI-Negative patients successfully
treated via surgical resection over a three year period at NYU’s Comprehensive Epilepsy Center.
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in our evauation dataset (compared to a human expert detection rate of 0%), suggests that
this method can be used as an effective tool in the pre-surgical evaluation of TRE patients
who are likely to undergo surgical resection; our method has started to be incorporated
in the weekly meetings of radiologists and neurosurgeons to help identify the seizure onset
zones in MRI-Negative patients. Thus, this work has the potential to increase the number
of patients who are referred to resective surgery, and ultimately who are seizure free after
surgery.
Our contribution to machine learning in addition to making progress on a challenging and important application is a new method for using HCRFs for binary object detection/segmentation for which only image captions are available. The proposed method can be
generalized for other data modalities such as time series data, where it can be used for time
series segmentation. A caveat to this contribution is that the individual data (images/time
series) must be able to be accurately aligned such that a one-to-one correspondence can be
made between them.

2. Surface Based Morphometry

Surface based morphometry (SBM) provides the means to characterize and analyze the
human brain by explicitly modeling the cortex using a suitable geometric model (Dale
et al., 1999). The cortical surface represents the outer layer of the brain modeled as a folded
two-dimensional surface in three-dimensional space. T1-weighted structural MRI scans are
used to extract the cortical surface by delineating the boundary between the gray and white
matter (Dale et al., 1999). This process is referred to as surface reconstruction, and involves
a number of reconstruction and segmentation steps aimed at locating the gray/white matter
boundary up to submillimeter accuracy (Fischl et al., 1999a). The reconstructed surface is
represented as a triangulated mesh and at each vertex different morphological features are
estimated to characterize the cortex. It should be noted that the spatial resolution of the
reconstructed surface is different from that of the MRI volume.
This section introduces surface based morphometry. We first describe the different
features that can be used to characterize the cortex that have been used for detecting FCD
lesions. We also provide the related work where machine learning methods have been used
in conjunction with SBM to detect FCD lesions.
2.1 Morphological Features

In this work, we use four morphological features to characterize the cortex:

1. Cortical thickness: represents the thickness of the cortex which is defined as the
distance between the gray/white matter boundary and the outermost surface of the
gray matter (pial surface). It is calculated at each vertex using an average of two
measurements (Fischl and Dale, 2000): (a) the shortest distance from the white matter
surface to the pial surface; and (b) the shortest distance from the pial surface at each
point to the white matter surface.
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2. Gray/white-matter contrast (GWC): represents the degree of blurring at the gray/whitematter boundary. GWC is estimated by calculating the non-normalized T1 image
intensity contrast at 0.5mm above and below the gray/white boundary with trilinear
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In this section we first define the related work with regards to automated techniques of FCD
lesion detection. We then discuss the critical limitations of existing approaches. Most of
the techniques reported thus far in literature deal either with MRI-positive patients (Besson
et al., 2008; Thesen et al., 2011) or patients who were initially deemed MRI-negative during
their preliminary radiological screening, but later their lesions were found to visible on MRI
(Hong et al., 2014). As opposed to these studies, we evaluate our proposed methods on a
sample of pure MRI-negative patients whose lesions are not visible on their MRI.
SBM has been used in conjunction with supervised machine learning techniques to identify lesions in FCD patients. Besson et al. (2008) use texture, GWC and a number of morphological features including cortical thickness to represent each vertex on the reconstructed
cortical surface of MRI-positive patients. They then train a neural network to classify each

2.2 Current Methods for Detecting FCD using Surface Based Morphometry

Thesen et al. (2011) nominate cortical thickness along with GWC as the two most
informative features for detecting FCD lesions in MRI-positive patients, using a vertexbased detection scheme. Similarly, Hong et al. (2014) identify GWC, cortical thickness and
sulcal depth as being more sensitive to detecting FCD lesions in MRI-negative patients.
However, they also note that most of the false positives detected using their proposed
approach were largely caused by sulcal depth. The technical details of both these works are
provided in the next subsection. In this study we use the four features described above, and
also analyze different mechanisms to combine their detections in order to achieve higher
sensitivity.
After surface reconstruction, different morphological transforms can be applied to register the cortical surface to a standard surface also known as a group-atlas. Registration
is achieved by aligning specific sulcal and gyral patterns across the reconstructed cortical
surfaces allowing for a more precise comparison of individual cortical structures across subjects (Fischl et al., 1999b). SBM has been used successfully for analyzing and detecting
neurological abnormalities in various neurological disorders such as Schizophrenia (Rimol
et al., 2012), Autism (Nordahl et al., 2007), and Epilepsy (Thesen et al., 2011; Hong et al.,
2014).

4. Curvature: Curvature is measured as 1r , where r is the radius of an inscribed circle
and mean curvature represents the average of two principal curvatures with a unit
of 1/mm (Pienaar et al., 2008). Mean curvature quantifies the sharpness of cortical
folding at the gyral crown or within the sulcus, and can be used to assess the folding
of small secondary and tertiary folds in the cortical surface.

3. Sulcal depth: characterizes the folded structure of the cortex. It is estimated by
calculating the dot product of the movement vectors with the surface normal (Fischl
et al., 1999a), and results in the calculation of the depth/height of each point above
the average surface. The values of sulcal depth lie in the range [ − 2, 2] with lower
values indicating a location in the sulcus whereas higher values indicate a location on
the gyral crown.

interpolation of the images. The range of GWC values lies in [ − 1, 0], with values
near zero indicating a higher degree of blurring of the gray/white boundary.
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vertex as being normal or lesional. Hong et al. (2014) developed a two-stage Fisher linear
discriminant analysis (LDA) (Bishop, 2006) classifier to detect FCD lesions in patients who
were radiologically classified as MRI-negative. Initially they train a vertex-level classifier
that classifies each vertex on the reconstructed cortical surface as being lesional or nonlesional for both controls and patients. These detections are further refined using a second
LDA classifier that is trained to distinguish between actual FCD lesions (detections made
inside the manually traced resection zones of patients) and spurious lesional detections made
on controls. The lesions for all the patients included in the study were ultimately found to
be visible and were manually traced by an expert using texture-based maps. Thesen et al.
(2011) use a semi-supervised uni-variate z-score based thresholding approach on registered
SBM data of MRI-positive patients to classify each vertex as being lesional or normal, using cortical thickness, GWC, curvature, sulcal depth and Jacobian-distortion, individually.
They nominate cortical thickness along with GWC as being the most informative features
for FCD lesion detection in MRI-positive patients.
These studies classify individual vertices of the cortical surface as lesional or normal,
using labeled training data from MRI-positive patients and controls. There are four crucial
issues that these studies fail to address:
(1) The goal of resective surgery is to remove the entire lesion. If any part of the lesion
is left behind, the outcome will not be successful. This introduces label noise, because the
expert-marked lesion can contain normal vertices; the margin around the lesion is marked
in a “generous” manner so as to increase the chances of capturing the entire lesion. In
our previous work (Ahmed et al., 2015) we used a stratified logistic regression classifier
to detect lesions in MRI-negative patients. By manually reducing the resection masks for
MRI-negative patients to correct for label noise we were able to achieve a detection rate of
58%, as opposed to 12% when the original resection masks were used as the ground truth.
(2) These studies assume that individual vertices are i.i.d., completely ignoring the
spatial correlation that exists between neighboring vertices. It has been shown in other
domains such as object detection and segmentation in natural images, that modeling spatial
correlations leads to superior performance (Reynolds and Murphy, 2007; Plath et al., 2009).
(3) Vertex-based classification methods typically employ a post-processing method to
reduce the false positive rate. In this strategy a portion of the vertices labeled lesional by
the classifier are re-labeled as normal. This can be done by training a second-level classifier
to classify the detected clusters as lesional or non-lesional (Besson et al., 2008; Hong et al.,
2014). Similarly, different heuristics can also be used such as the surface area of the detected
clusters (Thesen et al., 2011). Discarding any detected region based on its size or surface
area can result in discarding the actual lesion or part of the lesion, because FCD can be
located in any part of the cortex, is highly variable in size, and may occur in multiple lobes
(Blumcke et al., 2011).
(4) Results are evaluated on MRI-positive patients, but the real challenge is to find
lesions in MRI-negative patients.
Our proposed method is designed to explicitly address these issues. First, we model
lesion detection as an outlier detection problem. The assumption is that a lesional region
is an outlier in feature space when compared to the same region across a control population. This view eliminates the use of noisy class labels. Second, instead of classifying
individual vertices we classify segmented patches of the cortex. The patches are obtained
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using unsupervised segmentation of the flattened cortex that isolates regions of homogeneous feature values. As the size of the FCD lesions has a wide range, using a single scale
to isolate the lesion may not be effective. To minimize the chances of missing the lesion,
we employ a multiscale strategy where the segmentation is carried out at different scales of
varying granularity. The interplay between the patches obtained in this scale hierarchy is
modeled as a tree structured HCRF, rooted at the most crude scale and having leaves at
the finest scale. We fully exploit the spatial dependencies in the data by classifying image
patches rather than by individual vertices, and furthermore larger spatial interactions are
accomodated by explicitly modeling the dependencies using HCRF between image patches
at different scales. Third, we define a ranking criterion which takes into account both the
size and probability of a cortical region (cluster) that is labeled as being lesional. This
ranking approach eliminates the need to post process the results, and provides a natural
way of presenting the results to a radiologist to function as a focus of attention mechanism.
Finally, we evaluate our approach on MRI-negative patients whose resections contained the
primary FCD lesion, confirmed by a histological exam on the resected tissue. Since the proposed method is semi-supervised we use the z-score based approach (Thesen et al., 2011) as
the baseline from which to contrast the performance of the HCRF method. Furthermore,
the patients and healthy controls used in this work were treated and scanned at the NYU
Comprehensive Epilepsy Center, where the z-score based method is currently part of the
pre-surgical evaluation protocol of epilepsy patients. The next section describes the details
of the HCRF construction and inference.

3. Hierarchical Conditional Random Fields

JMLR 17(112):1-30

Hierarchical Conditional Random Fields (HCRFs) provide a suitable framework for supervised image segmentation (Reynolds and Murphy, 2007), object detection and semantic
image labeling (Plath et al., 2009). In the original HCRF framework proposed for figureground segmentation (Reynolds and Murphy, 2007), an image is first segmented into a
number of patches at different scales. Each patch is then classified as being part of the
background or foreground, using a suitable binary classifier based on image features such
as texture, scale-invariant feature transform (SIFT) (Lowe, 1999), etc. Exploiting the fact
that the labels assigned to overlapping patches between different scales should agree, an
HCRF (a tree-structured conditional random field) is constructed to model these interscale interactions. The image is thus modeled as a forest, where the root node for each tree
corresponds to a patch obtained at the coarsest scale, while the leaves reside at the finest
scale. The joint probability of all the patch labels is estimated by running inference on the
HCRFs. The image is segmented by thresholding the final probabilities at the leaves. Plath
et al. (2009) extend this framework to work with more than two classes. Mutliclass image
labeling using HCRFs is also done in (Awasthi et al., 2007), where instead of obtaining
image patches using segmentation, the authors impose a grid structure on the image at
different scales and model the HCRF as a quad-tree structure. These multiscale methods
are highly sensitive to the accuracy of pixel-level labels. For example in (Reynolds and Murphy, 2007) the bounding boxes around the region of interest (ROI) in training images were
manually refined to eliminate extraneous pixels and this resulted in a significant increase in
accuracy. In this section we first provide an overview of the different steps involved in the
7
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construction and inference of an HCRF for lesion detection. Subsequent sections provide
the necessary technical and processing details involved at each step.

3.1 Adapting HCRFs for Lesion Detection

For FCD lesion detection, we have training data from MRI-negative patients who have
undergone surgical resection and are seizure-free. The resected coritcal region, can be used
to obtain vertex-level labels which can be used to train a classifier. However, as explained
previously these labels tend to be highly noisy and using them to train a classifier will
result in noisy predictions (Ahmed et al., 2015). To ameliorate this problem we extend the
HCRF framework proposed in (Reynolds and Murphy, 2007) to perform outlier detection
on registered image data. In contrast to the approaches mentioned previously, we cannot
utilize vertex-level labels. Our proposed method works in a semi-supervised manner, where
only global labels are available i.e., whether the cortical surface belongs to a healthy control
or a patient. Thus, we define an FCD lesion as a region of the brain which is considered an
outlier when compared to the same region across a population of normal controls.
The construction of the HCRF for FCD lesion detection involves the following steps
(Ahmed et al., 2014):

1. Segment the cortex at multiple scales, to obtain image patches of varying sizes.

2. Assign an outlier score to each image patch by comparing it to the same cortical
region across the control population. This one-to-one comparison is made possible by
registering all the control’s and patient’s cortical surface to the same average surface.

3. Construct multiple HCRFs, one for each image patch obtained at the coarsest scale.

4. Run inference on the HCRFs to calculate the posterior probability at each node. The
final lesion is detected by thresholding the posterior at the leaves.

We start by describing our approach to segmentation.
3.2 Segmentation
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The functional organization of the cortex is two-dimensional, e.g., the functional mapping
of the primary visual areas (Van Essen et al., 1998). Therefore, as an initial simplification
we have chosen to work with the flattened cortex because it will simplify the segmentation
procedure and will allow us to use already well-established image segmentation techniques.
Using SBM, the cortex is modeled as a two-dimensional surface, which on average contains
approximately 0.15 million vertices. Even though it is possible to flatten the entire cortex,
it’s segmentation and subsqeuent inference on the resulting HCRFs would require significant computational resources. Thus, to reduce the processing overload we have chosen to
subdivide the lesion detection task into smaller regions of the cortical surface as defined by
a standard neuroanatomical atlas, which outlines cortical regions based on their morphofunctional properties (Fischl et al., 2002). These regions are also known as parcellations.
Instead of segmenting the entire cortical surface at once, we isolate these parcellations one
at a time and flatten them individually to obtain a standard two-dimensional image, which
we then segment at multiple scales. Any morphological feature (e.g., cortical thickness,
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3.3 Multiscale HCRFs

Once the multiscale segmentation is complete for a particular subject, we obtain a set of
patches at different scales. Let Ipk be the pth patch obtained at the k th scale. We can collect
the corresponding patches from all controls and then estimate a label y ∈ {0, 1} for Ipk ,
where y = 1 indicates that Ipk is an outlier. This label cannot be considered independent
from the labels of other patches that overlap with Ipk at other scales.

3.3.1 Node Potentials

where, π(.) represents the parent patch, and Z(x, θ) is the normalization constant also
called the partition function. φ(.) is called the node potential and represents the local
evidence for the label yi based on the observed data x. The edge potentials that model the
coupling between adjacent labels are represented by ψ(.). As the graph is a tree we can
efficiently calculate Z(x, θ) and the posterior probabilities of the patch labels at all scales
using standard belief propagation (Pearl, 1988).
When labeled training data is available the node and edge potentials are parameterized,
and the parameters are learned jointly (see (Sutton and McCallum, 2010) for details). For
our application, because the labels are noisy and we have chosen to work in an unsupervised
manner, we set the node and edge potentials separately, which we describe next. Similar
strategies for parameter estimation in HCRFs have been used for figure-ground segmentation (Reynolds and Murphy, 2007) and for object detection (Plath et al., 2009) in natural
images.

p(y|x, θ) =

Each patch at the coarsest scale is the root of a tree having leaves at the finest scale.
Therefore, the parcellation image is represented by a forest, where each tree is modeled as
an HCRF, as shown in Figure 1.
CRFs model the joint conditional probability distribution of all the patch labels y =
(y1 , . . . , yn ) in the tree based on the values of the input morphological feature (x). Generally,
this can be written as:

q

q := arg max

We model the joint prediction of these mutually dependent labels of all the patches
using a tree structured HCRF. Let Ipk+1 be an image patch at level k + 1, it has a parent Iqk
at the immediately coarser level k, such that Iqk has maximal overlap with Ipk+1 (Reynolds
and Murphy, 2007). We find the index q as follows:
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The node potential is modeled to reflect our belief about the abnormality of an individual
image patch. Most of the available outlier detection mechanisms produce outlier scores that
are poorly calibrated i.e., the range of the outlier score is dependant on the dataset (Schubert
et al., 2012). This makes it difficult to compare the outlier scores between datasets produced
by the same method. Popular outlier detection methods such as local outlier factor (LOF)
(Breunig et al., 2000) and local correlation integral (LOCI) (Papadimitriou et al., 2003)
suffer from the same problem. In our case we would like to work with an outlier detection
method that produces standardized scores that carry the same semantics at each scale
and can be compared between different scales. This is an important design choice because
running inference on non-standardized scores, which are not comparable between different
scales, will produce meaningless results. To overcome this, we have chosen to work with
local outlier probabilities (LoOP) (Kriegel et al., 2009), a standardized version of LOF that

The standard quick shift algorithm is a fast mode seeking algorithm similar to mean
shift (Comaniciu and Meer, 2002). It performs a hierarchical segmentation of the image,
where the sub-trees represent image segments. It has two parameters namely the size of the
Gaussian kernel (σ) used by a Parzen window density estimator, and the maximum distance
(∆) between two pixels permitted while remaining part of the same segment. We vary the
scale parameter σ to change the average size of segments, and set ∆ to be a multiple of
σ (Vedaldi and Fulkerson, 2008a). Thus, higher values of σ produce larger segments. By
using different combinations of these parameters, we construct the scale-hierarchy which is
the basic building block of the HCRF, as explained next.

We use quick shift (Vedaldi and Soatto, 2008b) for unsupervised segmentation. One of
the main advantages of using quick shift is that the number and size of segments need not
be specified. Additionally, quick shift does not penalize for boundary regions, and produces
a diverse set of segments having different shapes and sizes. It should be noted that any
segmentation method can be used, as long as it has the ability to segment the image at
different scales.

curvature, etc.), can be used to represent the intensity values in the resulting image. Figure
1 illustrates the overall HCRF construction process for a parcellation.

Figure 1: Constructing an HCRF using a standard neuroanatomical atlas (left), and a parcellation image (top-right). Any morphological feature can be used to represent
the image (the image is created using cortical thickness). At the bottom we have
image patches obtained at two different scales using Quickshift. Each image patch
on the coarser scale (bottom-left) becomes a root having children at the adjacent
finer scale (bottom-right).
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where, P and Q are normalized histograms.
3.4 Lesion Detection

i=1
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Our data consists of MRI-negative patients who have undergone resective surgery and for
whom their resected tissue was histologically verified to contain FCD. Each patient who
undergoes surgery is assigned an “Engel” class. An Engel class of 1 represents complete
seizure freedom while an Engel class of 4 represents no improvement. We selected only
patients with an Engel class outcome of 1 for our experiments in order to verify that the
region resected was indeed the primary lesion and that no additional epileptogenic lesions
were present in other parts of the brain. This resulted in a dataset with twenty MRInegative patients, whose information is provided in Table-1. This may appear to be a small
dataset, but few patients proceed to surgery when no visible lesion is found on their MRI,
and of those that do, less than a third experience complete seizure freedom (Bell et al.,
2009). These twenty patients represent all MRI-negative patients who underwent surgery

4. Empirical Evaluation

For each subject, we calculate the posterior probabilities at each node of the HCRF for every
parcellation by running belief propagation (Pearl, 1988). The final detection is obtained by
thresholding the posterior beliefs at the leaves of each HCRF (Reynolds and Murphy, 2007;
Plath et al., 2009). Different strategies for thresholding can be used, such as defining a single
threshold across all subjects, or calculating a threshold for each subject individually. In this
work we calculate an adaptive threshold for each patient separately. This decision is based
on the observations that 1) FCD lesions can manifest differently for different individuals,
and 2) the morphological features vary with different demographic factors such as gender
and age. For example cortical thickness is correlated with the age of the patient (Salat
et al., 2004). To this end, we sort the posterior probabilities and define the threshold as
the lowest probability among the top K probability estimates. In practice the value of K
can be left as a free parameter that the user can vary to see the different regions which
are deemed lesional with varying levels of confidence. Thus, the radiologist has a knob
to turn which shows more/fewer possible candidate lesions. This is a desirable feature,
because the detection scheme presented here is designed to be a part of the comprehensive
pre-surgical evaluation protocol that includes MRI, Positron Emission Tomography (PET),
scalp EEG and iEEG. The final resection target is determined by combining evidence from
all evaluations. Therefore, the ability to generate multiple cortical maps delineating possible
lesions at different confidence levels provides a richer set of evidence which in turn increases
the probability of capturing the actual lesion.

(7)
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(4)

(6)

n
1 X (Pi − Qi )2
·
2
(Pi + Qi )
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χ2 (P, Q) =

where, γ is a free parameter that represents the strength of coupling between adjacent
2
levels in the CRF and ηij = e−χ (xi ,xj ) . xl represents the normalized histogram of SIFT
features for the lth patch in the HCRF, and χ2 (., .) is the chi-squared distance between two
normalized histograms each having n bins and defined as:

(3)

produces standardized scores within the range [0, 1] which can be treated as the probability
that a data point is an outlier.
LoOP assumes that each data instance x has a context set S ⊆ D, and the set of
distances between x and s ∈ S has a Gaussian distribution (Kriegel et al., 2009). The
standard deviation of these distances σ(x, S) combined with a significance factor λ produces
the probabilistic set distance of x to S (Kriegel et al., 2009) defined as:
pdist(λ, x, S) := λ · σ(x, S)

pdist(λ, x, S)
−1
Es∈S [pdist(λ, s, S(s))]

where S is determined using a k-nearest neighbor query. The parameter λ defines the
sensitivity of the final probability estimates. It denotes that any instance that deviates
more than λ times the standard deviation would be considered an outlier. Its values are
analogous to the empirical confidence levels defined for the standard normal distribution
(Kriegel et al., 2009). The probabilistic local outlier factor for x can then be calculated in
a manner similar to LOF:
P LOFλ,S (x) :=

PLOF values of greater than zero indicate that the given instance may be an outlier. In
order to convert a PLOF value into a probability estimate it can
p be assumed that they
are distributed around 0 with a standard deviation calculated as E[(P LOF )2 ]. The final
probability can then be calculated as:
(
)
P LOFλ,S (x)
LoOPS (x) := max 0, erf( p
)
(5)
λ 2E[(P LOF )2 ]
where, erf(.) is the Gauss error function (Andrews, 1992).

3.3.2 Edge Potentials

eγ.ηij
e−γ.ηij

Each edge in the HCRF represents the dependency between the ”parent” image patch at
scale t and the ”child” patch at scale t + 1. We set the edge potential to reflect the visual
similarity between the two patches, using the chi-squared distance between the histograms
of scale invariant feature transform (SIFT) features (Lowe, 1999) of the parent and child
patches. Thus, the labels of image patches that bear close visual similarity to each other
in the scale hierarchy are more strongly coupled than those with lower similarity. This
heuristic is similar to one chosen by Reynolds and Murphy (2007).
To estimate the histograms of the SIFT features for each image, we initially learn a
codebook of m codewords using the control data. For each control image in the subset we
flatten and isolate the parcellation, and then calculate a SIFT feature vector at each pixel.
These vectors are then clustered into m clusters using k-means clustering. Each feature
has its own range of values and defines separate morphological properties of the cortex (see
Section 2.1), we learn a separate codebook for each parcellation/feature combination. The
edge potential between two adjacent nodes in the tree is then calculated as (Reynolds and
Murphy, 2007; Plath et al., 2009):


ψ(yi , yj ) =

11
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8
5
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9
19
27
14.60

Seizure
Frequency
52
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1460
2190
8
48
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12
12
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12
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6
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Class
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
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Imaging for both the subjects and the controls was performed on a Siemens Allegra 3T
scanner. Image acquisitions included a conventional 3-plane localizer and a T1-weighted
volume pulse sequence (TE=3.25 ms, TR =2530 ms, TI =1100 ms, flip angle =7 deg field
of view (FOV) = 256 mm, matrix = 256 × 256, vertex size =1 × 1 × 1.3 mm, scan time:
8:07 min). Acquisition parameters were optimized for increased gray/white matter image

4.1 Imaging

at New York University comprehensive epilepsy treatment center during the past three
years, and were classified post-surgically as Engel class 1. Developing automated lesion
mechanisms for MRI-negative patients is an active area of research and our sample size is
consistent with the existing work in the domain (Besson et al. (2008); Thesen et al. (2011);
Hong et al. (2014)). However, in contrast to our evaluation, most of these studies evaluate
their proposed detection schemes on MRI-positive patients i.e., patients whose lesion was
visible on the MRI during the initial evaluation or was found visually at a later stage. It is
important to note that our sample consists of “pure” MRI-Negative patients, and therefore
our results target that patient population where there is an actual need of an automated
lesion detection scheme and where such a scheme can have a positive impact impact on the
outcome of resective surgery.

Table 1: Demographic and seizure-related information for the MRI-negative patients.

Location

Patient
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After the surface has been reconstructed using the freesurfer software3 we used the DesikanKilliany atlas (Desikan et al., 2006) to isolate the different parcellations. It should be noted
that any suitable neuroanatomical atlas can be used to subdivide the cortical surface. Each
parcellation is flattened to obtain a standard 2-d image, where the intensity of each pixel
can be represented by any one of the four morphological features.
The values of the different parameters such as the segmentation scales, number of nearest
neighbors in calculating the outlier probabilities, etc., depend on various factors, such as
the size of the control population, the distribution of ages across the control cohort and the
gender of the subject. We therefore present these parameters as actual free parameters that
can be varied over a pre-set range of values to get different detection results. Whether an
image patch is an outlier depends on the set of controls used to learn the “normal” model.
Most morphological features vary with different demographic factors such as age, gender,
handedness, etc. Ideally, we could choose a customized set of controls for each patient, but
currently we do not have enough controls to customize for age and other factors, but we do
select controls based on the patient’s gender.
To select the parameters for the various aspects of our method, we used a validation
set consisting of two MRI-positive and two MRI-negative patients, which are distinct from
the patients used to evaluate our method. We used all 115 controls to learn a separate
codebook of SIFT features for every parcellation/feature combination. Dense SIFT features
were calculated at each pixel. We tested vocabulary sizes of 50, 100 and 500 and selected a
vocabulary size of 50 as it resulted in higher recall and precision on the validation set. This
codebook was used subsequently to estimate the histograms of SIFT features at each pixel
location for all patient parcellation images in the test set.
Each parcellation image was segmented at three different scales using quick shift. We
used σ = {2, 3, 4} and ∆ was set to 5σ. These values were chosen such that the smallest
lesion in our validation set is over-segmented i.e., there are multiple segments that contain

4.2 Data Pre-processing and Parameter Selection

contrast. The T1-weighted image was re-oriented into a common space, roughly similar to
alignment based on the AC-PC line. Images were corrected for nonlinear warping caused
by no-uniform fields created by the gradient coils. In this study we have a total of 115
controls, 55 males (33.7 ± 12.5 years) and 60 females (32.0 ± 11.5 years). It should be noted
that all the patients were scanned on the same scanner, and the data used here is based on
these research scans, which is different from their original clinical scans, as most of them
were referred from external epilepsy centers.
Resection Tracing: For all patients, the post-operative T1-weighted image (with the resection area removed) was rigid-body coregistered to the (intact) pre-operative T1-weighted
image. The brain resection area was manually traced on the post-surgical MRI scan by a
trained technician blinded to patient diagnosis and reviewed by a board-certified neurologist. The manual masks in the MRI volume were subsequently projected onto the cortical
surface by assigning each MRI voxel to the nearest surface vertex. Because the surface has
sub-voxel resolution, a morphological closing operation was used to fill in any unlabeled
vertices.

Ahmed et al.
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Figure 3: Detection results for NY294 based on curvature. The white outlined area represents the region that was resected, while the filled yellow patches represent the
detected clusters at the first detection threshold for both the HCRF and the zscore based method. The detected clusters at the individual scales are shown in
(i)-(iii). It can be seen that very small (almost negligible) clusters are detected
that overlap with the resected region. However, after running belief propagation
(iv) a large cluster is detected within the resection zone while the outliers are
eliminated. (v) shows the results for z-score based method while (vi) shows the
lesion highlighted on a T1 MRI slice.
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The final detection for each subject is determined by thresholding the posterior probabilities at the leaves of the CRF, which represent the segments obtained at the finest scale.
We determine the detection thresholds by dividing the last percentile of the final outlier
probabilities into ten equal parts. The first threshold corresponds to the lowest probability
in the highest 0.1% scores and so on. For the results presented in this section we determine
five such thresholds to get five different possible detections. Because, this is an adaptive
mechanism, it has a possible drawback that it always detects something even when the
probabilities are very small. Thus we set 1 × 10−4 as the minimum probability, such that
no threshold is calculated below this value. This limiting value was selected based on the
observation that any threshold calculated below this value resulted in more than 80% of
the cortex being labeled as lesional for the patients in the validation set.
We have chosen to evaluate and contrast the performance of the detection techniques
in an information retrieval framework. We first calculate the clusters by thresholding the
posterior probability at a given threshold. All the detected clusters are then ranked based

4.3 Evaluation Methodology

Figure 2: Detection results for NY67 using cortical thickness shown on an inflated model of
the lateral cortical surface. The resected region is delineated as the white circled
region and the detection results are shown as filled yellow regions. It can be seen
that the lesion is detected at individual scales (i) and (iii) prior to combining the
outlier probabilities using HCRF. However, at the second scale (ii) a large cluster
is detected outside the resection. When these findings are combined using the
HCRF as shown in (iv) the largest detected cluser is within the resection zone
while the false detection in (ii) is suppressed. (v) shows the detection made by
the the z-score based approach. The results are shown for the most stringent
(first) threshold without any post-processing. (vi) shows the lesion highlighted
on a T1 MRI slice.

the lesional area. This increases the probability that a patch can be entirely formed from
lesional vertices, rather than having patches that partially overlap with the lesion, which
would be harder to detect as outliers. Based on these settings, the validation set resulted
an average of 4255 ± 107 HCRF models per patient, with 19292 ± 373 leaves at the finest
scale using cortical thickness. Although the size of the validation set seems small as far as
the number of patients are concerned, we conjecture that the resulting number of HCRF
models and number of instances are adequate for setting the model parameters.

JMLR 17(112):1-30

Finally, before performing outlier detection, we apply a standard dimension reduction
technique on each patch using principal component analysis (PCA). Note that the PCA
is done using only the control data. We retained the top m principal components that
accounted for 95% of the variance in data. Based on results for the validation set (carried
out independently for each feature), the parameters for outlier detection were set to k = 10
in LoOP and γ (c.f. equation (6)) was set to 50.
15
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Detection rate is defined as the number of patients for whom one or more detected clusters
overlap with the resected area. Usually a post-processing step is applied to the raw detections before estimating the detection rate. Hong et al. (2014) train a classifier to distinguish
between clusters detected in the resection/lesional area and the extra-lesional clusters using
the training data, this classifier is then applied to the clusters detected on the test subject
before estimating the detection rate. Similarly, in Thesen et al. (2011) all clusters below a
pre-set size threshold are discarded, and a successful detection results if one or more of the
remaining cluster overlap with the lesional area. Discarding any detected cluster based on
its size increases the risk of discarding subtle lesions. Instead of discarding detected clusters, we use cluster ranking to estimate the detection rate. To this end, we calculate five
thresholds based on the outlier probabilities for the HRCF method, and similarly for the
z-score method. After ranking the detected clusters based on (Equation 8), at each threshold we consider a subject to be correctly detected if a cluster amongst the top n (where
n is relatively small as compared to the total number of detected clusters) completely or
partially overlaps with the lesion/resection. This produces more conservative estimates of
the detection rate as compared to approaches that do not use cluster ranking.

4.3.1 Detection Rate

where c is a cluster detected at a pre-defined threshold, s(.) ∈ [0, 1] is the relative surface
area of the cluster calculated as the ratio between the surface area of c and the total surface
area labeled as lesional. o(.) ∈ [0, 1] is a scoring function that represents the degree of
“outlier-ness” of the cluster. For the HCRF, we model o(.) as the average of the outlier
probabilities calculated at each vertex that is part of the cluster. α is a tradeoff parameter
such that α = 1 defines a ranking that is based solely on cluster-size, while α = 0 ranks
the clusters based only on their average probability of being lesional. Intermediate values
of α define a ranking in which a smaller cluster detected at a stringent threshold is ranked
higher than a larger cluster detected at a more lenient threshold and vice versa. In the ideal
case clusters having a higher rank should be within the lesion/resection zone of the patient.
We compare the results of our proposed technique against a recently reported univariate
technique (Thesen et al., 2011) to detect FCD lesions using SBM. In this baseline approach
all control and subject surfaces are registered to the average surface. After registration, it
calculates the z-scores at each vertex for the subjects, which are then thresholded to obtain
the detection results. We calculate the z-score based on gender matched controls instead
of using all the controls. To facilitate comparison we calculate multiple thresholds in the
exact same manner as outlined above for HCRF, and rank the clusters at each threshold
based on Equation 8. We omit the last step of the baseline method, which post processes
the detections to eliminate “small” clusters (Thesen et al., 2011). We have chosen this
technique as the baseline method because, i) it is a semi-supervised approach and does not
require accurate vertex-level labels, and ii) it has been part of the pre-surgical evaluation
at the NYU comprehensive epilepsy treatment center where the patients included in our
evaluation were treated. We use the following measures to evaluate our proposed method.

score(c ; α) = αs(c) + (1 − α)o(c) ; 0 ≤ α ≤ 1

on the following score function:

Decrypting ”Cryptogenic” Epilepsy
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In our experiments we first evaluate the HCRF framework independently for each of the
four morphological features: cortical thickness, gray/white-matter contrast, curvature and
sulcal depth. In the next set of experiments we analyze different mechanisms of combining
the detections from individual features. Recall, that the ranking function (Equation 8) has
a direct impact on the detection rate and by setting the tradeoff parameter we can assign
more weight to either cluster size or the average cluster outlier probability. To facilitate
comparison between the proposed method and the baseline we initially set the tradeoff
parameter α to 1, so that all clusters are ranked based only on their surface area.
Figure 4(a) shows the comparison of the detection rates for MRI-negative patients when
cortical thickness is used to represent the cortex. HCRF performs better than the z-score
baseline across all the five thresholds, for the top five detections. HCRF detects the lesion
in 14 (70%) patients, while the baseline detects only 11 (55%) subjects when considering
the top ten largest clusters. HCRF is also able to achieve higher recall and precision as
shown in Figures 4(b)-4(c). The difference between the recall values of the proposed method
(1.1140 ± 0.5654) and the baseline (0.8035 ± 0.4745) was significant at t(9) = 7.9927, p <
0.001. Similarly, the differences in precision for HCRF (10.4710 ± 1.0248) and the baseline
(9.0608 ± 0.5577) were found to be significant at t(9) = 6.1161, p < 0.001 using a paired

4.4 Results

In order to compare the quality of detections, we calculated the precision and recall for
both HCRF and the z-score based method. To this end, we consider all detected clusters
at each threshold. We define recall as the ratio of the total surface area of all the clusters
that overlap with the resection zone to the surface area of the resection zone. Similarly, we
define precision as the ratio of the surface areas of clusters overlapping with the resection
zone to the sum of the surface area of all the detected clusters.
Accurately calculating the false postive rate for the proposed detection scheme is challenging for several reasons. A patient can have abnormalities outside the lesion/resection
zone which may not be epileptogenic. For example, abnormal cortical thinning remote
from the epileptogenic onset region has been observed in focal epilepsy (McDonald et al.,
2008; Lin et al., 2007) and attributed to the destructive impact of chronic seizures on brain
structure rather than from malformations during cortical development. This might result
in elevated extra-lesional false positives when detecting structural malformations characterized by abnormal cortical thickness. In our previous work (Ahmed et al. (2014)) we
compared our detections on MRI-positive patients with an expert neuroradiologist. In 50%
of the cases, the expert identified abnormal regions that coincided with detections outside
the resection that were classified as false positives by our evaluation methodology that used
the resection zone as the ground truth. This problem becomes more challenging for MRInegative patients whose structural abnormalities are not visible on their MRI. In order to
circumvent the presence of false negatives in our labeled data that would result in elevated
estimates of the false positive rate, we use precision to evaluate the efficacy of our proposed
scheme. Furthermore, based on the existence of structural abnormalities outside the resection zone (false negatives) the precision estimates provided here should be treated as lower
bounds.

4.3.2 Precision and Recall
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t-test. Figure-2 provides an example of the detected clusters using HCRF and the baseline
for a patient.

Figure 4: Comparison of detection rates, precision and recall between then HCRF based
approach and the baseline method using thickness (a)-(c), GWC (d)-(f), curvature
(g)-(i) and sulcal depth (j)-(l). Here, α = 1 so that larger clusters are ranked
higher (refer to Equation 8).
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Using GWC, HCRF is able to detect abnormal clusters within the resection zones of ten
(50%) patients as opposed to the baseline that detects only nine (45%), as shown in Figure
4(d). Figure 4(e) shows the recall for HCRF method (0.6931 ± 0.3702) that is significantly
higher (t(9) = 7.1317, p < 0.001) than the recall of the baseline method (0.3815 ± 0.2334).
Figure 4(f) compares the precision of the HCRF and baseline using GWC. The differences
in the precision values for HCRF (7.5286 ± 0.5769) and the baseline (6.4313 ± 0.2987) were
found to be significant at t(9) = 4.2350, p = 0.0022 using a paired t-test. Although, using
GWC HCRF is able to outperform the baseline, the resulting detection rate is worse than
HCRF with cortical thickness.
Figure 4(g) shows the comparison of the detection rates using curvature to represent
the cortex. HCRF dominates the z-score baseline across all the five thresholds, for both
top five and top ten detections. HCRF detects abnormal clusters within the resection
zones of 13 (65%) patients, while the baseline detects only 9 (45%) subjects when the top
ten largest clusters are considered. Figures 4(h)-4(i) show that HCRF is able to achieve
higher recall and precision, respectively. The difference between the recall values of the
proposed method (0.9473 ± 0.4927) and the baseline (0.5549 ± 0.3903) was significant at
t(9) = 8.825, p < 0.001. Similarly, the differences in precision for HCRF (8.5373 ± 1.2063)
and the baseline (6.6313 ± 0.6597) were found to be significant at t(9) = 3.9135, p < 0.0035
using a paired t-test. Figure 3 shows the resulting detections from both the HCRF and the
baseline when curvature is used to characterize the cortex for an MRI-negative patient.
When sulcal depth is used to represent the cortex, both the HCRF and the baseline
method achieve the same detection rate. Both approaches are able to detect abnormal
clusters that overlap with the resections of 12 (60%) patients (Figure 4(j)). However, as
Figures 4(k)-4(l) show, HCRF is able to achieve higher recall and precision values. The
difference between the recall values for HCRF (0.9585 ± 0.5013) and the baseline (0.4891 ±
0.3165) was significant at t(9) = 7.7730, p < 0.001. Similarly, the differences in precision
for HCRF (8.7008 ± 0.8541) and the baseline (6.0124 ± 0.4679) were found to be significant
at t(9) = 8.0983, p < 0.001 using a paired t-test.
Using individual features, HCRF is able to achieve a maximum detection rate of 70%
while the baseline has a maximum detection rate of 60%, when top ten largest clusters are
considered. For the baseline sulcal depth and cortical thickness achieve higher detection
rates as compared to GWC and curvature. Cortical thickness outperforms all other features
based on its average precision and recall. For the HCRF method sulcal-depth and curvature
achieve identical performance with GWC ranking the lowest.
An important consideration is the degree of consensus between the individual features
with respect to the detected patients. If there is some degree of disagreement between
the features, then combining their detection can potentially increase the overall detection
rate. Considering top ten largest clusters, two patients were not detected by any of the
four features. Both cortical thickness and curvature detect a combined total of 16 patients,
differing on one patient each. On the other hand all except a single patient detected by
GWC and sulcal depth were also detected by either thickness or curvature. Based on these
results if we combine the output probabilities of all four features, and then use the same
thresholding and ranking technique we should be able to achieve a detection rate that is
higher than the detection rate of the individual features. We investigate the combination
of all four features in the next section.
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A comparison of the detection rate of both aggregation strategies with the detection rates
of the individual features is shown in Figure 5(g). We can see that both perform worse than

4.5.2 Performance Comparison to Individual Features

Figure 5 shows the results of applying the two aggregation strategies in conjunction with
the HCRF and baseline methods. In particular, Figure-5(a) shows the detection rates when
the probabilities are averaged across features. It can be seen that the baseline performs
better than the HCRF at the early thresholds, however the HCRF is able to produce better
results as the threshold becomes more lenient. Considering the top ten largest clusters,
HCRF is able to achieve a detection rate of 60% which is slightly higher than the baseline
that achieves a detection rate of 55%. The recall and precision for the HCRF method
are significantly higher than the baseline as shown in Figures 5(b)-5(c). Using a paired
t-test, the difference in the recall values of the HCRF (1.0206 ± 0.5797) and the baseline
(0.7046 ± 0.4410) was significant at t(9) = 7.1317, p < 0.001, and the difference in the
precision values of the HCRF (9.2946 ± 0.9708) and the baseline (8.1422 ± 0.5595) was
significant at t(9) = 4.2350, p = 0.0022.
When the posterior probability at each vertex is calculated as the maximum across the
four features, HCRF achieves higher detection rates as shown in Figure 5(d). HCRF detects
abnormal clusters within the resection zones of 13 (65%) patients, while the baseline detects
only 10 (50%) subjects when top ten largest clusters are considered. HCRF achieves higher
recall (t(9) = 8.825, p < 0.001) and precision (t(9) = 3.9135, p < 0.0035), as shown in
Figures 5(e)-5(f), respectively.

4.5.1 Performance Comparison to Baseline

In this section we explore the question of whether the HCRF based method will achieve a
higher detection rate if the detections of the individual features are combined. As a first
strategy, we can simply aggregate the posterior probabilities as obtained by the application
of HCRF to each individual feature. Because every feature defines its own segmentation of
a given parcellation image, it is not possible to directly aggregate the probabilities obtained
at the leaves of the HCRF. To solve this issue we map the posterior probabilities obtained
at the leaves of the HCRF, back to the cortical surface for each feature and then define
a combination rule at every vertex. We use two basic aggregation rules, in the first we
average the probabilities across the four features, and in the second each vertex is assigned a
probability that is calculated as the maximum of the four individual probabilities. Similarly,
for comparison to the baseline method we use the same techniques to calculate a single zscore estimate at each vertex for the baseline.
Aggregation based on averaging is similar to majority vote rule. In this strategy, vertices
for whom most of the features have a high probability of being abnormal will be considered
abnormal in the final detection. This has the effect of lowering estimation errors leading to
a lower false positive rate by smoothing the outlier probabilities at each vertex. The second
strategy that uses the maximum across the probabilities would label a vertex as lesional
even if one of the features assigns it a higher outlier probability. This would lead to a higher
detection rate along with a high number of false positives.

4.5 Combining Features
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cortical thickness, and achieve a maximum detection rate of 65% when the top ten largest
clusters are considered. The same detection rate is also achieved by curvature. Similarly,
based on recall and precision values we can see that both the combination strategies fail to
outperform any of the individual features with the exception of GWC.
Both the averaging and maximum strategies achieved lower recall and precision than
cortical thickness (Figures 5(h) and 5(i), respectively). In addition to cortical thickness, the
maximum strategy achieved lower average recall than both curvature and sulcal-depth. On

Figure 5: Comparison of detection rates, precision and recall between then HCRF based
approach and the z-score based baseline method when the detection scores are
averaged across features (a)-(c), and when the final output score is computed
as the maximum across features (d)-(f). (g) contrasts the detection rate of both
aggregation strategies with that of the individual features when the top ten largest
clusters are considered and (h)-(i) provide the same comparison for recall and
precision. Note that α = 1 such that larger clusters are ranked higher (refer to
Equation 8).

Detection Rate

Recall (%)
Recall (%)
Recall (%)

Precision (%)
Precision (%)
Precision (%)
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the other hand, for the averaging technique the differences in recall and precision were not
significant when compared to curvature and sulcal depth. For the sake of brevity we omit
the results of the paired t-tests that were used to establish these pairwise comparisons.
One reason for the failure of the combined strategies is that each feature has its own
idiosyncrasies, which when not accounted for will introduce noise in the ranking/detection
process. As an example, consider sulcal depth and curvature. Both features when used
within the HCRF framework, achieve similar precision and recall but different detection
rates. This shows that although, sulcal depth detects clusters within the resection zones
of patients, it detects larger clusters outside the resection zone. If the detections of sulcal
depth and curvature are combined then the noisy clusters detected by sulcal depth will
cause a drop in the overall detection rate. There are two possible solutions: 1) select only
informative features and discard the ones that are noisy, and 2) tune the tradeoff parameter
(α) in the ranking function (Equation 8) such that the ranks of smaller clusters that are
highly abnormal remain resilient to the presence of larger noisy clusters. It should be noted
that changing the ranking function will have no effect on the overall precision and recall,
because cluster ranks only influence the detection rate.
To explore option 1, feature selection, we selected cortical thickness and curvature because of their higher detection rates, precision and recall. We employ the same aggregation
strategies as before, namely averaging and maximum. In Figure 6 we observe that when
using only thickness and curvature, both the averaging and maximum strategies produce
higher detection rates, precision and recall than the baseline (Figures 6(a)-6(f)).
More interestingly, when compared to individual features, the combination of curvature
and cortical thickness is able to achieve significantly higher precision and recall, with the
exception of cortical thickness (the average precision and recall is higher but the differences
are not statistically significant), as shown in Figures 6(h)-6(i), respectively. However, as
Figure 6(g) shows the detection rate although higher than when all four features are aggregated does not exceed that achieved by thickness alone. However these results confirm
that when clusters are ranked based only on their size, both GWC and sulcal depth produce noisy detections, that can lower overall detection rate. Our finding that sulcal depth
produces noisy or large extra-lesional clusters is also corroborated by Hong et al. (2014).
Next, we explore the effects of tuning the size/probability tradeoff parameter α, on the
detection rate of both individual and combined strategies.
4.5.3 Ranking Criterion and the Detection Rate

JMLR 17(112):1-30

Thus far we have fixed the ranking criterion to be the size of the detected cluster. However,
as defined in Equation 8, we can tune the tradeoff parameter such that the cluster ranking
criterion pays attention to both the size and the average outlier probability of the cluster. To
ascertain how α influences the performance of HCRF framework, we varied α over its entire
range of values and determined the detection rate for individual features, the combination
of all features, and the combination of the top two features.
For a given input feature (or a combination of features) we divided the range of α ∈ [0, 1]
uniformly into twenty 21 points. At each resulting value of α we re-estimated the ranking
of the clusters. The detection rate corresponding to each value of α was determined by
taking the maximum number of patients detected using the top ten ranked clusters, across
23
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the first five thresholds. Figure 7(a) shows the detection rates of each individual feature
for different values of α. Both cortical thickness and sulcal depth achieve their maximum
detection rates when α = 1, while curvature does so for intermediate values of α = 50, 75.
On the other hand the detection rate of GWC drops as α increases. Thus, every feature has
its own idiosyncratic dependency on α which should be taken into account when combining
the outputs from multiple features, especially because the goal is to improve the overall
detection rate.

Figure 6: Comparison of detection rates, precision and recall between then HCRF based
approach and the z-score based baseline method when the detection scores are
averaged across thickness and curvature (a)-(c), and when the final output score
is computed as the maximum between the two features (d)-(f). (g) contrasts
the detection rate of both averaging and maximum with that of the individual
features when the top ten largest clusters are considered and (h)-(i) compare the
recall and precision. Note that, α = 1 so that larger clusters are ranked higher
(refer to Equation 8).
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5. Discussion

in the case of sulcal-depth, where the baseline is able to outperform HCRF. Similarly, when
we combine cortical thickness and curvature to define the final detection, HCRF dominates
the baseline, achieving the highest detection rate 75% using an averaging technique to
combine the posterior probabilities of the two input features. However, when the same
averaging technique is used to combine the results of all four features, both HCRF and the
baseline perform comparably (albeit worse than using only two features) and the difference
in their performance across the different values of α is not statistically significant.
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Figures 7(b)-7(c) compare the influence of alpha on the detection rates of the two combination strategies (averaging and maximum) when all the features are used and when only
cortical thickness and curvature are used, respectively. It can be observed that the highest
detection rate, 75%, results from using an averaging technique to combine the posterior
probabilities of cortical thickness and curvature (Figure 7(c)).

Figure 7: Effect of α on the detection rates of (a) individual features, (b) combination of all
four morphological features and (c) combination of the top two ranked features.
In (b) and (c) we have omitted the detection rates of sulcal depth and GWC
to improve the clarity of the plot. (d) compares the overall median detection
rate of HCRF with the baseline method using different input features and their
combinations across the entire range of α.
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In order to contrast the performance of the HCRF based method based on different
input settings across the entire range of α, we used a a two-sided Wilcoxon signed-rank test
(Japkowicz and Shah, 2011). Figure 7(d) compares the median detection rate of HCRF and
the z-score based method for different input features (and their combinations). For each
individual feature HCRF achieves a higher detection rate as compared to the baseline, except
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Any method of automated detection of FCD lesions is meant to augment the standard
comprehensive clinical evaluation protocol for epilepsy surgery candidates. This standard
protocol typically involves a neurological exam, scalp electroencephalography (EEG), neuropsychological exam, positron emission tomography (PET), and magnetic resonance imaging (MRI). Due to the common occurrence of widespread network abnormalities in focal
epilepsy, each of these methods has a high rate of false positives. Thus, convergence of
evidence from multiple sources is critical to determining the region(s) with the highest likelihood of hosting the seizure onset zone. In this work, we addressed this challenging task of
detecting FCD lesions in a semi-supervised image segmentation framework. To this end, we
developed a novel semi-supervised image segmentation method based on hierarchical conditional random fields (HCRF). We evaluated the proposed method on four morphological
features, and also investigated different mechanisms of combining the outcomes of these
input features.
In an empirical evaluation that involved 20 histologically verified MRI-negative patients, who had undergone resective surgery and were subsequently seizure-free, our proposed method was able to achieve higher detection rates using four morphological features
as compared to a baseline method. Furthermore, when the detections based on these features were combined, HCRF was still able to detect abnormal clusters within the resection
zone of a higher number of patients as compared to the selected baseline. Not only did the
proposed method have a high detection rate, it also achieved significantly higher precision
and recall across all features and their combinations.
Furthermore, in this work we establish that each of the four morphological features,
namely cortical thickness, GWC, curvature and sulcal depth exhibit different behavior for
different settings of the cluster ranking criterion and some of them produce noisier detections as compared to others. These two observations show that any method that aims at
combining the detections from different features should consider feature specific properties
such as the false positive rate and adjust the ranking criterion to achieve a high detection
rate.
Because, identifying the abnormal region in cryptogenic epilepsy is a multifaceted procedure that is based on a confluence of evidence from multiple sources; the high detection
rate of our proposed method will have a deeper impact in the application domain by enhancing the sensitivity of the patient evaluation methodology. Indeed, our 75% detection
rate on the MRI-Negative patients in our evauation dataset (compared to a human expert
detection rate of 0%), suggests that this method can be used as an effective tool in the presurgical evaluation of TRE patients who are likely to undergo surgical resection. Currently,

Detection Rate
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Detection Rate

Detection Rate

HCRF results have started being incorporated into the weekly meeting of radiologists and
neurosurgeons to help identify the seizure onset zones for MRI-negative patients who may
be candidates for resective surgery at the New York Universityś Comprehensive Epilepsy
Center.
As part of the pre-surgical protocol, all patients undergo an intra-cranial EEG (iEEG)
exam in which invasive subdural electrodes are placed directly on the cortex to record
electrical activity. As a future research direction, we plan to use the results of the iEEG
exam to augment the resection zones such that they provide “soft” labels that can be used
to jointly learn the parameters of the node and edge potentials in the HCRF. Another
avenue of future research is to further expand the feature set to include other features such
as diffusivity, connectivity, etc.
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1. Introduction

Combining data sets collected from multiple studies is undertaken routinely in practice to
achieve a larger sample size and higher statistical power. Such information integration is
commonly seen in biomedical research, for example, the study of genetics or rare diseases
where data repositories are available. The motivation of this paper arises from the consideration of data heterogeneity during data integration. Although data integration has
different meanings, in here, we consider the concatenation of data sets of similar studies
over different subjects, where the number of integrated data sets can be very large.
Inter-study heterogeneity can result from the differences in study environment, population, design and protocols (Leek and Storey, 2007; Sutton and Higgins, 2008; Liu et al.,
2015). Data heterogeneity is likely attributed to population parameter heterogeneity, where
the association of interest can differ across different study populations from which data sets
are collected. Examples include multi-center clinical trials when participant data from different sites are combined (Shekelle et al., 2003) and genetics studies when genomic data

Figure 1: Homogeneous assumption (left) versus heterogeneous assumption (right).
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from multiple similar studies are combined (Lohmueller et al., 2003; Sullivan et al., 2000).
Discrepancies in treatment effect or trait-gene association may arise due to the differences
in facilities, practices and patient characteristics across studies, albeit the adjustment of
confounding (Leek and Storey, 2007). The parameter heterogeneity introduced in data integration compromises the power of the larger sample size and may even lead to biased
results and misleading scientific conclusions. Thus, counterintuitively, the model obtained
from the combined studies may not serve as a proper prediction model for each individual
study in the case of heterogeneous study populations.
Traditional treatments of parameter heterogeneity are not optimal. Meta-analysis methods such as combining summary statistics (Glass, 1976), estimating functions (Hansen, 1982;
Qin and Lawless, 1994) or p-values functions (Xie et al., 2012) are built upon the assumption of complete parameter homogeneity, as shown in the left panel of Figure 1. This assumption is hardly valid in practice. When individual participant data from multiple data
sets are available, a retreat to the classical meta-analysis methods is necessary, because
in this case assessing the assumption of inter-study homogeneity becomes possible. The
two most common approaches to handling parameter heterogeneity include (i) specifying
study-specific effects by including interaction terms between study indicator and covariates
(e.g., Lin et al. (1998)), and (ii) utilizing random covariate effects by allowing variations
across studies as random variables (e.g., DerSimonian and Kacker (2007)). Both approaches
essentially assume fully heterogeneous covariate effects, namely, each study having its own
set of regression coefficients, as shown in the right panel of Figure 1.
When study-specific effects are of interest, the interaction-based formulation may lead
to over-parameterization, which impairs statistical power. The most straightforward way to
reduce the number of parameters is to identify clusters of homogeneous parameters through
exhaustive tests for the differences between every pair of study-specific coefficients. However,
when the number of data sets is large, the use of hypothesis testing to determine parameter
clusters becomes untrackable in addition to the multiple-testing problem. One may draw
different or even conflicting conclusions due to different orders of hypotheses performed.
In reality, covariate effects from multiple studies are likely to form groups, a scenario
falling in between the complete heterogeneity and the complete homogeneity. This leads

As data sets of related studies become more easily accessible, combining data sets of similar
studies is often undertaken in practice to achieve a larger sample size and higher power.
A major challenge arising from data integration pertains to data heterogeneity in terms of
study population, study design, or study coordination. Ignoring such heterogeneity in data
analysis may result in biased estimation and misleading inference. Traditional techniques
of remedy to data heterogeneity include the use of interactions and random effects, which
are inferior to achieving desirable statistical power or providing a meaningful interpretation, especially when a large number of smaller data sets are combined. In this paper,
we propose a regularized fusion method that allows us to identify and merge inter-study
homogeneous parameter clusters in regression analysis, without the use of hypothesis testing approach. Using the fused lasso, we establish a computationally efficient procedure
to deal with large-scale integrated data. Incorporating the estimated parameter ordering
in the fused lasso facilitates computing speed with no loss of statistical power. We conduct extensive simulation studies and provide an application example to demonstrate the
performance of the new method with a comparison to the conventional methods.
Keywords: Fused lasso, Data integration, Extended BIC, Generalized Linear Models
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to the following two essential yet related analytic tasks: (i) to assess the inter-study heterogeneity, so to determine an appropriate form of parsimonious parameterization in model
specification; and (ii) to identify and merge groups of homogeneous parameters for better statistical power for parameter estimation and inference based on a more parsimonious
model. Along the idea of lasso shrinkage estimator (Tibshirani, 1996), fused lasso methods
(Tibshirani et al., 2005; Friedman et al., 2007; Yang et al., 2012) have been introduced to
achieve covariate grouping, where covariate adjacencies are naturally defined by a metric of
time, location or network structure. In our problem of data integration, there does not exist
a natural metric to define the ordering of regression coefficients from different studies. Shen
and Huang (2010) proposed the grouping pursuit via penalization of all pairwise coefficient
differences in a single study, where covariate orderings are not considered. To reduce the
computational burden in the all-pairs based regularization, Wang et al. (2016) and Ke et al.
(2015) used the initial coefficient estimates to establish certain ordering and then to define
parameter adjacencies. However, most of these studies have been entirely focusing on a
single cohort of subjects from a single study. For example, Shin et al. (2016) proposed to
fuse regression coefficients of different loss functions obtained from a single study, such as
coefficients from different quantile regression models. Limited publication of fusion learning
and grouping pursuit has been available in the literature, except Wang et al. (2016), to
assess the differences and similarities among regression coefficients across multiple studies
in the scenario of data integration.
In this paper, we propose an agglomerative clustering method for regression coefficients in the context of data integration, named as the Fused Lasso Approach in Regression
Coefficients Clustering (FLARCC). FLARCC is proposed to identify heterogeneity patterns of regression coefficients across studies (or data sets) and to provide estimates of
all regression coefficients simultaneously. It is interesting to draw a connection between
our method and Pan et al. (2013) where they consider a classic clustering problem of individual responses by pairwise coefficient fusion via penalized regression. Their method
aims at clustering subjects, while our method focuses on clustering regression coefficients
across multiple data sets, and these two methods coincide only in a special case where
each study is composed of only one subject. FLARCC achieves clustering of study-specific
effects by penalizing the `1 -norm differences of adjacent coefficients, with adjacency defined by the estimated ranks. Our method extends the bCARDS method in Ke et al.
(2015) from one study to multiple studies as well as from the linear model to the generalized linear models, and focuses on simultaneous clustering of regression coefficients of
individual covariates from multiple studies in data integration. An R package metafuse is
created as part of our methodology development to perform the proposed integrated data
analysis which can be downloaded from the Comprehensive R Archive Network (web link
https://cran.r-project.org/web/packages/metafuse).
In the proposed method, tuning parameter is used to determine the clustering pattern
of coefficients across data sets. Specifically, let λ be the tuning parameter of regularization.
If λ = 0 (i.e., no penalty), FLARCC becomes a method under the setting of complete
heterogeneity, so that study-specific regression coefficients for each covariate are assumed
different across data sets. If λ is large enough that all differences of regression coefficients
are shrunk to zero, FLARCC reduces to a homogeneous model in that a common regression
coefficient for each covariate is assumed for all studies. In light of the hierarchical clustering
3
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scheme, these two extreme cases above correspond to the start and end of an agglomerative
clustering, respectively; however, the reality is believed to reside in between. Analogous
to dendrograms in the hierarchical clustering, we propose a new tree-type graphic display,
named as fusogram, which presents tree-based coefficient clusters according to solution paths
obtained from FLARCC. The selection of optimal λ pertains to pruning of clustering trees,
which can be based on certain model selection criterion. We use the extended Bayesian
information criterion (EBIC) proposed by Chen and Chen (2008) as our model selection
criterion and show that EBIC exhibits better performance than BIC when the number of
studies (or data sets) is large. In addition, we propose a scaling strategy to “harmonize”
solution paths by covariate-wise adaptive weights to allow flexible tuning, which further
improves the clustering performance.
The rest of this paper is organized as follows. Section 2 describes FLARCC in detail
under the generalized linear models (GLM) framework. Section 3 presents the theoretical
properties of the proposed method (with technical proofs presented in the Appendix). Section 4 discusses the interpretation and selection of the tuning parameter. In Section 5, we
use simulation studies to evaluate the performance of our method. A real data analysis is
given in Section 6 with interpretation of coefficient estimates and illustration of fusograms.
Discussion and concluding remarks are in Section 7.

2. Method of Parameter Fusion

In this section, we present the method and algorithm of FLARCC.
2.1 Notations and Method

.

X2,1

.

..

X3,1
.
..
X3,K

(i)

We start by introducing necessary notations. Throughout this paper, i, j and k are used
(i)
to index subject, covariate and study, respectively. For instance, Xj,k denotes the measure-

X1,1

..

X1,K

X2,K
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. . . Xp,1
. 
..
.
.. 
. . . Xp,K N ×(2K+p−2)

ment of the jth covariate from the ith individual from study k, and Yk is the measurement
of a response variable from the ith individual from study k. The total number of studies is
denoted as K and the number of covariates involved isPp. The sample size for study k is nk ,
K
n
k = 1, . . . , K, and the combined sample size is N = k=1
k . The collection of all coeffi> , β > , . . . , β > )> with β
>
cients (covariates-wise) is denoted as β = (β1,
j,· = (βj,1 , . . . , βj,K )
p,·
· 2,·
for j = 1, . . . , p. An indicator vector c = (c1 , . . . , cp )> is used to flag heterogeneous covariates, namely if the jth covariate is treated as heterogeneous (i.e., all different coefficients
across K studies) then cj = 1 and as homogeneous (a common coefficient across K studies)
otherwise. Thus cj = 0 for some j ∈ {1, . . . , p} implies that coefficient vector βj,· reduces
to a common scalar parameter βj for all K studies.
For illustration, let us consider a simple scenario of c = (1, 1, 0, . . . , 0)> , in which the
first two covariates are set as heterogeneous and the remaining p − 2 covariates are set
> , β > , β , . . . , β )> . Then the
as homogeneous. The resulting coefficient vector is β = (β1,
p
· 2,· 3
corresponding design matrix X can be written as


X=

4

(1)

k=1

(3)

Pλ,α (β) = λ

j=1

p
X

cj νj

k=1 k0 >k

K−1
K
X X

+αλ

j=1 k=1

p X
K
X

µj,k 1{Vj,k = 1}|βj,k |,

µj,k,k0 1{|Uj,k − Uj,k0 | = 1}|βj,k − βj,k0 |
(4)

5

6
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|βj,k − βj,k0 |,

µj,k,k0 1{|Uj,k − Uj,k0 | = 1}|βj,k − βj,k0 |,
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K
2

k0 >k

k=1 k0 >k

K−1
K
X X

where α ≥ 0 is another tuning parameter that controls the relative ratio between fusion and
sparsity penalties, and µ̂j,k = 1/|β̂j,k |r . The sparsity penalty, although only enforced on the
smallest coefficient in absolute value of βj,· , is capable of shrinking a group of coefficients
to zero when combined with the fusion penalty.
In practice, the weights (νj , µj,k,k0 and µj,k ) and the parameter orderings (Uj and Vj ) are
unknown, for j = 1, . . . , p. We replace them with their estimates based on root-n consistent
> , . . . , β̂ > )> , such as those from (1). In the simulation experiments and
estimates β̂ = (β̂1,
p,·
·
the real data application of this paper, we set r = 1 in µ̂j,k,k0 and µ̂j,k .

j=1

cj

K−1
K
X X

cj νj

with λ ≥ 0. In this penalty, there are
terms of pairwise differences for each heterogeneous covariate and the total number of terms increases by an order of O(K 2 ), given p
fixed. This penalty contains many redundant constraints and imposes great computational
challenges as pointed out in Shen and Huang (2010) and Ke et al. (2015).
Following arguments in Wang et al. (2016) and Ke et al. (2015), we develop the method of
FLARCC by a simplified penalty function that uses the information on the ordering of coefficients. For the jth covariate, let Uj = (Uj,1 , . . . , Uj,K )> be the ranking with no ties of βj,· =
P
(βj,1 , . . . , βj,K )> , from the smallest to the largest. Specifically, Uj,k = K
k0 =1 1{βj,k0 ≤ βj,k }
if there are no ties in βj,· ; otherwise, the ties in Uj are resolved by the first-occurrence-wins

Pλ (β) = λ

p
X

where P (β) is a penalty function of certain form. Here we adopt weighting n1k to balance
the contribution from each study so to avoid the dominance of large studies. Other types of
weighting schemes may be considered to serve for different purposes, such as the inverse of
estimated variances of initial estimates, which helps to achieve better estimation precision.
To achieve parameter fusion, Shen and Huang (2010) proposed the grouping pursuit
algorithm, which specifies the sum of `1 -norm differences of all study-specific coefficient
pairs among individual heterogeneous coefficient vectors βj,· , where cj = 1, as the penalty:

k=1

Q k (i)
where Lk (β) = ni=1
Lk (β), k = 1, . . . , K are the study-specific likelihoods from the given
GLMs. For the purpose of parameter grouping and fusion, we propose the regularized
maximum likelihood estimation for β by minimizing the following objective function:
!
K
1 X 1
min
−
log Lk (β) + P (β) ,
(2)
K
nk
β∈R(K×p)

k=1

K
1 X 1
log Lk (β),
nk
β∈R(K×p) K

β̂ = argmax

j=1

p
X

where the constraints occur effectively only on adjacent ordered pairs. Clearly, the penalty
in (3) only involves K − 1 terms for each case of cj = 1, which is of an order O(K), given
p fixed. The νj ’s and µj,k,k0 ’s in (3) are weights. Following Zou (2006), we choose adaptive
weights µ̂j,k,k0 = 1/|β̂j,k − β̂j,k0 |r , r > 0, so that parameters with smaller difference will be
penalized more than those with larger differences. Similarly, for a group of parameters βj,· =
(βj,1 , . . . , βj,K )> , νj is an adaptive weight to characterize the degree of heterogeneousness of
βj,· . Specifically, in this paper we let ν̂j = 1/|β̂j,(K) − β̂j,(1) |s , the inverse of the range of the
estimates, with s ≥ 0; when a covariate is homogeneous, the differences of study-specific
coefficients will be penalized more than those that are heterogeneous. In this way, we
can “harmonize” solution paths so to greatly improve the performance by a single tuning
parameter. We compare s = 0 and s = 1 in the simulation experiments and show in
Section 5 that the introduction of such group-wise weights νj , j = 1, . . . , p, gives rise to
improvement on the performance of identifying homogeneous covariates when K and p are
large.
A sparse version of FLARCC can also be achieved by including the traditional lasso
penalty in (3) for covariate selection. In order to minimize the interference between fusion
and sparsity penalties, we only encourage sparsity for the coefficient closest to zero in
each βj,· = (βj,1 , . . . , βj,K )> , for j = 1, . . . , p. Similar to the definition of Uj , let Vj =
(Vj,1 , . . . , Vj,K )> be the ranking with no ties, from the smallest to the largest, of the absolute
P
values of βj,· , i.e., (|βj,1 |, . . . , |βj,K |)> . First we calculate Vj by Vj,k = K
k0 =1 1{|βj,k0 | ≤
|βj,k |}, then we resolve the ties in Vj by the first-occurrence-wins rule according to k. Thus
we can extend (3) to achieve variable selection by the following penalty function:

Pλ (β) = λ

rule according to k to ensure rank uniqueness. Then, the fusion penalty in FLARCC with
parameter orderings Uj , j = 1, . . . , p, takes the form:

(n)

where Xj,k = (Xj,k , . . . , Xj,k )> , j = 1, . . . , p, k = 1, . . . , K. The specification of c is can be
dependent on the study interest. For example, in a multi-center clinical trial where we believe that the differences between the services provided across centers are non-negligible, but
the study participants are similar, we can specify the clinic-related variables (e.g., treatment
and cost) to be heterogeneous and the patient-related variables (e.g., age and gender) to be
homogeneous. In addition, the specification of c can be dependent on preliminary marginal
analysis of the homogeneousness of each variable, such as tests for random effects. When
the homogeneousness of a covariate is unclear, we suggest specifying it as heterogeneous
rather than homogeneous.
Under the assumption that both within-study and between-study samples are independent, for any c = (c1 , . . . , cp )> with cj ∈ {0, 1}, j = 1, . . . , p, the initial estimate of β,
which gives the starting level of clustering (i.e., λ = 0), can be consistently estimated by
the maximum likelihood estimator

(1)
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2.2 Algorithm

for k s.t. Vj,k = 1;

p X
K
X

1
,
|θ̂j,k |r

if k = 1
if k = 2, . . . , K,

(6)

(5)

Optimization problem (2) with P (β) = Pλ,α (β) given in (4) can be carried out by a lasso
regression through suitable reparameterization. Let the ordered coefficients of βj,· in an
ascending order based on ranking Uj be (βj,(1) , . . . , βj,(K) )> , j = 1, . . . , p. For the jth
covariate, consider a set of transformed parameters θj,· = (θj,1 , . . . , θj,K )> defined by
θj,1 = βj,k ,

Pλ,α (θ) = λ

s

j=1 k=1

k0 =2 θ̂j,k0 |

ωj,k |θj,k |,

θj,k = βj,(k) − βj,(k−1) , for k = 2, . . . , K.



Then the Pλ,α (β) in (4) can be rewritten as

where
ω̂j,k =
|

α 1 ,
|θ̂j,1 |r
PK 1

cj

for j = 1, . . . , p. Since no ties are allowed in the parameter ordering of FLARCC, one-to-one
> , β > , . . . , β > )> and θ = (θ > , θ > , . . . , θ > )> by
transformation exists between β = (β1,
p,·
1,· 2,·
p,·
· 2,·
suitable sorting matrix S and reparameterization matrix R; that is, θ = RSβ and β =
(RS)−1 θ with both S and R being full-rank square matrices. Thus, a solution to the fused
lasso problem can be obtained equivalently by solving a routine lasso problem with respect
to coefficient vector θ and a transformed design matrix X(RS)−1 . As aforementioned,
the estimated parameter ordering is used to construct S. It is obvious that the constraint
in (5) is convex, thus FLARCC does not suffer from multiple local minimal issue. The
optimization is done using R package glmnet (version 2.0-2) (Friedman et al., 2010), which
accommodates GLMs with Gaussian, binomial and Poisson distributions.

3. Large-sample Properties
First we present the oracle property of our method when the parameter ordering is known,
then we prove that the same large-sample properties are preserved when consistently estimated parameter ordering is used. Here we assume K is fixed. Theorems will be stated
under the setting of all coefficients being heterogeneous, i.e., c = (1, . . . , 1)> . The largesample theories for other specification of c can be established as a special case.
Denote the true parameter values as β ∗ and θ ∗ . Let the collection of true parameter
p
orderings of all covariates and their absolute values be W = {Uj , Vj }j=1
,
and
the
estimated
p
orderings based on the root-n consistent estimator β̂ from (1) as Ŵ = {Ûj , V̂j }j=1
. Denote
Ŵ when the estimated
the FLARCC estimator of θ ∗ as θ̂ W when
Sp W is known, and θ̂
parameter ordering Ŵ is used. Let A = j=1
{Aj } be the index set of nonzero values in θ ∗ ,
∗ 6= 0}, and Ac be the complement of A. Thus, θ ∗ can be partitioned
where Aj = {(j, k) : θj,k
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∗ and the nonzero set θ ∗ . Similarly, let ÂW and ÂŴ
into two subsets, the true-zero set θA
c
A
be the index sets of nonzero elements in θ̂ W and θ̂ Ŵ , respectively. Let n = min nk ,
1≤k≤K
PK
k=1 nk , and λN = N λ.

N=

7
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√
Theorem 1 Suppose that tuning parameter λN satisfies λN / N → 0 and λN N (r−1)/2 →
∞. Then under some mild regularity conditions (see Appendix A), the FLARCC estimator
θ̂ W based on the true parameter ordering W satisfies

(i) (Selection Consistency) limn P (ÂW = A) = 1;
√
d
−1
W − θ∗ ) →
(ii) (Asymptotic Normality) N (θ̂A
N (0, I11
) as n → ∞, where I11 is the
A
submatrix of Fisher information matrix I corresponding to set A.

Theorem 1 states that when the coefficient orderings W of β is known, under mild regularity conditions, the FLARCC estimator θ̂ W enjoys selection consistency and asymptotic
normality. The proof of Theorem 1 follows Zou (2006) and is given in Appendix A. Now
we present Theorem 3, which states that the same properties of Theorem 1 hold for θ̂ Ŵ ,
the FLARCC estimator of θ ∗ based on the estimated parameter ordering Ŵ . In effect,
Theorem 3 is a consequence of the following lemma.

Lemma 2 If β̂ is a root-n consistent estimator of β, then limn P (Ûj = Uj ) = 1 and
limn P (V̂j = Vj ) = 1 for j = 1, . . . , p.

The proof of Lemma 2 is given in Appendix A. Lemma 2 implies that the parameter
ordering can be consistently estimated. Using Lemma 2, we are able to extend the properties
of θ̂ W in Theorem 1 to the proposed FLARCC estimator θ̂ Ŵ .
√
Theorem 3 Suppose that λN / N → 0 and λN N (r−1)/2 → ∞. Let the estimated parameter
ordering Ŵ be the ranks from a root-n initial consistent estimator β̂. Under the same
regularity conditions of Theorem 1, the FLARCC estimator θ̂ Ŵ satisfies

(i) (Selection Consistency) limn P (ÂŴ = A) = 1;
√
d
−1
Ŵ − θ ∗ ) →
) as n → ∞, where I11 is the
N (0, I11
(ii) (Asymptotic Normality) N (θ̂A
A
submatrix of Fisher information matrix I corresponding to set A.

The proof of Theorem 3 is given in Appendix A. The asymptotic normality for β̂ can
also be derived by a simple linear transformation.

4. Tuning Parameter

In this section, we provide interpretation of the tuning parameter λ and discuss the selection
criteria used for selecting λ.
4.1 Interpretation of νj ’s

JMLR 17(113):1-23

Intuitively speaking, the study-specific coefficients of a homogeneous covariate tend to be
fused at a small λ value, say λ1 , but the fusion of a heterogeneous covariate requires another
λ value, λ2 , assuming λ2 > λ1 . The region to draw correct clustering conclusion is [λ1 , λ2 ],
that is, any λ within this region will produce the correct clustering result. However, when
the number of covariates p is large, the region that λ can take value from to ensure the
correct clustering of all p coefficient vectors simultaneously becomes narrower and may even

8

k=1

n̄
log Lk (β̂(λ)) + df(β̂(λ)) log(N ),
nk
(7)
(i)

(i)

(i)

5

4

3
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k=1

9

j=1


p 
K
X
X
n̄
K
log Lk (β̂(λ)) + df(β̂(λ)) log(N ) + 2γ log
,
nk
df(β̂j,· (λ))

(8)

10
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EBICλ = −2

To improve the BIC by further controlling model size and encouraging sparer models,
we adapt the EBIC for FLARCC, which takes the following form:

i=1

where γ ∈ [0, 1] is a tuning parameter that is typically fixed at 1 as done in our numerical
experiments. Note that EBIC reduces to BIC when γ = 0. The last term in (8) encourages
a sparser solution in comparison to the conventional BIC. Simulation studies in Section 5
provide numerical evidence to elucidate the difference between BIC and EBIC in terms of
their performance on achieving sparsity.

3

β3,· = (−1, . . . , −1, 0, . . . , 0, 1, . . . , 1)> .
| {z } | {z } | {z }

5

β2,· = (0, . . . , 0, 1, . . . , 1)> ;
| {z } | {z }

10

β1,· = (0, . . . , 0)> ;
| {z }

where the true coefficient vectors have the following clustering structures:

h{E(Yk )} = β1,k X1,k + β2,k X2,k + β3,k X3,k , i = 1, . . . , 100, k = 1, . . . , 10,

(i)

The first simulation study aims to assess the performance of our method for different GLM
regression models. For this, we consider combining data sets from K = 10 different studies
with, for simplicity, equal sample size n1 = · · · = n10 = 100. Data are simulated from the
following mean regression model:

5.1 Simulation Experiment 1

This section presents results from two simulation experiments. The first simulation compares the performance of FLARCC under different GLM regression models. The second
simulation is a more complicated scenario with large K and more non-important covariates,
where covariate selection is also of interest.

5. Simulation Studies

The true values in β2 and β3 are heterogeneous, while the true values in β1 are homogeneous
across studies. The three covariates are correlated with exchangeable correlation of 0.3 and
marginally distributed according to the standard normal distributions, N (0, 1). Three types
of GLM regression models are considered: linear model for continuous normal outcomes
(with errors simulated from N (0, 1)), logistic model for binary outcomes and Poisson model
for count outcomes.
To evaluate the performance of FLARCC to correctly detect patterns of all covariates,
we assume all covariates are heterogeneous across studies with no prior knowledge on clustering structure of any covariate. Intercept is fitted and assumed to be homogeneous. No
sparsity penalty is applied on the covariates (i.e., α = 0) in this simulation experiment. Coefficients of all three covariates are fused simultaneously, and the optimal tuning parameter
λopt is selected by EBIC. We report sensitivity and specificity as metrics of the performance
of FLARCC to identify similar and distinct coefficient pairs. Sensitivity measures the proportion of equal coefficient pairs that are correctly identified. Similarly, specificity measures

nk n
o
X
(i)>
(i) (i)>
Poisson: log Lk (β̂(λ)) ∝
Yk Xk β̂(λ) − eXk β̂(λ) .

i=1

nk n

o
X
(i)>
(i) (i)>
Logistic: log Lk (β̂(λ)) ∝
Yk Xk β̂(λ) − log 1 + eXk β̂(λ) ;

i=1

where n̄ = N/K is the average sample size per study, Lk (β) is the study-specific
likelihood,
P
β̂(λ) is the estimation of β at tuning parameter value λ, and df(β̂(λ)) = pj=1 df(β̂j,· (λ))
is the total number of distinct parameters in β̂(λ). The study-specific log-likelihoods for
three most common models are listed below:
(n
)
k 
2
X
nk
(i)
(i)>
Normal: log Lk (β̂(λ)) ∝ − log
Yk − Xk β̂(λ) /nk ;
2

BICλ = −2

K
X

In the current literature, the tuning parameter λ may be selected by multiple model selection
criteria, such as Bayesian information criterion (BIC) (Schwarz, 1978) and generalized crossvalidation (GCV) (Golub et al., 1979). In this paper, we consider the widely used BIC and
its modification, extended BIC, i.e., EBIC (Chen and Chen, 2008; Gao and Song, 2010),
which has showed the benefit of achieving sparse solutions.
Following the derivation of BIC for weighted likelihoods in Lumley and Scott (2015),
the conventional BIC for FLARCC is defined as follows:

4.2 Model Selection

In a view of hierarchical clustering, the solution path of each covariate can be thought
of as a hierarchical clustering tree. For the jth covariate, λ = 0 corresponds to the bottom
of the clustering tree; and λ = λF use,j , the smallest λ value to achieve complete parameter
fusion, corresponds to the top of the clustering tree. The completely heterogeneous model
corresponds to the position on the solution path at λ = 0 and the completely homogeneous
model corresponds to the model at λ = λF use := max λF use,j .

be empty. For example, when λ2 < λ1 in the above case, no single λ is able to correctly
cluster both sets of parameters. The introduction of νj ’s in (4) creates larger separation
between homogeneous and heterogeneous groups, so that the range for λ to identify the
correct clustering pattern for all covariates is better established than the case with s = 0,
namely no use of weighting νj ’s. When the number of covariates p is large, νj plays a more
important role in harmonizing solution paths across covariates, and the performance will
be greatly improved by simultaneous tuning via a single λ.
1≤j≤p
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s=1
(0.349)

s=0
(0.154)

Method
(λ̃opt )

β1
β2
β3

β1
β2
β3

β1
β2
β3

β1
β2
β3

β

1.075
2.478
3.912

1.270
2.572
3.682

1.006
2.058
3.123

1.067
2.075
3.081

β̂ size

0.050
0.414
0.711
Poisson:
0.129
1.751
1.885
0.992
0.984
0.978

–
1.000
1.000

0.972
–
0.837
0.952
0.749
0.971
count response
0.976
–
0.984
1.000
0.986
1.000

0.080
0.998
–
1.584
0.986
1.000
1.972
0.974
1.000
Logistic: binary response
0.064
0.898
–
0.318
0.819
0.963
0.437
0.784
0.964

SensiSpeciλ̃F use,j
tivity
ficity
Linear: continuous response
0.111
0.974
–
1.275
0.982
1.000
1.368
0.982
1.000

0.001
0.002
0.002

0.001
0.001
0.002

0.007
0.052
0.064

0.010
0.047
0.069

0.001
0.003
0.004

0.001
0.003
0.004

0.005
0.271
0.657

0.005
0.271
0.659

0.005
0.268
0.607

0.005
0.268
0.607

0.002
0.253
0.603

0.002
0.253
0.603

0.008
0.008
0.008

0.008
0.008
0.008

0.069
0.088
0.091

0.070
0.087
0.091

0.012
0.012
0.012

0.012
0.012
0.012

0

s=0
(0.066)

β1
β2

1.087
2.084
3.076
0.087
2.060
2.536

MSE when λ =
λopt
λF use

s=1
(0.112)

β3
1.047
2.088
3.111

s=0
(0.187)
β1
β2
β3

s=1
(0.433)

Table 1: Results of simulation experiment 1 for FLARCC when scaling weight parameter
s = 0 and s = 1 with λ selected by EBIC, for the linear, logistic and Poisson models.
Tuning parameters are reported in log scale, i.e., λ̃ = log10 (λ + 1). Results are summarized
from 1,000 replications.

the proportion of unequal coefficients pairs that are correctly identified; however, specificity
is not defined for homogeneous covariates which have no unequal coefficient pairs. In addition, we calculate the mean squared error (MSE) for each β̂j,· across all K studies, defined
PK
as MSEj = k=1
(β̂j,k − βj,k )2 /K, j = 1, . . . , p, and compare with the MSE of each estimate
based on homogeneous model (λ = λF use ) and heterogeneous model (λ = 0).
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Table 1 shows the results of simulation experiment 1 from 1,000 simulation replicates.
The MSE of all estimated covariates based on FLARCC (λ = λopt ) are consistently and
significantly smaller than those based on the homogeneous (λ = λF use ) and heterogeneous
(λ = 0) models, regardless of the model type. FLARCC performs very well in the linear
and Poisson regressions in terms of identifying the correct clustering, with the sensitivity
and specificity both above 95% for all covariates (specificity is not reported for β1 since
there is no unequal pair within β1,· ). Sensitivity and specificity of FLARCC drop in the
logistic regression, especially as the level of heterogeneity increases. One reason for the
reduced performance of FLARCC in the logistic regression is that the estimated variances of
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regression coefficients in the logistic model are larger than in the linear and Poisson models,
given the same coefficient setting. Therefore, the estimated parameter ordering for which
our method is based on may be less accurate. For the logistic regression, increasing sample
sizes is one of the possible ways to improve the performance. The performance difference
between scaling weight parameter s = 0 and s = 1 in (4) is small in this case because of the
relatively small number of covariates p = 3. Additionally, since K is small in this case, the
optimal λ selected by BIC and EBIC are very close, thus we only display results based on
EBIC. As p and K become larger, FLARCC will increasingly benefit from the additional
weights νj (i.e., s = 1) and EBIC, as will be shown in Section 5.2. A sensitivity analysis to
investigate how the initial ordering affect the performance of FLARCC is conducted, with
results shown in Appendix B. We show that when the initial parameter ordering is slightly
distorted, our method still achieves satisfactory performance.
5.2 Simulation Experiment 2

j=1

8
X

βj,k Xj,k , i = 1, . . . , 100, k = 1, . . . , 100.

(i)

The second simulation study aims to evaluate the performance of FLARCC in a more
challenging setting. More specifically, we consider data sets from K = 100 studies, each with
a sample size 100, totaling 10,000 subject-level observations. Comparing to the previous
setting, we increase the number of covariates and reduce the gaps between heterogeneous
coefficients. For each study, we simulate data from the following linear regression model:
(i)

E(Yk ) =

The signals are set sparse; only the first four covariates with coefficient vectors, β1 to β4 ,
are influential to Y with the true clustered effect patterns given as follows:

50

50

β1,· = (0, . . . , 0, 0.5, . . . , 0.5)> ,
| {z } | {z }

30

25

40

25

30

β2,· = (−0.5, . . . , −0.5, 0, . . . , 0, 0.5, . . . , 0.5)> ,
|
{z
} | {z } | {z }

25

25

β3,· = (−0.5, . . . , −0.5, 0, . . . , 0, 0.5, . . . , 0.5, 1, . . . , 1)> ,
{z
} | {z } | {z } | {z }
|

20

20

20

20

20

β4,· = (−1, . . . , −1, −0.5, . . . , −0.5, 0, . . . , 0, 0.5, . . . , 0.5, 1, . . . , 1)> ,
{z
} | {z } | {z } | {z }
| {z } |
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whereas β5 to β8 are all zero, i.e., βj,· = (0, . . . , 0)> , for j = 5, 6, 7, 8. All covariates
are equally correlated with an exchangeable correlation of 0.3 and marginally distributed
according to N (0, 1). We set β1 to β8 as being heterogeneous from the start and fuse all of
them simultaneously. We apply the additional sparsity penalty to all covariates by setting
α = 1. The intercept is assumed to be homogeneous in the analysis.
Since K is large, we also present results from individual covariate K-means clustering.
This is a two-step method where we first estimate regression coefficients within each study,
and then separately for each covariate, we perform the K-means clustering on the estimated
study-specific coefficients of each covariate.
The number of clusters is selected by the
PK
generalized cross-validation criterion k=1
(β̂k − β̂c(k) )2 /(K − GDF)2 , with β̂c(k) being the
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7.196
11.236
13.721
18.308
6.415
5.271
5.629
5.080

β1
β2
β3
β4
β5
β6
β7
β8

s=1
EBIC
(0.492)

K-means
GCV
(GDF)

1.589
1.810
2.388
2.521
0.275
0.280
0.274
0.273

0.800
0.708
0.667
0.635
0.928
0.933
0.934
0.929

0.417
0.441
0.483
0.503
0.377
0.379
0.374
0.374
0.981
0.989
0.994
0.995
–
–
–
–

0.994
0.995
0.996
0.997
–
–
–
–
0.422
0.291
0.168
0.128
0.932
0.937
0.935
0.936

0.224
0.182
0.124
0.101
0.394
0.397
0.385
0.392

Sparsity
0.199
0.166
0.113
0.091
0.338
0.339
0.330
0.336
0.063
0.150
0.313
0.500
0.000
0.000
0.000
0.000

0.014
0.014
0.014
0.014
0.014
0.014
0.014
0.014

λ=
0
0.014
0.014
0.014
0.014
0.014
0.014
0.014
0.014

0.006 0.063 0.014
0.007 0.150 0.014
0.007 0.313 0.014
0.008 0.500 0.014
0.000 0.000 0.014
0.000 0.000 0.014
0.000 0.000 0.014
0.000 0.000 0.014
MSE from K-means
0.008
0.009
0.011
0.014
0.004
0.004
0.004
0.004

0.006
0.007
0.008
0.008
0.003
0.003
0.003
0.003

MSE when
λopt λF use
0.006 0.063
0.008 0.150
0.008 0.313
0.009 0.500
0.003 0.000
0.003 0.000
0.003 0.000
0.003 0.000

6. Application: Clustering of Cohort Effects

Table 2 summarizes the simulation results for linear model where the errors are generated
independently from N (0, 1). Similar to simulation 1, FLARCC gives the smallest MSE for
heterogeneous covariates, β1 to β4 , among all three models, and has comparable MSE as
the homogeneous model for homogeneous covariates, β5 to β8 . More interestingly, when K
is large, BIC does not provide satisfactory model selection, erring on the lack of parsimony,
while EBIC encourages stronger fusion and improves the ability to detect equal coefficient
pairs in all eight covariates, regardless of their levels of heterogeneity. In addition, EBIC
improves the sparsity detection among both the important and nonimportant covariates. It
is interesting to note that the choice between BIC and EBIC does not alter solution paths,
but only model selection. FLARCC with scaling weight parameter s = 1 has the best
clustering performance among all compared methods. The difference between the choices
of s = 0 and s = 1 is substantial in simulation 2, in contrast to the results from simulation
1. This indicates that the covariate-specific weights for heterogeneity {νj }pj=1 are very
effective to improve the performance of the proposed fusion learning, especially when K
and p are large. Sensitivity and specificity of the two-step K-means clustering method are
higher than those of FLARCC with s = 0, but lower than those of FLARCC with s = 1.
The two-step K-means has larger MSE than FLARCC because it does not consider the
correlation between covariates. More importantly, the K-means clustering is a model-free
method, so the results obtained from this method cannot be plugged in back to the model
for prediction. As suggested from the empirical results of both simulation experiments,
EBIC tends to provide better model selection for FLARCC than the conventional BIC.

0.753
0.671
0.639
0.527
0.759
0.769
0.767
0.794

0.971
0.983
0.984
0.985
–
–
–
–

0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
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Table 2: Result of simulation experiment 2 under the linear model. Scaling weight parameter
is set at s = 0 and s = 1. Tuning parameters are reported in log scale, i.e., λ̃ = log10 (λ + 1).
Sparsity denotes the proportion of zero in estimation. Results are summarized from 1,000
replications.

–
–
–
–
–
–
–
–
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3.563
6.111
8.843
11.358
1.329
1.321
1.311
1.321

β1
β2
β3
β4
β5
β6
β7
β8

s=0
EBIC
(0.159)

1.509
1.546
1.953
1.978
0.298
0.303
0.299
0.298

Specificity
0.995
0.996
0.997
0.997
–
–
–
–
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7.538
9.975
12.212
14.096
4.388
4.413
4.408
4.385

β1
β2
β3
β4
β5
β6
β7
β8

s=0
BIC
(0.143)

1.517
1.551
1.962
1.984
0.301
0.305
0.302
0.301

Sensitivity
0.373
0.401
0.443
0.461
0.322
0.322
0.321
0.319

cluster center of β̂k and GDF is the generalized degrees of freedom estimated according to
Ye (1998), where purturbations are generated independently from N (0, 0.01). The cluster
centroids are then used as the estimates of the group-level parameters.

8.115
10.689
13.107
15.178
4.818
4.860
4.860
4.820

β1
β2
β3
β4
β5
β6
β7
β8

λ̃F use,j
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In this data analysis example, we like to demonstrate the use of our method to derive
clusters of cohort effects. Here we consider the Panel Study of Income Dynamics (PSID),
which is a household survey study following thousands of families across different states in
the US. PSID collects information of employment, income, health, and so on. In this data
analysis, we focus on the association of household income with body mass index (BMI) on
school-aged children between age of 11 and 19, adjusted for age, gender and birth weight.
Data of 1880 children were gathered from four census regions (1-Northeast, 2-Midwest, 3South and 4-West), as defined by U.S. Census Bureau (2015). All variables are standardized
before model fitting. We are interested in investigating if regional heterogeneity exists and
if the effects of interest differ across regions with region-dependent patterns.
Table 3 shows the results of coefficient estimates obtained from three different models:
(A) homogeneous model (λ = λF use ), coefficients estimated by combining data sets from
four regions, (B) heterogeneous model (λ = 0), coefficients estimated separately by regionspecific data, and (C) FLARCC (λ = λEBIC ). Model A suggests that age and birth weight
are positively associated with BMI for the subjects, but income was negatively associated
with BMI. The estimates from Model B suggest that heterogeneous coefficient patterns
exist among these associations since conclusions differ between regions. Model C appears
more sensible when regression coefficients are heterogeneous across these regions. Since K
and p are small in this data application, we apply FLARCC with s = 0 on the PSID data,
assuming effects of income, age, gender and birth weight are heterogeneous across regions,
and set sparsity parameter α = 1 for variable selection.

β̂ size

β

Method
(λ̃opt )

Regression Coefficients Clustering in Data Integration

Intercept
age
sex
birth_weight
income

0.30

Intercept

Sex_3

Intercept_4

log10(λ+1)

log10(λ+1)

Birth_weight_2

Age_4

Age

Birth_weight

Age_3

0.08

0.06

0.04

0.02

Income

Income_4

Birth_weight_1
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Intercept_1

Income
β4

Sex

Income_1

Sex_2

-0.096
0.004
-0.132
-0.071
-0.074
0.000
-0.047
-0.047
-0.047

Intercept_2

Income_2

Income_3
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0.25

Sex_4

0.30
0.20

Region

0.20

Solution Path

0.15
log10(λ+1)

Intercept_3
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Figure 3: Fusograms of all covariates based on FLARCC solution paths. The horizontal
dotted lines denote the optimal regression coefficient clustering determined by EBIC.

Sex_1

All regions
1-Northeast
2-Midwest
3-South
4-West

Intercept
Age
Sex
Birth Wt.
n
β0
β1
β2
β3
(A) Homogeneous model – combine all regions
1880
0.000
0.206
0.016
0.063
(B) Heterogeneous model – region specific estimates
239
-0.133
0.228
-0.079
-0.003
493
-0.054
0.229
0.017
0.124
805
0.128
0.158
0.095
0.068
343
-0.155
0.236
-0.083
0.057
(C) Fused model using FLARCC
-0.093
0.201
-0.036
0.000
-0.093
0.201
0.000
0.021
0.075
0.201
0.000
0.021
-0.093
0.201
-0.036
0.021
239
493
805
343

0.10

Age_2

Birth_weight_4

Age_1

Birth_weight_3

1-Northeast
2-Midwest
3-South
4-West

0.05
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log10(λ+1)

0.00

0.15

0.10

0.05

0.00

log10(λ+1)
log10(λ+1)

0.10
0.00
0.20
0.15
0.10
0.05
0.00

Table 3: Coefficient estimates of the homogeneous model (λ = λF use ), the heterogeneous
model (λ = 0) and the fused model using FLARCC with λ selected by EBIC, respectively.

0.00

15

0.20
0.15
0.10
0.05
0.00

0.2
0.1
0.0
−0.1

Figure 2: FLARCC solution paths of all covariates over the transformed tuning parameter
λ̃ = log10 (λ + 1), with s = 0. The vertical dotted line denotes the optimal tuning parameter
value λ̃EBIC .

β
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FLARCC can be applied to various scientific problems, such as the detection of outlying
studies by singling out outlying coefficients; it can also be applied to the clustering of patient
trajectories by viewing the time series data of patients as individual studies. Essentially, all
study that are interested in the group-specific effects may be analyzed from the perspective
of parameter fusion using the proposed method.

When K and p are small, weights {νj }pj=1 do not contribute to much difference in
terms of clustering and estimation. However, since only one tuning parameter is used to
regularize the fusion of all covariates, when both K and p are large, we suggest letting
s > 0 to allow covariate-specific weights adapting to the heterogeneousness of coefficients
from individual covariates to achieve better results. In addition, the estimation consistency
of rank estimator is a critical component needed to determine adjacent pairs. The current
consistency is established under the case of K being fixed, and the validity of its property
is unknown when K increases along the total sample size.

The proposed method brings a new perspective to model fitting when combining multiple
data sets from different sources is of primary interest. As data volumes and data sources
grow fast, more and more opportunities and demands emerge in practice to borrow strengths
of combined data sets. In such case, traditional methods are challenged by the complex
data structures and do not provide desirable treatments and meaningful interpretations to
data heterogeneity, especially when the number of data sets is very large. FLARCC allows
the flexibility to explore the heterogeneity pattern of parameters among large number of
data sets by tuning the shrinkage parameter.

7. Concluding Remarks

Based on the results from FLARCC, the estimated mean of standardized BMI in the
South is 0.168 higher (or 0.97 higher in original scale of BMI) than that of the other three
regions, which share the same mean. The effects of age are consistent across four regions.
The effects of gender are classified into two clusters. The mean of standardized BMI of
females is 0.036 lower (or 0.42 lower in original scale) than that of males in the Northeast
and the West, but males and females have the same mean BMI in the Midwest and the
South. Standardized BMI increases by 0.021 for every standard deviation increase of birth
weight (or BMI increases by 0.19 for every unit increase of birth weight) in all regions except
the Northeast. Similarly, standardized BMI decreases by 0.047 for every standard deviation
increase of log income (or BMI decreases by 0.27 for every unit increase of income) in all
regions except the Northeast where BMI is not affected by income. The leave-one-out mean
squared prediction errors for model A, B and C are 0.953, 0.945 and 0.950, respectively.
The differences between the prediction errors are small because of the relatively small effect
sizes of the heterogeneous covariates identified by FLARCC, i.e., sex, birth weight and
income. The most significant covariate, age, is homogeneous thus it does not differentiate
the prediction power among the three models. Solution paths and fusograms of all covariates
are shown in Figure 2 and Figure 3, respectively, for illustration. In summary, FLARCC
ensures parsimony where necessary to maximize the prediction power of the final model;
and it provides more informative interpretation and better visualization than the other two
traditional models.
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i=1

+λN

j=1 k=1

p X
K
X

(N )

H (N ) (u) ≡ A1
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√

uj,k
∗
+√
ω̂j,k θj,k
N






K X
n 
X
u
u
(i) (i)>
(i)>
Yk Xk
θ∗ + √
− φ Xk
θ∗ + √
N
N
k=1 i=1

where ω̂j,k is specified in (6). Let û(N ) = arg minu ΓN (u); then û(N ) =
Taylor expansion, we have ΓN (u) − ΓN (0) = H (N ) (u), where

ΓN (u) = −

√
First we prove asymptotic normality. For ∀s ≥ 0 and r > 0, let θ = θ ∗ + u/ N . Define

for a suitable function M and all 1 ≤ j, k, l ≤ Kp.

E [M (X)|xj xk xl |] < ∞

|φ000 (X > θ)| ≤ M (X > ) < ∞, and

(ii) There is a sufficiently large open set O that contains θ ∗ such that ∀θ ∈ O,

with Pλ,α (θ) as defined in (4), and θ̂ W is the estimator with true ordering W given.

k=1

∗
Here, θ(Kp×1)
is the true parameters, X(N ×Kp) is the design matrix corresponding
to θ and φ is the link function (i.e., φ0 = h−1 ) defined in the following optimization
problem
(
)
nk 
K


1 X 1 X
(i) (i)>
(i)>
W
θ̂ = argmin −
Yk Xk θ(λ) − φ Xk θ(λ) + Pλ,α (θ)
K
nk
θ

(i) The Fisher information matrix is finite and positive definite,
i

h 
I(θ ∗ ) = E φ00 X > θ ∗ XX > .

Proof of Theorem 1: The proof of Theorem 1 closely follows arguments given in Zou
(2006). Without loss of generality, we assume n1 = · · · = nK = n and N = Kn. As K
is fixed, n → ∞ implies N → ∞ in the same order. We assume the following regularity
conditions:
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+√
θj,k
− θj,k
N

√
(N )
(N )
(N )
where θ̃∗ is between θ ∗ and θ ∗ + u/ N . The asymptotic limits of A1 , A2 and A4
is exactly the same as those in the proof of Theorem 4 in Zou (2006). It suffice to
(N )
∗
∗ −r
show that A3 has the same asymptotic limit. If θj,k
=
6
0,
ω̂
j,1 →p α|θj,1 | , ω̂j,k →p

√ 
P
∗ ).
∗ |−s |θ ∗ |−r for k = 2, . . . , K, and
∗ + u
√j,k − θ ∗
→ uj,k sgn(θj,k
| kK0 =2 θj,k
N θj,k
0
j,k
j,k
N
√
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∗
= 0, for k = 1, since N θ̂j,1 = Op (1),
Thus by Slutsky’s theorem, A3 → 0. If θj,k
√
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∗
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N
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2
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N
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N
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N
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∗
∗
√
ω̂ → ∞ still holds.
k0 =2 θj,k0 ,
k0 =2 θ̂j,k0 →p
k0 =2 θj,k0 6= 0 (i.e., heterogeneous),
N j,k

√  ∗
u
∗
N θj,k + √j,k
→ |uj,k |, we have the following result summary:
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N
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λ
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∗
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0
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∞ if θj,k
6 0.
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Following same arguments in Zou (2006)’s proof of Theorem 4, we have ûA →d N (0, I11
)
(N )
and ûAc →d 0. The proof of the consistency part is similar and thus omitted.
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Proof of Lemma 2: The estimated ordering Ûj of β ∗ is only determined by the differences
j,
·
between distinct parameter groups within βj,∗ · . First note that for any 0 <  < 1, if two
∗ and β ∗
∗
∗
parameters βj,k
j,k0 are in the same parameter group (i.e., βj,k = βj,k0 ), assigning
arbitrary ordering between them will not affect the estimated ordering of the parameters
between groups, because the ordering within the same parameter group is exchangeable.
∗ and β ∗ are from different parameter groups,
On the other hand, when two parameters βj,k
j,k0
19
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∗ > β ∗ , the probability of estimating a wrong ordering
without loss of generality, let βj,k
j,k0


P 1{β̂j,k0




≥ β̂j,k } >  = P β̂j,k0 ≥ β̂j,k


∗
∗
∗
∗
= P β̂j,k0 − β̂j,k + βj,k
− βj,k
0 ≥ βj,k − βj,k 0


≤ P |β̂j,k0 − β ∗ 0 | + |β̂j,k − β ∗ | > 0
j,k
j,k

 

∗
∗
= 1 − P β̂j,k0 = βj,k
P β̂j,k = βj,k
→0
0

as n → ∞ since β̂j,k0 and β̂j,k are independent and consistent estimators. Similarly, the
consistency of the estimated ordering V̂j of the absolute values in vector βj,∗ · can be derived

by taking the square of the absolute values and following the same argument as for Ûj . 

j=1

p 
\


{Ûj = Uj } ∩ {V̂j = Vj } .

Proof of Theorem 3: Here we assume the same regularity condition as in Theorem 1. To
complete this proof, we first define the event W when the orderings of all p covariates are
correctly assigned as
W=

(9)

Let θ̂ Ŵ be θ̂W when W occurs; otherwise, denote it as θ̂W c . Then, the estimator can be
rewritten as
θ̂ Ŵ = θ̂W 1{W} + θ̂W c 1{W c }

and therefore
 √ 


√ 
√  Ŵ
N θ̂ − θ ∗ = N θ̂W − θ ∗ 1{W} + N θ̂W c − θ ∗ 1{W c }.





√ 
√ 
By Theorem 1, we have N θ̂W − θ ∗ = O(1) and N θ̂W c − θ ∗ = O(1) as n → ∞.
By Lemma 2, we have P (W) → 1 and P (W c ) → 0 as 
n → ∞. Therefore, by Slutsky’s
√
Theorem, (9) converge to the same distribution as N θ̂W − θ ∗ . Similarly, by results
from Theorem 1 and Lemma 2, we have selection consistency

P (ÂŴ = A) = P (ÂŴ = A|W)P (W) + P (ÂŴ = A|W c )P (W c ) → 1

as n → ∞. This completes the proof of the Theorem 3.

Appendix B. Performance with Distorted Parameter Ordering
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Under the same setting as simulation experiment 1 in Section 5.1 with α = 0 and s = 0,
we conduct a sensitivity analysis to evaluate the performance of FLARCC when parameter
ordering is incorrectly specified. Specifically, we report results of sensitivity, specificity
and MSE for the linear regression model when the coefficient ordering is determined from
the initial estimate with distortion through an added disturbance , β̂ + , where β̂ from
(1) and  ∼ N (0, v 2 ). As v 2 increases, the percent of order switching in initial estimates
increases. Sensitivity, specificity and MSE in relation to the percentage of wrongly ordered
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Classification of images has become a key ingredient in many computer vision applications,
with nonlinear methods such as Deep Neural Networks (DNNs) being the gold standard
in the fields of vision (Krizhevsky et al., 2012; Ciresan et al., 2012b; Szegedy et al., 2014;
Ciresan et al., 2012a), natural language processing (Collobert et al., 2011; Socher et al.,
2013), speech recognition (Yu and Deng, 2014) or physics (Montavon et al., 2013); see also
(Montavon et al., 2012). Although performing incredibly well, they lack transparency. In
the sciences, however, understanding a learning machine in order to gain scientific insight on

1. Introduction

The Layer-wise Relevance Propagation (LRP) algorithm explains a classifier’s prediction
specific to a given data point by attributing relevance scores to important components
of the input by using the topology of the learned model itself. With the LRP Toolbox
we provide platform-agnostic implementations for explaining the predictions of pre-trained
state of the art Caffe networks and stand-alone implementations for fully connected Neural
Network models. The implementations for Matlab and python shall serve as a playing
field to familiarize oneself with the LRP algorithm and are implemented with readability
and transparency in mind. Models and data can be imported and exported using raw text
formats, Matlab’s .mat files and the .npy format for numpy or plain text.
Keywords: layer-wise relevance propagation, explaining classifiers, deep learning, artificial neural networks, computer vision
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The LRP Toolbox provides platform-independant stand-alone implementations of the LRP
algorithm for python and Matlab, as well as adapted .cpp modules to support LRP for the
Caffe deep learning framework (Jia et al., 2014) and operates on pre-trained neural network
models. The functionality of the framework and a demo thereof is accessible via command
line or an IDE of choice for Matlab, python and Caffe (C++). The Caffe version is based
on the caffe-master branched on 3rd October 2015. The latest official release is available
from http://www.heatmapping.org.
We provide three implementations due to the different strengths and advantages of the
three implementations. Caffe is an established toolbox for neural networks, written in
C++, and has the big advantage that it comes with many pretrained neural networks in
the Caffe Model Zoo. The Caffe version works out of the box with the BVLC reference, the

2. Capabilities of the LRP Toolbox for Artificial Neural Networks

Note that to this end, the propagated relevances are always normalized. The relevance
(1)
values Rd can then be visualized as a heatmap, providing valuable insight to the classifier’s
decision process. For a theoretical view on LRP we refer the reader to Montavon et al. (2015)

d

the problem analysed is often as important as record prediction performance. This is also
one of the reasons for the popularity of linear modeling as interpretation is straight forward.
In this sense DNNs so far held a disadvantage in practice over simpler but interpretable
models. Especially DNNs act as black boxes due to their multilayer nonlinear structure.
However, interest in gaining insight into the decision process of nonlinear methods has
peaked recently. Several works have been using sensitivity maps (Baehrens et al., 2010;
Rasmussen et al., 2012) for visualization of classifier predictions which were based on using
partial derivatives at the prediction point x.
For DNNs promising approaches for opening the black box are deconvolution networks
(Zeiler and Fergus, 2014) highlighting activated input patterns for object detected during
the forward pass of a convolutional neural network, saliency maps (Simonyan et al., 2013)
visualizing local sensitivities at the input point and LRP (Bach et al., 2015) producing
explanatory input patterns that indicate evidence for or against a prediction target of
choice in given data. The latter – for which this toolbox is provided and (Samek et al.,
2015) have measured and verified meaningfulnes of the computed heatmaps – takes a pretrained model and an evaluation data point and explains the classifier’s decision, e.g. LRP
(1)
decomposes the decision function such that for each input dimension d a relevance score Rd
is computed, which indicates that the state of xd speaks for the presence of the prediction
(1)
(1)
(1)
target if Rd > 0 and against it if Rd < 0. By allowing both signs for Rd also class
background information can be modelled in a natural manner.
To this end, the model output f (x) is backwards-propagated through the model to the
input layer as relevance R, by taking into account the model’s reaction to the input x
in all its intermediate representations at all computational layers l. Due to the relevance
conservation principle as a constraint to LRP (Bach et al., 2015), no relevance is lost or
gained in between layers of computation, e.g.
X (l) X (l+1)
X (1)
Ri =
Rj
and thus
Rd = f (x).
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GoogLeNet model and the VGG CNN models from Chatfield et al. (2014). On the other
hand, many scientists are unfamiliar with programming C++ interfaces, thus creating a
barrier for experimentation when one is interested in modifying and trying out different
LRP implementations. Note that LRP is a principle which permits multiple solutions. The
python and Matlab implementations allow an easier access and for easy modification of LRP
rules, in particular because python and Matlab are popular among machine learners and
are taught in many undergrad university curricula. Furthermore the python and Matlab
implementations require less external libraries which is practical in restricted setups where
the user does not have full control over the installed packages. These trade-offs lead us to
the choice of implementing LRP in three ways.
2.1 Platforms and Requirements
The python and Matlab implementations are available for systems running Linux, Windows and OSX due to the platform agnostic nature of python and Matlab. Caffe runs on
Linux and OSX, however Caffe ports for Windows became available very recently on github
(e.g. https://github.com/happynear/caffe-windows). Known and successfully tested
minimum package requirements are available in the toolbox manual.
2.2 User Interface
The example implementations of the LRP pipeline can be executed and modified with the
provided files matlab/lrp demo.m and python/lrp demo.py by navigating to the respective
folders and executing the scripts using the chosen language’s interpreter, e.g. for unix-based
systems
cd <toolbox_location>/matlab
matlab -nodesktop -r lrp_demo
or
cd <toolbox_location>/python
python lrp_demo.py
The C++-based Caffe implementation of LRP uses a configuration file with its settings
being explained in the manual. It takes as further input a text file which contains in each
line the path to one image and an integer denoting the class for which the heatmap is to
be computed. The third input is a path prefix.
cd <toolbox_location>/caffe-master-lrp/demonstrator
./lrp_demo ./config_sequential.txt ./testfilelist.txt ./
will then compute heatmaps for the images listed in ./testfilelist.txt.
2.3 Documentation and Examples

JMLR 17(114):1-5

The user manual guides through the installation and use of the toolbox. It also explains
the LRP algorithm in detail and instructs on how to compute and interpret the results.
3

Lapuschkin et al.

2.4 Developer Access, Licensing and Availability

The source code is provided under FreeBSD (2-Clause) License and is available in a separate
archive for each released version. The latest official release of the toolbox code is available
from http://heatmapping.org. More recent and work-in-progress versions can be found
at https://github.com/sebastian-lapuschkin/lrp_toolbox.

3. Conclusion

The presented LRP package provides a simple and easy to use implementation that allows
a user to explore LRP in Matlab and python or run more involved applications within the
Caffe framework. We would like to emphasize that the user can readily take an existing
network to apply the LRP procedure. In other words also DNNs from past projects could
be retrospectively explained by LRP. Furthermore note that the usage of LRP is not limited
to DNNs, in fact, as shown in (Bach et al., 2015) also kernel methods and other learning
machines, e.g. using Bag of Words representations can yield heatmaps through LRP. Future
work will use the LRP framework and software package in the sciences and for general
applications that require explanation.
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− log det(S) + trace(ΣS) + λkSk1

(2)
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• Graphical Lasso: We solve the optimization problem (2) repeatedly for different values
of λ until a solution S opt with exactly 2k nonzero off-diagonal entries are found. Note

P P
where λ ∈ R+ is a regularization parameter and kSk1 is defined as ni=1 nj=1 |Sij |. This
problem is referred to as graphical lasso (Banerjee et al., 2008; Friedman et al., 2008; Yuan
and Lin, 2007). Intuitively, the penalty term λkSk1 with a large λ aims to decrease the
off-diagonal entries of S in magnitude and enforce most of them to be zero. Henceforth, the
notation S opt is used to denote a solution of the graphical lasso instead of the unregularized
opt
optimization problem (1). There is a large body
 of literature suggesting that G(S ) is a
good estimate of the graphical model G Σ−1
for
a
suitable
choice
of
λ
(Banerjee
et al.,
∗
2008; Danaher et al., 2014; Friedman et al., 2008; Krämer et al., 2009; Liu et al., 2010;
Witten et al., 2011; Yuan and Lin, 2007). Note that although graphical lasso is motivated
by multivariate normal random variables, its application is beyond this class of random
variables and it applies to all problems for which a sparse inverse correlation matrix is
sought.

Suppose that it is known a priori that the true graph G Σ−1
has k edges, for some given
∗
number k. Assume that the nonzero entries of the upper triangular part of Σ (excluding
its diagonal) have different magnitudes (this assumption is satisfied both generically and
under an infinitesimal perturbation of the nonzero entries of Σ). Two heuristic methods for
finding an approximation of G Σ−1
are as follows:
∗

S∈S+

minimize
n

where Sn+ denotes the set of n × n positive semidefinite matrices. It is easy to verify that
the optimal solution of the above problem is S opt = Σ−1 . Hence, S opt aims to estimate
Σ−1
∗ . On the other hand, although the inverse of Σ∗ is assumed to be a sparse graph,
a small perturbation of Σ∗ would make its inverse a dense graph. This implies that the
sparsity graph of S opt , denoted as G(S opt ), may not resemble the graphical model G Σ−1
∗
in general. Hence, the optimization problem (1) needs to be modified to indirectly enforce
some sparsity on its solution. To this end, consider the problem

the computationally-expensive graphical lasso behaves the same as the simple heuristic
method of thresholding.
Consider a random vector x = (x1 , x2 , ..., xn ) with a multivariate normal distribution.
Let Σ∗ ∈ Sn+ denote the correlation matrix associated with the vector x. The inverse of
the correlation matrix can be used to determine the conditional independence between the
th
−1
random variables x1 , x2 , ..., xn . In particular, if the (i, j)
 entry of Σ∗ is zero, then−1xi
and xj are conditionally independent. The graph G Σ−1
(i.e., the sparsity graph of Σ∗ )
∗
represents a graphical model
 capturing the conditional independence between the elements
of x. Assume that G Σ−1
is a sparse graph. Finding this graph is nontrivial in practice
∗
because the exact correlation matrix Σ∗ is rarely known. More precisely, G Σ−1
should
∗
be constructed from a given sample correlation matrix as opposed to Σ∗ . Let Σ denote an
arbitrary n × n positive semidefinite matrix, which is provided as an estimate of Σ∗ . In
this paper, we do not impose any assumption on the error kΣ − Σ∗ k. Consider the convex
optimization problem
minimize
− log det(S) + trace(ΣS)
(1)
n

Somayeh Sojoudi

In recent years, there has been a growing interest in developing techniques for estimating
sparse undirected graphical models (Banerjee et al., 2008; Bruckstein et al., 2009; Chandrasekaran et al., 2010; Goldstein and Osher, 2009; Jalali et al., 2011; Schmidt et al., 2007).
Finding sparse solutions have become essential to many applications, including signal processing, pattern recognition, and data mining. Many applications use L1 -regularized models
such as the Lasso (Tibshirani, 1996). L1 regularization aims to find sparse solutions, which is
especially useful for high-dimensional problems with a large number of features (Bühlmann
and Van De Geer, 2011; Fan and Lv, 2010; Meinshausen and Yu, 2009; Richtárik and
Takáč, 2012; Wright et al., 2009; Zhang and Huang, 2008). Although Lasso-type algorithms are shown to be effective in recovering sparse solutions, they are computationally
expensive for large-scale problems. In this work, we derive a simple condition under which

1. Introduction

Keywords:
Graphical Lasso, Graphical Models, Sparse Graphs, Brain Connectivity
Networks, Electrical Circuits

This paper is concerned with the problem of finding a sparse graph capturing the
conditional dependence between the entries of a Gaussian random vector, where the only
available information is a sample correlation matrix. A popular approach to address this
problem is the graphical lasso technique, which employs a sparsity-promoting regularization
term. This paper derives a simple condition under which the computationally-expensive
graphical lasso behaves the same as the simple heuristic method of thresholding. This condition depends only on the solution of graphical lasso and makes no direct use of the sample
correlation matrix or the regularization coefficient. It is proved that this condition is always
satisfied if the solution of graphical lasso is close to its first-order Taylor approximation or
equivalently the regularization term is relatively large. This condition is tested on several
random problems, and it is shown that graphical lasso and the thresholding method lead
to highly similar results in the case where a sparse graph is sought. We also conduct two
case studies on brain connectivity networks of twenty subjects based on fMRI data and
the topology identification of electrical circuits to support the findings of this work on the
similarity of graphical lasso and thresholding.

Editor: Michael Mahoney

Department of Electrical Engineering and Computer Sciences
University of California, Berkeley

Somayeh Sojoudi,

Equivalence of Graphical Lasso and Thresholding for
Sparse Graphs

Journal of Machine Learning Research 17 (2016) 1-21

Equivalence of Graphical Lasso and Thresholding for Sparse Graphs

that λ can be updated in the optimization problem using the bisection technique
(Theorem 3 in Fattahi and Lavaei (2016) guarantees the existence of an appropriate
interval for λ under generic conditions).
• Thresholding: Without solving any optimization problem, we simply identify those 2k
entries of Σ that have the largest magnitudes among all off-diagonal entries of Σ. We
then replace the remaining n2 − n − 2k off-diagonal entries of Σ with zero and denote
the resulting matrix as Σk . Note that Σ and Σk have the same diagonal. Finally,
we

consider the sparsity graph of Σk , namely G(Σk ), as an estimate of G Σ∗−1 .
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The connection between graphical lasso and the thresholding technique is not well understood and there are only a few studies on this subject. The work Mazumder and Hastie
(2012) has recently shown that if the sample covariance matrix is thresholded at λ and its
corresponding graph is decomposed into connected components, then the vertex-partition
induced by these components is equal to the one induced by the connected components of
the estimated graph obtained from graphical lasso for the same λ. The paper Guillot and
Rajaratnam (2011) obtains graph conditions that are required for preserving the positive
definiteness of the sample correlation matrix after thresholding.
This paper is focused on the investigation of the connection between graphical lasso and
thresholding. First, we derive a condition under which the heuristic thresholding method
performs very similarly to the computationally-heavy graphical lasso. We then argue that
this condition is satisfied as long as λ is large enough. Moreover, we demonstrate in numerical examples
that graphical lasso and thresholding lead to the same approximate graph

for G Σ∗−1 . Note that although the condition provided here depends on the solution of
graphical lasso, it can be systematically expressed in terms of the sample correlation matrix
Σ for certain types of graphs (see the technical report Sojoudi (2016) for the derivation of
such conditions for acyclic graphs).
Recently, there has been a significant interest in studying the human brain functional
connectivity networks using functional MRI (fMRI) data. Functional connectivity is measured as the temporal coherence or correlation between the activities of disjoint brain areas,
where the direct statistical dependence between every two brain regions in the functional
network can be obtained using partial correlation. In most fMRI studies, computing partial
correlations is a daunting challenge due to the limitation on the number samples available
from fMRI scans. Graphical lasso has become popular in the literature for the identification of the direct correlations between the activities of different parts of the brain using a
small number of samples (Huang et al., 2010). In this work, we apply graphical lasso and
thresholding to the resting-state fMRI data collected from twenty subjects and observe a
high degree of similarity between the outcomes of these two techniques for each individual subject. Note that the matrix Σ is not invertible for the fMRI study conducted here.
More precisely, this work makes no assumption on the invertibility of the sample correlation
matrix Σ (although the true correlation matrix Σ∗ needs to be invertible).
In Sojoudi and Doyle (2014), we have developed a new method for generating synthetic
data based on sparse electrical circuit models, where certain nodes of each circuit are connected to one another through resistors and capacitors that are subject to thermal noise
(to create stochasticity). The main property of this model is that the connectivity of the
circuit model can be obtained from the sparsity pattern of the inverse covariance matrix
3
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associated with the nodal voltages. In other words, the sparsity pattern of the inverse covariance matrix has the same structure as the adjacency matrix of the circuit network. In
this work, we use the above circuit model to verify the high similarity between graphical
lasso and the thresholding technique for electrical networks.
This paper is organized as follows. The main results are presented in Section 2. Simulations on random systems are provided in Section 3. Two case studies on fMRI data and
electrical circuits are conducted in Sections 4 and 5, respectively. Some concluding remarks
are drawn in Section 6.
1.1 Notations and Definitions

n denote the sets of real numbers, n × n (real) symmetric matrices,
Notations: R, Sn , and S+
and n × n positive semidefinite matrices, respectively. trace{M } and log det{M } denote the
trace and the logarithm of the determinant of a matrix M . The (i, j) entry of M is shown
as Mij . The notations |x| and kM k1 represent the absolute value of a scalar x and the sum
of absolute values of a matrix M , respectively. The symbol sign(·) denotes the sign function
(note that sign(0) = 0). The standard basis vectors in Rn are shown as e1 , e2 , ..., en . The
optimal value of a matrix variable M is denoted as M opt .

Definition 1 Given a symmetric matrix S ∈ Sn , the support (sparsity) graph of S is defined
as a graph with the vertex set V := {1, 2, ..., n} and the edge set E ⊆ V × V such that
(i, j) ∈ V if and only if Sij 6= 0, for every two different vertices i, j ∈ V. The support graph
of S captures the sparsity of the matrix S and is denoted as G(S).

Definition 2 Given two graphs G and G 0 with the same vertex set, define G − G 0 as a graph
obtained from G by removing the common edges of G and G 0 .

2. Main Results

In this section, we study the connection between thresholding and graphical lasso. To
simplify the presentation, we assume that the nonzero entries of the upper triangular part
of Σ (excluding its diagonal) have different magnitudes. Assume also that the number of
such nonzero entries is greater than or equal to k (in order to guarantee that the thresholding
method is able to obtain a graph with k edges). For notational convenience, we denote the
−1
(i, j)th entry of the matrix (S opt )−1 as (S opt )ij
throughout this work.
2.1 Optimality Conditions
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Consider the convex optimization problem (2) together with an optimal solution S opt . First,
we aim to obtain necessary and sufficient optimality conditions for graphical lasso.

4

≥ Σij − λ
if

(3a)
(3c)
(3d)

opt
Sij
=0

(3b)

opt
Sij
=0

opt
Sij
6= 0

i=j

(4)

S∈S+

minimize
n

− log det(S) + trace(ΣS) + λkSk1

S∈S

subject to

S ∼ Sopt

(6)

2.2 First Condition for Equivalence

5

6
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(9)
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G(Ŝ opt ) = G(Σk )

(8)

In this part, we derive a condition under which graphical lasso and thresholding result in
the same estimate graphical model for the random vector x.

Now, it is easy to verify that

• For every l ∈ {1, ..., k}, the (il , jl )th entry of Ŝ opt is equal to -sign(Σil jl )|Spopt
l ql |.

|Spopt
| ≥ |Spopt
| ≥ ... ≥ |Spopt
|
1 q1
2 q2
k qk

• Second, we repeat the above procedure on the matrix S opt and identify those k entries
with the greatest absolute values, which are denoted as (p1 , q1 ), ..., (pk , qk ) such that

(note that the nonzero entries of the upper triangular part of Σ have different magnitudes, by assumption).

• First, we focus on the upper triangular part of Σ (excluding the diagonal) and identify
those k entries with the largest absolute values, which are denoted as Σi1 j1 , Σi2 j2 , ...,
Σik jk such that
|Σi1 j1 | > |Σi2 j2 | > ... > |Σik jk |
(7)

the optimization problem (5) has a unique solution Ŝ opt that can be obtained as follows:

i,j=1

Proof Let Ŝ opt denote an optimal solution of the optimization problem (5). Our first
goal is to show that G(Ŝ opt ) = G(Σk ). To this end, notice that every feasible solution S
of (5) satisfies the equality kSk1 = kS opt k1 due to Definition 4. This implies that the
additive term λkSk1 can be eliminated from the objective function of the optimization
problem (5). On the other hand, the first part of the objective function can be expressed
n
P
as trace(ΣS) =
(Σij Sij ). By investigating this sum, it is straightforward to show that

If these two problems possess the same solution, then S opt and Σk will have the same support
graph.

and

Theorem 5 Let k denote the number of edges of the graph G(S opt ). Consider the optimization problems
minimize
trace(ΣS) + λkSk1 subject to S ∼ Sopt
(5)
n

Definition 4 A symmetric matrix Ŝ is said to be equivalent to S opt if Ŝ can be obtained
from S opt through two operations: (i) permutation of its off-diagonal entries, and (ii) flipping the sign of some of its off-diagonal entries. We use the notation Ŝ ∼ S opt to show this
equivalence.
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On the other hand, since the objective of the optimization problem (2) is strictly convex,
S opt is a unique solution of this problem. Hence, due to the fact the feasible set of the problem (6) is contained in that of (2), the optimization problem (6) has the unique solution
S opt . Therefore, the two solutions Ŝ opt and S opt of the problem (6) are identical. Now, the
proof follows from the relation (9).

• Each off-diagonal element (i, j) of the matrix (S opt )−1 is in the interval [Σij −λ, Σij +λ],
and is located at one of the endpoints of this interval if (i, j) is an edge of the graphical
model G(S opt ).

• The diagonal of (S opt )−1 is obtained from that of Σ after a shift by the number λ.

Lemma 3 offers a set of necessary and sufficient conditions for the matrix S opt to be an
optimal solution of graphical lasso. These optimality conditions can be summarized as:

where τ is a positive number due to the strict convexity of the objective of the optimization problem (2). The above equation is derived based on the Taylor series expansion of
log det(·) and the fact that the derivative of log det(S) with respect to S is equal to S −1 .
Now, recall that S opt is an optimal solution of (2), whereas S opt + ε(ei eTj + ej eTi ) is only
a feasible solution. Hence, the left side of the equality (4) must always be non-positive for
all sufficiently small values of ε. A simple analysis of this equation leads to the conditions
provided in (3).


− log det(S opt ) + trace(ΣS opt ) + λkS opt k1


− − log det(S opt (ε; i, j)) + trace(ΣS opt (ε; i, j)) + λkS opt (ε; i, j)k1




opt
opt
2
3
= 2 (S opt )−1
ij − Σij ε + 2 |Sij | − |Sij + ε| λ + τ ε + O(ε )



Proof Due to the convexity of graphical lasso, a locally optimal solution of this problem
is a global solution and, therefore, a local perturbation analysis can be used to prove the
lemma. To this end, notice that − log(0) = +∞, trace(ΣS) ≥ 0, and kSk1 is finite only
when all entries of S are finite. It follows from these properties that S opt has bounded
entries and a nonzero determinant, i.e., S opt  0 (note that a zero determinant for S opt
makes the objective function of graphical lasso equal to +∞). This means that S opt (ε; i, j)
defined as S opt + ε(ei eTj + ej eTi ) is a feasible solution of the optimization problem (2) for
small values of ε (note that the matrix ei eTj + ej eTi is sign indefinite). On the other hand,
for every i, j ∈ {1, ..., n}, one can write:

are satisfied for all indices i, j ∈ {1, ..., n}.

(S opt )−1
ij

if

if

opt
(S opt )−1
ij = Σij + λ × sign(Sij )

(S opt )−1
ij ≤ Σij + λ

if

(S opt )−1
ij = Σij + λ

Lemma 3 S opt is an optimal solution of graphical lasso if and only if the conditions
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As verified by the author, the condition given in Theorem 5 is satisfied for many numerical examples, leading to the equivalence of thresholding and graphical lasso. The main
intuition behind the satisfaction of the above condition is as follows:
• Consider a small number k (or a large number λ) for which the matrix S opt is highly
sparse.
• Due to Lemma 3, the diagonal entries of S opt would be relatively much larger than
the nonzero off-diagonal entries of S opt .
• Hence, the permutation of the (small) off-diagonal entries of the positive semidefinite
S opt would not make the matrix sign indefinite and also has a negligible effect on the
log det of the matrix.
• Under such circumstances, the condition derived in Theorem 5 would be satisfied
(note that (5) is obtained from (6) by dropping the sign-definite condition and the
log det term).
To strengthen the above argument, an easy-to-check condition will be provided next to
guarantee the equivalence of thresholding and graphical lasso.
2.3 Second Condition for Equivalence

≤0

(11b)

(11a)

(10b)

(10a)

Consider the solution S opt . The objective of this part is to derive a condition of equivalence
that depends only on the entries of S opt , without using λ or Σ explicitly. Recall that this
equivalence does not requite that the matrices S opt and Σk be identical (which is unlikely
to occur in practice), and is only concerned with the sparsity patterns of these matrices.

× sign

−1
(S opt )ij

Theorem 6 Let k denote the number of edges of the graph G(S opt ). Assume that the
inequalities




sign

opt
Sij

−1
−1
|(S opt )ij
| ≥ |(S opt )pq
|

hold for every two pairs (i, j) and (p, q) satisfying
(i, j) ∈ G(S opt )

(p, q) ∈ G((S opt )−1 ) − G(S opt )

Then, graphical lasso and thresholding produce the same graph, i.e., G(S opt ) = G(Σk ).

−1
|Σij | − λ ≥ |(S opt )pq
|

|Σij | ≥ λ

JMLR 17(115):1-21

(13)

(12)

Proof Consider two arbitrary pairs (i, j) and (p, q) satisfying (11). It follows from (10)
and Lemma 3 that
and that

7
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Similar to the proof of Theorem 5, let the entries of the upper triangular part of Σk be
ordered as
(14)
|Σi1 j1 | > ... > |Σik jk | > |Σik+1 jk+1 | ≥ · · · ≥ |Σim jm |
2

(ir , jr ) ∈ G(S opt )

(is , js ) 6∈ G(S opt )

(15a)

(15b)

(16)

and

and

where m = n 2−n . To prove the theorem by contradiction, assume that G(S opt ) 6= G(Σk ).
Recall that G(Σk ) is a graph with n vertices and the edges (i1 , j1 ), (i2 , j2 ), ..., (ik , jk ). Since
G(S opt ) has exactly k edges, the above assumption implies that there exist two numbers s
and r such that
s ∈ {1, ..., k}

r ∈ {s + 1, ..., m}

|(S opt )i−1
| ≤ |Σir jr | − λ < |Σis js | − λ
s js

(17)

(18)

|(S opt )i−1
| < |Σis js | − λ
s js

Therefore, it follows from (13) that

However, the inequality
is in contradiction with the relation

(S opt )i−1
∈ [Σis js − λ, Σi2 js + λ]
s js

that is given in (3). This completes the proof.

Theorem 6 states that graphical lasso and thresholding are equivalent if two conditions
are satisfied:

• Condition 1: The sign of every nonzero off-diagonal entry of S opt is different from
that of its corresponding entry in the inverse of S opt .

• Condition 2: If a zero off-diagonal entry of S opt takes a nonzero value in the inverse of
S opt , then its magnitude is not larger than the magnitude of any off-diagonal element
of (S opt )−1 corresponding to a nonzero entry of S opt .

S opt = Dopt + Oopt

(19)

Note that the above conditions only depend on S opt and are not directly related to Σ. To
better understand these conditions, we decompose S opt as

(S opt )−1 =

∞ 
X
t=0

− (Dopt )−1 Oopt

t !

(Dopt )−1

JMLR 17(115):1-21

(21)

(20)

where Dopt is a diagonal matrix and Oopt has a zero diagonal. If the norm of (Dopt )−1 Oopt
is less than 1, one can write

In general, we have

(S opt )−1 = (Dopt )−1 − (Dopt )−1 Oopt (Dopt )−1 + h.o.t.

8

Theorem 9 states that the graph G(S opt ) (obtained using graphical lasso) and the graph
G(Σk ) (obtained using thresholding) share at least h edges. Hence, this theorem provides a
simple mechanism to check the similarity between graphical lasso and thresholding through
a simple test on S opt . This mechanism will be further studied below.

E opt := (Dopt )−1 − (Dopt )−1 Oopt (Dopt )−1

if i = j
if (i, j) ∈ G(S opt )
otherwise
S opt .

(24)

Hence,

(23)

9
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holds. Then, the graphs G(Σk ) and G(S opt ) have at least h edges in common. In particular,
graphical lasso and thresholding are equivalent if h = k.

Theorem 9 Let k denote the number of edges of the graph G(S opt ), and h be the number
of indices (i, j)’s in the set Ik for which the relation




opt
sign Sij
× sign (S opt )−1
<0
(26)
ij

Note that if multiple entries of (S opt )−1 have the same value, then Ik may not be uniquely
defined. In that case, Ik can be considered as any of the sets satisfying the properties given
in Definition 8.

Definition 8 Define Ik as the set of indices (locations) of those k entries of the upper
triangular part of (S opt )−1 that have the largest magnitudes.

Before further simplifying the conditions of Theorem 6 based on Theorem 7, it is desirable to offer a more general condition measuring the “similarity” of graphical lasso and
thresholding (as opposed to their “equivalence”).

The proof is completed by combining (24) and (25).

Moreover, given arbitrary pairs (i, j) and (p, q) satisfying (11), it follows from (23) that
opt
= 0. Therefore,
Epq
opt
opt
|Eij
| ≥ |Epq
|
(25)

for every i, j ∈ {1, ..., n}. Note that
> 0 due to the positive definiteness of
given a pair (i, j) ∈ G(S opt ), one can write:





2
opt
opt
opt
opt −1
sign Sij
sign Eij
= −sign Oij
(Dopt )−1
)jj ≤ 0
ii (D

Dopt

Proof Equation (22) yields that

opt −1
 (D )ii
opt
−1 opt
Eij =
−(Dopt )ii
Oij (Dopt )−1
jj

0

Theorem 7 The condition (10) given in Theorem 6 to guarantee the equivalence of graphical lasso and thresholding is satisfied if (S opt )−1 is replaced by its first-order approximation
E opt in the condition.

as the first-order approximation of (S opt )−1 . Note that if λ is relatively large, it is expected
that Oopt will be small compared to Dopt , which will lead to small higher order terms.

(27)

(S opt )−1
ij

opt
Eij

opt
∆Eij

opt
sign(Sij
)

opt
sign(Oij
)

opt
opt
|Eij
| ≥ f (E opt , k) ≥ 2f (∆E opt , 1) ≥ 2|∆Epq
|

opt
−sign(Eij
).

(29)

(28)
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Roughly speaking, f (∆E opt , 1) is small for a relatively large number λ, and f (E opt , t)
would stay away from zero due to Lemma 3. Theorem 11 explains that the relationship
between E opt and ∆E opt determines the degree of similarity between graphical lasso and
thresholding. Note that Theorem 11 is more conservative than Theorem 9, but its condition
is more insightful.
Note that the definition of graphical lasso in (2) is based on the regularization term
λkSk1 . Consider a second version of graphical lasso where only the off-diagonal entries of S
are
in the regularization term. This is realized by replacing the term kSk1 with
Ppenalized
P
2 ni=1 nj=i+1 |Sij |. The optimality conditions given in Lemma 3 for graphical lasso are
valid for the second version of graphical lasso after dropping λ from the right side of (3a).
As a result, the original and second version of graphical lasso are very similar, and the only

On the other hand,
=
+
and
=
=
The above relations together with (23) imply the condition (10). This completes the proof.

Similarly,

opt
opt
|Eij
| ≥ f (E opt , k) ≥ 2f (∆E opt , 1) ≥ 2|∆Eij
|

Proof The proof follows from Theorems 7 and 9. The main idea will be sketched for t = k
below. Consider arbitrary pairs (i, j) and (p, q) satisfying (11). It follows from (27) that

In particular, graphical lasso and thresholding lead to the same approximate graph if the
above inequality is satisfied for t = k.

2 f (∆E opt , 1) < f (E opt , t)

Theorem 11 Given a positive integer t ∈ {1, 2, ..., k}, the graphs G(Σk ) and G(S opt ) have
at least t edges in common if

We define ∆E opt as the difference between the matrix (S opt )−1 and its first-order approximation E opt .

Definition 10 Given a matrix H ∈ Sn and a positive integer t ∈ {1, 2, ..., k}, define f (H, t)
as the magnitude of the tth largest entry (in magnitude) of the upper triangular part of H
(excluding its diagonal). For example, f (H, 1) is equal to the absolute value of an offdiagonal entry of H with the largest magnitude.

Proof The proof of Theorem 6 can be adopted to prove this theorem. The details are
omitted for brevity.

where h.o.t stands for higher order terms in the Taylor series expansion if the norm of
(Dopt )−1 Oopt is less than 1, and otherwise is equal to (S opt )−1 Oopt (Dopt )−1 Oopt (Dopt )−1
(as a general formula). We refer to
(22)
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0.5448
0.4980
0.2045 −0.2818 −0.1452

1
−0.1327 −0.0604 −0.6860 −0.0457 

−0.1327
1
0.1283 −0.1859 −0.5174 

−0.0604 0.1283
1
0.4019
0.6238 
−0.6860 −0.1859 0.4019
1
0.5139 
−0.0457 −0.5174 0.6238
0.5139
1
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1
0.5448
0.4980
0.2045
−0.2818
−0.1452



1.4500
0.0949
0.0480 −0.0003 −0.0155 −0.0029
0.0949
1.4500
0.0036 −0.0013 −0.2360 −0.0106
0.0480
0.0036
1.4500 −0.0081 −0.0035 −0.0674
−0.0003 −0.0013 −0.0081 1.4500
0.0077
0.1738
−0.0155 −0.2360 −0.0035 0.0077
1.4500
0.0640
−0.0029 −0.0106 −0.0674 0.1738
0.0640
1.4500












0.6934 −0.0453 −0.0229
0
0
0


0
0
0.1153
0

 −0.0453 0.7114


0
0.6919
0
0
0.0321 
 −0.0229
=

0
0
0
0.6997
0
−0.0839 


0
0.1153
0
0
0.7098 −0.0305 
0
0
0.0321 −0.0839 −0.0305 0.7025





Σ=



S opt

(S opt )−1





=



(30)

(31)

(32)

difference is in the diagonal of (S opt )−1 . It is easy to verify that the theorems developed in
this work are all valid for the second version of graphical lasso as well. However, note that
in order to obtain a graph with k edges, the value of the regularization term λ may not be
the same for the original and the second version of graphical lasso.

3. Numerical Examples
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Example 1: Consider Σ as the randomly generated matrix given in (30). The solution S opt
of graphical lasso with λ = 0.45 is provided in (31) (this value of λ guarantees that G(S opt )
will have n edges). It can be deduced from this solution that the graph G(S opt ) consists of the
vertex set V := {1, 2, ..., 6} and the edge set E := {(1, 2), (1, 3), (2, 5), (3, 6), (4, 6), (5, 6)}. On
the other hand, it follows from a simple inspection of the matrix Σ that E coincides with the
index set of the 6 largest absolute values of the upper triangular part of Σ. Hence, graphical
lasso and thresholding are equivalent in this example, meaning that G(S opt ) = G(Σ6 ).
It is desirable to find out whether the simple conditions proposed in Theorem 9 can
be used to detect this equivalence. Recall that these conditions are expressed in terms of
the matrix S opt , without using λ and Σ explicitly. To check these conditions, the matrix
(S opt )−1 can be obtained as the one given in (32). Since the upper triangular part of S opt
has 6 nonzero entries, the index set I6 needs to be found. After the identification of the
11

S opt






Σ=



1
0.9342
0.8156
0.8609
0.6994
0.8457

0.8156
0.7110
1
0.8593
0.8905
0.7958

0.8609
0.7736
0.8593
1
0.7876
0.7793
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0.9342
1
0.7110
0.7736
0.7283
0.8532

0.6994
0.7283
0.8905
0.7876
1
0.7040

0.8457
0.8532
0.7958
0.7793
0.7040
1













1
0.9342
0
0.8609
0
0


1
0
0
0
0.8532 
 0.9342


0
0
1
0.8593 0.8905
0


Σ5 = 

0
0.8593
1
0
0

 0.8609


0
0
0.8905
0
1
0
0
0.8532
0
0
0
1



1.8500
0.0842
0.0001
0.0109
0.0000
0.0002

0.0842
1.8500
0.0000
0.0005
0.0000
0.0032

0.0001
0.0000
1.8500
0.0093
0.0405
0.0000

0.0109
0.0005
0.0093
1.8500
0.0002
0.0000

0.0000
0.0000
0.0405
0.0002
1.8500
0.0000

0.0002
0.0032
0.0000
0.0000
0.0000
1.8500













0.5417 −0.0247
0
−0.0032
0
0


0
0
0
−0.0009 
 −0.0247 0.5417


0
0
0.5408
−0.0027
−0.0118
0

=


0
−0.0027 0.5406
0
0
 −0.0032



0
0
−0.0118
0
0.5408
0
0
−0.0009
0
0
0
0.5405

(S opt )−1





=



largest absolute values of the matrix (S opt )−1 , it turns out that

∀(i, j) ∈ I6

I6 = {(1, 2), (1, 3), (2, 5), (3, 6), (4, 6), (5, 6)}

In addition, the relation




opt
−1
sign Sij
× sign (S opt )ij
< 0,

(35)

(36)

(37)

(38)

(33)

(34)

holds. Therefore, it follows from Theorem 9 that graphical lasso and thresholding lead to
the same result.
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Example 2: Consider the randomly generated matrix in (35). Thresholding this matrix at
the level of k = 5 yields the solution given in (36). On the other hand, solving the graphical
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sets are borrowed form Vértes et al. (2012). Each data set includes 134 samples of the
low frequency oscillations, taken at 140 cortical brain regions in the right hemisphere. The
goal is to find the brain functional connectivity network of each subject that specifies the

Figure 1: Figures (a), (b) and (c) show the number of edges of G(S opt ), the number of
edges of G(S opt ) − G(Σk ), and the similarity degree of thresholding and graphical
lasso detected via Theorem 9 for Experiment I. Figures (d), (e) and (f) show the
number of edges of G(S opt ), the number of edges of G(S opt ) − G(Σk ), and the
similarity degree of thresholding and graphical lasso detected via Theorem 9 for
Experiment II.
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Brain functional connectivity is defined as the statistical dependencies between the activities
of disjoint brain regions. A brain functional network can be represented by a set of nodes
and edges, where each node corresponds to a brain region and each edge shows the presence
of correlated activities (namely, a nonzero partial correlation) between two disjoint regions.
We apply graphical lasso and thresholding techniques to the fMRI data collected from
twenty subjects to obtain their associated brain functional networks. These fMRI data

4. Case Study on Brain Networks

Experiment II: This study is the same as the previous experiment with the only difference
that every entry of the matrix N was chosen from the interval [0, 1] with a uniform probability distribution. The results are shown in Figures 1(d), (e) and (f). It can be seen that
graphical lasso and thresholding are similar with the probability of at least 95%.

Experiment I: By choosing every entry of the matrix N from a normal probability distribution, we generated 100 random matrices Σ’s. In Figure 1(a), the number of edges of G(S opt )
is shown for each of the 100 trials (the trials are reordered to make the curve increasing). In
Figure 1(b), the number of edges of the difference graph G(S opt ) − G(Σk ) is depicted, where
k is considered as the number of edges of G(S opt ). It can be seen that graphical lasso and
thresholding are equivalent in more than 75 trials and are different by at most 2 edges in the
remaining trials (note that the orderings of the trials for Figures 1(a) and 1(b) are different
to ensure that each curve changes smoothly). This supports the claim of the paper that
graphical lasso and thresholding would behave highly similarly. As opposed to computing
the graph G(S opt ) − G(Σk ) directly, Theorem 9 offers a simple insightful condition to find a
subset of the common edges of G(S opt ) and G(Σk ). This simple condition is tested on the
100 trials and the results are summarized in Figure 1(c). This figure shows the percentage
of the common edges of G(S opt ) and G(Σk ) that are detected by Theorem 9. It can be
observed that the condition provided in the paper is able to detect a similarity degree on
the order of 80% for more than 90% of the trials.

Example 3: We construct a matrix
where the entries of N ∈
are chosen at
random according to some probably distribution. Define Σ as a matrix obtained from N N T
through a normalization to make its diagonal entries all equal to 1. We order the entries
|Σi30 j30 |+|Σi29 j29 |
of Σ according to (14) and consider λ as
(i.e., the average of the 29th and
2
30th largest absolute values of the upper triangular part of Σ). Two experiments will be
concluded below.

NNT ,

lasso for λ = 0.85 leads to the solution S opt provided in (37), with the inverse given in (38)
(this value of λ guarantees that G(S opt ) will have n−1 edges). By analyzing the matrix S opt
and its inverse, it can be verified that the conditions provided in Theorem 9 are satisfied.
Hence, thresholding and graphical lasso are equivalent. An interesting observation is that
the matrix Σ has two close entries 0.8457 and 0.8532 such that only one of them is removed
through thresholding, but graphical lasso recognizes this fact and selects the entry with a
slightly higher value. In other words, even in the case where the matrix Σ have entries
with similar values (which makes it hard to decide what entries should be included in the
graphical model), graphical lasso may still behave the same as thresholding.
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direct interactions (or conditional dependence/independence) between the activities of these
cortical regions.
Using the aforementioned time series data, a 140 × 140 sample correlation matrix can
be computed for each subject. Note that the number of samples is smaller than the number
of variables and, therefore, the sample correlation matrix is not invertible. As a result, it
is not possible to take the inverse of the sample correlation matrix for estimating a partial
correlation matrix. The brain network being sought has n = 140 nodes (brain regions).
In an effort to find a subgraph of this network as closely as possible to a spanning tree,
we choose the regularization parameter λ in the graphical lasso algorithm and the level
of thresholding in such a way that they both lead to graphs with n − 1 = 139 edges. As
illustrated in Figure 2, the similarity degree between the outcomes of these two techniques
is above 90% for all twenty subjects. The outcomes of graphical lasso and thresholding
obtained for 4 of these subjects are given in Figure 3 for illustration. Note that these graphs
are not spanning trees as indented, which imply that graphical lasso and thresholding are
able to obtain graphs with n − 1 edges but they inevitably have cycles.
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Consider an arbitrary resistor-capacitor (RC) circuit with n nodes, where certain nodes
are connected to each other or the ground via resistor-capacitor elements. Figure 4(a)
illustrates an RC circuit. The connectivity of each circuit can be represented by a graph, as
demonstrated in Figure 4(b). Assume that the physical structure of the circuit is unknown
and only the nodal voltages are available for measurement. It is desirable to find the
structural connectivity of the circuit from the measured signals. Given a time instance t,
let V (t) denote the vector of the voltages for nodes 1, ..., n at time t. Assume that the
circuit elements are subject to white thermal noise, namely Johnson-Nyquist noise, and
that the conductance and capacitance in each resistor-capacitor element are identical. Let

5. Case Study on Electrical Circuits

Figure 2: The similarity degree of thresholding and graphical lasso for obtaining brain networks of 20 subjects.

Similarity Degree (in Percentage)

(e)
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(h)
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(d)

(b)
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(g)
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Figure 3: Figures (a) and (b) show the brain networks of one subject obtained from graphical lasso and thresholding, respectively. Similarly, figures (c)-(d), (e)-(f) and
(g)-(h) show the networks obtained from graphical lasso and thresholding for
three other subjects. The size of each node in these networks reflects its degree.

16

6. Conclusions

17

Figure 4: a) An RC network with node 1 connected to the ground via a resistor and a
capacitor, b) a graph representation of the RC network connectivity.
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6

The above circuit model can be used to study the relationship between the thresholding
and graphical lasso techniques. As an example, consider a mesh circuit with n = 100
nodes that are connected to one another through 180 links. The graphical model of this
grid circuit is depicted in Figure 5(a). With no loss of generality, assume that Cij = −1
for all (i, j) ∈ E. Furthermore, suppose that nodes 2, 9, 22, 61 and 70 of the circuit
are connected to the ground through parallel RC circuits with values equal to 0.1. For
r = 99 and 10 different trials, we have calculated the sample covariance matrices and
applied the thresholding technique and graphical lasso to these matrices in order to recover
networks with 180 edges. Note that since the number of samples is less than the number of
variables, the sample partial correlations cannot be obtained through matrix inversion. The
degree of similarity between graphical lasso and thresholding for these 10 trials are given
in Figure 5(b). Figures 5(c) and 5(d) show the networks obtained from thresholding and
graphical lasso for one of the trials. False positives are marked in red and false negatives
are colored in blue. These two graphs have 178 edges in common (out of 180 edges), which
indicates a high degree of similarity between the outcomes of the two techniques under
study (to observe some of the few differences, one can inspect the existence of the edges
(64, 75) and (55, 56) in these two graphs). We have repeated the above experiment on many
circuit models beyond mesh networks and observed a very similar result.

JMLR 17(115):1-21

(a)

7

2

(39)

The above physical model illustrates the fact that the topology of a system may have
been encoded in the partial correlation matrix. To recover the circuit topology from the
voltage vector V (t), one can sample the vector V (t) at different times t1 , t2 , ..., tr and con-

1

4

i=1

r

1X
Vi (ti )Vi (ti )T
r

where r denotes the number of samples. Note that Σ converges to the population covariance
Σ∗ as r → ∞. When r is finite, two possible scenarios arise: i) Σ is invertible but the inverse
matrix needs to be thresholded to some level due to the error Σ∗ − Σ, ii) Σ is not invertible
and therefore alternative methods are needed to estimate the inverse matrix.

Σ=

struct a sample covariance matrix as

Somayeh Sojoudi

The objective of this paper is to study the problem of finding a sparse conditional dependence graph associated with a multivariate random vector, where the only available
information is a sample correlation matrix. A commonly used technique for this problem is
a convex program, named graphical lasso, where the objective function of this optimization
problem has a sparsity-promoting penalty term. In this work, a simple condition is derived
under which the graph obtained from graphical lasso coincides with the one obtained by
simply thresholding the sample correlation matrix. This condition depends only on the
solution of graphical lasso, and makes no use of the regularization coefficient or the sample
correlation matrix. The focus of the paper is on the case where the regularization term
is high enough to search for a sparse graph. A theoretical result is developed to support
that graphical lasso and thresholding behave similarly in this regime, and this statement
is verified in several random simulations as well as two case studies on brain connectivity
networks and electrical circuits.

5

3

• Σ−1
∗ is sparse and its sparsity pattern conforms with the circuit topology.

• Σ∗ is generically a dense matrix, due to being the inverse of the sparse matrix C.

Σ∗ denote the “steady-state” covariance of the voltage measurements. It can be shown that
Σ∗ = C −1 , where C is the n × n capacitance matrix of the circuit (Sojoudi and Doyle,
2014). Note that the sparsity pattern of C is consistent with the topology of the circuit.
Therefore, the inverse covariance matrix Σ−1
∗ and the partial correlation matrix both have
the same sparsity structure as the circuit. In other words, the partial correlation matrix
unveils the physical connectivity of the circuit. Assuming that the circuit under study has
a sparse structure, it can be concluded that
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A glance at the network that implements Strassen multiplication (SM) in Figure 1
quickly establishes two things that make this application of machine learning unique:

In 1969 Volker Strassen published a paper that showed, among other things, that a pair of
2 × 2 matrices could be multiplied with just seven scalar multiplications, one less than the
eight required in the standard algorithm. Strassen’s trick becomes practical on very large
matrices where it can be applied recursively on blocks. Finding the fewest number of scalar
multiplications for general n × n matrices is the subject of intensive research.

2. What is Strassen Multiplication?

Questions related to the Strassen algorithm (1969) for matrix multiplication provide an
opportunity for testing neural networks in the interesting setting where the representation
of knowledge is both exact and poorly understood (an open mathematical problem). In
this short contribution we define Strassen multiplication (SM) for non-experts, construct a
neural network that has the capacity to implement SM, and introduce a simple protocol for
training the network called conservative learning. We also present numerical experiments
that are unique in the degree of precision required to establish results.

1. Introduction

Keywords: sum-product networks, Strassen multiplication, tensor decomposition

We study neural networks whose only non-linear components are multipliers, to test a
new training rule in a context where the precise representation of data is paramount.
These networks are challenged to discover the rules of matrix multiplication, given many
examples. By limiting the number of multipliers, the network is forced to discover the
Strassen multiplication rules. This is the mathematical equivalent of finding low rank
decompositions of the n × n matrix multiplication tensor, Mn . We train these networks
with the conservative learning rule, which makes minimal changes to the weights so as
to give the correct output for each input at the time the input-output pair is received.
Conservative learning needs a few thousand examples to find the rank 7 decomposition
of M2 , and 105 for the rank 23 decomposition of M3 (the lowest known). High precision
is critical, especially for M3 , to discriminate between true decompositions and “border
approximations”.
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a∗ (j) =

i=1

4
X

Wa (j, i)a(i)

2

b∗ (j) =

i=1

4
X

Wb (j, i)b(i).
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(1)

Figure 1 is an engineer’s representation of SM. The elements of the 2 × 2 matrices A
and B are read in from two registers of numbers a(i) and b(i), i = 1, . . . , 4 on the left and
right. Those from A are ‘pooled’ into the left inputs of the seven multipliers in the middle
layer of the network, those from B into the right inputs. Pooling is the most general linearhomogeneous operation. Denoting the inputs to the multipliers a∗ (j) and b∗ (j), j = 1, . . . , 7,
the pooling equations are

• The design of the network is deliberately naive and lives up to the standard that the
machine should have the capacity to learn something that we don’t already know. Our
network, in fact, does not even know how numbers are arranged to form a matrix!

• The architecture of the network and the operations performed by its components are a
perfect match to the mathematical problem, as opposed to being just a well motivated
platform for general machine learning applications.

Figure 1: A network for multiplying 2 × 2 matrices that uses only seven multipliers. Multiplication by a constant (“weight”) occurs at each of the lines connecting input and
output registers (for the matrices A, B and C) to the multipliers in the middle
layer of the network.

Elser

A Network That Learns Strassen Multiplication

j=1

7
X

Wc (i, j) a∗ (j)b∗ (j).

(2)

The 7 × 4 sets of real numbers Wa and Wb are called weights, though they are not required
to be non-negative. Multiplication by a weight is not counted as one of the multiplies in
SM. Unlike the multiplications performed by the seven multipliers, weight multiplication
is a linear operation in the inputs to the network. The challenge of SM is to find a set of
weights that work for all conceivable matrices we wish to multiply. We will see that this
set is not unique, and there exist transformations from one set to another that works just
as well. In the most practical set found by Strassen (1969), all the nonzero weights are just
±1, so the weight-multiplications are really just additions and subtractions.
The output end of the network works in the same way as the input end: the outputs
of the seven multipliers are pooled into the four output registers of the C matrix, c(i),
i = 1, . . . , 4, again in the most general way with a set of weights:
c(i) =

Strassen’s discovery can now be expressed in purely engineering terms. That is, there exists
a fixed set of weights Wa , Wb and Wc such that the four numbers in the product of any pair
of matrices can be computed with the 7-multiplier network of Figure 1 (i.e. the 8-multiplier
network implicit in the standard algorithm is sub-optimal).

3. Mathematical Digression: Tensor Rank

2

n X
n
X

2

Mn (i, k, l) a(k)b(l)

Combining (1) and (2) we obtain a curious statement about matrix multiplication, now for
n × n matrices:
c(i) =
r
X
j=1

Wc (i, j) Wa (j, k) Wb (j, l).

k=1 l=1

Mn (i, k, l) =

B̃ = V BW −1

C̃ = U CW −1 ,

(3)

The universal three-index set of numbers Mn is a tensor of order three, the (n × n)-matrix
multiplication tensor. We see that Mn can be written as a sum of r products of three
1-tensors, the atoms of all tensors. The minimum r in the decomposition into products
of 1-tensors is called the rank of the tensor. Unlike the problem of determining the rank
of a matrix (a 2-tensor), determining the ranks of higher order tensors such as Mn is
computationally difficult (Håstad, 1990). While we know rank (M2 ) = 7 (Winograd, 1971),
already for the next case we currently only have bounds (Bläser, 2003; Laderman, 1976):
19 ≤ rank (M3 ) ≤ 23.
A general transformation of the weights that gives another correct network (decomposition of Mn ) can be inferred from the fact that the transformed matrices
Ã = U AV −1
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for arbitrary invertible (U, V, W ), satisfy the matrix product property whenever A, B and
C do (ÃB̃ = C̃). But feeding Ã and B̃ into the network, and seeing the correct output C̃, is
3

ikl

Elser

j=1


2
r
X
1 X
Mn (i, k, l) −
Wc (i, j) Wa (j, k) Wb (j, l)
(n2 )3

(4)

equivalent to feeding in A and B and seeing C in the output after the three sets of weights
have been appropriately transformed by the linear relations (3).
When we test our network for “matrix multiplication fidelity” we would like to do better
than spot check its accuracy on sample instances. To assess how well it will perform on any
instance of matrix multiplication we compute , where
2 =

is the mean-square error in how our weights are decomposing the true Mn .

4. Conservative Learning

The amazing thing about the network in Figure 1 is not that, given the special Strassen
weights, it manages to produce the product C = AB with only seven multiplies. What is
truly remarkable is the fact that the network can learn a correct set of weights just by being
shown enough examples of correctly multiplied matrices.
A huge industry has grown up around the problem of training networks. Most methods
start with some initial weights and adjust these to minimize the discrepancy between the
correct output and the actual output of the network. There are many schemes for minimization, though most are local and based on gradients of some measure of discrepancy
(“loss”) with respect to the weights. We will use a somewhat different approach for the
Strassen network called conservative learning.
Conservative learning is not the oxymoron it would seem, but a combination of two very
reasonable principles:

• When presented with a training item for which the network gives the wrong output,
change the weights so that at least this item produces the correct output.

• Make the smallest possible change to the weights when learning each new item.

(5)

By making the smallest possible change, when obsessing over the most recent item, we stand
a better chance of not corrupting the accumulated knowledge derived from all previous
items. To add mathematical support to this statement we analyze a very simple network.
Consider a network that implements a linear transformation from a set of inputs x ∈ Rm
to a set of outputs y ∈ Rn . We use matrix notation in what follows. The transformation
to be learned corresponds to a matrix of weights W ? , and training samples are pairs (x, y)
where y = W ? x. Suppose W is the current matrix and (x, W ? x) a new training item. As
our network is linear, we choose to train only with normalized inputs, xT x = 1. We wish
to find the smallest change ∆ such that

(W + ∆)x = W ? x,
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where small is defined by the Frobenius norm k∆k = Tr ∆∆T . We may decompose ∆ as a
sum of terms
∆ = ∆k xT + ∆⊥ ,

4

Tr ∆∆T

= Tr ∆k ∆Tk + Tr ∆⊥ ∆T⊥ ,

= Tr(∆k xT + ∆⊥ )(x∆Tk + ∆T⊥ )

(6)
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6

Adding an interesting bias to the distribution of training matrices is also something we
did not try. Our input matrices were simply constructed from uniform samples of [−1, 1]
in each element of A and B. After rescaling to conform with our normalization convention
Tr AT A = Tr B T B = 1, these together with C = AB were handed to the network for
training.
It astonished us how quickly the network discovers Strassen’s trick for 2 × 2 matrices,
when the weights are updated by the conservative learning rules. Figure 2 shows the
decomposition error  converging linearly, after an initial training set of only a few thousand.
The five runs shown have slightly different convergence rates, a variability that can only
be attributed to the initial weights and the early training items (before the onset of linear
convergence). We did not compare with other learning rules, all of which, unlike conservative

There are two sources of randomness when training a network: the distribution of the initial
weights and the distribution of the training items. We did not explore this dimension in
our experiments with the Strassen network. The weights were initialized with independent
uniform samples from a symmetric interval about the origin. Clearly the scale of this
interval is not arbitrary, since the tensor Mn being decomposed has a definite scale. A scale
for the weights is also implied by the error objective (4). Conservative learning proved not
to be very sensitive to the scale of the initial weights, with only extreme limits (small and
large scales) showing performance degradation. For simplicity we therefore chose to always
initialize with samples drawn from [−1, 1].

5. Conservative Learning with the Strassen Network

Figure 2: Root-mean-square error  in the rank 7 decomposition of the 2 × 2 matrix multiplication tensor by the network in Figure 1. Shown are results for five runs of the
network, each starting with random weights and trained on streams of random
instances of correctly multiplied matrices.
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where we get equality only in the rare case that x is orthogonal to all the rows of W − W ? .
This inequality proves that conservatism is sound: by minimally accommodating each new
item there is monotone improvement in our approximation of the transformation (W ? )
itself.
Conservative learning has the nice feature that there are no parameters that have to be
tuned, such as the step size in gradient descent. This continues to be true when the principle
is applied to general networks. However, multiple layers and nonlinear components make
the problem of finding the exact weight modifications intractable. Fortunately, there is
a systematic procedure for keeping track of the order of smallness of the changes in the
general network so that an approximate learning rule can be written down. The update
procedure for the weights in the multilayer setting has similarities with the back-propagation
rules in gradient-based learning, but there are also some differences. Not surprisingly,
proving convergence is also out of reach. Our experiments with the Strassen network show
spectacular convergence, even without imposing a small parameter to keep changes in check.
A derivation of the conservative learning rules for the Strassen network is given in the
Appendix. This network has most of the features that need to be addressed in general
networks and therefore serves as a good vehicle for explaining the method.

The operator Px⊥ projects rows to the orthogonal complement of x. From (6) we infer the
norm inequality
kW 0 − W ? k ≤ kW − W ? k,

= Px⊥ (W − W ? ).

W 0 − W ? = (W − W ? )(1 − xxT )

The current weights are incremented by a rank 1 matrix comprising the transposed input
vector xT as one factor and the output discrepancy (W ? − W )x as the other. After the
change, the weights W 0 are correct on the item (x, W ? x).
To better understand how we are doing relative to the corpus of all possible items, we
make note of the following relationship between old and new weights:

W → W 0 = W + (W ? − W )xxT .

shows that minimizing the norm of ∆ requires ∆⊥ = 0, since the second term is a sum of
squares. The conservative learning rule is therefore:

Moreover,

∆k = (W ? − W )x.

where the first defines its action on the subspace generated by x, and the second gives its
action on the orthogonal complement. Since ∆⊥ x = 0, from (5) we infer
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Figure 4: The maximum weight magnitudes, max (|Wa |, |Wb |, |Wc |), for the two training
runs shown in Figure 3.

Elser

8

JMLR 17(116):1-13

M3 , is that the weights in the slowly converging runs are rank 23 border approximations to
true rank 24 or higher decompositions. Running the network with 22 multipliers we only
observe the slow convergence/growing weight behavior. While this does not prove the true
rank is 23, it is consistent with M3 having rank 22 border approximations (Schönhage, 1981).
That slow convergence was never observed in our experiments with M2 is in agreement
with the known fact (Landsberg, 2006) that this tensor does not have lower rank border
approximations.
Conservative learning with the Strassen network for 3 × 3 matrices is summarized in
Figure 5. This gives the distribution of the final decomposition error  for 103 runs, each
limited to 108 training items and terminated when the error dropped below 10−14 . Runs
with linear convergence, such as the one in Figure 3, typically required far fewer than 108
training items. The large peak at the low end of the distribution in Figure 5, about 64% of
all runs, therefore gives the probability that the network finds a true rank 23 decomposition.
As explained above, we believe the network is slowly converging to border approximations
in the other runs.

Figure 3: Root-mean-square error , in rank 23 decompositions of the 3 × 3 matrix multiplication tensor, on two runs. The absence of convincing linear convergence in one
of the runs is accompanied (Figure 4) by a slow growth in the maximum weight
magnitude.
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learning, come with parameters and batch protocols that we were not prepared to manage
with competence.
When we remove one multiplier from the middle layer of the network in Figure 1, that
is, attempt to find a rank 6 decomposition of M2 , the error  fluctuates indefinitely. This
of course is what we expect, since there is a proof that M2 has rank 7 (Winograd, 1971).
For 3 × 3 matrices the network exhibits a new kind of behavior. Since it is known that
rank (M3 ) ≤ 23 (Laderman, 1976), convergent behavior is possible in principle when we
have 23 multipliers. We find that this indeed happens in about 64% of all runs, an example
of which is the lower plot in Figure 3. In the remaining runs  decays much more slowly;
an example of this behavior is the higher plot in Figure 3.
The phenomenon of there being two qualitatively different asymptotic states of the network, when decomposing M3 , is consistent with the border rank property. This property,
peculiar to tensors of order three and higher, refers to the topological closure properties
of the space of tensor decompositions. When this space is not closed, the abstract closure defines tensor decompositions on the “border” of the space that have lower rank. In
more concrete terms, it gives rise to approximate decompositions of lower rank, where the
approximation as measured by  can be arbitrarily good when the weights are allowed to
diverge without limit.
We see evidence of “border” behavior when we compare the evolution of the maximum
weight magnitude, max (|Wa |, |Wb |, |Wc |), for the two runs in Figure 3. These are plotted in
Figure 4. In contrast to the linearly convergent run, where the maximum weight saturates,
the run with slow convergence has a corresponding slow growth in the maximum weight. An
interpretation of our results, consistent with what is known about tensor decompositions of
7

+ γ T (c − (Wc + ∆c )a∗ ◦ b∗ ) .

1
1
1
Tr (∆Ta ∆a ) + Tr (∆Tb ∆b ) + Tr (∆Tc ∆c )
2
2
2
+ αT (a∗ − (Wa + ∆a )a) + β T (b∗ − (Wb + ∆b )b)
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(7)
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9

∆b = β bT .

∆a a = α

10

∆b b = β.

(8)

Comparing with the update rule for the linear network in Section 4 prompts us to interpret
α and β as discrepancies associated with the multiplier inputs. Multiplying (7) on the right
respectively by a and b we also have

∆a = α a T

These equations and ones to follow are consistent with the Lagrange multipliers vanishing
proportionately with the changes in the weights.
Before we impose stationarity with respect to the other variables, we define a set of approximate vectors associated with implementing the network using the current (unchanged)

To streamline the derivation we use matrix notation. The new training item is the triplet
of vectors (a, b, c) corresponding to the unrolled matrices (A, B, C = AB). We should think
of (a, b) as inputs to the network and c as the output. Prior to this item the network has
weight matrices Wa and Wb that map the inputs to the pairs of inputs of the multipliers in
the middle layer, (a∗ , b∗ ). The outputs of the multipliers is the vector c∗ = a∗ ◦ b∗ , where ◦
denotes componentwise multiplication. If the network weights are correct even for the new
item, then mapping c∗ with the weight matrix Wc should match the output vector c. In
general, the three weight matrices have to be changed by (∆a , ∆b , ∆c ) for this to be true,
and the first three terms of L are the Frobenius norm objective on these changes to keep
them small. The last three terms are constraints imposed via three vectors of Lagrange
multipliers, (α, β, γ). These insure that with the changed weights the inputs/outputs of the
network match the inputs/outputs of the multipliers in the middle layer.
Given the current weights (Wa , Wb , Wc ) and the new training item (a, b, c), our task is
then to find a stationary point of Lagrangian L for the variables (∆a , ∆b , ∆c ), (a∗ , b∗ ), and
(α, β, γ). In the derivation below we assume that the inputs are normalized as aT a = bT b =
1.
Stationarity with respect to ∆a and ∆b imply

L=

The starting point for deriving the conservative learning rules for the Strassen network (Fig.
1) is the Lagrangian function

Appendix A. Conservative Learning Rules for the Strassen Network
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Due to the discontinuous activation functions in their network, the implementation of conservative learning (the minimal disturbance principle) posed a greater challenge than the
non-linearity in the Strassen network. Combinations of flips of signs (activations) had to
be exhaustively tested, for each training item, to discover the minimal modification of the
weights. We were able to avoid a combinatorial explosion in the Strassen network because
differentiability gave a set of equations for the minimum whose linearization could be solved
for a unique, approximate solution.
While nearly forgotten by the neural network community, minimal disturbance has stood
as a major design principle for adaptive filters (Widrow and Hoff, 1960), where it is known
as the least mean squares (LMS) algorithm. With the development of efficient optimization
algorithms such as ADMM for implementation, the application of the principle to neural
networks should now be feasible, and offers an interesting training alternative to stochastic
gradient descent.

The idea is to adapt the network to properly respond to the newest input pattern
while minimally disturbing the responses already trained in for the previous
input patterns. Unless this principle is practiced, it is difficult for the network
to simultaneously store all of the required pattern responses.

Not surprisingly, given the naturalness of the principle, a number of prior applications of
conservative learning came to light after submission of the manuscript. Our definition is
practically indistinguishable from the “minimal disturbance principle” that Bernard Widrow
and coworkers (1988) applied to multi-layer networks with two-valued (sign) activation
functions. The following is a direct quote from their paper:

6. Some History and Concluding Remarks

Figure 5: Distribution of the final decomposition error of M3 in 103 runs, each with 108
training items. Runs were terminated when  dropped below 10−14 .
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(15)
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1
(c − c̃),
c̃∗T c̃∗

δ T (δ − G(λδ)) = 0.

(c − c̃)T (c − c̃)
(c − c̃).
(c − c̃)T G(c − c̃)

The conservative learning alternative to (16) is therefore
γ ← γ1 =

12

(16)

(17)
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Not surprisingly this reduces to (16) when the off-diagonal terms in G are dropped.
We conclude this Appendix with a short summary of the conservative learning rules for
updating the network weights when given a new training item (a, b, c).

(18)

The single-iteration CG solution has the form γ1 = λδ, where λ is a scalar multiplier and
determined by projecting the equation on δ:

δ = c − c̃ = Gγ.

be the symmetric positive definite matrix in our linear equation

G = (c̃∗T c̃∗ ) + Wc (ã∗ ◦ ã∗ + b̃∗ ◦ b̃∗ ) WcT

then the process of learning item (a, b, c) would be completely analogous to the usual “backpropagation” scheme. After forward-propagating the inputs (a, b) with Wa , Wb and Wc to
determine the discrepancy c − c̃, the γ given by (16) is back-propagated (14) by WcT to get
α and β. The three Lagrange multipliers then determine the weight changes by (7) and
(12).
Lacking an argument for discarding the off-diagonal terms in (15), we need to look for
methods to solve this more complex linear equation. The off-diagonal terms correspond to
one-level of back-propagation followed by forward-propagation. An iterative solution of the
linear equation would thus involve multiple backward-forward propagations between just
the final two layers of the network. This is not as intimidating as it might seem for two
reasons. First, when using the conjugate gradient (CG) method, the number of backwardforward iterations is bounded by the number of components of the vector γ. Second, given
a reasonable initial solution-estimate, CG usually requires only few iterations in practice.
Since our derivation of the conservative learning rules has been based on the premise
that the discrepancies (a∗ − ã∗ , b∗ − b̃∗ , c − c̃) are small, we are keeping with this premise
when we take as our initial CG solution-estimate γ = 0. As a better motivated alternative
to (16) we apply the fewest (non-trivial) number of CG iterations — a single one — to
this solution-estimate. At this single-iteration level of CG the approximate solution has a
simple interpretation. Let

γ←

Equation (15) relates the discrepancy, between the true (training) c and the c̃ of the
forward pass, to the Lagrange multipliers γ. Were we to neglect the off-diagonal terms in
this linear matrix equation and determine γ by

c − c̃ ≈ (c̃∗T c̃∗ ) γ + Wc (ã∗ ◦ ã∗ + b̃∗ ◦ b̃∗ ) WcT γ.
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(10)

(9)

In (14) we again discarded second order terms. Substituting α and β from (14) into (13)
we arrive at the equation that begins the process of updating the weights:

b̃∗ = Wb b.

weights. This mode of evaluating the nodes (vectors) in the network is called a forward
pass.
ã∗ = Wa a
c̃ = Wc ã∗ ◦ b̃∗ .

b∗ − b̃∗ = ∆b b = β.

Imposing stationarity with respect to (α, β) and comparing the resulting equations with (9)
and (8), we obtain
a∗ = (Wa + ∆a )a
b∗ = (Wb + ∆b )b,
a∗ − ã∗ = ∆a a = α

(11)

This shows that the discrepancies represented by α and β are the differences between their
true values (after the conservative-learning update) and their forward-pass values.
Learning in some sense starts at the output layer, where the c̃ of the forward pass is
compared with the output c of the training item. To obtain the conservative learning rule
for this we start by imposing stationarity of L with respect to ∆c :
∆c = γ (a∗ ◦ b∗ )T .

(12)

We now make the first of a series of approximations. Extending to the output layer the
property of the middle layer, that the pairs (∆a , α) and (∆b , β) have the same order of
smallness, we expect (∆c , γ) also to vanish proportionately. A good approximation of (11)
is then to replace a∗ and b∗ by their forward pass values (the error being higher order),
∆c ≈ γ (ã∗ ◦ b̃∗ )T = γ c̃∗T ,

(13)

where we have expressed the result in terms of the forward pass value of the multiplier
outputs, c̃∗ . Now imposing stationarity of L with respect to γ,
c = (Wc + ∆c ) a∗ ◦ b∗ ,
and comparing with (10) we obtain


c − c̃ ≈ ∆c c̃∗ + Wc (a∗ − ã∗ ) ◦ b̃∗ + ã∗ ◦ (b∗ − b̃∗ )
≈ γ c̃∗T c̃∗ + Wc (α ◦ b̃∗ + ã∗ ◦ β),

β = a∗ ◦ (WcT + ∆cT )γ,
β ≈ a∗ ◦ (WcT γ).
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(14)

where we have neglected second order terms and used (7) and (12).
By imposing stationarity with respect to the two remaining sets of variables (a∗ , b∗ ) we
will obtain equations that relate (α, β) to γ, enabling us to cast the equation for the output
discrepancy (13) just in terms of the unknown γ:
α = b∗ ◦ (WcT + ∆cT )γ
α ≈ b∗ ◦ (WcT γ)
11

13
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1. Introduction

We reconsider randomized algorithms for the low-rank approximation of symmetric positive semi-definite (SPSD) matrices such as Laplacian and kernel matrices that arise in
data analysis and machine learning applications. Our main results consist of an empirical evaluation of the performance quality and running time of sampling and projection
methods on a diverse suite of SPSD matrices. Our results highlight complementary aspects of sampling versus projection methods; they characterize the effects of common data
preprocessing steps on the performance of these algorithms; and they point to important
differences between uniform sampling and nonuniform sampling methods based on leverage
scores. In addition, our empirical results illustrate that existing theory is so weak that it
does not provide even a qualitative guide to practice. Thus, we complement our empirical
results with a suite of worst-case theoretical bounds for both random sampling and random projection methods. These bounds are qualitatively superior to existing bounds—e.g.,
improved additive-error bounds for spectral and Frobenius norm error and relative-error
bounds for trace norm error—and they point to future directions to make these algorithms
useful in even larger-scale machine learning applications.
Keywords: Nyström approximation, low-rank approximation, kernel methods, randomized algorithms, numerical linear algebra

We reconsider randomized algorithms for the low-rank approximation of symmetric positive semi-definite (SPSD) matrices such as Laplacian and kernel matrices that arise in data
analysis and machine learning applications. Our goal is to obtain an improved understanding, both empirically and theoretically, of the complementary strengths of sampling versus
projection methods on realistic data. Our main results consist of an empirical evaluation of
the performance quality and running time of sampling and projection methods on a diverse
suite of dense and sparse SPSD matrices drawn both from machine learning as well as more
general data analysis applications. These results are not intended to be comprehensive but
instead to be illustrative of how randomized algorithms for the low-rank approximation
of SPSD matrices behave in a broad range of realistic machine learning and data analysis
applications.

Abstract

In more detail, our main contributions are fourfold.

Our empirical results point to several directions that are not explained well by existing
theory. (For example, that the results are much better than existing worst-case theory
would suggest, and that sampling with respect to the statistical leverage scores leads to
results that are complementary to those achieved by projection-based methods.) Thus, we
complement our empirical results with a suite of worst-case theoretical bounds for both
random sampling and random projection methods. These bounds are qualitatively superior
to existing bounds—e.g., improved additive-error bounds for spectral and Frobenius norm
error and relative-error bounds for trace norm error. By considering random sampling
and random projection algorithms on an equal footing, we identify within our analysis
deterministic structural properties of the input data and sampling/projection methods that
are responsible for high-quality low-rank approximation.

Gittens and Mahoney

• First, we provide an empirical illustration of the complementary strengths and weaknesses of data-independent random projection methods and data-dependent random
sampling methods when applied to SPSD matrices. We do so for a diverse class of
SPSD matrices drawn from machine learning and data analysis applications, and we
consider reconstruction error with respect to the spectral, Frobenius, and trace norms.
Depending on the parameter settings, the matrix norm of interest, the data set under consideration, etc., one or the other method might be preferable. In addition,
we illustrate how these empirical properties can often be understood in terms of the
structural nonuniformities of the input data that are of independent interest.
• Second, we consider the running time of high-quality sampling and projection algorithms. For random sampling algorithms, the computational bottleneck is typically
the exact or approximate computation of the importance sampling distribution with
respect to which one samples; and for random projection methods, the computational bottleneck is often the implementation of the random projection. By exploiting
and extending recent work on “fast” random projections and related recent work on
“fast” approximation of the statistical leverage scores, we illustrate that high-quality
leverage-based random sampling and high-quality random projection algorithms have
comparable running times. Although both are slower than simple (and in general
much lower-quality) uniform sampling, both can be implemented more quickly than
a naı̈ve computation of an orthogonal basis for the top part of the spectrum.
• Third, our main technical contribution is a set of deterministic structural results that
hold for any “sketching matrix” applied to an SPSD matrix. We call these “deterministic structural results” since there is no randomness involved in their statement or
analysis and since they depend on structural properties of the input data matrix and
the way the sketching matrix interacts with the input data. In particular, they highlight the importance of the statistical leverage scores, which have proven important
in other applications of random sampling and random projection algorithms.
• Fourth, our main algorithmic contribution is to show that when the low-rank sketching matrix represents certain random projection or random sampling operations, then
we obtain worst-case quality-of-approximation bounds that hold with high probability. These bounds are qualitatively better than existing bounds and they illustrate
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how high-quality random sampling algorithms and high-quality random projection
algorithms can be treated from a unified perspective.
A novel aspect of our work is that we adopt a unified approach to these low-rank approximation questions—unified in the sense that we consider both sampling and projection
algorithms on an equal footing, and that we illustrate how the structural nonuniformities
responsible for high-quality low-rank approximation in worst-case analysis also have important empirical consequences in a diverse class of SPSD matrices. By identifying deterministic structural conditions responsible for high-quality low-rank approximation of SPSD
matrices, we highlight complementary aspects of sampling and projection methods; and
by illustrating the empirical consequences of structural nonuniformities, we provide theory
that is a much closer guide to practice than has been provided by prior work. We note also
that our deterministic structural results could be used to check, in an a posteriori manner,
the quality of a sketching method for which one cannot establish an a priori bound.
Our analysis is timely for several reasons. First, in spite of the empirical successes of
Nyström-based and other randomized low-rank methods, existing theory for the Nyström
method is quite modest. For example, existing worst-case bounds such as those of Drineas
and Mahoney (2005) are very weak, especially compared with existing bounds for leastsquares regression and general low-rank matrix approximation problems (Drineas et al.,
2008, 2010; Mahoney, 2011).1 Moreover, many other worst-case bounds make very strong
assumptions about the coherence properties of the input data (Kumar et al., 2012; Gittens,
2012). Second, there have been conflicting views in the literature about the usefulness of
uniform sampling versus nonuniform sampling based on the empirical statistical leverage
scores of the data in realistic data analysis and machine learning applications. For example,
some work has concluded that the statistical leverage scores of realistic data matrices are
fairly uniform, meaning that the coherence is small and thus uniform sampling is appropriate (Williams and Seeger, 2001; Kumar et al., 2012); while other work has demonstrated
that leverage scores are often very nonuniform in ways that render uniform sampling inappropriate and that can be essential to highlight properties of downstream interest (Paschou
et al., 2007; Mahoney and Drineas, 2009). Third, in recent years several high-quality numerical implementations of randomized matrix algorithms for least-squares and low-rank
approximation problems have been developed (Avron et al., 2010; Meng et al., 2014; Woolfe
et al., 2008; Rokhlin et al., 2009; Martinsson et al., 2011). These have been developed from
a “scientific computing” perspective, where condition numbers, spectral norms, etc. are of
greater interest (Mahoney, 2012), and where relatively strong homogeneity assumptions can
be made about the input data. In many “data analytics” applications, the questions one
asks are very different, and the input data are much less well-structured. Thus, we expect
that some of our results will help guide the development of algorithms and implementations
that are more appropriate for large-scale analytics applications.
In the next section, Section 2, we start by presenting some notation, preliminaries,
and related prior work. Then, in Section 3 we present our main empirical results; and in
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1. This statement may at first surprise the reader, since an SPSD matrix is an example of a general matrix,
and one might suppose that the existing theory for general matrices could be applied to SPSD matrices.
While this is true, these existing methods for general matrices do not in general respect the symmetry
or positive semi-definiteness of the input.
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Section 4 we present our main theoretical results. We conclude in Section 5 with a brief
discussion of our results in a broader context.

2. Notation, Preliminaries, and Related Prior Work

In this section, we introduce the notation used throughout the paper, and we address several
preliminary considerations, including reviewing related prior work.
2.1 Notation



and Σ =


Σ1

Σ2



.

(1)

Let A ∈ Rn×n be an arbitrary SPSD matrix with eigenvalue decomposition A = UΣUT ,
where we partition U and Σ as
U = U1 U2

Here, U1 has k columns and spans the top k-dimensional eigenspace of A, and Σ1 ∈ Rk×k
is full-rank.2 We denote the eigenvalues of A with λ1 (A) ≥ . . . ≥ λn (A).
Given A and a rank parameter k, the statistical leverage scores of A relative to the best
rank-k approximation to A equal the squared Euclidean norms of the rows of the n × k
matrix U1 :
`j = k(U1 )j k2 .
(2)

and Ω2 = U2T S

(3)

The leverage scores provide a more refined notion of the structural nonuniformities of A
than does the notion of coherence, µ = nk maxi∈{1,...,n} `i , which equals (up to scale) the
largest leverage score; and they have been used historically in regression diagnostics to
identify particularly influential or outlying data points. Less obviously, the statistical leverage scores play a crucial role in recent work on randomized matrix algorithms: they define
the key structural nonuniformity that must be dealt with in order to obtain high-quality
low-rank and least-squares approximation of general matrices via random sampling and
random projection methods (Mahoney, 2011). Although Equation (2) defines them with
respect to a particular basis, the statistical leverage scores equal the diagonal elements of
the projection matrix onto the span of that basis, and thus they can be computed from any
basis spanning the same space. Moreover, they can be approximated more quickly than the
time required to compute that basis with a truncated SVD or a QR decomposition (Drineas
et al., 2012).
We denote by S an arbitrary n × ` “sketching” matrix that, when post-multiplying a
matrix A, maps points from Rn to R` . We are most interested in the case where S is a
random matrix that represents a random sampling process or a random projection process,
but we do not impose this as a restriction unless explicitly stated. We let

Ω1 = U1T S

denote the projection of S onto the top and bottom eigenspaces of A, respectively.
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2. Variants of our results hold trivially if the rank of A is k or less, so we focus on this more general case
here.

4

and W = ST AS.
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5

6

CW† CT = AS(ST AS)† ST A = A(SST ASST )† A = A(PAk APAk )† A = AA†k A = Ak .

One can obtain the optimal rank-k approximation to A by forming an SPSD sketch where
the sketching matrix S is an orthonormal basis for the range of Ak , because with such
a choice,

2.3 The Power Method

Of course, one cannot quickly obtain such a basis; this motivates considering sketching
matrices Sq obtained using the power method: that is, taking Sq = Aq S0 where q is a
positive integer and S0 ∈ Rn×` with l ≥ k. As q → ∞, assuming UT1 S0 has full row-rank,
the matrices Sq increasingly capture the dominant k-dimensional eigenspaces of A (see
Golub and Van Loan, 1996, Chapter 8), so one can reasonably expect that the sketching
matrix Sq produces SPSD sketches of A with lower additional error.
SPSD sketches produced using q iterations of the power method have lower error than
sketches produced without using the power method, but are roughly q times more costly to

We should note that the SPSD Sketching Model, formulated in this way, is not guaranteed
to be numerically stable: if W is ill-conditioned, then instabilities may arise in forming the
product CW† CT . For simplicity in our presentation, we do not describe the generalizations
of our results that could be obtained for the various algorithmic tweaks that have been
considered to address this potential issue (Drineas et al., 2008; Mahoney and Drineas, 2009;
Chiu and Demanet, 2013).
The choice of distribution for the sketching matrix S leads to different classes of lowrank approximations. For example, if S represents the process of column sampling, either
uniformly or according to a nonuniform importance sampling distribution, then we refer to
the resulting approximation as a Nyström extension; if S consists of random linear combinations of most or all of the columns of A, then we refer to the resulting approximation
as a projection-based SPSD approximation. In this paper, we focus on Nyström extensions
and projection-based SPSD approximations that fit the above SPSD Sketching Model. In
particular, we do not consider adaptive schemes, which iteratively select columns to progressively decrease the approximation error. While these methods often perform well in
practice (Belabbas and Wolfe, 2009b,a; Farahat et al., 2011; Kumar et al., 2012), rigorous
analyses of them are hard to come by—interested readers are referred to the discussion in
(Farahat et al., 2011; Kumar et al., 2012).

Then CW† CT is a low-rank approximation to A with rank at most `.

C = AS

In many machine learning and data analysis applications, one is interested in symmetric
positive semi-definite (SPSD) matrices, e.g., kernel matrices and Laplacian matrices. One
common column-sampling-based approach to low-rank approximation of SPSD matrices is
the so-called Nyström method (Williams and Seeger, 2001; Drineas and Mahoney, 2005; Kumar et al., 2012). The Nyström method—both randomized and deterministic variants—has
proven useful in applications where the kernel matrices are reasonably well-approximated
by low-rank matrices; and it has been applied to Gaussian process regression, spectral
clustering and image segmentation, manifold learning, and a range of other common machine learning tasks (Williams and Seeger, 2001; Williams et al., 2002; Fowlkes et al., 2004;
Talwalkar et al., 2008; Zhang and Kwok, 2010; Kumar et al., 2012). The simplest Nyströmbased procedure selects columns from the original data set uniformly at random and then
uses those columns to construct a low-rank SPSD approximation. Although this procedure
can be effective in practice for certain input matrices, two extensions (both of which are
more expensive) can substantially improve the performance, e.g., lead to lower reconstruction error for a fixed number of column samples, both in theory and in practice. The first
extension is to sample columns with a judiciously-chosen nonuniform importance sampling
distribution; and the second extension is to randomly mix (or combine linearly) columns
before sampling them. For the random sampling algorithms, an important question is what
importance sampling distribution should be used to construct the sample; while for the
random projection algorithms, an important question is how to implement the random
projections. In either case, appropriate consideration should be paid to questions such as

2.2 Preliminaries

We quantify the quality of our algorithms by the “additional error” (above and beyond that
incurred by the best rank-k approximation to A). In the theory of algorithms, bounds of
the form provided by (16) below are known as additive-error bounds, the reason being that
the additional error is an additive factor of the form  times a size scale that is larger than
the “base error” incurred by the best rank-k approximation. In this case, the goal is to
minimize the “size scale” of the additional error. Bounds of this form are very different
and in general weaker than when the additional error enters as a multiplicative factor, such
as when the error bounds are of the form kA − Ãk ≤ f (n, k, η)kA − Ak k, where f (·) is
some function and η represents other parameters of the problem. These latter bounds are
of greatest interest when f = 1 + , for an error parameter , as in (18) and (19) below.
These relative-error bounds, in which the size scale of the additional error equals that of the
base error, provide a much stronger notion of approximation than additive-error bounds.

whether the data are sparse or dense, how the eigenvalue spectrum decays, the nonuniformity properties of eigenvectors, e.g., as quantified by the statistical leverage scores, whether
one is interested in reconstructing the matrix or performing a downstream machine learning
task, and so on.
The following sketching model subsumes both of these classes of methods.

Recall that, by keeping just the top k singular vectors, the matrix Ak := U1 Σ1 UT1 is
the best rank-k approximation to A, when measured with respect to any unitarily-invariant
matrix norm, e.g., the spectral, Frobenius, or trace norm. For a vector x ∈ Rn , let kxkξ ,
for ξ = 1, 2, ∞, denote the 1-norm, the Euclidean norm, and the ∞-norm, respectively, and
let Diag(A) denote the vector consisting of the diagonal entries of the matrix A. Then,
kAk2 = kDiag(Σ)k∞ denotes the spectral norm of A; kAkF = kDiag(Σ)k2 denotes the
Frobenius norm of A; and kAk? = kDiag(Σ)k1 denotes the trace norm (or nuclear norm)
of A. Clearly,
√
kAk2 ≤ kAkF ≤ kAk? ≤ n kAkF ≤ n kAk2 .

• SPSD Sketching Model. Let A be an n × n positive semi-definite matrix, and let S
be a matrix of size n × `, where `  n. Take

Gittens and Mahoney

Revisiting the Nyström method

Revisiting the Nyström method

Gittens and Mahoney

2

≤ kA − Ak k2 +

(6)

produce. Thus, the power method is most applicable when A is such that one can compute
the product Aq S0 fast. We consider the empirical performance of sketches produced using
the power method in Section 3, and we consider the theoretical performance in Section 4.
2.4 Related Prior Work

2

A − CW† CT

with probability exceeding 1 − δ and
A − CW† CT

8
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with probability exceeding 1 − 2δ.
We have described these prior theoretical bounds in detail to emphasize how strong,
relative to the prior work, our new bounds are. For example, Equation (4) provides an
additive-error approximation with a very large scale; the bounds of Kumar, Mohri, and
Talwalkar require a sampling complexity that depends on the coherence of the input matrix
(Kumar et al., 2009a), which means that unless the coherence is very low one needs to sample
essentially all the rows and columns in order to reconstruct the matrix; Equation (5) provides
a bound where the additive scale depends on n; and Equation (6) provides a spectral norm
bound where the scale of the additional error is the (much larger) trace norm. Table 1
compares the bounds on the approximation errors of SPSD sketches derived in this work to
those available in the literature. We note further that Wang and Zhang recently established
lower-bounds on the worst-case relative spectral and trace norm errors of uniform Nyström
extensions (Wang and Zhang, 2013). Our Lemma 8 provides matching upper bounds,
showing the optimality of these estimates.
A related stream of research concerns projection-based low-rank approximations of general (i.e., non-SPSD) matrices (Halko et al., 2011; Mahoney, 2011). Such approximations
are formed by first constructing an approximate basis for the top left invariant subspace of
A, and then restricting A to this space. Algorithmically, one constructs Y = AS, where
S is a sketching matrix, then takes Q to be a basis obtained from the QR decomposition
of Y, and then forms the low-rank approximation QQT A. The survey paper Halko et al.
(2011) proposes two schemes for the approximation of SPSD matrices that fit within this
paradigm: Q(QT AQ)QT and (AQ)(QT AQ)† (QT A). The first scheme—for which Halko
et al. (2011) provides quite sharp error bounds when S is a matrix of i.i.d. standard Gaussian random variables—has the salutary property of being numerically stable. In Wang and
Zhang (2013), the authors show that using the first scheme with an adaptively sampled
S results in approximations with expected Frobenius error within a factor of 1 +  of the
optimal rank-k approximation error when O(k/2 ) columns are sampled.
Halko et al. (2011) does not provide any theoretical guarantees for the second scheme,
but observes that this latter scheme produces noticeably more accurate approximations in

2
· kA − Ak k?
δ

holds with probability 1 − δ, where ξ = 2, F represents the Frobenius or spectral norm.
(Actually, they prove a stronger result of the form given in Equation (4), except with W†
replaced with Wk† , where Wk represents the best rank-k approximation to W (Drineas and
Mahoney, 2005).) Subsequently, Kumar, Mohri, and Talwalkar show that if µk ln(k/δ))
columns are sampled uniformly at random with replacement from an A that has exactly
rank k, then one achieves exact recovery, i.e., A = CW† CT , with high probability (Kumar
et al., 2009a). Gittens (2012) extends this to the case where A is only approximately lowrank. In particular, he shows that if ` = Ω(µk ln k) columns are sampled uniformly at
random (either with or without replacement), then


2n
≤ kA − Ak k2 1 +
(5)
`

k=1
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Motivated by large-scale data analysis and machine learning applications, recent theoretical
and empirical work has focused on “sketching” methods such as random sampling and
random projection algorithms. A large part of the recent body of this work on randomized
matrix algorithms has been summarized in the recent monograph by Mahoney (2011) and
the recent review article by Halko et al. (2011). Here, we note that, on the empirical
side, both random projection methods (e.g., Bingham and Mannila, 2001; Fradkin and
Madigan, 2003; Venkatasubramanian and Wang, 2011; Banerjee et al., 2012) and random
sampling methods (e.g., Paschou et al., 2007; Mahoney and Drineas, 2009) have been used
in applications for clustering and classification of general data matrices; and that some of
this work has highlighted the importance of the statistical leverage scores that we use in
this paper (Paschou et al., 2007; Mahoney and Drineas, 2009; Mahoney, 2011; Yip et al.,
2014). In parallel, so-called Nyström-based methods have also been used in machine learning
applications. Originally used by Williams and Seeger to solve regression and classification
problems involving Gaussian processes when the SPSD matrix A is well-approximated by a
low-rank matrix (Williams and Seeger, 2001; Williams et al., 2002), the Nyström extension
has been used in a large body of subsequent work. For example, applications of the Nyström
method to large-scale machine learning problems include the work of Talwalkar et al. (2008);
Kumar et al. (2009a,c); Mackey et al. (2011b) and Zhang et al. (2008); Li et al. (2010); Zhang
and Kwok (2010), and applications in statistics and signal processing include the work of
Parker et al. (2005); Belabbas and Wolfe (2007a,b); Spendley and Wolfe (2008); Belabbas
and Wolfe (2008, 2009b,a).
Much of this work has focused on new proposals for selecting columns (e.g., Zhang
et al., 2008; Zhang and Kwok, 2009; Liu et al., 2010; Arcolano and Wolfe, 2010; Li et al.,
2010) and/or coupling the method with downstream applications (e.g., Bach and Jordan,
2005; Cortes et al., 2010; Jin et al., 2013; Homrighausen and McDonald, 2011; Machart
et al., 2011; Bach, 2013). The most detailed results are provided by Kumar et al. (2012) as
well as the conference papers on which it is based (Kumar et al., 2009a,b,c). Interestingly,
they observe that uniform sampling performs quite well, suggesting that in the data they
considered the leverage scores are quite uniform, which also motivated the related works
of Talwalkar and Rostamizadeh (2010); Mohri and Talwalkar (2011). This is in contrast
with applications in genetics (Paschou et al., 2007), term-document analysis (Mahoney and
Drineas, 2009), and astronomy (Yip et al., 2014), where the statistical leverage scores were
seen to be very nonuniform in ways of interest to the downstream scientist; we return to
this issue in Section 3.
On the theoretical side, much of the work has followed that of Drineas and Mahoney
(2005), who provided the first rigorous bounds for the Nyström extension of a general SPSD
matrix. They show that when Ω(k−4 ln δ −1 ) columns are sampled with an importance
sampling distribution that is proportional to the square of the diagonal entries of A, then
Xn
2
(A)ii
(4)
kA − CW† CT kξ ≤ kA − Ak kξ + 
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Nyström
SRFT sketch
Gaussian sketch
Leverage sketch

Gittens and Mahoney

Nyström
SRFT sketch
Gaussian sketch
Leverage sketch

Nyström
SRFT sketch
Gaussian sketch
Leverage sketch

Nyström
SRFT sketch
Gaussian sketch
Leverage sketch

Nyström
SRFT sketch
Gaussian sketch
Leverage sketch

AbaloneD, σ = .15, k = 20
kA − CW† CT k2 /kA − Ak k2
`=k+8
` = k ln k
2.168/2.455/2.569
2.022/2.381/2.569
2.329/2.416/2.489
2.146/2.249/2.338
2.347/2.409/2.484
2.161/2.254/2.361
1.508/1.859/2.377
1.152/1.417/2.036
kA − CW† CT kF /kA − Ak kF
`=k+8
` = k ln k
1.078/1.090/1.098
1.061/1.078/1.091
1.088/1.089/1.090
1.074/1.075/1.077
1.087/1.089/1.091
1.073/1.075/1.077
1.028/1.040/1.059
0.998/1.006/1.020
kA − CW† CT k? /kA − Ak k?
`=k+8
` = k ln k
1.022/1.024/1.026
1.010/1.014/1.016
1.024/1.024/1.024
1.014/1.014/1.014
1.024/1.024/1.024
1.014/1.014/1.014
1.009/1.012/1.016
0.994/0.997/1.000

Nyström
SRFT sketch
Gaussian sketch
Leverage sketch

` = k ln n
0.972/0.972/0.973
0.972/0.972/0.972
0.972/0.972/0.972
0.988/0.989/0.989

Nyström
SRFT sketch
Gaussian sketch
Leverage sketch

` = k ln n
0.943/0.944/0.944
0.944/0.944/0.944
0.944/0.944/0.944
0.977/0.978/0.980

Nyström
SRFT sketch
Gaussian sketch
Leverage sketch

` = k ln n
1.823/2.204/2.567
1.741/1.840/1.918
1.723/1.822/1.951
0.774/0.908/1.091

Nyström
SRFT sketch
Gaussian sketch
Leverage sketch

` = k ln n
1.026/1.040/1.054
1.034/1.035/1.037
1.033/1.035/1.036
0.959/0.963/0.968

Nyström
SRFT sketch
Gaussian sketch
Leverage sketch

` = k ln n
0.977/0.980/0.983
0.980/0.980/0.981
0.980/0.980/0.981
0.965/0.968/0.971

Nyström
SRFT sketch
Gaussian sketch
Leverage sketch

Protein, k = 10
kA − CW† CT k2 /kA − Ak k2
`=k+8
` = k ln k
1.570/2.104/2.197
1.496/2.100/2.196
1.835/1.950/2.039
1.686/1.874/2.009
1.812/1.956/2.058
1.653/1.894/2.007
1.345/1.644/2.166
1.198/1.498/2.160
kA − CW† CT kF /kA − Ak kF
`=k+8
` = k ln k
1.041/1.054/1.065
1.023/1.042/1.054
1.049/1.054/1.058
1.032/1.037/1.043
1.049/1.054/1.060
1.032/1.039/1.043
1.027/1.036/1.054
1.011/1.018/1.034
kA − CW† CT k? /kA − Ak k?
`=k+8
` = k ln k
1.011/1.014/1.018
0.988/0.994/0.998
1.013/1.015/1.016
0.990/0.993/0.995
1.013/1.015/1.017
0.991/0.993/0.994
1.004/1.008/1.014
0.982/0.985/0.991
WineS, σ = 1, k = 20
kA − CW† CT k2 /kA − Ak k2
`=k+8
` = k ln k
1.989/2.001/2.002
1.987/1.998/2.002
1.910/1.938/1.966
1.840/1.873/1.905
1.903/1.942/1.966
1.839/1.873/1.910
1.242/1.762/1.995
1.000/1.317/1.987
kA − CW† CT kF /kA − Ak kF
`=k+8
` = k ln k
1.036/1.040/1.043
1.028/1.034/1.038
1.038/1.039/1.039
1.029/1.030/1.030
1.038/1.039/1.039
1.029/1.030/1.030
1.004/1.011/1.018
0.996/1.000/1.005
kA − CW† CT k? /kA − Ak k?
`=k+8
` = k ln k
1.013/1.015/1.016
1.002/1.005/1.007
1.014/1.014/1.015
1.004/1.004/1.004
1.014/1.014/1.015
1.004/1.004/1.004
1.002/1.005/1.009
0.997/0.999/1.002

` = k ln n
1.023/1.350/2.050
1.187/1.287/1.405
1.187/1.293/1.438
0.942/0.994/1.073
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` = k ln n
1.386/1.386/1.386
1.310/1.317/1.323
1.314/1.318/1.323
1.039/1.042/1.113

` = k ln n
0.867/0.877/0.894
0.873/0.877/0.880
0.874/0.878/0.883
0.862/0.868/0.875
` = k ln n
0.760/0.764/0.770
0.762/0.764/0.766
0.762/0.765/0.767
0.758/0.765/0.771

` = k ln n
1.739/1.978/2.002
1.624/1.669/1.709
1.619/1.670/1.707
1.000/1.000/1.005
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Nyström
SRFT sketch
Gaussian sketch
Leverage sketch

Enron, k = 60
kA − CW† CT k2 /kA − Ak k2
`=k+8
` = k ln k
1.386/1.386/1.386
1.386/1.386/1.386
1.378/1.379/1.381
1.357/1.360/1.364
1.378/1.380/1.381
1.357/1.360/1.364
1.321/1.381/1.386
1.039/1.188/1.386
kA − CW† CT kF /kA − Ak kF
`=k+8
` = k ln k
1.004/1.004/1.004
0.993/0.994/0.994
1.004/1.004/1.004
0.994/0.994/0.994
1.004/1.004/1.004
0.994/0.994/0.994
1.002/1.002/1.003
0.994/0.995/0.996
kA − CW† CT k? /kA − Ak k?
`=k+8
` = k ln k
1.002/1.002/1.003
0.984/0.984/0.984
1.002/1.002/1.002
0.984/0.984/0.984
1.002/1.002/1.002
0.984/0.984/0.984
1.002/1.002/1.003
0.990/0.991/0.992

` = k ln n
0.998/1.009/1.018
1.000/1.000/1.001
1.000/1.000/1.001
0.994/0.995/0.997
` = k ln n
0.965/0.970/0.976
0.970/0.970/0.970
0.970/0.970/0.970
0.995/0.996/0.997
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practice. In Section 3, we show this second scheme is an instantiation of the power method
(as described in Section 2.3) with q = 1. Accordingly, the deterministic and stochastic error
bounds provided in Section 4 provide theoretical guarantees for this SPSD sketch.

Ω(k−1 )



Table 1: Comparison of our bounds on the approximation errors of several types of SPSD
sketches with those provided in prior works. Only the asymptotically largest terms
(as  → 0) are displayed and constants are omitted, for simplicity. Here,  ∈ (0, 1),
optξ is the smallest ξ-norm error possible when approximating A with a rank-k
matrix (k ≥ ln n), r = rank(A), ` is the number of column samples sufficient for
the stated bounds to hold, k is a target rank, and µs is the coherence of A relative
to the best rank-s approximation to A. The parameter β ∈ (0, 1] allows for the possibility of sampling using β-approximate leverage scores (see Section 4.2.1) rather
than the exact leverage scores. With the exception of (Drineas and Mahoney,
2005), which samples columns with probability proportional to their Euclidean
norms, and our novel leverage-based Nyström bound, these bounds are for sampling columns or linear combinations of columns uniformly at random. All bounds
hold with constant probability.

(1 + 2 )opt?
optF + opt?
(1 + 2 )opt2 + k opt?

(1 + )opt?
opt?
√
optF +
opt2 +

Ω(−1 k ln n)

Lemma
6,
Fourier-based
projection
Lemma
7,
Gaussian-based
projection


k ln(k/β)
β2

Ω
Lemma
5
leverage-based
column
sampling

Lemma 8, uniform
column
sampling

Ω



µk k ln k
(1−)2



1+

1√
1− 

opt2 + 2 opt?

opt


√?
(1− )k

optF + opt?

optF + −1 opt?
n
` )

kAk2
opt2 +

This work

optF + n( k` )1/4 kAk2
n
√
`

Ω(1)

opt2 (1 +

0
0
Ω(µr r ln r)

–

(1 + 2 )opt?

–

0

opt? (1 + −1 )

kAk?

n−`
n

–
Ω(1)

O

–
optF + 

Drineas and Mahoney (2005)
Belabbas
and
Wolfe (2009b)
Talwalkar and
Rostamizadeh
(2010)
Kumar et al.
(2012)

`
Source

Revisiting the Nyström method

Pn

i=1

A2ii
Ω(−4 k)

kA − CW† CT kF

kA − CW† CT k2
Prior
Pn works
opt2 +  i= A2ii

kA − CW† CT k?

Table 2: The min/mean/max ratios of the errors of several non-rank-restricted SPSD sketches to the optimal rank-k approximation error for several of the matrices considered in Table 4. Here k is the target rank and ` is the number of column
samples used to form the SPSD sketches. The min/mean/max ratios were computed using 30 trials for each combination
of ` and sketching method.

source, sketch
Drineas and Mahoney (2005)
nonuniform column sampling
Belabbas and Wolfe (2009b)
uniform column sampling
Kumar et al. (2012) uniform
column sampling
Lemma 5 leverage-based
Lemma 6 Fourier-based
Lemma 7 Gaussian-based
Lemma 8 uniform column
sampling
Drineas and Mahoney (2005),
nonuniform column sampling
Belabbas and Wolfe (2009b),
uniform column sampling
Kumar et al. (2012), uniform
column sampling
Lemma 5, leverage-based
Lemma 6, Fourier-based
Lemma 7, Gaussian-based
Lemma 8, uniform column
sampling
Drineas and Mahoney (2005),
nonuniform column sampling
Belabbas and Wolfe (2009b),
uniform column sampling
Kumar et al. (2012), uniform
column sampling
Lemma 5, leverage-based
Lemma 6, Fourier-based
Lemma 7, Gaussian-based
Lemma 8, uniform column
sampling
Drineas and Mahoney (2005),
nonuniform column sampling
Belabbas and Wolfe (2009b),
uniform column sampling
Kumar et al. (2012), uniform
column sampling
Lemma 5, leverage-based
Lemma 6, Fourier-based
Lemma 7, Gaussian-based
Lemma 8, uniform column
sampling

Revisiting the Nyström method

235.4
70.1
8.7
13.2

62.0

–

AbaloneD, σ = .15, k = 20
360.8

42.4
155.0
5.7
90.0

35.1

–

1287.0
102.1
20.1
9.4

331.2

–

3041.0

41.1

14.1
36.0
8.3
166.2

45.7

–

42.5

6.2
20.4
5.6
63.4

20.5

–

18.6

20.5
42.0
7.6
285.1

77.7

–

66.2

2.1

–

1.3
1.7
1.3
9.0

–

2.0

–

2.0
3.1
2.2
14.3

–

3.6

–

1.2
1.6
1.4
9.5

–

2.0

–

pred./obs. trace error

WineS, σ = 1, k = 20
408.4

–

–

pred./obs. spectral error pred./obs. Frobenius error
Enron, k = 60

–

44.3

1.2
1.7
1.4
9.1

Protein, k = 10

70.3

12.9
36.0
8.1
162.2

125.2

244.6
94.8
11.4
13.2
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Table 3: Comparison of the empirically observed approximation errors to the guarantees
provided in this and other works, for several data sets. Each approximation was
formed using ` = 6k ln k samples. To evaluate the error guarantees, δ = 1/2 was
taken and all constants present in the statements of the bounds were replaced with
ones. The observed errors were taken to be the average errors over 30 runs of the
approximation algorithms. The data sets, described in Section 3.1, are representative of several classes of matrices prevalent in machine learning applications.
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2.5 An Overview of Our Bounds

Our bounds in Table 1 (established as Lemmas 5–8 in Section 4.2) exhibit a common
structure: for the spectral and Frobenius norms, we see that the additional error is on
a larger scale than the optimal error, and the trace norm bounds all guarantee relative
error approximations. This follows from the fact, as detailed in Section 4.1, that lowrank approximations that conform to the SPSD sketching model can be understood as
forming column-sample/projection-based approximations to the square root of A, and thus
squaring this approximation yields the resulting approximation to A. The squaring process
unavoidably results in potentially large additional errors in the case of the spectral and
Frobenius norms— whether or not the additional errors are large in practice depends upon
the properties of the matrix and the form of stochasticity used in the sampling process. For
instance, from our bounds it is clear that Gaussian-based SPSD sketches are expected to
have lower additional error in the spectral norm than any of the other sketches considered.

From Table 1, we also see, in the case of uniform Nyström extensions, a necessary dependence on the coherence of the input matrix since columns are sampled uniformly at
random. However, we also see that the scales of the additional error of the Frobenius and
trace norm bounds are substantially improved over those in prior results. The large additional error in the spectral norm error bound is necessary in the worse case (Gittens, 2012).
Lemmas 5, 6 and 7 in Section 4.2—which respectively address leverage-based, Fourierbased, and Gaussian-based SPSD sketches—show that spectral norm additive-error bounds
with additional error on a substantially smaller scale can be obtained if one first mixes the
columns before sampling from A or one samples from a judicious nonuniform distribution
over the columns.

Table 2 compares the minimum, mean, and maximum approximation errors of several
SPSD sketches of four matrices (described in Section 3.1) to the optimal rank-k approximation errors. We consider three regimes for `, the number of column samples used to
construct the sketch: ` = O(k), ` = O(k ln k), and ` = O(k ln n). These matrices exhibit a
diverse range of properties: e.g., Enron is sparse and has a slowly decaying spectrum, while
Protein is dense and has a rapidly decaying spectrum. Yet we notice that the sketches
perform quite well on each of these matrices. In particular, when ` = O(k ln n), the average
errors of the sketches are within 1 +  of the optimal rank-k approximation errors, where
 ∈ [0, 1]. Also note that the leverage-based sketches consistently have lower average errors
(in all of the three norms considered) than all other sketches. Likewise, the uniform Nyström
extensions usually have larger average errors than the other sketches. These two sketches
represent opposite extremes: uniform Nyström extensions (constructed using uniform column sampling) are constructed using no knowledge about the matrix, while leverage-based
sketches use an importance sampling distribution derived from the SVD of the matrix to
determine which columns to use in the construction of the sketch.

JMLR 17(117):1-65

Table 3 illustrates the gap between the theoretical results currently available in the
literature and what is observed in practice: it depicts the ratio between the error bounds in
Table 1 and the average errors observed over 30 runs of the SPSD approximation algorithms
(the error bound from (Talwalkar and Rostamizadeh, 2010) is not considered in the table, as
it does not apply at the number of samples ` used in the experiments). Several trends can be
identified; among them, we note that the bounds provided in this paper for Gaussian-based
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In this section, we present our main empirical results, which consist of evaluating sampling
and projection algorithms applied to a diverse set of SPSD matrices. The bulk of our
empirical evaluation considers two random projection procedures and two random sampling
procedures for the sketching matrix S: for random projections, we consider using SRFTs
(Subsampled Randomized Fourier Transforms) as well as uniformly sampling from Gaussian
mixtures of the columns; and for random sampling, we consider sampling columns uniformly
at random as well as sampling columns according to a nonuniform importance sampling
distribution that depends on the empirical statistical leverage scores. In the latter case of
leverage score-based sampling, we also consider the use of both the (naı̈ve and expensive)
exact algorithm as well as a (recently-developed fast) approximation algorithm. Section 3.1
starts with a brief description of the data sets we consider; Section 3.2 describes the details
of our SPSD sketching algorithms; Section 3.3 summarizes our experimental results to help
guide in the selection of sketching methods; in Section 3.4, we present our main results on
reconstruction quality for the random sampling and random projection methods; and, in
Section 3.5, we discuss running time issues, and we present our main results for running
time and reconstruction quality for both exact and approximate versions of leverage-based
sampling.
We emphasize that we don’t intend these results to be “comprehensive” but instead to
be “illustrative” case-studies—that are representative of a much wider range of applications
than have been considered previously. In particular, we would like to illustrate the tradeoffs
between these methods in different realistic applications in order, e.g., to provide directions
for future work. In addition to clarifying some of these issues, our empirical evaluation also
illustrates ways in which existing theory is insufficient to explain the success of sampling and
projection methods. This motivates our improvements to existing theory that we describe
in Section 4.
All of our computations were conducted using 64-bit MATLAB R2012a under Ubuntu
on a 2.6–GHz quad-core Intel i7 machine with 6Gb of RAM. To allow for accurate timing

3. Empirical Aspects of SPSD Low-rank Approximation

comparisons, all computations were carried out in a single thread. When applied to an
n × n SPSD matrix A, our implementation of the SRFT requires O(n2 ln n) operations, as
it applies MATLAB’s fft to the entire matrix A and then it samples ` columns from the
resulting matrix. A more rigorous implementation of the SRFT algorithm could reduce this
running time to O(n2 ln `), but due to the complexities involved in optimizing pruned FFT
codes, we did not pursue this avenue.

sketches come quite close to capturing the errors seen in practice, and the Frobenius and
trace norm error guarantees of the leverage-based and Fourier-based sketches tend to more
closely reflect the empirical behavior than the error guarantees provided in prior work for
Nyström sketches. Overall, the trace norm error bounds are quite accurate. On the other
hand, prior bounds are sometimes more informative in the case of the spectral norm (with
the notable exception of the Gaussian sketches). Several important points can be gleaned
from these observations. First, the accuracy of the Gaussian error bounds suggests that
the main theoretical contribution of this work, the deterministic structural results given as
Theorems 2 through 4, captures the underlying behavior of the SPSD sketching process.
This supports our belief that this work provides a foundation for truly informative error
bounds. Given that this is the case, it is clear that the analysis of the stochastic elements of
the SPSD sketching process is much sharper in the Gaussian case than in the leverage-score,
Fourier, and uniform Nyström cases. We expect that, at least in the case of leverage and
Fourier-based sketches, the stochastic analysis can and will be sharpened to produce error
guarantees almost as informative as the ones we have provided for Gaussian-based sketches.
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A is called a Linear Kernel matrix. Gaussian RBFK matrices, defined by


− kxi − xj k22
Aσij = exp
,
2
σ

Aij = hxi , xk i,

measures the similarity (correlation) of xi and xj in feature space (Schölkopf and Smola,
2001).
When κ is the usual Euclidean inner-product, so that

is called the kernel matrix of κ with respect to x1 , . . . , xn . Appropriate choices of κ ensure
that A is positive semidefinite. When this is the case, the entries Aij can be interpreted
as measuring, in a sense determined by the choice of κ, the similarity of points i and j.
Specifically, if A is SPSD, then κ determines a so-called feature map Φκ : Rd → Rn such
that
Aij = hΦκ (xi ), Φκ (xj )i

Aij = κ(xi , xj )

where
D is the diagonal matrix of weighted degrees of the nodes of the graph, i.e., Dii =
P
j6=i Wij .
The remaining data sets are kernel matrices associated with data drawn from a variety
of application areas. Recall that, given given points x1 , . . . , xn ∈ Rd and a function κ :
Rd × Rd → R, the n × n matrix with elements

A = I − D−1/2 WD−1/2 ,

Table 4 provides summary statistics for the data sets used in our empirical evaluation.
We consider four classes of matrices commonly encountered in machine learning and data
analysis applications: normalized Laplacians of very sparse graphs drawn from “informatics
graph” applications; dense matrices corresponding to Linear Kernels from machine learning
applications; dense matrices constructed from a Gaussian Radial Basis Function Kernel
(RBFK); and sparse RBFK matrices constructed using Gaussian radial basis functions,
truncated to be nonzero only for nearest neighbors. This collection of data sets represents
a wide range of data sets with very different (sparsity, spectral, leverage score, etc.) properties that have been of interest recently not only in machine learning but in data analysis
more generally.
To understand better the Laplacian data, recall that, given an undirected graph with
weighted adjacency matrix W, its normalized graph Laplacian is

3.1 Data Sets

Gittens and Mahoney
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Name
HEP
GR
Enron
Gnutella
Dexter
Protein
SNPs
Gisette
AbaloneD
WineD
AbaloneS
WineS

Revisiting the Nyström method

Description
Laplacian Kernels
arXiv High Energy Physics collaboration graph
arXiv General Relativity collaboration graph
subgraph of the Enron email graph
Gnutella peer to peer network on Aug. 6, 2002
Linear Kernels
bag of words
derived feature matrix for S. cerevisiae
DNA microarray data from cancer patients
images of handwritten digits
Dense RBF Kernels
physical measurements of abalones
chemical measurements of wine
Sparse RBF Kernels
physical measurements of abalones
chemical measurements of wine
4177
4898

4177
4898

2000
6621
5520
6000

9877
5242
10000
8717

n

8
12

8
12

20000
357
43
5000

NA
NA
NA
NA

d

82.9/48.1
11.1/88.0

100
100

83.8
99.7
100
100

0.06
0.12
0.22
0.09

%nnz

Table 4: The data sets used in our empirical evaluation (Leskovec et al., 2007; Klimt and
Yang, 2004; Guyon et al., 2005; Gustafson et al., 2006; Nielsen et al., 2002; Corke,
1996; Asuncion and Newman, 2012). Here, n is the number of data points, d is
the number of features in the input space before kernelization, and %nnz is the
percentage of nonzero entries in the matrix. For Laplacian “kernels,” n is the
number of nodes in the graph (and thus there is no d since the graph is “given”
rather than “constructed”). The %nnz for the Sparse RBF Kernels depends on
the σ parameter; see Table 5.

=



 

kxi − xj k2 ν +
− kxi − xj k22
1−
· exp
,
C
σ2

correspond to the similarity measure κ(x, y) = exp(−kx − yk22 /σ 2 ). Here σ, a nonnegative
number, defines the scale of the kernel. Informally, σ defines the “size scale” over which
pairs of points xi and xj “see” each other. Typically σ is determined by a global crossvalidation criterion, as Aσ is generated for some specific machine learning task; and, thus,
one may have no a priori knowledge of the behavior of the spectrum or leverage scores of
Aσ as σ is varied. Accordingly, we consider Gaussian RBFK matrices with different values
of σ.
Finally, given the same data points, x1 , . . . , xn , one can construct sparse Gaussian RBFK
matrices
(σ,ν,C)

Aij
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where [x]+ = max{0, x}. When ν is larger than (d + 1)/2, this kernel matrix is positive
semidefinite (Genton, 2002). Increasing ν shrinks the magnitudes of the off-diagonal entries
of the matrix toward zero. As the cutoff point C decreases the matrix becomes more sparse;
in particular, C → 0 ensures that A(σ,ν,C) → I. On the other hand, C → ∞ ensures that
15

HEP
HEP
GR
GR
Enron
Enron
Gnutella
Gnutella
Dexter
Protein
SNPs
Gisette
AbaloneD (dense, σ = .15)
AbaloneD (dense, σ = 1)
WineD (dense, σ = 1)
WineD (dense, σ = 2.1)
AbaloneS (sparse, σ = .15)
AbaloneS (sparse, σ = 1)
WineS (sparse, σ = 1)
WineS (sparse, σ = 2.1)

Name

0.06
0.06
0.12
0.12
0.22
0.22
0.09
0.09
83.8
99.7
100
100
100
100
100
100
82.9
48.1
11.1
88.0

%nnz

2
kAkF
2
kAk2

m

20
60
20
60
20
60
20
60
8
10
5
12
20
20
20
20
20
20
20
20

k

0.998
0.998
0.999
1
0.997
0.999
1
0.999
0.963
0.987
0.928
0.90
0.992
0.935
0.99
0.936
0.989
0.982
0.995
0.992

λk+1
λk

7.8
13.2
10.5
17.9
7.77
12.0
8.1
13.7
14.5
42.6
85.5
90.1
42.1
97.8
43.1
94.8
15.4
90.6
29.5
41.6

100

kA−Ak kF
kAkF
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l

3078
3078
1679
1679
2588
2588
2757
2757
176
24
3
4
41
4
31
3
400
5
116
39

100

kA−Ak k?
kAk?

0.4
1.1
0.74
2.16
0.352
0.94
0.41
1.20
.934
7.66
37.6
14.6
3.21
59
3.89
31.2
1.06
21.8
2.29
3.53

kth-largest
leverage score
scaled by n/k
128.8
41.9
71.6
25.3
245.8
49.6
166.2
49.4
16.6
5.45
2.64
2.46
18.11
2.44
26.2
2.29
48.4
3.57
49.0
24.1

Table 5: Summary statistics for the data sets from Table 4 that we used in our empirical
evaluation.

A(σ,ν,C) approaches the (dense) Gaussian RBFK matrix Aσ . For simplicity, in our empirical
evaluations, we fix ν = d(d + 1)/2e and C = 3σ, and we vary σ.
To illustrate the diverse range of properties exhibited by these four classes of data sets,
consider Table 5. Several observations are particularly relevant to our discussion below.

• All of the Laplacian Kernels drawn from informatics graph applications are extremely
sparse in terms of number of nonzeros, and they all tend to
 have very slow spectral
2
decay, as illustrated both by the quantity kAkF
/ kAk22 (this is the stable rank,
which is a numerically stable (under)estimate of the rank of A) as well as by the
relatively small fraction of the Frobenius norm that is captured by the best rank-k
approximation to A.

JMLR 17(117):1-65

• Both the Linear Kernels and the Dense RBF Kernels are much denser and are much
more well-approximated by moderately to very low-rank matrices. In addition, both
the Linear Kernels and the Dense RBF Kernels have statistical leverage scores that are
much more uniform—there are several ways to illustrate this, none of them perfect.
Here, we illustrate this by considering the k th largest leverage score, scaled by the
factor n/k (if A were exactly rank k, this would be the coherence of A). For the
Linear Kernels and the Dense RBF Kernels, this quantity is typically one to two
orders of magnitude smaller than for the Laplacian Kernels.

16

17

JMLR 17(117):1-65

`j = k(U1 )j k2 .
P
It follows from the orthonormality of U1 that j (`j /k) = 1, and the leverage scores can thus
be interpreted as a probability distribution over the columns of A. To construct a sketching
matrix corresponding to sampling from this distribution, we first select the columns to
be used by sampling with replacement from this distribution. Then, S is constructed as
S = RD where R ∈ Rn×` is a column selection matrix that samples columns of A from the
given distribution—i.e., Rij = 1 iff the ith column of A is the jth column selected—and
D is a diagonal rescaling matrix satisfying Djj = √1`p iff Rij = 1. Here, pi = `i /k is the
i
probability of choosing the ith column of A. It is often expensive to compute the leverage
scores exactly; in Section 3.5, we consider the performance of sketches based on several
leverage score approximation algorithms.
The two projection-based sketches we consider use Gaussians and the real Fourier transform. In the former case, S is a matrix of i.i.d. N (0, 1) random variables. In the latter case,

The sketching matrix S may be selected in a variety of ways. For sampling-based sketches,
the sketching matrix S contains exactly one nonzero in each column, corresponding to a
single sample from the columns of A. For projection-based sketches, S is dense, and mixes
the columns of A before sampling from the resulting matrix.
In more detail, we consider two types of sampling-based SPSD sketches (i.e. Nyström
extensions): those constructed by sampling columns uniformly at random with replacement,
and those constructed by sampling columns from a distribution based upon the leverage
scores of the matrix filtered through the optimal rank-k approximation of the matrix. In
the case of column sampling, the sketching matrix S is simply the first ` columns of a matrix
that was chosen uniformly at random from the set of all permutation matrices.
In the case of leverage-based sampling, S has a more complicated distribution. Recall
that the leverage scores relative to the best rank-k approximation to A are the squared
Euclidean norms of the rows of the n × k matrix U1 :

3.2 SPSD Sketching Algorithms

As we see below, when we consider the RBF Kernels as the width parameter and sparsity
are varied, we observe a range of intermediate cases between the extremes of the (“nice”)
Linear Kernels and the (very “non-nice”) Laplacian Kernels.

• For the Sparse RBF Kernels, there are a range of sparsities, ranging from above the
sparsity of the sparsest Linear Kernel, but all are denser than the Laplacian Kernels.
Changing the σ parameter has the same effect (although it is even more pronounced)
for Sparse RBF Kernels as it has for Dense RBF Kernels. In addition, “sparsifying”
a Dense RBF Kernel also has the effect of making the matrix less well approximated
by a low-rank matrix and of making the leverage scores more nonuniform.

• For the Dense RBF Kernels, we consider two values of the σ parameter, again chosen
(somewhat) arbitrarily. For both AbaloneD and WineD, we see that decreasing σ from
1 to 0.15, i.e., letting data points “see” fewer nearby points, has two important effects:
first, it results in matrices that are much less well-approximated by low-rank matrices;
and second, it results in matrices that have much more heterogeneous leverage scores.

Revisiting the Nyström method
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Here, we describe the performances of the SPSD sketches described in Section 3.2—column
sampling uniformly at random without replacement, column sampling according to the
nonuniform leverage score probabilities, and sampling using Gaussian and SRFT mixtures
of the columns—in terms of reconstruction accuracy for the data sets described in Section 3.1. We describe general observations we have made about each class of matrices in

3.4 Reconstruction Accuracy of Sampling and Projection Algorithms

• The norm in which the error is measured should be taked into consideration when
selecting the sketching algorithm. In particular, sketches which use power iterations
are most useful when the error is measured in the spectral norm, and in this case,
projection-based sketches (in particular, prolonged sketches– see Section 3.6) noticeably outperform uniform sampling-based sketches.

• In the case where parsimony of the sketch is of primary concern, i.e. where the
primary concern is to maintain ` ≈ k, leverage sketches are an attractive option.
In particular, when an RBF kernel with small bandwidth is used, or the data set
is sparse, leverage-based sketches often provide higher accuracy than projection or
uniform-sampling based sketches.

• Despite the theoretical result that the worst-case spectral error in using Nyström
sketches obtained via uniform column-samples can be much worse than that of using
projection or leverage-based sketches, on the corpus of data sets we considered, such
sketches perform within a small multiple of the error of more computationally expensive leverage-based and projection-based sketches. For data sets with more nonuniform leverage score properties, random projections and leverage-based sampling will
do better (Ma et al., 2014).

In the remainder of this section of the paper, we provide empirical evaluations of the sampling and projection-based sketching schemes just described, with an eye towards identifying
the aspects of the datasets that affect the relative performance of the sketching schemes.
However our experiments also provide some practical guidelines for selecting a particular
sketching scheme.

3.3 Guidelines for Selecting Sketching Schemes

p
S is a subsampled randomized Fourier transform (SRFT) matrix; that is, S = n` DFR,
where D is a diagonal matrix of Rademacher random variables, F is the real Fourier transform matrix, and R restricts to ` columns.
For conciseness, we do not present results for sampling-based sketches where rows are
selected with probability proportional to their row norms. This form of sampling can be
similar to leverage-score sampling for sparse graphs with highly connected vertices (Mahoney and Drineas, 2009), and in cases where the matrix has been preprocessed to have
uniform row lengths, reduces to uniform sampling.
In the figures, we refer to sketches constructed by selecting columns uniformly at random with the label ‘unif’, leverage score-based sketches with ‘lev’, Gaussian sketches with
‘gaussian’, and Fourier sketches with ‘srft’.

Gittens and Mahoney
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/ kA − Ak kξ
(7)

turn, and then we summarize our observations. We consider only the use of exact leverage
scores here, and we postpone until Section 3.5 a discussion of running time issues and similar reconstruction results when approximate leverage scores are used for the importance
sampling distribution. The relative errors
A − CW† CT
ξ

are plotted, with each point in the figures of this section representing the average errors
observed over 30 trials.
3.4.1 Graph Laplacians

kA − CW† CT k2 /kA − Ak k2
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Figure 1 and Figure 2 show the reconstruction error results for sampling and projection
methods applied to several normalized graph Laplacians. The former shows GR and HEP,
each for two values of the rank parameter, and the latter shows Enron and Gnutella, again
each for two values of the rank parameter. Both figures show the spectral, Frobenius, and
trace norm approximation errors, as a function of the number of column samples `, relative
to the error of the optimal rank-k approximation of A.
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Figure 1: The spectral, Frobenius, and trace norm errors (top to bottom, respectively, in
each subfigure) of several SPSD sketches, as a function of the number of column
samples `, for the GR and HEP Laplacian data sets, with two choices of the rank
parameter k.
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Figure 2: The spectral, Frobenius, and trace norm errors (top to bottom, respectively, in
each subfigure) of several SPSD sketches, as a function of the number of column
samples `, for the Enron and Gnutella Laplacian data sets, with two choices of
the rank parameter k.

These and subsequent figures contain a lot of information, some of which is peculiar to
the given data sets and some of which is more general. In light of subsequent discussion,
several observations are worth making about the results presented in these two figures.

• All of the SPSD sketches provide quite accurate approximations—relative to the best
possible approximation factor for that norm, and relative to bounds provided by
existing theory, as reviewed in Section 2.4—even with only k column samples (or
in the case of the Gaussian and SRFT mixtures, with only k linear combinations of
columns). Upon examination, this is partly due to the extreme sparsity and extremely
slow spectral decay of these data sets which means, as shown in Table 4, that only a
small fraction of the (spectral or Frobenius or trace) mass is captured by the optimal
rank 20 or 60 approximation. Thus, although an SPSD sketch constructed from 20 or
60 vectors also only captures a small portion of the mass of the matrix, the relative
error is small, since the scale of the residual error is large.
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• The scale of the Y axes is different between different figures and subfigures. This is to
highlight properties within a given plot, but it can hide several things. In particular,
note that the scale for the spectral norm is generally larger than for the Frobenius
norm, which is generally larger than for the trace norm, consistent with the size of
those norms; and that the scale is larger for higher-rank approximations, e.g. compare
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These linear kernels (and also to some extent the dense RBF kernels below that have larger
σ parameter) are examples of relatively “nice” machine learning data sets that are similar

• The scale of the Y axes is much larger than for the Laplacian data sets, mostly since
the matrices are much more well-approximated by low-rank matrices, although the
scale decreases as one goes from spectral to Frobenius to trace reconstruction error,
as before.

• All of the methods perform quite similarly: all have errors that decrease smoothly
with increasing `, and in this case there is little advantage to using methods other
than uniform sampling (since they perform similarly and are more expensive). Also,
since the ranks are so low and the leverage scores are so uniform, the leverage score
sketch is no longer significantly distinguished by its tendency to saturate quickly.

Figure 3 shows the reconstruction error results for sampling and projection methods applied
to several Linear Kernels. The data sets (Dexter, Protein, SNPs, and Gisette) are all quite
low-rank and have fairly uniform leverage scores. Several observations are worth making
about the results presented in this figure.

3.4.2 Linear Kernels

All in all, there seems to be quite complicated behavior for low-rank sketches for these
Laplacian data sets. Several of these observations can also be made for subsequent figures;
but in some other cases the (very sparse and not very low rank) structural properties of the
data are primarily responsible.

• The behavior of the approximations with respect to the spectral norm is quite different
from the behavior in the Frobenius and trace norms. In the latter, as the number of
samples ` increases, the errors tend to decrease; while for the former, the errors tend
to be much flatter as a function of increasing ` for at least the Gaussian, SRFT, and
uniformly sampled sketches.

• The X axes ranges from k to 9k for the k = 20 plots and from k to 3k for the k = 60
plots. As a practical matter, choosing ` between k and (say) 2k or 3k is probably
of greatest interest. In this regime, there is an interesting tradeoff: for moderately
large values of ` in this regime, the error for leverage-based sampling is moderately
better than for uniform sampling or random projections, while if one chooses ` to be
much larger then the improvements from leverage-based sampling saturate and the
uniform sampling and random projection methods are better. This is most obvious
in the Frobenius norm plots, although it is also seen in the trace norm plots, and
it suggests that some combination of leverage-based sampling and uniform sampling
might be best.

• For ` > k, the errors tend to decrease (or at least not increase, as for GR and HEP
the spectral norm error is flat as a function of `), which is intuitive.

GR k = 20 with GR k = 60. This is also consistent with the larger amount of mass
captured by higher-rank approximations.
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• For smaller values of σ, leverage score sampling tends to be much better than uniform
sampling and projection-based methods. For sparse data, however, this effect saturates; and we again observe (especially when σ is smaller in AbaloneS and WineS)
the tradeoff we observed previously with the Laplacian data—leverage score sampling
is better when ` is moderately larger than k, while uniform sampling and random
projections are better when ` is much larger than k.

• All of the methods have errors that decrease with increasing `, but for larger values of σ
and for denser data, the decrease is somewhat more regular, and the four methods tend
to perform similarly. For larger values of σ and sparser data, leverage score sampling
is somewhat better. This parallels what we observed with the Linear Kernels, except
that here the leverage score sampling is somewhat better for all values of `.

Figure 4 and Figure 5 present the reconstruction error results for sampling and projection
methods applied to several dense RBF and sparse RBF kernels. Several observations are
worth making about the results presented in these figures.

3.4.3 Dense and Sparse RBF Kernels

to matrices where uniform sampling has been shown to perform well previously (Talwalkar
et al., 2008; Kumar et al., 2009a,c, 2012); for these matrices our empirical results agree with
these prior works.
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Figure 3: The spectral, Frobenius, and trace norm errors (top to bottom, respectively, in
each subfigure) of several SPSD sketches, as a function of the number of column
samples `, for the Linear Kernel data sets.
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Figure 5: The spectral, Frobenius, and trace norm errors (top to bottom, respectively, in
each subfigure) of several SPSD sketches, as a function of the number of column
samples `, for several sparse RBF data sets.

24

JMLR 17(117):1-65

In general, all of the sampling and projection methods we considered perform much better
on the SPSD matrices we considered than previous worst-case bounds (e.g., (Drineas and
Mahoney, 2005; Kumar et al., 2012; Gittens, 2012)) would suggest. Specifically, even the
worst results correspond to single-digit approximation factors in relative scale. This observation is intriguing, because the motivation of leverage score sampling (recall that in this
context random projections should be viewed as performing uniform random sampling in a

• Reconstruction quality under leverage score sampling saturates, as a function of choosing more samples `. As a consequence, there can be a tradeoff between leverage score
sampling or other methods being better, depending on the values of ` that are chosen.

• For Dense RBF Kernels with smaller σ and Sparse RBF Kernels, leverage score
sampling tends to do much better than other methods. Interestingly, the Sparse
RBF Kernels have many properties of very sparse Laplacian Kernels corresponding to
relatively-unstructured informatics graphs, an observation which should be of interest for researchers who construct sparse graphs from data using, e.g., “locally linear”
methods, to try to reconstruct hypothesized low-dimensional manifolds.

eigenvectors—but for the data we examined they are related, in that matrices with
more slowly decaying spectra also often have more heterogeneous leverage scores.

Figure 4: The spectral, Frobenius, and trace norm errors (top to bottom, respectively, in
each subfigure) of several SPSD sketches, as a function of the number of column
samples `, for several dense RBF data sets.

Recall from Table 5 that for smaller values of σ and for sparser kernels, the SPSD matrices
are less well-approximated by low-rank matrices, and they have more heterogeneous leverage
scores. Thus, they are more similar to the Laplacian data than the Linear Kernel data; this
suggests (as we have observed) that leverage score sampling should perform relatively better
than uniform column sampling and projection-based schemes when in these two cases.
3.4.4 Summary of Comparison of Sampling and Projection Algorithms
Before proceeding, there are several summary observations that we can make about sampling
versus projection methods for the data sets we have considered.
• Linear Kernels and to a lesser extent Dense RBF Kernels with larger σ parameter
have relatively low rank and relatively uniform leverage scores, and in these cases
uniform sampling does quite well. These data sets correspond most closely with those
that have been studied previously in the machine learning literature, and for these
data sets our results are in agreement with that prior work.

JMLR 17(117):1-65

• Sparsifying RBF Kernels and/or choosing a smaller σ parameter tends to make these
kernels less well-approximated by low-rank matrices and to have more heterogeneous
leverage scores. In general, these two properties need not be directly related—the
spectrum is a property of eigenvalues, while the leverage scores are determined by the
23
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Algorithm 1 (which originally appeared as Algorithm 1 in Drineas et al. (2012)) takes
as input an arbitrary n × d matrix A, where n  d, and it returns as output a 1 ± 
approximation to all of the statistical leverage scores of the input matrix. The original
algorithm of Drineas et al. (2012) uses a subsampled Hadamard transform and requires r1
to be somewhat larger than what we state in Algorithm 1. That an SRFT with a smaller
value of r1 can be used instead is a consequence of the fact that (Drineas et al., 2012, Lemma
3) is also satisfied by an SRFT matrix with the given r1 ; this is established in (Tropp, 2011;
Boutsidis and Gittens, 2013).
The running time of this algorithm, given in the caption of the algorithm, is roughly
O(nd ln d) when d = Ω(ln n). Thus Algorithm 1 generates relative-error approximations to
the leverage scores of a tall and skinny matrix A in time o(nd2 ), rather than the Ω(nd2 ) time
that would be required to compute a QR decomposition or a thin SVD of the n×d matrix A.
The basic idea behind Algorithm 1 is as follows. If we had a QR decomposition of A, then
we could postmultiply A by the inverse of the “R” matrix to obtain an orthogonal matrix
spanning the column space of A; and from this n × d orthogonal matrix, we could read off

3.5.1 Description of the Fast Approximation Algorithm of Drineas et al.
(2012)

A naı̈ve view might assume that computing probabilities that permit leverage-based sampling requires an O(n3 ) computation of the full SVD, or at least the full computation of
a partial SVD, and thus that it would be much more expensive than recently-developed
random projection methods. Indeed, an “exact” computation of the leverage scores with a
truncated SVD takes roughly O(n2 k) time. Recent work, however, has shown that relativeerror approximations to all the statistical leverage scores can be computed more quickly
than this exact algorithm (Drineas et al., 2012). Here, we implement and evaluate a version
of this algorithm. We evaluate it both in terms of running time and in terms of reconstruction quality on the diverse suite of real data matrices we considered above. This is the first
work to provide an empirical evaluation of an implementation of the leverage score approximation algorithms of Drineas et al. (2012), illustrating empirically the tradeoffs between
cost and efficiency in a practical setting.

3.5 Reconstruction Accuracy of Leverage Score Approximation Algorithms

randomly-rotated basis where the leverage scores have been approximately uniformized (Mahoney, 2011)) is very much tied to the Frobenius norm, and so there is no a priori reason to
expect its good performance to extend to the spectral or trace norms. Motivated by this,
we revisit the question of proving improved worst-case theoretical bounds in Section 4.
Before describing these improved theoretical results, however, we address in Section 3.5
running time questions. After all, a naı̈ve implementation of sampling with exact leverage
scores is slower than other methods (and much slower than uniform sampling). As shown
below, by using the recently-developed approximation algorithm of Drineas et al. (2012), not
only does this approximation algorithm run in time comparable with random projections
(for certain parameter settings), it also leads to approximations that soften the strong bias
that the exact leverage scores provide toward the best rank-k approximation to the matrix,
thereby leading to improved reconstruction results in many cases.
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the leverage scores from the Euclidean norms of the rows. Of course, computing the QR
decomposition would require O(nd2 ) time. To get around this, Algorithm 1 premultiplies
A by a structured random projection Π1 , computes a QR decomposition of Π1 A, and
postmultiplies A by R−1 , i.e., the inverse of the “R” matrix from the QR decomposition
of Π1 A. Since Π1 is an SRFT, premultiplying by it takes roughly O(nd ln d) time. In
addition, note that Π1 A needs to be post multiplied by a second random projection in
order to compute all of the leverage scores in the allotted time; see (Drineas et al., 2012) for
details. This algorithm is simpler than the algorithm in which we are primarily interested
that is applicable to square SPSD matrices, but we start with it since it illustrates the
basic ideas of how our main algorithm works and since our main algorithm calls it as a
subroutine. We note, however, that this algorithm is directly useful for approximating the
leverage scores of Linear Kernel matrices A = XXT , when X is a tall and skinny matrix.
Consider, next, Algorithm 2 (which originally appeared as Algorithm 4 in (Drineas
et al., 2012)), which takes as input an arbitrary n × d matrix A and a rank parameter k,
and returns as output a 1 ±  approximation to all of the statistical leverage scores (relative
to the best rank-k approximation) of the input. An important technical point is that the
problem of computing the leverage scores of a matrix relative to a low-dimensional space is
ill-posed, essentially because the spectral gap between the k th and the (k + 1)st eigenvalues
can be small, and thus Algorithm 2 actually computes approximations to the leverage scores
of a matrix that is near to A in the spectral norm (or the Frobenius norm if q = 0). See
(Drineas et al., 2012) for details. Basically, this algorithm uses Gaussian sampling to find

Algorithm 1: Algorithm (Drineas et al., 2012, Algorithm 1) for approximating the leverage scores `i of an n × d matrix A, where n  d,√to within
factor of √
1 ± .
√ a multiplicative
−2 ln n + d2 −2 ( d +
The
running
time
of
the
algorithm
is
O(nd
ln(
d
+
ln
n)
+
nd
√
ln n)2 ln d).

5. For i = 1, . . . , n compute `˜i = Ω(i)

4. Construct the product Ω = AR−1 Π2 .

3. Let Π2 ∈ Rd×r2 be a matrix of i.i.d. standard Gaussian random variables,
where

r2 = Ω −2 ln n .

2. Compute Π1 A ∈ Rr1 ×d and its QR factorization Π1 A = QR.

√
√
r1 = Ω(−2 ( d + ln n)2 ln d)

1. Let Π1 ∈ Rr1 ×n be an SRFT with

Output: `˜i , i = 1, . . . , n, approximations to the leverage scores of A.

Input: A ∈ Rn×d (with SVD A = UΣVT ), error parameter  ∈ (0, 1/2].

Gittens and Mahoney
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Input: A ∈ Rn×d , a rank parameter k, and an error parameter  ∈ (0, 1/2].

Output: `ˆi , i = 1, . . . , n, approximations to the leverage scores of A filtered
through its dominant dimension-k subspace.
1. Construct Π ∈ Rd×2k with i.i.d. standard Gaussian entries.
q
AΠ ∈ Rn×2k with

2. Compute B = AAT
 
q
q

p
k
2
 ln 1 + k−1 + e k min {n, d} − k 
q≥
.


2 ln (1 + /10) − 1/2



3. Approximate the leverage scores of B by calling Algorithm 1 with inputs B
and ; let `ˆi for i = 1, . . . , n be the outputs of Algorithm 1.
Algorithm 2: Algorithm (Drineas et al., 2012, Algorithm 4) for approximating the leverage scores (relative to the best rank-k approximation to A) of a general n × d matrix
A with those of a matrix that is close by in the spectral norm (or the Frobenius norm
if q = 0). This algorithm runs in time O(ndkq) + T1 , where T1 is the running time of
Algorithm 1.
a matrix close to A in the Frobenius norm or spectral norm, and then it approximates the
leverage scores of this matrix by using Algorithm 1 on the smaller, very rectangular matrix
B. When A is square, as in our applications, Algorithm 2 is typically more costly than
direct computation of the leverage scores, at least for dense matrices (but it does have the
advantage that the number of iterations is bounded, independent of properties of the matrix,
which is not true for typical iterative methods to compute low-rank approximations).
Of greater practical interest is Algorithm 3, which is a modification of Algorithm 2 in
which the Gaussian random projection is replaced with an SRFT. That is, Algorithm 3
uses an SRFT projection to find a matrix close by to A in the Frobenius norm or spectral
norm (depending on the value of q), and then it exactly
the √
leverage
of this
√ computes
√
√ scores
2
2
2
matrix.
This
√
√ improves the running time to O(n ln( k + ln n) + n ( k + ln n) ln(k)q +
n( k + ln n)4 ln2 (k)), which is o(n2 k) when q = 0. Thus an important point for Algorithm 3 (as well as for Algorithm 2) is the parameter q which describes the number of
iterations. For q = 0 iterations, we get an inexpensive Frobenius norm approximation;
while for higher q, we get better spectral norm approximations that are more expensive.3
This flexibility is of interest, as one may want to approximate the actual leverage scores
accurately or one may simply want to find crude approximations useful for obtaining SPSD
sketches with low reconstruction error.
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3. Observe that since A is rectangular in Algorithms 2 and 3, we approximate the leverage scores of A
with those of B = (AAT )q AΠ; in particular the case q = 0 corresponds to taking B = AΠ. By way of
contrast, when we use the power method to construct sketches of an SPSD matrix, we take C = Aq S,
so the case q = 1 corresponds to C = AS.
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Input: A ∈ Rn×d , a rank parameter k, and an iteration parameter q.

Output: `ˆi , i ∈= 1, . . . , n, approximations to the leverage scores of A filtered
through its dominant dimension-k subspace.

q

AΠ ∈ Rn×r , where q ≥ 0 is an integer.

1. Construct an SRHT matrix Π ∈ Rd×r , where
l
m
p
√
r ≥ 36−2 [ k + 8 ln(kd)]2 ln(k) .
2. Compute B = AAT

3. Return the exact leverage scores of B.

Algorithm 3: Algorithm for approximating the leverage scores (relative to the best
rank-k approximation to A) of a general n × d matrix A with those of a matrix that
is close by in the spectral norm. This is a modified version of Algorithm 2, in which
the random projection is implemented with an SRFT rather than a Gaussian random
matrix, and where the number of “iterations” q is prespecified. This algorithm runs in
time O(nd ln r + ndrq + nr2 ) since AΠ can be computed in time O(nd ln r).

Finally, note that although choosing the number of iterations q as we did in Algorithm 2
is convenient for worst-case analysis, as a practical implementational matter it is easier either
to choose q based on spectral gap information revealed during the running of the algorithm
or to prespecify q to be a small integer, e.g., 2 or 3, before the algorithm runs. Both of
these have an interpretation of accelerating the rate of decay of the spectrum with a power
iteration, but they behave somewhat differently due to the different stopping conditions.
Below, we consider both variants.
3.5.2 Running Time Comparisons

Here, we describe the performances of the various random sampling and random projection
low-rank sketches considered in Section 3.4 in terms of their running time, where the method
that involves using the leverage scores to construct the importance sampling distribution is
implemented both by computing the leverage scores “exactly” by calling a truncated SVD,
as a black box, as well as computing them approximately by using one of several versions
of Algorithm 3. Our running time results are presented in Figure 6 and Figure 7.
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We start with the results described in Figure 6, which shows the running times, as a
function of `, for the low-rank approximations described in Section 3.4: i.e., for column
sampling uniformly at random without replacement; for column sampling according to the
exact nonuniform leverage score probabilities; and for sketching using Gaussian and SRFT
mixtures of the columns. Several observations are worth making about the results presented
in this figure.
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Figure 7: The times required to compute approximate leverage score-based SPSD sketches,
as a function of the number of column samples ` for several data sets.
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Figure 6: The times required to compute SPSD sketches, as a function of the number of
column samples ` for several data sets and two choices of the rank parameter k.
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Recall that the cost associated with these SPSD sketches is two-fold: first, the cost to construct the sample—by sampling columns uniformly at random, by computing a nonuniform
importance sampling distribution, or by performing a random projection to uniformize the
leverage scores; and second, the cost to construct the low-rank approximation from the sample. For uniform sampling, the latter step dominates the cost, while for more sophisticated
methods the former step typically dominates the cost. The approximate leverage score
sampling methods are still sufficiently expensive that the cost of computing the sampling
probabilities still dominates the cost to construct the low-rank approximation.
Finally, Algorithm 1 can be used to approximate quickly the leverage scores of matrices
of the form A = XXT , when X ∈ Rn×d is a rectangular matrix of sufficent aspect ratio, and

• The “spec levscore” and “power” approximations with q > 0 are more expensive
than the q = 0 “frob lev” approximation, which is a result of the relatively-expensive
matrix-matrix multiplication. For the Linear Kernels, both are much better than
the exact leverage score computation, and for most other data at least “power” is
somewhat less expensive than the exact leverage score computation. For example,
this is particularly true for the Laplacian Kernels.

• The “frob levscore” approximation method has running time comparable to the running time of the SRFT, which is expected, given that the computation of the SRFT
is the theoretical bottleneck for the running time of the “frob levscore” algorithm. In
particular, for larger values of ` for Linear Kernels, “frob levscore” is not much slower
than uniform sampling.

the case depends upon the properties of the matrix and the parameters used in the
approximation algorithm, including especially the number of power iterations.

Figure 8: The running time of SPSD sketches computed using Algorithm 1 compared with
that of other approximate leverage score-based SPSD sketches, as a function of
the number of column samples ` for two Linear Kernel
The parameters
p
√ datasets.
in Algorithm 1 were taken to be r1 = −2 ln(dδ −1 )( d + ln(nδ −1 ))2 and r2 =
−2 (ln n + ln δ −1 ) with  = 1 and δ = 1/10.

time (s)

Revisiting the Nyström method

• Uniform sampling is always less expensive and typically much less expensive than
the other methods, while (with one minor exception) sampling according to the exact
leverage scores is always the most expensive method.
• For most matrices, using the SRFT is nearly as expensive as exact leverage score
sampling. This is most true for the very sparse graph Laplacian Kernels, largely since
the SRFT does not respect sparsity. The main exception to this is for the dense and
relatively well-behaved Linear Kernels, where especially for large values of ` the SRFT
is quite fast and usually not too much more expensive than uniform sampling.
• The “fast Fourier” methods underlying the SRFT can take advantage of the structure
of the Linear Kernels to yield algorithms that are similar to Gaussian projections and
much better than exact leverage score computation. Note that the reason that SRFT
is worse than Gaussians here is that the matrices we are considering are not extremely
large, and we are not considering very large values of the rank parameter. Extending
in both those directions leads to Gaussian projections being slower than SRFT, as the
trends in the figures clearly indicate.
• Gaussian projections are not too much slower than uniform sampling for the extremely
sparse Laplacian Kernels—this is due to the sparsity of the Laplacian Kernels, since
Gaussian projections can take advantage of fast matrix-vector multiplies, while the
SRFT-based scheme cannot—but this advantage is lost for the (denser) Sparse RBF
Kernels, to the extent that there is little running time improvement relative to the
Dense RBF Kernels. In addition, Gaussian projections are relatively slower, when
compared to the SRFT and uniform sampling, for the Dense RBF Kernels than for
the Linear Kernels, although both of those data sets are maximally dense.
We next turn to the results described in Figure 7, which shows the running times, as a
function of `, for several variants of approximate leverage-based sampling. For ease of
comparison, the timings for uniform sampling (“unif”) and exact leverage score sampling
(“levscore”) are depicted in Figure 7 using the same shading as used in Figure 6. In addition
to these two baselines, Figure 7 shows running time results for the following three variants
of approximate leverage score sampling: “frob levscore” (which is Algorithm 3 with q = 0
and r = 2k); “spec levscore” (Algorithm 3 with q = 4 and r = 2k); and “power”. The
“power” scheme is a version of Algorithm 3 where r = k and q is determined by monitoring
the convergence of the leverage scores of A2q+1 Π and terminating when the change in the
leverage scores between iterations, as measured in the infinity norm, is smaller than 10−2 .
This is simply a version of subspace iteration with a convergence criterion appropriate for
the task at hand. Since “frob levscore” requires one application of an SRFT, its timing
results are depicted using the same shade as the SRFT timing results in Figure 6. (There
are no other correspondences between the shadings in the two figures.) Several observations
are worth making about the results presented in this figure.
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• These approximate leverage score-based algorithms can be orders of magnitude faster
than exact leverage score computation; but, especially for “spec levscore” when q is
not prespecified to be 2 or 3, they can even be somewhat slower. Exactly which is
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Figure 9: The spectral, Frobenius, and trace norm errors (top to bottom, respectively, in
each subfigure) of SPSD sketches computed using Algorithm 1 compared with
those of other approximate leverage score-based sketching schemes, as a function
of the number of column samples `, for two Linear Kernel√data p
sets. The parameters in Algorithm 1 were taken to be r1 = −2 ln(dδ −1 )( d + ln(nδ −1 ))2 and
r2 = −2 (ln n + ln δ −1 ) with  = 1 and δ = 1/10.
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Here, we describe the performances of the various low-rank approximations that use approximate leverage scores in terms of reconstruction accuracy for the data sets described in
Section 3.1. The results are presented in Figure 10 through Figure 14. The setup for these
results parallels that for the low-rank approximation results described in Section 3.4, and
these figures parallel Figure 1 through Figure 5. To provide a baseline for the comparison,
we also plot the previous reconstruction errors for sampling with the exact leverage scores
as well as the uniform column sampling sketch. Several observations are worth making
about the results presented in these figures.
For Laplacian Kernels, “frob levscore” is only slightly better than uniform sampling,
while “power” and “spec levscore” are substantially better than uniform sampling; all of
those methods also lead to even better reconstruction results than using the exact leverage
scores (suggesting that some form of implicit regularization is taking place): the reconstruction quality is higher for a given ` and, also, using approximate leverage scores does
not lead to the saturation effect observed when using the exact leverage scores. For the
Linear Kernels, all the methods perform similarly. For both the dense and the sparse RBF
data sets, the approximate leverage score algorithms tend to parallel the exact leverage
score algorithm, and they are not substantially better. In particular, both “power” and
“spec levscore” tend to saturate when the exact method saturates, but in those cases “frob
levscore” tends not to saturate.
Note that the difference between different approximate leverage score algorithms often
corresponds to a difference in the spectral gaps of the corresponding matrices. From Table 5,
if we fix k and use the approximate leverage scores filtered through rank k to form a Nyström
approximation to A, the accuracy of that approximation has a strong dependence on the

3.5.3 Reconstruction Accuracy Results

Figure 9 shows that these improved running time gains for Algorithm 1 can come at the
cost of a slight loss in the reconstruction accuracy (relative to the exact computation of
the leverage scores) of the low-rank approximations; the accuracy of the other approximate
leverage score algorithms is discussed in the following subsection.

• In addition, the running time of Algorithm 1 is significantly faster than the other
approximate leverage score algorithms. This too is expected, since these other algorithms are applied to A and ignore the rectangular structure of X.

• Most importantly, the running time of Algorithm 1 on these rectangular matrices is
faster than performing a QR decomposition on A and is comparable to applying a
SRFT to A. This is expected, since the running time bottleneck for Algorithm 1 is
the application of the SRFT.

in such cases it is faster than Algorithm 3. Specifically, for the first dimensional reduction
step in Algorithm 1 to be beneficial (i.e., to ensure r1 < n), the condition n = Ω(d ln d) is
necessary; for the second dimensional reduction step to be beneficial (i.e., to ensure r2 < d),
the condition d = Ω(ln n) must be satisfied. Figure 8 summarizes our main results for the
run time of Algorithm 1 applied to rectangular matrices with n  d. Among other things,
Figure 8 illustrates, using the Linear Kernel datasets Protein and SNPs (which satisfy these
constraints), two points.
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Figure 10: The spectral, Frobenius, and trace norm errors (top to bottom, respectively, in
each subfigure) of several approximate leverage score-based SPSD sketches, as
a function of the number of column samples `, for the GR and HEP Laplacian
data sets, with two choices of the rank parameter k.

k
spectral gap of A at rank k, as measured by λλk+1
. In general, the larger the spectral
gap, the more accurate the approximation. This phenomena can also be understood in
terms of the convergence of the approximate leverage scores: the approximation algorithms
(Algorithm 2 and Algorithm 3) are essentially truncated versions of the subspace iteration
method for computing the top k eigenvectors of A. It is a classical result that the spectral
gap determines the rate of convergence of the subspace iteration process to the desired
eigenvectors: the larger it is, the fewer iterations of the process are required to get accurate
approximations of the top eigenvectors. It follows immediately that the larger the spectral
gap, the more accurate the approximate leverage scores generated by these approximation
algorithms are. Our empirical results illustrate the complexities and subtle consequences of
these properties in realistic machine learning applications of even modestly-large size.

3.5.4 Summary of Leverage Score Approximation Algorithms
Before proceeding, there are several summary observations that we can make about the
running time and reconstruction quality of approximate leverage score sampling algorithms
for the data sets we have considered.

JMLR 17(117):1-65

• The running time of computing the exact leverage scores is generally much worse
than that of uniform sampling and both SRFT-based and Gaussian-based random
projection methods.
35

1.4

kA − CW† CT k2 /kA − Ak k2
1.4

150

levscore
unif
power
frob levscore
spec levscore

150

0.99
60

0.995

1

1.005

0.995
60

1

1.005

60

1.25

1.3

150

1.35

100

1.3

50

100

` (column samples)

100

` (column samples)
kA − CW† CT k? /kA − Ak k?

50

` (column samples)
kA − CW† CT kF /kA − Ak kF

1.2
1.1
1

1.005

1

0.995

0.99

1.02
1.01
1
0.99
0.98

50

(a) Enron, k = 20

100

140

140

140

160

160

160

180

levscore
unif
power
frob levscore
spec levscore

180

180

100

150

kA − CW† CT k2 /kA − Ak k2

50

100

150

` (column samples)
kA − CW† CT kF /kA − Ak kF

50

` (column samples)

100

150

levscore
unif
power
frob levscore
spec levscore

` (column samples)
kA − CW† CT k? /kA − Ak k?

50

(c) Gnutella, k = 20

0.98

0.99

1

1.01

1.02

0.985

0.99

0.995

1

1.005

1

1.02

1.04

1.06

1.08

1.1

Gittens and Mahoney

120

kA − CW† CT k2 /kA − Ak k2

80

120

` (column samples)
kA − CW† CT kF /kA − Ak kF

100

120

` (column samples)

100

` (column samples)
kA − CW† CT k? /kA − Ak k?

80

80

(b) Enron, k = 60

1.1

1.15

1.05

1
60

1.02

1.015

1.01

1

1.005

0.995

0.99
60

1.005

1

0.995

0.99

0.985
60

100

120

140

160

kA − CW† CT k2 /kA − Ak k2

80

120

140

160

` (column samples)
kA − CW† CT kF /kA − Ak kF

100

120

140

` (column samples)

100

160

180

180

180

levscore
unif
power
frob levscore
spec levscore

` (column samples)
kA − CW† CT k? /kA − Ak k?

80

80

(d) Gnutella, k = 60

JMLR 17(117):1-65

Figure 11: The spectral, Frobenius, and trace norm errors (top to bottom, respectively,
in each subfigure) of several approximate leverage score-based SPSD sketches,
as a function of the number of column samples `, for the Enron and Gnutella
Laplacian data sets, with two choices of the rank parameter k.
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• The running time of Algorithm 1, when applied to “tall” matrices for which n  d, is
faster than the running time of performing a QR decomposition of the matrix A; and
it is comparable to the running time of applying a random projection to A (which is
the computational bottleneck of applying Algorithm 1). Thus, in particular, one could

• The approximate leverage scores computed from “power” and “spec levscore” approach those of the exact leverage scores, as q is increased; and they obtain reconstruction accuracy that is no worse, and in many cases is better, than that obtained
by the exact leverage scores. This suggests that, by not fitting exactly to the empirical
statistical leverage scores, we are observing a form of implicit regularization.

• The leverage scores computed by the “frob levscore” procedure are typically very
different than the “exact” leverage scores, but they are leverage scores for a low-rank
space that is near the best rank-k approximation to the matrix. This is often sufficient
for good low-rank approximation.

• The running time of computing approximations to the leverage scores can, with appropriate choice of parameters, be much faster than the exact computation of the leverage
scores; and, especially for “frob levscore,” can be comparable to the running time of
the random projection (SRFT or Gaussian) used in the leverage score approximation
algorithm. For the methods that involve q > 0 iterations to compute stronger approximations to the leverage scores, the running time can vary considerably depending on
details of the stopping condition.

Figure 12: The spectral, Frobenius, and trace norm errors (top to bottom, respectively, in
each subfigure) of several approximate leverage score-based SPSD sketches, as a
function of the number of column samples `, for the Linear Kernel data sets.
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Figure 13: The spectral, Frobenius, and trace norm errors (top to bottom, respectively, in
each subfigure) of several approximate leverage score-based SPSD sketches, as a
function of the number of column samples `, for several dense RBF data sets.
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Figure 14: The spectral, Frobenius, and trace norm errors (top to bottom, respectively, in
each subfigure) of several approximate leverage score-based SPSD sketches, as a
function of the number of column samples `, for several sparse RBF data sets.
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use this algorithm to compute approximations to the leverage scores to obtain a sketch
that provides a relative-error approximation to a least-squares problem involving A
(Drineas et al., 2008, 2010; Mahoney, 2011); or one could use the sketch thereby
obtained as a preconditioner to an iterative method to solve the least-squares problem,
in a manner analogous to how Blendenpik or LSRN do so with a random projection
(Avron et al., 2010; Meng et al., 2014).

Previous work has showed that one can implement random projection algorithms to provide
low-rank approximations with error comparable to that of the SVD in less time than stateof-the art Krylov solvers and other “exact” numerical methods (Halko et al., 2011; Mahoney,
2011). Our empirical results show that these random projection algorithms can be used in
two complementary ways to approximate SPSD matrices of interest in machine learning:
first, they can be used directly to compute a projection-based low-rank approximation; and
second, they can be used to compute approximations to the leverage scores, which can
be used to compute a sampling-based low-rank approximation. With the right choice of
parameters, the two complementary approaches have roughly comparable running times,
and neither one dominates the other in terms of reconstruction accuracy.
3.6 Projection-based Sketches

(9)

(8)

Finally, for completeness, we consider the performance of the two projection-based SPSD
sketches proposed by Halko et al. (2011), and we show how they perform when compared
with the sketches we have considered. Recall that the idea of these sketches is to construct
low-rank approximations by forming an approximate basis Q for the top eigenspace of A
and then restricting A to that eigenspace. In more detail, given a sketching matrix S,
form the matrix Y = AS and take the QR decomposition of Y to obtain Q, a matrix
with orthonormal columns. The first sketch, which we eponymously refer to as the pinched
sketch, is simply A pinched to the space spanned by Q :

Q(QT AQ)QT .

AQ(QT AQ)† QT A.

The second sketch, which we refer to as the prolonged sketch, is

It is clear that the prolonged sketch can be constructed using our SPSD Sketching Model
by taking Q as the sketching matrix. In fact, a stronger statement can be made. As stated
in Lemma 1 below, it is the case, for any sketching matrix X, that when C = AX and
W = XT AX,
CW† CT = A1/2 PA1/2 X A1/2 .
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By considering the sketching matrix X = A1 S, we see that in fact the prolonged sketch is
exactly the sketch obtained by applying the power method with q = 1 :

AQ(QT AQ)† QT A = A1/2 PA1/2 Q A1/2

= A1/2 PA1/2 (AS) A1/2

= A2 S(ST A3 S)† ST A2

= AX(XT AX)† XT A.
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• In the spectral norm, the prolonged sketches are considerably more accurate than the
pinched and standard sketches for all the datasets considered. Without exception,
the prolonged Gaussian and SRFT column-mixture sketches are the most accurate
in the spectral norm, of all the sketches considered. Only in the case of the Dexter
Linear Kernel is the prolonged uniformly column-sampled sketch nearly as accurate in
the spectral norm as the prolonged Gaussian and SRFT sketches. To a lesser extent,
the prolonged sketches are also more accurate in the Frobenius and trace norms than

It follows that the bounds we provide in Section 4 on the performance of sketches obtained
using the power method pertain also to prolonged sketches.
In Figure 15, we compare the empirical performances of several of the SPSD sketches considered earlier with their pinched and prolonged variants. Specifically, we plot the errors of
pinched and prolonged sketches for several choices of sketching matrices—corresponding to
uniform column sampling, gaussian column mixtures, and SRFT-based column mixtures—
along with the errors of non-pinched, non-prolonged sketches constructed using the same
choices of S. In the interest of brevity, we provide results only for several of the datasets
listed in Table 4.
Some trends are clear from Figure 15.
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In this section, we present our main theoretical results, which consist of a suite of bounds
on the quality of low-rank approximation under several different sketching methods. As
mentioned above, these were motivated by our empirical observation that all of the sampling
and projection methods we considered perform much better on the SPSD matrices we
considered than previous worst-case bounds (e.g., Drineas and Mahoney, 2005; Kumar et al.,
2012; Gittens, 2012) would suggest. We start in Section 4.1 with deterministic structural
conditions for the spectral, Frobenius, and trace norms. In Section 4.2, we use these results
to provide our bounds for several random sampling and random projection procedures.

4. Theoretical Aspects of SPSD Low-rank Approximation

Thus, pinched and prolonged sketches approximate the square root of A by projecting,
respectively, onto the ranges of AS and A3/2 S. The spectral decay present in A is increased
when A is raised to a power larger than one; consequently, the range of A3/2 S is more biased
towards the top k-dimensional invariant subspace of A than is the range of AS. It follows
that the approximate square root used to construct the prolonged sketches more accurately
captures the top k-dimensional subspace of A than does that used to construct the pinched
sketches.

AQ(QT AQ)† QT A = (A1/2 PA3/2 S )(PA3/2 S A1/2 ).

while, as noted above, the prolonged sketches can be written in the form

= (PAS A1/2 )(A1/2 PAS ),

Q(QT AQ)QT = PAS APAS

From these considerations, it seems evident that the benefits of pinched and prolonged
sketches are most prominent when the spectral norm is the error metric, or when the dataset
is an RBF Kernel. In particular, pinched and prolonged sketches are not significantly more
accurate (than the sketches considered in the previous subsections) in the Frobenius and
trace norms for any of the datasets considered.
It is also evident from Figure 15 that the pinched sketches often have a much slighter
increase in accuracy over the basic sketches than do the prolonged sketches. To understand
why the pinched sketches are less accurate than the prolonged sketches, observe that the
pinched sketches satisfy

• After the prolonged sketches, the pinched Gaussian and SRFT column-mixture sketches
exhibit the least spectral, Frobenius, and trace norm errors. Again, however, we see
that the pinched uniformly column-sampled sketches are considerably less accurate
than the pinched Gaussian and SRFT column-mixture sketches. Particularly in the
spectral and Frobenius norms, the pinched uniformly column-sampled sketches are
not any more accurate than the basic uniformly column-sampled sketches.

the other sketches considered. The increased Frobenius and trace norm accuracy is
particularly notable for the two RBF Kernel datasets; again, the prolonged Gaussian
and SRFT sketches are considerably more accurate than the prolonged uniformly
column-sampled sketches.

Gittens and Mahoney
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4.1 Deterministic Error Bounds for Low-rank SPSD Approximation
In this section, we present three theorems that provide error bounds for the spectral, Frobenius, and trace norm approximation errors under the SPSD Sketching Model of Section 2.2.
These bounds hold for any, e.g., deterministic or randomized, sketching matrix S. Thus,
e.g., one could use them to check, in an a posteriori manner, the quality of a sketching
method for which one cannot establish an a priori bound. Rather than doing this, we
use these results (in Section 4.2 below) to derive a priori bounds for when the sketching
operation consists of common random sampling and random projection algorithms. We
note that the bounds can be interpreted geometrically in terms of the angles between the
subspace spanned by the sampling matrix S and the dominant eigenspaces of A; we refer
the interested reader to the technical report (Gittens and Mahoney, 2013) for details.
Our results are based on the fact that approximations which satisfy our SPSD Sketching
Model can be written in terms of a projection onto a subspace of the range of the square
root of the matrix being approximated. The following fact appears in the proof of (Gittens,
2012, Proposition 1).
Lemma 1 Let A be an SPSD matrix and S be a conformal sketching matrix. Then when
C = AS and W = ST AS, the corresponding low-rank SPSD approximation satisfies
CW† CT = A1/2 PA1/2 S A1/2 .

4.1.1 Spectral Norm Bounds
We start with a bound on the spectral norm of the residual error. Although this result is
trivial to prove given prior work, it highlights several properties that we use in the analysis
of our subsequent results.

2

q−1/2

≤ kΣ2 k2 + Σ2

Ω2 Ω1†

2/(2q−1)
2

,

Theorem 2 Let A be an n × n SPSD matrix with eigenvalue decomposition partitioned
as in Equation (1), S be a sketching matrix of size n × `, q be a positive integer, and Ω1
and Ω2 be as defined in Equation (3). Then when C = Aq S and W = ST A2q−1 S, the
corresponding low-rank SPSD approximation satisfies
A − CW† CT
assuming Ω1 has full row rank.


= A1/2 I − P

2q−1

(A1/2 )

CW† CT = A1/2 PAq−1/2 S A1/2 .

2

S



A1/2

2
2

.
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(10)

Proof Apply Lemma 1 with the sampling matrix S0 = Aq−1 S (where, recall, q ≥ 1) to see
that
It follows that
A − CW† CT
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and Σ1/2 =

1/2

Σ1

1/2

Σ2

!

.

Next, recall that Ωi = UiT S and that A1/2 has eigenvalue decomposition A1/2 = UΣ1/2 UT ,
where
U = U1 U2

2q−1

S



A1/2

2
2

≤





2

+

q−1/2

Ω2 Ω1†

+ Σ2

2

1/2 2q−1

Σ2
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q−1/2 2

Σ2
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Ω2 Ω1†

1/(2q−1)


1/2 2q−1

Σ2

2

2

2/(2q−1)

Ω2 Ω1†



2

2

.

(11)

!1/(2q−1)

It can be shown (see Halko et al., 2011, Theorems 9.1 and 9.2) that, because Ω1 has full
row rank,

A1/2 I − P

(A1/2 )

≤

Equations (10) and (11) imply that
A − CW† CT

2

q−1/2

≤ kΣ2 k2 + Σ2

2

q−1/2 2

= kΣ2 k22q−1 . This establishes the stated bound.

The latter inequality follows from the fact that the 2q − 1 radical function is subadditive
when q ≥ 1 and the identity Σ2

Remark. The assumption that Ω1 has full row rank is very non-trivial. It is, however,
satisfied by our algorithms below. See Section 4.1.4 for more details on this point.
Remark. The proof of Theorem 2 proceeds in two steps. The first step relates low-rank
approximation of an SPSD matrix A under the SPSD Sketching Model of Section 2.2 to
column sketching (e.g., sampling or projecting) from the square-root of A. A weaker relation
of this type was used by Drineas and Mahoney (2005), but the stronger form that we use
here in Equation (10) was first proved in (Gittens, 2012). The second step is to use a
deterministic structural result that holds for sampling/projecting from an arbitrary matrix.
The structural bound of the form of Equation (11) was originally proven for q = 1 by
Boutsidis et al. (2009), who applied it to the Column Subset Selection Problem. The bound
was subsequently improved by Halko et al. (2011), who applied it to a random projection
algorithm and extended it to apply when q > 1. Although the analyses of our next two
results are more complicated, they follow the same high-level two-step approach.
4.1.2 Frobenius Norm Bounds
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Next, we state and prove the following bound on the Frobenius norm of the residual error.
The proof parallels that for the spectral norm bound, in that we divide it into two analogous
parts, but the analysis is somewhat more complex.
The multiplicative eigengap γ = λk+1 (A)/λk (A) that appears in the statement of this
theorem predicts the effect of using the power method when constructing sketches. Specifically, the additional errors of sketches constructed using C = Aq S are at least a factor of
γ q−1 times smaller than those constructed using C = AS.
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λk+1 (A)
.
λk (A)

2

F

E := A − CW† CT

F

= A1/2 (I − PAq−1/2 S ) A1/2
F

.

F

2

=
−(q−1/2)

 
I
,
F

F

2

.

(12)

.
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(13)

is an orthonormal basis for the

 

I
I − PZ = I − Z(ZT Z)−1 ZT = I −
(I + FT F)−1 I FT
F


I − (I + FT F)−1
−(I + FT F)−1 FT
=
.
T
−1
T
−1
T
−F(I + F F)
I − F(I + F F) F

By construction, Z has full column rank, thus
span of Z, and

F

Z(ZT Z)−1/2

E 2 ≤ Σ1/2 (I − PZ )Σ1/2

2

. The latter equality
where I ∈ Rk×k and F ∈ Rn−k×k is given by F = Σ2
Ω2 Ω†1 Σ1
in Equation (12) holds because of our assumption that Ω1 has full row rank. Since the range
of Z is contained in the range of Σq−1/2 UT S,

q−1/2

−(q−1/2)


= Σ1/2 I − PΣq−1/2 UT S Σ1/2

Z = Σq−1/2 UT SΩ†1 Σ1

E 2 = A1/2 (I − PAq−1/2 S ) A1/2

Then we take

to obtain

To bound this quantity, we first use the unitary invariance of the Frobenius norm and the
fact that
PAq−1/2 S = UPΣq−1/2 UT S UT

It follows that

CW† CT = A1/2 PAq−1/2 S A1/2 .

Proof Apply Lemma 1 with the sampling matrix S0 = Aq−1 S to see that

assuming Ω1 has full row rank.

F

Then when C = Aq S and W = ST A2q−1 S, the corresponding low-rank SPSD approximation satisfies
p

1/2
1/2
≤ kΣ2 kF + γ q−1 Σ2 Ω2 Ω†1 ·
A − CW† CT
2 Tr (Σ2 ) + γ q−1 Σ2 Ω2 Ω†1
,

γ=

Theorem 3 Let A be an n × n SPSD matrix with eigenvalue decomposition partitioned as
in Equation (1), S be a sketching matrix of size n × `, q be a positive integer, Ω1 and Ω2
be as defined in Equation (3), and define
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I − F(I + FT F)−1 F


T

F

1/2 2
Σ2
F

F

2

(14)

2

4

2

)4(q−1)
Σ−1
1
2

−(q−1) 4

Σ1

Ω2 Ω†1 Σ1

We proceed to bound T2 by using the estimate

2

2

2

2

F

1/2 2

1/2

.

Σ2 Ω2 Ω†1

Σ2

F
2

F

2

.

F
2
1/2
†
Σ2 Ω2 Ω1
F

1/2

Σ2 Ω2 Ω†1

−(q−1) 2

(15)
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 VDVT = M.

= V(I + D)−1 D(I + D)−1 VT
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(I + M)−1 M(I + M)−1 = (VVT + VDVT )−1 VDVT (VVT + VDVT )−1

To develop the term involving a spectral norm, observe that for any SPSD matrix M with
eigenvalue decomposition M = VDVT ,

T2 ≤ 2 Σ1 (I + FT F)−1 FT

1/2

2
2
2
1/2
†
Σ2 Ω2 Ω1
2

1/2

Σ2 Ω2 Ω†1

2

Ω2 Ω†1 Σ1

F

1/2 2

FΣ1
q−1/2

Σ2

2
−(q−1) 2

1/2 2
F

≤ FΣ1

1/2 2

= (kΣ2 k2


λk+1 (A) 4(q−1)
1/2
Σ2 Ω2 Ω†1
=
λk (A)

≤ Σq−1
2

= Σ2

q−1/2

1/2

T1 ≤ Σ1 FT FΣ1

Likewise, the fact that I − (I + FT F)−1  FT F (easily seen with an SVD) implies that we
can bound T1 as

T3 ≤ kΣ2 k2F .

Next, we provide bounds for T1 , T2 , and T3 . Using the fact that 0  I−F(I+FT F)−1 FT  I,
we can bound T3 with

:= T1 + T2 + T3 .

+

1/2
Σ2

E 2 ≤ Σ1/2



2
I − (I + FT F)−1
−(I + FT F)−1 FT
Σ1/2
−F(I + FT F)−1 I − F(I + FT F)−1 FT
F
 1/2 2
1/2
1/2
T
−1
T
−1 T 1/2
= Σ1 I − (I + F F) Σ1
+ 2 Σ1 (I + F F) F Σ2

This implies that
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It follows that
1/2
Σ1 (I

2

=

1/2
Σ1 (I

2

2

1/2 2

1/2

Σ2 Ω2 Ω1†

2

= FΣ1

2
−(q−1) 2

+



2
2
F

1/2 2

Σ2

λk+1 (A)
λk (A)

.

2
2

2(q−1)

1/2
2

2
1/2
Σ2 Ω2 Ω1†
F

+ FT F)−1 FT F(I + FT F)−1 Σ1
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+ FT F)−1 FT
2

≤

1/2
1/2
Σ1 FT FΣ1

1/2

Σ2 Ω2 Ω1†

2
1/2
Σ2 Ω2 Ω1† .
2

−(q−1) 2

Σ1
2(q−1)

Ω2 Ω1† Σ1

2

q−1/2

= Σ2
2

λk+1 (A)
λk (A)

≤ Σ2q−1


=

λk+1 (A)
λk (A)

Using this estimate in Equation (15), we conclude that

2(q−1)
T2 ≤ 2

2

2
≤ kΣ2 kF

·

1/2 2
Σ2
F

Combining our estimates for T1 , T2 , and T3 with Equation (14) gives
2
F

2
1/2
Σ2 Ω2 Ω1†
2

E 2 = A1/2 (I − PAq−1/2 S ) A1/2
2(q−1)

+

λk+1 (A)
λk (A)

1/2

2

·

p
1/2
2 Tr (Σ2 ) + γ q−1 Σ2 Ω2 Ω1†

F

.

!

.

The claimed bound follows by identifying γ and applying the subadditivity of the squareroot function:

E ≤ kΣ2 kF + γ q−1 Σ2 Ω2 Ω1†

Remark. The quality of approximation guarantee provided by Theorem 3 depends on the
1/2
1/2
quantities Σ2 Ω2 Ω1† and Σ2 Ω2 Ω1† ; these quantities reflect the extent to which the
F
2
sketching matrix is aligned with the eigenspaces of A. The dependence on γ captures the
facts that the power method is effective only when there is spectral decay, and that larger
gaps between the k and k + 1 eigenvalues lead to smaller errors when the power method is
used.
Remark. To obtain a greater understanding of the additional error term in Theorem 3,
assume that S is a particularly effective sketching matrix, so that Ω2 Ω1† = O(1). Then
2




p
1/2
1/2
1/2
Σ2 Ω2 Ω1† = O kΣ2 k2
and
2 Tr (Σ2 ) + Σ2 Ω2 Ω1† = O kΣ2 k?1/2 ,
2
F
p
kΣ2 k2 kΣ2 k? .

and the theorem guarantees that the additional error is on the order of
This is an upper bound on the optimal Frobenius error:
q
kΣ2 k2 kΣ2 k? .

kΣ2 kF ≤
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We see, in particular, that if the residual spectrum is flat, i.e. λk+1 (A) = · · · = λn (A), then
equality holds and the additional error is on the scale of the optimal error.
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4.1.3 Trace Norm Bounds
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Finally, we state and prove the following bound on the trace norm of the residual error.
The proof method is analogous to that for the spectral and Frobenius norm bounds.
As in the case of the Frobenius norm error, we see that the multiplicative eigengap γ =
λk+1 (A)/λk (A) predicts the effect of using the power method when constructing sketches.

γ=

λk+1 (A)
.
λk (A)

Theorem 4 Let A be an n × n SPSD matrix with eigenvalue decomposition partitioned as
in Equation (1), S be a sketching matrix of size n × `, q be a positive integer, Ω1 and Ω2
be as defined in Equation (3), and define

?

1/2

≤ Tr (Σ2 ) + γ 2(q−1) Σ2 Ω2 Ω1†

F

2

,

Then when C = Aq S and W = ST A2q−1 S, the corresponding low-rank SPSD approximation
satisfies
A − CW† CT
assuming Ω1 has full row rank.

?

Proof Since A − CW† CT = A1/2 (I − PAq−1/2 S )A1/2  0, its trace norm simplifies to its
trace. Thus
A − CW† CT






= Tr A − CW† CT = Tr Σ1/2 I − PΣq−1/2 S Σ1/2


≤ Tr Σ1/2 (I − PZ )Σ1/2 ,

 
I
is defined in Equation (12). The expression for I − PZ given in Equawhere Z =
F
tion (13) implies that



Tr Σ1/2 (I − PZ )Σ1/2




1/2
1/2
1/2
1/2
= Tr Σ1 (I − (I + FT F)−1 )Σ1
+ Tr Σ2 (I − F(I + FT F)−1 FT )Σ2
.

−(q−1) 2

F

1/2

F
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Σ2 Ω2 Ω1†

.

2

Recall the estimate I−(I+FT F)−1  FT F and the basic estimate I−F(I+FT F)−1 FT  I.
Together these imply that




Tr Σ1/2 (I − PZ )Σ1/2 ≤ Tr
+ Tr (Σ2 )

q−1/2

1/2
1/2
Σ1 FT FΣ1

Ω2 Ω1† Σ1

2
2

F

−(q−1) 2

Σ1

= Tr (Σ2 ) + Σ2

2

≤ Tr (Σ2 ) + Σ2q−1

2

1/2

= Tr (Σ2 ) + γ 2(q−1) Σ2 Ω2 Ω1†
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Before applying these deterministic structural results in particular randomized algorithmic
settings, we pause to make several additional remarks about these three theorems.
First, for some randomized sampling schemes, it may be difficult to obtain a sharp
bound on Ω2 Ω†1 ξ for ξ = 2, F . In these situations, the bounds on the excess error
supplied by Theorems 2, 3, and 4 may be quite pessimistic. On the other hand, since
A − CW† CT = A1/2 (I − P A1/2 2q−1 S )A1/2 , it follows that 0  A − CW† CT  A. This
(
)
implies that the errors of any approximation generated used the SPSD Sketching Model,
deterministic or randomized, satisfy at least the crude bound A − CW† CT ξ ≤ kAkξ .
Second, we emphasize that these theorems are deterministic structural results that
bound the additional error (beyond that of the optimal rank-k approximation) of low-rank
approximations which follow our SPSD sketching model. That is, there is no randomness
in their statement or analysis. In particular, these bounds hold for deterministic as well as
randomized sketching matrices S. In the latter case, the randomness enters only through
S, and one needs to show that the condition that Ω1 has full row rank is satisfied with
high probability; conditioned on this, the quality of the bound is determined by terms that
depend on how the sketching matrix interacts with the subspace structure of the matrix A.
In particular, we remind the reader that (although it is beyond the scope of this paper
to explore this point in detail) these deterministic structural results could be used to check,
in an a posteriori manner, the quality of a sketching method for which one cannot establish
an a priori bound.
Third, we also emphasize that the assumption that Ω1 has full row rank (equivalently,
that tan(S, U1 ) < ∞) is very non-trivial; and that it is false, in worst-case at least and for
non-trivial parameter values, for common sketching methods such as uniform sampling. To
see that some version of leverage-based sampling is needed to ensure this condition, recall
that UT1 U1 = I and thus that Ω1 ΩT1 = UT1 SST U1 can be viewed as approximating I with
a small number of rank-1 components of UT1 U1 . The condition that Ω1 has full row rank is
equivalent to UT1 U1 − UT1 SST U1 2 < 1. Work on approximating the product of matrices
by random sampling shows that to obtain non-trivial bounds one must sample with respect
to the norm of the rank-1 components (Drineas et al., 2006), which here (since we are
approximating the product of two orthogonal matrices) equal the statistical leverage scores.
From this perspective, random projections satisfy this condition since (informally) they
rotate to a random basis where the leverage scores of the rotated matrix are approximately
uniform and thus where uniform sampling is appropriate (Drineas et al., 2010; Mahoney,
2011).

4.1.4 Additional Remarks on Our Deterministic Structural Results

In this section, we apply the three theorems from Section 4.1 to bound the reconstruction
errors for several random sampling and random projection methods that conform to our
SPSD Sketching Model. In particular, we consider two variants of random sampling and two
variants of random projections: sampling columns according to an importance sampling distribution that depends on the statistical leverage scores (in Section 4.2.1); randomly projecting by using subsampled randomized Fourier transformations (in Section 4.2.2); randomly
projecting by uniformly sampling from Gaussian mixtures of the columns (in Section 4.2.3);
and, finally, sampling columns uniformly at random (in Section 4.2.4).
The results are presented for the general case of SPSD sketches constructed using the
power method, i.e., sketches constructed using C = Aq S for a positive integer q. The additive errors of these sketches decrease proportionally to the number of iterations q, where
the constant of proportionality is given by the multiplicative eigengap γ = λk+1 (A)/λk (A).
Accordingly, the bounds involve the terms γ q−1 and γ 2(q−1) . The bounds simplify considerably when q = 1 (i.e., when there are no additional iterations) or γ = 1 (i.e., when there is
no eigengap). In either of these cases, the terms γ q−1 and γ 2(q−1) all become the constant 1.
Before establishing these results, we pause here to provide a brief review of running
time issues, some of which were addressed empirically in Section 3. The computational
bottleneck for random sampling algorithms (except for uniform sampling that we address
in Section 4.2.4, which is trivial to implement) is often the exact or approximate computation of the importance sampling distribution with respect to which one samples; and the
computational bottleneck for random projection methods is often the implementation of
the random projection. For example, if the sketching matrix S is a random projection constructed as an n × ` matrix of i.i.d. Gaussian random variables, as we use in Section 4.2.3,
then the running time of dense data in RAM is not substantially faster than computing U1 ,
while the running time can be much faster for certain sparse matrices or for computation
in parallel or distributed environments. Alternately, if the sketching matrix S is a Fourierbased projection, as we use in Section 4.2.2, then the running time for data stored in RAM
is typically O(n2 ln k), as opposed to the O(n2 k) time that would be needed to compute
U1 . These running times depend sensitively on the size of the data and the model of data
access; see Mahoney (2011); Halko et al. (2011) for detailed discussions of these issues.
In particular, for random sampling algorithms that use a leverage-based importance
sampling distribution, as we use in Section 4.2.1, it is often said that the running time
is no faster than that of computing U1 . (This O(n2 k) running time claim is simply the
running time of the naı̈ve algorithm that computes U1 “exactly,” e.g., with a variant of
the QR decomposition, and then reads off the Euclidean norms of the rows.) However, the
randomized algorithm of Drineas et al. (2012) that computes relative-error approximations
to all of the statistical leverage in a time that is qualitatively faster—in worst-case theory

4.2 Stochastic Error Bounds for Low-rank SPSD Approximation

Finally, as observed recently in Bach (2013), methods that use knowledge of a matrix
square root Φ (i.e., a Φ such that A = ΦΦT ) typically lead to Ω(n2 ) complexity. An
important feature of our approach is that we only use the matrix square root implicitly—
that is, inside the analysis, and not in the statement of the algorithm—and thus we do not
incur any such cost.

The first equality follows from substituting the definition of F and identifying the squared
Frobenius norm. The last equality follows from identifying γ. We have established the
claimed bound.

Remark. Since the identity kXk2F = XXT ? holds for any matrix X, the squared Frobenius
norm term present in the deterministic error bound for the trace norm error is on the scale
of kΣ2 k? when Ω2 Ω†1 2 is O(1).
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and, by using existing high-quality randomized numerical code (Avron et al., 2010; Meng
et al., 2014; Halko et al., 2011), in practice—gets around this bottleneck, as was shown
in Section 3. The computational bottleneck for the algorithms of Drineas et al. (2012)
is that of applying a random projection, and thus the running time for leverage-based
Nyström extension is that of applying a (“fast” Fourier-based or “slow” Gaussian-based, as
appropriate) random projection to A (Drineas et al., 2012). See Section 3 or (Avron et al.,
2010; Meng et al., 2014; Halko et al., 2011) for additional details.
4.2.1 Sampling with Leverage-based Importance Sampling Probabilities

β
≥ k(U1 )j k22
k
and

Xn

j=1

pj

= 1,

Here, the columns of A are sampled with replacement according to a nonuniform probability distribution determined by the (exact or approximate) statistical leverage scores of
A relative to the best rank-k approximation to A, which in turn depend on nonuniformity
properties of the top k-dimensional eigenspace of A. To add flexibility (e.g., in case the
scores are computed only approximately with the fast algorithm of Drineas et al. (2012)), we
formulate the following lemma in terms of any probability distribution that is β-close to the
leverage score distribution. In particular, consider any probability distribution satisfying
pj

where β ∈ (0, 1]. Given these (β-approximate) leverage-based probabilities, the sketching
matrix is S = RD where R ∈ Rn×` is a column selection matrix that samples columns
of A from the given distribution—i.e., R = 1 iff the ith column of A is the jth column
ij
selected—and D is a diagonal rescaling matrix satisfying Djj = √1`p iff Rij = 1. For this
i
case, we can prove the following.

β
k(U1 )j k22
k

and

j=1

Xn

pj = 1

Lemma 5 Let A be an n × n SPSD matrix, q be a positive integer, and S be a sampling
matrix of size n × ` corresponding to a leverage-based probability distribution derived from
the top k-dimensional eigenspace of A, satisfying
pj ≥

λk+1 (A)
.
λk (A)

for some β ∈ (0, 1]. Fix a failure probability δ ∈ (0, 1] and approximation factor  ∈ (0, 1],
and let
γ=

If ` ≥ 3200(β2 )−1 k ln(4k/(βδ)), then, when C = Aq S and W = ST A2q−1 S, the corresponding low-rank SPSD approximation satisfies
A − CW† CT

F

2

≤ (1 + γ 2(q−1) 2 ) kA − Ak k? ,

≤ kA − Ak kF +

(18)

(17)
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(16)
A − CW† CT

?


1/(2q−1)
≤ kA − Ak k2 + 2 (A − Ak )2q−1 ?
,
√

2γ q−1 + 2 γ 2(q−1) kA − Ak k? , and
A − CW† CT

simultaneously with probability at least 1 − 6δ − 0.6.
51

Gittens and Mahoney

DΩ2 Ω1†

F

≤  kDkF

Proof In (Mackey et al., 2011a, proof of Proposition 22) it is shown that if ` satisfies
the given bound and the samples are drawn from an approximate subspace probability
distribution, then for any SPSD diagonal matrix D,



1/2

F

2

1/2

F

2/(2q−1)

≤  Σ2

Ω2 Ω1†

Σ2 Ω2 Ω1†

q
p
=  Tr (Σ2 ) =  kA − Ak k? ,

with probability at least 1 − 2δ − 0.2. Thus, the estimates

and
q−1/2

Σ2

F


2/(2q−1)
p−1/2
≤ Σ2
Ω2 Ω1†
F

1/(2q−1)
q−1/2 2
2 Σ2

≤

?

1/(2q−1)


= 2 Tr Σ22q−1
1/(2q−1)

= 2 (A − Ak )2q−1

2

each hold, individually, with probability at least 1 − 2δ − 0.2. In particular, taking q = 1,
we see that
q
≤  kA − Ak k?
1/2

Σ2 Ω2 Ω1†

with the same probability.
These three estimates used in Theorems 2, 3, and 4 yield the bounds given in the statement of the theorem.
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Remark. The additive scale factors for the spectral and Frobenius norm bounds are much
improved relative to the prior results of Drineas and Mahoney (2005). At root, this is since
the leverage score importance sampling probabilities highlight structural properties of the
data (e.g., how to satisfy the condition in Theorems 2, 3, and 4 that Ω1 has full row rank)
in a more refined way than the importance sampling probabilities of Drineas and Mahoney
(2005).
Remark. These improvements come at additional computational expense, but we remind
the reader that leverage-based sampling probabilities of the form used by Lemma 5 can be
computed faster than the time needed to compute the basis U1 (Drineas et al., 2012). The
computational bottleneck of the algorithm of Drineas et al. (2012) is the time required to
perform a random projection on the input matrix.
Remark. Not surprisingly, constant factors such as 3200 (as well as other similarly large
factors below) and a failure probability bounded away from zero are artifacts of the analysis;
the empirical behavior of this sampling method is much better. This has been observed
previously (Drineas et al., 2008; Mahoney and Drineas, 2009).
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?

≤ (1 + 22γ 2(q−1) ) kA − Ak k?

kMkF ≤

√

1/2

22 Σ2

F

=

q
22 kΣ2 k?
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each hold, individually, with probability at least 1 − δ. These estimates used in Theorems 2
and 4 yield the stated bounds for the spectral and trace norm errors.

and

Proof Let M = Σ2
Ω2 Ω†1 denote the matrix referenced in Theorems 2 and 4. In
(Boutsidis and Gittens, 2013, proof of Theorem 4), it is shown that for the stated choice of
S and number of samples `,

2 
p
1
ln(n/δ)  q−1/2
q−1/2
√ · 5 kΣ2 k2q−1
kMk22 ≤
Σ2
+ 8 ln(n/δ) Σ2
+
2
`
1− 
F
2

2 !
p
1/2
1
ln(n/δ)
q−1/2
2q−1
2q−1
√ · 5 kΣk2
Σ2
+ 8 ln(n/δ) kΣ2 k2
=
+
`
1− 
?



1
16 ln(n/δ)2
2 ln(n/δ)
√ ·
≤
5+
kΣ2 k2q−1
+
Σ2q−1
2
2
`
`
1− 
?

q−1/2

simultaneously with probability at least 1 − 2δ.

A − CW† CT

F
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Lemma 6 guarantees that errors on this order can be achieved if one increases the number of
samples by a logarithm factor in the dimension: specifically, such a bound is achieved when
k = Ω(ln n) and ` = Ω(k ln k ln n). The difference between the number of samples necessary
for Fourier-based sketches and Gaussian-based sketches is reflective of the differing natures
of the random projections: the geometry of any k-dimensional subspace is preserved under
projection onto the span of ` = O(k) Gaussian random vectors (Halko et al., 2011), but
the sharpest analysis available suggests that to preserve the geometry of such a subspace
under projection onto the span of ` SRFT vectors, ` must satisfy ` = Ω(max{k, ln n} ln k)
(Tropp, 2011). We note, however, that in practice the Fourier-based and Gaussian-based
SPSD sketches have similar reconstruction errors.
Remark. The structure of the Frobenius and trace norm bounds for the Fourier-based
projection are identical to the structure of the corresponding bounds from Lemma 5 for
leverage-based sampling (and the bounds could be made identical with appropriate choice
of parameters). This is not surprising since (informally) Fourier-based (and other) random
projections rotate to a random basis where the leverage scores are approximately uniform
and thus where uniform sampling is appropriate (Mahoney, 2011). The disparity of the
spectral norm bounds suggests that leverage-based SPSD sketches should be expected to
be more accurate in the spectral norm than Fourier-based sketches; the empirical results
of Section 3.4 support this interpretation. The running times of the Fourier-based and the
leverage-based algorithms are the same, to leading
order, if the algorithm of Drineas et al.
p
(2012) (which uses the same transform S = n` DTR) is used to approximate the leverage
scores.

This should be compared to the guarantee established in Lemma 7 below for Gaussian-based
SPSD sketches constructed using the same number of measurements:


1
kA − Ak k? .
A − CW† CT = O kA − Ak k2 +
k ln k
2

Remark. Suppressing the dependence on δ and , the spectral norm bound ensures that
when q = 1, k = Ω(ln n) and ` = Ω(k ln k), then


ln n
1
A − CW† CT = O
kA − Ak k2 +
kA − Ak k? .
ln k
ln k
2

We note that a direct application of Theorem 3 gives a potentially tighter, but more unwieldy, bound.

The Frobenius norm bound follows from the same estimates and a simplification of the
bound stated in Theorem 3:
p

1/2
1/2
≤ kΣ2 kF + γ q−1 Σ2 Ω2 Ω†1
A − CW† CT
2 Tr (Σ2 ) + γ q−1 Σ2 Ω2 Ω†1
2
F
F
p
2
1/2
1/2
≤ kΣ2 kF + γ q−1 Σ2 Ω2 Ω†1
2 Tr (Σ2 ) + γ 2(q−1) Σ2 Ω2 Ω†1
F
F


√
≤ kΣ2 kF + γ q−1 44 + 22γ 2q−2  kΣ2 k? .

4.2.2 Random Projections with Subsampled Randomized Fourier Transforms

Here, the columns of A are randomly
mixed using a unitary matrix before the columns
p
are sampled. In particular, S = n` DTR, where D is a diagonal matrix of Rademacher
random variables, T is a highly incoherent unitary matrix, and R restricts to ` columns.
For concreteness, and because it has an associated fast transform, we consider the case
where T is the normalized Fourier transform of size n × n. For this case, we can prove the
following.
pn
Lemma 6 Let A be an n × n SPSD matrix, q be a positive integer, and S =
` DFR
be a sampling matrix of size n × `, where D is a diagonal matrix of Rademacher random
variables, F is a normalized Fourier matrix of size n × n, and R restricts to ` columns.
Fix a failure probability δ ∈ (0, 1), approximation factor  ∈ (0, 1), and assume that k ≥ 4.
Define
λk+1 (A)
γ=
.
λk (A)
p
√
If ` ≥ 24−1 [ k + 8 ln(8n/δ)]2 ln(8k/δ), then, when C = Aq S and W = ST A2q−1 S,
the corresponding low-rank SPSD approximation satisfies
"

1/(2q−1) #

1
16 ln(n/δ)2
√ · 5+
A − CW† CT ≤ 1 +
· kA − Ak k2
`
1− 
2


2 ln(n/δ) 1/(2q−1)
1/(2q−1)
√
+
(A − Ak )2q−1 ?
,
(19)
(1 − )`

√
A − CW† CT
≤ kA − Ak kF + 7γ q−1  + 22γ 2q−2  kA − Ak k? , and
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4.2.3 Random Projections with i.i.d. Gaussian Random Matrices
Here, the columns of A are randomly mixed using Gaussian random variables before sampling. Thus, the entries of the sampling matrix S ∈ Rn×` are i.i.d. standard Gaussian
random variables.

γ=

λk+1 (A)
.
λk (A)

Lemma 7 Let A be an n × n SPSD matrix, q be a positive integer, S ∈ Rn×` be a matrix
of i.i.d standard Gaussians, and define

2

≤

!
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2
2
≤ 1 + 89
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k ln k k ln k
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k ln k
k ln k
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kA − Ak k2 , and
+ γ 2q−2 2 √
k
k ln k


γ 2q−2 2
γ 2q−2 2
1 + 45
kA − Ak k? + 437
kA − Ak k2
ln k
k

If ` ≥ 2−2 k ln k where  ∈ (0, 1) and k > 4, then, when C = Aq S and W = ST A2q−1 S,
the corresponding low-rank SPSD approximation satisfies
A − CW† CT

F

?

A − CW† CT

A − CW† CT

2

simultaneously with probability at least 1 − 2k −1 − 4k −k/ .
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Remark. The way we have parameterized these bounds for Gaussian-based projections
makes explicit the dependence on various parameters, but hides the structural simplicity
of these bounds. In particular, note that the Frobenius norm approximation error is upper
bounded by a term that depends on the Frobenius norm error of the optimal low-rank
approximant and a term that depends on the trace norm error of the optimal low-rank
approximant; and that, similarly, the trace norm approximation error is upper bounded by
a multiplicative factor that can be set to 1 +  with an appropriate choice of parameters.
Proof As before, this result is established by bounding the quantities involved in Theorems 2, 3, and 4. The following deviation bounds, established in (Halko et al., 2011, Section
10), are useful in that regard: if D is a diagonal matrix, ` = k + p with p > 4 and u, t ≥ 1,
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3
+ 2e2
ln k
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k ln k
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(20)

then with our choice of S,
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F

Write ` = k + p. Since ` ≥ 2−2 k ln k, we have that p ≥ −2 k ln k. Accordingly, the
following estimates hold:
s
s
r
3k
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3
≤
≤
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p
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√
Use these estimates and take t = e and u = 2 ln k in (20) to obtain that
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with probability at least 1 − k −1 − 2k −k/ and
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with the same probability. Likewise,
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k

G4 = 4e4
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6 2 2
8e4 2
≤
 e · kΣ2 k? +
 · kΣ2 k2
ln k
k
with the same probability.
These estimates used in Theorems 2 and 4 yield the stated spectral and trace norm
bounds. To obtain the corresponding Frobenius norm bound, define the quantities


2
G1 =

12e2 16e4
+
ln k
k
2
k ln k

G2 = 4e4
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Lemma 8 Let A be an n × n SPSD matrix, q be a positive integer, and S be a sampling
matrix of size n × ` corresponding to sampling the columns of A uniformly at random (with

Here, the columns of A are sampled uniformly at random (with or without replacement).
Such uniformly-at-random column sampling only makes sense when the leverage scores of
the top k-dimensional invariant subspace of the matrix are sufficiently uniform that no
column is significantly more informative than the others. For this case, we can prove the
following.

4.2.4 Sampling Columns Uniformly at Random

The Frobenius norm bound follows from using these estimates in Equation (21) and grouping
terms appropriately:
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The following estimates hold for the coefficients in this inequality:
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By Theorem 3 and our estimates for Σ2 Ω2 Ω†1
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1
kΣ2 k? .
n

where the summands xi are distributed uniformly at random over the columns of Σ2 UT2 .
Regardless of whether S selects the columns with replacement or without replacement, the
summands all have the same expectation:

F

with at least the same probability. Observe that since S selects ` columns uniformly at
random,
X̀
2
2
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1/2
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with probability at least 1 − δ. Also,

Σ2
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with probability at least 1 − δ when ` satisfies the stated bound. Observe that kΩ2 k2 ≤
kU2 k2 kSk2 ≤ 1, so that

Ω†1

Proof In (Gittens, 2012), it is shown that

simultaneously with probability at least 1 − 3δ.

If ` ≥ 2µ−2 k ln(k/δ), then, when C = Aq S and W = ST A2q−1 S, the corresponding lowrank SPSD approximation satisfies

1/(2q−1) !
n
A − CW† CT ≤ 1 +
kA − Ak k2 ,
(1 − )`
2
!
√
γ 2q−2
2
kA − Ak k? , and
≤ kA − Ak kF + γ q−1 √
+
A − CW† CT
F
δ 1 −  (1 − )δ 2


γ 2q−2
A − CW† CT ≤ 1 + 2
kA − Ak k? ,
δ (1 − )
?

γ=

or without replacement). Let µ denote the coherence of the top k-dimensional eigenspace of
A and fix a failure probability δ ∈ (0, 1) and accuracy factor  ∈ (0, 1). Define
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so by Jensen’s inequality
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Now applying Markov’s inequality to (22), we see that
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kΣ2 k? ,
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with probability at least 1 − 2δ. Thus, we also know that

F

≤ kΣ2 kF + γ p−1

F



also with probability at least 1 − 2δ. These estimates used in Theorems 2 and 4 yield the
stated spectral and trace norm bounds.
To obtain the Frobenius norm bound, observe that Theorem 3 implies
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to obtain the stated Frobenius norm bound.
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Now substitute our estimate for Σ2 Ω2 Ω1†

Remark. As with previous bounds for uniform sampling, (e.g., Kumar et al., 2012; Gittens, 2012), these results for uniform sampling are much weaker than our bounds from the
previous subsections, since the sampling complexity depends on the coherence of the input
matrix. When the matrix has small coherence, however, these bounds are similar to the
bounds derived from the leverage-based sampling probabilities. Recall that, by the algorithm of Drineas et al. (2012), the coherence of an arbitrary input matrix can be computed
in roughly the time it takes to perform a random projection on the input matrix.

5. Discussion and Conclusion
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We have presented a unified approach to a large class of low-rank approximations of Laplacian and kernel matrices that arise in machine learning and data analysis applications. In
doing so, we have provided qualitatively-improved worst-case theory and clarified the performance of these algorithms in practical settings. Our theoretical and empirical results
suggest several obvious directions for future work.
In general, our empirical evaluation demonstrates that obtaining moderately high-quality
low-rank approximations, as measured by minimizing the reconstruction error, depends in
complicated ways on the spectral decay, the leverage score structure, the eigenvalue gaps in
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relevant parts of the spectrum, etc. (Ironically, our empirical evaluation also demonstrates
that all the sketches considered are reasonably-effective at approximating both sparse and
dense, and both low-rank and high-rank matrices which arise in practice. That is, with
only roughly O(k) measurements, the spectral, Frobenius, and trace approximation errors
stay within a small multiplicative factor of around 3 of the optimal rank-k approximation
errors. The reason for this is that matrices for which uniform sampling is least appropriate
tend to be those which are least well-approximated by low-rank matrices, meaning that
the residual error is much larger.) Thus, e.g., depending on whether one is interested in `
being slightly larger or much larger than k, leverage-based sampling or a random projection
might be most appropriate; and, more generally, an ensemble-based method that draws
complementary strengths from each of these methods might be best.
In addition, we should note that, in situations where one is concerned with the quality of
approximation of the actual eigenspaces, one desires both a small spectral norm error (because by the Davis–Kahan sin Θ theorem and similar perturbation results, this would imply
that the range space of the sketch effectively captures the top k-dimensional eigenspace of
A) as well as to use as few samples as possible (because one prefers to approximate the top
k-dimension eigenspace of A with as close to a k-dimensional subspace as possible). Our
results suggest that the leverage score probabilities supply the best sampling scheme for
balancing these two competing objectives.
More generally, although our empirical evaluation consists of random sampling and random projection algorithms, our theoretical analysis clearly decouples the randomness in the
algorithm from the structural heterogenities in the Euclidean vector space that are responsible for the poor performance of uniform sampling algorithms. Thus, if those structural
conditions can be satisfied with a deterministic algorithm, an iterative algorithm, or any
other method, then one can certify (after running the algorithm) that good approximation guarantees hold for particular input matrices in less time than is required for general
matrices. Moreover, this structural decomposition suggests greedy heuristics—e.g., greedily keep some number of columns according to approximate statistical leverage scores and
“residualize.” In our experience, a procedure of this form often performs quite well in practice, although theoretical guarantees tend to be much weaker; and thus we expect that,
when coupled with our results, such procedures will perform quite well in practice in many
medium-scale and large-scale machine learning applications.
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Abstract
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Algorithms for inferring the structure of Bayesian networks from data have become an increasingly popular method for uncovering the direct and indirect influences among variables
in complex systems. A Bayesian approach to structure learning uses posterior probabilities to quantify the strength with which the data and prior knowledge jointly support
each possible graph feature. Existing Markov Chain Monte Carlo (MCMC) algorithms
for estimating these posterior probabilities are slow in mixing and convergence, especially
for large networks. We present a novel Markov blanket resampling (MBR) scheme that
intermittently reconstructs the Markov blanket of nodes, thus allowing the sampler to
more effectively traverse low-probability regions between local maxima. As we can derive
the complementary forward and backward directions of the MBR proposal distribution, the
Metropolis-Hastings algorithm can be used to account for any asymmetries in these proposals. Experiments across a range of network sizes show that the MBR scheme outperforms
other state-of-the-art algorithms, both in terms of learning performance and convergence
rate. In particular, MBR achieves better learning performance than the other algorithms
when the number of observations is relatively small and faster convergence when the number
of variables in the network is large.
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A Bayesian network (BN) is a compact graphical representation of a multivariate joint
probability distribution of variables. A BN is represented in the form of a directed acyclic
graph (DAG), with nodes representing variables and directed edges representing probabilistic dependencies. An important feature of a BN is that each variable represented by a node
is understood to be conditionally independent of the set of all its predecessors in the DAG,
given the states of its parents (Neapolitan, 2004). In other words, the absence of a directly
connecting edge between any two nodes implies that the two corresponding variables are
independent given the states of the variables represented by intermediate nodes along a
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directed path. Thus, direct dependence between variables can be graphically distinguished
from simple correlation mediated by other variables.
Algorithms have been developed to attempt to uncover the BN structures consistent
with data from complex systems, with the goal of better understanding the direct and
indirect mechanisms of action (Daly et al., 2011). This is particularly the case in systems
biology, where diverse data on genes, gene expression, environmental exposure, and disease
might be used to reveal the mechanistic links between genotype and phenotype (Su et al.,
2013). Early attempts to learn BN structures from data focused on identifying the single
best-fitting model. However, when the amount of data is relatively small compared to the
number of variables, there are likely to be many different structures that fit the available
data nearly equally well. The single best-fitting model is often an arbitrary result of the
particular states of the variables that happen to have been observed. Further, presentation
of this single best model provides no indication of the relative confidence one can have in
its particular structural features (i.e., presence or absence of edges).
A Bayesian approach to structure learning allows for a quantification of the strength
with which the data and any available prior knowledge jointly support each possible graph
structure, in the form of posterior probabilities. Unfortunately, the number of possible
DAGs grows super-exponentially with the number of variables being represented, making
a full comparison of Bayesian posterior probabilities associated with alternative structures
intractable. The Markov Chain Monte Carlo (MCMC) method as applied to graphical
structures provides a numerical solution to this problem. In the original version of this
algorithm, proposed by Madigan and York (1995), each transition in the Markov Chain
consists of essentially a single edge change to the current graph. While this performs relatively well in small domains with 5-15 variables, it is rather slow in mixing and convergence
with a larger number of variables. As the size of the structural search space grows, the
chain is prone to getting trapped in local high probability regions separated by regions of
lower probability regions. As a result, the samples obtained may not be representative of
the true posterior distribution.
Friedman and Koller (2003) proposed a variation on the MCMC algorithm that explores
the space of topological node orders rather than exact structures. The space of node orders
is much smaller than the space of structures and is also likely to be smoother, allowing
for better mixing. Thus, order MCMC is generally observed to converge more reliably
to the same posterior probability estimates. More recently, Niinimki et al. (2012)introduced an algorithm based on partial, rather than linear, orders to create a still smaller and
smoother posterior sampling space. Given a sample of (linear or partial) node orders, it
is then straightforward to obtain a sample of graphs consistent with each order. However,
as graphs can be consistent with more than one order, the effective prior probability over
graphs involves marginalization over orders. This order-modular prior means that it is difficult to explicitly specify priors over graphs (Grzegorczyk and Husmeier, 2008) and that
commonly-used order priors, such as the uniform, introduce bias by generating misrepresentative graph priors. Several variants of the order MCMC algorithm have been developed to
address this prior bias (Koivisto and Sood, 2004; Eaton and Murphy, 2007; Ellis and Wong,
2008; Niinimki and Koivisto, 2013). Unfortunately, these approaches all incur substantial
computational costs, making them impractical for learning the structure of networks with
more than about 20 nodes. Recently Masegosa and Moral (2013) proposed a skeleton-based
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approach, in which samples are restricted in the DAG space constrained by a given BN
skeleton. This method scales to larger networks but performs poorly for small sample sizes.
In the present paper, we seek to improve the poor convergence of the structure MCMC
algorithm without substantially increasing the computational costs. One way to do this is
to introduce transitions that take larger steps in the structural search space, thus allowing the sampler to more effectively traverse low-probability regions when moving between
local maxima and ridges (Koller and Friedman, 2009). With this intent, Grzegorczyk and
Husmeier (2008) propose a new edge reversal move which selects an edge from the current
MCMC iteration, reverses the direction of this edge, and then resamples new parents for the
two nodes at either end of this edge. The idea is to implement a substantial modification to
the current DAG that is customized to the new direction of the edge being reversed. The
experimental results of Grzegorczyk and Husmeier (2008) indicate that this approach is an
improvement over traditional structure MCMC with regard to convergence and mixing and
is as computationally efficient as order MCMC.
We see an opportunity to take the approach of Grzegorczyk and Husmeier (2008) a step
further by intermittently resampling the Markov blanket of randomly selected nodes. The
Markov blanket of a node contains its parents, children, and the other parents of its children.
These nodes comprise a module of local relations that shield a node from the rest of the
network. These local relations are sometimes too sturdy to modify through small changes,
causing the Markov Chain to linger in a region of the structural space for an unnecessarily
long time. Our premise is that, by reconstructing the Markov blanket of a node, our search
could more readily escape from local maxima, thus substantially improving the mixing of
the Markov chain. For ease of comparison, we employ the same notation as Grzegorczyk
and Husmeier (2008) and report similar diagnostic results.

2. BN Structure Learning Using MCMC

(1)

There are many ways to learn a BN from data. Since the size of search space of BNs is
super exponential in the number of variables, it is impractical to do an exhaustive search.
Many approaches therefore employ a score-based heuristic search algorithm, which starts
with a random or seeded DAG and then proceeds by adding, reversing or deleting one edge
at a time to obtain new DAGs. For each DAG, a score is calculated that indicates how well
the DAG fits the data. The Bayesian approach to inference specifies that the consistency
of a graph with data D is calculated as:
P (G | D) = P

P (D | G) · P (G)
,
| G∗ ) · P (G∗ )
G∗ ∈Ω P (D

n=1

N
1 Y
exp(Ψ[(Xn , πn | D]),
ZN
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(2)

where P (G|D) is the posterior probability of a particular graph, P (D|G) is the likelihood
of the data given that graph and P(G) is the prior probability over the space of all possible
graphs (G ∈ Ω). Given the independence assumptions employed by a BN, and a noninformative graph prior (Grzegorczyk and Husmeier, 2008), the Bayesian score of a DAG,
P (G|D), can be factored into a product of local scores for each node Xn given its parents
πn as:
P (G | D) =

3
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0

0

P (G | D) Q(G | G )
0
R(G | G) =
·
.
P (G | D) Q(G0 | G)

0

(3)

where ZN is a normalization term, N is the number of nodes, and Ψ[Xn , πn D] are the local
scores defined by the probability model chosen for the likelihood P (D|G). The multinomial
distribution with a Dirichlet prior is often adopted, as it leads to a closed form expression
for the local scores (Cooper and Herskovits, 1992).
The structure MCMC algorithm of Madigan and York (1995) seeks to generate a set of
samples of possible structures with relative frequencies that correspond to the Bayesian posterior distribution. These samples can then be used, for example, to estimate the posterior
probabilities of particular features of interest (marginalizing over the various structures).
Implementations of the structure MCMC algorithm typically employ a Metropolis-Hastings
sampler (Giudici and Castelo, 2003). At each step of the Markov chain, a candidate
0
graph G is proposed that will replace the current graph G with a probability equal to
0
µ = min{1, R(G | G)} where

0

Q(G | G) is the proposal probability for a move from G to G and Q(G|G0 ) is the probability
0
of a reverse move from G to G. The ratio of these probabilities is referred to as the Hastings
factor and serves to correct for any asymmetries that might be present in the proposal moves.
In the conventional structure MCMC algorithm, each step represents a move to a neighboring DAG, which is different in one edge from the current DAG. When Q is a uniform
probability over the current structure’s neighbors, the Hastings factor is equal to the ratio of
number of neighbors for the reverse and forward moves, and the Markov chain is guaranteed
to have a stationary distribution equal to the posterior distribution P (G | D). Unfortunately, the space of DAGs is super exponential in the number of variables and the posterior
landscape is characterized by ridges (representing equally well fitting graphs) separated by
valleys. This makes it difficult for the chain to explore the space, making it slow to mix.
Grzegorczyk and Husmeier’s (2008) ‘new edge reversal’(REV) move replaces the simple
single edge addition, removal, or reversal of Madigan and York’s algorithm with a more
substantial structural change. First, an edge in the current graph G is selected at random
for reversal. The nodes at either end of this edge are then orphaned by removing all incoming
edges. Next, a new parent set is sampled for each of these edges which contains the reversal
of the originally selected edge and does not introduce any directed cycles to the graph. This
0
then becomes the proposed graph G . Grzegorczyk and Husmeier specify the acceptance
probability of the REV move, including the appropriate Hastings factor, thus guaranteeing
convergence to the correct posterior distribution under ergodicity. As ergodicity is not
assured, they intersperse their REV move with traditional structure MCMC moves in their
final algorithm

3. Markov Blanket Resampling
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Given the success of REV at improving mixing and convergence without added significant
computational burden, we believe that there may be value to introducing more extreme
steps into the structure MCMC algorithm. In particular, the traditional sampler may
rarely leave regions of the structure space that have a similar posterior probability score.
Graphs belonging to the same equivalence class, for example, comprise equiprobable ridges.

4

0

Γ(πi | G0 , πi ) =

0

X ←πi0

exp(Ψ[Xi , πi | D]) · H(G0 i
Z ∗ (Xi | G0 , πi )

0

0

) · I(πi , πi )

,
0

(4)

. Mathematically, therefore, πi conforms to the following distribution:

)=1
πi ∩πi 6=φ

0

X ←π

π:H(G0 i

X

exp(Ψ[Xi , π | D]).

(5)

0j

exp(Ψ[Xij , π

i

0j

Xij ←π

Z(Xij | Gj , Xi )

| D]) · H(Gj

0j
i

0j

) · J(π i , Xi )

,
0j

(6)

(7)

5

6
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exp(Ψ[Xij , π | D]).
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j
X ←π
π:H(Gj i
)=1
Xi ∈π

X

It is important to note that sampling of new parent sets for each Xij occurs in a specified
order that is randomized for each MBR move (see Appendix), so that if another child of
Xi (i.e., a ’sibling’ of Xij ) becomes a parent of Xij in graph Gj+1 , then Xij is not an
allowable parent of that sibling when its new parents are subsequently sampled. This can
be considered as a special case of disallowing directed cycles when sampling new parent sets
for each Xij .
0
Thus, after these three steps, the DAG G has been proposed by the MBR move, with
0
overall proposal probability Q(G | G) given by:

Z(Xij | Gj , Xi ) :=

if Xi ∈ π i and 0 otherwise, and
represents the sum of local scores over all
allowable parent sets of Xij which contain Xi :

Z(Xij |Gj , Xi )

where Gj is the graph that exists prior to sampling new parents for node Xij , J(π i , Xi ) = 1

Γ(πi | Gj ) =

0

This yields graph G1 .
0j
Step 3: New parent sets π i are sampled for each of Xi ’s children Xij ∈ γi = {Xi1 , ..., XiJ }
that include node Xi and conform to the following distribution:

Z ∗ (Xi | G0 , πi ) :=

where H(G) = 0 if the graph G contains a directed cycle and 1 otherwise, I(πi , π) = 0
0
if π ∩ πi 6= φ and 1 otherwise, and Z ∗ (Xi |G0 ) represents the sum of local scores over all
allowable parent sets π of Xi

new DAG, G0 i

X ←πi

0

Step 1: A node Xi is selected from a DAG, G, according to a uniform distribution over
all nodes N in G. Orphaning this node and removing edges pointing into its children from
nodes other than Xi creates a new DAG, G0 . (If Xi has no children, then only Step 2 is
implemented and the products involving Xj in eq. (9) are set equal to 1.)
0
Step 2: A new parent set πi is selected for Xi , disallowing its previous parents πi , to obtain

3.2 Mathematical Details
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The idea of our Markov Blanket Resampling (MBR) move is shown in Figure 1. We start
with the current DAG (upper left). First, a node is selected at random (node C, in this
example). All edges pointing into this node are deleted, as well as edges pointing into
its children from nodes other than itself (upper right, dotted edges), thus disconnecting
much of the node’s Markov blanket. New parents for this target node are then sampled
disallowing any of its previous parents (bottom left), as are new additional parents, without
any restrictions, for all the target node’s children (bottom right), both under the condition
of not creating any cycles.

3.1 Overview

Single edge reversals only lead to a new equivalence class when they involve a V-structure.
REV improves on this by orphaning two nodes as an intermediate step, but in most cases
the chain can easily revert to the same equivalence class within an iteration or two. Thus,
even with REV, low probability valleys between ridges may not be readily traversed. As
the Markov blanket of a node represents all the variables that can directly influence the
state of that node, its entire reconstruction represents the most substantial change that can
be made with respect to any single node. Thus, we believe that intermittent resampling of
the Markov blanket could further improve the mixing and convergence of a Markov chain.

Figure 1: Illustration of the Markov Blanket Resampling (MBR) move. In this example,
node C is selected as the target node (top left). Its Markov blanket includes nodes
A, D, E, and F. First, all edges pointing to itself and to its children from other
nodes are removed (top right). New nodes are next randomly selected as its new
parents, in this case nodes B and H (bottom left). Finally, new additional parents
are selected for its children, in this case G for D and I for E (bottom right).
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0

i

0j

X ←πi0
0j
i

0

0j

) · J(π i , Xi)

) · I(πi , πi )

Xij ←π

| D]) · H(Gj
Z(Xij | Gj , Xi )

.
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j=1

J
Y
exp(Ψ[Xij , π

1 exp(Ψ[Xi , πi | D]) · H(G0 i
0
Q(G | G) = ·
N
Z ∗ (Xi | G0 , πi )
·

Q
j
0
0
J
P (G | D) Q(G | G )
Z ∗ (Xi | G0 , πi )
j=1 Z(Xi | Gj , Xi )
·
= ∗
.
0
0 · QJ
0
j
P (G | D) Q(G0 | G)
Z (Xi | G0 , πi )
j=1 Z(Xi | Gj , Xi )

(8)

(9)

To compute the acceptance probability of the Metropolis-Hastings algorithm, the probability of performing the complementary reverse move from G0 to G, Q(G | G0 ), must be
articulated. This involves another MBR move for node Xi in which the node is first orphaned and all edges pointing into its children from nodes other than itself are removed to
0
0
yield DAG, G0 . In step 2, the original parent set π of Xi is selected resulting in graph G1 ,
0
while in step 3 the original parent sets of each of Xi ’s children are selected in graphs Gj
(accounting for node order) thus getting back to the original DAG G.
The numerators of the proposal distributions are cancelled out by the corresponding
terms of the posterior ratio (Grzegorczyk and Husmeier 2008), as are all local scores corresponding to unaffected nodes. Therefore, the critical term in the acceptance probability
can be written simply as:
0

R(G | G) =
An outline of the MBR algorithm is given in the Appendix.
3.3 Implementation Details
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As with the order MCMC of Friedman and Koller (2003) and REV-enhanced structure
MCMC of Grzegorczyk and Husmeier (2008), computational efficiency can be obtained when
implementing the MBR algorithm by pre-computing and storing the scores associated with
all potential parent sets of each node. Further efficiency can be gained for large networks by
only considering as potential parents of each node those which have the highest local scores
when considered as sole parents. However, as this is an approximate technique, we do not
employ it in the examples presented here. We do, however, employ a fan-in restriction in
which a maximum of three parents are allowed for any one node. When we sample for new
parents for a node, we test all combinations of at most three. This approximation is used
in most applications to reduce computational complexity and improve convergence.
To preserve acyclicity when sampling new parent sets for a node, we can simply eliminate
invalid parent sets from the list of potential parent sets. In other words, if a parent set
contains a node that is a descendant of the target node or its children, this parent set is
removed from the current list of candidate parent sets. This method can also be used to
define the scores used in computing the function Z ∗ . Finally, as the DAGs resulting from
0
the first steps of both the forward and reverse MBR moves, G0 and G0 , are the same, the
identification of descendants only has to occur once during each MBR iteration.
In our applications we implement the MBR move probabilistically in the MCMC algorithm, with a fixed probability of pm =1/15. The traditional structure move consisting of
7
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the addition, deletion or reversal of a single edge is thus performed with probability ps =1
pm . These are the same probabilities as suggested by Grzegorczyk and Husmeier (2008)
for their REV move. We experimented with different probabilities but found that 1/15
yields desirable results in terms of prediction quality and convergence rate. More frequent
implementations lead to a decline in efficiency in sampling the highest probability regions
as the chain seems to jump too often to low probability regions in the structure space, while
a lower frequency reduces the mixing of the chain in efficiency incurred by using MBR.
Since both the REV and MBR moves scores are pre-computed, MBR does not incur extra
running time relative to REV, a fact we confirmed by through time trials using our selected
data sets.

4. Experimental Testing

In this section, we test a version of the structure MCMC sampler enhanced by our MBR
move against the standard structure sampler and one enhanced by the REV move of Grzegorczyk and Husmeier (2008). We find that the MBR-structure sampler performs better
than the other two in terms of reliable convergence and learning performance, especially
for relatively small sample sizes. We also find that it converges much faster for large and
very large networks. These conclusions are drawn using data simulated from four models,
all with more than 30 nodes: ALARM, a BN designed for patient monitoring consisting of
37 nodes and 46 edges (Beinlich et al., 1989); Hailfinder, a BN with 56 nodes and 66 edges
developed to forecast severe weather (Abramson et al., 1996) HEPAR II, a BN built for diagnosis of liver disorders consisting of 70 nodes and 123 edges (Onisko, 2003), and GENS2,
a tool for simulating genetic epidemiological datasets containing 100 exposure, gene, and
disease variables (Pinelli et al., 2012). The ALARM data were used by Grzegorczyk and
Husmeier (2008) to demonstrate that the REV-structure sampler performed much better
than the standard MCMC sampler and equally well as the order sampler of Friedman and
Koller (2003). We employ the other three datasets to compare performance for even larger
networks.
Our algorithms were implemented in Matlab on a 128 GB machine with an Intel Xeon
2.00GHz processor. For the ALARM network with a simulated data set of m=1,000, precomputation of scores required 1017.6 sec, and implementation of 10,000 MCMC iterations
required 382.6 sec for the standard structure algorithm, 401.5 sec for REV, and 407.3 sec for
MBR. Given the 1/15 frequency of implementation, these times imply that the REV and
MBR moves require approximately twice as much computation time as the conventional
structure moves. This is consistent with the fact that the average number of children per
node being considered in each iteration of MBR for ALARM was found to be 1.60.
4.1 Convergence Reliability

JMLR 17(118):1-20

To compare the reliability of convergence of the three structure samplers, we generated two
MCMC runs using datasets of various sizes (m=50, 100, 250, 500, 1000) simulated from
ALARM: one initialized with an empty DAG and another initialized with a DAG identified
as highest scoring through an independent run of the MCMC algorithm. We then compared
the estimates of the posterior probabilities of the directed edges obtained from the two runs

8
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When the true graph network underlying a dataset is known, we can evaluate the performance of a structure learning algorithm using the concept of AUROC values. If we take the
directed edges that have an estimated posterior probability greater than some threshold 
to be positive assertions of the existence of that feature, then a comparison against the true
network will yield the number of true positive (TP), false positive (FP) and false negative
(FN) assertions corresponding to that value of . The corresponding sensitivity, or true positive rate, TPR=TP/(TP+FN) and the complement of the specificity, or false positive rate,
FPR=FP/(TN+FP) can then be calculated, and a plot of these two metrics for varying
values of  yields the Receiver Operator Characteristic (ROC) curve. Integrating the ROC

4.3 Learning Performance

Having established that, when added to the traditional MCMC structure sampler, the
MBR move improves convergence reliability to the same degree as the REV move, we next
compared the convergence rate for networks over a range of sizes: ALARM (37 nodes),
HEPAR II (70 nodes), GENS2 (100 nodes). From each network, we generated sets of
1000 simulated observations and applied each of the MCMC algorithms described in the
previous section, starting with an empty DAG. Trace plots reveal the speed and reliability
of convergence.
For all three networks, the MBR-enhanced algorithm improves the convergence rate
substantially over the REV-enhanced version (Figure 3). The highest scoring structures
are found in approximately half the number of iterations of REV and in one tenth the
number of the traditional structure sampler. In fact, it appears that both the REV and the
traditional sampler may be getting stuck at local maxima for the largest networks, while
the MBR sampler quickly converges.

4.2 Convergence Rate

using scatter plots. Points lying along the 1:1 line imply that the two runs agree, indicating
reliable convergence.
We used the same run settings as Grzegorczyk and Husmeier (2008): for the standard
structure sampler the burn-in was set to 500,000 iterations and 1000 DAGs were then
collected by storing every 1000th iteration. For both the REV and MBR moves, the burnin length was set to 312,500 and 1000 DAGS were collected by storing every 625th iteration.
This difference was employed to ensure approximately equal computational costs across the
three samplers, under the conservative assumption that the computational costs of the REV
and MBR moves are 10-times greater than those of standard structure iterations and that
the probability of these moves in any iteration was 1/15 (Grzegorczyk and Husmeier, 2008).
Scatter plots of the posterior probabilities of directed edges estimated from the two independent runs show that the MBR and REV structure samplers converge approximately
equally reliably, even for small sample sizes (Figure 2). There is a high correspondence
between the posterior probability estimates for the differently initialized runs. Under the
traditional structure sampler, however, the posterior probabilities of some edge features
depend on the initialization as indicated by off-diagonal points, even for very large samples, implying that this algorithm tends to get stuck at local maxima. Differences across
algorithms also imply imperfect convergence.
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Figure 2: Scatter plots of posterior probability estimates for directed edges in the ALARM
network, inferred from simulated datasets of various sizes. In each plot, the x-axis
represents the posterior probabilities estimated from an MCMC run initialized
with an empty DAG, and the y-axis represents the probability estimates obtained
from an MCMC initialized with a high scoring DAG found from an independent
run of the MCMC algorithm. When points lie along the diagonal, the two runs
have results that agree, indicating reliable convergence. Values clustering near 0
and 1 for larger sample sizes indicate a reduction in inference uncertainty. Left
column: traditional structure sampler; center column: REV-enhanced sampler;
right column: MBR-enhanced sampler.
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Figure 3: Trace plots of the first 10,000 iterations of five MCMC runs from each algorithm
(MBR, REV, Structure) on data sets simulated from networks ranging in size.
All runs involved 1000 simulated observations.
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curve from 0 to an upper value of FPR= then gives the Area under the Receiver Operator
Characteristic (AU ROC ) curve as a summary of learning performance, with high values
indicating better performance (Figure 4). AU ROC values corresponding to low levels of
the upper limit are of particular interest, as we are generally concerned with limiting the
false positive rate.
For the ALARM network, we calculated AU ROC values for graphs learned from
datasets of size m = 50, 100, 250, 500, and 1000 observations using each of the three
MCMC algorithms and each of the two initializations, as described above. AU ROC values
were calculated for  = 1.0, 0.1, 0.05, and 0.01. Plots of these values (Figure 5) show that,
as expected, learning performance tends to increase with the number of observations. The
three algorithms perform nearly comparably at sample sizes of m=250 and greater, with
the structure MCMC being somewhat less consistent between initializations, supporting
the results shown in Fig. 2. At smaller sample sizes and lower values of , the traditional
structure sampler performs poorly, the REV-enhanced version performs somewhat better,
and the MBR-enhanced version performs the best of the three algorithms. Additionally,
performance differs very little between the two independent initializations.
To assess learning performance on a different and somewhat larger network, we made
comparable calculations with Hailfinder, using simulated datasets of size m = 500, 750,
1000, 1250, and 1500 observations (Figure 6). The traditional structure MCMC again
shows increased learning performance with increasing number of observations. Yet, while
the REV and MBR-enhanced versions show comparable performance with large datasets,
they both yield even better performance with small datasets, as measured by AU ROC1 ,
AU ROC0.01 , and AU ROC0.05 values. This occurs because the Hailfinder network was originally constructed based, in part, on expert judgment. Therefore, the original network is not
necessarily the best scoring one. For small sample sizes, the algorithms each find networks
that fit the data better (i.e., more concisely) than the original network. Others working
with similar-sized networks employing expert judgment or hidden nodes have found similar

Figure 4: Hypothetical ROC curve. The hatched area represents the AU ROC0.5 corresponding to an upper limit of =0.5.
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Figure 6: Learning performance of the three MCMC samplers as applied to simulated data
from the Hailfinder network. Each panel shows AU ROC values corresponding
to a different upper limit on the inverse specificity ( = 1, 0.1, 0.05, 0.01). Within
each panel, results are shown for each sampler with a different symbol, as applied
to varying numbers of simulated observations (m = 50, 100, 250, 500, 1000)
across the x-axis. For each sampler, there are two values, corresponding to runs
initialized with an empty DAG (slightly left) and a high scoring DAG found from
an independent run of the MCMC algorithm (slightly right).
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Figure 5: Learning performance of the three MCMC samplers as applied to simulated data
from the ALARM network. Each panel shows AU ROC values corresponding to
a different upper limit on the inverse specificity ( = 1, 0.1, 0.05, 0.01). Within
each panel, results are shown for each sampler with a different symbol, as applied
to varying numbers of simulated observations (m = 50, 100, 250, 500, 1000)
across the x-axis. For each sampler, there are two values, corresponding to runs
initialized with an empty DAG (slightly left) and a high scoring DAG found from
an independent run of the MCMC algorithm (slightly right).
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Figure 7: Boxplots of the AU ROC values from the three MCMC algorithms as applied to
10 independent sets of simulated data of sample size 100 from the Alarm network.
Each panel shows values of AU ROC corresponding to a different upper limit on
the inverse specificity ( = 1, 0.1, 0.05, 0.01). Boxes indicate the middle 50%
(interquartile range, IQR) of the AU ROC values for each algorithm, central
lines indicate median values, vertical whiskers extend out to the furthest value
within 1.5*IQR of the boxes, and crosses indicate outlying values.

AUROC Values

Table 1: Paired t-test results comparing MBR and REV as applied to the Alarm Data

behavior (Masegosa and Moral, 2013). The MBR version appears to perform somewhat
better than the REV version at the smallest sample sizes with the possible exception of 
= 0.01.
To rigorously compare the learning performance of the three algorithms, we employed
a statistical hypothesis testing procedure. First, we produced 10 independent data samples
from the Alarm network and generated 10 corresponding MCMC runs for each algorithm
starting with an empty structure. AU ROC values were calculated from these 10 runs for
each algorithm. We then performed paired-sample t-tests in Matlab with null hypothesis
that the differences in AU ROC values between each pair of algorithms have mean equal to
zero (assuming a normal distribution with unknown variance), with a two-sided alternative
hypothesis. A paired test was used because we were able to calculate AU ROC values for all
three algorithms using the same random data sample. Our hypothesis test was implemented
for a data sample size of 100.
Results (Figure 7) show that MBR gives consistently greater AU ROC values across
all four values of and that the within algorithm variance is relatively small compared to
the between-algorithm variance, suggesting that the differences are statistically significant.
Indeed, results shown in Table 1 indicate that our MBR algorithm statistically outperforms
the other two algorithms for the Alarm data of 100 observations. Q-Q plots (not shown)
confirm the approximate normality of the AU ROC value differences.

5. Conclusions
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We have presented a novel MCMC sampling scheme to improve the mixing and convergence
of the traditional MCMC algorithm used for probabilistically inferring the structure of BNs
from observational data. The idea is to occasionally introduce major moves in the structural
search space, thus allowing the sampler to more effectively traverse low-probability regions
between local maxima and ridges. Our moves are more extreme than the new edge reversal
(REV) move of Grzegorczyk and Husmeier (2008) in that we propose resampling much of
the Markov blanket of nodes. As the Markov blanket contains all the variables that can
directly influence the state of a node, its resampling represents a substantial change. Yet,
as we can derive the complementary forward and backward moves of MBR, the MetropolisHastings algorithm can be used to account for any asymmetries that might be present in
these proposal moves.
Our experiments across a range of network sizes show that the Markov Blanket Resampling (MBR) scheme outperforms the state-of-the-art new edge reversal (REV) scheme of
Grzegorczyk and Husmeier (2008), both in terms of learning performance and convergence
rate. In particular, MBR achieves better learning performance than the other algorithms
when the number of observations is relatively small and faster convergence when the number
15
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to Gj to obtain Gj+1

from the unmarked parents sets of Xij according to
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• For j from 1 to J (with J being the number of Xi ’s children), in a specified order that
is randomized for each MBR move:

• Add the new parent set πi to G0 to obtain DAG G1 .

0

• Sample a new parent set πi from the unmarked parents sets of Xi according to equation
(4). Store the sum of all unmarked scores as the value of Z ∗ (Xi |G0 , πi ).

0

• In the list of pre-computed scores of possible parent sets of node Xi , mark those that
contain a node from the set D(Xi |G0 ). Also mark those that contain its parents i in
G0 .

• Find and store the set D(Xi |G0 ) of all of Xi ’s descendant nodes in the current graph
G0 .

• Delete all edges pointing into Xi and into its children Xij with the exception of Xi
itself, thus obtaining G0 .

• Store the current parent set πi of node Xi .

• Randomly select a node Xi in current graph G,

withprobabilityN −1 .

For all domain variables {X1 , ..., XN }, pre-compute and store lists of scores of all valid
parent sets. We constrain the maximum number of parents a node can have to three in all
our tests.
Given the current DAG, perform an MBR move with probability pm , otherwise perform
a traditional single-edge move. If an MBR move is to be performed, then proceed as follows:

– Delete all edges in G0 pointing into Xi and into its children Xj with the exception
0
of Xi itself, thus obtaining G0 .

Appendix A. Markov Blanket Resampling (MBR) Algorithm

0

0

0

0
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• If the move is accepted replace the current DAG G with G , otherwise keep the current
DAG.

• Calculate the overall acceptance probability of the move from G to G according to
equation (9) using the stored values.

∗ Adding the original parent set πij to Gj yields G0 j+1 .

0

∗ Store the sum of the unmarked scores as Z(Xij |Gj , Xi ).

∗ In the list of pre-computed scores of possible parent sets of node Xij , mark
0
those that contain a node from the set D(Xij |Gj ). Also mark those that do
not contain Xi .

∗ Find and store the set D(Xij |Gj ) of all of Xij ’s descendant nodes in the
0
current graph Gj .

– For j from 1 to J:

– Adding the original parent set π i to G0 yields DAG G1 (which is equivalent to
G1 ).

0

– In the list of pre-computed scores of possible parent sets of Xi , mark those that
0
contain a node in D(Xi |G0 ) (which is equivalent to D(Xi |G0 ), but has already
0
0
been computed). Also mark those that contain its parents π i in G . Store the
0
0
sum of the unmarked scores as the value of Z ∗ (Xi |G0 , πi ).

– Calculate the joint probability of again selecting Xi as N −1 .
– Store the current parent set πi of node Xi in G0 .

• To compute the terms of the complementary inverse move required for calculating the
acceptance probability, proceed as follows:

• The final graph is the DAG G being proposed by the MBR move.

0

– Add the new parent set π

– Sample a new parent set π
equation (6).

– In the list of pre-computed scores of possible parent sets of node Xij , mark those
that contain a node from the set D(Xij |Gj ). Also mark those that do not contain
Xi .

– Find and store the set D(Xij |Gj ) of all of Xij ’s descendant nodes in the current
graph Gj .
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of variables in the network is large. As many problems in systems biology are characterized
by a large number of variables and a relative paucity of observations (e.g. genome wide
association studies), we believe our MBR algorithm will be especially useful in this field.
Further, there typically exists prior knowledge (on gene-gene and gene-disease interactions
for example) and this prior knowledge can be readily used to improve the performance of
the structure-based MCMC algorithms (Imoto et al., 2004; Gao and Wang, 2011; Su et al.,
2014), including our MBR scheme. This is not necessarily the case for other algorithms
developed to address poor mixing and convergence, such as the order sampler of Friedman
and Koller (2003), as discussed in the introduction. Thus, we believe a promising avenue
of further research will be to improve methods for constructing informative structure priors
from published data, experimental results, and expert opinion.
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1. This paper is the full version of a merger of two extended abstracts (Hazan et al., 2014) and (Karnin
and Hazan, 2014).

A fundamental challenge in machine learning is environment exploration. A prominent
example is the famed multi-armed bandit (MAB) problem, in which a decision maker iteratively chooses an action from a set of available actions and receives a payoff, without
observing the payoff of all other actions she could have taken. The MAB problem displays
an exploration-exploitation tradeoff, in which the decision maker trades exploring the action
space vs. exploiting the knowledge already obtained to pick the best arm. The exploration
challenge arises in structured bandit problems such as online routing and rank aggregation:
how to choose the most informative path in a graph, or the most informative ranking?
Another example in which environment exploration is crucial is experiment design, and
more generally the setting of active learning. In this setting it is important to correctly
identify the most informative experiments/queries so as to efficiently construct a solution.

1. Introduction

Keywords: barycentric spanner, volumetric spanner, linear bandits, hard margin linear
regression

Numerous learning problems that contain exploration, such as experiment design, multiarm bandits, online routing, search result aggregation and many more, have been studied
extensively in isolation. In this paper we consider a generic and efficiently computable
method for action space exploration based on convex geometry.
We define a novel geometric notion of an exploration mechanism with low variance
called volumetric spanners, and give efficient algorithms to construct such spanners. We
describe applications of this mechanism to the problem of optimal experiment design and
the general framework for decision making under uncertainty of bandit linear optimization.
For the latter we give efficient and near-optimal regret algorithm over general convex sets.
Previously such results were known only for specific convex sets, or under special conditions
such as the existence of an efficient self-concordant barrier for the underlying set. 1
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Experiment design: In the statistical field called optimal design of experiments, or just
optimal design (Atkinson and Donev, 1992; Wu, 1978) , a statistician is faced with the
task of choosing experiments to perform from a given pool, with the goal of producing the
optimal result within the budget constraint.
Formally, consider a pool of possible experiments denoted x1 , ..., xn ∈ Rd . The goal of
the designer is to choose a distribution over the pool of experiments, such that experiments
chosen according to this distribution produce a hypothesis ŵ that is as close as possible
to the true linear function behind the data. The distance between the hypothesis and
true linear function can be measured in different ways, each corresponding to a different
optimality criteria. The common property of the criteria is that they all minimize the
variance of the hypothesis. Since the variance is not a scalar but a d×d matrix, the different

1.1 Informal statement of results

Exploration is hardly summarized by picking an action uniformly at random. Indeed,
sophisticated techniques from various areas of optimization, statistics and convex geometry
have been applied to designing ever better exploration algorithms. To mention a few:
(Awerbuch and Kleinberg, 2008) devise the notion of barycentric spanners, and use this
construction to give the first low-regret algorithms for complex decision problems such as
online routing. (Abernethy et al., 2012) use self-concordant barriers to build an efficient
exploration strategy for convex sets in Euclidean space. (Bubeck et al., 2012) apply tools
from convex geometry, namely the John ellipsoid to construct optimal-regret algorithms for
bandit linear optimization, albeit not always efficiently.
In this paper we consider a generic approach to exploration, and quantify what efficient
exploration with low variance requires in general. Given a set in Euclidean space, a lowvariance exploration basis is a subset with the following property: given noisy estimates of
a linear function over the basis, one can construct an estimate for the linear function over
the entire set without increasing the variance of the estimates.
By definition, such low variance exploration bases are immediately applicable to noisy
linear regression: given a low-variance exploration basis, it suffices to learn the function
values only over the basis in order to interpolate the value of the underlying linear regressor
over the entire decision set. This fact can be used for active learning as well as for the
exploration component of a bandit linear optimization algorithm.
Henceforth we define a novel construction for a low variance exploration basis called volumetric spanners and give efficient algorithms to construct them. We further investigate
the convex geometry implications of our construction, and define the notion of a minimal
volumetric ellipsoid of a convex body. We give structural theorems on the existence and
properties of these ellipsoids, as well as constructive algorithms to compute them in several
cases.
We complement our findings with two applications to machine learning. The first application is to the problem of experiment design, in which we give an efficient algorithm for
hard-margin active linear regression with optimal bounds. Next, we advance a well-studied
open problem that has exploration as its core difficulty: an efficient and near-optimal regret
algorithm for bandit linear optimization (BLO). We expect that volumetric spanners and
volumetric ellipsoids can be useful elsewhere in experiment design and active learning.

Hazan and Karnin

Volumetric Spanners

A related and recently popular model is called random design (Hsu et al., 2012; Audibert
and Catoni, 2010; Györfi et al., 2006; Audibert and Catoni, 2011). In this setting the
designer is given a set of measurements {xi , yi |i ∈ [n]} for xi ∈ Rd drawn from an unknown
distribution D. The goal is to predict as well as the best linear predictor measured according
to the mean square error, i.e., minimize
h
i
(x> w − y)2 − (x> w∗ − y)2

Hazan and Karnin
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2. Our results though stated as a worst case error can be generalized to a high probability solution in the
random design scenario.

Bandit Linear Optimization Bandit linear optimization (BLO) is a fundamental
problem in decision making under uncertainty that efficiently captures structured action
sets. The canonical example is that of online routing in graphs: a decision maker iteratively
chooses a path in a given graph from source to destination, the adversary chooses lengths of
the edges of the graph, and the decision maker receives as feedback the length of the path
she chose but no other information (Awerbuch and Kleinberg, 2008). Her goal over many
iterations is to attain an average travel time as short as that of the best fixed shortest path
in the graph.
This decision problem is readily modeled in the “experts” framework, albeit with efficiency issues: the number of possible paths is potentially exponential in the graph representation. The BLO framework gives an efficient model for capturing such structured
decision problems: iteratively a decision maker chooses a point in a convex set and receives
as a payoff an adversarially chosen linear cost function. In the particular case of online
routing, the decision set is taken to be the s-t-flow polytope, which captures the convex hull
of all source-destination shortest paths in a given graph, and has a succinct representation

Active learning: The most well-studied setting in active learning is pool-based active learning (McCallum and Nigam, 1998), in which the learner has access to a pool of
examples, and can iteratively query labels of particular examples of her choice. Compared
to passive learning, in which labelled examples are drawn from a fixed unknown distribution, known active learning algorithms can attain a certain generalization error guarantee
albeit observing exponentially fewer labelled examples, e.g., (Cohn et al., 1994; Dasgupta
et al., 2009; Hanneke, 2007; Balcan et al., 2009), under certain assumptions such as special
hypothesis classes, realizability or large-margin. Active learning with noise is a much less
studied topic: (Balcan et al., 2009) give an exponential improvement over passive learning
of linear threshold functions, but under the condition that the noise is smaller than the
desired accuracy. Real valued active learning with a soft-margin criteria was addressed in
(Ganti and Gray, 2012). The reader is referred to (Dasgupta and Langford, 2009) for a
more detailed survey of active learning literature.

where w∗ is the optimal linear regressor. Various other performance metrics have been
considered in the referenced papers, i.e., measuring the norm of the regressor vs. the optimal regressor in a norm proportional to the covariance matrix. However, in this setting an
expected error is the criterion vs. our criterion of worst-case, or a high confidence bound on
the error2 , which is more suitable for some experiment design settings.

criteria differ by the fact that each one minimizes a different function Φ : Rd×d → R over
the covariance matrix. Common criteria are the A-, D-, and E-optimality criteria. Doptimality, minimizes the determinant of the covariance matrix, and thus minimizes the
volume of the confidence region. In A-optimality the trace of the covariance matrix, i.e.,
the total variance of the parameter estimates, is minimized. E-optimality minimizes the
maximum eigenvalue of the covariance matrix, and thus minimizes the size of the major
axis of the confidence region.
The above criteria do not directly characterize the quality of predictions on test data.
A common criterion that directly takes the test data into account is that of G-optimality.
Here the goal is to minimize the maximum variance of the predicted values. In other words,
by denoting VarS (xi ) the variance of the prediction of xi after querying the points of S,
the goal in G-optimality is to minimize maxi VarS (xi ). G-optimality and D-optimality are
closely related in the sense that an exact solution to one is the solution to the other, see for
example (Spruill and Studden, 1979).
In this paper we solve a problem closely related to the G-optimality criteria. Given a
pool of data points K ∈ Rd , say representing a pool of patients, we aim to solve an active
regression problem finding w.h.p a regressor minimizing the worst-case error, while minimizing the number of (noisy) queries to the regressor. The formal definition of the problem
is given in Section 6. This problem differs from classic linear regression results as there, the
mean square error is bounded. The difference between the described problem and solving
the optimal design problem with the G-optimality criteria is two-fold. First, we do not aim
to minimize the variance but to obtain a high probability bound. Second, in optimal design
the quality of the distribution is measured when the budget tends to infinity. Specifically,
notice that for a distribution over the possible experiments, rather than a deterministic
subset of them, the corresponding covariance matrix is random. The discussed minimizations are done over the expected covariance matrix, where the expectation is taken over
the subset of chosen experiments. When the budget tends to infinity the actual covariance
matrix is close w.h.p to its expected counterpart. We call this the infinite budget setting.
Ours is a finite budget setting where one does not aim to provide a distribution over the
possible experiments but a deterministic subset of them of a fixed size.
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For the finite budget setting various relaxations have been considered in the statistical
literature, usually without an approximation guarantee. Our method differs from previous
works of this spirit by: First, we do not impose a hard-budget constraint of experiments,
but rather bound the number of experiments as a function of the desired approximation
guarantee. Second, we obtain a computationally efficient algorithm with provable optimality
results. Finally, as an added bonus our solution has the property of choosing very few data
points to explore, potentially much less than the budget. A motivating example for this
property is the medical experiment design. Here a data point is a human subject and it is
more realistic to have few volunteers being thoroughly tested on as opposed to performing
few tests over many volunteers. Our setting is arguably more natural for the medicalpatient-experiment motivating example; in general there are numerous examples where the
budget of experiments is not fixed but rather the tolerable error. Of equal importance
is the fact that our setting allows to derive efficient algorithms with rigorous theoretical
guarantees.
3

i


S(K) = S 0 | S 0 ⊆ K ⊆ E(S 0 )
4

K denoted
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5

4. We note that our definition allows for multi-sets, meaning that S may contain the same vector more
than once.

This structural result is achieved by sparsifying (via the methods given in Batson et al. 2012)
the John contact points of K. We emphasize the last part of the above theorem giving an
algorithm for finding volumetric spanners of small size; this could be useful in using our
structural results for algorithmic purposes. We also give a different algorithmic construction
for the discrete case (a set of n vectors) in Section 5. While being sub-optimal by logarithmic
factors (gives an ellipsoid of order O(d(log d)(log n)) this alternate construction has the
advantage of being simpler and more efficient to compute.

Theorem 3 (Main) Any compact set K ⊆ Rd admits a volumetric ellipsoid of order at
most 12d. Further, if K = {v1 , . . . , vn } is a discrete set, then a volumetric ellipsoid for K
of order at most 12d can be constructed in poly(n, d) time.

Our goal in this work is to bound the order of arbitrary sets. A priori, it is not even
clear if there is a universal bound (depending only on the dimension and not on the set)
on the order S for compact sets K. However, barycentric spanners and the John ellipsoid
show that the order of any compact set in Rd is at most O(d2 ). Our main structural result
in convex geometry gives a nearly optimal linear bound on the order of all sets.

Clearly, a set K has a volumetric spanner of cardinality t if and only if order(K) ≤ t.

Definition 2 Let K ⊆ Rd and let S ⊆ K. We say that S is a volumetric spanner for K if
K ⊆ E(S).

We discuss various geometric properties of volumetric ellipsoids later. For now, we
focus on their utility in designing efficient exploration bases. To make this concrete and to
simplify some terminology later on (and also to draw an analogy to barycentric spanners),
we introduce the notion of volumetric spanners. Informally, these correspond to sets S that
span all points in a given set with coefficients having Euclidean norm at most one. Formally:

We say that |S| is the order of the minimal volumetric ellipsoid or of
order(K).

S 0 ∈S(K)

S ∈ arg min |S 0 |,

3. While the definition of (Awerbuch and Kleinberg, 2008) is not phrased as such, their analysis shows the
existence of barycentric spanners by looking at the maximum volume ellipsoid.

By abuse of notation, we also say that E(S) is supported on the set S.
Ellipsoids play an important role in convex geometry and specific ellipsoids associated
with a convex body have been used in previous works in machine learning for designing good
exploration bases for convex sets K ⊆ Rd . For example, the notion of barycentric spanners
which were introduced in the seminal work of Awerbuch and Kleinberg (Awerbuch and
Kleinberg, 2008) corresponds to looking at the ellipsoid of maximum volume supported by
exactly d points from 3 K. Barycentric Spanners have since been used as an exploration basis
in several works: Online bandit linear optimization (Dani et al., 2007), A high probability
counterpart of online bandit linear optimization (Bartlett et al., 2008), repeated decision
making of approximable functions (Kakade et al., 2009) and a stochastic version of bandit
linear optimization (Dani et al., 2008). Another example is the work of Bubeck et al.
(Bubeck et al., 2012) which looks at the minimum volume enclosing ellipsoid (MVEE) also
known as the John ellipsoid (see Section 2 for more background on this fundamental object
from convex geometry).
As will be clear soon, our definition of a minimal volumetric ellipsoid enjoys the best
properties of the examples above enabling us to get more efficient algorithms. Similar to

i∈S

We now describe the main convex geometric concepts we introduce and use for low variance
exploration. To do so we first review some basic notions from convex geometry.
Let Rd be the d-dimensional vector space over the reals. Given a set of vectors S =
{v1 , . . . , vt } ⊂ Rd , we denote by E(S) the ellipsoid defined by S:
(
)
X
X
αi vi :
E(S) =
αi2 ≤ 1 .

1.2 Volumetric Ellipsoids and Spanners

barycentric spanners, it is supported by a small (linear) set of points of K. Simultaneously
and unlike the barycentric counterpart, the volumetric ellipsoid contains the body K, a
property shared with the John ellipsoid.

with polynomially many constraints and low dimensionality. The linear cost function corresponds to a weight function on the graphs edges, where the length of a path is defined as
the sum of weights of its edges.
The BLO framework captures many other structured problems efficiently, e.g., learning
permutations, rankings and other examples (Abernethy et al., 2012). As such, it has been
the focus of much research in the past few years. The reader is referred to the recent survey
of (Bubeck and Cesa-Bianchi, 2012a) for more details on algorithmic results for BLO. Let
us remark that certain online bandit problems do not immediately fall into the convex BLO
model that we address, such as combinatorial bandits studied in (Cesa-Bianchi and Lugosi,
2012).
In this paper we contribute to the large literature on the BLO model by giving the
first polynomial-time and near optimal-regret algorithm for BLO over general convex decision sets; see Section 7 for a formal statement. Previously efficient algorithms, with
non-optimal-regret, were known over convex sets that admit an efficient self-concordant
barrier (Abernethy et al., 2012), and optimal-regret algorithms were known over general
sets (Bubeck et al., 2012) but these algorithms were not computationally efficient. Our
result, based on volumetric spanners, is able to attain the best of both worlds.

Definition 1 (Volumetric Ellipsoids) Let K ⊆ Rd be a set in Euclidean space. For
S ⊆ K, we say that E(S) is a volumetric ellipsoid for K if it contains K. We say that E(S)
is a minimal volumetric ellipsoid if it is a containing ellipsoid defined by a set of minimal
cardinality

Hazan and Karnin
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2. Preliminaries

Volumetric Spanners

1.3 Approximate Volumetric Spanners

We now describe several preliminary results we need from convex geometry and linear
algebra. We start with some notation:
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The contact points of a convex body have been extensively studied in convex geometry
and they also make for an appealing exploration basis in our context. Indeed, (Bubeck et al.,
2012) use these contact points to attain an optimal-regret algorithm for BLO. Unfortunately
we know of no efficient algorithm to compute, or even approximate, the John ellipsoid for a
general convex set, thus the results by (Bubeck et al., 2012) do not yield efficient algorithms
for BLO.
For our construction of volumetric spanners we need to compute the MVEE of a discrete
symmetric set, which can be done efficiently. We make use of the following (folklore) result:

Theorem 6 (Ball 1997) Let K ∈ Rd be a symmetric set such that its MVEE is the unit
sphere. Then there exist m ≤ d(d + 1)/2 − 1 contact
points of K
sphere u1 , . . . , um
P
Pand the
and non-negative weights c1 , . . . , cm such that i ci ui = 0 and
ci ui uiT = Id .

Let K ⊆ Rn be an arbitrary convex body. Then, the John ellipsoid of K is the minimum
volume ellipsoid containing K. This ellipsoid is unique and its properties have been the
subject of important study in convex geometry since the seminal work of John (John, 1948)
(see Ball 1997 and Henk 2012 for historic information).
Suppose that we have linearly transformed K such that its minimum volume enclosing
ellipsoid (MVEE) is the unit sphere; in convex geometric terms, K is in John’s position.
The celebrated decomposition theorem by (John, 1948) gives a characterization of when a
body is in John’s position and will play an important role in our constructions (the version
here is from Ball 1997).
Below we consider only symmetric convex sets, i.e., sets that admit the following property: if x ∈ K then also −x ∈ K. The sets encountered in machine learning applications
are most always symmetric, since estimating a linear function on a point x is equivalent to
estimating it on its polar −x, and negating the outcome.

2.1 The Fritz John Ellipsoid

We next describe properties of the John ellipsoid which plays an important role in our
proofs.

• Throughout, we denote by Id the d × d identity matrix.

P
P
∆
• Given an ellipsoid E(S) = { i αi vi : i αi2 ≤ 1}, we shall use the notation kxkE(S) =
p
x> (V V > )−1 x to denote the (Minkowski) semi-norm defined by the ellipsoid, where
V is the matrix with the vectors vi ’s as columns. Notice that E(S) is symmetric and
convex hence it defines a norm.

• A matrix A ∈ Rd×d is positive semi-definite (PSD) when for all x ∈ Rd it holds that
x> Ax ≥ 0. Alternatively, when all of its eigenvalues are non-negative. We say that
A  B if A − B is PSD.

Theorem 3 shows the existence of good volumetric spanners and also gives an efficient
algorithm for finding such a spanner in the discrete case, i.e., when K is finite and given
explicitly. However, the existence proof uses the John ellipsoid in a fundamental way and it
is not known how to compute (even approximately) the John ellipsoid efficiently for the case
of general convex bodies. For such computationally difficult cases, we introduce a natural
relaxation of volumetric ellipsoids which can be computed efficiently for a bigger class of
bodies and is similarly useful. The relaxation comes from requiring that the ellipsoid of
small support contain all but an ε fraction of the points in K (under some distribution). In
addition, we also require that the measure of points decays exponentially fast w.r.t their
E(S)-norm (see precise definition in next section); this property gives us tighter control on
the set of points not contained in the ellipsoid. When discussing a measure over the points
of a body the most natural one is the uniform distribution over the body. However, it makes
sense to consider other measures as well and our approximation results in fact hold for a
wide class of distributions.
Definition 4 Let S ⊆ Rd be a set of vectors and let V be the matrix whose columns are
the vectors of S. We define the semi-norm
q
x> (V V > )−1 x ,
kxkE(S) =

where (V V > )−1 is the Moore-Penrose pseudo-inverse of V V > . Let K be a convex set in
Rd , p a distribution over it, and let ε > 0. A (p, ε)-exp-volumetric spanner of K is a set
S ⊆ K such that for any θ > 1

Pr [kxkE(S) ≥ θ] ≤ ε−θ .

x∼p

To understand the intuition behind the above definition, notice that for any point x
in E(S) we have kxkE(S) ≤ 1. Hence, if S is such that K ⊆ E(S) we have that S is a
(p, ε)-exp-volumetric spanner of K for ε = 0 and any p. It follows that the above provides
an approximate volumetric spanner; in what follows we show that this particular type of
approximation can be computed efficeintly for log-concave p and is sufficient in certain cases.
d

Theorem 5 Let K be a convex set in R and p a log-concave distribution
it. By sam over

p
pling O(d+log2 (1/ε)) i.i.d. points from p one obtains, w.p. at least 1−exp − max {log(1/ε), d}
, a (p, ε)-exp-volumetric spanner for K.
1.4 Structure of the paper
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In the next section we list the preliminaries and known results from measure concentration,
convex geometry and online learning that we need. In Section 3 we show the existence
of small size volumetric spanners. In Sections 4 and 5 we give efficient constructions of
volumetric spanners for continuous and discrete sets, respectively. We describe the application to experiment design in Section 6. We then proceed to describe the application of
our geometric results to bandit linear optimization in Section 7.
7
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Theorem 14 (Theorem 1.1 in Guédon and Milman 2011) There exist constants c, C
such that the following holds. Let p be a log-concave distribution over Rd in isotropic position and let x ∼ p. Then, for all θ ≥ 0,
h
√
√ i
√
P r kxk − d > θ d ≤ C exp(−c d · min(θ3 , θ)).

i=1

1X
xi x>
i − Id ≤ δ.
n

n

Corollary 13 Let p be a log-concave distribution over Rd and x ∼ p. Assume that x is
such that E[xxT ] = Id . Then, there is a constant C such that for all t ≥ 1, δ > 0, the
2
4
(t/δ)
following holds for n = Ct d log
. For independent random vectors x1 , . . . , xn ∼ p, with
δ 2√
probability at least 1 − exp(−t d),

i=1

1X
xi x>
i − Id ≤ δ.
n

n

Theorem 12 (Theorem 4.1 in Adamczak et al. 2010) Let p be a log-concave distribution over Rd in isotropic position. There is a constant C such that for all t, δ > 0, the
2
4
(t/δ)
following holds for n = Ct d log
. For independent random vectors x1 , . . . , xn ∼ p, with
δ 2√
probability at least 1 − exp(−t d),

Henceforth we use several results regarding the concentration of log-concave isotropic
random vectors. In these results we use the matrix operator norm (i.e., spectral norm)
defined as kAk = supx6=0 kAxk
kxk . We use slight modification where the center of the distribution is not necessarily in the origin. For completeness we present the proof of the modified
theorems in Appendix A

A set K ⊆ Rd is said to be in isotropic position if x ∼ K is isotropic. Similarly, a distribution
p is isotropic if x ∼ p is isotropic.

Definition 11 (Isotropic position) A random variable x is said to be in isotropic position
(or isotropic) if
E[x] = 0,
E[xx> ] = Id .

3. After pre-processing, each sample can be produced in time Õ(d4 /δ 4 ), or amortized time
of Õ(d3 /δ 4 ) if more than d samples are needed.

2. The algorithm requires a pre-processing time of Õ(d5 ).

1. The total variation distance between the produced distribution and the distribution
defined by p is no more than δ. That is, the difference between the probabilities of any
event in the produced and actual distribution is bounded by δ.

Lemma 10 (Lovász and Vempala 2007, Theorems 2.1 and 2.2) Let p be a log-concave
distribution over Rd and let δ > 0. Then, given oracle access to p, i.e., and oracle computing its pdf for any point in Rd , there is an algorithm which approximately samples from p
such that:

Hazan and Karnin

Two log-concave distributions of interest to us are (1) the uniform distribution over a
convex body and (2) a distribution over a convex body where p(x) ∝ exp(L> x), where L
is some vector in Rd . The following result shows that given oracle access to the pdf of a
log-concave distribution we can sample from it efficiently. An oracle to a pdf accepts as
input a point x ∈ Rd and returns the value p(x).

p(λx + (1 − λ)y) ≥ p(x)λ p(y)1−λ

Definition 9 A distribution over Rd is log-concave if its probability distribution function
(pdf ) p is such that for all x, y ∈ Rd and λ ∈ [0, 1],

For a set K, let x ∼ K denote a uniformly random vector from K.

2.2 Distributions and Measure Concentration

We next state the results from probability theory that we need.

Proof
Denote the MVEE of K by E and let V be its corresponding d × d matrix, meaning V
is such that kyk2E = y > V −1 y ≤ 1 for all y ∈ K. By our assumptions Id = V .
As K is symmetric and its MVEE is the unit ball, according to Theorem 6, there exist
m ≤ d(d + 1)/2 − 1P
contact pointsP
u1 , . . . , um of K with the unit ball and a vector c0 ∈ Rm
such that c0 ≥ 0,
c0i = d and
c0i ui uTi = P
Id . It followsP
that the following LP has a
n
feasible solution: Find c ∈ R such that c ≥ 0,
ci ≤ d and
ci ui uTi = Id . The described
√
LP has O(n + d2 ) constraints and n variables. It can thus be solved in time O(d + n)n3 )
via interior point methods.

2. The John Ellipsoid of K is the unit sphere.
√
Then it is
+ d)n3 ) time, to compute non-negative weights c1 , . . . , cn such
Ppossible, in O(( nP
that (1) i ci xi = 0 and (2) ni=1 ci xi x>
i = Id .

1. K is symmetric.

Theorem 8 Let {x1 , . . . , xn } = K ⊆ Rd be a set of n points and assume that:

The run-time above is attainable via the ellipsoid method or path-following interior
point methods (see references in theorem statement). An approximation algorithm rather
than an exact one is necessary in a real-valued computation model, and the logarithmic
dependence on the approximation guarantee is as good as one can hope for in general.
The above theorem allows us to efficiently compute a linear transformation such that
the MVEE of K is essentially the unit sphere. We can then use linear programming to
compute an approximate decomposition like in John’s theorem as follows.

Theorem 7 (folklore, see e.g., Khachiyan 1996; Damla Ahipasaoglu et al. 2008)
Let K ⊆ Rd be a set of n points. It is possible to compute an ε-approximate MVEE for K
(an enclosing ellipsoid of volume at most (1 + ε) that of the MVEE) that is also supported
on a subset of K in time O(n3.5 log 1ε ).
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Corollary 15 Let p be a log-concave distribution over Rn and let x ∼ p. Assume that
E[xxT ] = Id . Then for some universal C, c it holds for any θ ≥ 3 that
h

√ i
√ 
Pr kxk > θ d ≤ C exp −cθ d
The following theorem provides a concentration bound for random vectors originating
from an arbitrary distribution.
Theorem 16 (Rudelson 1999) Let X be a vector-valued random variable over Rd with
E[XX > ] = Σ and kΣ−1/2 Xk2 ≤ R. Then, for independent samples X1 , . . . , XM from X,
and
M ≥ CR log(R/ε)/2 the following holds with probability at least 1/2:

i=1

M
1 X
Xi Xi> − Σ ≤ kΣk.
M

Finally, we also make use of barycentric spanners in our application to BLO and we
briefly describe them next.
2.3 Barycentric Spanners
Definition 17 (Awerbuch and Kleinberg 2008) A barycentric spanner of K ⊆ Rd is
a set of d points S = {u1 , . . . , ud } ⊆ K such that any point in K may be expressed as a
linear combination of the elements of S using coefficients in [−1, 1]. For C > 1, S is a
C-approximate barycentric spanner of K if any point in K may be expressed as a linear
combination of the elements of S using coefficients in [−C, C]
In (Awerbuch and Kleinberg, 2008) it is shown that any compact set has a barycentric
spanner. Moreover, they show that given an oracle with the ability to solve linear optimization problems over K, an approximate barycentric spanner can be efficiently obtained. In
the following sections we will use this constructive result.
Theorem 18 (Proposition 2.5 in Awerbuch and Kleinberg 2008) Let K be a compact set in Rd that is not contained in any proper linear subspace. Given an oracle for optimizing linear functions over K, for any C > 1, it is possible to compute a C-approximate
barycentric spanner for K, using O(d2 logC (d)) calls to the optimization oracle.

3. Existence of Volumetric Ellipsoids and Spanners
In this section we show the existence of low order volumetric ellipsoids proving our main
structural result, Theorem 3. Before we do so, we first state a few simple properties of
volumetric ellipsoids (recall the Definition of order from Definition 1):
• The definition of order is linear invariant: for any invertible linear transformation
T : Rd → Rd and K ⊆ Rd , order(K) = order(T K).

JMLR 17(119):1-34

Proof Let S ⊆ K be such that K ⊆ E(S). Then, clearly T K ⊆ E(T S). Thus,
order(T K) ≤ order(K). The same argument applied to T −1 and T K shows that
11
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Figure 1: In R2 the order of the volumetric ellipsoid of the equilateral
triangle centered
√
√
at the origin is at least 3. If the vertices are [0, 1], [− 23 , − 21 ], [ 23 , − 21 ], then the
eigenpoles of the ellipsoid of the bottom two vertices are [0. 32 ], [2, 0]. The second
figure shows one possibility for a volumetric ellipsoid by adding 43 of the first
vertex to the previous ellipsoid. This shows the ellipsoid to be non-unique, as it
can be rotated three ways.

order(K) ≤ order(T K).

• The minimal volumetric ellipsoid is not unique in general; see example in Figure 1.
Further, it is in general different from the John ellipsoid.

• For non-degenerate bodies K, their order is naturally lower bounded by d, and there
are examples in which it is strictly larger than d (e.g., Figure 1).

In the proof Theorem 3 we require a modification of a result by (Batson et al., 2012)
providing a method to sparsity a distribution over vectors while approximately maintaining
its covariance matrix. We show that this technique can be applied over the distribution
derived from John’s decomposition of K in order to obtain a small set from which we
construct a volumetric spanner. We begin by presenting the result given in (Batson et al.,
2012), then its modification, and then proceed to the proof of Theorem 3.

X
i

si vi vi> 

√
c+1+2 c
√ Id
c+1−2 c

Theorem 19 (Theorem P
3.1 of Batson et al. 2012) Let v1 , . . . , vm be vectors in Rd and
>
let c > 1. Assume that
i vi vi = Id . There exist scalars si ≥ 0 for i ∈ [m] with
|{i|si > 0}| ≤ cd such that
Id 

Furthermore, these scalars can be found in time O(cd3 m).
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Lemma
Pm20 Let u>1 , . . . , um be unit vectors and let p ∈ ∆(m) be a distribution over [m] such
that P
d i=1
pi ui ui = Id . Then, there exists a (possibly multi) set S ⊆ {u1 , . . . , um } such
that v∈S vv >  Id and |S| ≤ 12d. Moreover, such a set can be computed in time O(md3 ).

12

√
c+1+2 c
√
c+1−2 c

ddsi pi e. By taking the trace of the expression

si Trace(vi vi> ) 

P

13
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5. Notice that the Theorem provides an approximation of 1 + ε of the MVEE where the running time
scales as log(1/ε). In what follows it is easy to see that the precision of all equalities is affected up to a
multiplicative factor of 1 ± ε by this issue. This eventually translates into a set of size 12(1 + ε)d rather
than 12d. We omit these technical details for a more readable proof.

v∈S

Lemma 20 provides a way to compute a (multi-)set S of size at most 12d with
X
vv >  Id

x∈K

Proof of Theorem 3 Let K ⊆ Rd be a compact set. Without loss of generality assume
that K is symmetric and contains the origin; we can do so as in the following we only look
at outer products of the form vv > for vectors v ∈ K. Further, as order(K) is invariant
under linear transformations, we can compute, as detailed in Theorem 7 the MVEE5 of K
and transform the space into one where this ellipsoid is the Euclidean unit sphere. That is,
move K into John’s position, at poly(n, d) time.
According to Theorem 8 it is then possible to compute a distribution p over K with
X
d
px xx> = Id

X


√
√ 
c+1+2 c
c+1+2 c
√ + |{i|si ≥ 0}| ≤ d c +
√
ddsi pi e ≤ d
c+1−2 c
c+1−2 c
P
By optimizing c we get
ddsi pi e ≤ 12d, and the lemma is proved.

It follows that

i

Plugging in the expressions for vi along with ui being unit vectors (hence Trace(ui u>
i ) = 1)
lead to
√
X
c+1+2 c
√
si pi 
c+1−2 c

i

X

and it remains to bound the size of S i.e.,
and dividing by d we get that

w∈S

Our set S will be composed by taking each ui ddsi pi e many times. Plugging in equation (1)
shows that indeed
X
ww>  Id

i

√
Proof Let vi = pi ui . We fix c as somePconstant whose value will be determined later.
Clearly for these vectors vi it holds that d i vi vi> = Id . It follows from the above theorem
that there exist some scalars si ≥ 0 for which at most cd are non-zeros and
√
X
c+1+2 c
√ Id
Id  d
si vi vi> 
(1)
c+1−2 c
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i=1

T
X

vi vi> 

1
Id
β

kxkE(S) = x> (V V > )−1 x ≤ βkxk2

14
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Proof [Proof of Theorem 5] We analyze the algorithm of sampling i.i.d points according to
p, previously defined within Theorem 5, assuming the vectors are sampled exactly according
to the log-concave distribution. The result involving an approximate sample, which is
necessary for implementing the algorithm in the general case, is an immediate application
of Lemma 10 and Corollary 13.
Our analysis of the algorithm is for T = C(d + log2 (1/ε)) samples,P
where C is some
sufficiently large constant. Assume first that Ex∼p [xx> ] = Id . Let W = Ti=1 ui u>
i . Then,
√
for C > 0 large enough, by Corollary 13, k T1 W − Id k ≤ 1/2 w.p. at least 1 − exp(− d).
Therefore, S spans Rd and
1
1
1
W  Id − Id = Id
T
2
2

as required.

It follows that

Proof Let V ∈ Rd×T be a matrix whose columns are the vectors of S. As V V > = W  β1 Id
we have that
βId  (V V > )−1

Then S is a β-relative-spanner.

W =

Lemma 22 Let S = {v1 , ..., vT } ⊆ K span K and be such that

A first step is a spectral characterization of relative spanners:

Definition 21 A β-relative-spanner is a discrete subset S ⊆ K such that for all x ∈ K,
kxk2E(S) ≤ βkxk2 .

In this section we provide a construction for (p, ε)-exp-volumetric spanner (as in Definition 4), proving Theorem 5. We start by providing a more technical definition of a spanner.
Note that unlike previous definitions, the following is not impervious to linear operators
and will only be used to aid our construction.

4. Approximate Volumetric Spanners

Since K is contained in the unit ball we get that S is a volumetric spanner for K as required. The total running time required to find s includes the computation of the transformation into John’s position, John’s decomposition, and its sparsification. The running
time amounts to O(n3.5 + dn3 + nd3 ).
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Thus according to Lemma 22, S is a (2/T )-relative spanner. Consider the case where
Σ = Ex∼p [xx> ] is not necessarily the identity. By the above analysis we get that
Σ−1/2 S = {Σ−1/2 u1 , . . . , Σ−1/2 uT }

kxkE(S) =
kΣ−1/2 xkE(Σ−1/2 S)
Σ−1/2 S is a

(2)

form a (2/T )-relative spanner for Σ−1/2 K. This is since the r.v defined as Σ−1/2 x where
x ∼ p is log-concave. The latter along with Corollary 15 implies that for any θ ≥ 1,
h

√ i
√ 
Pr kΣ−1/2 xk ≥ 3θ d ≤ c1 exp −c2 θ d

x∼p

h
i
= Prx∼p kΣ−1/2 xkE(Σ−1/2 S) > θ

for some universal constants c1 , c2 > 0. It follows that for our set S and any θ ≥ 1,


Pr kxkE(S) > θ

x∼p

i
h
p
≤ Prx∼p kΣ−1/2 xk > θ T /2

2/T -relative-spanner


q
q
2
= Prx∼p kΣ−1/2 xk > 3θ dC
1 + log d(1/ε)
T = C(d + log2 (1/ε))
18 ·


√ qC q
2
· 1 + log d(1/ε)
Equation (2), C ≥ 18
≤ c1 exp −c2 θ d 18
 q

≤ exp −θ d + log2 (1/ε)
C sufficiently large
≤ ε−θ

In our application of volumetric spanners to BLO, we also need the following relaxation
of volumetric spanners where we allow ourselves the flexibility to scale the ellipsoid:
Definition 23 A ρ-ratio-volumetric spanner S of K is a subset S ⊆ K such that for all
x ∈ K, kxkE(S) ≤ ρ.
√
One example for such an approximate spanner with ρ = d is a barycentric spanner
(Definition
17). In fact, it is easy to see that a C-approximate barycentric spanner is a
√
C d-ratio-volumetric spanner . The following is immediate from Theorem 18.
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Corollary 24 Let K be a compact set in Rd that is not contained in any proper linear
subspace. Given an oracle
√ for optimizing linear functions over K, for any C > 1, it is
possible to compute a C d-ratio-volumetric spanner S of K of cardinality |S| = d, using
O(d2 logC (d)) calls to the optimization oracle.
15

Hazan and Karnin

5. Fast Volumetric Spanners for Discrete Sets

In this section we describe a different algorithm that constructs volumetric spanners for
discrete sets. The order of the spanners we construct here is suboptimal (in particular,
there is a dependence on the size of the set K which we didn’t have before). However, the
algorithm is particularly simple and efficient to implement (takes time linear in the size of
the set).

Algorithm 1 Fast Volumetric Spanner construction
1: Input K = {x1 , ..., xn } ⊆ Rd , C ∈ R.
2: Set T = ∅
3: while |K| > Cd log d do
P
4:
Compute Σ = i xi xi> and let ui = Σ−1/2 xi , pi = 1/2n + kui k2 /2d.
5:
Set S ← ∅.
6:
for i = 1, ..., Cd log d do
7:
sample with replacement from [n] according to p1 , . . . , pn : S ← S ∪ {i} w.p. pi
8:
end for
9:
if |{i , kxi kE(S) ≤ 1}| < n2 then
10:
Set S ← ∅ and GOTO step (6).
11:
end if
12:
Set T ← T ∪ S
13:
Set the remainder as K ← {xi s.t. kxi kE(S) > 1}
end while
return T ← T ∪ K
14:

15:

Theorem 25 Given a set of vectors K = {x1 , . . . , xn } ∈ Rd , Algorithm 1 outputs a volumetric spanner of size O((d log d)(log n)) and has an expected running time of O(nd2 ).

x∈K

Proof Consider a single iteration of the algorithm with input v1 , . . . , vn ∈ Rd . We claim
that the random set S obtained in Step 7 satisfies the following condition with constant
probability:


Pr kxkE(S) ≤ 1 ≥ 1/2
(3)

X
v∈S

vv >

!−1

xj = uj>

X

v∈S 0

vv >

!−1

uj .
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(4)

Suppose the above statement is true. Then, the lemma follows easily as it implies that
for the next iteration there are fewer than n/2 vectors. Hence, after (log n) recursive calls
we will have a volumetric spanner. The total size of the set will be O((d log d)(log n)). To
see the time complexity, consider a single run of the algorithm. The most computationally
−1/2 which take time O(nd2 ) and O(d3 ) respectively.
intensive steps are computing
PΣ and Σ
We also need to compute ( v∈S vv > )−1 (to compute the E(S) norm) which takes time
O(d3 log d), and compute the E(S) norm of all the vectors which requires O(nd2 ). As
n = Ω(d log(d)), it follows that a single iteration runs of a total expected time of O(nd2 ).
Since the size of n is split in half between iterations, the claim follows.
We now prove that Equation 3 holds with constant probability

xj>

16

Xi Xi>

 (M/2)Id .

i=1

u>
i

v∈S 0

X

i

vv

>

v∈S



v∈S 0

X

v∈S 0

X
vv >

vv

>



!−1 



i=1






!



ui u>
i

ui u>
i

n
X

!−1

!−1

vv

>

v∈S 0

X

4n
n
4nd
≤
≤
,
M
C log d
2 log d

= Tr 

≤



Tr 



i=1

= Tr 

ui =

n
X

X 1
vv >  (min pi )(M/2)Id  (M/4n)Id .
i
pi
0

!−1

vv >  (min pi )

n
X

v∈S 0

X
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The active linear regression (ALR) problem is formally defined as follows. The input is a
pool of n data points K = {x1 , . . . , xn } ⊆ Rd , a tolerable error ε > 0 and a confidence

6. Experiment design using volumetric spanners

for C sufficiently large. Therefore, by Markov’s inequality and Equation 4, it follows that
Equation 3 holds with high probability. The theorem now follows.

Therefore,

Now,

i∈T

X 1
ui u>
i  (M/2)Id .
pi

Let T ⊆ [n] be the multiset corresponding to the indices of the sampled vectors X1 , . . . , XM .
The above inequality implies that

i=1

M
X

Therefore, by Theorem 16, if we take M = Cd(log d) samples X1 , . . . , XM for C sufficiently
large, then with probability of at least 1/2, it holds that

kui k /pi ≤ 2d.

2

parameter δ. A query to a point x returns an unbiased noisy estimate of hw∗ , xi for some
unknown vector w∗ ∈ Rd , with variance bounded by 1. Our objective is to actively choose
points to query, and based on these queries, obtain a vector w ∈ Rd that with probability
at least 1 − δ has a max-error of

where S 0 = {Σ−1/2 v|v ∈ S} is the (linearly) shifted version of S. Therefore, it suffices to
show that with sufficiently high probability, the right hand side of the above equation is
bounded by 1 for at least n/2 indices j ∈ [n].
P
2
i k /2d form a probability distribution:
i pi = 1/2 +
P Note 2that pi = 1/2n + ku
√
d
( i kui k )/2d = 1. Let X ∈ R be a random variable with X = ui / pi with probability pi
for i ∈ [n]. Then, E[XX > ] = Id . Further, for any i ∈ [n]

18
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6. The median-of-means estimator is defined as follows: Given m queries to a single dimensional distribution, the estimator of its mean is not taken to be the average of the queries; the m queries are instead
split into log(1/δ) equal sized buckets, each bucket has its average computed and the estimator is the
median of these averages.

Proof We begin by mentioning that a query of a point x where hx, e1 i = 0 provides
no information to the sign of hw∗ , e1 i, hence does not help distinguish between the two
hypotheses. The following lemma provides a lower bound to the number of queries at
point e1 required to estimate the hw∗ , e1 i up to a sufficiently small additive error and with
sufficient confidence. It is a folklore lemma in statistics and appears e.g., in (Mannor and
Tsitsiklis, 2004) in a much more general form.

Lemma 27 For K defined above, any policy distinguishing between the case where hw∗ , e1 i =
−ε and hw∗ , e1 i = ε with probability larger than 1 − δ must use Ω(n log(1/δ)/ε2 ) queries.

The theorem is an immediate corollary of the following lemma.

Theorem 26 Any algorithm in the passive setting achieving an additive error of at most
ε in all of the data points of K whose success probability is 1 − δ requires Ω(log(1/δ)n/ε2 )
queries.

In this section we provide an example for a set K where the passive learning algorithm must
use Ω( εn2 ) observations to obtain a regressor w with additive error of at most ε on all of
the data points. We start by formally defining the passive setup. Here, a query returns a
random point x chosen uniformly from the set K and an unbiased noisy measurement of
hw∗ , xi, with variance of at most 1. As before we assume that all points, including w∗ are
contained in the `2 unit sphere.
The set K in our example is defined in the following manner. Let Y ⊆ Rd be an arbitrary
set of size n − 1 such that for all x ∈ Y , hx, e1 i = 0. Let K = Y ∪ {e1 }. Here, e1 is the first
vector in the standard basis for Rd .

6.1 A lower bound for passive linear regression

Our results can be extended to remove the first assumption, simply by allowing an additional
parameter which is the radius of the minimal enclosing Euclidian ball.
It is also possible to remove the second assumption, although this requires more robust
estimators, e.g., the median-of-means estimator6 .

2. the noise is bounded in absolute value by one with probability one.

1. all of the data points {xi } and w∗ are bounded in the Euclidean unit sphere

We aim to minimize the query complexity of the solution, which is the mean number of
queries required by the process. To avoid tedious definitions and details we assume that

x∈K

max |hw∗ , xi − hw, xi| < ε

Hazan and Karnin
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∀x ∈ K . E[`ˆx ] = hx, w∗ i , Var(`ˆx ) ≤ |S| ≤ 12d

h i
P
∗
E `ˆ
=
Pr[v ] · (α ) E hv\
x
j
x
j
j , w i · |S|
j∈S
P
\∗
j∈S (αx )j E hvj , w i
=

= (V † x)T V T w∗ = hx, w∗ i

20
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In this section we present an algorithm for the ALR problem, following the primal-dual
paradigm as in (Clarkson et al., 2012), and specifically their meta algorithm 3. This latter
meta-algorithm can be used to solve any convex constrained feasibility problem, of which
our ALR problem is a special case. The idea is to apply a low regret algorithm to a
distribution over the constraints. The distribution over the constraints is changed according
to a multiplicative update rule. The specific meta-algorithm we apply uses random estimates
of the constraints that enable faster running time. We proceed to spell out the details.
To avoid extraneous notions we will assume henceforth w.l.o.g that K is symmetric
meaning that x ∈ K iff −x ∈ K. This is without loss of generality since an unbiased
estimator for h−x, w∗ i is obtained by negating the estimator for hx, w∗ i.

6.2.2 Algorithm and its analysis

By Theorem 3 we can efficiently construct volumetric spanners of size |S| = 12d.

≤ |S|



2
P
∗
E[`ˆ2 ] =
Pr[vj ] · (αx )2 E hv\
· |S|2
j, w i
x
j
j∈S
P
2
j∈S (αx )j ≤ |S|

For the variance, recall that x ∈ K and S is a volumetric spanner of K indicates that
kαx k2 ≤ 1:

Proof

Lemma 30 Algorithm 2 queries a single point from K. Its estimates have the properties
of (1) being unbiased and (2) have a variance of at most 12d. More formally, we have

5:

Lemma 28 (Theorem 1 of Mannor and Tsitsiklis 2004) Let D be a distribution over
[−1, 1]. Let ε > 0 be such that for X ∼ D, | E[X]| ≥ ε. Let T be the expected number of
queries required by any algorithm that queries i.i.d copies of X ∼ D until being able to
distinguish, with probability at least 1 − δ between the cases E[X] ≤ −ε and E[X] ≥ ε.
Then for universal constants ε0 > 0, δ0 > 0, c1 , c2 it holds that if ε < ε0 and δ < δ0 then
2 /δ)
T ≥ c1 log(c
.
ε2

.

4:

Algorithm 2 Sample(K)
1: Input: set K = {x1 , ..., xn }, Volumetric spanner for K denoted S, and measurement
\
oracle that given x returns an unbiased estimator hx,
w∗ i with variance at most one for
some fixed w∗ .
∗
2: Choose a point vj ∈ S uniformly at random, query its inner product `ˆ = hv\
j, w i
3: let V be the d × |S| matrix whose columns are the elements of S, and let V † ∈ R|S|×d
be its Moore-Penrose pseudo inverse.
For x ∈ K, let αx = V † x and let `ˆx ← (αx )j `ˆ · |S|
return estimates {`ˆx }x∈K

It follows that the expected number of queries needed in order to distinguish between
2 /δ)
the two hypotheses with probability ≥ 1 − δ is at least c1 n log(c
, as the probability of
ε2
observing a query to the inner product with e1 is 1/n.

6.2 Our ALR solution
In this section prove the following.
Theorem 29 There exists an algorithm to the ALR problem with success probability of at
least
1 − δ and with the following properties:
1. The algorithm requires a preprocessing stage for building a volumetric spanner over K




nd log(1/δ)
ε2

d log(n) log(1/δ)
ε2

2. It’s running time (after preprocessing) is Õ


3. It’s query complexity is at most O

The intuition behind the algorithm is the following. We begin with a preprocessing stage
of computing a volumetric spanner S for the set of points K. Given this spanner we can
implement a procedure that outputs, for all of the points of K simultaneously, an unbiased
estimator of hw∗ , xi with variance of at most |S|. To demonstrate the usefulness of this
estimator, consider averaging |S| log(n/δ)/ε2 i.i.d outputs of S. Standard concentration
bound show that w.p at least 1 − δ the estimates of all points in K are correct up to
an additive error of ε. Rather than computing a noisy output for w∗ on the points and
recovering a hypothesis w from that we use a technique by (Clarkson et al., 2012) that given
an oracle for a function over a set of data points constructs a hypothesis w using a small
number of queries to the oracle.
6.2.1 Constructing a low variance estimator

JMLR 17(119):1-34

The main component of our method is a black box providing a noisy estimate of hx, w∗ i to
all of the data point of K simultaneously. The intuition behind the algorithm we describe
next, is that given sufficiently many queries to the noisy estimator, a union bound argument
can ensure an accurate estimate in all of the data points simultaneously.
We begin with the description of this black box providing the estimates. The main
tool used for this ‘all-point-estimator’ is a volumetric spanner for the set K. Algorithm 2
provides the formal description of how a volumetric spanner can be used to obtain these
estimates.
The following lemma provides the analysis of Algorithm 2.
19

cx (w) = hx, wi −

hx, w∗ i

g(w) = maxx∈K cx (w)

(5)

qt (i) ← qt−1 (i)(1 − ηat (i) + η 2 at (i)2 )
end for
Choose it ∈ [n] at random with Pr[it = i] ∝ qt (i)
wt ← wt−1 − √1t ∇w cit , where ∇w cit = xit
end for
P
return w̄ = T1 t wt

∗
∗
where hx\
i , w i is the estimate of hxi , w i given by Sample(K).
for i ∈ [n] do
at (i) ← clip(ãt (i), 1/η), where

α≥0
 min{α, |β|}
clip(α, β) =

max{−α, −|β|} α < 0

n
O( d log
)
ε2

21
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1. The primal decision set {kwk ≤ 1} and (linear) cost functions cx (w), admits an
iterative low regret algorithm, namely online gradient descent, with expected regret

Proof
Notice that Algorithm 3 is an instantiation of Alg 3 from (Clarkson et al., 2012) applied
to mathematical Program 5 with the following arguments:

Theorem 31 Algorithm 3 runs in time
and requires
queries to the procedure Sample(K). It returns, with probability of at least 12 , a vector w such that maxx∈K hw − w∗ , xi ≤
ε.

Õ( dn
)
ε2

The following theorem bounds the performance of Algorithm 3. It immediately follows
from Lemma 4.1 in (Clarkson et al., 2012).

12:

11:

10:

9:

8:

7:

6:

5:

Algorithm 3 Primal-Dual Algorithm for ALR
1: Input: T
q
log(n)
1
2: Let w1 ← 0, q0 ← 1n , η ← 100
T .
3: for t = 1 to T do
4:
Query Sample(K) 12d times to obtain unit-variance zero-mean estimators ãt (i) for
all constraints ci ’s:
def
∗
ãt (i) = hxi , wt i − hx\
i, w i

Note that by definition g(w∗ ) = 0, which is the optimal solution to the problem as
K is symmetric. In addition, an ε approximate solution to the ALR instance, assuming
kw∗ k ≤ 1, corresponds to a vector ŵ with g(ŵ) ≤ ε.

kwk≤1

min g(w) s.t.

We write the ALR problem as the following mathematical program:

Volumetric Spanners

log n
log n
}≤ 2
2


1
2

an

22

• It requires O(log(n/δ)|S|/ε2 ) queries to the oracle Sample(K)

Lemma 32 Algorithm 4 has the following properties:

JMLR 17(119):1-34

Algorithm 4 Verification
1: Input: Volumetric spanner S, parameters ε, δ > 0, hypothesis w ∈ Rd .
2: run Sample(K) T = 2 ln(2n/δ)|S|/ε2 times and obtain for each data point in K, T
i.i.d samples of hw∗ , xi
3: for each x ∈ K let f˜(x) be the average of the above T samples.
4: declare w as accurate iff for all x, | hw, xi − f˜(x)| < 2ε

Algorithm 3 provides a method to obtain an approximated solution to the ALR problem
with probability 1/2. We now describe a method to amplify the success probability to 1 − δ.
The idea is to use a validation procedure and repeat the algorithm multiple times. It is easy
to see that with a validation process, repeating Algorithm 3 for O(log(1/δ)) many times
will increase the probability of success to 1 − δ.
We now describe a validation procedure that is in itself random, in the sense that it
may err but its error probability is manageable. Algorithm 4 is given as input a hypothesis
w and a ALR problem. It verifies, w.h.p., that w is an ε-approximate solution to the ALR
problem accurate.

6.2.3 Validation and high probability algorithm

Each iteration involves elementary operations that can be implemented in time Õ(nd) and
O(d) queries to Sample.

max{T (LRA),

Thus, Lemma 4.1 (Clarkson et al., 2012) implies that the algorithm returns w.p.
-approximate solution in number of iterations bounded by

2. Meta-algorithm 3 in (Clarkson et al., 2012) assumes an oracle to a procedure Sample(K)
that returns a vector of length |K| whose entries are unbiased estimators of hx, w∗ i,
for all x ∈ K whose variance is upper bounded by 1. Recall that such a procedure,
with variance 12d rather than 1, was given in Section 6.2.1. By averaging 12d such
samples we obtain unit-variance estimates.

The expression T (LRA) (here LRA stands for Low Regret Algorithm, and not the
Active Linear Regression problem we are addressing) refers to the number T such that
the average regret of online gradient descent is at most , in our case, this is 42 .

√
E[R(T )] ≤ 2 T . This follows since the norms of x, w (for all x ∈ K) are bounded by
one. See e.g., Theorem 1 by (Zinkevich, 2003).

Hazan and Karnin
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• If the worst-case error of w is bounded by ε then w.p. at least 1 − δ it will be declared
as accurate
• If the worst-case error of w is larger than 3ε then w.p. at least 1 − δ it will be declared
as inaccurate.
Proof We recall that the process Sample(K) returns unbiased estimates of hw∗ , xi for
all of the data points where the estimates are bounded in absolute value by |S|. Fix some
point x ∈ K. Chernoff’s inequality dictates that


h
i
ε2 2 ln(2n/δ)|S|
Pr | hw∗ , xi − f˜(x)| > ε ≤ 2 exp −
= δ/n
·
2|S|
ε2

Hence, w.p at least 1 − δ it holds for all x ∈ K simultaneously that | hw∗ , xi − f˜(x)| < ε. The
claim immediately follows by using the triangle inequality in order to bound | hw, xi − f˜(x)|.


dn log 1δ
Corollary 33 There exists an algorithm that runs in time Õ
and returns, with
ε2
probability of at least 1 − δ, a vector w such that maxx∈K hw − w∗ , xi ≤ ε.
Proof Given the parameter δ, we run log(1/2δ) independent copies of Algorithm 3 with
parameter ε0 = ε/3. Each such copy will produce a hypothesis w. We check for each such
hypothesis w whether it is ε0 = ε/3 accurate using Algorithm 4, with success probability
1 − δ/2 log(1/2δ). With probability 1/2δ, all of the occurrences of the validation procedures
will not err. Also, with probability at least 1 − 2δ at least one hypothesis will be sufficiently
accurate. Hence, by union bound we have with probability at least 1 − δ that at least one
hypothesis will be declared accurate and any of the hypotheses declared accurate will be
at least 3ε0 = ε accurate. This concludes the quality of the output of the algorithm. The
running time analysis is trivial.

7. Bandit Linear Optimization

JMLR 17(119):1-34

Recall the problem of Bandit Linear Optimization (BLO): iteratively at each time sequence
t, the environment chooses a loss vector Lt that is not revealed to the player. The player
chooses a vector xt ∈ K where K ⊆ Rd is convex, and once she commits to her choice,
the loss `t = xt> Lt is revealed. The objective is to minimize the loss and specifically, the
regret, defined as the strategy’s loss minus the loss of the best fixed strategy of choosing
some x∗ ∈ K for all t. We henceforth assume that the loss vectors Lt ’s are chosen from the
polar of K, meaning from {L : |L> x| ≤ 1 ∀x ∈ K}. In particular this means that the losses
are bounded in absolute value, although a different choice of assumption (i.e., `∞ bound on
the losses) can yield different regret bounds, see discussion in (Audibert et al., 2011).
The problem of BLO is a natural generalization of the classical Multi-Armed Bandit
problem and extremely useful for efficiently modeling decision making under partial feedback
for structured problems. As such the research literature is rich with algorithms and insights
23
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into this fundamental problem (see surveys Bubeck and Cesa-Bianchi 2012b and Hazan
2014). In this section we focus on the first efficient and optimal-regret algorithm, and thus
immediately jump to Algorithm 5. We make the following assumptions over the decision
set K:

1. The set K is equipped with a membership oracle. This implies via the results by
(Lovász and Vempala, 2007) (Lemma 10) that there exists an efficient algorithm for
sampling from a given log-concave distribution over K. Via the discussion in previous sections, this also implies that we can construct approximate (both types of
approximations, see Definitions 23 and 4) volumetric spanners efficiently over K.

2. The losses are bounded in absolute values by 1. That is, the loss functions are always
chosen (by an oblivious adversary) from a convex set Z such that K is contained in
its polar, i.e., ∀L ∈ Z, x ∈ K, |L> x| ≤ 1. This implies that the set K admits for any
ε > 0 an ε-net, w.r.t the norm defined by Z, whose size we denote by |K|ε ≤ (ε/2)−d .

For Algorithm 5 we prove the optimal regret of Theorem 34.

log |K|1/T
dT
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Algorithm 5 given parameters γ, η suffers a regret bounded by
!
r

q

Remark: notice that to obtain a (p, ε)-exp-volumetric spanner for a log-concave distribution p over a body K we simply choose sufficiently many i.i.d samples from p. Since in
Algorithm 5 pt is always log-concave, it follows that St0 consists of i.i.d samples from pt ,
meaning that if we would not have required St00 , the exploration and exploration strategies
00
would be the same! Since we still require
√ the set St , there exists a need for a separate
exploration strategy. Interestingly, the 2 d-ratio-volumetric spanner is obtained by taking
a barycentric spanner, which is the exploration strategy given in (Dani et al., 2007).

∆

Algorithm 5 GeometricHedge with Volumetric Spanners Exploration
1: K, parameters γ, η, horizon T .
2: p1 (x) uniform distribution over K.
3: for t = 1 to T do
√
4:
Let St0 be a (p√
t , exp(−(4 d + log(2T ))))-exp-volumetric spanner of K.
5:
Let St00 be a 2 d-ratio-volumetric spanner of K
6:
Set St as the union of St0 , St00 .
7:
p̂t (x) = (1 − γ)pt (x) + |Sγt | 1x∈St
sample xt according to p̂t (via the tools described in Lemma 10)
8:

observe loss `t = Lt> xt
∆

9:

Let Ct = Ex∼p̂t [xx> ]
∆

10:

11:
L̂t = `t Ct−1 xt
>
pt+1 (x) ∝ pt (x)e−ηL̂t x
end for
12:

13:

log(|K|1/T )
.
dT

T log |K|1/T
d

Theorem 34 Under the assumptions stated above, and let s = maxt |St |, η =
q
and let γ = s

O (s + d)

24



θs
Pr |L̂>
t x| >
γ



≤ Pr kxkE(St ) · kxt kE(St ) ≥ θ
h
√ W
√ i
≤ Pr kxkE(St ) ≥ θ
kxt kE(St ) ≥ θ
h
h
√ i
√ i
≤ Pr kxkE(St ) ≥ θ + Pr kxt kE(St ) ≥ θ
h
√ i
≤ 2 Pr kxkE(St ) ≥ θ

Lemma 37

≤

1
T

exp(−2θ)

25

since θ ≤ 4d
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To justify the last inequality notice that
h x ∼ pt and√xt ∼ p̂it where p̂t is a convex sum of pt
and a distribution qt for which Pry∼qt kykE(St ) ≥ θ > 1 = 0. Before we continue recall
√
√
√
that we can assume that θ ≤ 2 d, since St00 is a 2 d-ratio-volumetric spanner .


h
√ i
θs
≤ 2 Pr kxkE(St ) ≥ θ
Pr |L̂>
t x| >
γ
√ √
≤ 2 exp(− θ(4 d + log 2T )) property of exp-volumetric spanner
√
≤ T1 exp(−2 θ · 4d)

Proof

Lemma 36 Let x ∼ pt , xt ∼ p̂t and let L̂t be defined according to xt . It holds, for any
θ > 1 that


θs
Pr |L̂>
x|
>
≤ exp(−2θ)/T
t
γ

To prove the theorem we follow the general methodology used in analyzing the performance of the geometric hedge algorithm. The major deviation from standard technique is
the following sub-exponential tail bound, which we use to replace the the standard absolute
bound for |L̂t x|. After giving its proof and a few auxiliary lemmas, we give the proof of the
main theorem.

Proof The spanner in Step 4 of the algorithm does not have to be explicitly constructed.
According to Theorem 5, to obtain such as spanner it suffices to sample sufficiently many
points from the distribution pt , hence this portion of the exploration strategy is identical
to the exploitation strategy.
√
According to Corollary 24, a 2 d-ratio-volumetric spanner of size d can be efficiently
constructed, given a linear optimization oracle which in turn can be efficiently implemented
by the membership oracle for K. Hence, it follows that for the purpose of the analysis,
s = d and the bound follows.

Corollary 35 There exist an efficient algorithm for BLO for any convex set K with regret
of
q


 p
O
dT log |K|1/T = O d T log(T )

We note that while the size log(|K|1/T ) can be bounded by d log(T ), in certain scenarios
such as s-t paths in graphs it is possible to obtain sharper upper bounds that immediately
imply better regret via Theorem 34.
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|St |kxkE(St ) kxt kE(St )
.
γ

v∈St

|St |
(Vt Vt> )−1
γ

xt k

|St |kxkE(St ) kxt kE(St )
|St |kxkE(St ) kxt kE(St )
≤
γ
γ

xt k (as xt ∈ K), it follows that

|St |
|St |
(Vt Vt> )−1 x =
kxk2E(St )
γ
γ
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Proof
Fix an error parameter δ, and let us run Algorithm 5 with the approximate samplers p0t
guaranteed by Theorem 10. Then, in each use of the sampler we are replacing the true distribution we should be using pt , with a distribution p0t such that statistical distance between
pt , p0t is at most δ. Let us now analyze the error incurred by this approximation by bounding

Corollary 38 In the general case where an approximate sampling is required, Algorithm 5
can be implemented with a running time of Õ(d5 + d3 T 6 ) per iteration.

Implementation for general convex bodies.
In the case where the set K is a
general convex body, the analysis must include the fact that we can only approximately
sample a log-concave distribution over K. As the main focus of our work is to prove a
polynomial solution we present only a simple analysis yielding a running time polynomial
in the dimension d and horizon T . It is likely that a more thorough analysis can substantially
reduce the running time.

The last inequality is since we assume the rewards are in [−1, 1].

|x> L̂t | ≤ |`t |

−1/2

k = x> Ct−1 x ≤ x>

−1/2 2

kx> Ct

−1/2

k · kCt

is defined as Ct is positive definite. Now,

Since the analog can be said for kCt

The matrix

−1/2
Ct

|x> L̂t | = |`t | · |x> Ct−1 xt | ≤ |`t | · kx> Ct

Notice that due to the Cauchy-Schwartz inequality,

Ct−1 

−1/2

γ X >
γ
vv =
Vt Vt>
|St |
|St |

since both matrices are full rank, it holds that

Ct 

Proof Let x ∈ K. Denote by Vt the matrix whose columns are the elements of St and
∆
recall that kyk2E(St ) = y > (Vt Vt> )−1 y. Since Ct = Ex∼p̂t [xx> ], it holds that

Lemma 37 For all x ∈ K it holds that |L̂>
t x| ≤
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the loss from the first round onwards. Suppose the algorithm ran with the approximate
sampler in the first round but the exact sampler in each round afterwards. Then, as the statistical distance between the distributions is at most δ and the loss in each round is bounded
by 1 and there are T rounds, the net difference in expected regret between using p1 and p10
0 , p0 , p
will be at most δ · T . Similarly, if we ran the algorithm with p10 , . . . , pi−1
i i+1 , · · · , pT as
0 ,p ,p
opposed to7 p10 , . . . , pi−1
i i+1 , · · · , pT (we are changing the i’th distribution from exact
to approximate), the net difference in expected regret would be at most δ · T . Therefore, the total additional loss we may incur for using the approximate oracles is at most
T · (δT ) = δT 2 . Thus, if we take δ = ∆/T 2 , where ∆ is the regret bound from Theorem
34, we get a regret bound of 2∆. The required value of δ is bounded by T −1.5 . Applying
Theorem 10 leads to a running time of Õ(d5 + d3 T 6 ) per iteration.

7.1 Proof of Theorem 34
We continue the analysis of the Geometric Hedge algorithm similarly to (Dani et al., 2007;
Bubeck et al., 2012), under certain assumptions over the exploration strategy. For convenience we will assume that the
p set of possible arms K is finite. This assumption holds
w.l.o.g since if K is infinite, a 1/T -net of it can be considered as described earlier (this
will have no effect on the computational complexity of our algorithm, but a mere technical
convenience in the proof below).
Before proving the theorem we will require three technical lemmas. In the first we show
that L̂t is an unbiased estimator of Lt . In the second, we bound a proxy of its variance. In
the third, we bound a proxy of the expected value of its exponent.

xt ∼pt

E [L̂t ] = Ct−1 E [xt xt> ]Lt = Ct−1 Ct Lt = Lt

xt ∼pt

L̂t = `t Ct−1 xt = (Lt> xt )Ct−1 xt = Ct−1 (xt xt> )Lt

Lemma 39 In each t, L̂t is an unbiased estimator of Lt
Proof
Hence,

Lemma 40 Let t ∈ [T ], x ∼ pt and xt ∼ p̂t . It holds that E[(L̂t> x)2 ] ≤ d/(1 − γ) ≤ 2d

(6)

Proof For convenience, denote by qt the uniform distribution over St - the exploration
strategy at round t. First notice that for any x ∈ K,
E [(L̂t> x)2 ] = x> Ext ∼p̂t [L̂t L̂t> ]x = x> Ext ∼p̂t [`t2 Ct−1 xt xt> Ct−1 ]x
xt ∼p̂t

≤ x> Ct−1 x

= `t2 x> Ct−1 Ext ∼p̂t [xt xt> ]Ct−1 x = `t2 x> Ct−1 x

JMLR 17(119):1-34

7. Here, pj ’s are interpreted as the distribution given by the algorithm based on the distribution from
previous round and pj0 is the approximate oracle for this distribution pj .
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Next,
x∼p̂t
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x∼p̂t

E [x> Ct−1 x] = E [Ct−1 • xx> ] = Ct−1 • E [xx> ] = Ct−1 • Ct = Tr(Id ) = d
x∼p̂t

Where we used linearity of expectation and denote A • B = Tr(AB). Since Ct−1 is positive
semi definite,
x∼pt

x∼pt

x∼qt

x∼p̂t

(1 − γ) E [x> Ct−1 x] ≤ (1 − γ) E [x> Ct−1 x] + γ E [x> Ct−1 x] = E [x> Ct−1 x] = d (7)

The lemma follows from combining Equations 6 and 7.

Lemma 41 Denote by 1φ the random variable taking a value of 1 if event φ occurred and
0 otherwise. Let t ∈ [T ], xt ∼ p̂t and x ∼ pt . For L̂t defined by xt it holds that

h
i
2
E exp(−η L̂t> x)1−ηL̂> x>1 ≤
t
T

1 −2θ
e
T

eθ f (θ)dθ ≤

2
T

Lemma 36

Proof Let f, F be the pdf and cdf of the random variable Y = −η L̂t> x correspondingly.
From Lemma 36 and the fact that 1/η = s/γ (s = maxt |St |) we have that for any θ ≥ 1,

1 − F (θ) ≤

θ=1

∞

and we’d like to prove that under this condition,
Z

E[eY 1Y >1 ] =

which follows from the definition of the cdf and pdf:

e
T

R∞
E[eY 1Y >1 ]
= θ=1 eθ f (θ)dθ
R
P
k+1
∞
θ
= k=1
θ=k e f (θ)dθ
R k+1
P
≤ ∞ ek+1 θ=k f (θ)dθ
P∞ k=1
k+1
≤ k=1
e
(F (k + 1) − F (k))
P
∞
≤ k=1
ek+1 (1 − F (k))
P
≤ ∞ ek+1 · 1 e−2k
k=1
T
P∞ −k
e−1
2
= Te · 1−e
−1 ≤ T
k=1 e
=
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Proof [Proof of Theorem 34] For convenience we define within this proof for x ∈ K,
P
∆
∆ Pt−1 >
>
ˆ
ˆ
`ˆ1:t−1 (x) =
x∈K exp(−η `1:t−1 (x)). For all
i=1 L̂i x and let `t (x) = L̂t x. Let Wt =

28

hP
i

i

t

2
> 2
≤ 1 − η E[L̂>
t x] + η E[(L̂t x) ] +

2
T

using the inequality exp(y) ≤ 1 + y + y 2 + exp(y) · 1y>1

= Ext ∼p̂t ,x∼pt [exp(−η `ˆt (x))] ≤
h
i
2
> 2
>
≤ 1 − η E[L̂>
t x] + η E[(L̂t x) ] + E exp(−η L̂t x)1−η L̂> x>1

x∈K pt (x) exp(−η `t (x))

ˆ

exp(−η `ˆ1:t−1 (x)) exp(−η `ˆt (x))
Wt

hP

x∈K

= Ext ∼p̂t

=E

Lemma 41

≤

t=1

≤

≤ 2 + 2η 2 T d − η

t=1
>
t Ex∼pt [Lt x]

P

2
−ηL>
t Ex∼pt [x] + 2η d +

2
T

2
log 1 − ηL>
t Ex∼pt [x] + 2η d +

PT −1

PT −1

= E[log(WT /W1 )]
PT −1
t=1 E[log(Wt+1 /Wt )]
P −1
≤ Tt=1
log(E[Wt+1 /Wt ])

=
2
T


ln(1 + y) ≤ y

for all y > −1

(8)

Jensen

x∼pt

E [L>
t x] −

t

X

t

X

t

X

E [L>
t x] ≤ γT

x∼pt

E [L>
t x] + E[log WT ] ≤

x∼pt

E [L>
t x] −

t

X

x∼p̂t

∗
L>
t x ≤

log(|K|) + 2
+ 2ηT d
η
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X
X
X
log(|K|) + 2
∗
∗
E[Regret] = E[
L>
L>
E [L>
+2ηT d+γT
t xt ]−
t x =
t x]−Loss(x ) ≤
x∼p̂t
η
t
t
t

we obtain a bound of

Finally, by noticing that

t

X

Now, since log(W1 ) = log(|K|) and WT ≥ exp(−η `ˆ1:T (x∗ )) for any x∗ ∈ K, by shifting
sides of the above it holds for any x∗ ∈ K that

E[log(WT )] − E[log(W1 )]

We now use Jensen’s inequality:

Since L̂t is an unbiased estimator of Lt (Lemma 39) and according to Lemma 40,
2
E[(L̂>
t x) ] ≤ 2d, we get:


Wt+1
2
(8)
E
≤ 1 − ηL>
E [x] + 2η 2 d +
t x∼p
Wt
T
t

t ∈ [T ]:


Wt+1
E
Wt

Volumetric Spanners

√1
n

Pn

2
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i=1 yi . Since the y’s are independent, Sn is also
P
E[yi yiT ] = Id hence Sn
log-concave distributed. Notice that E[Sn ] = 0 and E[Sn SnT ] = n1
is isotropic. Now,


√
1X
= Pr [kSn k > nδ]
Pr
yi > δ
n


√ q
= Pr kSn k > d · Ct4 log2 (t/δ)
h
√
√
√ i
≤ Pr kSn k > d + d · 12 t C

Proof For convenience let Sn =

4

(t/δ)
Lemma 42 Let δ > 0, t ≥ 1, let d be a positive integer and let n = Ct d log
for some
δ2
sufficiently large universal constant C. Let y1 , . . . , yn be i.i.d d-dimensional vectors from an
isotropic log-concave distribution. Then


√
1X
Pr
yi > δ ≤ exp(−t d)
n

We begin by proving an auxiliary lemma used in the proof of Corollary 13.

Appendix A. Concentration bounds for non centered isotropic log
concave distributions
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We have described a geometric mechanism for exploration in machine learning problems
and its application to experiment design as well as bandit linear optimization.
The following question in high-dimensional geometry remains open: what is the worstcase order of a given set in Rd (cardinality of its minimal volumetric ellipsoid, as per
Definition 1)? A gap remains between our lower bound of d + 1 and upper bound of 12d.

8. Conclusion and Open Question

as required.

on the expected regret. By plugging in the values of η, γ we get the bound of
!
r
T log(|K|)
O (s + d)
d
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1
n

P

xi . Notice that

The last inequality holds for t ≥ 1 and C ≥ 4. It now follows from Theorem 14 that


√
1X
Pr
yi > δ ≤ c1 exp(−c2 t Cd)
n
√
1) 2
where c1 , c2 are some universal constants. Since t d ≥ 1, setting C ≥ ( 1+log(c
) proves
c2
the claim.
Proof [Proof of Corollary 13] Let a = E[x] and let ã =
E[(x − a)(x − a)T ] = E[xxT ] − E[x]aT − a E[x] + aaT = Id − aaT
n

n

is a PSD matrix hence kak ≤ 1. Consider the following equality.

kã − ak ≤ δ

1X
1X
(x − a)(x − a)> =
xi xi> − aã> − ãa> + aa>
i
i
n
n
i=1
i=1
√
According to Lemma 42, w.p. at least 1 − exp(−t d),

n

n

in which case, since kak ≤ 1 and according to the triangle inequality,

n

i=1

1X
(xi − a)(xi − a)> − (Id − aa> ) ≤ δ
n

1X
1X
xi x> − Id ≤
(xi − a)(xi − a)> − (Id − aa> ) + 2δ
i
n
n
i=1
i=1
√
According to Theorem 12, w.p. at least 1 − exp(−t d)

and the corollary follows.

Proof [Proof of Corollary 15] Let E[x] = a. Consider the r.v y = x − a. It holds that
E[y] = 0 and E[yy T ] = − aaT . Notice that we can derive that
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Kernel methods (Schölkopf and Smola, 2002; Wahba, 1990; Cucker and Smale, 2001) offer a comprehensive suite of mathematically well-founded non-parametric modeling techniques for a wide
range of problems in machine learning. These include nonlinear classification, regression, clustering, semi-supervised learning (Belkin et al., 2006), time-series analysis (Parzen, 1970), sequence
modeling (Song et al., 2010), dynamical systems (Boots et al., 2013), hypothesis testing (Harchaoui
et al., 2013), causal modeling (Zhang et al., 2011) and many more.

1. Introduction

We consider the problem of improving the efficiency of randomized Fourier feature maps to accelerate training and testing speed of kernel methods on large data sets. These approximate feature maps
arise as Monte Carlo approximations to integral representations of shift-invariant kernel functions
(e.g., Gaussian kernel). In this paper, we propose to use Quasi-Monte Carlo (QMC) approximations instead, where the relevant integrands are evaluated on a low-discrepancy sequence of points
as opposed to random point sets as in the Monte Carlo approach. We derive a new discrepancy
measure called box discrepancy based on theoretical characterizations of the integration error with
respect to a given sequence. We then propose to learn QMC sequences adapted to our setting based
on explicit box discrepancy minimization. Our theoretical analyses are complemented with empirical results that demonstrate the effectiveness of classical and adaptive QMC techniques for this
problem.

Editor: Nando de Freitas

International Computer Science Institute and Department of Statistics
University of California at Berkeley
Berkeley, CA 94720, USA

Michael W. Mahoney

Institute for Computational and Mathematical Engineering
Stanford University
Stanford, CA 94305, USA

Jiyan Yang†

Google Research
New York, NY 10011, USA

Sindhwani†

School of Mathematical Sciences
Tel Aviv University
Tel Aviv, 69978, Israel

Vikas

Submitted 12/14; Revised 8/15; Published 4/16

Quasi-Monte Carlo Feature Maps for Shift-Invariant Kernels ∗

Journal of Machine Learning Research 17 (2016) 1-38

(1)

2

JMLR 17(120):1-38

1. In fact, X can be a rather general set. However, in this paper it is restricted to being a subset of Rd .

where Cs denotes the space of s-dimensional complex numbers with the inner product, hα, βiCs =
P
s
∗
∗
i=1 αi βi , with z denoting the conjugate of the complex number z (though Rahimi and Recht
(2008) also define real-valued feature maps for real-valued kernels, our technical exposition is simplified by adopting the generality of complex-valued features). The mapping Ψ̂(·) is now applied
to each of the data points, to obtain a randomized feature representation of the data. We then apply
a simple linear method to these random features. That is, if our data is {(xi , yi )}ni=1 we learn on
{(zi , yi )}ni=1 where zi = Ψ̂(xi ). As long as s is sufficiently smaller than n, this leads to more
scalable solutions, e.g., for regression we get back to O(ns2 ) training and O(sd) prediction time,
with O(ns) memory requirements. This technique is immensely successful, and has been used in

k(x, z) ≈ hΨ̂(x), Ψ̂(z)iCs

Standard regularized linear statistical models in H then provide non-linear inference with respect
to the original input representation. The algorithmic basis of such constructions are classical Representer Theorems (Wahba, 1990; Schölkopf and Smola, 2002) that guarantee finite-dimensional
solutions of associated optimization problems, even if H is infinite-dimensional.
However, there is a steep price of these elegant generalizations in terms of scalability. Consider,
for example, least squares regression given n data points {(xi , yi )}ni=1 and assume that n  d.
The complexity of linear regression training using standard least squares solvers is O(nd2 ), with
O(nd) memory requirements, and O(d) prediction speed on a test point. Its kernel-based nonlinear
counterpart, however, requires solving a linear system involving the Gram matrix of the kernel
function (defined by Kij = k(xi , xj )). In general, this incurs O(n3 + n2 d) complexity for training,
O(n2 ) memory requirements, and O(nd) prediction time for a single test point – none of which are
particularly appealing in “big data” settings. Similar conclusions apply to other algorithms such as
Kernel PCA.
This is rather unfortunate, since non-parametric models, such as the ones produced by kernel
methods, are particularly appealing in a big data settings as they can adapt to the full complexity of
the underlying domain, as uncovered by increasing data set sizes. It is well-known that imposing
strong structural constraints upfront for the purpose of allowing an efficient solution (in the above
example: a linear hypothesis space) often limits, both theoretically and empirically, the potential to
deliver value on large amounts of data. Thus, as big data becomes pervasive across a number of
application domains, it has become necessary to be able to develop highly scalable algorithms for
kernel methods.
Recent years have seen intensive research on improving the scalability of kernel methods; we
review some recent progress in the next section. In this paper, we revisit one of the most successful
techniques, namely the randomized construction of a family of low-dimensional approximate feature maps proposed by Rahimi and Recht (2008). These randomized feature maps, Ψ̂ : X → Cs ,
provide low-distortion approximations for (complex-valued) kernel functions k : X × X → C:

The central object of kernel methods is a kernel function k : X × X → R defined on an input
domain X ⊂ Rd 1 . The kernel k is (non-uniquely) associated with an embedding of the input space
into a high-dimensional Hilbert space H (with inner product h·, ·iH ) via a feature map, Ψ : X → H,
such that
k(x, z) = hΨ(x), Ψ(z)iH .
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recent years to obtain state-of-the-art accuracies for some classical data sets (Huang et al., 2014;
Dai et al., 2014; Sindhwani and Avron, 2014; Lu et al., 2014).
The starting point of Rahimi and Recht (2008) is a celebrated result that characterizes the class
of positive definite functions:
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Definition 1 A function g : Rd 7→ C is a positive definite function if for any set of m points,
x1 . . . xm ∈ Rd , the m × m matrix A defined by Aij = g(xi − xj ) is positive semi-definite.
Theorem 2 (Bochner (1933)) A complex-valued function g : Rd 7→ C is positive definite if and
only if it is the Fourier Transform of a finite non-negative Borel measure µ on Rd , i.e.,
Z
T
e−ix w dµ(w), ∀x ∈ Rd .
g(x) = µ̂(x) =

4
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Equivalently, RKHSs are Hilbert spaces with bounded, continuous evaluation functionals. Informally, they are Hilbert spaces with the nice property that if two functions f, g ∈ H are close in
the sense of the distance derived from the norm in H (i.e., kf − gkH is small), then their values
f (x), g(x) are also close for all x ∈ X ; in other words, the norm controls the pointwise behavior of
functions in H (Berlinet and Thomas-Agnan, 2004).

• hf, h(x, ·)iH = f (x) (Reproducing Property)

• h(x, ·) ∈ H

Definition 3 (Reproducing Kernel Hilbert Space (Berlinet and Thomas-Agnan, 2004)) A reproducing kernel Hilbert space (RKHS) is a Hilbert Space H : X → C that possesses a reproducing
kernel, i.e., a function h : X × X → C for which the following hold for all x ∈ X and f ∈ H:

2.1 Notation
√
We use i both for subscript and for denoting −1, relying on the context to distinguish between the
two. We use y, z, . . . to denote scalars. We use w, t, x . . . to denote vectors, and use wi to denote
the i-th coordinate of vectors w. Furthermore, in a sequence of vectors, we use wi to denote the i-th
element of the sequence and use w to denote the j-th coordinate of vector wi . Given x1 , . . . , xn ,
ij
the Gram matrix is defined as K ∈ Rn×n where Kij = k(xi , xj ) for i, j = 1, . . . , n. We denote the
Rz
2
error function by erf(·), i.e., erf(z) = 0 e−z dz for z ∈ C; see Weideman (1994) and Mori (1983)
for more details.
In “MC sequence” we mean points drawn randomly either from the unit cube or certain distribution that will be clear from the text. For “QMC sequence” we mean a deterministic sequence
designed to reduce the integration error. Typically, it will be a low-discrepancy sequence on the unit
cube.
It is also useful to recall the definition of Reproducing Kernel Hilbert Space (RKHS).

In this section we give the notation that will be used throughout the paper, a summary of related
work and an overview of the Quasi-Monte Carlo method.

2. Preliminaries

Our point of departure from the work of Rahimi and Recht (2008) is the simple observation
that when w1 , . . . , ws are are drawn from the distribution defined by the density function p(·), the
approximation in (3) may be viewed as a standard Monte Carlo (MC) approximation to the integral
representation of the kernel. Instead of using plain MC approximation, we propose to use the lowdiscrepancy properties of Quasi-Monte Carlo (QMC) sequences to reduce the integration error in
approximations of the form (3). A self-contained overview of Quasi-Monte Carlo techniques for
high-dimensional integration problems is provided in Section 2. In Section 3, we describe how
QMC techniques apply to our setting.
We then proceed to apply an average case theoretical analysis of the integration error for any
given sequence S (Section 4). This bound motivates an optimization problem over the sequence S
whose minimizer provides adaptive QMC sequences fine tuned to our kernels (Section 5).
Finally, empirical results (Section 6) clearly demonstrate the superiority of QMC techniques
over the MC feature maps (Rahimi and Recht, 2008), the correctness of our theoretical analysis and
the potential value of adaptive QMC techniques for large-scale kernel methods.

Rd

Rd

,

(3)

Without loss of generality, we assume henceforth that µ(·) is a probability measure with associated
probability density function p(·).
A kernel function k : Rd × Rd 7→ C on Rd is called shift-invariant if k(x, z) = g(x − z), for
some positive definite function g : Rd 7→ C. Bochner’s theorem implies that a scaled shift-invariant
kernel can therefore be put into one-to-one correspondence with a density p(·) such that,
Z
T
e−i(x−z) w p(w)dw .
(2)
k(x, z) = g(x − z) =

2
kx−zk2
2σ 2

For the most notable member of the shift-invariant family of kernels – the Gaussian kernel:
k(x, z) = e−

Rd
s

j=1

1 X −i(x−z)T ws
e
s

= hΨ̂S (x), Ψ̂S (z)iCs ,

≈

k(x, z) =

the associated density is again Gaussian N (0, σ −2 Id ).
The integral representation of the kernel (2) may be approximated as follows:
Z
T
e−i(x−z) w p(w)dw

through the feature map,
i
1 h
T
T
Ψ̂S (x) = √ e−ix w1 . . . e−ix ws ∈ Cs .
s
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The subscript S denotes dependence of the feature map on the sequence S = {w1 , . . . , ws }.
The goal of this work is to improve the convergence behavior of this approximation, so that
a smaller s can be used to get the same quality of approximation to the kernel function. This is
motivated by recent work that showed that in order to obtain state-of-the-art accuracy on some important data sets, a very large number of random features is needed (Huang et al., 2014; Sindhwani
and Avron, 2014).
3

w∈S

1X
f (w) .
s

6
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1/2
ES S [f ]2
≈ σ[f ]s−1/2 .
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(5)

5

(f (x) − Id (f ))2 dx .

Therefore, the Monte Carlo method converges at a rate of O(s−1/2 ).
The aim of QMC methods is to improve the convergence rate by using a deterministic lowdiscrepancy sequence to construct S, instead of randomly sampling points. The underlying intuition

[0,1]d

In other words, the root mean square error of the Monte Carlo method is,

σ 2 [f ] =

When S is drawn randomly, the Central Limit Theorem asserts that if s = |S| is large enough then
S [f ] ≈ σ[f ]s−1/2 ν where ν is a standard normal random variable, and σ[f ] is the square-root of
the variance of f ; that is,
Z

S [f ] = |Id (f ) − IS (f )| .

This is the Monte Carlo (MC) method.
Define the integration error with respect to the point set S as,

IS [f ] =

One can observe that if x is a random vector uniformly distributed over [0, 1]d then Id [f ] = E [f (x)].
An empirical approximation to the expected value can be computed by drawing a random point set
S = {w1 , . . . , ws } independently from [0, 1]d , and computing:

[0,1]d

In this section we provide a self-contained overview of Quasi-Monte Carlo (QMC) techniques. For
brevity, we restrict our discussion to background that is necessary for understanding subsequent
sections. We refer the interested reader to the excellent reviews by Caflisch (1998) and Dick et al.
(2013), and the recent book Leobacher and Pillichschammer (2014) for a much more detailed exposition.
Consider the task of computing an approximation of the following integral
Z
Id [f ] =
f (x)dx .
(4)

2.3 Quasi-Monte Carlo Techniques: an Overview

Several other scalable approaches for large-scale kernel methods have been suggested over the
years, starting from approaches such as chunking and decomposition methods proposed in the early
days of SVM optimization literature. Raykar and Duraiswami (2007) use an improved fast Gauss
transform for large scale Gaussian Process regression. There are also approaches that are more specific to the objective function at hand, e.g., Keerthi et al. (2006) builds a kernel expansion greedily
to optimize the SVM objective function. Another well known approach is the Core Vector Machines (Tsang et al., 2005) which draws on approximation algorithms from computational geometry
to scale up a class of kernel methods that can be reformulated in terms of the minimum enclosing
ball problem.
For a broader discussion of these methods, and others, see Bottou et al. (2007).
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Our work is more in-line with recent efforts on scaling up the random features, so that learning
and prediction can be done faster. Le et al. (2013) return to the original construction of Rahimi and
Recht (2008), and devise a clever distribution of random samples w1 , w2 , . . . , ws that is structured
so that the generation of random features can be done much faster. They showed that only a very
limited concession in term of convergence rate is made. Hamid et al. (2014), working on the polynomial kernel, suggest first generating a very large amount of random features, and then applying
them a low-distortion embedding based the Fast Johnson-Lindenstruass Transform, so the make the
final size of the mapped vector rather small. In contrast, our work tries to design w1 , . . . , ws so that
less features will be necessary to get the same quality of kernel approximation.

Subsequently, there has been considerable effort given to extending this technique to other
classes of kernels. Li et al. (2010) use Bochner’s theorem to provide random features to the wider
class of group-invariantP
kernels. Maji and Berg (2009) suggested random features for the intersecd
tion kernel k(x, z) =
i=1 min(xi , zi ). Vedaldi and Zisserman (2012) developed feature maps
for γ-homogeneous kernels. Sreekanth et al. (2010) developed feature maps for generalized RBF
kernels k(x, z) = g(D(x, z)2 ) where g(·) is a positive definite function, and D(·, ·) is a distance
metric. Kar and Karnick (2012) suggested feature maps for dot-product kernels. The feature maps
are based on the Maclaurin expansion, which is guaranteed to be non-negative due to a classical
result of Schoenberg (1942). Pham and Pagh (2013) suggested feature maps for the polynomial kernels. Their construction leverages known techniques from sketching theory. It can also be shown
that their feature map is an oblivious subspace embedding, and this observation provides stronger
theoretical guarantees than point-wise error bounds prevalent in the feature map literature (Avron
et al., 2014). By invoking a variant of Bochner’s theorem that replaces the Fourier transform with
the Laplace transform, Yang et al. (2014) obtained randomized feature maps for semigroup kernels
on histograms. We note that while the original feature maps suggested by Rahimi and Recht were
randomized, some of the aforementioned maps are deterministic.

More relevant to our work is the randomized feature mapping approach. Pioneered by the
seminal paper of Rahimi and Recht (2008), the core idea is to construct, for a given kernel on
a data domain X , a transformation Ψ̂ : X → Cs such that k(x, z) ≈ hΨ̂(x), Ψ̂(z)iCs . Invoking
Bochner’s theorem, a classical result in harmonic analysis, Rahimi and Recht show how to construct
a randomized feature map for shift-invariant kernels, i.e., kernels that can be written k(x, z) =
g(x − y) for some positive definite function g(·).

Scalability has long been identified as a key challenge associated with deploying kernel methods
in practice. One dominant line of work constructs low-rank approximations of the Gram matrix,
either using data-oblivious randomized feature maps to approximate the kernel function, or using
sampling techniques such as the classical Nyström method (Williams and Seeger, 2001). In its
vanilla version, the latter approach - Nyström method - samples points from the data set, computes
the columns of the Gram matrix that corresponds to the sampled data points, and uses this partial
computation of the Gram matrix to construct an approximation to the entire Gram matrix. More
elaborate techniques exist, both randomized and deterministic; see Gittens and Mahoney (2013) for
a thorough treatment.

In this section we discuss related work on scalable kernel methods. Relevant work on QMC methods
is discussed in the next subsection.

2.2 Related Work
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Figure 1: Comparison of MC and QMC sequences.

1

is illustrated in Figure 1, where we plot a set of 1000 two-dimensional random points (left graph),
and a set of 1000 two-dimensional points from a quasi-random sequence (Halton sequence; right
graph). In the random sequence we see that there is an undesired clustering of points, and as a
consequence empty spaces. Clusters add little to the approximation of the integral in those regions,
while in the empty spaces the integrand is not sampled. This lack of uniformity is due to the fact
that Monte Carlo samples are independent of each other. By carefully designing a sequence of
correlated points to avoid such clustering effects, QMC attempts to avoid this phenomena, and thus
provide faster convergence to the integral.
The theoretical apparatus for designing such sequences are inequalities of the form
S (f ) ≤ D(S)V (f ) ,
in which V (f ) is a measure of the variation or difficulty of integrating f (·) and D(S) is a sequencedependent term that typically measures the discrepancy, or degree of deviation from uniformity, of
the sequence S. For example, the expected Monte Carlo integration error decouples into a variance
term, and s−1/2 as in (5).
A prototypical inequality of this sort is the following remarkable and classical result:
Theorem 4 (Koksma-Hlawka inequality) For any function f with bounded variation, and sequence S = {w1 , . . . , ws }, the integration error is bounded above as follows,
S [f ] ≤ D? (S)VHK [f ] ,

X

Z

|I|
I⊂[d],I6=∅ [0,1]

∂f
∂uI

uj =1,j ∈I
/

duI ,
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(6)

where VHK is the Hardy-Krause variation of f (see Niederreiter (1992)), which is defined in terms
of the following partial derivatives,
VHK [f ] =

and D? is the star discrepancy defined by
x∈[0,1]d

D? (S) = sup |disrS (x)| ,
7
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where disrS is the local discrepancy function

|{i : wi ∈ Jx }|
disrS (x) = Vol(Jx ) −
s
Qd
j=1 xj .

with Jx = [0, x1 ) × [0, x2 ) × · · · × [0, xd ) with Vol(Jx ) =

Given x, the second term in disrS (x) is an estimate of the volume of Jx , which will be accurate
if the points in S are uniform enough. D? (S) measures the maximum difference between the actual
volume of the subregion Jx and its estimate for all x in [0, 1]d .
An infinite sequence w1 , w2 , . . . is defined to be a low-discrepancy sequence if, as a function of
s, D? ({w1 , . . . , ws }) = O((log s)d /s). Several constructions are know to be low-discrepancy sequences. One notable example is the Halton sequences, which are defined as follows. Let p1 , . . . , pd
be the first d prime numbers. The Halton sequence w1 , w2 , . . . of dimension d is defined by

a=1

∞
X

ia b−a

wi = (φp1 (i), . . . , φpd (i))
where for integers i ≥ 0 and b ≥ 2 we have

φb (i) =

a=1

∞
X

ia ba−1 .

in which i0 , i1 , · · · ∈ {0, 1, . . . , b − 1} is given by the unique decomposition
i=

It is outside the scope of this paper to describe all these constructions in detail. However we
mention that in addition to the Halton sequences, other notable members are Sobol’ sequences,
Faure sequences, Niederreiter sequences, and more (see Dick et al. (2013), Section 2). We also
mention that it is conjectured that the O((log s)d /s) rate for star discrepancy decay is optimal.
The classical QMC theory, which is based on the Koksma-Hlawka inequality and low discrepancy sequences, thus achieves a convergence rate of O((log s)d /s). While this is asymptotically
superior to O(s−1/2 ) for a fixed d, it requires s to be exponential in d for the improvement to manifest. As such, in the past QMC methods were dismissed as unsuitable for very high-dimensional
integration.
However, several authors noticed that QMC methods perform better than MC even for very
high-dimensional integration (Sloan and Wozniakowski, 1998; Dick et al., 2013).2 Contemporary
QMC literature explains and expands on these empirical observations, by leveraging the structure
of the space in which the integrand function lives, to derive more refined bounds and discrepancy
measures, even when classical measures of variation such as (6) are unbounded. This literature has
evolved along at least two directions: one, where worst-case analysis is provided under the assumption that the integrands live in a Reproducing Kernel Hilbert Space (RKHS) of sufficiently smooth
and well-behaved functions (see Dick et al. (2013), Section 3) and second, where the analysis is
done in terms of average-case error, under an assumed probability distribution over the integrands,
instead of worst-case error (Wozniakowski, 1991; Traub and Wozniakowski, 1994). We refrain from
more details, as these are essentially the paths that the analysis in Section 4 follows for our specific
setting.

JMLR 17(120):1-38

2. Also see: “On the unreasonable effectiveness of QMC”, I.H. Sloan https://mcqmc.mimuw.edu.pl/
Presentations/sloan.pdf

8

Set Ψ̂(x) =

1
s

e−ix

Tw
1

, . . . , e−ix

Tw
s

.

[0,1]d

Φ−1 (t

−1

9
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For a fixed u ∈ Rd , consider fu (t) = e−iu Φ (t) , t ∈ [0, 1]d . The Hardy-Krause variation of
fu (·) is unbounded. That is, one of the integrals in the sum (6) is unbounded.

T


−1
Φ−1 (t) = Φ−1
1 (t1 ), . . . , Φd (td ) .

The proofs for assertions made in this section and the next can be found in the Appendix.
The goal of this section is to develop a framework for analyzing the approximation quality of
the QMC feature maps described in the previous section (Algorithm 1). We need to develop such
a framework since the classical Koksma-Hlawka inequality cannot be applied to our setting, as the
following proposition shows:
Q
Proposition 5 For any p(x) = dj=1 pj (xj ), where pj (·) is a univariate density function, let

4. Theoretical Analysis and Average Case Error Bounds

[0, 1]d

Thus, a low discrepancy sequence t1 , . . . , ts ∈
can be transformed using wi =
i ),
which is then plugged into (3) to yield the QMC feature map. This simple procedure is summarized
in Algorithm 1. QMC feature maps are analyzed in the next section.

Rd

where Φj (·) is the cumulative distribution function (CDF) of pj (·), for j = 1, . . . , d. By setting
w = Φ−1 (t), then (2) can be equivalently written as
Z
Z
T
T −1
e−i(x−z) w p(w)dw =
e−i(x−z) Φ (t) dt .

Q
We assume that the density function in (2) can be written as p(x) = dj=1 pj (xj ), where pj (·) is a
univariate density function. The density functions associated to many shift-invariant kernels, e.g.,
Gaussian, Laplacian and Cauchy, admits such a form.
The QMC method is generally applicable to integrals over a unit cube. So typically integrals
of the form (2) are handled by first generating a low discrepancy sequence t1 , . . . , ts ∈ [0, 1]d , and
transforming it into a sequence w1 , . . . , ws in Rd , instead of drawing the elements of the sequence
from p(·) as in the MC method.
To convert (2) to an integral over the unit cube, a simple change of variables suffices. For
t ∈ Rd , define

−1
d
Φ−1 (t) = Φ−1
(7)
1 (t1 ), . . . , Φd (td ) ∈ R ,

3. QMC Feature Maps: Our Algorithm

4:

Algorithm 1 Quasi-Random Fourier Features
Input: Shift-invariant kernel k, size s.
Output: Feature map Ψ̂(x) : Rd 7→ Cs .
1: Find p, the inverse Fourier transform of k.
2: Generate a low discrepancy sequence t1 , . . . , ts .
3: Transform the sequence: wi = Φ−1 (ti ) by (7).
q h
i
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Rd

Z
f (x)p(x)dx −
i=1

s

1X
f (wi ) .
s

=

Dh,p (S)2 =

Rd

Z

+

l=1 j=1

s
s
1 XX
h(wl , wj ) .
2
s

Rd

l=1

s

s

l=1

H

2

2X
s

1X
h(wl , ·)
s
h(ω, φ)p(ω)p(φ)dωdφ −

h(ω, ·)p(ω)dω −
Z

Rd

Z

Rd

Z

h(wl , ω)p(ω)dω

(9)

(8)

is then the empirical mean map.

µ̂h,p,S (x) =

10

l=1

s

1X
h(wl , x)
s

is known as the kernel mean embedding of p(·). The function

Rd
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Remark 7 In the theory of RKHS embeddings of probability distributions (Smola et al., 2007;
Sriperumbudur et al., 2010), the function
Z
µh,p (x) =
h(ω, x)p(ω)dω

where

S,p [f ] ≤ kf kH Dh,p (S) ,

Proposition 6 (Integration Error in an RKHS) Let H be an RKHS with kernel h(·, ·). Assume
that κ = supx∈Rd h(x, x) < ∞. Then, for all f ∈ H we have,

As is common in modern QMC analysis (Leobacher and Pillichschammer, 2014; Dick et al.,
2013), our analysis is based on setting up a Reproducing Kernel Hilbert Space of “nice” functions
that is related to integrands that we are interested in, and using properties of the RKHS to derive
bounds on the integration error. In particular, the integration error of integrands in an RKHS can be
bounded using the following proposition.

We are interested in characterizing the behavior of S,p [f ] on f ∈ FX̄ where
n
o
T
FX̄ = fu (x) = e−iu x , u ∈ X̄ .

S,p [f ] =

Our framework is based on a new discrepancy measure, box discrepancy, that characterizes integration error for the set of integrals defined with respect to the underlying data domain. Throughout
this section we use the convention that S = {w1 , . . . , ws }, and the notation X̄ = {x − z | x, z ∈ X }.
Given a probability density function p(·) and S, we define the integration error S,p [f ] of a
function f (·) with respect to p(·) and the s samples as,

AVRON ET AL .

Let
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The RKHS we use is as follows. For a vector b ∈ Rd , let us define b = {u ∈ Rd | |uj | ≤ bj }.
n
o
T
Fb = fu (x) = e−iu x , u ∈ b ,

u∈b

and consider the space of functions that admit an integral representation over Fb of the form
Z
T
fˆ(u)e−iu x du where fˆ(u) ∈ L2 (b) .
(10)
f (x) =

This space is associated with bandlimited functions, i.e., functions with compactly-supported inverse Fourier transforms, which are of fundamental importance in the Shannon-Nyquist sampling
theory. Under a natural choice of inner product, these spaces are called Paley-Wiener spaces and
they constitute an RKHS (Berlinet and Thomas-Agnan, 2004; Yao, 1967; Peloso, 2011).

j=1

d
Y
sin (bj (uj − vj ))
.
uj − vj

Proposition 8 (Kernel of Paley-Wiener RKHS) By P Wb , denote the space of functions which
admit the representation in (10), with the inner product hf, giP Wb = (2π)2d hfˆ, ĝiL2 (b) . P Wb is
an RKHS with kernel function,
sincb (u, v) = π −d

For notational convenience, in the above we define sin(b · 0)/0 to be b. Furthermore, hf, giP Wb =
hf, giL2 (b) .
If bj = supu∈X̄ |uj | then X̄ ⊂ b, so FX̄ ⊂ Fb . Since we wish to bound the integration error
on functions in FX̄ , it suffices to bound the integration error on Fb . Unfortunately, while Fb defines P W , the functions in it, being not square integrable, are not members of P Wb , so analyzing
b
the integration error in P Wb do not directly apply to them. However, damped approximations of
T
fu (·) of the form f˜u (x) = e−iu x sinc(T x) are members of P Wb with kf˜kP Wb = √1T . Hence,
we expect the analysis of the integration error in P Wb to provide provide a discrepancy measure
for integrating functions in Fb .
For P Wb the discrepancy measure Dh,S in Proposition 6 can be written explicitly.

d Z
Y

bj

|ϕj (β)|2 dβ −

(11)

Theorem 9 (Discrepancy
in P Wb ) Suppose that p(·) is a probability density function, and that we
Qd
pj (xj ) where each pj (·) is a univariate probability density function as well.
can write p(x) = j=1
Let ϕj (·) be the characteristic function associated with pj (·). Then,
Dsincb ,p (S)2 = π −d

j=1 −bj

l=1 j=1

s
d Z
2(2π)−d X Y bj
ϕj (β)eiwlj β dβ +
s
−bj

l=1 j=1

s
s
1 XX
sincb (wl , wj ) .
s2
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This naturally leads to the definition of the box discrepancy, analogous to the star discrepancy
described in Theorem 4.
11
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Definition 10 (Box Discrepancy) The box discrepancy of a sequence S with respect to p(·) is defined as,
Dpb (S) = Dsincb ,p (S) .

For notational convenience, we generally omit the b from Dpb (S) as long as it is clear from the
context.
The worse-case integration error bound for Paley-Wiener spaces is stated in the following as a
corollary of Proposition 6. As explained earlier, this result not yet apply to functions in Fb because
these functions are not part of P Wb . Nevertheless, we state it here for completeness.

Corollary 11 (Integration Error in P Wb ) For f ∈ P Wb we have

S,p [f ] ≤ kf kP Wb Dp (S) .

Our main result shows that the expected square error of an integrand drawn from a uniform
distribution over Fb is proportional to the square discrepancy measure Dp (S). This result is in
the spirit of similar average case analysis in the QMC literature (Wozniakowski, 1991; Traub and
Wozniakowski, 1994).

Dp (S)2 .

Theorem 12 (Average Case Error) Let U(Fb ) denote the uniform distribution on Fb . That is,
T
f ∼ U(Fb ) denotes f = fu where fu (x) = e−iu x and u is randomly drawn from a uniform
distribution on b. We have,

j=1 bj



πd
Ef ∼U (Fb ) S,p [f ]2 = Qd

We now give an explicit formula for Dp (S) for the case that p(·) is the density function of
the multivariate Gaussian distribution with zero mean and independent components. This is an
important special case since this is the density function that is relevant for the Gaussian kernel.

Dp (S)2 =

l=1 j=1

d

e−

2

2
σj2 wlj

.

σj wlj
bj
√ −i √
σj 2
2

s
s
1 XX
sincb (wl , wj ) −
s2
s

j=1



 
d
Y
bj
σ
j
√ erf
,
σj
2 π

l=1 j=1

2 XY
clj Re erf
s

+



σj
√
2π

!!

+
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(12)

Corollary 13 (Discrepancy for Gaussian Distribution) Let p(·) be the d-dimensional multivariate Gaussian density function with zero mean and covariance matrix equal to diag(σ1−2 , . . . , σd−2 ).
We have,

where
clj =

12





q6=j

(14)

JMLR 17(120):1-38

14

JMLR 17(120):1-38

13

S ∗ = arg minS=(w1 ...ws )∈Rds D (S) .

The task is posed in terms minimization of the box discrepancy function (12) over the space of
sequences of s vectors in Rd :

5.1 Global Adaptive Sequences

We explore two possible approaches for finding sequences based on optimizing the box discrepancy, namely global optimization and greedy optimization. The latter is closely connected to
herding algorithms (Welling, 2009).

q6=j

Y
2 0
g (wlj )  gq (wlq ) .
s j

m=1
m6=l

In the above ,we define sinc0 (0) to be 0. Then, the elements of the gradient vector of D are given
by,


s
Y
∂D
2 X
0
= 2
bj sincbj (wlj , wmj )
sincbq (wlq , wmq ) −
∂wlj
s

The gradient can be plugged into any first order numerical solver for non-convex optimization. We
use non-linear conjugate gradient in our experiments (Section 6.2).
The above learning mechanism can be extended in various directions. For example, QMC sequences for n-point rank-one Lattice Rules (Dick et al., 2013) are integral fractions of a lattice
defined by a single generating vector v. This generating vector may be learnt via local minimization of the box discrepancy.

j=1

cos(z) sin(z)
b
−
, sinc0b (z) = sinc0 (bz) ;
2
π
 z  z
σj
√
, j = 1, . . . , d ;
cj =
2π
"
#!
σj2
bj
σj x
2
√ −i√
gj (x) = cj e− 2 x Re erf
;
σj 2
2
r
b2
− j2
2
2σ
0
2
gj (x) = −σj xgj (x) +
cj σj e j sin(bj x) .
π

sinc0 (z) =

For simplicity, in this section we assume that p(·) is the density function of Gaussian distribution
with zero mean. We also omit the subscript p from Dp . Similar analysis and equations can be
derived for other density functions.
Error characterization via discrepancy measures like (12) is typically used in the QMC literature
to prescribe sequences whose discrepancy behaves favorably. It is clear that for the box discrepancy,

5. Learning Adaptive QMC Sequences

j=1

Corollary 15 Let p(·) be the d-dimensional multivariate Gaussian density function with zero mean
and covariance matrix equal to diag(σ1−2 , . . . , σd−2 ). Suppose t1 , . . . , ts are chosen uniformly from
[0, 1]d . Let wi = Φ−1 (ti ), for i = 1, . . . , s. Then,


 
d
d
Y
Y
  2 1
σj
bj 
−d

√ erf
E Dp (S) =
π
bj −
.
(13)
s
σj
2 π

Again, we can derive specific formulas for the Gaussian density. The following is straightforward from Corollary 14. We omit the proof.

Corollary 14 Suppose t1 , . . . , ts are chosen uniformly from [0, 1]d . Let wi = Φ−1 (ti ), for i =
1, . . . , s. Assume that κ = supx∈Rd h(x, x) < ∞. Then
Z
Z Z

 1
1
E Dh,p (S)2 =
h(ω, ω)p(ω)dω −
h(ω, φ)p(ω)p(φ)dωdφ .
s Rd
s Rd Rd

Discrepancy of Monte-Carlo Sequences.
We now derive an expression for the expected discrepancy of Monte-Carlo sequences, and show
that it decays as O(s−1/2 ). This is useful since via an averaging argument we are guaranteed that
there exists sets for which the discrepancy behaves O(s−1/2 ).

a meticulous design is needed for a high quality sequence and we leave this to future work. Instead,
in this work, we use the fact that unlike the star discrepancy (4), the box discrepancy is a smooth
function of the sequence with a closed-form formula. This allows us to both evaluate various candidate sequences, and select the one with the lowest discrepancy, as well as to adaptively learn a
QMC sequence that is specialized for our problem setting via numerical optimization. The basis is
the following proposition, which gives an expression for the gradient of D (S).

Intuitively, the box discrepancy of the Gaussian kernel can be interpreted as follows. The function sinc(x) = sin(x)/x achieves its maximum at x = 0 and minimizes at discrete values of
x decaying to 0 as |x| goes to ∞. Hence the first term in (12) tends to be minimized when the
pairwise distance between wj are sufficiently separated. Due to the shape of cumulative distribution function of Gaussian distribution, the values of tj = Φ(wj ) (j = 1, . . . , s) are driven
toP
be close
to the boundary of the unit cube. As for second term, the original expression is s R
2
l=1 Rd h(wl , ω)p(ω)dω. This term encourages the sequence {wl } to mimic samples from
s
p(ω). Since p(ω) concentrates its mass around ω = 0, the wj also concentrates around 0 to maximize the integral and therefore the values of tj = Φ(wj ) (j = 1, . . . , s) are driven closer to the
center of the unit cube. Sequences with low box discrepancy therefore optimize a tradeoff between
these competing terms.
Two other shift-invariant kernel that have been mentioned in the machine learning literature is
the Laplacian kernel (Rahimi and Recht, 2008) and Matern kernel (Le et al.,
Q 2013). The distribution
associated with the Laplacian kernel can be written as a product p(x) = dj=1 pj (xj ), where pj (·)
is density associated with the Cauchy distribution. The characteristic function is simple (φj (β) =
e−|β|/σj ) so analytic formulas like (12) can be derived. The distribution associated with the Matern
kernel, on
Q the other hand, is the multivariate t-distribution, which cannot be written as a product
p(x) = dj=1 pj (xj ), so the presented theory does not apply to it.

Proposition 16 (Gradient of Box Discrepancy) Define the following scalar functions and variables,
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5.2 Greedy Adaptive Sequences

(15)

Starting with S0 = ∅, for t ≥ 1, let St = {w1 , . . . , wt }. At step t + 1, we solve the following
optimization problem,
wt+1 = arg minw∈Rd D (St ∪ {w}) .

∈ arg max hzt (·), h(w, ·)iP Wb

Set St+1 = St ∪ {wt+1 } and repeat the above procedure. The gradient of the above objective is also
given in (14). Again, we use non-linear conjugate gradient in our experiments (Section 6.2).
The greedy adaptive procedure is closely related to the herding algorithm, recently presented
by Welling (2009). Applying the herding algorithm to P Wb and p(·), and using our notation, the
points w1 , w2 , . . . are generated using the following iteration
wt+1
w∈Rd

zt+1 (x) ≡ zt (x) + µh,p (x) − h(w, x) .
In the above, z0 , z1 , . . . is a series of functions in P Wb . The literature is not specific on the initial
value of z0 , with both z0 = 0 and z0 = µh,p suggested. Either way, it is always the case that
zt = z0 + t(µh,p − µ̂h,p,St ) where St = {w1 , . . . , wt }.
Chen et al. (2010) showed that under some additional assumptions, the herding algorithm, when
2
applied to a RKHS H, greedily minimizes kµh,p − µ̂h,p,St kH
, which, recall, is equal to Dh,p (St ).
Thus, under certain assumptions, herding and (15) are equivalent. Chen et al. (2010) also showed
that under certain restrictions on the RKHS, herding will reduce the discrepancy in a ratio of O(1/t).
However, it is unclear whether those restrictions hold for P Wb and p(·). Indeed, Bach et al. (2012)
recently shown that these restrictions never hold for infinite-dimensional RKHS, as long as the
domain is compact. This result does not immediately apply to our case since Rd is not compact.
5.3 Weighted Sequences

n
X

i=1

ξi f (wi ) ,

(16)

Classically, Monte-Carlo and Quasi-Monte Carlo approximations of integrals are unweighted, or
more precisely, have a uniform
weights. However, it is quite plausible to weight the approximations,
R
i.e. approximate Id [f ] = [0,1]d f (x)dx using
IS,Ξ [f ] =

hp
i
p
T
T
ξ1 e−ix w1 . . . ξs e−ix ws .

where Ξ = {ξ1 , . . . , ξs } ⊂ R is a set of weights. This lead to the feature map
Ψ̂S (x) =
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This construction requires ξi ≥ 0 for i = 1, . . . , s, although we note that (16) itself does not
preclude negative weights. We do not require the weights to be normalized, that is it is possible that
P
s
i=1 ξi 6= 1.
15
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bj

j=1 −bj

d Z
Y

ξl

bj

j=1 −bj

d Z
Y

ϕj (β)eiwlj β dβ +

|ϕj (β)|2 dβ −

One can easily generalize the result of the previous section to derive the following discrepancy
measure that takes into consideration the weights
Dpb (S, Ξ)2 = π −d

s
X

l=1

ξl ξj sincb (wl , wj ) .

2(2π)−d

s X
s
X

l=1 j=1

bj

j=1 −bj

d Z
Y

|ϕj (β)|2 dβ − 2vT ξ + ξ T Hξ ,

Using this discrepancy measure, global adaptive and greedy adaptive sequences of points and
weights can be found.
However, we note that if we fix the points, then optimizing just the weights is a simple convex
optimization problem. The box discrepancy can be written as
Dpb (S, Ξ)2 = π −d

where ξ ∈ Rs has entry i equal to ξi , v ∈ Rs and H ∈ Rs×s are defined by

bj

j=1 −bj

d Z
Y

ϕj (β)eiwlj β dβ .

Hij = sincb (wl , wj )
vi = (2π)−d

s.t. ξ ≥ 0 .

(17)

The ξ that minimizes Dpb (S, Ξ)2 is equal to H−1 v, but there is no guarantee that ξi ≥ 0 for all i.
We need to explicitly impose these conditions. Thus, the optimal weights can be found by solving
the following convex optimization problem

Ξ∗ = arg minξ∈Rs ξ T Hξ − 2vT ξ

Selecting the weights in such a way is closely connected to the so-called Bayesian Monte Carlo
(BMC) method, originally suggested by Ghahramani and Rasmussen (2003). In BMC, a Bayesian
approach is utilized in which the function is a assumed to be random with a prior that is a Gaussian
Process. Combining with the observations, a posterior is obtained, which naturally leads to the selection of weights. Huszár and Duvenaud (2012) subsequently pointed out the connection between
this approach and the herding algorithm discussed earlier.
We remark that as long as all the weights are positive, the hypothesis space of functions induced
by the feature map (that is, {gw (x) = Ψ̂ST (x)w, w ∈ Rs }) will not change in terms of the set of
functions in it. However, the norms will be affected (that is, the norm of a function in that set also
depends on the weights), which in turn affects the regularization.

6. Experiments

JMLR 17(120):1-38

In this section we report experiments with both classical QMC sequences and adaptive sequences
learnt from box discrepancy minimization.

16

17

3. http://www.mathworks.com/help/stats/quasi-random-numbers.html
4. http://people.cs.kuleuven.be/ dirk.nuyens/qmc-generators/
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In our setting, the most natural and fundamental metric for comparison is the quality of approximation of the Gram matrix. We examine how close K̃ (defined by K̃ij = k̃(xi , xj ) where
k̃(·, ·) = hΨ̂S (·), Ψ̂S (·)i is the kernel approximation) is to the Gram matrix K of the exact kernel.
We examine four data sets: cpu (6554 examples, 21 dimensions), census (a subset chosen
randomly with 5,000 examples, 119 dimensions), USPST (1,506 examples, 250 dimensions after
PCA) and MNIST (a subset chosen randomly with 5,000 examples, 250 dimensions after PCA). The
reason we do subsampling on large data sets is to be able to compute the full exact Gram matrix for
comparison purposes. The reason we use dimensionality reduction on MNIST is that the maximum
dimension supported by the Lattice Rules implementation we use is 250.
To measure the quality of approximation we use both kK − K̃k2 /kKk2 and kK − K̃kF /kKkF .
The plots are shown in Figure 2.
We can clearly see that except Sobol’ sequences classical low-discrepancy sequences consistently produce better approximations to the Gram matrix than the approximations produced using
MC sequences. Among the four classical QMC sequences, the Digital Nets, Lattice Rules and Halton sequences yield much lower error. Similar results were observed for other data sets (not reported
here). Although using scrambled variants of QMC sequences may incur some variance, the variance
is quite small compared to that of the MC random features.
Scrambled (whether deterministic or randomized) QMC sequences tend to yield higher accuracies than non-scambled QMC sequences. In Figure 3, we show the ratio between the relative errors

6.1.1 Q UALITY OF K ERNEL A PPROXIMATION

We examine the behavior of classical low-discrepancy sequences when compared to random Fourier
features (i.e., MC). We consider four sequences: Halton, Sobol’, Lattice Rules, and Digital Nets.
For Halton and Sobol’, we use the implementation available in MATLAB.3 For Lattice Rules and
Digital Nets, we use publicly available implementations.4 For all four low-discrepancy sequences,
we use scrambling and shifting techniques recommended in the QMC literature (see Dick et al.
(2013) for details). For Sobol’, Lattice Rules and Digital Nets, scrambling introduces randomization
and hence variance. For Halton sequence, scrambling is deterministic, and there is no variance. The
generation of these sequences is extremely fast, and quite negligible when compared to the time
for any reasonable downstream use. For example, for census data set with size 18,000 by 119,
if we choose the number of random features s = 2000, the running time for performing kernel
ridge regression model is more than 2 minutes, while the time of generating the QMC sequences is
only around 0.2 seconds (Digital Nets sequence takes longer, but not much longer) and that of MC
sequence is around 0.01 seconds. Therefore, we do not report running times as these are essentially
the same across methods.
In all experiments, we work with a Gaussian kernel. For learning, we use regularized least
square classification on the feature mapped data set, which can be thought of as a form of approximate kernel ridge regression. For each data set, we performed 5-fold cross-validation when using
random Fourier features (MC sequence) to set the bandwidth σ, and then used the same σ for all
other sequences.

6.1 Experiments With Classical QMC Sequences
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We consider two regression data sets, cpu and census, and use (approximate) kernel ridge regression to build a regression model. The ridge parameter is set by the optimal value we obtain
via 5-fold cross-validation on the training set by using the MC sequence. Table 1 summarizes the
results.

6.1.2 G ENERALIZATION E RROR

achieved by using both scrambled and non-scrambled QMC sequences. As can be seen, scrambled
QMC sequences provide more accurate approximations in most cases as the ratio value tends to be
less than one. In particular, scrambled Lattice sequence outperforms the non-scrambled one across
all the cases for larger values of s. Therefore, in the rest of the experiments we use scrambled
sequences.

Figure 2: Relative error on approximating the Gram matrix measured in Euclidean norm and Frobenius norm, i.e., kK − K̃k2 /kKk2 and kK − K̃kF /kKkF , for various s. For each kind
of random feature and s, 10 independent trials are executed, and the mean and standard
deviation are plotted.
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Table 1: Regression error, i.e., kŷ − yk2 /kyk2 where ŷ is the predicted value and y is the ground
truth. For each kind of random feature and s, 10 independent trials are executed, and the
mean and standard deviation are listed.

H ALTON
0.0367
(0)
0.0339
(0)
0.0334
(0)
0.0529
(0)
0.0553
(0)
0.0498
(0)

Figure 3: Ratio between relative errors on approximating the Gram matrix using both the scrambled
and non-scambled version of the same QMC sequence for various s. The lower the ratio
value is, the more accurate the scrambled QMC approximation is. For each kind of QMC
sequences and s, 10 independent trails are executed, and the mean and standard deviation
are plotted.

Ratio
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As we see, for cpu, all the sequences behave similarly, with the Halton sequence yielding the
lowest test error. For census, the advantage of using Halton sequence is significant (almost 20%
reduction in generalization error) followed by Digital Nets and Sobol’. In addition, MC sequence
tends to generate higher variance across all the sampling size. Overall, QMC sequences, especially
Halton, outperform MC sequences on these data sets.
When performed on classification data sets by using the same learning model, with a moderate
range of s, e.g., less than 2000, the QMC sequences do not yield accuracy improvements over the
MC sequence with the same consistency as in the regression case. The connection between kernel
approximation and the performance in downstream applications is outside the scope of the current
paper. Worth mentioning in this regard, is the recent work by Bach (2013), which analyses the
connection between Nyström approximations of the Gram matrix, and the regression error, and the
work of El Alaoui and Mahoney (2014) on kernel methods with statistical guarantees.
6.1.3 B EHAVIOR OF B OX D ISCREPANCY

Next, we examine if D is predictive ofQthe quality of approximation. We compute the normalized
d
bj )−1 D (S)2 ) as well as Gram matrix approximation
square box discrepancy values (i.e., π d ( j=1
error for the different sequences with different sample sizes s. The expected normalized square box
discrepancy values for MC are computed using (13).
Our experiments revealed that using the full b does not yield box discrepancy values that are
very useful. Either the values were not predictive of the kernel approximation, or they tended to
stay constant. Recall, that while the bounding box b is set based on observed ranges of feature
values in the data set, the actual distribution of points X̄ encountered inside that box might be far
from uniform. This lead us to consider the discrepancy measure when measured on the central part
of the bounding box (i.e., b/2 instead of b), which is equal to the integration error averaged
over that part of the bounding box. Presumably, points from X̄ concentrate in that region, and they
may be more relevant for downstream predictive task.
The results are shown in Figure 4. In the top graphs we can see, as expected, increasing number
of features in the sequence leads to a lower box discrepancy value. In the bottom graphs, which
compare kK − K̃kF /kKkF to Db/2 , we can see a strong correlation between the quality of
approximation and the discrepancy value.

6.2 Experiments With Adaptive QMC Sequences
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The goal of this subsection is to provide a proof-of-concept for learning adaptive QMC sequences,
using the three schemes described in Section 5. We demonstrate that QMC sequences can be improved to produce better approximation to the Gram matrix, and that can sometimes lead to improved generalization error.
Note that the running time of learning the adaptive sequences is less relevant in our experimental
setting for the following reasons. Given the values of s, d, b and σ the optimization of a sequence
needs only to be done once. There is some flexibility in these parameters: d can be adjusted by
adding zero features or by doing PCA on the input; one can use longer or shorter sequences; and
the data can be forced to a fit a particular bounding box using (possibly non-equal) scaling of the
features (this, in turn, affects the choice of the σ) . Since designing adaptive QMC sequences is
data-independent with applicability to a variety of downstream applications of kernel methods, it is
quite conceivable to generate many point sets in advance and to use them for many learning tasks.
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Figure 4: Discrepancy values (Db/2 ) for the different sequences on cpu and census. We measure the discrepancy on the central part of the bounding box (we use b/2 instead of b
as the domain in the box discrepancy).
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We begin by examining the integration error over the unit square by using three different sequences,
namely, MC, Halton and global adaptive QMC sequences. The integral is of the form
R
−iuT t dt where u spans the unit square. The error is plotted in Figure 5. We see that MC
[0,1]2 e
sequences concentrate most of the error reduction near the origin. The Halton sequence gives significant improvement expanding the region of low integration error. Global adaptive QMC sequences
give another order of magnitude improvement in integration error which is now diffused over the
entire unit square; the estimation of such sequences is “aware” of the full integration region. In
fact, by controlling the box size (see plot labeled b/2), adaptive sequences can be made to focus
in a specified sub-box which can help with generalization if the actual data distribution is better
represented by this sub-box.

6.2.1 I NTEGRAL A PPROXIMATION

We name the three sequences as Global Adaptive, Greedy Adaptive and Weighted respectively.
For Global Adaptive, the Halton sequence is used as the initial setting of the optimization variables
S. For Greedy Adaptive, when optimizing for wt , the t-th point in the Halton sequence is used as the
initial point. In both cases, we use non-linear conjugate gradient to perform numerical optimization.
For Weighted, the initial features are generated using the Halton sequence and we optimize for the
weights. We used CVX (Grant and Boyd, 2014, 2008) to compute the sequence (solve (17)).

Furthermore, the total size of the sequences (s × d) is independent of the number of examples n,
which is the dominant term in large scale learning settings.

Adaptive QMC
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Figure 6: Examining the behavior of learning Global Adaptive sequences. Various metrics on the
Gram matrix approximation are plotted.
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6.2.2 Q UALITY OF K ERNEL A PPROXIMATION
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In Figure 6 and Figure 7 we examine how various metrics (discrepancy, maximum squared error,
mean squared error, norm of the error) on the Gram matrix approximation evolve during the optimization process for both adaptive sequences. Since learning the adaptive sequences on data set
with low dimensional features is more affordable, the experiment is performed on two such data
sets, namely, cpu and housing.
For Global Adaptive, we fixed s = 100 and examine how the performance evolves as the
number of iterations grows. In Figure 6 (a) we examine the behavior on cpu. We see that all
metrics go down as the iteration progresses. This supports our hypothesis that by optimizing the box
discrepancy we can improve the approximation of the Gram matrix. Figure 6 (b), which examines
the same metrics on the scaled version of the housing data set, has some interesting behaviors.
Initially all metrics go down, but eventually all the metrics except the box-discrepancy start to go
up; the box-discrepancy continues to go down. One plausible explanation is that the integrands are
not uniformly distributed in the bounding box, and that by optimizing the expectation over the entire
box we start to overfit it, thereby increasing the error in those regions of the box where integrands
actually concentrate. One possible way to handle this is to optimize closer to the center of the box
23

H ALTON
3.41 E -3
8.09 E -4
2.39 E -4
2.61 E -3
1.21 E -3
8.27 E -4
5.31 E -4
4.33 E -4

G LOBALb
1.29 E -6
5.14 E -6
2.83 E -6
9.32 E -4
5.02 E -4
3.41 E -4
2.17 E -4
1.73 E -4

Db
G REEDYb
3.02 E -4
5.85 E -5
1.86 E -5
7.47 E -4
3.33 E -4
2.06 E -4
1.27 E -4
1.01 E -4
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W EIGHTEDb

7.84 E -5
1.45 E -6
3.39 E -7
8.83 E -4
4.91 E -4
3.39 E -4
2.31 E -4
1.87 E -4
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H ALTON
9.44 E -5
2.57 E -5
7.91 E -6
5.73 E -4
2.21 E -4
1.39 E -4
3.79 E -5
2.34 E -5

G LOBALb/4

5.57 E -8
1.06 E -7
2.62 E -8
2.79 E -5
1.12 E -5
8.15 E -6
5.59 E -6
3.35 E -6

Db/4
G REEDYb/4

2.62 E -5
3.08 E -6
1.04 E -6
2.20 E -5
8.04 E -6
4.23 E -6
2.63 E -6
1.95 E -6

W EIGHTEDb/4

1.67 E -8
2.93 E -9
2.43 E -9
2.45 E -5
5.46 E -6
2.29 E -6
8.37 E -7
4.93 E -7
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We use the three algorithms for learning adaptive sequences as described in the previous subsections,
and use them for doing approximate kernel ridge regression. The ridge parameter is set by the value
which is near-optimal for both sequences in 5-fold cross-validation on the training set. Table 3
summarizes the results.
For both cpu and census, at least one of the adaptive sequences sequences can yield lower test
error for each sampling size (since the test error is already low, around 3% or 5%, such improvement
in accuracy is not trivial). For cpu, greedy approach seems to give slightly better results. When
s = 500 or even larger (not reported here), the performance of the sequences are very close. For

6.2.3 G ENERALIZATION E RROR

Table 2 also shows the discrepancy values of various sequences on cpu and census. Using
adaptive sequences improves the discrepancy values by orders-of-magnitude. We note that a significant reduction in terms of discrepancy values can be achieved using only weights, sometimes
yielding discrepancy values that are better than the hard-to-compute global or greedy sequences.

Table 2: Discrepancy values, measured on the full bounding box and its central part, i.e., Db and
Db/4 .

s
100
300
500
400
800
1200
1800
2200

(e.g., on b/2), under the assumption that integrands concentrate there. In Figure 6 (c) we try this
on the housing data set. We see that now the mean error and the norm error are much improved,
which supports the interpretation above. But the maximum error eventually goes up. This is quite
reasonable as the outer parts of the bounding box are harder to approximate, so the maximum error
is likely to originate from there. Subsequently, we stop the adaptive learning of the QMC sequences
early, to avoid the actual error from going up due to averaging.
For Greedy Adaptive, we examine its behavior as the number of points increases. In Figure 7 (a)
and (b), as expected, as the number of points in the sequence increases, the box discrepancy goes
down. This is also translated to non-monotonic decrease in the other metrics of Gram matrix approximation. However, unlike the global case, we see in Figure 7 (c), when the points are generated
by optimizing on a smaller box b/2, the resulting metrics become higher for a fixed number of
points. Although the Greedy Adaptive sequence can be computed faster than the adaptive sequence,
potentially it might need a large number of points to achieve certain low magnitude of discrepancy.
Hence, as shown in the plots, when the number of points is below 500, the quality of the optimization is not good enough to provide a good approximation the Gram matrix. For example, one can
check when the number of points is 100, the discrepancy value of the Greedy Adaptive sequence is
higher than that of the Global Adaptive sequence with more than 10 iterations.

CPU
CENSUS

CPU

s
100
300
500
400
800
1200
1800
2200

H ALTON
0.0304
0.0303
0.0348
0.0529
0.0545
0.0553
0.0498
0.0519

G LOBALb
0.0315
0.0278
0.0347
0.1034
0.0702
0.0639
0.0568
0.0487

G LOBALb/4
0.0296
0.0293
0.0348
0.0997
0.0581
0.0481
0.0476
0.0515

G REEDYb
0.0307
0.0274
0.0328
0.0598
0.0522
0.0525
0.0685
0.0694

G REEDYb/4
0.0296
0.0269
0.0291
0.0655
0.0501
0.0498
0.0548
0.0504

W EIGHTEDb
0.0366
0.0290
0.0342
0.0512
0.0476
0.0496
0.0498
0.0529

W EIGHTEDb/4
0.0305
0.0302
0.0347
0.0926
0.0487
0.0501
0.0491
0.0499
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Recent work on applying kernel methods to very large data sets, has shown their ability to achieve
state-of-the-art accuracies that sometimes match those attained by Deep Neural Networks (DNN)
(Huang et al., 2014). Key to these results is the ability to apply kernel method to such data sets.
The random features approach, originally due to Rahimi and Recht (2008), as emerged as a key
technology for scaling up kernel methods (Sindhwani and Avron, 2014).
Close examination of those empirical results reveals that to achieve state-of-the-art accuracies, a very large number of random features was needed. For example, on TIMIT, a classical
speech recognition data set, over 200,000 random features were used in order to match DNN performance (Huang et al., 2014). It is clear that improving the efficiency of random features can
have a significant impact on our ability to scale up kernel methods, and potentially get even higher
accuracies.
This paper is the first to exploit high-dimensional approximate integration techniques from the
QMC literature in this context, with promising empirical results backed by rigorous theoretical
analyses. Avenues for future work include incorporating stronger data-dependence in the estimation of adaptive sequences and analyzing how resulting Gram matrix approximations translate into
downstream performance improvements for a variety of large-scale learning tasks.

7. Conclusion and Future Work

census, the weighted sequence yields the lowest generalization error when s = 400, 800. Afterwards we can see global adaptive sequence outperforms the rest of the sequences, even though it
has better discrepancy values. In some cases, adaptive sequences sometimes produce errors that are
bigger than the unoptimized sequences.
In most cases, the adaptive sequence on the central part of the bounding box outperforms the
adaptive sequence on the entire box. This is likely due to the non-uniformity phenomena discussed
earlier.

Table 3: Regression error, i.e., kŷ − yk2 /kyk2 where ŷ is the predicted value and y is the ground
truth.
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∂f
dtI
∂uI

Z
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d
Y

j=1

d
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(−i)

uj
pj (Φ−1
j (tj ))

!

e−iu

[0,1]d j=1
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uj
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dtj
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=
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d Z
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We need the following lemmas, across which we share some notation.

A.2 Proof of Proposition 6

As this is a term in (6), we know that VHK [fu (t)] is unbounded.

j=1

Z
d
Y

.



dt1 · · · dtd



(18)
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=∞.

T Φ−1 (t)
j

T Φ−1 (t)
j

e−iu

∂ d f (t)
dt1 · · · dtd
∂t1 · · · ∂td

!

uj
dt1 · · · dtd
pj (Φ−1
j (tj ))
!
Z
d
Y
uj
dtj .
=
−1
[0,1] pj (Φj (tj ))
j=1

[0,1]d

Z

[0,1]d

Z
=

=

d
Y
uj
∂ d f (t)
=
(−i)
−1
∂t1 · · · ∂td
p
(Φ
j
j (tj ))
j=1

With a change of variable, Φj (tj ) = vj , for j = 1, . . . , d, (18) becomes

[0,1]|I|

Z

In (6), when I = [d],

Thus,

T −1
uj
∂f (t)
e−iu Φj (t) .
= (−i)
∂tj
pj (Φ−1
(t
))
j
j


−1
d
Recall, for any t ∈ Rd , for Φ−1 (t), we mean Φ−1
1 (t1 ), . . . , Φd (td ) ∈ R , where Φj (·) is the
CDF of pj (·).
T −1
From fu (t) = e−iu Φ (t) , for any j = 1, . . . , d, we have

A.1 Proof of Proposition 5

In this section we give detailed proofs of the assertions made in Section 4 and 5.

Appendix A. Technical Details
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Lemma 17 Assuming
R that κ = supx∈Rd h(x, x) < ∞, if f ∈ H, where H is an RKHS with kernel
h(·, ·), the integral
f (x)p(x)dx is finite.
Rd

f (x)p(x)dx = E [f (X)] ,

Proof For notational convenience, we note that
Z
Rd

T [f ] = E [f (X)] .

(Reproducing Property)

f (x)p(x)dx = hf, µh,p iH .

h(u, x)p(x)dx is in H. In addition, for any f ∈ H,

f (x)p(x)dx exists.

Rd

R
Z

(20)

(19)

where E [·] denotes expectation and X is a random variable distributed according to the probability
density p(·) on Rd .
Now consider a linear functional T that maps f to E [f (X)], i.e.,

Rd

≤ kf kH E

≤ kf kH E [kh(X, ·)kH ] (Cauchy-Schwartz)
hp
i
√
h(X, X) = kf kH κ < ∞ .

= E [|hf, h(X, ·)iH |]

(Jensen’s Inequality)

The linear functional T is a bounded linear functional on the RKHS H. To see this:

R

|E [f (X)] | ≤ E [|f (X)|]

This shows that the integral

Lemma 18 The mean µh,p (u) =
E [f (X)] =

Rd

Proof From the Riesz Representation Theorem, every bounded linear functional on H admits an
inner product representation. Therefore, for T defined in (19), there exists µh,p ∈ H such that,
T [f ] = E [f (X)] = hf, µh,p iH .

Z

h(z, x)p(x)dx .

R
Therefore we have, hf, µh,p iH = f (x)p(x)dx for all f ∈ H. For any z, choosing f (·) = h(z, ·),
where h(·, ·) is the kernel associated with H, and invoking the reproducing property we see that,
µh,p (z) = hh(z, ·), µh,p iH =

Rd
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The proof of Proposition 6 follows from the existence Lemmas above, and the following steps.
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S,p [f ] =
=
=

Rd

Z

Rd

l=1

1X
f (wl )
s

s

AVRON ET AL .

s

f (x)p(x)dx −

s

l=1

l=1

s

1X
h(wl , ·)iH
s

s

H

2

l=1

1X
h(wl , ·)
s

l=1

1X
h(wl , ·)
s

l=1

= kf kH Dh,p (S) ,

l=1 j=1

s
s
s
2X
1 XX
hµh,p , h(wl , ·)iH + 2
hh(wl , ·), h(wj , ·)iH
s
s

H

1X
hf, µh,p iH −
hf, h(wl , ·)iH
s
hf, µh,p −

≤ kf kH µh,p −

µh,p −

where Dh,p (S) is given as follows,
Dh,p (S)2 =

Z

l=1

h(ω, φ)p(ω)p(φ)dωdφ = π −d

Rd

h(wl , ω)p(ω)dω

l=1 j=1

Z

Rd
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sin(bj (wlj − ωj ))
pj (ωj )dωj .
wlj − ωj

d
Y
sin(bj (wlj − ωj ))
pj (ωj )dω
wlj − ωj

R

d Z Z
Y

j=1 R

s Z
X

Rd j=1

d
l=1 j=1 R

d Z
s Y
X

l=1

s

l=1

2X
s

d
Y
sin(b
j (ωj − φj ))
pj (ωj )pj (φj )dωdφ
ωj − φj

Rd j=1

h(ω, φ)p(ω)p(φ)dωdφ −

l=1 j=1

s
s
1 XX
h(wl , wj ) .
s2

Rd

s
s
s
1 XX
2X
E [h(wl , ·)] + 2
h(wl , wj )
s
s

= hµh,p , µh,p iH −

Z

Rd

= E [µh,p (X)] −
=

+

A.3 Proof of Theorem 9

Rd

= π −d

h(wl , ω)p(ω)dω = π −d

sin(bj (ωj − φj ))
pj (ωj )pj (φj )dωj dφj ,
ωj − φj

We apply (9) to the particular case of h = sincb . We have
Z Z
Z Z

and
Rd

s Z
X
l=1

= π −d
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1
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=
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0
bj

bj

−bj

−bj
bj
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Z

R

1
2

sin(bj x)
pj (x)dx =
x

Z Z

ϕj (β)dβ .

R

cos(βx)pj (x)dβdx
Z
eiβx p(x)dxdβ

−1

Z

−bj

R

1
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1
2

1
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=

=

=

=

1
2

R

0

bj

−bj

−bj
Z bj

−bj
Z bj

−bj
Z bj
∗

eiβx pj (x)dx

|ϕj (β)|2 dβ .

R

 Z



e−iβy pj (y)dy dβ

eiβ(x−y) pj (x)pj (y)dxdydβ

eiβ(x−y) pj (x)pj (y)dβdxdy

ϕj (β)ϕj (β) dβ

R

Z

R

R

bj

cos(β(x − y))pj (x)pj (y)dβdxdy

R R −bj
Z bj Z Z

Z Z Z

R

Z Z Z

1
2

=

sin(bj (x − y))
pj (x)pj (y)dxdy =
x−y
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The interchange at the third line is allowed because of pj (x)pj (y). In the last line we use the fact
that the ϕj (·) is Hermitian.


R

Z Z

where the last equality follows from first noticing that the characteristic function associated with the
density function x 7→ pj (x + w) is β 7→ ϕ(β)eiwβ , and then applying the previous inequality.
We also have,

sin(bj (ω − w))
hj (ω, w)pj (ω)dω = π
pj (ω)dω
ω−w
R
R
Z
sin(bj x)
= π −1
pj (x + w)dx
x
R
Z bj
ϕj (β)eiwβ dβ ,
= (2π)−1

Z

The interchange in the second line is allowed since the pj (x) makes the function integrable (with
respect to x).
Now fix w ∈ R as well. Let hj (x, y) = sin(bj (x − y))/π(x − y). We have

R

Z

So we can consider each coordinate on its own.
Fix j. We have
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∞

e−iux

∞

= e−iuz .

−∞

Z
u

e−i2π 2b y

= e−iuz rect(u/2b)

sin(b(x − z))
dx = e−iuz
π(x − z)

sin(πy)
dy
πy

"Z

i=1

s

1X
f (wi )
s

Rd

Z

i=1

s

i=1

sincb (y, wi ) dy .

#

fu (y) sincb (y, wi )dy

1X
sincb (y, wi ) .
s

1
s

Rd

Z

fu (y)rS (y)dy .

sincb (y, x)p(x)dx −

S,p [fu ] =

Rd

Z

Rd

sincb (y, x)p(x)dx −

i=1
s
X

s

1X
s

fu (y) sincb (y, x)dy .

fu (y) sincb (y, x)dyp(x)dx −
fu (y)

Rd

Z

fu (x)p(x)dx −

rS (y) =

Rd

Z

Rd

Z

Rd

Z

Rd

Z
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S,p [fu ] = |r̂S (u)| .
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The function rS (·) is square-integrable, so it has a Fourier transform r̂S (·). The above formula
is exactly the value of r̂S (u). That is,

So,

Let us denote

=

=

S,p [fu ] =

We now have for every u ∈ b,

fu (x) =

The last equality implies that for every u ∈ b and every x ∈ Rd we have

In the above, rect is the function that is 1 on [−1/2, 1/2] and zero elsewhere.

−∞

Z

Let b > 0 be a scalar, and let u ∈ [−b, b] and z ∈ R. We have,

A.4 Proof of Theorem 12

AVRON ET AL .

Now,

Z


d
Y

d
Y

j=1

2
kr̂S kL2

|r̂S (u)|2 

−1

2bj 

Qd
j=1 bj

πd

Dp (S)2 .

(2π)d
krS kP2 Wb
Qd
j=1 2bj
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−1

2bj 
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Ef ∼U (Fb ) S,p [f ]2 = Eu∼U (b) S,p [fu ]2
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2σ 2
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e
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σ
j dβ

− β2

. We apply (11) directly.

0

 
d
Y
σj
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√ erf
.
σj
2 π
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Z bj /σj
2
= σj
e−y dy
 
√0
bj
σj π
erf
,
2
σj
=

|ϕj (β)|2 dβ =
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(21)

where pj (·) is the density function of N (0, 1/σj ). The character−

The equality before the last follows from Plancherel formula and the equality of the norm in P Wb
to the L2-norm. The last equality follows from the fact that rS is exactly the expression used in the

proof of Proposition 6 to derive Dp .

j=1 pj (xj )

Qd

A.5 Proof of Corollary 13
In this case, p(x) =

Z

bj

|ϕj (β)|2 dβ =

d Z
Y

j=1 0

0

istic function associated with pj (·) is ϕj (β) = e
For the first term, since

we have

π −d
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For the second term, since
Z bj
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−bj

we have
s

l=1 j=1 −bj

XY
2
(2π)−d
s

Combining (21), (22) and (11), (12) follows.
A.6 Proof of Corollary 14

Z

[0,1]d

l=1

Z

Z

l,j=1,l6=j

s
X

h(wl , ω)p(ω)dω

h(ω, φ)p(ω)p(φ)dωdφ

Rd

Rd
s Z

l=1

Z

Rd

l,j=1,l6=j

s
X

,

σj wlj
bj
√
−i √
2σj
2

σj wlj
bj
−i √
−√
2σj
2

Z

Rd



!!

!!

(22)


.

h(Φ−1 (tl ), ω)p(ω)dω

h(wl , wj ) .

s

l=1

2X
s
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h(Φ−1 (tl ), Φ−1 (tj )) dt1 · · · dts .

h(ω, φ)p(ω)p(φ)dωdφ −

s
1 X
1
h(wl , wl ) + 2
s2
s

l=1

2X
s

Rd

−
+

Z

Rd

s
1 X
1
h(Φ−1 (tl ), Φ−1 (tl )) + 2
s2
s

···

Dh,p (S)2 =

[0,1]d

Z

The proof is similar
to the proof of Theorem 3.6 of Dick et al. (2013). NoticeR that since supx∈Rd h(x, x) <
R
∞, we have Rd h(x, x)p(x)dx R< ∞.
R From Lemma 18 we know that Rd h(·, y)p(y)dy ∈ H,
hence from Lemma 17, we have Rd Rd h(x, y)p(x)p(y)dxdy < ∞.
By (9), we have

Then,


E Dh,p (S)2 =

+

32

Rd

(23)

=

f (x) =

2

2

2

33

g 0 (x) = −2axe−ax k(x) + e−ax k 0 (x) .

(25)

(24)
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∗ 
1  −ax2
2
e
erf(c + idx) + e−ax erf(c + idx)
2

1  −ax2
2
e
erf(c + idx) + e−ax erf(c − idx) ,
2

it suffices to compute the the derivative g(x) = e−ax erf(c + idx).
Let k(x) = erf(c + idx). We have

Proof Since

∂f
2d
2
2
2 2
2
= −2axe−ax Re [erf (c + idx)] + √ e−ax ed x −c sin(2cdx) .
∂x
π

We omit the proof as it is a simple computation that follows from the definition of sincb .
h
i
2
Lemma 20 The derivative of the scalar function f (x) = Re e−ax erf (c + idx) , for real scalars
a, c, d is given by,

q6=j

Y
∂ sincb (x, z)
= bj sinc0bj (xj , zj )
sincbq (xq , zq ) .
∂xj

Lemma 19 Let x ∈ Rd be a variable and z ∈ Rd be fixed vector. Then,

Before we compute the derivative, we prove two auxiliary lemmas.

A.7 Proof of Proposition 16



Above, the last equality comes from a change of variable, i.e., tl = (Φ1 (φ1 ), . . . , Φd (φd )).
Similar operations can be done for the third and fourth term. Combining all of these, we have
the following,
Z Z
Z Z


h(ω, φ)p(ω)p(φ)dωdφ
h(ω, φ)p(ω)p(φ)dωdφ − 2
E Dh,p (S)2 =
d
d
Rd Z Rd
Z RZ R
1
s−1
+
h(ω, ω)p(ω)dω +
h(ω, φ)p(ω)p(φ)dωdφ
s Rd
s
d
d
Z
Z Z R R
1
1
=
h(ω, ω)p(ω)dω −
h(ω, φ)p(ω)p(φ)dωdφ .
s Rd
s Rd Rd

Rd

Obviously, the first is a constant which is independent to t1 , . . . , ts . Since all the terms are
finite, we can interchange the integral and the sum among rest terms. In the second term, for each l,
the only dependence on t1 , . . . , ts is tl , hence all the other tj can be integrated out. That is,
Z
Z
Z
Z
Z
h(Φ−1 (tl ), ω)p(ω)dωdtl
h(Φ−1 (tl ), ω)p(ω)dωdt1 · · · dts =
···
[0,1]d Rd
[0,1]d Rd
[0,1]d
Z Z
=
h(φ, ω)p(φ)p(ω)dφdω.
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k(x) = erf(c + idx)
Z c+idx
2
2
e−z dz
= √
π 0

Z c
Z c+idx
2
2
2
= √
e−z dz
e−z dz +
π
c

Z0 c
Z x
2
2
−y 2
e−(c+idt) dt ,
= √
e dy + (id)
π
0
0

(28)

(27)

(26)
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